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Abstract

Direct numerical simulation is used to investigate the integral behaviour of

buoyant plumes subjected to a uniform crosswind. We find that the plume

centreline is not aligned with the streamlines as is commonly assumed in

integral plume models. Instead, the centreline is aligned with the total buoy-

ancy flux, which implies that a model for the vertical turbulent buoyancy

flux is required to faithfully predict the plume angle. A study of the volume

conservation equation shows that the Leibniz term, i.e. entrainment due to

incorporation of ambient fluid with non-zero velocity, is the dominant en-

trainment mechanism in strong crosswinds. The data indicate that pressure

differences between the top and bottom of the plume play a leading role in the

evolution of the horizontal and vertical momentum balances and are crucial

to appropriately model plume rise. By parameterising the vertical buoyancy

flux, the entrainment and the pressure, a novel integral plume model is devel-

oped which is in good agreement with the simulations for sufficiently strong

crossflow.
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Chapter 1

An Introduction to Turbulent

Plumes

Turbulent buoyant plumes have long been studied due to their ubiquity in

nature and in industry, and their importance in fields such as disaster man-

agement and industrial pollution. Examples are volcanic eruptions, pollutant

dispersion via chimneys, fires, ocean outfalls, and jet engines (Woods 2010;

Mahesh 2013). A significant number of parameters play a role in the evo-

lution of a buoyant plume. These include the source velocity, release angle,

density and the state of the atmosphere the plume ascends through via the

wind profile U(z) and the stratification, characterised by the (square) buoy-

ancy frequency N2(z). Volcanic applications feature another level of com-

plexity due to the initial ash volume fraction and its size distribution, ash

reactivity and compressibility effects including shock waves due to supersonic

conditions at the source.
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Buoyant plumes are typically modelled via integral models. The now-classical

plume equations were presented in Morton et al. (1956) (MTT), and comprise

a set of three coupled ordinary differential equations for the volume flux Q,

(streamwise) momentum flux M , and buoyancy flux F , respectively. This

theory was formulated in the absence of wind such that the plume only

evolves in the vertical coordinate z. One of the cornerstones of the theory

is the entrainment assumption, which links the entrainment of fluid into the

plume to the characteristic velocity inside the plume. MTT assumed that

the entrainment coefficient α was constant, although different values of α are

typically used for jets and plumes. Recent work by van Reeuwijk & Craske

(2015) has clarified the relation between the MTT model and the Priestley

& Ball (1955) model, who used a closure using the production of turbulent

kinetic energy. Analysis of experimental and numerical data by van Reeuwijk

& Craske (2015) indicated that for jets and plumes the more suitable model

is that of Priestley & Ball. In fully-self-similar conditions, i.e. in the case

when the plume velocity and buoyancy profiles may be represented by a

function of a dimensionless similarity variable, and with these buoyancy and

velocity profiles having an equal width, they found that αplume ≈ 5/3αjet

(van Reeuwijk et al. 2016).

Briggs (1982) extended the plume model in a crossflow to account for be-

haviour of the plume after it surpasses the neutral buoyancy level, meaning

that the plume’s final height and maximum height could be predicted. This

involved adding an ODE for the horizontal momentum deficit Mx, and the

work was developed further in Briggs (1984). The presence of wind can

fundamentally alter the entrainment properties of the plume. Indeed, the
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presence of the cross-wind sometimes causes the flow to bend over and or-

ganise itself into two turbulent counter-rotating vortices (Fischer et al. 1979;

Weil 1988). For jets in a cross-wind, Mahesh (2013) summarises the research

into counter-rotating vortices. In addition, he describes the horseshoe and

wake vortices which form upstream of the jet’s leading edge as a result of

adverse pressure gradients.

In parallel with the effort to develop a suitable integral plume model there

is a large body of literature documenting experimental and numerical sur-

veys of plumes in a crossflow (Cintolesi et al. 2019; Jiang et al. 2019). One

of the earliest experimental studies (Fan 1967) investigates two categories

of plumes: inclined plumes discharged into a stratified but quiescent en-

vironment, and plumes discharged into a homogeneous, uniform crossflow.

Subsequent studies have been carried out for a wide range of initial and

boundary conditions, resulting in a large catalogue of experimental work.

For example, Gaskin (1995) compares a plume in a quiescent environment to

a plume with a uniform crossflow, Huq & Stewart (1996) assess the effects of

atmospheric turbulence on plume development and Jiang et al. (2019) car-

ried out experiments to determine the effects of a confining boundary on a

swept plume (in their case a tunnel ceiling). Since the widespread availability

of high-powered computing, numerical studies and particularly Large-Eddy

Simulations (LES) have been an additional powerful tool for investigating

plume dynamics. Yuan et al. (1999) were early innovators in this regard,

simulating jets in a crossflow (without buoyancy) by utilising a dynamic

Smagorinsky model for the sub-grid scales. They used their LES to analyse

the counter-rotating vortex structure, concluding that it was the result of
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the hanging vortices which appear in the region close to the source of the

jet. More recently, De Wit et al. (2014) examined a real-world application

of LES to overflow dredging plumes resulting from a moving dredger. They

discovered that the average horizontal velocity of the plume exceeds the ve-

locity of the crossflow. We discuss this intriguing phenomenon in chapters

4.3 and 4.4. Another pertinent numerical study is the paper by Devenish

et al. (2010) presenting LES of purely buoyant plumes released into strati-

fied and uniform environments. They compare the results of their LES to

plume integral models and proposed a modified entrainment assumption in

which the contributions from the horizontal and vertical velocity components

are not equally weighted.

Various entrainment assumptions exist (see §5), and all involve some mix

of the plume velocity and the wind velocity. Most models neglect pressure

differences between the plume and the environment, assuming that the pres-

sure is hydrostatic within the plume at least when averaged over the plume

cross-section. Most models also neglect the Leibniz term: the increase in

(for example) integral volume flux as a result of the spreading of the plume

into a non-quiescent atmosphere. Schatzmann (1978), on the other hand,

fully integrated the governing equations and was the first to describe an inte-

gral plume model incorporating the Leibniz term. He argued that this term

should not be counted towards entrainment, since it requires a fundamen-

tally different interpretation of the entrainment coefficient. In addition, he

noted the need for a pressure term, although at the time not enough was

known to fully model it. A limitation of his analysis is the assumption of ax-

isymmetry and the assumption that the turbulence terms are negligible. We

11



avoid these assumptions in our analysis by integrating the Reynolds-averaged

equations directly, allowing us to access all terms in the integral budgets and

to determine which are physically relevant and which can safely be ignored.

One pertinent example of an application in which integral models play a

key role is in the determination of the mass flux of a volcanic eruption. It

is not possible to measure this quantity directly, so the mass flux is often

inferred from the rise height of the plume, which is where the plume has the

same density as the surrounding atmosphere and starts spreading laterally

like a gravity current. Turbulent entrainment thus plays a key role in the rise

height, since this is one of the important mechanisms by which the plume

dilutes. Appropriately incorporating the influence of wind in these estimates

is key for appropriate estimation of the source mass flux. (Costa & et al.

2016; Woodhouse et al. 2013; Devenish 2013; Rossi et al. 2019).

The aim of this paper is to examine the assumptions underlying integral

models of plumes in a crossflows, including entrainment, by means of direct

numerical simulation. In order to manage the complexity of the problem,

we will restrict ourselves to a neutral atmosphere (N2 = 0) with a steady

uniform wind velocity U and a momentumless source (i.e. an infinitely lazy

plume). The only parameter that will be varied is the crossflow velocity. We

will be focusing our attention on the behaviour exhibited by plumes with a

strong crossflow, and developing a model for the entrainment and pressure

drop over the plume.
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Chapter 2

Theory

2.1 Integral equations

In this section, equations for the integral volume, momentum and buoyancy

fluxes are derived. The derivation is consistent with that of Weil (1988) and

Schatzmann (1978), but is performed here without any simplifications, such

as the assumption of axisymmetry (Schatzmann 1978) or neglecting turbu-

lence and pressure terms. A schematic detailing some of the nomenclature

used here is given in Figure 2.1. We employ a plume-following coordinate

system based on a plume centreline which makes an angle φ with the hori-

zontal. Standard Cartesian coordinates (x, y, z) are used which represent the

streamwise, transversal and vertical directions, respectively. It is convenient

to introduce a plume-following coordinate system (s, y′, η), where s is the co-

ordinate measuring distance along the plume centreline, η is the coordinate
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Figure 2.1: A schematic of the plume. The y direction is perpendicular to
the plane of this cross-section.
.

perpendicular to s in the x-z plane and y′ is the coordinate in the direction

parallel with y. y′ is equivalent to y except that y′ is measured from the

plume centreline at a distance s along the plume, whereas y is measured

from the origin. However, since the plume centreline always remains in the

y = 0 plane, we will regard these coordinates as identical and only use y for

the remainder of the paper. The velocity in standard Cartesian coordinates

will be denoted u = (u, v, w) and the velocity in the plume-following coor-

dinates will be denoted u = (us, v, uη). Again, we regard the velocity in the

y-direction as being the same in both coordinate systems.

The incompressible Navier-Stokes equations with the Boussinesq approxima-
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tion are

∇ · u = 0, (2.1a)
∂u

∂t
+ u · ∇u = −∇p+ ν∇2u+ bk̂, (2.1b)

∂b

∂t
+ u · ∇b = κ∇2b, (2.1c)

where b = g(ρ0 − ρ)/ρ0 is the buoyancy and p = p̃/ρ0 + gz is the kinematic

pressure perturbation, where g is the gravitational acceleration, ρ0 is the

reference density and p̃ is the standard pressure. The momentum and scalar

diffusivities are denoted ν and κ, respectively. Assuming high-Reynolds and

-Péclet number flow, applying Reynolds-averaging to (2.1), and making use

of the fact that the flow is statistically steady results in

∇ · ū = 0, (2.2a)

∇ · (ūuī + u′u′
i) = − ∂p̄

∂xi

+ b̄δi3, (2.2b)

∇ · (ūb̄+ u′b′) = 0. (2.2c)

The equations above are all of the form (Weil 1988, e.g.)

∇ · F = G (2.3)

where F = uϕ, and ϕ(x), G(x) are scalar functions. The position vector in

the plume-coordinate system (s, y, η) is given by x = X(s) + eyy + eη(s)η
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where X(s) is the plume-centreline and the unit vectors are given by

es =

⎛⎜⎜⎜⎝
cosφ

0

sinφ

⎞⎟⎟⎟⎠ , ey =

⎛⎜⎜⎜⎝
0

1

0

⎞⎟⎟⎟⎠ , eη =

⎛⎜⎜⎜⎝
− sinφ

0

cosφ

⎞⎟⎟⎟⎠ . (2.4)

In the (s, y, η) system, the divergence becomes

∇ · F =
1

J

(︃
∂Fs

∂s
+

∂Fy

∂y
+

∂Fη

∂η

)︃
(2.5)

where J = 1 − ηdφ/ds is the Jacobian, and the streamwise, spanwise and

normal fluxes are defined as, respectively

Fs = Fx cosφ+ Fz sinφ, (2.6a)

Fy′ =

(︃
1− η

dφ
ds

)︃
Fy (2.6b)

Fη = (−Fx sinφ+ Fz cosφ)

(︃
1− η

dφ
ds

)︃
. (2.6c)

To simplify further, we will ignore curvature effects so that dφ/ds ≪ 1.

This assumption can be justified by invoking theory for bent-over plumes.

Indeed, assuming that the edge of the plume is at η ∼ r, and using (2.21,

2.22), we have η ∝ x2/3. For bent-over plumes, the small-angle assumption

tanφ ≈ φ holds, which implies that φ ≈ dzc/dx. Since zc ∝ x2/3, it follows

that φ ∝ x−1/3. Once more invoking the small-angle assumption to note that

dφ/ds ≈ dφ/dx, we find that dφ/ds ∝ x−4/3 and thus that ηdφ/ds ∼ x−2/3.

This implies that this term can be safely ignored a few radii downstream of

the source. With this simplification, the Jacobian becomes J = 1−ηdφ/ds ≈
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1.

We will first integrate the equations over the area of the plume in the y-η

plane and then differentiate the result in the s-direction. First, we need to

note the Leibniz rule in 2 dimensions: if A(s) is the region in the y-η plane

within the plume boundary ∂A, and ∆A = (∆y,∆η) is the vector representing

the change in the boundary as a function of s, then any scalar ϕ(x) obeys

(Flanders 1973)

d
ds

∫︂∫︂
A

usϕdA =

∫︂∫︂
A

∂usϕ

∂s
dA+ L[ϕ] (2.7)

where the Leibniz term is defined as

L[ϕ] =
∮︂
∂A

usϕ(∆ydη −∆ηdy). (2.8)

We also note Green’s theorem, which states that

∫︂∫︂
A

∂vϕ

∂y
+

∂uηϕ

∂η
dA = −E[ϕ] (2.9)

where the entrainment into the plume of the quantity ϕ is defined as

E[ϕ] = −
∮︂
∂A

ϕ(vdη − uηdy) (2.10)
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We now observe that

∫︂∫︂
A

∇ · (uϕ)dA =

∫︂∫︂
A

∂usϕ

∂s
+

∂vϕ

∂y
+

∂uηϕ

∂η
dA

=
d
ds

∫︂∫︂
A

usϕdA− L[ϕ] +
∫︂∫︂

A

∂vϕ

∂y
+

∂uηϕ

∂η
dA

=
d
ds

∫︂∫︂
A

usϕdA− L[ϕ]− E[ϕ].

The equivalent result can be obtained using the recently developed unified

description for turbulent entrainment (Van Reeuwijk et al. 2020). Using the

expression above in combination with equation 2.3 results in

d
ds

∫︂∫︂
A

usϕdA =

∫︂∫︂
A

GdA+ E[ϕ] + L[ϕ]. (2.11)

To proceed further with an analytical approach, we need to apply Reynolds-

averaging. The principal of Reynolds-averaging relies on the fact that all

quantities f are composed of an average value and a fluctuating value, which

we shall denote f̄ and f ′ respectively. So, for example, u = ū + u′. The

averaging in question may be time-averaging, ensemble-averaging (that being

an average over many simulations or experiments with the same set-up), or

some other averaging method. In this case, we choose to use time-averaged

quantities. Upon averaging this becomes

d
ds

∫︂∫︂
A

usϕ+ u′
sϕ

′dA =

∫︂∫︂
A

GdA+ πE[ϕ] + πL[ϕ] (2.12)

where us = u cosφ + w sinφ is the mean velocity in the s-direction, and G

is the time-averaged quantity of G. In deriving the equation above it was
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assumed that the curvature of the plume trajectory dφ/ds ≪ 1. As we will

no longer be concerned with the non-averaged quantities for E and L, we

may redefine these terms to include the time-averaging. Thus, the boundary

terms E[ϕ] and L[ϕ] can be redefined as:

E[ϕ] = − 1

π

∮︂
∂A

ϕvdη−ϕuηdy, L[ϕ] = 1

π

∮︂
∂A

usϕ(∆ydη−∆ηdy). (2.13)

These two terms represent distinct physical processes by which the quantity

ϕ enters the plume. The term E[ϕ] represents the advection of ϕ into the

plume; the term L[ϕ] represents incorporation of the quantity ϕ via expansion

of the plume into a non-quiescent atmosphere – if the plume surface area A

over which the Navier-Stokes equations are integrated changes as a function

of s, and the value of ϕ at the boundary of the plume is nonzero, then the

surface integral will be increased by a quantity equal to [usϕ]bdA/ds, where

[usϕ]b is the average value of usϕ at the boundary. ∆y and ∆η denote the

change in the plume area. They are the speed at which the plume expands

in the y and η directions respectively, as the integration domain moves along

the plume centreline.

Here, the factor π in the definition of L[ϕ] and E[ϕ] is introduced to stay con-

sistent with the convention in plume theory of dividing the integral quantities

through by π (see below).

Integrating the Navier-Stokes equations over the plume cross-section and
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applying (2.12) with ϕ = 1, u− U,w and b respectively, results in

dQ
ds

= E[1] + L[1] = E + L (2.14a)

dMx

ds
+

dM ′
x

ds
= −Px + E[u− U ] + L[u− U ] (2.14b)

dMz

ds
+

dM ′
z

ds
= −Pz +B + E[w] + L[w] (2.14c)

dF
ds

+
dF ′

ds
= E[b] + L[b] (2.14d)

where the integral volume flux Q, the horizontal momentum excess flux Mx,

the vertical momentum flux Mz, the buoyancy flux F and the integral hori-

zontal and vertical pressures Px and Pz are defined as, respectively

Q =
1

π

∫︂∫︂
A

usdA, F =
1

π

∫︂∫︂
A

usbdA

Mx =
1

π

∫︂∫︂
A

us(u− U)dA, Px =
1

π

∫︂∫︂
A

∂p

∂x
dA,

Mz =
1

π

∫︂∫︂
A

uswdA Pz =
1

π

∫︂∫︂
A

∂p

∂z
dA

M ′
x =

1

π

∫︂∫︂
A

u′
su

′dA, F ′ =
1

π

∫︂∫︂
A

u′
sb

′dA,

M ′
z =

1

π

∫︂∫︂
A

u′
sw

′dA B =
1

π

∫︂∫︂
A

bdA

The scalar u−U is chosen for the x-momentum equation so as to be consistent

with the work of Weil in the definition of Mx. The integral therefore repre-

sents the momentum in the x-direction in excess of the momentum present

in the ambient atmosphere. A consequence of this choice of variable is that

the Leibniz and entrainment terms for the x-momentum equation are signif-

icantly reduced, due to the fact that to first order u ≈ U at the boundary
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of the plume. Integrals equivalent to the fluxes but with fluctuating parts in

the integrand instead of mean quantities are denoted with an apostrophe ′.

2.2 Plume models

In conventional plume theory u− U , w, and b are assumed to vanish at the

plume boundary. In addition L[1] is assumed to be small. It thus follows

that all entrainment and Leibniz terms are negligible except for E ≡ E[1].

Furthermore, it is commonly assumed that the pressure at the plume bound-

ary is equal to the ambient pressure, which implies that Px and Pz are zero.

We will show in §4.3 that this assumption is violated. The buoyancy integral

B = π−1
∫︁
bdA is generally modelled as B = F/Us, where Us is the char-

acteristic velocity of the plume (defined rigorously further in this section).

The entrainment term E +L is parameterised as (Weil 1988; Devenish et al.

2010)

E + L = 2γrmwm (2.15)

where γ is the entrainment coefficient, and rm and wm are a characteristic

radius and vertical velocity respectively. There is flexibility in which choice

to make for these variables as long as the (η, y)-dependence of rm and wm

(and the other characteristic plume variables to be introduced below) is the

same at a given value of s. A conventional choice is to use top-hat quantities,

which are linked to the integral quantities as

Q = r2mUs, Mx = r2mUsum, Mz = r2mUswm F = r2mUsbm. (2.16)
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Here, Us is the characteristic velocity along the plume, um is the characteristic

horizontal plume velocity relative to the wind (horizontal velocity excess),

and bm is the characteristic buoyancy or reduced gravity. The velocity Us is

the characteristic total velocity component in the s-direction and is given by

Us = (U + um) cosφ+ wm sinφ (2.17)

The characteristic radius rm is defined as rm = (Q/Us)
1/2 (i.e. using the

definition of Q; 2.16), which encapsulates both the pure plume definition

rm = Q/M
1/2
z for U ≪ wm, um ≪ wm, and the bent-over solution rm =

(Q/U)1/2 for U ≫ um, U ≫ wm (see below).

Substitution of the stated assumptions at the start of this section and (2.15)

into the integral equations (2.14a-2.14d) results in:

dQ
ds

= 2γ
Mz

rmUs

,
dMx

ds
= 0, (1 + k)

dMz

ds
=

F

Us

,
dF
ds

= 0. (2.18)

where k is the added-mass constant which takes into account the effects of

an adverse pressure gradient on the vertical motion (Weil 1988, e.g.). It is

introduced by analogy with the motion of a solid body and is equivalent

to using a drag term (see Briggs 1975; Schatzmann 1978; Davidson 1989).

These equations need to be augmented by kinematic relations for the plume

location
dxc

ds
= cosφ,

dzc
ds

= sinφ. (2.19)

Here xc and zc determine the plume centreline. We can take xc to be equal

to x and therefore zc(x) is a function giving the plume height as a function
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of x. To close the set of equations, the angle φ is conventionally assumed to

be the angle of the local streamlines φu, which is given by

tanφu =
wm

U + um

. (2.20)

In this case, i.e. with the assumption that φ = φu and therefore that dzc
dx =

wm

U+um
, Us represents the velocity magnitude

√︁
(U + um)2 + w2

m, which can

then be equivalently expressed in terms of the integral quantities as Q−1
√︁

(QU +Mx)2 +M2
z .

Here, we make an explicit difference between φ and φu since it will turn out

that these quantities are not identical (see §4.1). When φ ̸= φu, there will

be a component of velocity in the η direction

Uη = −(U + um) sinφ+ wm cosφ.

We briefly provide an overview of analytical results for bent-over plumes in a

neutral stratification and a uniform crossflow. Bent-over plumes are defined

to have their centreline inclined at a very small angle to the horizontal (in

which case the equations are formally equal to those for a line thermal; Briggs

1984; Lee & Chu 2003). This implies that wm ≪ U , um ≪ U and ds ≈ dx.

Assuming that in this case, the entrainment rate is a constant γ = β′, the

following relations can be derived (Weil 1988, e.g.): on integrating the volume

flux equation, (2.18a), we get

rm = β′zc + r0 (2.21)

where r0 is the source radius. On integrating the vertical momentum flux
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equation, (2.18c), twice and making use of (2.21), (2.19) and (2.20), assuming

φ = φu, we get
zc
ℓb

=

(︃
3

2β2

)︃1/3(︃
x− xv

ℓb

)︃2/3

(2.22)

for r0 ≪ β′zc where β′ is a constant coefficient, ℓb = F/U3 is the buoyancy

length scale, and xv is a virtual origin correction. The value of β is not

equal to β′ because of added-mass effects (Lee & Chu 2003), and the two

can be related as β = β′√1 + k (Weil 1988, p.164). Experiments indicate

that 0.3 ≲ k ≲ 1.3 (e.g. Briggs 1975; Contini et al. 2011; Weil 1988) and

0.45 ≲ β′ ≲ 0.75 (e.g. Briggs 1984; Weil 1988; Huq & Stewart 1996; Hoult &

Weil 1972; Hewett et al. 1971). It should be noted that Lee & Chu (2003)

do not divide their integral fluxes by π, which results in a factor π appearing

in their expression for zc; this however will not influence the value of β′.

Although β′ is a constant coefficient, it may vary between simulations or

experiments dependent on factors such as the strength of the crossflow and

the initial buoyancy flux, F0 (Briggs 1984).

Several entrainment models are in use for plumes in a crossflow (Costa &

et al. 2016). The classical model for a bent-over plume (Briggs 1984; Weil

1988, e.g.) assumes γ = β′. An entrainment model which is also valid for

weak-crossflow plumes is given by (DRWT; Devenish et al. 2010)

γ =
n
√︁

(αwm)n + (β′U)n

Us

(2.23)

The DRWT model uses two parameters, α and β′, to account for entrain-

ment due to vertical and horizontal motion respectively and assumes that
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the added-mass coefficient k = 0. A further parameter n determines the

function used to combine the entrainment resulting from the vertical and

horizontal momentum into a single entrainment quantity. When comparing

the DRWT model with our own results (see §4.4) we implemented the model

with n = 3/2, a value suggested by the authors. This value for n indicates

that vertical and horizontal motion contribute to entrainment in a weakly

non-linear manner. If the plume is bent-over, wm ≪ U and Us ≈ U , so the

DRWT model is equivalent to the Weil model in this limit, independent of

the value of n. Similarly, in the limit of no ambient wind, U ≪ wm and

Us ≈ wm, so the DRWT model gives γ = α, independent of the value for n.

Thus we should expect the value of α in the DRWT model to be equal to

the entrainment coefficient for vertical axisymmetric plumes.
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Chapter 3

Numerical methods

3.1 Modelling and Simulation of Turbulent Flows

In general, partial differential equations (PDEs) such as 2.1 do not have an-

alytical solutions. In these instances, solution of the PDEs by computer is

often the only method which can be utilised. However, a notable feature of

turbulent flows is the vast disparity between the largest and smallest scales

of the flow. Due to the need to resolve both of these scales simultaneously,

numerical computations of turbulent flows are frequently prohibitively expen-

sive. The field of computational fluid dynamics (CFD) has been developed

to tackle the problem of efficiently simulating flows, and several different

approaches can be taken.

The first method that we will discuss is the simulation of the Reynolds-

averaged Navier-Stokes (RANS) equations. Instead of solving the original
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PDEs, RANS simulations solve modified PDEs governing the behaviour of

Reynolds-averaged quantities. This implies that none of the smaller turbulent

length-scales need to be resolved, and as a result RANS simulations can be

drastically cheaper than other numerical simulations methods. For a general

statistically 3-dimensional flow, four independent equations govern the mean

flow. However, these 4 equations contain more than 4 unknowns. A key

component to the success of a RANS simulation is the determination of

the Reynolds stresses, u′
iu

′
j. These stresses are not directly given by the

RANS equations, and are typically modelled by some other means (Pope

2001). The gradient-diffusion hypothesis and eddy-viscosity hypothesis are

two notable early attempts at closing the RANS equations. The gradient-

diffusion hypothesis makes the claim that the turbulent transport of a scalar

ϕ, denoted u′ϕ′ is aligned with the mean scalar gradient, −∇ϕ, so

u′ϕ′ = −ΓT∇ϕ (3.1)

where ΓT (x, t) is a positive scalar known as the turbulent diffusivity. The

eddy-viscosity instead proposes that the deviatoric Reynolds stress, ρu′
iu

′
j −

2
3
ρkδij, is proportional to the rate-of-strain tensor, Sij =

1
2

(︂
∂ui

∂xj
+

∂uj

∂xi

)︂
. Here,

k = 1
2
u′
iu

′
i is the turbulent kinetic energy. The hypothesis can be stated as

ρu′
iu

′
j −

2

3
ρkδij = 2ρνTSij (3.2)

where νT (x, t) is a positive scalar known as the turbulent viscosity. These

are just two possible methods by which the RANS equations could be closed.
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In contrast to RANS, Large-Eddy simulations (LES) directly represent the

larger, three-dimensional unsteady turbulent features of a flow. LES are sim-

ulations in which the turbulent eddies are resolved down to a certain size,

the grid lengthscale. In order to accurately represent the physics of eddies

smaller than the grid lengthscale, energy dispersion effects below this grid

lengthscale need to be explicitly modelled. LES represent the turbulent flow

as the sum of a filtered component and a residual component. The filtered

component represents the motion of the large-scale eddies. The equations

for the evolution of the filtered velocity are derived from the Navier-Stokes

equations, and include a residual-stress tensor. To close the equations, the

residual-stress tensor must be modelled. For example, Smagorinsky (1963)

proposed a closure via an eddy-viscosity model. LES are always computa-

tionally cheaper than DNS, which must have a grid-scale smaller than the

turbulence length-scale, but are more costly than RANS simulations.

DNS is the most computationally costly approach to CFD, but also provides

the most reliable results due to the fact that none of the turbulence needs

to be modelled. In order for simulations to be considered true DNS, the

grid resolution ∆x must be sufficiently small that the smallest turbulent

eddies are represented. The conventional measure for the size of the smallest

turbulent eddies is the Kolmogorov length-scale. The Kolmogorov length-

scale is defined as:

ηK = (ν3/ε)1/4. (3.3)

where ν is the kinematic viscosity and ε is the dissipation (Pope 2001). Thus

for a simulation to be considered DNS we require ∆x < ηK . DNS in the
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past has been impossible for the vast majority of applications due to how

computationally expensive it is, but advances in super-computing facilities

mean that DNS is becoming more and more feasible for a greater number of

problems.

A further method for numerical modelling of fluid dynamics is the use of semi-

analytical procedures. For example, Lai & Lee (2012) conducted a study in

which they split a jet into a series of thin jet elements. Each jet element

was modelled as a 3D point sink. The irrotational velocity field induced by

a point sink is known analytically, and the induced velocity from all the jet

elements were superimposed numerically to produce an overall solution.

The final method for CFD that we will discuss is a hybridisation of LES and

RANS. One method to hybridise these techniques is by resolving in great

detail using LES the areas of the flow which are predicted to be highly tur-

bulent (adjacent to a wall, for example), but using RANS for the remaining

regions of the flow, then matching boundary conditions at the interface be-

tween the two regions (Temmerman et al. 2005; Fröhlich & von Terzi 2008).

This method can be incredibly effective and computationally efficient, but

requires a deep understanding of the underlying physics governing the char-

acteristics of the flow, and adds complexity to the coding implementation.

For this investigation we chose to use DNS, due to the fact that the simple

box geometry of our simulations allows us to utilise spectral methods (as

expanded upon in section 3.2), which when implemented correctly can be

highly accurate and efficient, thus reducing the computational cost of the

simulations and making DNS a possibility.
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3.2 Description of the code

For our simulations, we utilised the SPARKLE code, as described in Craske

& van Reeuwijk (2015). This is based on a finite volume discretisation, using

the symmetry-preserving methods of Verstappen & Veldman (2003). It con-

serves mass, momentum and energy, and is fourth-order accurate. In order to

accomplish conservation with a fourth-order numerical scheme, Verstappen &

Veldman implemented a finite volume discretisation over two nested control

volumes. Central differencing is applied to the boundary fluxes of each con-

trol volume independently and then combined to remove their second order

error.

The control volumes are centred on the transported quantities, and fluxes

are calculated at the face of each volume, meaning that the transporting

velocities, transported variables and fluxes are arranged in a staggered grid

pattern. Consequently, some care must be taken to ensure that velocities

and transported quantities are both interpolated to the centre of the control

volume face before taking their product to obtain the flux.

The equations 2.1 when discretised can be expressed as

δu

δt
+N(u)u = −Gp+ Lu (3.4)

Du = 0 (3.5)

where capital letters denote spatial discretisation operators and δ
δt

denotes

a discrete time derivative. The discretisation designed by Verstappen &
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Veldman is such that, so long as the boundary conditions are periodic in the

x and y directions, the discrete operators satisfy the skew-symettric condition

⟨Du, ϕ⟩ = −⟨u,Gϕ⟩, ⟨N(u)v,w⟩ = −⟨v, N(u)w⟩. (3.6)

The result of this is that in periodic domains total energy is conserved except

for viscous dissipation and explicit external forcing. The diffusion operator

is defined by it’s relationship to D and G as L ≡ DG.

To advance the solution in time, a third-order variable-time-step Adams-

Bashforth method is used. At each time-step, an intermediate velocity u∗ is

calculated by applying the forcing terms and pressure gradient to the previous

velocity, so

u∗ = un +∆tn
∑︂
i

αif
n−i −∆tnGpn−1. (3.7)

Here, un is the velocity field at time n, ∆tn is the length of the time-step

and pn−1 is the presure field at the previous time-step. fn−i are explicit ac-

celeration terms and αi are coefficients dependent on ∆tn, ∆tn−1 and ∆tn−2.

The αi terms are defined in such a way that the leading order error terms

cancel, thus ensuring third-order accuracy of the Adams-Bashforth method.

Defining the current pressure field to be pn = pn−1 + πn/∆tn results in the

velocity correction

un+1 = u∗ −Gπn (3.8)

In order to maintain a divergence-free velocity field, the new velocity must
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satisfy Dun+1 = 0. This results in a Poisson equation for the pressure,

Lπn = Du∗, (3.9)

which can be solved through the use of Fourier modes in the x and y direc-

tions. The original SPARKLE code required several modifications for the

present simulations, the most notable of which was the addition of a nudging

region, to account for the crosswind whilst maintaining periodic boundary

conditions. This method is detailed in the next section. In addition to

this, the code was extended to output 3-dimensional time-averaged statis-

tical budgets for each variable. Prior to this, the code had been used for

vertical plumes and, in addition to time-averaging, statistical budgets had

been averaged in the azimuthal direction. However, since our plumes are not

axisymmetric, azimuthal averaging is inappropriate so the full 3-dimensional

statistics must be obtained.

3.3 The nudging region

Due to the need for a periodic boundary condition, the addition of crosswind

to the SPARKLE code is non-trivial. If the velocity at the x = 0 boundary

were simply to be assigned as the crossflow velocity with no further modi-

fication, the periodic condition would imply a discontinuous velocity at the

x = Lx boundary. This interferes significantly with the Fourier transform

method needed to solve the Poisson equation for the pressure. Consequently

some method is required to enforce a uniform crosswind at the x = 0 bound-

32



Figure 3.1: A schematic illustrating the nudging region.
.

ary, without introducing a discontinuity into the flow.

One solution to this problem, proposed by Stevens et al. (2014), is to smoothly

transition from the simulated velocity u to the boundary velocity u0. In our

simulations u0 = U î where U is the chosen crossflow velocity for that simu-

lation and î is the unit vector in the x-direction. However, the same method

could be applied to generate any wind profile at the x = 0 boundary. This

smooth transition occurs in a region of the simulation called the nudging re-

gion, which is the volume of the simulation space located between the plane

x = Lx − Ln and the downwind boundary itself at x = Lx. This region

is illustrated in figure 3.1. Ln is the parameter governing the width of the

nudging region, and must be determined suitably for each crossflow speed. In

particular, the nudging region width must be sufficiently large that the tran-
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sition between the two velocities is gradual. For the presented simulations

we chose Ln to be approximately 5-10% of the total domain length.

Within the nudging region itself, the process of transitioning from the simu-

lated velocity to the desired boundary wind-profile is applied after the inter-

mediate velocity u∗ is found but before the pressure correction is applied, so

as to maintain a divergence-free velocity field. This ‘nudging’ of the velocity

towards the wind profile is implemented as a linear interpolation between

the simulated velocity and desired boundary condition. The velocity in the

nudging region, un, can be written:

un = λu∗ + µu0, (3.10)

where λ = 1 − x∗/Ln and µ = x∗/Ln are interpolating parameters ranging

between 0 and 1, and x∗ = x−(Ln−Lx) is the distance from the beginning of

the nudging region. Provided that the nudging region is specified to be large

enough, this linear interpolation allows the simulation velocity to assume the

wind-profile without introducing a sharp gradient in the velocity field, and

therefore without having a negative impact on the Fourier transform method.

We have taken care to ensure that the nudging region does not affect the

upstream statistics, which would occur by pressure gradients generated by

the nudging influencing upwind regions. In figure 3.2, we present the pres-

sure gradient d⟨p⟩/dx as a function of the downstream distance for all five

simulations. Here, ⟨p⟩ is the average pressure inside the plume. The black

dashed vertical line denotes the start of the nudging region, while the red
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dash-dotted vertical lines show the x-interval that is analysed in the current

manuscript. It is clear that the nudging region does not impose significant

adverse pressure gradients, as can be observed by the absence of deviations

from zero near the black dashed line.

3.4 Plume thresholding

Plume thresholding is the process of defining the area A(s) of the plume.

This is an important aspect of our statistical analysis, as an overestimation

or underestimation of the plume area at this stage of the data processing

will negatively impact all of the subsequent results. The plume boundary is

conventionally established on the basis of a plume scalar, which we call C.

In our simulations, this scalar is introduced at the source and travels with

the flow. To define the boundary of the plume area, we choose a threshold

of the scalar, above which fluid is considered to be within the plume. The

threshold in any given y-η plane is a certain percentage of the maximum

value of C in that plane, denoted Cm ≡ max
s=s′

{C}. As the threshold percentage

governs the position of the plume boundary, it is reasonable to expect that the

choice of the threshold percentage will have a particularly large impact on the

boundary integrals, namely the entrainment and Leibniz terms. In figure 3.4

we illustrate plume boundaries resulting from threshold percentages of Ct =

1%, 0.1% and 0.01% of Cm, for the instantaneous and time-averaged plume

scalars. Intuitively, it seems reasonable that a low threshold percentage,

which gives plume boundaries further out into the domain, should reduce
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Figure 3.2: Pressure gradient d⟨p⟩/dx as a function of the downstream
distance. Black dashed line: start of the nudging region. Red dash-dotted
lines: the data analysed in the manuscript.
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Figure 3.3: A visualised slice of the time-averaged concentration fields of the
plume through the y − η plane at s = 3 (a-c) and s = 10 (d-f). Differ-
ent threshold percentages are shown in red: (a,d) 1% threshold, (b,e) 0.1%
threshold, (c,f) 0.01% threshold.

37



the size of the Leibniz terms, due to the fact that we would be integrating

in regions where the integrand is relatively small. While this may seem

desirable as we would then be able to neglect the Leibniz terms from our

plume equations safely, a low threshold percentage also implies that relatively

quiescent fluid is defined as being within the plume. Given that this fluid

is not turbulent it is unreasonable to define it as being contained within the

plume. Such a low threshold value should therefore be avoided. Similarly,

we should reject threshold values which are too high, as this will restrict the

definition of the plume to a very narrow plume width, which would exclude

significant regions of the turbulent motion. Based on this criteria, we have

chosen 1% as our threshold percentage, so that at any particular s-value,

fluid with a plume scalar concentration of greater than 0.01Cm is considered

to be within the plume. It can be seen from figure 3.4 that the qualitative

behaviour at thresholds of 0.1% and 0.01% is significantly different to the

behaviour at 1%. In these cases there appears a notable region under the

main plume. We attribute this region to plume concentration which has

been swept out from the main plume by the crossflow, leading to fluid with

increased concentrations of the plume scalar appearing beneath the main

body of the plume. Fluid in this region is relatively non-turbulent and travels

with the ambient crossflow, indicating that we should not consider this region

to be part of the plume. The desire to exclude this region from our integral

calculations is the primary reason for choosing the 1% threshold.

Another scalar that can be utilised to establish the position of the plume

boundary is the enstrophy. This is sometimes used as a means of estimating

turbulent intensity (Holzner et al. 2008) and would therefore be a suitable
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potential candidate for use as a thresholding scalar. We implemented bound-

aries resulting from thresholds of enstrophy and found that they did not differ

significantly from boundaries resulting from thresholds of plume concentra-

tion scalar. This suggests that the plume concentration scalar which we have

chosen to employ offers a physically useful definition of the plume area.

3.5 Case setup

Consistent with the theory presented in the previous chapter and the method-

ology set out above, we simulated an unstratified environment with a uni-

form crossflow velocity U . We imposed a buoyancy flux F0 on a circular area

source of diameter 2r0, which was placed at x = 0. Due to the fact that the

strength of the crossflow varies the behaviour of the plume, we optimised the

sizes of the domains such that each plume fit comfortably within the simula-

tion domain without wasting space in the domain calculating regions where

only ambient flow is present. The domain dimensions are given in Table 3.1,

with the note that to accommodate the source of the momentum flux being

located at the origin of the domain, the x-coordinate ranges from x = −5 to

x = Lx − 5.

The source is momentumless with M0 = 0, which implies the plume is in-

finitely lazy (Hunt & Kaye 2005). The relevant parameters for the direct

numerical simulations are given in Table 3.1 and an illustration of the regime

is shown in figure 2.1.

The relevant non-dimensional parameters for buoyant jets in a crossflow can
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be formed from the jet exit velocity w0 = M
1/2
0 /r0, the buoyancy velocity

scale F
1/3
0 /r

1/3
0 , the crossflow velocity U , and for completeness, the viscous

and thermal velocity scales ν/r0 and κ/r0 respectively. From these five ve-

locity scales, four dimensionless quantities can be constructed,

R0 =
w0

U
, Ri0 =

F

r0w3
0

=
b0r0
w2

0

, Re0 =
2F

1/3
0 r

2/3
0

ν
, Pr =

ν

κ
,

(3.11)

where R0 is the jet-to-crossflow velocity ratio, Ri0 is the source Richardson

number, Re0 is the source Reynolds number and Pr is the Prandtl number.

Here, we have chosen to stick with conventional dimensionless quantities

(note that the Froude number, which is also commonly used, is the square

root of the inverse of Ri0), even though these are not ideal for the current

simulation set up since w0 = 0 which implies that w0/U = 0 and Ri0 = ∞.

In Table 3.1 we present RiU = Ri0R
3
0 = F/(U3r0), which is a measure of the

strength of the buoyancy relative to the crossflow velocity. Equivalently, by

introducing the buoyancy length scale ℓb = F/U3, RiU can be interpreted

as a ratio of lengthscales: RiU = ℓb/r0. This is one possible dimensionless

parameter that we can use instead of R0 to determine a relation similar to

4.2. We tested what the relation between β′ and RiU for our simulations and

we found that the empirical model corresponding to Briggs’ relation in our

case was β′ ≈ 0.88 − 0.049RiU . The source Reynolds number and Prandtl

number for all of our simulations are, respectively, Re0 = 1000 and Pr = 1.

As discussed in section 3.1, we need to ensure that the simulations are DNS

by requiring that ∆x < ηK . Since the dissipation is a local quantity, the

definition for ηK varies, spatially and temporally. We could require that the
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Figure 3.4: Resolution relative to Kolmogorov scale η as a function of x for
the five simulations.

grid resolution is less than the Kolmogorov lengthscale at all points in space,

and for the duration of the simulation, but this would require significant

computational resources. A more pragmatic alternative is to minimise the

regions where ηK > ∆x. In all of our simulations the ratio ∆x/ηK reaches a

maximum value of approximately 3 just downstream of the source and quickly

decreases thereafter. This is depicted in Figure 3.4, and is clear evidence

that the flow is fully resolved and thus that Direct Numerical Simulation

(DNS) can be claimed. Because the regions downstream are well-resolved, we

can reasonably expect the plume evolution in those regions to be accurately

represented, even if the region close to the source is somewhat underresolved.
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Table 3.1: Simulation details. Re0 = 1000 and Pr = 1 for all simulations.

sim. id RiU Nx ×Ny ×Nz Lx/r0 × Ly/r0 × Lz/r0 β β′ k xv/r0
S1 8.0 1152× 768× 1152 24× 24× 36 0.68 0.49 0.91 0.45
S2 2.4 1536× 768× 960 32× 24× 30 0.97 0.76 0.62 1.24
S3 1.0 1728× 768× 768 36× 24× 24 1.05 0.83 0.62 1.85
S4 0.5 1728× 576× 576 36× 18× 18 1.15 0.88 0.71 1.91
S5 0.3 1728× 576× 576 36× 18× 18 1.15 0.84 0.86 2.95

Attempting to calculate the entrainment and Leibniz terms directly from the

definition in equation 2.13 is difficult, since it requires a boundary integral

in the plane perpendicular to the plume. Instead, we choose to use Green’s

theorem in reverse to calculate E via

E[ϕ] = −
∫︂∫︂

A

∂vϕ

∂y
+

∂uηϕ

∂η
dA (3.12)

and we use the original definition of L

L[ϕ] = d
ds

∫︂∫︂
A

usϕdA−
∫︂∫︂

A

∂usϕ

∂s
dA. (3.13)

3.6 Least-squares spline fitting for the plume

centreline

The analysis requires derivatives of the plume angle, dφ/ds. This is a par-

ticularly sensitive quantity, as the angle φ is itself based on the derivative
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dzc/dx. The thresholding causes small discontinuities in the statistics which

will amplify and contaminate the signal upon repeated differentation. There-

fore, we approximate the plume trajectory (x(s), zc(s)) with a least-squares

spline-fitting method, allowing us to use several cubic polynomials to repre-

sent the centreline. The primary aim of this is to reduce noise in dφ
ds , while

maintaining a centreline as close to the original as possible.

The unprocessed centreline, z(x) is determined by taking the centre of mass

of the plume concentration scalar in the z-direction at each x-location, which

numerically results in a vector zc, with Nx elements where Nx is the length

of the position vector x. We wish to represent this vector as N cubic splines

of the form:

pj(x) = λj,0 + λj,1x+ λj,2x
2 + λj,3x

3, (3.14)

where λj,k are the coefficients required to determine pj. We require these

polynomials and their first and second derivatives to match in value at the

locations where we transition between polynomials. Assuming that the opti-

mal x-locations for the the transition between pj and pj+1 are evenly spaced,

and denoting the number of x-locations in each polynomial as n ≡ Nx/N ,

the transition location between pj and pj+1 is at xjn. The continuity and

smoothness conditions can now be written as

(λj,0 − λj+1,0) + (λj,1 − λj+1,1)xjn + (λj,2 − λj+1,2)x
2
jn + (λj,3 − λj+1,3)x

3
jn = 0

(λj,1 − λj+1,1) + 2(λj,2 − λj+1,2)xjn + 3(λj,3 − λj+1,3)x
2
jn = 0

2(λj,2 − λj+1,2) + 6(λj,3 − λj+1,3)xjn = 0
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for 1 ≤ j ≤ N − 1. We call the first and last points of the spline x0 and xNx ,

consistent with the previous notation.

The spline ẑ(x) will be the stitched-together function consisting of these

polynomials, i.e.

ẑ(x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

p1(x) x0 ≤ x ≤ xn,

p2(x) xn ≤ x ≤ x2n,

...

pN(x) xNx−n ≤ x ≤ xNx .

Now, pj(xi) can be written as

pj(xi) = [1, xi, x
2
i , x

3
i ]

⎡⎢⎢⎢⎢⎢⎢⎣
λj,0

λj,1

λj,2

λj,3

⎤⎥⎥⎥⎥⎥⎥⎦ (3.15)

and by extension, the spline-approximation for each element xi in the range

of polynomial j is given by

ẑj =

⎛⎜⎜⎜⎜⎜⎜⎝
1 xjn x2

jn x3
jn

1 xjn+1 x2
jn+1 x3

jn+1

...

1 x(j+1)n x2
(j+1)n x3

(j+1)n

⎞⎟⎟⎟⎟⎟⎟⎠

⎡⎢⎢⎢⎢⎢⎢⎣
λj,0

λj,1

λj,2

λj,3

⎤⎥⎥⎥⎥⎥⎥⎦ ≡ Xjλj (3.16)

Putting all polynomials evaluations into a single block-matrix leads to the
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estimator function

ẑ =

⎛⎜⎜⎜⎜⎜⎜⎝
X1 0 . . . 0

0 X2 . . . 0
...

... . . . ...

0 0 . . . XN

⎞⎟⎟⎟⎟⎟⎟⎠

⎡⎢⎢⎢⎢⎢⎢⎣
λ1

λ2

...

λN

⎤⎥⎥⎥⎥⎥⎥⎦ ≡ Xλ (3.17)

The coefficients λ can be found by minimising ||ẑ − zc||2 subject to the

continuity and smoothness constraints on λ. These constraints can be written

Cλ = 0 (3.18)

where

C =

⎛⎜⎜⎜⎜⎜⎜⎝
C1 0 . . . 0

0 C2 . . . 0
...

... . . . ...

0 0 . . . CN−1

⎞⎟⎟⎟⎟⎟⎟⎠ (3.19)

and

Cj =

⎛⎜⎜⎜⎝
1 xjn x2

jn x3
jn −1 −xjn −x2

jn −x3
jn

0 1 2xjn 3x2
jn 0 −1 −2xjn −3x2

jn

0 0 2 6xjn 0 0 −2 −6xjn

⎞⎟⎟⎟⎠ . (3.20)

Thus, the problem of finding the optimal spline has been reduced to a con-

strained least squares (CLS) problem, to which the solution λ̂ is (Boyd &
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Vandenberghe 2018)

⎡⎣ λ̂

θ

⎤⎦ =

⎛⎝ 2XTX CT

C 0

⎞⎠−1 ⎡⎣ 2XTzc

0

⎤⎦ (3.21)

where θ is a vector of Lagrange multipliers. We implemented this method

with N = 4 polynomials. The resulting spline is shown in figure 3.5 and

demonstrates good agreement with the original centreline whilst reducing

the noise in dφ
ds

significantly. One further complication which appears during

this spline-creation process is the fact that the matrix requiring inversion

in 3.21 is poorly scaled. This is apparent when considering that the matrix

contains a wide variation in values. Specifically it must contain zeros, ones

and the value x6
jn, which could be on the order of 107. This presents a

problem with floating point precision when calculating the inverse matrix. A

possible solution to this scaling problem would be to assume for the purposes

of calculating λ̂ that the x axis ranges between 0 and 1. An elegant way to

approach this is to scale the matrices C and X by a scaling matrix S such

that

S =

⎛⎜⎜⎜⎜⎜⎜⎝
S1 0 . . . 0

0 S2 . . . 0
...

... . . . ...

0 0 . . . SN

⎞⎟⎟⎟⎟⎟⎟⎠ (3.22)
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and

Sj =

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0

0 1
xj(n+1)

0 0

0 0 1
xj(n+1)

2
0

0 0 0 1
xj(n+1)

3

⎞⎟⎟⎟⎟⎟⎟⎠ (3.23)

With a small amount of matrix manipulation, equation 3.21 can then be

written ⎡⎣ λ̂

θ

⎤⎦ = S

⎛⎝ 2SXTXS SCT

CS 0

⎞⎠−1 ⎡⎣ 2SXTzc

0

⎤⎦ (3.24)

where the matrix to be inverted is now suitably scaled.
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Figure 3.5: A figure demonstrating the noisy signal resulting from taking
the derivative of φ, and the smoother signal generated by computing the
derivative of the spline.
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Chapter 4

Results

4.1 Plume evolution and geometry

Instantaneous and time-averaged snapshots of the buoyancy field b in the x-z

plane are shown in Figure 4.1. In order to enhance the clarity of the figures,

the concentrations are normalised by bmax(x) = maxy,z b. It is clear from

the snapshots that the plume takes a while to diffuse through the thermal

boundary layer at the wall, during which time it is advected downstream by

the crossflow. This implies that a virtual source correction will be necessary

(see below). Once the plume has separated from the boundary, it gradually

changes angle as it rises through the ambient, increasing its radius along the

way due to turbulent entrainment. This is clearly dependent on the flow

velocity, as the plumes are observed to be narrower for the higher cross flow

velocities. Another notable feature of Figure 4.1 is that there is a tendency
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for a small amount of tracer to be swept into the wake of the plume. This

requires some careful attention When choosing the methods of numerical

analysis for the simulations, as it is in general inappropriate to regard this

region, which is otherwise quiescent, as being within the plume. For clarity

we have removed the concentration that would be in these quiescent regions

from the figure. Further quantitative snapshots are shown in figure 4.2, this

time in the η-y plane. These clearly show a buoyant core structure with twin

vortices, with a development time dependent on the crossflow velocity.

Shown in figure 4.3 are the centrelines of the plume. It is well known that

there are some subtle differences depending on whether these are inferred

from the maximum of velocity or scalar (Mahesh 2013). Here, we infer the

trajectory as a function of x from by calculating the centre of mass of the

buoyancy:

zc(x) =

∫︁∫︁
A
zbdydz∫︁∫︁

A
bdydz

(4.1)

This approach will work particularly well for simulations with large crossflow

velocity U (i.e. bent-over plumes). The threshold value to identify the plume

was taken to be 1% of the maximum buoyancy at fixed x. The plume cen-

trelines are shown as a function of x/r0 in Figure 4.3(a). In order to validate

the simulations, we compare these centrelines with the analytical prediction

(2.22) of a bent-over plume. Shown in Figure 4.3(b) is (zc/ℓb)
3/2 against x.

As can be observed, all plume trajectories evolve in an approximately lin-

ear fashion, confirming scaling consistent with expectation. By fitting a line

through the last part of the trajectory, β′, as well as the virtual origin xv

can be identified. The value of the virtual origin is identified by fitting a
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Figure 4.1: A slice through the y = 0 plane of the plume from the a) instan-
taneous and b) time-averaged concentration fields.
.
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Figure 4.2: A visualised slice of the plume through the y − η plane at s =
5, for the (a-c) instantaneous and (d-f) time-averaged concentration fields.
(a,d) simulation S1. (b,e) simulation S3. (c,f) simulation S5. The red line in
figures (d-f) is the applied threshold on buoyancy at 1% of the maximum of
the time-averaged value.
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straight line through the trajectories in Figure 4.3(b) and calculating where

the fitted line intercepts with the x-axis. xv is only used to compare the

plume trajectories with equation 2.22, and does not need to be subtracted

from x for the other figures (such as Figure 4.4). Figure 4.3(c) shows the

linear dependence between rm and zc, conform with the bent-over plume

predictions (2.22). The values of β, β′, k and xv/r0 are presented in Table

3.1 for each simulations. We find values of β′ in the range β′ ∈ [0.49, 0.88]

which is higher than in the experiments of De Wit et al. (2014), and the LES

simulations of Cintolesi et al. (2019), suggesting the plumes considered here

ascend less rapidly. We suspect these higher values of β′ are due to the fact

that the plume under consideration is infinitely lazy at the source. Indeed,

Briggs (1984) developed an empirical prediction

β′ = 0.4 + 1.2/R0 (4.2)

for the dependence of β′ on R0 = w0/U , demonstrating that this parameter

depends on conditions at the source, particularly at low values of R0.

Shown in figure 4.4 are the evolution of the integral volume flux Q, horizontal

momentum excess flux Mx, vertical momentum flux Mz and buoyancy flux F

as a function of s. The volume flux Q corresponds almost entirely with U dA
ds ,

indicating that the Leibniz term is the primary driver of volume flux growth.

Strikingly, the momentum excess flux Mx is not conserved for the plumes.

Instead, it grows strongly, particularly for the lower windspeeds (simulations

S1 and S2). The vertical momentum flux also grows more strongly as a

function of s for lower windspeeds. We believe the reason for this is that
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Figure 4.3: Plume trajectories. (a) unnormalised. (b) centreline location zc
as a function of x. (c) plume radius rm as a function of z.
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Figure 4.4: Integral quantities Q (a), Mx (b), Mz (c) and F (d) as a function
of s for each simulation.
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there is a high-pressure region above the plume, which is greater in the high

crossflow cases, causing the vertical rise to be damped more. We explain this

further in §4.3. The buoyancy flux F is approximately constant across all

simulations, and remains close to its initial value, F0. This is consistent with

the buoyancy flux equation from 2.18.

Having calculated the integral plume quantities, we verify whether the plume

slope dzc/dx is consistent with the conventional definitions. From (2.19) and

taking φ = φu it follows that

dzc
dx

?
=

wm

U + um

=
Mz

QU +Mx

(4.3)

This relation is plotted in Figure 4.5 for simulation S3, together with the

gradient of zc. In order to avoid the amplification of noise due to repeated

differencing (we will also use dθ/ds later on), zc was approximated with a

cubic spline before differentiating. The spline approximation was obtained

using a least-squares method which is described in Appendix 3.6. The spline

representation using two splines displays only very small deviations from the

original. In the appendix we show a comparison of the raw derivatives with

the approximated derivatives, showing the benefits of utilising the spline

representation.

Figure 4.5 shows that wm/(U + um) is nearly half of dzc/dx, and therefore

implies that the ratio of the integral momentum fluxes is a very poor estimate

of the plume slope. Given that this is one of the basic assumptions of the

integral theory of plumes in a cross-wind, the implications of this observation

are wide-ranging. The basic image of a plume in a cross-wind is that in which
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Figure 4.5: A comparison of different estimates for the slope of the plume,
along with the actual value.

all quantities of relevance are advected by the streamwise velocity Us inside

the plume. Indeed, the plume centreline is often envisaged as the central

streamline of the plume Weil (1988). The result in Figure 4.5 is thus mildly

disturbing, as it indicates that this image is incorrect.

In Figure 4.6, streamlines of various quantities are shown through the plume.

The extent of the plots in the x-direction is kept small in order to display a

detailed comparison of the three types of streamline presented, but the char-

acteristic behaviour of the streamlines remains similar downstream of the

displayed extent of the figures. The streamlines for Figure 4.6(a) were con-

structed by averaging the velocity over the the y-direction within the plume.

The resulting velocity vectors were input into the MATLAB streamline func-
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tion, which calculates paths by starting at a fixed point and moving along

the path a small increment in the direction of the velocity vector. Figure

4.6(a) is consistent with Figure 4.5 in that it is clear that the angle of the

streamlines is substantially different from the plume centreline (thick black

line). For the case under consideration, the streamlines enter the top of the

plume (indicated by a dashed line) at nearly 45o for the case under consid-

eration (S3). Interestingly though, the streamlines are reasonably parallel at

the bottom boundary. Importantly though, the centre of mass of the plume,

as indicated by the thick black line, is not parallel with any streamline. Thus,

the plume angle φ is different from the velocity angle φu, which implies that

the conventional assumption of the plume "going with the flow" (φ = φu) is

violated.

Since the centreline was determined from the centre of mass of the buoyancy

of the plume, it stands to reason to investigate whether it is more suitable

to consider streamlines based on the local mean buoyancy flux f = (ub, wb),

which are shown in Figure 4.6(b). These “buoyancy streamlines” are con-

structed by the same method as that used for the velocity streamlines, but

with the y−averaged ub and wb used as inputs for the MATLAB stream-

line function instead of u and w, respectively. Although the mean buoyancy

streamlines follow the bottom boundary almost perfectly, it is clear that the

behaviour is nearly identical to Figure 4.6(a). This is also evident in Figure

4.5, where the ratio of Fz/Fx, which is the approximation of dzc/dx based

on mean buoyancy fluxes in the horizontal and vertical direction, produces

results that are very similar to those given by the wm/(U + um) estimate for
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dzc/dx. In this plot, we define

Fx =
1

π

∫︂∫︂
A

ubdA, Fz =
1

π

∫︂∫︂
A

wbdA, (4.4)

F ′
x =

1

π

∫︂∫︂
A

u′b′dA, F ′
z =

1

π

∫︂∫︂
A

w′b′dA. (4.5)

It is only when we turn to the streamlines of the total buoyancy flux, using

the same method but with f = (ub + u′b′, wb + w′b′), that the streamlines

are found to be fully representative of the plume evolution. A secondary

conclusion that can be drawn from comparing Figs 4.6(b,c) is that the region

below the plume centreline is dominated by mean buoyancy transport and the

top by a combination of mean and turbulent buoyancy fluxes. Furthermore

this suggests that the plume is entraining strongly from the top. The fact that

the total buoyancy transport determines the angle of the plume is verified in

Figure 4.5, which is shown to follow dzc/dx very closely.
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Figure 4.6: Streamlines (blue) through a section of simulation S3, together
with a contour of the normalised buoyancy (in grey), the plume centreline
(thick red line) and the plume boundaries (dashed line). (a) streamlines of
u = (u,w). (b) (a) streamlines of f = (ub, wb). (c) streamlines of f =
(ub+ u′b′, wb+ w′b′).
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4.2 Turbulent entrainment

The DNS data allows us to directly probe the relationship between the en-

trainment flux and the plume properties, i.e. equation (2.15). The expecta-

tion is that if this equation holds, then the entrainment coefficient γ will be

constant and the same for all simulations. Figure 4.7(a) convincingly shows

that this is not the case. Indeed, γ is an increasing function of s for all

simulations and there is no sign of reaching a far-field constant. This raises

the question of whether wm is the appropriate velocity scale for entrainment

as is conventionally suggested. Indeed, an equally logical choice of the char-

acteristic plume velocity is to use Us, which implies an entrainment closure

given by

E = 2γUrmUs (4.6)

where γU is the entrainment coefficient based on Us. From figure 4.7, it can

be seen that γU is more or less constant for all simulations, although the value

of γu decreases with increasing wind speed. The ansatz (4.6), therefore, can

serve as the basis for a parameterisation.

Shown in Figure 4.8 is the integral budget for the continuity equation (2.14a)

for simulation S1, S3 and S5, which provide insight into the two identified

modes of entrainment: flow of fluid into the plume (E) and incorporation

of ambient fluid due to expansion of the plume (L). As the wind velocity

increases, L becomes increasingly dominant. Physically, this implies that for

sufficiently large wind speeds, the main contribution to the volume flux is not

flow directly into or perpendicular to the plume, but rather incorporation as
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Figure 4.7: Entrainment parameterisations. (a) γ = dQ/ds/(2rmwm). (b)
γU = dQ/ds/(2rmUs).

the plume expands of new ambient fluid with non-zero velocity. Schatzmann

(1978) argued that this term should not be considered entrainment as it is not

caused by turbulence but rather by the convection of the ambient fluid. We

may nevertheless assume that the Leibniz term is the dominant contribution

to the volume flux, implying that dQ equals Lds. As the local plume angle

is φ, the height increment of the plume is dz = sinφds. Assuming that

the plume width is 2arm where a is an empirical constant, the volume flux

increment Lds = 2aUrmdz = 2Uarm sinφds, and thus

L = 2aUrm sinφ. (4.7)

Upon equating the expression for L with the entrainment ansatz (4.6), we

obtain

γU = a
U

Us

sinφ = a
U

Us

dzc
ds

. (4.8)

where a is a parameter. As can be seen from figure 4.9(b), a is bounded

62



Figure 4.8: Budget of the integral continuity equation for simulations S1, S3
and S5, normalised by Ur0.

between 0.5 and 1. We will use the value a = 0.9 here.

From the analysis in the previous section, we know that

dzc
dx

≈ Fz + F ′
z

Fx + F ′
x

=
Fz/F + F ′

z/F

Fx/F + F ′
x/F

≈ sinφu + θf
cosφu

(4.9)

where tanφu = wm/(U+um), θf = F ′
z/F . In obtaining the expression above,

it was assumed that Fx/F ≈ sinφu and Fz/F ≈ cosφu (the velocity and

mean buoyancy flux have approximately the same angle) and that F ′
x ≪ Fx.

The ratio of the turbulent buoyancy flux to the mean buoyancy flux F ′
z/Fz

was denoted θf in van Reeuwijk & Craske (2015), which is what will be used

here.

In the expression above the only term that needs to be parameterised is θf ,

since the velocity components will be known as part of the integral plume

model. In general, we expect that F ′
z will depend on the initial conditions

RiU and the bent-overness of the plume R = wm/U . A detailed analysis of
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the DNS data shows that θf can be modelled as:

θf = θfb + (θfp − θfb)

(︃
1− exp

[︃
−
(︃

RiU
RiU 0

)︃]︃)︃
; (4.10)

where θfp = 0.20 is the value for the pure plume case (RiU → ∞) and

θfb = 0.06 is the value for the bent-over case (RiU = 0. The cross-over

parameter RiU 0 is a constant which determines how the two regimes compare.

Empirically, we find this value to be 1.2. For the cases under consideration,

θf is predominantly determined by the initial condition RiU and not R. It

would stand to reason that at some point far downstream of the source,

the plume will forget about its origins and θf scales with R, but this is not

observed in the limited downstream range simulated here. Further work is

needed to provide a more complete model of θf .

Figure 4.9(a) shows the actual (solid line) and predicted (dashed line) plume-

centreline slope dzc/dx for all five simulations. As can be seen, the param-

eterisation predicts the slopes reasonably well, perhaps with exception of

the slope for S1 which is underpredicted. The prediction for γU is shown in

4.9(b). The entrainment coefficient γU is predicted well for simulations S3-5

but is overpredicted for the weaker crossflow simulations S1-2. This is due

to the fact that the entrainment model was formulated using the assump-

tion that the Leibniz term L dominates over the radial entrainment term

E. This assumption is only valid for plumes in a strong crossflow RiU ≪ 1,

so the overprediction of γU at low flowspeeds is to be expected. Given that

the prediction for S3 is accurate, we postulate that our model is valid for

RiU ≲ 1
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Figure 4.9: Entrainment parameterisation. (a) θf as a function of RiU . (b)
Entrainment flux. (c). Slope dzc/ds . (d) γU . Color scheme consistent with
previous figures. DNS data and the parameterisation are shown in solid and
dashed lines, respectively.
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4.3 The role of pressure in the momentum bal-

ances

In this section, the behaviour of the momentum balances (2.14b)-(2.14c) are

explored. Figure 4.10 shows the momentum budget in the x-direction (Figs

a-c) and the z-direction (Figs d-f) for simulation S1 (column 1), S3 (column

2) and S5 (column 3). The entrainment and Leibniz terms have been com-

bined, since it has been established that L is the dominant term for bent-over

plumes. Figures 4.10(a-c) show clearly that Mx is heavily influenced by the

integral pressure gradient Px, and somewhat influenced by the entrainment

and Leibniz terms representing additional momentum being incorporated

from outside the plume.

The budget of the integral vertical momentum flux is clearly dominated by

the buoyancy term which is the only term that most plume models incor-

porate (see chapter 2). However, it the integral pressure gradient term also

plays a key role in this balance and acts to counteract a large proportion the

buoyancy term. Integral models that do not take into account this term can

therefore be expected to overestimate the vertical velocity inside the plume.

The Leibniz terms are negligible.

In order to gain further understanding into what underlies the observed be-

haviour of Px and Pz, we display the pressure in the η − y plane in figure

4.11 together with the velocity vectors. Here, the cross-flow contribution

U sinφ has been subtracted from the velocity vectors to emphasise the net

circulation inside the plume (it would otherwise be dominated by U sinφ).
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Figure 4.10: Budgets for the integral momentum equations in the x-direction
(a-c) and z-directions (d-f), normalised by U2/r0. (a,d) simulation S1. (b,e)
simulation S3. (c,f) simulation S5.
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The corrected velocity vectors display the canonical two-vortex geometry of

a turbulent plume in a cross-flow. At the windward side, a positive pressure

is observed whilst there is a low pressure region on the leeward side. This

pressure arrangement causes the horizontal integral pressure gradient forcing

−Px to be positive and thus acts to accelerate the plume, whilst it causes

−Pz to be negative and thus acts to oppose the buoyancy forcing. Large neg-

ative pressures can be observed in the core of the two vortices. The pressure

field also demonstrates that the origin of the two-roll structure of plumes in

cross-flows is the high pressure area on the upstream side of the plume.

The observations above make clear that a model is required for the pressure

terms Px and Pz. Here, the momentum equation in the η-direction is a

convenient starting point, since this balance can be expected to be dominated

by buoyancy and pressure. The integral momentum flux in the η-direction is

given by Mη = Mz cosφ − (QU +Mx) sinφ. Differentiating this expression

with respect to s results in

dMη

ds
=

dMz

ds
cosφ−

(︃
dQ
ds

U +
dMx

ds

)︃
sinφ−Ms

dφ
ds

, (4.11)

where Ms = Mz sinφ + (QU +Mx) cosφ is the streamwise momentum flux.

Now, substituting (2.14a)-(2.14d) results in

dMη

ds
= −Pη +B cosφ− L[1]U sinφ−Ms

dφ
ds

, (4.12)

where Pη = Pz cosφ − Px sinφ is the integral pressure gradient in the η-
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Figure 4.11: Pressure in a plane perpendicular to the plume at s/r0 = 3 for
simulation S3. The crossflow has been subtracted from the wind velocity vec-
tors, revealing the vortical structure in the velocity surpluses. The pressure
has been normalised by it’s maximum absolute value.
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Figure 4.12: Pressure parameterisation. a) the relation between Pη and B.
The solid line is the relation Pη = cB cosφ, with c = 0.8. b) Comparison of
simulations and model predictions for Px. c) Comparison of simulations and
model predictions for Pz.
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direction. In the equation above, entrainment contributions in the momen-

tum equations were neglected, consistent with the observations in §4.4. For

the x-momentum equation this is justified by assuming that Mx ≪ QU .

Furthermore, the fluctuating terms were neglected.

We expect that the main balance of forces in the η-direction is between pres-

sure and buoyancy and will assume that all the other terms act in proportion

to the buoyancy, suggesting a model as follows:

Pη ∼ B cosφ. (4.13)

The relation between Pη and B cosφ is plotted in Figure 4.12(a), and shows

that these variables are strongly correlated as expected. The parameterisa-

tion Pη = cB cosφ with c = 0.8 fits all simulations reasonably well, particu-

larly the most bent-over cases S3-S5. For the lower windspeeds, more sophis-

ticated models will be needed. Upon assuming that the integral streamwise

pressure gradient Ps is negligible compared to Pη, Px and Pz are given by

Px = −Pη sinφ = −cB cosφ sinφ, (4.14)

Pz = Pη cosφ = cB cos2 φ. (4.15)

These relations are plotted in Figure 4.12(b,c) for all simulations and it can

be seen that it captures the pressure contributions well, particularly those

for S3-S5, where it is hard to distinguish between the simulation data and

the model prediction. For simulation S1, the horizontal pressure gradient

is predicted remarkably well, but the prediction for the vertical pressure
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gradient Pz is off to the extent that even the sign is incorrect. This implies

that the pressure model presented here is incapable of representing plumes

in weak cross-flows.

4.4 Integral plume model

In this section, existing integral models are compared to the model with the

parameterisations developed here. To be precise, the governing equations for

the new model are

dQ
ds

= L, dMx

ds
= −Px,

dMz

ds
= −Pz +B,

dF
ds

= 0,

with entrainment closure (4.6, 4.8) and pressure closure (4.15). The coeffi-

cients used are a = 0.9 and c = 0.8. The DRWT model uses parameters

α = 0.1, β′ = 0.5 and n = 3/2 and as stated earlier, the added-mass coeffi-

cient k = 0. Figure 4.13 shows the comparison for simulations S1, S3 and S5

between the DNS data (thick black line), the DRWT model (green line), the

model with new pressure and entrainment parameterisations (NM; blue line),

the new model without horizontal pressure (NM-EPz; blue dashed line), and

the new model without the pressure terms (NM-E; blue dash-dotted line).

The first thing to note is that zc is much better predicted with NM than

with the DRWT model for the high cross-wind cases. This is directly asso-

ciated with the parameterisation of the vertical pressure term Pz. Indeed,

neglecting the horizontal pressure term (NM-EPz) can be seen to have very
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similar behaviour to the NM model. Upon neglecting both pressure terms

(NM-E), the model behaves very similarly to the DRWT model. The fact

that Px is dynamically insignificant can be understood from the fact that it

appears in the Mx-equation, which represents the momentum surplus. In the

integral equations Mx appears only in terms of its contribution to Ms, the

integral streamwise momentum flux. Thus, it always appears in a term of

the form (QU +Mx)
1/2, but QU ≫ Mx, so the contribution from this term is

dominated by QU . It is therefore unsurprising that Mx may be dynamically

neglected. It should be noted that the DRWT model makes this assumption

by default.

The DRWT model performs very well in terms of the evolution of rm. NM

can be seen to overpredict rm for the weak-crossflow case S1, but to accuratly

predict rm for the higher-crossflow cases S3 and S5. Here, it should be noted

that the DRWT entrainment model uses β′ as its bent-over-limit entrainment

coefficient, so appropriate scaling of rm should be expected. For the volume

flux Q, the DRWT performs an excellent job. Perhaps surprisingly, the NM-

E model – despite doing an excellent job at predicting the entrainment –

severely overpredicts Q for all simulations. Once more, this highlights the

importance of the pressure terms, as the inclusion of pressure (NM-Pz and

NM) results in excellent predictions for S3 and S5. In the weak-crossflow case

S1, the volume flux is overpredicted, demonstrating that the model needs to

be augmented with a weak-crossflow parameterisation in future work.

The equation for Mz provides the key to understanding the disparities in the

plume trajectories. It can be seen that Mz is dramatically overestimated by
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the DRWT model, as well as the NM-E model for cases S3 and S5. Since

wm = Mz/Q, this leads to an overestimation of the plume angle ϕu. A

model for the integral vertical pressure difference over the plume, as given

in equation 4.15, is essential in order to capture the damping effect that

pressure has on the increase of vertical momentum. With the inclusion of

Pz, we can see a dramatic improvement over the DRWT model for S3 and

S5. Consistent with earlier observations, NM fails to predict the behaviour of

the integral quantities at low windspeeds. At these windspeeds, the pressure

term becomes much less significant in reducing the upwards momentum of

the plume. The plume is accurately modelled by the DRWT model in the

lower crossflow speed case, so a further improvement of the model could be

the amalgamation of the two models, but that is beyond the scope of this

thesis.

Schatzmann (1978) argued that the Leibniz term should not be considered

entrainment as it is not caused by turbulence but rather by the “convection"

of the ambient fluid. This argument can be defended from the point of view

of conserving the classical notion of entrainment at that time, i.e. of ambient

fluid flowing into a turbulent free shear flow as is the case for turbulent

jets and plumes without crossflow. However, it has become clear that this

definition of entrainment is incomplete. Indeed, the Leibniz term is another

process through which entrainment can occur. It is driven by the increase of

the plume-surface area which is due to turbulence. Furthermore, there is an

entire class of problems in which the turbulence interface moves without fluid

flowing into it. A canonical example is the atmospheric boundary layer (Kato

& Phillips 1969; Deardorff et al. 1980; Sullivan et al. 1998; Jonker et al. 2013),
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Figure 4.13: Comparison of DNS data for simulations S1 (a,d,g,j), S3
(b,e,h,k) and S5 (c,f,i,l) with the DRWT plume model (DRWT), the new
model (NM), the new model without pressure terms (NM-E), and the new
model without the horizontal pressure term (NM-Pz). (a-c) plume centreline
zc. (d-f) plume radius rm. (g-i) volume flux Q. (j-l) vertical momentum flux
Mz.

75



where the turbulence created by heating of the surface causes deepening of

the mixed layer in time. Entrainment is defined as the net exchange across

an interface, which is the relative velocity between the interface and the

fluid. In classical problems, the interface is (statistically static) and the fluid

is moving in, in temporal problems, the interface is moving without actual

fluid movement. Both describe the same process. Other examples of temporal

problems include temporal jets, plumes, gravity currents, mixing layers and

wakes (e.g. Da Silva & Pereira 2008; van Reeuwijk & Holzner 2014; Krug

et al. 2017; van Reeuwijk et al. 2018, 2019; Redford et al. 2012; Watanabe

et al. 2016, 2018; Jahanbakhshi & Madnia 2018). A unified description of

entrainment which brings together all these different entrainment processes

into a single framework has recently been proposed (Van Reeuwijk et al.

2020).
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Chapter 5

Conclusion

In this thesis we performed and analysed a set of Direct Numerical Simula-

tions of turbulent plumes in a crossflow for a range of RiU between 0.3 and

8.0. A striking finding was that the plume angle is not only determined by

the ratio of vertical to horizontal velocity as is traditionally assumed, but

crucially depends on the vertical turbulent buoyancy flux. This overturns

one of the cornerstones of many plume models. Indeed, it was shown that

the streamlines enter the plume at its windward side, and have a different

angle to the plume centreline. Instead, it is the streamlines of the total (mean

+ turbulent) buoyancy flux that align with the plume centreline. This has

important implications for the plume trajectory predictions and particularly

impacts the predicted rise height of the plume.

Detailed analysis of the entrainment into the plume showed that the Leibniz

terms dominate for strong crossflow plumes. Furthermore, it was shown that
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standard entrainment closures do not accurately represent the entrainment

flux and a new closure was presented. However, in comparing integral plume

models to the DNS data, it was observed that the entrainment flux was in

excellent agreement for the classical models, suggesting that the coefficients

are tuned to correct for other unrepresented terms in the integral equations

(e.g. pressure.).

Through a scrutiny of the integral momentum budgets it was shown that

some existing integral models significantly and systematically underestimate

the horizontal momentum flux excess and overestimate the vertical momen-

tum flux. The reason for this is that without an added-mass term, pressure

differences across the plume cross-section are neglected in the plume equa-

tions. However, there is a significant, high pressure region at the leading edge

of the plume which cannot be ignored when computing momentum budgets.

This high pressure region has the effect of damping the vertical momentum

flux by exerting a downward force on the plume, whilst simultaneously exert-

ing a force in the horizontal direction. The former leads to reduced vertical

plume velocity and the latter leads to a horizontal plume velocity greater

than the free stream velocity. This is a clear mechanism by which the work

done by the buoyancy flux can generate a horizontal momentum flux.

Parameterisations were developed for the turbulent vertical buoyancy flux,

the entrainment and the integral pressure. It was shown that the new model

was able to reproduce the plume trajectories much better than existing mod-

els for the sufficiently strong cross-flows (RiU ≲ 1). It was furthermore

shown that the horizontal pressure contribution could be safely neglected
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and that the secret to the success of the model was the combination of the

new entrainment model and the vertical pressure parameterisation.

Further work is needed to provide insight into the accuracy of the new param-

eterisations in other parameter regimes. There are many possible extensions,

including plumes with nonzero exit velocities, plumes in stably stratified

environments, plumes with linear wind shear and plumes in turbulent atmo-

spheric conditions. DNS of these different parameter scenarios would all be

valuable additions to our current knowledge of plumes in a crossflow.

A further line of enquiry would be the consideration of a Lagrangian/particle-

tracking method, which would give additional insight into the turbulent/non-

turbulent interface in these flows. This would allow a more detailed interro-

gation of the methods by which fluid is entrained into the plume, and may

provide further understanding of the entrainment and Leibniz terms.
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