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ABSTRACT

In recent years great interest lias been shown in 

Time-Frequency Coded Spread-Spectrum Systems and particular­

ly in the possibility of employing them as Multiple-Access 

Communication Systems.

The performance of such systems is limited by other 

users' interference and by noise. The effect of other 

users' interference can be partly overcome by successfully 

selecting the address of each user and by designing a suit­

able combiner for the receiver. In this thesis 

Time-Frequency Coded Systems that employ Einarsson's 

addressing scheme and a hard-limited combiner are studied in 

detail.

The system is first considered to operate in the syn­

chronous mode and an exact expression for the word-error 

probability is derived. The probability distribution of the 

number of occupied time-frequency chips is found and an 

operational signal-to-noise ratio based on the average 

number of occupied chips is derived. This is shown to yield 

a useful design aid when used in conjunction with the exact 

expresssion for the word-error probability.
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Since in practice synchronization is often difficult, 

the asynchronous(non-synchronous) operation of the 

Time-Frequency Coded system is studied and an exact expres­

sion for the error probability is derived. This expression 

is, however, difficult to evaluate and three easily comput­

able upper bounds are derived. The tightest bound is shown 

to be very close to the exact value of the word-error proba­

bility, and the other bounds, although more loose, are 

sufficiently tight to be of value. All three bounds are 

tighter than any other known correct bound.

The effect of channel impairments is also studied in 

detail and an upper bound, which is significantly tighter 

than all previously known bounds, is derived for the system 

operating in the presence of noise.

In a new approach to the operation of Time-Frequency 

Coded systems the use of simple repetition codes and the use 

of a (7,4) cyclic code is considered. The performance of 

these systems operating in a variety of channel impairments 

is considered and compared with that of Einarsson's basic 

scheme. The comparison of the systems' performance is made 

both in terms of theoretical calculations and through a 

simulation of the various systems. The new coding schemes 

are shown to have performance advantages as compared with 

the basic Einarsson system. Finally, the effect on the per­
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formance of a Time-Frequency Coded system of interference 

resulting from like Time-Frequency Coded Systems is exam­

ined.

>
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CHAPTER 1

INTRODUCTION



1.1 INTRODUCTION

Spread Spectrum Systems, such as Direct-Sequence Sys­

tems and Frequency-Hopped Systems, were originally developed 

in connection with military communication in which secrecy 

and the ability to handle high levels of interference (jam-
0 3ming) are of paramount importance. The advantages of these 

systems stem from the fact that in order for a receiver to 

decode a message correctly, it is necessary to know, or to 

be able to derive, information about the mapping operations 

involved at the transmitter. For example, in the case of 

frequency-hopping it is necessary for the receiver to be 

aware of the sequences of frequencies used and for proper 

synchronization to be obtained. In order to effect jamming 

the source of the interference must either provide blanket 

interference over the entire transmission bandwidth or it 

must have knowledge of the particular frequencies involved 

at any time if a narrower band of interfering signal is to 

be employed.

Following the early development of military systems it 

became apparent that Spread-Spectrum Systems could be 

employed in Multiple-Access communication systems, and 

thereby fulfil a role conventionally filled by 

Frequency-Division Multiple-Access (FDMA) and Time-Division
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Multiple-Access (TDMA) systems.

Another important area in which. Spread-Spectrum Systems 

might he of value is in connection with the question of mak­

ing more efficient use of limited communication bandwidth. 

At first sight, this possible application appears to be con­

tradictory to the large bandwidth requirements associated 

with Spread-Spectrum Systems. In recent years there has 

been increasing demand for communication capacity so that 
new services can be accommodated. Two ways in which this 

demand might be met are:

(i) To use higher frequencies;

(ii) To reduce the bandwidh required by services through the 

use of sophisticated signal-processing techniques, such as 

bandwidth compression etc.

The use of higher frequencies in the spectrum may pro­

vide only a temporary solution on the grounds of limited 

available bandwidth and the fact that at high frequencies 

equipment complexity and associated costs may render its use 

non-economic. Likewise, the use of signal processing in the 

form of data (bandwidth) compression, can yield only a par­

tial solution to the problem since the per user bandwidth 

cannot be reduced beyond a certain value. The third possi­

bility is the employment of Spread-Spectrum Systems not as 

replacements for existing communication systems but rather
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as a second layer of systems that share the same bandwidth 

with those already in operation.

The earliest Spread-Spectrum System known to the author 

is the Random Access Discrete Address system (RADA). In the 

original form of the system each user has a time-frequency 

coded address and marks/spaces (l's or 0's) are transmitted 

by the respective transmission/non-transmission of the 

address. Improvements and generalizations to the RADA sys­

tem were reported by Chesler [2] and Sommer [3]. Chesler's 

method was particularly interesting in that it pointed to 

subsequent developments in the field. Briefly, each user is 

allocated a total of m distinct addresses. Each address 

serves as an element in the alphabet that the user selects 

from in order to transmit information. As far as a particu­

lar user is concerned, therefore, the system is an M-ary 

system. Each address consists of a particular fixed k 

pulses selected from a frequency-time matrix of N pulses. 

The receiver decides that a particular address (alphabet 

element) has been transmitted when the particular k pulses 

associated with that address are received.

The performance of a channel randomly accessed by M 

users was studied by Cohen et al [4]. He described an asyn­

chronous orthogonal-coding multiple-access system with 

ON-OFF signalling and neglected all sources of noise except

14



for other users' interference. As possible areas of appli­

cation be suggested:
(i) any line-of-sigbt communication network with bigb 

signal-to-noise ratio and negligible fading and multipath;

(ii) any hard-wired network with sufficient bandwidth;and

(iii) linear satellite repeaters.

This work was extended by Viterbi [5]. In his paper Viterbi 

describes a frequency-hopping (FH) system suitable for use 

in a processing satellite transponder for multiple-access by 

low-rate mobile users. In order to provide multiple-access 

Viterbi suggested that the total available one-way bandwidth 

be divided into Q frequency-slots (channels), each of which 

may be randomly accessed by any one of M users. The opera-
ILtion of the transmitter is outlined in Fig.1.1. The nr user

has a K-bit input buffer and may, thus, transmit any one of
0 K
c. messages with equal probability. The modulation method

employed is MFSK and so Q- 2^ channels are required. The
ih.m user is allocated an address, ie. a pseudo-random

The address

a ~ ((X Q  Q. ) is such that each a . i=l,2,..,L is an
-m omi' •wio. '■ ’ ‘ ’ 'M L / itu

independent random integer number in the range [0,Q-1]. The

sequence a of L frequencies.
w.

message * is combined with the pseudo-random address accord- e Tn

ing to the equation:

'Vi on C u )

where the addition is modulo-Q. The transmission of X-vntk115
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takes place using L different channels so frequency diversi­

ty is thereby achieved. At the the receiver, the message

X is recovered by simple modulo-Q subtraction of the address
'm.

Cl from the received vector Y-, . Since one or more users
m

may select the same channel simultaneously, the performance 

in the absence of noise is limited by other users' interfer­

ence. It is interesting that frequency-hopping, as 

described above, is the dual of time-interleaving in the 

frequency-domain. Contemporary with [5] was the work of 

Cooper and Nettleton [6] in which a FH scheme was proposed 

for use in multiple-access Mobile Communication. The basic 

idea of the Cooper and Nettleton scheme is shown in Fig.1.2. 

Any given user out of the set or group of users is assigned 

an addressing sequence of N different frequencies each last­

ing t^T/N sec. The entire bandwidth is available for the 

frequencies of the addressing sequence used by each user. 

Clearly, it is required that the sets of sequences used 

differ sufficiently from one another. The information to be 

transmitted by any given user is imposed on his addressing 

sequence as follows. The incoming binary data fill an input 

buffer of length log^N, thus forming any one of N possible 

messages with equal probability. To each of these messages 

the word-selector assigns one of N orthogonal words using, 

for example, the rows of an N by N Hadamard matrix. Thus

log^N information bits are encoded as N binary digits and
jjtlrvthe coding scheme thus has rate of log2N/N. The . code bit
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(■1=1,2, .. ,N) modulates tlie 'L carrier in the address of any 

given user by differentially shifting its phase (DPSK) with 

respect to the phase of the corresponding carrier frequency 

of the previous log^N bits. So if a binary 0 is to be 

transmitted in the Z time-slot the phase of the carrier 

frequency in that time-slot is shifted by n relative to the 

phase of the Z time—slot of the previous sequence. If a 

binary 1 is to be transmitted no phase-shift takes place. 

The rate of transmission of information of this scheme is

R = lo c ^ N  /  Nl (  bi \s / s e c /  User)

tkAt the receiver the X. modulated carrier , X 1 ; 2 I . . I L  1 !

delayed by (N-lkt^ sec so that all carriers will be processed
ftksimultaneously (in parallel). The output of the A. product 

detector is low-pass filtered to remove the second-harmonic

terms and then compared with a threshold. The decisions d,,
o Ik-t=l,2,..,L are fed into a combiner circuit, the k output of

which is
N

C

k=i

flth tkwhere h is the Z bit of the k code-word. In the absence
u

of impairments when the k word is transmitted the k output 

of the combiner is positive and the remaining N-l are zero.

Finally, the decoder produces the block of log^N bits that
tkcorresponds to the k code-word.
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A variation of tlie scheme described by Viterbi [5] was 

developed by Goodman et al [7] with a view to applying it in 

Mobile Radio communications. Goodman's variation consisted 

of a modification of the addressing scheme of Viterbi. 

Comparing the modified Viterbi scheme and the scheme pro­

posed by Cooper and Nettleton, Goodman showed that the MFSK 

system had a significant advantage over the DPSK system of 

Cooper and Nettleton in that for the same number of users 

the error-probability was lower. The analysis of the com­
parison of the DPSK and MFSK schemes was taken further by 

Yue [8],[9],[10] who found that the number of users that can 

be accommodated depends not only on the modulation method 

but also on the receiver combiner. Prior to the analysis by 

Yue it had been assumed that the interference caused by 

other users could be modelled as a Gaussian process and that 

a linear combiner should, therefore, be used. Yue, however, 

showed that the use of a Gaussian model was not justified 

and from a consideration of the statistics associated with 

the actual operation of the system he argued that a 

non-linear combiner should be used. Further, he considered 

the use of linear, hard-limited, and optimum non-linear com­

biners and demonstrated that the performance of the linear 

combiner is poor as compared with the optimum non-linear 

combiner and also with that of the hard-limited combiner. 

In these cases in which additive Gaussian noise is present 

at a significantly higher level than the interference aris­
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ing from other users, the composite interference is 

essentially gaussian in nature and the use of a linear com­

biner, rather than a non-linear device, gives rise to a 

lower error-probability with the result that an increased 

number of users can be employed with a linear rather than a 

non-linear combiner. Yue's optimum non-linear combiner was 

shown to perform better than the simpler hard-limited com­

biner but considerations such as the cost and ease of 

implementation suggest the use of a hard-limited combiner 

rather than the optimum combiner in other than exceptional 

circumstances.

From what has been said above it is clear that 

interference from other users not only limits the perfor­

mance of the system, but also influences the choice and the 

design of the receiver as well. Interference from other 

users arises whenever two, or more, users require (occupy) 

the same frequency channel simultaneously. It is clear that 

any addressing scheme should have the property that 

simultaneous use of frequency channels by more than one 

users is reduced to a minimum. It was suggested by Viterbi 

[5] that the components of the address of any given user be 

randomly selected (Random Addressing - RA). Although this 

is a satisfactory method when a large number of channels are 

involved relative to the number of users, it does, however, 

give rise to significant interference when the number of
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channels becomes comparable with the number of users. In

[7] the components of the address of the m user were taken

to be

on , mru i , ( < m + L - 0 Q ) 0-2)

where (• denotes modulo-Q, and Q is the number of chan-

nels. Although such an addressing scheme yields Q

orthogonal vectors (hence FH signals) , when a system
operates in synchronous mode, that is, when frame synchron­

ism is maintained, it does, however, suffer from the 

disadvantage that a large level of interference occurs when 

the system operates in asynchronous mode. The question of
n

addressing was considered further by Einarsson [11] and using 

the algebra of Galois Fields he derived an addressing scheme 

which is optimum, that is, has minimum interference for both 

the synchronous and asynchronous modes of operation. 

Although the presence of interference between users general­

ly leads to a reduction in system performance, and 

consequently major effort has been made to reduce the level 

of such interference, an alternative approach is possible. 

Haskell [12] and Timor [13], in an effort to make use of any 

interference present, have developed an algorithm that uses 

all the information available at the receiver in order to 

reduce the probability of error, or equivalently, increase 

the number of users that can be accommodated by the system.

*
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1.2 AIMS OF TEE THESIS

This thesis is concerned with the performance of Fre­

quency-Hopping Spread-Spectrum Systems when they are 

employed and operate in a multiple-access mode. At present, 

difficulty exists in any attempt to determine the perfor­

mance of such systems. For example, the only estimators 

that are available are in the form of upper bounds on the 

error-probability. These bounds suffer from certain serious 

disadvantages. In the case of synchronous systems the 

bounds are so loose so as to be of little real value. In 

the case of asynchronous operation the only known bound is 

loose and, as will be shown in the thesis, is incorrect. 

The question of estimating the performance of Time-Frequency 

Coded Spread-Spectrum Systems (TFCSSS) using Einarsson's 

optimum addressing scheme is considered in Chapters 2 and 3 

of the thesis. Chapter 2 is concerned with synchronous 

operation and Chapter 3 with asynchronous operation. In 

Chapter 2 an exact expression for the word-error probability 

is derived and this is shown to be relatively easy to com­

pute. The operation of Time—Frequency Coded Spread-Spectrum 

Systems (TFCSSS) using the Einarsson addressing scheme has 

been simulated and the performance of such systems has been 

compared with results derived using the exact expression 

that has been obtained for the error probability. They are 

shown to be in excellent agreement. The results obtained
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also indicate that the actual performance of a TFCSSS

operating in synchronous mode is approximately an order of 

magnitude better than is suggested by Einarsson's Pw2 and 

Pw3 upper bounds [11].

In Chapter 2, in addition to considering the question 

of the error probability of the system, consideration is 

also given to questions relating to the design of TFCSSSs. 

In particular a new relationship is derived for the average 

transmitter power as a function of the number of available 

channels and the number of users on the system. The rela­

tionship applies to the base-to-mobile case and is of 

practical importance, since it enables a system designer, 

through the exact relationship that has been derived for the 

error probability, to determine for a given average 

transmitter power, the range of values of number of channels 

and the number of users that can have a specified error pro­

bability.

In Chapter 3 the asynchronous operation of TFCSSS using 

Einarsson's addresssing scheme is considered and here again 

an exact expression is derived for the word-error probabili­

ty of the system. This expression is, however, shown to be 

very difficult to evaluate even with modern computational 

tools. In view of this three easily computable upper bounds 

are derived in the chapter. A simulation of asynchronous
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systems lias been carried out and from tbis it is seen that 

the three bounds are all tight, even the weakest which is 

the most easily computable. The results presented in the 

chapter show that the tightest bound is almost an exact 

estimate of the true word-error probability of the system. 

Also in the chapter, in the course of deriving the bounds 

some consideration is given to the bound developed by 

Einarsson [11] and this is shown to be incorrect.

In Chapter 3 some consideration is also given to the 

question of the relative performance of the Einarsson scheme 

and the RA scheme proposed by Viterbi [5]. The comparison 

applies to both the synchronous and the asynchronous case. 

It is shown that as the number of frequency channels 

increases with respect to the number of time-slots, the per­

formance of Viterbi's scheme approaches and becomes 

equivalent to that of the Einarsson scheme.

The operation of TFCSSS in the presence of both other 

users' interference and various forms of channel impairments 

and noise is a matter of considerable practical importance. 

Consideration of this aspect is taken up in Chapter 4 where 

the operation in the presence of various combinations of 

additive gaussian noise, and Rayleigh channel fading is con­

sidered. A new theoretical upper bound to system 

performance is derived in terms of false alarm and deletion
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probabilities. Tbe bound is shown to be tighter than a sim­

ilar bound that has been derived by Einarsson [16] and 

simulation results are presented from which the tightness of 

the bound can be seen, particularly at low signal-to-noise 

ratios. It is shown that the bound under these conditions 

is very close to the system error probability, unlike the 

Einarsson bound [16] which becomes increasingly poor in this 

region.

In considering the operation of base-to-mobile systems 

in the presence of both other users' interference and noise 

and channel impairments four versions of the operation of 

the transmitter are considered. In the first version the 

power that is transmitted within an occupied frequency-time 

chip is assumed to be fixed irrespective of how many users 

occupy the chip. In the second version the situation is 

considered in which the transmitted voltage within the chip 

is taken as being proportional to the number of users occu­

pying the chip, that is, the transmitted power is taken as 

being proportional to the square of the number of users 

occupying the chip. In the third version the transmitted 

power per chip is made proportional to the number of users 

occupying the chip. In the fourth version the system is 

assumed to operate as in Version I but with the power per 

chip increased so that the average transmitter power is 

equal to that of Version II. The results obtained in the
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chapter show that if the possibility of using an increased 

transmitter power exists then it is better to increase the 

power per transmission chip to a higher level and keep it 

constant irrespective of the number of users occupying the 

chip, rather than to use a power level that increases with 

the number of users occupying the chip.

Spread-Spectrum Systems may be visualized as a class of 

encoders through which the information to be transmitted is 

encoded in such a way so as to occupy a bandwidth many times 

wider than that normally required for the direct uncoded 

transmission of the data. For example, in the TFCSSS intro­

duced by Viterbi [5] and consequently modified and improved 

by Goodman [7] and Einarsson [11], for each user K informa­

tion bits at a time are taken from a K-bit input buffer and 

used to select one of 2 possible distinct symbols. The 

selected symbol is then combined with an L-symbol address 

word which is then used to generate an MFSK signal consist­

ing of L different frequency carriers. In this way the 

original K-bit information word can be considered as being 

encoded into L positions (chips) on a frequency-time matrix. 

Since each entry can appear in any one of theQ>/2 frequency 

channels, the bandwidth available to each user is Q times 

larger than that usually required for uncoded transmission 

of the baseband signal. Since with this system the symbol 

representing the K-bit word is effectively transmitted L
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times, it follows that the rate of transmission of informa­

tion is K bits/L time-slots (K/L bits per chip).

In Chapter 5 two new alternatives are presented in 

which 2 frequency-slots are distributed among a number of 

users (usually 2 ) and the performance of the new systems 

is compared with that of the MFSK-FH system employing 

Einarsson's addressing scheme. The schemes are put forward 

with a view to making more efficient use of existing 

bandwidth. In the first scheme a simple (3,1) repetition 

code is used and in the second scheme the simple (7,4) cycl­

ic Hamming code is used. With these coding schemes the 

effective transmission rates are 1/3 and 4/7 respectively.

In the scheme in which the (3,1) repetition code is 

used, each K-bit information word is encoded into a 3K-bit 

code-word by simply repeating each K-bit word twice. The 

stream of 3K code-bits is then transmitted through the chan­

nel. Each code-digit is sent either as a burst of frequency, 

or as the absence of such a burst, just as in the schemes 

proposed by Viterbi, Goodman etc. At the transmitter a pro­

tocol is adopted so that with respect to the transmission of 

each bit of the 3K digits comprising the code-word, when m 

users are involved and m frequency channels are employed, 

each user occupies a different frequency slot, and the fre­

quency-slot occupied by a given user changes from one of his
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bits to the next. The changing pattern of frequencies as 

described with respect to each user is to mitigate against 

frequency selective fading or burst noise. With the (7,4) 

cyclic code, each 4-bit information word is cyclically 

encoded into a 7-bit code word and the stream of code bits 

is transmitted with ON-OFF signalling in a similar manner to 

that adopted with the (3,1) coded scheme. The results con­

tained in Chapter 5 indicate that both of the coded schemes 

have a performance which is superior to that of the Einars- 

son scheme. The basic reason for the improved performance 

of the coded systems is that with random addressing schemes, 

such as that of Einarsson, the presence of other users' 

interference is a cause of severe limitation in respect of 

performance. The extent to which the TFCSSS with 

Einarsson's addressing scheme is inferior to the simple

(3,1) and (7,4) coded systems is examined in detail in 

Chapter 5, where simulation results are given for operations 

in the presence of combinations of additive gaussian noise 

and Rayleigh fading.

It has been suggested in the literature [7] that a 

TFCSSS may be of importance in Mobile Radio Communication as 

a multiple-access scheme. One important aspect relative to 

this application is investigated in Chapter 6. At present, 

in mobile radio systems, it is current practice to assign 

two entirely different sets of frequencies to two neighbour-
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ing areas (cells) so that co-channel interference will be 

avoided. In Chapter 6 the possibility of assigning to two 

neighbouring areas two sets of Q frequencies, such that they 

have a certain subset of B frequency channels in common, is 

examined. With regard to the performance of TFCSSS operat­

ing with a number of common frequency channels, it is shown 

in the chapter that the performance of such systems, 

although inferior to that of a stand-alone system, is not 

dramatically different, and hence such systems may have 

advantages in certain applications where economy of 

bandwidth is of major importance. In the chapter the worst 

case situation, in which the entries in the frequency-time 

matrix of the local area are of the same power as those due 

to the interfering area, is studied. Simulation results are 

presented and a new theoretical upper-bound to the error 

probability is derived. This bound is shown to be very 

tight.

In the final chapter, Chapter 7, the main results con­

tained in this thesis are summarized and some suggestions 

are made for future work.
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K bits
Fig.1.1 Outline of the transmitter of a Viterbi-type system
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log N bits

Fig.1.2 Outline of the transmitter of a Cooper and 

Nettleton-type system
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CHAPTER 2
SOME FURTHER RESULTS ON THE PERFORMANCE OF 

TIME-FREQUENCY CODED SPREAD-SPECTRUM SYSTEMS

31



2.1 INTRODUCTION

The history of the development of TFCSSS was set out in 

the previous chapter and it was pointed out that optimum 

addressing schemes have been developed by Einarsson, for 

both the synchronous and asynchronous modes of operation. 

It was also explained that with regard to schemes based on 

the Einarsson addressing technique the only information 

available in respect of system performance was in the form 

of upper bounds to the word-error probability.

In this chapter TFCSSS systems using Einarsson's
■f*addressing scheme and operating in synchronous mode are con­

sidered. An exact expression is derived for the error 

probability and the results obtained are compared with the 

results of a computer simulation of the system and with 

Einarsson's PW2 and PW3 upper bounds. It is shown that the 

theoretical results obtained agree with the simulation 

results and that they are roughly an order of magnitude 

smaller than the upper bounds. Also, a relationship is 

derived for the average transmitter power in the 

base-to-mobile case. This relationship is in the form of a 

function of the number of available channels and the number

“t" In Chapter 3 the asynchronous (non-synchronous) operation of 

frequency—hopped systems of the type proposed by Einarsson 

is considered in detail.



of users on the system. The relationship is of practical 

importance since it enables a system designer,through the 

eract relationship that has been derived for the error pro­

bability to determine,for a given average transmitter power, 

the range of values of number of channels and number of 

users that can be on the system whilst maintaining a speci­

fied system word-error probability.
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2.2. DESCRIPTION OF EINARSSON'S SYNCHRONOUS ADDRESSING 

SCHEME

In general tlie system supports M users, each, of which

is assigned an address a =(a ,a ...... ,a ). The address
■ttv nu WZ luL

is a set of L tones each “C sec long,chosen in a specified

order among the Q available tones, where Q is a prime number

or power of a prime number. Each user sends, in a period
-.Cm) kof Lt  sec, a message a . selected from a set of 2 K-bit mes-i

*sages X ,X , ....,X * , 2 ^Q. The information bearing
o ( 2 - |

message is sent by modulating (changing) the address of the 

user up and down in frequency in a cyclic fashion. Thus in
—(in) *"*order to send the message X. the m user sends Y where :

1

r m =

cm)  *

Q m .  +  X c • 1 t t l o c L - Q (3.1)

7 j m "

(m)
a .  + X .

j m  L

r r i o d  -  C l ( o r  j  = 1 , 2 , . .  , L  ( 2 . 2 )

This operation is depicted in Fig2.1 for Q=7, L=4,

a =(1,3,2,6) and X =3. In the system described , each
i

transmitted message X. conveys K - . bits of information and
i

results in an information rate R per user where

R  =  . ; K .  /  L -  z  (2.3)

Each receiving user obtains a Q by L frequency-time matrix, 

which contains occupied chips due to transmissions intended
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for him as well as other users' transmissions and noise. 

The user proceeds by subtracting his address (mod-Q) thus 

redistributing the occupied chips in the matrix so that the 

transmitted message X.intended for him appears as a complete 

row in the matrix while the other users' transmissions and 

the noise are dispersed. Einarsson [11] considered the 

errors arising from the interference caused by other users 

in the absence of noise and the same situation is considered 

in this chapter. The system's impairment is caused by other 

users accidentally giving rise to the formation of a full 

row, or a number of full rows; in the decoded*matrix of the 

given user. That user is then uncertain as to which row 

corresponds to the desired message and which are false rows. 

In the process of making a choice errors may occur. 

Einarsson studied this system and developed an algebraic 

method for assigning the address that allows any two mes­

sages to coincide in at most one chip. This method is to 
— ■fchlet the address a of the m user be given by

= .......... ( l / " ' ) ( 2 .4 )

where X is an element of the Galois Field GF(Q) and 3 is a 

fixed primitive element. The maximum number of addresses is 

equal to Q and the maximum value of L is equal to Q-l. 

Einarsson developed a series of upper bounds on the 

word-error probability , Pw, of this system. He derived a 

bound denoted by PW2 where

(2 .5 )



and an alternative bound PW3 'given by

P w < pw 3 - ( a - i > [ i
b o

M - k - f
(2 .6 )

In the next section an exact derivation of the error proba­

bility will be presented and compared with, a computer 

simulation of the system. From these results it will be 

seen that Einarsson's Pw2 and Pw3 upper bounds are in fact 

loose. The results obtained show that the exact error pro­

bability is approximately an order of magnitude below 

Einarsson's bounds.

2.3 ERROR PROBABILITY IN SYNCHRONOUS OPERATION

An exact expression for the word-error probability will 

now be derived. The probability P of forming a false full
y k y  Ov. cA pO virv iA e I i-M  ~4~\' <-A ! x

rowV^is given below ~

PCI, * O) •P(Ia^o\I, ̂  o). . • P(i FO
where I is the number of interferers occupying the chip

k
in that false full row.

The following derivation rests upon finding an exact 

expression for all the conditional probability terms in 

equation (2.7) .

I / o , . . , !  / o ’)  ( 2
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First consider 7(1^0) which is given by:

( I , * o ) = Z .  P C l . - x )
M  - 1

The probability P ( I f = v ) ,  that there are v  interferers in 

the first cell of the false full row is given by

D
U r -

V  =
M - 1 - v ,

( 2.8)

where M-l is the total number of possible interferers. 

Hence
v , , r A - i- M

I 1 ) J _ V
Q a  j

( 2 . y

The first two terms of (2.7) may be written as
M - 1

atr^o)f(I/o|I*0)=Z! p( I,=v,)-P(l2̂ °l I] ( 2 . \0 )

M - 1

when I =v only M—1-v interferers may contribute to I, , hence
i i J i

D
U * > l

C 2 . l i )

and therefore
M - l

P(l,r'0)-P(l27O|l^0) = 22 1 o .

M-l-M
-  \ -

Q->

In general,the chip of the false full row may be occupied
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J-l
by any number of M-l-TVr interferers each having access to

Q-(j-l) cel Is. Tims

■ \r O , .P d

j-i

j r o j l . r O ........ 1 “
O - ( j - 0

i- - i (2.13)

and therefore

P ( I , ^ o ) . P ( I ^ o |  I ,  * > }  . f (  l j  K o l  I , ^ o , . .
J-2

M - l  H - I - V .  M - l -

I  L
V ,» 1 V-7 =

l *  l

v r ' "

k
' £  / n - i - Z v , ' - )

y

lc=I
\ V

k
Q - ( k - i ) Q - M /

k
- Z v c
C=1

M  -  1 - J _ V i

! >!

a-(j-i)
(2.14)

withy defined as zero.
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From equation (2.14) it can be seen that the probability

P of a false full row is given by 
FR

M - l  t t - l - V ,

v r i v *

L-
f i \ “

i * l

V-.\ \ V, J \ Q - M ,

Q - ( l - i )

L -1

r i - i - Z v c

L" t (2.15)
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The probability P of a false full row can be used to

determine the exact probability, Pw ,of word error. The 

receiving user after decoding the matrix by subtracting his 

address, will find a full row corresponding to the desired 

message and possibly a number of other full rows due to 

other users' interference. The uncertainty involved in 

which row to select as the desired message is a source of 

error. Of course, no error is made if only one full row is 

present. In this case the full row will correspond to the 

transmitted message and the other users' transmissions will 

not have conspired so as to form a false full row. When i 

full rows are present the user can pick one of them at ran­

dom and ascribe it to the transmitted message. The 

probability of choosing the wrong row is then

Out of i full rows, i-1 are false. If the number of rows in
Kthe matrix Q is equal to 2 then any one of them could con­

tain the desired message. If, however,Q is greater than
K K2 , there are Q-2 rows known to both the transmitter and

the receiver that cannot contain the desired message. 

Therefore, the i-1 full false rows can be chosen from a
Ktotal of 2 -1 possibilities

Hence
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When the system supports M users, the maximum number of full 

rows in any user's decoded matrix is M and thus from (2.16)

and (2.17), it follows that the word-error probability,? ,
W

is given by:

Equation (2.18) constitutes an exact expression without 

any approximation or bounding operations, and thus, the 

word-error probability can be evaluated explicitly for

any choice of Q (number of channels), M (number of users),
K C nqi^be.^ fcxlfs fre-r »Vi6LSSc>\9;g)
and L (address length). Theoretical results obtained from 

equation (2.18) are shown in Figs2.2-2.4 together with 

Einarsson’'s Pw2 and Pw3 bounds and simulation results for 

various combinations of Q, L and M. The computer simulation 

was undertaken for the purpose of establishing the opera­

tional validity of the analytic expression for Pw given by 

equation (2.17). It can be seen that there is excellent

agreement between the analytical and the simulation results. 

It can also be seen that the exact analytical results are 

roughly an order of magnitude below Einarsson's Pw2 and Pw3 

bounds.

where P is given by equation (2.15).
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2.4 RELATIONSHIP BETWEEN AVERAGE TRANSMITTER POWER AND

WORD-ERROR PROBABILITY

An interesting and important question concerned with 

the operation of multi-user frequency-hopped systems is the 

way in which the error probability experienced by users is 

related to the available average transmitter power. A 

related important question -is concerned with how many users 

can occupy a system having a fixed number of available chan­

nels subject to the conditions that the average transmitter

power is fixed and a certain error probability is desired.
<

These aspects are considered in this section.

When more than one user is occupying the system, each 

contributes an entry per column of the matrix that may coin­

cide with those of other users. Some or all entries may 

coincide, and the number of occupied cells, in any column may 

vary from 1 to M, where M  is the number of users in the 

system. In the case of communication from base-to-mobile 

if it is assumed that, irrespective of the number of users 

requiring it, every occupied chip contains one energy unit 

whenever it is required, then the required transmitter power 

is directly related to the number of occupied chips and 

therefore the energy distribution in the matrix is of impor­

tance.
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By using combinatorial analysis [15] an expression can 

be obtained for the probability P(*£=i), that exactly l  out 

of Q chips are occupied in a given column. The way in which 

this is done is outlined below :

Assume that M users' entries are distributed among Q 

chips in Q equiprobable ways then it can be shown"^" (see 

Appendix 1)

(i) that the number of distributions leaving 

chips empty is

(ii) that the number of ways in which exactly 

left empty is

none of the

( 2 . 1 9 )

m chips are

and consequently that the probability, of finding 

empty chips is

( 2.20)

exactly m

P (M,Q)= Q  •
I ' m

(2.21)

Thus the probability of finding exactly i full chips in the 

column is given by

f  C-1 ( 2 2 1 )

The results contained in Appendix 1 are based on the solu-



A knowledge of the probability distribution of the 

number of occupied chips per column can be used in order to 

find : (i) the average number of occupied chips which is

directly related to the average transmitter power and (ii) 

the variance of the number of occupied chips from which a 

practical peak power constraint can be established. In the 

base-to-mobile case each unoccupied chip in the matrix is 

assumed to contain zero power, while each occupied chip con­

tains Pj W regardless of the number of users requesting

and using it. The maximum average power is needed when

there are no coincidences. In this case the number of occu-
<

pied chips in the column takes on its maximum value M and 

the power required is M*P .

The probability distribution of the number of occupied

chips in each column has been calculated according to (2.22)

for values of Q=17 and M=3,6,10,14 and 17. The results are

shown in Fig2.5 . The figure also shows the values of the

mean and variance of the number of occupied chips per

column. It can be seen that the variance is well below the

square of the mean and therefore the mean can be safely used

as a guide to the required average transmitter power. From

the knowledge of , the average number of occupied chips

per column of size Q with M users on the system, it can be

seen that on average the interference component in each 

l a
column is \  -1 and thus an operational expression for then
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signal-to-interference (power or energy) ratio is

(2 .2 3 )S I R

This expression is meaningful for cases in which M > L+l. 

When M  < L the interfering chips cannot conspire to form a 

false full row and the signal to interference ratio is unde­

fined.

Using the relationship between the 

signal-to— interference ratio and the parameters Q and M, a 

set of operating curves relating the word-error probability 

to the signal-to-interference ratio is plotted as shown in 

Fig.2 .6 for values of Q =13,17 and 19.
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CHAPTER 3

ON THE PERFORMANCE OF ASYNCHRONOUS 

TIME-FREQUENCY CODED SPREAD-SPECTRUM SYSTEMS
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3.1 INTRODUCTION

la Chapter 2 the performance of time-frequency coded 

spread spectrum systems operating in a synchronous mode was 

considered. However,in practice it may be very difficult to 

maintain synchronism between the transmitter and the 

receiver associated with each pair of users.

In this chapter the performance of asynchronous 

(non— synchronous) systems is considered in some detail. An 

exact closed-form expression has been derived for the 

error-probability of an asynchronous system.lt is 

found,however,that except in certain simple cases, it is 

very difficult to actually evaluate the exact 

error-probability. In view of this a group of three new 

upper bounds to the error probability are derived. One of 

these bounds is a correction to the upper bound PW4 provided 

by Einarsson [11]. The bounds are such that the degree of 

computational complexity increases with increasing tightness 

of the bounds. However,all the bounds are relatively easy 

to evaluate.

1
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3.2 AN EXACT EXPRESSION FOR THE ERROR PROBABILITY OF AN 

ASYNCHRONOUS SYSTEM.

In practice it may be difficult to achieve and maintain

synchronism between users. In the following analysis it is

assumed that the transmitted sequences of the M-l interferes

are randomly time-shifted by an integer number of time-slots

with respect to the desired sequence and to each other, and

that full synchronism (chip and frame synchronism) exists in

respect of the desired user pair. D u i  v-o uJ uol'tw'L

t o  1'7'CSuÔV-xja 'C-sAovUlS-VaJuJ WA */ I f  } O , SX
OV-S- COvSm  L>‘C-Ot VocJ Oucvl^i's C\ Y"Oi v̂_( .

Einarsson [11] considered the asynchronous operation of

time-frequency coded spread spectrum systems and developed

an addressing algorithm that reduces the effect of other

users' interference. Einarsson's scheme consisted of let—

“  -th.
ting the transmitted sequence Y of the m user be formed

'TH

according to the rule

^  m , '  P  ^  ^

f-- C ' . ? , r ....... f L" )
(3-0

w h e r e Y €. GF(Q) is the address and x is the message symbol of
thm.

the m user and B is a fixed primitive element of GF(Q).

In the system operating in asynchronous mode parts of 

two consecutive messages from the same interferer may dis­

I

59



rupt a particular frame of another (the so-called desired)

user. If the two messages are identical only one coinci­

dence is possible [11]. If ,however,the two messages are 

different then each of them may result in at most one coin­

cidence , thereby giving a maximum total of two coincidences 

per frame.

In this section an exact expression for the probability 

of forming a false full row at a given level in the 

transmission matrix will be derived. This can then be used 

in conjunction with the results presented in the previous 

chapter to obtain an exact expression for the error proba­

bility.

It can be assumed that each interferer has a random 

delay of i slots , i £  (0,1,2, .... ,L-l] with respect to the 

desired user and that the delays are independent and uni­

formly distributed over [0,L-1].Let the , random variable 

Ujdenote the number of interferers with delay i. Note 

that Uj takes on values U,* so as to satisfy

The L-tuple ( U 0 , U  L_, ) defines a unique arrange­

ment of all users for asynchronous operation. Clearly,the 

synchronous system may be regarded as a special case with

L - l

C-O
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U q =M-1 and U .-U„ - -• =U - O  . Hie probability of occurence of
' 2 l- i

(Uo,ll|r ..,UL., ) is given by

Cm - Ql
L

(3.5)

By the total probability theorem [15], the probability 

P of a false full row, may be written as
f r -^ syn

f ^ .ASYW = 2 _ P ( FR- 1 ^o=Uo,..7Ul_-au_i)-P(U0-.Uo1...,'-,L.)*U1..

or, more briefly, as

p
F12.-ASTN

v  C ^ /

P (PR-! UofUl r ..; Lu-t ) * P(
U , ; U u - \  )

U o , u i r . . , U u - t )  ^ 3 . 4 3

where P(FR( U q -U0 , • - ; = U  ) denotes the probability that a

false full row is formed when L/0 « U o , • U  . In

(3.4) the summation is taken over all L-tnples

( U 0 ,U,, . .jU^! ) that satisfy (3.2).Thus equation (3.4) m a y b e  

rewritten as

P,fe. - asyn

L-2.

tt-l h - l - U o M - l  - Z . ^

I L  ■■ • ■ - L
U o =0 U,rO u L.,’0

D ( f p .

0J5

Q
__

TJ L-l) *

ST L-‘ 
V i . z i m

i--o ( 5 . 5 ;

t
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and in which, the Kronecker dalta satisfies
L - l

L - l

M-1, Z1 u«
1 = 0

(3 -6 )

t*'° \ o / other ujfse,
In fig3.1 a sequence of frames is shown for one of the 

u interfering users with delay i. Let the random variable 

C* denote the number of users from the group of Uj 'who have 

already occupied chips in the false row in the L-i slots 

preceding the desired frame. C t- takes on values 

C f £. £ O, l; , U , j- .The probability P(Fr Ju 0j. of a false

row conditioned on (L 0 , . • • , U L-f ) also has to be conditioned 

on the L-tuple ( CQ ,C^ ) , thus

P (  Fft | U o  , U i , . . .  , U u - t  )  =

U\ Ua

P C f r I  U *. t U v jf U u -» - v€  v

C ^ O  CzrO  C u - I = o

P  (^C| , Cz T j C U-t | U o  ,Lti

Notice that C q =0 and hence it has been omitted in the summa­

tion. Taking into account that C f depends only on U f for 

i=l,2,...,L-1 it follows from (3.7) that

P(.F£ 1 U o . U t -

u , U i

T  L - L
P £ F R  1 U o , U i ,.. . ,C( ,Ci, • •

L - l

C,rO Cz* O C l - 1 = 0 n  p e c d u o
M m

An expression for P(C,'lul- ) can simply be obtained by notic­

ing that any one of the users occupies one of the L-i

t
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o
 

XT
chips preceding the desired frame with probability (L-i)/Q

and that each group of users can be selected in

\ wa y s , thus

L - l

a

U< -Ci

t '= 1 , 2 ,

*
t

1 C 3 .3 )
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On combining equations (3.3), (3.5), (3.8) and (3.9) tlie 

lowing result is obtained

L-2

p .7 LF&- A 5 Y N L—  L---

M - l  M - I - U o  M - l  -  7 ~-  L
U o - O  U j - 0  U .L-f -O

U, U- LL l- i

Q * o  C 2. r O  C ^ - i  = 0

, Lt| > J ^  L-l - 0 -

L - |

L- l

l u

CL

L-c
Q

L - l

Q

\

U c - C <

;

. ( m - i )I 1

U o l u . i  . . . u w ! *

S' L-l

M - l  , 2 1  L ;

t

f ol-

(3.10)
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In order to derive the necessary expresssion for 

• .Uu-i let I^denote the nnmber of

interferers that occupy the ri^chip of the false row in ques­

tion. If this is done then it follows that

' ( F R U  o , Li U i -L - l

U o , L i  ,• •

i C '  ) C i , . . .  i C u - »  )  -

, C l , Cz  , - ** ;^ L - l  )  *

P C l a j T o l I . ^ O ,  U o , U l r . . ,U u - i  ,C,  I Ca , . . . , C t_ - i )

........................................................................................................  ( > U )
I

P ( I  L^oj I, /O, A3,Uo,. •• . CU" )

P F R  1 Uo ,U i ; l—t jC i  , ..

h  P ( W o (  r , F O I . - , I ^ - , r /0 ; Uo , . . .JU u - | , C , ) . " |Cu-l )  ( M i )
m- 1

The factors of (3.12) can be expressed conveniently if the 

following notation is used

I
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9 : number of interferers -with delay i who have access to
l  Li

(ie. might occupy) chip n of the false row.

number of interferers with delay i who actually occupy 

chip n of the false row.

From a consideration of the asynchronous operation 

of the system it can be seen that the number of interfering 

users with access to (ie. which might occupy) chip n is 

given by

* n - i

l u - L C -M/ <  n .

U i , <-’ + l -  n.
T l-l /

- Q  - L
I

(3 -1 3 )

each with Q-(n-i-l) choices, where the notation ( • ) denotes
L L

that the number (n-i-1) is expressed modulo-L.

Consider the first factor in the product of (3.12),ie.

P ( I | ^ o | c l)C1 / . . •, Cu- i / U o ) U , r . U u-i )

Since each of the ^ ^ i n t e r f e r e r s  with access to chip n=l has 

Q— (L-i) choices,the number of interferers from this group 

that actually occupy chip 1 takes on the value V̂ i with proba­

bility
V i , \

\

Q - f L - OVt\ l / ' V-* ^  ' L

where i=0,1,2,...,L-1. It follows that

Q-CL-O,

3 o , . - v c,i 

(3.
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p ( I , * o l c . , C Z j .. • ,CL.|  ,Uo ,U,

LLo u«-c, u-1

■ z L - - z
Vq,i =0 < u 0 VL-l,l=0

P ( l t ^ O  Y o . l  ‘ C 2 ’ "  '

;
Y i . i / * * *; V L - t C. I , C 2 , *  ̂ U o  , U r * 1 U l - i )
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The value of v. depends on C, and Li,* only, so

P(l, ¥ o j C . L - 1  ; ( J o  , U l  ,  - U u ~ l  ^  -

U o

C . , C z ,

Ui-c* U i_ - i -C L-

V o ,t-o  V » , i - 0  V u - l j l  = °

P (I ,/o  V0>, jV u -1,1 ; C , , C 2. , . .  , C u - t  ; U o , U , ,

( P  P C v c , .  | C . - , u O j

or,

P ("  I j  r O  Cl  ,C .2 ; . . .  j  U o ,  U '  ,

U o  U t - C ,

L  L  ■ ■ ■

, U u - , j  =

U L - l "

(  1 -  S "  H1' )
^ O ;  Z  V C,I  ;

c « o

c=o
Q - ( L - c )

L - l

because chip 1 is occupied only if 2Z.vi',t ^0 • Now consider
i -o

P(Ii*o|  I, ¥o, c,, cZ/. .. ,uo,u, .-.Mu-.).

(3.15)

P ( L - 0 |  C  i, C i , • - • , C L-i , b o  , U i, . . , U l -i j

A total of Q interferers have access to chip 2, each with
pb.Z

Q-(l-i) choices. The variable o depends o n Q  .Similarly,the
l K-,a I'm

number of users that actually occupy chip 2 depends on 

, i-0,1,2, ... ,L—1. Using the above, this expression may be
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w r it t e n

2 / 0  l , / o C \  , C z j  - - - , C l - i 

C i , C 2 , • - • , C l - /

, U<3, U , ,  . • • , U L -I  ) *  

j U o i  U i  1 ■ j  U J  ~

lo, 1 =1 111 L-\ , l

V o  > 1 ■= O  V h , = 0 V L -i , 1 = 0

P( I2 rO 

P t U " .

V o , i

Vo, 1

J V\,l , - --;V u - i ,  I ; I i  r  o  ; C ( , C L. |

, V t,t ; . . . ; V L -i, \ y C , ; C i r * , C l - i ; U o  , U i , - • , U u - i  ^  *

r u V ,t> I V l_-1 , I Ci  , Ca.,. . , Cl - i , U i M l - ,  )

or

P C l z - o l  I , r O ; C i . C i ' . . . , C l_-l , (jo ,Uj , .. .; U L-«

O
 

1---1

0—

Cl , Ca, . , Cl - i ; Uo > U 1 , • ••; U l -0 -

^0, | ^  1, I 1 ° ! i , i °l i--1, 2.L L ■- L L r  - ■ Z
V0,j=0 v ',i=-o Vt - i . i - O Vo ,2:0 V  z = 0 V L-|(2rO

P d , ^ V o ,  2 , V , , Z , . . ,Vl-. , a ,  V o ' ;Vl ’1 ; ' l i / 0 7
V

Cl, c*. -- n r l C O, Ul | . ■ ; U t - i  J •
r  ( _ v o , 2  j V i j j j . . . ,Vl-.,z V o , 1 ; v „ , , . - •  ,Vu*i, 1 y /o  , C, -A - i ,Uo. -,Ul-. )•

P ( i , y = . V°.l j V , , t ; . . . ; V - >L j  Ci ) -  - -  ; C l . - ; Uo,Ui, • • , U l -/ )-

P (. V o , i  j  v ly, , V l - i ,L C1 ;C2, . ; C l“' / U o  , U 1 , • • • , Ul- .) (5.16)
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The first factor may be expressed as 

P  ^  I 2 | V o , 2  ;  V i ,  2. ; ; V l - i , 2  ; V 0 , (  j  V l | (  ;  , V i _ - t , 1 ,  I t  ,

(-t , C2 , . - , C u *l j 1 • • / ^ L ' l  }
C*- L-l

2 1 "  °  o  , ZL  V ( , a
l' -O

(3 . IT- cl)

where,of course,\£ ̂ depends on V̂ Jt , 1,^0, and U, .

The second factor may be rewritten as

D(  V o ,2 ,V .,a ,. . .  jY l -1,2 I Vo,, / v t l , , . . .  ,V u - i , i  , T, r O  , C, ,C i, •• A - '  /

U o , U ,  , ■ , U f i  )  =

L-l

L=o

L-l

V c ,a  | V t-,i , 1 ^ 0  , Cc , Uc )̂ =

Vt',2. ^ 0 2  -  M .1, x

^ 2

L* -o  x

1

Q - C i - O u
(3.1? k)

where the expression for 0 includes the dependence on 

Vet , Q a n d  U ^ s e e  equation (3.13)).

The third factor has already been found to be

P ( V o  V c ,t ; V i , \ , .. , ^ 2 r  - ) I ' • “  ' ^
,  I -  V  -

o ,
c = 0

(3.17c)

From (3.16) and (3.17 a-b-c) it follows that
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^ r  O  1 [ 7 ^ 0  , C i , C a  , . .  J Ci_- | ( U o ,  U |  , . ^

r  ( i , / o C i j C 2  1 • • jCLi-“i 1 U o , l j 1 1 • •• 1 ^ i * *

fl 1 °[o.-L ^ 1 , 2

V o ,t-o  V ,,,=o  M --), 1 - 0  Vc^2 rO V , (2 ?o  M_- t ) 2 r O

- V i ,2.

Q - O - O l

^ 0 . , - V o ,

Q - C u - 0  /  ^ ,8 ’
I
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By rearranging tbe order of the factors it can be seen that

D
(  1 : 2  r O  | L / O ,  C ,  , C i  , - -  • , U o ,  U , . .  , U l - i  )

P( I, /o C t , C z , . - -  , C l -i ,Uo,Ut,... ,LiL-f'j =

^ ( - - 1 , 1  ^ 0 ,2 .  ^  u 2

V o .  1 = 0  V t ) l r O  V L - ^ I ^ O  V o , 2 = 0  V u Z r O  V u - f , 2 - 0

L “

1 - 0

° \  C, 2

v w A Q - ( i - O l

V c ,7 ^  0  2  - V I . ' ,  2

Q - O - O l

L = 0  L<" °
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Following the same procedure and using equation (3.12) 

results in

[ ( f r I uo , U l.-! ,c , |Cz , . , Cu- 0 -

'Ro.l T L-i , | To, 2 1lh,2 ._0 a r °l 1--*»u

• L - - ■L L- - L L - ■ L
Vo,1=0 Vu-,, i =o Vo, 2=0 Yl-1,2 - O Vo, L’ O V l.-i ,L =0

L = 0
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The final expression for the probability of false full row 

which follows from (3.20) and (3.10) is

P.
M-I M-i-Uo M- 1 -

AST^C -L L ■■ ■ L
C o ii O U, - o Ul-i - O

Ui ua Ul- i

L L - L
c,=o C i=0 Cl.-i = 0

V i ^L-i, | ^L-t. 2.

LtL

u=o

% , L L

V0.,rO VL-j, 1=0 ^ 2 * 0  Vc-,,2--0 VL-i)U, 0

L

71-1

L

7 l  = !

V;,v>

V,

0 - ( n - c - i ) L

i -  J T  ■
o ,  z . ^

C =o

Q -  (n - c - 1 ) L

L-

L -t
U ' ) ^  ~  ^  \  a

Cc l U ’ - O :

L - i

Q

Cm - 1 ) !

Uo1. u , ! • u L. , !

V  -
M  - 1 , L - U c

c - o

L
M - I

(3.20
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The word-error probability is calculated from (3.21) and the 

following equation (3.22)

k  C-i 2  -c
/  ^  | j  ■ Ffr-- ASYlO • (  ' -  f  PR -ASTm)  (3.22)
C-Z

Equation (3.22) is the same as (2.18). In Appendix 2 it is 

shown that, as expected, when the system operates in a syn­

chronous mode equation (3.21) reduces to equation (2.14) of 

Chapter 2..
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3.3 UPPER BOUNDS FOR THE ASYNCHRONOUS SYSTEM

For realistic values of M and L, evaluation of equation 

(3.21) requires considerable computation time even when a 

powerful computer is used. Thus the derivation of a simply 

computable satisfactory upper bound, or bounds, is desir­

able .

Einarsson showed [11] that the probability with which a 

given interferer causes two coincidences in a word of length

where the user in question has delay i with respect to the 

desired user.By differentiating (3.23) the delay that maxim­

izes P(N=2) is found to be i=L/2. It follows that the worst 

case is for all M-l interferers to have delay i=L/2.An upper 

bound for this case also serves as an upper bound for the 

system performance in general. In fig3.3 the frame 

sequences of M-l interferers with common delay i=L/2 are 

shown together with that of the desired user. It is possi­

ble for each interferer to make one contribution in each 

half of the false full row.The right half of the frame of 

the desired user may be regarded as a synchronous matrix 

with Q channels and L =L/2 time-slots. Each of the M-l

L is

L -  t
a

7 6



interferers has a maximum of Q choices and according to

Einarsson's Pw3 upper bound [11] the probability P of
FR- Kfqht

forming a false full row of length L ,, =L/2 is

L  - 1 1

I F R - R f - M :  < *
k ' O

M - l - k  1
(3-24)

Similarly,the left half of the same frame may be regarded as

a synchronous matrix with Q channels and L =L/2Left
time-slots. However,a group of c out of M-l interferers may 

have already occupied chips of the row in question outside 

the desired frame, thus leaving M-l-c interferers with a 

maximum of Q-L/2 choices.lt follows that the probability of

forming a false full row of length L  ̂=L/2 is

L  Lef^ ”  

and on setting c=0

P F R -  l e { l - o - G) — 2 t -  ^

M - l - C - k  1

L u f t - 1

r e -  Ls{ fc < n  ' - f i -
M -l-k

k-o J
( 3 - 2 5 )

The probability of forming a false full row of length L is 

then upperbounded by

P F R - A S  nj <C P F R -  L e f t  # P F R -

which from equations (3.24) and (3.25) is seen to be

L/2-

F p r . -  a s y  rJ <n
k-o

Q  -  2 /2  - k

M - l - k '

J

L/2- 1
1

M - l - k
\

Q - k ■) 1
k=<3 L-
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A first upper bound on the word-error probability is given

b y  U 3 1  :

L/2-1

( Q - l ) . f l  Q T u i T k )
k ^ o  *-

M - k - i  ]
L / 2 - i

• P
k=o *- Q - k

It is worth noting that Einarsson [11] ignored that the 

number of choices in the left half is Q-L/2 and he arrived 

at the upper bound

(  L/2-l

P w 4  r  * f~]

k- o

H - t - U

Thus although equation (3.27) gives smaller values for the 

word-error probability upper bound, it cannot be justified. 

The upper bound UB1 can be tightened by using equation

(2.14) of Chapter 2 to calculate Pcn . for Q-L/2 channelsrkL- Ley-fc

and M-l interferers and „ , . for Q channels and M-l

interferers. If this is done then the probability of a

false full row is upperbounded by the product

P *P .that is 
PR.-Left FR-RroW

PF8.- A S T N  pFR-Lef-b « Ppp. _

and the upper bound of the word-error probability is

UB2 = T  4 l i  0 .  PJ~' . ( i  -  P.
L------ • V -  I /  F fc-ASYN V p

j  J

Fa- AiYN
c.

)

M -  I - L I
)

(3 -26)

(3.2?)

(3.28)

(3.29)
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where P is upperbounded by (3.28).
FR

upper bound can be obtained from 

worst case, as described above, all 

delay i=L/2. It follows that

U i -  =

M - l C = L /Z

O
o t h e r s ’ ie

A more sophisticated 

equation (3.21).In the 

M-l interferers have

(3.30. a )

and

C c  -

£  [ o ,  U u i  ]
i - U Z

(3 .3 0 . b)

Consequently, equation (3.21) is reduced to

M - l ^  l /2 .1 0 ^ , 2

^F R -A S W  'C Z_ L z :
C l/2 -O

0n>J V l^ , 2  =0

L

on-

=1U z  ,n

vu/iin / V Q -(n -k - i) Q - ( n - k .

L

'n-i

+

f M - l

V C o a

_L
ZQ

c U 2
L_

2 Q

~  C i V 2 .

V
,10“

e
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By neglecting the subscript L/2, the result can be expressed

more simply as

I F R - A s y m

M - l “ l, %

<21 I L
C=o ^1 = V-
L

nt
on-1

1 u
V

V-,

M -
c 2 Q

L
M - l -

2 Q

Q - ( n - L /2 - i ) L,

C

(3 .31 )

where

y\ - 1

M -l -  c -  2 1  Vk , W <  L/2 + \

h - 1

n - i

M  - 1 -  L  v k
k-- L/a+ i

/  <0 -  L7 2  +  t

n  p> l / 2 .  + 1

The upper bound UB3 on the word-error rate is then given by

(3 .32 )

K .
j-t 2  -j

■ f F a - A S T M  ■ C I -  P p f t -w O (3 .3 3 )

It should be noted that in the analysis above L has been 

assumed to be even. In the case when L is odd an expression 

for the upper bound on the word-error probability can be 

obtained by using (L-l)/2 instead of L/2 in the above 

derived expression.
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3.4 RESULTS

Hie asynchronous operation of Einarsson's system has 

been simulated and some of the results obtained are shown in 

figs.3.4 and 3.5. In fig.3.4 the three new upper bounds are 

plotted for the case in which Q=17 and L=8. Also shown in 

the figure is the simulated performance of the system when 

operating in asynchronous mode and for the purpose of pro­

viding additional information for comparison the exact 

(calculated) performance of the system operating in synchro­

nous mode is shown. In figs.3.5a-b the cases of Q=7,L=4 and 

Q=11,L=4 respectively are considered.In these two figures 

the UB3 upper bound is plotted together with the exact 

error-probability for the synchronous case and the simula­

tion results for the asynchronous case. From fig.3.4 it is 

clear that the bounds UB1,UB2 and TJB3 are in fact bounds of 

increasing tightness, and that the bounds UB2 and UB3 are 

tighter than the false Pw4 bound proposed by Einarsson. From 

Figs.3.4 and 3.5 it is clear that the UB3 bound, which as 

has been pointed out, is relatively easy to compute, is very 

tight. Figs.3.4 and 3.5 also show that the results relating 

to synchronous performance may provide a lower bound to the 

performance of the system when it is operating in asynchro­

nous mode. This intuitive conjecture can be supported by 

the following simple argument:
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The number,N,of contributions that a given interferer 

makes in the examined false row may be regarded as noise 

that produces insertions in N chips of the false row. It is 

not difficult to show (see Appendix 3) that the average 

value of N for both synchronous and asynchronous operation 

is

ECh I symc - E(N^astnc - L/O.

and that the variances are given by

2

c^c N  ) sy*̂c - L/Q. -  (L/Q)
0'J’Cn^AsynC- L/Q. -CL/Q ) +2- *-■ C l - uVEi- ! /^ ) /Q .

where i is the delay of the given interferer with respect to 

the desired user. From equations (3.34 a-b-c) it is readily 

seen that an interferer with non-zero delay corresponds to a 

noise process with equal mean but greater variance than that 

of a synchronous interferer and thus causes a higher error 

probability.Notice that for a large enough value of Q 

OfrhsYN =C5fNj/£?cNand the two systems are equivalent.

Some insight into the relative performance of the 

Einarsson system (when it is operating in either the syn­

chronous or asynchronous mode), and the performance of the 

Random Addressing scheme proposed by Viterbi can be gained 

by considering the operation of the various systems for 

increasing Q, with L held fixed.

(3 .34  a )

(.3.34 b) 

(3 .3 4  c )

82



In Viterbi's Random Addressing (RA) scheme each chip of 

the false row is available to all M— 1 interferers, each of 

which has Q choices. As Q increases with respect to L the 

probability that any given nser contributes more than one 

entry to a false row decreases until for some value of Q it 

becomes negligible. When this occurs the Random Addressing 

scheme of Viterbi is equivalent to Einarsson's scheme with 

the same Q,L and M. An analytical proof of this is provided 

in Appendix 4. Supporting results are shown in fig.3.6.
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Fig.3.1 Frame of the desired user corrupted by two 

consecutive frames with delay i

*
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Fig.3.2 Square (i,^) shows

1. The number of interferers 
with delay i who have access 
to chip C of the false row 
in question

2. The number of choices 

available to them and

3. The number of interferers 

with delay i who actually 
occupy chip I  of the false 
row in question.

Time— slot t



Interfering frame 

with delay i=L/2
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Desired frame

Fig.3.3 Worst case interference
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CHAPTER 4

THE PERFORMANCE OF TIME-FREQUENCY CODED 

SPREAD-SPECTRUM SYSTEMS OPERATING OVER 

NOISY FADING CHANNELS
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4.1. INTRODUCTION

In previous chapters the performance of the 

Einarsson-type TFCSSS has been considered when the sole 

interference is from other users. In this chapter the per­

formance of the original Viterbi scheme and the scheme 

proposed by Einarsson are considered when the interference 

is both from the presence of other users and the presence of 

additive gaussian noise and fading.

In this chapter a new exact expression is derived for 

the word-error probability associated with the Viterbi 

scheme when this is operating over a noisy fading channel. 

A corresponding approximate expression, based on the exact 

word-error probability, is derived for the bit-error proba­

bility. In addition to providing an exact statement of the 

performance of the Viterbi Random Addressing (RA) scheme , 

the exact expression for the word-error probability forms 

the tightest known bound to the performance of a system 

using Einarsson's optimum addressing technique. In the case 

of a system using Einarsson's addressing technique, results 

obtained from the evaluation of the exact expression for the 

word-error probability (derived for a Viterbi-type RA 

scheme) are compared with those obtained from- a computer 

simulation of the system. The comparison confirms that the 

expression for the word-error probability does in fact con-

>
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stitnte an upper bound to the performance of a system using 

Einarsson's addressing technique. A further comparison 

shows the bound to be much tighter than that which can be 

obtained by using Einarsson's bound relating to the perfor­

mance of Viterbi's original scheme, and the comparison 

indicates that at low signal-to-noise ratios the bound can 

be considered as a reliable estimate of the actual error 

performance of the system.

Also in addition to considering the question of the 

error probability of system operation in the presence of 

other users' interference and noise, the question of the way 

in which transmitter power should be used is considered in 

this chapter.

The performance of a TFCSSS clearly depends on the 

actual power transmitted 'per chip' and in this chapter four 

different versions of a basic time-frequency coded system 

are considered. In Version I it is assumed that the 

transmitted power per chip is set equal to unity, irrespec­

tive of the number of users which occupy the chip. In 

Version II it is assumed that the transmitted power per chip 

is proportional to the square of the number of users occupy­

ing the chip, that is, it is assumed that 'voltage 

coherence' exists between users. In between these two 

extremes, two other versions are considered. In one of
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these, which is referred to as Version III, it is assumed

that the transmitted power per chip is proportional to the 

number of users occupying the chip. In a final version, 

referred to as Version IV, it is assumed that the system 

operates as in Version I but with the power per chip being 

increased so that the overall average transmitted power is 

the same as that used in connection with Version II. The 

performance of the various versions is considered and com­

pared and the trade-offs to be obtained in terms of system 

performance are noted.

4.2. DESCRIPTION OF SYSTEM AND COMMUNICATION CHANNEL

4.2.1 System description

Fig.4.1 shows the essential elements of a basic TFCSSS.

In the system, for each of M users K information bits are
Ktaken in and these are converted into one of 2 equiprobable 

message symbols. These symbols are then combined modulo-Q 

(Q a prime or a power of a prime, and Q>2 ) with an address 

the L elements of which are generated according to some 

predetermined rules. In the case of the Viterbi RA scheme 

the elements of the address are randomly generated integers 

in the range 0 to Q-l. With the more recently developed 

optimum addressing technique of Einarsson the elements of
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the address are generated according to the following rule:

where ’ GF(Q) and p is a fixed primitive element of GF(Q).

At the receiver the corresponding user subtracts the 

address modulo-Q from the incoming signal and .this thus 

results in an output sequence which, ideally, forms a unique 

full row in the frequency-time matrix (see Fig4.1). In 

practice, of course, due to various impairments, elements 

within a desired row may be eliminated, and elements in an 

unwanted row may be inserted. Yue [8] has considered the 

question of the optimum way of making decisions and he has 

shown that although the optimum decision maker is a 

non-linear device, which is difficult to implement, a good 

sub-optimum decision maker takes the form of a hard-limited 

combiner. In the study reported on in this chapter Yue's 

suboptimum decision maker is assumed.

From the random way in which the addresses are generat­

ed, it is clear that, from time to time, more than one user 

will be assigned to a particular chip in the frequency-time 

matrix and that some design rule has to be established to 

determine the power transmitted during such times of coinci­

dence. With respect to the question of transmitted power 

per chip, various alternatives are available in the
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base-to-mobile case, and it is not obvious a priori which.

rule should be adopted. For example, although it is clear 

that system performance will improve if the transmitted 

power per chip is allowed to increase in some way as the 

number of users wishing to occupy a chip increases, it is 

not clear how this should be done. Also it is not obvious 

what degree of improvement can be expected. With a view to 

answering these and related questions four rules (Versions 

I-IV of the system) for determining the transmitter power as 

a function of the number of users wishing to occupy a chip 

have been investigated. It should be noted that in the 

mobile-to-base case strict incoherence between users will 

exist and hence the power per chip will be proportional to 

the number of users, that is, the situation corresponds to 

Version III .

4.2.2 Description of the channel

A familiar well-known channel model used to represent a 

fading channel is that [19] in which the received signal 

envelope, a, is assumed to have a Rayleigh distribution with 

<Ca2'>=l. In the model it is assumed that the fading is inde-

uniformly distributed over the range [0,2173 . This model has 

been used previously by Einarsson [16] in his consideration 

of TFCSSS and it is also adopted in this chapter. In addi-

pendent from chip to chip and that the is
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tion to fading, it is assumed that additive gaussian noise 

is present.

4.3. AN EXACT EXPRESSION FOR THE WORD-ERROR PROBABILITY IN 

’ VITERBI'S RANDOM ADDRESSING SCHEME.

In this section the effects of channel impairments on 

the performance of a TFCSSS will be considered. In particu­

lar, the performance of Viterbi's Random Addressing scheme 

is examined, and an exact expression is derived for the 

word-error probability. It is shown how this can be used to 

derive a corresponding approximate expression for the 

bit-error probability and it is also argued that these 

expressions form upper bounds to the performance of a system 

employing Einarsson's optimum addressing technique.

The effects of the impairments, combinations of fading 

and noise, can be regarded as a process that corrupts the 

received frequency-time matrix by producing deletions in 

occupied chips with probablity P̂  and false alarms in empty 

chips with probability P . As a result of deletions, the 

row containing the desired message may have a lower number 

of entries than a false row in which the entries are formed 

by insertions resulting from a combination of other users' 

interference and channel impairments.
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An exact expression can be derived for the word-error

probability in a Viterbi Random Addressing scheme. The

expression is in terms of the probabilities P and P and the
D F

system parameters Q, M, and L, where Q is the number of fre­

quency slots, M the number of users on the system and L the 

number of times a particular message is transmitted. The 

analysis is general in the sense that it applies to any kind

of impairment for which probabilities P and P can be calcu-
D r

lated.

(a) System Version I :

An insertion in any given chip of the received 

frequency-time matrix arises as a result of other users' 

interference and noise. The probability that one or more 

interfering users are present is

From the definition of P and P it follows that an insertion
D F

occurs with probability

^  - P - O - V )  * ( . i - P ) - P p (4.2)

and so the probability, P(n> that a false row (fr) has n
fr

occupied chips is given by

^  O - f . r 1
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The L occupied chips in a true row (tr) are reduced to some

number m by the process of deletion and the probability

P^that a true row contains only m entries is given by
+r

P ™  = ( L )  (  I -  r „ ) m  . p / ' "  ( 4 . 4 )
V m /  v

It should be noted that with a majority decision maker 

errors will be made with probability 1 when n>m, and with 

some probability less than one when n=m. In the case in 

which m>n no errors are made. The average probability, P ,

of word-error is
L

- 2 1  P" (error, TR=j ) (-4-5)

J * °

where TR=j denotes that there are j occupied chips in the 

true row, and Pr(error,TR=j) is the probability of decoding 

a true row erroneously when there are j occupied chips in 

the row.

The term Pr(error,TR=j) in equation(4 .5 )can be written 

more conveniently as

Pr (error , ) -  Pr (error ;TR-j , FR ^  --j  ) -h

Pr (error t T R - j t F  R. ŵ «x: y j ) (4 .6 )

where FR ='m.ox:j indicates that the false rows with maximum

numb e r of occupied chips contains exactly j such occupan-

cies, and FR >j indicates that the false rownmox with maximum

numb e r of occupied chips contains more than j occupied
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chips.

The

as

term Pr(error,TR=j,FR^^>j) can be written

Pr ( error , TR--j , 3 FR

alternatively

(47)

where 3  F R ^ j  denotes that there is at least one false row 

with more than j occnpied chips and equation (4.7) can be 

written as

Pr ( error,TR--j ,9 FR >j )= Pr (error |TR-*j , 3 FR.>j V

Pr rTR= j (9 FR> j).P r(3  FR.> j )

= l-Pr(TR.-j 1 9FR>|). Pr (3FR > j )

= Pr (TR -j )• fl -  Pr ( VFR. ^ ])  (49)

where V F R ^ j  denotes that all false rows have occupancy in j 

or fewer chips.

£
Since there are a total of 2 -1 possible false rows in the 

frequency-time matrix it follows that

P r ( T ^ j ) ’ 

= Pr (TR’j)-

Pr ( V FR4))_

(Pr ( R 4 j ) ) 2

and hence

error , TR=j

= Pr ( T R - j ) .  I

F R  im o x

z p c o

2  -

(4.?)
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in equationConsider now the term Pr(error,TR=j ,FR=j )

(4.6). If r out of 2 -1 possible false rows each contain

K
exactly j occupied chips then the remaining 2 -1-r false 

rows contain less than j occupied chips and the term

Pr C srror , TR  ̂j , " j )

can be written as Pr (^Hror , T R  j / R R  j )

2 * -  I . . N
= 2 ]  f t  (  e r r o r ,  T R = )  , F R ^ = j  , 

x-  i

2 * - l  /  . \
- J~ Pr (error |T R  = j , FRc* )=j , FR(2.K- l-r)^ i )

Py (TR -j | FR(r)-j , FR.(2x_i_r ) < i )

• P v - ( F R c r ) " i  , F R ( 2 l<- - t - r ) <:1i ) (4.10)

where FR =i denotes that r false rows each contain exactly
(V)

j occupied chips and

. K
FR < j denotes that the remaining 2 -1-r false rows each 

( 2 * - 1 - 0
contain less than j occupied chips. It follows from equa­

tion (4.10) that

Pr ( e r r o r  / TR.-J , r'icu. - j \

Z K- \
X r J*"1 —12 - i - r

7L (0 (4-1
-  c=o J

(4.11) into equation

(4.6), and then substituting the result into equation (4.5),
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the following exact expression is obtained for the 

word-error probability, Pw
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is given approximatelyThe bit-error probability,

[5,16] by

2 K-  l

(b) System Version II

Tbe analysis of tbe performance of this system is a 

relatively simple extension of tbe previous analysis, if it 

is assumed that when two or more users occupy a chip tbe 

resulting signal level is sufficient to prevent a deletion 

taking place. Tbe probability that a given chip is occupied 

by only one interfering user is

(4.13)

and hence tbe probability of insertion with respect to a 

given chip is

P ,=  P4- 0 - p„ )  -  O - O - P f

■ P -  F , - f .  F ( l - f )  ?F ( 4 4 4 )

If this modified expression for P is used in equation 

(4.3), and tbe same substitutions are made as in tbe case of 

Version I, then an expression corresponding to equation 

(4.12) is obtained for Version II. Although this is not an 

exact expression for tbe word-error probability it is an 

excellent approximation since tbe error associated with tbe 

assumption regarding deletions is negligible.
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The exact expression derived in equation (4.12) for the 

word-error probability of Version I and the corresponding 

expression that can be derived for Version II using equation 

(4.14) can be considered as upper bounds to the correspond­

ing versions of systems employing Einarsson's optimum 

addressing technique. This conjecture is based on the real­

isation that with the Einarsson addressing technique the 

extent of other users' interference is reduced below that 

associated with the Viterbi RA scheme.

4.4. RESULTS

In order to check the conjecture that the exact expres­

sion derived for the word-error probability in a 

Viterbi-type RA system can be used as a tight upper bound 

for the performance of a system using Einarsson's optimum 

addressing technique, a simulation of Einarsson's system was 

carried out. In the simulation channels perturbed by addi­

tive gaussian noise alone and a combination of Rayleigh 

fading and gaussian noise were considered. The results 

obtained relating to Version I -type systems are shown in 

Figs.4.2-4.5. In all the figures shown in this chapter the 

noise variance is expressed in db relative to unit variance 

noise. It should be noted that the horizontal axes shown on 

the figures can be converted to signal-to-noise ratio axes 

by simply subtracting the given noise level expressed in db
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from the average (or peak) signal power computed using the 

appropriate expressions given in Table 4.1.

Figures 4.2 and 4.3 are for channels that are subject 

to, noise alone and Figs.4.4 and 4.5 are for channels that 

are subject to both noise and fading. Comparison of the 

corresponding figures shows that, as expected, systems that 

are subject to both fading and noise have a performance 

inferior to that associated with noise alone.

From the figures it can be seen that the performance 

estimates based on . the newly derived expression for the 

word-error probability in a Viterbi-type scheme do in fact 

provide an upper bound to the performance of an 

Einarsson-type system. Also shown in the figures is the 

upper bound derived previously by Einarsson [16]. It is 

clear that the newly derived bound is significantly tighter 

than Einarsson's bound. At relatively low signal-to noise 

ratios the newly derived bound is very tight and can in fact 

be considered as a reliable estimate of system performance, 

whereas the Einarsson bound becomes increasingly , loose and 

does in fact exceed unity. Figs. 4.6 and 4.7 show simula­

tion results for Version II-type systems. Fig.4.6 deals 

with the case in which noise alone is present and Fig.4.7 

deals with the case of combined noise and fading. From the 

figures it is again clear that the estimates based on the
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newly derived expression for the word-error probability con­

stitute an upper bound that is significantly tighter than 

Einarsson's bound and that, as expected, operation in the 

presence of combined noise and fading is inferior to the 

operation in the presence of noise alone.

In addition to the simulation of Versions I and II Ver­

sions III and IV of Einarsson's system were also simulated. 

Some of the results that have been obtained are shown in 

Figs. 4.8 and 4.9. The figures relate to operation in the 

presence of noise alone and show how the performance of the 

system varies from version to version.

When comparing the performance of the various versions 

of the system it is clear from Figs. 4.8 and 4.9 that for a 

given noise variance Version II outperforms Version I, 

except at very low values of noise variance. This improve­

ment is to be expected since a significantly increased level 

of transmitter power is used. Specifically, M times more 

peak power is required with Version II than with Version I. 

For the case shown in Fig. 4.8, for example, this cor­

responds to an increase in noise variance (relative to unity
z

noise variance) of lOlog (17) =24.6 db. Examination of10
Figs. 4.8 and 4.9 shows, however, that for operation in the 

middle of the range of noise variance values, Version II can 

only handle approximately 5db more noise power than Version
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I for a given, error probability. This limited improvement

in system performance can, however, be explained in terms of 

the average transmitter power. In Table 4.1 expressions are 

given for both the peak and average power requirements asso­

ciated with each version of the system. From this table it 

can be seen that for the values of Q,M and L being considered 

Version II uses approximately 5db more average power than 

Version I.

Figs. 4.8 and 4.9 also show that Version III (in which 

the transmitted power per chip is made proportional to the 

number of users occupying the chip) lies between the 

extremes set by Versions I and II. Examination of the fig­

ures shows that in the middle range of noise variance

values, Version III can withstand 2 to 3db more noise power

than Version I, but approximately 2 to 3db less noise power 

than Version II. In the case of Version III the peak power 

requirement (for the case Q=M=17) is approximately lOdb 

greater than with Version I. Here again, however, calcula­

tion using the formula given in Table 4.1 shows that the 

average increase of transmitter power over that associated 

with Version I is approximately 3db which accounts for the 

observed increased level of immunity to noise.

Results relating to the operation of Version IV are

also shown in Figs. 4.8 and 4.9. For the same average

transmitter power Version IV requires approximately 20db
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less peak power than Version II. From the figure it can be 

seen that over most of the range of noise variance values 

Version IV outperforms Version II. The underlying reason 

for this is that the higher level of transmitter power with 

Version IV is used more effectively than with Version II. 

Unlike Version II, with Version IV an increase in 

transmitter power is made, when only a single user occupies 

a chip. A consequence of the increased use of power in this 

situation is that the probability of deletion is signifi­

cantly reduced and the increased detection threshold 

associated with the increased transmitter power of Version 

IV also means that the probability of false alarm is 

reduced.

Figs. 4.8 and 4.9 show two interesting general trends'. 

These concern the operation at the extremes of very low 

noise variance (high signal-to-noise ratio) and very high 

noise variance (low signal-to-noise ratio). The figures 

show that at these extremes all systems tend to perform like 

Version I. The reason for this is that for high 

signal-to-noise ratios the performance of Version I is so 

good that any increase in transmitter power, irrespective of 

way it is made, leads to negligible improvement of system 

performance. At very low signal-to-noise ratios the perfor­

mance is so poor that any increase in transmitter power has 

little effect on the error probability.
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Two other general points worth noting concern the rela­

tive performance of Versions II and IV and the way in which 

the performance of various versions changes as M is reduced 

relative to Q. It will be noted from Figs. 4.8 and 4.9 

that as the noise variance is increased a point is reached 

where Version IV becomes inferior to Version II. This 

cross-over point is associated with the fact that for M 

close to Q multiple occupancy of chips occurs relatively 

frequently and as Version II uses more transmitter power 

than Version IV on these occasions, it is better able to 

prevent deletions.

When M is significantly less than Q mult 

tions become increasingly unlikely, and all ve 

system use the same average transmitter power ( 

peak power) and hence it follows that all syst 

substantially the same performance.

iple occupa- 

rsions of the 

and the same 

ems will have
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TABLE 4.1

Q : number of frequency slots 

M : number of users 

A : amplification factor, A>1.
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Fig.4.1 Essential elements of a TFCSS System
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CHAPTER 5

AN APPLICATION OF CHANNEL CODING IN 

FREQUENCY-HOPPED MULTI-USER 

COMMUNICATION SYSTEMS
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5.1. INTRODUCTION

In the previous chapter the use of time and frequency 

in the manner suggested by Viterbi and Einarsson has been 

considered at some length. In this chapter an alternative 

way of using time and frequency is put forward. The alter­

native involves the combined use of channel coding and 

frequency hopping. The basic elements of the Viterbi and 

Einarsson schemes are shown in Fig5.1. In the system there 

are available Q frequency slots-Q frequency bands each of 

bandwidth Af. In the case of an Einarsson-type system up to 

Q transmitting subscribers can use the system at any one

time. Each of M subscribers generates K information bits
Kper frame and these are then mapped into one of 2 message 

Ksymbols, with 2 N<Q, and M^Q. For each symbol generated by a 

user an L-element addressing word is generated and the mes­

sage symbol is added modulo-Q to each of the L elements 

comprising the address. This results in a message word of L 

components, with each component corresponding to one of Q 

frequency slots. The message symbol is transmitted by send­

ing the corresponding set of L frequencies.

With the Einarsson scheme the rate of communication per 

user is K bits/frame or K/L bits/time-slot. As it is possi­

ble for there to be up to Q users on the system, the maximum 

overall communication rate for the system is Q»K/L bits per
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time—slot.

It is important to note that with schemes such as those 

of Viterbi and Einarsson, coincidences, in which two or more 

users occupy a transmission chip (a frequency-time slot), 

are inevitable and that these coincidences lead to a degra­

dation in system performance. The basic reason for the 

existence of coincidences is that in order to make maximum 

use of the available Q frequency channels (slots) each sub­

scriber is allowed to communicate K information bits/frame- 
Kone of the 2 different message symbols, with K such that

K
2 <Q and as close to Q as possible. As a result of this, 

each of the Q channels is available to users, irrespective 

of whether or not it is already occupied.

5.2. AN APPLICATION OF CHANNEL CODING IN FREQUENCY-HOPPED 

MULTI-USER OPERATION

The realization that other users' interference is a 

significant factor in limiting system performance, and that 

such interference is inevitable with the addressing schemes 

of the Einarsson and Viterbi type, leads to the question 

whether and to what extent system performance can be 

improved by developing systems capable of operating 'without 

introducing any significant degree of other users' interfer-
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ence.

It is established practice that if there are M risers 

and Q=M frequency channels then, by using conventional FDM 

techniques, it is possible to communicate without there 

being any significant degree of interference between users 

(adjacent channel interference). All that is strictly 

necessary in order for a user to communicate K information 

bits without other users' interference is for each of the M 

channels to have associated with it a binary communication 

link and for the user to employ one of the links K times for 

the transmission of the K information bits.

With the Viterbi and Einarsson schemes some protection 

against other users' interference is obtained by using fre­

quency hopping and sending the message symbol associated 

with the K information bits a total of L times. This pro­

cedure also affords some protection against extraneous noise 

(jamming) and frequency selective channel fading.

An alternative to using time and frequency in the 

manner suggested by Viterbi and Einarsson is to use FDM in 

conjunction with error correction and frequency hopping. 

With FDM used in the manner described above other users' 

interference is absent and the combined use of frequency 

hopping and coding provides protection against extraneous
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noise and channel fading. Specifically, by using a simple 

(L,K) error-correcting code some protection can be obtained 

against noise alone and by frequency hopping applied to each 

of the L digits comprising the codeword used to transmit the 

K information digits, some protection can be obtained 

against frequency-selective fading.

With the simple alternative approach the rate of 

transmission per user is K/L bits/time-slot and with M=Q 

users the overall communication rate for the system is K» Q/L 

bits/time-slot, as before.

It is perhaps worth reemphasizing that the basic dis­

tinction between frequency-time coded multi-user systems of 

the type considered by Viterbi and Einarsson, and the simple 

alternative being put forward in this £keei's is that with the 

Viterbi and Einarsson schemes the information relating to a 

K-bit information word is carried by the selection at the

transmitter and the subsequent identification at the
Kreceiver of one of 2 allowed transmission symbols, that is, 

K
a 2 -ary system is employed, whereas with the alternative 

system a binary scheme with L binary digits used to transmit 

the K-bit information word is employed.
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5.3 COMPARISON OF SYSTEM PERFORMANCE

In order to assess the relative performance of systems 

based on the two approaches outlined above, an extensive 

simulation of both the Einarsson scheme and schemes employ­

ing error correction has been carried out. The performance 

of the Einarsson system has been compared with that of a 

system using a simple (3,1) repetition code and a system 

using a (7,4) cyclic Hamming code. The main features of the 

systems compared are shown in Fig5.2. From the figure it 

can be seen that information digits are considered in blocks 

of K=4. This parameter was selected so as to facilitate a 

sensible comparison in terms of the respective 4-bit word 

error probabilities associated with the various schemes.

In the case of the (3,1) coded system the 4 information 

digits are taken in as a block and are repeated twice as 

shown in Fig.5.2.b with the result that the four information 

digits are transmitted in coded form as a block of L=12 

digits. In the case of the Einarsson scheme the same 4-bit 

information blocks are mapped into one of 2^(=16) message 

symbols and are then combined with an address in the manner 

described by Einarsson. The parameter L is set equal to 12 

so that the rate of the Einarsson system is K/L=l/3 

bits/time-slot/user, the same as that of the system using 

the repetition code.

In the case of the (7,4) cyclic code, the 4-bit words
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are mapped into 7- digit sequences so that the parameter L

equals 7. The mapping is illustrated in Fig.5.2.c for the

4-bit word 1100.

In the case of the coded systems the linear addressing

technique illustrated in Figs.5.2.b and 5.2.c was adopted,

and the energy per transmitted information bit to the noise

power ratio (E /N ) was kept the same for all systems being 
b o

compared. In the simulation of the Einarsson system the 

scheme in which a fixed level of power is transmitted per 

occupied chip, irrespective of the number of users occupying 

the chip, was adopted and for this scheme the average power 

transmitted per information bit is given by

of the frequency-time matrix having Q frequency slots which 

are available to M users. This equation can be derived 

using the material contained in Chapter 2.

In the case of the coded systems if ON/OFF keying is 

used then zero energy is required for the transmission of a 

binary '0' and some energy E for the transmission of a 

binary '1'. If it is assumed that '0's and 'l's are 

transmitted with equal probability then the average energy 

per bit, E , for the (3,1) coded system is E =(3/2)»E and

the average number of occupied chips in a column



the average energy per bit for the (7,4) coded system is

E =(7/8) • E. In order
b

necessary to ensure that 

systems being considered.

to compare systems properly it is 

the ratio E, /N is the same for all

Also, for the comparisons to be sensible it is neces­

sary to compare them in terms of the same performance 

parameter. For convenience tbe word-error probability was 

chosen. With the (3,1) code a bit is decoded correctly pro­

vided no more than one of the three corresponding 

transmissions is erroneously decoded. The bit-error proba­

bility is then given by

. v - n

and the expression for the word-error probability P^is

Fw
A

In the case of the (7,4) code the 4-bit word-error 

probability associated with the 4 information bits is the 

same as the probability that the 7-bit transmitted code-word 

is decoded erroneously. This is due to the particular 

structure of the (7,4) code, hence

r w  -tays-i'-tf"1
n -2 .

where Pe is the probability that a given code-bit is incor­

rectly decoded.
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5.4 COMPARISON OF SYSTEM PERFORMANCE

Some of the results obtained from the simulations are 

shown in Figs.5.3-5.8. Figs.5.3 and 5.4 show the theoreti­

cal and simulation results obtained when using the (3,1) and

(7,4) coded systems respectively, when they are operating in 

the presence of gaussian noise alone. The results are seen 

to be in excellent agreement, except at high signal-to-noise 

ratios when errors were so few that the simulation run was 

not sufficiently long. Figs.5.5 and 5 . 6  show the same pat­

tern of agreement between theoretical and simulation results 

for the case when both fading and noise are present.

Figs.5.7 and 5.8 show clearly that the performance of 

the coded systems is superior to that which can be obtained 

with the Einarsson scheme, and that the improvement is par­

ticularly pronounced at signal-to-noise ratios above 12 db. 

The basic reason for this improvement is that with the 

Einarsson-type system the inevitable interference arising 

from the presence of other users becomes the major factor 

limiting the performance of the systems as the 

signal-to-noise ratio increases. No such interference 

exists, however, with the coded schemes. Figs.5.7 and 5.8 

also show that in terms of the word-error probability the 

performance of the (7,4) coded system is superior to that of 

the (3,1) coded system. It should be remembered also that 

this coded system has a higher transmission rate (4/7 

bits/time-slot/user) than either the Einarsson scheme or the
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(3.1) coded scheme, both of which have a transmission rate 

of 1/3 bits/time-slot/user.

From Fig.5.7 it can be seen that at a signal-to-noise

ratio (E, /N ) of 16db the word-error probability of the 
l  o

(3.1) coded system is approximately two orders of magnitude 

less than that of the Einarsson scheme, and that the (7,4) 

coded system is superior to the (3,1) coded system by more 

than one order of magnitude.

The other important fact that emerges from Figs.5.7 and

5.8 is that in the case of the Einarsson scheme when only 

M=15 users are on a system having Q=17 frequency channels, 

the performance is still significantly inferior to that of 

the coded systems. Provided that the number of users does 

not exceed the number of channels, the performance of the 

coded systems is, of course, independent of the number of 

users on the system.
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Fig.5.1 Essential elements of a TFCSSS
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(Q ) .Einarsson's scheme: Q=17 L=12

( J O . (3,1) Repetition coded scheme (c). (7,4) Cyclic coded scheme

Fig.5.2 Three different ways of utilization of time-frequency 
for the transmission of the 4-bit word (1100)
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Fig.5.7 Comparison in Gaussian noise
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CHAPTER 6

THE EFFECT OF CO-CHANNEL INTERFERENCE ON 

THE PERFORMANCE OF TIME-FREQUENCY CODED 

SPREAD-SPECTRUM SYSTEMS
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6.1 INTRODUCTION

From the material presented in Chapter 5 it is clear 

that TFCSSS of the Viterbi and Einarsson type result in an 

inevitable interference due to the presence of other users, 

but that despite this they still operate relatively satis­

factorily ; even if the performance is somewhat inferior to 

that of coded systems of the type described in Chapter 5.

In view of this it is natural to ask how interference 

(defined as co-channel interference) arising from the exis­

tence of other similar systems affects the performance of 

TFCSSS of the Einarsson type and, if they are able to 

operate satisfactorily in the presence of co—channel 

interference, to ask whether it might be possible to develop 

a system in which some degree of bandwidth saving is 

obtained.

In this chapter the situation is considered in which 

two TFCSSS of the Einarsson type are operating with a degree 

of overlap between the sets of frequency slots allocated to 

the systems. Specifically the situation is considered in 

which two systems, each using Q frequency channels, operate 

and in which a number B (less than Q) of the frequency slots 

are common to the two systems. The situation is illustrated 

in Fig.6.1. Let it also be assumed that there are M users
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on each, of the two systems.

In this chapter the worst case operation of the 

interfering systems is considered both theoretically and 

through a computer simulation. It is assumed that in the 

worst case operation, the desired signal and other users' 

interference (from the same or the interfering system) are 

of equal power. In addition to the deliberately introduced 

co-channel interference, arising from the existence of com­

mon channels, the systems are considered to be operating 

over noisy fading channels of the type considered in 

Chapters 4 and 5. In the chapter the Version I and Version 

II-type systems, with these being as defined in Chapter 4, 

are considered.

6.2 ANALYSIS OF VERSION I-TYPE SYSTEMS IN THE PRESENCE OF 

CO-CHANNEL INTERFERENCE AND CHANNEL IMPAIRMENTS.

Consider two Einarsson-type systems operating as Ver­

sion I in accordance with the definition given in Chapter 4. 

Let it be supposed that each system has associated with it a 

set of Q frequency slots, as before, and that a subset B 

(B<Q) of these slots are common to both systems.

As indicated in subsection 6.1 the situation is illus-
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trated in Fig.6.1. The B common frequency slots give rise

to an interference between systems which, for convenience, 

is referred to as co-channel interference.

Clearly, the situation is symmetrical between systems 

and hence in order to arrive at a statement as to the per­

formance of either of the two systems, it is only necessary 

to consider one of the systems and the interference it 

experiences as a result of the existence of the other sys­

tem.

Let the system being considered be referred to as the 

'local' system and the interfering • system as the 

'neighbouring ' system.

In the time-frequency matrix associated with the local 

systems there are Q-B frequency slots that are free from 

co-channel interference but in so far as a local user is 

concerned, there is, of course, the inherent interference 

due to the presence of the other users. In respect of chips 

associated with these Q-B frequency slots the probability of 

a chip being occupied due to interfering users' action is 

given by

With regard to the B channels that are common to the two
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systems, and with regard to the use of a chip by a particu­

lar user, there exists the possibility of interference from 

M-l local users and from M users of the neighbouring system. 

The probability of occupancy due to the local interfering 

users is

p ,  . - o - i ) " "  « ■ * >

and the probability of occupancy due to neighbouring 

interfering users is

It follows that any given chip in the B shared channels is 

occupied by interfering users with probability

P c  c h ip  o c c u p ie d ) : :  P - \-  P — P -P  ( 6 . 4 )

In order to take care of channel impairments arising 

from fading and noise, equations (6.1) and (6.4) have to be 

appropriately modified. Other users'interference can occur 

in four possible ways as indicated in Table 6.1. The table 

also shows the associated probabilities, the number of 

entries (units of power) associated with the occupancy of 

the chip and the probability of deletion. In arriving at

the statement contained in Table 6.1 it was assumed that 

deletions cannot occur when two or more users occupy a chip 

-see Chapter 4 for earlier discussion.
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PIC =p.K+r p . O - r M ' - O - H . ( i - p , 0  * ( \ - r ) { ' - r ) - ? f (6.5 )

The probability P of an insertion in any given chip

contained in the B co-channels is

Note that in the absence of channel impairments (noise and

fading) P =P =0 and in this case equation ( 6 . 5 )  reduces to
& F

f i c - -  p  4  P 7 - p . p '

as expected. If co-channel interference is absent, but 

channel impairments are present, then

P l c - p i -  P - C i - P j  +  C ' - 0 - ? F

which, as expected, is the same as equation (4.2) of Chapter

4.

The probability of insertion averaged over all Q chan­

nels is

- T .  ,  B . . P . C  B Y P j  ( 6 . 6 )

1 Q  \  Q j

6 . 3  ANALYSIS OF VERSION II-TYPE SYSTEMS IN THE PRESENCE OF 

CO-CHANNEL INTERFERENCE AND CHANNEL IMPAIRMENTS.

The analysis of this case is similar to that presented

above in connection with Version I-type operation.



The probability that a given chip in the common set of

B channels is occupied by local interfering users is again 

given by

and the probability of occupancy due to neighbouring 

interfering users is

Table 6.2 shows the various possible combinations of local 

and co-channel interference, together with the related pro­

babilities and the number of users occupying any given chip. 

The probability of deletion is also given in the table. 

Again it is assumed that deletions cannot take place if a 

chip is occupied by more than one user.

It follows that the probability of insertion in any 

given chip in the B channels is given by

M —I

* [0 -P K '+ P.-O'POJ-O-Pd)
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Equation (6.9) can be rewritten as

f r c - O - P K ' - P ' H F  

0 - p> V +  Tl-C' -P'  

P i - f ;  + p , - ( p - p/ )

•(i-rc ) + (i-p]-(r- p,')

+• ( f  ~ P  ) ( 6 .1 0)

Again, in the absence of channel impairments, 

hence equation (6.10) reduces to

P =P =0 and
0  F

PIC =  p +  p 1-  p . p

as expected. With channel impairments but in the absence of 

co- channel interference, equation (6.10) reduces to

Pit - Pi = ( i - pV P f + P-P. + F r ( l - P P)

as expected.

As in the case of Version I,an average expression for 

the insertion probability can be obtained by averaging over 

all Q channels. If this is done, then

Pi - 6. . Pic -t P 1 _ J> V  f i  ' ( 6. 11) 
Q  v  Q j

By using equations (6.6) and (6.11) in equations (4.3),

(4.4) and (4.12) an exact expression is obtained for the 

word- error probability of a Viterbi Random Addressing-type 

scheme. Clearly,as argued previously, these expressions can
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be considered as upper bounds to the performance of tbe 

Einarsson-type system when it is operating in a 

frame-syncbronons mode.

6.4 RESULTS

Some of tbe results obtained relating to tbe perfor­

mance of Einarsson-type systems operating in tbe presence of 

co-cbannel interference are shown in Figs.6.2-6.11. 

Figs.6.2-6.9 sbow tbe performance of systems for various 

values of Q,M,L and B. Tbe results of simulation of tbe 

system for various combinations of tbe parameters are shown, 

together with theoretical performance figures based on equa­

tions (6.6) and (6.11). Tbe figures sbow, as expected, that 

tbe performance arrived at from tbe use of equations (6.6) 

and (6.11) is in fact an upper bound to system performance. 

Comparison of tbe appropriate figures, for example, Figs.6.3 

and 6.6 for Version I-type systems and Figs.6.3 and 6.8 for 

Version II-type systems shows that tbe performance in tbe 

presence of gaussian noise alone is, as expected, better 

than that to be bad when operating in tbe presence of both 

gaussian noise and fading.

Tbe feature of major importance to be noted from tbe 

figures concerns tbe way in which tbe performance derer-
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iorates with, increasing B for fixed Q,L and M. From 

Figs.6.4-6.9 it can be seen that for noise variances less 

than -lOdb relative to unit noise variance (or values of 

E, NR of 13db and 18db for Versions I and II respectively)b
the word-error probability is increased by a factor of 

between 2 and 5 for the values of B,M and Q examined, and 

that as the noise variance increases the performance 

approaches that of the system when operating without any

co-channel interference. For the values of B,M and Q

involved the situation being cons idered corresponds to

approximately a 12% saving in channel bandwidth (30 as

opposed to 34 channels).

Another feature can be observed from Figs.6.10 and

6.11. The figures show that even when considerable 

co-channel interference exists (B=4) Version II operates in 

a manner superior to Version I and that the degree of 

improvement is approximately 5db. This feature was noted in 

Chapter 4 when a similar improvement factor was observed to 

exist. A discussion of this aspect was given in Chapter 4.
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Fig.6.1 Frequency— Time matrices of the local and

the neighbouring system.
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CHAPTER 7

CONCLUSIONS AND SUGGESTIONS 

FOR FUTURE WORK
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7.1 CONCLUSIONS

The problem of utilizing time and frequency with a view 

to providing a communication system suitable for multi-user 

operation is of considerable interest, particularly in 

respect of Mobile Radio. The use of TFCSSS in this context 

has been suggested by Goodman et al and the problem of 

optimum address selection has been solved by Einarsson. 

However, a rigorous mathematical analysis of the performance 

of TFCSSS is not available in the literature.

In this thesis the performance of TFCSSS employing 

Einarsson's optimum addressing scheme has been studied in 

some detail and theoretical as well as smulation results 

have been obtained. Exact expressions for the word-error 

probability have been derived for operation in both the syn­

chronous and asynchronous modes, when system performance is 

limited only by other users' interference. In the synchro­

nous case the exact expression is found to be approximately 

an order of magnitude tighter than any known upper bound. 

The complexity of the word-error probability expression in 

the asynchronous case is such that its computation is 

impracticable, and in the thesis a group of three new rela­

tively easily computable upper bounds is derived. The 

tightest bound is sufficiently tight for it to be used as a 

reliable estimate of system performance.
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The distribution of energy in a frequency-time matrix 

with Q channels available to M users has been studied in the 

synchronous case and an exact expression has been derived 

for the probability .density function of the number of occu­

pied chips per column. This is of importance because it 

facilitates calculation of the energy (power) requirements 

of the system. A relationship has been derived between the 

word-error probability and (i) the average transmitter power 

in the base-to-mobile case and (ii) an operational expres­

sion for the signal-to-interference ratio. This 

relationship can be used as an aid to system design.

In addition to considering the situation in which the 

performance is limited only by other users' interference, 

the practical situation has been considered in which opera­

tion takes place in the presence of both other users' 

interference and channel impairments, such as fading and 

addtive noise. Ajnew exact expression for the word-error 

probability of a TFCSSS with Viterbi's Random Addressing 

scheme has been derived. This expression provides the 

tightest known upper bound to the performance of the Einars- 

son scheme.

The performance of the TFCSSS clearly depends on the 

energy content of each occupied chip. In the thesis various 

ways in which transmitter power might be used are consi-
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dered. It is shown that if the possibility of using an

increased level of transmitter power exists, then it is 

better to increase the power per occupied chip and keep it 

constant at the increased level, irrespective of the number 

of users actually occupying the chip, rather than to use a 

power level that increases as the number of users occupying 

the chip increases.

An alternative to the Viterbi and Einarsson schemes of 

multi-user frequency-hopped communication has been examined. 

The alternative, which involves the combined use of frequen­

cy-hopping and error correction has been shown to have a 

performance which is significantly superior to that of the 

Einarsson, and hence that of the Viterbi addressing scheme.

The performance of TFCSSS operating with a number of 

common channels has been examined in Chapter 6. Simulation 

results are given for operation in the worst case and a new 

exact expression for the word-error probability has been 

derived for the Viterbi addressing scheme operating in the 

worst case. This expression is shown to be a tight upper 

bound on the worst-case word-error probability performance 

of the Einarsson addressing scheme. The performance of such 

systems, although inferior to that of the stand-alone sys­

tem, is not dramatically different. Consequently, it may be 

advantageous to employ them in cases where bandwidth economy
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is the chief consideration.

7.2 SUGGESTIONS FOR FUTURE WORK

In this thesis the performance of TFCSSS and of an 

alternative coded system was studied in some detail in the 

case of operation over noisy fading channels, and the 

impairments were assumed to be independent from chip to chip 

of the transmission matrix. This assumption is unrealistic 

in many cases where the errors result from fading, and/or 

bursts of interference noise. In this situation errors tend 

to occur in bursts. One way of dealing with such errors is 

to use time-interleaving. An interesting system worthy of 

investigation would be that which makes combined use of 

time-interleaving and frequency-hopping as employed in TFCSS 

systems.

Another area worth considering concerns the combined 

use of TFCSSS with bandwidth compression techniques. It is 

known that good speech quality can be obtained at bit rates 

at and below 32Kbs. Any decrease in user data rate (or 

equivalent increase of maximum bit-error probability) would 

admit more simultaneous users on to the system. To facili­

tate this increase in system efficiency a coder is needed 

that has (subjective) performance almost independent of the
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bit-error probability. For example, a VSDM coder operating

at 19.2 Kbs would probably maintain a satisfactory level of 

intelligibility at bit-error rates of about 0.01. It would 

be interesting to study tbe level of system performance that 

can be obtained through, the combined use of source coding 

and time-frequency coding.

In the TFCSSS, as proposed by Viterbi, ON/OFF signal­

ling is suggested for the occupied/unoccupied chips. It 

could be interesting to study the performance of the system 

when bipolar signalling is involved (with the corresponding 

3db reduction in power requirements). The possibility of 

multi-level signalling, is also worth investigating.

The question of increasing the efficiency for TFCSSS 

has been considered by Haskell and Timur who derived an 

algorithm that makes use of other users' interference to 

assist the decision maker at the receiver. Haskell gives 

simulation results for the noiseless case only. It is, 

therefore, important to investigate whether and to what 

extent the performance improvement achieved by his algorithm 

is maintained when the system operates in noisy environments 

of the kind considered in this thesis, and also in the pres­

ence of burst-type errors.

The practical problem of the design of filters suitable
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for the frequency slots of a TFCSSS has not as yet been stu­

died. The type and specifications of these filters are 

important because they have direct influence on the cost and 

efficiency of the system.

Finally, the possibility of using TFCSSS so that they 

occupy simultaneously the same bandwidth as conventional 

systems such as FDM, is of potential importance since it may 

be that system development will require TFCSSS to be used as 

an 'overlay' with existing FDM-type systems. The study of 

this combined operation is worthy of investigation.
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APPENDIX 1

THE CLASSIC OCCUPANCY PROBLEM 

Suppose that r balls are distributed among n cells and

-  y
each of the n possible distributions has probability n 

Let A(r,n) be the number of distributions leaving none of 

the n cells empty. Show that

A 0\n + i) =21 ( £ ) ' (Ai.i)
U i

Proof:

r balls occupy n+1 cells and no cell is left empty, there­

fore r^-n+1. If k balls are in a given cell the remaining 

r-k balls can be distributed over the remaining n full cells 

in A(r-k,n) ways. The k balls that occupy the given cell

r

k

number of distributions of r-k balls in n cells is

Clearly, the number k of balls that occupy the given cell is 

bound by the double inequality

I Z  |< Z  r

Hence

o A  k 4  n ~ '

For r-n+1^ k ^  r it can be seen that A(r-k,n)=0 because there

are more cells available than balls and thus we may write

r

A ( r - k , n
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n

Using the equation above prove that

This can be easily proved by induction:

The case for n=l is trivial.

Assume that the equation holds for some value n, ie.
nA (V,n) m (h-j/)

then nn Z Z c--iO;) ■ (n-_y)
Z "  o

This can be used with equation (Al.l) to give
r

A (V, n+i)  - 1 ( E ) . L  (-./■(
by rearranging the terms and applying Newton's formula

have that
f t

A(r,0 + i)= C - 0 Z V  (n- j f .

>  o

-4-
v ) - y J

which after straightforward manipulation may be written as

A ( r ,  n-ti) f n + 1 )

i - 1

U \

r
(A

By using the identity
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equation (A1.3) may be rewritten as

r

. ( n  -  f - 0 )

or finally

The number of ways in which exactly m empty cells can 

be chosen from a total of n cells is I ^  ) , and the number of
\ m  /

distributions leaving none of the remaining n-m cells empty 

is A(r,n-m), therefore the number of distributions leaving 

exactly m empty cells is

and since all n distributions are equiprobable the proba­

bility of finding exactly m empty cells satisfies

( n o ) = A ( o ,  n - m )
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APPENDIX 2

DERIVATION OF P FROM P
re-srwc f M sync.

When all interferers are frame synchronous with the 

desired user
U 0 = M-l , U,' - 0 for L- 1,2.,. .. , L-l

Also c,=0 for i=l,2,..,L-1. It follows that ^ . =0 for'i a-1 tun
i=l,2,...,L-l and q = M - I “ £ . v°,lc

k=i

Equation (3.21) may be rewritten as

M - i  M - l - V o , i

rFE- ASTUC.
L -2 . L -  /

M - l -  £ v 0 ,W

W=l K U- '

Yq, i =0 Vo,2.rO V O jL -^ O  Vo,L = 0

L

Tl=l

L-

Vo,n -  V0)*n

Vo,\o Q -(n-0 Q - O o - O

o - r  )
0  , V o ,^
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which., after neglecting the subscript 0 and rearranging the

terms becomes

M - l  M - l - v ,

RF R -  A s y m

LrZ

h - \ - L \
k* i

M  = i v 2 s i v u- ,=  i

n

L '  1 '  M - 1 -  L  v k
V--\n

V ,

V-n
/

M - 1 - 2 L \

k--

Q - C ^ - 0 /  \  Q - C n - i )

L-l

M -l-  Z . \  L-l
k = ’ ^  M - l -  Z VV

V,

VL-_ V,

u

Q - ( l - i )

m - i - Z I H
krl

Q - ( l - 0

or equivalently,
M - i  M -  { -  V ,

Pf

M  -  I -

F R  - A srw  -

L -Z
Z . V ,

k - i

v. = i v , = V L - |  = i -V-1

m - i - Z m .

k*i

Q  - O o - i )

P,F R  SYNC

for U =M-1,U-=0 i=l,2,...,L—1.o i  17q



APPENDIX 3

STATISTICS OF THE NUMBER OF INSERTIONS DUE TO AN 

INTERFERING USER

Any one of the M-l interferers in a given frame may 

result in insertions in N chips of the false row. The range 

of values of N depends on the delay i between the frame of a 

given interferer and that of the desired user. The statis­

tics of N are derived below.

1. Synchronous operation

According to Einarsson's scheme the probability density 

of N is
-  l / q / -fDr N=o

L/Q. , -fDv' N -1

O / Oy N>,2

The mean and variance can be easily found to be

> L / Q
s ' = l/q - M s f

2. Asynchronous operation

With the Einarsson addressing scheme the number of
tkinsertions due to the m interfering user is limited to a 

maximum of two. This maximum value is possible only when
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the two consecutive messages that interfere with the frame

of the desired user are different. It can be easily 

that the probability density of N is given by

fO- ‘Q Q ) - o - Q  J r . - j .
1 Q

) -for

L

Q Q [fr-Ci- —
Q > 0 ■ N M

i Lii f ,
Q Q ~~ q " ) 1

1 O 'j’Ov'

The mean and variance are then found to be

shown

N - '

M 2

N > , 3
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APPENDIX 4

THE BEHAVIOUR OF EINARS SON'S SCHEME FOR LARGE VALUES OF Q 

1. Synchronous operation

The probability of forming a full false row in the syn­

chronous case is given by

M - 1  n - i - v ,

P.F R - S Y ^ c

M - l  V 2 -

L - Z

/ v i  -  Z V <
L *

V L -l -  1

L - t

k --l

M - l  -  Z .V C.,
/ = l

Y ,

V,

i A

Q  - ( k - 0 /

k M - l  -  Z v >
1-1

Q -C k-0

M -l -
L - i

Z >
L ■= l

Q - ( l - i )
( A 4 - 0
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It will be proved by induction that for Q>>L equation A(4.1)

reduces to

F f R  S Y M  -  P f R  A ^ T i v i  - l -  I - Q
M - i

i  L

For L=1 equation (A 4.1) yields the trivial

_  f  IFR SYN -  1 - ^ 1 -  —  Jp

For L=2 equation (A 4.1) gives

M -  l

P 7  ( * ~1 FR STM - l— \ V(
v l = ,

v.

Q Q

M - i - V ,  r M

Q - t

or

M-

I SYN =

which for Q>>2 may be written as

a
M -  i - Yi

a
\ - CM

- V ,
. Jl. 
1 Gt

ranges from 1 for v( <<Q to a maximum value of exp((M-l)/Q).

(a 4 .2 )

- i - v ,

C A a .3 )
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Tbe probability with wbicb V  takes on tbe larger values in 

tbe range [1,M—1] is very small because Q>>1, so equation (A4.3) 

may be rewritten as

M - l

P,F R  S Y N  C l

V, = i

M -

M -  l '

v ,

M-l

v . H - l - M
l \  *

Q

- M - Q •z
v ,  -

M -
V ,

w v - f r
I -

or

P,FRSTNJ -
M - l

or

P,FR SYNi - (• 1 Q  )

M-l

£  ( % ' )  
^ = i

% ) ' ( 0)
'-

" 
2

 1 T <

f>i - i  ] 2

and (A 4.2) has been proved for L=2.

It will now be assumed that (A 4.2) bolds for L=n and 

using tbis it will be proved tbat (A 4.2) is also true for 

L=n+1.
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For L^+l equation (A 4.1) gives

M - l  M - ' - M

V .  = i v 2 --1

M -  I

on-1

Z v o

v w  = *

\

Q - C v -
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This may be rewritten as

FR SYVi

M -  I

V, = i

M - l - V ,

L - (

M - t - v ,

V , r
If

M -  l - l x -

_L_)
0 - (  k - , v

(  A 4 . 4 )
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In equation (A 4.4) the bracketed terms are the probability

of forming a false full row in a matrix with Q 

channels,M-l-v interferers and L=n time-slots operating in 

the synchronous mode. It has been assumed that this is equal 

to

v Q  J

/M - l - V ,

J

n

for very large Q. According to this equation (A 4.4) may be 

rewritten as
K- i

fpR STM —  i—  V V,
M=»

Notice that for values of V. <<M-1 the factor
J— -1n., M-l-V,

) — ( | _ J- ) 1- f  ,v Q J  J L 1 Q J
Larger values of V are taken with negligible p

n

because Q>>L and (A 4.5) may be rewritten as

M -  1

P f R SYN —

v i - i
" ' M

■ V, ,  ( . M - l - v ,

G s /

n

or
- n  +

f F R  STM — ■ - C ' - a )
M -  l

1_

P f R  2 T N  —  P P R

(A -4 .5
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2. Asynchronous operation

As has already been discussed, in the worst case all 

M-l interferers have delay i=L/2. The matrix of the desired 

user may then be regarded as split into two synchronous

matrices. A right matrix with Q channels and L =L/2
Right

time-slots and a left matrix with Q-L/2 channels and 

L, =L/2 time-slots.
Left

For very large Q the probability of forming a full 

false row in the right matrix is given by equation (A 4.2). 

f“ M-l n
PF*. Rîht — [_ 1 ~ 0 " l/& ) J

and in the case of the left matrix by

P F
- ,1 - /2

/  ( \ M- ‘ 1
L e f t '  — i - O -  )

i—

L v Q - L / 2 /  J
I-  ( , - i / a f

It follows that in the worst case the probability of forming 

a full false row in the asynchronous matrix is approximated 

by _ L
| FR. ASTN i -  ( i -  ' / a )

M -

It has already been shown that the probability of a false 

full row in the asynchronous Einarsson system is larger than 

P and smaller than that of the worst case described
FR.-SWC

above.Since for very large Q both upper and lower bounds

( A 4 .6  o

L12

■ ( a a .g t

(A4.7)
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approximate the performance of Random Addressing, it follows

that

FfFR. ASTN - i - ( t -  i / q )
M- t

L

( k 4 . 8
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L inumber of time-slots
tr :time-slot duration

M
Qn

:number of users

:number of occupied chips in column with

a_rm

Q slots access by M users.
, , , -th. raddress of m user

K rnumber of bits per message

R :data rate

Pw :word-error probability

p t :bit-error probabilty

U; inumber of users with delay i

C; rnumber of users from the group of u.who 

have already occupied chips in the false 

row in the L-i chips preceding the 

desired frame

rnumber of interferers with delay i who 

have access to chip n of the false row

V rnumber of interferers with delay i who 

actually occupy chip n of the false row

PFR.-ASYN rprobability of false row in the case of 

asynchronous operation

P :probability of false row in the case of
PR-StttL

synchronous operation

i =(i i ... 0
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D

P
P

B

K

:probability of deletion 

:probability of false alarm 

:number of frequency-slots common to two 

Einarsson-type systems 

rvariance of additive noise
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