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ABSTRACT

In recent years great interest has been shown in
Time-Frequency Coded Spread-Spectrum Systems and particular-
ly in the possibility of employing them as Multiple—Access

Communication Systems.

The performance of such systems is 1limited by other
users” interference and by mnoise. The effect of other
users' interference can be partly overcome by successfully
selecting the address of each user and by designing a suit-
able combiner for the receiver. In this thesis
Time—Frequeﬁcy Coded Systems that employ Einarsson's
addressing scheme and a hard-limited combiner are studied in

detail.

The system is first considered to operate in the syn-—
chronous mode and an exact expression for the word—error
probability is derived. The probability distribution of the
number of occupied time—frequency chips is found and an
operational signal-to-noise ratio based on the average
number of occupied chips is derived. This is shown to yield
; useful design aid when used in conmjunction with the exact

expresssion for the word-error probability.



Since in practice synchron{zation is often difficult,
the asynchronous (non—synchronous) operation of the
Time-Frequency Coded system is studied and amn exact expres-—
sion for the error probability is derived. This expression
is, however, difficult to evaluate and three easily comput-
able upper bounds are derived. The tightest bound is shown
to be very close to the exact value of the word-error proba-—
bility, and the ofher bounds, although more loose, are
sufficiently tight to be of value. All three bounds are

tighter than any other known correct bound.

The effect of channel impairments is also studied in
detail and an upper bound, which is significantly tighter
than all previously known bounds, is derived for the system

operating in the presence of noise.

In a new approach to the operation of Time—-Frequency
Coded systems the use of simple repetition codes and the Tuse
of a (7,4) cyclic code is considered. The performance ,Of
these systems operating in a variety of channel impairments
is considered and compared with that of Einarsson’s basic
scheme. The comparison of the systems’ performance is made
both in terms of theoretical <calculations and through a
simulation of the various systems. The new coding schemes
are shown to have performance advantages as compared with

the basic Einarsson system. Finally, the effect on the per—



formance of a Time-Frequency Coded system of interference
resulting from 1like Time-Frequency Coded Systems is exam-—

ined.
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1.1 INTRODUCTION

Spread Spectrum Systems, such as Direct-Sequence Sys-—
tems and Frequency-Hopped Systems, were originally developed
in connection with military communication in which secrecy
and the ability to handle high levels of interference (jam-
ming) are of paramount importanceFE]The advantages of these
systems stem from the fact that in order for a receiver to
decode a message correctly, it 1is necesséry to know, or to
be able to derive, information about the mapping operations
involved at the transmitter. For example, in the case of
frequency-hopping it is mnecessary for the receiver to be
aware of the sequences of frequencies used and for proper
synchronization to be obtained. In order to effect jamming
the source of the interference must either provide blanket
interference over the entire transmission bandwidth or it
must have knowledge of the particular frequencies involved
at any time if a narrower band of interfering signal is to

be employed.

Following the early development of military systems it
became apparent that Spread-Spectrum Systems could be
employed in Multiple—Access communication systems, and
thereby fulfil a role conventionally filled by

Frequency-Division Multiple—Access (FDMA) and Time-Division
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Multiple—Access (TDMA) systems.

Another important area in which Spread—-Spectrum Systems
might be of value is in connection with the question of mak-—
ing more efficient use of limited communication bandwidth.
At first sight, this possible application appears to be con-
tradictory to the large bandwidth requirements associated
with Spread-Spectrum Systems. In recent years there has
been increasing demand for communication capacity so that
new services can be accommodated. Two ways in which this
demand might be met are:

(i) To use higher frequencies;
(ii) To reduce the bandwidh required by services through the
use of sophisticated signal-processing techniques, such as

bandwidth compression etc.

The use of higher frequencies imn the spectrum may pro-—
vide only a temporary solution on the grounds of limited
available bandwidth and the fact that at high frequencies
equipment complexity and associated costs may render its use
non-economic., Likewise, the use.of signal processing in the
form of data (bandwidth) compression, can yield only a par-—
tial solution to the problem since the per wuser bandwidth
cannot be reduced beyond a certain value. The third possi-
bility is the employment of Spread-Spectrum Systems not as

replacements for existing communication systems but rather

13



as a second layer of systems that share the same bandwidth

with those already in operation.

The earliest Spread-Spectrum System known to the author
is the Random Access Discrete Address system (RADA). In the
original form of the system each user has a time—frequency
coded address and marks/spaces (1's or 0's) are transmitted
by the respective transmission/non-transmission of the
address. Improvements and generalizations to the RADA sys—
tem were reported by Chesler [2] and Sommer [3]. Chesler’s
method was particularly interesting in that it pointed to
subsequent developments in the field. Briefly, each user is
allocated a total of m distinct addresses. Each address
serves as an element in the alphabet that the user selects
from in order to transmit information. As far as a particu-
lar user is concerned, therefore, the system is an M-ary
system, Each address consists of a particular fixed k
pulses selected from a frequency—-time matrix of N pulses.
The receiver decides that a particular address (alphabet
element) has been transmitted when the particular k pulses

associated with that address are received.

The performance of a channel randomly accessed by M
users was studied by Cohen et al [4]. He described an asyn-
chronous orthogonal-coding multiple—access system with

ON-OFF signalling and neglected all sources of noise except
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for other users'’ interference. As possible areas of appli-
cation he suggested:

(i) any 1line-of-sight communication network with high
signal—-to-noise ratio and negligible fading and multipath;
(ii) any hard-wired network with sufficient bandwidth;and
(iii) linear satellite repeaters.

This work was extended by Viterbi [5]. In his paper Viterbi
describes a frequency-hopping (FH) system‘suitable for use
in a processing satellite transponder for multiple-—access by
low—rate mobile users. In order to provide multiple-—access
Viterbi suggested that the total available one—way bandwidth
be divided into Q frequency—slots (channels), each of which
may be randomly accessed by any ome of M users. The opera-
tion of the transmitter is outlined in Fig.l.1l. The mtkuser

has a K-bit input buffer and may, thus, transmit any omne of

K
2 messages with equal probability. The modulation method

employed is MFSK and so QQZF'channels are required. The
1§h user is allocated an address, ie. a pseudo-random
sequence Em-of L frequencies. The address
aﬂf:<QWm;CEM1r~wC%mL> is such that each a_ . i=1,2,..,L is an

independent random integer number in the range [0,Q-1]. The
message Kmis combined with the pseudo—random address accord-

ing to the equation:

\I/,M = C_lm-l- X,m:—[ (\,l}

where the addition is modulo-Q. The transmission of X, thus

15



takes place using L different channels so frequency diversi-
ty is thereby achieved. At the the receiver, the message
Xm?s recovered by simple modulo—Q subtraction of the address
E&nfrom the received vector:? . Since one or more users
may select the same channel simultaneously, the performance
in the absence of noise is limited by other users’ interfer-
ence. It is interesting that frequency-hopping, as
described above, is the dual of time-interleaving in the
frequency—domain. Conteﬁporary with [5] was the work of
Cooper and Nettleton [6] in which a FH scheme was proposed
for use in multiple—access Mobile Communication. The basic
idea of the Cooper and Nettleton scheme is shown in Fig.1l.2.
Any given user out 6f.the set or group of users is assigned
an addressing sequence of N different frequencies each last-—
ing tl=T/N sec. The entire bandwidth is available for the
frequencies of the addressing sequence used by each wuser.
Clearly, it is required that the sets of sequences used
differ sufficiently from one another. The information to be
transmitted by any given user is imposed on his addressing
sequence as follows. The incoming binary data £ill an input
buffer of 1length logZN, thus forming any one of N possible
messages with equal probability. To each of these messages
the word-selector assigns one of N orthogonal words using,
for example, the rows of an N by N Hadamard matrix. Thus
logZN information bits are encoded as N binary digits and

th
the coding scheme thus has rate of logLN/N. The .Q code bit
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th
({=1,2,..,N) modulates the {4 carrier in the address of any

given user by differentially shifting its phase (DPSK) with
respect to the phase of the corresponding carrier frequency
of the previous logZN bits. So if a binary 0 is to be
th
transmitted in the L time-slot the phase of the carrier
frequency in that time—slot is shifted by 1 relative to the
ih
phase of the £ time-slot of the previous sequence. If a

binary I is to be transmitted no phase—shift takes place.

The rate of transmission of information of this scheme 1is

R = Lo%zN/N (5(43 /Sec/USEY)

At the receiver the -{H\modulated carrier, £=1,2,..,L is
delayed by (N-1)¢;sec so that all carriers will be processed
simultaneously (in parallel). The output of the '{& product
detector is low-pass filtered to remove the second-harmonic
terms and then compared with a threshold. The decisiomns d{,
£=1,2,..,L are fed into a combiner circuit, the kHLoutput of

which is
N
ck__l(Zl,Lk
=]

. th th
where hkﬁ is the ﬂ bit of the ¥ code-word. In the absence

of impairments when the kglword is transmitted the ku1output

.d
£t

of the combiner is positive and the remaining N-1 are zero.
Finally, the decoder produces the block of logZN bits that

th
corresponds to the k code-word.
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A variation of the scheme described by Viterbi [5] was
developed by Goodman et al [7] with a view to applying it in
Mobile Radio communications. Goodman's variation consisted
of a modification of the addressing scheme of Viterbi.
Comparing the modified Viterbi scheme and the scheme pro-—
posed by Cooper and Nettleton, Goodman showed that the MFSK
system had a significant advantage over the DPSK system of
Cooper and Nettleton in that for the same number of users
the error-probability was lower. The analysis of the com—
parison of the ©DPSK and MFSK schemes was taken further by
Yue [8],[9]1,[10] who found that the number of users that can
be accommodated depends not only on the modulation method
but also on the receiver combiner.‘ Prior to the analysis by
Yue it had been assumed that the interference caused by
other users could be modelled as a Gaussian process and that
a linear combiner should, therefore, be used. Yue, however,
showed‘that the use of a Gaussian model was not justified
and from a consideration of the statistics associated with
the actual operation of the system he argued that a
non—linear combiner should be used. Further, he considered
the use of linear, hard-limited, and optimum non-linear com-—
biners and demonstrated that the performance of the linear
combiner is poor as compared with the optimum non-linear
combiner and also with that of the hard-limited combiner.
In these cases in which additive Gaussian noise 1is present

at a significantly higher level than the interference aris-—
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ing from other wusers, the composite interference is
essentially gaussian in nature and the use of a linear com-—
biner, rather than a non-linear device, gives rise to a
lower error—probability with the result that an increased
number of users ;an be employed with a linear rather than a
non—-linear combiner. Yue'’s optimum non—-linear combiner was
shown to perform better than the simpler hard-limited com-—
biner but considerations such as the cost and ease of
implementation suggest the use of a hard-limited combiner
rather than the optimum combiner in other than exceptional

circumstances.

From what has been said above it 1is clear that
interference from other users not only limits the perfor-—
mance of the system, but also influences the choice and the
design of the receiver as well. Interference froonther
users arises whenever two, or more, users require (occupy)
the same frequency channel simultaneously. It is clear that
any addressing scheme should have the property that

simultaneous use of frequency channels by more than one
users is reduced to a minimum. It was suggested by Viterbi
[5] that the components of the address of any given user be
randomly selected (Random Addressing — RA). Although this
is a satisfactory method when a large number of channels are
involved relative to the number of users, it does, however,

give rise to significant interference when the number of
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channels becomes comparable with the number of users. In
[7] the components of the address of the m user were taken

to be:

C—lm=('m,mu,..,. , (rm+(_-l)Q> (127

where ('%l denotes modulo—Q, and Q is the number of chan-
nels. Although such an addressing scheme yields Q
orthogonal vectors (hence FH signals), when a systeh
operates in synchromous mode, that is, when frame synchron-—
ism 1is maintained, it does, however, suffer from the
disadvantage that a large level of interference occurs when
the system operates in asynchronous mode. The question of
addressing was céEidered further by Einarsson [11] and using
the algebra of Galois Fields he derived an addressing scheme
which is optimum, that is, has minimum interference for both
the synchronous and asynchronous modes of operation,
Although the presence of interference between users general-
ly 1leads to a reduction in system performance, and
consequently major effort has been made to reduce the le;el
of such interference, an alternative approach is possible.
Haskell [12] and Timor [13], in an effort to make use of any
interference present, have developed an algorithm that uses
all the information available at the receiver in order to
reduce the probability of error, or equivalently, increase

the number of users that can be accommodated by the system.
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1.2 AIMS OF THE THESIS

This thesis is concerned with the performance of Fre-
quency-Hopping Spread-Spectrum Systems when they are
employed and operate in a multiple—access mode. At present,
difficulty exists in any attempt to determine the perfor-—
mance of such systems. For example, the only estimators
that are available are in the form of upper bounds on the
error—-probability. These bounds suffer from certain serious
disadvantages. In the case of synchronous systems the
bounds are so loose so as to be of littlev real value. In
the case of asynchronous operation the only known bound is
loose and, as will be shown in the thesis, 1is incorrect.
The question of estimating the performance of Time—Frequency
Coded Spread-Spectrum Systems (TFCSSS) using Einarsson's
optimum addressing scheme is considered in Chapters 2 and 3
of the thesis., Chapter 2 1is concerned with synchronous
operation and Chapter 3 with asynchronous operation. In
Chapter 2 an exact expression for the word-error probability
is derived and this is shown to be relatively easy to com-—
pute. The operation of Time-Frequency Coded Spread-Spectrum
Systems (TFCSSS) using the Einarsson addressing scheme has
been simulated and the performance of such systems has been
compared with results derived using the exact expression
that has been obtained for the error probability. They are

shown to be in excellent agreement. The results obtained

21



also indicate that the actual performance of a TFCSSS
operating in synchronous mode is approximately an order of
magnituée better than is suggested by Einarsson’'s Pw2 and

Pw3 upper bounds [11].

In Chapter 2, in addition to considering the question
of the error probability of the system, consideration is
also given tp questions relating to the design of TFCSSSs.
In particular a new relationship is derived for the average
transmitter power as a function of the number of available
channels and the number of users on the system. The rela-
tionship applies to the base—to-mobile case and 1is of
practical importance, since it enables a system designer,
through the exact relationship that has been derived for the
error probability, to determine for a given average
transmitter power, the range of values of number of channels
and Fhe number of users that can have a specified error pro-

bability.

In Chapter 3 the asynchronous operation of TFCSSS using
Einarsson’'s addresssing scheme is considered and here again
an exact expression is derived for the word—error probabili-
ty of the system. This expression is, however, shown to be
very difficult to evaluate even with modern computational
tools. In view of this three easily computable upper bounds

are derived in the chapter. A simulation of asynchronous
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systems has been carried out and from this it is seen that
the three bounds are all tight, even the weakest which is
the most easily computable. The results presented in the
chapter show that the tightest bound is almost an exact
estimate of the true word-error probability of the system.
Also in the chapter, in the course of deriving the bounds
some consideration is given to the bound developed by

Einarsson [11] and this is shown to be incorrect.

In Chapter 3 some consideration is also given to the
question of the relative performance of the Einarsson scheme
and the RA scheme pr0posea by Viterbi [5]. The comparison
applies to both the synchronous and the asynchronous case.
It is shown that as the number of frequency channels
increases with respect to the number of time-—slots, the per-—
formance of Viterbi'§ scheme approaches and becomes

equivalent to that of the Einarsson scheme.

The operation of TFCSSS in the presence of both other
users' interference and various forms of channel impairments
and noise is a matter of considerable practical importance.
Consideration of this aspect is taken up in Chapter 4 where
the operation in the presence of various combinations of
additive gaussian noise, and Rayleigh channel fading is con-—
sidered. A new theoreticalv upper bound to system

performance is derived in terms of false alarm and deletion

23



probabilities. The bound is shown to be tighter than a sim-
ilar bound that has been derived by Einarsson [16] and
simulation results are presented from which the tightness of
the bound can be seen, particularly at low signal-to-noise
ratios. It is shown that the bound under these conditions
is very <close to the system error probability, unlike the
Einarsson bound [16] which becomes increasingly poor in this

region.

In considering the operation of base—to-mobile systems
in the presence of both other users' interference and noise
and channel impairments four versions of the operation of
the transmitter are considered. In the first version the
power that is transmitted within an occupied frequency—time
chip is assumed to be fixed irrespective of how many users
occupy the chip. In the second version the situation is
considered in which the transmitted voltage within the chip
is taken as being proportional to the number of users occu—
pying the <chip, that is, the transmitted power is taken as
being proportional to the square of the number of users
occupying the chip. In the third version the transmitted
power per chip is made proportional to the number of users
occupying the chip. In the fourth version the system is
assumed to operate as in Version I but with the power per
chip increased so that the average transmitter power is

equal to that of Version II. The results obtained in the
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chapter show that if the possibility of using an increased
transmitter power exists them it is better to increase the
power per transmission chip to a higher level and keep it
constant irrespective of the number of users occupying the
chip, rather than to use a power level that increases with

the number of users occupying the chip.

Spread-Spectrum Systems may be visualized as a class of
encoders through which the information to be transmitted is
encoded in such a way so as to occupy a bandwidth many times
wider than that normally required for the direct uncoded
transmission of the data. For example, in the TFCSSS intro-
duced by Viterbi [5] and consequently modified and improved
by Goodman [7] and Einarsson [11], for each user K informa-—
tion bits at a time are taken from a K-bit input buffer and
used to select one of 2K possible distinct symbols. The
selected symbol is then combined with an L-symbol address
word which is then used to gemerate an MFSK signal consist;
ing of L different frequency carriers. In this way the
original K-bit information word can be considered as being
encoded into L positions (chips) on a frequency-time matrix.
Since each entry can appear in any one of theQ},ZK frequency
channels, the bandwidth available to each user is Q times
larger than that usually required for uncoded transmission
of the baseband signal. Since with this system the symbol

representing the K-bit word is effectively transmitted L
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times, it follows that the rate of transmission of informa-—

tion is K bits/L time-slots (K/L bits per chip).

In Chapter 5 two new alﬁernatives are presented in
which 2K frequency—slots are distributed among a number of
users {(usually 2% ) and the performance of the mnew systems
is compared with that of the MFSK-FH system employing
Einarsson's addressing scheme. The schemes are put forward
with a view to making more efficient use of existing
bandwidth. In the first scheme a simple (3,1) repetition
code is used and in the second scheme the simple (7,4) cycl-
ic Hamming code is used. With these coding schemes the

effective transmission rates are 1/3 and 4/7 respectively.

In the scheme in which the (3,1) repetition code is
used, each K-bit information word is encoded into a 3K-bit
code—word by simply repeating each K-bit word twice. The
stream of 3K code-bits is then transmitted through the chan-
nel. Each code—digit is sent either as a burst of frequency
or as the absence of such a burst, just as in the schemes
proposed by Viterbi, Goodman etc. At the transmitter a pro-—
tocol is adopted so that with respect to the transmission of
each bit of the 3K digits comprising the code—-word, when m
users are involved and m frequency channels are employed,
each user occupies a different frequency slot, and the fre-

quency—slot occupied by a given user changes from one of his
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bits to the next. The changing pattern of frequencies as
described with respect to each user is to mitigate against
frequency selective fading or burst noise. With the (7,4)
cfclic code, each 4-bit information word is cyclically
encoded into a 7-bit code word and the stream of‘ code bits
is transmitted with ON-OFF signalling in a similar manner to
that adopted with the (3,1) coded scheme. The results con— .
tained in Chapter 5 indicate that both of the coded schemes
have a performance which is superior to that of the Einars-—
son scheme. The basic reason for the improved performance
of the coded systems is that with random addressing schemes,
such as that of Einarsson, the presence of other users’
interference is a cause of severe limitation in respect of
performance. The extent to which the TFCSSS with
Einarsson’s addressing scheme is inferior to the simple
(3,1) and (7,4) coded systems is examined in detail in
Chapter 5, where simulation results are given for operatiomns
in the presence of combinations of additive gaussian noise

and Rayleigh fading.

It has been suggested in the 1literature [7] that a
TFCSSS may be of importance in Mobile Radio Communication as
a multiple—access scheme. One important aspect relative to
this application is investigated in Chapter 6. At present,
in mobile radio systems, it is current practice to assign

two entirely different sets of frequencies to two neighbour-
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ing areas (cells) so that co—channel interference will be
avoided. In Chapter 6 the possibility of assigning to two
neighbouring areas two sets of Q@ frequencies, such that they
have a certain subset of B frequency channels in common, is
examined. With regard to the performance of TFCSSS operat-
ing with a number of common frequency channels, it is shown
in the chapter that the performance of such systems,
although inferior to that of a stand—alone system, is not
dramatically different, and hence such systems may have
advantages in certain applications where economy of
bandwidth is of major importance. In the chapter the worst
case situation, in which the entries in the frequency-time
matrix of the local area are of the same power as those due
to the interfering area, is studied. Simulation results are
presented and a new theoretical upper—-bound to the error
probability 1is derived. This bound is shown to be very

tight.

In the final chapter, Chapter 7, the main results con-—

tained in this thesis are summarized and some suggestions

are made for future work.
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CHAPTER 2
SOME FURTHER RESULTS ON THE PERFORMANCE OF

TIME-FREQUENCY CODED SPREAD-SPECTRUM SYSTEMS
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2.1 INTRODUCTION

The history of the development of TFCSSS was set out in
the previous chapter and it was pointed out that optimum
addressing schemes have been developed by Einarsson, for
both the synchronous and asynchronous modes of operation.
It was also explained that with regard to schemes based on
the Einarsson addressing technique the only information
available in respect of system performance was in the form

of upper bounds to the word—error probability.

In this chapter TFCSSS systems using Einarsson's
addressing schemeé and operating in synchronous mode are con-—
sidered. An exactl expression is derived for the error
probability and the results obtained are compared with the
results of a computer simulation of- the system and with
Einarsson’'s PW2 and PW3 upper bounds. It is shown that the
theoretical results obtained agree with the simulation
results and that they are roughly an order of magnitude
smaller than the upper bounds. Also, a relationship is
derived for the average transmitter power in the
base—to-mobile case. This relationship is in the form of a

function of the number of available channels and the number

In Chapter 3 the asynchronous (mon—synchronous) operation of
frequency-hopped systems of the type proposed by Eimarsson

is considered in detail.

[&]
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of users on the system. The relationship 1is of practiéal
importance since it enables a system designer,through the
exact relationship that has been derived for the error pro-
bability to determine,for a given average transmitter power,
the range of values of number of channels and number of
users that can be on the system whilst maintaining a speci-

fied system word—error probability.
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2.2. DESCRIPTION OF EINARSSON'S SYNCHRONOUS ADDRESSING

SCHEME

In general the system supports M users, each of which
is assigned an address a =(a_ ,2 ,.....,a ). The address
m m o m2 mLl
is a set of L tones each T sec long,chosen in a specified
order among the Q available tomes, where Q is a prime numberxr
or power of a prime number. Each user sends, in a period
™ K .
of LT sec, a message f}nselected from a set of 2 K-bit mes-
K
sages XO,X seeessX e 5, 2 £Q, The information bearing
l -
message is sent by modulating (changing) the address of the
user up and down in frequency in a cyclic fashion. Thus in

h

) ¢ -
order to send the message i?‘the m user sends Xm where

—
— a—

Y= O+ Xi -l wmod-Q (2.1)

(™)

"yjm: Cu. +><L mod—& .Fgr J:l,z,..‘L (22)

This operation is depicted in Fig2.1 for Q=7, L=4,

a =(1,3,2,6) and X =3. In the system described , each
i .

transmitted message X conveys K¢ bits of information and
§

results in an information rate R per user where

R. K /L% o (23

Each receiving user obtains a Q by L frequency—-time matrix,

which contains occupied chips due to transmissions intended
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for him as well as other wusers' traﬁsmissions and noise.
The user proceeds by subtracting his address (mod—Q) thus
redistributing the occupied chips in the ﬁatrix so that the
transmitted message X{intended for him appears as a complete
row in the matrix while the other users’ transmissions and
the noise are dispersed. Einarsson [11] considered the
errors arising from the interference caused by other users
in the absénce of noise and the same situation is considered
in this chapter. The system’s impairment.is caused by other
users accidentally giving rise to the formation of a full
.row, or a number of full rows, in the decoded.matrix of the
given user. That user is then uncertain as to which row
corresponds to the desired message and which are false rows.
In the process of making a choice errors may occur.
Einarsson studied this system and developed an algebraic
method for assigning th; address that allows any two mes-—
sages.to coincide in at most ome chip. This method 1is to

let the address Empf the mﬂ‘user be given by

&mz(;gm,z;m?,,...,5m.pl"\> (2.4)

where 5’ is an element of the Galois Field GF(Q) and is a
m

fixed primitive element. The maximum number of addresses is
.equal to Q and the maximum valwe of L is -equal to @Q-1.
Einarsson developed a series of nupper bounds on the

word—error probability , Pw, of this system. He derived a

bound denoted by PW2 where

P - (G-1). LEDC12)e () 23
&



and an alternative bound PW3 '‘given by

L=t s
M-k-)
PP (@) T ] =02 1) (26)
w N wd Q-k

k=0 _
In the next section an exact derivation of the error proba-
bility will ©be presented and compared with a computer
simulation of the system. From these results it will be
seen that Einarsson’s Pw2 and Pw3 upper boundsare in fact
loose. The results obtained show that the exact error pro-—

bability is approximately an order of magnitude below

Einarsson’'s bounds.

2.3 ERROR PROBABILITY IN SYNCHRONOUS OPERATION

An exact expression for the word—error probability will

now be derived. The probability P of forming & false full
WA O Fruea Adnanne !l wa Has ‘,’\'M%— - {-fe-\'iue»cus vuorhr i x
rowy'is given below ~

Pz P(1,20)-P(I,#0|T,20)...P(1#0|1 #0,..,I__#0)

L=t

th
where I is the number of interferers occupying the %k chip

k
in that false full row.

The following derivation rests upon finding an exact

expression for all the <conditional probability terms in

equation (2.7).

36 )

(2.7)



First consider P(I #0) which is given by:
M-1

P(1,20)= 2 P(1,=v)
M=l

The probability P(Il=\:), that there are v, interferers in

the first cell of the false full row is given by

P (D)) e

where M-1 is the total number of possible interferers.

o
t#9-) () -5 e

The first two terms of (2.7) may be written as

P(LF’O)*F( Iz#o[IlF-‘o):Z P( Il=V,>oP(IZ#Ol T_,ev‘) (2.10)

M=l

when I‘=V;on1y M-l—% interferers may contribute to IZ’ hence

Przel 1 -v)=1-(1- &)

Q-1

M=1=\

(2.11)

and therefore
M-

In general, the jﬂzchip of the false full row may be occupied
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J-t
by any number of M—l-Z}ﬁ interferers each having access to
;:’ .
Q-(j-1) cells.Thus )7
M-1- 7N

P(1i#o|Tr0,. ., L #0)= 1-(1- 52m)) " (2m)

and therefore

M- M-1-V, M-1- ZV\

M=l \p=| \ﬁ4=1 L
, -k Vi, M-1-7
J (M-‘_ZVL—\) ( l ) ( ] =

i=1 _ | ~ ——
k=1 Vo Q-l«@ S

~ M-1-) V% -
{‘““@iq-z}) 7 \ @)

with‘% defined as zero.
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From equation (2.14) it can be seen that the oprobability

PFR of a false full row is given by

L-2
M-t M-V M=1-) M
(=|
FFR:
\/‘v‘ VZ:" \/‘_._\°l
k. Wy
L-1 ¥
i=1 v —_—
kel YV Q-(k-)
k
)\'\—\—Z_Vc
‘ (=]
Q-(k-1)
L"l [



The probability PFROf a false full row can be used to
determine the exact probability, Rﬂ,of word error. The
receiving user after decoding the matrix by subtracting his
address, will find a full row corresponding to the desired
message and fossibly a number of other full rows due to
other users’ interference. The nuncertainty involved in
which row to select as the desired message is a source of
error. Of course, no error is made if only one full row is
present. In this case the full row will correspond to the
transmitted message and the other unsers’ transmissions will
not.have conspired so as to form a false ful% fow. When i
full rows are present the user can pick one of them at ran-—

dom and ascribe it to the transmitted message. The

probability of choosing the wrong row is then

P(worc{ Erro(l L {:u“ row;) = _."_:_l_— ’ (2_16)

Out of i full rows, i-1 are false. If the number of rows inm
- K -
the matrix Q is egqual to 2 then any omne of them could com—

tain the desired message. If, however,Q is greater than

K K
2 , there are Q-2 rows known to both the transmitter and

the receiver that cannot contain the desired message.

Therefore, the i-1 full false <rows can be chosen from a

. 251
total of 2 -1 possibilities in.(_ ways.
(=1

Hence

P(L%u” row5>:P< -1 {u“ %alse (Qw5>= )

:(2_“— 1 ) FF:‘ (=P )2 . (2.17)

L=\
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When the system supports M users, the maximum number of full
rows in any user’'s decoded matrix is M and thus from (2.16)
and (2.17), it follows that the word—error probability,P*/,

is given by: .
szP( W°'d‘€-1’*01‘> = i P< word-errarl'ﬁ ]Cul\ row:)-PCl'- Lull chs)
. =2 .
Mo K L= 2 —(
L (20 B (1 R) (2.18)

-1

where PFRis given by equation (2.15).
Equation (2.18) constitutes an exact expression without

any approximation or bounding operations, and thus, the
word—-error probability ijcan be evaluated explicitly for

- any choice of Q (number of channels), M (number of users),
an address length). eoretical results obtained from
equation (2.18) are shown in Figs2.2-2.4 together with
Einarsson”™s Pw2 and Pw3 bounds and simulation ;esults for
varjious combinations of Q, L and M. The computer simulation
was undertaken for the purpose of establishing the opera-
tional validity of the analytic expression for Pw given by
equation (2.17). It can be seen that there is excellent
agreement between the analytical and tge simulation result;f
It can also be seen that the exact amnalytical results are
roughly an order of magnitude below Einarsson’'s Pw2 and Pw3

bounds.

¥ Conditovnal| ou the siwulotion run-trwe.
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2.4 RELATIONSHIP BETWEEN AVERAGE TRANSMITTER POWER AND

WORD-ERROR PROBABILITY

An interesting and important question <concerned with
the operation of ﬁulti—user frequency-hopped systems is the
way in which the error probability experienced by nsefs is
related to the available average transmitter power. A
related important question .is concerned with how many users
can occupy a system having a fixed number of available chan-
nels subject to the conditions that the average -transmitter
power is fixed and a certain error probability is desired.

. ' t

These aspects are considered in this section.

When more than one user is occupying the system, each
contributes an entry per column of the matrix that may coin-
cide with those of other users. Some or all entries may
coincide, and the.number of occupied cells in any column may
vary ffom 1 to M, where M is the number of wusers inm the
system. In the case of communication from base—to-mobile
if it is assumed that, irrespective of the number of nusers
requiring it, every occupied chip contains one energy unit
whenever it is_required, then the required transmitter power
is directly =related to the number of occupied chips and
therefore the energy distribution inm the matrix is of impor-

tance. )
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By using combinatorial analysis [15] an expressiom can
be obtained for the probability P({ =i), that exactly { out
of Q chips are occupied in a given column. The way in which

this is done is outlined below :

Assume that M users' entries are distributed among Q
chips in Q equiprobable ways them it can be shown (see

Appendix 1)

(i) that the number of distributions 1leaving nome of the

chips empty is

¢

Q . " |
A(M,Q)i;(-x)’@) (@-y) (219

(ii) that the number of ways in which exactly m chips are

‘Em<M,Q>=TQn 'A(M,Q-m) (2.20)

and consequently that the probability of finding exactly m

empty chips is

Em<m)@>=Q~M' Em<MQ) (221

Thus the probability of finding exactly i full chips in the

column is given fy

-

P(Qa‘)z@ M @C%,L);(-lf(;)(t‘—j)m (2.22)

ﬁ- The results contained in Appendii 1 are based on the solu-—

tions to questions posed Eg Feller [15],p.60



A knowledge of the probability distribution of the
ﬁnmber of occupied chips per column can be used in order to
find : (i) the average number of occupied chips_ which is
directly related to the average transmitter power and (ii)
»fhe variance of the number of occupied chips from which a
practical peak power constraint can be established. In the
base—to-mobile case each mnoccupied chip in the matrix is
assumed to contain zero power,'while each occupied chip con-—
tains ﬂ v regardless of the number of users requesting
and using it. The maximum average power is needed when
there are no coincidences. In this case the'number of occu-

pied chips in the column takes on its maximum valne M and

the power required is M'Pl.

The probability distribution of the number of occupied
chips in each column has been calculated according to (2.22)
for values of Q=17 and M=3,6,10,14 and 17. The resuits are
shown in Fig2.5 . The figure also shows the values of the
mean and variance of the number of occupied chips per
column. It can be seen that the variance is well below the
square of the mean and therefore the mean can be safely used
as a gunide to the required average transmitter power. From
the knowledge of 23. the average number of occupied chips
per column of size Q with M users on the system, it can be
seen that on average the interference component im each

e
column is {H_l and thus an operational expression for the
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signal-to—interference (power or emergy) ratio is

SIR = 7 (2.23)

M

This expression is meaningful for cases in which M > "L+1.
¥Vhen M <¢ L the interfering chips cannot conspire to form a
false full row and the sigmal to interference ratio is unde-

fined.

Using the relationship between the
signal—-to—interference ratio and the parameters Q and M, a
set of operating curves relating the word-error probability
to the signal—to-inte?ference ratio is plotted as shown in

Fig.2.6 for values of Q =13,17 and 19.
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Fig.2.2 Word—error probability .vs. Number of users

47



WORD-ERROR PROBABILITY
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WORD-ERROR PROBABILITY
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Fig.2.5a Probability density function of the number of
occupied chips in a column.
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CHAPTER 3

ON THE PERFORMANCE OF ASYNCHRONOUS

TIME-FREQUENCY CODED SPREAD-SPECTRUM SYSTEMS
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3.1 INTROD.CTION

In Chapte: 2 the performance of time—frequency coded
spread spectr:m systems operating in a synchronous mode was
considered. H)wever,in practice it may be very difficult to
maintain synchronism  between the transmitter and the

receiver associated with each pair of users.

In this <chapter the performance of asynchronous
(non—-synchronous) systems is considered in some detail. An
exact closed-form expression has been derived for the
error—-probability of an asynchronous system.It is
fonnd,however,that except in certain simple cases, it is
very difficult to actually evaluate the exact
error—pfobability. In view of this a group of three new
upper bounds to the error probability are derived. Omne of
these bounds }s a correction to the upper bound PW4 provided
by Einarsson [11]. The bounds are such that the degree of
computational complexity increases with increasing tightness

of the ©bouncs. However,all the bounds are relatively easy

to evaluate.
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3.2 AN EXACT EXPRESSION FOR THE ERROR PROBABILITY OF AN

ASYNCHRONOUS SYSTEM.

In practice it may be difficult to achieve and maintain
synchronism between users. In the following analysis it is
assumed that the transmitted‘sequences of the M-1 inkerfer%#
are randomly time—shifted by an integer number of time-slots
with respect to the desired sequence and to each other, and
that full synchronism (chip and frame synchronism) exists in
respect of the desired user pair. Clus Sssauphing Y ﬁquduokwi
o baoaa estoblishad bt cpvchronisugg Hwo teanctso , Han o
N TS O‘L.‘cu\gd Q\Ae\l7¢§s ) eg ves] .

Einarsson [11] considered the asynchronous operation of
time—frequency c¢oded spread spectrum systems and developed
an addressing algorithm that reduces the effect of other
users' interference. Einarsson's scheme consisted of let-—

th
ting the transmitted sequence zmpf the m user be formed

according to the rule

—

Yom = X*m.'P - bfmz

N %:l( ‘f..F’ B, . .. ., B )

where6<§ GF(Q) is the address and x is the message symbol of
m m

(3.1

th
the m user and&Bis a fixed primitive element of GF(Q).

In the system operating in asynchronous mode parts of

two comnsecutive messages from the same interferer may dis-—
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rupt a particular frame of another (the so-called desired)
user. If the two messages are identical only ome coinci-
dence is possible [11]. If,however,the two messages are
d{fferent then each of them may result in at most one coin-—
cidence,thereby giving a maximum total of two coincidences

per frame.

In this section an exact expression for the probability
of forming a false full row at a given level in the
transmission matrix will be derived. This can then be used
in conjunction with the results presented in the previous
chapter to obtain an exact expressidn for the error proba-

bility.

It can be assumed that each interferer has a random
delay of i slots ,iE,{O,l,2,....,L—1}with respect to the
desired user and that the delays are independent and 1uni-
~ formly distributed over [0,L-1].Let the 6 random variable
L&denote the number of interferers with delay i. Note

that{_étakes on values U; so as to satisfy

L=
2:: g = M-l (3.2)
) . .

The L-tuple (Uig,,U,,..,U _, ) defines a unique arrange-
ment of all users for asynchronous operation. Clearly,the

synchronous system may be regarded as a special case with
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Us=M-1 and UlfU2=--~ =UL <O . The probability of occurence of
-1

(Ues, Uy ,...,UL-) ) is given by

E QU VI W G DL CF
( Q ’ K L-&> u-glu'_-(l LM'\

By the total probability theorem [15], the probability

P of a false full row, may be written as
FR-ASTN

- ASYV Z P<FK U = Us,.- U =U )P<U =Us,- -

W (Uo, U, Uln)

or, more briefly, as

U -l

PFQ. ASTN Z P(FR UQ U, UL-ij'P<Uo,U1,...,UL-!> (34)

VCLh,U.) ,UL_\)

where P(FR(UQ-UQ,....,ULTLL ) denotes the probability that a
=1 L=
false full zrow is formed when U°=u0,.._,UL_‘fu . In

(3.4) the summation  is taken over all L-tuples

(u°'u'1"ruL-|) that satisfy (3.2).Thus equation (3.4) may be

rewritten as

M-l Mel-Ug Mot LU
FQ ASTN Z Z Z_.
Llt:: o W:=0O uL-I=O

P(FM uo,ui,'..,u,__s).P(uo,u‘,.‘.,u,,) .
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and in which the Kromecker d:1ta satisfies

\ Z_ e = M-
L=t (=0
g_M"l, Z Uc = (3-6>
(=0

o, Otherwise

In fig3.1 a sequence of frames is shown for omne of the
ul, interfering users with d:lay i. Let the random variable
C[-denote the number of users from the group of U; who have
already occupied chips in the false row in the L-i slots
preceding the desired frame. CL- takes on values
C e {o,;,..‘u',L .The probability P(FR{UOJ..,UL_,) of a false
row conditioned on (U, , ... L) a]'.so has to be conditioned

on the L-tuple (Co,C:,..,C . ), thus

P(Faluo,u,l,_ -t )=

U\ ULC

Z Z Z PCFZ\{ Us, Uy, ooy Ut €y €20, Ci-y )
C’G'O Cl =Q C.‘_.|-

P{Cl,Cz,--‘,C(_-tIUQ.U‘,..-,U‘_-‘> C&)T)

Notice that C, =0 and hence it has been omitted in the summa-
tion. Taking into account that C; depends only on U, for
i=1,2,...,L-1 it follows frcm (3.7) that

P(Fgl uO,U“...)LLL-;> =
We-t

Z Z Z PCFQ Uc U, .. y U=t , Cu ,Cz,--,CL-\)'
L=}

cizo0 Cz2=0 Cr-1=0 ﬂ APCCCIU«’) (>.8)

Lo

An expression for P(C/lu; ) can simply be obtained by mnotic-—

ing that any omne of the users occupies omne of the L-i
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chips preceding the desired frame with probability (L-i)/Q

and that each group of users can be selected in

Ui ways, thus
C;

PCC(MQ: (?)@—'&—“)C (l- L

LE( -C¢ .
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On combining equatiomns (3.3),(3.5),(3.8) and (3.9) the

lowing result is obtained

L-2
M-l M-{-Ue M-1- /] W
-/ Z S
FlAﬁW
We=0 W= W10
ul Uz LLL"
Ci=0 Cz:O CL,-I:O

: P(FR[uo,u| U, S, Gy

ﬁ:;—1> *

r..
1]
O
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In order to derive the necessary expresssion for
PCFR‘QQ)..,UL-\/C”..’CL-|) let I/ndenote the number of
h
interferers that occupy the ’nt chip of the false row in ques-

tion. If this is dome then it follows that

P(FR]UO,U;).--}UL.q ,Ci,Ca ... ,Cz_—\)’-’
P( X-l 7‘10! Uo, Ui, .-, U= ,Cl,C?.,-“)CL-I)'
P(Iz}!Ol,Ix#O,uo,u!,...)UL-i)Cx,CQ_,...,CL_-]>

P(L;f’o! 1, #o, szo,...,IL_,#g,uo,...,u\_-\ Ci, .,cL_‘>

or

PCFR‘L(JO,Ull...IUL-(}C‘ ,Cz,..,C;q)-
1 P(InZof L 20 Lo 40, Us, o Uit oy yComt ) (312)
m= -

The factors of (3.12) can be expressed conveniently if the

following notation is used
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i

7,_: number of interferers with delay i who have access to
LT

(ie. might occupy) chip n of the false row.

Vc,n: number of interferers with delay i who actually occupy

chip n of the false row.

From a consideration of the asynchronous operation
of the system it can be seen that the number of interfering

users with access to (ie. which might occupy) <chip n is

given by
’ Tt
U -Z V¢, k IEIS ot
: k=i _
Cﬁ‘i.,‘r\ - . m-i ;o= (3\3>
Uu; =€ - Z_ Ve k , L+ DT
Yl

each with Q.—(n-—i—l)L choices, where the notatiomn ( )Ldenotes

that the number (n—i-1) is expressed modulo-L.

Consider the first factor in the product of (3.12),ie.

P(I, ‘i-‘OlC“CQ.

Since each of the <?'L_‘inte::i:'ez:ers with access to chip n=1 has

., QLA Uo, Uy, ',Ux.—')

;-

Q—(L-i)L choices,the number of interferers from this group

that actually occupy chip 1 takes on the valueY,, with proba-

bility
P 3 Vi Qe =Ven
Ve |Co, W) = O Y O B |
(vealCoue) Aoy a0, (3.14)

where i=0,1,2,...,L-1. It follows that
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P( I,70lc,Cq, - ,Cumy e, Uy gl ) =

Uo Ui-Cu U1~ C
Vo,; =0 v"‘ =Q vh-l) 1=0

P(IlféOlYo,l )V\,lj,.]\/L.-l,‘ }CI,CQ,.- ) CL‘\)UQ‘U‘,..)uL-‘>'

: P(Vo,l)\/\.\}...)\/\.-&,:,Cx,Cz,- . -,CL--! U, Uy, ,UL-1>
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The value of v, depends on (; and U; only, so

F(I‘i #O‘ Ci,C2,--,CL /U°'u‘l")u"-'>:

U;I‘CLl
Vo,1:0  W1,1=0 V-1 =0

P(I ?,Ol\/c.\ \/\:l, Vl—‘hi )Cl)cl, C‘- v, Ue, Uy, - )U‘-“>

(ﬂ PC\/L, V| ce, ud )

or,

P(L fO]C:,Cz)...,Cu-i , Ue, U, --vu“-") =

Uo U -C, L-t
FE DT s )
o, ZVc,s
Vo120 WV,=0 Vi1 <0 Cea
L= . Ve Ao~ VI
H ( | ‘ | | .
s \/L, ) Q —(L—C)L Q‘“(L":)L
L:
L..
because chip 1 is occupied only if Z Vir 20 . Now consider
i=o
F( IZ#O! I‘ 7‘—10' C.)Cz,. .. ’C:__—\ , Lo, Wb ,---,L{L‘\>'

F(L?{'Ol Ci,Cz,--- ,CL'l,UO,uI,.-,U\_-\>

A total of?y interferers have access to chip 2, each with
Q-(1-i) choices. The variableci depends onci .Similarly, the
L 02 Ot

number of users that actually occupy chip 2 depends on

\l‘,i=0,1,2,...,L—1. Using the above, this expression may be

L
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written

P(L’.?-(Ol I:fO,Cz,Cz,.-.)CL-‘x , Uo, WUy, - - -;UL-I)'
P(I"/O IC*'CI’,---,CL—I U, Wiy - - ,um) =

Fo,. i e,

Ll

VO:I @) \/hl =0

P( l.zr"[O!Vo.x }\/\.1 ) -~-,\/\-",|) I‘FZO , Ci,..,Cua ,UQ,U\).-}ULﬂ) e

P(Iq 7"[01 Vo,ll\/‘,xj...')\/\_q,\/ Ci,C2,--,CLn ,Ue, U, ey U )‘.

F CVO,])Vl,x/... )\/I_-i,] IC"CZ’” ,CL-! , Lo, Uiy y U=y )

4

or
P(IaFolLiFo, cica i Cim Uoitn e ) -
F( 1! ;!OJ C‘,Cz) ... )CL-" ; uO,U(,...)UL“) =

Y. qul Ch_—»” ﬁo.z o‘y,l c‘(.-l,?.
Vo =0 My,i=0 Vi-1,1:0 Vo,2:=0Q V,2:=0 Vie-1,2:0

F(Iz;‘o

Vo, 2 /\/\.1/-..)\/\_—1,1 , Vo Vi }--'}\/L",\ ; 117'-/0/

Ci,C2,..,CL~ ,uo,u\,--,U\.-l)-

‘F(Vo.z Sz, Ve 2 [N Ve Ve , I\?’/O: S R

FC LFZOIVO.I) \/|.\)...}Vl-;hl.) Ciyorr )Cum , Lo, Uy, - , U= )-

F(VO,IJ\/(,K)--- )V\_‘I,L C\,Cz,..}CL'| IUO,UI,---|UL">
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The first factor may be expressed as

Fk IzFIO} Vo,z)\/.,z_ Vt_-l,ll\/o.l)\/nl)... ,VL-1,|, I|f10 )

1= =)

Cq,CZ,.. ,Cg-( ,UD,U‘ ,..,U\_ﬂ )':'

L-i
= - g-o,z—-v'-‘,:‘ (3.\?0.)
=0 '
where,of conrse,\ézdepends onV, , I‘#O, and U,.

The second factor may be rewritten as

Vo, }\/(,u ) )Vl.-\,l ,I, #O,C, C2, ~,Ce-y,
e, Uy, - -+ s U=t >'=

F( Vo,2, Viuz,...,YiL-i,2

L=t
:[_—] F<V":11vﬂl,I\FZO,CC,U;)?

Lij" \CE! oz - V2 |
y ch‘,z)( | ) (1- \ ) };
e N Me2/NQ- (-0 a- (o (317 b)

where the expression for 1. includes the dependence on
2

Yeu » Ciand U (see equation (3.13)).

The third factor has already been found to be

F(L%o

- Uy - >:
Vo'll\(«,‘).. ’\/L:{'l}Cl)CZ,.N ,CL-l / u°1U|,.-~ ] -l

SRS

L=\
o, 7V (3.\7(_)
o

From (3.16) and (3.17 a-b-c) it follows that
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F( Iz;!ol II%OIC.,C:.,.. ,Cet U, Uy, ..., Ul )-

F ( I‘?/Olc\,cl’,-- )C&.ﬂ /UO,U(,...,UL-1> =

qo\l Cﬁt.l <11:',1 ﬁo,l ﬂlnz ﬁl—’hz
Vo, 120 V=0 VL-,,‘=0' Vo2:0 V\,2=0 V‘-“)Z‘O
(1-§ = ).
0. Z Ve, 2
=0
L-1 Ve, 2 v, 2-Vo2
(ol me) ()
Ve, 2 Q- (‘ L)L_ Q-C-<),
L=0
( T gﬂ L= > .
.O, Z VL,)
=0
-1 Ve, o=V

O(i:)(&%ﬁ) <'“ Q-(L-), ) (318)
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By rearranging the order of the factors it can be seen that
F( IQ F(Ol Il/{o, C(,Cz)-- -,CL-i IUO,U;,... ,u:_-\>~

.P( Iq /"'/D 1C.,Cz,... , Ce-y ’UQ,U|'_"’UL-'> =

Yo Ay Qe Yoz Tz 2
L Ll LLL

Vo0 M,i=0 Vi-1,1=0 Vo,2z0 \4,2:0 V-1, 2 20

/2

L-1 <ﬂt’Z"‘ G2
(D Em) () )
‘20 Ve,2 QR-C1-0), Q-(1-¢) v / .
-1 Y
ey ' = Vo
( !.1 ‘{cx>(® (L’*-BL> < Q - (L-t) > )
(-85, )0-85,) o

!

(=0 =0
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Following the same procedure and using equation (3.12)

results in

P(FRlUO,Ul)... , L= ,Ct,Cz,._. ’CL-,) =

qc'l q'--”)l ﬁo'l ﬂl—"hz ﬁO,L ﬂL'l'L

S A

Vou =0 Me1,150 Vg 2:0 Ye-1,230  Voul=0  \/_-,L =0

\/;‘,v“ qc,\ﬁ- (WY

(Q—’(Y)-c-t)l) .<f ) Q-[(W'C-\7L>
| - g\ L~ | > (3.20)
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The final expression for the probability of false full row

which follows from (3.20) and (3.10) is
M-1 M--Use M-1-72 we
P 7— f Z_ (=0
FR- ASYNC S
Uo=0 W:0 Ue-1=0
Uy
:O CZ O C(_-‘:O
q\d.l ﬂu, I 30»2 CfL-f. 2 a L-1, L
V0.1 =0 Me1,120 620 Meh2:0 \o,L=0 Vi-,L =0
L L=t
) ewm) "G e
m=| | =0 Q- (” -e-1), Q- ("‘ -0
L
(-5
o, VAR ’
mn=| Lt=0
L‘l u. CL ug._ck
ﬂ ( L ) L.‘__—_‘.> <‘_ L:.L'L) .
C:‘ Q Q Q
(n-1)! l
UD' U|‘ "UL") LM-l

L-1
, Z L (3.21)
L=0
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The word—error probability is calculated from (3.21) and the

following equation (3.22)

M K -1 Zf;C
_Z el 2"').? .(\-PFQ-ASTN> (3.22)
PW = - - FR- ASTN .
(=2

Equation (3.22) is the same as (2.18). In Appendix 2 it is
shown that, as expected, when the system operates in a syn—
chronous mode equation (3.21) reduces to equation (2.14) of

Chapter 2..

75



3.3 UPPER BOUNDS FOR THE ASYNCHRONOUS SYSTEM

For realistic values of M and L, evaluation of equation
(3.21) requires considerable computation time even when a
powerful computer is used. Thus the derivation of a simply
computable satisfactory upper bound, or bounds, is desir-

able.

Einarsson showed [11] that the probability with which a
given interferer causes two coincidences in a word of length
L is

P = ‘_'.__('—_l:.:-}- 3

(N=2) 5 o (3.23)
where the user in question has delay i with respect to the
desired user.By differentiating (3.23) the delay that maxim—
izes P(N=2) is found to be i=L/2. It follows that the worst
case is for all M-1 interferers to have delay i=L/2.An upper
bound for this case also serves as an upper bound for the
system performance in general. In fig3.3 the frame
sequences of M-~1 interferers with common delay i=L/2 are
shown together with that of the desired user. It is possi-
ble for each intérferer to make omne gontribution in each
half of the false full row.The right half of the frame of
the desired user may be regarded as a synchromous matrix

with Q channels and L =L/2 time-slots., Each of the M-1
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interferers has a maximuom of Q <choices and according to
Einarsson's Pw3 upper bound [11] the probability P of
FR-Rfah{:

forming a false full row of length LR.r Wt =L/2 is

L pight - | L M-k
FFR' R\%L‘t < kﬂ [I - (l" @%) J (3.2.4)
0

Similarly,the left half of the same frame may be regarded as
a synchronous matrix with Q channels and LLe =L/2
time—slots. However,a group of c out ;)f M-1 interferers may
have already occupied chips of the row in question outside
the desired frame, thus leaving M-1-c interferers with a

maximum of Q-L/2 choices.It follows that the probability of

forming a false full row of length LLe{‘t =L/2 is
LLQ,F&"! - \ M—{—C"kl
’ | - | -
FFR-L:H < DO \. < Q-L Laft ’l‘>

and on settiﬁg c=0

LszL‘{ —

\ M-1-k
FFR-L&{E< El t".(l‘ Q“Lu§~t‘l‘) . J (3.25)

The probability of forming a false full row of length L is

then upperbounded by

P FR -AsTN < PFR~LeF’c - P ee- ngln)c
which from equations (3.24) and (3.25) is seen to be

L/2-1 M-1-k

|
FFR‘ASTN<[-1 \—Cl—m>
=0




A first upper bound on the word—error probability is given

v UB1 Liz-1 )
w2-1 M-1-k
P M-k-t fq !
-1). (- =) : =0 —=——
G-0-[] \:‘ (- g0z J k_o[ el
k-0 (3-26>
It is worth noting that Einarsson [11] ignored that the
number of choices in the left half is Q-L/2 and he arrived
at the upper bound
L2~ _
p - N )
wa = (@) [] [ -(- 21— J : (3.27
W 4 | aQ-k ,
l{:O v
Thus although equation (3.27) gives smaller values for the
word—error probability upper bound, it cannot be justified,
The upper bound UB1 can be tightened by using eqﬁation
(2.14) of Chapter 2 to calculate P for Q-L/2 channels
FR-Left
and M-1 interferers and PFR-Q@ht for Q channels and M-1
interferers. If this is done then the probability of a
false full TOW is upperbounded by the product
P *P that is
RR-Lefe ER-Regl{
FFR- ASTN < FFR-Le{Jc ; Ppg_g.-akt (3.28)

and the upper bound of the word—error probability is
: ™M . ¥
- K -1 2 -¢
_ E -1 (27 J §
UBZ - J—,— < . | ) ) FFR-ASYN ' ( |- PFSZ-ASTN) (528)
g2 4T
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where PFR is upperbounded by (3.28). A more sophisticated
upper bound can be obtained from equation (3.21).In the
worst case, as described above, all M-1 interferers have

delay i=L/2. It follows that

M-I / t=Lt/2 )
We = (330.0.)
' o , otherwise
and E[O,U_uz] , (=0L/2
Ce =
o , otherwise (3-30.b>

Consequently, equation (3.21) is reduced to

- Uy, Qw2 Ua, L
FR ASTN < Z:_ Z_ Z Z;
Cuz:0 My, £20 Mg 70
VL L ﬁ

L
] [Tan ( | )2 ,<,_ |
2l \ iy n /\ Q= (n-ko1), Q-(n-L 1),

L
(-0 )
m=1 SRR
Cris Uiy - Cu/a
M-l (L) .(uL)
\ CL/’l 2_@ 2Q
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By neglecting the subscript L/2, the result can be expressed

more simply as

m-1 1 2 z\__
FFR ASTN < Z—__ Z_
C=0 = Vv, V=
L N RV
(e (l )
mer N Y N Q-(n-H2-0 Q (n 21y,
c M-

(MC-l) <§L§> - .:Zt:é_.> (331)

where

M“‘"C“Z\/k S n <L LA+

N-1 .
‘ L/z+1
M-l - Z\/k , N2 !
: k=LAt

The upper bound UB3 on the word-error rate is then given by

/V\

. - ZK—J'
U53) Z " (Zj—‘) Y‘}iﬁgw : (1 - PFR—F\sw) | (3.33)
1= j - .
J 2

It should be noted that in the analysis above L has been

e

assumed to be even. In the case when L is odd an expression
for the upper bound om the word-error probability can be
obtained by wusing (L-1)/2 instead of L/2 in the above

derived expression.
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3.4 RESULTS

The asynchronous operation of Einarsson’s system has
been simulated and some of the results obtained are shown in
figs.3.4 and 3.5. In fig.3.4 the three new upper bounds are
plotted for the case in which Q=17 and L=8. Also shown in
the figure is the simunlated performance of the system when
operating in asynchronous mode and for the purpose of pro-—
viding additional information for comparison the exact
(calculated) performance of the system operating in synchro-~
nous mode is shown. In figs.3.5a-b the cases of Q=7,L=4 and
Q=11,L=4 respectively are considered.In these two figures
the UB3 upper bound is plotted together with the anct
error—probability for the synchronous case and the simula-
tion results for the asynchronous case. From fig.3.4 it‘ is
ciéar that the bounds UB1,UB2 and UB3 are in fact bounds of
increasing tightness, and that the bounds UB2 and UB3 are
tighter than the false Pw4 bound proposed by Einarsson. From
Figs.3.4 and 3.5 it is clear that the UB3 bound, which as
has been pointed out, is relatively easy to compute, is very
tight. Figs.3.4 and 3.5 also show that the results relating
to synghronous performance may provide a lower bound to the
performance of the system when it is operating in ;synchro—
nous mode. This intuitive conjecture can be supported by

the following simple argument:
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AN

The number,N,of contributions that a given interferer
makes in the examined false row may be regarded as noise
that produces insertions in N chips of the false row. It is
not difficult to show (see Appendix 3) that the average
value of N for both synchronous and asynchronous operation
is
E(M)syne = E(N) Asmc = L/Q

and that the variances are given by

T n)sme = Lo - (LG)Z

(334 )

(5.34 b)

O—ZCN)ASYNC.: L/Q - (L/&)Z +2. L. CL—{-)'Cl"‘/G.)/Qz (334 C)

where i is the delay of the given interferer with respect tb
the desired user. From equations (3.34 a-b—c) it is readily
seen that an interferer with non—zero delay corresponds to a
noise process with equal mean but greater variance than that
of a synch;onous interferer and thus causes a higher error
probability.Notice that for a large emnough value of Q

2
Uﬁhﬁm&=560&§Nand the two systems are equivalent.

Some insight into the relative performance of the
Einarsson system (when it is operating in either the syn-—
chronous or asynchronous mode), and the performance of the
Random Addressing scheme proposed by Viterbi can be gained
by considering the operation of the various systems for

increasing Q, with L held fixed.
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In Viterbi’'s Random Addressing (RA) scheme each chip of
the false r;; is available to all M-1 interferers, each of
which has Q choices. As Q increases with respect to L the
probability that any given'user contributes more than one
entry to a false row decreases until for some valume of Q if
becomes negligible. When this occurs the Random Addressing
scheme of Viterbi is equivalent to Einarsson’s scheme with

the same Q,L and M. An analytical proof of this is provided

in Appendix 4. Supporting results are shown in fig.3.6.
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Delay of i time-slots
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Square (i,£) shows

1. The number of interferers
with delay i who have access
to chip £ of the false row
in question

2. The number of choices
available to them and

3. The number of interferers
with delay i who actually
occupy chip £ of the false
row in question.
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WORD-ERROR PROBABILITY
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WORD-ERROR PROBABILITY
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WORD-ERROR PROBABILITY

10

10

10

10

) lllllll

THEORETICAL RESULTS
UB3 UPPER BOUMND
THEDRETICAL RESULTS
THECORETICAL RESULTS
UB3 UPPER BOUMD
THEORETICAL RESULTS

_3_
_4_—
C
- EINARSSON‘S SCHEME =4
i @ Q=7 , SYNCHRONOUS OPERATION
5 a o ASYNCHRONOUS 5
s -+ r RA \
i X Q=13,SYNCHRONQOUS OPERATION
= > o ASYNCHRONCUS i
C » P RA
-8
1 1 T
10 : 15 20
NUMBER OF USERS, ™
Fig.3.6 Word—error probability .vs. Number of users

90



CHAPTER 4
THE PERFORMANCE OF TIME-FREQUENCY CODED
SPREAD—SPECTRUM SYSTEMS OPERATING OVER

NOISY FADING CHANNELS

91



4.1. INTRODUCTION

In previous chapters the performance of the
Einarsson—type TFCSSS has been considered when the sole
interference is from other users. In this chapter the per-—
formance of the original Viterbi scheme and the scheme
proposed by Einarsson are considered when the interference
is both from the presence of other users and the presence of

additive gaussian noise and fading.

In this chapter a new exact expression is derived for
the word-error probability associated with the Viterbi
scheme when this is operating over a noisy fading channel.
A corresponding approximate expression, based on the exact
word—error probability, is derived for the bit-error proba-
bility. In addition to providing an exact statement of the
performance of the Viterbi Random Addressing (RA) scheme ,
the exact expression for the word-error probability forms
the tightest known bound to the performance of a system
using Einarsson’s optimum addressing technique. In the case
of a system using Einarsson'’s addressing technique, results
obtained from the evaluation of the exact expression for the
word—-error probability (derived for a Viterbi-type RA
scheme) are compared with those obtained from a computer
simulation of the system. The comparison confirms that the

expression for the word-error probability does in fact con-
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stitute an upper bound to the performance of a system using
Einarsson’s addressing technigque. A further comparison
shows the bound to be much tighter than that which can be
obtained by using Einarsson's bound relating to the perfor-—
mance of Viterbi's original scheme, and the comparison
indicates that at low signal—-to—noise ratios the bound can
be considered as a reliable estimate of the actual error

performance of the system.

Also in addition to considering the gquestion of the
error probability of system operation in the presence of
other users’ interference and noise, the question of the way
in which transmitter power should be used is comnsidered iﬁ

this chapter.

The performance of a TFCSSS clearly depends on the
actual power transmitted ’'per chip’ and in this chapter four
different versions of a basic time—frequency coded system
are considered. In Version I it is assumed that the
transmitted power per chip is set equal to unity, irrespec-—
tive of the number of users which occupy the chip. In
Version II it is assumed that the transmitted power per chip

is proportional to the square of the number of users occupy-

ing the chip, that is, it 1is assumed that 'voltage
coherence’ exists between users. In between these two
extremes, two other versions are considered. In one of
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these, which is referred to as Version III, it is assumed
that the transmitted power per chip is proportional to the
number of users occupying the chip. In a final versionmn,
referred to as Version IV, it is assumed that the system
operates as in Version I but witﬁ the power per chip being
increased so that the overall average transmitted power is
the same as that used in connection with Version II. The
performance of the various versions is considered and com-—
pared and the trade—offs to be obtained in terms of system

performance are noted.

4.2. DESCRIPTION OF SYSTEM AND COMMUNICATION CHANNEL
4.2.1 System description

Fig.4.1 shows the essential elements of a basic TFCSSS.
In the 'system, for each of M users K information bits are
taken in and these are converted into one of ZK equiprobable
message symbols. These symbols are then combined modulo-Q
(Q a prime or a power of a prime, and Q)ZK) with an address
the L elements of which are generated according to some
predetermined rules. In the case of the Viterbi RA scheme
the elements of the address are randomly generated integers
in the range 0 to Q-1. With the more recently developed

optimum addressing technique of Einarsson the elements of
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the address are generated according to the following rule:

G (B BB 0 B

where@(E GF(Q) and P is a fizxed primitive element of GF(Q).
m

At the receiver the corresponding wuser subtracts the
address modulo—Q from the incoming signal and this thus
results in an output sequence which, ideally, forms a unique
full row in the frequencyftime matriz (see Figd.1). 1In
practice, of course, due to various impairments, elements
within a desired row may be eliminated, and‘elements in an
unwanted row may be inserted. Yue [8] has considered the
question of the 6ptimum way of making decisions and he has
shown that although the optimum decision maker is a
non—-linear device, which is difficult to implement, a good
sub—optimum decision maker takes the form of a hard-limited
combiner, In the study reported on in this chapter Yue's
suboptimum decision maker is assumed.

From the random way in which the addresses are gemerat-
ed, it is clear that, from time to time, more than ome user
will be assigned to a particular chip in the frequency-time
matrix and that some design rule has to be established to
determine the power transmitted during such times of coinci-
dence. With respect to the question of transmitted power

per chip, various alternatives are available in the
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base—to—mobile <case, and it is not obvious a priori which
rule should be adopted. For example, although it is clear
that system performance will improve if the transmitted
power per chip is allowed to increase in some way as the
number of users wishing to occupy a chip increases, it is
not clear how this should be dome. Also it is mnot obvious
what degree of improvement can be expected. With a view to
answering these and related questions four rules (Versions
I-1IV of the system) for determining the transmitter power as
a function of the number of users wishing to occupy a chip
have been investigated. It should be noted that in the
mobile—to—base c#se strict incoherence between users will
exist and hence the power'per chip will be proportional'tq
the number of users, that is, the situation corresponds to

Version IIX .
4,2.2 Description of the channel

A familiar'wel}—known channel model used to represent a
fading channel is that [19] in which the received signal
envelope, a, is assumed to have a Rayleigh distribution with

a*>=1, In the model it is assumed that the fading is inde-
pendent from chip to chip and that the phase, q), is
uniformly distributed over the range [0,2M1]. This model has
been used previously by Einarsson [16] in his comnsideration

of TFCSSS and it is also adopted in this chapter. In addi-
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tion to fading, it is assumed that additive gaussian noise

is present.

4.3, AN EXACT EXPRESSION FOR THE WORD-ERROR PROBABILITY IN

" VITERBI'S RANDOM ADDRESSING SCHEME.

In this section the effects of channel impairments omn
the performance of a TFCSSS will be considered. In particu—
lar, the performance of Viterbi’s Random Addressing scheme
is examined, and an exact expression is derived for the
word—-error probability. It is shown how this can be used to
derive a corresponding approximate -expression for the
bit—error probability and it is also argued that these
expressions form upper bounds to the performance of a system

employing Einarsson’s optimum addressing techmnique.

The effects of the impairments, combinations of fading
and noisé, can be regarded as a process that corrupts the
received frequency—-time matrix by producing deletions in
occupied chips with probablity %Dand false alarms in empty
chips with probability P%. As a result of deletiomns, the
Tow containing the desired message may have a lower number
of entries than a false row in which the entries are formed

by 1insertions resulting from a combination of other users’

interference and channel impairments.
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An exact expression can be derived for the word-error
probability in a Viterbi Random Addressing scheme. The
expression is in terms of the probabilities %)and P%and the
system parameters Q, M, and L, where Q is the number of fre-
quency slots, M the number of users on the system and L the
number of times a particular message is transmitted. The
analysis is general in the sense that it applies to amny kind
of impairment for which probabilities P and P can be calcu-

D F
lated.

(a) System Version I :

An insertion in any given <chip of the received
frequency—time matrix arises as a result of other users’
interference and noise. The probability that one or more

interfering users are present is
M-\

P (n) =

From the definition of PDand PFit follows that an insertion

occurs with probability
P PC=R) « U=P)- T (4.2)

and so the probability, P¢n), that a false row (fr) has =n
fr
occupied chips is given by

L-n

Poa=(L) - (1-F) (43)
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The L occupied chips in a true row (tr) are reduced to some
number m by the process of deletion and the probability
Papthat a true row contains only m entries is given by

tr
L-m

me
P(”mE:(L>.'(l—FD) 'PD (4.[.1)
tr m

It should be noted that with a majority decision maker
errors will be made with probability 1 when ndm, and with
some probability less than one when n=m. In the case in

which m)>n no errors are made. The average probability, Rw,

of word-error is
L

PW = Z: Pr (Error,TR=j) ' (45)
J:o

where TR=j denotes that there are j occupied chips in the
true row, and Pr(error,TR=j) is the probability of decoding
a true row erroneously when there are j occupied chips in

the row,.

The term Pr(error,TR=j) in equation (4.5)can be written

more conveniently as

’

R (error,Tsz)=Pr (error,TR-J' FR mﬂ’)) +

P, (errov,TQ—.j,FRwuX>j> (4.6)
where FRkno:ﬁ indicates that the false rows with maximum
number of occupied chips contains exactly j such occupan-—
cies, and FR > j indicates that the false row with maximum

mox

number of occupied chips contains more than j occupied
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chips.

The term Pr(error,TR=j,FR"m?j) can be written altermatively
as
B (error , TR= ,E{FR>S> (47)
where 3 FR)?j‘denotes that there is at least one false row
with more than j occupied chips and equation (4.7) can be

written as

R Cerror, T-j , 3 FRY§)= Fr (evror|Te-j, 2 FR>] )
R (Tr=j|3 FR>j)- T (3 FRY)
=1- R (TR-j1aFR>))- R (3FRYY)
=R (TR=)- [1- P (vFe éj)] (48)

where\/FRégj denotes that all false rows have occupancy in j
or fewer chips.

K
Since there are a total of 2 -1 possible false rows in the

frequency—time matrix it follows that

P,(T;zzj)-[l- Pr(\v‘FRéj):\

:ﬁ (TR*j)'["‘(Ff (Fﬁéj))z —IJ

and hence

R (ervor, TR=j , FRwox >J>

| j 21
<t - (ZRw) ] (4.9)
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Consider now the term Pr(error,TR=j,FR=j) in equation
K
(4.6). If r out of 2 -1 possible false rows each contain
K
exactly j occupied chips then the remaining 2 -1-r false

rows contain less than j occupied chips and the term
ﬁf Cerror, TR=1, FRmax’S)

B (emor, TR, PR o))

can be written as

2% . <
=T P (eveor, TR5] PRy ], FRox 1<)
251 | )
= Z Pr <Erro( ITR=j . FRGr )=J , FR(ZK_ 1_()< 3>
(TR=j I FR(r =] . FR(ZK_l—r)<j>

) PY(‘:RU):] JFR(ZK-\-Y)<)-) (4.10)

where FRﬁ)=j denotes that r false rows each contain exactly

j occupied chips and

ﬁg{i-é)denotes that the remaining ZK—l—r false rows each

contain less than j occupied chips. It follows from equa-

tion (4.10) that

R—(Crror/'TRtj ,FQTWszj)
2-1-Y

25 J-1
;(%\).E{(ﬂ.(zr-‘);(P,V(j))r. é:OF,(c) (4.11)

On substituting equatioms (4.9) and (4.11) into equation

(4.6), and then substituting the result into equation (4.5),
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the following exact expression is obtained for the

word—error probability, P

z >
1
™M
f\«
Jfigae)
—
.
~—
/*F}
< 7
N
- O
TN
N
)
M-
e
+
~
L= 3
">
n
~
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The bit—-error probability, PL, is given approximately

(5,161 by k-1
Pb - 2.
25~

(b) System Version II

F

w

The analysis of the performance of this system 1is a
relativeiy simple extension of the previous analysis, if it
is assumed that when two or more users occupy a chip the
resulting signal 1level is sufficient to prevent a deletion
taking place. The probability that a given chip is occupied
by only one interfering user is

P (1) L (l_é)M'z (4.13)

and hence the probability of insertion with respect to a

given chip 1is

=0 (=R) F(P-P) 4 (1-P) T

- P"RTD }-({“F)-?F (414)

If this modified expression for PI is used in equation
(4.3), and the same substitutions are made as in the case of
Version I, then an expression corresponding to equation
(4.12) is obtained for Versiom II. Although this is not an
exact expression for the word-error probability it is anm
excellent approximation since the error associated with the

assumption regarding deletions is mnegligible.
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The exact expression derived in equation (4.12) for the
word—-error probability of Version I and the corresponding
expression that can be derived for Version II using equation
(4.14) can be considered as upper bounds to the correspond-
ing versions of systems employing Einarsson's optimum
addressing technique. This conjecture is based on the real-
isation that with~the Einarsson addressing technique the
extent of other users’ interference is reduced below that

associated with the Viterbi RA scheme.

4.4. RESULTS

In order to check the conjecture that the exact expres—
sion  derived for the word-error  probability in a
Viterbi—-type RA system can be used as a tight upper bound
for the performance of a system using Einarsson’s optimum
addressing technique, a simulation of Einarsson's system was
carried out, In the simulation channels perturbed by addi-
tive gaussian noise alone and a combination of Rayleigh
fading and gaussian noise were considered. The results
obtained relating to Version I —type systems are shown in
'Figs.4.2—4.5. In all the figures shown in this chapter the
noise variance is expressed in db relative to unit wvariance
noise. It should be noted that the horizontal axes shown on
the figures can be converted to sigmal-to-noise ratio axes

by simply subtracting the given noise level expressed in db
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from the average (or peak) signal power computed wusing the

appropriate expressions given in Table 4.1.

Figures 4.2 and 4.3 are for channels that are subject
to, noise alome and Figs.4.4 and 4.5 are for channels that
are subject to both noise gnd fading. Comparison of the
corresponding figurés shows that, as expected, systems that
are subject to both fading and noise have a performance

inferior to that associated with noise alone.

From the figures it can be seen that the performance
estimates based on . the mnewly derived expression for the
woid—error probability in a Viterbi—type scheme do in fact
provide an upper bound to the performance of an
Einarsson—-type system. Also sho%n in the figures is the
upper bound derived previously by Einarsson [16]. It is
clear that the newly derived bound is significantly tighter
than Einarsson's bound. At relatively low signal—to noise
ratios the newly derived bound is very tight and can in fact
be considered as a reliable estimate of system performance,
whereas the Einarsson bound becﬁmes increasingly A loose and
does in fact exceed unity. Figs. 4.6 and 4.7 show simula-
tion results for Version II-type systems. Fig.4.6 deals
with the case in which noise alone is present and Fig.4.7
deals with the case of combined noise and fading. From the

figures it 1is again clear that the estimates based on the
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newly derived expression for the word-error probability comn-
stitute an upper bound that is significantly tighter than
Einarsson’s bound and that, as expected, operation in the
presence of combined mnoise and fading is inferior to the

operation in the presence of noise alonme.

In addition to the simulation.of Versions I and II Ver-—
sions III and IV of Einarsson's system were also simulated.
Some of the results that have been obtained are shown in
Figs. 4.8 and 4.9. The figures relate to operation in the
presence of nbise alone and show how the performance of the

system varies from version to version.

When comparing the performance of the various versions
of the system it is clear from Figs. 4.8 and 4.9 that for a
given noise variance Version II outperforms Version I,
except at very low values of noise variance. This improve-—
ment is to be expected since a significantly increased level
of transmitter opower is used. Specifically, M times more
peak power is required with Version II than with Version I.
For the <case shown in Fig. 4.8, for example, this cor—
responds to an increase in ﬁoise variance (relative to unity
noise variance) of 1010g‘o (17f.=24.6 db. Examination of
Figs. 4.8 and 4.9 shows, however, that for operation in the
middle of the range of noise variance vaiues, Version II can

only handle approximately 5db more noise power than Version
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I for a given error probability. This limited improvement
.in system performance can, however, be explained in terms of
the average transmitter power. Imn Table 4.1 expressions are
given for both the peak and average power requirements asso-
ciated with each version of the system. From this table it
can be seen that for the values of Q,M and L being considered
Version II uses approximately 5db more avefage power than
Version I.

Figs. 4.8 and 4.9 also show that Version III (in which
the transmitted power per chip is made proportional to the
number of wusers occupying the chip) 1lies between the
extremes set by Versions I and II. Examination of the fig-
ures shows that in the middle range of noise varianc;
values, Version III can withstand 2 to 3db more noise power
than Version I, but approximately 2 to 3db less noise power
than Version II., In the case of Version III the peak power
requirement (for the case Q=M=17) is approximately 10db
greater than with Version I. Here again, however, calcula-
tion using the formula given in Table 4.1 shows that the
average increase of transmitter power over that associated
with Version I is approximately 3db which accounts for the

observed increased level of immunity to noise.
Results relating to the operation of Version IV are

also shown in Figs. 4.8 and 4.9. For the same average

transmitter power Version IV requires approximately 20db
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less peak power than Version II. From the figure it can be
seen that over most of the range of mnoise variance values
Version IV outperforms Version II. The underlying reason
for this is that the higher level of tramnsmitter power with
Version IV is used more effectively than with Versionm II.
Unlike Version II, with Version IV an increase in
transmitter power is made, when only a single user 6ccupies
a chip. A consequence of the increased use of power in this
situation is that the probability of deletion is signifi-
cantly reduced and the increased detection threshold
associated with the increased transmitter power of Versiomn
IV also means that the probability of false alarm is

reduced.

Figs. 4.8 and 4.9 show two interesting gemneral trends.
These concern the operation at the extremes of very low
noise variance (high signal—-to—noise ratio) and very high
noise variance (low signal—-to—noise ratio). The figures
show that at these extremes all systems tend to perform like
Version I. The reason for this is that for high
signal-to—noise ratios the performance of Version I is - so
good that any increase in transmitter power, irrespective of
way it is made, leads to negligible improvement of system
performance. At very low signal-to—noise ratios the perfor-
mance is so poor that any increase in transmitter power has

little effect on the error probability.
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Two other general points worth noting concern the rela-
tive performance of Versions II and IV and the way in which
the performance of various versions changes as M is reduced
relative to Q. It will be noted from Figs. 4.8 and 4.9
that as the noise variance is increased a point 1is reached
where Version IV becomes inferior to Version II, This
cross—over point is associated with the fact that for M
close to Q multiple occupancy of chips occurs relgtively
frequently and as Version II wuses more ‘transmitter power
than Version IV on these occasions, it is better able to

prevent deletions.

When M is significantly less than Q multiple océupa—
tions become increasingly unlikely, and all versions of the
system use the same average transmitter power (and the same
peak power) and hence it follows that all systems will have

substantially the same performance.
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TABLE 4.1

' PEAK POWER

’VERSION ' AVERAGE POWER
™M
I | - (x—-’-) |
Q
IT M=

I1I

v

L-0-s)]

AZ.

Q : number of frequency slots

M : number of users

A : amplification factor, A>1l.
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Fig.4.1 Essential elements of a TFCSS System
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LORD-ERROR PROBABILITY

EINPRSSON’S SCHEME UERSION [:Q=17,L=

| k=4
O SIMULATION RESULTS
4 NEU UPPER BOUND
1 -+ JPPER BOUND BRSED ON EINARSSON’S ANALYSIS
10 [
- /+-

10 T T T T T R . T T
-18.00 —-12.00 -8.00 -3.00 O 2.00

ADJITIVE NOISE UARARIANCE IN DB

Fig.4.2 Ver ion I: error performance in gaussian noise
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WORD-ERROR PROBABILITY

10

10

~-18.00

Fig.4.3 Version I:

EINARSSON’S SCHEME UERSION [:Q=172,L=12.,M=12

O SINMULATION RESULTS
4 NEW UPPER BOUND
+ UPPER BOUND BRSED ON EINARSSON’S AMNALYSIS

i
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R 1 R 1

i
-13.00 -8.00 -3.00 O 2.00

ADDITIVE NOISE UARRIANCE IN DB

error performance in gaussian noise
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HORD-ERROR PROBABILITY

EINARSSON’S SCHEME UERSION I:Q=127,L=12,M=172

@ SIMULATION RESULTS
& NEU UPPER BOUND
+ UPPER BOUND BARSED ON EINARSSON‘S ANALUSIS

10

-2 i
10 1 T 1 RIS 1 1 R 1 1 1

-18.00 -13.00 -8.00 -3.00 o 2.00 .00

ADDITIVE NOISE URRIANCE IN DB

Fig.4.4 Version I: error performance in Rayleigh fading and
gaussian noise
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WORD-ERROR PROBABILITY

EINARSSON’S SCHEME UERSION I.@=17,L=12,H#is° 

@ SIMULATION RESULTS
4 MNEW UPPER BOUND
+ UPPER BOUND BASED ON EINARSSON’S ANALYSIS

10

-2 1

10 T T T T T T T T —
-18.00 -13.00 -8.00 -3.00 O 2.00 Z.00

ADDITIVUE NOISE UARRIANCE IN DB

Fig.4.5 Version I: error performance in Rayleigh fading and
gaussian mnoise



WORD-ERROR PROBABILITY

EINRRSSON’S SCHEME UERSION II:Q=127,L=12,M=17

® SIMULATION RESULTS
&  NEW UPPER BOUND
+ UPPER BOUND BRSED ON EINARSSON’S ANALYSIS

10 —t

.-
-
-

lllllll

-3 A

10 T T T T T T : T T 7
-18.00 -13.00 -8.00 -3.00 O z2.00 7.00

ADDITIVE NOISE URRIANCE IN DB

Fig.4.6 Version II: error performance in gaussian noise
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WORD-ERROR PROBABILITY

EINARSSON’S SCHEME UERSION II:Q=17.L=12.M=17

O SINMULATION RESULTS
4 NEW UPPER BOUND
+ UPPER BOUND BRSED ON EINARSSON’S ANALYSIS

10
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ADDITIVE NOISE UARRIANCE IN DB

Fig.4.7 Version II: error performance in Rayleigh fading and
gaussian noise
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WORD-ERROR PROBABILITY

10

=

EINARSSON’S SCHEME : "Q=12., L=12, n=17

@ UERSION I SIMULATION RESULTS C(GAUSSIAN NOISE>
& UERSION II ‘%

+ UERSION III re
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ADDITIVE NOISE UARRIANCE IN DB
. Comparison of the error performance of Versions I-IV
Fig.4.8

in gaussian noise
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WORD-ERROR PROBABILITY

EINARSSON’S SCHEME ¢ Q=12. L=12. M=

16

(L] UERSION 1 SINULATION RESULTS (GRAUSSIAN NOISE>
A UERSION II 4
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Fig.4.9 Comparison of the error performance of Versions I-IV

in gaussian noise
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CHAPTER 5
AN APPLICATION OF CHANNEL CODING IN
FREQUENCY-HOPPED MULTI-USER

COMMUNICATION SYSTEMS
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5.1. INTRODUCTION

In the previous chapter the use of time and frequency
in the manner suggested by Viterbi and Einarsson has been
éonsidered at some length. In this chapter an altermative
way of using time and frequency is put forward. The alter-
native involves the combined use of channel coding and
frequency hopping. The basic elements of the Viterbi and
Einarsson schemes are shown in Fig5.1. In the system there
are available Q frequency slots—Q frequency bands each of
bandwidth Af. In the case of an Einarsson—type system up to
Q transmitting subscribers can wuse the system at any omne
time. Each of M subscribers generates K- ipformation bits
per frame and these are then mapped into omne of £<message
symbols, with £<&Q, and M{Q. For each symbol.generated by a
user an L—element addressing word is generated and the mes—
sage symbol is added modulo—Q to each of the L elements
comprising the address. This results in a message word of L
components, with each component corresponding to omne of @
frequency slots. The message symbol is transmitted by send-

ing the corresponding set of L frequencies.

With the Einarsson scheme the rate of communication per
user is K bits/frame or K/L bits/time-slot. As it is possi-
ble for there to be up to Q users on the system, the maximum

overall communication rate for the system is Q+K/L bits per
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time—-slot.

It is important to note that with schemes such as those
of Viterbi and Einarsson, coincidences, in which two or more
users occupy a transmission chip (a frequéncy—time slot),
are inevitable and that these coincidences lead to a degra-—
dation in system performance. The basic reason for the
existence of coincidences is that in order to make maximum
use of the available Q frequency channels (slots) each sub-
scriber is allowed to communicate K information bits/frame-—
one of the ngifferent message symbols, with K such that
£<€Q and as close to Q as possible. As a result of this,
each of the Q channels is available to wusers, irrespective

of whether or not it is already occupied.

5.2. AN APPLICATION OF CHANNEL CODING IN FREQUENCY-HOPPED

MULTI-USER OPERATION

The realization that other nusers’ interference is a
significant factor in limiting system performance, and that
such interference is inevitable with the addressing schemes
of the Einarsson and Viterbi type, leads to the question
whether and to what extent system performance can be
improved by developing systems capable of operating ‘without

introducing any significant degree of other users’ interfer-
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ence.

It is established practice that if there are M users
and Q=M frequency channels then, by using conventional FDM
techniques, it is vpossible to communicate without there
being any significant degree of interference between users
(adjacent channel interference). All that is strictly
necessary in order for a user to communicate K information
bits without other users’ interference is for each of the M
channels to have associated with it a binary communication

link and for the user to employ one of the links K times for

the transmission of the K information bits.

With the Viterbi and Einarsson schemes some protection
against other users’ intefference is obtained by using fre-
quency hopping and sending the message symbol associated
with the K information bits a total of L times. This pro-
cedure also affords some protection against extraneous noise

(jamming) and frequency selective channel fading.

An alternative to using time and frequency in the
manner suggested by Viterbi and Einarsson is to use FDM in
conjunction with error correction and frequency hopping.
With FDM used in the manner described above other users’
interference is absent and the combined use of frequency

hopping and coding provides protection against extraneous
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noise and channel fading. Specifically, by using a simple
(L,K) error—correcting code some protection can be obtained
against noise alone and by frequency hopping applied to each
of the L digits comprising the codeword used to transmit the
K information digits, some protection can be obtained

against frequency-selective fading.

With the simple alternative approach the rate of
transmission per user is K/L bits/time—slot and with M=Q
users the overall communication rate for the system is K¢Q/L

bits/time—slot, as before.

It is perhaps worth reemphasizing that the basic dis-
tinction between frequency—time coded multi-user systems of
the type considered by Viterbi and Einarsson, and the simple
alternative beiné put forward in this thesis is that with the
Viterbi and Einarsson schemes the information relating to a
K-bit information word is carried by the selection at the
transmitter and the subsequent ;dentification at the
receiver of ome of ZK allowed transmission symbols, that is,
a £<—ary system is employed, whereas with the alternative

system a binary scheme with L binary digits used to transmit

the K-bit information word is employed.
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5.3 COMPARISON OF SYSTEM PERFORMANCE

In order to assess the relative performance of systems
based on the two approaches outlined above, an extensive
simulation of both the Einarsson scheme and schemes employ—
ing error correction has been carried out. The performance
of the Einarsson system has been compared with that of a
system using a simple (3,1) repetition code and a system
using a (7,4) cyclic Hamming code. The main features of the
systems compared are shown in Fig5.2. From the figure it
can be seen that information digits are considered in blocks
of K=4. This parameter was selected so as to facilitate a
sen;ible comparison in terms of the respective 4-bit word

error probabilities associated with the various schemes.

In fhe case of the (3,1) coded system the 4 informatiom
digits are takem in as a block and are repeated twice as
shown in Fig.5.2.b with thé result that the four information
digits are transmitted in coded form as a block of L=12
digits., In the case of the Einarsson scheme the same 4-bit
information blocks are mapped into one of 24(=16) message
symbols and are then combined with an address in the manner
described by Einarsson. The parameter L is set equal to 12
so that the rate of the Einarsson system is K/L=1/3
bits/time—slot/user, the same as that of the system using

the repetition code.

In the case of the (7,4) cyclic code, the 4-bit words
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are mapped into 7- digit sequences so that the parameter L
equals 7. The mapping is illustrated in Fig.5.2.c¢ for the

4-bit word 1100.

In the case of the coded systems the linear addressing
technique illustrated in Figs.5.2.b and 5.2.c was adopted,
and the energy per transmitted information bit to the noise
power ratio (Eb/N;) was kept the same for all systems being
compared, In the simulation of the Einarsson system the
scheme in ‘which a fixed level of power is transmitted per
occupied chip, irrespective of the number of users occupying
the chip, was adopted and for this scheme the average power

transmitted per information bit is given by
-Q .
S N S
b
M- K

-

Q
where QMis the average number of occupied chips in a column
of the frequency—time matrix having Q frequency slots which
are available to M users. This equation can be derived

using the material contained in Chapter 2.

In the case of the coded systems if ON/OFF keying is
used then zero emnergy is required for the transmission of a
binary 'O’ and some energy E for the transmission of a
binary '1°'. If it 1is assumed that 'O's and 'l's are
transmitted wifh equal probability thenm the average energy

per bit, Eb, for the (3,1) coded system is Eb=(3/2)-E and
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’

the average energy per bit for the (7,4) coded system is
Eb=(7/8). E. In order to compare systems properly it is
necessary to ensure that the ratio E /N;is the same for all

b

systems being considered.

Also, for the comparisons to be sensible it is mneces-—
sary to compare them in terms of the same performance
parameter. For convenience the word—error probability was
chosen. Witk the (3,1) code a bit is decoded correctly pro-
vided no more thag one of the three corresponding
transmissions is erroneously decoded. The bit—error proba-

bility is then given by

3 n 3-n > 22 -1
DD JORT SN A VIS

and the expression for the word—error probability gJis
4
FW: l-(l—ﬁ)

In the case of the (7,4) code the 4-bit word—error
probability associated with the 4 information bits is the
same as the probability that the 7-bit transmitted code-word
is decoded -erroneously. This is due to the particular
structure of the (7,4) code, hence

7 -
Pus ) (F) R (1-7)" "

n=2 "
where P, is the probability that a given code-bit is incor-

rectly decoded.
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5.4 COMPARISON OF SYSTEM PERFORMANCE

Some of the results obtained from the simulations are
shown in Figs.5.3-5.8. Figs.5.3 and 5.4 show the theoreti-—
cal and simulation results obtained when using the (3,1) and
(7,4) coded systems respectively, when they are operating inm
the presence of gaussian noise alone. The results are seen
to be in excellent agreement, except at high signal—tOfnoise
ratios when errors were so few that the simulation run was
not sufficiently long. Figs.5.5 and 5.6 show the same pat-—
tern of agreement between theoretical and simulation resuits

for the case when both fading and noise are present.

Figs.5.7 and 5.8 show clearly that the performance of
the coded systems is superior to that which can be obtained
with the Einarsson scheme, and th#t the improvement is par-
ticularly pronounced at signal—-to—-noise ratios above 12 db.
The basic reason for this improvement is that with the
Einarsson—type system the inevitable interference arising
from the presence of other users becomes the major factor
limiting the performance of the systems as the
signal-to-noise ratio increases. No such interference
exists, however, with the coded schemes., Figs.5.7 and 5.8
also show that in terms of the word—-error probability the
performance of the (7,4) coded system is superior to that of
the (3,1) coded system. It should be remembered also that
this coded system has a higher transmission rate (4/7

bits/time—slot/user) than either the Einarsson scheme or the
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(3,1) coded scheme, both of which have a transﬁission rate

of 1/3 bits/time—-slot/user.

From Fig.5.7 it can be seen that at a signal-to—noise
rétio (EL/No) of 16db the word-error probability of the
(3,1) coded system is approximately two orders of magnitude
less than that of the Einarsson scheme, and that the (7,4)
coded system is superior to the (3,1) coded system by more

than one order of magnitude.

The other important fact that emefges from Figs.5.7 and
5.8 4is that in the case of the Einarsson scheme when only
M=15 users are on a system haying Q=17 frequency channels,
the performance is still significantly inferior to that of
the coded systems. Provided that the number of users does
not exceed the number of channels, the performance of the -
coded systems is, éf course, independent of the number of

users on the system.
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Fig.5.1 Essential elements of a TFCSSS
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a (@) .Einarsson's scheme: Q=17 L=12

(b) . (3,1) Repetition coded scheme (©). (7,4) Cyclic coded scheme

Fig.5.2 Three different ways of utilization of time-frequency
for the transmission of the 4-bit word (1100)
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(3,15 REPETITION CODE
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Fig.5.3 The (3,1) coded system in gaussian noise

132



10

10

10

10

10

10

10

T rlrerlI T ¥ lllllll T T llllllI

T llllllI

(Z7,4>CYyCLIC CODE

®© UWORD-ERROR PROBRBILITY ;SIMULATION RESULTS

+ WORD—-ERROR PROBABILITY THEORETICAL ~ .

’

-2.50 O 2.50 ?.50 12.50 12.50

Eb/N,

Fig.5.4 The (7,4) coded system in gaussian noise
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(3,1> REPETITION CODE

@ WORD-ERROR PROBABILITY SINULATION RESULT
4 BIT —-ERROR PROBABILITY SIMULATION RESULT
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Fig.5.5 The (3,1) coded system in Rayleigh fading and

gaussian noise.
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(Z7.4> CvyCLIC CODE
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Fig.5.6 The (7,4) coded system in Rayleigh fading and

gaussian noise.
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HORD-ERROR PROBABILITY

10

10

10

10

10

10

10

eX+p0

EINARSSOSN 'S SCHEME UERSION 1 1@=17.L=12.M=1?
" " " Y 4Q@=17,L=12.M=186
1@=12,L=12,M1=15
¢3,1> REPETITION CODE : Q=16 M=16
¢>,4> CYCLIC CODE v

0 pem—

E Q “:‘éﬁh- &

: \:‘\;:
-—1 ad
-2| _ )

» D

i \\ElE
—3_
—4'—
-8

1 1 i 1 1 1 ] i 1 1

-12.00 -4,00 C 4,00 12.00 20.00 28.00

Fig.5.7 Comparison in Gaussian noise
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HORD-ERROR PROBABILITY
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Fig.5.8 Comparison in Rayleigh fading and Gaussian noise
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CHAPTER 6
THE EFFECT OF CO-CHANNEL INTERFERENCE ON
THE PERFORMANCE OF TIME-FREQUENCY CODED

SPREAD-SPECTRUM SYSTEMS
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6.1 INTRODUCTION

From the material presented in Chapter 5§ it 1is clear
that TFCSSS of the Viterbi and Einarsson type result in an
inevitable interference due to the presence of other users,
but that despite this they still operate relatively satis—
factorily ; even if the performance is somewhat inferior to

that of coded systems of the type described in Chapter 5.

In view of this it is natural to ask how interference
(defined as co—-channel interference) arising from the exis-
tence of other similar systems affects the performance of
TFCSSS of the Einarsson type and, if they are able to
operate satisfactorily imn the presence of co—channel
interference, to ask whether it might be possible to develop
a system in which some degree of bandwidth saving is

obtained.

In this chapter the situvation is considered in which
two TFCSSS of the Einarsson type are operating with a degree
of overlap betwéen the sets of frequency slots allocated to
the systems. Specifically the situation is considered in
which two systems, each using Q frequency channels, operate
and in which a number B (less than Q) of the frequency slots
are common to the two systems. The situation is illustrated

in Fig.6.1. Let it also be assumed that there are M users
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on each of the two systems.

In this chapter the worst case operation of the
interfering systems is considered both theoretically and
through a computer simulation. It is assumed’ that in the
worst <case operation, the desired signal and other users'’
interference (from the same or the interfering system) are
of equal power. In addition to the deliberately introduced
co—channel interference, arising from the existence of com-
mon channels, the systems are considered to be operating
over mnoisy fading channels of the type considered in
Chapters 4 and 5. In the chapter the Version I and Versiom
ITI-type systems, with these being as defined in Chapter 4,

are considered.

6.2 ANALYSIS OF VERSION I-TYPE SYSTEMS IN THE PRESENCE OF

CO-CHANNEL INTERFERENCE AND CHANNEL IMPATRMENTS.

Consider two Einarsson—-type systems operating as Ver-—
sion I in accordance with the definition given in Chapter 4.
Let it be supposed thét each system has associated with it a
set of Q frequency slots, as before, and that a subset B

(B{Q) of these slots are common to both systems.

As indicated in subsection 6.1 the situation is illus-
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trated in Fig.6.1. The B common frequency slots give rise
to an interference between systems which, for convenience,

is referred to as co—channel interference.

Clearly, the situwation is symmetrical between systems
and hence in order to arrive at a statement as to the per-
formance of either of the two systems, it is only mnecessary
to consider ome of the systems and the interference it
egperiences as a result of the existence of the other sys-—

tem.

Let the system being considered be referred to as the
'local’ system and the interferiné - system as the
'neighbouring’ system.

In the time—frequency matrix associated with the 1local
systems there are QB frequency slots that are free from
co—channel interference but in so far as a local user is
concerned, there is, of course, the inherent interference
due to the presence of the other users. In respect of chips
associated with these Q-B frequency slots the probability of
a chip being occupied due to interfering wusers’' action is

given by

P - (\_LQ_)

With regard to the B channels that are common to the two

M-

(6.1)
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systems, and with regard to the use of a chip by a particu-
lar user, there exists the possibility of interference from
M-1 local users and from M users of the neighbouring system.
The probability of occupancy due to the 1local interfering

users is

P. - (;- .é_ )Mﬂ (6.2)

and the probability of occupancy due to neighbouring
interfering users is

/ M
() 3
It follows that any given chip in the B shared channels is

occupied by interfering users with probability

/

P(Chn’}v Occ,u?iefd): P + P/ — PP (64}

In order to take care of channel impairments arising
from fading and noise, equations (6.1) and (6.4) have to be
appropriately modified. Other users’interference can occur
in four possible ways as indicated in Table 6.1. The table
also shows the associated probabilities, the number of
entries (units of power) associated with the occupancy of
the chip and the probability of deletion. In arriving at
the statement contained in Table 6.1 it was assumed that
deletions cannot occur when two or more users occupy a chip

—-see Chapter 4 for earlier discussion.
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The probability RK,Of an insertion in any given chip

contained in the B co—-channels 1is

Pie =P'P/+[P'<"P’) P (1=P) P (1= R) +(\V~P)~(‘*?')-T’F (65) -

Note that in the absence of channel impairments (noise and

fading) PD=P =0 and in this case equation (6.5) reduces to
F

PIC: P+P —p.p’

as expected. If co—-channel interference is absent, but

channel impairments are present, then

Pe=Prs P(1-R) « (1-P) P

which, as expected, is the same as equation (4.2) of Chapter
40

The probability of insertion averaged over all Q chan-

%.FIC +<l-%>.PI <6.6>

nels is

-

6.3 ANALYSIS OF VERSION II-TYPE SYSTEMS IN THE PRESENCE OF

CO-CHANNEL INTERFERENCE AND CHANNEL IMPAIRMENTS.

The analysis of this case is similar to that presented

above in connection with Version I-type operation.



The probability that a given chip in the common set of
B channels 1is occupied by local interfering users is again

given by

M-

P (- &) | (6.7)

and the probability of occupancy due to neighbouring

interfering users is
/ M
1 1
P <|-§> (6.8)

Table 6.2 shows the various possible combinations of local
and co-channel interference, together with the related pro-—
babilities and the number of users occupying any given chip.
The probability of deletion is also given in the table.
Again it is assumed that deletions cannot take place if a

chip is occupied by more than one user.

It follows that the probability of insertion in any

given chip in the B chamnels is given by
e = (1-P)-(1=P)-Pe.
[G=p1 e (=20 (1)
s (=P (P )+ BB s P(PER)
e (P-P)(1-P) s (P-R)-P

f (P-P) (PR (6.9)
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Equation (6.9) can be rewritten as
Pre = (1=P)-(1- )P,
S[(-P)R R.(\~F’>}(|—FP>+(n—P)‘(?’-F,')
F PR R (ReR) - (P-R) (6.10)

Again, in the absence of channel impairments, PB=PF=O and

hence equation (6.10) reduces to

P. = P+P'- P-IP’

as expected. With channel impairments but in the absence of

co— channel interference, equation (6.10) reduces to

PresPro= C1=P)-Pey P=Pr + Ba(1-Pp)

as expected.

As in the case of Version I,an average expression for
the insertion probability can be obtained by averaging over

all Q channels., If this is done, then
P - B P +<]__5_>.F1 ‘ (6.11)
QR Q

By using equations (6.6) and (6.11) in equations (4.3),
(4.4) and (4.12) an exact expression is obtained for the
word—- error probability of a Viterbi Random Addressing—type

scheme. Clearly,as argued previously, these expressions can
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be considered as upper bounds to the performance of the
Einarsson—type system  when it is operating in a

frame—synchronous mode.

6.4 RESULTS

Somé of the results obtained relating to the perfor-
mance of Einarsson—type systems operating in the presence of
co-ch;nnei interference are shown in Figs.6:2—6.11.
Figs.6.2—6.§ show the performance of systems for various
values of Q,M,L and B. The results of simulation of the
system for various combinations of the parameters are shown,
together with théoretical performance figures based on equa-
tions (6.6) and (6.11). The figures show, as expected, that
the performance arrivea af from thé use of equatioms (6.6)
and (6.11) is in fact an upper bound to system performance.
Comparison of the appropriate figures, for example, Figs.6.3
and 6.6 for Version I-type systems and Figs.6.% and 6.8 for
Versiog II-type systems shows that the performance in the
presence of gauésian noise alomne is, as expected, better
th#n that to be had when operating in the presence of both

_ gaussian noise and fading.

The feature of major importance to be noted from the

figures concerns the way in which the performance derer-
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iorates with increasing B for fixed Q,L and M. From
Figs.6.4-6.9 it can be seen that for noise variances less
than -10db relative to unit noise variance (or values of
E NR of 13db and 18db for Versions I and II respectively)
the word—error probability is increased by a facfor of
between 2 amnd S‘for the values of B,M and Q examined, and
that as the mnoise variance increases the performance
approaches that of the system when operating without any
co—channel interference. For the values of B,M .and Q
involved the situation being considered corresponds to
approximately a 123ésaving in channel bandwidth (30 as

opposed to 34 channels).

Another feature can .be observed from Figs.6.10 and
6.11. The figures show that even when considerable
co—channel interference exists (B=4) Versioﬁ II operates in
a manner superior to Version I and that the degree of
improvement is approximately 5db. This feature was noted in
Chapter 4 when a similar improvement factor was observed to

exist. A discussion of this aspect was given in Chapter 4.
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LocAaL CO-CHANNEL ASSOCIATED NUMBER PROBABILITY
| INTERFERENCE |INTERFERENCE PROBABILUTY |of eNTRIES OF DELETICN
Yes Yes P.p’ 2 @)
Yes N P (1=) H
No Yes (\~‘o> P’ [ i:D
No No (\—-F)'(\-P') O -
TABLE 6.1




—+ Numgeer oF EjTRIES
D\)E. TO
LocatL CO-cHANNEL | AssociaTed  |Torqe Nomeee | Proga B LITY
INTERFERENCE [INTERFEERENCE| PRoBABILITY | OF enNTRIES OF DELETION
O O (-P)-(1-7) O —~
0 | (1-7)- P’ Py
o 22 (-P)-(P=P)|  >»2 ®
o |moa-m| :
| 4 FI' Fl/ : 2 O
| >2 P-(P-R )| 23 0
52 O (P-R)-(-p") 22 o)
2 | (P-P) P >3 0
»2 Py (P-P)-(P-P)| >4 0
Mm-2
. P\- (M‘O._‘_.(l__]_)
| Q Q
PP ™

M-
5 (%)

TABLE 6.2
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Fig.6.1 Frequency-Time matrices of the local and

the neighbouring system.
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WORD-ERROR PROBABILITY
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Fig.6.2 Effect of B=2 on system performance
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WORD-ERROR PROBABILITY
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Fig.6.3 Effect of B=4 on system performance
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WORD-ERROR PROBABILITY
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Fig.6.4 Effect of B=3 on system performance.
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LIORD-ERROR PROBABILITY
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Fig.6.5 Effect of B=5 on system performance.
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WORD-ERROR PROBABILITY
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Fig.6.6 Effect of B=4 on system performance.
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WORD-ERROR PROBABILITY
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Fig.6.7 Effect of B=3 on system performance.

156



WORD-ERROR PROBABILITY
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Fig.6.8 Effect of B=4 on system performance
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WORD-ERROR PROBABILITY
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Fig.6.9 Effect of B=4 on system performance.
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HORD-ERROR PROBABILITY
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Fig.6.10 Comparison of Versions I and II for B=4,
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HORD-ERROR PROBABILITY
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Fig.6.11 Comparison of Versions I and II for B=4.
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CHAPTER 7
CONCLUSIONS AND SUGGESTIONS

FOR FUTURE WORK
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7.1 CONCLUSIONS

The problem of utilizing time and frequency with a view
to providing a communication system suitable for multi-user
operation 1is of <considerable interest, particularly in
respect of Mobile Radio. The use of TFCSSS in this context
has been suggested by Goodman et al and the problem of
optimum address selection has been solved by Einarsson.
However, a rigorous mathematical analysis of the performance

of TFCSSS is not available in the literature.

In this thesis the performance of TFCSSS employing
Einarsson's optimum addressing scheme has been studied in
some detail and theoretical as well as smulation results
have been obtained. Exact expressions for the word—error
probability have been derived for operation in both the syn-—
chronous and asynchronous modes, when system performance is
limited only by other users’ interference. In the syanchro-
nous case the exact expression is found to be approximately
an order of magnitude tighter than any known wupper bound.
The complexity of the word—error probability expression in
the asynchronous case is such that its computation is
impracticable, and in the thesis a group of three new rela-
tively easily computable upper bounds is derived. The
tightest ©bound is sufficiently tight for it to be used as a

reliable estimate of system performance,

162



The distribution of energy in a frequency—time matrix
with Q ch;nnels available to ﬂ users has been studied in the
synchronous case and an exact expression has been derived
for the probability .demnsity function of the number of occu-
pied chips per column. This is of importance because it
facilitates calculation of the energy (power) requirements
of the system. A relationship has been derived between the
word—error probability and (i) the average transmitter power
in the base—to-mobile case and (ii) an operational expres-—
sion for the signal—to—interference ratio, This

relationship can be used as an aid to system design.

In addition to considering the situation in which the
performance is 1limited only by other users' interference,
the practical situation has been considered in which opera-—
tion takes place in the presence of both other users’
interference and channel impairments, such as fading and
addtive moise,. Ahew exact expression for the word—error
probability of a TFCSSS withr Viterbi's Random Addressing
scheme has been derived. This expression provides the
tightest known upper bound to the performance of the Einars-

son scheme.
The performance of the TFCSSS clearly depends on the

energy content of each occupied chip. In the thesis various

ways in which transmitter power might be used are consi-
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dered. It is shown that if the possibility of using an
increased level of transmitter power exists, then it is
better to increase the power per occupied chip and keep it
constant at the increasea level, irrespective of the number
of wusers actuwally occupying the chip, rather than to use a
power level that increases as the number of users occupying

the chip increases.

An alternative to the Viterbi and Einarsson schemes of
multi-user frequency—hopped communication has been examined.
The alternative, which involves the combined use of frequen-—
cy-hopping and error correction has been shown to have a
performance which is significantly superior to that of the

Einarsson, and hence that of the Viterbi addressing scheme.

The performance of TFCSSS operating with a number of
common channels has been examined in Chapter 6. Simulation
results are given for operation in the worst case and a mnew
exact expression for the word-error probability has been
derived for the Viterbi addressing scheme operating in the
worst case. This expression is shown to be a tight upper
bound on the worst-case word—error probability performance
of the Einarsson addressing scheme. The performance of such
systems, although inferior to that of the stand-alone sys-
tem, is not dramatically different. Consequently, it may be

advantageous to employ them in cases where bandwidth economy
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is the chief consideration.

7.2 SUGGESTIONS FOR FUTURE VWORK

In this thesis the performance of TFCSSS and of an
alternative coded system was studied in some detail in the
case of operation over mnoisy fading channels, and the
impairments were assumed to be independent from chip to chip
of the transmission matrix. This assumption is wunrealistic
in many cases where the errors result from fading, and/or
bursts of interference noise. In this situation errors tend
to occur in bursts. One way of dealing with such errors is
to use time-interleaving. An interesting system worthy of
investigation would be that which makes combined use of
time—interleaving and frequency-hopping as employed in TFCSS

systems.

Another area worth considering concerns the combined
use of TFCSSS with bandwidth compression technigues. It is
known that good speech quality can be obtained at bit rates
at and below 32Kbs. Any decrease in user data rate (or
equivalent increase of maximum bit-error probability) would
admit more simultaneous users on to the system. To facili—
tate this increase in system efficiency a coder is mneeded

that has (subjective) performance almost independent of the
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bit—error probability. For example, a VSDM coder operating
at 19.2 Kbs would probably maintain a satisfactory level of
intelligibility at bit—error rates of about 0.01. It would
be interesting to study the level of system performance that
can be obtained through the combined use 'of source coding

and time—frequency coding.

In the TFCSSS, as proposed by Viterbi, ON/OFF signal-
ling is suggested for the occupied/unoccupied chips. It
could be interesting to study the performance of the system
when bipolar signalling is involved (with the corresponding
3db reduction in power requirements). The possibility of

multi-level signalling, is also worth investigating.

The question of increasing the efficiency for TFCSSS
has been considered by Haskell and Timur who derived amn
algorithm that makes use of other users’ interference to
assist the decision maker at the receiver. Haskell gives
simulation results for the mnoiseless case only. It is,
therefore, important to investigate whether and to what
extent the performance improvement achieved by his algorithm
is maintained when the system operates in noisy environments
of the kind considered in this thesis, and also in the pres-—

ence of burst-type errors.

The practical problem of the design of filters suitable
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for the frequency slots of a TFCSSS has not as yet been stu-
died. The type and specifications of these filters are
important because they have direct influence on the cost and

efficiency of the system.

Finally, the possibility of using TFCSSS so that they
occupy simultaneously the same bandwidth as conventional
systems such as FDM, is of potential importance since it may
be that system development will require TFCSSS to be used as
an 'overlay’ with existing FDM—-type systems. The study of

this combined operation is worthy of investigation.
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APPENDIX 1

THE CLASSIC OCCUPANCY PROBLEM

Suppose that r balls are distributed among n cells and
each of the n possible distributions has probability n’ .
Let A(r,n) be the number of distributions 1leaving mnone of

the n cells empty. Show that
Y

AG,HH'):? (i)-/\(r*k,h) (A1)
=

Proof:
r balls occupy n+l cells and no cell is left empty, there-
fore r ) n+l. If k balls are in a given cell tﬂe remaining
r—k balls can be distributed over the remaining n full cells
in A(r-k,n) ways. The k balls that occupy the given cell
can be selected in(v

k

number of distributions of r-k balls in n cells is

(5) At

Clearly, the number k of balls that occupy the given cell is

> different ways. It follows that the

bound by the double inequality

VL k<L v
Hence

O{v—k \< Nn-1

For r-n+1{ k{ r it can be seen that A(r—k,n)=0 because there

are more cells available than balls and thus we may write

A (r,mx):i (‘{() A(hkm)
k=
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Using the equation above prove that

A(rn) 4( 92 RSN (&12)
J=o

This can be easily proved by induction:

The case for n=1 is trivial.

Assume that the equation holds for some value n, ie.

A (vn) Z C*‘Ty( ()

then

vk,
/\(r-k)n Z (-I/ (h))

This can be used with equation (Al.1) to give

A (rian) = Z( ] '>_ e (V?),(h‘))r—k

by rearranging the terms and applylng Newton's formula we

have that

Alentn)= ‘2 (?1)7()“)' (\"-),)r~ }:( o L) - l]

J=o

which after straightforward manipulation may be written as

Atrmi) = Ine)

- 2o R ) o

/

By using the identity

(r)-0n)=07)
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equation (Al.3) may be rewritten as
A (enei) = (M)
2 0-) ) v
-2 E ) (- 8)
or finally £=1

M+

A= oot (p)e e g
L0

The number of ways in which exactly m empty cells can
be chosen from a total of n cells is <'TYYI\)’ and the number of
distributions leaving none of the remaining n-m cells empty
is A(r,n-m), therefore the number of distributions leaving

exactly m empty cells 1is

E7m (nn) = (%) Acrln_m>

v
and since all n distributions are equiprobable the proba-

bility of finding exactly m empty cells satisfies

() = ™k (rn)
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APPENDIX 2

DERIVATION OF P FROM P
FR-STAC FR- AsynC

When all interferers are frame synchronous with the

desired user

Uo=M-1 , uy=0 for i=1,2,..,L-I
Also ¢ =0 for i=1,2,..,L-1. It follows that §. =0 for-
! n-l ‘.)n.
i=1,2,...,L-1 and CL = M-1-) Vi
on ksl

Equation (3.21) may be rewritten as

FFE—ASTUC.:Z Z Z ™ Z: =\

No,iz0  Vg,2:0 Vo, =0 Vo, L=0
L . Vo OXQ.V&‘VOJ“\
ﬂ <qo.n )( | . ( | - ! .
Vo, QN -n-1) Q-(n-1)
m=1
L.
RECER)
D, Von
"’]:l
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which, after neglecting the subscript O and rearranging the

terms becomes

L2
' M-1 M-1-Y, M-l =2V,
k-
FFQ—A?TN = T Z |
V\:[ Vz:l \/\_-|=1
M=\ .
Ll Mo1- T Vo M-1-2M
( k:‘ )< ] > | ( ] > . k:l
"= NV Q-(n-1) Q-(n-1)
L=t
L
M-1- ZV L1 vi M-1-7 M

or equivalently,

M-t M-1-V N‘—I-Z;,\L
FFQ-ASTM5 2 Z ~ 2 k=1
\/;‘-'l V-1=l \/L p= |
_ N
L y Nem M—!—Z\/k'
Z L | | ks
) k=t — ] | 1= *
it Q -(n-1) Q-(n-1)
Ve
L=

M-I~ 2 Y%

l——(l—_‘l______> k= = PFR SYNC
& (1)

for[ﬂ>=M-l,ui=O i=1,2,...,L-1.
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APPENDIX 3
STATISTICS OF THE NUMBER OF INSERTIONS DUE TO AN

INTERFERING USER

An& one of the M-1 interferers in a given frame may
result in insertions in N chips of the false row. The range
of values of N depends on the delay i between the frame of a
given interferer and that of the desired user. The statis-—

tics of N are derived below.
1. Synchronous operation

According to Einarsson's scheme the probability density

of N is
| - L/Q - for N=o

Pony = L/Q L dor N

o , -%.O Y N >/ 2

The mean and variance can be easily found to be

<N>S’rmc :' L/Q
N = LB - Q‘/&>L

N SYNC T
2. Asynchronous operation
With the Einarsson addressing scheme the number of

. th, . : ..
insertions due to the m k1nterfer1ng user is limited to a

maximum of two. This maximum value is possible only when
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the two consecutive messages that interfere with the frame

of the desired user are different. It can be easily shown

that the probability density of N is given by

()*L/@)Qﬂ-(l-—>(l (‘, Ise N=O

Pl = %éﬂé(“%)*(“é) 6”(\&—) for N=
&5 leg) for N=2
© | Jor N3

The mean and variance are then found to be

<M> ASYN = L//Q

(j; asyv =L/B (L/G)) ZL L) (t
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APPENDIX 4

THE BEHAVIOUR OF EINARSSON'S SCHEME FOR LARGE VALUES OF Q

1. Synchronous operation

The probability of forming a full false row in the syn-—

chronous case is given by

L-2
M-1 M-1-V, M-l-ZVc
Peesme ™ ]
=1 Vo =1 \/L_‘=[
: ;
L~-1. V, . M-1- e
] M-t=Z Ve N[ ‘ | L=
=1 ) - ’
k=1 | \/k @-(I(‘l). Q‘(k‘l)

L-1
M-1- 2\
) C=1 (A4. l)

]
(e
Q-(L-1)
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It will be proved by induction that for Q>>L equation A(4.1)

reduces to

]
Prr svw 2 Prr Asty = [\— (i- 5) (As.2)

For L=1 equation (A 4.1) yields the trivial

P = 1-( I )M_‘
R SYynN = - - =

F Q

For L=2 equation (A 4.1) gives

S G TR (S Ll [RORTSS

M=|

or

il

o= ) (M“)t-@) ()

\q_;

j_jm'x@) (& a)

which for Q))Z may be written as

PFKSTN‘ 5 (@)V‘ ( .l_ M=1=M
v

(&)M‘ LM) ‘v'(“ )H,V!(\-@)  (has)

-/,
For @>>1 the factor (1-1/Q) =~ exp(v, /Q) and thus its value

M-1-V,

ranges from 1 for V, <{Q to a maximum value of exp((M-1)/Q).
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The probability with which V| takes on the larger values in
the range [1,M-1] is very small because Q>>1, so equation (A4.3)

may be rewritten as

N v M-1-\
FFRSYN"—"VF‘(V‘><_§) (‘-f‘&_ B
M- i M- \ Vi | M-1-M
" E (@i
F _ . - M- (M‘f> L “\ M- 1=V,
FRSW'L‘"("‘Q) 1 v v (CQ) (‘-@1—

Fr s = [u(l_é_)m—tlz

and (A 4.2) has been proved for L=2.
It will now be assumed that (A 4.2) holds for L=n and

using this it will be proved that (A 4.2) is also true for

L=n+1.
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For L=n+l equation (A 4.1) gives

~-|
M-l M-1-\ Mot 2V
~ 7
.FFRSTN - Zi Zz e [
Vil Varl Vs |
ck V,
ﬁ(M-I—ZVC-a < | )k(
(=1 N E—— R
. Q- (k-1)
k=1 v,

\—<\_ ‘ )qugw:
| | Q-(L-1)
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This may be rewritten as

M- v M-1-V,
_ M=ty \ "
PFRSYN“Z_<V‘ ) @) (l"@")
M= Nn-1
Y M= 2V
V2= | N = | !
n < - | N, M- 1-) V.
ﬂ < M-] — é‘\/u—l < ‘ >k< ) ) \’:'l
=2 \, QR-Ck-1) Q-(k-1)
M-l= 7 N ]
\—<1- | ?T i (A4.4)
O (L)
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In equation (A 4.4) the bracketed terms are the probability
of forming a false full row in a matrix with @Q
channels,M—l—ﬂ interferers and L=n time—slots operating in
the synchronous mode. It bhas been assumed that this is equal

to
n

M=1=V

l—((_._é_>

for very large Q. According to this equation (A 4.4) may be
rewritten as
M-l _
M- (\ )V:< L AM-1=V M-1-vi Tt
FFRSTNT_’Z ( v,) /) U @_) 1 -0-4) _1 (A-45
\/1:l

Notice that for values of V; <KM-1 the factor

n -
M-1-V

]_<"(J§> =~ | \_O___Cls_)_M—:

Larger values of V| are taken with negligible  probability

because Q)>>L and (A 4.5) may be rewritten as

Prvse =L (N)@) (-8)

Or

n
v

I M-\

| -0-%)
- "

FFRSYN'}’-L’(“‘&) |

ﬁ:p\ STy = FFR RA
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2. Asynchronous operation

As has already been discussed, in the worst case all
M-1 interferers have delay i=L/2. The matrix of the desired

user may then be regarded as split into two synchronous

matrices. A right matrix with Q channels and LR ht=L/2

8
time—slots and a Jeft matrix with Q-L/2 channels .and
LL£H-=L/2 time—-slots.

For very large Q the probability of forming a full

false row in the right matrixis given by equation (A 4.2).

L/
FFR Right 2 [I—Q_l/@)”“] =

and in the case of the‘ left matrix by
| L2
M-I

[

(AA.G o

L/2

Fpa Left = [l— (t— _ = |- (‘—'/&)M-l (A4.6 b

Q-2
It follows that in the worst case the probability of forming

a full false row in the asynchronous matrix is approximated

by ;
Pen asrn = [" ("I/Q)M—l}

It has already been shown that the probability of a false

L

full row in the asynchronous Einarsson system is larger than
P and smaller than that of the worst case described
FR -STNC .

above.Since for very 1large Q both upper and lower bounds
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approximate the performance of Random Addressing, it follows

that
L

Tre asyn = [P(l- ‘/@)Mql - (~4aB)
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LIST OF SYMBOLS

Q :number of frequency-— slots
At :frequency— slot bandwidth

:number of time-—slots

(¢4 :time—slot duration
M :number of wusers
Q ,
KM :number of occupied chips in column with

Q slots access by M users.

a :address of mth'user
m
K :number of bits per message
R :data rate
PW :word-error probability
Pb :bit—error probabilty

U; :number of users with delay i
i :number of users from the group of u{who
have already occupied chips in the false
row in the L—i chips preceding the
desired frame
?Ln :number of interferers with delay i who
have access to chip n of the false row
Y;n :number of interferers with delay i who
actually occupy chip n of the false row
P :probability of false row in the case of
FR-ASTN
asynchronous operation
P :probability of false row in the case of

FR-SYNL
synchronous operation

| (1)
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:probability of deletion

:probability of félse alarm

:number of frequency—slots common to two
Einarsson—type systems

:variance of additive noise
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