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ABSTRACT 

The local properties of piecewise polynomial 

functions defined on bounded regions of Euclidean 

spaces are studied in considerable generality. 

Aspects of the resulting theory are used to discretise 

a quasilinear elliptic equation, and various methods 

for solving the resulting nonlinear algebraic equations 

are investigated. 
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Preface 

This thesis is concerned with the construction 

of approximate solutions to a certain nonlinear 

elliptic equation, which arises frequently in practice 

and which includes as special cases many commonly 

occuring linear elliptic equations. The construction of 

the solutions has two clearly discernable aspects, namely, 

reduction to an algebraic problem and solution of the 

algebraic problem. The first problem is solved here by 

the use of the Ritz method in conjunction with piecewise 

polynomial trial functions. The second problem is 

approached through the use of iterative methods. 

Part 1 of the thesis contains some introductory 

material about elliptic equations and variational methods. 

It also contains the seeds of an approach to a third 

problem, not mentioned above, that of assessing the 

quality of an approximate solution. But generally speaking 

this latter problem has not been considered in any depth, 

and still awaits a satisfactory treatment. 

In order to place the construction and analysis of 

piecewise polynomial trial functions on a rigourous 

footing it was necessary to develop a multidimensional 

generalisation of equal interval Lagrange interpolation. 

This theory, which is in a reasonable state of completion 

is perfectly general in that it holds for spaces of any 

finite dimension and for polynomials of arbitrary degree. 

Its application to solving linear elliptic equations by 

finite element methods has yet to be fully exploited. 
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The theory is developed in Part 2. 

Part 3 contains a derivation of the nonlinear 

algebraic problem corresponding to the differential equation. 

This Part also contains some miscellaneous algebraic 

details concerning the algebraic system and also existence 

and uniqueness proofs for the algebraic problems. 

Part 4 contains some general results to do with 

iterative methods for solving the equations. A number of 

iterative methods in use are studied theoretically 

against the background of a simple general theory set out 

at the beginning. The results in Part 4 are perhaps not as 

incisive as one would like: but this seems unavoidable as 

it is caused by the very generality of the problem itself. 

More precise results seem possible only when specfic 

problems are dealt with. 

Finally, an appendix contains the briefest account of 

some computations carried out by the author. As is pointed 

out, the computations were not intended to yield serious 

experimental results, but simply to obtain some practice with 

the various algorithms. 

The author is properly aware of the limitations of 

the thesis. However, it is felt that a start has been 

made on the solution of some important problems. 
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1.1 Introduction  

The present section contains an account of certain theoretical 

aspects of quasilinear elliptic equations inasmuch as these are per- 

tinent to the problem of computing approximate solutions to them. The 

theory of the existence of solutions to the general quasilinear equation 

receives no attention here: however, for completeness it will be men- 

tioned that this theory is now in a well advanced state, to which it 

has been brought in the past 70 years - and mostly in the past 35 years, 

by, amongst others, S.N. Bernstein, J. Leray, J. Schauder, 0.A. Ladyzhenskaya 

and N.N. Uraltseva [1 I , and J. Serrin. A comprehensive paper Ea ] , 
of the last author contains an up to date account of many of the results. 

(These remarks in no way pretend to a balanced account of the develop- 

ment of the existence theory: for example, a great deal'of work was done 

by other people on specific equations in the class, (e.g. [ 3 1 ) and 
on related; but more general problems (e.g. 	] ) ). 

In the next paragraph we shall collect together some basic definit-

ions about elliptic operators and related topics. It is well known- that 

the eigenvalue spectrum of the matrix constructed from the coefficients 

of a 2nd order partial differential equation plays a decisive role in 

determining the allowable characteristics of solutions to the equation 

(an example of such a characteristic would be whether the solution could 

have the character of a wave motion). The precise type of eigenvalue 

spectrum we shall allow is mentioned below: one of Its very important 

consequences is the maximum principle (Theorem 3.1.), from which will 

follow a uniqueness theorem of use to us. 



1.2 Ellipticity 	
I 

The most general quasilinear elliptic equation that will be con-

sidered is 

OL • 	LA- LA- x-) (dLx. x 	+ 	(x)  IA- ) LI„) 6,1 	/  

where the symbols have the following meanings: X 	is a point of 

CA.x. = 	LA, E ( k 	. , 1,1),:j 	( ax, ' • - ) km) . 

It will always be assumed that e,c,j(x)=----  CLJ,:(x) 	Let us consider 

initially the case in which the coefficients 61-;:j are independent of 

IA- ) 	. 	In this case, if G1, was of the'fOrm 

= 	z  u_ 	+ 6(x)• 	 - f ( x ) 
L-I 

the equation would be linear. If a. has the more general form, 

but et-;,j depend only on X. the equation is called semilinear. The 

expression 

et • • X i,  Xi 

W" 

is called the principal part of the equation. 

Let 1L  be a given bounded region of Ril..1.411ere functions 	(x) 

Cui.(›L) ) 	b(x))  f(x) are defined and measurable. The linear 

differential operator L defined in 

Lc& - • 	 tAx ; x j  
[)J-1 

is called elliptic if V 	x £ .52- 	we have 

ti 

• • (.x.) 	> 0 
‘Ji 

V 	 ) ,,) e g„ ) 	0 . This is 

Lk:4 
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equivalent to requiring that at each point 3L E. 51 the (symmetric) 

matrix [ck.-(x)] is positive definite. But as x 	xo  e 2si (Da.= 

boundary of .51 ) it may be that [Ozi(x)] degenerates into a non-negatilie 

definite matrix. The case in which this does not happen is important, 

and is the subject of the next definition: 

L_ is called uniformly elliptic if 	positive constants n1) 

such that 

n1 	 xot••( 	 M II 	V L 	(2.)4) 

( 	is the Euclidean norm in Re, ) 	V X. E. SL . 	The 

right hand inequality will be satisfied if, e.g. the coefficients 

are continuous in 	Si. 52_+ 2)a_. 

• In the general case (7.i) , the definition of ellipticity must 

depend on the precise form of the function V.. Apart from this, the 

definition follows the linear case: let SI. be a given region of R, 

where functions 	 J a,..(x 	v.„.) are defined and measurable, U. being 

a certain function defined, along with its derivatives in SI . The 

operator L_(,) defined in 

L() V 
•(3c, LA )  lAx) Vx . x . j 

is called elliptic (with respect to V, ), if, 	\i/ pc E. a 	we have 

( 	LA I  tA.) 	> 0 

* o.  

With regard to the uniform ellipticity of nonlinear operators, 



there seems to be no universally accepted definition and different 

people use different, and not equivalent definitions. For our pur-

poses, the following obvious extension of (2p4) will be sufficient: 

L-60 is called uniformly elliptic (with respect to LL ) if, in 

	

addition to being elliptic, 3 positive constants Iv M 	such that 

. 	rt. 

	 cisJ (x) (kJ t'"- ) 
Cij =1  

V 

We may also talk about an equation being elliptic. This simply 

means that the operator constructed from the principal part of the 

equation is ellipticl. Of most interest concerning non-linear equatiOns 

is the question of their ellipticity (or non-ellipticity) with respect 

to a given solution: i.e. if uL satisfies the equation 

11,  
azj (x, ) Lok ")1.4 
	(x, tA, 	0 

can it be said that the.  equation is elliptic? Since, in general, the 

solutions are not known explicitly, this can be a difficult question to 

answer. However for many equations (including a large class of practical 

problems) an unequivocal answer (affirmative) Can be given in advance of 

actually knowing a solution. Examples of this are given in section 1.4. 

On the other hand, it has to be pointed out that there are other classes 

of equations (e.g. the Monge-Ampere equation) which are elliptic for 

some solutions and which fail to be elliptic for other solutions. 

But there may be physical grounds for expecting an elliptic solutiiin. 

Another example of this kind of difficulty occurs with the flow of 

compressible gases, where although (roughly. speakinC) the flow 

in a region is governed by a single equation, the equation may be elliptic 

only in certain parts of the region. Physically, this occurs when the 
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flow undergoes a change from being subsonic (corresponding to ellipticity) 

through what is known as the transonic region, to a supersonic region 

where the governing equation becomes hyperbolic. For more details of 

these problems, reference [C] could be consulted. 

Concerning the region SL in which a solution of (1,1) is sought, 

we shall never assume less than the following: DSL can be covered with 

a finite number of spheres in such a way that the part of 2S1 in the 

sphere can be described by an equation xr,.. --- 5,, (x_,,• - • ) xr„,) 

where a. has Holder continuous 2nd derivatives, with exponent oc.,=I. 

This is simply an assumption which gives grounds for applying known 

existence theorems.\ 

A general boundary value problem is the following: 

find , a function 	GL. a C LI)  (n_) 	c to) ( ;FL .) 	satisfying (2)1) 

in SL and the condition 

a n 

whenever X_ E.aJL. In (a)  )functions O ) 	are subjected to the 

	

u 	• single condition 	1 o! 4 ipl > c) . 	__ 	denotes differentiation 
art. 

of UL in the direction of the outward normal to 2,51_ . Actually, we 

shall be concerned mostly with the cases o(-I 	(1= d on one part 

of the boundary (which may be vacuous), whilst o 0)  /3 
	

on 

the remainder (which may be vacuous). A special form of (1)  I) to 

which our attention will be restricted, is introduced in section 1.4-

We shall first obtain some results which hold for (2)  2) generally. 

1.3 Maximum principles 

It follows from (2)  1) that every solution of the quasilinear 
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equation satisfies a certain linear equation, namely that linear 

(elliptic) equation whose coefficients are obtained by the insertion 

of U. in 	o■( x, vL W.8.) 	and in 	0. (x)  w )  Wx) . 	Important 

results in the linear case are deduced from the 'maximum principle' and 

it follows from the above observation that this principle also has 

applications to quasilinear equations. We shall therefore prove the 

following result. 

Theorem 3.1  

Let SL be given and let the operator L '.defined by (3)  

satisfy'the ellipticity condition 

`C(x) rf, 	\(. (x) > o 
i,j= 

Assume that the coefficients•L  • 	a. b 	satisfy the conditions I) 

that 

,,,;(x )  6 (x-) 

c, Y(x) 1,-- 
Y(k)Y(k) (x-) 

are locally bounded in 52.. and that the inequality 
el. 

L u E T  cl•• (X) Unix - • 

rt. 

 

ci, z( x)(4, 	b(x)1A, 	(<O ) (3,1) 

holds in 	If 6 S o and IA. attains a non-negative maximum M 

(non-positive minimum h I) in Si.. then lA = Ni , 	Ni ') 	in 2 . 

Proof 

Consider the case in which strict inequality holds in (3)2.) and . 

b < c) . By the ellipticity condition, we can always find a linear 

transformation of the XL to 	which is such that the principal 

part of the operator L transforms into the Laplace operator at a 
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1 u 

given point YE 	Suppose x  is a non-negative relative maximum 

of UL... 	Then 

Dul 	() 	DIt/i (5-9 < 0 
D)ct 

and also 

° 

From this we infer that 	cannot have a non-negative relative maximum 

when strict inequalty holds in (3)2.). We shall make use of this below. 

We now prove the theorem by assuming that atpoint 1 )1  ESL )  kgP1)=  

whilst for some otht,r point P2 	14(?L)<-  M . From this, a contradiction 

will be obtained. Let oC be any arc lying in J1 joining 	and 

• P1 ) 	and let ct.>0 be the greatest lower bound of the distances 

of each point of 3,5l from 0‹. Let 	be that point of 0( such that 

1,k(Q) a M and the distance f),4: 	(along oc ) is as great as possible. 

Then inside that part of 04.  terminated by fi  and 	, 	Pl. 	. 

Let QI  be any point of this segment such that l(R(Ri l <- d,  

On a!  we construct the largest sphere possible with the property that 

inside it, tit, < (1 : 	this sphere is 	Si  and there is a point on its 

boundary where (4,  

Let Si  be another sphere lying wholly inside S I  and tangent to it 

at R and of radius 22. ) and let 53  be a third sphere with centre R 

and radius /3  = 



(S 

Now let 	a S3  = DS3/ -- 	where 'D 53 	is ?s, () 52 	and 

is the remainder of .DS&.Since ?S: is closed, on it, 

LA. < M —c. 	where C- constant and > O)  andon ) S 	< 

by hypothesis. 

Let X.0  be the centre of SL  and let cti,= — 

where .1- is any point of SL 

We define the auxiliary function 

/.() = — 
	et, 

which vanishes on a 51  and is respectively positive and negative inside 

and outside of it,. Then,  in 53  

942.-4);LITLie 	zjci z a-i - a(taz,fa,;(7Q1 

41' e r e 	11-e \c(x) d,i  - 

0' 	7 
e

71 
V9 4 e 01-3.  - ( 0,a0-) 	c4, d el 

Y (x) 
j 	4 L, 

•c()‘) 

e.-ad -1- 0 d - I 	(ere(.,1)e':ei.)] 
Y(x) 

from which it is evident, using OA that if 9 is sufficiently large, 

say e . 5 then 

L 0 	)c 5 3  

Let 

E.> 0 

so that L w > 0 in 53 ) • by our previous result, GO cannot achieve a 



non-negative maximum in 53 . Choose 	< C < _ 	9t • 	Now, 

on a,), we have 

(A, + 	• 	( 11 - C_ ) +C- 9 	76. 	M 
- e 

Moreover, on OS, ) w< Pi 	since 	< O there and 14-.5: M • But, 

at R 1  Lo. P1 . Since R is the centre of S3  we infer that b) 

achieves a non-negative maximum inside 53  , This contradicts the 

previous finding and the theorem is proved. 

It should be mentioned that theorems of the type proved above are 

well known. The present proof is based on a proof in E( i This book 

also contains some.̀interesting historical remarks. From the theorem 

the following conclusions may be drawn. 

Corollary 3.1  

With the hyptheses of Theorem 3.1, let ULE CNSO(1 c10(3i) . Then 

a) If 	Lik=f ) f>,0 	C f 	0) 
	

then LL has no non- 

negative maximum (non-positive minimum) in 52_ unless it is constant. 

b) If 	Ltt = f 	6E:0 	fo 	(f 
then Lk has no maximum (minimum) in SL unless it is a constant 

c) If 
	L 	0 	 con.5ta.k.t 

then in 	S2- 

	

ICI < 
	max j 

9,11 

d) If 
	

L 	0 ) -_-6 = 0 	Lt 	co )1,5 t 

then in II_ 

Yvi vt- 	IA, 	< 	IA, < , M ck- X 1.4., 

	

a. 	 aSL 



Proof 

a) follows immediately from,the theorem 

b) follows by a modification of the proof of the theorem 

c) follows from the continuity of (..t, in a. and from a) 

d) follows from the continuity of UL in JL and from b) 

From c) we can infer the uniqueness of any solution of the boundary 

value problem 

Luk-+ 
	

1,11.. 	 PO) 

with 6 	0. Indeed, if there were 2 solutions, say lit-I  and 

their difference would satisfy the equation 

R. - lA, ) = 0 

and the boundary condition ((ki -tAL)L= C) . From c) LL - U = 0 

so tA, a 1.41. . There are known examples for which uniqueness cannot in 

general be inferred if 	6).0. 

Another useful inference from c) is a statement about the continuous 

dependence of solutions to BM on the boundary data, 4 • Thus, if we 
perturb 47 by a so that TAL,_= 4)4E, 	f 	then 

) 	from c). This is of manifest significance.-for 

the problem of obtaining approximate solutions to (3,3)  - 

We shall employ the results of Corollary 3.1 subsequently, when they 

will be used to establish the uniqueness of a solution of a special quasi- 

linear equation. This equation is introduced in the next 	section. 
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1.4 The equation div[ 	 f (x)  

We shall, from now on confine our attention mostly to the equation 

x L?(tVkAiL) 	= 	 N, 
z 

with various boundary conditions of the type (2) 5). The function 	( 

where 	0 	is a scalar variable, will be assumed to have a con- 

tinuous first derivative with respect to t. An example of a function 

T(L) would be ( I 4- 	which occurs in the theory of minimal surfaces. 

In this case, 	and (LI B  I) is the equation 

P.d 

Another example of a function 5) is given by 4. I for which 

(4)  0 is just Poissons equation. Other examples of the occurence of 

(4,1).  in mathematical physics are given below with an appropriate 

density function 

Occurence 	 density function 

[3 ] minimal surfaces 

s- Gas dynamics 

[7 ] Plasticity 

[ 	Magnetostatics 

where al ) Lz )  6- 3 
	are various constants characteristic of the continua 

in which the phenomena are being studied. In each case, the boundary 

condition (1)  ) occurs. In the first 2 cases -r" E-71C) . 

We shall discuss the ellipticity of the operator on the left of 

( 4 ) I) for the case rt.= 2 , We have now for any (A E. L (L)  

, , - L.? tvkAM tA„:\ 	(ivvi"- )11x,x, 	tAx.1 [2.14x, tAxoc, 21Ax.,LA„,)c.6 y DT,Av-] 

( 14_ 	b)-112. (4,1) 

( 	- 	c, b)11`` (41 3) 
ECL 	< i 
c+E 

(4)4) 

I+ L (4)5) 
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gro with a corresponding expression for 
)C LLB 
. 

s'"L..1 	and we can 

arrange the coefficients of the second order terms as the elements of 

a (2x1) matrix A whose element az..)  say, is given by the coefficient 

of tAxLxi  , This matrix is 

    

+ 2 utl, ?/ 

21A.,LA.,31  

J 

(4)  c1/4) 

    

    

and to apply the definition of ellipticity, it is sufficient for us to 

examine the eigenvalues of it. The eigenvalues are easily seen to be 

)1 	S 
(It )  60 

AL = y 2. 	y 

and their positivity, or otherwise, with respect to the given function 

R. determines the ellipticity of the operator. For the functions 

(4)2-) - (4) G.) 	we get the ellipticity conditions (using 	= 17.(4 I L  ›-.0 

for brevity) 

(1„L)-UL  > 0 ( 4t i) 

for (410 . 	For (.09 ) (4)  611) 	becomes 

(1- 	> 	) 	(I- ic, E) [1 	 > 0 	Of) V) 1 -  iCifr 

whilst for (11) L1) .and-(4) S) we find 

Lei 
> 0 	(1 f 2.cL)bc' > 0 	 (4 )  9) 

C 3  E 	0 
e> 	

(4)  10) C'+ q14-2L( 
I 1- b- 	 1 +r 	cl+E 
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Thus, in the case of (4)9 we have ellipticity everywhere that 

< 00 . For (4)1) we have ellipticity whenever L 	2/c1  

(this implies in the physical problem that the flow is subsonic at 

each point). For (4)4) it is necessary that E> O and finally, for 

(41  C) ) V 	C) 	we have ellipticity. 

Now let us consider the solution of 00 with 11-2. in a region 

SL 	with the boundary condition (Z)  5) Then for (ii)i) we can say that 

(4 ) 0 is elliptic with respect to any function 1ti which has bounded 

1st derivatives locally in SL (of course 	V E C"9(SL) 	). In 

particular, if the 1st derivatives of any solution are in C:°)(3.) 

the equation is elliptic with respect to this solution. A corresponding 

statement holds for (4)9 and 074). In the case of (4)9 we can make 

the stronger statement that the equation is elliptic in a with respect 

to and 	to c C(1)(Si.) 

1.5 Uniqueness results  

We shall consider here the uniqueness of any given solution, .(ntx))  

to the problem 

5-Tcz 	(17tAr) 
	f 

ciD 

We replace (5)1) with the slightly more general equation 

ul„. )  tA x.,) U,,,, 	2 a.._(vy.„ vx,) 	+ Q„(LA.,)  tA„) .f (9 (s)  

with the boundary condition (5)/) 



Lemma 5.1  

Let (C) 3) be elliptic in 32. with respect to the solution 1A-(1)) 

let Lt.(2-) be another solution and let the coefficients 	( pi , ?,) E. C (I)  (R,). 

Then the function 	V (x.1)  x-,_) = (,(,0) (L)  x2.)— u. (x,,x1) satisfies 

the elliptic equation 

oi 	(I) 	,, ( 	(I)  )V ( 	x i 	 Vxix 	4" 2 4.12- , ilt")(-1 I ILX1. 	X i X 2.  

4 I), Vx_, 4 1) V x. 	= (..) 

( I ) 	(I)  

) 14 XL
\ 

 V,X0 2  

( 

Proof 

( 'I 2. are defined below) 

(K) 	, (X) (k) We shall use the notation a -• = a • (tA. 	) 

shortness. Then by assumption 

	

o ) 	0) 	 0) 	(I) 	 (I)
, 	 I

, (lj 
' X L 

	

LA 	 CA, 	t/t X, X 	Ct' 2.1. A  XIXI I- 

	

III 	
(2.) 	 (2.) 	(2-) 	 (1) 	(L) 

	

t LA- x 	4" .6. A.,i  tkx,x, t a.„ 

= alb 
241, 	Put. 

By subtraction in ( i )  C) it follows that 

Ol'( I I 
	 ) 	0) 

Vx,x, . 2 0,11.. 

\ ( 	(I) 	(L) 	 (3..) 	 (i ) 	 (L) 
a„ ) 	+ 	" 	)1_ vvxoLL 	11.-  6'1'41 

Now 

= 	zj (Viit,(1) 	Vi4}9 ) 

oft
a'• [t Vtx u)+ (I- e)v (93 6(b 

6i 
a 

(>0 

= f 

Ul 
0)1 	ti.) 

a(  

for 

(c)  

o (c) 



sc 	
Dr, (6 Vu.") + (I- ) tC7t4. (') ) V, dt 	+ 

spct•• E Vt,t (0  + (I- E-)V ')Vxl a.L vp, 

where the derivatives exist and are continuous by assumption. 

Substituting these expressions in (S) 40 we achieve (C)4) with 

6 	 vu.(94. (I-b)1Cliktz ) ) cth .  XIX; 

4. 1 14.  ll) o'LAL 	) 
xoci. dt + Li) U. xl xL  ) AL 

p,;  

The lemma is proved. 

The uniqueness theorem is obtained by an application of Corollary 3.1 d), 

and noting that VE0 on the boundary. However, it is necessary to 

impose sufficiently strong conditions on the functions GL.-. and Vlit.W.  

in order to ensure that the conditions of the Corollary are satisfied. 

One such set of conditions is the following 

a) the operator 

= 	(
(0 	co 	 to 	to  

	

(A- x. 	EA- x 	4- 2_ c4-.(1A-x, 	tA)x,x, ) 	 _ 
4- Ct1.104,),0  tA-(2,) WxLx L  

is uniformly elliptic 

E SL. b) for all 	Lo , 	) 	)c.  

ll t U,(1)  + (I— E) ht,i9  li 	4 00 

The second condition, b) ensures the boundedness of the coefficients 
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1.6 Direct methods in the calculus of variations. 

In this section we shall outline an approach, known in the literature 

on the calculus of variations as a direct method, to solving the prob-

lem of extremizing a functional defined in an 00 dimensional function 

space. Some acquaintance with the calculus of variations is assumed. 

We have to introduce the following terminology: a function 	LA,) defined 

in a region SL and on its'boundary 	is said to have piecewise cont- 

inuous first derivatives in .51 if 

a) td. is continuous in SL 

b) SL can be divided into a finite number of subregions 

SZ 	C=1,1),.., t16.0 	in such a way that 

i) In the i< 44' subregion the derivatives bixc  

exist and are continuous, for 1< = 1,1.)  .../ M 

ii) In the k'' subregion the derivatives 

can be continuously extended onto the boundary iDSLk  . 

The condition b) (ii) imposes conditions on both the smoothness of 

DSLk  and on the derivatives L&,.. 

It is clear from the above definition that discontinuities in the 

derivatives of tA, can only occur on the boundaries of the subregions 

SL,., • 	At such points the derivatives may fail to exist. In order 

to have derivatives defined at each point of SL we shall define fAx;, 

at a point where boundaries ')ILK, ) 9akL  ) . . • ) Da KS 	intersect 

to be the average value of all the derivatives (continuously extended) 

at the point. This means that if in S./1(z  the derivative with respect 

(K0 
to x...)  is denoted by tAxj  and its continuous extension onto 

A 040 

by I.A.xj 	then at any point 3c of the intersection OSI„, n...n 
s n ( 

we define 1't xi to be 	-k 	the derivative tAxj  
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defined in this way is defined at each point of SL ) but is generally 

discontinuous, with bounded discontinuities. 

For the purposes of illustrating the use of direct methods we 

shall consider the following problem: 

minimize 

I OA = 	F ( x w, Vu.) aSL 	 ( ) 

in that class of functions 
	

Lit z. L, (SL) 	which have piecewise cont- 

inuous 1st derivatives and are continuous in J1. and satisfy the 

boundary condition 

where c, is a given function, continuous on C-),S1_ . SL is a bounded 

region of R, 2. . The above defined class of functions will be denoted 

by 34, 	and the problem just stated will be referred to as. problem 

(I) Z4,) • 

Let us first note that there has to exist at least one functioli 

E 	4) for which (C) 1) is defined. Given (L)1) this immed- 

iately places restrictions on the smoothness of D1L. We shall always 

assume that these restrictions are met. Secondly, it is necessary that 

LNN f 	11 ( LA) > 	 (CI  i) 
61, 

this will be the case, for example, if the function F (x),xL; .; .S• ).) >. 0 

o ( x. 	; 

(C/1) will also be assumed always to hold. Then there will exist a 

greatest lower bound to the set 

(LA) , 	LA. c st4 



and denoting this bound by m there exists a sequence of elements 

u" u,L) 	E.. 34 such that 

L,w, 	I (lA-) = 
vt-. 00 

(6,4) 

Any sequence 1lA, 	for which (L,4) holds is called a minimizing 

sequence. In connection with the minimizing sequence, two questions 

arise: 

1) Does 	ixivi 1.  14,1 	exist? 
	

s- ) 00 
2) If so, can it be said that if 	I.  tA,,,is -? 	 E 

then 

LA:L4A I[kbA] .= I ki 	 (Li (2) 

If the answer to these questions is positive, the problem (I,Zcp) is 

solved. We shall mention that a positive answer to ((,T) depends on 

demonstrating various compactness properties of the class 4>+ 	whilst 

the possibility of the limit operation in (6) C) depends on semicontinuity 

properties of T. 	(lower semicontinuity for the minimization problem, 

upper semicontinuity for the maximization problem). The relevant proofs 

can be carried out either in the weak or strong topologies of the space, 

or even in both if the convergence of the sequence of derivatives is 

involved. The above approach to the minimization problem is loosely 

called the direct method of minimization. 

The present work is devoted almost entirely to the first aspect 

of the above discussion, namely to the construction of minimizing sequences. 

The aspect typified by the questions 1) and 2) requires rather different 

tools, analytic in character and requiring substantial mathematical 

preparation. 



1.7 Conditions for a sequence to be minimizing 

The fundamentals of the Ritz method for the construction of 

minimizing sequences are as follows: 

in the class Y,4, 	a family of functions, 	is taken, each 

member tA) of which depends on a number 5 of numerical parameters 

(for example, the coefficients of a polynomial). Changing the values 

of the parameters changes the particular member of the family but not 

the fact of its membership. The members also have the property that 

among the members depending on 5-1-t parameters, 	) is in- 

cluded every member containing 	5 parameters; i.e. if 'Irs  denotes 

the subclass of 	containing 	S 	parameters, then 

C 	c _ 

the inclusions being strict. 	 L  may, for example be polynomials of 

degree ) for 	0)  --- 

Now let N be a given integer, and suppose that 

(o )...) ct Al 	431()N 
	( cLZ are the parameters) generates, the 

class A5-N . Substituting cp, into I(v) we get 

I ( 4 ( GL I )--) a- N ; x) ) = I N  

which is a function of the IV 	variables c1-1)..-“AN. These variables 

are now determined in such a way that the function of i\I variables, 

is as small as possible. This will usually involve solving the 

simultaneous (non-linear) equations 

azN _ 0  
aAL  

I )  2 ) 	N 
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Let 	IN 	take the value 1. N  at the minimum (assumed to exist). 

Repeating the calculations with functions 	(4)N i  ) N >NJ 
	It 

follows, in view of 8-t,i  C. )-,4/ 	that IN  s>,  IN/ . In this way we can 

generate a sequence 	IN 	N= 	strictly non-increasing 

and bounded below. The sequence ct'N  (x.) is called the Ritz sequence 

(for the family s'J- 	). Now there exists t • such that / I 	e . 
We cannot conclude 

c-f 	I ((A) = tvx 
EA C. )(1,. 

In order to draw this conclusion we have to impose conditions on both 

I.(t,) and I'S . A quite general result in this direction will be 
given. The following definition is needed. 

Definition  

A functional I defined on a metric space (g)(0(with metric Cr) 

is said to be upper semicontinuous (lower semicontinuous) at lA £ 

if, given any 	E. > 0 	3 	S (c) 	such that 

I ((A)) < 	(IA) 
	 (I()> I (k)- 

	

Lk) 	satisfying 	cs (u.), LA..) < S(E). 

Clearly a functional continuous at Lk is both upper and lower 

semicontinuous there, and conversely. 

Theorem 7.1  

Let functional I attain its infimwn at a point IA 	of a metric 

space (6)  0-) . If I is upper semicontinuous at 	Ut 	and 5" is a 

set dense in (61 09 the Ritz sequence is minimizing. 

Proof 

Let E.> 0 be given. By upper semicontinuity )  ] S(c) such 



that 

6 (u-icA) < g(c) 

Choose 0-  such that 6(0-1 	S(E) 	and then a Ut g  E. Li 

such that 6(14N)  IT) < 	Then 

	

6(LtN)  FA) 5 c(v w)  tr) + 6 ( 	Ft) 

S(g) 

Consequently, 

I(UN) < z (c0+ E 	 ()1) 

If now lAN  is the member of the Ritz sequence corresponding to (A N  

in the sense of containing the same number of parameters, then 

I(NN) < 	(,A,I) and from 	(1)  1) 

t•kt,i) < I (LAN) < I(c) 

and since E. is arbitrary, the theorem is proved. 

Later on, we shall apply this theorem to problems of'interest 

to us, but it is first necessary to examine how we can formulate 

boundary value problems in a variational form. 

1.8 On the variational formulation of boundary value problems  

In this paragraph we shall investigate the senses in which the 

problem of solving 

0t,v ,y(Ig-v\r-) 17  ) 	HX) 	U kkrt.?- 

can be reformulated as a problem of type , (I) Z4)) • 



In addition to 4 we shall introduce a class Z2.1 4) 

consiting of that subset of 	whose 2nd derivatives are continuous 

in SL. Our interest in variational methods arises from the following 

observation: 

consider the functional 

I ( LA ) 

where SL 

si  a- 

is now 

[ 

a 

s(t) otEl ota_ 	- 
a., 

bounded region in Ril. )  is the function 

(v, I) 

considered in paragraph 4 and fa eti) . 

Considering (8,1) in the form (()1) we find as a consequence 

of the hypotheses on y(t) that F 	C (1)  ( R2.A + ) where ( )c) tA; r ) 

For ;PII) we pose the problem (I)  .82_,4)) 	By a well known argument 

[4-] 	a necessary condition for (A, to be a minimum in ‘2,4) is 

that 

(9 2) 

where 	1 	. 	(11,0  is that class of functions satisfying 

the same smoothness conditions as functions of .̂1.>2.,55 	but vanishing 

on 'Da ). In view of the smoothness conditions on F and tn.f.x 1 

the derivative (9,2) can be found by differentiating under the integral 

sign, and (9,9 takes the form 

J 

	
f 	of 	0 	(?,9 

Once again using the smoothness properties of 	UL 	and +7 we can 

integrate the term 

DA 3(: 11X0 y(1qtA6OUL 
JI. 0-1 	 i 

57cz (Y (Ivul tAx) • 1 o'Q— 	(?,4) 
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and from (9,10 -(V,4) since 1 is arbitrary, follows 

s) 

I). = 4) 	E 

On the other hand, multiplying (4,S) by 	and integrating by parts 

we can arrive back at MO . From this we conclude the following: 

a) at every stationary point of il(v) in .2.,(/) 	(715)-(q,6) 

are satisfied. 

b) If cti satisfies (5l1c)-(8,6) it is a stationary point for 

(1^) in 	j 

thus the stationary points of 	in in J32/4 and the solutions of 

( 	c) — 	6) can be placed in a one to one correspondence. 

What this means is that solutions to (9,c) -(Y,C) may be found 

as stationary points of 	in j4)2.451) 	In particular, if it 

was known a priori that (S', c) -(9,0 	had a unique solution, then 

( 9,1) would have a unique stationary point in .g/4, : in such a 

case it is often possible to decide the character of the stationary 

point, (e.g. a minimum) on physical grounds. 

A number of objections can be raised against considering (9,0 

• in the class j.i.z,(1,  as opposed to, say, the class (4 	Let us mention 

two of them, one theoretical and one practical. The theoretical objection 

is that 1:(4) in no way requires the functions for which it is defined 

to have 2nd derivatives. This requirement was imposed by us, in order 

that the connection with the differential equation could be seen. The 

practical objection is simply that it is very difficult, in general, to 
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find families of functions in lq 	with which to carry out the 

Ritz method. 	Neither of these objections applies to the class .8,fr . 

For this reason, our main concern will be with problem (I)  .Z4). 

We shall briefly explain certain new difficulties that arise in 

connection with the differential equation, and the solutions to problem 

(I)  S4)) . Certainly, for (I)  24) the necessary condition (4)/) 

can be derived in the form (8,3))  

LA-xlx,.).?(IVkAlt) 	-f 1 41/41 = 0 	(V,i) 
tt, t 

however, the partial integration cannot now be carried out, since it 

is not known, for example, that 

? 	( 1,1 L X:) 	
C = 	X ) 	) 

exists. Thus, a relation like (9,5) cannot be derived, and the 

connection with the differential equation cannot be established without 

further analysis. Indeed, in the absence of certain restrictions on the 

functional, it cannot be established at all - widening the domain of 

definition of the functional actually changes the character of the 

original minimization problem. 

Faced with these difficulties, those persons interested in the theory 

of the existence of solutions to differential equations evolved the 

following approach: (8)7) is to be considered as the starting point 

for the investigation of the existence of solutions to the equation 

	

?x. ( Y(17tAN (Ax z.) = f (Y-) 
	

(v)v 

(Al 
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Functions 14,  contained in a class of functions 34 	(actually 

wider than 4 	) satisfying (7)9) and for which the integral 

identity (8)7) is satisfied for all 	;I i. aL, 	are called 

generalized solutions of (q,0 — (8,9) . Finding conditions under 

which generalized solutions exist is the first (and easiest) problem 

to solve. Having given these conditions, there remains the question 

of their smoothness up to and on the boundary 'Da. 

We cannot go into these questions here: the reasons are the same 

as indicated at the end of paragraph 5. The problems discussed there 

are essentially connected with those we briefly introduced in the above 

paragraph. Accounts of this work, (which leads to a very complete 

existence theory) may be found, along with further references in [1] 
and 	. 

As a step towards establishing a connection between solutions to 

and solutions to problem (I)  M we sha,11 

prove the following result. 

Theorem 8.1  

Let ( satisfy (S;C)-- MG) and let (g,s-) be elliptic. 

Let 1:( LA ) be given by (q)  I) Then 

f 	I(LA) 	ev■ f I (v)  

Proof 

Let It= Z : the general case is similar. Consider any 1.0 E 

and put' k 	iok E. So • 	Then 

IGJP- 	 La" 
(E) 6IL 	= 	s (t) dE 

	
(tAx,* k x , 	xL+ 1,x 



Then 
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ir,, AL 	k j,, j...) 	 (AXA  ) Lit  X y. 	 K, I 	XL 

w 	, + L 	1, 	I- 2W - 

A 
where 	t.lic,,x;;x  represents a mean value for qi cit.-  etc. Inte grating  

over n_ 

1(w) - 	( 	) 	\7C; ) -2f in ctst 

2- J  'Y 	I, 	t 	q)  cA 	x [A 1,AL 	L ., ota- , 

The 1st integral can be integrated by parts since TA a 09 (S1-.) 

and .5) 	C-(1)  Co) °0 -] - The result of this is 

(?),.( 	(IL7̀ 1'-)1771 )`i + 	(3)(17‘-̂  it.) 1Axa. - 	E-71 	irt 	) 
st_ 	I 	px- 

wtgic II 	is zero 	by 	(`'1 5) 

To evaluate the 2nd integral, note that 

2-1. 5) (i Likl /') 4 LUZ, 91 (INAnt1)] 

= 	y ' 7. Itn 

1 „,„0„, 	i[y(ibAr-)4. 2LA.,„ y/(1 7LA IL)) 

so that the coefficients in the quadratic form under the integral sign 

are precisely the elements of the matrix (L6a), Since the eigenvalues 

are positive for an elliptic operator we conclude that the second inte-

gral is positive. Thus, 
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But tA) is arbitrary in 14, and the theorem follows from this. 

We are therefore assured that enlarging the domain of definition 

of functional 

j:fs 	t' 
p(F) ate — f 	) dJL 

from S2,47 	to 	4 	does not bring in any lower minimum, in the 

case that (?,c) —(9,6) 	holds. It is at least necessary that 

such a result should hold if we wish to solve the differential equation 

by extremizing the above functional in a class of functions wider than 

that for which the differential equation is defined. But we have not 

proved that the extremal elements in the wider class actually lie in 

the smaller class. 

1.9 Statement of the variational problem  

We shall be concerned in the sequel with the following problem: 

Minimize the functional 

I■To 

J( `" 	
[ 	'- ( 	 LA, 	6( a- 

A_ 	
j

a 

in the class of functions L.Vh continuous and having piecewise 

continuous first derivatives in SL" and taking on the value .(1) 

on ).21  where a = 	4DS1-2. 

The only new point here is that the boundary function cib need 

be specified on only part of the boundary, dal . If the functional was 

J)
D
Ai 

	

i 	
i minimized in , , it is well known that a minimizing element would 

satisfy the condition 

d In — =0 on 3,1,. an 
2_) 



3s.  

A 
where 11, is the outward normal to a52..z. This condition is often 

referred to by saying that (q) L) is a "natural" boundary condition 

for (1) 1) . Its computational significamgporiginates with the fact 

that members of the class in which 0) 1) is to be minimized do not 

have to be constrained to satisfy 0)2-) . The minimizing element 

automatically satisfies this condition. 

1.10 Semicontinuity of Jr(tA)  

The present section is given over to a discussion of the semi-

continuity of 3- ( A) . 

In the class .)31„6. we introduce the metric 
ti 

c-(y ) v) = max I IA,— V 	+ 	mosx 	v„, I 
C=1 

We shall prove that at the point i."-A defined in theorem 7.1 we have 

for any :>o 

Roo) < J- ( Ct ) E. 	 er (w )  CA) < S(0 

This is equivalent to the upper semicontinuity of J at Ct . For 

the proof, consider for any fixed x £ :FL ah.d W 

/ ci&e.
(17i.X1t- 

	

.5(L) a -2fuo) - 	y(t)at 

ivop 

	

I 3R) att - 	((,)- CA" ) (to) 

I qt..)V- 

?((-)Gtb 

Pi-Ail- 

 

 

y(C')1.1ivor-lq't-All 	12.1-1.1w-T;i1 



where t44  E 	rk71/119 . Recalling that y £ 

and that if! < 6 	we have that this expression 

Si 	G3r-  i‘7CA IL I + LB It.)- Cn 

1(k)x;,4 TA)Q.)1.1i/Jx;.- 17,<;,1 	.2_1(..)-Cti 
i=i 

 

It is evident that 3 to  such that the constant g, remains valid 

for all w such that 6(W)  ti) < to 	Furthermore, for all such 

0 )  C r. 11 2. ) 	. 	(1,. since Ft is fixed. 

Hence (10) x) satisfies 

g 3 	 10.,- ulx,) 4. 2-g it-J- (7%1 
c-1 

Bit  a—  ( 
	

001 3) 

From (00) 1) 	and 	((o) 3) we have then 

Wwl' 	IVL-AO" 
( f y(E)o(e -lf (&)) - ( Jr 57(E)at-24[7,) < gii_6(w) i71) Jo 

 

and integrating over SI ) 

g s_ (5—(w, L) 

Hence, by taking • 6(U7) vi) 	as- 	we will have 

JCLAD) 

and the uppersemicontinuity is proved. 

Now consider the metric in 

n 	
1

1L 

0-1 ( tA )  v) = (.1 IL4-1/12-.0{Z + 
aL 	1. 	iL 

(10) L4) 
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If it is assumed that y is a bounded function, y(E) 

then it can be proved that :Jr is uppersemicontinuous in the metric 

space (2,;)  U') The proof follows the lines of the previous proof, 

using the integral metric 00)4) instead of the 'pointwise' metric 

6( (A )  V) . The bound on y 	is needed to ensure the existence of a 

constant to play the role of 6, in (top.) but the rest of the proof 

is not different in principle from the proof already given. 
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1.11 Resume of Part 1  

The purposes of this part have been threefold; to present salient 

theoretical facts about ellipticity, to introduce a class of non-linear 

elliptic equations of practical importance, and to indicate certain 

difficulties which arise when boundary value problems are reformulated 

as variational problems. 

The first of these matters was considered in sections 1.2, 1.3 

and 1.5, the second in section 1.4 and the third in sections 1.6 - 1.10. 

In 1.2 the notions of ellipticity were discussed and in 1.3 an important 

consequence of the definition of ellipticity was given. Application of 

the results of 1.3 was made in 1.5, in proving the uniqueness theorem 

for quasilinear equations. Additional general references for these three 

sections are 
	

Cci 
	

and [ I • 

In section 1.4 we introduced a class of equations of importance in 

mathematical physics. The literature contains a great many equations 

of this type. It may perhaps be said that the given equation will occur 

whenever it is necessary to take into account physical non-linearities 

in describing phenomena which, in the first approximation, are governed 

by the Laplace (or Poisson) equation. Furthermore, there is a plasticity 

theory in which a functional of the type (4) 1) occurs directly, and for 

which it is difficult to write down a governing differential equation on 

account of the lack of smoothness in the function 
	

An example from 

this plasticity theory is given in ' 	] . 

In sections 1.6 and 1.7 various problems concerning variational 

methods were introduced. For some of them we were able to provide 
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reasonable solutions, as for example Theorem 7.1. It is probable that 

related theorems to this are known, but they do not seem to be easily 

available. The mathematical theory alluded to at the end of section 1.6 

is contaLaed in Et] . In section 1.8 some problems concerning the 
extension of functionals (to wider domains of definition) were exposed. 

These problems cannot be regarded as solved, although it shbuld be ment-

ioned that for a class of quadratic functionals they have been more or 

less completely solved. The solutions form part of the Friedrichs-

Mikhlin theory of semibounded operators. 

Finally, section 1.9 contained a statement of the variational 

problem to be considered in the sequel and section 1.10 consisted of 

a demonstration of the semicontinuity of the functional involved in the 

variational problem. 



'PA R T 2. : Piecewise 	omial trial functions 

1. 	Scope and purpose of this section. 

From the last few sections of Part 1 emerges the importance, 

for the construction of minimizing sequences, of hexing available 

functions depending on parameters and possessing certain smoothness 

properties (trial functions). The present section is devoted to an 

examination of a class of functions of this type. In order to 

motivate the following analysis we shall outline in a heuristic way 

what kind of results are needed. 

The principles are clearly seen in the case in which 	E gi . 

Let a be the open interval (10, xn) and :51.= SL4 
the closed interval [10 ).rn]. Subdivide IL into R. 	not 

necessarily equal intervals Expix13 ) 	) 	_) pc,—.  x4,] 

It has been found empirically that a trial function t1(x) r (''0 ) 
of a computationally convenient kind is one satisfying the following 

conditions 

1) For any given set of 	61..!is ) 	 (x, a-) 
is continuous at each point a: E 

2) In each subinterval EXR). x x„1 ) 	y (x )a) 

reduces to a polynomial 
	

Px+1  (X) I 	 of some specified 

degree 01": I ) the same for each subinterval. 

Additionally, it may be required that 410( J 00 	satisfies some 

boundary conditions. It will be assumed here that 

44 (x. 	77: 	(x.-1, A-) - 	 N 

It is now necessary to recall some basic facts about Lagr4nge 

interpolation: let [6.1  ,jmn] be an interval and let it be sub- 



divided by points 	a, 	. _ 

by any polynomial of degree nn. Then 

the form 

‘'a 111 I 

(sz 

< 
VW' 	Let CR (x) 

can be represented in 

( x ) 
=0. 

where the functions e:00 )  the Lagrange polynomials, are nni‘ degree 

polynomials which satisfy the conditions 

1".) 

This representation 	(1)1) 	is unique. On the other hand, 

if 	 are arbitrary numbers then the expression C:.0. I 	Al 

= 

eLoo 	0,3)  

 

C=0 

represents a polynomial of degree nn which takes on the values 6 

at the points 	.L  for 0:‹i ...cm. It therefore follows that the 

class of all polynomials of degree lin can be generated by varying 

the parameters k in OM. 

These ideas can be employed in the construction of the functions 

a i ) 	satisfying 1) and 2) above. For this purpose, each 

interval 	L x 4 , X KT Tj 	1t =oj  1)  - ; 	1 
	

has introduced 

into it 61- 1 	points 
	

X
(K-11) 	 - - m- r 	not co- 

inciding with each other or the end points. For convenience it will 

be supposed that 
	c k ) X 1411 

	
is subdivided into rn equal 

t. 	parts. Moreover, it will also be assumed, again for convenience only 

that the intervals [XI( )  '34- K40] 
	

are of equal length. 

With the interval 
	

E xu. , *X- a 
	

is now associated the 

Lagrange polynomials 
	e lk.40 ix) 	

t..1-   ) ) " . 
	 such 



be associated 

6g.4. 
	be 

i(1.0.)(1.)  

J 

(x) + pit 

0(49 
(x) 

f  
rn 	) 

( a) 4) 

(1)5) 

p,00 	
(k.,) (x), 

j-1 

(x) 	biL-1 n(0 ( X ) + 

	1•1•1 (A

i 

4 L 

that 	 (k.")(X) =. ' 	
D  (u4 I) 

I  ) 	
i■ ; I ) Z. 

	

- . • ) Vifi 	; 	L o 

ig 
with 	let parameters 	eL(4.4°  X 	 C,4)2.1 ...)  1wit-1 .41) 

G 

and with Xi( and X g.,1 	let parameters bk  ) 
associated. Consider the polynomials 

In the interval 

j 7.;  

L -X  IL-i let us define a function 

( Pk (X) 

(x) 
X. I (xi( ) xl(4.1) 

is not defined at )Cic at the moment, and we are also assuming 

that neither 	X,4... 1 	or 	X 144.1 	is an endpoint of SL . 	Both 

are defined at x- 7- Xg  . They take 

the values 

	

(x.) 	i
(
t."1) (xj,) 

2 (g) 

	

(x IC) 	k 	1,3  Cr  1L ) 

by the definition of 
(IL+ 9 
0  (x) 

g (IL) 

( I) • Extending 

the definition of 9 (x) 	to take in Xg  

is obtained; oc) 

a new function 
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X L [Xit Xk-4-41 

is continuous in 	x.14.] 	reduces to an hel 

degree polynomial in each of the subintervals E 	1  X IC,1   I 

XIC, X114.1] 	and has both these properties regardless 

of the manner in which the parameters are assigned. It is evident 

that this procedure can be extended to each of the subintervals in 

[7,01 
	 the only point is that in order to satisfy 

the imposed boundary condition, we have to take 	= 1>k, = Q. 

In view of the meaning attached to the parameters, namely as values 

of the polynomial at the nodes, the boundary condition will thereby 

be satisfied. The function 	(X) ct-) 	defined in this way is 

a piecewise CP){_ct) 6 j 	function. It has been explained 

previously that functions of this type can be used for the construction 

of minimizing sequences. 

The objective of the next few sections is the development of a theory 

of Lagrange interpolation in 	fL 	dimensions in such a way that trial 

functions analogous to those just considered in R, can be constructed 

in a manner suitable for computation. A range of generalizations are 

possible, depending, amongst other things, on how an 1L - dimensional 

interval is defined. The class of polynomials which can be accomodated 

in the theory is closely bound up with this definition. Within the 



scope of the definitions of interval and polynomial considered by us, 

we shall develop results which enable the inference to be made that 

each polynomial is uniquely representable in a form analogous to (1,1) 

and that, conversely, a form analogous to (1)3) generates the entire 

class of polynomials within our definition (which is a general one). 

This converse inference is important. The methods by which these 

results are Obtained are interesting in themselves. It should be 

mentioned that the question of satisfying the conditions set out in 

Part 1, section 7 is considered subsequently. 

2. Simplexes and polynomials  

We begin by studying certain,. properties of simplexes. Throughout, 

will mean a nondegerate simplex (i.e. a simplex whose a. measure 

is nonzero) whose 4,4- 1 vertices Xi, 1, 2-0 i 1 1 —  1 ti are 

situated in 	fin, . 	As is well known, if X is any point in 

it is uniquely representable in the barycentric co-ordinates Az  

which satisfy 

0 

the following geometric interpretation of the 	Az 	is available: 

.T 
let 	X.  = 	Xi,2. ,..);(z„) 	so that (2)1 ) is then equivalent 

to 

      

      

      

 

i 

 

Xo  

  

    

X  Is 

X02. 	3C. 1- 

• 
• X 4, I 

   

(2)  2) 

    

  

   

       



where Now the determinant of the 

matrix on the left is ri.,1 X 	the volume of 	5 1.1 	by Cramer's 

rule we see that ) Z• is the ratio of the 	A, volumes of the simplexes 

whose vertices are 
	

X D ) X1) ... , X;,-1 )  X) )(t:4• — • X ni 	 and 

X 01  X1/ ....1  X n , This is particularly important when x. E. 1; 

so that 	Ai, =';% O 	C , 0)11  . 	n, 

We can imagine (2/2) solved for the vector A - f ...0; -1,—, An..) 

We should then get vectors 41°  and scalars 	bz 	such that 

A z 	= 

Consider the set of points 	X. 	for which A,:(x) = 0 . Evidently, 

these points lie in the hyperplane 

( WO, x-) + L i; = 0 

In accordance with the geometrical meaning of 	A. it follows that 

the hyperplane 	(x) 	contains the face of 	not 

containing the vertex 	)(c, 	or, to put it another way, Dic is a 

linear combination of the vectors X 0)  X +  ) . •X 	X, - - • 

Each simplex contains an important collection of discrete point sets, 

here called principal lattices of various orders. Their definition is 

this: let IN1 be a fixed positive inte ger. The discrete point set 

;'1 ,(1.111 11) 	x E. Rh   Y_ Di: XL , 	) ( j inkp,a4))  ±A 	/  

is called the hn 	order principal lattice of 	S n . 	It is easy to 

prove that 	(04  m,) 	contains 	
iv, vi 	nn 

I 	members. 
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In order to clarify the significance of this definition, a simple 

example will be considored. We shall show how to construct IS (1  2.) 

for 	§2.  . we take the triangle with vertices (0)  o), (I o) , (oi l), 

Divide each side into 4 equal parts ( 0,1 in general). Draw in the 

lines, parallel to the sides of the triangles, through the points of 

subdivision. The points of intersection of these lines, together with 

the points on the boundary_of the triangle constitute 1 (It) 2-) 

Note that it has (4L1) = 15 members.,  

This simple example of course does not prejudice the generality of the 

definition of 	 (m;  11) already given. 

We pass on to a consideration of certain properties of a class of 

polynomials which will be cased later for interpolation. Let us define the 

symbol. 

a, a, 4s  
61"4.0.4.. • 	X  I X L • XS 

I' Kt  
( 

where is a non-negative integer 1.0... 

and 3(" 	 - . . , x s )"r 	is an S dimensional vector. A notable 

property of 	(2-,3) 	is that each component 	X.  is 'equally represented' 

The class of polynomials (1,S) of degree 	2 	and with DC £ Rs will be 

denoted by Vti s . 	If 	P E-._ V t.)  6 	 then a (17/  MO 

will mean the restriction of 
	

to the hyperplane 1 L, where 



is defined in 
.I., 4,  

1-11, , 	x£ R,., I DC ' 2_)ii, k, ) Zt.  11 

for 61,4-1 	vertices 	Xfe. 	i.0 ) 1 1 .... )  i, . 	Also, 	
V1'' s  ( MO 

will mean the class of functions obtained by restricting each element 

of 	VA. 5  i 	to 	TT (Iv  . 

It will now be proved that, roughly speaking, a polynomial of type (43) 

retains its characteristics if its domain of definition is limited to 

linear manifolds in 	. 

Lemma 2.1  

Let 	a V IVI, pi ( 74_,L) 	for some given 1n-c( ; then 

  

Proof 

By definition Q 	is got by restricting a certain element 

of 
	

to 

We can select n-e{}1 	points k CT--0, 1,.. 1  n-et 	in FL-4 

in such a way that each 	DC c nii _d, 	is uniquely representable 

as 

For such an 

P 	? ( A)) = 	E CL 'ea--•uer, x i 
k I s M 

   

"i 	( o 
‘ a l  

›q(x1i.—  xlo)) 	. 
C=.1 



49 

where 	X t  = (X • 	X2. 	v 	\T  
16  ) ..;, ) .. _ - At,,,:. ) 	. 	It is clear that the 

quantity on the right is a polynomial in the 	>ti, 	and that this 

polynomial is of degree m . 	Since also the 	XL 	appear symmetrically 

in (1)1.0 we can write it as 

..c 	v..-41. P- :EI 	)i OLitcl..an_A 	1 -- 
1,41.0, 

A;,  on rearrangement. But the AL 6 )  - 	n- can be chosen 

arbitrarily and this amounts to the assertion of the Lemma. 

The next two lemmas are needed for the main theorem of this section. 

This theorem may be regarded as a generalization of the fact that if 

vC 	is a zero of a polynomial PC'-) in R, then P(x)= (x""))'` 

x  p (1)
1 
 e(x)being of 1 degree lower than P(x) 

We shall denote by 	0n-ct ( )1°/ y) 
	

an open sphere of 

radius S 0 	and centre x 0 	h- 	and lying entirely 

• in 	17n-d. . 

Lemma 2.2  

Let 
	£ V mit, 	 and suppose that P(x) = 

whenever 	)t. £. 	a. ()to 3) 	Then for each t.c:  

Nta) = 0 . 

Proof 

    

 

Let 	:x-i  E I „_ 4 • Since 	is convex it contains 

     

the segment 
	

Consider 

1.11  = 	X_ I X 	-/A) )( 0 4. itA X • 



b4 

E)%Z. )(111r 

J7-0 i.<1%i 

n 

>11. 	X  P4  
- 	 1.1rt 

(x) (b,:x4e' 

By Lemma 2.1 ) 	X ( PI  71 ) a Vivi) 1  • 	Selecting 

OA+ I 	points in 	-7, n 0--n-a. (10;  .3)) 	 defined by 

il'' 	
• --..•.; , ) .. . ) 6.1 	we see that 	.1 ( P, TT 1 ) ----, 0 	Since 

xl  is arbitrary, the lemma follows. 

Lemma 2.3  

Let 
	£ V tri, 	 and suppose that for any fixed but 

arbitrary hyperplane 	we have 	( Pi, Trn-,) 
	

0 

Then 1  (x) 	can be written in the form 

Pi 01) = 	(x). I (x) 

where 	)t E. V i)  kt, 	and for each 	E TT 	(`fl = 

Proof 

Speaking loosely, we may say that if F1 vanishes in a linear 

manifold of dimension A-I then ri contains the equation of this 

manifold as a (linear) factor. 

For the proof, we introduce into Rn  the simplex STA, where 

vertices Xi) 	X rt, 	lie in 'FL, 	and the distance from X0 

to 	TT,1.1 is fcsitive. If 	x. £ R,1, 	then 

4 

czEI A; 
c=0 

• 

and so 

ce.1  n. (.1g  utc, . . 	v% 	0 

i.4 (= 1%4 
where 	

• 
(kr. h4) 

of 
are certain combinations

A
the 



A N. \ 
1)0a,....a„, At - 

Co 

components of the X. 	and the (40c,__04, 

Now let TTn _ s 	then 

= I 
r-0 

For such a 	al 
P, 	takes the form 

M1'1,4 

a 
/A 'zz (3  

", 
 

tal.m  

But this is zero, since 	P,() ---0 for ‘-' E.11.4_, 	so that 

a 	a" 
- fr 

la I 
0 

We shall now consider the homogeneous polynomial 

I  
Z.. Li - 04  n I - In"  

lal= Mn  

and we shall show that whatever the 	it is zero. Indeed, for 
K 

= I 	 this statement is already true. - The general -case 
A 

follows simply from this when 21z, /L.,  0 . 	For then, 
c=1 

, 
.1,„ = s- 	Lo„.a, 	( /Sr'  

a a 

WI= hi 

where S 7- 	• 	If S = U 	then a continuity argument is used. 

Now write, generally 

la 1:-.w4 

\ tt4  
0-./Sn AO -- 

Its 

Ari - 



not containing any point of the intersection 

Let 
	

C 	Cr  ( >1 '2 1 	) 

.c• 

in view of what we just proved. But as we saw at the beginning of this 

section, the 	can be regarded as (linear) functions of position 

and therefore, 

(x) 	x(x) c,(x) 	,i (x)(14  
1(11. 1  

This is the statement of the lemma. We should point out that the function 

(X) 
	

of the lemma is determined only up to an arbitrary multiplicatiVe 

constant, since if 	(t3) 	so does 	K 	"- 0 . 

Theorem 2.1  

Let positive integers 041  5 	be given, S‹. IN4 and let 

T-T„_,,i j=0) 11 _..)S-i be 	S distinct hyperplanes. Let there be 

given 5  functions, 	1j(x) j,...o)  5 	S-I 	linear in. x. 

and such that 	C 	CA,TICes li(x) p. 	Suppose 

£ l eot 	 and that 	R ( P1 	 0 )  

Then 

P, (x) = 
14(

x)). P2...(x) 

where 	E Vm-S)  

Proof 

The proof is by induction. Assume that the theorem is true for 

some 	I 	< S so that P, vanishes in the hyperplanes 

170-1 	c,0;1 1..lt-I and is representable as 

ri (x.) .= 	(x) • ( 	it 	)i'3 	V 	vt, 

Consider 	Tin-i")& . 	By hypothesis, 	contains e.\ 

E-1 
f(x1),_ r3 (xo. n 

c:.) 1,,(x1)) - 0 

) 

Then 



C 2- 

and therefore, 	(x.) 	0 	By lemma 2.2, 	( ) 	0 

and by lemma 2.3, 

= ri# (x) • lb (x). 

therefore, we have proved that 

E 	, 
P, (x) = k(x) ( 	1; (x) ) 

But, again by lemma 2,3 the result is true for Et7-1 	and so the 

lemma is proved, by mathematical induction. 

The following corollary holds. 

Corollary  

Let 	pLkimirt 	and vanish in 5> wk 	distinct hyperlanes 

Cz-o;')...., 5-1 . 	Then 	? 

Proof 

Select any 	Y 	hyperlanes, say 	114_,,c 	c 	ha - I 

Then 

11  ( X") 	C. I I I I t: (X) 
	

C,= Cov1.5 E. 

Since 
	P 	vanishes in a further hyperplane, CI  must be zero and 

the result is proved. 

Before continuing the development, let us indicate an extension of 

this theorem. 

Considering again R I  we recall that if a polynomial p(x) has 

the form.  (7c.--a)s  11.(x) 	then P and its derivatives up to (5-0et. 

order vanish at 0< 1  and conversely. If we replace 	Dc--,.,e) 	by q,:(k) 

we can make a related statement in the general case. Since this result 
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is not required for our present purposes we shall omit the rigourous 

statement and proof. 

3. Interpolation  

The material in section 2 can now be used to prove the following 

theorem. 

Theorem 3.1  

Let 3c.. E Avs  ) let Sn  be given. Let the points of the 

principal iv144' order lattice of Sn  be ordered and called 

(1k;/ (gym .  ) 	(gym 	Suppose that f ir  cti.1 ”.., (64) 

are given arbitrary numbers. Then there is exactly one P £ 
t 

satisfying 	17(1/Z,) = 	i) 	•.) 	evi ) • 

Proof 

Pat another way, the theorem asserts the unique solvability of the 

interpolation problem in the class (1) ) and in 6(0401). 

To prove this result we use, induction on 4. 6 	Let us note -the 

following important fact: Let 
	

be a fixed integer and 

consider the hype]glane 
• rt.  

T1 	 )C. I x. 	`-- X 	t 	v . 	+- 
cs. 

Speaking geometrically, this is a certain hyperplane parallel to that 

face of the simplex opposite vertex 	X0 . 	Its intersections with the 

edges of 6n , (n +i) 	of them, are the lattice points defined by 

= l - 1 

i.e. if these points are 	.1. )"..) m 	then 



These 	ex. 	points generate an n-, dimensional simplex, 	54-1 

We shall show that the lattice 6(ivi-j) 	in 	511-1 conincides 

with that part of 	(wi, rt,) 	of 	§e, which lies in nn-il  

Indeed, 	13 (+14- j , n-1) 	is 

x 	Er;,ki, 

where 	]:;, 	is an integer, so that 34.. F 6(04-j %I-0 	implies, 

by 0) 1) 

(. 
f„,[ ; ,x,,, ,,1_,)x,,] 

xo  
rn 

41-. 2_ „LI 
frv, / c,f 

Z. 	y.  
Cr- I 

which is, by definition, a point of 6(min) . It is easy then to see 

that 
	

(IAA- j)  In-1) 	and that part of 	6 (AI, n. • ) 

in 	are identical. The proof uses this fact. We 

shall now show that the homogeneous interpolation problem (i.e. 	° 
( hit 11 ) C :f I 	„n 

our result. Let 

) has only the zero solution. This will imply 

< ft 	and suppose that the homogeneous 

problem in 	6 (m, N ) 	has any solution ro 	Visi ) 14/ : 	then 

a 0  - a ( re ) Tio_i,o ) €. 	vm, 61_1 . 	But 	ei', 

vanishes at the lattice points of (fin-1, o 	and by the induction 

hypothesis the only element of 14.1,N-1 	with this property is the 

zero element, and thus, 	R. ( Pei TT ,,- ,, u) 7------ 0 . 	By 
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Theorem 2.1 then 

(x) = 	(x) vh,(x) 

where 	10(x) 	is as given in that Theorem and 
	

E V ) N 

Now consider 	11 61.4), . 	Since TTN_1,0  E C) 	we 
) 1   

can apply a similar reasoning again to 	i i (x) 	and 	Ti A-I, I to get 

(1-) = ?•L (x) ni(x) 
	 • 1/44_1  a  

and continuing this, we eventually arrive at 

61- 1 

Polk) 	k 	ii,:(x) 
	

k = comt 

and it remains to consider 	vy% • 	Now Po (k)must vanish 

at 	X0 	and this means that K -7- 0 . Therefore, if the homogeneous 

problem has a solution, that solution is necessarily zero. Since zero 

is a solution it is unique. The homogeneous problem is uniquely solvable 

for the N 	dimensiOnal problem if the 14-1 	dimensional problem is.. 

Obviously for N = 1 	we have this result, and the theorem is proved. 

.Note that (20) contains ("44") coefficients. The method of vv■ 

proof of this theorem is rather more general than may appear ihitially 

and it can be extended to cover some more general distributions of inter-

polation points. 

4. Representation results  

So far we have not given any method for finding the interpolation 

polynomial. In the present part we shall give explicit formulas for it. 

trA+4 In fact we shall construct k 	) AA 	functions, tz(x) 	such that 



56 

(N) = 
	

t )-.1 (
vA 
 tv% 

where 	are points of 	13(1'4) rv) 	and 	is the Kronecker 

delta. Consider any vertex, say X0 of 	311 and consider the 

parallel hyperplanes 	Tr 	j = 0) 5 ,•-, A4 	of 	(%) )• 

Let 	otj) ( 	be linear and such that 

i f oi)(x) 	0 V X. 

Thus 	I o) (x) 7. 0 	is the equation of the hyperplane Iln-li J 

moreover it differs by only a multiplicative constant from 1‘,(x) 

of Theorem 2.1. We shall associate a similar set of functions with each 

vertex. Thus with 	XL 	is associated 11S.)(k) for t; = 0 i . • n, ) )- / 
6) 	 -1-- (C) 

and 	II i, (x) .. 0 	whenever 	X. L 	Il n _ i)i 

Assume now that 57.- 	is any definite member of 6(min) 

r1 	 J1 

5E = 	
X. 

=1 

where 	Az, = 	and 	is a non-negative integer. 

By definition of the 	itp (x) 	we have 	I ù ) 	0 	t)...) rl 

This is because X lies at the intersection of the hyporplanes 

)te:(x) 	al=/%1 
	k=o) 11--) et, 	and so lies in each of them: therefore, 

since Ak (x) - 	 C 1)(:.t) (x) 	for some constant C 1 
	(Ai) 

I z, 

Consider the expression 

	

Pz TI 	(x))C.0 

and observe that 	1)5:. E V»a ~n 

Let 	0 ( 54- 	MI and 



0,0,.., As with X  we have n i,  iv =0 	c",,,... , 11.. Now, there is 

at least one index 	k) 	o ... k 	IA, 	 for which b 14  - au  ,' - I . 

For if not, since 	b3) c'-j 	are integers 	t • — 0, • 	0 J 	J LA 
for each j 	and this contradicts L (aj - L;) -= 0, 	since 

J-0 t 5 . So, let k 	be such that 	b it  .. a k- I . 
Now consider 

j.0 
6;71 	 ci IL—  I  

Ti 	" ) ( )')• n i,;(zi) ,, 	• =-0 	,.,:._0 	.;-..-0 
,*k 

We have just shown that 	(A IL 'I 	and therefore the 

factor 	h 	 (5) 	appears in the rightmost product. But this 

is zero, as we have seen, so 	F (TD 	 a-bus, 	(x) 
vanishes whenever 	Jc 	x. . 13 (wi s h ) . 	It follows that 

the function 

satisfies the condition (411) and is the desired function. Since X 

was any point of 	15 ( 4'1 )  A) 	the entire family (4,1) can be 

generated in this way. 

We shall write (4)3) in a more tractable form. We take 1 to) 
 (x) z A z (x); 

then as already indicated, 	I (x) 	(x) j/hri  

Inserting this in (4,3), and (4,1) we get 
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(x) FT FT 	] 
aft) 4.7.0 4:.0  

(4,4) 

Expressions which are essentially identical to these were given in Da] 

where they were obtained on the basis of their possession of certain 

formal properties of the one dimensional Lagrange polynomials. 

For future reference, we note at this point that if x e 

w. 	3 	1:1  (w), ft-) 
	

independent of 	but dependent on rn and 

n. 	such that 

t z (x..) ) 	1 ( m  

This follows immediately from (4,4), since 	0 .5; A;tx) 	j . Obviously, 

if 	tL(x) 	is the polynomial of type (4,4) associated with 

g(w), 	then 	9. 	k(M i n) such that 

e;.(,•x-) 	• < 	(wi t  n) 	 (4,c) 	• 
304.0 

Let us observe that the interpolation process described gives for 

any 	P 	V m  n 	0 nil M an alternative representation, as ) 

follows from a consideration of the difference between F 	and its 

interpolant. In view of this we can get certain algebraic identities from 

the relation.' 

	

F(x) = E 	?(F;,) 	PE V011 	m 4 hi 

	

1 	) 	1 

In particular, 

13(0.54. ) 

which is well known when n,=1 . 
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5, Examples  

Some simple examples of the application of the previous results 

will now be given: 

Example 1  

Let us construct the interpolation polynomial of degree I in 

n, 	dimensional Euclidean space. For our simplex, we- shall take the 

simplex -T, whose vertices are 

XI 
= 	(1) 0 1 - 	- ) 	)1-  

YL =( 	)1. - 

	

( 0 )  0 )  - 	
1)T 

this set of points coincides also with the principal lattice g(i)19 

It follows from the properties of the AL()) that 

), 	) 	= 
	 v=i1 2.1 - -1 et. 

since these functions are linear and satisfy 

From the formula 1tIt) , it follows that they are the functions t;„(1) 

L=1) I 	A of (4 )
4 ) associated with the lattice. If now we associate ) 



with each 	Xi, 	a number 	Ct. 	then the linear function 

11 

ri(t) 	;:
t A;. (x) 

C=0 

is the (only) linear function which assumes the given values 	at 

the vertices )(z, 	These linear functions find wide use in numerical 

analysis. They are closely related to the 'pyramid' functions of Synge LI33 

they also appear in certain versions of the multidimensional secant method; 

this is most clearly shown in the algorithm of Wolfe [14.] Finally, 

they make another appearance in the simplest form of the finite element 

method. 

Example 2  

It is well known that some very useful integration formulas can 

be got by integrating the interpolating polynomial in I dimension. 

The same is true of the present interpolation polynomials. 

We shall indicate the basis of this procedure. It was developed 

by Sylvester raj . * Suppose we want to integrate a function f 

oyer the simplex 1-1 	Let us interpolate 4- with an wi4" deg-ree 

polynomial, 

21 f L  kJx-) + Re,  
11 (ev11%) 

Men. 
N 	.f;, 	(x) atTI  

T, 

CV) 

where 	= 	t;(x) cal, . 	It is therefore a question of integrating 
T, 

the functions 	t(x) over Ti  in order to generate the weights 6.)41, 



1,1 

To do this we can make use of a known formula, 
2 

S

\ MI 	\ Olmrt 	n. 	 II/1 1  M 1 	WI •  1 a 1 

A 	A no  Cl 
T, 	(114 1 4 	4 	t W A4, 	m) 1

• This is proved e.g. in [Ii]. Since all the functions t(x) are 

expressed in the form of polynomials in )tk they can be integrated 

to get the ( 	Sylvester carried out this programme for polynomials 

of degree < g for h = Z and has given detailed instructions for 

using the resulting formulas. 

We might also point out that if 4 is itself a polynomial of 

degree < hq then (from the interpolation theory) the integration is 

exact. 

6. Triangulations and continuous trial functions  

We have seen the possibility of defining polynomials on terms of 

their values at the points of a principal lattice of a simplex. In 

this section the previous results will be used to construct trial . 

functions of the piecewise polynomial type which are continuous on a 

closed region 5.. Before this can be done, some definitions concerning 

the regions 	SI are needed. 

Definition (Wallace, [16] ) 

A (simplicial) complex is a subset of Rm consisting of the union of 

simplexes of various dimensions such that the intersection of any 2 of 

them is empty, or an entire 	k 	dimensional face, 	Ic:--0/ 1)...)  6-1. 

The dimension of complex is the dimension of its largest constituent 

simplex. 

We shall restrict SL by requiring that 9SL is a complex of 



dimension. (IA- i) . 

Definition 

.2 is triangulated if it is expressed as the union of a finite 

number of nondegenerate f1. dimensional simplexes, in such a way that 

every face of every simplex either defines part of ~~2 or is also a 

face of another simplex. 

The use of complexes to define %).. and the above definition 

were given in L17 I . 

Let us now assume that A g, has been triangulated, and let 

be the components of the triangulation. Let an integer 

Wi 	 be given. In 3i, 	we construct the 

principal lattice of order n1 . Let S, and KJ share a common 

face, 	6-j 	of dimension A-I . 	By the definition of a principal 

lattice, those lattice points of 5; 	tying in 5,:j constitute a 

principal lattice in the n -i 	dimensional simplex 	S,J, Similarly, 

those of 

	

	Sj also constitute a principal lattice in S,:j , Since 

has only order principal lattice we conclude- that 

that part of the principal lattice of §t: lying in k coincides 

with that part of the principal lattice'of 	lying in 	and 

that this lattice in E-. in fact constitutes its 	vt4 order.principal 

lattice. This argument does not depend essentially on the fact that 

dimension ( 4j 	rt _1 	and holds whatever the dimension of 

the intersection of :7;. and 	
J 	

Whatever the dimension of this 4  

intersection, the intersection itself is always part of a linear manifold. 

We shall now show how to construct trial functions continuous across 

the interface of two simplexes of a triangulation.. Let parameters 0,,K
) 

be associated with the points. of the lattice in 4 not in S 	and 



Consider the function 

(0 / (0 
Ic 	g (X) 

11'2 tin rt) 
(x) 

	

(3) 	(3) 

	

(4'1( 	(x) 
612)0,1,0  

(i) 
parameters GL R  with the corresponding points of J 	With the 

(common) boundary points of 	ETi, aw c1 §j lying in 	associate 

parameters 	
13 	

The subscripts 	and S range over all the 
(j) 	

K s 	• 

points in the classes of points indicated for them. In S, denote 

the 	0,1 	order Lagrange polynomials, defined in (474), 	
,
s 

4) by 	(4) 

/ and in 	nt.0 by 	(xi. Let 8
tO(m Pt) , 	ii;) 

	
1 	denote the 

lattice points in 	S 	 respectively in 	fij  and not in S,:j 

1")T similarly for '4  I ( 
	and 

We shall prove that it is continuous in 	Obviously this 

is true if 	1_ 4 s.. . 	Suppose 	X 	, 	By lemma 2.1 

in 	(6/1) and (612) are both polynomials of degree 0 in  

variables, where n-ct is the dimension of TC.. 	It is easy to j  

verify that if S-.  is of dimension IA- then it contains 

( 144n-P-1-ci:IL ) lattice points which, as we have seen, also constitute 

its principal lattice. Subtracting (6,1) from (6,2), we 'again get an 

6A 4/' degree polynomial in 11-64.. variables. Consider its behaviour 

at the lattice points in 	. 	It vanishes at them, by the definition 

of the 	e°(1,-) 	and ti4(x) and the fact that parameters bY)  

are common to (6,1) and (6,2). By theorem 3.1, in 5,:.
J)

(6,1) is identically 

equal to (612). Thus, the continuity of 	is is established. 

It is quite clear how these arguments can be extended to the whole of 

5"/„. . The resulting function, depending on parameters is our sought trial 



function. It is continuous on 	; if it is required to satisfy a 

boundary condition, for example with an 41 /is degree polynomial function 

given on the boundary it is only necessary to assign to those parameters 

associated with boundary points the values of the given boundary polynomial 

at the points. In this way, whatever values are ascribed, or computed for 

the remaining parameters the resulting function, continuous on A, 

will satisfy the imposed boundary condition. 

7. Error of interpolation . 

So far, we have constructed polynomials in simplexes and shown how 

they 'can be defined across interfaces of pairs of simplexes in a continuous 

manner. We have also seen that trial functions can be constructed on this 

basis. With a view to applying Theorem 7.1 of Part 1, we are now going 

to derive bounds for the error of interpolation of a function by the 

methods set out in sections 2,3 & 4 and also bounds on the error incurred 

by using the derivatives of the interpolation polynomial to approximate 

the derivatives of the function. Apart from the use to which they will* 

be put by us, these results complement the results of sections 2,3 & 4. 

The combined results of sections 2,3,4,7, and 8 form a natural generalization 

to t- dimensions of the 	I dimensional Lagrange interpolation theory 

for equidistant nodes. As such, it has several applications in numerical 

analysis. 

An exact representation for the error of interpolation will now be 

obtained. Let 	f 	C.(")  ( 	and let F)  1, 	be any 2 points 

of 	With these points is associated a function 4) 
? 
W of the 

scalar variable A defined by 

(Pv ( A) -  FE 90-A(P-60] 



f(r).- E f(rz) 	e.. (P) 
G(vn,i1) 

I f (p) 1 	KI(NI.h) hm," 1 I (r)1 

and 

►+'ci 

KL( 14 1 4) MIINVI-1 11 : 

Gs 

and for 	g (tA 	we shall write 

tIA 4K\ 
.1 1) ) 	• ) 	) 

Furthermore, put 

111 	 m:i) 
cp .  

o 

If 
	

P. 
	B(Inin) 	then that 	degree polynomial 

taking the values 1 at 	and 0 at every other lattice point 

will be denoted by 	tL('-). 

Theorem 7.1 

Let 	E 5 . With the above notations, there holds 

where W11 	rtmo 	in 	S h y  ILI INA+I 	h is the greatest 

linear dimension in the simplex and 	K ( tn ) n) 	depend on mi n 

but not on ?1,1  

Proof 

Let 	3„.1  and consider T6a (A). By Taylors Theorem, 

iv? 	 4)1"1)(A)(i- AY" Gi 	0)C) 4  
• 0 

Let (p-OK  be the lek  component of the vector (r.-CI,). Then from 

( 	for 

so that (1) C) 

. 
IZI=J 

is equivalent to 



Ct. 

11) K1 
('v) 	(1)"`ii)■' - - •(r-c11)'."14  • - 

+ 	3-
r 
 ci)

(
htti)() (1-)Xmoi 

p.At 
0 

The 1st term on the right is a polynomial in the components of 

of degree 	Put it equal to 	Tw, (p i  9(  ) 	so that 

(7, 

(r ) cv) K! 
	 (p-c0;1 - - (P -04 

	

-)1( 	- - 
41 	1  

By Theorem 3.1 

Tv% (v., 6v) e;(10 
ovto) 

and from 
	

(1) C) 
j  

so that 

(e, 61K) = ;El Lf(?.:)- 	1
)
49'

,  (a)( 1 -)`A 601] 	(r) 
". 

11(mo%) 

Substituting  this into (7,6), we get 

4(r) 	'It 	4)")  (X) (—a AA .3 	(P) 
'4 	0 	‘1'?, 

rb ik$1 

MI 
 

Now recalling  that 	( is arbitrary in 34  take 611-r: The last 

integral is zero and the sum remaining  takes the form 

	

(P) 	E ERN) Rw„„,-) t,(r) 
11(%0.1) 

which proves (7,3). From this follows immediately 

	

i+G))) 	trA,c;g  if (1),-.)1 4- 	
• 	G(ti,A) 

6(mm) 



and it has already been indicated in (4,5) that 	r ~~(?)f 	can 

be bounded by a constant dependent on WI and n 	but not on S ri . 

Also, 

MO— )t)blA cO■ 
. 

I 1 	d›(17,.0 (x) 	0- )`" A X 
eroi l) 	 c 

Now, 

p 	(Pz 
c , 

).4 c1 
ti:I=vt,141 

1, 1 
(?..1)1 (frit% 

, mkt 
and hence 	4) on-) 	K t (moA) tim41 I^ 

whilst 	j (1— )`" (A), ,-.. (v.A.4 	' . 

Substituting these results in (1;1) there follows 

1- Go ‘,5 	(1) 

1 10) 

I f(r)). -‹ E 	+ 	((IA I h ) 1/1"41 kmit 	Ki 	h) 

which is essentially equivalent to (1)4) and the theorem is proved. 

The bound on the interpolation error follows from the observation that 

the error vanishes at the points of IS(Pv),h) 	on the assumption that 

the function being interpolation has bounded derivatives ('‹ rtmo) of 

order 044-1 . Indeed, if the error is .g(x) then by (7,4) we have: 

8:(X)( < 	RA- 	n ) rim.4 1 1,t 1%"1 	 (1) 11 ) 

8. Error of derivative interpolation  

The result of this section is based on the differentiation of', 

equation (713), followed by estimation of the resulting expressions. 

It is convenient to carry this out in stages. We shall use the following 



Proof 

By the definition, 

1 
61+1, 	

In I 	0  
4, C +.) (A) (1—)r cOt 	 ( 9d) 

notations for the derivatives: 

G4 

(9, o) 

and the values of 1 at the lattice points p will be denoted by ,L 

The following lemma is required. 

Lemma 8.1  

Under the assumptions of theorem 1.1 there holds the estimate 

.2)4:n411  (T)1 	C3 (m,v1)11„,,.,, 
J 

/wrath I: fit. ) 	 ) 

where c3(m1,1 ) is independent of g, anct F is any point of ?„, 

where 

= 	(Ty- X(1);.-T)) 

and 

K 	' 
Integrating (8,1) by parts, 

— 	c15(!'9(o) + 
hes i 	 (K1— )! 

(-) (a) (1-a)"'"' ciA 

and from (813) 

'1A.f 	 • 
."‘ 	'n 	r■•• -15); 	' (1)*: 4,0 

if:1=m 

Differentiating with respect to SE- an ct. using 	( ',O) 

• (Dch i")  0) 	 0( I. 	= 	[ 	 f(i") ( ri.-  f ) + 1:f 03  ) (ri. - I r4J (-0(J)1 a5:-..j 	 J lizt =an 
where 	o( t Zi = (olo .... ) 0(jzi )  ___ JoC a. ) 

( 9,0 

Next consider 



• MO 

Consider the 1st member of the above expression, 

f (f+ (f);-"fi))(1-xr-1 co 
lt,(1n1 

Integrating by parts in the integral, we find 

.1 
j n4t-I 	Drv:cf (F) 

f ( f f 	i'))) (PL.- MK] (1- Xr 4 J. L 

so that (916) is equivalent to 

: f 	+ frt 
1441 7 111 

, 

K=I 

X (ri.-7 )))( r i.- f)K1 (1-),Y4 

0 
kl=ni 

_ I 
rn1 

11 4,̀ ,')00(1-4"-ict x 

Differentiating with respect to 547_. 

' 	I 	` 	
.1 

[(-"9('-P 
x_c5 
)  '4)(x) 0- 	a x  

	

J 0 	 o 	• I= 61  

Pi7171))(1-)')61 	+ 	vs:+1,.f(pi(rz-15))(1—Ar 
0 

(m")! 
kI=M 1<41=o1 	 a 

Collecting toaetlici.... (2) 4) ) (Vic)) (S17), it follows that 

(1)-t )1(fic-10)(1- r) 	4- 
I.? I = ha 

(114:F))) (p ;,-~')k] (1— >ir 

)(I'd 	r f (P + )1( 
0 g z 



WI(  
(min-) 

Proof 
ry 

lo 

the terms containing  derivatives of order m cancelling. It is evident 

that each of the 3 terms in the above expression is bounded in modulus 

by expressions of the form K ;, ( tleti  rt.) k m  rim+) 	= 	L, 3 

and the lemma is proved. 

Now let 11̀   s distance from Xi. to its opposite face. The 

following  lemma will be used later. 

Lemma 8.2  

There exists a constant, k(v41A) 	independent of 
	

E„, such that 

r. 

BY (4,4) the point k = E c.1; x. u 	contained in 6(m,w)  

has associated with it the polynomial 

	 1111 	Dylk(r)-j Sc.(P) 

	

61.,0 	,..0 

For 	1 E. ;.;,1, 0 Le. kW 	I I  i s ()Jin.. Differentiating  with 
respect to X K  

P 
(a.;-1) 

L. ax_i<  a 

where 	is a polynomial of degree (12J-1) which is bounded in 

modulus by a'quantity dependent only on ill+ri.when p £ Ts, . Then, 

i --- C-- ) 	
IL 	,. 

, i )c,< 1 .‘ gi(1"1")  L i 3i-%.- ) v  1 
J -0 

S l,j/ 
Let 	k=1)  2-) --- ) 4- 	be the direction cosines of the normal to 

the face of 	 .) Y 

	

5,,, opposite 	. . 	Then ,. 
0. 	A. 	

(j) 	

E 

rle 

I  7):::( I 
= Z 1 S K I ..4 

11; 
n 1717.1 

.":"° 	j'- 	,i °  4 

(p) 



SO 
61, 

(e) 	( 411 'I') I J cll.. I ?xi( 	I 
j
. 	J 7- 0 

and 

sfg 69 
ribli n) 	 J=o 

which proves the lemma. 

We now prove the main result. 

Theorem 8.1  

Let p £ 3c, . With the previous notations and assumptions, there 
holds.the estimate 

°z-i: (PI 	M 	[k 	) VAC" c' I k Ovi( kl) n 	k K4(mi n 	1.4 	5- mi n 	. 41 
axK  

Proof 

By theorem 7.1 

c(r) = 	 ti.(r ) 

and 

(e) 
5,4 

13(*iiin) 	• 

[- 	€,(p) z 

so that 

I #_,,t(gr)) 	mc:x ...).t:+1,1 	e joi 	mt x 	Ell;((p)i 
15(.0) 	 [reign) 

Since 	1 ez(r) 	can be estimated in terms of m, n, 	- only, 

using lemma 8.1 to estimate the 1st term and using (719) and (7,10) and 

lemma 8.2 to estimate the second, 

, 	c- 
1+ () I 	(1.4 6) n 	[K,(ty„n) 	f, 4- Ram.")  1.41 , xi( 	it C=o 

and this is the assertion of the theorem. 

11 



Applying this to the error of interpolation (-1=(FL) = p) 

there follows, 

m+1 
kk (mi n) 	14  "4   

k 	 c,0 

If the maximum side length of §4---> 0 in such a way that e.g. 11;. k;,1, 

where 	does not depend on 	we can get the asymptotic 

error formula 

1 R`" I 	° ( k 

whilst we have seen previously that 

1 f 	- 0 ( km+ ) 
' 	 7 

independently of the manner in which 	S 
	

0. 

In the case ivtz-id. similar estimates were given in 	17 . 

The factor 
czo 
	

I
is there replaced by 	'7 	where k 	is 

the radius of the inscribed sphere of S n 	We can easily prove that 

41 

<(n+i) 
k; 	k' 

) 	 T I 
so that we can use, h 	in the estimates instead of L_ 

• I-to 

if necessary. 

9. Additional remarks on the interpolation theory. 

The interpolation theory given in sections 2,3,4,7 and 8 was 

developed by the author at various times during 1969/70/71. During this 

period, various results which are mostly special cases of the results 

given here appeared in the literature. In the present section we shall 

indicate the relationship between some of these papers and the present 

work. The papers to be considered are all associated with the finite 

Aso 
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met kod. 
element

A
or motivated by its results. 

The first paper which was essentially a mathematical paper on the 

finite element method appears to be El'g] . This well known and 

widely quoted paper is concerned with the case of 2 space dimensions, 

"2_ . 	The results that concern us here are that error fmimulae 

of the type 	(7,11 ) 	and 	( 	) 	were derived for polynomials 

of degree wt --- 1 	and IA= 2. . The existence and uniqueness of 

polynomials taking on prescribed values at the points of 6(mil) 

were demonstrated. Such a result is, however, deficient in a certain 

respect, namely it does not imply the following: if the data (prescribed 

values) are those of a polynomial of-degree w.-i 02. 2 then the 

interpolating polynomial coincides with the polynomial from which the 

data were derived. Let us call this the reproducing property of the 

interpolating polynomial. The reproducing property does in fact follow 

from the error formulas of Zlamal, which were established by him without 

recourse to the reproducing property. This follows on account of-the fact 

that the error bound contains multiplying the factor 	ti Z -013- ) 

which would be zero for 
	(tiivr2_) 

The approach followed by us was that the reproducing property was 

established first, being a consequence of the material in section 2. 

It was then used in sections 7 and 8 in the derivation of the error bounds. 

A more recent paper [17] genemiizes the results of Ziamal. 

The relevant results of these authors are that the existence and uniqueness 

result for the cases rL - arbitrary, 1111=i) 	Again without using the 

reproducing property, the appropriate error bounds are obtained, both on 
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"7E4 

the function and derivative interpolation. The method used bears a 

superficial resemblance to.the mthod used here, but it is actually 

rather different as the reproducing property is not available. This 

latter paper contains a number of interesting references. 

10. Denseness of trial functions  

In the present paragraph we shall consider the trial functions, 

whose construction has been explained, in the light of the results 

of Part 1 section 7. 

Let 31- 	be given and let it satisfy the conditions set out 

in section 6. It will be assumed that an imposed boundary condition 

cp, 	= CD 	is to be satisfied. 

Let T)  and T2  be 	z 	triangulations of IL . 	We 

shall say that Ti c= i 	if 	11 	is obtained by triangulating 

every component simplex of 1-1  . 	If th  and Liz  are any 2 

simplexes of Ti  , it is not required that they should be triangulated . 

according to the same rule in the passage from 1; 	to 72 . Now 

let a sequence of triangulations 	be given, such that 

Ti 	T2. C T3  _ 	_ - 

With each of these triangulations -IL  we associate a trial function 

p0, 	io k 	; 	c1 _ ,5L  ; 	) 	satisfying 

(i) 4-")  is an 	degree polynomial in each simplex of 11 

(ii) 4.") 	is of class G to)  CIL) 

(iii) -f,".4 	vanishes on 	Dn. 



The parameters in the trial function are the 	() 
	and 	nel 	is a 

given fixed integer. 

The following result amounts to a verification of the fact that if ' 

the family of functions 	of Part 1 section 7 is identified with the 

family PO defined above, then 

in the sense of that section. Thus, consecutive 'trial functions' are 

obtained by refining the triangulation in the manner described above. 

Lemma 10.1  

, 
Let 	

() 
	be any given numbers. Let 	> I 

J 
(e) 

Then 3 	a set of numbers Q.- S 
J 	j" 	) 	e 	such that 

f (I) 	(e) 	f(L)ici 
(c4-1 	a'se. ■ 	

(ct 	
) 	

x.) 
 

whenever X. E. Si. . 

Proof 

Consider any simplex of 	T. 	say 'V- . 	In it, 4.(1.) 
t. ) 	1..j  

reduces to an 	ni +II  degree polynomial 	az ....)(7.)  (x) 	which can be 

expressed in terms of its values at the points of 	13, (iv,,) 	in 

1: Li . Let 	1... i6 	be triangulated in any manner, into simplexes 

== 
t-i,j  h ) 	.1z ,.52_,___ )  e . 	Constructing in each of the 	I:LJ  4;  

' t.) 
its principal lattice 641  bil,n) we can represent 	.. (x) 	in t. j  

terms of its values at 	6. (un)  m) ' 	in 	i:I:,i A . Now 	l e.  7> -I-z,  COI a 

is obtained from it'by triangulating the components of IL. Therefore, 

those 	S 	associated with points i4 15- are simply the values of 

ek(" 	at these points. Both f(t) and f") satisfy the imposed 
t.j 
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boundary condition,
A
definitionand the existence of the numbers 

is proved. 

It is evident that this set of numbers is unique. 

Next we shall attend to the question of the denseness of the 

collection of functions Hia) in the metric space (6)  e) defined 

below. The need for this result arises in Theorem 7.1 of Part 1. At 

this point, in order to avoid circumlocution, we shall make use of 

certain results of higher analysis that we have been able to avoid so 

far. The introduction of these results can actually be 'avoided', 

although in order to do so they have actually to be proved on an 

ad hoc bais as the work proceeds. 

For the set 8 we shall take the class of functions it, 

continuous on 5i taking the value zero on aa and having piecewise 

continuous 1st derivatives in 3t . For the metric 0-  we shall take 

the expression 

qu 
6'(ut,v) 	• ( 	 ItAx ;.—vxr-  duct) 

We have to prove that for any fixed tkc 6 atict. €>0 there is 

an 	such that the family 1-7") 	(of course, f" )g. 	) 

710 
contains a member 1- such that 	cri(U..)  T")) < E 

To prove this, we shall make use of the known result that for any Lk, 

in (6)  o'i) and Ei> 0 there is a function 0.0 	infinitely, 

differentiable in .SL and vanishing in a boundary layer (whose width 

depends on E l  ) such that 
	cs" ( u,) cf ) 4 E 	We shall not 

prove this, but simply note that the function ME., can be constructed 



) U z.; ) 	( 	Et" roi 0-  (tA ) 

71 

by an averaging operation on 	LAL-. 	The details can be found in E233 

Our result now follows by interpolation of the function ()Lc, 

Denoting  the interpolant by ui e_i 

estimates 	(1)  11) 	and 	(5', S) 

) tit £ i - 	g 11,„+, 

in any simplex we have the (pointwise) 

I IA E.1 	"."" i:71 E.  x • k2.  riwt.., km 
4 < 3  nfr.. h 	' 

where. 	is an upper bound on the 	(PA-1-1) ±v derivatives of IAL., 

and the g; are not dependent on the particular simplex. Without 

loss of generality we can suppose the estimates 00,0 to be written for 

those simplexes for which the right hand sides are as great as possible. 

Now let the greatest linear dimension 	of all the simplexes go to 

zero in such a way that in all of the numbers 	go to zero like CAI 

where C <1 is a constant. Then integrating (10,1) we can say that 

o ( 4„, i7e) < 

where 	k is independent of the triangulation. Therefore, 

for a fine enough triangulation. Since (0 
g / is a member of 4: 

for some 	our result is proved. 
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2.11 Resume and notes  

In the part just finished we have constructed an interpolation theory 

of some utility. Sections 1 - 5 were concerned with what we might call 

the algebraic aspect of the theory, whilst secfp.rions 6 - 9 were concerned 

rather more with analytic problems relating to the various interpolation 

errors. 

We shall make some additional remarks on this material, firstly 

on the algebraic aspect. This theory can be presented in another form: the 

starting point of it is the representation of the interpolating polynomial 

given in Section 4. We have then (wr)  functions tz.(x.) satisfying 

the condition 

i;,C)c-3) 	yJ 

where aC. 	are the lattice points. It is easy to prove on the basis of 

(11;1) that the functions -e...;, (x) 	1.7-1 1 	_ 	) ( °WI") 	are 

linearly independent and from this soon follows that any function 4: has 

a unique interpolant 

Moreover, from the linear independence of the 
( W14 

rn functions e.(x) 

follows the fact that they generate a finite dimensional vector space 

of dimension M). We recall at this point that Ox) is an ivt-11' 

degree polynomial. Now what we should like to conclude is that the class 

of all polynomials.of degree 04 	(in 13,1  ) is also a vector space of 

dimension (h 4 ) for in that case every member of it could be generated 

by varying the numbers 	in the expression 	21 Ne;(x) •• However, 
Umo) 

the linear independence of the 	t; (c) is not, by itself, a powerful 
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enough result to enable this to be proved. The 'reproducing property', 

proved by Theorem 3.1 is the required result. In fact it can be looked 

at as a statement of the equivalence of the dimension of the space spanned 

by the tL(x) and the dimension of the space of 0 degree polynomials. 

Thus, a theory which starts with the functions 	e,;(x) still has to prove 

a theorem like 3.1. It should also be mentioned that the results of 

sections 1 - 4, and section 7 are given in a forthcoming paper [iq 

This material was also given in [a01 . Secondly, we shall add some 

remarks about the analytic aspects. The most awkward Iiart of these results 

was the differentiation of the remainder term in(8.1.) It is possible by 

a slight modification of the present arguments to replace this differentiation 

with a simpler one. Since the author was not aware of this at- the time 

the present results were constructed it was thought best to adhere to 

the original treatment. The modified treatment was communicated to the 

author by G. Strang, and as far as is known will appear in a forthcoming 

book by him on the finite method. 

The results of sections 7 and 8 form the contents of a paper Di 

submitted for publication. This material was also given in L.D3 
• 
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Part 3 : Derivation and properties of the algebraic systems  

3.1 Introduction  

In part 3 we investigate in detail the systems of algebraic 

equations (generally not linear) resulting from the use of the 

piecewise polynomial trial functionsof part 2 in the Rit. method 

applied to the problem set out in part 1 section 9. 

Section 2 consists of simple generalisations of results in wide 

use (e.g. 	, Las-3 ) for the case of a quadratic functional, 

£ R2. 	(or perhaps R3  ), and polynomials of low degree. 

Section 3 contains results on the existence and uniqueness of solutions 

to the algebraic problems, and section 4 contains an explicit derivation 

of the system of nonlinear equations arising in a 'model' problem. 

Let 	$2.- 	be triangulated. We shall impose a condition on this 

triangulation in the situation where both 'natural' and 'essential' (or 

imposed) boundary conditions are present. Namely, it is required that. 

if E,"1  is a simplex of the boundary complex, then the boundary 

condition in Sn_, is either natural or essential, but not both. 

It is also necessary to say something about constraining-the trial 

functions to satisfy the essential boundary condition 	. Suppose to 

begin with that 	is, in each boundary simplex, a polynomial of degree 

< nn . Then from the interpolation theory it follows that if trial 

functions of degree m are used, and their values at the boundary points 

of the principal lattices taken to be the values of q5 at these points, 

then the trial functions will satisfy the essential boundary condition at 
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S i 

all points where 415 	is defined. On the other hand if 4) 	is not 

a polynomial we are confronted with the problem of making the trial 

function satisfy the boundary condition. To circumvent this difficulty 

we may suppose that a function 470  defined in S. and coinciding with 

4, 	can be found. If P(")  is a trial function vanishing on 0,21  

then 	4o  4 F(m) 
	

can be used as a trial function satisfying the 

imposed boundary condition. 

It must be pointed out however that finding a 4 is generally 

not easy. Although the following idea has not been tried out in practice 

it is always possible, using the interpolation theory, to construct a 

piecewise polynomial function, defined on SL vanishing outside of 

a boundary layer which approximates an arbitrarily piecewise smooth 

boundary function with any prescribed accuracy. The basis of this procedure 

can best be illustrated with a simple example. Let YL=2 and consider 

the region Si. shown below: 

Let 4(S) be given on A3 where S is the distance from A to 

Q ; 	SA = o f 	SR = ( 	say. Divide AB into p.1-1 equal parts at 

points 	SA ) 5 i.) 	- 	) 	S 	) 	Ss 	• 

Esj_, > sil 	Lsi 1  sjii] ) 

consider the intervals 

 



and construct the triangles 	Sj_,V15_,SJ  ) Sj 

S. v_
J  s 
	Let nil  be any integer > 0 . In each of these triangles 
' 

construct the lattices 6(v4) 	. 	We can now define in each triangle 

an 141+6  degree polynomial taking the values zero atpoints of F;(1,401) 

not on Ag and the values of 16 at points of ;(m01) on A. 

The resulting piecewise polynomial defined in the quadrilateral S:j.. 1 1/j_0/,i Sii, 

has the following properties: a) it is continuous b) it reduces to 

an 0,A+k  degree polynomial in Sj..,Si 	and to another iNA 41' degree 

polynomial in SJSJ.4., 	c) it approximates 4. in these 2 intervals 

with an accuracy 0 J4) 
\t44-1 

The construction of CPc  is now clear: we construct a small 

boundary layer whose inner boundary is also polygonal and triangulate it 

reasonably. In each triangle we take an 11,14' degree polynomial as 

explained above. We then arbitrarily triangulate the inner polygon 

and formally define 11,444" degree polynomials identically zero in each 

triangle. The resulting piecewise polynomial function, 4) has all the 

properties we set out to achieve. 

Some remarks are in order. Firstly, since 40 As known on AB 

its derivatives are also known. This may be useful in deciding how big 

to take p and 'on 	Secondly, let us remark that the above procedure 

is logically independent of the actual solution of the minimization problem. 

In particular, the above triangulation and the triangulation of Si. 	for 

the purpose of minimization are logically independ9nt, as are the degrees of 

the polynomials used for the two procedures. (However, if they can be com-

bined, certain computational economies will follow.) 

and 
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In the future, unless indicated to the contrary it will be assumed 

that a 4). is known and it will be added into the trial function as 

shown previously. 

Finally, we shall mention some special nomenclature it will be 

convenient to use in this part. This is the following: let 1:k  be 

a simplex in a triangulated region. With T:K  will be associated an 

14.444' 	degree polynomial trial function containing, for an interior 

simplex rir) parameters (coefficients) 	00' ')L) .") 

An adjacent simplex 1.7j similarly will have associated with it parameters 

0  0... . 	Ct I )  20 — )  (‘';,," ) . Some of the 	will coincide with some of 
L. 

6) 
the 	ti.. . 	since the trial function is continuous in T:. n T.,< , We L. 	 J 

ct,  i:i) 	. 	1_ 	i iNt 4 0 \ 	local parameters shall call the parameters 	L  z 1) , _ .. 	k ) 	LIA i ., 

(they axe local to i.-j ). On the other hand, the entire trial function 

will be dependent on, say, 	H 	parameters, 	a i ) - - - a  II 	• 	Some 

) 	(9 of these are the 	GL(.S 	and 	0,. 	In the context of the entire ,.. 	• 

(or globally defined) trial function, they will be referred to as global • 

parameters. 

3.2 General form of the equations  

The present section contains a derivation, of the general form of the 

algebraic equations. 

We consider the functional 

30A) 	G-OTLAI-)- f(x)w aJL ) 
ohm- 

G-(INTIAlv) 	3 (0 d 

along with 

the regions SI- allowed here are those specified in part 2, section 6. 



Let 1-  be a triangulation of Si , and let T„ be any simplex in the 

triangulation. Let any positive integer Al be given: this is the degree 

of the polynomials that will be used. Into T., , we introduce the 

lattice 6 (m)n) and define in to  the polynomial p°-)(7.) of 

• 
degree m 

	

p(-)(x) = ''°2 
	

x E ceo  

dependent on the local parameters 0.,
c
;,
o)  . The functions e,,N 	were 

defined in Part 2, section 4. If Lo  has nonzero intersection with 

	

'33"L i 	those parameters associated with lattice points lying in 2,11  

are to be set to zero as indicated in para.l. Let cf) 	be defined on 

	

31.• 	and satisfy the imposed boundary condition and let 4)(,.? be 

the restriction to to  of 40  The local trial function for 

is given by 

wto) (x) = 4)(:) (x) 	Pc`") (x-) 

so that 

1A,L0) 	.49(u2 (X) i- 	?(")(x.) 

	

VcP:)  (x) 	E ovt..°)  Tez, (x.) 
Strni  n) 

v,,to  iu 	v,p(:)(x) 	
$(sir) 

 

(X)11 	
) 
	to: ),.) 	Vc.:j  

(uAtn) 

 

therefore, 

2 	TiA"' r -14  



15(bmn) 

.2. t'- 
- a  tio,) 61,()) e. 	.0L)(x) 

6(0^11.%) 	Cu) ( ac e) 	ct,  
) 

GL a  to) )T N  W1v.A4 ) 
C13  Z.1( ( (k w)  

to) G. 

where 

(1)  j) 	K 	1, 2, 	) N 

V0.i0 Tvo 	to denote the vector 

(nonlinear) matrix equation 

(2T 

ti 
0 

Put 	() 0,) 	/ cposi  e k ,J  (,e)  so that 

Now consider 

G 

	 1 C. 

Differentiating with respect to 	in this, 

OUT. 	5,(i quoo v-) 'D 	2-  
actK

w)1  
Dal( 

and substituting (2,2) into it, 

f Da K 
go  

= 	Zn- uo.  • .ez1,3 (x) Q11.1.3(x) + 2 b`°k)1 
-co 	J,1 6(vms,) 

where ro y(iVutw)11-) 

14(k) dl to 

a. 

..._ 	Ct.' )  	, 2_.  .e . ,k, (X) aTo  + 	2 bli,.°)  y0  — -I e x (x) di; ✓ 0 	vid -.... -) 
a(on,.1) 	ro 	j,, 	-co  

We observe immediately that this expression is in the form 

j 	. • t< ) 'i 	 Yo 07:eL, vex)atc, 	(,)4)  
To  J., 	 to  

and 

,f 2 J 
t)  
g So (x) 0(17o 	 (2)  c) 

to  

	

Suppose that To 	is an interior simplex of the triangulation. Then in 

and using the notation 

• , . 

• 

) 	QLA) is the 



ESL 

= " N. 	 — ^ 

where 	C■iv (a.to 	L. 	uxi3  ( 01;1°)  ) 	and Ft=)  ( f,, _ _ f 

In the finite element method, (when usually 	constant - VI")) Ois 

called the stiffness matrix of the.element (simplex) To 	Continuing 

with the case of an interior simplex T. we can easily see that no 

to 
matter what values are assigned to the O. the matrix W(e) is 

necessarily singular. To prove this, consider (114) and 

(/' 	) = 	30 (ca(o NI 	ki(x)) ato 

0 

a 

sLmce. 	e.(x) = I 

J,1  

from which it immediately follows that 06-t W(Ct(u)  ) is zero. We shall 

mention that the singularity of MiXn is bound up with the possibility 

of making translations and rotations of the domain to  along and about 

the axis of the dependent variable tit. . (These are "rigid body"-or, 

"Newtonian" motions). This result holds for all on and 	. 	On the 

other hand, if 17 0 	intersects 'Jai)  in general W(e)) is not 

singular; this can be explained by the remark that i..0  cannot now have 

Newtonian motions imparted to it, without an alteration in the'boundary 

conditions. 

In principle, (2)4) and (2,,S) are all the results needed for the 

minimization of (1) 1) with respect to the (global) parameters 

) a 1, ) • . • 

To see this, we return to (2..)  1) 	which can be written in the form 



s 

:((^)= 	6-(1 v1l') 
 - f(x)(4. ait z.  - ,-. 5.._.(t4) 	(1) G) 

	

6=1 7") 	 it-, 

s 
where 	E ,-- U T, to 	 In the manner previously described for 

('') a trial function till..° is constructed in 	t 	for each i.1)1)...1 s. 

The continuous global trial function, denoted by VIM reduces to LA U)  

whenever X & 1:(0 and depends globally on parameters a 1) a  -3.,-.-, Citi  

Then from (1) (,) there follows 
5 

04(0) = 
yh ( a I )" a m) 	 (l)  64) 

C 7-1 

To minimize 71((Am) = ■Pti  (al)  _ . am) 	with respect to the 

parameters we have to solve the system 

These equations, written in terms of (1)0 are the same as 

5 

C = I 
?(A1( 

= 0 	.) 

Now assume that the global parameter 0.K 	is local to simplexes ;...Tkx.  

Then the only nonzero terms in sum (217) are those in the form 

)AK  

•  -t -1) )-) ---) 	K 

and the equation (2-/-0  takes the form 

L i, 

Dc4.14 
	it --; ) ) 	(1 

	
( 2,  

It will now be supposed that the function 9 depends only on  

or is constant. It follows from (2,3) -- (2-,C) 	that (1,A) 

is a system of equations, linear in the OLk'5. It can be written in 



the form of a matrix equation, say 

Ci\■ cA, = F 	 (1-)10) 

where the elements of W are various expressions of the type (2)4) 

w 
	

is an Mx rl matrix. 

It is clear that in the nonlinear case, with 

a system of equations of the type 

W( ) 	= 	( a- ) 

y 	y (igt41') 

will result from the above operations. 	171(6,) is again an ilxM 

matrix, whose elements are integrals (which depend on 0,) of the form (1/4). 

The right hand side is also dependent on (A.. 

Returning to the linear case, we can say that from the stage 

(Li 5) - (2-) 
	onwards, the problem of the minimization of (2-)6) 

is reduced to a programming problem (albeit, a complex one). The 

programming problem has 3 clearly distinguishable aspects; 

a) computation of the coefficients of W from (1,4) 

b) organizational problems concerning the interrelationships 

between the local and global parameters 

c) solution of the algebriaic equations. 

In the nonlinear case, 	5), S (ITIAP-) 	we cannot compute the 

coefficients once and for all, since they are dependent on the parameters. 

In general, they have to be continually re-computed, with a frequency 

determined by the particular algorithm chosen for the solution of the 

nonlinear equations. 



We shall now indicate a useful simplification that can be made in the 

case of a quadratic functional: (a quadratic functional arises if y 

is not dependent on 07.4" but at most dependent on x 	the space 

variables). For the case m=1., on =3 	it is a known device DO 

and the result given is obtained as a straightforward generalisation. 

This is a device applicable when nn and 11. are such that 

(r") iv)) 	for any given simplex t<  ) contains points interior 

to ZK  . For example with 	nn ".." 3 	(S 0") v) 	contains the 

centroid of 	Similarly, with 	ig ---- 3 	m = 4 	13 (M, ri-) 

contains the centroid of r K 	and in general, it is easy to prove 

that in 	Rr. 	the lowest degree of polynomials for which (Vim,...) 

has interior points is wt 	. 	The simplification is based on the 

observation that global parameters associated with interior points can be 

put into biunique correspondence with local parameters associated with 

interior points. This means that the equations 00) for interior points 

are obtained as the derivatives of exactly one of the ST,z  . In other words, 

the sum (11 9) reduces to a single term. 

Let us then consider 011 .1, to be such that each simplex has interior 

points in its lattice 6(mi n). Consider any simplex, say t, which, for 

simplicity we take to be an interior simplex of the triangulation. We agree 

to list the local Tarameters in such a way that all parameters associate:, 

with lattice points on the boundary appear first in the list and are foliaged 

by parameters associated with interior lattice points. From (1,1) there 

holds the equation 

13twv. 
Wyk ot.(1) It 



‘A/ 
(
0 ) 1 	.-0.,10) 

" 	 a 

(w to )1* 	IA/ 0.1 
W F`°)  

ti 
w  (o) 

go 

which is written in matrix form as 

Nri9 37,0  

Let e9  be partitioned into two blocks, the first of them consisting 

of boundary parameters and the second consisting of interior parameters. 

In an obvious notation then, 

from which follows 

(0) Wt°)-I to) 
(w(-1WCUI 	).1 -T 	 21) (  (2) 1 1 )  

The possibility of this.equation depends upon the possibility of inverting 

the matrix Vic271 . The fact that the inverse exists is a consequence of 

a more general existence theorem which will be proved later. Now, (1, i) 

expresses the interior parameters as linear combinations of the boundary 

parameters. To use (1)11) to carry out the above mentioned simplification, 

every equation in the set (2,1o) associated with points of lattices inside 

simplexes are simply omitted from (1.0-.) 	whilst wherever interior 

parameters appear in equations associated with lattice boundary points their 

values in terms of boundary parameters, determined uniquely from (// 11) 

are substituted. The order of the matrix in (2)1o) will be substantially 

reduced by this device. An idea of the magnitude of this reduction may be 

gauged from the following. We take for 	the square 0.' 	I 



ci i 

A triangulation of 31 	is established by dissecting 	11-- 	into 

smaller squares by means of equally spaced lines drawn parallel to the 

coordinate axes, and then drawing in each square its diagonal of ?csZtive. 

slope. Some notations will now be introduced: let r be the number 

of points on the 	x 	axis where the vertical mesh lines inter- 

sect it (including x=o and x = i ). Denote by VT 	and 

Vs 	the numbers of vertices of the triangles lying respectively 

in SL and on 	, and let 	S= 	and 	S5 	denote the 

number of sides of the triangles lying respectively in a 	and on 

Let 	I 	be the number of triangles; 	vvi 	as 

usual, represents the degree of the polynomials and 	M 	represents 

the number of global parameters (we suppose for simplicity that 0 
is given on all 70- 	as a boundary condition). By the methods of 

e.g. [XT] it is easy to prove the following: 

25r 4- Sg ,-_-- 

VI + Vs = T +1 

SB 

and 

T = 2 (?- iI 

(3?-5)(r--1)(0,--1) 4- ("Ai' 	+ VI 

The first group of these are geometrical relationships and are independent 

of - m . In the last equation above, the number 	(1142_-- 71 gives the total 

number of parameters which can be eliminated using (2)II) . 	Denoting this 

number by Pl2 we can easily show that 

Me 
	

2  ( m2=.1  ) (e--  t)'  
rl 	(3P-1) (P- ,) 	I) 	/("^Z ) (p- t)- 	(p-.)  



For hq = 3 we have 

2.(3P-c)(11--1) + 	( 	4  (p-l-r 

Mc 4  
and for 	) 	

M Y. 
= 	!A 'IL 	and for p 10 ) 	- .211- 

For wl= 4 the corresponding figures are 	1-;11:e" 	• 43 
MG and - n • ifo . Thus, when m=3 we get about a 25g reduction in the 

number of variables. This effects a worthwhile saving in computer time 

at the expenSe of more complex programming. It should be emphasised that 

these figures are for a quadratic functional. 

Finally, one more observation can be made concerning the coefficient 

matrix in (2_, to). It would obviously simplify the programming operations 

if the integrals (1) 4) could be explicitly evaluated. In the important 

case 5, sl 	this would have to be done on the basis of the expressions 

given in part 2 section 4. Unfortunately it has not been able to carry 

out these computations for arbitrary VIA 	and 01. although attempts . 

were made. 

3. Existence and uniqueness of solutions  

In the present section the existence and uniqueness of solutions to 

the equations (whose construction was discussed in the previous section) 

is considered. We shall prove the following theorem: 

Theorem 3.1  

Let ve) satisfy the condition 

(I+ k,_}1-14  



with 	K 1 > o ) 	o 	and 	k3 3 L E. 	iS h f „).„) 	or 	1(i+c) 

if h f 114(,,,) 0 where E._'> 0 	is arbitrary (but fixed). Let 

4) 
	

be prescribed everywhere on 25/.. Then equations 	(.211) 

have at least one solution. 

Proof 

The proof consists of a demonstration of the fact that (2) 

is an increasing function of ick,q2. The theorem will follow from this. 

We shall make use of the following facts: 

1) For any 2 vectors p) 	E Rh 	there holds 

„Cv „:: _ 	r4 Wus 	II I 	+ II cv 	/It it 	ov 	. 	N I) 

2) Let az(x.) 	be linearly independent functions 

defined and continuous in a region Ji. of R 	Let a E. Rm . 

Then the expression 

flu a III' 	(AZ 19c ()-) 	d■11- 
4:1 

is a norm on Rh. There exist constants 11) K 	not 

dependent on .0," such that 

• 

~, iU alll 	H 	!10 0.Hi 

With regard to the proofs of these, 1) is obvious whilst 2) may be proved 

by observing that 

( T.(1 a; 00), 	of ) ; b̀ ) LA.31.) J 	1. 41 Jt. 

and recalling that all norms on a finite dimensional space satisfy a relation 

of the type (73)/). 

To prove the theorem, note that the function Ulm (k)of (1) 



(the trial function) can be written in the form 

uM (x-) 
I. 1  I 

where each 9;01-) vanishes outside certain simplexes of the triangulation, 

is in the form of an m 	degree polynomial inside them, and where 

the function 

vanishes onon IL 	For each . X- J1 
r iqtAtu 

J o  VE-)k = iv•LAit y(L-A E (oi  IVLA‘L) 

kI 	 - 
CI  

We are going to integrate this inequality presently, but before it can be 

done we need some more results. From the right hand inequality of 

follows (with ps oo( x), cvs 7U (x) 

14. 	+ 21401.176%ml 	Nit) 

(where 1744)01-L = ), and by Canchy's inequality 
C.I 

q.(Ar, r 	I 	4- ci  II o II z 	c 2. II G‘ a, 

where CI ) c2.. 	are constants independent of 	Now suppose 

< 
	

then (1,1) and OM give 

c

iVcA„0- 	 ki  1701p, 1 7-  
Y(E) 	

Lio  	+ (Gt+ cItAlls i ct  lia 11,) 

putting 	1\70011-. 	Next, we shall estimate 



cis- 

from below. By the left inequality of (1) 1 ) 

1TLA.411- 7 Co  + 	— 	1 Ỳo I I V.  CAM' 

By Cauchy's inequality we have 

Sl. K
( 1) i• I CCA 	< 	iTcPolt.  c141t.( tqCAn 1  oiSLY 

and by Friedrichs inequality (see e.g. E2-91 we have 

IV t'An 11" 61 
	

C3 	aJL 

for CI independent of (Art. Integrating (1)(,) and using 

and (21  V) we arrive at 

141 1VtAm luda 	Col  + 	oLn- — 	( ` vcA„ 
sn. 

where C4  depends on 4 and not on Un  . Clearly, 0 

qck WI 

where 	Cs. 	depends.on crik - " 1.1 ) 	) 

Moreover, in view of 2) above 

but not on 

(*A tli" ast. 	cq. 11 A LQ.-  

since the 9L(x) are evidently linearly 

independent. 

Using these results in (V) we have 

1 Vo m 	GU_ 	I  2.  + C- 15 II 0111:-  - C4.1 

	

IL) 

where it is sufficient to know that C.1- are not dependent on a , 

Integrating (V) 



(K1 [Coy  t 	 Ct+ 11 ti1-.3 

y(t)(tE a01 

	

rL 	 El+ (c,;- ci  Ha 	4- 	h fiz) k.-11-k1  

and so 

	

k i Ec.,"- 4-c 	alq II ti 
3(UM) 	- h1  f 	11 fi - 114),-,114(;)) 	(3,)3) 

+ ( coL + c, 	c2_11 atIL) k:31-1" 

where the lastterm is obtained by Cauchy's inequality. 

Let us now consider the behaviour of this expression as jlalli 0°' 

The first term behaves like 

110,11E , 	2.k5  
1161,112_ 

 

( h 

whilst the second behaves like Itallt  X hch,(a) • 	It follows 

from the definition of k3  that the composite expression 	(4) 

as 	11 a 	oo . 	Thus ViAti) is increasing. On the other . 

hand, 7.1(1,0t,m) 	is a continuous function of the point a, and is there- 

fore bounded below in every closed sphere ItaA S R 	Therefore in the 

case 1(5 	1 	the theorem is proved. If g3 >1 the same arguments hold, 

except that we can omit the step (3,S) and use (70.) directly in (3,5). Thus, 

in all cases the theorem is proved. 

Let us note that it can be extended to cover the case where aim  

vanishes only on part of ?,)1 To do this we have to use a more general 

form of Friedrichs inequality [22] in place of (3)3); the proof is no 

different in principle. 

It is important to observe that the condition (3,0) 	is not 

sufficient to insure the existence of a solution to the analytical problem 

`'‘ 



+ 
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of finding (smooth) extrema for TH. In other words, it is possible to 

obtain solutions to the algebraic problems, even though the analytical 

problem has no solution. For this reason, care must be exercised in 

the use of Theorem 3.1. 

On the basis of (31 13) we can prove uniqueness of any solution 

when c - 5(x) . 

Corollary 3.1  

Let 5,  be independent of V741' 	Then equations (111) 

have exactly 1 solution. 

Proof 

First, note that for y(E) independent of E- )  0,0 	reduces 

to S a 3 (x) 	> 0 	since we can take k,=-0 . 	Then 

(37 	takes the form 

where 1<„ ) Ku, 	and . /C, 	are various combinations of Cz)el  K. 

and 	II 40 	) 	11 -I 	. 

Second, it is immediately clear that 3(/it4) 	is a quadratic 

form in the variables Glib  q,
) 	

I  an, Let us carry out a reduction 

to principal axes on it, and let the variables referred to the principal 

axes be A, ) 	•) 111 	Then 	(;)14) 	becomes 

L. 

	

A L 	> 	Ku  11 A 11:: + kn. 11 A 112. 4- 
C-1 

where 
	

S 
	

are real numbers. As we have seen, the right hand side 

tends to 	00 with 	IIA 112, and this implies that >t.;›(.) 
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For if say )t I  4  0 	we can put 	A2 A 3 = _- - A ti 	and 

let AI and hence 11 AIS 	tend to oo . 	The right hand side 

approaches oo 	but the left would be deaaEzve or zero. Hence 

k;>0 	• 	h 	this means that the eigenvalues of the coefficient 

matrix in (11-7) are positive. and is nonsingular. The result is therefore 

proved. Let us remark that the condition 	3,  (x) ••• k1  > 0 

is equivalent to requiring that the Euler equation of 7k) is uniformly 

elliptic. Other existence and uniqueness proofs for linear problems may 

be found in [Zi ] . 

A uniqueness theorem for the general problem, with 

will now be proved. A rather more general approach to this problem is 

possible [3O ; the results given here however contain the essence of 

the more general approach. 

Theorem 3.2  

Define the function 	F 	gn. —4  RI 	by 

F(p1,--•,f.) = 	2(t- ) 6( 	F(p) 

and suppose that the matrix 14-i„) 	is positive definite V rgy, . 

( cf.  part 1 section 4). Let 	4  be given on, DSL. Then equations 

(1/1) cannot have more than one solution. 

Proof 

I The positive definiteness of 	I 	implies that F 

is strictly convex in every closed sphere in IL. We shall prove that the 
function of the .t1 variables ao  AL, .. 	) 	T(Ati) 

	
also 

has this property, from which will follow the uniqueness of a solution to 

)-71.(titti) 	0 - • •) 	. 



Since is strictly convex, if 

	

F (P) 	F(1) 
	

2_F(i(r +Qv)) 

where equality holds if and only if p cv. 

	

Let LA m  av,c1- VM 	be 2 trial functions 

	

= 4 	-i- 	az, 0 ;, 

V " 	 bzOL 

Put 

PJ 

61( J 

41X.; 

(vc) 

  

Substituting this into (3)14-) adding 	fa t,, 	 to 

both sides and integrating over SL we arrive at 

3- 041-0+ s(v m ) > L j( NM  +  

\ 	2_ 

Now equality cannot hold in NG) under our hypothesis of a 

Dirichlet boundary condition unless V ms Vm  For suppose that tAti Vn  

and etplity holds in (YL). 	Then from (- -1-) we can say that 

ri =11j 	in (V)) . But pj  = 	and 	14.1)xj  

so that 	1/41-1 ) X .;  1-"; VM) r. j 	) 1.) " • ) 	This would have to 

hold everywhere in 	and in particular in those simplexes having  

points in common with ?til . Now in view of Vel x = 1-1 



100 

in 	(Am  and VM differ by (at most) a constant in SL by a 

limiting argument we see that this would have also to occur on '17L. 

But Om and V1 	are equal on %ft and so they are equal 

throughout 	This contradiction shows that equality in (3)1(,) 

implies that 	(Am 	VM 	Since the function 	+ V m 

satisfies the same boundary conditions as L411  and V M 	we can write 

NI‘) as 

9 (Ai ). 	am) 	qi (b„-- 6m) 	2 Y 1  z ) 	) (4 m 26m ) 

where Y(417---) 	) = 	(iAti) 	 and where there is equality 

if and only if OL= 6 . This is equivalent to the statement that y (a) 

is a strictly convex function of c . Hence it can have at most one 

point where its gradient vanishes. Thus, the theorem is proved. 

It is clear that the same proof holds if ep is given only on part 

of XL. However if no essential boundary conditions are given we cannot 
infer uniqueness withoUt further conditions. This is in line with-known• 

results for linear problems. We shall not consider this topic further. 

3.4. A special case of the equations  

We shall examine here a very special and simple case of the algebraic 

eclutions. In spite of the restrictions, the theory can be regarded as a 

good model of what can be done in practical situations. Indeed, its 

practical significance is great enough for it to be very useful for solving 

realistic problems. The restrictions, in the notations of para.2 are 

1) rn=1, n../ 

la) f = o 
2) yOVI40 does not contain the space 

variables x1 	explicitly oal4, 3 c) . 



la is not an essential condition. It is introduced merely as a 

technical simplification. In addition to 1) and 2) we shall introduce a 

further assumption. It is that the imposed boundary. function can be 

approximated by a piecewise linear function to a sufficient degree of 

accuracy. What this means is that the boundary function can be allowed 

for in the trial function without the need for explicitly constructing a 

function 	(Po 
	as mentioned in para.l. 

In virtue of 2) above and the linearity of the trial function, 

3.0  of (Illt) is independent of Y..1 . 	as are S7e,:z 7>iL . We shall 

evaluate the expressions (CTA;)  Irj) 	in (11 4-) . To do this, we 

introduce the following notations: triangle 1:0 is taken initially to 

to have none of its vertices (Y0  XI)  L.) ZUL:the respective local 

parameters are 	ct-to) 	a.°) 	n (0 	We shall put X;,,.--(x.z, 	4:-.5).13." 0 	) 	""- 2. 	• 

Introduce now new variables X \I 	by 

X 	 X.C.-  XL) ) 	(11... .m.  X ) Y 

= 

I:0 	maps into the triangle 	(0 ) 0) ) (I ,0 ) 1  (0)  I) 

in the XV 	plane. Inverting (4)1) follows 

)( 	
x-xo 	XL-x. ))151 -= 

xi - y0 	Dt. --)( 0 1 	 , 3) 
‘r,p)1 I I :I  

where 

( 13 ) -= dzi- 3- _, 	x,-xo X L -N  0 



— 	— 

az  = X 1  

0 

Icy 

and moreover, 

OX 	k' I
' 
 _ - 	 

CTI 	Di 	 'DD1 	 ) 

D 	 ,  
1 31  

Under the transformation (LI) 2-) 	k(7-,ta)--> cr,: (x ) 1) 1:-0, ) L 

where 

Now, 

N--;, 	X 	DO Z. Y 
57N- 	y 

(rt: 

and from 
	

(g ) 5) — (4)c) 
	

there follows 

la I-2-  

I sT 1-1  [-(ct.)1- 	(t, -%,)( -w] 

The corresponding expressions for - 	cr. 
Ji`6 	

are got 

by replacing 	with 
	x. 	I 2 	in (4)G) 

(Lt)  ) simplify to 



and 

13-1 -'- (11- x-tr 

1o3 

( )(1,-)( Q)(x, 

13 	(II—)to)(x2,—X.1) 

Collecting these results we find 

151-1 	 ot-Co  t
ti 

( co,A 	TA,)  Aza 	= 	(''--t‘)M1-‘60 (XL-)(0)(11-X1-) 4V0 
Li) 

to 
 (v),,, 	Glz, 

	1 
t'a 

 1 71-' 

so that, in the notations of (100 
	

with 	I/ -ID 

1 -1  2- 	 230• 	 (X2,- )LIY- } 17) (&
to)

) 	S 

CA310  (C1"1 	 pa 
• 	 + OiL-Y01(xcx 1A15  

(ck`") ) = 	 (1,-)10)(x2-x() Iii-' • 

The quantities multiplying 3: 3. have a simple geometric interpretation: 

consider: the triangle drawn below: 

X, (;) ts,) 
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Then. the 1st multiplier is just C/41,..e, = CoL X i  + Cot XL 

where 	let o  is the altitude from 	X. • the second is --(01-  XL  

and the third is 	CoL X 1  . 	To prove these results it is 

necessary only to observe that the multipliers are unchanged in form 

by rotations of the axes and that 131 = 2x 	area of To  . 

1.0) The derivative of the local trial function with respect to 0.0  

therefore is 

JD) n  to) r, 
w "- 	J • "4,J  

j 

where the weights . W.30 	are given by (4)?). If 	to  has vertices 
on the boundary, all we have to do is to fix the values 	a1°.)  

associated with these vertices to be the values of the boundary function 

at the appropriate points. If the vertices lie in parts of the boundary 

where no condition is imposed the corresponding parameters are determined 

in the same way as internal parameters. 

Using 	N I  cl) we can write out the equation associated with any' 

global parameter; this is done as follows. By the definition of a triangul: 

ation, each internal vertex of the triangulation is surrounded by a polygon: 

with each vertex of the polygon is associated a global parameter as there 

is with the internal vertex.. The geometric configuration of an internal 

vertex is shown in the diagram below: the vertices are labelled Vo  

and VI — 147 	In general, the polygon may be an el-- 
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The process of writing down the equation will be illustrated with this 

diagram. (The principles are completely exposed with an example). Label 

the triangles in such a way that 	17i, has vertices (V0,V;,)  V;,,,) (Y5. -0/,). 

With 	is associated a global parameter a 

Consider triangle 	1 we associate with each of its vertices a weight, 

computed from (4)2) 	and taking Vo to correspond with X0 = (1, Or)  

of (40?). For brevity we shall introduce the notations Vitc ) 	vq0 

for the weights in 	Applying (40) to each triangle, adding the 

results as discussed in Section 2 equ. (2) 9) and equating to zero, we 

find 

CV 	11)4. 1A/ 11) 	( W (I )  + w il) ) c)  	- L 

(W V 4 	) 613 4(WT4WV) 614 	( W Us)  4 WIT)  ) a 

f (w + w(it)) 	+ ( w 1) 	.(.")) c‘i  = 0 

CA. 
ypr

z wt''/ 
	(.1)10) 

lL I 

(1610) is the basic relationship which exists between 

surrounding global parameters. In view of 

IA/  (10 L IA/
V 	

0  
0 	" K 	141-i 

ao  and its 

(see (111(A) ), the sum of the weights in 
	is zero. 

All the above considerations have been based on the assumption that 
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— V1 	do not lie at a point on the boundary at which there is an 

imposed boundary condition. Let us now suppose that vertex V, 

say does lie in such a place. Then all we have to do is to fix ai  to 

be a, where 

4o (V1} 

If V,Vi. lies on the boundary, this corresponds to a linear interpolation 

(between VI  avxd V) of the boundary condition. If V, lies on 05L 

at a point where there is no boundary condition, al  still appears in 

(1010 	as a parameter. There remains the question of the equation for 

a point V0 	which is not inside a polygon, because it lies on the 

boundary, but for which 61.0  is a parameter (as opposed to being fixed by 

the boundary conditions). This case can be easily dealt with on the basis 

of the argument used to derive (Lf)(0) dealing with prescribed boundary 

conditions as indicated above. 

Next, we shall indicate a further simplification which can be made , 

for simple enough regions. It will be illustrated by an example. -We take 

for SL the square 	O < x, 	< 1 	and triangulate it in 

the manner shown below (and described previously in the example of para. 2 ) 
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Consider any internal vertex Vo  and its surrounding hexagon, and let 

us compute the equation for 0„, This equation takes the form 

51,Lao- (cot-  +1-) at] 4- 32_ L ao -  (to+ 5- ) 

ps  L240 	ttoW 	(coE11--  ) A„..] 4 y4 [Go'- (cot- !-.)0,4] 

4- S's ko — (wE 	S' [140 — ((oE -14)(AL — ((A IS-)41] 

	

= 	ot.„ (5), + y, t 25 + y 4 sy;  t).7(,) 

— 
a
.(y + Y6) —a3 (3)1- +  33) — a 4 (.?0,5) ) — 	(3 *3'4) • ( 4, 10‘") 

Equating this to zero gives the desiredequation. Let us note immediately 

that if y 1 this equation reduces to 

• Li-ct o  — A , —c,5 — oi 4  —A 	---- 0 

which is the common difference approximation to the Laplace operator. 

Moreover, in the general case, the equation does not involve the variables 

associated with V, and VT 	except through the function 3). 	Now 

carrying out the same computation at each vertex of the triangulation, 

and writing out the equations in matrix form we get 

ta(a). 0. •=-• 	( (.t) 
	

(41 1 )) 

where itack) is a matrix whose elements depend on the vector Ai= 

= ((A1) 01,)..  .1 G,t,, )r  and b(a) 	is a vector whose elements depend on 

OL. and the boundary conditions. The geometrical properties of W )  

by which is meant the positions of its nonzero elementsl_do not depend 
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on y . In particular, if .5'= i this matrix is known to be a-cyclic 

[31 ] ) (or have Young's "Property A"). Moreover, it is not hard to 

see that this feature subsists for regions more general than the square 

we have taken for the model, It can, to an extent, be exploited for the 

purposes of solving the equations (4,11). Let us recall that the general 

equations with m ) Ply 	arbitrary are also in the form 0'11 10 (see 2,10o). 

We cannot, however, say much about the form of the matrix W (a) of (1)10c1) 

except that it is 'sparse'. 

The following statement is evident: 

VV(0,) of (111 11) is symmetric and positive definite (provided there is 

at least one vertex of the triangulation lying on part of the boundary with 

an imposed boundary condition). The proof of it follows immediately in the 

basis of (400a,), Furthermore, the corresponding matrix for the case 

tvt -I with an arbitrary triangulation also has these properties.. The 

algebraic problem then arises:- 	solve the equations 

W ((A) 4, =47(A) 

where C;(a) is a symmetric, rsitiwe definite matrix (whose rc0.'4re 

definiteness holds for any vector OL ) and (0,) is a vector, dependent 

on the vector GL , We shall consider the solution of this problem in 

part 4. 
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3.5 Resume and notes  

In this part we have used the piecewise polynomial trial functions, 

which were studied in part 2, to reduce the problem stated in part 1 

section 9 to a problem dependent on a finite number of variables. We 

showed utve.a.the finite dimensional problems were uniquely solvable in the 

case of arbitrary triangulations of bounded regions in ILI, for all degrees 

of polynomials. The equations were then set up in detail for a special 

problem in g2. • 

Some remarks concerning the origins of the results will now be made. 

In section 1 the only item requiringcomment is the idea for the construct-

ion of CP,• This does not seem to have been previously suggested. As 

6 	regards section 2, for the linear case at least, the manipulations leading 

to (2.10a) are well known, especially in connection with the (linear) finite 

element method. However, it was thought worthwhile to include the derivations 

here in order that the precise way in which the nonlinearity manifests itself 

in the algebiaic equations could be seen. (100a) brings out this point; 

this equation does 4ot appeptr to have been given elsewhere. As was, said 

in the introduction, the 'elimination of internal nodes' considered in the 

second part of section 2 is a straightforward generalisation of an idea in 

current use. In section 3 we used (Theorem 3.1) the idea of an increasing 

functional. The author became aware of this concept and its use in variat-

ional methods through works of Mikhlin [SII(This book is not at present 

available in English, but a translation is due to appear). Theorem 3.1 is 

thought to be new. We gave the uniqueness proof of the corollary 3.1 just 

because of its own interest. It implies that an increasing quadratic form 

has a positive definite coefficient matrix. Theorem 3.2, which shows that 

convexity of 1:01) ....)ph) is transmitted to convexity of Y(41)...)0..,m))• 
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was made up by the author before the appearance of the paper [30] 

referred to in the text. It owes something to the previously mentioned 

book L32.] 

In section 4, the derivation of the equations is again justified by 

the fact that the way that 3 enters the final system of equations is 

clearly seen. The same system of equations was derived by Greenspan D3 
by differencing various differential equations in a particular way. They 

were also given by Winslow [34-] where they were obtained for a problem 

in magnetostatics by a physical argument. This author also stated that 

they could be obtained by a variational argument and indicated extensions 

to other problems. The fact that the coefficient matrix has property A 

for the case of a right triangulation does not seem to have been pointed 

out before. 
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Part 4: Solution of the alpiebriac equations  

4.1 Introduction and objectives  

We consider in this part the solution of the equations 

w(x) 	= 13 ( X) 	 (l) 

where W(x')is an Mxn matrix whose elements depend on DC . It will 

be assumed that for any 3c  i Wix') is positive definite and that hi) 

has a unique solution 

We shall confine attention to methods which in some way exploit 

various special features of (1)1). Two classes of methods will be 

distinguished, namely those using derivatives of (1)1) and other methods. 

These classes will be referred to as containing derivative linked 

algorithms on the one hand and derivative free algorithms on the other. 

The contents of the sections are as follows. Section 2 presents a 

simple general theory of.a wide class of iterative methods. In section 3 

two particular algorithms are introduced and it is shown how the results 

of section 1 can be applied to them. Section 4 contains some general remarks 

about the choice of certain 'acceleration' parameters for iterative mthods 

of the type introduced in section 2. Sections 5 and 6 deal with a general-

isation of successive overrelaxation methods to nonlinear problems. 

Two further remarks are in order. Firstly, especially in sections 4 

and 6 the presentation is more discursive than logically continuous. The 

reason for this is a desire to avoid the presentation of complex synthetic 

conditions which are difficult (if not impossible) to verify in specific 



instances. We attempt to adduce principles rather than general theorems, 

although usually, sufficient information is given for the construction of 

such theorems. Secondly, it should be pointed out that the field of the 

iterative solution of nonlinear equations is continually being added to 

and refined. There is considerable overlap with its results and those of 

sections 2,3,5 and 6. In order not to disrupt the treatment, an account of 

the relations between our results and known results is given in the resume, 

section 7. 

4.2 Iterative mthods  

We shall consider only algorithms which can be written in the form 

(R,, 	x 	.( 1̀4)  L''" 	(t)  
k 

) ) 

  

where 	
) 

and is a system 

of 0,i equations in 111., unknowns to be solved; 	(.),°° are scalars arid 

L (k) 
are 0-x11, matrices. (1)1) includes a very great number of known 

algorithms. 

Let 

the equation 

x  

p (10 	 (E) 

(k)  and let P 	denote asz matrix satisfying 

( 21 	• 

From (1/1) follows immediately that 

E '1) 
	- <,4 (4)  i_.`" )  P (K)) i")  

(T- 	1-()  ?")) E to 
C.0 
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( 	) 	is exactly the error after 	i 	steps of (2-d--) 	If the 

equations f (t) are linear, so that f (X') = /1 	— 6 	then for 

P(14)  we can clearly take 	P(14)  = A 	Then (213) 	becomes 

(k") 	 ( 	A ) 	(179 

which is the governing equation for the error in the case of linear 

equations. In order to see the uses to which it may be put suppose 

A 	is positive definite; now as is well known, many minimization 

algorithms can be written in the form (2,L) with 0/4), A ), (k2 6 5 VF 
, i) say. The parameters oC

(R) 
(steplengths) and 	L. 	define the particular 

algorithm. Many such algorithms converge to DL in n. or less steps. 

From (2/0 we see that a necessary and sufficient condition for this is 

that the matrices LI14)  and parameters 	009 should satisfy the 

relationship 

T 	L") A ) 
asp 

Thus e.g. 0-14) may serve as a basis for the construction of 

algorithms. As another example of its use we cite the derivation of the 

basic Richardson algorithm in which L(14) =- I and (2/4) is used to 

determine the parameters 	/ to achieve rapid convergence E:3  s- 

We are going to use (21 ) the general form of (L/4) to prove a 

convergence theorem for the iteration (2)1). We have first to choose the 

matrices
(k)  

r 	of (2it) and this will now be done. 

Some new vectors will be introduced in order to expedite this process. 

Let 

x(03 	( 3(  (14) x  (k) 	 (k) 

)- - 	) 	 - / 
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(K) 0 	 r (10,j where 	X. 	and 	X(k)I 11- 'E. X i K) • define t 	by 

f. (141j) 	 j--00 ) ...) 	We shall assume from now on that in 

a sufficiently large neighbourhood of 	fL C = 1, 1 

has first partial derivatives which are Lipschitz continuous, with 

constant 	Consider the matrix 	6,4 	whose 	j)11A 	element 

is 

t 
Jt (k) si - x,' 

x(t), 

1)):. 

,i X (k) 	•x 
J 	J 

If 
(K) 

;)C. • = x . then 	.014),j 	OK)/ j-. In view of this, 

we have 

n. 
EC:3•• 

 

J-="1  

r  (19, vt, 	f  (k) 
t. • 

• Thus, for 	P (1̀ ) 	we can take 	OK. 	defined in (1,T) 

On the basis of the Lipschitz continuity of the derivatives 
Q--c..;  

the members of (2. s) 	can be written as, in either case, 

[r(03 00 —4. 0 (m 04  ) 

where 	n ( II E. (') 	) 	denotes terms 	JZ 
	

satisfying the 

inequality 

R (it) 	
£ (k) 

(4)  

	

Next we shall impose some conditions on oe 	and 	' 	. For 

(K) 
	 129  0( 	we shall assume that 0C(4)=.  oe= cemst. 	will be assumed 



to be a matrix of functions each one of which depends only on a vector X'  

and which are defined everywhere in a neighbourhood of X-. 	The elements 

of L,(V) are assumed to be Lipschitz continuous functions in this neigh-

bourhood. In this case we can write 

L (') 	x'K) ) = L(x) ÷ 0 (11 E (' )  L) 

where 	0 (II E''' )  II D) now denotes a matrix 	
S (k) 	

satisfying the 

inequality 

s( K
)  H o.) 	El° 11 „ 

where 	C, 	is a number, (constructed from the Lipschitz constants of 

the elements of 
	1_ (Y.') 	) which does not depend on 	et°. 

Let 	H(Li) denote the matrix whose 	(Zi)ft, element is 1-; (xi).  
JX; 

Since these functions are Lipschitz continuous we can also write 

H")  s H (x(K)) = H (x) fi 0(11 0°11.) 

as we did for L-(°. 

Finally, let 	A = 1 - a L(x) 1-1(x) 	and put ,S> (A) '.1z- 

spectral radius of A . ) 

The proof makes essential use of the following fundamental result of 

Ostrowski: 

Lemma 2.1  

Let 	A 	be an ivgn. 	matrix and 8.> 0 . 	There exist two 

positive constants 11  >0 and 6 > 0 dependent on A and E 

only such that if, for a sequence of 	h.z rL matrices bLAA. 	with 
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II uiI 	z9, 	AA I ) L1  -- 

we form 

1 = 11 (A i,t,i„) 

then, irrespective of the order of the factors in 
	

it holds that 

TTI,A 	43-  01/44+ c-r 
where AA is the spectral radius of A. 	In particular, if A 4 
then 17,4„, o as bo 

Proof 

See E3  

Our convergence theorem is this: 

Theorem 2.1  

Under the stated hypotheses on 	L- )  H 	and 	c< 	if 3'(A)4 
and 	A E-69  II co 	is sufficiently small the iteration 	(171) 	is 

defined aald generates a sequence convergent to x . 

Proof 

Select any E > 0 such that 	( (A") 4 ) G  l . By Lemma 2.1 

there are numbers 0, I 	associated with Ai 	such that the 

conclusions of that lemma hold. Let S (8 ; )'1) be a sphere 

1 INA T-,d) 
	 where the Lipschitz conditions on L 	and P 

hold for any t4 	S 	; put 
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'We shall first prove that for 	E._ S(E)x) the matrix 	..,, defined by 

61. ( 	l-(-0 ?()) - A 

satisfies 

IL 	= o ( 	IL) 

Indeed, since 	S S)  ,L) 

I-  a u'i)) f ( '0 - al-  oz (17() 4 (-)( 11Vc-U)(1-1(>0 4) (61!:'F )Laa),)) 

	

:.-.. 	A -+ 	(11! -':x ILG) 

which proves the assertion. 

Next we shall prove that if y 0 is any given number, then 
) 	. 

0 ('a) 	such that 	11 	(6) lloo C\IC 
	

for all ta. 

satisfying 	11 - 	II C.4 	e . 	We have 

,̀P i6 )- 	7:1  ( I - I-(6) P(1) 

(A 4 1,1) (1.3-30 

and by 	(1) -0) 	91 	such that 	II EA- II 	< 

if 	ILD <  el. 	Hence,` choosing tat. to satisfy this last 

inequality and appliting Lemma 2.1 it follows that 



such that if 
- then all the iterates Xt.i)  so) 	) 

Continuing in this way we infer the existence of a etc.) 

E (`) it 	< 
lie in 	S ( 61 -)  '‘-) • 

112 

the above statement then holds with 	( y ) = hu-v, (of 	 ) • r(y(A)+c) 

Now let A)0  i i 	be any integer, and 	S, > o 	any number. 

It follows from what was just proved that if 	II E."?)11. is sufficiently 

small then 	x- 6)  E. c (8,  •, )L) 	i = 0 ) I) — - ) 110  . 
00) For to have 	X L S ( &I  ; x-) 	we have only to have II E:(1''-' ) IL 

sufficiently small, 	.<" 	e .NI6--1)  say. To have 	h E.-°°--t)  h a, z- e (v̀ 71)  
It E  K:,--).)11 a,  < 	9  (,-.2.) we have only to have 	 say. 

We shall now prove the theorem. Let N)i-  I be the smallest integer 

such that 	CT y (A-) 1- E.) 4" i ; then we shall prove that for any Al vs).0 

there holds 

< 	( 3) (A- ) 	s)m 	£10)  11,„, 

if 	to)  Go  is sufficiently small. 	This is equivalent to the , 

statement of the theorem. The proof is by induction on M. 	First 

consider 	---. -)) 4- I • 	then we have 

7- H (1 — Lto p(0) 

FT 	ti,``)) E.`°) 
c=0 

0( Lto?  
where 	 - 	fz) _ 	Choose 

so small that all the iterates Xto) 

	

--- 	lie in 5 (91  x-) 	where(*0  

e' 	has the same significance as above (following • (2-, ), Then we have, 
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by definition of 01 1  

	

II le )  11 W < 
	 (1) ;0 

and we can apply Lemma 2.1 to get 

it 
 

L 	„ 	0-  (s(A) f c_) 	
, 

E")/11.0 

This establishes the 1st step of the induction. Assume now that (/)q) 

holds for 	I )  Vi.1) 	) 	- I 
	

Then 

m—, 
E's"' 	l l (1- 	LL) ? (C) ) 

C.-0 
Since 

II f:_ti )  IL°  < 	(3(A)+L) s  - II E" ))  .0 

all the iterates 	DC 
6) 	

) wi -I 	lie closer to 

DC 	than does X.6)). 	Hence the necessary estimates of the form (2110) 

hold in (2) 11) and the theorem is proved. 

In essence, we have also proved that asymptotically, 4E644 	C.) 

no slower than a geometric progression with ratio 2(A). This is well 

known for the case of linear equations. 

The question of the choice of the parameter at will be considered 

briefly in section 4.4. 

4.3 Derivative free algorithms  

Zany algorithms of this type are based on the idea of an 'inner' 

• iteration being carried out on a system of linear equations obtained by 

some linearization of the nonlinear system. The result of the inner iteration 

is used to provide a new linearization to which the inner iteration can be 



llo 

applied, and the whole process is repeated cyclically. The number of 

algorithms utilizing these principles is very great indeed. Hare we shall 

consider just two of them, both of which have the property that the 

linearization of the nonlinear system is based on its special form, as 

given in equation (1 1  I) . 

We shall first state the algorithms, then show how they can be 

written in the standard form (1,1) Finally we shall make-some remarks 

about the application of the convergence theorem to them. 

Algorithm 1  

Suppose Wi  ot) [k) are given 

a) Linearize the system 0)0 by putting 

vv")5a(t4° D(t) 
	

c l») 

where 	Vi(1°  = VV(X6°) etc. 

b) Carry out one iteration of the linear successive overrelaxation 

algorithm, starting with X
Ck) with parameter to on .system (3)0 

to get X- 
0".0 

c) Define X(g")  by 

7X-(k") = X (g) t oc' 	3L(144‘)— x (lc)) 

d) Set 	 -- K.  K4) and carry on from a) )_ 

From a) to c) is one step of Algorithm 1. The motivation for this 

oc)  
procedure is clear; if IX is very close to Dc. and the equations 

are linear we would be justified in hoping that 'T
WO 

is even closer 

to X. 	The restriction to a,single SOR step can be removed and 

replaced by any other (fixed) number of steps. We shall consider this 

no further here. In Algorithm 2 we consider the situation in which 



equations 	(1)  1) 	are solved exactly at each step: 

AlF7orithm 2  

Suppose 	c.,<* ) 	(w) 	are given 

a) Linearize 	(I )  1) 	by putting 

W 	sz  orto 	b  (k )  

b) Solve 

(k) •-■-• (1(4 t) =. 	
Ot) 

)C  

c) Define 

	

Oct O 	(I() Otto 
p(.-= X 	.4- 0( ( X 	X ")) 

We shall now write both of these algorithms in the form 	(1) 	Consider 

first Algorithm 1. Put 	W (19 	D (1°  f E:it)  + F (g) 	where the 

three matrices on the right are respectively the diagonal, strictly lower 

and strictly upper triangular parts of W", By the linear So 

theory 

,5vc  (x41) 	D(K)+,E 	 F(03)0,0_ 6  to 

and 

xcx) 	LA)-1 Do94.  F  (u))-1 	auo ( ..1„..;.1) 09 • - (19 
H OC) - bto 

= 	b oo E vo)-' S w t') x(K)  - 	(K)1 

Putting (  t- to 	(K) x_(K) 	6  to 
we have 

(Kt 1) ( 

and this is the desired form. 
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As regards Algorithm 2, note that we have the relations 

w 	(K) 	(x) 	(„, 

8ubstracting them 

w '") 	"4 '1- X lk)  ) 	_ - t g) 

and as a consequence of this, 

X,OtO  
(K ) 	 vi Lk) )-1 fI:K) 

which is in the form (l I). 

In order to discuss the asymptotic . coryergence of these algorithms 

we need to know the Jacobian matrix lit x) of the system (I 1), To compute 
it, .consider the i " 	equation of the system ( 

K 

This expression is 1-1  001 Ls; 
-,)IN 

Let 	denote the matrix obtained 

by differentiating each element of W with respect to .).= • . Then 

H = )w . D5t x-  
Dx 	

1 j. 

where in the first matrix the column vectors comprising it are shown, and 

in the second, the (i.j)111 element is 	, 
3xj 

Thus, 



r 	 3 W 	 r 	-1 
H w 	L 	 • • ) 	 L 

and in the case of linear equations this is zero, In this sense, the 

matrix 1-1-W is a measure of the deviation from linearity of system (1)1). 

We shall put it equal to A 

A_ k-W = r L 	) 	) 	 'znbc] 

so that t+ W 

The matrices 	I.- t4 L (x-) (Y-) 	governing the asymptotic 

convergence of the two algorithms are 

a(w-i_Di-Er 	 a A 
	

(3) 10 

for Algorithm 1, and 

Az  

for Algorithm 2. These follow immediately from (312.) and (31 3).- 

The matrices which appear in these expressions are all evaluated at the 

root X. Both (3)4) and (3)9 reflect the fact that if the equations 

are linear, so that &a(' the algorithms both reduce to known algorithms. 

Generally, we will have local convergence if 	y(A 1) < I 	or if 

(A4)< 1 • consider Algorithm 1: suppose that Sc'i■ applied to the J 	) 

linear problem Wx- = b converges. It is intuitively clear that if 1101100  

is sufficiently small then (by'perturbation' arguments) we can have 

convergence in the nonlinear case for 	11 x- 	 sufficiently 

small. In the case of Algorithm 2, taking ve. 1 	for convenience we see 



that for A = C) the exact solution is obtained in one iteration. Again 

by applying pertubation arguments we could show that convergence occurs in 

the nonlinear problem under similar conditions to those just started. 

However, we shall not carry out the merchanics of these proofs because 

the necessary hypothesis (that II 6 	should be sufficiently small) ignores 

the origin of the original system of equations. The hypothesis of ellipticity 

already restricts the size of II A IL, and it is felt that essential use of 

this fact should be made. Some investigations along this line were made by 

the author, but various difficulties encountered could not be surmounted, 

and therefore we eschew further discussion of this topic. 

4. 	Choosing o< . 

From section 2 and the remark following the. proof of Theorem 2.t 

it follows that the convergence will be the faster (as symptotically) the 

smaller 3 (A (a)) with 	A (o ) = Z - a L 14 . We have a at our disposal . 

to make P ( A (.4)) as small as possible. In order to achieve a satisfactory 

solution to this problem, we should need to have fairly complete information 

about the spectrum of the matrix L. H . Unfortunately, this is not usually 

available and this fact rather restricts the use of the following remarks. 

However, some idea of the role played by this parameter can be gained as will 

be seen. 

We shall assume that 	y ( (1) ) < I 	Let )■;, 

be the eigenvalues of 	A (1) s I —  LH. Let /14 	= 2-)  - - 

be the eigenvalues of 	L H 	so that 	— pi; 	= I)  2)  - ) 11.• • 

The assumption )c I < I 	implies that the )■,-. 	all lie inside or on the 

boundary of a disc C I  concatric with the circle 	in the 



(Lc 

complex (0 plane and of radius 	y ( A (l) ) < i . 	The 

corresponding picture for the /A; is obtained by reflecting each root 

AL in the origin and then translating CI  so that its centre is at 

OM. The point originally k is now These 

transformations can be reversed to get back to the original picture. 

Consider now the eigenvalues of aLii which art.e. just oeirAz . 

Geometrically this means that the roots /A; are shifted along the lines 

joining them to the origin by an amount 	(a -i) 	(if a .4
r

,-, 

moves toward the origin and if 0,c> 	it moves away from it). If now b; 

is the angle between the vectors /A; and /4z-1 	it is not difficult 

to see that the above shift in the position of /4L is composed of radial 

and tangential components, relative to the circle 	I -IJ = I juz, I 

of respective magnitudes 	(oe—i) J /A:. I cio P.; 	and 

(a— a)I p 	P-- 

/ { 

	1 	 -11  
, 1. 	1  ti;

N.  ' . . 	. / , — — 

On the basis of these remarks it would be possible to. give general 

conditions on the dispositions of the 	/A.- 	which would ensure the r_, 

possibility of choosing o< to achieve some reduction in 2 OV(04)) 

relative to 5(A(1 )). Rather than do this we shall show that there are 
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situations where no improvement can be obtained by choosing 0(1,  t . 

Suppose LH has two real eigenvalues ...A. and fAl  equal in magnitude / 

to its spectral radius, and equally spaced about the point 

Let 0‹ j  I . To obtain the roots 	0(
/

V- 	 we have to perform 

translations on the roots i'vlz along the real axis. The size of the disc 

on (I) 0) required to contain the translates must then increase compared 

with its size when 0.:= I . Passing back to the roots 
	1-0<frIc. 	by 

the reflection/translation mentioned previously we see that the disc required 

to contain the roots 	has a greater radius than that required to' 

contprin the roots 	So in this case, 	is the best value for 

Now consider Algorithm 1, for which the error matrix is given in (3,4). 

Suppose, in order to gain an insight into what can happen, that a- .=-1 and 

that W has property A . Suppose further that Ll 	has the 

character of a 'perturbation' from the zero matrix. Then (3,0 is 

approximately the matrix governing the solution by SOT: with parameter 1.03 

di*" a linear system VV. Dc. = b. On the face of it there seems to be 

little reason for using an 	G.W 	different from 	But then 

the roots of the error matrix all lie on a circle of radius w,°& —  

with real roots at w 	and — 60‹,017 	. 	Consequently, the 

roots it". 	t:...1)1.- corresponding to these are equally spaced about.  (I)0). 

Therefore as we saw above, no improvement can be had by choosing 

different from 1. In practice, 	(A3 	will not be wcrb and 11/1 L may 

not be very small. But the above discussion shows that we cannot really 

expect to do more by choosing o< 'IL I than prevent divergence of the iteration, 

rather than induce faster convergence which is what we should like. 

(1, 0) 

With Algorithm 2 the situation is different as we shall now see. The 



error matrix is given in (3IS) We have here that 1/1 	are the eigenvalues 

of Vri  H . We shall assume that H is positive definite. This is in 

line with the interpretation of (1)1 ) as the gradient of a functional 

whose minimum is sought. Since W 	is positive definite by hypothesis 

it follows L531 that the eigenvalues of W1 1-1 are real and positive. 

Now 	W H = I + v.( L. 	and so the eigenvalues of VV-1 1-1 are 

found by adding 	to those of 1N-/ A . Suppose 	is a definite 

matrix: 	then all the eigenvalues of 	W"'1-1 	will lie on the same side of 

(I) o) 
and it will certainly be possible to speed the convergence by 

A 
taking AI- ) . It is evident that the best value for 0( 	,X 	is that 

which translates the interval 1: AA,,„, Atmx,„] 	so that it is symetrically 

disposed about 	( I
/ 
0) . 	This reasoning holds even if 	L 	is not 

definite. Also it is easy to see that this value of o< 	is just 

-L. 
/6/1  r144.1/1.,  

and the corresponding convergence rate is 

//1 ",„a„ — 

frtro.c..A /- 	tiA4  V6.  

It is not easily possible to compare the convergence rates with 0(= I 

A 
and u: = 	) this is because for 0C 	it depends on only 1 eigenvalue, 

but for oc = cx it depends on the extreme pair of eigenvalues. 

To sum up, we can say that Algorithm 1 is not likely to be (asymptotically) 

improved by choosing 	different from 1, whilst Algorithm 2 will always 

A 

benefit from the introduction of oe r I provided the above mentioned 

equal spacing of the roots 	and pmc../ does not occur. It should be 

emphasised that these remarks apply only to the local convergence of the 



algorithms. The question of the global convergence is very much more 

difficult. 

4.5 Derivative linked algorithms  

In this section we shall consider the local convergence behaviour of 

nonlinear block successive overrelaxation (Son algorithms (which includes 

as a special case point 5O 	). The advantages of these algorithms are 

well known for linear problems and in certain respects the advantages sub-

sist for the more general problem. We shall not give any theorems explicitly 

but merely indicate how they can be proved. To begin with we shall indicate 

some of the history of the generalisations, then we shall formulate the 

algorithms and finally we shall elucidate the nature of theesymptotic 

convergence. 

The first generalisations of point SOS, to nonlinear problems seem 

to have been given in L-3-1.1 (for a special problem) and then independently 

in [3`3]. The convergence theory was considered from a variational point of 

view in [39 3 and subsequently computational studies appeared in [4-0] 1.4)]. '14 

A more general approach to the convergence theory was given in E42-] 

and £43] . Meanwhile material in the spirit of [3'i I appeared in 

E 44 	and 	ElkS1 in connection with block methods and .'free- 

steering' algorithms. The results given below, which are for block SO& 

algorithms generalise those given in £431 for point SOIS 	although 

the methods used to obtain the results are different. Some computational 

studies of nonlinear block SOK have been given in [4 ] • 

In order to formulate the algorithm ,Some, notations are needed. Let 

pc 	be an n, dimensional vector and let a partition of X into ill 
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blocks 	Xi, 	CH;1,2.1 	, nn 	be given: 	)c: 	(XI 	. X  ) 

The number of components in each block Xc is is,: 	and 2: ir;= (1,  . 

Now let A 	be any given n.xn. matrix: the stated partition of 

induces a partitioning of A 	into blocks A-, 	= 	.. • , 

in which element kj is of size (s z.  x raj 	The diagonal blocks 

are square matrices. The system of equations 

(x) = 

is assumed to have an isolated solution 3: in a neighbourhood 11 

of which 4- C.. e(D), H is the Jacobian matrix of 4. Its (j)41.., 

element is LH ].- = 	 • 	Its blocks are ii t;i 

with the above Daritioning. The blocks of -f 	are F- j= i1 ". m  - 

The algorithm to be considered requires a partitioning of H 	and we 

assume from now on that it is the one described above. The algorithm is 

summarized as follows: 

Given X(t) and (.J 	compute X 	according to 

A 
	

H 	) 	x )- )(in ) 
-I 	itto 	tt..) 

	

F. ( Xtt 	X 
..) 	X UT) 	(e) 

i 	
- 	 X 

	

I 	) 	) 	) AZ, - - - ) 	vn 

rr, 

(c) 
Iterate on t starting with b= 0  • X 	is a given vector. 

13 	 ) (so that mErl... 	) this algorithm 

reduces to the nonlinear point So& algorithm. If the equations 011)=0 

are linear it reduces to the well known linear So& algorithm, with 

as the acceleration parameter. The algorithm (c,) is not defined if 

any of the Hiz. (D2) 	are singular. This cannot arise e.g. if H (x') 

is positive definite in 5 . 

(t1-0 



4.6 Convergence of 5 R 

The objective of the present section is to discover the factors 

controlling the asymiiotic convergence (i.e. convergence near the root ) 

of algorithm (S )  I ), In order to do this we shall write (C)  1) in another 

way. Let 	I 	t; =1)  I) 	m denote that rt.),  r. matrix whose only nonzero 

elements are I n s in the diagnonal positions occupied by the diagonal 

elements of 14;c, (x.1  . Put tat") 	ac."..) 	and consider the algorithm 

t8 

 

(K) 
	 (14-9 
	 ) 	, 04-1)

) 

K 	1 ) 	) • - 	0'1 

where -D 	) 	is the block diagonal part of 14 (x') so that the j'  t' 

block of b 	) is 	(u') . Comparing (S-)  1) with t = o with (L )  I) we 

see that DC(I)  of (C)  1) and ‘8,0-) of O.)  1) are identical , (411) is 

just a restatement of the first step of (c)  1 ) for a given initial vector 

common to each. At the pTh  step, 	1 	m of (G,1) only the pn' block 

of components is altered. 

For the purposes of illustrating a point which will arise later, 

suppose the equations 	(x) 0 are linear, ¢(x) a A -b O. From 

(6 )  0 we get 

b0 
`a" 1-1 A ( (g")  

( 	- .3 1, 1)--' 	%A. 

where now 1 	is the block diagnonal part of A . Thus 



RI 

_ _ ( I - (") 	rl  A) (x.').- 

or 

E (')  = 	fT (I- w1;  'A) a f.) 

with 
U.) 

Now, it can be proved that 

-h (1— 40 .1-z, b-V-1 ) 
	

1— (6s-q-i-E) 1 	 (41 3) 
m 

where E 	is the (strictly) block lower triangular part of A• 	The 

matrix on the right of ( CI  3) is the known matrix governing successive 	► 

errors of the block SC 	process applied to the system Ax_ — 6 J . 

Moreover, it is known that if ,3 ( 7E- (0-1 .D-1- 	) < , 

convergence of the iteration occurs from an arbitrary starting value. 

Let us now return to the nonlinear problem. Consider ((. i) ) 	• 

By Taylor's theorem, for 	°4-4)  E. 

= H (x) 	t  1,'""0 	 (6,4) 

where 	1-(xi)  is a certain vector satisfying an inequality 

(6,1+k.) 

where 	6K-1 can be constructed from bounds on the second derivatives of 4-. 

Moreover, 

= 	( )L) 4- I∎■ 



l(rt-1) 
where now 	satisfies an inequality 

C k_k 	 )C- oo 

and 	C. 	can be constructed from the same bounds as 	13g.1  

Using 0,1(f) and (4,T) we put (Cy) into the form 

(14-1 )_ c„.:,)  I it  tc1 ( 	6) 	.2.4  Etc( tot-ot  04.0 	6._ to,.0)]  

where 	1 	s 14 (L) 	 (3,-) 	and 	6 s 	From this,• 

( (14-- ) 	I:0  II< 	1-1,) 	x.) + 	 1-(H".1) 4- i:(k-1)1-1„ ( 	s) r g(-91.1"1 

and the formal similarity between the first term on the right here and in 

( G, L) 	can be noticed immediately. Applying this formula recursively 

we arrive at 

IA. (P4)— 	 = 	1 l ( 	(.,-)1 D„ 	) ( x`").- >c) 4- 5 LI)  

	

- (tYlDx  + Ex)-i  H, (x1° 	) 	(9 

SC° where 	is an expression consisting of sums of products of terms 

of the type 	 and 	LA-,  ' ][g 	v(4-) 

4- RM.')  14, (19.-)L) + R (K.')  Lig-9 	for various values of K. Putting the 

errors x.":).- 	we have 

C")  = 	- (W-t 	+ 	IA, 	(o) 	S (I)  • 	 ( 6/0 

and in order to Cerive information from this we need to know something 

about 
	

S (t)  



Suppose, to begin with, that the nonlinear So i■ process converges. 

Then given any small neighbourhood of Dc- there is a I such that 

all the iterates 3c,-- k)  with 	.7 	lie in it. For such an X cE.)  we 

can derive a relationship like (Li  (,) namely 

Et t.4 ') 	(w-1 	E„) 	E (')  4- S kt41)  

Recalling the fact that this is derived by considering an iteration of the 

type (G / 1) with 	-i15.) a X (L) and noting that the iterates i,((:) 

C= 0)  i )  ... 1111 	all lie in the neighbourhood containing (e.?„ T) x te) 

we can prove that there exists a constant g 	independent of t  , such 

that 

	

11 S ("1)  L 	6 11 .1°111-„, 	 (G2) 

This follows from (6,4k) ; ( 5eL) and the definition of S te-"). 

	

For brevity, put 	1.10  = 	1 — 	177:>..)-1  1-1). 

and assume 5, (ri,) < i .; from (L )1) we have in view of (L)  i) 

(11,.) t 	) E c")  

where 	li m 	0 	as C 	oo . By Lemma 2.1 we have that 

for all sufficiently large t 

A E- ( '') 11 	< 	a"' ( 	(II 	E I )1nri  II £ (`)11 0 	 (419) 

where £.1  > 0 is any pcsi:tive constant and 	Cl r = 0-1 ( 	) 	is constant. 

What we have shown by deriving (6) 4I) is that if the Soi 	iteration 

converges, it converges no slower than a geometric progression with ratio 

. The matrix No  is simply the error matrix that would arise if the 

linear system 	H, >e_ — b 	C) 	was solved by SoR using the same 

blocks as were used in the nonlinear Problem. 



Although we have omitted some technical details from the above 

argument it is actually perfectly rigourous. 

We have not yet proved that the 501: iteration actually does 

converge. The proof of this, valid when 	((10) < 
	

rests 

on a detailed analysis of the perturbed difference equation (G,'7). The 

difficulty arises in proving a relation like ((,,S) for the perturbation 

term. However, a careful consideration of the properties of (Li') enable 

a result like (0) to be proved, provided 40'011 a, is sufficiently 

small. The outcome of this is the following theorem which we shall state, 

but not prove: 

Theorem 6.1  

Let f have two continuous derivatives in a neighbourhood of Dc 

and suppose f(rlo) 	1 . Then there is a neighbourhood of x..)  S(01x.) 

such that the sequence 1.XL/1 generated by (S-)I) converges to aC 

provided 	DO')  L. S (0- 	The sequence 	li  x.- pc(onoo  

converges to zero no slower than a geometric progression with ratio .5,(M0) 

Finally, let us observe that the same difficulties arise in the choice  

of c...) 	as in the linear problem, compounded in the present instance with 

the fact that A 	is unknown. Furthermore the matrix H arising 

from the boundary value problems considered in part 3 section 	does 

not have point property A 	although there is usually a natural partitioning 

of it so that it does have block property A . 
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4.7 Resume and notes  

In the part just concluded we have considered the formulation and 

analysis of several methods of solution of the nonlinear equations arising 

from our previous work. Examples from two broad classes of methods were 

considered, and the factors underlying their asymptotic convergence 

behaviour were isolated. 

We shall consider now the relation between the results just given 

and known results. We shall begin with section 2. The mode of development 

of the general theory, of this section, is new. However the statemnt of 

the Theorem 2.1 was given, in essence, by Ostrowski L47] 	in 1957. The 

equivalence of the result given by us and the result of Ostrowski is not 

immediately evident, but can be proved using the tools of Ortega and 

Rheinboldt Ltr3 ] (especially Theorem 10.2.1). This book also contains 

a wealth of related material. 

We turn to section 3. Algorithms 1 and 2 were used independently by 

the author. However the following must be said; it was pointed out to the 

author by P. Concus (personal communcation) that Algorithm 1 ca-incides with 

an algorithm proposed by Winslow Lo] . However, it does not seem clear : 

from this latter paper that it is this particular algorithm which is being 1. 

considered. As concerns Algorithm 2, it has been used successfully (with a 

different discretisation) in [.4 q] to solve the equation of compressible 

flow. The formulations (2)1) and (y) and the subsequent analysis of 

these algorithms is believed to be new. 

In section 4, the question of choosing 0( is not usually studied 

in the present generality. But for real roots . k the work is standard, 

[‘o31[]. 



As regards section 6, it was already mentioned in the text that 

convergence proofs for block nonlinear Sol do not seem easily available. 

The methods used in this section do not seem to have been used previously. 

The book [433 contains a more sophisticated approach to the point 

algorithm, but it appears rather difficult to generalise these methods. 

The idea of reducing the error matrix to the factored form of (6)3) 

is allied to the 'splitting' method for time dependent problems as put 

forward in Eg.2,- 3 . 

tv, 



Appendix: On computation 

1. Introduction 

During the course of developing the theory of part 4, various rather 
unsystematic numerical calculations were carried out by the author in • 

order to obtain an intuitive grasp of the behaviour of the algorithms 

discussed there. For general interest we give below for each of the 

algorithms considered a list of a few points that emerged from the 

calculations. It would of course have been possible to give details of 

the workings of the programs and detailed numerical results, but the 

significance of them would be blunted by their highly problem dependent 

character. It is necessary to emphasize that the following results are 

put forward for no reason other than general interest. Certainly, no 

general conclusions should be drawn from them. 

2. Test Problems 

For the purposes of numerical testing the following problem was 

constructed and used. 

Domain :D (in Ry ) 	U < X < I 	 < 

Equation: 	(1+ LA-0" Vs 	( I 1.4 )2: ) 	= 

Functional associated with (Al) 	(1+ L4,1" t 	)112" G-1,D 
.3) 

Boundary condition: 	-IF em(cd) 	÷- cc') 43.2: 
The equation is the minimal surface equation. Its physical significance is 

outlined in e.g. L3 J. The function 

t/t(x,i-) = (K)' ev,(co 	÷ cup Air 3c-) 

satisfies the equation and boundary condition. It is obtained by trivial 

modifications to one of the few known analytical solutions of (Al) due 

to Scketk5-2.0, The parameter VS' in the boundary conditions was 

introduced in order to observe the way in which numerical difficulties 

• (A 



increase as • I 	
Z. 

1,1/ 	CAA 	V tdte 	."--> ‘t) 	This behaviour is obtained 

as 	at the points ( I)  o) and (0 )  I) 	For h.?... 0-5 the above 

problem is a reasonable test for the algorithms of part 4. 

To solve this problem the triangulation wZ.H1, degree i polynomials 

of part 3 section 4. 	was used. The appropriate equations were 

derived there. 

The qualitative conclusions of the next section are based on the 

solution of these equations for triangles whose side lengths in the 

directions of the axes, OA) were a) 14,- 0.1 	b) 14. 0.05- c) 1„0.02s.-. 
The number of nonlinear equations in each case is 81;361, and 1521. 

Each algorithm was used to solve these 3 systems of equations with 

various values of 4; 	taken from 4Z. 0,s-(• I) 0.9 	and for 

the SOg algorithms 	k= 	3:=0.q99 ) 	17= 0-C999 

Starting guesse8 for the algorithms were obtained by linear 

interpolation of the boundary conditions. 

3. Qualitative behaviour of the algorithms 

Algorithm 1  

1. This algorithm suffered from instability of the following kind: 

small changes to the paramters x, U; 	led to relatively 

large changes in the required time to solve the problem. 

2. In spite of the instability mentioned, there often existed a 

pair of parameters u( /)  c' for which the convergence was 'rapid'. 

3. When using large values of tA) (say 	CJ ^./ Z 	) it was often 

necessary to have 	0( .4' I 

4. For detailed computational results see Dit'] 
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Algorithm 2  

1. This was, generally speaking, the slowest of the algorithms, 

although on the smaller test problems this was less noticible. 

For the larger test problems and values of 4: close to 0-9 

the algorithm failed to yield solutions in a reasonable 

period of time. 

2. As a rule, it was possible to choose vt to achieve reductions 

in overall computing time by a factor of about q3 relative to 

the required time with 0:= i . This factor of ifs did not seem 

to depend very much on the size of the problem for fixed 	) 

but appeared to increase as 4: increased. 

3. The linear systems were not solved exactly at each stage as the 

solution was carried out iteratively. These latter calculations 

were stopped when the relative change in each component was smaller 

than 5-X10-4  

4. For detailed computational results see C4 

Point Scg  

1. The nonlinear point SOg algorithm was, overall the best 

algorithm for the problems. It never failed to converge in a 

reasonable period of time, even on problems with .f.; 

For 	'f't < 0 • of 	it converges between 1 and 3 times 

faster that Algorithm 1, which was itself often twice as fast 

as Algorithm 2. 
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2. An extrapolation parameter was obtained empirically by carrying out 

a small number of iterations for a range of values of 6D and then 

working out the area of the surfaces obtained as 'solutions' to 

the analytical problem. That G.) for which the surface area was 

smallest was chosen for the main calculation. This device was 

reasonably effective. 

3. For detailed computational results see [S) ] Etti 

Block So R 

1. A line of nodes was taken to define a block of the Jacobian. 

2. The following (unexplained) effect occurred: for N'Z.- 

as 4; increased the accuracy of the initial approximation 

had to increase in order for convergence to occur. In other 

words, the domain of convergence of the block ScR algorithm 

decreased as I: increased. For large values of ,A no 

convergent initial guess could be found. This was only 

observed with the discretisation considered by us. For another 

discretisation (due to Concus 1.:3]  ) it was always possible 

to obtain convergence with the usual starting guess. It is 

not known whether the domain of convergence associated with 

this latter discretisation also decreased as 41: increased. 

3. When convergence did occur, however, the: overall computing 

time was usually only about i that required for the point 

4. For detailed computational studies, see 	• 
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4. Additional remarks. 

The above discussions all depend on 3; e.g. Gelder E.4-9 

found that for a different ? Algorithm 2 was competitive with 

point 	But in making comparisons of this kind we have always 

to remember that Algorithms 1 and 2 require less information (and less 

programming) than the Sol: algorithms. 

It is clear that there is much work to be done in connection 

with the numerical solution of the equations, and indeed, with setting 

them up in the first place. It is hoped that the above outlines are a 

useful guide for further work. 
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