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Abstract. We discuss computing with hierarchies of families of (potentially weighted) semiclas-5
sical Jacobi polynomials which arise in the construction of multivariate orthogonal polynomials. In6
particular, we outline how to build connection and differentiation matrices with optimal complex-7
ity and compute analysis and synthesis operations in quasi-optimal complexity. We investigate a8
particular application of these results to constructing orthogonal polynomials in annuli, called the9
generalised Zernike annular polynomials, which lead to sparse discretisations of partial differential10
equations. We compare against a scaled-and-shifted Chebyshev–Fourier series showing that in gen-11
eral the annular polynomials converge faster when approximating smooth functions and have better12
conditioning. We also construct a sparse spectral element method by combining disk and annulus13
cells, which is highly effective for solving PDEs with radially discontinuous variable coefficients and14
data.15
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1. Introduction. Semiclassical Jacobi polynomials are univariate polynomials19

orthogonal with respect to the weight xa(1−x)b(t−x)c on [0, 1] where t > 1 and a, b >20

−1. The semiclassical Jacobi polynomials are used to give explicit expressions for the21

so-called generalised Zernike annular polynomials. These are multivariate orthogonal22

polynomials (in x and y) on the annulus Ωρ = {(x, y) ∈ R2 : 0 < ρ ≤ r ≤ 1}, where23

r2 = x2 + y2, orthogonal with respect to a Jacobi-like inner product:24

⟨f, g⟩ρ,(a,b) =
∫∫

Ωρ

f(x, y)g(x, y)(1− r2)a(r2 − ρ2)b dxdy,(1.1)25

where a, b > −1. We shall utilise the connection between semiclassical Jacobi polyno-26

mials and Zernike annular polynomials to introduce quasi-optimal complexity means27

for discretising and thereby solving partial differential equations in annuli. This re-28

quires the construction of operators associated with a hierarchy of semiclassical Jacobi29

polynomials where c ∈ {0, 1, . . . , C}.30

Tatian [37] and Mahajan [25] were the first to introduce the (non-generalised)31

Zernike annular polynomials orthogonal with respect to the unweighted L2-inner32

product, a = b = 0, on the annulus. Sometimes referred to as Tatian–Zernike or33
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fringe-Tatian polynomials, these have proven very popular in the optics and other com-34

munities, cf. [13, 14, 24, 33]. Zernike annular polynomials also underpin the recently35

introduced gyroscopic orthogonal polynomials [16], which are used for solving PDEs in36

cylinders of varying heights. In all the aforementioned works, the synthesis, analysis,37

connection and differentiation operators are constructed via the Christoffel–Darboux38

formula combined with quadrature, which does not achieve optimal complexity. More39

specifically, using Christoffel–Darboux, which is equivalent to the Cholesky factori-40

sation technique described in section 3, they calculate N Jacobi matrices in O(N2)41

flops. For our applications this is numerically unstable when N ≫ 0 and alternative42

methods via QR factorisations are preferable cf. section 3. They also calculate the43

Laplacian and identity operators in O(N3) flops as opposed to our methods which44

require O(N2) flops.45

By constructing multivariate orthogonal polynomials with respect to the non-46

uniform weight in (1.1), one may build sparse spectral methods to solve partial dif-47

ferential equations (PDEs) on such regimes. In section 7, we focus on using these48

multivariate orthogonal polynomials to solve PDEs on disks and annuli via a sparse49

spectral method and compare against a method based on the Chebyshev–Fourier se-50

ries, though the results extend to the setting of gyroscopic orthogonal polynomials.51

We also construct a spectral element method for problems with radial direction dis-52

continuities in the variable coefficients and right-hand side, as exemplified in Figure 1.53

The boundary conditions and continuity across cells are enforced via a tau-method54

[20, 12].55

(a) Right-hand side f1 (7.5). (b) Right-hand side f2 (7.6). (c) Solution u (7.2).

Fig. 1. Plots of the right-hand sides with discontinuities in the radial direction and the cor-
responding solution of (7.3)–(7.4). The setup of the problem is given in subsection 7.3. These
functions are resolved to machine precision utilising the spectral element method described in sec-
tion 6 based on Zernike and Zernike annular polynomials.

Spectral methods for the disk/ball [10, 39, 41, 9, 26, 22, 7, 17] and sphere56

[40, 21, 38] have been thoroughly studied. On the annulus many methods utilise57

variations of a Chebyshev–Fourier series, e.g. [27]. Barakat [8] constructs a basis for58

the annulus but it is not polynomial in Cartesian coordinates. In 2011, Boyd and Yu59

[10] compared seven spectral methods for a disk. Out of the seven, they found that60

Zernike polynomials and Chebyshev–Fourier series had the best approximation prop-61

erties where, for non-trivial examples, Zernike polynomials required half the degrees62

of freedom of the next best method. This motivates the construction of multivariate63

orthogonal polynomials for domains of interest. Until recently, a common critique of64

Zernike polynomials was that no fast transform for the radial direction was known65

[10, Sec. 6.1]. However, this was resolved by Slevinsky [36, 34], see also [29]. This66

technique was extended to generalised Zernike annular polynomials in [19, Sec. 4.4].67

Spectral element methods for the disk, where the cells are an inner disk and68
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concentric annuli, have been previously studied. For instance, the spectral method69

software Dedalus [12] was recently utilized to construct such a discretisation in the70

context of fully compressible magnetohydrodynamics [6]. Their discretisation uses a71

Zernike polynomial basis for the disk cell and the equivalent of a Chebyshev–Fourier72

series for the annuli cells. Continuity is enforced via a tau-method. We compare our73

spectral element method with an almost equivalent discretisation as the one considered74

in [6] in section 7.75

Note that as Zernike (annular) polynomials and the Chebyshev–Fourier series76

feature a Fourier mode component, any operator that commutes with rotations (such77

as the Laplacian or identity operator) decouples across the Fourier modes. That78

is, we can decompose a two-dimensional PDE solve on the annulus into 2M + 179

one-dimensional solves where M is the highest Fourier mode considered. For each80

one-dimensional solve, the scaled-and-shifted Chebyshev–Fourier series results in an81

almost-banded matrix. Aside from the two dense rows associated with the boundary82

conditions, one recovers matrices with a bandwidth of five and nine for the Poisson83

and Helmholtz equations, respectively. By contrast the Zernike annular polynomials84

result in a tridiagonal and a pentadiagonal matrix per Fourier mode for the Poisson85

and Helmholtz equations, respectively, as depicted in Figure 2: a smaller bandwidth.86

Furthermore, we note that the Laplacian matrix for the Zernike annular polynomials87

is better conditioned than the Laplacian matrix of the Chebyshev–Fourier series, for88

increasing Fourier mode m, as plotted in Figure 3.89

Due to the decoupling of the considered PDEs across Fourier modes, we require90

O(N2) for the linear system solve. Thus the overall complexity, from approximation91

of the right-hand side through to evaluating the approximated solution on a grid92

is O(N2 log(N)). We note that Bremer [11] designed an algorithm that solves the93

two-dimensional variable coefficient Helmholtz with radial symmetry in O(k log k)94

complexity, where k is the wavenumber. The scheme is for problems posed on R295

but can be extended to disk and annuli domains. Although we do not achieve the96

same complexity for the class of equations considered by Bremer, our method can be97

extended to general variable coefficients, albeit at a higher computational complexity,98

and is also amendable to more general classes of equations.99

(a) All modes. (b) 0th-Fourier mode. (c) All modes. (d) 0th-Fourier mode.

Fig. 2. Spy plots of the matrices after discretising the Laplacian, ∆, ((a) and (b)) and the
Helmholtz operator (∆ + I) ((c) and (d)) on the 2D annulus Ω1/2 truncated at polynomial degree
20 with generalised Zernike annular polynomials. (a) and (c) show all the Fourier modes, whereas
(b) and (d) show the matrix when one decouples the Fourier modes and focuses on the m = 0 mode
in isolation.

We describe the scaled-and-shifted Chebyshev–Fourier series in section 2. In100

section 3 we introduce the semiclassical Jacobi polynomials and discuss factorisation101

techniques for deriving the relationships between different family parameters. In102

section 4, we introduce the generalised Zernike annular polynomials and derive various103

relationships between families of parameters that may be computed with optimal104
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(a) Condition number. (b) Matrix size.

Fig. 3. The condition number and matrix size of the Laplacian matrix, for increasing Fourier
mode m, induced by the Chebyshev–Fourier series and the Zernike annular polynomials. We also
consider the Laplacian matrix preconditioned with the inverse of the diagonal of the original matrix.
We observe that both the original and preconditioned Laplacian matrices for the Zernike annular
polynomials are better conditioned and smaller in size.

complexity. We outline the sparse spectral methods for solving the Helmholtz equation105

in section 5. In section 6 we construct a spectral element method where the cells are106

an inner disk and concentric annuli. Finally, in section 7 we consider various PDE107

examples and compare the spectral methods.108

Remark 1.1 (Weak formulation). A major benefit of the generalised Zernike109

(annular) polynomials is that they are easily amendable to discretising PDEs posed110

in weak form. This allows one to construct sparse spectral element methods for111

variational problems. A thorough construction of such a method is beyond the scope112

of this work, however, we make some comments in section 4.113

Remark 1.2. Zernike annular polynomials also allow one to construct random114

functions on the annulus via the methods of Filip et al. [18].115

Remark 1.3 (Generalisation to 3D). Just as generalised Zernike polynomials on116

the disk can be extended to the ball [15, Prop. 5.2.1], orthogonal polynomials on annuli117

naturally extend to higher dimensional spherical shells with spherical harmonics in118

place of Fourier modes. For simplicity we restrict our attention to 2D.119

Remark 1.4 (Generalisation to vector-valued PDEs). For brevity we focus on120

scalar PDEs. Whilst it is possible to use a scalar basis of orthogonal polynomials121

on annuli in each component of a vector-valued problem, this will not automatically122

capture rotational invariance and hence the complexity will be sub-optimal. It is likely123

the construction in [39] can be extended to annuli, mutatis mutandi, by an appropriate124

replacement of the Jacobi polynomials with semiclassical Jacobi polynomials.125

2. Scaled-and-shifted Chebyshev–Fourier series. The Chebyshev–Fourier126

series is constructed via a tensor product of Chebyshev polynomials of the first kind127

(denoted Tn(x), n ≥ 0) [28, Sec. 18.3] in the radial direction with the Fourier series128

in the angular direction.129

Following [29], we use quasimatrix notation, i.e.130

T(x) :=
(
T0(x) | T1(x) | T2(x) | · · ·

)
.(2.1)131

This is convenient for expressing recurrence relationships. For example, the three132
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term recurrence is expressed as133

xT(x) = T(x)


0 1/2
1 0 1/2

1/2 0 1/2
. . .

. . .
. . .

 .(2.2)134

Consider the annulus Ωρ = {(x, y) ∈ R2 : 0 < ρ ≤ |(x, y)| ≤ 1}. Define135

rρ =
2

1− ρ

(
r − 1 + ρ

2

)
.(2.3)136

Let Fm,j denote the Fourier series at mode m where j ∈ {0, 1} if m ∈ {1, 2, . . . }, else137

j = 1 if m = 0. For clarity, F0,1(θ) = 1 and for m ≥ 1,138

Fm,j(θ) :=

{
sin(mθ) if j = 0,

cos(mθ) if j = 1.
(2.4)139

Then the scaled-and-shifted Chebyshev–Fourier series on the annulus is given by the140

tensor product:141

T(rρ)⊗ F(θ)

:= (T0(rρ)F0,1(θ) |T1(rρ)F0,1(θ) | · · · |T0(rρ)F1,0(θ) | · · · |T2n(rρ)Fn,0(θ) | · · · ) .

(2.5)

142

An expansion in this basis takes the form:143

u(r, θ) =

∞∑
n=0

un,0,1Tn(rρ) +

∞∑
n=0

∞∑
m=1

[un,m,0Tn(rρ) sin(mθ) + un,m,1Tn(rρ) cos(mθ)]144

= [T(rρ)⊗ F(θ)]
(
u0,0,1 u1,0,0 · · · u2n,m,j · · ·

)⊤
= [T(rρ)⊗ F(θ)]u.145

If we rearrange the coefficients in u into a matrix such that146

U =

u0,0,1 u0,1,0 u0,1,1 u0,2,0 · · ·
u1,0,1 u1,1,0 u1,1,1 u1,2,0 · · ·

...
...

...
...

. . .

 ,(2.6)147

then [T(rρ)⊗ F(θ)]u = T(rρ)UF(θ)⊤. The choice of truncation degreeN and Fourier148

mode M are independent and may be custom chosen for each problem individually.149

In this work we pick M = N resulting in the truncated coefficient matrix U of size150

(N + 1)× (2N + 1).151

3. Semiclassical Jacobi polynomials. We denote the orthonormalised Jacobi152

polynomials by P
(a,b)
n (x), n ≥ 0 which are orthonormal with respect to the weight (1−153

x)a(1+ x)b such that a, b > −1 [28, Sec. 18.3]. The term weighted Jacobi polynomials154

refers to the Jacobi polynomial P
(a,b)
n (x) multiplied by its weight, i.e. W

(a,b)
n (x) :=155

(1− x)a(1 + x)bP
(a,b)
n (x).156

The building blocks for the Zernike annular polynomials are the so-called semi-157

classical Jacobi polynomials. Recall that these are univariate orthogonal polynomials158

on the interval (0, 1) with respect to the inner product159 ∫ 1

0

f(x)g(x)xa(1− x)b(t− x)cdx,(3.1)160
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where t > 1 and a, b > −1. First introduced by Magnus1 in [23, Sec. 5], we denote
the orthonormal semiclassical Jacobi polynomials as

Qt,(a,b,c)
n (x) = knx

n +O(xn−1),

where, for concreteness, kn > 0. Note that, when c = 0, these become scaled-and-161

shifted orthonormalised Jacobi polynomials and we drop the t dependence. That is,162

we have for any t,163

Qt,(a,b,0)
n (x) = (−1)n2(a+b+1)/2P (a,b)

n (1− 2x) = 2(a+b+1)/2P (b,a)
n (2x− 1).(3.2)164

Many beautiful connections between semiclassical Jacobi polynomials and Painlevé165

equations are known, and we refer the readers to [23].166

Remark 3.1. The semiclassical Jacobi polynomials are a special case of the gen-167

eralised Jacobi polynomials found in [16, Sec. 3].168

We require recurrence relationships between families of the Zernike annular poly-169

nomials in the construction of spectral methods. These recurrence relationships are170

derived from recurrence relationships that relate hierarchies of semiclassical Jacobi171

polynomial families. We denote the connection matrix mapping the parameter family172

from (α, β, γ) to (a, b, c) by R
t,(α,β,γ)
(a,b,c) . To indicate that maps are from a (partially)173

weighted family to another (partially) weighted family, we utilise the Roman script a,174

b, and c or combinations thereof. For instance:175

Qt,(a,b,c)(x) = Qt,(α,β,γ)(x)R
t,(α,β,γ)
(a,b,c) ,

xaQt,(a,b,c) = xαQt,(α,β,γ)R
t,(α,β,γ)
a,(a,b,c) ,

xa(1− x)b(t− x)cQt,(a,b,c)(x) = xα(1− x)β(t− x)γQt,(α,β,γ)(x)R
t,(α,β,γ)
abc,(a,b,c).

(3.3)176

Similarly, we denote the differentiation connection matrix between families of semi-177

classical Jacobi polynomials by D
t,(α,β,γ)
(a,b,c) , e.g.178

d

dx
Qt,(a,b,c)(x) = Qt,(α,β,γ)(x)D

t,(α,β,γ)
(a,b,c) ,

d

dx
xaQt,(a,b,c) = xαQt,(α,β,γ)D

t,(α,β,γ)
a,(a,b,c) ,

d

dx
[xa(1− x)b(t− x)cQt,(a,b,c)(x)] = xα(1− x)β(t− x)γQt,(α,β,γ)(x)D

t,(α,β,γ)
abc,(a,b,c).

(3.4)

179

There exist choices of (α, β, γ) and (a, b, c) such that the matrices R
t,(α,β,γ)
·,(a,b,c) and180

D
t,(α,β,γ)
·,(a,b,c) are sparse. In the next three subsections, we introduce the factorisation181

techniques that allow one to apply analysis and synthesis operators with quasi-optimal182

complexity as well as compute Jacobi, connection and differentiation matrices.183

1The weight considered by Magnus is the slightly different (1 − x)axb(t − x)c, which has the
unfortunate property that the singularities are neither listed left-to-right or right-to-left. We have
changed the order to be left-to-right.
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3.1. Connection matrices. Given the quasimatrix of a semiclassical Jacobi184

family evaluated at a point, Qt,(a,b,c)(x), the goal is to find the (truncated) infinite-185

dimensional matrix of coefficients in (3.3) that relates the evaluation to a different186

semiclassical Jacobi family evaluated at the same point. In recent work by Gutleb187

et al. [19], the authors analyse six infinite-dimensional matrix factorisations for this188

purpose. The main contribution of their work is summarised in [19, Tab. 1]. We189

replicate the relevant results in Theorem 3.2.190

Theorem 3.2 (Tab. 1 in [19]). Let w(x) denote a nonnegative and bounded191

weight on R and consider the measure dµ such that both dµ and w(x)dµ are positive192

Borel measures on the real line whose support contains an infinite number of points193

and has finite moments. Suppose that P(x) and Q(x) are the quasimatrices of two194

families of orthonormal polynomials with respect to dµ and w(x)dµ, respectively. Let195

XP denote the Jacobi matrix of P(x), i.e. xP(x) = P(x)XP . Then196

P(x) = Q(x)R and w(x)Q(x) = P(x)R⊤ where w(XP ) = R⊤R.(3.5)197

Here R is upper-triangular, i.e. R⊤R is a Cholesky factorisation. Moreover, if w(x)198

is a polynomial, then w(XP ) and R are banded. Furthermore, if
√
w(x) is also a199

polynomial, then200

P(x) = Q(x)R and
√
w(x)Q(x) = P(x)Q where

√
w(XP ) = QR.(3.6)201

Here Q is orthogonal and R is upper-triangular, i.e. they are the factors of a positive-202

phase QR-factorisation (and are unique).203

Suppose that α − a ≥ 0, β − b ≥ 0, γ − c ≥ 0 are integers. Let Xt,(a,b,c) denote204

the Jacobi matrix of the orthormalised semiclassical Jacobi quasimatrix Qt,(a,b,c)(x),205

i.e.206

xQt,(a,b,c)(x) = Qt,(a,b,c)(x)Xt,(a,b,c).207

Suppose one computes the following Cholesky factorisation208

Xα−a
t,(a,b,c)(I −Xt,(a,b,c))

β−b(tI −Xt,(a,b,c))
γ−c = R⊤R,(3.7)209

where I is the identity matrix of conforming size. Then (3.5) in Theorem 3.2 reveals210

that R
t,(α,β,γ)
(a,b,c) = R and R

t,(a,b,c)
abc,(α,β,γ) = R⊤. Furthermore, we note that R is upper-211

triangular with bandwidth (α − a) + (β − b) + (γ − c) + 1. For more general choices212

of α, β, a, b > −1, and γ, c ∈ R, we refer the interested reader to [19].213

When α ≫ a, β ≫ b, or γ ≫ c, the matrix on the left-hand side of (3.7) becomes214

increasingly less positive-definite and eventually a Cholesky factorisation fails due to215

numerical roundoff. In such a case, we recommend computing the connection matrix216

via an intermediate semiclassical Jacobi family. Alternatively, one may consider (3.6)217

in Theorem 3.2:218

Qt,(a,b,c)(x) = Qt,(a,b,c+2)(x)R, (t− x)Qt,(a,b,c+2)(x) = Qt,(a,b,c)(x)Q.(3.8)219

In summary Qt,(a,b,0)(x) = Qt,(a,b,1)(x)R1 where R⊤
1 R1 = tI − Xt,(a,b,0) and220

Qt,(a,b,0)(x) = Qt,(a,b,2)(x)R2 where QR2 = tI − Xt,(a,b,0). Connection matrices for221

higher values of c may be computed by chaining together these factorisations.222
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3.2. Jacobi matrices. The goal is to compute the entries of the Jacobi matrix223

Xt,(a,b,c) with O(cN) complexity, where c ∈ N and N is the truncation degree. We224

first note that the main difficulty arises in the parameter c. If c = 0 then explicit225

formulae for the Jacobi matrix exist.226

Remark 3.3. Given the base Jacobi matrix Xt,(a,b,c) for any c ∈ R, c ≥ 0, then227

one may compute the Jacobi matrix Xt,(a,b,c+m), for any m ∈ N, with the following228

techniques. Thus we are not restricted to the case where c ∈ N.229

The identities in (3.7) and (3.8) provide three alternatives for computing the230

Jacobi matrix when c ̸= 0, c ∈ N:231

1. via the Cholesky factorisation;232

2. via the R in a QR factorisation;233

3. via the Q in a QR factorisation.234

Via Cholesky. One may find the connection matrix between the case c = 0 and any235

other choice of c ∈ N utilising (3.7). If c ∈ N then the connection matrix is banded.236

We note that in principle one may compute the connection matrix to any c ∈ N in one237

step. However, one must find the Cholesky factorisation of (tI −Xt,(a,b,0))
c which is238

numerically indefinite for even moderate values of c. Thus it is highly recommended239

that one proceeds in steps of one for c. If R⊤R = tI −Xt,(a,b,0), then240

xQt,(a,b,1)(x) = xQt,(a,b,0)(x)R−1 = Qt,(a,b,0)(x)Xt,(a,b,0)R
−1

= Qt,(a,b,1)(x)RXt,(a,b,0)R
−1.

(3.9)241

Hence Xt,(a,b,1) = RXt,(a,b,0)R
−1. When c > 1, we increment the c parameter in steps242

of one until we reach the desired Jacobi matrix.243

Via QR. If one utilises a QR factorisation via (3.8) then it is possible to increment244

the c parameter in steps of two. If QR = tI −Xt,(a,b,0), then245

x(t− x)Qt,(a,b,2)(x) = xQt,(a,b,0)(x)Q = Qt,(a,b,0)(x)Xt,(a,b,0)Q

= (t− x)Qt,(a,b,2)(x)Q⊤Xt,(a,b,0)Q.
(3.10)246

Hence, Xt,(a,b,2) = Q⊤Xt,(a,b,0)Q. Alternatively, note that247

Qt,(a,b,0)(x)Xt,(a,b,0) = xQt,(a,b,0)(x) = xQt,(a,b,2)(x)R

= Qt,(a,b,2)(x)Xt,(a,b,2)R = Qt,(a,b,0)(x)R−1Xt,(a,b,2)R.
(3.11)248

Thus Xt,(a,b,2) = RXt,(a,b,0)R
−1.249

For either of the three routes, one computes the triple-matrix-product in O(N)250

complexity. See subsection 3.5 for more details. Thus to compute the Jacobi matrix251

for an arbitrary parameter c ∈ N requires O(cN) complexity. As mentioned before,252

when building multivariate orthogonal polynomials, one typically requires a hierarchy253

of Jacobi matrices, one for each value of c ∈ {c0, c0 +1, c0 +2, . . . }, c0 ≥ 0. Hence, in254

practice, these intermediate Jacobi matrices are required.255

Out of these three approaches, the most theoretically stable method is the Q-256

factor variant of the QR factorisation as ∥Q∥2 = 1, whereas the upper triangular257

factors (and their inverses) in Cholesky and QR do not have unit 2-norm.258

3.3. Analysis & synthesis. The analysis and synthesis operators map a func-259

tion to the coefficient vector of an expansion and vice versa. More precisely, let dµ260

denote a positive Borel measure on the real line whose support contains an infinite261
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number of points and has finite moments. Let L2(R,dµ) denote the space of square262

integrable functions with respect to the measure dµ and let ℓ2 denote the space of263

square summable sequences. Suppose that P(x) denotes a quasimatrix that is or-264

thogonal with respect to dµ. Then the analysis operator A and synthesis operator S265

satisfy:266

A : L2(R,dµ) → ℓ2, f 7→
∫
R
P(x)⊤f(x)dµ(x) = f ,(3.12)267

S : ℓ2 → L2(R,dµ), f 7→ Pf = f.(3.13)268

For a given basis, it is favourable if there exists a fast transform between function269

evaluations and coefficient vector expansions, i.e. an ability to compute the analysis270

and synthesis operators in a fast manner.271

Suppose that the goal is to apply the synthesis operator to (t−x)c/2Qt,(a,b,c)(x)f .272

We consider a “square-root” weighted expansion as it directly connects to the synthesis273

operator for Zernike annular polynomials in subsection 4.2. Suppose that c is even.274

Then, via (3.8),275

(t− x)c/2Qt,(a,b,c)(x)f = (t− x)c/2−1Qt,(a,b,c−2)(x)Qc−2f

= Qt,(a,b,0)(x)Q0Q2 · · ·Qc−2f

= T(1− 2x)RTS
−1
(a,b)Q0Q2 · · ·Qc−2f .

(3.14)276

Here RT is the upper-triangular conversion matrix as computed via the Chebyshev–277

Jacobi transform [35], S(a,b) is the diagonal scaling as defined by (3.2), and QγRγ =278

tI −Xt,(a,b,γ). When c is odd, one converts down to (t − x)1/2Qt,(a,b,1)(x) with QR279

and then a final Cholesky factorisation to recover (t − x)1/2Qt,(a,b,0)(x). We then280

convert Qt,(a,b,0)(x) to T(1 − 2x) and there exists a fast transform for the synthesis281

operator of (t − x)1/2T(1 − 2x). Thus the complexity for computing the Chebyshev282

coefficients is O(cN) where N is the truncation degree. The synthesis operator may283

then be applied in O(N logN) complexity via the DCT. We note that the analysis284

operator is the reverse process of the synthesis operator.285

For an unweighted expansion, we instead utilise the R factors in the QR factori-286

sation. If c is even, we find that287

Qt,(a,b,c)(x)f = T(1− 2x)RTS
−1
(a,b)R

−1
0 R−1

2 · · ·R−1
c−2f .(3.15)288

3.4. Differentiation. The goal is to compute the entries of the banded ma-289

trix D
t,(a+1,b+1,c+1)
(a,b,c) and weighted counterparts. A core concept for computing the290

differentiation matrices with low complexity is the following sparsity result.291

Theorem 3.4 (Theorem 2.20 in [19]). The differentiation matrix in the right-292

hand side of293

d

dx
Qt,(a,b,c)(x) = Qt,(a+1,b+1,c+1)(x)D

t,(a+1,b+1,c+1)
(a,b,c)294

only has nonzero entries on the first two super-diagonals.295

Similar results holds for the (partially) weighted counterparts.

D
t,(a−1,b+1,c+1)
a,(a,b,c) , D

t,(a−1,b−1,c+1)
ab,(a,b,c) , and D

t,(a−1,b−1,c−1)
abc,(a,b,c)
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all have a bandwidth of two and similarly for the other combination of weights, b, c,296

bc, and ac.297

Given the differentiation and Jacobi matrix for Qt,(a,b,c)(x) we note that one298

obtains the differentiation matrix for Qt,(a,b,c+1)(x) in O(N) complexity as follows:299

d

dx
Qt,(a,b,c+1)(x) =

d

dx
Qt,(a,b,c)(x)(R

t,(a,b,c+1)
(a,b,c) )−1

= Qt,(a+1,b+1,c+1)(x)D
t,(a+1,b+1,c+1)
(a,b,c) (R

t,(a,b,c+1)
(a,b,c) )−1

= Qt,(a+1,b+1,c+2)(x)R
t,(a+1,b+1,c+2)
(a+1,b+1,c+1) D

t,(a+1,b+1,c+1)
(a,b,c) (R

t,(a,b,c+1)
(a,b,c) )−1.

(3.16)

300

The connection coefficients are Cholesky factors [19]:301

(R
t,(a,b,c+1)
(a,b,c) )⊤R

t,(a,b,c+1)
(a,b,c) = tI −Xt,(a,b,c),(3.17)302

(R
t,(a+1,b+1,c+2)
(a+1,b+1,c+1) )⊤R

t,(a+1,b+1,c+2)
(a+1,b+1,c+1) = tI −Xt,(a+1,b+1,c+1).(3.18)303

The unknown Jacobi matrix Xt,(a+1,b+1,c+1) is obtained by noting304

(R
t,(a+1,b+1,c+1)
(a,b,c) )⊤R

t,(a+1,b+1,c+1)
(a,b,c) = Xt,(a,b,c)(I −Xt,(a,b,c))(tI −Xt,(a,b,c))(3.19)305

and306

Xt,(a+1,b+1,c+1) = R
t,(a+1,b+1,c+1)
(a,b,c) Xt,(a,b,c)(R

t,(a+1,b+1,c+1)
(a,b,c) )−1.(3.20)307

Thanks to Theorem 3.4 the triple matrix product on the right-hand side of (3.16) has308

a bandwidth of two. Hence, the entries of the differentiation matrix may be computed309

in linear complexity as one knows the upper bandwidth and thus we are not required310

to compute every entry of each column. A similar computation is conducted for311

(partially) weighted quasimatrices except the parameter associated with the weight312

is incremented down instead of up.313

If one does not have the differentiation and Jacobi matrix of Qt,(a,b,c)(x), then one314

recursively decrements the c parameter until they hit a case where the the matrices315

are known. In the worst case, they reach the case where c = 0 which is a scaling of316

the classical Jacobi polynomial case. In particular317

d

dx
Qt,(a,b,0)(x) = Qt,(a+1,b+1,0)(x)D

t,(a+1,b+1,0)
(a,b,0)(3.21)318

where D
t,(a+1,b+1,0)
(a,b,0) has an explicit expression and has a bandwidth of one [28,319

Eq. 18.9.15]. Thus the worst case complexity to compute the differentiation ma-320

trix for an arbitrary Qt,(a,b,c)(x) quasimatrix, c ∈ N, with zero pre-computation is321

O(cN).322

3.5. Computing the triple matrix products in O(N) complexity. In this323

section we briefly discuss how to compute the triple matrix products in (3.9), (3.10)324

and (3.11) in O(N) complexity and provide a comparison of the Cholesky method and325

the two methods based on QR decomposition. For the R-based methods of Cholesky326

or QR, the object of concern is naturally the right-application of the inverse R−1327

which, in general, will not be banded. For the Q-based method via QR, the inverse328

computation is trivial via Q⊤, but in exchange neither Q nor Q⊤ are banded.329
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As usual in computational contexts, the main idea for optimal complexity for the330

R methods is to never explicitly construct the inverse matrix R−1. Instead one notes331

that the bandwidth of the matrix product RX to which we wish to right-apply R−1332

is known from the bandwidths of R and X, where X is a Jacobi matrix. Since the333

resulting matrix RXR−1 is a Jacobi matrix and must thus be tridiagonal, one only334

needs to compute three entries per column with N -independent complexity, i.e. in335

O(1). Computing the entries required for an N × N principal subblock of the new336

Jacobi matrix thus has complexity O(N).337

Obtaining optimal complexity for the computation of Q⊤XQ in the Q method is338

slightly more work, in particular, since Q⊤ generally has infinitely many subdiagonals.339

Applying Q⊤ näıvely to the tridiagonal X would thus require O(N2) operations. To340

avoid this we require access to the Householder matrices that comprise the orthogonal341

matrix Q. Fortunately, competitive QR factorisations of symmetric tridiagonal (and342

banded) matrices are already stored in such a way that Q is not directly constructed343

and instead the information to compute the individual Householder matrices is re-344

tained. Using this information, the action of each Householder triple matrix product345

H⊤
j XHj only affects a small block (determined by the size of the lower bandwidth of346

the Q factor) on the band and elements in the top left of H⊤
j XHj are progressively fi-347

nalised and no longer modified by applications of the remaining Householder matrices.348

This means that the algorithm only has to update a small block of X along the band349

starting in the top left by multiplying with the active subblock of the Householder350

matrix on both sides. The size of the blocks to be updated does not change with N351

if we further use the knowledge that the resulting matrix, as a Jacobi matrix of uni-352

variate orthogonal polynomials, must be tridiagonal and thus the modification to X353

from each triple Householder product H⊤
j XHj can be computed in O(1) complexity.354

Remark 3.5. The Q and R variants correspond to the two similarity transforma-355

tions implied by the QR algorithm with a constant shift for symmetric tridiagonal356

matrices. Similarly, the R method from Cholesky corresponds to the LR algorithm357

with the same constant shift.358

In Figure 4a we show a plot demonstrating the O(N) computational complexity of359

the above-described algorithms and compare the performance of the three available360

approaches: Cholesky as in (3.9), Q-based QR as in (3.10) and R-based QR as in361

(3.11). In Figure 4b we show the relative 2-norm error comparing single and double362

precision computations of computed Jacobi matrix principal subblocks. The stability363

of all three methods is self-evident. In our experiments, we have not observed more364

than a constant factor between all three approaches; certain parameter values lead365

to one method outperforming the others. By analogy to the QR and LR eigenvalue366

algorithms, our default preference is the Q-method.367

4. Orthogonal polynomials on the annulus. We now have the ingredients to368

define the orthogonal polynomials on the annulus as well as compute the connections369

between various families. Consider an inner radius 0 < ρ < 1 and without loss370

of generality take the outer radius to be one. Throughout this section R
t,(α,β,γ)
·,(a,b,c)371

and D
t,(α,β,γ)
·,(a,b,c) denote the lowering and differentiation matrix from the (potentially372

weighted) semiclassical Jacobi quasimatrix with parameters (α, β, γ) to (a, b, c) as373

they were defined in section 3.374

On the two-dimensional disk (ρ = 0) we have the (complex-valued) generalised375
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(a) Computational cost (b) 2-norm relative error (single precision)

Fig. 4. (a) shows the O(N) complexity of the Cholesky as well as Q and R based QR methods
for computing the N × N principal Jacobi matrix subblock of the semiclassical Jacobi polynomials

Q
t,(1,1,22)
n (x) from Q

t,(1,1,20)
n (x). The Cholesky method requires twice the amount of work in this

example as it proceeds in two steps. CPU timings were obtained on a Lenovo ThinkPad X1 Carbon
laptop with a 12th Gen Intel i5-1250P CPU. (b) shows the relative 2-norm error for N×N principal
subblocks of the Jacobi matrices comparing single to double precision computations.

Zernike polynomials, written in terms of Jacobi polynomials as376

Z(b)
n,m(x, y) := rmeimθP

(b,m)
(n−m)/2(2r

2 − 1),(4.1)377

where r2 = x2 + y2, 0 ≤ m ≤ n and378 
m = 0 if n = 0

m = 1, 3, . . . , n if n is odd,

m = 0, 2, . . . , n if n is even.

(4.2)379

These are polynomials in Cartesian coordinates x and y since rme±imθ = (x ± iy)m.380

Moreover, they are orthogonal on the unit disk with respect to the weight (1− r2)b.381

Note the real analogues are deduced by replacing the complex exponentials with382

sines and cosines. It is convenient for generalising to other dimensions to write these383

in terms of harmonic polynomials384

Ym,0(x, y) = Im (x+ iy)m = rm sin(mθ),(4.3)385

Ym,1(x, y) = Re (x+ iy)m = rm cos(mθ).(4.4)386

Thus the real-valued Zernike polynomials are:387

Z
(b)
n,m,j(x, y) = Ym,j(x, y)P

(b,m)
(n−m)/2(2r

2 − 1).(4.5)388

For n odd, m = 1, 3, . . . , n, and for n even, m = 0, 2, . . . , n. If m = 0 then j = 1,389

otherwise j ∈ {0, 1}.390

Definition 4.1 (Generalised Zernike annular polynomials). For t = (1−ρ2)−1,391

r2 = x2 + y2, we define the generalised Zernike annular polynomials, Z
ρ,(a,b)
n,m,j , as392

Z
ρ,(a,b)
n,m,j (x, y) := Ym,j(x, y)Q

t,(a,b,m)
(n−m)/2

(
1− r2

1− ρ2

)
,(4.6)393

where for n odd, m = 1, 3, . . . , n, and for n even, m = 0, 2, . . . , n. If m = 0 then394

j = 1, otherwise j ∈ {0, 1}.395
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First note the functions as defined in (4.6) are all polynomials.396

Proposition 4.2 (Orthogonality of generalised Zernike annular polynomials, cf. [16,397

Eq. 69]). Let r2 = x2 + y2 and Ωρ = {(x, y) : 0 < ρ ≤ r ≤ 1}. Then Z
ρ,(a,b)
n,m,j are or-398

thogonal polynomials with respect to399

⟨f, g⟩ρ,(a,b) =
∫∫

Ωρ

f(x, y)g(x, y)(1− r2)a(r2 − ρ2)bdxdy.(4.7)400

4.1. Connection and differentiation matrices. In this subsection, our goal401

is to find the matrices D and L such that402

∆Wρ,(1,1)(x, y) = Zρ,(1,1)(x, y)D,(4.8)403

Wρ,(1,1)(x, y) = Zρ,(1,1)(x, y)R,(4.9)404

where Wρ,(a,b)(x, y) denotes the weighted version of Zρ,(a,b)(x, y). We discover that405

D and R are block tridiagonal and pentadiagonal, respectively, where each block is406

diagonal.407

Let Z
ρ,(a,b)
m,j (x, y) denote the quasimatrix containing only the “m, j”-mode 2D408

annulus orthogonal polynomials with increasing n. For instance:409

Z
ρ,(a,b)
m,j =

(
Z

ρ,(a,b)
m,m,j | Zρ,(a,b)

m+2,m,j | Zρ,(a,b)
m+4,m,j | · · ·

)
.(4.10)410

W
ρ,(1,1)
m,j is defined analogously.411

Proposition 4.3 (Lowering of weighted generalised Zernike annular polynomi-412

als).413

W
ρ,(1,1)
m,j (x, y) = (1− ρ2)2Z

ρ,(1,1)
m,j (x, y)R

t,(1,1,m)
(0,0,m) R

t,(0,0,m)
ab,(1,1,m).(4.11)414

R
t,(1,1,m)
(0,0,m) R

t,(0,0,m)
ab,(1,1,m) is a pentadiagonal matrix. Again the different m and j modes415

do not interact. When interlacing the different Fourier modes, we result in a block416

pentadiagonal matrix where each block is diagonal.417

Proof. Let z = x+ iy.418

W
ρ,(1,1)
m,1 (x, y) = (1− r2)(r2 − ρ2)Re [zm]Qt,(1,1,m)(τ)

= t−2Re [zm]τ(1− τ)Qt,(1,1,m)(τ)

= t−2Re [zm]Qt,(0,0,m)(τ)R
t,(0,0,m)
ab,(1,1,m)

= t−2Re [zm]Qt,(1,1,m)(τ)R
t,(1,1,m)
(0,0,m) R

t,(0,0,m)
ab,(1,1,m)

= (1− ρ2)2Z
ρ,(1,1)
m,1 (x, y)R

t,(1,1,m)
(0,0,m) R

t,(0,0,m)
ab,(1,1,m).

(4.12)419

The proof is similar for j = 0.420

In order to compute the Laplacian of the generalised Zernike annular polynomials,
we follow [39] and use the decomposition

∆ = 4∂∂̄ = 4∂̄∂
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for the two linear operators2421

2∂ = ∂x − i∂y = e−iθ

(
∂r −

i

r
∂θ

)
and 2∂̄ = ∂x + i∂y = e−iθ

(
∂r +

i

r
∂θ

)
.422

423

Lemma 4.4. For τ = 1−r2

1−ρ2 , t = (1−ρ2)−1, z = reiθ, and a differentiable function424

f , we have425

∂zmf(τ) = zm−1(mf(τ)− tr2f ′(τ)) = zm−1(τ − t)1−m d

dτ
[(τ − t)mf(τ)],426

∂z̄mf(τ) = −tz̄m+1f ′(τ),427

∂̄zmf(τ) = −tzm+1f ′(τ),428

∂̄z̄mf(τ) = z̄m−1(mf(r2)− tr2f ′(r2)) = z̄m−1(τ − t)1−m d

dτ
[(τ − t)mf(τ)].429

Proposition 4.5 (Laplacian of generalised Zernike annular polynomials). Let430

t = (1− ρ2)−1, then431

∆Z
ρ,(a,b)
m,j (x, y) = 4(1− ρ2)−1Z

ρ,(a+2,b+2)
m,j (x, y)D

t,(a+2,b+2,m)
c,(a+1,b+1,m+1)D

t,(a+1,b+1,m+1)
(a,b,m) .

(4.13)

432

Proof. Consider j = 1 and z = x+ iy. Note that ∆ = 4∂∂̄ is a real operator and,433

therefore, commutes with the real operator Re . Hence,434

∆Z
ρ,(a,b)
m,1 (x, y)

= 4∂∂̄Re [zm]Qt,(a,b,m)(τ)

= 4Re ∂
(
−tzm+1Qt,(a+1,b+1,m+1)(τ)D

t,(a+1,b+1,m+1)
(a,b,m)

)
= −4tRe zm(τ − t)−m d

dτ

[
(τ − t)m+1Qt,(a+1,b+1,m+1)(τ)

]
D

t,(a+1,b+1,m+1)
(a,b,m)

= 4tRe [zm]Qt,(a+2,b+2,m)(τ)D
t,(a+2,b+2,m)
c,(a+1,b+1,m+1)D

t,(a+1,b+1,m+1)
(a,b,m)

= 4tZ
ρ,(a+2,b+2)
m,1 (x, y)D

t,(a+2,b+2,m)
c,(a+1,b+1,m+1)D

t,(a+1,b+1,m+1)
(a,b,m) .

(4.14)

435

The second and third lines in (4.14) hold thanks to Lemma 4.4. By replacing Re [zm]436

with Im [zm], the exact same steps hold for j = 0.437

D
t,(a+2,b+2,m)
c,(a+1,b+1,m+1)D

t,(a+1,b+1,m+1)
(a,b,m) is an upper-triangular matrix with a bandwidth438

of three. We derive a similar relationship for the weighted version W
ρ,(1,1)
n,m,j (x, y).439

Proposition 4.6 (Laplacian of weighted generalised Zernike annular polynomi-440

als).441

∆W
ρ,(1,1)
m,j (x, y) = 4(1− ρ2)Z

ρ,(1,1)
m,j (x, y)D

t,(1,1,m)
c,(0,0,m+1)D

t,(0,0,m+1)
ab,(1,1,m) .(4.15)442

2We have used slightly different operators from [39], which used D± := ∂
∂r

± i
r

∂
∂θ

. This is to
ensure we mapped from polynomials to polynomials.
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Proof. Consider j = 1 and z = x+ iy. Then,443

∆W
ρ,(1,1)
m,1 (x, y)

= 4∂∂̄
[
(1− r2)(r2 − ρ2)Re [zm]Qt,(1,1,m)(τ)

]
= 4t−2Re ∂∂̄

[
zmτ(1− τ)Qt,(1,1,m)(τ)

]
= −4t−1Re ∂

[
zm+1Qt,(0,0,m+1)(τ)D

t,(0,0,m+1)
ab,(1,1,m)

]
= −4t−1Re zm(τ − t)−m d

dτ

[
(τ − t)m+1Qt,(0,0,m+1)(τ)

]
D

t,(0,0,m+1)
ab,(1,1,m)

= 4t−1Re [zm]Qt,(1,1,m)(τ)D
t,(1,1,m)
c,(0,0,m+1)D

t,(0,0,m+1)
ab,(1,1,m)

= 4t−1Z
ρ,(1,1)
m,1 (x, y)D

t,(1,1,m)
c,(0,0,m+1)D

t,(0,0,m+1)
ab,(1,1,m) .

(4.16)444

The third and fourth lines in (4.16) hold thanks to Lemma 4.4. The case j = 0 follows445

similarly.446

The matrix D
t,(1,1,m)
c,(0,0,m+1)D

t,(0,0,m+1)
ab,(1,1,m) is tridiagonal. An important feature is the differ-447

ent m and j modes do not interact. Thus we obtain tridiagonal Laplacians for each448

Fourier mode.449

4.2. Analysis & synthesis. By computing the connection, Jacobi, and differ-450

entiation matrices for hierarchies of semiclassical Jacobi families as described in sec-451

tion 3, we may compute the connection and differentiation matrices for the Zernike452

annular polynomials in optimal complexity. In particular the connection and differ-453

entiation matrices for all the Fourier modes up to the truncation mode and degree454

M = N in Propositions 4.3 and 4.5 are computed in O(N2) complexity.455

We now discuss the technique for O(N2 log(N)) complexity analysis and synthesis456

operators. Suppose that the goal is to apply the synthesis operator to the coefficient457

vector f to evaluate Zρ,(a,b)(x, y)f on the grid (x, y) ∈ {(rk cos(lθ), rk sin(lθ))} where458

rk =

√
cos2

(
2k + 1

4K
π

)
+ ρ2 sin2

(
2k + 1

4K
π

)
for 0 ≤ k ≤ K − 1,(4.17)459

θl =
2l

L
π for 0 ≤ l ≤ L− 1.(4.18)460

Here K = ⌊(N + 1)/2⌋ + 1, L = 4K − 3, and N is the truncation degree. Given461

the even truncation degree N , we first rearrange the coefficients fn,m,j in f into the462

N/2× (N + 1) rectangular matrix:463 
f0,0,1 f1,1,0 f1,1,1 f2,2,0 f2,2,1 · · · fN,N,0 fN,N,1

f2,0,1 f3,1,0 f3,1,1 f4,2,0 f4,2,1 · · · 0 0
...

...
...

...
...

. . .
...

...
fN−2,0,1 fN−1,1,0 fN−1,1,1 fN,2,0 fN,2,1 · · · 0 0
fN,0,1 0 0 0 0 · · · 0 0

 .(4.19)464

Each column corresponds to a separate Fourier mode (m, j). The matrix of coefficients465

(4.19) is converted to a matrix of Chebyshev–Fourier series coefficients for which a fast466

transform exists via a DCT and FFT. The conversion is best understood column-wise.467
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Consider the last column and let fN,N,1 = (fN,N,1 0 · · · 0)⊤ ∈ RN/2. Note that468

Z
ρ,(a,b)
N,1 (x, y)fN,N,1 = rN cos(Nθ)Qt,(a,b,N)(τ)fN,N,1

= t−N/2(t− τ)N/2 cos(Nθ)Qt,(a,b,N)(τ)fN,N,1.
(4.20)469

Thus, as derived in subsection 3.3, the final column in the matrix for the equiva-470

lent Chebyshev–Fourier coefficients is given by t−N/2RTS
−1
(a,b)Q0Q2 · · ·QN−2fN,N,1.471

Therefore, the final column is a product of O(N) Q-factors, each of which costs O(N)472

to apply, culminating in O(N2) work. Näıvely, the complexity for computing the473

Chebyshev–Fourier coefficients for all the columns is O(N3). However, this conversion474

has considerable speedups if one utilises Givens rotations and a butterfly application475

resulting in O(N2 logN) complexity. We refer the interested reader to [36] for a thor-476

ough description and numerical analysis of these algorithms for spherical harmonic477

polynomials.478

4.3. Non-constant coefficients. As for classical sparse spectral methods, band-479

limited operators are available for non-constant coefficients (NCCs). In particular one480

retains sparsity if the NCC can be accurately represented as a low-degree polynomial481

in x, y, or r2. The implementation of NCCs in the spectral method hinges on the two482

propositions in this subsection.483

Proposition 4.7 (r2-Jacobi matrix). Let t = (1 − ρ2)−1 and Xt,(a,b,c) denote484

the Jacobi matrix for the semiclassical Jacobi quasimatrix Qt,(a,b,c). Then485

r2Z
ρ,(a,b)
m,j (x, y) = Z

ρ,(a,b)
m,j (x, y)(I − t−1Xt,(a,b,m)),(4.21)486

where I is the identity matrix.487

Proof. Consider τ = t(1− r2). Then488

r2Z
ρ,(a,b)
m,j (x, y) = r2Ym,j(x, y)Q

t,(a,b,m)(τ)

= Ym,j(x, y)(1− t−1τ)Qt,(a,b,m)(τ)

= Ym,j(x, y)Q
t,(a,b,m)(τ)(I − t−1Xt,(a,b,m))

= Z
ρ,(a,b)
m,j (x, y)(I − t−1Xt,(a,b,m)).

(4.22)489

Thus (4.21) holds.490

Proposition 4.8 (x, y-Jacobi matrix). Let t = (1−ρ2)−1 and R
t,(a,b,c+1)
(a,b,c) denote491

the raising matrix for the semiclassical Jacobi families Qt,(a,b,c) = Qt,(a,b,c+1)R
t,(a,b,c+1)
(a,b,c) .492

Then493

xZ
ρ,(a,b)
m,j (x, y)

=
1

2

[
t−1Z

ρ,(a,b)
m−1,j(x, y)(R

t,(a,b,m)
(a,b,m−1))

⊤ + Z
ρ,(a,b)
m+1,j(x, y)R

t,(a,b,m+1)
(a,b,m)

]
,

(4.23)494

yZ
ρ,(a,b)
m,1 (x, y)

=
1

2

[
−t−1Z

ρ,(a,b)
m−1,0(x, y)(R

t,(a,b,m)
(a,b,m−1))

⊤ + Z
ρ,(a,b)
m+1,0(x, y)R

t,(a,b,m+1)
(a,b,m)

]
,

(4.24)495

yZ
ρ,(a,b)
m,0 (x, y)

=
1

2

[
t−1Z

ρ,(a,b)
m−1,1(x, y)(R

t,(a,b,m)
(a,b,m−1))

⊤ − Z
ρ,(a,b)
m+1,1(x, y)R

t,(a,b,m+1)
(a,b,m)

]
.

(4.25)496
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Proof. We prove (4.23) when j = 1 and note that the case j = 0 as well as497

(4.24)–(4.25) all follow similarly. Let τ = t(1− r2) and first consider (4.23):498

xZ
ρ,(a,b)
m,1 (x, y) = (r cos θ)rm cos(mθ)Qt,(a,b,m)(τ)

=
1

2

[
rm+1 cos((m− 1)θ)Qt,(a,b,m)(τ) + rm+1 cos((m+ 1)θ)Qt,(a,b,m)(τ)

]
,

(4.26)

499

where we use the identity 2 cosα cosβ = cos(α − β) + cos(α + β). Note that, since500

r2 = t−1(t− τ),501

r2Qt,(a,b,m)(τ) = t−1(t− τ)Qt,(a,b,m)(τ) = t−1Qt,(a,b,m−1)(τ)(R
t,(a,b,m)
(a,b,m−1))

⊤,(4.27)502

where the final equality follows as a consequence of Theorem 3.2. Substituting (4.27)503

into (4.26), we deduce that504

xZ
ρ,(a,b)
m,1 (x, y)

=
1

2
t−1rm−1 cos((m− 1)θ)Qt,(a,b,m−1)(τ)(R

t,(a,b,m)
(a,b,m−1))

⊤

+
1

2
rm+1 cos((m+ 1)θ)Qt,(a,b,m+1)(τ)R

t,(a,b,m+1)
(a,b,m)

=
1

2
t−1Z

ρ,(a,b)
m−1,1(x, y)(R

t,(a,b,m)
(a,b,m−1))

⊤ +
1

2
Z

ρ,(a,b)
m+1,1(x, y)R

t,(a,b,m+1)
(a,b,m) .

(4.28)505

5. Sparse spectral method for PDEs. In this section we detail how one may506

use the Chebyshev–Fourier series and the generalised Zernike annular polynomials507

to construct a sparse spectral method for the Helmholtz equation. Consider the508

Helmholtz equation, for some λ ∈ R (potentially λ ∈ L∞(Ωρ)),509

∆u(x, y) + λu(x, y) = f(x, y) in Ωρ, u = 0 on ∂Ωρ.(5.1)510

Boundary conditions. We consider two techniques to enforce boundary con-511

ditions:512

1. Incorporate the boundary conditions into the basis. A homogeneous Dirichlet513

boundary condition is automatically satisfied on the annulus if all the basis514

polynomials contain the factor (1− r2)(r2 − ρ2).515

2. Provided the equation decouples across Fourier modes, then one may add the516

boundary conditions as two additional constraints. In general, these addi-517

tional constraints result in two dense rows.518

An advantage of the second technique is that it is amendable to enforcing in-519

homogeneous Dirichlet boundary conditions as well as Neumann and Robin bound-520

ary conditions with only small modifications [30]. This results in an almost banded521

matrix which can be solved optimally [30, Sec. 5]. However, it may cause severe ill-522

conditioning if constructed näıvely. Tau methods are a robust technique for enforcing523

boundary conditions in this way. Moreover if they are combined with a preconditioner524

(via a Schur complement) then one may recover the bandedness, cf. [20, 31] and [12,525

Sec. B]. In the first technique the boundary conditions are automatically satisfied,526

however, incorporating nontrivial boundary conditions can be difficult.527

Chebyshev–Fourier series. Consider x = r cos(θ) and y = r sin(θ). Then a528

change of variables for (5.1) gives:529 (
r2

∂2

∂r2
+ r

∂

∂r
+

∂2

∂θ2
+ λr2

)
u(r, θ) = r2f(r, θ).(5.2)530
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Let C(2) denote the quasimatrix of the ultraspherical polynomials [28, Sec. 18.3].531

Recall the definition of rρ from (2.3). Consider the matrices D, R, and X such that532 [
r2

∂2

∂r2
+ r

∂

∂r

]
C(2)(rρ) = T(rρ)D, C(2)(rρ)R = T(rρ), rC

(2)(rρ) = C(2)(rρ)X.533

It is known that D and R have a bandwidth of five [30] and X is tridiagonal. The534

algorithm for solving the Helmholtz equation on the annulus via a scaled-and-shifted535

Chebyshev–Fourier series is provided in Algorithm 5.1. Boundary conditions are en-536

forced via the second technique.

Algorithm 5.1 Scaled-and-shifted Chebyshev–Fourier series

1: EXPAND. Expand the right-hand side f(r, θ) in the T(rρ)⊗ F(θ)-basis. Truncate
at polynomial degree N and 2N−1 Fourier modes for (N+1)(2N+1) coefficients.

The solve is then decomposed into a parallelisable sequence of one-
dimensional solves:

2: ASSEMBLE. (Lazily) assemble the matrices for m ∈ {0, 1, . . . , N}: T(−1)
T(1)

D −m2R+ λX2R

 .(5.3)

and truncate to form the matrix Am ∈ R(N+2)×(N+2).
3: EXTRACT. Extract and truncate the coefficients from f associated with the (m, j)-

mode to form the coefficient vector fm,j ∈ RN .
4: SOLVE. Solve the 2N + 1 linear systems of size (N + 2) × (N + 2), Amum,j =(

0, 0, (X2Rfm,j)
⊤)⊤, where m ∈ {0, 1, . . . , N}, j ∈ {0, 1}, (m, j) ̸= (0, 0).

5: INTERLACE. Interlace um,j ∈ RN+2 to form the coefficient vector u.
6: u(r, θ) ≈ [T(rρ)⊗ F(θ)]u.

537

The expansion of the right-hand side f(r, θ) in step 1 of Algorithm 5.1 may be538

achieved via a DCT and FFT for the Chebyshev and Fourier parts, respectively, result-539

ing in a complexity of O(N2 log(N)). In step 4, the first two rows in the right-hand540

side vector enforce the homogeneous Dirichlet boundary condition. The coefficient541

vector fm,j is an expansion of f(r, θ) in the T(rρ)⊗ F(θ) basis and must be mapped542

to an expansion of r2f(r, θ) in the C(2)(rρ)⊗ F(θ) basis. This is precisely X2Rfm,j .543

Generalised Zernike annular polynomials. An algorithm for solving (5.1)544

with a generalised Zernike annular polynomial discretisation is provided in Algo-545

rithm 5.2. The Dirichlet boundary condition is directly incorporated into the basis546

by expanding the solution in weighted generalised Zernike annular polynomials.547

Remark 5.1. We note that in Algorithms 5.1 and 5.2, one solves 2N + 1 linear548

systems where N is the truncation degree. With Chebyshev–Fourier series, the size549

of all the 2N + 1 linear systems is (N + 2) × (N + 2) with two dense rows and a550

leading nonadiagonal band. Whereas the Zernike annular polynomial induced linear551

systems are tridiagonal with decreasing size with increasing m, starting at the size552

⌈(N + 1)/2⌉× ⌈(N + 1)/2⌉ and ending at the size 1× 1 as also remarked in Figure 3.553

Remark 5.2 (Non-constant coefficients). NCCs can be incorporated into Algo-554

rithm 5.2 by utilizing either Proposition 4.7 or Proposition 4.8. For instance consider555

the coefficient λ(r2) ≈
∑Nλ

n=0 λnT
ρ
n(r

2) with Nλ ∈ N0 small, λn ∈ R and T ρ
n denotes556
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Algorithm 5.2 Generalised Zernike annular polynomials

1: EXPAND. Expand f in the Zρ,(1,1)-basis and obtain the coefficient vector f .
The solve is then decomposed into a parallelisable sequence of one-

dimensional solves:
2: ASSEMBLE. Per Propositions 4.3 and 4.6, (lazily) assemble the matrices

4t−1D
t,(1,1,m)
c,(0,0,m+1)D

t,(0,0,m+1)
ab,(1,1,m) + λt−2R

t,(1,1,m)
(0,0,m) R

t,(0,0,m)
ab,(1,1,m) and truncate at degree N

to form the matrix Am ∈ Rk×k where k =
⌈
N+1−m

2

⌉
, m ∈ {0, 1, . . . , N}.

3: EXTRACT. Extract the coefficients of f for each Fourier mode and truncate to find
the coefficient vectors fm,j ∈ Rk, m ∈ {0, 1, . . . , N}, j ∈ {0, 1}, (m, j) ̸= (0, 0).

4: SOLVE. Solve (in parallel) the 2N+1 sparse linear systems of size k×k, Amum,j =
fm,j .

5: INTERLACE. Interlace the coefficient vectors um,j to construct u.
6: u(x, y) ≈ Wρ,(1,1)(x, y)u.

the n-th degree first-kind Chebyshev polynomials scaled to the interval [ρ, 1]. Then557

in order to incorporate λ(r2), into Algorithm 5.2, in line 2 we instead assemble the558

matrices 4t−1D
t,(1,1,m)
c,(0,0,m+1)D

t,(0,0,m+1)
ab,(1,1,m) + t−2ΛmR

t,(1,1,m)
(0,0,m) R

t,(0,0,m)
ab,(1,1,m) where559

Λm =

Nλ∑
n=0

λnT
ρ
n(I − t−1Xt,(1,1,m)).(5.4)560

We note that the sum in (5.4) can be efficiently evaluated via Clenshaw’s algorithm561

and Λm has bandwidth Nλ + 1.562

An NCC dependent solely on r2 preserves the Fourier mode decoupling. This is563

not true if the NCC depends on x and y.564

6. Spectral element method. In this section we construct a spectral element565

method for the strong formulation of (5.1). The disk mesh is constructed such that566

the first cell is the innermost disk, and the subsequent cells are concentric annuli567

stacked around the disk as visualised in Figure 5. A mesh for the annulus omits the568

innermost disk cell.

Disk cell

Inner annulus cell

Outer annulus cell

Fig. 5. The first three cells of a mesh for the spectral element method on a disk. The disk and
annuli cells may vary in thickness.

569

For ease of notation, we consider a two-element method although the methodology570

extends to an arbitrary number of elements. In the disk and annulus cell, we utilise571

the Zernike and Zernike annular polynomials, respectively. Consider a mesh with an572

inner disk cell of radius ρ and the surrounding annulus with inner radius ρ and outer573

radius 1. Let Z̃(0)(r, θ) := Z(0)(r/ρ, θ). The goal is to approximate the solution u(x, y)574
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of the Helmholtz equation (5.1) with the expansion575

u(x, y) =
(
Z̃(0)(x, y) Zρ,(0,0)(x, y)

)(u0

u1

)
.(6.1)576

For any Fourier mode (m, j) we have the lowering relationships577

Z̃
(0)
m,j = Z̃

(2)
m,jR

(2)
m,(0), ∆Z̃

(0)
m,j = Z̃

(2)
m,jD̃

(2)
m,(0)578

Z
ρ,(0,0)
m,j = Z

ρ,(2,2)
m,j R

ρ,(2,2)
m,(0,0), ∆Z

ρ,(0,0)
m,j = Z

ρ,(2,2)
m,j D

ρ,(2,2)
m,(0,0).579

Note that D̃
(2)
m,(0) has a bandwidth of one, R

(2,2)
m,(0,0) and D

ρ,(2,2)
m,(0,0) have a bandwidth of580

three, and R
ρ,(2,2)
m,(0,0) has a bandwidth of five.581

The Helmholtz operator with Dirichlet boundary conditions takes the following582

form for each Fourier mode, m ∈ N0, j ∈ {0, 1}, (m, j) ̸= (0, 0);583

Am =


0 Z

ρ,(0,0)
m,0 (1, 0) 0

Z̃
(0)
m,0(ρ, 0) −Z

ρ,(0,0)
m,0 (ρ, 0) 1− e−(m+1)

d
dr Z̃

(0)
m,0(ρ, 0) − d

drZ
ρ,(0,0)
m,0 (ρ, 0) 0

D̃
(2)
m,(0) + λR

t,(2)
m,(0) 0 0

0 D
ρ,(2,2)
m,(0,0) + λR

ρ,(2,2)
m,(0,0) Em

 .(6.2)584

The first row in Am enforces the boundary condition at r = 1. As we are discretising585

the equation in strong form, we are required to enforce continuity of the expansion at586

r = ρ between cells as well as the outward normal of the derivative, ∂n = d
dr , of the587

expansion. This is achieved by the second and third rows, respectively. The bottom588

left 2× 2 block matrix contains the recurrence relations between the coefficients and589

has bandwidth three (one if λ = 0) in the top left block and bandwidth five (three if590

λ = 0) in the bottom right block. The final column is derived from a tau-method and591

ensures that, after a square truncation, Am is well-conditioned.592

Let Ãm denote the matrix Am without the last column. Given an even truncation593

polynomial degree N , a discretisation truncates Ãm to a rectangular matrix of size594

(2k+3)×(2k+2) where k =
⌈
N+1−m

2

⌉
. The (1, 2), (2, 1), (2, 2), (3, 1) and (3, 2) blocks595

are truncated at the size 1× (k+1). The (4, 1) and (5, 2) blocks are truncated at the596

size k× (k+1). Unfortunately, this truncation leads to a rectangular overdetermined597

system. This is a well-understood phenomenon when dealing with continuity and598

boundary conditions in spectral discretisations of problems formulated in strong form.599

Removing a row from either the (4, 1) or (5, 2) block leads to severe ill-conditioning600

for increasing N and m and artificial numerical pollution in the solutions. The final601

column in Am resolves this issue and may be understood via the tau-method, c.f. [20,602

31] and [12, Sec. B].603

In the remainder of this subsection we motivate the final column in Am via the604

tau method. For those unfamiliar with tau methods, we note that it is sufficient to605

consider the purely algebraic description above for the implementation. Consider the606

Poisson equation ((5.1) with λ = 0). For each Fourier mode, we augment the Poisson607

equation with the three tau-functions608

τ0,m,j(x, y) = c0,m,jZ
ρ,(2,2)
Nm,m,j(x, y), τ1,m,j(x, y) = c1,m,jZ

ρ,(2,2)
Nm+2,m,j(x, y),

τ2,m,j(x, y) = c2,m,jZ̃
(2)
Nm+2,m,j(x, y),

(6.3)609
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where Nm = N if m is even, otherwise Nm = N − 1. Thus for each Fourier mode we610

wish to solve611

∆Z̃
(0)
m,j(x, y)u0,m,j +∆Z

ρ,(0,0)
m,j (x, y)u1,m,j +

2∑
i=0

ci,m,jτi,m,j(x, y)

= Z̃
(2)
m,j(x, y)D̃

(2)
m,(0)u0,m,j + c2,m,jZ̃

(2)
Nm+2,m,j(x, y)

+ Z
ρ,(2,2)
m,j (x, y)D

ρ,(2,2)
m,(0,0)u1,m,j +

1∑
i=0

ci,m,jZ
ρ,(2,2)
Nm+2i,m,j(x, y) = f(x, y),

(6.4)612

with the boundary condition, where x2 + y2 = 1,613

Z
ρ,(0,0)
m,j (x, y)u1,m,j = 0,(6.5)614

and the continuity conditions, where x2 + y2 = ρ2,615

Z̃
(0)
m,j(x, y)u0,m,j − Z

ρ,(0,0)
m,j (x, y)u1,m,j + (1− e−(m+1))c0,m,j = 0,(6.6)616

d

dr
Z̃

(0)
m,j(x, y)u0,m,j −

d

dr
Z

ρ,(0,0)
m,j (x, y)u1,m,j = 0.(6.7)617

The final two tau-functions, i ∈ {1, 2}, are those chosen in a typical ultraspherical618

method and result in two columns and associated rows with only a one on the di-619

agonal. Thus these may be immediately row eliminated. However, τ0,m,j(x, y) must620

be included as part of the linear system, resulting in the (truncated) column vector621

Em = (0, · · · , 0, 1)⊤ ∈ Rk. The inclusion of the first tau-function in the continuity622

condition is atypical. Here it significantly improves the conditioning of Am asm → ∞.623

This is because, at x2 + y2 = ρ2, Z̃
(0)
n,m,j(x, y) ≈ O(1), whenever (n − m) ≈ O(1),624

whereas Z
ρ,(0,0)
n,m,j (x, y) ≈ O(ρm). Left unchecked this introduces ill-conditioning for625

increasing m.626

Let 0 denote the infinite zero matrix and let the subscripts n,k denote truncating627

an infinite matrix at the nth row and kth column. We use n to denote truncating an628

infinite vector at the nth row. Then, more explicitly, after truncating the expansion629

of the right-hand side at degree N , (6.4) induces, for each Fourier mode:630 (
Z̃

(2)
m,m,j · · · Z̃(2)

Nm+2,m,j |Z
ρ,(2,2)
m,m,j · · ·Z

ρ,(2,2)
Nm+2,m,j

)

×


[D̃

(2)
m,(0)]k,k+1 0k,k+1 0k,1 0k,1 0k,1

01,k+1 01,k+1 0 0 1

0k,k+1 [D
ρ,(2,2)
m,(0,0)]k,k+1 [Em]k 0k,1 0k,1

01,k+1 01,k+1 0 1 0



[u0,m,j ]k
[u1,m,j ]k
c0,m,j

c1,m,j

c2,m,j


=
(
Z̃

(2)
m,m,j · · · Z̃(2)

Nm,m,j |Z
ρ,(2,2)
m,m,j · · ·Z

ρ,(2,2)
Nm,m,j

)(
[f0,m,j ]k
[f1,m,j ]k

)
(6.8)631

The boundary condition (6.5) induces at x2 + y2 = 1:632 (
Z

ρ,(0,0)
m,m,j · · ·Z

ρ,(0,0)
Nm,m,j

)
[u1,m,j ]k = 0,(6.9)633

and the continuity conditions (6.6) and (6.7) induce at x2 + y2 = ρ2634 (
Z̃

(0)
m,m,j · · · Z̃(0)

Nm,m,j | − Z
ρ,(0,0)
m,m,j · · · − Z

ρ,(0,0)
Nm,m,j

)([u0,m,j ]k
[u1,m,j ]k

)
+ c0,m,j(1− e−(m+1)) = 0,

(6.10)635
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and636

d

dr

(
Z̃

(0)
m,m,j · · · Z̃(0)

Nm,m,j | − Z
ρ,(0,0)
m,m,j · · · − Z

ρ,(0,0)
Nm,m,j

)(
[u0,m,j ]k
[u1,m,j ]k

)
= 0.(6.11)637

Concatenating (6.8)–(6.11) together, and row eliminating c1,m,j and c2,m,j , results in638

Am.639

Remark 6.1. A similar tau-method is used for the spectral element method where640

the basis is the Chebyshev–Fourier series on the annuli cells. In this case the column641

vector Em remains the same but the 1 − e−(m+1) in the continuity condition row is642

omitted. The spectral element method considered in [6] (and implemented in Dedalus643

[12]) is similar to the one discussed here with a Zernike discretisation for the disk cell644

and a Chebyhsev–Fourier series for the annulus cell. They utilise the test basisC(2)/r2645

in the radial direction (which is equivalent to multiplying the equation (5.1) by r2646

but allows for better automation) and a different tau term in the disk (in terms of the647

original trial basis Z̃(0)) that had better performance for the problems they considered.648

Algorithm 6.1 Spectral element method

1: EXPAND. Restrict f(x, y) to the disk and annulus cells and expand in the bases
Z̃(2)(x, y) and Zρ,(2,2)(x, y) to find the coefficient vectors f0 and f1, respectively.

The solve is then decomposed into a parallelisable sequence of one-
dimensional solves:

2: ASSEMBLE. Assemble and truncate Am as defined in (6.2) to form a square matrix
of size (2k + 3) × (2k + 3) where k =

⌈
N+1−m

2

⌉
, m ∈ {0, 1, . . . , N}, where N is

the truncation degree.
3: EXTRACT. Extract the coefficients from f0 and f1 associated with the (m, j)-mode

to form the coefficient vector fm,j ∈ R2k, m ∈ {0, 1, . . . , N}, j ∈ {0, 1}, (m, j) ̸=
(0, 0).

4: SOLVE. Solve (in parallel) for m ∈ {0, 1, . . . , N}, j ∈ {0, 1}, (m, j) ̸= (0, 0),

Am

(
um,j

c0,m,j

)
=
(
0 0 0 f⊤m,j

)⊤
.(6.12)

5: INTERLACE. Split and interlace um,j to form the coefficient vectors u0 and u1.

7. Numerical examples. Code availability: For reproducibility, an imple-649

mentation of the optimal complexity algorithms for semiclassical Jacobi polynomials650

may be found in ClassicalOrthogonalPolynomials.jl [3] and651

SemiclassicalOrthogonalPolynomials.jl [5]. The Zernike annular polynomials652

are implemented in the package AnnuliOrthogonalPolynomials.jl [1]. Their fast653

analysis and synthesis operators are implemented in FastTransforms.jl [4]. Scripts654

to generate the plots and solutions of the numerical examples in this section may be655

found in AnnuliPDEs.jl [2] which has been archived on Zenodo [32].656

In the examples we consider the problem of solving PDEs in the two-dimensional657

annulus or disk, in particular the Poisson and Helmholtz equations with a homo-658

geneous Dirichlet boundary condition. We consider the sparse spectral methods:659

Chebyshev–Fourier series (via Algorithm 5.1), Zernike annular polynomials (via Al-660

gorithm 5.2) and spectral element methods (via Algorithm 6.1). We emphasise that,661

for all the methods, the blocks decouple and one solves over each Fourier mode sep-662
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arately, reducing the two-dimensional solve to 2N + 1 one-dimensional solves, when663

truncating at the polynomial degree N .664

Error measurement: In all examples we measure the ℓ∞-norm error of the665

approximation on each cell as evaluated on a heavily oversampled generalised Zernike666

annular grid (4.18).667

7.1. Forced Helmholtz equation. In this example we consider the forced668

Helmholtz equation (5.1) on the annuli domains with inner radii ρ = 0.2, 0.5, and669

0.8, respectively, with a non-constant coefficient λ(r) = 802r2, and the data f(x, y) =670

sin(100x). Due to the large positive choice of λ (as r → 1), the solution supports os-671

cillations that are, in general, difficult to resolve. The non-constant coefficient induces672

a bounded operator which is incorporated into the solver as discussed in Remark 5.2.673

Moreover, the right-hand side features a high Fourier mode component. As the explicit674

solution is unavailable, we measure the errors against over-resolved approximations675

with coefficients that have long decayed to Float64 machine precision.676

We provide plots of the solutions in Figure 6 as well as the corresponding conver-677

gence plots of the Chebyshev–Fourier series (via Algorithm 5.1) and weighted Zernike678

annular discretisation (via Algorithm 5.2) in Figure 7.

(a) ρ = 0.2 (b) ρ = 0.5 (c) ρ = 0.8

Fig. 6. Plots of the solutions of (5.1) with λ(r) = 802r2 and the right-hand side f(x, y) =
sin(100x) on the annuli domains with inradii ρ = 0.2, 0.5, and 0.8, respectively (subsection 7.1).

679

(a) ρ = 0.2 (b) ρ = 0.5 (c) ρ = 0.8

Fig. 7. Convergence of the spectral methods for solving (5.1) with λ(r) = 802r2 and the right-
hand side f(x, y) = sin(100x) on the annuli domains with inradii ρ = 0.2, 0.5, and 0.8, respectively.
The Zernike annular polynomial approximation of the solution converges slower than the Chebyshev–
Fourier series analogue for ρ = 0.2 but considerably faster when ρ = 0.5 and 0.8.

The weighted Zernike annular discretisation converges much quicker than the680

Chebyshev–Fourier series when ρ = 0.5 and 0.8 and considerably slower when ρ = 0.2.681

In fact, the convergence profile of the Chebyshev–Fourier series is roughly independent682

of ρ, reaching Float64 machine precision with 39,339 coefficients (truncation degree683
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N = 139) on all three domains. In contrast, the convergence of the weighted Zernike684

annular method largely depends on ρ. When the the inradius is large, the Zernike685

annular discretisation requires fewer basis functions to resolve functions with large686

Fourier mode components and fluctuating behaviour near the outer boundary. The687

degradation in performance as ρ → 0 is likely caused by the proximity of the inner688

boundary to the logarithmic singularity of the solutions at the origin (outside of the689

domain). The cause of this is due to the quadratic variable transformation in the radial690

direction for the Zernike annular discretisation, while the Chebyshev–Fourier series691

uses an affine variable transformation. The former brings the logarithmic singularity692

at the origin much closer in the Bernstein ellipse metric than the latter, cf. [10, Fig. 4].693

We conclude by noting that, in practical examples, the Zernike annular polyno-694

mials are likely to be used as part of a spectral element method (such as in Sections695

7.3 and 7.4). Thus typically 0 ≪ ρ < 1 as it is highly unlikely one would utilise annuli696

cells with a very small inner radius relative to the outer boundary.697

7.2. Poisson equation with a modified Gaussian bump. Consider (5.1)698

with λ = 0, ρ = 0.2, and, for some coefficients a ∈ R, b, c ∈ [ρ, 1],699

f(x, y) = −4ae−a((x−b)2+(y−c)2)(−a(b2 − 2bx+ c2 − 2cy + x2 + y2) + 1).(7.1)700

The right-hand side f is a smooth function and emulates a modified Gaussian bump.701

For sufficiently positive a ≫ 0, the solution is approximately u(x, y) ≈ e−a((x−b)2+(y−c)2).702

In Figure 8 we plot the solution as well as the convergence plot of the two spectral703

methods against the number of basis functions utilised in the discretisation. We see704

that the weighted Zernike annular polynomial discretisation converges the quickest.705

Fig. 8. Convergence of the spectral methods for solving (5.1) with λ = 0, ρ = 0.2, and the
right-hand side (7.1) with a = 250, b = 0, and c = 0.6 (left). Plot of the solution (right). The
Zernike annular polynomial approximation of the solution, with a smooth right-hand side, converges
faster than the Chebyshev–Fourier series analogue.

7.3. Discontinuous variable coefficients and data on a disk. Consider a706

variable-coefficient Helmholtz equation (5.1) such that the coefficient λ(r) and the707

right-hand side have discontinuities in the radial direction. In this example we show708

that, although a traditional spectral method struggles to resolve the jumps, the spec-709

tral element method of section 6 performs particularly well. Let the domain be the710

unit disk Ω0. Define the jump function κ(r), κ0, κ1 ∈ R,711

κ(r) :=

{
κ0 if 0 ≤ r < ρ,

κ1 if ρ ≤ r ≤ 1.
712

This manuscript is for review purposes only.



HIERARCHIES OF SEMICLASSICAL JACOBI POLYNOMIALS 25

Consider the continuous solution:713

u(x, y) =

(
5∑

i=1

die
−ai((x−bi)

2+(y−ci)
2)

)

×

{
κ0r

2/4 + (κ1 − κ0)ρ
2/4− κ1/4 + (κ0 − κ1)ρ

2 log(ρ)/2 if 0 ≤ r ≤ ρ,

κ1r
2/4− κ1/4 + (κ0 − κ1)ρ

2 log(r)/2 if ρ < r ≤ 1.

(7.2)714

Throughout this example we fix di = 1 and ai = −10i for all i. Moreover, for715

i ∈ {1, 2, 3, 4}, (bi, ci) = (ρ cos(θi), ρ sin(θi)) where θi = 0, π/2, π/3, 5π/4, respectively,716

and (b5, c5) = (0.9 cos(3π/4), 0.9 sin(3π/4)). Furthermore, κ(r) = κ0 = 100 if 0 ≤ r ≤717

ρ and κ(r) = κ1 = 1 if ρ < r ≤ 1 with ρ = 1/2. We consider two equations, with the718

homogeneous Dirichlet boundary condition u|∂Ω0
= 0,719

∆u(x, y) = f1(x, y),(7.3)720

(∆ + κ(r))u(x, y) = f2(x, y).(7.4)721

The first equation (7.3) is the Poisson equation posed on the unit disk with the right-722

hand side723

f1(x, y) =

5∑
i=1

die
−ai((x−bi)

2+(y−ci)
2)

×
(
−4ai(−ai(b

2
i − 2bix+ c2i − 2ciy + x2 + y2) + 1) + κ(r)

)
.

(7.5)724

Note that f1(x, y) has discontinuities in the radial direction at r = 1/2. The second725

equation (7.4) is a variable-coefficient Helmholtz equation where the Helmholtz coef-726

ficient is λ(r) = κ(r). Hence, the coefficients of the equation also contain jumps in727

the radial direction. The corresponding right-hand side is728

f2(x, y) = f1(x, y) + κ(r)u(x, y).(7.6)729

In Figure 9 we plot the conditioning and size of the Laplacian matrices for in-730

creasing Fourier mode m with a truncation degree N = 100. We observe that the731

two-element method of Zernike and Zernike annular polynomials has, on average, bet-732

ter conditioning and smaller matrix size. The discontinuous right-hand sides f1 and733

f2, together with the continuous solution (7.2), are those provided in section 1 in734

Figure 1. In Figure 10 we plot the convergence of various spectral methods. For the735

Poisson equation (7.3) we compare the spectral methods: (1) a one-element weighted736

Zernike spectral method (Algorithm 5.2), (2) a two-element method Zernike (annular)737

method (Algorithm 6.1) and (3) a two-element method via a Zernike discretisation738

on the disk cell and a Chebyshev–Fourier series on the outer annulus cell. In the739

two-element methods, the inner cell is the disk {0 ≤ r ≤ 1/2} and the outer cell is740

the annulus {1/2 ≤ r ≤ 1}. For the variable-coefficient Helmholtz equation we only741

plot the convergence of (2) and (3). A one-element method would require resolving742

the function κ(r) over the whole disk, requiring high-degree polynomials, and would743

result in systems with large bandwidths leading to impractical methods. Whereas744

in the spectral element method, κ(r) is a constant in each cell and the problem ef-745

fectively reduces to a non-variable Helmholtz problem on each cell. We avoid any746

strategy that utilises a Chebyshev–Fourier series discretisation in a disk cell due to747

well-studied issues at the origin [10, 39, 41].748

The two-element Zernike (annular) method of Algorithm 6.1 performs the best.749

This is followed by the two-element Zernike–Chebyshev–Fourier series method. The750

one-element method struggles to reduce the accuracy below O(10−4).751
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(a) Condition number. (b) Matrix size.

Fig. 9. The condition number and matrix size of the Laplacian matrix, for increasing Fourier
mode m, of the two-element methods with a Zernike discretisation on the disk cell and either a
Chebyshev–Fourier series or a Zernike annular discretisation on the annulus cell (inner radius
ρ = 1/2) on the domain Ω0 with truncation degree N = 100. We observe that the Laplacian
matrices for the two-element Zernike (annular) polynomials is better conditioned, on average, and
smaller in size.

(a) Convergence of (7.3). (b) Convergence of (7.4).

Fig. 10. Convergence of the spectral methods for solving (7.3) and (7.4). For both right-hand
sides, the two-element methods with the boundary of the cells at the radial discontinuity performs
significantly better than the one-element analogue. Moreover, the Zernike (annular) two-element
methods performs the best overall.

7.4. Discontinuous variable coefficients and data on an annulus. We752

study a similar problem to the one described in subsection 7.3 but on the annulus753

domain Ω1/10. We consider the Helmholtz equation (5.1) with the right-hand side754

(7.6). The parameters are ρ = 1/10, α = 1/2, and for i ∈ {1, 2, 3, 4}, di = 1,755

ai = −10i, (bi, ci) = (α cos(θi), α sin(θi)) where θi = 0, π/2, π/3, 5π/4, respectively.756

For i = 5 we pick (d5, a5, b5, c5) = (10, 80,−0.95, 0). Finally λ(r) = κ(r) where757

κ(r) = κ0 = 100 if ρ ≤ r ≤ α and κ(r) = κ1 = 1 if α < r ≤ 1. The right-hand side758

has a radial discontinuity at r = 1/2.759

We compare three spectral methods: (1) a two-element method Zernike annu-760

lar method, (2) a two-element method via a Chebyshev–Fourier series on the inner761

annulus cell and a Zernike annular discretisation on the outer annulus cell and (3) a762

two-element Chebyshev–Fourier series. The inner cell is the annulus {1/10 ≤ r ≤ 1/2}763

and the outer cell is the annulus {1/2 ≤ r ≤ 1}. The discontinuous right-hand, the764

continuous solution and the convergence plots are depicted in Figure 11. The quickest765

convergence is achieved by (1) followed by (2) and then (3).766
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(a) Right-hand side. (b) Solution. (c) Convergence.

Fig. 11. Convergence of the spectral methods for solving the example in subsection 7.4. The
domain is the annulus with inner radius ρ = 1/10. The right-hand side has a radial discontinuity
at r = 1/2. The mesh consists of two annuli cells which meet at r = 1/2. The Zernike annular
two-element method performs the best overall, followed by the Chebyshev–Fourier/Zernike annular
method and lastly the Chebyshev–Fourier discretisation on both cells.

8. Conclusions. In this work we detailed an optimal complexity algorithm for767

computing connection and differentiation matrices as well a quasi-optimal complexity768

algorithm for the analysis and synthesis operators of hierarchies of semiclassical Jacobi769

polynomials. These allowed us to develop similar optimal complexity computations770

for the generalised Zernike annular polynomials. With the generalised polynomials,771

we construct several sparse spectral methods for solving PDEs posed on the annulus772

and disk. In particular we focused on the scaled-and-shifted Chebyshev–Fourier series773

and the Zernike annular polynomials. Akin to similar observations by Boyd and Yu774

[10] we observed that, for problems that feature a high Fourier mode, the Zernike775

annular polynomials often converge faster. A key note is that the Helmholtz oper-776

ator discretised with generalised Zernike annular polynomial results in matrices of777

bandwidth five as opposed to the bandwidth of nine given by the scaled-and-shifted778

Chebyshev–Fourier series. We also constructed a spectral element method for the779

disk and annulus where the cells are an inner disk (omitted if the domain is an an-780

nulus) and subsequent concentric annuli of varying thickness. We used this spectral781

element method to solve the Helmholtz equation with a right-hand side and a variable782

coefficient with discontinuities in the radial direction. The spectral element method783

converged quickly to machine precision whereas one cell counterparts did not reduce784

the error below O(10−4) for the truncation degrees considered. Moreover, the Lapla-785

cian has better conditioning when a Zernike annular basis is used.786

Unlike the Chebyshev–Fourier series, generalised Zernike annular polynomials787

may be used to discretise the Helmholtz equation in weak form resulting in a banded788

and sparse discretisation that preserves symmetry. Constructing a sparse spectral789

element method that utilises this approach will the subject of future work. We con-790

clude by noting that the definition of the Zernike annular polynomials as given in this791

work naturally extends to three dimensions. This is achieved by simply considering792

the three-dimensional spherical harmonics in Definition 4.1. Hence, it is possible to793

construct sparse spectral methods for spherical shells in three dimensions.794
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