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Abstract

Many chemical reactions can be formulated in terms of particle diffusion in a
complex energy landscape. Transition path theory (TPT) is a theoretical frame-
work for describing the direct (reaction) pathways from reactant to product
states within this energy landscape, and calculating the effective reaction rate.
It is now the standard method for analyzing rare events between long lived
states. In this paper, we consider a completely different application of TPT,
namely, a dual-aspect diffusive search process in which a particle alternates
between collecting cargo from a source domain A and then delivering it to a
target domain B. The rate of resource accumulation at the target, k4, is determ-
ined by the statistics of direct (reactive or transport) paths from A to B. Rather
than considering diffusion in a complex energy landscape, we focus on pure
diffusion with stochastic resetting. Resetting introduces two non-trivial prob-
lems in the application of TPT. First, the process is not time-reversal invariant,
which is reflected by the fact that there exists a unique non-equilibrium sta-
tionary state (NESS). Second, calculating k45 involves determining the total
probability flux of direct transport paths across a dividing surface S between A
and B. This requires taking into account discontinuous jumps across S due to
resetting. We derive a general expression for k45 and show that it is independent
of the choice of dividing surface. Finally, using the example of diffusion in a
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finite interval, we show that there exists an optimal resetting rate at which kxp
is maximized. We explore how this feature depends on model parameters.

Keywords: transition path theory, stochastic resetting, diffusion,
search processes

1. Introduction

A classical problem in statistical physics is the diffusive search for some target { in a bounded
domain Q C R, see figure 1(a) [4, 6, 21]. If the boundary 92 is totally reflecting then the prob-
ability of eventually finding the target is unity. One typically formulates the search process as
a first passage time (FPT) problem in which the target surface O is taken to be totally absorb-
ing. The FPT is defined according to 7 (Xo) = inf{r > 0,X(r) € OU|X(0) =X}, where X() is
the position of the diffusing particle or searcher at time ¢ and X is its initial position. The mean
FPT (MFPT) can be determined by solving a backward Kolmogorov equation or by calculating
the probability flux into the target, whose Laplace transform is the generator of the FPT dens-
ity. Higher-order moments can be calculated in a similar fashion. Various extensions include
diffusive search within some energy landscape, diffusive search with stochastic resetting (as
reviewed in [13]), and modifications in the absorption process itself. The last extension could
involve taking the target surface Ol to be partially absorbing [14]. Alternatively the whole
domain U could be partially absorbing, which means that the searcher freely enters and exits
the target domain and can only be absorbed within the target interior [8, 22].

There are two complementary interpretations of the search-and-capture process shown in
figure 1(a): [I] the diffusing particle transports and delivers resources to the target (e.g. intra-
cellular vesicular transport) or [II] the particle searches for a target in order to extract resources
from the target (e.g. animal foraging [3]). In this paper we consider a more complex diffusive
search problem that is an alternating sequence of [I] and [II], see figure 1(b). The main idea
is to assume that resources are initially located within a source domain A. This means that a
particle first has to find the domain A in order to be supplied with a packet of resources (cargo).
The resulting particle-cargo complex then searches for a target domain B in order to deliver
its cargo and return to the bare particle state; if the complex returns to A before reaching B
it does not load any additional cargo. In addition, we assume that the loading and unload-
ing of cargo does not disrupt particle diffusion. (A more general model would allow for the
particle to temporarily stop searching during the loading and unloading of cargo, which would
introduce refractoriness into the model.) Finally, once the particle has delivered its cargo it
continues searching for the source domain in order to load more cargo, and the process repeats
(assuming that the amount of resources within A and the capacity of the target B are both
unbounded)’.

One quantity of interest for the dual-aspect search process outlined in figure 1(b) is the
mean rate at which the target accumulates resources. This can be calculated using the math-
ematical framework of transition path theory (TPT) [15, 18, 29, 30]. The latter was originally
developed within the context of analyzing chemical reaction rates. In the latter case, the path
traced out by a diffusing particle in figure 1(b) corresponds to the trajectory of a chemical sys-
tem in some energy landscape, with A representing reactant states and B representing product

! This is of course an idealization in which the searcher is unable to memorize the locations of the source and target
once they have been found for the first time. One possible scenario where a lack of memory might be advantageous is
if there are multiple sources and multiple targets within the search domain, particularly given that a memory device
costs resources.
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@ particle + cargo @ particle

Figure 1. (a) Classical search problem in which a diffusing particle searches for a target
U in a bounded domain £ C R? with a totally reflecting exterior boundary d2. The time
to find the target is identified with the FPT to be absorbed at the target surface OU. After
finding the target, the particle either loads or unloads a packet of resources. (b) Dual-
aspect diffusive search process that alternates between the search for a resource domain
A where a particle collects cargo and the subsequent search for a target domain B where
the cargo is delivered. The rate of resource accumulation at the target is determined by
the statistics of direct (reactive or transport) paths from A to B.

states. One way to approximate the reaction rate is in terms of the mean crossing frequency
of transitions from A to B, which is proportional to the total flux of reactive trajectories across
any dividing surface S separating the reactant states A from the product states B. However,
this clearly overestimates the reaction rate, since reactive trajectories can recross the surface S
many times during a single reaction, including multiple returns to the reactant states A prior to
reaching B. TPT deals with this overcounting by characterizing the statistical properties of the
ensemble of reactive trajectories under the constraint that each reactive trajectory is a direct
path from A to B.

The mapping of the dual-aspect diffusive search problem to TPT is shown in figure 2. Let
X(1), —o0 < t < 00, denote the position of the searcher at time 7. First, we distinguish between
sections of the trajectory along which the particle is carrying cargo (red curves) from sections
along which the particle is free (black curves). Thus any trajectory exiting A is red, whereas
any trajectory exiting B is black. We further subdivide each red section into the part that forms
a direct connection from A to B (solid red curves), which we will call a transport trajectory,
and the remainder that returns to A without reaching B (dashed red curves). Let Ny denote
the number of transport trajectories observed during the time interval [—7, 7], then the mean
frequency at which these trajectories are observed within the given trajectory is

N
kap = lim T (1.1

Assuming that the stochastic process is ergodic, we can equate k4p with an ensemble average
that is independent of the particular trajectory and can thus be calculated using TPT. Within
the context of stochastic transport processes, k4p is equivalent to the mean frequency at which
units of cargo are delivered to B.

The mathematical analysis of TPT is typically developed within the context of stochastic
differential equations (SDEs) as exemplified by a multi-dimensional Langevin equation [18,
29, 30]. One of the novel aspects of stochastic transport processes is that the searcher dynam-
ics may be described by a more general stochastic process [7]. Examples include active motor
transport [19], active Brownian and run-and-tumble particles [23], facilitated diffusion [5, 16],

3
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source

— particle + cargo A — B
——- particle + cargo A — A
— particle

Figure 2. Mapping of the sequential transport process to TPT. Direct paths or trans-
port trajectories are shown as solid red curves. The effective rate k4p at which cargo is
delivered from the source A to the target B is determined by the number of transition
trajectories N7 observed over a time interval [—T7 T] according to kap = limy_, oo N7/2T.
(See text for further details.)

and Levy flights [26]. In this paper we construct TPT for yet another example, namely, dif-
fusion with stochastic resetting. That is, the position of the particle resets to a fixed location
x, € Q\(AUB) at a constant rate r [L0-12]. It is well known that such a process is not time-
reversal invariant, which is reflected by the fact that there exists a unique non-equilibrium sta-
tionary state (NESS). Such a state exists even if the dynamics is unbounded, that is, Q = R¢.
The application of TPT is thus non-trivial.

The structure of the paper is as follows. In section 2, we review TPT for an overdamped
Brownian particle in R? [18, 29, 30]. The main analysis is developed in section 3, where we
extend TPT to include the effects of stochastic resetting. First, we construct the reverse-time
diffusion process with resetting by extending the formalism of [1]. (This is necessary in order
to determine the so-called backward committor function.) We then calculate the accumulation
rate k4p by generalizing the derivations presented in the appendices of [18]. In particular, we
equate k4p with the time-averaged probability flux of transport trajectories across a dividing
surface between the source and target domains. There are two distinct contributions to kap
corresponding, respectively, to paths that cross S smoothly and those that jump across S due
to stochastic resetting. We also prove that k4p is independent of the choice of dividing surface
S, and that it is a positive quantity. Finally, in section 4 we illustrate the theory by considering
pure diffusion with resetting in a finite interval. We show that there exists an optimal resetting
rate at which k,p is maximized, and explore how this feature depends on model parameters.

2. TPT for overdamped Brownian motion

Let X(r) € RY, 0 < ¢ < T, denote the position of an overdamped Brownian particle evolving
according to the SDE

dX; (1) = f; (X (1)) dt + 2DdW; (1) , 2.1
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where D is the diffusivity and W;(r),j = 1,...,d, are independent Wiener processes. Let
po(x,0)dx =P[x < X (r) < x+dx],

with the initial condition py(x,0) = p,(x). (The subscript on po indicates that there is no
stochastic resetting.) The probability density po(x, 7) evolves according to the forward Fokker—
Planck (FP) equation

Opo (x,1) 9f; (x)po (x,1) 8po xz
ot __Z ox; DZ '

Jj=1 Jj=1

2.2)

We will assume that for the given drift functions f;(x), there exists a stationary measure po(X)dx
such that

Jlim po (%,1) = po (x). (2.3)
In particular, suppose that we have a conservative force for which f(x) = —y~'6,U(x),

where U(x) is a potential energy function and + is a friction coefficient satisfying the
Einstein relation Dy = kgT. The stationary density is then given by the Boltzmann distribu-
tion po(x) = Z~ e VN/bT with Z= [, e=YW/kTdy < oo, In addition, the diffusion process
is time reversible and all equilibrium probability currents vanish.

2.1. Ensemble of transport trajectories

Let X(¢), —oo0 <t < 00, be an infinitely long sample trajectory of the SDE (2.1), which is
ergodic with respect to the equilibrium probability density po(x). That is, given any suitable
observable ®(x), we have the equivalence of time and ensemble averages:

1 T

lim — 7T<I>(X(t))dt:/w<l>(x)p0 (x) dx. 2.4

Suppose that A C R and B C R are two bounded regions in the phase space R¢ that specify
the source and target domains, respectively, see figure 2. Any trajectory X(z), —oo < t < o0,
can be partitioned into pieces that are either transport trajectories or their complement. Each
transport trajectory connects OA to OB. That is, it starts at a point on the boundary A and ends
at a point on the boundary 0B without ever returning to A. It follows from ergodicity that the set
of all transport trajectories forms an ensemble I" whose statistical properties are independent
of the particular trajectory X(r) used to generate the ensemble. Suppose that X(r) ¢ AUB at
time ¢ and set

T, (1) =sup{t’ <tsuchthat X (') € AUB}, (2.5)

T 15 (1) =inf{t' > tsuchthat X (') € AUB}. (2.6)
Then

IP={X(1);X(t)¢AUB,X(T,(1)) €A, X(TL; (1)) € B}. 2.7

One of the major objects of interest in transition path theory is the probability density that
a trajectory passing through x ¢ AU B at time 7 is a transport trajectory at time ¢. For a given

5
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trajectory X(7), let R denote the set of times for which X() is on a transport trajectory. The

probability density of transport trajectories p[(;g (x) is defined according to

lim L = pap (X)dx, (2.8)
T fpoippdt

fRﬁ[—T.T](I)(X(I))dt / ‘I’( ) (0)
Qap

where Q4 = RY\ (AU B) = (AU B)°. It can be proven that [18, 29, 30]
P (x) = (m — 50X T X po(x), Ziy = /Q 90 (X) 3y (X) po (x)dx,  (2.9)
AB

where g (x) is the probability that the transport trajectory reaches first B before A, and g, (x)
is the probability that the transport trajectory came from A rather than B.

2.2. Committor functions

The probabilities go(x) and g, (x) are known as the forward and backward committor functions.
The former is equivalent to the splitting probability that a trajectory starting at x reaches B
before A and thus satisfies the backward Kolmogorov equation

Zd Oqo (x) & q

0 0 _
j:.ﬁ( ox, DE =0, (2.10a)
qo(x) =0forx € 9A, qo (x) =1 forx € OB. (2.10b)

Determining the corresponding Kolmogorov equation for the backward committor function
is more involved. Intuitively speaking, we can identify g, (x) as the splitting probability of the
corresponding reverse-time diffusion process that starts at x and reaches A before B. Hence,
the nontrivial step is determining the evolution equation for the reverse-time diffusion process.
Let X(¢) = X(T — ¢). In the absence of resetting and under mild conditions on the drift vector
f(x) and initial density po(x), it can be proven that the reverse-time process X () satisfies an
SDE of the form [1] (see also section 3.2)

dX; (1) =1, (X (1) 1) dt +/2DdW; 1) , .11

where

D0 T, 2.12)

fi(x,1) = —f(x) + Po(x,T—1) 0x;

In particular, taking po(x) = p(x), we have
dX; (1) =f(X (1)) dt + V2DdW; (1), (2.13)

with

2D8ij0 (X)

0 = 0+ =

(2.14)
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The corresponding forward FP equation for the reverse-time process is

- d A7 (V=
9P (x,1) i (x) By (x,1) 0Py (x,1)
=—y =———— ~4+DY ——~ 2.15
o ' o Z e (2.15)
j=1 Jj=1
where
Po(x,0)dx =P [x <X (1) <x+dx].
It now follows that g(x) satisfies the backward Kolmogorov equation
4 ) 9o ( &
DALY q° DZ qO 0, (2.16a)
j=1
gy (x)=1forx€ 0A, g, (x) =0forx € 0B. (2.16b)

In the particular case of an overdamped Brownian particle subject to a conservative force,
we have a reversible diffusion process for which g, (x) = 1 — go(x). This follows from substi-
tuting for po(x) in (2.14) using the Boltzmann distribution:

- 2D, e~V kT _ 20
09 =500+ = g = 06 ~ L7V =f(x). @17
However, if the force is non-conservative force or stochastic resetting is included (see section
3.1), then time reversibility no longer holds. Finally, note that although the boundary value
problems for the committor functions are defined in R¥\A U B, we extend their domains of
definition by taking

qgo(x)=0, go(x)=1forallx €A, qo(x)=1, go(x)=0forallx € B. (2.18)

2.3. Probability current and transition rate

Another quantity of interest is the probability current J/(&) (x) of transport trajectories crossing
a dividing surface S C {245, with A on one side and B on the other side of the surface. (The
superscript (0) again indicates that there is no resetting.) Integrating J/(:g (x) over S yields the
total probability flux of transport trajectories across this surface, which determines the target

accumulation rate kg according to

K9 = / 310 (%) 1 (x)do (x). (2.19)

The vector n(x) denotes the unit normal to S pointing towards B and do(x) is the surface
element on S. It can be proven that [18] (see section 3.2)

145,00 = a0 00 (00 5)+ 0 () (00 25— D ) ) 8 220

where J© (x) is the equilibrium probability current with components

Opo (%)
0x;

IO (x) = £ (x) po (x) = D @2.21)
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Note that J, © 5 (x) =0 for all x € AU B. Moreover, the reaction rate can be rewritten as the
volume 1ntegral

k) =p (00, 222
j=1
In the particular case of a conservative force, we have J}O) (x)=0 for all j =1,...,d and

Go(x) = 1 — go(x), which means that

0
1), (x) =Dz le VW kT qa”x(_) (2.23)
J

3. Overdamped Brownian motion with stochastic resetting

Now suppose that the Brownian particle resets to a fixed position X, at a rate r, see figure 3.
When resetting is included, the SDE is modified according to
—-X() with probability rdt

ax(r) = { f(X(£))dt+~/2DdW (¢) with probability (1 — rdf) G-

The probability density p(x, f) evolves according to the modified forward FP equation [10-12]

ap (x,t afi ( 0*
pé’:):; Jj (x DZ '”(X —p(X,1) + 73 (x—X,), (3.2)
with p(x,0) =p(x). Similarly, we define the propagator p(x,t|y,7) as the solution to
equation (3.2) under the initial condition p(x,#|y, %) = d(x —y). The propagator also satisfies
the backward FP equation

8]9 (X7t|Y7 ZO) _ _8[7 (X7t‘y7t0)
ot ony
d
8 X, 1|y, t 0%p (x,1|y, 1
=3 gy 2 Rel0) ‘“ iy Frixiy.n) PO i) 419 ()

i=1 i=1

(3.3)

(Under time translation invariance, we have p(x,1]y,7) = p(X, —fo|y,0).)

In the absence of stochastic resetting, ergodicity with respect to a stationary density po(x)
depends on the properties of the force vector f(x). If the external force field is zero (flat energy
landscape), then Brownian motion in an unbounded domain is non-ergodic, reflecting the fact
that the stationary density is zero pointwise. One of the important consequences of stochastic
resetting is the existence of a nontrivial stationary density p(x) = lim,_, . p(X,|X¢,0) for
unbounded Brownian motion [10-12]. In particular, p(x) represents an NESS because there
exist non-zero probability fluxes. That is the point X, acts as a probability source, whereas all
positions x # X, are potential probability sinks. An immediate issue is whether or not the res-
ulting stochastic process is ergodic with respect to the NESS. The ergodicity of diffusion pro-
cesses with stochastic resetting has recently been explored in a number of studies [2, 24, 25, 27,
28]. Although it has not been proven rigorously, normal diffusion processes with Poissonian
resetting appear to be ergodic, and we will assume this in the following.

8
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— particle + cargo
— particle

Figure 3. Transport process with stochastic resetting. The dividing surface S € Qa5 is
the boundary of a region Qg with AN s = A and BN Qs = 0. The sample trajectory
smoothly crosses S from left to right at the points a,b,c and from right to left at the
points a’,b’. The trajectory can also jump across S by resetting from a point x € €y if
X, € Q¢ = ]R”’\Qs (or from a point x € Q if x, € Qg—not shown).

Taking the large-# limit of equation (3.2) shows that p(x) (if it exists for a given force field
f(x)) satisfies the stationary equation

L (x)

Ip(x)
axj ’

0=
axj

—rp(X) +r6(x=x,),  Ji(x) =fj(x)p(x) =D (3.4)

j=1

It immediately follows that the current J(x) is not divergence-free. An alternative way to
determine the NESS is to note that the propagator satisfies the last renewal equation [13]

t
P (x,1]x0,0) = e "po (x,#]x0,0) + r/ po (X, 7|%,,0)e”""dr, (3.5)
0

where pg is the corresponding propagator without resetting. The stationary state p(x) is
obtained by taking the limit # — oo in equation (3.5):

p(x)=r / po (x,7[x,,0)e™""dr. (3.6)
0

That is, p(x) is determined by the r-Laplace transform of the propagator p (assuming it exists).
Note that p(x) In addition, the backward FP equation (3.3) implies that the forward committor
function g(x) satisfies the boundary value problem

L,g(x)=0, q(x)=0forxedA, ¢(x)=1forxeIB, 3.7

with

Ox?

d d
qu(x)zZﬁ(x)aZ—)(;)+Dza 9X) o)+ rg(x,). (3.8)
j=1 7 j=1 7

9
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In order to determine the corresponding Kolmogorov equation for the backward commit-
tor function, we need to derive the FP equation for the reverse-time diffusion process with
resetting.

3.1. Reverse-time diffusion process with resetting and the backward committor function

We obtain the reverse-time Markov process by extending the approach presented in [1].
Consider the joint probability density

p(XJJ’JO) :p(xvt‘y7l0)p(y7t0)7 fo <1, (3.9)

where p(y,ty) evolves according to equation (3.2) with x =y, t — #y and p(y,0) = po(y).
Differentiating both sides with respect to fy we have

Op _ p(x,1ly, o) ap(YJo)
o dto (y7 tO) + 0 p(x> t\y, t())
1y, ) & tly, 1
[Zf( ks |y - *DZ 5 ?) 2|y o) _ p(x,1ly, lo)+rP(X,terO)} p(y,t)
j=1 f

d o, d
- {Z %y(”) =0y TELL) p(y,a0) = rily - x»] p(x,rly,10)
j=1 j=1 J

d d o5
_ —P(YJO)Zﬁ(Y) 8[p(X, t:)’g;j)/p(YJO)} _ Dp(yJO)Z 9 [ﬂ(X,t,}(;;(;)/p(y, [0)]

Zd: A (y)p(y, o)

1
+ r[é(y - X’) _p(yvlo)}p(XJ‘X”to) + P(YJO) |:_ ayj

j=1

+DZ ool "”} p(x,1.y,10)

d . d vl N
N HWexty) g0 p(!g t;yﬁo) +2Dzi { 1 9p(y,t)
> > : -

pX, 1Y, 1o
o By i) oy PRIY)

j=1 j=l1 J

— {w(y|x,<,to) —6(y— xr)/ w(§|x,<,t0)d(:| P(X,1,Xr,00). (3.10)
The last line represents jumps X, — y with transition rate

P(Y %)

3.11
p(Xnt0) ( )

w (y|x,,t0)

We can reinterpret equation (3.10) as the forward FP equation for a time reversed process by
setting p(x,#|X,0) = p(X,T,x,T—1)/p(X,T) so that

10
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Ip(x,1X,0) t|xo d xm(x 1X,0) S 9%p(x,1X,0)
S T 2D P Sink A i A
D% P2 e

Jj=1

+[w(x|x,,T—t) —d(x—x,) /Oow(z|x,7 —t)dz} p(x,,1X,0), (3.12)

e}

with]j-(x7 t) given by equation (2.12). This describes a Markov diffusion process of the follow-
ing form: if X(¢) # x, then

dX; (1) = f, (X (1) 1) dt +/2DaW (1), (3.13a)

whereas if X(7) = x, then

J; 8rs0) i+ /2D (1) with probability 1 I
rs
P (3.13b)
Xj— X with probability %

Finally, taking p(x,0) = p(x) we have
dX; (1) =j; (X (t)) dt+v2DdW; (1), (3.14a)
With]_’i(x) given by equation (2.14), whereas if X(r) = x, then

J.(x,)dt +/2DaW; (1) with probability 1 — p’(‘f )
- r
dX; (1) = (3.14b)

Xj—Xpj with probability p ()(() r)d !

The forward FP equation becomes

Ip(x,1X,0)
ot - _Z

j=1
r

p(x,)

af<x>p<x 11X,0)

z": 0*p(x t|X0
[p(x) — 6(x — x,)] p(x,,1X,0). (3.15)

Similarly, the backward FP equation for the reverse-time process with stochastic resetting is

Op(x,1X,0) _ i 700 PAX.0) Di 9°p(x,1X,0)
J

o = 0x; ox;

16X — xr)ﬁ { / p(X)B(x,1|X,0)dX — p(x,1]x,,0)| . (3.16)
P\ Xy d
Finally, the backward committor functions is obtained from the equation

Lg(x)=0, g(x)=1forxcdA, g(x)=0forx€ IB, (3.17)
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where

4 7l < 9g(x)  ro(x—x
Lt =Y 00280 03 I PO [ pgtai—gtx)|. a9

i=1 j P(Xr)

3.2. Calculation of the transition rate kag

In order to calculate the target accumulation rate k4p, we need to determine the generaliza-
tions of equations (2.19) and (2.22) in the presence of resetting. We proceed by extending the
derivations presented in the appendices of [18]. A crucial assumption in these derivations is
that the underlying stochastic process is ergodic with respect to the stationary density along
the lines of equation (2.4).

It is clear from figure 3 that there are two distinct ways in which the particle can cross the
surface S: either continuously, as at the points a, b, c,a’,b’, or as a jump via stochastic resetting.
These two cases will emerge from the analysis. The starting point is an equation equating kap
with the time-average of the total probability flux of transport trajectories across S [18]:

1 1
o= Jim im [ (e )

— o (x(1) ey (x( 4+ 5)) }dt. (3.19)

Assuming the stochastic process is ergodic, we first take the limit 77— oo to obtain

= im [ )20, a(x(5) e (x(5)
s—0t § Qs
—aim L[ ()00 a(x(s) o (x(5))] dy- (3.20)

The committor functions g(y) and g(x(s)) ensure that we only sum over transport trajectories.
In addition Ey denotes expectation conditional on x(0) = y. In the case of a smooth function
¢(x), we have

i SN0y L ¢<x>p<x,r\y>dx—¢<y>}

—0+ t —0+ 1

i ;{ [ oty - (x,0|y>}dx}

¢( )3p(x 1Y) 4o

lim
t—0

(3.21)

Substituting for dp/dr using equation (3.2), integrating by parts and using the identity
p(x,0y) = d(y — x) gives

lim M Zj, +DZ A ¢ —r(y) +ro(x,)

t—0+t

= Mﬁ(y)A (3.22)
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In order to evaluate the expectations in equation (3.20) using equation (3.22), we need to
regularize the discontinuous indicator functions o, and X Following [18], we introduce a
differentiable interfacial function hs with

[ 1 forye )y anddist(y,S) > ¢
hs(y) = { 0 forye Q¢ and dist(y,S) >4 ~ (3.23)
where dist(y,S) = minges |y —z
boundary layer of width 2¢. It follows that equation (3.20) is the limit as 6 — 0 of
.1 _
Is=lim — [ p(y)q(y)hs(y)Ey[q(x(5))[1 — hs(x(s))]]dy
s—0t 8§ Jpa
1
= Jim = [ p@a) -~ hs(y)]Ey [q(x(s))hs(x(s))]dy. (3.24)
Using the result
lim {h5(y)g(x)[1 = hs(x)] = [1 = hs(¥)lg(x)s(x)} = 0, (3.25)

we can now apply equation (3.22) to yield

Is= /R dp(y)ﬁ(y)hs(Y)Lr [a(y)[1 — hs(y)]]dy — / p(y)a(y)[1 — hs(y)]L, [q(y)hs(y)] dy

Rd

== [ o)L aths(s)ay. (3.26)

since L,q(y) = 0. If we now substitute the explicit form for LL,, see equation (3.3), we find
that

B _ 3h5 Bzho (¥) , ,0hs(y) 0q(y)
lh= /R yaly { Zﬁ o, *DZ{ o oy oy

—rq(X,)hs(y) + rq(x:)hs (x,) }dy. (3.27)

Finally, integrating by parts the term involving the second order derivative of A5 gives

/mzahg { Y)a(y)J;(y) + Dp(¥)q(y)— Q(y) —Dp(y)q(y )aq;y)}dy

+ra(s) [ o070 hly) ~ sy (328)

where J; is the current defined in equation (3.4).
Recall that for any suitably defined vector field v(y) = (v;(y),...va(y)) ", we have

. Ohs(y av,
fm /Z ooy == | WZ

8)’/
:*/Q dey: f/sv(x)-n(x)da(x).

Sj:l ay]

13
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We have used integration by parts, the definition of A;(y), and the divergence theorem. Hence,
taking the limit § — 0 in equation (3.28) yields

kag = lim [,
AB 6132)6

= /SJAB(X) -n(x)do(x) + rq(x,) {/ﬂ p(¥)q(y)dy — xas x,)/ dy} (3.29)
where
30 = (T(3)+ Da(X)0(x) S ~ D) . (330)

Equation (3.30) has the same form as equation (2.20) for the current JESQ J without resetting,
in which the triplet (po,q0,q,) is replaced by (p,q,q). Moreover, the NESS p(x) is given by
equation (3.6), while the committor functions g(x) and g(x) satisfy equations (3.7) and (3.17),
respectively. It follows that J45(x) is an implicit function of the resetting rate r. The first term
on the right-hand side of equation (3.29) represents the contribution from smooth paths cross-
ing S, see figure 3. The two additional terms on the right-hand side of equation (3.29) take into
account paths that jump across S due to resetting. In particular, the contribution to k4p due to
resetting can be decomposed according to

Q5

(%) [ oy forx €5 and —rg(s) [ p)a(v)dy forx, €9,
S

We now need to check that k4p is independent of the dividing surface S. In the absence
of stochastic resetting, the current Jg\(g is divergence-free and the result follows immediately
from equation (2.19) and (2.20). Let us determine the divergence of the corresponding current
Jap in the presence of resetting:

d

ZM;);(’Q 700> { [0 - D252 2 1 iy 3(2)

j=1

d
S e e

Ip(x )}

d

+q<x>2{ {ﬁ(x)ﬂx) 2D

j=1

Using equations (3.2), (3.7) and (3.17), this reduces to

d
W%Bi,fj(xurﬂ(X)ﬁ(X)[q( q(x,)] + rg(x)g(x)[6(x — x,) — p(x)]

j=1

+oaotx—x) | [ poati—gix)|
= ~rals) { po0e) + 505 x,) [

RY

p(x)ﬁ(x)dx} . 3.31)
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source target

Figure 4. Two concentric domains {s and g/, s/ C §2s, with corresponding dividing
surfaces S and S’. Also shown are three different positions of the reset point x, relative
to these surfaces.

Consider two concentric domains g and Qg/, Q¢ C Qg with corresponding dividing sur-
faces S and §’. Denote the corresponding accumulation rates by kap(S) and kap(S’). In order
to compare the two rates, it is necessary to specify the location of x, with respect to the two
domains, see figure 4. First, suppose that x, € Q) (case (i)). Equation (3.29) implies that

kAB(s>—kAB<s'>:(S_S,JAB<x> ndo(0) g [ p)a)ay
= 014 (X) X + rq (X
,/Qg %2 ekt r)/ o, T
—0. (3.32)

The last line follows from equation (3.31) and the assumption that x, ¢ Qg — Qg+, which
implies that only the first term on the right-hand side of (3.31) contributes. On the other hand,
if x, € Qg — Qg (case (ii)), then

0.
o () ~ kan () = [ 3 W0 g 4 g, ()7 (y)dy
Qs— Qsj 1 J Qs—Qg/
—rq(x,) /}R dp(y)é(y)dy=0. (3.33)

The additional integral over R? is cancelled by the term involving the Dirac delta function in
equation (3.31). Finally, it can be checked that k45(S) = kap(S’) when x € Qg (case (iii)). We
conclude that although the probability current J45 is not divergence-free in the presence of
stochastic resetting, the resulting rate k4p is independent of the dividing surface S.

Having obtained the resetting-dependent version of equation (2.19), we now turn to the
analog of equation (2.22). Following [18], we introduce the forward iso-committor surface
M(€) = {x eR?: g(x) = ¢} with £ € [0, 1] and define the integral

15
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) do (x). (3.34)

d
A@=p[ om0

Note that M(0) = 0A, where 0A is the surface of the source domain. Since g(x) =0 and
g(x) =1 on 9A, it follows from equation (3.30) that

9q(x)
ij ’

Jagj(x) =Dp(x) X € 0A, (3.35)

and hence
A(0) = / T (%) -1 (%) dor (%) = kap — 7 (%,) / p(¥)dy. (3.36)

We have also used equation (3.29) with 25 = A. In addition, rewriting A(£) as

A = / ]2:(8" x) ) 5(q(x) — €)dx, (337)
we find

d
= [ 03 20 L a0t~ e

x; Ox;

- /RZ{ 0 ) P 2 L€y

/{]i[ () aqr(_) 6;5)3&(:)}

T ro(0)lg(x) q(xrn}é(q(x) ~ ).

We have performed an integration by parts and used equation (3.7). Using equation (3.4), we
can combine the two terms in square brackets to give

/ZJ() (q(x) —€)dx = — / Zn] (x)do(x)

= —/ V- J(x)dx
Q&)

. / (%) — 6(x — x,)]dx
Q&)
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where () is the domain containing A whose surface is M (&). Hence,

dAE) _

ae = [l —alsta) ~ s er [ o) —ox—xldx 339

In order to integrate equation (3.38) with respect to £, we make use of the following iden-
tities. First, for any integrable function ¢(x), we have

3
ROS /0 de / 6(0(g(x) ") + / o(x)dx. (3.39)

Qe

Second, integrating both sides with respect to & implies that

£ € €’
[ e[ o= [Caer [Fag | oonta e [ oo

§ §
= [ [ aer [ owstat - axre [ otmax

3

= [ ae [ le=atlomstate) — x| omix

= [ le-amloax [ oo (3.40)
Q(H\A A

The last line follows from another application of equation (3.39). Now integrating both sides
of equation (3.38) with respect to £ using equations (3.39) and (3.40) gives

A(E) = A0) + 7 /Q Pl g

+r/g(£)\A[€—Q(X)HP(X) —6(x—xr)]dx+r§/A[p(x) —8(x —x,)]dx
=kap+r X)|q(x) — qg(x,)]dx+r —q(x X) — d(x — x,)]dx.
" /Q@m )la(x) ~ a(x,)ldx + /Q@[g 4(x))[p(x) — (x — x,)

=l rlE—als)] 109006 = x s (3.

We have also used equation (3.36) and g(x) = O for all x € A. Finally, integrating both sides
of equation (3.41) with respect to £ and using equation (3.37) leads to the result

kug =D p(x) i <8q(x))2dx

RI\AUB iz Ox;

—r / €~ q(x,) { / p(x) —6<x—xr>}dx} d. (3.42)
0 Q&)

We evaluate the double integral on the second line using the identity (3.39):
. 1
second line = —r | I + 3~ q(xy) p(x)dx |, (3.43)
A

17
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where

1 §
1= [ dele—ax) [ [ e [ 1o —stx=xlo(at) s”m}

= [ [ aele= atul] o0 - otx - 15t - €]

- [ {1 = —f")q(xa} | o= x = x0ptat) ~ €
- e L atwpat)| 1) - st slstate) €
- { / o [%”2 (- q(x))q(x»} (%) — 3(x xrndx]

(1—q(x,))? 1+q(x)

L2 /R d\AUB(l —g(x)) [_T n q(xr)} p(x)dx. (3.44)

Combining our various results, we have

fan = /Rd\Augp(X){DZd] (622-())2 +r(1—q(x)) [— ! +2q(x) + q(xr)} }dx

AR T gt [ e (3.43)

Rearranging various terms, we have

= [ A\Mp(ro{n j (83”) [P (1 gxate)| o

(1-q(x))?
e {1 - /R ([\AUB/J(X)— /A p(X)dX]

2
+r 2 [ pjax (3.46)
A

It can be checked that all terms on the right-hand side of equation (3.46) are positive.
Equation (3.46) is the resetting analog of equation (2.22).

4. Diffusion with resetting in the interval

As an illustrative example of the analysis developed in section 3, consider pure diffusion in
the finite interval Q = [—a,L+ b], a,b > 0, with reflecting boundaries at x = —a and x = L +
b. Take the source and target domains to be A = [—a,0] and B = [L,L + b], respectively, see
figure 5(a). We assume that the particle resets to a point x, € (0,L) at a rate r, see figure 5(b).
As in figure 1(b), the particle carries cargo along sections of the trajectory that link A to B.

18
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* cargo delivery *
target ]b |
L Vi P
\/ reset [\J
P (R S S (RN (R QS
X
reset
0 ¥/ LN
source la | :
* cargo uptake *
Figure 5. Diffusion with resetting in the interval 2 = [—a, L + b] with source domain

A = [—a,0] and target domain B = [L,L+ D).

In order to determine the NESS p(x), we consider the Laplace transformed diffusion
equation in [—a, L + b] without resetting:

Ddzﬁo (x,s]x0,0)

e — spo (x,58)x0,0) = =6 (x —xg), x€[—a,L+b]. 4.1)

This is supplemented by the reflecting boundary conditions

JI;O (X,SlX0,0) —0= dﬁQ(X,S‘X(),O)
dx dx

. 4.2)
x=—a x=L+b

We can identify po(x,s|xo) as a Green’s function of the modified Helmholtz equation on
[—a,L + b]. Imposing continuity of p(x,s|xo) across xo and matching the discontinuity in the
first derivative yields the solution

Ip< (x,5)p> (x0,8), —a<x< X
Po (x,5]x0) = ) (4.3)
Ips (x,5)p< (x0,5), Xo<x<LA+b
with
I=T(s)= : (4.4)
= S)= ’ .
VsDsinh (VsD[L+ b+ al)
and

B< (x,5) = cosh (JSTD[XH}) . P> (x,5) = cosh (JSTD(LH; —x)) . @5)

Finally, it follows from equation (3.6) that p(x) = rpo(x, r|x,).
The backward Kolmogorov equation for g(x) is

d*q(x)
dx?

D —rq(x)+rq(x) =0, ¢(0)=0, q(L)=1 (4.6)

We also assume that 0 < x, < L. Let u(x) = g(x) — ¢g(x,) with

d?u (x)
dx?

—ru(x)=0, u(0)=-—q(x,), u(l)=1-—g(x,). 4.7
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The solution for u(x), x € [0,L], that satisfies the boundary condition at x = 0 takes the form

u(x) = Usinh (ax) — g (x,)cosh (ax), a=+/r/D, (4.8)
and thus

g (x) = Usinh (ax) + ¢ (x,) [1 — cosh(ax)], x€[0,L]. 4.9)
Setting x = x, gives the self-consistency condition

q(x,) = Usinh (ax;,) + g (x,) [1 — cosh (ax,)],

which yields the relation

_ q(x,)cosh(ax,)
U= o) (4.10)
Hence,
q(x) =q(x,) {% sinh(ax) — cosh(ax)} +q(x,)
=q(x) [%H} .11

Finally, imposing the right-hand boundary condition implies that

1= oz {sinh(a(L—x,)) . 1} |

sinh(ax;,)
which can be rearranged to give

B sinh(awx;)
" sinh(ax,) + sinh(a(L —x,))’

q(x,) (4.12)

This recovers the result previously derived in [20] using a different method. Moreover,

_ sinh(ax,) + sinh(a(x —x,))
q(x) = sinh(ax,) + sinh(a(L - x,))’ (4.13)

In figure 6 we show example plots of the NESS p(x), x € [—a, L + b] for various values of
the reset position x, and the reset rate r. As expected there is a cusp at x = x, whose value
increases with r. In figure 7 we show analogous plots of the forward committor function g(x).
Note that in the zero resetting limit  — 0, we have

! , X €|—a,L+Db] andq(x)—>f,x€ [0,1]. (4.14)

P = s L

Since the accumulation rate ksp can be expressed solely in terms of p(x) and g(x), see
equation (3.46), we do not explicitly calculate the backward committor function g(x).
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-a 0 L L+b

source target

NESS p(x)

-0.5 0 0.5 1 1.5 2
position x

Figure 6. Example plots of the NESS in the domain [—a,L+ b] with a =0.5,b =
1.0,L = 1.0 and various values of the reset point x,, x € [0,L], for L=1, D=1 and
various values of the reset point x,. Blue (green) curves correspond to r =5 (r=1).

£
80.3

0.4 0.6 0.8 1
position x

Figure 7. Example plots of the forward committor function g(x), x € [0,L], for L=1,
D =1 and various values of the reset point x,. Blue (green) curves correspond to r =10
r=1.
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The 1D version of equation (3.46) for ksp is

o= [ e {D (@‘g(;) )2 T [‘1("’2 =L q(x))q(x»)} }dx

+,(1L2(xr))2 {1 _ [ L p(x)dx} +,‘1()‘T’)2 1 0 p(x)dx. .15)

The term in curly brackets can be written as

1

1(x) = [sinh(awx;,) + sinh(a(L — x,))]?

{azD cosh® au(x — x,)

+ % (2 sinh(ax,) + sinh(a(x — x,))> sinh(a(x —x,)

+r ( sinh(a[L — x,]) — sinh(a(x — x,))) sinh(cwx,) } (4.16)
Using the fact that 0 < x, < L, we have

kas = T (B < (x7) /0 "B (. (x4 (< (5r1) / B (6, (x)dx

Pp< (%, r)L(r)sinh*((L — x,)) [0
2[si<nh(ax,) +sinh(a(L — x,)))? /L P> (x,r)dx

ps (x,, 1)L (r) Sinhz(axr) 0
2[sinh(cwx,) + sinh(a(L — x,))]? /0P< (x,7)dx. (4.17)

Using the small-r behavior of p(x) and g(x), we find from equation (4.15) that

1 1

—_——. 4.1
L+b+al? (4.18)

lim kAB =

r—0
Moreover, in the limit » — co, we have k4p — O since the particle resets so frequently that
it never has a chance to collect resources and deliver them to the target. As with previous
studies of search processes with resetting in the interval [9, 20], we wish to determine whether
or not there exists an optimal resetting rate at which k4p is maximized. This is explored in
figure 8, where we plot k4p as a function of r for a = b = 0.5, L=1 and various values of x,.
Our results are obtained by numerically integrating the various terms in equation (3.46). As
expected, k4p — 0.5 as r — 0. We find that for 0 < x, < 0.5, there exists an optimal resetting
rate, which is an increasing function of x,. Since the source and target domains have the same
length, it follows that k4p is invariant under the mapping x, — 1 — x,. The latter no longer
holds when a # b. This is illustrated in figure 9 for the case a > b, which shows that if x, < 0.5
then the accumulation rate for fixed r increases under the mapping x, — 1 — x,. Such a result
makes sense, since taking the reset position to be closer to the target means that the particle is
less likely to waste time diffusing within the source domain. In figure 10, we plot k45 against
r for various lengths L and fixed x,,a,b. As expected, the accumulation rate is a decreasing
function of L. We also find that the optimal reset rate decreases with increasing L. Finally, note
that in the limit @, b — oo and r = 0, the analysis breaks down since diffusion in an unbounded
domain is non-ergodic.
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accumulation rate kag
B D

xr=0.2

— =02

Xr=01 PR — —
0O 5 10 15 20 25 30 35 40 45 50
reset rate r

Figure 8. Plot of target accumulation rate k4p as a function of the reset rate r for various
values of the reset point x,. Other parameters are L=1, a =b = 0.5 and D= 1. There
exists an optimal resetting rate for all x, # 0.5. (The curves are invariant under the map-
ping x- — 1 — x,. The maximum when x, = 0.4,0.6 occurs at r ~ 140—not shown.)

3.5 ; )

accumulation rate kag
- N
- 0 n )

o
o0

0 ‘ ‘ ‘ ‘ ‘ ‘ J
0 5 10 15 20 25 30 35 40 45 50
reset rate r

Figure 9. Plot of target accumulation rate k4p as a function of the reset rate r for vari-
ous values of the reset point x,. Other parameters are L=1,a=0.5,b=0,and D=1.
Dashed curves correspond to the case 1 — x;.

5. Discussion

In this paper we developed a novel application of TPT to a dual-aspect search process, in which
a diffusing particle first has to find a source domain A in order to collect cargo, and then has to
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0.9,

0.8} ,
0.7} ,
0.6} ,

0.5¢ j

0.4 L=15 1

accumulation rate kag

reset rate r

Figure 10. Plot of target accumulation rate k4p as a function of the reset rate r for various
values of the domain size L for x, = 0.1. Other parameters are L=1, a = b = 0.5 and
D=1.

find a distinct target domain B where the cargo is delivered, see figure 1(b). For simplicity, we
assumed that (i) cargo loading and unloading do not interrupt the ongoing search process, and
(ii) the particle does not maintain a memory of the locations of A and B. The mapping of the
dual-aspect search process to TPT is based on the identification of the rate kg at which the
target accumulates resources with the time-averaged probability flux across a dividing surface
between A and B. The calculation of ksp then assumes that the underlying search process
is ergodic. In this paper, we focused on the particular example of diffusion with stochastic
resetting in the absence of an external potential. The calculation of k4p required taking into
account of the fact that the stochastic process is not time-reversal invariant, and that transition
paths can jump discontinuously across S via resetting. In the case of diffusion in the interval,
we established that the accumulation rate k,p is a nontrivial function of the reset rate r. In
particular, there exists an optimal reset rate at which k4p is maximized.

Note that there are a two major differences between the current work and previous studies
of TPT as exemplified in references [18, 29, 30]: (i) the source of time-irreversibility and (ii)
the interpretation of k4. In our paper, time-irreversibility arises from stochastic resetting and
kap represents the rate of resource accumulation in a dual-aspect search process. On the other
hand, in [18, 29, 30] k45 represents the effective reaction rate in an energy landscape, and time
irreversibility arises when inertial terms are included in the Langevin equation. On the other
hand, overdamped Brownian motion in the presence of an external potential has time-reversal
symmetry. Therefore, we could extend our analysis to the case of a dual-aspect search process
in an energy landscape, although the calculation of the NESS and other quantities is more
challenging.

There are a variety of possible extensions of the current work. First, one could consider
higher-dimensional examples of the basic model developed in this paper. Second, one could
explore what happens if assumption (i) or (ii) is relaxed. Third, there are a wide range of
other stochastic processes that could be incorporated into the dual-aspect search process, most
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notably, active Brownian motion, run-and-tumble dynamics, and Levy flights. A third non-
trivial extension is to consider multiple source and target domains. One of the difficulties is
that it is no longer clear how to generalize the notion of a dividing surface. One possible
approach would be to extend the sequential event analysis of [17].
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