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ABSTRACT 

The work in this thesis describes the fully developed 

velocity field generated in a curved pipe of circular cross-

section when the pressure gradient along the pipe is any 

periodic function of time. The mean pressure gradient is 

chosen so that the interaction between the secondary motion 

in exactly steady flow and the oppositely directed steady 

streaming characteristic of high frequency oscillatory flow 

can be examined. When the Reynolds number for the steady 

streaming, Rs, is much larger than the Dean number, D, assoc-

iated with the mean flow, the secondary motion is independent 

of the flow through the pipe, and an asymptotic theory is 

developed which shows that, away from the walls of the pipe, 

the mean axial velocity is proportional to the stream function 

describing the secondary flow. A numerical solution of the 

governing equations is obtained to verify the asymptotic re-

sults and also, to provide solutions for arbitrary values of 

D and R. The significant feature of the numerical results 

is the prediction of a range of values for the parameters 

where the solution to the equations is not unique. The vel-

ocity fields obtained are used to determine the influence 

of the secondary motion on the heat or mass transfer in un-

steady flow in an attempt to explain the enhancement of oxy-

gen transfer in respirators using pulsatile blood flow. 

Finally, it is shown that for large enough frequencies, 

a purely oscillatory pressure gradient containing even har-

monics of the fundamental frequency can produce a small mean 

axial flow. 
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CHAPTER I 

Introduction 

The generation of a steady flow in a viscous fluid by 

a purely oscillatory external constraint is well known and 

has been extensively analysised. Typically the problem studied 

is the flow induced when a rigid body oscillates in an unbounded 

fluid; this flow is the subject of a review article by 

Riley (1967). Apart from this prototype flow, there are 
other instances where the interaction of harmonic components 

in an oscillatory flow leads to steady motions, and some of 

these are reviewed by Riley (1975). Of particular interest 

here is the oscillatory flow of a viscous liquid in a rigid 
curved pipe studied independently by Lyne (1970) and Zalosh 

and Nelson (1973) who predicted the existence of a steady 

flow in the plane of the cross-section of the pipe. 
The assumption of oscillatory flow is equally restrict- 

ing as the hypothesis of exactly steady flow, as in general, 

most of the situations of practical interest are unsteady. 

Clearly the analysis of such flows is complicated by the 

interaction of effects characteristic of oscillatory flows, 

and phenomena associated with the mean motion. It is these 

interactions, in the particular case of unsteady viscous 

flow in a curved pipe, which are studied in this thesis. 

The properties of steady flow in a curved pipe are 

well known, the first analytical description of the motion 

being made by Dean (1927,1928). Using numerical techniques 
the work of Dean has subsequently been extended by McConalogue 

and Srivastava (1968) and Collins and Dennis (1975). The 

notable feature of the flow is that, due to the curvature of 

the pipe, a motion in the plane of the cross-section of the 

pipe is established. This so called secondary motion takes 

the form of two vortices, one on each side of the axis of 

symmetry of the cross-section, with circulation such that 

particles near the axis of symmetry at the inside of the pipe 

bend drift across the pipe to the outside of the bend. The 

more recent work of Lyne and Zalosh and Nelson (1973) for 

oscillatory flow has shown that for sufficiently large 



frequencies of oscillation, the secondary motion, which again 

consists of two symmetrically placed vortices, has circulation 

in the opposite sense to that found in exactly steady flow. 

For unsteady flow in a curved pipe we can expect some combinz-

ation of these two effects. 
Though the secondary velocities generated in both oscill-

atory and steady flow are generally very much smaller than 

the axial velocities, they vitally affect transport processes 

between the fluid and the pipe wall. The shear stress dist-

ribution around the wall of the pipe is largely controlled 

by the strength and direction of the secondary motion. In 

this context the work described here may be of relevance to 

the flow of blood in the arch of the aorta, in that it gives 

some indication of the magnitude and distribution of wall shear 

stresses. This will be of use when correlating arterial dis-

ease with physical factors, as now there is increasing evid-

ence that mechanical forces are intimately connected with 

localization, and perhaps initiation, of various arterial 

disorders (Atherogenesis: Initiating factors. Ciba Foundation 

Symposium 12. 1973). Also the secondary motions in unsteady 

flow in curved pipes are important in the design of extra-

corporeal respirators. Experimental work by Melrose et al 

(1972) and Tanishita et al (1976) has shown the feasability 

of utilizing such phenomena in improving the performance 

of blood oxygenators. 

Experimental work has also been carried out to assess 

the theoretical results for oscillatory flow in a curved pipe. 

As part of his study of the problem, Lyne constructed an 

experiment which demonstrated qualitatively the existence 

of the steady inward secondary motion. More refined experi-

mental work by Bertelsen (1974) enabled a quantitative com-

parison between theory and experiment to be made. His results 

demonstrated conclusively that the predictions of Lyne and 

Zalosh and Nelson (1973) were correct, and in particular, 

showed that the results from Lyne's analysis agreed better 

with experimental values than did the results of Zalosh and 

Nelson. 

In order to obtain similar magnitudes for the outward 
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and inward secondary motions, it proved necessary to consider 

the unsteady flow as a perturbation of purely oscillatory 

flow. As the method of matched asymptotic expansions used 

by Lyne illustrates more clearly the physical structure of 

the flow, as well as giving the better agreement with experi-' 

mental results, it is this technique we shall apply to the 
case of unsteady flow. The small parameter of the analysis 

is .p, the thickness of the Stokes layers on the pipe wall 

compared to the radius of the pipe. The amplitude of the 
leading order oscillatory axial velocity is 171, and thus we 

seek a solution where the steady axial velocity is 0(13W), a 

small perturbation of the flow discussed by Lyne. The phys-

ical arguments in Chapter 2 show how this can be achieved, 

and also lead to the definition of two additional parameters. 

The first of these parameters is the steady streaming 

Reynolds number, R5 , based on the steady velocities gener-

ated in the Stokes layer, and as shown by Lyne, R3 charact-

erizes the steady streaming associated with purely oscillat-

ory flow. The other parameter required is the Dean number, 

D, which is the quantity governing exactly steady flow through 

curved pipes. Finally the full Navier-Stokes and continuity 

equations are simplified by making the approximation 

where R is the radius of curvature of the pipe, andmis the 

radius of the pipe cross-section. 

In Chapter 3 the limit 13-0.0 is taken and the method of 

matched asymptotic expansion used to solve for the flow in 

the Stokes layer, and to derive equations governing the motion 

in the outer region. As in the purely oscillatory flow, the 

leading order secondary flow in the outer region is steady, 

but due to the presence of a mean axial velocity, the motion 

is no longer governed by the 2-dimensional Navier-Stokes 
equations, but is coupled with the mean velocity to form the 

equations for exactly steady flow in a curved pipe. The 

boundary conditions are provided by matching with the flow 

in the Stokes layer, and the secondary flow is required to 

have a non-zero value at the edge of the outer region, just 

as in purely oscillatory flow. 

The analysis of Chapter 3 is carried out for any periodic 



pressure gradient which has a Fourier series representation. 

To 0(R°) for the flow in the cross-section. and 0(R) for the 

axial velocity, this is just a generalization of the results 

of Lyne for a sinusoidal pressure gradient. However at 0(14) 
in the axial velocity it is discovered that a steady velocity 

is generated from interaction of the harmonic components of 

the secondary flow and axial velocity, and therefore this 

steady velocity is independentof the mean pressure gradient. 

It is found that this steady axial velocity does not decay 

at the edge of the Stokes layer, but persists into the outer 

region. Chapter 9 takes up the analysis of this axial steady 

streaming in the outer region when the mean pressure gradient 

is zero, and we find that for both small and large Rs  there 

is a non-zero flux of fluid through the pipe. Thus we have 

the unusual result that a purely oscillatory pressure grad-

ient acting in a curved pipe can produce a mean flow: 

Analytical solutions for the leading order secondary 

motion and mean axial flow are obtained in Chapters 4 and 5 

for the cases of creeping flow and small mean flow respect-

ively. Both of these conditions restrict the Dean number to 

be small in some sense. In Chapter 5 this restriction allows 

the flow in the cross-section to be independent of the axial 

velocity, and hence the solutions of Lyne for the secondary 

motion are valid. The axial flow is then given by a linear 

second order partial differential equation with the secondary 

flow velocities appearing as coefficients_ For large values 

of Rs  the secondary flow has an inviscid core/boundary layer 

structure, and by postulating a similar form for the axial 

velocity it is found that the axial velocity is constant on 

the streamlines of the secondary flow. An integral condition 

arising from the requirement that the solution be single-

valued in the cross-section leads to the result that the axial 

velocity is linearly related to the stream function in the 

inviscid region. 

The integral condition used in Chapter 5 to determine 
the axial velocity distribution is rederived in Chapter 6 by 

less formal arguments. A flow which consists of an axial 

velocity superimposed on a two-dimensional flow is considered, 
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and an exact integral condition on the flow obtained by integ-

rating the equations of motion along a streamline. This integ-

ral condition is then used in conjunction with the inviscid 
equations of motion to determine the velocity distribution in 

the region of small viscous forces, and thereby extending the 

work of Batchelor (1956) to a flow without closed streamlines. 

For arbitrary values of D and Rs  numerical methods were 

used to obtain solutions for the secondary motion and mean 

flow, particular attention being given to the parameter range 

where the secondary flow changes direction. Chapter 7 describes 
the development and testing of the program, based on the method 

of McConalogue and Srivastava (1968), used to verify the asymp-

totic results of Chapter 5, and its extension to obtain solut-
ions for arbitrary D and Rs. The striking feature of these 

calculations is the prediction of regions in the D - Rs  plane 

where the governing equations and boundary condition have non-

unique solutions. 
In Chapter 8 the analytical results of Chapters 4 and 5, 

and the numerical results of Chapter 7 are brought together. 

The asymptotic results of Chapter 5 are shown to agree well 

with the numerical solutions at Rs  = 1800; the numerical results 

also show the development, from small Rs, of the asymptotic 

state as Rs  increases. The creeping flow solutions of Chapter 

4 are used to illustrate the basic sequence of events in the 

transition from inward to outward secondary flow when non-

linear interactions are weak. For Rs  = 100 the character of 

the transition has changed markedly and it is postulated that 

the strong interaction of the two secondary motions is respon-

sible for the multiple solutions obtained for certain values 

of D. 
In Chapter 10 the heat transfer in unsteady flow it a 

curved pipe is studied when momentum and thermal Stokes.layers 

are thin. The limit processes used in the momentum equations 

force the Peclet number for the heat transfer to be large and 

so heat transfer in steady flow in straight pipes is studied 

to illustrate the singular nature of the large Peclet number 

limit. The analysis parallels that of Van Dyke (1971) for 

entry flow in a channel. Based on the expansion scheme for 
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large Peclet number in steady flow, a similar scheme is employ-

ed to derive equations governing the temperature distribution 

in unsteady flow. It is-shown that apart from a small region 

00) around the step change in boundary conditions the temp-

erature is steady and determined by the steady components of 

velocity. Using the velocity distribution of Chapter 5, we 

solve the resultant energy equations and calculate the increase 

in heat transfer over steady flow in a straight pipe. This 

is done in Chapter 11 as a model for the oxygenator experi-

ments of Melrose et al (1972). 
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CHAPTER 2 

The equations of motion 

We consider the motion of a viscous incompressible 

fluid in a pipe, of radius ca, whose centre line lies on a 

circle, of radius R and centre 0, in the horizontal plane 

Oxy (see Fig. 2.1). The co-ordinates of an arbitrary point 

P inside the pipe are (r1,a,9). RA is the distance along the 

centre line from an arbitrary initial line through 0, say 0y, 

to the plane of the cross-section OzP; r*  and a are polar 

co-ordinates in the cross-section. 

The velocity vector u has components WI  ,v*,wt ) corres- 

ponding to the co-ordinate directions (ri,a,9). It is assum- 
ed that the flow is fully developed so that u is independent 

of G. The superscript* is used to denote a dimensional variable. 

In these co-ordinates the equations of motion are 

(Lyre 1970) 

.1.Lt 4_ u`  aj_At y2 	yr WYicOSd  
at‘ 	r' 1.4 	r" 	R+ r'eosex  

	

= — 	(Et) — a) ( 	_ sin et 	y 	4.  ig 	 ( 2 . 1 ) 
1r* 	 r -act 	R+. r' CoSot 	r" 	'ads 

	

vz 	L.&.' 	'c 	 y_ct -ao 	o vat ÷ 	  

	

-at% 	art 	r* -act 	r‘ 	R + COS et. 

) 	A la- 4- -1-L§,a--(  _)( -11/2 + 1/1, _ 1-12:_'-‘) 	(2.2) 
mar* 	ft.l.rstoSK i‘ -)r-z 	r* 	r" 

and 

1W1 	u*-)W: 	vt -avil 	lAxvicosel, 	v* v..ot in  
atx 	-a r‘ 	rs aeyt 	R+ r.6 coSol 	fti• r-11 CoS o1/4 

(12 )  4_ 4  [ ( 	p_w_2,  + WI COSck  ) — 
124- tl- coSagt  .19 X r 	.2•1-% 	r"‘ 	-art 	Ri-rlicosek 

1 "4 ( t ltrm._ wl 	Sin c04.  )j + _  	 (2.3) 
r* -ad, r* ad 	A..+ et Las .% 	• 

The kinematic viscosity and density of the fluid are denoted 

by v and p respectively, p* denotes the pressure and t4  
denotes time. The equation of continuity is 

1U 	, (A.* COS ot 	 .50 	V S ir% 	(2.4) — 0 I "dr* 	r‘ 	 r* *Zer, 	R+ (.0$ R+ cosi; 
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The assumption of fully developed flow requires the 

pressure to have the form 

r(r; 00,e) = 9 A(e) + 	(r*,..1/4, 0) 2  

where A(t2) is proportional to the imposed pressure gradient 

along the pipe. We restrict A(e) to be any period function 

of time and specifically assume that the pressure gradient 

can be Fourier analysed in time. Along the centre line of 
the pipe we assume that the pressure gradient can be written 

as 

— Lk— (12!) 	G 	w w 	o,„ 	(rtt.e.) 4- On  R 	e  
(2.5) 

with 	CI. = I 	c‘r■cl 	A v._ o , 

where G is the (constant) mean pressure gradient and Luis 

the fundamental (angular) frequency of the oscillations. 

The Fourier coefficients, mfl  are dimensionless as W has the 

units of velocity. 
The size of the steady axial flow produced by the mean 

pressure gradient is determined by balancing the pressure drop 

along the pipe with the wall shear stress. This gives 

1) a. 	G at  

and if it is assumed that velocity gradients for the mean flow 

are O('/a), then the mean axial velocity is O( N0.1 

 order of magnitude of the oscillatory component of 

the axial velocity depends crucially on the ratio of the con- 

vective time ato the diffusive time e/n) 	When this ratio 

is large, diffusion of momentum determines the flow and the 

oscillatory pressure gradient is balanced by the viscous term, 

resulting in a quasi steady velocity field. The case of inter-

est though is when this ratio is small and the diffusion of 

momentum confined to a thin region (*FE) near to the wall 

of the pipe. If the velocity in the plane of the cross-

section is small, then awa:y from the walls the oscillatory 
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pressure gradient is balanced by the local acceleration 

resulting in an axial velocity of ()(Wli, Imm-run(nwb‘4- 4..)) 

which is assumed to be 0(7). 
The magnitude of the axial velocity can be seen more 

clearly by comparing the mean flow to the amplitude of the 

velocity fluctuations. This ratio is 

[ ".01- \ R/ 	Rua •—•••") 	• ----i•coo, 
C22(a)1[Yy_ 	{ 

Vs 
(2.6) 

The last term is recognized as the thickness of the viscous 

Stokes layer compared to the radius of the pipe, a parameter 

which is assumed to be small. Thus for order one values of 

the other two parameters the mean flow is a small pertur-

bation of the basic oscillatory velocity. The structure of 

the oscillatory flow here is a generalization of that consid-

ered by Lyne (1970), and so the unsteady flow described above 

may be viewed as a perturbation of the solution for purely 

oscillatory flow. 
The first parameter on the right hand side of (2.6) is 

proportional to the Dean number D for steady flow in curved 
pipes which is defined as 

c13 

	
(2.7) 

This form of the Dean number was first introduced by 

McConalogue and Srivastava (1968) but we note that their 

Dean number is a factor of 8 larger than the Dean number 

defined by (2.7). For small values of D the axial velocity 

and secondary motion are dominated by viscous forces; for 

large D there is the possibility that the motion has a 

boundary layer/inviscid core structure, though this has not 

yet been properly clarified (Smith 1976). 

In purely oscillatory flow the character of the second-

ary motion is determined by the steady streaming Reynolds 

number R3  defined by 

••■••••21 

vy 
Rs = RiA, is) (2.8) 

The relevance of this parameter to the problem was shown by 



- 14- 

Lyme. The remaining term in (2.6) is then seen to be 

MS
4A 

 • The oscillatory axial velocity is 

caS 	
(n.3 L'a + On) 

away from the walls of the pipe. This form for the axial 

velocity generates the centripetal pressure gradients necess-

ary to keep fluid particles in circular paths centred on:Oz. 

However the no slip boundary condition at the pipe wall requires 

the flow in the viscous region adjacent to the wall to be the 

sum of the Stokes shear wave corresponding to each component 

of the oscillatory axial velocity. As this viscous region 

is assumed to be thin, the pressures in the layer remain the 

same as in the inviscid flow. Thus the centripetal pressure 

gradients are no longer in balance with the smaller axial 

velocities, so a secondary flow in the plane of the cross-

section is generated. The magnitude of these secondary veloc-

ities is given by balancing the centripetal pressure gradient 

term with the viscous terms, taking the velocity gradients 

(for the oscillatory components) to be C*410) in the 

viscous Stokes layer. This leads to 

0/  w t.\  
k 	) 

and 
RiA) w i ° IA. 

Provided the velocity gradients of the steady flow remain 

(D(%ct) in the Stokes layer, both of these components of the 

secondary motion are larger than the mean flow, and it is 

reasonable to consider the oscillatory velocity independently 
of the steady flow close to the wall. 

To leading order then, the oscillatory flow is the same 
as considered by Lyne: the self interaction of the oscillatory 

velocity components produces a steady secondary motion in the 

Stokes layer which does not decay at the edge of the layer, 

but persists into the inviscid region. The secondary flow in 

the inviscid region is then CMAJ) which Lyne showed was 

small compared to the axial velocity away from the viscous 
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layer, and such that particles near the outside of the bend 

drift across the pipe to the inside of the bend. 
The mean velocity distribution will not, in general, 

produce the centripetal pressure gradients necessary to main-

tain the fluid particles in uniform circular motion about the 

axis Oz. Consequently a motion in the plane of the cross-

section of the pipe will be generated. For exactly steady flow 

in a curved pipe the secondary flow field is well known, and as 
a first estimate the secondary velocities due to the mean flow 

in an unsteady flow may be taken to be the same size as those 

in the corresponding steady flow. For small Dean number the 

secondary flow is (Xli-e) while for large Dean number the 

secondary velocities are believed to be ()(101/3) away from the 

wall and 0(1'04) in the boundary layer on the pipe wall 

(Smith 1976). In both cases the secondary flow is directed 

oppositely to the secondary motion in purely oscillatory flow. 

At this point it is useful to compare the magnitude of 

the secondary motions induced when the axial velocity is either 

purely oscillatory or exactly steady. In the former the steady 

streaming is 0(w/R,.,) while for steady flow in a curved pipe 

the secondary velocities can be written as 0(a0"). The ratio 

of these quantities is 0(11,6").For small values of this ratio 
outward centrifuging associated with the mean flow would be 

expected, but when RolPethen inward steady streaming would 

dominate. It is hoped that for 0(1) values of the ratio, 

the interaction of these two effects and the transition 

between the two extreme cases can be studied. 

For the purpose of making the system of equations (2.1 
to 2.4) non-dimensional we adopt the view that the unsteady 

flow is a perturbation of the purely oscillatory flow and 

introduce the non-dimensional quantities defined by Lyne (1970) 

for the oscillatory flow: 
AM,  

r a  r 	, W)/w, W = 

(.0// u = 	(2.) 4/1—t  V = 	(11_ 
Ft(a) 

(2.9) 

The equation of continuity becomes 

s.  A. 4- 	SCDSot 	1:4*aV 	v ct Sin al  
r 	r 	I+ brcosol 	r "D 	I + Sbr t-osar, 

c) . 	(2.10) 
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The parameter b is the curvature ratio of the pipe defined 

by 	 S = R 
	 (2.11) 

and throughout this thesis it will be assumed that E.<<1 so 

that (2.1C) simplifies to 

1u, 4. t.S. 	_cly = 
1r 	r 	r -aok 

This simplified equation of continuity can be satisfied by 

introducingsestream function 'X such that 

U. 	I -a 	d 	V = — /1(  r aoc. 	 1r- (2.12) 

Eliminating the pressure between (2.1) and (2.2) and neglect-

ing terms 0(8) we obtain the equation for the flow in the 

cross-section: 

— Rs PI  (1011) — r rsinok 	 2- cosol)W1  = 11"
4
1 ) (2.13) Zr 1Lr,4) 	 1r 	 1-  

where v = 	+ I  + t- 	d 	(Q,  = (%- 	_ 	 . 	(2.14) — 	e- 	57-  7-1-)41 	 -ak,-,%1 	r etet. 1r 

Neglecting terms 0(s) in (2.3) and using (2.5), the axial 

momentum equation becomes 

Rd.  	v.") 	= 	cc,  cos Lvvt t)n) 	a9 	
2. 

13  + e.  NAN • ( 2.15  ) 1-c 	ar 	(r, 	 "" 
The parameters D and Rs  are defined in (2.7) and (2.8) respect-

ively and p is given by 

(2.16) 

Clearly p is the ratio of the Stokes layer thickness to the 

radius of the pipe, and as mentioned, we shall look for a 

solution when this ratio tends to zero. 

The boundary conditions for (2.13) and (2.15) are those 

of no slip at the pipe wall, i.e. 
ax = W = 0 	om r= 	 (2.17) 

together with the condition that the solution is regular within 

the pipe. 

Finally it is emphasized that the equations (2.13) and 

(2.15) have been obtained from (2.1)-(2.4) via the limiting 
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process 

limit 6-0-0; D,R5 ,13 held fixed. 

When dealing with the energy equation in Chapter 10 it will 

appear that this limit requires some special attention. 
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CHAPTER 

The limit p- -o  

In this chapter, solutions to (2.13) and (2.15) are 

obtained in the limit p-4.0, Rs , D fixed. Physically this 

limit may be approximated by taking the frequency of the 

oscillations to be very large, and therefore this limit will 

often be referred to as the 'high frequency' case. 

It is obvious that the limit p-b-o, Rs , D fixed is not 

the only possible limit and independently Smith (1975) has 

considered other limits of these equations. By taking 

Re-0(1) and letting one of the two parameters D, (3 take a 

small or large value, Smith constructs a series of asymptotic 

expansions which show the transition between the extreme 

cases of steady and oscillatory flow as the parameters D,f3 

vary. He also arrives at the result that the change from 

inward to outward secondary motion occurs in the high frequ-

ency case. Thus the problem considered here is a close exam-

ination of the solutions in this high frequency limit and the 

determination of the details of the change in direction of the 
secondary motion. 

Following the analysis of Lyne (1970) the axial velocity 

and stream function are expanded in series of ascending powers 

of the small parameter 3. It has been shown in Chapter 2, 

that to leading order in p, the flow has an inviscid (outer) 
region surrounded by a viscous Stokes layer (inner region). 

Both w and 1( are represented by different expansions in these 

two regions, but it is assumed that the different. series have 

a common region of validity where the viscous region merges 

into the inviscid flow. The process of requiring the two 

solutions to coincide in this overlap region is called 

matching. 

In the Stokes layer the relevant radial co-ordinate is 

the magnified distance from the wall 
1-r 

ts 
	 (3.1) 

and the expansions for the axial velocity and stream function 

are: 	w ( r, e■c't j (I, 	D) 	(",,c; 	 (3.2) 
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and 	")((r,.4,T.,(3,R,,o) — 	t (1. 4,t; KO)) + (SI  `/, 4- • • 	(3.3) 

The boundary conditions (2.17) on r = 1 become 

Vr = L  = 	= 0 	c), 	on r1= 0.C3.4) 

In the outer region the axial velocity is expanded as 

	

w (r, 4 , (1 R.:, 0) 	--' 	wc, 	R„ 0) 	+ el-W,.÷ • • • 
	(3.5) 

and we require that this match with the solution for w in 

the inner region. Assuming that any secondary motion in the 
outer region is the same order as the tangential velocities 

generated in the Stokes layer we obtain the expansion 

	

kot,'t ; (3, 1.(%. 0) 	 I 1.(raotit:, 	+ 	+ (12  I;.- • • • 	 (3.6) 

for the stream function in the outer region. 

Substituting (3.5) and (3.6) into the axial momentum 

equation (2.15) and equating like powers of p we derive the 
equations: 

= o , 

COS (t-1 + (tin  (3.7) 

(3.8) 

1.4). 	R s  -a (I. 	= 	two 	(3.9) 
-ec 	2r 	lr, of. ) 

)ws_ Rsp(laivi,) 	10(„Wo)  .77.  2D # 2!v2-im  , (3.10) 

	

r 	1(r, dl 1 kr, ac) 	Rs 	Z  

and 	RS [X7+91W11 	1(1k„ 	4- /(1(7. )W0) 
 — 
] 	pi 	( 3 .11) wl  

"a-t 	2.r -airok ) 	1(r, Al 	(no.) 

The solution of (3.7) is 

w. 	SI:ri 1 ri 't 	 Tc, 	) 	 (3.12) 
I 	n 

where I', is an arbitrary function. Equation (3.8) gives 

w. = w, ( 	) 	 (3.13) 

The equation for the leading order axial velocity in the 

Stokes layer, 
_ 	)W; 	ca„ cos (rvt fb„ 

	

"et 	-e,71 (3.14) 

is obtained by substituting (3.2) and (3.3) in (2.15) and 

collecting terms 0(13°). The solution of (3.14) satisfying 
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the boundary conditions (3.4) and matching with the outer sol-

ution (3.12) is 

E 	
, -IP , ,d-c, 	=.... 	 , '4%....1 st:n (rt-r+ 4„ ) — e 	.1,...,1 ■n-c- TR + (t„) 

, ' 
Clearly the matching has required 

..(%ok) = 0  . 

At the next order of 3, the equation for J is ,4 	=_. 	I ... 1.0  

"at 	2 111-  ) 	 -al 

which has solution, satisfying (3.4) 
-.7p; 

vc. 	 rr. 	S" VAT - te) 	+ 	+ A(mac)ri 	

(OUtl8e)r Matching two terms of the axial velocity expansion in the 
region with two terms from the inner region we get 

AWE:- 0 , I 

and 	vt's (1.0 = o . 
( Returning to the flow in the outer region, the substit- 

ution 	

- 

ution of (3.5) and (3.6) into (2.13) yields the following 

equations: 

;T  V11. — r crsir■ccir  + ca5 d _. t wo = 0 	 (3.20) 

111„,t  S11%, — -Lr ;-. S;Tiei, r.  + coSa.)- ,4)V-wewi) =. 0 , 	(3.21) 

1 vil  _ Rs 1 (1,„‘71%.)  — If rs-,, 0(  1. 4  (0%4 1 ) (v4.2+2.wovh.)= 1-V4 (il( 3  - 22) 
lt 	2- 	Zr.  )(r) as) 	r%  

and 	I GN 	 RS  [ 1 (1.,i9I'% ) 	4..  ""a llk„Nt10)] 
Vt 	3  — Zr 	1 kr3 00 	' 	') (r, ak) 

	

- 1(1-sin d..)--)—r  + cos oki2-ek ) ')-wow3  -1-2w,w,_) 	=- 2 N741(i  • (3.23) 

We require the solution to have only harmonic depend-
ence on T. Therefore to avoid secular terms in "A„, the second 
term in (3.20) must be proportional to evt  , n = 1,2,3,... 
Using (3.12), this condition leads to 

+. (r Sin 	+ Lind 	+0  =- o , 

which has solution 	-[,, (v-Les.d, ) 	. The matching condit- 
ion (3.16) gives To-cosa() s o . Thus the axial velocity wo  

is now given by 

w, = 	 (n-c+ stc,) . 	 ( 3 .24) 
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Equation (3.20) now simplifies to 

= 	ir) ) 1 	 (3.25) 

where go  is arbitrary, and using (3.13), a solution of (3.21) 

harmonically dependent on .r is guaranteed. Separating 1(r.k/t) 

into steady, 10.11 1r,4 and unsteady, ')(„t")tr,4,-t) 	parts converts 

(3.25) into the two equations: 
2. .4 

V 'X. 	= 0 	

((33:2267) 
‘ and 	V 7.s) 	- 'Jan.%) , 

t")  is harmonically dependent on T. 
At this stage the stream function in the Stokes layer 

may be determined. Substituting (3.2) and (3.3) into (2.13) 

and collecting terms 0(G°) we obtain the equation for the leading 
term in the expansion for the stream function: 

)- 
	ie% 

lz 2- )1-  adz — (3.28) 

Using the solution (3.15) for MC, the general solution of (3.28) 
is 

( 2.  	rt 
send( 4 	e. 

tx' LI+1 riF 

Lt 41FR e72.1i7; \  

niri 

C11 	(C.+ — 
in--. 1.111L—'1 

{.( b(n) + 6 (L.-  n)) e.-n(bt,o+ b(t.-n)) 6 (t._,) 	-ibtt-n) 

I G n kl- v.) - Ct. b(rtl bkL- A\ 	+ 	 t 
an 0.-rt) 

A' (a) Q. L̀ 'r  "1(14 017  
L=1 	I, 

tt4.00 	C(►fit F cc't) 	G(o(,) , 	(3.29) 

where 	b (vv.% 	= 	) 	 "r1 re' 4 
	

(3.30) 

It is to be understood that we are only concerned with the 
real part of %P. as defined by (3.29). In evaluating the 
double summation in (3.29) the definitions 

- 
vv.. CL-rn = - 	I 

and 	A
,_ 

= 0 	 (3.31) 

X 

011 	, 



are used. If the Fourier series for the pressure gradient 

(2.5) is truncated after N terms then in the double summation 

1 = 1,213,...,2N 

and 	n 	1-N+1,..., N-1, N. 	(3.32) 
In the case of a sinusoidal pressure gradient N = 1 and (3.29) 

reduces to the expression given in Lyne (1970). 
The unknown constants in `E can be determined by match-

ing the stream function in the Stokes layer to that in the 
inviscid outer region. At the same time boundary conditions 

for the outer region will be obtained. The matching is affect-

ed by requiring that pit have the same behaviour for 11.-"b-4 as 
%.1-ati,-c) 	when r-4-1, i.e. 

100,4,,t) 	L )(1)W1 	13(.01p + C(4)17-13 	F (4rE)1(1  
1-74 

♦ Glat(t.) 

This condition leads to 

la t.lot.1) 	= 	0 	) 

5(4) s 	cl ,x) s 	0 

and 
"et1T) 

(3.33) 

The first of (3.33) implies 	1:4(1,4,T) = 

with (3.26) gives 

0 	which together 

lotul  (r,c4,.-t) 	= 	0 . 	 (3.34) 
Thus to leading order the secondary motion in the outer region 

is steady. The superscript (s) on %can now be omitted, it 

being understood that 'X.= 1„(1-,A;gs,0). That B and C should 

be identically zero follows directly from the discussion in 

Chapter 2 where it was assumed that the velocity in the inner 

and outer regions should match. 

As 1. is independent of time, the last of (3.33) gives 

that F is a function of a only, F(a). The boundary conditions 

(3.4) together with this result allow the unknown constants 

in it to be determined. It is found that 

Fig) = - S(not an  
4- V13  (3.35a ) 

r. 1.. 	 feA NO . tiV ri )  ..■1 	•-•.n •-s L.- in 	CI.  Al ke() = A4.  SW1d■ = 	5 Crl a< 

	

 
‘,....04  In I i 1---n % 	(1+0 iT' 	X 

[ 

	

2a. + 2b(r1) 6C -'1) 	+ 	 , n IGn(L-n) - 4:t blrl)b(1.-n) 
(3.35b) 
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and 
ce ciln  ( 2 	I 

G OIL ,"E ) = — 5i vs at 	 4 t1  3- 	.0 3 ,,o ,,r;', 	8 ni71 

CO,. 	.0 	 11-c -t-; (4n+ + t.,,‘) 
4- sin el Z., 	..t.m...1,...1...n._ t  X 

1..., 	,%.-.. tnt 1L-^1 

[ b(n) + b(L-n)  b(l-rt)  
I Gr. (L-rt) - 40. b(n)b (1.-n) 	2n n) 

 

 

— Sine( 	e (3.35c) 

The determination of 	is now complete; we turn next 

to the derivation of the equations governing the steady 

streaming and the perturbation mean velocity in the outer region..  

The substitution of the solution for wo  (3.24) into (3.9) gives 

the result that wt  is independent of "C i.e., 

wt  = wt(r,a). 	 (3.36) 

Using the known properties of 10 ,w,„ and w, ((3.34), (3.24) 

and <3.13) respectively) and insisting that the solutions have 

only harmonic dependence on lc, (3.10) can be separated into 

the two independent equations 

/ws 	0 	 (3.37) 

and 	Rs  (Is  ,W,) 1qt W 	 (3.38) • 
It.r).1) 

Similarly (3.22) can be decomposed into steady and unsteady 

parts giving the independent equations 

3---Nr11(t  - r  + c oSO .a- 1-0t)(1WON/2.) = 0  
) 	(3.39) 

and RS 	 (qk 0  Qt.  (1*-Sinck 	GOSek -2—) W1  "Z.= 	V47%0  • (3.110) 
2r 	 .bd, 

Equations (3.38) and (3.40) are a simultaneous pair of 

equations for the leading order stream function and the mean 

velocity. Boundary conditions for these equations are given 

by (3.19), (3.33) and (3.35) which we collect here as 

= 	-= 

1%e — Stnoc 2=1— — = air i„ec 	°n r= I  7r 	 1 4 h3  

Apart from the presence of the parameter Rs, equations 

(3.38) and (3.40) are recognized as Dean's equations (1928) 

. (3.41) 
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for steady flow in a curved pipe. The boundary conditions 

(3.41) modify Dean's problem so as to include the effect of 

the Stokes layer on the wall. The equation governing 1. in 
the case of oscillatory flow is recovered by formally taking 

D = O. Equation (3.40) then becomes the 2-dimensional Navier-
Stokes equation with boundary conditions prescribing the veloc-

ity at the wall. In this case there is no mean flow and the 

secondary motion is directed towards the inside of the pipe 

bend. This is the case studied by Lyne. To obtain the 

equations for exactly steady flow in a curved pipe the stream 

function and axial velocity need to be resealed. If 'X, is 

replaced by <I. and w, replaced by Rs  w,, then Rs  is removed 

from (3.38) and (3.40) and appears only in the boundary cond-

ition (3.41). By taking Rs  = 0 the usual no slip conditions 

associated with the steady problem are obtained and the second-

ary motion is the well known outward centrifuging. 
Proceeding to higher order terms, lc is written as the 

sum of a steady term and a function harmonically dependent on 

t, i.e. 

* 	) . 	(3.42) 

One boundary condition for 14  is obtained by matching 10- (3%, 

with the leading order solution for the stream function in the 

Stokes layer. The result is 

11"(1,4,T) 	1.1:1
(t, 
	= 	Glu4 kets'E) 	G(.0

(60 ) 	(3.43) 

where G" and GI")  are the unsteady and steady parts of G(a;t) 

defined by (3.35c). Clearly (3.43) leads to the condition 

00c,t) - 4"  (4,"0 	(3.44) 

which together with (3.21) and the requirement that "e74  is 

regular within the pipe is sufficient to determine 1;°  once 

w1  is known. 

One boundary condition for "e,$) is given by (3.43), and 

a further condition comes from matching two terms of the outer 

solution with two terms of the inner solution for the stream 

function. The result is 

1-2  I " I ft.1 	 tvt 	r Mt 

r-d (31  11  (3.45) 
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and as 1(.")  may be considered known, only the steady part of 

need be considered. The equation for if, is obtained by collect-

ing terms O(3) when (3.2) and (3.3) are substituted in (2.13). 
This gives 

(1 	I "i` \ 	_ 	fyroyr,  sir.  
k-a-t 	-erf- 	-e7 	 (3.h6) 

It is easily seen that terms in the particular solution which 

are harmonically dependent on -r are also exponentially small 

as 	and thus the matching given by (3.45) is possible. 

The equation for the steady part of if, , denoted %ris then 

o 714.  V°  == .-a ndi. 
A 

ul - 	 — 	(yew-) 	, 	(3.47) 

where 	the steady part of 	and (vrovr,r is the steady 

part of the product Vow,. The solution (3.47) satisfying the 

no slip conditions (3.4) is 

- Wit 

n2- 	ar,cf: 	
- 

'sr= 

+ 

+ Hip() 	+ I col) 

44,4  0." 
4 	i" 	

4A 	
0+;) 47.l% it4.nt) 

5 t:rt st 	— (3.48) 

The matching condition (3.45) gives 

MOO s_ o 

/ (4) z_ -art,. 

and = — SCn ck 
r I 	 1 4:1-1.%4* 

rti CI 4- ri 
rr-s 

(3.14 9) 

where only the real part of "has been used. 

From (3.23) it is seen that wa  will be involved in the 
equation for 'VI Therefore before deriving the equations for 
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,u) 
-1■,,boundary conditions for wl  are derived. This entails the 
determination of W in the Stokes layer. Substituting (3.2) 

and (3.3) in (2.15) and collecting terms 0(p1)we get the equation 

for Vra  as 

- 	) vt 	
Rs — 	Ttco 	vir, 	vici, — 	— — — • -. 	 — 	"r1 	2;1  1)1 	(3.50) 

In the analysis so far the axial velocity in the Stokes layer 

has been purely oscillatory. Now there is the possibility 

of a steady axial velocity component arising from the inter-

action of the oscillatory parts of the leading order stream 

function and axial velocity. It is noted that this steady comp-

onent would be independent of the mean pressure gradient. It 

is easily seen that terms in the particular solution of (3.50) 

which are harmonically dependent on -c are exponentially small 

as 11400 and so cannot affect the outer flow. This agrees with 

the result (3.36) that w2  is independent of time. It is nec-

essary to determine the behaviour of the steady component W;")  
of V,. . 

The equation governing W" is 

e 	
Rs( 

1S. -rfray)  
(3.51) 

-e- v 

with the obvious notation. The solution of (3.51) satisfying 

(3.4) is 

R s = — coSot. 
0, Cs. 	o■ v, 	h -1. 	I 4-1:) 4- 	4r1441.-.,-46) X 

P1T..0. 1,111 L-ni LI 
( Ult.) 4- lb (L. ni 11,-;)W) 	-1(qt-'1 t (1-:), ') 

Ox  Q. 

. 
e 

 

  

g—s  "Stt 	F■L li+z -ich. ("214? 	-1L—elre 

l= 	L 

+ L., 
" (3.52) 

1'11' 
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where Mtk) = 	Rs cos c  

[ 	

vi.,4, 4),..,- 4 	1  
= h. cos.', 	.14  Nckt--,  c-  (1.0 t 	LB, + k — '-iBe) 2. 	L.,..b, ,,„4.,, 1,AIL-,,,N 

A, c1/41. (14-■) 	- 	) 	 (3.53) 
 7 3 	vzi 	Li3? 

with 	, 	b(n) + blt-n)  
 LIGn 	- eta.b(n)b(i.-rt)3D.bly1) bk-h) + (.1-0+57(bin) +b LL-1i))] 

b(1-n) 

2.1 0.-m) [2 (t-C) 

and 	FS = 	bin) bk1_,,) 	 (L-n)  
kt.„„) — 	b(n) 

, 
2n tl-n) 

The unknown constant L(a) is found by matching the 

axial velocity in the outer and inner regions to (DO ). 
The matching condition obtained is 

(3.54) 

i; 14.1  4  (3%  wx  ki, 	--, 	/32-  ( l4) 	LAA. as C.05 01.) 

which gives 

and 

List) 	— 
7  

w2( c 	RS LOS . (3.55) 

   

Thus Vc("is completely determined and the last equation of 

(3.55) provides the necessary boundary condition for 142.. 

It is seen that depending on the value of det (actually(RtVitl), 
the interaction of the oscillatory components of the second-

ary motion and axial velocity has produced a steady velocity 

which does not decay to zero at the edge of the Stokes layer, 

but persists into the outer region. Alternatively we may say 

that the Reynolds stresses in the Stokes layer act so as to 

generate an axial steady streaming over the whole flow. 

The equations governing 1Vand wl  are obtained from (3.23) 

and (3.11) by separating them into steady and unsteady comp-

onents. For V we obtain 

4- ." VO, .tit/Xol _ Rs 	-) 00, 'el.' )  

= 

[ 
ar 	ltr,bk) 	 rick) 

• 

tsi 
— r (r sinot lr  + cos ok 2—)(2.wt 	— w ) — 2.  N71 ,(3.56) 
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and for w2 , the equation is 

[ 1(1(0,w..) 	"(1; )̀ 	w,) = Vw (3.57) 
")lrick) 	a cr,a.) 

Boundary conditions for these simultaneous equations are: 

M%  
= 	Sinai 	2.:j 	 T, 

11;s1  
SCVNek 	4n 	n2") = — 

4,n4  1 

and 	wt 	= 	tht Rs COS of on r=1 	. (3.58) 
=11. 

The first two equations of (3.58) are extensions to a 

general pressure gradient of the results of Lyne. The boundary 

condition on w2  leads to the production of a steady axial vel-

ocity. As remarked earlier the boundary condition on w2  is 

independent of the mean imposed pressure gradient. For the 

purpose of this thesis we shall restrict ourselves to the study 

of the structure of w2  in the simpler case of zero mean pressure 

gradient. In this case w,s 0 and the equation for wz  simplifies 

to 

_ Rs '0(^4 o,vsfx) 
Lc, 4,1 (3.59) 

It is possible that LA may be identically zero. In the 

case when the pressure gradient has only one harmonic term 

A is zero, which agrees with Lyne's calculations. Also if 

the amplitudes of the Fourier components are specified, then 

it may be possible to choose the phase terms f$ so that A is 

zero. Finally, if there are no even harmonics, i.e. if ati,s0 
then the product ca,,,N.„.a, is zero for all n and 1 and A is zero 
and there is no axial steady streaming. 

In subsequent chapters, solutions for the mean pressure 

gradient driven flow, w1  and the secondary motion 1. are obtain-
ed for various limits of R$  and D. Then for w, identically 

zero, the structure of the axial steady streaming is examined 

as a function of the parameter R. 
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CHAPTER 4  

Creeping flow solutions  

The leading order stream function, 'XD  and the mean flow,  

. wi  are governed by (3.38) and (3.40) together with the bound-

ary conditions (3.41). The equations may be simplified by 

assuming the motion is so slow that the convective terms are 

negligible compared to the viscous terms. With this approx-

imation the axial velocity will be Poiseuille flow, anddue 

to the linearity of the slow motion equations,the secondary 

motion will be a linear superposition of inward and outward 

centrifuging. 
The slow motion equations can be derived by taking the 

limit Rs--*0 with 
i 

D = kRs
v 
 , 	 (4.1) 

where k is a fixed constant, and using the expansions for 

I. and w,: 
wi (r) .1.; Rs, co) 	— 	w,„ (r, ; 	}- Rs Wit  4 Rsl.  W12 + - - . 

(Tb 	9"1 .. Ir, •k; k.) 	2.1 	+ 	• 	(4.2) 

The boundary condition (3.41) can now be written 

"" - tAr se" ck -4r 
0 	, 	 on  r-Tr-I . 	(14•3) 

Substituting the expansions (4.2) into (3.38) and (3.40) 

and collecting like powers of Rs  we obtain the following 

equations for 	at 0(4): 

vtw,. + 4-k = o 	, 

and 	 r5 4:v‘d 	4- "5 d%  11/4 	 (4.4) 

The solution of (4.4) which is regular within the pipe and 

satisfies the conditions (4.3) is 

w10 	 (4.5) 

1(4. = k-6-+d ( 4 r ci + 6 r5  ••-• r'144 

tir54."4  ( r  + r3  • 2. ( 4 . 6 ) 
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The axial velocity is Poiseuille flow while the stream funct-

ion is the sum of the secondary motion induced by the mean 

flow, and the steady streaming generated in the Stokes layer. 

The first term of 114. in (4.6) is the secondary flow calculated 

by Dean (1928) for steady flow in a curved pipe, while the 

second term is similar to that given by Lyne for oscillatory 

flow. These results have also been derived by Smith(1975) 

for the case of dr..4. 
At 0(Rs) the equations governing wh and 	are obtained: 

lAdo  Vw„ 	r 	 (4.7) "?( rb ) 

and Nr4/ _ 	1 (1  0  VA ) 
0. 	0, 0. 	sincd- r 	"ar 	cclek  "a 01/4) k2-WlosAi„) 	(Li  *8)  

The solutions of (4.7) and (4.8) satisfying (4.3) are 

wit 
tc,/  cos 
WItio VI r - 4-0r/  410 rS  - tor" + 1-4) 

%....ecosok  ) et. (4 .9) 

et.,  42 0 1-3  + l,oSOr".  k#Sivt2d 	 (4. crn rt - (ZilSo r4  4. 104-0 IS' - and 1M -- 	. 
-144.-12-  +Sr'4) t4-4t  x ;boo 

LAr kt  4- 	S Cna 4  (_1S 1-z + I tiv.r 4- - 150r  6  + 46 rl -1r1° ) 
641, 12.0 

tirtSCr" 	2t-4  — r") 9 t 
(4.10) 

Again it is possible to identify terms given by prev- 

ious workers for special cases of this unsteady flow. The 

first term in vv„ was given by Dean (1928) and corresponds 

to a shift of the peak velocity towards the outside of the pipe; 

the second term represents the effect of the steady streaming, 

. generated in the Stokes layer, on the axial velocity and so 

injicates a shift in the peak velocity towards the inside 

of the pipe bend. In the expression for "c, the first and 
last terms have been given by Dean (1928) and Lyne respect- 

ively. 

The equations for wm  and 1.2. , obtained at 0(R20 are 
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12 	 r 	"a (rem.) 
(4.11) 

and '74N 	— 	[ r) ( 100, 71/01 )  + liIL:V110.)  
4cm 	 kr, 	 tr-pys ) 

— r, (r stab( 	+ cose( 1--,k )(visowil.+w,3:). (4 .12.) 

From (4.11) we see that w12  will consist of a term prop-

ortional to costa, plus a term independent of a. The 

former term will integrate to zero over the cross-section 

so that only the part of wm  independent of a is required to 

calculate the change in the flow rate. The result is 

S v
`"

)  
= 	 (-4,119 + at? g 0 	4-6;340r4  + SS,440r6  - 3q, 130ra  + 11,584r °

92.V1-12.,i00 
••• 4,6iort + (.40r — 3S r l‘ 

3 
k 	

(953 - 4,110 rt 4-1)scr4— 6,400rb +3,0-isra 

kis- rit) 

kart 
 ( + LW-30r4  +16r 4i- 3r 2 	(4.13) -,3o4 	 • 

The flux ratio, Qr  is defined as 

Qr 
	flow rate in curved pipe (4.14) 

flow rate in straight pipe 

when the mean pressure gradients in the curved and straight 

pipes are equal. Using (4.5) and (4.13) we find that 

Qr  = I + SZS (- 1<4  1.414 Xtes + 	SIM I CT - X2-1.389 X tO*3) 	(4 .15) 

The quantity in brackets is always negative, but when 

k = 3o.1,Ar 
or the reduction in flow rate is least, being 5 Rsz %x16s • 

The result for let will be omitted as it is excessively 

long and provides no new information. 

In this limit of R5m-0-0 it is clear that the change in 

direction of the secondary motion depends on the parameter 

k. For small values of k the mean flow is small and so the 

outward centrifuging associated with it is small and the 
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secondary motion is as calculated by Lyne. As k increases 

the secondary flow generated by centripetal pressure grad-

ient increases and eventually dominates. Further details 

of this process are given in Chapter 8. 
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CHAPTER  5  

The limit Ri-1.0 

In Chapter 4 the mean velocity and secondary motion 

were calculated by assuming that viscous forces dominate 

the flow. In this chapter the possibility of obtaining 

solutions when the viscous forces are almost everywhere 

negligible is investigated. 	• 

The governing equations are the simultaneous equations 

(3.38) and (3.40) together with the boundary conditions (3.41). 

The problem would be considerably simplified if the stream 

function, lo were independent of the axial velocity. The 

equations would then be decoupled and the axial velocity 

calculated from the linear equation (3.38). This simplif-

ication can be achieved by noting that, for small D and 115  

fixed, w,-.0(D) while 10  remains 0(1). Thus to leading order 

the stream function is independent of the axial velocity 

when the mean flow is small. 

Formally it is assumed that 1. and w, have expansions 

10(rot;Ro) 	lop (r,0(114.%) + 

and 	/40rJekA, D) 	l<Wso(C°(iiks) + Own 	(5.1) 

where k is defined by (4.1). The limit k-4-0 with Rs  fixed 

is taken and the equations governing 	and w40  are found to 

be 

Rs -a11.0:77(-)1 	= v4lce. r 	) 
	

(5.2) 

and 
Rs -(top ) W,0' = 4 t 	wko r 	(rot.)  (5.3) 

The boundary conditions are 

lop =O ' 	— 	Sin eC 	Or r= I 	(5.4) 
and 	 or r=. I . 	 (5.5) 
Solutions of (5.2) and (5.3) for small values of Rs  are 
contained in the analysis of Chapter 4; the limit Rs--1....0 is 
examined in the rest of this chapter. 
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Equation (5.2), with the boundary conditions (5.4), 

has been solved by Lyne (1970). It is clear that 100 is 

independent of the mean flow and so the known solution for 

100  may be used in (5.3) to calculate the axial velocity A.. 

For large values of Rs  the viscous terms in (5.2) are import-

ant only in thin regions, 0(R s'"), around the wall of pipe, 

r = 1 and along the axis of symmetry, a = 0,n. Elsewhere 

the flow is inviscid and has closed stream lines. Postulating 

that no stream lines from the inviscid region enter the 

viscous layers we require the inviscid core to have uniform 
vorticity (Batchelor 1956). The boundary layer equations have 

been solved approximately by linearizing about the core velocity 

at the edge of the layer; matching the boundary layers to the 

core then determines the core vorticity. For the case of 

..ALyne calculated the uniform vorticity in the core to be 

-0.56 in the upper semicircle. Numerical solution of this 

problem by Kuwahara and Imai (1969) confirmed Lyne's analysis 

and gave a limiting value of -0.54 for the core vorticity for 

computations up to Rs  of 2064. For the case of generalur it 

is easy to show the vorticity in the core is given by 

10 = a•a4,N" 	 (5.6) 

This result is obtained by noting thattAr can be removed from 

the problem by basing the steady strealring Reynolds. number 

on./(W rather than W. (See Chapter 8 for further discussion.) 

The possibility that the uniform vorticity theorem can 

be used to gain information about the structure of the axial 

velocity is investigated in the next chapter, but first a more 

direct asymptotic approach is used. 

For large R 3  the secondary motion has an inviscid core/ 
boundary layer structure; away from the boundaries %.. has 

the form 

co (ri °CI Ks) 	iok.r•ok) + R34. 	+ • • • 

while near the wall r = 1 

tr,ot ; Ks) 	%a to0 	fkil 	" • 

and along the axis of symmetry a = 0,n 

tnA; Rs) —Rs X,Ns 	Rs x,}... 

(5.7) 

(5.8) 

(5.9) 
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The boundary layer co-ordinates p and N are defined by 

(t-r)Rs' 	and 	N = n 	. 	 (5.10) 

The co-ordinate systems (n,$) and (N,$) and the corresponding 

velocity components U,V are shown in Fig. 5.1. The symbol X. 

is used for the stream function in both boundary layers but 

no confusion should arise as it will be clear which region 

is under consideration. Similarly the symbols UL, Ve will 

be used for the velocity components in either layer, thus at 

first order 

1Y. 	 1X. 
= 	mnd 

Xo 
or 	U„(N,$) and Vo  (N, S) 112-421" '')N • (5.11) 

In the upper semicircle ire  is given by 

  

- C7 'Ke 	- -S D  

  

with ie  = 0 	on the boundary of the semicircle. 

The solution (Lyne 1970) is 

Iolj 
'V. 	=. 	1( t 1-- r + It) ceS a ,=.1 arc Qin ( a r  .“ v‘  Ci‘ I -- ir-2- a 	r 2.Tr 

- I  (t-- l)sc,,2.k Lei ( I, 	+1".°3 '4 # rt 4 	rl• 	 1 - 2 r coS at -1- r2' 

(5.12) 

(r- 	Sin 	Irr  (1 C-05 ck) 
L 

 

(5.13) 

which gives the tangential velocity at the edge of the core 

as 

90  (4) = _ 	I 	r ("tor, - Z 5. e" 01/4 	S Cra„ al Log4-1=1/41I 6(4_ 
r 	ITray 

and V. (5) = - -VT(1 = - -It 1  _ _a_. _I 
In 	n 0qL  20-s) { 	 ((t-gt 	 (L --!—)1-03 s—' s) .. 

ki-s11- 	 (5.14) 
rizo 

The axial velocity must now be determined from (5.3). 

It is expected that the viscous terms will be important only 

near the walls of the pipe, and possibly in the viscous layer 

on the axis of symmetry. In these boundary layers the velocity 
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gradients are 0(2). However the condition that the pressure 

drop along the pipe must balance the shear stress at the wall 

requires the velocity gradients to be 0(1) as Rs--J0-•0. This 

is most easily seen by integrating (5.3) over the cross-section 

of the pipe; the exact relationship 

(5.15) 0 = 4Tr 14"' 	d 
o 

is obtained, and clearly w,,,--0(V) near r = 1 in order to 

satisfy this condition. Thus we are lead to the expansion 

( ri 	RS) 	 RS Wo (fs 	R—SI  W1 + • • • (5.16) 
for the axial velocity near r = 1. The boundary layer equation 

is then 

1(x„,wo) _ la ws 
(5.17) 

with boundary conditions W. = 0 on p = 0. 	(5.18) 

Further conditions are obtained by matching W. to the core 

flow for large p. Consideration of the layer on the axis of 

symmetry is deferred until the axial core flow has been deter-

mined. 

Away from the boundaries of the semicircle it is expect-

ed that the viscous term kiiNtw,,, is negligible compared to the 
inertia and pressure gradient terms. This leaves the flow in 

the core to be determined by a balance between the convective 

and pressure gradient terms and implies an axial velocity 

field 0(4). By converting to streamline co-ordinates it 

is found that this balance gives a result that is not a single-

valued function of position and so cannot be the.required 

solution. For an axial velocity 0(1) a single-valued solution 

can be found: here the velocity is constant on the streamlines 

of the secondary motion and the variation of the velocity across 

the streamlines is determined by a balance between the pressure 

gradient and viscous terms. 

The streamline co-ordinates (4-,ril z) to be used for the 

axial velocity equation are shown in Fig. 5.2. The plane 

z = constant corresponds to a plane 6 . constant in the (r,a,O) 
co-ordinate system, and *,fl are co-ordinates in this plane. 
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The direction of z increasing is the same as 0 increasing. 
The lines 4 = constant are given by the streamlines 

10„. constant, however in the analysis for large Rs  the 

approximation io  to IL, will be used and will replace %„„ in 

the definitions below. The lines of constant ri (they- axis) . 

are normal to the streamlines. 

The velocity 

where 

The non-dimensional 

et  

where 

and the non-dimensional 

Also the total 

The vorticity 

so that the third 

ci _ R% __ 
63. 	").) 

vector is 

	

v 	=[0) -1, 	] 

	

— 	[(--1  TAet 	/1(0,31 
r 	"3%- 

equation of steady 

( 	vH 	+ 	c.t.trt. 

= 	utrt. V 	= 	[ c'`),, Los., Lolj 

scale factors 

tl% = 	1/1 

kx ' 	6.-(*,1) , 
an d 	113 	i 	. 

head, H is given by 

ms V 

vector (.0 is 

4 	-a ( 
-77) 	1:r4- 	TZ: "A' 1  

component of (5.21) 

are 

• V 

) 

is 

motion is 

' 

(5.19) 

(5.20) 

(5.21) 

(5.22) 

(5.23) 

(5.24) 

(5.25) 
L.1 2{ 	tclh:)2.4t0) - 	4 4. 

z`v .?1‘11^. ari 

where the constant, 4, is the steady pressure gradient along 

the pipe. As no approximations have been made (5.25) corres-

ponds to (5.3) exactly, and we note the transformation of the 

operator 

r 	"ad% 	r 7 al, 	I- 	 t12. -a r) 	(5.26) 
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The asymptotic solution for 	is now used to define 

	

the streamlines and the co-ordinates 	In these co-ord- 

inates (5.12) gives the important result 

) IL 

	

(.4,3  -= 	= — — — n z ) 	 (5.27) 
z *- 

where q, ht  are now defined in terms of le  

Neglecting the viscous terms in (5.3) and balancing 

the remaining terms we require an expansion 

w 	0(1-0,0 + o(e:4-) . 

The equation for 0 is 

- W71C 0 ) 41 	4 r 	2  ix, ok) 

or using the transformation (5.26) 

- q 2 m  4  

Only solutions which are single-valued functions of position 

can be accepted as physically reasonable. This condition can 

be expressed as an integral around a closed ri-line in the 

form 
(i) 	4 n 	0 	

(5.28) 

Applying this condition to # we get 

	

- ti) it' - 	+ 0 

	

, - 	4 

as 00 and 1-11  0 by definition. (The case of hoe is of 
no interest.) Thus it is concluded that la,. is NCT 0(4); 

similar arguments apply when w.cr0(Z1). If vi,D is expanded 

	

w,0 ^-• 	Rs112- 	 + 	( R.;3'7-) 	• 

then fe  = 4(c) and the equation for1.1  obtained from terms 

0(14) in (5.3), is 

- 
r 
	 4 

In streamline co-ordinates this equation is 

-a I, 	= 	4v12. 	d 
-ar) 
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which shows that /, does not satisfy (5.28), and hence leads 

to the conclusion that 	is NOT 0(1=r:). However a single-valued 

solution can be obtained if w1--0(1) as 

Expanding w,p  as 

w,0 (r, ; RS) 	`No  (r, C1/4) + ifs‘1  74, + • • • 
	 (5.29) 

and substituting in (5.3) we obtain the following equations. 

At leading order 

— 1(17(4\70 O 
-01r,c4.1 

which has solution 
wo  = vim, (R.) .71 717.l%.0 . 

Terms with coefficients R:L give the equation 

	

(rko 074, 	I a  1,,V.fiN 	0  

	

r a 0r,cc) 	Tr 	7 ir,ok ) 

(5.30) 

The solution is 

	

W, = (^7(Q) 	ki 	 (5.31) 
where a prime denotes differentiation with respect to %V 

(or 5(0), and f, is an arbitrary function of ip (or+). 

Similarly, terms independent of Rs  give the equation 

1( 7o, ;7/0 	W111S) 	' 	 - 4 VI--  
r 	Le., et.) 	r 	tr , 	r 	tY, cc) 	"° *(5.2) 

Using the solutions (5.30) and (5.31), (5.32) becomes 

_ I 	 _ 	l'1„3.0) 	1(„'iko)  _ v7r 0 -W57,  ;IL  
r 7LY,0,1 	r "b(Y,01, ) 	r 	C.Toa) 	r --d(r•d•N 

—__ 4 4- 

which transforms to 

[ _ q 	-)w, 	-•.,(.c,i.t. ,41,-„Tioh ) — 7v,' 'v,(7. 
Vsz. 	11 	-el 	 —br) 

4 + 1  - -2- (6,1 "."1,1 La. - `1.' 

  

 

(5.33) 

where the Laplacian has been simplified using (5.30). 

 



Requiring «2  to satisfy the condition (5.28) we get an 

equation for U. as follows: 

± 	(11,4 wc.)] .17 = o . 
' (5.34) 

This second order linear equation has the general solution 

rwo(*) 	4.9  + 	cl+ 	 + 	
(5.35) 

where (5.27) has been used to simplify the particular solution. 

The quantity 4Lvid") is proportional to the circulation about 

the vortex centre, 4•,,, and it can be shown that the circulation 

tends to zero like (*—*.) as 	Thus for 7„ to be reg- 

ular we require AmO. Matching the core velocity to the bound-

ary flow we get 

(1tcAtic() • • ) 15 	Wo vv. Yr., 

The boundary condition on "Tk., (5.12), leads to 

o , 

wato‹) -tf4(:1, , p-s e-1"°  , (5.36) 

and so the axial velocity in the core is 

C4-9 (4) = 	T(.0%°0 	(5.37) 

The result (5.37) for the axial velocity is somewhat 

novel in that the velocity distribution has been determined 

mainly by viscous forces in an inviscid region. However this 

situation is closely analogous to the result of the uniform 

vorticity model for 2-dimensional flow with closed streamlines. 

Indeed omitting the pressure gradient term from (5.3) and 

interpreting w,„ as the vorticity -NN, reduces the equation 

to (5.2); the integral condition (5.34) would then make 

(the vorticity) constant across streamlines, which is the result 

of Batchelor (1956). Thus in both 2-dimensional flow with 

closed streamlines and the axial flow considered here, the 
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analysis shows that the dominance of the convective terms causes 

the vorticity and the axial velocity to be constant on the stream 

lines. Thereafter it is the smaller viscous terms in the equ-

ation that determine the variation of the vorticity or axial 

velocity across the streamlines. In the case of 2-dimensional 

flow, viscous diffusion acts to produce a region of uniform 

vorticity, whereas in the problem under consideration, diffus-

ive effects result in a velocity profile such that viscous 

dissipation of energy in the inviscid region balances the 

energy supplied by the pressure gradient. This is readily 

seen by noting that 4 +se-W. is identically zero when (5.37) 

is used. 

A similar analysis for the flow in the lower semicircle 

gives (5.37) as the velocity distribution. 

As 7i, is zero on the boundary r = 1 (5.12) so too is 

the axial velocity wo . Thus the core flow satisfies the no 

slip condition (5.5) making boundary layers on the pipe wall 

appear irrelevant. However along the axis of symmetry the 
normal velocity gradient t is discontinuous. Symmetry 

conditions require zero normal derivative on a = 0,7t and so 

a stress layer of thickness 0(RS) is needed to remove the dis-

continuity and to transfer to the boundary layers on the wall 

the stress existing on the plane of symmetry. The core flow 

.tends to zero on a = 0,n so that in the boundary layer the axial 

velocity is C(RS). The expansion 

w,. 	s., Rs) 	- 	Rs  W. Ks) + Rs  W i  •l• • • • 

leads to the boundary layer equation 

-a t xe,wel  
N, 

Matching with the core flow as N-,-co we obtain 

(5.38) 

(5.39) 

wolt4,$) — 	tv anol 

while the boundary condition at N = 0 is 

ZN = o . 	(5.40) 
•■•• 

Before solving the boundary layer problems (5.17) and 

r1= 



X.(N,$) 	N 	+ o(t) and 
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(5.39), the solution in the core is continued, and x, and 
1'4, are determined in principle. From (5.2) the equation 
governing 	is 

'1 711.0 7J(0) 
— r 	*“. r, 	 '7, Lr,c4.) 

and using (5.12) to simplify the second Jacobian, the solution 
is seen to be 

(5.41) 
As we proceed to an equation two orders of 1? higher,viscous 

terms will appear, and an integral condition analogous to 

(5.28) will show that gyi) must be a constant. Therefore 
we have 

V7A, = 	(5.42) 
Boundary conditions for 'X, are obtained by matching 	KNis  

with the leading order boundary layer solutions, and in the 

usual way.74, is the modification to the external flow due to 

the boundary layer displacement thickness (Van Dyke 1962). 
Specifically we have 

X(") r r .0 

ko,$) 	 X.01,$) — N .114 1 "an or 	 rts:o (5.43) 

Also the behaviour of X. at the edge of the boundary layer is 

+ 0(0 	a5 	*0 
— .dr rg.t 

(5.44) 

The axial velocity equation (5.33) gives the form of 
raa  as 

• 4 1: T(, . 	(5.45) 
Terms with coefficient Rs  in the axial momentum equation 
give an equation for 71.6 : 

[ 

_2_ "?.( 7i,■,74 3 ) 4 	t/A,;;:13  i  .Z(&2,■"1,) 4_ Itr74„qi.) r 	l(r, oc 1  
Z. 

Wt 
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which in streamline co-ordinates is 

pc;43 _ 	( 	 Lt 	Kic3] 
- 62. 	-ar) 	 ' 	) 	 "a 

ci 	( 9'2- 	— 	- 'S, 
 (5.46) 

where (5.37) and (5.42) have been used to simplify the 

equation. This equation has the same form as (5.33) and 

it is clear that the integral condition (5.28) will lead to 

the result 

o 
4- 

To obtain a regular solution A=0 so that, from (5.31) 
141, 5:0 	+ 8 	 (5.47) 

The constant B is determined by matching two terms of the 

core flow with the leading order boundary layer term, and 

an the walls r = 1 this leads to 

( p174c1 	+ 	07( 	do +is) 	??w,,Lc,..c) Rs 	- 1r I ft, 	5. 

i.e. 	6 	W,At,A) - t. XeMot)) 
F -1 '4" 

(5.48) 

after using (5.43). From (5.36) and (5.44) we see that the 

terms 0(p) in (5.48) will cancel, and thus for 'N0 and tx. 
to differ by a constant,(5.48) is equivalent to the condition 

4 U. 
—ace. 	So et 	a5 f 	 (5.49) 

In the course of the boundary layer solution this result will 

be derived thereby showing that to first order no inconsist-

encies have been introduced by the expansion procedure. 

The boundary layer equations (5.17) and (5.39) consti-

tute a linear problem for W0, though the complicated nature 
of the coefficients in the equations makes the solution diffi-

cult. An approximate analytical solution for W. can be found 
by assuming that convection of momentum in the boundary layers 



takes place with the core velocity just outside the layer. 

This is the simplification used by Lyne to linearize the 

boundary layer equations for the flow in the cross-section, 

and the analysis below follows very closely that presented 

by Lyne. 
For the boundary layer on r = 1, the velocities in the 

cross-section U., V. are written as perturbations from the 

core velocity just outside the layer i.e. 

V, = Vek) +v°p , 

and 	va z t
dot 

+ U. 	 (5.50) 

where V.1, and 114 are assumed to be small compared with 7. 

and fl respectively. Forconvenience14. is written as a 

perturbation of the axial core velocity, but no assumption 

is made as to the size of the perturbation. Specifically 

we write 

Z-41Thi 	Wo 

which leads to the equation, from (5.16), 

-aw:p _ p ago "a wot _ 	 -go vo 	 t 

d4 

(5.51) 

♦ Vo 
-4ok

at — Uo 	 ar = 
-aN4 e y 	(5.52) 

for Wel, . The boundary conditions are 

wo = o 	or t = 0 , 

and 	-ow.%) _, o ims i ---vec, . 	(5.53) 
-at 

As Vot-* 0 as p -A.-0, for large values of p (5.52) reduces to 

- 
which proves (5.49), as V. is non-zero. 

The approximation that V0, and II, are small allows 

the last two terms on the left hand side of (5.52) to be 

neglected compared to the first two. This, together with 

the transformation 

L.3 	f!"so'v, f 	, 

= 	"S: t 710 dot 

X (X)11) 	
"`gel, (5.54) 



(5.52) into the diffusion equation changes 

1 
(5.55) 

u°I where (5.56) — 4R) tikx,1) = ( 1°  S, 	dok 

are 

(5.57) 

The boundary conditions for (5.55) 

X (*xi/A 

- 

0 

and 

so that the solution is 

and U.1, are where V 0p 

(5.59) .1 

(5.60) 

velocity as 

N '  W„ 	N 	Wo 1. an n=o 

(5.39) becomes 

N 	"Nl oP - 	L\I-"01, 41:1C°U9 ° -as 	- 	0A5 IN 	 As 

1N' (5.61) + v 	u ',wet V° 	s  

---11 
aK 

and 

N=o 

00 (5.62) 
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t' 
x(0.„ r  ;11-,Atiq- 

° 	TI-17;71 L. 

r ea  r't  1)(%--L..-‘)[ 
▪ )0 	

11 
1 
° a  4- 	

at 	, (5.58) 

where Mo,,A.) is some initial profile. 

A similar analysis may be performed for the boundary 
layer on the axis of symmetry. The velocity components in the 
cross-section, U01  Vo  are written as 

-(i+-)Y4 
— e

1 
cit.,. 

-t1+6.11/4-t. 

The boundary conditions, from (5.401  are 

1A/°P 
"N 

V, 	+ V01, 

c0-7. - N 	+ U  4 
small quantities. Writing the axial 

and 

V, = 
U. = 
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Letting N-Iwoo in (5.61) we obtain the result 

1Y11.01,  _ 1 Vek) v 	.4 s• 
 

which is needed to prove the result analogous to (5.49) for . 

matching between the core and the layer on the axis of symmetry. 

Neglecting the last two terms on the left hand side of (5.61) 

(5.63) 

(5.64) 

4S0 

0 

(5.65) 

(5.66) 

on y= 

y -v .0 

and using the transformation 

Y = 0.) T,
. 

ti 
X = — So  is  V, cis 0 

and 	.A.(x,y) = T. \N ov, 

we get the diffusion equation 

alb + P (x,y) .)x 

where 	P(cy) = -s 1 / 	'AS 
4C71  — 

The boundary conditions (5.62) become 

-ay = 4l Sol 

and ay 	°os 

If A(O,u) is some (unknown) initial profile then the solution 

of (5.64) satisfying (5.66) is 

/100,) - 	e 
r 	[ -1,1-0.)2144. 	(y ‘,)%i +1 

0 ‘1' 	
e 	d 

.f 

 66 % p 	e- V- u.)1/4.6 4.  it- (y4,41/41 	(Iv,.  
0 Jo 	iTTTI  

e.r.c c.( "i2 	4 L4- 	• (5.67) 

The solutions given by (5.58) and (5.67) have been 

obtained assuming the wall layer and the layer on the axis 

of symmetry are unrelated. However both solutions ccntain 

unknown initial profiles which must be determined by examin-

ing the flow where one layer ends and the other begins, there-

by linking the two boundary regions. First, the results of 
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Lyne's analysis for the boundary layer flow in the cross-

section are summarized. 
As the layer on the wall approaches the corner r = 1, 

a = 0 its thickness increases to O(RsalogpVt) and the viscous 

terms in the boundary layer equation become small compared 

to the inertia terms. It is assumed that the motion in the 

corner remains inviscid, so that due to the symmetry of the 

equations and boundary conditions, the velocity profile 

leaving the corner is the same as the velocity profile app-

roaching the corner (Stewartson 1957). This result does not 

depend on the linearization of the equations. However the 
perturbation velocities 11 and U,,v, increase as the corner 

is approached, eventually causing the linearization of the 

boundary layer equations to be a poor approximation. 

For the axial flow, it is clear that the failure of 

the linearization for the flow in the cross-section will also 

cause the simplification of (5.52) and (5.61) to be invalid 

before the corner is reached. We note that using (5.55) and 

(5.64) to describe the flow all the way to the corner is the 

same order of approximation as used by Lyne. Also, examin-

ation of the full axial momentum equation near the corner shows 

that, due to the thickening of the boundary layer, the viscous 

terms become small compared to the convective terms. Assuming 
the motion remains inviscid, then the axial velocity profile 

is convected around the corner on the streamlines of the flow 

in the cross-section. This leads to the result 

y 	Y 

XOct,j) 1\.(0,Y) ,] 	(5.68a) 

as 770(a) and 70(s) have the same behaviour in the corner. 

The end of the wall layer, r = 1, a = 0 is denoted xe. 

Similarly, if Xe  is the end of the layer r = 1, a = 7E, then 

Y 
• 

= 	. 	(5.68b) 

Equations (5.58) and (5.67) can now be combined using 

(5.68> to get the integral equation for the initial profile X10,1) 
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= 	1 

 

r 	rue' 	X ( 	 i■ 1 +0%4 X. t  

	

- 	- Llo&rAt. 	 .1+4/4-"Ki. 

	

- 4. 	 + -1  

* 	41127eTi. 

16 	•11 	X 	t- 	u.) 

0 4Tr 

+ 4 (-1,P-  r erf %43",) a,. 

r  xe P 	t ,A)  [ -(Y-4/4t 	-1.144/41 
cIE.CA■A 

	

* 	FTV 

After performing the y integrations the equation becomes 

	

f %4  Xtqj 	- tv-4/4l1Lit sk0 tri.r 0() 4. .e.-  LY4-'01/4 ('iti xt) 

[ 	
erf (0] du X(0  Y} = ..4-1715:JTJ e  

- cy4-..r*/4-x,) 	t 	N  
.1. r rt- 1)(Xt-L3(k)  4Y-440+)")  e ,..f. tok0 + e  

e 	 .er t lciol cl..:Av.. 
. J. 2. fiTiiTTiCeT 

+ 4 (--10)"-  1Y  ercc u/2.Fct ) du, 

r 0 	J. P (xet v‘) + iLs144/1 ciL au. , 
2 47/1' 

where ID( = / 	4x Xe )14- 
14X1 4-Xa ik 

and = 
4xe. 

— 	NI 	4 	t . 
4Xt  A xe  4- 'X Q. 

(5.69) 

(5.70) 

at and 4 are obtained from (5.70) by replacing xe  with t 
in the definitions (5.70). 

The numerical solution of (5.69) was attempted but a 

reasonable result could not be obtained. The difficulty of 

evaluating the second and fourth terms in (5.69) sufficiently 

accurately in a reasonable amount of time proved too great; 

both p and P involved integrals over an infinite range, and 

integrals with singular integrands. By neglecting these two 

terms an approximate solution for Oet X(0,Y) was obtained and 

is given in Table 1. The integrals were evaluated using 

Simpson's rule and a step length of 0.1. Infinity was taken 

to be 12.8, and this was more than adequate. However as the 

major contribution to the first integral in (5.69) comes from 

the region u = Y, it was necessary to take the upper limit 

of integration in this integral as 25.6. As the profile 

tends to a constant as Y-4-co, the value of X at Y = 12.8 was 
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used as the value of X for 12.8 Y 25.6. The integral 
equation was solved by an iterative technique, the initial 

approximation to the profile being Xso.The iteration pro-

cess was terminated when two successive iterations differed 

• by less than 0.005 % . 
A useful check on the numerical solution is provided 

by requiring the shear stress at the wall of the pipe to 

balance the applied pressure gradient; for the mean flow, 

this relationship is expressed by (5.15). From (5.29), 

(5.51) and (5.54) the axial velocity gradient at the wall 

is given by 
"X 	9  

w 1° 	- - ( 4 f: 	+ S: oj s 	_ Cf. 	0 (  Vo
/r ra.1 

If the contribution of the term p in (5.58) is neglected 
-a). 
ay when calculating 	, we obtain 

-.174„ -a w,.I 	_ 	_ se, Ye r 	X (1:11 1 • VL 	 ) • 1 	14-17- 

which, when substituted in (5.15) gives the condition

1!1k-S.) 	koo.A.) 	%Ft, ) du_ , an- - 4x.e 

(5.71) 

(5.72) 

This condition was satisfied too significant figures when 

the converged profile Xl4.) was used. (The integral was 
evaluated over 0 < u 4 12.8 using Simpson's rule and a step 
length of 0.1.) 

The flow rate of fluid through the pipe can now be 

calculated. The velocities in the boundary layers are C(RS) 

and so, to leading order, do not contribute to the flow 

through the pipe. The flux ratio Qn ,defined by (4.14), is 
therefore 

,,  ciA 
0 ( (2.3-‘4') 

-mfr. 

i.e. 	qr co 
	0 • '31 	+ o (gfc-) 

	
(5.73) 
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CHAPTER 6 

The uniform vorticity model  

For steady laminar flow with cloed streamlines 

Batchelor (1956) has shown how an integral condition arising 

from the effect of viscosity can be used with the inviscid 

flow equations to determine the vorticity distribution when 

the Reynolds number is large. The integral condition is an 

exact result and is derived by integrating the full equations 

of motion around a closed streamline (or vortex line). The 

method was applied successfully to two-dimensional flows, 

axisymmetric flows without swirl and a limited class of axi-

symmetric flows with swirl. In this chapter a condition an-

alogous to that used by Batchelor will be applied to a flow 

where the streamlines are not closed, but lie on the surface 

of a cylinder. The results of this chapter have already been 

derived in Chapter 5 by formal methods; the alternative deri-
vation used here provides some information not readily obtain-

able from the previous method. In particular we show that the 

single-valuedness condition introduced in an ad hoc manner 

in Chapter 5 can be derived from an exact line integral of 
the equations of motion. With this interpretation it is then 

possible to use the integral condition to get a priori est-

imates of the size of the velocity in the inviscid region. 

The flow studied may be constructed as follows. Con-

sider a steady two-dimensional flow in a confined region, the 

motion being generated by the boundaries. A stream function 

*can be introduced, and in the plane of the motion a useful 

co-ordinate system is the orthogonal curvilinear co-ordinates 

(*,1) , the lines I =constant being everywhere normal to the 

closed lines `1' = constant. The axis normal to the (.4-,I) plane 

is the z axis, and by definition the velocity components are 

independent of z. Now impose a velocity in the z-direction 

such that the stream function describing the previously exist-

ing two-dimensional flow is unaltered. This is achieved if 

the axial velocity is independent of z and the pressure has 

the form 

(6.1) 
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where G is a constant. The condition on the axial velocity 

comes directly from continuity requirements, and the equations 

of motion dictate the form of the pressure. The streamlines 

of this motion are not closed, but lie on right cylinders; 

the projectionorastreamline onto the plane z = constant gives 
the closed curve *. constant. 

From the definition of the velocity field the equations 

of motion will separate into an equation, independent of the 

axial flow, for the motion in the z-plane, and an equation 

for the axial velocity. Similarly an integral of the full 

equations of motion along a streamline can be expected to 

give two independent integrals, one representing the prop-

erties of the axial velocity, the other a property of the 

motion in the z-plane. The latter integral should be the 

same as used by Batchelor in two-dimensional flow when the 

streamlines are actually closed. We shall show that this 
is the case, and also derive a condition on the axial velocity. 

The equation of steady motion for a viscous, incompress-

ible fluid is 

V x w = VH 	4 cLarlt...) 	 (6.2) 
where is the vorticity vector and is the curl of the vel-

ocity field v. The quantity H is the total head and is given 

by 	

H = c 4- 

In the (`l1,z) co-ordinate system the velocity vector v is 

[0,q,w] and the infinitesimal line element is L d1X4) 11%.4I)87-1 
where ha  is an unknown function of and 1. The vorticity 

Lois then 

r 12w aw 4 	( 6  _1)1 
= 	 = 	" 	.1"a`? 7  T1; (6.3) 

When the viscous forces are small (6.2) may be re-

placed by the statement that H is constant on streamlines. 

Using (6.1), the total head can be written 

N = 41 _ Gz +
Z
wt 	 (6.4) 
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When G and w are zero the flow is two-dimensional and H 

becomes 	
f 

- 1 12  ENV) in the region of small viscous 

forces. By definition, G and w do not alter the flow des-

cribed by 4.1  so that in the region of small viscous forces 
(6.4) becomes 

H'(*) — Gz + i w2 
	

(6.5) 

which must be constant on streamlines. 
The inviscid equations give no information as to the 

variation of H across the streamlines. To obtain such in-

formation we follow Batchelor and derive an exact result by 

integrating (6.2) along a streamline. The endpoints A and 

B of the path of integration are chosen so that one circuit 

of the projection of the streamline in the z-plane is made. 

We obtain 

OH-d5 + 1 	0  
AS 	AS 	 (6.6) 

where dS is the line element in the streamline. 

The first integral in (6.6) is independent of the 

path of integration, and so may be taken along the straight 

line AB, which, from the definition of the endpoints, is in 

the direction of the z-axis. Thus only V1 will contribute 

to this term. The second integral may be expanded by express-

ing dS in terms of the (+,I,z) co-ordinate system, where the 

streamline element is [0,had,dz] and the equation of the 

streamline is 

Y-4 a+ 1,2.4 	ci 
= - =. 

(6.7) 

Thus (6.6) becomes 

- Graz +•Jfel,(*("3't'L)--?i(T))cz 
A 	A 

4f(-14-,)vtL 	--=-- 0  - (6.8) 

The path of integration for the last integral in (6.8) 

is the closed curve 4, = constant in the z-plane, and clearly 
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this integral is independent of both G and w. Thus (6.8) 

gives the two independent relationships 

_3L4= 
	 (6.9) 

and - G 	d 	+ ,$) ( 6 	( 	tu, ‘, \ 	-a ( 
J A 	 j4  k204. 	 (6.10) 

Both (6.9) and (6.10) are exact results. Equation 

(6.9) was derived by Batchelor (1956) for two-dimensional 

flow with closed streamlines, and when the path of integration 

lies wholly in the region of small viscous forces, the 

inviscid flow approximation W, = ‘0309 may be used with (6.9) 
to derive the result that .431+) is a constant, say 7. We are 

interested in the conditions imposed by (6.10) on G and w 
as v-.0, when the streamline path of integration lies wholly 

in the region of small viscous forces. Before turning away 

from the flow in the cross-section we note the result, given 

by (6.3) 

A more useful form of (6.10) can be obtained by using 

(6.7) to replace the z integral by an integral around the 

closed contour+ = constant. The balance expressed by (6.10) 

is then 

- G. 	+ ^)iw(.1,3 	 '0%6.12) 

where the path of integration is in the region of inviscid 

flow. By definition, velocity gradients remain 0(1) in an 

inviscid flow as 	and thus we can discard the possib- 

ility that large velocity gradients are responsible for the 

balance of terms in (6.12). Excluding the possibility that 

the first term in (6.12) is identically zero, this relation-

ship forces the ordering 

— 0 	-a. 0 . 	(6.13) 

-s  hi   
( 

.4•4• 

,i) 	
(6.11) 

Using this in (6.5) and letting v -.0 gives 

H = H p (*) 1- -1-v41(*)) 	 (6.14) 
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and for H to be constant on streamlines in the inviscid 

region, w must be a function of* only, w(*). This con-
clusion is consistent with the requirement that the first term 

of (6.12) is non-zero. The neglect of the pressure gradient, 

-Gz, in going from (6.5) to (6.14) is consistent with the 

definition'of H. Essentially (6.4) is an energy equation 

derived by integrating the exact equations of motion and 

neglecting the 0(v) viscous terms as v-o.O. Here G is 0(v) 

compared to other terms in (6.5) and so maybe neglected. 

The form (6.14) of the energy equation is not immediately 

apparent from the derivation of Chapter 5, and also we see 
that integrating the equations of motion has given the correct 

order of the pressure gradient and velocity directly. 

Substituting w = w(*) in (6.3) and using this to simp-

lify (6.12) we obtain 

w(*) x 	dT + 4 i) 	 N.1 cl- 4 	= 
-a* 	.4. r 	 (6.15) 

The non-trivial solution of (6.15) is 

	

if 	 	
D 7 
	 (6.16) 

where C and D are arbitrary constants and (6.11) has been 

used to simplify the first term. The unknown constants will 

be determined by requiring the flow in the inviscid region 

to match onto the flow at the edge of the boundary layers. 

The axial velocity may be generated by a pressure grad-

ient (as in Chapter 5) or by some axial motion at the bound-

aries (as in Chapter 9) or by some combination of both. In 

the case of GEE0 the equation of motion for w, in cartesian 

co-ordinates, is the same as the equation for '03. When a 

two-dimensional flow has closed streamlines we have that w3  

is constant in any connected inviscid region. For an axial 

flow through such a region it may be tempting to say that 

by analogy with wa, w is also constant in the inviscid region. 

Equation (6.16) shows this analogy to be incorrect, there 

being the possibility that w varies across the streamlines 

when C is non-zero. 
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Apart from matching conditions, there is also the cond-

ition that w must be regular which can be used to determine 

the unknown constants. In particular, in any region where 
'has a local extrema, then C must be zero for w to be regular. 

This is readily shown by noting that in a flow of uniform 

vorticity the circulationildl along a line t= constant 

goes to zero like (4-1-,) as,4—'0*,, the local extrema, so that 

the integral in (6.16) is logarithmically singular at 	= 
We conclude this chapter by noting that the equations 

of steady heat and mass transfer have the same structure as 

the equation governing the axial flow considered here. It 

is expected then that certain line integrals of the exact 

equations will be useful in determining the temperature and 

concentration distributions in regions where diffusive effects 

are small and the fluid flow similar to the fully developed 

motion studied in this chapter. 
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CHAPTER "7  

A numerical approach 

Equations (3.38) and (3.40) for the leading order 

stream function and the mean flow contain all the nonlin-
earity present in the full Navier-Stokes equations, so that 

an analytic solution is not generally possible. Thus in 

order to gain some knowledge of the structure of the stream-

function and axial velocity for arbitrary values of the para-

meters D and Rs a numerical solution was obtained. For cert-
ain ranges of D and Rs the behaviour of ')L and w, is already 

known: for example Chapter 5 has dealt with the case D-.0, 
Rs  fixed, and as will be shown later the results can be ex-

tended to the parameter range D--o(Rs); also when D),> R3 

Smith (1975) has shown that the steady streaming generated 

by the Stokes layer is swamped by the secondary notion due 

to centripetal pressure forces, and that 1. and w, have the 

same form as for exactly steady flow in a curved pipe. De-

tailed numerical calculation in these ranges is not necess-

ary, though known solutions provide a useful check for any 

numerical scheme. Instead attention is focused on the inter-

mediate parameter range where the secondary flow changes its 

direction. Finally, as the results of Chapter 5 seemed some-
what novel, these numerical calculations were carried out so 

as to check the predictions of the asymptotic solution. 

The numerical method used was that devised by McConal-

ogue and Srivastava (1968) for steady flow in a curved pipe. 

Here the stream function le, third component of vorticity 

and the axial velocity w, are expanded in a Fourier series 

Aar) ( Antri °Snot, 	13,Lr Sen etc< ) 

.0 
Co(r) 	(C.rt(r) caS ," 	0,1r) S`hnol) 

2. 	ems 

(7.1) and 
	w, 	Et, (r) 4_ c.4 .4  (E,(r) Lasrick 	 ) 

where the Fourier coefficients are functions of r only. 

These series are then substituted into the governing 



-57- 

equations C3.38) and (3.40) and equations for the Fourier 
coefficients obtained by equating the coefficients of cosna 

and sinna. The nonlinear terms in (3.38) and (3.40) produce 

terms which are the summation of the interaction of all harm-

onic components. These interaction terms are assumed known 
and the resulting linear ordinary differential equation for the. 

Fourier coefficient is solved by variation of parameters. Thus 

each of the A n  etc. are known in terms of integrals of them-

selves and all other Fourier coefficients, so that the prob-

lem is reduced to the solution of a set of coupled integral 

equations. 
To evaluate the integrals numerically the An(r) etc. 

were represented by their values at discrete points in the 

interval [0,1]. In the original work of McConalogue and 

Srivastava a least squares polynomial was fitted to these 

values and the integrals evaluated assuming that this poly-

nomial adequately represented the variation of the function 

between the mesh points. This approach had the advantage of 

tending to damp any oscillations introduced by the iterative 

nature of the solution algorithm, but the accuracy of the 

approximation was limited by the order of the polynomial 

chosen. Also, the polynomial approximation to a given 

function would not be able to satisfy the relevant boundary 

conditions, thereby introducing further errors. To overcome 

these difficulties cubic splines (Ahlberg, Nilson and Walsh 

1967) were used to represent the integrands between the mesh 

points. In this way, not only were the boundary conditions 

satisfied, but use was made of first and second derivatives 

of the coefficients at the endpoints of the interval. This 

modification proved to be most successful and solutions were 

obtained at Dean numbers well above the value at which the 

original technique failed. 

The coupled integral equations for the Fourier coeff-

icients were solved by an iterative technique. An initial 

approximation to the A n  etc. was provided by analytic solutions 

(for low R5 and D), or more usually by a previously found 

numerical solution at another point in the D-R5  plane. From 

this initial guess for all the An  etc. a new approximation 
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to a given coefficient was found by evaluating the integrals 

defining that coefficient. Thus in the calculation of sub-

sequent coefficients there is now a choice between two approx-

imations to the same coefficient. Brief initial experiment-

ation showed that the faster convergence was obtained by using 

the most recently determined approximation for each coefficient. 

The iteration was terminated when new approximations for all 

the coefficients agreed to 4 significant figures with the 

immediately preceeding estimates. These converged values of 

the An  etc. were then taken as the solution and the various 

properties of 10  and w, were obtained by summing the series 

(7.1). 
For all values of D and Rs convergence to the solution 

was not monotonic, but the approximations to the An  etc. 

oscillated about the final result. For large values of D 

and Rs these oscillations were rather wild and the iteration 

technique became divergent. By taking a weighted average of 

the initial and just calculated approximation to each coeff-

icient the oscillations were damped, and a convergent iterat-
ion scheme obtained. The weight factors in the average were 

such that as the parameters were increased, less and less 

importance was placed on the latest approximation to each 

coefficient. This had the effect of producing a slow rate 

of convergence, but at least the process remained stable and 

a converged solution obtained in a reasonable amount of comp-

uter time. The number of subdivisions of the interval [0,1], 

NR, and the number of terms taken in the series (7.1), NOF, 

also had a small effect on the stability of the iteration 

scheme. Increasing both NR and NOF tended to stabilize the 

algorithm, but this was obtained at the expense of computer 

storage and time. 

The number of Fourier terms and the step length nec-

essary to get an accurate representation of 1,0  and w, was 

determined by experimentation. Initially a step length of 

0.1 (corresponding to NR = 11) and terms to sinlla and coslla 

(corresponding to NOF = 12) were used. This was more than 

adequate for low values of D and Rs, but at larger values of 

these parameters the rate of convergence of (7.1) became 
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slower and more terms were needed to maintain sufficient acc-

uracy. Similarly as boundary layer structures began to dev-

elop the step length had to be decreased so as to obtain reas-

onable accuracy in regions of large gradients. 

Throughout the work the values of 10,  -9N0 and w, for 

0,V2,n,3m/2 were used to monitor the accuracy of the 

results. At selected values of D and Rs  two calculations of 

these quantities were performed: the second calculation having 

NOF or NR, or both, increased by at least 54. If the results 
of the two calculations agreed to 4 significant figures, the 

smaller values of NOF and NR were deemed adequate. When the 
two results differed, the larger NOF and NR were adopted for 

further calculation. The values of NOF and NR used for each 

calculation are shown with the results. Also, some typical 

results of the iteration process are given along with details 

of the solution by the method of NcConalogue and Srivastava 

in Appendix A. 
The program was originally formulated to solve the de-

coupled equations (5.2) and (5.3) and thereby check the 

asymptotic solution for the axial velocity given in Chapter 

5. A simple problem governed by the decoupled equations for 

which an analytical solution can be obtained was used to test 

the numerical scheme. The problem is governed by (5.2) and 

(5.3) and has boundary conditions 

= 0 

on r 	 (7.2) 
The motion corresponds to flow in a straight pipe when the 

pipe wall 'rotates' about the axis of the pipe with velocity 

-(l+Esina). For small E this problem is a perturbation of 

solid body rotation and Poiseuille flow, and analytic solu-

tions can be obtained by linearizing (5.2) and (5.3) about 

this basic flow. Burggraf (1966) calculated the perturbation 

to solid body rotation using this linearization, but applied 

the results outside the limits of validity of the approximation. 

The basic flow and 0(6) perturbation form an accurate approx-

imation to the solution for 640.05. 

1 

Ile  = ‘ 4, esi.,na Ir 

0 
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Neglecting 0(62 ) the solution for the stream function 

Aie  ---- i- (-2.-1) + e ci, r 4 b, I‘ki-P73) e.."t  [ 

Using this result in (5.3) and neglecting C(E1) again we get 

w, = (1-z-0 + E[--acy-  4- bi r 17-7: IcArTZ) + C, I i (r1:irs)+21:c1\ (7 .3b) ] 

where only the real parts of (7.3a,b) have physical signif-

icance. Here I.,I„Ia  are the modified Bessel functions 

(Abramowitz and Stegun 1965) and the constants 	and co  

are: 
I,UFFT7)  

Przs .17.011111) 

TTIZ :Exu7Tim 	' 

and 	c, = 	_D l -;e$) 

ILU:71731 	I,A171,1 ) 

Solutions from the numerical procedure for ws , IL, and 

-V11. on a = 0,TE/2,11,3n/2 and for the flow rate compared to 

Poiseuille flow were compared with the results of the anal-

ytical solution in the range 0 < Rs  S 400 and e..S 0.01. For 
the numerical scheme NOF was 8 and NR was 11. Agreement be-

tween the two solutions was good, generally 4 significant 

figures, and as the flow had developed a boundary layer/ core 

structure at R5  = 400 further testing of the program was not 

carried out. 
With the computational procedure verified, the problem 

posed in Chapter 5 could now be attacked. A minor change in 
the program was all that was necessary for the numerical 

scheme to now solve (5.2) and (5.3) with boundary conditions 

(5.4) and (5.5). For definiteness the mh,n 	in the 

pressure gradient(2.51,1 were taken as zero, resulting in a value 

of 0.25 for A Thus (5.4) and (5.5) are now 

1,, ‘c 

s th  et. 7  
"br 

= 0 	on r  

is 

(7.3a) 

(7.3c) 

(7.3d) 

(7.3e) 

(7.4 ) 
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A reduction in numerical labour is achieved by noting that 

the flow is symmetrical about the line a = 0,Tt, so that the 

An, C,, and G, are identically zero. 
The stream function now corresponds to that calculated 

by Lyne (1970) and Kuwahara and Imai (1969) and these pub-

lished results were used as another check on the numerical 

method. Fig. 7.1 shows -N1.1. predicted by the present work 

for Rs  = 1,800 compared with Lyne's asymptotic result, and 

the numerical result of Kuwahara and Imai at Rs = 2,048. 

The agreement is satisfactory. 
The results of this program are presented pictorially 

in Figs. 7.2 to 7.11 as plots of lines of constant stream 

function (upper semi-circle) and lines of constant axial vel-

ocity (lower semi-circle). The stream function and axial 

velocity change by one tenth of their respective maximum 

value from contour to contour. Also indicated on each figure 

is the position of the extrema of the stream function and the 

axial velocity and the values of NOF and NR used in the cal-
culation. In Fig. 7.12 the axial velocity contours are shown 

superimposed on the streamlines for Rs = 1,800, and it is 

clearly seen that the two sets of curves are tending to co-

incide, thus confirming the analysis of Chapter 5. Also, a 
graph of the flow rate compared to Poiseuille flow for the 

same pressure gradient, Fig. 7.13, shows the tendency to the 

asymptotic solution of Chapter 5. 
Finally the program was modified so as to solve the 

simultaneous equations (3.38) and (3.40) with boundary con-
ditions (7.4). This involved the inclusion of a subroutine 

to evaluate the centripetal terms in (3.40) and a slight re-

organization of the iteration scheme. Two extreme cases of 

the D, Rs parameter range were used to check the program: 

very small D and arbitrary Rs; and very small Rs and arbitrary 

D. In the first test case the program produced the results 

already obtained for the decoupled equations, as for small D, 

the stream function is independent of the flow down the pipe. 

The second test case corresponds to the classical Dean prob-

lem of steady flow in a curved pipe, as the motion generated 

by the Stokes layer is swamped by the secondary velocities 
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induced by centripetal pressure forces. The predictions of 

this calculation were in excellent agreement with the results 

of IicConalogue and Srivastava (1968) and the more recent num-

erical work of Collins and Dennis (1975). Table 3 contains 
a comparison of the results for the flow through the pipe 

compared to Poiseuille flow. 
Solutions of (3.38) and (3.40) were obtained at values 

of D and Rs that illustrated the structure of the flow during 

the transition from inward to outward secondary motion. This 

change was followed by fixing Rs  and allowing D to vary over 

a sufficiently large range. The characteristic of the flow 

which proved most useful in monitoring the motion was the 

flux of fluid through the pipe compared to Poiseuille flow 

in a straight pipe with the same pressure gradient, which for 

conciseness we will call the flux ratio and denote by Qr. 

From the creeping flow solutions of Chapter 4 we know 

that for (small) fixed Rs the flux ratio increases smoothly 

to a maximum and then decreases as D increases from zero to 

values greater than 	It was expected that at larger 

values of D and Rs inertial effects would modify this result 

in a trivial manner, and that the change in direction of the 

secondary motion would occur via a continuous process. 

Calculations at Rs  = 100 did not confirm the above ex-

pectations. Instead the graph of flux ratio against D con-

sisted of two distinct curves positioned such that for 

28 4 D 451 there were two values of the flux ratio for the 
same value of D. Support for this result was provided by cal-
culations at Rs  = 30, 50 and 75. For these values of Rs  the 

flux ratio versus D curve was continuous, but it was observed 

that the slope 	at the inflection point increased with 

increasing Rs. (See Fig. 7.14.) 

Further evidence of the validity of this result was 

provided when it was found that altering the iteration scheme, 

in a manner suggested by Dr. L.M. Hocking, produced results 

which allowed the two curves to be smoothly connected. 

Instead of fixing D and calculating the flow field, the 

axial velocity at the centre of the pipe was specified and 

the associated velocity field and Dean number calculated 
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(see Appendix A). It had been observed that the axial vel- 

ocity on the axis of the pipe was a monotonic increasing 

function of D on each branch of the flux ratio graph, and 

that the extreme points of each branch defined a range of axial 

velocities for which no solutions had been obtained. Setting 

the axial velocity to values in this interval produced solutions 

with D in the range 28 < D S 31 and flux ratios between the two 

supposedly distinct branches. It was then seen that the two 
branches of the flux ratio curve were the upper and lower sec- 

tions of a continuous Li"' shaped curve, Fig. 7.15, thereby 

indicating the existence of 3 solutions to the equations in 

this range. 
Finally, each of the 3 possible solutions for a given 

D in the range [28,31] were checked by increasing the value 

of NR from 11 to 17. No significant changes in the results 

were obtained. It was deemed unnecessary to increase NOF, as 

for NOF = 12 the ratio of the last to the first Fourier coeff- 

icient was 0(10."). 

Calculations at R5  = 150 again produced surprising results, 

though less confidence can be placed in them than could for 

those at Rs  = 100. The flux ratio versus D graph again in- 

dicates the non-uniqueness of the solutions, but it appears 

that rather than being confined to a bounded interval on the 

D axis, there is the possibility of multiple solutions in the 

unbounded interval [Dcloo ) (Fig. 7.16). The modified iter- 

ation technique was not able to join the two distinct curves 

and on one branch of the curve the Fourier series represent- 

ation (7.1) became quite poor. Further discussion of these 

results is postponed to the next chapter. 

By now it was obvious that the change of direction of 

the secondary motion was not as straight forward as antici- 

pated, and that due to the latent numerical difficulties, a 

considerable amount of computational labour would be involved 

in obtaining further solutions. As the results already ob- 

tained were of some interest it was decided to present them 

and leave numerical treatment of (3.38) and (3.40) unfinished. 

The results are presented in Figs. 7.17 to r? ,.48 as plots of 

lines of constant stream function and lines of constant axial 
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velocity. From contour to contour the stream function and 

axial velocity change by one tenth of their respective range, 

and the positions of the vortex centre(s) and axial velocity 

maximum are accurate to approximately :t1'4: azimuthally and 

10.05 radially. 
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CHAPTER '8  

Discussion of results  

The determination of the leading order steady second-

ary motion and the mean axial flow produced by the unsteady 

pressure gradient (2.5) acting along a curved pipe has been 
our primary objective. The quantities 'X, and Id, are govern-

ed by equations (3.38) and (3.40) together with boundary 
conditions (3.41). Both numerical and analytical solutions 

have been obtained for x, and wt . 
Where it has been possible to obtain analytical solut-

ions, the constantX in (3.41) appears as a parameter in the 

final result. However, for the numerical solutions a(was 
taken to be. 0.25, the value corresponding to the pressure 

gradient consisting of a mean and sinusoidal term. This is 

not as severe a limitation as it seems. In Chapter 3 it was 
mentioned in passing that le  and w, could be resealed in such 

a way that Rs appeared only in the boundary conditions as 

(say) 

r 
	Z1NAr s4in or, 	ors r 

By defining a new steady streaming Reynolds number R's  to be 

RsX the constant.Ar no longer appears explicitly in the prob-
lem, and so the non-dimensional solution (for %: and w: say) 

must be independent ofAr. Using this device it is possible 

to apply the numerical results obtained whenXis 0.25 to 

arbitraryvAr. Despite the generality conferred on the numer-

ical work by using RS as the Reynolds number, the results 

will be presented and discussed for Jf= 0.25, the Reynolds 
number being Rs. 

Analytical solutions for 1, and w, are available only 

in the limit D-wC when, either the viscous terms dominate 
the motion, or when the stream function becomes independent 

of the axial velocity. The creeping flow solutions of 

Chapter 4 will be discussed later when the emphasis will be 

on the change of direction of the secondary motion. First 

we wish to examine the asymptotic analysis of Chapter 5 and 

compare the results with the numerical solutions of the 



— 66 — 

equations. 

Chapter 5 deals with the limiting form of (3.38) and 
(3.40) when the stream function is independent of the axial 

velocity, and hence as given by Lyne. The principal result 

of the analysis for large Rs is that, away from the bound-

aries, the axial velocity is proportional to the stream func-

tion. This result is confirmed quite well by the numerical 

calculations at Rs  = 1,800. The streamlines and axial vel-

ocity contours are shown superimposed in Fig. 7.12 and the two 

sets of curves are very nearly coincident at this value for 

R5. The constant of proportionality predicted by the analysis 
(for the upper semi-circle) is 4/14 = -7.14 while from the 
numerical results the axial velocity divided by the stream 

function, along the line a = 7/2, has the approximate value 

of -8.1. This discrepancy is attributed to the rather slow 

approach of the flow field to its asymptotic state. For 

example, at R5  = 1,800 we see that the vortex centre has not 

yet reached its asymptotic location of (0.48,7/2) (Lyne 1970). 

Also the flux ratio versus R5  graph (Fig. 7.13) shows a slow 

approach to the limiting solution. However, if we consider 

values of R3  between 600 and 1,800 and plot the logarithm 

of the difference between the asymptotic and actual flux ratios 

against logR5, the points fall on a straight line of slope 

very close to -0.5, and thus indicating that the terms 0(Rs) 

are still significant at Rs  = 1,800. Therefore, the differ-

ence between numerical and asymptotic results can be attrib-

uted to the higher order terms in the asymptotic analysis. 

Solution of the integral equation (5.69) for the axial 

boundary layer proved quite difficult, and only by neglecting 

the terms involving p and P was it possible to obtain an 

approximate axial velocity profile in the boundary layer. 

Though the neglect of these terms has no rational basis, the 

results obtained agree well with the computational results. 

Figure 5.3 shows the axial velocity gradient at the wall of 
the pipe as a function of a for both the asymptotic and num-

erical (Rs  = 1,8C0) solutions. Ignoring the regions near 

a = 0,7, where the boundary layer analysis is invalid, despite 

having slightly different shapes, the two curves agree satis- 
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ween the asymptotic analysis and the computational results. 

In Chapter 5 the full equations (3.38) and (3.40) were 

simplified by taking the limit k-41.0, Rs  fixed so that the 

stream function became independent of the axial velocity. 

An alternative way of decoupling the equations, and one which 

eases the restrictions on the size of D is to consider the 

limit R5-4-co first. The equations will decouple if the cen-

tripetal terms in (3.40) are much less than the convective 

terms, i.e. if 0(w;) << Rs. When this condition is satis-

fied, the secondary flow has uniform vorticity, and the anal-

ysis of Chapter 5.or 6 then indicates that the size of w, 

is given by a balance between the viscous and pressure grad-

ient terms in the axial momentum equation, and therefore 

w, 	C)(c)') . Hence to satisfy the decoupling condition for 

large Rs  we must have D ~o(Rs), which considerably extends 

the range of parameters to which the results of Chapter 5 

can be applied. 
At this point it is appropriate to attempt to apply 

our results to the flow of blood in the arch of the (human) 

aorta. The simplest model for flow in the aortic arch is 

fully developed flow in a curved pipe, however due to the 

differences between this model and the physiological cond-

itions it is expected that our results will only provide 

estimates for shear stresses and their distributions. It 

becomes clearer that our work is of limited value when it 

is seen that not all the parameters fall in the correct 

range for the theory to be valid. 

The main approximation to the physiological conditions 

made in modelling the aorta is the assumption of fully devel-

oped flow. In reality a fully developed configuration would 

not exist due to the repeated branching of the aorta and its 

changing cross-section. Also the close proximity of the left 

ventricle means that in the aortic arch entry length effects 

are likely to be important. It is expected then that shear 

stresses calculated on the hypothesis of fully developed flow 

will under estimate the physiological values, and that the 

branching of the aorta will perturb the shear stress 
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distribution predicted by the model. The neglect of the 

elasticity of the artery will be of minor importance, as 

in the case of the straight elastic pipe (Womersley 1956), 

and the approximation of small 9/R is fair. Finally, for 

simplicity we assume the pressure gradient which has A = 4 

Values for the blood velocities and artery size for 

man are given in MacDonald (1973). Typical values for rest-

ing conditions are: 

= 1.25 cm 
mean blood flow of 6L/min 

v = 0.04 cmi s-1 	(8.1) 

while a reasonable estimate of the maximum velocity is 

100 cm/sec. Data for the mean pressure gradient in the 

aorta is scarce and subject to large errors of measure- 

ment (MacDonald 1973) so that we can only estimate the 

Dean number of the flow. If we assume that the mean flow 

has a parabolic velocity distribution, then for Vg = 0.25, 
D is 440. This is an under estimate of the true value of 

D. As a first estimate of the amplitude of the velocity fluct- 
uations we subtract the maximum mean velocity from the peak 

velocity, and therefore we take W to be 6C cm/sec. Assuming 

a heart rate of one beat per second then w = 2n rad/sec, 

which gives R5  the value 2,690 and 3  the value C.C8. 

For the asymptotic analysis of Chapter 3 to be valid 

it is necessary that the secondary velocities be smaller 

than the leading order oscillatory axial velocity; this 

condition is expressed as 

Rs  (11  « 

For the values of Rs  and p given above this condition is 

not met as Rs ‘ is 18. Clearly to quote numerical values 

for quantities associated with the secondary motion is mis-

leading as, for example, shear stresses due to the secondary' 

velocities will be larger than those caused by the axial vel-

ocity when in fact they should be asymptotically smaller. 

Thus in keeping with the limitations already mentioned, only 

quantities associated with the axial velocity will be consid-

ered. 

• 
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As Rs  is large, and also much larger than D, the flow 

should have the asymptotic form given by Chapter 5. Assum-

ing this to be so, new estimates of D and Rs can be obtained. 

The estimate of D can be improved by dividing the previous 

value by the asymptotic flux ratio; this has the effect of 

basing D on the pressure gradient in a curved pipe required 

to produce the asymptotic flow. The new value for D is 1,100. 

Similarly a more accurate value for W can be obtained as we 

have a better knowledge of the axial velocity distribution. 

In fact the maximum steady velocity is 1.1 times the peak 

velocity in Poiseuille flow (at the same flow rate) 

so that W is now (100 - 1.1_x40) cm/sec, i.e. 56 cm/sec, 

resulting in a new value of 2500 for Rs. These new values 

of Rs  and D still satisfy the conditions required by Chapter 

5. 
The oscillatory velocity gradient at the wall is calc-

ulated using the first two terms of the Stokes layer expansion 

(3.15) and (3.18), and this gives a peak shear stress of 32 

dynes/cm which is uniform around the pipe wall. For the 

steady shear stresses, the velocity gradients calculated at 

R = 1,800 will be taken as the asymptotic values and we see 

that the leading order non-dimensional velocity gradient var-

ies from -0.3h at the outside of the bend to -2.58 at the in-

side. Thus the magnitude of the leading order steady shear 

stresses ranges from 1 dyn/cm to 8 dyn/cm around the pipe. 

As expected the mean shear stresses are auite small 

compared to the peak shear stress. It seems likely there-

fore that the effect of curvature on the shear stress dist-

ribution is small compared to the highly localized effects 

of branching of the aorta. 

The flow conditions discussed up to now have only 

allowed the secondary motion to affect the axial velocity. 

We now turn to situations where it is possible for the axial 

velocity to influence the flow in the cross-section, and poss-
ibly change the direction of the secondary velocities. 

The creeping flow solutions of Chapter 4 clearly ill-

ustrate the development of the secondary flow when inertial 

effects are small compared to viscous effects. The axial 
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velocity is a small perturbation away from Poiseuille flow, 

the location of the axial velocity maximum being dictated by 

the direction of the secondary motion. The leading order 

stream function ')L. (4.6) is the sum of two terms, one of 

which represents the motion generated by the boundary cond-

itions, and the other the motion due to the centripetal press-

ure gradients. In this slow flow limit the balance between 

these two oppositely directed flows is determined by the para-

meter k = (204i; (4.1). 

For k!'<<18.X.+ 0(Rs) the flow in the cross-section is 

dominated by the motion due to the boundary conditions, and 

particles near the axis drift across the pipe from the out-

side to the inside of the bend. As k increases (i.e. the 

axial velocity increases) the centripetal pressure gradients 

become stronger, and as these forces have their maximum value 

near the axial velocity maximum it is in this region we expect 

the outward secondary motion to first appear. (See, for ex-

ample, the numerical results at Rs = 30 shown in Figs. 7.17 

to 7.22.) The inward secondary velocities near the axial 

velocity peak are decreased, and at k2  = 18X+ 0(4) a stag-

nation point appears at r = 0.0174NR. + 0(Rn on the line 

a = n. Under these conditions the axial velocity maximum occurs 
at r = C.0120R0N-  + 0(R: ) and a = n. 

As ka  is increased above 18.Ac the stagnation point be-

comes a streamline 'A.= 0 separating two regions of oppositely 

directed circulation. Inside the separating streamline we 

have secondary motion analogous to that found in exactly steady 

flow in curved pipes, while outside there is the steady stream-

ing associated with oscillatory flow. The region of Dean type 

flow continues to increase with increasing k, and as it does, 

the axial velocity maximum is forced by the secondary flow 

to move towards the outside of the pipe bend. For le" = 25.2Jr 

the peak axial velocity occurs at the origin, and for larger 

kl, moves onto the line a = 0. 

Dean type secondary flow fills the whole cross-section 

for k2>> 18.4+ O(R:). The motion due to the boundary cond-

itions is confined to a thin layer on the wall and the vel-

ocity field is essentially that obtained in exactly steady 

flow. 
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Changes of the flux of fluid through the pipe, though 

associated with the above phenothena, are not manifested until 

0(Rs) as shown by (4.15). It is possible tL identify the 

terms appearing in (4.15): the quantities 0(Rsk
4 
 ) and C(R:Je) 

are the reduction in flux ratio due to the shifting of the 

axial velocity peak to the outside, and to the inside of the 

pipe bend respectively, the former being first calculated by 

Dean (1928); the term o(RIIJa) represents the increase in flux 
ratio as the axial velocity peak moves across the pipe. At 

k = 0 the flux ratio has a local minimum, and as k is increas- 

ed Qr  increases to a maximum of 1-54W 2x165  at kl  = 30.1,fir 
and then decreases for further increases in k. The maximum 
rate of increase of the flux ratio, i.e. the inflectiOn point 

in the Qr  versus k curve (at constant Re), occurs at kl  = 10.0511 

and we note that the slope at the inflection point increases 

as Rs  increases. 

For values of Rs  and D not small the creeping flow 

solutions are no longer appropriate and numerical methods 

have been used to obtain solutions. These solutions do not 

give the same detailed information as the analytical results, 

but from Fig. 7.17 to 7.27 for Rs  = 30 and 75 it is seen that 
the transition from inward to outward secondary flow occurs 

in much the same manner as for the viscous flow solutions: 

a stagnation point appears on the line a = n and grows into 

a region of Dean type secondary motion which eventually fills 

the cross-section as D is increased; similarly the axial vel- 

ocity peak moves from the inside to the outside of the pipe 

bend while the flux ratio gradually rises to a maximum and 

then decreases. Also we note that the slope at the inflect- 

ion point of the flux ratio versus D graph (Fig. 7.14) follows 

the result of the viscous flow solution and continues to in- 

crease as Rs increases, while the locations of the inflection 

point and flux ratio maximum move closer together. It is not 

unreasonable to predict then that for some 115  between 75 and 
10C the slope at the inflection point will become infinite, 

and at some slightly larger value of Rs , this slope will be- 
come negative, thereby leading to an ',Jr' shaped curve. 

This is the result obtained for 115  = 100. 
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When any numerical scheme produces initially unexpect-

ed results the first thing that is questioned must be the 

reliability of the method of solution. However, as the pro-

gram was checked several times during its development a-
gainst analytical solutions and known numerical results, and 

the agreement was found to be satisfactory, some confidence 

can be placed in the solution technique. The actual behav-

iour of the iterations during the calculations at Rs = 100 

is also important. It was found that weight factors of 1 to 

2 were quite sufficient to keep the process stable, and de-

pending on the initial approximation, weight factors of 0.5 

or less were used without detrimental effects. Also the it-

erations behaved in the same manner as when testing the pro-

gram to compare with known results. Finally the rapid con-

vergence of the Fourier series (7.1) and the agreement of 

results obtained on different mesh sizes also contribute to 

our belief that the results obtained for Rs = 100 are good 

numerical approximations to the exact solutions of the gov-

erning equations and boundary conditions. 

The plots of streamlines and axial velocity contours 

for Rs  = 100 are shown in Figs. 7.28 to 7.37. The graphs are 

arranged in order of increasing axial velocity at the origin, 

which also corresponds to increasing distance, measured from 

D = 0, along the 	flux ratio curve Figs. 7.11: and 7.15. 

In an experiment where the pressure gradient determines 

the flow, only the sections AB and CE of the flux ratio graph 

would be obtained. For small values of D such that the flux 

ratio lies on the lower branch AB, the flow in the cross-

section is inward with some weakening of the secondary vel-

ocities near the peak axial velocity; there is no sign of 

any Dean type secondary flow (Figs. 7.28 to 7.30). Once at 

B, any increase in D causes the velocity field to change dram-

atically with the flux ratio jumping to B' on the upper curve. 

The streamline pattern now shows a large Dean type secondary 

flow surrounded by the steady streaming associated with the 

boundary conditions (Fig.7.35). Further increases in D from 

these conditions tend to make the velocity distributions more 

like those found in exactly steady flow, in curved pipes. 
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Starting from a flow with flux ratio on the upper 

branch CE and decreasing D, we find that the flow changes 

dramatically at De<De. The Dean type vortex present at 

C (Fig. 7.33) disappears completely at C' and the flux ratio 
is markedly lower due to the sudden jump of the axial velocity 

maximum from the origin to the inside edge of the pipe (Fig. 7.28). 

For further decreases of D the flux ratio follows the curve 

C'A. 
The flow configurations in Fig. 7.31 to 7.32, corres- 

ponding to the section BC of the flux ratio curve, have been 

obtained by imposing additional constraints on the velocity 

field. In the absence of these constraints the flow cannot 

be physically realized. Some indication as to why it is nec- 

essary to introduce an extra force into the flow in order to 

obtain solutions on the curve BC can be obtained by examin- 

ing the streamline and axial velocity contours of the flows 

studied. 
Those flows where the change over of the secondary 

motion takes place smoothly result essentially from the 

linear combination of the two opposing circulations, just as 

in the creeping flow solutions. This can be seen from the 
streamline patterns by noting that the small Dean vortex, 

once formed, has little effect on axial velocity gradients 

at the wall, which (at this stage) are controlled largely 

by the inward secondary velocities. However at Rs  = 100, 

where the axial velocity maximum is very close to the wall, 

there is the possibility for the latent Dean vortex to inter- 

act strongly with the inward motion and alter the shear stresses 

on the wall, especially near a = Tu. Thus a small change in the 

Dean circulation could produce large changes in the flow as a 

whole. 

Increasing R 5  to 125 does not significantly alter the 

velocity field. The '5' shaped flux ratio graph is again 

obtained, though the region of multiple solutions has greatly 

increased (Fig. 7.16). This similarity is not surprising as 

the flow fields at Rs  = 100 and Rs  = 125 in the limit D-■0 
are very similar. However for Rs  = 150, D-4-0 a new feature 
emerges: the axial velocity maximum does not occur on the 
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axis of symmetry, as in the lower R5 cases, but now appears 

at some angle, say aw, less than n. We can expect the cent-

ripetal pressure forces for this velocity distribution to be 

different from those when the axial velocity decreases away 

from the axis of symmetry. In fact the initial increase in 

the axial velocity away from the axis will cause pressure 

forces that strengthen the inward secondary motion along the 

axis, thereby preventing the axial velocity maximum returning 

to the axis and leading to a new pattern of flow development 

with increasing D. 

The streamline and axial velocity contours for Rs  . 150 
are shown in Fig. 7.38 to 7.48, and the flux ratio versus D 
curve in Fig. 7.16. The results obtained for the flux ratio 

suggest that the two branches of the curve are completely 

distinct. On the upper curve, the flow is essentially the 

same as exactly steady flow in a curved pipe (Figs. 7.46 to 
7.48), while on the lower branch, before the local maxima 
in the flux ratio, the secondary motion is the inward steady 

streaming typical of flows dominated by the boundary conditions 

(Figs. 7.38 to 7.39). Flow configurations on the lower branch 
past the flux ratio maximum reflect the strong interaction 

of the centripetal pressure gradient forces and the inward 

steady streaming, and Figs. 7.39 to 7.45 show the complicated 
nature of the motion. It should be admitted immediately that 

the results in this range of D on the lower branch are to be 

viewed with some suspicion: these results could be due solely 

to the poor convergence of the Fourier series (7.1) in this 

interval. However experience gained with the numerical scheme 

when insufficient terms in (7.1) have been used tempts us to 

believe that, at least qualitatively, the results are correct. 

The solutions represented by the upper curve could only 

be obtained when the initial approximation to the solution 

was a flow with outward secondary motion. If the initial 

approximation was a flow with inward steady streaming, then 

no matter how high D was taken (with Rs  = 150), the solution 

obtained always fell on the lower curve. This is in contrast 

to the result at Rs  = 100 where it was possible to jump from 

one branch to the other in either direction. For R5  = 150 it 
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appears that it is only possible to jump Cown from the upper 

to lower curve. 
The modified iteration technique where the axial vel-

ocity at the centre of the pipe is specified failed to lo-

cate any link between the two branches. Indeed it was found 

that this technique was more useful in determining solutions 

on the lower branch than if D had been specified. 

Examination of the streamlines for flows on the lower 

branch show clearly the reason for the poor representation 

afforded by (7.1) when NOF is 18. As D is increased the in-

ward steady streaming forms itself into a small vortex near 

a = 0, causing the stream function to have large variations 

over a small range of a. Also, the strength of this vortex 

increases as D increases. 

The axial velocity maximum never returns to the axis 

of symmetry, though at one stage aw  did increase slightly 

with increasing D. As anticipated, the angle aw  generally 

decreased with increases in D until the axial velocity max-

imum was quite near a = C. The slight change in direction 

of the movement of the peak axial velocity appeared to be 

typical of those flows, which in the limit D-4.0, had the 

velocity maximum just off the axis. Brief exploration also 

showed that it was possible for the axial velocity maximum 

to return to the axis of symmetry, and then leave it again 

as D was increased. 

Finally this chapter is ended with a conjecture as to 

how the flux ratio curve for Rs  = 150 has developed from that 
at Rs  = 100, and a guess at the regions in the D-RS  plane 
where solutions of the equations are non-unique. As Rs  is 

increased from 100 to 125, the region of non-unique solutions 

increased markedly. This was mainly due to the lower jump 

point B occurring at a larger D. Coupled with the results 
for Rs  = 150, this suggests that this lower jump point has 

moved to very large, if not infinite, values of D, while the 

upper jump point remains virtually unaltered. In this case 

the portion BC of the flux ratio curve at Rs  = 100 would be-
ccme the curve shown by the broken line in Fig. 8.1 when Rs  

is 150. 
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In the D-i plane the region of multiple solutions is 

bounded by the loci of the upper and lower jump points, and 

fcr Rs less than 125, this region is reasonably well defined. 

From the results at Rs  = 150 the locus of the lower jump point 

is almost parallel to the D axis; if it is assumed that the 

lower jump point has moved out to infinity, then its locus 

asymptotes a line parallel to the D axis. Only a rough app-

roximation to the locus of the upper 'jump point can be obtain-

ed. For large Rs  there is no interaction between the two sec-

ondary flows provided D<<Rs. As it appears that a strong 

interaction between these effects is necessary for multiple 

solutions to exist, then the locus of the upper jump point 

must lie somewhere to the right of a line 11$ = aT), where 

a .o(1), as Rs-4-0. The region of non-uniqueness is then 

the area shown shaded in Fig. 8.2. 

Verification of the position of the locus of the upper 

jump point is a lengthy computational task due to the large 

parameters involved; the conjecture about the locus of the 

lower jump point can be checked by calculations in which D 

is held fixed and Rs  varied. This work remains to be carried 

out. 
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CHAPTER '9  

The axial steady streaming]  

When the pressure gradient along the pipe is a general 

periodic function of time which contains even harmonics of 

the fundamental frequency, the analysis of Chapter 3 shows 
that a steady axial velocity exists at the edge of the Stokes 

layer. The generation of this axial velocity is similar to 

the mechanism producing the steady velocity at the edge of the 

Stokes layer for the flow in the cross-section. In both in-

stances the oscillatory components of the flow in the Stokes 

layer interact to produce a steady velocity component. When 

the no slip condition at the wall is enforced it is found that 

these steady velocity components do not decay to zero at the 

edge of the Stokes layer, but persist into the outer region, 

driving steady streaming motions. 

Here we shall study this axial flow for the case when 

the mean pressure gradient is zero, so that wi  is identically 

zero. The equations governing wt, obtained from (3.40) and 

(3.57), are then 

1.1 (10 V.10) 
-a LI', .4.) 

= v41. (9.1) 

and 
Rs "allo,w0  

w r 	.1/41 (9.2) 

The boundary conditions are given by (3.41) and (3.58) and 

are repeated here: 

1(0 = 0 

112  = ursc,o, "ar 	On r = (9.3) 
and 
	 = 	Rs  ‘M.. cost* 	on c.1 . 	(9 ./1.) 

The problem described by the equations and boundary 

conditions (9.1) to (9.4) may be artificially interpretted 

as the fully developed flow of a viscous, incompressible 

fluid in a straight pipe when the walls of the pipe have the 

velocities given by the boundary conditions (9.3) and (9.4). 

At first sight it appears as though there will be no net flux 



of fluid through the pipe as the mean axial velocity around 

the wall is zero. However closer examination shows that the 

boundary conditions cause the mean value of the azimuthal 

component of vorticity at r = 1 to be non-zero, thereby im-

plying a net flux through the pipe in the direction dictated 

by the sign of the azimuthal vorticity. 

For the artificial problem the vorticity vector, 2.2 is 

= I I '')W, _ 
o (9.5) 

The third component of the vorticity vector at the wall is 

L03  0 — W s en ot -+- aVo 
-a r 	

(9.6) 

and for wt  zero, the vortex lines are straight lines para-

llel to the axis of the pipe. The imposition of an axial 

velocity which varies around the circumference of the pipe, 

e.g. (9.4), tends to bend any given originally straight vor-

tex line abcut a radial line, thereby inducing an azimuthal 

component of vorticity. The bending of the original axial 

vortex lines is associated with the radial vorticity 

-ARssina, and the non-zero mean value for the azimuthal 

vorticity on r = 1 comes from the interaction of the sing 

terms in ,03  and LA's. The mean azimuthal vorticity source 

strength is obtained by evaluating the axial momentum equation 

(9.2) at the boundary and integrating the result around the 

circumference. We obtain the result 

I 	II"  uo 2. I 	or‘  
2.Tr 	r. 

rrA 

_ atwavi_  
(9.7) 

where 	is the azimuthal vorticity source strength. In 

deriving (9.7) we have used the fact that 

(tn  1Ws I 	a 
(9.8 ) o _ r rzt  

which is easily obtained by integrating (9.2) over the cross-

section. 

Associated with this azimuthal vorticity is a mean flux 

of fluid along the pipe. As Jr is always positive, the sign 
of the vorticity source strength, and hence the direction of 
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the mean flux, is determined by the sign of A. 
By using an artificial interpretation of (9.1) to (9.4) 

we have shown that there will be a net flux of fluid through 

the pipe. The presence of a mean axial flow implies that 

the directions +9 and -e are in some way different, so that 
now we must return to the original problem of an oscillatory 

pressure gradient acting along a curved pipe and determine if 

it is possible for a preferential axial direction to be est-

ablished. Clearly the geometry of the pipe gives no pref-

erential axial direction, thus leaving the imposed pressure 

gradient as the only possible source. This is the result 

obtained in the previous paragraph, as the quantity A, 
which was shown to determine the direction of the mean flow, 

depends only on the pressure gradient. 

The pressure gradient distinguishes one axial direction 
from the opposite direction, so that any asymmetry in the 

pressure gradient will indicate that a preferential axial 

direction exists. The analysis of Chapter 3 showed that A. 
is zero if the pressure gradient consisted of only odd harm-

onics of the fundamental frequency. Denoting such a pressure 
gradient by PG.(-c), it is easy to see that 

PG.(-r+7) 	-PG.(T). 

Clearly, the positive and negative excursions of PG.(v) are 

identical, and also the time spent with the pressure gradient 

positive is equal to the time for which the pressure gradient 

is negative. Such symmetry of the pressure gradient can pro-
duce no preferential direction, 20 that vi4- being zero for 
PG0(e) is a necessary consequence of the non-existence of a 

preferential direction. 

A pressure gradient containing even harmonics, PG,(T), 

does not have the symmetry properties of PG0(.c). The positive 
and negative excursions of PGe(-r) are not the same, and more 
importantly, the time spent with a positive pressure gradient 

is not the same as the time for which the pressure gradient 

is negative (see Fig. 9.la,b). Thus from this asymmetry of 

PG,.(T) it is possible to infer a preferential axial direction. 

The presence of a mean flow of fluid through the curved pipe 
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is then consistent with the existence of this preferred ax-

ial direction. 
The preferential axial direction comes from consider-

ing the pressure gradient per se; this property of the press-

ure gradient is not a property of any of the harmonic comp-

onents of the pressure gradient. In a linear system (e.g. 

oscillatory flow in a straight pipe) where each frequency 

component can be treated independently of all the others, 

the concept of a preferred axial direction has no consequ-

ence. It is only where nonlinearities preclude consideration 

of each frequency component separately that the directional 

properties of the pressure gradient as a whole become rel-

evant. 

We return to the problem of obtaining solutions of 

(9.1) to (9./1) for the axial steady streaming. The para-

meter governing the distribution of the azimuthal vorticity 

produced at the boundary is Rs. For small values of R5  we 

expect the vorticity to be diffused over the cross-section, 

while for large RS  we expect the vorticity to be confined 

to a region adjacent to the wall. In both cases the stream 

function 'X, isgiven by generalizations of the solution of 
Lyne (1970). 

In the limit Rs--1,-0 the expansions 

- 	„ 	s 	4-  • • • 

and 
	ws  •••0 R1"`1,0  + ft s 	+ • • • 	 ( 9 . 9 ) 

are used. For the stream function we have 

le  = %A
t% ;D1 ( - r +v.3) i_ Ks 2 	 + r — r46 ) 

arLS inlet  ( „ 4. 
L 

[ Jr s▪ ine(  ( 
r + 111-3 - Or + t5T-' 4r9  
. • Jr  StmJek  I 3 +3 k r 	1-5 - 3r7  + rcl) 

9.1 ,  01-0 	 • (9.10) 

wle = 	cosaC  

Wa. 	= o , c= ',2„1,_ 	on r=1 . 	(9.11) and 

The boundary conditions (9.4) become 
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Substituting the expansions (9.9) into (9.2) and equ-

ating like powers of Rs  we get 

as the equation for wt.. The regular solution, satisfying 

(9.11) is 

Ito = 	001. cos a . r 

At 0(17i1) we obtain the equation for wv  as 

("4.30, w2.0)  
V
t 	"" 
vq2A = r 	or,)1 

(9.12) 

which has solution 

attir 	 LA& air cost 	rq 
Vti 	= 	-2-r2-  4- 1'4) 	 (r2.-  % G 

Evaluation ofshows that (9.8) is satisfied as the ,„4 
mean component of the velocity gradient is identically 

zero on r = 1. Also integration of wm  over the cross-

section shows that the flow rate along the pipe is non-

zero. 

(9.13) 

Proceeding to higher orders we obtain 

ottAlf Ices  s sa,  t 	 ...M.Jecos3c4.  t 	-1 
w 	k 14r + 23ri-1r5  + 	sc,tp 	k 	Sr 	r ) 	(9.14) 22 	21040 

_ Ars 
and v/LI  = 	"T 	( 2,311 + 	orl" 	+ 6,40orls  - i,11Sra 	19t r") tr x 64400 

JA c.os2e1/4  (39 	1-4  + Mr(' - IS2r8  26r%° ) 
1,280 

+  %M. Jtt) s 4-01. 1,1e1 r4- 2,604-‘ + VAS - 440r") • (9.15) 
22,400 

Integrating the expression for wt  over the cross-
section we obtain the flux of fluid down the tube, QL, as 

o(a 
,Atar  ( % qa " 	 3 .tex  Rt 

4-  96 	 J 	.,`) (9.16) 

We now turn to the determination of the axial steady 

streaming in the limit 113-s.00. In the notation of Chapter 5, 
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the stream function is represented by the expansions: 

	

1.(1.0Was) 	3cAr,A)+ fC39, 4..- 
	

(9.17) 

away from the boundaries of the semicircle; and 

	

Rs) 	Xok tee.) + 	)(s 	on r = 1 

and 	I. 0  k rv$:, RA -4 	R.:" i b  kri,$) A- Rill  X, 41-•-• 0" r,.=.0 3  (9 • 18) 

where p, N are the 0(1) boundary layer co-ordinates defined 

by (5.10). It is assumed that wl  will have an inviscid core/ 

boundary layer structure similar to that of the stream func-

tion. Thus in the regions away from the boundaries of the 

semicircles the axial velocity has the form 

	

ws troci  Rs) ^' Rs"  ( Ǹo 1.3 4) 4" Ks igt 	) 	(9.19) 

where the constant m is to be determined by matching with 

the solution for wa  in the boundary layer. (The notation 

of Chapter 5 is being used for the expansions, but as this 
chapter and Chapter 5 are sufficiently self contained, no 
confusion should arise. For examplel the symbol W. is used 

for the leading term in the expansion of Iv,. in Chapter 5 
and for the leading term of wt, and clearly represents two 

different axial velocity distributions.) 

For large Rs  the convective terms dominate the viscous 

terms in (9.2) so that, away from the boundaries, the axial 

velocity is constant on the streamlines of the flow in the 

cross-section. As these streamlines are closed a single-

valuedness condition analogous to (5.28) may be applied to 

determine the variation of the axial velocity across the 

streamlines. Alternatively the results of Chapter 6 may be 

applied, and with either technique the leading order solution 

for 142.  is 

constant. 	(9.20) 

The radial and azimuthal vorticity components are giv-

en by (9.5), and using the leading order solution (9.20) for 

wz  it is seen that these components of vorticity are zero in 

the core. The radial vorticity produced by the boundary cond-

ition (9.4) and the induced azimuthal vorticity are then con-

fined to the boundary layer surrounding the inviscid core. 
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The boundary layer on the axis of symmetry is due to con-

vection across the pipe of vorticity produced at the walls. 

The boundary condition (9.4) on the axial velocity at 

the pipe wall r = 1 requires that wl-, C(Rs) in the boundary 

layer. The thickness of the layers is 0(R;), as usual, and . 

to ensure that the vorticity in the layer on the axis of sym-

metry is the same size as in the layer on the wall, we must 

have we-,0(Rs) on a = 0,n. The axial velocity in the boundary 

layers then has the form 

wt 	4.;g1) 	Rs W. ( f,"4.) 	Rs W, - • • on r=1 	(9.21) 

and 	1̀42- knis; its) 	Rs W• kN.$) 4-  Rs'' t 1" • • • o" ("=. 	. (9.22) 

For the boundary layer flow to match the core flow W. 

must tend to a constant as p or N tend to infinity. Thus 

at the edge of the boundary layer the axial velocity is 

0(Rs) at most, and this must also be the magnitude of wl  

away from the boundaries. Thus the matching has given the 

results 

W 	••••-0  as( Wo  t R.% W, 4- • • • (9.23) 
and 	Wcrsa constant, T.F. at the edge of the boundary 	(9.24) 

layers 
The boundary layer equations for Wo  are the same as 

(5.16) and (5.39), but rather than determine Wo  we define 

Wit, as a function of (p,a) or (N,$) by 

Wet, = 	 (9.25) 

and derive the equations and boundary conditions below: 

X0, W01%) 

Wet) = %AA- COS ok — w, on p-0, 

••• 

(9.26) 
•■• 

 

01,)  _v %l ot. 

1(14,51 	N: 	) 

""a w 	0 	N 
K 

V■I 	••••-N,  0 	S N 	co . 

 

and (9.27) 

   

and 	Wov. 	S C co 

and 
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The problems (9.26) and (9.27) may be simplified by em-

ploying the approximation that the axial velocity pert-

urbation 1.4.\, is convected around the boundary layer with the 

velocity of the inviscid motion in the cross-section just 

outside the boundary layer. This approximation is expressed 

in (5.50) and (5.59) and when used here leads to the equations 

 

, 	'a No. 	a% -awov. 	\AI ov  
Ti°14  as 	dot -af 

voisl "e\Nov _ N cicib Woo 
 as 	d5aN 	ZNIt 

Mir 

 

and 

  

(9.28) 

     

The transformations (5.54) and (5.63), used with the re-

definition of X and A. 

(x09 = Wala (NtS) 	 (9.29) 

lead to the diffusion equations 

Ix 

and 	
=

-ax 	ar. 	 (9.30) 

The transformed boundary conditions are: 

A = Xlx,o) 

and 	X -ay 0 	0.s 4,5 —4 ab 

and 	"a 	o "b1•1 

and 	 0 	N —4 ao 	 (9.31) 
The solutions for X(v..1) and A ̀ Nic,j) are: 

[ ''''  Xt.o.v,) 	-11-414,x -L1+,0Y4vx 

Jo  2.7177-̀x. 
ce 	 -a 

2. 	x(x..... /74:.  7 0) e, a IA 4 —  
TIP 1312.a. 

and 	AL  (,,k,y) .. 	(46.2.1c2.11.1.1 - ri-4/44( + ; oi*IAP/4x  
[ 	

(9.32) 

where X(0,...) and .A-(0,u.) are initial profiles for each layer. 

co, N Q  0 
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These two separate solutions may be combined. into one in-

tegral equation by assuming that the velocity profile at the 

end of one layer is convected around the corner, and becomes 

the initial profile for the other layer. Denoting the end 

of the layer on the wall by xe  and the end of the layer on 

the axis of symmetry by X.., the above assumption gives 

Xkxe,ij) = A(o,Y) 

and 	A kxe.,Y) = 	X 	 (9.33) 

as in each corner 3 = Y . By focusing attention on the cor-
nerx'xt we obtain an integral equation for the profile 

Mxtoi) which is analogous to the equation derived by Lyne 

for the boundary layer profile in this corner. We have 

hOLe0A)e 
- 24xt t1/4%I.( Kt , 	6. eritoo 	tri-(0) du 

— Trr7-0770  

X(%t- (s%/4-tat. )°) e 	ckx 
‘Jrr C54Fet 

where 	( 	4. 	y 41-Xe 	)1'iL 	 LL. 	Ni 41-xt xt  
4-xe. 	 k4-4 4u.lk xt+Y. 

The last integral in (9.34) can be transformed to 
, 

4 	1--S0) V 4  (11 	cosy - N74,. 	3E, t io1) 

Zreil 	 X-(ea.))341- 	 ) 	(9.35) 

which is more suitable for numerical evaluation. This in-

tegral is written in the form 

Jet  ( 	+ 	)j, lk3) 
	

(9.36) 

where 	and X*, are known functions. Similarly, Mxt.1 4.5) is 

defined as 

( X o(1) 11)) %,(A. 	, 	(9.37) 

so that (9.34) gives the two integral equations 
Pal% 

XC. (1) 	= 1 )4t 1"") 	( "col) d'-A 	)41 kj) )"-=°)1  • (9.38) 

These two equations can be solved independently for 

the Xilij) and the constant 740/,AL obtained by applying the 

condition that 	o as 11-400. Thus we have 
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17,4 

ei3 	N,11) j • 
	(9.39) 

The two integral equations (9.38) were solved numerically 

using the iterative technique described in Chapter 5 for 
the integral equation (5.69). When successive approxim- 

ations to the functions X. and 	differed by less than 

;5  % , the iteration process was terminated and the value 

of MA determined from (9.39). To 3 significant figures the 
result is 

wo 
 = 4-6T . (9.4C) 

The functions X., 	X: and ‘7 are given in Table 4. 
Some feel for the constant A can be obtained by re-

placing (2.5) by 

(f 	tyj W ( cos °Z 	CADS (":C+ fi) 
ft 

 

the simplest pressure gradient for which .AA- is non-zero. 
From (3.53) we obtain the result 

162 — I 44- i1  4 Vol -31047) e 

	

to St 	 (9.41) 

where it is understood that only the real part of ..ht is of 
interest. Thus from (9.41), the largest value of Jk is 
approximately 0.05510,1 . Also, the importance of the phase 

cf is clearly shown, and as suggested in Chapter 3, by proper 
choice of the phase the steady axial velocities can be made 

to disarnear. 

Finally we note that the flow in an oscillating torus 

can be analysized by the methods used in this thesis and 

analogous results derived. In particular there will be a 

mean axial motion if the angular velocity contains even har-

monics of the fundamental freuqency of oscillation, though 

the value of A obtained will be different from (3.53). As 

the leading and first order axial velocity away from the walls 

of the torus are zero, the dominant axial velocity is the 

steady streaming predicted here. Thus from an experimental 
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Point of view, an oscillating torus is more likely to be of 

use in examining the predictions of the theory than pressure 

gradient driven flow in a stationary curved pipe. 
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CHAPTER • 10  

Heat transfer in unsteady flow 

In this chapter we consider the transport of a scalar 

quantity, denoted T*, in a curved pipe when the velocity field 

is fully developed and the pressure gradient driving the fluid 

motion is given by (2.5). The quantity T*  may be thought of 

as the temperature of the fluid or the concentration of a 

species diffusing in the fluid, but throughout this section 

the terminology of the heat transfer literature will be used. 

The dimensional equation governing the distribution of 
T* in the fluid is 

	

-a Tx 	"aT 	*14 	Yr*  

	

-A 
-1-  L 	 ft, 	coSer. -ae 

[ = 	..11-*  4- I  /T2 	I  tr 4  + 	I 	11-r‘ 
-)v-l'' 	174 -bi-*. 4.  e't .11:41. 	( %R. +1-.4 WWI 1 0,11. 

	

j..  cosi*  'art 	s;"( 	 .1-Tr , (10.1) ' R+1-1tcoSQ. 1r* 	R+riLosek r as 

where the co-ordinate system used is shown in Fig. 2.1, and 

K is the diffusivity of T*  in the fluid. The properties of 

the fluid are assumed to be constant. For simplicity we shall 

only consider boundary conditions which require a step change 
in T*  at the pipe wall, i.e. 

T, for e 0 I 

Expressions for u',v*,w*  are available Zor the case 
when the curvature of the pipe is small. When the non-

dimensionalization (2.9) is used and the limit E-4.0 attempt-

ed in (1C.1), it is found that the ratio of the axial con-

vection of heat (by the mean velocity) to the axial conduct-

ion of heat tends to infinity. The ratic of convection to 

conduction terms defines a thermal Reynolds number, usually 

called a Peclet number, Pe which has the form of a Reynolds 

number for the fluid flow multiplied by the ratio of the 

kinematic viscosity to the thermal diffusivity. Thus we see 

that small 	implies large Pe; this is the difficulty referred 

for 9>O 	on 	= a . (10.2) 
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to at the end of Chapter 2. 
The reason for the large Pe can be traced to the limit-

ing process used to obtain the momentum equations (2.13) and 

(2.15). There the limit E-*0, D fixed (among others) was 

taken. As D may be regarded as the product of the Reynolds 

number for the axial flow and 	it follows that to keep D 

fixed, the Reynolds number must increase as E decreases. The 

Reynolds number in D is that used to define the Peclet number, 

Pe, so that Pe must also increase as E- decreases. Alternat-

ively, we can interpret E as a Reynolds number for the axial 

flow. 
A large Peclet number, for whatever reason, is usually 

taken as sufficient justification for the neglect of the axial 

conduction of heat. In steady, forced convective heat trans-

fer in a straight pipe this approximation leads to the class-

ical Graetz-Nusselt problem for which analytical solutions 

are well known (Jakob 1949). Even though solutions, both 

analytic and numerical, have been obtained when axial con-

duction is included (Tan and Hsu 1972 and Nichelsen and 

Villadsen 1974), little work has gone into understanding the 

effect of the axial conduction term on the solution, or why 

its neglect is very often a good approximation. Therefore, 

before attempting to calculate the heat transfer in unsteady 

flow in a curved pipe, the simpler problem of steady, forced 

convective heat transfer in a straight pipe is studied in 

order to elucidate the nature of the large Peclet number 

limit. From these results an expansion scheme is developed 

for heat transfer in curved pipes for both steady and un-

steady flow fields. 

We consider an infinitely long straight tube of cir-

cular cross-section with a step change in the wall temper-

ature at s' = 0 (see Fig. 10.1). Fluid is flowing steadily 

through the pipe with a parabolic velocity distribution, 

and as the problem is axisymmetric, the energy equation is 

G c 	 '')2T 	-.)1" Itr I  ... 	 = " 	 ) c12. 	51  (10.3) 
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and the boundary conditions are 

T = O 	{or 5*  L O , 

T 
	

co 	St  > 0 	on t-'= a . (10.4) 

The pressure gradient along the pipe is G
.)5 	

and T 
* f 

is considered to be non-dimensional. 

The Peclet number is defined by 

Pe  =. CsaL 	
(10.5) 4N1 K 

and when this is large it is usually assumed that the 

axial conduction tern is negligible compared to the con-

vection term. This approximation changes (10.3) from an 

elliptic equation to a parabolic equation, thus allowing the 

solution for s*<:0 to be written down at once as 

T r*, sw.) = 0 	s* < 0 . 	(10.6) 

An attempt to calculate the effect of axial conduction by 
a regular expansion of T in powers of Pee  has been made by 
Jones (1971). Clearly the equations for higher order terms 
will be parabolic with forcing terms confined to the region 
S14 > 0, so the result (10.6) remains unchanged. As we expect 

the inclusion of axial conduction to allow some diffusion of 

heat upstream of s* = 0, we are lead to examine the validity 
of the expansion technique. We find that for IlLg= a and 
s'= C, the neglected axial conduction term is the same size 

as the terms retained at leading order, thus indicating that 

the expansion is not uniformly valid. This result would be 

expected on physical grounds, as here the axial temperature 

gradient is large and the fluid velocity small. • 

. Thus the solutions of Graetz and Nusselt are valid 
downstream of the origin, while near s4  = 0 new approximations 
are reguiredt The problem is analogous to the entry flow in 

a channel where Van Dyke (197C) showed that the solution ob-

tained by neglecting axial diffusion of vorticity (Schlicting 

1934) is only valid downstream of the origin, and that a diff-

erent approximation is needed for regions close to the origin. 

(While this work was in preparation the author learnt 

that A.S. Jones treated this problem in an, as yet, unpub-
lished paper. 
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Consequently the approach used here closely parallels Van 

Dyke's treatment of the entry flow problem. 

The co-ordinates are made non-dimensional by scaling 

with respect to the pipe radius, 

r = 	r*Ka 

S 	= 	51Xx 

Equation (10.3) becomes 

"a-r 

. 

—I (11.-r 
Pt — 

= 	0 

, — 11— + r 

s 	0 

6.- 	5 7 0 

+ s. 

(10.7) 

(10.8) 

(10.9) 

s 

with boundary conditions 

T 

T 

In a region around s = 0 we expect that the thermal bound-
ary layer will be thin and that the radial and axial temp-

erature gradients large. It is found, by requiring the con-

vective term to balance the largest diffusion terms, that the 

thickness and length of the region is 0(Pe. New co-ordinates 

p,S are introduced for this region and defined by 

P =. 	- r)P 

5 = s P e. 

The temperature is assumed to have the form 

T 	s .)  Pe.) 	--- 0 (r, $) + Pe.-1/1 	. . . 

away from the wall, and 

Tira s.,Pt) 	-r,,(t,S) 4- Pe. 1; .1-- • • 

near r = 1. For future reference the region away from tl2e 

wall is labelled as region II and the region near the wall 

as region I. 

Substituting (10.11) into (10.8) and equating equal 

powers of Pe we obtain at leading order 
.zr7  Q-r9 "s° = 0 

The solution satisfying the condition at s = -0o is- 
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where 

Tp - z T, = 

z. = -e 	L , f +At 4J 
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Tc.r.$) = 0 . 

Continuing this process we obtain the result that 

(n s) = 0 	c = 0, 1,2., ... 

so that 	T (r,s; Pt.) = 0 	in r 
	 (10.13) 

The equation governing To(p,S) in the boundary layer 

is found to be 

-al To + ..D1To 
ae! a 

and the boundary conditions are 

To - 0 for s< O  

To 	for S 
	

0,1 1= 0 . (10.15) 

Conditions on To as p becomes large are found by matching 

the boundary layer to region II. Using (10.13) in the 

matching we find that 

To --as 0 cic Pon en, 4.(0.113 as f, 	oo • 	(10.16) 

The condition that T. and as are bounded as ISI-,Qoare 

sufficient to complete the formulation of the problem for 

To . 
The more difficult mixed boundary value problem, 

where the condition 	= 0 replaces To = 0 on p = 0, S<0 
has been studied by Springer and Pedley (1973). However 

they were interested only in the heat flux through the wall 

s>0 and did not determine the temperature field. Rather 

than extend their analysis for the physically more realistic 

boundary conditions, we will illustrate the essential feat-

ures of the temperature field near s = 0 by the simpler prob-

lem (10.14-) to (10.16). 

Introducing the Fourier transform, T. of To defined by 

r 
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To obtain convergence of the Fourier transform, the boundary 

conditions (10.15) are replaced by 

Td  's= 0 	for S <0 

To 	a 	for S70 ,b70 on fix° ) (10.19) 

which gives boundary conditions for T. as 

 

;7/6  _1/3  4i 
or% z. = e. 	4 ;k 	. 	(10.20) 

This device has been used by Springer and Pedley (1973); the 

limit b-10-C is taken in the solution for To(p,S). 

The solution of (10.17) satisfying (10.20) is 

Ai iz 

 

(e.!'r/3 4'43 147) (10.21) 

where Ai(z) is the Airy function of the first kind (Abram- 
w 

owitz and Stegun, 1965, D. 446). This solution for T. 
is exponentially small as p.-4.ao provided the k-plane is cut 

along the negative imaginery axis, i.e. 

< Cs.r1 k 31ri2 	 (10.22) 

The inversion integral is 
, 

r 	A;(4' e 	(It +AO) co,.  
1;(e,$) = 2.rr 	 k) 	4v3 e."3 k"3 ) (10.23) 

The integrand has simple poles at k = -ib and at the zeros 

of Ai(INV13). The zeros of Ai(z) occur for argz = +7r, but 

due to the branch cut in the k-plane, only those zeros with 

argk = Tc/2 are relevant. 

For S>C the inversion contour, 	is shown in Fig. 10.2; 

the integrand is exponentially small on the semicircular arcs 

and so the only contributions to T. come -from integrating 
around the branch cut and from the pole at k = -ib. It can 

be shown that the branch point contributes nothing to T. so 

we get 

s "hs 	e 4/3  bit' 	(2f +0)  Te(e,$) = 	e 	+ c.c. a 	A; (45 	b+'3) 

irs 

0 	
A.( 4 e 	r 3  (2 +r))  c 	(10.25) 

alr 	-r 	A. ( 4'13  e'"/3  r413) 
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where the second term is a Cauchy Principle Value and c.c. 

denotes complex conjugate. 

To obtain the solution for To  satisfying the original 

boundary conditions (10.15) we let b-w0 in (10.25). The 

first term gives no trouble, but the Cauchy Principle Value 

integral requires closer examination as the location of the 

singularity tends to an end point of the interval as b-).0. 

Near r = 0 the integrand behaves like rY(b-r) , so that as 
b-1.-0 the integrand is 0(f1) near the origin, and is integ-

rable. Thus we obtain 
- r S 	 viz 

T.(e,S) 	I — 

	

au 	r 
 Lei 

r  r 
	X 

 
0 

(Z) i-'1(314-41 	) 	,3  3;6 	t+rn 

	

Tv3( 	
dr. (10.2.6) 

2 a. 

3:'13(13-  

where the Airy functions have been transformed to Bessel 

functions using the relations (Abramowitz and Stegun, 1965, 

p. 447 and p. 375) 

Mz) = 	[ 1-1511 	h(3z
6, 

 )] 

and 
( 	■vr/2.  

kz) = 	

e 	
c.e►rc1 z 

For S<C the inversion contour is C_ in Fig. 10.2. 

The integrand is exponentially small on the semicircular 

arc, so that after letting b-0-0, the only contribution to 

T. comes from the residues of the enclosed poles. If 
ln, n = 1,2,3,—. are such that 

	

Ai (40 er/3 	) = o 	 (10.27) 

then 	T.(e,$) 	,Z2,3 	e:14: 	( 	(zt -L")) 	s(o , (10.28) 
A e 

where / denotes differentiation with respect to the argument. 

The heat transfer through the walls is 

	

H(s) = 	
and for 5? 0 

irS 

H Is)  
, I.A. -r: (1G .29 ) 

3 
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while fcr,S <0 the heat transfer is given by 
L„s 

14 (s) 	z 	L. 	 (10.30) 

Of the solutions (10.26) and (10.28) for T.(p,S), only 

the solution for S<0 satisfies the matching condition that 

the temperature be exponentially small as 	The express- 

ion (10.26) for T. satisfies the differential equation (10.1/1) 

and boundary conditions (10.15), but not the matching condit-

ion (10.16). This has arisen due to the limiting process 

p,S fixed implicit in the inversion of the Fourier 

transform by contour integration. For S>C the contour is 

such that T. is determined by integrating along a path where 

the Airy function decays only algebraically for large argu-

ment, while for S<0 the residues contributing to T. decay 

exponentially for large arguments. Examination cf the in-
version formula (10.23) shows that the order of the limits 

p-1.00 is not interchangeable in the double limit pro-

cess, so we conclude that (10.26) is valid for p—C(1). 

An asymptotic representation for TD(p,S), S>C can be 

found by considering p to be large, and then using the method 

of steepest descent to evaluate (10.23). Using the asymptotic 

formula for the Airy function (Abramowitz and Stegun, 1965, 

p. a48) 	 2. 3s -sz 
AZ (m) 	Tr L Z I 	I c4-5z < 71.  

the inversion integral (10.23) becomes 
111%i/ 

eT/24  	re 	I;  f/IL (- t(i 	 Van  To (e,$) 	 , 	 ) 	(10.31) 
1r a.  4'4 	Oz.  (b- it() A; k.C3  a.ff'13  k4'3 ) 

where 	 ex. 	 (10.32) 

and is regarded as fixed as 	The integrand has a saddle 

point at k = 	, so that (10.31) can be evaluated along 

the contour Cs  (Fig. 10.2) where the steepest descent path 

through the saddle point is parallel to the real axis. As 

the inversion contour has been deformed through several poles, 

the residues there will also contribute to T.. The pole at 
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k = -ib does not contribute to T., and so we may set bz.:0. 

We define ilm to be the location of the first pole 

above Cs, i.e. 

2 
r44-1 	 < m 	r M z21 3+ 	 I (10.33) 

then for 	To  is given by 

3  ext. [ — P'2  (1 — /4")]  ( f,S) 
2/41 P4 ,57- 

	

h.s.e 	471 A; Ln4f1) 

	

VG 213 	41/4 i••■ 
(10.34) 

2v3Tr f A; (43(24i) 
provided that the saddle point does not coincide with a pole. 

This form of the solution clearly satisfies the cond-

ition of exponential decay at the edge of the layer; it also 

gives some new information about the structure of the outer 

regions of the boundary layer. First we note that the con-

tributions from the poles decay less rapidly as p-...othan 

does the term arising from the saddle point. This follows 

directly from the fact that the saddle point is located where 

the coefficient of p41, in the exponential term, has its max-

imum value. 

For S-1-04., i.e. 4->0, the position of the saddle point 

tends to ideo and more and more poles are included under the 

contour C. The saddle point contribution may be neglected, 

and then (10.30 reduces to (10.28) when the Airy functions 

are expanded for large p. The solution (10.28), in terms of 

the sum of residues, represents the diffusion of heat up-

stream from s = C. Thus in the asymptotic representation 

(10.34) for S> 0, the sum of the finite number of residues 

may be identified with the convection downstream of heat 

that had diffused upstream. As we move further downstream, 

i.e. as 4 increases, the number of poles included under Cs 

decreases, thus indicating the tendency for the downstream 

solution to become independent of the details of the up-

stream conditions. The temperature distribution in the 

outer edges of the boundary layer becomes completely in-

dependent of the upstream diffusion of heat when the saddle 

point lies below the pole at k = ill . This occurs when 
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3 L 	and then (10.34) becomes 

3y` 	e7245/2/41)Z' 
TAO) 	 (10.35) 

21513  7r e 	A. 	(1  )4,4) 
Thus far the asymptotic analysis has been carried out 

assuming p-d0(1). The above form for T, shows that this con-
dition can be considerably relaxed: T. will decay exponentially 
as p-t.a)provided p increases slower than p2. This then limits 
the value of S, and hence s, for which the boundary layer sol-
ution is valid. The values of p are limited by requiring that 
the parabolic velocity distribution be adequately represented 
by a linear profile, which gives that p-40(Pe). Thus using 
the definition of p we derive the result that the inner sol-
ution is valid downstream for s--C(Pe), despite initially ass-
uming a region of validity of 0(P64"). The inner solution in 
entry flow in a channel also has an analogous property (Van 
Dyke 1971). 

We can also estimate how far upstream the Graetz solution 
(see below) is valid. The Graetz solution completely neglects 
the effects of axial conduction, which is valid when /tt 3 
Substituting for S and p in the definition of p, (10.32), 
and using the known value for 1, (Abramowitz and Stegun 1965, 
p. 448) we find that the downstream solution is valid for 

s > 0.344 (10.36) 

Thus increasing Pe increases, albeit weakly, the extent of 
the region influenced by axial conduction of heat. It should 
be pointed out that (10.36) is derived from considerations 
at the very edge of the boundary layer; closer to the wall 
the downstream solution is applicable even closer to the 
origin, being valid for s--0(Pek), thereby accounting for 
its usefulness in heat transfer calculations. 

Before formulating the downstream problem, equation 

(10.35) is applied to the situation where the velocity pro-
file is linear. If the axial conduction term in (10.14) is 
neglected, implying the initial condition T.(p,O) = 0, we 
obtain the classical Leveque problem (Bird, Stewart and 
Lightfoot 1960, p. 363) which has solution 



- 98- 

 

fa  -0 
t — c. 7 

0 

40 45  
Co = 	 clk• 	 r (473) ,- 

N./3 
(1' 	 fk79E.C] 	

• 

 

where 

and (10.37) 

   

sm. 

r(z) is the Gamma function (Abramowitz and Stegun 1965, p. 255). 
Integrating (10.37) by parts we obtain the asymptotic 

form for Tot.  for large 
3  

ca r  
e 

r(2/3),r31 	
eT 

43 

Zir (10.38) 

where we have used the identity PC'Ork24) = 2-mAP 
(Abramowitz and Stegun 1965, p. 256). This is the asymptotic 
form of the temperature distribution at the edge of the bound-
ary layer when axial conduction is neglected. It is easily 
seen that the asymptotic form (10.35) obtained by retaining 
axial conduction terms reduces to (10.38). 

We introduce a new variable 1 such that 

9)' 
z 

and replace ill■Q.0(„-.)- ) 	by Ai(0) 	(33 N2/3)) '  thereby 

transforming (10.35) to 
ri '16) TT 	- .13  

T 

2. Tr 

where 	
= e  (÷s-P 

Similarly the expression for the heat transfer at p=0, 
(10.29) can be evaluated asymptotically for large distances 
downstream, it being found that the heat transfer given by 
the Leveque solution is the leading term in the expansion. 
This result was also obtained by Springer and Pedley (1973). 

We continue now with the determination of a solution 
valid when s--0(Fe). This downstream region will later be 
referred to as region III. Here the axial conduction of 
heat is much smaller than the axial convection of heat, and 
it is natural to represent this fact by introducing a new 
axial co-ordinate s1  defined by 
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S, s/pe.  . (10.39) 

Thus s, is a contracted downstream co-ordinate and in this 

system the energy equation becomes 

11T 	-aT I "JaT -r -/ —aT   = 	 • o r 	r 	pe 

The temperature is expanded in powers of Pei  as follows 

(r,s; Pe) 	•-••■ °SG 	+ Pt 	+ • • • 
	

(10.41) 

and a set of equations for the I obtained by equating powers 

of Pe. We have 
=IV 

) 1. 0 = j_ 
'BSI 
	e- 	f 

-011-1 and 	 r "ay- 	sz — —  (10.42) 

  

Md. 

Initial conditions for these parabolic equations are obtained 

by matching the solution for s,--)-0 with the solutions in 

regions I and II as S-9-0. At leading order this matching 

will be automatic as the solution in region I for large S 

becomes the solution obtained by neglecting axial conduction, 

the approximation made in deriving (10.42). For 1, we have 

the conditions 

0 (I s SI) = I t 	 (10.43) 

so that with (10.42), the problem for 1 is the classical 

Graetz-Nusselt problem. The solution is 

(ris,1 = 1 - 	, 6h  .c (r) 
n=0 

where the p: and I', are the eigenvalues and eigenfunctions, 

respectively, of a Sturm-Louville boundary value problem 

(Jakob 1949, § 22-2). Further terms may be calculated follow-
ing Jones (1971). 

The eigenvalue pl determines the thermal entry length, 

i.e. the distance down the pipe necessary for the fluid temp-

erature to become uniform. We shall be concerned mainly with 

(10.40) 

]

le ( r, o) = cp 



T.- Ta  'T` = 7' — To 
(10.44) 
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this inlet region in subsequent calculations as it is here 

that the heat transfer is greatest. 
Having developed an expansion procedure for large Pe 

heat transfer with a steady velocity field, we now turn to 

the construction of a method for calculating heat transfer 
in a curved pipe with a time dependent velocity field. This 

problem is represented by (10.1) and (10.2). Introducing the 

non-dimensional temperatureT defined by 

and employing the scaling used for the momentum equations, 

the energy equation becomes 

. a T ÷ RS sZ ( :afr + y_ 	) 	TRs." 	 
2. t 	 r 	r as 	' 2.t I+ Sr cos.,. -as 

— 2 cr 	' r ar 	r 1.4-` 	(t %T- cos% 

	

claS 	 SinK  
14%rcoscc 	r 	I +src.eS.c r 

 

(10.45) 

  

with boundary conditions 

= 0 lor 5<0 
;or  S -7  0 	on 	(10.46) 

The axial co-ordinate is now 

S = RBA , 	(10.47a) 

and c is the Prandtl number defined by 

( KY 7 	(10.47b) 

Some information about the temperature distribution 

can be obtained by comparing the axial conduction of heat 

to the axial convection of heat. The axial velocity has an 

0(1) oscillatory component plus an 0(p) mean component. It 
is not useful to compare convection of heat by an oscillatory 

flow to conduction, as over most of the flow, the oscillatory 

velocity will produce no net effect, whereas the conduction 

terms acting over long periods of time can produce large effects. 
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It is more useful to construct a Peclet number by comparing 

convection by the mean velocity to axial conduction. Antic-

ipating that these expansions will be used in the case when 

w,- 0(IrsiD) we obtain a Peclet number 

Pe = 2Q D/1- I Is (10.48) 

As 6-0-0 the Peclet number becomes large, which was the orig-

inal motivation for studying the large Pe limit. 
As we are primarily interested in the effect of the 

secondary motion on the thermal inlet length, a full solution 

of (10.45) will not be attempted. Rather we shall content 

ourselves with obtaining the leading order solution almost 

everywhere in the flow field. The first step in this dir-

ection is to quantify the effect of the oscillatory axial 

velocity. We note that the amplitude of oscillation of a 
fluid particle is 0(13), so that for distances s>0((3) away 

from s = 0, the fluid particles are not .convected past the 

origin. In particular, for regions close to the wall, the 

axial temperature gradient is small (due to the boundary 

conditions) so that the oscillatory flow has little effect 

on the temperature distribution. Similarly, far away from 

s = 0 where axial temperature gradients are small over the 

whole cross-section the oscillatory velocity will not affect 

the temperature field. However in a region 00) around s=0 

the temperature gradients are large and here transfer of 

heat by oscillatory convection would be important. 

Some support for this hypothesis can be obtained from 

the work of Davidson and Parker (1971) on heat transfer to 

unsteady flow between parallel plates. Their analysis can 

only be regarded as approximate as the true velocity profile 

is replaced by a uniform flow of the same volume flux at each 

instant in time, and only the mean and fundamental terms are 

retained for the calculation of the temperature variation with 

time. Nevertheless their results indicate that as the fre-

quency of the pulsations is increased the size of the region 

around the origin where the heat transfer is different from 

its steady state value is decreased. 
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The unsteady secondary velocities present in this cur-

ved pipe flow are 00,5L) compared to the oscillatory axial 

velocity, so that it may be assumed that the large temper-

ature gradients near r = 11  s = 0 are not convected into the 

centre of the pipe. Thus we conclude by postulating that 

the oscillatory velocity field is important in determining 

the heat transfer only in a region 0(a) around s = 0, r = 1. 
Therefore we write 

r,ct ivr 	kr,°k,$) 	"rpko,a,I) .' 0(0 , (10.49) 

where to leading order in pl  T satisfies 

	

Rs 1 (It...7r) 	_..._ 1727 	W, 	") 

L*1 041 	2 b 	1 	cosot "45 

1  [ 	 T 
+ 

1r -a -I- = 

	

1"' 1 r 	"a.c% + 20- 	-ar+ 	 U 4 Sr Lot ) 	s.2- 

+ s 
cos 	11 Sin is. aT 1(10.50a) 0( 

I+iircoScl  
( 

r 	-to ot/ 

with boundary conditions 

and T1, is 

—art. 

and boundary 

1-  = 

-r 

governed by 

O 

a T1, 

(&P11  

= 0 

for 	s 

*or 	s 

% 

< 0 

127- 

r. 

+ 

) 

Tp  

(10.50b) 

(10.51a) 

(10.51b) 

irs 	Vro 
2S 	I + S ru)104. 

conditions 

Tp 

air (1+% r‘os4 

I 
li.Srcosok 

cart 	1= 

The Stokes layer co-ordinates are 

= (t-r1/(1 

and 	1 ' s/(s 

The formulation of the problem has lead to the result 

that over most of the field the temperature is steady, and 

its distribution is determined by the steady components of 
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velocity. The effect of unsteadiness, represented by T1,, 
is confined to a small region and does not influence the 

steady temperature T. Clearly Tp-,0(3) for all regions 

wherein?$  -- 0(1), i.e. for II, 	
so that the boundary 

conditions (10.50b) need not be modified by any contributions 
from Tp due to matching. Finally we assume that Tp N 0(1) 

at most as 6-*0. 
Implicit in the above formulation is that the order of 

the limits 0-,-0 and 6=b-0 can be interchanged in the analysis 
of the equations of motion. Examination of the momentum 
equations shows that this is the case. Also we have assum-
ed, implicitly, that the Prandtl number c of the fluid is 
not small, so that the thermal Stokes layers formed are no 
thicker than the momentum Stokes layers. 

The temperature distribution is described by (10.50a,b); 
the stream function 1.(r,K;ko) and axial velocity w, 
are known, and so a solution in the limit E.-*01  Rs, D fixed 
can be obtained. As E-*0, a parameter interpreted as a Peclet 
number (10.48) becomes large, and the temperature T is ex-
panded in terms of this Peclet number following the scheme 
devised for the straight pipe. 

In region I we have 
-Pt 

1-  (1%4, s ) 	( f,  ok, S) 	T, 
2 cr 

where the equation for T. is 

	

1 v4,1 'rr. 	T. 	-42-  T. 
0  1 	r. 	1$ 5 	 "a V- 

with boundary conditions 

7; = 

qor 	5 >0 	on=o  

The boundary layer co-ordinates p,S are as defined in (10.10). 
Apart from a parametric dependence on a introduced via ?'-2-41  art., 
(10.52) is the same as (10.14), so the solution for T. in 
this inner region may be considered known. 
note that temperature gradients here are 0 

(we have the restriction that 21?4'.  111 « r 

In passing we 
fa ocrilz. ; thus 

for the 

(10.52) 
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formulation (10.49) to be valid. Physically this corresponds 

to requiring the momentum Stokes layers to be much thinner 

than the steady thermal boundary layer near the origin. 

Near s = 0, but not near the wall we have region II. 

Here the temperature is determined by the upstream conditions, 

i.e. 

	

	T = o . 	 (10.53) 

Downstream of the origin the contracted variable s1  is 

introduced and the temperature expanded in powers of (i-194. 

We have 
= 	2. cr 

(10.54) 

C ri" and 
lrtr,oc,$) 	lokrs',54) 	• 

At leading order 	is governed by 

Q3  ')(1)(0 )a50)  W 	 , 1%9 
""? tr, 	 cr 0 	 acr 	1- 17:, (10•55) 

with boundary and initial conditions 

bt, 

and 	(r,m 0) = o 
	

(10.56) 

The problem of heat transfer in steady flow in a cur-

ved pipe has received considerable attention in the liter-

ature, though almost invariably solutions have been obtain-

ed by numerical techniques. The difficulty of deriving the 

energy equation as 8-0-0 if D and E are used as parameters 

for the velocity field has been circumvented in several ways, 

but it does not seem to have been noticed that the limit 

8.70.0 with D fixed forces the Peclet number to be large in the 

heat transfer problem. Typical of the approach used in this 

field is the work of Kalb and Seader (1972) who solved the 

momentum and energy equations without taking the limit E-0, 

and Akiyama and Cheng (1974) who simply neglected the axial 

conduction terms and applied an initial condition at s = 0. 

The problem posed by Akiyama and Cheng gives the temperature 

distribution some distance downstream of the origin, as can 

be shown following the technique used here. Thus this chap-

ter is concluded with a brief derivation of the equation for 
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heat transfer, valid downstream of the origin, when the flow 

in a curved pipe is exactly steady. 
In steady flow in a curved pipe the velocity components 

are scaled as follows 

(Lt*, v', 	—0  Lk, 	Lw) 

and then the steady energy equation becomes 

')(1,T)  
r 	 1+ itrcosok aS 

	

I d 2T 	yr 	1-1-  

	

= — 	+ 	+ — 

	

Cr 	""e r 	r 'a r 	r' 	
% 	

(Iti,rcoldt -a  

( cos oc. ^T 	send 
14-brcoSck 	**)r- 	r 	"act. 

with boundary conditions (10.50b). As E-9-0 we expand the 
temperature in terms of (1dt") and divide the flow into 
regions I, II and III as in the previous two examples. 
Here we are only interested in the downstream region where 

axial conduction of heat is negligible, so we introduce the 
contracted axial co-ordinate s t  = sr/iT land obtain at lead-
ing order 

	

'(1,10) 	Np4 	 04 2.V14+ 2.11, 
r -) kr ,c0,1 	 a- -as, 	cr 	r 	r' a..' -(10.57a) 

The boundary and initial conditions are 

(30(10'4,s,) = 

	

cc, o) = o 	 (10.57b) 
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CHAPTER .11  

Application of results to artificial respirators 

The enhancement of heat and mass transfer by secondary 

motion is well known in engineering practice. Typically, the. 

random mixing processes occurring in turbulent flow are used 

to increase the heat transfer above that obtained in a steady 

laminar flow. In bio-engineering applications where the work-

ing fluid is blood, the high shear stresses associated with 

the turbulent flow could not be tolerated and so laminar flow 

situations must be used. In the search for means of increas-

ing heat transfer, interest has been centred on utilizing the 

secondary motions that occur when a fluid flows in a curved 
pipe. The case of heat transfer to a fluid flowing steadily 

in a curved pipe has been extensively studied (Akiyama and 

Cheng 1974 and Kalb and Seader 1972), and more recently there 

has been some experimental work on mass transfer to fluids 

flowing unsteadily in curved pipes (Tanishita et al 197 6 and 

Melrose et al 1972). It is this latter problem we wish to 

consider here. 
The experiments of Melrose et al were concerned with the 

transfer of oxygen to venous blood flowing through silicone 

membrane tubes coiled around a drum as shown in Fig. 11.1. 

When the drum was stationary the oxygen transferred was only 

one tenth of the oxygen capable of crossing the membrane. 

However when the drum was oscillated sinusoidally about its 

axis an increase in the oxygen transfer of five to ten times 

the steady flow value was obtained for the highest frequency 

of oscillation. 
The results reported by Tanishita et al are less dram-

atic. They considered oxygen transfer in pulsatile and steady 

flow through curved micro-porous tubing for both blood and 

water. Their results showed that the gas exchange in unsteady 

flow was up to twice the steady flow gas transfer. 

The experimental conditions used by Melrose et al corres-

pond quite closely with the assumptions made in this thesis 

(see Table 5); also, as Rs  is large and D is small, the steady 
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velocity field will have the asymptotic form given in Chap-

ter 5. However the application of the heat transfer analy-

sis in Chapter 10 requires some qualification. Implicit in 

Chapter 10 was the assumption that, for mass transfer, the 

diffusing species does not react chemically with the fluid. 

For oxygen transfer to blood this condition is not met as 

oxygen combines chemically with the haemoglobin in red 

blood cells. However some indication of the effect of sec-

ondary motion on gas exchange in the unsteady flow of blood 

can be obtained by considering oxygen transfer to water (say) 

where the oxygen just goes into physical solution. In the 

heat transfer context, the calculation described below is 

valid without further restrictions. 
The values of the parameters describing the experi- 

mental conditions used by Tanishita et al are slightly outside 

the range of validity of the theory developed here. In part-

icular the Stokes layers are not thin compared to the pipe 

radius, and as the assumption of thin Stokes layers is fund-

amental to the method of matched asymptotic expansions used 

to derive the governing equations, our results cannot be ex-

pected to apply to these experiments. Thus we shall be more 

concerned with conditions relevant to the work of Melrose et 

al. 

Before returning to the terminology of heat transfer, 

we note that for mass transfer the quantity c is the Schmidt 

number, defined as the ratio of the kinematic viscosity of 

the fluid to the diffusion coefficient of the substance being 

transported. For oxygen diffusing in water the Schmidt num-

ber is 0(10), so that even for moderately small curvature, 

the mass transfer Peclet number (oV/M) will be quite large. 

This allows the whole length of the gas exchanger to be treat-

ed as the far downstream region III where axial diffusion is 

negligible. Also the steady flow experiments, used by Melrose 

et al as a comparison for the unsteady flow experiments, were 

conducted at low Dean number; the largest value of D was 4.3. 

As D is small, the secondary motions will be very weak and 

have little effect on the oxygen transfer. Therefore, in the 
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experiments of Melrose et al the oxygen uptake in unsteady flow 

in a curved pipe is compared to the gas exchange obtained in 

steady flow in a straight pipe, and so for the analytical work 

it is reasonable to use the known heat transfer results for 

steady flow in a straight pipe (Jakob 1949) as the basis for 

comparison with heat transfer in the unsteady flow situation. 

From .22-2 of Jakob, the non-dimensional temperature 

distribution in Poiseuille flow through a circular pipe is 

"!..4 	-gst 
"4" Z: NnKn(r4n)e. n.0 

when the temperature at the pipe wall is 

;:.r- 	SI 4. 0 

for 	Sx  > 0 

Here s i  is measured from the start of the heated section and 

is the contracted downstream variable defined by 
Sx 	 (2\-1 

k 	K (11.2) I 
and where V, is the mean velocity. The functions R,(r03,) 

are the eigenfunctions corresponding to the eigenvalues p: 

Of the governing Sturm-Louiville problem 

 (`IS) 	+ rU-r )1Z = 	a 	1 	(11.3a) dr ■ 	d r 

R(1) = 0 

R is regular at r = 0 • (11.3b) 

The equation has a regular solution 	• 
R 	I 	+ 2.„ r2P%  

where 	LA 	= 	— (12/ 

(11.4a) 

1-47,„ 	7_ , 	ri= °NA., .„„ (11.4b) and 	,A, — (2.n i-4 )2.  

Thus the A, are polynomials of degree 2n in ps  and the 

eigenvalues pl,„ are the roots of the equation 

+ 	 (11.5) 
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The eigenfunctions are orthogonal with respect to the weight 

function r(1-r2), so the Fourier coefficients gin  are given by 

Rn,- (1-rt) cl r 

i t  14, r 

The heat transferred to the fluid from a length s, of 
the heated section of the pipe is equal to the energy con-
vected through the cross-section at s„ i.e. 

'? r, 	r jot c:,r  _ jc, z2x I 	ct..( 
0 0 

(11.7) 

where the axial velocity w is (1-r2). A quantity related to 

the energy flux at s, is the bulk, or cup mixing temperature 

0 defined by 

20, 
w  Or  a ak r 

r 
wr cie, 

= I + 	e. 
• (11.8) 

The cup mixing temperature ck„lc,i) is the temperature the 

fluid would obtain if the tube were chopped off at s, and 
if the fluid leaving the pipe were collected in a container 
and thoroughly mixed. (See Bird, Stewart and Lightfoot, 1960, 

p. 297.) 
The local rate of heat transfer is quantified by the . 

local Nusselt number Nu(s1 ) defined as 

— 	
0 

Tr 	- 

which, using (11.7) and (11.8) becomes 

N vkls,) 
	d16. ) 	 (11.9) 

Nn  — • (11.6 ) 

The Nusselt number is infinite at s, = 0, and when the temp-
erature field is fully developed the Nusselt number is 
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independent of si; here, as si.-pothe Nusselt number tends 

to the constant value of 3.66. The variation of Nu(st) 

with si  is shown in Fig. 11.2. 
The equation governing the heat transfer in the far 

downstream region in unsteady flow in a curved pipe is (10.55); 
the boundary and initial conditions are (10.56). When D is 
very much less than Rs, as in the experiments of Melrose et 
al, the velocity has the expansion (5.1), and following the 
straight pipe solution, the temperature 5. is written as 

30 (r,A,S,) 	I 4 e. 	trJel) . 	(11.10) 

Thus, at leading order the equation for T is 

Rs  7 (IX00,T) 	If v4.0 1- , _Ly'17 
cr 	cr (11.11a) 

and the boundary conditions are 

T(1,a) 	 (11.11b) 

1 	We are primarily interested in the form of T when Rs  
is large and both 10. and w„, have inviscid core/boundary 
layer structure. It is expected that T will also consist 
of a convection dominated core surrounded by a boundary lay-
er where conduction of heat is important. The thickness of 
the thermal boundary layer will be 0(Rs) (assuming 15- OW 
as 	as for the momentum boundary layers, and for the 
heat transfer to remain finite as RS-.co, the temperature in 
the layer must be 0(11:). If the leading order temperature 
in the core is R7T (r,a), then in order to match to the 
boundary layer we require 

m = 0, 	(11.12a) 
and 	T (1,a) = 0. 	(11.12b) 
The size of the constant y can be determined by examining 
the integral condition arising when (11.11a) is integrated 
around a closed streamline, which for large Rs  is the curve 
+7: qa  = constant. Using the asymptotic result (5.37) for wit, 
and the streamline co-ordinate system of Fig. 5.1, the integral 
condition is 



and provided none of the integrals are identically zero, y 

must be 0(1) as Rs-v-.0. For Rs  large, the expansions for 9(00  

and 1,/,. are (5.7) and (5.29), while for T and y we have 

Rs 	 (r, .0 t R T, 4- • • • 

'Vu 	 +... 	 (11.14) • 

The energy balance (11.7) indicates that the heat trans-
fer to the fluid can be evaluated in one of two ways: by solv-
ing the boundary layer equations and evaluating the temper-
ature gradient at the wall; or by calculating the energy flux 
through the pipe. As the temperature in the core is much 
larger than in the boundary layer, the energy flux through 
the pipe is equal to the energy flux through the core to 
leading order. Thus the leading order temperature field in 

thee core gives sufficient information to evaluate the heat 
transfer. 

The leading order temperature in the core, 10  is found 

by substituting (5.7), (5.29) and (11.14) into (11.11a) and 
equating like powers of Rs. The equation occurring at 0(Rs) 

shows that To  is constant on the streamlines of the secondary 
motion, i.e. 

To — 	(11.15) 

The variation of T. across the streamlines is obtained by 
combining (11.15) with the integral condition (11.13), and 
this gives 

Wo 	 . 	c19 	 ) d1 7 	(11.16) 

where ' denotes differentiation with respect to the argu-
ment. Introducing the circulation ri-10 defined by 

rk•41 = — 	 (11.17) 

and using (5.27) to simplify the left hand side, (11.16) 
becomes 

c 'To  lo  r 	r)' 

Boundary conditions for T. are 



(11.22b) • 
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T. = 0 on 4-= 0 
T. is regular in the cross-section 	(11.19) 

so that yo , T. are the eigenvalues and eigenfunctions of a 
Sturm-Louiville boundary value problem. 

Initially the circulation rk4lwas evaluated numer-

ically by calculating the area inside a closed streamline 

= constant and using the result 

rk-V) 

which is obtained from the general definition of r by noting 
that the vorticity is constant. However it was found that to 

a good approximation, the area inside the closed streamline 

was proportional to the stream function (see Fig. 11.3), so 

that r became 

t+)  = ITZ - m l 
	

(11.20) 

where 	is the value of the stream function at the vortex 
centre. We note that for a uniform vorticity flow in an 

elliptical region, the linear dependence of the circulation 

on 4, expressed by (11.20), is an exact result (see Batchelor, 
1967, p. 539). Substituting (11.20) into (11.17) and using 

the transformation 

we obtain 
(.4  4-2) 	(1,2t; 	= 

chc. 	 5: 

with boundary conditions 

= 0 

T. regular in the cross-section 

(11.22a) 

The Sturm-Louiville problem (11.22) is the same as (11.3) 

so the solution for 1, satisfying the initial condition 

(10.56) can be written down at once as 

11. = % 	N e h e. 	 (11.23) 
where the eigenvalues ye,, and Rh  are linked by 

t6 
= 

0 
(11.24) 
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Also, it is clear that the cup mixing temperature 1....,(st) 

is 

(11.25) rot 	I 
-;ms, 

3 ks) = 	"n0  
Jakob (1949) gives only the first three eigenvalues 

and eigenfunctions; due to the slow convergence of the Fourier 
series (11.22) or (11.24) more eigenvalues are required to get 

sufficient accuracy near the origin s, = 0, so four more were 

evaluated. The eigenfunctions and the quantity on the left 
hand side of (11.5) were evaluated by summing a finite num-
ber of terms. From (11.4b) it is seen that the 4L,. alternate 

in sign so that the error made in truncating the infinite 
series in (11.4) and (11.5) is less than the first term neg-
lected. In the numerical evaluation of R, terms greater than 

10 	were included in the sum, so that Rn  should be in error 

by at most 0(1014  ). However, as the evaluation of the sums 
involved the difference of nearly equal numbers, several sig-
nificant figures were lost, and R, is then accurate to about 

9 significant figures. The zeros of (11.5) were obtained by 
a standard secant method; the left hand side of (11.5) summed 
to less than 16' at the eigenvalues 0,2;. The first 7 values 

for 	N, and lin  are given in Table 6. Also included in 
this table are the eigenvalues calculated by Jones (1971) and 

it is seen that there is good agreement between the two sets 
of eigenvalues. The integrals involved in the definitions of 

lin  and N, were evaluated using Simpson's rule and a step length 

of '/go . 
From (11.25) it is possible to calculate the local Nusselt 

number and the total amount of heat transferred to the fluid. 
The comparison between the latter quantity and the heat trans-
ferred in a straight pipe is best made at the same value 6f 
dimensional distance from the start of the heated region, all 
other quantities being held fixed. When the mean pressure 
gradient in the two pipes is the same,s, for the straight 
pipe (11.2) is the same as s, for the curved pipe for equal 
physical distances along the pipe. Thus using (11.25), (11.7) 
and (11.8) the ratio of heat transferred at equal pressure 



— 	, 
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gradients is 

I + 

where Q,„, is the volume flux ratio as Rs.--,...b from Chapter 5. 

However, if the heat transfer comparison is made for the same 
volume flow rate through the two pipes, equal dimensional 
distances along the straight and curved pipes give s, and 

Qn.s, as the respective non-dimensional distance. Thus 
using (11.7), (11.8) and (11.25) the ratio of heat transfer 

at equal volume flow rates is 

	

e1 + 	m„ 
Rqs,) - 	 (11.27) 

	

t 4.8 14,, 	(/" S' 

' The local Nusselt number for the curved pipe, defined 
using (11.9), is shown plotted against s t  in Fig. 11.2; also 

plotted in Fig. 11.2 is Nu(si) for the straight pipe. When 
Nu is constant, the temperature field is fully developed, 
and in this region Nu is simply related to the first eigen-

value: 

N 	 (3 1  

or 	Nvt ti stvo 	 AS 5, co a (11.28) 

Also, as y,.> 0:1  the distance along the pipe necessary to 
reach the fully developed state is smaller in the curved pipe 
than in the straight pipe. It is interesting to compare the 
Nusselt numbers obtained for small D and large Rs  in an un-
steady flow to those obtained for arbitrary D in steady flow 
in a curved pipe (see Fig. 11.2, results from Akiyama and 
Cheng 1974). It is readily seen that even for moderate D, 
the secondary motion in steady flow in a curved pipe increases 
Nu more than an infinite Rs  for unsteady flow. This is due 
to the nature of the secondary flow: in steady flow in a curved 
pipe the secondary vortex is such that all fluid particles 
spend some time near the wall of the pipe, while in unsteady 
flow at large R5  fluid particles move on almost concentric 
orbits and so remain a fixed distance away from the pipe wall. 

n 	t'S■A) VS frl  CI' 3. I. l• 	11,41-id 	 0"-Lezt 	 r- 	) 

40 evil- SI.40.ni OlASSIZA 	 Lowl-Dar &Mr. 
	

Ste- 	 CVL:e‘ed 	wr.SkotAj  
Araw 	 es . 	4,21 cUci 	 444.- ki 	6.14 	0 VO, 
.11.RA'r ()piny- 	rt 	1%-% t■ 	Lair 	C 	N 	w; tro 

r, 
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In Fig. 11.4 the quantities RF and RG are plotted 

against st . We see that as sc.4.m, RG-.Qrm  and 	and 
as expected RG tends to its asymptotic value more quickly 
than RF. The maximum values of RF and RG occur at s1  = 0, 
but they cannot be determined as the series (11.1) and (11.23) 
are not sufficiently accurate at the origin. However, it 
seems likely that the heat transfer to fluid in a curved pipe 
will be no greater than twice the heat transfer to fluid in 
a straight pipe. Thus our results are not able to explain 
the experimental observations of Melrose et al (1972). At 
the exit of the gas exchanger in Melrose's experiment 

0.005, so when the volume flux is the same, the heat 
transfer should be —1.7 times the heat transfer in a 
straight pipe. The large increases in mass transfer found 
by Melrose et al must be due to effects other than the second- 
ary motion. A possibility is that oscillating the tubes caused 
the cross-section of the pipe to change periodically (as the 
pipe wall was very thin) and so keep the blood well mixed. 
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APPENDIX A  

The method of McConalogue and Srivastava 

In this appendix we seek solutions of (3.38) and (3.40) 

with boundary conditions (3.41) by the method of McConalogue 

and Srivastava (1968). As the problem is symmetrical about 

a = 0,n the stream function, third component of vorticity 

and the axial velocity can be represented by the Fourier series 

=_- 	t°4 en  (r) Si.rtn 

- 7 1X 	= 	 Dr, (r) SinnoC 	, 

WI 	= EJ° 	 E, kr) (-05n ot. , 	 (A.1) 

If the problem is not symmetrical about a = Oln, as in the 

problem governed by (5.3) and (5.2) and (7.2), then the 

Fourier series (7.1) must be used;  for this case the analysis 

follows closely that described below. 

Substituting  (A.1) into the equations of motion and 

equating coefficients of cosna in (3.38) and sinna in (3.40) 

we obtain the following equations 

d 	 d 
ero 	 Ilar 

drt' 	r  dr 

Er%) 	 kr) 

h  l 6h) 	- 0,tr) 

0r 	 Fyar) 	r ) 

	

= c_11- 	2_ d _ 
- 	 r dr 	rz 

and for n 

where (A.2) 

The functions f,, F, and S.„ come from the nonlinear terms 

in the momentum equations and are given by 

	

0 	
(Z 	 ) - 40 

	

dr 	 a, 
s 	

flt 	 ".% + re% 
, a 6 

Thr., 

	

Rs 	[ s  clE", 	0 6 and for -n 1 1 	I 	 — E, 
" dr 



dr dr 

and 	5, 
_ I  14- rn4I I 	r (A.3) •  

needed to evaluate 
(A.6). At r = 0 

WEI 
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In the the summations 

The solutions 
itions (3.141) are 

the following relations have been used 

= -Bn  

D.„ = -D, 

Bc,s- D0  0 

= En 	(A.4) 

of (A.2) satisfying the boundary cond- 

_ 
r r  

EOM = 	to3r
p 
 (Li-0"- o 

r 

uloy.F. du. 

and for 1:1.1 , E,(r) = r n  ir no 
LIL. 

an Tn 
r rc 	du.  

an ^  J
o 

 
(A.5) 

and 

D, kr) = 

°1f 
	• 

u.t 0, C UA + 
0 	 a  

2- 
r 	 akk 

2r . 

▪ r 
 S 

ui (c+S,) 
	

Jr r 

and for n 	, 
- 

Bn- tr.) - — r n r 	LI- au, 
an  

n  

/r 
4- -r— 	u. 

2-n 

D„(r) = 11.1  
2-n 

-m.+1 
F„4-S„) dam. 2_ r 	

„43 kF.,4-S..) 
0 

▪ Ln4-1)r^ n'o 
4-5„) .41A — 2n • k a-r■ r"% jr%) (A.6) 

0 	 •••• 

Derivatives of 
f, etc., can be 
(A.5) and (A.6) 

the Fourier coefficients, 
calculated from (A.5) and 
take the special forms: 

0 
1 

0 	 1 
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Dh1.0 = O 	, n 1 , 

f.(01 1..
dB,  4E. 	_ 40 

1  ;Tr .  dr t r„, 
Leo) -= 7 n7, 1 

and 

Fr. 	= 0 7 v77.1 1 

%LC') = 0 	47. I (A.7) 
In the numerical determination of the Fourier coeff-

icients, the f„, F, and S, are given by their values at dis-

crete points across the interval. The integrals in (A.5) and 

(A.6) are evaluated by fitting a cubic spline function to the 

f, etc. and assuming that the spline adequately represents the 

variation of the functions between the mesh points. To deter-

mine the spline function uniquely on [0,1] it is necessary to 

supply the derivatives of f1, etc. at r = 0 and r = 1, as well 

as the values of the I'm  etc. at the mesh points. After some 

analysis, the slopes of the f, etc. at r = 0 can be shown to 

be given by 

do  dr 

44. = R 	 # diB, 44E, 	as. 
cir 	s  dr ciru 	dr"' dr 	L dr dr2-/ r=0 

	

dr 
	O 	n 2 , 

	

, 	( 	_ ac2,) 0  

	

dr 	 d  

° n 2. 

E.  (cItE-0 _ a  
dr"- 	dr"- I r. o 

aMd 

ciS, 
dr 

eziSh 
dr (A.8) 0 	n om, 2,, 	. 

The slopes at r = 1 are easily obtained by differentiation 

of (A.3). 

In the straight forward iteration technique the values 

of Rs  and D are given together with an initial approximation 
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for the Fourier coefficients. From this initial approx-
imation the f„, F, and S, are evaluated and new estimates 
of the Fourier coefficients obtained from (A.5) and (A.6). 
In the modified iteration technique an initial approx-
imation to the Fourier coefficients, a value for Rs  and the 
value of the axial velocity at r = 0, 3-E0(0) are given. 
From the first relationship in (A.7) an estimate of D is 
given by 

D 	 4 v` 	 — 
Jo 	16 	

. ay. 	'Auk. 	 2- (A.9) 

which is then used in the subsequent calculation of the new 
estimate of the Fourier coefficients. 
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TABLES 



- 125 - 

TABLE 1: The function 	Xl0J‘i) 

(1.1\\ to,y) 
0.0 	4.212 	2.6 	1.107 

0.1 	3.827 	2.8 	1.116 

0.2 	3.474 	3.0 	1.125 

0.3 	3.152 	3.2 	1.134 

0.4 	2.860 	3.4 	1.141 

0.5 	2.596 	3.6 	1.146 

0.6 	2.360 	3.8 	1.150 

0.7 	2.152 	4.0 	1.152 

0.8. 	1.969 	4.5 	1.154 

0.9 	1.809 	5.0 	1.153 

1.0 	1.671 	5.5 	1.152 

1.2 	1.454 	6.0 	1.152 

1.4 	1.303 	6.5 	1.152 

1.6 	1.205 	7.0 	1.151 

1.8 	1.146 	7.5 	-- 
2.0 	1.114 	8.0 

2.2 	1.102 	9.0 	-- 

2.4 	1.102 	10.0 	1.151 
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TABLE 2: Comparison of analytical and numerical 
solutions of (5.2), (5.3) and (7.2) for 

Analytical 

-100(r, 

Rs  = 200 and E = 0.01. 

VI el 

Numerical 	Analytical 

lootn°k)  1 cc=irk 
Numerical 

0.5000 0.5000 	2.000 2.000 
0.4951 0.4951 	2.000 2.000 
0.4801 0.4801 	2.000 2.001 
0.4552 0.4552 	2.000 2.000 
0.4202 0.4202 	2.000 2.000 
0.3753 0.3753 	1.999 1.999 
0.3204 0.3204 	1.996 1.997 
0.2554 0.2554 	1.994 1.994 
0.1804 0.1804 	2.006 2.006 
0.0952 0.0952 	2.057 2.056 
0.0000 0.0000 	2.116 2.116 

w,,,ln Tr) 

Analytical Numerical 
1.0000 1.0000 
0.9901 0.9899 
0.9602 0.9598 
0.9103 0.9097 
0.8405 0.8395 
0.7506 0.7494 
0.6408 0.6392 
0.5109 0.5092 
0.3606 0.3595 
0.1901 0.1899 
0.0000 0.0000 
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TABLE 3: Comparison of flux ratios with McConalogue 
and Srivastava (1968) and Collins and 
Dennis (1975). 

Dean 
number 

• FLUX 	RATIO 

Present 
calculations 

McConalogue and 
Srivastava 

Collins and 
Dennis 

10 0.9876 0.987 

20 0.9217 0.921 
30 0.8598 0.861 

40 0.8153 0.815 

50 0.7821 0.781 0.787 
60 0.7555 0.751 
70 0.7335 0.729 
100 0.6807 0.681 

200 0.5760 0.570 

400 0.4794 0.481 
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TABLE 4: The functions )1:,;ty)and iky) 

3 -)::,() -VW X0111 -xAsi) 

0.0 -1.0000 1.0000 1.000 1.000 

0.1 -0.8610 0.9432 0.878 -- 

0.2 -0.7273 0.8836 0.761 -- 

0.3 -0.6063 0.8263 0.656 -- 

0.4 -0.4970 0.7698 0.563 -- 

0.5 -0.3999 0.7145 0.482 -- 

0.6 -0.3148 0.6607 0.412 -- 

0.7 -0.2412 0.6086 0.353 -- 

0.8 -0.1785 0.5584 0.304 -- 

0.9 -0.1258 0.5102 0.264 -- 

1.0 -0.0821 0.4644 0.233 -- 

1.1 -0.0466 0.4210 0.208 -- 

1.2 -0.0183 0.3800 0.190 -- 

1.3 0.0037 0.3416 0.178 -- 

1.4 0.0204 0.3057 0.170 -- 

1.5 0.0325 0.2725 0.165 

1.6 0.0408 0.2418 0.163 -- 

1.7 0.0460 0.2136 0.164 -- 

1.8 0.0487 0.1879 0.166 -- 

1.9 0.0494 0.1645 0.170 -- 

2.0 0.0486 0.1434 0.174 -- 

2.1 0.0469 0.1244 0.178 -- 

2.2 0.0440 0.1075 0.183 -- 

2.3 0.0408 0.0924 0.188 -- 

2.4 0.0373 0.0791 0.192 -- 
2.5 0.0336 0.0674 0.196 1.000 

2.6 0.0300 0.0572 0.200 0.999 

2.7 0.0265 0.0482 0.204 -- 

2.8 0.0232 0.0405 0.207 -- 

2.9 0.0202 0.0339 0.209 -- 

3.0 0.0174 0.0282 0.211 -- 

3.1 0.0148 0.0233 0.213 -- 

3.2 0.0126 0.0192 0.214 -- 

3.3 0.0106 0.0158 0.215 -- 



- 129 - 

-XtN) -XW Xol) -).,(b) 

4
'  111

  l.C)  C
`  C

O
 ON  0

  
r-I  C

V  
K

\  
4
  
L

s
\ 1/4

0
 N-
 c0
 ON

  
0
  

ri  C
V

 K1  4
 lf

1
  lD

  C
•- C

O
 Q\  0

  
. 	

• 	
• 	

• 	
• 	

• 	
• 	

• 	
• 	

• 	
• 	

• 	
• 	

• 	
• 	

• 	
• 	

• 	
• 	

• 	
• 	

• 	
• 	

• 	
• 	

• 	
11 

K1  K
  \  K

l  K
1
 K

1
  K

1
  

4
-  

4
-  

4
-  

4
-  

4
-  

4
-  

4
-  

4
-  

4
-  

4
-  

L
A

 L
A

 L
A

 L
A

 111
  L

(\
 LA

 L A
 L(\

 L
A

 t0
 

0.0088 0.0129 0.216 0.999 

0.0073 0.0104 0.217 -- 

0.0060 0.0084 0.217 -- 

0.0050 0.0068 -- -- 

0.0040 0.0054 -- -- 

0.0033 0.0043 -- -- 

0.0026 0.0034 -- --  

0.0021  0.0027 0.217 -- 
0.0017 0.0021 0.216 -- 

0.0013 0.0017 -- -- 

0.0010 0.0013 -- -- 

0.0008 0.0010 -- -- 

0.0006 0.0008 -- -- 
0.0005 0.0006 0.216 -- 

0.0004 0.0004 0.215 -- 
0.0003 0.0003 -- -- 

0.0002 0.0002 -- -- 
0.0002 0.0002 -- __ 

0.0001 0.0001 -- -- 

0.0001 0.0001 -- -- 
0.0001 0.0001 -- -- 

0.0000 0.0000 -- -- 

0.0000 0.0000 0.215 -- 

0.0000 0.0000 0.214 -- 

0.0000  0.0000 0.214 0.999 
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TABLE 5: Parameters describing experiments of 
Melrose et al (1972) and Tanishita 
et al (1976). 

Parameter Melrose et al Tanishita et al 

0.00133 

0.11 (min) 

4.3 (max) 

0.067 to 0.25 

0. 28 

15 to 60 
(estimated) 

Not available 860 (max) 

5 

D 

Rs  
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TABLE 6: Eigenvalues and Fourier coefficients from 
the heat transfer calculation. 

n 132„ Y.,. N, -M, Jones (1971). 

0 7.31358 47.9680 -1.476 0.819 7.31358 

1 44.6095 292.582 0.806 0.0975 44.6096 

2 113.921 747.180 -0.589 0.0325 113.921 

3 215.240 1411.71 0.476 0.0154 215.240 

4 348.564 2286.15 -0.405 0.00879 348.564 

5 513.890 3370.48 0.356 0.00558 513.888 

6 711.333 4665.46 -0.320 0.00383 711.216 
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FIGURES 
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Fig. 2.1: The (rt,a,0) co-ordinate system for the curved pipe.' 
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Fig. 5.1: The co—ordinate system for the boundary 
layers on the axis of symmetry. 

rig. 5.2: The streamline co—ordinate system. 



n/2 

Fig. 5.3: Axial velocity gradient at r=1, from solution of (5.2), (5.3) 

and (7.4). 
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Fig. 7.1: The third component of vorticity on a=7/2. 
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NOF = 12 	 —0.0483 
NR = 11 	 Mom = 0.853.  

Fig. -7.3 	Rs  = 50 



- 139 - 

NOF = 12 
NR = 11 

. 70.0487' 
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Fig. 7.4 	R.5  = 100 

• 
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Fig. ?.5 	R5  = 150 
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NOF = 12 	 = —0.0500 
NR = 11 	 f 	- 0.482 

Fig. 7.6 — R 	200 s — 
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NOF = 12 	-0.0506 
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Fig..7.7 
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Fig. •7.8 
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Fig. 7.9 Rs  = 1,000 
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NOF = 24 
	 100, —0.0528 

NR = 33 	 = 0.430 

Fig. 7.10 	Rs  = 1,400 
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NOF = 24 
	"Cm= —0.0530' 

.NR =3 	wlOre. = 0.426 

Fig. 7.11 
	Rs = 1,800 
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Fig. 7.12: Superposition of streamlines and axial velocity 

contours at R$ = 1,800. Lighter lines are stream-

lines. 
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Fig. 7.13: The flux ratio; Qr  from numerical solution of (5.2), (5.3) and (7.4). 
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Fig. 7.14: Flux ratio from numerical solution of (3.38), (3.40) and (7.4). 
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Fig. 7.15: Flux ratio Qr  from numerical solution of (3.38), (3.40) and C7.4).  



1 
•••. 

•■■•• 

1  

--R 0 
X Rs = 100 

4 Rs  . 125 	. 
0 Calculated using modified 

iteration scheme. 
+Rs  = 150 

1.0 

0.8 

+ 
•••• 

0.7 

0.6 

20 	40 	60 	80 	100. 	120 

x 

Fig. 7.16: Flux ratio from numerical solution of (3.38), (3.40) and (7.4). 
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NOF = 12 	 = :O. 
NR = 11 	 = —0.0440 
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Fig. .7.17 	Rs  = 30, D = 5 
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NOF = 12 lOrf Ly. 0• 

NR 	= 11 = —0.0315 . 
= 1.78 

Fig. 7.18 
	Rs  = 30, D = 10 
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NOF = 12 
NR = 11 
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Fig. 7.19 	Rs  = 30, D = 11.87 
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Fig. 7.20 	Rs  = 30, D = 11.93 
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NOF = 12 
	'1„,„„„, = 0.0159 

NR = 11 	= —0.0180. 
w,,„ 	2.72 

Fig. 7.21 	Rs  = 30, D = 15 
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Fig. 7.22 	Rs  = 30, D .20 



— 158 — 

NOF = 12 
NR = 11 

= O. 
. —0.0456 
= 0.882 

Fig. 2.23 	Rs  = 75, D = 10 
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Fig. 7.24 	Rs  = 75, D = 20 
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Fig. 7.27 	Rs  = 75, D = 30 
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Fig. 7.28 	Rz  = 100, D = 28 
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NOF = 12 = 0.00397 
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Fig. 7.32 	= 100, D = 29.5 
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'Fig. 7.33 	Rs  = 100, D = 28.3 
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Fig. 7.34 
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Fig. 7.35 	Rs  = 100, D = 31 
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Fig. .7.36 	R5  = 100, D = 40 
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Fig. 7.40 	Rs  = 150, D = 68.5 c Lower bro-vtelet 
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	Rs  = 150, D = 235 ( Low 



— 181— 

NOF = 18 
NR = 11 

0.0187 
—0.0148.  
2.96 
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Fig. 8.2: Postulated region of non-unique solutions for 

(3.38), (5.40) and (7.4). 
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Fig. 11.1: Experimental apparatus of Melrose et al (1972). 
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Fig. 11.2: Nusselt number for straight  and. curved pipes at 
same pressure gradient. 
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Fig. 11.3: Area enclosed by a streamline 1 = constant as a function 

of the stream function. 
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Fig. 11.4: Ratio of heat transfer in a curved pipe to that obtained in the 

same length of straight pipe. 


