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Abstract 

We in this thesis study the dynamics of volatility skew in the foreign exchange 

market. Real market data from the foreign exchange market is used to isolate 

and describe the dynamic patterns of the volatility surface. \Ve also present a 

class of models that reproduces the same type of dynamics that we observe in 

the market. The clcIBs is bcIBed on the concept of stochastic volatility where skew 

dynamics is introduced by making the correlation between the spot price and 

the volatility stochastic. This way the market is described by three stochastic 

diffusion processes. 

A specific model choice is considered and a numerical scheme to price op­

tions under this model is presented. Further the impact if making correlation 

between the spot level and the volatility stochastic is investigated for vanilla 

options, American barrier options (also known as one-touch options), forward 

starting options and partial time knock-out options. We find that the new model 

reproduces phenomena observed in the real market not explained by previously 

published models. 
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Introduction 

The main aim of this research is not to advocate a particular market model 

but rather to investigate stochastic correlation models based on a stochastic 

volatility model. We look at real foreign exchange market data to find patterns 

and ideas on what a generalisation of existing market models might look like. 

The work presented in this thesis is of an applied nature. Maybe it can all 

be summarised by what was said once when I was attending a public academic 

presentation at a London university on the topic of option pricing. Once the 

presenter had finished and answered questions from the audience a man on the 

first row, who worked as a trader, raises his hand and asked - "Ok, but how 

do I make money out of all this?" No answer was given to this frank but quite 

innocent question. I do not claim that money can be made on the results in 

this thesis, but I do claim that making money has been the point of view when 

looking at the problem in question. 
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Chapter 1 

Foreign exchange 

terminology in short 

1.1 Fundamental market language 

We start by explaining some of the essential market terminology. The foreign 

exchange (FX) market uses a way of quoting the market slightly different from 

the text book explanation. The different terminology has evolved because it has 

proved to be more convenient as it makes the numbers involved more consistent. 

This in turn helps the practitioners to move between different currencies and 

times to maturity and still use a very similar trading framework and market 

intuition. For a more comprehensive and thorough description of the foreign 

exchange market in general we refer the interested reader to other literature 
(see e.g. Luca[30]). 

In the foreign exchange market the underlying assets are different curren­

ck>s. 11arket prices are quoted as currency pair exchange rates e.g. EURUSD, 

USDJPY, GilPUSD or USDCHF. The spot price quotation expresses the unit 

number of the second currency, called the term currency, one must pay (re­

ceive) in the market to buy (sell) one unit of the first currency, called the base 

currency. 

When describing a regular call or put option the strike level is often not 

quoted as an absolute level. Instead the option's ddta is quoted. This corre­

sponds to the absolute value of the regular Black-Scholes value of the options 

delta expressed in per cent ranging from 0% to 100%. A low delta corresponds 

to an option out-of-the-money and a high delta corresponds to an option in-the­

moncy. An at-the-money option has approximately a delta of 50%1• When the 

1 Drift and interest rates make small, but non-negligible changes to the delta of an AT~f-

12 



1.1. FUNDAMENTAL MARKET LANGUAGE 

strike of a call option passes the at-the-money level the convention is to instead 

trade put options. This is due to the traders' preference for out-of-the-money 

options over in-the-money options. An out-of-the-money option needs a smaller 

delta hedge and put-call-parity ensures put and call options with the same strike 

and maturity to have the same essential properties. All this results in that one 

rarely hears quotes of strike levels with a delta value higher than "50". As long 

as the involved interest rates are known every strike level can uniquely be rep­

resented as either a call or a put delta. In short, writing such strikes could be 

written as "25C" which means the strike level of a 25-delta call option or "lOP" 

which means the strike level of a 10-delta put option. 

This way of describing the strike level causes some slight numerical issues 

in the presence of a volatility smile. An option's delta is dependent on both 

its absolute strike level and volatility, but if the volatility itself is dependent on 

the strike level, finding strike levels is not straight forward. Finding an absolute 

strike level from a delta level demands the use of numerical search techniques. 

The delta of an option is approximately equal to the risk-neutral probability 

of it ending up in-the-money at expiry2• Traders often use the two quantities 

interchangeably, some because of convenience and some because of mild igno­

rance. 

To make things even more complicated there are many different definitions 

of delta in the FX world. We will not go further into these complications other 

than mentioning that there are up to eight different definitions of delta. It all 

has to do with what accounting currency the market participant uses, the way 

the currency pair is quoted and whether hedging is done with spot or forward 

contracts. 

In textbooks the at-the-money (ATl\1) strike is defined as the strike level 

equal to the current spot price. In the FX market one instead often chooses the 

strike level that will give the call and put option the same absolute value of the 

delta. This definition is naturally called "delta neutral". 

Again to complicate things this definition is not unique but there are in total 

three different types of the at-the-money strike. Apart from the two definitions 

mentioned above one can also use the forward value as the strike level. This is 

often the case for emerging markets where the interest rate differential can give 

the currency pair a significant (risk-neutral) drift. 

\Vhen trading currencies and derivatives of currencies there are many issues 

regarding dates to keep in mind. All involved parties need to agree on when 

the actual exchange of currencies is going to take place. Even though money 

option. It is also dependant on what definition of AT~I is chosen. 
2 In the Black-Scholes framework this is a result of 

.6. = e-qT. N(di) ::::: N(d2) = P(S is i11-the-111011ey at expiry] 
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1.1. FUNDAMENTAL MARKET LANGUAGE 

can be transferred electronically by the press of a button, transactions must 

first be booked, verified, double checked and confirmed with the counter party. 

This job is mainly the job of the banks' "back office" staff. To give the involved 

counterparties enough time to perform these tasks all transactions need two, or 

just one for a few currencies, business days for each party involved in a deal. 

As not all countries share the same holidays, one needs to keep track of all 

business days for all of the currencies you are dealing in. The date of delivery 

is called value date or settlement date. Buying currencies on the spot market 

consequently means that money will be exchanged on today's value date. This 

date is also simply called the spot date. 

The date on which a contract is agreed on is called the deal date. The expiry 

date of an option is quoted either as a certain date or as a time period, also 

called tenor, from today. Tenors could e.g. be periods of two weeks ("2W''), 

six months ("61\1") or five years ("5Y"). When a specific date is quoted the 

meaning of the agreement is straight forward. If the specified date does not 

coincide with a regular tenor the date is called a broken date. 

If the expiry, however, is quoted as a tenor this has to be translated into a 

specified date. This translation can be very complicated and again we need to 

keep track of the different business days in different parts of the world. As the 

FX option market originally was an offspring of the FX forward market, the 

definition of tenors are adopted from this market with the difference that an 

options expiry date is chosen to have its corresponding settlement date equal 

to the tenor's forward date. This way any transactions originating from the 

option will coincide with the forward date and hence also with transactions 

originating from trading the forward contract. We shall not further specify how 

forward dates are calculated rather than noting that this is sometimes not a 

straightforward procedure. 

Once the expiry and the strike level are agreed on, the market participants 

need to settle on a price or premium for the contract. This premium is most 

often not denoted in actual monetary units but in terms of implied volatility. 

As the premium, calculated using the Black-Scholes formula, is monotonically 

increasing with volatility, every premium has a unique corresponding implied 

volatility. In the same way a market-maker normally quotes both a bid and an 

ask price one for options quote a bid and ask volatility. 

One of the benefits of quoting the premium this way is that the values 

involved are of the same magnitude for all expiry times and strike levels. The 

premium of a short dated out-of-the-money option will be tiny in comparison to 

a long dated at-the-money option. The implied volatility of the two will however 

be relatively similar. 

It is a well known fact that the real world market behaves in a way differ-

14 



1.1. FUNDAMENTAL l\IARKET LANGUAGE 

ent from the Black-Scholes market model and observed market prices will not 

be fully explained by this model. Options with the same maturity, but with 

different strike levels, are priced at different implied volatilities. In the foreign 

exchange world, low-delta options are often relatively more expensive than at­

the-money options. As the Black-Scholes model assumes those options to have 

the same volatility this immediately reveals to us that the model does not tell 

the full story. Implied volatility is hence only a convenient way to quote prices 

and does not have much to do with the "true" or expected volatility from today 

to expiry. Volatility is because of this, in some sense, even a non-unique concept 

as we just established that the very model used to define it is in fact faulty. 

A market maker must be able to quote prices for arbitrary strike levels and 

expiry dates. To do this a trader will actually not keep track of, and update, 

where the market trades every single strike level. Instead, only a few benchmark 

levels at different strike levels and maturities are updated. All other maturities 

and strike levels can be calculated using various interpolation techniques. The 

benchmarks are set for all the liquidly traded tenors and strike levels. As an 

example a market maker can use the tenors lW, 2W, lM, 2M, 311, 6M, 9M, lY 

and 2Y. At every tenor he or she keeps track of the five levels lOP, 25P, ATM, 

25C and lOC. If a particular market is less liquid, fewer tenors could be used, 

and sometimes the 10-dclta levels can be omitted. 

Instead of holding a table of volatilities for tenors and strike levels, market 

makers hold a slightly different set of parameters. The volatility for the ATM 

option is stored in its pure form. Apart from this, market makers hold the values 

for what are called strangles and risk-reversals. A strangle is a structure of a 

long out-of-the-money call option and a long out-of-the-money put option. A 
25-delta strangle ( "25STR") means that the involved call and put options both 

have a delta of "25". The volatility number for a strangle is calculated as the 

mean difference in volatility from the ATM volatility. 

A risk-reversal is a structure of a long out-of-the-money call option and a 

short out-of-the-money put option. As for the strangle a risk-reversal is called 

a 25-delta risk-reversal ( "25RR") if both the options have a delta of "25". The 

volatility number of a risk-reversal is calculated as the difference in volatility 

between the call and the put. In practice one only quotes the absolute number, 

and tells whether it favours the call or the put. One can also explicitly write 

"+" or "-" to clarify which side is relatively more expensive. 

As volatility changes frequently, and often in parallel, the advantage of quot­

ing strangles and risk-reversals instead of direct volatilities is that the numbers 

then need to be updated less often. This practice also gives a much better 

overview of the shape of the volatility surface and volatility smile curves at ex­

plicit tenors. Strangles give information about the curvature and risk-reversals 

15 



1.2. INTERPRETATION OF STRANGLES AND RISK-REVERSALS 

give information about the skew. 

1.2 Interpretation of strangles and risk-reversals 

We know that quotation of strangles and risk-reversals is a way for the market 

to put convenient numbers on the shape of the implied volatility smile curve 

for different tenors. The curve is, in turn, a way for the market to put more 

convenient numbers on option premia. But what is the market's reason for 

the smile curve and hence strangles and risk-reversals? In terms of risk-neutral 

probability those numbers describe the probabilities of the spot price ending 

up in different regions and especially the increased probability of ending up in 

the far-out tails. l\lany different factors come into play when trying to explain 

the reasons for this increased tail probability and the asymmetry of its increase. 

What phenomena is the market accounting for when pricing one direction higher 

than the opposite direction? 

From the market makers' perspective the premium increase for some strike 

regions is mostly a question about supply and demand or the market makers' 

own preferences and current position. One must however not forget that sup­

ply and demand are results of more fundamental market behaviour based on 

aggregated views of how the market will behave in different situations. 

Prn;itive strangles, equivalent to volatility curve convexity, assign a relatively 

higher probability of ending up in the distribution tails compared to a log­

normal distribution. "Fat tails" of a distribution is in mathematical terms 

called kurtosis. This is more precisely specified as a measure of the distributions 

fourth moment. In short, fat tails can be explained by the fact that when the 

underlying spot market actually moves, it often moves by a lot. An out-of­

the-money option only pays out if the market makes a large move in the right 

direction. Conditioned on a large move happening, the probability of a very 

large move is in the real world higher than what log-normality would predict. 

One part of the explanation is that conditioned on a large move the probability 

of a higher volatility rises. In such case the probability of an increased payout 

is also higher. However this forces us to depart from the basic assumption of 

constant volatility. 

Another part of the explanation is forehand knowledge about possible up­

coming events that may ( or may not) move the market in a discontinuous, or 

at least close to discontinuous, way. Events often also make the market more 

volatile, which again increases the probability of a higher payout. Not all large 

market moves are predictable and sometimes the market can move discontin­

uously for apparently no obvious reason. All such movements are examples of 

16 



1.2. INTERPRETATION OF STRANGLES AND RISK-REVERSALS 

jumps in the market. 

So far we have only tried to explain fat tails as a general phenomenon. This 

only concerns the strangles but not the risk-reversals. In terms of distribution 

tails the risk-reversals describe the relative difference in tail fatness, which is 

called the distribution skew. This is a measure of the third moment of the distri­

bution. As for kurtosis, the skew can partly be explained by beliefs about future 

volatility levels conditioned on the future level of the spot price. While convex­

ity assigns a symmetric change in volatility to general changes in spot price, 

regardless of direction, the skew assigns an asymmetric change in volatility de­

pending on the direction of the spot move. The reasons behind this asymmetry 

are a subject of debate. 

In the equity market one often talks about "leverage effect" or "volatility 

asymmetry". This concept too is debated but roughly it means that the impact 

on the valuation of a company, as a result of changes in business condition for the 

company, is not directly linked to the current stock price. However the relative 

impact of such changes on the stock price is linked to the absolute level of the 

stock price. As a result, the volatility of the stock price will rise as the stock 

price decreases and vice versa. (Originally the term comes from the financial 

concept of "leverage" that deals with the difference in return on equity and the 

return on capital employed by a corporate or institution.) 

Reversing the causality one can also argue that an increase in uncertainty, 

and hence volatility, would make the stock less attractive and hence result in a 

falling stock price. 
The leverage argument is of course not directly translatable into currency 

areas and the foreign exchange market. Some authors even talk about an "in­

verted leverage effect", favouring the upside volatility, due to the asymmetric 

nature of intervention actions taken by some central banks (or rather, asymme­

tries in the market's beliefs about possible interventions). This "invertedness" is 

dependent on the way the currency pair is quoted and the prevailing monetary 

policy adopted by the concerned central bank. Rather than having a general 

direction, volatility skew in the foreign exchange market could be characterized 

by its quick changes. 

One can here mention the well known historical defence of a weak yen by 

Bank of Japan. In September and October of 2003, and in some sense also 

in March of 2001, the market was uncertain about the ability of the Bank of 

Japan to maintain a weak yen. A change in intervention policy could lead to an 

undefended drop in the USDJPY exchange rate. This risk resulted in a general 

hike in implied volatility and a large drop in risk-reversals as investors wanted 

to buy put options as protections against this risk. 

17 



1.2. INTERPRETATION OF STRANGLES AND RISK-REVERSALS 

In common between the above mentioned explanations is that they math­

ematically can be represented as a correlation, either positive or negative, be­

tween the spot price and volatility. In the above mentioned case of Bank of 

Japan this correlation would have been negative. 

Together the convexity and the skew allow the market to "tweak" the Black­

Scholes model, which assumes a flat log-normal distribution, and describe where 

the market believes volatility will move dependent on future moves in spot prices. 

18 



Chapter 2 

Problem description 

2.1 The problem we would like to solve 

When looking at an implied volatility surface of a liquid market it often has a 

skew or a tilt in some direction. For the equity market the skew typically favours 

the downside. This means that out-of-the-money put options are relatively more 

expensive than out-of-the-money call options. Part of this can be explained by 

the fact that the equity market is always net long assets. Because of this the 

aggregated risk of the market is on the downside. The result is a net demand 

for protective put options, which in turn will bid up the prices for downside 

options. Another explanation for a negative skew specific to the equity market 

is the negative skew of the historical distribution (see more in Chapter 4 of 

Schoutens [40]). 

In foreign exchange one can also observe this skew. The big difference is 

though that the FX skew is not static but can sometimes change quite dra­

matically. The dynamics are often so large that the very direction of the skew 

changes. Derivative traders are well aware of those dynamics and have devel­

oped methods to hedge some of this risk away1 , or at least keep the exposure to 

these factors under control. This risk is quite well understood for vanilla options 

and the handling of it is part of the daily routine. However those hedging meth­

ods most often apply to only a certain group of exotic derivatives. Included in 

this group are most of the so called "first generation exotics". The aim of this 

research is to find a more general way to handle, and hopefully also to some 

extent explain, those dynamics. 

The methods used by FX derivative traders today are most often based on 

a theoretical price generated by the Black-Scholes model with an additional 

cost of hedging various exposures to changes in implied volatility, including the 

1 For a clear and intuitive explanation see various articles by Wystup e.g. [41l]. 
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2.1. THE PRODLEl\I WE WOULD LIKE TO SOLVE 

volatility skew. Those hedges often include an initial hedge of the so called vega, 

vanna2 and volgamma3 and could be seen as a sort of initial "static hedge" 

dealing with effects not covered by the Illack-Scholes model. The hedging of 

those factors is done by, at least in theory, trading regular vanilla options. In 

the case of path dependent options like knock-out options, which can become 

worthless before expiry, practitioners also often take the theoretical expected 

lifetime of the option into account. To fully adjust the cost and value of this 

type of hedge a trader must estimate the possible unwind value of the hedging 

options, should the hedge no longer be needed at a point prior to expiry. The 

concern here is to estimate the future value, or rather the future volatility. 

Unwinding often takes place at a well known spot level, as is obvious for knock­

out options, and an experienced trader can often have a feeling for the market 

dynamics and assign a rough picture of the volatility smile at the future spot 

level in question. This is of course a very subjective estimation but it almost 

always includes the assumption that risk-reversals changes when the spot price 

changes. 

All the just mentioned steps are inconsistent with the very assumptions of 

the market model used to price them. One of the fundamental assumptions is 

the assumption of a static level of volatility. Nevertheless this very assumption 

causes the most complications when pricing options. For further information in 

this area the interested reader is referred to, among others, Taleb [43]. 

If we can find a model capable of generating a dynamic skew we can compare 

the prices and hedges produced by this model to the prices and hedges often 

used by traders today. Can a new model give similar prices without having to 

add extra hedging costs to the theoretical price? Will the risky factors in the 

new model relate to the risk hedged by traders today? We also want to find a 

mathematically more appealing way to explain the fact that when option traders 

hedge the previously mentioned risk they in fact hedge "outside the model". As 

we mentioned earlier the, traders' hedging is inconsistent with the assumptions 

of the market model. 

Some of the above questions can be answered by the introduction of stochas­

tic volatility. One can here mention the connection we see between volatility 

of volatility in a stochastic volatility model (see e.g. Section 3 in Heston [17]) 

and volgamma in the Black-Scholes model (see e.g. Section 2.7 in Hakala & 
Wystup [14]). The main part still left unexplained by stochastic volatility is 

the dynamics of the volatility skew. In a stochastic volatility model, changes 

in spot level will only change the at-the-money volatility, conditional on a non-

~ "Vanna" is the derivative of vega w.r.t. spot or equivalently the derivative of delta w.r.t. 
volatility. 

3 "Volgamma" or "volga" is the second derivative (convexity) of premium w.r.t. to volntility. 
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2.2. TRANSITION PROBABILITIES 

zero spot-volatility correlation, but not change the volatility skew. As a result 

a stochastic volatility model has an essentially static skew. In terms of implied 

volatility plotted against option strike level the shape of the volatility surface 

will for such a model "float along" and move in parallel with changes in spot 

price without a change in smile shape. (Due to spot-volatility correlation the 

at-the-money volatility level of the smile however also can change if the spot 

level changes.) 

A volatility smile moving along with changes in strike level is commonly said 

to have sticky delta or sticky moneyness. After a move in spot price, options 

with the same option delta will still have the same implied volatility as before 

the move. Implied volatility for an absolute strike level will however change. 

If the implied volatility instead is associated with an absolute strike level the 

behaviour is called sticky strike. The two different smile concepts are described 

in Section 10.4 of Lipton (28]. 

Even though the sticky delta behaviour describes much of what we empir­

ically can observe in the FX market it does not explain everything. In this 

market the volatility surface admittedly does move with changes in the spot 

price in a sticky delta fashion. However such changes also affect the skew of the 

volatility smile in a way that instead points in the direction of a sticky strike 

behaviour. The truth seems to be somewhere between the two descriptions. To 

explain this we need an extended stochastic volatility model and we will show 

that a stochastic correlation model takes us a step in the right direction. 

2.2 Transition probabilities 

In more general terms the problem is about finding risk-neutral transition prob­

abilities. Given market prices for vanilla options, which are not path dependent, 

we are able to obtain the final risk-neutral transition probabilities from today's 

spot price to different expiries and strike levels. What we cannot obtain are the 

intermediate transition probabilities. To do this we m,>cd to make assumptions 

about the involved underlying market processes. Such a model is not necessar­

ily restricted to only the spot price dimension but can extend to other market 

state dimensions. \Ve have already mentioned one such extra state dimension 

when we discussed stochastic volatility. The final transition probabilities ob­

tained from vanilla prices only give us information about states of the spot 

price but gives us no information about transition probabilities of any possible 

other state dimensions of the market process. One of the simplest assumptions 

allowing us to uniquely calculate the intermediate transition probabilities is the 

local volatility model. This model docs not make use of the possibility of other 
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2.2. TRANSITION PROBABILITIES 

state dimensions. 

Once a market model is chosen and the intermediate transition probabilities 

are isolated we can price path dependent options and in particular exotic op­

tions. In some vague sense we could say that the pricing of exotic options is, or 

at least has a component that is, "orthogonal" to the pricing of vanilla options. 

With this we mean that two market models, possibly the same fundamental 

model but with a different set of parameters, could agree on the prices of vanilla 

options but disagree on the prices of exotic options. 

The problem is not to find a market model replicating the observed vanilla 

prices. This is the so called "matching problem" and should rather be thought 

of as a constraint on any model we choose to represent the market. The true 

problem lies in finding a market model which can also produce sensible prices 

for exotic options. \Ve are looking for a model for which vanilla prices alone are 

not enough for model calibration. 

If we know all the conditional intermediate transition probabilities we also 

know all the future conditional implied volatility surfaces or "forward smiles". 

The reverse argument is also true - if we know all the future volatility surfaces we 

also know all the intermediate transition probabilities. Finding a market process 

that generates plausible future implied volatility surfaces would mean that we 

might also assume that the model's transition probabilities are plausible. In turn 

this would lead to better pricing of all contracts dependent on the intermediate 

transition probabilities. Those contracts are all path dependent contracts. 

To get a more intuitive idea of the problem with intermediate transition 

probabilities one can imagine a market where both time and spot level take 

only discrete values. The continuous case could be approached by making the 

discrete steps finer. The local volatility model can in each time step reach three 

states in the immediately succeeding time step. This gives three transition 

probabilities per node. For every state we must match the forward value, the 

European vanilla option premium and make the three conditional probabilities 

sum up to the unit probability, one. The system is fully determined and leaves 

no further degrees of freedom apart from the placement of nodes in time and 

space. This leaves no possibility to control premia of path dependent derivatives 

and has hence no "orthogonality" to the pricing of European vanilla options. 

If we assume our general market model to be Markovian we need our model 

to have as many dimensions as our market has degrees of freedom. With degrees 

of freedom we mean non-excludable market property states - e.g. level of spot 

price, level of volatility, general shape of the volatility surface and interest rates 

etc. Those market property parameters can of course be mutually correlated 

but are not redundant in the sense that one can be uniquely determined as a 

function of the others. 
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The immediate danger of increased model dimensionality is the risk of un­

wanted "data mining". This is the risk of successful model calibration without 

giving the model any explanatory or predictive abilities. \Vhen calibrating a 

model with a high-dimensional parameter space to a finite set of observations 

there also may be many sets of model parameters resulting in a close fit to 

the observed data. In such case a closer fit does not necessarily mean a better 

model. As a rule of thumb, fewer parameters are better than more and we need 

a strong reason to make a model more complicated. 

2.3 What the solution will be used for 

As previously mentioned, pricing exotic options today often involves many "pad 

layers" of hedging costs and approximations. A model reproducing more of the 

observed dynamics will also take more of the risk into account. This would give 

a more consistent framework for pricing exotic options exposed to skew risk and 

other dynamics. 

Once the option is priced and traded we need to hedge the risk. The practi­

tioners' method of hedging "outside the model" does not give a very high level 

of control of the exposure to changes in the skew. The exposure is just hedged 

locally and the future exposure is not taken into account. A trader can have 

a good feeling about how the skew moves with the spot price, but finding out 

what impact those movements will have on the price of an exotic option is an­

other matter. Therefore also the hedging procedure would benefit from a model 

taking more of the risk into account. We would also get rid of the mathematical 

inconsistency of hedging factors that are assumed to be constant in our model. 

Trading options is always associated with taking risks. One risk taken by 

trading financial institutions is the risk of the credit worthiness of trading coun­

terpartics. This rbk is known as credit risk. To reduce the impact of this risk, 

trading market participants impose credit limits and demand security deposits 

as a form of insurance. All those precautions taken are related to the value­

at-risk and demand that we actually know something about the counterparty's 

risk exposure. The industry has worked out methods and econometric tools to 

measure most of the risk. Risk that cannot easily be measured can be handled 

by simply demanding higher deposits. High deposits constraints, however, can 

result in less business as the counterparty is only allowed, or willing, to have 

a certain risk exposure. An area where big banks today find it hard to mea­

sure risk is the sensitivity to volatility skew of exotic options. Therefore those 

products often demand a high deposit. For smaller institutions, like small hedge 

funds, the deposits for trading exotic options can be painfully large. A model 
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that could take the dynamics of the skew into account could possibly decrease 

the deposits needed and still give a comfortable control of the risk exposure. 

This would be beneficial to both parties as it leads to an increase in trading. 

Most of the market models used today cannot explain all the dynamics of the 

volatility empirically observed. If we can find a market model that can explain 

more of what we observe, we might be able to trade those dynamics. We might 

even be able to construct a product with a convexity in premium towards a rbk 

factor the market is not fully accounting for. Any change in this risk factor 

would then lead to an increase in value. This would mean market misspricing 

and possibility for arbitrage. 

A model that explains more of the dynamics of the volatility surface will 
also help us estimate the future shape of this surface. Even if the qualitative 

estimations of such a model would not reveal anything that an experienced 

market participant cannot already make a qualified guess about, it might be able 

to make more quantitative estimations. As mentioned earlier, making proper 

use of the estimated future shape of the market when pricing exotic options can 

be hard even though the estimations themselves are sensible. 

As a last area of use of an extended market model we might propose is 

the interpolation and extrapolation of the implied volatility surface for vanilla 

options. A model tuned to match the observed market prices can be used 

to price less liquidly traded options. The presumed contribution in this area 

is however small as already available methods, like a simple polynomial, can 

match observed prices very well. Finding a method explaining the observed 

prices outside the liquidly traded options has though been shown harder. 
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Chapter 3 

Previous work on similar 

problems 

Little work has been done in the area of modelling the dynamics of risk reversals 

One explanation is the fact that this phenomena is relatively unique to the 

foreign exchange market. Another explanation is that this type of dynamics is 

regarded as less important and that its impact, where it matters, is handled in 

a more direct manner, like as for the handling of forward volatility. Despite all 

this there are some researchers who have, explicitly or implicitly, looked at this 

area. 

3.1 Local volatility 

The concept of local volatility was introduced and described by Derman & Kaui 

[10], Dupire [12] and Rubinstein [39]. Local volatility is a generalisation of 

the original Dlack-Scholes one-dimensional market model process. The constant 

volatility parameter used by Dlack-Scholes is here generalized to be a determin­

istic function of both spot level and time. Despite the deterministic nature of 

the local volatility, some authors actually call this concept a basic stochastic 

volatility model due to the fa.et that volatility is governed by the spot process 

which itself is stochastic. This model is often said to be the simplest model that 

can be fully calibrated to any given set of market data. On an SDE form the 

market model under local volatility is given by 

The function <1 (t, St) describing the volatility is at the heart of the local 

volatility model. This function can, up to a few regularity constraints, be chosen 
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3.1. LOCAL VOLATILITY 

freely. Dupire showed that this function easily can be chosen to reproduce an 

arbitrary function of implied volatility. 

Even though none of the authors point it out in the original articles, a local 

volatility model gives rise to some dynamics of risk-reversals as the spot level 

changes. 1 Those dynamics are a result of the convexity of the volatility smile 

surface and are therefore restricted to a positive correlation to changes in spot 

prices. Even though a market with an implied volatility smile showing negative 

convexity is mostly academic, such a market would create a negative correlation 

between changes in risk-reversals and changes in spot price. \Ve will in the next 

section also show that the skew dynamics created by a local volatility model are 

of a too large a magnitude. 

An obvious shortcoming in this model is that once the curvature of the 

implied volatility surface is fitted, we cannot change the way the skew or risk­

reversal changes with changes in spot. One property locks in the other and we 

cannot freely choose both of them. Also, the resulting skew dynamics generated 

by local volatility is of a fully deterministic nature with respect to spot price. 

This might not be a crucial shortcoming as we are only interested in the expected 

value of our process under a risk-neutral approach. 

A deterministic relation would however not capture any convexity in pre­

mium with respect to volatility skew that otherwise would make a continuous 

contribution to the premium due to quadratic variation. This matter will briefly 

be handled in a later section. 

Further a local volatility model generates very implausible future volatility 

smiles as time passes. To read more about this and other effects and results of 

local volatility the interested reader is referred to e.g. Rebonato [3G]. 

3.1.1 Example of skew dynamics under the smile 

\Ve will in this section look closer at and investigate the changes in the implied 

volatility surface generated by a change in spot price under the local volatility 

model. 

The issue of local volatility is closely linked to the symmetry of the two 

versions of the Illa.ck-Scholes pricing PDE. Those versions are the most often 

used backward equation that gives a premium II (Ko, To) for a fixed maturity 

point at any set of {S, t}, representing different states of the present point, and 

the less often used forward equation or dual equation, that gives a premium 

1 Especinlly Bruno Dupire has in Inter work discussed the local volatility model and the 
dynamics of the volatility smile arbing from changes in spot price. 
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3.1. LOCAL VOLATILITY 

TI(/(, T) for different maturity points at fixed present point {S0 , t0 }. Using the 

pricing version with both dividends and local volatility the two pricing PDEs 

are given by 

(Backward equation) 

(Forward equation) 

Rearranging the terms in the forward equation we reach the local volatility 

and the so called Dupire formula 

a(K,T) = W} + (r - q) K ~ + qTI 
2 K'2 o2n 

DK2 
{3.1) 

To be able to use the Dupire formula it is necessary to know the prices for 

vanilla options at all strike levels and at all maturities. If we instead know the 

local volatility we can use the forward equation to calculate today's prices for 

options expiring in the future. This must most often be done numerically. (A 
more efficient way to reach local volatility when given implied volatilities is to 

substitute TI in Dupire's formula {3.1) with the Black-Scholes pricing equation 

and explicitly write the differentials.) 

To investigate the dynamics of the skew due to changes in spot price we must 

first have today's implied volatility surface. For simplicity we assume this to be 

a simple stylized surface. \Ve assume this surface to have no term-structure and 

to have a smile given by a simple quadratic polynomial in the options delta value 

(calculated using the at-the-money volatility). Looking at historical values for 

EURUSD it seems plausible to choose the 25-delta strangle to be 0.25% and the 

25-delta risk-reversal to be zero 

The graph in Figure 3.4 shows that if the local volatilty surface if held fixed, 

a spot price move of 1 % changes the 1-month {lM) 25-delta risk-reversal in the 

same direction as the spot move by approximately 0. 7%, measured in implied 

volatility. For a real currency pair, like EURUSD, a 1% spot move changes the 

1-month 25-delta risk-reversal by a magnitude in the region of 0.1%-0.2%. The 

conclusion is that skew dynamics produced by a pure local volatility model is 

of a too large magnitude. Or alternatively, in order for a pure local volatility 

model to produce skew dynamics of the right magnitude, it will have to produce 

too little smile curvature and hence undervalue strangles. 
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3.2. UNIVERSAL VOLATILITY MODEL 

3.2 Universal volatility model 

Lipton and tkGhee [29] proposed a market model general enough to capture 

all the popular modifications of the original Black-Scholes model. The model is 

called universal volatility model and includes local volatility, stochastic volatility 

and jumps. Even though local volatility helps the model to match market prices 

perfectly the main purpose of its introduction is to generate volatility skew 

dynamics with changes in spot. 

dS = rSdt + ,fvo (t,S) SdW(S) + (ei - l)SdN 

dv = K (0 - v) dt + E,fvdw(v) 

p = E [dw(S)dw(v)] 

Here iv(s) and ivM are correlated Wiener processes, N is an independent 

Poisson jump process, j is a random jump size conditional on a jump occurring, 

<1 (t, S) is the local volatility factor and r is the risk-neutral drift. The variance 

process v has a volatility proportional to f, it mean reverts to the level 0 with 

a reversion speed "-· 

Even though the model is in no way dependent on it, this very setup uses 

a Cox-Ingersoll-Ross (CIR) or Heston-style process for stochastic volatility. In 

fact any valid process for stochastic volatility would fit this framework. 

The volatility curvature in this model can be generated by any of the three 

generalisations including local volatility, stochastic volatility and the jump com­

ponent. As the skew dynamics is only created by the local volatility part we 

can in this model, to some extent, freely choose both the curvature and the 

skew dynamics. This control is a major improvement over a pure local volatility 

model. One shortcoming is however the lack of mean reversion of the volatility 

skew. 

3.3 Stochastic skew model by Jackel 

A model that was designed from the beginning to have skew dynamics was 

presented by Jlickel [24]. The model is called a stochastic skew model and has a 

mixture of stochastic volatility and local volatility in a similar way as the above 

described universal volatility model. The difference lies in that no jumps are 

used and that the shape of the local volatility is made stochastic. This is done 

by describing the local volatility by an exponential function dependent on spot 

level and a special shape parameter, ')', that in turn is made stochastic. The 
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model is given by 

dS = µS<lt + ae-,rn- 1)sdw(s) 

d (log a) = K.,. (log O'oo + log O't) dt + o.,.dw(a) 

d-y = K-y boo -11) dt + o..,dwh> 

0 = E [<lw(S)dw<.,.)] = E [<lw(S)dwh)] = E [dw(<1)dwh>], 

where H is an arbitrary spot level around which the scaling of the volatility 

parameter a is centred and equal to e-Y. The level of mean reversion for volatility, 

a, and shape parameter, 1', are given by 0-00 , and -y00 , respectively. 

Even though the model allows for it, Jlickel chooses not to have a correlation 

between spot level and the shape parameter. As we can see a strong correlation 

between spot level and risk-reversals in the foreign exchange market, a positive 

correlation would be a more realistic choice for this particular market. 

A problem with this model is the fact that skew dynamics are based on a 

spot level close to the level H. If the spot price leaves this region the stochastic 

shape parameter -y will, instead of just only changing the skew, also change the 

level of volatility and hence effectively increase the volatility of volatility. As 

mentioned earlier volatility of volatility has a positive relation to the curvature 

of the volatility smile. As a result this stochastic skew model will have a positive 

correlation between the spot price and the price of strangles. Such a relation is 

not observed in real market data. 

Jockcl also mentions an interesting phenomenon he calls "jumps without 

jumps", referring to the case of a sudden peak in volatility along with a rapid 

change in spot price. This results in the already large move in spot level being 

amplified due to the high level of volatility into something that is similar to a 

jump in the spot level. Such phenomena should be observable in any model 

where volatility is made stochastic. 

3.4 Time changed Levy processes 

Carr and Wu identify the issue of dynamic risk-reversals in [4] and [5] and 

present a model to generate such dynamics. 

Their approach is based on a spot price driven by a combination of two 

timechanged Levy processes. Each Levy processes in turn has an independent 

diffusion part and a pure jump part. The time change is governed by an activity 

rate process for each Levy process. Jumps cause a skew effect and the activity 

rates make this skew dynamic. Dy making the drivers of the activity rates be 
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correlated to the diffm,ion term of the corresponding Levy process, a correlation 

between spot price and skew is created. 

The approach is very interesting as it differs much from techniques used 

in previously published work. \Vhile the model, in some sense, is mathemati­

cally beautiful, it is less intuitive than a traditional approach. This suggests a 

resistance threshold for introducing the model to the trading community. 
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Chapter 4 

Historical Market Data 

We now turn our eyes at the actual history of the market. Apart from qualitative 

observations this is essentially a statistical investigation of historical market 

data. The framework of statistical tools is huge and one could spend much 

time and effort investigating the form and statistical significance of the mutual 

dependencies between different market parameters. Even though those aspects 

are important we will here mostly be looking for quantitative relations. 

4.1 Used set of market data 

The data set we use is real historical daily market data for spot prices, in­

terest rates and implied volatility for the currency pairs EURUSD, USDJPY, 

USDGBP and USDCHF. All data is given for the tenors lW, 2W, lM, 2M, 311, 

6M, lY and 2Y. The volatility surface is, at every tenor, described by values for 

the strike levels ATM, 25STR, IOSTR, 25RR and l0RR. In total our volatility 

surface data series have a cross section of 40 data points for each business day. 

The data set starts at the first business day in year 2000 and spans over approx­

imately 4.5 years which is equal to some 1200 readings. In the following text, 

when we talk about daily changes we implicitly mean changes between business 

days and hence ignore weekends and holidays. 

4.2 Fundamental empirical observation 

To gain some qualitative feeling for the data we first do some visual investi­

gations and simple tests for correlation between the most frequently updated 

market figures. For volatility data the most liquidly traded tenors are around 
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11\1. Tho ·e arc naturally also th most frequ ntly updat d figures. As most 

liqui l currency pairs show a very similar behaviour we will here on ly present 

data for EURUSD. 

EURUSD, 25d strangle (1 M) 
0.35,-------,,-----,----.------.-------,-------, 

0.3 

0.2 
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Date of market reading (year) 

EURUSD, 25d nsk-reversal (1M) 

0 
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Dato ol market reading {year) 

Figur 4.1: EURUSD market data showing a high r frequency of chang in 

risk-reversal ov r strangle 

The first obs rvation is that ri ·k-r versals chang v ry fr qu ntly and that 

its valu hanges sign on many o asions. onv rs ly th strangles act v ry 

difT r ntly, with numb rs changing much less oft n. Th sam strangle lev 1 an 

pr vail for many month· and wh n it ventually hang , it do s so in v ry small 

r lativ t rms. W must not forg t that thos numb rs ar s t by trad r · and 

th sticky behaviour of the strangl s is rath r a sign of hang s in strangl s not 

being onsid r d as important as hang s in risk-r v r ·a l. A a r ·ult, strangl s 

are updat d I ss oft n and with a higher r lativ granularity. Th oppo ·it 

is true for risk r v rsals to whi h mor attent ion is paid. ru ·k r v r ·a l · ar 

updat d much mor fr qu ntly a nd with a higher r lative pr cision. 

Figur 4.2 hows the daily chang s in valu of the strangl sand risk-r versa! 

plott d against the change in spot pri . 

Looking at th Figures 4.2 and 4.3 w immediately s a quite strong orre­

lation in one them. The b haviour of risk-rever als show a much higher cl pen-
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dence on spot moves than the strangles do. For the major currency pairs the 

correlation between changes in spot price and changes in 1-month risk-reversal 

are given by: EURUSD +68%, USDJPY +G6%, GBPUSD +5-1% and USDCHF 

+53%. The correlations between changes in spot price and changes in 1-month 

strangles stay between 0% and 10% throughout the entire data set. One could 

argue that spot prices move in a Black-Scholes model fashion and therefore the 

plot should be done against changes in the logarithm of the spot price. Doing 

this only has a very small impact on the result and at the moment we have no 

model of the risk-reversals to justify this behaviour. Again, the observation of 

a correlation between changes in spot prices and risk-reversals are made on a 

qualitative basis to point out plausible directions in which to look for a new 

market model. 

4.3 Empirical study of risk-reversal dynamics 

4.3.1 Risk-reversals and spot-volatility correlation 

So far we have focused on the prices of risk-reversals and their connection to 

spot prices. We earlier also briefly discussed the reasons for the existence of risk­

reversals - one of them being the correlation between changes in spot price and 

changes in volatility. Is it true to say that risk-reversals in the foreign exchange 

market exist, at least partly, because of a correlation between spot price and 

volatility? Is this something we empirically can observe in the market? Histor­

ical data actually show quite a strong connection between such correlation and 

the level of risk-reversals. Dy dividing the data into groups we can calculate the 

correlation between changes in spot price and changes in the 1-week maturity, 

lW, implied volatility within this group. The assumption is that lW implied 

volatility is closely related to the market's view of the actual volatility in the im­

mediate future. Below is a graph showing the group spot-volatility correlation 

along with the mean value of 1 \V risk-reversal within the group. The groups 

are sliding, overlapping and built from 40 consecutive market readings. 
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Figure 4.4: Evidence of risk-reversals being connected to correlation 

Figure 4.4 shows a cl ar and positive relation between the spot-impli d 

volat ility correlation and th mean value of risk-reversals. This !ear connection 

is observable for all our four main curr ncy pairs. The graph correlation is for 

EURUSD +82%, USDJPY + 2%, GBPUSD + 0% and USDCHF + 79%. It is 

also interesting to se that th orr -lation hanges ign at many points in tim 

and that this happens in parallel with a similar behaviour forth risk-reversals. 

It is important to ke p in mind that this plot shows the orrelation betw n 

spot pric and implied volatility. Of course impli d volatility is not the same as 

actual volatility, in what v r s nse we choose to defin volatility but it is a lose 

indicator of wher the market b liev ' this volatility to b . Th lev I of irnpli d 

volatility here only a.ff cts the alcu lation of group spot-volatility orr lation and 

we could thcr for , without a loss in r ·ult, a llow for a bias b tw en irnpli d 

volatility and a tual volatility. The orr lation m asure is insensitiv to su h 

bias up to a linear transform as orr (X, Y) = orr(a, + /3 · X, Y). 

As for all orrelated obs rvations we must al ·o not forg t to consider the 

ausal ity of th r lation. W cannot with this simpl graph, at least not from 

a mathematical p rspective, tell whether risk-rev r als are a r suit of the state 

of the orrelation b tw n spot pri and volatili ty or if this orrelation is a 

resu lt by some unknown ph nomenon quantified by risk-reversals. It is however 
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a plausible assumption that the causality operates in the direction from spot­

volatility correlation to risk-reversals. This is mainly because the derivative 

market is driven by the spot market and not the other way around, even though 

this in fact can be true for smaller assets like single equities. In summary this 

causality means that participants in the derivative market observe and consider 

the spot market and the information relevant for this market when making 

quotes in the derivatives market. 

4.3.2 Risk-reversal mean reversion 

We have already established a connection between changes in spot price and 

risk-reversals in historical data. By reasoning around two simple cases we can 

conclude that this relation must have some limitations or additional behaviour. 

In a period of large turmoil, assume spot to make a large move in any 

direction and then calm down and settle at a different spot range. It is likely 

that the correlation between spot and risk-reversal prices would cause the risk­

reversal price to change a lot in this turmoil. It does however not seem plausible 

that risk-reversals would stay at a historically deviating level once the period 

of turmoil has passed. (This is of course conditional on that the currency's 

economy is not expected to behave in an essentially different way after the large 

spot move.) 

Another case to consider is a long term steady trend. Under this scenario the 

correlation to spot changes would make risk-reversals reach extreme levels after 

some time. Even though spot undergoes large changes, those changes are stable 

and anticipated by the market. It is plausible to assume that risk-reversals 

would reach some sort of steady state after some time. 

In both the above cases the risk-reversals would have plausible behaviour if 

there was some sort of mean-reversion in its values. In the above two scenarios 

this mean-reversion would only need to be very small to remedy our concerns. 

Can we find any support for mean-reversion of risk-reversals in real market 

data? In order to search for such evidence we must first assume a form, or rather 

a process, for which we want to test. Again we here only search for indications 

of mean-reversion and do not worry very much about the level of significance. 

We look at spot prices and 1-month 25-dclta risk-reversal prices for EURUSD 

as this data belongs to a very liquid market. Assume the risk-reversal price 

process to have mean-reversion and to be related to spot prices in the following 

simple discrete way: 

6RR = a6S + {3 (RR-RR} 6t + error, 

38 



4.3. EMPIRICAL STUDY OF filSK-REVERSAL DYNAMICS 

where RR is the level of mean reversion and 6.t represents a busines day. For 

simplicity we assume the market to have roughly 250 business days in a calendar 

year, which gives us 6.t :::::: 1/250. In order to test the above assumpt ion we divide 

the data set into sliding subgroups. The reason for not looking at the entire 

data set at once is that we deem it implausible for those model constants to 

stay tru ly constant over a longer period of many y ars. We here choose a group 

size of 250 market readings which again is roughly equivalent to one calendar 

year. For each window of market data we solve the above linear system using 

a least-square technique to estimate the parameters a, /3 and RR, and plot the 

data over time. 

Parameter value for simple linear regresion for risk-reversal 

5 

-- a parameter (mean value 14.2) 
- - - I} parameter (mean value 16.2) 

O 0 100 200 300 400 500 600 700 800 900 1000 
order number of lirsl market reading In group of 250 readings for EURUSD and 1 M 250 RR 

Figure 4.5: Risk-rev rsal r gr ssion showing stability in parameter magnitude 

When plotting the results for the variabl so and /3 we might not immed iately 

see a clear pattern or a tr nd. But when we onsid r that the time eries span 

about 4.5 years they seem, at least in magnitud , fair ly stable over time. The 

daily change in risk-reversal is, on av rage, asso iated with a factor o :::::: 15 

times the daily change of spot price. Th mean-rev rsion per time-unit of the 

risk-reversal is associated to a factor /3 :::::: 15 tim s the d viation from the lev 1 

of mean reversion. This numb r for /3 would suggest that the I-month 25-

delta risk-reversal for the EUR SD would mean-revert with a half-life time of 

approximately 15 days (:::::: 365 · log (2) / /3). 
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Daily change in RR explained by level of RR after change explained by t.S is removed. 
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Figure 4.6: Further regression results for risk-reversals 

The fi rst graph in Figure 4.6 shows the results for the level of m an-reversion, 

RR, along with correlation betw n change in risk-reversal, cleaned for change 

expla ined by its relation to hange in spot price, and the deviation from the 

level of mean-r v rsion . (As the orr lation m asure is invariant und r linear 

transform, this is quival nt to the corr lation to the n gative level of the risk­

r versa!.) The valu of this corr lation is fairly stable, in magnitude, around 

25%. This shows that v n though the mean-r version is r asonably strong, 

there is a large part of the hange in risk-r versals I ft to b explained by random 

nois , v n aft r the orr lation to changes in spot price have b n r mov d. 

The s cond graph in Figur 4.6, showing th a lculat d l vel of mean-

reversion, RR, is som what mor troublesome. It i stab! in n ither lev I nor 

magnitude. A first interpretation wou ld sugg st that this paramet r is ssen­

tially not constant and should perhaps a l o be mod II d by a stochastic pro ess. 

Support for this can b found in the simple observation that values of long­

dated risk-r versals are not particularly constant. Another explanation is that 

with strong m an-r version and much noise, th lev I of m an-reversion that 

will minimize the error will simply nd up approximat ly at the m an value 

of th risk-reversal for t he observed group. Looking at historical data of risk­

reversal we see a high r level in the middle of the data et. On further aspect 

to consider is the fact that in our stimation w , in the term /3 (RR - RR) t:i.t , 
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have /3 • At ~ 0.06. This small value would make the linear system relatively 

badly conditioned and sensitive to the parameter RR resulting in, not only nu­

merical noise, but also in this particular parameter being less important for the 

realisation of the outcome. 

\Ve can finally roughly conclude that the level of mean-reversion is not par­

ticularly stable over time, but it is of the same magnitude for time-scales of at 

least a few months. 

4.4 Independent component analysis (ICA) 

When given a large set of multidimensional data there are many available meth­

ods to analyze and visualize mutual relations and dependencies. One of the more 

popular methods is principal component analysis (PCA). An interesting study 

of PCA applied to implied volatility was presented by Cont & Fonseca [7]. This 

approach is based on the correlation between the parallel readings in a set of 

data. The method splits the original data set into a set of explaining multidi­

mensional components onto which the original data is projected. The data can 

be recreated by the set of components, and their corresponding amplitude time 

series. To fully recreate the original data the number of components must be the 

same as the number of dimensions in the original data. Often very much of the 

observed data variance can be explained by fewer components than the original 

number of dimensions. These components are called "principal components" 

and this explains the origin of the name of the method. 

One important characteristic of the PCA method is that all explaining com­

ponents are mutually orthogonal in the original value space. The amplitude 

signals can however be highly correlated. This means that the results are not 

stable under linear transformation or even scaling of individual data series. The 

parallel data series need to be of the same magnitude and of the same form for 

the component separation to really make any sense from a dimensional perspec­

tive. In our case the data series are of different dimensions and often there are 

many different scales that are equally natural. As an example one can express 

volatility either on a decimal form or on a percentage form. Doth forms will give 

a correct description but the components generated by PCA will be dependent 

on the choice of representing form. 

A similar but more advanced method of component separation is the inde­

pendent component analysis (ICA). The ICA method also tries to find a set 

of explaining components. Those components are, in contrast to PCA compo­

nents, not necessarily mutually orthogonal in value space. The ICA procedure 
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instead tries to find a set of explaining components with corresponding ampli­

tude signals being as independent as possible. 

Often when the dimensionality is high and one is looking for a relatively low 

number of explaining components, the PCA method can first be used to reduce 

the numbers of dimensions of the original data. In our case we must be careful 

with the PCA projection as our data set is on very different scales. Large nom­

inal numbers can be assigned an unjustified high importance. A simple way of 

trying to get around this problem is to first normalize every dimension to a unit 

standard deviation. The explaining components will, after this normalisation, 

explain a change in each dimension relative to that dimension's original stan­

dard deviation. \Vithout this normalisation PCA would only capture changes 

large in absolute terms and only capture very little of large relative changes if 

they happen to be small in abolute terms. 

The actual mathematical procedure behind ICA can be very complicated 

and we have here used a free software package1 for this component separation. 

This package is based on the MATLAB software and provides a user friendly way 

to separate data into independent components. For a more detailed description 

of the ICA method see work done by Hyvlirinen & Oja 120] and 121]. 

The Figures 4.7-4.10 show the ICA components generated from normalized 

data projected onto the first five PCA components. The components are sorted 

in order of the kurtosis of the corresponding component's amplitude signal with 

the highest value first. In this case a low kurtosis means a more Gaussian-like 

signal behaviour and a high kurtosis means a higher degree of signal "bursti­

ness". Data is given for the currency pairs EURUSD, USDJPY, GilPUSD and 

USDCHF. 

Throughout the graphs we see a strong connection between changes in spot 

price and changes in risk-reversals. We see this as a high amplitude of both spot 

price and risk-reversals in the same component. This is especially true for the 

first or the second component in all four sets of components. Those components 

also show a smaller, but still significant, impact on implied ATM-volatility. The 

sign of this impact, relative to the sign of the spot price, is dependent on the 

average sign of the risk-reversal during the period of observation. It is this 

impact on implied ATM-volatility that is the very reason for the existence of 

risk-reversals in the first place. 

This analysis of components is very interesting and is worth a chapter on its 

own. However we refrain from further analysis other than the observation that 

we again have found empirical evidence for an important connection between 

1 MATLAB package from Helsinki University of Technology by Janno Hurri, Hugo Gitvert, 
Jaakko Sitrel!l, and Aapo Hyvitrinen. 
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Independent components for normalized EURUSO market data 
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Figure 4. 7: I A components de cribing EURUSD dynamics 

Independent components for normalized USOJPY market data 
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Figure 4. ICA components describing USDJY dynamics 
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Figure 4.9: ICA components describing GBPUSD dynamics 

Independent components for normal,zod USOCHF market data 
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Figure 4.10: I A components describing SD HF dynamics 
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spot level, implied volatility and risk-reversals. 

Finally we should keep in mind that this approach of breaking up the dynam­

ics into linearly superposed components is of course a simplification of reality. 

The market witnesses different epochs in time, in each of which slightly differ­

ent dynamic behaviours can be observed. As an example one can sometimes see 

"sticky delta dynamics" and other times see "sticky strike" dynamics. In the 

real world the behaviour is often non-linear in the sense that changes in some 

dimensions will result in changes of other dimensions that are dependent on the 

magnitude of the first change. One typical example of this is the relation be­

tween changes in spot and changes in implied volatility, which in addition to its 

linear relation, has a clear quadratic behaviour. This phenomena is sometimes 

called the "volatility bean" but will not be further investigated here. 
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Chapter 5 

Modelling the market 

We will here take a brief general look at different views of market modelling 

and pricing philosophy. A rough way of classifying the origin of models is 

suggested in Rebonato [37]. l\lodels are here divided into "instrumental" and 

"fundamental" approaches. 

A fundamental approach is based on looking at processes of underlying assets 

and trying to model what is observed. As long as a model for the underlying 

asset produces reasonable prices for traded instruments, the model that shows 

most similarities with the statistically observed market for the underlying asset 

should be chosen. 

A instrumental approach is based on the reproduction of market properties 

of traded instruments derived from the underlying asset. The model used to 

model the underlying asset is rather seen as a tool to reproduce the sought 

properties of the traded instruments. \Ve do not care so much about the sim­

ilarities between the observation of the underlying asset and the process used 

to model it. Uodclling the underlying asset with a process that differs much 

from the actual process can lead to problems when using the underlying asset 

to hedge an instrument. 

If we were to describe the approach taken when we introduce the stochas­

tic correlation model, it woul<l probably fall mostly under the instrumental 

approach. It is the properties of the volatility surface that is the reason for 

extending the model. Despite this we also have a portion of the fundamen­

tal approach as we have seen that the suggested generalisation of the model 

also has support in empirical data. We here refer to the dynamics of the skew 

as an instrumental-style contribution and the connection between rh;k-reversals 

and the observed correlation between spot price and implied volatility as a 

fundamental-8tyle contribution. 
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In general one can say that increasing the complexity of a market model, 

regardless of the approach, will give us more pricing flexibility. Such flexibility 

in pricing will allow us to better fit observed market prices. This will not 

necessarily give us any real contribution when it comes to hedging or pricing 

more complex options. If we model the market in a way that substantially differs 

from how the market really behaves, we risk losing the agreement between model 

and market prices as soon as the market changes in a dimension our model does 

not account for. In such a case not only pricing, but also hedging, would fail. 

This could be compared to changes in implied volatility in the Black-Scholes 

model. 

5.1 Modelling the spot price 

There is no real need to change the fundamental way we model the spot price. 

Apart from constant volatility the powerful log-normal model introduced by 

Black-Scholes [3] has been proved to satisfy most practical needs. Introduc­

ing stochastic volatility and stochastic correlation must be regarded as less of 

a deviance from the original model than a total change of the local return­

distributions of spot price. 

Even though we will not use this generalisation here, as a further develop­

ment one could introduce market shocks by adding a jump term to the spot 

process. 

5.2 Modelling stochastic volatility 

Already when the Black-Scholes model was first introduced the assumption of 

a constant volatility was questioned. The market activity is not always the 

same and some periods in time are more turbulent than others. Periods with a 

very predictable impact on market activity, such as holidays and ek-'Ctions, can 

easily be taken into calculations when pricing options via the use of concepts 

like trading days or business time (see e.g. Chapter 4 in Hakala & Wystup [14]). 

Even after the predictable component of non-constant volatility is removed, 

markets show a high degree of variation in volatility over time. The uncertainty 

of volatility is an integrated part of the everyday routine when trading options. 

In its most simple form, this risk is described by an option's socalled vega, which 

is the option's premium differentiated by implied volatility. As this parameter is 

assumed to be constant, hedging its risk actually means that we hedge outside 
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the model. By instead making volatility itself stochastic we move this risk inside 

our modelling framework. 

Even though more modern methods like stochastic time-change exist today, 

the traditional approach to making volatility stochastic is to make the diffusion 

term in the spot price process a stochastic process itself. More correctly we say 

that we model the instantaneous volatility. This approach is not new and much 

work on the subject of stochastic volatility has already been published. One 

could here mention work by e.g. Wiggins [45], Hull & White [19] and Stein & 

Stein [42]). 

One of the main reasons for the introduction of stochastic volatility was 

to account for the observed curvature of implied volatility, called the volatility 

smile. In mathematical terms the smile is a result of excess kurtosis, or so 

called fat-tails, in the distributions for returns of the underlying asset. The 

various implementations of stochastic volatility took many forms but they were 

all successful in producing both kurtosis and volatility smiles. 

5.2.1 Different model processes 

A problem when choosing a process to model the stochastic volatility is that the 

real process is not observable. It is a so called hidden process. The only observ­

able process that is connected to volatility is the spot price. Theoretically we 

would be able to study high-frequency data and for small time periods calculate 

volatility and that way show the progress of volatility over time. Unfortunately 

this has been proved harder to do in reality and we will have to find another 

way to make our choice of process. 

We could also try to make use of the market's aggregated view of volatility 

by looking at implied volatility. Implied volatility takes more aspects than just 

volatility into account Such a'ipects could be attitude towards risk and market 

supply and demand. Even though implied volatility is not the same as volatility 

there is most likely a close relationship. 

In order for the stochastic correlation framework to make any sense, the 

instantaneous volatility process must be described by a diffusion process. If not 

so, the concept of a correlation between driving Wiener-processes would fail. 

Before we try to choose a particular process to model the stochastic volatility 

we will look at some of the more popular diffusion models used today. 
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Ornstein-Uhlenbeck process 

An Ornstein-Uhlenbeck process is a simple process suggested among others by 

Scott [41]. It is a simple process but it still shows important properties such 

as mean-reversion. Without mean-reversion volatility could reach implausible 

levels. The immediate drawback is the possibility of the process to take negative 

values. Negative values would be allowed mathematically but it would not make 

any real sense. A negative volatility would be equivalent to a change in sign of 

the correlation to spot price. This would give us less control when modelling sto­

chastic correlation. :Mathematically the SDE of the Ornstein-Uhlenbeck process 

is given by 

d£1ou = oou {mou - aou) dt + foudlV. 

Logarithmic Ornstein-Uhlenbeck process 

The pure Ornstein-Uhlenbeck process had the unwanted property of being able 

to reach negative values. By taking the exponential value of the process we 

can ensure strictly positive values and still keep the mean-reversion property. 

Mathematically the SDE of the Logarithmic Ornstein-Uhlenbeck process is given 

by 

O'LogOU = ellLogOU 

d]/LogOU = O'.LogOU {mLogOU - YLogOU) dt + {LogoudlV. 

The mapping from the Ornstein-Uhlcnbeck process onto the exponential 

function has a positive curvature. Due to the Jensen inequality an increase 

in volatility of volatility, {LogOU• will lead to an increase in the average level of 

volatility {see Appendix Din 0ksendal [32]) Later we will see this effect when we 

study the impact on option premia of this parameter in a stochastic-correlation 

model. Apart from the expected increase in kurtosis, we will also see a general 

increase in the option premium similar to that which we get if we increase the 

reversion level 7nLogOU. 

CIR/Feller /Heston square root process 

The CIR/Feller /Heston square root process has been shown to be attractive 

from an analytic perspective. It was first introduced by Cox, Ingersoll and 

Ross [8] but was probably mostly made famous by Heston [17] for his use of 

the model to reach a semi-closed formula for the price of vanilla options. The 

main drawback is that the process, for some parameter values, can reach zero. 
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Unfortunately values needed to reproduce observed market prices often fall un­

der this category. In itself a volatility very close to zero is not implausible and 

this could e.g. naturally happen during a longer holiday. What is implausible is 

that a volatility close to zero would exist after known effects, like holidays, are 

accounted for. Using the earlier mentioned concept of business time, the price 

process must always have a non-zero market activity. 

Even if the square root model is analytically attractive it is numerically 

unattractive. The sharp change in volatility of the process close to the zero­

level can make it numerically problematic. This model is actually not even 

Lipschitz but can still be shown to have a unique solution. Mathematically the 

SDE of the square-root process is given by 

O"Hstn = JYHstn 

The mapping from the Ornstein-Uhlenbeck process onto the square-root 

function has a negative curvature. Due to the Jensen inequality an increase 

in volatility of volatility, eHstn• will lead to a decrease in the average level of 

volatility. One can see this phenomenon when plotting the impact on vanilla 

option premia when changing this parameter against strike price (see Section 3 

in Heston [17]). Apart from the expected increase in kurtosis, we will also see 

a general decrease in option premium similar to the case in which we decrease 

the reversion level ffiHstn• 

5.2.2 The freedom to choose a simple model 

As instantaneous volatility is a hidden process it can be hard to make a choice 

about which model to use. Of course the chosen process must exhibit plausible 

and sensible behaviour, but apart from that we need other criteria to choose a 

model. We could either choose a model because of its analytic properties, as is 

often the case when the square root process is chosen, or we could instead make 

a choice from a numerical standpoint. It is by taking a numerical viewpoint that 

we have chosen to use the logarithmic Ornstein-Uhlenbeck process to represent 

instantaneous volatility in the remainder of this thesis. 

We will show that as long as one of the above three mean-reverting dif­

fusion process is chosen and volatility of volatility is reasonably small the ac­

tual choice of model is not very important. This can be done by choosing 

the free parameters in the three models so as to give the different processes 
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approximately the same local properties. By using lt6's formula to get non­

transformed processes and then using the Taylor-expansion we can turn all 

three processes into pure Ornstein-Uhlcnbcck processes. If we use the original 

Ornstein-Uhlenbeck process as a benchmark we can then choose the free para­

meters of the transformed processes to replicate the benchmark process. Under 

those choices of equivalent parameters the three process behave very similarly. 

Equivalent parameters (Logarithmic Ornstein-Uhlenbeck process) 

We use lt6's formula to get the SDE of the transformed process. 

dO'LogOU = O'Log0U ( O!Log0U {mLogOU - log (O'LogOU)) + ½etogOU) dt + 

+O'LogOUeLogOUdlV 

~ (aLogOU {1 - ffiLog0U + log (mou)) - ½(logOU) X 

X ( O!LogOumou 1 2 - O'LogOU) dt + 
O!Log0U (1 - ffiLog0U + log (mou)) - 2eLogOU 

+moueLogoudlV. 

Making the particular choices 

O!Log0U = aou 

mLog0U = l ( ) eiu og mou - 2 2 
aoumou 

!LogOU = {ou 
' mou 

results in a first order equivalence to our benchmark process 

do-LogOU ~ aou (mou - o-ou) dt + {oudlV = do-ou. 

In this case it is of interest to notice that we approximate the multiplier of 

the stochastic driver (O'LogOUeLogOU) by the constant (moueLogOu), The total 

process approximation is therefore slightly inaccurate in both the driving term 

and in the drift term. 
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Equivalent parameters (CIR/Feller/Heston square root process) 

Similarily, we use Ito's formula to get the SDE of the transformed process 

= 

Making the particular choices 

Olfstn = aou 

ffiHstn = m2 + ~iu 
OU --

aou 
~Hstn = 2fou, 

results in a first order equivalence to our benchmark process 

datt.tn::::: aou {mou - aou)dt + foudlV = daou, 

This approximating process is slightly inaccurate in the drift term but is 

exact in the stochastic driving term. 

Simulating the equivalent processes 

To really see the similarities in the original processes we show a simulation 

of them all in parallel. We choose the model parameters of the benchmark 

Ornstein-Uhlenbeck process to mou = 10.0%, oou = 0.3 and fou = 0.05. The 

equivalent parameter values for the two transformed processes are calculated as 

described above and all three simulations use the same driving \Viener process. 
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5.2. MODELLING STOCHASTIC VOLATILITY 

Simulation of different processes for stochastic volatility using equivalent parameters 
(Benchmark parameters: initial volatility (o

0
) = 10%, reversion speed (a) = 3.0, volatility of volatility (c,) = 0.05) 
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Figure 5.1 : Simulation of thr models for stochast ic volatility 

We see that during the period of one year th differenc s b tw n the thr 

processes stays within only a few per ent of the absolut lcv I. This differ nc is 

negligible in comparison to the hang in valu aus d by the stochastic pro s 

itself. 
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Chapter 6 

Stochastic correlation from 

a model perspective 

Empirical studies of the volatility surface show strong correlation between spot 

price and risk-reversal prices and we want our market model to reproduce this 

phenomenon. We have also seen empirical evidence from historical market data 

that spot-volatility correlation is closely linked to, and is the most plausibly the 

explanation for, the existance of risk-reversals. 

Another approach is to look at existing models. As we assume volatility to 

be stochastic we need a stochastic volatility model. What impact does spot­

volatility correlation have on such a model? Because of this we now take a look 

at the well known Heston stochastic volatility model [17]. This model is chosen 

mainly because it has a closed, or at least semi-closed, form solution for the price 

of European vanilla options. This will very much reduce the computational effort 

of our numerical investigations. The way the market is modelled in this model 

is mostly a choice to allow for a closed form pricing formula and the realism of 

this model is debated. 

The Heston model has its origin in the Black-Scholes model but adds an ex­

tra process for instantaneous volatility. This process introduces five new model 

parameters and leaves out the volatility parameter in the original Dia.ck-Scholes 

model. The new parameters are: initial instantaneous variance, long-term in­

stantaneous variance, variance reversion-speed, volatility of instantaneous vari­

ance and the correlation between the driving Wiener processes of spot price 

and variance. By changing the model parameters we also change the premia of 

options priced under the model. This, in turn, changes the implied volatility 

smile generated by the model. To better understand the effects of the different 

parameters on the implied volatility smile one can plot the differential of the 
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6.1. HESTON MODEL FITTED TO MARKET DATA 

smile with respect to the model parameters against strike price or option delta. 

Again this is a topic worth a section of its own but is here left out. 

Briefly one can say that the initial instantaneous variance determines the 

short term implied volatility and the long-term mean instantaneous variance 

determines the long-term implied volatility. What expiries are considered short­

or long-term is, in the Heston model, governed by the speed of mean-reversion. 

Changing volatility of instantaneous variance changes the convexity of the im­

plied volatility smile. The last, and for our purposes the most important pa­

rameter, is the spot-volatility correlation. By changing the correlation between 

the two driving Wiener processes we can change the skew or overall slope of the 

volatility smile. 

6.1 Heston model fitted to market data 

We already know that the market quantifies volatility convexity by strangles and 

skew by risk-reversals. But how do those quotes relate to the model parameters 

of a stochastic volatility model like the Heston model? 

To find an answer to this question we can fit the parameters of the model to 

historic market data. By doing so we find a set of parameters that reproduce 

the observed market prices. We can then plot those parameters against the real 

market data to get see if there is an obvious relationship. 

The fitting is only done for one single tenor - the lM tenor. Of course we 

could try to fit the model to all available data, but as we are mainly interested in 

the effects of the correlation parameter we try not to stretch the fitting procedure 

more than necessary. The actual fitting is done by numerically searching for 

model parameters that will minimize the sum of squared errors between the 

implied volatility of the model and historic market data. For every market 

reading the minimisation procedure starts at the same initial guess for the model 

parameters. As a result of the fitting only being done for one single tenor 

the parameters related to term structure, e.g. long-term mean variance and 

variance reversion speed, does not have a large impact on the fitting. In fact 

those parameters end up at having roughly the same values as the initial values 

throughout the fitting of the entire set of historical data. In Figure 6.1 we see 

a graph of the Heston parameters fitted to historical data for EURUSD. 
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Heston parameter data for model fitted to EURUSD historic 1 M data 
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Figure 6.2 shows a staggering and almost linear relation between risk-reversals 

and the correlation parameter value. The correlation in this graph is 98%. Fig­

ure 6.3 shows that strangles measuring convexity have a positive relation to 

volatility of variance. One can also clearly see that the resolution with which 

the strangles are quoted is very course compared to the impact of this model 

parameter. Figure 6.4 shows the relationship between implied volatility and 

model initial volatility. This is almost a straight line and with the model being 

fitted to just one tenor this is maybe not very surprising. 

We are obviously on the right track for a model with non-static risk-reversal. 

A direction to look in to find a candidate for such model is to look more at the 

correlation parameter. In order for a stochastic-volatility model to replicate the 

behaviour of non-constant risk-reversal it cannot have a constant correlation 

coefficient for the drivers of spot level and instantaneous volatility. 

The model correlation produced by fitting the model to market data can 

be looked at as an implied static correlation. It is similar to the volatility 

parameter in the Black-Scholes model in the sense that time series of the model 

parameter, fitted to observed market prices, is not constant even though the 

underlying model assumes the parameter to be so. 

In the same way that a stochastic-volatility model attempts to solve this 

mathematical modelling dilemma we could try to make the correlation a sto­

chastic process. As in the case with stochastic volatility we do not model the 

implied value but instead its instantaneous value. We attempt to explain the 

non-constant implied correlation by introducing a stochastic process describing 

instantaneous correlation. 
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Chapter 7 

Introducing the model 

7.1 What we try to explain and quantify with 

the model 

Earlier we explained that non-constant risk-reversals affect the prices of options. 

The various ways to account for this phenomenon only give a very coarse picture 

of the quantitative impact on option prices. With the stochastic correlation 

model, or rather a whole class of models, we want to create a tool to better 

quantify this effect. We wish to do this even when the payoff structure is very 

complicated and the methods used today do not really tell us how to approach 

such quantification. As also mentioned above, this rather means finding a model 

generating conditional distributions more in agreement with observed market 

prices. 

A more fundamental question is to ask why the skew is not constant. The 

stochastic correlation is obviously just a mathematical ad-hoe answer and no 

fundamental explanation. We must dig deeper into the underlying economics 

and market psychology to explain why we see this kind of dynamics. This is 

left for further investigations. 

7.2 The model 

So far we have only argued for the introduction of stochastic correlation in 

general terms. To approach the idea of stochastic correlation further we must 

choose a model to represent our market and thus also our correlation. We will 

describe this model by a stochastic differential equation (SOE). The system is 

initially chosen to be a Markov diffusion process with coefficients invariant in 
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7.3. DRIFT AND DIFFUSION OF CORRELATION PROCESS 

time but non-constant in state level. 

To ensure that our general modelling framework is well defined and only take 

real value numbers our correlation process must only take values in the interval 

[-1, +1]. Without this fundamental restriction our stochastic framework cannot 

have strong solutions as the market model would get a non-defined behaviour 

with a non-zero probability. Apart from this important constraint we want to 

make our process as simple as possible. 

7 .3 Drift and diffusion of correlation process 

The drift term of a diffusion process represents the deterministic behaviour of 

the process. Looking at historical data does not immediately reveal any obvious 

choice for the drift. We can however see a weak negative correlation between 

the change in risk-reversals and the level of risk-reversals. This negative corre­

lation is present in data for all observed currency pairs. For shorter maturities 

(1W-2M) this correlation is about -25% and for longer maturities (1Y-2Y) this 

correlation is slightly lower (-15%). We have omitted the thorough investi­

gation and settle with the conclusion that there is, however probably weak, 

mean-reversion in the risk-reversal data. Even though there is a strong rela­

tion between risk-reversals and spot-implied volatility correlation, we must not 

forget that risk-reversals are not equal to instantaneous spot-implied volatility 

correlation. But in a stochastic-correlation model our correlation process is our 

only way to control the risk-reversals. To give our market model the above 

observed mean-reversion we choose to give the correlation process the mean­

reversion property as well. From a more theoretical view point there is also a 

valid reason for the introduction of mean-reversion. Remember that spot price 

and risk-reversals have a strong correlation. Without a mean reversion the risk­

reversals would reach absurd levels every time there was a persistent trend in 

the spot price. Mean-reversion would allow trends but still make it possible to 

restrain risk-reversals to moderate levels. 

As we know little more about the mean-reversion of the process than the 

very existence of it, there is no reason not to choose the simplest possible form 

for this reversion. A very simple form is a mean-reversion linearly proportional 

to the distance from the reversion-level like 

where 'Y is the rate of mean reversion and n is the mean-reversion level. 

The second property of a diffusion process is the magnitude of the diffusion 
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7.3. DRIFT AND DIFFUSION OF CORRELATION PROCESS 

term, also known as volatility. This is a measure of random fluctuations of 

the process at a specific level. As for the drift, historical market data give few 

indications of what a suitable choice of diffusion would be. Again we use a more 

theoretical argument. We know that our correlation process must stay in the 

admissible the interval [-1, +1]. As our choice of drift does not take care of 

this problem we should look for a remedy in the diffusion term. In a Black­

Scholes world the spot price process will, with almost sure probability, never 

reach the zero level due to the linear decrease to zero of the volatility then the 

process approaching this level. We can in the same way let the volatility of our 

correlation process linearly go to zero as the process approaches the "no-go" 

regions. In our case this would mean zero volatility at -1 and +1. A simple 

non-trivial continuous function satisfying this volatility "cut-off' constraint is 

the quadratic polynomial 

ap = w(1- p~), 

where 1jJ is the volatility factor of the correlation process. 

There is also a far-fetched interpretation of this choice of diffusion. It has 

its origin in statistical estimation based on limited information. When given a 

finite number of normally distributed pairs of observations we can calculate the 

sample correlation. As our available information is only a finite set of samples 

from a true relation between our observed data we can get nothing but an 

estimate of the true correlation. It can be shown that the standard deviation of 

this estimate is approximately proportional to 1 - p2 where p is the true value 

of the correlation. The far-fetched argument is that if the market only has a 

limited set of information to base the taken actions on, the choice of actions will 
be less uncertain and hence less volatile, when correlation is close to its extreme 

values. In contrast the uncertainty of the correlation estimation reaches its 

maximum when the true correlation is very close to zero. 

When putting it all together we get the SDE with which we will model our 

correlation process. 

dpt = -y(n-p1)dt+tJ,(1-pndlft 

Po E {-1,+1) 

t E [O,T] 

n E [-1,+l]. 

(7.1) 

Here Wt is a standard Wiener process. We now need to prove that this function 

will not leave the admissible region. In fact we will be able to show that as long 

as Po E (-1, + 1) the process , with probability 1, will not reach the boundaries 
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even without mean reversion. 

We directly get into problems as the function does only satisfy the Lipschitz 

conditions ( see more in Rogers & Williams (38)) within the region [-1, 1]. If the 

solution leaves this region we cannot use the standard arguments to guarantee 

its existence and uniqueness. We will prove that if we can show that Pt E 

(-1, + 1), Vt E (0, T] then the process both exists and is unique. 

7 .4 Existence and uniqueness 

As mentioned above the problem lies in the quadratic nature of the diffusion 

term in (7.1). To directly be able to use standard arguments and ensure exis­

tence and uniqueness of a solution both the drift term and the diffusion term 

need to satisfy the Lipschitz conditions. The drift term is of a linear nature and 

causes no problem. The diffusion term however does not satisfy the required 

growth conditions and makes the SOE non-Lipschitz. (The same growth condi­

tions prohibits the use of the more relaxed Yamada-Watanabe theorem to prove 

uniqueness.) Fortunately we will be able to show that the process is confined 

in the region [-1, +1] and that this allows us to avoid the problem and still be 

able to use the Lipschitz framework. 

We start by looking at a version of our original SOE slightly modified to 

satisfy the Lipschitz conditions. Define this new modified SOE as 

dprod = r' (n - prod) dt + amod (prod) dlVi 

O'mod (µ;nod) = (1 _ H(lp;nod I - l _ c)) 1P ( l _ (prod) 2) + 

+ H(IProd I - 1 - c)(2(1 + c)(l - IP~nod I)+ £2)1/J. 

Here c > 0 and H(·) means the Heaviside step function, which is used to define 

different behaviours for the diffusion term depending on whether or not the 

process is inside or outside the region [-1 - c, +1 + c]. When the process is 

inside the region the diffusion term is identical to the original diffusion term. 

Outside the region the diffusion term has been modified to a smoothly connected 

linear extrapolation of the original diffusion term. 

It is of technical interest to notice that this modified diffusion is everywhere 

differentiable and is twice differentiable everywhere but in a finite number of 

points. The reduced differentially in those finite points causes no problem for 

the Ito calculus (see 0ksendal (32] p. 57). 
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Linear extension of modified diffusion magnitude 
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Figure 7.1: Diffusion term and its modification outside [-1- £ , +1 + t] 

The modified SDE has an asymptotically linear, in t ad of quadratic, be­

haviour and therefore satisfies the Lipschi tz condition. For the modified DE 

we can now use standard arguments (see Roger & Williams [3 ]) to guarant 

both existence and uniqueness of a olution . D note this unique solution of our 

modified SDE as p7_' 0 d. 

This solution to our modified SDE is not n c sarily a solution to our original 

SDE as the diffusion term is not the same outsid th r gion [- 1 - c, + 1 + c]. 

But if we could show that our process p7_' 0 d stays within thi · r gion th diffu ion 

terms would be identical for all values of the proc s and pf 0 d would also b a 

solution to our original SDE. Let us for a moment assume that pf1 °<l E [-1 + l ) 

for Vt E [O, T) almost surely or quivalently, with pr bability 1. nd r thi 

assumption we have 

p7.'od = Po+ lot 'Y (n - p'.;1od) ds + lot amod (p~10d ) dWs = 

{ 
By assumption p'[' 0 d E [-1, +l] and } 

hence am od (pf1°d) = '1/J ( 1 - (pf' 0 d) 2) = 

= Po+ fo\(n-p;od)ds+ fo t 'I/J (l - (p~l od) 2)dws. 

We see above that under our assumption, p~n od would be a solution al o 
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to our original SDE. This would prove existence of a solution to the original 

problem but it still would not tell us anything about the uniqueness of the 

solution. To deal with the issue of uniqueness we use the standard approach of 

assuming existence of a second solution, denoted Pt, to our original SDE apart 

from p"f' 0 d given by the solution to the modified SDE. 

Define a stopping time Te as the first exit time of the region [-1 - £, + 1 + e] 
for the process Pt 

Te ~ inf (t: Pt ff. [-1- £, +l + c], v't E [O, TI). 

Now follow a similar reasoning as above we have for all t E [O, Te] 

Pt = Po+ lot -y(n - Pt)ds + lot 1/; (1 - pn dW .. = 

= { Using t E [0,Te] we also } = 
get 1/; (1 - PD = amod (pt) 

= Po+ lot 'Y (n - Pt) ds + lot amod (pt) dW,. = 

{ 
The Lipschitz condition } _ mod 

= -Pt · 
guarantees a unique solution. 

We have here used the fact that as long as the process Pt stays within the 

region it is also a solution to our modified SDE. But the modified SDE has 

only the unique solution p1f1°d so hence Pt must be identical to this solution for 

v't E [O, Te], This, together with the very definition of Te, leads to 

Pt= p"f'
0
d, 'vt E [0,Te] choosing t = Te } mod 11])\( l l } ===> p,,. E .II'- - - e, + + e . 

P,,., ElR\(-1-e,+l+c) • 

Using our initial assumption p"f1°d E [-1, +l] for 'vt E [O, T] almost surely 

we can now conclude for the stopping time T ~ 

• ===>i.T > -l.{!0
d ElR\(-1-e,+l+e)} 1[])[ T] 1 

l?(p1f1°d E [-1,+l], 'vtE [O,TI) = 1 ~ - . 

Hence p'[' 0 d is also a unique solution to our original SDE for v't E [O, T]. Left 

to show is that the solution to the modified SDE, p'['0 d, and hence via the above 

arguing also the solution to the original SDE, will stay in the region (-1, + 1). 

64 



7.5. ADAIISSIDLE VALUES OF CORRELATION PROCESS 

7.5 Admissible values of correlation process 

In a previous section we defined the model governing the instantaneous corre­

lation. Of course this is not the only possible choice but it suits our purposes 

and agrees with the little empirical support available. Regardless of the actual 

choice of model a correlation process must stay in the closed region [-1, + 1] in 

order to make any sense. Intuitively the chosen process will stay in the admis­

sible interval. When the process reaches the region's endpoints, the amplitude 

of the driving Wiener process gets cut off while the mean-reversion reaches its 

maximum amplitude and dominates the dynamics of the process. Intuition is 

however no more than a qualified guess, but it is no proof. Another hint that the 

chosen process actually will be contained within the admissible area is that with 

a volatility expressed as a power function of the state value, the power needs to 

be lower than 1/2 in order for the process to reach the zero level with a non-zero 

probability (see J&kel [23] p. 37). Our choice of volatility approaches a linear 

behaviour at the boundary points and will reach zero at the very boundaries. 

This gives a local behaviour very similar to that of the regular Black-Scholes 

spot model close to zero. 

A further motivator for the assumption of an appropriate behaviour of this 

process, is the empirical results we get when numerically simulating the process 

using an Euler-scheme. With a given time span to simulate the process and a 

given size of the time steps, such simulation eventually will evolve to a state 

outside the admissible region [-1, + 1] with a non-zero probability. But if, when 

this happens and the simulation leaves the region, we refine our driving Wiener­

process (possibly more than once) using a Levy-construction, we are always able 

to find a smaller step size that will make our simulation stay inside the admissible 

region for the entire time span. Further, these types of simulation show that 

with a moderate time span, T = 1.0, the process will stay in the admissible 

region even for very large volatilities, t/J = 10.0, and no mean reversion at all, 

'Y = 0.0. Such extreme values are however not plausible for simulating a real­

life correlation as those values will cause the process to immediately go very 

close to one of the two borders and then stay very close to it for the rest of the 

simulation without actually touching the border. 

To mathematically show that the process pf 0d will only take admissible 

values we start by making the process discrete in time but still continuous in 

space. More precisely this is done using the Euler-scheme approximation. This 

scheme is also known as the Euler-Maruyama approximation and it converges 

to our solution strongly and uniformly as the step size is reduced. (see Theorem 

10.2.2 p. 342 and Theorem 10.6.3 p. 361 in Kloeden & Platen [25]). By using 

simple linear interpolation between discrete points each approximation in the 
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series of processes can be turned into a t-continuous process. 

We also note that every Ito-integral has a t-continuous version or modifica­

tion. Generally we think of this version when we speak of stochastic integrals 

(see 0ksendal p. 32 [32]). This gives us that the solution to our modified SDE 

can also be chosen to be t-continuous. 

We will show that for each step in the approximating processes the probabil­

ity of ending up outside the admissible set, when making the time steps smaller, 

goes to zero fast enough for the entire approximating process to stay in this set 

regardless of the choice of a finite time horizon T. The approach of the proof is 

very similar to the very construction of the Ito-integral. 

First we need to define our approximating discrete functions. Choose step 

size D.t = T / N where N is the number of partitions of our time space. For 

every Pi E [-1, + 1] now define changes in our semi-continuous process as 

where 

ti = illt for i E {O, ... , N} 

llWi = Wt;+i - Wt;= xi.J'Kt 
Xi ~ N(0,1) andifj=}cov(Xi,X1)=0. 

(7.2) 

We then make the steps in time finer and finer by letting N - oo. For every 

choice of N, by a continuous interpolation between the discrete time steps, we 

can construct a truly continuous process. Our aim is to show that almost surely 

Pi E (-1, +1), Vi E {O, ... , N} as N-+ oo. 

If this can be shown we can use the fact that the t-continuous approximations 

converge uniformly to the t-continuous process pr' 0 d solving our modified SDE. 

By letting N -+ oo we know that the approximating process will be confined in 

the set (-1, +1) at each point of the infinitely fine discrete approximation and 

by convergence also that p"[' 0 d E (-1, +1) for v't E T-Qn[O, T] which is a dense 

subset of [O, T]. (Here Q is the set of rational numbers.) The continuity in t of 

p"[' 0
d then leads to p"[' 0 d E [-1, +l], 'v't E [O, T]. Hence the p"[' 0 d is almost surely 

confined in the closed region [-1, +1] for 'v't E [O, T]. Left to show is that our 

semi-discrete process 

will almost surely not leave the set ( -1, + 1) for any i E { 0, ... , N} as N - oo. 
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To do this we need to prove that lP [i0oPi E (-1, +l)l -+ 1 as N-+ oo. In order 

to show this we start by breaking the constraint o global confinement down 

into a series of simple confinements as follows. 

lP[pN E (-1,+l)nPN-1 E (-1,+l)nPN-2 E (-1,+l)n ... npo E (-1,+1)] = 
= lP[PN E (-1,+1) I PN-i E (-1,+l)npN_2 E (-1,+l)n ... np0 E (-1,+1)] • 

· lP [PN-1 E (-1, +1) n PN-2 E {-1, +1) n ... n Po E (-1, +1)] = 
= {Pi is a Markovian process for every choice of N} = 
= IP [PN E (-1,+1) I PN-1 E (-1,+1)] · 

· lP [PN-1 E (-1, +1) n PN-2 E (-1, +1) n ... n Po E (-1, +1)] = 
= {Repeat the above procedure for all remaining intersections} = 

= IP [PN E (-1,+1) j PN-1 E (-1,+1)] · IP' [PN-1 E {-1,+l) I PN-2 E (-1,+1)] · 

·IP' [P1 E (-1, +1) I Po E (-1, +1)] 

After this break down we need to prove that IP [Pi+l E (-1, +1) I Pi E (-1, +1)] -+ 

1 as N-+ oo for Vi E {O, ... ,N}. Under the condition Pi E (-1,+1) at time 

step i, the probability of not leaving the set after one extra single discrete time 
step is given by 

lP'[Pi+i E (-1,+1) I Pi E {-1,+1)] = 
= lP'[-(1 +Pi)< 6-pi < 1- Pi I Pi E (-1,+1)] = 

= lP'[-(l+pi)--y(n-pi)t..t <X-< (1-p;)--y(n-pi)t..t IP·E(-1 +1)] > 
tp <1 - PD .fKt ' tp (1 - pn .fKt ' • -

> {Use-y(-1-pi)$-y(n-pi)$-y(l-p;) and (1-p;)=(l-pi)(l+pi)}~ 

> IP'[ -1+-yt..t 1--yt..t I ( )] > 
- t/J (l _ Pi) ..fiSt < Xi < VJ (l + p;) y'Kt Pi E -1, +1 _ 

> { Use - 2 < {1- Pi), (1 +Pi)< 2 and choose N ~ 2-yT to ensure ~ $ 1 - -yAt } 

> lP'[-1/2 <X·< 1/2 ]-
2'1/Jv'Kt ' 2t/Jv'Kt -

- 1 _ 2Il' [ x, > 
4
~ l 

We clearly see that the last line must go towards 1 as N - oo but this is 

not enough as we need to stay within the admissible set for every single step in 

our semi discrete process. In mathematical terms this constraint requires the 

product of all individual steps' probabilities of staying inside the admissible set 

to converge to 1 as we make the step size smaller. The following calculations 
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7.6. TRANSFORMATION OF CORRELATION PROCESS 

show this constraint to be satisfied. 

1 > 

> 

> 

II lP [PHI E (-1, +1) I Pi E (-1, +1)] 2: 
iE{O, ... ,N} 

( I _ 2? l x, > 4~ i r ~ 
{ Choose N 2: 161j,2T and use lP [X > x] 1 2 } < rn=e-~ for "Ix> I > 

- y27r - -

( 1- - 2-e-32:2T)N > 
v2rr -

1-N-
2
-e-32Sf2T --+ 1 as N--+ oo. 

v2rr 

This shows that almost surely the limit of our semi-discrete process will stay 

within the set (-1, +l). We have by this also finished the proof of existence 

and uniqueness of our original continuous process for instantaneous correlation 
(7.1). 

There are also other ways to approach the proof of confinement of the cor­

relation process. The process can be investigated after a transformation and 

then transformed back to the original process. This method has its origin in 

the numerical simulation of stochastic processes and is there used to make the 

amplitude of the driving Weiner-process constant in time and space. Among 

other things the transformation is originally used with some processes to get 

around the problem of a discrete approximation jumping out of an admissible 

set close to border of this set. By transforming the problem in a form where the 

process has a constant integrand for the Ittrintegral, this integral can be solved 

exactly in each step and hence reduce numerical errors. 

In fact the transformation shown in the next section is very useful for nu­

merical simulations of our correlation process. 

7.6 Transformation of correlation process 

As with all processes only valid in a certain value set, Monte-Carlo simulations 

can sometimes result in non-admissible values (a good reference is Kloeden­

Platen [25]). In the particular case of our correlation process the admissible 

set is [-1,+l]. If the process takes values outside of this set, it would result 

in imaginary values for the volatility process we adopt. To avoid this problem 

the process can often be transformed to another process that does not suff cr 
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7.6. TRANSFORA1ATION OF CORRELATION PROCESS 

from this problem. The interested reader can read more about this kind of 

transformation in Jackel [23]. 

The original stochastic process is given by 

dp = 'Y (n - p) dt + 1/; (1 - p2
) dW, 

and the idea is to find a transformation, v = F (p), that results in a process with 

a constant integrand for the Ito-integral. The simulation is then instead carried 

out for the transformed process and the simulated results are then transformed 

back into the original process p. Jackel shows that in order to cancel out the 

non-constant part of the integrand such a transformation in this case, because 

of Ito's lemma [32], needs to satisfy 

dF 1 
dp = 1- p2 ' 

For real values the solution to this is given by 

1 (1 + p) v = F (p) = arctanh (p) = 2 log 
1 

_ p . 

In this transformation the stochastic process is given by 

dv = ('Y n - ~ + p1/;2) dt + 1PdW. 
l-p 

{7.3) 

{7.4) 

Note that in the above process we still use the non-transformed process p. 

As we want the process to be expressed strictly in our transformed variable we 
need the inverse transform 

e2v -1 
p = F (p) = tanh ( v) = 

2 1 
. 

e V + (7.5) 

When simulating the process (7.4) the most efficient approach is to use this 

inverse (7.5) in every step and use the original variable p. 

Expressed strictly in the transformed variable the process {7.4) becomes 

dv = ['Ycosh (v) (ncosh (v) - sinh (v)) + 1/;2 tanh (v)] dt + 1t,dW. 

It is worth noticing that the transformed process v is free to evolve and 

take any possible real value. The inverse transform (7.5) will, regardless of 

the transformed process' value, map the entire real line onto the admissible set 

[-1,+1]. Where the endpoints -1 and +1 are only reached for the extreme 
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values v E { -oo, +oo}. 

7.7 Expected value and long time run distribu­

tion of the correlation process 

The correlation process is a stochastic process and we can calculate an expected 

value for it. This can be useful when analyzing the effect of the process. We 

start by writing the process defined by (7.1) on its integral form 

The last integral is a martingale and its expected value is zero. The ex­

pectation over the first integral can be moved inside the integral using Fubini's 

theorem (see Rogers & Williams [38]). 

E[pr] =Po+ 1T -y(n - E [pt])dt 

On an ordinary differential equation (ODE) form the expectation of the 
process is given by 

with the initial condition 

E[Pol = Po· 

The solution to the ODE is given by 

E [Pr] = n - (n - Po) e-,.,r. 

For non-path dependent options the final outcome is not as much affected by 

the actual path taken by the correlation process but rather by the time average 

of correlation. We call this time average the "effective correlation" between time 

0 and T and it is calculated as 

11T PT= - Ptdt. 
T o 

To find the average value of the effective correlation as a function of maturity 

we calculate the expected value of the function. Again by using Fubini's theorem 
we arrive at 

(7.6) 
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This time average effective correlation would roughly describe the correlation 

value a non-path dependent option will be affected by. To see the impact on 

this value of the initial correlation value, Po, we differentiate (7.6) with r spect 

to Po· The resul t is given by the expression 

dE [py] = J_ (l _ e--yT ) , 
dp0 -yT 

that no longer is a function of p0 . If we plot this sensitivity to Po as a function of 

standard tenor values for T, we find something that looks like the risk-reversal 

components we earlier saw in Figures 4.7-4.10 when analysing ICA components. 

There is a clear resemblance between the graph in Figure 7.2 and the IC 

component that for each currency pair has the highest impact on spot I vel and 

risk-reversals. 
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Expecled value of 'effeclive correlation' (y = 0.85) 
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lenor 

Figure 7.2: Initial correlation value impact on effective orr lation 

The same approach used to calculate the mean value can sometim s al 

be used to calculate the expectation of the squared process. This could th n 

be used to calculate the variance of the process. Unfortunately this prov s 

to be somewhat harder in this particular case and is therefore I ft for further 

investigations. 

We can also look at the distribution of the long time run of the pro css (7.1). 
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One way of doing this is to look at the infinitesimal generator of the process. 

The method is described by Fouque et al. [13], and the infinitesimal generator 

is here given by 

1 2 2 d2 d 
L = -'lj! (1 - x2

) - + 1 (n - x) -. 
2 dx2 dx 

The adjoint operator of this infinitesimal generator is 

To get the long time run distribution of the process we need to solve the 

homogenous equation 

L*P(x)=O. 

In order for P (x) to really be a probability distribution the solution also 

needs to integrate to 1. The equation could be solved numerically and there 

are different ways of doing this. Unfortunately the equation often results in 

numerous numerical instabilities. One way to solve the equation is to use an 

Euler forward (or backward) scheme on a two dimensional system. In this 

case we need to have two initial conditions at some point. We know that the 

probability density function is zero on the boundary points -1 and + 1. For 

our Euler scheme to work we need the conditions to be given at the same 

point. We could, in an appropriate way, try different values for the initial value 

and the first derivative of the function at some point until we find a solution 

that simultaneously reaches zero in the both endpoints. This method is not 
recommended. 
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Long term run probability distribution (y = 1.2 , 'I'= 0.3 and n = 0.4) 
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Figure 7.3: Stationary probability density using a minimisation technique 

An easier method is to discretise the differential quation using a finite dif­

ferences approach and try to find its null space (see e.g. Heath [16]). For every 

element in the null-space the differentials will sum up to zero and henc b an 

approximation to the homogeneous solution. We have N points in our discr ti­

sation and N constraints. The problem is that the resulting matrix has full rank 

and therefore only has a the trivial zero-vector solution. We g t around this by 

adding an extra constraint that the discrete integral of the probability mu t b 

1. The system is now over-determined and we should be able to solve it using a 

least square approach to get as close as possible to the solution. This how v r 

proves to be very hard as the involved matrix has a huge condition number 

which makes the solution very numerically unstable. 

A way to still be able to solve the problem is to use a minimi at ion function 

over the over-determined system. Figure 7.3 shows the r suiting distribution 

using this technique with 100 discrete points. The graph agrees well with a 

histogram of the same distribution derived using a Mont -Carlo approach. 
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Chapter 8 

The market model and its 

parameters 

We have up until now mentioned processes for all three market dimensions 

in our framework - spot price, instantaneous volatility of the spot price and 

instantaneous correlation between spot and volatility. 

For spot level we choose the regular Black-Scholes model with the extension 

of adding the processes describing the other states of the market. Those states 

are volatility and correlation between spot price and volatility. 

Earlier we used the Heston market model and its corresponding model of 

the stochastic volatility process. As also mentioned earlier, the main reason 

for this choice is that we arrive at a semi-closed pricing formula for regular 

European options. The process is not chosen because we believe the square­

root model describes the real world better than any other model. In fact the 

square-root process used in the Heston model can result in numerical difficulties 
and negative variance during simulation. We will for those reasons not use 

the square-root process to represent volatility but instead choose the more well 

behaved logarithmic Ornstein-Uhlenbeck process. 

The instantaneous correlation will from now on be modelled as previously 
described in (7.1). 
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8.1. PARTIAL DIFFERENTIAL EQUATION 

8.1 Partial differential equation 

We start by showing the general PDE for a derivative dependent on three 

processes. Begin by defining our three state processes by 

d01 = µ 1dt + a1dW(1) 

d02 = µ 2dt + a2dW(2) 

d03 = µ 3dt + a3dW(3l. 

Using the an equilibrium argument we can derive a PDE for the price, II (01, 02, 03), 
of a derivative dependent on our three state variables. Following the approach 

described in e.g. Appendix 19B in Hull [18] we get 

Here the parameters ). (i) represent the market price of risk for the involved 

processes. Those prices are not required to be constant and can themselves 

be processes. As our first process, 01 , is a foreign currency we have a drift 

given by µ 1 = µ8 S and a diffusion given by a 1 = asS, As for the Black-Scholes 

equation the market price of asset risk is given by ). (l) = (µ s - rd + rl) /as. The 

other prices of market risk are slightly more complicated as they are actually 

processes. We will look closer at those prices later. 

If we choose a logarithmic Ornstein-Uhlenbeck process to model our volatility 

the actual market model is given by 

dS = µS dt + ey S dW(1> 

dY = o (m - Y) dt + ~ dW(2) 

dp = 'Y (n - p) dt + 1P (1 - p2) dW(3
). 

Under this market model the premium PDE is given by 

a: + (r - q) iW + (o(m - Y) - ~).(2)) 8V + ('Y(n - p) - tp{l - p2)).(3)) 8V + 
ut 8S 8Y op 

+! (e2Y3282V +e{)2V +TP2(1-p2)282V)+ (8.1) 
2 as2 ay2 ap2 

y s a2v y 2 a2v 2 a2v 
+ pe { 8S8Y + P13e S-ip(l - p ) 8S8p + P23~tp(l - p ) 8Y op - rV = 0 
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The resulting PDE (8.1) is hard to handle and looking for simplifications can 

help us making practical use of it. The three driving processes are all correlated 

to each other and in particular the correlation between the two first processes 

is governed by the state value of the third process. To get rid of one correlation 

variable we could assume Y and p to only be correlated via their correlation to 

S. (What this really means will be further explained in the next section.) 

However there is no direct mathematical problem in giving the drivers of Y 

and p a freely chosen correlation. The situation is complicated as p is correlated 

to S and the correlation between Y and S is given by the current value of the 

process p itself. We will in the next section show some empirical support for 

the assumption of Y and p only being correlated via S. 

As a diverting discussion on the topic of simplifications we could mention a 
drastic reduction of the complexity. One could completely drop the third process 

representing the correlation and instead make it dependent on the other two 

state variables by using p12 = p12 (S, Y). We could e.g. use a simple function as 

P12 = 2 arctan (a(S - b)) /1r or p12 = (exp (a(S - b)) - 1) / (exp (a(S - b)) + 1) 

for some constants a and b. A function of this form would give a positive relation 

between risk-reversals and spot price just as observed in the market. The draw­

back of this simplification is that the correlation, and hence the risk-reversal, 

would not have the mean-reverting property we can observe empirically. Also, 

this type of simplification should probably not be advocated as by doing so we 

try to explain two separate phenomena by only one dimension. The introduction 

of stochastic volatility is such an important generalisation that, if we choose to 

only use two dimensions, the second dimension should probably be dedicated 
solely for it. 

8.2 Mutual correlation 

The three-factor market process described in the previous section is not well 

defined only by the involved obvious parameters like volatility along with level 

and speed of mean reversion. In order for the framework to be fully defined 

we also need the initial values and the correlations between the driving fac­

tors. Assume W(l), W(2) and W(3) be our model's driving Wiener-processes. 

Below we show how those driving processes can be constructed from the three 
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independent Wiener-processes denoted, iv<a)' w(b) and w<c). 

dW(l) = dW<0 > 

dW<2> = P12dW(a) + J1 - py2dW(b) 

dW<3> = P13dW(a) + 1T2dW(b) + J1 - 7r~ - py3dW(c) 

lE[dw<1>dw<2>1 = p12dt 

lE[dw<1>dw<3>] = p13dt 

lE[dW<2>dw<3>] = (P12P13 + 1r2J1 - PI2)dt 

In the above relations the correlation p12 is actually our correlation process 

Pt and is itself stochastic. We could assume that the processes for volatility 

and correlation to be correlated only by their mutual correlation to the spot 

process. This would mean 1r2 = 0. We want to find some economic or empirical 

support for this assumption. A direct economic argument is not very easy to 

give but on the other hand there is no direct argument that speaks for an extra 

contribution to the correlation either. One could argue that as the spot price is 

the only truly observable process and both volatility and correlation are hidden 

processes generated by the spot market, it would be plausible to believe that 

the two hidden processes do not have any further mutual communication apart 
from their spot dependency. 

The empirical approach is done via a crude study of actual market data 

where we form groups, or "rolling windows", of 50 consecutive daily market 

readings. We run through out the entire data set by shifting the group one day 

at a time. For every group we will calculate the correlations between changes 

in the three market factors. We start with our original market model. 

dS = µSdt+eYSdw< 1> 

dY = a (m - Y) dt + ~ dw<2> 

dp = '"Y (n - p) dt + 1/J (1 - p2) dw<3> 

As the available data is discrete we rewrite the processes on a discrete form. 

We also make the very crude assumption that for every group of market readings 

the above factors connecting and nesting the processes, as functions of each 

others, are instead approximately constant within the group. Those constants 

could e.g. be the mean value within the group but we never need to worry about 

the actual value as long as it is assumed to be constant. The resulting processes 

are now no longer nested but are separated and we have marked the replacing 
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nesting mutual dependent variables with a bar on top of the original name. 

AS = µS At+eYS AW(l) 

AY = a (m - Y) At+~ AW<2
) 

Ap = "I ( n - p) At + t/J ( 1 - p2) A w<3
) 

We also assume that the correlation between w<1) and w<2> has the con­

stant value p. With these assumptions the drifts of the three processes are 

constant and will not affect the correlations. To simplify our further steps we 

just drop the drift terms and replace the stochastic increments by the three 

random variables Y1 , Y2 and Y3 • We also replace our driving increments with 

a linear combination of three identical and independent random variables with 

standard normal distribution. These random variables are X1, X2 and X3. The 

standard deviation of the very stochastic increments themselves are ../i5J. As 

all the factors in front of the stochastic increments are constant we can replace 

them with the three constants a 1, a 2 and a 3. The new system is 

Yi = a1X1 

Y2 = 0-2 (P12X1 + J1 -P~2X2) 

Y3 = 0-3 ( 1r1X1 + 1r2X2 + J1 -1r~ - 1r~X3). 

Here 1r1 and 1r2 are just constant coefficients describing the linear construc­

tion of the third stochastic driver. Let the correlations between the random 

variables Y1, Y2 and Y3 be denoted by p12, p13 and p23 . The first correlation p12 

is assumed to follow a stochastic process and other two correlations are given 
by 

P13 = 
0"10'3 

a2a3P121r1 + a2a3 Jl - Pi21r2 . / 1 2 
P23 = ----------'------~ = P12P13 + y - P121r2. 

0'20'3 

Rewriting the second equation gives us 

After this long and in many aspects crude and approximating simplification 

we want to find empirical evidence for 1r2 being zero (or at least very close 

to zero). We go back to our original processes and we now have to tackle the 

problem that only one of our market processes, i.e. the spot price, is directly oh-
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servable. Both the processes for instantaneous volatili ty and the instantaneou · 

correlation are hidden processes. The only observable mark t data relating to 

those two processes are implied volatility and risk-reversals We again choose to 

replace the non-observable processes with data for the volati li ty 1-week maturity 

called tenor 1 W. 

We start by not icing that if n 2 really was zero then we would have 

This would result in the correlation between Y1 and Y2 being very similar 

(at least in shape due to the factor p13 ) to the correlation b tween Y2 and Y3 . 

Evidence of closely related correlations. (EURUSD 1w data, group size = 50) 

0.5 

-0.5 
--group correlation L\Spol & 6vot. 
- - - group correlation 6vol. & RR 

- 1 L_ ___ .1,__ ___ .1..._ ___ ...,__...==::c:::=========c...l 
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Evidence of high correlation and no relation to 2nd driver. (,t
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Figure 8. 1: Relations and correlations for market factors 

The upper graphs in Figure 8.1 show an high agreement for orr(6 , vol) 

and corr(6.vol, 6.RR). The only place where the agreement is low is in th ar a 

around reading number 250. This area coincide with a low orr(6S 6.RR). Th 

same type of pattern can be seen for all other currency pairs in th data s t. 

At the end of this part we should again stress the fact that this i a non­

rigorous statistical justification of our assumptions about the correlations b 

tween the driving factors. Nevertheless the study shows that the assumptions 

are not implausible. As the empirical study is model independent thi hould 
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make an empirical contribution to the entire class of stochastic correlation mod­
els. 
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Chapter 9 

Markovian properties and 

market completeness 

9.1 Assumptions of Markovian properties 

In simple terms a Markov process is a process where the probability of the future 

distribution is only dependent on the present state. If our market model was 

an Ito-diffusion process we would know that our market would have the :Markov 

property (see Section 7.1 in 0ksendal [32]). Our problem is that our correlation 

process, Pt, does not satisfy the necessary Lipschitz condition. This is the same 

problem we had when proving existence and uniqueness of the solution. In that 

section we showed that the solution, with probability 1, is equal to the solution 

of the modified SDE which satisfies all necessary conditions. As the solution 

to this modified SDE is a regular and well behaved Ito-process it also has the 

Markov-property. The conclusion is that, with probability 1, also our correlation 

process will have the Markov-property. 

9.2 Market completeness 

A market is free from arbitrage if there exists an equivalent martingale measure 

[40]. In theory a market is complete if every contingent claim is attainable by 

trading in available assets. Further, an arbitrage free market is complete if and 

only if there exists a unique martingale measure (see Section 4.3 in Bingham & 
Kiesel [1 ]). 

In the case of stochastic correlation all market activities are described by 

the market model's three market processes St, O't,and Pt· If T is our economic 
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horizon, each process at time t E [O, T] is a random variable measurable in the u­

algebra Ft and the filtration IF= {Ftff=o holds all relevant market information. 

If we were only able to trade the underlying asset St there would be room for 

more than one equivalent martingale measures and the market would not be 

complete. The problem is that the states for Gt and Pt are not directly traded. 

In order to complete the market we need to find other assets that together with 

the underlying asset will fully generate the filtration IF. This can be done by 

adding two options as non-redundant assets to the market. Those options must 

hold a direct dependency to the non-traded processes to expose the part of the 

filtration orthogonal to, and hence not exposed by, the underlying asset. 

9.3 Market price of risk 

The issue of market price of risk is often not paid much attention when searching 

for models explaining what is observed in the real market. One can often read 

quick detours like "we assume that we are in a risk-neutral measure", without 

hesitating to assume that the market-price-of-risk is a result of the chosen mea­

sure rather than letting the measure be a result of the market-price-of-risk. The 

whole phenomenon is directly addressed in Chapter 10 of Bjtlrk [2] where we 

can read: "Who chooses the martingale measure? The market!". 

Indeed the market chooses the pricing measure and this is a result of the 

aggregated attitude towards risk by the market participants. Even though the 

end result is the same, it seems more reasonable to assume that the market 

participants form an attitude towards risk before they start trading options. 

The difference might seem to be of a philosophical nature but if the attitude 

towards risk is formed before we look at and trade options this indicates that 

the resulting market-price-of-risk would have a quite simple mathematical form. 

Is it really plausible to believe that the market chooses a price of risk that just 

happens to make the risk-neutral measure generated by a simpler market model 

the same as the one chosen in a more complicated market model to reproduce 

observed market prices? If we think this is not the case we should not use the 

market-price-of-risk as a means to match observed market prices but instead 

choose a simple form for it and instead make the market model more general. 

This is in some sense a critique of pricing models that try merely to find a 

risk-neutral process that reproduces observed option prices. Referring back to 

our previous discussion on market models in general this would advocate the so 

called fundamental approach to modelling the market. 

The risk-neutral measure is a result of the cost of being perfectly hedged. If 
the market is incomplete, the market price of risk represents a real or fictious 
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price accepted by someone else (or ourselves) to accept the non-traded risk. 

If the market really has a conscious relation to the trading of this risk it is 

reasonable to believe its price to be very regular, if not even constant. 

In the stochastic volatility model proposed in Heston [17) the market price for 

volatility risk is choosen to be linear with instantaneous variance. This gives us 

the possibility to include the market price of risk in the other model parameters. 

By inclusion we can then rewrite the risk neutral process onto the same form 

as the original process in the objective measure. The new parameters are called 

"risk neutralized" parameters. There is a not straightforward argument behind 

this choice of market price of risk. The most plausible reason for this choice 

must however be the fact that the resulting PDE can be solved in a semi-closed 
form. 

In a stochastic correlation framework we have three sources of uncertainty 

and hence three market-prices of risk. Only the underlying asset is directly 

traded so this risk can be fully hedged away at a known cost. The volatility 

and correlation risks are not directly traded and we therefore need the market 

prices for those risks in order to price derivatives. What market prices of risk 

should we choose for the volatility and correlation risks? Following the view 

about simple forms of risk suggested above, the market price of risk is not 

directly connected to risky market factors but to the driving factors of those 

parameters. Heston seems to ignore, or at least not mention, the fact that a 

certain part of the volatility risk actually can be hedged by spot because of 

its correlation to spot. This would introduce both the market price for spot 

risk, often denoted >,(S) = (µ - r)/a, and the spot-volatility correlation p in 

the market price for risk. In a stochastic correlation model this correlation is 

not constant. If we want our price of risk to be of a simple constant form we 

need to include the spot-volatility correlation state value in the market price of 

volatility. For the market price of correlation risk the corresponding correlation 
to spot price is constant. 

To better understand the market price of risk we look back at the construc­

tion of our model's driving processes, as described in the previous section. As­

sume the market price of risk for the fundamental independent driving processes 
W(a), W(b) and w(c), given by >,(a), >,(b) and >,(c), to be constant. The market 

price of risk for our correlated derived process W(1), W(2) and w<3) would then 
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be given by 

).(1) = >.(a) 

,>.(2) = PtA(a) + J1 - p~>.(b) 

.\(3) = P13A(a) + 7r2A(b) + ,V~l---P-13 ___ 71'_~).(c). 

Under the earlier assumption that 1r2 = 0, the third market price of risk 
>. <3) is slightly simplified. 

The significanse of the market-price-of-risk is of course not negligible and is 

directly linked to market participants' risk-aversion and the absence of arbitrage. 

But as long as we only think of it as a way to account for the fact than investors 

are risk-averse, it will neither substantially change nor further explain prices of 

options. It can be compared to interest rates that, with the obvious exception of 

fixed-income markets, most often is assumed to have a deterministic behaviour. 

Without a dramatic change in our beliefs about the market's relation to risk, 

and hence the market-price-of-risk, it will only result in a different risk-neutral 

drift and just give us another parameter to calibrate. This is an area of further 

research and for all pricing done in later sections we have used the simplification 
>,(2) = ,>.(3) = 0. 
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Chapter 10 

Qualitative analytic 

approximations 

As qualitative approximations we here mean techniques to determine the general 

impact of the model rather than the quantitative impact. The line between 

a qualitative or a numerical/quantitative approximation can be unclear. A 

qualitative model can sometimes be refined into giving very accurate numerical 

results and a numerical scheme can sometimes be simplified into just giving 

quick numerical results. This is the reason why some methods listed here could 

also be regarded as numerical techniques. 

This has not been a main area of our research and this section should rather 

be looked at as ideas of further research. 

10.1 Asymptotic pricing and series expansions 

The technique of asymptotic pricing and series expansions is only valid for very 

small values of crucial model parameter values and is a perturbation technique. 

By first setting characteristic parameters in the model to zero, the model some­

times turns into an easier problem which is easy to solve. Such a parameter 

could for example be the volatility of volatility in a stochastic volatility model, 

where setting this parameter to zero essentially turns the model into the stan­

dard Black-Scholes model. By representing the solution to the PDE as a series 

expansion in the characteristic parameter we can group terms in the series to­

gether and instead solve a number of simpler problems. 

The interested reader is referred to Chapter 5 of Fouque et al. [13] or Chapter 
3 of Lewis [27]. 

In mathematical terms the method is known as perturbation theory for PDEs. 
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10.2. HULL-WHITE APPROACH TO CORRELATION VALUE IN A 
STOCHASTIC VOLATILITY MODEL 

Even though the technique can be generalised into many dimensions we often 

only see the !-dimensional case being used in finance. This version is also called 

singular perturbation and is what is used in the work in two above references. 

In the case of stochastic correlation the perturbation technique would take 

its origin in the Black-Scholes PDE, which would then be expanded in the two 

new dimensions of volatility and correlation. This means that perturbation must 

be done in two rather than in one dimensions. Even though this is theoretically 

possible and only a few terms in the expansion probably would be sufficient, it 

could be much more complicated than a singular perturbation. 

10.2 Hull-White approach to correlation value 

in a stochastic volatility model 

The approach presented by Hull & White [19] is based on the observation that in 

a stochastic volatility model the prices of vanilla options are only dependent on 

the mean variance of volatility up to maturity. If volatility, or rather variance, 

is non-correlated to spot price and we accept volatility risk with no extra risk 

premium we can calculate the price of the vanilla option as the expected value 

of the Black-Scholes price under the probability distribution of mean variance. 

The method could, to some extent, be used in a stochastic framework. \Ve 

could use a stochastic volatility model as a starting point and handle the cor­

relation in the same way as volatility is handled by Hull & White. This would 

result in the stochastic volatility model being used to price options over a dis­

tribution of values for the correlation parameter. The assumption of no extra 

risk premium for correlation risk is no major problem. The assumption of an 

independent correlation process is a larger restriction as we empirically have 

shown that the opposite is true in the foreign exchange market. 

10.3 Fourier transform techniques 

The Fourier transform technique should probably be regarded as a numerical 

approximation rather than a qualitative one. The aim is to use the Fourier 

transform to reduce the PDE into a new one but of a lower dimensionality and 

where the new PDE is a function of a transform variable. Probably the most 

famous use of this technique in finance is the pricing equation for vanilla options 

under stochastic volatility proposed in an article by Heston in 1993 [17]. The 

article describes how, by choosing a specific process for stochastic volatility, one 

can use the Fourier transform to reach a semi-closed pricing formula for vanilla 
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10.3. FOURIER TRANSFORM TECHNIQUES 

options. A comprehensive explanation of the technique is given in e.g. Lewis 
[27]. 

For such choices of market models and options where the Fourier technique 

results in more or less analytic formulae, pricing can be done very quickly. The 

vastly improved speed over slower numerical schemes is a great advantage in 

model calibration. There are unfortunately only a very limited set of market 

models that lead to analytic formulas and this has resulted in some criticism 

of the method. In order to reach such formulae one is tempted to sacrifice 

agreement with the observed market and chose an implausible market model 

for the sole purpose of ending up with a suitable PDE. 

As the original idea uses the transform of option payoffs at maturity, only 

European style options can easily be priced by this method. This might at first 

not seem to be of practical interest in a market with liquidly traded vanilla 

options and hence where prices for all European style options are already avail­

able. However there is a great advantage in being able to price also vanilla 

option prices quickly when calibrating the model to an existing market. 

It is not sure that the Fourier transform would lead to a quicker pricing 

scheme under a stochastic correlation model. If no analytic solution can be 

found to the transformed PDE it must be solved numerically. This is also very 

likely the case for a stochastic correlation model. On the upside the transformed 

PDE is of lower dimensionality and is much quicker to solve, but on the downside 

the PDE must be solved for a range of values of the transform variable. 
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Chapter 11 

Numerical approximations 

11.1 Monte-Carlo simulations 

This approach is by far the simplest to implement and an implementation that 

produce results can quickly be put together. Even though there are many tech­

niques to make the method more efficient it is very computer intensive. On 

the upside it "scales linearly" and can easily be implemented in a multiproces­

sor environment with virtually no overhead computational cost. Another issue 

worth mentioning about the Monte-Carlo method is the natural uncertainty of 
the results produced. 

11.2 Tree or lattice models55 

A simple and popular model in the one-dimensional Black-Scholes world is the 

so called tree models (see e.g. Hull [18]). This class of models can be generalised 

into higher dimensions. In the case of a stochastic correlation model we would 

require three space dimensions and one time dimension. As this would give 

us a tree in four dimensions, it would be a very memory intensive approach 
to implement as the tree grows like Ntime x Nspot X Nvolatility X Ncorrelation 

steps steps steps steplf • 

A well known problem is also that a tree model needs very many time steps 

in order to avoid numerical instabilities in the solution. This could make the 

otherwise very quick model unpractical. On the upside the models intrinsic 

property of dropping the boundary nodes during back-propagation, allows us to 

simply ignore any problems that might come from the boundary conditions. 
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11.3 Finite differences 

As we have the general PDE (8.1) of the problem, solving this numerically could 

still be possible despite having three space dimensions and one time dimension. 

As a rule of thumb Monte-Carlo methods are said to be among the fastest 

techniques for problems with a dimensionality higher than four. If we choose to 

numerically solve the PDE a popular class of methods are the finite differences 

methods. If we choose the more stable implicit type of finite differences schemes 

we will have to solve very large systems of linear equations. We could use 

an iterative technique like Gauss-Seidel to solve such linear system. Another 

possibility is to use an so called alternating direction implicit scheme (ADI). 

These types of implicit schemes are quick but generally have problems solving 

PDEs with non-zero cross derivatives .However there are versions of the ADI 

schemes that, at some computational cost, can handle also this type of PDEs 

(see work by Craig & Sneyd [9]). Before we start implementing any of the 

possible finite differences schemes we must find a way to handle the boundary 
conditions. 
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Chapter 12 

Finite differences 

The general idea of finite difference techniques is to approximately solve a PDE 

by discretising it in both space and time. The differentials in the PDE are 

locally approximated by using adjacent points. As the PDE we are trying to 

solve only has differentials up to the second order, it is enough for the finite­

differences approximation to only include one extra discrete point in each space 

direction. In our case we also need to take second-order cross-derivatives into 

account so we will also have to include points one step away in each of the 

two involved dimensions. Without going into much further details, for each 

node in our finite differences approximation we only need access to all the eight 

closest neighbouring nodes. This is a key point in the speed of finite differences 
methods. 

The PDE, together with the discrete approximations of the differentials, 

form a well defined set of relations between the points in the discrete solution. 

As both the original PDE and the approximation are linear, the finite difference 

approach leads to a linear matrix relation for each time-step of our approxi­

mation. Depending on the way we choose to approximate our differentials this 

matrix relation can be either a straight-forward matrix multiplication (explicit 

schemes) or a linear matrix system (implicit schemes). A more thorough intro­

duction to finite differences can be found in Iserles [22] or Travella & Randall 
[44]. 

Assume that we want to solve a PDE in d space dimensions and one time 

dimension. We choose to discretise our ith dimension into Ni, discrete points 

and our time dimension into AJ discrete points. Our entire solution, at each 

of our M time steps, has N 1 x N2 x ... x Nd points. The matrix connecting 

two solutions at different adjacent time-steps will have (N1 x N2 x ... x Nd)2 

elements. It is obvious that the size of this matrix rapidly grows as either the 
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dimensionality or the precision of the solution increases. 

When using an explicit scheme the exploding number of elements is not really 

a problem as we only need to care about the non-zero elements, which are all 

easy to reach. However for an implicit scheme we need to solve a linear system. 

In one space dimension this is easy as the resulting matrix is tri-diagonal. Such 

matrices are both easy to store and solve (see Numerical Recipes in C [35] Section 

2.4). On the other hand, for implicit schemes, this simple structure quickly gets 

lost and matters get more complicated in higher dimensions. The resulting 

matrix is, thanks to the local nature of the approximations of differentials, very 

sparse but is no longer a band-matrix and is hence not trivial to solve. 

A simple handling of an, otherwise very large, matrix can actually be main­

tained when using some iterative solution approximations like the Jacobi, Gauss­

Seigel or other similar versions of those methods. This because those methods 

are essentially based on iterated explicit methods, which again only need the 

easily reached non-zero elements in the matrix. 

The reason to choose the more complicated implicit method rather than 

a less complicated explicit method is a matter of convergence and stability. 

An explicit method requires finer time-steps to reach the same precision and 

stability as an implicit method. There is however a class of finite difference 

schemes that combines the best of the two worlds. Schemes in this class are 

called Alternating Direction Implicit (ADI) schemes and they break up a com­

plex multi-dimensional implicit time-step into a number of, well approximating, 

simple one-dimensional time-steps, which are more easily solved. The reason to 

choose an ADI method over an implicit method using an iterative solver is a 

matter of computational effort as the ADI scheme is much faster (see p. 115 in 
Overhaus et al. [33]). 

12.1 Alternating direction implicit (ADI) 

The general idea behind the ADI scheme is to start with a step using a fully 

explicit scheme for all but one dimension. The remaining dimension is treated 

implicitly. The result is in practice a one-dimensional implicit step and it hence 

results in a simple tri-diagonal matrix system. We then treat the other dimen­

sions one at a time. The dimension's contribution stemming from the initial 

explicit step is subtracted and instead this part of the total contribution is 

treated as a new implicit step. This creates artificial intermediate steps, which 

in the end are no longer needed. Those extra steps should not be thought of as 
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intermediate steps in time but rather as a successive refinement of the result of 

the main single time step. 

In the case of no cross-derivatives or any contribution proportional to the 

value of the function (zeroth-order terms), in the end we have gradually replaced 

all of the explicit step by many implicit steps. If the PDE has non-zero cross­

derivatives or any contribution proportional to the function, this part of the step 

is never treated implicitly. The full step then includes an explicit part which 

reduces the convergence to that of a fully explicit step. If the coefficients in the 

PDE are constant the cross-derivatives can be removed by a linear transform 

(seep. 77 Clewlov & Strickland [6]). In our case the coefficients of the PDE are 

not constant and we, therefore, cannot use this otherwise very efficient transform 

to get rid of the cross-derivatives. 

The complication of cross-derivatives and proportional terms can, however, 

be overcome by essentially running the same ADI step one extra time. In 

this second run the previously explicit contribution is time-centred by using 

the result of the first run as an approximation to the final result of the step. 

This method for increased precision is very similar to the "predictor-corrector" 

method often used for ordinary differential equations. For a full explanation of 

the handling of cross-derivatives in ADI see Craig & Sneyd [9] or Overhaus et 
al. [33] p. 110. 

12.2 Boundary conditions 

An extreme but simple way to deal with boundary conditions is to make the grid 

of nodes so big that the boundary nodes will have no relevant impact on the final 

solution. The chance of the underlying process actually reaching the boundary 

is very small and one can in such a setup more or less ignore the behaviour at 

the boundary nodes. The technique can be wasteful and inefficient and should 

therefore only be thought of as a last resort. The exception is if we have strong 

mean reversion. In such a case the same phenomena can be observed for quite 

moderate grid sizes. Again it is all dependent on the probability of actually 
reaching the boundary. 

A general problem at boundary points is the lack of surrounding nodes in 

the direction of the boundary itself. One technique to calculate higher order 

derivatives at a boundary point where we only have node points on one side is 

the up-winding technique, which changes the used points of centre and hence 

avoids the need for node points outside the limited grid. The main constraint on 

this method is that the drift is working in the direction towards the boundary. 
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For a mean reverting process, like the volatility and correlation processes in 

our case, the drift is working away from the boundary. Fortunately the entire 

concept is saved by the fact that we solve the PDE backwards in time. From 

a numerical point of view, time is running backwards and the drift is actually 

working towards the boundary points. The drawback is that up-winding at the 

boundary leads to non-tridiagonal solutions if we need to use a second order 

derivative boundary condition. The exception is the often used zero-gamma 

condition where the second order derivative is assumed to be zero. 

For vanilla options and forward starting options the zero-gamma condition 

is true for both the upper and lower boundary in the spot direction. For one­

touch options it is true on the opposite side of the barrier to touch. Fortunately 

we know that the price on the barrier is given by 1.0 for a pay-at-hit option 

and cr(T--r) for an pay-at-expiry option. Here r is the risk-free interest rate, 

T maturity time and T is the time of hitting the barrier. 

When it comes to boundary contitions of volatility and correlation the situ­
ation is more complicated. 

The fact that the payoffs of all ordinary options are only dependent on spot 

level at maturity but are not dependent on volatility or correlation suggests the 

solution to the PDE will have linear boundary behaviour in those dimensions, at 

least for the time period close to maturity. A linear behaviour is equal to a zero­

gamma boundary constraint. As mentioned above, the fact that both volatility 

and correlation are mean-reverting, will reduce the impact of those variables. 

The conclusion is that even though a linear behaviour at the boundary in those 

dimensions might not be perfect, any resulting error introduced by it will be 
small. 

A zero-gamma boundary condition for stochastic-volatility using a ADI method 
was also suggested in Overhaus et al. [33] p. 112. 

12.3 Stability, convergence and spurious oscilla­

tions 

Using the above mentioned ADI scheme with cross derivatives, we let (} denom­

inate the "implicitness" of the scheme. Choosing (} = 0 gives a fully explicit 

scheme, 0 = 1 is a fully implicit scheme, and the choice (} = ½ gives us the 

famous Crank-Nicolson scheme. We also specify the implicitness for the two-­

pass-calculation of the cross derivatives as Ocross• If Xi represents any of the d 

spatial dimensions, the convergence if the scheme is O ( (~xi) 2
) + 0 ( (~t)2) 

for (} = Ocross = ½ and O ( (~xi)2) + O (~t) for any other choices of (} or 

Ocross• For d ~ 3 the scheme is unconditionally von-Neurnann-stable for O ~ ½ 

93 



12.3. STABILITY, CONVERGENCE AND SPUfilOUS OSCILLATIONS 

when Bcross = l More details about the derivation of stability and convergence 

properties are given in Craig & Sneyd 5 [9]. 

The von Neumann stability condition is sufficient to avoid exploding solu­

tions and oscillations of growing magnitude in time. It is however not enough to 

guarantee absence of transient oscillations, also known as spurious oscillations. 

This type of oscillations can occur in the presence of discontinuities in the initial 

values. In our case this means sharp changes in the value at expiry ( e.g. barrier­

style options). The phenomena can also be seen when the PDE we are solving 

is convection dominated. The term is borrowed from fluid dynamics and means 

that the diffusion term is relatively small in comparison to the convection term. 

In financial language this means that the volatility is small in comparison to the 

interest rate differential. 

To avoid the spurious oscillations we need to satisfy other constraints (see 

Duffy [11] Section 17.4). The first such condition is the so called Peclet condition 

and is, with a slight modification to introduce the foreign interest rate, given by 

ll.S < r,2S. 
r-q 

Another condition is derived in Zvan et al. [47]. This condition is 

1 (1252 
---->---+r. 
(1 - 0) ll.t (ll.S)2 

Meeting this condition guarantees that new points do not end up over or 

under the immediately adjacent points. If there is a slope in the function to 

be calculated, small oscillations can actually occur without violating what the 

second condition is guaranteed to prevent. In other words the second condition 

does not guarantee absence of oscillations but only that the oscillations are small 

enough not to change the mutual magnitude relation between adjacent points. 

We must not forget that the above two conditions are derived for the spot 

dimension only. Theoretically similar constraints need to be derived for the 

other dimensions as well. In practice however this is not needed as the payoff s 

of options are essentially always only dependent on the spot price dimension 

and hence discontinuities can also only exist in this dimension. It is worth men­

tioning that the above conditions do not tell us anything about the behaviour 

stemming from the cross derivatives. But as long as discontinuities only occur 

in one single dimension, cross derivatives will not be affected. 

Empirical tests show that no visible oscillation is present as long as the above 
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conditions are met. The parameter settings in the same tests also show that the 

second constraint causes more problems than the first. If we are willing to trade 

precision for stability, we can always satisfy the second condition by switching 

from the Crank-Nicolson scheme (0 =½)to a fully implicit scheme (0 = 1). 

Another way to suppress the spurious oscillations is to smoothen the initial 

values in order to get rid of the discontinuities. One might be somewhat reluc­

tant to do this as a change in payoff essentially would mean that we change the 

very definition of the option in question. A similar method that lets us keep the 

original payoff structure exists, and is easily introduced in the ADI framework. 

The method is called the Rannacher method and simply requires the first few 

critical time-steps to be fully implicit (see Pooley et al. [34]). The fully implicit 

method is less accurate but does not suffer from unwanted oscillations. After 

the first few time steps the diffusion has naturally smoothened our function and 

we can switch from explicit to implicit steps without suffering from spurious 
oscillations. 

Even though this issue is very important, further investigations falls outside 
the scope of this thesis. 

12.4 Recycling finite-differences results 

When calculating option prices numerically using the finite-differences method 

we do not only get the result at one single point but simultaneously also at 

every point in the used mesh grid. All points represents different initial values 

for the different state variables but prices the option using the same payoff and 

boundary conditions. When studying pricing we might use many of those points 

to plot graphs showing the relation between prices and different parameters. 

This is easy if the parameters we would like to investigate are the initial values 

of the state variables. But what if we want to look at different parameters? 

One solution of course is to reprice the entire framework many times and 

for each calculation change the specific parameter we are looking at. This is 

very costly and leaves almost all our information about prices unused. I here 

propose a method of "recycling" the available data to solve for option prices 

with different payoff and boundary conditions that I have yet so far not seen in 

the available literature. The method is based on the following observation: 

Assume the solution TI (X, ... ) to be the premium of an option. Let CTI = 0 

be a linear pricing PDE where all differentials with respect to a variable X only 

occur multiplied by the same variable X raised to the same power as of the 
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degree of the differential. Also assume that the variable X does not occur in 

any other places. If II (X, ... ) is a solution to the PDE, so will also II (X/p, ... ) 
be. 

In economic terms this is equivalent to a change of numeraire and as long as 

the spot price has the same relative behaviour to the spot price level, as is true 

for most used models, the procedure is model independent. The only possible 

problem to be aware of is changes in behaviour at boundary conditions. 

12.4.1 Call and put options 

When looking at regular vanilla options we often want to know the value for 

different strike prices. We want a solution to the PDE with the same boundary 

conditions but at maturity where we want a different payoff. Let II (S, Ko, ... ) be 

the price of an option with current spot level at Sand with the payoff ma.x(ST­

Ko, 0). In a finite-difference solution we have this value for many different 

values of S but all with the same strike level K0 • We can here use the above 

observation in the following way; II (So, Ko• S0 /S, ... ) = So/S ·II (S, Ko, ... ) and 

let K =Ko· So/ S. We have here recycled prices for different spot levels S with 

the same strike level Ko to generate prices with the same spot level So with 
different strike levels K. 

12.4.2 One-touch options 

For a One-Touch option changing the strike level changes the boundary condi­

tions rather than the at-expiry payoff. We are originally given prices at different 

initial strike levels but all with the same one-touch barrier level. We can here use 

the different initial levels of spot price, S, to instead push the strike level, Ko, 

to different levels, K, but keep the initial spot level constant at So. This is done 

in the following way; II (So, Ko. So/ S, ... ) = II (S, Ko, ... ) where K =Ko· So/ S. 
The procedure is similar to the one used for call and put options with the slight 

difference that for One-Touches we do not use a scaling factor for the prices. 

12.4.3 Forward starting call and put options 

There are many types and definitions of forward starting options, or forward 

setting options as they are also called. Here we look at one of the simplest types 

where the strike price of a call or put option is determined by the spot level at a 

future time point called the "forward setting date". Generally the strike could 

be set at the future spot level multiplied by any fixed constant multiplier. A 
commonly chosen construction is to simply set the strike level at the same level 

as the spot price at a previously agreed future setting date. This is equivalent to 
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choosing a fixed multiplier equal to 1.0 and such option is often called a "forward 

setting at-the-money option" . Once we have reached the forward-setting dat 

the strike level is known and the option turns into an ordinary call or put option 
up until expiry of the option. 

In the finite-difference framework at the forward-setting date we need the 

prices of the ordinary option that is determined at that point. This price is 

not only dependent on the values of all state variables in each node but, mo t 

importantly and by definition, also on the prevailing spot level. In our particular 

case we need the price of at-the-money options priced under a multitude of initial 

values for the different state variables. This might seem hard but in fact, with 

a slight modification, we can use the previously mentioned way of re-u ing call 
or put option prices. 

Start by letting a finite-difference engine run the pricing of a r gular call or 

put option from expiry back to our forward-setting date and halt it there. We 

now hold prices for a regular option for all values of our state variables includ d 

in the used mesh grid . Among all the nodes there is a subset with spot price 

levels equal to the strike level of the initial option. All those nod hold the 

prices of at-the-money options and hence have the right values. All oth r nod 

are incorrectly priced as they hold prices for in- or out-of-the-money option . 

The important observation is that for every combination of values for th stat 

variables, excluding the spot level, there exists a node that holds th corr t 

price for an at-the-money option and with the same values for all stat ariabl s 

but the spot level. By using the previously described method, thi · node an 

now be re-used for all nodes sharing the same values for the non-spot tat s. 

Once this is done all nodes in the mesh grid hold the price of an at-th mon 

option priced using the correct values for the state variables. 

state variable 1 (spot price) 

state variable 2 

state variable 3 

Figure 12.l: Stylised scheme of node subset holding corr et pric s 
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This procedure can, with a slight modification, be used with other setups 

than the pure at-the-money forward-setting style. By choosing other nodes as 

the correctly priced subset, other multipliers than 1.0 can be constructed. 
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Chapter 13 

Results 

We have now developed a model and argued for its introduction. We have 

also looked at different ways of pricing options under this model. Out of those 

ways the ADI-scheme is the most computationally efficient for most practical 

contracts. In this section we will not look very much at the actual numerical 

results but rather at the pricing results produced by the model. 

To look at the various cases of path dependency we will study three im­

portant option types. Those types are vanilla options, one-touch options (also 

called American digital options) and forward starting vanilla options. The three 

option types, in principle, represent three different flows of probability. Vanilla 

options represents the flow of probability from the present to the future. One­

touches represent the flow of probability from one side of the barrier level over 

to the other side of the barrier level. Forward starting options represent the 

flow of probability from a future time point to another future time point. 

13.1 Vanilla options 

Vanilla options represent one of the simplest types of options but also the most 

important. This contract does not only constitute the vast majority of all traded 

volatility dependent derivatives, but is also an important instrument for hedg­

ing and an important source of market information. In theory vanilla options 

are independent of the path of the underlying asset and their prices are only 

dependent on the risk-neutral probability distribution at the expiry date. This 

essentially makes this type of option independent of the specific market dynam­

ics we wanted to capture with the introduction of stochastic correlation. It does 

not mean that the properties of the correlation process will not affect the pricing 
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of vanilla contract. It means that prices are not affected by the type of changes 

the stochastic correlation makes to the paths leading up to expiry, as long as 

the terminal distribution at expiry is the same. 

We will here look at call option premia, or rather the equivalent Black­

Scholes implied volatilities, produced by the stochastic correlation model. To 

understand the impact on pricing of the various parameters in pricing we will 

also plot the differential of premium with respect to those parameters. 

Throughout this section all pricing of vanilla options have been made using 

the model parameter values seen in the below list. The chosen values produce 

premia for vanilla options close to those which we on average observed in the 

market for EURUSD. We have here chosen an approximate market of AT11 
volatility= 10.0%, STR25 = 0.25% and RR25 = 0.35% equal for all the tenors 

lM, 3M and lY. Calibration is done by using a numerical search and the results 
are seen in Table 13.1. 

variable description notation value 
spot So 100.0 
expiry time T 3/12 or {3/12,6/12,1} 
domestic interest r 0.0 
foreign interest q 0.0 
initial log-volatility Yo or YO log(0.099) 
log-vol. reversion level Y or YMean log(0.089) 
log-vol. reversion speed o or YRev 9.4 
log-vol. volatility ~ or YVol 1.8 
initial correlation p0 or corr0 0.1 
corr. reversion level p, nor corr Mean 0.0 
corr. reversion speed 'Y or corr Rev 0.7 
correlation volatility t/J or corr V ol 0.85 
driver 1-3 correlation p13 or drw13corr 0.73 
price-of-risk driver 1 >-1 0.0 
price-of-risk driver 2 >.2 0.0 
price-of-risk driver 3 ,\3 0.0 

Table 13.1: Parameter values used for stochastic correlation model 

It is interesting to see that the correlation for the stochastic drivers 1 and 

3, denoted p13 or drw13corr, is calibrated to a magnitude of 70%. This is 

the same magnitude of correlation we empirically saw between spot price and 
risk-reversals. 

Using the above values the model produces the following Black-Scholes equiv­
alent implied volatilities. 
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Figure 13.l: Volatility smile under stochastic corr lation 

The resulting volatilities displayed in Figure 13.1 show the same typ of 

curvature that is produced by a pure stochastic volatility model. 
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13.1. VANILLA OPTIONS 

In Figure 13.3 we see the differential of 3-month option premia with respect 

to different model parameters plotted against strike level, K. 

The impact of the parameters controlling the stochastic volatility part is 

known from previous studies (see e.g. Section 3 in Heston [17] ). Not surprisingly 

both the initial value of stochastic volatility and its level of mean-reversion 

shows an impact on premium very similar to a change in implied volatility in 

the standard Black-Scholes model (also known as vega). Doth volatility of log­

volatility and its reversion speed affects the curvature of the volatility smile. 

Changes in initial correlation, corrO, and correlation reversion level, corr Al ean, 
both have a similar impact on vanilla option premium as "vana" (see [14]). 

Further, both YRev and YVol (also denoted a and {) affect the standard 

deviation of the log-volatility approximately with the factor {2 /(2o) (seep. 68 

[13]). This results in the two parameters having virtually the same impact on 

vanilla option prices. This in turn leads to limited ability to generate different 

curvatures at different maturities. A similar behaviour can be seen for the 

volatility and speed of reversion for the correlation. 

To see the new contribution of making the correlation stochastic we are 

rather interested in the impact of the parameters related to the correlation 

process. The parameters for volatility, mean reversion and the correlation be­

tween drivers 1 and 3 all show an impact on the smile curvature much like 

what we see for volatility of log-volatility. The change on premia due to those 

parameters is not really anything we did not see in a pure stochastic volatility 

model. 

The really interesting contribution of making the correlation stochastic is 

revealed when we look at the impact of changing the initial value of the correla­

tion process. Instead of looking at options with a fixed strike level we here look 

at options with a fixed option delta level. This way we can study the impact 

on the actual volatility surface rather than on single options. (See more about 

differentiation of the smile curve in Appendix A.) 
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Figure 13.4: Change in volatility smile due to change in initial correlation value 

The resulting impact of changing the initial value for the correlation process 

is showin in Figure 13.4. An almost id ntical graph describ s the impact on th 

volatility smile if we instead change the long-t rm mean value for the correlation 

proc ss, p. The only difference i that th magnitude of chang in volati li ty is 

the opposite and is instead larg r for long-dated options than for short-dated 

options. 

In a pure stochastic volatility mod I a similar type of hange in skew can be 

controlled by the static correlation betwe n spot pri e and volatility. The big 

difference in our case is that this value is not static but a stochastic proc ss. 

It is, in some sense, this impact on the volatility sk w that is the cor of th 

entire model. As the correlation is made a process in a sto hastic correlation 

model such a model wi ll generates dynamics on the impli d volati li ty surfa e 

of the same form as we see in Figur 13.4. By changing th static value for 

the correlation betw en driver 1 and 3, also d not d drw13corr ' or p13 , the 

dynamic change in volat~li ty skew can be mad corr lated to the spot price. 

We can finally make a comment on the term structur of th volati li ty skew 

generated by the model. In the sam way that in a stochastic volatili ty model 

we can control the term structure of volatility by changing th initial value 

and mean-reversion properties of the local volati li ty, we can ontrol the term 
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PRODUCTS 

structure of skew in a stochastic correlation model. Thi · b comes obvious if we 

look at the effect on implied volatility caused by the initial value of orrelation, 

the level of mean-reversion and the sp d of mean-r v rsion. 

13.2 One-touch options and first generation ex­

otic products 

A one-tou h option is an option that pays out one unit of money if the barrier 

is hit at any time up to xpiry. This is on of the implest of the first generation 

xotic option . The option is also very important in the foreign exchange market 

as it is not only traded in larg volum s but a lso s rv s as a building block and 

r ference marker when pri ing other exotic options. 

For all simulations in this ection w use the sam paramet r valu s as us d 

for vanilla options in th previous s ction. 
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Figure 13.5: One-touch option pr mium ag, inst spot lev I 

A popular way to pr sent the pr mium of on tou h options is to ompar 

it to the price g nerat d by th Black-Scholes mod I. This is don by plotting 

the differ nc in option pr mium to th Bia k-8 ho! s option pr mium, using 

the at-the-mon y volati li ty. Rather than plotting the cliff renc against strik 

level, as we can see in Figur 13.5, on u ually plots it against the Bia k-Schol s 
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option premium. T he benefit of this way of showing the correction is that one 

can easily compare the correction for different currencies, different maturities 

and different levels of volatility. The idea resembles the idea of plotting vanilla 

implied volatilities against the opt ion 's delta value. 
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Figure 13.6: Model premium correction plotted against Black-Scholes premium 

In Figure 13.6 we see a very characteristic shape for the corr t ion of one­

touch prices The basic shape looks very much like what we can observe in 

the market. A similar type of corr ction can b gen rated by a pure sto­

chastic volatility model 01 even by simple higher ord r volatili ty hedging (see 

e.g. Wystup [46]). 

To see the impact of the different model param t rs w plot the differ nt ial 

of premium with respect to param ter value. 
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13.2. ONE-TOUCH OPTIONS AND FIRST GENERATION EXOTIC 
PRODUCTS 

Even though not all of the graphs in Figure 13.7 are of the same magnitude, 

many of them show a similar shape. The similarity in shape indicates that 

some parameters can produce roughly the same correction as other parameters. 

This is at least true when we look at a single tenor. The same pattern could 

be seen for the similar set of graphs for vanilla options in the previous section. 

There is however one significant difference between the vanilla option and the 

one-touch option. Comparing the relative magnitude shows that the premia of 

one-touch options are much more sensitive than the premia of vanilla options 

are to the level and speed of mean-reversion for the correlation process. Those 

parameters are denoted 'carr.Mean' and 'carrRev' in the graphs. This difference 

would mean that the model could substantially change the premia of one-touch 

options with virtually no impact on premia for vanilla options. 

To study the impact of making the correlation stochastic we first assume 

a stylised volatility surface with at-the-money volatility at 10.0% at both 1-

month and 3-month maturities. Further assume 25-delta strangle at 0.25% and 

5-delta risk-reversals at 0.0% for the same maturities. We will now calibrate our 

model to this virtual market using a numerical search over the parameters 'YO', 

'YMean', 'YRev', 'YVol', 'carrO' and 'carr1'.fean'. For our first calibration 

we create a pure stochastic volatility model by setting the carrRev (reversion 

speed) and 'carrVol' (volatility) of the correlation process to 0. We make two 

further calibrations with 'carrRev' at 0.7, 'carrVol' at 0.85 and choose the 

correlation between driver 1 and 3, called 'drwl3carr', to have the values 0 and 
0. 7 respectively. 

When the calibration is done we use the results to price one-touch options 

and compare the premia to the regular Black-Scholes model using a volatility 

at 10.0%. In order to put the resulting in perspective, we also plot the premia 

correction generated by adding the volatility hedging cost of volgamma and 

vanna suggested by Wystup [46]. (Volatility hedging is done using 25-delta 

vanilla options with 3-months maturity.) 
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Figure 13.8: Model omparison for on touch pr mium orrection 

Tb pr mium corr ctions for one- tou h options und r diff r nt mod I ali­

brated to the same volati li ty surfac an be se n in Figur 13 .. We see that th 

g n ra l shap of high r pr mium for low-probability strik sand lower pr mium 

for high-probability strik s go -s through the ntir s t of corr ctions. Among the 

thr e stochastic- orr lation rr ction th pur sto hastic-vol atility calibration 

generates the lowest pr mia. Making th spot-vola tili ty orr lation sto hasti , 

by making its volatility non-z ro, in r s th option pr mium for all trike 

1 v ls. Making th sam orr lation pro ss p itively orr lat d to th spot 

price pro ss incr as s pr mium for all strik I v ls furth r. 

We have ss ntially h w d that by making th orr lation b tw n th spot 

price proc ss and th volatility pro ss stochasti w can g n rat cliff r nt on 

touch pr mia without hangi ng th pr mia of vanilla option . 

13.3 Forward setting options 

A forward s tting, or forward starting option , is a r gular vanilla option wh r 

th strike I v I is set at a pr viou ly agr d futur tim point. This time point is 

a ll d the forward setting date and must natura lly b a da t prior to th xpiry 

dat . In its most common form th option' strik I v l is s t to th spot I vcl at 
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the forward setting date. Other ways to determine the strike level are possible 

but less common. 

The trading of forward setting options is fairly liquid and is often referred 

to as the trading of forward volatility. Forward volatility is defined as regular 

volatility but is only measured in a future time interval. In a more mathematical 

context, forward volatility is related to the risk-neutral transition probabilities 

in the future. Those transition probabilities are a different way of expressing a 

future volatility surface and we therefore expect a stochastic volatility model to 

make a significant difference. 

In a slightly generalised Black-Scholes world, volatility is made time depen­

dent but still deterministic and independent of the spot level. If market prices 

are given for options at different discrete maturities it is enough to make the 

time dependent volatility a piecewise constant function in order to match those 

prices. If market volatility is given for time points T1 and T2 we can use the 

additivity of variance to calculate the forward volatility as 

o-2(0,T2)T2 -o2(0,T1)T1 
T2-T1 

where o(TA,TB) is the volatility prevailing between times TA and TB· 

This way of handling forward volatility can be slightly confusing if we have 

more than one traded option with the same maturity but with different strike 

prices. Due to the volatility smile such options almost always have different 

implied Black-Scholes volatilities and the natural question in such a case is 

what strike level, and hence volatility, to choose. The answer is far from trivial 

as the presence of a volatility smile contradicts the assumptions of volatility 

being independent of spot level made in the first place. However the general 

practice, at least for at-the-money forward setting options, is to only look at 

at-the-money options. 

The pricing of forward-starting options is closely linked to the pricing of so 

called cliquet or ratchet options (Section 7.3 in Hakala & Wystup [14]). Those 

products belong to an area of ongoing research and as there is not a commonly 

agreed treatment of forward volatility in the presence of a volatility smile many 

banks have their own ·treatment. We shall not go further through existing 

methods on how to price forward volatility but instead look at the impact of 

stochastic correlation on such prices. 

The general idea here is to calibrate our model to the vanilla market de­

scribed by the volatility smile and then price forward starting options under 
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this calibration. Before we look at the impact of stochastic correlation we take 

a look at the simpler case of just stochastic volatility. Assume we look at a 3 

month option starting 3 months from now and expiring in 6 months. \Ve further 

assume the market to have an at-the-money implied volatility of 10.0%, 25-delta 

strangle of 0.25% and 25-delta risk-reversal at 0.0% at both the 3 month and the 

6 month tenors. Using the above described technique we calculate the forward 

volatility to be 10.0%. We now want to calibrate our model to this stylized 

market. 

In order to remove the stochastic correlation part we set both mean-reversion 

of correlation and volatility of correlation to 0.0. These choices totally remove 

the effect of the parameters for correlation mean-reversion level and correlation 

between the drivers 1 and 3. The six remaining parameters are chosen by a nu­

merical search in order to match our six market values. The calibration produces 

a virtually perfect match to the chosen market values. Once the calibration is 

done we use the resulting model parameters to price our forward starting option. 

It turns out that the implied volatility of this forward starting option is 9.56%. 

We immediately note this number to be lower than the volatility of 10.0% we 

got when only looking at at-the-money options. 

The same study is now repeated but with different values for the strangles. 

At both the 3-month and the 6-month tenors we have at-the-money volatility 

at 10.0%, 25-delta risk-reversal at 0.0%. 

STR25 at both 3M and 6M 3M to 6M forward volatility 
0.00% 10.00% 
0.25% 9.61% 
0.50% 9.31% 
0.75% 9.06% 
1.00% 8.86% 

Table 13.2: Strangle impact on forward volatility under pure stochastic volatility 

The results in Table 13.2 show a clear pattern. In a stochastic volatility 

model the forward volatility is monotonically decreased from the theoretical 

level of 10.0% as curvature of the volatility surface, here measured by the 25-

delta strangle, is increased. The conclusion is that under given at-the-money 

volatilities a stochastic volatility model can be calibrated to either smile curva­

ture or Coward-volatility. The model cannot be calibrated to both of them at 

the same time. We will now show that this constraint is not true for a stochastic 

correlation model. 

Assume the same stylised market as we did for the stochastic volatility case. 

Use the stochastic correlation model and fix the parameters 'corrRev' at 0.7, 
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'corrVol' at 0.85. and let 'drwl3corr' take values from -90% to +90o/c. The 

remaining parameters are found via a numerical calibration to the market. 

Forward slart,ng al- lhe- money call ophon (3M oplion s1an,ng allor 3M expienng In 6M) 
(For bolh 3M and 6M we have ATM: 10.00%, RR25=0.00% and STR25=(0.0-,., 0 25%, O.S0-4, 0.75o/o}.) 
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Figur 13.9: Impact of param ter drwl3corr' on implied forward volatility 

The r suiting forward volatilities ar shown in Figur 13.9. We again s 

forward volatilitie low r than the 10.0% sugg stcd by a Black-Scholes mod I 

under tim -dependent volatility. Along with thi · inh ritan from th pur sto­

hastic volatility mod I, w s a I ar d pend n e on th orr lation param t r 

'drwl3corr'. A high r corr lation b twe n spot pric and risk-r v rsal I ads to 

a high r forward volatility and vie v r a . This is an area wher a sto hastic 

orr lation model shows a I ar contribution. 

We here clearly s e a product wh r th vanilla mark t is not nough to 

a librate the mod I. If w know th mark t pric for a forward s tting option w 

an use this price to alibrat the value of the drwl3corr' corr lation param t r. 

In a less liquid mark t on ould use an mpirical valu for thi · orr lation and 

instead calculate the fo:ward volatility. 
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13.4 First generation products with a twist 

After having looked at three very typical and distinct option types we now 

try to join different option properties together. One class of options combines 

all the three previously mentioned option types. This is the class of so called 

first generation exotics, which often has a vanilla style payoff but with different 

types of knock-in or knock-out barriers. l\Iost often this type of barriers span the 

entire life-time of the option but the barrier could also just be active over certain 

parts of the life-time. This extra "twist" gives the option different properties 

over different time spans and the option this way gets more sensitive to the 

term-structure of volatility. 

We will here look at a partial time up-and-out knock-out call option with a 

maturity of 6 months, but with a barrier just stretching over the first 3 months. 

Assume a stylised market with a spot level of 100.0 and both the 3-month and 

6-month tenors having the at-the-money volatility at 10.0%, 25-delta strangle 

at 0.25% and 25-delta risk-reversal at 0.0%. 

The strike levels are chosen to make the absolute difference to the Black­

Scholes price large. One way of doing this is to choose strike and barrier levels 

individually as if they were part of a vanilla option or a one-touch option re­

spectively. By approximating the volatility smile with a quadratic polynomial 

in option delta, fitted to our stylised market data, we can easily find the strike 

level with the biggest absolute difference in premium For a 6-month option 

this approximately turns out to be strike level 108.8 on the upside and 92.4 on 

the downside and both differences are positive. In order to maximize the total 

difference in premium we want to choose the barrier level to further increase 

the premium difference. We can do this by finding a barrier level with a low 

knock-out probability relative to Black-Scholes. By looking at our results in the 

previous section, we see that for the stochastic correlation model such a barrier 

level is found at a hitting probability of approximately 60%. With our mar­

ket data this translates to a barrier level of approximately 102.6 for a 3-month 

one-touch option. 

We again choose 'corrRev'=0 and 'corrVol'=0 for the pure stocha.'>tic volatil­

ity case and 'corrRev'=0.1, 'corrVol'=0.85 and 'drwl3corr'=0% for the first 

stochastic correlation case and 'drwl3corr'=70% for the second stochastic cor­

relation case. 

The numerical values of the partial time up-and-out knock-out option premia 

are compared to the theoretical Black-Scholes premium {see e.g. Section 2.10.3 

in Haug [15]). 

The obvious observation is that all calibrations result in a higher option pre­

mium than the Black-Scholes price. This is not surprising as the Black-Scholes 
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13.4. FIRST GENERATION PRODUCTS WITH A TWIST 

model calibration premium difference to 
(upside strike, call) Illack-Scholes 

Black-Scholes 0.0141 ±0.0000 (±0%) 
pure stochastic volatility 0.0336 +0.0195 (+138%) 
stoch. corr. (p13 = 0%) 0.0353 +0.0212 {+150%) 
stoch. corr. {p13 = 70%) 0.0263 +0.0122 {+86%) 

model calibration premium difference to 
( downside strike, put) Black-Scholes 

Black-Scholes 0.3642 ±0.0000 (±0%) 
pure stochastic volatility 0.3809 +0.0167 { +5%) 
stoch. corr. (P1J = 0%) 0.3826 +0.018"1 (+5%) 
stoch. corr. (p13 = 70%) 0.4150 +0.0509 (+14%) 

Table 13.3: Model comparison for partial knock-out options 

model does not take the volatility smile into account. What instead could be 

surprising is the similarities between the pure stochastic volatility calibration 

and the non-correlated stochastic correlation calibration. 

The big difference appears first when the stochastic correlation is made cor­

related to the spot price. We here see a big difference in how the stochastic 

correlation affects the two different strike levels. The correlation makes the up­

side call option decrease in premium and the downside put option increase in 

premium. 

We conclude that it is not the introduction of stochastic correlation itself that 

makes the largest impact on pricing. The largest impact comes from making 

the stochastic correlation correlated to the spot price. 
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Chapter 14 

Model calibration to 

observed market prices 

A severe problem associated with a model that does not replicate observed 

market prices is that it theoretically would mean an arbitrage opportunity. This 

in turn suggests repeated trading of this arbitrage opportunity, or at least taking 

the largest position allowed for by regulations, until market forces have removed 

the market mispricing. Even though a trader is never supposed to act in this 

way huge amounts of money have been lost in the market after this kind of 

behaviour. Few model builders are willing to shoulder such risk. 

If exotic options are priced using a more advanced model than used for pric­

ing vanilla options and the products are very different, would it really matter 

that the advanced model cannot fully reproduce the vanilla prices? Under reg­

ular conditions this might not be a very big concern. However problems might 

occur when the properties of the exotics become more extreme. For example, 

call and put options with a knock-out barrier must have the same price as a 

regular vanilla option if the barrier is pushed very far away from today's spot 

price. Such relations indicate that even if a model is only ui;cd for pricing exotic 

options it must be able to reproduce vanilla prices. This is not only a constraint 

in order to avoid arbitrage but is also a constraint in order to avoid inconsisten­

cies and discontinuities in pricing. If the model docs not calibrate to the market 

the user must always be very careful and know when to use the model and when 

not to. 

Having concluded that we desire our model to be able to reproduce observed 

market prices we will now look at the calibration of the model. In general 

we need one constraint for each free parameter in a market model. Such a 

constraint could be a direct choice of a value for a parameter. The chosen 
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value could either be a pure guess or the result of statistical analysis. A more 

common type of constraint is a price of an option we want the model to be able 

to reproduce. The constraints of this type are less direct and parameter values 

must be found via a numerical search algorithm. If such a search finds more 

than one set of possible variables satisfying the given constraints we must make a 

choice based on further criteria. However it is more likely that no exact solution 

can be found at all. In this case the numerical search should be replaced by a 

numerical minimisation algorithm trying to minimise the error between prices 

given by the model and prices given by the constraints. A popular setup is to 

minimise the sum of squared errors. 

Numerical minimisation can be a very computer intensive task as the min­

imisation algorithm needs to calculate option prices using a large set of different 

model parameters. If option pricing itself is very slow, as is often the case if we 

use a numerical pricing method, minimisation can take many hours to perform. 

It is obvious that an intelligent choice of minimisation algorithm is important. 

There are also many techniques available to speed up the minimisation proce­

dure. One such technique is to reduce the numerical precision in pricing early 

in the minimisation process and then increase precision as time passes. If we 

had access to an analytic pricing formula the calibration process would be much 

quicker. 

In our case we use an ADI finite differences scheme implemented in C++ for 

pricing and the MATLAB command "lsqnonlin" for minimisation over option 

prices. Minimisation over six to nine parameters takes between 10 minutes to 

10 hours depending on precision and choice of options. 

The presented stochastic correlation model has in total 12 parameters and 

three initial process states. The initial spot price, S, can be directly observed in 

the market and should not be used for calibration. If we assume constant and 

deterministic interest rates the same is also true for both the domestic and the 

foreign interest rates, r and q. With the exception of the three market prices of 

risk, all other parameters could in theory be found by statistical investigations. 

In reality this approach does only give us information about the past market 

history and gives us no real information about the future. This reasoning has 

an analogue in the Dlack-Scholes world where one moi;t often calibrates against 

obi;erved option prices ~o get an implied volatility rather than using past spot 

data to calculate the historical volatility. By calculating the implied volatility 

we make use of the aggregated information about the future incorporated by 

the market into the option price. In a similar way we could choose the 12 non­

observable variables by a numerical calibration againi;t 12 liquid option prices 

observed in the market. 
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It is however important to see the difference between calibrating to market 

prices and capturing market dynamics. In an ideal theoretical world with a 

market fully obeying the model the two things are the same. In reality they are 

not. We could use the 12 free variables to calibrate against 12 arbitrary options 

observed in the market. If a majority of those options are of the same type, the 

chances are that other options of this type also will be priced close to what we 

observe in the market by the model. In this ca'>e we have not really explained 

anything new, but only used the model to interpolate between the market prices 

we calibrated to. 

To make true use of the model's potential we should calibrate against differ­

ent types of options, each of which is dependent on different market dynamics. 

This way the model with have less accuracy in pricing specific types of options 

than if we had calibrated solely against the same specific type. On the other 

hand we could expect to get a similar, but possibly lower, accuracy over a whole 

range of different option types and hopefully also for types we did not calibrate 

against in the first place. This will of course not be true for options having sig­

nificant sensitivity to other dynamics then what is covered by our model. Such 

options would not be correctly priced by any model not involving those other 

dynamics in its fundamental construction. 

118 



Chapter 15 

Practical use of the model 

15.1 Products used for hedging new exposure 

At the foundation of the theory of option pricing is the concept of replication. 

This means the ability to meet a contract obligation with no risk by dynamically 

trading the underlying assets. In a Black-Scholes world this is made possible by 

a risk-free bank account and a liquid market in the underlying asset. But what 

are the underlying assets in a stochastic correlation model? 

The problem is not new and similar problems arise for other models based on 

e.g. stochastic volatility and jump-diffusion processes. In the same way that the 

problem is solved in those cases, hedging the factors in a stochastic correlation 

model would include trading in other options. But what other options are 

suitable? 

From a more mathematical perspective the risk exposure comes from the 

three independent driving factors rather than from the underlying market processes 

driven by them. This way of looking at the problem is important when we han­

dle the market price of risk. At the stage of hedging, the market price of risk is 

assumed to be known so we can ignore this issue and only care about the three 

market processes - spot, log-volatility and correlation (see Appendix 19B in 

Hull [18]). 

A simple method to hedge out this exposure is to pkk as many different 

assets as we have factors. In our case there are three driving factors and hence 

we need three assets where one asset, naturally, is the underlying asset. In 

theory those assets could be options chosen more or less randomly. Once the 

assets are chosen we calculate their exposure to the underlying drivers. We now 

want to choose the amounts of the different assets that result in all exposure to 
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15.1. PRODUCTS USED FOR HEDGING NEW EXPOSURE 

the driving factors being cancelled out. The problem forms a system of linear 

equations, which can be solved by simple linear algebra. Unless we have been 

really unlucky with our choice of assets, resulting in the resulting matrix being 

singular, the system has a unique solution. 

If we lived in an ideal world with a liquid market without transaction costs, 

the above method would work fine for dynamic hedging. This is far from re­

ality and other aspects need to be taken into account. Such aspects could be 

transaction costs and stability of the hedge. 

By stability we here mean that the exposure to a factor does not change 

much when the market moves. In mathematical terms this means low second 

order derivatives with respect to factor values. This includes both curvature 
and cross derivatives. 

The aspect of transaction costs will be further handled in the next section 

but in short it means the need to consider the cost of rehedging by looking at 

the bid/ask-spread of different assets. 

Not surprisingly, a natural choice of asset turns out to be the underlying 

asset itself. It satisfies both the above criteria as its second order derivatives 

are zero and the transaction costs are virtually also zero. Hedging the volatility 

and correlation risk is not as straight forward as here we need to trade options. 

In order to keep the transaction costs down it is desirable to only use vanilla 

options. We get a quite good view of what type of vanilla options we need by 

looking at the premium sensitivity to the model parameters 'YO' and 'corrO' in 

Figure 13.3. Without going into too much detail here we sketch the outlines of 
possible hedging trades. 

To take a position in volatility we can buy options with more or less any 

strike level we want to. But if at the same time we want to minimize the 

exposure that the trade has to changes in correlation, we must either buy at­

the-money options, which has no exposure to correlation, or make two trades 

with cancelling exposure to correlation. As the exposure to correlation has 

different signs on each side of the at-the-money level, such a cancelling trade 

could be to buy two options roughly equally spread around the at-the-money 

level. 

In order to take a position in correlation we must buy out-of-the-money 

options, but doing so will also give an exposure to volatility. Once again we can 

make use of the difference in sign for the correlation exposure at different strike 

levels and solve this problem by a cancelling trade. By buying an option with 

a strike level above the at-the-money level and selling an option with a strike 

level roughly equally far below the at-the-money level, we cancel the volatility 

exposure but have a positive exposure to correlation. 
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15.2. TRADER WILL STILL ONLY HEDGE DELTA AND VEGA 

Any residual exposure to the underlying asset generated by hedging volatility 

and correlation is simply hedged in the same way as ordinary exposure to the 

underlying asset is hedged. By hedging of the exposure to the underlying asset 

and the use of put-call parity (see Section 7.4 in Hull [18]} we can turn the above 

volatility hedging trade into a straddle1 or a strangle2 • In the same way we can 

turn the correlation hedging trade into a risk-reversal3 • 

The conclusion is that trading-structures that are often used in a Black­

Scholes framework with a volatility surface, also work fine for a stochastic cor­

relation framework. 

If the trader is a market maker, a more realistic attitude to the hedging of 

volatility rh,k and correlation risk using a stochastic correlation model would 

probably be closer to today's attitude to the hedging of implied volatility using 

a Black-Scholes based environment. Exposure to implied volatility, known as 

vega, is most often not really hedged out by entering special trades. Instead 

the trader's exposure is fed into the prices the trader shows to customers in the 

everyday trading flow. If a trader is long volatility he or she can lower the bid 

and ask prices shown to customers. This will, in an active market, lead to the 

trader's customers, on average, buying more options than they are selling. If 

the trader instead is short volatility, prices are increased, leading to an opposite 

customer behaviour. Once the vega exposure reaches an acceptable level, prices 

are returned to be centred around a more neutral price level. 

Specific trades can sometimes be undertaken if a price adjustment does not 

lead to the desired trading flow or if a large exposure is the result of an otherwise 

advantageous trade. In such a case the trader will try to hedge the exposure 

with a trade that "looks cheap" at the current market levels. 

15.2 Trader will still only hedge delta and vega 

How would a new model like a stochastic volatility model fit in with an existing 

trading framework? 

Generally financial houses trading in derivatives are, and should be, very 

conservative to changes in pricing models. This is a natural, but also regulated, 

attitude to model risk and the human factor. New models do not only mean 

that large parts of the ·software infrastructure must be rewritten but also, at 

least initially, increase the risk of human errors. 

1 A Jong at-the-money call option and a Jong at-the-money put option 
2 A long out-of-the-money call option and a long out-of-the-money put option 
3 A long out-of-the-money call option and a short out-of-the-money put option 
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15.2. TRADER WILL STILL ONLY HEDGE DELTA AND VEGA 

However on the trading floor there is a quite large margin for traders to use 

their own judgment and market experience to divert from the standard model 

if they do not find the resulting prices satisfying. A trader could use a non­

standard model to both price and hedge certain products as long as the total 

value and risk of the entire portfolio do not deviate too much from what is given 

by the old model. 

This is a classic clash between theoretical quantitative work and practical 

trading. There must be a good incentive for a trader to divert from the way of 

working and thinking that he or she is used to. In a trader's terms this primarily 

means "making more money" or secondarily "being exposed to less risk". 

The chances are that a more advanced model will be used only for pricing 

certain options where the traditional models have proved inadequate. But once 

the option is traded, it will disappear in the trading book and be handled by 

the traditional models. But would this matter? 

Models today are often based on the Black-Scholes model with a generalised 

implied volatility. Vanilla options are often priced under a volatility surface and 

exotic options are often priced under a volatility term structure. For both types 

changes in the at-the-money volatility can easily be calculated and results in a 

volatility risk also known as vega. This risk is very important but can easily be 

hedged by trading other options 

For options priced under a volatility surface the impact of changes in the 

volatility skew can be calculated by a simple perturbation of the surface. In this 

framework the hedging of this risk is restricted to the trading of other options 

priced under a volatility smile. This might not be a problem as those options 

are often very liquid. But what is a problem is the fact we cannot handle and 

control the impact on changes in volatility skew for options not priced under a 

volatility surface. This was one of the very reasons for the introduction of the 

stochastic correlation model in the fist place. 

So essentially we could conclude that for options priced under a volatility 

smile there will be no difference, whereas for options not priced under a volatility 

smile we end up with more accurate prices but with the same unhedgcd exposure 

to the volatility skew. 

In a Black-Scholes world dynamic hedging is not only keeping us insensitive 

to changes in the underlying asset. As a secondary effect dynamic hedging will 

continuously gain or lose wealth due to constant rehedging where the option 

premium has curvature. In mathematical terms this is a result of what is called 

quadratic variation. Even though we, in reality, cannot rehedge truly continu­

ously, the underlying asset can be traded at very high frequency if needed. In 

the real world this is called gamma trading and it results in gains and losses 
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15.3. BID/ASK SPREADS AND TRANSACTION COSTS 

very much like the theoretical quadratic variation. 

Quadratic variation has a similar impact on all driving market factors in 

a stochastic correlation model, not only the underlying asset. If we do not 

dynamically trade all driving factors in the model we will not only have a non­

hedged exposure, but we will neither pick up the gains or losses stemming from 

quadratic variation involving those factors. In theory this would mean that a 

traded option, or a portfolio of options, priced using a stochastic correlation 

model for pricing but hedged using a Black-Scholes model, will systematically 

end up with a position diverging from the delivery obligation. The position will 

not only deviate due to unhedged exposure, but also the expected value of the 

portfolio will deviate due to lack of gains and losses from quadratic variation. 

Leaving the theory behind one must remember that dynamic hedging of 

neither volatility nor correlation is possible due to the large bid/ask-spread for 

the hedging products. Dynamic hedging of those factors would simply bleed 

wealth at a totally unacceptable rate. This would at least be true for a single 

product, which will be covered briefly in the next section. 

15.3 Bid/ ask spreads and transaction costs 

One of the fundamental assumptions in the Black-Scholes model is the assump­

tion of a friction-free market. This assumption does not fully agree with reality 

where friction, among other things, can be observed as limitations in liquidity 

and the presence of transaction costs. Transaction costs can have many com­

ponents but the important part is the marginal cost of a transaction. A more 

or less negligible fraction of the marginal cost is related to different operational 

costs but the dominating part of transaction costs comes from the difference in 

buy and sell prices on the market. This difference is called the bid/ask-spread 

and corresponds to the so called "round-trip" transaction cost, which is the loss 

made by buying an asset at the higher ask price and immediately selling the 

asset at the lower bid price. If we imagine a neutral price in the middle of the 

bid/ ask-spread, this would mean a theoretical loss of half the spread every time 

we buy or sell the asset. 

For many of the large foreign exchange markets the BID/ASK-spread is 

only a few pips4 wide. This corresponds to a relative bid/ask-spread, and hence 

transaction cost, in the order of 0.01 % which is virtually negligible for practical 

frequencies of rehedging. 

4 A "pip" is the smallest allowed precision a traded asset can be marked in on a market. 
This is often the 4th decimal place. 
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15.3. BID/ASK SPREADS AND TRANSACTION COSTS 

In Leland [26] a simple approach to estimating the impact of transaction 

costs on option pricing is suggested. The approach is based on the expected 

losses due to transaction costs and is incorporated in basic option pricing as a 

modification to the volatility term. It is further assumed that no extra change 

is made for the increased uncertainty in hedging. For the Black-Scholes market 

model such a correction is5 

Here o- is the original volatility and i, the modified volatility corrected for 

transaction costs. The "round-trip" transaction cost, in relative terms, is de­

noted k and At represents the time interval between rehedgings. 

A similar correction would be necessary for all driving factors. This means 

that in a stochastic correlation model we need to correct the volatility of log­

volatility and volatility of correlation as well. 

For vanilla options the bid/ ask-spread for a liquid option market is, measured 

in implied volatility, of the magnitude of 0.10% - 1.00%. Even though this 

spread is not necessarily a result of it, this is very close to the correction Leland 

proposed based on an at-the-money volatility of 10.0% and the above mentioned 

spread for the underlying asset. Translating this into a premium spread for 

the options themselves, a 25-delta option gets a relative spread in the region of 

1 % - 10%. This is a few hundred times larger than the spread of the underlying 

asset. 

This does not only suggest less frequent rehedging of volatility and corre­

lation compared to the frequency of hedging for the underlying a.r.;set. It also 

suggests that the larger spread should also indicate larger bid/ask-spreads for 

options sensitive to volatility of log-volatility or volatility of correlation. One 

can in general terms say that convexity to a traded market factor is always asso­

ciated with rehedging and is therefore penalised by transactions costs regardless 

of whether the convexity is positive or negative. 

It is worth mentioning that here we have not considered the fact that the 

log-volatility and correlation in turn have a correlation to the underlying asset 

and, at least partly, could be hedged by the underlying asset itself. A high 

such correlation would hence result in a lower transition cost for hedging those 

factors. This area is however left for further research. 

It is also in place to remind the reader that the impact of transaction costs, 

which are related to the second order derivatives of premium with respect to 

5 Before I heard of Leland's work I derived the same volatility correction on my own. 
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15.3. BID/ ASK SPREADS AND TRANSACTION COSTS 

the market factors, must not be confused with the market-prices-of-risk, which 

are related to the first order derivatives of premium with respect to the market 

factors and have a different source. 

It is important to remember that the above theoretical framework applies 

only to the case where a sole option is being replicated only with instruments 

traded on the open market. In reality a trader holds a whole book of options 

that most often has, at least some, net convexity to all involved market factors. 

If a new option holds an opposite convexity to one or more market factors, the 

book's net convexity towards those factors will decrease by adding this option. 

Trading the new option will actually reduce the need for future rehedging and 

hence reduce the expected loss from transaction crn,ts. As a result the trader is 

willing to make the trade at a less favourable premium than the above framework 

would suggest. 

The reasoning with hedging costs netting each other out due to opposite 

convexity is not always straightforward as we must consider the change in net 

convexity up to the option's maturity date and not only at the local time point. 
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Chapter 16 

Further areas of research 

16.1 Term structure of variables 

Despite the reasonably large number of free parameters in the model, it will 

never be able to fully calibrate to a liquid market with options traded at many 

strike-levels and with many maturities. As discussed earlier, the ability to cali­

brate to the market is important in order to avoid pricing problems. 

In order to calibrate to the market we need to generalise our model. One way 

of doing this is to make the model parameters functions of time. The method is 

widely used to generalise the original Black-Scholes model where this is almost 

always done by making implied volatility a piecewise constant function of time. 

For every new liquidly traded tenor, a new piece is added to this function to 

match observed market prices. 

As we have seen, a stochastic correlation model is not capable of generating 

different curvature of the smile, or equivalently strangles, at different maturities. 

In order to do so we could make the parameters responsible for this curvature, 

e.g. volatility and reversion speed of log-volatility, a function of time. Such a 

generalisation would also work for a pure stochastic volatility model. 

In the original setup of a stochastic correlation model, the at-the-money 

volatility and the volatility skew have a simple term structure generated by 

initial value, reversion level and reversion speed of the volatility and correlation 

processes. This term structure is of a very primitive nature and does not allow 

for more than fitting short-term and long-term values. In order to have a finer 

precision in time also those parameters must be given a more explicit term­

structure. This could for example be done by using constant values for process 

volatility and reversion speed but making the reversion-level a function of time. 

By generalising the model we increase the number of free parameters in 
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16.2. LOCAL PARAMETERS 

order to meet the increase in the number of price constraints. Such an increase 

will also increase the number of parameters to calibrate. If we try to calibrate 

all variables at once we will have to calculate prices for all constraints we try 

to match for each numerical iteration. This would be a very time consuming 

procedure and finding efficient methods for calibrating would be important. An 

alternative way to calibrate the entire system at once could be to first calibrate 

parameters describing early parts of the term structures and then successively 

work our way through all the parameters describing the later parts of the term 

structures. The benefit stems from the fact that for each part of the calibration 

we only need to price a smaller set of price constraints. Even though each partial 

calibration would be quicker the downside is that we would have to run a larger 

number of calibrations. We leave for future research to decide which of the two 

methods is quicker. 

16.2 Local parameters 

An further generalisation of the above mentioned term-structures would be to 

make certain parameters local. Local parameters means that parameters are a 

function of both time and space. The most well known example is the local­

volatility model suggested by Derman & Kani [10]. 

In a stochastic correlation volatility model the most general parameters 

would be functions of time, spot price, volatility level and correlation level. 

We do not necessarily need to use this enormous number of degrees of freedom. 

In the universal volatility model [29], volatility is made a local parameter as a 

function of time and spot level not using the possibility of also making it a func­

tion of volatility level. We mentioned earlier that local volatility was introduced 

to give the volatility surface a certain type of dynamics. Apart from this rather 

special reason to make parameters local, the main reason for its introduction is 

to make the model fully calibrated against observed market prices. 

As a stochastic correlation model already has all the desired dynamics of 

the volatility surface, this will not require the introduction of local parameters. 

In our desire to match observed market prices we must remember that there 

are only a limited set of liquidly traded options. A traditional local volatility 

model needs access to a continuous set of option prices and hence the volatility 

surface must be interpolated. As we showed in the previous section it would be 

enough to make parameters a function of time in order to match the limited set 

of liquidly traded variables. The conclusion is that there are no obvious reasons 

to use local parameters in a stochastic correlation model. 

If despite all this we choose to use local parameters, we have to face the 
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problem of model calibration. We would in such case have to interpolate the 

volatility surface to make prices continuous. The number of free parameters 

makes calibration very problematic and suggests that methods other than nu­

merical minimisation over the set of free variables must be used. Out of curiosity 

we can mention that many financial institutions have developed more or less ef­

ficient methods for calibrating advanced models, but are keeping the details of 

those methods secret to maintain a competitive edge. 

16.3 Jumps and events in all three dimensions 

As in all markets almost nothing can be predicted and the market is sometimes 

subject to large shocks. Even though a standard diffusion process can generate 

large movements in short time spans, in reality we see larger and more frequent 

shocks than would be predicted by a diffusion alone. One way to introduce 

shocks to the market is to add a jump component to the diffusion. Such a 

component is often be modelled by a Poisson process. A famous example is 

the model suggested by Merton [31] where the ordinary Black-Scholes model is 

generalised by the introduction of jumps in the spot price. If our model has 

further dimensions than spot level, there is nothing that says that we cannot 

also have jumps in those dimensions. In a stochastic correlation model this 

would mean jumps in both volatility and correlation. 

16.4 Cross currencies 

An intrinsic nature of the foreign exchange market is the freedom to move 

wealth between different assets. In more direct words this means the freedom 

to exchange money from one currency into another. This results in many cross­

currency exchange rates between less liquid currencies derived from more liquid 

exchange rates1 • This way derivatives could be dependent on an illiquid rate that 

is still welldefined via other liquid rates. This is true for multicurrency products 

like e.g. basket options. As there is rarely a market in cross-volatilities, hedging 

can be impossible. 

Another problem is that it is hard to take smile effects into account for 

cross-currencies. By sefting up a model for two liquid currency pairs we, at 

least in theory, could make the cross-currency a well defined process. The idea 

is that if the two original processes can reproduce the correct smile properties, 

1 An example of how a cross-rate could be calculate is; 
CADSEK = EURSEK/(EURUSD x USDCAD) 
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the derived cross-process would be a better model of reality. It would probably 

also give a better idea about how to hedge the dynamics of the illiquid cross 

volatility surface. 
The problem lies not only in the large number of free model parameters, but 

also in the fact that the cross-rate itself would introduce further parameters via 

correlations between the involved driving processes. Finding values for those 

parameters will probably be very hard if the cross-rate is illiquid in the first 

place. 
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Appendix A 

Differentials against option 

delta 

We know that to get an overview of a volatility surface {associated to vanilla 

options) it is sometimes convenient to plot premium or volatility against the 

option's theoretical Black-Scholes delta value. This makes it easier to compare 

results for sets of options with different properties like time to maturity or the 

spot level of the underlying. Also much of the intuition and experience about 

changes in the volatility surface are related to values of option delta rather 

than absolute levels of strike. In some sense we can see this way of looking at 

options as if we used a different coordinate system. When studying the impact 

of different model parameters on the volatility surface and its dynamics it is 

desirable to show the results in this other coordinate system. 

It might be in its place to mention that this coordinate system is not very 

useful and even counter-intuitive when it comes to looking at already traded 

options or other options with fixed strike levels. The problem lies in the fact 

that while an option will have the same absolute strike level during its life time, 

the delta of the option will not stay the same. As a matter of fact this delta 

will change as soon as the premium of the option changes. Having knowledge 

about and keeping all other parameters fixed, it is enough to know an option's 

strike level, K, and its premium, Il, to calculate its delta. In practise this 

means finding the option's implied Black-Scholes volatility and then calculating 

its Black-Scholes delta value. 

It is the connection between the option's premium and its delta value that 

makes working in coordinates of delta less straight forward. A point with a 

specific delta value in the coordinate system will represent different options 

when the system changes. This way of looking at surfaces is related to the area 
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of differential geometry and the following should not be looked on as a formal 

handling of the matter. 

\Ve want to study the impact of variable, a, on the option property, P, using 

a Black-Scholes delta coordinate. If we assume all other parameters but the 

variable, a, and strike level, K, in the system to be fixed we get P = P (a, K). 
The property, P, could for example be the option premia or its corresponding 

Black-Scholes implied volatility calculated using some numerical scheme. We 

assume that we have access to both 8P/8a and 8P/8K. Using the chain rule 

for derivatives the impact on P of variable a can now be written as 

dP 8P 8PdK 
-=-+--da oa 8K da · 

In a strike price coordinate system we have dK/da = 0 and the system 

therefore contains nothing unknown to us. However in delta coordinates this 

is no longer true and dK/da is unknown. Instead of keeping the strike level, 

K, constant, the Black-Scholes delta value, D.Bs, must be kept constant, or 

equivalently, have a zero derivative with respect to variable a. Again using the 

chain rule, this constraint can be written 

0 
_ dABs _ oABs 8Aas dK 
- da - oa + 8K da ' 

and can be used to substitute the unknown dK/da in the original expression. 

This substitution gives 

dP = 8P _ 8P 8Aas (oABs)-i 
da oa 8K oa DK 

As the expression for the Black-Scholes delta, and hence also 8Aas/8K, 
is known, only the factor 8/ias / oa in the above expression in unknown. This 

problem can be solved as long as there is a known relation between the property, 

P, and option premium, II, and strike level, K. If the property we look at is in 

fact the option premium itself this relation is trivial. Using such a relation we 

can write 
OD.Bs 8Aas arr 8P 
a;:-=8IT8Poa· 

If we choose our property, P, as the Black-Scholes implied volatility the 

factor 8II/8P becomes the inverse of the Black-Scholes vega. Putting it all 

together and explicitly writing the parts we know, gives the general following 

formula describing the change in property, P, with respect to an arbitrary vari-
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able, a, when keeping the Black-Scholes delta value constant. 

dP 
da 

{)P {)P 81186.Bs oP ( {)6.Bs )-l -
= 8a - OK 8P75fr 8a 8K -

= {)P (1- {)Parr erT d2) 
8a 8K 8P n(d2) 

where d2 = log(S/K):(rrq-a
1

/
2)T and n( ... ) is the standard normal density 

function. 
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Appendix B 

ADI engine (C++) 

We here present the C++ code used when pricing vanilla options under the sto­

chastic volatility model. Model parameters and output data are passed through 

reading and writing text files. This particular implementation is based around 

a Microsoft Windows® system but would only need minor changes to run on 

other platforms. 

# indudf'<math.h > 
# indudr<•tdio.b > 
# in dud" <•tdllb.h > 
# in('lud• <lo•trnm > 
# inc-ludr<f•trrain > 
# includt" <iom a11ip > 
# intludf'•StuC'bCorrA DJ Lo10U Vanilla.h • 
u1in1 aamupau ttd; - -
lnt main(int ara<"', <'bar• ar1vll) 
( 

lf(ar1e < 2+ I) 
( 

<"Out << "Func-tion taku two ar1ume11u. (DatalnFill' and DuaOutFilr)• << •ndl; 
■ y ■ trm("p ■ uH 11 }; 
rrtura 0; 

I 
htrram filr; // 0t"fin• fllr baadlu for input and QUtput 
htrira,n ou1Flh•; // D•fin• ftl• handlu for output 
rhar tmpStrl200); // 1'•mporary ■ tring buffrr uu-d wbl'n rC"adin& in·d11ta 
fil•.upr11( ■ r1vltJ, fatrram::ln); 
lf(!H I,) 
( 

cout << 'Error opf'oinc In-data fH•.• << •ndl; 
■yahm{"pau ■•"); 
rrturn 0; 

I 
// - Produ<'t, mod•I 111d m•tbod 1ptoriflr valuu ----~------~ 
file.g•tlin•(tmpStr,200); duubl• K .., atof(lmpSlr); 
fil•.g•Llin•(tmpStr,200): doubl• S • atu((lmpStr); 
fil•.&rllin•(tmpStr,200); douhl• T • ator(tmpStr); 
filP-ll'lline(tmpStr,200); doubler"" ato((tmpStr); 
ftlr.1f't.li11t'(tmpStr,200); doubt• q • ator(tmpSu); 
file.1•tlin•(tmpStr,200)i doubt• YO ... atu[(tmpStr}: 
fill!.&t>llin•(tmpStr,200); douhl• YMean • ator(tmpStr); 
flle.,l'tlinP(lmpStr.200); doubllP YRrv ... 11of(tmpSu); 
filP.gtttlinr(tmpStr.200): doubl• YVol • atof(tmpSu); 
fH•.g.-tlin•(tmpStr,200); douhlt' t"orrO = ato((tmpStr); 
fil•.g•tlinf'(lmpStr,200); douhl• <'urrMran""" ato((tmpStr); 
fill!.grtlin•(tmpStr,200); doublr rurrR•v., atr.r(tmpStr): 
fil•.g•tlint'ltmpStr.200): doubl• <'UrrVol-.: atuf(tmpStr); 
fill!,&rtlin•(tmpStr,200); douhl• drw13<"orr • ato((1mpStr): 
Hlr.getlinr(tmpStr,200); duul»I• lambdal - atuf(tmpStr): 
fll•.&t>tlinf'(tmpStr,200); douhlr lambda:?= atof(tmpStr): 
filr,1etlinr{tmpStr.200); double larnbda3 • ato((lmpSlr); 

//---------------------------
fllr.grtlinr(tmpStr,200); Ion& N_t-. atol(tmpStr); 
doubl• m in t = 0; 
doublr max- t • T; 
lon1 N_xl31;' 
filr.1t>tl1nr(tmpStr,200) N_xlOI.,. alol(1mpS1r); 
filf',ll'tlinP(tmpStr.200) N xiii• atol(tmpStr): 
filf',lt>tlinr(tmpStr,200) N:x{21 .._ atul(tmpStr); 
doubl• min_xlJI; 
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file.gl'tline-{tmpStr.200); m n_xf0I "" ato((lmpStr}; 
fill'.gt'tlinf'(lmpStr.200}; m n_x[II = ato£(lmpStr); 
filt>.gt>tlinr(tmpStr,200); m n_x[2j = alo£(tmpStr}; 
douhl" max_xl:JI; 
fill'.gl'tlinl'(tmpStr,200); max_xl0I"" atof(tmpStr): 
fill'.gt>tli11l'(tmpStr,200); max_xlll ""- ato£(tmpStr); 
filf'.getlinf'(trnpStr,200); max_xl21,., atof(tmpStr); 
filf'.gt>tline(tmpStr,200); long ■ tart:+.lodr = atol(tmpStr); II 1nitial nod" tu writf' to out•data fill' 
file.gt>tline(tmpStr.200); lung numSodu = atol(tmpStr); II N"umber 0£ nodu to writf' 
filf'.grtline(tmpStr,200); long ■ tep~odr == atol(tmpSlt): I/ Indrx alt-p bl'lWrf'n aodn 
fi le.rloat'( ); // Clo1r in•data fi lr 
/1---------------------------
conat long d = 3; JI Numhu of dimrnaion ■ (u:<"ludin& tim•) 
«-on11t long nCrou = d•(d-1)12; II number o( «-rou dnivatlve■ 
ro1ut double theta = 0.5; // Dt>gr«'t' of implidtnu■ 

11---------------------------
int i,j,k,l.m ,n; 
doubl" dt"" (max t•min t)IN t; II Calculate t.inll' atrp 
double •dx = nrw -douhl"[ii!; - I I Calt-ulau• ahp aiu (11,pu·t' dimrn,iiona) 
!or(i=O; i<d; itt) dx(il~(max_xlil-min_x(ii)/(N_x(il-1); 
long gridaizr =- I; 
for(i=O; i<d; i++) 1rid•izr •= N_xjiJ; /I Cal<-ulah total aumbrr or 1rid point• 
II Alloeale fflf'mory for 1rid point ■ 
double •u °"' nrw doublrl1rld ■iul; I/ Initial valun in ■ lep 
douhlf' •1h ■ = n•w doublt•lgridaiar!; // Lrh•hand ■ idf' or linPar equation 
doublt' •rb ■ = nrw doublt-l1rid1izr/; I I Ri1l1t•b ■ nd 1idf' or linrar f'quation 
doublt' •1un = n"w doubl"[&ridaht>I; JI Tt.>mporary uu· i11 11olvin1 1.ri di ■ I ■yatrm 

11---------------------------
/ I Crnu indrxr ■ for accC11 ■ in1 lht' grid witb diffnrnt diml'n ■ ion ■ •• bur, 
I I 'd' vu·tor■ whirh ■ 11 havl' the ••me aize •• tbe entir" grid ftt"l jJ x '1Tid1iu•'I 
I/ lndt>xin1 i• done with 'main dimrnaion' •• lra ■ t 11gnifi<" ■ nt and tht'n thr otbrr 
/ I dimrn ■ iona in au·rndina order with inrrf'■■ in& ■ i1n1fir ■ nee, 
II Crt-ale M-matri<'u 
Ion& (•poa)ldl = Dt'W lon1l1ridaiulldl; /I (Work ■ juat bt"uuae di•• •conat•) 
long ('indrxVMtor)ldj = new longjdl\dl; II Trmpurary indrrra 
for(i=0; l<d; i+-t) ror{j= 0; j<d; j t +) indrxVectorJilUl-0; / I lnitialiu to 0 
duublr (•M_l)[dl = nt-w duublrl1ridllliul!dl; II M-matrix uppn dia1onal1 
doubl" (•M_m)[dl:: Dl'W doublrl1rid1in]ldl; JIM-matrix m1ddl• diacunal• 
douhl• (•M_u)ldJ"" nrw doubl,jgridaial'lldJ; // M•matrlx lowu dia1onal1 
duublt' (•M_rruu)lnCrouJ"" Pl'W dfluhll'l&rid1ia .. J111Crouj;// Crou drriv. rof'fl'I. 
double x[dJ; JI Variablr valu ... u»t'd thrn rrra1.in1 matrirn 
duuhlt' a,b,c; I/ Col'tti dt'UU fur :l11d, hl and o,b ordrr difhrrnl-iala 
I I 'i' hold• th• unorf'deud uodr numb.-, 
for(i:,c; O; i<grid»in; it+) 
{ 

JI - G•n•rate M•vrrtora -~-----~----------
// (W• u•r a mod1tird M matrix for non•ctoH d .. rlvativn M = l·tbeu•M_orlg) 
//('a'• 2nd order diffrrf'ntial cot'ffi cil'Dll, 
I/ 'b' • ht ordt'r difhr•ntial rol'ffi dl'nta, 
/I 'c' • 0th ordu dithrt:'ntlal (proportional) corffltif'nt1) 
!or(j=O; i<d; jtt) 
{ 

I/ Tran1latt• d-d im rn1ional 'indrxVl'ttor' to a l·d im •n•lonal nodt" num brr 
long po11Add"" I; // Fint dlmfl'ruion la alway1 Dt'Xl to ••c·h otlu•r 
P 0 •1•11il ~ 0; 
for{k...,.0; k<d: k++) // All dimf"u ■ ion, muat b• ro111idurd 
{ 

) 

· po•lilUI + • poaAdd • lndf'xV.rtorlJl!kl; 
po1Add •.,. N_xikJ; 

I I Tnnalatf' d-dlm •n•luual 'indnVMtor' to variabh, valun 
for(k=O; k<d; kt t) 
{ 

xlkl = P1iu_•lkl t d•lkl'ind••V•<lorlJJlkl; 
) 
I/ POF. cortfl <'if'nll for dim•1ulon 'j' {dlfft'rt'nt for e ■ f"b dimt'n ■ ion) 
I/ ('a' la 211d ordrr, 'b' I ■ lit. ordrr and 'c' i• 0th order dithrrn1.ial) 
doublr riakPrif"r; // M 1tkl't prk• or ri•k (Eithrr h11-vulatillt)' or torr•lation.) 
•w itrh (j) 
{ 

) 

«"HI' 0: I J •pot JSJ dimt'naion + proportional <'ontributloa 
I/ - Stol'l,aatic rurrl"l ■ t.ion (Lo10U) -
• = up(2'xlll)'xlOl'xlOll2,0; II ll2'np(2'Y)'S"2 
b = (r-q)'xlOI; // (r-q)'S 
• = •r; I I , 
brl"ak; 

can l: / I volatility lvoll dim•n•ion 
II -- Stothuti<" rorrrl•tiun (LogOU) -
riakPriu = xj2/'.lambdal + aqrt(l•xl2l•xl21)•tambda2: // vol-riak 
a"" YVol'VVoll2,0; 
b-= YRrv•(YM•an•xlll)-YVol•ri1kPrlu; 
t' ... 0; 
brrak; 

cu• 2: I/ rorrl'lat.iou lrbo) dimrnaion 
I I ,,_ Storha11tic rorr•latlon {l.010U) -
riakPriu = drw13('orr•lambdal + 

• •<~rt(l-drwl3rorr'drwl3corr)'lambda3; // t'Otr•riak 
a"" corrVo)•l'orrVoJ•(t•x\2]'xj21)•(1•xl2l•xj2l)l:l.0; 
b = rorrRt'V •( corrM ••n•x 12 I )•corrVul • ( I •JI. 12 /• x 12 I)• rl•k P rir•; 
C :m:: 0; 

lf(ind.xV•<torlillJI~ ~0) I I Lowu boundary nod .. '!' 
{ 

awitl'h(j) 
{ 

t'Alt' 0: 
rau• I: 
t'Ue 2: 

/I Auume 1rro•1•mma (r.& no 2nd ordu drrivativf') 
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I I U,u• o,u,-aidrd ft nit• difft'tf'ncr for ht ordrr diffl'tf'1tti•I 
M_l(il[jl""' -t)1t"ta•o: I/ ::'-i:ot uud (uutaidt> 1rid) 
M_mlillil = 1-th•to'(-h/dxlil + <)'dt; 
M _ u!il[jJ"" -tbrta•( b/dx[jl )•dt; 
brt'ak; 

I 
•I•• if(induVrcto,lillil == !'!_xiii-I) 
( 

// Upprr boundary nodt"? 

awitd1(j) 
{ 

caar 0: 
ea Mr 1: 
t'aae 2: 

/I Auumr zrro-r;amma (r.g no 211d ordrr dnivatlvt") 
I I Uu- ont>-1idt"d finitf' diff•u·nc·r for lat. ordf"t diffrrrntial 
M _ llillil = -theta"(-b/dxlil )'dt; 
M_mlillil = I-theta'( b/dxlil + <)'dt; 
M _ uli]UI = -thf'ta•O; / I Not uard (outaidr grid) 

I 

I 
rlar 

} 

brt'ak; 

// lnt.erior nodt"? 

M _ llillil = -th.ia•( a/(dxlil'dxjjl) -b/(2'dxlil) )'dt; 
M_mjillil = 1-th•ta'(-2'o/(dxjjj'dxjjl) +< )'dt; 
M_ulillil = -tbeta'( a/(dxlil'dxljl) +b/(2'dx1Jll )'dt; 

// - Gt'nt>ratr crou-dnivativr vector and lnillal option valuu ~---
if(j==U) // Choo• .. t.hf' natural iDdrxin& cur (lint of 'd' puuiblr) 
{ 

// Cruu-drrlvativt'a ('N ■ tur ■ l' ordrrin& or nodt'a) 
/ I - Stochutic corrrlatiun (LogO U} -
M_uo .. llllUI = ( xlll'YVol'up(xlll)'xlOI )'dt; 
M_crou(i)llj = ( drw13corr•f'orrVoJ•np(x{lj)•(t-xl2J•xl2l)•x\OI )•dt; 
M_croulill2] =- ( xl2J•drwl3l"orr•YVol•corrVol*(l-xl2l*xl:ll) )•dt; 
// lnHialiu option valura at t"Xpiry ('Natural' ordrri111 of uodu) 
/ I Vanilla call option 
//(Spt'rial cau- Whf'H K clou lo nodr to avoid •qua11tiaation f'rror'.) 
if( •IUl-dxlOl/2.0 < K u, K < xlOl+dxlOl/2.0) 

u Iii = ( 2' (x IOI-K) + d •IOI)• (2' (x IOI-K) + dx IO 1)/ (K'd x IOI); 
el1e 

•Iii= __ max(xlOI-K,O); 

II - Updue lndl"cu -------------------­
// 'j' holda t)1r diml"naion to b• conc-idrrrd •main dimf'naio11• 
I/ 'i' alrf'ady bold1 th• main nod• numbu 
for(j=O; J<d; J++) 
I 

// U pdatr all indHea 
indl'xVHtorUIUI+ t; // Main dimrn•ion 'j' ii tl1f" firat lndrx t.o ch•n&t' 
if(indf'xVe<'tor[jJljj="'-N xUl) // l'lmr to roll main di111r1uion ov•r't 
I -

ind,.V,cto,lillll= O; 
fo,(k~O; k<d; kt+) 
I 

// dSdY 
// dSdCorr 
// dYdCor, 

if(k:::a-..:j) <'011tinur; II Thr main dim .. 11alon j i• 11ol to be touc-hf'd ht"n 
indt"XVf'C"torlj)lkl+ +; 
if(induVrcto,lillkl= ~ N _ •lkl) 

lndrxV•<'torUJjk)o;; O; // Th• dimruion k a1u•t alao roll ovrr 
rhf' 

brnk; // All indMn ar• fhn 

I 
// - AC"tual AOJ f'n1ine ---------------------
double •tmpDataPnt; // Poi11trr lo hmporary data 
double bet; II Trmpurary variabl• uHd in tri-diaaonal aolvn 
doublt crouDt"nomldl; II Dt'nominator to uu with uuu drrivativf' ■ 

long crouldx\dj; / / hrlrx('N1tur1l') Lo ute whrn r1lculati111. crou dnivativr■ 
long cro111Di1p\d\; //Nod, di1pl1nm,nt for movu in ,a,·b d1mrn1ion 
long nonDiapUpldl; II lndl"x dl ■ plaumtonl for up mov•m•nt 
lon1 crouDiapDuwnJdl; II lndrx diaplarrm•nt fur down movPmrnt 
crouDiaplOJ=I; /I Fill in valura for 'crouldx' 
Cor(i=l; i<d; 1++) eruuDiaplil""' crouDi•Pli•ll•N_xp-tJ; 
/ I Loop OVlf't all lim• atrpa 
'°r(n"" O; n < N_t; n-+- -t) 

/ / Ea(·h att"p baa two 1wupa In ordrr to time C'f'Qltr croH &rt1m• 
fur(int 11wupRound-... t; awrrpRound <"'" 2; awrt'pRou11d-t +) 
I 

I/ Each A DT-awu~p haa d diffnrnt lntrrml'di•l• ■ lrpa 
for(l • O; )<d; j+ +) 
I 

II Tbl' ftral. \ntrrm-t-dlatr AD1-at.p hu a apHlal rha-vrctllr 
if(j ~= 0) 
I 

/ I Fiut dimf'n11ion 
fur(i=O; i<1rid11i1r; Jt +) 

rh•/il • (d/th•t• + (1-1/th•••)'M-••/IIIO/)'u/i/; 
for(i= I; J<g,id•i"; J+ +) 

rh•lil + = (l•l/th,ta)•M _ 1/il/O/'u/i-J/; 
for(l""'O; l<1rid1i1r-l; it+) 

,halil += (1-1/tb•ta)'~l_ulillOl'•ll+ll; 
// Othu dimr1uion• 
fo,(k~ l; k<d; k+ +) 

I 
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) 

I 

I 

for(i=O; i<111:rid11iu; i+-+) 
,h,jpo,lillkll ·= 1/thrt ■ '\l_mlillkl'ulpo•lillkll; 

for(i= l; i<grid11iu; I++) 
,h,jpo•lillkll ·= 1/theta'\l _ llillkl'ulpo,li-lllkll; 

for(i.-0 0; i<1ridKiZl'•l: i++) 
rl,.lpo•lillkll ·= 1/thrta'\I _ ulillkl"ulpo•li+ lllkll; 

/ / Cron drriv■ tivr ■ 
if(•wrrpRound = _, l) I I Firtt •wrrp {u;plirit rroura f'tr) 
{ 

tmp011t11Pnt = u; If Simply uu ·u· to ralrulatl' uuur■ 

for(l::ccO; i<grid11izr; i++) 
lh ■ [il ::z (lh ■ lil+ u[il)l:l.O; I/ 'rlu'""avrragt' of 'rh ■' and 'u' 

tmpDataPnt"' Iha; // Uu• av•r•&" o( 'u' and 'lb ■' for rro- ■l" ■ 

I 
// Calrul11tf' CROSS DERIVATIVES' rontribution 
for(j;;;;O; i<d: it+) rrouldxjil:.::O; /I Clrar indf't'ra 
for{l:;c:cO; i<grid&i:ir; i+ +) 

l 
II Gr11rratf' indrx di ■ plar•mrnt ■ and drnominaton (for rarR dim 
for(k=O; k<d; k+t) 
{ 

I 

lf(rrouldxlkl= = O) 
I 

crouDi■ pDow11lkl =- O; 
rrouDrnomlkl -= 0; 

/ I Lowrr bounduy? (dim. l) 

crouDl ■ pOownlkl ::. -rroHDi■ plkJ; 
rrouDrnom [kl = dxlkJ; 

} 
if(rroHldxlk I== N _ xlkl-1} 

rrouD i ■ pU plk I "' O; 
// Upp•r boundary? (dim. 2) 

f')H 

{ 
uouOi ■ pUplkl"'" rro1111Di1p!kl; 
rrouDrnomlkJ + = dxlkl; 

I I Cakulat• rrou drrivativu (u ■ lng lndf'fU 1ent"r ■ trd ahov•) 
m = O; 
fo,(k=O; k<d-1; k+t) 
l 

fo,(I= k tl; l<d; H +) 
l 

rh•liJ +,. M_noulillm) • 
( (tm pOalaP utli+ <'ro111Di11pU plkl t cruuOiapUplllf-tm pOalaP nt[I + rrunOi•pDow n (kl t 
cruuDiapU Pl!II>·( Lm pD ■ taPutll+ crouDiapU plkJ t cro111Di1opDuw n 1111· 
tm pOataPntli+ crouDi•pDow nlkJ+ cru111oDl ■ pDuw n 1111))1 (c-ruuD•nuin !k!•rrouDraom lll)i 
m t+; 

) 
fo,(k=O; k<d; kt t) 
l 

t"rouldxlkl + +: 
if(nould xlk I,.."" N _ xlkl) 

<"rouldx!kJ;a.·Q; 

/ / lncrf' ■H indf"CU 

/I All ■trp• but ftnt lntumrdia .. ■ trp art' aim liar but 
/ I thry ar• df'prndant on dim•uion 'intrrm•diat•'· 
f'I ■• 
( 

I 

for(l= 0; l<ttrld ■ iu; It -t) 
,1,.lpo•l•llill • lh•IP••lillill t 

for(i= 1; l<1ridaiH; Ii t) 
rh•IP••lillill t = 

Cor(is 0; l<1rld ■ lu-l; i+ +) 
,b,\po,[i\lill t ~ 

(M_mlillil•t)•uip••I i llJI\; 

M _ l\illil '•lpo•ll•llliiJ; 

M _ ulillJI •ujpo•Jlt I llill; 

/I Solve Cur implicit lllrp (tridiaaonal 1olvl'f) 
// (Uaing a tridia1onal •ohu baud on IP<'tion :l.4 in Numuic■ I R•ripu 
I/ but n1od1fird to Lak• dynam1r indrxln1 of nudr■.) 
H(M_mlDIUl,,,,=-0) thruw("Error # l in tridia1onal aolur.•); 
b,,, M_mlOIIJI; 
lh,\po,[Ollill = ,h,lpo•IOIIJll/b"; 
for(i;,ac I; i <1rid1ilf'; i+ -t) 

I 

} 

1am li)t M _ uli• l llil/h•t; 
h••= M _ n, lillit-M _ llillJl'••m Ii); 
if{bt-t:m:::~O) Lbrow(•Error #'l in \ridi ■ 1on ■ I solv•r.•); 
11,.[po•lil Ill I= ( ,h,lpo•lillil 1-M _ llil Iii' 11••\po•li• l llJ\ 1)/brt; 

fur(i"""gridai1••2; l>l: I-) 
lh,[po•lillill ·= 1•mll+ l)'lh•IPo•lit lllJII; 

// Sw1p data pointt>n 'u' and 'rh•'· ('1111' becomu thtt new 'u' in ftf"XI. ■ trp.) 
tm pDataP11t ... u; 
u .. Iha; 
lbs"' tmpDataPnL; 
// Di■ play loop numhu 
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I 
// - Data output---------·------------­
// Writr out-data to fi lt> 
H(11tartNodf' >"' 0 kk (11tartXodrt(numSodu-l)•11trpSodl') < 1rid11i:ir '-:k •tf'pXodt' > O) 
{ 

out F i}P.opt-n ( ■ rg v [2J. fauram: :out}; 
outFilr << utprrd1iou(lti); 
for(i=O; i<nun1Nodu; it+) 
{ 

out File << ul1tartNod•+ i•»trpXodt'J << rndl; 
I 
outFill'.clOH{); 

I 
rlae 
{ 

cout << 'Syntax Error: Output nodr number, (So out-ft It' 111rillt"n) 1 << rndl; 
} 
// Deletr all allocatt-d mf'mory 
dt"!etr dx; 
dt>lf'te II u; 
df'lete I] 1h11; 
df'lt'tt' II rlu; 
drl•tto II 1am; 
dt>lrtr II po1; 
d,1 ... II M _ I; 
df'lrte(IM_m; 
delrt, II M _ u; 
dt>lrte fJ M _ crou; 
dt>lt>tl' I) indf'xV•ctor; 
tl'turn 0; 
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