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ABSTRACT

Earthquake near-field ground motion records are of vital importance for the design of large struc­

tures as well as for a better understanding of the earthquake phenomenon. Before the constitution of data 

banks of earthquake motions or before any subsequent use, the recorded accelerations must be carefully 

processed.

The first level of processing consists of producing uncorrcctcd records. They are digitized versions ° f  

the motions usually recorded on analogue form, more suitable for mass storage and subsequent numerical 

treatment.

The second level of processing seeks to produce time histories of ground acceleration, velocity and 

displacement, corrected for undesirable distortions such as recorder imperfections and digitization noise, 

or solving for the unknown acceleration base line.

In a first part, this thesis discusses the various stages of the processing typical strong motion records 

before their entry in data banks. Particular considerations are given to the analysis of the digitization noise 

introduced by semi-automatic and automatic systems. A  new processing procedure based on the use of 

efficient digital filters is introduced and compared to the standard methodologies. The work demontrates 

that, with careful processing, acceleration time histories of improved quality can be obtained.

The second part treats of the simulation of earthquake motions in the near-field. Empirical methods 

based on the statistics of the recorded motions as well as geophysical methods are discussed. In both cases, 

it is shown that many parameters, (most of them are not accessible experimentally), have to be assessed to 

generate realistic motions at particular sites. The work also shows that, in near-field studies, one must not 

attempt to applied the conventional seismological methods used in the far-field.
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II

SCO PE O F P A R T  I

In the first part o f this thesis, we discuss the earthquake near-field ground motion measurement. 

Unlike far-field measurement, the motion recorded in the near-field is the acceleration time history. A t first 

sight, this may seem advantageous for engineering purposes since one can relate it directly to the applied 

force. However, it also generates many problems that are not encountered in conventional seismology. This 

has given birth to a new branch of seismology called s tr o n g  m o tio n  s e ism o lo g y . Surely engineers and ar­

chitects are primarely interested since they investigate the damage caused by earthquakes near the epicen­

ters. Geologists and seismologists are also attracted by the wide potentiality of this new information for 

the studies of geomorphological and structural changes caused by earthquakes or for more accurate fault 

mechanism investigations.

In all the cases a good basic recorded time history is required. Unfortunalely, ground motion record­

ing in the near-field is affected by several of types of noise which often masked the true motion. This is 

particularly visible when one computes the ground motion displacement from an acceleration record.

We intend to analyse the strong motion data acquisition process in order to show the order of mag­

nitude of the accuracy which can be reached. A  complete mathematical formulation is introduced to 

facilitate any further analysis. A  thorough investigation of digitization is performed and its effect on the 

recorded signals is quantified. The various methods of acceleration correction are reviewed and compared. 

W e show that the new method proposed, based on efficient filtering, is at least as satisfactory as the stan­

dard ones. It  offers the possibility of permanent displacement recovery, although in many cases, with the 

first generation of recording intrument, no separation of this information from the processing noise seems 

possible.

It  is believed that, with careful processing and correction, a fair description of the near-field ground 

motion may be obtained.
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CHAPTER I
ACCELERATION GROUND MOTION ACQUISITION AND USE

1-1 Introduction

Since the early days of earthquake near field strong motion recording in the early 30’s, more than 

6,000 records have been recovered over the world. For most of them, the three translational components 

are available. There is a large disparity in the quality of the data, due to a large number of responsible 

agencies having each their own particular policy in the recovery process. The first records were mainly 

destined for the engineering community to help structural engineers in their design of structures. This is 

the reason why early instruments were installed in buildings, or dams. In California in particular many of 

the records were obtained from the basements or current floors of multistorey buildings. Today, regional 

and national networks are re-designed but also the location of the recording instruments has become more 

specialised and appropriate to specific problems like, plant sites, tectonic faults, large slopes or mountains; 

buildings, bridges and nuclear plants are fully instrumented.

There is also a large variety of recording instruments, having different characteristics and hence 

different imperfections. A ll the various countries are subjected to different types o f earthquakes, in different 

geological environment and use different methods of processing. The world production of Strong Motion 

records is as a consequence very much ill-assorted.

In the following we shall see how the early processing stage in the recovery process is of vital impor­

tance for the quality of the final product.
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1-2 Background of Strong Motion acquisition and processing

The first concern in the strong motion acceleration retrieval must be the influence of recording instru­

ment and of its installation in the environment. W e must ask ourselves to which extent the measurement 

is alTectcd by the particularities of the type of recorder and by its location either in a particular building 

or on soft deposits.

W e shall sec in the next section what are the actual characteristics of available transducers. As far as 

the location of the instruments arc concerned, it is useful to develop here some comments and definitions.

The purpose of the measurement is not always to measure the acceleration of the ground. In many 

cases, engineers wish to monitor structures and all they want to obtain is a passive check of an early 

design. Sometimes and usually for structural research purposes, a complete array of instruments is installed 

at various points of a construction. The aim is clearly to collect information in order to build structural 

response models. It is fundamental to distinguish these records from those aiming at measuring the ground 

motion at a given site. But then, it is a mistake to rely on such motions recorded at a specific site and/or 

in a particular building, in order to make use of them in a similar situation. There is no similar situation 

and each time it must be re-assessed. The design ground motion must then originate only from motions as 

”raw” as possible.

The recovery of such motions poses specific problems. A  common installation for such measurements 

has been to fasten the acccleragraph firmly to a foundation. It  is implicitely assumed that the foundation 

has no appreciable effect on the recording, and that such records are ’’good”, at least in the frequency 

range of interest. However, this frequency range has never been accurately defined and furthermore is 

much dependent of the subsequent use of the record. Locating instruments in the basement of buildings or 

on rigid structures may well not affect the recording if  the foundation lies on rock since, in general, no ap­

preciable relative motion is likely to occur between ground and foundation, but this is not true for all fre­

quencies. W e must accept that, for the general case, little information is known about the actual closeness 

of our records with the true ground motions. Due to the formidable task involved, little serious field experi­

ment has been carried out to check their truthfulness. W e only can consider more confidently a ’’free field” 

record, exempt from any structural influence.

On soft soil, even in the ’’ free field”, material yielding and dynamic soil-structure interaction are 

expected and we arc short of firm evidence about the extent of its actual influence. It is likely, based on 

theoretical ground, that the recovered ground motions include, not only the earthquake source information 

and the travel path cfTcct, but also a strong soft soil effect which may become predominant and mask all 

other features. This is why the case of motions recorded on soft soil deserves particular attention. Records 

from soft soil deposits must not be analysed in the way as rock site records. Their specific characters may 

be viewed cither as part of the wave travelling path or as a particular structure. In the former case, the
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wave propagation analysis is further complicated by the presence of an highly non-linear medium. In the 

latter, soils may be treated as three dimensional structures. Since, we possesses today more and more data 

concerning ground motions on rock, it seems preferable to consider the motion recorded on soft soil as a 

motion distorted by a soil structure. In that ease, the definition of the ’’raw” ground motion is a motion 

recorded at a rock site in which the influence of structures, including soil layers is minimum. A  ’’raw” 

ground motion is then a motion which includes only information relating to the earthquake source and the 

seismic wave travelling paths; this a first level motion since these features cannot be separated.

A recent fact is also creeping in the today’s approach of strong motion records acquisition. There is 

an increasing demand for improved ground motion information. Scientists and seismologists would like to 

make full use of this precious type of data for earthquake source studies. Engineers expect to be able to 

control the risks involcd in advanced structures at both ends of the spectrum. Both are looking for infor­

mations contained in frequencies as low as .05 H z and as high as 50 Hz.

It  is well known that the required information is masked by noise in these frequency ranges. The  

first optical-mechanical accelerometers with natural frequency as low as 10 H z, were not intended to 

inform below 0.1 H z or above 10Hz. Today, the strong motion records acquisition centers are faced with 

a technical-economical dilemma: cither they replace and improve their networks at great cost, or they try, 

by performing advanced signal processing methods, to extract as much information as possible from their 

available systems without changing the equipments. When it is known that the cost per record of an ad­

vanced processing is three to four times less than the acquistion itself, we understand why so much effort 

is devoted at present, to obtain from a given record the best of what is possible.

Although this situation is only temporary, one cannot say when a definite reverse trend will occur. 

The following chapters of this thesis will describe some of the common and advanced methods which have 

been generated by this situation. A  fundamental question then must be asked. Is it worthwile to search 

for sophisticated processing procedures when the recording instruments are, by comparison, so crude? The  

answer is mainly of economical character. In the meantime this approach will remain relevant for many 

years to come in Strong Motion Seismology. The methods will also enable to extract the best from all the 

records that we inherited.

For the future, special efforts should be made to record the ’’raw free field” ground motions: the basic 

form of seismic loading, and with advanced recorders free from today’s drawbacks. Others records, on 

soft sites or in various structures would provide purer information for structural respose model studies 

(including soil response). It is visible that they would yield better data to be treated, with full efficiency, 

in all subsequent analysis, up-stream for geophysical studies or down-stream for structural design.
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1.3 Quality of recording instruments 

1.3.1 The first generation o f accelerometers

One of the parameters that lim it the veracity of ground acceleration records is the intrinsic capability of 

the transducer to pick-up the true ground motion. The theoretical transducer principle must be thouroughly 

investigated. The robustness of its central parts and the reliability of its peripherical elements also play an 

important role in the efficiency of a network and the quality of the products.

Some of the accclcrographs which recorded the first near-field earthquakes signals arc still in service 

today; many modern ones are of the same generation: a mechanical-optical type. Table I describes their 

main characteristics. They all rely, for robustness reasons, on the same type of transducer: a S D O F  pen­

dulum { fig . I . l a  a n d  lb ) .  As we shall develop in chapter V I ,  such systems record only approximatively the 

ground acceleration. A deviation of the order of 10 %shou!d be expected at the natural frequency of the 

instrument which remains low (10-20 H z). Much larger errors occur in the high frequencies. As a conse­

quence, it is imperative, if  we consider 1 0  %accuracy as insufficient, to operate a correction in order to get 

better ground motions. This major aspect of instrument deconvolution will be treated in more details in 

chapter V I.

A  general schematic picture of such mechanico-optical strong motion accelerograph is shown on 

f i g . 1 .2  and its main implementation on f g .  1 .3 ,4 ,5  a n d  6.
A  critical part of the recording instrument is the starting system. A ll accelerometers of the first genera­

tion are trigerred mechanically by one of the first pulse of the seismic wave itself. As an example, the 

f i g . 1 .7  shows the pendulum starter used by the U S C G S  accelerograph and designed in the thirties ( H e c k  
e t a l . 1936). It consists of a vertical pendulum with natural frequency of 1 H z and a damping ratio of 

0.3. A  displacement of 0.05 cm in any horizontal direction is sufficient to close the platinium contacts and 

start the recording cycle. The time required to trigger the recording device is of the order of 0.2 sec but 

depends of the amplitude of the attacking pulse. It  may be estimated to be less than 0.2 sec.

This starting delay is surely not as short as might be desired and efforts have been made on the 

dynamic characteristics of the starters in order to reduce as much as possible the lost initial portion of 

the record. One must realise however, that a delay is inevitable with such devices and this will have a 

significant influence on the subsequent search for the true base line of the record.

Finally, one must not neglect the discrepancies of higher order like the variation of the time scale 

due to possible irregularities in the recording speed ( f ig .  1 .8 ) ,  the departure of the dynamic characteristics 

from their nominal values or the misaligment and cross-axis sensitivity ( f g . I .  9).
The correction for variation of time scale can be achieved by digitizing the position and length of the



16

Table I-a

Manuf acturer 

Country

USGS

USGS

USA

SMAC
A/B/C/D
Akashi

Sei sakusho 
Japan

AR—240 

Teledyne

USA

RFT-250 

Teledyne

USA

RMT-2B0 

Teledyne

USA

Size (cm) 33x51x114 38x53x53 35x41x41 27x22x50 23x38x50

Weight (kg) 61 99 27 16 19

Power Supply 12 vdc 12 vdc 12 vdc 12 vdc 24 vdc

Transducer SDOF SDOF SDOF SDOF SDOF

Natatural adjustable ■fixed vari able variable fixed
Frequency 6.7/23.3 7. 14 12.5/18.0 12.5/18.0 16.7

Damping 0. 60 1.00 0. 60 0. 60 0. 60

Sensi t i vi try adjustable •fixed f i xed variable vari able
(cm/g) , Cg> (6/20) (4 or 8) (7.6) (1 .9/3.8/7.6) C.25,.2,1>

Frequency 
Range (Hz)

0-6.6 0-6.0 0-10/15 0-10/15 0-14

Recording 6-12 inch wax ed 12 inch 70 mm 3/4 inch
Medium paper paper paper film mag . tape

Reccordi ng 
Duration

1.25 mn 1.5 or
3.0 mn

30 mn 60 mn

Recording
Drive

dc motor hand wound 
spring

dc motor dc motor dc motor

Recording 
Speed (cm/s)

Time marking

1.0 1.0 2. 0 1.0 9.5

(per sec) 2 1 o 2

Damping 
Mechani sm

magnetic air piston electro- 
magnetic

electro- 
magneti c

electro- 
magneti c

Sarter type pendulum spring pendulum pendulum spring 
em pi ckup

Starter 
Frequen c y ( H z )

5. 0 4. 0 3.3 3. 3/4.5

Starter
Damping

1 ow 1.50 unknown 1.5

Starter 
Control

v e r . h o r . v e r t . v e r t . v e r t .

Trigger 
Level (g)

0.01 adjustable 
0.005/0.05

0.01 adjustable
0.005/0.05

Operational 
Rise time (s)

0.2 0.05 0. 10 unknown unknown
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Table I-b

Manuf acturer 

Country

MO-2

Victoria

Engineering 
New-Zealand

UAR

P h .Earth

Institute
USSR

SMA-1

Kinemetrics

USA

DC-3

Hosaka

Shindo Keiki 
Japan

SMAC
E/Q

Akashi

Seisakusho
Japan

Size (cm) lBx18 k 43 18x18x38 36x41x41 35x45x45/
40d i a .x 32

Weight (kg) 9 9 198 70/35

Power Supply 12 vdc 12 vdc 6 vdc 12 vdc

Transducer SDOF SDOF SDOF SDOF SDOF

Natural ■fixed vari able variable fixed
Frequency 33.0 20.0 12.5/25.0 15.4/IB.2 20.0

Damping 0.60 0.70 0. 60 0. 60 0. 60

Sensi ti vi ty (1.5 h . > fixed vari able adjustable
(cm/g > , igy (2.5 v . > (1.6) (1.9/3.8/7.6) (5.0/7.5) (0.5)

Frequency 0-25 0-16.0 0-10/20 0-12/15 0-16.0
Range (Hz) -

Recording 35 mm photo 70 mm smoked scrach
Medium ■film paper film paper film

Reccordi no 47 sec 1.0 mn 25 mn 3 mn 1.5 mn
Duration

Recording dc motor spring . dc motor dc motor dc motor
Dr i ve

Recording 1.5 1.0 1.0 1.0 0.5
Speed (cm/s)

Time marking 2and 0.2 none
(per sec) coupled r? 5.2 or 1 2

Damping oi 1 electro- electro- electro— ai r
Meehani sm paddle maqneti c magnetic magnetic pi ston

Starter 1.0 3.3 1.0 1.0 1. oFrequen c v ( H z >

Starter 0.30 unknown 1 ow 0.60 0. 6<‘>Damping

Starter h o r . vert. h o r . h o r . h o r ,Control

Tri gger 0.005 e*. j> o i~
Level (g) or 0.01 17f~ 0-2 1

Operational 0.2 0. 10 to 0. 10 0. 10
Rise time (s) 0. 15
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SMA-1
Strong Motion Accelerograph

A  widely used strong motion recording instrument of the first generation
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Principle of S D O F  transducer 

a) dynamic amplification

F ig .I.l

b) phase angle
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a(t)

Fig.I.2

Schematic diagram of a S D O F  transducer.

y(vertical)

h
permanent magnet 
damping torque
= C

seismic mass, m= 
loop of heavy wire 
in y-z plane

direction of ground 
acceleration, alt)
mirror to measure relative 
angular motion 4>

kx= angular spring constant 
1 of torsion suspension

A  I y = moment of inertia of suspended 
r  7  mass about vertical y axis

rc = distance from 
y axis to center of 
mass of suspended mass

Fig-1.3

Schematic diagram of the U SC G S accelerogaph.
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direction of 
acceleration waxed recording paper

air damping cylinder 
( square cross-section)

clockwork driven record

6 inches

Fig.I.4

Schematic diagram of the S M A C  accclerograh.
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Fig. 1.5

Schematic diagram of the a mechanical-optical instrument.
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first mode second mode

torsion mode

Fig. 1.6

Schematic diagram of an SM A -1 instrument.

Fig.1.7

Pendulum starter for the U SC G S accelcrograph.
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time marks available at the top and the bottom of the records ( f ig . 1 . 10), but it is limited by the accuracy 

of the digitization itself (see chapter I I I ) .

It is common practice however to measure the real values of the transducer natural frequency and 

damping ratio by performing a standard calibration test before and after the instrument had been trig­

gered. F ig . I . I I  shows a typical example of sample calibration records obtained by special tests switches 

on the SM A-1 instrument. The principle underlying this calibration procedure is discussed now.

The undamped natural frequency is obtained by disconnecting the transducer damping system and 

applying a step voltage function. The first portion of the test record shows, for the three components, a 

slowly decaying Tree vibration response to this excitation. The decay expresses a non-zero but very small 

residual damping \ R due mainly to air friction . Its value is negligeable for the natural frequency com­

putation. The equation of motion following the release of the voltage is:

y ( t )  =  cos(w0>/ 1 -  \ R t -  (1 .1 )

Since XR is small, the natural frequency / 0 is simply computed by counting the number of cycles for a 

given length of time:

fo i Hz )  = number of vibration cycles
length of time in sec.

A  large value of \ R (more than 0.01), computed by measuring the logarithmic decrement:

( 1.2)

1 j amplitude at beginning of cycle 
2ir amplitude at end of cycle

would indicate a malfunctioning of the instrument.

The actual transducer damping is obtained by measuring the overshoot in the response to a steady 

step voltage function to the damped accelerometer. The theoretical response is given by:

y ( t )  = T 0{ 1 - ^ " ' ( c o s o y  +  X ^ s in c o ,/)}  (1 .4)

where
X is the search damping ratio,
c0q =  2-k/ q is the natural circular frequency

a), =  ~ X k is the damped natural frequency

y {) is the static offset due to the step voltage.

A t the time of the first peak, e.i, / =  7r/w, E q ( l  .3 )  provides the overshoot value:

y = y0[ 1 + e~x™ Ju:'

The overshoot ratio:
y-y»

F ig . I . I I  shows an example of such dynamic characteristics calculation

(1.5)

( 1.6 )
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can be measured accurately by means of the digitisation equipement and input into the following 

expression giving the damping ratio:

( , ' 7 )

The determination of the sensitivity is performed by a simple static test ( f ig  I  12).

Fig.1.8 •

Irregularities in the recording speed.
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(a) PERPENDICULAR (b) MISALIGNMENT ANGLE 90 ,
COMPONENTS, INTERACTION
NO INTERACTION

(c) PERPENDICULAR 
AXES AT STATIC 
EQUILIBRIUM AT DYNAMIC DEFLECTION <£

(e) MISALIGNMENT 
ANGLE 60 AT STATIC 
EQUILIBRIUM

(f) MISALIGNMENT 90 PLUS 
CROSS-AXIS SENSITIVITY 
AT DYNAMIC DEFLECTION <f>

Fig.1.9

Misaligment and cross-axis sensitivity in transducers.



27

BRAWLEY AIRPORT 
JANUARY 24,1975

WWVB STANDARD RADIO 
TIME CODE FOR ABSOLUTE TIME

Fig.1.10

Typical earthquake analogue accelerogram.
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WWV0 ABSOLUTE TIME
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CALIBRATION SIGNAL .................... .
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DAMPED ----------- --
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LONGITUDINAL

.illllMItlMMrtrttHl

mimiiinmiiiiiiiiiinniiiiimiimitill

FIXED TRACE r

x2*O.I7 UNITS
-------------- FIXED TRACE

VERTICAL

a47UT S xrl-22 UNITS
—.«• *-*'•*•'•* *"*"*"*  ' I 1 | f

U— 30 — J 0.12 UNITS 
CYCLES

TRANSVERSE

? 8 * 0J4; DAMPING * 53 % 
' £ *0.53

TIME
ONE

SECOND

F ig .I.l 1

Sample calibration of SM A -1 instrument.
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Fig. 1.12

Definition diagram for sensitivity test.
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1.3.2 Second generation of accelerometers

In the previous section we mentioned that mechanico-optical accelerometers yields an acceleration 

trace significantly distorted due to a series of insufficiencies or imperfections of the transducer. The  

recovered trace will also have to be processed before it reaches a state where it can be subsequently treated 

on computers. Amongst the various processing steps, digitisation is certainly the most critical one, as much 

undesirable noise is then introduced in the signal. The second generation of accelerometers based on solid 

state electronic digital technology is an attempt to solve many of the problems encountered with the first 

generation. The main attractions of the second generation reside in the following improvements:

1. the transducer becomes a force-balance servo type transducer able to extend to 50 H z  at least the record­
ing frequency range with a better accuracy.

2 . the solid state element provides the instrument with a short memory so that the onset of the ground mo­
tion can be recorded.-/

3. the integrated electronic circuitry makes it possible to perform the digitisation operation within the
instrument itself, avoiding most of the basic noise problem.

Table I I  catalogues the characteristics of these advanced available acceleration recorders.

The force-balance servo-type transducer or feed back transducer is a device whose behaviour is very 

similar to the S D O F  pendulum but where the natural frequency / 0 and the damping ratio X are governed 

mainly by variable electrical parameters { fig . 1 . 13). Using a relatively high damping, the amplitude 

response can be made very constant over a much wider range of frequency (see mathematical description 

in chapter V I) . Also the phase diagram shows that the linearity is maintained very accurately ( f ig .  1 . 14).

The force-balance transducer involves many parameters which complicate the calibration tests as well 

as it requires regular checkings of the various elements.

The facilities offered by the solid state to store several kilo-bytes of information is advantageously 

used to record information from the actual onset of the seismic wave. Typical pre-event memories range 

from I to 5 see and arc of major importance. This limits or even suprcsscs the uncertainties relating to the 

acceleration base line location. It  permits also the study of the first pulses of the motion which is so needed 

for seismological analysis of the faulting mechanism.

Finally, the capability of these advanced instruments to produce outputs on digital form achieves a vi­

tal step in the recovery of quality ground acceleration. The dynamic range reaches currently 6 6  dB since 

1 2  binary bits are used ( 1 1  bits +  sign) and this corresponds to an increase of about 2 0  times of that 

of analogue instruments. A particularly apparent advantage of the avoidance of digitisation is shown on 

f i g .  1 .1 7 a , b a n d  c where the Fourier Am plitude spectra of the lrp in ia  2 3  N o v  1 9 8 0  earthquake recorded
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Table I l -a

M a n u f a c t u r e r

C o u n t r y

S M A - 2

Kinemetri cs 

U S A

DSA-1

K i n e m e t r i c s  

U SA

A — 700

T e l e d y n e  

U S A

S i z e  <cm) 2 0 x 2 0 x 3 6 2 5 x 4 3 x 2 2 2 8 x 3 3 x 2 3

W e i g h t  (kg) 11.4 19.5 20

P o wer S u p p l y 24  vdc 24  vdc 12 vdc

T r a n s d u c e r F.B. P e n d u l u m F.B.Pendulurn F.B.Pi e z o - s e n s o r

Natural 5 0 . 0 5 0 . 0
F r e q u e n c y

D a m p i n g 0 . 7 0 0. 70

Sensi ti v i t y
v o l t / g 2 . 5  -full 2 . 5  -Full 2 . 5  -full

F r e q u e n c y 0 -50 0-50 0 . 1 - 6 5
R a n g e  (Hz)

D y namic 46 66 66
.Range (dB)

R e c o r d i n g m a g n e t i c digital s o lid s t a t e
M e d i u m c a s s e t t e c a s s e t t e

Reccordi ng 30 mn 20 mn 1B/36 mn
Durati on

R e c o r d i n g dc motor dc motor dc motor
Dri ve

R e c o r d i n g 4 . B cm/sec 6.4 cm/sec
Speed
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Table Il-b

M o d u l a t i o n
t y p e

F r e q u e n c y  
m o d u l a t i o n

p h a s e
en c o d e r

S a m p l i n g  rat e  
(Hz)

2 0 0 200 1 0 0/200

P r e - e v e n t
M e m o r y 2 . 5 , 5 2 , 4 , 8 , 1 0

S a r t e r  t y p e pendulurn t r a n s d u c e r

S t a r t e r  
F r e q u e n c y ( H z )

4.0 15.0 6 . 5 / 1 3 . 0

S t a r t e r
D a m p i n g

1.5

S t a r t e r
Control

vert. v e r t .

Tri g ger 
Level (g)

ad justable 
0 . 0 0 5 / 0 . 0 5

a d j u s t a b l e  
0 . 0 0 5 / 0 . 0 5

a d j u s t a b l e  
0 . 0 0 2 5 / 0 . 0 2 5

O p e r a t i o n a l  
R i s e  t i m e  (s)

0. 10 0. 10



33

*

TOTALLY SOLID-STATE STRONG MOTIONACCELEROGRAPH

A-700 ACCELOCORDER

An example of the second generation or strong 

motion recording instrument

*
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Fig.1.13

Schematic representation of a feed-back transducer.

Fig.1.14

Characteristics of the feedback and non-fccdback transducers.
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at Procisa Nuova is shown. F ig . 1 . 15a  shows the case of the acceleration recorded by a S M A -I instrument, 

manually digitised and linearly interpolated. F ig  1 .1 5 b  represents the same case but digitised automati­

cally at small constant interval (A t  =  0.002sec). F ig . 1 .1 5 c  exhibits the same picture again but this time 

recorded by a DSA-1 instrument located exactly next to the SM A-1 (20 cm apart on the same foundation). 

The striking feature of this comparison is the level of the low frequency in the manually digitised case. 

This level has been significantly reduced thanks to improved digitisation but still is nowhere near the level 

appearing on J ig  . 1 . 15c  believed to represent a better true frequency content of the ground motion at the 

site.

The quality of the information provided by the second generation of accelerometers is going to satisfy 

scientists and engineers both in seismology and in earthquake engineering. Too much enthusiasm, however 

must be cooled down since a few drawbacks have not been solved satisfactorily yet.

The major uncertainties to be anticipated with such modern equipments are related to their main­

tenance and cost. Their long term reliability in the field has not been demonstrated yet. Fears are founded: 

we observe that their standby length without recharging expresses in days rather than in months for the 

older instruments. Some, however, may be self rechargeable thanks to an internal panel of solar cells (A - 

700). The provision of simple field tests and calibration devices for adjusting and checking out the system 

seems to be excluded. Instrument maintenance will have to be performed both in the laboratory and in the 

field by technicians of high qualifications covering electronics, data processing as well as a sound knowledge 

of engineering seismology. Most of these instruments require complementary data retrieval units and com­

patible other office computing equipments which also increase significantly the total cost of such systems. 

It  is certainly not a simple matter to decide, in the actual circumstances whether or not the setting up 

of new strong motion networks will prove economically adequate to record near-field events which are, by 

definition, unlikely to occur at high rate. There is no doubt however that further development will even­

tually produce reliable devices satisfying economic considerations.

In the meantime, more than 95 %of the near-field ground acceleration recorders are o f the first genera­

tion, and are not likely to be replaced before several decades. A ll our attention and effort should be devoted 

to carry out, through good quality processing, the best of what can be achieved, the analogue acceleration 

trace being given.
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FREOUENCt (HZ)

F ig .I.15

Comparison of Fourier Amplitude Spectra of the Procisa Nuaova record (Irpinia 23-11-1980)
a) SMA-1 instrument and manual digitization
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Fig.I.15

Comparison of Fourier Amplitude Spectra of the Procisa Nuaova record (Irpinia 23-11-1980)
b) SMA-1 instrument and automatic digitization

irrrvr-r—r



F ig .I.15

Comparison of Fourier Amplitude Spectra of the Procisa Nuaova record (Irpinia 23-11-1980)
c) DSA-1 instrument.
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1.4 PU R PO SES O F STR O N G  M O T IO N S  C O L L E C T IO N

1.4.1 Instrument Choice and Network Design

It is frequently observed that the two major branches of earthquake strong motion studies:

1 ) the ground motion acquisition,

2 ) the subsequent strong motion analysis,

are separated.

This widens the gap of misunderstanding between the scientists, who deal with signal acquisition 

problems and the research engineers who use the data without always grasping fully the limitations of the 

data. On one hand, the collectors, usually of scismological background, sec near field acceleration records 

as another seismic signal but do not attempt to analyse them for engineering purposes. On the other hand, 

geotechnical and structural engineers, who arc still rcbulTcd by the conventional scismological approach 

for their recovery, expect to be given earthquake ground motions of perfect quality capable of satisfying 

their design requirements.

It is clear that this excess of specialisation affects badly the strategy of recovery, the processing tech­

niques and even limits the validity of any subsequent analysis.

I f  the exact purpose for the data is not known, major misinterpretations may appear:

a) in the choice of the recording instruments, by misdealing with the fundamental trade-off between 

cost and quality,

b) in the design of the network, by more or less abandoning to hazard or convenience the location of 

the recorders,

c) in the efficiency of the information recovery process by under or ovcrproccssing the raw data.

The simple collection of strong motion recordsis, inits present form, somehow awkward, since little or 

no associated information, relating to the conditions of recovery, the seismological or geotechnical environ­

ment, are accurately described. It is therefore a formidable task to perform any proper analysis

with a set of mixed data which may hardly be subdivided in different categories of statistical significance. 

The sad consequence is that we are still compelled to lim it our studies making use of too little reliable 

parameters. Peak accelerations, peak velocities are still used too much since any other ones cannot be as­

sociated strongly enough with site or shock characteristics. Recording instruments and networks should be 

studied and designed according to what the profession is looking for. And today too little efforts have been 

made in that direction.

The exact knowledge of what may be achieved with strong motions and the difficulties that arise 

should be precisely understood. Such knowledge should improve tremendously both acquisition processes 

and subsequent treatments. In the next chapters we shall give a detailed view of the problems encoutered
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in the recovery of the ground motions with particular emphasis in its displacement form. In the following 

section, we shall outline the information that can be expected from near field records as well as the con­

text for the need for analogue or digital instruments.

1.4.2 Types of information to be recovered

It  is the basic role of Engineering Seismology to predict earthquake ground motion intensities at 

a specific site, for a given Magnitude, distance and local soil conditions, in order to perform safe and 

economic design of structures of all nature.

Until today one has searched in that direction by producing design response spectra. Although some 

attempts have been made to extend its application to non-linear design, they are basically applicable to 

structures behaving linearly, which is far from being satisfactory near collapse. They are also scaled by the 

peak ground acceleration expected at a given site and it is widely recognised today that better parameters 

should be found. Realistic time histories, based on physical parameters and scaling factors, will provide a 

new answer by enabling non-linear structural studies to be carried out.

In order to simulate such earthquake excitations, an immense amount of information is required, 

and one must stop looking at strong motions only as the provider of response spectra. They must be seen, 

under another angle, as the scientific source for a better understanding of the behaviour of the rupture 

mechanism and the seismic wave propagation through geological structures.

If , with that principle in mind, we look at what can be obtained from strong motion records, we can 

divide the types of retrievable information into two main categories:

1 ) information of geophysical nature,

2 ) information of engineering nature.

W c shall describe now these two categories of retrievable information.
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1.4.3 Geophysical information

The first category refers mainly to basic data needed for research of geophysical and seismological 

nature, for the purpose of understanding of the earth crust rupture mechanism.

Geophysical information is relevant in engineering since it provides the data required to simulate 

realistic earthquake ground motions to be used in research and design. These simulated motions are essen­

tial, in particular for areas where strong motion data arc scarce or non-cxistant.

In order to get records free from other types of information (soft soils or structural clTccts, see further) 

the best instrument location is the free field on rock. Little ’’contamination” by other features is expected 

since rock-structure interaction is quasi-inexistant and if  the instruments have been adequately positioned 

in basements of buildings, one can certainly rely on the recorded time histories as good ground motions. 

A  still better location, however, would be away from any spurious influences. The work which can be 

performed consists mainly of modeling attempts aiming at detecting fundamental features of the rupture 

zones, depths, velocities and directions of the rupture front, or rise times of energy release. Also of interest 

are the computations of typical seimological parameters: Magnitudes, hypocenters, distances or some cross­

indications for fault plane solutions. This information is today far from being obtained satisfactorily (even 

with advanced methods), from the far field and it is not unreasonable to believe that one might be able to 

improve in this field by better data acquisition and interpretation of the near field records.

In chapter X , we shall develop on the necessary parameters required to build a simulated motion 

based on geophysical models. Let us here,only enumerate some of them:

T h e  r a d ia tio n  p a tte r n :
The seismic energy propagation is not regularly distributed around the source. P-waves, S-waves but 

also surface-waves have different radiation patterns. They arc usually determined from far-field measure­

ments from a large number of stations. Studies for each type of waves are possible due to the dispersion 

which has separated the difTcrcnt phases. In the near field, the radiation patterns cannot be assumed to 

be the same; extra near field terms arc present in the radiation and also the existence of an extended and 

moving source rejects all assimilation to a point source . Furthermore, dispersion is not strong enough 

to separate the phases which remain bundled in the same wave train.

N ear field information is fundamental for the recognition of the geometry of the faulting in order to 

relate it to more global tectonic features. It  would then allow a significant step forward in the simulation 

techniques. It may be obtained by instrumenting seriously all potential or suspected fault in critical areas. 

Strong motion recorder arrays, in particular, would provide invaluable data for this purpose.

Im p r o v e d  f a u l t  p la n e  s o lu t io n s
Fault plane solution is a routine determination for most of the well recorded earthquakes in the far 

field. However, it suffers from inaccuracies; in particular it does not permit to decide which of the two con­

jugate planes provided by the method, is actually the fault plane. Improved solutions may be obtained with
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near Held data. 'This will be particularly efficient when rupture directions on the fault will be detected, for 

instance by recognising the Doppler cfleet in the records. But with no pre-event memory to record the P- 

wave onset, there is little possibility to retrieve the necessary information.

E p ic e n te r s  a n d  f o c a l  d e p th s
These two common and fundamental parameters of seismology are incredibly badly known. It is al­

ready accepted that a more accurate determination consists of near field recordings through specially 

designed networks.

R u p tu r e  m e c h a n is m s

The knowledge of the features of the rupture on the fault are of major importance since they are 

responsible for the high frequencies which affect the engineering structures most. Also, in order to be able 

to carry out better seismic wave attenuation studies urgently needed for design, one must understand (and 

this is not the case) how high frequencies are generated on the fault and how they behave near the source. 

This is certainly in relation with the brittleness of the broken rocks during rupture and such evidence would 

provide guidance for the choice of design parameters in a particular region. The dynamics of the crust rup­

ture also, is still poorly understood and too many assumptions have to be made. Information of dynamic 

nature cannot be retrieved from far field techniques since high frequencies have been absorbed by the 

propagating medium. Relying too much on such techniques will not enable to depart from the useful but 

insufficient quasi-static parameters that are the seismic moment and the corner frequency.

W ave p ro p a g a tio n  s tu d ie s
There are significant differences in the propagation of seismic waves in the far field and in the near field 

conditions. The usual assumptions, commonly accepted for the far field, originate from the infinitesimal 

character of the strains encountered as the waves pass. Elastic theory has always been the rule. When 

anclastic absorbtion, which cannot be neglected when large distances are involved, has to be taken into 

consideration, one still refers to an equivalent elastic theory. It is based, for mathematical convenience, on 

an equivalent viscous attenuation, defined by a Q factor (or damping) typically of the order of 1000. To 

reflect frictional type of attenuation as well as the viscous damping and hysteretic damping Q is described 

as ’’partially” frequency dependent.

In the near field, such an approach is only a very crude approximation and a large strain propagation 

theory should be based on the real non-linearity of the propagating medium. Theoretical attempts have 

been made, based on numerical techniques but the problem is still underdeveloped. The main difficulty 

resides in the lack of adequately recorded signals to check possible models. Almost none of the available 

sets may serve as convincing data to advance in that direction. Furthermore, as stated previouly, all the 

wave types, which behave differently, are mixed together, and this renders the analysis formidable. As a 

first approximation, used by engineers, empirical global approaches based on the energy propagation are 

used, but they must be seen as a pragmatic solution wich should not stop us from looking further.
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To perform wave propagation studies in the near field, more signal processing is required. It should 

serve at separating the different seismic waves in some way. This is the scientific technique to use to have 

access to a better and accurate understanding of their individual behaviour. Surely we must also introduce 

models to express the constant presence of large strains when we deal with destructive energy, since the 

conventional clastic theory is hardly applicable. Finally, the knowledge of the medium characterstics like 

density, variable with depth, the layer extents and the stress-strain laws as well as the crust state of stress 

are needed, and this resembles to an impossible task.

Although .many practical and theoretical problems have to be solved, it is believed that, with sus­

tained scientific and economical efforts in the search for good recorders and the design of adapted net­

works, much more valuable information could be obtained from the near field. The immediate result would 

be to insure a wealth of geophysical parameters to be used progressively in realistic simulated ground mo­

tions both for modelling earth rupture and for design.
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1.4.4 Engineering Information

The second category is associated with applied research, for the direct safety of structures (buildings, 

dams, plants, etete.), generating hazard for lives or for our economy.

One may split these Engineering studies into two subcategories:
1 ) the geotechnical studies,

2 ) the structural response studies.

It  is preferable to include here, in the ’’geotechnical studies” at the recording site, the soft soil effects 

on ground motions, when they arc present. Therefore, in the following, geotechnical structures as soil layers 

or dams ctcte. will be viewed in the same ways as other structures. The reason for this is that they may be 

analysed using the same modelling approaches.

Here, one does not aim at discoursing about the nature of the ground motions but one seeks to trace 

the features of the motions which have destructive cfTects on structures. One has to ask the following fun­

damental questions:

1 ) W hat are the mechanism of attenuation and low energy transfer in soft soil media?

2) Should one depart from the conventional equivalent elastic theory of wave propagation in strongly 

non linear and anisotropic soil deposits and what are the basic physical laws?

3) W hat are the intrinsic characteristics of a time history which have predominant effect on specific 

structures?

4) Are isolation and ductility always the economial answers in aseismic design?

To answer these questions, one has to rely on the information obtained from strong motion recordings 

on structures, which are of three types: peak values, information for model verification, information for sys­

tems identification. It must be realised that in the case of buildings as well as for other similar structures 

one does not always record the ground motion in the geophysical sense, since in many cases, it is rather the 

floor motion which is of interest and hence recorded.

Peak values are the simplest quantities to obtain from strong motion records. In fact, they can be 

obtained directly from simple peak value recorders which could cover a very wide area. Significant, useful 

data could be obtained cheaply from such a cover.

Peak accelerations only are still used in almost all building codes, and structures have been built safely 

to such standards for many years. Even for structures for which dynamic amplification is significant, the 

peak response is rarely more than three times of the peak ground motion. This is due to both the usually 

short duration of the excitation and the non-zero damping of most of the structures. One rarely obtains the 

high dynamic amplification associated with resonant mechanical vibrations of lightly damped systems. This 

is the reason why peak values studies alone are of great importance for building design. Also of interest are 

the peak relative displacements to provide the necessary gaps between structural elements which, other­
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wise, would touch each other generate large accelerations and provoke collapse. This is particularly true 

for big towers or bridges which must have, for other reasons, free displacements allowances. Peak values 

alone may be of vital interest for many structures and should not be overlooked particularly if  sets of peak 

values are available where the time histories may not be.

For more advanced understanding of structural behaviour under earthquake excitation one must go 

into model verification studies. The process of model verification is defined as follows:

1 ) complete input time histories arc recorded.

2 ) at least one time correlated response time history is recorded.

3) a mathematical model for for the structure is formulated.

4) the model is subjected to the recorded input motion.

5) the model response is compared to the recorded response.

I f  the two responses do not match well, then the model is not verified and a new and improved model 

must be found. This is a trial and error procedure which may identify the best model after some attempts 

and is applicable for structures with relatively few degrees of freedom.

The likelihood of identifying a good structural model from model verification gets smaller when the 

degrees of freedom becomes larger. A more advanced technique, called system identification consists of 

finding the pre-determined model parameters by some goodness of fit criteria. Such techniques have been 

first sucessfully used in the frequency domain when one only required the linear or equivalent linear part 

of the behaviour. Today the identification of structural response parameters assuming a non-linear model 

is of particular importance because we are more closely looking at the ultimate behaviour of the structures 

and their ultimate capacity to withstand earthquake depends upon their behaviour at high amplitudes of 

motion.

The fundamental point to make here is that the techniques used to obtain such identification are based 

on non-linear regression analysis. Those analysis arc very sensitive to any variation of the input excita­

tion and may generate results far from the true searched model due to the many interactive constraints 

involved.

The earthquake excitations used as inputs for such studies must definitively be as reliable as it can pos­

sibly be. I t  would be unwise and in some cases useless to perform any non-linear analysis with records whose 

contamination may annihilate the conclusions of the so sophisticated (and expensive) structural analysis.
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C H A P T E R  I I

DESIGN C E  A N
E A R T H Q U A K E -L I F E  SIG N AL

2 .1  IN T R O D U C T IO N

In the following chapters, we shall be studying various aspects of the acceleration record processing 

techniques. Chapter I I I  relates to the first step of the processing consisting in producing a discrete version 

of the signal. Different categories of noise are introduced at this stage. Chapters IV  through V I concern 

individual key points of the signal processing itself, like digital to analogue conversion, the use of digital 

filters, the instrument deconvolution or the problem of permanent displacement recovery. In Chapter V I I  

a comparison of of the different processing technique procedures will be performed.

In order to control the transformation of an acceleration signal when it is submitted to these various 

types of processing, a well defined earthquake-like motion has to be designed. The advantage of such a 

signal over any recorded one lies in the fact that it is perfectly described through mathematical formula­

tion. W e shall see, for example, that it is possible to control the onsets of phase arrivals and their energy 

variation with time. Recorded accelerations on the other hand, may only be expressed numerically by ap­

proximate methods based on restricted assumptions.

This chapter is devoted to the design of an earthquake-like signal, which will be used at the different 

stages of the study. It  will be defined analytically and will represent the main features of a real earthquake, 

although no emphasis will be given to the real source or travel path effect in particular. W hat is wished, is 

an acceleration function whose main characteristics are close to what is typically recorded as an earthquake 

near-field ground motion.

This approach may also be followed when one whishes to design a realistic acceleration function of 

known frequency content. The B o o r e ’s  M o d e l  for acceleration Fourier Amplitude Spectra (see C h .I I I )  is 

suitable for such time history generation. To take full advantage of the method, realistic phase arrival 

times must be assessed, for example at a given distance, from the knowledge of an approximate (or typical) 

crust velocity model.
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2.2 C O N S T R A IN T S  IM P O S E D  T O  T IIF . S Y N T H E T IC  S IG N A L

Before describing the signal itself, we shall discuss the general constraintswhich have governed the 

design.

The signal must be viewed as a reference motion of the ground during an earthquake, and as such 

it must reflect its typical characteristics. It is, however, recognised that it could not represent a real 

earthquake (or very unlikely) since features which originate in a vast range of situations connot be met at 

the same time.

Although strong ground motions arc recorded in the form of acceleration time histories, we wished 

to initiate the ground motion function from a displacement time history. The main reason for this is that 

displacement is the final stage of the recovery process and as such is most affected by the numerous errors 

introduced at the different steps of the processing. Comparisons of ’’true” and ’’recovered” displacements 

functions will provide an extensive field of analysis.

The frequency content must be as wide as to extend inside the unexplored domains of low and high 

frequencies, and that without loo many points. It  was chosen to lim it the number of frequencies to N  — 
28 . This should avoid frequency interaction which renders the spectrum rather confused. The Fourier 

amplitude spectrum is following a typical shape for earthquake displacement ground motion, i.e, a constant 

energy level up to a ’’corner frequency”, followed by decays of co_ 2

or uT3 types. Reasonable limits for the spectrum were found

to be at F mhl =  0.05H z  and F mtn. =  50.0H z .

In the time domain, the simulation of sudden arrivals of P and S phases was considered necessary. A  

”T ” phase was also added to represent low frequencies, sometimes apparent in strong motion records

and associated with multiple reflections of waves within the soft soil layers and baptised here the ’’ta il” 

of the record.

A ll the phases are mixed and the total duration of the motion is limited to 20sec.

Those constraints produce a synthetic signal which possesses the following ’’wished difficulties” during 

the processing:
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-presence of high frequencies at a low energy level,

-presence of small amplitudes of low frequencies at the end of the 
record,

-sullicicnt duration to create ’’fatigue” of the operator which results in 
non equal accuracy at the beginning and at the end of the record.

-mixtures of low and high frequencies in the middle part of the signal,

-possibility of cutting the first seconds of the record to re-create the 
loss of the initial part due to low trigerring level (also valid for the tail),

-inclusions of frequencies much higher than the natural period of the 

instrument,

-simulation of sharp phase onsets, (here S-waves were selected for 
this purpose) to affect the true signal during long sequence filtering

processes.

In the following, only the basic signal is described. It is referred to as:

A / V / D / S  =  0 .0 5 2 /8 .7 /3 .5 /1 .0

corresponding to the peak values of acceleration in g ., velocity in c m / sec  and displacement in cm  
respectively. S is a scaling factor.

Other versions of proportional signals are refered to according to the scaling factor replacing 1.0 in 

their code as in:

A / V / D / S  = 0 .1 3 0 /2 1 .8 /8 .7 /2 .5  

which means that the basic signal is multiplied by a factor of 2.5.

The technique used here to generate an earthquake-like signal may be used to simulate realistic strong 

ground motions time histories.

The required Fourier Amplitude Spectrum has to be given, to represent the expected frequency con­

tent at a site. It may be obtained from various available models like the T r i fu n a c  a n d  L ee , 1 9 78  model 

or the lloo re , 1983  model. The required durations for each frequency and their onset have to be assessed 

independently. They may be based on the work of B r a d y  a n d  T r ifu n a c , 1975.
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2.3 A N A L Y T IC A L  D E S C R IP T IO N

2.3.1 Basic Formulation

The synthetic signal is basically a Fourier series in which only one period, corresponding to the fun­

damental period T , has been retained. T x is then the duration of the signal:

7-. J_
/.

=  2 0  sec.

For the purpose of the investigation, we have chosen to originate the formulation in terms of the displace­

ment time history, we then have:

/V

</(/)= V  -*<) (2.1)
k = I

0 <  t <  T x

/ i  =  1 / T } is the fundamental frequency,

D k and 'F* are respectively the modulus and phase of the frequency f k ,
N  is the number of frequencies included in the signal.

Once the values o f/ , ,  D k, and xVk are defined, the velocity and acceleration functions are immediately 

deduced:

A'

VW  =  ' ^ \ ^ f k ) D k c o s( 2 txfk t -  ( 2 .2 )

* = i
.v

4 t )  =  -  V (2w fk )2D t  sin(2r f k t -  % )  (2.3)

k = I

o < / < r,

In the following, we show how the coefficients:
f k ’ (V ,

£>( , % ,  (k  =  1 ,2 ,. , N )

are computed according to the constraints listed above.

Although the upper frequency lim it of 5 0 .0 / /z requires only a A /  =  O.OIjcc., the displacement func­

tion was generated with A t =  0.00 Isec . This small time increment was retained to avoid noise in the 

highest part of the spectrum in the digital-to-analogue conversion in the preparation of the signal on film 

(see C h a p .III) .

F ig . I I . 4  shows the frequency content of the displacement before windowing, and values of D k and
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appear in Table M l.

F ig . I I  2a  a n d  I I  2b  represent respectively the Fourier amplitude spectrum of the acceleration func­

tion and the associated phase spectrum before windowing. It can be seen that A /  is not constant over the 

total range of frequencies, but has three values:

A /, =  0.05 H z for 0 .0 5 / /z <  f k <  0 .5H z

A/ 2 =  0 .5H  z for 0.5H  z  < f k <  5.0/iz

A/ 3 =  5 H z for 5H z  <  f k <  50H z

The total number of frequencies is N  =  28.

F ig .II. l

Frequency content of the basic displacement function before windowing 

Num erical values were chosen normally distributed about the co0, a>2, to3 trends. 

b'm in  =  0 .0 5 // z, F m ilx  =  5 0 / / z, Corner frequency =  0 .5 //  z.
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FOURIER SPECTRUM OF ACCELERATION

Fig .II.2a

Frequency content of the basic acceleration function before windowing.

SPECTRUM OF SIGNAL PHASES

F ig .II.2b

Phase delays of the various frequencies of the basic signal

They were chosen randomly distributed following a uniform distribution between 0 and 2tt.
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2.3.2 Phase Windowing

In order to simulate the arrivals of the different phases, windowing in time is applied. The columns 

(6 ), (7), (8 ) in Table I I I  give the time of onset of each particular frequency as well as each time of maximum  

intensity and end time.

Simplification in the nomination of the phases prompted the definition of three wave groups codified 

in column (3):

P-waves assumed to be the high frequencies (5 to  50H  z )
T-waves assumed to be low frequencies (0.05 to  0 .4 5 // z)

S-waves assumed to be the medium frequencies (0.5 to  4 .5H z )
Table I I I  also indicates that only the P-waves and the T-waves have a symetric window, extending 

respectively from T 0 =  0sec . to 7y =  14sec . and T 0 =  0sec . to 7y =  20sec. The S-waves exhibit a sharp 

onset from T 0 =  3sec. to T m =  4sec . and a slow decay from T 0 =  4sec . to T m =  18.sec.

The choice of a particular time window was determined by the fact that their effect in the frequency 

domain should not allow significant leakage which would smear neighbouring frequencies. A  three term  

cosine window was chosen. Its expression is:

w (t) =  A 0 - A x cos ^  +  A 2 c o s ^ -  (2.4)

T  is the window length.

It  gives a very good efficiency, both in lobe width and sidelobe level if  we use:

A 0 =  0.42323 

A x =  0.49755 

A 2 =  0.07922

as proposed by Harris (1978).

F ig u re s  2 .3 a  a n d  2 .3 b  show the time window used and their frequency effects, both on amplitudes 

and phases. For the P-waves and T-waves the fall-off is of the order of —6 d  B  f o c t  and the sidelobe level 

is i f  - 6 \ d B .  Due to dissymmetry of the S-waves these characteristics are altered. The separation of the 

various frequencies is well achieved in the high frequency range and sufficient in the medium frequency 

range. The low frequencies, however suffer from severe interaction due to leakage.

The final expression for the displacement time history can be written:

d ( t )  =  w T ( t ) T Q{t) +  [wSi{t) +  w Si( t ) ] S Q{t) +  w P(t)P Q(t) (2.5)

where

v
T 0(t) =  ^ j D k sin(2 ?r/*/ ~  * k )

k = 1

( 2 .6 a)
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Fig .II.3a

Frequency effect of the time windows used to simulate T , P, and S-waves.

F ig .II.3b

Phase functions introduced by the time windows of T , P, and S-waves.
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S 0(t)
18

^  D k s \n ( 2 x fk t - * k ) 
* = 10

p0(‘)

28.

D k s in ( 2 v fk t - % )
* = 19

(2.66)

( 2 .6 c)

are respectively the T-waves, S-waves anf P-waves of the synthetic signal before windowing, 

and

= lA°
(n

. 2 irt . . Airt
— A . cos— —  +  A j cos— —  

1 20 2 20

w.

w,r,W “ {'4°<•0

0
27r(r -  3)

— .4, cos 2 +  A 2 cos4 - (?2 3)

,  2 * ( t  +  10) . ,  47T(r +  10)
- /I, cos--- 28--- +  /f2cos---- 28---

w,. « = lA°Cn
2ir/ 47T/

— A , cos — —  -f /f->cos — —
14 14

0  £  t  <> 20j c c.
i f  t  <  0  o r  t >  2 0 sec .

3 <, t  < 1 4sec.
i f  t  <  3 sec . o r  t  >  4$cc.

4 ^  t  <> 18sec.

/ /  t  <  4 sec . o r  t  >  18scc.

0  <> t <, 14sec.
i f  t <  0 o r  t >  I4 se c .

(2.7 a)

(2.76)

(2.7c)

(2.7</)

Expressions for velocity and acceleration time functions are readily obtained:

v(/) w T T 0 -f wT T  0 +  [h> s +  w s +  [wv +  IS" o +  w p P q +  w p P  0 (2.8)

a (l)  = » r T T 0 +  2 w ’t T \  +  w t T " 0 +  w " s S 0 +  2  w 's S ' 0 +  ws S " 0 
+  w " l,P 0 +  2 w ’p P ' 0 +  w l, P " 0

where ws  =  and ’ and ” denote successive differentiation with respect to time.

F ig u re s  2.4a, 2.46 a n d  2.4c show the individual time functions composing the signal before window­

ing. F ig u re  2 A d  shows the sum of all the components.

A fter windowing is applied, these functions transform into those on figures 2.5a, 2.56 and 2.5c respec­

tively. The final earthquake-like signal is shown on figure 2.5d .
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tTRONG motion processing procedures
P-WOVES OF THE SIGNAL I NON HINOOHEOI
DURATION OF RECORD USED: 20.00 ISECI FMIN: 5.00 HZ. FMAXr 50.00 HZ

PEP* VALUES
"CCElEPPTIONs 0.020 C VELOCITTs -Q.« Ctl/SEC DISPLACEMENTS -0.0 C(1

TIME-SECONDS

Fig. II.4a

P-waves before windowing

Fig.II.4b
S-waves before windowing
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F ig .II.4c

T-waves before windowing

Fig.I I.4d
Final time histories, including all frequencies of table I I I ,  before windowing.
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F ig .II.5a

Windowed P-waves. T 0 =  0 sec, T j  =  14 sec.

F ig .II.5b
Windowed S-waves. 7^ =  0 sec, 7y =  3 sec, T m =  4 sec, 7y = 1 8  sec.



Fig.I I.5c

Windowed T-waves. T 0 =  0 sec, 7y =  20 sec.

F ig .II.5d
Final time domain of the designed earthquake-like signal.
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2.3.3 Frequency Domain Formulation

The accurate frequency content of the signal can be computed directly as a linear combination of

shifted Dirichlet functions.

Calling D ( i u ) the complex Fourier spectrum of the non-windowed displacement signal, we knwow

that the weighted truncation introduced by the window transforms D ( i a>) into a new spectrum D R (ia i)  
such that:

W (io j)  is the complex frequency representation of the window, expressing that D R (iu>) is the convolution 

product of the original complex spectrum D (icS ) and the window W ( i o>).

In the case of our particular signal, D  ( i u )  is discrete and we have three groups of frequencies, affected 

by three different windows: IF r (zw), W s ( i <o) and W p (ito ) whose expressions are given in the next section. 

The general expression (2.10) becomes:

c + ic o

(2.10)

c—i oo

where s = c - f i f i  w i t h c - » 0

9

= ̂  D kW A i(l>- i(Ck)

18

(2.11)

* =  10

28

* =  19

which is also a continuous complex spectrum.

The exact analytic expressions for velocity and acceleration complex Fourier spectra are:

VR ( iu )  =  io)D R (i(t))
(2.12)

(2.13)

F ig u re s  2.6a  a n d  2.6b  show the frequency content of the signal in terms of displacement and acceleration.
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F ig .II.6 a

Fourier amplitude spectrum of the displacement function after windowing.

STRONG MOTION PROCESSING PROCEDURES.
FREOUENCY RESOLUTION :0.0«88 HE 

: 100.0 HE
PLL-HBVES 1 BEFORE INSTRUMENT CONVOLUTION)

SBHPIE FREOUENCT
PERK VALUES

VELOCITY: 8.7 CH/SEC DI5PLACEHENT: J.S CHACCELERATION: 0.052 G

FREOUENCY-HERE

F ig .II.6 b

Fourier amplitude spectrum o f the acceleration function after windowing.
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2.4 W IN D O W  E X P R E S S IO N S  IN  F R E Q U E N C Y

2.4.1 General Equations

In this section, we shall develop the expressions for fV T (io)), JVs  (io)), W s iju i)  and W p {iu>).
A ll these windows have the same form and since computations are achieved from an incremental file, 

■must be expressed with discrete time variable n A t:

(2.14)

Its frequency domain equivalent is:

(2.15)

which can be computed from a combination of the well-known Dirichlet kernel.

N l  r  2  s i n ^
(2.16)

A t  is the working time increment,

N l is the associated number of points,

where N L may be N T, N S t N s  ̂ or N p . 
W e obtained after some algebra:

(2.17)

2.4.2 Frequency windows for T-waves and P-waves

They are obtained by substitution of N  by N T or N P in equation 2.17; 

we get:

(2.18)



(2.19)
W p (io>) =  A 0 W 0r ~  ~y \_W op( ^ - y ; )  +  W op(iw  +

+  t [  W 0P(io> ~ ) +  i r 0F( i u  +  j r ]~\

Table I I I

C O M P O S IT IO N  O F  T H E  B A S IC  S IG N A L , (before windowing).

N ber Freq.H z Wave t>k % To T m
0 ) ( 2 ) (3 ) (4 ) (5 ) ( 6 ) ( V ( 8 )

1 0.05 T 1.199211 0.118357 2.005 0 .0 1 0 .0

2 0 . 1 0 T 1.006645 0.397407 5.616 0 .0 1 0 .0

3 0.15 T 1.199199 1.065204 3.820 0 .0 1 0 .0

4 0 .2 0 T 0.923047 1.457615 2.293 0 .0 1 0 .0

5 0.25 T 0.898514 2.216990 1.876 0 .0 1 0 .0

6 0.30 T 0.849212 3.017294 6.173 0 .0 1 0 .0

7 0.35 T 0.976224 4.721115 2.701 0 .0 1 0 .0

8 0.40 T 0.801443 5.062343 2.821 0 .0 1 0 .0

9 0.45 T 0.875775 7.001266 5.899 0 .0 1 0 .0

1 0 0.50 S 0.999587 9.865512 3.231 3.0 4.0

1 1 1 .0 0 S 0.244018 9.633428 2.354 3.0 4.0

1 2 1.50 S 0.119585 10.622292 0.991 3.0 4.0

13 2 .0 0 S 0.051209 8.086587 0.756 3.0 4.0

14 2.50 S 0.036967 9.121226 3.473 3.0 4.0

15 3.00 S 0.030221 10.737677 3.524 3.0 4.0

16 3.50 S 0.021304 10.302823 4.435 3.0 4.0

17 4.00 S 0.017574 11.100681 2.247 3.0 4.0

18 4.50 S 0.013224 10.571749 4.651 3.0 4.0

19 5.00 P 0.011508 11.357921 2.587 0 .0 7.0

2 0 1 0 .0 0 P 0.001204 4.753193 3.292 0 .0 7.0

2 1 15.00 P 0.000443 3.935005 2.956 0 .0 7.0

2 2 2 0 .0 0 P 0.000167 2.637154 5.196 0 .0 7.0

23 25.00 P 0.000095 2.344027 1.053 0 .0 7.0

24 30.00 P 0.000051 1.812056 5.138 0 .0 7.0

25 35.00 P 0.000031 1.499190 0.545 0 .0 7.0

26 40.00 P 0.000023 1.452803 0.184 0 .0 7.0

27 45.00 P 0 .0 0 0 0 1 2 0.959324 4.584 0 .0 7.0

28 50.00 P 0.000009 0.8882629 0.216 0 .0 7.0
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2.4.3 Frequency window for S-waves

In the case of S-waves, the frequency window is the sum of two semi-windows having different 

parameters:

S  1 from T 0 =  3sec . to T m =  Asec.
S 2 from T m =  4sec . to T j  =  18jec.

Equation 2.14 becomes:

2tt (n-N.)
wSl(n A t) =  A Q- A X c o s ----- ^ ------L  +  A 2 cos

A * { n - N x) (2.20)

N x A t  =  3sec . N s  A t  =  2sec.

for the S x case.

N s
N x <, n <, N x +

/ .  2ir(n  — N 2) , , Air(n — N 2)w s [n A t) =  A 0 — A  x cos-----^ ------ — +  A 2 c o s ----- ---------— (2.21)

N 2A t  =  — lOsec. N s A t  =  28 sec.

N 2 +  - f  <; n <  N 2 +  N Sj

for the S 2 case.

W e finally obtain:

=  exP( 3 /co) A 0 W 0Si{iw ) -  - y
2iri 2ixi0̂5, (' ^ ) + w+ — , ̂ IS, *S J

W0S! ju ~ ) + W 0S(,i°+^L).J v 1 c.

exp(—/V )

(2.22)

A /W s (ia}) =  exp(—4/co) A 0 W 0 S (ia)) — y Wosl i * ~ ) + l V 0J io > + ^ -)

+  ±
2

Awi

1 V J

Airi^052(^-^)+^052(^+7-) ̂ 1S, *S, J

exp (/7r)

(2 .23)

F ig u res  I I .  3  a  a n d  I I .  3b  s h o w  th e  w in d o w s  W T , W s  a n d  W p o f  th e  th re e  p h a s e  g r o u p s .
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2.5 O U P U T  O F C O M P U T E R  S IM U L A T E D  T R A N S D U C E R

When the designed ground motion is fed into a recording instrument, the displacement of the single 

harmonic oscillator is assumed to represent the acceleration time history of the ground motion. This is 

achieved with a typical instrument when its natural frequency / 0 is high and its viscous damping, the per­

centage of critical value, X is near V 2 /2 . W e have retained, for the computer simulated recorder, values 

close to the characteristics encounted in practice:

/0 = 20 Hz.

X =  0.600

When activated by the designed ground motion input, the ’’perfect” instrument having these characteris­

tics will give the acceleration time history called here signal after convolution with instrument, since this 

function is actually obtained by convolution of the input (2.9) with the impulse response of the oscillator:

h{t) — ^  e~ Xulsino>Dt  (2-24)

where

1>)D =  0) V i - x 2 is the damped natural frequency 

X is the percentage of critical damping.

The displacement output of the transducer is a close approximation of the ground acceleration:

i

a g(t )  =  [a(r)M /-r) d r  (2.25)

0

which is represented on F i g . I I . 7 a . _ i t  can be noted that the time functions of the input and output are 

very similar (as expected); no major difference can be detected even in the time sequence of the pulses. 

The peak value transforms from 0.052g before convolution to 0.048g after convolution, showing a varia­

tion of the order of teq percent.

F ig . I I . 7b  represents the Fourier Amplitude of the transformed acceleration. Also as expected, there 

is little difference with f ig u r e  2 .6 b  except in the high frequency range where some attenuation is visible.
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F ig .II.7a

Designed signal after convolution with recording instrument.

STRONG MOTION PROCESSING PROCEDURES
FREOUENCT RESOLUTION >0.0489 HZ

AlL-HfiVES (AFTER CONVOLUTION HITH INSTRUMENT I F0=20 HZ L=0.600
sahfle FREQUENCY > 100.0 HZ

FEAR VALUES

FREOUENCT-HERZ

Fig.I I.7b

Fourier amplitude of acceleration after convolution with recording instrument.
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CHAPTER 111
ANALOGUE TC DIGITAL CONVERSION

3.1 IN T R O D U C T IO N

Most of the accelerogram recorders in use produce analogue traces of the acceleration time histories in 

three perpendicular directions. The recording media are, for instance, 35m m  ( M 0 2  N ew  Zealand), 1 0 m m  
0S M A 1  and R F T - 2 5 0 , U S A ) film negative, 92m m  waxed paper (S M A C - B 2  and E R S - B , Japan) or 12 inch 

photo-paper { A R -2 4 0  U SA ).

The first stage of accelerogram processing consists of transforming the acceleration time function into 

a digital form, which presents many advantages. It  is imperative that this operation be reduced to its 

simplest form, to lim it signal distorsion. The digitized version of the analogue record enables:

1 . easy storage of magnetic discs or tapes necessary for the constitution of earthquake record banks.

2 . simple data transfer through digital channels.

3. numerical computations like correction, filtering or interpolation etcae. to determine ground velocities

displacements as well as many other signal descriptions.

Any other subsequent calculations can easily be achieved from the digital form: the Fourier spectra, 

response spectra or structural response. It  also permits the carrying out of many statistical studies for 

engineering or geophysical research purposes and enables to prepare graphic representations in any desired 

form or scale.

However, it must be realised that this digitized version, which is a fundamental step in the produc­

tion of the so called ’’uncorrccted record”, is not exactly equivalent to the original analogue. The digitized 

version is affected by the various operations required to reach the digital stage. Firstly, when the record­

ing medium is a film negative it must be developed and in some cases enlarged. This photographic process­

ing introduces undesirable distorsions, mainly in the low frequency range. Secondly, during the digitiza­

tion process itself, many factors have significant influence on the final result:

- the s a m p lin g  which defines the time instants at which the signal is to be mesaured. It  has been shown 

explicitely ( J  S h o h a -J a b e a n , 19 80 )  that the sampling is a sensitive factor which affects any subsequent 

analysis.

- the q u a n t iz a t io n  which is the measurement decision from a continuous space, to a discrete sequence
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of numbers. Several quantization rules (sign and magnitude, two’s - complement, one’s complement 

representation) are commonly used and introduce different types of quantizing errors.

Finally, the most important source of errors is relating to semi-automatic digitization, where the 

operator is a vital agent of the processing chain. W hat is called R a w  d a ta  may be severely affected by 

several human types of mistakes, such as bad point positioning due to variable trace thickness, lack of con­

centration or tiredness.

In this Chapter, we shall discuss the effects that these imperfections have on the recorded accelera­

tion in order to understand to what extent commonly used records are reliable. It  is believed that analogue 

to digital conversion is responsible for most of the limitations of our current available records.

3.2 M A T H E M A T IC A L  F O R M U L A T IO N  O F D IG IT IZ A T IO N  O P E R A T IO N S  A N D  ERRO RS

In strong motion record processing, as in many applications of signal processing, one visualises input 

and output as continuous time signals. It  is most important, however, to differentiate between analogue 

and digital form. The records are originally analogue; they become digital after digitization. As a result, 

they must be treated as a sequences, according to the mathematics of discrete (and not analogue) func­

tions; these sequences are numerically processed to yield corrected sequences which are finally converted 

back, according to some interpolation rule, to continuous time signals.

As mentioned above, the digitization operation generates various types of distortions. In this paragraph, 

we shall give a mathematical formulation to digital signals in order to be in a position to formulate analyti­

cally the consequences that such discretization has on the recorded acceleration signals.
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3.2.1 Sampling

Although most subsequent treatments of the data require a constant sampling interval, manual digitiza­

tion generates sampling at a variable interval of time. This is advantageous in the sense that points of par­

ticular interest, like peaks, throughs or inflection points, are picked up and also that the operator can decide 

on the number of points to digitize. H e can increase the rate of sampling when the curvature increases and 

he will reduce it when he finds it less necessary.

Since the frequency content of the digitized version is closely related to the smallest interval of time, 

variable sampling requires less points as it adapts to the frequency content of the original analogue. On 

the other hand, when digitized at a constant intervals of time, the same highest frequency information is 

obtained by chosing a A t  equal to the smallest value existing in the variable interval of time ensemble. This 

obviously assumes that the operator does not miss any of the highest frequencies. I t  is possible, with regard 

to some assumptions, to obtain a uniform sampling from a non-uniform one. This is achieved by interpola­

tion. A ll the strong motion processing centres have opted for linear interpolation between points since it is 

certainly the simplest type of interpolation; this is also what, consciously or not, the operator has in mind 

when digitizing.

It  has often been said that the choice of the new A t  in the case of linear interpolation cannot be smaller 

than the smallest sampling interval, since frequency information above the corresponding frequency is 

absent. In  fact, if  we accept that the analogue function re-formed from the digitized version consists of 

piecewise linear segments (crude approximation, but other interpolation are also possible), it is legitimate 

to reduce the interval of time. But, during interpolation, the particular points like peaks or throughs are 

likely to be truncated since they will not in general correspond to a multiple of the chosen interval of time.

Linear interpolation is certainly valid when the original chosen interval is very small, like in the case 

of an accurate automatic digitization. When the number of points is limited, like in most manual digitiza­

tion, many advantages will be found in the use of non linear interpolation. In  Chapter IV , we shall study 

several methods of non-linear interpolation of acceleration records digitized at large intervals of time.

Interpolation may be seen as a new sampling after a reconstitution of a realistic analogue function 

from a given discrete set of points has been performed. Once done, we can carry out subsequent analysis, 

either with this analogue function or from any new constant sampling interval. One can therefore consider 

that the restriction on A t  is not a strict one. In  general, one may feel free to choose new values, but one 

must be aware of the actual limitation: the small high frequency noise introduced by the particular inter­

polation.

Let a (t)  be the analogue output signal and a s( t )  one sampled version. Furthermore, let s ( t )  be the 

sampling function: a continuous infinite trace of unit amplitude impulses and finite width r , non-uniformly 

spaced (J ig . I I I .  /) :

Arw,A/n+,,...) with T « A t i.



69

40

F ig .I I I . l

Sampling functiom s(/) a variable interval of time

as(t)

Fig.111.2

Digitized version a s ( t )  of an analogue a ( t)
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It  is apparent that the sampled signal as{t)  may be represented by the product of a ( t)  and the sam­

pling function s(/) ( f ig .  I I I .  2):
a f t )  =  a ( t ) X s ( t )  (3 .1)

In the following however, we shall consider uniform sampling with constant period A t, since it is frequently 

the working state of the digitized signals. The interpolation rules, mentioned above and examined in the 

next chapter enable the passage from a variable to a constant sampling. The sampling wave form 5 ( / )  then 

becomes the natural sampling JA/(f), periodic and continuous. It  is composed of a sum of shifted elemen­

tary pulses .vr ( f ig . I I I .3) and can be written:

sT(t +  nAt)

where 5r( /)  is defined as:

sT(t) { 1,
0,

if  —r / 2  <  t <  r / 2

if  t <  —r / 2  o r  t >  r / 2

Sampled with the natural sampling function, the digitized signal can be written:

a yt =  a ( t)  X  s Sl( t)

(3.2)

(3.3)

(3.4)

I t  is seen on f i g .  I I I .  4.
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Fig.III.3

Sampling function s M(?) at constant interval of time

Fig .II1 .4

Digitized version a Sl( t ) of an analogue a ( t ) 

sampled at constant interval of time
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3.2.2 Effects of sampling on Fourier Spectrum

It is worthwhile to look at the effects of sampling in the frequency domain. The Fourier Transform of 

the analogue function a { t)  is:

+ CO
A ( i o ) =  I a { t)e~ iw,d t  (3.5)

and the Fourier Transform of the sampled signal a At( t)  is the convolution o f A ( i ( o )  with the Fourier 

Transform S s t( iw )  of the sampling function:

4 Sl( iw )  =  ^ 4 ( i'w) *S a, ( /co) (3.6)

W e see that the true spectrum A ( i io )  is affected by the sampling function. W e shall present here the 

analytic formulation of this effect.

The frequency spectrum S At( i cj) is not continuous: Since it is periodic with period A t,  it only exists at 

certain discrete values con =  I w n /A t ,  n  =  -o o ,. .. , —1,0, +  1,..., + o o . It  may be graphically represented as 

a series of equally spaced lines, whose heights are proportional to the amplitude of the continuous spectrum 

of the individual pulse:

+  r /2

5 , ( 10 . ) =  f  j , e~ '“' d t  =  1  s in ( y )  (3 .7)

- r / 2

These amplitudes S n are the terms of the Fourier series coefficients of the sampling function. They are 

expressed in complex form as:

ai •

>„= — f
" A t  J

T!2 J h d n t
s j f t e  A / d  t

- r / 2

=  J_ c / 27r/ /?7\  
Ar r( A t  )

1 . . H7TT.

=  s?  Sln(^ )

(3.8a)

(3.86)

(3.8c)

The spectrum of the sampling signal is represented in f i g .  I I I .  5  where it is seen that it has an envelope 

proportional to the well known s in e  function.

It  is possible to express the periodic sampling function on time, from its Fourier coefficients, as:

sjt) =
S  e 2 * in t/A t (3.9)

Now, taking the Fourier Transform of both sides, and with oj5 =  2 tt/ A t, the sampling circular frequency,
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we obtain an expression for the Fourier Transform of the sampling function:

SA,(/aj) =
+ OO +00

( Z v ”"'
T O

J ’>
(3.10a)

=  2 7T

+ 00

I S„5(co -  cOj)
rt = -00

(3.106)

and substituting E q . 3 . 8 c  into E q . 3 . 1  Ob:

+ 00

S J i u )  =  2 Y  i si n ( ^ ) l ( a - aj) (3 .11)

This equation consists o f impulses that exist at:

co — 0, + cos, + 2(os, + ..., + wcOj,...

whose amplitudes at w =  ncos, ( n  =  - o o , . . . , - l , 0 , +  1 ,..., + o o ) are:

27rr . .nr.
-r~ J t nc(— )
At vA r

(3.12)

W e then obtain the frequency spectrum of the sampled signal by substituting E q . 3 . 11 into E q . 3 .6 :

+ oo

A ±t( iu}) =  ^  ^ s i n f ^ M O ’co-mco,) (3 .13)

E q . 3 .1 3  may be simplified i f  we assume that our sampling is perfect. This case, also refered to as an ideal 

or an instantaneous sampling is, of course, physically impossible. It  is defined as the lim iting case when r  

tends to zero. The term,
1 . , niTT.

sin(—— ) 
Atrnr

can be substituted by:

-•yr(/u)
A;

which tends to 1 /A t  as r  tends to 0. Since 5 r(tco) tends to the Fourier Transform of the Dirac function 5(t), 

E q . 3 .1 3  becomes:

+ 00

^A /(/w )perfect =  ^  ^  ^  [ / ( « - » « , ) ]  (3 .14)
n = - oo

and is represented in f i g .  I I I .  6  where the spectrum of the original analogue signal appears at the same 

location on natural sampling, while the amplitude remains constant.
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I s ±,(iu) |

A t

F ig .III.5

Spectrum of a constant interval sampling signal

A  (/'a )  I

frequency u>

F ig . I I I .6

FAS of analogue and sampled signals
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3.2.3 Aliasing Error due to Sampling

A t this stage of the development, we should recall the uniform sampling theorem :

”I f  a message signal / ( / )  is band limited to a frequency cow, then it is completely charaterised by 

samples taken at uniform intervals less that 7r/a>m.”

The sampling theorem may also be interpreted as follows:

Let ojs be the sampling rate of a signal a (t) . I f  this signal does not contain information above the fre­

quency q)n  =  cdj/2, it may be recovered fully by the digitization at constant intervals A t  =  tt/ o)s.
o>iV is called the Nyquist frequency.

If, however, there is in the signal information beyond wN , then the digitized version will be con­

taminated by the frequencies above a>N . F ig . I I I .  7  shows such a case in the frequency domain where 

the true spectrum expands far beyond the Nyquist frequency: the signal ’’energy” contained in these fre­

quencies is re-distributed in the lower ones by folding about the Nyquist frequency. In the case of strong 

ground motions, typical sampling intervals of A t  =  Q .Q lsec  and A t  — 0.01 sec are used; this means that it 

is implicitely considered that no frequency components are present above 25H z  or 50H z  respectively. The 

term band-limited implies that there should be absolutely no frequency components in the spectrum above 

w v . However, typical strong motion acceleration signals do not have such sharp frequency cutoffs and will 

contain components at all frequencies. For this reason it is imperative to treat the acceleration before sam­

pling to ensure that the band-limited condition is fulfilled. The phenomenon of aliasing results from the 

discrete character of the signal as a direct consequence of the digitization of the records; it introduces a 

distorsion of the spectrum called aliasing error.

Methods to avoid aliasing exist and will not be described here. Let us only indicate the main anti­

aliasing techniques:

- reduction of the sampling interval A t,
- use of a randomly distributed time sampling function j( f ) ,

- pre-filtering of the contaminating frequencies above

These techniques will have to be used whenever accurate processing procedures are required.
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continuous

Fig.m.7

Aliasing contamination effect
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3.2.4 Spectral leakage

Leakage of spectral amplitudes towards neighbooring frequencies is a particularly significant effect in 

earthquake Strong Motion studies. I t  is due to the short length of the analysed signal. I t  is also known as 

the u n c e r ta in ty  p r in c ip le . It  may be expressed as follows:

Let us call ’’energy” of an acceleration signal the quantity:

(3.15)

W e define the " t im e  d u r a t io n  of a (t)  by:

+  00

Z>,2 =  [  t 2\a ( t ) \ 2 d t
-oo

and the f r e q u e n c y  d u r a t io n  o f its Fourier Transform A  (ico) by:

4*oo

-oo

(3.16)

(3.17)

The u n c e r ta in ty  p r in c ip le  states that:

D tD u =  constant >  (3.18)

(The equality holds only for Gaussian functions).

Since the product is finite, this means that a good resolution in frequency, e.i., D u small, can only 

be achieved with large D r  In other words, if  the duration D t is small, as most acceleration records are, 

then little accuracy in frequency should be expected; long duration records, with significant ’’energy”, will 

produce better frequency descriptions.

The u n c e r ta in ty  p r in c ip le  presents a theoretical limitation in the search for time dependent frequency 

analysis of Strong Motion signals. Such analysis would be of value in Engineering since it is well known 

that the frequency content of earthquake ground motions vary with time. The first P-waves, for example, 

contain more high frequencies than the following S-waves or any subsequent refracted or reflected waves. 

In order to perform a time dependent frequency analysis, we would be lead to analyse short lengths of 

time, successively along the record. The u n c e r ta in ty  p r in c ip le , however, shows that, the frequency resolu­

tion would be inversely proportional to the t im e  d u r a t io n  of each portion analysed.

This reduction of the accuracy is also accompanied by frequency leakage as is shown in the following 

equations.



A  time dependent signal a ( t ), non-zero between t =  0 and t =  7 \  may be viewed as an infinite func­

tion windowed by the box-car function w(r):

fl(0 = x W U) (3.19)

where

w (t)  =

0  t <  0

1 0 <£ t  <  T
0 t >  T

(3.20)

and its Fourier Transform A  ( /« )  is the convolution of A m ( i u )  with W (io j)  the Fourier Transforms of a ^ t )  
and w (t)  respectively.

In f i g  . I I I .  8 , we have shown the leakage effect on one particular frequency u 0 =  2ir f0. I t  is seen that, 

when the signal has an infinitely long duration D r  the frequency is picked up by the perfect 6-D irac pulse 

5(w -  w0). When D t is finite due to a record of length T ,  the Dirac transforms into:

2 sin(w — o3q) T  
(w - o;0) (3.21)

N ot only the width of the main lobe has increased, but also sidelobes have appeared. They are responsible 

for the distorsion of the neighbooring frequencies.

rectangular window implied 

for a finite record length T

^ / W V W M

Fourier transforms

F ig . I I I .8 

Leakage effect
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3.2.5 Z-transform representation of a discrete signal

S e c t io n  3 . 2 . 2  has simply expressed the relationship between continuous and discrete acceleration sig­

nals both in time and frequency. As frequency domain will be fully required in the following, it is con- 

vienient to make use of the Z-transform, defined here for completion.

The concept of perfect sampling will enable the use o f the following digital notation: given an analogue 

function a ( t) , its perfect sampled version at constant interval A t is:

+ 00

- /
a (r )b ( t  — t ) cI t (3.22)

where r  =  k A t , t =  n A t,  and b (t) is the Dirac delta function.

aAf(r) is a continuous function, non zero only at t  =  t  and whose digital expression is a (n A t)  also writ­

ten a[n] (circular brackets for continuous function and squared brackets for digital function). W ith  this 

notation, E q . 3 .2 2  becomes:

a[n] = [ k ) 5 [ n - k ] (3.15)

where the interval of time A t =  constant is implicit and assumed to be 1.

a [ k ] is the amplitude (digitized numerical value) of the sequence b[n — k ]  (w ith square brackets). 

b [ n - k ]  is the K r o n e c k e r  s y m b o l  defined only for integers as:

1 i f  n  =  k  
0  i f  n  k

b[n "*]- {
I t  can be seen that E q . 3 . 22  represents the complete sequence of digitised points a [ k ]  since the term  

a [ k ] b [ n  — k ]  equals a[n] i f  k  =  n  and vanishes for k  =£ n. F i g . I I I . 9  shows how the sequence a[n]  is 

constructed.

The Z-transform of a sequence of numbers x [/i] , n  =  — oo,..., — 1 ,0 ,1 . . .  + oo,  which is, for instance, a 

sample set (digital) of a continuous function x ( t )  is the digital equivalent of the Laplace transform of the 

function x (r) known to be:

+ 00

X ( p ) =  f x ( t ) e ~ pl d t  (3 .23)

the Z-transform (bi-lateral) of x[n ]  leads to the complex function:

+ 00

X s(z )  =  ^  x [ n ) z ~ n
n =  -  co

(3.24)
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where z is a complex variable.

W hen an acceleration a[n] is causal i.e. when a [n \  =  0 for n  <  0 and the signal is zero after its dura­

tion T  =  N A t ,  as in the case of strong motion acceleration records, the sum in E q . 3 . 2 4  becomes uni­

lateral and always converges.

The interest of the Z-transform is multi-fold:

1. I t  is a series (polynominal in the case of a signal limited to N  +  1 points like acceleration signal) 

in z_l whose coefficients are the digitized values of the signal:

A s(z )  =  a [0] +  a \ \ ] z ~ x +  a [ 2 \z ~ 2 +  a [3 ]z “ 3 +  ... +  a [ N ] z ~ N (3.25)

2. I t  possesses transform pairs similar to the Laplace transform pairs.

3. I t  allows the solution of recursive equations through the shifting theorem:

a [ n — 1] — >■  z ~ lA s(z )  +  a [ — 1] (3.26)

4. The Laplace transform or the Fourier transform of a sequence is obtained by giving to z, respec­

tively the values eP^* or

This last point mentioned is fundamental in the search for the Fourier Spectrum of a ground accelera­

tion signal. The following development will show it in detail. The sequence of digitized points, viewed as a 

continuous time signal is given by E q . 3 .2 2 . It  has therefore a Laplace transform:

4 Al(p)

+ 00

I—oo
a ( t)e  p ,d t

and with t =  n& t, (n  =  0 , 1  ,. .. ,iV  we get:

“ ln=n
a (n A t)e  pnlt

(3.27)

(3.28)

The Z-transform of the sequence a[n] is given by E q . 3 .24 :

N

n=0
(3 .29)

The examination of E q  3 .2 8 c  and E q . 3 .2 9  leads to the conclusion that:

A s ,(P )  =  A t A s(e ? * )
=  A t A s( z )  | ,=e^

(3.30a)

(3.306)
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and in particular, on the frequency axis:

A Sl( iw )  =  & tA s(z )  \z=ei^  (3 .31)

The mapping from the p-plane onto the Z-plane is defined by:

Z = / A'

It  characterises the link between the Laplace transform of a sampled signal and its Z-transform.

The periodic character of A Al( i o>) is again observed through the periodicity of e/wA<, and we also notice 

the presence of the proportionality factor is F s =  1 /A / .  The Z-transform provides an easy way to compute 

the frequency function of a digital signal or filter. I t  will be extensively used in Chapter V  for the design 

of the digital elliptic filter.

n

-e» +n

3
■o" +n

-e=» +n

s

+n

f i g . I I I . 9

Construction of a digital sequence
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3.3 D IG IT IZ A T IO N  A N A L Y S IS

3.3.1 Background of the problem

Surprisingly digitization analysis has never been performed thoroughly. Several investigators have 

been working on this subject for the last 15 years, but they have not analysed the expected spread of errors 

introduced during the digitization stage by the various processing centres.

The only study involving accurate experiments was achieved by T r i fu n a c  e t  a l . (1 9 7 3) and their 

results have served as a basis for the understanding of the effect of digitization on accel2 ration signals. 

Later, A r ia s  a n d  S a n d o v a l  (197 9) used their data to investigate further, analytically. They concluded that 

the confidence of the digitized records in the medium and high frequencies was much lower than what one 

has been normally expecting.

In  this section, we shall examine the digitization errors making use of our specially designed earthquake- 

like signal (described in Chapter I I ) .  I t  has been digitized, exactly as a real record, by various operators in 

Europe, and using different digitization equipments. A  comparison between the obtained versions with the 

target will be presented here with particular emphasis on the spread of the results.

3.3.2 Digitization equipments

Digitization equipment is a complex piece of hardware whose control device is an analogue to digital 

(A /D )  converter. It  is often associated with several computer codes necessary to handle and arrange 

the data. F ig . I I I .  10  shows schematically a complete digitization complex. Some of these elements are 

sometimes suppressed from the chain.

Before describing the digitization equipments used in the study, it is worthwhile to define the terms 

that are used since confusion sometimes occurs.

The fundamental characteristic of the Analogue-to-Digital converter is its resolution. Resolution 

( R E S )  is the distance in mm that the cursor has to move to jum p one less significant digit to the next. 

Resolution capacities depend, in practice, on the distance units used and are expressed in either S I or 

Imperial system. When S I units are used, a R E S  =  0.1 m m  is commonly encountered. When Im perial 

units are used the less significant digit may represent a. R E S  =  0 .0 \ in c h  or a R E S  =  0.001/ncA. It  

can be seen that this enables equipment to jum p progressivley from 0 .0 1  inch, to 0 . 1 mm, 0 .0 0 1  inch and 

0 .0 1 mm, thus avoiding the too high "order of magnitude jum p”.

I f  E N L  is photographic enlargement of the film and S E N  and S P E  respectively the sensitivity of 

the recording instrument expressed in m m /g  and the recording speed expressed in mm/sec, The Global 

Enlargement is defined by G  E  =  S  E N * E N L  in acceleration and G  E  =  S P E  * E N L  in time.

Table IV  gives the full characteristics of the equipments used by comparison with the well known ones
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Eilirf i i f COMPUTES

Preliminary Phases to Obtain the Uncorreeted Accelerogram

F ig .I IU O

A  digitazation complex



84

used in California.

Finally, the Digitization Error ( D E ) involves a new factor. Errors are usually introduced during the 

positionnig of the points to digitize, in particular in the case of semi-automatic digitization, where the human 

operator decides which points are to be measured. They are due to several causes like variable thickness 

of the trace or operator tiredness and have a significant effect on the final product. Misjudgements or lack 

of concentration may also result in errors, sometimes far more desruptive than the hardwave inperfections. 

In the case of automatic digitization, the human eye is replaced by a photocell {Jig . I l l  I I )  and hence is 

more reliable. The same concept may however be applied, i f  one considers that automatic machine deci­

sions, on the level of grey which falls into white (no trace) or black (trace present), generates some uncer­

tainties. Also it is not certain, as is commonly assumed, whether the wished point to digitize lies in the 

centre of the trace.

In both cases the digitization ’’mistakes”, associated with the limited Digitization Accuracy produce 

at each point an offset between the aimed value and its digitized representation. This ensemble of offsets 

constitutes a stochastic process, which follows some, so far badly known, probability distribution. T r i fu n a c  
e t a l .  believe that such noise is Gaussian and normally distributed in the time space {F ig . I l l  1 2 ), but 

B a s il i  showed a significant departure from this finding. In  s e c tio n  3 .4 ,  we shall propose a power den­

sity distribution in the frequency space, depending on two variables: the acceleration frequency a> and the 

record length T .

Table IV

Range of the digitization equipment used

Ao(10 2g ) A t{sec )
S  e m i  — a u to m a t  i  c R E S  {m m ] E N L  =  1 

S E N  =  10 G B  =  80

E N L  =  4 

S E N  =  8C

E N L  =  1 

S P E  =  10 G B  =  40

E N L  =  4  
S P E  =  20

D  .M  a c { I  t a l y ,  U  K  
A  l  t e k ( F  ra n ee )  
L e h n e r { C a l  i f .)

0 .1

0 .0 2 0

0.032

1 .0

0 .2

0.32

0.125

0.025

0.040

0.050

0.006

0 .0 1 0

0 .0 1 0

0 .0 0 2

0.0032

0.0025

0.0005

0.0008

0.00125

0.00025

0.00040

A  u to m a t ic R E S  {m m ] E N L  =  1 

S E N  =  10 G B  =  20

E N L  =  1 

S E N  =  8 C

E N L  =  1 

S P E  =  10 G B  =  10

E N L  =  1 

S P E  =  20

C o n tr a v e s ( I  t a l y )  
P . \ 0 0 0 ( C a ! i f . )

0.0248

0.0500

0.25

0.50

0.124

0.250

0.031

0.063

0.00248

0.0050

0.00248

0.0050

0.00124

0.0025

D IG 2  3 

D IG 4

D IG 1
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*

a) Photocell locations

F ig .I l l . l  1

Automatic digitazation
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a) Gaussian distribution (after Trifunac et al. 1971)

b) Non Gaussian distribution (after Basili and Mariano 1982)

Fig.111.1 2

Digitization noise distribution

2 
70
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3.3.3 Digitization comparisons

Although the original earthquake-like signal is known analytically, the comparison between the 

digitized versions and the original presents some difficulties for the following reasons:

1) a digitized version is known from a set of points arbitrarily chosen by the operator and these points 

cannot be easily associated with the corresponding points of the target. This is particularly true for semi­

automatic digitization since each operator decides on the location of the points to digitize.

2) In any analogue trace of acceleration signal, the base line is unknown , so it is for our designed sig­

nal { f i g . I I I .  13). I t  is usually assumed to be a straight line, determined from compatibility conditions on 

velocity (see K K  =  0 in chapter IV ). This straight line is not unique and clearly depends on the particular 

choice of the digitized points as shown by S o h a -J a b e a n  (1 9 8 0 ) by using the jack-knife technique on the 

point set.

The following data analysis have been performed:

For each digitized version (D IG 1  to D IG 4 , see table IV ) , a ’’true time series” was generated from the 

analytic signal at the same time points as the version studied. A  first comparison was carried out by plot­

ting the analytic against the measured accelerations. F ig . I I I .  14a  shows such a graph. A  cross-correlation 

function ( J i g . I I I .  14b) enabled to determined a time shift (peak of the function) representing the overall 

translation between the two signals. A fter correction, the same graph has been replotted. An improvement 

in the fitting is clearly visible and allows for a better assessment of the pure effect of digitization, including 

hardware imperfections and operator intervention. In  the case of real records, however, this time shift is 

not accessible and plot a) should be retained. The various values of the fitting are presented in table V I. 

It  may be observed that semi-automatic digitizations with low resolution equipment (D IG 2 , D IG 3 ) are 

far less reliable than the other two. I t  is also interesting to note the good result of D IG 4 , (high resolution 

equipment) by comparison with D IG 1 (automatic equipment).

The comparison in frequency is presented in the form of zero damping acceleration response spectra. 

F ig . I I I .  15a  shows the picture on the raw data where a simple signal mean value has been subtracted. 

F ig . I l l . 15b  shows the case where the conventional technique to get ’’uncorrected” records has been per­

formed. No significant differences between all the versions occur in the middle frequency range, between 

0 .3H z and 5Hz. A  systematic loss of amplitude reaching an order of magnitude is observed on both sets of 

curves in the high frequencies. Again, D IG 2  and D IG 3  are the most affected { fig . I I I .  16).

In the low frequency range, departure from the target starts between 0.3 to 0.4 H z  depending on the 

digitization. An increase in signal energy is visible, indicating a strong low frequency digitization noise in 

this band. The plots of f i g .  I I I .  16a a n d  b  show the variation on the zero damping! pseudo-velocity response 

spectra. An average digitization noise value of 5cm/sec may be observed for D IG 2  and D IG 3 , whereas a 

very good fit with a variation of the order of 0.5cm /sec is obtained for D IG 1 and D IG 4 .

These observations quantify the immense benefit of improved digitization, both in the high frequency
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and in the low frequency ranges. Conventional equipments, with low resolution and/or little global enlarge­

ments are seen to be unacceptable below 0 .3 /0 .4  H z  Modern semi-automatic digitizers with enlargement 

and automatic digitizers with no enlargements are comparable, and increase drastically the reliability in 

this range. It  must be said, however, that the trace used was more uniform than real traces. In  this latter 

case, the D IG 4  results will certainly not exhibit as good performance.

As an overall comparison, table V I  shows the R M S  of the various versions and their relative differences 

with the target. Variations increase with the less accurate equipments up to 8.2 %. Also in this table, are 

the base line coefficients A  and B. They vary immensely from one digitization to the other, confirming 

the previously mentioned work of S o h a -J a b e a n , and emphasizing the influence of the choice of digitized 

points to define the base line. I t  is therefore not surprising, as will be seen in next chapter, that velocity 

and displacement time histories always remain far from the true function, whatever the efforts put in the 

correction types.

F ig . I I I .13

Copy of the Earthquake-like signal 

with its fixed trace



c o v b) Cross-correlation function

TIME (SEC)

Correlation between a digitized signal and its true analytic values
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Table V

Comparison between analytic and digitized values 

for the various digitizations, 

before and after time shift correction.

D igitized
signal

Correlation S tra ig h t 1ine c o e ffic ien ts S h ift (secjcoerric:ient 1 nter<pept Slope (3)
Before
s h if ty )

After 
shi ft(2)

Before 
shi f t

After 
shi f t

Before
s h if t

A fter 
sh i f t

DIG1 0.960 0.976 -0.029 '- 0.030 0.986 0.994 -  0.005

DIG2 0.839 0.933 -0.751 -  0.759 0.898 0.947 0.030

DIG3 0.744 0.896 -0.235 -0.190 0.866 0.951 0.030

DIG4 0.945 0.976 -0.143 -0.145 0.966
1

0.979 0.005

Table V I

Valucsof ihc straight line adjustment parameters 

yielding an uncorrected digitized version, 

and R M S  o f the signals.

Signal S I

A B R M S %

O R I G , 0 .6 -0 .0 6 30.19

D I G \ -0 .7 7 0.09 30.22 + 0 .1

D I G  2 -1 .9 8 -0 .3 5 27.7 - 8 .2

D I G 3 3.58 -0 .4 0 29.5 -2 .3

D I G  4 -0 .7 2 0.07 29.9 - 1.0
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F ig .III.1 5 a

Comparison of various digitizations of the designed signal 

Acceleration spectra
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F ig .III.15b

Comparison of various digitizations of the designed signal 

acceleration spectra
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Without RMS correction response 

spectra PSSV damping 0%

10*
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10

10

10

10-1

--------------- 1--------------- 1--------------------

1 1

--------------- 1--------------- 1

i i
/

- / /  ' V  — / /  ^/ /S f✓  / ̂ /J  ~
X  i i

i i

-p . 1 1 

1 1i i

_________ i_________ i____________

1 I0 R IG  
iC O N V

---------------DIG 1
-------------D IG  2
.................DIG 3
---------------DIG U

_________ 1_________ 1____________
10-2 10-i 2 4

Frequency (Hz
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F ig .IH . I6 a

Comparison of various digitizations of the designed signal 

Pseudo-velocity spectra 

on raw data
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RMS correction response 

spectra PSSV damping 0%

Frequency (Hz)

F ig .III.16b

Comparison of various digitizations of the designed signal 

Pseudo-velocity spectra 

after base line adjustment
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Acceleration Response Spectra, 0% damping 

raw data with mean value subtracted

F ig .IIl.16c

Comparison of various digitizations of the designed signal 

Detail of the high frequency range in acceleration spectra
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3.4 D IG IT IZ A T IO N  N O IS E  M O D E L

3.4.1 Data description and model

The analysis of the digitization noise is now presented. The work was based on an ensemble of "zero 

acceleration” time histories obtained by digitization o f fixed traces. These digitizations constituted part 

of the more complete work performed for the ”In v e s t ig a tio n  o f  S tr o n g  M o tio n  P ro c e ss in g  P ro c e d u re s” 

involving many European Data centers, and Universities.

The fixed traces were digitized using the same assumptions as those imposed on the synthetic signal 

(M e n u , A p r i l  19 85). In  particular the sensitivity was assumed to be 80 m m /g  and the recording speed 10 

mm/sec. The processing centers have chosen their own enlargement. The available global enlargements 

G E  ranged from 8 to 26 cm /g. In  addition, ’’zero-acceleration” time histories of 15, 20, 30 and 40 sec 

duration were digitized on the D -M a c  table at Im perial College. A  total o f 54 ’’zero acceleration” time his­

tories n f t )  were studied. (4 of 15 sec, 34 of 20 sec, 8 o f 30 sec, and 8 of 40 sec).

A ll the functions were interpolated to a constant A t  =  0.01 sec and their Fourier spectrum systemati­

cally computed. Some of the Amplitude Fourier spectra are shown on f i g .  I l l . I 7 a ,b  a n d  c  using a log-log 

graph. A fter smoothing in frequency, we classified the data in the following categories:

Category I:
semi-automatic equipment 
small enlargement 
little operator experience

Category II:
semi-automatic equipment

big enlargement

little operator experience

Category I I I :
semi-automatic equipment

big enlargement

good operator experience

Category IV :
automatic equipment 
no enlargement.

The main group of data consisting of 20 sec long time histories was first observed. Simplified shapes of 

the various smoothed curves are drawn on f i g  I I I .  18 where the various enlargement are indicated. These 

Fourier Amplitude Spectra were modeled according to the expression (for T 0 =  20 sec):



97

FIXED TRACE OF SIONRL R6

UNCORRECTEO RECORD KltsO

I AUTOMATIC-ENEflI
MIOUCKT ItSOtUIlON lO.OUO

KCCUMIIOHt O.OOI ■
rtM vw.uei

UlOCITTi 0.0 CA/MC

IM T U  NHOUCACT ■  100.0 

e im a c iW N i*  o.o ia

At

At

F ig .III.17a

Example of FAS of digitization noise 

semi-automatic G  B  =  240



FIXED TRRCE OF SIGNAL B2
UNCORRECTEO RECORD KK:Q

FREOUENCI RESOLUTION >0.0411 HI

SAHPLE FREOUENCT * 100.0 HI
PEAK VALUES

ACCELERATION! O.OOS 0 VELOCITVt 0 .0  CH/SEC DISPLACEMENT* 0 .0  tn"1

F ig .III.1 7 b

Example of FAS of digitization noise 

semi-automatic G B  =  160

0 1GITAZRTI ON OF OIAGONAL

UNCORRECTEO RECORO

ACCELERATION* 0.057 0l»-

FREOUENCY RESOLUTION >0-0113 HI

DIGITIZED IC
SAMPLE FREOUCNCT « 60 .0  H i

PERK VALUES
VELOCITY* 0 .0  CH/SEC OISPLACEMENY* 0 .0  CH

FAEOUENCT-HEAI

F ig .III.17c

Example of FAS of digitization noise 

automatic G B  =  80
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N ( o , , T 0)  =  (3.32)

where A N ( T )  reflects the variation of the noise level with other factors than frequency, and 6  is the 

parameter describing the frequency dependence as a negative power of the circular frequency co. The values 

of A n ( T 0) and b  have been computed from the fitting of the data set to this model. Both values were found 

to be function of the digitizing equipment used as well as the operator experience. The global enlargement 

played a predominant role as multiplication factor for the function A N ( T ) .  Proposed values for b  and N v  
the noise amplitude at 1 H z  (directly equivalent to A N ( T 0) ) t are given in table V I I .

In a second part of the analysis, the influence o f the signal duration was investigated. Since the bulk 

of the data was constituted from 20 sec long time histories, an attempt to detect variation of the R M S  of 

the noise as time elapses from 0 to 20 sec was performed. N o  pattern of statistical significance has been 

found. However, when the averages of 15 sec, 20 sec, 30 sec and 40 sec duration data were introduced, a 

slight increase of the noise power has been noted (noise energy increases as a power of T  greater than one).

The duration dependence was assumed to be described by:

A n { T )  =  (2ir) 2 ( £ ) “ N , (3.33)
X 1 (T

where N { is the overall quality factor mentioned above and function

of the global enlargement, the digitizer accuracy and the operator quality.

No similar data were available for the case of automatic digitization. W e used results from a study 

by L e e  e t a l .  (1982) obtained on the P . WOO P h o to sc a n n e r  of the U SC . The ’’Zero acceleration” functions 

ranged from 15 sec to 90 sec. and the data used ( f ig .  I I I .  19)  are tabulated in table X I I  .

The final expression for the Fourier Amplitude of digitization is:

N ( a , T )  =  — ^  (3.34a)

where

a  =  ( 2 * )b N x T ~ a (3.35.6)

This proposed noise model expressed by E q  . 3 . 5  can be of great importance in any subsequent process­

ing of digitized analogue acceleration signal. Only the three parameters a , 6  and a  are needed and may 

be readily obtained from the knowledge of the digitizer characteristics and an assessment of the operator 

experience. A  series of tests consisting of straigth line digitizations would yield the required information. 

I f  no tests have been carried out, Table V I I  may serve as a guideline for the coefficients assessment.
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Digitization Noise Spectra: 

simplified shapes for T 0 = 2 0  sec.

Semi-automatic and automatic equipments were used; 

the global enlargements varied from 8 to 26.4 cm /g.; 

the vertical line at 1 H z  shows the N 1 values.
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10 cm/s

1 cm /s

0,1 cm/s

0,01 cm/s
Frequency

F ig .lll.18b

b- noise model for a duration T Q =  20sec; the curves represent the 

functions for the 4 categories defined in the text; Values of TV, are the 

digitization quality reference points.
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FREQUENCY, Ha

F ig .lII.1 9

Fourier Amplitude Spectra of noise in digitization of a 70mm film. 
Spectra are shown for duration of noise of 15 ,30 ,60  and 90.vec.
(a f te r  L e e  e t a l . 1982)
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The values of N { ( T 0 =  20 sec) can be evaluated from:

N ^ c g s )  =  600
I N  D * R E  S  

G E (3.36)

R E S  =  resolution of the digitizer in mm  

G  E  =  Global enlargement in m m /g  

where I N D  =  Operator quality index

The latter coefficient may be chosen from l (automatic equipment) to 10 (first time operator). Values 

varying from I N D  =  4 to 9 were observed amongst a group of students at Im perial College. A  typical 

value for an experienced operator is I N D  — 2.5. In  table V I I ,  an example of such combinations has been 

given to define the four categories envisaged in this study.

Table VII

Digitization Noise Model Parameters.

C  a teg . R E S I N D G E - W o ) b a or

I 0 .1 6 1 2 0 9.04 0 .6 3.0 1.50 0 .6

I I 0 .1 6 240 5.43 0.7 1.5 1 . 2 1 0.5

I I I 0 .1 2.4 240 2.61 0 .8 0 .6 0.79 0.4

I V 0 .0 2 1 80 1.05 0.9 0 .2 0.43 0.3
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3.4.2 Root Mean Square of noise and its influence

In  this section, we shall show the effect of digitization noise as modelled by E q .3  3 5 a  a n d  b  on ground 

motion representations. Values of the noise variance in terms of acceleration, velocity and displacement 

will be readily computed. An assessment of the expected noise level induced in Response Spectra will also 

be obtained.

W e shall consider, for our purpose that it is sufficient to define the average random power o f the 

digitized noise as (duration T  finite):

G n (w ) =

+ 00

Y (j"M c0
lA^.nl2

—iu t (3.37a) 

(3.37 b)

Although the stochastic process is time dependent, we shall treat each subset of duration T  as station­

ary with constant variance function of T . The following results refer to the stationary limits of the various 

cases envisaged. As such they constitute upper bounds of the actual variances.

The noise power spectral density, once it has passed through a linear time invariant system, is given 

by:

G.v(o>) =  G;V(u>) | f f v ( « ) | 2 (3 .38)

where X  categorizes the particular system, fully defined by its transfer function H x (u)). The Root Mean  

Square of the output noise is then:

( R M S ) X
+ CO /%

G x { o>) (3.39a)

Noting that we are dealing with real functions of time of limited extent T , a practical calculation of 

this integral may be obtained as follows. The limits of integration will be limited to u L =  2 i r / T  in the low 

frequency range and to =  i r /A t  (Nyquist Frequency) in the high frequency range. This is acceptable 

when the signal is free from noise energy above this lim it. I t  has been observed however, that the integra­

tion up to +o o . does not affect substancially the results, and

( R M S ) X

h r / T

1/2

Gx {u>) O) (3.396)

has been used.
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Fig. I I 1 .2 0 a

Root Mean Square o f digitization noise for the 4  categories defined in 

the text

a- effect of noise on acceleration



106

F ig .III.2 0 b

Mean square of digitization noise

b- effect of noise on displacement
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R M S  o f  n o ise  in  t im e  h is to r y  re p re se n ta tio n

Velocity and displacement time histories may be seen as the outputs of linear time invariant systems 

when the acceleration functions are input. The moduli of their transfer function are l/a> and 1 / co2 respec­

tively.

The R M S  of the noise are then obtained from E q .3  3 7 b /3 .3 8 /3  3 9 b /  in which:

K M  = K M  =  i for acceleration (3.40a)

K M  = K M  =  5 for velocity (3.40ft)

K M  = K M  =  ~ 2(t)z for displacement (3.40c)

Graphical representations of these R M S  are shown an F ig . I I I .  2 0 a  a n d  b  for acceleration and displace­

ment as a function o f the record duration T . A  crude approximation for the 95% interval of confidence for 

the true motion can be taken as twice these values.

R M S  o f  n o ise  in  re sp o n se  sp e c tra  r e p re se n ta tio n
A  similar approach can be followed for the Response Spectra case. The linear time invariant systems 

involved here, are the simple harmonic oscillators of natural circular frequency oj0 and percentage of criti­

cal damping X. The amplitude of their transfer functions are:

K M  = K » l  =
or

for acceleration (3.41a)
y j  (wq — w2) 2 +  4X2a>2o)(5

K M  - K kM  =
a>

for velocity (3.41ft)
— co2) 2 +  4X2oj2w^

/ / , ( “o| = 1 D 1 =
1

for displacement (3.41c)
— co2) 2 +  4 X2a>2w(5

Examples of such influence on the spectra are shown on F ig . I I I .  21 a ,b ,c  a n d  d  when the dynamic 

characteristics of the oscillators, w0 and X vary and for different values of the signal duration. Sim ilarly to 

the previous case, it is reasonable to assess the 95% confidence interval for the Response spectra as twice 

the computed values.
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F ig .III.21a

Root Mean Square of digitization noise as output of a single harmonic 

oscillator.

a- effect of semi-automatic digitization noise (category I)  on Acceleration 

response spectra (duration T  =  605ec)
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F ig .III.2 1 b

b- effect of automatic digitization noise (category IV )  on Acceleration 

response spectra (duration T  =  60jec)



Fig. I I I . 2 1 c

c- effect of semi-automatic digitization noise (category I )  on Displacement 

response spectra (duration T  =  30j?c)



I l l

F ig .III.21d

d- effect of automatic digitization noise (category IV )  on Displacement 

response spectra (duration T  =  30jec)
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3.4.3 Selection o f the record frequency limits

Current procedures to correct for noise and distortion which contaminate the uncorrected version of 

the acceleration signal consists of filtering out both ends of the Fourier Amplitude Spectrum (F A S ). This is 

indeed at the extremities that the signal-to-noise ratio decreases. The true ground motion beyond these fre­

quencies is masked by the noise and that renders the signal unreliable. Since the expected FAS gross level 

depends of Magnitude and distance, it is clearly seen that, for a given digitization, the reliable frequency 

range will vary with these two parameters (J ig . I I I .  2 2 ). In  some cases, in particular for small Magnitude  

shocks or/and at large distance from the source, the spectrum may lie entirely below the predicted noise 

spectrum and no signal can be realistically recovered.

W e shall consider that the low and high frequency limits within which the recovered acceleration is 

worth analysing are determined by the intersection of the expected FA S  with the noise spectrum mul­

tiplied by a predetermined ’’safety factor”. In  the following the value of 2 w ill be used. The retained fre­

quency range then complies with a signal-to-noise ratio of at least 2 .

In practice, a simple examination of the FAS of the uncorrected records yields a fair indication for 

the choice of and a)H . I t  is often visible that the shape of the spectrum departs from the theoretical one 

and shows the areas where the noise energy prevails over the signal energy f i g .  I l l . 23.
However, as the noise spectrum level reduces, in particular with automatic digitizers, the picture 

looses its power and an analysis becomes more helpfull. The knowledge of the source corner frequency ojc, 

calculated from far field methods, and of the maximum frequency as defined by H a n k s  (1 9 8 2) are of great 

value in such a computation.

A  complete FAS model for ground motion acceleration is also required. W e shall make use of the 

B o o r e ’s  m o d e l  (198 3) developed from preliminary observations by H a n k s  a n d  M c G u ire  (1 97 9) in the high 

frequency of Strong Motion Spectra.
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B O O  R E ’S  m o d e l  f o r  g r o u n d  m o tio n  F A S
This model is based on seismological models and is applied to the near field. A  simple far field spectrum 

constitutes the basis of the expression in the frequency domain. Supplementary terms are introduced to 

represent attenuation and high frequency decay. The FAS of acceleration is expressed by:

A  M  = {3 42)

where C  is a constant depending on the source-station relative geometry as well as the crust velocity model. 

An average value for C  has been taken here as:

0,89

47rpj33
(3.43)

M q is the seismic moment of the shock

0  is the average shear wave velocity

The fault slip function is approximated in frequency by:

, ,2
S  (co, coc) =

1 + ( ! /
(3.44)

and follows the Brune’s model for motion restricted to shear waves. The w — s q u a r e  far field decay sug­

gested by A k i  (196 7) is chosen by making k  =  2. I t  can be easily modify up to A: =  3 if  one believes that 

the slip rise time, seen from the near field, is shorter than the conventional value.

The wave energy decay term is:
_ 1  - * R / 2 Q P
R (3.45)

where the denominator accounts for the geometrical spreading of spherical type and the numerator is the 

term usually seen in far field seismology, to simulate the anelastic material absorption.

Q  is the quality factor which may reach values as low as 100 in the near field, typically an order of 

magnitude smaller than in the far field.

This term has been found to represent inadequately the high frequency energy decay near the source 

and a Butterworth cutoff was added:
1

1 +
(3.46)

where s  shapes the decay rate at high frequency. It  was assigned the value s  =  4  to comply with actual 

FAS of acceleration observations (H a n k s  a n d  M c G u ire ).

In this model, is not assumed to be a function of the earthquake size, so that the spectrum A  (w) 

is basically controlled by the two parameters and M 0. W e know that they may be related through the



equation:
(»c =  3.1 IQ7 (3 .47)

A<r\'/3

A a  is the fault stress drop in bars

Furthermore, surface wave Magnitude is certainly a more accessible earthquake size description than 

the seismic moment. An empirical relationship proposed by U d ia s  (1971) has been used here:

M s  =  0.79 log M 0 -  13.84 (3 .48)

The two independant input data for the model become:
1- the surface wave Magnitude Ms which controls the low frequency 

level of the spectrum.

2- the stress drop A a  which controls the width of the acceleration fre­

quency content.

For the subsequent computation, we fixed the following parameters which are not essential for the 

conclusions:

A a =  40 b a rs  
(3 =  3 .2 k m /s e c  
p  =  2 .1  g / cm 3

F m a x = l 0 H z
Q  =  250

The results obtained in the next section will then reflect the influence of the major variables in the 

choice for a reliable frequency range for ground motion records in the near field:

Magnitude M s  and distance R .
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cm/sec

Fig.II1.22

Representation of the expected FAS of a strong motion acceleration 
signal together with the proposed noise model. The frequency cutoffs 
in the low and high frequencies are defined by the intersection of the 
FAS with 2 N  (a), T )  yielding, for the corrected acceleration, a signal- 
to-noise ratio of at least 2 .
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ERRTHOURKE 

UNCORRECTED RECORD

ACCELERATION: O .I6S 0
PEAK VALUES

VELOCITY: 0 .0  Cn/SEC

u  |

o "

LONG COMPONENT

FAEOUENCT RESOLUTION >0-0391 ME

SANPLE FREOUENCT > 90.0 HE

DISPLACEMENT: 0 .0  Cn

FREQUENCT-HERE

F ig .III.2 3

Typical FAS of an uncorrected acceleration record. Knowing that the 
corner frequcncy of this earthquake is about 0.15H  r, it seems adequate 
to set the low frequency lim it about 0 .1 0 /0 .1 5 H  z . There is no evidence 
of noise contamination in the high frequency range up to 25H z .
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3.4.5 Examination of Reliable frequency bands

The examination of the f i g .  I l l .2 4 a ,b ,c ,d  shows the importance of the digitization quality. For the 

particular values chosen for Ao\ F max and Q , they give an evolutionary picture of the distance and mag­

nitude effects on the reliable frequency range. Whereas at short distances and/or for large Magnitude 

the reliable frequency band seems as wide as expected, this is not true anymore when the station dis­

tances increase. I t  becomes almost impossible to rely on a recovered signal at more than 200 km, even 

for Magnitudes as large as 7 when the digitization quality is poor (categories I  or I I ) .  For good quality 

digitization, the reliable frequency band remain wide, even for shocks of Magnitude 7 at more than 200 

km away from the epicenter. But shocks of Magnitude 6  or below can hardly be detected.

It  must be pointed out, however, that these conclusions refer to a signal-to-noise amplitude ratio 

criterion ( s /r t  =  2  here), and that any less demanding level would widen the frequency limits significantly. 

The results may also vary if  another separation criterion, like a signal-to-noise energy ratio, is chosen. The 

same comment applies to the choice of the source and propagation parameters which have been fixed for 

the illustration. A  larger stress drop A<r, a higher or even a smoother high frequency decay would 

increase the upper limits in large proportions. I t  is believed, however, that the trend of the observations 

would remain the same.

The quality of earthquake ground motion records in the near field are very sensitive to the digitiza­

tion phase and an accurate knowledge of the processing methods and equipments is certainly required 

for each record. I t  is thus suggested, in order to be able to assess the quality of the 3 component uncor­

rected ground acceleration records, that a 4th component should be provided, i.e., the digitization of the 

associated "zero acceleration” or noise function. This supplementary time history should be considered as 

a quality index for the record set. In any subsequent correction or analysis, values of iV, and b  may be 

computed by fitting to the proposed noise model. The knowledge or assessment of the source and propaga­

tion parameters, together with the FAS model, would then help in the determination of the reliable fre­

quency band. A  decision concerning the separation criterion would also have to be made: the signal-to- 

noise amplitude ratio or the signal-to-noise energy ratio may be chosen.

Surely, one may not be fully satisfied with the quality of the currently available records, even when 

treated with advanced digitization techniques. In  many cases, low frequency information, like the corner 

frequency or permanent ground displacement are still masked. In  the high frequencies, Fmax and the FAS  

decay are not always visible for small earthquakes, or at lage distances. Further quality improvement lies 

in the use of the new generation of recording instruments of digital technology. In  the meantime and for 

the treatment of all records obtained in the past or still to come from optical-mechanical instruments, one 

must make sure that poor quality of digitization is avoided.
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FREQUENCY U M ifS

F ig .III.24a

Results showing Frequency cutoffs complying with a signal-to-noise 

ratio of at least 2, as a function of surface wave Magnitude, for the 4 

digitization categories.

a-signal duration T  =  20sec , distance R  =  50k m
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F ig .III.2 4 b

b- signal duration T  =  30sec, distance R  =  \ 0 0 k m





1 2 1

F ig .III.24d

d- signal duration T  =  40sec , distance R  =  2 0 0 k m
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CHAPTER IV
PCLYNCMIAL ADJUSTMENTS 

AND INTERPOLATIONS

4.1 IN T R O D U C T IO N

The necessitiy of correcting a strong motion record for base line has been recognised from the early 

days of acceleration motion recordings. This appeared in particular when integration of the acceleration 

time histories were performed to produce the associated velocity and displacement time histories. Obtained 

displacements were nowhere near the expected value. Several meters of displacement were obtained for 

small shocks at large distances where it was difficult to believe in more that a few cm. The main reason 

for such discrepencies, was the uncertainty relating to the base line of the acceleration trace. Today it is 

admitted that instrument imperfection and digitization contribute for a large part in the composi­

tion of the errors. However, in the early days of strong motions analysis, it was considered that most of the 

error was located in the low frequency range of the spectrum. The principal suggested explaination was 

the irregular motion of the driving spring (S M A Q  or motor (A R - 2 4 0 , S M A - 1 ,  etcse.) as seen on fig. I V .  1. 
As a consequence, a first approximation for a error model has been a low degree polynomial, and its cor­

rective effect is shown on f i g .  I V .  2.
On f i g .  I V .  3  the acceleration, velocity and displacement functions of our designed signal and the ac­

celeration Fourier Amplitude spectrum are drawn in the case where no correction for base line has been 

achieved. Little or no difference can be detected on the acceleration time histories. But, it can be seen, from  

the velocity and displacement time histories, that the low frequency content has become more dominant, 

when we compare it with true level given by f i g  . I I .  5 d .
Simple processing procedures have attempted to correct for this base line position uncertainty. The 

various studies were initiated by H o u s n e r  (1 9 6 7), but it was in the sixties that the method became ’standard’. 

B e rg  a n d  H o u sn e r  (1 9 6 1 ), B e rg  (1 9 6 3), S h i f f  a n d  B o g d a n o f f  (1 9 6 7), P o p p i tz  (1 96 8) and B o y c e  (1 97 0)  
developed the technique based on polynomial fitting to assess the base line location. W e shall present here 

the various methods of correction, based on polynomial detrending, and with a uniform mathematical treat­

ment.



F ig .IV .l

Example of low frequency baseline produced 

by an irregular instrument driving spring.
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Fig .IV .2

ElTcct of low frequency error on 

a recorded acceleration signal
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STRONG MOTION PROCESSING PROCEDURES.
U N C O R R E C T E O  R E C O R D  K K : 0  (C O N S T A N T  A D J U S H E N T  I 

O U R A T I O N  OF R E C O R D  U S E D :  2 0 . 0 0  ISECI F M I N ;  0 - 0 0  HZ. Ff1AX = 0 - 0 0  HZ

PEAK VALUES
ACCElEHAlION: 0.0S2 C VELOCITY: T.S CH/SEC 01SPLRCEnEHI: 20.8 CM

D IG IT IS A T IO N  OF RECORD A2 FOR PROCESSING PROJECT

UNCORRECTEO RECORD KKiO

PERK VALUES
ACCELERATION: -0.12S 0 VELOCITY: 0.0 CH/SEC
io*-,

FREQUENCY RESOLUTION >0.0488 HZ 

8AHFLE FREQUENCY * 100.0 HZ 

DISPLACEMENT. 0.0 CH

FREOUENCT-HERZ
10

Fig.IV .3

Earthquake-like signal. Integrations of the acceleration 

function before correction
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4.2 P R IN C IP L E  O F P O L Y N O M IN A L  F IT T IN G

In the search for a base line model as a polynomial of low degree, we express the error e ( t)  as the 

difference between the uncorrected accelerogram a ( t)  and the corrected one a c{t)\

e ( t)  =  a ( t )  -  a c( t)  (4 .1)

The actual error function e ( t ) is unknown but is modelled as:

e (0  =  c0 +  c xt +  c f  +  ... +  c f  (4.2)

The correction principle then consists of computing the coefficients of this polynomial, for a given degree, 

such that the deviation between the true error and its approximation is minimized in the mean square 

sense. The minimization can be performed on any time history (acceleration, velocity or displacement). 

However, it has been common practice to treat either acceleration or velocity.

4.2.1 Adjustment on Acceleration

The error e( f )  is the acceleration base line. The minimization of the ’distance’ between ea( t )  and its 

model 'ea( t)  is mathematically expressed by saying that the continuous sum of the squares of the devia­

tions:

R a (4.3)

viewed as a function of the polynomial coefficients is minimum, where T  is the duration of the record. 

When ea(t)  has been determined, the corrected acceleration may be written:

a c( t )  =  a { t)  ~  ?a{t) (4.4)

4.2.2 Adjustment on Velocity

Similarly if  the ground motion is described by its velocity time history, obtained by integration of the 

acceleration, the actual error function is ev( t )  can be modelled by the polynomial ev( t) . There is a direct 

link between the polynomial models e v( t ) and £a(/), since the error on velocity is the integration of the error 

on acceleration. There is an advantage to operate on velocity since the integration process emphasizes the 

low frequencies and as a result a lower degree for the polynomial may be used. There is, on the other hand, 

the supplementary problem of dealing with V0, the unknown constant of integration.

Again, the search for the polynomial of degree n is achieved by minimizing:
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T

(4.5)

o

and the corrected acceleration is given by:

a c{t)  =  a ( t)  -  j~ {ev( 0 (4.6)

4.2.3 Various Cases Retained for Base Line Search

Polynomial corrections distort the original acceleration in an attempt to improve it. As mentioned by

H u d s o n  e t  a l .  (1 9 6 7), however, the only physically justified function for ea( t )  is the straight line, c0 +  

c,/. It  only operates an approximate rotation of the acceleration signal as a whole in restoring a zero-mean 

in the acceleration, lost either due to the lack of the initial part of the signal (with no pre-event memory 

instrument) or due to a non perfect alignment of the time axis during digitization. In the following, this 

case is referred to as K  K  = 0 .  However, one can invoke multiple other considerations to depart from the 

simple straight line. The fitting is usually improved if  a parabola is assumed to be the base line ( K K  =  1). 

A  linear adjustment on acceleration is similar to a parabolic adjustment on velocity. This can be envisaged, 

first by assuming that the unkown initial velocity V0 =  0 ( K  K  =  2 and H u d s o n s  s ta n d a r d  p r o c e d u r e ), 

second by considering that V0 is unkown and has to be determined ( K K  =  3). Finally we also shall con­

sider the method originally suggested by P o p p i tz  (1 96 7) which seeks the base line of acceleration as a 

polynomial of degree 3 . ( K K  =  4). This case results from the consideration that, fixing the initial and final 

conditions for acceleration, velocity and displacement functions yield 6 conditions, (for example all initial 

and final values to be zero). These conditions enable a polynomial of degree n  =  5 to be determined as a 

displacement error function.

For all these cases, calling P n( t ) the polynomial to be determined, one has:

a ,( i)  =  a ( t )  -  j y J P J ' ) } (4 .12)

s  =  0  for the acceleration cases: K K  =  0  and K K  =  1 , 

5 =  1 for the velocity cases: K K  =  2 and K K  =  3, 

j  =  2 for the displacement case: K K  =  4.
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4.2.4 The Least-Squares Approximation of Polynomials

This approximation problem is a classical problem of numerical analysis and the normal equations will 

be written here for completion. The polynomial P n( t)  (representing here ea{t) , e v( t)  or ed (t)):

rt

P .  « )  =  £ c /  (4.7)

k  =0

of degree at most n, is such that it minimizes R:

r  = j [/(f> - m - p . o ] 2̂ (4 .8)

the difference between the actual error function and its model in the mean square sense. 

/ ( / )  is the analogue ground motion (acceleration, or velocity or displacement). 

f c( t)  is the unknown corrected form of / ( / ) .

The problem is to find the coefficients of P n(t)  through the necessary conditions:

f - o
d c j

(4.9)

This leads to:

for each j  =  0 ,

n T

[ f,[/<,> - / c « ] \tl+kdt = 0
k  = 0  0

j  =  0 , 1 ......n
This is a system of n + 1 linear equations which can be letter viewed as:

(4.10)

n T

2 / J  = j  Pfc{t)di
k  =0  0

(4.11)

j  =  0 , 1 , ...,n

In order to compute the coefficients ck, the second integral in the right hand side is assumed to be 

zero. The significance of this assumption is worth examining since it gives the physical interpretation of 

what is commonly regarded as "fitting” of strong motion records. In doing so, we are actually im plicitly 

stating that the correction polynomial is equivalent to the general trend of the ground motion. The various 

polynomial corrections are then nothing else that a simple low degree detrending. The operation consists
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of averaging the various statistical moments of the function up to an order n. I t  will be seen further that 

this is not, in general, what should be achieved since it may destroy some of the recorded information and 

in particular the dissymefric character of the motion in the near field.

E q . ( 4 . 11) expressed in matrix form is:

where

W e have:

{ C }  { D }  =  { M  } ~ { M C] 

{C}
{ D }  =  \ d j k \

{M}  = jlMyJ
{A/f} =  {m j

(4.12)

(4.13a)

(4.136)

(4.13c)

(4.13)

r •%

u>}

{M}

' 0

The assumption previously discussed, is expressed by {A/f} =  0 and the corrected time history is:

/cw=/(o-{<*}h)

(4.14a)

(4.146)

(4.14c)

(4.15)

with

{ c * ) =  { C  > =  { D V ' { M }  (4.16)

From the previous section, this means that:

a c{t) =  a ( / ) - { f * J { c * }  for K K  =  0  and K K  =  1,

a c(t)  =  a ( t)  — / : | /^ _ l |{cA.} for K K  =  2 and K K  =  3,

«f(O = 0(O-*(*-i){f*~2}{c*}
k  =  0 , ...,a

for K  K  =  4.
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4.3 P O L Y N O M IA L  C O R R E C T IO N S  U S E D  IN  P R A C T IC E

E q . 4 . 1 5  a n d  4 .1 6  are valid for all corrections of polynomial type. W e shall now give the expressions 

for the matrices { D  } and { M  } for the various K K  cases defined above. A t the same time, the meaning 

of the assumption {Afc} =  0 w ill be explicitely described. W e shall also replace / ( / )  by a (f) or v(r) when 

acceleration or velocity are considered.

4.3.1 K  K  =  0: Straight line adjustment through acceleration

The matrices { A f } and { D  } are of order n  +  1 = 2 :

{M}
J0
T

\

a { t)  d  t

t a ( t ) d t

{D}

The inverse of matrix { D  } is:

The conditions {A/c} =  0 written explicitely are:

T T 2 
2

T 2 r 3

2 3

’ 4 __ 6_

T T 2
- 6 1 2

T 2 T 3

T

J  a c{ t ) d t  =  0  

o

’ T

I
ta c( t ) d  t  = 0

(4.17)

(4.18)

(4.16)

(4.20)

(4.21)

E q . 4 . 2 0  shows that the corrected acceleration is now symetrically distributed about the arithmetic mean 

of the corrected acceleration. This is also expressed by:

vf( n  =  vf(o) (4.22)
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and E q  .4 .2 1  shows in a similar way that one has imposed:

d c( T )  =  d c{ 0) +  T v c( T )  (4 .23)

I f  vc(0 ) =  0 and d c(0) =  0 are assumed (usual case, even though the initial part of the motion is not 

recorded), then also the final velocity and displacement are forced to be zero.

4.3.2 K K  =  1: Parabolic adjustment through acceleration
The matrices { M } and {£>} are of order n +  1 = 3 :

The inverse of matrix { D  } is:

{M}

I0
T

\0
T

\

a { t)  d  t

ta { t)  d  t

t 2a ( t)  d  t

-

{D }

T

I I
2

11
3

'j'l 'j'l
~2 T
yO y4
T T
y4 y5
T T

9 - 3 6 - 3 0
T T 2 y 3

- 3 6 -1 9 2 -1 8 0

T 1 T 3 y  4

- 3 0 -1 8 0 180

T 3 y  4 T s

(4.24)

(4.25)

(4 .26)

In the derivation of { D  } ', the conditions |A /C} =  0 are the same as in the previous case ( E q . 4  2 0  and 

E q  . 4 .2 1 )  but with a supplementary one:

T

[  (4 .27)

0
The latter condition adds the following constraint on the corrected displacement function:
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W C( T )  =  T d c( T ) -  j - 2vc( T )

where fVc(t)  is the algebraic area of the displacement curve. As in the previous case, if  vc(0) 

</f(0 ) =  0 , the displacement curve area will be also equally distributed about the new base line.

4.3.3 K K  =  2: Parabolic adjustment through velocity with *0 =  0
The matrices { M } and { D  } are still of order n  +  1 =  3:

{M}

Io
T

so
T

J

tv ( t)  d  t

t 2v ( t ) d  t

t 3v ( f)  d  t

The matrices { D  } and { £ }  1 are:

T 3 7 4 7 5

3 8 15
7 4 7 5 7 6

4 1 0 18
7 5 7 6 T 1
5 1 2 2 1

300 -9 0 0 630
7 3 7 4 7 5

-1 8 0 0 5760 -4 2 0 0
J 4 7 5 T 6

1890 -6 3 0 0 4725
7 5 7 6 7 7

(4.28) 

0  and

(4.29)

(4.30)

(4.31)
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The conditions imposed by {A/f} =  0 still reflect a stronger averaging of the displacement curve.

W C{ T )  =  T d c( T )  (4 .3 2 a )

(4 .3 2 b )

(4 .3 2 c )

where:

X C( T )  =

yc(t ) =

I
W jL t)  =  [  d c( r ) d r  

0 
/

XJiO. =  J W(r)dr
0
/

Y c( t )  =  J X c(t ) d  t  

0

(4.33a)

(4.336)

(4.33c)

This case does not im plicitly impose a final displacement but the extent of the smoothing is clearly seen 

in the case where d c( T )  =  0  (when the distance to the source is sufficiently large). It  can be seen that the 

displacement curve is highly averaged since:

W C( T )  =  X C( T )  =  Y C( T )  =  0

The above conditions can also be viewed as rendering minimum:

(4.34)

/

I
v2c( t ) d t (4.35)

with VQ =  0  which corresponds to the H u d s o n s  s ta n d a r d  p r o c e d u r e  (1 9 6 9).

4 .3 .4  K K  =  3: Parabolic adjustment through velocity with VQ =£ 0
This case is similar to the K  K  = 2  case, but the unknown constant of integration is determined from  

an extra condition:
ORv_ 
dVn = 0 (4 .36)

This is equivalent to saying that we are searching for the matrices { M  } and { D  } of order n  +  1 =  4: we 

get:
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\o
T

I

i

v(/) d  t

{M} =

{ D }  =

T  —

II2
II
3
7  4

T 2
2
li
3
^4
4~
T 5

t v ( t ) d  t 

t 2v ( t ) d t  

t \ ( t ) d t

Tl
3
7  4 

8~
I I
5
7 6

p4
4~

l i
5
7 6

6~
T 1

The inverse of matrix { D  } is:

{/>}■' =

4 5 6  7
-

16 - 1 2 0 240 -1 4 0
T T 2 T ’3 7 4

- 1 2 0 1 2 0 0 -2 7 0 0 1680

T  2 7 3 T ’4 7 5

240 -2 7 0 0 6480 -4 2 0 0
7 3 7 4 T ’5 7 6

- 1 4 0 1680 -4 2 0 0 2800
7*4 T ’5 7 6 7 7

The conditions carried by {AfJ =  0 are given by E q . 4  3 2 a /b /c  and:

T

. J vc{ t ) d t  =  0

o
which means that d c( T )  =  d c(0) is imposed. As previously, the case is equivalent to saying that:

T

j

(4.37)

(4.38)

(4.39)

(4.40)

(4.41)

is minimized, but here with VQ =  0.
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4.3.5 K  — 4: Zero and End Time Correction

W e saw in a previous paragraph that, if  we assume known the values of acceleration, velocity and 

displacement at time t  — 0 and t  =  T ,  we can define a 3rd order polynomial which will be used to correct 

for the acceleration base line.

Matrices { M  } and [ D  } are of the order 6 :

{ M }  -

v(0 )

d (  0)
a ( T )
v { T )
d ( T )

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

1 0 0 T T 2 r 3

T 1 0
2*2 2*3

~2 T
2>4

T
l i T 1

r 3 2'4 T s
2 1

3 4 5
The inverse of { D  } has for expression:

and

{D}-'

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

- 9 - 3 6 - 6 0 3 - 2 4 - 6 0
T T 2 7 3 T 7 2 7 3

18 96 180 - 1 2 84 180

T 2 7 3 7 4 T 7 2 7 3

- 1 0 - 6 0 - 1 2 0 1 0 - 6 0 1 2 0
7 3 7 4 7 5 7 3 7 4 7 5

ac( 0)
vf(0 )

d c( 0 )

a c{ T )
vc( T )
d c{ T )

(4.43)

(4.44)

(4.45)

(4.46)
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4.4 RECOVERY OF THE ORIGINAL ANALOGUE ACCELERATION

4.4.1 The Digital to Analogue conversion
In this section, we shall discuss the ways the original recorded acceleration signal may be recovered 

after digitization, in an analogue form. W e shall not analyse again the accuracy with which digitization 

is achieved (see chapter I I I ) ,  but we shall generate an analogue function from the set of digitized points 

obtained from a particular, known as imperfect digitization. The starting point of the study is then an 

ensemble a {n A tn) n  =  0 , l, .. . ,A f — 1, where the interval between points A tn may be constant or not.

The case of a constant interval of time, however, allows a preliminary insight into the problem. The 

transformation of the equi-spaced data a[n] into a continuous function a ( t)  may be assimilated to the pas­

sage of the sequence through a continuous low pass filter with cutoff u)N =  tt/ A t. The interpolated func­

tion becomes, in the frequency domain:

A  ( / co) =  A t  A s {iu>) H (/&>) (4.47)

where A s (ico) is the Fourier Transform of the sequence a [ n ], and H ( i u )  is the frequency function of the 

filter:
f 1 0) <  7T/ A t

I H  ( iw )  I =  < (4.48) ̂0 | co | > tt/A/

This time domain representation is the expression of the sampling theorem (see chapter I I I ) :

*  -  Z
n=0

The process, valid for all time can be visualised on f i g .  I V .  4. I t  is a theoretical interpolation which is not 

used for strong motion recovery. Instead the "hold” interpolation or the "linear” interpolation are used. W e  

shall describe here these procedures and in:roduce the more accurate "cubic” interpolations. They are all 

time domain interpolations and can be seen on f i g .  I V .  7  
a) T h e  h o ld  in te r p o la t io n
The hold interpolation is performed by holding the digitized points along the corresponding A t  as 

shown on f i g .  I V .  5 a . Unless the interval o f time is very small, this type of interpolation is not very ac­

curate, and large errors may be introduced which will contaminate further processing. F ig  I V .  6  shows the 

distorsion due to sampling hold. I t  is apparent, that this error is reduced by inceasing the sampling fre­

quency o)s  by comparison with the maximum expected frequency I t  must be realized that the hold 

interpolation is implicit in any signal treatment of digital type. Therefore, it requires, before processing a 

change in A t  compatible with the analysis.
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F ig .lV .4

The tlicorclic:il digital to analogue eonversion 

expressed by the Sampling Theorem
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a) the hold interpolation

Fig .lV .5

Various eases of polynomial interpolation used 

to recover the analogue signal from its digital form
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b) T h e  lin e a r  in te r p o la t io n
The linear interpolation is the type of interpolation currently used. I t  consists { fig . I V .  5 b )  of consider­

ing that the signal which has been digitized may be adequately recovered by assuming that it follows a 

sraight line between digitized points. In  particular, because of its simplicity, this assumption is being used 

in all standard computer codes to calculate the responses of linear and non linear systems. The well known 

Response Spectra, are also computed according to this assumption. I t  is an improvement by comparison 

with the hold interpolation, but cannot be used as such in further analysis of digital type. Although the 

obtained function is continuous, its successive derivatives are not. It  has been observed (see also chapter 

V I I )  that this approximation may have an effect on the velocity and displacement functions wich are cal­

culated by integration of the recovered analogue signal.

c) T h e  n o n - lin e a r  in te r p o la t io n

A  new approach in signal interpolation, and developed here is the non-linear interpolation ( f ig .  I V .  5c). 
M any hypotheses may be set in order to find an appropriate curve between the digitized points. W e shall 

lim it ourselves to the ’’cubic interpolations”. The motivation for non-linear interpolation originates from the 

poor accuracy obtained with the hold interpolation in digital signal treatment when the actual measured 

points are used. The idea is to perform first, from the digitized points an interpolation of good quality and 

then re-sample the signal to a new constant and smaller A t  compatible with digital treatment. As we shall 

see further it can also perform a much better integration of the acceleration function when we wish to 

obtain velocity and displacement functions.

F ig .IV .6

Frequency effect of the hold interpolation
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4.4.2 Non-linear interpolations

In the search for a better acceleration signal interpolation, the following cases were investigated.
1) the spline interpolation
2) the Herm ite interpolation
3) the Maude interpolation.

For the three cases, a polynomial of degree at least three insures the gap between measured points. 

Unlike the linear interpolation, continuity of the first and second derivatives are satisfied at any point of 

the interpolating curve.

Let us consider an interval ot time ^ +1J. The amplitudes of the signal are measured only at its 

boundaries and are ay. and a- + 1. The piecewise interpolation polynomial of degree n can be written as:

( t  - 1:) ( t  - t ) 2 ( t - t . ) 3
W  ~ + ^ + + + -

(4.50)

In the following, the interpolation parameter

x - 0+i 0 (5.51)

will be used as well as the interval length

(4.51)

T h e  S p lin e  in te r p o la t io n
The attraction of the cubic spline interpolation resides in the fact that a piecewise cubic function with 

continuous first and second derivative can be obtained without assumption other than the knowledge of the 

boundary conditions at t  =  0 and t =  T  o f the signal.

Given a set of digitized points (ry., a .) j  =  l,...,yv -th e  spline interpolation ^ ( /)  is an ensemble of cubic 

polynomials denoted S j ( t )  on each interval (ry., f .+1) j  =  1 — 1 satisfying the following conditions:

S ( t j ) =  aJ j  =  U .. .N (4.53a)

■^j +  \ ^ j  +  \ ) =  X ‘J + , ) j  = (4.536)

-̂ y + |(0 + |) - ■ % + . ) j  =  1......N - \ (4.53c)

•^ + |( fy + i) =  5 / r J + l) j  =  1......N  -  1 (4.53c/)

The boundary conditions may be either

J>(r,) =  S ( t N ) =  0 free boundaries (4.54a)

-SU,) =  a, and S ( t N ) =  d N clamped boundaries (4.546)
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The cubic spline S ( t )  is the sum of local polynomials (J ig . I V .  7a):

•^(0 =  *0  j  +  ffi/ 1 ~  lj )  +  ai p  ~  O)2 + ~  0)3 (4-55)

for each j  =  — 1

By application of the condition (4.53) and (4.54a) (we assumed free boundary conditions since nothing per­

mits to impose derivatives at extreme points), we obtain:

° o j  =  aj

1 hj
a \J =  T"(fly + I ~ aj ) ~  yt^J + l +  2<t2j )  

j

a\i = 3ĥ .̂ 2J + ] ~ Cl̂

where the <t2j are solution of the diagonally dominant linear system:

3 3
hj-i<r2j-i + A hi - i + A;Vu + Vw+I = I-(fly + i r ( aJ ~ ai - i )  (4-56d)

"j ^

(4.56a)

(4.566)

(4.56c)

Expressed in terms of the coefficients of E q . 4 . 5 0  this gives:

«. = a.j

3  = ~ĥ aJ + x ~ aj}~ + 2<r2̂j
„ = aJ±
y j  h j

8j  =  J j j '^ <T2 J  +  l ~ (T2 j )

(4.57 a) 

(4.576)

(4.57c)

(4 .5 1  d )

The physical interpretation of the spline interpolation is the minimization of the second derivative S ( t )  
along the curve:

d_
* J

S(t) dr  = 0 (4.58)

This property is particularly apparent at peaks and throughs points where S ( t )  approaches the largest 

osculating circle compatible with other digitized points. As a consequence, spline interpolation requires 

extra points in the vicinity of these peaks to control the actual curvature.
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T h e  H e r m ite  in te r p o la t io n
The constraint of minimized integrated curvature, although very convienient, is not always suitable. 

It  requires that the digitized points are chosen at certain optimized locations and this is relatively difficult 

for an operator with little experience in particular when the frequency of the various pulses changes along 

the record. The Herm ite polynomial interpolation does not require such an optimisation. It  relies on the 

knowledge of the slope of the acceleration trace as well as the amplitude at a given time.

Routine digitization, however does not measure the slopes and this information is unknown. It  is 

believed that the measurement of such slopes would improve considerably the quality of the recovered 

analogue in the future. W hat is required for this, is a particular cursor on the digitization table, able of 

measuring them at the same time as the amplitudes. An uncorrected record, in this condition would be 

given by a set of triplets (tJt ajy a j)  measuring the time, the amplitude and the slope. In the meantime, 

only an approximation of the required slope may be used. W e have chosen the simplest one: the average 

of the two secants on each side of the digitized point. In the particular but important case where the two 

secants are of opposite sign, the point must be considered as an exact extremum and therefore the slope 

must taken to be zero.

The piecewise cubic Herm ite interpolation is composed of a set of unique polynomials of degree three 

on the interval (tj f  tJ + l) agreeing with a d j  and aj + v  aJ+x at time tj and tJ+ l resectively { fig . I V .  7 b ). I t  
ca n  be e x p r e s s e d  as:

y+i 7+i

^  a J l  - 2 ( / - ( * ) £ u _y.+l'(<*)JL u - ;+ 'W +  £  iM
k  = j  k  = j

(4.59)

w h ere  L Xj  a n d  L XJ  a re  th e  f i r s t  o r d e r  L a g ra n g e  p o ly n o m ia l  a n d  i ts  d e r iv a tiv e . W e ca n  e a s i ly  v e r i fy  th a t  
Z., ,(/) = 1 - X ,  £ , 2( /)  =  X a n d  =  -1 / h j  =  - L x { .  A f t e r  s o m e  a lg e b ra  w e ca n  w r ite  J i f t )  in  th e  
fo r m :

J ljO ) =  Vqj +  r h j{ t  ~  t j)  +  V2j ( t  ~  t j ) 2 +  ri3J( t  -  t j )3 (4.60)

w h ere

Voj =  aj  
'U = aJ

1

1 at7+1

(4.61a)

(4.616)

(4.61c) 

(4.61 d )

A s  b e fo re  J J f t )  can  ta k e  th e  f o r m  o f  E q .  4 .5 0  w ith :
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ot — a  ■ j  j (4.62a)

II (4.626)

T j  =  3( aj + \ ~ aj )  +  2 h j(a j+ l  +  d j) (4.62c)

8j =  - 2 (aJ + l -  a j)  +  h j(d j+ l  +  a)) (4.62<f)

O ne ca n  s h o w  th a t ,  a s  f o r  th e  ca se  o f  th e  s p lin e  in te r p o la t io n , th e  c u r v a tu r e  is  a ls o  c o n tin u o u s  a t  ea ch  
d ig i t iz e d  p o i n t .

T h e  M a u d e  in te r p o la t io n
The method was first proposed by M a u d e  (1 97 3) to be used by a computer for plotting accurately a 

function on a graph plotter. W e consider here the one-dimensional case in the range Lfy, f -+ l  J where two 

compatible functions f j ( t )  and f j + l ( t )  are used. The interpolating function in the interval is given by their 

weighted average:

« , ( ' )  =  w » ( % ( • )  +  [ l  -  » « ( ' ) ] / } + , « )  (4 .63)

W S i( t )  is the chosen weighting function:

W M ( t)  =  (1 - \ ) 2(1 +  2A) (4.64)

which has the following properties:

=  1 (4.65a)

W u O j+ ,) =  0 (4.656)

N-
&

Tiii i (4.65c)

=  W ( tJ+ x) (4 .65rf)

The values of f f t )  can simply be chosen as the known ay, but this yields the trivial case where the final 

interpolation W-(r) possesses horizontal slopes at each digitized point (see f i g .  I V .  7 c ). This case provides a 

suitable interpolation when the actual digitized points are only peaks or throughs:

Wj{t) = (1 -  X2)(l +  2\)aj +  \ 2(3 -  2\)qj+l (4.66)
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A  more general interpolation is achieved when the function f j ( t )  and are two polynomials of

second order: one f j ( t )  fitting exactly Oy_p aJt aj+ ]  and the other f j + x(t)  fitting exactly a-, a; + 1, aJ+2. Both 

functions can be expressed in terms of the second order Lagrange polynomials:

f j ( t )  ^  a k ^ 2 J - k  +  \ ^

k - j - \

and W M (t)  takes the form:

j

k - j -1

The explicit Maude interpolation may be written:

Wj(t) =  (1 -  X)2 (1 -  2\)(Aj\z +  Bj\ + Oj) +  X2(3 -  2X)(CyA2 +  DjK +  ay)

where

Expressed in terms of E q  . 4 .5 0 , we get:

aj= ai
Pj = Bj
yj =  Aj

Sj --3(Bj-D j)

(j =  —3(Aj -  Cj) +  2(Bj -  Dj) 

tj-2(Ar Cj)

(4 .67)

(4 .68)

(4.69)

(4.70a)

(4.706)

(4.70c)

(4 .70*/)

(4 .71a)

(4.716)

(4.71c)

(4 .71 */)

(4.71c)

(4 .7 1 /)
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continuity of curvatures

Fig .IV .7

The 3 types of non-linear interpolation
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4.4.3 Comparison of the non-linear interpolations
In  order to assess the improvement achieved by non-linear interpolations and to compare between 

them, an experiment was performed with a testing function: The Berlage Function:

B ( t )  =  fe- / sin7rf (4.72)

and its interval 0 — 5 sec was studied. The Berlage function provides large similarities with simple accelera­

tion signals and depends only on a few parameters. The particular case retained here gives a predominant 

frequency of the order of 1 sec. But this choice does not affect the analysis since any compression of 

the time axis will yield the same results at another frequency. Only peaks o f this function were taken as 

’’pseudo-digitized points” for the comparison as this choice worsens the signal recovery. The different inter­

polations are shown on f i g . I V  8 a /b fc  and the quantitative comparison is presented on table V I I I  a and b.

The chosen quality criteria were the L2-norm and the LOT-norm usually used to compare the ’’distance” 

between two functions. They are defined respectively as:

T

Z.2-norm =

o

T

L^-norm =  j*  | B ( t ) -  B ( t )  \ d t  (4.736)

o

j[*(r)-2?(0j d t (4.73a)

where B ( t )  is the analogue recovered function.

It  is immediately visible that the Maude interpolation provides a very good signal recovery whereas 

the spline interpolation lacks from accuracy near the peaks. Num erically the ’’goodness” of fit o f the lat­

ter is of the same order as the linear interpolation, but for different reasons. The linear interpolation is 

functionaly insufficient (too simple) whereas the spline interpolation requires a particular choice for the 

points to be picked-up and the peaks are not particularly good ones. The zero locations of the Tchebichev 

function would certainly be a solution but this choice is unrealistic as regard to the actual process of human 

digitization. An automatic sampling could be advantageouly used.

The Hermite interpolation is very promissing, although only approximate values for slopes have been 

introduced. I f  reasonable values for these slopes at digitized points can be obtained, this method should be 

retained since it shapes the acceleration function according to a measured information. In the meantime, 

the very satisfactory Maude interpolation should be used.
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Fig.lV .8a

Comparison of the Berlagc function 

with a Spline interpolation
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Fig. I V.8b

Comparison of the Berlage function 

with a Hermite interpolation



149

Fig.IV .8c

Comparison of the Bcrlage function 

with a Maude interpolation
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Table VIII a

Comparison of non-linear Interpolations 

£ 2-norm a  X  102

zo n e s 1 2 3 4 5 6 to ta l
m e th o d  s

L in e a r 2.378 5.047 5.202 2.637 1.359 0.574 3.5

S  p i  in e 5.123 1.906 5.895 5.724 3.589 0.963 4.400

H  e r m i te 0.968 0.958 1.561 1.188 0.676 0.340 1.063

M a u d e 0.739 0.958 1.561 1.188 0.676 0.592 1.054

Table VIII b
Comparison of non-linear Interpolations

ôo-norm | 8 |

zo n e s 1 2 3 4 5 6 to ta l
m e th o d s

L in e a r 0.340 0.785 0.900 1.211 1.380 0.471 0.810

S p i  in e 1.002 0.614 0.911 1.015 0.666 0.782

H  e r m i  te 0.105 0.085 0.130 0.151 0.102 0.079 0.109

M  a u d e 0.070 0.091 0.141 0.137 0.095 0.091 0.098
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4.4.4 Adjustments and integrations of non-linearly interpolated accelerations
In the various cases of non-linear interpolated acceleration functions studied in the previous section, 

the results are expressed by an ensemble of coefficients at each particular value of time:

(a; , t j)  measured values

(ay., 0 j,  7 j , . . .  coefficients of polynomial

j  =  1 ......TV — 1

The recovered analogue function is then expressed by E q . 4 .5 0 . The different types of adjustments described 

at the beginning of this chapter and the successive integrations of acceleration are straightforward. W e  

obtained the following formulae.

L in e a r  a d ju s tm e n t
The only required terms are those entering in expession of E q .4 .1 4 b  For instance, the column matrix 

{ M  } in E q . 4 . 17  has its terms given by:

J a ( t)  d  t =

N - 1 1

j  ["/ + ^  +  + "'] hj
j-1 0 
N - 1

y-i

(4.74a)

(4.746)

T

J  t a ( t ) d t  
o

N -1 T

}  I 0 j  +  A / ) [ “y +  P ? ' +  T/ 2 +  •••] hi d
y = l 0 

N  - 1

J- I

(4.75a)

(4.756)

A ll other terms are obtained in the same way but their formulae are still more lengthy.

S im p le  a n d  D o u b le  In te g ra tio n s
The velocity and displacement functions are simply given by the integrations of E q  4 50 . Denoting 

by r  the time in the interval m  +  1 at which velocity is computed:

lm < r = x \hn, < *m+1

W e have the following expressions, very easy to compute for each interval on a computer:
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t nt I
v(r)| a(t)dt = ̂  |[«y. + pj\ + jj\2 + ...]hjd\ +  J[orm + Pm\ + yn,X2 + •••]hm d\

0 j  =  1 0  0

v(r ) =  ^  hj^ctj +  y  +  y  +  ...J +  ^ « m Xi +  P m J  +  y mJ  +  •••]
y=i

t m i x  \ X
d (r) = | v(0 d t = ^  J* J* [«y + £/ + 7/2 + ...]̂  \d K + J j[“* + P">K + ym* + '

o y=i o o ' o o

d (t) =
Xi X? xf

am~2 + + y»t~4 + ]

(4.16a)

(4.16b)

J / l OTi / X f /  K

(4.11a)

(4.11b)
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C H A P T E R  V

THE USE OF FILTERS

5.1 INTRODUCTION
In the previous chapter, attempts were made to remove low frequency contamination by subtraction 

of some low degree polynominals, assumed to carry most of the undesired noise. Accurate analysis of ac­

celeration noise was performed by T r i fu n a c  e t  a l .  (1 97 3) and a Digitization Noise model was proposed in 

Chapter I I I .  These studies have shown that the frequency content of the time acceleration noise is rela­

tively high, both in the low frequency and in the high frequency ranges. F ig . I I I .  2 2  showed this noise 

by comparison to the Fourier Spectrum and F ig . V . 1 also adjusts it relatively to various cases, at a fixed 

distance for shocks of magnitude 4 to 7. F ig . V .2  shows a similar graph but this time emphasizing the 

epicentral distance effect for a constant magnitude of 6. In chapter I I I ,  we noticed that most of this noise 

could be explained by digitization, and that a noise model has been proposed, with the digitization equip­

ment as principal parameter.

Even though other sources of noise are added, it is clear that the noise is predominant both in the low 

and high frequencies. In  the middle range of the spectrum, its relative influence is much less noticable. In  

order to minimize its influence in the acceleration signal, filtering of both the extremes of the spectrum, 

where the noise/signal ratio is too high, was therefore suggested ( T r i fu n a c , 1 971).

The determination of the frequency limits, where one may say that it is judicious to operate this 

filtering, is not a simple matter since it depends on the noise level, on one hand and in the magnitude and 

distance of the earthquake, on the other. In an attempt to standardize the processing procedure, T r i fu n a c  
proposed to filter at the fixed values of 0.07 H z  and 25 H z, but it must be recognized that these values are 

strongly dependent on the type of digitizing equipment used (a Benson-Lehrer 099D  Datareducer in that 

case). A  better approach consists in assessing these limits, as a function of the Magnitude of the shock, 

the distance of the recording station, the digitizing equipment and the operator experience, as developed 

in section 3.4.3.

By filtering, it is hoped to recover accurately the ground motion, not only in its acceleration form but 

also in its velocity and displacement form. It  is vital to realise that efficient filtering must be performed 

since we cannot accept a procedure which would contaminate the records beyond non admissible bounds 

and therefore would render the correction process illusive.
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PERIOD-SECONDS

Fig .V .l

Typical FAS of ground acceleration at the epicenter, 

for various Magnitudes, by comparison with 

digitization noise, (after T rifu n c ic  (1976)
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IOOO

100 -

10 -

0.1 -

0.01 L-
0.01

---------- ,-------------r
HORIZONTAL MOTION M=6.5 

5 0 %  CONFIDENCE LEVEL

1
0.1 I 10

PERIOD-SECONDS

Fig.V.2

Typical FAS of ground acceleration of Magnitude M L =  6.5 

at various distances, by comparison with 

digitization noise, (after T r i fu n a c  (1976)
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5.2 THE TRIFUNAC BASE-LINE CORRECTION

The method was first proposed in 1971 as the Caltech new standard strong motion data processing 

procedure. A fter a few years of extensive use, it was noticed that it suffered from built-in distorsions due 

to the difficult implementation of the filter particularly in the low frequency range. F le tc h e r  e t a l . ( 1 9 7 7 )  
recognised that improvements were needed and several investigators suggested modifications (B a s i l i  a n d  
B r a d y  19 78 ). Today changes of minor extent are still introduced (L ee , 1 9 8 4 ). The full procedure can be 

divided into two correction phases:

1. a transducer correction in the time domain, using a central difference approximation and a sam­

pling period of 0.02 sec (see chapter V I) .  2. a base line correction including a sucessive series of smooth­

ings and filterings as shown in F ig . V . 3.
The filter used by T r i fu n a c , known as the O r m sb y  filter, was developed in the early sixties for applica­

tion to missile data processing. The pass-band filter is implemented as a combination of low-pass O r m sb y  
filters and consequently it suffices to evaluate the performance of the low pass version of this filter and 

apply the result successively to low and high frequency ( f i g . V .4 )

5.2.1 The digital filtering equations

A  general linear filtering process of a causal analogue signal x ( t )  is achieved in the time domain by a 

linear weighting operation relating the input x ( t )  to the output y ( /)  by means of inpulse response function 

h ( t )  through the causal convolution integral:

y ( t )  = x ( r ) h ( t  — T ) d r (5.1)

where

I'M = 5
00

|//(/co)|cos[a>r-0(co)]

0
(5.2)

In this equation

H ( i u )  =  \H ( iw ) \ e ~ i0(w} (5 .3)

is the complex filter function. The problem consists then of the determination of the impulse response h ( t)  
for a given H  (iw ) .

The amplitude and phase shift of the ideal low-pass filter without phase distorsion are such that 

W ig V  5):
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*M>UT

Fig.V.3

Schematic diagram of the Standard Correction Procedure
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Fig.V.4

Representation of the high and low frequency filters 

of the O rm sb y  type

a) individual filters with typical cutolTs

Fig.V.5

Amplitude and phase of a perfect low-pass filter
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0«)| = 1 for |(o| <  toc

0 for |o>| >  ojc

(5.4a)

(5.46)

0(co) = OJ/0 (5.4c)

u c  is the perfect circular frequency cutoff. 

This yields a weighing function:

sinwc (/ — /0) 

At ~ *0) (5.5)

o

This h { t)  is not realisable since it has a continuous analytic expression which extends from —oo to + c o . In  

order to implement this filter on a numerical computer, two alterations have to be carried out.

1. the limitation of its duration since infinity is not accessible.

2. the discretisation of the impulse response h { t) , for digital computer treatment.

In doing so, the charateristics of the ideal filter are modified { fig . V .6 ):

- the frequency function has become H r{iu>) the convolution of the original H{iu>) with the Fourier 

Transform of the applied box-car window w (0  of length T:

- the sampling in time at a frequency cvs has rendered the frequency function periodic with period

The observable roll-off about oj — ±  coc and the undesirable ripples in the pass-band and the stop- 

band are dependent on the type and length of the applied time window w(f). The phase characteristic has 

remained unchanged.

(5.6)
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♦  hi M

Fig.V.6

Amplitude distorsions of a real digital filter

a) the perfect target filter

b) frequency efiect of time truncation

c) frequency efiect of time discretization
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5.2.2 The Ormsby filter

In order to achieve such a filter with unity gain and zero phase shift, O r m sb y  suggested, for the 

controlling frequency function H ( i co), the following expression { fig . V . 7):

sg n (u )-
03 t  ~  03

03^03r w c

for M  £  a)c  
for o j c  <  |o>| <  u T  

for |w| >  o)T
(5.7)

o)c  =  cutoff frequency

o)T =  roll-off termination frequency

o)T - u ) c  =  roll-off width (transition band).

The true frequency function H f {io>) exhibits ripples in the pass-band and the stop-band; they are 

controlled by widening the transition band. T r i fu n a c  (1971) suggested a roll-off of A f  =  27t/ ( ojc — o3t ) =
0.02 H z between f T =  0.05 H z and f c  =  0.07 H z in the low frequency. In  the high frequency a roll-off of

2 H z between f c  =  25 H z and f T — 27 H z  has been chosen.

In terms of discrete data the expression for linear digital filter is obtained by introducing h [n ] , the 

sampled version of h {t) for =  wA/, n  =  —oo,..., —1,0, +  1,..., + c o , and the continous convolution {E q  5  1) 
becomes:

+ 00

y in ]  =  Y  h [ k ] x [ n - k ]  (5 .8)

k  = -o o

The impulse response h { t)  associated with H { io ;) is given by:

+ 00

h { t)  =  —  I H {io 3 )e iwtdo3 (5.9)

and, after some algebra is found to bb:

h { t)  = COS 03c t  — Q O S 0 3 jt  

ir (0 3 T  ~  03c ) t 2
(5.10)

Its sampled version h[n]  is readily evaluated from h (n A t)  where A t  =  2 ir/a)s is the constant sampling 

period:

h[n] = cos 2 ir n \c  — cos 2 T rn \T 
2ir2n 2( \ T -  \ c ) (5.11)

where Xc =  <t3c / u s and \ T =  o3T /o3s.
Finally, for the filter to be realisable, it is necessary to window the infinite impulse response sequence 

within a duration T  =  N  A t; it becomes:

TV —1 < n < N  +  1hr\n] — h[n]  only for 2 2 (5.12)
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It  follows that the discrete filter output is now expressed by:

y[n ]  =
(/v+n/2

h [ k ] x [ n - k ]
k  (jV — 1 )/2

(5 .13)

O r m sb y  studied empirically the error

€ =  m a x { |//r(/a>)| — |//(ia > )|}

when a limited number of points N  =  2 M  +  1 is used, as a function of the sharpness of the roll-off

\ R c-
00-r — 0),

0), (5.14)

The c values 1.2, 1.5, 2.0 were investigated and the number M  was half the number of required points. 

His numerical results covered:

(5.15a) 

(5.156)

10 <  M  < 1 0 0  (5.15c)

0 <  Xc <  0.4

0.05 <  \ R < 0 .1

and he produced the graph of the f i g .  V .8 .  From it, he suggested an approximate formula to help in the 

determination of the window length:

^  (5-16)A /X * ’

This shows that the number of points required 2 M  +  1 is inversely proportional to the roll-off width.

W ith  the roll-off widths of 0.02 H z  and 2 H z  chosen respectively for the low and high frequencies, 

and assuming f s =  50 H z (A t  =  0.02 sec), the values 2M  +  1 and the duration L  o f the impulse response 

can be computec * table IX*).

It  is visible that the low frequency filter involves a large number of points. As a consequence the 

length of the impulse response may become larger than most of the acceleration records to be treated. 

Furthermore the accepted error e is certainly not always accurate, since, in this case, M  is out of range of 

the O r m s b y ’s  investigation. A  partial solution would be to work with a smaller interval of time A t. To over­

come this difficulty T r i fu n a c  prefered to operate a preliminary low pass filter using an equally weighted 

running mean filter, with a window width T  =  0.40 sec { fig . V . 9).
The transfer function H ( i o>) of such a filter is:

//,(/«)
+  T J 2

- T J 2

srnwTJl
» T J 2

(5.17 a )

(5.176)
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Fig.V.7

The roll-off of the O r m sb y  filter 

used to reduce frequency distorsions

Fig.V.8

H a lf the number of points required in the O rm sb y  filter 

to achieve an accuracy e as a function of the roll-off

. 1 TL>
— I------- \= Tuj 

2

Fig.V.9

Principle of the mean running filter



165

When W j(/) is sampled at time interval A t  and the discrete weights are w[rt] =  w ( n A t) .A t , the frequency 

function becomes periodic with period u)s =  2-k / A v.

quency f c  =  0.07 H z and a roll-off frequency termination f T — 0.05 H z  with a sampling interval A t  =  
0.2 sec. F ig . V . l l  is a representation of the obtained frequency function corresponding to a box-car win­

dow of length T w =  0.40 sec. with A t  =  0.02 sec. The maximum error in the low frequency is of the order 

of 6%  of the unit gain, whereas, with 3% , the performance is slightly better in the high frequency, due to 

the smoother, in comparison, discontinuity.

In both cases the phase shift is strictly linear.

(5.18)

where \  =  oj/ ô  is the normalised frequency.

F ig . V . 10a a n d  b  show the actual frequency functions of the O r m sb y  filter designed for a cutoff fre-

u)
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a) low frequency

AIH(iw ) |

Fig. V. 10

Numerical values and performances of the O rn isb y  
filter commonly used:

Fig. V. 11

Numerical values and performance of the 

mean running filter
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5.2.3 Limitations and improvements of the method.
The T r i fu n a c  base line correction suffers however from some limitations which are in some cases very 

significant. It  is frequently observed that the corrected displacements still contain unexpected low periods 

which should have been eliminated after the records have been treated. To avoid this, it is necessary to filter 

the three time histories (acceleration, velocity, displacement) successively and to detrend each of them. 

This procedure has the regrettable effect of masking the near field information which migth be included in 

the records. The process can only be justified when the station is located far away from the fault and when 

no local permanent displacement is likely to be present. In this condition, the assumption of zero mean and 

zero first moment is fulfilled since the propagation path has been long enough to transform the displace­

ment function into an oscillation more or less symctric about the base line.

In all steps of the procedure, to high-pass filter acceleration, velocity or displacement, the routine uses 

decimation to reduce the length of the window and the computing time. I f  the original time interval bet­

ween the data points is 0.02 sec, then the effective Nyquist frequency is 25 H z. A fter decimation by ten, 

this frequency drops to 2.5 H z. Thus some aliasing of high frequency would be expected when no suitable 

low-pas filter, is used before decimation. Such filter, in the form of a simple running mean filter is used 

before decimation in the high-pass filter of acceleration. But no similar anti-aliasing filter is applied on the 

velocity and displacement computations.

To correct for these insufficiencies, F le tc h e r  e t a l .  (1980) have proposed to operate three changes to 

improve the calculation of velocity and displacement.

1- a broadening of the ramp in the response of the high-pass filter in order to lim it the ripples due to a 

sharp discontinuity.

2- the removal of the high-pass filter of displacement to keep the near field information included in the 

signal. 3-the removal of all decimation in filtering to be free from aliasing errors.

In particular point 1) had been previously thoroughly investigated by B a s i l i  a n d  B r a d y  (1 97 8). They  

also proposed a methodology for the selection of the low frequency cutoffs of the accelerograms according 

to seismological information and a limitation of the Fourier spectrum distorsion. Their results are mainly 

based on tests and are expressed with a two priority levels:

priority 1:

fc * Lr
(5.19a)

fc —
0.125

(5.196)

f c  >  0 .0 7 H z (5.19c)
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I t IV (5 .19d )

L D f  >  1 for 6 =  1.2% (5.19*?)

L D f  >  2 for e =  2.4% (5 .1 9 /)

priority 2:

w (5.20 a)

L  <> 3Lr (5.20 b)

f c ( o r ig ) ~ f r ( f i  n a l ) -  0.8Df ( f i n a l ) (5.20 c)

In this table, the cutoff frequency f c  and the roll-off frequency f T in the low frequency range are searched 

for in function of:

L r  =  length of the record in sec.

L  =  length of the O r m sb y  window in sec. 

d  — an estimate of the strong motion portion of the record in sec.

D j  =  f c  —f T =  the transition bandwidth in Hz.

Values of e  refer to the study (H a n k s  1975 )  of the possible spread of displacement to be expected at 

particular frequencies due to digitizing noise. The length of the average coherent fault rupture can be 

estimated from other seismological information. A  crude assessment can be made from the inverse o f the 

corner frequency (B ru n e  1970 , H a n k s  1 975 ).
The bounds of the various parameters are to be treated with a reasonable amount of judgement. Even 

for a record whose digitization is considered ideal, it will be readily seen to be impossible to allow all 

parameters to assume their desirable limiting values. Judgement is therefore necessary in the selection of 

the parameters to insure that each is equally close to its limiting value.

F ig  V .1 2  shows the typical case of the Chilean earthquake of 9 July 1971 recorded at Santiago. 

F ig  V . 12a  represents the result of the analysis of the N 1 0 W  component, treated by the unmodified 

T r i fu n a c  correction procedure. F ig . V . 12b  results from using the scheme detailed above with f T =  0.05 

H z and f c  =  0.15 H z. A  clear improvement in the first 10 sec of the velocity function can be seen as well 

as the removal of large displacement value of 10 cm associated with a 20 sec period which was prove to 

be mostly noise.

F ig . V . 13 also shows the effect of the other suggested improvements. F ig . V . 1 3a  is the displacement, 

trace of the unmodified version of the afterschok of 6 August 1975 recorded at the O ro v ille  s ta t io n  D W R
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of the mean running filler
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(E W  component). Although, the low frequency lim it are f c  =  0.33 H z  and f T =  0.23 H z, a significant 3- 

4 sec oscillation is still present in the record, particularly visible in the tail o f the motion.

When f c  is changed to 0.5 H z, increasing the bandwith from 0.1 H z  to 0.27 H z, the result in f i g .  V . 1 3b  
exhibits a fair reduction of this oscillation. The case f i g .  V . 13c  represents the displacement when the 

filtering of displacement has been removed. Again spurious periods of 2-4 sec are present. This time, they 

are due to aliasing caused by decimation. These oscillations are surpressed when no decimation is carried 

out ( f ig .  V . 13d).
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5.3 T H E  D IS C R E T E  F O U R IE R  T R A N S F O R M  M E T H O D

The Discrete Fourier Transform method has been studied as soon as it was advanced that the implemen­

tation of the Ormsby filter to acceleration record processing generated unacceptable distorsions, not only 

due to its intrinsic inaccuracy but also due to the effect of decimation required to lim it the number of 

points before low-pass filtering. The so called S ta n fo r d  M e th o d  proposed by K h e m ic i  a n d  S h a h  (1 98 2) is 

based on the Discrete Fourier Method implemented with a FFT.

Once the acceleration trace has been processed in its first stage (uncorrected record), and transformed 

into an equally-spaced sequence, a discrete representation of its Fourier Transform can be obtained. Calling  

a [/ i] ,n  =  0 , l , . . .  , N  — 1, this acceleration sequence, its Fourier Transform is a complex function which can 

be written as:
A'-l

A  (/co) =  A / ^  a [n ]e iwnAl (5.21)

A  (iw )  is such that both its amplitude and phase function are continuous (although a [n \ is discrete), and 

exhibits an even amplitude symmetry and an odd phase symmetry due to the fact that the source function 

is real. Furthermore, it is periodic with period 1 / A t  due to the discrete character of its time sequence.

A  sampled approximation of this spectrum, at constant frequency intervals Ao> is known as the Discrete 

Fourier representation of the signal and is expressed as:

N -1
A  [k ] =  A t  a [ n ] e - i2*kn/N  (5.22)

«=o

where

a) = kAo: 2 irk  
~NA~t

has been used.

The range of k can be limited to the positive frequencies due to the symmetry mentioned above.

In terms of its Fourier coefficients and within the frequency range defined by the Nyquist frequency 

F v =  1 / 2 A t ,  the time sequence a[n] can be exactly recovered by the inverse Discrete Fourier Transform:

yv/2
a [n \ =  —  

1 1 N A  [ k ] e i2 - jr k n /N (5.23)

k =0

The coefficients A  [&] are readily computed by the efficient Fast Fourier Transform, at a large number of 

particular frequencies. It  is then a simple matter to modify these coefficients according to a predetermined
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frequency function H (io S )  of a filter before returning in the time domain through the inverse transforma­

tion.

Calling H [ k ]  a discrete approximation of / / ( / c*j) at the same frequency points as A  [ k ] ,  the corrected 

signal has for new time sequence:

/V/2

< a « ] =  Y  A  [ k ] H [ k ] e , u k "IN  (5 .24)

k =0

Unfortunately, it is well known that this simple procedure is subjected to large distorsion since it is impos­

sible to predict the actual frequency response between the frequency points of the FFT. Moreover, the 

behaviour within these intervals is not very satisfactory. This effect is produced by the aliasing in the 

time domain and the ripples must be reduced to become more acceptable. F ig . V . 14  shows the particulrly  

simple case of a low-pass filter performed by this frequency sampling method. The circle points are the 

imposed frequency points of the discrete representation H  [ k \  of H ( i co), whereas the continuous line is the 

actually achieved filter H r{ ia>).

It  is apparent that the distorsion introduced by the approximation of the sampling is caused by the 

discontinuity in the frequency response, and is accentuated for a very small transition band between the 

last sample in the pass-band taken to be unity and the first sample in the stop-band taken to be zero. This 

discontinuity in frequency domain implies a long impulse response and hence the error is caused by alias­

ing in the time domain due to the time limited nature of the impulse response. The reduction of this error, 

which increases for long records, if  all capabilities of the D .F .T . are used, can be performed by frequency 

windowing. The width of the transition band is increased to make the discontinuity less abrupt.

One realises immediately, that the accuracy in the gain of the filter is achieved at the expense of 

the bandwith.K h e m ic i  a n d  S h a h  have suggested to use the same frequency limits as those chosen in the 

T r ifu n a c  m e th o d  . They achieved this frequency smoothing by replacement of the linear transition of the 

O r m sb y  filter by two half cosine functions controlled by the cutoff and roll-off frequencies in the low and 

high frequencies ( J ig . V . 15).
Using the same notations as in the previous section, the expression of the filter in the frequency domain 

can be written (in the positive frequency half plane):

fo rco < co i7 - or w > u H T  
for co^ — (o ~  o ) c

for u)LT <  a; <  u)LC (5.25)

for &h t  — — u h t
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where D L =  o)LC — o iL T and D H = u H T ~  <*>h c  are l°w an  ̂ high frequency transition bandwiths 

respectively. The actual transfer function of such a filter is best obtained from its Z-transform representa­

tion. The time sequence h [ n ] corresponding to the discrete Fourier coefficients of the filter is:

N/2
h [ n ] =  ^  ^  H [ k ] e ilxkn /N  (5.26)

k =0

The Z-transform of the filter can then be written:

N -1

n r(2 ) =  ^  h [ n ] z - "
n=0 f

H [ k ) e n- ' , "IN
n = 0 k =0

1 -Z~N
N

/v—1Zk =0

H [ k )
1 — ei2rkl N z-1

(5.27a)

(5.276)

(5.27c)

Fig.V.14

Ripples of the frequency response of a D F T  filter
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By substitution of
_ iait i l r k t iz  =  e  =  e

in this equation, we obtain both the time frequency response as:

#,(/«) H [ 0] sincoN/2 
N  s inw /2

+
A72-1

1A = I
H [ k ]

N
, sin[yv(i+f )]

[GJ irk ~\ . r  w ,l -JT] ‘‘"U+yvJ
(5.28a)

and the phase function as:

$(/co) =  (5.28b)N
k =  0 ......N / 2 - 1 .

In the previous derivation, it has been considered that the number of points N  was even (since in prac­

tice, the F FT  with a power of two number of points is required) and that the spectrum exhibited symmetry 

about the co =  0 axis (since the acceleration signal is purely real).

F ig . V . 16  shows the actual frequency function obtained for f LT  =  0.05 H z , f LC =  0.07 H z , f HC — 
25 H z and f H T  — 21  H z  for a A / =  0.01 sec. The phase function is here again strictly linear as E q . 5  2 8b  
shows.

The imp

rovement in the filtering, by comparison with a cascade O r m sb y  filter is certain. There is 

no need to perform any decimation of points to achieve the critically sensitive low frequency filtering. 

However, the chosen bandwith are the same as in the Californian procedure. The order of magnitude of 

the intrinsic error which was not studied by the authors is given here, through application of E q .5 .2 8 a .  
W e get an absolute deviation of 1.5% for the first lobe in the low frequency and 0 .3%  in the high fre­

quencies for a filter similar to the O r m s b y ’s  one. These values are to be compared with 6%  and 3 % respec­

tively, obtained at the same critical points in the T r i fu n a c  m e th o d .
The method possesses also the advantage of being very easily coupled with the instrument correction 

(see chapter V I)  as the wished filter H  (/to) can be generalised and multiplied by the inverse transfer func­

tion of the S D O F  transducer.

As we shall see in Chapter V I I ,  it does not seem that the technique offers enough accuracy to recover 

properly the displacement function. Although the actual frequency response follows more precisely the 

ideal function, the bandwiths remain the same; or if  one wishes to reduce them, then the previouly com­

puted error would increase. This fact was implicitely recognised by the authors as they keep on filtering 

succesively (in the frequency domain) the three representations of the ground motion. In so doing, they 

too, loose the near field information included in the acceleration record.

I f  still more accuracy is to be obtained, by following the same line of thougths, the choice of the fre-
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quency points in the transition bands should not be simply computed by a pre-determined function like 

a double cosine taper (actually by any function whatsoever). The amplitudes of these points should be 

optimised as to yield an accepted error both in the pass-band and in the stop-band at the same time as 

searching for a minimum bandwidth. Proposed methods have been developed based on a steepest descent 

algorithm (R a b in e r  e t  a l . 1 9 70 )  or more efficiently by formulating the optimisation as a linear program­

ming problem. None of these possible improvements have been followed here as we felt that the use of 

optimisation could be more advantageous with a very efficient type of filter like the elliptic filter.

Fig.V.15

The roll-off of the D F T  filter are achieved by 

two half-cosines at the extremities of the pass-band

\
Fig. V. 16

Performance of the D F T  processing procedure



176

5.4 T H E  E L L IP T IC  F IL T E R

In  the search for an efficient filter, we are faced with the following criteria:

1. the filtering should be achieved simply, incorporating both low-pass and high-pass filtering.

2. the stop-band level of leakage should be very small, in particular in the low frequency since it is 

wished to avoid performing the filtering again on velocity and displacement.

3. the transient phase at the beginning and at the end of the record should be as small as possible, and 

hence should involve a minimum length for the impulse response function.

4. the phase function of the filter should be stictly linear.

Points 2) and 3) led us immediately to the class of elliptic filters known to be very efficient with 

minimum ripple both in the pass-band and in the stop-band. It  is a simple matter to apply the technique 

of frequency transformation to achieve point 1). Point 4), however is not realised since this type of infinite 

impulse response ( I IR )  filter strongly distorts the phase linearity. W e shall describe a technique which will 

restore a strict linearity.

5.4.1 Digital filter formulation

The design of this filter follows the implementation proposed by G ra y  a n d  M a r k e t  (1 97 6) which al­

lows the best optimisation of the required filter according to a pre-defined accuracy in the pass-band and 

the stop-band. The filtering is performed in the time domain; it is expressed in analogue form by E q . 5  1 
and in discrete form by E q . 5 .8  which is rewritten here as:

(5.29)

for a causa6 filter impulse response: 

Its Z-tranform  expression is:

Y ( z )  =  H ( z ) X ( z ) (5.30)

where

N -1
(5.31)

and
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4-oo

K (z) =  Y  y [ n ] 2 - n (5.32)

n=0
are respectively the Z-transform of the imput and output sequences. For an I IR  filter of the elliptic type, 

the filter transfer function H  (z) has the form:

4-oo

H ( z )  =  h [ n ]z~ n =
n~0 1+ 2 -. a.z- k

(5.33)

W e see that, in this case, once H ( z )  is known through the coefficients br ( r  =  0 ,1 , . . . ,A /)  and a k 
( k  =  1 ,2 ,„ . ,P ) ,  the filtering process can be performed directly in the time domain through the discrete 

convolution:
M  P

y [ n ]  =  ^  b
r=0 k = t

The output y [n ]  is not only computed from the input sequence x [n ]  as in the finite impulse response (F IR )  

type of filter, but also involves values of output itself previously computed. This is this feedback operation 

wich makes it very efficient in reducing the required filter order (number of filter points).

A n- r ] ~ Y a ky[r t  -  k ] (5.34)

Fig.V.17

Representation of the low-pass elliptic filter
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5.4.2 The analogue elliptic filter

The design of the discrete elliptic filter consists of finding a function H { z )  (to be transformed in a 

discrete sequence) capable of approximating the transfer function of a continuous elliptic filter. Such a 

function is fully defined by its squared gain and has the form:

---------- -----------  (5.35)1 +<2J/i(fU)

where s n ( Q ,k )  is the first J a c o b ia n  e l l ip t ic  function (A b r a m o w itz  a n d  S te g u n , 1 9 6 5 )  noted:

sn($l, k )  =  sin0 (5.36)

where 0 is such that:

f i  = J d  0

J 1 — £ 2sin20
(5.37)

Q is the frequency axis of a complex s-plane. k  and c are filter parameters.

In the design of the elliptic filter in its analogue version, the following coeeficients are also used:

* = J  (5-38.)

k x =  — —  (5.386)
J  A 1 -  1

Qp =  cutoff frequency 

P.s  =  stop-band frequency 

> /l +  c2 =  pass-band attenuation 

A  =  stop-band attenuation

The process of finding this elliptic filter originates from the search of a complex rational function, 

H*n(s)  which approximates up to a certain order n, the transfer function H * (s )  of the continuous low-pass 

filter in the complex s-plane. Such a target function is drawn on fig.V.17 with a normalised frequency 

cutoff Qp =  1.

The actual transfer function H  (z) of the digital filter will be deduced from H  *(j ) by frequency tran- 

formation ( C o n s ta n tin id e s  1 9 6 8 -1 9 6 9 ).
I f  H l p (z ), H h p ( z ), H b p {z ), and H B R {z) are respectively the Z-tranforms of the low-pass, high-pass, 

band-pass and band-reject filters, they are obtained by application of the double mapping descibed in table 

V II .

The complex potential analogy technique provides the method. It  is such that poles and zeros are 

uniformly spaced and the poles can be located very near the pass-band limit. In this operation, the complex
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frequency Q is linked tos through the two successive conformal mappings:

_  . K ( k ) Q  
' n K ( k t)

s  =  i  f tp s n (—i \ , k )
(5.39 a)  
(5 ,39  b )

where the complex X is only an intermediate variable.

In order to construct the rational function H*n(s ) , one needs to compute the poles and zeros of H * (s )  
up to the order n and to express it as:

. x nj=l(j-j)
(5.40)

where p s is a normalising factor yielding a unit gain for the filter, and sg and s q are the first q zeros and 

poles respectively of the function H  *(s).
The minimum order n of the normalised continuous low-pass filter required to achieve the conditions 

of J ig .  V . 17  is given by:
K ( k )  K ' ( * , )  

* ( * , )  * ' ( * )
(5.41)

where

t/2

“ I0
d  <t>

J l  — k 2s \n 2<t>
(5.42)

and

K \ k )  =  K

are the quater-periods of the elliptic functions.

This value of n may also be approximated (Storer 1957) by:

n

(5.43)

(5 .44)

From E q  . 5 . 3 5 , we see that the zeros of H * (s )  are the poles of srt(Sl, k )  known to be located ( A b r a m o v i t :  
a n d  S te g u n )  at: •

QmJ =  (21 +  1 ) i K \ k x) +  2 m K ( k )  (5.45)

where m and 1 are integers.

The poles of H  *(j ) are the zeros of:

1 +  e2s/j(ft, k x) (5 .46)

and are located at:

fi„, =  sn~'(^-c k ^  +  2 m K ( k ) (5.47)
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The mapping of the left hand side of the s-plane required for stability of the filter imposes 1 = 0 .  
Expressing the zeros and poles locations in the complex X-plane through E q . 5  3 9 a  and making use of 

E q  5 .4 1  one obtains { fig . V . 19):
(5.48a)\ m =  - K \ k )  +  ^ i K ( k )

n -  1 n - 1
-------- < m <  — i f  n  odd

\ „  =  - K \ k )  +  ^ - i K ( k )

—-  <  m  <  -  — 1 i f  n  even 
2 2

(5.486)

Y _ ■ K(k)
A"> 1 n K ( k l) s n - k \  + —t'K\ J n K { k ) (5.49a)

n -  1 n — 1— —  <  m  <  —

T . K { k )Am =  / „ .  snm n K { k . ) +

if  n  odd 

2 m  - f  1
n K { k ) (5.49 b)

<  m  <  -  — 1 if  a even 
2 2

Finally, the desired zeros and poles in the s-plane can be obtained by the the transformation of E q .5  3 9b .
It  can be shown { G u il le m in  1957 )  , by writting j  =  2  +  /f i  and X =  u  +  /v , that this tranformation 

can also be expressed as:

2 = sn (u , k ') cn {u , k ') cn (v , k ) d n ( v , k )  
l - s n 2{ u , k ' ) d n i { v , k )

_  s n { v , k ) d  n { u ,k ' )
1 — s n 2{ u , k ' ) d  n 2( v , k )

where cn{.) and d n { . )  are the Jacobian elliptic functions copolar to sn ( .)  and such that:

(5.50)

(5.51)

c n { . )  =  1 -  jw‘ (.) (5.52a)

d n \ . )  =  1 - k 2s n \ )  (5.52 b)

The computation of each s m =  +  /ftm is performed numerically to yield the desired approximation

expressed b y  E q . 5 . 40.
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Fig. V. 18

Location of the cutoff frequency and the stop-band 

frequency in the complex frequency plane

Fig.V.19

Mapping of the poles and zeros of the frequency 

function an the intermediate X-planc
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5.4.3 The digital elliptic filter

As mentionned previously, the transfer function of the digital filter is deduced from the analogue tran- 

fer function given by E q . 5 .4 0  through the application of the frequency transforms of table V I I .

s  — p i  a n e

The obtained expression for H N (z )  is:

H n {z )  

z  — p i  a n e

HN{z)=p2 (5.53)

n ' being the true filter order, after tansformation (usually r i  — 2n  for band-pass filter).

H n ( z ) is advantageously written in the form which associates the conjugate poles and zeros yielding 

a transfer function in the complex z-plane with real coefficients and consisting of a cascade of first and 

second order systems:

h n { z )  =  P ,  n
<7=1

1 +  a qz  1 +  bqz  2 
1 +  cqz ~ { +  d qz ~ 2 (5.54)

n "  being the integer part of (n ' +  l ) /2 ;

here also p z is the normalising coefficient producing a unit gain pass-band filter when expressed in the 

z-plane.

For use in its direct form implementation E q . 5 . 34 , H N (z )  may be expressed with numerator and 

denominator expanded into their polynomial: .

H n {z) = ff-o
0A A qZ'~q

(5.55)

where we recognise:

B B q =  br ; A A q =  a k ; A A ] =  1

n ' =  M  — l =  P  and q  =  r  +  1 =  k

The simple direct implementation expressed by E q . 5 . 3 4  provides the filtered sequence y [r i\ . The com­

puter program developed by G ra y  a n d  M a r k e l  (1 97 6) has served as a basis for our elliptic filter design.



5.4.4 Phase linearity

Point 4) of the introduction, however was not considred at this stage and we know that this efficient 

H R  filter exhibits a strong non-linear characteristic which is unacceptable in the processing of earthquake 

acceleration records. It  is known that the linear phase is preserved only when a poles-zeros configuration 

includes reciprocal pole and zero pairs ( L y n n  1 9 7 2 ). as shown on f i g  V . 20.
For the transfer function JlN {z) to be composed o f poles and zeros pairs only, it should satisfy the 

relation :

JIN (z) =  H N ( z ) H y ( z ' ' )  (5 .56)

The use of such function will produce instability in a real time process because, at least one pole of each 

pair, will be situated outside the unit circle. On the contrary, as in our case, we know the complete record 

before processing it, we can make use of values in the signal which are ” in the future” of the point to be 

processed.

As the time sequence ,v[«] has a z-transform X (z ), the time sequence x [ —n] has a z-transform X (z_ ,). 

This leads to a stable time reversal procedure ( R a b in e r  a n d  G o ld , 1 9 75 ).
This procedure which consists of applying an H R  filter H  (z) twice on reversed time sequences, achieves 

an equivalent phase linearity as the following shows. In  the time domain, the input sequence ,t[n] becomes 

succesively:

a[n] =  x [ - n ] { 5 .5 1 a )
n

f [ n \  =  ^ h [ m ) a [ n - m \ (5.576)

1

b[n] - / [ - « ] (5.57c)

n
y [n ]  =  ^  h [ m ] b [ n  — m ]

m= 1

(5 .57c/)

In the z-domain, this corresponds to:

A ( z )  =  X ( z ~ ' ) (5 .58a)

F ( r )  =  H ( z ) A ( z )  =  H ( z ) X ( z ~ ' ) (5.586)

B ( z )  =  F ( z ~ ' )  =  H ( z ~ ' ) X ( z ) (5.58c)

V ( z )  =  H ( z ) B ( z )  =  H ( z ) H ( z - ' ) X ( z ) (5.58 d )

W e see that the combined result has now a transfer function of the type J /V(z). The implementation of this 

technique restores a linear phase to the signal. The ’’price” is that the magnitude characteristic is squared. 

Since our processing deals with a unit pass-band, there is no significant effect. However, some slight cor­

rection should be carried out.
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Fig.V.20

Diagram showing the reciprocal character of 

pole-zero pairs of a linear phase filter

output  
y [ n 1

Fig.V.21

The time reversal procedure used to achieve phase linearity
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5.4.5 Choice of the parameters
The design of the normalised elliptic filter requires three basic parameters to perform the optimisa­

tion:

k  =  t t p / & s  relative bandwith

k x — € / \ J A  2 — 1 the relative attenuation

F s =  the sampling frequency

The filter order N  is the deduced from E q . 5 . 4 4  . In  practice, it is more convenient to formulate the 

problem in terms of the allowable ripple 5, in the pass-band and the allowable leakage 52 in the stop-band. 

F i g .  V.  2 2  shows the square of the normalised filter and its final version after frequency tranformation. The 

square of the designed filter represents the actual frequency function which operates on the raw accelera­

tion signal since the convolution is performed twice E q . 5 . 5 7  a n d  5 . 5 8 .
The values to input in the computer programme are: k , 5,, 52, and F s. For the choice of 5, and 52 we 

must have present in mind that, within certain limits, a strong stop-band attenuation 52 is more appropriate 

than a small ripple 5,. The reason for this is that we are looking for a level of leaked energy as small as pos­

sible in the stop-band in order to remain free from filtering noise in the double integration process. This is 

this strong attenuation which will enable to avoid performing again the filtering on velocity and displace­

ment.

In  terms of 5, and 52, the coefficients c and A  express as:

/ 5.

C V I  - * 2 (5.59a)

A -------— (5.595)
A

and K x «  J5,52 (5.59c)

for the geometric average of the e'rrors in the pass-band and the stop-band.

W e are retaining, for working area of the elliptic filter, the zone defined by:

1.02 <> k  <. 1.06 (5.60a)

5.10-3 ^  <, 5.10-4 (5.605)

which is approximately shown on f i g .  V . 23 .  W e feel that reasonable values of these parameters should be 

about:

k  =  1.04 (5.61a)

5, =  0.0025 (5.615)

52 =  10-5 (5.61c)
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Fig.V.22

Frequency transformation of a low-pass elliptic filter 

to a band-pass elliptic filter

Fig.V.23

Working area of the elliptic filter used 

to correct strong motion accelerograms
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which yields:

J U f t i  ~  5.10-4  (5.61 d )

The associated order of the filter is N  =  20.

Num erical instability may occur when too much accuracy is demanded with a high order filter to 

achieve a precise low relative frequency filtering. As an example, we found that, on the Im perial College 

C D C  855 computer, working with Fortran single precision, results at F s =  100 H z  were not reliable when 

the low frequency cutoff were positionned at 0.07 H z, unless the accuracy was less than =  0.001.

In this particularly extreme case the instability introduced an error o f the order of 5%. It  amplified 

very rapidly when the parameters are still more severe and tends to infinity.

Such limits are not necessary in the processing of earthquake acceleration records. A  warning has 

been introduced in the programme itself when the final gain of the filter departs of more than 0.1% from  

the expected unity. A  final correction is also performed to minimize the error in the pass-band. As can be 

seen on f i g .  V.  19,  the maximum value of the ripple in the pass-band is 1. The oscillation 5, is forced below 

this value. The correction consists in modifying the normalising coefficient p. by the term 1 /(1  — 5 ,/2 ) . The  

pass-band oscillation is then reduced to the very small value 5 ,/2  above or below the unit value.

Table IX

Bilinear transformations

F i l t e r
t y p e

F r e q u e n c y
c u t o f f

r e p l  a c e  
s  b y

w h e r e

l o w  — p a s s U LP
z  — 1 

c(z +  1)
CO r p A /c =  tan —̂ —

h i g h  — p a s s 03 UP
z  +  1 

c z -  I
ci) ft p A /

c - . a n

b a n d  — p a s s WLP» 03UP
z 2 — 2 a z  +  1 C O S ^p  "t" COjj p)L^kt j 2̂

c(z2 — 1) C0s((Oyy p co^^>)zA/^2 

r  “ (./> ) ^ 'b a n d  — r e j e c t 03L P» w///>
c ( z 2 — 1)

z2 — 2az +  1 c  tan 2
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CHAPTER VI
RECORDING INSTRUMENT DECONVOLUTION

6.1 T H E O R Y  O F T H E  S D O F A C C E L E R A T IO N  T R A N S D U C E R

Most of the acceleration transducers are based on the oscillation of a pendulum, which can be modelled 

as a S D O F  system, with viscous damping { f ig .  V I . 1). W hen a ground acceleration input a{t )  activates such 

a system, the displacement x (f) of the mass of the pendulum is governed by the second order differential 

equation:

x ( t )  =  2Xco0a:'(/) +  <*>lx(t) =  - a ( t )  (6.1)

where X =  % of critical damping and oj0 =  l i r / f  =  natural circular frequency of the pendulum.

The trace y { t )  drawn by the light beam on the film of the recording instrument is proportional to this 

displacement. The term S E N  is the proportionality factor, called sensitivity of the instrument and 

expressed in m m /g  (typically S E N  =  25 to 100 m m /g; (see also chapter I I I ) .

The design of strong motion instruments is such that the terms .x(r) and 2Xo)0x { t )  are small in com­

parison with Uqx ( t ) .  In this case, a first approximation of the unknown ground acceleration a ( t )  is given by:

a { t ) «
y { t )

S E N (6.2)

Since S E N  is simply a scaling factor, it will be taken to be in what follows. The approximation is 

achieved in practice through a particular choice of the value ofX, the %  of critical viscous damping.

On f i g .  1 . 1 ,  w e  represented the frequency response of S D O F  system of natural circular w0 and various 

percentages of critical damping X. W e also drew the ’’perfect” instrument frequency response, as an horizon­

tal straight line passing through 1. Such an ideal frequency response gives a perfect replica of the input 

signal for all frequencies from w =  0 to oj =  * f oo. However, real S D O F  transducers cannot be as perfect; 

their frequency response is:

H { i u )  | =
_______1_______
(u>2 -  o j2)2  +  4 X 2co2^2

(6.3)

This function approaches the desired straight line for a value of critical damping of \ / 2 /2  =  0.707. This



189

is the case for wich the frequency response | / / ( / <o) | is the closest to the straight line. It  is associated with 

an inflection point at o> =  0 and hence remains longer identical to its target.

This value, however is not the optimised value for the design of a S D O F  acceleration transducer as 

explained on f i g .  V I .  2a/b ,  3  a n d  4. The first reason is that, although X =  0.707 gives a good response in the 

vicinity of w =  0, this deteriorates as the frequency increases. Its use would require a very large natural 

frequency co0 and this is difficult and expensive to achieve. Instead, if we accept a sligtly smaller damp­

ing, and then introduce a positive maximum error 5 in the low frequency range, we can transfer this error 

beyond the crossing point and define a frequency range F , within wich the relative error is less than 5. This 

workable frequency range is always wider than for the X =  0.707 case for a given natural frequency oj0. 

On F i g  VI .  3  we have also indicated the workable frequency ranges F2 and F } which correspond to a 25 

and 35 acceptable transducer error.

The second reason is that the phase response should also be linear to avoid distorsion in time of the 

pulse sequences. The S D O F  transducer cannot achieve such a perfect straigth line either. The best ap­

proximation from the phase view point is not reached with X =  0.707. On f i g  V I  2b,  we have also presented 

the frequency ranges F ,', F ,' and F f  for wich the acceptable error in phase is 1, 2 or 3 times the maximum  

deviation in the lower part of the diagram.

A  tradeoff value for X, which complies both with a reasonable finite natural frequency oj0 and an ac­

ceptable error is a value close to X =  0.6.

F i g.  V I .  3 a n d  4  show in a different way, the workable frequency ranges in amplitude and in phase 

as a function of critical damping for different values of acceptable transducer errors. For example, a criti­

cal damping of 0.6 produces in the lower frequency range a relative error of 0.041. The frequency range 

extends to 0.8u>0/27r if  the same maximum error is also imposed in the high frequency range. It  becomes 

approximately F i =  w0/ 2 tt if  three times this error (3 *0 .042  =  0.126) is accepted.

F i g.  VI .  4  is a similar graph for the phase accuracy. Here, the maximum of the two factors 5, and 5, 

must be considered. It  can be seen that at X =  0.6, the frequency ranges F ,', F f  and F f  are wider, but 

the relative error is bigger.

This value of X =  0.6 has now been chosen for the typical S D O F  transducer as it provides a satisfac­

tory frequency range of about F  =  27ra>0 with an associated relative error both in phase and frequency of 

about 0.1.

This systematic error due to the mechanics of the transducer may not be always acceptable. In  par­

ticular, when accurate information is needed in the frequencies around the natural frequency of the instru­

ment or beyond, the error becomes large very rapidely. Various methods have been suggested to correct 

for transducer response. W e shall describe the finite difference method (used in our polynomial corrections 

and in the T r i f u n a c  c o r r ec t i on )  and the inverse D F T  filter method (used in the S t a n f o r d  p r o c e d u r e )  and 

show their limitations. Associated with our procedure, we developed the use of a minimax F IR  filter to
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achieve the required differentiations. It  will be seen that, at least after the transients have vanished, (a 

fraction of second), the results are more satifactory.

Fig. V I. 1

S D O F system excited by a ground acceleration a( t )
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Frequency ranges of a S D O F  acceleration transducer

a) in amplitude:

F ,, F 2 and F 3 correspond to 15, 25 and 35 respectively

b) in phase:

F \ \  F 2' and correspond to 15', 25' and 35' resperctively 

whereS^St/P ISpSJ



Amplitude error of

Fig.V I.3

Frequency range and amplitude error 8 as a function of critical damping A

F ig .V I.4

Frequency range and phase error 8 as a function of critical damping A
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6.2 T H E  F IN IT E  D IF F E R E N C E  D E C O N V O L U T IO N

Since we are working with a discrete description of the acceleration signal, E q . 6 . 1  must be written  

in its digital form, where a interval of time A t  is implied:

Jc[rt] +  2Xcoax[/7] +  o>o*[n] =  o[n]  (6 .4 )

n  =  0, -  1

The finite difference deconvolution method consists of computing the terms x [ n ]  and x [ n ] from their finite 

difference formulation:
•r i =  x [ n +  l ] - * [ / z - l ]  

* L" J 2 A t (6.5 a)

r _ *[« + 11 — 2x[/l] +x[/|- 1] 
*[n]---------- {A02-------- (6.56)

Introducing E q . 6  5 a  a n d  6 5 b  into E q . 6 . 4, we obtain a sequence a[n]  corrected for transducer error:

(6.6)2_.r„i . x * [ / i + 1 ] - * [ / i - 1 ]  , x [ n + \ ] - 2 x [ n ] + x [ n - \ ]a [ n ] =  w0.x[n] +  X a>0-------------- - ---------------+A t (A/)2
E q . 6 . 6  is used in the C a l i f o r n i a n  S t a n d a r d  P r o c e d u r e .  However, it is not always recognised how badly 

the problem is resolved in the high frequencies. This can be seen on f i g .  V I .  5, V I . 6  a n d  V I .  7, where the 

effects of the finite difference correction are shown for various types of transducer and for various inter­

vals of time A t  and are compared with the expected true correction.

The Z-transform A  (z ) of the corrected sequence a[n]  is:

[ ■> , x z—z-1 . z - 2 + z -1 I x
“ 5 + Xto0 + --- (^ )2 ---J * (Z) (6-7>

where X  (z) is the Z-transform of the digitized record. This finite difference operation may be assimilated 

to a digital tranformation through a linear system with transfer function H * f \ i u i )  approximating the 

analogue inverse transfer function H f i i c S ) .  It  is obtained by the substitution (see also section 3.2.5):

z =  eialSl (6.8)

W e get:
x 2 ? sina;nArH t  ' ( /« )  =  —  ( l - c o s « A O - « J  +  2JXu0— (6. 9)

whereas:

Hj\ia>) =  Wq +  a?2 +  2/Xoj0oj (6.10)

The f i g .  V I .  5. V I . 6  a n d  V I .  7 show the differences, i.e, how the instrument correction is actually achieved 

when A t  varies, by comparison with the target H f ( i u ) .  Curves have been drawn for instruments charac-
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Fig.VI.5
Variations with Ar for F0 = 7.14 Hz and X = 1.0

Fig.V1.6
Variations with A t for F0 = 15 Hz and X — 0.6

Fig.VI.7
Variations with A t for FQ = 25 Hz and X = 0.6

Transducer correction achieved by comparison with the exact correction



195

teristics o>0 = 7.14 Hz X = 1.0 (Smac, Japan), to0 = 15 and 25 Hz X = 0.6 (SMA1, USA).
It can be seen that the correction factor becomes predominant when one wishes to correct beyond, 

say, 1.5 times the transducer natural frequency. Furthermore, the interval of time A t  used affects drasti­
cally the results. The S t a n d a r d  C a l i fo rn ia n P r o c e d u r e suggests to use a A t  = 0.02 sec. With this value, 
most of the transducer correction is illusive. At least a A t  = 0.005 sec is required to yield a good correc­
tion within 2% error up to twice the natural frequency of the instrument. The periodicity observed cor­
responds to the Nyquist frequency a>N  =  i r / A t .
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6.3 DECONVOLUTION USING THE DFT FILTER

The method used here follows exactly the principle of the DFT procedure of section 5.3.
We saw that the corrected acceleration sequence is the Inverse Discrete Fourier Transform of the 

uncorrected signal A [A:] multiplied, in the frequency domain, by the frequency function of some band­
pass filler // [ A c ]  (see E q . 5 . 2 4 ) . Using the same approach, it is straightforward to operate the deconvolu­
tion of the transducer. We know that its transfer function H T( ia>) is given by E q . 6 . 3 . The deconvoluted 
signal, in the frequency domain is then obtained by a further multiplication by H j X{ ico) or in digital form 
H r ' l k } - .

] (6U)
where k 0 =  Uq/ I tt and k =0,1 / 2 The final acceleration including transducer correction, is

given by:
N/2

a>] = ^ Y / I  { k ] H { k } H - ' [ k \ e ,1’ k"l y (6.12)
k =0

which replaces E q  . 5 .24 .
n =  0,1.N  -  1
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6.4 CORRECTION BY DIGITAL DIFFERENTIATOR

The terms x [ n] and .x[w] are obtained as the outputs of a discrete convolution of x[/i] with a 
differentiator sequence h D [n].  h D [n] is a limited time sequence approximating, in the minimax sense, the 
continuous differentiator /oj. Its time expression is the inverse Fourier transform:

+ 00

hD (t) =  J_ f . h
2tr J lU}€

do) (6.13)

The design of such sequences can be achieved using various approaches. The procedure suggested by 
M c C l e l l a n  e t  a l .  ( 1973) was used. The resulting sequence exhibits the required strictly linear phase func­
tion whose slope depends of the number of points retained (delay).

The expressions for x[/i] and x [ n ] are:
M/2

*[«] = ^  h n [ k ] x [ n - k ]
k — M  j l

(6.14a)

x [ n ] = h D [ k ] x [ n - k ] (6.146)

The instrument corrected sequence a c[ri\ is then obtained by substituting E q . 6 . 1 4 a  a n d  6 . 14b into E q . 6 . 4:

<*c[n] =  ~
m u

x[«] + 2Xw0 ^  hD [ k ] x [ n  — k ]
k — M / 2

M / 2  M / 2

+ wo ^  ho\-k} ^  hD[K]x[n-K]
k = - M  j l  k =  - M /2

(6.15)

n = 0,1,...,JV - 1
The case of an even sequence is advantageous since it yields good approximation of the differentiator up 
to the Nyquist frequency = F s /2, whereas the case of an odd sequence is practically limited to 0.8FV
as shown on f i g .  VI 8 a  a n d  VI 8b.

Fig.  VI. 9a  a n d  VI.  9 b show how this numerical differentiator works, for numbers of points M  = 31 
and M  =  32 with intervals of time A t  =  0.01 sec and A t  =  0.02 sec. The input functions are the sine mo­
tion starting at t = 0. The output functions are the cosine delayed by ( M  — \ ) A t / 2 . This delay is taken into
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Fig .V I.8

Num erical differentiators

a) with M  =  16 points

b) with M  =  31 or 32 points

for an odd number of points, the differentiator 

is limited to about O.SFN
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consideration during implementation. Ripples are also visible at the bebinning of the output sequences. 

They refect the transient character due to zero amplitudes at negative times. This transient dies out very 

quickly (after a time of the order o f the delay). The advantage of small A / is then immediately perceived 

as the transient duration is reduced accordingly.

The purely imaginary character o f a differentiator yield an odd symmetry for the sequence h D [n\.  
The double differentiation is obtained by performing the numerical operation twice. F i g .  I V .  10  gives the 

result: a sine with a phase of tt with respect to the input. The delay and the transient duration have also 

been doubled.

W e have chosen to use a M  =  32 filter; the 16 numerical values are given below. The actual fre­

quency function is the D F T  of the limited sequence (see J i g .  V I  8 a  a n d  8b:

M/2

k— .Vf/2
A f [2

=  - 2  i  e - i ( M  -  \ ) u \ t / I

' 1k - I

h D [ k ] . ,2k-\ % ,
sm(— - — wA t)

(6 .16)

for M  even h D [ k ]  = —h D [ M  — \ — k ] k  =  1,
M_ 
’ 2

For an acceleration time history with an interval of time 

duration are of 0.15 sec for the first derivative and 0.30 sec for 

in the corrected signal at the beginning and at the end of the 

tion.
Table X

Differentiator coefficients

A t  =  0.01 sec, the delay and the transient 

the second derivative. Therefore distorsions 

signal are to be expected for a short dura-

M 1) =  —0 .00 0 6 2 7 1 3 0 9 =  —h D (3 2)  
M 2) =  + 0 .0 0 0 8 5 6 3 3 4 3 =  - ^ ( 3 1 )

M 3) -------0.0004241855 =  ~ M 3 0 )

M 4) =  + 0 .0 0 0 3 9 9 0 1 5 2 =  ~ M 2 9 )  

M 5) =  “ 0 .0 0 0 4343727=  - ^ ( 2 8 )  

M 6) =  + 0 .0 0 0 4 9 9 6 9 4 5 =  ~ M 2 7 )  

M 7) =  -0 .0 0 0 5 9 6 3 4 9 6 =  - h D (26) 

M S )  =  + 0 .0 0 0 7 3 2 7 7 0 3 =  - h D{ 25) 

^ ( 9 )  =  -0 .0 0 0 9 3 0 0 2 6 8 =  - h D {24)  
h D( \ 0 )  = + 0 .0 0 1 2 2 7 0 0 4 2 =  ~ M 2 3 )  

^ ( 1 1 )  = -0 .0 0 1 7 0 1 2 8 2 0 =  - h D { 22) 

h D{ \ 2 )  = + 0 .0 0 2 5 2 7 2 3 4 1 =  —h D( 2 \ )  
h D{ \ 3 )  = -0 .0 0 4 1 6 0 1 1 5 9 =  - h D( 20) 

h D { 14) = + 0 .0 0 8 1 2 9 4 5 5 5 =  —^ ( 1 9 )  

h D ( 15) = - 0 .0 2 2 5 3 9 0 9 7 4 =  - / / 0 (18) 

^£,(16) = + 0 .2 0 2 6 6 5 3 5 0 5 =  - h D { \ l )
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N = 31

At = 0,0 2 sec Af = 0,01 sec
A

N = 3 2

Fig .V I.9

Numerical differentiation of a sine function

a) number of points M  =  31

b) number of points M  =  32
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Fig. V I. 10

Double numerical differentiation of a sine function M  =  31
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6.5 C H A R A C T E R IS T IC S  O F T H E  FO R C E -B A LA N C E  T R A N S D U C E R

It  was mentioned in section 1.3.2 that better frequency and phase responses could be obtained by 

using the more sophisticated Force-Balance servo-type transducer. F i g .  1 . 13 a n d  / .  14 show schematically 

its principle. Such a transducer does not measure directly the displacement x (t) of the mass m relative 

to the ground. Instead, it measures the force required to reduce jt(f) to a very small quantity. This force 

tends to cancel the inertia force produced by the ground motion. The recorded output is an analogue vol­

tage proportional to the balancing force:

u ( t )  =  D K \ x ( t )  +  y x ( l ) }

The system is composed of two sub-systems interacting with each other:

1) a mechanical system whose transfer function is:

(6.17)

**('«) = - 1
wg — u>2 +  2 \ i  (v0cj

(6.18)

representing the S D O F pendulum of f i g .  6 . 1 .
2) an electrical system insuring the feedback of the balanced force whose transfer function is:

H t (i  a,) =
1

(6.19)
p (l +  ; 7co)

representing the feedback of the force balance u(t ) .
p  is the proportionality coefficient depending on the electrical parameters and the mass m { f i g.  1 . 13):

D K G
m R r (6.20)

I f  the composite system is looked upon as yielding relative displacement output x { t ), its frequency represen­

tation is proportional to the sum of the mechanical impedances:

Z Af( iw )  = 1
H x t { iw)

and

ZF(iu)) — -----
«£(<<■>)

This produces a response A'(ico) in frequency:

X(ico) =  f Z M( /« )  +  Z £ ( iu ) ]A ( ia )

(6.21 a)

(6.21b)

(6.22)

A  (/to) being the ground acceleration.
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This equation is equivalent to the time domain differential equation:
x ( t ) + / (2Xco0 + p y ) x ( t ) + (ojJ + p)x(/) = - a ( t ) (6.23)

It is seen that the transducer behaves exactly as a SDOF system but its dynamic characteristics have been 
modified by the electrical circuitry. By making the electrical parameters variable and in particular the 
capacity D, it is possible to adjust the system to a desired natural frequency o)n and damping ratio £:

= wo + P (6.24a)
« = ̂ -(2X«0 + p y ) (6.24 b)

n

But the transducer does not measure the displacement of the mass m. The measured output is the force- 
balance of E q . 6 . 17. The frequency expression for u( t) involves clearly the feedback function of the sys­
tem:

U (/a>) = Tr(iu>) A (/w) (6.25)
where

T r(i a>) = p- - u r H . A i u )
1

is the resultant instrument transmissibility { f i g . VI. I I ) .
Now, substituting the expressions of H M (iu;) and H E (ico), we get:

1 + iyu)T r(iu>) =
if ( + (1 +

N
O

|l
3 1 1

P \

(6.26)

(6.27)

This function is the complex frequency ratio between the acceleration input and the force-balance output. 
It depends not only on the parameters co0 and \ of the mechanical system, but also of p and y  characteris­
ing the electrical system. It is to be noted that the force-balance transducer acts to reduce the relative 
displacement x(f) to a minimum value. This enables to limit distorsion due to non-linearity effect.

Fi g.  VI.  1 l a  a n d  I l b , show the performance of the transmissibility function both in amplitude and 
phase, for typical values of the parameters. In practice, one arranges the system to render it electrically 
dominant, by increasing the proportionality coefficient p and/or by reducing the stiffness of the pendulum 
so that u>0 becomes negligeable.

The transmissibility function becomes:

Tr(i«) = ■>or
T

1 + iyai 
+ 1 + iyu)

(6.28)

This means that the electical parameters control the resultant SDOF system. Their values are related to 
the dynamic characteristics of the resultant systems through:
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p = (6.29a)

II?- (6.29 b)

The frequency function H FB(iu>) and the phase function $ FB.{ico) are given by:

I HFg(i(li)

$FB(/«) = tan

(6.30a)

(6.306)

The advantage of using large values for the apparent damping £ is clear as the frequency function tends to 
a perfect tansmissibility equal to unity for all frequencies and the phase function tends to a straight line 
with slope £o>0/2.

Large values of damping also enable the transients to die out rapidely. In this case, the equivalent 
natural frequency of the instrument is not critical. The only limitation to ”quasi-perfect” accuracy is the 
finiteness of the electrical coefficient y . In the design or in the calibration of such transducers both p and 
7 should be made as large as possible.

On J i g .  VI.  11a  a n d  l i b  where the curves H FB( i w ) and $ F g ( i w ) are drawn for u n =  2t X 50 Hz and 
£ = 7.0, the maximum relative error is of 0.5% on the amplitude and 0.8% on the phase, in the 0 — 100 Hz 
range.

For illustration purposes other transfer functions are also drawn.

Force-balance ojn =  2ir X 50 c p s £ = 0.6(with feed-back)

SDOF oj0 = 2t X 50 c p s  \  =  0.6(without feed-back)
In the case of such a force balance transducer, no correction for instrument is therefore required.
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Fig. V I. 11

performances of a Force-balance acceleration transducer
a) amplitude

b) phase
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CHAPTER VII
COMPARISON OF PROCESSING PROCEDURES

7.1.IN T R O D U C T IO N

In this chapter we are presenting comparisons between the various ground motion processing procedures 

It  is worthwhile to recall here that we do not intend to compare the peak values only. This type of com­

parison is certainly of value for engineering purposes since peaks are the basic parameters of practical at­

tenuation laws. W hat is also looked for, is a fair understanding of the reliability of the whole motion which 

is currently recorded. Strong motion records are not only peak values. M uch information of seismological 

and geotechnical nature are included in the full time histories. I t  is therefore vital to know the confidence 

with which one may treat this information further.

The earthquake-like signal designed in chapter I I  has been processed by all the procedures described. 

Its analytic form will serve as the target ground motion.

Several types of comparisons are performed. The first described is an overall comparison once all the 

processing phases have been passed through:

1) the recording,

2) the digitization,

3) the correction process including:

- the digitization noise removal

- the base line search

- the correction for transducer error.

The individual effects will then be detected in particular cases.

It must be said at this stage that we realized how difficult a full comparison, involving all aspects of 

the recovery process, could be. It  requires more than one single original signal, even when, as in our case, 

we attempted to introduce in it many common odd features. Nevertheless, it is believed that the conclu­

sions reached are of large value to understand the actual level of quality for acceleration signal recovery. 

It  should also permit to foresee what should be done in the future to improve ground motions acquisition.
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7.2 O V E R A L L  C O M P A R IS O N  O F G R O U N D  N O T IO N  R EC O V E R Y

The various procedures compared are refered by their code according to the various theories developed 

in the previous chapters.

K K  =  I ,  Parabolic adjustment through acceleration,

K  K  =  2, Parabolic adjustment through velocity with v0 =  0,

K  K  =  3, Parabolic adjustment through velocity with v0 ^  0,

K  K  =  4, Zero and end time correction,

K K  =  5, Standard Californian Procedure (Trifunac),

K K  =  6, The D F T  procedure (Stanford),

K K  =  7, The Im pCol Procedure (E llip tic filter),

The different results of recovered ground motions are shown on J i g .  V I I  l ,  2, 3, 4, 5, 6, 7 and are 

compared each time with the analytic target ground motion at the top of the page. The three ground mo­

tion representations are plotted. As in chapter IV , we attempted to quantify the closeness of each curve 

to the original one using several criteria such as the L2-norm or the L^-norm . The results were widely 

spread and were very sensitive to the chosen criterion. Furthermore they only expressed a comparison for 

a specific feature emphasized by the criterion. Eventually, we prefered the visual comparison between the 

various cases as we thought that a more complete idea, although less quantitative, may be reached instan­

taneously. W e have also given table X I  in which we compared the peak values obtained and showed 

their expected spreads. F i g  V I I  8  gives its graphical view.

No significant differences are visible from the acceleration time histories. The table indicates that all 

the procedures reduce the value of the peak acceleration; the average is 0.7%. The filtering types of cor­

rection seem to reduce more the peak values than the polynomial types of correction.

Differences between the ground motions begin to appear on the velocity representations. The major 

distorsions originate, for the polynomial types of correction ( K K  =  \ ,  K K  — 2, K K  =  3 and K K  —
4), at the beginning and at the end of the records. They are affected, sometimes too much, by the correct­

ing polynomial itself. Parabolic or cubic trends are visible except for the K K  =  2 case where its impor­

tance is less. The filtering types of correction ( K K  =  5, K K  = 6  and K K  =  7) yield functions wich are 

much closer to the analytic target. In particular, their behaviour at the limits are in accordance with the 

true function.

In any case, the value of the peak velocity do not seem to be largely modified. This is possibly due to 

a double effect acting in opposite directions:

1) after digitization, some signal energy has been lost,

2) the correcting polynomial has re-amplified it.
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INVESTIGATION OF STRONG MOTION PROCESSING PROCEDURES
ORIGINAL DATA DDT-0.001
PEAK VALUES S ACC - -126.98 CM/SEC**2 VEL ■ 21.63 CM/SEC D1SPI • -8.65 CM

Comparison of acceleration, velocity and displacement time histories 

of the original earthquakc-likc signal with the Procedure K K  =  I 

a) top: original signal
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of the original earthquake-like signal with the Procedure K K  =  2

a) top: original signal

b) bottom: K K  =  2 output



210

INVESTIGATION OF STRONG MOTION PROCESSING PROCEDURES
ORIGINAL DATA DDT-0.001

Comparison of acceleration, velocity and displacement time histories 

of the original earthquake-like signal with the Procedure K  K  =  3

a) top: original signal

b) bottom: K  K  — 3 output
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PEAK VALUES : ACC -  -126 .98CM/SEC**2 VEL -  21.63 CM/SEC DISPL • -8 .65  CM

INVESTIGATION OF STRONG MOTION PROCESSING PROCEDURES
ORIGINAL DATA DDT-0.001

a.7_

Comparison of acceleration, velocity and displacement time histories 

of the original earthquake-like signal with the Procedure K  K  =  4

a) top: original signal

b) bottom: K K  — 4 output



D
IS

PL
. 

(C
M

) 
VE

LO
CI

TY
 (

CM
/S

EC
) 

AC
CE

L.
 

(C
M

/S
EC

**
2)

 
01

SP
L.

 
(C

H
) 

VE
LO

CI
TY

 
(C

M
/S

EC
) 

AC
CE

L.
 

(C
M

/S
EC

**
2)

212

PEAK VALUES : ACC -  -126.98 CM/SEC**2 VEL -  21.63 CM/SEC DISPL •  -8 .65  CM

INVESTIGATION OF STRONG MOTION PROCESSING PROCEDURES
ORIGINAL DATA DDT-0.001

INVESTIGATION OF STRONG MOTION PROCESSING PROCEDURES 
AUTOM. DIGIT. DDT-0.00244 CASE B

BAND PASS FILTERED BETWEEN 0.01 -  0.05 AND 49.23 -  51.23 HZ 
PEAK VALUES : ACC -  -115.21.CM/SEC**2 VEL -  21.2 CM/SEC DISPL - -16.16 CM

0.

-16.

TIME (SEC)

1
15

Fig. V I 1.5

j__ i
20

Comparison or acceleration, velocity and displacement time histories 

of the original earthquake-like signal with the Procedure K  K  =  5

a) top: original signal

b) bottom: K  K  =  5 output
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PEAK VALUES : ACC -  -126 .98CM/SEC**2 VEL •  21.63 CM/SEC DISPL -  -8 .65 CM

INVESTIGATION OF STRONG MOTION PROCESSING PROCEDURES
ORIGINAL DATA DDT-0.001

INVESTIGATION OF STRONG MOTION PROCESSING PROCEDURES
ORIGINAL DATA DDT-0.002 CASE B

BAND PASS FILTERED BETWEEN 0.01 -  0.05 AND 50.00 -  52.00 HZ 
PEAK VALUES : ACC • -118 .94CM/SEC**2 VEL -  20.16 CM/SEC DISPL -  -19.42 CM

8W

-19.
5 10 15 20

TIME (SEC)
Fig. VI 1.6

Comparison of acceleration, velocity and displacement time histories 

of the original earthquake-like signal with the Procedure K K  =  6
a) top: original signal

b) bottom: K K  =  6 output
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PEAK VALUES : ACC - -126.98 CM/SEC**2 VEL -  21.63 CH/SEC DISPL -  -8 .65  CM

INVESTIGATION OF STRONG MOTION PROCESSING PROCEDURES
ORIGINAL DATA ODT-O.OOl

r 130

&
5 o.
su
< -130

^ 22u

0.

•22

INVESTIGATION OF STRONG MOTION PROCESSING PROCEDURES 
AUTOM. DIGIT. DATADDT-.00418 CASE A 
IANOPASS FILTERED IETVEEN .05 AM) 50.0 HZ
PEAK VALUES I ACC -  -118.8 CM/SEC**2 VEL -  23.67 CM/SEC OISPL ■ -9.13 CM

Fig. V I 1.7

Comparison of acceleration, velocity and displacement time histories 

of the original earthquake-like signal with the Procedure K  K  =  7

a) top: original signal

b) bottom: K  K  =  7 output



It is to be noted, however, that polynomial procedures do not always re-amplified the velocity R M S . 

They may also reduce it and then a much less accurate peak values is obtained.

The principal signal distorsions, however occur on the displacement time histories, for wich it was 

stated ( S c h i f f  a n d  B o g d a n o v  {1967))  that a recovery from acceleration records was almost impossible. The  

results may be classified in three groups:

Group 1: The polynomial types of correction ( K  K  =  1, K K  =  2, K  K  =  3, K  K  = 4 ) ,

Group 2: The early filtering procedures ( K  K  =  5, K  K  — 6), Group 3: The new filtering procedure 

( K K = 1 ) .
Displacements time histories of group 1 hardly bear any resemblance with the original signal. They are 

strongly alTcctcd by low frequencies coming from digitization noise and/or from the correcting polynomial 

itself. The pseudo-realistic shape of these motions are due to the artificial averagings of their W ( t ) ,  X ( t )  
and Y ( t )  functions (see chapter IV ) . The peak values are far from the true value and even sometimes 

change their sign ( K  K  =  I) . As a whole, one should not rely on these functions as recovered ground 

displacement.

Displacements of group 2 arc very similar to each other. They show a net improvement with respect 

to the displacement functions of group 1. They arc still distorted by a low frequency component which 

is believed to come from the too sharp cutoff between 0 .0 1 Hz. and 0.05 Hz. in the filtering process. In 

chapter V , we saw that a progressive smooth transition is required for such filters. F i g  V I I  9a  a n d  V I I  9b  
show a possible improvement when the same roIl-olT transition band ( Dj  =  0.05 H z) is used away from the 

D C  value. W e also note the unstable third digit in the peak acceleration, the increase of the peak velocity 

and the strong reduction of the peak displacement. These effects arc due to the successive filterings and 

smoothings of acceleration, velocity and displacement that we shall discuss in section 7.4.

The displacement of group 3 exhibits immediately a fair sim ilarity with the original displacement, 

although unrealistic start and end are visible. This function is comparable to those of the K K  = 5  and 

K  K  =  6 cases but here neither successive filterings of velocity and displacement nor least square smooth­

ings were performed. In section 7.4, wc shall explain why such technique is preferable for final displace­

ment recovery.

Table X I

Peak values for various correction types

correction acceleration velocity displacen

type g cm/sec cm

original 0.130 21.8 8.7

K K  =  0 0.130 18.7 52.0

K K  =  1 0.123 22.3 10.7

K K  =  2 0.120 22.8 16.5

K K  = 3 0.120 23.5 13.0

K K  = 4 0.122 22.3 20.4

K K  =  5 0.115 21.2 16.2

K K  = 6 0.119 20.2 19.4

k k  =  7 0.117 23.6 9.1
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K K  =  2 K K  =  4

l ig.VI I .S

Variations of peak values lor the dillcrenl Processing Procedures
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INVESTIGATION OF STRONG MOTION PROCESSING PROCEDURES 
AUTOM. D IG IT . D D T -0 .00244 CASE B

BAND PASS FILTERED BETWEEN 0.06 - 0.15 ANO 49.23 - 51.23 HZ 
PEAK VALUES : ACC - -113.B9CM/SEC**2 VEL - 23.65 CM/SEC DISPL - 7.22 CM

INVESTIGATION OF STRONG MOTION PROCESSING PROCEDURES
ORIGINAL DATA D D T -0 .002 CASE B

BAND PASS FILTERED BETWEEN 0.08 ~ 0.15 ANO 50.00 -  52.00 HZ 
PEAK VALUES J ACC - -117.71 CM/SEC**2 YEL ■  23.4 CM/SEC OISPL ■  7.16 CM

Fig.V II.9

Improvement of the ground motion time histories by 

increasing the low-pass transition band

a) Procedure K  K  =  5

b) Procedure K  K  =  6
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7.3 SPECIFIC COMPARISONS

In  this section, we shall examine successively the effects of the types of digitization, the instrument 

correction on the final ground motion. Also the influence of the correction programme will be evidenced.

7.3.1 Digitization effect
W e saw in chapter I I I  that digitization may have an important influence on the uncorrected motions, 

both in the low and in the high frequency ranges. A fter removal of the zones in wich the errors are 

significant, we are left with the central part of the spectrum where no significant differences are noticable. 

This is also seen on f i g .  V II  10a a n d  b  where we compare the final motions, initially digitized manually and 

automatically. No difference whatsoever is detectable. Only the least significant digits of the peak values 

are modified and do not deserve any particular attention.

7.3.2 Transducer correction
f i g  V II  I l a  a n d  l i b  show the treated signal with and without instrument correction, using the procedure 

of section 6.4. Here again, no major differences are worthwile noting. Unfortunately, this case must be 

regarded as favorable. The natural circular frequency of co0/ 2 r  =  25 H z and a critical damping o f 60% 

are such that they do not require strong correction. On the other hand these values are now very common 

in transducer design and therefore this reflects the good final result which is now achieved.

7.3.3 Distorsions induced by the correcting programmes
This aspect of comparison deserves a closer examination. W e have just said that, after correction, both 

digitization and transducer effects have not been detected. The final displacement, however, still does not 

copy exactly the original in its analytic form. W e believe that this due to the correcting programme itself. 

In f i g .  V I I .  12a  a n d  b  we have compared the true ground motion representations with the same signal wich 

has only be submitted to a mock pass through the correcting procedure. N o  correction as such has been 

achieved and still the distorions that we observed at the beginning and the end of the displacement are al­

ready present. The correcting programme has contaminated the signal and this is the contamination wich 

remains in all the versions presented so far. The same conclusions, in a larger extent, are also valid for the 

other types of procedures.

This explains that there is a lim it in the possibility of signal improvement by using such programmes. 

W e also think that a reasonable level of quality has been achieved to date. Higher quality requirements 

would necessitate a far bigger effort, not in proportion with the expected results. It  is certainly time to turn 

to other techniques of ground motion acquisition like the use of the second generation of recording instru­

ments.
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INVESTIGATION OF STRONG MOTION PROCESSING PROCEDURES
AUTOK. DIGIT. DATADDT-.004** CASE A 
BANDPASS FILTERED BETWEEN .05 AND 50.0 HZ
PEAK VALUES » ACC - -11*.• CM/SEC**2 YEL - 25.67 CM/SEC DISPL - -9.13 CN

Fig. V I1.10

No significant effect is noticed, after processing, 

between two good quality digitizations

a) top: automatic digitization (D G 1)

b) bottom: good quality semi-automatic digitization (DG 4)
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INVESTIGATION OF STRONG MOTION PROCESSING PROCEDURES
SIGNAL 1 MANUALLY DIGIT I.C. VO- 0.0 OAMP- 0.0 
ELLIPTIC FILTER 0.0500 0.0452 50.0000 53.8671

PEAK VALUES : ACC - -117.71 CM/SEC**2 VEL -  24.12 CM/SEC DISPl -  8.74 CM

TIKE (SEC)

INVESTIGATION OF STRONG MOTION PROCESSING PROCEDURES
SIGNAL 1 MANUALLY DIGIT. I. C. W0-20.0 DAMP- 0.6 
ELLIPTIC FILTER 0.0500 0.0452 50.0000 53.8671 

PEAK VALUES t ACC - -118.91CM/SEC**2 VEL -  24.37 CM/SEC DISPL -  8.83 CM

TIME (SEC)

F ig .V II.i l

Little effect is visible after transducer correction at F0 =  20 Hz

a) without transducer correction

b) with transducer correction
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INVESTIGATION OF STRONG MOTION PROCESSING PROCEDURES 
ORIGINAL DATA 0DT-.005 CASE A NQT PROCESSED
PEAK VALUES : ACC - -119.00CM/SEC**2 VEL - 23.46 CH/SEC DISPL ■ -9.02 CM

INVESTIGATION OF STRONG MOTION PROCESSING PROCEDURES
SIGNAL 1 MANUALLY DIGIT I.C. VO- 0.0 DAMP- 0.0 
ELLIPTIC FILTER 0.0500 0.0452 50.0000 53.8671

PEAK VALUES : ACC - -117.71 CM/SEC**2‘ VEL -  24.12 CM/SEC DISPL -  8.74 CM

TIKE (SEC)

Fig. V I 1.12

The distorsion of the displacement time history is 

due to the correcting programme K  K  =  7

a) ground motion after a mock passage through K  K  =  7

b) ground motion processed typically
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7.4 CONDITIONS OF PERMANENT DISPLACEMENT RECOVERY

7.4.1 Motivation and use
Although we do not have the material to present a permanent displacement recovery, it is of interest 

to give the necessary (but not sufficient) conditions for such a recovery.

These conditions are fulfilled in the Im p C o l  P ro c e d u re  ( K  K  = 7 )  but are not in any of the others. 

The use of such conditions may be useful when recording instruments are located very near the fault. Then  

fault offets may be measured. There are, however, major difficulties to perform sucessfully such a recovery. 

In essence, a permanent displacement originates from the coherent part of the rupture along the fault. I t  is 

a low frequency motion (see chapter X )  and it is often unseparable from low frequency digitization noise. 

An important analytic effort associated with strict conditions may be required. The non respect of these

conditions annilhilates all the chances of permanent displacement recovery.

7.4.2 The necessary conditions
In order to understand these conditions, let us consider a simple S D O F  whose mass m is vibrating due 

to a sudden displacement of its base at time t — 0 ( f ig  V I  / ) .  The displacement function x ( i )  (governed 

by E q  6  I )  is given by:

x ( t )  =  jc0 l — e-Xa'°,^cosw1r +  - ^ s i n a y j  (7.1)

with the same notations as in chapter V I and where .v() is the imposed intial displacement.

Velocity and acceleration functions a(r) and v ( t)  arc immediately deduced by differentiations and the 

three representations of the motion are drawn on f i g .  V I I  13a, b a n d  c. It is clear that the baselines of both 

the velocity and the displacement are not similar to their average linear trend. A  linear fitting of accelera­

tion requires that (see section 4.20 and 4.21):

T
j*  a ( t)  d  t =  0  (1 .2 a )
o

T
^ t a ( l ) d t  =  0 (1 .2 b )
o

These equations are usually applied with v(0) =  (0) =  0, which may be questionable when no pre­

event memory device has recorded the initial part of the motion. However, this assumption is sufficiently 

valid in a first approximation.
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On the contrary, a linear fitting o f velocity, is not always an acceptable assumption since it implies 

d ( T )  =  d ( 0) =  0 and W ( T )  =  W ( 0 )  +  T d ( T )  =  T d ( T )  =  0 (see E q .4  3 2 ). This is not the case 

when a final displacement d ( T )  ^  0 is expected. A  linear fitting of the displacement function still accen­

tuates the averaging of the higher moments X  (f) and Y (/)•

It  can also be seen that any parabolic adjustment through acceleration imposes inacceptable constraints 

to the velocity and displacement curves. The only fitting which may be imposed is the linear fitting of the 

acceleration function. This is the first necessary condition of permanent displacement recovery.

There exits a second condition that the acceleration signal must fulfill. The digitization noise should 

be separable from the fault displacement information. Most of the information is certainly included about 

the period T  =  Tf , corresponding to the duration of the fault rupture:

T  =  D  (7 .3)

f K
where D  is the fault length,

and Vr is the average rupture velocity.

I f  the low frequency cutoff coc is greater than l i r / T f  then, one has also eliminated the permanent 

displacement. An improved digitization and an accurate assessment of the low frequency cutoff are needed 

to keep this information in the corrected signal.

The first of these conditions is satisfied in the I m p C o l  P ro c ed u re  (K  K  =  7). This has been achieved 

through the use of a very efficient filtering on the acceleration. In section 5.4.5 and f i g  V . 23 , we suggested 

that the stop-band noise level should currently be around 60 dB attenuation. This renders unnecessary to 

operate successive filterings and smoothings on velocity and displacement functions, as required by the 

K  K  =  5 and K  K  =  6 procedures. The second condition is fulfilled when good quality digitization enables 

a very low frequency cutoff.
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a) acceleration

b) velocity

c) displacement

*0

Fig. V I 1.13

Motion of a S D O F  pendulum submited to an initial displacement x Q 
Representation of the time history linear trends 

with and without a loss of the record onset.
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7.5 DISCUSSION

The successive analyses which have been carried out in the present chapter and in chapter 3 show the 

minimum spread for the signal recovery representing the reliability of earthquake strong motion records.

It  is first apparent that the record processing affects the acceleration and the displacement time his­

tories differently. In most cases a frequency range of reliability (0.1 Hz-10 H z) may be defined which 

covers most the applications of engineering interest. These limits extend wider in the case of ground mo­

tions recorded at short distance where the signal energy is well above the noise energy. As the distance 

increases or the Magnitude decreases, this, frequency range reduces. In the case of a digitization of average 

quality, the acceleration signal may be totally hidden by the noise at 200 km from the epicenter, even 

for a Magnitude of the order of 7. Significant improvement is achieved by extremely carefull manual or 

automatic digitization. W ith  the same values for the distance and Magnitude, the frequency range may 

reach (1 Hz-5 H z).

This effect (masking of signal by digitization noise) renders any type of correction or intrument decon­

volution, illusive outside these frequency limits. The filtering of the extremes is necessary to remove a large 

amount of predominantly noise energy.

The displacement time history is also affected by digitization noise but a large contribution to the 

distorsion comes from the correcting programmes themselses. This limits considerably the usefulness of 

such near-field records as a backup for geophysical and seismological studies. Polynomial corrections add 

uncontrolled long period components which have the reverse effect for particular long records. The filtering 

techniques also bring spurious noise during the treatment due to the sharp cutoff required at very low fre­

quency. This effect is mimimized in the K K  = 7  case, where a very efficient elliptic filter is used. As a 

result, only acceleration filtering is sufficient and this permits to satisfy the neccessary conditions of per­

manent displacement recovery which cannot be obtained by any of the other methods.

Finally, we have to mention the significant advantage of the recording instruments of the second 

generation. It has been shown that, with such instruments, very reliable signals may be obtained. The 

dynamic range is about 20 times larger than for the mechanical-optical types of instruments. The onset 

of the signal is not lost, good signal reproduction is insured up to 50 H z and digitization is not required. 

Although the present cost of such recorders seems excessive when only engeneering information is required, 

it is believed that they can provide a satisfactory answer for the accurate ground motion measurement in 

the near-field for a deeper understanding of the earthquake source mechanism.
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PART ll:

SIMULATION OF 
EARTHQUAKE 

STRONG MOTIONS
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SCO PE O F P A R T  I I

In this second part, we analyse the present state of the art of engineering near-field ground motion 

simulation. The problem is very much influenced by the similar topic encoutered in conventional seis­

mology but it also differs from it. Surely, it is of prim ar importance to understand the complexities of 

earthquake mechanism and wave propagation to be able to simulate any motion. However, the very pur­

pose of engineering simulation is not to describe the mechanics of the rupture as accurately as possible. It  

is to make use of the fundamental knowledge, in order to improve the design techniques, without loosing 

on the safety or economic fronts.

W e shall look at both aspects of engineering simulation: the empirical and the geophisical approaches. 

W e do not intend to develop formaly a particular method. O ur aim is rather to discuss on the topics and 

introduce new ideas in the conventional methods and provide the analytical formulation.

The empirical approach consists in dealing statistically with the recorded data. In this case, the simula­

tion is an attempt to reproduce a motion possesing certain characteristics which have been detected in 

previous analyses. The advance in that direction is rather slow and rely on a large quantity of data. The 

difficult question which is posed at this stage of the research is to introduce, in a reliable manner, the strong 

non-stationary character of ground motion without the help of too sophisticated techniques. W e shall see 

how ”non-stationarity in tim e” may be simply integrated.

The second approach is not of common use in engineering, due to the many parameters involved. 

However, we believe that it can bring an interesting new view point for the understanding of the earthquake 

loading in design. W e shall analyse thoroughly the topic and shall propose a methodology for a simula­

tion largely constrained by all the kinematic and dynamic aspects of the crust rupture and seismic wave 

propagation. Since we are interested in the acceleration field, it is not possible to retain deterministic con­

siderations for the whole procedure. W e shall therefore propose a physico-stochastic method to take into 

account the unknown detailed behaviour on the rupturing fault.
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CHAPTER VIII
BACKGROUND CF STOCHASTIC PROCESSES

8.1 INTRODUCTION

Before entering into the description of strong motion simulation of earthquakes, it is convenient to 

give a brief summary of some fundamental probabilistic concepts that w ill be used in the following chap­

ters.

Most of the material of this chapter was obtained from P a p o u lis  (1 9 8 1) and N e w la n d  (19 8 4), but was 

rearranged to suit the earthquake strong motion study context.

8.2 RANDOM PROCESSES

8.2.1 Probability function of 1st and 2nd Order
M any phenomena in nature, and this also applies to near field accelerograms, are characterised by the 

unpredictable change in time, wich cannot be fully described before the phenomenon occur. Nevertheless, 

if  the same phenomenon occurs several times, and i f  certain statistical regularities among occurences can 

be found, the phenomena can be described by a set of probability distributions and mean values of some 

characteristics can be estimated.

Let X t( t)  be a real-valued function of time t. The index i identifies a particular function of an infinite 

set of functions, called ensemble and written X ( t ) .  The e n se m b le  constitutes a random process if  we can­

not predict their values at any instant during the time in which they take on finite values ( f ig  V I I I  /) .  

Usually it possible to characterise the process by the knowledge of a set of probability functions. A t any 

fixed value of time tj the random process defines a single random variable x ( t j ) .  The characteristics of the 

stochastic (or random) process is closely related to the random properties of the random variable .x(r).

Although a stochastic process is fully determined if  one knows its n order distribution functions, for 

engineering purposes, only the first and second order statistics of the distribution are usually considered. 

The distribution function of the random variable .x(0 is denoted by F ( x ; t ), and we have:

F(x;t)  =  Prob[A'(/) < x  ] (8.1)
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Given two real numbers x and t, the function F ( x \ t )  equals the probability of the event X { t )  <  x  consist­

ing of all the outcomes such that, at the specified time t, the functions of the ensemble X  ( /)  do not exceed 

the given number x.

The function F ( x \ t )  is the first-order distribution o f the process X ( t ) .  The corresponding density is 

obtained by differentiating with respect to x:

d F { x \ t )
d x (8.2)

Given two instances and t 2, we consider the random variables jc( / j) and x ( t 2). Their joint distribution 

depends, in general, on /, and t 2. W e shall denote it by:

F ( x l , x 2, t v t 2) =  Prob[^A'(/1) < * , ,  X ( t 2) <  x 2 J (8.3)

It  is the second-order distribution of the process A '(r). The corresponding density is given by:

/(x,,x2;r,,f2) d ^F  ( x  | ,x 2; 
dx, d x 2 (8 .4)

8.2.2 Parameters of stochastic processes
The mean function i>(t) of a process X ( t ) is the expected value of the random variable x ( /)  and is 

defined by:

+ 00
* / )  =  E [ * ( r ) ] =  j  x f ( x - , t ) d x  (8.5)

-00
where E [.] denotes expectation. It  is in general a function of time (non stationary process).

The autocorrelation R ( t v t 2) of a process (the prefix ”auto” refers to the fact that the two random 

variables belong to the same process) is the joint moment of the two random variables _xr(/,) and x (f ,):

+00
/? ( / , , r2) =  E [A '( / | ) ,A '( r2) J =  J  x , x / ( x , , x 2; f , , / 2)< /x ,< /x 2

“00

It is in general a function of f, and / 2.

The autocovariance of X ( t )  is the covariance of x ( f ,)  and x(/->):

C ( r , , r 2) =  E ^ ( r , )  - i / ( f j ) ) ( x ( / 2) - v ( t 2) )  ]

From the above we see that:

(8.6)

(8.7)

'̂(̂ l’̂ 2̂ v(ti)l>(t2) ( 8.8)
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When /, =  t 2 =  t , the covariance reduces to the the variance a \ .  W e remark that:

4(0 = c(/,o = v2o)

the variance of the process, may be obtained from the autocorrelation function. 

<rv(r) is also called the Root Mean Square (R M S ) of the process.

F ig .V I I I . l

Schematic representation of a random process X  ( 0  

Each x ^ X t )  is a sample function of the ensemble

(8.9)

t



8.2.3 Stationarity and Ergodicity

A  stochastic process is said to be stationary if  its probability distributions are invariant under any shift 

in the time origin; otherwise the process is called non-stationary. In particular the first-order probability 

density f ( x ; t )  becomes independent of time; this implies that the expected value E[.x] and the variance 

(r:v are constants. The second probability density is also independent of time, whereas the autocorrelation 

becomes only function of the lag r  =  t 2 ~  and not of the individual values /, and t 2:

R ( t) =  E \X  ( t ) X ( t  +  r)] (8.10)

Truly, a stationarity in a strict sense involves the n order statistical moments. In practical engineering 

cases, where we do not consider order higher than two, we have what we call a weak stationarity. It  must 

be recognized that any time limited process (like earthquake signals) is non-stationary. However the non- 

stationarity effects associated with starting and stopping are often neglected in practice if the duration of 

the stationary operation is long compared with the starting and stopping intervals.

A  stationary stochastic process is called an ergodic process if  its temporal averages along any represen­

tative sample function are equal to the ensemble averages. The assumption of ergodicity of a process is 

a very common one. It permits estimations of ensemble averages by taking time averages of single func­

tions of the ensemble. This is in particular very useful with strong motion records, where it is difficult and 

expensive to obtain a large number of independent sample functions at a given site.

8.2.4 Harmonic Analysis

Fourier analysis is a very useful tool in the analysis of stationary stochastic process. The autocorrela­

tion function of a stationary process was transformed by P a rze n  (1962) and expressed as:

+ 0O

R ( t) =  —  I e iul,d F ( oj) (8.11)2?r J

where i 2 =  —1 and r  =  t 2 — 
a; =  circular frequency.

For two frequencies F (u )2) — F ( to,) can be interpreted as a measure of the contribution of the

frequency band o>2 -u > ,, to the content of the stochastic process. I f  F(o>) is everywhere differentiable, its 

derivative, S ( u )  is called the s p e c tr a l  d e n s i ty  f u n c t io n  o f the outcome ( f ig  V I I I  2). Then it can be writ­

ten:

+ 00

/? (r )  =  —  I S ( u ) e iwldco  (8.12)
2 x  J-00

It  can be shown that the spectral density function and
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+ oo

S » =  |  R(r)e~iu3TdT  (8.13)

-OO

Notice that, if  r  =  0 (f, =  f2),

+ 00

R ( 0) =  —  I S (cu)d a ) =  a \  (8.14)
2 ir J-oo

and therefore the variance of the process is proportional to the sum over all frequencies of S  (u ))d a ), and, 

5 (w ) can be interpreted as a mean square spectral density ( J ig . V I I I  3 ). It  can be shown that 5(co) is a 

non-negative even function of co. Also the ensemble average G(u>) of the spectral densities for all sample 

functions equals the spectral density of the process,i.e.

e [ s * ( 4 . ) ] =  G (« )

I f  the process is ergodic then

S k (io) =  G  (w)

where S k (w ) is the spectral density of any representative outcome.

In the literature both notations 5  (u>) and G  (o>) are used to represent the S D F  of the processes which 

are therefore implicitely assumed to be ergodic.

From the definitions above one can see the following interesting conclusions ( C r a n d a ll  a n d  M a r k  
1963):

1) I f  the process contains no periodic components then S  (a>) is finite everywhere.

2) if  the process has a sinusoidal component of frequency co0 then the spectral density must be infinite 

at u> =  o)0 . In particular if  the process does not have zero mean then there is a finite, zero-frequency com­

ponent and the spectrum will have a spike at to =  0.
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The PSD function S(w)

F ig .V III.2

Typical spectral density of a stochastic process

5 v(co)

F ig .V III.3  The area under the spectral density curve is equal to 2t v 2
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8.3 S T O C H A S T IC  PROCESSES U S E D  IN  S .M . S IM U L A T IO N

W e shall describe now two well-known types of stochastic processes which find direct application in 

the simulation of earthquake strong motion simulation.

1) The G a u ss ia n  P ro cess  which is very commonly used in all branches of engineering and which is 

particularly adapted to time histories.

2) The P o isso n  P ro c ess  which is usually encountered in the problems relating to queues and in seis­

mology; it describes reasonably well most of the arrival processes of events.

Both these processes are mainly used in the context of stationary processes but extension to non- 

stationary processes have been developed.

8.3.1 Gaussian Process

The Gaussian, or normal process is of useful interest in practice since it is uniquely defined by the first 

and second order distribution functions. It  originates from the probabilistic law of large numbers expressed 

by the Central L im it theorem and the M o iv re -L a p la c e  theorem. Successful tests of normality of earthquake 

accelerograms, viewed as stochastic processes, were performed by H a n k s  a n d  M c G u ire  (1 98 1).
W ith the notations given in the previous sections. In this case the probability function of a normal 

process is:

/( -v )  = e (8 .15)

The cumulative probability function is:

X

F (x) = — ^  f e-«-«')2/2*2 d$
<T \J 2lT JT —m

(8.16)

The non-stationary Gaussian process is obtained when both the mean v and the variance a  are function of 

time.

A  stationary Gaussian process with zero mean is completely characterised in the probabilistic sense 

by its power spectral density (E q . 8 .1 3 )  which is computed in practice through:

S( co) =
n —► m  Ir = I

2 | F k { i« ) |2 

Tk (8.17)

in which F k ( i co) is the Fourier Transform of X k (t)  and T k is the duration of the signal used. The variance 

of the process is obtained from:
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+ oo

4  =  2 J  S ( u ) d a; (8.18)

o
This shows that the R M S  may be interpreted as a continuous sum of all the frequency contributions.

8.3.2 Poisson Process

The Poisson process is a counting process of events occuring in intervals of times J t j + i ]  . A  

semi closed interval is used to treat /, as belonging to the previous interval. Its probability function has the 

following properties:

1) independence of arrivals: the arrivals of events in the future are independent of the arrivals in the

past.

2) the probability of simultaneous events is assumed nil: within an infinitesimal interval ] t , t  +  d t ]  
the probability of two or more events is negligible compared with the probability of one event.

3) the average arrival rate of events is independent of time: the probability of one arrival in ] t, t  +  d  t] 
is equal to the probability of one arrival in ] /  +  h , t  +  h  +  d /] ] . this rate is commonly denoted X ( =  const).

I f  property 3) is removed the process is called Poisson process with non-stationary intervals. I f  besides 

property 2) is removed, and only property 1) is satisfied the process is called non-stationary Poisson process.

It can be shown, by deleloping the three mentioned properties that the probability of having N  events 

in an interval of duration T  is:

P r o b [ /V ; r ]= e 'A' (8.19)

It is straightforward to check that the average arrival rate is X:

E \ N ( T ) ] = \

In the case of a non starionary arrival rate X =  X ('T ) ,the Poisson process has the more complicated expres­

sion:

T
r N -  T  -ir

X ( r ) d T exp -  \ ( j ) d T
J
0

J
0

Prob[/V, T ] =  —  N \ (8.20)
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8.4 T R A N S M IS IO N  O F PROCESSES T H R O U G H  L IN E A R  S Y S T E M S

8.4.1 Power spectral density function of outputs
W e shall examine now, how stochastic processes are transmitted through mechanical systems. Since 

we have in mind the subsequent study of Response Spectra, we shall lim it our review to the linear S D O F  

systems. W e are concerned here with the case of a stationary process X  ( t ) to be input to such systems; the 

output process is noted Y ( t ) .
It  is well known that, when the randomness of a linear S D O F  system is negligeable, the response of a 

deterministic input x ( /)  is expressed by y (f), the solution of the equation:

>>(/) +  2 XcooHO +  =  x { t)  (8.21)

y (f) can be obtained through the time domain using the convolution, or Duhamel integral:

y ( t ) x  ( j ) h { t  — r ) d r
-00

(8.22)

where r  is a dummy time variable and h ( t  — r )  is the free vibration response due to a unit impulse at time 

r, that is due to:

x ( /)  =  5(f — t) 5(/) =  Dirac function

This response can also be expresned in the frequency domain using the relation:

+ 00
y ( t )  =  | H ( i u ) X ( i u ) e it,:,da> (8.23)

where H ( i u )  is the complex frequency response function (transfer function), 

and X ( iu ) )  =  the Fourier transform of the input function x ( t ) .
In the general case of stationary input, a function .x(f) is expanded in separate simple harmonics which 

cover the entire range —oo <  t <  + o o . For this reason the frequency response must be defined as the 

ratio of the steady-state output response y { t)  to
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in the common case where 0 <  X <  1,

od, =  oj0\J  l — X2 =  damped circular frequency.

I f  a stochastic process X { t )  is input to the same system, the same E q . 8 .2 1  may be used where X { t )  and 

Y  (f) are now stochastic processes and the coefficients are non random if  the system is deterministic. Power 

density functions must be considered.

It can be shown that the power density function of the output process has become 5 r (co) such that:

=| //(#co) (8.26)

where S^fcd) is the power spectral density of the input process { fig . V I I I ,4 ) .

Fig. V I1 1.4

Output PSD S y {w) for a system submitted to a input PSD .Sv(a>)
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8.4.2 Non-stationatity effect due to time limited input process
The response previously defined for output processes are based on steady state conditions, that is those 

conditions which result when input processes are assumed to start at t  =  — oo. In actual practice, and in 

particular with earthquake acceleration signals, input processes start at time t =  0 (causal signals). This 

results in a non-stationarity (or transient) effect at the beginning of the output signal. It  may even happen 

that no stationary parts exist at all. This problem was studied by C a u g h e y  a n d  S t u m p f  (1 9 6 1 ), for the case 

of Gaussian stationary input process of zero mean and power spectral density S  (o>).

They gave the expression for the output variance in the form of an integral equation wich can be 

evaluated by contour integration if  S  (co) is given analytically and numerically otherwise.

+ 00
4 «  =  j  S(a>) | / / ( / « )  |! 1 + 2w0X

1 H— —— sin a;,/cos a;,/1 I

\ t f  2 (0 aX \  * 2(d
— f 2cosco,/ H— ——  sino3,/ J costo/ — eu’°A —  sin a),/ sin a)/

(8.27)

+ ( o JqX ) — coy - f a r • 2 Isin co,/ > 03

An approximation may be.obtained when the damping X is small and S(o3) does not exhibit sharp peaks 

(case of engineering structures):

(rUt)
ttS  (03q)

4Xo33
— 2o3 r,X/

1 -
zo30A/ r ^
~  r

+ (2o3X)2 2
sin 03,/ +  03q03, sin 2u3,/ (8.28)

This assumption reflects the fact that, when X is small | H  ( / 03) | is strongly peaked at 03 =  o30 and the main 

contribution to the integral comes from the region of 03 =  o30.

Plots on J ig .  V I I I .  5  show the transient responses of a dynamic S D O F  system for X =  0, 0.025, 0.05 

and 0.1. It  is seen that the asymptote (stationary level) is reached after approximately 12, 8 and 3 cycles 

respectively for X =  2.5, 5 and 10 % damping.

This emphasizes the importance of the transient study for earthquake signals and more particularly 

when they are of very short duration with lightly damped structures. As pointed out by the authors, cau­

tion should be exercised in applying the distribution function for the probability of exceeding a given value 

since it is very sensitive to the tail o f the distribution function.

The previous observations arc illustrated on f i g  V I I I .6  with the case of the Mexican earthquake of 

Septembre 1985. Such considerations may be used (but will not be developed here) to form the basis for 

the establishement of design response spectra on rock, in a given region where strong motions of short dura­

tion are expected (U .K .).
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F ig .V III.5

Transient response of a dynamic system under random excitation
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D ,uax =  25.01

°  Parkficld, El-Ccntro, Friuli (Tolmczzo), ctae. 

D .Mexico-City site

Fig. V I I  1.6

Case of the Mexico earthquake of Septembre 1985 plotted

on the Caughey and Stum pf graph by comparison with other earthquakes
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8.5 D IS T R IB U T IO N  O F PEAKS

O f interest for reliability analysis is the determination of the probability of exceedance of a struc­

tural response quantity above some pre-established level, refered to as ”a”. Since it is closely related to the 

probability o f failure it will find direct application when we shall require to simulate time histories from  

Response Spectra. In the following we shall desbribe the necessary concepts linking the time description 

(Response spectra) with the frequency description (Power Spectra Density).

8.5.1 Crossing analysis

The crossing analysis is a technique which forms the basis of such investigations since it deals with the 

probability of crossings the just mentioned pre-defined barriers; it is also closely related to pulse distribu­

tion analysis. Unfortunately it has not produced large quantities of practical results yet, due to the extreme 

complexity of the problem specially in the non-stationary case. The usual assumptions used tend to over­

simplify the problems exept in simple one dimensional processes, and therefore we shall lim it the analysis 

to this case. W e will see (chapter IX ) , through which transformation earthquake near field records may 

enter in this category.

W ithin such an approximation, the mean crossing rate in an interval of time dt, beyond a fixed bar­

rier level "a” has been derived by R ic e  (1 9 4 4). His expression is:

+va d t f ( x , x ) d x
o a - x d  l

(8.29)

where v *  is the frequency of crossing of the fixed barrier level x  =  a. The superscript +  indicates that 

only crossing with a positive slope are counted (upcrossings). f ( x , x )  is the joint probability density func­

tion of x and its first derivative x  ( f ig .V III.7  and V I I I . 8).

I f  the process is statiqgary and Gaussian with zero mean, the joint probability density is:

f ( x , x ) =
1

2tt(tx(t-exp _!{£_ + £_ 
2 V 4  ‘ax

(8.30)

Then E q  8  2 9  reduces to :
l

= 2̂ CXP 2a\
(8.31)

A  process that represents the output of a lightly damped S D O F  oscillator is approximately narrow-band. 

In a narrow-band process the motion occurs in a narrow range or band of frequencies whose central fre­

quency is large with respect to the bandwidth. For this type of Gaussian process it appears reasonnable to 

define a representative frequency of the process. This frequency which may be interpreted physically as



243

f(.X\iX 2)

Fig. V I1 1.7

Joint normal probability distribution used to compute 

the "a” level crossing

//

Fig .V I 11.8

Sample function crossings x  =  a + during the interval d  t
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the frequency at which most of the energy in the spectrum is concentred (or predominant frequency), may 

be obtained by setting a =  0 in E q . 8 . 31 to give the rate of zero crossings:

vn — \_°l
2tr ax (8.32)

The predominant period of the process is then:

To = ~ (8 .33)

W e can now define the time to first passage of a process above a barrier level ”a”. Using E q .8  31 and 

E q  8 .3 2  we see that the expected number of times N  during a period T  that a value x  =  a  is intercepted 

with a positive slope is:

N  (a) = vqT exp (8.34)

and the average rate of ”a” level crossings is:

X =
N(a)

T =  v0exp (8.35)

When "a" is large compared with a  v (tail o f the distribution), the occurence of such interceptions constitutes 

a rare event and one may use the Poisson distribution to estimate the probability that there are given num­

bers of crossings at level "a”. Therefore, by substituting E q  8  3 5  into E q  8  19 we get the probability of 

no interception over a duration T  as:

/ ( 0 ,  T )  =  e ~ N(<d) (8.36)

This result will be used in section 8.5.3 to define the probability of extreme values.

The Poison’s arrival assumption may not be valid for low level ”a” in particular for low predominant 

frequency. V a n m a r k e  (197 6) has proposed, based on the work of C r a n d a ll  (1 9 6 6) an empirical relation to 

improve the classical results.

Still further improvements may be considered ( V a n m a r k e  1 976) but their application require non- 

stationarity functions which have not, in the present state of the art, been strongly established. It  is clear 

that the steady-state analysis remain on the safe side, especially for small damping. That is why we shall 

keep on using the well established development of stationarity just described. W e shall see in the next 

chapter how we propose to deal with the non-stationarity.



8.5.2 Probability distribution of maxima
C a r tw r ig h t  a n d  L o n g u e t-H ig g in s  (195 6) have computed the probability density function for the 

maxima x m of a stationary random process X ( t ) (ensemble of .x(f)) having a normal probability distribu­

tion:

/« (*« ) = V 2tt
ee + ( i - (2 ) ' /2 ,r r /2  f  e ~ x 2 / 2 dx

x
t] =  — fj z  is the non-dimensional maximum ordinate

m 0m 4 - m2
€ =  -— -----  is a frequency content parameter

(8.37)

(8 .38)

(8.39)

The different m, are the successive moments of the spectral density function S  (a>) defined as:

m ,  =

+ oo

J u)jS  (co) d  o)
o

Its cumulative probability F „ ,(xm) is obtained by integrating E q . 8 . 3 7 :

(8.40)

FJxJ = - LV 2X

f oo

I
*i /«

r*'-!2 </* + (! -*2)2x1/2 (,rV2 J d  x (8.41)

Graphs of E q . 8 . 3 7  and E q : 8  41 are plotted on f i g .  V I I I .  9  and J ig  V I I I . 10  respectively for different 

values o f «. For a narrow band process, approching the single harmonic process (very near source records 

or records strongly affected by the soil layers like in Mexico-City (1985)), c tends to zero and the peak 

distribution reduces to the R a y le ig h  distribution:

(8 .42)

When the process is a white noise or a band limited white noise (for records away from the source, on 

rock when heavy scattering has occured), one can show that c tends to 2 /3 . The lim iting case c =  1 is the 

Gaussian process; it is obtained when random noise is predominant in the signal (Low energy acceleration 

records strongly contaminated by digitization noise).

The value of e may be more simply estimated for a given sample x ( t )  than by computing E q .8  39 . It  

suffices to count the total number of maxima ( +  and —) N  + and the number of negative maxima ( +  and 

—) N ~  occuring in the "stationary-modified” signal ( f ig  V I I I  I I ) .  Dividing N ~  b y  N + gives the propor­

tion r of negative maxima present in the total which must be equal to the area under the probability func­

tion f m( x m) to the left of the origin in J ig .  V I I I  9. It  can be shown that e is related to this area by:

c =  V 1 ~  (1 — 2r)2 (8.43)

By substitution in E q . 8 . 3 7  we get the probability distribution of peaks.
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Fig .V I 11.9

Graphs of the probability distributions of maxima 

for dilferenl values of the width t of the energy spectrum

10

F ig .V III.1 0

Graphs of the cumulative probability of maxima 

for different values of e
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8.5.3 Probability distribution of extreme values
In strong motion studies, we are limited to a signal of duration T  and only the largest values of the 

maxima during this time interval should be retained. Considering a sample of N  maxima, the probability 

that the largest of them has the value x M , has an asymptotic form, valid for large N . It  is given by E q  8  3 6  
which also expresses the probablity that the extreme value x M must be less than "a”; we get:

(8.44)

This result could have been obtained by using E q  . 8 . 3 7  for c -» 0  (assumption of narrow band process). 

Also other models for the tail of exp(—772/2 )  may have been used, like the G u m b e l T y p e  I  distribution to 

reduce computation.

Using this expression, wc get the mode of the extreme value x Af :

modeCv^) = axj2\n i>0T (8.45)

Its expected maximum (probability p  =  0.5) is found to be (D a v e n p o r t 1964):

o
(8.46)

where y  =  0.5772-1 is the E u le r 's  c o n s ta n t  
and its variance:

■xm  x m a x (8.47)

o

V a n m a rk e  (19 76) proposed the following relation to reflect the departure from the Poisson’s assumption:

(8.48)

where

(8.49)

and p is the probability for x M not to exceed x MA Y over the duration T . 

5 is a bandwith parameter (similar to «) defined as :

m Qm 2 ~  n r, 0.6
5 = m 0m 2 (8.50)
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In any case, we call p e a k  r a t io  the factor:

rT.P
XM AX

(8 .51)

It  is represented on f i g .  V I I I . 12  for its expected value (p  =  0.5) and its 95% confidence. For large values 

of 5 or c the peak ratio approaches an upper bound (Poisson’s assumption):

rr,“ %/2!n2»0r(i)1\-' (8 .52)

It  is clearly seen that, in the range of interest for earthquake near field records (v0T  =  10 to u0 T  =  

1000), the peak acceleration is expected to be 2 to 3.5 times the R M S  of the signal depending mainly on 

the frequency content. The plot shows to what extent a high peak ratio is more likely to occur when high 

predominant frequency and/or long duration are expected. It  is also seen that the peak will remain, below 

4.8 times the R M S , even for high frequency and/or long duration, with a confidence of 95%.

positive maximum N  f

F ig .V I I I . i l

Positive and negative maxima and minima 

of a stochastic process
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CHAPTER IX
EMPIRICAL STRONG MOTION SIMULATION 

FROM THEIR SPECTRUM

9.1 PURPOSE AND DEFINITION

9.1.1 Motivation
Amongst the spectral descriptions of earthquake strong motions, the Response Spectrum is certainly 

the most popular. The Response Spectrum method is a widely used approximate procedure to determine 

the maximum values of structural response quantities under dynamic excitations. The loads are charac­

terised by their Response Spectra and the structural quantities are calculated by combining the maximum 

modal contributions. The Response Spectrum of a time-dependent load like earthquake strong motion is 

obtained from the corresponding maximum displacement of a simple oscillator at different values of its 

natural frequency and its damping ratio. The technique has been very successful for the design of many 

structures, but today one is trying to depart softly from it because of some limitations. These limitations 

are due to the three main following reasons:

1) Response Spectra represent the maximum responses of linear structures, and as such may not al­

ways be a good indication of structural behaviour near collapse.

2) For multi-degree of freedom systems the simple addition rule (or any other empirical rule like the 

addition of the squares of the maximum responses, etcae.) is too conservative for large structures.

3) The structures are assumed to be fixed on a rigid foundation, (although correction are sometimes 

provided in codes of practice). This makes it uneasy to introduce the soil effects or the soil-structure interac­

tions which are known to be very significant when large structures are rigid or semi-rigid by comparison to 

their foundation (Nuclear power plants, underground tanks, concrete dams.etcas.)

Strictly speaking, the only appropriate method to perform valuable research or accurate design is 

to make use of time histories. Indeed, we are still very far from being able to generate physically reli­

able strong motion time histories. Chapter X of this thesis will propose a possible approach making use of 

theoretical developments and geophysical and seismological information. But the amount of input data re­

quired is so large that such a model depends mainly on the actual numerical values that we are asked to
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provide.

In the mean time, empirical methods may also give interesting approximate results. The determina­

tion of simulated strong motion time histories from response spectra has also the advantage of yielding 

a ground motion compatible with the well accepted Response Spectrum method. There are several solu­

tions to the problem as many different time histories may produce the same spectrum, but at least the 

final product reflects the frequency characteristics of the given "load”. In particular, it will have the peak 

responses imposed by the spectrum at the different frequencies. This time history may then be used in any 

structural analysis, integrating non-linearity, multi-mode analysis or soil-structure interaction.

In the next section, we shall develop a strategy to determine such time histories. It will be shown, in 

particular that the passage from Response Spectrum to time history is not unique; there are four levels of 

indeterminacy:

1) the statistical distribution of the peaks (see chapter V III) ,

2 ) the choice of the phases for all frequencies,

3) the non-stationarity of the signal in time,

4) the non-stationarity of the signal in frequency (see chapter II).

Assuming that the other data are known accurately (which is not the case), the final time history is 

affected by a four-dimensional indeterminacy.

9.1.2 Strategy of the method

The proposed method is represented on Jig . I X .  I .  The conventional starting point is the Response 

Spectrum usually given. It may have been determined from the well known studies by M o h ra z  (1976),  

Trifunac and Anderson (1978) or by any derived method to represent more closely the local effects. In 

any case, the Response Spectrum has the average shape similar to those shown in Jig . I X .  2 which have 

been proposed for different regions of the U.S.A. Such spectra are commonly scaled by the peak ground 

acceleration, also refered to as the zero-period acceleration; they are very dependent on the particular at­

tenuation laws.

F ig  I X .  3 shows the spread of some published laws where it can be seen that an uncertainty of two 

on the median value expands for all distances. A still much wider range must be expected in the peak ac­

celeration assessment if we want a specific value within, say a 90% interval of confidence. To illustrate 

the poor reliability of such a parameter, the case of the Mexican earthquake of Septembre 1985 provides 

another striking example. F ig . I X .  4 shows the peak ground acceleration attenuation proposed by Joyner  

and Boore (1981) (usually recognized as accurate) for this particular shock. At the distance of 360 km from 

the epicenter, the expected A m a x  is 0.007 g and should have remained below 0.014 g with a probability 

of 80%. In fact, all the acceleration peaks recorded in Mexico-city varied between 0.028 g and 0.168 g
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Scaled on acceleration 

attenuation laws

Peak distribution based on stationary level crossing

U  IT

Fig.lX.l

Methodology for empirical simulation of earthquake strong motion
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Fig.IX.2

Typical given response spectra specific of a region 

Here the case of the USA
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0 1 2 3

L o g  (d is ta n ce  • km).

Fig.IX.3

Some of the published peak acceleration attenuation with distance
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exhibiting an increase of 4 to 24 times the predicted value. Surely, Mexico-city is a particular case, with 

very poor ground conditions, but such a phenomenon may happen again in similar conditions. We shall see 

in section 9.4.2 with Eq.9.16 how we propose to scale the strong motion total energy.

The first step of the procedure consists of obtaining, a ground motion Fourier Spectrum. Once this is 

determined, the passage to time can be achieved by Inverse Fourier Transform.

The Fourier Spectrum of a signal is a complex function of frequency. It is uniquely defined when both 

its Fourier Amplitude Spectrum and its Phase Spectum are known. In the described procedure there is no 

possibility to deduce the phase function. Only the FAS can be assessed. The first of our assumptions will 

therefore be to fix the phases at the various frequencies. An examination of phase diagrams of recorded 

motions shows no simple rule for the phase behaviour, specially in the high frequencies (beyond 0.5-1.0 

Hz). In the low frequency range, one may be able to detect a pattern known as the the group velocity 

dispersion curves. In a simulation process, the dispersion curves are not usually available. A crust velocity 

model is required in the vicinity of the particular site, and this is not easily defined. For those two reasons, 

we are compelled to assume that the phases <J>(co) are randomly distributed over their mathematical range 

(0, 2;r).

A better understanding of the phase function is certainly needed for the future. It may be approached 

through the use of the H ilb e r t  Transform  making use of the properties of causality of the near field ground 

motions.

There is, however, the possibility to link, in a probabilistic sense, the Response Spectra with the Fourier 

Amplitude Spectra, since both have connection with the distribution of energy over the frequencies. The 

key point of this link resides in the relation between the amplitude of harmonic wave and the peak its 

produces when it is input in a simple oscillator. Introducing the stochatic concepts of such transformations, 

a relation between the variance of a process with the peak response may be determined. This is known as 

the peak ratio studied in section section 8.5.3 for stationary processes.

Once the complex Fourier Spectrum is determined, one can easily generate a stationary time history 

by Inverse Fourier Transform (see also Eq .2.3 and Eq .5.23). We shall write it here in its real and discrete 

form as:
M

a(nA t) =  ^  | A ( k A u )  | cos|̂ /jAa>Ar +  4>(&Aco)J (9.1)
k = I

n =  0 , 1,..., A  -  1
The frequency range covers:

F  ■ ~  Aco to F  — M  Acomin 1 max

and the duration is T  =  N A t .
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Peak acceleration attenuation 

Joyner and Boore (1981)

M w =  8.0

A
max

Fig.IX.4

Comparison of the Joyner and  Boore attenuation law 

with the measured peak accelerations at Mexico-city 

Septembre 1985
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Finally a time shaping function is applied to the stationary motion to integrate its non-stationary 

character. This time window is described in section 9.4.2 and depends primarily on Magnitude and dis­

tance.

The loop between the shaped motion and the FAS is required since any modification of the amplitudes 

in time affects also the amplitudes in frequency. The final simulated ground motion is then obtained after 

an iterative process.
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9.2 THE PASSAGE TO THE FOURIER AMPLITUDE SPECTRUM

9.2.1 Pseudo-Velocity Spectrum models
Several models for Pseudo-Velocity Response Spectra have been proposed in recent literature. We 

shall describe here the two that we find the most representative; they do not apply to a particular region.

The M o h ra z  Response spectrum

M o h ra z  (1976) studied the statistics of the various Response Spectra both for horizontal and vertical 

motions. His study is an extension of his early analysis (M o h ra z  et a l . (1972)). The latter produced later 

the well known N e w m a r k ’s Design spectrum which has intensively been used for the nuclear power plants 

design in the USA. He distinguished between three different frequency bands: the amplified acceleration 

(high frequency) region, the amplified velocity (intermediate frequency) region and an amplified displace­

ment (low frequency) region and he assumed a constant dynamic amplification factor over each region. 

For each group he calculated statistics of the ratios v f a  and a d  /v 2 (a , v, d  =  peak ground acceleration, 

velocity and displacement respectively) and of the acceleration, velocity and displacement amplification 

factors A p  Vj-, D j .  They were found to have a log-normal distribution.

M o h r a z ’s results may be used to define an average Response Spectrum for rock motion. A median 

(p =  0.5) Pseudo-Velocity Spectrum normalised to a peak acceleration of 1.0 g is:

P S S  F [oj,X] =  (13.37 — 8.77lnX)a> in the displacement region (9.2a)

P S S  K[oj,X] =  (18.07 -  21.94lnX) in the velocity region (9.2b)

P S S  F[a>,X] =  (—2435.8 — 1489.0InX)^ in the acceleration region (9.2c)

valid for 0.005 <  X <  0.10

in wich X is the damping ratio, and a) is the circular frequency. PSSV is expressed in cm/sec. A smooth 

transition is performed from 8 Hz to reach progressively the peak ground acceleration at 30 Hz. To inves­

tigate the effect of spectrum uncertainty, the following variance function may be used:

trPSS y =  exp £ \ J 0.043 -  0.0406X0-38 ln ( 2 x ^ 2 )

Fig . I X .5  shows such a spectrum for a rock site and its +  <rPSs v  fractiles.

The Tr ifunac Response Spectrum

Trifunac  and Anderson (1978) proposed also a preliminary empirical model for scaling Pseudo-Velocity 

Spectra. They operate a muliple regression analysis on a set of 57 earthquakes on various bands of fre­

quency. They expressed their results in terms of Magnitude by the relation:

logfPSS F[u>,X,/?]} =  M  +  log{/l0(/? )} - A M (oi)p ~  B m (u ) M  -  C M

for —  <  30 Hz 2tr (9.2 d )
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P S S  K(co) in cm /sec
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Fig.IX.5

Mohraz’s response spectra on bedrock 

and +  a  fractiles 

Spectral pseudo-velocity cm /sec  

natural frequency Hz
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~ D u (u )s  -  £ „ H » -  F m ( u ) M 2 -  G m ( u ) R  (9.3) 

and in terms of Intensity by the relation:

logjPSS V [o )X p ]  ( =  A,(u>)p +  B , ( u>)Im m  +D ,(a > )s  +  E  -  / ( w)v (9.4)

In E q . 9 . 3 , M  represents the published Magnitude (Local Magnitude if M  <  6 and Surface wave 

Magnitude if M  >  6 ) and log{/l0(/?)} the wave amplitude attenuation with epicentral distance given in 

table X II*  It should be noted that this conventional attenuation given by Richter for its local Magnitude 

definition, includes anelastic attenuation as well as geometric attenuation and has been corrected across 

the frequency range by the function G M (co).

In E q . 9 . 4 ,  I M M  is the M o d if ie d  M e rc a l l i  Intensity at the site.

In both equations, v stands for the component direction: 

v =  0  for horizontal, 

v =  1 for vertical,

and .v describes local geological site classification: 

s =  0  for alluvium sites,

5 =  1 for intermediate sites, 

s =  2 for rock sites.

The parameter p , varying from 0.1 to 0.9 approximates the probability that P S S  V [ u %p\ will not be 

exceeded.

The frequency dependent coefficients B M > C M, D M , E M, F M and G M of E q . 9 . 3  are tabulated in 

table X I I I  for various damping ratios. In a similar way, table X IV  gives the frequency dependent terms 

A , ,  Bn  C j ,  D f ,  and E n  of E q .9 . 4 .

Examples of these spectra are given in f i g .  I X .  6  and f g .  I X .  7 respectively for the Magnitude controlled 

and the Intensity controlled cases.

9.2.2 Computation of FAS from PSSV
In practice, the Response Spectra curves are computed from the maximum relative displacement 

response of simple oscillators i.e., from SZ)[a>0, \ ]  where both the natural circular frequency a;0 and the 

damping ratio X vary (p  =  0.5).

S’D[w0,X] =  max

with a?| =  o)0\ / l  — X~ =  damped natural circular frequency. The Pseudo-Velocity spectrum is then given by:

i
^  J aG(r )e-X“°(,-T)sina;1( / - T ) < /r (9.5)
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PSS V[(jj0,\tp] = D[oi0,\,p] (9.6)

Now, writting the displacement response peaks as a function of the variance of the stationary output process 

<rr (a>0,X), we get:

S D [wQ, X, p\ = Rj- p{uqT)(tY{(*3q,\) (9.7)
This equation forms the kernel of the computation procedure, as the left hand side is known through the 

specified PSSV:

o>0V l -\2
(9.8)

and the right hand side depends on the searched Power Spectra Density 5 v(cu) of the input motion. 

S Y (u>0,X) depends on S v(co) through E q . 8 .1 4  and E q . 8 .26:

<ry (a)0,X) =  I J  S y (u)Q, ( t ) , \ ) ( Iw  

o
(9.9)

where

Sy( w0, co,X)
Sx(a)

(w§ — co2)2 — 4Xoj5U)2

r t .p^ o t ) depends on ^ .(w ) through the predominant frequency of the output 

and explicitely written as:

(9.10)

Vq defined by E q  8 32

+ 1 o
"o = 2 TT

03
j*<l)2Sy((l)0,O},\)d CO
0____________

OO

Sy(o)Q, co, X) d  co

(9.11)

o
In practice, a very good approximation for i/q valid for small structural damping is obtained directly from 

l'o =  wo/27r-

The practical steps of the computation are as follows:

From a given damped (or undamped) Response Spectrum P S S  K[co0,X,p] one computes S  D  

and then divides by the peak ratio R t  p{v q T )  at a set of target frequencies coy. This yields the RMS- 

spcctrum <rK(co-,X) from wich 5 v(co) can be obtained by a non-linear fitting procedure based on E q  9 8  

and E q 9 .9 .  Having obtained S x (u ) ,  one can deduce the Amplitude Fourier Spectrum through the ap­

proximate relation:

. , x . I  S y ( w ) T
\ A ( i a ) \ * *  J  x \ ’  (9.12

derived from E q . 8 . 17 for the chosen duration T.

One then procedes to simulate a stationary motion by E q 9 1 whose computed Response Spectrum 

will match the specified smooth Pseudo-Velocity Spectrum.
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9.3 DIRECT METHODS FOR FAS DETERMINATION

9.3.1 PSD models
Instead of defining the ground motion from a Pseudo-Response Spectrum, it is possible, of course, to 

work directly from Power Spectral Density function models. This has the obvious advantage to avoid the 
difficult computational step described in the last section. Unfortunately, there does not exist many studies 
on PSD and none of them have been suggested recently. One can mention the very simple limited white 
noise model (box-car model) (fig. IX. 8a) but the Kanai-Tajimi (1960-1961) model is certainly the most 
used. Its PSD depends on three parameters S 0, uG and XG. It is given by:

1 + 4  Xc
7*(a>)  S 0 (9.13)

It can be interpreted as white noise filtered by a SDOF oscillator of natural circular frequency uG and 
damping ratio \ G. The term 5 0 is the scaling factor (Jig. IX . 8 b )  which can be related to the RMS of ac­
celeration by:

00

<r2 =  5  J S KT ( a ) d a  =  ^  J \  +  4XJ (9.14)

0
In section 9.4.3 we shall give typical numerical values for the coefficients wG and \ G for rock sites and soil 

sites (table XVII). The computation of the FAS is simply obtained from Eq.9 12. The phases of the mo­
tion are also assumed to be randomly distributed in the range (0-7r).

9.3.2 The Trifunac FAS model
In a study similar to the Pseudo-Velocity Spectrum study, Trifunac (1976) suggested that the Fourier 

Amplitude Spectrum (FAS) of strong motion acceleration could be scaled in terms of the Magnitude scale 
with the incorporation of various other effects. He improved the original work by providing a more con­
tinuous dependence of spectral amplitudes on the geological character of the site. The scaling factor s  used 
in section 9.2.1 is now replaced by h the depth of sediments in kilometres beneath the site.

In terms of Magnitude the proposed model is:

log{fV IS(a>)} =  M  +  \oS {A0( .R ) } - B aiXo,)M  - C M\ w ) - D M'(u)h

-  E u \ u ) v  -  F „ '(« )M 2 -  G m ' M R (9.15)
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S M
A

a) Band limited white noise

■> as
a'o

S(«)

Fig.IX .8
Frequency contribution to the RMS a of a process
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Table XII

Attenuation term log {/l0(r)} in E q . 9 . 3  and 9 .1 5  

based on Richter’s local Magnitude scale

R ( k m ) - lo g  {/«„(*)} R  (k m ) — log{/l0(/?)} R  ( k m ) - lo g { /l0(R )l

0 1.40 140 3.23 370 4.34
5 1.50 150 3.28 380 4.38

10 1.61 160 3.33 390 4.41

15 1.72 170 3.38 400 4.45

20 1.83 180 3.43 410 4.49

25 1.96 190 3.48 420 4.52
30 2.08 200 3.53 430 4.55

25 2 .2 0 2 10 3.58 440 4.58
40 2.31 220 3.63 450 4.61

45 2.42 230 3.68 460 4.63
50 2.52 240 3.73 470 4.66

55 2.60 250 3.78 480 4.69

60 2 .6 8 260 3.83 490 4.71

65 2.75 270 3.88 500 4.73
70 2.81 280 3.93 510 4.76
80 2.92 290 3.98 520 4.78
85 2.96 300 4.02 530 4.80
90 2.99 310 4.07 540 4.82
95 3.02 320 4.12 550 4.84
100 3.04 330 4.16 560 4.86
110 3.09 340 4.21 570 4.87
120 3.14 350 4.25 580 4.89
130 3.18 360 4.30 590 4.90
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Table XIII 

• 
Regression parameters for PSSV Model 

based on Magnitude (£q. 9. 3) 

D ampingX = O~OO . 

'requenc)' log(w) AM B.\I C.~f DM EM 10FM 1000G 
H= 

25.0Ci 2.196 -1.521 -1.857 9.224 -0.047 -0.020 1.961 -1.20 
14.72 1.966 -1.469 -1.836 8.654 -0.099 -0.033 1.912 -1.21 
8.67 1.736 -1.340 -1.539 7.086 -0.083 0.065 1.644 -1.21 
5.11 1.506 -1.241 -1.327 5.960 -0.011 0.227 ].456 -l.n~ • 3.00 1.275 -1.247 -1.195 5.348 0.079 0.321 1.332 -0.-'; 

1.77 1.046 -1.310 -1.105 5.097 0.157 0.329 1.227 -0.S4 
1.04 0.8]5 -1.343 -1.365 6.085 0.194 0.338 1.390 -0.600 

0.612 0.584 -1.359 ~1.90S 8.014 0.202 0.330 1.781 -0.~~2 

0.360 0.354 -1.405 -2.363 9.636 0.203 0.297 2.126 -1.1.11 
I 0.212 0.124 -1.479 -2.459 10.240 0.191 0.307 2.304 -1.045 : 

0.125 -O.IOS -1.S66 ~2.339 9.S70 0.173 0.330 2.169 . -0.i21 • 

r • 

• 
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Table XIII (continued) 

• Regression parameters for pssy Model 

based on Magnitude (Eq. 9.3) 

Damping ~ = 0.02 

I 

i,requency - log(w) AM BM CM DM -EM 10FM 1000GM 

Hz 

I 

25.00 2.196 -1.290 -1.225 7.222 -0.066 0.068 1.490 -1.173 

14.72 1.966 -1.286 -1.357 7.178 -0.118 0.019 .1.579 -1.181 

8.67 1.736 -1.213 -1.612 7.331 -0.104 0.100 1.770 -1.236 

0.196 . 1.506 -1.130 -1.664 6.988 -0.037 0.251 1.791 -1.102 '. 3.00 1.275 -1.138 -1.435 6.094 0.043 0.339 1.575 -0.769 

1.77 1.046 -1.212 -1.181 5.405 0.108 0.350 1.315 -0.478 
- . . . 

1.04 0.815 -1.250 -1.241 5.787 0.141 0.354 1.309 -0.510 

0.612 0.584 -1.253 -1.691 7.340 0.155 0.345 1.640 -0.837 

0.360 0.354· -1.294 -2.219 9.104 0.170 0.316 2.047 -1.104 

0.212 0.124 -1.391 -2.447 9.878 0.172 0.332 2.236 -1.000 

0.125 '. -0.105 -1.511 -2.199 9.140 0.159 0.356 2.059 -0.630 

Damping A = 0.05 

Frequency log(w) AM BM CM DM EM 10FM 1000GM 

Hz 
I. 

25.00 . 2.196 -1.235 -1.275 7.391 -0.067 0.102 1.533 -1.283 

14.72 1.966 -1.239 -1.376 7.295 -0.115 0.044 1.594' -1.202 

8.67 1.736 ~ 1.186 - 1.487 7.045 -0.105 0.118 1.672 -1.111 

5.11 1.506 -l.108 -1.523 6.645 -0.044 0.255 1.691 -0.987 

3.00 1.275 -1.106 -1.392 6.022 0.031 0.342 1.556 -0.731 

• 1.77 1.046 -1.172 -1.187 5.470 0.091 0.359 1.332 -0.467 

1.04 0.815 -1.207 -1.207 5.711 0.120 0.369 1.294 -0.475 

0.612 0.584 -1.203 -1.541 6.867 0.132 0.360 1.538 -0.773 I ~ 

0.360 0.354 -1.237 -2.039 8.508. 0.150 0.330 1.923 -1.081 

0.212 _ . 0.124 -1.331 -2.342 9.509 0.155 0.350 2.169 -1.103 
o 125 -0.105 -1.445 -2.175 9.034 0.144 0.369 2.048 -0.869 
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. Ta~le XIII (continued) 

Regressionparameters for PSSV Model 

ase on agmtu e Eq.9.3 b d M 'd( ) 

Damping A = 0.10 

~~Frequency . 10g(w) AM BM eM DM EM 10FM 1000GM 

Hz 

25.00 2.196 -1.190 -1.132 6.972 -0.080 0.110 1.409 -1.097 

14.72 1.966 -1.195 -1.337 7.193 -0.105 0.081 1.565 -1.065 

8.67 1.736 -1.156 -1.426 6.922 -0.095 0.141 1.629 -1.052 

, 5.11 1.506 -1.097 -1.458 6,.545 -0.044 0.261 . 1.644 -0.969 
~ 

3.00 1.275 -1.087 -1.367 6.036 0.023 0.343 1~543 -0.710 

1.77 1.046 -1.139 -1.174 5.494 0.078 0.366 1.332 -0.397 

1.04 0.815 -1.170 -1.150 5.571 . 0.106 0.379 1.259 ~0.365 

0.612 0.584 -1.166 -1.392 6.405 0.115 0.374 1.430 -0.698 

0.360 0.354 -1.191 -1.876 7.968 0.130 0.348 1.813 -1.051 

0.212 0.124 -1.279 -2.318 9.394 0.141 0.367 2.163 -1.049 

~ .. 0.125 -0.105 -1.400 -2.299 9.376 0.136 0.391 2.156 -0.781 

Damping A = 0.20 ' 

Frequency log(w) AM BM eM DM EM 10FM 1000GM 

Hz 
J 

25.00 2.196' -1.144 -1.165 .7.045 -0.074 0.127 1.445 -I.o·n 

14.72 '1.966 -1.152 -1.245 6.946 -0.099 0.122 1.494 -1.057 

8.67 1.736 ~1.120 -1.307 6.650 -0.090 0.171 1.535 -1.138 

5.11 1.506' -1.076 -1.391 6.466 -0.046 0.264 1.595 -1.077 

3.00 1.275 -1.068 -1.350 6.102 0.013 0.342 1.534 -0.7441 
i 

1.77 1.046 -1.103 . -1.165 5.547 0.061 0.372 1.331 -0.371 
I~ 

1.04 0.815 -1.132 -1.103 5.465 0.086 0.386 1.235 -0.323 

0.612 0.584 -1.130 -1.247 5.972 0.096 0.385 1.332 -0.615 

0.360 0.354. -1.138 -1.593 7.076 0.110 0.360 1.601 -0.925 

0.212 0.124 -1.223 . -2.031 8.458 .0.212 0.374 1.951 -0.986 i 

0.125 -0.105 -1.368 ~2.174 8~972 0.177 0.412 2.066 -0.847 [ 
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Fig.IX .6
Epiccntral pscudo-vclocity spectra

sealed by Magnitude

(after Trifunac and Anderson 1978)
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Table XIV

Regression parameters for PSSV Model 

based on Intensity ( E q  . 9 . 4 )

D a m p in g X  =  0.00

Frequency

H z

log(a>) B, C , O , E ,

25.00 2.196 1.562 0.339 -3.605 0.208 0.034

14.72 1.966 1.556 0.320 -3.237 0.203 0.032 {

8.67 1.736 1.460 0.296 -2.117 0.173 -0.074

5.11 1.506 1.286 0.278 -1.454 0.115 - 0.221
3.00 1.275 1.125 0.271 -1.068 0.049 -0.314

1.77 1.046 1.059 0.275 -0.953 - 0 .0 0 2 -0.342

1.04 0.815 1.106 0.296 -1.093 -0.031 -0.331
0.612 0.584 1.221 0.324 -1.369 -0.051 -0.287
0.360 0.354 1.349 0.333 -1.551 -0.070 -0.249
0 .2 1 2 0.124 1.402 0.316 -1.557 -0.074 -0.268
0.125 -0.105 1.332 0.292 -1.526 -0.045 -0.308
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Regression parameters for PSSV Model 

based on Intensity ( E q  . 9 . 4 )

D  am pi n g \  =  0.02

Table XIV (continued)

Frequency

H z

log(co) B , D i Z i

25.00 2.196 1.371 0.341 -3.768 0.237 -0.077

14.72 1.966 1.393 0.331 -3.235 0.243 -0.031

8.67 1.736 1.358 0.311 -2.502 0.221 -0.098

5.11 1.506 1.222 0.291 -1.823 0.164 -0.230

3.00 1.275 1.066 0.282 -1.388 0.097 -0.323

1.77 1.046 0.999 0.287 -1.239 0.040 -0.348

1.04 0.815 1.028 0.307 -1.326 0.007 -0.338

0.61.2 0.584 1.113 0.332 -1.530 -0.016 -0.303

0.360 0.354 1.240 0.343 -1.673 -0.041 -0.270

0 .2 1 2 0.124 1.329 . 0.330 -1.678 -0.056 -0.285

0.125 -0.105 1.308 0.307 -1.648 -0.034 -0.329

D a m p in g X  =  0.05

Frequency

H z

log(aj) *1 c i E ,

25.00 2.196 1.325 0.340 -3.789 0.238 -0.107

14.72 1.966 1.349 0.328 -3.277 0.241 -0.057
8.67 1.736 1.321 0.307 -2.579 0 .2 2 2 -0.118

5.11 1.506 1.193 0.288 -1.929 0.171 -0.241
3.00 1.275 1.040 0.282 -1.510 0 .1 1 0 -0.328
1.77 1.046 0.968 0.290 -1.365 0.061 -0.355

1.04 0.815 0.986 0.310 -1.432 0.029 -0.349
0.612 0.584 1.058 0.333 -1.600 0.004 -0.319
0.360 0.354 1.168 0.347 -1.732 -0.024 -0.289
0 .2 1 2 0.124 1.260 0.341 -1.769 -0.037 -0.295
0.125 -0.105 1.272 0.323 -1.764 -0.015 -0.327
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Table XIV (continued)

Regression parameters for PSSV Model 

based on Intensity (E q .9 . 4 )

D a m p in g X  =  0.10

F  requency  

H z

iog(<u) B, Ci *>/ E,

25.00 2.196 1.298 0.333 -3.779 0.237 -0.107

14.72 1.966 1.322 0.322 -3.296 0.237 -0.087

8.67 1.736 1.293 0.304 -2.647 0.219 -0.146

5.11 1.506 1.172 0.287 -2.036 0.174 -0.251

3.00 1.275 1.026 0.282 -1.630 0.119 -0.328

1.77 1.046 0.948 0.291 -1.476 0.077 -0.359

1.04 0.815 0.954 0.309 -1.512 0.048 -0.359

0.612 0.584 1.016 0.329 -1.630 0.016 -0.329

0.360 0.354 1.111 0.342 -1.737 -0.016 -0.297

0 .2 1 2 0.124 1.190 0.343 -1.800 - 0 .021 -0.303

0.125 -0.105 1.221 0.334 -1.835 0.001 -0.335

D a m p in g X  =  0.20

Frequency

H z

Iog(oj) 4 B , C i » i E i

25.00 2.196 1.274 0.322 -3.734 0.226 -0.118

14.72 1.966 1.304 0.315 -3.303 0.225 - 0 .1 2 0
8.67 1.736 1.268 0.301 -2.723 0 .211 -0.177

5.11 1.506 1.148 0.287 -2.192 0.173 -0.260

3.00 1.275 1.015 0.284 -1.777 XU 27 -0.325

1.77 1.046 0.941 0.291 -1.609 0.093 -0.360

1.04 0.815 0.931 0.306 -1.603 0.068 -0.368

0.612 0.584 0.964 0.323 -1.669 -0.039 -0.345

0.360 0.354 1.031 0.336 -1.741 0.006 -0.314

0 .2 1 2 0.124 1.106 0.340 -1.812 -0.004 -0.317

0.125 -0.105 1.170 0.340 -1.892 0.016 -0.351
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Epicentral pseudo-velocity spectra 

scaled by Intensity 

(after Trifunac and Anderson 1978)
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.. Table XV 

·Regression parameters for FAS ~fode1 

. based on Magnitude (£q. 9 .J 5 and.9. J 7) 

t-~uency log(w) B ., CM 
, 

10DM 
, 

EM 
, 

FM 
, 

1000GM 
, 

J1 AI 

Hz 

25.00 2.196 -1.187 6.648 0.044 -0.047 0.137 -0.410 0.003 

15.38 1.985 -1.310 6.641 . 0.074 -0.026 0.146 -0.485 0.0]2 

9.09 1.757 -1.420 6.253 0.102 0.067 0.154 -0.860 0.020 

5.26 ·1.519 -1.065 4.688 0.015 0.223 0.126 -1.939 0.010 .. 
2.94 . 1.267 -0.589 3.091 -.0.204 0.318 0.089 -3.260 0.0] 

2.00 1.099 -0.414 2.575 .-0.364 0.328 0.074 -4.014 -O.OO~ 

1.11 . 0.844 -0.467 2.964 -0.528 0.323 . 0.075 -4.525 0.003 

0.625 I 0.594· -0.734 . 4.167 -0.654 0.273 0.089 -4.548 0.033 

0.357 0.351 -1.079 5.451 -0.822 0.229 0.115 . -4.991 0.078 

0.227 .0.155 -1.058 5.317 -0.876 0.249 0.119 -5.712 0.089 

0.133 -0.077 
~ 

-0.338 2.937 -0.754 0.217 0.070 -6.277 0.046 

• 

.. 
, 
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Table XVI 

Regression parameters for F AS Model 

based on Intensity (Eq. 9.16 and 9 .. 17) 

Frequency , log(w) B/ C' I 10Dr' E' I Jl v 

Hz 

2S.00 2.196 0.340 -2.795 ' -0.337 0.039 -0.069 0.5a 
IS.38 L985 0.319 -2.254 -0.298 0.020 -0.052 0.57 
9.09 1.757 0.286 . -1.321 -0.236 . -0.07S -0.028 0,S1 
5.26 1.919 0.270 -0:766 -0.078 -0.231 -0.021 0.471 
2.94 . 1.267 0.268 -0.579 0.132 -0.329 -0.018 '0.41 1 

! 

2 . .00 1.099 0.266 -0.539 0.260 -0.348 -0.016 0.39 

1.11 '0.844 0.283 ' -0.691 0.478 -0.340 -0;010 PAO 

0.625 0.S94 0.314 -1.032 0.744 -0.264 0.001 0.43 

0.357 0.351 0.319 -1.185 1.010 -0.201 0.012 0.48 

0.227 0.IS5 0.282 -1.016 1.060 -0.233 0.013 0.49 

0.133 -0.077 0.214 -0.732 0.806 -0.243 -O.OOS 0.47 
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and in terms of Intensity is:

log {F /lS (u>)} =  +  C / ( o>) +  D /{ ic )h  +  E/{u>) (9.16)

All the definitions given in section .9.2.1 are still valid here and the frequency dependent coefficients are 

given in table XV and table X V I at eleven selected frequencies. The overall trend of the amplitudes is 

to increase in the long period range for alluvium sites versus rock sites. The opposite trend can be observed 

in the high frequencies as shown in f i g .  I X .  9a and b. The terms h (oj) and i/(co) given in the tables describe 

the assumed normal probability distribution of the residuals. They can be used to determine the probability 

p{e, to) that an error e will not be exceeded.

e(u>)

^ ) = ^ l exp[“ K ^ ) > *  (9-,7)

Here again, for simulation purposes, the phases 1>(a>) are assumed to be randomly distributed.

H r

0

♦
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9.3.3 The Boore FAS model

The Boore FAS model has already been described in section 3.4.3 (see E q . 3 . 4 2 ) and we shall only 

insist here on the required data which are neccessary in order to be able to use it. The principal assump­

tions of the model are the following:

Shear waves only 

Far-field equations 

Random phases 

Linear propagation medium.

Then parameters have to be assessed, according to a fair knowledge of the local seismological and 

geotechnical conditions. We have to provide estimates for the following parameters:

Seismic moment M 0

Crust rigidity M

Distance R

Focal Depth H

Stress drop Ac

"Hanks” limit Fmax
High frequency decay S
attenuation Q
S-wave velocity 0
Radiation pattern Ra<t,

An example of such a FAS computation has been given in section 3.4.3 and is shown in f i g  . I l l  22  for an 

earthquake of Magnitude M s =  7 at hypocentral distance of 20 km.

♦

♦
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Fig.IX.I I

Example of response spectrum fitting
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9.4 NON-STATIONARITY IN TIME
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9.4.1 Use of Chapter II method
In Chapter II we used a simple method to integrate the non-stationarity of a near field signal both in 

time and frequency. What has been achieved has consisted in fact of applying a shaping function which 
represented approximativê  the observed buildup and decay of energy, for a particular frequency. Each 
group of frequencies was treated differently. For the designed signal of 20 sec duration, we assumed that 
the P-wave frequency content was present from t = 0 sec. to t = 14 sec. For the S-waves, and the T-waves 
(assumed to correspond to surface-waves) the windows began at / = 3 and t = 0 sec. and finished at t = 
18 and / = 20 sec. respectively.

In this particular case, the shapes of the windows for the P-waves and the T-waves were symmetric 
with respect to their middle points and we used a function proposed by Harris. The purpose was to avoid 
frequency leakage, and to keep a ’’clean” signal. The S-waves, however, were multiplied by a more realis­
tic non-symmetrical window, simulating, in some way, the initial burst of energy followed by a slow decay.

The same principle can be used to shape, in time, the presence of particular frequencies. There is, of 
course, no need to make use of mathematical functions like those employed in Chapter II to ease the sig­
nal analysis. Any empirical shape, determined from statistical analysis of filtered records may be used. We 
have not performed here such an analysis which must rely a complete earthquake strong motion data set. 
A limited study is however presented in the next section. It investigates this problem for all the frequencies 
included in the records.

The time history generation technique developed aims at achieving a time history of limited duration 
T with a specified amplitude spectrum. It must be realized that the intuitive procedure must be used with 
care. It consists in generating first a stationary process of known frequency content and then to shape it in 
time according to the function mentioned above. In doing so, the amplitudes of the different frequencies 
are modified and hence also the spectrum we started off with. A looping process is necessary to correct the 
distorsions introduced, as shown in fig.IX. /. Other methods may also be used (Boore 1983) but we believe 
that results need not be pushed further since we face errors of the same order of magnitude as the uncer­
tainty of the passage from PSSV to FAS.

9.4.2 Empirical time shaping
A preliminary analysis of a acceleration time shaping has been performed to introduce the non- 

stationary character of actual strong motions. Typical records exhibit a variation of their RMS with time 
(fig. IX. 12\ This is also seen on the Husid plots which show a non-linear buildup. We have retained the 
mathematical expression:
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w(t) = Athe~cl (9.18)

first proposed by Sagaroni (1972) to model the time dependence of the signal variance. This expression is 
attractive since it offers three parameters A , b and c to be determined for each acceleration record. The 
total signal "energy” described by the Arias intensity Imax is scaled by the parameter A :

<919>

where T[.] is the Gamma function.
The parameters b and c do not have a direct physical interpretation, but they are linked to the time 

Tm of expected acceleration maximum (or maximum slope of the Husid plot) and the distance between 
inflection points Ts which can be taken as a simple measure of the strong part of the motion.

After some algebra, we get:

Tm = ̂  = expected time of maximum (9.20a)

T = — strong part duration
C\/ 2

(9.20 b)

It is clear that A is a scaling factor describing the total energy at the recording site, and as such depends of 
Magnitude and hypocentral distance. The following preliminary results are based on 25 earthquake strong 
motion records (Italy, Greece and California) of limited characteristics.

5.0 <  M s <  6.5 

10 <  # <80 km

We found:
Tm = 0.15 (±0.51) # in sec.

Ts =1.26 (±0.29) ±0.11 (±0.03) R in sec.

/^^o.isio'V 55̂ /? '025

This gives the folllowing expressions, also represented in fig . IX. 12 for the model parameters:

= 0.045#2
(1.26 ± 0.1 1 # ) 2

= b 
C 0.15#

(9.21a)

(9.216)

(9.21c)

(9.22a). 

(9.22 b)

and finally A can be computed through Eq 9 19. Surely the proposed coefficients are not of strong value
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a) typical near-field non stationarity for ground acceleration

*
b) Husid plot: a possible representation of’’energy” build-up

Fig.IX.I2
Non-stationarity exhibited by a typical ground motion record
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since they only rely on a limited number of earthquakes, within limited magnitude and hypocentral range. 
It is however believed that a more complete statistical study should provide a good definition of the non- 
stationarity of the acceleration signals in this way. Furthermore, as mentioned in the last section it should 
be interesting for engineering application to perform such a study for different frequency band and apply 
the technique used in chapter II.

♦
9.4.3 An equivalent stationary motion
In order to define an equivalent stationary motion, we shall make use of the shaping function in time 

w(r) given by Eq.9.18. If we multiply the recorded acceleration time history by its inverse:

w_,(/) = —  rV' (9.23)
A

we obtain a process which may be considered as to have all the characteristics of a stationary process nor­
malised to a unit RMS. Therefore, every development envisaged in chapter VIII can be applied to this 
"stationary modified” motion.

In particular, for the purpose of defining typical parameters for the Kanai-Tajimi PSD model, we 
used the data set mentioned in the last section. We have obtained the values included in table XVII

The fig. IX. 13a and b show some of the acceleration time histories simulated by this method as­
sociated with the Kanai-Tajimi PSD. The two acceleration signals are 20 sec. long and are coming from a

♦
shock of Magnitude 6.5 at 50 km away. Their characteristics are written in table XVII

♦

Table XVII
Average values for Kanai-Tajimi PS models

Rock Soil
0 ^ /2 7 1 -  

Ĝ

4.15 ± 0.09 
0.51 ± 0.20

1.55 ± 0.75 
0.40 ± 0.25

Numerical values used for example of fig.IX. 13

u>g /2tt 4.00 0.80
^G 0.55 0.35

Magnitude 6.5 6.5
Distance 50 50
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a) ground acceleration on rock

Max acceleration = 0.2783 g 
RMS = 0.0640 g
frequency range Fmax = 10 Hz Fntin = 0.2 Hz 
predominant frequency = 4.0 Hz damping = 0.55

b) ground acceleration on soil

v \ '\V W
A *{V \

Max acceleration = 0.2802 g 
RMS = 0.0640 g 
frequency range Fmax — 5 Hz 
predominant frequency = 0.8 Hz

duration 20 sec

Fmin = 0.1 Hzmm

damping = 0.35

Fig.IX.13
Simulated motion from non-stationry 
Kanai-Tajimi model 
Magnitude M  = 6.5 at 50 km
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CHAPTER X
EASIS f€ C  THE SIMULATION CE GROUND ACCELERATION 

FROM GEOPHYSICAL MODELS

ft

ft

♦

♦

10.1 INTRODUCTION

In this chapter, we intend to develop a theory necessary to generate ground acceleration in the near 
field of an earthquake. The method will be based on the physical aspects of fault rupture and of wave 
propagation. The complete geophysical theory is a immense task whose termination is not likely to be 
achieved before many years. Nevertheless, we think that the approach presented here covers more than is 
usually described.

Still many assumptions are included in the theories, both in the faulting mechanism and in the seis­
mic energy radiation.

The generation of an acceleration field requires an accurate knowledge of the mechanism of rupture 
on the fault. The common method consists of using kinematic slip functions for the motions on the fault, 
which fit the far-field waveforms. We have reviewed these classical methods as well as showing how quasi­
dynamic basic functions can be used. There is no question of satisfying the complete dynamic problem since 
this requires the knowledge of the still inaccessible state of tectonic stress in the crust and the rock charac­
teristics in the vicinity of the expected fault. Furthermore, the specific details of the rupture, influenced 
for example by the variation of the material strength or its weakeness distribution can only be approached 
stochastically.

The propagating medium is assumed to be elastic with allowance for anelastic energy dissipation. This 
means that the present development is valid for energy radiating in rock or rock-like materials exclusively. 
However, unlike the conventional methods which consider the far-field terms of radiation only, we have 
retained all the terms of the clastic propagation. We have also integrated a full source-site geometry and an 
extensive formulation of the Doppler effect. On the other hand, we remain limited to the radiation of the 
body waves in an unbounded medium. If surface effect is allowed, this assumption may be considered as 
applicable for distance D less than H X tan0 , where H is the depth of the radiating point (focus) and 6 = 
sin-1 VR/V, is dependent of the ratio of the Rayleigh wave velocity VR and the P or S wave velocity V 
(Nakano’s condition). This domain is precisely the very near-field where no surface waves are generated.
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10.2 ELASTIC THEORY OF SHEAR DISLOCATION

10.2.1 Point source in an unbounded medium

The first theoretical approaches to the description of the source mechanism of an earthquake were 
based on the consideration of various simple point sources and couples on a surface (fault) of an elastic 
medium.

The displacements components (wr, uv, u:) due to a single force of magnitude G (t) = G^t) acting at 
the origin of a reference system of coordinates in the direction of the x-axis (fig.X. 1) were given by Love 
(1944) for an unbounded medium.

U -x  4  7rp
<i2r -'
dx2

T g ( t  —  T ) d  T  +
dR_
dx

1 ( R
~ A ' — S

(10. la)

Go.
47rp

k/v5
d2R~' f 
dl ^u y  R / v P

K/ys 
d2R~l f
dz2 J

R / V p

Tg(t — r)di + 1 dR dR 
R dx dy

, . . .  \ dR dR
T g ( t  -  t )  d  T  +  —  —  —

R dx dz

( 1 0 .1 6 )

(10.1c)

The amplitude G0 of the force is, for the moment, constant; g(t) represents the time dependence of the 
force. R is the distance from the acting force to the point M  (x, y, z) where the motion is expressed. '

The clastic characteristics of the propagating medium arc given through the P-wave velocity Vp and 
the S-wave velocity Vs. p is the medium density.



288

*

*

*

In spherical coordinates (r, tf, 6) at the source, (the choice of spherical coordinates eases the discus­
sion as, at least for the far field equations, the radial component carries the P-wave and the tangential com­
ponent carries the S-wave), the expressions become (Jig.X. 2):

r */Ks "]
<70cos6 

Ur 4t pR —  f Tg{t-T)dT+ - g ( t - — )
r  2 J ' v y \  v J

R/VrL -J
Uo = 0

r R/ys
<70sin6
4irpR 1 rg{t — r)dr H— —J ' vs)

R!yp

(10.2a)

(10.26)

(10.2c)

It is convienient for the following to define s{t) and s(t) the two successive integrations of the time func­
tion:

We have immediately:

0 = gtj)dr

t

- 1
J(0 = J s \ T ) d r  

o

s \ t )  =  g ( t )

(10.3a)

(10.36)

(10.3c)

5(0 is therefore the displacement time function on the fault, also called slip function. Then, integrating by 
parts, the term:

R/ys

T g ( t  t )  d  t  (10.4a)
r / v p

takes the form:
(10.46)
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Fig.X. I Force g(t) acting in the direction of the * -axis,

A'

Fig.X.2

Spherical coordinate representation

*



We shall write E q .  1 0 .2  as:

ur = uNr + uFr 
i *a = 0
m6 W6 "** W6

(10.5a)
(10.56)
(10.5c)

where the superscripts N and F stand for near-field and far-field respectively.

yu. = 2G0 cos 6
H ) - M

R  ̂ *
K w

R

4 i r p R 3 L VP * ‘  V p ' Vs ‘ vs
<70sin6 T

i 
•

R ) R J l R )4i r p R 3 1 vP> Vs ' Vs
G0cos 6 / 
4i r p R  *V vr J

r G0sin6 
“• = 4

(10.6a)

( 10.66)

(10.6c)

(10.6rf)

This reflects the definition of the far-field which is clearly the displacement field attenuating in \/R. As 
can be seen the near-field terms are more complicated and attenuate in \/R2 (for j(/) terms) and in \/R3 
(for j(r) terms). As mentioned before, it is seen that the radial term uf is propagated with the velocity Vp, 
this is the P-wave and the tangential term is propagated with the velocity Vs, this is the S-wave term.

In all analyses of earthquake waves, including in strong motion seismology, only the far-field terms are 
usually taken into account. The near-field terms are assumed to be negligeable. This assumption, which is 
quite admissible far away from the source in tele-seismology, deserves more attention when the stidied mo­
tions are very near the source. This is true, in particular, when the source dimension (fault length L) is of 
the same order of magnitude as the distance R involved.

From a deeper examination of the near-field terms one may observe that:
1) in the near field terms, both Vp and Vs are present in the radial expression w;v and the tangential 

expression w£'. This means that the concepts of radial and tangential radiation
breaks down and that both P and S waves are mixed in the near field.
2) the functions involved are not proportional to the force waveform g(t) but are proportional to its 

first and second integrals j(r) and s(t). These formulae show that the displacement field is proportional to 
the active source displacement function in the very near field; it becomes influenced by the source velocity 
function at larger distance before being directly proportional to the source force as the distance R increases 
towards infinity.



291

♦

♦

*

Equivalence of a shear dislocation with a double couple of forces
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10.2.2 Vectorial formulation and Green’s tensor

Eq.lO.l may also be written more generally in vectorial form as (fig.X.3):

= £rPgr~ad “ ̂ ) ] - ™ rU»rl[ j s(> - !;)] (l07)

which can be directly derived from the dynamic Navier equation of motion. Its advantage lies in the fact 
that the source site relative geometry is also included (see section 10.3). The time function s(t) acts at the 
source in the direction 5, and the motion is carried by the vector u at the site. The respective distances 
from the reference origin are the vectors r0 and r. R is the distance between the point source H and the 
site S:

R = R . e R =r-r0 (10.8)

It can be shown that:

- , .. f a / R\ 1 R(R.a)./ R\.r3R(R.a) a If / R , R / t R\ 1 nnQ.
grad 7 )J - - v m r i < - y )  + --- T > \ Y V -  v + r v ~ v ) \  (10-9)

and using:

derived from:

we obtain:

u(r, t) =

curl curl [.] = grad d / v[.] — V2[.]

R/vs
Go
471-p

[3 R(R.a) 3 1 f ...
L J M(,~

R /Vp

r)dr

R(R.a) r 1 -j . r  \ i ~s(t r . a R+ 51 t
R V \ \  VsR* I n  ' vp ' n  * vs>\

( 10.10)

( 10.11)

( 10. 12)

*
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This is the 3 —dimensional displacement field for a single force G(t) = GqsIi) acting at a point H in 
the direction a. This is commonly written (Morse and Feshbach 1953):

n(r,/) =  G0(f j?/?0,rj.3 (10.13)

where

(10.14)

is the Green’s displacement tensor in the time domain.
We recognise Eq. 10 l as a particular case where the vector a is carried by one of the axis of the 

cartesian reference system. The advantage of the vectorial formulation expressed by Eq 10 7. 10 13 and 
10 14 is that that they are independent of the system of reference. This will be very useful when we shall 
be expressing the Green’s tensor for any source-site relative geometry.

*

*

*
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10.2.3 Expression of the point shear dislocation

We shall now write the Eq . 10.14 for a point shear dislocation. Using the equivalence theorem proved 
by Maruyama (1963), we express that a shear displacement is equivalent to a double couple (fig X  4). 
This theorem is valid for any elastic anisotropic but unbounded medium.

The displacement at the point S (r) induced by a concentrated force a.G (t) = 2.G0i"(/) acting at an 
hypocenter H  (r0) in the direction of a unit vector a is given by:

«(?,/) = G0S[r/?0,fJ.d (10.15)

If we consider two forces of the same magnitude G0 acting at points //,(r0 + Ac/i/2) and H 2(r0 — Acn/2) 
in opposite directions, the resultant displacement at S is:

Mr, I) = G0 <7 [?/(?„ + Ath/2), f] - g [?/(?„ - A<«/2), (] .i (10.16)

and as Ac ->0, G0 -»oo, but their product is finite. The shear force G0 at S, over an elementary surface 
AS is:

where
d&)
Ac

r _ dV)

is the shear strain and

(10.17)

Then,

We obtain:

H is the propagating material shear modulus

m Q = lim G0Ae = n d (2) A]A« —► 0

Au(r,t) = m Q(an 4* na):grad ̂ ĵ r/r0,/J

(:) is the double dot product of 2nd order moment tensor fh0 with the 3rd order tensor:

(10.18)

(10.19)

grad Q = lim .
At —► o Ac

( 10.20)



295

*

Fig.X.5
Fault-site relative location for acceleration field determination
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10.2.4 Displacement field for an entire fault

For an entire fault of area 2, the displacement field is obtained by integrating Eq.10.20 over the 
entire surface 2 :

w(r, t) = n J d (2 ,t) {ah + ha):grad Qd'Z ( 10.21)

Furthermore, since one is often led to assume that the slip function of space and time </(2,f) is separable 
over the fault d (2, t) = G (2) X j(r), one may introduce the overall seismic moment:

M 0 =  /i j j  d (  25, r.) d r</2 = fid 2 ( 10.22)
T Z

where d is the average fault displacement, 2 its area and T the train wave duration; then we re-write 
Eq. 10 21 more simply as:

u{rj) = M 0{ah + ha):grad (t (10.23)

In the case where the fault is too large, it must be considered as a sum of elementary rupture zones limited 
by barriers {Das and Aki (1977))\ the surface 2 is then only one of the induvidual coherent patches. This 
will be used in section 10.4 to describe the stochatic fault rupture model.

Eq.10.21 is the closed form solution for the displacement field in an elastic unbounded medium. We 
shall give now its expression on a more computational form. We see from Eq. 10.20 that the elementary 
displacement at a site due to a point shear dislocation is composed of three terms:

m 0 = the elementary seismic moment

{art + ha) = the geometric radiation pattern 

(/[.] = the Green function or radiation function

After some lengthy algebra, consisting in expanding the gradient term and projecting on the spherical sys­
tem, we get for the acceleration field {fig.X.5):
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This expression shows in detail that the required information to generate such ah elementary ac­
celerogram consists of:

1) the elementary seismic moment m 0,
2) the elastic properties of the medium Vp, Vs and p,
3) the source-site geometry which defines the radiation pattern,
4) the fault slip function s(t).
It may be observed that the shear force associated with s(r), e.i. g(t), must be differentiable. We see 

that the P-waves and the S-waves have been decoupled. Written in a more compact manner, Eq.IO 24 
exhibits the various factors involved. Also, it is easily seen that one may express it easily in frequency 
domain by operating the Fourier Tranform on the slip function only. The acceleration field is:

V stand for Vp and Vs alternatively. The frequency expression is also convicnicnt to deal with an anelas- 
tic attenuation term which is generaly frequency dependent.

(10.25a)

where
{/ l , (R, iu)} =  M .{ g  }.{K}.|C1.(R,i<o)|.{Op(e,i«)}.exp[— (10.256)

M  = scaling factor
= radiation pattern

{ V } = velocity matrix
,/oj} = radiation column vector

{Z)K(0,/u)} = Doppler effect
= anelastic attenuation

In the next sections we shall discuss possible approaches to assess these various terms.



10.3 ACCELERATION FIELD FROM A COHERENT PATCH

10.3.1 Introduction

For a long time, it has been known that shallow earthquake energy is not released by a sudden instan­
taneous rupture of the crust. It is rather a crack-like phenomenon, the tip of which propagates from an ini­
tial localised region, the focus, at a finite velocity in one and sometimes several directions. Haskell (1966) 
showed that some of the complexities of the rupture process could be accounted for by modeling it with a 
stochastic process with a spati-temporal auto-correlation. Thus, he introduced the idea of coherence in the 
rupture length. Some other authors, like Boore and Joyner (1978) or Andrews (1980) have tried to account 
for those irregularities in a purely statistical manner by considering a random field of strength, stresses 
and stress build-up across the fault. A more physical approach was taken by Das and Aki (1977) who as­
sumed the rupture surface to be made of regions of low strength separated by regions of high strength 
called ’’barriers”. Depending on the strength of the earthquake, the rupture can propagate through the 
low strength regions and eventually stop or break some of the barriers (fig.X.6). The concept is attrac­
tive because it may be used to interprete aftershocks as ruptures of barriers which have not been broken 
during the main shock, but nevertheless were not far from their breaking point.

In this section we shall look at one particular patch of the fault in the light of Eq. 10.25b. Its succes­
sive main terms will be examined.

Fig.X.6

Projection of the Parfield aftershock hypocenters on a vertical plane
The region with no aftershocks has been broken during the main shock 
(after Aki, 1979)



10.3.2 The geometric radiation pattern

The term £e<f) which describes the relative source-site geometry is a tensor of order 2, explicitely writ­
ten in Eq. 10.24. Fig.X. 7afb!c show the various systems of coordinates usually used. The first system of 
coordinates is the ”source system” (?,, e2, e3) whose axes are defined with reference to the fault plane (2) 
and the initiation of the rupture, the hypocenter H.

ex is parallel to the strike of the fault,
e2 is the horizontal parallel to the dip direction,
e3 is the vertical directly deduced by ?3 = e2Ae2
The positive direction of ex is the direction producing a positive component on this axis for the rup­

ture propagation vector {fig X  7a).
The second system is the "slip system" (5, m, h): 
a is the direction of the slip vector in the fault plane, 
w is the normal to the fault plane, 
m  is uniquely defined by m  = —aAn
The positive direction for the h normal is taken such that it leaves the foot wall on the negative side. 

The slip system of coordinates is obtained from the source system by:

-rotating the source system through 5 about ex.

-rotating the obtained system through X about the new position of ey 
8 = dip angle 
X = slip angle
The matrix of the transformation expressed in the source system is:

• «
a cosX sin X cos 5 sin X sin 8
in = — sinX cos X cos 8 cos X sin 8
h 0 — sin 5 cos 8

(10.26)

At the site, we shall define the ”site spherical system” (eR, ee, ef). R,d,<f> are the spherical coordinates of 
the station by reference to the source system:

<f> = azimut of station refered to the strike,
0 = latitude of the station refered to the hypocentcr.
The matrix of transformation expressed in the source system is:



• 

• 

• 

• 
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fault plane 

a) the source system 

surface 

strike 

b) the slip system 
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c) the site spherical system 

Fig.X.7 

Various systems of coordinates used to describe 

the geometric radiation pattern 
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Fig.X.8
The relative position of the site cartesian system
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sin 0 cos 0  sin 0 sin 0  cos0 ~e \
= cos 0 cos 0  cos 0 sin <f> — sin0 h

— s in 0  cos</> 0 . h

(10.27)

Finally, the ”site cartesian system” is very useful since the recorded motions are refered to it (fig.X.8). In 
general, the geographic directions N S  and W E  are used.(eNS, eWE, ez). This system is deduced from 
the source system by simple rotation k — tt about the common e3 axis. Its transformation matrix from the 
source system is:

*NS —  cos K — sin /c 0 ~e\

~eWE = sin* —  COS K 0 h

1 N 1
__ 0 0 1 _ h

(10.28)

These various transformation matrices will be used to expressed the radiation pattern tensor in the different 
systems. Since they all represent transformations between unit orthogonal reference systems, they have the 
property of having their inverse equal to their transpose and thus simplifying the subsequent algebra.

*

Geologic fault types

8

3 45 90
X

—  0 — strike-slip strike-slip
left lateral thrust left lateral reverse

-  90 - dip-slip dip-slip
right lateral thrust right lateral reverse

—  180 - strike-slip strike-slip
right lateral normal right lateral normal

—  270 - dip-slip dip-slip
left lateral normal left lateral normal

- 360 - strike-slip strike-slip
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In particular, the expressions of the ’’slip system” unit vectors expressed in the ’’site spherical system”
are:

a = £cos X sin 0 cos 0 + sin X cos 5 sin 0 sin 0 4- sin X sin 5 cos 0 J eR 

+ |̂cos X cos 0 cos 0 + sin X cos 5 cos 0 sin 0 — sin X sin 5 sin 0 J ea 

+ — sin X sin 0 4- sinXcos5cos0jc0

h ~ sin 5 sin 0sin 0 + cos 6 cos0^^

4- sin 5 cos 0sin 0 — cos 5 sin 0J ee 

4- sin5cos0^ ê

We have immediately:

h.eR = — sin 5 sin 0sin 0 4-cos 5 cos 0 
h.e0 = — j///5cos0sin0 — cos 5 sin 0 
n.ê  = — sin 5 cos 0

(10.29)

(10.30)

(10.31a)
(40.316)
(10.31c)

and

a.eR = cos X sin 0 cos 0 4- sin X cos 5 sin 0 sin 0 4- sin X sin 5 cos 0 
a.e0 = cosX cos 0cos 0 4- sin X cos 5 cos 0sin 0 — sin X sin 5 sin 0 
a.e0 = — cos X sin 0 4- sin X cos 5 cos 0 '

(10.32a) 
(10.326) 
(10.32 c)

*
Finally, the terms of the radiation tensor may be written:

P-wave radiation pattern =  ̂

SH-wave radiation pattern = 

SV-wave radiation pattern = ̂

2̂  = — cosX sin 5 sin2 0sin 20 4- cos X cos5 sin 20cos 0
4- sinXsin25[cos20 — sin20sin20] 4- sinXcos26sin20sin0

2A^// = —2 cos X sin 6 sin 0 cos 20 — 2 cos X cos 6 cos 0 sin 0 
— sin X sin 25 sin 0sin 20 4- 2 sin X cos 25 cos 0 cos 0

(10.33a)

(10.336)

2f̂jj' = 2 sin X cos 25 cos 20sin 0 4- 2 cos X cos 5 cos 20 cos 0 
- cosXsin 5sin 20sin 20 — sinXsin 25sin 20[l 4- sin20]

(10.33c)



10.3.3 The source-slip functions

In many of the studies of earthquake mechanism, especially in tele-seismology, it has been assumed 
that the fault slip function can be decoupled in the product of a space function and a time function:

rf(2,0 = G (2) X s(t) (10.34)

The space function describes the geometical movement across the fault and is partially covered by the 
term "focal mechanism". The time function gives the time dependence of the source action as for example 
a pulse, a step or a ramp function. This separation is mainly due to the ease with which mathematical treat­
ments may be carried out, but does not correspond to any physical reality. It is indeed approximate to say 
that the space function would follow exactly the same time evolution for all points of the fault during the 
rupture process. This assumption means that the major dynamic constraints of the rupture are neglected 
giving too much emphasis on particular aspects of the kinetics of the motion.

In far-ficld studies, where the propagation path has smoothed the sharpness of the fault rupture charac­
teristics, this may be founded. Only the gross features of the source can be detected in this case. In the 
near-field, on the other hand, the ground motions contain more apparent features of the rupture and the 
above assumption may not be valid anymore. This observation is particularly relevant when we are dealing 
with simulation of acceleration, since acceleration is primarily influenced by the high frequency content of 
the slip function.

Anderson and Richards (1975) have already concluded that modeling near field ground motion 
displacement from various slip function models does not affect significantly the final displacement time his­
tory. As far as acceleration is concerned, no results have been proposed so far. It is believed that accelera­
tion time histories are predominantly influenced by the erratic rupture process itself and therefore the 
dynamic conditions on the fault cannot be neglected. A realistic acceleration simulation is less influenced 
by the well establised far-field conditions than the much less understood dynamics of the fault rupture. It 
is unfortunate that such data are so difficult to measure or assess. Thus, one is left with theoretical ap­
proaches which satisfy partially the dynamic necessary conditions.

From Eq. 10.24, we clearly see that, when only the far-field term is retained, the displacement field 
becomes (for each wave type):

= (10.35)
V

e.i., the far-field displacement waveform is proportional to the fault normalised slip velocity $(/). The avail­
able far-field displacement waveforms correspond therefore to the shape of the slip velocity on the fault 
and the other terms s(t), g(t) and g{t) can be deduced par integration or differentiation. Furthermore, if
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only the shear waveform is known, then all the factors, including the compressional waveforms may be 
obtained.

Radiation function derived from the Knopoff and Gilbert model

*
The first dislocation model was proposed by Knopoff and Gilbert (1959). They expressed the displace­

ment d (t) on the fault as a Heaviside unit step function (fig.X. 9a). After space-time separation (Eq 10.34) 
and introducing a constant rupture propagation Vr, the slip function writes:

</ ( S , 0  =  C0/ / ( / - p . )  (10.36)
v  r

This model, apparently simple for the far field, raises some fundamental difficulties for the determination 
of the acceleration field in the near-field. The associated velocity slip is a 5-Dirac function and its succes­
sive derivatives are not defined. Therefore no high frequency is described by this too poor model.

Radiation function derived from the Haskell model

The Haskell model is an extension of the previous model. The Heaviside function is replaced by a 
^  ramp function, increasing linearly with time (fig.X. 9b). This model gave its name to the "rise time” of the

slip function which is the duration of the dislocation. For the same reason, this function is still inadequate 
and therefore cannot be retained for acceleration simulation.

♦

fault slip G0

a) Heaviside function

lime

%
fault slip

rise time r

Fig.X.9

Elementary slip functions



307

«

R a d ia tio n  fu n c tio n  d e r iv e d  f r o m  th e  B ru ne m o d e

The Brune model is the simplest model which can be used for our purpose. In its formulation, a 
constant slip velocity on the fault is progressively attenuated by an exponential term exp(—tjr) to model 
the effects of fault finiteness at a current point. This is the healing process of the rupture that is taken into 
account and will be studied in more detail in a more refined model below. Brune made use of the time 
constant r, equivalent to the travel time of the signal to the limit of the fault:

2 a
Vc\J Itt

(10.37)

where a is the equivalent radius of the fault. The radius a is related to the corner frequency fc = l/27rr 
through:

(10.38)

and located on a log-displacement versus log-frequency plot the junction between the low frequency and 
the high frequency trends of the spectrum (fig.X.10). The initial particule velocity on the fault results from 
an intantaneous stress drop A<r and can be computed by integration of:

a ddAff = n —  OS

We have:
*/(2,0) = <7(Z)ds(t) _ Vs**

dt l,=0 M
After multiplying by exp(-//r) previously mentioned and integration,

0(2,0-G(2)(l-*',/r)

where G (S) = 4/3d is the final fault offset:

-r A a 16 A <ra = —  Vcr — —  —  a
f* s 7* **

in accordance with the expression derived by Keilis-Borock (1959) for the static case. 
Then, we obtain immediately:

(10.39)

(10.40)

(10.41)

(10.42)

*
s(t) = 1 — e,/r (10.43a)

J(0 = ' (10.436)

g(t) = --e"’ (10.43c)
T l

m  = V ' /r
T J

(10.43*/)
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# a) slip function in time

time

*

Fig.X.10
The Brune model
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which can be used directly in Eq 10 24. The Fourier Spectrum of the slip function is (fig.X.10):

D(S,/w) =  ̂ ^ r  1 (10.44)
F s /oj(1 + /wr)

decaying in aT2 in the high frequency. This leads to a aT1 decay of the displacement spectrum in the far- 
field, and departs from the now commonly accepted co-2 to aT3 decay {Aki 1967). This prompted Brune 
to modify the far-field expression of his model.

We may incidently note that the scaling factor and seismic moment M 0 may be expanded as:

A/0 = iid 2 = a* (10.45)

i.e., the total energy released from the patch may originate either from high stress drop or from large patch 
dimensions. For simulation purposes, when no indication is available relating to the possible stress drops 
or the likely patch equivalent radius, there is no possibility to separate their respective influence. We shall 
develop more on this aspect in section 10.4.

*



R a d ia tio n  fu n c tio n  d e r iv e d  f r o m  th e  M cG a rr  m o d e l

Although the source model developed by McGarr (1981) scales on peak acceleration and peak velocity 
in the near-field, it is of value to retain his assumption about the radiated pulse shape. It may be viewed as 
a generalised Brune’s pulse except that the initial time dependence of the faulting is assumed to be more 
gradual. (fig.X. I la). His proposed function is:

4 d
T { L T 2T2 6T3 -1 j (10.46)

with the result that the far-field wave displacement is proportional to /3exp(//r). The relationship bet­
ween a and fc is assumed to be the same and hence the exponential decay of the displacement pulse is 
not alfected. This time function also complies with the comment of Savage (1966 and 1972) who argued 
for an initial quadratic-like dependence for the initiation of rupture followed by a radial propagation at a 
constant velocity. Its Fourier Spectrum is (fig.X. lib):

D (2, / a>)
4 A <t V s t 5 i

P iw (l +  / cor)4 (10.49)

It produces a frequency decay in aT4 for the displacement in the far-field. Although this seems contradic­
tory with the above well accepted values, we believe that such a function explains partially the shape of 
the acceleration spectra beyond the so-called Fmax. Not only, as stated by Hanks (1981), this acceleration 
fall-off is due to strong anelastic attenuation in the vicinity of the fault, but also it reflects the smoothness 
of the slip function. In the limit, a pure impulse Dirac function (in a very brittle environment) will give 
rise to a w-2 decay for the far-field displacement. A more physical pulse, smoothed by the ductility of the 
rock (as one goes deeper) and the healing process of the rupture may produce oT3 or even aT4 decays.

The slip function included in Eq 10. 24 write:

* 0  d0.50<.)

s(t) = J-Ae~,/T (10.506)

(ia50c)

*> -£(>  -'r + £ y " ’ (10-50rf)
F ig .X  12  show  th e  sh a p e s  o f  th e  re su ltin g  v e lo c ity  a n d  a c c e le ra t io n  p u lses  fo r  d if fe re n t v a lu e s  o f  th e  p a tc h
d im en sio n s .
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Fig.X.l I
The MeGarr model



a) velocity pulses

Fig.X.12
Examples of slip pulses according to the McGarr model.
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R a d ia tio n  fu n c tio n  d e r iv e d  f r o m  th e  S a to -H ir a sa w a  m o d e l

The S a t o - H i r a s a w a  m o d e l  approaches the physics of the source dynamics still closer. It is based on 
the exact solution developed by K o s t r o v  (1966)  for the self-similar growth of rupture of a circular crack 
with uniform stress drop. It is a quasi-dynamic model which assumes that the E s h e l b y ’s  static solution 
(1957) holds at every successive instant of the rupture. The relative slip of the faces of the crack under a 
uniform shear stress A<r is given by:

d  (2 , t )  =  d  y j  £ 2 — p2 * > (10.51)

2 = 7T p- d  _  24 Atrmax ~

(it can be seen by integration over the total area that the average displacement d  is the same as in 
E q .  1 0 . 4 2 ) .  The authors suppose that the rupture initiates at a point t  =  0 and spreads outwards at constant 
velocity Vr. According to the assumption made, the relative displacement on the fault at time t is obtained 
by substituting Vrt to the radius £:

d ( p , t )  =  K j ( V rt y - - p > H ( t - f i ) (10.52)

K  _  . _  3 d
A  ~  a max j ”

It is also assumed that the rupture stops abruptly at p =  a  giving the complete form: 

d ( p , t )  =  K j ( V f ) * - p i H ( t - - ? r ) [ l  - H { p - a ) ]  Vrt <  a

d ( p , t )  =  K y / a t - p 2 [ \ - H ( p - a ) ]  Vrt >  a

(10.53a)

(10.536)
Strictly speaking, E q .  1 0 . 5 3 a  a n d  b  are not the solution for the dynamical stress relaxation problem. They 
represent, nevertheless, a first good approximation of the dynamical process. It may be observed that the 
space-time separation of E q .  1 0 . 3 4  has been dropped. F i g . X .  13  shows on a dimensionless plot the varia­
tion of displacement slips with time. The dashed line indicates the arrival time of the rupture front with 
respect to p / a .
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The functions required for the computation of the acceleration waveform in the near-field must 
integrate d  (2 ) into j (/):

d ( p , t )  =  Z K \ ( V ' t ? - p :iy 1 (10.54a)

d ( p ,  t )  =  Z  V 2, t [ ( V rt ) 2 ~  P2] ~ ' /2 (10.54ft)

a ( p , t )  =  - z K v y \ ( v r f - p 2'\|-V> (10.54c)

d ( p , t )  =  - 3 K Z V ) t \ ( V rt f -  p2"I - (10.54rf)

where Z  =  h ( i -  - H ( p - a )  J (10.54c)

♦

♦

♦
I'ig.X. 13
The Sato-1 lira sawn model
Dimensionless slip function with no space-time separation
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R a d ia tio n  fu n c tio n  d e r iv e d  f r o m  th e  M a d a r ia g a  m o d e l

#

♦

*

♦

♦

The model described now is derived from the study of the dynamics of an expanding circular fault of 
M a d a r i a g a  (1976) .  In a numerical solution, constant rupture velocities were used, ranging from V  — r  — 
0.6 Vs  to Vr =  0.9 He noticed that the slip function was surprisingly simple and quite similar to that 
of B u r r i d g e  (1969)  for similar problems.

The rupture grows with a uniform rupture velocity until it reaches a fixed barrier where it stops 
abruptly. The movement at an interior point continues to grow until the P-wave generated by the stopping 
of the rupture front arrives and decelerates its motion. This stopping phase reaches internal points at time 
Ts p (p)  variable with the distance from the nucleation point. F i g . X .  14 shows that this time is:

T  = ±  +  ezp.
sp v  + y

(10.55)

As the rupture heals, the relative slip velocity decreases continuously towards zero. The initial part of the 
source function, before the arrival of the P-stopping phase is the same as the solution given by K o s t r o v  
(1966)  for a self-similar circular shear crack:

d ( p , t )  =  d 0 J f l - - g i  p  <  i <  T s p  (10.56)

where d 0 is the initial particule velocity on the fault which depends on the stress drop. A m b r a s e y s  (1973)  
and others have given an upper limit for the value of d Q, assuming that the rupture of the crack is instan­
taneous.

During healing the slip function takes the form:

‘H p , t )  =  d 0 J < Z - V H ( t - T s p ) i  +  £ i  T s r < t < T r  (10.57)

where Vff is the healing wave velocity and T F the final time of sliding; both are function of the distance p.
According to M a d a r i a g a , the final slip overshoots the static solution by a factor nearly independent 

of the rupture velovity VrA t  varies slightly from a  =  1.15 at Vr =  0.6  Vs  to a  =  1.20 at Vr — 0.9 Vs . Due 
to this overshoot, the static stress drop that we considered up to now has no longer a satisfactory unique 
definition. We.shall discuss its influence in section 10.4.

The final offset can be expressed as:

dmax t >  t f

A closed form expression for Vh  (p) is then obtained by writing:
d d  (p, t )  . 

d t  l'=7>

(10.58)

(10.59)
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We get: r,(p)
y „ ( p ) ~  t f u » - t s p (p )

where all the times are p dependent. Substituting this expression into the identity

yields:

d (p, T f ) =  d

a 1 a 1 +  (1  - a 2)p2 
j h W  V } T S P (p)

Finally, we are able to re-write the slip function as:

d { p , t )  d QJ t 2 y 2 ~y <  1 <  t s p

(10.60)

(10.61)

(10.62)

(10.63a)

^  Hypoccntcr H
current point ------*

stopping front Vp

/
1 end of patch

forward rupture Vr dimension L

Fig.X.14
Definition of the stopping time of rupture 
at an internal point of the slip surface
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crack

0

Fig.X.15
Average shear strength at the crack tip
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One may observe that the velocity function posseses a square root singularity at the onset of the slip. 
This is due to the elastic assumption made in the shear crack model. Whereas this assumption may be per­
fectly acceptable at some distance away from the crack tip, it is incompatible with any realistic stress- 
strain law in the vicinity of the crack rupture front.

In this area, a plastified zone of limited extent develops which renders the elastic assumption erroneous. 
It is common, in crack theory, to treat this zone by introducing the fracture energy per unit area of newly 
created crack surface. This is also the energy barrier that the rupture front has to jump to overcome the 
stopping attempt in the fault resistant zones. The stresses at the tip of the crack are distributed accord­
ingly to the stress-strain law of the ruptured rock and is limited to r n its ultimate shear strength (fig.X.15).

This singularity needs removing. For this purpose, we shall follow I d a ’s  ( 1973)  results giving order of 
magnitude for the maximum slip velocity d max and the maximum acceleration d max as a function of the 
average plastic stress r0 and its extent / 0 at the tip of the crack before elastic theory may be re-joined.

The values of d max and d max are dependent of the shape of the stress-strain law of the ruptured rock. 
Since it is almost impossible (at least at the present level of knowledge) to determine such shapes, some 
fair realistic assumptions have to be made and analysis, based on them, carried out.

Following this principle, I d a  showed that a first estimation of d max and d max can be obtained irrespec­
tively of the shape of the stress-strain law and suggested:

d max (10.67a)

7 ~ ( TJ ) 2 K Ia» , a x ~ \ n )  I (10.676)
r0, the average plastic stress extends over a length /0. He also gave the time T max for the maximum velocity:

T  _  £  io
1 max ~  rQ Vr

These expressions are not independent of each other and we shall write them:

(10.67c)

d  =  — Vmax [a r ( 1 0 .6 8  a)

d 2
—  max ( 10.686)

T  =  max 1 max J3u max
( 1 0 .6 8 c)

Once the maximum velocity has been assessed from a fair estimation of the material characteristics, on 
one hand, and the rupture velocity Vr on the other, the maximum acceleration value can be computed by 
varying slightly T max and l0.

With the help of those considerations, we are able to introduce approximate physical values in the



319

»

definition of the motion at the very start of the rupture. This will remove the non-physical discontinuity 
mentioned earlier. This process is important in the sense that, contrary to displacement analysis, simulation 
of acceleration requires realistic high frequency information. They are precisely included in the mechanism 
of the breakage of the cohesive bonds at the tip of the crack. And this is precisely what we attempted to do 
with this first approximation. Since d max varies from 50 cm /sec to 100 cm /sec and considering that d max 
varies from 0 .2  g to 2  g on the fault, we see that the smoothing correction of the velocity function is very 
limited in time. The values of T max range from 0.025 to 0.5 sec. These are associated with the high fre­
quency features between 2 Hz and 40 Hz that are required for realistic ground acceleration generation. It 
is clear that much experimental effort has to be made to determine more accurately the early start of the 
breakage.

The searched smoothing function d ( p , t )  will also have to be constrained by the following continuity 
conditions: if d , ( p , t )  is valid for 0 <  t <  T ,  only

d j ( p , 0 )  — 0 (10.69 a)

£ o w II o (10.69 b)

[rf,(p,/)] = d max at t =  T maxJ- -imax
(10.69c)

* I ^/(Pi 0  I m̂axL -*max
(10.69 d )

Finally the d ( p , t )  function must re-join the rupture growing phase tangentially at t  — T r
F i g . X .  1 6a a n d  b  show the typical expected shapes of such slip functions. A proposed analytic expres­

sion able to meet the above conditions is of the form:

d , ( p , t )  =  A X {e  ' *

Where A  , f  and tj have to be determine from the assessed d max and d max.

(10.70)
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Fig.X. 16
Proposed slip function, before the stopping phase arrival

♦
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10.3.4 Doppler effect

The D o p p l e r  e f fe c t  is a phenomenon which occurs away from a moving source. We do not consider 
here the slippage on the fault, but its effect at some distance R in any direction. In E q .  1 0 . 1, 1 0 . 2 ,  1 0 . 3  
e t c . . . ,  the slip function j(r) has become s ( t  — R / V ) .  This is a "retardated” function which gives rise to 
the D o p p l e r  effect .  It is accounted for by the term D r( R , i u ;) in E q . 1 0 . 2 5 b  and depends mainly on the 
rupture velocity Vr and the azimuth of the site with respect to the strike of the fault.

The simplified equation E q .  1 0 . 3 5  will enable us to describe its effect in a simple manner. It is also 
advantageous to deal with this problem in the frequency domain. E q .  1 0 . 3 5  exhibits a term d ( 2 , t - R / V )  
under the integral sign, the significance of which is visible on f i g  X .  17. When the radiating point is Q, 
away from the hypoccntcr H, after some slippage has occured, the distance R  is not equal to R Q anymore 
but is:

R  =  (flosin0cos0 -  £ ) 2 +  (/?osin0cos0 +  ycosS) 2 +  (/?ocos0 +  ycosS) 2 (10.71)
and can be very different for sites very close to a large fault. The overall effect due to large fault cannot be 
computed in general except numerically. This is accounted for by adding the radiation of several patches, 
all of them with a different delay from the start (see section 10.4). We shall consider here only the D o p p l e r  
effect  due to a single patch, much smaller than the entire fault and therefore the F r a u n h o f e r  a p p r o x i m a ­
t ion is legitimate.

It consists in saying that R  > >  £ and R  > >  v, then E q .  1 0 . 7 1  reduces to:

R  «  R 0 — £sin0cos0

(we have left aside, for the moment, the D o p p l e r  e f fe c t  in the ^direction), 
E q .  1 0 . 3 5  then becomes:

«(?,/) = -J—  ---47rp W r  y 3
£ sin 0  cos 0  

V

(10.72)

(10.72)

We shall use cos0  =  cos 0 cos 0 . 0  is the angle of HS with the slippage direction, which reduces to 0  for 
very shallow shocks.

By a tranformation to the frequency domain we get:

° CrJo3) = R V 3i u D ( 2 , i w ) e  ,R^ y  . j(X)exp -/w -p-(l - cos0) J X (10.74)

wheree recognise the particular case where:

G y(R,iu)) = iwD (2,/a>) (10.75a)



and
D r( A z,ia>) =  e  lR^ v  J  j(X)exp - i u y { \  -  y C o s 0 )Ji/X (10.756)

the D o p p l e r  e f fe c t  in the v direction may also be integrated into D r( A z, i u ) .  For the simple case of a strike- 
slip fault of length L, it was expressed by B a t h  as:

D r( A z, ioj) =  —̂ 7— exp£—/ — /AT J (10.76a)

where X  =  ^ p r(l “  y c o s o j  (10.766)
and is usually considered as a first approximation of more complicated situations.

The Doppler phenomenon affects both the amplitude and the phase of the motion. At a given site S, 
the duration of the forward wave train:

Tf  =  T s(  1 -  y  cos©) (10.77a)

is reduced, wheras as the duration of the backward wawe train:

T b =  r 5( 1 +  y  cos©) (10.776)

is increased with respect to the duration of the slip function on the fault T s. Therefore the forward field 
becomes richer in high frequency and the backward field becomes richer in low frequencies. The amplitude 
is modulated depending of the frequency; this explains some of the peaks and valleys of the FAS of ground 
motion records. F i g . X .  1 7  shows the D o p p l e r  ef fe ct  variations with azimuth for the simple case of a strike 
slip fault for two different Vrj V s ratios.

Unilateral
(fl) vl j / v t = 0.5 ( b ) v t / v t =0.9

Fig.X. 17
Radiation pattern due to Doppler effect



10.3.5 Anelastic attenuation

In the early part of this chapter, we were mainly concerned with the geometric attenuation of seis­
mic waves in the near-field. The linear hypothesis for the propagating medium was retained. It is well 
known that the earth crust is not perfectly elastic and we shall now account for the difference. Unlike the 
wave propagation in soft soil, the propagation in rock medium is not strongly affected by the frictional non 
linearity. During the wave propagation, the stress-strain law remains very close to an elastic law. Therefore, 
it is sufficient to retain the equation developed previously with a correction for anelasticity. In particular 
the displacement field (E q . 1 0 . 2 1 )  and the acceleration field (E q . 1 0 . 2 4 )  may be improved only by:

1) considering the phase velocities Vs  and Vp as frequency dependent,
2 ) allowing an attenuation term by multiplcation by exp[—7(co)ft ], 7(a)) being the attenuation 

coefficient.
In practical terms, all the anelastic effects may be described by the quality factor Q of the propagating 

medium. Its definition originates from the equivalent linear assumption commonly accepted in geophysics 
and in seismology.

The anelastic attenuation of a seismic wave is related to the amplitude decay of a viscous SDOF pen­
dulum, of natural frequency w0 and percentage of critical damping £:

A  =  A 0e ~ ^ s m o ) D t  (10.78)

where 03 D =  oj0V 1 — £ 2

The first effect of such an attenuation is to smear the original frequency w0, which becomes w D . The second 
effect is to reduce the amplidude of the oscillation by a constant factor at each cycle. Both effects are 
reflected in the Q factor.

In 3 —dimensional media, the stress-strain law governing the propagation is, in its general form:

? =  M  l  l  l  ...] (10.79)

where  ̂ is the 2nd order stress tensor, and * the associated strain tensor. This constitutive law is said to 
be linear if the coefficients involved in the right hand side are independent of the strain. The law is linear 
elastic when no time derivatives intervien; it is visco-linear when the first time derivative is involved. When 
the coefficients are strain dependent the law is said to be non linear. Two examples in one dimension are 
now given:

1) the K e l v i n - V o i g h t  material (linear):

T(e,0  =  / « «  +  » !  =  f ( l  +  “ ] (10.80a)

where n  is the shear modulus and 77 is the shear viscosity coefficient. In the frequency domain E q .  1 0 . 8 0 a
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writes:
T(iw)  =  ^ 1  +  /JJwJ 

2 ) the elasto-plastic material (non-linear):

r(c, t) =  /x(c) « ( 0

where fi is strongly strain dependent. In the frequency domain:

T ( iu )  =

( \ 0 . 8 0 b )

(10.81a)

( 1 0 . 8 1 b )

We observe that, in E q . 1 0 . 8 0 b  the frequency dependence is limited to the first term of the complex series 
in to. In E q .  1 0 . 8 l b  the frequency dependency is much more complicated.

Fig.X.18
Variations of the ratio Q P / Q S for a frictional attenuation



Fig.X.19
High frequency decay study of Anderson and Hough
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The equivalent linear assumption consists in fitting the attenuation observations to a model of the 
Kelvin-Voight type (even if strong non-linearity are present). It is clear that this modelisation may reflect 
satifatorily weak non-linearity or visco-elasticity: this our case in rock material. It cannot reflect accurately 
the attenuation phenomenon in strongly non-linear media like soft soil deposits. In this case, specific studies 
are required, which should take into account the actual stress-strain law of the propagating material.

In the equivalent linear assumption, the Lamb coefficients X and fx transfom into:
d  *X —►  X +  X'—  or in frequency X* =  X ( l+ /a ;a )  (10.82a)

or in frequency /i* =  /u(l +  /co/3) (10.82)

where a  and 0  are constant for material behaving strictly in a visco-elastic manner. They are frequency 
dependent when non-linearity is present.

Defining the non-dimensional Q factor as:

we see that:

1 _  1 energy dissipated in one cycle 
Q 2ir peak energy stored during the cycle

Q p — a  +  2 jS

(10.83)

(10.84a)

and

Also, from E q .  1 0 . 7 8 :

M'«> - y, J  i +

Q s ~ W s =si

V*s i<a) =  Vs  V 1 +  i

A  =  A Qe  sin cd̂  /

and this gives for the P-waves and the S-waves alternatively:

7(co) = 03

2Q{03)V\i03)

(10.846)

(10.84c)

(10.84c/)

(10.85)

( 10.86)

where t was substituted by R  /V*(io3). We see that the attenuation term is strongly influenced by a linear 
frequency trend for a viscous behaviour ( Q  =  const and V* «  V). It exhibits a more complex relation­
ship for non-linear behaviour Q  =  Q  (w).

G u t e m b e r g  (1958) ,  using a large set of far-field earthquake records, concluded that the attenuation 
7 (0;) is frequency independent. He found no difference between the attenuation of shear and compresional
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Fig.X.20
Variations of 7 (0)) with frequency.
Average linear trends for P-waves and S-waves
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waves and he proposed the value of 7  ~  0-06 1 0  3 k m  l.
Other authors (reported in W h i t e  1965) ,  found a linear dependency of 7 («), in line with the Q  =  

const hypothesis. It also appeared that the frequency exponent n in y(u>), i.e., w" decreases greatly with 
increase of confining pressure or depth. This shows that a complex attenuation mechanism involving many 
behaviour types is to be expected over large distances.

W a l s h  ( 1966)  analysed the frictional type of attenuation and found that the Q P / Q S ratio varies from 
0.4 to 2.5 for a lPoisson’s ratio of 0.25 when the friction coefficient ranges from 0.1 to 0.7 { f i g . X .  18).

For the earth crust a likely average value is Q s  =  500 with Q p =  2Q s , but it does not apply to the 
very-near field.

More recently, A n d e r s o n  a n d  H o u g h ( 1 9 8 4 )  studied the high frequency decay of the acceleration FAS 
of many strong motions recorded at distances varying from 10 to 150 Km ( f i g . X . 19)-  They found an 
average value for rock depending of distance:

R ________
0.040 +  0.00038/? (10.87)

where R is the epicentral distance (km) and V (km /sec) the average shear wave velocity and emphasized 
that Q inceases rapidely with depth in the shallow crustal layers. In average E q  . 1 0 . 8 7  corresponds to a 
frequency independant Q varying from Q  =  50 to Q  =  500 in the strong motion distances.

Also f i g . X .  2 0  summarises partially the problem by showing fairly linear trends for 7 (0;) both for the 
P-waves and the S-waves.

All these models may be used for the acceleration field generation. However we realise that no strongly 
established law is available for near-field studies. We think that models based on the combination of several 
attenuation mechanisms like:

G(«) Q q Q\03
should give a better description of near-field attenuation in the future.

(10.87)
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10.4.1 General description of the model

In the previous sections, we have developed the means of generating a realistic seismic pulse, from 
a suitable slip function on the fault. We also computed the elementary acceleration field at a site whose 
relative location with respect to the fault is known. Various effects like anelastic attenuation or D o p p l e r  
effect have also been introduced. Basically, two scaling factors were needed: the patch dimension and the 
patch stress drop. In this section we shall describe how to combine these elementary pulses to simulate the 
ground motion due to an entire fault.

When the expected earthquake is of small Magnitude (M about 4), there is little difference between 
the overall fault and an individual patch, since small earthquakes are often generated by a single coherent 
patch of fault. In general, however, for larger shocks, the total rupture is constituted from the addition 
of several patches triggering each other successively as the rupture front reach them ( f ig .  X .  21).  The mo­
tion initiates at the hypocenter where a first fault patch is released. As the rupture front stops at the patch 
limit, it triggers immediately another one.

For the entire fault the same two parameters are required, but this time to describe the overall average 
earthquake characteristics. The first parameter needed is the total expected fault area 2 r . It is directly 
assessed from the expected Magnitude, determined independently from seismic risk analysis. It may also 
be determined from scismotectonic studies when data are available. The second parameter is the average 
stress drop Air. We shall give in 10.4.3 preliminary values for this independent scaling term as a function 
of the brittleness of the rupture zone.

Although these two parameters are fundamental and relate directly to the commonly known earthquake 
parameters, they are not assumed constant all over the fault. We shall propose in 10.4.4 a stochastic genera­
tion of the patch pulses based on elementary patch dimensions and patch stress drops. Their probability 
distributions will be made compatible with the imposed overall values of A a  and 2 r .

Eventually, all the patch pulses are added together, with their associated delay, to form the final ac­
celeration time history. The stochatic nature of the model reflects the erratic character of the rupture 
on the fault. It is not actually possible to describe in a better way the complexities of the shear strength 
distribution or the variation of the tectonic forces along the fault. On the other hand the model integrates 
the overall values (total fault area and average stress drop) which are accessible from observations.



surface

unbroken areas

physico-stochastic fault model secondary sources

Fig.X .2 1

The entire fault is divided into several patches 
of variable dimensions triggering each other successively



10.4.2 Discussion on the stress drop parameter

Before going into the proposed method which deals with the two inter-related parameters, 2 r and Ao-, 
it is necessary to look more closely at the definition of the stress drop itself. In fact, there are several con­
cepts used in seismology to define the stress release and it is not always clear which of them is actually 
refered to. The original definition of the stress drop Ad- comes from the expression of the scalar seismic 
moment A/ 0 given by E q .  1 0 . 1 8  or E q .  1 0 . 2 2  and must be called ’’static stress drop”. In terms of overall 
average values, A/ 0 may be rc-writtcn:

A/ 0 =  (10.89)

where m =  crust rigidity d  =  average fault offset 2 r =  total fault area
In order to obtain the stress drop from the seismic moment, a relation between d  and Act on the fault 

is needed. Seismologists usually assume that the stress drop on the fault is constant and then compute the 
average slip for different geometries. Expressed in this form, the problem is that of a shear crack under 
uniform stress drop, i.e., uniform difference between tectonic stress <x{ and final stress a2: A<r =  o-, — <r2 . 
The solution of this problem may be written in the general form (fig.X.22):

I  =  C ^ - l  (10.90)

where 1 is a characteristic length associated with the narrowest dimension of the fault, usually different 
from L the largest dimension of the fault. For an elliptical fault of semi-major axis L and semi-minor axis 
1, C is found from the results of E s h e l b y  (1957) .  For tranversal slip (in the 1 direction):

C = _________ 4 _________
( l - k 2) K ( f c ) - ( \ - 4 k 2) K \ k ) (10.91a)

and for the longitudinal slip (in the L direction):
4 k 2C  = --------------------------------------------  (10.916)(1 +  3 k 2) K ' ( k ) - ( \ - k 2) K ( k )

K ( k )  and K \ k )  are the complete elliptic integrals already defined in E q . 5 . 4 2  a n d  5 4 3  and k  =  
v/ 1 -  / 2/ L 2. The Poisson ratio was assumed to be equal to 0.25.

When L =  l , this the case of circular fault, then C =  \ 6 / 1 tt =  0.73 (see E q  10 42) .  For a very 
long, rectangular fault, C =  7r/ 2  =  1.57. All practical cases lie between these two values. Thus it appears 
that C varies within a factor of two for different fault geometries. This is also the uncertainty in the value 
of the average stress drop.

Other definitions have been proposed as a result of the various methods used for its computation. 
Brune,  in his model for the body wave spectrum (section 10.3.3) considers in fact that the stress drop Ad­
equate the ’’dynamic stress drop” or ’’effective stress” the difference between the static friction r and
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shear stress

moving crack

(Tf =  applied tectonic stress 

(T2 =  final stress after slip 

t s =  static friction 

Td =  dynamic friction 

o ( d  , d )  =  friction law

•Atf - <t, — a 2 = stress drop

a  2 â ‘ ^  a 2  ̂ ~  average stress

a <Jf =  rv ~  Ts =  effective stress

° /  =  average frictional stress 

au =  V° =  apparent stress

Fig.X .2 2

Definition of the various stresses involved during faulting
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the dynamic friction r d . This is due to the instantaneous rupture assumption, expressed by a, =  t s  of the 
model in a perfectly brittle material <r2 =  r d (also =  oy). The interpretation of the Br u n e  stress drop as a 
average stress drop requires that the imposed relation between corner frequency and source radius (which 
derives from the analytic expression of the model in frequency) be exact rather than approximate. Also, 
when the source radius is estimated using the duration between the P-wave onset and the first zero cross­
ing, (F r a n k e l  a n d  K a n a m o r i  1983) ,  the stress drop is very dependent on the azimuth of the station.

B o a t w r i g h t  (1980) ,  using the S a t o  a n d  H i r a s a w a  model estimated the dynamic stress drop from:

A a  ~ (10.92)

by measuring the initial slope of the far field velocity waveform.
Also H a n k s  a n d  M a c g u i r e  (1981)  defined the ’’root mean square stress drop” which is an estimate of 

the Br une  effective stress derived from the high frequency seismic radiation. They also demonstrated that 
these estimates were uncorrelated with estimates of the average static stress drop. F i g . X .  2 3  shows various 
estimates of stress release for typical earthquakes of magnitude M L between 4 and 5 (after B o a t w r i g h t  
1984) .  Facing this plethora of ’’stress drops” we have chosen to consider this parameter as a scaling factor 
giving the strength of the shock rather than an exact stress drop, and we call it ’’design stress drop”. We 
shall assume that, within a factor of two, due to the geometry uncertainty and the definition uncertainty, 
all these values are identical.

•  DYNAMIC STRESS DROP
300r

< 200-  CD

w 100-

STATIC STRESS DROP 

BRUNE STRESS DROP

Fig.X.23
Various estimates of the stress drop for the same earthquakes 
using different methods
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The design stress drop is then the scaling term which affects the sharpness of the earthquake. It is re­
lated to the rise time r, as defined by B r u n e , through E q  1 0 . 3 7  a n d  1 0 . 4 5  which give:

r = contant
(Aa)1/3

(10.93)

This equation shows that high design stress drop earthquakes have small rise time and conversely.
From an analysis of several data sets (.K a n a m o r i  a n d  A n d e r s o n  (1975) ,  F r a n k e l  a n d  K a n a m o r i  (1983) ,  

Fl et ch er  et  a l . (1984) ,  F r a n k e l  (1984) ,  M o r i  a n d  S h i m a z a k i  ( 1984) ) ,  from many different earthquakes 
covering a wide range of Magnitudes, we found that design stress drops follow a lognormal distribution 
with:

average stress drop (in bars): logAtr =  1.69 (10.94a)

standard deviation (in bars): logS T D  =  0.33 (10.9a b)

Values of the average stress drop over the entire fault will be used to control the total fault area 2 r . It may 
also be considered that potentially brittle regions are likely to see larger average stress drops and hence 
judgement should be exercised.

In the following, we shall also need the apparent stress o a defined by A k i  ( 1966)  as:

aa (10.95)

which originates from the equation of the energy balance on the fault:

E  = E S +  Ef  +  E c +  E g (10.96)

E  =  total released energy 
E s =  seismic wave energy

=  work dissipated by friction 
E c =  fracture energy at the crack tip 
E g =  work done against gravity

It is common practice to neglect the terms E c and E g to write the fault radiation efficiency:

_ £, E ~ Ef 
v  E  “  E

The total energy released is:
E  — ~(<x | +  o ^ d ' Z r  =  f f d l , T

where a  is the average stress on the fault, 
while the frictional work is:

(10.97)

(10.98)
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Ej = d'LjOj (10.99)

oy is the average kinetic shear resistance during the slip as the frictional stress drops from the static fric­
tion t s down to the dynamic friction r d . For a sharp drop of the friction law encountered in very brittle 
rocks, oy =  r d whereas for more ductile materials rr5 <  oy <  T d .

From Eq. 10.97 we deduce:
V = ( 10. 100)

and wc also see that:
<ra =  apparent stress =  tjct ( 10. 101)

We can write: __
^  =  Y +(»2  “ »/) 0 0 . 102)

which shows that wc always have:

^  >  o a (Savage and Wood inequality) (10.103)

The equality is met when ay =  ct2 e.i., for brittle materials. This is the result that K a n a m o r i  a n d  A n d e r s o n  
(1975)  found from their data set. They also concluded that:

Act sb effective stress — rs — Td (10.104)

It must be noted, however, that this relation considers, like in the B ru ne  model, ct, =  rJ. There is still no 
firm evidence for this simple assumption.

In their study of the 1975 Brawley Imperial Valley earthquake, using a spectral integration technique, 
H a r t z e l l  a n d  B r u ne  ( 1977)  suggested Act =  4.02ctu. We shall reconcile these two proposals by writting:

Act =  2(1 +  x)°a (10.105)

where x i s a  ductility indicator:
X =  0.0 perfectly brittle 
X =  0.5 intermediate 
X =  1.0 ductile
In the limit, for a perfectly ductile material, rT =  r d , no accelerating stress is available and all the 

quantities tend to zero.
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10.4.3 Interaction between average stress drop and total fault area

We saw in section 10.2, that the total seismic moment M 0 was the energy scaling factor for the released 
energy on the fault. We also mentioned in 10.3.3 that two parameters contributed to M 0: the fault area and 
the stress drop. There is an infinity of Air and 2 r combinations giving the same value for M 0. The same to­
tal energy may originate from a low stress drop over a large area 2 r or conversely from a small area as­
sociated with a high sress drop. As far as the simulated waveform is concerned, the difference between the 
two cases is significant; therefore it is worthwhile to attempt to quantify this parameter interaction.

We make use, as a starting point, of the well established G u t e m b e r g  energy relation:

log/Tj =  1.5A/5 -M  1.8 E s in cgs (10.106)

M s  is the surface wave Magnitude and the radiated energy E s is linked to the total energy released through:

E s =  r]E =  Tjod'Zj  (10.107)

By introducing the expression of d  from E q . 1 0  90,  and using E q .  1 0 . 1 0 6  to eliminate the energy term, 
we get:

M s  =  lo g 2 7- +  ^ log Act +  F (10.108)

* where F  =  / 5 [log C ^ +X> -  U .s ] (10.109)

in which g = ( 1 0 . 1 1 0 )

is the fault shape ratio.
The term F depends on:
1) the rock stiffness /x and its ductility indicator x,
2) the fault geometry through C and g.

Table XVIII gives typical and extreme values for F. It can be observed that, although many factors are 
involved, F is surprisingly constant. The value F  =  2.3 will be used for numerical calculations.

E q  . 1 0 . 1 0 8  is the relation giving the total area as a function of magnitude and stress drop. It is in very 
good agreement with the expression proposed by U t s u - S e k i  (1959):

= log 2 r +  4 (10.11 la)

lo g 2 r +  4.53 (10.1116)
or by G e l le r  (1975):

M e  =

M s  =
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Log source radius, cm

Fig.X.24
Relation between average source radius and seismic moment 
(after Hanks 1977)
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They correspond to data sets having an average stress drop A a  = 1 9  bars and A a  =  47 bars respec­
tively. It is apparent that the uncertainty on A a  controls the uncertainty on 2 r which is obtained within a 
factor of 2.0 to 2.5. Average values for A a  may be chosen among the following:

Aff =  2 0  bars for (relatively) ductile rock or deep focus or on pre-establised fault like in interplate 
regions.

Aa =  50 bars for intermediate rock or focal depth. This value is also the average for large data sets.
Atr =  1 0 0  bars for very brittle rock or very superficial focus and also for the cases of fresh ruptures.

Table XVIII
Typical and extreme values for F

G  e o m e t r y c i r c l  e L / l  =  2 L / l  =  4
C  =  0.73 C =  1.0 C =  1.57
g  =  0.56 g  =  0.36 g  =  0.19

b ri  t t l  e 2.18 2.42 2.19
d  =  0.0, n  =  3.5

i n t e r m e d  i  a t e 2.34 2.30 2.42
d  =  0.5, n =  3.0

d  uc t i  l  e 2.48 2.44 2.39
d  =  1.0, n  =  2.5



339

♦

♦

%

*

10.4.4 Stochastic distribution of the patch parameters

We shall introduce now, the conditions of stochastic nature that the fault patches have to meet in 
order to satisfy the global parameters of the entire fault. Each individual patch composing the fault will 
generate its own seismic pulse scaled by its own area and its own stress drop. These individual values must 
be such that:

1 ) the sum of the areas of the patches should equal the previouly determined total area 2 r (in fact a 
fraction p of the total area to account for the irregular barrier pattern),

2 ) the average of all the patch stress drops must equal the given average stress drop over the fault. 
These two condi:ions will be satisfied, in a stochastic sense, as each patch is generated randomly. The

stochastic law for the distribution of the patch dimensions and patch stress drops, is derived from the fre­
quency Magnitude relationship:

log/V =  A  -  b M  (10.112)

where N is the number of earthquakes of Magnitude greater or equal to M, and A and b are the well 
known seismic constants for a given area. This fundamental law describing the statistics of the seismicity 
has been found by . M o g i  (1967)' ,  to be valid with the same factor b, not only at the macro-scale for all 
the earthquakes in an region, but also at the micro-scale for the rupture of rock samples. This relation­
ship implies that an active fault undergoes tectonic slips through a vast number of seismic events over a 
wide range of Magnitude, many small ones and a few large ones. On a fault, ”small earthquakes” occur, 
reflecting the same distribution of micro-events.

The Magnitude M of the ’’micro-events” is replaced here by the elementary seismic moment m Q 
through a relation of the type:

logm 0 =  a M  + 0  (10.113)

Finally, using its expression (see also f i g .  X .  24)
m 0 =  n i l  =  Cg7r3/ 2A(7a3 (10.114)

where a is the patch equivalent radius, we get:

log N  =  log K x -  £  log(£<ra3) (10.115a)

where lo g * , =  ( a  +  ^  ^ log C g w V1  (10.1156)
is a fault invariant.

Using, for example, the typical values b  =  1 and a  =  1.5 ( K a n a m o r i  a n d  A n d e r s o n  ( 1 9 75) )  
E q  1 0 . 1 1 5 a  becomes:

K.N  = ------- '■-----( M W (10.116)
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but any observed value of v =  b j a  may be used.
This can be interpreted as the cumulative second order probability distribution of the random vari­

ables A<7 and a. K x is determined by normalising the distribution. Let A a min and a min be the minimum 
values of the patch stress drop and patch equivalent radius. They are arbitrarily chosen such that all 
elemetary seismic moments below:

m 0 x A f f m in im i  n

where k — C

are considered negligible. Then the cumulatice probability distribution is:

Since the two random variables are independent their probability density function is:

(10.117)

=  d 2F ( A a , a )  =  4 2 / 3 2  1
3  a m in  ™-«A(r5/3a 3

(10.118)

(10.119)

and their marginal densities are respectively:

2 A<x2/.3mi n
3 jcV3

f a( x)  =  - 2 - J
Fig.X.25 ; shows the joint probability density limited by a maximum elementary seismic moment m Q 
whose value may be computed from the average stress drop constraint:

(10.120a)

(10.120a)

A a  =
m0/(ta3

= | |  fa(x )fio(y)d x d y (10.121)
amin A<T„

We find:

v J u m in  J

( 10.122)

Once m0 mav is known, values of the maximum stress drop and the maximum patch radius may be obtained 
from:

0̂,ma.r
A<Wv = KQi

3 m 0 .m axa __ =

(10.123a)

(10.1236)" mX KA(Tmin n u n

Random values for the patch radius and the associated stress drop are then easily obtained from a double 
generation of numbers following the laws 1 0 . 1 2 0a  a n d  1 0 . 120b.  If the number is sufficiently large, then 
the average stress drop will match the imposed Act.
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probability density 
/(A<r,a)
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10.4.5 Flow-chart of the simulation procedure

In order to perform the acceleration simulation on a computer the succesive steps must be followed:
Step 1: Determine from a previous analysis the expected surface wave Magnitude M s .
Step 2: Assess the average stress drop A<r for the entire fault, if possible by integrating the brittleness 

^  indicator.
Step 3: Compute the total source area 2 r from E q .  1 0 . 1 0 8  and correct to get the actual broken sur­

face, 2 /  «  0 .62r .
Step 4: Decide on the smallest values for a min and A<r/mV As an example, one may choose a min =  

0.175 km and Aa min =  0.1 bar giving an elementary Magnitude of the order of zero for the minimum 
patch.

Step 5: Compute the maximum elementary seismic moment m Qmax from E q .  1 0 . 1 2 2 .
Step 6 : Compute a max and A<rmax from E q .  1 0 . 1 2 3 a  a n d  123b.
Step 7: Generate random values for the current patch parameters A a  and a, according to the probability 

densities 1 0 . 1 2 0 a  a n d  1 0 . 120b.
Step 8 : Produce an acceleration pulse, for each patch using Eq. 10.24), according to the selected slip 

function and the source-site geometry.
Step 9: Compute the successive patch delays from the patch rupture duratio and add the individual 

^ pulses at the site.
Step 10: Continue the patch generation until the sum of the elementary areas reach the total area 2 r '.

In a preliminary attempt to generate an acceleration time history using this technique, we have chosen 
the parameters accordingly to the scismological data of the Tabas (Iran) earthquake of 16 Septembre 1978.

M s  — 7.6 Act =  25 bars

0 =  120 5 =  60  ̂ =  0 L =  85 km / =  23 km

The relative location of the station with respect to the fault and the hypocenter is drawn on f i g .  2 6  . a  
a n d  b.
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The computed total area was 2 7- =  2754 km and we retained the values — 90 km and / — 30 km. 
The limits for the stress drops and the associated equivalent radii of the patches were:

°.4  bar
Arr =  3000 bars
L lu  m ax

“ m in  =  > k m =  40 km

*
The maximum elementary seismic moment was niQjltax =  9.7 1025 cgs, corresponding to a maximum

coherent shock of magnitude M s =  6.7. A constant value Q  = 300 independent of frequency was chosen.
The slip function was an early version of the pulse derived from the Sato-Hirasawa model. Also, only 

the shear waves in E q . 1 0 . 2 4  have been propagated.
The obtained time history, can be seen on f i g .  X . 2 7  a  and compared with the motion actually recorded 

in Tabas presented in its corrected form (KK =  7) on the f g . X . 2 7 a .  An overall resemblance between the 
^  two accelerations may be observed. Also the correspondance between the peak values is found satisfactory.

However, a difference in the ’’shape” of the energy arrival is to be noted. It is certainly due to the phasing 
of the succesive arrivals which was not accurately fitted to the available fault dimension in the computer 
program.

*

Fig.X.26
Relative location of the station with respect to the fault
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10.5 CONCLUSION

It is readily seen that, even in the limited case developed in this chapter, the generation of the ground 
acceleration from geophysical models requires many parameters. Most of them are badly known or even 
not known at all. In that sense, the use of the method seem to be of little use for engineering.

We think, however, that it is worth having such a method at hand, as it shows explicitely how little we 
must be confident in one particular motion. One should rather consider the obtained time history as one 
sample of a series of possible motions and then generate several other functions covering the range of pos­
sibilities for the parameters. When used in structural design, these motions will yield an envelope for the 
structural responses, more accurately than by any other methods; in particular, as it was said earlier, this 
enables a much better reliability assessment in the non-linear domain, in the vicinity of the collapse.

This approach is also very useful for applied research. In this area, it is needed to investigate the 
effects that the various parameters might have on the final acceleration. It provides the means to deter­
mine whether or not a particular variable has a predominant influence. Then, for engineering purposes the 
less influencial parameters may be dropped, to leave the engineer with the most significant ones for future 
simulations.
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