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Abstract. Based on the current experimental data, the Standard Model predicts that the
current vacuum state of the Universe is metastable, leading to a non-zero rate of vacuum decay
through nucleation of bubbles of true vacuum. Our existence implies that there cannot have
been any such bubble nucleation events anywhere in our whole past lightcone. We consider a
minimal scenario of the Standard Model together with Starobinsky inflation, using three-loop
renormalization group improved Higgs effective potential with one-loop curvature corrections.
We show that the survival of the vacuum state through inflation places a lower bound £ = 0.1
on the non-minimal Higgs curvature coupling, the last unknown parameter of the Standard
Model. This bound is significantly stronger than in single field inflation models with no
Higgs-inflaton coupling. It is also sensitive to the details of the dynamics at the end of
inflation, and therefore it can be improved with a more detailed study of that period.
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1 Introduction

It is possible that the SM itself could describe physics up to the high energy scales of the very
early Universe: this is due to the experimentally determined mass of the Higgs boson [1, 2]
lying in a range within which the Higgs self-interaction does not diverge below the Planck
scale [3-5]. On the other hand, the current experimental data suggest that the SM Higgs
vacuum appears to be metastable due to the existence of a second, lower minimum state in
the Higgs potential, where its decay would induce the nucleation of true vacuum bubbles
that expand rapidly and devour their surroundings, the implications of which has been the
topic of many investigations [6—13].

It is often stated that because the bubble nucleation rate in the current Universe is
extremely low, this metastability is not in conflict with observation. However, this is not
enough, because the Universe must have also survived its cosmological evolution until the
present day. Therefore the question of vacuum stability has to be looked at in the cosmological
context. To be precise, there cannot have been any bubble nucleation events within our whole
past lightcone [14, 15], including the current late-time Universe, the whole thermal history of
the Universe, and the inflationary era. Therefore vacuum stability and survival can be used
to place non-trivial new constraints on cosmological scenarios and fundamental theories.

The cosmological implications of the Higgs vacuum metastability have been studied in
a variety of scenarios in recent years and reviewed in [15]. See the refs. [14, 16-39] focusing
on inflation, the refs. [40-50] for studies discussing the reheating phase and the refs. [51-
62] discussing cosmological signatures and other observable consequences. For recent works
addressing aspects of vacuum decay in de Sitter space see the refs. [63-67].

In particular, vacuum stability allows us to constrain the non-minimal gravitational
coupling ¢ of the Higgs field [14, 27, 40]. This parameter is required by renormalizability of



the theory in curved spacetime [68—70], but it is practically impossible to measure its value
experimentally in the current almost flat Universe. In contrast, vacuum stability during
inflation [14, 27, 32, 71] and after inflation [40, 47, 72] requires it to lie within a narrow range
around the conformal value £ = 1/6. For recent work on other cosmological implications of
non-minimal couplings see the refs. [73-75].

In our previous work ref. [71], we studied the electroweak (EW) vacuum instability of
the Standard Model (SM) Higgs field in the context of cosmological inflation to obtain lower
bounds on the Higgs-curvature coupling. We made use of an RG improved Higgs potential
calculated on a curved background and also took into account the time dependence by numer-
ically solving the evolution equations. We considered three one-parameter models of inflation,
quadratic, quartic and Starobinsky-like power law inflation and managed to constrain the
coupling & 2 0.06, while denoting the effects of the uncertainty in the top quark mass.

One of the inflationary potentials we investigated in ref. [71] corresponded to Starobinsky
inflation [76, 77], in which the inflaton field arises from a scalar metric degree of freedom
when the action has a quadratic R? curvature term. It can be thought of as the minimal
inflationary model because it does not require the introduction of any new fields, and it is
also compatible with observations. However, in the presence of other scalar fields, specifically
the Higgs field, it will give rise to derivative couplings between the fields, which we have not
included in ref. [71]. These terms have been investigated in the setting of mixed Higgs-
Starobinsky inflation [78-80], and recently also to study vacuum stability during reheating
in Starobinsky inflation [72].

In this work, we extend the analysis of ref. [71] to study the Higgs vacuum metasta-
bility in Starobinsky inflation, in order to bound £ from below. In section 2, we review the
Starobinsky inflation model and derive the action for a scalar spectator field in the Einstein
frame. In section 3, we calculate the Higgs effective potential by including renormalization
group improvement at three loops, one-loop spacetime curvature corrections, and contribu-
tions arising from the conformal transformation to the Einstein frame. In section 4, we obtain
the expression for the expected number of bubbles in our past lightcone, and in section 5 we
derive a lower bound on £ by demanding that this number must be less than one. Finally,
we present and discuss our conclusions in section 6.

2 Starobinsky inflation

2.1 Inflaton potential
In General Relativity (GR), gravity is described by the Einstein-Hilbert (EH) action

2
S = /d4$\/—g]\gPR, (2.1)

where R is the Ricci scalar and Mp = (87rG)71/2 ~ 2.435 x 1018 GeV is the reduced Planck
mass. However, one would generally expect that the true gravitational action includes other
terms, due to for example gravitational induced renormalization group running or the con-
formal anomaly (see for example refs. [32, 81]). In the simplest such extensions, known as
f(R) theories, the action is given by a different function f(R) of the Ricci scalar,

5= [dev=o," 1R)). ©2)



where J denotes the original metric g, in which the theory is defined, and which is known
as the Jordan frame. As we will see, it is possible to carry out a change of variables to a
different metric g, in which the action has the Einstein-Hilbert form (2.1), and which is
known as the Einstein frame. In this paper, we will focus on the simplest f(R) theory, which
modifies the EH action by a quadratic term,

Rj

Ry)=Ry+ v
f( J) J+6M2M123’

(2.3)

where M is a small dimensionless parameter. This is equivalent to the inflationary model
proposed by Starobinsky in 1980 [76, 77], which is known as Starobinsky or R? inflation.

In order to describe the physics of this theory, it is convenient to carry out the transfor-
mation to Einstein frame. To do that, we first remove the quadratic term RQJ by introducing
an auxiliary scalaron field s with the action

S /d4 | Me (s Np o S (2.4)

= €T — - .
9717 3M2ME ) T 12ME |

whose classical equation of motion is s = Rj; on-shell and thus reproduces the action

from (2.2) and (2.3). Now, the action can be turned into the EH form (2.1) by a conformal
transformation

uv = Q29J;w (25)

where 5
P=14-—. 2.6
+ 3M2M1% (2.6)

Because the conformal transformation is not a coordinate transformation, it changes the Ricci
scalar. As a result, the Ricci scalars Ry and R corresponding to the Jordan and Einstein
frames, respectively, are related by the equation

R;=0?|R—30m0% + gg“”i?uanQauanZ , (2.7)

which gives rise to new terms in the action.
To write this in a more convenient form, we carry out a new change of variables and
introduce a scalar field ¢, which we refer to as the inflaton, through

S 2_¢
P14y Vi (2.8)
3M2DM3

In terms of ¢, the relation between the two Ricci scalars (2.7) becomes

Vig,, 1

R;j=0*|R— —
J [ MP Ml%g

Wamaygz)] . (2.9)

In the Einstein frame, and written in terms of ¢, the action (2.7) is therefore

2
s= [dev=g []‘ng + 0000 — v1<<z>>] , (2.10)



where we have omitted the (¢ term because it is a total derivative, and we have introduced

the inflaton potential . )
Vi(¢) = % (1 - e_‘/zﬂfp) : (2.11)
In conclusion, we can see that the modified gravity theory defined by eq. (2.3) can
be equivalently viewed as Einstein’s gravity with an additional scalar field ¢ with potential
Vi(¢). When ¢ = Mp, the potential satisfies the slow roll conditions, and therefore leads to
inflation. Because it does not require an introduction of any additional fields by hand, only
a small and well-justified modification of the gravitational action, it can be viewed as the
minimal model of inflation. It is also in great agreement with observational constraints [82],
thus making it one of the most promising models to describe the inflationary epoch. The
value of the single free parameter M can be determined from the observed amplitude of the
cosmic microwave background temperature anisotropies to be M = 1.1 x 107> [82, 83].

2.2 Non-minimally coupled scalar spectator field

In this paper, since we are interested in the evolution of the Higgs field, we need to understand
how the scalar field action appears in the Einstein frame. Let us, therefore, consider a
spectator scalar doublet field ®, which is non-minimally coupled to spacetime curvature,
with potential Vg in the Jordan frame. Its action reads

2
S:/d4:n\/ g7 ]\gp<1 £ale

Mg
where £ = 1/6 corresponds to the conformal point in our convention. We assume that ® is
a quantum field in the classical background metric, and we ignore the backreaction of ® on
the metric.
As in eq. (2.4), we remove the quadratic curvature term by introducing the auxiliary
field s, so that the action becomes

S = /d4 —gJ
(2.13)

We then use the same conformal transformation (2.8), to write the action in the Einstein

L w
)RJ 12MQRJ+ S9(0,21)(0,®) ~ Va|,  (2.12)

s 1 1 £
1 ——— 52+ —g"(8,9)(8,P) — 2DTOR; — V| .
(4 i ) o g 3 @@ - Swins Ve

frame as

S = /d4x\/—g
Mg

56\/3@@@)

2
Mgy L0 ( .

356‘\/%ﬁ<1ﬂq> Vit
o Sl

06 + — 8M<I>T8"<I>—U(¢,Q>)] : (2.14)

where we have grouped the potential terms together as

T
Ulo) =Vi(o) + 5+t (215)
e

3Mp 62 3Mp

To canonically normalise the scalar field ®, we rescale it with the field redefinition

b=eVitrd, (2.16)



which turns the action to

S = /d4x\/7

;
PR+ au¢8“¢<1+< £+ >(L(2D>

+\/§< e+ )?Wf (¢T<1>)+ ~9,80rd — U (g, )], (2.17)

with the potential now written in terms of the redefined field as

z7 ¢ 1. /2 ¢ .
U(p,®) = Vi(¢) + g<I>T<I>R+ Wiy, (62\/§MP <I>> : (2.18)
In the case of a renormalizable tree-level potential
_ 1 ot 1 te) 2
Vo (@) = sm’ @i 4 A (of@)", (2.19)
we obtain . - . ,
0(6.8) = V(o) + S0T0R + Lo ViTen2ata Ly (80)" . ao)

which shows that in the Einstein frame, and when expressed in terms of ®, the potential has
the same form as in the original Jordan frame, but with a scaled mass term.

More generally, we also observe that the transformation from Jordan to Einstein frame
has given rise to two non-renormalizable coupling terms between ¢ and ®. We will discuss
these terms and their effect on the scalar field dynamics further in section 3.3. However, we
can also note that if the non-minimal coupling is conformal, i.e., £ = 1/6, or if ¢ is constant so
that 0,¢ = 0, these terms vanish, and therefore the scalar field action has its standard form.
The latter is a good approximation during inflation, and we make use of it in section 3.2,
when we compute quantum corrections to the effective Higgs potential.

3 Effective Higgs potential

3.1 Renormalization group improved effective potential in curved spacetime

Vacuum metastability in the Standard Model is a quantum effect, which only appears at one
loop order in perturbation theory. Therefore, in order to describe it, it is essential to compute
the effective Higgs potential. In practice, we use the renormalization group improved (RGI)
effective potential using three-loop beta functions [84], including curvature corrections at
one-loop order [32], in the approximation in which the spacetime has constant curvature R
and the inflaton field ¢ is constant so that d,¢ = 0. However, before including the effects of
the R? term, we first summarise the calculation in conventional Einstein gravity, i.e. without
the inflaton field ¢ [32].
The Standard Model particle content can be written as [15]

Lsm =Lym+ Ly + Lo+ Lar + Lo, (3.1)

where the first three terms in eq. (3.1) come from the gauge fields, the fermions and the
Higgs doublet @, respectively. The ‘GF’ and ‘GH’ correspond to the gauge fixing and ghost
Lagrangians, respectively. Similarly as in ref. [71], we will be using the {; = 1 choice for
the gauge fixings throughout this calculation. Here we show only the steps for the Higgs



contribution, but the complete derivation can be found in ref. [32] (see also a shortened
derivation in ref. [15]).
The Higgs piece reads

Ly = (D,®) (D"®) — m?*®Td — ¢RI — A(9T9)?, (3.2)

where m? < 0 is the Higgs mass parameter, ¢ is the non-minimal Higgs curvature coupling,
and A is the Higgs self-coupling. The covariant derivative is

D, =V, —igr*Aj, — igY Ay; T =0"/2, (3.3)

where V,, contains the covariant connection for Einsteinian gravity, g and ¢’ are the SU(2)
and U(1) gauge couplings, Aj, and A, the gauge fields, 7 and Y the corresponding generators,
and o® are the Pauli matrices. Expressing the Higgs field ® as'

_ 1 [ =il —ixe)
<I>_\/§<h+(><o+z'><3)>’ (34)

where h € R is a constant classical mean field and xo and x;, ¢ € {1,2,3}, are quantum
fluctuations with zero expectation value, the scalar part of the Lagrangian becomes

m? A 1 1
Lon = ——-h? = 2h' = “xo [O+mi +6R| xo — 5% [O+md +€R| xi+-++,  (3.5)
2 4 2 2
where the effective masses are
mjy =m® 4+ 3Ah%,  ml =m®+ AR°. (3.6)

In a similar fashion, one may derive the quadratic terms for all degrees of freedom in the SM.

Considering the entirety of the SM particle spectrum on curved spacetime, the effective
Higgs potential was calculated to 1-loop order in ref. [32], where the dS approximation allows
us to write in more compactly as

§

2
A
Vi (h, u, R) = %hQ + §Rh2 + Zh4 + Vi — KR+ —— R+ AViops » (3.7)

144

where we have suppressed all the implicit renormalization scale dependence and we identify
the additional terms as the mass term (1%%), the cosmological constant correction (4'%), the
correction to the EH term (5'"), the radiatively generated curvature correction (6'"), and the
loop correction (7*") that sums over the SM degrees of freedom and reads

1oL |M?| n} M|
A oops = o 9 7 4 1 ! — aj L 21 ! } .
Vi P(h7M7R) 647T2;{nMZ|:Og< Mg d:|+144R 0og /112 (38)

The details regarding the form of (3.8) are contained in section 5 of ref. [32]. In the early
universe, there is significant curvature to the spacetime continuum and therefore the SM
effective masses receive curvature corrections, in addition to flat space contributions of the
type as in eq. (3.6), which we denote with M;. In the context of Starobinsky inflation, the
mass term of the Higgs field is negligible when compared to the high scales of the Hubble

'"Here we use the same notation as in ref. [71], which differs slightly to that in ref. [15] (¢ ¢ h).



rate. Furthermore, setting m = 0 means also that the rest of the dimensionful couplings in
the Lagrangian can be neglected due to the RG flow fixed point at m = V) = x = 0 [85],
which simplifies the Higgs potential (3.7) into

Vis(ho R) = S g2y Aoy 0W oy ). (3.9)
2 4 144

In this result p is an arbitrary dimensionful constant. The convergence of the perturba-

tive expansion depends on the chosen value, and in general there is no single choice that gives

good convergence for all values of h. However, one can obtain an expression that is a good ap-

proximation of all A using Renormalization Group Improvement (RGI), which sets the renor-

malization scale u = u.(h, R) as such that the loop correction to the potential vanishes [86],

AVigops(h, pis, R) = 0. (3.10)
Hence, we obtain the RG improved effective Higgs potential which reads

yrct gy gy — SR o Npe(h B) 4 als(h R)) g

2 4 144 ’ (3:-11)

and which has no explicit loop correction term because of the particular choice of the RG
scale. Similarly to ref. [71], in the expressions above h is referring to the renormalized Higgs
field at the scale p,, which is related to the renormalized field at some fixed physical scale
1o through the anomalous dimension ~.

The running couplings in eq. (3.11) are obtained by solving the renormalization group
equations. For this we use the three-loop Minkowski space beta functions calculated in
ref. [84]. Vacuum metastability arises because the Higgs self-coupling A(y) becomes negative
at > 1019 GeV, as shown in figure 1. Because the renormalization scale ji, is approximately
equal to the largest of h and R, it follows that when R < 1020 GeV?2, the RGI effective
potential (3.11) has a barrier at h ~ 10'° GeV that makes the vacuum metastable. On the
other hand, when R > 10%° GeV?, the barrier disappears altogether, making the vacuum
unstable unless it is stabilised by a sufficiently large and positive non-minimal coupling term
€ 32, 40].

3.2 Effective masses in Einstein frame

The previous discussion and results are applicable in an almost identical manner in the R+ R?
gravity scenario. Again, we assume a constant spacetime curvature R and also a constant
inflaton field ¢. This means that J,¢ = 0, and also that we can eliminate the inflaton field
¢ from the equations using the relation

—_./2_¢ A/
e \/;Mp =1 2H =1 w7 (3_12)
MMp MMp

which follows from the Friedmann equation in dS.

Considering first the Higgs field, we can see from eq. (2.20), that within our approxi-
mations, the relevant part of the action has the same form as in Einstein gravity, apart from
a modified mass term. In terms of the rescaled mean field

~ _1 /2 ¢
Felh=e Vv, (3.13)
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Figure 1. Running of the Higgs self-interaction coupling with the renormalization scale for the central
values of the the Higgs and top mass, and strong coupling, with 30 deviation [92].

the effective masses of the Higgs and Goldstone modes are

_./2 ¢ -
m2 = m2e V3We 4 3\R?, (3.14)
i = mZe Vit + ARZ. (3.15)

In a similar way, all Standard Model fields can be rescaled in such a way, that the form of the
quadratic terms in the action is identical to Einstein gravity, but with potentially modified
mass terms, denoted with a tilde (~).

For any fermion ¢ we therefore define a rescaled field ¥, and a rescaled mass 'rhi by
demanding that

Sp = [ dtoy=gs (D0 —myi) = [ dey=g (1050 —nyd?) | (3.16)
where the covariant derivative D transforms under the conformal transformation as [87]
A . 1 ¢ 2
D=QD =evsMprD, (3.17)
This implies
b = (92) b =eiVivE g m m? = yl/’ : (3.18)

For W-bosons (and identically for Z-bosons), with gauge fixings (; = 1, there is no

+
field redefinition as (W‘] ) = WJ since the exponential factors coming from the conformal
“w



transformation are cancelling one another in the kinetic term of the action

Sy = / dhoy/=g; (—g} a7 0. W,E 0, W, +miyd WEW, + W REW,)
= /d4:v\/—g (—gﬂ”gaﬂagwjapwy— + gy g WEW, + W (R + ) W;) , (3.19)
where the dots (...) indicate terms that vanish because we are assuming constant ¢. There-

fore, this has the same form as in Einstein gravity, with the masses given in terms of the
transformed Higgs field h by

2, = gziz?, (3.20)
2 ne
M2 = g+4(g)h2. (3.21)

From egs. (3.18), (3.20) and (3.21) we can see that the particle masses have their stan-
dard expressions when written in terms of the transformed Higgs field, with the exception of
the Higgs and the Goldstone bosons that receive an exponential suppression to their constant
term as seen in egs. (3.14) and (3.15).

Because in these rescaled variables, the action has the same form as in Einstein gravity,
the one-loop curvature correction to the effective potential is also identical to eq. (3.8) when
expressed in terms of h, but with modified masses M, given in table 1,

M|

A L & (4 M; i 5o M|

* *

In analogy with egs. (3.10) and (3.11), the RGI improved effective potential is given by

VRCI(h, R) = é(’u*(;l’R))Rﬁ? + )\(M*(j7R))B4 a(ﬂ*l(jz R))RQ, (3.23)

_l’_

where the renormalization scale i, (h, R) is determined by demanding

AVigops (D, i, R) = 0. (3.24)



1 3/2  —=34/15  m¥ + R/12
W 2 5/6  —34/5  mi, + R/12
3 -2 3/2 4/15 m¥, — R/6
4 3/2 —17/15 W%+ R/12
Z0 5 3 5/6 -17/5 m% + R/12
6 ~1 3/2 2/15 m% — R/6
q | 7-12 —-12  3/2 38/5 mg + R/12
I |13-15 —4 3/2 38/15  m?+ R/12
h 16 1 3/2 -2/15 M2+ (E-1/6)R
Xw 17 2 3/2 —4/15 M3 + Cwmiy + (E—1/6)R
Xz 18 1 3/2 —2/15 w2 +(zmZ + (E—1/6)R
éw 19 -2 3/2 4/15 Cwmid, — R/6
¢y 20 ~1 3/2 2/15 (zm% — R/6
21 1 3/2  —17/15 R/12
ol 22 3 5/6 —~17/5 R/12
23 ~1 3/2 2/15 ~R/6
24 8 3/2  —136/15 R/12
g 25 24  5/6  —136/5 R/12
26 —8 3/2 16/15 ~R/6
vo|21-20 -2 3/2 19/15 R/12
& 30 ~1 3/2 2/15 ~R/6
&y 31 -8 3/2 16/15 ~R/6

Table 1. Loop corrections to the effective potential with tree-level couplings to the Higgs, from the
W+ and Z° bosons, the quarks §, the leptons [, the Higgs h, the Goldstone bosons Y and Xz,
and the ghosts ¢y and ¢z, and corrections that do not to couple to the Higgs at tree-level, from the
photon 4, the gluons g, the neutrinos 7, and the ghosts &, and é&;.

Since we are assuming classical gravity, the inflaton field ¢ is also treated as a classical
background field, and therefore neither it nor the graviton loops contribute to the beta
functions. As a consequence of this, the beta functions used to obtain the running couplings
in eq. (3.23) are the standard ones, and not the ones shown in ref. [88]. This is a good
approximation because the relevant energy scales, the highest of which is the Hubble rate
during inflation Hinr &~ 10'3 GeV, are well below the Planck scale. Because of this, and
because the masses M; appearing in the loops are almost identical to M;, the quantum
corrections to the Higgs effective potential are very similar to those in Einstein gravity, apart

from the rescaling of the field h.

3.3 The effective potential in a time-dependent background

While, as we found in the previous section, the quantum corrections are very similar to
Einstein gravity, the extra classical terms in eq. (2.17) play a very important role because of

~10 -



the time-dependence of the classical background. In order to incorporate this, we rewrite the
action (2.17) in a canonical form without neglecting the terms containing the inflaton field
and its derivatives. We start by rewriting the Lagrangian (2.17) more compactly as

M? A(h, 114 . ~ 1 - -

L==FR+ (2’“)8@3% + B(h, 11)0,h" + 50,00 h = U(6,h, ), (3.25)
where we have included the chosen RG scale explicitly and made the following definitions for
compactness

i\ 2
Ah, ) =1 —Z(ps) | — | 3.26
() = 1= () ( MP) (3.20)
B(h, p) = —V6=( )i (3.27)
y M) = S MP ) .
- 1
Eu) = &) — - (3.28)

In the remainder of this section, we will be suppressing the u4-dependence for clarity.
In order to eliminate the mixing term, we perform the following field redefinition of the

~ N 2
qﬁ_d}—Mp\/gln [1—5 (AZ:) ] , (3.29)

inflaton,

which simplifies (3.25) into

A(h) C(h)
2 2
where we have again defined the following function for brevity

PN
=2 h
= (317)
-~ 2 .
- h
1-= (MP>

We have to perform one last field redefinition, this time for the Higgs field, to bring the
Lagrangian (3.30) into a canonical form

M? - S
L= TPR + 0, pO" ¢ + 9,ho"h — U(¢, h), (3.30)

C(h)=1- (3.31)

h=p

1422 <J\5P>2 + O(p4)] . (3.32)

Thus, finally we have an approximately diagonalised theory
M? 1. -~ 1 .
~ R+ 50,00" 0+ 50,00"p = U(6,p). (3.33)
where we have grouped all the potential terms in U(¢, p) = Vi(¢) + V;RGI(4, p), with the

first term corresponding to the Starobinsky potential (2.11) for ¢ and the second to the RG
improved effective Higgs potential

VRGL(§ )—O‘R2+[§R+Am2}p2+[)\+A/\ JrA/\]p—LLJrE—2 A Ax 4 222] o
H P _144 9 1 2 4 MIZJ 1 S P
(3.34)
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with additional terms that were generated by the field redefinitions

_J2 8N\ _ /2 & = -
Am? = 3M2 M2E (1 e \/§MP> Vit | 50,005, (3.35)
P
_9./2 %
A = 3M222e V3N (3.36)
4=2 L JZ N\ /TS 483
Ady = — {£R+ 3SM2M3=Z (1 —e \/§Mp> e \/QMP] + —1 0,00 (3.37)

Because we are interested in field values well below the Planck scale, the p® term is Planck
suppressed, and we do not include it in the numerical calculations.

4 Vacuum survival during inflation

4.1 Expected number of bubble nucleation events

The experimental measurements of SM parameters, such as the Higgs boson and top quark
masses, dictate that the EW vacuum state that the Higgs field resides in is metastable. This
metastability originates from the sign switching of the Higgs self-coupling A as it runs with the
renormalization scale . If A(p > 1019 GeV) < 0, then the quartic potential of the Higgs field
develops a potential barrier of finite height between the false and the true vacuum (whether
bounded from below or not) which implies that it is possible for the Higgs field to go over
or tunnel through the potential barrier, resulting in the formation of true-vacuum bubbles.
These spherically symmetric vacuum bubbles grow rapidly with velocity close to the speed
of light and within them spacetime is approximately anti de Sitter (AdS) and collapses to
singularity. Therefore our existence implies that there can have been no bubble nucleation
events in our past lightcone.

Denoting the probability that there were N bubbles in our past lightcone by P(N), we
therefore require P(0) ~ 1, because otherwise our existence would be highly unlikely. Because
we are interested in cases where bubble nucleation is extremely unlikely, we can assume that
this probability distribution follows Poisson statistics. Then P(0) = exp(—(N)), where (N)
is the expectation value of the number of bubbles in our past lightcone. The condition for
vacuum stability can therefore be expressed as (N) < 1. This is convenient because if we
know the cosmological history and can compute the nucleation rate per spacetime volume
I'(z) as a function of spacetime position x, then

W)= [ atev=ar), (1)

where the subscript “past” dictates that we are integrating over our past lightcone.

In this paper, we focus on the contribution from the period of inflation, which we denote
by (M)int. Because the integrand in eq. (4.1) is positive, the contribution from the rest of
the cosmological history is positive, and therefore (N) > (N)iyr. This means that if any
inflationary scenario gives (N )¢ > 1, it is ruled out.

As the time coordinate to parameterise the inflationary era, we define the number of
e-foldings N = In(aie/a), where a is the scale factor and a;yt is a fixed reference time. This
means that N is counted backwards from the of inflation, and larger values correspond to
earlier times during inflation. We choose the reference point aj,; to correspond to the time

- 12 —



when the Ricci scalar vanishes, R = 0, after inflaton.? Defining the scale factor today to be

ap = 1, this gives [15, 89]
. Hoe® \ V""" (¢inr) (4.2)
mETN100 GeV ) T Hie ‘

For Starobinsky inflation, Hi,s =~ 6.5 x 102 GeV and ¢inr ~ 0.6Mp, and using Hy ~ 1.5 x
10~%2 GeV, we obtain ajn ~ 1.25 x 10729,

We do not assume that the slow-roll conditions are necessarily satisfied, but we assume
that the energy density is dominated by a homogeneous inflaton field ¢. Then the Hubble
rate is given by

. o211
Vi(¢) 1 do
H? = 1— 7 4.3
SMI% 6M]2:, dN ’ (4.3)
and the Ricci scalar as )
1 [ dd
=12H? |1 - — | — . 4.4
i [ 1M} <dN> ] 4.4

In terms of conformal time 7, defined as dt = adn with 7 = 0 at the end of inflation, the
comoving radius of the past lightcone at conformal time 7 is r(n) = n9—n, where ng ~ 3.21/H,
is the conformal time today [15]. Therefore we can write eq. (4.1) as [15]

Nstart T Qin _ 3
<N>inf—/de dN3;(N)( f[noeN”(N)]) T'(N), (4.5)

where the limits of the integration Ngart and Nepnq correspond roughly to the start and end
of inflation, respectively, but we will discuss them in detail shortly.

In de Sitter spacetime with constant Ricci scalar R® and constant inflaton field ¢, when
R is sufficiently high, the decay rate is given by the Hawking-Moss rate [31, 90]

2 -
Tii(6,R) = (35 ) ¢ P, (46)
- 3842 AVRCL(§. R

where AVIE{GI(QZ;, R) = VRS (ppar, é,R) — VRGL (g | é, R) is the potential barrier height from
the top of the barrier pp,; to the false vacuum pg, [15, 90, 91]. We use eq. (4.6) to approximate
the decay rate in the time-dependent inflationary spacetime by replacing R and ¢ by their
time-dependent values,

P(N) = T (6(N), R(N)) (48)

The choice of the limits of integration in eq. (4.5), Ngtart and Nepg, iS a compromise
between stronger and more reliable bounds. Specifically, they have to be chosen in such a way
that the approximation (4.8) we use when calculating the decay rate I'(IV) is valid throughout.
This is only the case when the spacetime can be well approximated by de Sitter spacetime.

2This definition differs slightly from the one used in ref. [71], corresponding to shift by AN = 0.192212 in
the definition of N. This shift is well below the accuracy of eq. (4.2).

3With a dynamical metric, as done in ref. [90], the result is slightly different due to gravitational backre-
action, but because in our case, the relevant energy scales are well below the Planck scale, the difference is
minimal.
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Deviation from de Sitter can be characterised by the adiabaticity parameter H /H?, which
would be equal to zero in de Sitter. One can therefore expect eq. (4.8) to be valid when

<1. (4.9)

’ H?

As N — oo, H/H? — 0 monotonically from below. Therefore the further back in time
we go, the better the de Sitter approximation (4.8) becomes. This means that eq. (4.9)
does not constrain the upper limit Ngart, and we could even consistently choose Ngary = 00.
On the other hand, empirically we have only evidence for roughly 60 e-foldings of inflation,
somewhat dependent on the post-inflationary evolution [83].

Conversely, the further forward we go in time, the more H/H? deviates from zero.
Defining Nepg = 0 where R = 0 in (4.4) implies that H/H? = —2. In the case when
a/a = 0, which is often defined to be the end of inflation, it corresponds to Nenq =~ 0.19
and H/H? = —1. Therefore, in order to ensure that the condition (4.9) is satisfied, Neng
needs to be sufficiently large, Nepg 2 O(1). We will parameterise the choice of Nepq by the
corresponding value of the adiabaticity parameter H /H?, which lies in the range

H
_2§ﬁ<0' (4.10)
For the numerical evaluation of the integral (4.5), it is convenient to express it as a
system of coupled differential equations, which we solved with Mathematica in the same
manner as in [71],%

s e’N 3
W =20 =2 e (5 )| 5 (.11
57’3 — _i(N) - anf;(N) (4.12)
¢ Vi(¢) (do Vi (9)
AN? ~ Mi%H? (dN - MI%VIM)) ’ )

where 77 = e V5. The boundary conditions for the field ¢ and its derivative were set at
® = 20Mp by demanding that the right-hand-side of eq. (4.13) vanishes, which corresponds
to the slow-roll approximation. Eq. (4.13) was then evolved forward in time to find the point
at which the Ricci scalar (4.4) vanishes, R = 0, which defines the origin, N = 0. The full set of

egs. (4.11)—(4.13) was then evolved towards larger N, with the additional boundary conditions

0,
0. (4.14)

(N)(0)
71(0)
4.2 Bubble nucleation in the Standard Model

Let us now apply the general framework introduced in section 4.1 to the case of the Standard
Model, with the particular aim of constraining the value of the Higgs non-minimal coupling
£. Whenever we refer to numerical values of &, we mean the MS renormalized parameter

“Unfortunately, there was a typo in the differential equation (3.12) of ref. [71] for L‘fT‘Z,

potential in the numerator was incorrectly squared.

where the inflationary
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at scale u = my, which we denote by &gw for clarity. In ref. [71], we carried out the same
analysis for the field theory inflation model with the same inflaton potential as in the current
case, and obtained the bound

Eew 2 0.05970005 (4.15)

to which we will compare our findings.
For the calculation of the decay rate (4.6), we use the RGI effective potential (3.34)
without the Planck-suppressed sixth-order term,

R*(N P’ P!
VE (5 V) = () ) 42 e N 4 e M) (4.16)
144 2 4
where
_ 2NN\ [2o(N)
iy = € RON) + 302MEE() (1 - ¢ VENR ) ViR
-\ 2
E(ue) H*(N) [ do
et 4.17
L V7] dN ) (4.17)
- ~ 2
_ st eV | )P (46
)\eﬁ—)\(ﬂ*)‘f'?)M = (/,L*)e P+ M}J‘, N
472, _ /2NN [TAN)
+ B0 ey mvy 4 anargen) (1- VIR ) VIR
P

and where p, also contains implicit dependence on p and N through eq. (3.24). Therefore
the potential is not a polynomial. Nevertheless, to understand the shape of the potential, it
is instructive to think of mgﬁ and Aeg as the coefficients of the quadratic and quartic terms,
respectively, and consider their dependence on N.

In figure 2, we show the N-dependence of the coefficient msz of the quadratic term
for two different values of égw. We can see that the extra contribution Am?, which is not
present in the field theory inflation model considered in ref. [71], is negative and dominates
over the non-minimal coupling term &R towards the end of inflation, which destabilises the
potential. This can also be seen more concretely in figure 3, where the value of the Hawking-
Moss action (4.7) as a function of N is compared to the field theory inflation model, shown
with dotted lines. Because the Hawking-Moss action is lower than in the field theory model,
the decay rate (4.6) is higher, and therefore vacuum stability will require a higher value of
(ew. The vanishing action at low N indicates unsuppressed bubble nucleation, but only if
the validity condition (4.9) is satisfied, which means that the bound we obtain on &gw are
going to depend on the choice of Ngpg.

Early on during inflation, when N >> 1, the slow-roll approximations hold and spacetime
looks approximately dS with the Hubble rate tending to a constant value H — Hgg = M 12\4” .
The extra terms in the effective potential (4.16) are negligible, and therefore we find identical
behaviour to ref. [71]. This can also be seen by the behaviour of the bounce action in figure 3
for high values of N, where the two different curves overlap for each &gw.

This comparison between the field theory example of ref. [71] and the proper implemen-
tation of R? inflation can be also made at the full integrand level, as shown in figure 4. Once
again, each pair of curves approach each other at earlier times, but they show very different
evolution towards the final moments of inflation. The destabilising new terms in the poten-
tial lead to significantly higher integrands that result in an greater expectation number of
true-vacuum bubbles, i.e. we have an enhancement of vacuum decay at late times. This effect
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Figure 2. Coefficient m?%; of the quadratic term in eq. (4.17) for épw = 0.06 (left) and Epw = 0.1
(right), calculated at Higgs field value p = 10'2 GeV.
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Figure 3. Bounce action (4.7) for sample values of the non-minimal coupling &égw, during R? inflation
(solid) and in comparison with the field theory case (dotted).

is very sharply localised close to the very end of inflation meaning that bubble nucleation
takes place predominantly moments before the inflationary finale. The vertical lines, shown
in varying shades of purple, denote different choices of Nenq, as indicated in the caption.
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Figure 4. Integrands of (N') with varying definition for the end of inflation. The vertical lines

are at % = -1, —i, —é respectively, and the dotted lines correspond to the field theory inflation

model discussed in ref. [71]. The plateau at d(N)/dN ~ 10%°, which the curves reach at small N,
corresponds to vanishing Hawking-Moss action (4.7). In that case the expression (4.6) for the bubble
nucleation rate I' is not valid quantitatively, so the numerical value should be taken to be indicative
of unsuppressed bubble nucleation.

On the other hand, because the integrand decreases rapidly as a function of N, the
number of bubbles (N )iy and hence the bounds on £gw are almost independent of the
choice of Ngtart, unless Ngiary = 10%0 as discussed in ref. [71]. In practice, we therefore we
only need to integrate up to N =5 to obtain precise bounds.

5 Results

Finding (N )ins by solving the system of differential equation (4.11)—(4.13), and demanding
that (N )inf < 1, results in a lower bound on the non-minimal Higgs curvature coupling {gw.
This calculation is sensitive to the input SM parameters, and because the uncertainty in the
estimation of the mass of the top quark is by far the greatest, we explore the parameter
space around its central value, m; = 172.76 + 0.30 GeV. For a detailed account of the input
parameters we use in this calculation see table 1 in [71]. This computation is also dependent
on the choice of Ngpg.

In figure 5, we present the effect of the choice of Ngnq, which we parameterise by the
adiabaticity parameter H /H?, on the lower ¢&-bounds for the central value m; = 172.76 GeV
of the top quark mass. A more negative H/H? corresponds to lower Nenq and therefore leads
to a significantly stronger bound on &gy, approaching the conformal value at H JH? = 2.
However, because they violate the validity condition (4.9), these bounds probably cannot be
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Figure 5. Dependence of the lower bound on the non-minimal Higgs curvature coupling {gw on the
choice of Nepq in eq. (4.5), parameterised by H/H?, for the top quark mass m; = 172.76 GeV.The
shaded regions below the curve denote the excluded values of the parameter space, the colour scheme
ranges from the most conservative lower bounds in the darkest tone on the right to the less reliable in
the lightest tone on the left and it matches with the corresponding bounds in figure 6. The horizontal
black line lies at the conformal value £ = 1/6.

trusted. However, the darkest purple area, corresponding to H /H? > —1/4, should be valid,
and therefore we can conclude that vacuum stability requires &gw 2 0.1.

This result is in numerical agreement with ref. [72] which studied the same question
recently, by considering only classical evolution rather than Hawking-Moss transitions. That
calculation also does not include curvature corrections to the effective potential, apart from
the tree-level non-minimal coupling term.

In figure 6, we present the lower bounds with regard to the input value of the top quark
mass. The shaded areas are excluded by vacuum instability. The darker and lighter shades
of purple correspond to different choices of Nepg, H JH? = —1/4 and H J/H? = —1, respec-
tively.The blackened portions of the curves correspond to the area of parameter space where
the non-minimal coupling turns negative as it runs and thus forces the metastable vacuum to
higher field values close to the potential barrier. These bounds are obtained in a slightly dif-
ferent manner, since the height of the potential barrier is measured from the top of the barrier
to the now dynamic local minimum of the potential. For comparison, we also show with the
blue dotted curve the bounds for the field theory inflation model of ref. [71]. They are evi-
dently weaker, since now extra terms have been generated in the effective potential that have
negative sign and therefore destabilise the vacuum increasingly towards the end of inflation.
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Figure 6. Lower bounds on the non-minimal Higgs curvature coupling {gw as a function of the
top quark mass m;. The vertical dashed orange line with its accompanying shaded regions depict
my £ 0,20 [92]. The darker and lighter shades of purple show the excluded areas for two different
choices of Neng, corresponding to H/H? = —1/4 and H/H? = —1, respectively. The leftmost black
parts of the curves show the lowest {gw values below which £(u) turns negative during its running,
and thus “pushes” the EW vacuum to higher field values. Previous constraints with a Starobinsky-like
power-law model are shown in the dotted blue curve [71]. The vertical dashed black line stands at
the threshold value of m;, below which the EW vacuum is stable. Finally, the horizontal, black line
illustrates the conformal point £ = 1/6.

6 Conclusions

We have studied electroweak vacuum stability in the minimal Starobinsky inflation model,
in which inflation is driven by an R? term. In the Einstein frame, this term gives rise to
a negative time-dependent contribution to the Higgs effective potential, whose effect is to
destabilise the electroweak vacuum further.

We incorporated quantum effects in the Higgs effective potential by using the three-loop
RGI effective potential together with one-loop curvature corrections computed in the de Sitter
approximation with a constant inflaton field, and used this potential to compute the Hawking-
Moss vacuum decay rate. By demanding that no bubble nucleation events took place in our
past lightcone, we obtained a lower bound on the non-minimal Higgs curvature coupling {gw,

This is significantly stronger than the corresponding bound &gw 2 0.06 obtained for the
Starobinsky-like field theory inflation model [71].
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These constraints exhibited similar mild dependence on the top quark mass as in [71],
but were significantly more sensitive to the last moments of inflation and therefore also to
the precise choice of Ngpq, the lower limit of the integral (4.5). Because vacuum bubble
production is pushed towards the end of inflation, where our de Sitter approximations start
to break down, we adopted a conservative choice for Ngnq, corresponding to the condition
H/H? = —1/4. However, this suggests that the bounds may be improved significantly
by fully accounting for the transition from inflation to radiation dominated hot Big Bang.
Vacuum stability during reheating in this same theory was recently studied in ref. [72], but
further work is needed to bridge the gap between these two calculations.

On the other hand, when considering the shape of the effective potential at early times,
we recover the results and the same cosmological implications from [71], where the bounds
are not sensitive to the entire duration of inflation, unless it lasts for more than 10%0 e-folds
and thus eternal inflation appears to be inconsistent with vacuum metastability.
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