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ABSTRACT

A feedback SISO Robust Self-tuning Regulator was extended to include 
feedforward and multivariable control.

Several SISO and MIMO self-tuning control algorithms were proposed 
and tested in simulations and experiments in an absorption/desorption 
pilot plant. The algorithms were implemented in the pilot plant using 
an on-line control package called ACS (Advanced Control System).

The proposed controllers employ an extended-horizon minimum-variance 
control law, and a recursive least squares parameter estimator with 
variable forgetting factor.

In the particular case of the multivariable self-tuners, a bootstrap 
scheme estimates both the states and the parameters of an innovation 
state-space model. The control law in this case was extended to consi­
der different time-horizons for each output.

Simulations and pilot plant experiments have shown that the proposed 
algorithms work well and they are robust against deterministic 
disturbances [measurable and unmeasurable], interaction, unknown and 
varying time-delays, some non-linearities and non-minimum phase 
systems.

The algorithms are of simple design and require few initial 
parameters. Among these, the most important are time-horizons, 
information lengths and model orders. The selection of these parameters 
has shown to be less easy in feedback/feedforward and multivariable 
algorithms than in SISO. feedback controllers. nevertheless, the 
inclusion of feedforward always improve the closed-loop performance. 
Similarly, KIMQ self-tuners have shown much better performance, in 
interactive systems, than independent SISO self-tuners.

The proposed feedback/feedforward and multivariable controllers 
retain the detuning property and simplicity that characterize the SISO 
Robust Extended-horizon Self-tuning Regulator of Ydstie; ( Y<AsV\e.
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CHAPTER 1 IITRQDPCTIQg

Vhen Kalman proposed his self-tuning regulator in 1958, the 
primitive state of the theory and the cost and size of computers made 
any idea of implementation almost unpractical.

Nowadays, with low-cost microcomputers and an extremely sophisti­
cated theory, implementing self-tuning regulators in real plants can 
still be a difficult problem.

All the self-tuning algorithms that have been proposed required 
the selection of a set of initial parameters. These for example are 
model order, time-delay, forgetting factor, ...etc. The proper selec­
tion of these parameters can require a great deal of experience since 
the self-tuning algorithms are, generally, very sensitive to them.

On the other hand, the theory can only ensure convergence and 
stability of the algorithms in extremely simple cases [linear, lumped 
parameters, time invariant].

Most of the research effort in self-tuning control is devoted to 
design robust algorithms which would not be sensitive to the selection 
of initial parameters. These algorithms should be robust enough so 
that they can be applied with confidence in a variety of systems.

The Chem. Eng. Dept, at I.C. have been involved in the develop­
ment of robust self-tuning regulators to be used in the chemical 
industry. Chemical plants are characterized by systems with large 
transportation delays, low noise/signal ratio, non-linearities, inte­
raction between control-loops and by the presence of [measurable and 
unmeasurable] deterministic disturbances.

Two major achievements have been obtained in this department: the 
variable forgetting factor concept, which very much simplifies the 
tuning of the parameter estimator; and the minimum-variance extended- 
horizon control-law, which improves the robustness of the control 
algorithm to the selection of initial settings and also to the 
presence of transportation delays.

So far, the majority of the results in the literature are related 
to SISO feedback controllers. The problems of interaction and determi­
nistic disturbances have not received the same degree of attention.

It is the aim of this project to extend the sphe.ce, of î exest 
<UparWt'ht to include algorithms robust to [measurable and 

measurable] deterministic disturbances and to interaction.
un-
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Chapter 2 presents a review of the self-tuning literature, cove­
ring the aspects of implementing self-tuners, feedforward and 
multivariable control.

In Chapter 3 several algorithms are proposed which consider the 
problems of deterministic disturbances and interaction. These algo­
rithms include feedback/feedforward (FB/FF) SISO controllers and FB 
and FB/FF state-space multivariable controllers.

The experimental system is described in Chapter 4. It includes a 
diagram of the pilot-plant and a general description of the process 
and control-loops. There is also a basic description of the IBM/ACS 
control-package under which the algorithms have been tested.

Chapter 5 presents the results [both simulations and experiments] 
obtained when implementing the controllers proposed in Chapter 3. 
During the implementation, the original algorithms suffered some 
modifications which are described in Appendix I.

Conclusions and ideas for future work are given in Chapter 6.
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CHAPTER 2 LITERATURE SURVEY

The problem of controlling a system with uncertain and/or varying 
parameters has attracted the attention of the control engineering 
community for many years.

The adaptive control theory is one of the most popular approaches 
to this problem, with both practitioners and theorists.

The term "adaptive control" is not understood in the same way by 
all authors. Some of them define an adaptive control system "as one 
that automatically adjusts the controller settings to accommodate 
changes in the process to be controlled or its environment" [Seborg, 
Edgar and Shah, 1986]. Others say that adaptive control "represents 
one particular approach to designing sub-optimal controllers for non­
linear stochastic systems" [Jacobs, 1985],

Goodwin and Sin (1984) consider adaptive those control algorithms 
that combine an on-line parameter estimation technique with a standard 
control design for known systems.

This last definition will be used in this work since it clearly 
defines a series of algorithms that have in common the main advanta­
ges, difficulties and implementation problems despite the diversity in 
their design philosophies.

Among these algorithms, the model reference adaptive controllers 
and the self-tuning controllers are probably the most developed.

Most of the work done in this area has been concentrated on dis­
crete-time algorithms, so continuous techniques will not be consi­
dered.

The model reference scheme [Landau, 1974], as shown in Fig 2.1, 
consists of a given reference model, an adaptation mechanism, and an 
adjustable controller.

The reference model gives a desired response. The adaptation me­
chanism modifies the parameters of the adjustable controller and some­
times generates an auxiliary test signal, in order to minimize a 
function of the difference between the output of the plant and the 
output of the reference model. The whole idea is to make the adjusta­
ble closed-loop transfer function between the set point y* and the 
plant output y asymptotically approach the transfer function between 
the set point y* and the output of the reference model yr.
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Fig. 2.1: Reference Model Adaptive Control

At the beginning this method was used mainly for servo problems, 
i.e., for time-varying set points. In regulator problems, where the 
set point is constant, a test signal must be added to the controller 
in order to generate enough excitation for parameter convergence.

The main advantages of the model-reference approach are the high 
speed of adaptation and the detuned control action generated by the 
smooth reference trajectory. This method also simplifies the stability 
and convergence analysis of the algorithms, representing an easy way 
of designing stable adaptive controllers. However, there are few 
industrial applications of this type of controllers due to the diffi­
culties encountered in its implementation. It is, in general, 
necessary to know the model structure of the plant. In addition, there 
is no easy procedure to design the reference model.

This work will focus on the second technique, self-tuning con­
trol, which is one of the simplest adaptive schemeslohe conceived and 
designed Moreover, most of the reported successful industrial applica­
tions of adaptive control use the self-tuning approach.

Figure 2.2 gives a diagram of a general self-tuning algorithm.
It is generally understood that a self-tuner simply estimates mo­

del parameters of an adjustable system on-line based on input/output 
data, and then adjusts the settings of a standard control law based on 
the current parameter estimates [Seborg et al, 1986].
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Probably the first self-tuning algorithm was proposed by Kalman 
in 1958. This algorithm estimates the unknown parameters of a determi­
nistic input/output linear model via an on-line least-squares esti­
mator. It then adjusts the input according to an output dead-beat con­
trol law based on the estimated parameters.

Input
u

y
Set _ . Point

CONTROLLER

1  :■ Controller _ ,Parameters

ADJUSTABLE SYSTEM ■

PLANT
Output

Fig. 2.2: Self-tuning Adaptive Controller

Due to the lack of sufficiently advanced theory and computer 
technology Kalman's self-tuner went almost unnoticed until 1970, when 
Peterka presented a more advanced algorithm based on the ideas of 
Kalman. The main extensions of Peterka were to consider a stochastic 
model and a minimum-variance control law. However, no theoretical re­
sults concerning stability and convergence were presented.

The paper of Astrom and Vittenmark (1973), which considered an 
algorithm very similar to Peterka's self-tuner, was the one that 
initiated the self-tuning adaptive control as a valid area for re­
search and development. In their work, Astrom and Vittenmark showed 
that if the parameter estimates converge, then the self-tuning minimum 
variance control law will converge to the optimal control law based on 
the true model parameters. This is true even if biased model parame­
ters were obtained in the estimation as a consequence of not expli­
citly estimating the noise parameters. The key point is that under 
certain conditions it is not necessary to identify the true process, 
but to adjust the control law to get the best control.

This result encouraged the application of Astrom's self-tuning 
regulator in a variety of industrial processes [Borison & Vittenmark, 
1974; Cegrell & Hedqvist, 1975; Borison & Syding, 19763.



13

Later some problems associated with the self-tuning regulator be­
came evident in practical implementations:

i) the control action tends to be excessive causing oscilla­
tory behaviour and sometimes saturation
ii) the controlled system is unstable for non-minimum phase 
processes
iii) the performance of the self-tuner is highly sensitive 
to a correct choice of model order and time-delay
iv) the stability of the algorithm is affected by large and 
frequent unmeasured deterministic disturbances
v> sometimes the parameter estimator blows-up

The design of new algorithms which include more robust control 
strategies and more reliable parameter estimators permitted the field 
to reach a state of maturity 50 1 WaV <jê UW.s ca-ŵ oLO

uui cXe.-nce \aac\ C ̂ ; .

In the following, a brief discussion about the different kinds of 
self-tuners that can be designed will be presented. The first part 
considers only feedback SISO algorithms, and the next two sections 
treat the feedforward and the multivariable problem.
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2.1.- SISO Feedback Algorithms
The design of a self-tuner starts with the selection of a con­

troller and an adjustable system [see Fig. 2.21. The adjustable system 
is formed by a model of the plant and by a parameter estimation algo­
rithm. Hence, in principle, the controller, the model and the parame­
ter estimator define a self-tuning algorithm. However, despite the 
fact that two algorithms use the same control law, model and paramet­
er estimator, they are not necessarily the same algorithm. This is due 
to the different ways of implementing an adaptive controller, which 
are very important in the final performance of the adaptive control­
ler, as is shown in chapter 5.

The two main differences in implementation are;
a) the structure of the adaptive algorithm
b) the type of information used in the data vector of the 
parameter estimator and control law

a) The structure of a self-tuning controller can be implicit 
(direct) or explicit (indirect). In the latter case, the control para­
meters are explicitly obtained from the model parameter estimates 
through further computations. There is no direct relationship between 
the control parameters and the parameter estimates.

For example, consider a plant modelled by the following polyno­
mial equation [see section 3.1]:

A(z-1)»yk = B(z_1)»uk_du (2.1)

where A and B are polynomials of order n in the backward difference 
operator z-'; and y and u are the measurement and the control, respec­
tively. The process delay is given by du.

If the control objective is to drive the output to zero as soon 
as possible, then it is necessary to do some calculations with the 
model parameters of A and B [ see Appendix 13 to obtain the control 
uk. In this case, the controller is called explicit.

In general, this approach needs to estimate fewer parameters, and 
is robust against load disturbances and unknown or varying time- 
delays. On the other hand, the explicit method is more time consuming, 
since further computations are needed to get the control parameters.
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In the Implicit approach, a predictive model of the plant is 
used. The parameter estimates of the predictive model can be directly 
related to the control parameters, avoiding further computations.

In this case, the plant model is:

yk+du = G(z~’)iyk + H(z_,)»uk (2.2)

where the polynomial G is of order n-1 and H is of order n+du-2.
If, as in the previous case, the control objective is to drive 

the output to zero as soon as possible, then the control uk can be 
computed directly from eq. (2.2).

The main advantages of the implicit method are its simplicity and 
the fact that, in general, it needs less computing time than the 
explicit method. However, it appears to be more sensitive to unknown 
and varying time-delays; and it may be less robust against load 
changes.

b) According to the information used in the data vector of the 
parameter estimator, a self-tuner can be positional or incremental.

If the estimator is fed with the full value of the variables 
(inputs, outputs or states), then the self-tuner is called positional.

Incremental algorithms are those that instead of using the full 
value of the current variables (yk3, they use the difference between 
the current value and the value of the variable at the previous 
sample-time [yk - yk_,]. It has been claimed (Clarke et al, 19833 that 
incremental algorithms are more robust than positional algorithms 
against step-load changes and for offset elimination (see Chapter 53. 
Clarke and collaborators (1983) further generalized the idea to du- 
incremental controllers, where the data used by the estimator is the 
difference between the current value and the value of the variable du 
sample-times earlier (yk - yk_du3, where du is the process delay.
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After clarifying some basic concepts related to the implementa­
tion of self-tuners, a classification of the control laws currently 
used can be attempted. The control strategies can, in principle, be 
grouped according to:

a) one step-ahead control
b) pole placement
c) GPC (general predictive controllers)
d) LQG optimal controllers

a) The first self-tuners used one step-ahead control [Kalman, 
1958; Peterka, 1970; Astrom & Vittenmark, 19733.

Basically, the idea is to minimize a one-step cost function of 
the input and output of the plant at the earliest time for which the 
control action will have an effect on the output. This, of course, 
will depend on the process delay. These types of algorithms commomly 
use the implicit method.

The self-tuning regulator of Astrom & Vittenmark (1973) minimi­
zes the variance of the predicted output at the next time interval for 
which the control will have an effect. It is probably the simplest 
self-tuner and was used in many successful industrial applications. 
However, it became clear that the algorithm needed some modifications 
in order to make it more acceptable to practitioners. The main disad­
vantage associated with minimum-variance strategy is the excessive 
control, which causes oscillations, saturations and in non-minimum 
phase plants, instability.

The self-tuning controller of Clarke and Gawthrop (1975), uses a 
generalized minimum-variance (GMV) control strategy, where the one- 
step cost function includes a penalization of the control effort. In 
this way, the control is detuned and the self-tuner can avoid
saturations and overcome non-minimum phase plants. On the other hand,
it is necessary to select another initial parameter, the weight in the
control action, which is not always an easy task, although it can be
used as a tuning parameter. The algorithm still remains sensitive to a 
proper selection of time-delay and model order.
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b) A pole placement self-tuning regulator was presented by 
Vellstead et al (1979). The control strategy consists in positioning 
the closed-loop poles at desired locations, so that the engineer can 
prespecify the dynamics of the controlled system. Saturations can be 
avoided and non-minimum phase plants can be controlled without 
problems. Furthermore, because of the explicit structure used, 
Vellstead self-tuning regulator is robust against unknown and varying 
time-delays.

The main drawback of pole placement self-tuners is the amount of 
computation required. A set of linear equations should be solved at 
each iteration and the control parameters must be computed from the 
estimates of the explicit model. In addition, the algorithm is 
sensitive to the selection of the model order and there is no clear 
procedure to select the closed-loop poles.

c) Several adaptive algorithms that share the same design philo­
sophy, have been successfully implemented in a variety of systems. 
These algorithms can be considered as GPC [General Predictive Control] 
self-tuners, introduced by Clarke (1986).

In the GPC algorithms, a cost function of the input and output 
(or states) is minimized over a finite time T in the future, larger 
than the process delay, instead of minimizimg the cost function in the 
least possible time, as in the one-step ahead control. The GPC's pre­
dict future outputs (or states) based on given assumptions about 
future inputs. These assumptions give an extra degree of freedom that 
allows the design of a whole class of new adaptive controllers. 
According to Clarke (1986), these designs can be "considered as 
versions of LQG" or as "extensions to the GMV predictive controller 
over a longer time-horizon".

The prediction-horizon and the control-horizon are key design 
parameters in this type of controllers. Usually they are set at the 
same value.

One of the simplest self-tuners that can be understood from a GPC 
point of view, is the robust self-tuning regulator of Ydstie (1982). 
The cost function to be minimized is the variance of the output error 
and the prediction-horizon is the same as the control-horizon.
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For example, consider the plant modelled by eq. (2.1), where the 
control objective now is to drive the output to zero in T time inter­
vals, where T is larger than the time delay du. It can be demonstrated 
CYdstie, 19823 that the predictive model in this case is:

yk«.T = G(z",)»yl( + H(z-,)iuk«.T-du (2.3)

here, the orders of the G and H polynomial are the same as in (2.2).
It can be seen that eq. (2.3) includes future values of the con­

trol input u [from time k+T-du to time k+13. The assumptions about 
these future inputs define different controllers [see section 3.13.

The algorithm has shown in practice [Ydstie et al, 1985; Hiram & 
Kershenbaum, 19853 to be robust against non-minimum phase plants, 
unknown and varying time-delays, and model order selection, even 
though the algorithm retains the simplicity of the original self- 
tuner.

It appears to be that this self-tuner can be sensitive to deter- 
ministc load-changes [Hiram et al, 19863, probably due to the implicit 
structure of the algorithm [see Chapters3.

More sophisticated GPC's have been proposed. The adaptive predic­
tive control system (APCS) [ Martin-S&nchez, 1974; Martin-S&nchez and 
Shah, 19843 is an implicit GPC algorithm in which the control-horizon 
and the prediction-horizon are the same. The criteria of minimization 
is the output error at the time-horizon. The prediction of the future 
outputs is based on the fact that the controlled system must follow a 
given trajectory. Then, the assumed future inputs are those which dri­
ve the system in the prespecified manner.

The fact that the plant outputs follow a given reference trajec­
tory makes this algorithm very close to an adaptive model reference 
approach. The APC's algorithm does not possess the simplicity of the 
original self-tuning, moreover there is no clear guide on how to se­
lect the reference trajectory. On the other hand, it has been success­
fully implemented in different kinds of systems.

The MUSMAR algorithm [Menga and Mosca, 1980; Mosca et al, 19863 
is another type of highly sophisticated GPC self-tuner. It is based on 
"a set of separate predictive models, covering all future behaviour of 
the plant i/o joint process over the control horizon" [Mosca et al, 
19863. The control strategy used is an extended-horizon generalized 
minimum-variance control. The authors claim robustness against unmo­
deled dynamics, selection of model order and unknown time-delays.
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<xUo been proved. The major drawback of the MUSXAR self-tuner is the amount 
of computations involved in the simultaneous on-line estimation of va­
rious models, equal in number to the sample-intervals included in 
the the control-horizon.

A GPC algorithm with multiple predictors has also been proposed 
by Ydstie (1986), where the time-horizon of an extended-horizon mini­
mum-variance self-tuning controller is automatically adjusted based on 
pole location criterion.

d) Finally, a self-tuning controller can be designed using 
optimal LQG (linear quadratic gaussian) control strategy. In this 
case, a GMV-type cost function is minimized over an infinite time- 
horizon.

Optimal LQG self-tuners can be designed using state-space or 
polynomial representation.

In the state-space approach, a Ricc<\ti equation must be iterated 
at each sampling interval CPeterka, 19733, in order to obtain the 
optimal control. This requires large amount of computations that can 
be reduced by means of some approximations CLam, 19803.

In the polynomial [transfer function] case, the computation of 
the control parameters can be done implicitly CGrimble, 19843 by 
estimating them directly from input/output data; or the parameters of 
the control can be explicitly obtained from the model parameters 
CPeterka, 1982; Trulsson and Ljung, 19853.

No -vtxo.He.-c \n K \cV\ u-><vy cvw  LGlG Se.1 ( - i s i ;
iV is much more expensive in computing time than other self­
tuners. The selection of the weights in the cost function also pose a 
problem from an application point of view. It appears that the above 
are quite serious disadvantages since there are almost no reported im­
plementations in real processes using the LQG approach [Seborg et al, 
19863. On the other hand, LQG self-tuners generally give stable con­
trol for unstable and non-minimum phase plants, and it is not 
necessary to know the time delay a priori.
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Before finishing this section it is worth mentioning some robust­
ness problems associated with the parameter estimation in self-tuning 
algorithms. This step is the key to adaptability since it allows the 
on-line change of the controller settings.

The discussion will be centred on the recursive least squares 
estimator (RLS), since this is the most widely used method in practi­
cal implementations.

The parameters updating equation in the RLS estimator is of the
form:

fik — fik-1 + Kk»6 (2.4)

where £  is the parameter estimates vector, K is the correction or 
Kalman gain, and e is the innovation defined by the difference betweenAthe measured output and the output estimated based on fik_,.

The main problem of the standard RLS from an adaptive point of 
view, is the tendency of the correction-gain to go to zero when the 
parameters converge; thus when the plant suffers a change in its 
dynamics, the estimator is slow to correct the parameter estimates and 
the control performance deteriorates, and can even become unstable. It 
is said then that the estimator "goes to sleep”.

A simple way to avoid the above problem is to give more weight to 
the most recent data. This is generally done by using a constant 
forgetting factor in the RLS algorithm, which is equivalent to an ex­
ponential weighting of the data. The constant forgetting factor method 
is currently used, even though it is not very robust.

If the system is persistently excited this approach does not pre­
sent any problem, but in real plants where there are long periods of 
calm, this approach can be catastrophic. In this case the algorithm 
forgets important data, and the new data coming into the estimator 
does not provide any useful information since the plant is near steady 
state operating conditions. The correction-gain then starts increasing 
since it is inversely proportional to the amount of information, deno­
ting a decreasing confidence in the parameter estimates. In this si­
tuation, any disturbance entering the system will produce an 
"explosion" in the parameter estimates.
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There are basically two approaches to solve the above mentioned 
problem.

One is called the "covariance resetting" method [Goodwin & Sin, 
19843, in which the covariance of the RLS estimator is reset at
various times, and no forgetting is used. The correction-gains are 
proportional to the trace of the covariance matrix. Thus indirectly 
the correction gains are periodically adjusted, avoiding the "goes to 
sleep" phenomenon. However, it should be decided how often and in what 
amount the covariance will be ̂ -initialized.

A simpler and more systematic approach is to use a variable for­
getting factor CFortescue et al, 19813, which is automatically 
adjusted according to the information content in the RLS. This
approach appears to work very well in real systems [Dumont, 1982; 
Ydstie et al, 19853. The main weakness of the variable forgetting
scheme is that, theoretically, it does not ensure that the "blow up" 
phenomenon is avoided. Nevertheless, this phenomenon has not occurred 
in practical implementations.

Some novel variable forgetting algorithms which theoretically 
solve the "blow-up" of the covariance matrix have been recently
proposed [Saelid and Foss, 1985; Bertin et al, 1986; Kulhavy, 19863. 
These new estimators claim to have improved robustness when compared 
with the Fortescue scheme.
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2.2.- SISQ Feedforward Self-Tuning Regulators
The majority of the self-tuning algorithms have been formulated 

as purely feedback controllers, in spite of the appealing characteris­
tics of feedforward control, namely the ability to act in an anticipa­
tory manner and to achieve complete disturbance rejection. Moreover, 
when a process controlled with feedback self-tuning is subjected to 
periodic deterministic load disturbances, unpredictable variations of 
the model parameters can occur. This is because the adaptive algorithm 
cannot differentiate between a disturbance or an actual parameter 
change since only the control and the measurement are available to the 
controller. Furthermore, in this case the estimated gain becomes very 
large, deteriorating the closed loop system behaviour [Morris, et al, 
1982; Hiram et al, 1986].

The main drawback of feedforward control, i.e., the need for a 
good process model, can be overcome with adaptive feedforward algo­
rithms as model parameters can be estimated on-line.

There are different ways to design feedforward self-tuners. For 
example, LQG optimal control can be used CPeterka, 1982; Hunt et al,
1986]. This approach, as the feedback counterpart, requires excessive 
computations making it very unpopular among practitioners. The 
reported results include only simulations.

Using a polynomial [transfer function] approach with explicit LQG 
optimization, Sternard (1986) presented some simulations with linear 
models of order 2 and 3. The results showed a considerable improvement 
in the performance of the controlled system when adaptive feedforward 
is used. The LQG feedforward self-tuner also seems robust to model 
order selection and unknown time delays.

Another approach was taken by Schumann and Christ (1979), who 
presented several feedforward algorithms of simple design that per­
formed reasonably well under a variety of disturbances. However, the 
proposed controllers require the knowledge of the model order and 
time-delays, and considered only feedforward action. Based on simula­
tions with second and third order linear models, Schumann and Christ 
found that the adaptive feedforward controllers adapt very quickly 
and, in general, improve the closed-loop performance when compared 
with pure feedback, especially in processes without time delays.
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A GMV multivariable feedback-feedforward self-tuner was tested 
with non-linear simulations and pilot plant experiments in a distilla­
tion column [Morris et al, 1985]. A polynomial matrix [transfer 
function] approach was used to model the system and the algorithm was 
implemented in a positional implicit form.

It has been shown that, most of the time, feedforward adaptive 
control significantly improves the performance of the controlled 
system, especially in reducing the transient response. The fast adap­
tation of the feedforward gain may also be observed from the experi­
ments done. The GMV feedback-feedforward self-tuner suffers the same 
drawbacks of the purely feedback algorithm: sensitivity to selection 
of the model order, varying and unknown time-delays and selection of 
the weight in the control action.

Allidina et al (1981) point out that the above algorithm can 
cause oscillatory behaviour due to the high value of the feedforward 
gain at certain frequencies.

To detune the feedforward control action, they proposed a new 
algorithm which minimizes the following cost function:

J = E(*2(k+du)> (2.5)

where E represents expectation, du is the control delay, and 0 is 
given by:

i (k+du) = p*yk+du + q»uk + s»wk*du_dw - r»y* (2.6)

y, u, w, and y* are the output, the control, the measured disturbance 
and the set point respectively. The scalars p, q, r, and s represent 
proper weights*v*\A \s AAo-y.

The novelty in Allidina's work is to consider the measured dis­
turbance in the cost function. In this way, the selection of the 
weight s determines the dynamic response of the feedforward term.

The algorithm was tested in the temperature control-loop of a pi­
lot-scale nuclear reactor. The use of adaptive feedforward control 
greatly improved the closed-loop performance. The proposed controller 
requires a proper selection of the weight of the feedforward term [ s], 
a fact that detracts from practical implementations [Gawthrop, 1982].
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2.3 Multivariable Self-Tuning Regulators

The design of multivariable self-tuning regulators is another 
area not fully developed in adaptive control engineering. On the 
contrary, the bulk of the proposed algorithms are just direct exten­
sions of the SISO self-tuners without explicit considerations for the 
particular characteristics of the multivariable processes.

Typical problems that appear in a multivariable process are:
a) interaction
b) delay-structure
c) non-minimum phase zeros
d) parameter estimation

a) In a multivariable processes generally all the inputs affect 
all the outputs, causing serious difficulties in the control.

b) Unlike the SISO case, in multivariable plants the delay is 
not characterized by a scalar, but by a matrix since each input-output 
pair has associated a particular delay that can be different for each 
pair.

Volovich and Falb (1976) introduced the concept of "interactor 
matrix", an invariant under dynamic compensation, which is associated 
with every polynomial matrix representation of a linear dynamic sys­
tem. The interactor is represented by the multiplication of a diagonal 
matrix by a lower triangular polynomial matrix. It was later shown 
[Elliot and Volovich, 1982] that the interactor matrix is one way of 
characterizing the system delay structure.

c) The non-minimum phase phenomenon is also peculiar in multiva­
riable systems. A non-minimum phase zero associated with one 
particular element of the transfer matrix does not necessarily give 
rise to non-minimum phase effects [MacFarlane and Karcanias, 1976]. On 
the other hand, non-minimum phase behaviour in multivariable plants 
need not be associated with all of the system; it can be related with 
only one output [see Appendix E].

d) The number of parameters required to model a multivariable 
system tends to be one of the most important obstacles in adaptive 
multivariable design [Elliot and Volovich, 1984], especially when 
polynomial matrix [transfer function] representations are used.
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There have been two approaches used to solve the multivariable 
self-tuning problem: the transfer function Cor polynomial matrix 
representation] and the state-space.

I) The matrix transfer function, which has attracted most of the 
attention, is a direct consequence of the successful applications of 
SISO self-tuners.

Borison (1975, 1979) appears to have presented the first MIMO 
self-tuner, which is an extension of the minimum variance self-tuning 
regulator of Astrom and Vittenmark (1973). It also suffers the same 
limitations, i.e., it cannot cope with non-minimum phase plants and it 
produce excessive control action. In the same vein, Koivo (1980) 
designed a KIMD self-tuner as an extension of the SISO self-tuning 
controller of Clarke and Gawthrop (1975). The proposed algorithm deals 
with non-minimum phase processes by weighting the control actions. 
However, the selection of these weights is an even more difficult pro­
blem than in the single variable case because a matrix of weights is 
required. A similar algorithm is shown by Bayoumi, Wong and EL-Bagouri
(1981). In their work, an explicit parameter estimation method was 
used to avoid the estimation of too many parameters, especially for 
long time delays.

All of the above algorithms are sensitive to the selection of mo­
del structure and to unknown and variable time-delays.

Prager and Vellstead (1980) extended the pole-placement SISO 
self-tuning controller of Vellstead et al (1979) to give a multiva­
riable regulator which can cope with non-minimum phase systems and 
unknown and variable delays. However, the algorithm is extremely com­
plicated, requiring excessive computations, and the problem of how to 
select the pole locations is even harder than in the SISO case.

There have been reported some successful implementations of 
polynomial matrix self-tuners. For example, Keviczky et al (1978), 
using a special version of Borison's MIMO self-tuner, controlled the 
composition of a cement material blending process. They claimed that 
this self-tuner presented better performance than standard controllers 
(PI/PID). Also, Buchholt and Kummel (1981) applied a Clarke-type 
multivariable self-tuning controller to a double effect evaporator 
pilot plant. The performance obtained was satisfactory, although 
modern non-adaptive techniques (modal, feedforward, LQG) could do 
better, but at a considerable extra cost in engineering time.
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The algorithms previously mentioned consider a scalar delay ins­
tead of considering the more general case of the matrix system delay 
discussed earlier. Assuming a single delay for all of the input/output 
pairs is equivalent to representing the interactor as a scaled identi­
ty matrix. Undoubtedly, this is an oversimplification that can degrade 
the performance of some outputs which may not be affected by any 
delay. Furthermore, many unnecessary parameters are estimated.

Some authors developed regulators which consider more general 
types of interactor matrices. Goodwin, Ramadge and Caines (1980) were 
the first to design and analyse such a regulator. The algorithm, a 
MIMO minimum-variance type self-tuner, considers a different delay for 
each output, regardless of I/O pair. This is equivalent to assuming a 
diagonal interactor matrix tDugard et al, 1984]. The proposed self- 
tuner minimizes the variance of the predicted output errors. The 
prediction-horizons are the same as the delays associated with the 
outputs.

A GMV MIMO self-tuner with a diagonal interactor matrix was pro­
posed by Morris et al (1982). It was successfully implemented in a 
pilot-scale distillation column [Vagi et al, 1985],

Recently, a more general approach was taken by Dugard, Goodwin, 
and Xianya (1984), who designed a MIMO minimum-variance (MV) control­
ler for a process with a general interactor matrix. They found that 
unconditional minimum-variance control can be achieved only for 
processes with a diagonal interactor matrix. In the general case, un­
conditional minimum-variance can be obtained only for the first compo­
nent of the output vector; for the second and subsequent components, 
the minimization is subject to constraints. In other words, it is 
impossible for general systems to achieve independently minimum va­
riance for all of the outputs. Furthermore, the total variance depends 
on the order of the outputs in the model. Considering the knowledge of 
the interactor matrix unrealistic, they proposed a MIMO self-tuner 
which is a generalization of Ydstie's extended-horizon SISO control­
ler. The control action is designed to minimize the variance of all of 
the outputs at the same future time T, the time-horizon, which is 
larger than or equal to the largest delay affecting the multivariable 
structure.
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Apart from avoiding the necessity of knowing the interactor 
matrix, the extended-horizon MIMO self-tuner proposed by Dugard can 
overcome some non-minimum phase plants. However, the idea of using a 
single-horizon for all of the outputs can affect the performance of 
the outputs which do not have any associated delay.

An extended-horizon MIMO MV self-tuner was presented by Lee and 
Lee (1983). The control objective was the minimization of the output 
error at different horizons for each output. The control horizon for a 
given output is chosen larger than or equal to the least delay affec­
ting that particular output. Ion-minimum phase systems can be 
controlled by a proper selection of the horizons. Moreover, it is only 
required to increase the control-horizon of those outputs affected by 
time-delays. However, Lee and Lee's design assumes knowledge of the 
interactor matrix.

An important problem associated with the polynomial matrix self­
tuning controllers is the large number of parameters needed for 
estimation, which is drastically increased with model order and time- 
delays.

II) State-Space: Several authors prefer the state-space approach 
for designing MIMO self-tuners.

For example, using canonical forms the number of parameters to be 
estimated can be reduced as compared with the transfer function ma­
trix approach CGuidorzi, 1979; Niederlinski and Hajdasinski, 1979]. It 
is true that canonical forms can also be used with polynomial matrix 
equations, but these representations are less understood.

It also seems that for multivariable systems the control formula­
tion is simpler using state-space than that using polynomial matrices 
and probably the control calculations require less computing time.

Other advantages associated with state-space representation are 
the possibility to incorporate previous knowledge through mechanistic 
models, and subsequently the extension to non-linear systems.

Some authors claim that self-tuners based on state space deal 
better with sudden changes in plant gains and time-delays CClarke, 
1985; Warwick, 1981; Schumann, 19863, often encountered in the 
chemical industry.
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State-space self-tuning controllers can be designed using MV, 
GMV, LQG, pole placement and GPC's control laws.

Schumann (1979, 1986) and Warwick (1981) compare state-space
self-tuners with the matrix polynomial counterparts. Their studies, 
based on simulations with third and sixth order linear models, sugges­
ted that the state space approach is more robust against time-delays, 
drastic changes and non-minimum phase systems, although the matrix 
polynomial algorithms gave better regulatory performance and were much 
less time-consuming. However, they used rather complicated algorithms 
for the state/parameter estimation.

Schumann (1982) also showed some experimental results on an air 
conditioning pilot-plant system, and concluded that despite the 
satisfactory performance, the multivariable self-tuning design needed 
much more development.

State-space algorithms involve the product of unknown states and 
parameters in the model. Then, in state-space self-tuners it is 
necessary to estimate both the states and the parameters, situation 
which poses a non-linear [or, at least, a bilinear] problem. The esti­
mators tend to diverge easily and to be complicated and time 
consuming. This is probably the main reason why state space self­
tuners are unpopular among practitioners.

The first approach to the state/parameter estimation problem was 
through an extended-Kalman [E-K] filter [Jazwinski, 1970]. The 
algorithm in general gives biased estimates and may sometimes diverge. 
Botho{ Wt>e Vsle-vixs,<xre. Aue. tx,»vx 5pe<>{i io-wo-̂Uc. Atfide-Covariances fo

■̂Ve dependence of the Kalman gain on the parameter estimates. Ljung (1979) 
modified the E-K filter and improved its convergence properties. 
However, the modified algorithm requires the computation of matrix 
derivatives which for high-order systems are very difficult to 
implement. A simplified version for an innovation model is shown in 
Goodwin and Sin (1984), although the authors warned against this 
approach since the non-linear nature of the estimator causes a series 
of difficulties.
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Goodwin & Sin (1984) advocate instead a prediction error 
approach, in which the non-linear estimation is separated in two 
linear estimators. First, the parameters of a polynomial matrix model 
are estimated using input/output data. Then, the states are obtained 
via a linear Kalman filter where the state-space model parameters and 
the Kalman-gains are derived from the parameters of the polynomial ma­
trix model provided by the first estimator. However, the problem 
arises of how to relate the parameters of the input/output model to 
the state space model. Using a very particular state space canonical 
form, Kelson and Stear (1976) designed an algorithm employing a pre- 
diction-error approach. Based on extensive simulation work with this 
algorithm, the authors claimed much better performance, robustness and 
convergence than with the E-K filter approach. The algorithm was also 
much less time consuming. However, R. Padilla, C. Padilla and 
Bingulac (1978) pointed out that the canonical form used by Nelson and 
Stear was not general and, in fact, was very restrictive. A similar 
algorithm was reported by Irwin and Roberts (1976), in which a 
Luenberger canonical form [always attainable for minimal systems} was 
used to relate the input/output data to the state space model. Several 
cases were studied. For the general stochastic case, an innovation 
state space model was suggested. First, the parameters of a poly­
nomial matrix model were estimated using a Kalman filter and 
input/output data. The states were then obtained through a linear 
filter with the state-space model parameters and Kalman-gains derived 
from the parameter provided by the first estimator. The relationship 
between the parameters obtained from the input/output data and the 
state space parameters was not at all simple and involved matrix 
inversion.

Similar to the prediction error approach, the simpler bootstrap 
method gives unbiased parameter estimates without the need of 
estimating noise parameters.

It seems that Rowe (1967, 1969) introduced the term bootstrap to 
designate an on-line instrumental variable recursive parameter estima­
tor. In the instrumental variable method, a sequence of filtered out­
puts ace used to estimate the model parameters [Vong and Polak, 1967]. 
The sequence of filtered outputs (instrumental variables) o,ce uncorre­
lated with the residuals, giving in this way unbiased parameter 
estimates.
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Rowe named his method bootstrap because the parameter estimates 
were used to generate the instrumental variables, which in turn were 
used in the parameter estimation; combining parameter estimates and 
instrumental variables in the same way as a bootstrap.

In this sense, Pandya (1972, 1974) generalized the term bootstrap 
to include all of the recursive parameter estimators characterized by 
the presence of two on-line estimators. One estimator is for the pro­
cess parameters and the other for the filtered process outputs (or 
states, or instrumental variables); with continuous interchange of in­
formation between them. This process of sharing information can be re­
peated several times per sample interval, if desired, to improve the 
speed of convergence.

The most important features of the bootstrap scheme method are 
its simplicity and the generation of unbiased estimates. In general, 
they are non-minimum variance estimators, although the increment in 
the variance is moderate [Rowe, 19673. A more serious problem is that 
the stability of such algorithms is not guaranteed because of the 
open-loop structure of the state estimator. More explicitly, the state 
estimates do not directly depend on the observed outputs, so that if 
the system is non-stationary the state estimates will tend to diverge. 
However, some techniques have been proposed [Pandya, 1974; Goodwin and 
Sin, 19843 to improve the stability of bootstrap algorithms.

The main difference between the bootstrap and the prediction 
error approaches is the different way in which these methods combine 
the two linear estimators. In the prediction error approach, the pro­
cess parameter estimator does not need any state data, only 
input/output data, although the state estimator needs transformed pa­
rameter estimates.

On the other hand, the bootstrap algorithm uses the state estima­
tes in the data vector of the model parameter estimator. The parame­
ter estimates are then used in the state estimator. These two 
estimators with bidirectional flow of information are combined in the 
so called "bootstrap manner”. The particular way in which the 
estimators are combined in the bootstrap scheme makes the algorithm 
simpler since there is no need for transformed parameter estimates. 
The generation of unbiased estimates is due to the use of filtered 
outputs [states, instrumental variables! in the parameter estimator.
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El-Sherief and Sinha (1979) used an on-line bootstrap scheme to 
estimate both states and parameters of an innovation state-space 
model. The states are estimated using a stochastic approximation algo­
rithm assuming known model parameters. The model parameters are pro­
vided by a series of RLS estimators applied sequentially, in which the 
measurement vectors include states and inputs. The two algorithms are 
combined together in a bootstrap manner. Apart from the fact that this 
algorithm is much simpler and less time consuming than the error- 
prediction approach, it gives unbiased parameter estimates even for 
the stochastic case. Thus . there is no need to estimate the noise 
model.

A similar method was later used [El-sherief and Sinha, 19823 to 
design an LQG state-space self-tuner, A third order two-output one- 
input linear system was used to test the algorithm in simulations. The 
results showed good control and convergence of the parameters and 
states. A stochastic approximation algorithm is used to estimate the 
states, which means that the correction-gain for the states will go to 
zero as the sampled time increases. It is then expected that the 
proposed self-tuner would not be completely adaptive and would present 
problems if the plant suffers a change in its dynamics.

The main problem of simultaneous state/parameter estimation can 
be overcame by the simple Bootstrap Method. However, more robust state 
estimators are required to cope with time-varying plants.

In conclusion, £he state space multivariable self-tuning design 
appears to be a good alternative to polynomial matrix design. WooJz.\ie<} 
much more work is required in this area.
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CHAPTER 3 THEORY

In the present chapter all the developed algorithms will be pre­
sented. For the sake of completeness, the Robust Self-tuning Regulator 
of Ydstie (1982) is first introduced in its incremental form. Then, a 
feedback-feedforward self-tuning controller is derived along the same 
lines as Ydstie's self-tuner. Finally, a state-space self-tuning con­
troller is considered. The SISO case' is studied first and then, the 
state-space is generalized to multivariable plants.

3.1.- Polynomial Algorithms

3.1.1.- A Robust Feedback Self-tuner
Let us assume that the process to be controlled can be 

described by the following Delta model:

A(z-1)»Ayk = z“duiB(z-,)»Auk + Aek (3.1)

the symbols z"’ and A denote the delay operator and the backward- 
difference operator respectively, so that:

= yk-i and Ayk = (l-z-')»yk = yk - yk_, (3.2)

The sequence (yk) represents the measured outputs, (uk) repre­
sents the control inputs and (ek) defines a white noise process.

The polynomials A and B are given by:

A(z_’) = 1 + a,»z-1 + .... + an»z~"
B(z-’) = b, + .......... + bn»z""+1

where n is the order of the plant.
As in the original development of Ydstie (1982), an implicit 

structure is considered in this section. In Appendix I an explicit 
version of Ydstie's self-tuner is given. Simulations and experiments, 
shown in Chapter 5, suggest that the explicit version is more robust 
than the implicit algorithm against unmeasured deterministic 
disturbances.
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In the implicit derivation it is necessary to transform eq. (3.1) 
into a predictive model.

The following formula is needed to obtain the predictive model:

1 - z_T = F(z_1) iACz-’) + z“TiG(z~’> (3.3)

The parameter T is an integer larger than or equal to the delay 
du, and defines the prediction-horizon. The polynomial F(z_1) is of 
order T-l and G(z~’) is of order n-1. Hiram (1983) shows that the 
polynomials F and G can always be found for any T.

If eq. (3.1) is multiplied by F and eq. (3.3) is then applied, 
yields:

[1 - z-T - z"TiG(z_1) 1 »Ayk 

and rearranging:

z_du»F (z_1) iBte"’) »Auk + F(z_1)iAek
(3.4)

Jk = y»,-T + G(z-,)»Ayk.T + H(z_1) »Auk_du + Avk (3.5)

where H (z-1 )=F (z~’) iIKz-1) is a polynomial of order n-2+T, and the 
residual is given by vk=F(z_1)»ek .

The polynomials G and H are defined by:

G(z_1) = ct, + a2«z_1 + . . . + aniz_n+1
H(z_1) = 0, + J32*z-1 + . . . + j3n«.T-i»z-n"T+2

The structure of eq. (3.5) can be used for both estimation and 
control purposes.

Using the definitions of the polynomials G and H, eq. (3.5) can 
also be written in the following way:

n n -»T - l
yk = yfc-T + EoCiiAyk-H-j-T + Z0i«Auk« . , + Avk (3.6)i-i i-i

The value of the control delay du is in general unknown and time- 
varying. The safest choice is then to consider du=l, i.e., the minimum 
possible value for a causal system. With du=l the most recent values 
of the control u are used in the estimation. In that way any change in
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the true control delay will not affect the stability of the self­
tuner.

Equation (3.6) can now be expressed as a measurement equation : 

yk = y k-T + >k-T»e. + Avk (3.7)

where :

j£k-T = tdyk_T,. .. , hŷ n-T*.,; Auk_,,. . ., Auk_n_T+1]
fi- ~  ̂ ............ Pi *........ Piv*T-l ̂

Avk = F(z-1)»Aek

The expected value of vk given the available information at time 
k-T is zero. The residual vk is also uncorrelated with the known data 
at time k-T. The residual is a linear combination of values of the 
noise e from time k+l-T to time k, which by definition are zero mean 
random variables uncorrelated with the information known at time k-T. 
Then, a recursive least squares (RLS) can be applied to eq. (3.7) to 
estimate the a and £ parameters. A variable forgetting factor is used 
to automatically adjust the tracking of the parameters according to 
the characteristics of the process CFortescue, et al, 1981].

Control;
The problems associated with minimum-variance control, mainly due 

to excessive control action, were discussed earlier. A simple way to 
detune the control is using an extended-horizon MV control. The mini­
mization of the variance of the output error is carried out at a futu­
re time T, where T is an integer larger than or equal to the process 
delay. In this way, the control action can be intuitively detuned 
without selecting a special control weight like in GMV control, or lo­
cating closed-loop poles like in pole-placement control.

To compute the control, the predictive output is required. 
Equation (3.6) can be used to get a predictor for y.

A T Ayk+T - Yk + iPjiAUfc+T-i i«l (3.8)
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where Yk represents the combination of known input/output data, and is 
given by:

Yk y»c t _j + E$T+i*AUk-i (3.9)i-l i-1

It also represents the predicted value of yk+T if Auk = Auk<M = ...=0.
The objective of the control is to minimize the variance of the 

predicted output error at time k+T, based on known data at time k. It 
can be shown that in this case, the controller drives the expected 
value of the predicted output error to zero, CYdstie, 19823.

Any sequence that satisfies the following equation can achieve 
the control objective:

E£i*Auk+T_j = y*k+T Yk (3.10)i-i

where y*k«.-T represents the set-point, or reference value, at time k+T.
An infinite combination of inputs can be imagined which obey eq. 

(3.10). Some simple and reasonable sequences are suggested by Ydstie 
et al (1985) for the positional algorithm. The incremental version of 
these strategies are:

a) Chose constant control uk=uk+1 =.. =uk*T_,, or expressed in
increments, Auk+,=Auk*2=.... =Auk+T_,=0. The control is then:

Auk = (y\+T - Yk)/gT (3.11)

b) Concentrate the control effort on the first input of the
sequence, i.e., uk«.,=uk+2=... =uk«.T_,=0, or in terms of the increments,
Auk+i=-uk, nuk«.2=... =nuk*T_,=0.

In this case:

Ej3. «Auk+T-i = J3T«Auk + £T-i»(-uk>i-i *
= ~ $T-l)*Uk ~ Pt*Uk-\
= ($T T̂-l̂ *AUk “ $T-l*Uk_1

and the control is:

- Yk + |$T-l*Uk_i)/ ($T - Pt-i)nuk = (y*k*T (3.12)
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c)Minimize the total control effort of the input sequence:

J = k + T - i

The Lagrangian is given by:

L  =  E u 2k+T- i  t  X»[ y*k+T Y k — I ^ i* h u k4.T.{ ] (3.13)

the minimum is obtained for:

d  L / 3 u k+T. ] . j  — 2 i u k+T_i X iC p j — — 0 | i = 2 ,  . . . . T
0  = 2 » u k+T_, -  Xij3,

or
^uk4.T_j — Xi£*/2 ; 1=1... T (3.14)

From eqs. (3.10) and (3.14) follows:

(Zgv.X/2 = yVr - Ykj-i (3.15)

Using the last two equations yields:

(IflViAû T.i = pi»(y%.T - Yk)j-i

then:

AUk.T-i = - Y^/CZ^j) (3.16)j-i

Strategies (a), (b) and (c) are implemented in a receding-horizon 
form, i.e., only the first input of the sequence is computed and 
applied each interval.
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It is worth noting at this stage, that the incremental strate­
gies presented by Ydstie et al (1985) can be subjected to a misinter­
pretation. In order to avoid confusion, in the following -\Weie s>-hwVe-
gies are interpreted in terms of increments.

a) Ydstie's incremental strategy 1

Auk = <yVr ~ Yk)/(E£j)J-1

that implies a control action with equal increments [control action 
linear with time over the horizon!.

b) Ydstie's incremental strategy 2

Auk = (y*k+T - Yk)/gT

as in eq. (3.1D, a constant control sequence is applied. In this case, 
only the first control increment [over the horizon T! is different 
from zero.

c) Ydstie's incremental strategy 3

P*»<y\-T Yk) / <EJ32j>

the control is exactly the same as that defined by eq. (3.16).

In our experiments, eq. (3.11) was used because it is simple and 
gcxve good results. Using more sophisticated strategies does not 
necessarily yield better performance. There is a potential problem 
associated with the estimated parameter £T. If the time-horizon is not 
selected long enough, this estimated parameter can get very small or 
even change its sign. In this case the control can be seriously 
affected.

It is necessary to provide some initial design parameters to use 
the described adaptive controller.

The most important design parameters are:
a) time-horizon ,
b) order of the assumed plant model
c) information content of the RLS parameter estimator
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There are also other parameters which are required, but these are 
less important for the algorithm performance. For example:

d>initial covariance matrix, usually set to a diagonal with 
very large elements <1012).

e)initial parameter estimates, generally set to zero [taking 
care not to divide by zero initially].

The whole self-tuning algorithm can now be summarized: 

Algorithm I
i> vk = yk - yk

y *  = y k - T  t  ^ k - T * 6 * - 1

£ v  - T =  C a y k _T , . . .  , n y k - n - T - H  I A U k _ ,  , . . • » A U k _ n _ T + 1  .

A A A  A A

=  C o t , , ..................................

ii) a RLS estimator* with variable forgetting factor is used 
to update the parameter vector.

Wk =  ^ k - T * P k - 1  * k - T

nk = 1 - wk - v2k/E0
Xk = (nk + n2k + 4»wk )/2
Kk = Pk-l*^' k-T^ f Xfc + wk)

L  = L-i + K**vk 
Pk = [Pk-1 ~ Kk»K' k» <*k t  Wk) ] / X k 

Pk = covariance matrix 
I0 = information content 
Xk = forgetting factor 

iii> control calculation 
Auk = (y*k+T — Yk)/0T

Yk = yk + 10Ci*hyk+1i “ 1
iv) goto (i)

+ 2Pi+i*AUk_i i-1

The actual computer coding of this routine is based on the square root filter of Peterka (1975),
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3.1.2.- A Feedback-Feedforward Self-tuner 
The self-tuner presented here is an extension of the Robust Self­

tuning Regulator, seen in the previous section, for the case of 
measurable disturbances.

A Delta model is also considered, but now it includes the measu­
rable disturbance:

A(z_,)»Ayk = z~du»B(z_,)*Auk + z*d"iC(z_,)«Awk + Aek

(3.17)
w represents the measurable disturbance and dw is the associated 
delay.

The C polynomial is given by:

C(z-1) = c0 + c,»z"’ +  ......................................  +  C q*Z~q

where q is the order of the disturbance process.
The rest of the notation in eq. (3.17) is equivalent to eq. 

(3.1).
A predictive model can be obtained using eq. (3.3):

[ 1 - z-T - z"TiG(z_1)] iAyk = z"du»F(z~,)»B(z',)»Auk
+ z'***? iz~' ) ) «Awk + F(z_1)#Aek

(3.18)

or equivalently:

yk = yk_T + G (z_1) »Ayk_T + H(z'1) »Auk_du + D(z-’) »Awk_dw + Avk
(3.19)

The polynomial D(z_1 )=F(z_1 )»C(z_1) is of order q+T-1, and is 
defined by:

D ( z _ 1 ) =  <S0 +  <S,«z_1 +  . . . +  <Sp+T- 1* z - q_T'M

The prediction-horizon T is larger than or equal to the control 
delay du.
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Considering that in real plants both delays, du and dw, are un­
known and time-varying, it is safec to use their minimum possible va­
lues in eq. (3.19). However, an unnecessarily large number of parame­
ters may be estimated.

The minimum value for du is one, since the control applied at 
time k cannot affect the output before time k+1. On the other hand, a 
disturbance measured at time k can already have affected the output at 
time k. This is the case for example if wk entered the system at time 
k-te. Then the minimum value for dw is zero, so direct transmission 
between the disturbance wk and the output y„ is considered.

Farameter„estimat ion
Equation (3.19) can also be expressed in the following way:

n n+T -1  q +T -1yk = yk-r + i<Xi»hy„*,-T-i + EP̂ Au,., - e$,*awk_4 + Avk
i « 1  i - 1  1 - 0

(3.20)
and written in a more compact form :

yk = yk-T + #k-T»fiL + Avk (3.21)

where :
_£k-T = f Ayk_r» • • • , Ayk_n_T+,; Auk_,, . . . , Auk_n.T4.,; Awk, . . . , Awk_q_T+il
0-' k — t ai ».........  0£n! $]*...... . £n+T-1 * ^0»..... . q̂ + T-l̂
Avk = F(z_1)»Aek

Like in eq. (3.7), the residual Avk is uncorrelated with the 
available data at time k-T and its expected value is zero. Then, a RLS 
algorithm with variable forgetting factor can be used to estimate the 
a, J3 and 6 parameters.
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Control Law
The same control criteria used in section (3.1.1) is used in this 

section. The control is designed to drive the expected value of the 
predicted output error to zero, in T sample intervals. T is the pre­
diction-control horizon.

Using eq. (3.20) to predict the output at time T, yields:

7 h * t  = Yk + Zp4iAuk_i+t ” E<Si»Awk_i+T (3.22)1-1 1-0

where Yk represents the known data at time k, and is defined by:

n “ 1 /s q - 1 .Yk = y„ + ZofiiAy.̂ .i + Z^iAu^ -i -1 "i;1-0
(3.23)

To comply with the control objective, the fallowing equation must 
be satisfied:

T ^  T - lZPitAUh-î T = y% - Yk - Z?i»Awk_i+Ti-1 i-0 (3.24)

The control sequence (Aut>^k can be chosen according to the 
strategies discussed in section (3.1.1).

Future values of the disturbance w, which in general are not 
known, also appear in eq. (3.24). Several hypothesis can be thought 
about these future disturbances. Some reasonable assumptions are the 
following:

a)The measurable disturbance is a white noise process. Then, all 
the future values are expected to be zero. In this case Awk«.,=-wk and 
Awk+2=Awk+3=. • • =Awk4.T=0, so that:

' “ 'a  aZdjlAWfc-i+x = *“Wk*̂ T-l 1-0 (3.25)
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b)The disturbance is mainly deterministic, changing by steps and 
remaining constant for long periods. Then, it can be assumed that 
wk=wk+,=. . .=wk+T, or in terms of increments, Awk*,=Awk*2=.. . =Awk*T=0, so 
that the combination of the future input disturbances is reduced to:

t-uE i • Awk _ t 0 (3.26)1-0

this is an usual type of disturbance in chemical plants.
c)The disturbance is a ramp function:

Awk«.t = Awk ; i=l.... T
the expression for the future disturbances is in this case given by:

t-u  T-l̂EtfjiAWk.̂ -r = Awk»E£i
i - 0  i - 0

(3.27)

According to the problem, any feedback-control strategy defined 
by eqs. (3.11), (3.12) and (3.16) can be used together with eqs. 
(3.25), (3.26) or (3.27) to get a feedback-feedforward control law.

The FB/FF controller requires basically the same design 
parameters as the purely feedback algorithm. The only extra parameter 
is the order of the disturbance process E q].
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As an example, a combination of control strategy (a) Ceq. (3.11)] 
and assumption (b) for the disturbance [eq. (3.26)] are used in the 
algorithm that fallows.

Algorithm II
i> vk = yk - yk

Yk = Yk-T + ̂ k-T*fik-l
£ k —t = C A y k_T,. . ., Ayk_n_T4.j; A u k_t, .. ., Auk_n_T+1; Awk, . .. , Awk_q_T+1]

6 - ' k - 1  =  f  ............................................. a n J $ | , .............................> B n + T - 1  * ^ 0 » .....................* ^ q + T - l ]

ii) a RLS estimator*with variable forgetting factor is used 
to update the parameters.

Wk - £.k*1■•Pk. k - T

Ilk = i - wk - vVZo
Xk = <nk + n2k + 4»wk )/2
Kk = Pk-, k-j/ ^ k  t Wk )
a*

<Jln + Kk*vk
Pk = CPk- Kk »K' k * (Xk + wk:

Pk = covariance matrix 
Z0 = information content 
Xk = forgetting factor

iii) Auk = (y*k«.T - Yk)/£T

0 * 1 ^  q - l / sYk = yk + Iai#Ayk+I_i + I0T+1»Auk_i + 16 TMiAwk_ii-l i-1 i-0
iv) goto (i)

* The actual coiputer coding of this routine is based on the square root filter of Peterka (1975),
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3.2 State Space Algorithms

In this section, the state-space approach is followed because; it 
suits better the characteristics of chemical processes, the control 
laws are easier to derive, and fewer parameters are needed to describe 
the multivariable system.

The estimator used is a modification of El-Sherief and Sinha 
<1979) algorithm for the non-st at ionary case. A RLS with variable for­
getting factor estimates the varying parameters. A linear filter with 
constant gain, instead of a stochastic approximation filter, generates 
the state estimates. In this way, the stability of the whole scheme 
can be improved, limiting the possibility of state divergence.

A generalization of Ydstie's extended-horizon regulator which 
includes a different horizon for each output is developed, taking the 
idea of Lee and Lee (1983) of multiple prediction-horizons.

The multivariable regulator can cope with multiple delays 
without the knowledge of the interactor matrix, and can also deal with 
some non-minimum phase systems. Only the case of equal number of 
inputs and outputs is considered.

First of all, a single-input single-output case is presented for 
clarity of exposition, and later extended to the multivariable case. 
Finally, a feedback-feedforward multivariable adaptive controller is 
developed along the same lines.

3.2.1 The Single-Input Single-Output Case 
A similar algorithm as the one described in section (3.1.1) is 

developed here. However an explicit structure is used, and the plant 
is described by a state-space model.

For different kinds of state-space models, refer to Appendix B.
A usual way of representing a linear stochastic process in 

state-space form is by an innovation model:

Xk+i = Aix* + h»uk + k»ek 
y« = £•&< + ek

(3.28.a) 
<3.28.b)

where x e Rn, u, y are the state vector the control input and the 
measured output respectively.
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The white noise process (ek> is the innovation sequence, and it 
is given by the difference between the measured output yk and the pre­
dicted output yk/k_,. In general terms, it can be said that the innova­
tion "corresponds to the new information that is contained in each 
successive observation" [Goodwin & Sin, 19843.

The model (3.28) retains the structure of the optimal linear 
steady-state Kalman filter, and is one way of representing the most 
general kind of linear stochastic process that can be identified 
[Irwin & Roberts, 19763.

In adaptive control one of the most serious problems is the 
number of parameters that is necessary to estimate, above all in mul­
tivariable systems. Those parameters can be drastically reduced if 
state-space canonical forms are used.

For example, if the process modelled by eqs. (3.28) is observa­
ble, it can be expressed in an equivalent row-companion canonical 
form, see Appendix B:

Xk-i = A#Xk + b»uk + k»ek (3.29. a)
yk = c.»Xk + ek (3.29.b>

Equations (3.29) contain the minimum number of parameters that 
completely specify the observable linear stochastic plant (3.29).

The vectors fc. and k. are full column vectors, but the matrix A and 
the row vector q. have the following special form:

0 1__ 0
0 0__ 0

a,.... an
C_=C 1 0 0  ....  03

The control delay is not explicitly considered in this 
development, and for simplicity it is assumed that the delay is 
implicitly included in the model order. In other words, the model 
order n should be larger than the process delay. However, the time 
delay can be explicitly cucorporated in the model structure [Goodwin 
& Sin, 19843 through an augmented state vector; but in this case it is 
necessary to know the delay a priori.
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Estimation
For adaptive control purposes it is necessary to estimate both 

the parameter and the states in eq. (3.29). Then, it is convenient to 
transform eq. (3.29) into a more suitable form, in order to apply a 
RLS estimator.

As it is shown in Appendix C for the multivariable case, the 
output y of eq. (3,29.b) can also be expressed by:

yk = Zic-i'6. + vk (3.30)

where :
Zk- 1  ~ ts'k-n! uk_,, uk_2, ...., uk«„]
6. — la,, an} b, ' .... . b„3

nvk = ek + Zkjiefc-i (3.31)i-i

A standard RLS estimator can now be directly applied to eq. 
(3.30) in order to obtain the parameter estimates vector 6L.

If Yk_n denotes the known information at time k-n, the residual vk 
is uncorrelated with Yk_n. The residual at time k is a linear combina­
tion of values of the white noise process (ek> from time k-n to time 
k, which by definition are uncorrelated with Yk_n. Furthermore, the 
expected value of the residual in eq. (3.31) is zero. Then, an un­
biased estimate of the vector 0_ at time k can be obtained given know­
ledge of the state at time k-n, using ordinary least squares. In par­
ticular, a variable forgetting factor scheme is applied, as in section 
(3.1), to track time-varying parameters.

Hote that in the data vector z*_, an estimate of the state vector 
is required.

Filtering
Using the parameter estimates at time k, a linear filter can 

update the state estimates:

Xk/k-i = Ak»Xk-j + bk»uk-, (3. 32. a)
i, = jL/k-, + »(yk - £«5*/k-i> (3.32. b)

Only the directly observable state is updated by the innovation 
since the observation vector t is a unitary vector.
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The form of the gain sequence <Vk> defines different kinds of 
filters. In the following some of them will be discussed.

a) Stochastic Approximation: A stochastic approximation method is 
a recursive estimator which converges to the true values in the limit, 
with the error correction term ¥k arbitrarily chosen [Saridis, 19741. 
The first stochastic approximation algorithm was introduced by Robbins 
and Monro (1951), and later a generalized version was analysed by 
Dvoretzky (1956). The main feature of this kind of algorithm is its 
simplicity of formulation and implementation.

According to Dvoretzky, convergence of the method is ensured if 
the sequence {*k> satisfy the following conditions :

i) lim *k = 0 ; ii) l y k = « ; iii) l x k2 < ® (3.33)k-M» k-1 k-1

Saridis (1974) gives an intuitive interpretation of the above 
conditions. The first one smoothsthe error correction term, the second 
provides unlimited correction effort, and the last one cancels the 
effect of the individual errors for large number of iterations.

All the sequences of the form <a/(b+k)>, with a > 0 and b ) 0, 
satisfy conditions (3.33); in particular, <l/k> is commonly used 
[Saridis, 19741.

This is the kind of algorithm used by El-Sherief and Sinha (1979) 
in their bootstrap estimator. The main drawback of this scheme is the 
open-loop nature of the state estimator in the limit. For large number 
of iterations, the gain Vk tends to zero causing divergence of the 
state estimates in non-stationary processes; affecting the stability 
of the whole estimation method. That is the reason why this filter 
should be changed for adaptive control purposes.

b) Constant Gain Filter : The simplest solution to the problem 
mentioned above is the use of a small constant X in the filter eq. 
(3.32.a) [Goodwin and Sin, 19841. The states will permanently be 
updated by the estimation error, limiting in this way any tendency to 
diverge.

The main drawback of this method is the slow rate of convergence, 
but because of its simplicity, this is the scheme used in our simula­
tions and experiments; with values of X ranging between .1 and .3 .
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c) Adaptive Gain : Instead of using a constant gain, Pandya
(1974) suggests the use of an adaptive gain in eq. (3.32.b) based 
on the theory of Jazwinski (1969).

In this case the sequence ()(k> is given by :

tk = 0 if <rk (
"tk ~ 1 — if V*

X (3.34.a)
X (3.34. b)

X is an upper bound on the noise variance o'*, and the latter can be 
estimated recursively :

vk = {(k-l)/k)"*<rk-, + C 1 - ((k-l)/k>n 3»ek2 (3.35)

where ek = yk - c.*2*/k-i is the estimated residual and n is a number 
larger than 1.

In eq. (3.35) there is an implicit forgetting method that weights 
more the recent data. Pandya considei&ln=2 as bev̂vs, ê.̂ e.co.Uy <xAeqi/cde..

The adaptive gain method improves the rate of convergence and the 
stability of the filter by adjusting the error correction term yk 
according to the characteristic of the process noise.

d)Dynamic Kalman Filter: Of course, a non steady-state Kalman
filter can be used to get state estimates, but in this case a Riccati 
equation must be iterated each sample interval, making the algorithm 
unnecessarily complicated.

In summary^ the state/parameter estimation algorithm used in our 
work consists of two linear estimators combined in a bootstrap manner. 
The first estimator is a RLS with variable forgetting factor which 
used the previous inputs and state-estimates to generate unbiased 
parameter estimates of a canonical row-companion state-space model. 
The second estimator is a linear filter with constant gain that uses 
the process parameter estimates to generate the state-estimates. This 
process is done once at each sample time, but it can be done several 
times per interval in order to increase the speed of convergence. In 
our experiments however, it did not appear necessary to iterate.
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Control Law

As in section (3.1), the control objective is to drive the expec­
ted value of the predicted output error to zero in T time intervals, 
where T is the control-prediction horizon. Then a predictor for the 
output at time k+T, given data at time k, is needed.

The optimal T-step ahead state predictor CGoodwin & Sin, 1984] 
for the model (3.29) is given by:

Sic 4-t = A Tk«Xk + EAVfik.Uic-H (3 .3 6 )
i m0

and the optimal output predictor follows from eq. <3.29.b)

A  __ t - i a  -
yk+T = Yk + £»ZA\»bk*uk+j (3 .3 7 )i-0

*  Awhere Yk = Q}krkt^k represents the knowledge at time k.

Similarly as in eq. (3.10), the input sequence that satisfies the 
following equation achieves the control objective:

—  t-ia Ay V T - Yk = fciZAVlkiu,,̂j-0 (3.38)

where y*k«.T is the output reference at time k+T.
As in section (3.1) several strategies can be chosen to select a 

future control sequence that satisfies eq. (3.38).
For simplicity, only strategy (a) Ceq. (3.11)] will be 

considered. In this case, the control is assumed constant during the 
horizon time, then:

uk = uk«., = . . . . =  uk+T_, (3.39)
Replacing (3.39) into (3.38) yields:

d»uk = y\+T ~ Yk (3.40)

Ydstie (1982) has shown that for a controllable, observable and 
stable system, the scalar d is always different from zero provided a 
long enough horizon T is selected.

The control is then given by:

uk = (y\+T - Yk)/d (3.41)
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with
d = £»I AJk«t̂J-0

Equation (3.41) is used in a receding-horizon form, namely only 
the first control u of the sequence(u*)Jzl is computed and applied 
each sample interval.

The state-space self-tuner can be completely specified by the 
following steps:

Algorithm III
i> vk = yk - yk

yk = Zi,-i«(L-i
Xk-1 = t x' k-nl , Uk_2» • • • * > Uk_n3

av, = ta,.... ...... 6„)
ii) a RLS estimator with variable forgetting factor is used 
to update the parameter estimates vector 0..

wk = Zk-i*Z.'k-i
nk = 1 - wk - v2k/Z0
Xk = (nk + n2k + 4«wk )/2
Kk — Pk-l*Z.'k-|/ (Xk + wk)
Qk = + K*»vk
Pk = C Pk_, - Kk»K'k»(Xk + wk)3 /Xk 

Pk = covariance matrix 
Z0 = information content 
Xk = forgetting factor

ii) the states are obtained from :
Xk/k-1 — AfcIXfc-j + bk*Uk_)

Xk = Xwk-i + Y*c.'*<yk - c*Xk/k-i> 
with V a small constant

iii) the control law is then computed by:
Uk = <y%«-T - Yk)/d

Yk = C.»ATk«Xk

t-u A d = c.*EAJk#bki-0
iv) goto (i) '
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3.2.2 The Multivariable Case
The regulator of section (3.2.1) will be extended to multiva­

riable plants. Only the case of equal number of inputs and outputs 
will be studied.

First, the parameter estimation problem will be considered. In 
this case the multivariable system is decomposed into a set of multi­
input single-output (MISO) subsystems, such that the parameter 
estimation can be done sequentially for each subsystem using a single- 
variable RLS estimator as described in section (3.2.1).

The decomposition of the MIMO system and the canonical model used 
in this section are further described in Appendix C.

After the parameter estimates are obtained, the states are compu­
ted in a similar way as in eq. (3.32), but a different filter gain is 
used for each MISO system.

Finally the extended-horizon control strategy is extended to 
consider a different control-horizon for each output.

For example, the equivalent to the state equation (3.28) for mul­
tivariable systems is:

+ B#u* + Kte* (3.42. a)
= C»Xk + £* (3.42. b)

where x £ Rn is the state vector and n is the order of the system, u. e 
R" and jl £ R" are the input and output vectors respectively. The in­
novation vector e_ £ R“ is defined as the difference between the 
measured output vector y* and the predicted output vector ŷ k-i*

The process matrix A, the control matrix B, the Kalman tor 
innovation] gain matrix K, and the observation matrix C are of ade­
quate dimensions.

If the system described by eqs. (3.42) is observable, the number 
of parameters which defines the matrices A, B, K, and C, can be redu­
ced by transforming the state model to the row-companion canonical 
form. The transformed state vector is x = P*x. , where the form of the 
P matrix is given in Sinha & Rozsa (1976).
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The state equation is now:

Xit+i = A»Xk + B»u* + K»g* ( 3 , 4 3 .  a )

y* = C»Xk + e*  < 3 . 4 3 . b )

where A = P«A*P~’, B = P*B, and K = P»K.
In this canonical form the matrices A and C can be expressed in a 

block manner:

An • •.... A,.

■ 
^
 *0
 

to 
H-»

C =
A., ... ... A„ Kqm)

where the blocks in the A matrix are defined by:

0 1 .....  0 0 0 ....  0
0 0 1...  0 0 0 ....  0

ii j» ii

0 0 .....  1
&H (1). . . a^ (ni) a,j (1)... an (nj )

and the Kqj> are unitary row vectors of dimension n with the one on 
the qjth position, where:

n = I ni ; qj = ( I ni ) + 1
1 -1  i - 1

The ni's are the invariant parameters, called observability 
indices, which define the internal structure of the multivariable 
plant, and should be provided as design parameters.

If the plant is observable and controllable, then the observabi­
lity indices play a similar role as the model order in SISO systems.

An intuitive interpretation of these parameters can be given; 
according to Schumann (1979) n, is the number of eigenvalues which 
can be observed by the first output y,, n2 is the number of eigen­
values that can be observed by the second output y2 but cannot be 
observed by the first output. The next indices can be understood in 
the same way. That means that if the outputs are ordered in a 
different way, the form of the matrices A and C will be different.

As in the SISO case, the control delays are not explicitly 
considered in the model structure.
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Estimation
Once the structure of the plant model is defined, it is necessary 

to estimate the parameters of the plant.
According to the developments of appendix C, the outputs of eqs. 

(3.45) can also be expressed in the following way:

yk<j> = + vk(J) (3.44)

where y(j) and v(j) are the output and the residual of the jth subsys­
tem respectively. The residual v(j) is a linear combination of past 
and present innovations :

vk(j) = ek(j) + IkCqj+i-Dt^-i (3.45)

where It(i) is the ith row vector of the Kalman gain matrix K, and e (j) 
is the jth element of the innovations vector.

The jth data vector and the jth parameter vector are:

Z*-, (j) = t x ' k-nj; U .V ,;............ ;
fi.* <J> = CaCj); fc(qj); ............ ; fc(pj)3
a(j ) = [an (1). . . a,, (nl) aj2(1). . . aj2(n2). . . ajB(1). . . a,»(nm)3

the au (l) parameters are the elements of the blocks of the A matrix, 
and the b(j)'s are the jth row vectors of the matrix B, where pj is 
given by:

pj = l nii«1

From eq. (3.45) it can be seen that the residuals at time k are a 
linear combination of the innovations from time k-nj to time k. Then 
vk(j) is uncorrelated with the states at time k-nj, consequently a RLS 
algorithm can be used to get an unbiased estimate of the vector £Kj) 
at time k based on the states at time k-nj.

As in previous sections, a variable forgetting factor is used for 
parameter tracking. *

The Q_(j) vectors are sequentially estimated independently for 
each MISO system using an ordinary least squares.
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Entering.
The state estimates can be updated through the following filter:

2wk-, = Ak«x*_, + (3. 46. a)
X* = Sk/k-, + r^C* •{$* - CiXk,,.,) (3.46. b)

In the formulation of El-Sherief and Sinha <1979), the gain rk is 
a scalar sequence. However taking into account that the innovation 
elements in the vector £_ can have different statistical properties, it 
seems a good idea to use a different gain sequence for each subsystem.

In eq. (3.46.b) the gain Tk is a diagonal matrix. Moreover, 
because of the special form of the matrix C, the matrix G = rk*C' is 
an nxm matrix with only m non-zero elements. These *k(j) non-zero
elements are the filter gains associated with the outputs y(j). Each 
of these filter gains can be selected according to the methods
discussed Ln section (3.2.1).

In our simulations and experiments a constant gain filter
algorithm was used for simplicity. However it can be easily extended 
to consider adaptive gains.

Control
An extended-horizon control strategy is developed for multiva­

riable plants. First it is assumed a single control-horizon for all 
the outputs, then the strategy is generalized to consider an indepen­
dent control-horizon for each output.

To develop the control it is first necessary to obtain a T-step 
ahead state predictor:

A  A  A  T - l  A  AX*«.T = ATk»Xk + C EA4k] (3.47)
J-0

and by eq. (3.42.b), the optimal predictor for the output vector is: 

£k*T = Ik + <Ct[Tzk\]iBk>»Uk*j (3.48)
J-0

—  A Awhere X* = C»ATk#Xk represents the knowledge at time k.
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If the control objective is to drive the expected T-step ahead 
predicted output error to zero, then the control is given by:

JLVt “ I* = (C»Tl AJk] »Bk> »Un.j (3.49)
4-0

where y*k«.T is the vector of set points at time k+T.
Infinite vector input sequences can satisfy eq. (3.49). Some 

simple and reasonable strategies have been discussed earlier [see 
section (3.1.1)].

For simplicity, a constant control strategy over the horizon T is 
used. In this case the control can be computed from:

U* = D-’.< y\+T > (3.50)

where
D = C»[TIA\]*Bk

4-0

It has been shown by Ydstie (1982) that for a controllable, 
observable and open-loop stable plant, the matrix D can be made always 
invertible by selecting a long enough horizon T.

The control eq. (3.50) is similar to the one proposed by 
Dugard et al (1984), but they use a strategy of minimum control effort 
over the horizon T.

A single horizon control strategy is not good enough for multi- 
variable processes, because in general each output is affected by a 
different predominant delay. Then, if a single horizon is used, it 
must be larger than or equal to the largest delay in the system. Of 
course, this will unnecessarily retard the response of those outputs 
with smaller or no delay. It then seems a better strategy to select a 
specific horizon for each output according to the predominant delay 
associated with the respective MISO system. This is similar to the 
idea presented by Lee and Lee (1983), when dealing with long-term pre­
dictors. However, in our development the knowledge of the interactor 
matrix is not required, and only upper bounds of the predominant 
delays affecting each output are needed.
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In the multiple-horizon approach the key idea is to define a 
predictor for each output y(j) at different time-horizons Tj, where Tj 
is an integer larger than or equal to the predominant delay associated 
with y(j ).

From eqs. (3.47) and (3.48) it can be seen that a suitable Tj- 
step ahead predictor for y(j> is:

yk*Tj<J> = Yk(j) + i<qj>|TCZA\]iBk»ii*.i (3.51)
i-0

where the l(qj) are unitary row-vectors. It was mentioned earlier that 
these vectors depend on the chosen structural indices n̂ .

Yk (j > represents all the known information for the jth subsystem 
at time k and is given by:

Yk = i(qj)»ATJk.x*

If again a constant control strategy is used, then eq. (3.51) is 
reduced to:

yk*Ti<J> = Yk(J> + d<j >*U* (3.52)

with
d<j) = i (q j)»Vik‘k]»Bki-0

Repeating the same procedure for each subsystem, a vector of pre­
dicted outputs can be obtained:

%+t = Ik + D»u* (3.53)

where: yk*T1 (1 ) 
yk+T2(2)

Yk (1) 
Yk (2)

d(l)
d(2)

=
yk*T»<m>

Ik =
Yk (m)

D =
d(m)

Rote that in this case the control is chosen constant over the 
horizon T, where the horizon T = Max(Tl, T2.... . Tm).
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The predicted output errors vector is then defined by:

err**T = y\+r - I* - D»Uk

where y*k«.T is the vector of the reference values for the outputs y(j) 
at time k+Tj.

If now the control objective is to drive the expected value of 
the predicted output errors vector to zero, the control is given by:

Ik = D-’.< y V T - Ik > (3.54)

It is assumed that for observable, controllable and stable 
plants, the matrix D will be non-singular if long enough control 
horizons are used. In any case, it has been shown that if a single­
horizon for all the outputs is chosen long enough, the matrix D can be 
made invertible CYdstie, 1982].

As usual, only the first control input of the sequence <uu >/.V 
is computed and applied each sample interval.

The main design parameters in this algorithm are:
a) the time-horizons for each output
b) the order of the MISO subsystems, or equivalently,the 
structural indices
c) the information content of the RLS estimator for each
subsystem

It is also necessary to provide the initial value of the 
covariance matrix, the initial model parameter estimates and the gains 
of the states filter, but the performance of the self-tuner is not 
sensitive to these values.

For example, in this work the values usually employed are:
d) Pit = 1012, for all the estimates.
e) L  = G.
f) f* = . 1, for all the elements in the innovations vector.

An example of this algorithm is given in Appendix E.
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In summary the multivariable self-tuner is given by:

Algorithm IV

i) vk (j) = yk - yk 5 J = 1. ... . m
yk(j) = z*-i <J (j >
Z*-1 ( j  ) = t X.' k-nJ ! U.'k-1 i ................. ..  l l 'k -n j3

£'k-i(J) = Ca(j); £<qj>; ........ ; £<pj>]
£(j >= Ca4i (1).. . aj, (nl) aj2(l).. . aj2(n2) • • • • aiB(l).. . a^Cnm) ]

ii) a RLS estimator with variable forgetting factor is
Asequentially applied to update the parameter vectors 6_(j).

For j=l to m:
wk = Zk-i <j >*Pk-,  ( j ) « 2 . ' k - i  <j > 

nk = 1 - wk - v2k (j) /Z0 <j)
Xk (j) = (nk + n2k + 4#wk )/2 
Kk = Pk-iCj)#z.,k.,(j)/(Xk(j) + wk> 
k  (j) = + Kk»vk(j)
Pk(j) = C Pfc_, €J > - &#£■„• (Xk<J> + wk)]/Xk(j>

Pk (j) = covariance matrix 
Z0<j> = information content 
Xk (j) = forgetting factor

iii) the states are estimated by the filter:
A  *  / \  ^Xk/k-i — Ak»Xk-i t
Kk = Xk/k-i + TiC't'Cyj, - C»Xk/k-il

the matrix G = r»C' contains m gains "i <j) that are 
selected as small constants.

iv) the control is computed from:
U* = D-'»(y*k,T - L,) 

where the rows of the matrix D are:
ICj) = ; j = 1.... m1-0

and the elements of X* are:
Yk(j) = l(qj) •ATJk#xk ; j = 1.... m

v) Go to (i)
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3.2.3.- A Eeedback-Feedforward Multivariable Self-Tuner 
In this section a multivariable regulator is developed which 

considers feedforward as well as feedback action. The regulator 
possess the same structure as the previous self-tuner, but a measura­
ble disturbance appears in the model.

The innovations form of the state equations are modified to in­
corporate the measurable disturbance:

2*-h = A»x* + B#]!* + H»sa + Kig* (3 .5 5 . a)

y* = C»Xk + e* < 3 .55 .b )

where j* e R“ is the vector of measured disturbances. H e RnxR*, the 
disturbance matrix, is full like matrices B and K in eq. (3.42).

The rest of the notation corresponds with eq. (3.42), and it is 
assumed that eqs. (3.55) are in row-companion canonical form.

To get the estimates of the matrices' parameters, the outputs 
y(j) in eq. (3.55.b) can be expressed [following the same procedure as 
in Appendix C3 by:

yk(j) = Z*-i(j>*8j +--vk(j) (3.56)

with :

= tat'fc-nj; u.Vi,. • •; u.V„j; hV i... hV „ j]
6.' (j) = Ca(j); b<qj),...f fc(pj); fc(qj),..., h(pj)3

the h(j)'s are the row-vectors of the H matrix.
The residual is given by:

vk(j> = ek(j) + Zk(qj+i-l>«fi*-i (3.57)i-l

As in eq. (3.44), the residual vk is uncorrelated with the state 
vector x*-nj, then a RLS estimator gives an unbiased estimate of Q.(j) 
at time k, based on states at time k-nj.

In the same way as in section (3.2.2), an RLS estimator with va­
riable forgetting factor is sequentially used to update the vectors
S.CJ ) .
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Using the parameter estimates $* (J>, the states can be obtained 
by the following filter:

Jwk-i = Ak»Xk_, + + Hki j (3.58. a)

Xk = Xk/k-i t rk.C'.<yk — (3.58. b)

where the gain matrix Tk is defined in eq. (3.48.b)

The control strategy is to drive the expected value of the 
predicted output error to zero.

As in eq. (3.50) the predicted output_ y(J> Tj-step ahead is:

y».Tj < j > = yk(J> + + KqJJttiilM.H.iBi,.,i-0
TJ-1

I t
i - 0

(3.59)
and

Yk<j> = i_(qj ) *AT\ iXk

Equation (3.59) includes future values of the control and the 
disturbance vectors. Several assumptions can be made about future dis­
turbances [see section (3.1.2)], and also infinite combinations of the 
input control sequence can comply with the control objective [see 
section (3.1.1)].

To simplify, it is assumed that the control inputs remain
constant during the horizon T, where T=Max(Tl, T2......Tm), and the
disturbances change by steps and remain constant for long periods.

If this is the case, then eq. (3.59) can be reduced to:

y k+T i ( j )  = Yk(j> + d(J)iUk + s / j ) * ^  (3.60)

with:
4<J> = t<qj)i[Tl‘k)iBki-0

£(j) = i(qj)*[Tlik]»Hk 1-0

And considering all the outputs:

%+t = I* + Dill* + Silk (3.61)
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where S Is defined by:

S' = [£' (1), £' (2)..... . £' <m)]

The control objective is then satisfied by the following input:

Uh = D"’»{ y.VT - 1m -  Sim* ) (3.62)

It is again assumed that D can be made non-singular for stable, 
controllable and observable plants, if the horizons Tj are chosen long 
enough.

The control (3.62) works in a receding horizon manner; namely 
only the first control of the sequence over the horizon is computed 
and applied each time interval.

Fo other design parameter is required in this algorithm, so that 
it only needs:

a) time-horizons
b) structural indices
c) information contents
d) initial covariance matrix
e) initial parameter estimates
f) filter gains

An example is developed in Appendix E using this algorithm.
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Algorithm V
i)vk = yk - yk

yk (j) = a*-! (j )»Q* >
Zk-, <J> = CX'k-njJ ll'k-l,...; ii'k-njl

.. , m

e.\(j> = £<qj>.... £<pj>; £(qj>....
ii)a RLS estimator with variable forgetting factor updates
the vectors Q.C j ).
For j=l to m:

Wk =  Z * - i < j ) * P k - i < j > « Z . ' k - i < j )  

nk = i - wk - v2k(j)/r0<j>
Xk(j) = (nk + n2k + 4»wk )/2 
Kk = Pk-1(J)»2L,k-,(j)/(Xk(j) + wk>

= SL,<j> + K**vk(j>
Pk(j) = CPk-,Cj) - Kk»K\»<Xk<j> + wk)]/xk(J>

where G contains m constant filter gains *(j).
iv)control law:

U* = D"’» <y*k«.T - L  - StM,)
the row-vectors of the matrices D and S are given by:

Pk <j> = covariance matrix 
Io<j> = information content 
Xk (j) = forgetting factor

iii)the states are given by:
Xk/k-i = Ak»Xk_, + Bk»Uk-i + Hk»Mk-i 
Xk = L/k-, + G»<yv - C»Xk/k_,>

K j  > = i ( q j ) * t T i ik]iBk
i - 0

S<j> = i<qj).[r?‘k].Hki-0
and the elements of the vector X. by:

Yfc (j ) = i<qj)*A^k.Sk 
v) goto (i)

.* J = 1, ...  m
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CHAPTER 4 EXPERIMEITAL SYSTEM

4.1 The Process

A C02 absorption/desorption pilot plant (see Fig. 4.1) was used 
to test some of the proposed adaptive algorithms.

cw

Keys:
A Absorption column

C Condenser

CW Cooling water

H Heat exchanger

R Reboiler

S Stripping column

T Separation tank

Y Cyclone

Fig. 4.1 Absorption/Desorption Pilot Plant

Purification of large volumes of sour gas requires a process that 
is efficient and relatively low in cost. The alkanolamine process has 
emerged as one of the most commonly used industrial methods. It is ba­
sed on the reaction of a weak base (alkanolamine) and a weak acid (C02 
or H2S) to give a water-soluble, relatively unstable, salt.

The process is carried out in two columns. In one column the sour 
gas is contacted with the alkanolamine solution, where the C02 or H2S 
is absorbed. In the other column the solution is boiled and freed of 
the C02 or H2S, and then fed again to the first column. In this parti­
cular pilot plant a gaseous stream of 10% C02 in nitrogen is fed into
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the base of the absorber and flows upward, countercurrrent to an 
aqueous monoethanolamine (MEA) solution, which reacts with and absorbs 
the C02. The absorber is a packed column (25 cm diameter, 9 m high) 
which operates at 2-4 bar pressure and 30-50*C. The exit solution, 
rich in C02, is pumped from the bottom of the absorber through a heat 
exchanger where it is heated to approximately 70-90*C by the hot 
solution coming from the desorber. The amine solution is then sent to 
the upper section of the regenerator and flows downward, contacting 
the hot vapours from the reboiler, and liberating the C02. The desorp­
tion column (25 cm diameter) which has 20 sieve trays operates at 0.7-
1.3 bar and 90-110*C. These conditions suffice to remove most of the 
C02. The gas liberated from the amine solution contains a large 
portion of water vapour which is removed by passing the hot vapour 
mixture through a condenser. The condensate is recycled to the desor­
ber. The liberated C02 is normally vented or sent on for further pro­
cessing. In our plant, in order to economize on material, the C02 can 
be fed again to the system rather than vented. The hot reconcentrated 
solution flows from the reboiler to a pair of heat exchangers. Here it 
is first cooled by the incoming cold rich solution and further cooled 
by water. The cool amine solution is then pumped back to the absorber, 
thus completing the cycle.

The. Control Loops used in the Experiments
1) The cooling water flow rates of the heat exchanger and the 

condenser were used in several experiments. These are simple, safe and 
non-interacting loops suitable for testing multivariable controllers 
and performing other unusual tests such as start-up, large determinis­
tic changes and overnight runs.
2) Similarly the level of the liquid in the absorber was used to 
test the robustness of the proposed algorithms under unknown and va­
riable time delays. Formally the level of the liquid in the bottom of 
the absorption column is controlled by the outlet valve (configuration 
#1 in Fig. 4.2), in this case the time delay between the control and 
the output is less than 10 seconds. In addition, an artificially 
difficult configuration was constructed, where the level is controlled 
by the inlet valve (configuration #2). This abnormal arrangement in-

jtroduced a large time delay resulting from the trickling flow down the 
packed column. Furthermore, the time delay is highly dependent on the 
liquid flow rate, the gas flow rate up the column, and the previous 
state of the column. This delay can vary between 30 and 90 seconds.



65

3) Other workers have studied control of the column pressures and 
exit gas composition.

Fig. 4.2 Level Control Configurations

Instrumentation
The flow rates studied are measured by standard orifice plates. 

The pneumatic signal is converted by the P/I transducer into a 4-20 mA 
electric signal. The liquid level is measured using a differential 
pressure cell and transduced to 4-20 mA as above. The control valves 
are conventional pneumatically driven plug valves. To reduce the 
travel time of the valve stem, the valves are equipped with pneumatic 
boosters and, in certain critical cases, valve positioners.

The Control Implementation

A S I
H E B
A 4 U R M K
L 4 N ----- > I I ----- >
0 0 I / E S 4
G O T \ S I \ --- 3
I 4
C 1 1
Fig. 4.3 Hardware Configuration
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An Analogic 4400 unit receives and sends information to the plant 
(see fig. 4.3), and it also does the analogue/digital conversion, 
i.e., it converts all the plant measurements to a suitable digital 
form, sends the required analogue signals to the control valves and 
sends digital signals to pumps and motors. A series 1 minicomputer 
links the Analogic unit with the mainframe computer (IBM 4341), where 
all of the control calculations are performed.

Fig. 4.4 Software Configuration

A special control package called ACS (Advanced Control System) 
enables the monitoring and control of the plant with built-in standard 
strategies. The plant can also be controlled from VM/CMS operating 
system (which is the usual environment for running programs in IBM 
computers) using an interface with ACS, which allows the engineer to 
implement any algorithm written in FORTRAN, PL/1 or ASSEMBLER.

The entire process is controlled using the standard IBM operating 
system (OS/VS1), and a special extension SRTOS (Special Real Time 
Operating System) which provides the real-time data management.
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4.2. The; ACS Package

ACS is a package for on-line control of different kinds of pro­
cesses. Basically ACS consists of a real time database and a 
processor.

The database is continuously fed with information from the plant, 
and this information is available to the user at any moment through 
special displays. This information is called 'variables' in ACS, and 
there are several types of variables. Each variable has associated 
attributes called 'items'. The collection of variables and its items 
form the core of the ACS database.

The processor is formed by a group of programs which operate with 
the variables of the database, modifying some plant variables and/or 
the database itself. Among the programs, ACS provides built-in 
standard control strategies (PID, ratio control, feedforward, cascade, 
etc. ) which the engineer can directly use. If the user needs to do 
some special calculations, they can be done using a language called GA 
(General Algorithm), which resembles a pocket calculator programming 
language, but with limited editing facilities.

For developing more advanced algorithms it is easier to use an 
interface facility, which enables the engineer to program directly in 
FORTRAN or PL/1.

The .Variables in, ACS
Variables are assigned names using a ten-character 'tag*. The tag 

has three components, the unit identifier, which defines the process 
associated with the variable; the service identifier, which defines 
the kind of measurement and a number to completely specify the 
variable. For example, 'AD V 001' is the valve # 1 of the Absorption 
Plant, 'XL F 007' is the flow # 7 of the Crystallization Plant, and 
'CR T 005' is the temperature # 5 of the Catalytic Reactor. So that 
AD, XL and CR are unit identifiers; V, F, T are service identifiers; 
and 001, 007 ,005 are specification numbers.

The most important types of variables in ACS are the full value 
variables (FVV) and the miscellaneous variables.

The FVV's are directly related with the plant (measurements and 
manipulated variables) and they have associated approximately 60 
different items. The most commonly used items are the current value 
(item 10), the set point (item 40), and the output (item 80).
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The miscellaneous variables have associated 2 items, the current 
value (item 10) and the initial value (item 11). These variables are 
mainly used to store and retrieve various results of computations, 
they can also be used to provide parameters in advanced control 
algorithms.

Interaction with ACS
The interaction with ACS is based on special tables and displays. 

The tables are mainly used to define variables and control strategies. 
The direct access to the database is through displays, where the user 
can see the value of any variable and change it, when it is possible. 
Some basic displays will be described as a preliminary guide into ACS 
for those users interested in FORTRAN implementations.

a) The operator displays : Typing 'UN O' the user can get a list of 
all the displays associated with the process unit identified by 'UN'.
b) The engineers menu : There is a higher level menu called by typing 
'XXO', which contains a list of the displays that allow the engineer 
to do more fundamental changes in the system. There are two of these 
displays which are basic for any FORTRAN implementation in ACS.
c) The XX3 (USER PROGRAM LIBRARY) : It contains a summary of all the 
programs callable by ACS or the operator. From this display the 
engineer can change the status of the program from 'TEST' to 'RUN' 
mode and vice versa (see User Interface, section 4.3).
d) The XX9__(J) I SPLAY/VARIABLE DEFINITION MENU) : This is probably the
most important xx display. Here the engineer can define variables, 
control structures, displays, etc. .

4.3. The .User Interface

ACS provides an interface which allows FORTRAN, PL/1, and 
ASSEMBLER programs to update the real time database.

This section will describe a method of calling user written 
FORTRAN programs via the Database Server which is one implementation 
of the ACS interface.

The FORTRAN programs should be coded according to a certain 
structure. An example is given in Fig. 4.4. The interface routines 
that appear in Fig. 4.4 are explained below, and they are grouped in 
alphabetical order.
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PROGRAM NAME
C declaration 
C and DATA 
C statements

C connection with 
C database
IRC = DBSOPN(pi,p2)

C initialization of 
C user written 
C program

C starting time 
CALL STCK(TSTART)

C the cycle
CALL STARTT(ST) 
CALL STCK(TNOV)
C get data 
CALL GETUAF <.... )
C control calculations
C put results 
CALL PVARF (__ )
C print output
C wait for next 
C interval
CALL VAIT4T(REM)

C disconnection from 
C database
IRC = DBSCLOO

STOP
END

C user subprograms

Fig. 4.4 A Possible Structure for a Database 
Server FORTRAN Program.



70

Interface Routines

FUNCTION DBSCLCK)
This function disconnects the FORTRAN program from the database, 

and should be called once only at the end of the program before the 
STOP statement.

FUNCTION DBSOPN(VS1NAM,JOBNAM)
This function connects the program with the database and should 

be called once only where the program is initialized before any 
request to the database. The parameters VS1NAM and JOBNAM are 
CHARACTERtlO variables, and should be provided by the ACS operator. 
These are user identification codes.

SUBROUTINE GETUAF(IRC,UAT,VALIN,IRETC)
The simplest way to retrieve information from the ACS database, 

is through special arrays called User Access Tables (UAT). The UAT's 
are defined via the File Builder (XX9) using a special form. This 
special form should be filled with a list of the variables (and its 
item numbers) to be retrieved. The UAT's do not allow more than ten 
variables, but there is no limitation on the number of UAT's used.

The GETUAF routine gets values from the database by means of the 
UAT's.

IRC is the return code and it must be defined as INTEGER*4. If 
IRC is different from zero, it means that the operation 
was unsuccessful.

UAT is the User Access Table number as defined in the File 
Builder form in ACS.

VALIN is the array that will receive the values of the UAT va­
riables. It should be an array of dimension at least equal 
to the number of values in the UAT. If a mixture of real 
and integer values is expected, the EQUIVALENCE statement 
must be used.

IRETC defines the array of return codes for each retrieved data. 
It must be defined as INTEGER*4, and dimension 10. A 
successful operation return a value of IRETC equal zero 
for each data.
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For example, if the current value and the set point of the flow 
#8 of the Absorption Plant are needed, a typical call can be:

CALL GETUAF(IRC,19,VALIN,IRETC)
YF8 =VALim>
SPF8=VALIN(2)

the UAT # 19 is shown in fig.4.5. The values are received in engineer­
ing units.

FORMUA01 Uft 19

VSER ACCESS TABLE
00 TABLE DEFINITION IT-Define Table. X~Delete Table)
01 AD F 008 10 variable NAME; ITE71 NUMBER
02 AD F 008 40 Variab le Naine; Item Number
03 AD V 010 40 Variable Name ; Item Number
04 AD V 010 10 Var i ab Le Name ; Item Number05 AD L 996 10 Var iable Name ; Item Number
06 AD L 99 5 10 Variab le Name; Item Number
0? AD L 9B9 10 Var iab le Name; Item Humber
0B AD L *37 10 Varlab le Name; Item Number09 AD L 939 10 Var lab le Name ; Item Number
10 AD L 938 10 Var i ab le Name; I tern Number

Fig. 4.5 Example of an User Access Table Display

SUBROUTINE PVARF(IRC, TAGOUT,TAGNUM,ITMOUT,ITMNUM,VALOUT, IRETC,IPROG)
This routine put a list of values in the database. The result of 

the call could be a mixture of successful and unsuccessful operations, 
so it is convenient to check the return codes for each output.

IRC and IRETC are the same as in GETUAF. IPROG is ignored.
TAGOUT is a CHARACTER*10 array which contains the tag names of 

the values to be changed.
TAGNUM is the dimension of the TAGOUT array, and should be an 

IFTEGER*4 variable. The maximum value is 50.
ITMOUT is an INTEGER*4 array that contains the item numbers of 

the values to be changed.
ITMNUM is the dimension of the ITMOUT array, and is also an 

INTEGERS variable.
VALOUT is the array of the values of the variables to be put

in the database. It should be defined as REAL*4, and with 
a suitable dimension.

In case one needs to change the set points of the valves V10 and 
V6 to control the flows F8 and F6 of the Absorption Plant, a typical 
call can be:
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TAGOUT(1)='AD V 010'
TAGOUT(2)='AD V 006'
ITMOUT(1)=40 
ITMOUT(2)=40 
VALOUT(1)=SPV10 
VALOUT(2)=SPV6
CALL PVARFCIRC,TAGOUT,2,ITMOUT,2,VALOUT,IRETC,IPROG) 

SUBROUTIHE STARTT(ST)
This routine initiate the cycle time, where ST is a real variable 

that represents the sample time in seconds. This routine should be 
called at the beginning of each cycle.

SUBROUTIHE STCK(TOD)
STCK will return the CPU Time-of-Dav clock in seconds. The value 

returned can be used to calculate time intervals. TOD is a REAL*8 va­
riable.

SUBROUTIHE VAIT4T(REM)
It waits till the time set by STARTT expires. It must be called 

at the end of each cycle. REM is a REAL*4 variable which contains the 
amount of time interval left when VAIT4T was called. The computing 
time per interval can be easily calculated using REM.

There are to ways of getting out of the cycle. The simplest one 
is by just pressing 'HX' in the CMS terminal. The other one which 
provides more flexibility, consists on defining a miscellaneous 
variable in ACS that is read from the FORTRAH program each interval. 
This variable can be changed by the user from an ACS terminal. The 
program will end the cycle according to the value of this variable, by 
diverting the program to the DBSCLO call.

After compilation and loading under CMS the program can run in 
real time. This means that the engineer can use all the debugging 
facilities of CMS, store the data directly in CMS, use all the 
libraries in CMS and even interact while the program is running.
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If the Database Server is set to 'TEST' mode (XX3 display in 
ACS), the programs running under real time CMS can only read from the 
ACS database but will be unable to alter it; the results are 
automatically sent to the printer. In that way the user can check the 
correct operation of the program. Once the Database Server is in 'RUM' 
mode the database will be updated.

One of the problems associated with the Database Server is rela­
ted with synchronization. VM/CMS is not reliable enough to guarantee 
scheduling on less than 2 seconds sampling interval. This uncertainty 
depends on the mainframe's load, but varies around +/- 0.5 secs. In 
our case this fact was unimportant, since the smallest cycle time for 
user-written programs was 6 seconds. A more serious problem arises 
from the desynchronization between the ACS sample interval and the 
cycle interval defined in the FORTRAN program. For example, if the 
variables are sampled each 4 seconds, and the control implementation 
rate is 10 seconds, it means that the real control interval is 
variable between 10 and 14 seconds, introducing an undesirable non­
linearity in the system. So it is a good practice to use cycle times 
in the FORTRAN program which are multiples of the sampling rate used 
by ACS.

It also seems that ACS use fewer bits in its number representa­
tion than does VM/CMS; hence it is advisable to scale the inputs and 
outputs to the same order of magnitude in order to reduce numerical 
problems.
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CHAPTER 5 RESULTS AID DISCUSSIQI

Results obtained in simulations and pilot-plant experiments, 
using a range of adaptive algorithms, are reported and discussed in 
this Chapter. These algorithms are presented in Chapter 3 and Appendix 
I.

The chapter is divided into two main sections. The first one 
focuses on SISO transfer function based algorithms and the second 
deals with MIMO state-space self-tuners. In both cases, feedback and 
feedback-feedforward controllers are tested.

The merits of the different adaptive algorithms are compared on 
the basis of their robustness against unmeasured deterministic dis­
turbances, time-delays, interaction tin the multivariable case] and 
selection of initial parameters like model orders and time-horizons.

Further improvements to the proposed algorithms are discussed.

5.1.- Polynomial Algorithms

This section is divided into two parts. The first part discusses 
and compares different ways of implementing feedback STR algorithms 
using simulations and experiments. The comparison of the different 
strategies is focused on their robustness against unmeasured 
deterministic disturbances.

The second part studies the performance of an incremental 
feedback-feedforward [FB/FF] self-tuning regulator ESTR] in systems 
characterized by time-delays. Different model orders and time-horizons 
are used.
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5.1.1.-Feedback self-tuning Control 
As mentioned in Chapter 2, there are different ways of implemen­

ting a self-tuner. Positional or incremental and direct or indirect 
self-tuners can be used. In the following sub-section, these 
approaches are discussed and compared using simulations and 
experiments. The basis of comparison is the ability of these 
algorithms to cope with unmeasured deterministic disturbances.

Other important issues like control strategy selection and bias 
estimation are also treated in this sub-section.

EosltipnaL_ys_ Incremental Formulation
Offset is a typical problem that arises when self-tuning regula­

tors are implemented in real plants. Offset is the steady-state 
deviation of the output of the controlled process from the reference 
value. It is mainly the result of the intrinsic non-linearity of most 
real processes and of unmeasured deterministic disturbances. Other 
sources of offset are discussed by Clarke et al (1983).

Various solutions for the elimination of offset have been propo­
sed [Clarke et al (1983)], but only two are commonly used in real-time 
applications:

a) positional formulation with a bias term included
b) incremental formulation

In the present study, a range of experiments have been carried 
out with each of the two methods.

a) The positional formulation method, which is also known as the 
"one in the data vector" method, consists in a positional model which 
estimates a bias parameter along with the rest of the model 
parameters:

A(z_,)iy = B(z_,)»y + ZT (5.1)

In terms of parameter estimation for extended-horizon, the data 
vector ±  and the parameters vector IT are given by:

- J k  — £ y k  * V k - 1  » • • * * Vk- rv . 1  ! ^ k + T - l >  * • • » ^ k - n + l J  1 ]

T L  — [  t ^ 2 *  * * • > $ 2 t  * * * * $ T + n - l  I &  ]
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In Appendix I, the method is described in detail for the 
extended-horizon control strategy.

Clarke and collaborators (1983) pointed out a series of disadvan­
tages with this method, which coincide with our own experience.

It may be observed that the nature of £ is different from the 
rest of the parameters in the 6_ vector. This is because the changes in 
the bias parameter are caused by load disturbances and non- 
linearities, while the changes in the rest of the model parameters are 
mainly caused by non-linearities. Based on this difference, the rate 
of change of the bias parameter 6 would be expected to be much higher 
than that of the other parameters, as the plant would normally expe­
rience deterministic disturbances. Contrary to this expectation, 
however, when the "one in the data vector" method [with a variable 
forgetting factor RLS algorithm] is used to estimate the "S. vector, it

A  Acan be found that [even in a linear system] the oc, p, and 6 parameter 
estimates change at the same rate; and the rate depends on the 
information content (E0) used. In other words, if the estimator is 
made sensitive enough to achieve a good load rejection [by choosing a

Asmall E0], not only will the bias S parameter estimate change, but, 
undesirably, so will the rest of the parameter estimates.

According to Clarke, the "one in the data vector" method is 
effective when the associated 6k parameter [see Appendix I] is cons­
tant, but cannot easily cope with changes in the load level.

To illustrate this phenomenon, a first order system was simulated 
and controlled using a SISO self-tuning regulator. The estimation was 
carried out using the "one in the data vector".

Figure (5.1) shows a typical simulation result when the posi­
tional algorithm is used to control systems subjected to frequent load 
changes. In this particular case, the following first order linear 
model was used in the simulation:

yfc = . 951«yk_, + . 439iuk_, - . 212»<Sk_, + 28.09 (5.2)

The system was assumed to be second order, the information 
content I0 was set to 1 and a dead-beat control was applied [T=l].
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It can be seen in Figs. (5.1.b), C5.1.c) and (5.1.d) that all the 
parameter estimates vary drastically when the load level changes [Sk 
varying in steps], even though the rest of the parameters in eq. (5.2) 
are kept constant. However, as soon as the load stops changing, the 
parameter estimates stabilize despite the set point changes, denoting 
that the changes in the parameter estimates are exclusively due to the 
load disturbances. Simulations performed with other initial parameter 
settings showed similar results. If a very large value of £0 is used, 
making the estimator insensitive, the parameter estimates will not 
change appreciably under load disturbances. However, it will take too 
long to overcome the offset and to adapt to any changes in model 
parameters.

At first glance, it seems that the abnormal behaviour shown in 
Figs. (5.1.c) and <5.1.d) does not affect the performance of the 
controller [see Fig. (5.1.a)]. However, practical experience has shown 
that eventually, unnecessary changes in the parameter estimates can 
induce degradation in the control parameters, affecting the stability 
and robustness of the whole adaptive control algorithm. This 
phenomenon has also been observed by Morris et al (1985). 's

b) It has been argued CClarke, 1983] that the numerical proper­
ties of the RLS estimator can be significantly improved by using a 
zero-mean data vector; namely the data vector includes only steady- 
state zero-mean variables. Moreover, it has been shown [Fortescue,
1977] that using difference values [which are steady-state zero-mean 
variables] in the data vector is equivalent to having an integrator in 
cascade. These are the reasons why an incremental formulation has been 
suggested; in addition to increasing the robustness, this formulation 
overcomes the offset problem in a natural way.

For the case of extended-horizon control, it has been shown in 
section (3.1) that the data and parameter estimate incremental vectors 
are:

_£k = £ Ayk, Ayk_,, ..., Ayk-„-i; Auk+T_,, Auk+T_2, . .., Auk_n+1]

6.' —  ̂ I ®2* .... * £l > $2) ....... ]
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The positional and the incremental method can be compared in 
Figs. (5.1) and (5.2). Figure (5.2) shows the results obtained when 
the same system used in the simulation shown by Fig. (5.1) is control­
led with the incremental algorithm described in section (3.1.1). The 
initial parameter settings are the same in both simulations.

It can be observed in Fig. (5.2.c) that the parameters converge 
fairly quickly and remain constant despite the load disturbances. 
There is no bias estimation, but the output is kept at the desired 
level CFig. (5.2.a)]. Many other simulations showed similar results.

Bias Estimation with Incremental Control
In the development of section (3.1.1), it was assumed that the 

bias parameter Sk remains constant for long periods. Based on this 
assumption, the estimation of the bias parameter was eliminated in the 
incremental algorithm. However, it can be argued that the estimation 
of a bias parameter would improve the performance of the controller 
even in the incremental formulation. As is shown below, our own 
experience contradicts this assertion.

Figure (5.3) compares the incremental algorithm with and without 
offset estimation in controlling a real-time furnace simulator 
implemented in the ACS package provided by IBM [see chapter 4].

The simulator is a multivariable interactive system; one of the 
control objectives is to keep the product at a desired temperature; 
600* in this case. The valve which controls the fuel oil feed rate is 
manipulated to achieve this objective and the unmeasured disturbance 
is given by step changes in the process stream feed rate. Further 
details about this simulator are given in IBM (1984).

In these simulation experiments, an equal increment control
strategy is used [see section (3.1.1)], so that the reciprocal of the 
gain, with no offset estimation, is given by:

d (5.3)

and when the offset is estimated:

= d + 6d' (5.4)
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The same values of model order and time-horizon were used in both 
simulations. The information content Z0 was set to one in the 
simulation without offset. However, it was necessary to use a value of 
I0 = 100 in the case with offset estimation, in order to obtain a 
relatively stable performance. In Figs. (5.3.a) and (5.3.b) the 
product temperature is measured in *F and represented by y; the 
control valve position, represented by u, is given in percentagexlO.

Figures (5.3.a) and (5.3.b> show that the algorithm without 
offset estimation performs much better than the one with offset 
estimation. It can also be seen in Fig. (5.3.c> that the reciprocal of 
the controller gain <d) is fairly stable in the first case.

On the other hand, when the offset is estimated, the gain 1/d* 
varies quite drastically [Fig. (5.3.d>] and even changes sign. This is 
caused by similar changes in the estimate of the offset parameter, 6. 
It can be observed from the behaviour of X shown in Fig. (5.3.f) that 
the RLS estimator permanently forgets information. The effect of this 
is to decrease the confidence of the estimator in its parameter 
estimates, so that they jump from one value to another.

Many other simulations with the offset estimation algorithm 
showed the same poor behaviour which is caused by the abrupt changes 
in the bias estimate when load changes occur.

Control Strategy
The performance of the extended-horizon self-tuning regulator 

also depends on the control strategy selected. In section (3.1) 
several control strategies were mentioned. Two of these are compared 
below:

a) equal-increments
b) constant control

The justification for using these strategies is given in the next 
section.

a) In Fig. (5.4) two experiments are shown, in which the equal- 
increments approach is used to control the level of the pilot-plant 
absorption column. The inlet valve position is the manipulated 
variable [configuration 2 in Fig. (4.2)] and the disturbance is 
provided by step changes in the outlet flow. In both experiments the 
sample time was 35 sec and the information content I0 = -001 .
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In one of the experiments [Figs. (5.4.a) and (5.4.b)], the model 
order n and the time-horizon T were both set to 4. It can be seen in 
Fig. (5.4.b) that the d parameter changes by jumps each time a 
disturbance enters the system Ct=40, t=60, t=80 and t=90]; sometimes 
it changes sign causing the valve [Fig. (5.4.a)] to move in the wrong 
direction.

In the other experiment [Figs. (5.4.c) and (5.4.d)3 the initial 
parameters were set to n=3 and T=5. Figure (5.4.d) shows that the d 
parameter drifts to zero, instead of changing in jumps; eventually it 
changes sign. In this experiment the controller gain [1/d] remains for 
a longer period with an incorrect sign and consequently, the level 
[Fig. (5.4.c)3 stays longer away from the set point.

Performance can apparently be improved if the RLS estimator is 
made less sensitive by selecting a larger I0, as in the simulation 
shown in Fig. (5.3). However, if the system is continuously affected 
by load disturbances, the d parameter will still drift to zero and 
eventually will change sign. The controller gain will remain for an 
even longer period with the opposite sign since the RLS estimator has 
been made relatively insensitive. Clearly, in this condition the 
closed-loop becomes unstable.

One would have expected better behaviour for equal increments 
because the called for control action is gradual. However, the reci­
procal of the gain d given in eq. (5.3) depends on the first 0[frô pi f-oA -pTJ parameter estimates. Practical experience has shown that these 
estimates change considerably when the system is subjected to loadAdisturbances. These J3 estimates drift to zero or change in jumps, 
causing similar changes in the reciprocal of the controller gain [see 
next section].

b) A better approach is to select the constant control strategy.
AIn this case, the reciprocal of the controller gain is given by the |3T 

estimate. As practical experience has shown, this estimate is not 
affected by load changes [see next section] so that a more robust 
controller is obtained.

Figure (5.5) compares the constant control and the equal-incre­
ments control strategies. The level of the absorption column is 
controlled by the outlet valve, so that no control delay is present; 
the disturbance is produced by changing the inlet flow. The initial 
parameters are set at the same value in both experiments. The only 
difference is that a sample interval (ST) of 10 sec is used in the
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first case and one of 12 sec in the second case. However, the diffe­
rence is irrelevant.

In the experiment shown in Fig. (5.5.c), the performance of the 
controller with equal increments strategy appears reasonably good when 
the plant is subjected to set point changes; namely from time t=10 to 
t=90. However, when load changes occur (t=100 and t=105), the 
controller gain [Fig. (5.5.d)3 changes sign and produces a control 
action in the wrong direction. In this situation, the system becomes 
unstable and the column overflows.

On the other hand, the results obtained with the constant control 
strategy [Figs. (5.5. a) and <5.5.b>] are much better. The reciprocal 
of the controller gain, after convergence, remains constant despite 
the load disturbances. In this case, an almost perfect regulation is 
achieved.

Direct,, gs.. Indirect:
a) The control algorithms discussed above were all of the direct 

type. These algorithms employ a predictor model to estimate the plant 
parameters. The adaptive controller make use of these estimates 
without modifying them. It is generally argued that by this method a 
considerable amount of computing time can be saved since it is not 
necessary to calculate the control parameters from the model. However, 
it was found by experience that this approach can lead to problems in 
cases where the system is affected by a series of deterministic load 
changes. This is due to the fact that the estimator does not use the 
most recent values of the output to update the parameter estimates. 
The convergence of the algorithm is relatively slow, especially when 
the extended-horizon strategy is used.

Consider for example the measurement equation (3.7) of section 
(3.1.1):

yk = yk-T + (5.5)
with:

f  k-T = [ a y k_T, A y k_T_ , , • • • t Ayk_T-n+l » AUk_i , AUk_2, « * . , A uk_n_T+, ]
A /\ A A A

a* = [ a » .  <*2.......................................... I P 1 > ^ 2 t •
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It can be seen that the data vector does not contain the va­
lues of the known outputs from time t=k-l to t=k-T+l. This is irrele­
vant for linear systems with constant parameters since, in principle, 
once the parameter estimates have converged, no more data is needed. 
However, if any plant parameter suffers a drastic change at time t=k, 
the parameter estimator will not realize the change has occurred until 
T-l sample times later. The output yk will reflect the change in the 
plant earlier than any other item in the data vector. Increasing the 
horizon, amplifies the problem.

If the prediction-horizon is set to one in*a system that does not
have delay, the problem described above can be avoided. In this case,
the most recent information is used in the data vector £. However, the 
controlled system becomes minimum-variance, which leads to difficul­
ties of robustness.

The problem described can be appreciated by comparing Figs. (5.2) 
and (5.6). In both simulations an incremental direct self-tuner was 
used. The linear system was subjected to drastic changes in its load 
level <Sk. In Fig. (5.2) T was set to 1 and in Fig. (5.6) T was set to
3. It can be seen that in the system controlled with extended-horizon
T=3 the reciprocal of the controller gain $T [Fig. (5.6.c)] does not 
converge as fast as in the system controlled with T=1 [Fig. (5.2.b)3.

If the control input is affected by any delay [du] and a minimum- 
variance strategy is employed, problems will also occur with the 
direct control method. In this case, the first value in the data 
vector will be yk_du so that the estimation algorithm will only
perceive a change in the system du time intervals later.

b) One way to solve the above problem is by using a non-
predictive model [and, hence, the most up-to-date data] to estimate 
the plant parameters. The predicted output at time k+T can be computed 
from these parameter estimates, so that an extended-horizon control 
law can be applied.

This method is called indirect because the control parameters are 
obtained indirectly from the model parameters through further computa­
tion.

In the indirect approach the most recent values are used in the 
data vector. Any change in the controlled system is immediately sensed 
by the estimation algorithm. An extended-horizon control strategy can 
still be applied as with the direct approach, but at each interval the 
model parameter estimates are used to compute the control parameters.
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In this way, a more robust self-tuner can be obtained. Of course, the 
price paid is that at each interval more computing time is needed to 
obtain the control parameters, via the appropriate transformation.

In Appendix I an indirect extended-horizon controller is derived 
and the parameter transformation is given in a recursive form.

By way of comparison, the simulation shown in Fig. (5.6) was 
repeated in Fig. (5.7) with an indirect extended-horizon self-tuner. 
It can be seen in Figs. (5.7.c) and (5.6.c) that the 0T parameter 
converges much faster in the indirect controller than in the direct 
controller. It can also be observed in the simulation with the 
indirect approach, that the trace Tr of the covariance matrix [Fig. 
(5.7.b)3 reached lower values [compared with the trace shown in Fig. 
<5.6.b)], indicating more confidence in the parameter estimates.

The forgetting factor X [Figs. (5.6.c) and (5.7.c)3 also reflects 
the better performance of the estimator in the indirect case. Figure 
(5.6.b) shows that, initially, the j3T estimate had converged to its 
true value, but then it drifted away because valuable information was 
forgotten.

Furthermore, it ’can be appreciated that the control action is 
smoother with an indirect self-tuner, since the controller gain 
converges to a lower value [higher j3T] . This is another characteristic 
of this approach, observed in simulations and experiments, that 
enhance robustness.

Another advantage of the indirect approach is the ability to 
change the prediction-horizon T on-line, without the need of having 
various estimators operating simultaneously.

The main drawback of this method is the need to compute the con­
trol parameters through further computations, thus increasing the 
computing time required.

The indirect [explicit3 approach was implemented only towards the 
end of the project and very few experimental results have been 
obtained.

As an example, Fig. (5.8) gives the performance of an explicit 
algorithm with a constant control strategy controlling the liquid 
level of the absorption column . The manipulated variable is the out­
let valve [configuration 13 and the disturbance is produced by step 
changes in the inlet flow; these changes are applied approximately 
every 5 minutes from time t=50 to t=110.
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If Fig. (5.8) is compared with Fig. (5.5), it can be seen that 
the indirect [explicit] controller tolerates larger and more frequent 
load changes than the direct [implicit] controller, without much 
perturbation on the controller gain [Fig. (5.8.a)]. Moreover, the 
controller gain reached lower values [higher jM in the explicit 
algorithm [compared with )3T shown in Fig. (5.5.b)], producing a more 
robust control; even though a smaller order and a smaller control- 
horizon were used.

In spite of the limited experimental work, it is believed that 
the indirect approach is more robust than the direct approach, 
especially for load changes. However, the evidence is not conclusive 
and contradicts the experience of Ydstie (1986), so that much more 
work must be done to elucidate this issue.

(1986)
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5.1.2.- Feedback-Feedforward Self-tuning Control

An incremental FB/FF adaptive controller has been studied with 
experiments on the C02 pilot-plant as well as via simulations. The 
study has been focused on the following issues:

i) comparison between the FB/FF controller with a purely FB one
ii) sensitivity of the FB/FF controller to initial parameter 

selection
iii) robustness against time-delays on both the control and the 

measured disturbance
iv) initialization
v) direct disturbance transmission
vi) auto-tuning and detuning properties of the FB/FF adaptive 

controller

In order to simulate normal industrial practice, the rate of 
change of the control in all experiments shown in this sub-section has 
been limited to 20% of the input range:

I U* - uk.,l $ .2* (Umax - Umin) (5.6)

where Umax and Umin are the maximum and minimum value of the control 
variable. This is typical of constraints placed on controllers in 
chemical industry.

A measure of the feedforward compensation is given in the figures 
of this sub-section by the term X:

'X = &T "t + . . . + (S-r+q-j (5. 7)

This term is the summation of all the coefficient estimates of 
the disturbance polynomial that are included in the FB/FF control law 
defined in section (3.1.2).
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In the following, a series of experimental results obtained with 
the level control-loop [see chapter 43 are presented, in which both 
configurations are used:

i) configuration 1 in which the outlet valve is the manipulated 
variable and the disturbance is produced by changing the 
inlet flow.

ii) configuration 2 in which the inlet valve is the manipulated 
variable and the disturbance is produced by changing the 
outlet flow

The manipulated variables, denoted by u, operate between 0 and 
100%, but they appear in Figs. (5.9) to (5.16) scaled between 0 and 1. 
In these figures, the level is measured in metres and denoted by y.

EeedbackZFeedforward vs Purely Feedback Control

Figure (5.9) shows two experiments that compare a FB/FF self­
tuner with a purely FB one; an equal-increments control strategy is 
applied in both cases. In these experiments, the level is controlled 
with the inlet valve [configuration 2 in Fig. (4.2)3 and the measured 
disturbance is the outlet flow. This control configuration, as 
mentioned in Chapter 4, is characterized by a large an variable 
control-delay.

The information length I0 was set to .1 and the time-horizon T to 
5 in the FB/FF experiment. Vhile in the FB only case, Z0 was set to 
.01 and T was set to 4. The model order n and the sample time ST were 
the same in both experiments.

Figure (5.9.b) shows that the controller gain [d_,3 of the FB 
algorithm is very sensitive to the load changes applied at times t=40, 
t=60, t=80 and t=90. This gain takes on very large values [near zero 
values of d3 and even changes sign, causing large deviations in the 
level of the column.
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FIG 5.9:
F B /F F  AND FB CONTROL UNDER LOAD CHANGES

a) Inlet flow valve position (U), 
liquid level (Y) and reciprocal 
of the controller gain (d)

b) Inlet flow valve position (U), 
liquid level (Y) and reciprocal 
of the controller gain (d)
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On tlie other hand, the controller gain of the FB/FF algorithm 
[Fig. (5.9.a)] remains almost constant when the load disturbances 
enter the system [every five minutes from time t=115 to t=165]. The 
deviations from the set point shown by the liquid level are mainly due 
to the delay in the control action. Hote that no model had to be 
provided for the relationship between the measured disturbance and the 
output; only the model order was required. In this way, the main 
drawback of feedforward [non-adaptive] control, namely the requirement 
of the availability of a good process model, is avoided; the necessary 
I/O relationship has been estimated on-line.

Initial Settings. ■ Time-delays and Control Strategies

It was later detected that, under certain conditions, the perfor­
mance of the FB/FF self-tuning algorithm becomes deteriorated. Indeed, 
it has been observed that the reciprocal of the controller gain some­
times drifts to zero and even changes sign. This phenomenon, which 
affects the performance and stability of the closed-loop system, is 
due to a combination of the following factors:

i) setting of initial parameters which are not large enough 
ii) presence of time-delays affecting the measured disturbances
iii) use of non-robust extended-horizon control strategies

The experiment of Fig (5.9.b) had not been affected by this 
phenomenon since there were no significant time delays in the 
measurement of disturbances.

i) Figures (5.10), (5.11) and (5.12) show the experimental
results obtained when all the aforementioned conditions are satisfied:

- small values of initial parameters are used
- the liquid level of the absorption column is controlled by the 

outlet valve position [configuration 13. The measured disturbance is 
the inlet flow, which is affected by a large, and variable tiroe-delav.

- the system is controlled with an equal-increments control 
strategy.
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F I G  5.10; F B / F F  C O N T R O L  W IT H  D R I F T  IN T H E  C O N T R O L L E R  G A IN

1 .  B 0 —i

a. 80-

0.60

0.40

0. ZB-

0.00

N:3 T:3 Q:5 ST:15

i i i 1 i I---- 1---- 1---- 1------ 1---1-----rZ0 30 40 50 60 70 80 90 100 110 120 130
TIME(m'n> cites)

a) Outlet flow valve position (U) 
and liquid level (Y)

b) Evolution of the reciprocal
of the controller gain (d)



101

F I G  5.11:F B / F F  C O N T R O L  W IT H  D R I F T  IN  T H E  C O N T R O L L E R  G A I N

and liquid level (Y)

b) Evolution of the reciprocal
of the controller gain (d)
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F I G  5 .12: F B / F F  C O N T R O L  W IT H  D R I F T  IN  T H E  C O N T R O L L E R  G A IN

a) Outlet flow valve position (U) 
and liquid level (Y)

b) Evolution of the reciprocal
of the controller gain (d)
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These experiments illustrate the "drift to zero" phenomenon suffered 
by the reciprocal of the controller gain.

For example, Fig. <5.10) shows the performance of the FB/FF 
closed-loop system when the inlet flow changes by steps every 5 
minutes, from time t=35 to time t=125. In this experiment, the infor­
mation content I0 was set to .001, the order q was 5 and the time 
horizon T and the order n were set to 3. It is clearly seen in Fig. 
(5.10.b) how the the reciprocal of the controller gain d drifts. Large 
values on the controller gain [small values on dl produce an oscilla­
tory and sensitive control action. Introducing some excitation into 
the system with set point changes, makes the gain converge to more 
suitable values. However, if the disturbance continues affecting the 
system, the controller gain will detune again.

In the experiment represented by Fig. (5.11), a solution to the 
problem of the controller gain was investigated by increasing the 
sample time and the sensitivity of the parameter estimator tl0 
=.00013. Here, the disturbance is applied every five minutes from time 
t=55 to t=80. The increment of the sample time to 20 secs, made no 
difference; however, the change in the sensitivity of the parameter 
estimator caused the controller gain to detune even more. The level, 
in this case, was affected by large deviations from its reference 
value.

Figure (5.12) shows that by increasing the horizon T and the 
disturbance model order q, the magnitude of the problem can be 
reduced. The disturbance changes by steps every five minutes from time 
t=45 to t=100. However, the reciprocal of the gain still drifts to 
zero, although more slowly. In this experiment, E0 was set to .001 . 
It can also be seen in Fig. (5.12) that the adaptive controller easily 
tunes itself when set point changes are applied.

The situation can be significantly improved if larger information 
content and model orders are used. Figure (5.13) shows two experiments 
with similar initial settings. They only differ in the disturbance 
polynomial order used. The increased E0* n and q produce a more stable 
response, compared with the previous experiments.
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FIG 5.13--FB/FF CONTROL OF A D ELA Y ED  DISTURBANCE

and liquid level (Y)

and liquid level (Y)
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ii) The fact that the disturbance tinlet flow] is affected by a 
large and variable time-delay, makes the FB/FF algorithm very 
sensitive to the selection of the q parameter [the order of the 
disturbance polynomial].

For example, Fig. (5.13. a) shows the result when the system is 
subjected to step changes in the inlet flow every six minutes from 
time t=70 to t=120. In this case, the disturbance model order was 
chosen to be 5. According to eq. (3.21) in section (3.1), the data 
vector of the parameter estimator contains 10 values of the 
disturbance signal, ranging from time t=k to t=k-q-T+l or more 
specifically, from t=k to t-k-9. Considering that in this experiment 
the sample time is st=10 sec, the information available for 
disturbance parameter estimation range from t=0 to t=-90 sec, at each 
sample interval. As was mentioned in Chapter 4, the inlet flow has an 
associated delay that varies between 30 and 90 sec. If in this case, 
the inlet flow delay is 90 sec, then only one value of the disturbance 
signal will be significant in the data vector. In this situation, it 
is expected that the feedforward control action will not have enough 
information to produce an effective regulation. This is the case shown 
in Fig. (5.13.a), where the control appears oscillatory and sensitive.

The performance of the controlled system can be improved by 
increasing either the time horizon T or the disturbance model order q, 
in order to provide additional I/O data for the estimator. In the for­
mer case, an excessive number of coefficients of the control polyno­
mial must be estimated and the control action is unnecessarily retar­
ded. On the other hand, if the q parameter is increased, the time-res­
ponse of the control is not affected, although a large number of 
coefficients of the disturbance polynomial need be estimated. In gene­
ral, it is not advisable to estimate an excessive number of parameters 
tYdstie, 1986], because The RLS algorithm may present numerical pro­
blems and the adaptation rate becomes slower. The number of parameters 
to estimate, however, can be reduced by fixing to zero the first d 
polynomial coefficients of the delayed disturbance if one is certain 
that there is a delay at least d time intervals.

In the experiment shown in Fig. (5.13.b), where the disturbance 
enters the system every 4 minutes from time t=20 to t=45, the model 
order of the disturbance process was increased to q=8. In this case 
the disturbance signal in the data vector ranges from t=-120 to t=0 
sec, providing enough information to the feedforward control action to
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produce an effective regulation. The figure shows a stable and smooth 
control action and a near perfect regulation of the liquid level.

iii) As was earlier mentioned, the selection of the control 
strategy is very important in the final performance of a self-tuning 
algorithm. In particular, all the above experiments employed equal- 
increments extended-horizon control. Moreover, the majority of the 
results were obtained using this strategy. Initially, it was thought 
that the equal-increments strategy would be more robust in the incre­
mental algorithm. Indeed, the equal-increments strategy should be 
robust in the non-adaptive case since the called for control action is 
more gradual and the controller gain is a summation of various terms:

d-’ = 1/E£, (5.8)
i  •  1

In this way, a smoother control is expected and no abrupt change 
in the closed-loop is artificially introduced by, for example, 
concentrating the control effort in the first increment. However, a 
problem arises in the adaptive case where the parameters must be 
estimated. It has been observed, in simulations and pilot plant 
experiments, that the first £ estimates [from one to T-l] in the 
vector £ are slow to converge, are easily detuned and sometimes take a 
sign contrary to the sign of the true process; this is because these 
parameters, generally, receive poor excitation. Under this condition, 
the adaptive control-gain reaches very large values [small values of 
d], or even takes the opposite sign. This is the phenomenon shown by 
Figs. (5.9), (5.10) and (5.11).

The behaviour of these £ estimates can be appreciated in the 
experiment shown in Fig. (5.14). In this experiment the level is 
controlled by the outlet valve and the system is continuously affected 
[from time t=160 to time t=200] by measured deterministic disturbances 
provided by inlet flow step changes with a frequency of 5 minutes. A 
constant control strategy was employed, which is equivalent to 
concentrating the incremental control effort in the first increment.



F IG  5.14; R E C O V E R Y  O F  C O N T R O L A F T E R  COM PUTER CRASH
N=5 T= 5  Q=8 S T = 1 2

a) Outlet flow valve position (u) 
and liquid level (y)

b) Reciprocal of the controller gain( fl-j) 
and feedforward compensation term (t)
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c) Predictive model parameter estimates d> Predictive model parameter estimates



FIG  5.14: R E C O V E R Y  O F  C O N T R O L A F T E R  C O M PU TER CRASH
N=5 T= 5  Q=8 S T = 1 2

o
VO

e) Predictive model parameter estimates f) Predictive model parameter estimates



FIG 5.14: RECOVERY OF CONTROL AFTER COMPUTER CRASHN=5 T=5

g) Predictive model parameter estimates

Q=8 ST=12

h) Predictive model parameter estimates



F I G  5 .H :  R E C O V E R Y  O F  C O N T R O L A F T E R  C O M PU TER  CRASH
N=5 T=5 Q=8 S T = 1 2

i) Forgetting factor
J) Trace of the covariance matrix
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Figure (5.14) shows the performance of the controlled plant just 
after the recovery from a failure in the data acquisition system. 
From time t=155 to t=160 [780<k<800] the analogic system tsee Chapter
4] did not send or receive any information from the plant, so that the 
estimation algorithm was fed with incorrect data. In this situation, 
the parameter estimates converged to unsuitable values.

It can be seen in Fig. (5.14.a) that for 160<t<175 t800<K<8601 
the closed-loop system remains stable despite the unsuitable parameter 
estimates and the load changes. However, the level presents 
significant deviations from the set point and the control action looks 
oscillatory and sensitive.

It is interesting to see in Figs. (5.14.d), (5.14.e) and <5.14.f) 
the evolution of the $ estimates. After the recovery tt=160, k=883, 
the first {3 estimates [ft,, ft2, ft3 and ft4] have a positive sign, despite 
the fact that the controller gain should be negative. The rest of the 
ft estimates have always a negative sign. Clearly there is more 
uncertainty associated with the first (T-l) parameters C some should 
actually be zero] and hence they should be given little or no weight 
in the controller. Had the equal-increments control strategy been 
employed [giving equal weight to all the T first ft estimates], the 
results would have been catastrophic because after the recovery the 
controller gain would have been positive, giving positive feedback. 
This behaviour of the ft estimates has been observed in many other 
experiments and simulations. Any adaptive control strategy which uses 
these estimates is likely to present problems. For this reason, the 
equal increments strategy was abandoned and replaced by the more 
robust constant-control strategy.

Autotuning of the Adaptive Controller
To improve the performance of the closed-loop system [Fig. 

<5.14.a)], at times t=175 and t=180, set points changes were, 
introduced. These changes made the estimates converge to more suitable

Avalues so that the controller gain l/ftT and the feedforward term 'i 
[Fig. (5.14.b)] were autotuned by the adaptive algorithm. The re­
tuning caused by the set point changes was so effective, that almost 
perfect regulation was achieved [Fig. (5.14.a)] despite the load 
changes. The forgetting factor and the trace of the covariance matrix 
[Figs. (5.14.i) and (5.14.J)] also reflect the re-tuning of the 
parameter estimates by a considerable change shown at time t=175. This
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change denotes the lack of confidence in the previous estimates. In 
this way these estimates are "forgotten" by giving more weight to the 
new information coming in. Vellstead and Zanker C19S2) pointed out 
that "the self-tuning controller optimizes itself according to system 
input and disturbance signal. The larger these signals are, the faster 
the tuning-in process is". However, changes in the measured distur­
bance signal do not appear to posses the same tuning ability of the 
set point changes [see Fig. (5.14a) from time t=160 to time t=175]. 
Many simulations and experiments have shown that set point changes are 
an effective tuning tool, which is not the case with changes in the 
measured disturbance. The reasons for this do not appear clearly 
explained in the literature.

AIt is worth noting the evolution of the 6 parameter estimates in 
Figs. (5.14.f), (5.14.g) and (5.14.h). The first ?'s finally converged 
to near zero values, denoting the large delay affecting the measured 
disturbance. It is this ability to detect and estimate the delay 
associated with the disturbance that makes the FB/FF self-tuner 
compensate for the load changes at the appropriate moment. In this 
manner, once the algorithm has converged, practically no deviation 
from the set point is observed in the level in Fig. (5.14.a).

Initialization
Several initialization procedures have been studied in our expe­

riments. Hiram & Kershenbaum (1985) suggested that a constant control 
could be applied for enough sample times to fill the data vector with 
non-zero values after which the estimation and the adaptive control 
algorithms could be simultaneously started. This procedure works well 
with positional self-tuners, but it fails with incremental algorithms 
because, here, a constant control procedure essentially fills the data 
vector with zero increments under near SS operating conditions.

The initialization procedure commonly used in our experiments 
with incremental algorithms is as follows:

i) a pseudo random binary sequence CPRBS] is applied to the 
control input IGolumb, 19813 during TI sample intervals with an 
amplitude of EPS*u0, where u0 is the initial input,
ii) during all the initialization period, the parameter estimation 
algorithm is switched-on and the control is switched-off.
iii) when the PRBS sequence is completed, the adaptive control is 
switched-on.
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In this way it is ensured that the adaptive control starts with a 
non-zero data vector.

A typical start-up is illustrated in Fig. (5.15) in which the 
level is controlled by the inlet valve [see Fig. (4.2)3. Because of 
the packing in the absorption column, the control action is delayed by 
2 or 3 sample intervals [st=35sec3. The system is continuously 
disturbed every 5 min, from time t=65 to t=95, by changing the 
position of the outlet valve. A model order n=3, a control-horizon 
T=5, an order of the disturbance model q=3 and a sample time st=35 
seconds were chosen. The information content E0* which defines the 
speed of adaptation, was set to . 1 . The initial model parameter
estimates were all set to zero.

In this experiment [Fig. (5.15)3, the initialization procedure is 
given by a PRBS of TI=60 sample intervals with an amplitude of .2*.25 
[EPS*u0l. It can be seen in Fig. (5.15.b) that at the beginning, all

Athe parameter estimates [reflected in £T and Y3 vary quite drasti­
cally. After 15 sample times the variations in £T are significantly 
reduced, this is because at time t=15 the control data vector is 
filled with non-zero values; before the initialization ends this para­
meter converged to its final value. On the other hand, the feedforward 
term Y converges to a suitable value only when the disturbance starts 
entering into the system [t=653. This is expected since only at that 
moment the parameters associated with the disturbance model start to 
receive information. At time t=70 the output suffers a considerable 
excursion from its reference, when the system is disturbed for the 
first time. However, after the convergence of the feedforward term Y, 
the output remained closer to the set point. Perfect control is not 
achieved because of the time-delay in the control.

Figures (5.15.c) and (5.15.d) sKow more clearly the way the 
parameter estimates converge. The trace Tr of the covariance matrix 
[of all the parameter estimates3. which is proportional to the square 
of the summation of the estimation errors, suffers a drastic change 
around time t=15. This change denotes an increment in the estimation 
confidence. At time 15 the data vector is filled with non-zero values, 
this causes non-zero parameter estimates which produce smaller 
estimation errors and consequently, a smaller trace Tr. At the same 
time [t=153, the parameter X also varies, "forgetting” the old 
information based on inadequate parameter estimates, giving more 
weight to the new data.



FIG 5.15: FB/FF CONTROL OF A DELAYED SYSTEM N=4 T=5 Q=3 ST=35

and liquid level (y)



FIG  5.15'- F B / F F  C O N T R O L  O F  A  D E L A Y E D  S Y S T E M
N = 4 T = 5  Q =3 S T = 3 5

and feedforward compensation terra <Y>



F IG  5.15: F B / F F  C O N T R O L  O F  A  D E L A Y E D  S Y S T E M
N = 4  T = 5  Q=3 S T = 3 5

c) Forgetting factor



F IG  5.15: F B / F F  C O N T R O L  O F  A  D E L A Y E D  S Y S T E M
N = 4  T = 5  Q =3 S T = 3 5

d) Trace of the covariance matrix
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The trace changes again when the system is perturbed foe the first 
time Ct=653. In this case, the parameter estimates related with the 
measured disturbance converge to suitable values which allow the 
adaptive regulator to keep the output closer to its reference value.

In general, the algorithm converges fairly quickly and is able to 
control the level in spite of the disturbance and the control delay.

To test the robustness of the proposed self-tuner, the same 
experiment of Fig. (5.15) was repeated with lower values of the 
initial settings. The results shown in Fig. (5.16) were obtained with 
n=3, T=4, q=l, and Io=.01. There is not much difference in the control 
performance.

Based on many simulations and experiments, it can be said that 
the constant control strategy is very robust to the selection of ini­
tial settings. If the system has associated a control-delay, it only 
needs a careful selection the model order n and the time-horizon T. 
In this case, the model order should be larger than 2 (depending on 
the time-delay] and the time-horizon should be larger than the assumed 
control-delay. On the other hand, if the disturbance is affected by 
any delay, the disturbance order q must be carefully chosen so that 
enough relevant disturbance values are included in the data vector.

The selection of the information length l 0 is, generally, not 
sensitive. This value can be safely chosen in a range of 2 orders of 
magnitude around the standard deviation of the process noise. Too 
small a value could cause unexpected "bursts" in the estimator. A very 
large value freezes the estimation stopping the adaptivity of the 
controller.

Direct Transmission
In section (3.1.2) it was pointed out that a disturbance measured 

at time k may have already affected the output at time k. Because of 
this, eq. (3.21) considers direct transmission between the measured 
disturbance wk and the output yk.

The following first order linear model was used in simulations in 
order to show the importance of modelling direct transmission:

yk = . 64»yk_, + . 5#uk_, + w, (5.9)



F IG  5.16: F B / F F  C O N T R O L  O F  A  D E L A Y E D  S Y S T E MN=3 T=4 Q=1 ST=35

a) Intlet flow valve position (u) 
and liquid level (y)

b) Reciprocal of the controller gain (J3T)
and feedforward compensation term (y)
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The measured disturbance wk is a square wave that takes the 
values 1 and 1.2 and immediately affects the output yk. The importance 
of this effect is shown in Fig. (5.17) where direct transmission is 
not modelled, namely dw is assumed 1 in eq. (3.17). In the simulation 
the initial settings were n=q=T=l.

It can be seen that at the beginning the control is good despite 
some variations in the control gain l/jHT, but eventually the 
variations in the parameter estimates, reflected in $T and a, make the 
algorithm explode.

The same model of eq. (5.9) was controlled with the regulator 
defined by Algorithm II of section (3.1.2), which considers direct 
transmission between the measured disturbance and the output Cdw=0 in 
eq. (3.17)3. Figure (5.18) shows that the parameter estimates remain 
constant and good control is achieved in spite of the fact that the 
disturbance immediately affects the output. Similar results were 
obtained with many other simulations.

Setting dw=0 in eq. (3. 17) can improve the robustness of the 
self-tuner when sample times are large and disturbances are likely to 
be felt between samples. Because of this, Algorithm II is preferred in 
general.

Detuning the Control Action
A serious potential problem with feedforward control is the 

strong control action usually required to obtain complete disturbance 
rejection. This phenomenon is shown in a simulation with the following 
third order process:

yk = 1 • 2«yk_, - . 2«yk_2 - . 02»yk_3 - uk_, - .95»uk_2 - . 02iuk_3 
- wk_, - . 5»wk_2 - . 08»wk_3 (5.9)

The poles of the model are P={-.0694, .296, .9763), the zeros of 
the control polynomial are Zu={-.9285, .0215) and the zeros of the
disturbance polynomial are Zw={-.25 +/- .132#i)

The measured disturbance is a square wave which varies between 
.95 and 1.25.



FIG 5.17 NO DIRECT TRANSMISSION
DW-1

a) Control (U), output (Y) and
disturbance <W)

MODELLED

b) Reciprocal of the controller gain (j}T)
and feedforward compensation term(¥>

»o



FIG 5.18' DIRECT TRANSMISSION MODELLED

a) Control (U), output (Y) and
disturbance (V)

b) Reciprocal of the controller gain (J5T)
and feedforward compensation termOtf)
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Figure (5.19) compares the performance of the controlled system 
when minimum-variance (T=l) and extended-horizon (T=3) strategies are 
used. The minimum-variance control achieves perfect regulation, 
however the control u rings excessively. On the other hand, by 
increasing the control-horizon to 3, the ringing in the control is 
avoided with minimum effects in the output. In the same way, 
saturations can be avoided by increasing the control-horizon. Thus, 
the same desirable property of the FB/EH controller (detuning) exists 
for the FB/FF EH controller. As it has been shown CYdstie et al, 1985; 
Hiram & Kershenbaum, 19853, the detuning effect of the extended- 
horizon strategy can also make the controller cope with some non­
minimum phase processes.



FIG 5.195 EXTENDED-HORIZON VS MINIMUM*VARIANCE CONTROL

a) Control (U), output CY) and
disturbance (V)

b) Control (U), output (Y) and 
disturbance (V)



126

5.2.- Multivariable State-Space Algorithms

This section is divided into three parts. The first part shows 
simulation results obtained with a positional feedback controller. Se­
veral two-input two-output linear systems of different characteristics 
have been used in the simulations. A study has been carried out on the 
problems of interaction, initial parameters selection, time-delays and 
change in model parameters. In the second part, a positional and an 
incremental FB controller are compared in systems characterized by un­
modelled [constant and varying] bias. Simulations and experiments are 
shown. Finally, the third part presents simulation results obtained 
with a positional FB/FF state-space self-tuner. Different two-input 
two-output linear models were simulated. The algorithm was compared 
with a purely FB positional MI MO controller on systems subjected to 
load changes.

5.2.1.- MIMQ State-space Feedback Control

A multivariable positional feedback self-tuning algorithm has 
been tested in quasi-nonlinear simulations with two-input two-output 
linear systems. The MIMO state-space approach was compared with two 
SISO polynomial self-tuners working in parallel; interactive and non- 
interactive models were used. The robustness of the state-space self­
tuner against the selection of initial settings was tested; different 
values of filter gains, information lengths, structural indices and 
time-horizons were used. Results obtained with a system characterized 
by a general interactor matrix Csee section (2.3)] are also shown.

As in the previous section, all the simulations have the rate of 
change of the control bound to 20% of the input range [as might well 
be done in an industrial environment].

In all the figures of this section the identification structure
used in the simulation is given by N=nl,n2; where nl and n2 correspond
to the observability indices. Similarly the time horizons for both
outputs are given by T=tl,t2. The number of the models used in the
quasi-nonlinear simulations are also given in the figures; these are
listed in Appendix H.  ̂/VV VcxVi 0-V15 5 Ho UJ'YV J F\gS-
5 . 3 0 , 5 , 3 1  ĉ aaA 5 . 3 6 ]  tV c .  Ctl j  ct- i \  /VW WaJ
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Two-input Two-output MIMO Controller vs Two SISQ Controllers
First of all, a series of results obtained with quasi-non-linear 

simulations are presented to compare the performance of the state- 
space algorithm with two independent SISO polynomial self-tuners. In 
both cases positional algorithms were used. The quasi-non-linear 
simulations consist of simultaneous set point changes in both outputs 
accompanied with a change of the simulated model.

Figures (5.20) and (5.21) show the simulation results when model 
1 is used and with the change of set point the plant is described by 
model 2. These models which are given in Appendix H, are stable 
minimum phase, steady-state non-interactive, linear and of third 
order. The output signals are contaminated with a zero-mean noise of 
variance .1.

Figure (5.20) shows the response of the system controlled with 
two SISO STR's . Comparing Fig. (5.20) with Fig.(5.21), where the 
system is controlled by a MIMO state-space algorithm, it can be seen 
that in both cases a similar performance is achieved. The initial 
parameters were not optimally selected but adjusted well enough to 
produce an acceptable control. It is interesting, however, to see that 
the system can be controlled with the simplest possible model 
structure with the state-space algorithm C n, = 1, n2=13, in fact models 
1 and 2 were of third order. This is not possible, in this case, with 
two SISO controllers.

A more difficult problem is given by the simulations of Fig. 
(5.22) and (5.23), where interactive models are used. Before the set 
point changes the plant is described by model 3 and after the set 
point changes, it is described by model 4 of Appendix H. Both models 
are stable, minimum-phase and of third order, but steady-state 
interactive. The difference in performance is quite significant. 
Comparing Figs. (5.22.a) with (5.23.a) and (5.22.c) with (5.23.c), it 
is seen that the state-space algorithm presents much smaller 
overshoot, especially in the second output. It is worth noting that 
also in this simulation the simplest model structure was used in the 
state-space algorithm.

An even more difficult problem appears in the simulations of 
Figs. (5.24) and (5.25). The models 5 and 6 of Appendix H, used in 
these simulations, are both of fourth order so that the extra 
difficulty is given by the increased number of parameters that 
described the system. Moreover, model 6 is interactive. In this case a 
similar model structure was used in both control methods, however, the
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polynomial STR's do not consider the parameters which described the 
interaction between both input-output pairs. The difference in 
performance is quite remarkable. The system controlled with the SISO 
STR's becomes unstable before the set point changes, although, the set 
point changes help the system converge. The settling times are much 
longer than those of the state-space controller. The poor behaviour of 
the SISO self-tuners before the set-point changes may be due to some 
degree of dynamic interaction not accounted by the Bristol method 
[Appendix F] and also to the small values used for n, and n2.

Initial Settings
As was mentioned in section (3.2.2), some initial parameters must 

be given to the state-space self-tuner. In the following, various
simulation results are presented to show the sensitivity of the 
adaptive algorithm performance to the selection of these initial 
parameters.

The adaptive controller tested in this section requires the
estimation of the state vector to compute the control action and t D  

estimate the model parameters. In this particular multivariable self­
tuning algorithm, the system is decomposed into m subsystems, where m 
is the number of I/O pairs. The state estimator is a constant gain 
filter which can use a different gain for each subsystem, however, for 
simplicity the same gain is used in all of them. Alternative state 
estimators are mentioned in section (3.2.1).

Figure (5.26) shows the responses obtained when 3 different
filter gains (V) were used in the state estimator [see section (3.2)]. 
Models 1 and 2 were employed in the quasi-nonlinear simulation. 
According to the figure, the performance of the controlled system
appears very robust to the selection of the filter gain K . The respon­
se only became degraded when a very large value [Y=.9] was used. In 
this extreme case, little weight is given to the state vector 
predicted by the adaptive model so that the filter becomes very 
sensitive. Many other simulations gave similar results. In general, 
values of t  which range between .1 and .3 are used in most of the 
simulations and experiments shown.

As was earlier mentioned, a standard RLS parameter estimator is 
unsuitable for adaptive algorithms since the parameter correction gain 
tends to zero. A RLS with a variable forgetting factor method is used 
in the adaptive controller to keep the algorithm alert. The rate of
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adaptation of the estimator can be controlled by selecting the 
parameter E [information length or content].

The performance of the state-space self-tuner for different in­
formation lengths can be seen in Fig. (5.27). If a very large 
information length is used (Z0=2 ), the estimator is slow to learn and 
needs large deviations to make the algorithm converge. On the other 
hand, if a very small information length is used (£o=.02), the 
estimation algorithm becomes extremely sensitive, causing "bursting" 
effects. This behaviour has also been reported by Hiram and 
Kershenbaum (1983) in their study with an EH/SISO robust self-tuning 
regulator. In the simulations shown in Fig. (5.27), where there is no 
model change, neither of the responses present any problems at the set 
point changes.

The structural indices [observability indices] are very important 
initial parameters. In the EH SISO algorithm, the order of the assumed 
model completely defines the model structure. However, in the MIMO 
case, the structure of the assumed model cannot be completely 
specified by just the order of the plant. The whole set of structural 
indices must be provided, one for each input-output pair in the MIMO 
system [see eq. (3.43)]. For example, in the case of two-input two- 
output plants, the MIMO self-tuner needs two structural indices.

An example of the sensitivity to the selection of these 
parameters is given in Figs. (5.28) and (5.29). In Fig. (5.28) the 
behaviour of the control system looks practically the same when three 
different identification model structures were used [N,=l,l; N,=l,2 ;
N3=2,1]. This is similar to controlling a SISO system assuming diffe­
rent model orders. In the simulations shown in Fig. (5.28), the time- 
horizon was set to 3 in both outputs.

A more important difference in performance can be appreciated in 
the quasi-nonlinear simulation shown by Fig. (5.29), where the time- 
horizon was 8 in both outputs. The large horizon produced excessive 
overshoots, especially in the first output, when wrong model structu­
res were used. In these simulations, the true model structure was 
N=2,l; namely the first observability index is 2 and the second is 1.

There is no clear guide for the selection of the identification
model structure without a priori knowledge about the MIMO plant,

»however, this is also true for SISO plants. Of course, in the MIMO 
case this selection is more difficult. However, it appears that no 
matter WkicU model structure \ s oiti [or tw*. identification, the state-space 
algorithm finally converges to the desired set points.
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The control-horizons are also very important tuning parameters; 
they define the response of the controlled system. Figures (5.30) to 
(5.33) show the sensitivity of the state-space controller to the 
selection of these parameters. For example, in Fig. (5.30) there is no 
model change and both outputs use the same horizon. It can be seen 
that the difference in performance is insignificant despite the 
different horizons used. The simulation of Fig. (5.31), where a change 
in the model occurred, shows an appreciable difference in performance 
when a very large horizon CT=8] is used. However, with a small or 
moderate horizon, the self-tuner performed in the same way. If a 
different horizon is used for each output, the self-tuner is more 
sensitive to the selection of these parameters. In Fig. (5.32) the 
response of the state-space controller is compared for different 
combinations of time-horizons. The system controlled with horizon 5 
for the first output and horizon 1 for the second output presents a 
much better response. A similar result is given in Fig. (5.33), where 
different models and time-horizon combinations were used. In this 
simulation the system controlled with horizon 8 for the first output 
and horizon 3 for the second one, presents large overshoots.

It is not clear why the selection of time-horizons is more 
difficult when each output uses a different one. Nevertheless, it is 
important to point out that finally the algorithm converged to the 
desired set points independently of the combination of time-horizons 
used. Moreover, the difference in performance only appears when the 
set point changes are accompanied with model parameter changes 
[typical of non-linear systems].

In systems without delay it is advisable to use the same horizon 
for both outputs. Control horizons of T=1 or T=2 produce a good regu­
lation, however, if the control action is very demanding it can be 
detuned by using larger horizons [T=3, T=4 or T=53. It is not
advisable to use very large horizons [T=8 or more], unless time delays 
are present.

MIMQ control with Time-delays
The results above indicate that it would be better to use simi­

lar horizons for each output. However, this is not the case with sys­
tems characterized by a general delay structure [see section (2.3)].Fi 
gures (5.34) and (5.35) give the response of systems with different 
delays in each input-output pair. In the simulation shown in
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Fig. (5.34) the simulated system [model 11 in Appendix H] is affected 
by a diagonal delay structure [see Chapter 21. Here, the second input 
affects both outputs with the same delay td=23. Similarly, the first 
input affects both outputs with a delay d=l. The delay structure is 
then defined by D=(l,2,1,2). In this simulation the control horizon 
was chosen to be 5 for both outputs. The response of the second 
output, shown in Fig. (5.34), appears unnecessarily retarded. Never­
theless, this output finally reached the desired set point.

Figure (5.35) gives the response of a system with general delay 
structure. Here, the first input affects the first output with a delay 
of d=2 and the second output with a delay d=3. The second input 
affects the first output with a delay of d=4 and the second output 
with a delay of d=5. The delay structure is then defined by 
D=(2,3,4,5). A different time horizon was used for each output. It can 
be seen in the figure that the adaptive algorithm has driven both 
outputs to the desired set point in spite of the large and difficult 
delay structure.

State Estimation
To conclude this series of simulations, the behaviour of the 

state estimates will be studied. Figure (5.36) shows the response of 
the controlled system in a particularly difficult problem. It can be 
seen in Figs. (5.36. a) and (5.36.c) that the controller converged to 
the set points despite the change of sign of the control inputs [Figs. 
(5.36.b) and (5.36.d)] denoting a change in the process gains sign. 
The evolution of the states and states estimates is also shown [Figs. 
(5.36.e) to (5.36.g)]. The estimate of the third state is considerably 
better than the other estimates. The estimates z, and z2 oscillate 
around the true state. Despite the changes in set points and model 
parameters, the state estimates do not diverge and the outputs are 
driven to the desired reference. This is because a constant gain 
filter is used to continuously update these estimates. Had a 
stochastic approximation filter been used, the state estimates would 
have diverged. In this case, there is no way to update the states with 
the plant outputs once the algorithm has converged [see section 
(3.2)]. Alternative filter methods which also avoid state divergence 
are mentioned in Chapter 3, but these are more complicated than using 
a constant gain filter.
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5.2.2.- Ad Incremental Feedback State-space Self-tuner

In spite of the good results obtained in simulations with the 
previous state-space self-tuner, the performance of this algorithm in 
pilot-plant experiments turned out to be very poor. As is shown below 
by simulations and experiments, this bad performance is related to the 
positional nature of the self-tuner used above.

An incremental version of the positional self-tuner shown in 
section (3.2) was implemented, tested and compared in simulations and 
experiments. The incremental algorithm retains the same structure of 
the positional version and is described in detail in Appendix I.

The cooling-loops in the absorption/desorption pilot plant of 
Fig. (4.1) were used in the experiments and first order linear models 
were used in the simulations. These linear models simulate the 
cooling-system.

Simulations
It is assumed that the dynamic of the cooling-loops can be 

described by first order linear models with a bias parameter. This 
bias depends on the pressure in the pipe lines and also on the 
position of the manual valves.

An appropriate model can be:

yk = aiyk_, + b»uk_, + 6 k (5.10)

where y is the flow in kg/s, u is the normalized signal to the valve 
(from 0 to 1), and 6 is a bias parameter.

For a given set of operating conditions, the parameters of the 
model eq. (5.10) were found [by identification methods] to be:

a b <S
system 1 

Heat-exchanger .607 .787 -.512
system 2 
Condenser .607 .983 -.256

Table 5. 1 Model Parameters
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Fig. (5.37) shows the results when two linear models of the form 
(5.10) were simulated with the given values of the a, b and 6 
parameters. In this manner, a non-interactive two-input two-output 
system is simulated. This system was controlled with both the 
positional and the incremental multivariable algorithms.

The simulations are for 600 time intervals. A series of set point 
changes is first applied to system 1, then, system 2 is subjected to 
set point changes.

In Figs. (5.37. a), (5.37.c) and (5.37.e> it is shown how the
incremental algorithm can cope with both disturbances without any 
interaction between the control loops, although the set point changes 
present some overshoots. On the other hand, the positional algorithm 
[Figs. (5.37.b), (5.37.d) and (5.37.f>] in the first series of set
point changes tend to eliminate the overshoot and also the effects of 
the control-interaction caused by wrong estimates. However, the 
controlled-system collapses when a series of set point changes is 
applied to the second loop.

This phenomenon appears only when a bias parameter is used in the 
simulated model. In fact, because the positional model eq. (3.45.a) 
does not consider any bias, the parameter estimation gives wrong esti­
mates affecting the control and the stability of the system. The 
"plant" used in the simulations of the first part of this section does 
not, in fact, have any bias, so that the described phenomenon was not 
observed in these simulations. However, as was discussed in section 
(5.1.2), real systems almost always possess a bias mainly due to non- 
linearities and unmeasured disturbances. In the particular case of the 
cooling-system, the bias can be caused by changing the pressure in the 
pipe lines and by changing the manual valves positions.

If an incremental model is used [see Appendix I] for parameter 
estimation, the above phenomenon is avoided and a stable control can 
be achieved, as is shown in Figs. (5.37.a), (5.37.c> and (5.37.e).

The variations of the control gains are given in Figs. (5.37.g) 
and (5.37.h). The control gains are defined by the matrix D~' in eq. 
(3.54) of section (3.2):

Gi i G,2
G21 G22 (5.11)
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It is seen in Figs. (5.37.g) and (5.37.h) that the gains of the 
incremental controller remain constant, but the gains of the 
positional algorithm vary drastically when the second series of set 
point changes is applied. It is worth noting that the control gains in 
the positional algorithm converge [from time k=150 to k=300] to 
different values than the gains of the incremental algorithm. Indeed, 
the positional off-diagonal gain G,2 is different from zero in the 
positional case, causing the deviations in y2 noted in Fig. (5.37.d) 
during the first 300 sample intervals.

Considering that the simulated system is non-interactive, the 
off-diagonal gains should be zero. This means that the positional re­
gulator converged to incorrect parameter estimates in the first part 
of the simulation. On the other hand, the incremental self-tuner 
converged to suitable parameters, and produced a good and stable
control.

The results above were reminiscent of those obtained with SISO 
STR's in the level control-loop [see Fig. (5.9)3.

In Fig. (5.38), the same simulated system was studied, but, in 
this case, instead of changing the set points the bias parameters <5, 
and 6 2 were changed. The disturbances were described by a square wave 
which, every 50 intervals, changes from 6 =-.512 to 6 =-.256 and vice 
versa. From time k=100 to k=300, only <S, was disturbed and from time 
k=300 to k=500, 6, remained constant and £2 was disturbed.

It can be seen in Figs. (5.38. a) to (5.38.d) that both algo­
rithms can control the system and neither of them show control- 
interaction [Figs. (5.38.e) and (5.38.f)3. However, the outputs of the 
positional controller present considerable deviations when the second 
disturbance starts entering the system [k=3003. A small offset also 
appears in the output y, at the end of the first series of 
disturbances. Both algorithms show drastic changes in their off-
diagonal control gains throughout the entire simulation [Figs. 
(5.38.g) to (5.38.j)3, sometimes affecting the control performance; 
however, the incremental algorithm can easily recover from these
deviations, whereas the positional algorithm has substantial 
difficulties in doing so.
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Experimental JResuIts
Figures (5.39) and (5.40) show the results obtained when both 

(positional and incremental) algorithms were used to control the Heat- 
exchanger and the Condenser cooling loops [see Fig. 4.13. In these fi­
gures HE denotes Heat-exchanger and C denotes Condenser; F is used for 
flow, V for valve and SP for set point. Then, HEF denotes the cooling 
water flow in the heat-exchanger, CV the valve position in the conden­
ser and so on. In all the experiments shown below, the initial 
settings were chosen to be the same. The information lengths Z0 were 
.05, the time-horizons T were 3 and the filter gains [gamma] were set 
to .1, in both outputs. The sample time ST was 8 sec .

Figure (5.39) compares the results when the positional and 
incremental algorithms were used to control the cooling-system. In 
these experiments the cooling-system was subjected to a series of set 
point changes. These were first applied to the Heat-exchanger cooling- 
loop and then to the Condenser cooling-loop. It can be seen in Figs. 
(5.39.a) to (5.39.f) that both algorithms present a similar 
performance. The set point changes have associated overshoots. The 
positional self-tuner remains stable when the second series of set 
point changes is applied, but the output in the condenser starts to 
oscillate. Apparently, the change in bias in this case is not large 
enough to produce instability. In both experiments the gains remained 
bound«i; with some bias in the off-diagonal gains, above all in the 
incremental algorithm [Figs. (5.39.g) to (5.39.j)3. Nevertheless, 
deviations are small and performance is clearly acceptable.

Figure (5.40) shows the results obtained when the cooling-system 
was subjected to step load changes by varying the position of the 
manual valves. This is an unmeasurable disturbance which will clearly 
affect the bias parameters. In this case the performance of the posi­
tional regulator [Figs. (5.40.a), (5.40.c) and (5.40.e)3 is
considerably worse than the performance of the incremental regulator 
[Figs. (5.50.b), (5.40.d) and (5.40.f)3. The outputs of the system
controlled by the positional self-tuner present large deviations and 
eventually get unstable. On the other hand, the incremental adaptive 
regulator easily copes with the unmeasured disturbances, causing no 
upset in the loop not affected by the disturbance. In Figs. (5.40.g) 
to (5.40.j) it can also be seen that despite the size of the load 
changes, the controller gains of the incremental regulator remain 
bounde.̂  the gains of the positional regulator change almost without 
limit.
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It has been shown [Hiram and Kershenbaum (1985), Ydstie et al 
<1985)3, that the cooling-system can easily be controlled with SISO 
STR's. This is expected since the system is non-interactive at all and 
with SISO controllers the interaction parameters need not be 
estimated. Moreover, most of the problems shown in non-interactive 
systems by the MIMO controllers [overshoots and interaction between 
control-loops] are related with the tuning of the off-diagonal 
controller gains. Of course, this problem does not arise if SISO STR's 
are employed. Nevertheless, it is instructive to demonstrate that the 
multivariable adaptive state-space algorithm in its incremental form 
can produce an acceptable control in a non-interactive system without 
placing constraints in the off-diagonal gains.

In short, this section has shown that the positional MIMO self­
tuner is sensitive to ^modelled bias caused by non-linearities and 
load changes. Under these conditions, the controller performance is 
very poor, making any real-time implementation of this algorithm 
impractical. The performance may be improved if bias parameter estima­
tion is included in the adaptive controller; however, as it was shown 
in section (5.1) this is also a bad strategy when large and frequent 
load changes are expected.

A far better solution is the use of an incremental implementation 
of the MIMO controller which appears to perform much better in simula­
tions and real-time experiments. Many more experiments are needed to 
complete the test of this algorithm, mainly with interactive systems; 
however, the evidence collected so far suggests that with further 
developments the proposed multivariable adaptive controller may be a 
good alternative in industrial processes.
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5.2.3.- MIMQ State-space Feedback-feedforward Control

A positional FB/FF state-space multivariable controller [proposed 
in section (3.2.23 has been studied with linear and quasi-nonlinear 
simulations. The sensitivity of the FB/FF algorithm, to the selection 
of different control-horizons and different identification structures, 
has been tested. The FB/FF algorithm has also been compared with a 
purely FB state-space controller.

The two-input two-output models used in the simulations of this 
section [models 7, 8 and 9 of Appendix H3 are steady-state non- 
interactive, so that the study is focused on the effects of 
deterministic disturbances.

In all the simulations shown below, the gain filter Y for state 
estimation was chosen to be .2. As was shown in last section, the 
state-space algorithm is very robust to the selection of this 
parameter.

The first set of simulations shown in this section utilize a 
linear system [model 73 with constant parameters subjected to two 
measured deterministic disturbances. These disturbances are described 
by the same square wave which takes the values 0 and 1 and has a 
period of 120 sample intervals.

The second set show the results obtained with quasi-nonlinear 
simulations. Here, the set point of both outputs are simultaneously 
changed. Before the set point changes, the system is described by a 
given linear model [model 7 or 8 of Appendix H3 and after the set 
point changes, the system is described by a different linear model 
[ model 8 or 93.
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5.2.3.a.- Linear Simulations

In the following set of simulations the sensitivity of the FB/FF 
self-tuner has been tested with a linear system with constant 
parameters.

Firstly, the effects of the time horizon on the controlled system 
performance has been studied in simulations without parameter estima­
tion; namely, the system model is assumed known so that the control 
uses the true model parameters.

Secondly, the simulations are repeated, but with parameter 
estimation so that the control uses estimated model parameters. 
However, the true model structure is employed.

Finally, different identification structures are used to study 
the robustness of the proposed adaptive algorithm. Of course, in this 
case the model parameters are estimated.

Kon-adaptive-Simulations with Different Horizons

In the simulations shown in Figs. (5.41) to (5.43), the true 
model parameters were utilized in the control calculation so that no 
parameter estimation is needed. Moreover, the outputs are noise-free. 
In this case, the sensitivity of the control-law to the selection of 
time-horizons can be clearly appreciated.

Figures (5.41.a) and (5.41.b> give the response of the controlled 
outputs when the system was affected by the previously described 
disturbances; namely, square waves of period 120 k-times, switching 
between 0 and 1. In this case, an output dead-beat control-law C T=13 
was employed. The figures show perfect regulation; however, strong 
control-actions are required [Figs. (5.41.c) and <5.41.d>3, especially 
on the first input. This excessive control-action is typical of dead­
beat control. It is worth mentioning that the steady-state gains 
between the disturbances and the output are quite moderate [ of the 
order of one]. However, as it can be deduced from Fig. <5.41.c), the 
dynamic gains associated with the first output are very high.
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FIG 41: FB/FF HON"—ADAPT I VE SIMULATION
T = l ( l ¥ = . 2  m o d e l  7

a) First output of the MIMO system

b:> Second output of the MIMO system



177

3FIG 5.4,1: FB/FF NON-ADAPTIVE SIMULATION
7=1,1 ¥=,2 model 7

c) First input of the MIMO system

d> Second input of the MIMO system
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Figure (5.42) shows the results obtained when the control-action 
was detuned by increasing the time-horizon. It can be seen in Fig. 
(5.42. a) that the effect of the disturbances is strongly felt by the 
first output, however, the deviations shown by the second output [Fig. 
5.42.b)] are quite moderate. On the other hand, Figs. (5.42.c) and 
(5.42.d> show very smooth control-actions, denoting the good detuning 
properties of the extended-horizon controller.

A compromise between the previous responses was attempted in the 
simulation shown in Fig. (5.43). The control-horizons were chosen to 
be different for each output: 1 for the first output, 3 for the second 
one. A perfect regulation is observed in Fig. (5.43.a) for the first 
output and moderate deviations are shown by the second output [Fig. 
(5.43.b)]. On the other hand, no detuning is obtained for the first 
input [Fig. (5.43.C)]. The second input [Fig. (5.43.d) appears detuned 
compared with Fig. (5.41.d), but less detuned than the control shown 
in Fig. (5.42.d). This may be due to some degree of dynamic interac­
tion not accounted for by the Bristol method.

Adaptive Simulations with Different Horizons

Figures (5.44) to (5.46) give the simulation results obtained 
with a system with known structure and constant but unknown parame­
ters; so that in these simulations, the control utilizes estimated pa­
rameters. It should be emphasized that the algorithm estimates both 
the process and the disturbance parameters. In addition, the outputs 
are contaminated with white noise of standard deviation <r=.1. The 
disturbances that perturb the system were described above. The 
initialization consists of constant input sequences of 50 sample times 
applied to both controls. There is no disturbance during the initiali­
zation period, this would explain the large deviation shown by the 
outputs at time k=60, when the first disturbance enters the controlled 
system. The adaptive control is switched on at time k=50 and after 100 
time intervals, all the parameter estimates generally converge to 
suitable values. In the following series of simulations, the
information lengths are set at the same value [I01 = 2 and I0i = 2].
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FIG 5.4,2: FB/FF NON-ADAPTIVE SIMULATION
T = 2,2 *=.2 model 7

a) First output of the MIMO system

b> Second output of the MIKQ system



180

FIG 5.42: FB/FF NON-ADAPTX VE SIMULATION
T = 2 , 2  * = . 2  m o d e l  7

c) First input of the MIKO system

d) Second input of the MIMO system
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FIG 5 43: FB/FF NOW—ADAPTIVE SIMULATION
T =1,3 Y = . 2 model 7

a) First output of the MIMO system

b) Second output of the KIMQ system
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FIG 5.43: FB/FF NON—ADAPTIVE SIMULATION
T=l,3 ¥=.2 model 7

c) First input of the HIMQ system

d) Second input of the MIMO system
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A minimum variance control criterion was used in the simulation 
shown in Fig. (5.44). Figures (5.44.a) and (5.44.b), like Figs. 
(5.41.a) and (5.41.b), show the best achievable regulation. However, 
in this case, the price paid is also a strong control action [see 
Figs. (5.44.c) and (5.44.d)].

The control can be severely detuned by increasing the time- 
horizon. This is shown in Figs. (5.45.c> and (5.45.d). However, the 
first output [Fig. (5.45.a)] presents large deviations from its set 
point. In this simulation, the deviations suffered by the second 
output, caused by load disturbances, are masked by the output noise.

Increasing the horizon even more had no appreciable effect on the 
I/O responses, as is seen in Fig. (5.46). Here, the control-horizon 
was chosen to be 3. Once the FB/FF control has been detuned by 
increasing the horizon, the controlled system appears insensitive to 
further horizon increments.

Adaptive Simulations with Different Structures

In the following, it is seen how the selection of the 
identification model structure [given by the observability indices] 
affects the performance of the controlled system.

The correct model structure [n,=2 and n2=l] was employed in the 
simulation shown in Fig. (5.47). The time-horizons were chosen to be 
T, = l and T2=3. It can be seen in Figs. (5.47. a) and (5.47.b) that an 
almost perfect regulation is achieved by a highly demanding control 
action, especially on the first input [Fig. (5.47.c)3. This behaviour 
is similar to those of the simulations shown in Figs. (5.41), (5.43)
and (5.44).

Figure (5.48) shows the results when a wrong model structure is 
used [n,=l and n2=2]. In this case, the first output [Fig. (5.48.a)] 
presents large deviations from its set point and the second output 
response [Fig. (5.48.b)] looks similar to the one shown in Fig. 
(5.47.b). On the other hand, the control actions [Figs. (5.48.c) and 
(5.48.d)] appeared detuned, especially the second control input.

The simplest possible structure [n,=l and n2=l] was employed in
tthe simulation shown in Fig. (5.49). The adaptive control converges 

even in this case; however, as in the simulation of Fig. (5.48), the 
first output [Fig. (5.49.a)] shows large deviations from its reference 
value. In this case, the control-actions are highly detuned.
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F I G  5 . 4 4 :  D I F F E R E N T
n = 2 ,1 T =1 , 1 1=2. ,2.

H O R I Z O N S  
¥ = . 2  m o d e l  7

b) Second output of the MIMO system
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FIG
n=2

5.44: DIFFERENT HORIZONS
, 1 T —  1 , 1  T. = 2  . , 2  . v =  • 2  m o d e  1 V

c) First input of the MIMQ system

d) Second input of the MIMO system
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F I G
n =

5- 45: DIFFERENT HORIZONS
,1 T = 2,2 1 = 2.,2. Y= . 2 model 7

a) First output of the MIMO system
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FIG
n  =

5.45: DIFFERENT HORIZONS
2,1 T = 2,2 1=2. ,2. If = . 2 model 7

c) First input of the MIKO system

d) Second input of the MIMO system
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FIG 5 .
n = 2,1

4.<S : 
T =

DIFFERENT 
,3 2 = 2 .,2 .

H O R I Z O N S  
Y = . 2 m o d e l 7

a) First output of the MIMO system

b) Second output of the MIMO system
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FIG 5.4,©: DIFFERENT HORIZONS
r» = 2,1 T = 3,3 2=2. ,2. *= . 2 model 7

c) First input of the MIMO system

d) Second input of the KIMO system
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FIG
n =

4 7  : 
T  =

DIFFERENT S T R U C T U R E S  
* = , 2 m o d e 1 7

b) Second output of the MIKG system
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FIG
n  =

5.4,7”: DIFFERENT STRUCTURES
2,1 T= 1,3 2 = 2. ,2. If = . 2 model 7

c) First input of the MIMO system

d) Second input of the KIMO system
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FIG
n = ,2 T = 1 ,3 2 = 2 . , 2 .  ¥ =  . 2 m o d e l  7

5 .48: DIFFERENT STRUCTURES

b) Second output of the MIKO system
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FIG 5.48: DIFFERENT STRUCTURES
n = 1 , 2  T = l , 3  2 = 2 . , 2 .  X = . 2  m o d e l  7

c> First input of the MIMO system

d) Second input of the MIMO system
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FIG
n =

5 . 49 : 
, 1 T =

D I F F E R E N T  S T R U C T U R E S  
,1 2 = 2 , , 2 .  * = . 2  m o d e l  7

a) First output of the MIMO system
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FIG
n = ,1 T = 1 ,1 1 = 2 . , 2 .  ¥ = . 2  m o d e l  7

5.49: DIFFERENT STRUCTURES

c) First input of the MIHO system

d) Second input of the MIMO system
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In all the figures shown above, the response of the second output 
y2 appears quite insensitive to the selection of model structures and 
time-horizons. This is due to the fact that load changes have little 
effect on this output [see Figs. (5.42.b) and (5.43.b)3. On the other 
hand, the response of the first output [which is strongly affected by 
load changes] looks sensitive to the selection of structural indices 
[n, and n2] and control-horizons [T, and T23. In a way, this behaviour 
was expected since the FB/FF SISO algorithm is also sensitive to model 
order and control-horizon selection. Kore work is required in order to 
fully understand the sensitivity of controller performance to time 
horizons and structural indices selection. This is especially true in 
an industrial environment, where the understanding of the processes 
are, in general, inadequate.
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5.2.3.b.- Quasi-nonlinear Simulations

In the following series of quasi-nonlinear simulations, the 
performance of the FB/FF adaptive control algorithm is compared with a 
purely FB controller. The simulations basically consists of simul­
taneous set point changes in both outputs at time k=300; at the same 
time, the simulated linear model is changed, as it is likely to happen 
in a non-linear system. The outputs are contaminated with white noise. 
Both input disturbances are described by the same square wave 
[amplitude 1, period 120], but with a phase difference of half a 
period. The RLS algorithm estimates both the process and the 
disturbance model parameters.

The information lengths were set to E0, = l. and I02=2. and the 
observability indices were chosen to be n,=2 and n2=l [the true model 
structure].

Figure (5.50) presents the results when the system was controlled 
with a minimum-variance FB/FF control-law. When the set point changes 
occur (k=300), the description of the system changes from model 8 to 
model 7 of Appendix H. A near perfect regulation is achieved. Even 
after the set points and model have changed, the adaptive control 
tends to eliminate the effects of the input disturbances. On the other 
hand, the system controlled with purely feedback action [Fig. (5.51)] 
presents very large deviations in the steady state.

Similar results were observed with different models and different 
horizons. For example, in the following set of simulations an 
extended-horizon control strategy is used.

In the simulations shown in Figs. (5.52) and (5.53), the system 
is firstly described by model 8 and after the set point changes, it is 
described by model 9. Model 9 differs from model 7 in just one 
parameter in the disturbance matrix, however, this difference makes 
the outputs of model 9 much more sensitive to the measured 
disturbances. In these simulations, the horizons were set to be 3. 
Again, the performance of the system controlled with the FB/FF 
algorithm [Fig. (5.52)] is much better compared with the performance 
of the system controlled with purely feedback [Fig. (5.53)].
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F I G

n = 2 , 1
5.50: FB/FF MIMO SELF-TUNER
T= 1 , 1 1=1. ,2. Y = . 2 models =8,7

a) First output of the MIMO system

b) Second output of the KIMQ system
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FIG 5.51: FB MXMO SELF-TUNER
n = 2 ,1 T=l,1 X = 1 . , 2 , Y = . 2  roodels = 8,7

a) First output of the MIMO system

b) Second output of the MIMO system
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FIG 5.52: FB/FF MIMO SELF—TUNER
r> = 2 # 1 T = 3,3 1 = 1. , 2 .  ^ = . 2 mode ls=^9
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a) First output of the MIMO system

b) Second output of the MIMO system
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a) First output of the MIHO system

b) Second output of the MIMO system
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Figures (5.54) and (5.55) show the results obtained when 
different horizons were employed. In these simulations, the control- 
horizons were chosen to be 3 for the first output and 1 for the 
second. The system controlled with FB/FF presents a much better 
response than the one controlled with purely FB. It is worth noticing 
that changing the horizon had almost no effect in the system 
controlled with FB/FF, as it can be seen by comparing Figs. (5.52) and 
(5.54). This agrees with the observation mentioned earlier that once 
the control is detuned Cfor example Fig. (5.54)] the controlled system 
becomes insensitive to further horizon increments [as in Fig. (5.52)].

In short, it can be said that a system controlled with FB/FF 
control action always presents a better performance compared with the 
one that can be achieved by a system controlled with feedback only.

The FB/FF adaptive algorithm tested in this section requires the 
same amount of a priori information as does the purely FB adaptive 
algorithm. The only price which must be paid is that the rate of 
adaptation may be slower given the extra parameters which need to be 
estimated; and, of course, the FB/FF algorithm is only usable when the 
disturbances are measurable.

The FB/FF adaptive controller used in this section is a 
positional algorithm, so that it is expected to be sensitive to 
unmeasured deterministic disturbances. However, an incremental 
algorithm can easily be conceived to cope with this problem.

Many more tests (simulations and experiments) are required, 
nevertheless, the results obtained so far are very promising.
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FIG 5.54: FB/FF MIMO SELF-TUNER
n  = 2 , 1 T = 3 , 1  E =  1 . , 2  . ¥ =  . 2 m o d e 1 s =  8 , S

a) First output of the MIMO system
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b) Second output of the MIMO system
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F I G
n  =  2 ,  1

. 5 5  : 
T = 3, 1

F B  M I M O  S E L F - T U N E R
£ = 1.,2, X = .2 mo d e l s = 8 , 9

a) First output of the MIMO system

b) Second output of the MIMO system
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CHAPTER 6 CQHCLUSIQIS

Almost thirty years ago, the first self-tuning algorithm was 
proposed by Kalman. The idea was very advanced for the time, 
considering the state of development of both control theory and 
computer technology. Kalman's algorithm generated a great deal of 
scepticism, this can be illustrated by the following comment to his 
original work :

"But I ask last the primary unanswered question: Does it work ?"*

Nowadays, it is believed that both control theory and computer 
technology are sufficiently developed so that self-tuners can feasibly 
implemented in an industrial environment. However, the point of view 
in industry is still characterized by scepticism.

To make self-tuners widely acceptable in industry, the algorithms 
must be of simple design and operation, but robust enough to be 
applied with confidence in a variety of processes.

The robust self-tuning regulator of Ydstie complies with the 
above requirements. The algorithm, which was designed to control 
processes usually found in the chemical industry, includes two 
important features: a variable forgetting factor for parameter
estimation, which controls the rate of adaptation; and an extended- 
horizon control law, which detunes the control action to cope with 
non-minimum phase systems and time-delays.

It was later detected that Ydstie's self-tuner was sensitive to 
large and frequent load changes and to interactive control-loops.

The present work shows how to solve these problems without 
abandoning Ydstie's basic design approach. Feedback SISO, FB/FF SISO, 
FB KIMD and FB/FF MIMO self-tuning algorithms are proposed and tested 
with systems characterized by large and frequent load changes, time- 
delays and control interaction.

* [Kalnan, 1958]
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The present work shows that in the case of SISO FB control, an 
incremental algorithm without bias estimation using an equal control- 
increments control strategy is robust against unmeasured deterministic 
disturbances. The algorithm was implemented using a direct (implicit) 
approach; however, preliminary results suggested that an indirect 
(explicit) approach may lead to an even more robust algorithm.

A SISO FB/FF self-tuner was also implemented in a direct- 
incremental form. The controller includes direct transmission between 
the measured disturbance and the measured output to account for inter­
sample perturbations. The control law considers disturbances as 
changing by steps, however other kind of disturbances may also be 
considered. The FB/FF self-tuner has been shown to be robust to 
initial parameters selection. It has also shown a much better 
performance than a FB only algorithm at little extra cost, namely, a 
slower convergence rate due to the increased number of parameters 
which need to be estimated.

In the FB multivariable case, a state-space formulation was 
employed. The main advantage is the reduced number of parameters 
needed for estimation, compared with a matrix transfer function 
approach for multivariable systems. A Bootstrap method was used to 
solve the problem of simultaneous estimation of both states and 
parameters. The MIMO self-tuning algorithm has shown itself to be more 
robust than independent SISO regulators when controlling interactive 
systems, but it can also control non-interactive systems. An
incremental implementation of the MIKO controller appears to be robust 
against unmeasured deterministic disturbances.

A FB/FF state-space multivariable controller can be employed in 
systems where disturbances are measurable. A much better performance 
can thus be obtained and the only price that must be paid is a slower 
rate of adaptation.

Like any other self-tuning algorithm, the controllers proposed in 
this work require the selection of a set of initial parameters. In the 
following, a guide to the selection of the most important of these 
parameters is given:

a) Time-horizon CT3: The selection of this parameter is 
easier in the SISO FB case. The chosen T must be larger than or 
equal to the largest expected delay in the plant. If the plant 
is non-minimum phase or the control action is undesirably strong, 
the control can be detuned by increasing the horizon T.
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In the FB MIMO case, the time-horizon selection is less 
easy. Here, an horizon must be chosen for each output. If the 
plant is linear and time invariant, the MIMO self-tuner is very 
robust to time-horizons selection. On the other hand, in time 
varying or non-linear plants the algorithm is not very robust to 
the selection of different horizons for different outputs. Never­
theless, it is advisable to use different horizons for each out­
put when the plant is characterized by a general delay structure.

When FB/FF controllers are employed [both SISO and MIM03, 
perfect regulation can be achieved, but undesirably strong con­
trol action may be required. In this case, the horizon T can be 
increased to detune the control. It has been observed that once 
the control has been detuned, increasing the horizon even more 
has little effect on the control performance.

b) Model orders tn, q] and observability indices In,]: In the 
SISO FB case, the selection of the model order n appears to be 
very robust. Care must only be taken in systems affected by a 
time-delay. In this case it is convenient to utilize values of n 
larger than two.

The SISO FB/FF controller requires the selection of two 
model parameters. One for the control/output transfer function 
[nl, another for the disturbance polynomial C ql. If the plant has 
no time-delay, the selection of n and q will appear straight­
forward an robust. On the other hand, if the disturbance is 
measured with a delay, the selected parameter q must be large 
enough to ensure that significant information is included in the 
data vector of the parameter estimator. The value of q must be 
larger than dw-T, where dw is the disturbance delay.

In the multivariable case, one observability index [structu­
ral index! n̂  must be chosen for each output y*. The observabili­
ty indices define the structure of the state-space model to be 
identified. Different model structures can be defined for the 
same overall system order. It is difficult to know the true model 
structure of processes in an industrial plant. However, the 
results obtained so far indicate that the MIMO state-space algo­
rithm is robust against the selection of model structure, except 
when very large horizons are used. In the case *of FB/FF control, 
choosing a wrong model structure usually leads to a detuned con­
trol action and consequently, perfect control is not achievable.

c) Information length or content [E03: This parameter is
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defined as the product of the process noise variance and the 
number of sample intervals contained in the data window. However, 
20 is usually considered as just a tuning parameter which con­
trols the rate of adaptation. It has been observed that too small 
a value produces undesirable "burst" effects on the estimates and 
the control. On the other hand, too large a value makes the 
estimator insensitive so that the algorithm cannot adapt to plant 
changes. Nevertheless, the selection of the information length is 
very robust, namely it can be safely selected in a range of two 
orders of magnitude.

d) State filter gain Cvl: This parameter, which is only used 
by the state-space algorithms, controls the rate of adaptation of 
the state estimates. The MIMO self-tuner has shown itself to be 
very robust to the selection of . Problems only arise if large 
values are employed [^.93, which means that little weight is 
given to the state predicted by the estimated model and too much 
weight is given to the measurement. In this case, the algorithm 
becomes extremely sensitive.

The present work has left the way open for more tests and deve­
lopments. In the SISO case, for example, more experimental work would 
be done with indirect [explicit] algorithms. It may also be 
interesting to implement the algorithm on various kinds of processes.

In the MIMO case, different types of state filters [as mentioned 
in Chapter 31 can be compared. The MIMO algorithms must also be 
implemented on real-time interactive processes.

An incremental version of the FB/FF state-space controller can be 
developed and implemented on real-time processes.

Based on the experience obtained in the present work, it can be 
said that implementation of self-tuning algorithms in an industrial 
environment is both feasible and convenient. Nevertheless, the design 
of robust enough algorithms can only be attained by thorough tests on 
real-time processes. At this stage, the role of the engineer appears 
crucial.

In short, we can join in Kalman's answer to the early self-tuning 
control critics:

" the author wishes to  answer h is  l a s t  and most important po in t ,  ' D o e s  

i t  work ?'. The answer i s ,  Yes." [Kalman, 19583.
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APPENDIX A UNEXPECTED BEHAVIOUR OF THE EXTENDED HORIZON CONTROL

Our experience in simulations and experimental work illustrated 
that by detuning the control objective from the rigid requirements of 
minimum-variance the extended-horizon approach gives a fairly robust 
control; however, there is not much theoretical work to support that 
idea.

In general the available theoretical results are concerned with 
limiting situations. For example, Ydstie(1982) showed that if a large 
enough horizon is used, the extended-horizon control strategy can 
overcome non-minimum phase behaviour in an open-loop stable system. 
But the theorem does not say anything about how large the horizon 
should be,-vioc so.y if it is always a good idea to increase the 
horizon in order to increase robustness.

In the following a very simple system is examined in order to 
determine the effect of increasing the horizon on the stability of the 
controlled system. This study is not guided by any idea of gene­
ralization, but only by the prospect of understanding a bit more the 
way the extended-horizon control works.

Let us consider a single-input single-output discrete second or­
der deterministic system, expressed in a state-space row companion ca­
nonical form :

The most reliable kind of system that one can think of will be 
considered in order to illustrate what happens to this sort of system 
when an extended-horizon control is used.

The canonical system (A.1) is always observable (see appendix B). 
In order to be controllable, the parameters in (A.l) must satisfy the 
relationship :

0 1 •Xi, + (A.1.a)
1 0 3 (A.l.b)

b, * b22/(a1«b, + a2«b2) (A.2)

(A. 2) follows from condition (l.a) of appendix G.
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The system should have also a stable inverse; hence, the 
zero of the equivalent input/output model of (A.l) must be inside the 
unit circle, i.e. :

I b2/b, - a2l < 1 (A.3)

The conditions for open-loop stability can be obtained through 
Jury's stability test , and they are given by :

a, > -1
a, < 1 a2
a, < 1 + a2

(A.4. a) 
(A.4. b) 
(A.4.c)

These conditions are represented by the large triangle in Fig.
(Al).

Finally, for controlling the process (A. 1) in a single step 
(i.e., achievable perfect control), then :

b, / 0 (A.5)

It is clear that if the system (A.l) satisfies all the above 
restrictions, a stable closed-loop behaviour will be obtained using 
time-horizon 1 (i.e., output deadbeat control). But what happens if we 
use time-horizon 2 ?

According to

y^ 2 =

= C 1 0 ]r

+

a yk+2 =

considering uk = u

(A.l), the predicted output at time k+2 is given by: 

C 1 0

I ° 1I a, a2
0 1 
at a2

C a, a2 ] •&< + b,«uk+, + b2»uk 

k+1, the extended-horizon control is given by :

J »Xk+2

u„ = ( yk* - [a, a2] ) / ( b, + b2 ) (A. 6)
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To simplify the analysis, values of b, = l and b2=0 are given that 
do not affect the above described desirable properties of the system 
<A.l), but of course, generality is lost.

Replacing (A.6) into (A.l.a), yields the closed-loop equation :

Xk+1
—8i] l-a2
ai a2 •X* + 1

0 (A.7)

Vith the given values of b, and b2, the system (A.l) is control­
lable, observable and with achievable perfect control. If the para­
meters a, and a2 are inside the area defined by (A.4) the system (A.l) 
will be open-loop stable.

Closed-loop stability for time-horizon 2, depends on the follow­
ing equation :

X2 + (a,-a2)»X - a, = 0 (A. 8)

According to Jury's test, this equation presents unstable poles 
if the values of a, and a2 are out of the triangle defined by :

a, = -1 (A.9. a)
a, = a2/2 - 1/2 (A.9.b)
a2 = 1 (A.9.c)

In Fig. (Al) the shaded region shows the combinations of a, and 
a2 that produce an unstable closed-loop for time-horizon 2, even if 
the original system is observable, controllable, stable, minimum-phase 
and with achievable perfect control.

For example, if a, = .6 and a2=-.3, then :

x (A.10)

The open-loop poles are P={-.939,.639), and the closed-loop poles 
for time-horizon 2 are X={-1.346,.446), i.e., the "closed-loop system 
is unstable.
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This behaviour also appears sometimes when the sampling time is 
increased to deal with non-minimum phase systems, and seems to be 
related with the aliasing effect in sampling.

Fig. Al: Instability Region

On the other hand fig. A2 shows the values of the closed loop 
pole of maximum magnitude with varying time-horizon, for system 
(A.10).

Fig. A2: Closed-loop Pole Variations
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In general, the closed-loop poles approach the open-loop poles 
when the time-horizon is large enough.

In the particular case examined, the closed-loop poles oscillate 
around the open-loop poles for intermediate time-horizons, causing 
closed-loop instability in certain cases. Probably these oscillations 
are due to the fact that the control at time k cannot affect the 
output at time k+1 ( b2=0 ).

The important thing to note is that even for systems with 
desirable open-loop characteristics it is not always a good idea to 
increase the control horizon when an extended-horizon control strategy 
is used.

Despite the fact that we did not have any problem with this con­
troller in our experiments, it is worth in mind the limita­
tions of the extended-horizon strategy in future applications.

Recently, Ydstie (1986) proposed a controller which automatically 
selects the control-horizon on-line, checking the closed-loop poles.
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APPENDIX B STATE-SPACE AND INPUT-OUTPUT REPRESENTATION FOR A 
SINGLE-INPUT SINGLE-OUTPUT DETERMINISTIC SYSTEM

Consider the following input-output model:

(l+a,iz-,+a2#z-2+. . ..+a„»z“n)*yk = (b,»z~’+b2»z~2+.. . .+b„»z_n)*uk
(B.l)

where yk and uk are the output and input respectively, z is the shift 
operator, and n is the order of the process.

This model can also be represented in a state-space form. Some of 
the most important canonical forms equivalent to (B.l) are presented 
below. Here we follow Sinha and Rozsa(1976), but their work is concer­
ned with continuous-time multivariable representations.

The state-space model is given by :

Xk-H = Aijk + b»uk (B.2.a)
yk = £•;& (B.2.b)

where & e R" is the state vector, y and u are the same as in (B.l).
A £ RnxRn is the process matrix, fc. £ Rn is the control vector and 
C. £ Rn is the observation vector.

i) Observable Canonical Form :
In this case the matrix A and the vectors h. and q_ have a special 

form given by :

&<♦, =
0 0 
1 0

.0 ~an 

.0 -an_,

0 0. . 1 -a,
• Xk +

bn
bn-,

b,
• ut (B. 3. a)

yk = t0 0 ...... 13 » x* (B.3. b)

Independently of the values of the a's and b's, the form (B.3) is 
always observable; thus a non-observable process does not have an 
observable canonical representation.
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ii) Column Companion Form :

If the system (B.2) is controllable, doing some algebraic mani­
pulations, the form (B.2) can be transformed into the equivalent 
model:

0 0. .0 -an
1 0. . c -an_,

• X\ +
0 0. . 1 -a,

(B.4. a)

yk = £c,...... cn ] » (B.4. b)

where the states x*'s are a linear combination of the previous states 
x's. The observation vector is given by :

C_ = [0 0 . . .13 »P, where P = [ h. : A«b. : . . . : A"'1 »b3

and A, b. are defined by (B.3).
This form only exists for controllable processes, i.e., when the 

matrix P is non singular.
It can be shown that in general, the vectors £_ and fc. are related 

according to the following formula:

c, = b,
Cj = bj - b̂ ta,-, ; i=2... n (B.4.c)

EXAMPLE :
Consider a controllable system expressed by an observable cano­

nical form model:

0 3.2 I , b2
& c  + 1 = 1 »2* + 1 -a, 1 b,

y* = to 1
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Then, computing the P matrix and the c. vector

P = b2
b,

-b,»a2 
b2—aj »b,

and CO 1]»P = Cb, b2-a,»b,]

the column companion form can now be defined

XV, = 0 -a2
1 -a, •X\ + •u*

yk = Cb, b2-b,»a,]»x%

iii) Rq.w ..Companion Fora :
The form (B.2) can be transformed, if the system is observable, 

to the following equivalent representation with state vector z* :

zVi =
0 1. .. . 0 C,oo . . 0 c2II 1 Z*v +

~a„. . . .-a, Cn
« uk (B.5. a)

yk = [ 1 0 , 0 3 » 2L*„ (B.5.b>

Like the observable canonical form (B.3) the above representation 
is always observable.

iv) Controllable Canonical Form :
Given a controllable (B.2) model another canonical form can be 

obtained wi+W state vector z.'

0 1__ 0 0
0 0__ 0 0

— • Zj, + •
-an... -a, 1

yk = C bn..... b, 3 • a, (B. 6. b)
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This representation is always controllable; thus a non controlla­
ble process can never be expressed in a controllable canonical form.

If a system is controllable and observable, all the presented ca­
nonical forms are equivalent, they are just a different way of repre­
senting the model.

They can always be transformed one into another; this is easy to 
see if one considers that all the canonical forms presented are based 
on just 3 vectors: the vector of the a elements in the A matrix and 
the vectors fc. and c. in eq. (B.2), which are related by eq. (B.4.c>.
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ABPEffDIX C DEBIVATIQI OF THE MEASUREMENT EQUATIQI FROM THE ROV 
CQHPAIIQI MULTIVARIABLE STATE-SPACE CA1Q11CAL FORM

I.- Basic model. :

Consider an innovations model expressed in a row companion cano­
nical form. This model is an extension of the (B.5) model shown in

25**1 =

K B, to incl
be expressed

Aj i Aj2 • •• Alg,
A21 A22. • A2„

An 1 An2. • An*

s.d) bd>
X,(2) b<2)

• • + •
X*, Cm) b<n>

♦11* +

K q l ) 25**i d )

J**l - • 1 •

l(qm ) 25* + i Cm)

+ £i,*i

l t d )
k<2>

k (n )

•£*

<C. 1.a)

(C.1. b)

The vectors and block matrices in eq. (C.1) are defined as
follows:

The state-vector of the system x. e Rn is partitioned into m 
state-vectors xCj) of dimension nj, where the nj1s are the structural 
parameters called observability indices and m is the number of 
input/output pairs.

The state-vectors of the m sub-systems of orders nj are defined 
by:

X'<j) = i x(qj), x(qj+l), ...  x(pj> 3 ; j = l,m

where the nj's, qj's and pj's satisfy the following relationships:

n = Inii-l
qj = ( Ini ) + 1i-l
pj = Inii-l

(C.2.a) 

(C.2. b)

(C.2.c)
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The vectors u, £., $L, all of dimension m, are the inputs, the
innovations, and the outputs respectively.

The innovation e* is the new information contained in y* which is 
not contained in {$£►-,, . .., y©>. The innovation e* is defined as the
difference between the measured output at time k (y*) and the output 
predicted by model (C. 1) at time k-1 (&/«_,); £*, generally, accounts 
for the noise and parameter uncertainties in the model.

In eq. (C.l.a), the process matrix A is a block matrix, where the 
blocks Ajj have the following special form:

0 1 0...  0 0 0 . . . .............................0
0 0 1................. 0 0 0 . . ..............................0- A i  i -0 0 .....  1

. . a,j (ni) a* j<1>. . . .a4i (nj )

The observation matrix C has also a special form, where its row 
vectors i(qj) of dimension m are unitary vectors, with the one in the 
qjth position.

The control matrix B and the steady state Kalman gain matrix K 
have no special form, where the fc.(j)'s and the k.(j)'s represent row- 
vectors.

The following example will clarify the previous definitions:

0 1 0 bn b12
an a,2 aj 3 »&< + b2i b22 *Uk (C.3. a)
a 21 a22 a23 b3i b32
1 0 0 <C. 3. b)1 0 0 1

Equation (C.3) posses 3 states and 2 input/output pairs, then 
n=3 and m=2.

The matrix A can be partitioned in the following form:

A,, - 0
a,,

1
f nN< 0

a,3
A2i = C a2i a22 3 ; A 2 2 C a23 3

According to this partition, the the structural indices are: nl=2
and n2=l.
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The qj and Pj indices can be i
ql=l, q2=3, pl=2,, and p2=3.

The state-partition vectors are:

x' (1) = [ x (1) x(2) ]
X' (2) = [ x(3> ]

The row-vectors of the B matrix

h( 1) = [ b„ b,2 3
fc(2> = C b21 b22 3
h<3> = t b,/ b32 3

Finally, the unitary vectors
defined by the indices qj, so that:

Kql) = C 1 0 0 3
i<q2> = [ 0 0 1 3

The above example does not consider innovations, but with 
innovationsthe definitions are the same.

II.-Derivation of the measurement equation :
It will be shown that the state-space eq. (C.1) can be decomposed 

into m subsystems. These subsystems can be expressed in a measurement 
equation form, so that a standard RLS algorithm can be used to obtain 
estimates of the state-space model. To do this, the first state- 
partition in eq. (C.l.a) will be developed next:

fcCl) k(l>
• ♦u* + •

b(pl) k(pi)

where the indices pj are defined in eq. (C.2.c).
The left-hand side of eq. (C.4) considers only the elements of 

the first state-partition. According to this, eq. (C.4) contains the 
upper blocks of the A matrix and the first pi row-vectors of the B and 
K matrices.
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Equation (C.4) can also be written in the following form:

Xk+1 (1) 0 1 . . . 0. . . . . . 0 0 . . . 0
; = 0 0 . . . 1. . . . . . 0 0 . . . 0

xk+, (pi) an (l). . a,, (nl). . .• • • a,, (1). . a)B, (nm)

b ( l> l t d )

+ •
•11* +

•

h (p l> k (p i>

and developing the above equation yields:

Xk + I (1) = xk(2) + bd)*!!* + kCDia, (C.6. 1)
xk+, (2) = x„(3> + b(2)»u* + k(2) ifij. (C.6.2)

xk+, (pi) = + h(pl)«u(k) + fc(pl)i£.(k) (C.6.pl)

The vectors &(j> are, in general, defined by:

2.(j ) = [ ajt (1). . . a,, (nl)...... a}K (1). . . a,, (nm) ] (C.7)

The first output can be obtained from eq. (C.l.b):

Yk+nid) ~ Xfc+niCl) + ek i ( 1 ) (C.S)

substituting CC.6.1) into (C.8):

Yk+nld) “ Xk+nl_, (2 ) + >»!!*♦„!-1 + It (1) *£*+r,\-1 + ek*n, (1)

<C. 9)

If the substitution is continued for the first (pl-1) states in 
eq. (C.6), the following result can be obtained:

nl -1yk*«, <i> = (pi) + l < hCi)*!!**,,,-! + t(i)»£k+ni-l > ,+ efc ( 1 )

(C.10)
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Finally, replacing (C.6.pl> into (C.10):

nlyk*n!<l> = a. c 1 > • X* + l i  k(i>*U*+nl-i + ltd > + ek+n, (1 )
i »  1

CC.11)

and writing (C.11) in a more compact form:

yh*niU> = Z*+n1-,<l>iQ_(l> + vk*n,(l) (C. 12)

where the row vector z. and the column vector £L are defined by:

Z*+n1-l(l) = C X.1 k » U.' k *.....i U.' k+nl-t 3
&' <1) = C a ( l ) ;  b ( p l ) ; ___ ;fc (q l)  3

The value of v is given by a linear combination of previous 
innovations:

vk+n, (1) = ek+n1 (1) + I k(i)•&,♦„,-j (C.13)
i « l

ql and pi are given by eqs. (C.2.b) and (C.2.c) respectively.

Equation (C.13) can be generalized to an arbitrary output 
following the same procedure as above :

y k + n j  )  ^Ck+n j ^ q j  ^ t  ® k + n j  ^

“* ^ k + n j - 1  (qj+1) + b<j)»il* ♦ n j - l  t lt̂qj )  * 6 j c * - n j - l  t ® k + n j  Ĵ 3

= xk+1(pj) + K  b<qj +i-l)•ik+nj-i + kCqj+i-Dififĉ j-i )i-1
+ ek+nj(j) (C. 14)

The general form of eq. (C.6.pj) is:

Xk+i<pj> = a<j)«Xk + b(pj)»Ui« + fc<pj)«fi* (C.15)
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Introducing (C.15) into (C.14) yields :

= &<j>*Xk + l  < t(qj+i-l)«Ui.+nj-i + lt<qj + i - l >•£*♦„j-i >
i - 1

+ ek+ni(j) (C.16)

and finally, expressing (C.16) as a measurement equation for least- 
squares estimation :

Yk+nj (j ) “ Z*+nJ-l <j>*acj> + k̂+nj 3

where :
Zk+nj-1 (j ) - [ X.' k * 11* k ;.....» U.' k+nj-1 3
fi.' (J> = C a(j); fc(pj);.....; b(qj) 3

pj
<j) = ek+nj( j )  + Zfc(i)»g**pj_,

i - q j

(C.17)

Equation (C.17) is the one presented by Sinha (1982), but it can 
be rearranged to get a more suitable measurement equation for adaptive 
control :

yk*i(j) = Z*(j)*6_(j) + vk+, (j ) (C. 18)

with :
Z*(J) = [ xVi-niJU/kJ..... ; u.' k+l-nj 3
fiL* Cj) = c &(j) ; b(qj) ; ............ ; h<pj) 3

p ivk+,(j) = ek+, (j ) + Zk(i)«£k+qJ-i
i  mQJ

where vk„, (j) is the residual uncorrelated with the measurement vector

The measurement eq. (C. 18) permits the estimation of the model 
parameters in eq. (C.l). The estimation can be independently 
accomplished for each subsystem j, so that a standard RLS algorithm 
can be employed. If eq. (C.18) is combined with a state-estimator in a 
bootstrap manner [see section (3.2)), a state-parameter estimation 
method can be obtained. This method only uses I/O data and the 
parameter estimates are the parameters of a state-space model of the 
form (C.l); so that no parameter transformation is needed.
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To clarify the above development, the measurement equations of 
the model (C.3) are given:

yk*i(l> = z,<(l>»Q.<l> + vk+1(l)

where:
Z*(l> = C xk_,(l), xk_1(2), x,,.,(3); uk(l), uk(2); uk_, (1), uk_,(2) ]
0.' d) = f fin » î2 t î3 j bn , b,2 I b2i > b22 3

= ©k + i (1) + E&(i)*£k+i-ii-i

and for the second output:

yk+, (2) = Z j < ( 2 ) » 6 _ ( 2 )  + vk*,(2)

where:
Zj<(2) = t xk(l), xk(2), xk(3); uk(l), uk(2) ] 
Q.’ (2) — [ a2i , a22 , a23 ; b31 , b32 ]

3
vk+1(j) = ek+1 (j ) +

i-3
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APPENDIX D NOISE.GENERATION

The need to simulate more than one independent series of random 
numbers, drove us to write a subroutine for this purpose, since the 
available random generator of the NAG library could generate only one 
series of random numbers at a time.

I.- Uniform Distribution Generator

A prime modulus multiplicative congruential generator is used 
[see Fishman (1978)].

Let fZ,} denote a sequence of integers defined by the recursion:

Zi = AiZj., - MiKi ( D.l )
Kj = ( A«Zi_, >/M ( D.2 )

where the "multiplier" A and the "modulus" M are integers. K* is the 
largest positive integer in the evaluation of (D.2). Z0 is called the 
seed or initial value.

Properly chosen A and M can produce a sequence whose behaviour 
closely resembles that of a sequence of purely random numbers.

Fishman recommended the following values :

A = 397204094 
M = 23,-l
Z0 = < 1973272912, 890944011, 392021456, 1861780802, 

1059483461, 1218424646, 806543588, 1855115416,
38090947, 926128229 >

Each seed produces a different sequence.
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II.-Normal Distribution Generator 

It is known by the central limit theorem that :

Xk = { IZi - kirn* >/( ô i/k ) ( D.3)
i - l

where the Z/s are random variables (r.v.) with variance v T2 and 
average m*, and X„ is approximately a normally distributed r.v. with 
zero mean and variance 1. If iZ%) is uniform, then :

m, = ( a + b )/2 
v 2 = ( b - a )2/12

considering a $ ( b and a = 0, b = 1 , yields :

m* = . 5 and vz = l/\/l2 ( D.4 )

On the other hand, it is well known that :

X = ( V - m. >/<rv ( D. 5 )

where V is normal with mean m* and variance <rv2. X is normal with 0 
mean and variance 1. Using k = 12 in eq. (D.3 ) and replacing 
< D.4 ) and ( D.5 >, yields:

{ ZZ* - 12«0.5 )/(/l2//l2 ) = < V - m, )/<rv

finally :
V = <rv ( 1Z± - 6 ) + m* ( D.6 )i-l

then, a normally distributed sequence <Vi}, with arbitrary mean and 
variance can be generated from a uniformly distributed sequence {Zi>.
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APPEIBIX E EXAMPLES QF KULTIVARIABLE EXTEHDED-HQRIZOH CQHTRQL

a) Feedback Control

Consider the following deterministic state-space discrete-time 
model:

2 = A»Xk + Biji, (E. l.a)
y* = C#Xk (E. 1. b)

The predicted output vector at an arbitrary horizon can be ex­
pressed as* :

= Xk + D'U* <E .2 >

where y.’k+T = Cyk+tl, ?n-t2..... ,$k+tJ and the ti's are the extended
horizons for each output.

The vector T .which represents the past information, and the 
controller gain matrix D are defined in eq. (3.53) in section (3.2.2).

If y* is the set point vector, then the multivariable extended-
horizon control can be obtained from eq. (E.2) :

U* = D-’.(y*-L > <E .3 )

The vector % can be expressed by:

I* = Eijk (E.4)

where the row vectors of the E matrix are defined as:

fi.(j) = l ( q j ) « A TJk

and Kqj ) is the unitary jth row-vector of the observation matrix C. 

Replacing (E.3) into (E.l.a) and using (E.4), yields :

+ , = {A-B»D_,»E> »&, + B«D~'#y* (E .5 )

A See section 3,2,2
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Defining the state controller gain:

K = D-’»E (E. 6)

yields the following closed-loop equation

= <A-B»K) •&< + BtD-’iy* (E . 7 )

The closed-loop poles are given by the eigenvalues of the matrix 
•CA-BiK).

EXAMPLE 1 :
Consider model 10 of Appendix H:

0 . 0 1.0 0. 0 0 . 12 0 . 10
0. 1 0.3 0. 1 + 0.36 0.20
0.95 0 . 1 0. 7 0.20 0.30

1.0 0. 0 oo

0. 0 0.0 1. 0

i) If perfect control is applied, i.e., using extended-horizon 1 
for both outputs, then E,=C*A and D,=CiB in (E.2) :

0 . 0 1.0 0 . 0 ; d , = 0 . 12 0. 10
0.95 0. 1 0.7 0.20 0.30

Computing the control gain matrix K from eq. (E.6) and premulti­
plying by the control matrix B:

B«K
0.0 1.0 0.0
1.24 4.18 0.53
0 . 95 0.1 0.7

the closed-loop process matrix can be obtained :

{A-B»K>
0.0 0.0 0.0

- 1.14 -3.88 -0.43
0.0 0.0 0.0

The closed loop-poles are given by X, = -3.88. x2 = X3 = 0, and 
the controlled system is unstable.

Note that these closed-loop poles correspond to the open-loop 
zeros since the control-gain matrix computed with control-horizon 1 is 
the inverse of the process-gain matrix. Then, the system is non­
minimum phase because it contains an unstable zero.
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ii) The plant described by the model above cannot be controlled 
with a minimum-variance strategy [T = 1]. However, a stable control 
can be achieved with an extended-horizon law.

For example using horizon 2 for both outputs, E2=C»A2 and 
D2=Ci <A»B + B)

E2 =

K

U-BiK>

0.1 0.3 0. 1
0.68 1.05 0.5

-0.92 -0.83 -0.57
1.80 2.33 1.25

-0.07 0.87 -0.06
0.07 0.13 -.06
0.59 -0.43 0.44

I 0.48 0.30 I
I 0.49 0.63 I

The closed loop-poles are the eigenvalues of the matrix above :

X, = 0.02; X2 = -0.30; X3 = -0.36.

the unstable zero has been overcome and the control produces a stable 
closed-loop behaviour.

iii) Different horizons can also be used for the two outputs,
xample, tl:=1 and cmnCM4->

Consider !E„ = E a' ii J2  3' and Djj = [
c a'.i a'22 y and D12 = C d‘n d' 22 3 *.

0. 0 1.0 0. 0 nE l 2 = 0.68 1.05 0.5

K -2.60 20.0 -1.92
3. 12 -23.70 2.31

0.0 1.0 0. 0
{A-BiK) = 0.41 -2.16 0.33

1.37 3.21 0.39

X, = 0.96; X2 = -0.11; ha. = -2.&1

&' n 1' « 3 ' » then;

0 . 1 2  0 . 10
0.49 0.63

In this case the controlled system is unstable
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iv) Using a control with tl=2 and t2=l, iiw £.'21
D„ = E d* 2i d' 12 3' :

1 0.1 0.3 0. 1 0.48 0.30Ea, 0.95 0. 1 0.7 » U2i = 0.20 0.30

K -3.04 0.71 -2.14
5.19 -0. 14 3.76

-0.16 0.93 -0.12
{A-B»K> = 0.16 0. 07 0.12

0.0 0.0 0.0

3 X, = 0.0; X2 = 0.35; X3 = -0.43

and the control yields a stable closed-loop.

From this example it can be seen, as it was mentioned in chapter 
2, that sometimes the non-minimum phase behaviour is associated with 
only one of the outputs and not with the entire system.
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b) Feedback-Feedforward Control

The plant model includes now measured disturbances:

+ , = A + B»u* + Hisik (E.8.a)
y* = C#Xk CE. 8. b)

where h. is the measured disturbance vector and H is a matrix of proper 
dimension.

The predicted output vector isfl:

S**T = % + D»u* + S#m*c (E.9)

where the feedforward matrix S is defined in section (3.2.3).
If y* is the set point vector, then the multivariable extended- 

horizon control law can be obtained from eq. (E.9):

U* = (E. 10)

Replacing eq. (E.10) into (E.8.a) and using (E.4), yields the 
closed-loop equation:

Xx+i = <A-B«K}i&< + B»B"’»y* + BiD"’»Siwk (E.ll)

EXAMPLE 2 :
Equation (E.ll) will be used to compute the control law of model 

9 in Appendix H, with different control-horizons.
The model is:

0. 000 1. 000 0. 00 -2.3 . 17 1.5 -0.5
0. 038 -. 054 -.22 + -1. 1 0.30 •U* + -2.0 1.0
0. 130 -. 004 0.14 1.2 1.80 0.5 -1.0

1 1.0 0.0 0.0 •
1 0.0 0.0 1.0 1 •&<

A See section 3,2,2
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i) The mini mum-variance control law in this case is calculated by 
setting the control-horizons of both outputs to 1. The E, D and S 
matrices are:

E, = C*A = 0 . 0 0 1.000 0.00
0.13 -0.004 0.14

D, = CiB = 1-2.3 -0.17
I 1.2 1.80

S, = C»H 1.5 -0.5 I
0.5 -1.0 I

The control matrix according to (E.6) is:

K,=D,-’»Ei = I -.006 -.457 -.006
I .076 .303 .082

The closed-loop process matrix is then given by:

{A-B»K,>
0.00 0.00 0.00
0.01 -0.65 -0.25
0.00 0.00 0.00

The matrices B»D,_1 and BiDj'̂ S, are:

1. 10 0. 00
0.59 0.22
0. 00 1. 00
-1.66 0.55
0.90 -0.52
0. 05 -1. 00

The closed-loop equation is finally described by:

0. 00 0. 00 0. 00 -1. 1 0. 0 -1.66 .55
0. 01 -.65 -.25 •&< + 0.59 .22 •1i* + 0.90 -.52
0. 00 0. 00 0.00 0. 00 1.0 -0. 05 -1.0
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ii) If feedback-feedforward minimum-variance control is employed, 
complete disturbance rejection can be achieved. However, this could 
mean excessive control action, ringing or even saturations.

An extended-horizon strategy can be used to detune the control. 
For example, using time-horizon 2 in both outputs yields:

E2 = CtA2 =

D2=C#a+A>tB =

S2=C»a+A)#H =

K,=D,-1 tE,=

<A-B»K2> =

B*D2-1«S2 =

1 0.038 -.054 -.22 1
1 0.018 0.130 0.02 1
-3.400 0.130
1.073 2.029

-0.500 -0.500
0.773 1.209

.6):
-. 011 0. 018 0. 064
-. 014 -0.055 0. 024
loop process matrix is
-. 03 0.95 -. 15
0. 02 -.09 0. 04
0. 17 -. 13 0. 02

jf the matrices in the

.688 . 041

.271 . 165

.619 -.848
-.003 0. 015
. 114 0.186

-.686 1.056

The closed-loop equation with extended-horizon 2 is:
-.03 0.95 -.15 -.69 .04 0. 00 0. 02

i = 0.02 -.09 0.04 
0.17 -.13 0.02 •X* + .27 .17 

.62 -.85 •11* + 0. 11 
-.69

0. 19 
1.06
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iii) Different control-horizons can also be used in the feedback- 
feedforward algorithm. If horizon 1 is selected for the first output 
and horizon 2 for the second one, the closed-loop matrices are 
obtained by:

0. 000 1.000 0.00 |El 2 = 0.018 0.130 0.02 1
D) 2 = 1-2.300 

1 1.073
-.170
2.029

1-1.500 -0.500S|2 = 1 0.773 1.209

ITote that the first rows of the matrices above correspond with the
first rows of the matrices E,, D, and S,; the second rows correspond
with the second row of E2, Do and S2•

The control matrix is calculated according to <E.6):

Kl2=Dl2 ' *Ei2 = -. 001 -. 457 . 001
0. 009 0.306 . 010

and the closed-loop matrices are:
0. 00 0. 00 0. 00

{A-BiK,2> = 0. 03 -0.65 -0.22
0. 12 -0. 01 0.16

1. 00 0. 00
b»d,2-’ = 0.57 0.20

-0. 11 0.88
1.50 -0.50

B»D, 2 ' 2 — 1.00 -0. 04
0.52 1. 12

The closed-loop equation is:

0. 00 0.00 0. 00 1. 00 . 00 1.50 -0.50
0. 03 -.65 -.22 •X* + 0.57 .20 •11* + 1.00 -0. 04
0.12 0. 01 0. 16 -. 11 -.88 0.52 1. 12
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AEP-E1DIX F INTERACTIOff MEASURE WITH BRISTOL ARRAY

One of the main characteristic of a multivariable system is the 
interaction affecting the different inputs and outputs, which is the 
cause of a series of difficulties in process control. Then, it is very 
important to have a reliable criteria for measuring interaction. The 
relative-gain array [Bristol, 19663 is the most popular criteria for 
interaction measure, but represents only steady state interaction. 
There have been more recent developments in this subject [Tung and 
Edgar,1981; Koppel, 19853, but these are beyond the scope of this 
thesis.

Bristol's method will be applied to a couple of models, described 
in Appendix H, which were used in our simulations [ see Chapter53.

I.- Consider the following two-input two-output discrete-time 
third order state-space model, which corresponds to model 4 in 
Appendix H:

0. 0 1.0 0. 0 1.0 0.0
a**, = 0. 1 0.3 0. 1 ♦ 2C + 1.0 0.0

0.95 0. 1 0.7 2.0 1.0
(F. 1.a)

1. 0 0.0 0. 0& 0. 0 0. 0 1.0 • &
(F.l.b)

transfer function G(z) = C»(ziI - A)-1»B, can be computed

1 1 z2-.3G (z) z3-z2+.liz-. 025 ' 1 2»z2+.45*z+.48 z2

• u*

z2-.3»z-.1

(F. 2)

The steady-state (s.s.) gain matrix is obtained by replacing z by 
1 in eq. (F.2) :

& 9.31
38.9

1.33
7.98 • 2C G (1)
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According to Bristol, the Q matrix itself is not a good measure 
of interaction because it is highly dependent on scaling and choice of 
units.

A relative-gain array is proposed as a better criterion. The ele­
ments m^ of the matrix of relative gains are given by "the ratio of 
two gains representing first the process gain in an isolated loop and, 
second, the apparent process gain in that same loop when all other 
control loops are closed", [Bristol, 1966].

The matrix M can be easily computed as follows [Bristol, 19663: 
the inverse of the s.s. gain matrix is designated by Q-1 which, in the 
current example is:

0.35
■1.72

-0. 06 
0.41 = G-’(1)

then, the relative-gain array is given by :

(F. 3)

where the a^'s and the a)li-,,s are elements of the Q and Q~' matrices 
respectively. Then, for the model we have in this case:

M 3.29 -2.29
-2.29 3.29

If the largest element of M is close to one, it means that the 
system is weakly interactive.

To check the computations, the summation of each row and each 
column should be one.

According to this criteria the model (F.l) is highly interactive.

II.- Another system used in section (5.2.1) is model 1 in 
Appendix H:

=
.0 1.0 0 -2.3 -17. 0
.038 -.054 -.22 ♦ x* + -1. 1 0.3
.13 .004 14 1.2 1.8

(F.4.a)
1.0 0.0 0.0
0.0 0.0 1.0 • X,,

(F.4. b)
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The transfer function is given by :

-2.3*z2-.9*z-.1 17»z2+. 32«z-.44
1.2iz2-. 24»z~. 21 1.8iz2-. 08»z-. 07

and the s.s. gain matrix :

-0.365 -.32 I
M 0.84 1.83 I

G(Z) z3-. 09iz2-. 045«z+r034 '

taking the inverse :

I -0.29 -0.05 I
I 0.13 0.57 I

and according to (F.3) the interaction measure matrix is :

1.04 "0.04
M -0.04 1.04

then the model 2 is essentially non-interactive.
It can be seen that only the first element of the matrix M is 

needed to apply the criteria of interaction for two-input two-output 
systems. In Appendix H, a table is given which summarizes the main 
characteristics of the models used in our simulations. In that table 
the steady state interaction is given by the largest element of the M 
matrix.
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APPENDIX G CONTROLLABILITY AND OBSERVABILITY QF A 
STATE-SPACE DISCRETE-TIME MODEL

There are many definitions of controllability and observability 
in the literature, and they are not always compatible.

To avoid confusions the definitions used in this work are given 
below.

A time-invariant state-space discrete-time model can be expressed 
in the following form.

Xk*i = A*Xk + Bty* (G.l.a)
y* = C*&, (G. 1. b)

where & e Rn is the state vector, y. e Rq is the outputs vector and 
LL e R1* is the inputs vector.

A e RnxRn is the process matrix, B e R^R* is the control matrix 
and C € RqxR" is the observation matrix.

1.a)Definition of controllability : A process described by eqs.
<G. 1) is said to be controllable, if far any initial state vector &o 
and any Xki in the state space, there exists an input sequence fy*) of 
finite length that transfers Xko to 2*,.

1. b)Condition for controllability : The system (G.1) is control­
lable iff the rank of the P matrix is equal to the number of states in 
the state vector, i.e., RanktP3 = n, where P is defined by :

P = C B : A#B :....... : A"-’»B ]

2. a)Definition of observability : A process defined by (G.1) is 
said to be observable if for any state vector jj*0> the knowledge of 
the input sequence -Cy*) and the output sequence {y*> over the finite 
sampling interval Cko,kl3 suffices to determine the state vector
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2,b)Condition for observability : The system (G.1) is observable 
iff the rank of the Q matrix is equal to the number of states in the 
state vector, i.e., RankfQ3 = n, wher Q is defined by :

C
C»A

CtA"-’
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AP PE ID IX H___MIMD MODELS U8BE-II SIKULATIQIS

In the following, all the multivariable models used in the 
simulations of Chapter 5 are given. The main properties of these 
models are summarized in a table at the end of the appendix.

Model 1.-

Xk*> =
0.000 
0.038 
0.130

1.000 
-.054 
-. 004

0.00 
-.22 
0.14 •Xk +

-2.3
-1.1
1.2

-. 17
0.30 »ik 
1.80

3k = 1.0
0.0

0.0
0.0

0.0
1.0 •Xk

Model 2.-

o o o 1.000 0. 00 -5. 0 -. 10
X**, = 0. 02 -. 070 -. 10 •Xk + -2.5 0.50 ♦Ik

0.27 016 0. 05 3.2 2.80

3k = 1. 0
0. 0

0. 0 
0. 0

0. 0 
1. 0 •Xk

Model. ...3.-
0. 0 1.0 0. 00 0.5 0. 0

Xk + i = 0.2 0. 1 0. 15 •Xk + 0. 4 0. 0 •Ik
0.6 0.3 0. 01 3. 0 0.2
1. 0 oo 0. 03k = 0 . 0 0. 0 1. 0 •Xk

Model ,4.-
0. 00 1.0 0.0 1.0 0. 0

Xk*) = 0. 10 0.3 0 . 1 •Xk + 1.0 0.0 •Ik
0.95 0.1 0.7 2 . 0 1. 0

3k = 1.0
0.0

0.0 
0. 0

0.0
1.0 •Xk
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Model

ttadel 

(1 + 

(1 -

0. 00 1.0 0. 0 0.12 0. 10
0. 10 0.3 0. 1 + 0.36 0.20
0.95 0. 1 0.7 0.20 0.30
1.0
0.0

0.0 
0. 0

0.0
1.0 •Xu

1 1.-

.2*z-> - . 24»z-2)iylk = (4 + 2 . 0»z-1 >«ulk-2 + (1.0 + . 5»z_1 )«u2|

.2iz-’ - .35iz'2)»y2k = (2 - 1.4tz-')»ulk_3 + (1.5 + . 6»z"’) »u2|
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model poles zeros Mmax*

1
-.3396
.2128 + .234*i 
.2128 - .234*1

-.649 1.038

2
-.370
.175 + .213*1 
.175 - .213*1

-.241 1.001

3
.533
.021

-.444
-.7 1.88

4
.92
.04 + .16*1 
.04 - .16*1

-.7 3.29

5
.3
.8
.6
.2

.6 1.015

6
-.6
-.9
-.8
.3

.33 1.44

7
-.3396
.2128 + .234*1 
.2128 - .234ii

-.649 (Gu) 
.797 (Gw) 1. 038

8
-.370
.175 + .213*1 
.175 - .213*1

-.2410 (Gu) 
.5156 (Gw) 1.001

9
-.3396
.2128 + .234*1 
.2128 - .234*1

-.649 (Gu) 
1.140 (Gw) 1.038

10
.92
. 04 + .16*1 
. 04 - .16*1

-3.88 11.47

11
.754

-.464
-.400
-.600

-.95 1.076

Table H.l: Model Properties

t Mtriax £ RaxiiuK elenent in the Bristol array Matrix (see Appendix F)
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APPEIDIX I ALTERNATIVE IMPLEMEffTATIPITS OF SELF-TPIIIG REGULATORS

A. - L positional/implicit feedback SISQ aIgorit inn 
The Robust Self-tuning Regulator of Ydstie (1982) will be 

presented in its positional form. The derivation is very similar to 
that of the incremental regulator of section (3.1.1).

As it was mentioned in chapter 2, the plant model in the 
positional formulation includes the full values of the input/output 
data.

For example, a suitable linearized positional model for a SISO 
controlled plant is:

A(z~')»yk = z_du»B (z-’) iuk + ek + 6k (1.1)

where y is the measured output, u the control input and ek a white 
noise. The bias parameter <£k is related to the offset and represents 
the net effect of load disturbances on the output. The control delay 
is represented by du and the delay operator by z-1. The polynomials A 
and B are given by:

A(z-’) = 1 + a,«z_1 + a2iz~2 + ....  + an»z-n
B(z_1) = b, + "b2*z~’ + ........  + bn#z"n+’

where n is the order of the process.

If an extended-horizon control strategy with an implicit self­
tuning structure is used, then a predictor for the output y must be 
constructed. For prediction, one can use the polynomial equation:

1 = F(z-,)*A(z-') + z-T»G(z->) (1.2)

where T, the prediction-horizon, is an integer larger than or equal to 
the upper bound of the control-delay du. ~F and G are polynomials of 
dimension T-l and n-1 respectively.
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Multiplying eq. (1.1) by F, yields:

Cl - z_T«G(z'1)] »yk = F(z-’)#B(z-1 >*uk+T-<ju + F(z“')»ek + FCz-’)*̂  <1.3)

If one assumes that the bias parameter <fk remains constant for 
long periods, the last term in eq. (1.3) can be replaced by a 
constant:

l ( z ~ ' ) t Sk = S (1.4)

Introducing eq. (1.4) in eq.(1.3) yields: 

yk+T = G(z_,)»yk + H(z_,)iuk+T_dLI + vk + 6 (1.5)

where the residual is given by:

vk = F(z-,)»ek (1.6)

and the polynomials G(z-’) and H(z~’ )=F (z-')iIKz-1) are:

G(z_1) = a, + ~oc2tz~' + ...  + ‘5n»z_n+1
II (z-1) = + J 2 %z~' + ...  + ]3n*T_,»z"n-T+2

As in section (3.1.1). the minimum value of du is considered, 
namely du=l. Then eq. (1.5) can be expressed by:

%+t + vk (1.7)

with:
.Ik = yk-M .•., yk-n«-1 l U k * T - 1  » . . . , uk_n4.,; 1]

= £§,,
A A & ft —
cx2, • ♦ . * $2>

A RLS estimator can be used to estimate the parameter vector 6.
The algorithm is named positional because the full value of the
variables is used in the data vector. However, it is also called the
Mone in the data vector" method because of the 1 used in £ to estimate_ * the additional parameter 6.

If the bias parameter 6k is continuously changing, assumption 
(1.4) is incorrect, then (T-l) <S, parameters must be estimated.
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Given that an implicit formulation is used [ see section 2.13, 
the control can be computed using directly the model parameter 
estimates.

As in section (3.1.1), the control objective is to drive the 
expected value of the predicted output to zero in T time intervals, 
where T is the control-prediction horizon.

Following Ydstie (1982), the optimal output predictor is:

+ T = Yk + Îi*U|<4.T-l (1.8)
i - 1

where T is larger than or equal to the control-delay du and Yk repre­
sents the knowledge at time k and is given by:

Yk = + E t r +i* u k- i  + t  ( 1 . 9 )
i - l  i - 1

In the same way as in section (3.1.1), it can be shown that the 
constant control strategy yields:

uk = (yVT - Yk)/d (I. 10)

where y*k+T is the set point at time k+T and d is the reciprocal of the 
control gain; d is calculated by the following equation:

T Ad =
i - l

(I.11)

Different extended-horizon control strategies are discussed in 
section (3.1.1)

The performance of the algorithm described above is studied and 
compared with other formulations in section (5.1.1).
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B.- Al. explicit/incremental sell-tuning regulator 
Using an incremental formulation, an explicit self-tuner is 

derived.
In this case, as in section (3.1.1), an incremental model is used 

to represent the controlled plant:

A(z_,)ihyk = B(z_1)iAuk + A<Sk + Aek (1.12).

where A represents the difference operator and A, B are polynomials as 
in eq. (3.1).

If the bias parameter 6 k is introduced to take into account the 
steady-state offset, then it is natural to consider that this bias 
parameter remains constant for long periods, so that A<Sk = 0.

In section (5.1.1) an algorithm which does not consider A<Sk = 0 
is compared with a one that assumes A<Sk = 0.

It can be shown Csee section (3.1.1)] that for a constant control 
strategy, the incremental version of the control eq. (I.10) is:

AU„ = (yV, - Y„>/gT <I.13>

where y*k+T is the set point at time k+T and Yk is a linear combination 
of known data:

Yk = yk + l a . t  Ayk+1.1 + lJT+1iAuk_i (1.14)»-l »-!

and $T can be seen as the reciprocal of the control gain.
The & and $ parameters of the control eq. (1.13) can be 

calculated from the coefficients of the A and B polynomials in eq. 
(I.12).

In the following, a method is presented to compute the control 
parameters recursively from the model parameter estimates.

Using the polynomial identity:

1 - z"T = F(z-,)»A(z-1) + z-^G^-’) (I.15)
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the following expression can be obtained by substituting in eq.
(I.12):

[1 - z_T - z_T»G (z_,) 3 iAyk = F (z~’) iB(z_1) »Auk_, + F(z-,)»Aek
(I.16)

As usual, in eq. (1.16) the minimum possible value for du is 
considered and a constant bias parameter is assumed.

This eq. can be expressed in a different way:

Jk -  Y k - r + G(z_,)*Ayk_T + H(z_1)»Auk_, + vk (1.17)

with vk = F(z_,)*Aek, H(z-’) = F(z_1) »B(z"1) and :

F(z-’) = fo + f , I Z “■’ + . . .. . + fr-itz-™
G(z-’) = a, + a2«z-’ + . . .. . + aniz“n+1
H(z_1) = 3, + ^2«Z' 1 + . . .. . +

Following Hiram (1983) and Fortescue (1977), the parameters of
polynomials F, G and H can be derived from the model parameter

estimates.
For example, the f/s parameters can be obtained by identifying 

the coefficients of the same order in eq. (1.15):

?o - 1
£, + a,»?0 = 0 =) f, = -&,«?<>
?2  +  ^ 1 * ^ 1  + & 2 * £ o  = 0  3  $2 - ~  cLl*?i -  a 2*l0

fT-i + a1*£r-2 + . . . + £nlfT_n_i - 0
^  Jy-l =  — * f T-2 —  • • • “  a n*£T-n-1

Then, it can be seen that the parameters of the F(z"’) polynomial 
can be computed by the following recursive formula:

Afo = 1

i "0 I i = 1.... T-1 (I.18)
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The 8. parameters can be similarly obtained from eq. (1.15):

& n*?T-n t ^n-l'il'n+1 + . . . +  = ~

^n^T-n+J t &n-l*^T-n+2 + • • • + &2*^T-I ~  ~  &2

and expressing in a recursive manner:

fii = ; i = 1.... n (1.19)i-i

where r = Min<n,T-l+i).

The  ̂parameters are obtained by identifying coefficients in the 
equation:

H (z-1) = F<z-,)*B(z-’)

then:

?, = fc,

/% ^  A  A  A  AJ53 = b3 + f,»b2 + f2»b,

£, = !>„ +  ̂l -n«bj -) + ... + fT-A*,-T

5n+T_, = ?T-i*bn

and using a recursive formula:

2* = ZfA.,. ; i = 1..... . n+T-1 (1.20)

where p = Max(0,i-n) and q = Min-Ci-l, T-l)
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In summary, if the following model is used for identification: 

A(z'’)»Ayk = B(z_1)iAuk-i (1.21)

the predicted output at time k+T is given by:

yk«-T = Yk + I ĵtAUk+T-i (1 .22)

where:
Yk = yk + I a i»Ayk+,_i + I ^ i i A u ^  (1 .23)i«i i-i

is the known information at time k.

If a minimum-variance extended-horizon control law with constant 
control over the horizon is used, the control is given by:

Auk = (y*k*T ~ Yk>/BT (1.24)

The a and j3 parameters in eqs. (1.22), (1.23), and (1.24) can be 
obtained from the parameter estimates of the model (1.21) by the 
following recursive formulas:

a, = IaJi£T+i_i_, ; i = 1, . . . , n
J = i

r = min-Cn, T-l+i).

Si = !?A-J i 1 = 1.... n+T-1
1 - P

p = Max(0,i-n) ; q = Min-Ci-1, T-l) 

where the f parameters are given by:

Jo = 1

f, = -is.-jii, ; 1 = 1.... T-l1-0

The explicit algorithm described above was compared with an 
implicit controller in section (5.1.1).
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C. - An Incremental KIKQ State-Space Seliz.tunlng Regulator
An incremental version of the MIMO state-space self-tuner presen­

ted in section (3.2.2) is developed next. An innovation state-space 
equation in a row-companion canonical form is used. In Chapter 5 it is 
shown that an incremental formulation is more robust against 
unmeasured deterministic disturbances.

The incremental model of the controlled process is:

Xfc+i = Aix* + BiAvi* + Kifi* (1.25. a)
£* = Ay* ~ CiXk (I.25.b)

The above equation can easily be obtained from eq. (3.42) in 
section (3.2.2).

In this case, the vector x. e R" represents the state-increments 
[which are actually the difference between two successive states of a 
positional equation], All e R* represents the vector of input- 
increments, Ay e R" represents the vector of output-increments and Ae 
e R* represents the vector of innovation-increments. The matrices A, 
B, K and C are of proper dimensions and are expressed in the row- 
companion canonical form, as it is described in Appendix C.

Parameter Estimation
It has been shown in Appendix C that the model eq. (1.25) can be 

decomposed in m subsystems and the following measurement equations for 
parameter estimation can be derived:

y„(j) = y„_, (j) + z*-i*6.(J> + vk(J) ; j = l,...m (1.26)

with :
Zk-t = Cx'k-nj; AU.V,; Au'k-nj]
§_'(j) = t a(j) ; b(qj> ;..... ; b(pj> ]

The vectors a. and fc. are rows of the A and B matrices as it is 
explained in Appendix C.

The residual is given by:

pj= efc (j) + Ek(i) -i
»»

vk+, (j)
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Equation (1.26) allows the estimation of a sub-set of the model 
parameters [those associated with the j output] through a standard 
SISO RLS algorithm. Using eq. (1.26) successively for each subsystem 
all the elements of the matrices A and B in eq. (1.25) can be 
estimated.

State Estimation
The state estimates in the incremental case can be obtained by 

the following filter:

= t k*% + (I. 27. a)
£*+1 = X*+i/k t  r*k*C' • — C*Xk«-i/k> (1.27. b)

where T is a diagonal matrix which includes a constant filter gain for 
each subsystem [see section (3.2.2)]. As was mentioned in Chapter 3, 
more sophisticated filters can be employed, however, eq. (1.27) have 
shown to be sufficient [see Chapter 5].

Control
To obtain the control-law, the T-step ahead predictor for the 

state vector must be computed. The following i-step ahead state 
estimator can be easily obtained using eq. (1.25):

A i-lA AjL+i = + [ EAJk] iBkiAu*+j (1.28)j-0

If a constant-control strategy is employed, eq. (1.28) can be 
reduced to:

Xk-i = AVx* + (1.29)

Then, the i-step ahead output-increments are given by:

= C»{X‘k#Xk + (1.30)

The T-step ahead output predictor can be obtained by adding all 
the predicted increments from time k+1 to time k+T:

T Ta .
3£k*T = &  + CiIZ^Vx* + IA1_\«Bk#AUk>i«i i-i (I.31)
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The extended-horizon control-law can now be computed from:

A]h, = - X„) (1.32)

in the same way as in eq. <3.52), save that in this case I* is calcu­
lated according to:

2* = y* + C»ZA\«xlc (1.33)i-i

Equation (1.33) represents a MIMO EH control-law when all the 
time-horizons associated with each output are set at the same 
value. However, different horizons for each output con also be chosen 
using the development of section (3.2.2).

The incremental algorithm previously described was tested and 
compared with a positional controller in simulations and experiments. 
The results are shown in section (5.2.2).


