ON SOLVING QUASILINEAR ELLIPTIC EQUATIONS BY
VARIATIONAL METHODS, USING PIECEWISE POLYNOMIAL
TRIAL FUNCTIONS.
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ABSTRACT

The local properties of piecewise polynomial
functions defined on bounded regions of Xuclidean
spaces are studied in considerable generality.

Aspects of the resulting theory are used to discretise
a quasilinear elliptic equation, and various methods
for solving the resulting nonlinear algebraic equations

are investigated.



Preface

This thesis is concerned with the construction
of approximate solutions to a certain nonlinear
ellipvic equation,‘which arises frequently in practice
and which includes as special cases wany commonly
occuring linear elliptic equations. The construction of
the solutiohs has two clearly discernable aspects, namely,
reduction to an algebraic problem and solubion of the
algebraic problem. The first problem is solved here by
the use of the Ritz method in conjunction with piecewise
polynomial trial functions. The second problem is

approached through the use of itverative methods.

Part 1 of the thesis contains some introductory
material about elliptic equations and variational methods.
It also contains the seeds of an approach to a third
problem, not mentioned above, that of assessing the
quality of an approximate solution. Bub generally speaking
this latter problem has not been considered in any depth,

and still awalts a satisfactory treatment.

In order to place the construction and analysis of
plecewise polynomial trial functions on a rigourous
footing it was necessary to develop a multidimensional
generalisation of equal interval Lagrange interpolation.
This theory, which is in a reasonable state of completion
is perfectly general in that it holds for spaces of any
finite dimension and for polynomials of arbitrary degree.
Its application to solving linear elliptic equations by

finite element methods has yet to be fully exploited.



The theory is developed in Part 2.

Part 3 contains a derivation of the nqnlinear
algebraic problem corresponding to the differential equation.
This Part also contains some miscellaneous algebraic
details concerning the algebraic system and also existence

and uniqueness proofs for the algebraic problems.

Part 4 contains some general results to do with
iterative methods for solving the equations. 4 number of
iterative methods in use are studied theoretically
against the background of a simple general theory set out
at the beginning. The results in Part 4 are perhaps not as
incisive as one would like: but this seems unavoidable as
it is caused by the very generality of the problem itself.

liore precise results seem possible only when specfic

problems are dealt with.

Finally, an appendix contains the briefest account of
some computations carried out by the author. As is pointed
out, the computations were not intended to yield serious
experimental results, but simply to obtain some practice with

the various algorithns.

The author is properly aware of the limitations of,
the thesis. However, it is felt that a start has been

made on the solution of some important problems.
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1.1 Introduction

The present section contains an account of certain theoretical
aspects of quasilinear elliptic equations inasmuch as these are per-
tinent to the problem of computing approximate solutions to them., The
theory of the existence of solutions to the general quasilinear equation
receives no attention here: however, for completeness it will be men-
tioned that this theory is now in a well advanced state, to which it
has been brought in the past 70 yearé - and mostly in the past 35 years,
by, amongst others, S.N. Bernstein, J. Leray, J. Schauder, O.A. Ladyzhenskaya
and N,N. Uraltseva [ ! ] , and J. Serrin. A comprehensive paper [:1 ] ’
of the last author contains an up to date account of many‘of the Eesults.
(These remarks in no way pretend to a balanced account of the develop-
ment of the existence theory: for example, a great éeal'of work was done

by other people on specific equations in the class, (e.g. [ 3 ] ) and

on relatedy but more general problems (e.g.fq ]) )..

In the next paragraph we shall collect togeéher some basic definit-
ions about elliptic ope?aﬁors and related topies. It is well known that
the eigenvalue spectrum of the matrix constructed from the coefficienfs -
of a 2nd order partial differential equation plays a decisive role in
determining the allowable characteristics of solutions to the eguation
(an example of such a characteristic would be whether the solutign could
have the character of a wave motion). The precise type of eigenvalue
spectrum we shall allow is mentionéd below: one of its very important
consequences is the maximum principle (Theorem 3.1.), from which will

follow a uniqueness theorem of use to us. \



1,2 ILllipticity /
The most general quasilinear elliptic equation that will be con-

sidered is
n

2__0\;3()(,(», W) Wy + G (X, U, W)= O (1, 1)
URAR '

where the symbols have the following meanings: 3 is a point of

- _ AV = (Y ..., Ju
Kn,) M—:\A,(JL), Uy = Vu, :((&1‘)..-,“,‘“> =(3X—|) ’ 5_5(_»)'
It will always be assumed that a,;J- (x)= ajc (x) . Iet us consider
initially the case in which the coefficients d-gj are independent of

W, Wy . In this case, if d was of the form

]

. n )
a = Za'iu-x; + l)("—)u' - 'f(x)
(v ,
the equation would be linear, If 4.  has the more general form,
but CL;J' depend only on x the equation is called semilinear. The

. [
expression
n

Z Bij Wayx; -
i N

is called the principal part of the equation.

Let JU be a given bounded region of R, “where functions a-":j(x)
& (%) ) b(x) , f(x) are defined and measurable. The linear

differential operator L. defined in

n
Lw = Z aj (x) ux;x'J, _ (2, 2)
Gj
ie called elliptic if ¥V 2 & SL  we have
e Y
ZMJ(%)?;?@ >0 (2,3)
IRM

Vo og- (;u,h,,--,f,‘,) eRa, ﬁ.‘?‘-O. This is



equivalent to reguiring that at each point > ¢ .ﬂ_ the (symmetric)
matrix [a;j (x)] is positive definite. But as x—> X, € oL (o=
boundary of JSL ) it may be that [a; j (x)] degenerates into a non-nega(@i\ie
definite matrix. The case in which this does not happen is important,

and is tne subject of the next defini.'bion:

L is called uniformly elliptic if 3 positive constants m, M

such that
n )
m l]?“: < ZQ;J'(’») g.‘, f’_j < M ”iu:. (z)”>
R ‘
(ﬁ \, is the Euclidean norm in an ) . V xe L. The

right hand inequality will be satisfied if, e.g. the coefficients A

are continuous in L= SL+ 98,

In the general case (2, l) , the definition of ellipticity must

depend on/the precise form of the function W . Apart from this, the
definiti'on follows the linear case: let JSL be a given region of Rn
where functions G;J (x, w, Wy are defined ‘and measurable, W being
a certain function defined, along with its derivatives in JSL . T‘he -.
operator L(u) defineci in

o .

L(h) v = Z C\LJ(X, “) M"“) Vx;xj
AR

is called elliptic (with respect to w ), if, V x & SL we have

Z Ay (x,w, un) £ E5> 0

L}J:!

V ;S‘R'\) ;:’EO- \

With regard to the uniform ellipticity of nonlinear operators,



there seems to be no universally accepted definition and different

people use different, and not equivalent definitions. Foxr our pur-

poses, the following obvious extension of (1)4) will be sufficient: .
L is called uniformly elliptic (with respect to W ) if, in

addition to being elliptic,‘a positive constants ™, ™M such that

mIEL < ) agawu)Eig, € ML (2 1)
AN

V x & SL .

We may also talk about an equation being eliiptic. This simply
means that the operator constructed from the prinecipal part of the
equation is ellipticp Of most interest concerning non-linear equatiéns
is the question of their ellipticity (or non-ellipticity) with respect

to a given solution: i.e. if (X satisfies the equation
. )

2 A (%, w, wa) U, + G (X, 1, Ux)= O
gyt
can it be said that the equation is elliptic? JSince, in general, the

solutions are not known explicitly, this can be a difficult question to
answer, However for mény equations (including a large class of prqctical'
problems) an unequivocal answer (affirmative) can be given in advance of
actually knowing a solution. Ixamples of this are given in section 1.4.
On the other hand, it has to be pointed out that there are other classes
of equations (e.g. the Monge-Ampere equation) which are elliptic for
some solutions and which fail to be elliptic for ofher solutions,

But there may be vhysical grounds for expecting an elliptic solutién.
Another example of this kind of difficulty occurs with the flow of °
compressible gases, where although (roughly speakinz) the flow

in a region is governed by a single equation, the equation may be elliptic

only in certain parts of the region. Physically, this occurs when the



flow undergoes a change fr)om being subsonic (corresponding to ellipticity)
through what is known as the trensonic region, to a supersonic region
where the governing equation becomes hyperbolic. For more details of

these problems, reference [5] could be consulted.

Concerning the region JSL in which a solution of (2,1) is sought,
we shall never assume less than the following: 2§ can be covered with

——

a finite number of spheres in such a way that tﬁe— part of 9JL in the
L* sphere can be described by an equation g = g, (X,,.--,%n-1)
where % has H8lder continuousian derivatives, with exponent &< |.
This is simply an assumption which gives grounds for applying known

existence theorems.\

A general boundary value probleni is the following:
find a function w & CU')(JL) nc® ( :Y—L) . satisfying (z,|>

in JSL and the condition

XD_L"+[§M,=CI> ’ - (2,5)
n .

whenever X £ 9J). In.(a,s) functions &, (5  are subjected to the

single condition || + | pl>o0. 2_1 denotes differentiation

of W in the direction of the outward normal to 2JL . Actually, we

shall be concerned mostly with the cases &~ | [s = O on one paxrt

of the boundary (which may be vacuous), whilst o&=0 y [’> =] on

the remainder (which may be vacuous). A special fo'rm of (2, l) to

which our attention will be restricted, is introduced in section -7-'4

We shall first obtain some results which hold for (2 ) 2.) genera.liy.

1.3 Maximum principles

It follows from (2, l) that every solution of the quasilineax



equation satisfies a certain linear egquation, namely that linear
(elliptic) equation whose coefficients are obtained by the insertion
of W in G ( X, W, Wx and in & (X, w, Ux) .  Important
results in the linear case are deduced from the 'maximum principle'! and
it follows from the above observation that this principle also has
applications to quasilinear equations. We shall therefore prove the

following result.

Theorem 3.1
let SL be given and let the operator |_ -defined by (3,2)

satisfy the ellipticity condition

Zacj(ﬁf,;i\i)xu)"‘;“: X()>0, xz5.

L=
Assume that the coefficients GL;_J ) @, b satisfy the conditions
that
. " )
ac(x) QA () ) - b (3, l)
e )
X i € S Y ()
are locally bounded in JSL and that the inequality )
n . 0 - '
L,M. = Z:QCJ'(X) M)l"_)LJ' + ZC\C(K)%x; + b("—)w > 0 ({O) (311)
vy c=1

holds in Sy . If [)é O and W attains a non-negative maximum M
(non-positive minimm M) in JL then uz M , (u= M') in §L.
Proof

Consider the case in which strict inequality holds in (3, 2) and
b o. By the ellipticity condition, we can always find a linear
transformation of the X; to ‘&L which is such that the principal

part of the operator L transforms into the Laplace operator at a



-

given point X & SL . Suppose X is a non-negative relative maximum

of W. Then
u () = Pux) <0
? s -c))(-r

and also
U (3) =0 YU (3)<0
9«3{,(%> Y. 3

From this we infer that (A cannot have a non-negative relative maximum

when strict inequalty holds in (3,).) . We shall make use of this below.

We now prove the theorem by assuming that atpoint P & S, w(f)= ™M
whilst for some other point F, , w(R)< M. Prom this, a contradic;tion
will be obtaineds Let X %be any arc lying in Sl joining P, and

: P:_ ) and let d>0 be the greatest lower bound of the distances
of each point of IS from . Let ® bve that point of o« such that
U(®) = M and the distance L, & (along « ) is as great as possible.
Then inside that part of o terminated by /[, Land Q] , w< M.

Let Q' be any point of this segment such that |Q@&'| < 1d
On &’" -we construct 't;he largest sphere possible with the property that
inside it, W < M :  this sphere is S, and there is a point on its

M.

W

boundary where W

Let §, Ve another sphere lying wholly inside S, and tangent to it
at R and of radius 1, ) end let S; be a third sphere with centre K

and radius 1; = 1 1,

- —- T
/" NG \
. e, \ -
AV N e
/ N
s,/ o
I ' S
/ /
. 1 ,
\ 8 ,



/ 0 -
How let 955 = 955 2%, vhere 25  is 95, N S, and
953// is the remainder of 95;. Since 95, is closed, on it,

w< M-c ) where C = constant and > O,and on 953”) w< M

by hypothesis.

n
— —1 -
Let X, be the centre of S,_ and let o .=Xx.-x_; d =Z_°L:.

L L O(-)

where X  is any point of JSL.

We define the auxiliary function

~0d" -01;
() = € - 2

which vanishes on 951 and is respectively positive and negative inside

and outside of if, Then'in S,

Ly '= SQ’SJL[L;G f:acja_l;flj- l(i“ma;;;)] rby

03!

> 9 Q—SJL[Q—G\((:L) J;l -2 ( ;0\;; +a, clb)] + B‘s,

[ Y(X) YOL) \&—(_)()

—ed* 5 . - b (,-0d -64
= 0\ eofued -2 ) WY padi) b B (s )

00 (fod -2y W, axd) b ’9(%);:%% '
> @\ X! )[Lf (% ) " X(x)) \E(_x)(e € )

from which it is evident, using (3, l) that if © is sufficiently large,

say 6= O then
Let

UO=VL+E_S) £>0

so that Lw >0 in 53} by our previous result, W cannot achieve a

g



¢

L SR
non~-negative maximum in 53. Choose O< & < |20 | Now,
/
on 351’ we have
W= W+ l_Ce—91;. % < (N-¢) « 1-2—_91’; 2 < M

i

]
Moreover, on 25,

at R

achieves a non-negative maximum inside 9 3 , This contradicts the

, W< M since é<O there and w< M. But,'

, w=T . since R is the centre of S, we infer that W
previous finding and the theorem is proved.

It should be mentioned that theorems of the type proved above are
well lméwn. The present proof is based on a proof in (6] This book
also contains some\interesting historical remarks. From the theorem
the following conclusions may be drawn.

Corollary 3.1

With the hyptheses of Theorem 3.1, let A& () N Cw)(J:L) . Then

a) If LM.=-F) fZO ) ({—S O) ] then W has no non-
negative maximum (non-positive minimum) in JSL unless it is eonstant.

D1 Lu-f, b=o, {30 , (f<0)

then W has no maximum (minimm) in JSL wunless it is a constant

c) If Lu = 0O ) U+ constant

then in L,

jw] < max Jn]
an
a) If Lu=o0, b= 0O W #constant

then in L

min W < W < max W
I oL

V]



q

Proof

a) follows immediately from the theorem

b) follows by a modification of the proof of the theorem

¢) follows from the continuity of W in L and from a)

d) follows from the continuity of W in JL and from b)

From c¢) we can infer the uniqueness of any solution of the boundary

value problem
L‘/‘:ic ‘ M’l?\n.:c# (3)3)

with b< O . 1Indeed, if there were 2 solutions, say WU, and W«,

their difference would satisfy the equation

[IXw,-w,) = O

and the boundary condition (W“ “Us) la\n’ = O, Frome) W-U=0
so W, =2 Uy ., There are known examples for which uniqueness cannot in
general be inferred if bso .

Another useful inference from c¢) is a statement about the con‘g.inuous_
dependence of solutions to (3,3) on the boundary data, 4]5 . Thus, if we
perturb ¢ by & so that Ul = P+e , L= f then
G-ul < €lo, ) from ¢), This is of manifest significance-for

the problem of obtaining approximate solutions to (3, 3‘) .

We shall employ the results of Corollary 3.1 sﬁbsequently, when they
will be used to establish the uniqueness of a solution of a special quasi-

linear equation. This equation is introduced in the next section.

5



1.4 The eouation div[ o(1Tu|*\:Yul= £(x)

We shall, from now on confine our attention mostly to the equation

\
-

D 2 s3] = (11,1)

v

with various boundary conditions of the type (2)5' ) The function JO(L—)
where t> o is a scalar variable, will be assumed to have a con-
tinuous first derivative with respect to L. An example of a function
f(k) would be (l+ t)ﬂj’: which occurs in the theory of minimal surfaces.

In this case, n=2 and (4,!) is the equation

> [ o L 2 [ w -0
% L (1+ur s+ u)h Syl (1 v uysug)e
Another exampie of a function 9 is given by p=1 for which
(Lf) l) is just Poissons equation. Other examples of the occurence of

(q ) ‘>. in mathematical physics are given below with an appropriate

density function

Occurence density function
[3 7] minimal surfaces - (1+ l:)—_lh' (‘-h’-J‘
[ 57 Gas aymamics (1-te b)Y (4)3)
{_7 ] Plasticity . % ogca <t (Lf)“)
[ ¢ ] rMagnetostatics P (4,5)

where ¢, ) Cay Cy are various constants characteristic of the continua
in which the phenomena are being studied. In each case, the boundary

condition (2,5) occurs. In the first 2 cases { = O,

We shall discuss the ellipticity of the operator on the left of

(4, l) for the case .= 2 .We have now for any n & C* \

% ig(lel*-) mx,} = p(Tu) e, ¢ “z‘[lm,wx.u‘ *1Mxlmml g



with a corresponding expression for 5% [? U\M—J and we can
E A

arrange the coefficients of the second order terms as the elements of

a (_Zx l) matrix A whose element 0\;3 say, is given by the coefficient

of MX;"_} « This matrix is -
Q+ ZM:;.?, ZM)L.“)\]_-?I J
. (Lf-) La}
Lug Uy, 3 §+2ux, p .

and to apply the definition of ellipticity, it is sufficient for us to

examine 'the eigenvalues of it. The eigenvalues are easily seen to be

M=

~ / L, 6b
/\L=y+zNu\‘y’ (} )

and thelr positivity, or otherwise, with respect to the given function
W determines the ellipticity of the opsrator. For the functions

(L},l) — (4, 5) we get theellipticity conditions (using &=1Vu|" >0

for brevity) T

(1+tY 50 , (l+t)""(l—%j>o (4)7)

|+

for (Li)L) . For (Ly)s) ) (L})LB) becomes

- . :
(i-zat)a>0 ("‘icvw[‘* t—iclb] >0 (4)®)

whilst for (4,4) .and- (4,5) we find

t* > o0 (1+2¢)E" >0 (4)4)
€y b 3+ Eo. —}> lo
_l_sr\‘; S 0 e ['+lt(c;+¢ Ht) O (4, io)



2o

Thus, in the case of (L}ﬂ_) we have ellipticity everywhere that
E=1Vulr < @, TFor (4,3) we have ellipticity whenever & < 2/¢
(this implies in the physical problem that the flow is subsonic at
each point), For (4,u) it is necessary that E> O and finally, for

(L,L) <) ) V tx © we have ellipticity.

Now let us consider the solution of (L;)') wi-ph n~2 J".n a region
JL with the boundary condition (2, S ) Then for (L})L) we can say that
(b, l) is elliptic with respect to any function W4  which has bounded
1st derivatives locally in IL (of course @ £ cW (L) ) In
particular, if the lst derivatives of any solu'tio—n—j"a-.re in C“)(ﬁ)
the equation is elliptic with respect to this solution. 4 corresporfding
statement holds For (4,3) and (4, L;). In the case of (Q,S) we can make
the stronger statement that the equation is elliptic in §.. with respect

toany we CY(a),

1.5 TUnigueness results

We shall consider here the uniqueness of any given solution, _(A(x>)

to the problexp‘

2

A RICADE N ERTS ($,1)

DR

W l‘a.n. = Ci) (g) 2‘)
We replace (S, l) with the slightly more general equation

Ay (V\)L,) Mx,_) Ux,x, + 2 a—u.(Mx.., Mx,_) Wy, * qu-(u\l.} Ux,) = -F (X) (g, 3)

\

with the boundary condition (5,2)



2

Lemma 5.1
{
Let (S, 3) be elliptic in L with respect to the solution bL’))

(
let W” ve another solution and let the coefficients G«LJ(P,,P,_) eC l>(R;).
Then the function V(x,,Xx.) = ULU)(Ia,Xz)-— u-“)(xl,xx) setisfies
the elliptic equation

) ( w o
a-u ( (A. ;('|l bL()IL);,> Vxlx_' + l a,“_ (LL?L)‘ ) LL;’-’L)VXP‘; + al)— (M-x.l) Vtx'_ ) VX,_":. +

+ b] Vx_, + l);_ VX)_ = O (5)”')

( b; ¢*1, 2 are defined below) ) Y xe S,

Proof

shortness., Then by assumption

) )

. o O

i ULX.xa * 2-0\4:— Wx,x, ¥ 27ty ‘*'xtxl = 'F(’“)

() Q) w
Wx,x, + Gy Wix, = {’(") i

O
ul)l = wWW ] _ CiD
A0 PR

By subtraction in (X, c) it follows that

e 02) () {1)
a’ll M”‘-l"-l + za'n.

(1) () 0]
o M Vx‘x, + 2 an_ vxlx,_ + a’LL vl\_’LL +
. ) 0wy @ W_ ey W 3
+ (an’a?l)) U, x, * 2(“&" A ) Wi, * (An a'“)u'ﬁ‘& © ( / L)
Now

a,(.‘). -—a(.t.) = a..(v U))__ a.,(ku))
L) v) vJ w "J

|
a4 4. W, )
4t sy [ Vs (-6) V] g



2

|
= | W e Tu) v, dE s

J’L%?;J(t vul +(|-t)VuL“’)V dt

where the derivatives exist and are continuous by assumption.

Substituting these expressions in (5,() we achieve (5}4) with

\

b = w, | B (ETUOr 1-Te) de

L

() gq’ll.. o ) Qa_n_ dt v=1, 2
+ lu‘xlulj DF'L ( ) d + M'xa."x.j 9P° ( ) ,’

The lemma is proved.

The uniqueness theorem 1s obtained by an application of Corollary 3.1 d)"g
and noting that V=0 on the boundary. However, it is necessaxry to
impose sufficiently strong conditions on the functions CL;J- and .VLL(')
in order to ensure that the conditions of the Corollary are satisfied.
One such set of conditions is the following

a) the operator

() (l)

Lws= an(wmlum,)wxm + Ly, (W lw)wﬁh,+aﬂ(w&,w%)&&ﬂL

is uniformly elliptic

b) forall t £ [o,4] , X £S5

lEvu® s (1-E) Vu ], < w0

The second condition, b) ensures the boundedness of the coefficients
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1.6 Direct methods in the calculus of variaiions.

In this section we shall outline an approach, known in the literature
on the calculus of variations as a direct method, to solving the prob-
lem of extremizing a functional defined in an o0 dimensional function
space, ©Some acquaintance with the calculus of variations is assumed.

We have to introduce the following terminology: a function W, defined
in a region SL and on its boundary 4L is said to have piecewise cont-
imious first derivatives in S if

—

a) W  is contimuous in JL

b) JSL  can be divided into a finite number of subregions

L, f=h2,..0, MW in such a way that

i) In the k™ subregion the derivatives Wy, t=hyr,...,
exist and are contimious, for k= 1,2,..., M

ii) In the kKt subregion the derivatives WUx; L=142,...,1L

0
can be continuously extended onto the boundary 9JL, -
The condition b) (ii) imposes conditions on both the smoothness of

3L, and on the derivatives Wx., .

It is clear from the above definition that discontinuities in the
derivatives of W can only occur on the boundaries of the subregions
SL: . At such points the derivatives may fail to exist. In order
to have derivatives defined at each point of N we shall define Uy,
at a point where boundaries 98y, , Mluy, .- -, intersect
to be the average value of all the derivatives (continuously extended )

at the point. This means that if in J2,, the derivative with respect

(K;)
to X; is denoted by MWUx; and its continuous extension onto Jiy,

N (K

by M"J) then at any point 3 of the intersection ¢l N...N 8Ly,
. 1 ia(K;)

we define U\x)- to be s >

[ |

/(>) ¢ the derivative WUx;
2 .
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defined in this way is defined at each point of ﬁ. ) but is generally A

discontinuous, with bounded discontinuities.

For the purposes of illustrating the use of direct methods we
shall consider the following problem:

minimize

T(w)y = J F(x, w, Yu) d L (G/‘)
K
in that class of functions mel, (JL) which have piecewise cont-

imwous 1lst derivatives and are continuous in JL. and satisfy the

boundaxry condivion

Mz'a«n. = 4’ (CIL). '

where </> is a given function, continuous on 2§. . JL is a bounded
region of R » . The above defined class of functions will be denoted
by 34, and the problem just stated will be referred to as problem
(I) 3‘#’) .

Let us first note that there has to exist at least one function
we B¢ for which (¢,!) is defined. Given (¢(,2) this immeé.—
iately places restrictions on the smoothness of 2L . We shall always
assume that these restirictions are met. Secondly, it is necessary tnat

w - o0
U\Tfm L(w) > (¢,3)
this will be the case, for example, if the function 'F(x,,xz;‘g.; 2,3.) 320
for (xi,%; 415 3,,%5.) & Rg,
(‘:3) will also be assumed always to hold. Then there will existi a

~ greatest lower bound to the set

ZI(u\)) W £ 334,1



and denoting this bound by m there exists a sequence of elements

Wiy Way -ooy & 34, such that
L T (un) = m (6,4)

Any sequence 2“%% for which ({/4) holds is called a minimizing
sequence. In connection with the minimizing sequence, two questions
arise:
1) Does lim { W i exist? (¢, $)
h=> 00

2) If so, can it be said that if  fu.3-—=> w & 3y

then
Lewe Tlua) = I[u) ' (4{4)

n->00

If the answer to these questions is positive! the problem (I, 3up> is
solved., We shall mention that a positive answer to ((,5) depends on
demonstrating various compactness properties of the class 35¢ wnilst
the possibility of the limit operation in (¢,{) depends on semicontinuity
properties of L (lower semicontimuity for the minimization problem,
upper semicontinuity for the maximization problem). The relevant proofs
can be carried out either in the weak or strong topologies of the space,
or even in both if the convergence of the sequence of derivatives is
involved. The above approach to the minimization problem is loosely

called the direct method of minimization.

The present work is devoted almost entirely to the first aspect
of the above discussion, namely to the construction of minimizing sequences.
The aspect typified by the questions 1) and 2) requires rather different
tools, analytic in character and requiring substantial mathematical

preparation,
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1,7 Conditions for a sequence to be minimizing

The fundamentals of the Ritz method for the construction of
minimizing sequences are as follows:

in the class 3;4, a family of functions, % ) is taken, each
member W of which depends on a numbexr S of numerical parameters.
(for example, the coefficients of a polynomial). Changing the values
of the parameters changes the particular member of the family but not
the fact of its membership. The members also have the property that
a.mohg the members depending on s+t  paremeters, £> © ) is in-
cluded every member containing S parameters; i.e. if 3, denotes

the subelass of 3  containing S parameters, then

I SO Nl R < F

the inclusions being strict. ,3'

3

may, for example be polynomials of

degree L, for L*0)l,....

Now let N  be a given integer, and suppose that

P (i) an; "-) = ¢y ( 4, are the parameters) generates the

class Jy . Substituting ¢y  into L(4) we get
I( 4’ (@) oy an; ")) = L

which is a function of the /N variables &,,..., ay . These variables
are now determined in such a way that the function of N variables,
L N 1S as small as possible. This will usually involve solving the

simultaneous (non-linear) equations

9Ly . o C= L, 2,..., N
90\;
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—

et Iy take the value L1,  at the minimum (assumed to exist).
Repeating the calculations with functions CP N N'> N it
follows, in view of Jy < Jy  that T_N 2 iN/ . In this way we can
generate a sequence Z:_[N i N=0, byomryeer strictly non-increasing
and bounded below., The sequence C—f; n (x) is called the Ritz sequence
(for the family % ). Now there exists { - such that §I,%-> £.
We cannot conclude

{ = inf I(u) =wm
U\f,%‘t,

In order to draw this conclusion we have to impose conditions on both '
L(w) and "} . 4 quite general result in this direction will be
given, The following definition is needed.
Definition

A functional L defined on a metric space (B)O‘) (vith metric )
is said to be upper semicontinuous (lower semicontinucus) at W £ B

if, given any £>0, 3 S(E) such that
T(w)< I(u)y+e (I(w)> I(u)-£)

YV w satisfying o (w,u) < §(f).

Clearly a functional continuocus at W  is both upper and lower

semicontinuous there, and conversely.

Theorem 7.1

Let functional L  attain its infimum at 2 point W  of a metric

space (5, G') ,If LI is upper semicontinuous at ) and J is a
set dense in (I"S, 6‘) the Ritz sequence is minimizing.
Proof

et £> O be given., By upper semicontinuity 3 5(8) such
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That

T(v)< I(&)re for o (v, 1) < §(e)

Choose U such that o (v, Q)< i5(£) and thena Uy e J

such that O‘(MN)U')< iS(a). Then
o(uy, ) € 0 (y, v) + 0 (v, i)

= §(¢)

Consequently,

I(ug) c T(W)+e (1)

If now WUy is the member of the Ritz sequence corwresponding to Uy

in the sense of containing the same number of parameiers, then

I(D\—N> < 'T(Wx) and from )

T(AN) € T(un) < I(K) re

and since & is arbitrary, the theorem is proved.

Later on, we shall apply this theorem to problems of interest
to us, but it is first necessary to examine how we can formulate

boundary value problems in a variational form.

1.8 On the variational formulation of boundary value problems

In this paragraph we shall investigate the senses in which the

\
il

problem of solving

ddv(y(l\h(") \71/\) = -P(x) u\],‘mz qS

can be reformulated as a problem of type . (I) 34>) .
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In addition to ]34> we shall introduce a class %:_,qs
consisiing of that subset of Z¢ wnose 2nd derivatives are continuous
in SL, Our interest in variational methods arises from the following
observation:

consider the functional
IVul*

I(w) = J [ J y(e)o{e J{ w dai ©n
0@ ‘
where JL is now a bounded region in Rn,) ‘5) is the function

considered in paragraph 4 and .F £ C(O(JL)

Considering (9,') in the form ((,)) we find as a consequence
of the hypotheses on y(e) that F & C“)(Rznu) where (Xj v; F) £'szm

For (9,1) we pose the problem (I) ~Bz,¢) . By a vell known argument

[44] a necessary condition for (L to be a minimum in 31,4) is
that
d [I(MH(V))] = 0 (9)2')
Ax =x~0
where e B30 . (B2,0 is that class of functions satisfying
the same smoothness conditions as functions of ]n,c;; but vanishing

on 98L ). In view of the smoothness conditions on Fana (A+.0<Vl
the derivative (9, 2) can be found by differentiating under the integral

sign, and '(‘?,l) takes the form

J (Z‘“ 1xe ) P (170l = £y AR .= 0 (9,%)

v= 1

Once again using the smoothness properties of 79 and V) we can

3

\

integrate the texm

j (ZM“ N ) j’((Vu\‘ YdaL = JZ} UV"‘““x;)"’] 49 (9/L+>

\n_\\
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and from (9,3)-(%,4) since V] is arbitrary, follows
" ,
%(_(3)(\\7\/\\‘)%7%> = {(x.) (SJ;U

L=

Wl = & e b (%,¢)

On the other hand, multiplying (9,$) by " and integrating by parts
we can arrive back at ( ¥,2) « From this we conclude the following:
a) at every stationary point of L{(w) in 334 (9,5)-(9,0)
are satisfied.
b) If W satisfies (9,§)-(9,() it isa stationary point for
L{w) in By ;
thus the stationary points of (‘b”, )) in 32,4, and the solutions of

( 9,5) = (8,6) can be placed in a one to one correspondence,

Vhat this means is that solutions to (9,5)-(%,() may be found
as stationary points of (?, ) in .B,_,(;, . In particular, if it
was known a priori that &,9)-(9,¢) had a unique solution, then
( 9,!) would have a unique stationary point in 31,‘/, : in such a
case it is often possible to decide the character of the stationaxry

point, (e.g. a minimum) on physical grounds,

A number of objections can be raised against considering (9,/)
in the class 31,:}’ as opposed to, say, the class %4, . Let us mention
" two of +them, one theoretical and one practical. Tne theoretical objection
is that I(M) in no way requires the functions for which it is defined
to have 2nd derivatives. This requirement was imposed by us, in order
that the connection with the differential equation could be seen. The

practical objection is simply that it is very difficult, in general, to



find families of functions in .354 with which to carry out the
Bitz method, Neither of these objections applies to the class 3¢ .

For this reason, our main concern will be with problem (I,~3¢>.

We shall briefly explain certain new difficulties that arise in
connection with the differential equation, and the sclutions to problem
(T, -B4>> . Certainly, for (I, 3,) the necessary condition (%,2)
can be derived in the form (9,3),-

n
J (ZW){_LV)XL>Y(\V\A\L) ——{'] dov =0 (?,’!)
not T : '
=t
however, the partial integration cannot now be carried out, since it

is not known, for example, that -

exists. Thus, a relation like (?,5) cannot be derived, and the
connection with the’differential equation cannot be established without
further analysis. Indged, in the absence of certain restrictions on the
functional, it cannot be established at all -~ widening the domain.;f '
definition of the functional actually changes the character of the

original minimization problem,

Faced with these difficulties, those persons interested in the theory
of the existence of solutions to differential equations evolved the
following approach: (%ﬂ'{) is to be considered as the starting point

for the investigation of the existence of solutions to the equation
4%

Z %{_.(?(IVU\\L) m;) = {(x) (g}g)

=1

A W



LY

functions W contained in a class of functions \Esb (actually
wider than ~%4> ) satisfying (9,9) and for which the integral
identity (9,7) is satisfied for all n e Eo are called
generalized solutions of (9,¢) - (8,9 ) . Finding conditions under
which generalized solutions exist is the first (a.nd easiest) problem
to solve. Having given these conditions, there remains the question

of their smoothness up to and on the boundary 2JL .

Ve cannot go into these questions here: the reasons are the same
as indicated at the end of paragraph 5. The pr.oblems discussed there
are essentially connected with those we briefly introduced in the above
paragraph. Accounts of this work, (which leads to a very conmplete

existence theory) may be found, along with further references in [_i]

and [4—] .

As a step towards establishing a connection between solutions to
(%,9) - (¢, 6) : and solutions to problem (I) 54,) we shall
prove the follow;’.ng result,

Theorem 8.1
Iet W  satisfy (s’,§)— (9,6) eand let (,5) be elliptic.

Let I(M) be given by (S’,l>. Then

tnf  I(w) = inf I(V)

he 32,4 ve By
Proof
Let ws=2 ¢ the general case is similar. Consider any w £ ~B¢
and put' h= w—n & Bo . Then \"
Wil (B hond " (Gt hey)”
J g(t)dt = J s (t) 4t = \V(ax;*l"xw C‘xﬁl"u)
G o : .
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Then

W (Dot b, T, ¢ he) = ¥ (W, B, ) + ’,\x,\-l/;‘m(f;\l”ﬁxt) ¥ th\VﬁlL (G, 0n) +

CEVE o b bt Yt b W o, |

X
where \}/\-M';x' represents a mean value for \}/a‘a etc. Inte grating

] x)
over JL

(@)~ I(w) - th,%x,(vm+Ah%,u(\7a)—z{h div +

\ X X %
* 2 j \}/ax.\?\‘, L‘xl ]"X-| t l\’yﬁ,|\7\x,_t\x.. L)‘,_ + \yax,_ax,_ L\x‘,‘f\ﬂ.L CXJL

S

The 1lst integral can be integrated by paris since W e ™ (52—-) -

and P € c [O} 00’) . The result of this is

j&(%w(?(l\‘fal\)‘ﬁx, 2M(y(t\‘/’mf YUx, - f a) h dJ)_}

which s zero vy  (9,5)

To evaluate the 2nd integral, note that
Voo, = 2] 20701) 4 20l 3/ (17u1)]
W‘fh.,“)t, = l[lux,l"')tz_ y’(l \7\/\ ‘l)j\

Ve, i, = l[y(lel‘)J, 2 Ux, 9’ (! Vul”)]

so that the coefficients in the quadratic form under the integral sign
are precisely the elements of the matrix (Lf ) éa). Since the eigenvalues
are positive for an elliptic operator we conclude that the second inte-

gral is positive, Thus,

T(w)-I(R)= T(a+W-IT(RX) >0
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But W is arbitrary in 3)4, and the theorem follows from this.

We are therefore assured that enlarging the domain of definition

of functional

[0 -agu ) oa

from 51,4; to 540 does not bring in any lower minimum, in the
case that (9,9) - (9,¢) holds., It is at least necessary that
such a result should hold if we wish to solve the differential equation
by extremizing the above functional in a class 6f functions wider then
that for which the differential equation is defined. But we have not
proved that the extremal elements in the wider class actually lie i'n

the smaller class.

1,9 Statement of the variational problem

We shall be concerned in the sequel with the following problem:

Minimize the functional -

J(w = |

JU

[J'W;b)a{t -2{(»&)%) A (9,1)

(23

/
in the class of functions «Z)¢ continuous and having piecewise
continuous first derivatives in JL° and taking on the value <P

on QSLI where WL = %L, + 9Ny -

The only new point here is that the boundary function (_f) need

be specified on only part of the boundary, JJL,. If the functional was
/ .
minimized in 5;)4, it is well known that a minimizing element would

satisfy the condition

an

5.0 on L. ' (‘1)1)



whexre n is the outward normal to 9%, . ‘This condition is often
referred to by saying that (9,1) is a "matural' boundary condition
for (4, l) . Its computational significanggoriginates with the fact
that members of the class in which (4,1) is to be minimized do not
have to be constrained to satisfy (4,2) . The minimizing element

automatically satisfies this condition.

1,10 Semicontimuity of J (W)

The present section is given over to a discussion of the semi-
continuity of J(w).

/
In the class JB'¢ we introduce the metric

(4%
o(uv) = max lw-v] + Z vwg!]ux;—vxll
n

=1
We shall prove that at the point Wt defined in theorem T+.1 we have

forany &£ > 0O
J(w)< J(A)+e vV o(w, B)< §(¢)

—

This is equivalent to the upper semicontimuity of J at U . For

— /
the proof, consider for any fixed Xx £ ot and W& D¢

\Valr

( Jf""‘;(t)dt —2{:») - (Ja y(t)dt«z{a) =

[ Vwot*
- J $(6) dt =2 (- &) | (10, 1)
j[varr
| Vwoi*

< j p(E)de | H2f).{w-T) \
|

Car

< )g(t*”.[\vm‘_wm‘] v 24) l0-T)
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¥ . |
where [ ¢ (1Voo|") iy > Recalling that 7 & C‘LO;‘@)

and that [{] < B we have that this expression

< B | 1Vel -1 7al| +28|w-T|

= B‘ Zl(w.\t;" a)(;)[.lb\-)x;“aﬁ;] + Z&lw"—J\' ([0,2,)

t is evident that J 1, such that the constant B, remains valid
for all w such that ©O(w, U\) < 1, . Purthermore, for all such
w | Wx;+ x| < B,_ kel 2, e since W is fixed.

Hence (10,%) satisfies

< B, ) |Wei— U] + 2B -G

~
L=

< Bf-f— o'(w) U‘) (IO, 3)
From (19,1) and (19,3) we have then
Ve |- 1WTa\ _
(J o(E)dE -1{w) - ( y(k)dt—).-};) < B, o(w, @)
o : o -

and integrating over Sl )

T(w)=JT(R) € ggo(w, )

RS

ﬁ) < we will have

g

Hence, by taking O (
Jw) < J(R)+ &

and +the uppersemicontinuity is proved.

2

/
Now consider the metric in 55:2) )

n i,
6’(u)v) = (L_IVVVILAJL + ZL-)Mx;—vx.;\”a{JL) ({O)q)

v



If it is assumed that § is a bounded function, §(F) < M

then it can be proved that J  is uppersemicontinuous in the metric
space (jg; o') The proof follows the lines of the previous proof,
using the integral metric UO)H) instead of the ‘'pointwise'! metric
O‘(M,V) + The bound on § is needed to ensure the existence of a
constant to play the role of 5, in UO,L) but the rest of the proof

is not different in principle from the proof already given.
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1.11 Resume of Part 1

The purposes of this part have been threefold; to present salient
theoretical facts about ellipticity, to introduce a class of non-lineaxr
elliptic equations of practical importance, and to indicate certain
difficulties which arise when boundary value problems are reformulated

as variational problems.

The first of these matters was considered in sections 1.2, 1.3
and 1.5, the second in section l.4 and the third in sections 1.6 - 1,10.
In 1.2 the notions of ellipticity were diséussed and in 1.3 an important
consequence of the definition of ellipticity was given. Application of
the results of 1.3 was made in 1.5, in proving the uniqueness theoréﬁ

for quaéilinear equations. Additional general references for these three

sections are [§ ] and  [lo]) .

In section 1.4 we introduced a class of eguations of importance in
mathematical physics. -The literature contains a great many equatipns
of this type. It may perhaps be said that the given equation will. occur
vhenever it is necessary to take into account physical non-~linearities
in describing phenomena which, in the first approximation, are governed
by the Laplace (or Poisson) equation. Furthermore, there is a plasticity
theory in which a functional of the type (?,l) occurs directly, and for
which it is difficult to write down a governing differential equation on
account of the lack of smoothness in the function P An example from

this plasticity theory is given in " [41 ] .

In sections 1.6 and 1.7 various problems coﬁcerning variational

methods were introduced., TFor some of them we were able to provide
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reasonable solutions, as for example Theorem 7.l. It is probable that
relalted theorems to this are known, but they do not seem to be easily
available. The mathematical theory alluded to at the end of section 1.6
is ccentained in [.ﬁ-] . In section 1.8 some problems concerning the
extension of functionals (to wider domains of definition) were exposed.
These problems cannot be regarded as solved, although it should be ment-
ioned that for a class of guadratic fupctionals they have been more or
less completely solved. The solutions form part of the Friedrichs-

Mikhlin theory of semibounded operators.

Finally, section 1.9 contained a statement of the variational
problem to be considered in the sequel and section 1.10 consisted of
a demonstration of the semicontinuity of the functional involved in the

variational problem.



‘PART 2: Piecewise polynomial trial functions

1, Scope and purpose of this section.

From the last few sec£ions of Part 1 emerges the importance,
for the construction of minimizing sequences, of having available
functions depending on parameters and possessing certain smoothness
properties (trial functions). The present section is devoted to an
examination of a class of functions of this type. In order to
motivate the following analysis we shall outline in a heuristic way

what kind of results are needed.

The principles are clearly seen in the case in whiech JL £ K‘ .
Let JL be the open interval (Xo, x») and JL= JL+ L
the closed interval [Xu ,Xn] . Sﬁbdivi(.ie 5L dinto n not
necessarily equal intervals [Xo,%s], [X4,%7, ..., [Xn-r, Xa].
It has been found empirically that a trial function W (%, &i,..- Gy)
of a computationally convenient Xind is one satisfying the following
conditions

1) TFor any given set of Q;'s ;o Y, o)

is continuous at each point % & [, X))
X, G
) \P (*, v)

reduces to a polynomial FK,, (%) ) of some specified

2) In‘each subintexrval [xk'.x,u.]

degree ™M = | , the same for each subinterval,
Additionally, it may be required that VY (X, &) satisfies some

boundary conditions. It will be assumed here that

W (%, a) T Y (Xa, &) =0 Y a &£ Ry

It is now necessary to recall some basic facts about Lagrange

interpolation: 1let fgo, ‘a‘m] 'be’an interval and let it be sub-
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divided by points Y, = Y, < ... < Y. <Y, ., Let QA()
' by any polynomial of degree m. Then & can be represented in
the form

&(x) = Z & (4:) 4 (0 (1)

(>4

where the functions (;(x) ) the Lagrange polynomials, are m™ degree

polynomials which satisfy the conditions

| =)
2.(y:) = I S.. (h2)
LD = 9
v J . . UJ
0 L¥)
This representation (1) , (§2) is unique. On the other hand,
if @&, V:d 1,00, M are arbitrary numbers then the expression

®™ (%) = _Z@; e (h3)

represents a polynomial of degree ™ vwhich takes on the values §;

at the points ‘a; for O<c¢ <m, It therefore follows that the
class of all polymomials of degree W1  can be generated by varying

the parameters & in (/,3).

These ideas can be employed in the construction of the functions

(X%, 0L> satisfying 1) and 2) above. For this purpose, each
interval [ *Xu, Xyu ] =0, 4 ..., A=l " has-introduced
(K .
into it m-i  points Dtl‘:'”) R S not co-

inciding with each other or the end points. For convenience it will
be supposed that [1,‘) Xuer) is subdivided into m equal
parts. Moreover, it will also be assumed, again for convenience only,

\
\

that the intervals [1,() x .<..~.—_l are of equal length.

Vith the interval [Xu., Xu.}) . is now associated the

(1) .
Lagrange polynomials ¢ : (X) O L, m such
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5 (Ke1) . ) D N A LD
that Z . (x(;‘))’ ', Lty 2).-ym &o (xx ) '{7—M (xkn =l)
. ixa) (k) . .
with X7 let parameters a . i=h2,...,m-1  Dbe associated,
and vith X and Xx,,, let parameters b, ) b, be

associated. Consider the polynomials

(hat)

) = B L0700e 265700 B, 8T ()

g
~ in) o= )
P (x) = bu-.éa (x) + Z (l)l;m)(x) v b 4L (hs)
J=! .
In the interval I_ Xy, Dt,u,] let us define a function
Pgb‘—) 3(.2.[3(“_', xu)
Ve =
Puu("-) x t (xu ) xuu.:}

——

\V is not defined at Xy at the moment, and we are also assuming

that neither Xy, -iror Xy, 1is an endpoint of JL . Both
(be) , (),5) are defined at X=Xk . They take
the values
(ILH)
Pu“ (1',() = l) (x Xg) - L

(k)
Pe (xu) = b ('m (xu) - Lk
(ft41) (1)
by the definition of L, (%) , L, (») . Extending
the definition of CV (X) to take in X, a new function

~
: \}/ ()c_) is obtained;
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P, () X [ Xy, %)

-G
o
o
-
\/'
]

Pu”()b) X £ [Xu) xlul-_l

A
bd is continuous in [ X, Xuiy) ) reduces to an m

Hh
degree polynomial in each of the subintervals [ Xy~ , xu:]/
[ %, Xuarl and has both these properties regardless
of the manner in which the parameters are assigned. It is evident
that this procedure can be extended toléach of the subintervals in
[, xa’) ; the only point is that in order to satisfy
the imposed boundary condition, we have to take Lp = Ln = 0.
In view of the meaning attached to the parameters, namely as values
of the polynomial at the nodes, the boundary condition will thereby
be satisfied, The function (X, &)  defined in this way is .
a piecewise Cfo[“y | function., It has been explained

previously that functions of this type can be used for the construction

of minimizing sequences,

The objective of the next few sections is thebdevelopment of a‘theory
of Lagrange intgrpolation in n dimensions in such a way tha? trial
functions analogous to those just considered in R, can be constructed
in a manner suitable for computation., A range of generalizations a?é
possible, depending, amongst other things, on how an [ - dimensional
intexrval is defined; The class of polynomials which can be accomodated

in the theory is closely bound up with this definition. Within the
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scope of the definitions of interval and polynomial considered by us,
we shall deveiop results which enable the inference to be made that_
each polynomial is uniquely representable in a form ana}ogous to (1,1)
and that, conversely, a form analogous to (1,3) generates the entire
class of polynomiais within our definition (which is a general one).
"This converse inference is important. The methods by which these
results are abtained are interesting in themselves., It should be
mentioned that the question of satisfying the conditions set out in

Part 1, section 7 is considered subsequently.

2e Simplexes and polynomials
We begin by studying certain properties of simplexes. Throughout,

S(y will mean a nondegerate simplex (i.e. a simplex whose TN measure
is nonzero) whose W+ vertices X; v:0,1,..., L are

situated in Kn,. As is well known, if X is any point in R,

it is uniquely representable in the barycentric co-ordinates A-

&

which satisfy R .

n n )

ZA.': ] ) = ZA"XL (lll) -
Lo L0

the following geometric interpretation of the A; is available:

. T .
let X; = (15;, X;a ),,_)X;~3 , so that (2,1 ) is then equivalent

to
_ 4 rT FyT

| | ] >\o l

X gy x4, - Lag )1 X

X i ' = (2,2)
. . i
. . i
xnn >\ :5 xn«

Xon U L




us

where = (%, %a,..., X,) . Now the determinant of the

matrix on the left is n,! X the volume of fn ) by Cramer's

rule we see that )x; is the ratio of the N volumes of the simplexes
whose vertices are X; X;,..., Xeor, 2, X, Lo X and

~

Xo/ Xi)eeny Xn . This is particularly important when x ¢ _§r\.
so that A, 20  {-04,..,n.
We can imagine (2,1) solved for the vector /\ = (AO; Al; -y Aw)

We should then get vectors _Uv“) and scalars b; such that
i) . '
A; =>\;(>») = (Mz“/ x) 4 _’5‘; 120, 0, ..y 0y

Considex the set of points x for which Ag(x) -~ O . Evidently,

these points lie in the hyperplane
(W', x) + h: =0

In accordance with the geometrical meaning of )\; it follows thé,t
the hyperplane \: (x) contains the face of S, not
containing the vertex X; or, to put it another way, X is a

linear combination of the vectors XO) X.) —e ey X;_.’ X, EEE Xn .

Each simplex contains an important collection of discrete point sets,
here called principal lattices of various orders, Their definition is

this: let M be a fixed positive inte ger. The discrete peint set

3 = iX;X; ;A J/M) (j inkgrat), 7_‘3,\_]}

B(m,n) *—‘:E x ¢ R,

—

is called the M™ order principal lattice of Sn. It is easy to

4 -
prove that B (m, n) contains ( w\") = M,t" members.
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In order to clarify the significance of this definition, a simple
example will be considered. We shall show how to construct B Ut, 2-) ‘
for 3—1 . we take the triaﬁgle with vertices (0,0), (,,0), (9,1).
Divide each side into 4 equal parts ( M  in general). Draw in the
lines, parallel to the sides of the triangles, through the points of

subdivision, The points of intersection of these lines, together with

the points on the boundary of the triangle constitute 5('—}, 2-)

N
[ 4

\\
______ .
™
NN
AN

\.L >N,
O Cal
Note that it has ( “;‘_l) = 15 members.,,

This simple example of course does not prejudice the generality of the

definition of 6(“, ”) already given.

We pass on to a consideration of certain properties of a class of

polynomials which will be wsed later for interpolation. Let us define the-

symbol.
oL, A «g
i)‘bs = Z Aty tg X x5 X (1’3)
/ )% 1
; s
where o Vai,d,e--) S is a non-negative integer |x|-= Z“;
¢ (A
o \T
and x = (X, %3, ..., xs) is an S dimensional vector. A notable
property of (%,3) is that each component X; 1is 'equally represented!
| .
The class of polynomials (7-,5) of degree L and with % £ Ry will be
denoted by Vi,s . If P e V,,ls then R(P, “q,)
will mean the restriction of P to the hyperplane | ,‘V where

Mg,
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is defined in
& K
Ty, = %xeRn]x——*L/\;Xk” ZA‘”}
) Lo

3 c: A
for Q/H vertices Xg‘-' 20,0, -0 (% Also, V%s (ﬂ‘}')
will mean the class of functions obtained by restricting each element

of Va s to ﬂ"y
It will now be proved that, roughly speaking, a polynomial of type (1,3)

retains its characteristics if its domain of definition is limited to

linear manifolds in R .

Lemma 2,1

Let Q¢ Vm,n (TTn-d,) for some given ﬂn-cl ) then
Proof

By definition ] is got by restricting a certain element P

N

of Vi, to  Tlag

We can select n-d + | points X; U200, n-d in nn-‘L
in such a way that each i € TT,‘-A, is uniquely representable
as ‘
n-d iod
x,-:Z_A;X;I Z_x;"l
(=0
L=Q

For such an x,

P(x) = P(x(N) = Z Ru,... KX
] ] < w
a-d o,
= Z_ a'“i'-“‘n- (X|o+ Zs X&(X.L—X”’)) X...-X

l«€1$m
n-d

;<\/(Xmo + _Z)L(Xni"xno) )dn' (l)q‘)

L=t



T

whexre X( = (X.L) Xy y - .- XW;\ . It is clear that the
gquantity on the right is a polynomial in the A and that this
polynomial is of degree M . Since also the )\; appear symmetrically

in (2,4) we can write it as

'- “' d’\’d-
P e Z a’u,..o(n_d )‘l -- >‘n—c\
ld{<m
) .
on rearrangement. But the /\;, s vl 2,..., N~ 4 can be chosen

arbitrarily and this amounts to the assertion of the Lemma.

The next two lemmas are needed for the main theorem of this section.
This theorem may be regarded as a generalization of the faet that if
o< is a zero of a polynmomial F(*) in R, +then P(¥)= ("“"")"

x I ("), P(X) being of 1 degree lower than P(*).

We shall denote by " Op-d ("D, 5’) an open sphere of
radius 5 >0 and centre Ho & 'lTh-cL and lying entirely
< in ﬂn-—d. .

Lemma, 2.2

Let r e Vm,n. and suppose that [ (%) =0
whenever 3 £ OTp.d (%o, §) - Then for each Y2 TTa-d
P(y) =0.

Proof
Let ¢ “h—o\ . Since Trn-—ol. is convex it contains

\

the segment‘ Ao X g Consider

TT, = {’Ll X = (l-/u)xo«'/“xo}
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By Lemma 2,1 A ( P/ “‘) & VMJ' . Selecting
m+ | Ppoints in T\, N Gad (7‘0,- J’) defined by
/M; SO, 0., W we see that 5{ ( P, —!Tl) = 0O . Since

X, is arbitrary, the lemma follows.

Lemma 2.3
Let P, £ Vw\,n, and suppose that for any fixed but

arbitrary hyperplane TTH_. wve have R (P) ) ﬂn-.) =0

Then F| (1) can be written in the form
Py = M), P

where )\ £ V'/"’ and for each 2 £ ﬁn_, )\(‘3)=O .
Proof

Speaking loosely, we may say that if P, vanishes in a linear
manifold of dimension h-! +then [, contains the equation of this
manifold as a (linear) factor.
For the proof, we introduce into Rn the simplex g,\, where

vertices XU . lie in [la., and the distance from X,

to IV, is psitive, If  x £ R,b then

ZA__A;X; Z)

and so -‘
Filxy = Z ) G (ZA X.L)__,(ix;xncjd"
JTo iz (o
ZA)““’J ) %uay D Y (D]

__"‘_
fot}= J
0(0 >\“(n

: “‘o Lol o --- n

<= m of

where Koo wy (112 m) are certain combinations the



components of the X. and the Au,.. ity W

v

Now let lé £ ﬂn-l then

)

o.

4= 2 e ___Zf‘é“, Mo

For such a tg ) P \ takes the form

L09) = 2 by i p

Jt i

A . 2y *n, ..
Z Oy . Xy, /Al - - /Ah ) “Ance /“u =

<}=m

But this is zero, since P- (3) =0 for 3 e s so that
ol ﬂ(vg .
Z!)oa‘,--dn /V‘|.°o/l"n = O
{L|=m
We shall now consider the homogeneous polynomial

S, o -A
Z— Lo“x’l"“h %ll’ - %’n“

L 1=

and we shall show that whatever the 3. it is zero. Indeed, for
Z }, this statement is already true. - The general -case

follows simply from this when Z% + O, For then,

Z_ Lou‘...wn S-T'- .}:n = Z_ Lo«,.. 3/S) (% /Sy(n

i{=m Ki=m
R

where S°* Z_ 3¢ . If $=0O then a continuity argument is used.

(Y]

Now write, generally

o ol 74 o
Z *l)vto-.u(.,. >\o _ ’\m = Z l)o-l---dn >‘l.'~ Ann t \
] m l<1=m .
k Z_ ‘Lbo Pn o — >‘ "

]f,lah\:-

Do D bhp AN

1[5]=M~|



in view of what we just proved. But as we saw at the begimming of this
section, the )‘ . can be regarded as (linear) functions of position
and therefore,
Py = D) 2 o Do) M0
Ipl=m=s
This is the statement of the lemma. We should point out that the function
)ﬁ (7&> of the lemma is determined only up to an arbitrary multiplicative

constant, since if )(*3) =0 so does K )(*g) 2 0.

Theorem 2,1

Let positive integers M, $ be given, $<W and let

TT,\-.,J- J"—O,t, oY) $-1  be S distinet hyperplanes. Let there be
given S functions, ¥;(x) j=9,!)---, $-/ 1linear in X

and such that X & Trn-.;j Cmpues ;08 =0 . Suppose
F,f_ Vi, n and that &(P) T\.n—.,j) =0 J': Oyt --+) S-i.

Then

ACRE i"lc(*)) fa (x)

where [, € Vim-s, .
Proof

The proof is by induction. Assume that the theorem is ‘true for
some 1¥t< S so that F, vanishes in the hyperplanes

TT.«-.,; L*Oil,.-,t—l and is representable as

Bt

Py = RO (TT) ), he Ve o
Consider ﬂh-.')(; . By hypothesis, ﬂm--, £ contains a\

o (%, :?) not containing any point of the intersection
n“_,'oﬂ_,--nﬂh-,’t.let x| & o‘(xo) ‘?) . Then

P(x) = B (n)- ( Iﬁ ‘1;("')) =0



and therefore, i.; (7‘-) =0 By lemma 2.2, 5{ (‘,s) ﬂn.,,e) =0

and by lemma 2.3.
F5(x) = P (). V‘b(l)'

therefore, we have proved that

t
P00 = Pl (T o)

But, again by lemma 2,3 the result is true for E=1| and so the

lemma is proved, by mathematical induction.

The following corollary holds.

Corollary N

Let Pe Vm,n and vanish in S>> wm distinect hyperlanes
Tfn—',i (20,1 oo vy 50 Then PzoO
Proof

Select any W  hyperlanes, say -ﬂ,\-.'g = o}:,_.., m-|
Then )

P(xy= ¢ 119 () C,= coast.
L=

Since P vanishes in a further hyperplane, C; must be zero and

the result is proved.

Before continuing the development, let us indicate an extension of
this theorem.
Considering again R, we recall that if a polynomial P(n) has
the form: (X-d)s - (x) then [° and its derivatives up to (S-i)th
ordexr va.nishlat 0<) and conversely. If we replace (X—e() by l’l;(x)

we can make a related statement in the general case, Since this resuli



£3

is not required for our present purposes we shall omit the rigourocus

statement and proof.,

3. Interpolation

The material in section 2 can now be used to prove the following
theoremn.
Theorem 3.1

Let > € Rv\, ) let 5,\ be given, Let the points of the

w"  order lattice of S, be ordered and called

principal
Gy Ch2y-nn, (M ) . Suppose that f; €2k, .., (‘“fv\")
are given arbitrary rumbers. Then there is exactly one Pe V'Mm,
satisfying ‘7(‘1/;) = {; T P (Mu:;n .

Proof

Put another way, the theorem asserts the unique solvability of the

interpolation problem in the class {2,3) and in B(m,n).

To prove this result we use induction on 7 . Let us note ‘the
following important fact: Let O < J < Mm be a fixed integer and

consider the hypexiane
. n ", h '
-3 K. Loy - = z (3,0
ﬂ“"dz {)le- - X, *._Z‘X»Xu; - ;)\., bt ‘ )0)

Speaking geometrically, this is a certain hyperplane parallel to that
face of the simplex opposite vertex Xo . Its intersections with the

edges of 3-,,’ (n+1) of them, are the lattice points defined by

N - J - :
Ao' ™ ) >\;=l ) a2, yn \
i.e. if these points are Y; e ht--, M then

Y. - %xﬁ (,_%)XL R ¥ (3,1)

¢
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These n points generate an Wn-i dimensional simplex, Sn-i
We shall show that the lattice ﬁ(m-j) V\—l) in En_' conincides
with that part of B (wm, n) of S, which lies in T\,;-U j -
Indeed, B{(m-j, n-1) © is
"
n
I; .
] . LI oeToem ) --\}
Ex\ x = ;/%V., ) Mi m- ‘ J L.__'/Ac

where I; is an integer, so that Xx & B(M—J ; V\--) implies,

?J
1
=
—
3
>
Y
-’
-
]
3i<
~—”
><
<
|

W
3\«
o~
-'..
. ‘\/)s
Ia
—_
B
[ &9
e’
.
<

which is, by definition, a point of S(M.'\) « It is easy then to see

that B (m-5, n=1) and that part of B (™, o)

in TTH-.'J' are identical. The proof uses this fact. ~We
shall now show that the homogeneous interpolation problem (i,e. { ;=0
L2ty e (M,t.") ) has only the zero solution. This will imply
our result. Let €N <n and suppose that the homoge‘neous
problem in B (m ) N) has any solution lo-€ Vim NG then
Q, = R (P, TTheo) & Vi s | But &,
vanishes at the lattice points of [fa-i, and by the induction
hypothesis the only element of Vm,w-1  with this property is t}\1e

zero element, and thus, ‘ R (Pc} TTN_.,O) = 0 . By



Theorem 2,1 then
I—)o (1) = Pl (’*) ']o“‘)

where Vlu(x) is as given in that Theorem and f, £ vm-a, N .

Now consider Tl-N_.), . Since TTN-A,‘. N ﬁN-i,o 2 O  we

can apply a similar reasoning again to ﬁ (") and TT,‘_.I. to get
P. (1) = l’; (1) "]‘(1) ’7,_ & Vm-x, N
and continuing this, we eventually arrive at
n-{
Po(x) = K ﬂ 1 (%) K= counst
V) -

and it remains to consider T\_N-,, m - Now Po(*) must vanish
at Xo and this means that K= O . Therefore, if the homogeneous
problem has a solution, that solution is necessarily zero. Since pero

is a solution it is unique. The homogeneous problem is uniquely solvable
for the N dimensional problem if the N-1 dimensional probiem is.,
Obviously for N =] we have this result, and the theorem is proved.

(M:,\“ coefficients. The method of

_Note that (2,3) contains
proof of this theorem is rather more general than may appear initially
and it can be extended to cover some more general distributions of intere

polation points.

4. Representation results

So far we have not given any method for finding the interpolation
polynomial., In the present part we shall give explicit formulas for it.

In fact we shall construct ( m,,t\") functions, {;(x)  such that



56

Gl = Sy ey (700) (1)

where ,’J- are points of B3 (m ) m) and S is the Kronecker

“J
delta., Consider any vertex, say Xo of Sn and consider the

parallel hyperplanes nv\-l,J J 20,0 ) Moy of (5) 0}).
Let )“) (x) be linear and such that
) .
v}l; (x) =0 Y o ox & | w1 j
Thus (")(1) = O is the equation of the nyperplane ﬂ“":j ;

moreover it diffexrs by only a multiplicative constant from V]a (x)
of Theorem 2.1, We shall associate a similar set of functions with each

vertex. Thus with X, is associated "‘(‘? (x) for 0l

. ('
and Vl':) () = 0O whenever X £ TT,,_‘.L

Assume now that X is any definite member of B(M;")

n —

3 = bext ZS;”-I )

=0 Cao
where A= G/ ™M and Q. is a non-negative integer.
By definition of the V“g) (x.) we have ‘q_‘“‘) (i) =0 C20;1,..e) n,
(9

This is because X lies at the intersection of the hyperplanes

>‘k (x) = %/, K=0)y... N and so lies in each of them: therefore,

since >\k(") "'w. c V]'(«n) (%) for some constant ¢, 1(6‘) (2)=0.

Consider the expression

F; = T—I ( “ﬁ V\?) (x)) (v\(:') <4 ¥ C) ‘ A

et Y (FX) & B(mn) ang



g)- Z/TXXV ZFL“ Mo % LR 0y ey ™

t=o (S

<

- by, _
As with X we have ¥ . (‘3) = O 9., . Now, there is
v
at least one index K) cfk < for which bu'“u <=1,
For if not, since 53 ) & are iﬁtegers LJ -G =2 0
for each J and this contradicts Z_ ( ad- - LJ) =0, since
— el J‘O
X # Y . So, let K  be such that bi € ay-1|
Now consider
~ o )
- i B R
P (3) = TT(TT %)
x Cro - j0
W G-\ Gt )
G) ey T A0 -
. T 9¥Y) @
L“-O J‘_O J-D
vk
We have just shown that B,L < Gy~ and therefore the
b -
factor V]f( ) (3) appears in the rightmost product. But this
is zero, as we have seen, so P;_ (-‘3) =0 . Thus, Pi (X)
vanishes whenever x+ X £ B (M,h) . It follows that

the function

-
&

(4,3)

i
—
¥i
~r

satisfies the condition (4,1) and is the desired function. Since X

was any point of B (w, V\) the entire family (4,1) can be

generated in this way.

\
\

VWe shall write (4,3) in a more tractable form. Ve take Vli.o)(x);,\i(x);
then as already indicated, V] (3) (x) = >\& (%)~ J/M )

Inserting this in (4,3), and (4,1) we get



) n G-
{g by = — [T 1T [mhetr- ) (t,4)
(.’.g!. --.d.n/! L= j:0

Expressions which are essentially identical fto these were given in U&] .
where they were obtained on the basis of their possession of certain

formal properties of the one dimensional Lagrange polynomials,

For future reference, we note at this point that.if x € 3,,,

| k' (m, o) independent of S,. but dependent on m and

n such that

[x(x)] < K'(m,n)

This follows immediatély from (4,4), since 0 N(»)< 1. Obviously,
if £: (%) is the polynomial of type (4,4) associated with

P € B(m,n) then 3 K(M,h) such that

) o] € Kimn) (1,5)

B(m,n) .

Let us observe that the interpola:tion process described gives for
any P e VM,’n ) osEm<wm an alternative representatién, as
follows from a consideration of the difference between F and its
interpolant, In view of this we can get certain algebraic identities from
the relation .’

P(x) = ) L) P(p)  Pe Vo0 5 M1 < m \
Blmym) T
In particular,
> L) =]
B(m, )

which is well known when wn =1,



Se¢ Examples

Some simple examples of the application of the previous results

will now be given:

Example 1

Let us construct the interpolation polynomial of degree | in

n dimensional Euclidean space., For our simplex, we shall take the

simplex T, whose vertices are
OT
Xo = (0, 0y - -~~~ ) )
-
X, = (%, 0, -----,0)
X, = (o, L, .. --.,0)
' T
Xo = (0,0, == . ;1)

this set of points coincides also with the principal lattice B( 1, n;) .

It follows from the properties of the )\,;(Jr-) that )

Ml = x; Ptz

Dolxy = =) x; + |
c=j

since these functions are linear and satisfy

)\; (X'_,") = SVJ “ \

\

From the formula (4,%) , it follows that they are the functions f.; (x)

£=0,1,...n of (Q—)I+ ) associated with the lattice., If now we associate



with each X‘ a number a; then the linear function
L L
]’l(x) = Z_ @, >\; (x)
(=0
is the (only) linear function which assumes the given values o, at

the vertices X; . These linear functions find wide use in numerical
analysis. They are closely related to the 'pyramid' functions of Synge [i37]
they also appear in certain versions of the multidimensional secant method;
this is most clearly shown in the algorithm of Wolfe [14-] . Pinally,
they make another appearance in the simplest form of the finite element
method. |
Exemple 2

It is well known that some very useful integration formulas can
be got by intégrating the interpolating polynomial in | dimension,

The same is true of the present interpolation polyncmials,

We shall indicate the basis of this procedure. It was developed
by Sylvester [ia.] . Suppose we want to integrate a function f-

over the simplex I, . Let us interpolate ‘f with an m™ degree

polynomial,
4: = Z f" e;(l) + RM
B(mn)
Then
T' B(mn) T'
=0 B

- 2_ W, {; ‘ \

(o

where (W, = J 4;(x) a7, . 1t is therefore a question of integrating
T,

the functions 3;(x) over 1} in order to generate the weights (-

v L]
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To do this we can make use of a known formila,
E

: M M - m ) ml m,
J_)‘>~)nn All 1. L, ney o, .
‘l

Nt
(Mt my 4 ot + )

This is proved e.g. in [i5). Since all the functions g;(k) are

expressed in the form of polynomials in )34 they can be integrated

to get the W; . Sylvester carried out this programme for polynomials

of degree < ¥ for WN=2L and has given detailed instructions for

using the resulting formulas.

We might also point out that if { ~ is itself a polynomial of
degree < m  then (from the interpolation theory) the integration is

exact.

6. Triangulations and continuous trial functions

We have seen the possibility of defining polynomials on terms of
their values at the points of a principal lattice of a simplex. In
this section the previous results will be used to construct trial

functions of the piecewise polynomial type which are continuous on a

closed region JL . Before this can be done, some definitions concerning

the regions SL  are needed.

Definition (Wallace [Ib])

A (simplicial) complex is a subset of R, consisting of the union of
simplexes of various dimensions such that the intersection of any 2 of

them is empty, or an entire k dimensional face, fc;o/;)-,., n—i,

The dimension of complex is the dimension of its largest constiment

simplex,

We shall restrict JL by requiring that 9L is a complex of
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dimension. (n- |> .
Definition

5, is triangulated if it is expressed as the union of a finite
number of nondegenerate N dimensional simplexes, in such a way that
evexry face of every siinplex either defines part of 4L or is also a

face of another simplex.

The use of complexes to define 5L  and the above definition
were given in [I7 1] .

Let us now assume that JL £ K, has beeh triangulated, and let

— —

) ) St be the components of the triangulation. Let an integer

—

m > | be given, In S; <J=42,..., t we construct the

— —

principal lattice of order m . Iet S; and S j share a common

face, ) of dimension n-1 . By the definition of a principal

v
lattice, those lattice points of S;  {ying in ECJ constitute a

principal lattice in the n-» dimensional simplex S; X Similarly,
those of S ; 2lso constitute a principal lattice in S; ; » Since
5.‘, J has only | m*™ order principal lattice we conclude that

that part of the principal lattice of S; lying in S ccoincides

——— ~—

with that part of the principal lattice of S ; lying in SCJ and

that this lattice in g; j in fact constitutes its m order-principal

lattice. This argument does not depend essentially on the fact that

dimension ( -§;5) = n-t and holds whatever the dimension of

—

the intersection of S; and S j ¢+ |\Whatever the dimension of this

intersection, the intersection itself is always part of a linear manifold.

\
\

We shall now show how to construct trial functions continuous across

the interface of two simplexes of a triangulation.. let parameters CLl;()

be associated with the points.of the lattice in §; not in S ¥ and



)

8)) =
parameters ¢, with the corresponding points of S J e With the

— — —

(common) boundary points of S, and S; 1ying in S;J- associate
(cj) .
parameters b SJ . The subscripts K and $ range over all the

points in the classes of points indicated for them. In S; denote

the m™  order Lagrange polynomials, defined in (4,.4), by é;‘)(x)

and in $; by ‘(),l;)(*)- Let 5:“(m,n) ) IS{,_‘:,(W\,V\) denote the

J
lattice points in g& respectively in sij and not in §;J' 5
similarly for BY (m,n) and B (win)

Consider the funection

- c) ‘i' (i) ptd) rag '
2_ l,(;) ;e,s)(x) " Z Qi EK (x) | xXeg S, (C,I)

Bmem) BY (wyn)
fmlx) =
Z L‘;j) JZ,(:)(x.) b Z (/o(,f)l(:)(x) x £ §J- (L)
BY (wayw) 85 (wan)
We shall prove that it is continuous in S; U § ; + Obviously this
is true if x gﬁ ELJ . Suppose x & g;j . By lemma 2.1
in gij (6,1) and (6,2):are both polynomials of degree m in n-d
variables, where n ~d  is the dimension of §‘;J' o It is easy to
verify that if S ij isof dimensioﬁ n-d then it contains )
( My“.‘:‘;(d lattice points which, ds we have seen, also constitute

its principal lattice. Subtracting (6,1) from (6,2), we again get an

m th degree polynomial in h-d  variables. Consider its behaviour

at the lattice points in S; j e It vanishes at them, by the definition
of the Q‘C’(’L) and é(’) (’L) and the fact that parameters b‘;j)

are common to (6,1) and (6,2). By theoren 3,1, in g{).)(é,l) is identically
equal to (6,2)., Thus, the continuity of fn is established,

It is quite clear how these arguments can be extended to the whole of

SU « The resulting function, depending on parameters is our sought trial
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function., It is continuous on S 5 if it is required to satisfy a
boundary condition, for example with an m™ Gegree polynomial function
given on the boundary it is only necessary to assign to those parameters
associated with boundary points the values of the given boundary polynomial
at the points. In this way, whatever values are ascribed, or computed for

the remaining parameters the resulting function, contimuous on JL

will satisfy the imposed boundary condition.

Te Error of interpolation .

So far, we have constructed polynomiéls in simplexes and shown how
they can be defined across interfaces of pairs of simplexes in a continuous
manner. We have also seen that.trial functions can be.constructed on this
basis, With a view to applying Theorem 7.1 of Part 1, we are now going
to derive bounds for the error of interpolation of a function by the
methods set out in sections 2,3 & 4 and alsc bounds on the error incurred
by using the derivatives of the interpolation polynomial to approximate
the derivatives of the function. Apart from the use to which they will-
be put by us, these results complement the results of sections 2,3 & 4. .
The combined results of sections 2,3,4,7, and 8 form a natural generalization
to N  dimensions of the | dimensional Lagrange interp&lation theory

for equidistant nodes. As such, it has several applications in numerical

analysis.

An exact representation for the error of interpolation will now be
1 (M bl
cbtained, Let & C "(3,)  and let p) 4  be any 2 points
\
of Sy], With these points is associated a function qbqq,()) of the

scalar variable ‘A) defined by

Gpr (N = FL 4 ¢4 (p-9)] o)



and for l‘); e B(m, W) we shall write

Ppp. = b (H) Syt (M)

Furthermore, put

RM,,.,,, m, J c‘bcw)(x) (7,2)

If F; ¢ B(m, "") then that ™ degree polynomial
taking the values | at [’ ; and O at every other lattice point
will be denoted by {7,; (x)

Theorem 7.1 ‘

Let l7£ S . With the above notations, there holds

I;(F) = Z [ £Go) _Rm-ﬂ’;] (/;(r) (m3)

B(win)
and
mi

)] € Kilman) mox | §(po)) + Kulan) Mo b (7, u)
where lDi{I < Hm_,,, in gh) JLl= mat ; L\ is the greatest
linear dimension in the simplex and  K; (w,n)  depend on wm,n
but not on §n
Proof : -

Let c]/ & En and consider ﬁb‘yi‘ (/\) « By Taylors Theorem,

4)0,2(') = Z k! ci):yy (o) + J<P(MM(>\) I- /\) dA (’l)s‘)

=0

Let (P=4)x be the k™ component of the vector (F~%). Then from
(7)1) , for J=O/',---) M4+ | \
0'31:(01/) ) )J. - ig
4)%,10) oy (=4 - (P=%)w
lu")

so that () S) is equivalent to
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N W | 3K (¢ : ‘.
L) = Z;ﬁ Z ?xf'f-v-)Dxi" (P -%), —--(;”%n ¢

It>o iei=k
" 5; g () (-0 | (7,9
The 1st term on the right is a polynomial in the components of r’_ )
of degree M. Put it equal to T (p, ) so that
T (P19) = Z Kl > },ﬁ.{(w = (P'”ﬂf'—- (P"V)in
t=—o o= Xy

By Theorem 3,1

Tm(\’;‘“v ZTW‘|-— q’)é“’)
(Mn)

and from (7, ¢)

T (P, 9) = $(p:) - wj b (1) (FX)"

so that

Tl ) = 2 LH69- M.J4>“““’ (0= Y &G

B {w, l\)
Substituting this into (7,6), we get

Ly = > [0p)- j $? AYO-0"dA Ly +

B(mim)
| .
f L j b AY (1-A)™ )

m! G?
Now recalling that ¢, is arbitrary in —5:,, take ¢ aff The last
integral is zexro and the sum remaining takes the form
L LHp) = R 3 4P \
B3(w )
which proves (7,3). From this follows immediately

) < (e L)) + e [Ruai]) ) ()] <7,-{)

Blw, “)
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and it has already been indicated in (4,5) that Z 1 2:( o) | can
’ P)(Ml“)

be bounded by a constant dependent on WA and N but not on S, .

Also,
RW"":‘- - i:!f\-E SO 4)(?“) (x)(l"))m‘\)‘ ' (7,%)
R . L ma (W\_“) ] i ESLIFOY
R ] € e (€52 (0 [ =3man]
Now,

" "D“"‘“)-F[l’+>‘(?"f)] _ OF g Cn"
U () - Z L i (=P -~ (Pi= Pl

le]=wma

me ) ]
and hence | 43 l?") | € K‘I(W‘m) M s h ) Ki= const ) (ql‘l)
wnilst”  J (1-0)"dA} = (ma)" (9y10)

Substituting these results in (",'1) there follows
' ‘ w4
”(P)lf [I’“g“”'(l’;n + k)f('”\ﬂ‘)mmul‘\ ]-Kl("“l")

waich is essentially equivalent to (‘7) ’-r) and the theorem is proved.
The bound on the interpolation exror follows from the observation that
the error vanishes at the points of fH(w,n) on the assumption ;:ha.t '
the function being interpolation has bounded derivatives (< m‘,.) of

order W+l , Indeed, if the error is £(X) then by (7,4) we have:

Mt |

ety € Ke(win) Mo, h (7, m)

8., Brror of derivative inderpolation

The result of this section is based on the differentiation of "
equation (7,3), followed by estimation of the resulting eicpressions.

It is convenient to carry this out in stages. We shall use the following
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notations for the derivatives:

‘ > - D:? |« =t (9,0)
"}y"(l' _ DJ:H

~q

and the wvalues of -( at the lattice points l-‘i will be denoted by {; .
The following lemma is required.
Lemma 8.1

Under the assumptions of theorem 7.1 there holds the estimate

;—Sm.);ﬁ)‘ € Cy(min) M h

J

. miny . -
) L:l)L’_..)( M)) J—l,l)..-)n—

where Cy(mn) is independent of S, &nd F is any point of S,
Proof

By the definition,

Rawiye = J' ¢ (3) (1-3)" d) (3,)

where o
¢:.(0) = £(5+Mp-7)) : (%:2)
N o
o0y~ ) SRR o e )

ik

Integrating (8,1) by parts,

g
Kmﬂ,i = —'::_] 4)(:\)(0) + (MJ:)‘JQ 4>(?)()‘)(l'/\>'“-’ C{)\
and from (8,3)

" (7) . En
¢ (0) = Z x j(-..axi,n("""))""(f"if)" \

lei=m
Differentiating with respect to 525 and using (S’,o)
2 () (o) 4 i
W) [ HBGFR HERFTIg)] 5
J lkl=m
where ot £; = (o, Gl . Xg ), Next consider
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3‘Vm (3)0-3)"d) = ZKFP)JD FR+AGAN (=2) d)

° lk1lzm

Differentiating with respect to X j

2 [ 40menar = ) [ J’Dd £

l«]=m

(FrMPFN=-XY"d) + ;LP)J m{pd(, DICH o{)\] (%,5)

Consider the lst member of the above expression,

Y Cx(pi- l)dLJ.Dm-F(’H-).(F 7)) (-2 C(3,0)

Ki=zm
Integrating by parts in the integral, we find

(D2 (e -0 = LDl () 4

ci L] }i(-%KbiHmm-’f)))Ga-m]u-nw |

so that (8,6) is equivalent to

> e (Y Z‘ﬂ:‘uf) = [2(5’"@”3*‘(? "

4 K=l
«irm .

T P (-7 40 § 57
Collecting togeflﬂcm (S’,lf)) (8,5),(87), it follows that |

DWIL - __, M+l m“
= ) RGP ) r)j R

jl=m k= m
(PPN e e T il [ [ 2 000
ljziv o K=

=2) (r-y-r’)k] (-3 d)



e

the terms containing derivatives of order m cancelling. It is evident
that each of the 3 terms in the above expression is bounded in modulus

L m .
by expressions of the form K;(mn)h HMa,, L=1,2,73

and the lemma is proved.

Now let h,-_ z distance from X{. to its opposite face. The

following lemma will be used later.

Lemma 8,2

There exists a constant, K(mn) independent of ‘ 5;., such that

n
. i
< m,n - Kz, 2,.ec, L
Z \ ﬁx.x i { ) Z. h; 1
CE B{mmn) =0 '
Proof
r—t— n-

) - G x
By (h,4) the point %= Z m AL contained in B (m,n)

c=o
has associated with it the polynomial

n Q=)

() = —— T[] T Imhtp-j

Gl -.. n! 0 =0

For p & S, , © f/\a(f’) < | ) L*0,l)..., . Differentiating with

respect to X
n (@;-
oy (p) Z A f’ ([’)
-‘3'_):; - BX'K

(aj-»)

where P. is a polynomial of degree (&;-1) which is bounded in

J
modulus by a quantity dependent only on men when p € —S-n, + Then,

IBx 1 K(M’)Z,IBY.K

W) -
Let S K K=lj2y...Hpn be the direction cosines of the normal to
_ the face of S, opposite X . Then

ZIB)L,‘ leml< ZO
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S0
1%
Wz ' 1
LED ] € Kimw) )3
J=o
and

> E (P)l K () }:1',:

B(mn) J=°
which proves the lemma.
We now prove the main result.
Theorem 8.1
Let P £ So . With the.prev1ous notatlons and assumptlons, there

holds .the estimate

91—(?)] < Ky (mn) Mus b [Ks(m,n) w\axH | + K¢ (w, ) M b ] Z

Proof
By theorem T.l
£y = ) L4 = Ry ] Eilp)
B(mpn) ..

and

HE L Z [_ %’:’\i:n,i]e;(‘,) . Z[ L7 - ,\WJ RLY: (r)

bx:( B{wn) Glmn)
so that
22.(p)
l%(r)) < MM '.)Rmn,u ZIQ (r,)\ ma;H— | + Maxl}\m" 0 2_ %c«
P>’ G[Ml“)
'5("'\|")
Since zzl IQC(F)I can be estimated in terms of m, n  ° only,

Nimm)
using lemma 8.1 to estimate the lst term and using (7,9) and (7,10) and
lemma 8,2 to estimate the second, 3
il
]

'?_'i'(?) < K#(M,H) nw'l\m + [Kg(m.n) ME‘)" f.l + KL(WMV\) HMNI‘\M"] Z T\-;

dx :
« v=0

and this is the assertion of the theorem.
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Applying this to the error of interpolation ( { ( p:) =0 )
there follows,

(e
3)63(

"
< K () Mo b+ Ky ()M b Z f (¢,8)
20

If the maximum side length of gn-—‘? O in such a way that e.g. h;= k. }

where k; does not depend on t\, we can get the asymptotic

9
error formula

l'?_{l(r)

Jxy

- 0" Lty

whilst we have seen previously that

()] = o (W™)

independently of the manner in which S“ =0,

In the case im=1,2 similar estimates were given in Lt7 :] .

The factor i] is there replaced by ;‘-; where W' is
. the radius of the 1nscr1bed sphere of "5-,‘ We can easily prove that
3 i
L < -
Z_, W (n+i) X .

/ L
so that we can use, h in the estimates instead of Z he )

if necessary.

9. Additional remarks on the interpolation theory.

The interpolation theory given in sections 2,3,4,7 and 8 was
developed by the author at various times during 1969/70/71. During; this
period, variou;fs results which are mostly special cases of the results
given here appeared in the literature. In the present section we shall
indicate the relationship between some of these papers and the present

work, The papers to be considered are all associated with the finite
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me thod
element, or motivated by its results.

A
The first paper which was essentially a mathematical paper on the
finite element method appéars to be [ng] +» This well known and

widely quoted paper is concerned with the case of 2 space dimensions,

n=2x. The results that concern us here are that error fmxmilae
of the type (7,1 ) and (9,8 ) were derived for polynomials
of degree wm= ] and wm= 2 . The existence and uniqueness of

polynomials taking on prescribed values at the points of H(wm2) m=))2
were demonstrated., Such a result is, howéver, deficient in a certain
respect, namely it does not imply the following: if the date (prescribed
values) are those of a polynomial of degree wA=1 ev L  then the
interpolating polynomial coincides with the polynomial from which the
data were derived. Let us call this the reproducing property of the
interpolating polynomial., The reproducing property does in fact follow
from the error formulas of Zlamal, which were established by him without
recourse to the reproducing property. This follows on account of-the fact
that the error bound contains multiplying the factor M. -(r1g)

which would be zero for w={ (m=1)

The approach followed by us was that the reproducing property was
established first, being a consequence of the material in section 2.

It was then used in sections 7 and 8 in the derivation of theerror bounds.

A more recent paper [r7j] generlizes the results of Zlamal.
The relevant results of these authors are that the existence and uniqueness
result for the cases n -arbitrary, M=, 2 Again without using the

reproducing property, the appropriate error bounds are obtained, both on
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the function and derivative interpolation. The method used bears a
superficial resemblance to-the mthod used hsre, but it is actually
rather different as the reproducing property is not available, This

latter paper contains a number of interesting references,

10. Denseness of trial functions

In the present paragraph we shall consider the trial functioéms,
whose construction has been explained, in the light of the results

of Paxrt 1 section 7.

et JL be given and let it satisfy the conditions set out
in section 6. It will be assumed that an imposed boundary condition

¢ () =0 is to be satisfied.

Let T, and T, be 2. triangulations of JSL . Ve
shall say that T, < T, if T, is obgained by triangulating
every component simplex of 1, . If T, and T, ave any 2
simplexes of T, , it is not required that they should be triang:ulated
according to the same rule in the passage from T, to Tz « Now

let a sequence of triangulations ZT;Q be given, such that
T, €T, €T3 o cn..-

With each of these triangulations 7T; we associate a trial function
3 (v v . .
‘P“) ( a'tl)) . a’;:. ; >:_,) satisfying
(i) +‘;) is an m™ degree polynomial in each simplex of T,
(11) 4% is of class CON(R)

(1i1) £ vanishes on  9a
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)

The parameters in the trial function are the a . and m is

given fixed integer.

The following result amounts to a verification of the fact that if
the family of functions :}é of Part 1 section 7 is‘identified with the

family -{1“’) defined above, then

Y. e o

in the sense of that section. Thus, consecutive 'trial functions' are
obtained by refining the triangulation in the manner described above.

Lemma 10.1
[0) N . s
Let a,J- J 2hr,.--, S; . be any given numbers., Let l Z L
@)

Then a set of numbers a,J. J‘z h2Zy---, Sg such that

(8) , (&) (€) Wy, W .
(e yoeny Bosg (%)= {L(Qit,"';“’sc} x.)

whenever X £ S .

Proof .
Consider any simplex of T, , say féj . In it, _{_(o)
¢ .
reduces to an m th degree polynomial ® :3) (1) which can be
expressed in terms of its values at the points of B (m, n) in
T ‘:J . Let :Eij be triangulated in any manner, into simplexes
T:"‘J k) k> hay--- t . anstructing %n each of the b;J-,k
its principal lattice B4 (m,n,) we can represent C\‘(:j) () in
terms of‘its values at Bh (w;,n.) ‘ in %;J.;k . Now Tg_ = T'-_ ancl

is obtained from it by triangulating the combonents of T,; « Therefore,

L)) — \

those a S associated with points ¢a t‘j are simply the values of

v

Q(‘?), at these points., Both {-(i') and .[,“) satisfy the imposed
W
J
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1)&.

boundary condition,Adefini'bion) and the existence of the numbers

&(j) J"’ b2, - Se is proved.

It is evident that this set of numbers is unique.

‘Next we shall attend to the question of the denseness of the
collection of functions .F“:) in the metric space (B) c") defined
below. The need for this result arises in Theorem 7.1 of Part 1. At
this point, in order to avoid circumlocution, we shall make use of
certain results of higher analysis that we have been able to avoid so

far., The introduction of these results can actually be 'avoided',

although in order to do so they have'actually to be proved on an

ad hoc bais as the work proceeds,

For the set [ we shall take the class of functions i
continuous on JL taking the value zero on Ul and having piecewise
. ——— I - .
continuous 1lst derivatives in SL . For the metric ¢ we shall take

the expression

A i
o"(M)V) =-( JIV‘“VILG{& + Z_J lu’t;”'vx;l" dﬂ_) .
. L t=i a .

We have to prove that for any fixed w e B and £>0 there jls

an U such that the family {,‘5) (of course, {“’s_ B )

contains a member jF‘i) such that o' ( w, ;“') < R

To prove this, we shall make use of the known result that for any W
in (B, ') and €’> O there is a function g  infinitely
differentiable in JSL and va.ﬁishing in a boundary layer (whose‘widtil
depends on &’ ) such that O'(w, ) < £’ ., Ve shall not

prove this, but simply note thet the function W,s can be constructed
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by an averaging operation on W . The details can be found in [23].

Our result now follows by interpolation of the function W/ .
Denoting the interpolant by W g , in any simplex we have the (pointwise)

estimates () 1) ana (9,9)

' - mej
]Ma’ _M{-;'l < KI l.'IW\-H!" (!O ')
: }
"]
— , wm Aty 3
Mg x = Ugryi ] € KM h™ 4+ K Ny b Z— h;
L.:-J
where. [lm is an uppexr bound on the (e |) H derivatives of Ugr
and the K; are not dependent on the particular simplex. Without

L3

loss of ggnerali’cy we can suppose the estimates (IOII) to be written for
those simplexes 'for which the right hand sides are as great as possible.
Now let the greatest linear dimension I’L of all the simplexes go to

zero in such a way that in all of the numbers 14; go to zero like C.h

where C <| is a constant. Then integrating (10,1) we can say that

— M h
0- ( (4 &' ' M &') é i K L\ -
where K is independent of the triangulation. Therefore,

e

O—(b\, asl) < C'(u’ ui') + O.(H}_.i, ELI)

< !+ Kh"
< &
for a fine enough-triangulation. Since l7l £/ is a membexr of .F )

for some c our result is proved.
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2.11 Resume and notes

In the part just finished we have constructed an interpolation theory
of some utility. Sections 1 - 5 were concerned with what we might call .
the . algebraic aspect of the theory, whilst secjyions 6 - 9 were concerned.
rather more with analytic problems relating to the various intei‘polation

erxrors.

We shall make some additional remarks on this material, firstly
on the algebraic aspect. This theory can be presented ;Ln another form: the
starting point of it is the representation of t.he interpolating polynomial
given in Section 4. We have then ‘(wx\w) functions 2;(1) satisfying

the condition

2.(x;) = §,

24
where X, are the lattice points. It is easy to prove on the basis of
(11,1) that the functions £ (x) ¢=t, 2,.._, (Mi;n) are

linearly independent and from this soon follows that any function -F has

a unigue interpolant .
F=- ) htm
B(m,n)

Moreover, from the linear independence of the (M,t\n) functions (Z;(x) :
follows the fact that they generate a finite dimensional vector space

of dimension (W\,;\n\) . We recall at this point that £ (x) is an v‘vﬁh‘
degree polynomial. Now what we should like to conclude is that the class
of all polynomials ‘of degree W (in R, ) is also a vector space of
dimension (M:,,“) for in that case every member of it could be generated
by varying the numbers r;l :"Ln the expression Z P e; (>) . However,

‘3{M.n)

the linear independence of the 2; (7») is not, by itself, a powerful
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enough result to enable this to be proved. The ‘reproducing propesrty’,
proved by Theorem 3.1 is the required result. In fact it can be looked

at as a statement of the egquivalence of the dimension of the space spanned
by the ﬂd(x) and the dimension of the space of ;uﬂ’ degree polynomials.
Thus, a theory which starts with the functions e;(x) still has to prove
a theorem like 3.1. It should also Se mentioned that the results of
sections 1 - 4, and section 7 are given in a forthcoming paper [IQ ]

This material was also given in [ao:] + Secondly, we shall add some
remarks about the analytic aspects. The most awkward part of these results
was the differentiation of the remainder.term in(S.IJ It is possible by

a slight modification of the present arguments to replace this differentiation
with a simple? one. Since the author was not aware of this at  the time

the present results were constructed it was thought best to adhere to

the original treatment. The modified treatment was communicated to the
author by G. Strang, and as far as is’known will appear in a forthcoming

book by him on the' finite method.

The results of sections 7 and 8 form the contents of a paper [21

submitted for publication. This material was also given in (23]



Part 3 ¢+ Derivation and proverties of the algebraic systems

Aol Introduction

In part 3 we investigate in detail the systems of algebraic
equations (generally not linear) resulting from the use of the
piecewise polynomial trial functions of part 2 in the Ritz method

applied to the problem set out in part 1 section §.

Section 2 consists of simple generalisations of results in wide
use (e.ge L-Qlf] ) LQE] ) for the case of a quadratic functional,
5L e R, (or perhaps Rs ), and ﬁolynomials of low degree.
Section 3 contains results on the existence and uniqueness of solutions
to the algebraic problems, and section 4 contains an explicit derivation

of the system of nonlinear equations arising in a2 '"model' problem,

Let JL be triangulated. We shall impose a condition on this
triangulation in the situation where both 'natural' and 'essential' (or
imposed) boundary conditions are present. Namely, it is required that .

if Sa-, is a simplex of the boundary complex, then the boundary

condition in  S,., is either natural or essential, but not both.

It is also necessary to say something about constréining'the trial
functions to satisfy the essential boundary condition qb . Suppose to
begin with that 4) is, in each boundary simplex, a polynomial of degree
< w, Then from the interpolation theory it follows that if trial
. functions of degree W are used, and their values at the boundary points

of the principal lattices taken to be the values of 43 ©at theseﬂpoints,

then the trial functions will satisfy the essential boundary condition at
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all points where (P is defined. On the other hand if §b is not
a polynomial we are confronted with the problem of making the trial
function satisfy the boundary ccndition. To circumvent this difficulty
we may suppose that a function c})a defined in :S-)_ and coinciding with
gb .can be found., If P is a trial function vanishing on 95,
then (PO* P can be used as a trial function satisfying the

imposed boundary condition.

It must be pointed out however that finding a 450 is generally
not easy. Although the following idea has not ‘:;een tried out in practice
it is always possible, using the interp‘olation theory, to construct a
piecewise polynomial function, defined on 0o vanishing ocutside of
a boundary layer which approximates an arbiirarily piecewise smooth
boundary function with any prescribed accuracy. The basis of this procedure

can best be illustrated with a simple example. ILet n=2 and consider

the region 3L shown below:

-

A P(s) B - A

Iet (P(S) be given on. AD where § is the distance from A to

By Sa=0, Sp=| say. Divide AD® into p+i equal parts at
points  S4 , Siy - - - S)’ ; Sg ; consider the intervals

[SJ—I ) SJ']




V. V. | and

and construct the triangles SV, §. .
J J Tty

Jg-! ) v

SJ Vﬁ 53+: . Let ™M Ybe any integer > O . In each of these triangles
construct the lattices B(w, 1) . VWe can now define in each triangle
an mth degree.polynomial taking the values zero alpoints of %(M,n)
not on AB and the values of KP at points of E(M,h) on ABR.

The resulting piecewise polynomial defined in the quadrilateral qfﬂﬁqyjsj“
has the following properties: a) it is continuous b) it reduces to

an w'  degree polynomial in if‘sj and to another m ™ degree
polynomial in S: ¢ c) it approximates #L in these 2 intervals

J NEa
1 \m+1

P-n

with an accuracy O (

The construction of q#c is now clear: we construct a small
boundary layer whose inner boundary is also polygonal and triangulate it
reasonably. In each triangle we take an it degree polynomial as
explained above. We then arbitrarily triangulate the inner polygon

and formally define mth degree polynomials identically zero in each

triangle. The resulting plecewise polynomial function, 4% has all the

properties we set out to achieve.

Some remarks are in order. Firstly, since qb +is known on /)B
its derivatives are also known. This may be useful in deciding how big
. to take P and w « Secondly, let us remark that the above procedure
is logically independent of the actual solution of the minimization problem.
In particular, the above triangulation and the triangulation of 5; for
the purpose of minimization are logically independent, as are the degrees of
the polynomials used for the two procedures. (However, if they can be coﬁ-

bined, certain computational economies will follow., )
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In the future, unless indicated to the contrary it will be assumed
thatv a ﬁbg is known and it will be added into the trial function as

shown previously.

Finally, we shall mention some special nomenclature it will be
convenient to use in this part., This is the following: let T, be

a simplex in a triangulated region. With T, will be associated an

mth degree polynomial trial function containing, for an interior
(k .
simplex ( Myt\n') parameters (coefficients) CL_L) T (M;,'V') .

An adjacent simplex T J similarly will have associated with it parameters
()

at) c':l,),...,(?"‘,,.f,").Some of the &,

9
63)

will coincide with some of

the a since the trial function is continuous in T:j NT,. Ve
(i) . min
shall call the parametexrs a velhl, ooy, " local parameters

(they are local to T; ). On the other hand, the entire trial function

will be dependent on, say, M parameters, Ayyevny Ay o Some

) (e)

of these are the (k; and b In the context of the entire

(or globally defined) trial function, they will be referred to as global -

parameters.

242 General form.of the equations

The present section contains a derivation of the general form of the
algebraic equations.

We consider the functional
Vul®

() = je(svulv)-f,(x)u, | G(Nm»):j (6 de 2,1)
S c

along with
Ml&n., = ¢

—

~ the regions JL  allowed here are those specified in part 2, section 6.



Let T be a briangulation of ky! , and let T, be any simplex in the

triangulation. Let any positive integer m  be given: this is the degree

of the polynomials that will be used. Into T, , we introduce the
lattice B (w,n) and define in T, the polynomial PU) (%) of
degree m
) =
SUCEEDEESRHO x 2 T

")(Ml“)

dependent on the local parameters aff) . The functions Q; (x) were

defined in Part 2, section 4., If ;Eo has nonzero intersection with
'3&_, those parameters associated with la'l:'l:j:ce points lying in 2d,
are to be set to zero as indicated in para.l. ILet 473 be defined on

3‘—), and satisfy the imposed boundary condition and let 43(:) be
the restriction to T, of CPO The local trial function for

is given by

Wy = )+ P (%)

so that

Tu? () = Vo000 « TR0 -
\76#)(:) [x.) + Z a/t:) V-QV(X_) )

B(M,n)
At o (o) . b
Tu, 1™ = |V 0+ PR (HEY
5("'\17\)
L& ap {o)
- {0) O N/ . oy _ g_fo
Z,Sc o9 " ) ) (80 a%; )
J= B (wun) .
therefore,
[
; )
2 7w = ) 2 eyt ) ol %}%
Da-‘:) J':—i “D(M:“)



(o) &
Put '{"K () = Z CPGIJ. ek,J ) so that
2 o |\* d <
=z o} —- ) Q
:)cu;”;’l\rM b= 2 2_ 2_ 0"(;) (}-;)3 () QK,J'()L) + €~‘K’(x) (2,2)
g2t Blwmn)

Now consider
NSl e
_ {o —
ne = L smm - e
To
Differentiating with respect to Q. in this,
Te. = j $(17uwan’®) 2 17w l” - f o dr,
J i . QG

and substituting (2,2) into it,

J [ Z Z a'm Q,J ) Qu,_’,(x) +2!>(;)] —{Ek(x) dto

J" l'}(w..m)
where fa = S’(IVM'O’l )

—ZZ N)J 2_3 &y () dt, +J2L 9, = f4, ) dt,

B{wa, )

Ve observe 1mmed1a‘bely that this expression is in the form

293¢ : ' . . a
___._w)o - Z W) (“to))‘ a/‘;) - 1[K - (113)
"4

B{w ) . ( ) wmin\ | .
where o) = (a' ) a,‘j_), c-v, a,? N= ( ™

3 5 Wik («) = J’ o i Q-’-;J Q«;j. olT,o = »L §o (v,z-ii Vex>6h:0 (1)’4)
J* 0 :

To

and .
£ .. j 2 L‘:)go - L L) de, (2,5)
To
Suppose that To is an interior simplex of the triangulation. Then in
(2,3) k=12, -0, N N= (") and using the notation
Va_.o) :)-1;0 to denote the vector ( g%‘?; y v a.“") (1,3) is the

(nonlinear) matrix equation



O (\7)

v&‘d) :}-T,o = \/‘V (a’(‘-,'))- a{io) - r'

{v}

where [W(“-W)—J {j = W () and F= (‘f., -y fﬁjyr.

"In the finite element method, (when usually W - constant - W “_')) Wis
called the é'tiffness matrix of the.element (simplex) To . Continuing
with the case of an interior simplex :l—:o we can easily see that no
matter what values are asgsigned to the (Lu:) the matrix W (a‘“’) is
necessarily singular, To prove this, consider (2,4) and

N ; L
) vy () = | 5 (0, Y ZEG)d
> .

J".-l

il

N
o, since Z O—J (x) =1 (2, 56»)
. J=!

from which it immediately follows that det W{(a*? ) is zeroc., We shall
mention that the singularity of W(a'"?) is bound up with the possibility
of making translations and rotations of the domain -fo along and about

the axis of the dependent variable W . (These are "rigid body"-or,

. "Newtonian" motions).’ This result holds for all wm and n " On the .
other hand, if T,  intersects 981, , in general W (a*) is not
singular; this can be explained by 'thé remark that -fo caﬁnot now have
Newtonian motions imparted to it, without an al‘tera‘tion~in the boundary

conditions.

In principle, (2,Lf) and (2, S') are all the results needed for the

minimization of (2, \> with respect to the (global) parameters

a'i) a&,.-v , MH »

To see this, we return to (2, ') which can be written in the form



§7

o
j("‘)‘— Z_S ()’U‘Tu\l\')- f(x)ﬁ,\, (ATL

ti)

=1 %
: 5
— ___('
vhere L= U T,
=1
T9  a trial function WY is constructed in

The continuous global trial function, denoted by WUy

— ()

whenever X £ T

Then from (},t) there follows

5
T(MH) - Z:}—r;(“(;)) - \Pn(an"‘l“r\)

c=1

J(wn) =Yg (@, ---06n)

parameters we have to solve the system

To minimize

W =
DGy

K:l)l)‘..)ﬂ

These equations, written in terms of (2,¢)

5 -
g .

C=1

L= tyx )~ -+ M

= Z I’C;(b‘)

and depends globally on parameters

S

) ()

et

In the manner previously described for

TY for each <(=f)1,...,5,

reduces to (A(Q

a]} QL/-..,C(H,

(L/‘“)

with respect to the

are the same as

(27)

Now assume that the global parameter Gy is local to simplexesitbf..TtK_

Then the only nonzero terms in sum

(27)
27,

. v "t';t") T
Pl

and the equation (lf7) takes the form

£ _
S g_‘:’?l. = QO
= &, St

t will now be supposed that the function

or is constant., It follows from

is a system of equations, linear in the  &;

(213) = (J.IS)

are those in the form

(2,¢)

=ty -, ™ (2,9)

depends only on JL)

that (2,4)

's, It can be written in



the form of a matrix equation, say

.V_\/a,-: -F'. (I)IO)

where the elements of W are various expressions of the type (Z’Lf)

\7\/ is an Mx ¥ matrix.

It is clear that in the nonlinear case, with ¢ = § (1Vuir)

a system of equations of the type
Wa).a = F(a) . (2, foa)

will result from the above operations, Vd(ﬁ> is again an Mx M
matrix, whose elements are integrals (which depend on & ) of the form (2,4).

The right hand side is also dependent on ~ @ .

Returning to the linear case, we can say that from the stage
(2,3) - (%) onwards, the problem of the minimization of (2,t)
is reduced to a programming problem {albeit, a complex one). The "
programming problem has 3 ¢learly distinguishable aspects; .
a) computation of the coefficients of W from (3,u)
b) organizational problems concerning the interrelationships
between the local and global parameters

¢) solution of the algebriaic equations.

In the nonlinear case, =3 (lﬂx\‘) we canmot compute the
coefficients once and for all, since they are dependent on the parameters,
In general, they have to be continually re-computed, with a i‘requenéy
determined by the particular algorithm chosen for thé solution of the

nonlinear equations,
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We shall now indicate a useful simplification that can be made in the
case of a quadratic functional: (a quadratic functional arises if b
is not dependent on lV\A\L but at most dependent on e the space
variables), For the case n=2, m=3 it is a known device [Qf

and the result given is obtained as a straightforward generalisation,

This is a device applicable when m and n  are such that

) contains points interior

to %x + For example with r‘\‘—l‘, m=13 B (M, vv) contains the

B (m, n) , for any given simplex Tk

centroid of ‘EK . Similarly, with n=3%, m -, U B(m, o)

contains the centroid of T K and in general, it is easy to prove

that in Rn  the lowest degree of polynomials for which B(w, h)’

has interior points is M= N+, . The simplificé‘tion is based on the
observation that global parameters associated with interior points can be
put into biunique correspondence with local parameters associated with
interior points, This means that the equations (2,4) for interior points
are obtained as the derivatives of exactly one of the j'fa . In otper words,

the sum (2, 4) reduces to a single term. -

Let us then consider m,n to be such that each simplex has interior
points in its lattice B(m,n) . Consider any simplex, say 7+, which, for
simplicity we take to be an interior simplex of the triangulation, We agree
to list the local parameters in such a way that all parameters asscciated
with lattice points on the boundary appear first in the list and are followed
by parameters associated with interior lattice points. From (2,3) there

holds the equation !

e Néko"z)"‘(:u

o)
9(}& ® '5('“0")
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which is written in matrix form as
VG\“‘) j’do = W(D) at®) — F(o)

Iet & ‘be partitioned into two blocks, the first of them consisting
of boundaxry parameters and the second consisting of interior parameters.

In an obvious notation then,

] - —
(0) © | (9) )
w 1) ; le. ; a’B F%
s - — = I
{
{D) T (v) o) (°)
L(Wn. ) t Wlx ig: ] LFI
from which follows
P = (WEYR - (WL (W) o) (2,
ar = (W;_;_ T = z2 " 13 ) )

The possibility of this:equation depends upon the possibility of inverting
the matrix VVSﬂ_ « The fact that the inverse exists is a consequence of

a more general existence theorem which will be proved later. Now, (2,11)
expresses the interior parameters as linear combinatipns of the boundary
parameters, To use (l,ll) to carry out the above mentioned simplification,
every equation in the set (2,10) associated with points of lattices inside
simplexes are simply omitted from (l,lo) whilst wherever interior
parameters appear in equations associated with lattice boundary points their
values in terms of boundary parameters, determined uniquely from (Z,II)

are substituted., The order of the matrix in (2,i10) will be substéntially

reduced by this device. An idea of the magnitude of this reduction may be

gauged from the following., We take for 2 the square 05‘1)3 <
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A triangulation of JL is established by dissecting  JL into
smaller squares by means of equally spaced lines drawn parallel to the
coordinate axes, and then drawing in each square its diagonal of ?cséfwe-

slope. Some notations will now be introduced: let F  be the number

of points on the x axis where the vertical mesh lines inter-
sect it (including x=o and =x =1 ), Denote by Vg and
Vg the numbers of vertices of the triangles lying respectively

in S andon Qo , and let St and Sp denote the

number of sides of the triangles lying respectively in JSL and on
3L . let | be the number of tria.néles; m  as

usual, represents the degree of the polynomials and M represents

the number of global parameters (we suppose for simplicity that 4’ -

is given on all 8L as a boundary condition), By the methods of

€eLe [&7] it is easy to prove the following:

2V + Vg = TH2
and
T= 2(P-1)"

M= (3P=5)(P-D(m-1) + (M2)T + vy

The first group of these are geometrical relationships and are independent
of - M . In the last equation above, the number (W‘;')T gives the total
number of parameters which can be eliminated using (Z, H) . Denoting this
number by Me  we can easily show that

Me 2 (M) (-0

n (3P-$) (=) (1) + 2 ("5 ) (-1 + (p=2)™

|



For m =3 we have

Me _ 2 (P-0"
™~ 2(3p-S)(P-1) + 2( P-4 (p-2)
MNe _ 32 . =. rle. .
and for p=5 , ;1-';41‘- and for p=-10, 72 24

For w =4 the corresponding figures are 9—“" a e b3
and 9“ A +4O. Thus, when wm=3% we get about a 25% reduction in the
number of variables. This effects a worthwhile saving in computer time

at the expense of more complex programming. It should be emphasised that

these figures are for a quadratic functional. .

Finally, one more observation can be made concerning the coeffic;ient
matrix in (7., to) « It would obviously simplify the programming operations
if the integrals (1,4%) could be explicitly evaluated, In the important
case 3 = | this would have to be done on the basis of the expressions
given in part 2 section 4, TUnfortunately it has not been able to carry
out these computations for arbitrary wm and n although attempts

were made.

3, Existence and uniqueness of solutions

In the present section the existence and uniqueness of solutions to
the equations (whose construction was discussed in the previous section)

is considered, We shall prove the following theorem:

Theorem 3,1
" Let 9(t) satisfy the condition
Ky

(1+ ko £)' 7%

HOES (’7,0)
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vith Ky>o0 , Kiro amd Ky2ie if U =0 or i(ie)
if Wl ey> O vhere £> O is arbitrary (but fixed). Iet
q5 be prescribed everywhere on VL Then equations (1,7)

have at least one solution,
Proof -
The proof consists of a demonstration of the fact that (2)¢°~)

is an increasing function of N &\, The theorem will follow from this.

We shall make use of the following facts:

1) TFor any 2 vectors Py g £ RH there holds
PW. 1ol - 2pliaa, € Ip+ AT < IpIT+ gl e 20phdghe . (31)
2) Let X (x) v=y3,.--M be linearly independent functions

defined and continuous in a region JL of R n Iet &t RH.
Then the expression

Man = J( io«;«; ) )L d#},

Ju -

is a noxm on Rn . There exist constants 1’{) K not

dependent on . 4 such that )
kllen < Jal, < Kiiall (3,2

With regard to the proofs of these, 1) is obvious whilst 2) may be proved
by observing that
M ™M L
o . 0(
a Zabq.(,‘) lLL(,J'L) = { ( Z—o\o s(l)) AJL
¢t S e =1
and recalling that all norms on a finite dimensional space satisfy a relation

of the type (%2).

To prove the theorem, note that the function Uy (x) of (7',6)
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(the trial function) can be written in the form

"
Ma(x) = Py + D 0. 0:00)

where each 9;(1) vanishes outside certain simplexes of the triangulation,

Ha

is in the form of an wm degree polynomial inside them, and where

the function
™
Gonln) = ) o 6;0x)
ez ‘

vanishes on 20l . For each .X £ JL

Wul® %
J g(b)de = [Val" p(t*) E e (o 1Tu\)
3>k IVt
(‘ N k)_ &*)"ki (3)3)

We are going to integrate this inequality presently, but before it can be
done we need some more results. From the right hand inequality of -

follows (with ps V(PO(X), G = VQ\H(h) )s

[Tanl € [T T+ 1T0al + 21961 1Ty (3,4)

. " )
(where \Vd’or = Z (D)‘%;X eh. ), and by Canchy's inequality

[Vanl™ € 170" + ¢ allly « ¢ lal,

where ¢, Ca are constants independent of [l&l, . Now suppose

K, <) ¢ then (33) and (3,4) give

“ > _ 3§
0 ?Le) T L+ (et enant s G lan )k, | - > )

putting C = (V@™ Next, we shall estimate J IWuul dou
’ S

jIVUn\L ‘ k‘ ]VU(MIL
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from below. By the left inequality of (3,1)
[ Vunlt 2 ¢ 1Tanl™ = 2 [V, || Vil (%)

By Cawchy's inequality we have

LLW?Pol-IVlem < (j&mp.,\‘ A&j‘”(g&mwm\"“ (57

and by Friedrichs inequality (see €e8e [19]) we have
' R
j [Taal™da > G| W (3,%)
Ju _u’\/
for &y independent of Wy . Integrating (3,¢) and using (3)7)

and (% %) we arrive at

/.

j ITun]*da > ci¥ CSS W do - CQ(S \WVau\ do (%4)
where Cy  depends on Vcﬁo and not on l.)\n . Clearly,
j IWinl” € Cg lall | (3,10)
a
where Cs depends ' on V@; Csl,L, Sy M but not on :. a4 .
Moreover, in view of 2) above -
« L ‘ .
J W AL 2 ¢ haly \ (3,1)
i
since the D.(x) are evidently linearly
independent.

Using these results in (3,4) we have

{x

jul Vuaul  dib > 7+ c:'s Jan -ct: AN (\7,,u.)

where it is sufficient to know that C’L are not dependent on 4 ,

Integrating (3,5)



K

J' SM"P Ky[cot + cyhany - culiat,)
(t)dE 4oL = —
nde L1+ (e veant « G lam)k )
and so
i (P <} L .
T Ki[cotvcdiant - colian,) - )t{\le)[cg I\au\;hcbu.nhw;} (1)

[i+ (cd+can + Glal,) k)™

where the lastterm is obtained by Cauchy's inequality.

Let us now consider the behaviour of this expression as {|all,— o0 .

The first term behaves like

(haw)™
whilst the second behaves like |lall, x I § Uy - It follows

from the definition of K;  that the composite expression —> o0

as lal, —> w0 . Thus J(“M> is increasing. On the other
hand, J (Mn) is a continuous function of the point @& and is there=-
fore bounded below in every closed sphere HNO&W < K . ‘I‘herefore in thg
case k, < | the théorem is proved. If K;>| the same arguments hold,
except‘that we can omit the step (35) and use (3n) directly in (3,3). Thus,

in all cases the theorem is proved,

Iet us note that it can be extended to cover the case where WUp
vanishes only on part of 2JL . To do this we have to use a more general
form of Friedrichs inequality [ 2¥) in place of (5,9); the proof is no

different in principle. -

It is important to observe that the condition (’),0) is not
sufficient to insure the existence of a solution to the analytical prdblem

Y
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of finding (smooth) extrema for J{(w). In other words, it is possible to
obtain solutions to the algebraic problems, even though the analytical
problem has no solution, For this reason, care must be exercised in

the use of Theorem 3,1l.

On the basis of (”,l"‘:) we can prove uniqueness of any solution
when § = $(%).

Corollary 3.1

Let § be independent of IVay™ . Then equations (x,71)
have exactly 1 solution.
Proof

First, note that for 5’(%) independent of & ) ('S,O)'_ reduces

to P=3500 = K >0 since we can take K, _=O. Then
(3,1%) takes the form
T(un) = Kylait + Kollall, + Kg (3 )
where K, ) Ky and Ky are various combinations of C_z,cz,, K;
and || CPO ”1_,_(_;;_) ) I ‘F "L;(n,) . ) .
Second, it is immediately clear that J(w M) is a quadratic

form in the wvariables OLI} qL) e, Gno Let us carry out a reduction

to principal axes on it, and let the variables referred to the principal

axes be A, yAry ---, Ay. Then (3, 14) becomes

M
D A AD S K MAL KAl + K

C= i
) A

i 1}
where A; S are real numbers., As we have seen, the right hand side

tends to  ©0 with | All, and this implies that A D> O (+hi,.--M.
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For if say >\|<.O we can put A;_'—As‘—---‘ Am and
let A, and hence WNAL  tend to oo . The right hand side
approaches 0 but the left would be ﬂf:ga(:i\“’- or zero, Hence

AidSo Lz, .. ;™M this means that the eigenvalues of the coefficient
matrix in (%,7) axe pesitve and is nonsingular. The result is therefore
proved. Let us remark that the condition 9(*) 2 K, > O

is equivalent to requiring that the Euler €quation of 3'(0\) is uniformly
elliptic, Other existence and uniqueness proofs for linear problems may

be found in [29 ] .

A uniqueness theorem for the general problem, with
will now be proved. A rather more general approach to this problem is
possible [3°] ; ‘the results given here however contain the essence of

the more general approach.

Theorem 5.2
Define the function F ; Ra —> R, vy _
2t
F(Piy--1Pn) = J p(tydt = F(p)
- |
BF . - - >
and suppose that the matrix ] 3'11,75?3 is positive definite f ]:a Ky .

( ¢f- part 1 section 4)., Let ¢ be given on L. Then equations
(2,7)  cannot have more than one solution.
Proof
E =
The positive definiteness of ")—F'_D—}J implies that
is striectly convex in every closed sphexre in Rn . We shall prove that the
A
function of the M  variables &, a.,..,4m , J(4n) also

has this property, from which will follow the uniqueness of a solution to

IT (un) =0 C=,d) -y Mo
QG
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Since F is strictly convex, if P, 9 £ R,,
F o)« Fla) > 2F(5G o) Br14)

where equality holds if and only if P =q, .
et Uy and Vyu be 2 trial functions

R
Wy = 4’0 ¥ Z__O\LQL

v i

VH -:CPDQ' ib;ga

t.'-'r'

Put " |
FJ. - ¢0,X.J + ZO\L 9""*3» J.:i)l,’...,n, .
c=1 )
A (S)Is)
ov‘, - (bo)lé t Z_&., 8;’)&5 ' J~-.|)J.,....) n
=1
Substituting this imto (3 4) adding  {Um +4Vy | %o

both sides and integrating over Sl we arrive at

J(4um) + J(vw) > 2 J( M\) (3 1)

PN

Now equality camnot hold in (3,/t) wunder our hypothesis of a
Dirichlet boundary condition unless U= V4, For suppose that Wy #Vy

and ecbality holds in (’),l(,). Then from ('s,le) we can say that

‘175 =9, in (’))ls') . But FJ = MH,XJ and Y Vm,va

- r [}
so that “M,x; = VM.'"J' Jrhur -y n. This would have\to
hold everywhere in JL and in particular in those simplexes having

points in common with VL . Now in view of Vn,xJ = Unx;
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in 5’..) Uy and Vi  differ by (at most) a constant in LY bya
limiting argument we see that this would have also to occur on JJL.
But U(n and V,.1 are equal on WL and so they are equal
throughout a$. This contradiction shows that equality in (3,1b)
implies that U = Vo Since the function 3 (Uy +Vp)
satisfies the same boundary conditions as iAn' and Vy we can write

(’),N.) as
G (@yreey ) 4 W [y b) 3 29 () -y St ba)

where \U((i\l,. ey Gn ) = \T(an and where there is equality
if and only if A= b . This is equivalent to the statement that k}’ ()
is a strictly convex function of A Hence it can have at most one
point where its gradient vanishes, Thus, the theorem is proved,

It is clear that the same proof holds if 49 is given only on part )
of L . However if no essential boundary conditions are given we cannot
infer uniqueness without further conditions. This is in line with .known-

results for linear problems. We shall not consider this topic further.

3,4, A special case of the equations

We shall examine here a very special and simple case of the algebraic
ecudions. In spite of the restrictions, the theory can be regarded as a
good model of what can be done in practical situations, Indeed, its

practical significance is great enough for it to be very useful for solving

realistic problems. The restrictions, in the notations of para,2 are

\
\

{

1) m=1],

la) f=0

2) y(IVtA\”) does not contain the space ' -

n=2

variables X, 4 explicitly, and $20.
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la is not an essential condition, It is introduced merely as a
technical simplification. In addition to 1) and 2) we shall introduce a
further assumption., It is that the imposed boundary .function can be
approximated by a piecewise linear function to a sufficient degree of
accuracy. What this means 1s that the boundary function can be allowed
for in the trial function without the need for explicitly constructing a

function (Po as mentioned in para.l.

In virtue of 2) above and the linearity of the trial function,
To oOf (%) is independent of X,  as are VE,z V), . Ve shall
evaluate the expressions (V/\;) VAJ) in (},4). To do this, we
introduce the following notations: +triangle T, is taken initially to

t0 have none of its vertices ('Xo ;X ) X,_) £ 2N+ the respective local

parameters are a,ig) ) a.‘f)) a,‘? . We shall put )(f(z; xa‘_)f Ltha3,
Introduce now new variables X ) N by
X. = Ao + (I.;—Xo)x + (IL_XU)Y

4 = Yo + (37X + (4m90)Y ~

To maps into the triangle (o ,0) , (I ,0) , (0,1)

in the XY plane. Inverting (4,2) follows
X-x Ky =Apo ' X, - Xo X =N
i, ° MEERE )/ T (4,3)
X (‘3"30 \ap"ab)/ ). ! (‘3“"30 Y- Yo 151 )

where : ?
X, ~Xp X, - Xp

‘3\-\30 ‘3.""20
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and moreover,

W - W, W L oxymx, Y L Ymw, U e 2o
e 3T | 29 -I3T ) ax  -Ia 8 1T (4]
Under the transformation (4,1) X (2, 94)—=> o (X) Y) (=02
where
= J0) _ = -
5, = ==Y R L Al
6y, = x O-Z,X = ) 0-2'\‘ =0 ([“)g)
ey =Y Gys > 0 Gy = |
Now,
IT, - L WX L 90 N - o, (20, 1,2
dx IX Jx oV M !

and from (4,3) —(4,5)

there follows

0o % o-d-D,x. = |3 I [(‘SL-‘AO)L— l(‘ab‘-‘é“)(\a"‘a") + (%\-\Q"Y]

Con G = 1T FOr9™ s (3390499}

(e
Gop G = 1T1] (579 (9790) = (3,-3)")
The corresponding expressions for lop Y Gt) Y are got
by replacing Y, with X 20,1, 2 in  (4,¢).
(lf) L> simplify to

o_o,x_ O-O,M

)J rL (g»’\ély‘

Ton Oy

; ; IJI-L (‘at-\év)(‘éa"&J

0—0, n O_J-,')u

\
= |3 (%"3°)t?1'%.) ‘

|\
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and

Jav? o.":‘é = 'SI-L (xy =)
0‘0).3 0-;,\/5 S N (7‘\,')(9)()(,-)(0)‘

oy Sy < 1TV (1) k)

Collecting these results we find
‘L

1317 4 (m9) (9 9) + (%) (x -1} d,

131§ (4904 G2y 4T,

' -
c

j'(v,\o,' 7)) dz,

La Th, 7A) dia

J._ (VAO V>L> di, = J ]7 |’ é(\e‘- '30)(\31_-\3’) e (Xl"lo.)(xr)h)} d'C’O
2 ) T

¢

so that, in the notations of (1) Lf) with TR
4w, () = }Efo- %(gl-z\l)" + (x,_-x.)‘} 1317
'ﬁwno (a) = é_fo E(g;m)(g.-gc) ) (xt-xo)(x,—x»)glﬁl"

Losyo (&) = ;{fo-g(g‘-go) (42 -9) + (xu-te) (x=x ) 13171

The quantities multiplying —i fo have a simple geometric interpretation:
' \

consider:. the triangle drawn below:
C

XO (10) ‘é’u)

()
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Then-the 1st multiplier is just }U/),,o( = (ot X, + cot X
where ko is the altitude from X, 3 the second is — (ot X;
and the third is - ok X, . To prove these results it is
necessary only to observe that the multipliers are unchanged in form
by rotations of the axes and that |J| = 2x area of Tp .

The derivative of the local trial function with respect to cuﬁ)

therefore is
2
) (v) i0)
Z LQJO ((A‘:’) Q,L) A ) o\,:, (q)q)
Jf.o .

where the weights 'Ubo ére given by (#,?). It T, has vertices
on the boundary, all we have to do is to fix the values _a.:f)

associated with these vertices to be the values of the boundary function
at the appropriate points. If the vertices lie in parts of the boundary

where no condition is imposed the corresponding parameters are determined

in the same way as internal parameters.,

Using (4, Q) we can write out the equation associated with any -
global parameter; this is done as follows. By the definition of a~triangu17
ation, each internal vertex of the triangulation is surrounded by a polygon:
with each vertex of the polygon is associated a global parameter as there
is with the internal vertex.. The geometric configuration of an internal
vertex is shown in the diagram below: the vertices are labelled Vo

and V, - V4, In general, the polygon may be an n- gon .
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The process of writing down the equation will be illustrated with this
diagram. (The principles are completely exposed with an example). Label
the triangles in such a way that T, has vertices (Vo v v.,.) (¥g:V)),
Witn V, is associated a global parameter «; . :0,1,.-.,7.
Consider triangle ’C; ¢ we associate with each of its vertices a weight,
computed from ("—t,?) and taking Vo to correspond with X, = (% ‘3")7; |
of (lf,?) + TFor brevity we shall introduce the notations W‘:) w‘;‘) W‘:f
for the weights in T;, Applying (4,4) to each triangle, adding the
results as discussed in Section 2 equ. (2, q) and equating to zero, we
find
-
& Z WS e (WPewh Y, + (Wawya, +
k=

FowPawdyay + (WRaw®ya, + (WY swid)ag

b (W2 WO Ya, 4 (WS w@Yay =0

v - -
1 T _
Ay Z W+ Z_ (W w8y e 20 (W‘,“’f W) (o)
ft=1 =1

(l{,:o) is the basic relationship which exists between &, and its

surrounding global parameters. In view of

\,W(K) + W(:) + W(u; =0

o Kt

(see (l,§'a) ), the sum of the weights in (Lr,lo) " is zero.

A1l the above considerations have been based on the assumption that
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Vo -1y do not lie at a point on the boundary at which there is an
imposed boundary condition. Let us now suppose that vertex V,
say does lie in such a place. Then all we have to do is to fix &; to

be @, where
al = 4)0 (vl)

If ETVL lies on the boundary, this corresponds to a linear intérpolation
(between V| and V) of the boundary condition. If V, lies on 900

at a point where there is no boundary condition, 4; still appears in 4
(q);o) as a parameter, There remains the quéstion of the equation for

a point Vo which is not inside a polygon, because it lies on the
boundary, but for which @, is a parameter (as opposed to being fixed by
the boundary conditions), This case can be easily dealt with on the basis
of the argument used to derive Q4ﬂo) dealing with prescribed boundary

conditions as indicated above,

Next, we shall indicate a further simplification which can be made |
for simple enough regions. It will be illustrated by an example. -We take

for JSL the square - ©O < X y < | and triangulate it in

the manner shown below (and described previously in the example of para. 4

/5 V} VL
S /!/ sy T\
g i

[
Vv ,/'Cs (‘-’: G

<

AN

N
‘\M
N
AN
|
i
\\\\Q
Cm >
3 9

vi
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Consider any internal vertex Vo and its surrounding hexagon, and let

us compute the equation for &, , This equation takes the form

yi[ao“(cof%)“|] + XL[QQ"' (I.O‘i’ %_) asj $
+ f‘s[Z‘h "((ot%)c‘l; - (wt E)aw] 4 y“[aa“ ((of %)a\u] +' .

¢ 9s[a0 = (et B)a ) + 9 [2a - (ob Do (b T)a) =

i

Ao (P14 9ur 20y + 50 + 35 1350 ) =

S QTR = () = (5o A (38 ¢ (by100)

Equating this to zero gives the desiredeguation. Iet us note immediately

that if P= | this equation reduces to

oo - 0,-a,-a, -G, = 0O

which is the common difference approximation teo the Laplace operatoxr. -
Moreover, 'in the general case, the eciua‘tion does not involve the variables
associated with V. and Vs except through the function y- Now
carrying out the same computation at each vertex of the triangulation,

and writing out the equations in matrix form we get
W(w).a = bs) (4 1)

where W( “) is a matrix whose elements depend on the vector asF
= (A, Gy, O\H)-T and b(a) is a vector whose elements depend on
A  and the boundary conditions, The geometrical -properties of W,

by which is meant the positions of its nonzero elements, do not depend



on 7. In particular, if § = |  this matrix is known to be R-cyclic
[31] ; (or have Young's "Property A"). Moreover, it is not hard to

see that this feature subsists for regions more general than the square

we have taken for the model, It can, to an extent, be exploited for the
purposes of solving the equations (4, !l ) Iet us recall that the general
equations with m , n arbitrary are also in the form (L)A,H) (see -2,100.).
We cannot, however, say much about the form of the matrix W (0\) of (},10a)

except that it is 'sparse'.

The following statement is evident:
W(o\) of (L” H) is symmetric and positive definite (provided there is
at least one vertex of the triangulation lying on part of the boundal"y with
an imposed boundary condition)., The proof of it follows immediately in the
basis of (Lf, 10 af)l Furthermore, the corresponding matrix for the case’
wm=1 with an arbitrary triangulation also has these properties,, The

algebraic problem then arises:- solve the eguations

W () a > (a)

where W("\) is a symmetric, ,>c5£f.\re definite matrix (whose rcsih‘w
definiteness holds for any vector c ) and b(«) is a vector, dependent

on the vector a4 We shall consider the solution of this problem in

part 4.
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3.5 Resume and notes

In this part we have used the piecewise polynomial trial functions,
which were studied in part 2, to reduce the problem stated in part 1
section 9 to a problem dependent on a finite number of variables, Ve
showed when the finite dimensional problems were uniquely solvable in the
case of arbitrary triangulations of bounded regions in an for all degrees
of polynomials. The equations were then set up in detail for a special

problem in K;.

Some remarks concerning the origins of the fesults will now be made,
In section 1 the only item requiring comment is the idea for the construct-
ion of 45 « This does not seem to have been previously suggested, As
regards section 2, for the linear case at least, the manipulations leading
to (2,104) are well known, especially in connection with the (linear) finite
element method., However, it was thought worthwhile to include the derivations
here in oxder thét the precise way in which the nonlinearity manifests itself
in the algebiaic equations could be seen. (2,10a) brings out this Point;.
this equation does not appegr to have been given elsewhere. As was. said
in the introduction, the 'elimination of internal nodes' considered in the ]
second part of section 2 is a straightforward generalisation of an idea in
current use. In section 3 we used (Theorem 3,1) the idea of an increasing
functional;\ The author became aware of this concept and its use in variat-
ional methods through works of Mikhlin [3&:].(This book is not at present
available in English, but a translation is due to appear). Theorem 3,1 is
thought to be new. Welgave the uniquene?s proof of the corollary 3.1 just
because of its own intefest. It implies that an increasing quadratic form

has a positive definite coefficient matrix. Theorem 3.2, which shows that

convexity of F(PU-*')fw) is transmitted to convexity of Q/(Q”.-~)¢~Q)*



was made up by the author before the appearance of the paper [30]

referred to in the text. It owes something to the previously mentioned

book [32 1.

In section 4, the derivation of the equations is again justified by
the fact that the way that 9 enters the final system of equations is
clearly seen. The same system of equations was derived by Greenspan [33]
by differencing various differential eguations in a particular way. They
were also given by Winslow [34-] where they were obtained for a problem
in magnetostatics by a physical argument. This author also stated that
they could be obtained by a variational argument and indicated extensions
to other problems, The fact that the coefficient matrix has property' A

for the case of a right triangulation does not seem to have been pointed

out before.
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Part 4: Solution of the algebriac equations

4,1 Introduction and objectives

We consider in this part the solution of the equations

W{x).oe = b(x) (1,1)

where W{*')is an #xn matrix whose elements depend on x'. It will

be assumed that for any ‘Jtz W(x') is positive definite and that (1,1)

has a unique solution X .

We shall confine attention to methods which in some way exploit
various special features of U)'). Two classes of methods will be
distinguished, namely those using derivatives of (I,1) and other methods.
These classes will be referred to as containing derivative linked |

algorithms on the one hand and derivative free algorithms on the other.

The contents of the sections are as follows. Section 2 presents a
simple general theory of a wide class of iterative methods. In section 3
two particular algorithms are introduced and it is shown how the resélts
of section 1 can be applied to them, Section 4 contains some general remarks
about the choice of certain 'accéleratién' paraﬁeters for iterative mthods
of the type introduced in section 2. Sections 5 and 6 deal with a general-

isation of successive overrelaxation methods to nonlinear problems.

Two further remarks are in order. Firstly, especially in sections 4
and 6 the presentation is more discursive than logically continuous. The
reason for this is a desire to avoid the presentation of complex synthetic

conditions which are difficult (if not impossible) to verify in specific
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instances, Ve attempt to adduce principles rather than general theorems,
although usually, sufficient information is given for the construction of
such theorems., Secondly, it should be pointed out that the field of the
iterative solution of nonlinear equations is ccntinually being added to
and refined., There is considerable overlap with its results and those of
sections 2,3%,5 and 6. In order not to disrupt the treatment, an account of
the relations between our results and known results is given in the resume,
section 7.

4.2 Tterative msthods

We shall consider only algorithms which can be written in the form

{(1te g (k) , (ry ¢ l&)*
x ): DLU() - L {

K=0,1,- (2,1)
3 given
where ((‘) = £ (x™) and f(x)y =0 is a system
of o equations in ‘N unknowns to be solved; o(.lk) are scalars and

LY are nxn  matrices. (2,1) includes a very great number of known _

algorithms,
' S(k . '
Let E(k) = x”‘)-- x and let l)( ) denote any matrix satisfying
the equation
() ey _ (k) ' .
P e - ‘F (2,2)

From (2,!) follows immediately that _

i(uﬁ) - (I- o LW P(n)) g ¥

3
=

‘ (I _d(c) L(i) Pu.')) i(o) . (2'_’3)
L0 -
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(x,3) is exactly the error after hvi steps of (%,2). If the
equations f(x) are linear, so that f{(x') = Ax'- b then for
P® ye can clearly take P(u) =z A . Then (l,’:) becomes
& n - . '
£(kn) - ']‘T (I_o((u) LMA) 8(0, (l,b)
Lo

which is the governing equation for the error in the case of linear
e(iuations. In order to see the uses to which it may be put suppose
A is positive definite; now as is well known, many minimization
algorithms can be written in the form (2,2) with éfk)_’ Ax L | = VF“‘)
say. The parameters ol(k) (steplengths) and le) define the pér“bicula.r
algorithm. Many such algorithms converge to 2 in rn or less sieps,
From (2, Lr) we see that a necessary and sufficient condition for 'this' is
that the matrices L“’) and parameters o((k) should satisfy the
relationship
Iﬁl— (I- M‘C)L‘C)A) = O
v=0
Thus e.g. (1;Lf) may ‘serve as a basis for the construction of
algorithms., As another example of its use we cite the derivation of the
basic Richardson algorithm in which L.(_u) = T and (?_,4) is used to
determine the parameters « “) tc achieve rapid convergence [35' ]
We are going to use (2,5) the general form of (?—,‘f-) 1o prove a
convergence theorem for the iteration (2, i). We have first to choose the

5K
matrices P ). of (1,7.) and this will now be done.

Some new vectors will be introduced in order to expedite this process.
Let

X OERS ™ x Ll X4
= (xs;x’-)"')xa} S ! "')
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K) 0 K {k k), §
vhere X' )’ = and M = x ); define {—‘ ) by
]L(K:j) = {; (xw,j) J'-,o, PR n ., We shall assume from now on that in
a sufficiently large neighbourhood of X, §, Vv=1,2,...,n

has first partial derivatives which are Lipschitz continuous, with

constant Mo Consider the matrix &k whose (v j )t element
is
), - (), g!
{:.13_4_‘) ®)]
v v xX - X -
k), ) /
J - . .
X xj (2,$)
24 (x(k),j) LT R
; J
>
e (K), 3 (k) ;-
1r X =x; then {0 fEI In view of this,
we have
n ‘ n ’
(32 .. K.K) - . = Z (K"/j - i (K)'Jq
) Lady (x9-x)) fos g
gz J=!
_ ]c ®),n _ {: (&)
- & - ; -
pt
" Thus, for we can take Q. defined in (2,¥)
On the basis of the Lipschitz continuity of the derivatives 9%:
3
the members of (2, f) can be written as, in either case,
: . . £) '
[PW)., = 2fi(x) + O (e “w) (%¢)
“J QXJ' .
where @, (ll g1 ) w) " denotes terms K(“) satisfying the
4
{ \
inequality v

lR(IL)’ < /V\ n E(“)”w

13 (x)
Next we shall impose some conditions on & @ and L .

)

For

(i)

(¢ -
X we shall assume that « '= « = Cepnsk, L ) will be gssumed
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1o be a matrix of functions each one of which depends only on a vector x!
and which are defined everywhere in a neighbourhood of X. The elements
of L (%) are assumed to be Lipschitz continuous functions in this neigh-

bourhood. In this case we can write

L9z L (x®) = L(») + 0(he™)

where 0 (1( M w) now denotes a matrix S(k) satisfying the

inequality

1S, € ¢ he" i,

where C, is a number, (constructed from the Lipschitz constants of

the elements of L(x') " ) which does not depend on £ ),

Let H(li) denote the matrix whose (¢ J)H\ element is D_E‘; (x).
'ax-

J
Since these functions are Lipschitz continuous we can also write

R 2 He9) = Hexy v o @)

as we did for L(K).' -

Finally, let A=T- «bLx)R{x)  andput p(4):=

spectral radius of A.~

The proof makes essential use of the following fundamental result{ of
Ostrowski:
Lemma 2,1

Let A be an nxn matr;‘.; and £ O . There exist ‘two

positive constants V\l >0 and ¢ » © dependent on A and €

only such that if, for a sequence of nxn matrices £ s with
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Tunle <9, JM=iyL, - -
we form
(1, = 11 (Avitp)
" At
then, irrespective of the order of the factors in (a‘é) it holds that

1Tl € S (pee) mais,...

where /\A is the spectral radius of A . In particular, if \ 4< |

then TTM -> O as e e
Proof
See [3(1 ] . N .

Our convergence theorem is this:
Theorem 2.1

Under the stated hypotheses on L, H and « , if y(A)éi
and } 9 is sufficiently small the iteration ()_, l) o is
defined and generates a.— sequence convergent to 3L . -
' Select any £ > ¢ such that (JC'(A—) + £ ) < | . By Lemma 2.1
there are numbers '] associated with A such that the
conclusions of that lemma hold. Let s (5; x) be a sphere
213_] Il‘(}f”’— oo < S g where the Lipschitz conditions on L and

hold for any Y £ S(S)');) ; mut

3ly) = $—<Liy)ly) | \
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‘We shall first prove that for g_ £ S(S ,x) the matrix L\é defined by

Wy = (I-xLlg)Ply)) - A
satisfies
by o = O{ly-x 1)

' (7‘/7)

Indeed, since 4 & S($, 1)

T-wLly)fly) = I- < (Llg)+oiyxt)) (Koo (1y-x1s) )

v

1]

~

which proves the assertion.
bl
Next we shall prove that if Y >0 is any given number, then

:_J[ 0 l‘a—) such that | 2~ gf\a)nw < \{ for all %’
satisfying x-4l < ©. We have

4(y)=y = (I -xLiy)Ply)) (4->)

- (A‘i u-&) (‘3“)() . (Z)Y)
and by '(1) 7)) 3 £’  such that l deyll o < 1
if M é, -xlle < 1% ,‘ Hence;‘ choosing \3, to satisfy this last

inequality and applxging Lemma 2.1 it follows that

lgta) -l € o(PA)+E) ly-2hw )
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the above statement then holds with 9(\’) = (0', X .
&(say+e)

Now let ’\?o«‘-i be any integer, and Sz 3, >0 any number.

It follows from what was just proved that if I\ £ I, is sufficiently
small then 5 (9) ¢ SENED) J= 050, .. Yo,
For %o have x 1) e S S, ) %) we have only %o have | E(i°"')|\w
sufficiently small, < aW;‘") say., To have || ﬁw"-‘) N, < 9@"“‘)
we have only to have | £ (\)"‘z)l\ w < € (Ve=23 say.
Continuing in this way we infer the existence of a g such that if

&) w < g then all the iterates .)LU) 2oty Vo

lie in S (&%),

We shall now prove the theorem, Let Vi be the smallest integer
. \ad)
such that o ( y(h) 1—5:) < ] ;then we shall prove that for any msv+i -

there holds

M .

e, € (@) e, (2,4)
if N1 €9% is sufficiently small. This is equivalent to the
statement of the theorem, The proof is by induction on m. Firsy i
consider M= Vi 5 then we have

() o TT (T-«LYPOY) e

(A + l’,Lh:)') E(o)

i
. ‘4, .

i —_— Ly - (G
where M,‘_) = [ L-xLp )] - A, Choose e
so small that all the iterates le)..., )L(W lie in $ (Qi', x) where

9/ has the same significance s above (following (2 ,8) ) Then we have,
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by definition of 9'}
w '
and we can apply Lemma 2.§ +o get

(V+1)

19 < oAy re) T e9 N,

This establishes the lst sitep of the induction. Assume now that (Z,Q)

holds for V+\) '0+l) T bl Then
_ M-t l :
- 0 o i . .
e TT(T-al9p9) e® (2,1)
C=0
Since

“ £(.5) “w < O‘(S(A)+£)°. " aw)"w J':\)”;--'/M’l

O .
all the iterates X,J> JEVH, Loy M- lie closer to
X  than does X',  Hence the necessary estimates of the form (2,10)

hold in (Z,Ii) and the theorem is proved.

In essence, we have also proved that asymptotically, |l£(k”h°;‘> o
no slower than a geometric prozression with ratio _f(A) . This is well

known for the case of linear equations,

The guestion of the choice of the parameter o« will be considered
briefly in section 4.4.

4,3 Derivative free algorithms

Many algorithms of this type are based on the idea of an 'inner'
iteration being carried out on a system of linear equations obtained by
some linearization of the nonlinear system. The result of the inner iteration

is used to provide a new linearization to which the inner iteration can be



applied, and the whole process is repeated cyclically. The numbsr of
algorithms utilizing these principles is very great indeed. Hore we shall
consider just two of them, both of which have the property that the
linearization of the nonlinear system is basced on its svecial form, as

given in equation (1,1).

We shall first state the algorithms, then show how they can be
written in the standard form (%, 1). Finally we shall meke some remarks
about the application of the convergence theorem to them,

Alzorithm 1
k)

Suppose w, x, X are given

a) Linearize the system (J,1) by putting
)
W(M)b—a(h‘“) - E(u) (3)')

where W= W(Ex®) ete.

b) Carry out one iteration of the lincar successive overrelaxation

. {k ;
algorithm, starting with 'DLL ) with paramezer on system (3)1)
to get i““)

¢) Define x by

) o W (UM 5 1)

d) Set K= K+) and carry on from a)

From a) to ¢) is one step of Algorithm 1., The motivation for this

procedure is clear; if DL“) is very close 1o > and the equations
are linear we would be justified in hoping that DC““') is even closer
to X. The restriction to @ single SOR step can be removed and

replaced by any other (fixed) number of steps. We shall consider this

no further here. In Algorithm 2 we consider the situation in which
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equations ('6) 'l) are solved exacitly é:t each step:

Alzorithm 2

Suppose «X) pIe ()

a) Linearize (hn by putting

are given

W(IL) Sv(, (K1) - B(I{)

b) Solve

W {8 )'Z tn) l)(u)

c ) Define

3 (41) = X (u).

v o ( ~U‘*') (k))

We shall now write both of these algcrithms in the form (l) l) . Consider

first Algorithm 1, Pt W™ - p® L £ 4 F® where +the

three matrices on the right are respectively the diagonal, strictly lower

and strictly upper triangular parts of WU‘), By the linear SoR

theory
’:)\E.U‘“) - - (90" D(K)+—E(K)) {[(l_w-l)blll)+ ‘:LK)]')UK)__ guo E

and

_ 0l ® W
- - (w" D(x) #E(“))-l Z W(K)xm)_- I)‘K,§

' ’ K
Putting (_uc) = W™ Bt ) we have

¥ L Mk (w My g ) F(K) (3,1

and this is the desired form,
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As regards Algorithm 2, note that we have the relations
-~ K
\/‘\/(K) ‘JL(&H)w- l>( ) = 0

-v\/(’() DC(K) - b"‘) - {"'0

Substracting them

~ (Kg|) lK) _ _ - (k)
w (x*™ox") = -F
and as a consequence of this,
4 K , { -1 ‘K) “
5 W L Wty (3,%)

which is in the form (Z,1).

In order to discuss the asymptotic . comvergence of these algorithms
we need to know the Jacobian matrix H(x) of the system (l) l), To compute

it, .consider the i ™ . equation of the system (h1),

-L; = Zwvj ()L).fx,j - LJ (x)

3>‘~J' ?)ar.j 313
K=
oW

This expression is [_H(-"-));J . Let denote the matrix obtained

X%

by differentiating each element of W with respect to ;. Then

- 3_\..'\,- aw,)C— DRI Bll\,’>b - }'}'? ‘i‘\/\/
He L3, o Fo] - [3

where in the first matrix the column vectors-comprising it are shown, and

in the second, the (¢ j)th element is %i.’:l . Thus,
'j ,



L3

oW 5 ... aW.)u] - J_’?__b}
H-W = [ >, ) ? Fxa o
and in the case of linear equations this is zero, In this sense, the

matrix R-W  is a measure of the deviation from linearity of system (I,1).

We shall put it equal to A)

A= HR-wW = [%.\:VL‘.%} )‘331:“3;] _ L‘%{:

so that H= W+ A .,

The matrices I- «L(x)H() governing the asymptotic

convergence of the two algorithms are

I-x(w'D+EY fw+ra} = & (3,4)
for\Algorithm 1l, and
T-aW'iweal 2 A, (35)

-

for Algorithm 2. These follow immediately from (3;2_) and (3,3).-

The matrices which appear in these expressions are all evaluated at the
root X . Both (3,4) and (3,S) reflect the fact that if the equations
are linear, so that A= O the algorithms both reduce to known algorithms.
Generally, we will have local convergence if  §(A,) < | or if
JD(A,_)< I; consider Algorithm 1: suppose that SOR  apvlied to the
linear problem Wx = b converges, It is intuitively clear that if 1A,
is sufficiently ~small then (by 'perturbation' arguments) we can have
convergence in the nonlinear case for - 3% ) “oa sufficientiy

small. In the case of Algorithm 2, taking &« = | for convenience we see
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that for A = O +the exact solution is obtained in one iteration. Again .
by applying pertubation arguments we could show that convergence occurs in

the nonlinear problem under similar conditions to those just started.

However, we shall not carry out the merchanics of these proofs because
the necessary hypothesis (that || A .. should be sufficiently small) ignores
the origin of the original system of equations. The hypothesis of ellivpticity
already restricts the size of Al and it is felt that essential use of
this fact should be made. Some investigations along this ;I.ine were mede by
the author, but various difficulties encountered could not be surmounted,

and therefore we eschew further discussion of this topic.

4. Choosing « .

From section 2 and the remark following the. proof of Theorem 2.1
it follows that the convergence will be the faster (assymptotically) the
smaller E(A(U‘)) with Axx) = IT -« L H. Ve have « at our disposal
to meke y(A (°<)) as small as possible., In order to achieve a satisfactory
 solution to this problem, we should need to have fairly complete .in‘formation
about the spectrumlof the matrix L H. Unforitunately, this is not usually
available and this fact rather restricts the use of the following remarks.

However, some idea of the role played by this parameter can be gained as will

be seen.

Ve shall assume that P (A(D)) < 1 . Let M C=lk,mee,n
be the eigenvalues of A)s T — LH. Let M b=12, --v, N
be the eigenvalues of L H so that  A; = I=p el 2o, .
The assumption M;i < | implies that the )\; all lie inside or on the

boundary of a disec €, concatric with the circle [3Z]< | in the



complex (g) plane and of radius P (A(2)) < 4L, The
corresponding picture for the M; 1s obtained by reflecting each root
)\; in the origin and then translating C; so that its centre is at
(iy6). The point originally )}; is now "'/\i = M. These

transformations can be reversed to get back to the original picture.

Consider now the eigenvalues of «LH which atle just & /M; .

Geometrically this means that the roots fA; are shifted along the lines

joining them to the origin by an amount (o(—l) /v{; (if «= J} A
moves toward the origin and if «>| it moves away from it). If now f;
is the angle between the vectors /vl; and ,M.;_i it is not difficult

to see that the above shift in the position of M is composed of radial
and tangential components, relative to the circle l‘s,— i) = i/A;l

of respective magnitudes (x=1i) Fpil co I and

(=i) [ po) S for

A
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On the basis of these remarks it would be possible to- give general
conditions on the dispositions of the M. which would ensure the
possibility of choosing <  to achieve some reduction in ¢ (A*("‘))\

relative to y(rﬂ(’)). Rather than do this we shall show that there are
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situations where no improvement can be obtained by choosing « ¥ 1.,

Suppose LH has two real eigenvalues /u1 and M, equal in magnitude

to its spectral radius, and equally spaced about the point (i, O)

let o« £ | . To obtain the roots ‘KfA; ¢=1,2 we have to perform
translations on the roots /M; along the real axis. The size of the disc

on (1) ©0) required to contain the translates must then increase compared
with its size when <=1, Passing back to the roots [=x M by

the reflection/translation mentioned previously we see that the disc requi%ed
to coniain the roois F-“9W¢ has a greater radius than that required toE
contgin the roots lf/Aé, So in this case, X=]| is the best value for
<.

Now consider(Algorithm 1, for which the error matrix is given in (S,u).
Suppose, in order to gain aﬁ insight intc what can happen, that « =] and
that W  has property A . Suppose further that A has the
character of a 'perturbation' from the zero matrix. Then (3,4) .is
approximately the matrix governing the solution by SOR  with parameter wi
6f a linear system W.Xx = b. On the face of it there scems te be
little reason for using an ) different from (Y., But then
the roots of the error matrix all lie on a circle of redius Wepk=|
with real roots at Wepe —! and = Wept + 1« Consequently, the
roots My ¢+1,L  corresponding to these are equally spaced about’ (l,o).
Therefore as we saw above, no improvement can be had by choosing
different from 1. In practice, will not be Wepr and NALN, may
not be very small. But the above discussion shows that we cannot really
expect to do more by choosing & # | than prevent divergence of the iteration,

rather than induce faster convergence which is what we should like.

With Algorithm 2 the situation is different as we shall now see. The
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error matrix is given in (’;,S),We have here that /’vt; are the eigenvalues
of W' H. Ve shall assume that H is positive definite. This is in :
line with the interpretation of (l)!) as the gradient of a functional |
whose minimum is sought. Since W is positive definite by hypothesis

it follows [5'?;] that the eigenvalues of W'H are real and positive.

Now W'H = LT+ WTA and so ’che‘eigenvalues of W'H are
found by adding 1 to those of WA ., Suppose A is a definite
matrixs  then all the eigenvalues of wH will lie on the same side of
(l) D) and it will certainly be possible to speed the convergence by

teking «#| . It is evident that the best vaiue for -X/ .,Q is that
which translates the interval [:,,Mm‘,, Mmin) S0 that it is symetrically

disposed about (l, 0) . This reasoning holds even if A is not
definite. Also it is easy to see that this value of is Jjust

N 2

X <

/‘AW\GX + /“,l M

and the corresponding convergence rate is

/"lMth' "'/A min

/u{w\c.;n r ﬂ/lm-.w
It is not easily possible to compare the convergence rates with «= |

A
and &« = o this is because for «=| it depends on only 1 eigenvalue,

N

but for «= & it depends on the extreme pair of eigenvalues.

To sum up, we can say that Algorithm 1 is not likely to be (asymptotically)

improved by choosing ©  different from 1, whilst Algorithm 2 will always

A
£

benefit from the introduction of « # | provided the above mentioned

equal spacing of the roots M,,., and /Mmml does not occur, It\' should be

/

emphasised that these remarks apply only to the local convergence of the
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algorithms. The question of the global convergence is very much more

difficult.

4,5 Derivative linked algorithms

In this section we shall consider the local convergence behaviour of
nonlinear block successive overrelaxation (5cR) algorithms (which includes
as a special case point SOR . ). The advantages of these algorithms are
well known for linear problems and in certain respects the advantages sub-
sist for the more general problem. We shall not give any theorems explicitly
but merely indicate how they can be proved., To ’r.Jegin with we shall indicate
some‘of the history of the generalisations, then we shall formulate the

algorithms and finally we shall elucidate the nature of the ssymptotic

convergence,

The first generalisations of point SOR  +to nonlinear problems scem

to ha.ve been given in [371 (for a special problem) and then independently
in [387. The convergence theory was considered from a variational _poin"c of ,
view in [39] and subsequently computational studies appeared in - [40] ; E‘}J}.
A more general approach to the convergence theory was given in [[%2—] "
and [43] . Meenwhile material in the spirit of L39 1 appeared in

[ 44 ] and [4%] in comection with block methods and .'free-
steering' algorithims. The results given below, which are for block SOR
algorithms generalise those given in [._/‘LB] for point 50K  although

the methods used to obtain the results are different, Some computational

studies of nonlinear block SOR have been given in [4—L :] .

In order to formulate the algorithm :.Some notations are needed, Let

X be an n dimensional vector and let a partition of % into m
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blocks XL v=l2, ..., M Dbe given: X = (X, X, ... Xm)

The number of components in each block X; is /S; and Z ,’ﬂ’; =

e

Now let A be any given Nnxn  matrix: the stated partition of X

induces a partitioning of A  into blocks A v g = by, m

3
in which element A;,j is of size (;#/>;  The diagonal blocks A

are sguare matrices., The system of eguations
ooy =0

is assumed to have an isolated solution 3 in a neighbourhood J
of which {& C*(D). H is the Jacobian matrix of §. Its (ij)

(‘j LIJ = hl,iom
with the above varitioning., The blocks of -f are F. J=i,:.,...)'m_

L 4

element is [H).. = 2t . Its blocks are H
vj 37CJ

The algorithm to be considered requires a partitioning of H and we
assume from now on that it is the one described above. The algorithm is
summarized as follows:

() (eed)
Given XX and compute X according to

’ (t«1)
X .

v

. =1 ., bt 1]
- Xit)_ wH.-(X,t)_..X“) xtr) x(e))x

vi ) v=1 ) eyt B

teer) ) (&
d FL(X' )“')Xﬂ'i)x:”"')x"‘)) (S-)')

‘;; i)l)-..)m

(v
Tterate on L starting with C=0 . X ) is a given vector.

If =1 C=iy2y-mey (so that mz=n ) this algorithm
reduces to the nonlinear point SOR algorithm, If 'the équa.tions fOoy=0
are linear it reduces to the well known linear S0R algorithm, with O
as the acceleration parameter. The algorithm (5‘, 1)  is not defined if
any of the H;; (X'} are singular. This cannot arise e.g. if [ (x')

—

is positive definite in D .



3o

4,6 Convergence of JOR

The objective of the present section is to discover the factors
controlling the asymuptic convergence (i.e. convergence nsar the root)
of algorithm (§,1). In order to do this we shall write ($,1) in another
way. Let I‘-_ ¢=i)2,..-m denote that Nxn matrix whose only nonzero
elements are 'S in the diagnonal positions occupied by the diagonal
elements of H;; (JL’). Put 3“‘4 = x.'9) and consider the algorithm
%(k) - %(K—l) - IK D—I(é(k—\)) ]((%(g-,)) :
‘ (¢,

K:I’L).--,n’]

where D(X’)  is the block diagonal part of MH(X') so that the J'ﬂ"
block of D(X') 1is HJJ: (x'). Comparing (5,1) with E=0 with ({,1) we

see that xt

of (§)1) and \3”“) of (L{,1) are identical, (é1) is
just a restatement of the first step of (f,l) for a given initial vector

common to each. At the. P‘u" step, lfrﬁ m of (6,1) only the ,7”’ block

of components is altered.

For the purposes of illustrating a peint which will arise later,
suppose the equations §{(x)=0 are linear, | f(x)= Ax -b =0. From

(C, 1) we get

%(‘K)’ v = %(u—-)__ . - IK .D—l A ( 3'(IL-I)__ DC) .

(¢ 2)

= (I-w I 5" a) (4" )

where now D is the block diagnonal part of A . Thus

e
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4o = x%ne o (oL VA (T- 6 Ly DAY -

(I- wI, DAY (x9-x%)

or

E(c) =TT (I—wI;D“iA) ) (&, 2e)
vEm

with x¥-x = 5“’ .

Now, it can be proved that

T (T-wI;p"A) = L- (w'deeY' A (¢,3)

L=m
where E  is the (strictly) block lower triangular part of A. The'
matriz on the right of (¢,3) is the known matrix governing successive h
errors of the block SOR process applled to the system AL—E =

Moreover, it is known that if P (L- (Ww'D+E)'A) < |,

convergence of the iteration occurs from an arbitrary starting value.

- Let us now return to the nonlinear problem. Consider ((., 1),

By Taylor's theorem, for %(K") £ D
F(g%7) = Hex) (g =) v 7Y ‘ (1)
where "L(K-') is a certain vector satisfying an inequality
11970, < B 1y*2-2 15, (¢, 54)
where 6‘-, can be constructed from bounds on the second derivatives of -(-

Moreover,

DM (4*) = Do) + R ) (¢,s)
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7 {K-1) . o . .
where now K satisfies an inequality
Kei - (1= $ o
I R )“w € Cy “‘3 o x s (¢,82)

and (’K—i can be constructed from the same bounds as Bg_i .

Using (L,4) and (&,5) we put (G,l) into the form

%(K); k3(04-1)_(»_)—1:,( D:;(H (k1) B) w.L [D ®-1) ,(L\)(Hx‘éu-.)[’ 1’(2:))]
where H, = H(), Do = D(x) ana b= H,x , Pron this,

(\3 "") (I'OQI'k D_.:; H:-.) (‘3-“‘ —)c) + W .L,\ [_D ’Lm ) (k")H (%&') $) PR (k-‘):)

and the formal similarity between the first term on the right here a.nd in
((,,2.) can be noticed immediately. Applying this formula recursively

we arrive at

‘ .
( T7 (7T =i (o) Q
\3,‘“’-){, = )Lu)_ n = l { (..L" (/JI;D;_ Hx_)()(. -x) + S )
cEm
) :
= '(D D, +Ex) Hy L) + S
s) - o
whezre is an expression comsisting of sums of products of terms
T ~‘ ’ - 7 -
of the type (IT- LDy HY) and w I, [D] " v,

H{u‘-‘) Ha (‘3"‘) b ) & REILEY 3 for various values of K. Putting the

w)
errors x

-

- = 8(;) we have
U) zl-__ (UJ D + t.y.)H i (o) + S(i) . (L,L) {“

and in order to érive information from this we need to know something

about S ) .
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Suprose, 1o begin with, that the nonlinear SeR process converges.
Then given any small neighbourhood of ¢ there is a T such that
X ®) . k> T e e . )
all the iterates X with 2z | lie in it. For such an X we

can derive a relationship like (&, 0) namely

- - ” _ ; t -t
g e ;.J.—(W‘D*+tx)Hx§£() . St (6,7) \
: .
Recalling the fact that this is derived by considering an iteration of the
type (6,1) with 4 =z X and noting that the iterates ‘)
L= Ciy-re )M all lie in the neighbourhood containing (t' 2 T) x“)
we can prove that there exists a constant B indevendent of t , Such
that
. (k1) < s g”‘) 2 .
s, = B o (¢,8)
- : (b4
Tais follows from (f4a) , (4,¥a) and the definition of S R
- . -
For brevity, put ITlw = l L - (w'De+Ex) H, g
and .assume S—v(r'\m§< I from (t,7) we have in view of (¢, ) _

L (Bt / (¢ ‘

& ) = ( Mo t HL‘ ) g ) -
where f M/t f,—> © as £ = . By Lemma 2.1 ve have that
for all sufficiently large € -

trt
/ ()
Le€ ), < o' (p(ne) +e') 1ET N, (¢,9)
/ ' )
where & > O is any pesctive constant and o' =al(e) is constant.

What we have shown by deriving (L,‘i> is that if the SoR  iteration
converges, it converges no slower than a geometric progression with.' ratio
_,O(” w) . The matrix M, is simply the error matrix that would arise if the
linear system Hox—b = 0 was solved by SoR using the same

blocks as were used in the nonlinear vproblem.
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Although we have omitted some technical details from the above

argument it is actually perfectly rigourous.

We have not yet proved that the SO0R iteration actually does
converge. The proof of this, valid when 9 () < | rests
on a detailed analysis of the perturbed difference equation (G,'l) . The
difficulty arises in proving a relation like (6 ,9) for the perturbation
term, However, a careful consideration of the properties of (L,l) enable
a result like ({,9) 4o be proved, provided [l £, is sufficiently
small. The outcome of this is +the following theorem which we shall state,
but not prove:

Theorem 6.1

‘

let § Thave two continuous derivatives in a neighbourhood of ¢

and suppose P {(Mw) < 1. Then there is a neighbourhood of 3, S(djx)
such that the sequence ZJL“) } generated by (§,!) converges to X
provided ) g S0y x) . The sequence |2t - x')

converges to zero no slower than a geometric progression with ratio y(ﬂw)

Finally, let us observe that the same difficulties arise in the choice
of w as in the linear problem, compounded in the present instance with
the fact that Hax is unknown. Furthermore the matrix Hx_ arising
from the boundary value problems considered in part 3 section does
not have point property A although there is usually a natural partitioning

of it so that it does have block property A .
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4.7 Resume and notes

In the part just concluded we have considered the formulation and
analysis of several methods of solution of the nonlinear equations arising
from our previous work. Examples from two broad classes of methods were
considered, and the factors underlying their asymptotic convergence

behaviour were isolated.

We shall consider now the relation between the results Jjust given
and known results. We shall begin with section 2. The mode of development
of the general theory, of this section, is new. However the statem:nt of
the Theorem 2,1 was given, in essence, by Ostrowski [éy7] in 1957. The
equivalence of the result given by us and the result of Ostrowski is not
immediately evident, but can be proved using the tools of Oxrtega and
Rheinboldt LQS ] (especially Theorem 10.2.1). This book also contains

a wealth of related material.

" Ve turn to section'B. Algorithms 1 and 2 were used independently by
the author. However the following must be said; it was pointed out to the .
author by P. Concus (personal communcation) that Algorithm 1 co-incides with
an algorithm proposed by Winslow L4ﬁ9:] . However, it does not seem clear
from this latter paper that it is this particular algorithm which is being %
considered. As concexrns Algorithm 2, it has been used successfully (with a
different discretisation) in [497] +to solve the equation of compressible

flow. The formulations (3,2) and (3,3) and the subsequent analysis of

these algorithms is believed to be new,

In section 4, the question of choosing &  is not usually studied

in the present generality. 3But for real roots A; the work is standard,

[s0], [517.
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As regards section 6, it was already mentioned in the text that
convergence proofs for block nonlinear SoAR do not seem easily available.
The methods used in this section do not seem to have been used previously.
The book [43) contains a more sophisticated apgroach to the point
algorithm, but it appears rather difficult to generalise these methods.
The idea of reducing the error matrix to the factored form of (€,3)
is allied to the 'splitting' method for time dependent problems as put

forward in [51'] .
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Appendix: On computation

1. Introduction

During the course of developing the theory of part 4, various rather
unsystematic numerical calculations were carried out by the author in
order to obtain an intuitive grasp of the behaviour of the algorithms
discussed there. Tor general interest we give below for each of the
algorithms considered a list of a few points that emerged from the
calculations., It would of course have been possible to give details of
the workings of'the programs and detailed numerical results, but the
significance of them would be blunited by their highly problem dependent
character. It is necessary teo emphasier that the fellowing results axe
put forward for no reason other than general interest., Certainly, no

general conclusions should be drawn from them.

2. Test Problems
For the purposes of numerical testing the following problem was
constructed and used,
Domain D (in R, ) O < x < , C<’9.<l
Equation:  (Hwa)" Uxx = 2Us iy Uy + (14 Us Yliyy = O * (A1) .
Functional associated with (A1) : 'J;(n*u;4.u5yu AD
Boundary condition: ;—:' 8"(‘:‘0 '{gzwé—l' = » k}f 3‘>
The equation is the minimal surface equation, Its physical significance is
outlined in e.g. [3 . The function
M(x,ma,) = (K)—' evx(ccn k{"g, -~ w ’k—i‘T>L>
satisfies the equation and boundary condition, It is obitained by trivial
modifications to one of the few known analyiical solutions of (Ai) aue
to Schevk[E4], The parameter ’;\‘ in the boundary conditions was

introduced in order to observe the way in which numerical difficulties
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— o de f'
increase as w omd Vel —>tw . mis behaviour is obtained
as R>'1 at the points (1, ©) and (0,1) . For k2 0-9 the above

problem is a reasonable test for the algorithms of part 4.

To solve this problem the triangulation with degree 1 polynomials
of part 3 section A} was used. The appropriate equations were

derived there.

The qualitative conclusions of the next section are based on the
solution of these equations for triangles whose side lengths in the
directions of the axes, (h) were a) h= 0«4 b) h-0.05 ¢) h-0-02%,
The nmumber of nonlinear equations in each case is 813;361, and 1521.
Eacﬁ algorithm was used to solve these 3 systems of equations with
various values of #  taken from R = 0-5 (1) 049 ) and for

the SOk algorithms k= 0G4 , k=0-499 , k= 0-9999

Starting guesses for the algorithms were obtained by linear

interpoiation of the boundary conditions.

3. Qualitative behaviour of the algorithms
Algorithm 1
1. This algorithm suffered from instability of the following kind:
small changes to the paramters &, led to relatively
large changes in the required time to solve the problem.
2. In spite of the instability mentioned, there often existed a
pair of parameters WJ) w’ for which the convergence was frapid'.

3. VWhen using large values of w (say o ~ 2 ) it was often

necessary to have & < |

4. TFor detailed computational results see |34 ]
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Algorithm 2

1.

2.

Se

4e

This was, generally speaking, the slowest of the algoriihms,

although on the smaller test problems this was less noticible.
For the larger test problems and values of & close to 0+9
the algorithm failed to yield solutions in a reasonable

period of time.

As a rule, it was possible to choose w %o achieve reductions

in overall computing time by a factor of about 3 relative to

- the required time with o« =41 . This factor of /3 did not seem

to depend very much on the size of the problem (for fixed 4 )

but appeared to inecrease as 4! increased,

The linear systems were not solved exactly at each stage as the
solution was carried out iteratively., These latter calculations

were stopped when the relative change in each component was smaller

than S5 x10~¢

For detailed computational results see |49 |

Point Sci

1.

The nonlinear point SOR algorithm was, overall,the best
algorithm for the problems. It never failed to converge in a
reasonable period of time, even on problems with £=0.4499.
For k < 0.9 it converges between 1% and 3  times
faster that Algorithm 1, which was itself often twice as fast

as Algorithm 2.



2.

3.

An extrapolation parameter was obtained empirically by carrying out
a small number of iterations for a range of values of « and then
working out the area of the surfaces ob‘baiﬁed as ‘'solutions' to
the analytical problem. That > for which the surface area was
smallest was chosen for the main caleulation, This device was

reasonably effective,

For detailed computational results see L9 J [lfl] .

Block SoR

1.

2.

3.

4.

A line of nodes was tzken to define a block of the Jacobian.

The following (unexplained) effect occurred: for K= 0:9

as f(f( inereased the accuracy of the initial approximation

had to increase in order for convergence to occur, In other
words, the domain of convergence of the block 508 algorithm
decreased as -1: increased. For large values of '/{ no
convergent initial guess could be found., This was only
observed with the discretisation considered by us. For ancther
discretisation (due to Concus [ 8 1} ) it was always possible
o o.'b‘ba.in convergence with the usual starting guess. It is

not known whether the domain of convergence associated with

this latter discretisation also decreased as ’3’{ increased.

When convergence did occur, however, thes overall computing

- - N \k
time was usually only about % that required for the point Soin .

For detailed computational studies, see [1*(,] .

i
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4 Additional remarks,

The above discussions all depend on 9 e.g. Gelder [i4]
found that for a different § Algorithm 2 was competitive with
point SeR. But in making comparisons of this kind we have always

t0 remember that Algorithms 1 and 2 require less information (and less

programming) than the $OR algorithms.

It is clear that there is much work to be done in connection
with the nmumerical solution of the equations, and indeed, with setting
them up in the first place. It is hoped that the above outlines are a

useful guide for further work,
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