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ABSTRACT

The work in this thesis describes the fully developed
velocity field generated in a curved pipe of circular cross-
section when the pressure gradient along the pipe is any
periodic function of time. The mean pressure gradient is '
chosen so that the interaction between the secondary motion
in exactly steady flow and the oppositely directed steady
streaming characteristic of high frequency oscillatory flow
can be examined. When the Reynolds number for the steady
streaming, Rs, is much larger than the Dean number, D, assoc-
iated with the mean flow, the secondary motion is independent
of the flow through the pipe, and an asymptotic theory is
developed which shows that, away from the walls of the pipe,
the mean axial velocity is proportional to the stream function
describing the secondary flow., A numerical solution of the
governing equations is obtained to verify the asymptotic re-
sults and also, to provide solutions for arbitrary values of
D and R;. The significant feature of the numerical results
is the prediction of a range of values for the parameters
where the solution to the equations is not unique. The vel-
ocity fields obtained are used to determine the influence
of the secondary motion on the heat or mass transfer in un-
steady flow in an attempt to explain the enhancement of oxy-
gen transfer in respirators using pulsatile blood flow.

Finally, it is shown that for large enough frequencies,
a purely oscillatory pressure gradient containing even har-
monics of the fundamental frequency can produce a small mean
axial flow. '
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CHAPTER I

Introduction

The generétion of a steady flow in a viscous fluid by
a purely oscillatory external constraint is well known and
has been extensively analysised. Typically the problem studied
is the flow induced when a rigid body oscillates in an unbounded
fluid; this flow is the subject of a review article by
Riley (1967). Apart from this prototype flow, there are
other instances where the interaction of harmonic components
in an oscillatory flow leads to steady motions, and some of
these are reviewed by Riley (1975). Of particular interest
here is the oscillatory flow of a viscous liquid in a rigid
curved pipe studied independently by Lyne (1970) and Zalosh
and'Nelson (1973) who predicted the existence of a steady
flow in the plane of the cross-section of the pipe.

The assumption of oscillatory flow is equally restrict-
ing as the hypothesis of exactly steady flow, as in general,
most of the situations of practical interest are unsteady.
Clearly the analysis of such flows is complicated by the
interaction of effects characteristic of oscillatory flows,
and phenomena associated with the mean motion. It is these
interactions, in the particular case of unsteady viscous
flow in a curved pipe, which are studied in this thesis.

) The properties of steady flow in a curved pipe are

well known, the first analytical description of the motion
being made by Dean (1927,1928). Using numerical techniques
the work of Dean has subsequently been extended by lMcConalogue
and Srivastava (1968) and Collins and Dennis (1975). The
notable feature of the flow is that, due to the curvature of
the pipe, a motion in the plane of the cross-section of the
pipe is established. This so called secondary motion takes
the form of two vortices, one on each side of the axis of
symmetry of the cross-section, with circulation such that
particles near the axis of symmetry at the inside of the pipe
bend drift across the pipe to the outside of the bend. The
more recent work of Lyne and Zalosh and Nelson (1973) for
oscillatory flow has shown that for sufficiently large
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frequencies of oscillation, the secondary motion, which again
consists of two symmetrically placed vortices, has circulation
in the opposite sense to that found in exactly steady flow.
For unsteady flow in a curved pipe we can expect some combin=-
ation of these two effects.

Though the secondary velocities generated in both oscill-
atory and steady flow are generally very much smaller than
the axial velocities, they vitally affect transport processes
between the fluid and the pipevwall. The shear stress dist-
ribution around the wall of the pipe is largely controlled
by the strength and direction of the secondary motion. In
this context the work described here may be of relevance to
the flow of blood in the arch of the aorta, in that itvgives
some indication of the magnitude and distribution of wall shear
stresses. This will be of use when correlating arterial dis-
ease with physical factors, as now there is increasing evid-
ence that mechanical forces are intimately connected with
localization, and perhaps initiation, of various arterial
disorders (Atherogenesis: Initiating factors. Ciba Foundation
Symposium 12. 1973%). Also the secondary motions in unstéady
flow in curved pipes are important in the design of extra-
corporeal respirators. Experimental work by Melrose et al
(1972) and Tanishita et al (1976) has shown the feasability
of utilizing such phenomena in improving the performance
of blood oxygenators.

Experimental work has also been carried out to assess
the theoretical results for oscillatory flow in a curved pipe.
As part of his study of the problem, Lyne constructed an
experiment which demonstrated qualitatively the existence
of the steady inward secondary motion. lMore refined experi-
mental work by Bertelsen (1974) enabled a quantitative com-
parison between theory and experiment to be made. His results
demonstrated conclusively that the predictions of Lyne and
Zalosh and Nelson (1973) were correct, and in particular,
showed that the results from Lyne's analysis agreed better
with experimental values than did the results of Zalosh and
Nelson.

- In order to obtain similar magnitudes for the outward
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and inward secondary motionms, it proved necessary to consider
the unsteady flow as a perturbation of purely oscillatory
flow. As the method of matched asymptotic expansions used
by Lyne illustrates more clearly the physical structure of
the flow, as well as giving the better agreement with experi- -
mental results, it is this technique we shall apply to the
case of unsteady flow. The small parameter of the analysis
is ‘B, the thickness of the Stokes layers on the pipe wall
compared to the radius of the pipe. The amplitude of the
leading order oscillatory axial velocity is W, and thus wve
seek a solution where the steady axial velocity is O(BW), a
small perturbation of the flow discussed by Lyne. The phys-
ical arguments in Chapter 2 show how this can be achieved,
and also lead to the definition of two additional parameters.

The first of these parameters is the steadj streaming
Reynolds number, Ry, based on the steady velocities gener-
ated in the Stokes layer, and as shown by Lyne, Ry charact-
erizes the steady streaming associated with purely oscillat-
ory flow. The other parameter required is the Dean number,
D, which is the quantity governing exactly steady flow through
curved pipes. Finally the full Navier-Stokes and continuity
equations are simplified by making the approximation %§<<l,
where R is the radius of curvature of the pipe, anda is the
radius of the pipe cross-section.

In Chapter 3 the limit B0 is taken and the method of
matched asymptotic expansion used to solve for the flow in
the Stokes layer, and to derive equations governing the motion
in the outer region. As in the purely oscillatory flow, the
leading order secondary flow in the outer region is steady,
but due to the presence of a mean axial velocity, the motion
is no longér governed by the 2-dimensional Navier-Stokes
- equations, but is coupled with the mean velocity to form the
equations for exactly steady flow in a curved pipe. The
boundary conditions are provided by matching with the flow
in the Stokes layer, and the secondary flow is required to
have a non-zero value at the edge of the outer region, just
as in purely oscillatory flow.

The analysis of Chapter 3 is carried out for any periodic
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pressure gradient which has a Fourier series representation.
To 0(B®) for the flow in the cross-section.and O(B) for the
axial velocity, this is Jjust a generalization of the results
of Lyne for a sinuscidal pressure gradient. However at o(p*)
in thé axial velocity it is discovered that a steady velocity
is generated from interaction of the harmonic components of
the secondary flow and axial velocity, and therefore this
steady velocity is independent of the mean pressure gradient.
It is found that this steady axial velocity does not decay
at the edge of the Stokes layer, but persists into the outer
region. Chapter 9 takes up the analysis of this axial steady
streaming in the outer region when the mean pressure gradient
is zero, and we find that for both small and large Rs there
is a non-zerc flux of fluid through the pipe. Thus we have
the unusual result that a purely oscillatory pressure grad-
ient acting in a curved pipe can produce a mean flow!

Analytical solutions for the leading order secondary
motion and mean axial flow are obtained in Chapters 4 and 5
for the cases of creeping flow and small mean flow respect-
ively. Both of these conditions restrict the Dean number to
be small in some sense. In Chapter 5 this restriction allows
the flow in the cross-section to be independent of the axial
velocity, and hence the solutions of Lyne for the secondary
motion are valid. The axial flow is then given by a linear
second order partial differential equation with the secondary
flow velocities appearing as coefficients. For large values
of Rg the secondary flow has an inviscid core/boundary layer
structure, and by postulating a similar form for the axial
velocity it is found that the axial velocity is constant on
the streamlines of the secondary flow. An integral condition
arising from the requirement that the solution be single-
valued in the cross-section leads to the result that the axial
velocity is linearly related to the stream function in the
inviscid region. . _ |

The integral condition used in Chapter 5 to determine
the axial velocity distribution is rederived in Chapter 6 by
less formal arguments. A flow which consists of an axial
velocity superimposed on a two-dimensional flow is considered,
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and an exact integral condition on the flow obtained by integ-
rating the equations of motion along a streamline. This integ-
ral condition is then used in conjunction with the inviscid
equations of motion to determine the velocity distribution in
the region of small viscous forces, and thereby extending the
work of Batchelor (1956) to a flow without closed streamlines.

For arbitrary values of D and Ry numerical methods were
used to obtain solutions for the secondary motion and mean
flow, particular-attention being given to the parameter range
where the secondary flow changes direction. Chapter 7 describes
the development and testing of the program, based on the method
of McConalogue and Srivastava (1968), used to verify the asymp-
totic results of Chapter 5, and its extension to obtain solut-
ions for arbitrary D and Ry. The striking feature of these
calculations is the prediction of regions in the D - Ry plane
where the governing equations and boundary condition have non-
unique solutions. B -

In Chapter 8 the analytical results of Chapters 4 and 5,
and the numerical results of-Chapter 7 are brought together.
The asymptotic results of Chapter 5 are shown to agree well
with the numerical solutions at Rg = 1800; the numerical results
also show the development, from small Ry, of the asymptotic
state as Ry increases. The creeping flow solutions of Chapter
4 are used to illustrate the basic sequence of events in the
transition from inward to outward secondary flow when non-

- linear interactions are weak. For R; = 100 the character of
the transition has changed markedly and it is postulated that
the strong interaction of the two sebondary motions is respon-
sible for the multiple solutions obtained for certain values
of D.

In Chapter 10 the heat tramnsfer in unsteady flow in a
curved pipe is studied when momentum and thermal Stokes.layers
are thin. The limit processes used in the momentum equations
force the Peclet number for the heat transfer to be large and
so heat transfer in steady flow in straight pipes is studied
to illustrate the singular nature of the large Peclet number
limit. The analysis parallels that of Van Dyke (1971) for
entry flow in a channel. Based on the expansion scheme for
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large Peclet number in steady flow, a similar scheme is employ-
ed to derive equations governing the temperature distribution
in unsteady flow. It is-shown that apart from a small region
0(B) around the step change in boundary conditions the temp-
erature is steady and determined by the steady components of
velocity. Using the velocity distribution of Chapter 5, we
solve the resultant energy equations and calculate the increase
in heat transfer over steady flow in a straight pipe. This

is done in Chapter 11 as a model for the oxygenator experi-
ments of Melrose et al (1972).
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CHAPTER 2

The equations of motion

We consider the motion c¢f a viscous incompressible
fluid in a pipe, of radius a, whose centre line lies on a
circle, of radius R and centre O, in the horizontal plane
Oxy (see Fig. 2.1). The co-ordinates of an arbitrary point
P inside the pipe are (r*,a,0). RO is the distance along the
centre line from an arbitrary initial line through C, say Oy,
to the plane of the cross-section OzP; r* and o are polar
co-ordinates in the cross-section,

The velocity veétor‘g has components (W' ,v*,w" ) corres-
ponding to the co-ordinate directioms (r*,a,0). It is assum-
ed that the flow is fully developed so that u is independent
of €. The superscriptx is used to denote a dimensional variable,

In these co-ordinates the equations of motion are
(Lyne 1970)

|

2 8
2t 4wt L Viur L yET L WY coset
> rt T YA v R+ rtcosa

- - %*(L‘)- M(La___sm__)(év\r_.\_?s), (2.1)

f ™ R+ r* cosx e e r* s
IvF L u.xl"' ¥* v w' vt + WY Sina
e dre ™ A L R4+ rtcose,

-__-___;g_(i’_‘) H;(_%_ v Cosa )(?_v_ L _LE‘) (2.2)

Ire Rerdcosw [\ Dpx ¢t rX Yo

and

?_-w.* + u' .B_w“ + -v_'! ?_v!‘ & \A“wu COSO& - V‘wu Siﬂd\
W art r* & R+ r®coscl Ry rrcosa
= - ! R (L‘) + A (L +-‘—)(}—"i*+———w'°°‘°‘
Rt rtcosey, 3O \ [ Iry ™ Jer Rirvcosa
+ L 3_(_'.'5_1‘.. wrsina \| . (2.3)
™A\ r* Y Rerrcose

The kinematic viscosity and density of the fluid are denoted
by v and p respectively, p* denotes the pressure and t*
denotes time. The equation of continuity is

Ave VESind = 0O . (2.4)

Yrr e R+ r*cose " Ja Rerecoy o
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The assumption of fully developed flow requires the

pressure to have the form
plria0,7) = BA() + B(riae) |

where A(t?) is proportional to the imposed pressure gradient
along the pipe. We restrict A(t*) to be any period function
of time and specifically assume that the pressure gradient
can be Fourier analysed in time. Along the centre line of
the pipe we assume that the pressure gradient can be written

as

.._k%_o-(_t_*) = G + Ww Z' Q,, tos (nwt+ ¢“) s (2.5)

ney

with a, =1 and 95‘ =0 ,
where G is the (constant) mean pressure gradient and w is
the fundamental (angular) frequency of the oscillations.
The Fourier coefficients, an are dimensionless as W has the
units of velocity.

The size of the steady axial flow produced by the mean
pressure gradient is determined by balancing the pressure drop
along the pipe with the wall shear stress. This gives

A a 'A_v!‘ ~ Goat
Jrx
and if it is assumed that velocity gradients for the mean flow
are O(Ya), then the mean axial velocity is O(-GT\,"—‘I)-

The order of magnitude of the oscillatory component of
the axial velocity depends crucially on the ratio of the con-
vective time w'to the diffusive time o*w . Whsn this ratio
is large, diffusion of momentum determines the flow and -the
oscillatory pressure gradient is balanced by the viscous term,
resulting in a quasi steady velocity field. The case of inter-
est though is when this ratio is small and the diffusion of
momentum confined to a thin region O(f%:) near to the wall
of the pipe. If the velocity in the plane of the cross-
section is small, then away from the walls the oscillatory
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pressure gradient is balanced by the local acceleration
resulting in an axial velocity of O(W ..| 22 sin (nwtts Cfn))
which is assumed to be O(W).

The magnitude of the axial velocity can be seen more
clearly by comparing the mean flow to the amplitude of the

velocity fluctuations. This ratio is
=2 Va

x 2 Bl =2

Car . L = [9&(%) ][ﬁ%%][:%] : (2.6)
The last term is recognized as the thickness of the viscous
Stokes layer compared to the radius of the pipe, a parameter
which is assumed to be‘small. Thus for order one values of
the other two parameters the mean flow is a small pertur-
bation of the basic oscillatory velocity. The structure of
the oscillatory flow here is a generalization of that consid-
ered by Lyne (1970), and so the unsteady flow described above
may be viewed as a perturbation of the solution for purely
oscillatory flow.

The first parameter on the right hand side of (2.6) is
proportional to the Dean number D for steady flow in curved
pipes which is defined as

o = £2(2)". (2.7)

This form of the Dean number was first introduced by
McConalogue and Srivastava (1968) but we note that their
Dean number is a factor of 8 larger than the Dean number
defined by (2.7). For small values of D the axial velocity
and secondary motion are dominated by viscous forces; for
large D there is the possibility that the motion has a
boundary layer/inviscid core structure, though this has not
yet been properly clarified (Smith 1976).

In purely oscillatory flow the character of the second-
ary motion is determined by the steady streaming Reynolds
number Ry defined by

R, = _V_V_..% . (2.8)

The relevance of this parameter to the probiem was shown by
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Lyne. The remaining term in (2.6) is then seen to be
R:*. The oscillatory axial velocity is

RW € » sin(nwt*+ ¢, )

Rerrcosd |

away from the walls of the pipe. This form for the axial
velocity generates the centripetal pressure gradients necess-
ary to keep fluid particles in circular paths centred on 0Oz,
However the no slip boundary condition at the pipe wall requires
the flow in the viscous region adjacent to the wall to be the
sum of the Stokes shear wave corresponding to each component
of the oscillatory axial velocity. As this viscous region

is assumed to be thin, the pressures in the layer remain the
same as in the inviscid flow. Thus the centripetal pressure
gradients are no longer in balance with the smaller axial
velocities, so0 a secondary flow in the plane of the cross-
section is generated. The magnitude of these secondary veloc-
ities is given by balancing the centripetal pressure gradient
term with the viscous terms, taking the velocity gradients
(for the oscillatory components) to be C)(ya(%ﬁﬂ%) in the
viscous Stokes layer. This leads to

w e o L2

Provided the velocity gradients of the steady flow remain
O(”a) in the Stokes layer, both of these components of the
secondary motion are larger than the mean flow, and it is
reasonable to consider the oscillatory velocity 1ndependently
of the steady flow close to the wall.

To leading order then, the oscillatory flow is the same
as considered by Lyne: the self interaction of the oscillatory
velocity components produces a steady secondary motion in the
Stokes layer which does not decay at the edge of the layer,
but persists into the inviscid region. The secondary flow in
the inviscid region is then O(QZ&»), which Lyne showed was
small compared to the axial velocity away from the viscous
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layer, and such that particles near the outside of the bend
drift across the pipe to the inside of the bend.

The mean velocity distribution will not, in general,
produce the centripetal pressure gradients necessary to main-
tain the fluid particles in uniform circular motion about the
axis Oz. Consequently a motion in the plane of the cross-—
section of the pipe will be generated. TFor exactly steady flow
in a curved pipe the secondary flow field is well known, and as
a first estimate the secondary velocities due to the mean flow
in an unsteady flow may be taken to be the same size as those
in the corresponding steady flow. For small Dean number the
secondary flow is O(%if) while for large Dean number the
secondary velocities are believed to be O(%’;DV’) away from the
wall and 0(§‘dﬁ) in the boundary layer on the pipe wall
(Smith 1976). In both cases the secondary flow is directed
oppositely to the secondary motion in purely oscillatory flow.

At this point it is useful to compare the magnitude of
the secondary motions induced when the axial velocity is either
purely oscillatory or exactly steady. In the former the steady
streaming is O(W%uJ while for steady flow in a curved pipe
the secondary velocities can be written as O(E;D"). The ratio
of these quantities is O(RJT?.For small values of this ratio
outward centrifuging associated with the mean flow would be
expected, but when R¢>> 0" then inward steady streaming would
dominate. It is hoped that for 0(1l) values of the ratio,
the interaction of these two effects and the transition
between the two extreme cases can be studied.

For the purpose of making the system of equations (2.1
to 2.4) non-dimensional we adopt the view that the unsteady
flow is a perturbation of the purely oscillatory flow and
introduce the non-dimensional quantities defined by Lyne (1970)
for the oscillatory flow:

r = "‘/a . w = WVW , = wt®
= WY ar _ Vy-z ,
w Rr;) , v = Q‘g_u) . (2.9)

The equation of continuity becomes

da vy ufeosa Yy, vEsin o
KL e 4 MOCOSX 4 3V _ MO . 2.10
”Ar v 1+ Srcost ¥ d3x \ ¥ Sreosk © ( )
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The parameter & is the curvature ratio of the pipe defined

by S = & (2.11)

and throughout this thesis it will be assumed that £<<1 so
that (2.1C) simplifies to

Y

'Bok—o'

r r

This simplified equation of continuity can be satisfied by
introducing asstream function X such that

w =

A% d = -3 .
rrm v 5. (2.12)
Eliminating the pressure between (2.1) and (2.2) and neglect-
ing terms 0(&) we obtain the equation for the flow in the

cross-section:

2 ot
(rsino&%—-\-t.osu%ﬂwl = 15(3 V%, (2.13)

r R T ¥
V= A L d AU _ .:Llh - __. b .

Neglecting terms O(&) in (2.3) and using (2.5), the axial
momentum equation becomes

—_ Rsl)'x ‘ — < cos In 3 Lz 2
FoAPARE = Fecbukle gt @29

The parameters D and Ry are defined in (2.7) and (2.8) respect-

ively and 8 is given by .
Y

n)
p = (2% (2.16)
Clearly B is the ratio of the Stokes layer thickness to the
radius of the pipe, and as mentioned, we shall look for a
solution when this ratio tends to zero.
The boundary conditions for (2.13) and (2. 15) are .those

of no slip at the pipe wall, i.e.

'
X= T =wW=0 on r=1, (2.17)

together with the condition that the solution is regular within
the pipe.

Finally it is emphasized that the equations (2.13) and
(2.15) have been obtained from (2.1)-(2.4) via the limiting
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process :
limit &-+0; D,Rs,B held fixed.

When dealing with the energy equation in Chapter 1C it will
appear that this limit requires some special attention.
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CHAPTER 5

f

The limit B—O

In this chapter, solutions to (2.13) and (2.15) are
obtained in the limit B—>0, Rs, D fixed. Physically this
limit may be approximated by taking the frequency of the
oscillations to be very large, and therefore this limit will
often be referred to as the 'high frequency' case.

It is obvious that the limit B—~O, R;, D fixed is not
the only possible limit and independently Smith (1975) has
considered other limits of these equations., By taking
Rs~0(1) and letting one of the two parameters D,B take a
small or large value, Smith constructs a series of asymptotic
expansions which show the transition between the extreme
cases of steady and oscillatory flow as the parameters D,pB
vary. He also arrives at the result that the change from
inward to outward secondary motion occurs in the high frequ-
ency case. Thus the problem considered here is a close exam-
ination of the solutions in this high frequency limit and the
determination of the details of the change in direction of the
secondary motion.

Following the analysis of Lyne (1970) the axial velocity
and stream function are expanded in series of ascending powers
of the small parezmeter B. It has been shown in Chapter 2,
that to leading order in (B, the flow has an inviscid (outer)
region surrounded by a viscous Stokes layer (inner region).
Both w and % are represented by different expansions in these
two regions, but it is assumed that the different:-series have
a common region of validity where the viscous region merges
into the inviscid flow. The process of requiring the two
solutions to coincide in this overlap region is called
matching.

In the Stokes layer the relevant radial co-ordinate is

the magnified distance from the wall
\-r

T 7 ’ (3.1)

and the expansions for the axial velocity and stream function

are:  w(r¢T;%,0) ~ VC(:),-(,'(;R,,D) + pM, T N (3.2)



- 19 -

and  ¥lra,7pR0) ~ PEOATRE) £ pE e (5.3)
The boundary conditions (2.17) on r = 1 become
?i;
W, = F = 3 =0, trenz.. enn=0.(3.4)

In the outer region the axial velocity is expanded as
w(r, %, T, (30 R‘-D) ~ W, (r:ql’ci RS;D) + @wn + Gtw;-’. T (305)

and we require that this match with the solution for w in
the inner region. Assuming that any secondary motion in the
outer region is the same order as the tangential velocities
generated in the Stokes layer we obtain the expansiocn

’)((r,a,'c;(!,R,,,D) ~ 'X',(r,a;r.', R,,D} + {3’1. .+ (51 R+ - (3.6)

for the stream function in the outer region. '
Substituting (3.5) and (3.6) into the axial momentum
equation (2.15) and equating like powers of B we derive the

euntions:
‘ - =
3{_ = 2“ a, cas (nt + qﬁn) ) (3'7)
W = o |, _ (3.8)
=)
A Rs 3 (Yo,w,) L gtw, (3.9)
T 2v (v, &) G °
lﬁs —_ Rs ?('xlilw-) ?kmnwth D .l. , (3-10)
% [ A, &) + ) F-T + LV oo
and y,_giuhm\+}hmﬂ_+ﬂ%m\ gt . (3.11)
L ) r, a) N(ra) &

The solution of (3.7) is
w, = 2 2sinlared) + &\r.«) : (3.12)

where f, is an arbitrary function. Equation (3.8) gives
w, = w,(r«) (3.13)

The equation for the leading order axial velocity in the

Stokes layer,

\)" -
(% - -i;)‘)vc = 2“ Qa COSK“T+¢“) 13 (5.1“)

is obtained by substituting (3.2) and (3.3) in (2.15) and
collecting terms C(8°). The solution of (3.14) satisfying
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the boundary conditions (3.4) and matching with the outer sol-
ution (3.12) is

- , .
W, = & %[““U‘"*M - '==ﬂ(“'f-qfn“+¢n)]. (3.15)
Clearly the matching has required :
&.(‘v‘n = 0O . (3.16)
At the next order of (3, the equation for W is
e I = - AW
T LI L - (3.17)

vhich has solution, satisfying (3.4)
« -nin
W, = -1 2 20 sin(ar-aWd + 4) ¢ Ay, (3.18)

)
Matching two terms of the axial velocity expansion in the outer

region with two terms from the inner region we get
Ala)= o,
' and w,(La) =o. J (3.19)
Returning to the flow in the outer region, the substit-
ution of (3.5) and (3.6) into (2.13) yields the following
equations:

20K, - H{rsinaZrcsai)we = o, (3.20)

20K, = L{rsinad v cosa2Y2ww) =0, (3.21)

9%, - R %%‘%\ - 2(rsina e + cose L) (Wr2ww) = VN3 -22)
Lo - B[R )

—%(rsin«%+cosa%\>t’ﬁ-wow3+2w,w,_) = —;_V“'X, - (3.23)

We require the solution to have only harmonic depend-
ence on «¥. Therefore to avoid secular terms in X,, the second
term in (3.20) must be proportional to & , 0 =1,2,3,...
Using (3.12), this condition leads to

-:-_(rsinck_a-—r +£DS¢A—)¥ )
which has solution {(ra) ={.lrwsa) . The matching condit-

ion (3.16) gives { (rcesa) = © . Thus the axial velocity w,
is now given by

w, = "él_ 22 sin(nt+d,) . . (3.24)
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Equation (3.20) now simplifies to
V% = golma) (3.25)

where g, is arbitrary, and using (3.13), a solution of (3.21)
harmonically dependent on ® is guaranteed. Separating X,Uﬂ&t)
into steady, X?\nﬂ\ and unsteady, quhymx\ parts converts
(3.25) into the two equations:

v = o , (3.26)
and VA = g.lna) . (3.27)

Xf“ is harmonically dependent on .
At this stage the stream function in the Stokes layer
may be determined. Substituting (3.2) and (3.3) into (2.13%)
and collecting terms O(B°) we obtain the equation for the leading
term in the expansion for the stream function:

. _ 3 V¥ = =2 wWrsinx .
3 T Ton) g 3 (3.28)

Using the solution (3.15) for W,, the general solution of (3.28)
is

@ az( 2 -l e'z'\r'.“)

- Sc —_— e —
e net 5.3' o RTINS Enin

. Z. b An A A 24+ dn)
— gn* —————e
=1 Nz-.un "\‘|L-"I

(b b)) 1D peny gab
16n (L-n) - 4iL b(n) bi-n) ‘ _2" =)

" )
-0 Ll ‘q(\*\’w
+ = AL () e

+ B(x) n® + C(*)vf + F(d,'t\q + Ga,T) » (3.29)

_ v
where | b(m) = (Zém)l ; -1?_'-' Rarqm ¢ T . .(5.50)
It is to be understood that we are only concerned with the

real part of ‘K as defined by (3.29). 1In evaluating the

double summation in (3.29) the definitions

o'm = —q"‘ k]

¢-w\ = - ¢"'\ 2
and Q°‘ = o : (5051)

AT
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are used. If the Fourier series for the pressure gradient
(2.5) is truncated after N terms then in the double summation
1=1,2,3,...,2N '

and " n = 1-N, 1-N+l,..., N-1, N, (3.%22)
In the case of a sinusoidal pressure gradiént N =1 and (3.29)
reduces to the expression given in Lyne (1970). _

The unknown constants in ¥, can be determined by match-
ing the stream function in the Stokes layer to that in the
inviscid outer region. At the same time boundary conditions
for the outer region will be obtained. The matching is affect-
ed by requiring that B\, have the same behaviour for r—=w as

¥.(rex) when r—1, i.e.

i AUREL +L-'](s)"“%°[ e = Bla)g'p + Cl)yTp 4 FlaT)np
: i + Glex)p
This condition leads to

'ng""—t) = o b}
Bla) = <l = o ,

and Pl = - Flar) (3.33)

Tes

The first of (3.33) implies % °(L«x)= © . which together
with (3.26) gives
' 'X,M (r.a,x) = o . (3.34)
Thus to leading ofder the secondary motion in the outer region
is steady. The superscript (s) on X,can now be omitted, it
being understood that %X, = %.(r,4,R;,0) . That B and C should

be identically zero follows directly from the discussion in
Chapter 2 where it was assumed that the velocity in the inner
and outer regions should match.

As X, is independent of time, the last of (3.33) gives
that F is a function of a only, F(x). The boundary ccnditions
(3.4) together with this result allow the unknown constants
in §, to be determined. It is found that

- a

= - Sina An
L) ‘:‘4-\*4;- \
®» . a, a n
1€ = A‘_S = < nten &
A“' ) e Stns n§.§ \'\HL""\\ . (I-H)ﬂ:‘ X

2iL + 2 b(n) bit-n)
16n{Ln) - 4t bla) biL-n)

+

Sle

] . (3.35b)



@ Q: (R [}
and - Glet) = -sine 2 F(u«-‘a’«m - Bnﬁ') '
+ Sin “ {2‘ O A-n Q‘:LT +i(dardin) X
Lar {ns-w  \n| |t-n]
b{n) + bit-w) + .E_Qﬂ\_
1en{tn)-4il bn)bil-n) 2n(n)
L
— s LA e . (3.35¢)

-

The determination of ¥, is now complete; we turn next
to the derivation of the equations governing the steady
streaming and the perturbation mean velocity in the outer region..
The substitution of the solution for w, (3.24) into (3.9) gives
the result that w, is independent of ¥ i.e., |

] w, = w, (r,a). ‘ (3.26)
Using the known properties of X, ,w, and w, ((3.34), (3.24)
and (3.13) respectively) and insisting that the solutions have
only harmonic dependence on T, (3.10) can be separated into
the two independent equations

Iw,
- | (337
and — RS ‘;(’*B)w\\ P 3_0__ ,L 2 . (3038
2r e, a) - JE; ¥ ZV Wi )

Similarly (3.22) can be decomposed into steady and unsteady
parts giving the independent equations

%VI‘K‘_ - %(rsin%%+to$d%)(1wawz\ = O (5.39)

nd _ﬁ )('Kovtxo\ _ . 2 ) 2 __ 9, L
8T 3 )l bV GO

Equations (3.38) and (3.40) are a simultaneous pair of
equations for the leading order stream function and the mean
velocity. Boundary conditions for these equations are given
by (3.19), (3.33) and (3.35) which we collect here as

w,o= X, = ©
[y k3
’%__xr' = Swad g::\; = ‘/V‘su-\g( on C=1 | (3'41)

Apart from the presence of the parameter R, equations
(3.38) and (3.40) are recognized as Dean's equations (1928)
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for steady flow in a curved pipe. The boundary conditions
(3.41) modify Dean's problem so as to include the effect of
the Stokes layer on the wall. The equation governing %. in
the case of oscillatory flow is recovered by formally taking
D = 0. Equation (3.40) then becomes the 2-dimensicnal Navier-
Stokes equation with boundary conditions prescribing the veloc-
ity at the wall. In this case there is no mean flow and the
secondary motion is directed towards the inside of the pipe
bend. This is the case studied by Lyne. To obtain the
equations for exactly steady flow in a curved pipe the stream
function and axial velocity need to be rescaled. If X, is
replaced by R:'®e and w, replaced by ﬁ?w., then Ry is removed
from (3.38) and (3.40) and appears only in the boundary cond-
ition (3.41). By taking Ry = C the usual no slip conditions
associated with the steady problem are obtained and the second-
ary motion is the well known outward centrifuging.

Proceeding to higher order terms, K, is written as the
sum of a steady term and a function harmonically dependent on
T, i.e.

Aleax) = A0+ A7) (3.42)

One boundary condition for ", is obtained by matching X, +« g%,
with the leading order solution for the stream function in the

Stokes layer. The result is
A I B e E R L h BRI TN (3.43)

where G and G" are the unsteady and steady parts of G(a,t)
defined by (3.35c). Clearly (3.43) leads to the condition

'x:")(\,-n,'d = a"r) (3.48)

which together with (3.21) and the requirement that Y~ is
regular within the pipe is sufficient to determine %" once
w, is known.

One boundary condition for X?’is given by (3.43), and
a further condition comes from métching two terms of the outer
solution with two terms of the inner solution for the stream

function. The result is

& [lw_g_\ _ WW:“L“ qw:", ] ~ 0¥ (3.45)

» 2 3 Ve ?r
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and as X?Qmay be considered known,

only the steady part of ¥,
necd be considered.

The equation for ¥, is obtained by collect-
ing terms O(B) when (3.2) and (3.3) are substituted in (2.13).
This gives

2
3 _.l-?: '?"‘-{( — RS _ D‘Yv _ al(w;w:)SCn:*
T 27y ?l)" 3":3'] "\ri' L

(3.,46)

It is easily seen that terms in the particular solution which
are harmonically dependent on ~ are also exponentially small
as m—e, and thus the matching given by (3.45) is possible.
The equation for the steady part of ¥ , denoted Tf‘is then

. i“) _ 119 L9) ) . ey

21') = 27_'1(\"-'"“') sind s (3.47)
where ¥ is the steady. part of ¥, and (\rfovf.)m
part of the product W.W, .

no slip conditions (3.4) is

i

is the steady
The solution (%3.47) satisfying the

-anin - N
) _ . KXY a, __"L nn _ . Ly
I, = s é.’ n"( Inin o
) -'\luv\\\r‘ + |;-v)lw§)(7\1
4-\&"" 4

+ Hy '+ I&d\')"

4 r)wM( )r‘(‘*“)
p. ‘-\: 1
4+  sing 2.': -—- —l) . (3.48)
The matching condition (3.45) gives
Hik) = o ,
— > ?1’10
I(d\) = Z 3n ll’-l ]
" - x
and ZL. = — Sind 2 An m(lq—r\") y (5-49)
Vr = O Gnd

where only the real part of }P’has been used

From (3.23) it is seen that w, will be involved in the
equation for X“’ Therefore before deriving the equations for
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7C?boundary conditions for w, are derived. This entails the
determination of W, in the Stokes layer. Substituting (3.2)

and (3.3) in (2.15) and collecting terms O(Bl)wp;get the equation
for W, as '

(

In the analysis so far the axial velocity in the Stokes lay=r

Re 1% W _ 1w o

e = 5 - L .
"'i"f.-i*)w;- T % %e ®np 23 aqzr) (3.50)

g

has been purely oscillatory. Now there is the possibility
of a steady axial velocity component arising from the inter-
action of the oscillatory parts of the leading order stream
function and axial velocity. It is noted that this steady comp-
onent would be independent of the mean pressure gradieht. It
is easily seen that terms in the particular solution of (3.50)
which are harmonically dependent on T are exponentially small
as 7w»w and so cannot affect the outer flow, This agrees with
the result (3.%6) that w, is independent of time. It is nec-
essary to determine the behaviour of the steady component w.'®
of W .

The equation governing W'’ is

-}q‘l. Sa (3-51)

Tw o [ 1F. G o
s el '3\-]

with the obvious notation. The solution of (3.51) satisfying
(3.4) is

.| 2 dnrdia-4.)
W\ = R tase Sn QL & C L
* z cfg Sgﬁ T Liv) 2 X
(bt £ bR+ (-i0iT) ~n (bl 4 =D D)
) ¢ + B,_ e
¢ B, ;"(";m‘
Y
“p =T

< o - '2')@ : .
+ ?___;.‘cos-c 2 ___A‘- q‘__L__._H‘\ e 4,"( L vt
L L{d -4 2

* U)n e MU (3.52)
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vhere MU'} = M Rgcasa

- o .i\4n+bt.n- 4\. cRB
= B[ E a0 (v - 40)

- & 2 A Acaclisd) - ol NP < (3.53)
_;sc Soh § \r\ (-; - Z) 2
with & - b(n) + blt-w) ;
! [16n (L) - diLbin)bien) ]2kl ba-n) + 2 (-T (Bin) +bit-n))]
B = bit-n) ]
> 2n (L-n) [2 (-0 T bi-n) - 2en ]
and B = bln) + blit-n) 4 ALn) . (3.54) |
3 16n{L-n) - 4L b(a) b(L-n) S )

The unknown constant L{x) is found by matching the
axial velocity in the outer and inner regions to o(p*).
The matching condition obtained is T

- ' 5 lm . @1‘”1“.*) . Pz(l.\o\\q + \.M.Q,c.osuk) ,

which gives L) = - %‘:—l )
=i
and w, (v, = M Rscosa . - (3.55)

Thus Mﬁ“’is completely determined and the last equation of
(3.55) provides the necessary boundary condition for w,.
It is seen that depending on the value of M (actually (Re.ﬁ..M} ),
the interaction of the oscillatory components of the second-
ary motion and'axial velocity has produced a steady velocity
which does not decay to zero at the edge of the Stokes layer,
but persists into the outer region. Alternatively we may say
that the Reynolds stresses in the Stokes layer act so as to
generate an axial steady streaming over the whole flow.

The equations governing W and w, are obtained from (3.23)
and (3.11) by separating them into steady and unsteady comp-

onents. For %™ we obtain

R [ 3 IA) (A gg,)
r ) M, )

- "F (rsinug—'_- + C,osd\;;—a\)(zw\wz) = J‘?_Vq;ﬁl'“,(a‘56)
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and for w, the equation is

LN [3___(%»'“ » 27 wﬁ] = V'w, (3.57)
Lo I a) 2Lir, &)

Boundary conditions for these simultaneous equations are:

—

15) T Z a.}
'x| = —§5lﬂ°L - win )
’3’1.“‘ , ) - 2
;; = = Slnd 2“‘ 2-'—5' F\'(Hn ) )
and W, = MR cosa | omoean. (3.58)

The first two equations of (3.58) are extensions to a
general pressure gradient of the results of Lyne. The boundary
condition on w, leads to the production of a steady axial vel-
ocity. As remarked earlier the boundary condition on w, is
independent cf the mean imposed pressure gradient. ZFor the
purpose of this thesis we shall restrict ourselves to the study
of the structure of w, in the simpler case of zero mean pressure
gradient. In this case w,= 0 and the equation for w, simplifies
to

_ R A, wy)
v 2lr,x)

= V'w, (3.59)

It is possible that M may be identically zero. In the
case when the pressure gradient has only one harmonic term
WM is zero, which agrees with Lyne's calculations. Also if
the amplitudes of the Fourier components are specified, then
it may be possible to choose the phase terms f, so that M is
zero, Finally, if there are no even harmonics, i.e. if aq,,=0

then the product a,a_.,a  is zero for all n and 1 and M is zero

.
and there is no axial steady streaming.

In subsequent chapters, solutions for the mean pressure
gradient driven flow, w, and the secondary motion Y, are obtain-
ed for various limits of Rg and D. Then for w, identically
zero, the structure of the axial steady streaming is examined

as a function of the parameter Rg.
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CHAFTER &

Creeping fiow solutions

The leading order stream function, %X, and the mean flow,
w, are governed by (3.38) and (3.40) together with the bound-
ary conditions (3.41). The equations may be simplified by
assuming the motion is so slow that the convective terms are
negligible compared to the viscous terms. With this approx-
imation the axial velocity will be Poiscuille flow,and due
to the linearity of the slow motion equations, the secondary
motion will be a linear superposition of inward and outward
centrifuging. ’

The slow motion equations can be derived by taking the
limit Rg—>0 with

| D = kR (4.1)
where k is a fixed constant, and using the expansions for
X, and w, : ‘

W.LV,-L; ks,D) ~ Wy lr, & k) ¥ RSW“ + R:-W.._._-i'-'-
Ao lr sy &, 0)  ~ Ko lriak) + Refg + Ry g+ (1.2)

The boundary condition (3.41) can now be written

Wi = ,xei = O » £ =002,
Wheo - N scna
v ) )
'3;'&.; -0 , ¢ = L23,.. on r=1. (&.3)
-

Substituting the expansions (4.2) into (3.28) and (3.40)
and collecting like powers of Rg we obtain the following
equations for w,, %., at 0(R:):

V"w“, +4k = o ’
: a = L esina 2 2 z
and _é.v 4x°° = - r(rSu’\d > + CoSo -ﬁ\)w,e . (q .4)

The solution of (4.4) which is regular within the pipe and
satisfies the conditions (&.3) is

w, = kli-¢*) (4.5)
1». = %13(4F—‘:\r3+5rs~r1)

+ L (g 0) . (4.6)
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The axial veiocity is Poiseuille flow while the stream funct-
ion is the sum of the secondary motion induced by the mean
flow, and the steady streaming generated in the Stokes layer.
The first term of X,, in (4.6) is the secohdary flow calculated
by Dean (1928) for steady flow in a curved pipe, while the
second term is similar to that given by Lyne for oscillatory
flow. These results have also been derived by Smith(1975)
for the case of N =%. ‘

At O(Rg) the equations governing w,and %, are obtained:

2 _ 2 WA, W, '
Twoo= - (4.7)
3 .
2l 39, = -p W Tha) & (rsinad ¢ cora 3) () - (440)

The solutions of (4.7) and (&4.8) satisfying (4.3) are

k‘ cos o 2 s a
W, = 760 (\:\r - &0r® +30¢’ 10 + r
kA cosa y_ s)
+ ——————14 ( Lr +3\" r 3 (4.9)
& . ,
and 'Xm = l(__s'lz_ek_—(q'ﬂ'\ﬂ - 2,150 r‘+ I\.?:‘\»Orc'— 43 4'?0\" + l‘oSor"

144" xSboo
44" x /) -‘44"!1 +Sr\4)

‘ .
+ HNhsinla (-'\Sr" 4+ 184c* = 150, + 43¢ -

eq, lzo

N s a (_rz + Zr_q-_‘.t-) . (4.10)
az

Again it is possible to identify terms given by prev-
ious workers for special cases of this unsteady flow. The
first term in w, was given by Dean (1928) and corresponds
to a shift of the peak velocity towards the outside of the pipe;
the second term represents the effect of the steady streaming,
generated in the Stokes layer, on the axial velocity and so
indicates a shift in the peak velocity towards the inside
of the pipe bend. In the expression for %, the first and
last terms have been given by Dean (1928) and Lyne respect-
ively.

The equations for w,, and %., , cbtained at O(R}) are
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v'&.w = - A 'N.d\uo,w'" + i1 & SN w,,) N (4.11)
* ¢ Ana) RIGIEN
and l VQ'X — ot —1- ')(,100 xvzfxu) + ? S’xn »Vl'xoo\
r3 oz ar 7\?,&, 'Blr, =)

- —";- (r- Stas %—; + cos¥ —2—;‘)(1\4.0“-1*‘\"’:)' (4.12)

From (#.11) we see that w,, will consist of a term pron-
ortional to cos2a, plus a term independent of aw. The
former term will integrate to zero over the cross-section
so that only the part of w,, independent of « is required to
calculate the change in the flow rate. The result is

s
wim k

T 9uy,812,%00

(-Q-.H‘l +21280r - 46340, + 55,440¢% - 39, 830> 417,524 ¢"°
- 4,620e" + Gaor't |35 )

N .
X (453 -4 nor® $USSr- 6200t 130052
4,141,200 ? ! : 2 o
—g e +bsrm)
__k_\/\_(‘:_ - 4.t 4 ) %
2,304 T4+2%¢" =30 +16¢r"-3r . (4.15)

The flux ratio, Q, is defined as

Q = - flow rate in curved pipe (&.14)

flow rate in straight pipe

when the mean pressure gradients in the curved and straight
pipes are equal. Using (&#.5) and (&4.13) we find that

Qe = | + Q,‘(-k*\.ﬂ%ms" + KW 8897 %18 - W 1384 xn&’) (4.15)

The quantity in brackets is always negative, but when
K = 30.1W
the reduction in flow rate is least, being 5 RIW XIS,

The result for %, will be omitted as it is excessively
long and provides no new information.

In this limit of R0 it is clear that the change in
direction of the secondary motion depends on the parameter
k. TFor small values of k the mean flow 1s small and so the
outward centrifuging associated with it is small and the
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secondary motion is as calculated by Lyne. As k increases
the secondary flow generated by centripetal pressure grad-
ient increases and eventually dominates. Further details
of this process are given in Chapter 8.



- 33 -

CHATTER 5

The limit Ry»> e

In Chapter 4 the mean velocity and secondary motion
were calculated by assuming that viscous forces dominate
the flow. In this chapter the possibility of obtaining
solutions when the viscous forces are almost everywhere
negligible is investigated. )

The governing equations are the simultaneous egquations
(3.38) and (3.20) together with the boundary conditions (3.41).
The problem would be considerably simplified if the stream
function, %, were independentof the axial.velocity. The
equations would then be decoupled and the axial velocity
calculated from the linear equation (3.38). Thi§ simplif-
ication can be achieved by noting that, for small D and Rs
fixed, w,~C(D) while %, remains O(1l). Thus to leading order
the stream function is independent of the axial velocity
when the mean flow is small.

Formally it is assumed that A, and w, have expansions

- 'X,(r,ec,k;,b) e Ko LRty Rs) + k"’xﬂ.f....
] (5.1)

where k is defined by (4.1). The limit k—~0O with Ry fixed
is taken and the equations governing X, and w,, are found to
be

and w,(na;R,0) ~ lkw (n«R) + k‘w" PR

- Rs ?onmvl’x”] _ Vq'/x
YT - °° ! (5.2)
R 'a(mn Wto) 2
and - ?" }(r,;) = 4% Vw, . (5.3)

The boundary conditions are

Yoo = O —%C‘F” = N sins on r=I - (5.4)
and W, = © OAH rel . . | (5.5)

Solutions of (5.2) and (5.3) for small values of Ry are
contained in the analysis of Chapter 4; the limit Re—»« is
examined in the rest of this chapter.
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Equation (5.2), with the boundary conditions (5.4),
has been solved by Lyne (1970). It is clear that %eo is
independent of the mean flow and so the known solution for
X,, may be used in (5.3) to calculate the axial velocity w,.
For large values of Rg the viscous terms in (5.2) are import-
ant only in thin regions, O(be, around the wall of pipe,
r
the flow is inviscid and has closed stream lines. Postulating

1 and along the axis of symmetry, o« = C,m. Elsewhere

that no stream lines from the inviscid region enter the
viscous layers we require the inviscid core to have uniform
vorticity (Batchelor 1956). The boundary layer equations have
been solved approximately by linearizing about the core velocity
at the edge of the layer; matching the boundary layers to the
core then determines the core vorticity. For the case of
Jf:W@Lyne calculated the uniform vorticity in the core to be
~0.56 in the upper semicircle., Numerical solution of this
problem by Kuwahara and Imai (1969) confirmed Lyne's analysis
and gave a limiting value of -0.54 for the core vorticity for
computations up to Rs of 2064. For the case of general W it
is easy to show the vorticity in the core is given by
S, = - 224N (5.6)

This result is obtained by noting thatw can be removed from
the problem by basing the steady streawing Reynolds. number
on WW rather than W. (See Chapter 8 for further discussion.)

The possibility that the uniform vorticity theorem can
be used to gain infcrmation about the structure of the axial
velocity is investigated in the next chapter, but first a more
direct asymptotic approach is used.

For large Ry the secondary motion has an inviscid core/
boundary layer structure; away from the boundaries X,, has
the form

'Xeo(rl*}as) -~ Rokfﬂ*) + Q'sv'-", U (5.7)
while near the wall r = 1
YolnaiR) ~ R* X (fi%) + REK b (5.8)

and along the axis of symmetry o = O,n
%"’ {n's:’ Rs) ~ R’;I" Xo(”ls) + R; Xp*'- ’ (5 09>
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The boundary layer co-ordinates p and N are defined by
P = (l-l’)Rsu‘ and N = “2;"' . (5.10)

Phe co-ordinate systems (n,s) and (N,s) and the corresponding
velocity components U,V are shovm in Fig. 5.1. The symbol X;
is used for the stream function in both boundary layers but
no confusion should arise as it will be clear which region

is under consideration. Similarly the symbols Ui, Vi will

be used for the velocity components in either layer, thus at
first order '

U, = 2_5:: ond V., = ?;;“ >
or Uams) = 2 an Nle) = =T ol (5
In the upper semicircle X, is given by ]
K, = -3,
with X,= © on the boundary of the semicircle. (5.12)
The solution (Lyne 1970) is
X, = _;5‘_{[‘__;_(.'_14__:__‘);052{, ard-un(z:—jg:_—a\)

|+?.r=o!°t+r"
1 v ! .
-—=lr-= 2« log |-
4»( rz)s‘-n 3(\—2r—wsa+r">

+{r-L)sina - ‘."Z"-L(\—cos?.oc)} »  (5.13)

which gives the tangential velocity at the edge of the core
as

2r rat

W <=2 = %“'[“““l“ - 2sine - sinlaloghan */1}

n

Tier = 3] - _3of _ 4 _ et 2-s\|
and V(s) = Tln_' w ['—(\-s)" zu-s)(l‘ ? —\\-S)‘)Loj(—;)} - (5.14)

The axial velocity must now be determined from (5.3).
It is expected that the viscous terms will be important only
near the walls of the pipe, and possibly in the viscous layer
on the axis of symmetry. In these boundary layers the velocity
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gradients are O(R?). However the condition that the pressure
drop along the pipe must balance the shear stress at the wall
requires the velocity gradients to be C(1) as Rg>+. This
is most easily seen by integrating (5.3) over the cross-section
of the pipe; the exact relationship
O = 4 + I Lwl de (5.15)
re

° A '

is obtained, and clearly ww-O(Rf) near r = 1 in order to
satisfy this condition. Thus we are lead to the expansion

- - .
w!o(")"':gs) -~ Riﬁwe(f:“) + Ry W' AR (5.16)
for the axial velocity near r = 1. The boundary layer equation
is then
K, W) FW, :
24.) et (5.17)
with boundary conditions W, = O on p = O. (5.18)

Further conditions are obtained by matching W, to the core
flow for large p. Consideration of the layer on the axis of
symmetry is deferred until the axial core flow has been deter-
mined.

Away from the boundaries of the semicircle it is expect-
ed that the viscous term R;'Vﬁm, is negligible compared to the
inertia and pressure gradient terms. This leaves the flow in
the core to be determined by a balance between the convective
and pressure gradient terms and implies an axial velocity
field O(Ry). By converting to streamline co-ordinates it
is found that this balance gives a result that is not a single-
valued function of position and so cannot be the -required
solution. For an axial velocity 0(1l) a single-valued solution
can be found: here the velocity is constant on the streamlines
of the secohdary motion and the variation of the velocity across
the streamlines is determined by a balance between the pressure
gradient and viscous terms,

The streamline co-ordinates (¥,7,z) to be used for the
axial velocity equation are shown in Fig. 5.2. The plane
z = constant corresponds to a plane©= constant in the (r,x,0)
co-ordinate system, and ¥,1 are co-ordinates in this plane.
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The direction of z increasing is the same as @ increasing.
The lines ¥ = constant are given by the streamlines
%, = constant, however in the analysis for large Rg the
approximation %, to %. will be used and will replace %, in
. the definitions below. The lines of constant n (the ¥ axis) .
are normal to the streamlines.

The velocity vector is

y = [°)‘q»w'°] ’ ' (5.19)
2, 2 e
where q = [(—::%") "’(‘-%%")] . 4 (5.20)
The non-dimensional equation of steady motion is
R(yxw) = YH + cwrlw (5.21)
where w = wely = [‘*’n""’u‘*’s__] - -

and the non-dimensional scale factors are
hy = '/‘1 )
ha = ha(in),
and hy =1 . (5.22)
Also the total head, H is given by

_ P(‘h')tz) - . )
" FyRevy (5.23)
The vorticity vector w is
\ ?W‘o - AW,o _i?
= = [‘»?,T-; A kﬁw‘r("“‘)} ' (5.28)

so that the third component of (5.21) is
94 Ywe  _ 1| 2 L"D_wm) l(_' ?_"_io)
_R‘—\;?) = 4+ h %w(c‘ e\ s +9.,) qka 2 /[ (5.25)

where the constant, 4, is the steady pressure gradient along
the'pipe. As no apprroximations have been made (5.25) corres-
ponds to (5.3) exactly, and we note the transformation of the
operator

L3 D 4 _ 14 .

r VA dr W\, | (5.26)

|
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The asymptotic solution for %, is now used to define
the streamlines and the co-ordinates %¥,1. In these co-ord-
inates (5.12) gives the important result

w, = .3, = —'-\: ':a—'U'\ C{) (5.27)

where q, h, are now defined in terms of X..
Neglecting the viscous terms in (5.3) and balancing

the remaining terms we require an expansion

. Sy

The equation for ¢ is

'3('?\0 ) ¢) -_ 4

\
¥ o30na)

or using the transformation (5.26)

_i'a¢= 4

. ha 9

Only solutions which are single-valued functions of position
can be accepted as physically reasonable. This condition can
be expressed as an integral around a closed t-line in the

égw“’d = O

form
(5.28)
Applying this condition to ¢ we get

w .

as @20 and h,>» O by definition. (The case of h=0 is of
no interest.) Thus it is concluded that w, is NCT O(Ry);
similar arguments apply when w,g O(R‘) If w,, is expanded
) -t _3,
wo ~ B E, o+ &Y+ o™
then §°==§Jij and the equation for k, obtained from terms
O0(Ry) in (5.3), is

I l:‘o!-§'\ - 2 ?(i'l §n} = 4
L T R F 2na)

In streamline co-ordinates this equation is

28, | _awma , 4% 27,

— =————+-—
M 1 d¥ n
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which shows that §, does not satisfy (5.28), and hence leads
to the conclusion that w,, is NCT O(E?). However a single-valued
solution can be obtained if w,~0(1) as R;»=
Expanding w,, as
Wi [r.d;Rs) ~ Wo(rt‘*) + R:& W. + - (5-29)
and substituting in (5.3) we obtain the following equations.

At leading order

UKo, T )

1
T 2lr,x) - 9
which has solution
We = Wol%) = Wl¥) . (5.30)
Terms with coefficients Rf‘give the equation
A E,®) WY o
r ) r o )
The solution is
! - -
W= R&) » AW, (5.31)

where a prime denotes differentiation with respect to W
(or %,), and f, is an arbitrary function of X, (orw).
Similarly, terms independent of Ry give the equation

_L 1("_%, \_A'I-,_\ _ _'_)Vi\i‘:’n) _ }(’.X,_,\TI_L\ = 4 +Vlw7° ( z
¥ }Lf}*‘ r '}(f‘d\‘ Y \Ly.d‘) . 5-./'2)

Using the solutions (5.30) and (5.31), (5.32) becomes

- ' - - - - =
UKL _ O IELR) XSS URLK) W R, R
¥

1
¥ o v r ~Ulv,) r 2 Lv=) (v, )

Il
»
.r
4
g

which transforms to

_a e _aR(gn rwr) - w2
3\') M)

— 4 + -:l -‘;;(L‘tclwo) (5.33)

where the Laplacian has been simplified using (5.30).
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Requiring W, to satisfy the condition (5.28) we get an

equation for W, as follows:

4“‘\ ) —1
_..} — h".. ° A —4 N
&’[ T + el “‘”)] » = ° (5.32)
This second order linear equation has the general solution
.
Wo (\P\ B Yo + ' A &""11“') ’ (5.35)

where (5.27) has been used to simplify the particular solution.
The quantity &ku4d7 is proportional to the circulation about
the vortex centre, ¥, and it can be shown that the circulation
tends to zero like (¥-¥w) as ¥=%.. Thus for W, to be reg-
ular we require A=0, Matching the core velocity to the bound-
ary flow we get

'_‘_‘5.‘.:(7;(0(‘,«)-i;,‘g%\r:"')i-ﬁa ~ R.:"Wolg,«) .

The boundary condition on 7%,, (5.12), leads to

b= o )

4 , %,
Wo(gk) ~ - 2p | e (53
and so the axial velocity in the core is
—_ 4 =
We (r,x\ = ? lXoL“o’"\ . . (5-37)

The result (5.37) for the axial velocity is somewhat
novel in that the velocity distribution has been determined
mainly by viscous forces in an inviscid region. However this
situation is closely analogous to the result of the uniform
vorticity mcdel for 2-dimemnsional flow with closed streamlines,
Indeed omitting the pressure gradient term from (5.3) and
interpreting w,, as the vorticity-ﬂ$M. reduces the equaticn
to (5.2); the integral condition (5.%%) would then make W,

(the vorticity) constant across streamlines, which is the result
of Batchelor (1956). Thus in both 2-dimensional flow with
closed streamlines and the axial flow considered here, the
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analysis shows that the dominance of the convective terms causes’
the vorticity and the axial velocity to be constant on the stream
lines. Thereafter it is the smaller viscous terms in the equ-
ation that determine the variation of the vorticity or axial
velocity across the streamlines. In the case of 2-dimensional
flow, viscous diffusion acts to produce a region of uniform
vorticity, whereas in the problem under consideration, diffus-
ive effects result in a velocity profile such that viscous
dissipation of energy in the inviscid region balances the
energy supplied by the pressure gradient. This is readily
seen by noting that 4 +V'W, is identically zero when (5.37)
is used.

A similar analysis for the flow in the lower semicircle
gives (5.37) as the velocity distribution.

As X, is zero on the boundary r = 1 (5.12) so too is
the axial velocity W,. Thus the core flow satisfies the no
slip condition (5.5) making boundary layers on the pipe wall
appear irrelevant. However along the axis of symmetry the
normal velocity gradient %%’ is discontinuous. Symmetry
conditions require zero normal derivative on a« = C,m and so
a stress layer of thickness O(R?) is needed to remove the dis-
continuity and to transfer to the boundary layers on the wall
the stress existing on the plane of symmetry. The core flow
.tends to zero on a = O,n so that in the boundary layer the axial
velocity is C(HY). The expansion

wolns;R)  ~  ReTWoINs) + RiW e, (5.38)

leads to the boundary layer equation

- UKW W (5.39)
AN, 5) 2N
Matching with the core flow as N-=ow we obtain
welw,s) ~ ENT
while the boundary condition at N = O is
| 3% = o (5.40)

Before solving the boundary layer problems (5.17) and
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(5.39), the solution in the core is continued, and %, and
W, are determined in principle. From (5.2) the equation

governing X, is

T TG A I YU R
¥ 0n«) AR N &R ?

and using (5.12) to simplify the second Jacobian, the solution
is seen to be

VA = oalk) . (5.41)
As we proceed to an equation two orders of K.* higher,viscous
terms will appezar, and an integral condition analogous to
(5.28) will show that gqt(%) must be a constant. Therefore
we have '

VA o= -3, (5.42)
Bou'ndary conditions for X, are obtained by matching e+ &%,
with the leading order boundary layer solutions, and in the
usual way:q.is the modification to the external flow due to
the boundary layer displacement thickness (Van Dyke 1962).
Specifically we have

| :
R, (ne) = gt (Xele) 0 3] )
or ¥, lo,5) = ‘;2': ( Xa(Ns) - N 1_0-:.,? n“) -J (5-43)\

Also the behaviour of X, at the edge of the boundary layer is

)(o“,'_‘) ~ - f?:f - + o) as g
and 4 Xolns)  ~ N—% + o) as N e (5.44)

The axial velocity equation (5.33) gives the form of
W, as
-— t = —
S::.(A‘-) + g. LI %'xa. . (5-145)

Terms with coefficient R} in the axial momentum equation

give an equation for W, :

ol I IR T B TU AN (U W
(=) 2n =) 2 r, o) AL ) '
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which in streamline co-ordinates is

‘:\ -a._. R. ‘.' -t _'131--—4-?—'33
~'E[?w-)—3 _%(Ta*m.{) { T

o (5.46)

where (5.37) and (5.42) have been used to simplify the
equation. This equation has the same form as (5.33) and

it is clear that the integral condition (5.28) will lead to
the result

¥ g
4% g + B

xRy = - oo + A§§\«L4aq

To obtain a regular solution A= 0 so that, from (5.31)

W' = = 4_;!_ ,Xo + %‘7\' + 6 ¢ (5047)

The constant B is determined by matching two terms of the
core flow with the leading order boundary layer term, and
on the walls r = 1 this leads to

i.e. B = Uwnt (Wou.*) - {XA\’M)) (5.48)

after using (5.43). From (5.36) and (5.44) we see that the
terms O(p) in (5.48) will cancel, and thus for W, and ¥x,
to differ by a constant, (5.48) is equivalent to the condition

W, 4
= . A as pow= . (5.49)

In the course of the boundary layer solution this result will
be derived thereby showing that to first order no inconsist-
encies have been introduced by the expansion procedure.

The boundary layer equations (5.17) and (5.39) consti-
tute a linear problem for W,, though the complicated nature
of the coefficients in the equations makes the solution diffi-
Cult.~ An approximate analytical solution for W, can be found
by assuming that convection of momentum in the boundary layers
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takes place with the core vélocity just outside the layer.
This is the simplification used by Lyne to linearize the
boundary layer equations for the flow in the cross-section,
and the analysis below follows very closely that presented
by Lyne.

For the boundary layer on r = 1, the velocities in the
cross-section U,, V, are written as perturbations from the
core velccity Jjust outside the layer i.e.

V = Wld) + Vo
and v, = g 4oy, , (5.5C)

ded
where V,, and Uy are assumed to be small compared with”ﬁ
and fﬁ% respectively. For conveniencel, is written as a
perturbation of the axial core velocity, but no assumption
is made as to the size of the perturbation, Specifically
we write ;

VW,

W, = =3, *+ Wop (5.51).

which leads to the equation, from (5.16),

Wy _ o d%IWe _ X gy v,, & dVe
V. 5. faa ¢ g, olor ¥ Py T
N W I 1Y)
Vet Vet = SR 0 (5252
for “Lk' The boundary conditions are
Wof =0 on f = Q ,
and 7;\";“* — 0 as p —> o . (5.53)

As'ﬂw-* O as p-w»e, for large values of p (5.52) reduces to

which proves (5.49), as V; is non-zero,

The approximation that V,, and U, are small allows
the last two terms on the left hand side of (5.52) to be
neglected compared to the first two. This, together with
the transformation

‘ﬁ = (—S.\' .So—' Vo f 1
x = - -s:' L Vo do )
)\(‘I.,\j\ = 3, Wcr . | (5.54)
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changes (5.52) into the diffusion equation

RV i
> = wg T PR (5.55)
where t:\x,%) = ¢ Vop %—.(vl:) %Y; - 4‘&%)%} . (5.56)
The boundary conditions for (5.55) are
Mxol = o
and % A -  (5.57)

so that the solution is

’ D A Oo,u) -l‘.‘)'“)l/‘l-: -[‘_1+u-)"/q-x
M) = (e T T

+§ (x M" hm)[ Q—\‘a-u)/dft _ e-\*jw!/«:Jdt du | (5.58)

where Alow) is some initial profile.

A similar analysis may be performed for the boundary
layer on the axis of symmetry. The velocity components in the
cross-section,Ue, V, &re written as

Vo = V) + Vo
and v, = ‘-‘dls‘ +Usp | (5.59)

where V,‘, and U°i’ are small quantities. Writing the axial
velocity as '

= '}—G;! + Wo -
wo = N b (5.60)
(5.%39) becomes
- .>l‘,.°b _ dVo QWO‘; _ -t C‘Vov - 4S oV
V. 3 NdS I 4N§ o\; V ob
R — N We
+Vp T AU Y = T (5.61)
The boundary conditions, from (5.40), are
YW, o
}AN' P o= 4]V, on N=o0
and IWoyp — © ay N = (5.62)

IN
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Letting W« in (5.61) we obtain the result

= [ ?™W 4
AR A I

which is needed to prove the result analogous to (5.49) for
matching betweén the core and the layer on the axis of symmetry.
Neglecting the last two terms on the left hand side of (5.61)
and using the transformation

1, - N
Y = —(—S.Y‘L VgN 3
X = -3 g: N, ds 9
and A(XY) = So Woy (5.63)
we get the diffusion equation |
A _ DA :
3 T Sy P (5.60)
o C A3V % oas,
where | P{xY) 5-(\7.) N Vop = . Vap . (5.65)

The boundary conditions (5.62) become
%_f_& = 4% o yYy=o0
and 28, as Y v (5.66)

If Alou) is some (unknown) initial profile then the solution
of (5.64) satisfying (5.66) is
“« A lo,u) [ ~W¥-u)/ax -Ulm)‘/q.x]
dw

A(X,Y) = L v e + e

+ S-bfx PX-t,u) e—(‘lw)‘/% . Q-w‘m\"/q,l: at du
e 2{rc’

°

boaln [ el Aw) dw . (56D)

The solutions given by (5.58) and (5.67) have been
obtained assuming the wall layer and the layer on the axis
of symmetry are unrelated. However both solutions ccntain
unknown initial profiles which must be determined by examin-
ing the flow where one layer ends and the other begins, there-
by lipking the two boundary regions., First, the results of
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Iyne's analysis for the boundary layer flow in the cross-
section are summarized. |

As the layer on the wall approaches the corner r = 1,
o = O its thickness increases to O(R:alog%&f'and the viscous
terms in the boundary layer equation become small compared
to the inertia terms. It is assumed that the motion in the
corner remains inviscid, so that due to the symmetry of the
equations and boundary conditions, the velocity profile
leaving the corner is the same as the velocity profile app-
roaching the corner (Stewartson 1957). This result does not
depend on the linearization of the equations. However the
perturbation velocities V,, and Us increase as the corner
is approached, eventually causing the linearization of the
boundary layer equations to be a poor approximation.

For the axial flow, it is clear that the failure of
the linearization for the flow in the cross-section will also
cause the simplification of (5.52) and (5.61) to be invalid
before the corner is reached. We note that using (5.55) and
(5.64) to describe the flow all the way to the corner is the
same order of approximation as used by Lyne. Also, examin-
ation of the full axial momentum equation near the corner shows
that, due to the thickening of the boundary layer, the viscous
terms become small compared to the convective terms. Assuming
the motion remains inviscid, then the axial velocity profile
is convected around the corner on the streamlines of the flow
in the cross-section. This leads to the result

Y Y
Mxe,y) = Afoy) (5.€8a)

as Vo(a) and V, (s) have the same behaviour in the corner.

M

The end of the wall layer, r = 1, o« = O is denoted xX..
Similarly, if Xe is the end of the layer r = 1, o« = m, then

Y = 9
A%Y) = Moy) . ] (5.68b)

_ Equations (5.58) and (5.67) can now be combined using
(5.68) to get the integral equation for the initial profile Aloy)
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° s Mow) | -tyiTexe e’“"“%*—z gl axe WY ey /axe 1
—2 2" _le - w
MoY) = ‘ Lq'*fr_—‘i.Xg e + ¢ cdudy

N I.o r gig blae-t,u) | -teVVae_ ;W“)‘At]'[;”"ﬂw“‘ . ;‘_Mi—/“‘ db du dy
‘o o d 4-\1“3th J
" Y w
+ 4t L EANATE
f g‘e P(x. ) [ é""“‘l/‘“ .2 ww)/“] dbdw .

After performing the y integrations the equation becomes

w  Aow) - (-1 /a{tet Xe) - (yeaY/a (xet xe)
X(OJY) .{.2 wwixe +Xe) [Q &‘4 °() e C\"Fk@) du
+I j ; })(:Q-(;u;) I:;(Y-u)/qu:-rx.) ’*4(‘*&\ N e:U’-w) /4.\'“-“)"-""((3&)] dt du
o Jo T+ Xe
B N Y w
oAby [ erke(Vam) 4
+ S SXL P(*t [Q—(‘l-u)l/‘b v ;{‘Iw)/%] dtdu R (5.69)
where - (- N Gx. % \"2
- %= (+xg +4x.)('{?ﬁf—) ’
and = (i Y ( 4 Xe )"= ) (5.70)
AXe 4Xe Xe * Re

oy and By are obtained from (5.70C) by replacing x. with t
in the definitions (5.70). |

The numerical solution of (5.69) was attempted but a
reasonable result could not be obtained. The difficulty of
evaluating the second and fourth terms in (5.69) sufficiently
accurately in a reasonable amount of time proved too great;
both p and P involved integrals over an infinite range, and
integrals with singular integrands. By neglecting these two
terms an approximate solution for‘kSJﬂik(mY) was obtained and
is given in Table 1. The integrals were evaluated using
Simpson's rule and a step length of 0.1. Infinity was taken
to be 12.8, and this was more than adequate. However as the
major contribution to the first integral in (5.69) comes from
the region u = Y, it was necessary to take the upper limit
of integration in this integral as 25.6. As the profile
tends to a constant as Y-, the value of A at ¥ = 12.8 was
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used as the value of A for 12.8 € Y € 25.6. The integral
equation was solved by an iterative technique, the initial
approximation to the profile being A =0. The iteration pro-
cess was terminated when two successive iterations differed
by less than 0.005 % . |

A useful check on the numerical solution is provided
by requiring the shear stress at the wall of the pipe to
balance the applied pressure gradient; for the mean flow,
this relationship is expressed by (5.15). From (5.29),
(5.51) and (5.54) the axial velocity gradient at the wall
is given by
(-S.)V‘SJ'\-A) + O(RY)

/r Y=o

- AN
-aw -] - ]
RAMALE = - 485 V + So
L’:J ( ° ‘a‘j

If %he contribution of the term p in (5.58) is neglected

when calculating'%ﬁ , we obtain

Y " “ax
e - - 45 _ 'Y eg“)"'X(o,u\ - % * ,_-_lu.) .
Tr'lm i SRR N T — i Y (5.71)
which, when substituted in (5.15) gives the condition
- [ i) Mow) erfe ("ART ) dw = 2w —axe . (5.72)

This condition was satisfied to4 significant figures when
the converged profile Mou) was used. (The integral was
evaluated over O £ u € 12.8 using Simpson's rule and a step
length of 0.1.)

The flow rate of fluid through the pipe can now be
calculated. The velocities in the boundary layers are O(H??
and so, to leading order, do not contritute to the flow
through the pipe. The flux ratio Q,4,defined by (&#.14), is
therefore '

[, 7o dA

-
7 » O )

Qeo

i.e. Qew = O3 + o(Rs™%) (5.73)
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CHAPTER 6

The uniform vorticity model

For steady laminar flow with closed streamlines
Batchelor (1956) has shown how an integral condition arising
from the effect of viscosity can be used with the inviscid
flow equations to determine the vorticity distribution when
the Reynolds number is large. The integral condition is an
exact result and is derived by integrating‘the full equations
of motion around a closed streamline (or vortex line). The
method was applied successfully to two-dimensional flows,
axisymmetric flows without swirl and a limited class of axi-
symmetric flows with swirl. In this chapter a condition an-
alogous to that used by Batchelor will be applied to a flow
where the streamlines are not closed, but lie on the surface
of a cylinder. The results of this chapter have already been
derived in Chapter 5 by formal methods; the alternative deri-
vation used here provides some information not readily obtain-
able from the previous method. In particular we show that the
single-valuedness condition introduced in an ad hoc manner
in Chapter 5 can be derived from an exact line integral of
the equations of motion. With this interpretation it is then
possible to use the integral condition to get a priori est-
imates of the size of the velccity in the inviscid region.

The flow studied may be constructed as follows. Con-
sider a steady two-dimensional flow in a confined region, the
motion being generated by the boundaries, A stream function
Yy can be introduced, and in the plane of the moticn a useful
co-ordinate system is the orthogonal curvilinear co-ordinates
(+,1), the lines § = constant being everywhere normal to the
closed lines ¥ = constant. The axis normal to the (+,7) plane
is the z axis, and by definition the velocity components are
independent of z. Now impose a velocity in the z-direction
such that the stream function describing the previocusly exist-
ing two-dimensional flow is unaltered, This is achieved if
the axial velocity is independent of z and the pressure has

the form ples) _ Py _ g,
— : (6.1)
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where G is a constant. The condition on the axial velocity
comes directly from continuity requirements, and the equations
of moticn dictate the form of the pressure. The streamlines
of this motion are not closed, but lie on right cylinders;

the projectionof’astreamline onto the plane z = constant gives
the closed curve Y = constant.

From the definition of the velocity field the equations
of motion will separate into an equation, independent of the
axial flow, for the motion in the z-plane, and an equation
for the axial velocity. Similarly an integral of the full
equations of motion along a streamline can be expected to
give two independent integrals, one representing the prop-
erties of the axial velocity, the other a property of the
motion in the z-plane. The latter integral should be the
same as used by Batchelor in two-dimensional flow when the
streamlines are actually closed. We shall show that this
is the case, and also derive a condition on the axial velocity.

The equation of steady motion for a viscous, incompress-
ible fluid is

¥xw = VH + Acurlw (6.2)

where w is the vorticity vector and is the curl of the vel-
ocity field v. The quantity H is the total head and is given
by

H = &+ + é AARR'A

In the bh?,ZQ co-ordinate system the velocity vector v is
[0,q,w] and the infinitesimal line element is [ ¥4, h,di,dz]
where h, is an unknown function of ¥ and 3. The vorticity
wis then

U 9w

w o= [w,,w,wy] = [:;3'5 ""c‘%{—; ’—:—’.%(h"c‘)] . (6.3)

When the viscous forces are small (6.2) may be re-
placed by the statement that H is constant on streamlines.
Using (6.1), the total head can be written

H = P__'L:"S) * %q‘— Gz "'lz_wl . ~(6.4)



- 52 -

When G and w are zero the flow is two-dimensional and H
becomes H'=-%~+§q’s H'+) in the region of small viscous
forces. By definition, G and w do not alter the flow des-
cribed by ¥, so that in the region of small viscous forces

(6.4) becomes
2

Ho= W) - Gz+Lw? (6.5)
which must be constant on streamlines.

The inviscid equations give no information as to the
variation of H across the streamlines., To obtain such in-
formation we follow Batchelor and derive an exact result by
integrating (6.2) along a streamline. The endpoints A and
B of the path of integration are chosen so that one circuit
of the projection of the streamline in the z-plane is made.

We obtain

VH.dS + A | curlw .d3 = o ‘
JAB -Sae _ ? (6.6)

where dS is the line element in the streamline.

The first integral in (6.6) is independent of the
path of integration, and so may be taken along the straight
line AB, which, from the definition of the endpoints, is in
the direction of the z-axis. Thus only %2: will contribute
to this term. The second integral may be expanded by express-
ing dS in terms of the (*,E,Z) co-ordinate system, where the
streamline element is [0,h,df,dz] and the equation of the
streamline is

Y‘\dq’ _ hd¥ _ d=z

o q W ' (6.7)

Thus (6.6) becomes

3 € dq (1 > W,
- GL dz + n)I —‘:(;;(“’J"*\‘S? T))clz
A

+ »{,(_11:3)»\;4‘; = 0. (6.8)

The path of integration for the last integral in (6.8)
is the closed curve ¥ = constant in the z-plane, and clearly
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this integral is independent of both G and w. Thus (6.8)
gives the two independent relationships

- b4 = o, (6.9)
s 4 i(w\\\_lki-))d
and —GS“ dz  + A { h,(%" aNa 31\q z = O. (5.10)
o .

Both (6.9) and (6.10) are exact results. Equation
(6.9) was derived by Batchelor (1956) for two-dimensional
flow with closed streamlines, and when the path of integration
lies wholly in the region of small viscous forces, the
inviscid flow approximation w; = w,(+) may be used with (6.9)
to derive the result that wsl+) is a constant, say J. We are
interested in the conditions imposed by (6.10) on G and w
as v—»0, when the streamline path of integration lies wholly
in the region of small viscous forces. Before turning away
from the flow in the cross-section we note the result, given
by (6.3) 4 A
S = (™) (6.11)

A more useful form of (6.10) can be obtained by using
(6.7) to replace the z integral by an integral around the
closed contour ¥ = constant. The balance expressed by (€.10)
is then ' ‘

Cehues b ofulEen -3 e

where the path of integration is in the region of inviscid
flow. By definition, velocity gradients remain d(l) in an
inviscid flow as v—=»0, and thus we can discard the possib-
ility that large velocity gradients are responsible for the
balance of terms in (6.12). Excluding the possibility that
the first term in (6.12) is identically zero, this relation-
ship forces the ordering

G ~ O(ouw) , Mw—> 0 . (6.13)
Using this in (6.5) and letting v—»C gives
H = H(g) + 3w $3) (6.14)
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and for H . to be constant on streamlines in the inviscid
region, w must be a function of ¥ only, w(+). This con-
clusion is consistent with the requirement that the first term
of (6.12) is non-zero. The neglect of the pressure gradient,
-Gz, in going frem (6.5) to (6.14) is consistent with the
definition of H. Essentially (6.4) is an energy equation
derived by integrating the exact equations cf motion and
neglecting the O(v) viscous terms as v—=0. Here G is O(v)
compared to other terms in (6.5) and so may be neglected.
The form (6.14) of the energy equation is not immediately
apparent from the derivation of Chapter 5, and also we see
that integrating the equations of motion has given the correct
order of the pressure gradient and velocity directly.
Substituting w = w(y) in (6.3) and using this to simp-
lify (6.12) we obtain '

wis) x [ Gé’% dT + W ?%;(Mq‘d-‘-:’—')di ] = O. (6.15)

The non-trivial solution of (6.15) is

X 2 ¥ oaw
W = - 5%+ cfETS e eae

where C and D are arbitrary constants and (6.11) has been
used to simplify the first term. The unknown constants will
be determined by requiring the flow in the inviscid region
to match onto the flow at the edge of the boundary layers.
The axial velocity may be generated by a pressure grad-
ient (as in Chapter 5) or by some axial motion at the bound-
aries (as in Chapter 9) or by some combination of both. In
the -case of G=0 the equation of motion for w, in cartesian
co-crdinates, is the same as the equation for w,. Vhen a
two-dimensicnal flcw has closed streamlines we have that w,
is constant in any connected inviscid region. For an axial
flcw through such a region it may be tempting to say that
by analogy with w,, w is also constant in the inviscid region.
Equation (6.16) chows this analogy to be incorrect, there
being the possibility that w varies across the streamlines

when C is non-zero,
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Apart from matching cdnditions, there is also the cond-
ition that w must be regular which can be used to determine
the unknown constants. In particular, in any region where
w has a local extrema, then C must be zero for w to be regular.
This is readily shown by noting that in a flow of uniformnm
vorticity the circulation&ﬂuqd} along a line ¥ = constant
goes to zero like (¥-¥-) as *—>m, the local extrema, so that
the integral in (6.16) is logarithmically singular at W = ¥m .

We conclude this chapter by noting that the equations
of steady heat and mass transfer have the same structure as
the equation governing the axial flow considered here. It
is expected then that certain line integrals of the exact
equations will be useful in determining the temperature and
concentraticn distributions in regions where diffusive effects
are small and the fluid flow similar to the fully developed
motion studied in this chapter.
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CHAPTER "7

A numerical approach

. Equations (%.38) and (3.40) for the leading order
stream function and the mean flow contain all the nonlin-
earity present in the full Navier-Stokes equations, so that
an analytic solution is not generally possible. Thus in
order to gain some knowledge of the structure of the stream
function and axial velocity for arbitrary values of the para-
meters D and Ry a numerical solution was obtained. For cert-
ain ranges of D and Rs the behaviour of %, and w, is already
known: for examzle Chapter 5 has dealt with the case D-»C,

R¢ fixed, and as will be shown later the results can be ex-
tended to the parameter range D~o0(Rs); also when D» Ry
Smith (1975) has shown that the steady streaming generated

by the Stokes layer is swamped by the secondary nmotion due

to centripetal pressure forces, and that % and w, have the
Same form as for exactly steady flow in a curved pipe. De-
tailed numerical calculation in these ranges is not necess-
afy, though known solutions provide a useful check for any
numerical scheme, Instead attention is focused on the inter-
mediate parameter range where the secondary flow changes its
direction. Finally, as the results of Chapter 5 seemed some-
what novel, these numerical calculations were carried out so
as to check the predictions of the asymptotic solution.

The numerical method used was that devised by McConal-
ogue and Srivastava (1968) for steady flow in a curved pipe.
Here the stream function %,, third component of vorticity -4,
and the axial velocity w, are expanded in a Fourier series

—

%, — A.?Er) + 2&!\“1.-);0&\:& + Bn(.r)sénnx) )

nze

-k, = — * E(C“(rxcosn« + DnLr)sihna.)‘

A=

Eo:-") . ‘:2:: (Enlr) cosnd +  Gpu(r)sin nr&) )

2
I

(7.1)

and

-

Whére'the Fourier coefficients are functions of r only.
These series are then substituted into the governing
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equations (3.38) and (3.40) and equations for the Fourier
coefficieﬁts obtained by equating the coefficients of cosna
and sinno. The nonlinear terms in (3.38) and (3.40) produce
terms which are the summation of the interaction of all harm-
onic components., These interaction terms are assumed known
and the resulting linear ordinary differential equation for the.
Fourier coefficient is solved by variation of parameters. Thus
each of the A, etc. are known in terms of integrals of them-
selves and all other Fourier coefficients, so that the prob-
lem is reduced to the solution of a set of coupled integral
equations,

To evaluate the integrals numerically the A,(r) etc.
were represented by their values at discrete points in the
interval [0,1]. In the original work of lMcConalogue and
Srivastava a least squares polynomial was fitted to these
values and the integrals evaluated assuming that this poly-
nomial adequately represented the variation of the function
between the mesh points. This approach had the advantage of
tending to damp any oscillations introduced by the iterative
nature of the solution algorithm, but the accuracy of the
approximation was limited by the order of the polynomial
chosen. Also, the polynomial approximation to a given
function would not be able to satisfy the relevant boundary
conditions, thereby introducing further errors. To overcome
these difficulties cubic splines (Ahlberg, Nilson and Walsh
1967) were used to represent the integrands between the mesh
points. In this way, not only were the boundary conditions
satisfied, but use was made of first and second derivatives
of the coefficients at the endpoints of the interval. This
modification proved to be most successful and solutions were
obtained at Dean numbers well above the value at which the
original technique failed. _

The coupled integral equations for the Fourier coeff-
icients were solved by an iterative technique. An initial
approximation to the A, etc. was provided by analytic solutions
(for low Rg and D), or more usually by a previously found
numerical solution at another point in the D-Rs plane. FYrom
this initial guess for all the A, etc. a new approximation
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to a givep-coefficient was found by evaluating the integrals
defining that coefficient. Thus in the calculation of sub-
sequent coefficients there is now a choice between two approx-
imations to the same coefficient. Brief initial experiment-
ation showed that the faster convergence was obtained by using
the most recently determined approximation for each coefficient.
The iteration was terminated when new approximations for all
the coefficients agreed to & significant figures with the
immediately preceeding estimates. These converged values of
the A, etc. were then taken as the solution and the variocus
properties of ‘%, and w, were obtained by summing the series
(7.1).

For all values of D and Rg convergence'tb the solution
was not monotonic, but the approximations to the An etc.
oscillated about the final result. For large values of D
and Rg these oscillations were rather wild and the iteration
technique became divergent. By taking a weighted average of
the initial and just calculated approximation to each coeff-
icient the oscillations were damped, and a convergent iterat-
ion scheme obtained. The weight factors in the average were
such that as the parameters were increased, less and less
importance was placed on the latest approximation to each
coefficient. This had the effect of producing a slow rate
of convergence, but at least the process remained stable and
a converged solution obtained in a reasonable amount cf comp=-
uter time. The number of subdivisions of the interval [0,1],
NR, and the number of terms taken in the series (7.1), NOF,
also had a small effect on the stability of the iteration
scheme, Increasing both NR and NOF tended to stabilize the
algorithm, but this was obtained at the expense of computer
storage and time.

The number of Fourier terms and the step length nec-
essary to get an accurate representation of }, and w, was
determined by experimentation. Initially a step length of
0.1 (corresponding to NR = 11) and terms to sinlla and coslla
(corresponding to NOF = 12) were used. This was more than
adequate for low values of D and Ry, but at larger values of
these parameters the rate of convergence of (7.1) became
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slower and more terms were needed to maintain sufficient acc-
uracy. Similarly as boundary layer structures began to dev-
elop the step length had to be decreased so as to obtain reas-
onable accuracy in regions of large gradients.

Throughout the work the values of Xo,Jf*o and w, for
a = O,n/2,mn,%n/2 were used to monitor the accuracy of the
results. At selected values of D and Ry two calculations of
these quantities were performed: the second calculation having
NOF or NR, or both, increased by at least 502£ If the results
of the two calculations agreed to 4 significant figures, the
smaller values of NOF and NR were deered adequate. When the
two results differed, the larger NOF and NR were adopted for
further calculation. The values of NCF and NR used for each
calculation are shown with the results. Also, some typical
results of the iteration process are given along with details
of the solution by the method of lMcConalogue and Srivastava
in Appendix A. . .

The program was originally formulated to solve the de-
coupled equations (5.2) and (5.3) and thereby check the
asymptotic solution for the axial velocity given in Chapter
5. A simple problem governed by the decoupled equations for
which an analytical solution can be obtained was used to test
the numerical scheme. The problem is governed by (5.2) and
(5.3) and has boundary conditions

g = O \

M

-.37" = Vi eEsina |

w, = o on r=\, (7.2

The motion corresponds to flow in a straight pipe when the

pipe wall 'rotates' about the axis of the pipe with velccity
-(l+€sina). TFor small € this problem is a perturbation of

s0lid body rotation and Pciseuille flow, and analytic solu-
tions can be obtained by linearizing (5.2) and (5.3) about

this basic flow. Burggraf (1966) calculated the perturbation
to solid body rotation using this linearization, but applied

the results outside the limits of validity of the approximation.
The basic flow and 0(€) perturbation form an accurate approx-
imation to the solution for €£C.C5,



- 60 -

Neglecting 0(e*) the solution for the stream function
is

K, = =ir=) + e[d." + b-IJ"r:—R:)] e . (7.3a)

Using this result in (5.3) and neglecting O(el) again we get

w, = (r*-1) + e[-?.ca.r + bR L(rk) « ¢ I -*»\]P-“» (7.3b)

where only the real parts of (7.3a,b) have physical signif-
icance. Here I,,I,,I, are the modified Bessel functions
(Abramowitz and Stegun 1965) and the constants aq,,b, and c,

are:

0 = ¢ I U5RY) i
‘ Fe I U5R) (7.3¢)
b= - : (7.30)
- Ry 'xz(m) *

¢ T.U5e) + 20
IF®) T<w) NETARR AT

Solutions from the numerical procedure for w,, %, and
~-V"%, on o = o,n/2,mn,3n/2 and for the flow rate compared to
Poiseuille flow were compared with the results of the anal-
ytical solution in the range O < Rg € 400 and €€ C.0l. For
the numerical scheme NOF was 8 and NR was 11. Agreement be-
tween the two solutions was good, generally 4 significant

(7.3e)

and c, =

figures, and as the flow had developed a boundary layer/ core
structure at Rg = 4C0 further testing of the program was not
carried out.

With the computational procedure verified,'the problem
posed in Chapter 5 could now be attacked. A minor change in
the program was all that was necessary for the numerical
scheme to now solve (5.2) and (5.3) with boundary conditions
(5.4) and (5.5). For definiteness the a,,n = 2,3,... in the
pressure gradient(2.5)were taken as zero, resulting in a value
of .25 for W. Thus (5.4) and (5.5) are now

Xo = O ?
W _ 0
h Y 4

(o]

. (7.4)
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A reduction in numerical labour is achieved by noting that
the flow is symmetrical about the line « = O,m, so that the
A,, C, and G, are identically zero.

The stream function now correspcnds to that calculated
by ILyne (1970) and Kuwahara and Imai (1969) and these pub-
lished results were used as another check on the numerical
method. Fig. 7.1 shows -V, predicted by the present work
for Rg = 1,800 ccmpared with Lyne's asymptotic result, and
the numerical result of Kuwahara and Imai at Rg = 2,048.

The agreement is satisfactory.

The results of this program are presented pictorially
in Figs. 7.2 to 7.11 as plots of lines of constant stream
function (upper semi-circle) and lines of constant axial vel-
ocity (lower semi-circle). The stream function and axial
velbcity change by one tenth of their respective maximum
wvalue from contour to contour., Also indicated on each figure
is the position of the extrema of the stream function and the
axial velocity and the values of NOF and KR used in the cal-
culation. In Fig. 7.12 the axial velocity contours are shown
superimposed on the streamlines for Rs = 1,800, and it is
clearly seen that the two sets of curves are tending to co-
incide, thus confirming the analysis of Chapter 5. Also, a
graph of the flow rate compared to Poiseuille flow for the
same pressure gradient, Fig. 7.13, shows the tendency to the
asymptotic solution of Chapter 5.

Finally the program was modified so as to solve the
simultaneous equations (3.38) and (3.40) with boundary con-
ditions (7.4). This involved the inclusion of a subroutine
to evaluate the centripetal terms in (3.4C) and a slight re-
organization of the iteration scheme, Two extreme cases of
the D, Rs paremeter range were used to check the program:
very small D and arbitrary Rg; and very small Ry and arbitrary
D. In the first test case the program produced the results
already obtained for the decoupled equationé, as for small D,
the stream function is independent of the flow down the pipe.
The second test case corresponds to the classical Dean prob-
lem of steady flow in a curved pipe, as the motion generated
by the Stokes layer is swamped by the secondary velocities
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induced by centripetal pressure forces. The predictions of
this calculation were in excellent agreemgnt.with the results
of McConalogue and Srivastava (1968) and the more recent num-
erical work of Collins and Dennis (1975). Table 3 contains

a comparison of the results for the flow through the pipe
compared to Poiseuille flow. ,

Solutions of (%.38) and (3.40) were obtained at values
of D and R¢ that illustrated the structure of the flow during
the transition from inward to outward secondary motion. This
change was followed by fixing Xs and éllowing D to vary over
a sufficiently large range. The characteristic of the flow
which proved most useful in monitoring the motion was the
flux of fluid through the pipe compared to Poiseuille flow
in a straight pipe with the same pressure gradient, which for
conciseness we will call the flux ratio and denote by Q.

‘ From the creeping flow solutions of Chapter 4 we know

that for (small) fixed Rs the flux ratio increases smoothly

to a maximum and then decreases as D increases from zero to

values greater than ~ 2J2R,. It was expected that at larger

values of D and Rs inertial effects would modify this result
in a trivial manner, and that the change in direction of the
secondary motion would occur via a continuous process.

Calculations at Rg = 100 did not confirm the above ex-
pectations. Instead the graph of flux ratio against D con-
sisted of two distinct curves positioned such that for
28 £ D £ 31 there were two values of the flux ratio for the
same value of D. Support for this result was provided by cal-
culations at Rg = 30, 5C and 75. For these values of Rg the
flux ratio versus D curve was continuous, btut it was observed
that the slope lgf at the inflection point increased with
increasing Rgy. (See Fig. 7.14.)

Further evidence of the validity of this result was
provided when it was found that altering the iteration scheme,
in a manner suggested by Dr. L.MQ Hocking, produced results
which allowed the two curves to be smoothly connected.
Instead of fixing D and calculating the flow field, the
axial velocity at the centre of the pipe was specified and
the associated velocity field and Dean number calculated
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(see Appendix A). It had been observed that the axial vel-
ocity on fhe axis of the pipe was a monotonic increasing
function of D on each branch of the flux ratio graph, and

that the extreme points of each branch defined a range of axial
velocities for which no solutions had been obtained. Setting
the axial velocity to values in this interval produced solutions
with D in the range 28 £ D £ 31 and flux ratios between the two
supposedly distinct branches. It was then seen that the two
branches of the flux ratio curve were the upper and lower sec-
tions of a continuous ' S ' shaped curve, Fig. 7.15, thereby
indicating the existence of % solutions to the equations in
this range.

Finally, each of the 3 possible solutions for a given
D in the range [28,3%1] were checked by increasing the value
of NR from 11 to 17. Ko significant changes in the results
were obtained. It was deemed unnecessary to increase NOF, as
for NOF = 12 the ratio of the last to the first Fourier coeff-
icient was 0(107'°).

Calculations at Rs = 150 again produced surprising results,
though less confidence can be placed in them than could for
those at Rg = 10C. The flux ratio versus D graph again in-
dicates the non-uniqueness of the solutions, but it appears
that rather than being confined to a bounded interval on the
D axis, there is the possibility of multiple solutions in the
unbounded interval [D.,o ) (Fig. 7.16). The modified iter-
ation technique was not able to join the two distinct curves
and on one branch of the curve the Fourier series represent-
ation (7.1) became quite poor. Further discussion of these
results is postponed to the next chapter.

By now it was obvious that the change of direction of
the secondary motion was not as straight forward as antici-
pated, and that due to the latent numerical difficulties, a
considerable amount of computational labour would be involved
in obtaining further solutions. As the results already ob-
tained were of some interest it was decided to present them
and leave numerical treatment of (3.%8) and (3.4C) unfinished.
The results are presented in Figs. 7.17 to 7.48 as plots of
lines of constant stream function and lines of constant axial
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velocity. From contour to contour the stream function and
axial velocity change by one tenth of their fespective range,
and the positions of the vortex centre(s)'and axial velocity
maximum are accurate to approximately;tl%{ azimuthally and
20.C5 radially.
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CHAPTER 8

Discussion of results

The determination of the leading order steady second-
ary motion and the mean axial flow produced by the unsteady
pressure gradient (2.5) acting along a curved pipe has been
our primary objective. The quantities Ao and w, are govern-
ed by equations (3.38) and (3.20) together with boundary
conditicns (3.41). Both numerical and analytical solutions
have been.obtained for A, and w,.

Where it has been possible to obtain analytical solut-
jons, the constantW in (3.41) appears as a parameter in the
final result. However, for the numerical solutions W was
taken to be C.25, the value corresponding to the pressure
graaient consisting of a mean and sinusoidal term. This is
not as severe a limitation as it seems. In Chapter 3 it was
mentioned in passing that %, and w, could be rescaled in such
a way that Rg appeared only in the boundary conditions as

(say) '
q—-——"° = RyN sing

'ar om |"‘-'-\ .

By defining a new steady streaming Reynolds number R; to be
Rg¢W the constant # no longer appears explicitly in the prob-
lem, and so the non-dimensional solution (for % and w! say)
must be independent ofwN. Using this device it is possible
to apply the numerical results obtained whenWN is 0.25 to
arbitraryN. Despite the generality conferred on the numer-
ical work by using R; as the Reynolds number, the results
will be presented and discussed for W= 0.25, the Reynolds
number being Rg.

Analytical solutions for X, and w, are available only
in the limit D-»(C when, either the viscous terms dominate
the motion, or when the stream function becomes independent
of the axial velocity. The creeping flow solutions cf
Chapter & will be discussed later when the emphasis will be
on the change of direction of the secondary moticn. First
we wish to examine the asymptotic analysis of Chapter 5 and
compare the results with the numerical solutions of the
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equations.

Chaﬁter 5 deals with the limiting form of (3.38) and
(3.40) when the stream function is independent of the axial
velocity, and hence as given by Lyne. The principal result
of the analysis for large Rg is that, away from the bound-
aries, the axial velocity is proportional to the stream func-
tion. This result is confirmed quite well by the numerical
calculations at Rg = 1,800. The streamlines and axial vel-
ocity contours are shown superimposed in Fig. 7.12 and the two
sets of curves are very nearly coincident at this value for
Rg. The constant of proportionality predicted by the analysis
(for the upper semi-circle) is 4/%. = —7.14 while fron the
numerical results the axial velocity divided by the stream
function, along the line a = m/2, has the approximate value
of =8.1. This discrepancy is attributed to the rather slow
approach of the flow field to its asymptotic state. For
example, at Ry = 1,80C we see that the vortex centre has not
yet reached its asymptotic location of (0.48,n/2) (Lyne 197C).
Also the flux ratic versus Ry graph (Fig. 7.13) shows a slow
approach to the limiting solution. However, if we consider
values of Rg between 6CC and 1,80C and plot the logarithm
of the difference between the asymptotic and actual flux ratios
against lcgRg, the points fall on a straight line of slope
very clcse to -0.5, and thus indicating that the terms O(ﬁ?)
are still significant at Rg = 1,8C0. Therefore, the differ-
ence between numerical and asymptotic results can be attrib-
uted to the higher order terms in the asymptotic analysis.

Solution of the integral equaticn (5.6C) for the axial
boundary layer proved quite difficult, and only 5y neglecting
the terms involving p and P was it possible to obtain an
approximate axial velocity profile in the boundary layer.
Though the neglect of these terms has no rational basis, the
results obtained agree well with the computational results.
Figure 5.3 shows the axial velocity gradient at the wall of
the pipe as a function of a for both the asymptotic and num-
erical (Rg = 1,8C0) solutions. Ignoring the regions near
o = O,m, where the boundary layer analysis is invalid, despite
having slightly different shapes, the two curves agree satis-
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factorily. Thus overall we have satisfactory agreement bet-
ween the asymptotic analysis and the computational results.
In Chapter 5 the full equations (3.38) and (3.40) were

simplified by taking the limit k—C, Rg fixed so that the
stream function became independent of the axial velocity.
An alternative way of decoupling the equations, and one which
eases the restrictions on the size of D is to consider the
limit Rg—>eo first. The equations will decouple if the cen-
tripetal terms in (5.40) are much less than the convective
terms, i.e. if O(w}) << Rg. When this condition is satis-
fied, the secondary flow has uniform vorticity, and the anal-
ysis of Chapter 5.or 6 then indicates that the size of w,;
is given by a balance between the viscous and pressure grad-
ient terms in the axial momentum equation, and therefore
w, ~ O(oRi2) . Hence to satisfy the decoupling condition for
large Rg¢ we must have D ~ o(Ry), which considerably extends
the range of parameters to which the results of Chapter 5
can be applied.

‘ At this point it is appropriate to attempt to apply
our results tc the flow of blood in the arch of the (human)
aorta, The simplest model for flow in the aortic arch is
fully developed flow in a curved pipe, however due to the
differences between this model and the physiological cond-
itions it is expected that our results will only provide
estimates for shear stresses and their distributions. It
becomes clearer that our work is of limited value when it
is seen that not all the parameters fall in the correct
range for the theory to be valid.

- The main approximation to the physiological conditicns
made in modelling the aorta is the assumption of fully devel-
oped flow. In reality a fully developed configuration would
not exist due to the repeated branching of the aorta and its
changing cross-section. Also the close proximity of the left
ventricle means that in the aortic arch entry length effects
are likely to be important. It is expected then that shear
stresses calculatad on the Lypothesis of fully developed flow
will under estimate the physiological values, and that the
branching of the aorta will perturb the shear stress
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distributionbpredicted by the model. The neglect of the

elasticity of the artery will be of minor importance, as

in the case of the straight elastic pipe (Womersley 1956),

and the approximation of small %R is fair. Finally, for

simplicity we assume the pressure gradient which has W = Ya
Values for the blood velocities and artery size for

man are given in MacDonald (1973). Typical values for rest-

ing conditions are:

a = 1.25 cm
mean blood flow of €6L/min
v = 0.04 e (8.1)

while a reasonable estimate of the maximum velocity is

100 cm/sec. Data for the mean pressure gradient in the
aorta is scarce and subject to large errors of measure-

ment (MacDonald 1973) so that we can only estimate the

Dean number of the flow. If we assume that the mean flow
has a parabolic velocity distribution, then for ?ﬁ,= 0.25,

D is 440, This is an under estimate of the true value of

D. As a first estimate of the amplitude of the velocity fluct-
nations we subtract the maximum mean velocity from the peak
velocity, and therefore we take W to be 6C cm/sec. Assuming
a heart rate of one beat per second then w = 2n rad/sec,
which gives Rs the value 2,690 and 3 the value C.C8.

For the asymptotic analysis of Chapter 3 to be valid
it is necessary that the secondary velocities be smaller
than the leading order oscillatory axial velocity,; this
condition is expressed as

R,(s‘ <« | .

For the values of Ry and 8 given above this condition is

not met as R,a' is 18. Clearly to quote numerical values

for quantities ascsociated with the secondary motion is mis-
leading as, for example, shear stresses due to the secondary’
velocities will be larger than those caused by the axial vel-
ocity when in fact they should be asymptotically smaller.
Thus in keeping with the limitations already mentioned, only
quantities associated with the axial velocity will be consicd-

ered.
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As Rs is large,and also much larger than D,the flow
should have the asymptotic form given by Chapter 5. Assum-
ing this to be so, new estimates of D and Rs can be obtained.
The estimate of D can be improved by dividing the previous
value by the asymptotic flux ratio; this has the effect of
basing D on the pressure gradient in a curved pipe required
to produce the asymptotic flow. The new value for D is 1,10C.
Similarly a more accurate value for W can be obtained as we
have a tetter knowledge of the axial velocity distribution.
In fact the maximum steady velocity is 1.l times the peak
velocity in Poiseuille flow (at the same flow rate)
so that W is now (100 - 1.1 xuC) cm/sec, i.e. 56 cm/sec,
resulting in a new value of 2500 for Rg. These new values
of Ry and D still satisfy the conditions required by Chapter
5.

The oscillatory velocity gradient at the wall is calc-
ulated using the first two terms of the Stokes layer expansion
(3.15) and (3.18), and this gives a peak shear stress of 32
dynes/cm which is uniform around the pipe wall. For the
steady shear stresses, the velocity gradients calculated at
R = 1,800 will be teken as the asymptotic values and we see
that the leading order non-dimensional velocity gradient var-
ies from -C.34 at the outside of the bend to -2.58 at the in-
side. Thus the magnitude of the leading order steady shear
stresses ranges from 1 dyn/cm to 8 dyn/cm around the pipe.

As expected the mean shear stresses are guite small
compared to the peak shear stress. It seems likely there-
fore that the effect of curvature on thé shear stress dist-
ribution is small compared to the highly localized effects
of branching of the aorta.

The flow conditions discussed up to now have only
allowed the secondary motion to affect the axial velocity.

We now turn to situations where it is possible for the axial
velocity to influence the flow in the cross-section, and poss-
ibly change the direction of the secondary velocities.

The creeping flow solutions of Chapter 4 clearly ill-
ustrate the development of the secondary flow when inertial
effects are small compared to viscous effects. The axial
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velocity is a small perturbation away from Foiseuille flow,
the location of the axial velocity maximum being dictated by
the direction of the secondary motion. The leading ocrder
stream function %.e (#.6) is the sum of two terms, one of
which represents the motion generated by the boundary cond-
itions, and the other the motion due to the centripetal press-
ure gradients. In this slow flow limit the balance between
these two oppositely directed flows is determined by the para-
meter k = D/rg';‘ (&.1). _

For K << 18N+ O(R:) the flow in the cross-section is
dominated by the motion due to the boundary conditions, and
particles near the axis drift across the pipe from the out-
side to the inside of the bend. As k increases (i.e. the
axial velocity increases) the centripetal pressure gradients
become stronger, and as these forces have their maximum value
near the axial velocity maximum it is in this regioﬁ we expect
the outward secondary motion to first appear. (See, for ex-
ample, the numerical results at Rg = 30 shown in Figs. 7.17
to 7.22.) The inward secondary velocities near the axial
velocity peak are decreased, and at kT = 18N+ O(R:) a stag-
nation point appears at r = 0.01744R, + O(R{) on the line
o = M. Under these conditions the axial velocity maximum occurs
at r = C.O0120RWN + C(R)) and o = m.

As k' is increased above 18N the stagnation point be-
comes a streamline %, = O separating two regions of oppositely
directed circulation. Inside the separating streamline we
have secondary moticn analogous to that found in exactly steady
flow in curved pipes, while outside there is the steady stream-
ing associated with oscillatory flow. The region of Dean type
flow continues to increase with increasing k, and as it dces,
the axial velocity maximum is forced by the seccondary flow
to move towards the outside of the pipe bend. For kKt = 25.2Jf
the peak axial velocity occurs at the origin, and for larger
kl, moves onto the line a = O.

Dean type secondary flow fills the whole cross-section
for kK> 18N + O(R:). The mction due to the boundary cond-
itions is confined to a thin layer on the wall and the vel-
ocity field is essentially that cbtained in exactly steady
flow.
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Changes of the flux of fluid through the pipe, though
associated with the above phenomena, are not manifested until
O(RZ) as shown by (£.15). It is poscible to identify the
" terms appearing in (4.15): the quantities O(RyK") and O(R:Jﬁ)
are the reduction in flux ratio due to the shifting of the
axial velocity peak to the outside, and to the inside of the
pipe bend respectively, the former being first calculated by
Dean (1928); the term O(EikiN? represents the increase in flux
ratio as the axial velocity pcak moves across the'pipe. At
k = O the flux ratio has a local minimum, and as k is increas-
ed Q, increases to a maximum of 1-SK*Wx10° at k* = 30.1N
and then decreases for further increases in k. The maximum
rate of increase of the flux ratio, i.e. the inflection point
in the Q, versus k curve (at constant Rg), occurs at k* = 10.054
and we note that the slope at the inflection point increases
as Rs increases.

- For values of Rg and D not small the creeping flow
solutions are no longer appropriate and numerical methods
have been used to obtain solutions. These solutions do not
give the same detailed information as the analytical results,
but from Fig. 7.17 to 7.27 for Rg = 3C and 75 it is seen that
the transition from inward to ocutward secondary flow occurs
in much the same manner as for the viescous flow soluticns:

a stagnation point appears on the line oo = m and grows into

a region of Dean type seccndary motion which eventually fills
the cross-csection as D is increased; similarly the axial vel-
ocity peak moves frcm the inside to the outside of the pipe
bend while the flux ratio gradually rises to a maximum and
then decreases. Alsc we note that the slope at the inflect-
ion point of the flux ratio versus D graph (¥Fig. 7.12) follows
the result of the viscous flow solution and continues to in-
crease as Rs incresses, while the locations of the inflection
point and flux ratio maximum move clocer together. It is not
unreasonable to predict then that for some Ry between 75 and
1CC the slope at the inflection point will become infinite,
and at some slightly larger value of Ry, this clope will be=-
come negative, thereby leading to an '_S ' shaped curve.

This is the result obtained for Ry = 1CO,
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When any numerical scheme produces initially unexpect-
ed results the first thing that is questioned must be the
reliability of the method of solution. However, as the pro-
gram was checked several times during its development a-
gainst analytical solutions and known numerical results, and
the agreement was found to be satisfactory, some confidence
can be placed in the solution technique. The actual behav-~
iour of the iterations during the calculations at Rg = 1CC
is also important. It was found that weight factors of 1 to
2 were quite sufficient to keep the process stable, and de-
pending on the initial approximation, weight factors of C.5
or less were used without detrimental effects. Also the it-
erations behaved in the same manner as when tecting the pro-
gram to compare with knovn results. ¥inally the rapid con-
veréence of the Fourier series (7.1) and the agreement of
results obtained on different mesh sizes also contribute to
our belief that the results obtained for Rg = 1CC are good
numerical approximations to the exact solutions of the gov-
erning equations and boundary conditions.

The plots of streamlines and axial velocity contours
for Ry = 100 are shown in Figs. 7.28 to 7.37. The graphs are
arranged in order of increasing axial velocity at the crigin,
which also corresponds to increasing distance, measured from
D = 0, along the '_§ ' flux ratio curve Figs., 7.14 and 7.15.

In an experiment where the pressure gradient determines
the flow, only the sections AB and CE of the flux ratio graph
would be obtained. For small values of D such that the flux
ratio lies on the lower branch AB, the flow in the cross-
section is inward with some weakening of the secondary vel-
ocities near the peak axial velocity,; there is no sign of
any Dean type secondary flow (Figs. 7.28 to 7.30), Once at
B, any increase in D ceauses the velocity field to change dram-
atically with the flux ratio Jumping to B' on the upper curve.
The streamline pattern now shows a large Dean type secondary
flow surrounded by the steady streaming associated with the
boundary conditions (Fig.7.35). Further increases in D from
these conditions tend to make the velocity distributions more
like those found in exactly steady flow in curved pipes.
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Starting from a flow with flux ratio on the upper
branch CE and decreasing D, we find that the flow changes
dramatically at D.< Dg. The Dean type vortex present at
C (Fig. 7.33) disappears completely at C' and the flux ratio
is markedly lower due to the sudden jump of the axial velocity
maximum from the origin to the inside edge of the pipe (Fig. 7.28).
For further decreases of D the flux ratio follows the curve
C'A.

The flow configurations in Fig. 7.31 to 7.32, corres-
ponding to the secticn BC of the flux ratio curve, have been
obtained by imposing additional constraints on the velocity
field. In the absence of these constraints the flow cannct
be physically realized. OSome indication as to why it is nec-
essary to introduce an extra force intc the flow in order to
obthin solutions on the curve BC can be obtained by examin-
ing the streamline and axial velocity contours of the flows
studied. :

Those flows where the change over of the secondary
motion takes place smoothly result essentially from the
linear combination of the two opposing circulations, Jjust as
in the creeping flow solutions. This can be seen from the
streamline patterns by noting that the small Dean vortex,
once formed, has little effect on axial velocity gradients
at the wall, which (at this stage) are controlled largely
by the inward secondary velocities. However at Rg = 100,
where the axial velocity maximum is very clcse tc the wall,
there is the possibility for the latent Dean vortex to inter-
act strongly with the inward motion and alter the shear stresses
on the wall, especially near o = n. Thus a small change in the
Dean circulation coulé produce large changes in the flow as a
whole,

Increasing Rg to 125 does not significantly alter the
velccity field. The ' ' shzped flux ratio graph is again
obtained, though the region of multiple solutions has greatly
increased (Fig. 7.16). This similarity is not surprising as
the flow fields at Rg = 100 and Rg = 125 in the limit D-0
are very similar, However for Rg = 15C, D-+C a new feature
emerges: the axial velocity maximum does not occur on the
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axis of symmetry, as in the lower Ry cases, but now appears
at some angle, say «,, less than m. We can expect the cent-
ripetal pressure forces for this velocity distribution to be
different from those when the axial velocity decreases away
- from the axis of symmetry. In fact the initial increase in
the axial velocity away from the axis will cause pressure
forces that strengthen the inward secondary motion along the
avis, thereby preventing the axial velocity maximum returning
to the axis and leading to a new pattern of flow development
with increasing D. ,
The streamline and axial velocity contours for Rg = 150
are shown in Fig. 7.38 to 7.48, and the flux ratio versus D
curve in Fig. 7.16. The results cobtained for the flux ratio
suggest that the two branches of the curve are completely
dis%inct. Cn the upper curve, the flow is essentially the
same as exactly steady flow in a curved pipe (Figs. 7.46 to
7.48), while on the lower branch, before the local maxima
in the flux ratio, the secondary motion is the inward steady
streaming typical of flows dominated by the boundary conditions
(Figs. 7.38 to 7.39). Flow configurations on the lower branch
past the flux ratio maximum reflect the strong interaction
of the centripetal pressure gradient forces and the inward
steady streaming, and Figs. 7.39 to?.45 show the complicated
nature cf the motion. It should be admitted immediately that
the results in this range of D on the lower branch are to be
viewed with some suspicion: these results could be due solely
to the poor convergence of the Fourier series (7.1) in this
interval. However experience gained with the numerical scheme
when insufficient terms in (7.1) have been used tempts us to
believe that, at least qualitatively, the results are correct,
The solutions represented by the upper curve could cnly
be obtained when the initial approximaticn to the solution
was a flow with outward seccndary motion. If the initial
approximation was a flow with inward steady'streaming, then
no matter how high D was taken (with Rg¢ = 150), the solution
obtained always fell on the lower curve. This is in contrast
to the result at Rg = 10C where it was possible to jump from
one branch to the other in either direction. For Ry = 15C it
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appears that it is only possible to jump cown from the upper
to lower curve.

The modified iteration technique where the axial vel-
ocity at the centre of the pipe is specified failed to lo-
cate any link between the two branches. Indeed it was found
that this technique was more useful in determining solutions
on the lower branch than if D had been specified.

Examination c¢f the streamlines for flows on the lower
branch show clearly the reason for the poor representation
afforded by (7.1) when NCOF is 18. As D is increased the in-
ward steady streaming forms itself into a small vortex near
o = O, causing the stream function to have large variations
over a small range of a., Also, the strength of this vortex
increases as D increases,

The axial velocity maxinmum never returns to the axis
of symmetry, though at one stage «,, did increase slightly
with increasing D. As anticipated, the angle «, generally
decreased with increases in D until the axial velocity max-
imum was quite near o« = C. The slight change in direction
of the movement of the peak axial velocity appecared to be
typical of those flows, which in the limit D=0, had the
velocity maximum Jjust off the axis. Brief exploration alcso
showed that it was possible for the axial velocity maximum
to return to the axis of symmetry, and then leave it again
as D was increased.

Finally this chapter is ended with a conjecture as to
how the flux ratio curve for Rg¢ = 150 has developed from that
at Rg = 100, and a guess at the regions in the D-Rs plane
where solutions of the equaticns are non-unique. A4s Rg is
increased from 100 to 125, the region of non-unique solutions
increased markedly. This was mainly due to the lower Jjump
point B occurring at a larger D, Ccupled with the results
for Rg = 150, this suggests that this lower jump point has
moved to very large, ifnot infinite, values of D, while the
upper Jjump peint remains virtually unaltered, In this case
the portiocn BC of the flux ratio curve at Ry = 1C0C would be-
come the curve shown by the broken line in Fig. 8.1 when Ry
is 150,
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In the D-Rg plane the region of multiple solutions is
bounded by the loci of the upper and lower jump points, and
fer Ry less than 125, this region is reasonably well defined.
From the results at R¢ = 150 the locus of the lower Jump point
is almost parallel to the D axis; if it is assumed that the
lower jump point has moved out to infinity, then its locus
asymptotes a line parallel tc the D axis. Only a rough app-
roximation to the locus of the upper Jjump point can be obtain-
ed. For large Ry there is no interaction between the twc sec-
ondary flows provided D<<Rs. As it appears that a strong
interaction between these effects is necessary for multiple
solutions to exist, then the locus of the upper Jjump point
must lie somewhere to the right of a Tine Re¢ = al, where
a~o0(l), as Ry—o. The region of non-uniqueness is then
the area shown shaded in Fig. 8.2. '

Verification of the position of the locus of the upper
Jjump point is a lengthy computational task due to the large
parameters invcolved; the conjecture about the locus of the
lower Jump point can be checked by calculations in which D
is held fixed and Ry varied. This work remains to be carried
out.
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CHAPTER 9

The axial steady streaming

When the pressure gradient along the pipe is a general
periodic function of time which contains even harmonics of
the fundamental frequency, the analysis of Chapter 3 shaws
that a steady axial velocity exists at the cdge of the Stokes
layer. The generation of this axial velocity is similar to
the mechanism producing the steady velocity at the edge of the
Stokes layer for the flow in the cross-section. In both in-
stances the oscillatory components of the flow in the Stokes
layer interact to produce a steady velocity component. When
the no slip condition at the wall is enforced it is found that
these steady velocity components do not decay to zero at the
edgé of the Stokes layer, but persist into the outer region,
driving steady streaming motions.

Here we‘shall study this axial flow for the case when
the mean pressure gradient is zero, so that w, is identically
zero, The equations governing w,, obtained from (3.4C) and
(3.57), are then

Rs (Mo, I%) a
- B =
L TCEN N Ao ’ (9.1)

_ RBs 2%e,Wa) 2
and el ‘b('.*‘ - V wz . (9'2)

The boundary conditions are given by (3.41) and (3.58) and
are repeated here:

xo = 0
1}% = N sina ] on r=| (9.3)
and W, = Rs M cog an =\ (9 .[;_)

The problem described by the equations and boundary
conditicns (9.1) to (9.4) may be artificially interpretted
as the fully developed flow of a viscous, incompressible
fluid in a straight pipe when the walls of the pipe have the
velocities given by the boundary conditions (9.3) and (9.4).
At first sight it appears as though there will be no net flux
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of fluid through the pipe as the mean axial velocity around
the wall is zero. However closer exanination shows that the
boundary conditions cause the mean value of the azimuthal
component of vorticity at r = 1 to be non-zero, thereby im-
plying a net flux through the pipe in the direction dictated .
by the sign of the azimuthal vorticity.

For the artificial problem the vorticity vector,w is

2 FW, 2
w =['?1“j;,—)ir.—wo] . (9.5)
The third component of the vorticity vector at the wall is
Wy, = - N sing + pﬂ’\ s (9-6)
g d¥r et

and for w, zero, the vortex lines are straight lines para-
llel to the axis of the pipe. The imposition of an axial
velocity which varies around the circumference of the pipe,
e.g. (9.4), tends to bend any given originally straight vor-
tex line abcut a radial line, thereby inducing an azimuthal
component of vorticity. The bending of the original axial
vortex linés is associated with the radial vorticity

w, = —MR¢sinx, and the non-zero mean value for the azimuthal
verticity on r = 1 comes from the interaction of the sinx
terms in w, and «,. The mean azimuthal vorticity source
strength is obtained by evaluating the axial momentum equation
(9.2) at the boundary and integrating the result around the
circumference. We obtain the result

L (™ s N REN M
zwL wrl,j“* = - T (9.7)

where Eﬁg- is the azimuthal verticity scurce strength., In
deriving (9.7) we have useé the fact that

n
IWa da =
LA (9.8)

which is easily obtained by integrating (9.2) over the cross-
section.

Associated with this azimuthal vorticity is a mean flux
of fluid alcong the pipe. As W is always positive, the =ign
of the vorticity scurce strength, and hence the directicn cf
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the mean flux, is determined by the sign of M.

By using an artificial interpretation of (9.1) to (S.4)
we have shown that there will be a net flux of fluid through
the pipe. The presence of a mean axial flow implies that
the directions +0 and -© are in some way different, so that
now we must return to the original problen of an oscillatory
pressure gradient acting along a curved pipe and determine if
it is possible for a preferential axial direction to be est-
ablished. Clearly the geometry of the pipe gives no pref-
erential axial direction, thus leaving the imposed pressure
gradient as the only possible source. This is the result
obtained in the previous paragraph, as the quantity M,
which was shown to determine the directicn of the mean flow,
depends only on the pressure gradient.

The pressure gradient distinguishes one axial direction
from the opposite direction, so that any asymmetry in the
pressure gradient will indicate that a preferential axial
direction exists. The analysis of Chapter 3 showed that WA
is zero if the pressure gradient consisted of only odd harm-
onics of the fundamental frequency. Denoting such a pressure
gradient by PGe(x), it is easy to see that

PG, (v+n) = -PG, (7).

Clearly, the positive and negative excursions of PG,(x) are
identical, and also the time spent with the pressure gradient
positive is equal %o the time for which the pressure gradient
is negative. Such symmetry of the pressure gradient can pro-
duce no preferential direction, so that M being zero for

PG, (T) is a necessary consequence of the non-existence of a
preferential direction.

A pressure gradient containing even harmonics, PG.(T),
does not have the symmetry properties of PGo(xt). The poscitive
and negative excursiocns of PGg(t) are not the same, andhmore
importantly, the time cpent with a positive pressure gradient
is not the same as the time for which the pressure gradient
is negative (see Fig. 9.la,b). Thus from this asymmetry of
PG.(t) it is possible to infer a preferential axial direction.
The presence of a mean flow of fluid through the curved pipe
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is then consistent with the existence of this preferred ax-
ial direction.

The preferential axial direction comes from consider-
ing the pressure gradient per se; this property of the press-
ure gracient is nct a property of any of the harmonic comp-
onents of the pressure gradient. In a linear system (e.g.
oscillatory flow in a straight pipe) where each frequency
component can be treated inderendently of all the others,
the concept of a preferred axial direction has no consequ-
ence. It is only where nonlinearities preclude consideration
of each frequency component separately that the directional
properties of the pressure gradient as a whole become rel-
evant.

We return to the problem of obtaining solutions of
(9.1) to (9.4) for the axial steady streaming. The para-
meter governing the distribution of the azimuthal verticity
produced at the boundary is Rg. For small values of Rg we
expect the vorticity to be diffused over the cross-section,
while for large Rs we expect the vorticity to be confined
to a region adjacent to the wall. In both cases the stream
function X%, is given by generalizations of the solution of
Lyne (197C).

In the limit Ry>(Q the expansions

fxc ~ lxooq.gsqm-n-...r R
and W, ~ Rgw, + RS Wy, + -+ (9.9)

are used. For the stream function we have

. 2_.
’xo = ‘—}f—s—%‘—i(-ri-r:\ + de—v—.is—q.—:-z‘it'rt+ ?.rq'-—rh)

2 N sina
+ R [?ga?ol—(‘Zr +lr'= 20¢° +f5r1~4-rq)

13
N Sinde 3 s 7, A
+ ———‘——13)0*0 ("r +3r’=3¢r + ¢ )] . (9.10)

The boundary conditions (9.L) become

Wi T M cose

VR W, = o , i= 42,3, om r=1\, (9.11)
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Substituting the expansions (9.9) into (9.2) and equ-
ating like powers of Rg we get
Y?zmgw = O
as the equation for w,, . The regular solution, satisfying
(9.11) is
w, = Mwsa.r . (9.12)

20

At O(R}) we obtain the equation for w, as
S

Vl - _\_ ‘b("oo:w.\.o\
Way ENTIY) ’
which has solution
MY M N cosi 2 _4 ‘
My = S Lmaredt) R eR-et) L (9.13)

Evaluation of S| shows that (9.8) is satisfied as the
mean component of the velocity gradient is identically
zero onr = 1. Also integration of w,, over the cross-
section shows that the flow rate along the pipe is non-
Zero.

Proceeding to higher orders we obtain

NN coss 1 s MK cosT o 3 $ A
w,, = —_23,040 (—|4r+2\r--|r ) +-———7,S‘°° (3r—€r-3r) (9‘114)

3

4

and w. = —MN (_:1311 +8,280% - 100 + 6,400¢° - 11728 + a2 r‘°)
3 12* X 6,400 '

3
+ —_—‘::;':f:::-“* (’5%‘— 92 A + 219 - 1522 + zev"’)
M N cosdot

X Tis LR r - 2604 + 1955y - 4-4»01'") . (9.15)
00

Integrating the expression for w, over the cross-
gection we obtain the flux of fluid down the tube, Q,, as

Q, =

R:'MW'( . 3«‘&3)

1) 128 * 0(2:) : (9.16)

We now turn to the determination of the axial steady
streaming in the limit Ry»>oe. In the notation cf Chapter 5,
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the stream function is represented by the expansions:
Folnas Re) ~ Rolnw) + X, weee (9.17)
away from the boundaries of the semicircle; and

’Xo(“d‘; KS\ ~ R-;i XQK ‘,d\) + R;' X. L R Q\'\V"—"
and Koln3; &)~ RS X (N9 v R X+ on n=0 |, (9.18)

where g, N are the O0(1l) boundary layer co-ordinates defined
by (5.1C). It is assumed that w, will have an inviscid core/
boundary layer structure similar to that of the stream func-
tion. Thus in the regions away from the boundaries of the
semicircles the axial velocity has the form

w, lr,ajRs) ~ R:‘( Wo (na) + ‘(-:‘.W\ e ) ) - (9.19)

where the constant m is to be determined by matching with
the solution for w, in the bcundary layer. (The notation
-of Chapter 5 is being used for the expansions, but as this
chapter and Chapter 5 are sufficiently self contained, nc
confusion should arise. For example,the symbol W, is used
for the leading term in the expansion of w,, in Chapter 5
anéd for the leading term of w,, and clearly represents two
different axial velccity distributions.)

For large Rg¢ the convective terms dominate the viscous
terms in (§.2) so that, away from the boundaries, the axial
velocity is constant on the streamlines of the flow in the
cross-section, As these streamlines are closed a single-
valuedness condition analogous to (5.28) may be applied to
determine the variation of the axial velocity across the
streamlines., Alternatively the results of Chapter 6 may be
applied, and with either technique the leading order solution
for w, is

W, = constant. (9.20)

The radial and azimuthal vorticity components are giv-
en by (9.5), and using the leading order solution (9.20) for
w, it is seen that these components of vorticity are zero in
the core. The radial vcrticity produced by the boundary cond-
ition (9.4) and the induced azimuthal vorticity are then con-
fined to the boundary layer surrounding the inviscid core.
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The boundary layer on the axis of symmetry is due to con-
vecticn across the pipe of vorticity produced at the walls.
The bcundary condition (9.4) on the axial velocity at
the pipe wall r = 1 requires that w,~ C(R¢) in the beundary
layer. The thickness of the layers is O(R?), as usual, and
to ensure that the vorticity in the layer cn the axis of sym-
metry is the came size as in the layer on the wall, we nust
have w,~ C(Eg) on @ = C,m. The axial velccity in the boundary
layers then has the form

W,_\r,u\;gs) ~ sto(c'*) + Rif‘wv*-”' on vr=| (9-21)
and Wa (n,5;Rs) ~  ReW,INs) + Ri*w + - on n=0 ., (9.22)

¥Yor the boundary layer flow to match the core flow W,
must tend to a constant as g or N tend to infinity. Thus
at the edge of the boundary layer the axial velocity is
O(Rg) at most, and this must also be the magnitude of w,
away from the boundaries. Thus the matching has given the
re§u1ts

w, ~ R W+ RS o) (9.23)

and Ws»a constant, W, at the edge of the boundary (G.ou)
layers
The boundary layer equations for W, are the same as

(5.16) and (5.39), but rather than determine W, we define
Wep as a function of (p,a) or (I,s) by

Wop = Wo-To, (9.25)

and derive the equaticns and boundary conditions below:

W Xo,Wop) 2 Wyp )
(a2 !
W°" = Mcosk - W, on p=0,
and Wep —= O as p—rwo ] (9.26)
and
— }\Xo,Wok) _ ?‘wob T
2(N,s) N ?
&f = D on N=0O,
IN
and Wo¥ — O @S N> . (9-27)
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The problems (9.26) and (9.27) may be simplified by em-
ploying the approximation that the axial.velocity pert-
urbation W,p, is convected around the boundary layer with the
velocity of the inviscid motion in the cross-section just
outside the boundary layer. This approximation is expressed
in (5.5C) and (5.59) and when used here leads to the equations

-awob dvo ‘BW"P = .QIWQ\.

V’“‘\ f d 3{’ ";_fl

AN _ o AV Wop . W
and lS) 3% N Zg". N b= —3_(:.;"‘. . (9.28)

The transformations (5.54) and (5.63), used with the re-
definiticn of N and A

Mxy) = W lea)

A(XY) = Wop (N,s) (9.29)
lead to the diffusicn equatiohs
LY a0 Y
Ix R4S
: WA _ A
and % - 3\,"- . (9-30)

The transformed boundary conditicns are:

A= Mx,0)

and A—> o as Y e
2N _ =
and Y o on N= O
and A — o as N —2 oo (9.31)

The solutions for M(*.v) and I\\x,Y) are:

-lYy+a) /g%
)\ lx.-j) ]

w

X‘” Ao, w) N y-w)/ax
o < Imx

+_zﬁj;{? (x- /q.u.,o)e, du,

and A(Y\)Y) = X A(ou) [—(‘I-u\/4,x + ;LYW)VQ,K] (9.32)

o AV X du ) J

wvhere Mou) and Adlou) are initial profiles for each layer.
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These two scparate solutions may be combined. into one in-
tegral equation by acsuming that the velocity profile at the
end of one layer is convected around the corner, and becomes
the initial profile for the other layer. Denoting the end
of the layer on the wall by Xe and the end of the layer on
the axis of symmetry by Xe, the above assumption gives

Mxre,y) = A lo,¥)
and A X,YY = Aoy) (9.33)

as in each corner Y=Y ., By focusing attention on the cor-
ner X=X, we obtain an integral equation for the profile
X(xhg) which is analogous to the equation derived by Lyne
for the boundary layer profile in this ccrner. We have

. L
-Waxs 3/4-“1. ( T

. © (5." )
x‘x!a‘j) = Zm L At“e'u) e e:( e.\"((h()— e Qr{'lf’) d“

@ 2 ~-t
+ -2 { Mxe- 3/4.& )°) ¢ du ,
T Y
2,
where Y (C-1 ( +1txcya - _5__.3_)(41¢XL) (9.322)
T \fRe e \ etXe ’ P_ Ghe  Hxe || xe+Re ! °

The last integral in (9.34) can be transformed to

g S Vo le) (M cosa - W ) ;5%,(:,_.;“)) ] _
A (e - <) %, (9.35)

w

which is more suitable for numerical evaluation. This in-
tegral is written in the form

w( aly) « 22 Xﬁl‘s)) , (9.36)

where ): and N are known functions. Similarly, \xe,4) is
defined as

Noly) + 2o\ ()
M( o(‘:\) A \ 1) (9.37)
so that (9.34) gives the two integral equations
of .
Nty = [ Kles) du L) L ten L (9.38)

These two equations can be solved independently for
the MAl4) and the constant Wyéu. obtained by applying the
condition that \(xg,j\-a © as y-» e, Thus we have
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j_’.. - Uit _-_)\_"‘1)_. . - (9.29)
M Yy Aly) ,

The two integral equationc (9.38) were solved numerically
using the iterative technique described in Chapter 5 for

the integral equation (5.69). When successive approxim-
ations to the functions X and )\, differed by less than

'5334 , the iteration process was terminated and the value

of Wo/m determined frcm (9.39). To 3 significant figures the
result is

A . |
A 4oy . (9.40)

*

The functions Xs, N\, , X
Some feel for the constant Wb can be obtained by re-

placing (2.5) by

x
_.'E%(%) = wW (cosx + q,_ws(l't'i""z))

i

and )\ are given in Table 4. .

the simplest pressure gradient for which A is non-zero.
From (3.53) we obtain the result

i $a [ 162 1427 & i\lo\-?hﬁ‘)]
M = a, £
LVIST

(9.41)

where it is understood that only the real part of M is of
interest. Thus from (9.41), the largest value of M 1is
approximately O.OBS‘G;‘. Also, the importance of the phase
4& is clearly shown, and as suggested in Chapter %, by proper
choice of the phase the steady axial velocities can be made
to disarpear. |
Finally we note that the flow in an oscillating torus
can be analysized by the methods used in this thesis and
analogous results derived. In particular there will be a
mean axial motion if the angular velccity contains even har-
monics of the fundamental freugency of oscillation, though
the value of M obtained will be different from (3.5%). As
the leading and first order axial velocity away from the walls
of the torus are zero, the dominant axial velocity is the
steady streaming predicted here. Thus from an experimental
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point of view, an oscillating torus is more likely to be of
use in examining the predictions of the theory than pressure
gradient driven flow in a stationary curved pipe.
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CHAPTER " 1C

Heat transfer in unsteady flow

In this chapter we consider the transport of a scalar
quantity, denoted T*, in a curved pipe when the velocity field
is fully developed and the pressure gradient driving the fluid
motion is given by (2.5). The quantity T may be thought of
as the temperature of the fluid or the concentration of a
species diffusing in the fluid, but throughout this section
the terminology of the heat transfer literature will be used.

The dimensional equation governing the distribution of

T* in the fluid is
AT L T T wt 3T
L X ™ R +rxcosk 26
= K ﬂ*.;.—‘—‘}l“p-\_-t‘ ! ')11-‘
I PN A (R+recosa)® 3%
gofosa ATY __sinx TR (95 )
Rérrcosn drt Rarteosa ¥ I :

where the co-ordinate system used is shown in Fig. 2.1, and

K is the diffusivity of T in the fluid. The properties of
the fluid are assumed to be constant. For simplicity we shall
only consider boundary conditions which require a step change
. * . .

in T at the pipe wall, i.e.

T‘ = T° for 6 <0 ’
™ = T, for 8720 on r¥*=a . (1C.2)

Expressions for u*,v*,w* are available for the case
when the curvature of the pipe is small. When tﬁe non-
dimensionalization (2.9) is used and the limit &¢—»C attenpt-
ed in (1C.1l), it is found that the ratio of the axial con-
vection of heat (by the mean velocity) to the axial conduct-
ion of heat tends to infinity. The ratic of convection to
conduction terms defines a thermal Reynolds number, usually
called a Peclet number, Pe which has the form of a Reynoléds
number for the fluid flow multiplied by the ratio of the
kinematic viscosity to the thermal diffusivity. Thus we cee
that small & implies large Fe; this is the difficulty referred
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to at the end of Chapter 2. .

The reason for the large Pe can be traced to the limit-
ing process used to obtain the mocmentum equations (2.13) and
(2.15). There the 1limit ¢—C, D fixed (among others) was
taken., As D may be regarded as the prcduct of the Reynolds
nunber for the axial flow and 5?, it follows that to keep D
fixed, the Reynclds number must increase as ¢ decreases. The
Reynolds number in D is that used to define the Peclet number,
Pe, so that Pe must also increase as & decreases. Alternat-
ively, we can interpret 5% as a Reynolds number for the axial
flow.

A large Peclet number, for whatever reason, is usually
taken as sufficient Justification for the neglect of the axial
condiction of heat. In steady, forced convective heat trans-
fer in a straight pipe this apprcximaticn leads to the class-
Aical Graetz-Nusselt problem for which analytical solutions
are well kncwn (Jakob 1949). Even though solutions, both
analytic and numerical, have been obtained when axial con-
ducticn is included (Tan and Heu 1972 and Michelsen and
Villadsen 1974), little work has gone into understanding the
effect of the axial conducticn term on the solution, or why
its neglect is very often a good approximation. Therefore,
before attempting to calculate the heat transfer in unsteady
flow in a curved pipe, the simpler problem of steady, forced
convective heat transfer in a straight pipe is studied in
order to elucidate the nature of the large Peclet number
limit, From these results an expansion scheme is developed
for heat transfer in curved pipes for both steady and un-
steady flow fields.

We consider an infinitely long straight tube of cir-
cular cross-section with a step change in the wall temper-
ature at s* = C (see Fig. 1C.1). Fluid is flowing steadily
through the pipe with a parabolic velocity distribution,
and as the problem it axisymmetric, the energy equation is

Ga' (. r*\23T  _ K(?”' LT E:)
h ]

4N a* | Js* P + ™ 3 R

(10.3)
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and the boundary conditions are
T = 0O {or S* {0 ,

T = 1 for s* >0 en r*=a. (10.4)

: ]
The pressure gradient along the pipe is G =-$$kt) and T
is considered tc be non-dimensional.

The Peclet number is defined by

= Ga* a |
Pe = 2.2 (10.5)

and when this is large it is usually assumed that the

axial conduction term is negligible compared to the con-
vection term. This approximation changes (10.3) from an
elliptic equation to a parabolic equation, thus allowing the
solution for s*<€ 0 to be written dcwm at once as

T‘(r‘,s") =0 , s*cO . (10.6)

An attempt to calculate the effect of axial conduction by

a regular expansion of T in powers of P&® has been made by
Jones (1971). Clearly the equations for higher order terms
will be parabolic with forcing terms confined to the region
& > 0, sc the result (10.6) remains unchanged., As we expect
the inclusion of axial conduction to allow some diffusion of
heat upstream of s* = C, we are lead to examine the validity
of the expansion technique. We find that for r*e a and
s*== C, the neglected axial conduction term is the same size
as the terms retained at leading order, thus indicating that
the expansion is not unifecrmly valid. This result would be
expected on physical grounds, as here the axial temperature
gradient is large and the fluid velocity small.

- Thus the solutions of Graetz and Nusselt are valid
downstream of the origin, while near s = O new approximations
are requiredt The problem is analogous to the entry flow in
a channel where Van Dyke (197C) showed that the solutioﬁ ob-
tained by neglecting axial diffusion of vorticity (Schlicting
1924) is only valid downstream of the origin, and that a diff-
erent approximation is needed for regions close to the origin.

TWhile this work was in preparation the author learnt
that A.S. Jones treated this problem in an, as yet, unpub-
lished paper.
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Consequently the approach used here closely parallels Van
Dyke's treatment of the entry flow problem.
The co-ordinates are made non-dimensional by scaling

with respect to the pipe radius, a:

C = r‘/CL
s = Vo . (10.7)
Equation (10.3) becomes

¥ A [FT  4 T BT
(- - 0 (32

it 2r st (10.8)
with boﬁndary conditions
T = o -‘or S<o0 ,
v T = \ be s 70 on r‘=\ . (10.9)

In a region around s = O we expect that the thermal bound-
ary layer will be thin and that the radial and axial temp-
erature gradients large. It is found, by requiring the con-
vective term to balance the largest diffusion terms, that the
thickness and length of the region is O(Pé%ﬁ.
p,S are introduced for this region and defined by

New co-ordinates

P = (!-—r-)Pe.”l
S = sPe* (10.10)

The temperature i1s assumed to have the form

Tlrs;Pe) ~ Tolrs) + P T, «... (10.11)

away from the wall, and
Tlas;Pe)  ~ To(pS) + P T +w---  (10.12)

near r = 1, For future reference the region away from the
wall is labelled as region II and the region near the wall
as region I. |

Substituting (10.11) into (10.8) and equating equal
povers of Pe we obtain at leading order

(\—rz)?)—-:& = O.

The solution satisfying the condition at s = -~e0 is -
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; ?ﬁ,Lr,s) = QO ,
Continuing this process we obtain the result that

?ik"ﬁ» = 0 [} (R’ R

L= O
so that | Tlrns;Pe) =0 in reqion T (10.13)

The equatiocn gowerning To(p,S) in the boundary layer
is found to be ’

lf‘& = ’a—_"'\'o + ?1T°
S T ) (1C.14)

and the boundary conditions are

To = © for 540

T, =1 for s»0 on =0 . (10.15)

Conditions on T, as p beccomes large are found by matching
the boundary layer to region II. Using (10.13) in the
matching we find that

T — © cxpon%*‘-'au\j as p-—Foco . (1C.16)

The condition that Te and %%% are bounded as |S\—9~=are
sufficient to complete the formulation of the problem for
To . _

The more difficult mixed boundary value problem,
where the ccndition %? = 0 replaces Ty = O on p = C,5<0,
has been studied by Springer and Pedley (1973). However
they were interested only in the heat flux through the wall
s> (C and did not determine the temperature field. Rather
than extend their analysis for the physically more realistic-
boundary conditions, we will illustrate the essential feat-
ures of the temperature field near s = C by the simpler prob-
lem (1C.1z) to (1C.16). '

LY
Introducing the Fourier transfocrm, T, of T, defined by

%o‘f’k) = X Tol%,9) ei“s“s ,

(10.14) becomes d:If: —7——?. = O , (10.17)

-in/e

where ' zZ = R \4'6 (lf-h'\() 0;-‘6 . (10-18)
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To obtain convergence of the Fourier transform, the boundary
conditions (10.15) are replaced by

To = O {or S(O,

-5
T, = e for S70,bv0 on =0, (1C.19)

A
which gives boundary conditions for T, as

. -y g 2

T. = 5hc o ==¢ 4k . (10.20)

This device has been used by Springer and Pedley (1973); the
limit b-»C is taken in the solution for To(p,S).
The soluticn of (1C.17) satisfying (10.2C) is

. . Ailz)
T.(=k) = (bl A (e 37 17) ) (1¢.21)

where Ai(z) is the Airy function of the first kind (Abram-
owitz and Stegun, 1965, ». 446). This soluticn for %,

‘is exponentially small as p-»w provided the k-plane is cut
along the negative imaginery axis, i.e.

..Tl'/z ' nrjk < 3‘"/?_ . (10.22)

The inversion integral is

To(es) =5 r A5 A42 B o)) gk
&2 =) (b-ik) ACa™ S KB (10.23)
The integrand has simple poles at k = -ib and at the zeros

of Ai(dgéxﬁ%). The zeros of Ai(z) -occur for argz = +t, but
due to the branch cut in the k-plane, only those zeros with
argk = n/2 are relevant.

For S>»C the inversion contocur, C4 is shown in TFig. 10.2;
the integrand is exponentially small on the semicifcular arcs
and so the cnly contributions to T, come:from integrating
around the tranch cut and frem the pole at k = -ib. It can
be shown that the branch pcint contributes nothing tc T, so
we get '
L [ AE 5 g e))
2 Ai (45 &™ b*)

__;__F " [A:[diu’ R ) - c.(.]dr 510'25)
b

LR T




_91:4__

where the secdnd term is a Cauchy Principle Value and c.c.
denotes complex conjugate.

To obtain the solution for T, satlsfylng the original
boundary conditions (10.15) we let b0 in (10.25). The
first term gives no trouble, but the Cauchy Principle Value
integral requires clecser examination as the location of the
singularity tends to an end point of the interval as b-0.
Near r = O the integrand behaves like H34b—r) , So that as
b—+C the integrand is O(f%) near the origin, and is integ-
rable. Thus we obtain

To(ps) = l"‘! (mr)" h

Ty)(% (zr*"s") —I" ) 3-/3( P‘t"'r) )I/ ( ) dr' (1C.?6)
Tl5) - 1'{,\3) TE) + T(E)

where the Airy functions have been transformed to Bessel

L4

functions using the relations (Abramowitz and Stegun, 1965,
p. 447 and p. 375)

Al) = 3l [1--5(-%— =) - I-f,(%z”")]

-pIre i/,

and
For S<C the inversion contour is C. in Fig. 10.2.

The integrand is exponentially small on the semicircular

arc, so that after letting b-—»C, the only contribution to

To comes from the residues of the enclosed poles. If

la, n = 1,2,2,... are such that

Ai(4°em (") = 0 (10.27)

-, S ,
then T,(p3) = — e”  Ac(47LE (2¢-tn)) or s¢0 , (1C.28)
o fr 4'/; S L.:’: A 7 ( ,, 4/3) 3

where / denotes differentiation with respect to the argument.
The heat transfer thrcugh the walls is

— _2T%
His) = ¢ |peo and for sy o0
q ° e-"s d . 2
—_ s\ e r : -
Hls) - Z'n"'s ey r W —%— v (1G.29)

o T Tyl - T T+ Tila)
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while fcr S €C the heat transfer is given by

o
His) = - %‘i 3;: S (10.30)

Cf the soluticns (1C.26) and (1C.28) for To(p,S), only
the sclution for S<0 satisfies the matching condition that
the temperature be exponentially small as p+e. The express-
ion (10.26) for T, satisfies the differential equation (1C.i4)
anéd boundary conditions (1C.15), but not the matching condit-
ion (10.16). This has arisen due to the limiting process
|k}—=w, p,S fixed implicit in the inversion of the Fourier
transform by contour integration. TFor S>» C the contour is
such that T, ic determined by integrating along a path where
the Airy function decays only algebraically for large argu-
ment, while for S<C the residues contributing to T, decay
exponentially for large arguments. Examination c¢f the in-
version formula (10.23) shows that the order of the limits
|icfe0, pwo is nct interchangeable in the double limit pro-
cess, so we conclude that (1C.2€) is valid for p~C(1l).

An asymptctic representation for To(p,S), S>C can be
found by considering p to be large, and then using the methed
of steepest descent to evaluate (10.23). Using the asymptcotic
formula for the Airy function (Abramowitz and Stegun, 1965,

p. 448) , 1%

A{(z) ~ -%:'ﬂ:'/; z'," e , \o.r:z l £ R

the inversion integral (1C.23) becomes

& rexp [i (- k- _533 < k"‘) ] ok

.'.0 ;S ~ 2! \] v D ] 1 o
les) ~ o 0% L K (b-ik) Ai(4" 3 K*B) (10-31)
where . S (10.32)

and is regarded as fixed as p-w». The integrand has a saddle
point at k = 294)* , so that (1C.31) can be evaluated along
the contour Cg (Fig. 10.2) where the steepest descent path-
through the saddle point is parallel to the real axis. As

the inversion contour has been deformed through several poles,
the residues there will also contrivute to T,. The pole at
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k = -ib does not contribute toc Ty, and so we may set b=0.
We define il,, to be the location of the first pocle

above Cg, i.e.

2
L 4L == < Ly y M= 4,23, .0, (10.33)

™M=t q}\

then for psew,T, 1c given by
TeS) ~ s S exe [ p2(E L )]
Vn. Vqr" /.; INE \ 4_3 qug)

Y W - 28/
+ 37 _e " ’ (10.3u)

2w Ail-4" (-%:i)“’s)

provided that the saddle point does not coincide with a pole.

This form of the sclution clearly satisfies the cond-
ition of exponential decay at the edge of the layer; it also
gives some new information about the structure of the outer
regions of the boundary layer. First we note that the con-
tritutions from the pcles decay less rapidly as p-»w than
does the term arising from the saddle pcint. This follcws
difectly from the fact that the saddle point is located where
the coefficient of 5%, in the expcnential term, has its max-
imum value.

For S-—O+, i.e. p=>0, the pcsition of the saddle point
tends to +ie and more and more poles are included under the
contour Cg. The saddle point contribution may be neglected,
and then (10.34) reduces to (10.28) when the Airy functions
are expanded for large p. The solution (10.28), in terms of
the sum of residues, represents the diffusion of heat up-
stream from s = C. Thus in the asymptotic representation
(10.30) for 52 0, the sum of the finite number of residues
may be identified with the convection downstream cf heat
that had diffused upstream. As we move further downstream,
i.e. as p increases, the number of poles included under Cg
decreases, thus indicating the tendency for the dowmstreanm
solution to become independent of the details of the up-
stream conditions. The temperature distribution in the
outer edges of the boundary layer becomes completely in-
dependent of the upstream diffusion of heat when the saddle
point lies below the pole at k = il,. This occurs when



- 97 -

/u>-é—E and then (10.34) becozles
Ve LY ~ _
23wp  Ail-4 h})ﬁ)

Thus far the asymptotic analysis has been carried out
assuming p~0(1). The above form for T, shows that this con-
dition can be considerably relaxed: T, will decay exponentially
as p—»e provided p increases slower than ﬁ%; This then limits
the value of S, and hence s, for which the boundary layer sol-
ution is valid. The values of p are limited by requiring that
the parabolic velocity distribution be sdequately represented
by a linear profile, which gives that p~O0(Pe®). Thus using
the definition of p we derive the result that the inner sol-
ution is valid downstream for s~C(Pe), despite initially ass-

uning a region of validity of O(Pé*). The inner solution in
entry flow in a channel also has an analogous property (Van
Dyke 1971). 4

We can also estimate how far upstream the Graetz solution
(seé below) is valid. The Graetz solution completely neglects
the effects of axial conduction, which is valid when /h:>§J%; .
Substituting for S and p in the definition of p, (10.32),
and using the known value for 1, (Abramowitz and Stegun 1965,
P. 448) we find that the downstream solution is valid for

s > 03Pt . (10.36)

Thus increasing Pe increases, aslbeit weakly, the extent of
the region influenced by axial conduction of heat. It should
be pointed out that (10.3%36) is derived from considerations
at the very edge of the boundary layer; closer to the wall
the downstream solution is spplicable even closer to the
origin, being valid for s—vO(Péh), thereby asccounting for
its usefulness in heat transfer calculations.

Before formulating the downstream problem, equation
(10.35) is applied to the situation where the velocity pro-
file is linear. If the axial conduction term in (10.14) is
neglected, implying the initial condition T,(p,0) = O, we
obtain the classical Leveque problem (Bird, Stewart and
Lightfoot 1960, p. 363) which has solution
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where = i'° e-l:‘ 4 = P[‘*/;) y
and ¢ = f(?%;)% . (10.37)

M(z) is the Gamma function (Abramowitz and Stegun 1965, p. 255).
Integrating (10.37) by parts we obtain the asymptotlc
form for T,  for large ¢

R ¥
TDI. ~ -%-C,«ﬁ-leé

P(%)E" ?S'z e_43

- ) (10.38)

where we have used the identity T (%) (34) = /i3
(Abramowitz and Stegun 1965, p. 256). This is the asymptotic
form of the temperature distribution at the edge of the bound-
ary layer when axial conduction is neglected. It is easily
seen that the asymptotic form (10.35) obtained by retaining
axial conduction terms reduces to (10.38).

We introduce a new variable $ such that
M
| A
-t 4/, ul
and replace A.'Qq"(q;‘) ) by Ai(0) = (3”’["(‘/3)) thereby

transforming (10.35) to
T, ~ I lz"a) 33’ §"‘ -¥

where = ( 7& =

Similarly the expression for the heat transfer at p=0,
(10.29) can be evaluated asymptotically for large distances
downstream, it being found that the heat transfer given by
the Leveque solution is the leading term in the expansion.
This result was also obtained by Springer and Pedley (1973).

We continue now with the determination of a solution
valid when s ~0(Fe). This downstream region will later be
referred to as region III. Here the axial conduction of
heat is much smaller than the axial convection of heat, and
it is natural to represent this fact by introducing a new
axial co-ordinate s, defined by
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s, = s/Pe . | © . (20.39)

Thus s, is a contracted downstream co-ordinate and in this
system the energy equation becomes

3T BT T 9
U-e35 = R+ v tea s (10.40)

The temperature is expanded in powers of P&’ as follows
T(rs;fe) ~ fL(n;) + P{t'j‘ PO (10.41)

and a set of equations for the fL obtained by equating powers
of Pé". We have

2 n
Q-\-t)ﬂo = Y0 4 12% ,
s, E T
. W _ Y% L avTh LT sl
and (-5 = S5 A YT SRl (10.s2)

Initial conditions for these parabolic equations are obtained
by matching the solution for s,—0 with the solutions in
regions I and II as S-+«w. At leading order this matching
will be automatic as the solution in region I for large S
becomes the solution obtained by neglecting axial conduction,
the approximation made in deriving (10.42). For 7, we have
the conditions

TJ.lre) = 0
Tolus) = 1 ) (10.43)

so that with (10.42), the problem for °J, is the classical
Graetz-Nusselt problem, The solution is

Tons,) = V- é B8, [ (ne ,

where the B: and f,, are the eigenvalues and eigenfunctions,
respectively, of a Sturm-Louville boundary value problem
(Jakob 1949, §22-2). Further terms may be calculated follow-
ing Jones (1971).

The eigenvalue B: determines the thermal entry length,
i.e. the distance down the pipe necessary for the fluid temp-
erature to become uniform. We shall be concerned mainly with
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this inlet region in subsequent calculations as it is here
that the heat transfer is greatest. o
Having developed an expansion procedure for large Pe
heat transfer with a steady velocity field, we now turn to
the construction of a method for calculating heat transfer
in a curved pipe with a time dependent velocity field. This
problem is represented by (10.1) and (10.2). Introducing the
non-dimensional temperature T defined by
-1
T.- T

™ = (10'.44)

and employing the scaling used for the momentum equations,
the energy equation becomes '

' 2
2T + RsE (u?r_r‘ +12T +P’ Rs w M
9% 2 dr r 9w 2% I+brcosa s
z 2 2 .
= £ 3T+J_I_P+-—‘-‘}T+ ! 1‘)'-[‘
2 | 2 r 2r LA O (v+Srcos)® 35
Scosxt 3T Ssine 1T (10.45)
t14Svrcos v l4+8rcosa ¥ DX

with boundary conditions

™ =o0 for s<O )

L] = “For 5%y O on =1 , (10.46)

The axial co-ordinate is now

s= R8/a (10.47a)
and ¢ is the Prandtl number defiPed by

o = (—:‘) . (10.47v)

Some information about the temperature distribution
can be obtained by comparing the axial conduction of heat
to the axial convection of heat., The axial velocity has an
0(1) oscillatory component plus an O(B) mean component., It
is not useful to compare convection of heat by an oscillatory
flow to conduction, as over most of the flow, the oscillatory
velocity will produce no net effect, whereas the conduction
terms acting over long periods of time can produce large effects.



- 101 -

It is more useful to construct a Peclet number by comparing
convection by the mean velocity to axial conduction. Antic-
ipating that these expansions will be used in the case when
w, ~ O(R:D) we obtain a Peclet number

Pe = ZWD/E? - " (10.48)

As §—=0 the Peclet number becomes large, which was the orig-
inal motivation for studying the large Pe limit.

As we are primarily interested in the effect of the
secondary motion on the thermal inlet length, a full solution
of (10.45) will not be attempted. Rather we shall content
ourselves with obtaining the leading order solution almost
everywhere in the flow field. The first step in this dir-
ection is to quantify the effect of the oscillatory axial
velocity. We note that the amplitude of oscillation of a
fluid particle is O(B), so that for distances s>O0(B) away
from s = 0, the fluid particles are not .convected past the
origin. In particular, for regions close to the wall, the
axial temperature gradient is small (due to the boundary
conditions) so that the oscillatory flow has little effect
on the temperature distribution. Similarly, far away from
s = 0 where axial temperature gradients are small over the
whole cross-section the oscillatory velocity will not affect
the temperature field. However in a region O(B) around s=0
the temperature gradients are large and here transfer of
heat by oscillatory convection would be important.

Some support for this hypothesis can be obtained from
the work of Davidson and Parker (1971) on heat transfer to
unsteady flow between parallel plates. Their analysis can
only be regarded as approximate as the true velocity profile
is replaced by a urniform flow of the same volume flux at each
instant in time, and only the mean and fundamental terms are
retained for the calculation of the temperature variation with
time. Nevertheless their results indicate that as the fre-
quency of the pulsations is increased the size of the region
around the origin where the heat transfer is different from
its steady state value is decreased,
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The unsteady secondary velocities present in this cur-
ved pipe flow are O(Béﬁ) compared to the oscillatory axial
velocity, so that it may be assumed that the large temper-
ature gradients near r = 14 s = O are not convected into the
centre of the pipe. Thus we conclude by postulating that
the oscillatory velocity field is important in determining
the heat transfer only in a region O(B) around s = 0, r = 1,
Therefore we write

'T-“I’,G(,S,T) ~ T‘\’,ﬂ,S) + TPK');“:“ + o(') ? (10.49)

where to leading order in B, T satisfies

~Rs K, TY '_R_s_‘ hid 2T
2r DLty 2% t +S3rcoSL 95

= L | ET x0T ' T
- 20‘[ ri * r + i +Ll+$rf-ose&)1 s
S "_D_T. _ Stn g ?;r .
+ l+Srcoso\(C°s°( Ay r 70&)] ,(lO 50a)
with boundary conditions
T = © for sScCO |
T =1  fer s3>0 on v=t . (10.50b)
and TP is governed by
T s W, 3T R e ! YT
—.+|__.______._-_. P e 2 Tp
EAS 28 |+ Srwse DY 29 el * {1t Sreosa) %
=p ,& ¥ 37T \ (10.51a)
2% V14 S%rcosay 9%
and boundary conditions
Te T O onm n=° . (10.51b)
The Stokes layer co-ordinates are
r] = ("\"‘/G}
and ¥ = s/b .

The formulation of the problem has lead to the result
that over most of the field the temperature is steady, and
its distribution is determined by the steady components of
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velocity. The effect of unsteadiness, represented by Ty,

is confinéd to a small region and does not influence the
steady temperature T. Clearly TP~JO(B) for all regions
where'%g ~ 0(1), i.e, for m, E-~~w», so that the boundary
conditions (10.50b) need not be modified by any contributions
from T, due to matching. Finally we assume that Tp ~ 0(1)

at most as £-»C.

Implicit in the above formulation is that the order of
the limits B—0 and &¢-+0 can te interchanged in the analysis
of the equations of motion. Examination of the momentum
equations shows that this is the case. Also we have assum-
ed, implicitly, that the Prandtl number o of the fluid is
not small, so that the thermal Stokes layers formed are no
thicker than the momentum Stokes layers.

The temperature distribution is described by (10.50a,b);
the stream function 7 (r,«, R‘,D) and axial velocity w, (n«,Rs, 0
are known, and so a solution in the limit &€¢-~>0, Ry, D fixed
can be obtained. As £§—>0, a parameter interpreted as a Peclet
number (10.48) becomes large, and the temperature T is ex-
panded in terms of this Peclet number following the scheme
devised for the straight pipe.

In region I we have

20-0-'1'
'T'(r,.,g‘s) ~ T, (f,ong) +('—m) T, + 0,
where the equation for T, is

E ?_ﬂ!, EE ->1T° + T
o rls M'BS 3 25" a2 (10.52)

with boundary conditions
Ts = © ‘FD\" S <o

T:'.a =1 Xbr 570 an f—.:o .

The boundary layer co-ordinates p,S are as defined in (10.10).

Apart from a parametric dependence on o introduced via '%%
¥lver

(10.52) is the same as (10.1%4), so the solution for T, in
this inner region may be considered known. In passing we
note that temperature gradients here are C>(z°’)4'; thus

2%

we have the restriction that (10“‘)"' << (3" for the

T
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formulation (10.49) to be valid. Physically this corresponds
to requiring the momentum Stokes layers to be much thinner
than the steady thermal boundary layer near the origin.
Near s = 0, but not near the wall we have region II.
Here the temperature is determined by the upstream conditions,
i.e. T= o . (10.53)
Downstream of the origin the contracted variable s, is
introduced and the temperature expanded in powers of (EE%)Z
We have «

/(”0) (10.54)

=z \'
and T“'x“:s) ~ cj \"'n" 5!) + Qg_q-o) ‘3|+
At leading order I, is govermed by

_Rs '3(’)(0 ) Wm >, e )::I -_3 _l_)\"J
¥ D) 20 O '3_;: T ac Y*'?r+r‘ﬂ(10.55)

with boundary and initial conditions
3.('1.‘8 $.)
and TJ.lr2,0) = © i (10.56)

The problem of heat transfer in steady flow in a cur-
ved pipe has received considerable attention in the liter-
ature, though almost invariably solutions have been obtain-
ed by numerical techniques. The difficulty of deriving the
energy equation as §>»0 if D and & are used as parameters
for the velocity field has been circumvented in several ways,
but it does not seem to have been noticed that the limit
60 with D fixed forces the Peclet number to be large in the
heat transfer problem., Typical of the approach used in this
field is the work of Kalb and Seader (1972) who solved the
momentum and energy equations without taking the limit &0,
and Akiyama and Cheng (1974) who simply neglected the axial
conduction terms and applied an initial condition at s = 0.
The problem posed by Akiyama and Cheng gives the temperature
distribution some distance downstream of the origin, as can
be shown following the technique used here., Thus this chap-
ter is concluded with a brief derivation of the equation for
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heat transfer, valid downstream of the origin, when the flow
in a curved pipe is exactly steady. '

In steady flow in a curved pipe the velocity components
are scaled as follows

(w, v, wt) = 5(“"" %—.’L"")

and then the steady energy equation becomes

LT} W 2T
Yo laa) | +%vcost 29
— T AT L s T » T
- o A s Sl Wb U 5 2. 2
o | or v or TR (14 Sreota)” s
U T (coSo\?.I ~ Stna 3T
1+3rcosa © o Y el

with boundary conditions (10.50b). As &§—+0 we expand the
temperature in terms of ($ﬁ§“),and divide the flow into
regions I, II and IITI as in the previous two examples.

Here we are only interested in the downstream region where
axial conduction of heat is negligible, so we introduce the
contracted axial co-ordinate s, = s(f%i?yqand obtain at lead-
ing order

2 20%7) w 3% _ | T, 12T, 1P,
Y S T E s T | sEtvas tasT|(10.57a)

The boundary and initial conditions are

jokl‘ec’s.) = |
Tolr,x,0) = 0 (10.57b)
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CHAPTER 11

Application of results to artificial respirators

The enhancement of heat and mass transfer by secondary
motion is well known in engineering practice. Typically, the.
random mixing processes occurring in turbulent flow are used
to increase the heat transfer above that obtained in a steady
laminar flow. In bio-engineering applications where the work-
ing fluid is blood, the high shear stresses associated with
the turbulent flow could not be tolerated and so laminar flow
situations must be used. In the search for means of increas-
ing heat transfer, interest has been centred on utilizing the
secondary motions that occur when a fluid flows in a curved
pipe. The case of heat transfer to a fluid flowing steadily
in a curved pipe has been extensively studied (Akiyama and
Cheng 1974 and Kalb and Seader 1972), and more recently there
has been some experimental work on mass transfer to fluids
flowing unsteadily in curved pipes (Tanishita et al 1976 and
Melrose et al 1972). It is this latter problem we wish to
consider here.

The experiments of Melrose et al were concerned with the
transfer of oxygen to venous blood flowing through silicone
membrane tubes coiled around a drum as shown in Fig. 11.1.
When the drum was stationary the oxygen transferred was only
one tenth of the oxygen capable of crossing the membrane.
However when the drum was oscillated sinusoidally about its
axis an increase in the oxygen transfer of five to ten times
the steady flow value was obtained for the highest frequency
of oscillation.

The results reported by Tanishita et al are less dram-
atic. They considered oxygen transfer in pulsatile and steady
flow through curved micro-porous tubing for both blood and
water. Their results showed that the gas exchange in unsteady
flow was up to twice the steady flow gas transfer,

The experimental conditions used by llelrose et al corres-
pond quite closely with the assumptions made in this thesis
(see Table 5); also, as Ry is large and D is small, the steady
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velocity field will have the asymptotic form given in Chap-
ter 5. However the application of the heat transfer analy-
sis in Chapter 10 requires some qualification. Implicit in
Chapter 10 was the assumption that, for mass transfer, the
diffusing species does not react chemically with the fluid.
For oxygen transfer to blood this condition is not met as
oxygen combines chemically with the haemoglobin in red
blood cells. However some indication of the effect of sec-
ondary motion on gas exchange in the unsteady flow of blood
can be obtained by considering oxygen transfer to water (say)
where the oxygen Jjust goes into physical solution. In the
heat transfer context, the calculation described below is
valid without further restrictions. ‘

The values of the parameters describing the experi-
mental conditions used by Tanishita et ai are slightly outside
the range of validity of the theory developed here. In part-
icular the Stokes layers are not thin compared to the pipe
radius, and as the assumption of thin Stokes layers is fund-
amental to the method of matched asymptotic expansions used
to derive the governing equations, our results cannot be ex-
pected to apply to these experiments. Thus we shall be more
concerned with conditions relevant to the work of Melrose et
al.

Before returning to the terminology of heat transfer,
we note that for mass transfer the quantity ¢ is the Schmidt
number, defined as the ratio of the kinematic viscosity of
the fluid to the diffusion coefficient of the substance being
transported. TFor oxygen diffusing in water the Schmidt num-
ber is O(](?), so that even for moderately small curvature,
the mass transfer Peclet number (O(fVV?)) will be quite large.
This allows the whole length of the gas exchanger to be treat-
ed as the far downstream region III where axial diffusion is
negligible. Also the steady flow experiments, used by Melrose
et al as a comparison for the unsteédy flow experiments, were
conducted at low Dean number; the largest value of D was 4.3.
As D is small, the secondary motions will be very weak and
have 1little effect on the oxygen transfer. Therefore, in the
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experiments of Melrose et al the oxygen uptake in unsteady flow
in a curved pipe is compared to the gas exchange obtained in
steady flow in a straight pipe, and so for the analytical work
it is reasonable to use the known heat transfer results for
steady flow in a straight pipe (Jakob 1949) as the basis for
- comparison with heat transfer in the unsteady flow situation.

From §22-2 of Jakob, the non-dimensional temperature
distribution in Poiseuille flow through a circular pipe is

@S,

¢(r,q,sJ = | + Eﬂ N“R“(r;@,)e. , (11.1)

n=0

when the temperature at the pipe wall is
§ = o for s <0
¢ = for s*so

Here s, is measured from the start of the heated section and
is the contracted downstream variable defined by

% a\" ’
s, = = (ZY” } : (11.2)

a K
and where V, is the mean velocity. The functions R, (r;B,)
are the eigenfunctions corresponding to the eigenvalues B:
of the governing Sturm-Louiville problem

d dR 2 _.t =
?("a—r) * prl-e)R = 0o (11.3a)
R(1) =0
R is regular at r = O . (11.3b)
The equation has a regular solution
o 2n '
R = 1 & £u42“r , (11.42)
n=i
where ' A, = - 8/
(3?.
and "A?-M'q. = (@n 4l ["42-\_ "A'zn-»z.:l, nzopa,..| (11.4b)

Thus the A, are polynomials of degree 2n in B, and the
eigenvalues B: are the roots of the equation

\+:§\Ahk@:ﬁ) = o . (11.5)
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The eigenfunctions are orthogonal with respect to the weight
function r(1-r*), so the Fourier coefficients'N, are given by
1

Rov (1-v*) dr
N, = — L Rar . (11.6)

[ % v lr-) dr

The heat transferred to the fluid from a length s, of
the heated section of the pipe is equal to the energy con-
vected through the cross-section at s,, i.e.

~[MTas

>r

duds, = L'rmwﬁrdx dr (11.7)

=1 '

where the axial velocity w is (1-r%*). A quantity related to
the energy flux at s, is the bulk, or cup mixing temperature
¢., defined by '

’l Slﬂ’ ¢ A A 2
WQPraddr © -Bn S
MlS' = °.2 =3
| ¢ | | S‘,VW wydd de ‘ +n§ M, e y (11.8)

]

The cup mixing temperature $..%) is the temperature the
fluid would obtain if the tube were chopped off at s, and
if the fluid leaving the pipe were collected in a container
and thoroughly mixed. (See Bird, Stewart and Lightfoot, 1960,
p. 297.)
The local rate of heat transfer is quantified by the
local Nusselt number Nu(s,) defined as
kL
_S° %% $|dx

Nl =TTy

which, using (11.7) and (11.8) becomes
Nuls,) = —;" %:ﬂ/("ﬂ«) . _ (11.9)

The Nusselt number is infinite at s, = O, and when the temp-
erature field is fully developed the Nusselt number is
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independent of s,; here, as s, >» the Nusselt number tends
to the constant value of 3.66. The variation of Nu(s,)
with s, is shown in Fig. 1ll.2.

The equation governing the heat transfer in the far
downstream region in unsteady flow in a curved pipe is (10.55);
the boundary and initial conditions are (10.56). When D is
very much less than Rg, as in the experiments of Melrose et
al, the velocity has the expansion (5.1), and following the
straight pipe solution, the temperature J, is written as

-'x
Tolews) = 1+ & Tina) . (11.10)
Thus, at leading order the equation for T is
— Qs —)(Ixuo,-r) - X w, _ '| T
EEICYS — T = FVT , (11.112)

and the boundary conditions are
T(l,x) = O. _ (11.11b)

' We are primarily interested in the form of T when R;
is large and both %,. and w,, have inviscid core/boundary
layer structure. It is expected that T will also consist
of a convection dominated core surrounded by a boundary lay-
er where conduction of heat is important. The thickness of
the thermal boundary layer will be O(R?) (assuming o~ 0(1)
as Rg—+==), as for the momentum boundary layers, and for the
heat transfer to remain finite as Ry—»>«, the temperature in
the layer must be O(R?). If the leading order temperature
in the core is R.T (r,a), then in order to match to the
boundary layer we require

m = O, (11.12a)

and T (1,a) = O. (11.12b)
The size of the constant y can be determined by examining
the integral condition arising when (11.11la) is integrated
around a closed streamline, which for large Ry is the curve
v= %, = constant. Using the asymptotic result (5.37) for w,
and the streamline co-ordinate system of Fig. 5.1, the integral
condition is

— kl - k,_ k3 .
“Xwo§'fq‘°"\ = @;VT dq (11.13)
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and provided none of the integrals are identically zero, Yy
must be 0(1l) as Ry+»w. For Ry large, the expansions for %
and w,, are (5.7) and (5.29), while for T and Yy we have

Tlr,d\-J 25) ~ ?"(r,a() + K;‘,‘ T, +--
X ~ X, & RSV - , (11.14)

The energy balance (11.7) indicates that the heat trans-
fer to the fluid can be evaluated in one of two ways: by solv-
ing the boundary layer equations and evaluating the temper-
ature gradient at the wall; or by calculating the energy flux
through the pipe. As the temperature in the core is much
larger than in the boundary layer, the energy flux through
the pipe is equal to the energy flux through the core to
leading order. Thus the leading order temperature field in
the  core gives sufficient information to evaluate the heat
transfer.

The leading order temperature in the core, To is found
by substituting (5.7), (5.29) and (11.14) into (11l.lla) and
equating like powers of Rs. The equation occurring at O(Rg)
shows that EL is constant on the streamlines of the secondary
motion, i.e.

To = To"Xo) . (11.15)
"The variation of EQ across the streamlines is obtained by

combining (11.15) with the integral condition (11.13), and
this gives

— = ha ) T
—wcTozso&;dq = $2UNT) 4, (11.16)

where ! denotes differentiation with respect to the argu-
ment. Introducing the circulation [l+) defined by

and using (5.27) to simplify the left hand side, (11.16)
becomes '

U w Towr = F o) . (11.18)

Boundary conditions for T, are
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T =0Oon %+=20

/ o

T, is regular in the cross-section (11.19)

so that y_, T, are the eigenvalues and eigenfunctions of a
Sturm-Louiville boundary value problem.

Initially the circulation M {+) was evaluated numer-
‘ically by calculating the area inside a closed streamline
¥ = constant and using the result

P = 3. {] <A

which is obtained from the general definition of " by noting
that the vorticity is constant. However it was found that to
a good approximation, the area inside the closed streamline
was proportional to the stream function (see Fig. 11.3), so
that ™ became

Mly) = %(h%ﬁ) ) (11.20)

vhere ¥, is the value of the stream function at the vortex
centre. We note that for a uniform vorticity flow in an
elliptical region, the linear dependence of the circulation
on V¥, expressed by (11.20), is an exact result (see Batchelor,
1967, p. 539). Substituting (11.20) into (11,17) and using
the transformation

x* = 1~ .
= Yo ’ (11.21)
we obtain ‘ _ X
i CH_“ % 1b ¥ - —T— =
dx x cl':n3 ¥ %o S x| x) ° © ) (11.22a)
with boundary conditions
T, (1) =0
T, regular in the cross-section . (11.22v)

The Sturm-Louiville problem (11.22) is the same as (11.3)
so the solution for 7 satisfying the initial condition

(10.56) can be written down at once as
~Ton $‘

o= v+ ZNR e ) (11.23)
where the eigenvalues vy, and B: are linked by

fa = ‘b;;m Fon : (11.24)
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Also, it is clear that the cup mixing temperature T,..5)
is e

Fom \51) = 1+ Ame ) (11.25)

n=9

Jakob (1949) gives only the first three eigenvalues
and eigenfunctions; due to the slow convergence of the Fourier
series (11.22) or (1l1.24) more eigenvalues are required to get
sufficient accuracy near the origin s, = O, so four more were
evaluated. The eigenfunctions and the quantity on the left
hand side of (11.5) were evaluated by summing a finite num-
ber of terms. From (11.4b) it is seen that the 4, alternate
in sign so that the error made in truncating the infinite
series in (11.4) and (11.5) is less than the first term neg-

- lected. In the numerical evaluation of R, terms greater than
16'* were included in the sum, so that R, should be in error
by at most 0(10™'* ). However, as the evaluation of the sums
involved the difference of mnearly equal numbers, several sig-
nificant figures were lost, and R, is then accurate to about
9 significant figures. The zeros of (11.5) were obtained by
a standard secant method; the left hand side of (11.5) summed
to leés than 10" at the eigenvalues Bt. The first 7 wvalues
for B:, Y.., N, and M, are given in Table 6. Also included in
this table are the eigenvalues calculated by Jones (1971) and
it is seen that there is good agreement between the two sets
of eigenvalues. The integrals involved in the definitions of
M, and N, were evaluated using Simpson's rule and a step length
of Yo .

From (11.25) it is possible to calculate the local Nusselt
number and the total amount of heat transferred to the fluid.
The comparison between the latter quantity and the heat trans-
ferred in a straight pipe is best made at the same value of
dimensional distance from the start of the heated region, all
other quantities being held fixed. When the mean pressure
gradient in the two pipes is the same,s, for the straight
pipe (11.2) is the same as s, for the curved pipe for equal
physical distances along the pipe. Thus using (11.25), (11.7)
and (11.8) the ratio of heat transferred at equal pressure
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gradients is
Y
L +EM, e

fns
|+2_‘M“Qn'

RGLs,) = Qg ) (11.26)
where Q.. is the volume flux ratio as Ry~ from Chapter 5.
However, if the heat transfer comparison is made for the same
volume flow rate through the two pipes, equal dimensional
distances along the straight and curved pipes give s, and

Qo S, as the respective non-dimensional distance. Thus

using (11.7), (11.8) and (11.25) the ratio of heat transfer

at equal volume flow rates is

~ Mon S Qe
I + M, '

ks
Vo S, g Bas

RF(s,) (11.27)

* The local Nusselt number for the curved pipe, defined
using (11.9), is shown plotted against s, in Fig. 11.2; also
plotted in Fig. 11.2 is Nu(s,) for the straight pipe. When
Nu is constant, the temperature field is fully developed,
and in this region Nu is simply related to the first eigen-
value:

2
NVL ~ "‘?'_' @o
or Nu o~ £ % as §, > (11.28)

Also, as v, > B, the distance along the pipe necessary to
reach the fully developed state is smaller in the curved pipe
than in the straight pipe. It is interesting to compare the
Nusselt numbers obtained for small D and large R, in an un-
steady flow to those obtained for arbitrary D in steady flow
in a curved pipe (see Fig. 11.2, results from Akiyama and
Cheng 1974). It is readily seen that even for moderate D,

the secondary motion in steady flow in a curved pipe increases
Nu more than an infinite Ry for unsteady floﬁf This is due
to the nature of the secondary flow: in steady flow in a curved
pipe the secondary vortex is such that all fluid particles
spend some time near the wall of the pipe, while in unsteady
flow at large Rs fluid particles move on almost concentric

orbits and so remain a fixed distance away from the pipe wall,

T The resudbs in Figlh2, quoted froms Aliyae omd Chovg For 02118,

5‘0 rvo\- SLQV\j N\ASSQ)\‘ W‘OWS LM%—QA" M\C\M MS" Okl‘cu:.\ed YA uMSkmé,j
How ot inbinite R, Thowgh did ot wasider higiur velwes of ©
M- porr in c\(Lo«LLS Uao b Lm chv-g,o:r O “ Na  widl wakawe b

fneréast .
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In Fig. 11.4 the quantities RF and RG are plotted
against s, . We see that as s,~»«, RG*Q,, and RF—1, and
as expected RG tends to its asymptotic value more quickly
than RF. The maximum values of RF and RG occur at s, = O,
but they cannot be determined as the series (11.1) and (11.23)
are not sufficiently accurate at the origin. However, it
seems likely that the heat transfer to fluid in a curved pipe
will be no greater than twice the heat transfer to fluid in
a straight pipe. Thus our results are not able to'explain
the experimental observations of Melrose et al (1972). At
the exit of the gas exchanger in lMelrose's experiment
s, = 0.005, so when the volume flux is the same, the heat
transfer should be ~ 1.7 times the heat transfer in a
straight pipe. The large increases in mass transfer found
by Melrose et al must be due to effects other than the second-
ary motion. A possibility is that oscillating the tubes caused
the cross-section of the pipe to change periodically (as the
pipe wall was very thin) and so keep the blood well mixed.
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APPENDIX A

The method of McConalogue and Srivastava

In this appendix we seek solutions of (3.38) and (3.40)
with boundary conditions (3.41) by the method of McConalogue -
end Srivastava (1G68). As the problem is symmetrical about
o = O,n the stream function, third component of vorticity
and the axial velocity can be represented by the Fourier series

foo= Rewsmex L
_Q‘Ih

w, = E‘%’.‘ 4 .og“ €. lr) cosnoy (A.l)

o) .
3, O lr) Sianet

If the problem is not symmetrical about o« = O,m, as in the
problem governed by (5.3) and (5.2) and (7.2), then the
Fourier series (7.1) must be used; for this case the analysis
follows closely that described below.

Substituting (A.l) into the equations of motion and
equating coefficients of cosna in (3.38) and sinna in (3.40)
we obtain the following equations

d* v o d - ]
(I-;‘ + ;3—;) Eo = Z'Fakr)
and for n»1, l“("—n\ = )

>

iv\ ks\'\) = - on‘r\ ?
1“ ‘Dn\ = Fnh’\ + Sn\\") )

where = d .4 _nt . A2
R | (4.2)
The functions f,.,, F, and S, come from the nonlinear terms
in the momentum equations and are given by
- ]
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Ry
! dE’r\-w\
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" de
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’ 3
: L)
F, = Ei (M&MC_‘_O:-M - "‘Dmcﬁ!‘-m> ’
n ar- mz-e0 df df‘
%, JdEm . “
and Sn = é Py En-mu— E“_MMX— 'I;'.'g,":"em keh-mvl-‘-E'\-\.\M)
3 - D
In the summations the following relations have been used
B—n = "Br\ ]
D-n = -Dr\
B,=D,=0
E, =E,

(4.3)
.

(A.4)

The solutions of (A.2) satisfying the boundary cond-

itions (3.41) are

E, (r) 2 kgr Srux-o dun - T Xruloa\.\ l;-o du

'

X
2n

(-]

- r " +L': rc,“ihﬂduﬂ
Bl(") = _rison‘!“-"'i‘?guto'd“*.r—?.df ,] %1
' o

n !
2n n

5 f " du

and

]
_ e T 2 {5 _xlF
Dir)y = < §|(ﬁ*5.)d“ _;—'_‘.Lu. (F|+S|)n\\-\ LLu {F‘+S.)Jw
]
+ rgu"lF.-k-S‘)du\ - KN,
n r -yt - v nt
andfOI‘n>}2,3"‘(r)=-—_\_’_SDu dw +_£—§Du duw
nJ, n An J, n !
N sy -npr! -
D) = £ S:;“*'l&»fs..\éu - J’ o™ F45,) du

v

— t—

(4.5) |

b

{n+)e” o T e 5
+ -yl (F +S,)duw WA '\\ dw,
o

o

Derivatives of the Fourier coefficients, needed to evalu
fn etc., can be calculated from (A4.5) and (A,6). At r
(A.5) and (A.6) take the special forms:

Eloy = ?_g‘ulocsu_ﬁc dw

E,to) = © s n3d |

B.lo) = ° ) LA ?

(4.6)

ate
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|
()
n
(e

1

I\
,‘ Dley =0 , n3 1,
| Lo = it -
{-“Lo) = © , wmny
F.loy = o |, N2y,
and S0y = o , Azt ., (A.7)
d

In the numerical determination of the Fourier coeff-
icients, the f,, ¥, and S, are given by their values at dis-
crete points across the interval. The integrals in (A.5) and
(A.6) are evaluated by fitting a cubic spline function to the
'f\'\
variation of the functions between the mesh points. To deter-

etc, and assuming that the spline adequately represents the

mine the spline function uniquely on [0,1] it is necessary to
supply the derivatives of f, etc. at r = O and r = 1, as well
as the values of the f, etc. at the mesh points. After some
analysis, the slopes of the f etc. at r = O can be shown to

be given by
d—£° = () ) 1
dr
‘C’_“. _ R(de'de“l +dt_6_|. d & +_‘_ -3 d"E.
de dr dr* det dr 2z de dr* ?
v r r
Yapo
d
;\FT" = © nz 2,
d—F' = Q.; d—e—'d-l“ - ‘P_G_‘-E‘E‘ \ by
dr dr  de- dr- dr o
Fn
8o e(fs pTe))
dr dr®
’ C{Sn .
omd dy e > "z 2 . ‘ (A.8)

The slopes at r = 1 are easily obtained by differentiation
of (A.3).

In the straight forward iteration technique the values
of Rg¢ and D are given together with an initial approximation
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for the Fourier coefficients. From this initial approx-
imation the f,, F, and S, are evaluated and new estimates
of the Fourier coefficients obtained from (A.5) and (4.6).
In the modified iteration technique an initial approx-
imation to the Fourier coefficients, a value for Ry and the
value of the axial velocity at r = O, 3E,(0) are given.
From the first relationship in (A.7) an estimate of D is

given by

4 ' -4 \ © -
> = (75 fotaua | [ B et smediyan - 0],

%

which is then used in the subsequent calculation of the new
estimate of the Fourier coefficients.
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TABLES



TABLE 1: The function &S Mo,y)
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3 | Moy
0.0 4,212
0.1 3.827
0.2 3,471
0.3 3,152
0.4 2.860
0.5 2.596
0.6 2.360
0.7 2.152
0.8 1.969
0.9 1.809
1.0 1.671
1.2 1.454
1.4 1.%03
1.6 1.205
1.8 1.146
2.0 1.114
2.2 1.102
2.4 1.102

3 (-5 “Moy)
2.6 1.107
2.8 1.116
3.0 1.125
3.2 1.1%4
3.4 1.141
3.6 1.146
3.8 1.150
4.0 1.152
4.5 1.154
5.0 1.153%
5.5 1.152
6.0 1.152
6.5 1.152
7.0 1.151
7.5 —_
8.0 -
9.0 -

10.0 1.151
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TABLE 2: Comparison of analytical and numerical
solutions of (5.2), (5.3) and (7.2) for
Ry = 200 and € = 0.0l.

- ’Xoo(": °) : V1 Kool® 4 A=
Analytical Numerical Anelytical Numerical
0.5000 0.5000 2.0C0 2.000
0.4951 0.4951 2.000 2.000
0.4801 0.4801 2.000 2.001
0.4552 0.4552 2.C00 2.000
0.4202 0.4202 2.000 2.000
0.3753 0.3753 1.999 1.999
0.3204 0.3204 1.996 1.997
0.2554 0.2554 1.994 1.994
0.1804 0.1804 2.006 2.006
0.0952 0.0952 2.057 2.056
0.0000 0.0000 2.116 2.116

W, )
Analytical Numerical
1.0000 1.0C00
0.9901 0.9899
0.9602 0.9598
0.9103 0.9097
0.8405 0.8395
0.7506 0.7494
0.6408 0.6392
0.5109 0.5092
0.3606 0.3595
0.1901 0.1899
0.0000 0.0000
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TABLE %: Comparison of flux ratios with McConalogue
and Srivastava (1968) and Collins and
Dennis (1975). '

Dean - FLUX RATIO
number Present McConalogue and Collins and
calculations Srivastava Dennis
10 0.9876 -0.987
20 0.9217 0.921
20 0.8598 0.861
40 0.8153 0.815
50 0.7821 0.781 " 0.787
60 0.7555 0.751
70 0.73235 0.729
100 0.6807 0.681
200 0.5760 0.570
400 0.4794 | | 0.481
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TABLE 4: The functions )'\t;lj)and \y)

5.3

0.215

Y -, 4) - Nrly) Aoly) -14)
0.0 -1.0000 1.0000 1.000 1.000
0.1 -0.8610 0.9432 0.878 _

- 0.2 -0.7273 0.8836 0.761 —
0.3 -0.6063 0.8263 0.656 -
0.4 ~0.4970 0.7698 0.563 -
0.5 ~-0.3999 0.7145 0.482 -
0.6 -0.3148 0.6607 0.412 -
0.7 -0.2412 0.6086 0.353 —_—
0.8 -0.1785 0.5584 0.304 —
0.9 -0.1258 0.5102 0.264 -
1.0 -0.0821 0.4644 0.233 —
1.1 -0.0466 0.4210 0.208 -
1.2 -0.0183 0.3800 0.190 -
1.3 0.0037 0.3416 0.178 -
1.4 0.0204 0.3057 0.170 -
1.5 0.0325 0.2725 0.165 -
1.6 0.0408 0.2418 0.163% -_
1.7 0.0460 0.2136 0.164 -
1.8 0.0487 0.1879 0.166 -
1.9 0.0494 0.1645 0.170 —
2.0 0.0486 0.1434 0.174 -
2.1 0.0469 0.1244 0.178 —
2.2 0.0440 0.1075 0.183 -
2.3 0.0408 0.0924 0.188 -
2.4 0.0373 0.0791 0.192 -
2.5 0.033%6 0.0674 0.196 1.000
2.6 0.0300 0.0572 0.200 0.999
2.7 0.0265 0.0482 0.204 —
2.8 0.0232 0.0405 0.207 -
2.9 0.0202 0.0339 0.209 -—
3.0 0.0174 0.0282 0.211 -
3.1 0.0148 0.0233% 0.213 -
3.2 0.0126 0.0192 0.214 -

0.0106 0.0158 -
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Y - M ly) - AN (Y) Noly) -\ly)
3.4 0.0088 0.0129 0.216 0.999
3.5 0.0073 0.0104 0.217 —
3.6 0.0060 0.0084 0.217 —
3.7 0.0050 0.0068 —_— —
3.8 0.0040 0.0054 _— -
3.9 0.0033 0.0043 — .
4.0 0.0026 0.0034 — —
4.1 0.0021 0.0027 0.217 -
4.2 0.0017 0.0021 0.216 —
4.3 0.0013 0.0017 — —
4.4 0.0010 0.0013 — —
4.5 0.0008 0.0010 _— —
4.6 0.0006 0.0008 _— —_—
4.7 0.0005 0.0006 0.216 —
4.8 0.0004 0.0004 0.215 _—
4.9 0.000% 0.0003 _— _
5.0 0.0002 0.0002 — —
5.1 0.0002 0.0002 — —
5.2 0.0001 0.0001 - —
5.3 0.0001 0.0001 -_— _—
5.4 0.0001 0.0001 - —
5.5 0.0000 0.0000 —_ _
5.6 0.0000 0.0000 0.215 _
5.7 0.0000 0.0000 0.214 —
5.8 — - — —
5.9 - —_— - —
6.0 0.0000 0.0000 0.214 0.999
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TABLE 5: DParameters describing experiments of
Melrose et al (1972) and Tanishita
et al (1976).
Parameter Melrose et al Tanishita et al
& 0.00133 0.067 to 0.25
B 0.11 (min) 0. 28
D 4.% (max) 15 to 60
(estimated)
Ry 860 (max) Not available
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TARLE 6: Eigenvalues and Fourier coefficients from
the heat transfer calculation.
B~

n B Y, N, =M, | Jomes (1971).
0] 7.31%58 47.9680 | -1.476 0.819 7.31358
1 44,6095 292.582 0.806 0.0975 44,6096
2 113.921 747 .180 -0.589 0.0225 | 113.921
3 215.240 1411.71 0.476 0.0154 | 215.240
4 248,564 2286.15 ~-0.405 0.00879 | 248.564
5 513.890 3370.48 0.356 0.00558 | 513.888
6 711.3%3%3 L4665 .46 -0.320 0.00383 | 711.216
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FIGURES
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Fig. 2.1; The (r*,«,8) co-ordinate system for the curved pipe.
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Fig. 5.1: The co-ordinate system for the boundary
layers on the axis of symmetry.

z, out of the page.

Fig, 5.2: The streamline co-ordinate system.
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Fig., 5.3: Axial velocity gradient at r=1, from solution of (5.

n

2), (5.3)
and (7.4),
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NOF = 12 R .
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Fig. 7.5 R, = 150
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 NOF = 24 - 4, = -0.0524
v NR = 33 L Wop = 0.835

{ ¥ f‘-':‘ - ” : s . . ﬂ'_«_;‘: A, : :. PRI ) :

Fig. 7.9 R = 1,000
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NOF = 24 0 fep. = =0.0528
» 33 ,‘ - : Wiom = 0'430[

Fig. 7.10 Rg = 1,400
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NOF = 24 Koo = —0.0530

Fig. 7.11 . RS = 1,800

e ———————— A S i A O O S 2
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- a=0

Fig. 7.12: BSuperposition of streamlines and axial velocity
contours at Rs = 1,800, Lighter lines are stream-
lines. ‘
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Fig. 7.13: The flux ratio, Q, frouw numerical solution of (5.2), (5.3) and (7.4).
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Fig. 7.14: Flux ratio from numerical solution of (3.3%8), (3.40) and (7.4).
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- Fig. 7.15: Flux ratio Q. from numerical solution of (3.28), (3.40) and (7.4).
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Fig. 7.16: Flux ratio from mumerical solution of (3.38), (3.40) and (7.4).
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NOF = 12 Rowen = O. |
NR = 11 Mo = —0.0%69
T W, = 2.06
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Fig. 7.30 R, = 100, D = 30.91
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NR =11 _ - Ropin= =0.0275

' W, = 2.60

Fig. 7.31 R¢

100, D = 30.6
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Fig. 7.32 Rs = lOO, D = 2905
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NOF = 12 E Fomax = 0.0209
NR = 11 Komin = ~=0.0152
W, = 2.92

Fig. 7.35 Ry = 100, D = 31
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NOF = 12 | Ko = 0.0352
NR = 11 Komin = =0.0134
“W\M = ‘_ 5.47
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12 ' Komox = 0.0779

NOF =
MR = 11 " %gmin = =0.0057
‘w\m = 6-43

100, D = 100
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Fig. 7.38 Rg = 150, D = 40 (Lower brumch)
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Fig. 7.39 Rs = 150, D = 64 (Lower branch)
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Fig. 7.40

Ry = 150, D = 68.5 (Lowe;r brcunc,"\) :
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18 ' .’KOMAx = 0] .00634

NOF =
NR = ll 'Xowvin = -0 .0549
Wim = 4-19

Fig. 7.41 Ry = 150, D =78 (Lower branch )
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NOF = 18 ‘ l 10mn,. = 0.0149\
NR =11 %owmin = =0.0379
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- Fig. 7.42 Ry
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0.0241

NOF = 18 Pomay =
NR =11 Komin = =0.0407
w\m = . 5-43

Fig. 7.43% Ry = 150, D = 107 (Lower brounch)
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 NOF = 18 Nomax =
NR = 11 1om = -0.0430
W = 6.66

Fig. 7.44 Ry, = 150, D = 140 (Lowefr brcwu‘—\n)
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Fig. 7.45 R, = 150, D = 235 (Lower bramch)
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Fig. 7.46 Rg = 150, D = 40 (Upper bramch )
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Fig. 8.1:

Postulated shape of flux ratio curve for
Rg = 150.

\

NON-UNIQUE
SOLUTIONS

oy

[818]

. 8.2:

1CC 2C0 300 4C0 500

Postulated region of non-unique solutions for -

(3.38), (5.40) and (7.2).
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fig. 9.la: cosw + cos2=x
/2 5Tt>9\/ on

Fig. 9.1b: cos~wx + cos3~<



Fig, 10.1: The co-crdinate system for heat
transfer in a straight pipe.
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. 1G.2: The'complex k plane.
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T gas

oxXygen —> - outlet
inlet

I .
~e— Vonious blood in

%xygenated olood :
‘ out -

Diameter of drum Z2Cenm
Diameter of tubes Lmm

Max. blood flow
rate 40ml/min

Fig. 11.1: Experimental apparatus of Melrose et al (1972).
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aC - . - curved pipe, steady
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~ . and Cheng 197%4)
Cr T~
5 -—
straight pipe
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1 1 | | 1 : L 1 1 q
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‘Fig. 11.2: Nusselt number for straight andéd curved pipes at

sane pressure gradient.
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Fig. 11.3:
of the stream function.
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