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Abstract: This work studies exact bounds of Spearman’s footrule in the presence of missing
data for two n-dimensional distinct real-valued vectors X and Y. The lower bound is obtained
by sequentially constructing imputations of the partially observed vectors, each with a non-
increasing value of Spearman’s footrule. The upper bound is found by first considering the
set of all possible values of Spearman’s footrule for imputations of X and Y, and then the size
of this set is gradually reduced using several constraints. Algorithms with computational
complexities O(n?) and O(n3) are provided for computing these tight lower and upper
bounds, respectively. As an application, we propose a novel two-sample independence testing
method for data with missing values. Improving on all existing approaches, our method
controls the Type I error under arbitrary missingness. Simulation results demonstrate that
our method has good power, typically when the proportion of pairs containing missing data
is below 15%. We illustrate our method on real-world data by comparing the dependence
of yearly precipitation levels in the United Kingdom, Germany and the Unites States.
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1. Introduction

We study exact bounds of Spearman’s footrule between two partially observed vectors X, Y €
R”" with distinct values. Spearman’s footrule is a measure of statistical association based on
ranks, introduced by Spearman in [43] as a robust alternative to Spearman’s rank correlation.
This statistic is defined between two real-valued vectors X and Y and calculates the sum of
absolute differences between the ranks of corresponding components in X and Y. In this work
we consider the data to have distinct values and the rank vectors to contain no ties, as is the
case for continuous-valued data. The case where ties are allowed is the subject of future work.

Among rank-based measures of association, Spearman’s rank correlation and Kendall’s
7 coefficient [22] are more well-known. However, Spearman’s footrule has experienced a
resurgence of interest, perhaps due to [13], where the asymptotic normality of Spearman’s
footrule is established under the assumption of independence between X and Y. Because of its
simplicity and robustness to outliers, Spearman’s footrule has found applications in various
fields, including information retrieval [16, 24], web search [3, 4], rank aggregation [15, 25],
genomics [23], welfare studies [33] and management science [32, 7].

In practice, it frequently occurs that a subset of the data are missing, posing a challenge to
the direct computation of Spearman’s footrule. A common setting with missing data is called
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top-k lists [16, 25, 15, 4], also known as right-censored rankings [34], censored rankings [37]
and progressive censoring [41]. This setting assumes that all missing data are implicitly larger
than any observed data, resulting in only the data with smaller ranks being observed. Under
this setting, and additionally assume that for any pair of X and Y, at least one component in
X orY is observed, Spearman’s footrule is demonstrated to remain constant, regardless of the
values of missing data [16].

In this paper, we study the exact bounds of Spearman’s footrule without the previously
described assumption. To the best of our knowledge, the issue of defining Spearman’s footrule
under conditions of general missingness has received limited attention, with the exception
of the work in [2], where the authors define Spearman’s footrule with missing data using
the conditional expectation given all observed values. Other related work is discussed in
Section 1.3. However, these approaches all make different assumptions, either imposing
constraints on the missing values or assuming specific patterns of missingness.

While one might either ignore all pairs with at least one missing observation or impute
any missing data using the observed values, we show that these practices will result in a
biased estimate of Spearman’s footrule except in special cases such as when the missing
data are missing completely at random. It appears intractable to give an unbiased estimate
of Spearman’s footrule based on observed values only under general cases of missingness.
Our contribution fills this gap by establishing exact bounds for Spearman’s footrule without
relying on restrictive assumptions about the nature of the missing data.

A related issue to measuring the statistical association of X and Y is testing for independence
between the two quantities. In the presence of missing data, there is no default approach to
testing for independence. When the missingness mechanisms are known, for example if the
data are missing completely at random, the practice of ignoring the missing data may be
justified and more sophisticated approaches may be viable, e.g. [31]. However, in most real-
world data analysis situations, such information is unavailable, and such practices may not
necessarily be valid. Perhaps the most common practice is to simply ignore all the pairs with
missing data and conduct the independence testing only for completely observed pairs, as
noted in [35, 1]. The “risk” of ignoring pairs with missing values is considered by some
authors to be inconsequential when the proportion of missing data is less than 5% [38, 20] or
10% [6, 6], but others argue against such heuristics [29]. We show that even in certain cases
where 5% to 10% of the data is missing, ignoring or imputing these missing values is perilous.

As an application, we explore the use of our new bounds for Spearman’s footrule for
independence testing in the presence of missing data. Spearman’s footrule is a natural statistic
for testing independence [33, 17, 28, 10], and has greater statistical power than Spearman’s
rank correlation and Kendall’s T under certain alternatives [17, 28, 10].

The key idea of our testing method is to provide tight bounds of all possible p-values given
the observed values. For a pre-specified significance level @, the null hypothesis is rejected
only when the upper bound of the p-values, and hence all possible p-values, is less than or
equal to . When at least one p-value is not signficant, then the null hypothesis fails to be
rejected.

One motivation for this approach is that it allows us to have confidence in any significant
result, because the significant result was obtained without making any assumption about the
missing data. In other words, if a significant result is obtained, then even if the missing data
could have been observed or an imputation method had been employed, the result would still
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have been significant. While this is a conservative method of testing, the derived bounds for
Spearman’s footrule are tight, and so the results cannot be improved while taking into account
all possible values for the missing data. The idea of employing bounds to consider all possible
outcomes was previously used in [21] to take into account the effect of missing covariates and
outcomes in clinical trials and observational studies.

This approach of taking all possible p-values into accounts could also be interpreted as a
sensitivity analysis [46, 18, 11, 42] that considers all possible assumptions on the missing data.
As we mentioned before, if a significant result is obtained by our method, then this result is
consistent among all possible missing data assumptions, since every possible imputation would
lead to a significant result. If, however, our method fails to reject the null hypothesis, there
are two possible outcomes: either all possible missing data assumptions lead to insignificant
results when the lower bound of the p-values is greater than @, or a subset of assumptions
leads to significant results when the lower bound of the p-value is less than or equal to «, but
the upper bound is larger than . Hence our method answers whether different approaches to
handling missing data lead to different conclusions [46].

We demonstrate the usefulness of the proposed method through various numerical simula-
tions. The proposed method has good statistical power, typically when less than 15% of data
are missing, while all other methods fail to control the Type I error when the data are missing
informatively. The utility of the proposed method is further illustrated on a real-world case
study examining the dependency of yearly precipitation in the United Kingdom and France.

1.1. Contributions

We provide exact bounds of Spearman’s footrule in the presence of missing data for two
univariate vectors of distinct values. The bounds are tight, meaning they cannot be improved
using the observed data only. Let X and Y be n-dimensional distinct real-valued vectors, which
may only be partially observed. If the missing values of X and Y are replaced with real values,
we obtain imputations X, and Y, which will be more formally defined in Section 2.1. Theo-
rem 2.11 provides conditions under which X. and Y, achieve the lower bound of Spearman’s
footrule, while Theorem 2.22 deals with the upper bound.

While it is possible to find X, and Y. that give the lower and upper bounds simply by
enumerating all possible ranks of missing data, this strategy is computationally infeasible for
even moderate sample sizes. Suppose X and Y are of length n and have mx and my missing
values, respectively. There are (n!)?/((n—mx)!(n—my)!) possible permutations of the ranks.
Consequently, when n = 100, mx = my = 10, the number of possible permutations of ranks
is approximately 3.95 x 10°°. The second contribution of this paper is to provide efficient
algorithms for computing our exact lower and upper bounds of Spearman’s footrule.

To find X, and Y, for the lower bound, we propose Algorithm 2, which requires computation
complexity of O(n?). However, finding the upper bound is more challenging. An algorithm
with computational complexity O(n?) is provided in Section E.4 of the Supplementary Ma-
terial [49] for finding the upper bound. More precisely, Lemma 2.23 states that the algorithm
requires computational complexity O(nlogn + min{m, ms )} + mymoms), where my, mo, ms
are the number of pairs in (X, Y) such that only components in X are missing, only components
in Y are missing, and both components in X, Y are missing, respectively.
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Our work offers insight to anyone using Spearman’s footrule with missing data. Further-
more, given the close link between Spearman’s footrule and Kendall’s 7, our results lead to
non-trivial bounds for Kendall’s 7 with missing data.

We explore the use of the bounds for Spearman’s footrule for independence testing in the
presence of missing data. The core idea is to give the bounds of all possible p-values given
the observed values. Unlike all other approaches for testing independence with missing data,
our test is capable of controlling the Type I error regardless of the values of missing data and
the missingness mechanisms. Extensive numerical simulations are conducted and confirm our
method is particularly useful when data are missing not at random.

1.2. Missing data mechanisms

We briefly describe the three missing data scenarios outlined in [26]: missing completely at
random (MCAR), missing at random (MAR) and missing not at random (MNAR). Consider
a vector of univariate real-value samples z = (z1,22, - ,zn5). Let ¢ = (¢1,--- ,tny) be an
indicator function of z such that ¢; taking value 1 if z; is missing and O if z; is observed. The
core idea of [26] is to admit ¢ as a probabilistic phenomenon. Let z be a realized value of a
random variable Z. Let fy(¢|z) denotes the probability of I = ¢ given Z = z, where 6 denotes
any unknown parameters of the distribution. Then, the missingness mechanism is MCAR
if fo(tlz) = fo(e|2),Vt, z,Z. In such cases, the missingness mechanism 7 is independent
of the value of samples. Denote 7z’ as a sub-vector of z including all observed samples
in z, i.e. including all z; such that ¢; = 0. Then, the missingness mechanism is MAR if
fo(tlz) = fo(1|2),Vt, z,Z such that 7 = 77. In such cases, the missingness mechanism 7 is
independent of the values of missing samples. If the missingness mechanisms is neither
MCAR nor MAR, it is MNAR.

1.3. Related work

The contributions of this paper are providing exact bounds of Spearman’s footrule in the
presence of missing data and proposing a new independence testing method with missing
data based on these bounds. A special missing data scenario often discussed in relation to
Spearman’s footrule is the so-called “top-k lists” situation, as explored in [16, 25, 15, 34, 37,
41], where all missing data are assumed larger than any observed data and only smaller ranks
can be observed. Our study of Spearman’s footrule with missing data makes no assumption
about the missing data except that they are distinct values.

To the best of our knowledge, only [2] considers the same general missing pattern as we
do, where Spearman’s footrule is defined as the conditional mean given all observed data.
Another closely-related work [30] assumes all data in X, Y are distinct and establishes the
exact lower bound of Spearman’s footrule under the missing case where all pairs must either
both be observed or missing, denoted Missing Case 11 below. The bounds found in this special
case are then extended to the case where observations in X and Y are potentially tied [27, 44].
Additional missing data scenarios are studied in [8], where the missing data are categorized
into partial, interval, and bucket cases, with potential for ties or ranking within a defined
range. Their findings indicate that computing the bounds of Spearman’s footrule in “partial
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missing” cases is NP-hard, leaving the computational feasibility of other scenarios open. In
this work, we assume all data are distinct, and values are not tied.

Another line of research closely related to our work is independence testing in the presence
of missing data. Spearman’s rank correlation and Kendall’s 7 coefficient in the presence of
missing data are defined using conditional expectation given all observed values in [1]. Under
the assumption that the incomplete rank vectors are uniformly distributed over all possible
permutations, the distributions of these two statistics are then derived and used for hypothesis
testing. The test results are analyzed empirically in [9]. Using the same approach as in [1],
Spearman’s footrule has been applied for trend testing in the presence of missing data [2].
The independence testing problem in the case where data are missing at random has been
considered in [35, 31].

Beyond the above test statistics adapted for independence testing with missing data, broader
methodologies for handling missing data are available. These include case deletion (i.e. only
using the fully observed data) [40], single imputation [39], multiple imputation [38], and the
expectation maximization algorithm [12]. All methods rely on assumptions about the nature
of the missing data such as missing completely at random or missing at random. When data
are missing not at random, knowledge of the specific missingness mechanisms are required
[39]. For comprehensive overviews of these strategies, [26, 39, 14, 5] are recommended. Our
unique contribution makes no assumption about the missing data except that it assumes all
components of a vector are distinct. Our testing method offers a quantifiable measure of the
impact of missing data on testing outcomes, through identifying bounds on p-values.

2. Exact bounds of Spearman’s footrule in the presence of missing data
2.1. Notation and definitions

For any n € N, let [n] denote the set {1,...,n}. For any n-dimensional vector X, let X (i)
denote the component of X at index i € [n]. Thus, an n-dimensional vector X can be written
as X = (X(1),...,X(n)).

We will only consider vectors with distinct real values, i.e. there are no ties. Define V" to
be the set of n-dimensional vectors with distinct, real values, i.e. if X € V" then X € R" and
all components of X are distinct.

If X € V", given a set of indices U C [n], we shall consider X. € V" to be an imputation
of X when X, (i) = X (i) for all i € [n] \ U, and the imputed values are X, (u) for all u € U.

For any subset S C [n] of indices, we use the notation (X (/));cs to denote a vector including
the components of X corresponding to the indices in set S, with the order of components in
(X (1));es following the order of components in X. For example, if n = 5 and S = {1, 3,4},
we then have (X (1));es = (X(1), X(3), X(4)).

We define the rank of a component using the indicator function. For a statement A, we
denote I (A) as a indicator function such that if the statement A is correct, I (A) = 1, otherwise
I (A) = 0. Subsequently, for any n-dimensional vector X of distinct real numbers, the rank of
any component X (i) in X is defined as

R(X(),X) = > 1(X(I) < X(i)).

=1
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Using this notation, Spearman’s footrule for any two n-dimensional real-valued, distinct
vectors X, Y is defined as

n
D (X,¥) = Y IR(X(),X) = R(Y(D),Y) .
i=1
If a vector contains missing values, we will refer to it as partially observed, while a vector
with no missing values is fully observed. Our objective is to establish the exact bounds of
Spearman’s footrule with partially observed vectors X and Y, where the components of X and
Y can be missing in any configuration. We start by considering three specific cases which,
when considered together, cover any possible case of a pair of partially observed vectors.

e Missing Case I. All missing values are either all in X or all in Y. In other words, either
X or Y is fully observed, while the other vector is partially observed.

e Missing Case II. For any pair (X(i),Y(i)), i € [n], at most one value is missing.
Therefore, both X and Y may contain missing data, and if X (i) is missing, the paired
Y (i) must be observed. On the other hand, if Y (i) is missing, the paired X (i) must be
observed.

e Missing Case IIl. For any pair (X(i),Y(i)), i € [n], the two values are either both
observed, or both missing. Therefore, both X and Y may contain missing values, and if
X (7) is missing, the paired Y (i) is also missing. Similarly, if Y (7) is missing, the paired
X (i) is also missing.

Note that these three missing cases are not mutually exclusive. In particular, the Missing
Case I can be considered as a special case of Missing Case I, given that the latter includes
the case where only one vector of X and Y can have missing values.

The three cases above are special cases of missingness patterns for a pair of vectors X, Y.
We consider the case for which any missingness pattern is possible for X, Y to be the general
missingness case. Fortunately, the following result shows that a pair of vectors subject to
a general missingness pattern can always be rearranged into a concatenation of subvectors
subject to Missing Case Il and Missing Case I11.

Lemma 2.1. Suppose X,Y € V™ are only partially observed and subject to a general
missingness pattern. Then there exist subvectors X», X3, Y, Y3 and a permutation o such that
the concatenated subvectors (X», X3) and (Y2,Y3) are equal to the permutations of X and Y
under o, respectively, i.e.

(X2, X3) = (X (o (1)), ..., X(0(n))), (Y2.13) = (Y(or(1)),....Y (0 (n))).

Furthermore, the pair X», Y, is subject to Missing Case II, while the pair X3, Ys is subject to
Missing Case I11.

The proof can be found in Section A.1 in the Supplementary Material. For illustrating the
result, we provide one example in Table 1, where the data under the general missingness case
are composed of Missing Case Il and Missing Case Il after permutation. As we mentioned
before, Missing Case I is a special case that is useful for proving the bounds for Missing
Case II.

Let X,Y € V", which may be only partially observed. We use the notation U to denote the
set of all indices where X (i) is missing but Y (i) is observed. Furthermore, we use the notation
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Table 1
(Left) Example data under the general missing case, with missing values denoted by *, where we do not make any
assumption about the missingness pattern. (Right) Example data after permutation, the subvectors including the
first four indices are missing according to Missing Case 11, while the last two indices are missing according to
Missing Case 111

ab ¢ d e f g h a dg e ¢ f b
*
*

X 52 * 46 21 * 33 18 * X 52 18 6 * 46 33
Y ¥ ox¥ 12 * 36 24 F F Y ¥ 0% ¥ 36 12 24

EE

V to denote the set of all indices where X (7) is observed but Y (i) is missing. Additionally, we
use the notation W to denote the set of all indices where both X (i) and Y (i) are missing.
Finally, R (X, X) is used to denote the vector of ranks of all components in X, i.e.

R(X,X)=(R(X(1),X),...,R(X(n),X)).

For example, if X = (7,2,5), then R (X, X) = (3, 1,2). Note that, in practice, we often first
convert the vectors X and Y into the rank vectors R (X, X) and R (Y,Y), respectively, and
work with these rank vectors directly.

2.2. Lower bound of Spearman’s footrule

In what follows, we first provide the exact lower bounds of Spearman’s footrule. In Section
2.2.1 and 2.2.2, the problem for establishing exact lower bounds under Missing Case I and
II are discussed, respectively. Algorithms 1 and 2 provide computationally efficient methods
for computing these bounds. The lower bound under Missing Case 11l is discussed in [30],
although it not shown there that the bound is tight. In Proposition 2.10, we show this bound is
tight. Finally, by synthesizing the results developed for Missing Case I, Il and III, we provide
the lower bound in the general case. The discussion of the upper bound in Section 2.3 follows
the same structure. The proof of all results can be found in the Supplementary Material.

2.2.1. Missing Case I

We begin by carefully studying Missing Case I, where the missing values are assumed to be
either all in X or all in Y. Without loss of generality, we proceed by assuming only X contains
missing values.

The following proposition lays the groundwork for future results. It investigates the condi-
tions for taking the minimum Spearman’s footrule when one component X («) in X is replaced
by a new value X, (u).

Proposition 2.2. Suppose X,Y € V" and let X, € V" be an imputation of X for an index
u € [n]. If we choose X, (u) such that R (X.(u), X.) = R (Y(u),Y), then

D (X..Y) <D (X,Y).
Moreover, for any other imputation X' € V" of X for index u, D (X.,Y) < D (X',Y).

This proposition demonstrates that if one component of X is changed, Spearman’s footrule
will be minimized when the rank of that component equals to the rank of its paired component,
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ie. R(X.(u),X,) = R(Y(u),Y). For example, consider vectors X = (1.1, %, 3.3), and
Y = (3.9, 2.8, 1.7), where * denotes a missing value in X. Then, the proposition suggests
that the minimum Spearman’s footrule between X and Y is achieved when the missing entry
in X is assigned rank 2, matching the rank of the corresponding value 2.8 in Y.

When considering Proposition 2.2, a natural concern would be whether the required impu-
tation X, actually exists. To this end, we verify the existence of such imputations X, of X, in
the more general case where multiple components are imputed so that the ranks of all imputed
components match the ranks of their paired components in Y.

Lemma 2.3. Suppose X,Y € V" and U C [n] is a subset of indices. Then there exists
X, € V" such that

X.(i) = X(©i) fori € [n] \ U, and R (X.(i), X.) = R(Y(i),Y) fori € U. (1)

The proof for Lemma 2.3 in the Supplementary Material constructs X, sequentially by
considering the order of the values in the paired vector (Y (u)),cr. The first step is to identify
uy, the index in U with the minimum rank in Y, defined as u; = argmin{R (Y (u),Y) |u € U}.
Then the component X (1) is imputed so that its rank satisfies

R (X (u1), (X(0)ie(n\Utuiu}) = R (Y (u1),Y).

Following this imputation, the ranks of all observed values in X are updated. U is then
updated to U \ {u }, and this process is repeated until U is empty. Algorithm 1 below formally
describes the procedure of the proof of Lemma 2.3. Note that in Algorithm 1 we work with the
rank vectors R (Y,Y) and R (X., X.), rather than the actual vectors Y and X,, which suffices
for our purpose of computing the value of Spearman’s footrule D (X.,Y).

Algorithm 1 An Algorithm for Computing the Exact Lower Bound of Spearman’s Footrule
Under Missing Case 1
Require: X,Y € V", where X may be partially observed and Y is fully observed.
Ensure: Minimum possible Spearman’s footrule distance between X and Y.
1: Rank all observed components in X and Y.
2: while U # 0 do
3: Identify u; = argmin {R (Y (i),Y) |i € U}.

4 LetR (X(ul), (X(i))ie{[n]\U}U{ul}) =R (Y (u1),Y).

5 fori € [n] \ U do

6: Denote r; = R (X(i), (X(i))ie[n]\U)

7 UpdateR (X(i), (X(J))je{[n]\U}U{ul}) —r; +I(ri >R (Y(Ml), Y)) .
8 end for

9: Update U < U \ {u;}.
10: end while
11: Output D (X,Y).

Remark 1. The computational complexity of Algorithm 1 is analyzed as follows. Ranking
all observed components in X and Y in line 1 requires O(nlogn) steps. Inside the while
loop, identifying u; in line 3 requires the computational complexity O (n), and updating ranks
of observed components between line 5 and line 8 requires the computational complexity
O(n). Denote m; = |U|. The while loop run m; times. Since each iteration is O(n), the
computational complexity of loop is O(mn). Overall, the computational complexity for
Algorithm 1 is O(nlogn + mn).



Exact bounds of Spearman’s footrule in the presence of missing data 6111

To further emphasise that, when computing Spearman’s footrule, it is the ranks R (X, X.)
of the imputed vector X, that are important, rather than the imputed values (X.(u))ycu
themselves, we have the following lemma which will be useful in proving later results.

Lemma 2.4. Suppose X,Y € V" and U C [n] is a subset of indices. Consider any X, X, €
V" satisfying the conditions in (1), Then D (X1,Y) = D (X3,Y).

We are now ready to state the main result for Missing Case I, which is an extension of
Propostion 2.2.

Theorem 2.5. Suppose X,Y € V" and U C [n] is a subset of indices. Consider any X, € V"
satisfying the conditions in (1). Then

D (X,,Y) <D (X,Y).
Moreover, for any X' € V" such that X’ (i) = X (i) fori € [n] \ U, we have
D(X.,Y) <D (X,Y).

Theorem 2.5 provides the conditions under which the imputation X, will minimise Spear-
man’s footrule under Missing Case I. Moreover, Lemma 2.3 shows that X, exists and so this
lower bound is tight.

The strategy for proving Theorem 2.5 is to sequentially construct imputations X1, X», X3 €
V" of X for the set of indices U. As before, define u; = argmin{R (Y («),Y) |u € U}.

The first vector X; is an imputation of X for indices U \ {u;} such that the ranks of X,
and Y are equal for the set U \ {u;}, i.e. R ((Xi(u))uet’(u ) X1) = R (Y (u))uet\fu}»Y)-
The second vector X, imputes the #; component, so that its rank is equal to that of its paired
component, i.e. R (X(u1),X2) = R(Y(u;),Y). However, it may now be the case that the
ranks of the components of X, for the indices in U \ {u;} may not equal the ranks of their
paired components in Y, i.e. it may be that R ((X2(«))uet\(u,}> X1) # R (Y (4))uev/\{u}Y)-
Therefore, the third vector X3 is constructed as an imputation of X, for the indices U \ {u,},
so that the ranks of its imputed components are equal to the ranks of its paired components in
Y, and R ((X3(u))uev, X3) = R ((Y (u))uev, ¥).

It is then demonstrated in the proof of Theorem 2.5 that Spearman’s footrule decreases
sequentially as follows:

D(X,Y)> D (X,,Y) > D (X2,Y) > D (X3,Y).

Since X3 satisfies the conditions in (1), if we use Algorithm 1 to construct X, which also
satisfies the conditions in (1), by Lemma 2.4 we must have D (X3,Y) = D (X,,Y).

Theorem 2.5 reveals an interesting property of Spearman’s footrule. In order to minimize
Spearman’s footrule in the presence of missing data, or in other words, minimize Spearman’s
footrule for the pair X,Y € V" by imputing values for (X (u)),cy for a subset of indices
U c [n], one simply needs to construct an imputation X, that satisfies the conditions in (1).

This property, however, does not hold for minimizing Spearman’s rank correlation p and
Kendall’s T coefficient defined for X,Y € V" as

p(X,¥) = > IR(X(0),X) - R(Y(i),Y) [, 2)
i=1
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Table 2
(Left) Example ranked data under Missing Case I to compare Spearman’s footrule D, Spearman’s rank
correlation p and Kendall’s T coefficients, where the * indicates that the rank of object d for vector X is missing.
(Right) Values of these statistics for selected imputations X of X, when the rank of d is imputed as either 1 or 4.
Note that Speaman’s footrule is minimized when the rank of d = 4, while Spearman’s p and Kendall’s T are

minimized when d = 1. For more details, see the complete table where d is imputed as 1,2, . . ., 8 provided in
Table 3.1 in the Supplementary material
a b cde f g h X: D(X:,Y) p(X+,Y) 7(X:,Y)
R(X,X) 7 3 6 * 2 5 4 1 d=1 26 122 19
RY,Y) 1 2 3 45 6 7 8 d=4 24 128 20
T(X,¥) = D (X > Xp) L (Y <Y+ 1 (Xi < X;) (Y > Y))}, 3)

i>j
respectively. Note that p(X,Y) and 7(X,Y) in Equations (2) and (3) are unscaled versions
of the coefficients that measure the amount of discordance. Equation (6) provides the more
familiar versions of the coefficients scaled to [—1, 1].

As an example, consider the data shown in left-hand part of Table 2, where objects
a,b,c,d,e, f,g, h have been given two different sets of ranks, denoted by X and Y, but
the rank of object d for X is missing.

A natural question to ask is what rank of d will maximize the “agreement” between the two
referees X and Y. For any of the three rank correlation statistics, maximizing the agreement is
equivalent to minimizing the statistic, since a perfect agreement would mean equal ranks and
a zero-valued statistic. Theorem 2.5 concludes that minimizing Spearman’s footrule requires
the rank of d to be 4, to match the rank given by Y. However, as shown in Table 3.1 in
Supplementary Material, Spearman’s rank correlation p and Kendall’s T coefficient are both
minimized when the rank of d is 1; the right-hand part of Table 2 provides partial results.

This special property of Spearman’s footrule is further explored and extended in the context
of Missing Case 11, as discussed in Theorem 2.8.

2.2.2. Missing Case Il

This section focuses on the lower bound of Spearman’s footrule under Missing Case II, where
X,Y € V™ may contain unobserved samples, but for each pair (X (i), Y (7)), at least one value
is observed. We shall use U C [n] to denote the set of indices where X (i) is missing but Y (i)
is observed, and V C [n] will denote the set of indices where X (i) is observed but Y (i) is
missing. Given this notation, consider the following two conditions:

e Condition A. X,, Y, € V" areimputations of X and Y forindices U,V C [n] respectively,
suchthat UNV =0 and

X.(i)=X(@) foralli € [n]\U, and Y,.(j) =Y (j) forall j € [n] \ V.
e Condition B. X,,Y, € V" are such, for indices U,V C [n],
R (X.(i),X,) =R (Y.(i),Y.),ie UUV,

Condition A ensures that X, and Y. are imputations of X and Y satisfying Missing Case II.
Condition B ensures the ranks of the imputed components of X, and Y, are equal to the ranks
of their paired components.
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Itis proved in Theorem 2.8 that the minimum possible value of Spearman’s footrule between
X and Y equals D (X,,Y.) when X, and Y. satisfy both Conditions A and B. While finding X,
and Y, that satisfy Condition A is straightforward, it is less obvious that we can always find
imputations that satisfy both Conditions A and B. Hence, we first prove the existence of such
imputations.

Proposition 2.6. Suppose X,Y € V" and disjoint U,V C [n] are such that U UV # (. Then,
there exist imputations X, Y, € V" satisfying both Conditions A and B.

The proof of Proposition 2.6 in the Supplementary Material follows a similar idea to the
proof of Lemma 2.3. The construction of X, and Y, is summarised in Algorithm 2 below.
Table 3 provides two examples illustrating this result.

Algorithm 2 An algorithm for computing the exact lower bound of Spearman’s footrule under
Missing Case 11

Require: X,Y € V", where both vectors may be partially observed under Missing Case II.
Ensure: Minimum possible Spearman’s footrule distance between X and Y.

1: Rank all observed components in X, Y.

2: whileU # 0 and V # 0 do

3: Let u; :a.rgrnin{R (X(i),(X(j))je[n]\U)lie V}.

4 Letup = argmin{R (Y(i), (Y(j))je[n]\v) li U}.

S: AR (X, (XU jernpw) < R (Y (02). (Y (7)) jegnrv ) then

6 LetR (Y, (YD) je(nnvivgn)) = R (X, (XU jerano)

7. fori € [n]\V do

8: Denote R (¥ (1), (Y (7)) e[n]\v ) = 5i-

9: Update R (Y (1), (Y (7)) jeqin)\wyotuy) ) < i+ (st 2 R (X, (XU er)) -
10: end for

11: Update V « V \ {u;}.

12: else

13: Let R (X(u2), (X)) je( 0y ) = R (Y 2), (Y G))jepmnv )

14: fori € [n]\ U do

15: Denote R (X(i), (X(j))je[n]\u) =

16: Update R (X (1), (X())je((n)\0)utug) ) < 71+ (1 2 R (Y (2), (Y (D) jeanv)) -
17: end for

18: Update U « U \ {uy}.

19: end if

20: end while

21: ifU # 0 or V # 0 then

22: Run Algorithm 1 when U # 0. Reverse X and Y and run Algorithm 1 when V # 0.
23: end if

Remark 2. The computational complexity of Algorithm 2 is analyzed as follows. Ranking
all observed components in X and Y in line 3takes O(nlogn) steps. Inside the while loop,
the computational complexity for finding the minimum ranks in line 3 and 4 is O(n), and
for updating ranks of observed components from line 7 to line 10, and line 14 to line 17
is O(n). Let |U| = my, and |V| = my. The loop can run up to m; + my — 1 times. Since
each iteration is O(n), the computational complexity for the while loop is O(n(m| + my)).
The computational complexity for Algorithm 1, called in line 22, after ranking all observed
components is O(nm) when U # 0 and O(nm;) when V # 0, according to Remark 1.
Therefore, the total computation complexity for Algorithm 2 is O(nlogn + n(m; + my)).
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Table 3
(Left) Values of (X,Y) under Missing Case II, and an example of two pairs of imputations (X1,Y1) and (X»,Y>)
such that the ranks of a, b, d, e are the same for both imputations, while preserving the relative ranks of the
observed elements. (Right) Ranks of (X,Y) and imputations (X1,Y1) and (X,Y5). The imputed components are
underlined. Proposition 2.6 guarantees the existence of such imputations, while Algorithm 2 provides a method
for constructing such imputations. Proposition 2.7 shows that all such imputations yield the same value of
Spearman’s footrule. Theorem 2.8 further demonstrates that these imputations minimize Spearman’s footrule

Values a b ¢ d e f g h Ranks a b ¢ d e f g h
X 63 24 55 * % 47 38 18 R (X,X) 6 2 5 * * 4 3 1]
Y * % 1.1 24 35 42 58 6.7 R(Y,Y) ¥ %1 2 3 4 5 6
X 63 24 55 29 31 47 38 1.8 R(X1,X;) 8 27 3 4 6 5 1
Y) 82 21 1.1 24 35 42 58 6.7 RY,,Y;) 8 2 1 3 4 5 6 7
X5 63 24 55 20 23 47 38 1.8 R(X3,Xp) 8 4 7 2 3 6 5 1
Y, 82 41 1.1 24 35 42 58 6.7 RY,Y,)) 8 41 2 3 5 6 7

The following result shows that all imputations X, and Y, satisfying both Conditions A and
B yield the same value of Spearman’s footrule.

Proposition 2.7. Suppose X,Y € V" and disjoint U,V C [n] are such that U UV # 0. If
X1,Y1 and X,,Y, are pairs satisyfing Conditions A and B, then D (X1,Y)) = D (X3, Y>).

Table 3 provides an example of two pairs of imputations (X1, Y;) and (X3, ¥>) for partially
observed data (X,Y) that satisfy Conditions A and B, and one can compute D (X;,Y;) =
D (X»,Y>) = 14. While the equivalence of Missing Case I found in Lemma 2.4 can be proved
in a relatively straightforward approach, the proof of Proposition 2.7 is much more challenging.
For Missing Case I, the condition in (1) explicitly provides the ranks of all components in U
for both X; and X>. On the other hand, Condition B for Missing Case II only requires the ranks
of all components of X;,Y; for indices U U V to be matched with their paired components,
for j € {1,2}. However, the rank of component X; (i) in X; is not necessary equal to the
rank of X, (i) in X,, fori € U U V. Similarly, it is not necessarily true for all i € U U V that
R (Y1(), 1) = R (Y2(i), V).

Furthermore, the following result shows that minimum possible Spearman’s footrule is
achieved when imputations X, and Y, satisfy both Conditions A and B.

Theorem 2.8. Suppose X,Y € V" and disjoint U,V C [n] are such that UUV # 0. If
X, Y. € V" are imputations satisfying both Conditions A and B, then

D (X..Y.) <D(X,Y).
For any other imputations X',Y’ € V" of X, Y for indices U, V, respectively,
D (X.,Y.) <D(X",Y').

Theorem 2.8 provides the conditions under which the imputation X,, Y, will minimise
Spearman’s footrule under Missing Case IlI. Moreover, Proposition 2.6 shows that X,, Y.
exists and so this lower bound is tight.

To further illustrate the results presented in this section for Missing Case II, we include
a simple example in Table 3. This example demonstrates how Proposition 2.6, Algorithm 2,
Proposition 2.7, and Theorem 2.8 can be jointly applied to obtain the minimum Spearman’s
footrule under Missing Case II. One can demonstrate that D (X,,Y,) = 14 in this example is
the minimum possible value for this statistic among the (g) . (g) = 784 possible imputations
via an exhaustive enumeration.
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2.2.3. Missing Case Il

Given two vectors X,Y € V", recall that in Missing Case II1, for any pair of components
(X (i),Y(i)) atindex i € [n], the two values are either both observed or both missing. This case
for Spearman’s footrule has been previously considered in the literature, and the following
result is proved in Theorem 1 in [30].

Theorem 2.9 ([30]). Suppose X,Y € V"™ andW C [n]. For the subvectors, X" = (X (i))ie[n)\W
andY’ = (Y (i))ic[n)\w> it can be shown that D (X',Y’) < D (X,Y).

While this result provides a lower bound of Spearman’s footrule, it does not directly prove
that this bound is the minimum possible value of the Spearman’s footrule. The following
result fills this gap by identifying the conditions under which this lower bound is tight.

Proposition 2.10. Suppose X,Y € V" andW C [n]. Define the subvectors X' = (X (i))ie[n|\W
andY' = (Y (i))ie[n)\w- If the following three conditions all hold,

(O RXG,X)=R((Y((),Y), foralli e W,
1) min X(7) > max X(j),
(if) min () jdmax ()
iii) minY(j) > max Y(j),
(iii) min ) jnax, )

then D (X,Y) = D (X', Y").

2.2.4. General missingness case

We are now ready to provide the lower bound of Spearman’s footrule in the general case, where
the missing pattern of data is a combination of Missing Cases I, II, and I11. The previous results
can be combined to give the following result. We are now ready to provide the lower bound of
Spearman’s footrule in the general case, where we do not make any assumptions of missing
patterns. The previous results for Missing Cases I, II, and III will be combined together to
prove the following result.

Theorem 2.11. Suppose X,Y € V"™ and U, V, W C [n] are pairwise disjoint subsets.
Suppose X.,Y. € V" are imputations of X,Y for indices U U W, and V U W, respectively. If
the following three conditions all hold

() R(X.(i),X) =R (Y.(1),Y), forallie UUVUW,
(if) }‘I‘Ellvr‘} X.(j) > jdmax X ())s
(iif) 1,2163 Y.(j) > [ Y. (J),
then
D (X.,Y.) <D (X,)Y),
and for any other imputations X', Y’ € V" of X, Y for indices U U W, V U W, respectively,

D (X.Y.) <D(X.,Y).
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Table 4
(Left) Example ranked data under the general missingness case, where we do not make any assumptions about
the missingness pattern and * indicates a missing value. (Right) Example ranked vectors of imputations X, Ys.
The imputed components are underlined, and the imputed values of a, b, d, e, h satisfying the three conditions in
Theorem 2.11. This imputation therefore gives a lower bound of Spearman’s footrule

a b ¢c d e f g h a b c d e f g h
R(X,X) 5 1 4 * * 3 2 * R(X:,X«) 7 1 6 3 4 5 2 8
R, y)y * * 1 2 3 4 5 * R(Y:,Yy) 7 1 2 3 4 5 6 8

It is straightforward to show the existence of such X,,Y. in Theorem 2.11 by applying
Proposition 2.6. Hence the lower bounds for Spearman’s footrule in the general missingness
case are tight.

For the imputations X, and Y. in Theorem 2.11, Proposition 2.10 gives the equation
D (X..Y.) = D ((Xu(0))iegnp\ws (Ys(i))ie[n)\w), which suggests that, for indices in W, the
components of both X and Y can be ignored for the purposes of calculating the lower bound.
Hence, the minimum possible value of Spearman’s footrule in the general missingness case
can be determined using Algorithm 2 after ignoring all components with indices in W. This
algorithm has complexity O(nlogn + n(m; + my)), as discussed in Remark 2.

Table 4 provides a simple example where X and Y are missing under the general missingness
case. The imputations X, Y, satisfy the three conditions required in Theorem 2.11. Hence,
the imputations X, Y, will give the minimum value of Spearman’s footrule across all possible
imputations.

2.3. Upper bound of Spearman’s footrule

This section provides the exact upper bound of Spearman’s footrule in the presence of missing
data. We consider Missing Cases 1, II, and III separately and then combine our results to
obtain the upper bound in the general missing case.

2.3.1. Missing Case I

We start by considering Missing Case I for X,Y € V", where the missing components are
assumed to be either all in X or all in Y. Without loss of generality, let us assume only X
contains missing components while all values in Y are observed.

Suppose only a single component X () is missing. The following proposition is comple-
mentary to Proposition 2.2 which considers the lower bound for Missing Case 1.

Proposition 2.12. Suppose X,Y € V" and let X1, X, € V" be imputations of X for an index
u € [n] such that R (X1(u1), Xq) = 1 and R (X2(u1), Xo) = n. Then

D (X.,Y) <max{D (X,,Y),D (X»,Y)},
and for any imputation X' € V" of X for index u,

D (X',Y) <max{D (X,Y),D (Xo,Y)}.



Exact bounds of Spearman’s footrule in the presence of missing data 6117

When a single component of X is missing, Proposition 2.12 shows that the maximum
possible value of Spearman’s footrule is achieved when the missing component is imputed to
have rank either 1 or n.

It is shown in the proof that in the special case where R (Y (u1),Y) = 1, X, maximizes Spear-
man’s footrule, and in the special case where R (Y (u1),Y) = n, X; maximizes Spearman’s
footrule.

To extend Proposition 2.12 to cases when multiple components of X may be missing, we
first make the following definition.

Definition 2.13. Let U ¢ T C [n] be a subset of indices. Define
ZWU,T,n)={Z e V"|foranyi € U, Z(i) > max Z(j)or Z(i) < min Z(j)}.
jeT\U JjeT\U

It will often happen that T = [n] in Z(U, T, n), but this will not always be the case. This
definition allows us to state the following result.

Proposition 2.14. Suppose X,Y € V", and let U C [n]. Then, there exists an imputation
X, € Z(U,|[n],n) of X for indices U such that D (X,Y) < D (X.,Y), and for any other
imputation X' € V" of X for indices U, we have D (X’,Y) < D (X,,Y).

When the components of X with indices in U C [n] are missing, Proposition 2.14 allows
us to obtain the maximum possible Spearman’s footrule by considering rank vectors of all
possible imputations X, of X in the set Z(U, [n], n).

We briefly consider the number of possible X. € Z(U, [n],n), up to equivalent rank
vectors. An imputation X, € Z (U, [n],n) is such that all components in U are either larger
or smaller than all components at indices [n] \ U. Let m; = |U| and let r be the number of
components smaller than all components in [n] \ U. Then, there are m| — r components of
X, that are larger than its all components with indices in [n] \ U.

For the r smaller components with indices in U, each component can take a distinct
rank between 1 and r. Hence, there are r! possibilities for the ranks of these components.
Similarly, for the m| — r larger components, each component can take a distinct rank between
n—(my—r)+1and n. Hence, there are (m; —r)! possible ranks for these larger components.
Since 0 < r < m, the number of possible rank vectors of imputations X, € Z (U, [n],n) is
given by X" r!(my —r)!.

Even for a moderately small 2, such as m; = 20, the number of permutations can exceed
5.14 x 10'8. Therefore, further refinement of Proposition 2.14 is necessary to determine
the maximum possible Spearman’s footrule efficiently. We therefore consider ordering the
components of imputations X, with indices in U according to the values of their paired
components. We start by introducing the following lemma.

Lemma 2.15. Suppose X,Y € V" and for m; < n assume U = {1,...,m} and Y(1) <

- < Y(my). Let X' be any imputation of X for indices U. Then, suppose X, is also an
imputation of X for indices U, and (X.(i))icv is a permutation of (X'(i))ie\u such that
X.(1) > --- > X,(my). Then, D (X',Y) < D (X,,Y).

Consider any imputation X’ of X for indices U, Lemma 2.15 suggests the values of
Spearman’s footrule will always be larger or equal if the components of X’ with indices in
U are further arranged inversely according to their paired components. More formally, let us
define
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Definition 2.16. Suppose Y € V" andlet U c T C [n]. Define
X(Y;U,T,n)={Z e Z(U,T,n)|foranyi,j e U, Z({i) > Z(j)ifY(i) <Y(j)}.

Then, combining Proposition 2.14 and Lemma 2.15, the following result will allow us to
efficiently determine an imputation X, that maximises Spearman’s footrule.

Theorem 2.17. Suppose X,Y € V" and let U C [n]. Then, there exists an imputation
X, € X(Y;U, [n],n) of X for indices U such that D (X,Y) < D (X.,Y), and for any other
imputation X' € V" of X for indices U, we have D (X’,Y) < D (X,,Y).

Compared with Proposition 2.14, Theorem 2.17 further narrows down the scope of possible
imputations X, to the set X(Y; U, [n],n) for achieving the maximum possible Spearman’s
footrule.

Remark 3. Suppose an imputation X, € X(Y;U, [n],n). Then X, € Z(U, [n],n), which
means all components of X, in U are either larger or smaller than all components in [r] \ U.
Let m; = |U| and let r be the number of components smaller than all components in [r] \ U.
Then, there are m; — r components of X, that are larger than its all components with indices
in [n] \ U. The ranks of the r smaller components in U take all values between 1 and r, and
the ranks of the m; — r larger components in U take all values between n — (m; —r) + 1 and
n. Crucially, the rank of each component in U is decided by the rank of its paired component.
Since 0 < r < m, the number of possible rank vectors for imputations X, € X(Y; U, [n], n)
is mi + 1.

Computing the value of Spearman’s footrule between X. and Y, for one possible X,
requires computational complexity O(n log n). Thus, computing Spearman’s footrule for X.. €
X(Y;U, [n],n) with the distinct (m; + 1) rank vectors has computational complexity of
O(nmq logn). However, it is not necessary to re-rank all components and re-calculate the
value of Spearman’s footrule every time the ranks of components of X, in U are altered.
Section 2.5 provides an efficient algorithm for computing the maximum Spearman’s footrule
under Missing Case I with computational cost O(m| + nlogn).

2.3.2. Missing Case 1l

This section considers the upper bound of Spearman’s footrule under Missing Case II, where
both X and Y may contain missing components, but each pair (X (i), Y (i)) has at most one
value missing.

The following result is obtained by applying Theorem 2.17 under Missing Case I twice.

Theorem 2.18. Suppose X,Y € V" and U,V C [n]. Then, there exist imputations (X,,Y,) €
(X(Y;U,|[n],n),X(X;V,[n],n) of X,Y for indices U and V, respectively, such that
D (X,Y) < D (X.,Y.). Furthermore, consider any imputation X',Y' € V" of X,Y for
indices U and V, respectively, we have D (X',Y’) < D (X.,Y.).

If we denote m; = |U| and my, = |V|, then the number of possible rank vectors of
imputations X, € X(Y;U, [n],n) is m; + 1 and the number of possible rank vectors of
imputations Y. € X(X;V, [n], n) is m; + 1, following reasoning similar to that in Remark 3 for
Missing Case 1. Hence, the number of possible combinations of rank vectors of imputations
(X.,Y,) e (X(Y;U,[n],n),X(X;V,][n],n))is (m; + 1)(my + 1).
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2.3.3. Missing Case Il

This section provides the upper bound of Speaman’s footrule under Missing Case 111, where
for each pair (X (i), Y (7)), the two values are either both observed or both missing.

To start, we consider the case where there is only one pair (X («), Y (#)) where both values
are missing. The following result is proved by applying Proposition 2.12 repeatedly.

Proposition 2.19. Suppose X,Y € V", and let u € [n]. Suppose X1,Y, € V" and X,,Y> €
V" are imputations of X and Y for the index u such that

R (X1 (u1), X1) = 1, and R (Y1(uy), Y1) = n,
R (Xz(ul), Xz) =n, andR (Yz(M]),Yz) =1.

Then, D (X,Y) < max{D (X1,Y1),D (X»,Y>)}.

When one pair (X («), Y (u)) is missing, Proposition 2.19 gives similar results as in Proposi-
tion 2.12, offering two possibilities for determining the maximum possible value of Spearman’s
footrule.

Furthermore, to achieve the maximum possible Spearman’s footrule, Proposition 2.19
requires the paired ranks of the imputations for the index u to be at opposite ends of the
sequence 1, ..., n. For example, if the imputed rank of X (u;) is 1, then the imputed rank of
its paired component must be n; conversely, if the imputed rank of X (u{) is n, then the rank
of its paired component must be 1. Let X, and Y, be imputations of X and Y, respectively.
This condition can be expressed as

R(X.(u),X.)+R (Y.(u),Y.) =n+1.

It will be useful to define a set of indices for which this condition is satisfied.
Definition 2.20. Let W C [n] be a subset of indices. Define Y (W, n) as

Y(W,n)
= {(Zl,Zz) € (Z(W, [n],n),(V”)lR (Z](i), Zl) +R (Zz(i),Zz) =n+ 1, i€ W} .

Using Definition 2.20, we can state the following result.

Theorem 2.21. Let X,Y € V" andW C [n]. Then there exist imputations (X.,Y.) € Y (W, n)
of X and Y for indices W such that D (X,Y) < D (X.,Y.). Furthermore, consider any other
imputations X', Y’ € V" of X, Y for indices W. Then D (X’,Y") < D (X.,Y,).

Theorem 2.21 establishes the existence of imputations (X,,Y.) € Y(W,n) of X and Y
that will maximize Spearman’s footrule D (X,Y). In order to find this pair (X,,Y.), we
could enumerate all possible imputations. If X, Y. € R", there would be uncountably many
imputations. But, as already mentioned, we only need to consider X, and Y, to be rank vectors,
since the computation of Spearman’s footrule only uses ranks. Therefore, the problem is
reduced to only considering rank vector imputations, and these can be enumerated. However,
different rank vector imputations may lead to the same value of Spearman’s footrule statistic.
Therefore, we will only count the number of possible distinct values of Spearman’s footrule
statistic using (ranked) imputations (X,,Y,) € Y (W, n).
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For any imputations (X,,Y.) € Y(W,n) of X and Y for indices W, we have X, €
Z (W, [n], n) using Definition 2.20. Therefore, according to Definition 2.13 of Z(W, [n], n),
either X, (i) > maxe(n)\w X«(j) or X, (i) < minje[,)\w X«(j), forany i € W.

Denote m3 = |W|and r = Yy I (X.(i) < (X.(I))ie[n]\w), i.€. the number of components
of X, with indices in W smaller than all components of X, with indices in [n] \ W. Then, there
are m3 — r number of components of X, with indices in W that are larger than all components
of X, with indices in [n] \ W.

In fact, any imputations (X, Y.) € Y (W,n) of X and Y for indices W with the same value
of r give the same value of Spearman’s footrule. For the moment, let r € {1,2,...,m3 — 1}.
The r number of components of X, with indices in W smaller than all components of X,
with indices in [r] \ W take the ranks between between 1 and r, and the m3 — r components
of X, with indices in W larger than all components of X, with indices in [n] \ W take the
ranks between n — (m3 — r) + 1 and n. According to the definition of Y (W, n), the ranks of
components of Y, in W are decided by the equation R (X, (i), X.)+R (Y.(i),Y.) = n+1. Hence,
without changing the values of Spearman’s footrule, we can reorder the pairs of components
of X, and Y, in W, so that the components of X, in W are arranged from small to large

as 1,...,r,n—(m3—r)+1,...,n, and then the components of ¥, in W are arranged as
n,....n+1—-r,mz—r,l.
In the preceding paragraph, we considered r € {1,2,...,m3 — 1}, but it is also possible

that » = 0 or r = m3, in which case either all components of X, with indices in W are smaller
or larger than all other components, which can be considered similarly.

Since r ranges between O to m3, there are at most m3 + 1 possible values of Spearman’s
footrule statistic, given by all possible imputations (X, Y.) € Y(W,n).

The above procedure shows how to construct imputations (X, Y,) for each of these possible
m3 + 1 values of Spearman’s footrule. This is detailed in Algorithm 4 in the Supplementary
Material.

2.3.4. General missingness case

This section considers the upper bound of Spearman’s footrule under the general missingness
case, where we do not make any assumptions about the missing pattern. The previous results
for Missing Cases 1, 1I, and III can be combined to give the following result.

Theorem 2.22. Suppose X,Y € V", andletU,V, W C [n] be pairwise disjoint subsets. Then,
there exist (X.,Y,) € (X(Y;U, [n] \ W,n),X(X;V,[n] \ W,n)) N Y (W,n) of imputations
X and Y for indices U U W and V U W, respectively, such that D (X,Y) < D (X, Y.).
Furthermore, consider any imputation X',Y’ € V" of X,Y for indices U UW and VU W,
respectively. Then we have D (X’,Y") < D (X., Y.).

We note that since the imputations X., Y. exist, the upper bounds for Spearman’s footrule
are tight.

Remark 4. The number of possible rank vectors of imputations X, and Y, for achieving the
maximum possible Spearman’s footrule under the general missing case can be analyzed by
combining the analysis for Missing Cases I, 11, and II1.

Let us denote |U| = my, |V| = my, |W| = m3. Consider any pair of imputations (X,,Y.) €
YW,n)n (XX;U,[n] \ W,n),X(X;V,[n] \ W,n)) of X and Y for indices U U W and
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V U W, respectively, where U and V are disjoint from W. In other words, consider a pair of
imputations (X,,Y.) € Y (W, n), which means the components in W satisfy the condition in
Definition 2.20, and that X, and Y. satisfy the conditions of Definition 2.16 for the relevant
components with indices in U and V, respectively.

Now suppose the components of X, with indices in U and the components of Y, with indices
in V are fixed. Then, following the discussion of Theorem 2.21, there are m3 + 1 permutations
of ranks of the imputations X, and Y, for indices in W that would result in different values of
Spearman’s footrule.

Next, suppose the components X, and the components of Y, with indices in W are fixed.
Then there are m| + 1 and m, + 1 permutations of ranks of the imputations X, and Y, with
indices in U and V, respectively, that result in different values of Spearman’s footrule, following
a similar argument to Remark 3.

Hence, considering all imputations for indices U U W and V U W, the total number of
imputations to consider in order to find the maximum value of Spearman’s footrule is (m; +
1)(m2 + 1)(m3 + 1).

Directly computing all (m; + 1)(my + 1)(m3 + 1) values of Spearman’s footrule requires
computational complexity O (mmom3nlogn) since computing Spearman’s footrule once is
O(nlogn). However, there is a more efficient approach to computing the upper bound, as the
following lemma shows.

Lemma 2.23. Suppose X,Y € V", which can be partially observed. Denote the number of
pairs in (X,Y) such that only components in X are missing, only components inY are missing,
and both components in X,Y are missing, as m|, my, and ms, respectively. One can then
compute the tight upper bound of Spearman’s footrule in O (n log n+min{my, ms }>+mmams).

The tight lower bound for Spearman’s footrule can be computed according to Algorithm 2
with computational time O(nlogn + n(m; + my)), as discussed following Theorem 2.11. An
algorithm for computing the tight upper bound of Spearman’s footrule is proposed in Section
E.4 in the Supplementary Material with computational time O(nlogn + min{m,m>}> +
mymym3). See more details in Remark 5 in the Supplementary Material.

Remark 5. 1f m|, my and m3 are all proportional to n, then this means that finding the tight
upper bound is O (n®). While this may be computationally expensive for large n, without any
of the results above, considering all possible imputations would take

(m1 :l'm3) (mz :l- m3)(m1 +m3)!(ma +m3)!

steps, which is computationally infeasible even for moderate n. For example, when n = 100
and m = my = m3 = 5, the number of possible imputations is approximately 3.95 x 103,

To further illustrate the results of Theorem 2.22, we include a simple example in Table 5.
While one could naively consider all (8 x 7 x 6)> = 112,896 possible imputations to find
the imputed pair of vectors that maximises Spearman’s footrule, this theorem shows we only
need to consider 18 imputations to do so.
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Table 5
(Left) Example ranked data under the general missingness case, where  indicates a missing value. (Right)
Imputed rank vectors (X«, Ys«) that maximize Spearman’s footrule. The imputed components are underlined.
There are 112,896 possible imputations according to Remark 5, but by using Theorem 2.22 we only need to
consider 18 of these imputations to find the maximum, as noted in Remark 4

a b ¢c d e f g h a b c d e f g h
R(X,X) 5 1 4 * * 3 2 * R(X:,Xs) 6 2 5 8 7 4 3 1
R, y)y * * 1 2 3 4 5 * R(Y:,Yy) 1 7 2 3 4 5 6 8

2.4. Bounds for Kendall’s T

We have considered efficient methods for constructing tight bounds of Spearman’s footrule in
the presence of missing data under the general missingness case. A natural question is whether
parallel results exist for other rank-based association measurements such as Spearman’s rank
correlation p and Kendall’s 7.

It is possible to derive tight bounds for Kendall’s 7 under certain missingness patterns,
such as Missing Case I1I, as demonstrated by [30]. However, deriving efficient methods for
computing the tight bounds under the general missingness case is more challenging. There do
not appear to be tight bounds for Spearman’s rank correlation p under any specific or general
missingness pattern.

While the bounds of Spearman’s footrule above will not provide tight bounds for Kendall’s
7, we can derive non-trivial bounds that may have some utility when data are partially observed.

Let X,Y € V", and define Kendall’s 7 coefficient according to (3). The following result
is proved in Theorem 2 in [13], which shows that the Kendall’s T coefficient and Spearman’s
footrule D differ by at most a constant factor.

Theorem 2.24 ([13]). Suppose X,Y € V™. Then, the values of Spearman’s footrule and
Kendall’s T between X andY are such that

7(X,Y) <D (X,Y) <21(X.Y).

Suppose X,Y € V" are partially observed. Let us denote the exact lower and upper
bounds of Spearman’s footrule between X,Y as Dpin(X,Y) and Dy (X,Y), respectively,
which can be computed according to Theorem 2.11 and Theorem 2.22, respectively. Since
Dunin(X,Y) < D(X,Y) < Dpnax (X, Y), Theorem 2.24 gives

Dmin(X’ Y)/2 < T(X’ Y) < Dmax(X, Y)- (4)

In Section 2.6, these bounds of the Kendall’s 7 coefficient given in (4) are investigated
empirically using numerical simulations.

2.5. An efficient algorithm for computing the upper bounds

This section provides an efficient algorithm for calculating exact upper bounds of Spearman’s
footrule in the presence of missing data. We consider Missing Case I in this section, i.e.
missing components are either all in X or all in Y. The algorithms for Missing Case II, 11l and
the general missing cases can be constructed similarly, and are provided in Section 2 of the
Supplementary Material.
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Without loss of generality, let us assume X is partially observed while Y is fully observed.
Denote the indices of all missing components in X as U and denote m; = |U|. Further, assume
U ={1,...,m}and the components of Y with indices in U are such that Y (1) < ... < Y (my).
If this is not the case, simply relabel the relevant components in X and Y.

Under Missing Case I, Theorem 2.17 allows us to obtain the maximum possible Spearman’s
footrule by considering imputations X, of X for indices U in X (Y; U, [n], n). Remark 3 further
demonstrates that it is adequate to only consider m| + 1 imputations X, € X(Y; U, [n], n),
each with a distinct value of r = Y;cy I (X.(i) < min(X.(/))ie[n)\v), i-€. the number of
components of X, in U that are smaller than all components of X, with indices in [n]\U, where
r € {0,...,m}. Let us denote the m; + 1 imputations as X*(O), R Ximl) , corresponding to
the imputations withr = 0, ..., m. Then the maximum possible value of Spearman’s footrule
between partially observed X and Y is max {D (Xio), Y),..., D(X,fm'), Y) }

The computational complexity of naively computing all m; + 1 values in the above set
{D(Xio), Y),..., D(X,fm]), Y)} is O((m + 1)nlogn), since computing the value of Spear-
man’s footrule once is O(nlogn).

However, we notice that it is not necessary to re-rank all components and re-calculate the
value of Spearman’s footrule every time the ranks of components of X, in U are altered. To
construct an algorithm for efficiently calculating exact upper bounds of Spearman’s footrule
under Missing Case I in O(nlogn), we provide the following result

Proposition 2.25. Suppose X,Y € V" and for m; € [n], let U = {1,...,m} C [n] be
a subset of indices. Suppose Y(1) < ... < Y(my), and let X*(r) € X(Y;U,[n],n) be an
imputation of X for indices in U such that

P (x @) < min(X Olieuny) = -

ieU
For any i € [n] \ U, denote d; = R (Y(i),Y) — R (X(i), (X(}))je[n)\v), and for any r €
{0,...,my =1}, denote s, = Yicnpv 1 (di < 7). Then, foranyr € {0, ...,m; — 1}, we have

D(X*(r+1),Y) = D(Xir),Y) +25, —n+m +C(r),

where C7) =|r+ 1 =R (Y (m; —r),Y)|—|n—m+r+1—-R(Y(m —r),Y)|.

Proposition 2.25 shows that the maximum possible values of Spearman’s footrule can
be found in linear time after ranking all observed components in X and Y, as shown in
Algorithm 3.

Remark 6. The computational complexity of Algorithm 3 is analyzed as follows. Ranking
and relabeling all observed components in X and Y in line 3 requires O (n log i) steps. Using
these rankings, in line 5 computing each d; is O(1), and so overall line 5 is O(n — my). In
line 6, s, ..., Sm,—1 can be computed collectively in O(n — m) steps. See Algorithm 1 in
the Supplementary Material. is O(n + m;) = O(n). In line 7, each iteration of the for loop is
O(1), and since the loop runs m; times, the computational complexity for the loop is O (my).
Line 8 and 9 takes O(1) and O(m) steps, respectively. Therefore, the overall computational
complexity for Algorithm 3 is O(nlogn).
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Algorithm 3 An efficient algorithm for computing exact upper bounds of Spearman’s footrule
under Missing Case |
Require: X,Y € V", where either X orY is fully observed, while the other is partially observed.
Ensure: Maximum possible Spearman’s footrule distance between X and Y.
1: If X is fully observed while Y is partially observed, then change the label of X and Y.
2: Denote mq as the number of missing components in X. If m = n, return Zl'.’ 1 li—(n—i+1).
3: Rank all observed components in X and Y.
4: Relabel X and Y such that (X(1),...,X(m)) are unobserved and Y (1) < ... < Y(my).
5
6
7

S LetU={1,2,...,my}. Fori € [n] \U,letd; = R (Y(i),Y) - R (X(i), (X(l))le[n]\U) .
: Computing sy = Yie(a)\v I (di <) forany r ={0,...,my - 1}.
: Forany r € {0,...,m| — 1}, compute

C) = \r+1=R(¥(my —r),Y)| = |ln—my+r+1=R¥(m -r),Y)|.
8: Tnitialize Do = X% (1 =i+ 1) = R (Y(), (Y (D)ye ) )| + Srepv 1l

9: Forr € {0,...,mq — 1}, compute D, | = Dy +2s, —n+my +C),
10: Return max{Dy, ..., D, }.

2.6. Simulation results for the bounds

This section provides numerical simulations that evaluate the performance of the exact bounds
of Spearman’s footrule, and the bounds of Kendall’s 7 coefficient provided in (4), between
partially observed X,Y € V", with different proportions of the missing pairs.

Additionally, we also investigate the behaviour of the methods when (i) the complete data
are used and (ii) the missing values are ignored. When the missing values are ignored, the rank
correlation coefficients are computed using only the pairs where both components from X and
Y are observed. When the data are missing not at random (MNAR), ignoring the missing data
can lead to biased estimates of the correlation coefficients, as shown in Figure 2.

We first scale all the rank correlation coefficients between [—1, 1]. For scaling Spearman’s
footrule, we define

Dscate(X,Y) = 1=3D (X,Y)/(n* - 1). (5)

When 7 is odd, Dgcqae(X,Y) € [-0.5, 1], but when n is even, Dgce(X,Y) is in the range
[-0.5{1 +3/(n? — 1)}, 1] [22]. For scaling Spearman’s p and Kendall’s 7, define

pscate(X,Y) =1 - p(X,Y)/{n(n* - 1)},

(6)
TScale(Xs Y) =1- 4T(X> Y)/{n(n - 1)};

respectively, where 7(X,Y) and p(X,Y) are given in (2) and (3), respectively. It can be shown
that both pgcate (X, Y) and 7sca1e (X, Y) are in the range [—1, 1] [22].

2.6.1. The bounds when data are missing completely at random

In the first simulation, data are assumed to be missing completely at random (MCAR). First,
X,Y are generated such that each pair (X (i), Y (7)) is an independent random sample from a
two-dimensional standard normal distribution with covariance coefficient O; in other words.
X and Y are uncorrelated. The sample size for X and Y is n = 100. Then, for each given
proportion s € {0,0.05,...,0.30} a subset of indices T in {1,2,...,n} of size |s - n] is
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Spearman's footrule when data are MCAR with coefficient 0
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Fig 1. Rank correlation coefficients when data are missing completely at random (MCAR). X,Y are generated
such that (X,Y) ~"4 N(0, Iy). The methods are described in Table 6. The sample size for X and Y is n = 100.
Results represent the average of 1000 Monte Carlo simulations.

selected to be the set of components that are either partially observed or missing. For each
i € T, there is probability 1/3 such that X (7) is missing but Y (i) is observed, probability 1/3
such that Y (i) is missing but X (i) is observed, and probability 1/3 such that both X (i) and
Y (i) are missing. In any of these three cases, where at least one of X (i) and Y (i) is missing,
we say that (X (7), Y (i)) is an incomplete pair.

Subsequently, the bounds of Spearman’s footrule for partially observed X and Y will be
computed using Theorems 2.11 and 2.22, while the bounds for Kendall’s 7 for partially
observed data will be computed using (4). We do not have bounds for Spearman’s p for
partially observed data, but we compute values for all three rank correlation coefficients in
the cases where the complete data is used or missing values are ignored. Figure 1 presents the
results, which are an average over 1000 Monte Carlo simulations.

Figure 1 shows that when the (uncorrelated) data are MCAR, ignoring the missing values
will result in the methods producing unbiased estimates of the rank correlation coefficients,
i.e. Footrule-ignore, t-ignore and p-ignore are all approximately zero. Similarly, when the
complete data are used, the three rank correlation coefficients will be unbiased, i.e. Footrule-
complete, T-complete and p-complete are all approximately zero.

The range of bounds of Spearman’s footrule, labelled Footrule-lower and Footrule-upper,
increases gradually with the increasing proportion of incomplete pairs s. When s = 0.3, the
lower and upper bounds of Spearman’s footrule are around -0.2 and 0.4, respectively.

For Kendall’s 7 coefficient, when the proportion of incomplete pairs is 0, the lower and
upper bounds of Kendall’s 7, labelled by 7-lower and t-upper, range from approximately
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Table 6
Description of the rank correlation coefficients or their bounds, often in the presence of missing data, shown in
Figure 1 -2
Coefficient/bound  Description
Footrule-upper Upper bound for Spearman’s footrule D, when data is partially observed.
Footrule-lower Lower bound for Spearman’s footrule D, when data is partially observed.
Footrule-ignore Spearman’s footrule D, when any missing data is ignored.
Footrule-complete ~ Spearman’s footrule D, when data is fully observed.
T-upper Upper bound for Kendall’s 7 coefficient, when data is partially observed.
7-lower Lower bound for Kendall’s 7 coefficient, when data is partially observed.
T-ignore Kendall’s 7 coefficient, when any missing data is ignored.
T-complete Kendall’s 7 coefficient, when the data is fully observed.
p-ignore Spearman’s rank correlation p, when any missing data is ignored.
p-complete Spearman’s rank correlation p, when the data is fully observed.

—0.3 to 0.3. The bounds become wider as the proportion of incomplete pairs increases.
When s = 0.3, the lower and upper bounds of Kendall’s 7 are approximately -0.6 and 0.5,
respectively. It appears that the bounds of Spearman’s footrule and Kendall’s 7 coefficient
increase or decrease linearly, depending on the proportion s of missing components.

2.6.2. The bounds when data are missing not at random

The second simulation is designed in the same way as the first, except now the data are
missing not at random (MNAR), rather than being MCAR. There are many ways to defined
a MNAR mechanism; we propose one approach here, and consider a second approach in the
Supplementary Material. Here, the index set T C {l1,...,n} of the missing components is
chosen now depends on the values of X and Y. Let ¢ = }.7 | I (X (i)Y (i) > 0) be the number
of pairs of components in X and ¥ such that their product X (i)Y (i) > 0. Each index i € [n]
is selected to be in the set T of indices of missing components according to the following
probability conditional on C = |T|, the size of the set T

min {1, sn/q}, ifX ()Y (i) > 0,

max{0, (sn —q)/(n—q)}, otherwise, @)

pieT|C= LS'nJ)={
for any given s. If sn < ¢, then min {1, sn/q} < 1 and max{0, (sn — g)/(n — ¢)} = 0, and
so some components with X (i)Y (i) > 0 will be fully observed, and no components with
X()Y (i) < 0 will be partially observed. However, if sn > ¢, then all components with
X (i)Y (i) > 0 will be partially observed and, moreover, if sn > g then some components with
X ()Y (i) < 0 will be partially observed. The probability is conditional in order to ensure we
have subsets of indices of the desired cardinality C = |s - n].

Figure 2 shows that when the data are MNAR with the missingness mechanism specified
in (7), then Footrule-ignore, T-ignore and p-ignore produce biased estimates of their rank
correlation coefficients. Furthermore, as the proportion of incomplete pairs, denoted by s,
increases, the bias of Footrule-ignore, T-ignore and p-ignore also increases. On the other hand,
Footrule-lower, Footrule-upper, T-lower and t-upper have similar performance compared to
when data are MCAR in Figure 1. In Section G.2.4 of the Supplementary Material we repeat
this experiment using a different MNAR missing mechanism, with similar results.
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Spearman's footrule when data are MNAR with coefficient 0
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Fig 2. Rank correlation coefficients when data are missing completely at random (MNAR). X,Y are generated
such that (X,Y) ~iid N(0, I5). The methods are described in Table 6. The sample size for X and Y is n = 100.
Results represent the average of 1000 Monte Carlo simulations.

2.7. Asymptotic behaviour of the bounds

An advantage of our approach is that the bounds are tight without requiring any assumptions
about the missing data. Although Algorithm 2 above and Algorithm 5 in Section E.4 of the
Supplementary Material provide a way to compute Dn(X,Y) and Dy (X,Y) for X, Y €
V" in O(n?), there is no closed-form solution for either of these expressions. While this
makes it challenging to investigate the asymptotic behaviour of Dy (X,Y) and Dyax(X,Y)
analytically, we can investigate their asymptotic behaviour empirically for an increasing sample
size n and a fixed proportion of missing data s.

Figures 31-36 in Section G.3 of the Supplementary Material appear to show that D iy (X, Y)
and Dnax(X,Y) converge or are fixed for different proportions of missing values s €
{0.05,0.1} and different correlation coefficients.

More importantly, empirical results in the next section show that the power of the proposed
method, which depends on these bounds, converges to 1 as the sample size n increases, all
while controlling the Type I error; see Figure 6 and similar figures in Section G.2.2 of the
Supplementary Material.

3. Independence testing with missing data

We now explore the use of the bounds of Spearman’s footrule derived above for independence
testing in the presence of missing data. The core idea is to use the bounds for the statistic
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Table 7

Description of the independence testing methods, often in the presence of missing data, shown in Figure 3 — 6

Testing method

Description

Proposed
Footrule-ignore
Footrule-complete

Using p-values computed from Footrule-upper and Footrule-lower.
Using p-value of Spearman’s footrule, when missing data is ignored.
Using p-value of Spearman’s footrule, when the data is fully observed.

Footrule-mean
Footrule-median
Footrule-hot deck

Using p-value of Spearman’s footrule, with M1 for missing values.
Using p-value of Spearman’s footrule, with MEI? for missing values.
Using p-value of Spearman’s footrule, using HDI for missing values.

T-ignore Using p-value of Kendall’s 7, when missing data is ignored.
T-complete Using p-value of Kendall’s 7, when the data is fully observed.
T-mean Using p-value of Kendall’s 7, with MI! for missing values.
7-median Using p-value of Kendall’s 7, using MEI? for missing values.
7-hot deck Using p-value of Kendall’s 7, using HDI? for missing values.
p-ignore Using p-value of Spearman’s p, when missing data is ignored.
p-complete Using p-value of Spearman’s p, when the data is fully observed.
p-mean Using p-value of Spearman’s p, with MI! for missing values.
p-median Using p-value of Spearman’s p, with MEI? for missing values.
p-hot deck Using p-value of Spearman’s p, with HDI? for missing values.

Alvo and Cabilio’s p
Alvo and Cabilio’s T

Using p-value of estimate of Spearman’s rank correlation p, from [1].
Using p-value of estimate of Kendall’s 7 coefficent, from [1].

1 MI: Mean Imputation 2 MEI: Median Imputation 3 HDI: Hot Deck Imputation

to obtain bounds for the p-value, and then to reject the null hypothesis when all possible
p-values will be significant.

More specifically, our method uses the bounds of the Spearman’s footrule statistic to
compute bounds for the possible p-values, given the missing data. In other words, if the
missing data could have been fully observed, the resultant p-value would be within the
computed bounds. Then, for a given significance level «, if the bounds show that all possible
p-values are smaller than «, the null hypothesis is rejected. On the other hand, if at least one
p-value is not signficant, then the null hypothesis fails to be rejected. Our motivation for this
approach is discussed in the introduction.

Below we will first show how our method bounds the p-values of Spearman’s footrule in
the presence of missing data using the bounds of the Spearman’s footrule statistic. Then we
will perform numerical simulations for investigating the Type I error and statistical power of
our method. The unique contribution of our method is that, unlike all other existing methods,
it provides an independence testing approach that controls the Type I error regardless of the
missing data mechanism. The only assumption we make about the data is that the values are
all distinct in order to avoid dealing with the issue of ties.

3.1. Bounds of p-values in the presence of missing data

For deriving the bounds of the p-value of Spearman’s footrule with missing data, we begin
by studying the distribution of Spearman’s footrule statistic under the null hypothesis that X
and Y are generated by independent continuous random variables without missing data.

A well-known result [ 13, Theorem 1] shows that under the null hypothesis, the distribution
of Spearman’s footrule statistic for n pairs of observations approximately follows a normal
distribution with mean and variance equal to n%/3 and 2n3/45, respectively. A well-known
result [13, Theorem 1] shows that under the null hypothesis, the distribution of Spearman’s
footrule statistic for n pairs of observations approximately follows a normal distribution.
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Exact values for mean and variance of this normal distribution can be computed to be
(n+ 1)(n—1)/3 and (n + 1)(2n® + 7)/45, respectively [47]. The accuracy of the normal
approximation is investigated in [36], showing that when the sample size is at least n = 40,
this normal approximation performs reasonably well: the difference in skewness between
the exact and normal approximation distribution of Spearman’s footrule is —0.075 and the
difference in kurtosis is —0.074.

Suppose the sample size n is large enough for employing normal approximation, e.g. n > 40.
Denote F,, as the cumulative distribution function of a normal distribution with mean equal
to (n+ 1)(n — 1)/3 and variance equal to (n + 1)(2n? + 7)/45. The p-value of Spearman’s
footrule is then calculated as

p(D(X.,Y)) =2 min{F,(D(X.Y)),1 - F,(D(X,Y))}. ®)

Now suppose X,Y € V" are partially observed, and denote the minimum and maximum
values of Spearman’s footrule between X and Y as D, and Dy, respectively. The bounds
of the p-value of Spearman’s footrule are then determined using the following result.

Proposition 3.1. Suppose X,Y € V" are partially observed. Assume n is sufficiently large.
Let Dyin and Dax be the minimum and maximum possible values of Spearman’s footrule
between X and Y, respectively. Denote py = p(Dmin) and ps = p(Dmax), Where p(-) is
defined in (8). Furthermore, define pmin = min{p1, p2} and define

_ ) max{p1,p2}, i (Dmin — 1) (Dmax — ) 2 0,
pmax - .
1, otherwise,

where u = (n+1)(n—1)/3. Then, the p-value of D (X,Y) is bounded such that p(D(X,Y)) €
[pmina pmax]-

Remark 7. In Proposition 3.1, “n is sufficiently large” is used to allow the use of normal
approximation for computing the p-value of Spearman’s footrule.

Remark 8. The bounds of p-values of D (X,Y) are tight when (Din — ) (Dmax — p) = 0,
in other words, when the scaled Spearman’s footrule are always positive, or always negative.
When (Dpin — 1) (Dmax — 1) < 0, the scaled Spearman’s footrule can be either positive or
negative, depending on the values of imputations of the missing data. The maximum possible
p-value is bounded by 1 in this case, and the test does not reject the null hypothesis.

We now describe our method for independence testing in the presence of missing data using
Proposition 3.1. Given a pre-specified significance level @, our method will reject the null
hypothesis if pmax < @, since this implies that all possible p-values are less than o and will
be significant. Otherwise, our method will fail to reject the null hypothesis since pmax > @
implies that there exists imputations of the data with insignificant testing results.

Remark 9. Our proposed method is conservative by construction, since it only declares a
significant result when the maximum possible p-value, considered over all possible imputa-
tions, is significant. When the proportion of missing data increases, the number of possible
imputations for these missing data necessarily increases, and so the upper and lower bounds
of Spearman’s footrule increase and decrease, respectively. This is shown in Figures 1 and 2,
which considers simulations for data that are missing completely at random and missing not
at random.
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However, our method controls the Type I error regardless of the values of the missing
data. Since our method rejects the null hypothesis only when p(D(X,Y)) is significant, the
probability of our method making a Type I error is no larger than the probability of making a
Type I error when data are fully observed, which is approximately equal to a.

In next section, we perform various numerical simulations highlighting the peril of not
taking missing data into account when data are missing not at random, and demonstrating the
usefulness of our method.

3.2. Simulation results for independence testing

This section performs numerical simulations to investigate the Type I error and the statistical
power of the proposed method for independence testing when data are partially observed in
the presence of missing data.

For comparison with the proposed method, we also consider Spearman’s footrule, Kendall’s
7 and Spearman’s p in the case where the missing data are ignored. For this case, the correlation
coefficients are computed only using pairs where both components from X and Y are observed.
We also consider these three methods when imputation methods are used; we consider mean
imputation, median imputation and hot deck imputation [39].

Two independence testing methods that take missing data into account are also considered.
These methods [1] are defined as the conditional expectations of Spearman’s p and Kendall’s
7, respectively, given the observed ranks, under the assumption that the ranks of the missing
values are uniformly distributed. In the following, we will refer to the two methods as Alvo
and Cabilio’s p and Alvo and Cabilio’s T methods, respectively.

3.2.1. As the proportion of missing data increases

In the first experiment, we explore how the methods perform as the proportion s of missing
data increases. More precisely, we consider s to be the proportion of incomplete pairs, where
we recall that (X (), Y (i)) is an incomplete pair if at least one of X (i) or Y (i) is missing.

We start by considering the case when the data are missing completely at random (MCAR),
as the proportion of incomplete pairs increases. For evaluating the Type I error of all methods,
the data are generated following the same distribution and missingness mechanism for Figure 1,
as described in Section 2.6.1, with sample size n = 500. The significance level @ = 0.05 is
used for all test methods. For evaluating the power, the data are generated in the same way,

Y
1

Supplementary Material contains results for the same experiment, but with different values
of «, different values of the covariance coefficient y, and different sample sizes n.

Figure 3 shows that all methods appear to control the Type I error when the data are MCAR.
All methods appear to have good statistical power, but the power of the proposed method starts
to drop when the proportion of incomplete pairs is larger than 10%, and when 22% of pairs
are incomplete, the power is 0.

We next consider the case when the data are missing not at random (MNAR). The parameters
of this experiment are the same as for the MCAR case, but now the missingness mechanism
is as described in in Section 2.6.2.

. .. 1 . : .
except that the covariance matrix is now X = ( ), with covariance coefficienty = 0.5. The
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Fig 3. Statistical Type I error and power of the proposed method, as the proportion of missing data s increases,
where s € {0.00,0.02,...,0.30}. Other methods that ignore missing data, and Alvo and Cabilio’s p and Alvo and
Cabilio’s T methods are also considered. These methods are described in Table 7. The data is missing completely at

random (MCAR). (Left) Type I error: (X,Y) " N(0, 1); (Right) Power: (X, Y) " N(0, %), where £ = (7 ¥)

with covariance coefficient y = 0.5. For both figures, a significance level @ = 0.05 is used and the sample size
n = 200. The results in the figures are average of 1000 trials.
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Fig 4. Statistical Type I error and power of the proposed method as the proportion of missing data s increases,
where s € {0.00,0.02,...,0.30}. Other methods that ignore missing data, and Alvo and Cabilio’s p and Alvo and
Cabilio’s T methods are also considered. These methods are described in Table 7. The data is missing completely at
P . 1
random (MNAR). (Left) Type I error: (X, Y) " N(0, 1); (Right) Power: (X,Y) "™ N(0,%), where = = (y ¥),

with covariance coefficient y = 0.5. For both figures, a significance level @ = 0.05 is used and the sample size
n = 200. The results in the figures are average of 1000 trials.

Figure 4 shows that when data are MNAR, only the proposed method controls the Type
I error, while the other methods fail to control the Type I error when at least 4% of the
data is incomplete. When the proportion of incomplete pairs is 10%, the methods that ignore
the missing data and Alvo and Cabilio’s p and T methods have Type I error close to 25%.
Meanwhile, all methods have good power with small proportion of incomplete pairs. The
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Fig 5. Statistical Type I error and power of imputation methods as the proportion of missing data s increases,

where s € {0.00,0.02,...,0.30}. The imputation methods impute missing data using either mean, median or

randomly selected (hot deck) values of observed data. These methods are described in Table 7. The data is missing

completely at random (MNAR). (Left) Type I error: (X,Y) iid N(0, 1), (Right) Power: (X,Y) iid N(0,%), where
1

z= (7 )]/) with covariance coefficient y = 0.5. For both figures, a significance level @ = 0.05 is used and the

sample size n = 200. The results in the figures are average of 1000 trials.

power of the proposed method starts to drop when the proportion s at least 8%, and drops to
0 when the proportion s is larger than 18%.

Remark 10. It is notable that the power of the proposed method decreases in Figures 3 and 4
as the proportion of missing data exceeds 10%. This is related to the conservative approach
of the proposed method, as discussed in Remark 9. However, in these experiments, this is
also due to the value of the covariance coefficient y = 0.5 and the sample size n = 200.
If we increase the covariance to y = 0.8 or y = 0.9, similar experiments in Section G.2.1
of the Supplementary Material show that the power only decreases after the proportion of
missing data exceeds 20%. Furthermore, if we increase the sample size further, the power also
increases.

3.2.2. The performance of imputation methods

We also investigate how imputation methods perform in the experiment above, when data
are missing not at random. We consider using mean imputation, median imputation and hot
deck imputation [39] for Spearman’s footrule, Kendall’s T and Spearman’s p. The results are
shown in Figure 5, which demonstrates that these imputation methods also fail to control the
Type I error rate when at least 4% of the data is incomplete.

3.2.3. As the sample size increases

We again consider the above case when the data are missing not at random, but now as the
sample size n increases, with fixed proportion of missing pairs s = 0.1, and fixed correlation
coefficient y = 0.5 for the alternative hypothesis. Figure 6 shows that the proposed method
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Type | Error with Missing Data (MNAR) Power with Missing Data (MNAR)
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Fig 6. Statistical Type I error and power of the proposed method as the sample size n increases, where n €
{40, 70, 100, 200, 300, 500}. Other methods that ignore missing data, and Alvo and Cabilio’s p and Alvo and
Cabilio’s T methods are also considered. These methods are described in Table 7. The data is missing completely at

random (MNAR). (Left) Type I error: (X.Y) " N(0, Ip); (Right) Power: (X.¥) " N(0,%), where % = (7 7),

with covariance coefficient v = 0.5. For both figures, a significance level a = 0.05 is used and the proportion of
missing pairs s = 0.1. The results in the figures are average of 1000 trials.

still controls the Type I error as the sample size increases. Furthermore, while the proposed
method is not very powerful for smaller sample sizes, as the sample size n increases, its power
goes to 1. On the other hand, the other approaches have good power, but fail to control the
Type I error, and their Type I error increases as n increases.

3.2.4. An approximate method using random imputations

We recall that our proposed method considers all possible imputations and is therefore based
on tight bounds. One may wonder how an approximation of this approach would perform,
where one only considers a subset of all possible imputations. This approximate approach is
considered and carefully described Section G.2.6 in the Supplementary Material. While this
approach can control the Type I error in certain cases, it is heavily dependent on the number
of imputations relative to the sample size and the number of missing values, and can fail to
control the Type I error if an insufficient number of random imputations is used. For example,
when n = 500 and 10% of the data are missing, then using 2000 imputations may suffice to
control the Type I error. However, for a similar experiment but with n = 750, even 10,000
imputations are insufficient to control the Type I error; see Figure 30 of the Supplementary
Material.

On the other hand, our proposed method is the exact version of this approach, and always
controls the Type I error without needing to be concerned if a suitable number of imputations
has been computed or not.

3.2.5. Other simulation results

More simulation results with different coefficients, sample sizes, proportions of missing data,
and significance levels are provided in Section G in the Supplementary Material. In particular,
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Section G.2.4 considers another missing not at random (MNAR) missingness mechanism that
is different to the one specified in Equation (7). Experiments when the data are Gamma-
distributed, rather than Normal-distributed are included in Section G.2.5. The results for these
simulations are similar to the results shown in this section.

3.3. Application to precipitation data

To further demonstrate the usefulness of the bounds of Spearman’s footrule and the proposed
independence testing method, we consider the yearly precipitation data in the United Kingdom
and the United States and Germany from 1901 to 2024. The data are sourced from [19],
providing monthly precipitation measurements on high-resolution (0.5 X 0.5 degree) grids
across the globe.

These values are summed across the months of the year, and then averaged across each
country, to give the annual precipitation values in Table 8. More specifically, each measurement
gives the precipitation for yeari € 7, month j € J and grid index ¢t € 7. For each year i and
grid index ¢, we sum across j € J to get the annual precipitation for that grid point. We then
average these grid point measurements across the subset of 7 for a particular country, to get
that country’s average precipitation for year i.

Note that the original dataset retains only one decimal place, resulting in several tied
observations. In this example, we do not account for ties. We add small random noise at the
second decimal place to break all ties.

Based on the complete dataset, precipitation in the United Kingdom and Germany exhibits
a significant dependency with significance level @ = 0.05. The estimated Spearman’s p,
Kendall’s 7, and the scaled Spearman’s footrule are 0.5037, 0.3472, and 0.3171, respectively,
with corresponding p-values of 3.94 x 1072, 1.07x 1078, and 2.36 x 1078, On the other hand,
precipitation in the United States does not yield significantly associated with that in the United
Kingdom according to the test statistics: the estimated Spearman’s p, Kendall’s 7, and the
scaled Spearman’s footrule are 0.1527, 0.1044, and 0.1044, respectively, with corresponding
p-values 0f 9.04 x 1072, 8.56x 1072, and 6.59 x 1072, respectively. Similarly, the precipitation
in the United States is not significantly associated with that in Germany according to the
testing results: the estimated Spearman’s p, Kendall’s 7, and the scaled Spearman’s footrule
are -0.0298, -0.0181, and -0.0166, respectively, with corresponding p-values of 7.42 X 1071,
7.66 x 107!, and 7.71 x 10!, respectively. All the results are summarized in Table 9.

Suppose now that the data are missing informatively. In other words, the data are missing
not at random (MNAR). We assume that the largest 15 values between 1901 to 1950 are
missing for all three countries.

For analyzing the associations of the precipitation data between all three countries with
missing data, we apply all the test methods listed in Table 7. The estimated coefficients and
testing results for each method are summarized in Table 9.

As previously discussed, when the data are complete, the association of the precipitations
between the United Kingdom and Germany is statistically significant with significance level
a = 0.05 according to Footrule-complete, T-complete, and p-complete. When the data are
missing, all methods reject the null hypothesis. The proposed method reports tight bounds
of the Spearman’s footrule and p-values with missing data. The minimum and maximum
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Table 8
Precipitation per year in the United States, the United Kingdom, and France from 1901 to 2024 in mm. The 15

Year UsS UK  Germany | Year UsS UK  Germany
1901 697.06 1027.95 664.64 | 1963 | 672.30  1055.03 623.64
1902 754.66 956.38 653.80 | 1964 | 745.47 993.67 597.15
1903 722.52  #1404.49 703.70 | 1965 | 751.32  1198.87 869.67
1904 684.67 1029.85 611.83 | 1966 | 690.38  1255.44 878.63
1905 | #786.07 1012.00 709.44 | 1967 | 744.53  1271.55 752.27
1906 | #791.10 1153.20 698.59 | 1968 | 740.80  1138.39 757.61
1907 750.46 1144.31 631.46 | 1969 | 744.68 1073.23 650.36
1908 735.85 1066.47 614.17 | 1970 | 730.64 1186.76 796.17
1909 758.11 1138.46 718.46 | 1971 | 751.72 999.48 551.69
1910 637.14 1188.59 #775.08 | 1972 | 771.79  1028.40 612.24
1911 722.56 1085.72 548.90 | 1973 | 836.40 1011.52 637.48
1912 | #764.20  #1261.04 #771.28 | 1974 | 755.73  1222.67 780.57
1913 731.36 1057.05 665.10 | 1975 | 805.18 985.27 611.20
1914 714.45 1180.02 736.35 | 1976 | 668.61  1050.19 536.24
1915 | #792.61 1148.94 720.32 | 1977 | 750.74  1162.17 743.71
1916 727.02  #1280.92 #783.90 | 1978 | 746.53  1125.13 703.89
1917 643.91 1119.24 656.78 | 1979 | 815.13  1238.50 739.47
1918 725.75 1216.47 688.96 | 1980 | 720.66  1240.28 760.58
1919 | #771.54 1125.07 694.11 | 1981 | 756.37  1240.57 875.56
1920 760.60 1209.69 662.09 | 1982 | 833.13  1284.87 630.49
1921 712.57 971.51 534.05 | 1983 | 846.85 114441 704.61
1922 740.98 1108.57 #801.00 | 1984 | 767.93  1180.51 726.48
1923 | #772.19  #1311.30 719.50 | 1985 | 753.82  1194.23 669.03
1924 681.35  #1258.66 692.48 | 1986 | 782.84  1259.90 749.24
1925 678.07 1142.69 713.51 | 1987 | 737.04 1143.88 802.17
1926 | #762.60 1172.29 #773.13 | 1988 | 677.00 1251.56 780.52
1927 | #770.19  #1295.67 #793.67 | 1989 | 745.73 1118.84 620.32
1928 748.13  #1326.36 677.35 | 1990 | 807.93  1319.55 718.96
1929 758.69 1138.89 587.21 | 1991 | 801.98  1092.06 595.51
1930 664.41  #1260.31 #793.52 | 1992 | 787.23  1294.52 714.82
1931 699.44 1183.50 #789.56 | 1993 | 807.85 1237.25 780.32
1932 758.54 1173.61 647.93 | 1994 | 771.66  1311.97 77791
1933 687.96 919.98 595.52 | 1995 | 787.07 1153.78 757.45
1934 662.58 1141.88 610.31 | 1996 | 812.05 1025.44 601.25
1935 738.38  #1241.53 728.08 | 1997 | 781.31 1126.54 647.92
1936 697.39 1131.09 731.36 | 1998 | 823.67 1370.87 799.33
1937 750.72 1104.08 714.15 | 1999 | 729.70  1324.77 744.33
1938 74277 #1264.57 662.99 | 2000 | 720.22  1399.04 733.33
1939 687.55 1148.73 #830.41 | 2001 | 73528  1105.69 789.60
1940 755.95 1144.86 754.25 | 2002 | 729.92  1402.60 889.55
1941 | #789.74 1022.15 #756.31 | 2003 | 762.21 961.72 555.63
1942 | #771.15 1127.81 621.46 | 2004 | 806.34  1218.10 720.01
1943 686.88 1139.79 574.43 | 2005 | 759.90  1137.37 702.60
1944 758.45 1172.23 #767.20 | 2006 | 747.04  1186.31 681.06
1945 | #811.68 1099.04 723.55 | 2007 | 722.11  1207.77 874.14
1946 760.41 1214.18 700.97 | 2008 | 764.87  1328.89 704.13
1947 740.81 1063.01 613.33 | 2009 | 780.43  1309.18 730.71
1948 | #761.18  #1279.64 674.82 | 2010 | 766.11  1068.64 774.65
1949 752.07 1129.20 613.19 | 2011 | 769.46  1194.00 668.45
1950 740.70  #1283.03 #786.34 | 2012 | 726.76  1376.21 702.39
1951 | #764.73  #1278.19 701.44 | 2013 | 80229  1160.69 721.10
1952 683.24 1080.42 735.74 | 2014 | 780.06  1399.18 699.96
1953 714.42 1004.90 566.39 | 2015 | 860.09 1317.82 649.47
1954 667.70  #1380.14 #789.89 | 2016 | 790.36  1196.33 688.48
1955 703.43 967.69 699.89 | 2017 | 818.70  1208.01 808.22
1956 654.85 1094.22 738.34 | 2018 | 860.00  1144.82 552.78
1957 | #806.31 1163.27 706.28 | 2019 | 872.32  1296.07 661.65
1958 747.72 1211.87 #799.91 | 2020 | 780.19  1359.22 648.50
1959 | #763.34 1060.89 521.46 | 2021 | 79196 1171.36 753.38
1960 733.13  #1285.78 #798.16 | 2022 | 74890 1176.40 595.02
1961 779.90 1160.06 765.67 | 2023 | 777.06  1449.59 849.78
1962 716.56 1085.69 648.92 | 2024 | 817.97 1306.22 841.89

6135



6136 Y. Zeng et al.

Table 9
Estimated coefficients and testing results for analyzing the statistical association for the precipitation data in the
United Kingdom (U.K.), the United States (U.S.) and Germany

Method U.K. and Germany UK. and U.S. U.S. and Germany
est. coef.  p-value est. coef.  p-value est. coef.  p-value
p-complete | 05037  3.94x 1077 | 0.1527  9.04x 1072 | -0.0298 7.42x 107!
7-complete | 0.3472  1.07x107% | 0.1044  8.56x 1072 | -0.0181  7.66x 1071
F-complete | 03171  2.36x 1078 | 0.1044  6.59x 10~2 | -0.0166  7.71 x 107!
Prop. (min) | 0.1188  9.01 x 10~18 [ -0.004  9.09x 10-12 | -0.1160  2.15x 107°
Prop. (max) | 04876  3.6x 1072 | 03873  1.00 x 10° 0.2690  1.00 x10°
p-ignore | 05372 2.75x 1072 | 03392 3.33x107% | 01029  2.87x 107!
T-ignore | 03772 6.13x107% | 02355  2.84x10~% | 00720 2.67x 107!
F-ignore | 0.3535  5.32x 1072 | 02535 2.84x1075 | 0.0798  1.87x 107!
p-mean | 0.5311  221x10710 | 02720  2.24x 1073 | 00807  3.73x 107!
T-mean | 0.3636  3.25x107° | 0.1936  1.63x 1073 | 0.0566  3.57 x 107!
F-mean | 03495  7.57x 10710 | 02047  3.12x 107 | 0.0849  1.35x 107!

p-median | 05437  6.78x 10711 | 02918  1.01 x 1073 | 0.0676  4.56 x 107!
7-median | 0.3773  8.75x 10710 | 02088  6.93x 1074 | 0.0453  4.62x 107!
F-median | 03750  4.01x 10711 | 02273  6.25%x 1075 | 00761  1.80 x 107!
p-hotdeck | 04969  4.34%x 1079 | 0.2251 1.20x 1072 | 0.0208  8.18 x 107!
7-hotdeck | 03417  1.93x 1078 | 0.1548  1.09x 1072 | 0.0145  8.12x 107!

F-hotdeck | 03153  2.82x 1078 | 0.1629  4.11x 1073 | 0.0201  7.23x 107!
A&Csp | 05569  6.56x10710 [ 02871  1.45x1073 | 00712  4.30x 107!
A&CsT | 03966  3.51x10710 | 02057 1.14x 1073 | 0.0487  4.41x 107!

Prop.: proposed method. Proposed method provides both the minimum and maximum possible Spearman’s footrule and
p-value. F-ignore: Footrule-ignore. F-mean: Footrule-mean. F-median: Footrule-median. F-hot deck: Footrule-hot deck. All
methods are described in Table 7.

possible Spearman’s footrule are 0.1188 and 0.4876, respectively, and the corresponding p-
values range from 9.01 x 10718 to 3.6 x 1072, Since the maximum possible p-value is smaller
than the given significance level, all possible imputations lead to significant results. Hence,
the proposed method rejects the null hypothesis.

The association of the precipitation data between the United Kingdom and the Unites States
are not statistically significant with significance level @ = 0.05 according to the complete data.
However, when the data are missing as described, all methods, except the proposed method,
rejects the null hypothesis. The proposed method reports the Spearman’s footrule to lie within
the interval [-0.004, 0.3873], with the corresponding p-value ranging from 9.09 x 10~'2 to 1.
Since the maximum possible p-value is larger than the significant level «, the proposed method
does not reject the null hypothesis. The wide range of the p-values in this example indicates
high uncertainty of the testing results from missing data, and emphasizes the importance of
accounting for missingness.

Finally, the association of the precipitation data between the United States and the Germany
are not statistically significant with significance level @ = 0.05 according to the complete data.
When the data are missing as described, all methods do not reject the null hypothesis. The
proposed method reports the range of the Spearman’s footrule to lie within [-0.1160, 0.2690],
and the p-value in [2.15 x 1076, 1].
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