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Abstract We present a novel variational formulation of fully anisotropic motion by
surface diffusion and mean curvature floviRif, d > 2. This new formulation leads to

an unconditionally stable, fully discrete, parametric finite element approximation in
the case&l = 2 or 3. The resulting scheme has very good properties with respect to the
distribution of mesh points and, if applicable, volume conservation. This is demon-
strated by several numerical experimentsdet 3, including regularized crystalline
mean curvature flow and regularized crystalline surface diffusion.
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1 Introduction

The numerical approximation of solutions to geometric evolution equations, which
govern the motion of a hypersurface, is a notoriously difficult task. The underlying
partial differential equations are highly nonlinear and the meshes used to approxi-
mate the evolving surfaces often tend to deteriorate during the evolution. The most
prominent example of a geometric evolution equation for hypersurfaces is the mean
curvature flowy” = s, where? is the normal velocity ane: is the mean curvature,

i.e. the sum of the principal curvatures. The mean curvature flow is&fgradient
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flow of the surface area functional. The -gradient flow of the area functional gives
rise to surface diffusion
YV =—Asx,

whereds is the Laplace—Beltrami operator. This fourth order geometric evolution law
plays a prominent role in materials science with important applications in epitaxial
growth, see e.g. [21]. In this paper we introduce and analyse numerical schemes for
anisotropic versions of mean curvature flow, surface diffusion and other related aniso-
tropic evolution equations. Although some schemes for such evolution equations for
hypersurfaces ifR3 already exist, see e.g. [12,22], our scheme is the first one for
which one can prove a stability bound. This leads to superior properties in practice,
in particular there are no restrictions on the time step size and the associated meshes
will generically not deteriorate.

Anisotropic geometric evolution laws are typically based on the anisotropic sur-
face energy

Flyi= [vw) are s, (1)

wherel” c RY,d > 2, is a closed compact and orientable hypersurface with outer unit
normalv, y: R9\ {0} — R is a given anisotropy function, and’d—1 is the(d — 1)-
dimensional Hausdorff measurel{. More generally, the anisotropic energy density

y may depend on space as well as on other local parameters, see e.g. [26,9] for more
details on possible anisotropy functions. However, in this paper we restrict ourselves
to surface energies of the form (1.1), and we further assume that the funycison
absolutely homogeneous of degree one, i.e.

YAB) =Aly(B) VPeRLVAER = V(P).P=v{P) V peRd\{?},z)
1.
wherey is the gradient ofy. In the isotropic case we have thgt) = |p| and so
y(V) = 1, which means tha™ |, reduces tdI"|, the surface area df. If y is not
constant on the unit sphere, then the surface energy density in (1.1) will depend on
the local orientation of the surfade. Such surface energies frequently appear in
applications, e.g. in materials science and in image processing. We refer to the papers
[31,23,16,30,29] for more details on anisotropy in materials science and geometry.
To compute the2-gradient flow of the anisotropic energy (1.1) one needs to

compute its first variation. On introducing the Cahn—Hoffmann vector, see [10],

vV = )/(V) )
we define the weighted mean curvature as

Here [s is the surface (tangential) gradient angl. is the surface (tangential) di-
vergence o, so thatAs = Us. Ds. The first variation of (1.1) is then given by the
following lemma.

Lemma 1.1 Letl (8) := {Z+89(2)V : Z€ I}, for a smooth function gRY — R.
Then it holds that

<M (8)lyls—o=— [ sygd% L. (1.4)
do r



For a proof we refer to [13, Lemma 8.2], but we remark that these authors use a
different sign convention. Anisotropic versions of mean curvature flow and surface
diffusion are now given by

@ 7=B(V)s, and (b) ¥=-C.(B(V)x), (L5

wherep : §-1 — R. ¢, a kinetic coefficient, is assumed to be a smooth and positive
function. For a derivation of these laws we refer to [1,20,30,29]. It can be easily
established that the anisotropic surface diffusion law preserves the volume enclosed
by I". Both laws in (1.5) decrease the anisotropic surface erjérgywhich follows
for surface diffusion using the Gauss theorem on manifolds as follows
d -
a|r(t)\y:—/ ¥ d%d‘lz—/ B(V) (Dssy)2d®t<0.  (L6)
r r
It is also possible to introduce a second order evolution law which preserves volume
and decreases the anisotropic energy. This law is the conserved anisotropic mean
curvature flow and it is given by the nonlocal evolution law

S B() sy
Jridwedt

In addition, let us remark that the numerical method we are going to introduce can be
used to study nonlinear relations betwe€rand s, of the form

V' =BV) (), (1.8)

wheref is a strictly monotonically increasing continuous function. Of particular in-
terest is the casé(r) = —r~1, i.e. the inverse anisotropic mean curvature flow, see
[5] for the relevant details in the isotropic case.

For analytical results on the anisotropic mean curvature flow we refer to the re-
cent book [18] by Giga, and the references therein. For crystalline surface energies
nondifferentiable surface energy densities have to be used, see [27,1,11]; and also
in this case so called crystalline evolution equations, which are nonlocal in nature,
can be derived. As we can approximate crystalline anisotropies very accurately by
smooth anisotropies, see Figures 1.1-1.5 below, we will only consider the smooth
(regularized) case in what follows.

A variational discretization of equations involving mean curvature was given by
Dziuk ([14]). He used the identity

% = 3V = AsX = Asid (1.9)

YV =B(V) sy (1.7)

to come up with a variational discretizationfinvolving only first order derivatives

of the identity functionid on I, or equivalently, of the parameterizatioin Q x

[0,T] — RY of I, whereQ  RY is a suitable reference manifold aiid> 0 is a
positive time. Observe that in (1.9) we use a slight abuse of notation, so that the
equation can be interpreted to hold eitherfolr on Q. Our idea is to introduce an
anisotropic version of the identity (1.9). The main observation is that (1.9) remains
true if we replace the standard Euclidean inner produBtitby an inner product

(UV)g:=U.GV VOVeRY, (1.10)
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whereG € R4 js symmetric and positive definite. One only has to replace the mean
curvature vectogr and the Laplace—Beltrami operat¢ by versions which are ap-
propriate for this new inner product. In fact one just has to consider the canonical
Laplace—Beltrami operator dn with respect to the Riemannian metric given by the
new inner product. It only remains to identify the corresponding surface energy den-
sity. In fact it turns out that we have to define the surface area element induced by this
new inner product as the surface energy density Lemma 2.1 below we show that

y(V) =vV.GV, (1.11)

whereG andG are related by = [detG]3°1 G-L. One can then deduce that

~ _

2,V = y(V) GAZid,

whereAG DSG DG is the Laplace—Beltrami operator induced by @imner product

(1.10), with DG and DG the associated tangential divergence and tangential gradi-
ent, respectively. A suitable generalized Gauss theorem on manifolds allows one to
introduce a weak formulation gf(V) GAS id. Unfortunately simple anisotropies of
the form (1.11) only lead to ellipsoidal Wulff shapes, see below, and of course we
would like to handle more general situations.

Therefore we consider the following class of surface energy densities, which are
given as ant"-norm of the above anisotropies, i.e. they are assumed to be of the form

L T
V(ﬁ)=<;l[w(ﬁ)]r> , Yu(P):=+vP-GP, (1.12)

so that

L
Y (P = y(®)*" gl[ (@ vi(P) (1.13)

wherer € [1,00) andG, € R%*9, ¢ = 1 — L, are symmetric and positive definite.
We will see later on that these anisotropies can be used to describe a wide class of
possible physical situations. While it should be noted, ffgiven by (1.12) defines a
norm onRY (norms being the “natural” anisotropy densities), and hence more general
anisotropy densities cannot be modelled by this choice, we are satisfied that any given
norm can be approximated by (1.12) with suitably cho§8p}s_; andr € [1,).

Let us now introduce the variational form which we are going to derive and use
in the following sections. The evolution equations (1.5), for anisotropies as in (1.12),
can be reformulated as

@ %.V=B()», and (b) %.V=-0Ck(B(V)Dssg),  (1.14)

together with, see Theorem 2.1 below,

- /i (V) G0 H’:f((v)ylﬂs@ia]. (1.15)
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If we test (1.14) and (1.15) with suitable test functighand@ we obtain, on using
a generalized Gauss theorem on manifolds, compare Lemma 2.6 and Theorem 2.1
below, the weak formulations

[ BW)s9
/r B(V) Dssey. s ot

o [ o parsio 3 [ [49

/rzt.vqa dd1— (1.16a)

r-1 _
] (C5id, O ), ve(V) d? 4,
(1.16b)

where the tensor inner producfsS a, DSGV)G are induced by (1.10), see (2.8) below.

In the above weak formulation only derivatives up to first order appear and hence the
equations can be discretized with the help of continuous, piecewise affine linear finite
elements, see Section 3 below. Let us now discuss a second possible ansatz which is
based on the identity, see e.g. [13, p. 194],

sV = L. (VY (V)]T) + Ds. (V(V) Dsid) — y(V) Asid. (1.17)

Applying this characterization of, v, we can rewrite (1.16b) as

/r sV § ot :/r[v V(). Cs d%d‘l—/r V(V) Csid. Cs @ drd2.
(1.18)

The advantage of (1.16a), (1.18) is, that it can be used for arbitrary differentiable
anisotropies, but the disadvantage is that it does not seem to be possible to derive a
stability bound for discretizations using this formulation; see Remark 3.1 below.

We therefore prefer the ansatz (1.16a,b), and we will restrict ourselves to anisotro-
pies of the form (1.12) from now on in this paper. Below we highlight a few features
of discretizations which are based on the formulation (1.16a,b).

— With an argument similar to the isotropic case it is possible to derive a stability
bound for a fully discrete finite element approximation of (1.5)dot 2 or 3,
something that is new in the literature.

— The resulting scheme has very good mesh properties, i.e. mesh points tend to
be very well distributed over the discrete surface. One reason for this is that
the scheme allows for tangential movement, which is in contrast to most other
parametric approaches. For the isotropic scheme in two spatial dimensions, mesh
points generically tend to be equidistributed, see [6], and for the isotropic case
in three spatial dimensions the good behaviour of the mesh can be partially ex-
plained with the help of discrete conformal mappings, see [4]. Also in the aniso-
tropic case the meshes produced by our scheme tend to behave very well and
only rarely do we encounter mesh distortions. In this context we stress that the
parametric approximation of geometric flows typically leads to mesh distortions
even for isotropic surface energies, and this is particularly true for fourth order
equations. Other approaches deal with such mesh distortions by redistributing the
mesh several times during the evolution either with the help of local criteria, see



[2], or by using a reparameterization which, in case that the surface is topologi-
cally equivalent to a sphere, is derived by a conformal map to the sphere, see [15].
We remark that our scheme generically does not need such remeshing during the
evolution.

— For anisotropic surface diffusion and anisotropic conserved mean curvature flow
the algorithm has very good properties with respect to volume conservation.

— Although the underlying analysis justifying our approach is rather involved, see
Sections 2 and 3 below, the resulting discrete system is easy to solve, as it is only
slightly different from that in the isotropic case.

— With the anisotropy formulation introduced in this paper, it is easy to define and
implement anisotropies taking given crystal symmetries into account.

Let us illustrate the last issue in more detail. For a given anisotyape defines
its dual function 5

VK q = sup  ——=¢,
( ) ﬁelejJ\{()} V(ﬁ)

its Frank diagram
F={peR?:y(p) <1}

and the corresponding Wulff shape, [31],
7 ={deR:y (4 <1},

which can be used to visualize the given anisotropy, see [20]. The Cauchy—Schwarz
and Hblder inequalities imply, for anisotropies of the form (1.12), that

L

B.Y (@) < [v(@)*" ; V@) *v(P) <v(P) VP, deRY\{0}.

=1

This makes it possible to construct the Wulff shaggeand findy*. Let -1 be the
unit sphere irRY. Then, see e.g. [20],

2;@:=y?] "'z and 2Z,@:=y@, 25

parameterize the boundaries@fand#, respectively. Moreovey (@) = |2, (2)| *
if y(2) andg e S'* point in the same direction. This defingsfor g € S™*, and
via the 1-homogeneity on all &9\ {0}. In fact one can show that

L

-1
y(d)=,/d.Ggd  with G%}:(;[uz(@]rzGe) ; (1.19)
=

29 _ SURsc e (9 .
y@) <RN\{0} y(p)

In Figure 1.1 we give the Frank diagrams and Wulff shap&&3ni.e.d = 3, for
anisotropies of the form (1.12) with= 1; in particular for

Gy :=R(61,12,6,13) ' D(€))R(61,12,6,13), Where D(¢) := diag(1,£%,€%) (1.20)



Fig. 1.1 Frank diagrams and Wulff shapes for different choices of (1.12) mithl ands, = 101,

and R(612, 013) := Ri2(612) Ri3(613). Here diaga, b,c) denotes a diagonal matrix

. . . cos@ sin@ 0 cosf 0 sin
with diagonal entries, b,c andRy»(0) := —sme cosd 0> Ri3(0) := ( g 1 Sg)
—sinf 0 co

are rotation matrices through the given angleFor the anisotropies in Figure 1.1

we useds, = 101 with {(91’12, N 12) (91 13,---,00 13)} {(0, g,O) (0,0, g)},
{@aq><Q;”o»aM{wgf"Q;”)moqgggmr%mwmw

The same anisotropies withh = 102 can be seen in Figure 1.2, where we note
that the Wulff shapes develop facets and sharp edges; an effect which becomes more
pronounced for even smalley, and e.g. in the first example leads to a smooth (reg-
ularized) approximation of the-norm’s Wulff shape, i.e. a cube. In addition, we
consider an example of (1.12) with= 1, whereL = 2 andG; = diag(1,1,£?),

G, = diag(€?,£2,1), so that it approximates for smalithe anisotropy

v(P) = |pa| + 1/ P2 + P3; (1.21)

as considered in e.g. [19]. See Figure 1.3, where we show its Frank diagram and
Wulff shape fore = 107, k = 1 — 2. For the case of curved,= 2, the anisotropies
(1.12) with the choice = 1 adequately approximate most Wulff shapes. However,
the choice = 1 leads to a restricted class of Wulff shaped i 3; but by choosing

r > 1in (1.12) one can model a whole new class of anisotropied for3. We now
demonstrate this in the case= 3. Using the same definition for the anisotropic
functionsy, as in the first example in Figure 1.2, but now choosirg9 andr =



Fig. 1.2 Frank diagrams and Wulff shapes for different choices of (1.12) mithl ande, = 102

¢ €
¢ €

g
g
¢

Fig. 1.3 Frank diagrams and Wulff shapes for (1.12) with- 2,r = 1 ande = 10K k=1— 2.

leads to the Frank diagrams and Wulff shapes shown in Figure 1.4. Similarly, using
the anisotropic functiong; with € = 102 as in Figure 1.3 and setting= 9 and
r = 30 gives the results in Figure 1.5.

We remark that (1.12) with = oo, i.e.

v(p) = max y(P)



Fig. 1.4 Frank diagrams and Wulff shapes for different choices of (1.12) syith 102 andr = 9, 30.

@

Fig. 1.5 Frank diagrams and Wulff shapes for different choices of (1.12) svith10-2 andr = 9, 30.

with positive semidefinites, can be used to model very general crystalline Wulff
shapes, see [17]. Similarly to those authors, one can chp0ge= |p.7,| where

+ij,, £ =1 — L, are the vertices of the Wulff shape. This choice leads to matrices
Gy, which are positive semidefinite rather than positive definite. If one now perturbs
G, slightly such that the resulting matrix is positive definite, and then replaces the
[*-norm by anl"-norm withr large, one obtains a Wulff shape which approximates
a polyhedral Wulff shape with verticesiji, ..., £, . It was this viewpoint, that lead

us to the construction of the anisotropy illustrated in Figure 1.4.

This paper is organised as follows. In Section 2 we introduce our novel variational
formulation for anisotropic versions of mean curvature. In Section 3 we formulate
a finite element approximation of anisotropic mean curvature flow and anisotropic
surface diffusion, as well as related anisotropic evolution laws, and derive stability
bounds. We discuss how the discrete equations arising at each time level can be solved
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in Section 4, and conclude with the presentation of numerous numerical computations
in Section 5.

2 Variational Formulation

In this section we derive a variational formulation for the anisotropic mean curvature
vector >, V, making use of ideas from Riemannian geometry. We refer also to the
work [9] by Bellettini and Paolini, who derived a related variational approach in the
context of Finsler geometry. Their approach is not applicable to our situation as no
simple variational characterization of the anisotropic mean curvature vector can be
derived. For the ensuing analysis it is convenient to introduce the following lemma
which states how the surface area element of an inner product of the form (1.10) leads
to an anisotropic energy density.

Lemma2.1 Let p € RY with |p| = 1 and let{p,T4,...,T4_1} be an orthonormal
basis ofRY. Then it holds that

v(B) = /P.G, p=/det(Ti. G, Tj){ 4, (2.1)
whereG, := [detGg]ﬁ Ggl, ¢{=1— L, are symmetric positive definite matrices.

Proof For a fixed/ € {1,...,L}, let G = G, and setG := A2G 1, whereA € R
is to be determined. A& is symmetric positive definite, so 6 and we can define
A := G3. It holds that

IABAATLA - AATy_1)? = (detA)2|BATIA - ATy 1> = (deth)?, (2.2

where A is the standard wedge product &. On noting that(/N\*lrﬁ) AT =0,
i=1—d-1, we have that

(A'p).AB

ABAATIA - AAT_ 1P = IATLA - AATg_1 P R —
| |“= | Aip2

(2.3)

Combining (2.2) and (2.3) yields thaf Ty A --- AATy_ 1|2 = (detA)2|A~1p|? and
hence that

det(%i.GT))f| Y = (detG) .G *p=A>""?(detG) ' p.Gp. (2.4)

It immediately follows from (2.4) that (2.1) holds far = [detG]d*}l. O

We note that (2.1) is independent of the choice of the orthonormal basis for
Ty = spaf{Ti,...,Tg_1}. Hence it can be used as an alternative definition for the
anisotropic surface energy. For ease of exposition we now assume that 1 and
write G := Gs. It will become clear later on, that the analysis which follows has an
interpretation for arbitrary of the form (1.12).

We will adopt the following notation in this section. For a compact orientable
(d — 1)-dimensionalC!-hypersurface™ ¢ RY without boundary leX : 2 — RY,
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2 < R9-1, be a (local) parameterization 6f. The Jacobian of is given byDx =
(01%,...,04_1%X) € R*(@-1) et v : [ — RY be a continuous unit normal vector
field, so that for a poinZ € " the tangent space 16 is given byT;I" = 7. In
addition, for any numben € N, let Id, € R™" be the identity matrix, and similarly
for Id, € (R9xd)m=n,

We now introduce an anisotropic surface gradient and an anisotropic surface di-
vergence. Throughout this section {&,...,f;_1} be an orthonormal basis @I
with respect to the inner produgt -)5 on RY induced byé, recall (1.10). Then for a
smooth scalar field : ' — R we define the anisotropic surface gradient

d-1

(o)) = 3 (9@ (2.5)

In particular, whenG = Idg, then (2.5) reduces to the isotropic surface gradient
(0sg)(2). Similarly, for a smooth vector fielg: ' — RY we define the anisotropic

surface divergence
d-1

(.9 = 3 (4,92 .Gt (2.6)

Moreover, the anisotropic surface gradiengas the tensoDség: r—L(T r,RY),
where for eactz € I" the linear mag0€@)(2) : ;I — RY is defined by

d-1

(89)(?) = 3 (9@ 6t (2.7)

where® is the standard tensor product of two vectorRih Hence we have that
[(C€9)(2)|t = & g. We define also the inner product
- =
(Fu0s =3 (%069 (2.8)
=

for smoothtl,v: I” — RY. In addition, given a tensds : I — L(T;,I",RY) we define
its adjoint mapgJ* : r — L(Rd,T(l) "), where for eactz € I' the linear mapJ*(2) :
RY — T is defined by

(U@)T).GV=(U*@)]V).GT  VVeRY TeTyl. (2.9)

HenceU* = G 1UT G, with UT being the standard transpose. Then the anisotropic
surface divergence &f is given byCl$.U : ' — RY, where(C€.U)(2) is such that

(CS.U)(2).GV=CC.(U*(2)]V) VVeR?, (2.10)

with the right hand side operator defined as in (2.6). Moreovergfof — R we
define the anisotropic Laplace—Beltrami operatBby AS g:= [ . (¢ g) and sim-
ilarly ASg:=0S.(0Sq) forg: M — RY.
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Finally, we set
H:=[DXY'GDR= (hj){ 2 = (@x.Gox! L, HIt=nhHll. (11

Here we have noted, on recalling that r&¥= d — 1 due to the assumptions &n
thatH is symmetric and positive definite.

Remark 2.1We note that the definitions (2.5) — (2. 10) are independent of the choice
of the parameterizatiox and the orthonormal bas{$| of T;, see e.g. Lemma

2.4 below. In particular, the definitions as well as the subsequent results derived in this
section only depend ofi and the values of the functiogs " — R andg: I — RY

on it.

The following lemma shows that the integration orwith respect to the metric
given byG corresponds to integratingVv) on” with respect to the standafd — 1)-
dimensional surface measure.

Lemma 2.2 Let.# :=X(2) C I'. Then it holds for any g L!(.#,R) that
/ gy(v) drd-t = / goxy/detH dedt, 2.12)

where.#9-1 is the Lebesgue measureRy 1.

Proof Let{T1,...,74_1} be an orthonormal basis fof;. As rankDR d—1, one has
that Ty = 3 &%, k= 1— d — 1, for someA := (a)§;;. It follows thatQ =
DXAT, whereQ := [T;---Ty_1] € R9*9-1 Therefore we have thady_; = Q" Q=
A[DX]T DXAT, AT A= ([DX" DX)1; and hence that dg®" G Q) = [det[DX]T DX)] 1
det([DXT GDR), i.e

[det(7i. GT){! 2, o X] det([DX]" DX) = det([DX]" GDX). (2.13)
It follows from (2.1) and (2.13) that

/ gy(v) dd1 / gy/det(®. GT)T Y, dd L

_/ gox/det(®. GT))f L 0%, /det(a%. 00 Y dzd

:/ gox\/det(aiz.ea,- 0 d.,eﬂd—lz/ goXVdetH dz9 1. (2.14)
9 ’ 9
This completes the proof. O

In the following lemma we prove identities needed for the analysis of the aniso-
tropic differential operators.

Lemma 2.3 Letf = 3 by 9; %, i=1— d 1, be orthonormal with respect to the
inner product given by, and B:= (b.,) 1 Then it holds that

H1=B'"B, (2.15)

and d¢(vdetH) = VdetH z hil d;X. Gd, X, k=1—d-1. (2.16)
i,]=1



13

Proof Similarly to the proof of Lemma 2.2, é’séfj =§j,i,j=1—=d—-1,itholds
thatldg_1 = BH BT, and hence (2.15). For ajyc 2 we have thafdc(detH)](y) =
Iim5ﬁ0% [detH (Y + 0&) — detH(Y)]. On noting thatd X(y + &) = & X(Y)+
302X(Y) + 0(8?), we have that

hij (V+ 88&) = hij + 8 (8 X.GaZ X+ 0;X.GaZX) + 0(8?), (2.17)

where, here and from now on, all the terms on the right hand side are evalugted at
It follows from (2.17) and the well known trace approximation for the determinant,
det(ldg_1+ 0A) = 14 5 trA+ 0(5?) for Ac RE-D*x(A-1) that

detH (y+ 68) = detH det(ldg_1 + 6H  [F+FT]+6(6%))
=detH [1+25tr(H'F)] +0(8%), (2.18)
whereF := (4, x.éafk X)ﬁj;ll. It follows from (2.18), on noting (2.11), that

1

d-1
5 [detH (y+5&) —detH (7)) =2 detd hl 9;%.GaZx+ 0(3).

i,]=1
Letting & — 0 yields the desired result (2.16). O

In the following lemma we express the relevant differential operators in local
coordinates.

Lemma 2.4 It holds that

(0Sg)ox = df h i (gox)d;%, (2.19a)
i,]=1

(08.g)ox = df hil 9;%. G [go X, (2.19b)
i,j=1

(0Sg)ox = df hi i [goX ©Go; %, (2.19¢)

i,1=1
where g. I — R andg: " — RY. Moreover, fort,v: I — RY we have that
(080, 1Sv)g = idglh” 9 [Uo].Ga [VoX. (2.20)
Finally, we have that
(@8 g)ox= 6. ([Eq) ox= detH]F S A[VARHNI3j(go%) (221
i=1
and, similarly,

(88g)ox = [OS.(0Sg)] 0% = [detH] 2 _df a[VdetH hi 9 (goR)]. (2.21b)

i,J)=1
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Proof Recalling the notation in Lemma 2.3, we have that

d-1 d— d-1 d-1 . ~
> Wa@e0ax= 3 |3 bity|a@o09%= 3 (49~ g,
i,j=1 i,j=1

and similarly

d-1 — ~
> h'l 9;%.Ga [goX = z Gt =0C.4.
i,J=1 k=1

This proves (2.19a,b); and (2.19c), as well as (2.20), can be shown analogously.
Moreover, it follows from (2.19a,b) that

~ ~ d-1
[0S.(CSg)|ox= Z hlo;%.Ga | Z h¥ 6 (goR)] a X
i,]=1 k=1

_d-1
+ Z h'l9;%.G Z h o (goR) a2 =:S5+S. (2.22)
i,]=1 k=1

On noting (2.11), we have that

d-1 _
Si= S hhia[y a(gon)]= S o a(gox)]. (2.23)
3 fimaly Pl

In addition, it follows from (2.16) that

d—1
S = Z [hk'ak goX) Z hi 9;%.GaZx
k=1

i,)=1

= [detH]~ Z h¥ Ay (goX) é (VdetH).
(2.24)

Combining (2.22), (2.23) and (2.24) yields the desired result (2.21a).
Similarly, it follows from (2.10), (2.19b,c) and (2.9) that for silE RY

& (6 Sv— 8. ((8a ox9) — S Hi g z.Ga [(0Sa)
6. (R g)]ox. GV = €. ([ g)" o X)) = 3 Wox.Ga [(0g)" 7]
1=
d-1
hi 9;%.Ga

d-1
Z hk'([ak(qoz)].évmx]
i,]=1 k=1
d-1
2
d—1 | _[d-1 " - ) ~ o~
hig .G h oX)].GV | 9% =: .
+ > hlo (k;l [0k (GoX)] ) IX=S+S

i,]=1

hig;%.G (a.

d—1
Z h [0k (Go%)]
kI=1

.év)a.x
i 1

(2.25)
Similarly to (2.23) and (2.24), we have that

S = Z a [ a (Gox)]. GV (2.26)
kI=1
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and
S, = [detH] 2 Z K G (Gox).GVa (vdetH). (2.27)
Combining (2.25), (2.26) and (2.27) yields the desired result (2.21b). O

In contrast to Lemma 1.1, we now compute the first variation of the anisotropic
surface energy (1.1) in a general direction.

Lemma 2.5 Let

r(8):={z+589(2):2er}, (2.28)
whereg: RY — RY is a smooth vector field. Then it follows that
d g - _
35 @y ls-o= [ (CE.Qyw) a2, (2.29)

Proof We define
Gij(8) := (A[X+3goX].Gdj[X+ 3gox))

and letC(5) = (cij (8))-2 j—1- Assuming w.l.0.g. thad has compact support ¥{%) C
I, on employing a partltlon of unity, it follows, similarly to (2.14), that

d _4d d-1
$|F(5)|y—d5/@\/detC(6) dod-1. (2.30)
Now, similarly to (2.17), we have that
cij(é)zdii.édjﬂd(dix.éaj[qoxf]+ai[goxf].éajx)+ﬁ(52). (2.31)
Similarly to (2.18), it follows from (2.31) that

detC(5) = detH (1+25tr[ L(9y%.Gar[gox))d ] + 0(52))

d—
= detH <1+25 S hi9;%.Ga [goz}+ﬁ(5z)>
i,J=

1

Therefore we have that

\/detC(5) = v/detH <1+5 > hi9;%.Ga [go>-q+ﬁ(52)>
i,J=

1
This implies, on noting (2.30), (2.19b) and (2.12) that

d

SIr@)lyls- 07/ VdetH Z hil 9;%. G [gox] dzd

i,J=1

_/ VdetH (08 g) ox .z /y v) S .gddt,

and hence the desired result (2.29). O
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We now introduce an anisotropic mean curvature vector usinc;?tinmer prod-
uct.

Lemma 2.6 Forg: ™ — RY it holds that

[(OE. gy art—— [ (@.658)yv) wrt (2.32)
r r

where the anisotropic mean curvature vecidt is given by

%G

‘”G)z

ASid =08 . (0Cid). (2.33)

Proof Assuming w.l.0.g. tha§ has compact support X(2) C I, on employing a
partition of unity, it follows from (2.19b), (2.12), the symmetryldfand (2.21b), on
recalling (1.10), that

/(Dsé@) y(v) ddt /\/detH Z hiax.Go;[gox] dgd?
r &

1

- /9 df (a,- GoX édzl VdetHhi g x) dyd-1

/(gox ).G z 0; [vdetH i ] d.zd-1

i,]=1
- [@0E.(Eidgyv) . (2.3
-
Using the identity (2.33) then yields the desired result (2.32). O

We now demonstrate that this anisotropic mean curvature vector is perpendicular
to I, with respect to the inner product defined®y

Lemma 2.7 It holds thatG »€ is a multiple ofv, i.e. for anyZ € I" it holds that
£.Gx%(2)=0 VieTrl. (2.35)

Proof As T;I" is spanned b){de}k_l it is sufficient to show thai%G( 7).GoX=0,
k=1— d—1. But this follows on noting (2.33), (2.21b) and that

[detH]~ z a[vdetH hl 9;%] .G &
i,]=1

d-1
= [detH]~ z a[vdetH h 9;%.Gx] — y hiox. Gazx
i,J=1 i,j=1
. d-1 .
= [detH] 2 gc(VdetH) - 5 h' 9jX.GozxX =0, (2.36)
i,]=1

on recalling (2.11) and (2.16). O
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Remark 2.2We note that our definition offé, for the anisotropy (1.12) with. =
1, differs from the usual weighted mean curvature veetpr= s, V, recall (1.3).
Combining (1.4), (2.29) witlg = gV, (2.32) and (2.35) yields that

7 =[y(v)] G 1%, andhencethat y(V)v' G#C = ny.  (2.37)

Remark 2.3Similarly to (1.3), we can also introduce a scalar anisotropic mean cur-
vature. In fact there exists 2% : I — R such thatz® = »C7¢, where € ;=

VTG 1y~ 2G1v; i.e. v is orthonormal to.7; with respect to the-,-)s inner
product. Moreover, it follows, as in (2.34), that

8 = —IZISG UG
which is the direct analogue of (1.3).

In the lemma which follows we prove integration by parts formulas for the gradi-
ent and divergence operators induced®y

Lemma 2.8 Letuv: I — R. Then it holds that
/rumf.(mfv) y(v) drd-t = —/r(mfu, Vs y(¥) dedl;  (2.38a)
where we recal(1.10) Similarly, for functiondl,v: I — RY it holds that
@S (0w =~ [ ((EUEVgyv) drtt (2.38D)
where we recal(2.8).

Proof Applying Lemma 2.6 t@ := quv and noting (2.35) yields that
/( ) y(V) dordt = Z/DS VE] YU drtt=0.  (2.39)

Moreover, we have from (2.6), (2.5), and on recalm\'@. = Dsé. (DSG-), that

DGg_Zaﬁ uGDSV+Zu&DG]Gﬁ
= ([Cu,08v) 5 +un. (TCv). (2.40)
Integrating (2.40) multiplied by(V) over I yields the desired result (2.38a), on

noting (2.39).
ForU = [V, we note from (2.10), (2.32) and (2.35) that

/I_[Dsé.(U*U)] Y d%d—lzfzj/r 0s. [(aﬁv.émﬂ y(V) ddl=0. (2.41)
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Then, similarly to (2.40) it holds on noting (2.9), (2.10) and (2.8) that foraay™

. _ [d-1 _
[08.(U D)) () = [Dﬁ (21 (% V.Gﬂ)ﬁﬂ @

d-1 d-1

-5 [wfjv.éaﬁ a)(fj.éﬁ)} @+y

i,j=1 i)

(T, D§V>@<2>+DG (U*U@)(2

(60,0852 +(0.U)(2).Gu()
— (080, CV)5(2) + (0,0C. <DSV>>G<2>. (2.42)

We remark that in the last term of the second and third rows theti€zis taken to
be constant when differentiating. Integrating (2.42) multipliedyty) over I, and
noting (2.41), yields the desired result (2.38b). O

Combining the results obtained so far yields the following weak characterization
of the weighted mean curvature vecteyV, as opposed to (1.18), which, together

with its generalization in Theorem 2.1 below, will lead to unconditionally stable fully
discrete approximations in Section 3.

Lemma 2.9 For smooth test function_é: I — RY it holds that
/%VU.Ed%d’l—i—/(Dséia,Dséc?)éy(D) d#-1=0. (2.43)
r r
Proof Choosingv = id in (2.38b) yields, on noting (2.33) and (2.37), that

[ (CSi8,088)5ym) art A= [ (€08 (€ i) gy(w)
=— / (€ ,?fé)é y(W)ds#tt = — [ 5, v.Edtt. (2.44)
-
This proves the desired result (2.43). O

We will now derive the analogue of (2.43) for a general anisotrpgiven by
(1.12).

Theorem 2.1 For g andl™ (d) as in Lemm&.5it holds that

ol lo-o= 3 [ [29] (e aum et @a

y(v)

and for¢ € {1,...,L} we have that

r—1

@S9V wmario @80 umartt  (2a0)
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~ =~ svr-1 x
wherez% 1= 05 . HW(V)} oS id} ,{=1—L, are such that

v((2)5%(2).Gf=0 VTeT, (2.47)
=1
for anyZ € I". In addition, it holds that

=,V (2.48)

Moreover, for functionsi,v: I — RY it holds that

. o -1 .
;1/r <U’ GH%)} e

_;/ [Vf V) ]r 0S DS%) (V) do#d-1, (2.49)

) y(V) doedt
G

which is the analogue d®.38b) Finally, the corresponding analogue (#.43)also
holds, i.e. foré : I — RY we have that

/%yv £ dwd- 1+;/ [W v ]r 08id, 0% &), yi(¥) = 0. (2.50)

Proof LetH,, C, € R@-D*(d-1) pe defined as in (2.11) and the proof of Lemma 2.5,
respectively, withG replaced byG,. Then, similarly to (2.30), we have that

1
? )y = d5/< [detCy(3 2> dgdt,
Hence it holds that

d
5 Ir @)l lso

/ ( ;Ll[detcx Ik )
:/z/ S g W) }_1 dd-t,

Similarly to (2.21b), we have that

==

L
; [detC,(0)] =" v/detH, (IS .g) ox 241

5 [v®] e, 1 [ ]
[D&([;@)] 15 g)jox = [detH] uzlai[[j] L /det, ) 0 (gox)| |
(2.51)
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where here and throughout this proof we use the short hand not% =

Syvqr—1
‘;f(%’)) oX. Asin (2.34), on assuming w.l.0.g. tHthas compact support K{2) C

I, it then follows from (2.19b), (2.12), the symmetryldf and (2.51), on recalling
(1.10), that

r—1

ﬁm?m[ﬁg}w<m%ﬁl

-1
/ (a, gox. ngl\/detth”i}X> [’;f] Lggd-t
_0/

/ (gox).G Z a,{ ’:f ] 1\/detH4h”02} dgd?
i,j=1

_ & |[v¥] e - - d—
— /r< , 05 'HV(U)] WS |d]>@yg(v)d% 1

— - [(@.25)g, w(v) a2,

We now prove (2.47). As in the proof of Lemma 2.7, it is sufficient to show that
Sh () (3%, de)GZ =0,k=1—d-1. Similarly to (2.36), it first holds for
¢=1— L that

[detH,]~ [ 1; ]"*\/detH, b 9, x} .GraX

4 W r—1 VZ r— 1d !
= [detH,] "2 z [ Y \/detthJ(?JX Gg@ki} V > h”aJx G, az%

i,j=1

[detH,] 2 |

<I=x

d-1 N N d-1
"1y o[ V/detHh) 9%.Grox| - [‘;f}’ LS hi %G, a2%
i,J:l i,]=1

+ [detH,] 2 Z a V’ - 1{\/detH/h” 9;%. G/akxf}
i,]=1

dil_ygrfl TIPS 77 Viqr-1 Vior
i,,;d' i [ a,x.Gmkz} *i;&'[V] L5 = d [y] . (2.52)

Multiplying (2.52) with y; = y;(V) oX and summing fof = 1 — L yields that

L L
Y (V) (° akx yNk =(r—1) VIS Yoy —dky ) =0,
Py -2 2

on recalling (1.13).

Combining (1.4), (2.45) witly = gV, (2.46) and (2.47) yields (2.48), which is
the analogue of (2.37). Next we note that the proof of (2.49) is a simple extension of
that of (2.38b). Finally, similarly to (2.44), the desired result (2.50) now follows from
(2.49), (2.46) and (2.48). O
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Remark 2.4We note that in line with Remark 2.1, (2.50) is clearly independent from
the chosen parameterizatiéin 2 — RY of I". In particular, in practice it is often
advantageous to consider a global parameterizatio? — I, whereQ c R% is a
suitable compact reference manifold without boundary, recall (1.9). This will be the
chosen viewpoint from now on in this paper.

3 Finite Element Approximation

Similarly to [4], we introduce the following finite element approximation, based on
the seminal paper [14]. Let 81ty <t; < ... <ty_1 <ty =T be a partitioning

of [0, T] into possibly variable time stepg, := tmy1 —tm, m=0— M — 1. We set

T = MaXn_0-M_1Tm. Let ™ c RY be a(d — 1)-dimensionalpolyhedral surface

i.e. a union of non-degeneratd — 1)-simplices with no hanging vertices (see [13,
p. 164] ford = 3), approximating the closed surfa€éty), m= 0 — M. We now
parameterize the new closed surfac&™ over ™. Hence, giverX™, a parameteri-
zation of I'™, we introduce the following finite element spaces. L&t = Uﬁzlﬁ,
where{ajm}f:1 is a family of mutually disjoint opefid — 1)-simplices with vertices
{dy}1, and seh:= maxj—y,jdiam(af"). Then form=0— M —1, let

V(r™) = {X eC(r™R): X|on islinearv j = 1 J}
= W(r™]* c HY(r™RY),
whereW(I'™) c H1(r™ R) is the space of scalar continuous piecewise linear func-
tions on ™, with {g"}X_, denoting the standard basiswi( ™).

For scalar and vector functionsv € L2(F™ R(@) we introduce theL? inner
product(-,-)m over the current polyhedral surfafé& as follows

(U V)= /I_mu.vd%”d‘l. (3.1)

Here and throughout this papét) denotes an expression with or without the super-
script*, and similarly for subscripts. Moreover, far> 1, X™ ¢ V(Ir™1) and for
m> 0 we also note thaX™ = id is the identity function o ™.

If u,vare piecewise continuous, with possible jumps across the edgeﬂaf:l,

we introduce the mass lumped inner prodicth, as
Wvim=g§ Y 1o Y (uv)((@h)), 3.2

where {df} d , are the vertices ofo", and where we definai((d}))”) =

i m_ _1 g _gM)A... m _ gmy| i
ajmgglq?; u(p). Here|a}"| = @ (@ —dj}) A---A(d], —df})| is the measure of
ajm. In addition, we introduce the unit normal" to I ™; that is,

(J"z_ jl)/\.../\( N jl)
m m m my |’
‘( 2 11)/\"'/\( o j1)|

ym
]

=y" |ajm1=
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where we have assumed that the verti{ﬁi'%}ﬂzl of o" are ordered such that" :

™ — RY induces an orientation an™. Finally, we sef - |ﬁq( hy = (- ->§Q).

Hence, on recalling (1.16a) and (2.50), we propose the following approxima-
tion to (1.5a) withy defined by (1.12) for a given € [1,): Find {X™, k/"1} €
V(™ xW(Ir'™) such that

_Xm . ~
<7,xvm>%—<ﬁ(vm)f<9‘”,x&=0 v xew(rm, (3.3a)

(SR ) (V™) At 0

vAeVv(r™); (3.3b)

where, as noted above, the inner prodyetsm, (-,-)1 as well asls G depend om.
The corresponding approximation for motion by anisotropic surface diffusion,
(1.5b), is given by: FindX™®, kM 1} € V(I™) x W(Ir™) such that

>‘(’m+1 7>‘<'m
<7Tm

and (3.3b) hold. We note that (3.3a,b) and (3.4), (3.3b) for the chicicé in (1.12)
reduce to a linear system for the unknouxig1 andKQ““. In particular, we note that
(3.3a,b) and (3.4), (3.3b) for the isotropic surface engfg) = || and the mobility

B =1 reduce in the cagk= 3 to the schemes considered in [4]. Note furthermore that
in the casal = 2, the above schemes, foe 1, collapse to the schemes considered
in [3]. This can be seen from the fact that in this case

XU = (BOUM Dek™, OsX)m=0  VxeW(™), (3.4)

W(U™) (08 XM, 080 ) g = y(V™) (Gy 0 X2, 4, )
)G R ), (3.5)

astl. G,V = Ut .G,V for all G,V € R2. Herefy = [(U™L. G, (VM)L]~2 (vM)+ =
[v,(Vv™]~% (V™) and-s denotes the partial derivative with respect to the arcleagth
Observe that the schemes in [3] are based on a formulation involving the last term in
(3.5), and so do not rely on the definition@f and the novel variational formulation
introduced in Section 2.

In order to approximate (1.7), we adapt (3.3a) to

h (BOU™ K, ),
1

Jm— (BOU™) K X)m=— D (L, X)m

vVxewr™), (3.6)
where we use the obvious interpretationigf on '™, and whereKS ceW(rois

suitably chosen, see [4] for details in the isotropic case. Curvature flows for which the
normal velocity is a nonlinear function of the anisotropic mean curvature of the form
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(1.8) can be approximated by the scheme: RXA™ %, k1) € V(Ir™) x W(r™)
such that

= (BE™ (P, X)m=0  VYxeWr™  (3.7)

and (3.3b) hold. Under certain assumptionsfoexistence, uniqueness and stability
can be shown for (3.7) and (3.3b), see [4] for the details in the isotropic case.

Remark 3.1A possible approximation for (1.14a) and (1.17), (recall its weak form
(1.16a), (1.18)), that can be used for an arbitrary differentiable anisotropy function
satisfying (1.2), is the following. FingiX™1, Ky} e V(I™) x W(r™) such that

)zm+1_xm . . 1 h
<T7,xvm> —(BEM K X)m=0  ¥Yxew(r™m), (3.8a)
m

(kg™ U™ )+ (Y™ DX ™ D) m = (V™ [y (V™) ], Ds i )m
vhiev(r™); (3.8b)

where for the purposes of this remark, we need to extend the definitiofsfarto
matrix valued functions, similarly to (3.1). To this end, we defiAeB =
zﬂ7|=1Ak| B for A,B € R9*9, The system (3.8a,b) uses a similar time discretization

to the scheme: Find™ ! € V(I'™) such that for alij € V(I'™)

JDm+ (Y™ G XM Ts)m = (U™ [V (V™)] 7], s i )m,
(3.9)
which was studied in [12]. The key difference between the schemes (3.8a,b) and (3.9)
is that the former approximates (1.14) and (1.17), whereas the latter approximates
% = B(V)kyV and (1.17); that is, the tangential movement is not specified in the
former, whereas it is (approximately) zero in the latter. We note that although in
practice the approximation (3.8a,b) behaves well, it does not appear possible to prove
a stability result similar to Theorem 3.2, below. Moreover, the corresponding scheme
for anisotropic surface diffusion, (3.4) and (3.8b), is unstable in practice, unless very
small time step sizeg, are used; and even then, it usually eventually fails due to the
coalescence of mesh points.
An alternative approximation to (1.5) is given in [22] and can be stated as: Let
XM= XM 4 1, V™1 whereV ™t € V(™) is part of the solution of: Findgv™ 1,
kL RIFLV™HY € V(IE™) x W(E™) x V(I™) x W(r™) such that for allfj €
V(r™ andx e w(rm
RPEHm+ T (y(V™) V™, Dsj)m = — (y(V™) GsX™, DsA)m
+ (VMY (U], Csf)m,  (3.100)
(K Xm— (R X Vm=0 (3.10b)
(V™ X)m— (Osky™™, Ds X)m =0, (3.10c)

(VL) m— (VU™ ) m = 0. (3.10d)

1xm+l_xm

Tm

(B
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The scheme (3.10a—d) is the straightforward adaptation of the isotropic scheme in [2]
and is based on the variational formulation of

%=V =YV, V=—Dsxy, x=3%.v and (1.17);

as opposed to the formulation (1.16a) and (2.50) considered in this paper for the
class of anisotropies (1.12). We note that, crucially, there is no stability results for
either (3.9) or (3.10a—d). This, and the fact that both approximations only change the
parameterizatio®™ in the normal direction, means that great care must be taken in

practice in order to avoid pathological mesh distortions and unphysical evolutions;
see e.g. [22] for detalils.

Before we can proceed to prove existence and uniqueness to our approximations,
we have to make the following very mild assumption on the polyhedral surfaces at
each time level.

(/) We assume fom=0— M that|o]"| >0forall j=1—J. Fork=1—K, let
& ={0o":df € o]} and set

m.__ m ~me. my ;m
A= Ugme 7m0 and  &''= o mz m\aj |V

Then we further assume that dimspaf'}l ; =d, m=0—M—1.

Remark 3.2We note that one can interpréf” as a weighted normal defined at the
nodeX™(dl") = g of the surface™ ™, where in general@| < 1. In addition, we
note that(.«7) is only violated in very rare occasions. For example, i 3 it always
holds for surfaces without self intersections.

Theorem 3.1 Let the assumptiofie') hold and let r= 1. Then there exists a unique
solution{X™1 k™1} V(™M) x W(I'™) to the system&.3a,b)and (3.4), (3.3b)

Proof As (3.3a,b) is linear, existence follows from unigueness. To investigate the
latter, we consider the system: Fifiid, k,} € V(™) x W(I"™) such that

XXV = (B Ky, X)m=0 ¥ x €W(T™),
(3.11a)

TS [ (5RO R nTm drt 0 v ey
(3.11b)

Choosingx = ky, € W(I'™) in (3.11a) andj = X € V(I'™) in (3.11b) yields that

L ~ ~
3 8K TR 00T 4 (BT ok R=0. (312)
=1
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It follows from (3.12), (2.8), the positive definiteness@f, ¢ = 1 — L, and the posi-
tivity of B thatk, =0 andX = X° ¢ RY: and hence that

(RE XTI =0 v x eW(r™). (3.13)

Choosingx = @ in (3. 13) yields thaiX®. @' = 0 for k=1 — K. It follows from
assumptior{.<) thatX¢ = 0. Hence we have shown that there exists a unique solution
{XML k1Y e V(™) x W(I™) to (3.3a,b).

The corresponding proof for the system (3.4), (3.3b) is similar with only a minor
modification; see e.qg. [4] for the isotropic case. O

Remark 3.3Let us remark that in the case> 1 the nonlinear system (3.3a,b) for
{X™1 k*1} is not continuously dependent on the variakle!. For certain choi-

ces of the unknowX ™1, simplices might degenerate and in such a case the normal
is discontinuous and therefore discontinuities appear in (3.3a,b). Due to this fact it
is not possible to show existence of solutions to (3.3a,b) with the help of Brouwer’s
fixed point theorem. However, in practice we had no difficulties in finding solutions
to the nonlinear systems (3.3a,b) and (3.4), (3.3b), and the employed iterative solvers
always converged; see Section 4.

On the other hand, one could consider the obvious linearizations of (3.3a,b) and
(3.4), (3.3b), obtained by replacig*! with v™in (3.3b). Then it is straightforward
to show existence and uniqueness for the solutions of the arising linear systems for
anyr € [1,0). However, it then no longer appears possible to prove the correspond-
ing stability result (3.19a,b), below, and numerical evidence suggests that instabilities
occur unless very small time step sizgsare used. Hence we prefer the (uncondi-
tionally stable) nonlinear schemes (3.3a,b) and (3.4), (3.3b).

We recall that fod = 2 andr = 1 unconditional stability of the schemes (3.3a,b)
and (3.4), (3.3b) has been shown in [3]. We now prove the unconditional stability of
these schemes far= 3 and arbitrary > 1.

Lemma 3.1 Letd=3andY = Uleﬁj be a polyhedral surface. Then we have for
j=1—Jand/=1— L that

/ W) [0S V2 dr? > /( W aAP =¥ (ol Y V),
Y(oj
o (3.14)
with equality forY = id €V (Y). Herev" is the unit normal on the polyhedral surface

V(v and|-2 = (. )g,

Proof Let {f1,t>} and{p1, 9} be orthonormal bases of the plane containingwith
respect to thé., )~/ inner product and the standard inner product, respectively. Then,
on recalling (2.7) and (2.8), it holds ar) that

V() [CS VG = v(0®) 3 (3 V.6 V)g, = (V) Z'AMYF (3.15)

':MN
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whereA? = Gy. Letf, = Y7, ay p) for someA:= (g )ﬁlzl. Then, similarly to (2.13),
one can show that

(detA)? det(d; Y .05 V) _y = det(3; Y. 3; V)A_y, with detA= [y(v)] L.

(3.16)
Similarly to (2.14), it follows from (3.16) that
Yol = [, w")dn?
Y(oj)
~ = _ - 1
B [det( %Y. G0 Y)2_y det(d5 Y .95 Y)Z_y | ° A2
o det(d; Y. 0 Y)2_,
:/ W(U) \/det(0, V.G a; V)2 _y dor?
gj
:/ Vo(0) | Ay 3, ¥ % Ay 0, V| d?. (3.17)
0j
Next we note that
laxb| <|d bl <i(ld@?+p?) va&beR® (3.18)

with equality if and only ifa.b = 0 and|d = |b|. The desired results (3.14) then
follow immediately on combining (3 17), (3.15) and (3. 18) and on noting thét if
is the identity function oruj, thendﬂY =7 andAg&Y /\Z&Y (t.,t|) s, =g on
gj. O

Theorem 3.2 Let d = 3 and {X™,«{"}M_, be a solution 0f3.3a,b) Then for k=
1— M we have that

k-1
7y + Z Tm (B(V™) kML kIR < (70, (3.19a)

where we recal(1.1). Similarly, the solution t@3.4), (3.3b)satisfies

k-1
Moy + S Tm(BE™) Csky™™, Ok )m < 1Oy (3.19b)
m=0

fork=1— M.

Proof As the two proofs are almost identical, it is sufficient to show (3.19b). Choos-
ing x = k™ € W(I'™) in (3.4) andij = %ﬂjx"‘ €V(r™) in (3.3b) yields that

L v -1 _
Iz / |:V€ ST ] (DS Xm+l DGé (Xm+1 Xm))G[ W( )d%Z
1

+ T (B(V™) Csky* Dk hym= 0. (3.20)
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Then it holds for any € {1,...,L} andj € {1,...,J}, on recalling (3.14), that
[ W0 (R, 0 (R %) o 2
-1/ OISR - [ mv@(vm)m?f%m%k dr?
+3 / Y™ [0S (XL - X2 dor

> /a ™ d? - / V(V™) dr 2. (3.21)
j

. r-1
Multiplying (3.21) with the constanE‘(f(l’mH)} and summing fo¢ =1 — L and

(V)

j =1— Jyields, on employing a Blder inequality, that

= W(Dml ]& Gy xm+l DG[ (xm+1 xm)) ( ) d%Z
21 rm §m+1 GZVZ )

[y (v™h)] 2 - om 2
/z/m“ ey O /Z/rm[ ] V(™) dor
> /r Y™ P /r YO dr? (3.22)
Combining (3.22) and (3.20), yields that
IF™ Ly — 7™y + T (B(V™) Ok, Dsky H)m < 0. (3.23)
Summing (3.23) fom= 0 — k— 1 yields the desired result (3.19b). O

We note that (3.19a,b) are the discrete analogues of (1.6). They are also the nat-
ural extensions of the stability results for curvds; 2, that were derived in [3] for
the case = 1. Combining the approach for curves there and the ideas presented
above allows one to extend the stability resultsdier 2 tor > 1. To our knowledge,
(3.19a,b) are the first stability results for a direct approximation of (1.5a,b) in higher
space dimensions.

Remark 3.4Similarly to [3, Remark 2.7], it is worthwhile to consider continuous in
time semidiscrete versions of our schemes. For example, we replace (3.4), (3.3b) by

(%, XV“>“—<B(V“)DSKV,sz>— vx eW(rN()), (3.24a)
Ky U, )" /Z/rh{w ] 08X, 08 H)g, (V") dz® L =0

Vi eV(rh(t)); (3.24b)

where we always integrate over the current surfa@é) (with normalvh(t)) de-
scribed by the identity functioiX(t) € V(r'"(t)). In addition, (-,-)(" is the same
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as(-,)™ with ™ andX™ replaced by N(t) andX(t), respectively. It is straightfor-
ward to show that (3.24a,b) conserves the enclosed volume exactly; since on choosing
X = 1in (3.24a) and taking into account (3.2) yields that

0= (%, V"= /rhfq.vh dordt = % Vol (F"(t))]. (3.25)

Of course, (3.25) applies to the corresponding semidiscrete analogue of (3.6) with
(3.3b), as it is based solely on (3.24a) witke= 1.

In [3, Remark 2.7] we showed for a closed curve that the scheme (3.24a,b) for
d =2 andr = 1, and the corresponding semidiscrete analogues of (3.3a,b) and (3.6)
with (3.3b) will always equidistribute the nodes along the polygonal approximation
to the curve according to some nontrivial weighting function, if the corresponding
intervals are not locally parallel. In particular far= 1 in (1.12) we obtained an
equidistribution with respect tg; that is, y(X (tks1) — X(k)) is constant for alk
with {qk}k=1 sequential around the polygon. Moreover, in [4] we derivedifer3 in
the isotropic case a similar, but weaker, criterion that is satisfied by the triangulations
of the evolving polyhedral surfaces for our schemes.

Itis possible to formulate criteria which are fulfilled by the schemes in this paper,
and which lead to good mesh properties also in the anisotropic case. This discussion
is a natural generalization of the isotropic case and invojwesnformal mappings,

i.e. roughly speaking mappings that preserve geometric information which are for-
mulated with the help of the anisotropy functignWe do not give the details here,
but refer to [4] for the corresponding results in the isotropic case.

4 Solution of the discrete system

We introduce the matricdsy € (R?)X*K andMg m, A5 ym € R®*¥ with entries

Mgl == (BO™) @ @™ [N == /r @ g A,
Al = (Gs @, Ts@™m,  [Agmlk == (BO™ Gs @, Ts @™ m, (4.1)

whereni™ : C(I™ R) — W(I'™) is the standard interpolation operator at the nodes
{dMK_,. In addition, given an approximation™ ! to V™1, wherev™! is a
constant vector on angf", j =1 — J, we introduceA}, € (R%*¢)<*K with entries
(Al € RI<d k| =1 — K, defined by

VZ Vm+1|

Ay = ;/r[ O] o) 6 g ey

vil Vm+1|) r-1

_; [ (UML) ] W(Vm)fo%m,Ds@@Wmiéﬁ VZyeRY,
4.2)
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where we have noted (2.8). Hence the computatioﬁ]pifeduces to assembling ma-
trices of the form

- iy7r1 ~ _ K

This is straightforward, since assembling e{.@?f qr, ng @™ m)k)—y is very simi-
lar to assemblind\y, in (4.1), on recalling (2.5).

4.1 The linear case

First, we will consider the linear case= 1, when the definition (4.2) is independent
of i, so that we can writéy,,. We can then formulate (3.3a,b), for= 1, as: Find
{OX™L kM 1} € (RY)K x RK, such that

_NT m1
b ) () = (_agm ) 4.3
Nm  Am oX —AnX
where, with the obvious abuse of notatidX™* = (6X{**,..., 53X HT andk[*?
= (kM .. k™7 are the vectors of coefficients with respect to the standard basis

yl o tyK
of X™1— XM andk|"?, respectively. We can transform (4.3) to

Kyt = Mg N oX ™, (4.4a)
(Bm+ & NinMg 1 NG 83X = —Ap XM (4.4b)

As (4.4b) is clearly symmetric and positive definite, there exists a unique solution to
(4.4b). Moreover, the solution to (4.4a,b) uniquely solves (3.3a,b).

In order to adapt (4.4a,b) to the approximation (3.4), (3.3b) of motion by aniso-
tropic surface diffusion, i.e. (4.3) withlz ., replaced byAg 1,,, we need the following
definitions; see [6] for their equivalents in the isotropic case Sigbe the inverse of
Ag m restricted on the subspagieerAg ;) = (spar{1})*, where 1= (1,...,1)7 €
RX. Let M1, be the orthogonal projection ont@y := {X e (R : XTNy,1 = 0};
that is, My = IaK — % wherew := Ni,1. One can then employ a Schur comple-
ment approach to yield

Kyt = L gy Ng, 6X™, (4.5a)

Fim (Bm+ 2 N SnNi) A 6X™ = — i A X™. (4.5b)

As (3.4), (3.3b) has a unique solution, it is easily established that there exists a unique
solution to (4.5b). Moreover, the system (4.5b) is symmetric and positive definite on
P, see [6] for the relevant details.

The Schur complement approaches (4.4b) and (4.5b) can be easily solved with a
conjugate gradient solver. As the anisotropic evolution laws considered in this paper
can in practice lead to a very non-uniform distribution of mesh points, it is essential
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to employ a suitable preconditioner for the above mentioned systems. The following
diagonal preconditione®p, € [R9*4]K*K with diagonal entries

(Gl [kt & Mp i diagl{ (N 8230 . (46)

whereg, i = 1 — d, are the standard basis vector&# worked very well in practice

for the system (4.4b). Naturally, the definition (4.6) can easily be adapted to the Schur
system (4.5b). Here we used the preconditiafigiH, [m, whereHp, e [R4xd]KxK

is obtained from (4.6) by replacing mkk With [Ag n]kk. Note that for the compu-
tations reported on in Section 5, the preconditioned conjugate gradient solver was up
to 5 times faster than the standard conjugate gradient solver.

4.2 The nonlinear case

In order to find the solution to the schemes (3.3a,b) and (3.4), (3.3b) in the nonlinear
setting, wheny is given by (1.12) withr > 1, we employ the following iterative
solution method. For ease of exposition, we only describe it for the scheme (3.3a,b),
as it naturally generalizes to all the other approximations.

At each time step, givefX™ 10, ™10} we seek foi > 0 solutions{X™1i+3
K™Li+2} € V(™) x W(I™) such that for ally € W(I™) andfj € V.(I'™)

KMHLi+s _ ¥m . . miLit
(T,va%—m(vm)@ 2 X)m=0, (4.7a)
miLitd om =

(Ky EAVAUN

vm+1|

Gy gmtli+d —G, =y d—1
+[z/rm{ (T ] Sz 8,05 ), (™) A0t = 0. (4.7b)

Clearly, on recalling the Schur complement approach (4.4a,b) for the linear system
(4.3) and on noting the definition (4.2), the coefficient ve@Bf™1i+2 ¢ RX s the

unique solution of the linear system
(Bt £ NepMg T NT) SR 2 = AL XM, (4.8a)
On obtainingdX™%i+3 from (4.8a), we set
FMALI+L _ (1 _ ) ML gm ML+ 3
X (1-p)X +u(X"+oX ), (4.8b)

wherep € (0,2) is afixed relaxation parameter. The iteration (4.8a,b) is repeated until
[ Xm+Li+l _ Xm+Lij|, < tol, where tol= 10" is a chosen tolerance. In practice, the
iteration (4.8a,b) always converged, providee: 1 was chosen sufficiently small.
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Table 5.1 Absolute errorgX — ||~ for the test problem, witd = %T = z andT =T — 1, respectively

ol

K &=05 e=01

hgo T=1T T=T-1 hg T=1T T=T-1

50 7.1104e-01 4.2822e-02 8.6025e-02 9.0598e-01 1.5049e-02 1.6111e-02
194 4.5309e-01 2.7105e-02 1.1153e-01 6.4277e-01 4.1042e-02  1.0648e-01
770 2.5646e-01 1.0536e-02 1.0260e-01 3.7441e-01 2.1118e-02 1.1484e-01

3074 1.3437e-01 3.1780e-03 7.6203e-02 1.9555e-01 6.6810e-03  9.2615e-02
12290 6.8515e-02 8.7318e-04 4.9815e-02 9.9150e-02 1.8467e-03 6.3176e-02
49154 3.4561e-02 2.3086e-04 3.0128e-02 4.9826e-02 4.9084e40@324e-02

5 Numerical Results

All the result reported on in this section are for the evolution of hypersurfade,in

sod = 3 throughout. Unless otherwise stated, we use a constant mgbiityt; and

for the anisotropy (1.12), we takg, of the form (1.20) withe, =¢,/=1— L.
Throughout this section we use essentially uniform time stepsii.e: T, m=

0—-M-—2,andry_1 =T —tm_1. For later purposes, we define

X(t) ;= Smez Xm . tnt gm-1 teftm,tn] mMm>1

Tm-1 Tm-1

Finally, we note that we implemented the approximations within the finite element
toolbox ALBERTA, see [24].

5.1 Anisotropic mean curvature flow

It was shown in [25] that for the anisotropic mobilifyy = y, an exact solution to
(1.5a) is given by

rt)y={deR?:y* (@ =+1-2(d-1)t}, (5.1)

i.e. shrinking boundaries of Wulff shapes. Using (5.1) we now perform a convergence
test for our approximation (3.3a,b) wifh= y. An exact solution to (1.5a) wit = y
defined by (1.12) with. = 1 andG; = diag(1, £2,£2), on noting (1.19) and (5.1), is
given by

1., _ _
(1) = (1-41)2G2idg, te[0,T), T=025; (5.2)

whereidg is the identity function on the unit sphe = & ¢ R3. Fore = 0.5 and

£ = 0.1 we report on the errdfX — X|| .~ in Table 5.1. Here we always compute the
error || X — XL = maxn=1_sm || X(tm) — X(-,tm) ||, where||X (tm) — X(-,tm) || =
MaX—1K {minyeg |>?m(q;“)—z(y,tm)\} betweenX and the true solution on the
interval [0, T] by employing a Newton method. We used= 0.125h)2~(0 and either
T= %T or T =T — 1. We note that the experiments indicate that the convergence

rate for the error away from the singularity @(h?), and up to the singularity at
time T is of order less tha®(h), which corresponds to the results obtained for the
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Fig. 5.2 Plots of X(t) at timest = 0, 0.01, 0.03, 0.06, T = 0.08 (all on the same scale), ai(T)
(rescaled).

isotropic case in [4]. In Figure 5.1, we present the evolution for the Kase3074
ande = 0.5. Here and throughout the paper, we use the same scaling for all the plots
in a figure, unless otherwise stated.

An experiment for anisotropic mean curvature flow for the anisotropy fungtion
as in the second row in Figure 1.2 afid= y can be see in Figure 5.2. The initial
surface is given by a unit sphere, and the discretization parameteks -ar@70,
J=1536,T =102 andT = 0.08. It is interesting to note that the initially spherical
surface shrinks to a point by adopting an elongated shape with rounded facets that are
aligned with the Wulff shape. In comparison, the same evolutiofi ferl is shown in
Figure 5.3, where we integrated until tifie= 0.12. Here the surface attains a much
flatter shape. These different shapes can be explained by the fact that the ghosen
is smaller on the top and bottom facets of the Wulff shape, and henge+oy the
surface shrinks faster on the vertical sides.
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Fig. 5.3 Plots of X(t) at timest = 0, 0.01, 0.03, 0.06, T = 0.12 (all on the same scale), ai(T)
(rescaled).

Fig. 5.4 Plots ofX(t) at timest = 0, 0.1, 0.2, 0.25.

5.2 Regularized crystalline mean curvature flow

In this subsection, we report on numerical experiments that approximate motion by
crystalline mean curvature flow, see e.g. [27,1]. To this end, we used the anisotropy
as depicted in the first row of Figure 1.2, but here chose a smakel0 °. The
evolution of an initial letter “L”, that is made up of forty unit cubes and has total
dimension 8x 2 x 4, can be seen in Figure 5.4, where we used the discretization
parameter¥ = 2818, =5632,7 = 103 andT = 0.25. We note that, as predicted in

[7, p. 193]; see also [8], for the true crystalline mean curvature flow, we observe facet
breaking. We note that the triangulations in this simulation deteriorate slightly, with a
small band of vertices forming on the surface. Although this is an undesirable effect
of the tangential motion induced by our scheme, the meshes are still well behaved and
the linear systems at each time step are still easy to solve. We repeated this experiment
for the mobility 3 = y and obtained very similar results, and so omitted them here.

In a second experiment, we investigated the evolution of a dumbbell-like initial
surface under motion by (regularized) crystalline mean curvature flow. Here we ob-
serve that, as in the isotropic case, a pinch-off occurs in finite time. In particular, the
middle neck connecting the two cubes is thinning under the flow, until it shrinks to a
line. See Figure 5.5 for details of the evolution. The initial surface has total dimen-
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Fig. 5.6 A plot of X(50) for e = 10X, k=0— 3.

sions 8x 3 x 3, with the thin middle neck having dimensions 4 x 1. The chosen
discretization parameters wefe= 1826,J = 3648,7 = 10 % andT = 0.18.

5.3 Anisotropic surface diffusion

In this subsection we present numerical results for our approximation (3.4), (3.3b)
for a variety of anisotropies. We begin with the evolution of the unit sphere towards
the Wulff shape for the anisotropies as depicted in the first row of Figures 1.1 and
1.2. In particular, we take= 1, L = 3 ands = 10K, k = 0 — 3. The discretization
parameters ar = 770 and) = 1536,7 = 10 3 andT = 50. See Figure 5.6 for the
results, where the solutions have reached a numerically steady state. We note that
our scheme manages to approximate these strongly anisotropic evolutions in a stable
fashion, with the vertices of the triangulation distributed such that more mesh points
are represented near the edges, and less vertices on the nearly flat facets of the Wulff
shapes. We chosk = 50, in order to highlight the tangential movement of vertices
induced by our scheme.

In addition, we present corresponding computations for the remaining anisotro-
pies introduced in Section 1. In all the cases, we start from the unit sphere and use
the discretization parameters as in Figure 5.6, Wita 0.5, and only varied the pa-
rameters, L and {G,}}_, associated with (1.12). The results fo= 1, L = 4 and
£ =10% k=1— 3, can be seen in Figure 5.7. Moreover, experiments ferl,

L =6 ande = 10K k=1 — 3, can be seen in Figure 5.8, while an approximation
for (1.21),i.er =1,L =2 ande = 10X, k=1 — 2, is shown in Figure 5.9.

Experiments for the anisotropies in Figure 1.4,1.e: 9 andr = 30, withL = 3,
£ =10k k=1— 2, and for the discretization parameters as before edtepd.02,
are reported on in Figures 5.10 and 5.11, respectively. Similarly, computations for the
anisotropies at the bottom of Figure 1.5 are shown in Figure 5.12. Once again, we note
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Fig. 5.12 A plot of X(0) andX(T) for = 10X, k=1— 2.

Table 5.2 Relative volume loss and some errors with respect to the true asymptotic softitien
lIMi—e0 X(+,1).

0 ™M .
K g S VMV MMyt IX(T) =%
26 9.1940e-01 @B4% 1.1300e-00 1.3065e-00 6.5865e-02
98 5.3327e-01 B7% 3.8157e-01 4.3235e-01 3.0443e-02
386 2.7688e-01 .89% 1.0673e-01 1.2047e-01 9.7475e-03
1538 1.3975e-01 .Q4% 2.7836e-02 3.1428e-02 2.6504e-03
6146 7.0041e-02 .06% 7.0769e-03 7.9960e-03 6.8220e-04

24578 3.5041e-02 .02% 1.7805e-03 2.0125e-03 1.7235e-04

that our approximations are able to maintain very good meshes throughout, with no
mesh distortions occurring in practice.

Furthermore, we perform the following convergence test for the scheme (3.4),
(3.3b). For the anisotropy (1.12) with=r = 1 andG; = diag(1, €2, £?), with £ =
0.5, we choose as initial shape the unit sphere, and fet0.125h2, with T = 10,
by which time the numerical solutions have reached an ellipsoidal “steady state”. In
fact, the true asymptotic solutiofi(-) := lim;_,. X(-,t) is given by

1.
X*=pGiidg, wherep:= e 3, (5.3)

similarly to (5.2). In Table 5.2 we report on the relative volume loss compared to
the volume \? = Vol (%) of the initial polyhedral surfac€®, as well as the error
IVM —v(0)| = |Vol(Ir'™M) — Vol (I (0))| and the indicative erroffr M|, — |I*|,| =
[IFM]y —limie | (1), i.e. the differences in volume and in surface energy to the
true asymptotic solution, which is given by (5.3). Here we note|thaj, = 4mp?€?,

with p defined as in (5.3). We report also on the effd(T) — %*||_» betweerX (T)

and the true asymptotic solutioti. We present the triangulatior)?s(T) at the final
time T = 10 for two of the experiments in Figure 5.13.

5.4 Regularized crystalline surface diffusion

In this subsection, we report on numerical experiments that approximate motion by
crystalline surface diffusion, see e.g. [11,28]. To this end, we used the anisotropy
as depicted in the first row of Figure 1.2. The evolution of an initial letter “L", that

is made up of four unit cubes and has total dimension12x 3, can be seen in



37

Fig. 5.13 Plots ofX(T) for K = 386 andK = 1538.

Fig. 5.14 Plots ofX (t) at timest = 0, 0.01, 0.05, 0.1, 0.25.
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Fig. 5.15 Plots of)?(t) attimest =0.25, 0.5, 1, 1.5, 2, 3.

Figure 5.14, where we used the discretization paraméter2306,J = 4608,7 =

104 andT = 0.25. As can be seen from the meshes in Figure 5.14, the triangulations
become very non-uniform due to the lack of tangential motion on the almost flat faces
that are aligned with the Wulff shape. We also note that no facet breaking occurs in
this evolution. We now show an example of facet breaking. Starting with the same
initial surface as in Figure 5.4, we compute the evolution under surface diffusion
until time T = 3, with the remaining parameters chosen takbe 1410,J = 2816

andt = 10-3. The evolution can be seen in Figure 5.15. We observe that new facets
appear, and disappear again, as the evolution progresses.

An experiment for a cuboid of dimensionx41 x 1 is shown in Figure 5.16.
For the computation we used a triangulation with= 1154 vertices and = 2304
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Fig. 5.16 Plots ofX(t) at timest = 0, 0.05, 0.1, 0.2, 0.5, 1.

Fig. 5.17 Plots ofX(t) at timest = 0, 0.05, 0.1, 0.2, 0.5, 1.

triangles. The time step size was chosen tarke 10~* with T = 1. We note that

at timeT the cuboid has reached a numerically steady state in the form of the Wulff
shape, which is close to a cube. The observed dimensions&#re 1.59x 1.59. The
relative volume loss for this experiment wa®2%. For the interested reader we note
that the preconditioned CG solver for this experiment took 117 minutes, while the
standard CG solver needed 571 minutes.

An experiment for a much longer cuboid of dimensionxl2 x 1 is shown in
Figure 5.17. It is interesting to note that while for isotropic surface diffusion pinch-
off occurs already for the evolution of an initial>81 x 1 cuboid, see e.g. [2,4],
this is not the case for the crystalline case approximated here. For the computation
in Figure 5.17 we used a triangulation wikh= 3202 vertices and = 6400 trian-
gles. The time step size was chosen tortbe 104 with T = 1. We note that at
time T, the cuboid has reached dimensions of abodi¥ & 1.41 x 1.41. The relative
volume loss for this experiment was005%. Finally, we investigated the evolution
of the dumbbell-like initial surface from Figure 5.5 under motion by (regularized)
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0,05, 0.7, 1, 1.2, 3.

Fig. 5.18 Plots ofX(t) at timest

crystalline surface diffusion. In contrast to the corresponding mean curvature flow
calculation, and in line with the previous experiments, we observe that no pinch-off

occurs. Instead, the thin middle neck widens so that the surface becomes a cuboid,

which then evolves towards the (almost) cubic Wulff shape as in the simulations be-

fore. See Figure 5.18 for details of the evolution, where we used the same discretiza-
tion parameters as in Figure 5.5. We note that at fime 3, the cuboid has reached

dimensions of about.® x 2.9 x 2.9.
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