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Symmetry plays an important role in physics providing a means of clessificand a route to understand-
ing. Here we show that an apparently unsymmetrical structure, in @mggbe an ellipse/spheroid, has a more
symmetrical partner with an identical spectrum and through which its efeatynetic properties can be classi-
fied and calculated analytically. We use the powerful tool of transformaftics to establish this relationship
which has wide application beyond the simple example we give in this paper.

I.INTRODUCTION I1. TRANSFORMATION OF THE GEOMETRY

The systems we are interested in are an elliptic cylinder
with infinite extent in the z'-direction and a spheroid with

In this paper we address the issue of hidden symmetrie®tational symmetry around the z'-axis. Since we are deal-
in plasmonic systems. Sophisticated computer codes sudR9 With an elliptic cylinder of infinite length, this systeis:
as COMSOL enable us to solve for electromagnetic fields iffauivalent to a two-dimensional ellipse. We assume thdt bot
complex geometries but powerful as they may be they oftet"?/”'pSe and sphe_r_()ld/are made out of metal with permittivity
provide little insight into how the solutions arise and ther &m and pe_rr_nea/bmtwm =1 a”‘?‘_arﬁj immersed in a dielectric
fore cramp our imagination. Analytic solutions where they©f Permittivity £y and permeabilityiy = 1. The incident illu- -
are to be found arise from a particular insight and can sho/lination is a plane wave, and in the quasistatic approxonati
the way forward to addressing the problem in hand. The neWf can be t.aken as a uniform elec_trlc fleld. Le_t us con5|dgr the
tool of transformation optics greatly assists the analgtie 2D case first. Th_e source potential (in the original coorgina
proach. Given a solution of Maxwell's equations for a partic Tame) can be written as
ular geometry, we can demand that the fields be distorted to _ _EX—E 1
choice and given the coordinate transformation from thg-ori o0 = —Ex Yy (1)
inal to distorted frames we can calculate the values of germi
tivity and permeability that satisfy Maxwell’s equatiomsthe
distorted systeni [115]. Given the infinite range of transfor
mations available to us, a single simple system and its elec- . c 1
tromagnetic fields can be transformed into wildly different (= E(Z+f) @)
shapes. In this way we have shown how a wide variety of sin-
gular plasmonic structures that concentrate energy atilsing with {’ = X +iy, { = x+iy andc € +R , which is essen-
points are related to a single ‘mother’ systern|[6, 7]. Heretially a Joukowski transformation [11]. The real and imagi-
we use transformation optics to address the issue of symmeary parts transform as
try. The modes of a system can be classified by the symmetry

whereE, andE, are the electric field components aloxig
andy’ axes, respectively. We now apply the transformation

of the system. For example a system that is translationally ,_c 1

invariant has eigenstates that are Bloch waves classified by 2 Xe+y

their wave vectori]dZiO]. Not only does this expedite analyt c 1

solutions but identification of the underlying structuretioé y = Ey(lf x2—|—y2)' (4)

modes inspires our understanding: the electronic streatir

solids would be far less advanced without the aid of transla- Here and in the following, primed quantities refer to the
tional symmetry. Given a highly symmetrical system, whoseellipse/spheroid geometry and unprimed ones to the trans-
eigenstates we can classify, that symmetry can be hidden Bgrmed space. Starting with an ellipse in the primed frame,
imposing an unsymmetrical coordinate transformation. How with semi-major axisa’ = ¢’ cosh{ug), semi-minor axisy' =

ever, the classification remains because the eigenmodes of tc’sinh(u) and centred at the origin, one can show that this
transformed system are given by the original classified mode transforms to an annulus with inner and outer rdeljj =

Of course it is not always possible to relate an arbitrary una’ —b/ = e % and Ryt = & + 1/ = €', respectively. One
symmetrical system to one that is more symmetrical but thereould go on to transform the annulus to an infinite metal slab
are many instances where symmetry does lie hidden. Here wigZ], which is a problem that has been discussed extensively
give as an example one of the simplest: an ellipse/spheroioh the literature 3@4], but we will work in the rotation-
which can be transformed into two concentric circles/seber ally symmetric annulus geometry. Since the transformation
creating continuous rotational symmetry where none previEq[2 is conformal, the permittivity and source potentiahs-
ously existed. We treat both the two-dimensional (2D) andorm trivially asej; = &4, £, = €m andq)éZd(x’,y) = Ps2d(X,Y)
three-dimensional (3D) cases. [6,[15]. Using this together with the transformation in[Eq.2
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g = detd) 13,3l " @)
il — deI(J)‘lJii/Jjj, u (8)
wherel is the Jacobian transformation matrix. In our case this
leads to
i ; 1-r?
uniform electric field gr’,)d/m = gg,d/m = ?gé/my (9)
¢ = £(C+1/0 Py, A
R ur,d/m = ue,d/m = or2 (10)
1+r1%—2r2cog20)
p _ !
S(p,d/m_ 2r2(1—r2) sd/m’ (11)
\y o 14+r*—2r2cog26) 1
Hoam™= ~ 21— r2) (12)

Similarly, for an oblate spheroid we can use the transfor-
mationp’ = 3(r + 1)sin(),Z = 1(r — ¥)cog6) andg' = ¢

Rin and get
dipole )
€ X 1+r
d gr"’d/m = 887d/m == s(’j/m, (13)
1+r2
€d (o] _ 140 _
uniform Hra/m=Heam=—"52> (14)
electric field o 14 r+2r2cog26) , 15
g¢,d/m - 2[.2(1+ I'Z) & /m> (15)
4 2
Figure 1. Schematic illustration of the transformation irlEq.2 applied T I— 141"+ 2r°cog26) (16)
to a metal ellipse in a uniform electric field. The transformed metal @d/m 2r2(1+r2)

annulus is rotationally symmetric. .
It should be stressed that although 3D transformationdtresu

in permittivity/permeability that depend erand®@, the eigen-
Hmdes supported by the system can still be characterised by
spherical harmonics for the angular part (Beand¢) and as-
signed ‘quantum’ numbers,m. The spatial dependence én
(5) andyu only affects the solution for the radial part (i§. This
is a subtle point which contrasts a previous st@ [17] anld wi
be explained in the appendix. Good ‘quantum’ numbers in
the transformed geometry will remain good ‘quantum’ num-
E. X E., bers upon transforming back to the original. Furthermdre, t
Elo= { E. } , = [ ] ;P =&l [ £ } (6)  geometries in the transformed space possess rotationjl (2D
4 4 and spherical (3D) symmetry. The transformations thusaleve
a ‘hidden’ symmetry in the ellipse/spheroid geometry, wahic
helps to shed light on the optical response of the nanojestic

the source potential in the transformed frame can be deduce

c / p-r
(Ps(xay)*_iEO'r‘FW

where we defined three vectors:

Thus, the uniform electric fiel@& o (in the original frame)
transforms to a uniform electric field scaled By2, plus a
line dipole at the origin with a dipole momept The result
of this transformation is shown schematically in Higj. 1. Sim
ilarly, one can show that a dipole in the ellipse’s geometry
transforms to two dipoles in the transformed annulus space
(see appendix).

An analogous transformation in 3D transforms a spheroi%
to a concentric spherical shell. Specifically, for a prolate
spheroid we can ugg = 3(r — 1)sin(),Z = 3(r+ %) cog6) 0-(s-0¢) = 0. (17)
and ¢ = @, wherer, 8 and ¢ are the standard spherical po-
lar coordinates. The transformation of the source poteistia and demanding continuity of the tangential component of the
analogous to the 2D case, however the permittivity and permeelectric field and continuity of the normal component of the
ability change according to the rules of transformatioriagpt  electric displacement across the metal/dielectric boynda

[Il.PLASMON MODE STRUCTURE AND SYMMETRIES

With the geometries and source potential in the transformed
pace known, we can calculate the system’s properties in the
uasistatic limit by solvind [18]
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S Figure 3. Imaginary part of the electrostatic potential atrthe 1
b’/a (left) andm = 3 (right) resonance. We show the potential for the

2-D ellipse and the corresponding annulus geometry, as indicated.
Figure 2. Shift of the plasmon resonance frequencies as a functiohhe top panel shows the even, the bottom panel the odd plasmon
of the ratio of semi-minor to semi-major axis of the ellipse. The modes. Then= 1 resonance has been excited by a plane wave with
dashed lines correspond to (in descending orderiitkel, 2,3,4,5 the source potential of Hg.Ef{ = E)’,) and them = 3 resonance by a
odd plasmon modes and the solid lines correspond to (in ascendirdjpole in the near field of the ellips&{ = Al, see appendix.)
order) them= 1,2 3 4,5 even plasmon modes. We used the Drude
model withwp = 8V and negligible losses and defined the surface

lasma frequencyosy = wy/v/2.
P a 0sp = o/ Figure[2 shows the resonance condition as a function of the

ratio between semi-minor and semi-major algiga’. Note

the 2D case this reduces to solving Laplace’s equation in pdhat in the limiting caséy'/a’ = 1 (i.e. a cylinder), we re-

lar coordinates, which is a laborious but straightforwaskt ~ cover the well known result that all surface plasmon modes
so we shall only give the results here. The 3D case is mor@re degenerate at the surface plasma frequénty [23]. In the
complicated, but can also be solved analytically with TO. WeOPposite limith’/a’ — 0, i.e. a thin strip, the splitting of the
refer the reader to the appendix for details. In both cases w@odes is most prominent with the odd modes shifting to the
find resonance conditions for the excitation of localised su Pulk plasma frequencg, and the even modes shifting to zero

face plasmon modes. frequency.
In 2D cases, the resonance condition is split into even and Figure[2 indicates that when a cylinder is deformed into
odd plasmon modes and reads an ellipse, the modes split into even and odd parities. The
e general splitting of the modes results from a breaking of ro-
tanh(mup) = _X (18) tational symmetry, however the modes specifically splib int
€m even and odd parities because the ellipse still possesses tw

mirror planes.

As previously shown, the ellipse transforms to an annulus,
which has the same plasmon mode structure as ifFig. 2. The
tanhimup) = —— (19)  annulus is a rotationally symmetric structure, thus the enod
splitting in it is not owing to symmetry breaking. The rea-

for odd modes, withip = tanh '(b//a'). These are the con- SON for the mode splitting becomes evident from Hig. 3. It
ditions obtained for the annulus, however, by virtue of ourshows the electrostatic potenti@, at them = 1 (left) and
transformation they are also the correct conditions forehe M= 3 (right) resonance for the ellipse and the correspond-
lipse. In the following we assume the annulus to be made ofng one for the transformed annulus. We can see that there
silver, immersed in the vacuum. Unless stated otherwise, ware localised surface plasmons excited at both, inner ated ou
use a Drude model fit of Johnson and Christy’s dath [19] fossurfaces in the annulus geometry. These plasmons interact
the permittivityem = 1 — wﬁ/ [w(w+iy)] with w, = 8eV and and hybridise, which leads to the formation of bonding and
y = 0.032V. anti-bonding modes [24, P5]. This is the physical reason for
The potential problem of a 2-D ellipse in a constant electricthe splitting of the plasmon modes in the annulus geometry
field has been addressed before analytically [20] and numerl[24,(25]. There is thus a clear connection between the break-
cally [21]. The modes of this system have also been studied ifflg of rotational symmetry in the single surface elliptic- ge
terms of the Mathieu functior [22]. However, to the authorsometry and plasmon hybridisation in the two surface annulus
best knowledge, the physical reason for the mode splittasy h 9eometry.
not been adequately discussed in the literature and néitizer Next, let us turn our attention to 3D cases. As pointed out in
the equivalence of the annulus and ellipse system. the previous section, for the 3D spheroidal nanopartithes,

for even and
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Figure 4. Shift of the plasmon resonance frequencies as a functitre o&tio of semi-minor to semi-major axis of the 3-d spheroid; oblate
(top) and prolate (bottom). The insets (left) show the electrostatic potentitidir respective modes.

permittivity/permeability of the transformed annulus gem  convergence, these methods normally demand high compu-
try is no longer homogeneous, but acquire@-dependence. tational resources in order to obtain a reasonable accuracy
However, this spatial dependence only adds a little compliHence, discussions of plasmon resonances are generally re-
cation to the problem, and the plasmon modes supported bstricted to dipolar modeﬂb[—l%]. Higher-order multipola
the system can still be diagonalised by two quantum numberglasmon resonances have never been systematically investi
i.e. the total angular momentumand the azimuthal angu- gated, to the best of our knowledge. On the other hand,
lar momentunm. This is quite different from the case of the our transformation approach relates a spheroidal pattcte
sphere pair in our previous study, where all the eigenmodespherical shell, enabling us to decompose all the eigensnode
as a whole are described by a tridiagonal matrix [17]. Outin terms of spherical harmonics. As a result, both dipolar an
detailed derivations provided in the appendix show that théiigher-order resonances can be easily addressed using-our a
resonance conditions for prolate and oblate spheroidseare rproach. Moreover, a thin flat disk (finite rod) can be consid-

spectively given by: ered as a special case of oblate (prolate) spheroids inrttite i
. of b/a « 1. Therefore, we anticipate that the following dis-
&m _ Pllm(r) (iZA™ (1) + Q" (1)) 7 (20) cussions will be important, especially when people want to
&g (iZP™(1)+QM(r))R™ (1) make use of the higher-order plasmon modes of disks/rods for
em  BM(&) (-iZR™(i&) + QM (ié)) further developments.
— = . . L (21) ; ;
& (—IgF’lm(IE) +Q|m(|5)) R (i) Figure[4 shows the shifts of the plasmon resonances for

oblate and prolate spheroids, again as a function of the rati
where T = (R4 1/R%UY) /2 and & = (RU'—1/R°Y) /2;  between semi-minor and semi-major axi&/&'). As pointed
R™(-) andQ"(-) represent the associated Legendre polyno-out before, in the 3D case we need two ‘quantum’ numbers,
mials of the first and second kind, respectively. | (the total angular momentum) and(the azimuthal angular
In the past, light scattering from spheroidal nanoparicle momentum) to classify the modes. In the limitidfa = 1,
was studied using a spheroidal wave expansﬁh 6—29] ahe resonance condition for both oblate and prolate spéi&roi
shape perturbation methdﬂSO]. However, due to their slowis solely determined by the total angular momentyras is



required for a spheré [114]. In the opposite limittdfa’ — 0, 10’
which corresponds to a flat disc for oblate spheroids and a Black: a’ = 30 nm
thin rod for prolate spheroids, the behaviour is ratherediff Cya”:f" =10nm
ent. The modes for oblate spheroids shift to the bulk plasma Red:-a’=5nm
frequency (corresponds o= 0) if | — mis an odd integer and 107"
shift to zero frequencyg(— —) if | —mis an even integer. @
This behaviour can be easily understood through the poten- \g
tial distribution (corresponding to the distribution ofrface 6
charges) plotted in the insets of Figl 4 (a) (see appendix for
higher order modes). Whdn-m s an odd (even) number,
the surface charges on the upper and bottom surfaces of the
spheroidal particle have opposite (the same) signs, ancehen 10' '
the energy of the resonance increases (decreases) for elon-
gated geometries. On the contrary, in the prolate case baly t
modes with zero azimuthal angular momentons- O shift to
zero frequency, while all the other modes shift to the s@rfac
plasma frequencys(= —1). This is because for modes with ©
nonzerom, the prolate spheroid can be considered as a sin-
gle cylinder, where all the modes are degenerate at thecgurfa b%
plasmon frequency.

The resonance frequencies of a sphbtés( = 1) do not de- 10
pend orm [14], yet the modes split for spheroids. In this case,
the splitting is due to the breaking of spherical symmetny an of ‘ ‘ ‘ ‘
the modes can be tuned by changing the ratio of semi-minor 1.0 15 20 25 30 35
to semi-major axis. This is similar, but not identical, taitg
the modes in a metal metal nanoshell with uniform permittiv-

ity by changing the shell thlcknea@ 35]. In our case, thei:igure 5. Absorption (top) and scattering (bottom) cross-section for

splitting of the modes is not only due to the hybridisation Ofy, ejjipse normalised by its semi-major aaisShown are the quasi-
plasmons at the outer and inner surface, but also depends efatic results including radiation loss, for our analytic theory (solid
the angle dependence of the permittivity and permeability. lines) and numerical simulations (open circles).

4.0
Frequency (eV)

V. ABSORPTION AND SCATTERING: SELECTION RULE a surprising result as at first sight the ellipse does not have
enough symmetry to select only these two modes for exci-
To identify which of the plasmon modes are bright andtation. The hidden symmetry of the.system reveals its hand
which are dark under far-field illumination, we will calctsa at this point. Externally incident radiation can couplehie t
the absorption and scattering cross-sections. The pakikis Nigher order modes but only if the ellipse is large enough+oii
ity of the ellipse can be obtained from the scattered patieft Validate the quasistatic approximation and so to see titehig
potential in the far-field [14]. For the ellipse this leadshe ~ Multipole terms in the field.

polarisability in the quasistatic approximation (see apgjpe), 1 hus far we have been working in the quasi-static approx-
imation, which limits our treatment to particle sizes ofyal

few nanometers. However, we can go beyond the quasistatic

aX, 0 approximation and account for radiation losses, whichtyrea
/ Vg O 2d
G =-To| 5 ¥ | =| o of | (22)  increases the maximum size of particles for which this ap-
2d proach is valid EG . This is done by defining an effective

with polarisability as 6],

i () — €ly)e” cost{up) sinh(uUp) (23) X )y

207 gf,sinh(uo) + £ cos{up) oSt~ Gt . (25)

. LK X )
oo (€} — &) €% cosH{up) sinh(up) (24) 1-1g 0y
2d = -
€mcosH{Uo) + &4 sinh(Uo) wherek is the free space wavenumber of the incident electro-

As a result the only bright modes for the ellipse underg}i%r;egﬁi V\;aevet'hs2;’(;?&32?ne;nghzgtf;ﬁ:e polgrr;ssasl?lll
far-field illumination are the two dipole modes. Higher or- pse, e Psca

) . Xy eff Xy
der modes would require the presence of terms such a§§Ct'°” Cf” be IObta'”Ed froms” = kim(ay ) and
coshi{mup),sinh(mup) and €™ in the polarisability. This is GSCQ/ = %|a§(§f’x /y|2 [36,[37]. The absorption cross sec-
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Figure 6. Absorption (left) and scattering (right) cross-section fortelf@mp) and prolate (bottom) spheroids. The cross-sections are nor-
malised by the effective arear?) of the spheroids. Shown are quasistatic calculations incorporatingivadizsses.

tion is then obtained Vi@ s = Oext — Osca [@]. Assuming Similarly to the 2D case, we can calculate the absorp-
the x andy component of the incident electrical field have tion and scattering cross-sections in the 3D case from the
equal strength, i.eE; = E)’, the total cross-sections are simply polarisability. Assuming an incident potential of the form

o=0*+0v. @ 3y = —ExX — EzZ the polarisability is,
Figure[® shows the absorption and scattering cross-section , 8IIE
for the ellipse illuminated by a plane wave, normalised tgy th a§d~o/p = —i S?Oafl’f’,{il (26)
semi-major axi®’ of the ellipse. We assume a silver ellipse ' X '
in vacuum with permittivity data from Johnson and Christy O’gd ofp= _%aﬁi%ﬁo (27)
: 3 .

[@]. Our analytical calculations are compared to simalagi
obtained with COMSOL Multiphysics. For particles of semi-
major axisa’ =5 nm and? = 10 nm theory and simulation are
in excellent agreement for boththe absorption and scatferi
cross-section. The peaksaR.9 eV andx 3.7 eV correspond
to the even and odd dipole resonance of the ellipse. Sin
/
there are no other peaks present o Shmanda’ =10nm), Incorporating radiation losses as E[El 38] we obtain for

this confirms our selection rule that only the dipole modes ca N . :
. - . . the extinction and scattering cross-section of the prcatd
be excited by a plane wave. The origin of this selection rule

lies in the rotational symmetry of the annulus and will beatxa oblate spheroid

wherea™°'P are the scattering coefficients for oblate and
prolate spheroids, respectively (see appendiX_EglC.10 and
Eq[CI5). The polarisability only has a dipdle; 1, response
thich leads to the same dipole selection rule as in the two
dimensional case.

as long as the quasi-static approximation holds. ,
. . . . X /Z = KI 1 28
As we can see, for particles of semi-major axis= 30nm, Oe¢ = KIM i idienm | (28)
. . . . 0/(13d1p/oflk /(6m)
the quasi-static approximation starts to break down and the ;]
COMSOL simulation shows a peak in the absorption spec- X /7 4 1
trum at the even quadrupole resonance, which the quasistati Oxa = 61 e em (29)
0/a3d‘p/0—|k /(6m)

approximation cannot predict. Along with the emergence of
the quadrupole peak, the dipole peaks in the simulation alstn the above equations, the imaginary parts of the denomina-
red shift compared to our prediction. tors account for the radiative losses.
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The analytical results are shown in Fig. 6, which are norto annulus geometry. The line dipole in the elliptic space is
malised by the physical cross-sectime? (detailed compari- placed along the! — axis at x, which results in the source
son with COMSOL simulations are provided in the appendix.potential
The dipole modes with= 1 are again predominant in the ab-
sorption/scattering spectrum, providing evidence thatsed ;1 Ay (X —xg) +Lyy (A1)
lection rule also holds in the 3D case. Comparing the results %= 2 (X —xp)2+(Y)? '
show in Fig.[®, we find that the prolate spheroid is a better
candidate for suppressing radiative losses, since thembso With Ay = 248, andAy = 2Ad,. To find the source po-
tion cross-section remains one order of magnitude larger th tential in the annulus geometry we first note that the point
the scattering one even when the semi-major axiscreases %o is transformed to two points in the annulus geometry,
to 30nm. namelyx: =x,/c +./(x;/c)? — 1 (inverse of EQ2, note that

Xo/C > 1). Further consider how the complex dipole moment

V. CONCLUSIONS N =X -1 (A.2)

In this paper, transformation optics has been applied to eiransforms. Herel} = x, + (8¢ +idy) gives the position
liptical nanostructures to study their plasmonic propsrin ~ ©f the positive and negative line charge respectivtiveljzie T
the quasi-static limit and beyond. We have revealed a hiddefliPole moment in the annulus geometry is defined in an anlo-
symmetry in the elliptical structures by transforming theem 90US manner as
rotationally (2-D) and spherically (3-D) symmetric struicts,
which could be simultaneously diagonalised. This allowed u A=A (L~ L)
to classify the original system in terms of the eigenmodek an . L . .
good ‘quantum’ numbers of the rotationally and spherically US'F‘Q the tr_ansforme}tmn in Hg.2 of the main text, this can
symmetric systems. It also explained the emergence of sg—e written to first order indy, &) as

(A.3)

lection rules in the elliptical geometries based on symynetr e

arguments in the transformed frame. From a numerical point AL =2A (8 +idy) (1% ,XO —) (A.4)
of view, the symmetries in the transformed frame may allow (%/c)—1

one to perform quasi-2D or at least quasi-2.5D [39] simula- = £A/( Xt ) (A.5)
tions, instead of more time consuming 3-D simulations. Ana- (x/c)2-1"

lytical formulas for the plasmonic resonance conditionthi . . o _ o
quasi-static limit of a 2-D ellipse and 3-D spheroids haverbe which means that a smg_le line _dlpole in the elliptic geometr
derived, including the ones for a thin strip (2D), flat disp3 ~ transforms to two line dipoles in the annulus geometry, one
and a thin nanorod (3-D) as limiting cases. We also calcdlate@/igned and one anti-aligned with the original one. Fintily

the absorption and scattering spectra and have checked-our £0Urce potential in the annulus geometry can be written as

alytical calculations against COMSOL simulations; we fdun 1 A(X )+ Ae(X—X_)+ A
an excellent agreement for particles of diamete20 nm. For ¢, = — K x(X— X yy) — ( Al yyﬂ .

larger particles the quasi-static approximation and withe 2Tt (X=x1)2+y? (X=x)%+Yy?
selection rules break down, leading to quadrupole res@snc (A.6)
which provide the starting point of further study. with
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Appendix A: Transformation of a dipole source Appendix B: Calculation of the polarisability of the ellipse

In the main text we showed how a constant electric field As pointed out in the main text, the polarisability of the
transforms from the elliptic to the annulus geometry. Heregllipse can be calculated from the scattered part of the po-
we consider the transformation of a line dipole from eltipti tential in the far-field. The potential outside the ellipsanc
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Figure A.1. Power absorbed by the annulus in the source field originatingEq[A.8. This is equivalent to the power absorbed by the ellipse
in the corresponding dipole field. The figure on the left shows thg,([&@wer absorbed) as a function of frequency and the dipole distance to
the ellipse (alony — axis). The figure on the right shows a cut through the left figure alofjga() ~ 1.05). Note that on the right we show
the power absorbed, not lggPower absorbed). In both cases the odd/even dipole mode canckgpthe outermost lines/peaks. The power
absorbed can be calculated frégps = —$Im(A_ E¢_ ¢ [E] whereESca _ is the scattered part of the electric field at the postion of

the dipole at{_.

be obtained in elliptic coordinates = ¢ cosi{u’)cogVv’),  text. Substituting these space-dependent permittivities

y = C’sinh(u’)sin(v’) as 0-(e-0O¢) = 0 and rearranging the equation yields:
2
Gy = E/;éde‘“ cogV) — Ey;yy Y sin(v), 10 J 1-r*9d . 0
2% “ 2or (71) 509 asing ag "0 5
=@t q’sca;d (B.1) 1_r2 4 92 o cx
L“sinz@ * Ir2(1—r2>} 9g2?=0 (1)

wherey, and hg @re given in the main text. In the far field,
the scattered part of the potential above can be rewritten as By letting ¢ = Z (r)=(8) ®(¢), detailed mathematical ma-

1 o Y nipulations show that Eq_(Q.1) is separable:
<ifécaZd =% /2+y12VZ(d+ Yx/z+y/2V§d)
1 Poq- 1 2 d 292 _ Anrer? _
= o 2 (B.2) T g (1 r)dr |(|+1)+(17r2)2 Z=0 (C.2)
with the dipole moment of the ellipse
1 d d= m ] _
E. sin6— [I (I1+1)— } ==0 (C.3)
- X\ B3 sin6do " db S,
Pho = 7o ( “ ) () @3
From the dipole moment in Hq.B.3, we infer the polarisapilit @ — _md (C.4)
of the ellipse in the quasistatic approximation|as [14] d¢?
V(l 0 o 0 Th general solution to the above equations can be found as:
g = —TtEg ( o v ) < o o > (B4) 1/ 1 1/ 1
)\e co-sei (e Hlnlie)] o

Appendix C: Analytic solution to the three dimensional problem
=(6) = AgP™(cosB) + A,Q" (cosb) (C.6)
Prolate spheroid—As shown in the main text, a prolate
spheroid can be related to a concentric spherical shell with . .
space-dependent permittivities given by[Bg.9-12 in thenmai D (¢) = Ase™ + Age ™ (C.7)



Itis interesting to see from Hq.Q.6 dnd IC.7 that the solstion sures the potential inside the annulus takes the form:
for the angular part are still spherical harmonics. On tiheot

hand, Eq.CJ indicates that the solution for the radial gest e 1 1

pends on both total angular momentuand azimuthal angu- Q" = z Z amP" {2 (r + r)} Y™(6,¢) (C.8)
lar momentumm (as compared to the case of homogeneous [=1m=-I

spheres or spherical shells, where ongppears in the radial

solution). Meanwhile, the field must vanish at infinity— oo, this in-

Now, we can write the electrostatic potential in each regiondicates the scattered potential outside the annulus thiees t
Since the electric field must vanish at the cut 1, this en-  form:

J

oo 3 D) s h oo

(

By solving the boundary equations, the unknown expansiomvhere we have defined= (R'+ 1/R°") /2
coefficientsafc"?‘anda{‘m can be calculated: andG"(-) =imR™(-) /2+Q"(-)

(e-1R™(T)R™ (1) s
Ssca
= Emer o -eermpr @ 10
Oblate spheroid— the solution to the oblate spheroid can be
derived in a similar manner. We first submit EJ[13-16 in the
~ P™(1)G" (1) -G (T)R™ (7 . _ = S
an = P{I“ ((T))Gl”l" ((T))_ €G||m((T)) Ii’lm’((r)) am (C.11)  main text intold- (£- Og) = 0, yielding
|

| 1+r2 9 . 1+4r2 4 92

1
r2 or?*rasing e o e"’+ is?e e | 9g2? =0 (C.12)

2 (1+r?)

(

By solving Eq.C.IR, we can list the scattered potential &ed t
otential inside the annulus region as: : . . :
P ’ an _ PRUOR™E) —ATERM (i€) s
ORI R™ (&) —eRM &A™ (1) T

o | 1 .
sca = m m¢
21 :Z_ { (r rﬂ A (cos0)e™ (C.13) where we have defined a constgnt (RU'— 1/R°1Y) /2.

Absorption and scattering cross-sections for spheroidal
particles-take the oblate spheroid as the example, for plane
wave illuminations, we have the following relation:

(C.16)

o |
1 .
=22 |a* { <r - r)} A" (cosB) €™ (C.14) 05 = Eox+ Exz= a8 xtias oz (C.17)
The expansion coefficients associated with the source poten
where we have defined a functidt"(-) = —imR™(-) /2+ tial can then be obtained:
Q"(-). Solving the boundary conditionsyi and ajf, can < S _
be obtained: ar, = Ex, ajg= —iE; (C.18)
- (€—1)R™(i&) P (i&) The polarizability is related to the scattered potentiahfih-

(C.15) ity:
|

R BT T (12) — 8 A )

2' SCa Sca

1 1\ a1 &g 1 wEX+yEz
P*A(r' — o0) = Y |i { ( - r)} cosf — ajSF} |i [ (r rﬂ sinfcosp = — 38 X 3Rl pr 73 (C.19)

(

From the above equation, we can calculate the polarizabilit Eq. [C20) in turn gives the absorption and scattering eross

87750asca . 47750asca
3 TP 3, 10

o= — (C.20)
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Figure C.1. Imaginary part of the electrostatic potential for oblate (Qmpel prolate (bottom) spheroids at different resonant frequencie
Here the total angular momentum is fixed as 4. Different columns correspond to different angular momem{&com 0 to 4)
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Figure C.2. Absorption (left) and scattering (right) cross-section fdate (top) and prolate (bottom) spheroids. The cross-sections are
normalised by the effective aremd(?) of the spheroids. The incident electric field is aligned along the verticatiitm. Solid lines show our
theoretical calculation, while circles correspond to COMSOL simulationdei®ifit colors correspond to structures with different dimensions:

black @ =5 nm), cyan & = 10 nm), red & = 30 nm).
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