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Abstract. The Bose-Hubbard system has been studied extensively both
theoretically and experimentally, in particular in the context of ultracold atomic
gases in optical lattices. Even in the two-mode case the many-particle dynamics
display complex interference effects resulting in collapse and revival phenomena
as well as tunnelling. The most basic theoreticalidescription is the mean-field
approximation, which can be derived from a time-dependent variational principle
assuming the many-particle wave fungction s an S ) coherent state. Here
we build on this to construct a simple initial-value coherent state propagator,
summing over mean-field trajectories and 'keeping track of their phases, given
by the corresponding mean-field ‘actions. This yields an approximation to the
full time-dependent many-particle, state; and is able to reproduce collapse and
revival dynamics. Applying a time-slicing procedure on top of this, we are able to
accurately capture many-particle tunnelling effects. While in this paper we focus
our analysis on the Bose-Hubbard,dimer, the methods developed can be applied
to more general SU(2) Hamiltonians, and can be extended to SU(M) systems.

Keywords: Bose-Hubbard dimer; semiclassical methods; SU(2) coherent states

1 Introduction

The correspondence between m?ly—particle and mean-field descriptions of multi-boson
quantum systems is formallyddentical to that of the quantum and classical descriptions
of a single particles, This fact has led to a resurgence of semiclassical methods adapted
and applied to many=-particle quantum systems. One of the most prominent examples
is the Bose-Hubbard model swhich can be experimentally realised using ultracold
bosons in optical lattices, and displays a plethora of non-trivial many-body effects [1-
10]. These systems are promising candidates for practical applications, as quantum
simulators {1y 12].  Already the two-mode Bose-Hubbard Hamiltonian, modelling
for example an ensemble of cold atoms in a double-well potential [13-18], displays
characteristi¢’ collapse and revival phenomena [15, 19] and many-particle tunnelling
betweensmean-field self-trapping states [20, 21]. Though such effects are different from
those which appear in higher mode Bose-Hubbard models, such as the superfluid-to-
insulator tramsition, they are an ideal platform for the development of semiclassical
techniques.

The mean-field approximation of the full many-particle dynamics, is often derived
using multi-mode Glauber coherent states, yet, an N-boson condensed state is
mathematically correctly described by an SU(M) coherent state [22-24]. In the limit of
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large particle numbers, the two coherent-state approximations yield equivalent mean-
field dynamics, but only the treatment via SU(M) coherent states correctly preserves
the U(1) symmetry of the many-particle system, leading to mean-field dynamies on a
compact phase space, reflecting the well-defined particle number of the many-particle
system [25-28]. While the mean-field dynamics is often a sufficient approximation
for the dynamical behaviour of cold atoms in optical lattices for large numbers of
particles and high filling factors, strong interactions and smaller particle numbers can
lead to a breakdown of the mean-field approximation [7, 9, 29-31]. Taking the initial
quantum fluctuations into account leads to the commonly applied truncated Wigner
approximation [6, 32-34], which essentially propagates an ensemble/of initial.mean-
field trajectories and sums them up incoherently, i.e., excluding phase fators. This
can reproduce the typical collapse observed in the expectation values in the presence
of interaction. Neither the subsequent revival behaviour nor many-particlestinnelling
effects can be captured by this approximation.

To go beyond the truncated Wigner approximation one needs to take the phases
of the individual mean-field trajectories into account. Jn this spirit; the Herman-
Kluk semiclassical propagator, based on the flat space multi-mode Glauber coherent
states, has been shown to accurately capture collapse and revival dynamics in the
single [35], and two- and three-mode [36] Bose-Hubbardunodel. Further [7, 9, 37, 38]
use the Glauber coherent state basis to derive/full Van WVleck type saddle-point
approximations to a path integral propagator. Although this 1s a powerful approach,
its implementation is highly non-trivial, and,the recovery/of the full quantum state
beyond single mode systems would require major, effort.

A tangential approach to the semiclassical treatment, uses a time-dependent
variational principle with a linear cembination of coherent states. A single-coherent
state approximation yields the mean-field ‘dynamics [39]; a coupled coherent state
approximation [40, 41] can be employed to)simulate many-body dynamics to arbitrary
accuracy [42, 43]. For this purpose a time-dépendent variational principle is applied
to a wavefunction expressed as ansuperposition of SU(2) coherent states, leading to
coupled equations of motion fordhe coeflicients of each coherent state in addition to the
mean-field dynamics of the individual states. In principle this can exactly reproduce
the full many-body state, however, the computational cost grows significantly as more
coherent states are added to the ansatz.

Here we follow a different route, closer in spirit to semiclassical ideas, propagating
a set of uncoupled SU(2)¥eoherent states, similar to the Gaussian propagator for
flat phase spaces [44; 45). For this purpose, we apply the time evolution operator
to an arbitrary state expressed in the overcomplete basis of coherent states. The
evolution of each component state is then approximated using the mean-field equations
of motion, crucially keeping track of each one’s phase which is given by the action
of the corresponding mean-field trajectory. This yields an approximation of the
full many~particle state using only mean-field dynamics, in the spirit of an SU(M)
initial value ¢oherént state propagator [46]. Numerically we implement the integral
on the sphere using Gauss-Legendre quadrature. Alternatively the integral could be
handled with a'Monte Carlo approach. The resulting propagator is exact in the non-
interacting case, and is highly effective in capturing the collapse and revival phenomena
displayed inthe full many-body dynamics. While the grid implementation may not be
feasible.for systems with larger phase-space dimension, the method does not involve
coupled equations of motion between the different component states, and is thus highly
parallelisable.
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This propagator is extended using a time-slicing procedure, similar to the well-
known procedure in the flat case [47, 48]. This method is computationally faster, and
most importantly is able to replicate even many-particle tunnelling dynamics. We note
that in the time-slicing, we pick up an accumulated effect of an infinitesimal error in
the propagator, which we are able to estimate from analysis of the pure interaction
term in the semiclassical limit. Interestingly, this manifests as a scaling factor in
the interaction term, the asymptotic behaviour of which we derive analytically, and
which we numerically find for smaller values of the particle number. Incorporating
this scaling factor, the states propagated with the time-sliced interfering mean-
field propagator are almost indistinguishable from the true dynamic¢s even é)r long
propagation times.

The paper is organised as follows. We begin in section 2 with a short introduction
to the Bose-Hubbard dimer and its relation to the su(2) algebra, and provide the
necessary background on SU(2) coherent states. We briefly, review how, the mean-
field dynamics is obtained from a coherent-state approximation wvia a time-dependent
variational principle, including a phase factor. In section 3#we introduce'the Interfering
Mean-Field (IMF) propagator. For the pure interaction Hamiltonian, a closed form
expression for the matrix elements of the propagator‘in the J. basis can be found.
Using a saddle-point approximation we find a reduced eéxpression in the limit of large
particle number N, which differs from the exact result.” Nevertheless, as we show
through examples, this yields a very good approximagion for expectation values and
even the full time-evolved Wigner functions. We discuss themumerical implementation
of this propagator for a general Hamiltonian .andisshow that it reproduces break-down
and revival behaviour, but stops short of tunnelling.:»We then introduce a time-sliced
version of the IMF propagator in section 4. We show that this can reproduce tunnelling
behaviour to high accuracy, even far from thémsemiclassical limit, with a scaling factor
in the interaction parameter. Based on the results of the saddle-point approximation
from the previous section wespredict this facter in the limit of large N. We further
use numerical optimisation to findithe factors for a range of small N. We finish with a
summary and outlook in section™5.“Soeme technical details are left for the appendices.

2 Bose-Hubbard dimersand SU(2) coherent states

A two-mode bosonic system avith on-site two-body interaction may be described by a
Bose-Hubbard Hamiltonian of the form

Hpy = elin D) + v(alas + arad) + ¢ (ia(in — 1) + na(ie — 1)), (1)

where CAL]“(AL; are the besenic annihilation and creation operators for the k-th mode,

and ng = dL&k are the mumber operators associated to each site. The coefficient €
denotes the energy difference between the two modes, v, the single particle hopping
amplitude, and ¢ the on-site interaction strength. The Hamiltonian commutes with
the overallyparticle number N = + Ng, which is thus dynamically conserved. For
a fixeéd particlemumber N = ny + no, the Hilbert space is (N + 1)-dimensional with
basis Fock states |ny,ns), with fig|ny, ne) = ng|ni, na).

Near zero temperature, all bosons populate the same single-particle state, forming
a condensate. This condensed state can be expressed as

N
r.2) = —— (na] +al) " [0.0), 2)
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where ¥, € C are the amplitudes of the two-mode single particle state.
The system can equivalently be described as a spin j = N/2 system via the
Jordan-Schwinger transformation [24]
A I o
Jo = 5 (alaz + araf), (3)
A 1 .+, N
Jy = 5 (alaz — aa}), (4)
A 1, . R
Jz = 5(711 — 712). (5)

With these, the raising and lowering operators may be defined as ji = jI:Ein\. These
operators satisfy the standard su(2) commutation relations

[jk, jl] = iEklmjm7 [j+, j_] = sz, [jz, ji] = :|:j:|:. (6)

Note that we will use rescaled units with 2z = 1 throughout thisspaper. The inverse
particle number, i.e. the inverse spin quantum number will act,as effective 7.

In terms of the spin operators, up to overall terms propertional to the fixed
particle number N, the Bose-Hubbard Hamiltonian (1) becomes

ﬁBH:25jz+2ij+2§jz27 & (7)

where we have introduced k = N¢, such that.x remainsfixed in the macroscopic limit
of N — oo. This ensures that the interaction energy per particle stays constant while
the system size grows, permitting the comparison of,different spin systems as well as
resulting in well-defined classical dynamics. In this formulation the Fock states |nq, na)
can be identified with the J, eigenbasis, |jym)where j = N/2 and m = (n; — ny)/2,
and the condensed states are none other than the SU(2) or spin coherent states.

2.1 SU(2) coherent states

SU(2) coherent states are commonly defined as [22-24]

€Y =¥34) = 713,40, 8)

) L
(1 +1¢[?)/

where ¢ = e'® tang is a stereographic projection of the unit sphere with spherical co-

ordinates (6, ¢), onto the flatieomplex plane. Alternatively, the coherent states may
be expressed in terms ofithe canonical conjugate variables z = cos#, and ¢. In the J,
basis, coherent states have the form

QP S (,2,) &b,

m=—j

2] Z ( > (14 2)U+m/2(1 — ) U=m)/2600G=m) |5 ). (9)

m=—j

A short calculation (given in appendix Appendix A) shows that this is equivalent to

a condensed state (2) with
142 1-2 4
= = ! . 10
9 wQ 9 € ( )
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The SU(2) coherent states form an overcomplete basis on the (25 + 1)-dimensional
Hilbert space, forming the resolution of the identity [24]

L9l ool
- /a+mvvd<

29 1 27 1
- 34; /O [1\27¢>(2,¢|dzd¢, )

~>

The expectation values of the spin operators in SU(2) coherent states are given
by

~
(J) = m =jv1—22 cosg, (12)
A (s N —
<Jy> = m =] 1 22 S ¢, (13)
T e S
We will frequently use scaled expectation values
- X AN
AR A SCA )
J J J

Expectation values of products of spin operators can be deduced from the group
theoretical properties of the coherent states (see Appendix B).

2.2 Time-dependent variational principle foriansingle SU(2) coherent state

The assumption that the stateremains condensed for all times, and can be described by
a single particle mean-field state,is equivalent to a coherent-state approximation. The
corresponding equations of motion can be derived from a time-dependent variational
principle.

Starting from the time—de{endent Schrédinger equation

.0 .
igglv(®) = HIp(1)), (16)

for an initially coherent state ) = co|(p), constraining the state to remain coherent
over time up to a_phase factor,

[P = c(®)[C(#))  such that  |4(0)) = colCo), (17)

yields equations of motion for the coherent state coordinate ((¢) and the prefactor
c(t), given by

(1+1¢*)* o)

=c|(H)+i——F35 - 19
ie = e () + iy (0= ) (19)
where we have used the abbreviation (H) = (¢|H|¢) to denote the expectation value
ofvthe/Hamiltonian in coherent states. We will dub these the single coherent state
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time dependent variational principle (SCS-TDVP) equations of motion. For details of
the derivation see Appendix C.
Alternatively, we may write the equation for ¢ as

1+[¢?
2

o) | (.0

ic=c|(H) - ac ac

(« (20)

In terms of the real coordinates z = cos# and ¢ with ¢ = tan (g) e'?, the/SCS-TDVP
equations of motion take the form

10(H) ~

(ﬁ:} 0z’ 21)
,_ 1o

z = 7706 A (22)
—¢ <ﬁ>+(1—z)5g>] (23)

That is, the variables (¢,z) follow Hamiltonian dynamics where %(fl ) acts as

Hamiltonian function. Expressing c as 3

c(t) = coet¥ o) (24)
we recognise S as the classical action, which cambe expressed as

5(6:6) = | AL I () — near. (@)

- / () — 1) — ()t (26)

For a Hamiltonian that is linear in the,SU(2) generators Ji, an initial coherent state
remains coherent for all times, and thus the SCS-TDVP equations of motion (21)-(23)
recover the exact dynamics: For,glore general Hamiltonians, such as the Bose-Hubbard
dimer (7) the time-dependent state (17) is an approximation of the true quantum state,
closely related to the mean-field approximation.

Note that théequations of miotion for z and ¢ have been derived for the specific
case of a Bose-Hubbard dimer using an equivalent approach in [39]. The single coherent
state ansatz heredsra special.€ase of the coupled coherent state approach of [42, 43].

Let us now derive the SCS-TDVP equations of motion for the Bose-Hubbard
Hamiltonian (7). Using that in coherent states it holds that

(2) = (21— 1)+ 2

J
)5 (27)

one finds .
(Hpm)
J

where we have omitted an additive constant k, which does not affect the dynamics
and only adds an overall constant phase, independent of the initial conditions. The

1
=2ez+ 2vcos (1l — z2)1/2 +2kr(1 — 27.)2’27 (28)

Page 6 of 30
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constraint-coherent state dynamics are governed by the equations of motion

. 2v2 cos ¢ 1

2 =20(1—22)?sin ¢, (30)
_2\1/2

¢ = —ijc[?s L a f+)z €30 g (1- %) (2 — 2)} (31)

As expected, in the limit of j — oo the equations for ¢ and ¢ reduce to the well-known
mean-field dynamics [15], which, in the linear case £ = 0 describe thefexact dynamics
for an initial coherent state.

3 The Interfering Mean-Field Propagator using SU(2) coherent states

Using the overcompleteness of SU(2) coherent states (11), we can build on the SCS-
TDVP to construct a simple “semiclassical” propagator in the spirit of Heller’s frozen
Gaussian propagator [44]. For linear Hamiltonians, this yields,the exact many-
particle time evolution for arbitrary initial states, and forsnonlinear (i.e. interacting)
Hamiltonians yields a good approximation of the exact dynamics; in particular it is
able to replicate coherent collapse and revival phenomena. v

An arbitrary time evolved state [¢(t)) = U()|ib(0)) may be expanded as

U (t)[1(0) 2]+1 / ﬂ/ (€)| 20, 0) (20, Po|(0))dzodo. (32)

This is an exact representation ‘of theérquantum dynamics. This can now be
approximated by using the SCS-TDVP dynamics for the time-evolution of each initial
coherent state |20, ¢o) in the integral. Thatlis, we replace U(t)|z0, ¢o) with the SCS-
TDVP approximation. Howeverjinstead of using the coherent state expectation value
(H' ) of the quantum Hamiltonian asigenerator in the equations of motion, we use the
classical/mean-field limit of the Hamiltonian, given by

St i (33)
J—00 ]

This omission ofnthe higher order j corrections in the SCS-TDVP is to avoid

overcounting of uncertainty effects that are described by these terms, but also encoded

into the dynamicsrof.neighbouring initial states in the integral (32). We have verified

numerically that using the SCS-TDVP trajectories with the correction term leads to

consistently worse correspondence with the numerically exact many-particle dynamics.
The Interfering Mean-Field (IMF) propagator is thus defined as

oIV () 4 2] +1

27
/ / c(t; 20, 0)|2(t; 20, $0), D(t; 20, ¥0)) (20, Po|dzodeo, (34)

where z(t), #(t), and c(t) are the solutions to the equations of motion

. OH . OH O0H
QS—E, Z——a—¢, 10—]cH—|—(1—z)8z}

atrtime t, with initial conditions z(¢t = 0) = zg, ¢(t = 0) = ¢p, and ¢(t =0) = 1.

(35)



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPhysA-125201.R1

An Interfering Mean-Field Propagator for the Bose-Hubbard Dimer 8

1

1 e 08
@ °e
04\

Figure 1. Quantum angular momentum expectation values (blu¢) and mean-
field trajectory (orange) of a spin 50 system with x = 0.5, for an' initial coherent
state centred at zp = 0.8 and ¢o = 0. The expectation values on the Bloch sphere
are shown on the left and the x-expectation values as a function of time on the
right.

For the Bose-Hubbard Hamiltonian considered her¢ we have (up to an additive
constant)
H(z,¢) =2ez+ 2vcos ¢(1 —,22)1/2_,_2%227 (36)

the equations of motion are given by the mean-field equations ¥

. 2vz cos ¢

QS = 26 — m + 4:/432, (37)
=201 —22)?sin ¢, (38)
. .. 20l —22)2 cos

¢=—ij [25 + a2 —2Kkz(z — 2)} c. (39)

In what follows, we consider{initially coherentystates for our examples as they yield
interesting and clear dynamical behaviour. The method is in no way restricted to such
states and performs equally well on arbitrary initial states.

3.1 Pure Interaction Case N,

In the linear case, propagation via the IMF propagator yields exact results for arbitrary
initial states. To,gain msights into the performance of the approximation in the
general case, it is instructive to consider just the Kerr-like interaction term in the
Bose-Hubbard Hamiltonian, given by

N 26
HKerr - TI{JZQ (40)

The matrix eléements of the time-evolution operator in the J, basis are given as

Upwe(t) := (G, n|0T™ (1)] 5, m),
e—zmmﬂ/j. (41)

= 5nm

The quantum dynamics display the famous collapse and revival phenomena [15],
illustrated for an example in figures 1 and 2.

Page 8 of 30
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27 Figure 2. Comparison of the quantum (blue) and IMF (red) z-expectation values
28 for spin 10 (top) and spin 50 (bottom) with x = 0.5, for an initial coherent state
29 at zo = 0.8, ¢9 = 0.

The mean-field equations of motion are directly integrated to yield

33 2(1) = 2o, (42)
34 o(t)y=drzot + o, (43)

36 c(t) = e 2 (=2t (44)
37 Y e . . . . .
38 The mean-field trajectories move along circles of latitude, with frequency of rotation
39 proportional to the value ©f zy.  Figure 1 displays the mean-field trajectory in
40 comparison to thenexpectation values of the full quantum dynamics for an initial
41 coherent state with zgn= 0.8,¢99 = 0. The quantum expectation value shows the
42 typical collapse behaviourndue to the stretching of the quantum wave-packet, not
43 accounted for in the imndividual mean-field trajectory, followed by a full revival at
44 longer times {not shown in the figure) due to quantum interference.

We will now demonstrate that while the IMF propagator is not exact for Kerr-
interaction (evén inthelimit of j — 00), it does in fact recover the collapse and revival
behaviour well for even relatively small values of j (such as 7 = 10).

The matrix.elements of the IMF propagator in the J. basis are given by

2 +1

IMF
t
50 Ui, (1) =7

27 1
/ / 20522 (5 m| 2, 4k 2ot + Bo) (20, ¢olj, n)dzodgo.  (45)
o Jo1
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0 10 20 30 40 50 60 70 80 90 100

Figure 3. The norms of the quantum state propagated with the IMF for x = 0.5,
for an initial coherent state at zg = 0.8, ¢9 = 0 are shown with spin 10 in magenta
and spin 50 in black.

Using that

(=) z elPol™m) (46)
L

. 1 23 itm
= — 1 2
(j,m|20, ¢0) 2 (j m) (1+ 20)

and completing the square in the exponent yields

. . . 27
UIME gy — 2j+1 ' 2j .21 o 126tm* /5 o eido(n=m) 44
men 21 j—mJ\j—n 0

1
» / 9= (231 (1 4 2o Yok T i gy) T 20— )% Q. (47)
-1

Performing the ¢ integration‘leads to the final expression

UIME 75 b o—i26tm* /] g (9ct). (48)

nhm

where we have defined the funetion gml(A) is as

(2j £1)! ! - Ao
9n(A) = s i | (L) = 20) VT s (49)

Importantly, the IMFE propagator preserves the diagonal structure of the true
propagator, however, there is an additional m-dependent factor.

As a sanity check, we observe that in the case of vanishing interaction (k = 0),
the IMF propagator reduces to the identity matrix:

IMF 4 (25 +1)! ! j—m j+m
Um’n |n:0 = 0nm 22j+1(j T m)'(j — m)' _1(1 - Zo)J (1 + Z())J dzg,

227+ 1) B@l+m+1,j—m+1)
j+m)(j—m)! 2 ’
:5n7n7 (50)

- ’I’LM(

where B(z,y) denotes the beta-function and we have used that for integer k, 1 it holds

Bk 441+ 1) = 5y

Page 10 of 30
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19 rarrarrr e T

20

21 Figure 4. Comparison of the quantum (top) and IMF (bottom) Wigner functions
for a spin 50 system with parameters x = 0.5,29 = 0.8, 9o =0. From left to right,

;g the system is depicted at ¢t = 25, t = 50, ¢ = 150 and ¢t = 157.

24 S

25 For k # 0, the integral g,,(2xt) is not exactly solvable, but can be evaluated in

26 a saddle-point approximation (see Appendix D for details) in the semiclassical limit

27 j — oo to yield

28 —i2ktm?/j

29 Ué%F(t;large Jj) = Ot Y . (51)

30 \/1—12/<;t( - m)

31

32 Thus, we conclude that even in the j — oo limit the IMF propagator is only an

33 approximation to the true propagator with an m dependent scaling factor. For small

34 times or small interaction strength this factor is close to unity.

35 Note that the approximation is noetwunitary, resulting in non-physical norm decay.

36 This is a feature that is commonly found in semi-classical propagators, and in flat space

37 can often be mitigated by Herman-Kluk type generalisations [35, 49] or by an ‘on the

38 fly’ renormalisation technique/[50].

39 Despite this discrepancy to the full propagator, the IMF propagator often leads

40 to surprisingly accurate results« This is illustrated in figure 2 which shows the z-

41 expectation values‘obtained from the IMF propagator compared to the exact quantum

42 dynamics, for k¢= 05 andyan initial coherent state centred at zg = 0.8,¢9 = 0 for

43 two values of j. Figure 3 shows the norm of the IMF state, which decays rapidly.

44 Despite this unphysical norm decay, we observe a good qualitative agreement for the

45 expectation values for«both values of j, in particular for the higher spin. Figure 4

46 shows the normalised Wigner functions (see Appendix E) for the spin 50 system at

47 four times. /The Wigner functions generated by IMF propagator recover even fine

48 struetures of the.quantum dynamics and are nearly indistinguishable from their exact

49 counterpartss

50

51 3.2 Numerical Implementation of the IMF propagator for the Bose-Hubbard dimer

52 In the general Bose-Hubbard case, for non-zero v and k, the IMF needs to be

gi implemented numerically. This includes two numerical approximations, one in the

55

56

57

58

59
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Figure 5. Mean field trajectories (37) and (38) for the Bose-Hubbard system,
with e = 0, v = 1, and x = 0.75. The black dots indicate the points with
2=108,¢ =0,

solution to the equations of motion, and the second in approximating the integral
(34). In the following we use the inbuilt ode45 solver innMATLAB, to numerically
solve (37)-(39). We discretise the problem using a Gauss-Legendre quadrature, which
is easily implemented and efficient for approximating integra,ls’on the sphere. In the
¢ direction we use equidistant spacing, and in the'z direction the grid points are the
roots of Legendre polynomials, with appropriate weighting factors (see [51], section
25.4.29). The size of the grid will affect the aceuracy of the approximation and a
larger grid is needed for larger values of j, and in general for long time propagation a
denser grid is needed to converge.

As an example we consider the Bose-Hubbard dynamics for the parameter values
j =10,e = 0,v = 1,k = 0.75. The corresponding mean-field phase space portrait is
depicted in figure 5. The mean-field dynamie has four fixed points; one elliptic fixed
point located at z = 0 and ¢ = 7 (at the back of the sphere), a hyperbolic fixed point
at z =0, and ¢ = 0, and a pair of elliptic self-trapping fixed points located at

M= i\/ 1— (i)Q and ¢ = 0. (52)

An initial coherent state inithe neighbourhood of the single elliptic fixed point at ¢ = 7
will perform a variation of the'€ollapse and revival phenomenon observed in the pure
interaction case. However, the presence of the hyperbolic fixed point resulting from
the competition of theyinteraction J: J2 and the hopping term Jw, lead to incomplete
revivals.

In figure 6 »we show the z-expectation values over time, and the Wigner
functionsfor selected times for both the full quantum dynamics and the numerically
implemented AMF §tate, for an initially coherent state with zy = 0.8, ¢ = 7, located
on a mean-field orbit around the elliptic fixed point. A grid size of 500 x 500 was used
for the approximation. We observe a good qualitative agreement in the z-expectation
value as well as the Wigner functions at a variety of times between the numerical
IMF propagation and the full many-body dynamics, though the IMF results are not
as close to the full dynamics as in the pure interaction case. This is most likely
due to'the presence of the hyperbolic fixed point in the mean-field dynamics, and a
stronger sensitivity to phase coherence of the full many-particle dynamics. While we
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Figure 6. Numerically implemented IMF and exact many-particle evolution for a
spin 10 Bose-Hubbard/dimer:with parameters e = 0,v = 1,k = 0.75, for an initial
coherent state at zo = 0.8;¢90 = 7. The z—expectation value is shown in the top
figure (blue line quantum, red, line IMF approximation) as well as the Wigner
functions for the true many-particle (middle) and IMF (bottom) propagations at
times t = 5, 10, 30vand 70.

have verified that there is only a negligiblerdifference to an IMF simulation carried out
with a grid size of 300 x 3004it-is possible that the approximation could be improved by
using a much larger grid Size and/or tighter tolerances in the solution of the individual
ODEs.

In figure 7 weShow results of the time-evolution with the IMF propagator
compared to the exact many-particle dynamics for an initial coherent state centred
at zp = 0.8, ¢g =20=, This, istclose to one of the mean-field self-trapping states and
experiences many-particle tunnelling to the other self-trapping state. Like many other
initial value semiclassical propagators, the IMF propagator is not able to reproduce
the tunnellingy althoughi looking at the Wigner functions after a tunnel period, it in
fact recovers some of the features of the full dynamics even for long times. In the
next section ave will demonstrate that a time-sliced version of the IMF leads to vast
improvements that accurately reproduce even the tunnelling behaviour.

4 A Time=Slicing Initial Value Coherent State Propagator

Though,the IMF propagator is not exact in the non-linear case, it may be argued that
for short times, on which the individual coherent states do not spread significantly,
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N | @
N

implemented IMF and exact many-particle evolution for
dimer with parameters e = 0,v = 1,k = 0.75, for an

left figure (blue
functions for

red line IMF approximation) as well as the Wigner
particle (top row on the right) and IMF (bottom row

it is a good appr otivates the use of a time-slicing method, similar
to that of Huber elle s Hybrid Mechanics in flat space [47, 52], where the
propagator is applie rt time before re-expanding the resulting state in the

original cohe sis and then repeating the procedure. This approach has

ator transports each component along its mean-field trajectory
itself generate population transfer between dynamically
ean-field regions, such as the two self-trapping islands. A
e coherent-state basis after a short propagation, however, includes
es on nearby coherent states lying closer to or on the other side of the
eating the short-time propagation and re-expansion allows these small
accumulate coherently over many steps, yielding tunnelling behaviour
ime scales. We shall show in what follows that adapting our IMF propagator
ay allows us to recover even the many-body tunnelling dynamics between

Page 14 of 30



Page 15 of 30

oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPhysA-125201.R1

An Interfering Mean-Field Propagator for the Bose-Hubbard Dimer 15
08 08
06 1 06
o WV\WWOW&WWWW%W I '
\fMﬂMW Wy
02 ! M“\Aﬁu"wﬂ,\,\ NWWW 02 Lol
‘ ﬁ‘w“vw" o, '
) I woooF I
WW\JVWV M\%W .
02+ VTN 1 0.2
WM\W‘J\ - %)% ”
04 W “'\‘W\’WUWW 04l i i
0.6 06

-08 0.8 L L L L
[ 100 200 300 400 500 600 [ 100 200 300 400 500 600

t t

Figure 8. Comparison of quantum (blue) and TS-IMF (black) z4expectation
values for a spin 50 Bose-Hubbard system, ¢ = 0,v = 1,k =,0.6; and an initial
coherent state at zg = 0.553 and ¢g = 0, for two differentiscaling parameters in
the TS-IMF propagator (1 on the left, and 1 — T{H = 0.99 on thewight). The
TS-IMF was simulated with a grid size of 150 x 150 and 6t = 0.001.

mean-field self-trapping states with astonishing accuracy for a wide range of particle
numbers and time scales.

Beginning at time zero, we evolve the initial state.up'to time 6t using the IMF
propagator, and take the result as our new initial state, resetting the time to zero. We
repeat this process a further M — 1 times, until the desired final time ¢ = Mdt, to find
our final approximate time evolved state. 4Thus, the time-sliced IMF time-evolution
operator can be expressed as

UTME (51, (53)

=

UTS (b=

m=1

If the grid is large enough, in principle the smaller one chooses dt the better the result,
though there is a trade off with an accumulated error from the repeated re-expansion
on a finite grid. In practice, however; we have found that choosing a smaller d¢ allows
for a comparatively smaller grid size, as less coherent states are needed to approximate
the dynamics for short times. Further, we only need to solve the individual ODEs once
for the first short time intérval, whiehds much shorter than the time necessary for the
single-slice IMF implementation. (1'his leads to a significant speed up when moving
to a time-sliced version with small 6¢. For our numerical calculations we picked §t
such that the norm‘does notidrop below a threshold of 0.9999. Note that the rate
of the norm decay in each segment depends on the initial condition. We observe a
convergence of the resulting dynamics with decreasing value of §t. However, it should
be noted that the limit of J¢ — 0 does not necessarily yield the exact many-particle
dynamics.

A look at the amalytical result for the IMF propagator for the pure interaction
term in the limit j &> 00n(51), reveals, that the error in every time-slice is linear in 0t,
and in fact.@ccumulates in the time-sliced propagator, and manifests as an effective
scaling in thelinteraction strength. This can be seen as follows. Inserting (51) into
(53) we find ¢he matrix elements of the time-sliced IMF propagator for the interaction
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Figure 9. Comparison
scaling factor of 0.991 for ,v = 1,k = 0.6 and an initial coherent state
at zo = 0.553%and ¢9 = O. top plot shows the z—expectation values,
quantum in blue'and TS-IMF in black. The bottom panel depicts The Wigner
functions of the op row) and TS-IMF (bottom row) propagation at times

t = 18,325,550 “
i t of infinitesimal time slices (6t — 0) as

2\ 7-1/2
—i2rn®t/Mj |1 _ 9; t 1
ot (1)

2 at —M/2
t/i - =
s (1 M> ’ (54)
where a = Using that
= (1 57) (5)

this reduces

UTS,(£) = Spnre 20O+ 50 gint, (56)

The second exponential term is a constant real phase and does not affect the state
s. The other term has the same form as the exact solution, however, with a

v
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Figure 10. Numerically obtained optimal scaling factor of the interaction
strength (red circles) in dependence on j, in comparison to  the analytical
asymptotic behaviour (black line).

rescaled interaction parameter x.yy which satisfies

—1 .
Ref f 1 1
=14+ — =1~ 57
K ( +2j> 25 +1 (57)

In figure 8 we show the z-expectation valuexfor j = 50 for x = 0.6 and an initial
coherent state, centred at zg = 0.553 and ¢y = 0, just. shy of the self trapping point.
We have chosen a small value of ryhere, to force some tunnelling behaviour on a
reasonable time scale, despite the relatively large particle number. The tunnelling
time for the many-particle system is around 600 time units. Even in the unscaled
case, the method clearly pickssup on the tunmeling, as well as subtle fast oscillations.
When the predicted scaling factorief 0.99 is applied, we see a near reproduction of the
‘short’ time dynamics (up to aréund = 80), and even over long times the agreement
is very close.

From numerical testing,weshave found that the approximation can be further
improved with a scalingffactor of 0:991. The resulting expectation value dynamics
as well as the Wigner functiens for four selected times are depicted in comparison to
the exact results in figure 9, showing an excellent agreement. The Wigner functions
produced with the. TS-IMF and the adapted scaling factor, in particular, are nearly
indistinguishable from the exact ones.

Motivated /by this ebservation, we ran a large number of numerical tests on lower
values of j. Erem this we found that the TS-IMF propagator does reproduce the exact
dynamics to-highhaccuracy up to large times for a rescaled interaction value, where
the scaling factor r.gp/k does not depend on initial conditions or parameter values,
but solely onthe value of j. Figure 10 shows the numerically obtained optimal scaling
factorsdor a range/of values of j in comparison to the large j estimate (57). We clearly
obsérve the convergence of the scaling factors to the predicted asymptotic behaviour.
Further details on the numerical procedure and a comprehensive table are available
insAppendix'F.

Using the numerically obtained optimal scaling factor 1.018, we are able to
accurately simulate even a spin 2.5 system, far from the semiclassical limit. We
consider the parameters ¢ = 0,7 = 1,k = 1.25 and the initial condition is a coherent
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S-IMF propagators for a spin 2.5
g fac has been used in the TS procedure. Here
e=0,vr=1k =125 a ondition is a coherent state centred at
z0 = 1,0 = 0. The top
blue and TS-IMF in black. The Wigner functlons of the true (top) and TS-IMF
(bottom) are sho or times t = 2"(before tunnelling), ¢ = 6 (during tunnelling)

and t = 13 (after

state centred at zp = 1 an ure 11 compares the expectation values and
Wigner functions of the the true time evolved state. Here a grid size as
small as 10 x 10 was sufficig btain results that reproduce even the fine details

of the full many- I'he differences in the exact vs the TS-IMF Wigner
functions are alm

onstructed a relatively simple semiclassical propagator that
utilises i an-field trajectories, which we have dubbed the Interfering
Mean-Fi ] agator. ThlS method prov1des an approximation for the full

tunnelling to high accuracy. When an additional scaling is applied to
coefficient, the constructed state is quantitatively extremely close to
ime evolution both for large time scales and far from the semiclassical limit.
gh this paper has focused on the application to the Bose-Hubbard dimer, the

Page 18 of 30



Page 19 of 30

oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPhysA-125201.R1

An Interfering Mean-Field Propagator for the Bose-Hubbard Dimer 19

method straight-forwardly extends to other SU(2) Hamiltonians. On a theoretical level
the extension to SU(M) systems, describing for example Bose-Hubbard systems with
M sites, poses no significant challenge. However, the higher phase-space dimensions
make a direct grid method as implemented here less feasible for a larger nuniber
of sites. For this case an evaluation of the phase-space integral using Monte:Carlo
sampling could be used efficiently [54]. The present method is also well suited for
generalisations to non-Hermitian Bose-Hubbard systems [55-57], which willybe the
topic of a future work.

As mentioned previously, methods such as Herman-Kluk and renormalisation
have been utilised in flat space to remedy the loss of unitarity frem sem@assical
propagation. It could be interesting to explore the translations of fthesedamethods to
SU(2) Hilbert space. This may be useful in eliminating the needsfor a scaling factor
observed in the time-slicing method.
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Appendix A Equivalence of a Condensed State and SU(2) Coherent
State

We begin with the equation for the an arbitrary condensed state (2) expanded using
the binomial formula

N

|th1,1b2) = \/% (¢1&J{ + ¢2&£> |0,0), (Au)
Ly N k N—=k(st\k(sT\N—Fk

~ VN ];) k(N — ]f)ywl (a1)*(a3)™ "0, 0 N (A2)

We then apply the creation operators to the vacuum state and simplify

1 Y NI
o) = =S el VR R N B (a3
k=0
- N! k. N—k
=kZ oL AR (A1)
=0

Recalling that the state |k, N — k) may be identified with [j;#h) where N = 2j and
_h=(N=R) g
=—5—=k—j wefind

|11, 92) = Z j—i—m )1/1J+m "1, m). (A.5)

m=—j
Setting the coefficient to be

1 1—2 .
+ z Ze‘¢

5 o = (A.6)
we see the equivalence of (2) with (9), namely
\
- Z ( ) (1 + 2)G+m)/2(1 o) G=m)/2geli—m)|j oy

m=—=j
Appendix B Expectation Value Derivations

To begin we derive the action of the spin raising and lowering operators Jy=J, ilJ

as well ag@f, ‘on ampurinormalised coherent state ||¢) = €SI~ |7,7). The Hadamard
lemmas will beé useful for this exercise

e el = J, — ¢J, (B.1)
e J_elr = j_ — 20T, — 2y, (B.2)
- JeSd- = Jy v ocd, — 2. (B.3)
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Finding the action of the lowering operator on an unnormalised coherent state is
straightforward:

Jo1I¢) = J-e*"-15,3),
o .
_ Y CJ_ .o
ac {6 } 17,9),
0
= —[¢). B4
5l (B)
To find the action of the raising operator, we employ (B.3) -
Jel€) = Tee”1j, ),
= eCJ_ <j+ + QCjZ - C2j—) |.77.7>)

- (2@' - <§C) 10). (B.5)

In a similar fashion we employ (B.1) to find the action of ..

2 2T . - 4
Jz||<> = Jzng_|]7.7>7

= e () i,

= (i - e \ick (B.6)

With the above the expectation wvalues of ‘these three operators in normalised
coherent states may be found. Defining thefunction

M(¢ = (CllllG) = (1 +¢¢)™, (B.7)
the expectation value of J_ may be expressed as

~ .
AT
)=o)

QAL

T M)

1M

“ Mo
2j¢”

-l (B.3)

where.we may move the partial derivative to the left of the bra state as this is only a
funétion of C*."With similar reasoning, or by taking the complex conjugate, we find
the expectation of the raising operator

. 2j¢
) = e

(B.9)
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The expectation value of .J, is found as

AP L Ll 4
J,) = B.10
Noting that

N 5 A 1 /. .

Jo=> (J+ + J_) =% (J+ —J ) , (B.11)
from (B.4) and (B.5) the action of .J, and J, on an unnormalised coliérent,state is
found to be Dy

710 = 5 (2614 0= 5 ) 110 (B.12)

Aer =5 (265 - @+ 5 ) 119 (B.13)

and from (B.8) and (B.9) their expectation values in coherent states, may be found as
- JE+¢)

Jyy =225, B.14

(=4 s (B.14)
sy JE—¢)

Jy) = F/—=—~. B.15

i ) (17

For an arbitrary operator A, we may use the action of the spin operators to find
the coherent state expectation valuéstof.AJ, and Ji A, where k = x,y, z,+, —. These
can be concisely summarised as

L (TRICP)® 0CJ) O(A)

(Ady) =) (A) 2 ac ac’ (B.16)
Ay Lo Ayl +2|j§| ) ag‘g’j> aé‘? (B.17)

N
Appendix C Derivation/of the SCS-TDVP Equations

In this appendix we providesa derivation for the equations of motions for the
parameters in the SCS=TDVP aaproximation.
We consider’ an initially‘coherent state 1)) = co|¢p), and make the ansatz

[¥(8) = c()[C(2)) such that [¢(0)) = colCo) (C.1)

for the solution of the time-dependent Schrédinger equation.
The dynamical equations for the parameters can be derived via the Dirac-Frenkel
variatienal principle [41, 58, 59], by demanding that

i{Sul) = (G IHN), (C.2)
where [if(t)) is of the from (C.1), and the variation (§¢| is given by
(09| = oc* 88<c*| +4d¢ <8C| +0¢” gé}* (C.3)
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Using the coherent-state equalities

CAC I [

ol _ J¢ -

this can be expressed as
J¢”

+ c*5<*(— 1ﬁ<|2 n L)]. 0 (C6)

Inserting (C.6) into (C.2) yields a linear equation for the variations of ¢, ¢ and (*.
Since these variations are mutually independent [59], we may equate coefficients. The
éc and 0¢ terms yield the same equation

i(Cl9) = (A1), (C.7)
while the §¢* terms leads to
ie* (G ) = {7 BT e g

The time derivative of the ansatz state [¢), in terms of the parameters ¢, ¢, and ¢* is
given by

(C.8)

3|C> L 0I¢)
) = él¢) + EaN (" ac (C.9)
which, using
91¢) _
G 1+|C|2|C> (C.10)
AN . J¢ 5
S & |- ot J-]io), (C.11)
becomes ' ~ '
Y e T e (CC+68) + el J10) (C.12)
Inserting this intoithe dc coeflicient equation (C.7), some algebra yields
D) +'1+ o [gg —¢ g} (C.13)

where we have used the/abbreviation (H) = (¢|H|¢) to denote the expectation value
of the Hamiltonian in coherent states.
Turning to thé 0¢ coefficient equation, by inserting (C.12) we find

(¢& + &) () +ice" T ) = ec* (Jo ), (C.14)

ic*|¢c—
[ 1+|C|2

With (B:17), (C.14) reduces to

i 29(c* : 2jcc*
L+ (¢ [+ (¢P?

25¢ gy 4 )7

=+ =e [+ 5] (C15)
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Inserting (C.13) and rearranging, we find

a<ﬁ1>
acx

icc =
[1+ ¢
As || # 0, we arrive at the equations of motion for the prefactor and coherefit state
co-ordinate,

(C46)

¢ = (L ICR)? o)
il = B TR (C.17)
i = e[() + i (CE- <) (C.18)

Appendix D Saddle point approximation for the IMF propagator for
pure interaction

The integrand of g,,(A) (equation (49)) is highly oscillatory, motivating the use of the
saddle point approximation [60]. To begin we assume m % +j. Recalling that 8 does
not scale with j, we may write g,,(A) in the form

L

2j4+1( 2j > £.
gm(A) = 92j+1 <j—m) [1 el dz, (D.1)

where
®(20) = (14 B)In(1 + o) 4k~ B)In(1 — 2z0) +1A(z — B)*. (D.2)

and we have defined B =m/j € (—1, 1), which we assume to be fixed. The dominant
contributions of the integrandiecome from the maxima of ®(zy) for real zg which lie
within the integration bounds. Wexfind those by evaluating the derivatives

1+B 11— B
B (20) 2t 2 L

\]. + 2o 1-— Z20

4B 1-B
d(z9) = — — + 2iA.
(z0) W+20)2  (1—2)2

From these we find .the real saddle to be z* = B. The general form of the
approximation will be [60]

+ 21A(Z() - B),

29+1/ 2j (5" 27

gm(A) = 29751 <j ) m) > CAN () [1 + 0(1/.7)} (D-3)
saddle points z*

Evaluating the first and second derivatives at the saddle point and inserting them into

this fermula yields

27 +1 23 . n 1B In(1—
gm(A) = S ( )e](1+3))1 (14B)+j(1—B) In(1—B)

j—m
X \/;T[glj_if()l(l—_Blj))} 1+ 001/5)]- (D.4)
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For large j, Stirling’s approximation may be used to show

2]_'_1( 2j ) j e—J[(1=B)In(1-B)+(1+B) In(1+B)-21n 2]

PYIES| R - (D:5)

j—m) = 2% V7j(1—B)(1 + B)

which leads to our function becoming approximately

. e2iIn2 _
m(A) 555 + e |1+ OW/3)],
1 .
— +0(1/5). ~D.6)

Recalling that IMF propagator matrix elements are
UIME = 5, e 25 i g (9t5), (D.7)
in the large j limit this is approximated by

72mtm /J
UTI,MF (t;large 7) (D.8)

\/1—21751-@ )

In the case of m = j, B =1 and the function reducesto

2j+1 A
with
fz0)&=2In(1 + 2) +1A(z — 1)%. (D.10)

In this case there is no saddlé on the real axis. The integrand vanishes at the lower
integral limit, zo = —1, and it’s real part is maximal at the upper integration limit,
2o = 1. Thus, the integraldcan be approximated by a Laplace method [60], where the
leading contribution comes frem the upper limit of the integral, and we find

j elf
A= 5y
=1. (D.11)
The case where m = —j follows in a similar fashion and yields the same result. Thus

the m = £j elements«follow the formula (D.8) and are identical to the true matrix
elements|

Appendix E Wigner Functions on the Sphere

To visualise the quantum state [¢)) we use the SU(2) Wigner function defined as [61]

W (0, ¢) = tr (|¢) ([ w(0, 9)) (E.1)
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J | Kepp/k (1"'2%-)_1 J | Kepf/k (1+2%-)_1 J | kerr/E (1—#2%.)—1
2 1.053 0.800 7.5 0.971 0.937 25 0.984 0.980

2.5 | 1.018 0.833 8 0.972 0.941 27.5 | 0.985 0.982
3 1.000 0.857 8.5 0.972 0.944 30 0.986 0.983
3.5 | 0.990 0.875 9 0.972 0.947 32.5 | 0.987 0.985
4 0.982 0.889 9.5 0.973 0.950 35 0.988 0.986
4.5 | 0.978 0.900 10 0.973 0.952 37.5 | 0.989 0.987
5 0.975 0.909 12.5 | 0.976 0.962 40 0.989 0.987
5.5 | 0973 0.917 15 0.978 0.968 42.5 | 0.990 0.988
6 0.972 0.923 17.5 | 0.980 0.972 45 0.990 | _0:989
6.5 | 0.972 0.929 20 0.982 0.976 47.5 | [0.991 0.989
7 0.971 0.934 22.5 | 0.983 0.978 50 0.991 0.990

Table F1. Numerically obtained optimal scalinghfactors versus the large j

prediction for various spin values.

on the spherical phase space, where the Stratonovich-Weyl kernel is given by

2 1

N _ 1 k = 4
w( 7¢) ng;ly} (07 ¢) T'ljk

Here {Tl]k} are the irreducible tensor operators [62], and Y}*(6, ¢) denote the spherical
harmonics [62]. R
The matrix elements of the irreducible tensors in the standard J.-basis are given

by
) P [20+1 i
<],m/!TlJ’k|j,m> = 2 +1 C]J‘mlky (E.2)

where the CI™ denote the Clebsch-Gordan coefficients.

Jimaijame
We use the convention YOU\ 1y.s0 that the spherical harmonics are orthonormal
with respect to the uniform probability measure d(g o= (47)~1sin 6 dd de, that is, it
holds

/YI{? YIZZ dcg,qﬁ = 51112 5k‘1k2 : (EB)
Appendix F Scaling Factors for the Non-Linear Coefficient

We numerically deduced the scaling factors for the interaction coefficients for the time-
sliced-propagator Summarised in table F1. To deduce these, for each value of j, we
picked various initial conditions and a range of parameter values, some which we know
result in tunnelling dynamics and some which were randomly initialised. We ran the
time slicing/code once and then used a least-square optimisation of the z,y and z
expectation values over time to find the optimal scaling value to three decimal places.

In figure F1 we show a direct comparison between the unscaled and scaled
expectation values of the two examples discussed in section 4.
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22 for a spin 2.5 (top) and spin 50 (bottom) systems,with parameters given in figures
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24 while the right column uses the numerically found idea61 scaling factor.
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