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Abstract

As the emphasis on carbon-free energy sources grows, so does the pressure to produce higher efficiency

renewable and non-polluting energy harvesting methods. In recent years, photoelectrochemical water

splitting has become an attractive method for generating hydrogen directly from water using solar

energy. This is because, in principle, no such carbon is involved in the combustion process, with the

only product being water. However, device development has been slowed by issues concerning the

properties of the electrode semiconducting materials. Such electrode materials must simultaneously

satisfy a crucial set of criteria to be considered economical. To date, no system has satisfied all of these

criteria simultaneously. Such a multivariate problem is ideally suited for study via a computational

materials screening and/or inverse materials design procedure.

Here, three examples of low-cost computational screening procedures that consider these criteria are

investigated. Firstly, a low-cost means to screen the bulk component of the ionisation potential, based

on past work by Frensley and Kroemer, was assessed in light of modern computational tools. Secondly,

the formation of self-trapped small polarons was considered within a high throughput framework.

Thirdly, special quasi-random structure models were used to rapidly predict the homogeneity and

catalytic activity of a range of rutile oxide alloys. Additionally, each of these three examples was

reviewed and summarised in terms of five suggested criteria for an ideal computational materials

screening procedure.

It is hoped that the results and discussion of this work will provide the reader with an understanding

of the advantages and limitations of these computational materials screening tools. These tools may

be used in a modular fashion, with or without machine learning protocols, to accelerate the prediction

of suitable candidate electrode materials for photoelectrochemical cell development.
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both the electron and hole polarons are centred around a single vanadium atom. For the
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relative to the surrounding atoms. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

4.21 BiVO4 polaron isosurfaces. It can be seen that the BiVO4 electron polaron was centred
around a single vanadium atom. The d(z2) orbital of the central vanadium atom appears
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stabilise the added charge. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122
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4.22 Co3O4 polaron isosurfaces. It can be seen that the Co3O4 electron polaron appeared as a
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conditions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124
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is limited by the bounds of the unit cell. . . . . . . . . . . . . . . . . . . . . . . . . . . 125

4.26 NiO polaron isosurfaces. The hole polaron appears to be centred around a nickel atom.
The electron polaron appears to be centred around an oxygen atom and is stabilised via
neighbouring nickel d(xy) orbitals. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

4.27 CuO polaron isosurfaces. The hole polaron appears to be centred around a copper atom,
with neighbouring oxygen atoms moving towards the central copper atom. A similar
observation is made for the electron polaron, except that the nearest neighbour oxygen
atoms move outwards from the central copper atom. . . . . . . . . . . . . . . . . . . . 126

4.28 Bi2O3 polaron isosurfaces. It can be seen that the hole polaron is centred around a
single bismuth atom, with surrounding oxygen p orbitals stabilising the added charge.
No substantial localisation was observed for the electron polaron, as shown by the diffuse
and even distribution of the charge density isosurface. . . . . . . . . . . . . . . . . . . 126

4.29 MoO3 delocalised isosurfaces. For the excess hole, no substantial localisation was ob-
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distribution. However, this does not correspond to a clearly definable small polaron
morphology. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

4.30 CdO delocalised isosurfaces. In the case of an excess hole, there is a noticeable asymme-
try in the charge density distribution. However, this does not correspond to a definable
small polaron morphology. The charge is otherwise evenly distributed across the unit
cell. In the case of an excess electron, the charge density is evenly distributed across the
unit cell, indicating no substantial localisation. . . . . . . . . . . . . . . . . . . . . . . 127

4.31 SnO delocalised isosurfaces. In both the electron and hole cases, the excess charge den-
sity is spread evenly and symmetrically throughout the unit cell, implying delocalisation.128

4.32 Cu2O delocalised isosurfaces. In both the electron and hole cases, the excess charge den-
sity is spread evenly and symmetrically throughout the unit cell, implying delocalisation.128

4.33 ZnO delocalised isosurfaces. In both the electron and hole cases, the excess charge den-
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4.34 Fully converged electron and hole self-trapping energies. The d-orbital occupancy is
given at the top of each bar. The grey bar corresponds to the Co3O4 electron polaron
calculation that was not pre-converged with a coarse k-point grid. . . . . . . . . . . . . 130

4.35 Band decomposed charge density of the highest energy, partially occupied states for the
fully converged Co3O4 calculation. The cobalt orbitals involved in these states appear
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4.36 (Left axis - blue line) Number of geometry optimisation (ionic) steps in the structural
relaxation of the Fe2O3 electron polaron for the number of k-points. (Right axis - orange
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4.37 (a) Comparison of the self-trapping energies using a single k-point with the fully con-
verged k-point grids. The distance from the black line indicates the degree to which the
two values are in agreement. (b) Comparison of the overall lattice distortions using a
single k-point with the fully converged k-point grids. The Lattice Distortion quantity
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4.38 Comparison of the fully converged polaron and band state total energies with their
respective Γ-point energies. The "Errors" displayed in this figure are the differences
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in agreement. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

5.1 Examples of the structural output for each intermediate for the OER adsorption calcu-
lation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

5.2 50:50 Rutile SQS template unit cell. This unit cell contains sixteen AO2 formula units. 150
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5.6 Plot of ∆EOOH versus ∆EOH for each of the 50:50 rutile mixtures. The black line repre-
sents the universal scaling relation of Equation 5.6. The "Site" numbering corresponds
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Introduction

1.1 The Ever Growing Demand for Energy

A concern in modern society is how to balance the ever-increasing demand for energy with the envi-

ronmental impact associated with the type of fuel. Over time, modern tastes have to come to reject

non-renewable fuels, in favour of renewable (self-replenishing) and non-polluting fuels. However, energy

demand is expected to increase substantially over at least the next 20 years34,35. As such, large amounts

of public and private spending are focused on facilitating both endeavours through the research and

development of renewable energy sources. The most established renewable and non-renewable energy

sources are summarised below.

1.1.1 Non-Renewable Energy Sources

Coal Existing in the solid state, the composition of coal may vary according to where it is mined and

how it is processed before combustion. It is primarily composed of carbon with variable amounts of

hydrogen, sulphur, oxygen, and nitrogen. Coal is moderately energy dense, meaning that it produces

a moderate amount of energy for the volume of fuel consumed. The combustion products of coal

include various levels of carbon dioxide, carbon monoxide, nitrogen oxides, sulphur dioxide and heavy

metals, depending on the composition and the completeness of combustion. Carbon dioxide contributes

substantially to the greenhouse effect which impacts the Earth’s climate. Carbon monoxide, sulphur

dioxide, and several oxides of nitrogen are known to be toxic. Furthermore, sulphur dioxide and

nitrogen oxides are believed to contribute to the occurrence of acid rain36.
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Petroleum Existing in the liquid state, and producing fewer nitrogen oxides and sulphurous oxides

than coal, petroleum is primarily composed of hydrocarbons that burn more completely. Petroleum

is also more energy-dense than coal, making it a more efficient alternative. Consequently, less toxic

waste, per unit volume, is produced when burning petroleum, but the production of carbon dioxide

and methane remains an issue37.

Natural Gas Existing in the gaseous state, and even less polluting than petroleum, natural gas is

composed of shorter, more volatile hydrocarbons (primarily methane). Due to the greater hydrogen-

to-carbon ratio, natural gas is believed to produce less carbon dioxide per unit of energy38.

Nuclear The most energy-dense of the non-renewable fuel sources. Nuclear power has the benefits of

high-efficiency energy production per unit mass of fuel consumed. It relies on the principle of nuclear

fission, wherein unstable isotopes of a given atoma split into more stable products, producing energy

and at least one neutron. These neutrons collide with other unstable isotopes, causing them to split,

producing further energy and further neutrons, resulting in a chain reaction. This chain reaction

is controlled through the use of neutron-absorbing materials. The energy produced during nuclear

fission is substantial and can be used to generate steam that powers a turbine. This is similar to coal,

petroleum, and natural gas (fossil fuel) energy production. However, the production of nuclear waste

remains a long-term issue. This is because radioactive nuclear waste products may take an incredibly

long time to decay before they are considered safe for human exposure39.

1.1.2 Renewable Energy Sources

Biofuel Biofuel producers endeavour to grow high energy density crops that may be used to synthesise

a combustible fuel40. To be considered renewable, the mass of carbon produced during the combustion

of the fuel must be absorbed by the crop during its growth, thereby maintaining the atmospheric

concentration of carbon dioxide. The main disadvantage of biofuels is the use of vast areas of otherwise

agricultural land that would be required to grow such crops. Furthermore, the primary role of biofuels

is to maintain the balance of carbon dioxide. It does not necessarily reduce the emission of other

pollutants that are created during the combustion process.

Hydroelectric Hydroelectric power uses a turbine to exploit the flow of water from one location to

another, thereby converting the mechanical energy of the flowing water into electrical energy41. The

advantages of this method are that it is a relatively robust and reliable high-power production system.

aUsually uranium or plutonium.
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A disadvantage of hydroelectric power is the loss of land and ecosystems caused by the construction

and running of the hydroelectric facility. Moreover, such facilities are geographically limited to bodies

of water and structural failures within a hydroelectric facility can be economically and ecologically

catastrophic.

Wind Wind power functions similarly to hydroelectric power but exploits the flow of wind currents

as opposed to the flow of water42. Wind turbines arguably lessen the loss of land and ecosystems

compared to hydroelectric power. However, they do not produce a reliable energy flow due to the

inconsistencies in wind currents.

Geothermal Geothermal power exploits the heat generated within the Earth’s crust43. An advantage

of this method is that it is reliable and passive once established. The disadvantages of geothermal power

include the limited number of locations in which a geothermal plant may be established, the release of

greenhouse gases from the earth’s crust, and the high cost of constructing a geothermal facility.

Solar Solar power involves the conversion of absorbed solar photons into electrical energy. The advan-

tage of solar energy is that it is a relatively safe and passive means of energy production, with minimal

ecological impact. This is especially true when a panel is mounted on an existing structure, such as

the roof of a building. Furthermore, the capital costs are relatively low, allowing solar panel use to

be implemented in a decentralised fashion. The main disadvantage of solar energy generation is that

the absorbed energy is diffuse, requiring a large active surface area to be economical. Additionally,

much like wind power, the flow of energy is subject to changes in the weather and energy production

is geographically inconsistent. For instance, regions with the greatest photovoltaic power potential are

at 15-30 degrees north (North Africa and the Middle East) and 15-30 degrees south (Australia, South

America) whilst regions closest to the poles (the Scandinavian nations) have the lowest photovoltaic

power potential44.

As such, it is common practice to store the electrical energy generated by solar panels in some form

of battery, for a steadier overall flow of power and an overall increase in efficiency. Generally speaking,

a battery is an electrochemical device that is capable of storing energy in the form of chemical bonds

and then releasing that energy, when desired, as electrical energy. A battery usually consists of several

galvanic cells that exploit the energy released by a redox (reduction and oxidation) reaction to drive

the movement of electrons in a circuit16. Broadly speaking, a galvanic cell consists of at least two, op-

positely charged electrodes that are immersed in an electrolyte. Each of these electrodes is responsible

for a respective oxidation and reduction reaction, known as half-reactions 16. The overall electrochem-

ical equation for the operating galvanic cell may be deconstructed into its component half-reactions.
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The apparatus responsible for a given half-reaction is called the half-cell. The main issue with battery

technology is the degradation of performance across a finite number of charging and discharging cy-

cles. Moreover, the recycling of such degraded batteries is, as of yet, not economical nor ecologically

conserving45. An alternative to battery storage is to feed back absorbed solar energy directly into the

grid, though this would require significant changes to the existing energy infrastructure46.

1.2 Hydrogen Fuel Cells

To meet the forecast energy demand projections, whilst minimising the ecological impact of using

such energy, the generative capacity of renewable energy sources and the storage capacity of battery

technology must increase. A potentially useful area to assist in this endeavour is to mitigate the

disadvantages of solar energy and battery production with the energy-dense, combustible, and non-

polluting hydrogen fuel. Hydrogen fuel cells are another example of a galvanic cell that facilitates the

controlled combustion of hydrogen in the same manner as a fossil fuel. However, because hydrogen

and oxygen are the only reagents in the combustion reaction, the only expected product is water.

2 H2 + O2 −−→ 2 H2O

Generally speaking, a hydrogen fuel cell includes a cathode, anode, and electrolyte. At the anode,

an electrochemical reaction occurs that splits hydrogen molecules into protons (positively charged

hydrogen ions) and electrons (negatively charged particles). The electrons produced at the anode are

fed through an external circuit to the cathode whilst the protons move from the anode to the cathode

via the electrolyte. At the cathode, the electrons and protons recombine with oxygen molecules to

form water. A load may be placed in the external circuit between the anode and the cathode, allowing

energy to be extracted from the system to do work47. This is illustrated in Figure 1.1.

Besides the hydrogen fuel cells themselves, which act as the short-term storage and delivery method

of hydrogen energy, more robust long-term hydrogen storage solutions have also been considered.

In general, the underground storage of hydrogen is preferred over the overground (surface) storage.

This is due to the reduced fire risk, greater protection from military or criminal sabotage, and better

integration of the technology with urban infrastructure. The nature of the underground storage vessel

is an important consideration in this regard, with many current vessels exploiting natural formations or

existing infrastructure. These include salt/hard rock caverns, aquifers, depleted oil and gas reservoirs,

and depleted mines. Despite these options, lined rock caverns are increasing in popularity due to their
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Figure 1.1: A simplified diagram of the operation of a hydrogen fuel cell that illustrates the key
reactions involved and the electrodes at which they occur. H+ represents a proton, whilst e−

represents an electron.

reduced permeability with respect to the stored hydrogen, reduced corrosion of the storage vessel,

and the higher operating temperatures48. Lined rock caverns are formed by excavating a hard rock

formation and then lining the cavern created with concrete, followed by steel or plastic. This provides

a gas-tight and inert inner surface of the hydrogen storage vessel that remains structurally stable at

high pressures48.

Despite these measures, there are still further challenges associated with the storage of hydrogen. One

of which is the Joule-Thomson effect, wherein the temperature of the hydrogen increases as it flows

through valves and porous membranes. This is contrary to the usual behaviour of gases which decrease

in temperature under the same conditions. This creates an atypical safety and efficiency challenge for

hydrogen gas transport systems to and from the lined rock cavern. Another challenge concerning lined

rock caverns is the possibility of hydrogen embrittlement, wherein the hydrogen gas corrodes the steel

lining of the cavern, causing structural vulnerabilities within the lining over prolonged storage periods.

This is often mitigated by using lower storage pressures, applying corrosion-resistant coatings, or using

more corrosion-resistant steel alloys49.

Beyond these challenges, the key issue with using hydrogen as a fuel is obtaining a sustainable source
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of hydrogen. Unlike fossil fuels, which are mined or drilled and then extracted from the earth’s crust,

hydrogen is almost exclusively synthesised industrially. Ironically, the vast majority of hydrogen is

produced through the combustion of fossil fuels50, particularly the steam reforming of natural gas29.

This defeats the purpose of using hydrogen as a fuel in the first place. However, if there were a means

with which to efficiently split water into hydrogen and oxygen using renewable and non-polluting energy

sources, then hydrogen fuel would become a much more attractive prospect.

1.3 Photoelectrochemical Water Splitting

The concept of water electrolysis (or water splitting 51) is an established means with which to generate

hydrogen and oxygen for use within a hydrogen fuel cell. The principle is essentially the reverse reaction

of the hydrogen fuel cell and conveniently uses a similar apparatus.

2 H2O −−→ 2 H2 + O2

In this system, an anode and cathode are immersed in an aqueous electrolyte and a minimum voltage

of 1.23Vb is applied to both electrodes via an external circuit. In practice, an overpotential of 1.48

V is often required to account for loss mechanisms via heat production52. At the cathode, water

is reduced, producing hydrogen gas. At the anode, water is oxidised, producing oxygen gas. These

product gases typically bubble to the surface of the aqueous solution and can be readily extracted.

Since this process is driven by an applied voltage, the energy that is required to produce the hydrogen

must come from an external source. Devices that use solar energy to drive the water splitting reaction

are called photoelectrochemical cells. In literature, a distinction is often made between "photocatalytic",

"photoelectrochemical", and even "artificial photosynthesis" 29. However, it is respectfully submitted

that most of the device requirements are the same for such systems. Thus, for this work, the term

"photoelectrochemical" will be applied generally.

1.3.1 Photoelectrochemical Cells

The primary appeal of photoelectrochemical water splitting is that, in principle, the reaction produces

no controversial by-products (carbon dioxide, sulphur dioxide, nuclear waste, etc.). Furthermore, the

entire process is stoichiometrically renewable and the main reagent (water) is in great abundance.

By directly storing the absorbed energy into H-H and O-O bonds, water splitting may also have the

bwhich is the thermodynamic barrier for water splitting52
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potential to improve the efficiency of the solar-generated power per photon because it bypasses the

need for intermediate storage systems and their associated loss mechanisms.

Figure 1.2: A simplified diagram of the operation of a photoelectrochemical cell that illustrates the
key reactions involved and the electrodes at which they occur. hν represents the absorption of
electromagnetic (solar) radiation which must generate a minimum voltage of 1.23V to facilitate the
water splitting reaction. e− represents an electron and h+ represents a hole. The positioning of the
OER below the HER further illustrates their relationship with the electron kinetic energy. Since both
electrons and holes naturally seek to minimise their respective kinetic energies, a photoexcited
electron will use the HER to move from a high-energy electronic state to a lower-energy electronic
state. Conversely, due to its opposite charge, a hole will use the OER to move towards higher energy
electronic states. This is commonly analogised as electrons "sinking" and holes "floating" across the
electron energy spectrum. Thus, the HER is presented here as being higher in energy than the OER.

As a tangential point, photoelectrochemical cells are not merely limited to the water splitting reac-

tion. Most notably, a similar apparatus may be used to facilitate the conversion of carbon dioxide into

liquid phase compounds53 (often referred to as carbon capture 54). Aside from possibly reducing the

atmospheric carbon dioxide concentration, carbon capture also has the potential to use the captured

carbon to make useful side products such as plastics, biofuels and alcohols53. A photoelectrochemical

cell operates in a similar fashion for both water splitting and carbon capture applications, with the

reagents, electrode properties, and required voltages differing according to whichever reaction is facili-

tated. This work will hereon focus solely on the problem of water splitting, but the methods employed

may still apply to any similar photoelectrochemical process if properly reparameterised.

A photoelectrochemical cell usually comprises a semiconducting photoelectrode that absorbs solar
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radiation and catalyses the water splitting reaction, a source of water that is in contact with the

photoelectrode that serves as the reagent, a counter electrode to balance the electrochemical reaction,

and a means to collect the product gases55. The first photoelectrochemical cell was demonstrated

by Fujishima and Honda in 197256, using a titanium dioxide photoelectrode and a platinum counter

electrode. During operation, electrons within the photoelectrode are excited to higher energy states

via the absorption of electromagnetic (solar) radiation. In the absence of these electrons, effective

positive charges are created within the lower energy states, known as holes. Holes pass through the

photoelectrode material and contribute to the electrical current, much like an electron, but move in

the opposite direction to the electron flow. Electrons and holes are referred to collectively as charge

carriers because they are the particles that carry electrical charge within the system. The electrons

are fed, via an external circuit, to the counter electrode where they are used to catalyse the conversion

of protons to hydrogen gas. This is known as the hydrogen evolution reaction (HER). Meanwhile, the

holes are used to catalyse the conversion of water to oxygen gas and protons, which replenish the supply

of protons lost during the hydrogen evolution reaction. This is known as the oxygen evolution reaction

(OER). The product gases (hydrogen and oxygen) may then bubble to the surface of the water source

for collection. This is illustrated in Figure 1.2.

The Oxygen Evolution Reaction

The oxygen evolution reaction is believed to proceed via four key steps. The first step involves the

dissociation of a proton (H+) and electron (e−) from the water molecule (H2O), upon contact with a

metal atom (M) on the electrode’s surface. Following this step, the remaining hydroxyl species (OH)

remains bound to the metal atom via the oxygen atom:57,58,59

Step 1: M + H2O −−→ M(OH) + H+ + e–

The second step involves the dissociation of a second proton and electron from the water molecule, in

a similar fashion to the previous step. The oxygen atom remains bound to the metal atom.

Step 2: M(OH) −−→ M(O) + H+ + e–

The third step involves a second water molecule binding to the remaining oxygen atom and dissociating

a further proton and electron. This results in a hydroperoxyl group (OOH) remaining bound to the

metal atom.

Step 3: M(O) + H2O −−→ M(OOH) + H+ + e–
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The fourth and final step is the dissociation of the metal-bound hydroperoxyl group into an oxygen

molecule, a proton, and an electron.

Step 4: M(OOH) −−→ M + O2 + H+ + e–

As implied by Figure 1.2, the electrons produced in this reaction would be collected by the photoelec-

trode and fed through the external circuit, whilst the protons would be released into the water source

and would travel to the counter electrode due to the electrostatic attraction. The oxygen evolution

reaction is believed to be the rate-limiting reaction of the water splitting process due to its requirement

for a particular multi-electron and multi-proton transfer mechanism to result in the formation of the

relatively weak O-O bond29.

The Hydrogen Evolution Reaction

Assuming that the same protons and electrons of the oxygen evolution reaction are used to generate

hydrogen, the hydrogen evolution reaction proceeds via two key steps60. The first step involves a

proton from the water source and an electron from the external circuit combining at the surface of the

counter electrode to form a hydrogen atom bound to a metal atom of the counter electrode (MH).

Step 1: M + H+ + e– −−→ MH

The second step may involve either a second proton and electron combining with the bound hydrogen

atom, to produce a hydrogen molecule, or it may involve two adjacent bound hydrogen atoms combining

to form a hydrogen molecule:

Step 2: MH + H+ + e– −−→ M + H2 or 2 MH −−→ 2 M + H2

It is noted that the above reactions represent a neutral or slightly acidic water source. However, the

reaction may also proceed in alkaline solutions via a slightly different mechanism60.

Photoelectrochemical Cell Design

Beyond the simplified picture of the apparatus described in Figure 1.2, photoelectrochemical cell designs

can be further grouped into 3 varieties:51

1. A planar photoelectrode is simply immersed into an electrolyte, similar to a galvanic cell. This

is the setup that was used by Fujishima and Honda56.
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2. Instead of a planar electrode, a mixture of H2 and O2 catalysing nanoparticles is added as a

colloidal suspension to an aqueous electrolyte. A colloidal suspension comprises a dispersed phase

(nanoparticles) within a dispersion medium 16. Colloids differ from solutions in that they scatter

(change the direction of) light, as opposed to allowing light to pass through unperturbed16.

Bard61,62,63 is believed to have first introduced nanoparticle-based photoelectrochemical cells29.

3. The H2 and O2 catalysing components carry out their respective half-reactions (producing either

hydrogen or oxygen) in independent electrolyte solutions. A means to circulate the H+ ions

between the two electrolyte solutions is provided to complete the electrochemical circuit. A clear

advantage of this system is that the product gases may be more easily separated.

1.3.2 Criteria for an Efficient Photoelectrochemical Cell

Whatever the device design, for a photoelectrochemical cell to be economical, it must simultaneously

satisfy several criteria. These include a sufficient photovoltage that is generated following solar irradi-

ation, the band gap of the semiconducting material must be such that it can absorb a large range of

solar wavelengths that are mostly within the visible range, the absolute band energies of the photoelec-

trode and counter electrode must closely align with the redox (reduction and oxidation) potentials of

the hydrogen/oxygen evolution reactions, the photoelectrochemical cell components must be corrosion

resistant under the working conditions (acidic, basic, chlorinated, etc.) over an extended period of

time, the reaction with water at the surface of the photoelectrode must cost as little energy as possible

(hereon referred to as catalytic activity), and the reaction with water at the surface of the photoelec-

trode must selectively produce only the desired products (hereon referred to a catalytic selectivity)55.

Each of these criteria is elaborated on below.

The Photovoltage is the electromotive force that is generated upon irradiation of the photoelectro-

chemical cell electrode64. The electromotive force is the energy transferred to the electrical circuit

per unit charge16. As such, the photovoltage determines the effectiveness of the electrode material

for converting light energy into an electrical current. The photovoltage is primarily limited by loss

mechanisms that occur during the operation of the photoeletrochemical cell. The cumulative effect

of such loss mechanisms within the system causes the photovoltage to always be lower than that of

the band gap55c. Mechanistically, the photovoltage is often reduced via the recombination of charge

cvia Epv = QVpv, where Epv is the energy transferred through the electrical circuit, Q is the charge transferred, and
Vpv is the photovoltage.
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carriers within the semiconducting material. This is the opposite process of the aforementioned sep-

aration of charge carriers, into electrons and holes, that is caused by the absorption of solar energy.

Recombination is a problem for photoelectrochemical cells because if an electron and hole recombine

within the material, the energy that they carry may be lost through the production of heat or light, as

opposed to being used to do useful work. Many aspects of the photoelectrochemical cell may reduce

the photovoltage. Notably including, but not limited to, any intrinsic/extrinsic defects of the electrode

material, the dielectric properties of the electrode material, any unwanted material-material interac-

tions65, and any unwanted electrode-electrolyte interactions66. These aspects are briefly summarised

below.

An intrinsic (or native) defect is a defect that is present in the material under the given operating

conditionsd. Intrinsic defects arise as a result of the balance between the lattice enthalpy (H) of the

crystal and the configurational entropy (S), which is dependent on the temperature (T )67.

G = H − TS (1.1)

where G is the Gibbs Free Energy. As such, the formation of intrinsic defects can, to various extents,

be controlled through appropriate annealing protocols. Examples of intrinsic defects are missing atoms

(vacancies), ’misplaced’ atoms in the interstitial sites of the crystal structure (interstitials), and the

interfaces between two crystallite grains (grain boundaries) within the crystal structure. Extrinsic

defects are caused by external influences, such as the presence of impurity atoms within the material.

Such defects often act as non-radiative (heat producing) recombination centres within the bulk of the

semiconductor.

The dielectric properties (i.e. dielectric constant/tensor) of the material have the effect of screening

the electrostatic attraction between the electrons and holes within the material, reducing the chance

of them recombining. As such, a reasonably high dielectric constant is often desirable, to ensure that

the charge carriers remain separated after photogeneration.

Unwanted material-material interactions relate to how well the system is configured to support the

transport of charge across material-material interfaces. As such this is a particularly important con-

sideration for multi-layered PEC devices, where each layer serves a specific purpose in the device (e.g.

photoabsorber layer, passivation layer, catalyst layer, etc.)65. As such, and only where desirable,

charges would need to be able to pass unimpeded through the material-material interfaces between

these layers. This depends on the precise device design and can be achieved through carefully selecting
d"Operating conditions" is a general term that includes (but is not limited to) the applied potential (voltage/bias),

the pH of the electrolyte, the purity of the electrolyte, the quality of the electrode, and the temperature.
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complementary charge transporting materials and by using robust device fabrication protocols.

At the electrode-electrolyte interface, particularly if the photoabsorbing material is immersed in the

electrolyte, photogenerated charges may also directly catalyse an unwanted side-reaction within the

electrolyte. For example, depending on the operating conditions, the photoexcited electrons in the

photoelectrode of Figure 1.2 could react directly with an energetically aligned contaminant within

the electrolyte, as opposed to passing through the external circuit66. Moreover, due to the increased

likelihood of defects near the surface of a material, electronic states at the electrode surface may also

act as recombination centres for photogenerated charges.

Figure 1.3: A sketch of the idealised relation between the wavelength of absorption and the spectral
response of a photoabsorbing semiconducting material. The spectral response is the current
generated by the device divided by power of the incident photons. As such, the spectral response
ends abruptly at λEg which is the wavelength corresponding to the band gap energy (Eg). This is via
λEg = hc

Eg
, where h is Planck’s constant and c is the speed of light15. Real (non-ideal) systems exhibit

a less uniform dependency of the spectral response on the absorption wavelength. As such, the
ideality of a material’s spectral response may be quantified via the loss of area under this sketch.

The Band Gap is a substantial gap in energy between the allowable electronic energy bands of a

semiconducting or insulating material. The size of this gap determines the ability of the material to

absorb photons at particular wavelengths. For instance, photons with an energy below the band gap

energy are not absorbed by the material and therefore do not contribute to the electrical current (See

Figure 1.3). However, a band gap is essential for the separation of electrons and holes within the

material68. Hence, it is desirable to select semiconductors with band gaps that are appropriately sized

such that a large portion of the solar spectrum is absorbed. This is approximately 1.3 eV according

to the Shockley-Queisser Limite. Furthermore, in light of the overpotential and the particular device

configuration, a band gap between 1.5 eV - 2.5 eV is often considered as acceptable for electrochemical

water splitting catalysis52,29.
eThe Shockley-Queisser Limit considers the necessary conditions (including the optimal band gap) for the maximum

theoretical efficiency obtainable for a single p-n junction solar cell69.
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Beyond the size of the band gap, the alignment of the electronic states at the edges of the gap is also

an important consideration. The highest energy, occupied band of electronic states, is known as the

valence band. The lowest energy, unoccupied band of electronic states, is known as the conduction band.

A simplified illustration of this concept is given in Figure 1.4. For indirect band gaps, photoexcitation

from the valence band maximum to the conduction band minimum is necessarily coupled to a phonon

to conserve crystal momentum70f. Consequently, indirect band gap materials may present issues

for photoelectrochemical cells because indirect transitions involve the coupling of an electron and a

particular phonon to ensure the successful transfer of energy. Such transitions are therefore less likely

to occur and are more dependent on the temperature70. A phonon is a quasiparticleg that serves

to describe the quantised nature of lattice vibrations16. Hence, they are often used to rationalise

mechanical and temperature-dependent phenomena. As mentioned, they may also couple to electronic

transitions to facilitate more complex behaviour. Such phenomena are described as electron-phonon

coupling.

Figure 1.4: Illustration of a refined model of a band gap in a semiconductor or insulator. The
curvature of the band edges is known as the dispersion. In this figure, the valence band maximum
and conduction band minimum are not in alignment in reciprocal space. This is known as an indirect
band gap semiconductor. If they were aligned, it would be a direct band gap semiconductor.

On the other hand, and despite absorbing photons more readily, direct band gap semiconductors are

more likely to undergo radiative recombination. Radiative recombination may be considered to be

the reverse mechanism of photoexcitation, wherein an electron and hole recombine and their excess

energy is released as a photon. Thus, because a direct band gap semiconductor does not require phonon

coupling to photoexcite charge carriers, there is also no phonon coupling to prevent said charge carriers

from recombining and producing a photon. As such, the directness or indirectness of the band gap is

a noteworthy consideration for photoelectrochemical cell development.

The Band Alignment is the alignment of the band edges with the respective water splitting half-
fThe concept of crystal momentum is elaborated on in the next chapter.
gA quasiparticle being an effective particle that adequately describes the behaviour of a collection of interdependent

particles.
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reactions. In addition to the size of the band gap, this quantity must be determined because the charge

carriers must be of similar energy to each respective half-reaction to efficiently catalyse them. This is

illustrated in Figure 1.5 and further elaborated in the third chapter.

Figure 1.5: A simplified diagram of the difference between a well-aligned and poorly-aligned
semiconductor for water splitting. A well-aligned semiconductor (i.e. semiconductor A) must have
band edges that straddle at least one of the hydrogen/oxygen evolution reaction redox potentials.

The Corrosion Resistance is the ability of the electrode material to resist degradation under oper-

ating conditions. Corrosion of photoelectrochemical cell components usually involves the outer surface

of the electrodes being rendered catalytically inactive. Often this is due to unwanted and irreversible

reactions taking place on the surface of the electrode. For example, the direct electrolysis of seawater

is known to corrode most electrode materials. This is usually attributed to the high concentration

of chloride ions (Cl−) within seawater which are believed to remove catalytically active metal ions

from the electrode surface through successive coordination. Furthermore, these chloride ions may be

substituted by hydroxide ions (HO−) in solution. Thus, the chloride ions are reintroduced into the

system for further corrosion71,72, as shown via the below reaction steps.

Step 1: Electrode–M + Cl– −−→ Electrode–M–Cl + e–

Step 2: Electrode–M–Cl + Cl– −−→ Electrode + M(Cl)n + n(e– )

Step 3: M(Cl)n + n(HO– ) −−→ + M(HO– )n + n(Cl– )

As such, it is desirable to limit these sorts of processes as much as possible, to ensure the longevity of

the photoelectrochemical cell electrodes. The mechanisms involved in the corrosion process may vary

according to the photoelectrochemical cell operating conditions and the composition of the electrode
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material. For example, pure magnesium electrodes are known to be more susceptible to corrosion than

iron-magnesium alloys due to the corrosion products of such alloys having relatively low formation

enthalpies. Furthermore, said corrosion processes could be further suppressed by using phosphate and

arsenate inhibitor species, within the electrolyte, which disrupted the usual iron-magnesium corrosion

mechanisms. However, the efficacy of these disruption processes was found to be dependent on the pH

of the electrolyte.73,74.

The Catalytic Activity refers to the favourability of the desired reaction when compared to com-

peting reactions. As such, it is desirable for the conversion of photons to chemical bonds to be as

fast a process as possible. This may be quantified via rate constants and activation energies. The

rate constant is a proportionality constant that relates the rate of a reaction to the concentration of

reagents:

rate = k[A]m[B]n (1.2)

where k is the rate constant, [A] and [B] are respective reagent concentrations, and m and n are the

partial orders of the reaction which are determined upon reaching an understanding of the reaction

mechanism16. The activation energy is the minimum energy required to initiate a chemical reaction16.

To compare the catalytic activity of candidate materials, one can measure the rate of hydrogen and

oxygen gas evolution and measure the photocurrent density. Correspondingly, two efficiency metrics

can be derived29:

1) the Incident Photon to Current Efficiency (IPCE):

IPCE = 1240
Iph
λPin

(1.3)

where Iph is the photocurrent density (current per unit area of illuminated electrode), λ is the incident

wavelength, and Pin is the incident light intensity.

2) the Solar to Hydrogen Efficiency:

STH =
Energy of evolved H2

Pin
=

Number of H2molecules · Energy of one molecule
Pin

(1.4)

The Catalytic Selectivity refers to the ability of a catalyst to facilitate only the desired reaction.

As such, corrosion may be considered to be an issue of catalytic selectivity. However, more broadly,

side reactions may also occur that do not corrode the electrode but reduce the overall efficiency of

the device because the absorbed energy is facilitating unwanted reactions. An example of this is the

production of ozone, as opposed to oxygen, in many lead oxide (PbO2) based photoelectrochemical

37



systems75. Catalytic selectivity may, for instance, be determined by identifying all of the products of

the working system. The specific side reactions for a given system may vary depending on the working

conditions such as the pH, electrode materials, and purity of the electrolyte.

1.3.3 Computational Screening and the Inverse Design of Materials

It is worth noting that the aforementioned criteria need not be satisfied with a single material but

may be satisfied via a combination of photoelectrode materials, counter electrode materials, and other

materials that each fulfil a specific function within the device. Cocatalysts are good examples of this

approach, in which one material is responsible for photoabsorption, whilst another is responsible for

facilitating the electrochemical water splitting reaction52. However, there is not yet a device that

simultaneously satisfies all of the aforementioned criteria. Part of the challenge in finding suitable

candidate materials is that it is not always obvious which properties of a material make it well-suited

for a particular function. This may be achievable for a problem involving a single criterion (variable).

For instance, fine-tuning the size of the band gap through systematic compositional changes is a

common practice76. However, finding a suitable compromise across all six of the above criteria for

the composition, bulk properties, and surface properties of the electrodes is a much greater challenge.

Moreover, determining and comparing all such material properties reliably and systematically, via an

experimental procedure, would be an incredibly cumbersome and costly endeavour. With this in mind,

the computational screening of material databases and inverse materials design may be a means to

hasten the discovery of new candidate electrodes.

There are a great variety of ways in which materials screening may be approached; from the simplest

pen and paper algorithms to the most sophisticated neural networkh models. Crucially, a materials

screening procedure must analyse and rank candidate materials in terms of their appropriateness for

a given function77. When considering traditional materials discovery and design, a new material with

interesting properties would be synthesised. Those interesting properties would then be rationalised,

through theory and experimentation, to determine how those properties arose. Finally, a suitable

use for the new material would be suggested and trialled to solve a certain problem. Conversely,

inverse materials design approaches the problem in reverse: a materials-related problem is expressed;

the desired material properties are deduced according to the problem; theory and simulation are used

to predict a suitable candidate, or set of candidates, for experimentation; and the experimentation

procedure verifies whether or not the material can be synthesised and if it has the desired properties78.

hA computing architecture that is based on the structure of the connections within the human brain16.
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If successful, a notable benefit of computational materials screening and inverse materials design is

the reduced amount of physical experimentation that is required to find suitable candidate materials.

This is because the theory and simulation procedure would help to exclude unlikely candidates from

the pool of candidates by predicting their desired properties. This shifts the burden of research onto

the theorists and simulation experts, but given the advances in computing power in recent years, the

overall cost compared to a full experimental investigation is expected to be substantially lower. The

computational screening of material databases would be a good first step in this regard because it

involves analysing large numbers of known candidates to estimate their material properties. Such data

may then be fed into a machine learning algorithm, within a parallel computing framework, for a more

efficient and unbiased approach towards candidate selection.

Serial and Parallel Computing

Serial computing works by executing a set of predetermined instructions in sequence. Thus, the

overall calculation is limited by the clock speed of the processor79. To overcome this limitation,

parallel computing involves separating a calculation into separate components and then distributing

each of these components across multiple computing nodes, which are an ordered array of computer

processors that each carry out the calculation in a serial fashion. When optimised correctly, parallel

computing may greatly reduce the duration of the calculation whilst producing the same result as a

serial calculation. However, not all computations may be parallelisable. Bernstein’s conditions are used

as a test to determine whether or not a calculation is parallelisable80. These conditions consider two

processes, P1 and P2. These processes are only executable in parallel if three criteria are simultaneously

satisfied:

• The input of P1 and output of P2 are independent.

• The input of P2 and output of P1 are independent.

• The outputs of P1 and P2 are independent.

It is also important to note that, if improperly optimised, a parallelised calculation may be less efficient

than a serial calculation. The factors that determine the optimal parallelisation scheme are the par-

allelisability of the calculation data, the number of computer nodes and processors that are available,

the amount of computer random access memory i that is available, and the speed at which computer
iThe amount of data that a computer can manage whilst running the calculation.
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nodes and processors may communicate to exchange or combine data. Given the wide variety of com-

puting system architectures and calculations that may be performed, predicting the optimal settings

for a given calculation is often not obvious. Thus, the parallelisation scheme for a given calculation

and computing system is usually determined through trial and error, by experimenting with differ-

ent parallelisation combinations, using a low-cost but representative calculation, and monitoring the

efficiency.

Artificial Intelligence and Machine Learning

For a traditional serial or parallel computing system, the programmer is the entity that learns, reasons

and problem-solves. The computing system merely executes a series of binary logical operations,

following a predefined set of instructions that are composed by the programmer. In the broadest sense,

Artificial Intelligence (AI) is the study of modelling such intelligent human processes16 and aims to

reverse engineer the human thought patterns of the programmer within the framework of a computing

system. The origin of this concept may be attributed to a treatise published in 1854 entitled An

Investigation of the Laws of Thought on which are Founded the Mathematical Theories of Logic and

Probabilities 81 wherein it is argued that even somewhat subjective concepts such as "virtue" may be

deconstructed and categorised as "habits", "faculties", or "passions". The validity of deconstructing

"intelligent" or "human" thought in such a way remains a moral, philosophical, and practical question.

For example, this rational theory of human thought is contradictory to the widely accepted economic

prospect theory 82, which does not consider human thought to be entirely rational. Nevertheless, a

computing system that is capable of detecting patterns, at various levels of abstraction, would be

expected to learn and problem-solve without the need for a programmer. Moreover, said computing

system would be able to complete its logical operations much faster than a human counterpart.

Machine learning is considered to be a sub-discipline of Artificial Intelligence. The term was first

used in 1959 to describe a computer program that could play a board game more effectively than

its programmer83. Broadly speaking, there are three branches of machine learning that vary in their

effectiveness depending on the context in which they are used. These branches are Supervised Learning,

Unsupervised Learning, and Reinforcement Learning.

Supervised Learning Supervised learning involves providing the computer with exemplary input

and output data, known as training data, to "train" the computer to build a mathematical model

of the system. As such, the more training data that is provided to the supervised learning model,
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the more sophisticated and accurate the resultant mathematical model is expected to be. A typical

example of supervised learning is linear regression wherein the data is mapped onto a function that

accurately describes the overall trend in that data, despite many of the data points possibly deviating

from that function. Supervised learning may be useful in the context of photoelectrochemical cells by

using known, well-performing compounds and their properties as training data which may be used to

suggest new compounds. For example, Oral et al84 used a form of supervised learning to establish

correlations between the band gap of the material and its dopants, synthesis methods, and thermal

treatments.

Unsupervised Learning With unsupervised learning, no exemplary output data is provided, only

input data. Consequently, unsupervised learning focuses on finding patterns and groupings within a

dataset, without any human-imposed constraints or biases dictating which patterns and groupings are

expected to be adhered to. As such, unsupervised learning is often useful for handling problems in

which non-obvious patterns and associations may be discoverable within a dataset. An example of

unsupervised learning is cluster analysis, wherein various data are grouped into clusters according to

patterns that are identified by the unsupervised machine learning process. Unsupervised learning may

be useful in the context of photoelectrochemical cells by finding patterns and associations between var-

ious material properties that may not yet be understood. For example, Wang et al85 used unsupervised

learning to suggest appropriate quaternary chalcogenige semiconductor compositions, for photovoltaic

cells, without using any empirical data. This was motivated by the scarcity of said empirical data in

light of the large composition and structure space for such materials.

Reinforcement Learning Reinforcement learning uses a cumulative rewards system to reinforce

successful behaviour. It is most commonly associated with game-playing machines and autonomous

robotics. As such, reinforcement learning may be useful for the optimisation of photoelectrochemical

cell properties within a known framework. For example, past literature86 has considered various rein-

forcement learning augmentations to molecular geometry optimisation calculations, for more efficient

and precise crystal structure predictions.

1.4 Motivation and Outline for Subsequent Chapters

Such computational materials screening or inverse materials design procedures, whether or not machine

learning is involved, could calculate the properties of a wide variety of candidate materials and estimate

their effectiveness as photoelectrochemical cell electrodes. These estimates could then be used to refine
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the selection of candidate materials to a more manageable figure for experimental study. With this

in mind, and similarly to the photoelectrochemical cell criteria, it is respectfully submitted that a

computational materials screening or inverse materials design procedure should be, at the very least:

Inexpensive The calculations require minimal computing power. This would allow the procedure to

analyse a large number of candidates in a short period of time.

Automatable The implementation and analysis of the calculations require minimal human interven-

tion. This would accelerate the output of data and reduce the chances of human error influencing the

result.

Accurate The calculations produce results that, at minimum, qualitatively reflect the trends in the

properties of known systems.

Understood in terms of its limitations The limitations of the screening procedure are known and

easily identifiable, to avoid misleading results.

Modular The components of the screening procedure function independently. This would enable

convenient experimentation with different approximations, standards, and machine learning imple-

mentations. Practically, this also makes the development of the procedure, including error correction,

more manageable.

As such, it would be desirable to consider examples of how such a procedure may be established

for a number of the challenges in photoelectrochemical cell development, in light of the available

computational tools and the aforementioned criteria for a suitable photoelectrochemical cell electrode.

In this chapter, the general motivation behind this work has been reviewed. This includes the require-

ment for renewable and non-polluting energy sources in the face of an ever-growing energy demand, a

comparison of the most prevalent renewable and non-renewable fuel sources, the appeal of hydrogen

as a fuel source, how hydrogen may be generated using a photoelectrochemical cell, the challenges

associated with developing said photoelectrochemical cells, and how these problems may be overcome

using computational materials screening and inverse materials design procedures.

The next chapter introduces key electronic structure concepts that are necessary to understand the

subsequent chapters. These subsequent chapters address three challenges concerning the computational

screening of photoelectrochemical cell electrodes. These include the band alignment of semiconducting

compounds, the intrinsic photovoltage loss through small polaron formation, and the catalytic activity
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of hypothetically corrosion-resistant rutile alloys. In each of these chapters, at least one computational

workflow is suggested. Each of these workflows is independent of one another (i.e. modular) but

may be implemented together in a first-principles screening procedure or as feature calculators in a

machine-learning algorithm. The final chapter contains a summary of the conclusions and suggested

improvements concerning the described workflows.

The appendices are divided into three chapters. The first contains data tables that correspond to the

provided figures. The second and third sets of appendices contain clarifying background matter and

key mathematical concepts, which may be beneficial to the reader’s overall understanding but are not

immediately necessary for an understanding of this work.
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Electronic Structure Theory and Methods

2.1 Motivation

The purpose of this chapter is to introduce key electronic structure concepts that are required for an

understanding of the subsequent chapters. The section Electrons in Insulators, Semiconductors and

Metals reviews how electronic states in such crystalline materials are distributed and outlines how the

electronic structure of a crystalline material is understood within the framework of a periodic lattice.

A more sophisticated understanding of such systems is then introduced in the Electron Wavefunction

section. In particular, the role of the Schrödinger Equation. The Solutions to the Time Independent

Schrödinger Equation section describes how the approximate solutions to the Schrödinger Equation

may be obtained for a multi-electron, periodic crystal system. The Hartree-Fock Method section il-

lustrates a practical approach to obtain such approximate solutions. The Density Functional Theory

section outlines a modern and more efficient reinterpretation of the Schrödinger Equation. The Prac-

tical Considerations section outlines additional measures and protocols with which to make density

functional theory more efficient. Finally, the Application to Photoelectrochemical Cells section briefly

summarises how such density functional theory calculations may be used to predict material properties

for the development of photoelectrochemical cells.

2.2 Electrons in Insulators, Semiconductors, and Metals

For a given material, mere knowledge of the crystal structure is insufficient to determine all of the

properties of the system. In particular, the electronic properties are required to understand the pho-
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tocatalytic and photoabsorption properties (such as the band gap, photovoltage, etc.) and thereby

assess the suitability of the material as a photoelectrochemical cell electrode. To evaluate the elec-

tronic properties, a physical and mathematical formalism for the electrons inside that system must be

established. In this regard, a good starting point is to develop an understanding of the ground state

of the system.

The ground state is the lowest energy quantum state that the system can occupy (i.e. at absolute zero

or 0 K ) whilst an excited state is any other quantum state that is higher in energy than the ground

state16. Specifying a quantum state acknowledges that electrons have a quantum nature, meaning that

a given electron may only possess energy across a discrete set of values. Other values are not permitted.

Proof of the quantum nature of the electron may be inferred from the photoelectric effect16. In the

ground state of a crystalline material, the lowest energy electronic states are fully occupied, whilst any

higher energy states are fully unoccupied.

As mentioned in the previous chapter, the valence band and conduction band are separated by a

substantial gap in energy known as the band gap. A material without a band gap is described as a metal.

Merely for completeness, semimetals are a further possibility in which there is a very small overlap

between the valence and conduction bands. This often results in reduced charge carrier concentrations

when compared to metals16. However, semimetals are also able to transport both electrons and holes,

unlike a metal which cannot separate such charges due to the lack of a band gap. Graphene is one such

example of a semimetal87,16. In the general context of electronics, the size of the band gap determines

whether or not the material is a semiconductor or an insulator. If the band gap is sufficiently small

such that thermal energy at the operating conditions is sufficient to excite an electron from the valence

band to the conduction band, the material is described as a semiconductor. If the gap is much larger

than this, the material is described as an insulator (See Figure 2.1).

These differences in the band gap have significant effects on the observable properties of the material.

For instance, the electrical conductivity of a metal decreases with an increase in temperature because

heating the material causes the atoms within the lattice to move more frequently and to a greater extent.

This impedes the electron’s ability to pass freely and uniformly through the crystal lattice. In contrast,

the conductivity of a semiconductor increases with an increasing temperature within most practical

temperature ranges88. This is because the increase in conductivity, due to the aforementioned thermal

excitation of electrons into the conduction band, has a greater contribution to the net conductivity

than any reduction in conductivity due to the movement of atoms within the crystal structure89.

45



However, this distinction between semiconductors and insulators is less useful for photoelectrochemical

cells in which photoexcitation across the band gap covers a much greater energy range. In the past,

this has resulted in the use of the term "semi-insulator" 90 for materials such as gallium arsenide, which

are considered to be semiconductors in more recent literature. For this work, the term semiconductor

will be used to describe materials that have a band gap that is within the useful range for a photo-

electrochemical cell. This includes band gaps that are well-suited for photoabsorption and catalysis

purposes.

The mobility may also be used as a quantity to distinguish semiconductors from insulators. The

mobility is the ratio of the drift velocity (average velocity of the non-uniform movement of electrons)

of a charge carrier to an applied electric field16. As such, the conductivity may be considered to be

proportional to the mobility. This is important for semiconductors because, even if the semiconductor

band gap is within the appropriate excitation range, if its mobility is too low, it may not be useful as

a photoelectrochemical cell electrode.

Figure 2.1: Illustration of the difference in the distribution of electronic states between metals,
intrinsic semiconductors, and insulators.

It is worth noting that the above distinctions of insulator, semiconductor, and metal may be further

obscured by intrinsic defects and extrinsic dopants. For instance, a heavily doped semiconducting

material may behave more like a metal at high temperatures. Doping involves adding more electron-

rich or more electron-deficient species to a semiconducting material, to change its electronic properties.
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For instance, replacing a silicon atom in a pure silicon lattice (a semiconductor) with a phosphorus

atom results in an excess electron being added to the silicon lattice. This is because phosphorus has one

extra valence electron compared to silicon. Correspondingly, an additional electronic state is created,

inside the band gap of silicon, due to the presence of the dopant. Furthermore, the excess electron

is more likely to be available for conduction rather than for bonding, and consequently, the energy

required to excite an electron to this higher energy state is lower than that of the undoped (intrinsic)

semiconductor. As such, doping is routinely used to increase the conductivity of a semiconductor at a

given temperature and may therefore enhance a photoelectrochemical cell’s performance. Conversely,

dopant states may also act as traps and recombination centres for the charge carriers29. Moreover, if

a narrow band gap semiconductor is doped so heavily that electronic states on either side of the band

gap are saturated with relaxed (unexcited) electrons, then the semiconductor may effectively behave

as a metal.

For a wide band gap semiconductor, high dopant concentrations may lead to the formation of mid-gap

states 29. Mid-gap states are localised states that lie deep within the band gap and can act as effective

valence/conduction bands, facilitating electronic transitions that are lower in energy than the band

gap. Therefore, their presence may be detrimental or beneficial to device performance, depending on

their alignment with the water splitting redox potentials.

Converse to electron-rich dopants, if an electron is removed from the lattice (i.e. by adding an electron-

deficient impurity to the lattice), the conductivity may still increase. This is because when an electron

is removed from a crystal, the absence of that electron creates a hole. Similarly, when an electron is

excited from a state within the valence band to a state within the conduction band, a hole is created at

the previously occupied state in the valence band. A neighbouring electron may then rapidly neutralise

this charge, leaving its initial electronic state and thereby creating another hole. This is how a hole

passes through a crystal much like an electron, exclusively occupying states within the valence band,

and contributing to the electrical current. Formally speaking, a hole has a negative rest energya.

In certain cases, the conductivity of a material can be further modified by removing atoms from the

lattice. A common example is the creation of oxygen vacancies. Often, such vacancies are expected to

act as recombination centres, an undesirable trait. However, in certain cases, these oxygen vacancies

create defect states within the band gap of the material. These defect states allow electrons to be

promoted more easily into the conduction band92, enhancing the conductivity. For instance, work by

Scanlon et al93 has shown that PbO2 is a narrow band gap semiconductor with a metal-like conductivity

ai.e. E is negative for the mass-energy equivalence relation (E = mc2)91.
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that was attributed to intrinsic oxygen vacancies in the material. It was concluded that the oxygen

vacancies created defect states within the PbO2 band gap. The electrons lost from the missing oxygen

atoms were compensated for by electrons from the bulk of the material.

The above concepts are conveniently represented via the Fermi level (EF ). The Fermi level is the

energy at which the probability of finding an electron in the lattice is exactly one-half91, with 0 being

impossible and 1 being certain. Therefore, the Fermi level serves as a reference point to define the

proportion of electronic states that are occupied and unoccupied, without being an electronic state

itself. For example, in an intrinsic semiconductor, the Fermi level lies somewhere within the band

gap, depending on the temperature. However, if the semiconductor is doped with an excess electron,

the Fermi level will shift towards the conduction band. This effect continues according to the dopant

concentration. The relationship between the Fermi level and the temperature is given by the Fermi-

Dirac Distribution16:

f(ϵ) =
1

e
ϵ−EF
kBT + 1

(2.1)

where f(ε) represents the probability that the electron will have energy ε, kB is the Boltzmann constant,

and T is the temperature. As such, as T −→ 0, then the probability of finding a particle above EF

tends to zero. This is illustrated in Figure 2.2. A derivation is provided in Section B.1

Figure 2.2: Plot of f(ϵ) across 3 different temperatures. In this case, EF = 0.5eV. This figure shows
that the probability of an electron occupying higher energy states increases with the temperature.

2.2.1 Electron Spin

Spin is the intrinsic and quantised angular momentum that an elementary particle, such as an electron,

may possess16. Despite its name, it does not relate to any sort of observable rotation of the electron
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around an axis. This is at least in part due to the difficulty in defining the radius of an electron,

due to its wave-particle character (See the next section). Despite this indefiniteness, the concept of

spin provides a consistent theoretical framework for understanding multi-electron systems. This is

particularly true for magnetic systems because it rationalises why a stationary material (i.e. a simple

iron magnet) may produce a magnetic field. If the electrons in such a material possess some form

of angular momentum, then that moving charge must therefore produce a magnetic field, despite the

macroscopic material remaining stationary. The concept of spin is also important for distinguishing

various classes of elementary particles. For example, electrons belong to a class of sub-atomic particles

known as fermions, which are characterised by a half-integer spin. In the case of electrons, the spin

may be either up (1/2) or down (-1/2). The concept of electron spin is supported experimentally by

the Stern-Gerlach Experiment94.

For multi-electron systems, a proper treatment of the electron spin is required for an accurate repre-

sentation of the system. Particularly concerning the magnetic properties. The means with which this

is accounted for is via the Pauli Exclusion Principle 95, which states that two identical fermions with

a half-integer spin are not able to occupy the same quantum state16. As such, electrons in electronic

states are often referred to as being paired, such that one up spin is paired with one down spin per

electronic state16. Unpaired spins may only be permitted in singly occupied orbitals and are principally

attributed as the cause of a material’s magnetic properties. It is often the case that the arrangement of

unpaired spins within a crystal lattice has a long-range order that is different from that of the crystal

lattice. This ordering is referred to as the magnetic structure. In many cases, a supercell, which is

larger and less symmetric than the crystallographic primitive cellb, is required to correctly capture the

magnetic structure, as shown in Figure 2.3.

2.3 The Electron Wavefunction

Due to their quantum nature, electrons have both wave and particle properties. For instance, the mass

of an electron can be measured, implying particle properties. However, electrons are also known to

diffract when passing through a double slit, implying wave properties96. This is known as wave-particle

duality16. Hence, it is not immediately clear which mathematical formalism (particle or wave) to use

when studying the behaviour of an electron for a particular property. For example, under a particle

formalism, an electron could be modelled as an indivisible entity with a well-defined mass and position

bThe smallest possible unit cell (repeating unit) that represents the spatial distribution of atoms within the crystal
structure.
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(a) Primitive Cell (b) Magnetic Primitive Cell

Figure 2.3: Illustrative example of how the primitive unit cell is insufficient to describe the magnetic
structure of copper (II) oxide. In the primitive cell (Left) the copper atoms at the corners of the unit
cell have opposing magnetic moments (given by the red arrows). This contradicts the periodicity
requirements of the unit cell and would not be useful for computational study. In contrast, the larger,
magnetic primitive unit cell (Right) properly accounts for the long-range magnetic ordering and unit
cell periodicity requirements but results in an increased computational demand.

that passes through the lattice according to classical mechanics. Conversely, under a wave formalism,

the electron could be modelled as a zero-mass disturbance that propagates through the lattice. In

practice, neither of these cases has proven to be effective in encompassing all of the electronic properties

of a system. Fortunately, an electron wavefunction (ψ(x)) can be used to mathematically represent

such quantum particles within a system97. The wavefunction is a continuous, wave-like function to

describe the behaviour of quantum entities96. Whilst the wavefunction is a function of the position

(x) of the electron, it is defined and interpreted in terms of the probability of detecting the electron at

a position x according to96:

P (x) = |ψ(x)|2 (2.2)

where P (x) is the probability density of finding the electron at position x. The wavefunction differs

from a classical wave in that the wavefunction need not be associated with a disturbance in a medium.

Rather, the oscillatory nature of the wavefunction merely allows for a convenient mathematical for-

malism to make probabilistic predictions for quantum entities96. Thus, the wavefunction is merely a
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descriptor of a particle subject to the laws of quantum mechanics96. When considered as a function

of time (t), it fulfils the same function as the position operator x(t) in classical mechanics. Therefore,

it implicitly contains all of the information necessary to understand the electron. However, unlike the

position operator, the wavefunction does not provide a precise location for the electron in Euclidean

space. This is due to the Heisenberg uncertainty principle, wherein the certainty in the position and

momentum of a quantum particle has an inverse relationship according to96:

∆x∆px ≥ h

2
(2.3)

where px is the x-component of the electron’s momentum. Despite this uncertainty, the wavefunction

can still be bounded by a tangible quantity. For example, an electron inside an infinitely large crystal

lattice must be somewhere within that crystal lattice, even if its precise location cannot be defined.

Thus, it is certain that the probability density across the entire lattice is equal to 1. This concept is

known as the normalisation condition 96:

∫ ∞

−∞
P (x)dx =

∫ ∞

−∞
|ψ(x)|2dx = 1 (2.4)

For the wavefunction to be useful for computation, a mathematical form must be provided. Whilst

|ψ(x)|2 is uniquely determinable via experimental data because it is directly proportional to the electron

density, ψ(x) is not uniquely defined. Instead, its form is determined by the conditions and constraints

of the system. For instance, the wavefunction of a free particle confined to a 1-dimensional range has a

particular wavefunction, whilst the wavefunction for an electron in a hydrogen atom has a separate and

distinct form96. As such, for a multi-electron system, such as a crystalline solid composed of atoms,

the practical goal is to determine the multi-electron wavefunction (Ψ(x)) of the system in its ground

state.

2.3.1 The Schrödinger Equation

The ground state wavefunction, and in principle the entire multi-electron quantum state (|Ψ⟩), can be

determined by solving the Time Independent Schrödinger Equation. It is noted that a quantum state

is an abstract concept that encapsulates all of the known properties of a quantum mechanical system,

whilst the wavefunction (Ψ), merely serves as a representation of the observable properties, such as

the electron position16. The Time Independent Schrödinger Equation is given as98 :
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ĤΨ = EΨ (2.5)

where Ĥ is the Hamiltonian operator, E is the total energy (kinetic + potential) of the system, and Ψ

is the mathematical form of the wavefunction of the system (see Section B.2 for a Plausibility argument

concerning the Schrodinger Equation). For a given quantum state, any observable property of said

quantum state is the expectation value of an operator that integrates over all spatial coordinates99. For

example, the Total Energy (E) of a multi-electron system is the expectation value of the Hamiltonian

operator99:

E =
⟨Ψ|Ĥ|Ψ⟩
⟨Ψ|Ψ⟩

= ⟨Ĥ⟩ = ⟨T̂ ⟩+ ⟨V̂e−e⟩+
∫
d3rVe−n(r)n(r) + En−n (2.6)

where T̂ is the kinetic energy operator, V̂e−e is the electron-electron interaction potential operator,

Ve−n is the electron-nuclear (external) potential, and En−n is the nuclear-nuclear interaction energy.

The Hamiltonian Operator

The Hamiltonian operator is a function that represents the rate of change of a dynamic system with

respect to time. A multi-electron system is an example of such a system. In a classical (non-quantum)

system, the Hamiltonian operator is a function of position coordinates (qi) and momenta (pi) of the

system:

H =
∑

piq̇i − L where pi =
∂L

∂q̇i
(2.7)

where L is the Lagrangian function of the system which is the kinetic energy minus the potential energy

and q̇i is the first derivative of qi with respect to time. Assuming that H or L are time-independent,

H must therefore correspond to the total energy (kinetic + potential) of the classical system:

∂H

∂t
=
∂L

∂t
,

∂H

∂pi
= q̇i,

∂H

∂qi
= −ṗi (2.8)

As mentioned, the dynamics of a quantum system are not defined in the same way as a classical system.

Nevertheless, in a quantum system, the Hamiltonian operator serves a similar purpose of characterising

the dynamics of the system16,100. The Time-Independent Schrödinger Equation for a single electron is

given as:

[
− ℏ
2m

∇2︸ ︷︷ ︸
Kinetic

+ V︸︷︷︸
Potential

]
ψ = Eψ (2.9)
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where ψ is a single electron wavefunction, m is the mass of the electron, ℏ is the reduced Planck

constant, and ∇2 is the Laplacian Operator. Since there is currently no universal wavefunction and

no universal Hamiltonian operator, the Hamiltonian operator provides the mathematical form of the

level of theory applied to the system. Due to the number of approximations involved in calculating the

wavefunction of a multi-electron system, the mathematical form of the Hamiltonian operator may vary

across applications. The selection of a particular mathematical form is usually based on a compromise

between the required accuracy and the computational expense.

Time Dependent Schrödinger Equation

There also exists a more general, time-dependent version of the Schrödinger Equation, the Time-

Dependent Schrödinger Equation, which describes how such a dynamic quantum system may evolve

with time:

ĤΨ = iℏ
dΨ

dt
(2.10)

where i is the imaginary unit (
√
−1) and ℏ is the reduced Planck constant. Under normal operating

conditions, such as room temperature, each of the electrons in a real system are only briefly in their

ground state and dynamically exchange energy with their environment. However, the ground state

is often a sufficient approximation to describe many real properties of that system and may further

serve as the reference point from which to understand such excited states. Whilst it is possible to

directly investigate excited state phenomena using the time-dependent Schrödinger equation101, such

investigations are often prohibitively expensive, complex, and unnecessary for a materials screening

procedure. Furthermore, because the ground state is considered to be a stationary state, in which all

properties of the system are independent of time16, the use of the time-dependent Schrödinger equation

is usually unnecessary.

2.4 Solutions to the Time Independent Schrödinger Equation in a

Periodic Potential

2.4.1 Crystal Momentum, Reciprocal Space, and the Blöch Theorem

It is noted that the electronic structure of a semiconductor presented in Figure 2.1 is a simplification.

For instance, the particularities of a given crystal structure have a profound effect on an electron’s
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ability to pass through the crystal unperturbed. A more sophisticated model of a semiconductor’s

electronic structure accounts for the crystal momentum. The crystal momentum considers the electron’s

momentum in light of the particular arrangement of the atoms that compose the crystal lattice. The

total force applied to an electron moving through the lattice is equal to the rate of change of the crystal

momentum16. Thus, for crystalline materials, it would be intuitive to bound the system in terms of

its periodicity, by imposing periodic boundary conditions on the order of the primitive cell102c, and to

classify the distribution of electronic states via their crystal momentum.

To assist in this endeavour, it is often more instructive to consider the problem in reciprocal space,

rather than Euclidean (real) space. Reciprocal space is the Fourier transformd of real space and the

primitive cell of the reciprocal lattice is known as the first Brillouin zone. The reciprocal lattice of

a given system may be defined in terms of a set of wave vectorse (k) which relate to the crystal

momentum (p) via p = ℏk16. This formalism is useful because solutions to the Time Independent

Schrödinger Equation within a periodic potential (a crystal lattice) may then be obtained via the Blöch

theorem103:

ψk = u(r)eikr = u(r)ei(k+K)r (2.11)

where ψk is the wavefunction described as a function of an electron wave vectork, u(r) is a function

that represents the periodicity of the system, and K is a lattice vector of the system f. Some implicit

assumptions of Equation 2.11 are that k is unique within the bounds of the first Brillouin zone and that

the crystal momentum is conserved99. Thus, the distribution of electronic states within the crystalline

system can be determined exactly and finitely in terms of Blöch wavefunctions. Moreover, as the size

of the crystal tends to infinity, further values of k are added to the first Brillouin zone104, and the

spacing between values of k tends to zero99. Consequently, k can be treated as a continuous variable

across a path in reciprocal space. This effective continuum of allowable electronic states is referred to

as a band. Each value of k is further associated with a discrete set of eigenstates that account for the

quantisation of electronic energy99.

As such, the application of Blöch’s theorem further allows for the distribution of allowable electronic

states (as bands) within the crystal to be conveniently represented and interpreted in reciprocal space

as E(k), where E is the electron energy. Figure 2.4 is an example of such a representation for chromium

oxide. Consideration of the crystal momentum also has consequences for the Fermi level. Since the

cSee Section B.3 for further elaboration on this concept.
dSee Section C.5.
eA wave vector is a vector quantity that describes the magnitude and direction of propagation of a wave16.
fSee Section B.4 for further elaboration of Blöch’s Theorem.
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Figure 2.4: Example of a routinely calculated bandstructure for chromium oxide (Cr2O3). The
VBM and and CBM are given by the green and red dots respectively. The blue lines represent bands
of electronic states that are composed primarily of oxygen p orbitals, whilst the red lines represent
chromium d orbital dominated bands. The corresponding density of states (the number of quantum
states per unit of energy16) up to 3 eV is presented to the right of the figure. This figure was
produced using the sumo package17. Gamma, L, F and Z represent characteristic, high symmetry
points, in reciprocal space, within the first Brillouin zone. It is worth noting that this particular
bandstructure was produced using density functional theory, using the PBE functional, which tends
to underestimate the size of the band gap.

distribution of electronic states can be described as a function of k, so too can the Fermi level. This

is most commonly represented as a Fermi surface which is a three-dimensional surface, in reciprocal

space, that separates the occupied and unoccupied states. Visualisation of the Fermi surface can be

used to infer the electrical, magnetic, and thermal properties of the material.

2.4.2 Mapping Reciprocal Space

Despite the distribution of electronic states being an effective continuum within a given band, it is

actually more computationally convenient to process the wavefunction as a discrete set of values during

a calculation105. As such, the variation of ψk with k is approximated as a sum over a select number

of k values, as opposed to a continuous function. The select number of spatially resolved k values

that are considered for a calculation are referred to as k-points. The discretised approximation of ψk

is given below105,99:

f i =
1

Ω

∫
IBZ

dk fi(k) =
1

Nk

∑
k

fi(k) (2.12)

where fi(k) is a function that defines the discrete set of states for a given k; f i is the average fi(k)

for Nk values of k; and Ω is the volume of the irreducible Brillouin zone. In practice, fi(k) can take

the form of a step function wherein the Linear Tetrahedron Method with Blöchl Corrections 106 can be
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used to efficiently interpolate across the irreducible Brillouin zone.

Such interpolation schemes are required to present a continuous and unambiguous representation of

the Fermi surface, and therefore the properties of the material, without having to use an incredi-

bly fine (and computationally expensive) mesh of k-points. The Linear Tetrahedron Method with

Blöchl Corrections interpolates between k-points by representing the space between grid points using

tetrahedra. Geometrically, any space and k-point grid may be precisely and efficiently sampled using

tetrahedra, with the vertices of said tetrahedra being interpolated from the original k-point grid. The

Blöchl corrections further allow for a simplification of the procedure for insulators, which further lowers

the computational cost, as well as incorporating a more sophisticated means with which to interpolate

across the vertices, since linear interpolation between vertices can lead to systematic errors99. However,

this method often struggles to accurately represent metals and narrow band gap semiconductors107.

In such cases, Gaussian smearing can be used in place of the tetrahedron method108,109.

Regardless of the particular interpolation scheme, a common method with which to sample reciprocal

space is using a uniform grid of k-points, known as Monkhorst-Pack grids 110. The optimal Monkhorst-

Pack grid density is the minimum value at which convergence to a desired level of precision is achieved

for the property of interest. This is elaborated in Section 2.7.2.

2.5 Approximations to the Time Independent Schrodinger Equation

Even with an appropriate bounding of the crystalline wavefunction, via the Blöch theorem, and the

ability to map reciprocal space and derive material properties, using suitable interpolation methods, a

mathematical formalism for the Hamiltonian operator has not yet been outlined here. Moreover, for

systems that contain three or more electrons (e.g. any crystalline system), the many-body problem is

introduced. Consequently, there are no exact solutions to the Time Independent Schrödinger equation

for such systems and approximations are used to make the mathematical basis for modern calculation

methodologies more manageable.

2.5.1 The Born-Oppenheimer Approximation

The Born-Oppenheimer Approximation considers that, due to the great difference in mass between

the atomic nucleus and the surrounding electrons, the nuclear motion is far slower than the electron

motion. Thus, from the perspective of the surrounding electrons, the nuclei can be assumed to be fixed
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in space. This enables a mathematical simplification wherein the nuclear motion is separable from the

electron motion111. As such, the Hamiltonian operator for a multi-electron and multi-nuclear system:

Ĥ = T̂e + T̂n + V̂n−e + V̂e−e + V̂n−n (2.13)

is reduced to:

Ĥ = T̂e + V̂n−e + V̂e−e + V̂n−n (2.14)

where T̂e is the electron kinetic energy, T̂n is the nuclear kinetic energy, V̂n−e is the electrostatic poten-

tial between the nuclei and electrons, V̂e−e is the electrostatic interaction between the electrons, and

V̂n−n is the electrostatic interaction between the nuclei (see Section B.5 for further elaboration of the

Born-Oppenheimer Approximation). The relationship between the charge density and the electrostatic

potential is given by Poisson’s Equation 16:

∇2ϕ(r) = − ρ

ε0
(2.15)

where ϕ is the electrostatic potential, ρ is electron density and ε0 is the free space permittivity.

2.5.2 Basis Sets

A basis set considers that the multi-electron wavefunction may be composed of a linear combination

of a finite number of basis functions. This can be as detailed as the Linear Combination of Atomic

Orbitals (LCAO) approach112, used to model molecular/crystalline orbitals,g or as simple as a linear

combination of plane waves114. As such, an appropriate basis set may be chosen according to the

accuracy and precision requirements of a particular calculation.

2.5.3 Pseudopotentials

Alongside a basis set, pseudopotentials are often used to represent the chemical species’ contribution to

the wavefunction of the system. The premise of the pseudopotential method is to replace the complex

and computationally expensive parts of the atomic radial wavefunction with a simpler and cheaper

function that requires fewer Fourier components for computation115. The replaced part usually de-

scribes the core electrons as they rarely influence chemical bonding and contribute to a great deal
gA well-known example are the Pople basis sets113 (e.g. 6-31G, 3-21G) which are composed primarily of Gaussian

functions.
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of complexity within the atomic radial wavefunction. Projector Augmented Wave (PAW) pseudopo-

tentials116 utilise projectors to construct a separable pseudopotential operator. Projectors consider

a pseudopotential operator such that each pseudopotential can be represented as a sum of projec-

tion operators. This reduces the computational expense because the corresponding matrix elements

of the Slater determinant only require the products of projection operations99 (see Section B.7 for an

elaboration on the PAW method).

2.5.4 Koopmans’ and Janak’s Theorems

Up to this point, it has been implicitly assumed that Koopmans’ theorem and Janak’s theorem are

suitable approximations for the systems in question. Both Koopmans’ and Janak’s theorems consider

the distribution of electronic states for a neutral system to be the same as its charged counterpart. In

reality, some degree of orbital relaxation occurs, to account for an added charge. However, in many

cases, this effect may be negligible. The benefit of Koopmans’ and Janak’s theorems for the band gap

is that the band gap of the DFT calculation may be assumed to correspond to the band gap of the

material. Strictly speaking, if the orbital relaxation were to be accounted for, two separate calculations

of the neutral and charged system would need to be performed and compared. Koopmans’ theorem

considers the problem from the perspective of Hartree-Fock theory, whilst Janak’s theorem considers

the problem from the perspective of DFT117,118, both of which will be introduced shortly.

2.5.5 The Hartree Approximation

Whilst the Blöch wavefunction is considered to be a good representation of a single particle moving

through a periodic potential, it provides no further description of how a multi-electron system in such

a potential may behave. An early approximation was provided by Hartree119,120,121 who considered a

time-independent system of electrons that are uncorrelated (non-interacting). Since the electrons do

not affect one another, the multi-electron Time Independent Schrödinger Equation can be represented

via a combination of single electron Time Independent Schrödinger Equations:

Ĥeffψ
σ
i (r) =

[
− ℏ2

2me
∇2 + V σ

eff (r)

]
ψσ
i (r) = ϵσi ψ

σ
i (r) (2.16)

where V σ
eff (r) is the effective potential that acts on each electron, σ is the electron spin, r is the

position of the electron in Euclidean space, ψ is the single electron wavefunction, i is the index of a

given electron, me is the electron mass, ℏ is the reduced Planck constant, ϵ is the energy, and ∇2 is
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the Laplacian operator. Moreover, because the electrons are independent of one another, the resultant

single-electron wavefunctions could be combined into a multi-electron wavefunction via their product:

Ψ(r) = ψ1(r)ψ2(r)...ψN (r) = ΠN
i ψi(r) (2.17)

The ground state of the system may then be calculated by occupying only the lowest energy states.

Practically, this is usually performed via the Self Consistent Field procedure. The Self-Consistent

Field procedure is an iterative method that ensures that the potential field generated by the charge

distribution from a given wavefunction is consistent with the initial field (i.e. is "self-consistent") of

that wavefunction. The threshold for this self-consistency is determined by the user, in light of the

precision allowed by the available computational resources. Furthermore, the aforementioned potential

field requires a mathematical conception. This is commonly referred to as electron correlation which

refers to the Coulombic influence the electrons have on one another122. In this case, Hartree utilised

what is commonly referred to as the Mean Field Approximation, wherein the many body Coulombic

electron-electron interactions are represented as an averaged effect123. However, this treatment has

proven to be insufficient to describe so-called strongly correlated systems, such as transition metal

oxides124.

2.5.6 The Hartree-Fock Approximation

Unfortunately, the Hartree approximation does not sufficiently describe the multi-electron wavefunc-

tion because the product of single-electron wavefunctions does not guarantee a resultant multi-electron

wavefunction that is antisymmetric upon the exchange of two electrons. This antisymmetry require-

ment is merely a rearticulation of the Pauli Exclusion Principle95 but using the wavefunction formal-

ism16. To solve this problem, Fock and Slater125 demonstrated that the antisymmetry requirement

may be satisfied by using a Slater determinant to reconstruct the multi-electron wavefunction, as

opposed to a product99:

Ψ(r) =
1√
N !

∣∣∣∣∣∣∣∣∣∣∣∣∣

ϕ1(r1, σ1) ϕ1(r2, σ2) · · · ϕ1(rN , σN )

ϕ2(r1, σ1) ϕ2(r2, σ2) · · · ϕ2(rN , σN )

...
...

. . .
...

ϕN (r1, σ1) ϕN (r2, σ2) · · · ϕN (rN , σN )

∣∣∣∣∣∣∣∣∣∣∣∣∣
(2.18)
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where each ϕi(ri, σi) is a generic and orthogonal eigenfunction that is a function of its position ri and

spin state σN that further satisfies:

⟨ϕi|ϕj⟩ = δij (2.19)

This is a computationally convenient means to represent a many-body wavefunction whilst simultane-

ously satisfying the Pauli exclusion antisymmetry requirements.

The Hartree-Fock Hamiltonian

Presented in a similar format to the Time-Independent Schrödinger Equation, the resultant mathe-

matical form of a Hartree-Fock Hamiltonian operator is given by Equation 2.20h:

[
− ℏ2

2me
∇2︸ ︷︷ ︸

Kinetic

+Vext(r) + VHartree(r) + V̂ i,σ
x (r)︸ ︷︷ ︸

Potential

]
ψσ
i = εσi ψ

σ
i (r) (2.20)

wherein:

V̂ i,σ
x (r) = −

∑
j

∫
dr′ψσ

i (r
′)∗ψσ

i (r
′)

ψσ
j (r)

|r − r′|ψσ
i (r)

(2.21)

where ℏ is the reduced Planck constant, me is the electron mass, Vext(r) is the external potential

felt by an electron due to the atomic nuclei, VHartree(r) is the electron correlation potential felt by

each electron due to the presence of other electrons, V̂ i,σ
x (r) is the electron exchange operator, ψσ

j (r)

is the single electron wavefunction (i) with spin (σ), and εσi is the corresponding eigenvalue for this

wavefunction. The relationship between E and εσi is given by the weighted sum of non-interacting

electron energies, according to the Fermi-Dirac distribution126,127:

E =
σ∑
i

εσi
e(ε

σ
i −µ)/kBT + 1

(2.22)

where kB is the Boltzmann constant, T is the temperature, and µ is the chemical potential of the

electrons. In the HF method, the ground state is usually obtained via the variational principle128.

According to this principle, the mathematical form of the wavefunction is guessed, and its parameters

are then varied until the lowest energy solution is obtained.

The most common inaccuracies of the HF method are often attributed to its treatment of electron

correlation, which remains a challenge in the broader context of electronic structure theory99. Another

issue concerning the HF method is its rapid increase in computational expense as the system size and

hA full derivation can be found on pages 61 - 64 of Electronic Structure by Martin99.
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complexity increase. This is because four-centre, two-electron integrals need to be evaluated in order

to complete the calculation129. This is often referred to as N4 scaling, where N represents the number

of basis functions that are used which is directly proportional to the number of eigenstates99.

2.6 Density Functional Theory

A commonly used alternative to the HF method is Density Functional Theory130 (DFT), which retains

many of the aforementioned approximations of the HF method. However, DFT initially guesses an

electron density, not a wavefunction, and applies the variational principle accordingly. This generally

results in scaling of the order of N3 by virtue of matrix diagonalisation in three dimensions129,99. To

justify this method, DFT relies on two theorems, known as the Hohenberg-Kohn Theorems 131.

The First Hohenberg-Kohn Theorem considers that if the spatially resolved external (nuclear) potential

(Vext) in the ground state uniquely determines the spatial distribution of the electron density (ρ0(r)),

so too can said external potential be uniquely described by that electron density. Consequently, all of

the properties of the system may be determined via the ground state electron density.

The Second Hohenberg-Kohn Theorem considers that the energy and wavefunction, of such a system,

are calculated exactly via a universal functional of the electron density (E[n]). In particular, the global

minimum of E[n] corresponds to the exact ground state energy (E0) and density (n0(r))131.

In this way, the Time Independent Schrödinger Equation can be replaced with an ansatz i, such that

the electron density is guessed and modified iteratively. Such an equation was first suggested by Kohn

and Sham132:

[
− ℏ2

2me
∇2︸ ︷︷ ︸

Kinetic

+Vext(r) +
∫

n(r′)
|r − r′|

d3r′ + V i,σ
XC [n(r)]︸ ︷︷ ︸

Potential

]
ψσ
i = ϵσi ψ

σ
i (r) (2.23)

where
∫ n(r′)

|r−r′|d
3r′ describes the electron-electron repulsion; whilst V i,σ

XC [n(r)] represents the exchange-

correlation potential; and (n(r)) is the electron density (see Section B.6 for a mathematical proof of

the Hohenberg-Kohn Theorem and a derivation of the Kohn-Sham equation). In practice, DFT greatly

reduces the computational overhead, due to the reduced number of calculations that need to be per-

formed per electron in the system. As such, larger and more complex systems can be investigated with

DFT. However, the universal functional suggested by the Second Hohenberg-Kohn Theorem has not

iA guess as to the mathematical form of the solution
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yet been determined. Only approximate solutions are in use. Generally speaking, the main approxi-

mation concerns the exchange-correlation potential and its corresponding energy99. DFT functionals

are normally selected according to a compromise between the computational expense and the accu-

racy/precision for a given calculation. As such, there is a wide variety of available functionals that each

vary in their ability to accurately predict certain properties. For reference in the upcoming chapters,

four different classes of DFT functional were used throughout this work:

The Local Density Approximation Using this approximation, the exchange-correlation energy den-

sity at each point in space is treated as a homogeneous electron gas99:

ELDA
xc =

1

2

∫
d3rn(r)ϵxc(n(r)) (2.24)

where ϵxc(n(r)) is the energy per electron at r. A corresponding expression that accounts for spin also

exists, known as the Local Spin Density Approximation 99:

ELSDA
xc =

∫
d3rn(r)ϵxc(nup(r), ndown(r)) (2.25)

As a consequence, all solutions obtained via the LDA consider the electrons to be fully delocalised across

the entire crystal lattice. Therefore, the local density approximation is often accurate for delocalised

systems (metals) and inaccurate for strongly localised systems (semiconductors and insulators)133.

The Generalised Gradient Approximation Since the local density approximation often fails to

accurately capture the behaviour of semiconducting materials, a more sophisticated functional is re-

quired. To this end, the generalised gradient approximation 134 has been introduced. Using this func-

tional, the magnitude of the gradient of the exchange-correlation energy density (|∇n|), in addition to

its value at each point in space, is included in the functional99.

EGGA
xc =

1

2

∫
d3rn(r)ϵxc(n(r), |∇n|) (2.26)

Incorporation of this gradient allows some degree of inhomogeneity in the electron density to be con-

sidered. Thus, when compared to the local density approximation, the generalised gradient approx-

imation usually provides a better approximation of the electronic structure for semiconductors and

insulators135. The Perdew-Burke-Ernzerhof 136 (PBE) functional and the Perdew-Burke-Ernzerhof

functional revised for solids 137 (PBEsol) are referred to in later chapters of this work. The PBE

functional is one of the most commonly used GGA functionals for benchmarking DFT calculations,
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primarily due to its relatively low computational cost and good accuracy for many material properties.

The PBEsol functional is particularly accurate for the calculation of lattice parameters.

The Meta-Generalised Gradient Approximation One of the trade-offs with the generalised gra-

dient approximation is that the introduction of the gradient breaks several exact constraints that are

maintained for the LDA99,138. Meta-GGA functionals have since been developed to remediate this

problem. Whilst their treatment of the exchange-correlation energy density can vary, most meta-GGA

functionals are characterised by a second-order gradient expansion of the exchange-correlation energy

density in addition to the first-order gradient expansion of the density and the density itself.

EmGGA
xc =

1

2

∫
d3rn(r)ϵxc(n(r), |∇n|, |∇2n|) (2.27)

The inclusion of the second-order term is expected to better represent the exact constraints that are

broken by the generalised gradient approximation in a similar fashion to how a Taylor expansion more

accurately represents a given function if higher-order terms are included. The Strongly Constrained and

Appropriately Normed (SCAN) functional138 is used in this work and claims to satisfy (or very nearly

satisfy) all of the exact constraints that are currently known for the meta-GGA class of functionals.

The Hybrid Functional Approximation Hybrid functionals are so named because they incorpo-

rate a portion of the exact electron exchange, obtained via HF theory, into the DFT calculation99.

EHybrid
xc = αEHF

x + βEDFT
xc (2.28)

where α and β are the respective fractions of HF exchange and DFT exchange-correlation. In HF

theory, the electron exchange energy is calculated exactly, via the aforementioned Slater determinant,

thereby accounting for Pauli exclusion. This effect is often described as the "exchange hole" which is

a representation of the reduced probability of finding another particle of the same type in the region

of space (the "hole") around a given particle. Moreover, mathematically, the electron exchange energy

exactly cancels the self-interaction energy, which represents the spurious effect of an electron interacting

with itself. For these reasons, the HF exchange is described as being "exact". As mentioned previously,

HF theory provides no such exact treatment for electron correlation (i.e. a "correlation hole"), which

would need to consider the interaction effects of all electrons, not merely those of the same spin99.

In the LDA and GGA, the exchange-correlation energy density is treated as a homogeneous electron

gas. This means that both the exchange and correlation effects are approximated when using DFT.

Thus, the inclusion of exact electron exchange improves the estimation of several properties, most
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notably semiconductor and insulator band gaps which are often severely underestimated with LDA

and GGA functionals135.

An inconvenience of the Hybrid functional approach is that there is a large increase in the computational

overhead. However, this cost is still significantly lower than a Hartree-Fock calculationj. Furthermore,

when using hybrid functionals, the GGA component is often separable from the Hartree-Fock com-

ponent. Therefore, it is common practice to further reduce the computational expense by completing

a GGA calculation first and then completing the hybrid functional calculation using the output of

the GGA calculation139,140. This procedure also has the added benefit of observing the difference in

performance between the GGA and hybrid functional for a given calculation. The Heyd, Scuzeria,

and Ernzerhof (HSE06 ) functional141 is used in this work which incorporates 25% HF exchange, 75%

PBE exchange, and a screened Coulomb potential to further reduce the computational expense. This

functional is notably accurate for the properties of many crystalline material systems.

DFT + U The Hohenberg Kohn Theorems and Kohn-Sham Equation provide no prescription for

improving the exchange-correlation functional. Exchange and correlation effects are more pronounced

for localised, strongly interacting electrons. Examples include transition metal oxides and rare earth

elements. Self Interaction Corrections (SICs), DFT+U, and the aforementioned hybrid functionals

have been suggested to alleviate this problem. SICs correct for the self-interaction effect caused by using

an approximate exchange-correlation functional. As such, SICs may vary greatly in their mathematical

form and application. DFT+U is DFT with an additional, orbital-dependent interaction term (U). Said

interaction term is only included for orbitals that are expected to be localised (atom-like). The value

of U is coupled to this interaction term and has the effect of shifting the localised orbital energies99.

This allows the self-interaction effects to be accounted for. DFT+U is based on the Hubbard model142,

wherein the Hamiltonian operator includes the additional U parameter143.

Ĥ = ĤDFT + Û (2.29)

2.7 Practical Considerations

Besides the aforementioned distinctions between different levels of theory, further practical consider-

ations are often required for electronic structure calculations of semiconducting materials. These are

briefly summarised below:
jThe relationship between the different classes of functional and the computational expense can be summarised as

LDA < GGA < meta-GGA « Hybrid « Hartree-Fock Theory.
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2.7.1 Electronic Minimisation Algorithms

A computationally tangible algorithm is required to minimise the total energy iteratively and in ac-

cordance with the variational principle128. The selection of such an algorithm is usually a com-

promise between reliability and computational cost. Two such examples are the Blocked-Davidson

Algorithm144,145 (BDA) and the Conjugate Gradient Algorithm146,147,148 (CGA).

For simple calculations, the Blocked-Davidson algorithm is often used. The Blocked-Davidson algo-

rithm is based on the Lanczos algorithm149 but is adapted to be more efficient for Hamiltonian matrices

in which the diagonal part of the matrix dominates the behaviour of the system. This is considered

typical for plane wave basis sets99. According to the Blocked-Davidson algorithm, the eigenvectors

and eigenvalues near the top and bottom of the energy spectrum can be calculated accurately without

calculating the entire tridiagonal matrix of values. Since states in the middle of the energy spectrum

represent the average energy, the top and bottom states can be estimated, as opposed to directly cal-

culated. Thus, fewer iterative steps are needed to find the ground state, compared to processing each

state individually.150.

In some cases, the Blocked-Davidson algorithm leads to metastable (not the lowest energy) solutions

or may exhibit non-convergent behaviour. In such situations, the conjugate gradient algorithm may be

more effective. This algorithm uses the value and gradient of the energy, at the current iterative step

and all previous steps, to calculate the optimal path to the energy minimum. Due to the retention of a

large amount of energy and energy gradient data, the computational expense of the conjugate gradient

algorithm is greater than the Blocked-Davidson algorithm. However, the conjugate gradient algorithm

has the advantage of increased robustness and reliability.

Between each iterative step in the electronic minimisation algorithm, the calculated charge density

is mixed with a suggested charge density to ensure self-consistency. It also ensures efficient conver-

gence to the global minimum, as opposed to generating a completely new charge density, which could

lead to excessively long optimisation pathways or non-convergent behaviour151. A popular mixing

scheme152,153,154, implemented in the Vienna Ab Initio Software Package 155,153,156,157 (VASP), is one

such example. This mixing scheme considers an input charge density ρin, an output charge density

ρout, and the difference between these two densities. By appropriate weighting and incorporating each

of the successive input densities as a subspace,k a self-consistent solution can be obtained after a

kA subspace is a subset of a vector space that is itself another vector space. A vector space is a set of vectors associated
with a field of scalars100.
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sufficient number of iterations151.

2.7.2 Convergence Testing

Plane-wave basis sets are convenient for periodic solids as their mathematical form and simplicity

complement the computational implementation. When using a plane wave basis set, the precision of

the calculation can be tuned via a single parameter, the plane wave cutoff energy. This determines the

number of plane wave basis functions that are included in the calculation114. The optimal value of the

plane wave cutoff energy is usually determined by increasing it until the value of the property of interest

is consistent. Higher values beyond this point are not required because the computational overhead

increases with the value of the plane wave cutoff energy but with an insubstantial improvement in

convergence. For instance, if a given property requires a level of precision of 0.01 eV, the optimal

cutoff energy is the minimum value at which the calculated property is constant within 0.01 eV. The

same is true for the Monkhorst-Pack grid density and other quantities.

Figure 2.5: Convergence testing data of the plane wave cutoff energy for rutile titanium dioxide.
The point of this figure is to illustrate how various quantities plateau after a certain value. In this
case, there is no need to increase the plane wave cutoff energy beyond 500 eV. Different quantities
(total energy, surface energy, ionisation potential, etc.) may plateau at different cutoff energies.
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Figure 2.6: Convergence testing data of the Monkhorst-Pack grid density for a 50:50
germanium-lead alloy (See the Catalytic Activity chapter for a further discussion of such compounds).
Similarly to Figure 2.5, there is no need to increase the Monkhorst-Pack grid density beyond 5 units,
after which the total energy is consistent within an acceptable margin of error.

2.7.3 Geometry Optimisation Algorithms

Even with a suitable electronic minimisation algorithm and optimal convergence parameters, simply

setting the lattice parameter to the experimentally determined lattice parameter can lead to inaccu-

racies in the calculated material properties. This is because the energetic ground state of the system

varies between different functionals for the lattice parameter. Hence, once convergence testing is com-

plete, it is common practice to optimise the volume, shape and atomic positions of the unit cell for

the chosen functional. This is routinely performed by allowing the shape and atomic positions to relax

for a set of fixed volumes across a reasonable range158. Assuming that the crystalline phase is stable,

when the total energies of these systems are plotted as a function of the unit cell volume, the plot is

roughly parabolic about the global minimum. The optimal unit cell volume can then be obtained by

fitting an Equation of State (EoS) to the same plot159.

Algorithms that allow the volume, shape and internal parameters to be optimised simultaneously are

also available. However, these algorithms are often only accurate if the initial structure is very close

to the global minimum160. In addition, to reduce the computational overhead of calculations that

require the hybrid HSE06 functional, it is common practice to first optimise the geometry with the
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Figure 2.7: Plot of the variation in the total energy across various lattice parameters. The lowest
energy point interpolated from this data, via an Equation of State, would be used as the lattice
parameter for further calculations.

GGA PBEsol functional and to perform the electronic minimisation on the output with the HSE06

functional161. This is usually less computationally expensive than relaxing the lattice with the HSE06

functional and rarely produces spurious results162, although ideally all calculations should be performed

at the same level of theory. Much like the electronic minimisation procedure, different algorithms can

be implemented to handle how the atomic positions are modified and optimised. The selection of which

normally depends on a compromise between the accuracy/precision and the computational cost. In

this work, all of the geometry optimisations are performed using the conjugate gradient algorithm163.

2.7.4 Data Parallelisation

In the context of DFT. Parallelisation may be performed across electronic bands and/or across the

number of k-points. Efficiency is usually maximised when both forms of parallelisation are used. Whilst

parallelisation across bands is almost always recommended for multi-core or multi-node computers,

parallelisation across k-points is often severely limited by the memory capabilities of the computer.

This is because the orbital representations of the wavefunction are not parallelisable alongside each

independent grouping of k-points. Hence the wavefunction data has to be copied multiple times

according to the parallelisation scheme. Consequently, the parallelisation scheme is usually tailored

according to the number of bands, k-points, computing nodes, and the amount of memory available

per computing node164,165.
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2.8 Applications to Photoelectrochemical Cells

The above theoretical treatment of crystalline materials will now be brought into the context of photo-

electrochemical cell electrodes by reviewing the previously mentioned photoelectrochemical cell criteria

from a computational perspective.

Band gap The band gap is a routinely extracted parameter from a DFT calculation. Its extraction

is amenable to a computational materials screening procedure because the positions of the electronic

states as a function of the electron energy are among the most commonly produced outputs of an elec-

tronic structure calculation. As such, beyond the DFT calculation itself, there is very little additional

effort required to calculate the band gap of a candidate semiconducting material. To date, the band

gap is most accurately calculated via a hybrid functional. In particular, the HSE06 hybrid functional

is known for its accuracy of crystalline semiconductor band gaps135.

Band Alignment Despite the calculation of the band gap being a relatively trivial task, the absolute

band energies are much more difficult to calculate. This is due to the periodic boundary conditions

of the bulk calculation preventing the definition of an absolute reference potential. This problem is

further elaborated on in the next chapter.

Figure 2.8: Illustration of the interaction between a central defect (O) and its periodic images
within a supercell of a square lattice composed of lattice points (X). The red arrows represent this
interaction. The dashed lines designate the arbitrarily defined bounds of the unit cell.

Photovoltage Both intrinsic and extrinsic defects, which affect the photovoltage through recombina-

tion mechanisms, may be modelled with DFT. In general, this involves creating a supercell expansion

of the primitive unit cell. The size and dimensions of the supercell are often chosen to account for

the defect itself in addition to minimising the extent of the interaction between said defects and their
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periodic images (See Figure 2.8). Such interactions may also be mitigated by so-called finite size cor-

rections 166. Moreover, given the broad variety of hypothetical defects that may affect the photovoltage,

as a first step in establishing a materials screening procedure, we only consider the intrinsic effects of

polarons in this work, which do not require the removal or addition of atoms to the crystal. This is

reviewed in more detail in the fourth chapter.

Corrosion Resistance, Catalytic Activity, and Catalytic Selectivity Assuming the various re-

action mechanisms are known. These aspects of the photoelectrochemical cell may be calculated by

computing the total energies of the reaction intermediates and then comparing these energies to other

reaction mechanisms. This includes the OER, HER, corrosion mechanisms, and any side reactions.

The catalytic activity of hypothetical corrosion-resistant alloys is the focus of the fifth chapter.
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Band Alignment & Ionicity

3.1 Introduction

3.1.1 Band Alignment

The Ionisation Potential (IP) and Electron Affinity (EA) are important quantities for the selection

of photoelectrochemical cell electrodes as they correspond to the absolute positions of the band edge

eigenvalues for a semiconducting or insulating material167. Formally, the ionisation potential corre-

sponds to the minimum energy change associated with the removal of an electron from the Valence

Band Maximum (VBM) to the vacuum potential (ϕ). The electron affinity corresponds to the min-

imum energy change associated with the addition of an electron to the Conduction Band Minimum

(CBM) from the vacuum potential. Together, the valence band maximum and conduction band min-

imum are referred to as the band edge eigenvalues (see Figure 3.1). The ionisation potential and

electron affinity must be known to select candidate electrodes whose band edge eigenvalues straddle

the respective hydrogen evolution reaction and oxygen evolution reaction redox potentials. The ion-

isation potential and electron affinity are commonly measured via photoemission techniques, such as

photoelectron spectroscopy24,19, or electrochemical techniques, such as cyclic voltammetry24. Since

the ionisation potential and electron affinity are influenced by both the surface and bulk properties of

the crystal168,169, there is no singular ionisation potential or electron affinity for a given compound but

rather multiple values. This is because each compound has multiple surface terminations according

to its crystallographic planes, which each induce a different surface/interface dipole 99. This is com-

monly referred to as orientation dependence 170. Each of these surface terminations may be catalogued

using the corresponding Miller index16. In addition to orientation dependence, it is challenging to
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Figure 3.1: Illustration of how the band gap, ionisation potential (IP ), electron affinity (EA),
vacuum potential (ϕ), conduction band minimum (CBM), and valence band maximum (V BM)
relate to one another.

ensure experimental consistency across different studies because sample qualities can vary. As such,

there are many possible candidates for photoelectrochemical cell photoelectrodes, with multiple sur-

face terminations and variable synthesisabilties. In light of this, the possibility of characterising such

a large database of compounds is not economical through current experimental means. However, the

computational screening of such a database may be a more achievable short-term goal.

3.1.2 Computational Band Alignment

One of the most common and intuitive methods of accurately estimating the ionisation potential and

electron affinity is to create a slab model expansion of the primitive unit cell such that it contains a

bulk component, the surface termination of interest, and a vacuum region171 (see Figure 3.2). Beyond

the creation of the surface, the purpose of the vacuum region is to calibrate the calculated eigenvalues

according to an absolute reference potentiala. Due to the periodic boundary conditions used in many

crystalline density functional theory calculations, the eigenvaules from such calculations are arbitrarily

defined173. Thus, the slab model method explicitly creates a vacuum region to properly align the

aFor photoelectron spectroscopy24, this reference potential is the electron energy at vacuum. For cyclic voltammetry,
the reference potential is the Standard Hydrogen Electrode172 (SHE).
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Figure 3.2: Illustration of how the electrostatic potential varies across the bulk, surface, and
vacuum regions of a slab model. The interface dipole determines how the electrostatic potential
varies across the boundary between the interface and vacuum regions. Thus, affecting the extent to
which the vacuum potential differs from the bulk periodic potential.

eigenvalues to one another. This is referred to as band alignment and is performed by assuming

Janak’s theorem and deducting the calculated value of the electrostatic potential in the vacuum region

(ϕ) from the calculated band edge eigenvalues (ϵ):

ϵabsolute = ϵ− ϕ (3.1)

Whilst this method of computational band alignment is reliable and systematic, several challenges

have prevented it from being applied to a large database of compounds174. These include the widths

of the slab and vacuum in real space needing to be converged for the band edge eigenvalues, the atomic

positions needing to be relaxed to account for structural differences in the bulk and surface layers of

the slab, and hybrid functionals often producing the most accurate results168.

With the computing resources that are available to date, the overhead per calculation remains uneco-

nomical for a large database of compounds with multiple surface terminations. A common alternative

to the slab model approach involves building an embedded cluster model175. However, this is also of

comparable computational expense. This problem has incentivised the development of low-cost band

alignment procedures. Past work has focused on the comparison of charge neutrality, impurity, core

and defect transition levels176,177,178,179,180, although none have yet to reach the desired compromise

of computational efficiency and accuracy. However, a band alignment procedure initially introduced
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by Frensley and Kroemer25,26,27,28 (F&K) may provide a useful representation of the bulk component

of the ionisation potential and electron affinity. In this approach, the average interstitial electrostatic

potential is used as an approximation of the vacuum reference potential.

Frensley and Kroemer used the Zinc Blende (ZB) crystal structure as a test case. The Zinc Blende

lattice is composed of two oppositely charged, interpenetrating tetrahedral sublattices. Consequently,

the two Zinc Blende interstices (Octahedral (Oh) and Tetrahedral (Td)) have an equal and opposite

electrostatic potential. These interstices are named as such due to their nearest neighbour coordination,

where the tetrahedral interstice has four nearest neighbour atoms and the octahedral interstice has

eight nearest neighbour atoms.

The equal and opposite relation in the electrostatic potential of Oh and Td can be confirmed by

calculating the Madelung potential at these sites via an Ewald summation 181. In this formalism, the

lattice is assumed to be composed of point charges. The Madelung potential is the electrostatic potential

of an ion in the lattice within this point charge formalism (see Sections B.10 and B.9 for elaborations

on the Ewald Summation and Madelung Potential respectively). A point charge is a representation

of a charge that is restricted to a point in space. As such, it has no radius or volume. The Ewald

summation is a method with which to efficiently calculate the Madelung potential by computing the

short-range interactions in real space and the long-range interactions in reciprocal space. Sampling the

interstices at this level of theory results in an equal and opposite potential (V ) for Oh and Td. Thus

making their average (ϕZB) equal to zero.

ϕZB =
V Oh + V Td

2
= 0 (3.2)

Equation 3.2 may be demonstrated numerically via the General Utility Lattice Program 182. Examples

of such calculations for the Zinc Blende, Diamond, Rocksalt, and Perovskite crystal structures are

given in the appendices. Therefore, within this formalism, ϕZB could serve as an effective vacuum

reference potential. This would be advantageous for the computational screening of electrode band

alignments because the only necessary density functional theory calculation would be a bulk primitive

cell calculation. Such a calculation would carry a much lower computational overhead compared to

the aforementioned slab and embedded cluster approaches. Despite this appeal, the validity of such a

method remains debatable. Firstly, because there is no consideration of the surface in the calculation of

ϕZB, there is an implicit assumption that the bulk and surface components of the ionisation potential

are separable. Where the Frensley and Kroemer method calculates only the bulk component, it is

assumed that a suitable treatment of the surface component may be subsequently derived. As such,
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Figure 3.3: A plot of the data initially compiled by Tung18. The reference data was compiled by
Pelatt et al19. Data points that are close to the Reference line indicate a stronger agreement with the
reference data. It can be seen that the results of Frensley and Kroemer (F&K ) appear to be no worse
than those of Van de Walle and Martin (VDW & M ) or Harrison. This figure was previously
published by the author and their supervisor20.

the separability of the ionisation potential in this way remains controversial. Secondly, it is not clear

how reasonable ϕZB is as an approximation to the vacuum potential, outside of a simplified point

charge (Ewald) formalism. Real atoms in a crystalline system do indeed have radii and volumes.

Moreover, the delocalisation of the electrons within the crystal is not accounted for in the Frensley and

Kroemer method.

These concerns were highlighted in past literature, with Van de Walle and Martin183 finding poor

agreement between their theory of the ionisation potential and the Frensley and Kroemer method.

This was attributed to there still being substantial charge density in the interstitial region, which

offsets the accuracy of ϕZB. Conversely, Yu et al184 noted that the Frensley and Kroemer method was

no better or worse than other band alignment procedures of the time, including the work of Van de

Walle and Martin. Tung18 later reviewed multiple ionisation potential calculations and found similar

trends between the studies of Frensley and Kroemer25,26,27,28, VDW & Martin183, and Harrison185. The

data from Tung’s study is plotted in Figure 3.3, alongside a compilation of experimental measurements

from Pelatt et al19.

In recent years, variations of the Frensley and Kroemer method have also appeared independently.

Choe et al186 used a similar internal reference method for the alignment of metal-metal and metal-
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semiconductor interfaces, whilst Butler et al24 used the centres of metal organic framework poresb as

an effective reference potential. Despite this recent interest, it is still unclear whether ϕZB is a suitable

reference potential. Benchmarking regarding the dependence of ϕZB on the size of the interstices and

the DFT exchange-correlation functional has not been determined, and could be quickly performed

with modern computational resources. Given the renewed interest in low-cost alternatives to band

alignment, it is desirable to investigate the accuracy and reliability of the Frensley and Kroemer

method with modern computational tools and standards.

3.1.3 Ionicity

Alongside estimating the ionisation potential, Frensley and Kroemer used the interstitial potentials

to calculate the relative ionicity of various Zinc Blende compounds25,26,27,28. Ionicity is the opposite

of covalency. In a covalent crystal, such as pure silicon, the electrons are shared equally between the

constituent atoms to form the chemical bonds that hold the crystal together. This is because the

constituent atoms share the same electronegativity, which is the relative extent to which an atomic

species attracts/repels electrons16. Conversely, in an ionic crystal, the atomic species differ in their

electronegativities. As such, electrons from one species are transferred to the other species. The

ionicity is a measure of the extent of this charge transfer for a given crystal structure.

Recent work by Xin et al188 has indicated that doping with more electronegative species resulted in a

substantial charge redistribution (an effective "electronegativity difference") between adjacent lattice

sites at the surface of the electrode. This further resulted in both enhanced photocatalytic activity and

enhanced stability of the electrode material. Since the ionicity is a measure of the electronegativity

difference, it could be a useful quantity for further consideration in this regard. Moreover, knowledge

of the ionicity may, for example, help to rationalise subsequent investigations of the lattice energy.

The lattice energy is the energy change associated with forming the crystal structure from its gaseous

ions16 and therefore relates to the synthesisabililty and solubility of the crystal structure.

Frensley and Kroemer Ionicity

In this regard, Frensley and Kroemer considered that the magnitude of the difference in the electrostatic

potential of the octahedral and tetrahedral interstices (∆V ) is directly proportional to the magnitude

bMetal organic frameworks are highly porous crystal structures that are composed of metal atoms linked together by
organic compounds187.
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of the ionicity.

∆V = V (Oh)− V (Td) (3.3)

Frensley and Kroemer further refined this metric by normalising ∆V for the lattice parameter of the

compound (a) using a constant (8.287) derived from the Zinc Blende crystal topology.

δ =
∆V a

8.287
(3.4)

The absolute ionicity for a given ionicity metric, provided by Equation 3.4, is not considered to be

practically useful on its own189. This is because there is no definite threshold for the maximum ionicity

for a given metric. However, the normalised ionicity may be more useful as it allows for the direct

comparison with other ionicity metrics:

I ′ =
δ − Imin

Imax − Imin
(3.5)

Where I ′ is the normalised ionicity and Imax and Imin are the maximal and minimal formal oxidation

states (i.e. +1, +2, etc) of each compound respectively. The use of the formal oxidation states estab-

lishes a common threshold between different ionicity metrics when they are normalised according to

Equation 3.5. Furthermore, since the lowest possible ionicity corresponds to a fully covalent structure,

Imin = 0 in all cases. Thus, Equation 3.5 may be reduced to:

I ′ =
δ

Imax
(3.6)

As such, all further mentions of the ionicity in this work may be assumed as being normalised via

Equation 3.6.

Bader Ionicity

An alternative way in which to consider the ionicity of a compound is via Bader charge analysis.

Bader charge analysis190,191 addresses the problem of partitioning the charge density from an electronic

structure calculation into atoms. To partition the charge density, the method uses a zero flux surface

which is a two-dimensional plane perpendicular to where the charge density between two atoms is a

minimum. This means of partitioning the electron density provides an intuitive metric for comparing

the ionicity between different compounds because the position of the zero flux surface is expected to
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shift from the centre of a chemical bond according to the ionicity of the compound. For example, for

a purely covalent interatomic bond, in which the density charge is shared exactly evenly between the

two atoms, the zero flux surface would lie in exactly the centre of the bond and each atom would be

calculated as having an identical Bader charge. Conversely, for an ionic system with an asymmetric

charge distribution, the zero flux surface would lie closer to one atom than to another because the more

electronegative atom would accumulate more charge and shift the position of the zero flux surface from

the centre of the bond. In this case, the Bader charges for each atom would differ192,193,194,195.

Philips Ionicity

Another alternative way in which to consider the ionicity of a compound is via the Philips ionicity.

The Philips ionicity considers the ionic character (Iion) and covalent character (Icov) of a given charge

to be separable quantities via:

Ionicity =
I2ion

I2ion + I2cov
(3.7)

Unlike the previous two ionicity metrics, the Philips ionicity metric considers the problem of ionicity

from a spectroscopic perspective, with Iion and Icov being determined from spectroscopic data196,197.

Given the wide variety of ionicity metrics and their varying conceptions of ionicity itself, it would be

useful to see the similarities (if any) between the Frensley and Kroemer ionicity and other ionicity

metrics.

3.2 Motivation and Materials of Interest

The remainder of this chapter aims to use the Frensley and Kroemer method to calculate the absolute

band energies and ionicities for a range of compounds using modern computational tools. The accuracy

of the Frensley and Kroemer method is reviewed accordingly and the aforementioned concerns from

past literature are discussed. The Frensley and Kroemer ionicity is also compared to the aforementioned

Bader and Philips ionicities to determine whether or not there are any common trends between these

metrics. The focus in this chapter is not the direct determination of a suitable photoelectrochemical

electrode, but rather the benchmarking of a possible means with which to find such an electrode.

Consequently, little emphasis is put on a particular compound and its use within a photoelectrochemical

cell, but more so on how the trends across compounds vary or correlate with established data. It is

further noted that the results and figures within this chapter were previously published by the author
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and their supervisor20.

3.2.1 Zinc Blende Type Structures

Frensley and Kroemer’s initial database of Zinc Blende compounds is retained and expanded in this

chapter, for comparison and consistency. The Zinc Blende structure is illustrated in Figure 3.4.

Figure 3.4: The F43m Zinc Blende primitive unit cell. Oh and Td are marked in green and red
respectively. This image was produced using the VESTA program21,22,23. This figure was previously
published by the author and their supervisor20.

Silver iodide (AgI) is a semiconducting compound with a direct band gap198 of 2.22 eV1 and an

electron mobility of 30 cm2V−1s−1 1. Despite having a relatively low solubility in water, it has seen little

use in photoelectrochemical cells as the primary catalyst. Presumably due to its low electron mobility

and its tendency for small amounts of silver iodide to dynamically dissolve in water and precipitate

from the solution as a colloid suspension. Furthermore, this precipitated form of AgI is difficult to

separate from the solution.199. Nevertheless, AgI still sees use in photoelectrochemical cells due to its

high photocatalytic activity, in combination with higher mobility compounds200.

Aluminium arsenide (AlAs) is a semiconducting material with an indirect band gap201 of 2.16 eV1

- 2.36 eV19, an electron mobility of 1200 cm2V−1s−1 and a hole mobility of 420 cm2V−1s−1 1. It is

often alloyed or grown with gallium arsenide due to their similarity in lattice parameters. It may be

useful as a photoelectrochemical cell electrode due to its insolubility in water202 and enhanced charge

carrier mobility when combined with gallium arsenide203.

Aluminium phosphide (AlP) is a semiconducting material with an indirect band gap204 of 2.42
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eV19 - 2.45 eV1 and an electron mobility of 80 cm2V−1s−1 1. It reacts with water to produce phosphine

gas, which is flammable and toxic205, likely explaining its absence from photoelectrochemical cells.

Aluminium antimonide (AlSb) is a semiconducting material with an indirect band gap206 of 1.60

eV19,1, an electron mobility of 200-400 cm2V−1s−1 and a hole mobility of 550 cm2V−1s−1 1. It is

insoluble in water207. To date, only the honeycomb monolayer phase has received attention in photo-

electrochemical cells208.

Boron arsenide (BAs) is a semiconducting material with an indirect band gap209 of 1.5 eV1, elec-

tron mobility of 1400 cm2V−1s−1, and hole mobility of 2100 cm2V−1s−1 210. It is praised for its high

electron and hole mobility and thermal conductivity, making it an ideal hypothetical material for elec-

tronics. It is also insoluble in water211. However, the material itself remains difficult to synthesise

in large quantities. As such, substantial data for Boron Arsenide as a possible photoelectrochemical

component is yet to emerge212.

Boron nitride (BN) is an insulating material with an indirect band gap213 of 4.6 eV1 - 6.2 eV19. It is

insoluble in water214 and is not particularly electrically conductive. It is mainly used for its mechanical

properties due to its material hardness, and chemical and thermal stability. A monolayer of the

hexagonal phase has seen extensive use as a photoelectrochemical cell component, being isostructural

with graphene215.

Boron phosphide (BP) is a semiconducting material with an indirect band gap216 of 2.1 eV, an

electron mobility of 500 cm2V−1s−1 and a hole mobility of 70 cm2V−1s−1 1. It is praised for its

chemical stability and high thermal conductivity, particularly concerning corrosion. As such, it has

seen use as a photoelectrochemical cell electrode to facilitate hydrogen evolution217.

Beryllium sulphide (BeS) is a semiconducting material with an indirect band gap218 of 5.5 eV219.

It has been considered for use in light-emitting diodes220 but has not been considered for photoelec-

trochemical cell applications.

Beryllium selenide (BeSe) is a semiconductor with an indirect band gap221 of 4.45eV222. It has

been considered for use in optoelectronic nanodevices due to its ability to be alloyed with other com-

pounds that lattice match with silicon223.

Beryllium telluride (BeTe) is a semiconductor with an indirect band gap224 of 3.09 eV222 and an

electron mobility of 20 cm2V−1s−1 1. Literature concerning the use of this compound in photoelectro-

chemical cells, and its solubility, is sparse.
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Cadmium sulphide (CdS) is a semiconductor with a direct band gap225 of 2.42 eV19 . It is insoluble

in water226 and has seen extensive research for photoelectrochemical cell applications, particularly for

the hydrogen evolution reaction227, due to its well-aligned bands. However, it suffers from corrosion

and recombination processes during operation228.

Cadmium selenide (CdSe) is a semiconductor with a direct band gap229 of 1.74 eV19. It is insoluble

in water230 and has seen extensive research for photoelectrochemical cell applications due to its good

photoabsorption and charge carrier separation capabilities227.

Cadmium telluride (CdTe) is a semiconductor with a direct band gap231 of 1.44 eV1,19, electron

mobility of 1200 cm2V−1s−1, and hole mobility of 50 cm2V−1s−1 1. It has seen extensive use in

photovoltaics (solar cells) due to its ideally sized band gap for maximal solar spectrum absorption

efficiency. It is often combined with cadmium selenide to form the p-n junction of a solar cell. CdTe

is insoluble in water and research is ongoing for their use in photoelectrochemical cells. However,

corrosion remains an issue for this compound228. Furthermore, tellurium is a relatively rare element.

Copper bromide (CuBr) is a semiconductor with a direct band gap232 of 2.91 eV1. It has seen

little use as a photoelectrochemical cell component, possibly due to its solubility in water.233

Copper chloride (CuCl) is a semiconductor with a direct band gap234 of 3.17 eV1. It has seen little

use as a photoelectrochemical cell component, possibly due to its solubility in water. However, due

to this solubility, it has seen extensive use as an intermediate in the thermochemical copper-chlorine

process, which is an alternative means with which to facilitate water splitting using excess heat and

recyclable catalysts.

Copper iodide (CuI) is a semiconductor with a direct band gap235 of 2.95 eV1. It is insoluble in

water236 and has been suggested as a transparent p-type electrode for hole harvesting due to its high

hole mobility and p-type conductivity.237

Gallium arsenide (GaAs) is semiconducting material with a direct band gap70 of 1.35 eV1 1.42

eV19, electron mobility of 8800 cm2V−1s−1, and hole mobility of 400 cm2V−1s−1 1. It has exceptional

photoabsorption properties70 and is insoluble in water238. It is also known to perform well, in the short

term, as a photoelectrochemical cell photoanode239. However, its long-term performance is severely

limited by corrosion processes. Furthermore, GaAs is much less abundant and more costly to produce

when compared to more established semiconductors such as silicon. GaAs is also used in this work as

an example to demonstrate that the interstitial Madelung potential is zero for the Zinc Blende crystal

structure (see appendices).
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Gallium phosphide (GaP) is a semiconductor with an indirect band gap240 of 2.24 eV1 - 2.26 eV19,

an electron mobility of 300 cm2V−1s−1 and hole mobility of 150 cm2V−1s−1 1. It has seen extensive

investigation as a photoelectrochemical cell photocathode due to its well-sized band gap and inherent

corrosion resistance. However, it suffers from severe photovoltage losses241.

Gallium antimonide (GaSb) is a semiconductor with a direct band gap242 of 0.67 eV1 - 0.726

eV19, an electron mobility of 4000 cm2V−1s−1, and a hole mobility of 1400 cm2V−1s−1 1. It has a high

electron mobility and has seen extensive research as a photoelectrochemical cell electrode as an alloy

with gallium phosphide. This alloy can be tuned according to the antimony content to have a direct

band gap and valence and conduction band edges that are well aligned for water splitting243.

Indium arsenide (InAs) is a semiconductor with a direct band gap244 of 0.36 eV1,19, an electron

mobility of 33000 cm2V−1s−1 and a hole mobility of 460 cm2V−1s−1 1. Despite its relatively high

electron mobility, it has seen little use in photoelectrochemical cells thus far, possibly due to the

narrow band gap.

Indium nitride (InN) is a semiconductor with a direct band gap245 of 0.65 eV19. It has seen in-

terest in photoelectrochemical cell development due to its absorption capabilities and high electron

mobility246.

Indium phosphide (InP) is a semiconductor with a direct band gap247 of 1.27 eV1 - 1.344 eV19, an

electron mobility of 4600 cm2V−1s−1 and hole mobility of 150 cm2V−1s−1 1. It has seen interest as a

photoelectrochemical cell photocathode and is believed to suppress photovoltage losses in multi-layer

photoelectrochemical cells. However, it suffers from corrosion processes after long-term operation.248

Indium antimonide (InSb) is a semiconductor with an direct band gap249 of 0.163 eV1 - 0.23519,

electron mobility of 78000 cm2V−1s−1, and a hole mobility of 750 cm2V−1s−1 1. It has a very high

electron mobility but has mainly seen use in photodetectors. It is insoluble in water250.

Silicon carbide (SiC) is a semiconductor with an indirect band gap251 of 2.3 eV1 - 2.36 eV19 and an

electron mobility of 4000 cm2V−1s−1 1. As well as having high mechanical and chemical stability, its

bands are well aligned for water splitting, However, the synthesis of acceptable quality crystals remains

a challenge252. It is insoluble in water253.

Zinc sulphide (ZnS) is a semiconductor with a direct band gap254 of 3.54 eV1 - 3.7 eV19, and an

electron mobility of 180 cm2V−1s−1 and negligible hole mobility1. It is insoluble in water255. It has

been considered for water splitting due to its chemical stability, suitable band gap for photoabsorption
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and catalytic activity for hydrogen evolution. However, recombination remains a challenge for this

material. Hence it is often used in combination with other materials that aid charge separation256,257.

Zinc selenide (ZnSe) is a semiconducting material with a direct band gap258 of 2.58 eV1 - 2.82

eV19, an electron mobility of 540 cm2V−1s−1 and a hole mobility of 28 cm2V−1s−1 1. It is insoluble in

water259. It has seen use in photoelectrochemical cell devices due to its chemical stability, well-aligned

bands, and photoabsorption capabilities. However, similarly to ZnS, is often used in combination with

other materials to enhance charge separation260.

Zinc telluride (ZnTe) is a semiconducting material with a direct band gap261 of 2.26 eV1,19, an

electron mobility of 340 cm2V−1s−1 and hole mobility of 100 cm2V−1s−1 1. It has seen use in pho-

toelectrochemical cell devices due to its chemical stability, well-aligned bands, and photoabsorption

capabilities. It is insoluble in water262. Similarly to ZnS and ZnSe, it is often used in combination

with other materials to enhance the charge separation capabilities263.

3.2.2 Diamond Type Crystals

Diamond-type crystal structures are isostructural to Zinc Blende except that the two species that

form the primitive cell are identical. As such, the same Frensley and Kroemer type analysis can be

performed on the Diamond structure, as for Zinc Blende. In addition, since there is no difference

in the electronegativities of both species, the interstitial potential difference is exactly zero. As such

Diamond-type crystals serve as a useful reference point (i.e. fully covalent) for both the Frensley &

Kroemer and Bader ionicity metrics. The two diamond-type crystals considered are:

Silicon (Si) Silicon is a semiconducting material with an indirect band gap264 of 1.12 eV, and electron

mobility of 1900 cm2V−1s−1, a hole mobility of 500 cm2V−1s−1 1. It may have its uses within a

photoelectrochemical cell due to its water insolubility265, photoabsorbing properties, high abundance,

good electron mobility, and existing manufacturing infrastructure. However, it has only seen use within

a photoelectrochemical cell in combination with other materials because the silicon band gap is known

to produce a poor photovoltage266.

Germanium (Ge) Germanium is a semiconducting material with a direct band gap267 of 0.67 eV, an

electron mobility of 3800 cm2V−1s−1, and a hole mobility of 1820 cm2V−1s−1 1. Its electron mobility

is higher than that of silicon and it is also water-insoluble. However, it is much scarcer than silicon

and exhibits poorer photoabsorption properties. As such, its use has been limited to a dopant in other

materials to enhance their crystal stability268.
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3.2.3 Rocksalt Type Structures

Rocksalt is another type of cubic, binary crystal structure. Unlike Zinc Blende, the Rocksalt crystal

structure involves two interpenetrating cubic lattices. Consequently, there is only one symmetry unique

interstitial site in the Rocksalt crystal structure. This interstitial site may still be useful for the band

alignment, but the ionicity cannot be calculated because there is no second interstitial site with which

to calculate the electrostatic potential difference, as illustrated in Figure 3.5.

Figure 3.5: The Fm3m Rocksalt primitive unit cell. The interstice is marked in green. This image
was produced using the VESTA program21,22,23.

Sodium chloride (NaCl) is an insulating material with a direct band gap269 of 8.75 eV270. It has

not seen much use as a photoelectrochemical cell electrode, presumably due to its solubility in water271.

It is merely used here as an example to demonstrate that the interstitial Madelung potential is zero

for the Rocksalt crystal structure (see Section A.2).

Magnesium oxide (MgO) is an insulator with a direct band gap272 of 7.8 eV273. It has seen use in

photoelectrochemical cells due to its ability to enhance charge carrier separation274,275. However, its

solubility in water276 may raise questions about its long term stability.

3.2.4 Perovskite Type Structures

Perovskite is a cubic, ternary crystal structure. Unlike Zinc Blende and Rocksalt, the Perovskite

crystal structure comprises three interpenetrating cubic lattices. Similarly to rocksalt, there is only

one symmetry unique interstitial site in the Perovskite crystal structure, as illustrated in Figure 3.6.
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Figure 3.6: The Pm3m primitive unit cell. The interstice is marked in green. This image was
produced using the VESTA program21,22,23.

Calcium titanate (CaTiO3) is a semiconducting material with a band gap of 3.4 eV - 3.97 eV277.

It has seen use as a water splitting photocatalyst when combined with other, more catalytically active

materials. It is used here merely as an example to demonstrate that the interstitial Madelung potential

is zero for the Perovskite crystal structure (see Section A.2).

Caesium lead iodide (CsPbI3) is a semiconductor with a band gap of 1.73 eV. It, and its deriva-

tives, are among the most highly investigated compounds for solar cells, due to its relatively high

photoabsorption efficiency. However, it is known to degrade in the long term under solar cell operating

conditions278. For water splitting, degradation of the material may occur in the presence of water279.
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3.3 Methods

Each of the Zinc Blende compounds, silicon, germanium, caesium lead iodide, and magnesium oxide

were tested using the Frensley and Kroemer method. For each compound, the primitive cell dimensions

were optimised by varying the primitive cell volume over an appropriate range, then relaxing the shape

and internal coordinates using the PBEsol functional. The total energy across this range of volumes

was fitted to the Murnaghan 280 equation of state (See Section B.8) to deduce the optimal primitive

cell volume.

Following this, a DFT electronic minimisation calculation was performed on each relaxed primitive cell

using the LDA, PBEsol, SCAN and HSE06 functionals. A 13x13x13 k-point Γ-centred Monkhorst-

Pack mesh, a plane wave cutoff energy of 500 eV, and a 170x170x170 Fast Fourier Transform grid were

used in all of the above calculations. The tetrahedron method with Blöchl corrections was used to

sample the Brillouin zone.

Upon completion of the DFT calculations, the Macrodensity code281,20 was used to extract the value

of the electrostatic potential at the interstices (Oh and Td), which was then used to obtain ϕZB via

Equation 3.2. The absolute band edges were obtained using the band edge eigenvalues (as ϵ) and ϕZB

(as ϕ) via Equation 3.1.

The calculated values of Oh and Td from Equation 3.2 were also used to calculate the Frensley and

Kroemer ionicity via Equation 3.6. The Bader effective ionic charges were also extracted from the

calculated charge densities using the Henkleman code192 and further normalised via Equation 3.6.
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3.4 Results and Discussion

3.4.1 Band Alignment

To determine the accuracy of the Frensley and Kroemer method with modern computational tools,

the dependency of ϵabsolute was investigated for the real-space resolution of the electrostatic potential

and the interstitial volume. For clarity, a distinction is made here between the terms sampling volume

and Fast Fourier Transform (FFT) grid in the text. The FFT grid defines the real space resolution of

the electrostatic potential and charge density within the unit cell. This was converged similarly to the

k-point grid density and plane wave cutoff energy for the calculated ionisation potential.

Figure 3.7: Illustration of the FFT grid sampling using the MacroDensity package24,20. Plot of the
electrostatic potential across the [111] vector in the Zinc Blende lattice, which spans the Oh and Td
interstices. The interstices are positioned at the crests of the peaks in the potential. The array of
coloured points in the lower portion illustrates the relationship of points in the sampling volume. The
black points represent the sampling volume origin with 2x2x2 and 3x3x3 sampling volumes being
represented in green and red respectively. This figure was adapted from work previously published by
the author and their supervisor20.

The default real-space FFT grid for the Zinc Blende system, set by VASP, is a 40x40x40 grid of

points. However, an enhanced resolution of 100x100x100 points was necessary to ensure convergence

of ϕ. Furthermore, a density of 170x170x170 was required to converge the charge density output

for the Bader charge analysis. Unless otherwise stated, an FFT grid density of 170x170x170 was
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used throughout this work. The sampling volume is the portion of FFT grid points extracted about

each interstice via the Macrodensity package24,20. A 1x1x1 sampling volume corresponds to pointwise

sampling, whereas a 10x10x10 sampling volume corresponds to a 10x10x10 grid of FFT grid points.

This is illustrated in Figure 3.7.

For the calculation of ϕ, there is no need to increase the sampling volume beyond pointwise sampling.

However, to appropriately represent the vacuum potential, the electrostatic potential around the in-

terstice should be constant because the true vacuum potential is single-valued. Thus, systematically

varying the sampling volume for ϕ allows for an evaluation of the local curvature in the interstitial

region. This was used to investigate the appropriateness of the Frensley and Kroemer method for each

of the compounds, as shown in Figure 3.8.

Figure 3.8: Variation in the VBM according to the sampling volume. Each number (n) in the
legend represents an n x n x n grid of FFT grid points. The closer each grid is to pointwise sampling,
the less local variation there must be in the electrostatic potential about the interstices. The PBEsol
functional was used in this case. However, the same qualitative trends were observed for each of the
other functionals and more coarse FFT grids. This figure was previously published by the author and
their supervisor20.

Figure 3.8 shows that the boron, beryllium and silicon compounds exhibit the greatest deviation from

pointwise sampling, indicating a greater degree of curvature about the interstice. As such, it was

expected that these compounds would produce the least accurate value of ϕ. The data in Figure 3.8

was produced using a 300x300x300 FFT grid to ensure that the interstitial region was sampled as

precisely as possible. A common trait amongst the boron, beryllium and silicon compounds was their

relatively small lattice parameters, which also implied a smaller interstitial volume. To investigate this
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further, the deviation of the calculated VBM from reference data19 and the degree of variation between

large and small sampling volumes was plotted as a function of the lattice parameter in Figure 3.9.

Figure 3.9: (Top) Difference in the VBM between a pointwise and 10x10x10 sampling volume versus
the lattice parameter. (Bottom) Difference between the reference VBM19 and the calculated VBM
with single point sampling versus the lattice parameter. The data presented here was produced using
the PBEsol functional but the same trend is observed for each of the other functionals. The data
shows that the calculated VBM is less representative of the experimental result for smaller lattice
parameter compounds. This figure was previously published by the author and their supervisor20.

Figure 3.9 shows that there was indeed a correlation between the interstitial volume and the accuracy

of the Frensley and Kroemer method of band alignment because the agreement between the calculated

VBM and reference VBM19 decreases rapidly for compounds with lattice parameters below 5Å.

This trend was maintained between both the upper and lower plots of Figure 3.9, indicating that

adjusting the sampling volume was an adequate means to estimate the accuracy for a given compound.

From Figure 3.10a, it was also clear that HSE06 had the lowest deviation from the reference data19.
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(a)

(b)

Figure 3.10: (a) Difference in the calculated and reference valence band maxima versus the lattice
parameter of the compound. (b) Comparison of the calculated band gaps with their reference values
from Pelatt19. Data points that are close to the black line indicate a strong agreement. The data
shows that the calculated HSE06 band gaps and ionisation potentials are more representative of both
the band gap and the ionisation potential. This figure was previously published by the author and
their supervisor20.

Since the CBM is calculated via CBM = V BM + bandgap, and because Figure 3.10b shows that

HSE06 more accurately estimates experimental band gaps, HSE06 likely gives a better estimation of

the absolute CBM merely due to its ability to predict the band gap more accurately.
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To further verify that the accuracy of the Frensley and Kroemer method was not merely an artefact of

the DFT calculations, the calculated valence band maxima were compared with Frensley and Kroemer’s

original work. The results are given in Figure 3.11 which shows that the two methods are in good

agreement. Thus, the Frensley and Kroemer methodology appears to be largely insensitive to the

choice of DFT exchange-correlation functional.

Figure 3.11: Comparison between this work and Frensley and Kroemer’s original work25,26,27,28.
Data points that are close to the black line indicate a strong agreement for that compound. This
figure was previously published by the author and their supervisor20.

Figure 3.12 shows the relative band edge alignment for all of the compounds investigated in this chapter.

Boron nitride is a noteworthy outlier, having the only negative electron affinity. Whilst there have

been reports of this in past literature282, BN also has the smallest lattice parameter in the dataset. As

such, the reason for the anomalous behaviour of boron nitride could not be conclusively determined

based on the presently available data.

Figure 3.13 is a further plot of the HSE06 data, from Figure 3.12, but according to the Standard

Hydrogen Electrode (SHE). The Standard Hydrogen Electrode is an alternative reference potential to

the vacuum potential that is often more practical for electrochemical measurements. The conversion

between the two reference potentials was provided by Trasatti283 as being:

−ϵSHE = ϵabsolute + 4.44 (3.8)

where ϵSHE is the band energy according to the Standard Hydrogen Electrode and is conventionally
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Figure 3.12: Plot of the band alignments for the compounds investigated in this chapter. The lower
bars of each colour represent the VBM whilst the upper bars represent the CBM. This figure was
previously published by the author and their supervisor20.

plotted on an inverted axis, hence the negative factor. Upon comparison of Figure 3.13 with, for

example, a compilation of band alignments from the work of Li et al29 (See Figure 329), it can be seen

that the alignment of the band edges with the water splitting redox potentials is in good agreement

for CdSe and CdS, with the band edges closely straddling the HER/OER redox potentials. However,

despite having relatively large interstitial volumes, GaP and GaAs do not straddle the redox potentials

as closely. Despite this, the qualitative band alignments (i.e. the relative ordering) between CdS, CdSe,

GaP, and GaAs are in agreement with Figure 3 from Li et al’s work29. This further indicates a trade-off

with the Frensley and Kroemer method, wherein some quantitative precision is lost in exchange for

greater computational speed. The precision of these alignments could, perhaps, be further improved

with a consideration of the surface contribution to the ionisation potential. Si and SiC are also far

from their expected alignments. This is likely due to their relatively small interstitial volumes.

To further understand the scope of the Frensley and Kroemer method, the same analysis was applied

to the rocksalt compound MgO and the cubic perovskite CsPbI3. Contour plots of the electrostatic

potential of the primitive unit cells are given in Figure 3.14 which demonstrates a flattening of the

potential in the interstitial regions. Using the General Utility Lattice Program 182 (GULP), the average

electrostatic potential at the interstices was found to be 0V, via an Ewald summation. Using the

HSE06 functional, a 500 eV plane wave cutoff energy, a 100x100x100 FFT grid and a Γ-centred 9x9x9
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Figure 3.13: Plot of the band alignments for the compounds investigated in this chapter using the
Standard Hydrogen Electrode as the reference potential. The red and blue markers represent the
electron affinity and ionisation potential of each compound respectively. The dotted and dashed lines
represent the HER and OER redox potentials according to the standard hydrogen electrode (-0.41 V
and 0.82 V respectively29). Only the HSE06 values are included here, for simplicity and because they
provide the best overall agreement with experimental data.

k-point grid density, an absolute VBM of -4.85 eV was calculated for MgO. This was within the range

of reported literature values of 4.8 - 7 eV168. However, -4.85 eV is closer to reported PBE values within

this range, despite being a HSE06 calculation. Moreover, it is well below the reported experimental

value of 7.16 eV168. This could be due to the relatively small lattice parameter of MgO (4.219Å273)

resulting in similar issues to the boron Zinc Blende compounds. CsPbI3 had the same convergence

parameters as above except a 4x4x4 k-point grid density was sufficient. In this case, an absolute VBM

of -5.13 eV was calculated which was also in line with past literature values284,285,286.

3.4.2 Ionicity

A comparison of the Frensley and Kroemer ionicity with the Bader and Philips ionicities is given

in Figure 3.15 which demonstrates that there is little quantitative agreement between any of these

ionicity metrics. However, there is a noticeable qualitative correlation between periodic groups. For

instance, in Fig 3.15 (Top), the cadmium compounds follow a similar trend as for both the Bader and

Frensley & Kroemer ionicities, with a near-constant offset from the black line. A similar situation can

93



(a) Zinc Blende (b) Rocksalt

(c) Perovskite

Figure 3.14: Electrostatic (Hartree) potential contour plots for the AlAs (1-01) plane, the MgO
(1-01) plane, and the CsPbI3 (101) plane. The interstices are marked using Oh, Td and Int. These
images were produced using the VESTA software21,22,23. This figure was previously published by the
author and their supervisor20.

be seen for the indium compounds, but with a different offset. All of the ionicity metrics agreed that

silicon and germanium were covalent. When compared with the Bader ionicity, the Philips ionicity197

agreed poorly with the Frensley and Kroemer ionicity. This may be because the Bader and Frensley &

Kroemer ionicity metrics were similar in their interpretation of the ionicity, via effective ionic charges.

Conversely, the Phillips ionicity was based on a spectroscopic theory.
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Figure 3.15: (Top) Comparison of the Frensley-Kroemer and Bader charge ionicities. The ionicity
metrics are normalised such that 0.0 implies a fully covalent compound, whilst 1.0 implies a fully
ionic compound. (Bottom) Comparison of the Frensley and Kroemer and Phillips ionicity. For both
the top and bottom plots, the points that are close to the black line indicate a strong agreement.
This figure was previously published by the author and their supervisor20.
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3.5 Conclusion

In this chapter, an approach that was first introduced by Frensley and Kroemer was used to rapidly

screen the absolute band energies and ionicities of Zinc Blende, Diamond, Rocksalt and Perovskite

crystals. Qualitative agreement with experimental data and strong agreement with Frensley and Kroe-

mer’s original data was observed. It was further determined that the hybrid functional produced the

most accurate results due to its enhanced band gap accuracy. It was also observed that the quality

of the estimation worsened as the interstitial volume decreased in size, particularly below 5Å. In this

regard, a noteworthy outlier was the compound boron nitride, which was attributed to either its small

interstitial volume or a chemical anomaly of the compound itself. The calculated ionicity appeared to

follow many of the periodic trends of the Bader ionicity metric, as well as converging more quickly.

However, it was found to be more limited in its application due to a need for at least two intersti-

tial sites in the primitive unit cell. Given the knowledge of these limitations, the low computational

overhead, and the simplicity of the Frensley and Kroemer method, the calculated ionicities and band

alignments may prove useful as a basis for high-throughput screening of the bulk component of the

ionisation potential. Further work and improvements for the current procedure may include:

A consideration of orientation dependence Since, the ionisation potential depends on the sur-

face properties of the material, combining the Frensley and Kroemer method with a model of

orientation dependence, or interface dipole corrections287, may improve the estimation of the

ionisation potential at a much lower cost than conventional methods. An interface dipole may

be modelled as a parallel plate capacitor. This is because the interface dipole may itself be mod-

elled as a parallel arrangement of dipoles, with the electrostatic potential varying smoothly from

the surface to a constant value at vacuum. The question that remains is how various surface

terminations affect this smooth transition. If this orientation dependence effect could be pre-

dicted accurately, it could be combined with the bulk band alignment procedure of Frensley and

Kroemer to obtain both the bulk and surface components of the ionisation potential. Thereby

obtaining more accurate results.

Application to a wider database of materials As demonstrated in this chapter, the Frensley and

Kroemer method is readily applicable to other crystal structure types, such as Rocksalt and Per-

ovskite. Therefore, it would be desirable to expand this methodology to a much wider database

of compounds, to gather more data and verify the above conclusions.
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Application to a wider variety of pseudopotentials Given that the pseudopotential approxima-

tion affects how the electrostatic potential varies from the atomic nucleus, it is conceivable that

the choice of pseudopotential approximation affects the accuracy and precision of the Frensley

and Kroemer method. Moreover, it would be useful to determine how, and if, the calculated abso-

lute band energies would change when abandoning pseudopotential approximations entirely and

favouring an "all-electron" 288 methodology for comparison. To this end, separately recalculating

the present set of results using a different pseudopotential approximation and an all-electron

calculation package would be instructive to better understand the limitations of the presently

suggested method.

Reconsideration of the geometry optimisation procedure Fitting a set of optimised volumes

to an equation of state is usually a reliable means to ensure accurate structural relaxations.

However, Zinc Blende is a sufficiently simple system that is likely to produce accurate results even

if the shape, volume, and internal parameters are modified simultaneously. Proceeding in this

way would significantly reduce the benchmarking and postprocessing time for these calculations.

Moreover, for a given material, if the lattice parameter calculated with PBEsol is different to

the lattice parameter calculated with other functionals, the mixing of different levels of theory

may have introduced stresses in the crystal that could have affected the resultant electrostatic

potential. Therefore, whilst PBEsol is a cheap and accurate means to obtain accurate lattice

parameters for many systems, it would be more consistent and systematic to use the same

functional for both the structural optimisation and the final electronic minimisation step.
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Self Trapping

4.1 Introduction

When a charge passes through a crystal lattice, the electrostatic interaction between the charge and

the surrounding ions can be sufficient to distort the local crystal structure. This has the effect of

influencing the movement of the charge itself. The magnitude of this effect differs between materials

and is therefore an important consideration when understanding charge transport in a material. This

local lattice polarisation is known as a polaron 289. In the context of a photoelectrochemical cell,

polarons may act as trap states (or "self-trapped" states) which may impede the efficiency of charge

extraction.

Formally speaking, trap states capture and then release charge carriers following sufficient thermal

excitation. Hence, if sufficiently close to their respective valence/conduction bands, they have the

effect of slowing down charge transport but do not necessarily remove charge carriers from the system.

On the other hand, a recombination centre tends to lie deeper within the band gap, and as such, is

much more likely to induce recombination. This is because more energy is required to thermally excite

the charge carrier from the recombination centre, as well as said recombination centre lying closer in

energy to oppositely charged bands70.

Recombination involves two opposing photogenerated charges neutralising each other before either

charge can reach the external circuit. Therefore some of the energy absorbed during photoexcitation

is lost290. However, in some situations, recombination may be desirable. For example, radiative

recombination (or spontaneous emission)70, wherein the charge carrier energy is released as a photon,

is the key mechanism behind the function of light-emitting diodes. Another form of recombination

98



is Auger, wherein the kinetic energy of a first carrier is absorbed by a second charge carrier of the

same charge. Correspondingly, the first charge carrier promptly recombines, whilst the second is

promoted to a higher energy state. A third form of recombination, and the one most detrimental to

photoelectrochemical devices, is non-radiative recombination (or Shockley-Read-Hall recombination)70,

wherein the energy released upon recombination is in the form of a phonon, which manifests as heat

loss. These recombination mechanisms are illustrated in Figure 4.1.

Figure 4.1: Simplified illustration of Radiative, Non-radiative, and Auger recombination for an
electron in the conduction band and a hole in the valence band. hν represents the emission of a
photon. ω(k) represents the transfer of electron and hole energy to a phonon. The state in the
middle of the Non-radiative diagram represents the recombination of the electron and hole via
recombination centres.

Trapping and recombination may also occur via intrinsic and extrinsic defects (impurities, vacancies,

interstitials, etc.)291, which also create electronic states within the band gap. However, since the

formation of a self-trapped polaron is an intrinsic quality of the material, understanding its formation
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in isolation from other defects is an important first step in estimating a material’s effectiveness as a

photoelectrochemical cell electrode.

4.1.1 Types of Polarons

Polarons can be detected experimentally via Transient Absorption Spectroscopy292 or Ultraviolet Pho-

toelectron Spectroscopy293 and can be loosely distinguished as294 small polarons or large polarons.

Small polarons are so named because they tend to influence a small radius around the charge, usually

on the order of a shell of nearest neighbour ions or within one crystal unit cell. Large polarons tend

to influence a wider radius, and a greater number of atoms, around a central charge295. Small and

large polarons also differ in their transport mechanisms. Large polarons pass through the lattice more

slowly than a free charge and their transport is further impeded with an increase in temperature. In

contrast, small polarons bind the charge at a particular lattice site and require activation energy to

move from lattice site to lattice site296. This is often facilitated through an increase in the temperature

and the process has been more broadly referred to as thermally activated hopping 297. Consequently,

the transport mechanisms of small and large polarons have an inverse relationship to the temperature.

Small polarons and large polarons can further be distinguished through their optical properties298.

Beyond this distinction, a wide variety of other types of polarons or polaron-like particles may also be

defined. These are summarised in a review by Franchini et al295, but for the sake of keeping the scope

of this chapter manageable, small polarons are the focus hereon.

4.1.2 Small Polaron Transport

Given that their transport mechanism involves hopping from one site in the lattice to another, polaron

transport is most commonly modelled via Marcus Theory. Marcus theory299,300,301,302 articulates the

transition between lattice sites as the transition from a charge donor species, to a charge acceptor

species, without the breaking of any chemical bonds. In this regard, Marcus theory is similar to

transition state theory303, except that in transition state theory chemical bonds are being broken

and a transition state is formed. Marcus theory differs in that the coupling between the donor and

acceptor is relatively weak. Correspondingly, no transition state is formed. As such, Marcus theory

is well suited to representing charge transport between molecules, between lattice sites, and through

a solvent. Diagrammatically, Marcus theory represents the transition of a polaron from one site to

another using a configuration coordinate diagram 304, as illustrated in Figure 4.2.
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Figure 4.2: Illustration of small polaron transport based on a configuration coordinate diagram.
Here, the polaron moves (or "hops") from the donor site (A) to the acceptor site (B) upon receiving
enough thermal energy to overcome the activation energy barrier. The parabolic shape of each site is
due to a harmonic approximation of the available vibrational states at each site.

4.1.3 Small Polaron Formation

The configuration coordinate diagram also provides a convenient framework with which to understand

polaron formation as well as transport. In the case of formation, the donor state is the band state,

which assumes that the charge is fully delocalised throughout the lattice. The acceptor state is the

polaron state. If the polaron state is lower in energy, then it is likely that a polaron will form (see

Figure 4.3). If the band state is lower in energy, then polaron formation is unlikely and the electron

will remain delocalised. A noteworthy quantity that can be extracted from such a framework is the

self-trapping energy which is defined by Equation 4.1.

∆EST = EPolaron − EBand (4.1)

Where ∆EST is the self-trapping energy, EPolaron is the total energy of the localised polaron state,

and EBand is the total energy of the delocalised band state.

4.1.4 Modelling Small Polarons with DFT

Whilst it is possible to model small polaron formation with DFT, there is not yet a method for

simulating the properties of small polarons that is as reliable or generalised as for bulk electronic
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Figure 4.3: Illustration of small polaron formation based on Marcus theory. In this case, the
polaron state is lower in energy than the band state, implying that self-trapping is likely. However,
there may still be a thermal activation barrier for the self-trapping mechanism, which is represented
by the crossing point of each parabola, as for Figure 4.2. In some cases, there may be no such barrier
to self-trapping. These systems are described as being "barrierless" 30.

states. A similar statement could be made for all point defect calculations, but polaron calculations

have specific challenges associated with their implementation. Standard DFT functionals (i.e. LDA

or GGA) are insufficient for generating localised states within a bulk solid due to their insufficient

treatment of electron correlation305. This necessitates the use of costly Hybrid or DFT + U functionals

at both the benchmarking and production stages of a project306.

DFT+U vs Hybrid Functionals

The DFT + U method uses the Hubbard model307 to selectively force the electron occupancy of d and

f orbitals to induce localisation308. The selection of an appropriate on-site Coulomb interaction term

(U) is the benchmarking bottleneck for the DFT+U method because a suitable fitting protocol needs

to be established. For instance, it is common practice to find a value of U that accurately represents

the band gap and then use this value to calculate the electronic structure of the polaron295.

For the Hybrid method, the fraction of the exact HF exchange that is incorporated into the Hamiltonian

operator may be adjusted for the localisation of the electronic states, including polarons. However,

similarly to DFT+U, there is a degree of ambiguity regarding the selection of a particular amount

of HF-exchange295,306. Therefore, an appropriate fitting protocol is often required. Consequently,

a high-precision DFT+U (or Hybrid) functional investigation may have to consider multiple fitting
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protocols for each separate material, requiring many more calculations than simply using a given

hybrid functional. It is respectfully submitted that this is a common reason why polaron studies are

often restricted to one topical material or a small set of closely related materials. There is simply too

much variation in the optimal calculation parameters between different materials and the benchmarking

process is incredibly expensive.

Therefore, from a materials screening perspective, it may be more expedient and instructive to exper-

iment first with a standard amount of HF exchange (e.g. 25% for the HSE06 functional), apply it to a

wide range of compounds within a high-efficiency workflow, and then consider systematic adjustments

to a further set of calculations based on any observed trends. Using this approach, such adjustments

could be refined and implemented more reliably using a machine learning algorithm. This is because

more variables would be controlled and consistently recorded across the database which would make

pattern recognition based on the input parameters more reliable. In this regard, the first challenge

would be how to establish such a "high-efficiency workflow".

Structural and Electronic Relaxation of Polaron States

Even when hybrid functionals are used and additional charges are introduced into the bulk unit cell,

if there is no symmetry-breaking defecta present in the unit cell to influence the localisation of added

charges, the added charge often remains delocalised. To avoid this, several methods have been suggested

to induce localisation, all of which involve breaking the symmetry of the bulk unit cell before a structural

relaxation:

• Occupation matrix control309: Altering the occupation matrix of the cell such that the excess

electron is localised to a specific site at the start of the calculation.

• Substitution310: A bulk atom is replaced with a foreign atom that accounts for the added charge.

The structural relaxation is then performed, resulting in the localisation of the charge around

the foreign atom. The foreign atom is then replaced with the original species and the relaxation

is performed once more.

• Bond distortion306: The bonds around the desired site for localisation are stretched/compressed

according to the expected shape of the polaron. The magnetic moment of the desired site (on

which the polaron is expected to localise) may be modified, to better encourage localisation.

aVacancy, Substitution, Interstitial, etc.
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The results of such polaron calculations are often analysed by inspecting the isosurface of the charge

density and by calculating the self-trapping energy from the respective relaxed polaron and band states.

An example of these isosurface differences is given in Figure 4.4.

(a) Band State (b) Polaron State

Figure 4.4: Example of the electron band and polaron states for titanium dioxide using the bond
distortion method. For the band state, it can be seen that the charge is shared evenly across the unit
cell, indicating delocalisation. For the polaron state, it can be seen that the charge is highly localised
on a d(xy) orbital of a (blue) titanium atom, with some participation of the d(z2) orbitals of the
nearest neighbour titanium atoms. The black arrows indicate the extent to which the attached atoms
have moved during relaxation. As such, it can be seen that the nearest neighbour (red) oxygen atoms
move outwards from the central titanium atom, likely due to electrostatic repulsion as a result of the
excess charge density.

4.2 Motivation and Materials of Interest

Despite the abundance of methods to induce polaron formation, comparability between each of these

methods, and within the same method, is difficult to establish. When comparing between methods,

the issue is attributing the final polaron state to either the method itself or to a physical phenomenon.

When comparing within the same method, the issue is attributing the polaron state to merely the

specific amount of HF exchange or the value of the U parameter. For instance, Pham et al306 observed

that the localisation could be induced by altering the amount of HF-exchange of a hybrid functional

calculation in much the same way as the U parameter is optimised in a DFT+U investigation.

Consequently, many studies focus on a single polaron property calculation for a single system, and us-

ing a single polaron generation methodology with specific benchmarks and standards. This approach

is useful for obtaining good agreement with experimental results, and thereby obtaining a good under-

standing of a specific system, but can seldom be generalised across a large database of materials for
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materials screening purposes. This is because the calculation parameters are carefully tailored to the

system of interest and both the benchmarking and final calculations incur significant computational

costs. Indeed, past work by Sezen et al311 has stressed the need for a wider database of polaronic

states.

Therefore, to accelerate materials discovery and screening, it would be beneficial to develop a more

flexible and predictable workflow for polaron formation. Specifically, to have an understanding of how

a particular method or level of theory affects multiple compounds. Such an understanding may be

achieved in combination with machine learning, provided that a large enough database of compounds

could be generated efficiently. As mentioned, a key challenge is the large computational cost incurred

by the polaron calculations. In particular, the memory requirements.

The remainder of this chapter attempts to address this problem by investigating the bond distortion

method for a series of transition metal compounds and by attempting to make the polaron formation

calculations as low-cost as possible. In this regard, a large cost-saving exercise may involve coarsening

the k-point grid to a single k-point at the Γ-point, which corresponds to (0,0,0) in reciprocal space.

Similar protocols have been used to cheaply exclude unlikely candidates in point defect screening tools

wherein a large number of defect states are possible312,313,314. Such a procedure would not produce

precise results and should not be considered as quantitatively representative of the real system or of

experimental data. However, if sufficiently accurate, it could be used to efficiently and qualitatively

determine the conditions necessary to induce polaron formation for further study. For example, the

optimal degree of bond distortion may be determined using Γ-point sampling. Additionally, the op-

timised output of such tests may be used as the input charge density and wavefunction for further

calculations at optimal Monkhorst pack grid densities.

Such calculations would be expected to reach completion faster than their fully converged counterparts

because most of the structural relaxation steps would have been accounted for during the Γ-point

calculation. This was suggested in a point defect screening study by Mosquera-Lois et al314 who

recommended further investigation of polarons. Moreover, some long-range behaviour of the system

would still be accounted for, merely due to the use of a supercell. It would therefore be desirable

to determine whether or not such coarse k-point sampling is sufficiently accurate and whether or not

it can be used as the basis for more refined calculations. The bond distortion method was chosen

specifically for its ease of implementation, requiring simple manipulations of the crystal structure and

a minimal number of calculations. In a similar sense, the hybrid HSE06 functional was considered

because of its ease of implementation, as opposed to the benchmarking of an optimal U parameter.
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The materials investigated in this chapter traverse the transition metal oxide series and have seen

extensive use in photoelectrochemical cells. This provides a diverse collection of crystal, electronic and

magnetic structures across which to test the above hypothesis. In no particular order, the materials of

interest for this chapter are as follows:

Titanium dioxide (TiO2) is an insoluble315 semiconductor for which there are two notable phases,

rutile (P42/mnm) and anatase (I41/amd). In this context, the word "phase" refers to an alternate

crystal structure with an equivalent composition. For example, the rutile and anatase structures have

the same chemical formula (TiO2) but different crystal structures, as illustrated by Figure 4.5. The

rutile phase has a direct band gap of 3.0 eV316. The anatase phase has an indirect band gap of 3.2

eV316.

(a) Anatase (b) Rutile

Figure 4.5: Illustration of the anatase and rutile TiO2 crystal phases. The titanium atoms are given
in blue. These images were produced using the Vesta21,22,23 software.

The rutile phase of TiO2 was used as the first photoelectrochemical cell photoanode and has since seen

extensive use due to its low cost, chemical stability, corrosion resistance, non-toxicity, abundance, lack

of expense and reasonable band alignment capabilities317,29. Furthermore, its extensive use through-

out the industry has made it a common starting material with which to conduct experimental and

theoretical investigations because the polaron morphologies have been well studied318,319,306,320.

The anatase phase has also attracted attention in nanoparticle-type photoelectrochemical cells due

to the stability of the crystal structure at this scale321. It has also been considered as a photoelec-

trochemical cell electrode for its acidic corrosion resistance322,323. Moreover, a mixed phase of both
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anatase and rutile is known to be more photocatalytically active than either pure phase316. However,

in both cases, the wide band gap inhibits this compound’s ability to absorb light in the visible range.

Its absorption capabilities are limited to to the UV range.324,29.

Iron oxide (Fe2O3) is a semiconductor with a indirect325 band gap of 2.2 eV326 and corundum (R3̄c)

crystal structure327. It further has an antiferromagnetic magnetic structure within which unpaired

spins of the iron atoms are arranged in alternating planes throughout the crystal, as illustrated in

Figure 4.6a. It has been considered as a photoelectrochemical cell photoelectrode due to its low

cost, light absorption capabilities, chemical stability, low toxicity, high abundance328,325, and water

insolubility329. However, it suffers from low charge carrier lifetimes which inhibits charge transport

during operation325. A study by Ahart et al326 has considered that this may be caused, at least in

part, by the slow transport of hole polarons through the haematite lattice.

(a) Fe2O3 (b) Cr2O3

Figure 4.6: Illustration of the Fe2O3 and Cr2O3 crystal structures. The green and yellow atoms
represent the alternate spin states of the iron and chromium atoms that determine the magnetic
structures. As such, it can be seen that the Fe2O3 and Cr2O3 magnetic structures differ in that the
spin states are distributed across different Miller planes throughout each crystal. This image was
produced using the Vesta21,22,23 software.

According to the calculations performed by Ahart et al326, the Fe2O3 electron polaron is centred across

two nearest neighbour iron atoms, whilst the hole polaron in centred on a single iron atom. However,

similar calculations performed by Pastor et al330 indicate that the Fe2O3 electron polaron is centred

around a single iron atom. Both studies were similar in their approach to polaron formation, utilising a

form of the bond distortion method to break the crystal symmetry. However, they each differed in their

initial guess of the iron atom magnetic moments, the type of initial distortion applied to the system,
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and the constraints applied to the DFT Hamiltonian operator. This difference further emphasises the

desirability of a systematic investigation using a consistent level of theory for multiple materials.

Chromium oxide (Cr2O3) is a semiconductor with an indirect band gap331 of 3 eV332. Cr2O3 has

the same corundum structure as Fe2O3 but not the same antiferromagnetic magnetic structure, with

the alternating planes of unpaired spins being distributed across a different axis within the crystal,

as illustrated in Figure 4.6b. Hence, it is an interesting material to compare with Fe2O3 due to the

differences in magnetic ordering.

Furthermore, in addition to its insolubility in water333, the conduction band minimum of this material

is known to be well aligned for water splitting applications334. As such, Cr2O3 has been considered

as a candidate photocathode335,334. It is thought to suffer from poor photoabsorption properties due

to its wide band gap335 and the rapid recombination of charge carriers via defect states, of which

polarons could be one such state. It has further been noted that such photoabsorption properties may

be enhanced through nickel doping336. Past work by Dehn et al337 has indicated that the electron

polaron localises on a central chromium atom as part of a muon-polaron complex. However, literature

concerning the electron and hole polarons is sparse. Hence, it would be useful to gather new polaron

data on this material.

(a) BiVO4 (b) Bi2O3

Figure 4.7: Illustration of the BiVO4 and Bi2O3 crystal structures. The bismuth atoms are given in
purple. The vanadium atoms are the larger red atoms. This image was produced using the
Vesta21,22,23 software.

Bismuth vanadate (BiVO4) is an semiconductor whose monoclinic (C2/c) phase (see Figure 4.7a)

has an indirect band gap338 of 2.4-2.5 eV339. This particular phase has received a great deal of
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attention, due to its well-sized band gap for solar absorption335, low production costs, low toxicity,

photostability, corrosion resistance,339, and water insolubility340. However, its catalytic activity is

limited by rapid recombination mechanisms339. According to calculations performed by Wiktor et

al341, the recombination of electron and hole polarons is considered to be a significant contributor to

this effect.

Bismuth oxide (Bi2O3) is a water-insoluble342 semiconductor whose tetragonal phase has received

much attention due to its well-sized band gap for photoabsorption and charge carrier mobilities343,344.

There are 3 other known phases of Bi2O3, of which, the monoclinic (P21/c - band gap 2.5 eV345)

phase is the most stable. Despite this apparent advantage, the monoclinic phase has received far

less attention than the tetragonal phase, possibly due to the lack of an ideally sized band gap. In

either case, literature regarding the polaron morphology of small polarons in this compound is sparse.

However, charge transport mechanisms in nanostructured mixed compounds containing Bi2O3 have

been attributed to small polaron hopping346. It is also established that the electrical conductivity can

vary greatly between each of the four phases347. Hence it would be useful to gather such data for this

material. The monoclinic phase (see Figure 4.7b) is considered here as a starting point.

(a) CdO (b) Co3O4

Figure 4.8: Illustration of the CdO and Co3O4 crystal structures. The cadmium atoms are given in
purple. The green and yellow atoms represent the alternate spin states of the cobalt atoms that
define the magnetic structure. Spin inactive cobalt atoms are given in blue. This image was produced
using the Vesta21,22,23 software.

Cadmium oxide (CdO) is an insoluble348 semiconductor with an indirect band gap of 0.84 eV eV349.

It has the rocksalt (Fm3̄m) structure (see Figure 4.8a) and has received attention for its well-sized band
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gap for photoabsorption350. Literature concerning the polaron morphologies in CdO is sparse, though

work by Karmakar et al351 has indicated the formation of small polarons in nanocomposite structures

at high temperatures. Hence, it will be useful to see if CdO presents any small polaron formation.

Cobalt oxide (Co3O4) is an insoluble352 semiconductor with a band gap of 0.8 eV to 2 eV353. It

has a spinel (Fd3̄m) crystal structure (see Figure 4.8b) and has received attention due to its well-sized

band gap for photoabsorption. However, one of its greatest limitations has been the efficient separation

of photogenerated charges354. The reason for the large range of band gaps is due to the uncertainty of

the cobalt oxide electronic structure. Past work by Smart et al31 has calculated a band gap of 1.6 eV,

attributing lower reported values to hole polaron states deep within the band gap. However, work by

Singh et al353 considered the band gap to be closer to 0.8 eV, but acknowledged that the resultant band

gap and electronic structure were highly sensitive to the amount of HF exchange and value of U. Hence,

in addition to testing the robustness of the presently suggested polaron screening procedure, further

investigation into the polaron states of this particular material may be helpful. In this regard, Smart

et al31 found several hole polaron states within the band gap of cobalt oxide. Similar observations were

made for the electron polaron, which can be found in the supplementary material of Smart’s work31.

(a) Cu2O (b) CuO

Figure 4.9: Illustration of the Cu2O and CuO crystal structures. The spin inactive copper atoms
are given in blue. The green and yellow atoms represent the spin states of the copper atoms that
define the magnetic structure. This image was produced using the Vesta21,22,23 software.

Copper (I) oxide (Cu2O) is an insoluble355 semiconductor with a direct band gap356 of 2.1 eV357.

It has a cubic (Pn3̄m) crystal structure (see Figure 4.9a) and has received attention as a light-absorbing
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photocathode, due to its well-sized band gap358. Literature concerning the polaron morphologies is

sparse. However, it has been established that GGA +U has proven insufficient to describe certain

defect states in this material359. A hybrid functional may provide useful data in this regard.

Copper (II) oxide (CuO) is a water-insoluble360 semiconductor with a direct band gap361 of 1.4

eV357. It has a monoclinic (C2/c) crystal structure and an antiferromagnetic magnetic structure

wherein the unpaired spins are arranged in alternating layers362 (see Figure 4.9b). It has received

attention as a photocathode due to its well-sized and well-aligned band gap for water splitting, as well

as its abundance363 and high theoretical photocurrent density364. However, the material is known to

suffer from corrosion, photo-induced degradation, and a low charge carrier mobility361,364. Literature

concerning the polaron morphologies is sparse. However, the poor charge carrier conductivity has been

attributed to the formation of polarons that are coupled to the magnetic structure365.

Indium oxide (In2O3) is a water-insoluble366 semiconductor with a direct band gap of 3 eV367. It

has a cubic (Ia3̄) crystal structure (see Figure 4.10a) and has received attention as a photoanode for its

photoabsorption capabilities, electrical conductivity, and corrosion resistance368. Literature concerning

the polaron morphologies is sparse, but their existence has been considered in past defect models for

this system369.

(a) In2O3 (b) MoO3

Figure 4.10: Illustration of the In2O3 and MoO3 crystal structures. The indium atoms are given in
pink. The molybdenum atoms are given in grey. This image was produced using the Vesta21,22,23

software.

Molybdenum Oxide (MoO3) is a semiconductor with an indirect band gap of 3 eV370. It has an
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orthorhombic (Pnma) crystal structure (see Figure 4.10b) and has received attention due to its ability

to enhance the properties of water splitting electrodes when used in combination with other transition

metal oxides371,372. It has received little attention as a stand-alone electrode, possibly due to its slight

solubility in water373. Electron and hole polaron morphologies have been introduced in this material

using the substitution method374,375,376, wherein, the excess electron was found to localise on a central

molybdenum d orbital.

Nickel oxide (NiO) is a water-insoluble377 insulator with an indirect band gap378 of 3.6 - 4 eV379,380,381

However, intrinsic nickel vacancies result in an effective p-type (hole conducting) conductivity381. It

has a Rocksalt crystal structure with an antiferromagnetic magnetic structure that is arranged in

alternating layers of unpaired spins382 (see Figure 4.11a). It has received attention in RuO2-based

photoelectrochemical cell electrodes as a promoter for both the HER and OER383. A nickel-nickel

oxide heterojunction has also been found to have enhanced catalytic activity for the hydrogen evolu-

tion reaction384. It is believed that NiO suffers from low hole polaron mobility. However, past work

by Yu et al385, has had difficulty in simulating hole polaron formation with DFT + U. Yu et al did,

however, succeed in generating an electron polaron that was centred on a nickel atom. Hence, it would

be interesting to see whether or not the presently suggested method can reproduce these results.

(a) NiO (b) SnO

Figure 4.11: Illustration of the NiO and SnO crystal structures. The green and yellow atoms
represent the alternate spin states of the nickel atoms that define the magnetic structure. The tin
atoms are given in grey. This image was produced using the Vesta21,22,23 software.

Tin oxide (SnO) is an insoluble386 semiconductor with a indirect band gap of 0.7 eV387. It has

a tetragonal (P4/nmm) crystal structure (see Figure 4.11b) and has received attention for its well-
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positioned band gap for visible-light photoabsorption388 and high mobility389. However, it oxidises

readily and irreversibly to SnO2 in the presence of oxygen389. As such, further measures to limit

degradation would be required. Literature concerning the polaron morphologies is sparse, most likely

because the material is believed to exhibit band-like transport (i.e. not via polaron hopping)389.

Strontium titanate (SrTiO3) is a water-insoluble390 semiconductor with an indirect band gap391

of 3.25 ev392. It has the Perovskite (Pm3̄m) crystal structure (see Figure 4.12a) and has received

attention as a photocatalyst for its low cost, chemical stability, and optimal band alignment for water

splitting. However, it is usually combined with other materials to compensate for its wide band gap

and rapid recombination kinetics393. Work by Janotti et al394 has indicated that the hole polaron

localises on a central oxygen atom, with some participation from the nearest neighbour oxygen atoms,

whilst the electron polaron localises on a central titanium atom.

(a) SrTiO3 (b) WO3

Figure 4.12: Illustration of the SrTiO3 crystal structure and WO3 orthorhombic crystal structure.
The strontium atoms are given in green and the titanium atoms are given in blue. The tungsten
atoms are given in grey. This image was produced using the Vesta21,22,23 software.

Tungsten oxide (WO3) is a water-insoluble395 semiconductor material with an indirect band gap

of 2.6 - 2.9 eV396. It has received attention as a photoanode for its well-positioned (visible range) band

gap and long hole diffusion length, which reduces the bulk recombination397. There are 10 known

phases of WO3, depending on the temperature, ranging from 0 K to 1170 K398. Each of these phases

has the same octahedral coordination around the tungsten atom as shown below. However, they vary

in their extent and arrangement of the octahedral tilting about each vertex.

Of these phases, the room temperature monoclinic (P21/c) phase has been extensively studied by Tao
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and Liu399. The electron polaron localising on a central tungsten atom with significant contribution

from the next two neighbouring shells of tungsten atoms. The hole polaron was found to localise on

a central oxygen atom. However, work by Zhuiykov and Kats396 has shown that the orthorhombic

(Pbcn) phase (estimated indirect band gap 2.93398 ) can be obtained as ultra-thin nanoflakes via an

appropriate sintering processb. Such nanoflakes and nanostructuring processes are expected to enhance

the catalytic activity of WO3 for the HER396. Given the absence of polaron data for such a system,

and given the high structural similarity between the various WO3 phases, it would be interesting to

compare the calculated polaron morphologies of the orthorhombic phase (see Figure 4.12b) with the

more established polaron morphologies of the monoclinic phase.

(a) VO2 monoclinic phase (b) VO2 rutile phase

Figure 4.13: Illustration of the monoclinic and rutile VO2 crystal phases. The green and yellow
atoms represent the alternate spin states of the vanadium atoms that define the magnetic structures.
These images were produced using the Vesta21,22,23 software.

Vanadium oxide (VO2) is a water-insoluble compound400 that has received attention due to its

ability to transition from a semiconducting monoclinic (P21/c) phase (see Figure 4.13a) with an indirect

band gap401 of 0.6 eV to a metallic rutile phase at 340K402 (see Figure 4.13b). This feature is expected

to improve the catalytic activity of a photoelectrochemical cell as it is expected to result in an overall

increased electrical conductivity403,404. The results of Liu et al405 indicate the formation of an electron

polaron centred around a single vanadium atom in the semiconducting phase, and that the formation of

such polarons is crucial in facilitating the change in electrical properties between each phase. Literature
bSintering involves compressing and heating a more diffuse material into a solid mass. The microstructure, and

therefore phase, of the material is dependent on the sintering conditions.
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regarding the hole polaron or polarons within the metallic phase is otherwise sparse. Hence it would

be desirable to gain a deeper understanding of the polarons within this material.

Zinc oxide (ZnO) is a semiconductor with a direct band gap of 3.37 eV. It has a Wurtzite (P63mc)

crystal structure (see Figure 4.14) and has received attention due to its low cost and high abundance.

However, its wide band gap inhibits visible light absorption and recombination losses appear to be

substantial406. A further issue may be its very slight solubility in water407. There is evidence for hole

polaron formation in ZnO311 though the literature regarding such polaron morphologies is sparse.

Figure 4.14: Illustration of the ZnO crystal structure. The zinc atoms are given in grey. This image
was produced using the Vesta21,22,23 software.
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4.3 Methods

For each compound, the DFT calculations used a 550 eV plane wave cutoff energy and their Monkhorst

Pack k-point grids were converged to 0.01 eV. The PBEsol functional was used to optimise the primitive

unit cells at different volumes, before fitting the total energies to the Murnaghan Equation of State280.

For each primitive cell, the Atomic Simulation Environment 408 (ASE) supercell optimiser409 was used

to create supercells that were as close to cubic as possible whilst keeping the total number of atoms

in the system to a minimum. The supercells were selected such that there were at least 2 nearest

neighbour shells of atoms around a central (target) atom.

To determine the polaron state, the magnetic moments in the system were adjusted410 such that a

target atom(s), close to the centre of the unit cell, was reduced/oxidised relative to the bulk magnetic

structure. The bond distortions and rattling of the atomic positions were created using a combination

of the Deskins code411,306 and ASE rattle function412. For atom-centred distortions, the bond lengths

between the target atom and its nearest neighbours were altered by -20% to + 20% in 10% increments

for separate unit cells. The same degree of rattling (within a standard deviation of 0.001) was used in

all cases and an electron was added or removed by adjusting the electron count for each system413. For

each incrementally distorted unit cell, the internal parameters were relaxed with a single k-point at the

Γ-point. Out of these incrementally distorted unit cells, the system with the lowest total energy was

inspected. If localisation was observed, the output charge density, wavefunction and structure were

used as the inputs for further relaxations, at successively more dense k-point grids until the calculation

was converged to within 0.01 eV of the total energy (these are provided in Section A.7). Non-localising

systems and systems that struggled to achieve convergence were discarded from the pool of candidates.

To obtain the band state, an electron was either removed or added to the unit cell, as for the polaron

state, but without distorting the initial structure. The electronic structure was preconverged using

the PBE functional and the same k-point grid density as the converged polaron state calculations.

A further electronic relaxation was then performed using the HSE06 functional and the Conjugate

Gradient Algorithm414. Gaussian Smearing415 of the partial occupancies with a 0.01 eV smearing

width416 was used for all bands. For enhanced performance, the coarsest possible Hartree-Fock FFT

grid (determined automatically by VASP)417, the rotation matrix between the occupied and unoccupied

states was optimised during the electronic minimisation418, the projection operators were evaluated in

real-space419, and parallelisation across bands and k-points was used throughout420. Using the band

and polaron state total energies, the self-trapping energy was calculated via Equation 4.1.
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4.4 Results and Discussion

4.4.1 Converged Polaron Morphologies

In the following section, the polaron morphologies for each of the materials of interest are discussed.

All such figures were produced using the VESTA program21,22,23. The vesta_vectors code421 was used

to re-centre the unit cell around the polaron as well as to add the black arrows to each figure. The

black arrows indicate the relative magnitude of the displacements for each atom from their positions

in the bulk unit cell. Displacements below 0.05 Angstroms were not included. In most cases, the

magnitude of the displacements that were caused by polaron formation was very small. Consequently,

smaller arrows can be seen far from the polaron centre, which are expected to be artefacts of the ASE

rattle function412.

To visualise the orbitals involved in polaron formation, the isosurface of the charge density is superim-

posed on each figure. Where possible, the isosurfaces shown correspond to the magnetisation density

(spin-separated charge density) of the unit cell. However, for the open-shell systems, the magnetic

structure often obscured the localisation of the polaron. In these cases, the band decomposed charge

density of the polaron band, or a 2D slice of the spin density, was used. The isosurface level was set

to 0.05 eV Å−1in all cases.

Due to large variability in the computational overhead between different materials, not all of the ma-

terials could be fully converged for their respective Monkhorst-Pack k-point grids. These are discussed

in their appropriate sections. Compounds that failed to show any localisation are also discussed here

but were excluded from further study. The materials are listed in order of their contribution to the

benchmarking process.

Fe2O3 The polaron isosurfaces for Fe2O3 are given in Figure 4.15. The isosurfaces appear to be in

line with the results of Ahart et al326, but not those of Pastor et al,330 who observed localisation on a

single iron atom. Presumably, these differences are due to the differences in the calculation parameters

between the two studies. In particular, the type of initial distortion applied to the system before

the structural relaxation. This is because the Fe2O3 relaxation was found to be very sensitive to the

type of initial distortion and whether or not the ASE rattle function was used. Indeed, depending on

the initial conditions, a Fe-centred state could also be converged upon using the presently proposed

method.
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(a) Hole (b) Electron

Figure 4.15: Fe2O3 polaron isosurfaces. It can be seen that the hole polaron is centred around an
iron atom, with a substantial contribution from the iron d(x2 − y2) orbital and nearest neighbour
oxygen p orbitals in the d(xy) plane. There is little to no contribution from the oxygen p along the
d(z2) axis. The contributing oxygen atoms are shown to move inwards towards the metal centre,
presumably to compensate for the positive charge. The electron polaron takes the form of a Fe-Fe
dimer, where the iron d(xy) orbitals on nearest neighbour iron atoms share the added charge. This
results in a shortening of the Fe-Fe distance in the dimer and a lengthening of the distance between
oxygen atoms that bridge the two iron atoms.

Figure 4.16 summarises these observations from the benchmarking stage of the Fe2O3 calculations.

For the electron polaron, the lowest energy states were consistently in the Dimer form. However,

localisation on a single iron atom could also be observed if the distortion was initiated as such and

if the ASE rattle function was not used. Indeed, using the ASE rattle function consistently resulted

in lower energy states for both the electron and hole polarons. Thus, for consistency, the ASE rattle

function was used in all further cases. The results given here do not necessarily mean that the results

of Ahart et al326 are more accurate than those of Pastor et al330, but merely that the dimer state

polaron appears to represent a deeper (lower energy) self-trapped state. Given that DFT always seeks

to minimise the total energy of a given system, the method of polaron calculation suggested in this

work should therefore be considered as a means to find the deepest self-trapped states, not necessarily

those that dominate charge transport in the material.
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Figure 4.16: Binding energies of Fe2O3 using Γ-point calculations. The horizontal axis represents
the initial configuration of the system, whilst the description on each bar denotes the resulting
configuration following a structural relaxation. "Fe-centred" means that the resulting polaron was
centred around a single iron atom and/or that the calculation was initiated as such. "Dimer" means
that the resulting polaron was centred around two iron atoms. "Fe-Fe distance modified" means that
the localisation was induced by moving two nearest neighbour iron atoms closer together or further
apart. "Rattled" means that the ASE rattle function was used before the structural relaxation. It
should be noted that these calculations were performed during the benchmarking stage of this
investigation, using Γ-point sampling and a smaller Fe2O3 unit cell. Thus, the precise values of the
binding energies differ from those given later in this chapter. Nevertheless, the same lowest energy
morphology was reproduced for the larger unit cell.

Cr2O3 The polaron isosurfaces for Cr2O3 are given in Figure 4.17. These morphologies support the

observations of Dehn et al337, albeit without the muon stabilisation. It is noted that no Cr-Cr dimer

electron polarons were observed for this compound, unlike the isostructural Fe2O3. This may be due to

the difference in the magnetic structures of Fe2O3 and Cr2O3. Whilst both systems involve alternating

up and down spin layers of charge throughout the unit cell, these layers are orientated across different

planes of the unit cell. This is such that the nearest neighbour atoms of Fe2O3 all share the same

spin parity, whereas the opposite is true for Cr2O3. Since the Fe-Fe dimer polaron in Fe2O3 is formed

between nearest neighbour iron atoms of the same spin, dimer polaron formation does not disturb the

bulk magnetic structure of Fe2O3. In Cr2O3, this would not be the case. Thus, merely as a hypothesis

for future consideration, there may be an energetic cost associated with Cr-Cr dimer polaron formation

that is not present for Fe2O3.
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(a) Hole (b) Electron

Figure 4.17: Cr2O3 polaron isosurfaces. It can be seen that both the electron and hole polarons are
centred around a chromium atom. In both cases, the chromium d(z2) orbital is shown to be involved
in the binding of the unpaired spin. In the hole case, all six nearest neighbour oxygen p orbitals are
involved, whereas in the electron case, the oxygen p orbitals along the chromium d(z2) axis
contribute noticeably more. The atomic displacements reflect this distinction with the hole polaron
nearest neighbour oxygen atoms moving towards the central chromium atom in approximately equal
measure, presumably to compensate for the positive charge. For the electron polaron, the d(z2) axial
nearest neighbours move away from the charge more strongly than the oxygen atoms in the d(xy)
plane of the central chromium, presumably to accommodate the added negative charge.

TiO2 The polaron isosurfaces for the rutile phase of TiO2 are given in Figure 4.18. The electron

polaron morphology is in agreement with those of Elmaslmane et al318, Deak et al319, and Pham et

al306. The hole polaron morphology is in agreement with those of Pham and Wang320.

(a) Hole (b) Electron

Figure 4.18: TiO2 (rutile) polaron isosurfaces. It can be seen that the hole polaron is centred
around an oxygen atom, with the central oxygen p orbital and its nearest neighbours contributing the
most to the binding of the unpaired spin. The eight nearest neighbour oxygen p orbitals contribute
evenly to the polaron. The nearest neighbour titanium atoms also move outwards from the polaron
centre. The electron polaron is centred around a titanium atom. The titanium d(xy) orbital
contributes most strongly to its stabilisation, with the four nearest neighbour oxygen atoms in the
d(xy) plane moving outwards from the polaron, likely due to the electrostatic repulsion.
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The polaron isosurfaces for the anatase phase are given in Figure 4.19. The hole polaron morphology

agrees with the results of Elmaslmane et al318 and Carey et al422. No electron polaron formation was

observed which is in line with the observations of Elmaslmane et al318.

(a) Hole (b) Electron

Figure 4.19: TiO2 (anatase) polaron isosurfaces. It can be seen that the hole polaron is centred
around an oxygen atom with the stabilising orbital contribution coming primarily from the central
oxygen p and four nearest neighbour oxygen p orbitals. The nearest neighbour titanium atoms move
outwards from the polaron site whereas the nearest neighbour oxygen atoms move inwards,
presumably to compensate for the removed electron. The central oxygen atom moved downwards,
closer to the plane of the contributing nearest neighbours. This may imply a stabilisation interaction
through oxygen p-oxygen p orbital overlap. No polaron formation could be observed for the excess
electron, given the even distribution of charge density across the unit cell.

VO2 The polaron isosurfaces for the VO2 rutile phase are given in Figure 4.20. The isosurfaces for

VO2 were inconvenient for visualising the polarons as the surrounding (bulk) atom isosurfaces obscured

the polaron isosurface. This may be due to the metallic nature of the VO2 rutile phase. Therefore, a

2D slice of the charge density isosurface is given in Figure 4.20. Unfortunately, only the rutile phase

could be studied because the calculation of the monoclinic phase proved to be prohibitively expensive.

This may be alleviated in future work by choosing a more appropriate unit cell and abandoning the

desire for a near-cubic unit cell.
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(a) Hole (b) Electron

Figure 4.20: Two dimensional slice of the VO2 (rutile) polaron charge density. It can be seen that
both the electron and hole polarons are centred around a single vanadium atom. For the electron
polaron, the d(xy) orbital appeared to contribute the most to the stabilisation of the polaron. For
the hole polaron, there appears to be an absence of charge density relative to the surrounding atoms.

BiVO4 The polaron isosurfaces for BiVO4 are given in Figure 4.21. The electron polaron morphology

is in line with those of Wu et al423 and Pham et al306. The hole polaron morphology supports that of

Wiktor et al341.

(a) Hole (b) Electron

Figure 4.21: BiVO4 polaron isosurfaces. It can be seen that the BiVO4 electron polaron was
centred around a single vanadium atom. The d(z2) orbital of the central vanadium atom appears to
accept the added charge. The hole polaron localises around a central bismuth atom with a substantial
contribution from the neighbouring oxygen p orbitals, presumably to stabilise the added charge.
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Co3O4 The polaron isosurfaces for Co3O4 are given in Figure 4.22. In both cases, substantial charge

density was observed at the boundaries of the unit cell. This may indicate an inaccuracy in the results

for Co3O4 as Ahart et al326 mentioned that such an observation implies an insufficiently large supercell.

(a) Electron (b) Hole

Figure 4.22: Co3O4 polaron isosurfaces. It can be seen that the Co3O4 electron polaron appeared
as a dimer polaron. However, unlike Fe2O3, the two nearest neighbour atoms used the d(xy) and
d(z2) orbitals to bind the charge. Neighbouring oxygen p orbitals also appeared to contribute to the
stabilisation of the electron polaron. The hole polaron appeared to be stabilised by the d(z2) orbital
of a central cobalt atom.

In2O3 The polaron isosurfaces for In2O3 are given in Figure 4.23. As mentioned, literature concerning

polaron formation in this material is sparse.

(a) Electron (b) Hole

Figure 4.23: In2O3 polaron isosurfaces. It can be seen that the In2O3 hole polaron was centred
around a single oxygen atom and was stabilised through neighbouring oxygen p orbitals. No
substantial localisation was observed for the electron polaron.

SrTiO3 The polaron isosurfaces for SrTiO3 are given in Figure 4.24. The hole polaron results are

in line with the observations of Janotti et al394. However, the electron polaron results contradict the

observations of Janotti et al. This may be due to different calculation parameters being used by Janotti
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et al.

(a) Electron (b) Hole

Figure 4.24: SrTiO3 polaron isosurfaces. The SrTiO3 hole polaron was centred around a single
oxygen atom and was stabilised through four neighbouring oxygen p orbitals in the same plane.
These oxygen atoms moved towards the central atom accordingly. No substantial localisation was
observed for the electron polaron, though there appears to be some asymmetry in the charge
distribution. Perhaps indicating localisation under the right conditions.

4.4.2 Non-Converged Polaron Calculations

Due to the computational expense incurred, the localised states for WO3, NiO, CuO, and Bi2O3 were

not fully converged with the k-point grid density beyond Γ-point sampling. This was due to either the

electronic minimisation steps being too costly, the structural relaxation of the polaron state requiring

too many ionic steps, or the chosen unit cell being insufficient for polaron formation. Their preliminary

results at the Γ-point are given below.

WO3 The non-converged isosurfaces for WO3 are given in Figure 4.25. These morphologies are in line

with the observations of Tao and Liu399 for the monoclinic phase. However, due to the limited size of

the unit cell, it was not clear whether or not the electron polaron isosurface would extend further across

the plane. A larger supercell would be required to confirm this. The calculation could not achieve

full k-point convergence because the structural relaxation beyond the Γ-point relaxation proved to

be incredibly slow, with an excessive number of structural relaxation steps. This may have been due

to the orthorhombic phase relaxing into another, lower energy, phase of WO3 whilst simultaneously

stabilising the polaron state.
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(a) Hole (b) Electron

Figure 4.25: WO3 polaron isosurfaces. It can be seen that the hole polaron is centred around an
oxygen atom, stabilised by nearest neighbour oxygen p orbitals. The electron polaron appeared to
localise across a single plane of the WO3 unit cell, but confirmation of this is limited by the bounds
of the unit cell.

NiO The non-converged isosurfaces for NiO are given in Figure 4.26. It can be seen that the NiO su-

percell was of insufficient size to contain the hole and electron polarons. These morphologies contradict

the work of Yu et al385. Better agreement may be obtained by using a larger supercell.

(a) Hole (b) Electron

Figure 4.26: NiO polaron isosurfaces. The hole polaron appears to be centred around a nickel
atom. The electron polaron appears to be centred around an oxygen atom and is stabilised via
neighbouring nickel d(xy) orbitals.

CuO The non-converged isosurfaces for CuO are given in Figure 4.27. In both cases, the spin density

isosurface shows an absence of charge. This may indicate agreement with Smart et al regarding a

"flipped spin" 365, and therefore inverted spin density, of the localised state. However, the calculation

struggled to efficiently converge past the Γ-point sampled pre-convergence step.
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(a) Hole (b) Electron

Figure 4.27: CuO polaron isosurfaces. The hole polaron appears to be centred around a copper
atom, with neighbouring oxygen atoms moving towards the central copper atom. A similar
observation is made for the electron polaron, except that the nearest neighbour oxygen atoms move
outwards from the central copper atom.

Bi2O3 The non-converged isosurfaces for Bi2O3 are given in Figure 4.28. As mentioned, literature

concerning the polaron isosurfaces for this material is sparse.

(a) Hole (b) Electron

Figure 4.28: Bi2O3 polaron isosurfaces. It can be seen that the hole polaron is centred around a
single bismuth atom, with surrounding oxygen p orbitals stabilising the added charge. No substantial
localisation was observed for the electron polaron, as shown by the diffuse and even distribution of
the charge density isosurface.

4.4.3 Non-Localising Polaron Calculations

MoO3, CdO, SnO, Cu2O and ZnO each failed to localise any excess charge with Γ-point sampling.

This may explain the sparseness of literature regarding CdO, SnO, Cu2O and ZnO polaron morpholo-

gies, which may be difficult or unlikely to form. However, it does not account for the polaron MoO3

morphologies observed in previous studies374,375,376. This may be due to the use of the bond distortion

method (as opposed to the substitution method), the k-point sampling may have been too coarse,

the wrong distortion may have been used, or the HSE06 Hamiltonian operator may have been insuf-

ficient. In any case, further investigation will be required. Merely for completeness, the preliminary
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morphologies of each delocalised solution, using Γ-point sampling, are given below.

(a) Hole (b) Electron

Figure 4.29: MoO3 delocalised isosurfaces. For the excess hole, no substantial localisation was
observed by virtue of the even distribution of charge density across the atoms in the unit cell. For the
excess electron, there is a noticeable asymmetry in the charge density distribution. However, this
does not correspond to a clearly definable small polaron morphology.

(a) Hole (b) Electron

Figure 4.30: CdO delocalised isosurfaces. In the case of an excess hole, there is a noticeable
asymmetry in the charge density distribution. However, this does not correspond to a definable small
polaron morphology. The charge is otherwise evenly distributed across the unit cell. In the case of an
excess electron, the charge density is evenly distributed across the unit cell, indicating no substantial
localisation.
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(a) Hole (b) Electron

Figure 4.31: SnO delocalised isosurfaces. In both the electron and hole cases, the excess charge
density is spread evenly and symmetrically throughout the unit cell, implying delocalisation.

(a) Hole (b) Electron

Figure 4.32: Cu2O delocalised isosurfaces. In both the electron and hole cases, the excess charge
density is spread evenly and symmetrically throughout the unit cell, implying delocalisation.
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(a) Hole (b) Electron

Figure 4.33: ZnO delocalised isosurfaces. In both the electron and hole cases, the excess charge
density is spread evenly and symmetrically throughout the unit cell, implying delocalisation.

4.4.4 Converged Self-Trapping Energies

The self-trapping energies of the compounds that were able to achieve full k-point convergence were

calculated to determine whether or not the presently suggested method produces reasonable results

for the self-trapping energy. In Figure 4.34 the compounds are placed in order of their d-orbital

occupancy. Other than the open shell oxides seemingly having greater self-trapping energies, implying

more deeply trapped polarons than their closed shell counterparts, there appeared to be no trend

between the d-orbital occupancy and the self-trapping energy. Co3O4 had a highly spurious energy,

with the self-trapping energy being greater than the band gap.

To determine if the pre-convergence with a single k-point was causing this issue, a polaron relaxation of

Co3O4 was performed without pre-converging the calculation with a coarse k-point grid. The resulting

polaron morphology was completely different from the pre-converged case. The band decomposed

charge density isosurfaces of the five partially occupied states in this fully converged Co3O4 calculation

are given in Figure 4.35. The localisation appears to centre around an octahedral (d6) cobalt atom for

band 611, two neighbouring cobalt atoms for bands 614 & 615, and was less obvious for bands 612 &

613. The presence of multiple partially occupied states within the band gap supports the findings of

Smart et al31 concerning the presence of mid-gap states. However, the morphologies presented here

do not agree with those of Smart et al. This may be due to the enforcement of different constraints on

the Hamiltonian operator in their work.
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Figure 4.34: Fully converged electron and hole self-trapping energies. The d-orbital occupancy is
given at the top of each bar. The grey bar corresponds to the Co3O4 electron polaron calculation
that was not pre-converged with a coarse k-point grid.

Furthermore, whilst this fully converged calculation reduced the self-trapping energy, it remained

greater than the Co3O4 band gap. This may imply a general issue with simulating the polaron formation

of Co3O4, aside from any inaccuracies that may introduced by preconverging with a coarse k-point grid.

Singh et al353 mentioned that the Co3O4 electronic structure would only be accurately represented

when 5% of HF (as opposed to the usual 25%) exchange was used. Conversely, Smart et al31 stressed

the need to use the generalised Koopmans’ condition, to maintain accuracy. As such, Co3O4 presents a

challenging compound for the high throughput screening of polarons, requiring at least some degree of

fine-tuning of the Hartree-Fock exchange to produce non-spurious results. The metallic VO2 (rutile)

phase also had comparably large self-trapping energies and, upon inspection of the eigenvalues, it also

comprised three partially occupied states. However, since there is no band gap for this phase, it is

difficult to tell how reasonable this self-trapping energy value is. It is respectfully submitted that

further investigation of the electronic structure of these compounds is required.
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(a) Electron band 611

(b) Electron band 612 (c) Electron band 613

(d) Electron band 614 (e) Electron band 615

Figure 4.35: Band decomposed charge density of the highest energy, partially occupied states for
the fully converged Co3O4 calculation. The cobalt orbitals involved in these states appear to be
mixtures of d(xy) and d(z2) orbitals. None of these morphologies correspond to those observed for
the Γ-point calculations, nor those reported in past literature31.
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4.4.5 Reducing the Computational Cost

Despite these issues with Co3O4, the greatest cost-saving exercise was achieved through the use of a

single k-point (at Γ) in reciprocal space. In general, it was observed that this level of precision was

sufficient to determine whether or not localisation was successful, as well as the location of the polaron.

Testing in this way allowed for the rapid pre-screening of multiple symmetry-breaking distortions.

Doing so for a full k-point grid would have been, and was often found to be, prohibitively expensive

for such a large dataset. However, as a result of the coarse k-point sampling, the total energies were

expected to be inaccurate. Therefore, following the relaxation of these multiple starting geometries, the

output state with the lowest total energy was selected and checked for localisation. It is noted that even

Figure 4.36: (Left axis - blue line) Number of geometry optimisation (ionic) steps in the structural
relaxation of the Fe2O3 electron polaron for the number of k-points. (Right axis - orange line)
Number of computer cores, required to complete the calculation for a given number of k-points
within a 24-hour interval. This figure shows that the number of required computer cores increased
rapidly with the number of k-points. However, the majority of the ionic steps were accounted for
with a single k-point.

though the energies were quantitatively inaccurate, the qualitative relation between the different states

(i.e. which state was lowest in energy) appeared to still be preserved. If localisation was successful,

calculations with finer k-point grids were performed on the output until convergence was achieved. It

was also found that it was more efficient to stagger the k-point convergence to ensure that the majority

of the ionic steps for the structural relaxation were performed using the coarsest (cheapest) k-point

grids. This is illustrated in Figure 4.36 where the highest number of ionic steps were accounted for with

a single k-point. As mentioned in the methods section of this chapter, further performance (speed)
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enhancing measures were also used in the calculations. These are standard implementations of the

VASP code and are briefly elaborated on below:

PRECFOCK = FAST A more coarse FFT grid is used for the exact exchange (Hartree Fock)

portion of the calculation. It is believed that the exact exchange component is relatively insensitive

to the FFT grid density417. Hence a more coarse grid FFT is permissible, increasing the speed of the

calculations whilst maintaining their accuracy.

LSUBROT = .TRUE. This measure uses an algorithm that optimises rotation matricesc between

occupied and unoccupied states to calculate an optimal charge density matrix. It is believed to speed

up hybrid functional calculations for narrow band gap semiconductors and metals418.

LREAL = Auto Density functional theory calculations may be performed in either real space or

reciprocal space. As mentioned in previous sections, it is often more efficient to work in reciprocal

space for bulk property calculations in which a primitive unit cell calculation is necessary. In the case

of large supercells, such as those used for polaron calculations, it is often more efficient to evaluate the

PAW projection operators in real space. Thus, VASP allows for the PAW projection operators to be

evaluated in either real or reciprocal space419.

4.4.6 Further Reducing the Computational Cost

Given the computationally costly and labour-intensive process of refining the polaron calculations with

finer k-point grids, and visually inspecting the orbitals involved, it is tempting to consider if useful

information can be gleaned directly from the Γ-point calculations, without having to consider refined

calculations. In this regard, further analyses of the differences between the Γ-point and fully converged

calculations were performed.

These are provided in Figures 4.37, 4.38 and 4.39. From Figure 4.37 (a) it can be seen that the self-

trapping energy was largely unaffected following the Γ-point pre-convergence, the only outlier being

SrTiO3. However, given that the results for Co3O4 changed drastically depending on whether Γ-point

pre-convergence was used, it may be the case that pre-converging the calculation at the Γ-point may

restrict the system to a particular morphology. If the morphology is accurate, such as for TiO2, Fe2O3

and BiVO4, a great deal of computational expense may be saved by only using Γ-point data. However,

for compounds like Co3O4, it appears to have a substantial effect on the final result.
cA rotation matrix is a transformation matrix that has the effect of rotating a vector (i.e. in degrees or radians) when

operating on the vector.
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(a)

(b)

Figure 4.37: (a) Comparison of the self-trapping energies using a single k-point with the fully
converged k-point grids. The distance from the black line indicates the degree to which the two
values are in agreement. (b) Comparison of the overall lattice distortions using a single k-point with
the fully converged k-point grids. The Lattice Distortion quantity was obtained using the getdelQ.py
code of the carrier capture utility32. The getdelQ.py code obtains the mass-weighted coordinate
difference between two structural input files and is thereby a means to represent the overall distortion
within a unit cell. The distance from the black line indicates the degree to which the two values are
in agreement.
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If this is the case, the procedure suggested here may remain useful as a screening tool, albeit with further

considerations for more complicated candidates. For instance, a comparison of the self-trapping energy

with the band gap, as performed for Co3O4, could be used as a brief check of the reliability of the

results, flagging the compound as a likely outlier that requires further consideration. Alternatively,

increasing the size of the supercell whilst using a single k-point may be a more robust method of

ensuring that the reciprocal/real space convergence and supercell size requirements are met. However,

using this method may prove to be as expensive as a full k-point converged calculation.

From Figure 4.37 (b), it can be seen that the extent of the overall lattice distortion was largely

unaffected by the number of k-points included in the calculation. Indeed, and in most cases, neither

the crystal structure nor the isosurface varied considerably following an increase in the k-point grid

density. Notable exceptions include the TiO2 rutile hole polaron, both VO2 polarons and the SrTiO3

hole polaron. However, in each of these exceptional cases, the isosurfaces for the Γ-point and fully

converged calculations were almost identical. Therefore, these exceptions are attributed to small and

collective changes in the cell shape and internal coordinates. As such, the overall effect on the polaron

morphology was inconsequential.

Figure 4.38: Comparison of the fully converged polaron and band state total energies with their
respective Γ-point energies. The "Errors" displayed in this figure are the differences between the
fully converged total energies and their corresponding Γ-point total energies.

To further investigate how the Γ-point and fully converged energies differed, the total energies of the

polaron and band states were compared directly, as opposed to only comparing the resultant self-

trapping energies. The results are shown in Figure 4.38. From this figure, it can be seen that, since the
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calculated errors are all of the same sign and that the corresponding polaron and band state energies are

similar in magnitude, the error in the polaron energy is substantially cancelled by the error in the band

state. In other words, the band and polaron state energies shift by approximately the same amount

as the k-point density is increased. Thus, when the self-trapping energy calculation is performed, the

overall trend between different compounds is preserved. However, since the individual errors are of the

order of 0.2 eV - 0.3 eV (i.e. the same order as many self-trapping energies), the qualitative but not

quantitative accuracy of the Γ-point data must be emphasised. For example, the Fe2O3 hole polaron

and band state errors are 0.27 eV and 0.28 eV respectively (see Table 4.2), leading to a difference in

the calculated Γ-point and fully converged self-trapping energies of 0.01 eV, a very small quantitative

error. However, the same quantitative error for SrTiO3 is 1.06 eV. As mentioned, SrTiO3 is a notable

exception despite appearing to retain the same polaron morphology at higher k-point densities. Since

the aforementioned error cancellation trend is still observed for SrTiO3, albeit with unusually large

quantitative errors for both the band and polaron states, it is clear that Γ-point sampling poorly

represents the total energy of this particular material.

To reduce the computational cost even further, one may consider whether or not there is a relationship

between the self-trapping energy and the extent of the structural distortion. Using the same data from

Figure 4.37, Figure 4.39 shows that there appears to be a weak but noticeable correlation between the

extent of the overall lattice distortion and the self-trapping energy. In addition, Co3O4 continues to be

a noteworthy outlier. Therefore, a simple analysis of the extent of lattice distortion may be used as an

even cheaper means to estimate the self-trapping energy, requiring only a Γ-point relaxation without

a corresponding band state calculation.

Merely for the reader’s reference, the tabulated values for the above figures are given below, to make

clear which data are included in the above figures.

Electron Hole Self Trapping
Energy / eV Energy / eV Energy / eV

Compound dx Polaron Band State Polaron Band State Electron Hole
SrTiO3 0 -1290.66 -1298.54 -1298.41 -0.13

TiO2(rutile) 0 -1036.09 -1035.86 -1040.76 -1040.47 -0.23 -0.29
TiO2(anatase) 0 -1039.17 -1042.51 -1041.92 -0.59

BiVO4 0 -1744.71 -1743.35 -1752.66 -1752.08 -1.36 -0.57
VO2(rutile) 1 -1025.20 -1021.99 -1033.60 -1029.91 -3.21 -3.68

Cr2O3 3 -1844.78 -1843.19 -1856.74 -1854.89 -1.59 -1.85
Fe2O3 5 -1676.76 -1676.05 -1687.37 -1686.85 -0.71 -0.52
Co3O4 6 & 7 -1572.91 -1567.56 -1588.30 -1582.76 -5.35 -5.54
In2O3 10 -1682.48 -1689.26 -1688.97 -0.29

Table 4.1: Tabulated data for Figure 4.34.
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Figure 4.39: Comparison of the fully converged self-trapping energies with the overall lattice
distortion. The distance from the black line indicates the degree to which the two values are in
agreement.

Self-
Lattice Trapping

Distortion Total Energy / -eV Energy
/ -eV

Polaron Polaron Band State
e− h+ e− h+ e− h+ e− h+ e− h+

Comp. Γ Γ C C Γ Γ Γ Γ Γ Γ

SrTiO3 5.08 5.89 5.08 2.50 1297.09 1295.90 1.19
TiO2 1.36 2.86 1.33 2.24 1035.90 1040.58 1035.77 1040.39 0.13 0.19

(rutile)
TiO2 0.35 2.03 0.34 2.03 1042.74 1042.24 0.50

(anatase)
BiVO4 4.17 2.75 4.17 2.74
VO2 4.77 5.91 4.41 5.51 1025.53 1033.97 1022.29 -1030.14 3.24 3.82

(rutile)
Cr2O3 2.94 2.80 2.94 2.80 1845.02 1856.98 1843.52 1855.20 1.49 1.78
Fe2O3 1.96 1.73 1.95 1.74 1677.04 1687.64 1676.39 1687.13 0.64 0.51
Co3O4 2.78 2.22 2.78 2.22 1573.22 1588.61 1583.17 5.44
In2O3 0.29 3.22 0.29 3.20 1689.05 1688.79 0.26

Table 4.2: Tabulated data for Figures 4.37, 4.38, and 4.39. C denotes the fully converged data
whilst Γ denotes the Γ-point data. The BiVO4 electron, BiVO4 hole, and Co3O4 electron self-trapping
energies at the Γ-point are omitted due to the band state energies not being fully converged with
respect to the total energy. These values could be obtained in future calculations by increasing the
maximum number of electronic minimisation steps beyond the default values provided by VASP.

137



4.5 Conclusions and Future Work

In this chapter, an approach to rapidly screen the self-trapping behaviour of a range of topical transition

metal oxides was assessed. Each calculation was preconverged using a single k-point calculation, to

limit the computational cost. This confirmed or excluded the possibility of localisation for further

study at fully converged k-point grids. The polaron morphologies for TiO2, Cr2O3, Fe2O3, BiVO4,

CuO and SrTiO3 (hole polaron only) appeared to agree with past studies and the self-trapping energies

were within the band gap for most of the compounds. In addition, new polaron morphologies were

found for the orthorhombic phase of WO3, the rutile phase of VO2, In2O3 and Bi2O3. A notable

exception was Co3O4, whose self-trapping energy and polaron morphologies were affected by the pre-

convergence step. However, the results remained spurious even without this pre-convergence step.

Therefore, further investigation would be required to determine if the issues were caused solely by the

deficiencies of the suggested method or also by the representation of the Co3O4 electronic structure. A

final analysis of the differences between the Γ-point calculations and their fully converged counterparts

showed that the self-trapping energies and structural distortions changed little between successive k-

point grids. As such, the computational cost may be further reduced by performing a single Γ-point

calculation, and if localised, using the extent of the structural distortion as a proxy for the self-trapping

energy. This may be a less precise but more efficient means with which to screen candidates.

At the very least, the methods suggested here allow for localisation to be qualitatively determined for

a large database of simple compounds at a comparatively low computational cost. Moreover, a better

understanding of the method’s limitations for more complicated compounds has been established. In

particular, a robust and reliable consideration of the size of the supercell will be required to accurately

capture the behaviour of systems such as NiO, WO3, and the monoclinic phase of VO2. With the

above points in mind, a set of improvements or further work using the suggested method may include:

A revised approach to materials selection From a reduced human intervention perspective, it

would be more efficient to consider benchmarking each crystal class, using an archetypal compound,

before proceeding with a screening investigation across a database of compounds with that structure.

Proceeding in this way, similarly to the preceding chapter and forthcoming chapter, has proved to

be more efficient from both a benchmarking and production perspective. Furthermore, comparison

between different levels of theory (i.e. different DFT functionals) is more reliably and systematically

achieved in this way.
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Comparison with fully converged calculations To determine conclusively that using coarse k-

points has a substantial effect on the accuracy of the self-trapping energies. It may also be helpful to

repeat the calculation for an entire series of compounds, in a similar fashion to the fully converged

Co3O4 calculation, and then analyse the overall trend between the two datasets. To this end, it would

be wise to select a crystal system that is relatively cheap to produce such converged calculations.

From this work, the rutile system would be an ideal candidate, due to its relative simplicity, low

computational expense, and a wide variety of candidate photoelectrochemical cell compounds, as will

be seen in the next chapter.

Bader charges for verifying charge localisation Human intervention may further be reduced by

incorporating Bader424 charge analyses to partition the charge density following polaron formation

and to detect inhomogeneities in the charge density. For instance, if a polaron state is formed, this

inhomogeneity may be detected in the Bader charge analysis and subsequently retained for further

study. If not, the candidate may be discarded. If properly incorporated into a computational workflow,

delocalised candidates could be excluded without requiring visual inspection. Bader charge analyses

have already been used in the context of polaron formation to determine the oxidation state of each

atom following localisation of the excess charge306,374.

Finite size corrections As mentioned in the third chapter, finite size corrections are often used

to compensate for the self-interaction between a given defect and its periodic images. If facile to

implement, such finite size corrections are recommended as they are believed to reduce the required

size of the supercell and reduce the dependence of the results on the DFT functional425.

Satisfying the Generalised Koopmans’ Theorem The degree of HF exact exchange mixing for a

hybrid functional (α) is often derived from empirical data. When considering other criteria with which

to select the value of this parameter, it has been suggested426,318 that the Generalised Koopmans’

Theorem should be satisfied, wherein:

−I(N + 1) = E(N + 1)− E(N) = εN+1(N + 1) (4.2)

where I is the ionisation energy and E is the total energy for a system of N electrons, and εi is the

ith eigenvalue of the N electron system. As such, if considering other values of α for further study, it

would be useful to use the suggested method to compute a set of Koopmans-compliant polaron states

and compare their results with standard functional values of α.

Comparing the eigenvalues with bulk calculations To further understand how the self-trapping
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process changes the material’s electronic structure, it would be useful to consider the depth of the trap

state relative to the bulk valence and conduction bands. Such data could be used to generate a diagram,

similar to the Shockley-Read-Hall recombination diagram in Figure 4.1 for a database of candidate

materials. This would be useful for visualising the relative depths of the trap states for many materials.

However, this would require additional bulk calculations and postprocessing measures, alongside the

band state and polaron state calculations, which would increase the computational cost.
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Catalytic Activity

5.1 Introduction

As mentioned in the first chapter, another challenge concerning photoelectrochemical cell electrodes is

their long-term corrosion resistance, catalytic activity, and catalytic selectivity. These three challenges

may be considered to be interdependent because such corrosion reactions may be considered to be an

unwanted side reaction that further reduces the overall catalytic activity.

An example of this issue is most pertinent for gallium arsenide photoelectrodes that facilitate the

oxygen evolution reaction. The GaAs surface dissolves following the photogeneration of holes on the

material’s surface. However, a recent study239 was able to demonstrate that the corrosion process may

be mitigated by using a corrosion-resistant material as a passivation layer, TiO2, on top of the more

catalytically active material. Similar studies for the cadmium chalcogenides (CdS, CdSe, CdTe) have

also been reported using an amorphous layer of TiO2
427. Whilst this may present a future solution to

the corrosion problem, it remains desirable to create an electrode material that is corrosion-resistant

itself or at least has a more catalytically active passivation layer.

In this regard, the reason TiO2 serves as an effective passivation layer is due to its intrinsic corrosion

resistance428. Bulk titanium metal is not corrosion resistant, but its surface is corrosion resistant due

to the naturally formed TiO2 oxide layer that forms on the surface of titanium metal when exposed to

air. Moreover, the rutile phase is believed to be more corrosion-resistant than the anatase phase429.
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5.1.1 Rutile Alloys

Inconveniently, the highest-performing rutile materials for OER catalysis also happen to be based

on rare minerals. IrO2 and RuO2 have received particular attention for their catalytic activity59.

As such, it is desirable to find alternative materials that have comparable catalytic activity with

substantially lower concentrations of IrO2 and RuO2. One means by which this has been proposed is

to use a homogeneous alloy of more abundant rutile-forming compounds59. An alloy may be described

as a mixture of two or more metals. Hence, strictly speaking, an alloy does not possess a crystal

structure because there is no long-range order to the species occupancy of the lattice sites. As such, a

homogeneous alloy is one in which the mixed species are evenly dispersed throughout the material in

a randomised fashion. In this regard, an ongoing challenge is the selection of a particular set of species

to mix at a particular composition. Such alloys may be synthesised, for example, via sputter deposition

and their catalytic activities may be assessed via cyclic voltammetry430. The homogeneity of each

mixture may be determined via inductively coupled plasma mass spectrometry431. To accelerate the

selection of particular compositions, it would be desirable to screen candidate compositions according

to their likelihood of homogeneity and their catalytic activity.

5.1.2 Simulating Alloy Structures

Given their disordered nature, classifying alloy materials within the framework of a crystal structure

is difficult to standardise. Nevertheless, this can be achieved using modern computational tools and to

an acceptable degree of accuracy. When simulating alloys, it is well understood that as the size of the

unit cell increases, and the site occupancies are suitably randomised, the thermodynamic properties

of the true alloy are more closely represented432. This convergence procedure is similar to that of

the plane wave cutoff energy or k-point grid density. Indeed, a robust method of calculating alloy

properties is by systematically increasing the size of a supercell, varying the site occupancies in multiple

permutations, and calculating the thermodynamic properties until they are converged within a desired

tolerance. Whilst this approach is automatable within a computational framework, the issue with

such a method is that the computational overhead is relatively large because many atoms are required

for each unit cell and many permutations of the system need to be calculated. Furthermore, since

the supercell is still periodic, local correlations between nearby lattice sites and their periodic images

can cause further deviations from the properties of the truly random alloy433,432. The overall effect is

that the convergence of the randomised supercell size is very slow for the thermodynamic properties.
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However, Special Quasi-random Structures (SQSs) are a notably accurate and efficient alternative for

an estimation of the thermodynamic properties of a homogeneous alloy432.

5.1.3 Special Quasi-random Structures

The SQS method432 circumvents the local correlation problem by increasing the unit cell size via a

non-uniform cluster expansion. Instead of merely adding more unit cells to the supercell to increase the

accuracy, configurable clusters of lattice sites (doublets, triplets, quadruplets, etc) are selectively added

and occupied with a particular species such that the local randomness per lattice site is maximised.

The key assumption of the SQS method is that the local correlations between nearby lattice sites have a

greater effect on the thermodynamic properties than those at distant lattice sites. Thus, by optimising

the local randomness around each lattice site, a more accurate estimation of the thermodynamic

properties of a truly random alloy can be reached with a much smaller unit cell (See Section B.11 for

the mathematical arguments behind the SQS methodology). A popular means with which to efficiently

assign site occupancies is via a Monte-Carlo algorithm according to Equation434,433 5.1.

Q = −ωL+
∑
α

|ρα − ρtargetα | (5.1)

where Q is the Objective Function to be minimised during the Monte-Carlo algorithm, ω is a user-

specified weighting for the class of cluster (doublets, triplets, quadruplets, etc), α is the cluster index

that denotes the cluster in question, ρα represents the correlations of α, ρtargetα represents the target

correlations of the truly random configuration, and L is a user-specified radius such that all clusters

within L are optimised (|ρα−ρtargetα | = 0). A Monte Carlo algorithm is a probabilistic way to evaluate

integrals across complicated boundaries. As opposed to evaluating said integral across an evenly spaced

grid of points, points for evaluation are selected randomly. If a randomly selected point lies inside the

boundary, it is retained. If it lies outside of the boundary, it is discarded16. As such, ω and L must

be carefully chosen to optimise the cluster selection criteria for accurate results.

Conveniently, a suitably optimised SQS calculation at a particular composition is insensitive to the

chemical species and thereby provides a template crystal structure for that particular composition.

Furthermore, a database of SQS template structures435 already exists for a 50:50 binary mixture of

rutile compounds. Further composition ratios require the calculation of a separate SQS.

143



5.1.4 Estimating the Thermodynamic Properties with Density Functional Theory

Upon generation, geometry optimisation, and electronic minimisation of an SQS with DFT, the Gibbs

Free Energy (∆Gmix) and Critical Temperature (Tcmix) of Mixing can be approximated by considering

the ideal Configurational Entropy of Mixing, ∆Smix, of two ideal gases at a constant temperature and

pressure:

∆Smix = −nR[x1ln(x1) + x2ln(x2)] (5.2)

Where n is the amount of substance, R is the ideal gas constant, and xi represents the ratio of each

mixture component (i.e. x1 + x2 = 1). Since for a 50:50 binary mixture x1 = x2 = 0.5, the above

equation can be reduced to:

∆Smix = nRln(2) = NkBln(2) (5.3)

where N is the number of AO2 formula units in the SQS unit cell and kB is the Boltzmann constant.

∆Gmix can then be calculated via the standard relation:

∆Gmix = ∆Hmix − T∆Smix (5.4)

Where ∆Hmix is the Enthalpy of Mixing and T is the temperature. ∆Hmix is calculated according

to Hess’ law436, by combining the total energies from DFT calculations of the SQS system and its

corresponding pure systems. Correspondingly, Tcmix is estimated via Equation 5.5:

Tcmix ≈ ∆H

∆S
(5.5)

5.1.5 Estimating the Catalytic Activity with Density Functional Theory

The major efficiency limiting step to the catalytic activity of photoelectrochemical water splitting is

believed to be the oxygen evolution reaction. In particular, the kinetics that occur at the OER elec-

trode59. To estimate the catalytic activity with DFT and further understand the reaction kinetics, a
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slab model of the desired surface needs to be constructed and optimised. The adsorbates (intermedi-

ates) involved in the OER are then added to the slab in the appropriate binding configuration, and

the corresponding energy change upon adsorption provides the adsorption energy. An illustration of

such OER slab models is given in Figure 5.1:

(a) Oxygen adsorbed. (b) Hydroxyl adsorbed. (c) Hydroperoxyl adsorbed.

Figure 5.1: Examples of the structural output for each intermediate for the OER adsorption
calculation.

The adsorption energies can then be used to estimate the catalytic activity via a volcano plot. The

volcano plot is so named because of its triangular shape and increasing catalytic activity as the peak is

approached. Such plots were first introduced by Balandin437,438, and rely principally on the Sabatier

Principle 439. Accordingly, compounds that fall on the right of the volcano plot bind the adsorbate

too strongly, thereby making the desorption of the adsorbate rate limiting. Compounds that fall on

the left-hand side of the volcano plot bind the adsorbate too weakly, thereby making the adsorption

of the adsorbate rate limiting. Compounds at the peak of the volcano have the expected ideal binding

strength with the surface and are expected to maximise the reaction rate. Therefore, the volcano

plot provides a convenient means to compare the effectiveness of potential photoelectrochemical cell

electrodes.

The Universal Scaling Relation

The most convenient general volcano plot form for the OER was introduced by Man et al58. Here, a

particular step of the OER reaction pathway was found to be sufficient to describe the overall catalytic

activity for a particular compound.

Step 2: M(OH) −−→ M(O) + H+ + e–

145



The corresponding thermodynamic relation is given by the difference in the Gibbs free energy in the

oxygen adsorption step (∆GO) and the hydroxyl adsorption step (∆GOH). Furthermore, it was found

that plotting the adsorption energy of the hydroperoxyl adsorption step (∆EOOH) and the hydroxyl

adsorption step (∆EOH) produced a universal scaling relation for the OER:

∆EOOH = ∆EOH + 3.2eV (5.6)

This was because it was observed empirically that the difference in the hydroxyl and hydroperoxyl

adsorption energies was almost constant (3.2 eV) and independent of the overall binding strength

to a particular surface. The rationale for this observation, provided by Man et al58, was that both

the hydroxyl and hydroperoxyl intermediates bind to the surface via a single oxygen atom. Thus,

from the perspective of the surface, hydroxyl, and hydroperoxyl intermediates undergo near-identical

chemical interactions. Moreover, it was further observed that the adsorption energies of all three

OER intermediates changed in a correlated manner with the applied potential (i.e. ∆GOH < ∆GO

< ∆GOOH), regardless of the binding strength of the particular surface. This understanding of the

correlations between adsorbate binding energies allowed the individual steps in the water splitting

reaction to be reasonably represented by a single quantity:

∆GO −∆GOH = EO − EOH + 0.5EH2 + 0.41 (5.7)

Where EH2 is the total energy of a hydrogen molecule, calculated via DFT, and 0.41 is a zero point

energy correction, as suggested in Man et al’s work58 (see Section B.12 for a full derivation of the above

equation). The volcano plot can then be constructed via the reaction overpotential (η) according to:

η = max[∆GO −∆GOH ,∆GOOH −∆GO]/e− 1.23V (5.8)

Which is further approximated using the universal scaling relation of Equation 5.6:

η ≈ max[∆GO −∆EOH , 3.2−∆GO −∆EOH ]/e− 1.23V (5.9)

The "max" term indicates a selection of either ∆GO − ∆GOH or 3.2 − ∆GO − ∆GOH , whichever is

larger. This distinction determines which side of the volcano the compound will fall upon when plotted;

with ∆GO−∆GOH representing the right hand (overbinding) side and 3.2−∆GO−∆GOH representing
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the left hand (underbinding) side. The volcano is considered in terms of ∆GO and ∆GOH because

the difference between ∆EOH and ∆EOOH is assumed to be constant by virtue of the aforementioned

universal scaling relation. Consequently, the oxygen adsorption energy (∆EO) determines the variation

in the required overpotentials for different surfaces. Therefore, it is only the difference in the binding

energy between ∆GO and ∆GOH that needs to be calculated to obtain a complete (approximate)

understanding of the binding characteristics for a given system. In other words, ∆EOOH can always

be estimated from ∆EOH , via Equation 5.6, and it can be assumed that ∆GOH < ∆GO < ∆GOOH .

Thus, only ∆GO and ∆GOH need to be calculated to compare the OER across different surfaces.

5.2 Motivation and Materials of Interest

With this in mind, computational materials screening could be used as a means for rapid materials

discovery for the calculation of the thermodynamic and adsorption properties of multiple candidate

compounds. Specifically, the feasibility of the homogeneity and the catalytic activity could be estimated

and used to promote or exclude each candidate. The SQS method could be used to generate a bulk

unit cell, followed by the rapid slab generation using existing computational tools, the thermodynamic

properties and catalytic activity could then be investigated for several different compounds using the

same SQS template structure. However, literature using SQS unit cells for surface slab models is

sparse. This may be due to the difficulty in transforming the highly disordered SQS unit cell into a

near-cubic slab model. However, this has been achieved by Moses et al440 and Wu et al.441 for band

alignment. In addition, a more recent study by Svane et al59, has stressed that the catalytic activity of

rutile alloys requires further study, though did not use the SQS method to generate surfaces for their

catalysis investigations. They instead used the traditional randomised occupancy generation approach,

as described previously. It is noted that this was not a deficiency of Svane et al’s59 work because the

emphasis was on the particular effects of specific surface site occupations for the OER. As such, a

greater number of possible configurations were required for their study, as opposed to a reasonable

average that would be offered by an SQS model.

For the remainder of this chapter, it is demonstrated that reasonably dimensioned slab models may be

rapidly generated from SQS unit cells for rutile mixtures via an appropriate unit cell transformation.

This allows the same cell to be used to investigate both bulk and surface properties. If accurate in

both respects, this would result in a large reduction in the computational overhead and implementation

because only a single unit cell would be needed to understand both the bulk and surface properties.
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However, a remaining question is whether or not the SQS-generated surface slab models produce

reasonable estimations of the catalytic activity of a given compound. In this regard, the topical and

hypothetically corrosion-resistant, rutile alloys are a good starting point for such an investigation.

The following rutile-type materials were considered in this work, all of which have the presumed

corrosion-resistant rutile (P42/mnm) structure. Furthermore, when selecting appropriate candidates,

abundance is a key consideration. In this regard, the below rutile compounds are listed in ascending

order of their abundance within the Earth’s crust (in mg kg−1):1 Ir (0.001), Ru (0.001), Pt (0.005),

Ge (1.5) , Sn (2.3), Pb (14), Mn (950), Ti (5650). These abundance values do not consider the

feasibility of mining and processability. Therefore, a more in-depth techno-economic analysis would be

required in due course. Nevertheless, given the large difference in abundance between platinum and

germanium, it would be desirable to find a competitive alloy of germanium, tin, lead, manganese, or

titanium. Ruthenium, iridium and platinum are included in this chapter as control samples. Other

rutile-forming materials such as Osmium (0.0015 mg kg−1) and Rhodium (0.001 mg kg−1) have also

been considered in past literature59 but are not considered here due to their comparable abundance

to Ru, Ir, and Pt1 and would therefore merely serve as additional control compounds.

Iridium dioxide (IrO2) is a metallic compound with an antiferromagnetic magnetic structure442. It

has received a great deal of attention as a photoelectrochemical cell electrode for its exceptional chem-

ical stability and catalytic activity for the OER. The most important issue concerning this compound

is the low abundance of iridium. It is insoluble in water443.

Ruthenium dioxide (RuO2) is a metallic compound444,445 or narrow, direct band gap semiconduc-

tor whose band gap requires further investigation446,447. It is believed to have an antiferromagnetic

structure448. It has a high catalytic activity for the OER. However, over time, the ruthenium ions are

further oxidised and dissolve into the solution. As such, the long-term stability of ruthenium diox-

ide is not sustainable under photoelectrochemical cell operating conditions449. The low abundance of

ruthenium further compounds this issue. It is otherwise insoluble in water450.

Platinum dioxide is a semiconductor with an indirect band gap331 of 1.30 eV - 1.47 eV451and has

a slightly distorted (Pnnm) rutile crystal structure452,331. It has a high OER catalytic activity, both

alone58 and in combination with other materials453. However, like ruthenium and iridium, platinum

is still relatively rare. It is insoluble in water454.

Germanium dioxide is a semiconductor with a direct455 band gap of 4.68 eV456. It has been con-

sidered as a photoelectrochemical cell electrode material, due to its high charge carrier mobilities and
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high charge separation rate.455 However, it may encounter challenges due to its slight solubility in

water457. It is much more abundant than the aforementioned compounds.

Manganese dioxide is a semiconductor with a direct458 band gap of 1.08 eV459. It is believed to

have a helical magnetic structure with antiferromagnetic ordering459. However, the helical magnetic

structure is often disputed in other publications, in favour of a more conventional magnetic structure

that is similar to IrO2 or RuO2
460. Manganese dioxide benefits from being in high abundance. However,

the rutile phase has received little attention due to its relatively low OER catalytic activity. However,

the layered (R3̄m) structure is believed to have a much higher intrinsic catalytic activity461. It is

insoluble in water462.

Lead dioxide is a semiconductor with a direct band gap of 0.61 eV463. However, it has a metal-like

conductivity which is believed to be due to the natural deficiency of oxygen within the real crystal93.

As such, it has attracted considerable attention as a highly conductive, low cost and chemically stable

water splitting OER catalyst and as a catalyst for the generation of ozone. A great deal of research is

now focused on elucidating the ozone and oxygen generation mechanisms75. Once understood, further

steps could be taken to improve the catalytic selectivity of this material for the OER. A foreseeable

issue with using this material would be the known toxicity of lead464. It is insoluble in water465.

Tin dioxide is a semiconductor with a direct band gap of 3.6 eV463,466. It has been considered

a photoelectrochemical cell photocatalyst for its photocatalytic activity, chemical stability, and UV

absorption capabilities467,468 A foreseeable issue with using this material would be the ongoing debate

regarding the toxicity of tin compounds469. It is insoluble in water470.

Titanium dioxide was introduced in the previous chapter.
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5.3 Methods

5.3.1 SQS Structure Optimisation

An SQS template for the rutile structure was sourced from the Alloy Theoretic Automated Toolkit

(ATAT) package471,472,473,474. The ATAT sqs2tdb function was used to generate an SQS unit cell for

each compound.

Figure 5.2: 50:50 Rutile SQS template unit cell. This unit cell contains sixteen AO2 formula units.

Each SQS structure and pure AO2 compound was relaxed with the PBEsol functional, a 500 eV plane

wave cutoff energy, and a 13x9x9 Γ-centred k-point grid. In contrast to previous chapters, the unit

cell shape and internal parameters were kept fixed across a range of volumes, before fitting to the

Murnaghan Equation of State280. The reason for keeping the cell shape and internal parameters

constant for a series of fixed volumes was that the SQS unit cells would often undergo substantial

changes in the cell shape and internal parameters at certain cell volumes. This would cause the total

energies to deviate substantially from the expected parabolic shape, making the equation of state

fitting sub-optimal for finding the equilibrium volume. Conversely, fixing the unit cell shape and

internal parameters resulted in more reasonable Equation of State fittinga. Subsequent relaxation of

the volume, shape and internal parameters yielded structures that were equal to or lower in energy

than the standard geometry optimisation procedure shown in previous chapters. This is demonstrated

for Ti0.5Pt0.5O2 and Sn0.5Pt0.5O2 in Figure 5.3 and is supported by the findings of Wu et al441. The
aDetermined by the R2 of the Equation of State fit.

150



optimal volume was then used as a starting point for a simultaneous relaxation of the volume, shape

and internal parameters of the unit cell.

Figure 5.3: Plot of the volume scans for Ti0.5Pt0.5O2 and Sn0.5Pt0.5O2, wherein the internal
parameters are held constant (static) and where they are allowed to relax at each volume (ISIF = 4
in the VASP syntax). Polynomial fits are also included to distinguish the 4 plots.

5.3.2 Thermodynamic Property Calculations

Following this, a PBE electronic minimisation was performed on the output structure to obtain

∆Hmix. The SQS template contained sixteen AO2 formula units. Thus, via Equation 5.3, Smix =

0.956meV K−1 and, an assumed room temperature of 300K, T∆Smix = 287meV . These quantities

were used to calculate ∆Gmix and Tc via Equations 5.4 and 5.5 respectively.

5.3.3 SQS Slab Generation

Given the non-cubic and non-symmetric shape of the SQS template, converting the structure into a

slab was not trivial. In particular, the initial SQS structure that was used for the mixing energies would

often produce spurious slabs that were substantially slanted across the unit cell and converged very

slowly. To make the SQS unit cell more workable with automated slab generation software, expanding

the SQS supercell with the ASE supercell optimisation tool409, and then using the Pymatgen slab model

generator475,476 on the output, proved to generate more reasonable slab models. A corresponding slab

model that was generated via this method is given in Figure 5.4b. It is noted that convergence of

the adsorption energy to 0.01 eV with the slab width was much more difficult when compared to the

pure systems. This may have been due to the lack of symmetry and long-range order of the mixed
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system, causing asymmetries in the electrostatic potential, and thus limiting convergence. Whilst it

is conceivable that convergence may be achievable to 0.01 eV, such slab models were expected to be

impractically wide for materials screening. Indeed, the SQS method specifically aims to limit any such

long-range order. As such, a lower degree of precision was deemed acceptable. An adsorption site

numbering scheme was also used to track the variation across different adsorption sites. This is given

in the below figure.

(a) (b)

Figure 5.4: (Left) Transformed 8x supercell using the ASE supercell optimisation tool. (Right)
Illustration of the slab adsorption site numbering.

Following this, the Pymatgen slab model generator475,476 was used to produce slabs of the non-cleaved

rutile oxide 110 surface. This is believed to be the most chemically and structurally stable surface for

rutile catalysis477. Each of these slabs was four cation layers thick with a 50 Å vacuum layer. These

slab dimensions were per the work of Svane et al59. The calculations also included standard dipole

corrections478,479 which ensured that convergence of the pure system adsorption energies was within

0.01 eV. Correspondingly sized mixed slab systems achieved convergence between 0.1 - 0.05 eV. The

dipole corrections were based on the work of Makov et al480 and Neugebauer et al481, which cancel

out undesired dipole interactions between each surface and its periodic images, such that convergence

is reached for narrower slab widths. The slab was relaxed using PBEsol, a 500 eV plane wave cut-

off energy, and a 13x9x9 Γ-centred k-point grid, keeping the bottom two layers fixed in place. In

separate calculations, an adsorbate was positioned above each of the 8 adsorption sites (see Figure

5.4b ) at approximately the bulk metal-oxygen atom bond length. The structural relaxation was then

repeated with the PBEsol functional, and the total energy was extracted following a PBE electronic

minimisation.
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For the RuxTi(x−1)O2 25:75 mixture compositions, the Integrated Cluster Expansion Toolkit 33 (ICET)

package was used to generate a corresponding SQSb. The same inputs for the 50:50 ATAT SQS (ω,

L, etc.) were applied to the 25:75 ICET calculations. A 50:50 ICET SQS was further generated

for comparison. The thermodynamic properties and catalytic activities of the ICET models were

calculated as above.

bICET was chosen for its ease of integration with postprocessing tools (mainly based on Python code).
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5.4 Results and Discussion

5.4.1 Thermodynamic Properties

For conciseness, a shorthand is utilised in this chapter to describe each of the mixtures discussed in the

following sections. Where a compound AB is mentioned, this refers to an AxB(x−1)O2 mixture. The

calculated thermodynamic properties for each of the 50:50 rutile mixtures are given in Figure 5.5. Via

the colour scale, it can be seen that each of the quantities (∆Hmix, ∆Gmix, and Tcmix) are strongly

correlated. Moreover, the lower the value of each quantity, the more facile the expected synthesis of the

alloy. This is because each of these quantities is associated with an energetic barrier to homogeneous

mixing. Thus, homogeneous mixtures of IrRu, MnRu and PtRu appear to be the most synthesisable,

whilst MnSn, GePb and RuSn are among the least synthesisable. Despite having the lowest Gibbs

free energy of mixing, MnPb had to be excluded from further study because the relaxed structure was

distorted such that it no longer corresponded to the rutile crystal structure. Consequently, rutile 110

surface slabs could not be generated for MnPb. This was not an expected result and was only identified

by visual inspection which is a clear limitation of the suggested screening procedure. This limitation

may be alleviated by incorporating a symmetry analysis step following the structural relaxation of the

SQS unit cell. Such a symmetry analysis could be performed automatically by spglib 482, which would

confirm that the relaxed structure still corresponds to the rutile crystal structure. Another observation

was that mixtures containing Pt also had consistently low energies, regardless of the species Pt was

mixed with. However, given the relative scarcity of Pt, it is not an ideal candidate for a low-cost

photoelectrochemical cell electrode. The Tcmix values below 0K are attributed to Tcmix being merely

an approximation, not a robust and absolute metric.
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Figure 5.5: Thermodynamic quantities for each of the 50:50 rutile mixtures. The row and column
for a particular cell give the corresponding chemical species. The colour scale indicates the relative
magnitude of the quantity in each cell which reflects the relative likelihood of each composition to
mix homogeneously; green being a high likelihood of mixing and red being a low likelihood of mixing.

5.4.2 Adsorption Energies

As can be seen from Figure 5.6, the majority of the data adheres to the universal scaling relation of

Equation 5.6. The strongest outliers are attributed to inconsistencies during the structural relaxation.

Such inconsistencies included an alternative binding of the adsorbate, non-binding of the adsorbate,

or dissociation of part of the adsorbate after binding. In all cases, different bonds were being broken

and formed compared to the single bond formed in Figure 5.1. Moreover, those that did not could be

explained as being aberrations from the usual adsorption configuration (see Figure 5.7 for an example).

155



Figure 5.6: Plot of ∆EOOH versus ∆EOH for each of the 50:50 rutile mixtures. The black line
represents the universal scaling relation of Equation 5.6. The "Site" numbering corresponds to the
numbering of each adsorption site as presented in Figure 5.4b. This figure shows that the majority of
the data from this work is in accordance with the aforementioned universal scaling relation.

This would have altered the resultant total energy of the adsorption process, creating the outlier energy.

Despite these inconsistencies, the outliers themselves may not be unrepresentative of the OER process.

On the contrary, they may be representative of an alternative OER reaction mechanism. However,

Man et al’s universal scaling relation was not established with such mechanisms in mind. Furthermore,

structural consistency would make the screening procedure more expedient and easier to analyse. For

future work, a possible means to prevent such outliers from occurring would be to restrict (freeze) the

adsorbate ions, similarly to the frozen slab layers, along all dimensions except the c-axis (see Figure

5.7). Thus, during the structural relaxation of the system, the atoms of the adsorbate may only be

lowered or raised from the slab, making them much less likely to bind to adjacent atoms on the slab.

This may also have the added benefit of further reducing the calculation time because there would be

fewer degrees of freedom available during such a calculation.
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(a) Angle 1 (b) Angle 2

Figure 5.7: The corresponding structure for the outlier at approximately 23 eV on the EHOO axis
in Figure 5.6, presented at two different angles. It can be seen that the oxygen atoms of the
hydroperoxyl adsorbate have each bound to a separate metal ion as opposed to a single oxygen atom
binding to a single metal atom. Moreover, the hydrogen atom appears to have dissociated from the
adsorbate and has bound to an adjacent bridging oxygen atom of the slab model.

Figure 5.8 gives the volcano plot data of Figure 5.6, including the outliers, using Equation 5.9. From

left to right of Figure 5.8, the ordering of the pure compounds agrees well with that of Man et al58:

(MnO2, IrO2, RuO2, PtO2, TiO2 and SnO2). The rearrangement of IrO2 and RuO2 may be due

to the differences in the calculation parameters. In particular, Man et al. used the Revised Perdew

Burke Ernzerhof 483 (RPBE) functional, whereas the Perdew Burke Ernzerhof (PBE) functional was

used here. Indeed, the supplementary material of Svane et al’s work demonstrated that a similar

rearrangement of the activity of IrO2 and RuO2 could be achieved by using a different functional59.

This may also explain why RuO2 and PtO2 are closer to the peak of the volcano in Man et al’s data58.

Regarding the mixed systems, each of the mixtures is situated on the right-hand side of the volcano,

indicating an overbinding of the adsorbate. However, a notable exception was GePb. Depending on

the particular site of adsorption, GePb sat on either the left or right-hand side of the volcano and

this is illustrated via the error bars for GePb in Figure 5.8. Descending from the peak of the volcano,

the most catalytically active mixtures are: GePb, MnRu, IrRu, GeIr, PbRu and MnTi. Ascending

from the bottom of the volcano, the least catalytically active mixtures are GeSn, PbSn, SnTi, GeTi,

PbTi and IrMn. Besides GePb, mixtures containing Ir and Ru were expected to be the most effective

catalysts due to their superior performance as pure compounds. Using the same reasoning, compounds

containing Sn and Ti were among the least effective catalysts.

Compounds containing Ge and Pb were among both the best and worst performing compounds de-

pending on the species that they were combined with. This may indicate an ability of Ge and Pb to
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Figure 5.8: Volcano plot of the adsorption energies from this work. The black line is a linear plot of
η to define the volcano. The red triangles correspond to the pure compounds and the blue circles
correspond to the average adsorption energies of sites 1-8 for each of the mixtures (including the
aforementioned outliers of Figure 5.6). The horizontal error bars correspond to the standard
deviation of the mean for each mixture’s adsorption energy.

passively maintain the catalytic activity. Therefore, they may be good candidates for an inert scaffold

for more active compounds, such as RuO2 or IrO2. Given its position on the volcano and its abun-

dance, GePb may seem to be a near-ideal candidate for further study. However, its high enthalpy

of mixing (see Figure 5.5) may make a homogeneous synthesis prohibitive. Consequently, MnTi may

prove a more promising compromise: being the sixth mixture furthest from the peak of the volcano,

containing relatively abundant elements, and having a substantially lower mixing energy than that of

GePb. Moreover, a recent study by Zhou et al430 has highlighted the enhanced activity of Mn and Ti

when used together in mixtures of four and five-component mixtures of Mn, Sb, Sn, Ti and O.

5.4.3 Intermediate Compositions

Whilst relying on the existing ATAT database, the above method was limited to 50:50 compositions.

As such, it would be desirable to have a method in which intermediate compositions can be generated

and tested. It is further noted from Figure 5.8 that, in many cases, the error bars demonstrated a
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greater degree of variation, per adsorption site, than the 0.1 eV upper limit to the precision of the

mixed system adsorption energies. As such, data across different compositions and an appropriately

wide range of catalytic activities may still provide qualitative information, despite the aforementioned

limit to the precision.

(a) 25 % Ru (b) 50 % Ru (c) 75 % Ru

Figure 5.9: SQS structures for the RuTi intermediate compositions generated via ICET33.

To this end, the ICET package was used to generate SQS structures of the RuTi mixture with 25%

50% and 75% Ru. RuTi was chosen for this investigation because Ru and Ti are well-studied within

the field and the 50:50 composition data presented minimal outliers. Furthermore, Ru and Ti each

represent opposite extremes in catalytic activity. Thus, providing the maximal possible range within

which to distinguish the effects of each component. If components of similar reactivity (i.e. Ru and Ir)

were to be used, it may have been difficult to distinguish the performance of particular compositions

from the error margin across different adsorption sites. For these calculations, the same benchmarks as

the ATAT database structures were used. However, exhaustive enumeration of the SQS structures was

used, as opposed to Monte-Carlo algorithm generation. This was because the computational expense

was manageable using the available computational resources. This produced the structures in Figure

5.9. Their thermodynamic properties are given in Table 5.1.

Mixture ∆H(mix) ∆G(mix) Tc(mix)

RuTi(ATAT) 132.62 -154.38 138.73
RuTi(25perc) 106.68 -466.32 55.82
RuTi(50perc) 132.41 -154.59 138.50
RuTi(75perc) 103.79 -469.21 54.31

Table 5.1: Thermodynamic properties of the RuTi SQS unit cells.

It can be seen that the ATAT and ICET 50:50 compositions are in good agreement. The 25% and 75%

Ru compositions are of comparable synthesisability and are both expected to be more synthesisable

than the 50:50 composition. The corresponding volcano plot is given in Figure 5.10. Due to the

compositional differences, the binding sites did not consistently correspond to the same atomic species

(Ru or Ti), nor were an equal number of species available for each binding site. This presents a general
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challenge when studying non-50:50 compositions, as a simple averaging of all of the adsorption site

binding energies (as for Figure 5.8) would skew the averaged result. For instance, a 75% composition

of Ru may only perform better than a 25% composition due to a higher number of Ru sites that are

available for adsorption.

Figure 5.10: Volcano plot of the adsorption energies. The black line plots the ideal scaling relations
that form the volcano. The red triangles correspond to the pure compounds. The blue circles
correspond to the Ti adsorbate binding sites, whilst the green circles correspond to the Ru adsorbate
binding sites. The error bars are the standard deviation between the two binding sites for each
species (ruthenium or titanium).

Fortunately, each of the compositions shared the same atomic species for Ti binding sites 1 and 4 and

Ru binding sites 5 and 6. The Ru binding sites may be closest to the peak of the volcano due to the

superior catalytic activity of Ru. Unexpectedly, an overall higher Ru content did not necessarily imply

a greater catalytic activity for both Ru and Ti binding sites. Another unexpected observation is that

the 50% Ru composition performs more poorly than the 25% Ru composition when Ti is the binding

site. However, the spread of the 50% Ru composition for Ti binding sites was much greater than that

of Ru. This may be rationalised by considering the mere presence of Ru as the driving force in this

step of the OER reaction, with the average adsorption energy being relatively insensitive to the local

environment. Conversely, Ti as a binding site may be incredibly sensitive to the local environment.

This would explain the wider spread in catalytic activity for the Ti binding site and the apparent lack

of correlation with the bulk concentration of Ru.
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5.5 Conclusions and Future Work

In this chapter, SQS models were used to rapidly screen a large number of binary rutile oxide mixtures

for their thermodynamic properties and catalytic activities. The ordering of the catalytic activities

of the pure compounds was found to agree with past studies58,59. Mixture slab generation was rapid

and has the potential to be automatable with appropriate slab generation475,476 and symmetry anal-

ysis484,409 tools. Said mixed slabs suffered from an adsorption energy precision to within 0.1 - 0.05

eV. This was attributed to the inherent lack of long-range order that accompanied the mixed systems.

However, this level of precision appeared to be sufficient to derive qualitative trends across a sufficiently

wide range of catalytic activities. It is therefore recommended that the presently suggested method be

used as such unless the absolute convergence of the mixed system adsorption can be improved. In this

regard, future improvements to the presently suggested method include:

Improved dipole corrections Given the reduced degree of confidence in the quantitative precision

of the mixed slab adsorption energies, caused by poor convergence of the slab total energy, it would be

desirable to develop alternative dipole corrections, as opposed to the protocol used here, to compensate

for the loss of long-range order within mixed slab systems.

Consistency of the slab model dimensions It is acknowledged that the generation of slab models

for more complex (i.e. non-cubic) crystalline compounds may be more difficult to achieve. To address

this problem, fixing the shape of the SQS supercell during an ICET SQS generation and using a larger

(ideally near-cubic) supercell is recommended. This would substantially reduce the required amount

of benchmarking and human intervention, at the cost of a slight increase in the computational cost per

calculation due to the extra number of clusters that would be required to maintain the unit cell shape.

Spin polarisation IrO2, MnO2, and RuO2 are each open shell oxides, each with their magnetic

structures485,442,486. A consideration of this for the adsorption energy calculations may improve the

agreement with future experimental results. However, this would inevitably increase the computational

expense of the screening procedure because each calculation would be more expensive. Moreover,

the complexity of the screening procedure would be increased for such mixtures as an initial guess

magnetic structure would have to be specified and optimised in the electronic minimisation. A small-

scale investigation into the differences between the closed-shell and open-shell cases would be helpful

in this regard.

Choice of functional Since only the PBE functional was used in this work, it is unclear how impor-
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tant the choice of functional is in the estimation of the catalytic activity. Man et al claimed that the

RPBE functional483 performed well for the compounds studied in their work58 whilst Svane et al’s

work also stressed the sensitivity of the catalytic activity to the DFT functional59. For comparison,

repeating this work with the RPBE functional may be useful. Additionally, obtaining the adsorption

energy with HSE06, using the output of this work as a pre-converged basis, may also yield useful

comparative data for hybrid functionals.

Electrochemical interface effects Similar to the discussion of interface dipoles in Chapter 3. A

more sophisticated consideration of the electrochemical interface is expected to further refine the ac-

curacy of the adsorption calculations from this work. For example, due to the mere application of a

potential (voltage/bias) during operation, charges and dipoles from the electrolyte arrange themselves

close to the surface of the electrode via electrostatic attraction. These ordered layers of electrolyte

molecules have different properties to the "bulk" electrolyte, screening the electric field of the electrode,

and causing fluctuations in the electrostatic potential moving from the electrode surface towards the

bulk of the electrolyte. This effect is described as the electrical double layer. Moreover, the mi-

crostructure (and therefore the behaviour of) the electrical double layer is dependent on the applied

potential487. As such, the adsorption energies from this work may be corrected in light of a quantitative

model of the electrical double-layer (i.e. interface dipole correction) for a given system.
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Summary

In summary, the first two chapters have outlined the challenges relating to photoelectrochemical water

splitting and how such challenges may be addressed using density functional theory. The subsequent

three chapters took three such density functional theory implementations and adapted them into more

efficient workflows for a materials screening or inverse materials design procedure. In this regard, the

results from each of these chapters are summarised in terms of the presently suggested ideal materials

screening criteria below.

Inexpensive "The calculations require minimal computing power. This would allow the procedure to

analyse a large number of candidates in a short period of time." The Frensley and Kroemer band

alignment method merely required the geometry to be optimised and an electronic minimisation of the

bulk primitive unit cell to be performed using an enhanced FFT grid. This was far less expensive than

the traditional slab model generation method of band alignment. Regarding the polaron calculations,

it was observed that reducing the number of k-points for a polaron calculation greatly reduced the

computational overhead when compared to a fully converged counterpart. It was also suggested that

the computational expense may be further reduced by using the structural distortion as a proxy

for the self-trapping energy. Regarding the corrosion resistance chapter, an SQS model provided a

single representative alloy structure as the basis for thermodynamic and catalytic activity calculations.

When compared to the generation and enumeration of multiple structures for the calculation of each

property, this greatly reduced the required benchmarking and verification time of such thermodynamic

and catalytic activity calculations.

Automatable "The implementation and analysis of the calculations require minimal human inter-

vention. This would accelerate the output of data and reduce the chances of human error influencing
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the result." The Frensley and Kroemer method can be easily automated since automated geometry

optimisation and electronic minimisation packages are already available. The only additional required

step is the extraction of the interstitial potentials, which may be performed using the Macrodensity

package281,20. Regarding the polaron calculations, a convenient means with which to automate polaron

and defect calculations, using the bond distortion method, has recently been developed by Mosquera-

Lois et al314. Therefore, a reduction in the k-point grid density would be easy to implement using their

suggested package, shakenbreak 313. Lastly, SQS models for any mixed crystal system may be rapidly

generated using the ATAT or ICET packages. For facile slab model generation, said SQS models may

be generated as being as close to cubic as possible, or made as such via supercell transformations.

Accurate "The calculations produce results that, at minimum, qualitatively reflect the trends in the

properties of known systems." It has been demonstrated, both here and by Tung18, that the Frensley

and Kroemer method produces band alignment results that are at least on par with other models of

the time. The polaron morphologies were also shown to be accurate for several simple, well-studied

systems and had reasonable self-trapping energies once fully converged. Lastly, SQS models are known

to accurately represent the thermodynamic properties of alloy systems and it has been demonstrated

here that catalytic activity calculations produce results that are consistent with the scaling relations

derived by Man et al58.

Understood in terms of its limitations "The limitations of the screening procedure are known and

easily identifiable, to avoid misleading results." It has been a general theme of this work that materials

screening procedures must forego some degree of quantitative precision in exchange for computational

speed. Notably, the Frensley and Kroemer method lacks a consideration of the interface dipole and

its accuracy appears to decline with the magnitude of the lattice parameter. Regarding the polaron

calculations, reducing the k-point density appears to directly affect the polaron morphology and self-

trapping energy for some systems, notably Co3O4. Moreover, supercell size selection is difficult to

establish a priori. Regarding the corrosion resistance chapter, the number of surface sites available for

adsorption during an SQS-based slab calculation is dependent on the composition. As such, adsorption

data for a particular mixture component, at low concentrations of said component, may be difficult to

determine. Additional measures have been suggested to reduce the number of outlier adsorptions and

to exclude highly distorted candidates.

Modular "The components of the screening procedure function independently. This would enable

convenient experimentation with different approximations, standards, and machine learning implemen-

tations. Practically, this also makes the development of the procedure, including error correction, more
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manageable." The Frensley and Kroemer method merely requires a reading of the spatially resolved

electrostatic potential from an electronic structure calculation. Hence, it may be added to, or removed

from, a given screening procedure without requiring substantial reconsideration. Regarding the polaron

calculations, using a reduced k-point sampling for the polaron states may be implemented by merely

altering the standard input file, whilst the structural distortions may be applied, adapted, or removed

using the standard functions and packages that were mentioned in this work. Lastly, the SQS method

may be used with/without other cluster expansion techniques, and the site occupancies of a given SQS

model may be easily adjusted and rearranged using the ICET package33,434. Overall, this provides a

modular and flexible base structure for further experimentation.

It is hoped that the methods and data presented in this work will inform a reader that is interested

in the rapid screening of photoelectrochemical cell electrodes. It is further hoped that the procedures

suggested here will promote the discovery and synthesis of more efficient and abundant compounds for

photoelectrochemical cell device development. These procedures may be implemented as cost-saving

measures for direct property calculations or as low-cost feature calculators for use in a machine-learning

algorithm.
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Data tables

The following appendix lists the data used in the most pertinent figures presented in the preceding

chapters. This is merely for the reader’s reference should they require precise values for further study.
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A.1 Band Alignment

Ionisation Potential / eV
Compound Reference Frensley(1977) VDWM(1987) Harrison(1985)

BeSe NaN NaN NaN NaN
CuBr -4.200 NaN NaN NaN
InSb -4.830 NaN -5.82 -8.61
AlAs -4.270 -3.96 -7.40 -9.67
AgI NaN NaN NaN NaN
BeTe NaN NaN NaN NaN
GaP -6.560 -4.12 -7.37 -10.21
CdSe -6.300 -5.29 NaN -10.97
SiC -6.360 NaN NaN NaN
BAs -6.544 NaN NaN NaN
CuCl NaN NaN NaN NaN
GaSb -4.790 -3.89 -5.98 -8.67
CdTe -5.720 -4.90 -6.76 -9.80
ZnSe -6.820 -5.07 -8.23 -11.06
BN NaN NaN NaN NaN

ZnTe -5.790 -4.74 -6.87 -9.87
Ge -4.670 -3.25 -6.25 -8.97
CuI NaN NaN NaN NaN
BeS NaN NaN NaN NaN
AlP -4.930 NaN -8.09 -10.22
InN -6.450 NaN NaN NaN

GaAs -5.490 -3.96 -6.81 -9.64
Si -5.160 -3.16 -7.02 -9.35

AlSb -5.200 -3.94 -6.44 -8.76
CdS -6.920 -5.42 NaN -11.89
InAs -5.260 NaN NaN NaN
BP NaN NaN NaN NaN
InP -5.720 -4.58 -7.00 -10.03
ZnS -7.600 -5.34 -9.13 -12.00

Table A.1: Tabulated data for Figures 3.3, 3.10a, 3.11.
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Lattice Parameter / Å
Compound Reference LDA PBEsol

BeSe 5.13900 5.086 5.135
CuBr 5.69050 5.509 5.591
InSb 6.47877 6.470 6.543
AlAs 5.66220 5.638 5.683
AgI 6.50200 6.358 6.453
BeTe 5.62600 5.564 5.614
GaP 5.44950 5.426 5.476
CdSe 6.05000 6.025 6.097
SiC 4.34800 4.331 4.360
BAs 4.77700 4.742 4.779
CuCl 5.40570 5.219 5.301
GaSb 6.09540 6.066 6.130
CdTe 6.47700 6.421 6.499
ZnSe 5.66760 5.575 5.642
BN 3.61500 3.585 3.610

ZnTe 6.10100 6.002 6.072
Ge 5.65754 5.647 5.704
CuI 6.04270 5.866 5.946
BeS 4.86500 4.796 4.840
AlP 5.45100 5.435 5.472
InN 4.98000 5.009 5.058

GaAs 5.56315 5.627 5.685
Si 5.43072 5.404 5.438

AlSb 6.13550 6.122 6.171
CdS 5.83200 5.775 5.839
InAs 6.05838 6.060 6.124
BP 4.53800 4.492 4.523
InP 5.86875 5.879 5.934
ZnS 5.40930 5.304 5.362

Table A.2: Tabulated calculated data and reference1,2,3 lattice parameter data for Figures 3.9 and
3.10a.
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Sampling Volume / n× n× n
Compound 1 2 3 4 5 6 7 8 9 10

AlAs -4.37 -4.36 -4.35 -4.34 -4.32 -4.30 -4.27 -4.24 -4.19 -4.13
AlP -4.48 -4.48 -4.47 -4.46 -4.44 -4.41 -4.38 -4.33 -4.28 -4.21
AlSb -4.16 -4.16 -4.15 -4.14 -4.13 -4.11 -4.08 -4.05 -4.00 -3.95
BAs -2.78 -2.78 -2.76 -2.74 -2.70 -2.64 -2.56 -2.46 -2.33 -2.16
BN -2.63 -2.61 -2.58 -2.53 -2.46 -2.36 -2.22 -2.04 -1.79 -1.49
BP -2.86 -2.85 -2.83 -2.78 -2.72 -2.63 -2.50 -2.34 -2.12 -1.83
BeS -4.94 -4.94 -4.93 -4.91 -4.88 -4.85 -4.80 -4.74 -4.65 -4.55
BeSe -4.68 -4.68 -4.66 -4.65 -4.62 -4.58 -4.53 -4.47 -4.38 -4.27
BeTe -4.23 -4.23 -4.22 -4.21 -4.18 -4.15 -4.10 -4.04 -3.96 -3.86
CdS -5.12 -5.12 -5.12 -5.11 -5.10 -5.09 -5.08 -5.06 -5.04 -5.01
CdSe -5.05 -5.05 -5.04 -5.04 -5.03 -5.02 -5.00 -4.98 -4.96 -4.93
CdTe -4.80 -4.80 -4.80 -4.79 -4.78 -4.77 -4.76 -4.74 -4.72 -4.70
CuBr -4.26 -4.25 -4.25 -4.24 -4.22 -4.20 -4.17 -4.14 -4.09 -4.03
CuCl -4.12 -4.12 -4.11 -4.10 -4.08 -4.06 -4.03 -3.99 -3.94 -3.88
CuI -4.25 -4.25 -4.24 -4.23 -4.22 -4.20 -4.17 -4.13 -4.08 -4.02

GaAs -4.01 -4.01 -4.00 -3.99 -3.98 -3.95 -3.92 -3.88 -3.84 -3.77
GaP -4.12 -4.11 -4.11 -4.09 -4.07 -4.04 -4.01 -3.96 -3.91 -3.83
GaSb -3.82 -3.82 -3.81 -3.80 -3.78 -3.76 -3.73 -3.70 -3.65 -3.59
Ge -3.47 -3.47 -3.46 -3.45 -3.43 -3.41 -3.37 -3.33 -3.27 -3.21

InAs -4.22 -4.21 -4.20 -4.19 -4.18 -4.17 -4.15 -4.13 -4.10 -4.07
InN -3.83 -3.83 -3.82 -3.81 -3.79 -3.78 -3.76 -3.75 -3.73 -3.71
InP -4.28 -4.28 -4.27 -4.26 -4.25 -4.24 -4.22 -4.20 -4.18 -4.15
InSb -4.07 -4.07 -4.06 -4.06 -4.05 -4.04 -4.02 -4.00 -3.98 -3.95
Si -3.72 -3.71 -3.70 -3.68 -3.65 -3.62 -3.57 -3.51 -3.43 -3.33

SiC -3.05 -3.04 -3.02 -2.99 -2.95 -2.91 -2.85 -2.79 -2.70 -2.60
ZnS -4.95 -4.95 -4.94 -4.93 -4.91 -4.89 -4.86 -4.83 -4.78 -4.71
ZnSe -4.85 -4.85 -4.84 -4.83 -4.82 -4.80 -4.77 -4.74 -4.69 -4.64
ZnTe -4.54 -4.53 -4.52 -4.52 -4.50 -4.48 -4.46 -4.42 -4.38 -4.32

Table A.3: Tabulated data for Figures 3.8 and 3.9.
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Ionisation Potential / eV Electron Affinity / eV
Compound HSE06 SCAN PBEsol LDA HSE06 SCAN PBEsol LDA

BeSe -5.12 -4.74 -4.68 -4.70 -1.60 -1.63 -2.18 -2.26
CuBr -5.04 -4.20 -4.26 -4.37 -2.83 -3.32 -3.82 -3.86
InSb -4.27 -4.04 -4.15 -4.13 -3.93 -4.04 -4.07 -3.66
AlAs -4.66 -4.38 -4.37 -4.41 -2.51 -2.59 -3.00 -3.06
AgI -5.65 -5.23 -5.15 -5.19 -3.16 -3.60 -3.95 -4.10
BeTe -4.55 -4.19 -4.24 -4.25 -1.91 -1.97 -2.39 -2.45
GaP -4.40 -4.15 -4.12 -4.15 -2.08 -2.24 -2.60 -2.70
CdSe -5.40 -5.14 -5.04 -5.12 -3.85 -4.20 -4.57 -4.70
SiC -3.50 -2.95 -3.05 -3.09 -1.17 -1.17 -1.75 -1.73
BAs -3.03 -2.72 -2.78 -2.81 -1.18 -1.30 -1.70 -1.70
CuCl -4.97 -4.05 -4.13 -4.28 -2.53 -3.11 -3.59 -3.61
GaSb -4.05 -3.78 -3.81 -3.86 -3.27 -3.71 -3.81 -3.74
CdTe -5.09 -4.85 -4.80 -4.86 -3.56 -3.85 -4.17 -4.22
ZnSe -5.28 -4.96 -4.87 -4.90 -2.80 -3.14 -3.64 -3.63
BN -3.34 -2.60 -2.62 -2.66 2.54 2.45 1.73 1.79

ZnTe -4.86 -4.56 -4.54 -4.57 -2.63 -2.92 -3.32 -3.27
Ge -3.64 -3.47 -3.47 -3.53 -3.07 -3.22 -3.41 -3.42
CuI -4.88 -4.22 -4.26 -4.34 -2.16 -2.60 -3.09 -3.05
BeS -5.47 -5.03 -4.95 -4.97 -1.37 -1.41 -1.99 -2.10
AlP -4.81 -4.50 -4.49 -4.54 -2.47 -2.54 -3.00 -3.09
InN -4.23 -3.78 -3.88 -3.91 -3.84 -2.48 -3.83 -2.76

GaAs -4.26 -4.02 -4.01 -4.05 -2.99 -3.32 -3.62 -3.55
Si -3.93 -3.71 -3.72 -3.75 -2.74 -2.85 -3.23 -3.28

AlSb -4.41 -4.14 -4.15 -4.22 -2.57 -2.75 -3.02 -3.10
CdS -5.53 -5.22 -5.12 -5.20 -3.35 -3.72 -4.12 -4.24
InAs -4.45 -4.25 -4.23 -4.28 -4.12 -3.12 -4.23 -4.28
BP -3.15 -2.79 -2.85 -2.89 -1.17 -1.24 -1.71 -1.73
InP -4.54 -4.32 -4.28 -4.34 -3.23 -3.43 -3.80 -3.82
ZnS -5.45 -5.05 -4.96 -5.00 -2.00 -2.32 -2.88 -2.86

Table A.4: Tabulated data for Figures 3.11 and 3.11.
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Ionicity
Compound Phillips Frensley Bader

BeSe 0.261 0.12 1.60
CuBr 0.735 0.07 0.50
InSb 0.321 0.21 0.49
AlAs 0.274 0.47 2.02
AgI 0.770 0.10 0.31
BeTe 0.169 0.14 1.52
GaP 0.327 0.36 0.86
CdSe 0.699 0.53 0.81
SiC 0.177 1.12 2.78
BAs 0.002 0.52 0.14
CuCl 0.746 0.20 0.61
GaSb 0.261 0.01 0.39
CdTe 0.717 0.30 0.61
ZnSe 0.630 0.35 0.84
BN 0.256 0.61 2.26

ZnTe 0.609 0.10 0.62
Ge 0.000 0.00 0.00
CuI 0.692 0.11 0.34
BeS 0.286 0.24 1.64
AlP 0.307 0.59 2.12
InN 0.578 1.26 1.34

GaAs 0.310 0.26 0.71
Si 0.000 0.00 0.01

AlSb 0.250 0.19 1.76
CdS 0.685 0.66 0.93
InAs 0.357 0.48 0.74
BP 0.006 0.49 0.68
InP 0.421 0.59 0.85
ZnS 0.623 0.49 0.96

Table A.5: Tabulated data for Figure 3.15.
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Band Gap / eV
Compound Reference HSE06 SCAN PBEsol LDA

BeSe 4-4.5 3.52 3.11 2.50 2.44
CuBr 2.1 2.21 0.88 0.44 0.51
InSb 0.235 0.34 0.00 0.08 0.47
AlAs 2.36 2.15 1.79 1.37 1.35
AgI 1.4 2.49 1.63 1.20 1.09
BeTe 2.7 2.64 2.22 1.85 1.80
GaP 2.26 2.32 1.91 1.52 1.45
CdSe 1.74 1.55 0.94 0.47 0.42
SiC 2.36 2.33 1.78 1.30 1.36
BAs 1.46 1.85 1.42 1.08 1.11
CuCl 3.1 2.44 0.94 0.54 0.67
GaSb 0.726 0.78 0.07 0.00 0.12
CdTe 1.44 1.53 1.00 0.63 0.64
ZnSe 2.82 2.48 1.82 1.23 1.27
BN 6.2 5.88 5.05 4.35 4.45

ZnTe 2.26 2.23 1.64 1.22 1.30
Ge 0.67 0.57 0.25 0.06 0.11
CuI 3.1 2.72 1.62 1.17 1.29
BeS 5.5 4.10 3.62 2.96 2.87
AlP 2.42 2.34 1.96 1.49 1.45
InN 0.65 0.39 1.30 0.05 1.15

GaAs 1.42 1.27 0.70 0.39 0.50
Si 1.11 1.19 0.86 0.49 0.47

AlSb 1.6 1.84 1.39 1.13 1.12
CdS 2.42 2.18 1.50 1.00 0.96
InAs 0.36 0.33 1.13 0.00 0.00
BP 2.1 1.98 1.55 1.14 1.16
InP 1.344 1.31 0.89 0.48 0.52
ZnS 3.7 3.45 2.73 2.08 2.14

Table A.6: Tabulated reference1,2,4,5,6,7,8,9,3 and calculated band gap data for Figure 3.10.
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A.2 GULP Output Data

The following section contains snippets of the GULP input and output files of Ewald summation

calculations that were referred to in the third chapter. The output files show that the interstitial

potentials (I1 and I2 ) average to zero.

A.2.1 Zinc Blende

Input File

dist single pot

cell

5.6 5.6 5.6 90.000000 90.000000 90.000000

space

216

fractional

Ga core 0.000000 0.000000 0.000000

As core 0.250000 0.250000 0.250000

I1 core 0.500000 0.500000 0.500000

I2 core 0.750000 0.750000 0.750000

species

Ga core 1.0

As core -1.0

I1 core 0

I2 core 0
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Output File

Space group (noncentrosymmetric) : F -4 3 M

Fractional coordinates of asymmetric unit :

--------------------------------------------------------------------------------

No. Atomic x y z Charge Occupancy

Label (Frac) (Frac) (Frac) (e) (Frac)

--------------------------------------------------------------------------------

1 Ga c 0.000000 0.000000 0.000000 1.00000 1.000000

2 As c 0.250000 0.250000 0.250000 -1.00000 1.000000

3 I1 c 0.500000 0.500000 0.500000 0.00000 1.000000

4 I2 c 0.750000 0.750000 0.750000 0.00000 1.000000

-------------------------------------------------------------------------------

Lattice summation method = Ewald (3-D)

Electrostatic potential at atomic positions :

-------------------------------------------------------------------------------

Site Atomic Potential Derivatives (V/Angs)

No. Label (V) x y z

-------------------------------------------------------------------------------

1 Ga c -9.727361 -0.000000 -0.000000 -0.000000

2 As c 9.727361 0.000000 0.000000 0.000000

3 I1 c -0.740037 -0.000000 -0.000000 -0.000000

4 I2 c 0.740037 0.000000 -0.000000 -0.000000

-------------------------------------------------------------------------------
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A.2.2 Rocksalt

Input File

dist single pot

cell

5.64 5.64 5.64 90.000000 90.000000 90.000000

space

225

fractional

Na core 0.000000 0.000000 0.000000

Cl core 0.500000 0.000000 0.000000

I1 core 0.250000 0.250000 0.250000

species

Na core 1.0

Cl core -1.0

I1 core 0
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Output File

Space group (centrosymmetric) : F M 3 M

Fractional coordinates of asymmetric unit :

--------------------------------------------------------------------------------

No. Atomic x y z Charge Occupancy

Label (Frac) (Frac) (Frac) (e) (Frac)

--------------------------------------------------------------------------------

1 Na c 0.000000 0.000000 0.000000 1.00000 1.000000

2 Cl c 0.500000 0.000000 0.000000 -1.00000 1.000000

3 I1 c 0.250000 0.250000 0.250000 0.00000 1.000000

--------------------------------------------------------------------------------

Lattice summation method = Ewald (3-D)

Electrostatic potential at atomic positions :

-------------------------------------------------------------------------------

Site Atomic Potential Derivatives (V/Angs)

No. Label (V) x y z

-------------------------------------------------------------------------------

1 Na c -8.923584 0.000000 0.000000 0.000000

2 Cl c 8.923584 -0.000000 -0.000000 -0.000000

3 I1 c 0.000000 0.000000 0.000000 0.000000

-------------------------------------------------------------------------------
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A.2.3 Perovskite

Input File

dist single pot

cell

7.6438 7.6438 7.6438 90.000000 90.000000 90.000000

space

221

fractional

Ca core 0.000000 0.000000 0.000000

O core 0.500000 0.500000 0.000000

Ti core 0.500000 0.500000 0.500000

I1 core 0.250000 0.250000 0.250000

species

Ca core 2.0

O core -2.0

Ti core 4.0

I1 core 0
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Output File

Space group (centrosymmetric) : P M 3 M

Fractional coordinates of asymmetric unit :

--------------------------------------------------------------------------------

No. Atomic x y z Charge Occupancy

Label (Frac) (Frac) (Frac) (e) (Frac)

--------------------------------------------------------------------------------

1 Ca c 0.000000 0.000000 0.000000 2.00000 1.000000

2 O c 0.500000 0.500000 0.000000 -2.00000 1.000000

3 Ti c 0.500000 0.500000 0.500000 4.00000 1.000000

4 I1 c 0.250000 0.250000 0.250000 0.00000 1.000000

--------------------------------------------------------------------------------

Lattice summation method = Ewald (3-D)

Electrostatic potential at atomic positions :

-------------------------------------------------------------------------------

Site Atomic Potential Derivatives (V/Angs)

No. Label (V) x y z

-------------------------------------------------------------------------------

1 Ca c -10.148685 -0.000000 -0.000000 -0.000000

2 O c 12.161952 -0.000000 -0.000000 0.000000

3 Ti c -23.317270 -0.000000 -0.000000 -0.000000

4 I1 c -0.000000 0.000000 0.000000 0.000000

-------------------------------------------------------------------------------
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A.3 Self Trapping

Compound # Primitive cells MP Grid Density
Bi2O3 16 Nan
BiVO4 16 3×4×3
CdO 12 Nan

Co3O4 12 4×5×3
Cr2O3 16 4×4×4
Cu2O 27 Nan
CuO 6 Nan
Fe2O3 16 4×4×4
In2O3 6 3×4×4
MoO3 12 Nan
NiO 1 Nan
SnO 27 Nan

SrTiO3 27 4×4×4
WO3 8 Nan
ZnO 27 Nan

TiO2 (Rutile) 16 5×5×4
TiO2 (Anatase) 16 4×5×4
VO2 (Rutile) 16 5×5×4

VO2 (Monoclinic) 16 Nan

Table A.7: Supercell parameters that were used for self-trapping calculations displayed in Section
4.2. Listed are the number of primitive unit cells included in the supercells and their converged
Monkhorst-Pack grid densities. Note that for magnetic systems, such as NiO and CuO, the primitive
cells correspond to the magnetic primitive cell and not the structural primitive cell which ignores any
magnetic ordering of the lattice. Non-magnetic primitive cell structure files were sourced from the
Materials Project database10. Magnetic primitive cell structure files were sourced from the
MAGNDATA database11,12,13,14. Note also that the non-localising or non-converging polaron
calculations do not have converged k-point data because they were discarded from further
convergence testing.
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A.4 Corrosion Resistance

Energies / eV
Adsorbate TiO2 GeO2 SnO2 IrO2 RuO2 PbO2 MnO2 PtO2

None -1672.28 -1204.27 -1174.03 -1321.24 -1400.59 -1009.87 -1464.80 -1096.08
O -1675.25 -1206.81 -1176.56 -1327.26 -1406.70 -1011.76 -1471.47 -1100.87

OH -1681.52 -1213.03 -1182.98 -1331.60 -1410.89 -1017.99 -1475.45 -1106.43
OOH -1685.68 -1217.89 -1187.73 -1336.54 -1415.63 -1023.22 -1480.04 -1110.71

Table A.8: Tabulated data for Figure 5.6.

Binding Energies / eV
Adsorbate Site PtRu IrMn IrPt PbSn GeTi PtSn

None None -1248.65 -1392.35 -1208.51 -1089.99 -1435.32 -1130.62
O 1 -1254.52 -1398.22 -1214.10 -1092.86 -1437.82 -1135.27
O 2 -1253.11 -1393.23 -1214.22 -1092.30 -1438.62 -1134.99
O 3 -1252.94 -1394.54 -1214.07 -1092.33 -1438.59 -1133.79
O 4 -1253.01 -1393.91 -1212.75 -1092.37 -1438.81 -1134.58
O 5 -1253.21 -1395.40 -1212.83 -1091.95 -1438.49 -1135.65
O 6 -1254.62 -1396.36 -1212.80 -1091.87 -1437.83 -1135.48
O 7 -1254.74 -1393.72 -1212.85 -1092.06 -1437.76 -1136.34
O 8 -1254.66 -1398.36 -1214.13 -1092.03 -1437.74 -1135.64
O AVG -1253.85 -1395.47 -1213.47 -1092.22 -1438.21 -1135.22
O MIN -1254.74 -1398.36 -1214.22 -1092.86 -1438.81 -1136.34
O STD 0.79 1.87 0.66 0.30 0.43 0.73

OH 1 -1259.15 -1403.28 -1219.15 -1099.11 -1444.92 -1141.32
OH 2 -1259.05 -1400.01 -1219.35 -1099.19 -1444.94 -1140.64
OH 3 -1258.91 -1400.00 -1219.28 -1099.22 -1444.77 -1140.60
OH 4 -1259.02 -1400.02 -1218.63 -1099.15 -1445.01 -1140.56
OH 5 -1259.10 -1402.40 -1218.81 -1098.82 -1444.77 -1140.78
OH 6 -1259.28 -1400.14 -1218.76 -1098.75 -1444.58 -1141.16
OH 7 -1259.39 -1403.28 -1218.82 -1098.90 -1444.62 -1141.42
OH 8 -1259.30 -1403.40 -1219.27 -1098.93 -1444.58 -1141.24
OH AVG -1259.15 -1401.57 -1219.01 -1099.01 -1444.77 -1140.96
OH MIN -1259.39 -1403.40 -1219.35 -1099.22 -1445.01 -1141.42
OH STD 0.15 1.55 0.26 0.17 0.16 0.33

OOH 1 -1263.55 -1407.77 -1223.62 -1103.68 -1448.90 -1146.52
OOH 2 -1263.46 -1405.26 -1223.82 -1103.75 -1448.99 -1144.83
OOH 3 -1262.98 -1405.28 -1223.48 -1103.72 -1448.93 -1144.72
OOH 4 -1263.45 -1405.26 -1223.25 -1103.68 -1448.97 -1144.80
OOH 5 -1263.61 -1405.29 -1223.31 -1103.58 -1449.02 -1144.81
OOH 6 -1263.78 -1403.46 -1223.39 -1103.45 -1449.03 -1145.95
OOH 7 -1264.01 -1405.38 -1223.28 -1104.91 -1448.95 -1146.09
OOH 8 -1263.77 -1407.59 -1223.61 -1103.56 -1448.92 -1146.17
OOH AVG -1263.58 -1405.66 -1223.47 -1103.79 -1448.96 -1145.49
OOH MIN -1264.01 -1407.77 -1223.82 -1104.91 -1449.03 -1146.52
OOH STD 0.29 1.31 0.19 0.43 0.04 0.71

Table A.9: Continued: Tabulated data for Figure 5.6. AVG, MIN and STD give the average,
minimum and standard deviation respectively of all 8 adsorption site energies.
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Binding Energies / eV
Adsorbate Site SnTi IrTi GeIr GeSn GeRu GeMn

None None -1417.85 -1490.09 -1257.41 -1183.44 -1295.46 -1327.80
O 1 -1420.50 -1494.90 -1261.21 -1185.64 -1299.12 -1332.59
O 2 -1420.18 -1496.09 -1263.45 -1185.82 -1301.48 -1331.58
O 3 -1420.10 -1496.01 -1263.51 -1185.76 -1301.44 -1333.38
O 4 -1420.37 -1496.04 -1263.35 -1186.05 -1301.26 -1333.63
O 5 -1420.39 -1495.98 -1263.32 -1186.27 -1301.54 -1331.33
O 6 -1420.88 -1493.70 -1261.24 -1185.82 -1299.10 -1332.37
O 7 -1420.95 -1495.36 -1261.72 -1186.43 -1299.41 -1331.76
O 8 -1420.67 -1495.32 -1261.78 -1186.09 -1299.49 -1331.05
O AVG -1420.51 -1495.42 -1262.45 -1185.98 -1300.35 -1332.21
O MIN -1420.95 -1496.09 -1263.51 -1186.43 -1301.54 -1333.63
O STD 0.29 0.77 0.98 0.25 1.08 0.89

OH 1 -1426.80 -1500.18 -1267.61 -1192.48 -1305.55 -1337.90
OH 2 -1427.16 -1501.19 -1267.32 -1192.84 -1306.08 -1337.86
OH 3 -1427.01 -1501.03 -1267.49 -1192.68 -1306.24 -1337.77
OH 4 -1427.26 -1501.13 -1268.53 -1192.93 -1306.04 -1337.98
OH 5 -1427.29 -1501.14 -1268.49 -1193.13 -1306.07 -1337.61
OH 6 -1427.05 -1500.15 -1265.91 -1192.56 -1305.64 -1337.62
OH 7 -1427.15 -1500.38 -1266.25 -1192.80 -1305.77 -1338.04
OH 8 -1426.97 -1500.45 -1267.92 -1192.82 -1305.68 -1337.62
OH AVG -1427.09 -1500.71 -1267.44 -1192.78 -1305.88 -1337.80
OH MIN -1427.29 -1501.19 -1268.53 -1193.13 -1306.24 -1338.04
OH STD 0.15 0.43 0.89 0.19 0.24 0.16

OOH 1 -1431.27 -1504.16 -1271.47 -1196.91 -1309.95 -1342.53
OOH 2 -1431.57 -1505.66 -1272.91 -1197.22 -1310.60 -1341.83
OOH 3 -1431.56 -1505.50 -1272.96 -1197.15 -1310.80 -1342.17
OOH 4 -1431.72 -1505.54 -1272.94 -1197.35 -1310.56 -1342.59
OOH 5 -1431.58 -1505.71 -1273.04 -1197.46 -1310.75 -1341.81
OOH 6 -1431.29 -1504.25 -1271.71 -1197.06 -1309.67 -1342.21
OOH 7 -1431.44 -1504.36 -1272.08 -1197.22 -1309.89 -1341.60
OOH 8 -1431.40 -1505.18 -1271.76 -1197.23 -1309.85 -1341.50
OOH AVG -1431.48 -1505.05 -1272.36 -1197.20 -1310.26 -1342.03
OOH MIN -1431.72 -1505.71 -1273.04 -1197.46 -1310.80 -1342.59
OOH STD 0.14 0.63 0.62 0.16 0.43 0.38

Table A.10: Continued: Tabulated data for Figure 5.6.
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Binding Energies / eV
Adsorbate Site RuTi IrSn MnTi PbTi RuSn MnSn

None None -1528.56 -1240.59 -1558.87 -1330.91 -1276.73 -1300.66
O 1 -1532.43 -1246.51 -1563.20 -1333.48 -1281.26 -1306.22
O 2 -1534.80 -1246.55 -1563.46 -1333.64 -1282.66 -1303.98
O 3 -1534.56 -1246.49 -1563.51 -1335.54 -1282.74 -1303.90
O 4 -1533.34 -1244.65 -1563.52 -1336.07 -1282.51 -1304.32
O 5 -1532.37 -1244.48 -1563.47 -1332.87 -1282.62 -1304.73
O 6 -1533.39 -1245.47 -1564.32 -1332.28 -1279.76 -1305.78
O 7 -1533.51 -1244.72 -1564.32 -1333.06 -1280.59 -1304.80
O 8 -1534.49 -1246.49 -1562.66 -1333.27 -1280.62 -1305.84
O AVG -1533.61 -1245.67 -1563.56 -1333.78 -1281.60 -1304.95
O MIN -1534.80 -1246.55 -1564.32 -1336.07 -1282.74 -1306.22
O STD 0.88 0.88 0.52 1.24 1.11 0.84

OH 1 -1539.23 -1251.58 -1568.67 -1339.82 -1287.01 -1310.29
OH 2 -1539.37 -1251.60 -1568.82 -1339.90 -1287.30 -1310.55
OH 3 -1539.37 -1251.68 -1568.85 -1339.95 -1287.48 -1310.41
OH 4 -1538.50 -1250.95 -1568.80 -1340.31 -1287.29 -1310.82
OH 5 -1538.64 -1250.96 -1568.83 -1339.93 -1287.24 -1310.92
OH 6 -1538.47 -1251.06 -1568.49 -1339.79 -1287.13 -1310.15
OH 7 -1538.75 -1251.08 -1568.85 -1339.89 -1287.05 -1310.57
OH 8 -1539.06 -1251.61 -1568.57 -1339.45 -1287.02 -1310.49
OH AVG -1538.92 -1251.31 -1568.74 -1339.88 -1287.19 -1310.53
OH MIN -1539.37 -1251.68 -1568.85 -1340.31 -1287.48 -1310.92
OH STD 0.35 0.31 0.13 0.22 0.16 0.24

OOH 1 -1543.77 -1255.78 -1573.39 -1344.38 -1290.91 -1314.72
OOH 2 -1543.66 -1255.87 -1572.80 -1344.39 -1291.85 -1314.59
OOH 3 -1543.72 -1255.97 -1572.90 -1344.32 -1291.65 -1314.49
OOH 4 -1543.17 -1254.83 -1573.18 -1344.69 -1291.47 -1314.69
OOH 5 -1542.59 -1255.02 -1572.88 -1344.32 -1291.87 -1314.86
OOH 6 -1542.80 -1254.89 -1572.73 -1344.16 -1291.27 -1314.70
OOH 7 -1542.90 -1254.93 -1573.42 -1344.33 -1290.97 -1315.14
OOH 8 -1543.70 -1256.09 -1573.17 -1343.94 -1290.93 -1314.99
OOH AVG -1543.29 -1255.42 -1573.06 -1344.32 -1291.36 -1314.77
OOH MIN -1543.77 -1256.09 -1573.42 -1344.69 -1291.87 -1315.14
OOH STD 0.45 0.51 0.25 0.20 0.38 0.20

Table A.11: Continued: Tabulated data for Figure 5.6.
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Binding Energies / eV
Adsorbate Site IrRu MnRu GePb GePt PtTi PbPt

None None -1362.02 -1433.43 -1094.89 -1146.81 -1380.59 -1054.17
O 1 -1368.24 -1437.81 -1098.73 -1150.46 -1384.96 -1058.71
O 2 -1368.03 -1439.22 -1097.14 -1151.51 -1385.96 -1057.02
O 3 -1367.98 -1439.23 -1098.80 -1151.42 -1384.92 -1059.76
O 4 -1368.06 -1439.59 -1099.52 -1151.21 -1385.09 -1059.75
O 5 -1367.93 -1439.45 -1100.18 -1152.13 -1385.27 -1056.62
O 6 -1368.04 -1438.96 -1099.18 -1150.12 -1384.82 -1058.35
O 7 -1368.00 -1439.04 -1099.66 -1150.64 -1385.30 -1057.16
O 8 -1368.09 -1437.94 -1099.51 -1151.44 -1385.20 -1058.60
O AVG -1368.05 -1438.90 -1099.09 -1151.12 -1385.19 -1058.25
O MIN -1368.24 -1439.59 -1100.18 -1152.13 -1385.96 -1059.76
O STD 0.09 0.62 0.86 0.62 0.33 1.13

OH 1 -1372.90 -1443.36 -1103.53 -1156.44 -1390.44 -1064.24
OH 2 -1373.15 -1444.11 -1104.03 -1157.61 -1391.11 -1063.28
OH 3 -1373.11 -1443.91 -1103.74 -1157.46 -1390.48 -1064.20
OH 4 -1373.16 -1444.22 -1103.81 -1157.32 -1390.60 -1064.42
OH 5 -1373.09 -1444.08 -1104.26 -1157.46 -1391.29 -1063.32
OH 6 -1372.77 -1443.28 -1103.71 -1156.65 -1390.41 -1064.39
OH 7 -1372.76 -1443.57 -1103.85 -1157.00 -1391.30 -1063.44
OH 8 -1372.82 -1443.48 -1103.91 -1156.87 -1391.20 -1063.39
OH AVG -1372.97 -1443.75 -1103.86 -1157.10 -1390.85 -1063.83
OH MIN -1373.16 -1444.22 -1104.26 -1157.61 -1391.30 -1064.42
OH STD 0.16 0.35 0.21 0.40 0.38 0.49

OOH 1 -1377.42 -1447.84 -1108.13 -1160.51 -1396.27 -1068.43
OOH 2 -1377.62 -1448.66 -1108.26 -1161.80 -1396.20 -1067.53
OOH 3 -1377.23 -1448.44 -1108.04 -1161.58 -1395.19 -1068.55
OOH 4 -1377.63 -1448.40 -1108.30 -1162.17 -1394.63 -1068.73
OOH 5 -1377.54 -1448.58 -1108.36 -1161.84 -1395.34 -1067.49
OOH 6 -1377.33 -1447.51 -1108.35 -1160.73 -1376.09 -1068.54
OOH 7 -1377.32 -1448.11 -1108.40 -1161.08 -1395.42 -1068.46
OOH 8 -1377.35 -1448.02 -1108.36 -1161.01 -1395.24 -1068.55
OOH AVG -1377.43 -1448.20 -1108.27 -1161.34 -1393.05 -1068.28
OOH MIN -1377.63 -1448.66 -1108.40 -1162.17 -1396.27 -1068.73
OOH STD 0.14 0.37 0.12 0.55 6.43 0.45

Table A.12: Continued: Tabulated data for Figure 5.6.
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Binding Energies / eV
Adsorbate Site IrPb MnPt PbRu

None None -1167.66 -1277.78 -1205.94
O 1 -1169.33 -1281.98 -1210.22
O 2 -1173.31 -1282.05 -1209.94
O 3 -1173.54 -1281.86 -1210.37
O 4 -1173.36 -1282.14 -1209.98
O 5 -1171.46 -1282.37 -1211.31
O 6 -1171.95 -1281.70 -1210.51
O 7 -1171.98 -1283.25 -1210.59
O 8 -1171.87 -1282.21 -1210.60
O AVG -1172.10 -1282.19 -1210.44
O MIN -1173.54 -1283.25 -1211.31
O STD 1.29 0.44 0.40

OH 1 -1177.19 -1287.56 -1215.18
OH 2 -1178.50 -1287.83 -1215.81
OH 3 -1178.52 -1287.84 -1216.40
OH 4 -1178.48 -1288.01 -1216.18
OH 5 -1178.35 -1288.23 -1216.05
OH 6 -1177.24 -1287.44 -1215.44
OH 7 -1177.48 -1287.89 -1213.33
OH 8 -1177.25 -1287.65 -1215.41
OH AVG -1177.87 -1287.81 -1215.47
OH MIN -1178.52 -1288.23 -1216.40
OH STD 0.59 0.24 0.90

OOH 1 -1181.43 -1292.04 -1219.61
OOH 2 -1181.76 -1292.31 -1221.96
OOH 3 -1181.71 -1292.60 -1220.85
OOH 4 -1183.24 -1292.80 -1220.61
OOH 5 -1181.17 -1292.50 -1220.38
OOH 6 -1182.92 -1291.82 -1219.89
OOH 7 -1182.85 -1292.45 -1220.17
OOH 8 -1182.56 -1292.24 -1219.74
OOH AVG -1182.20 -1292.34 -1220.40
OOH MIN -1183.24 -1292.80 -1221.96
OOH STD 0.73 0.29 0.71

Table A.13: Continued: Tabulated data for Figure 5.6.
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Energies / eV
Adsorbate TiO2 GeO2 SnO2 IrO2 RuO2 PbO2 MnO2

O 4.55 4.98 4.99 1.51 1.41 5.63 0.85
OH 1.63 2.11 1.92 0.51 0.57 2.75 0.23

OOH 4.99 4.77 4.69 3.10 3.35 5.04 3.15

Table A.14: Continued: Tabulated data for Figure 5.6.

None Binding Energies / eV
Adsorbate Site PtRu IrMn IrPt PbSn GeTi PtSn

O 1 1.65 1.65 1.94 4.66 5.03 2.88
O 2 3.07 6.64 1.82 5.22 4.22 3.15
O 3 3.23 5.33 1.96 5.19 4.25 4.36
O 4 3.16 5.97 3.29 5.15 4.03 3.57
O 5 2.96 4.47 3.20 5.57 4.35 2.49
O 6 1.56 3.51 3.23 5.64 5.02 2.66
O 7 1.43 6.15 3.18 5.46 5.08 1.80
O 8 1.51 1.52 1.90 5.49 5.10 2.50

OH 1 0.38 -0.05 0.23 1.76 1.28 0.17
OH 2 0.47 3.21 0.03 1.68 1.25 0.85
OH 3 0.61 3.22 0.10 1.64 1.42 0.89
OH 4 0.51 3.20 0.75 1.72 1.18 0.93
OH 5 0.42 0.82 0.58 2.04 1.42 0.72
OH 6 0.24 3.08 0.63 2.12 1.61 0.34
OH 7 0.13 -0.05 0.56 1.97 1.57 0.08
OH 8 0.23 -0.18 0.11 1.94 1.61 0.25

OOH 1 3.49 2.97 3.28 4.71 4.82 2.50
OOH 2 3.59 5.49 3.09 4.64 4.73 4.18
OOH 3 4.07 5.47 3.43 4.67 4.79 4.30
OOH 4 3.60 5.49 3.66 4.71 4.75 4.22
OOH 5 3.44 5.46 3.60 4.81 4.69 4.20
OOH 6 3.26 7.28 3.52 4.94 4.69 3.06
OOH 7 3.03 5.36 3.63 3.48 4.76 2.92
OOH 8 3.28 3.16 3.30 4.83 4.80 2.84

Table A.15: Continued: Tabulated data for Figure 5.6.
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Binding Energies / eV
Adsorbate Site SnTi IrTi GeIr GeSn GeRu GeMn

O 1 4.87 2.72 3.73 5.32 3.87 2.73
O 2 5.19 1.53 1.48 5.15 1.50 3.75
O 3 5.27 1.61 1.42 5.21 1.54 1.94
O 4 5.00 1.57 1.58 4.92 1.72 1.69
O 5 4.99 1.63 1.62 4.70 1.45 4.00
O 6 4.49 3.91 3.69 5.15 3.88 2.96
O 7 4.42 2.25 3.21 4.54 3.58 3.57
O 8 4.70 2.29 3.15 4.88 3.49 4.27

OH 1 1.92 0.79 0.67 1.84 0.78 0.77
OH 2 1.56 -0.22 0.96 1.47 0.25 0.82
OH 3 1.71 -0.07 0.79 1.63 0.10 0.91
OH 4 1.47 -0.17 -0.24 1.39 0.29 0.69
OH 5 1.43 -0.18 -0.21 1.19 0.26 1.06
OH 6 1.67 0.82 2.38 1.76 0.69 1.05
OH 7 1.57 0.58 2.03 1.52 0.56 0.63
OH 8 1.75 0.52 0.37 1.49 0.65 1.06

OOH 1 4.97 4.33 4.34 4.93 3.90 3.67
OOH 2 4.68 2.83 2.89 4.62 3.26 4.37
OOH 3 4.68 2.99 2.85 4.69 3.06 4.03
OOH 4 4.53 2.95 2.87 4.50 3.30 3.61
OOH 5 4.67 2.78 2.76 4.38 3.11 4.39
OOH 6 4.95 4.24 4.10 4.78 4.18 3.99
OOH 7 4.80 4.13 3.73 4.63 3.97 4.60
OOH 8 4.84 3.30 4.05 4.62 4.01 4.70

Table A.16: Continued: Tabulated data for Figure 5.6.
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Binding Energies / eV
Adsorbate Site RuTi IrSn MnTi PbTi RuSn MnSn

O 1 3.65 1.60 3.19 4.95 2.99 1.96
O 2 1.29 1.56 2.94 4.80 1.59 4.21
O 3 1.52 1.62 2.89 2.90 1.51 4.29
O 4 2.74 3.46 2.88 2.37 1.74 3.86
O 5 3.72 3.63 2.93 5.57 1.63 3.46
O 6 2.69 2.64 2.07 6.16 4.49 2.40
O 7 2.57 3.39 2.07 5.37 3.66 3.38
O 8 1.59 1.62 3.73 5.17 3.63 2.35

OH 1 0.20 -0.13 1.07 1.96 0.59 1.24
OH 2 0.06 -0.14 0.92 1.88 0.30 0.99
OH 3 0.06 -0.22 0.90 1.84 0.12 1.12
OH 4 0.93 0.51 0.94 1.48 0.31 0.71
OH 5 0.80 0.50 0.91 1.85 0.36 0.61
OH 6 0.96 0.40 1.25 2.00 0.47 1.39
OH 7 0.69 0.38 0.89 1.89 0.55 0.97
OH 8 0.37 -0.15 1.18 2.33 0.58 1.04

OOH 1 3.18 3.20 3.87 4.93 4.21 4.34
OOH 2 3.30 3.11 4.47 4.92 3.28 4.46
OOH 3 3.23 3.01 4.36 4.99 3.48 4.57
OOH 4 3.79 4.15 4.08 4.62 3.65 4.37
OOH 5 4.37 3.96 4.38 4.99 3.26 4.20
OOH 6 4.15 4.09 4.54 5.14 3.86 4.36
OOH 7 4.06 4.05 3.85 4.97 4.16 3.92
OOH 8 3.26 2.89 4.10 5.37 4.19 4.07

Table A.17: Continued: Tabulated data for Figure 5.6.
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Binding Energies / eV
Adsorbate Site IrRu MnRu GePb GePt PtTi PbPt

O 1 1.30 3.14 3.69 3.87 3.15 2.98
O 2 1.51 1.72 5.27 2.82 2.15 4.68
O 3 1.55 1.72 3.61 2.91 3.19 1.94
O 4 1.48 1.36 2.89 3.12 3.02 1.94
O 5 1.61 1.50 2.24 2.20 2.84 5.08
O 6 1.50 1.99 3.23 4.21 3.29 3.35
O 7 1.54 1.91 2.75 3.69 2.82 4.53
O 8 1.45 3.01 2.90 2.89 2.91 3.09

OH 1 -0.01 0.94 2.23 1.25 1.02 0.81
OH 2 -0.26 0.19 1.73 0.07 0.35 1.77
OH 3 -0.22 0.38 2.03 0.23 0.98 0.84
OH 4 -0.28 0.08 1.95 0.36 0.86 0.62
OH 5 -0.21 0.22 1.50 0.22 0.17 1.72
OH 6 0.11 1.02 2.05 1.03 1.05 0.65
OH 7 0.13 0.73 1.91 0.69 0.16 1.61
OH 8 0.07 0.82 1.85 0.81 0.26 1.66

OOH 1 2.99 3.98 5.16 4.69 2.71 4.14
OOH 2 2.80 3.16 5.03 3.40 2.78 5.04
OOH 3 3.18 3.38 5.25 3.63 3.79 4.02
OOH 4 2.78 3.43 4.99 3.04 4.35 3.84
OOH 5 2.87 3.24 4.93 3.36 3.64 5.08
OOH 6 3.08 4.31 4.94 4.48 22.89 4.03
OOH 7 3.09 3.71 4.89 4.13 3.57 4.10
OOH 8 3.06 3.80 4.92 4.19 3.74 4.01

Table A.18: Continued: Tabulated data for Figure 5.6.
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Binding Energies / eV
Adsorbate Site IrPb MnPt PbRu

O 1 5.85 3.32 3.24
O 2 1.88 3.26 3.51
O 3 1.65 3.45 3.09
O 4 1.83 3.16 3.48
O 5 3.73 2.94 2.15
O 6 3.23 3.61 2.94
O 7 3.20 2.06 2.87
O 8 3.31 3.10 2.86

OH 1 1.35 1.09 1.63
OH 2 0.04 0.83 1.00
OH 3 0.01 0.82 0.41
OH 4 0.06 0.65 0.63
OH 5 0.19 0.43 0.75
OH 6 1.30 1.22 1.37
OH 7 1.05 0.77 3.48
OH 8 1.29 1.01 1.40

OOH 1 4.62 4.14 4.72
OOH 2 4.30 3.87 2.37
OOH 3 4.35 3.58 3.48
OOH 4 2.82 3.38 3.73
OOH 5 4.89 3.68 3.95
OOH 6 3.14 4.36 4.44
OOH 7 3.21 3.73 4.16
OOH 8 3.50 3.94 4.59

Table A.19: Continued: Tabulated data for Figure 5.6.
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∆GO −∆GHO / eV RHS value LHS value - η / V Error bars
TiO2 3.33 -0.13 3.33 -2.10 None
GeO2 3.28 -0.08 3.28 -2.05 None
SnO2 3.47 -0.27 3.47 -2.24 None
IrO2 1.41 1.79 1.41 -0.56 None
RuO2 1.25 1.95 1.25 -0.72 None
PbO2 3.28 -0.08 3.28 -2.05 None
MnO2 1.04 2.16 1.04 -0.93 None
PtO2 2.62 0.58 2.62 -1.39 None
PtRu 2.36 0.84 2.36 -1.13 0.40
IrMn 3.16 0.04 3.16 -1.93 1.22
IrPt 2.60 0.60 2.60 -1.37 0.36
PbSn 3.85 -0.65 3.85 -2.62 0.17
GeTi 3.63 -0.43 3.63 -2.40 0.23
PtSn 2.81 0.39 2.81 -1.58 0.40
SnTi 3.64 -0.44 3.64 -2.41 0.16
IrTi 2.34 0.86 2.34 -1.11 0.44
GeIr 2.05 1.15 2.05 -0.82 0.66
GeSn 3.86 -0.66 3.86 -2.63 0.16
GeRu 2.59 0.61 2.59 -1.36 0.55
GeMn 2.65 0.55 2.65 -1.42 0.45
RuTi 2.37 0.83 2.37 -1.14 0.47
IrSn 2.71 0.49 2.71 -1.48 0.47
MnTi 2.24 0.96 2.24 -1.01 0.27
PbTi 3.17 0.03 3.17 -1.94 0.63
RuSn 2.66 0.54 2.66 -1.43 0.56
MnSn 2.64 0.56 2.64 -1.41 0.44
IrRu 1.98 1.22 1.98 -0.75 0.09

MnRu 1.91 1.29 1.91 -0.68 0.36
GePb 1.83 1.37 1.83 -0.60 0.44
GePt 3.04 0.16 3.04 -1.81 0.37
PtTi 2.72 0.48 2.72 -1.49 0.25
PbPt 2.65 0.55 2.65 -1.42 0.62
IrPb 2.83 0.37 2.83 -1.60 0.71
MnPt 2.67 0.53 2.67 -1.44 0.25
PbRu 2.10 1.10 2.10 -0.87 0.49

Table A.20: Continued: Tabulated data for Figure 5.8. RHS and LHS denote the right-hand-side
and left-hand-side values respectively for the volcano plot.
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Binding Site Energies / eV
Adsorbate (Species) 25% 50% 75%

None None -1597.20 -1528.39 -1463.96
O 1 (Ti) -1601.91 -1533.27 -1468.99
O 2 (Ti) -1601.76 -1534.51 -1469.03
O 3 (Ru) -1603.35 -1532.15 -1470.02
O 4 (Ti) -1601.78 -1532.04 -1469.14
O 5 (Ru) -1603.29 -1534.43 -1469.90
O 6 (Ru) -1603.44 -1534.62 -1469.84
O 7 (Ti) -1601.90 -1534.54 -1469.82
O 8 (Ti) -1601.89 -1533.14 -1469.93
O AVG-Ti -1601.84 -1532.65 -1469.07
O AVG-Ru -1603.36 -1534.52 -1469.87
O STD-Ti 0.06 0.62 0.07
O STD-Ru 0.07 0.09 0.03

OH 1 (Ti) -1607.26 -1538.52 -1474.08
OH 2 (Ru) -1607.00 -1539.03 -1474.06
OH 3 (Ti) -1607.77 -1538.52 -1474.53
OH 4 (Ti) -1607.19 -1538.44 -1474.26
OH 5 (Ru) -1607.98 -1538.95 -1474.59
OH 6 (Ru) -1608.00 -1539.32 -1474.53
OH 7 (Ru) -1607.16 -1539.12 -1474.60
OH 8 (Ti) -1607.20 -1538.33 -1474.62
OH AVG-Ti -1607.23 -1538.48 -1474.17
OH AVG-Ru -1607.99 -1539.13 -1474.56
OH STD-Ti 0.03 0.04 0.09
OH STD-Ru 0.01 0.19 0.03

OOH 1 (Ti) -1611.33 -1542.65 -1478.09
OOH 2 (Ti) -1611.14 -1543.67 -1478.64
OOH 3 (Ru) -1612.43 -1542.57 -1478.90
OOH 4 (Ti) -1611.27 -1542.59 -1478.30
OOH 5 (Ru) -1612.21 -1543.54 -1479.12
OOH 6 (Ru) -1613.63 -1543.87 -1479.07
OOH 7 (Ru) -1611.36 -1543.57 -1479.10
OOH 8 (Ru) -1611.40 -1539.06 -1479.11

Table A.21: Raw DFT Energies for Figure 5.10.
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Binding Site Energies / eV
Adsorbate (Species) 25% 50% 75%

O 1 (Ti) 2.82 2.65 2.49
O 2 (Ti) 2.97 1.41 2.46
O 3 (Ru) 1.38 3.77 1.47
O 4 (Ti) 2.95 3.88 2.34
O 5 (Ru) 1.44 1.49 1.58
O 6 (Ru) 1.29 1.30 1.64
O 7 (Ti) 2.83 1.38 1.67
O 8 (Ti) 2.83 2.78 1.55

OH 1 (Ti) 0.82 0.74 0.76
OH 2 (Ru) 1.08 0.24 0.78
OH 3 (Ti) 0.30 0.75 0.30
OH 4 (Ti) 0.88 0.83 0.58
OH 5 (Ru) 0.10 0.32 0.24
OH 6 (Ru) 0.07 -0.05 0.30
OH 7 (Ru) 0.91 0.14 0.24
OH 8 (Ti) 0.88 0.94 0.22

OOH 1 (Ti) 4.27 4.14 4.27
OOH 2 (Ti) 4.46 3.13 3.72
OOH 3 (Ru) 3.17 4.22 3.46
OOH 4 (Ti) 4.33 4.20 4.06
OOH 5 (Ru) 3.40 3.25 3.24
OOH 6 (Ru) 1.97 2.92 3.28
OOH 7 (Ru) 4.24 3.23 3.26
OOH 8 (Ru) 4.20 7.74 3.25

Table A.22: Adsorption Energies for Figure 5.10.

∆GO −∆GHO / eV RHS value LHS value - η / V Error bars
25%Ru (Ti) 2.44 0.76 2.44 -1.21 0.03
50%Ru (Ti) 2.89 0.31 2.89 -1.66 0.31
75%Ru (Ti) 2.16 1.04 2.16 -0.93 0.06
25%Ru (Ru) 1.69 1.51 1.69 -0.46 0.04
50%Ru (Ru) 1.67 1.53 1.67 -0.44 0.11
75%Ru (Ru) 1.75 1.45 1.75 -0.52 0.02

Table A.23: Tabulated data for Figure 5.10. RHS and LHS denote the right-hand-side and
left-hand-side values respectively for the volcano plot.
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Clarifying Background Matter

The following appendix contains clarifying background matter that may aid the reader’s understanding

of some of the concepts mentioned in the preceding chapters.

224



B.1 The Fermi-Dirac Distribution

Adapted from the work of Biswas488

Consider an ideal gas of indistinguishable particles that obey the Pauli exclusion principle. The system

is also connected with a thermal reservoir and particle reservoir such that the temperature (T ) and

chemical potential (µ) are fixeda. The grand potential for this system (ΦG) is therefore minimised

when the system is in equilibrium with µ and T . Since the particles are indistinguishable, it may

be assumed that their single particles all have Hamiltonian operators of the same form and can be

represented together as a linear sum of said operators. An example of such a grand potential can

therefore be:

ΦG = −kBT ln(
∑
[nj ]

e
−

∑
j nj(ϵj−µ)

kBT ) (B.1)

where kB is the Boltzmann constant, [nj ] represents the microstate (quantum state16) for a given

particle (nj), ϵj is the single particle eigenvalue (energy) of the particle. Next, consider that there is

no restriction on the number of particles for the grand canonical ensemble and that Pauli exclusion

restricts the set of allowable nj states to 0 or 1. Thus, the summation in the above equation can be

reparameterised in terms of j, and not [nj ], whilst substituting in nj = 1 and 0 gives:

ΦG = −kBT
∑
j

ln(1 + e
−

(ϵj−µ)

kBT ) (B.2)

Next, consider the Boltzmann (canonical) distribution which considers the probability (pj) of the

occupation of energy level j within the grand canonical ensemble16.

pj =
e
−

(ϵj−µ)

kBT∑
i e

− (ϵi−µ)

kBT

(B.3)

Applying this to the equation to ΦG allows the average number of particles (n̄j) at energy level j within

the system:

n̄j =
∑
[ni]

njpi =
1

1 + e
−

(ϵj−µ)

kBT

(B.4)

aThis is known as the grand canonical ensemble.
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B.2 The Plausibility of the Schrödinger Equation

Adapted from pages 1263 - 1264 of Physics for Scientists and Engineers96.

The Schrödinger equation cannot be derived mathematically by conventional means. Rather, its va-

lidity has been proven with time in a heuristic fashion. Nevertheless, the validity of the Schrödinger

equation can be articulated via plausibility arguments. Consider the de Broglie relationship in terms

of the electron kinetic energy:

λ =
h

p
=

h

mv
=

h√
2m(12mv

2)
=

h√
2mEK

(B.5)

Note that this implies that the de Broglie wavelength is inversely proportional to the kinetic energy of

the electron. Now consider the second derivative of any wave-like eigenfunction (ψ(x) = ψ0sin(
2πx
λ ))

of the differential operator ( d2

dx2 ):

d2ψ

dx2
= −4π2

λ2
ψ0sin(

2πx

λ
) = −4π2

λ2
ψ(x) (B.6)

Assuming λ = λ, substituting the above de Broglie relationship into the above relationship and sim-

plifying the resulting expression gives:

d2

dx2
ψ(x) = −2m

ℏ2
EKψ(x) (B.7)

Assuming that the total energy (E) of the system comprises a combination of kinetic (EK) and potential

(V) energy which are in constant exchange according to E = EK + V . Incorporating this expression

into the above equation gives:

d2

dx2
ψ(x) = −2m

ℏ2
[E − V ]ψ(x) (B.8)

Rearranging for Eψ(x) gives:

− ℏ2

2m

d2

dx2
ψ(x) + V ψ(x) = Eψ(x) (B.9)
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Extending to 3 dimensions via the Laplacian operator (∇2), gives the Time Independent Schrödinger

Equation:

[− ℏ2

2m
∇2 + V ]ψ(x) = Eψ(x) (B.10)

In general, the kinetic component of the Schrödinger equation is unchanged across different Hamiltonian

operators. It is normally the potential energy component of the Hamiltonian operator that is the point

of contention. In this regard, the wavefunction must be parameterised with tangible and physically

meaningful quantities. To do this, boundary conditions are imposed on the wavefunction to solve

the Schrödinger equation. These not only provide a mathematical form for the wavefunction but also

define the quantisation of the electronic states by restricting the number of acceptable solutions for E

to discrete values. The general boundary conditions imposed on a wavefunction are:

1. the wavefunction must be a continuous function,

2. the wavefunction = 0 outside of acceptable bounds (i.e. outside the crystal),

3. the wavefunction tends to 0 as the size of the acceptable volume for the electron tends to infinity

which ensures that the above normalisation condition converges,

4. and the wavefunction is normalised.
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B.3 Born-Von Karman Periodic Boundary Conditions

Adapted from pages 81-82 of Electronic Structure99.

Consider a function (f(r)) which represents the density of the electrons in a perfect crystal. It follows

that such a function would coincide with the periodicity of the lattice according to:

f(r) = f(r + T) = f(r +
∑
j

Njaj) (B.11)

where T is any translation in terms of primitive lattice vectors (aj), r is the position in space, and Nj

is an integer that represents the number of unit cells in the crystal. Thus, f(r) is a finite and periodic

function that can, like any such function, be represented by a Fourier transform defined in terms of a

set of discrete Fourier components for Nj . An example of such a function is:

eiq·N1a1 = eiq·N2a2 = eiq·N3a3 = 1 (B.12)

where q is a wavevector for the system and i is the imaginary unit. A corresponding Fourier transform

would therefore be:

f(q) =
1

Ω

∫
Ω
drf(r)eiq·r (B.13)

Where Ω represents the volume of the crystal. The boundary condition is now invoked which is that

q · aj may only be chosen such that:

q · aj = 2π
n

Nj
(B.14)

where n is an integer. This restricts the selection of Fourier components such that they only represent

the lattice vectors.

Given the 2πx form of the above relation, Born-Von Karman boundary conditions are often referred to

as cyclic boundary conditions. This is because, in each dimension (j), the unit cells form a closed loop,

where the first unit cell is simultaneously the final unit cell. As such, Born-Von Karman boundary

conditions are an effective and efficient approximation for representing the periodicity of a continuous

and infinite crystal. However, this approximation breaks down for small values of Nj and crystal

discontinuities. For example, surfaces and grain boundaries are not efficiently represented by these

boundary conditions. However, in principle, they could be modelled with sufficiently large unit cells.
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B.4 The Bloch Theorem

Adapted from pages 85-88 of Electronic Structure99.

Recall the Time Independent Schrodinger Equation:

Ĥψ(r) =

[
− ℏ2

2me
∇2 + V (r)

]
(r) = εi(r) (B.15)

It is noted that Ĥψ(r) is translation invariant because both ∇2 and V (r) are translation invariant.

Thus, we can define a translation operator T̂nψ(r), where:

T̂nψ(r) = ψ[r + T(n)] = ψ(r + n1a1 + n2a2 + n3a3) (B.16)

Since Ĥψ(r) is invariant to any translation Tnψ(r), the Hamiltonian operator must commute with the

translation operator T̂n. Therefore:

ĤT̂n = T̂nĤ (B.17)

Consequently, the eigenstates ψ(r) of the Hamiltonian operator Ĥ can also be eigenstates of all T̂n.

Moreover, all eigenfunctions of Ĥ (solutions of the Schrodinger equation) can be articulated in terms

of T̂n:

T̂nψ(r) = tnψ(r) ≡ Ĥψ(r) = Eψ(r) (B.18)

This relation enables a more efficient means to solve the Schrodinger Equation, for a crystal lattice

because all translation operators T̂n obey the relation:

T̂n1 T̂n2 = T̂n1+n2 (B.19)

In other words, if a particle is translated at a distance n1, then n2, the overall translation is equal to

n1+n2. Incorporating the above relation into the above eigenvalue equation further allows a translation
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operator, corresponding to a Hamiltonian operator, to be expanded in terms of each of its primitive

vectors t(ai):

T̂n1 T̂n2ψ(r) = tn1+n2ψ(r) = tn1tn2ψ(r) (B.20)

wherein:

tn = [t(a1)]
n1 [t(a2)]

n2 [t(a3)]
n3 (B.21)

Consequently, a Hamiltonian operator articulated in terms of translation operators can be more effi-

ciently block diagonalised.

B.4.1 Imposing Born-Von Karman Boundary Conditions

Incorporating the Born-Von Karman periodic boundary conditions into Equation B.21 ensures that

the wavefunction is bound to the periodicity of the Bravais Lattice. This results in:

t(ai) = e
i2π
Ni (B.22)

where t(ai)
Ni = 1 and Ni represents the number of unit cells in the crystal.

B.4.2 Imposing Reciprocal Lattice Conditions

Correspondingly, the reciprocal lattice can be generated for said system using a periodic form of Equa-

tion B.13:

f(q) =
1

Ω

∑
ni

∫
Ω
drf(r)e(iq·r+T(ni)) (B.23)

this can be further separated into unit cell and periodic terms as:

f(q) =
1

Ni

∑
ni

eiq·T(ni) × 1

Ω

∑
ni

∫
Ω
drf(r)eiq·r (B.24)
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Recalling the Born-Von Karman boundary conditions, a similar expression to Equation B.14 may be

expressed:

q · T(ni) = 2π × integer (B.25)

Consider further restricting the set of allowable solutions to primitive lattice translations (ai) :

q · aj = 2π × integer (B.26)

Consider further a set of reciprocal lattice translation vectors (bi) that are defined such that aj · bi =

2πδij where δij is an integer. This ensures that the only non-zero Fourier components that are selected

correspond to lattice point vectors in reciprocal space. Thus, the real space and reciprocal space lattices

may be readily inter-converted using Fourier transforms. Furthermore, the above equation for tn can

be articulated as:

tn = eik·Tn where k =
n1
N1

b1 +
n2
N2

b2 +
n3
N3

b3 (B.27)

Substituting the above into Equations B.16 and B.18 gives:

T̂nψ(r) = ψ[r + T(n)] = eik·Tnψ(r) ≡ Ĥψ(r)− Eψ(r) (B.28)
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B.5 The Born Oppenheimer Approximation

Consider an electronic and nuclear form of the Hamiltonian operator (H) of the Schrödinger equation:

H = Tnuc + Tele + Vnuc−nuc + Vele−ele + Vele−nuc (B.29)

where T and V are respective kinetic and electrostatic potential components. Consider electron mo-

tion as being unaffected by nuclear motion (neglect Tnuc), but is bounded by static electron-nuclear

attraction (retain Vele−nuc). The corresponding wavefunction (Ψ) can therefore be articulated as:

Ψ(R, r) = Ψnuc(R)Ψele(R, r) (B.30)

Consider that Ψele(R, r) can be inserted into the Schrodinger equation to obtain solutions relating

only to the electrons:

Hele = Tele + Vnuc−nuc + Vele−ele + Vele−nuc (B.31)

Consider that, if said Schrodinger equation for Ψele(R, r) is solved incrementally for various static

values of R (i.e. R is treated as a parameter and not a variable), a potential energy surface (Eele(R))

is obtained that is only a function of R. Now, consider the Hamiltonian operator for Ψnuc(R):

Hnuc = Tnuc + Vnuc−nuc + Vele−ele + Vele−nuc (B.32)

Further consider the Hellman Feynman Theorem489 which implies that if the spatial distribution of

the electrons is determined, the forces of the entire system may be derived using classical electrostatic

theory. Since Eele(R) represents the spatial distribution of solutions to the electronic Schrodinger

equation, all of the nuclear components of the nuclear Hamiltonian operator may be replaced with

Eele(R):

Hnuc = Tnuc + Eele(R) (B.33)

Thus, the electronic component of the Schrödinger equation may be solved separately from the nu-

clear component and then said electronic solutions may be used to infer the solutions for the nuclear

component.
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B.5.1 The Hellmann-Feynman Theorem

Adapted from Martin’s Electronic Structure 99

The Hellmann-Feynman Theorem considers that force on the nuclei can be expressed solely in terms

of the charge density.

Consider the force conjugate F determining the position of a nucleus R is given as:

F = −∂E
∂R

via the standard relation: Work =

∫
FdR (B.34)

Recall the general expression for the total energy:

E =
⟨Ψ|Ĥ|Ψ⟩
⟨Ψ|Ψ⟩

= ⟨Ĥ⟩ = ⟨T̂ ⟩+ ⟨V̂e−e⟩+
∫
d3rVe−n(r)n(r) + En−n (B.35)

Where T̂ is the kinetic energy operator, V̂e−e is the electron-electron interaction potential operator,

Ve−n is the electron-nuclear (external) potential, and En−n is the nuclear-nuclear interaction energy.

Using first-order perturbation theory, and assuming ⟨Ψ|Ψ⟩ = 1, the above expressions may be combined

to give:

F = −∂E
∂R

= −⟨Ψ|∂Ĥ
∂R

|Ψ⟩ − ⟨∂Ψ
∂R

|Ĥ|Ψ⟩ − ⟨Ψ|Ĥ|∂Ψ
∂R

⟩ − ∂En−n

∂R
(B.36)

Notice that the middle two terms vanish if it is further assumed that the exact ground state wavefunc-

tion is an extremity for all variations of the wavefunction. Also, consider that the expectation value of

the external potential of the Hamiltonian operator is merely an integral over the charge density. Thus:

F = −∂E
∂R

= −
∫
d3r

∂Ve−n(r)
∂R

n(r)− ∂En−n

∂R
(B.37)

Perturbation Theory

Adapted from Martin’s Electronic Structure99. Definitions were provided by Clugston16.

To clarify the above, Perturbation Theory is a means to solve complex differential equations by assuming

a simple, known solution and then applying a small change (a perturbation) to that system. Upon
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solving the corresponding equations, the derived solutions effectively act as corrections to the simplified

model. An example would be using the exactly calculable wavefunction for a hydrogen atom as the

basis for an approximate solution for a hydrogen atom acted on by an electric field. Mathematically,

perturbation theory is usually represented as a power series of appropriate order. Solutions may be

obtained via the Schrodinger equation:

Ĥ = Ĥ0 + λ∆H + λ2∆H... (B.38)
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B.6 Density Functional Theory

B.6.1 The First Hohenberg-Kohn Theorem

The First Hohenberg-Kohn Theorem argues that if the spatially resolved external (nuclear) potential

(Vext) in the ground state uniquely determines the spatial distribution of the electron density (ρ0(r)),

so too can said external potential be uniquely described by that electron density. Consequently, all of

the properties of the system may be determined via the ground state electron density.

Proof

Adapted from pages 123-124 of Electronic Structure99.

Consider two external potentials V 1
ext(r) and V 2

ext(r) which correspond to the same ground state density

(n0(r)), but differ by more than a constantb. Each external potential must have a corresponding

Hamiltonian operator, Ĥ1 and Ĥ2, and ground state wavefunction, Ψ1 and Ψ2. Since, Ψ2 cannot

correspond to the ground state wavefunction of Ĥ1, therefore:

⟨Ψ1|Ĥ1|Ψ1⟩ < ⟨Ψ2|Ĥ1|Ψ2⟩ (B.39)

Next, consider the right-hand side of the above inequality in terms of Ĥ1 and Ĥ2:

⟨Ψ1|Ĥ1|Ψ1⟩ < ⟨Ψ2|Ĥ2|Ψ2⟩+ ⟨Ψ1|Ĥ1 − Ĥ2|Ψ1⟩ (B.40)

Incorporating the relevant external potentials and ground state density into the above equation, and

solving the simple expressions for the energy (E), gives:

E1 < E2 +

∫
d3r[V 1

ext(r)− V 2
ext(r)]n0(r) (B.41)

Consider also that the above inequality would also occur for E2:

bNote that the superscripts in V 1
ext(r) and V 2

ext(r) are merely identifiers and not power operations
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E2 < E1 +

∫
d3r[V 2

ext(r)− V 1
ext(r)]n0(r) (B.42)

Therefore adding our above equations for E1 and E2 leads to the following contradiction:

E1 + E2 < E1 + E2 (B.43)

Thus, there cannot be 2 inequivalent external potentials that result in the same ground state charge

density. Therefore, Vext is unique for each n0(r).

B.6.2 The Second Hohenberg-Kohn Theorem

The Second Hohenberg-Kohn Theorem argues that the energy and wavefunction, of such a system, are

calculated exactly via a universal functional of the electron density (E[n]). In particular, the global

minimum of E[n] corresponds to the exact ground state energy (E0) and density (n0(r))131.

Proof

Adapted from pages 124-125 of Electronic Structure99.

Consider that a universal functional for the total energy (E[n]) in terms of the electron density (n)

has an external potential (Vext(r)) defined by the nuclei.

E[n] = Tele[n] + Vele−ele[n] + Vnuc−nuc +

∫
d3rVext(r)n(r) (B.44)

Define FHK [n] as the internal energy (kinetic + potential) of the interacting electronic system.

E[n] = FHK [n] + Vnuc−nuc +

∫
d3rVext(r)n(r) (B.45)

where Vnuc−nuc is the interaction energy of the nuclei. Therefore:

FHK = T [n] + Eint[n] (B.46)
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which must be universal, as T and Eint are only functionals of the density n. In this context, "uni-

versal" means the same for all systems regardless of Vext. Consider a ground state density n1(r) with

corresponding V 1
ext(r), the energy is given by:

E1 = EHK [n1] = ⟨Ψ1|Ĥ1|Ψ1⟩ (B.47)

consider another density n2(r). Thus:

E1 = ⟨Ψ1|Ĥ1|Ψ1⟩ < ⟨Ψ2|Ĥ1|Ψ2⟩ = E2 (B.48)

If FHK [n] were known, minimising E for the density (n(r)) would give the exact ground state density.

Note that this does not help with excited states. A different treatment is required.

B.6.3 The Kohn-Sham Equation

Adapted from pages 135-138 of Electronic Structure99.

DFT is an ansatz, meaning that it assumes the mathematical form of a problem. It replaces the

many-body problem, which limits the application of HF theory, with an auxiliary system that can

be calculated more cheaply. As such, DFT does not explicitly solve or approximate the Schrödinger

equation. Rather, it solves a Schrodinger-like equation, known as the Kohn-Sham Equation. The Kohn

Sham equation relies on two assumptions. The first is that the ground state density can be exactly

represented by an auxiliary system of non-interacting particles. The second is that said auxiliary

system may be represented via the kinetic energy operator, as for HF theory, and an effective local

potential (Veff ) that acts on an electron of spin (σ) at a point (r):

Ĥσ
DFT = −1

2
∇2 + V σ

eff (r) (B.49)

Note that V σ
eff (r) has no functional form yet. The electron density may be given as the sum of squares

of the orbitals per spin:

n(r) =
∑
σ

n(r, σ) =
∑
σ

Nσ∑
i=1

|Ψσ
i (r)|2 (B.50)

Correspondingly, the kinetic energy operator (T ) is given as:
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T =
1

2

∑
σ

Nσ∑
i=1

∫
d3r|∇Ψσ

i (r)|2 (B.51)

Consider the classical coulomb interaction energy (Hartree energy) of the electron density interacting

with itself.

EHartree =
1

2

∫
d3rd3r′

n(r)n(r′)
|r − r′|

(B.52)

Combining the above expression into a separable Hamiltonian operator gives:

EKS [n] = T [n] +

∫
drVext(r)n(r) + EHartree[n] + Enuc−nuc + Exc[n] (B.53)

In this way, all of the many-body effects of exchange are contained within the exchange-correlation

energy term (Exc[n]). Comparing Equation B.45 into Equation B.53, one can notice that:

Exc[n] = FHK [n]− T [n]− EHartree[n] (B.54)

Therefore. Exc[n] is a functional of the electron density that is merely the difference in the kinetic and

internal interaction energies of the system. If this were exactly calculable, then the exact ground state

energy and density could be obtained. This relation is useful because the independent particle kinetic

energy and long-range Hartree terms are separated from the exchange and correlation energy, which

can be approximated as a local function of the density:

Exc[n] =

∫
drn(r)ϵxc([n], r) (B.55)

where ϵxc([n], r) is the energy per electron at r that is a functional of the local density around that

point.
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B.7 The Projector Augmented Wave Method

Adapted from pages 225-226 of Electronic Structure99.

In the Projector Augmented Wave (PAW ) formalism, the wavefunction is expressed as a sum of valance

and core functions. This is similar to the "muffin-tin" approach wherein the core functions (close to

the nucleus) are modelled similarly to an atom, but the interstitial (valence) regions are modelled via

plane waves. Computationally, this separable problem is much less expensive.

Projectors (p̃) are functions that operate upon the wavefunction and are localised in space such that

they are only non-zero within a given pseudopotential cutoff radius. The advantage of using projectors

is that the pseudopotential operator is separable in terms of both electronic states and their assignments

as core/valence states. This allows matrix calculations to be performed via products of projection

operations. This is more efficient than a direct model-ion approach that involves radial integrations

between pairs of functions. For example, consider the expansion valence wavefunction for a system

ψ(r) and a linear transformation (T ) that relates the set of all-electron valence functions to the smooth

functions within a sphere (T0) around a given nucleus. Outside this sphere, it may be assumed that

the result of the transformation is equal to 1.

ψ = T ψ̃ where T = 1 + T0 (B.56)

Consider the expansion of ψ(r) in terms of m partial waves within each sphere:

|ψ̃⟩ =
∑
m

cm |ψ̃⟩ (B.57)

Transform according to T :

|ψ⟩ = T |ψ̃⟩ =
∑
m

cm |ψ⟩ (B.58)

Combining the above relations, we may write the full wavefunction as:

|ψ⟩ = |ψ̃⟩+
∑
m

cm[|ψ⟩ − |ψ̃⟩] (B.59)

Since the transformation is linear, we may represent the coefficients as a projection within each sphere.
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cm = ⟨p̃m|ψ̃⟩ (B.60)

Selecting only solutions that satisfy the orthogonality conditions (⟨p̃m|ψ̃m′⟩ = δmm′ ), the above may

be further combined to obtain:

|ψ⟩ = 1 +
∑
m

[|ψ⟩ − |ψ̃⟩] ⟨p̃m| (B.61)

The above expression may be applied separately to core and valence states by adjusting the precise

form of p̃.

240



B.8 The Murnaghan Equation of State

Consider Hooke’s Law:

F = k∆x (B.62)

where F is the applied extensive force, k is the elastic constant for the material, and ∆x is the length

of extension of the material. In built into Hooke’s Law is the assumption that the elastic constant

is invariant under applied stress. However, it is known that the compressibility of a material varies

under different applied pressures. Thus, in reality, k is not a constant and depends on the initial

pressure acting on the system before extension. Murnaghan addressed this problem by considering

infinitesimally small variations in stress for Hooke’s Law. By considering Hooke’s Law, in combination

with the conservation of mass, and assuming that the elastic constant varied as a linear function of

pressure, Murnaghan arrived at the following equation:

V0 − V

V0
= 1− (1 + kP )−

1
ck (B.63)

where V0 is the volume with no applied pressure, V is the volume of the material (crystal unit cell), P is

the applied pressure, and c is a coefficient that represents the linear variation of k with P 280. Modern

Murnaghan equation of state fitting tools typically reparameterise the Murnaghan equation of state

in terms of the total energy, unit cell volume, and bulk modulus490 c. Thus, the equilibrium volume

(V0), lattice parameters and bulk modulus may be estimated by fitting the Murnaghan Equation of

state across a range of unit cell volumes and their corresponding total energies.

cThe bulk modulus is the material dependent change in volume under applied pressure16. Thus it serves a similar
purpose as k in Hooke’s Law.
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B.9 The Madelung Potential

Adapted from Atkins’ Physical Chemistry491

Consider an infinite one-dimensional chain of alternating positive and negative ions, separated by a

constant distance (d). Assume that the overall system is charge neutral, thus z1 = −z2 where zi is the

charge of ion i in the chain. Consider an arbitrarily chosen central cation and its potential interaction

with all particles to its right. This can be given as:

Vcat = − z2e2

4πε0d
(1− 1

2
+

1

3
− 1

4
...) = − z2e2

4πε0d
ln(2) (B.64)

where ε0 is the free space permittivity and e2 is the charge of an electron. Multiplying this equation

by two accounts for the ions to the left. Additionally, the same expression may be used to represent

an arbitrarily chosen central anion (Vani). Thus, the total potential per mole felt by an arbitrary pair

of ions, divided by two to account for double counting, is therefore:

V =
1

2
NA(Vcat + Vani) = −2NAln(2)

z2e2

4πε0d
(B.65)

where NA is Avogadro’s constantd. This may be extended to three dimensions, following the particular

lattice geometry, to get:

V = −M |zAzB|e2

4πε0d
(B.66)

where M is the dimensionless Madelung constant for that lattice geometry.

dAvogadro’s constant is the number of species per mole of substance; a mole being the exact number of carbon atoms
12 grams of carbon 12. The mole is used to normalise chemical quantities to make assessing the stoichiometry of a
chemical reaction more simple
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B.10 The Ewald Summation

Adapted from pages 327-356 of Molecular Dynamics by Santamaria492

The Ewald Summation technique aims to efficiently calculate the electrostatic energies of a periodic

system. It does this by separating the short-range and long-range interactions within the lattice and

handling these components separately. The reasoning behind this is that the interaction energies

between nearby atoms (short-range) have a greater dependency on the interatomic distance than

distant (long-range) atoms. In particular, short-range interactions are more efficiently calculated in

real space, while long-range interactions are more efficiently calculated in reciprocal space. Additionally,

Gaussian functions are used to represent the atomic species as their mathematical form complements

the transformations required to maximise efficiency. To outline the basics of the theory, consider an

arbitrarily selected central unit cell within an infinitely periodic lattice. The central cell contains N

atoms and is charge neutral such that:

N∑
i

qi = 0 (B.67)

where qi is the charge of atom i. For a given charge qi at ri within the central cell, its electrostatic

interaction energy Eel with the rest of the lattice is given as:

Eel =
1

2

1

4πε0

∞∑
n1,n2,n3=−∞

N∑
i=1

N ′∑
j=1

qiqj
|ri − rj + nL|

(B.68)

where n = n1, n2, n3 represents the unit cell parameters and L is the unit cell length. Note that the

central cell corresponds to n = 0 in this formalism. The above equation is too expensive to compute

directly. Thus, consider an alternative formalism where a distribution function ρi(r) is used:

ρi(r) = qiδ(r − ri) (B.69)

Reparameterising Eel accordingly gives:

Eel =
1

2

1

4πε0

∑
n

N ′∑
i,j=1

∫ ∫
ρi(r)ρj(r’)

|r − r’ + nL|
d3rd3r′ (B.70)
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Next, Consider the electrostatic potential vi at point r excluding particle i:

vi(r) =
1

4πε0

∑
n

N ′∑
j=1

∫
ρj(r’)

|r − r’ + nL|
d3r′ (B.71)

vi(r) =
1

4πε0
[
∑
n

N∑
j=1

∫
ρj(r’)

|r − r’ + nL|
d3r′ −

∫
ρi(r’)
|r − r’|

d3r′] (B.72)

Correspondingly:

Eel =
1

2

N∑
i=1

∫
ρi(r)vi(r)d3r (B.73)

Next, consider separable short-range (ρsi (r)) and long-range (ρli(r)) distribution functions:

ρi(r) = ρsi (r) + ρli(r) (B.74)

where:

ρsi (r) = qiδ(r − ri)− qig(r − ri) and ρli(r) = qig(r − ri) (B.75)

g(r) is a Gaussian function that may be defined as:

g(r) = αe−βr2 where α =
1

(2πσ2)
3
2

and β =
1

2σ2
(B.76)

The Gaussian function is used to screen the point charges that are represented by the Delta functions

of the opposite sign. For reference, the electrostatic potential of the Gaussian function is given by:

v(r) =
α

4βε0r

√
π

β
erf(

√
βr) (B.77)

erf is the error function that accounts for the inability to compute the integral of the Gaussian function

directly. By combining the above equations and simplifying the result, the short-range electrostatic

potential and energy may be derived:
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Es =
1

2

N∑
i=1

qiv
s
i (ri) (B.78)

where:

vi(r) =
1

4πε0

∑
n

N ′∑
j=1

qj(r’)
|r − r’ + nL|

erfC(
√
β|r − r’ + nL|) and erfC(x) = 1− erf(x) (B.79)

Es is short-ranged because erfC(x) decays rapidly as a function of distance within the lattice. This

quantity may therefore be efficiently computed in real space. To account for the self-interaction, the

Poisson equation is solved for a Gaussian-type function in the limit of erf(x −→ 0). This results in:

Eself =
1

4πε0

1√
2πσ2

N∑
i=1

q2 (B.80)

which is a constant. In the limit of large interatomic distance, erf(x −→ ∞) = 1. This convergence is

slow in real space but rapid in reciprocal space. Thus, for long-range interactions, it is preferable to

work in reciprocal space. In particular, the Fourier transform of the long-range distribution function

does not require summations across n. This is accounted for by the usual reciprocal space translation

arguments and incorporation of a Gaussian function:

ρli(r) =
∑
n

N∑
i=1

ρli(r + nL) , ρ̃li(k) =
1

V

∫
V
ρlie

−ikrd3r =
1

V

N∑
j=1

qj

∫
αe−β(r−rj)2e−ikrd3r

(B.81)

The corresponding long-range electrostatic potential is given by:

ṽl(k) =
1

V ε0

N∑
j=1

qj
k2
e−ikrje−

σ2k2

2 (B.82)

Thus:

El =
1

2V ε0

∑
k ̸=0

|S(k)|
k2

e−
σ2k2

2 where |S(k)|2 = |
N∑
j=1

qjcos(krj)|2 + |
N∑
j=1

qjsin(krj)|2 (B.83)
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Recombining the long, short, and self-interaction terms according to:

Eel = Es + El − Eself (B.84)

is overall more efficient than a direct summation.
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B.11 Special Quasi-Random Structures

Adapted from the work of Zunger et al:432

For an AB-type mixed lattice, consider a configuration (σ) of atoms within a lattice that can be

deconstructed into a series of geometric functions (f)

f = (k,m) (B.85)

where k corresponds to the number of vertices (atoms) for a given f and m corresponds to the dis-

tances between said vertices. Further, consider a boolean occupation variable Ŝi that determines the

occupation of a given lattice (i) as being either A or B (i.e. +1 or -1). The product (Πf ) of Ŝi for each

i within a given f can be defined as:

Πf (l, σ) (B.86)

where l corresponds to the location and orientation of the given f within the lattice. Moreover, if there

areDf geometric functions per site (i), a lattice average (Π̄f (σ)) of Πf across all l and symmetry-related

f is defined as:

Π̄f (σ) =
1

NDf

∑
i

Πf (l, σ) (B.87)

where N corresponds to the number of lattice sites. Further, consider the ensemble averagee of a

physical property (P ) over all σ:

⟨P ⟩ =
∑
k,m

Dk,m ⟨Π̄k,m⟩ pk,m (B.88)

where pk,m are the interaction parameters and ⟨Π̄k,m⟩ are the correlation functions. Consider that for

a perfectly random binary system, the correlation function is given as:

⟨Π̄k,m⟩Random = (2x− 1)k (B.89)

since when the composition parameter (x) is equal to 1
2 , all correlations vanish. Thus, instead of

eAn ensemble being the collection of possible configurations that may be possible in a dynamic system16, the ensemble
average being the average of a quantity across these configurations.
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computing the ensemble average by experimenting with a large number of permutations, structures

(S) may be selected such that the resulting correlation function is as close to ⟨Π̄k,m⟩Random as possible.

This may be expressed as:

⟨P ⟩Random − P (S) =
∑

k ̸=0,k ̸=1,k,m

Dk,m[(2x− 1)k − Π̄k,m(S)]pk,m (B.90)

B.11.1 Monte Carlo SQS

Adapted from the work of Van de Walle et al:433

The above method arrives at a final structure via exhaustive enumeration. Whilst reliable, the overhead

still increases rapidly as the cell size or complexity increases. The Monte Carlo SQS (mcsqs) method

generates SQS models stochastically, such that the computational overhead is further decreased:

Q = −ωL+
∑
α

|ρα − ρtargetα | (B.91)

where Q is the Objective Function to be minimised during the Monte-Carlo algorithm; ω is a user-

specified weighting for the class of cluster (doublets, triplets, quadruplets, etc); α is the cluster index,

denoting the cluster in question; ρα represents the correlations of α; ρtargetα represents the target

correlations of the truly random configuration; and L is a user-specified radius, such that all clusters

within L are optimised (|ρα − ρtargetα | = 0).
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B.12 Derivation of the OER Scaling Relation

Adapted from the work of Man et al58.

B.12.1 Chemical Potential Equations in Terms of DFT Energies

Consider the chemical potential (µ) which may be defined as the partial derivative (∂) of the Gibbs

free energy (G) of a system of particles (N)16 :

µi =

(
∂G

∂Ni

)
T,P,Nj ̸=i

(B.92)

Where i and j are individual particles of the N particles, T is the temperature, and P is the pressure.

Two systems in equilibrium have the same chemical potential. As such, consider a system of solvated

protons and electrons that are in equilibrium with gaseous hydrogen.

2H+(aq) + 2e− ⇋ H2(g) (B.93)

The corresponding expression, in terms of chemical potentials, is therefore given as:

µH+ + µe− =
1

2
µH2(g) (B.94)

The chemical potential is further related to the activity (ai) and the partial pressure (pi) via:

µi = µ0i + kBT ln(ai) and ai =
pi
p0

(B.95)

Where µ0i is the chemical potential at standard conditions (p0 = 1 bar, for example), kB is the Boltz-

mann constant, and T is the temperature. Applying this to gaseous hydrogen, solvated protons, and

solvated electrons gives:

µH2(g) = µ0H2
+ kBT ln(pH2) (B.96)

µH+ = µ0H+ + kBT ln(aH+) (B.97)

µe− = µ0e− − eU (B.98)
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where eU represents the shift in electron energy under an applied biasf. As such, assuming a system

in equilibrium at standard conditions:

µ0H+ + µ0e− =
1

2
µ0H2(g)

(B.99)

Recall that the Gibbs free energy G is related to the enthalpy (H), temperature (T ) and entropy (S)

via:

G(T, p) = H(T, p)− TS(T, p) (B.100)

Consider that the energy of a DFT calculation may equal the enthalpy in combination with a Zero

Point Energy (ZPE) correction. Thus, the standard chemical potential of hydrogen (µ0H2(g)
), in terms

of calculable DFT quantities, can be expressed as:

µ0H2(g)
= E

H2(g)
DFT + ZPEH2(g) − TS0

H2(g)
(B.101)

Where EH2
DFT is the total energy of a hydrogen molecule, ZPEH2(g) is the zero point energy correction

computed via DFT vibrational frequency calculations performed by Man et al58, and S0
H2

is the

standard entropy of hydrogen obtained from a standard data table cited by Man et al58.

B.12.2 The Hydrogen Bonding Approximation

One aspect of the system that DFT cannot properly account for is the hydrogen bonds of liquid water.

To avoid this problem entirely, an approximation is introduced in which the gaseous chemical potential

is equal to the liquid chemical potential.

µH2O(l) = µH2O(g) (B.102)

This only happens to be true at 0.035 bar and 298.15 K. As such:

µH2O(g) = E
H2O(g)
DFT + ZPE − TS0(0.035bars) (B.103)

fA bias is simply an applied voltage70.
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B.12.3 The Oxygen Molecule Approximation

A further approximation is introduced to overcome the difficulty in calculating the energy of the oxygen

molecule with DFT. In this regard, for the water splitting reaction:

2H2O(l) ⇋ O2(g) + 2H2(g) (B.104)

the corresponding experimental standard free energy change (2.46 eV) is used to consider the above

relation in terms of the Gibbs free energy:

2G0
H2O(l) −G0

O2(g)
− 2G0

H2(g)
= 2.46 eV (B.105)

Substituting the above equations for hydrogen and water into the above equation and rearranging for

G0
O2(g)

indirectly provides the value for oxygen.

(
E

O2(g)
DFT + ZPEO2(g) − TS0

O2(g)

)
= 4.92 + 2

(
EH2O

DFT + ZPEH2O(g) − TS0
H2O

)
(B.106)

−2

(
E

H2(g)
DFT + ZPEH2(g) − TS0

H2(g)

)

B.12.4 Step One of the Oxygen Evolution Reaction

With each of the reagents of the OER described in terms of DFT energies, the intermediates of the

OER can further be described in terms of DFT energies. Recall the first step of the OER:

H2O(l) +M ⇋M(OH) +H+ + e− (B.107)

A corresponding equation in terms of the Gibbs free energy can be written:

∆G1 = GM(OH) + µH+ + µe− −GM − µH2O(l) (B.108)

where GM(OH) and GM are the energies of the surface with and without the hydroxyl adsorbate.

Correspondingly, these quantities can be expressed in terms of DFT energies:

GM(OH) = E
M(OH)
DFT + ZPEOH − TS0

OH and GM = EM
DFT (B.109)
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Moreover, by combining the preceding two equations, we arrive at:

∆G1 = GM(OH) + µ0H+ + kBT ln(aH+) + µ0e− − eU = GM − µH2O(g) (B.110)

Further substituting Equations B.101 and B.103 into the above equation, we arrive at:

∆G1 = E
M(OH)
DFT −EM

DFT −E
H2O(g)
DFT −

(
E

H2O(g)
DFT − 1

2
E

H2(g)
DFT

)
+ (∆ZPE − T∆S0) + kBT ln(aH+)− eU

(B.111)

B.12.5 Step Two of the Oxygen Evolution Reaction

Recall the second step of the OER:

M(OH) ⇋M(O) +H+e− (B.112)

A corresponding equation in terms of the Gibbs free energy can be written:

∆G2 = GM(O) −GM(OH) + µH+ + µe− (B.113)

The same method of substitution, as for the first step, can be applied to the above equation for the

second step to obtain an equation in terms of DFT energies:

∆G2 = E
M(O)
DFT − E

M(OH)
DFT +

1

2
E

H2(g)
DFT + (∆ZPE − TS0) + kBT ln(aH+)− eU (B.114)

B.12.6 Step Three of the Oxygen Evolution Reaction

Recall the third step of the OER:

M(O) +H2O(l) ⇋M(OOH) +H+ + e− (B.115)

A corresponding equation in terms of the Gibbs free energy can be written:

∆G3 = GM(OOH) + µH+ + µe− −GM(O) − µH2O(l) (B.116)
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The same method of substitution, as for the previous two steps of the OER, can be applied to the

above equation for the third step to obtain an equation in terms of DFT energies:

∆G3 = EHOO∗
DFT − EO∗

DFT −
(
E

H2O(g)
DFT − 1

2
EH2(g)

)
+ (∆ZPE − T∆S0) + kBT ln(aH+)− eU (B.117)

B.12.7 The Final Step of the Oxygen Evolution Reaction

Recall the third step of the OER:

M(OOH) ⇋M +O2(g) +H+ + e− (B.118)

A corresponding equation in terms of the Gibbs free energy can be written:

∆G4 = GM +GO2(g) + µH+ + µe− −GM(OOH) (B.119)

The same method of substitution, as for the previous three steps of the OER, can be applied to the

above equation for the final step to obtain an equation in terms of DFT energies:

∆G4 = E∗
DFT−EHOO∗

DFT +

(
2E

H2O(g)
DFT −1

2
E

H2(g)
DFT

)
+4.92+(∆ZPE−T∆S0)+kBT ln(aH+)−eU (B.120)
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B.13 Experimental Methods

For the reader’s reference, the following section contains background material regarding the various

experimental methods that were mentioned in previous chapters. This section merely outlines the

general ideas behind each technique and not necessarily the practical intricacies. Such information

may be obtained from the citations provided in this section.

B.13.1 X-Ray Diffraction

A sample of the crystal is probed with a range of monochromatic X-rays at various orientations. As

the X-ray passes through the crystal the beam is scattered by the electrons of the structure. The

scattered beams usually destructively interfere, with the exceptions of specific characteristic angles

at which they constructively interfere. These constructively interfering beams produce a diffraction

pattern. Application of Bragg’s Law493 and a Fourier Transform to these diffraction patterns allows

the crystal structure to be deduced.

nλ = 2dsinθ (B.121)

where n is the diffraction order, λ is the wavelength of the X-ray radiation, d is the distance between

successive planes of atoms, and θ is the angle is incident radiation normal to the plane of the material’s

surface. Alternatives include neutron and electron diffraction which broaden the range of applications

for the technique494,495.

B.13.2 Stern-Gerlach Experiment

In the Stern Gerlach experiment94, silver atoms were passed through an inhomogeneous (spatially

varying) magnetic field to a detector. Particles with non-zero magnetic moments (i.e. electrons) would

therefore be deflected before reaching the detector.

The magnetic field had to be inhomogeneous to ensure that the electrons were deflected. Assuming,

that the electron (a charged particle) indeed possesses an angular momentum, then that angular

momentum must produce a magnetic dipole because a moving charge is known to produce a magnetic

field. However, if the magnetic dipole passes through a spatially homogeneous magnetic field, the
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forces acting upon the magnetic dipole, due to the magnetic field, would cancel each other out and the

particle would pass through undisturbed. However, a spatially inhomogeneous magnetic field would

not produce this effect and there would be a net force acting on the magnetic dipole. Thus, altering its

trajectory. Silver atoms were chosen due to their charge neutrality, ensuring that the deflection path

was not too great and that the magnetic effects of the electrons dominated the observed result.

It was observed that, due to the quantum nature of spin, the deflected particles accumulated in one

of two specific locations on the detector. Thus, supporting the existence of up and down spin states.

If the electrons’ angular momenta were insignificant, or not quantum in nature, then a continuous

distribution of particles would have accumulated at the detector.

B.13.3 Transient Absorption Spectroscopy

A pump pulse is used to excite a fraction of electrons in the material to an excited state. Following

a delay time (τ), a second probe pulse of the same wavelength (λ) but of lower intensity than the

pump pulse, is used to excite the material further. The difference (∆A) between the pump absorption

(Apump) and probe absorption (Aprobe) can then be considered as a function (∆A(λ, τ)) of the delay

time and the wavelength.

∆A(λ, τ) = Aprobe −Apump (B.122)

By experimenting with various wavelengths and delay times, the spectroscopic data can be used to

characterise the dynamic processes that may occur within the system. For example, a transient absorp-

tion spectrum presents a characteristic negative ∆A peak at the ground state absorption wavelength.

This is known as the ground state bleach peak, so named because the pump pulse would have already

promoted a substantial fraction of the electrons at this wavelength. Thus causing the probe pulse

to excite fewer electrons than the probe pulse. Therefore, the ground state bleach peak is always

negative496. Polarons can be detected using transient absorption spectroscopy by considering the ab-

sorption spectrum as a function of time and wavelength in light of the band gap29,295. For instance,

excitations within the band gap and characteristic decay times of certain signals may indicate polaron

formation.
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B.13.4 Cyclic Voltammetry

Cyclic voltammetry uses an electrochemical cell to probe the electronic structure of an analyte, along-

side an associated chemical process. The electrochemical cell comprises a working electrode, a reference

electrode, a counter electrode and the analyte in question. By applying an electrical current to the

system and observing how the system behaves as a function of the applied current and voltage, a

voltammogram can be obtained. From this voltammogram, the various potentials (i.e. the ionisation

potential and electron affinity) associated with the analyte can be deduced. This is because, as the

potential applied to the working electrode is increased, the energy of the electrons in the working

electrode increases accordingly. At a specific potential, the electrons are of sufficient energy to be

transferred to the analyte. A redox process then occurs between the analyte, the working electrode,

and the counter electrode which corresponds to identifiable signatures within the voltammogram. The

reference electrode is a well-known reference potential that calibrates the overall reaction such that the

band energies deduced for the analyte are absolute497.

B.13.5 Photoelectron Spectroscopy

Photoelectron spectroscopy exploits the photoelectric effect which is the observation that an electron

can only be removed from a material (i.e. ionised) via electromagnetic radiation once the radiation is

of a sufficient threshold frequency. The intensity of the radiation does not affect this relation16. The

threshold frequency is characteristic of the material in question.

As such, probing the material with various frequencies, and observing the photoelectrons produced, may

be used to characterise the material. Moreover, the emitted photoelectrons provide useful information

concerning the electronic structure. For instance, assuming that Koopmans’ Theorem is valid, the

energy bands of the material correspond to the characteristic threshold frequencies associated with the

material. This includes the determination of the ionisation potential498. Generally speaking, valence

electronic states are probed via ultraviolet radiation, whilst core electronic states are probed via X-rays.

X-ray photoelectron spectroscopy may also be used to determine the oxidation state of an atom499,

thereby providing an estimation of the ionicity.
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B.13.6 Sputter Deposition

Sputter deposition is a means to generate a thin film of material on a substrate. In this technique,

a source of the material is bombarded with ionised particles such that fragments of the material are

ejected from the surface. Under the correct conditions, these ejected atoms may land on the substrate,

gradually forming a thin film. Sputter deposition is an example of a physical deposition process,

wherein the chemistry of the materials involved is not exploited in the deposition process500. Mixed

systems (alloys) may be created by using multiple sputtering sources targeted at a single substrate.

B.13.7 Chemical Vapour Deposition

Converse to physical vapour deposition, chemical vapour deposition is an alternative deposition process

that exploits the chemistry of the materials involved. A precursor compound is vaporised and either

reacts or decomposes, on the substrate surface to create a thin film501.

B.13.8 Inductively Coupled Plasma Mass Spectrometry

In mass spectrometry, a material sample is ionised, causing charged fragments of the sample to break

free from the bulk. The mass/charge ratio of these fragments can be used to characterise the sample

according to the known masses of the constituent elements. For inductively coupled plasma mass

spectrometry, the ionised fragments are in the form of an inductively coupled plasma that allows

discrete samples of the material to be ionised in a time-resolved fashion. By statistically analysing

each of these discrete samples across time, the homogeneity of the sample can be deduced431,502.

B.13.9 Optical Absorption Spectroscopy

Optical absorption spectroscopy exploits the physical phenomenon that materials exhibit wherein the

specific electromagnetic frequencies that are absorbed (and not transmitted, scattered or reflected) by

a material are characteristic and unique to the material16. This is caused by, and is evidence of, the

the quantisation of electronic states within the material.
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B.13.10 Tauc Analysis

The band gap may be determined experimentally via a Tauc analysis following optical absorption

spectroscopy wherein29:

(ahν)n/2 is plotted against hν (B.123)

where h is Planck’s constant, ν is the frequency of light, Eg is the band gap, a is the absorption

coefficient of the material, n = 1 for a direct band gap and n = 4 for an indirect band gap. The

resulting plot usually includes a linear portion the intercept of which corresponds to the band gap of

the material.

B.13.11 Nanoparticle Synthesis

Nanoparticles may be synthesised via "top-down" methods, where the bulk material is ground down

mechanically, ablated via a laser, or sonicated. Alternatively, they may also be synthesised in a

"bottom-up" approach, where the nanoparticles are grown via a chemical synthesis. A comprehensive

review of top-down and bottom-up processes is given by Namakka et al503.
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Mathematical Background

The purpose of this chapter is to introduce key mathematical concepts that may be required to under-

stand the previous chapters. It is assumed that the reader has a basic knowledge of arithmetic, algebra

and calculus.
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C.1 Domains, Ranges, Functions and Functionals

A function (f) is a rule that assigns elements from a set (a collection of objects) (X) to another set

(Y ) such that such that each element of X corresponds to an element of Y . The domain of a function

is the set of values that can be assumed by the independent variable (x) of the function. The range of

a function is the set of elements that can be assumed by the dependent variable (y) of the function100.

Thus:

f : X −→ Y and y = f(x) (C.1)

A functional is a function that has a domain that is a set of functions and a range that belongs to

another set of functions or numbers100. An example of a functional is the differential operator ( d
dx),

which is a functional of the function f(x). Generally speaking, the terms "operator" and "function"

are often used interchangeably throughout literature. For this work, operators refer to well-known and

used functions, such as the aforementioned differential operator.

Laplacian Operator

The Laplacian operator is a second-order differential operator applied across Euclidean space. As such,

it provides a convenient shorthand for representing spatially resolved transformations.

∇2 =

(
∂2

∂x2
,
∂2

∂y2
,
∂2

∂z2

)
(C.2)
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C.2 Matrices

A matrix is a rectangular array of numbers or functions. They are particularly useful for computers

for storing interpreting and manipulating data:

M =

a b

c d

 (C.3)

For example, spatially resolved charge density data can be stored in matrix form. Like scalar numbers,

matrices can be added, subtracted, and multiplied. They may also be transposed to swap the rows and

columns:

MT =

a c

b d

 (C.4)

The determinant of a matrix, of order n, is a scalar associated with an n × n (square) matrix that

describes the solutions of a linear system of equations when written in matrix form:

det(M) =

∣∣∣∣∣∣∣
a b

c d

∣∣∣∣∣∣∣ = ad− bc (C.5)

The inverse of a matrix is defined as:

M−1 =
1

det(M)

 d −b

−c a

 (C.6)

The inverse of a matrix acts as the reciprocal of its counterpart, M . As such, when applied to another

matrix or vector, it can function as division by M . Diagonal matrices are square matrices that have

only non-zero terms across the diagonal. 
a 0 0

0 b 0

0 0 c

 (C.7)
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Scalar matrices are diagonal matrices in which each of the diagonal elements is equal. As such, the

matrix functions in the same way as a scalar number when multiplied.


a 0 0

0 a 0

0 0 a

 (C.8)

Unit matrices are scalar matrices in which all of the diagonal values are equal to 1.


1 0 0

0 1 0

0 0 1

 (C.9)

Tridiagonal matrices are square matrices whose elements are non-zero on the principal diagonal, the

first superdiagonal, and the first subdiagonal :



a h 0 0

e b i 0

0 f c j

0 0 g d


(C.10)

C.2.1 Diagonalisation

Diagonalisation transforms a non-diagonal matrix into a diagonal matrix. The overall computational

power required for performing calculations using the diagonalised matrix is lower because common

matrix manipulations may be simplified via the large number of zero terms within the diagonalised

matrix. For example, the determinant of a diagonalised matrix is merely the product of its diagonal

entries. Diagonalisation is performed via a similarity transformation, wherein an n×n diagonal matrix

MDiag is similar to another n× n matrix M if504:

MDiag = P−1MP (C.11)

where P is also an n× n matrix. Block Diagonalisation may also be used in certain circumstances to

further reduce the computational expense of diagonalisation. If the elements of a matrix are conve-

niently partitionable into subsets such that adjacent elements within each subset may be grouped into
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their own smaller matrices, then said matrix is called a block matrix. Or more simply, a matrix whose

elements are also matrices. Much like a standard matrix, block matrices may also be diagonalised

into diagonal block matrices. Therefore, depending on the situation, it may be more computationally

efficient to block diagonalise a given matrix.
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C.3 Eigenvalues, Eigenvectors and Eigenfunctions

An eigenvector (ν) is a non-zero vector associated with a linear operator (Ô) or matrix (M) that

satisfies the relationship:

Ôν = λν or Mν = λν (C.12)

where λ is a scalar quantity called the eigenvalue 16. An eigenfunction is a type of eigenvector that is

also a function. For example, the function:

f(x) = eλx (C.13)

is an eigenfunction of the differential operator ( d2

dx2 ) because f(x) is a function that also satisfies

Equation C.12 :
d2

dx2
eλx = λeλx (C.14)

C.3.1 Eigenbases and Matrices

The concept of eigenvectors, eigenvalues, and eigenfunctions also applies to matrices and is particularly

useful for diagonalisation. If an n × n matrix M has n distinct eigenvalues, then M is considered to

have an eigenbasis (a basis of eigenvectors), ν1, ..., νn 504. This relation is useful because it allows any

arbitrary vector, r, to be decomposed into a linear combination of the eigenvectors of M :

r = c1ν1+, ...,+cnνn (C.15)

Moreover, upon diagonalisation of M via Equation C.11, the eigenvalues of M are preserved and

expressed along the principal diagonal of MDiag. Furthermore, the eigenvectors of M correspond to

the matrix columns (column vectors) of P 504.

264



C.4 Taylor Series

Taylor’s Theorem submits that for any smooth function (f(θ)), there exists a single and infinite Taylor

series that perfectly represents the function:

f(θ)Taylor =
∞∑
n=0

fn(α)

n!
(θ − α)n = f(α) +

f ′(α)

1!
(θ − α) +

f ′′(α)

2!
(θ − α)2... (C.16)

where α corresponds to a location along f(θ). The utility of the Taylor series is in its ability to be

truncated into a simpler and finite function to obtain an acceptable approximation at a point (α) along

f(θ). For example, a complex function that is close to parabolic about a certain point of interest (α)

may be reasonably approximated by a Taylor series expansion to the order θ2 about that point. Thus,

the only terms to be kept from Equation C.16 would be:

f(θ) ≈ f(α) +
f ′(α)

1!
(θ − α) +

f ′′(α)

2!
(θ − α)2 (C.17)

Such a finite function is called a Taylor polynomial.

C.4.1 Maclaurin Series

The Maclaurin series expansion of a function (f(θ)) is the Taylor series at which α = 0.

f(θ)Maclaurin =

∞∑
n=0

fn(0)

n!
(θ)n = f(0) +

f ′(0)

1!
θ +

f ′′(0)

2!
θ2... (C.18)
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C.5 Fourier Series and Fourier Transforms

A Fourier Series is an infinite mathematical series that can be used to represent any function that is

both infinite and periodic in terms of separable sine and cosine functions. Such a representation is

often simpler to classify and process than the function itself, especially for a traditional computing

system. The general equation for a Fourier series of a given function f(x):

f(x) = a0 +
∞∑
n=1

[
ancos

(
nπ

L
x

)
+ bnsin

(
nπ

L
x

)]
(C.19)

where a0 =
1

2L

∫ L

−L
f(x)dx, an =

1

L

∫ L

−L
f(x)cos(

nπx

L
)dx, bn =

1

L

∫ L

−L
f(x)sin(

nπx

L
)dx

(C.20)

Similar to the Taylor series, if the computational overhead is a concern, the number of terms, n, within

a Fourier series can be chosen to sufficiently represent f(x):

(a) n=1

(b) n=10

(c) n=100

Figure C.1: An example of the Fourier series applied to a square wave function, represented by the
dashed line, for 3 different values of n.
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C.5.1 Fourier Integral

Fourier integrals are an extension of the Fourier Series to non-periodic functions. In general, the

Fourier Integral for a non-periodic function is given as504:

f(x) =

∫ ∞

0
[A(w)cos(wx) +B(w)sin(wx)]dw (C.21)

C.5.2 Fourier Transforms

A Fourier transform is a specific use of the Fourier integral, wherein a given function (f(x)) depending

on parameter x is transformed into a new function (f(w)) which depends on parameter w 504. For

example, reciprocal space is the Fourier transform of Euclidean space.

f̂(w) =
1√
2π

∫ ∞

−∞
f(x)e−iwxdx (C.22)

C.5.3 Inverse Fourier Transforms

Each Fourier transform also has an inverse transform. Thus allowing the two domains (e.g. reciprocal

and Euclidean space) to be reversibly traversed and analysed504.

f(x) =
1

2π

∫ ∞

−∞
f̂(w)eiwxdw (C.23)

C.5.4 Discrete and Fast Fourier Transforms

A Discrete Fourier Transform is an extension of the Fourier Transform to discretely sampled, evenly

spaced data across a range, as opposed to a continuous function. The Discrete Fourier transform is

particularly useful for Fourier analysis using a computer because data is stored in a computer’s memory

in discrete units and not across a continuous range504.

f̂n = Ncn =

N−1∑
k=0

fke
−inxk (C.24)

An issue with the Discrete Fourier Transform is it has a relatively large computational overhead due
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to the large number of mathematical operations that often need to be performed. The Fast Fourier

Transform reinterprets the Discrete Fourier Transform for more efficient computation by a computer.

The result is a set of transformations that scale according to log2N , as opposed to N2, where N are

the number of data points for consideration504.
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C.6 Crystal Structures and Lattices

Many photoelectrochemical cell electrode materials are crystalline, meaning that they are composed

of an ordered and periodic arrangement of atoms16. This regular arrangement of the atoms may be

represented mathematically via a lattice 16. Assuming three spatial dimensions, a lattice is a collection

of all lattice points that satisfy the relation:

axvx + ayvy + azvz (C.25)

where vi are linearly independent vectors or points in Euclidean space and ai are integers.100. Con-

sequently, each lattice has at least one characteristic lattice constant that spans the distance between

lattice points. The degrees of freedom for a lattice include the relative size of each of the lattice con-

stants as well as the angles between them. This mathematical formalism provides a convenient means

to categorise different crystal structures because the ordering of the atomic positions in a crystal

structure can be mapped directly onto an ordering of lattice points within a lattice.

Figure C.2: A 2-dimensional representation of a square lattice. Each X may represent a lattice
point and/or an atomic position within the crystal structure.

Further lattice geometries can be categorised according to 7 lattice systems16. An illustrative example

in three dimensions is the cubic lattice wherein each of the lattice constants, (a, b, and, c) are equal,

and the angles between each lattice vector is 90◦ 100.
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Lattice system Lattice constant Angles
Cubic a = b = c α = β = γ = 90◦

Tetragonal a = b ̸= c α = β = γ = 90◦

Orthorhombic a ̸= b ̸= c α = β = γ = 90◦

Rhombohedral a = b = c α = β = γ ̸= 90◦

Hexagonal a = b ̸= c α = β = 90◦, γ = 120◦

Monoclinic a ̸= b ̸= c α = γ ̸= β
Triclinic a ̸= b ̸= c α ̸= β ̸= γ ̸= 90◦

Table C.1: List of 7 lattice systems. When drawn from a common lattice point, a, b and c
correspond to lattice constants in Euclidean space. α, β, and γ correspond to the angles between b
and c, a and c, and a and b respectively.

Each of the lattice systems is further specified into primitive, base-centred, body-centred and face-

centred Bravais lattices. A Bravais lattice is a lattice arranged such that the infinite array of neigh-

bouring lattice points appears to be identical when viewed in the same direction from any lattice

point16. All Bravais lattices obey the following relation wherein a set of vectors, R, join each of the

lattice points and span the lattice without overlapping or leaving any gaps:

R = n1a1 + n2a2 + n3a3 (C.26)

where ni are integers and ai are primitive translation vectors. In three dimensions, the relation between

a Euclidean lattice vector (a1) and its Reciprocal counterpart (b1) is given as99:

b1 = 2π
a2 × a3

|a1 · (a2 × a3)|
(C.27)

The representation of the Euclidean primitive cell in reciprocal space is known as the First Brillouin

Zone 505 (FBZ ). This representation can be further reduced, by symmetry, to the Irreducible Brillouin

Zone 506 (IBZ ).

Within this volume of reciprocal space, the long-range, real space properties of the crystal structure

can be calculated exactly by integrating over the irreducible Brillouin zone. Within this mathematical

framework, the structure of any crystalline solid may be determined and categorised according to its

space group16. The crystal structure is usually verified experimentally via X-ray diffraction (see Section

B.13).
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Figure C.3: The first and irreducible Brillouin zone for the square lattice of Figure C.2. The space
enclosed by the solid box represents the first Brillouin zone, whilst the space enclosed by the dashed
line represents the irreducible Brillouin zone. For reference, Γ corresponds to the coordinates (0,0,0)
in reciprocal space.
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C.7 Special Functions and Operators

C.7.1 Complex Numbers

A problem often encountered is the need to solve
√
−1, which has no real solution. To traverse this

problem the imaginary unit (i) is defined as100:

i =
√
−1 (C.28)

Correspondingly, quantities that involve
√
−1 are deemed imaginary, whilst quantities that do not are

considered real. Quantities that contain both real and imaginary components are deemed complex and

have the form:

a+ ib (C.29)

where a and b are real numbers. Practically speaking, it is usually desirable to group the imaginary

components, so that they may be treated separately from the real parts. In some cases, this may

conveniently result in the imaginary parts cancelling each other out. For example, via i2 = −1. The

complex conjugate of a complex quantity is given as:

a− ib (C.30)

C.7.2 Euler’s Formula

Euler’s formula is a particularly important relation because it provides a simple mathematical form as

the basis for crystalline wavefunctions. Furthermore, Euler’s formula simultaneously provides a means

with which to deconstruct such wavefunctions into functions of sine and cosine for Fourier analysis.

Thus, providing a much more convenient framework for computation.

eiθ = cos(θ) + isin(θ) (C.31)

Derivation of Euler’s Formula

Adapted from page 58 of Advanced Engineering Mathematics504.

272



Consider the function f(θ) wherein:

f(θ) = eiθ (C.32)

Now consider the Maclaurin series expansion of f(θ):

f(θ)Maclaurin = 1 + iθ +
(iθ)2

2!
+

(iθ)3

3!
+

(iθ)4

4!
... (C.33)

Separating the real and imaginary components gives:

f(θ)Maclaurin =

[
1− θ2

2!
+
θ4

4!
− θ6

6!
...

]
+ i

[
θ − θ3

3!
+
θ5

5!
− θ7

7!
...

]
(C.34)

Now consider the functions g(θ) and h(θ), wherein:

g(θ) = cos(θ) and h(θ) = sin(θ) (C.35)

Now consider the respective Maclaurin expansions of g(θ) and h(θ):

g(θ)Maclaurin = 1− θ2

2!
+
θ4

4!
− θ6

6!
... and h(θ)Maclaurin = θ − θ3

3!
+
θ5

5!
− θ7

7!
... (C.36)

Upon comparison of the above equations, it is clear that:

f(θ) = g(θ) + i[h(θ)] (C.37)

Thus:

eiθ = cos(θ) + isin(θ) (C.38)

C.7.3 The Delta Function

The Delta function (δ(x)) is a function with a value of zero for all points of x except for a specific

point (x0)100. Furthermore, the integral across all points of x is equal to 1. Thus:

δ(x) = 0 where x ̸= x0 but
∫ ∞

−∞
δ(x)dx = 1 (C.39)

The Delta function is a generalised function, meaning that it may map onto a continuous function

(f(x)) as a linear functional. Given these properties, the Delta function is commonly referred to as a

sifting function, because it may be applied to f(x) at a given value of x0 to obtain the value of f(x)
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at x0: ∫ ∞

−∞
δ(x− x0)f(x)dx = f(x0) or f

δx0 (x)−−−−→ f(x0) (C.40)

As such, the Delta function and its Fourier Series are commonly used to represent discrete quantities,

such as impulses or point charges.

C.7.4 The Gaussian Function

The Gaussian Function is a function (f(x)) that represents the probability distribution with regards

to a random variable (x)100:

f(x) =
1

σ
√
2π
e

−(x−µ)2

2σ2 (C.41)

where µ is the mean and σ is the standard deviation of a dataset of values relating to x. Beyond being a

useful probability distribution, the Gaussian function may also be used as an adjustable approximation

of the delta function and be used to smooth out (reduce the noise) a probabilistic or random dataset.

This is known as Gaussian smearing.
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