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ABSTRACT

The assumption seems to have been accepted in the plasma physics
community,that the single-fluid,magnetohydrodynamic (MHD) theory, is an
adequate zeroth-order description of the magnetically confined, high-
temperature plasma,and that this theory is able to describe a significantly
' large proportion of the experimentally observed properties of such plasmas.
We believe this assumption to be incorrect,and we attempt to show in this
thesis,that there is sufficient ground for questioning the pre-eminence

of the MHD theory in magnetic fusion plasma analysis.

To this end we have examined the two-fluid model of an infinitely
long,cylindrical plasma,suggested in /1/. This model differs from the
so-called Ideal MHD model only in the retention of the vp, and the Jx B
terms in the Ohm's law,and in the characterisation of the quasi-neutral
plasma by separate ion and electron temperatures. We have critically
analysed the work of /1/,and have found significant errors therein,some
of which have resulted from the use of approximations (which we show to be
unjustified),to simplify the two-fluid plasma problem.We have also developed
a novel numerical method for solving one of the eigenvalue problems posed
in /1/.Finally,we have used a numerical initial/boundary-value method to
solve,without approximation,the full two-fluid equations.This method
involves numerically integrating all the linearised equations forwards
in time (using the numerical method of lines),until such time as the
fastest exponentially-growing radial oscillation mode becomes dominant.

We have used this technique to study three equilibria,corresponding to

the z-current density profiles :
. G Y
JOZ - Jo( - a’-)
where v=1,2,4 and a is the radius of the plasma.

The results that we have obtained indicate that the Ideal MHD theory
significantly underestimates the linear growth-rates of all the radial
oscillation modes examined,particularly the modes : m=3,n=2 ; m=2,n=1 ;
and m=1,n=1 , on which some parametric studies were made.These results,
coupled with other considerations which we present in the thesis,suggest
that for any analytical (or numerical) plasma calculations to be relevant
to experiment,such calculations would have to be done within some kind
of two-fluid theoretical framework, although not necessarily this .

particular one.
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INTRODUCTION

The simplest way to think about a plasma is as an ionised gas in which
all,or a2 considerable number of atoms,have lost one or'more of their free
electrons.The strong electrostatic forces of attraction between the ions
~and electrons in such gases prevents substantial charge separation over
distances that are greater than the Debye length,kD.That is to say that if
scale lengths greater than Ap are considered,the plasma will be found to be
substantially neutral,/L1/.With the concept of the Debye length as an aid,
Tonks and Langmuir /2/,were able to provide a more formal definition of a
plasma.Thus we may consider that an ionised gas will behave like a plasma
if it is the case that n}\g =>1 and also L>>)\D, where L3 is of the order of
magnitude of the y6lume of the plasma, and n is the number density of ioms
(or electrons) in the plasma.This ensemble of ions and electrons that is
called a plasma is interesting for many reasons.One of the most important
of these is that if it can be confined in a dynamically stable manner, for
~ sufficiently long periods of time (i.e. about 1 second),at high enough
. particle ﬁumber densities (say, qoqq cm‘z),and if it also contains low mass-
number ions (such as those of deuterium or tritium,or hydrogen),then at high

8

enough temperatures (i.e. about 10 *K ),the conditions may be created under
which thermonuclear fusion can take place,accompanied by the release of
greater amounts of energy than was required to form the plasma.This
cbntrolled release of energy from thermonuclear fusion processes,is the goal
of the vast bulk of contemporary research in the field of plasma physics.

Accounts of the historical development of this subject are given in /11,15,16/.

Thus plasmas of thermonuclear fusion interest will probably be very
dense,and because of the high temperatures at which they will have to be
maintained,they will only be very weakly collisional.Another pertinent
observation is that the charged particles that make up the plasma,.
generate electromagnetic fields through their elementary charges and
currents.In order to evaluate these fields.and thus describe the future
time-development of the plasma, it would be necessary to know the
position and velocity of every particle that is a constituent of
the plasma, at all times. The motions of the charges would also have
to be followed in the sum of the fields that the charges: themselves
generate,and those that are externally imposed.This is not a realistic
programme to follow because {of the very large numbers of’particies

involved.It is because of this very large number of mutually



interacting particles in any plasma,and because of the difficulties
encountered when any attempt is made to formulate a rigorous theory for a
weakly collisional plasma,that attention has become focused on a number of
approximate analytical models of plasmas.The most popular of these models

is called the 'ideal' magnetohydrodynamic (MHD) model.This description of
the plasma was developed by Lundqvist /103/.It assumes that the plasma is a
single highly-collisional continuous fluid,of infinite electrical
conductivity,whose mass is wholly associated with its ionic component,and
which may only move,in bulk,with velocities that are much less than the
speed of light,and may only have assoéiated with it,oscillation frequencies
that are much less than the electron plasma frequency /471/.This ideal MHD
model was much used in the early days of magnetic confinement fusion plasma
analysis /3,4,5/ ,because its relative simplicity allowed cohsideration of
non- ~ trivial ° plasma geometries,and because it was thought to provide

a pessimistic appraisal of the plasma configuration under consideration.

In the present day it seems to be considered,by experimental and theoretical
_ plasma physicists alike,to be a good 'zeroth'-order description of the
.magnetically confined high-temperature plasma /6,7,8,9,10/,to which small
modifications can be made to account for particular and specific-effects.
Formally,the MHD equations are a set of 8 nonlinear symmetric hyperbolic
equations,and have been shown by Grad /104/ to include all the effects of
standard fluid dynamics.Thus,although the MHD equétions are themselves a
simplification,they are still sufficiently complex to admit to’ solution only
when relatively simple geometries,or a single dimension,are considered,and
usually such solutions as are possible must be obtained numerically.A short
review of the numerical methods that have been applied to the solution of the
MHD equations has been given by Turkel /105/.

Apart from the single-fluid description of hot plasmas,there is also the
two-fluid description,in which the presence of the electron fluid is
explicitly acknowledged.There is also the 'gﬁiding—centre' description ( on
which the so-called neo-classical theory /24/ is based),and the Boltzmam-
Vlasov kinetic description /11/ .However,we shall only concern ourselves in

this thesis,with the single-fluid and two-fluid descriptions of hot plasmaé.

A striking feature that we find when using the ideal MHD model to describe
a plasma,is that the magnetic field is 'frozen' into the material of the
plasma.(However see p.32 of /8/ or p.139 of /20/ ).In the words of Alfven
/12,113,144,

'Every motion(perpendicular to the field) of the liquid in relation
to the lines 6f force is forbidden because it can give rise to
infinite eddy currents.Thus the matter of the liquid is fastened
to the lines of force.'
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With the aid of the ideal MHD theory,it is possible to make general '
statements about the stability of such magnetic field configurations as
might be proposed, for confining any particular hot plasma,in a given
geometry.These statements originate from general global relations such as

conservation equations and virial theorems /24/.

The concept of stability is very important in magnetic fusion plasma
analysis,and for this reason we now proceed to define it.Thus,a particular
equilibrium plasma/magnetic field configuration will be 'stable' if,when
the plasma is subjected to a small perturbation,the amplitude of this
perturbation is found to remain constant in time,or to decay’in.time.The
equilibrium would be classed as 'unstable' if the amplitude of the -« .
perturbation were found to grow in time.On the other hand the plasma might
remain in its new perturbed position,and in this case the equilibrium

would be described as being 'marginally stable' .

Alfven /12,1%/,found that because the magnetic field is tied (i.e. frozen)
to the matter of the ideal MHD plasma,the magnetic field could behave
like a stretched string,and,like such a string, may sustain wave-motion.
He called such waves 'hydromagnetic waves',and if B is ' the strenght of

the magnetic field,the velocity of these waves, Va yis given by

2B
a = 4nd

where d is the mass density of the plaéma.If L is a macroscopic length

in the plasma,then the time taken by such a wave to travel a distance of
this order is denoted by Ta .In such equilibrium plasma configurations
as are found to be unstable using the ideal MHD analysis,the prediction of
the analysis is that the plasma will survive for a time of the order of
Ta after the onset of the instability,before being driven outﬁard,and

eventually destroyed by contact with the walls of the containment vessel.

The simplest plasma containment configuration is called éhe
'linear pinch'. It consists of a cylindrical column of gas along which
a large current, J is passed. It is called a 'z-pinch' if this current
is in the z-direction (i.e. along the axis of the plasma cylindér), and
a ' e-pinch' , if the main current is in the e (or poloidal) direction.
In either case the idea is that the inwardly directed J x B force,
shall exactly balance the outward force due to the kinetic pressure of

the gas, when the system is in equilibrium.
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Having considered the simple 'pinch' -containment device,ﬁe shall now
briefly review the methods of producing plasmas with temperatures in the 10
keV range ( i.e. hot enough to sustain thermonuclear reactions).The first
method is called Joule or Ohmic heating.In this method what happens is
that the electric field which is applied to the plasma accelerates the
plasma electrons,thereby increasing their kinetic energies.These kinetic
energies are then thermalised by means of collisions with the plasma ions,
and as a consequence the temperature of the whole plasma is raised.The rate

of Joule heating is given by
. 2
J'E=Y)j =E_

where Y} is the plasma specific resistivity /ik4,5/. Y) is directly
proportional to the electron-ion collision frequency which is in turn
proportional to v-},where v is the velocity ‘of the electron in question.
Thus, those few electrons in the 'tail' of the electron velocity distribution
that have high velocities will make very few collisions.If the electric

. field is applied suddenly to the plasma,those of the high-velocity electrons:
that happen to be moving in the direction of -E will have their velocities
increased even more.Their collision cross-section with the ions may then
become so small that they are able to leave the plasma without making any
collisions.Such electrons are called 'runaway' electrons,and constitute a
significant energy loss mechanism for the plasma.They appear as an
accelerated electron beam, detached from the main body of the distribution.
Electrons can also be accelerated as a result of collisions with ions.As-
a result of this interaction the electrons emit electromagnetic radiation
that is called 'breméstrahlung'.The.intensity of bremsstrahlung that is
radiated from a unit volume of plasma is proportional to Zz,where 7 is the
atomic number of the plasma ions.This form of radiative loss can thus
become very imbortant when the plasma contains significant quantities of
high-Z impurities. Also the Kruskal-Shafranov criterion /8/ places a limit on
how much current we can pass through the cylindrical plasma if we do not
want it to become unstable.It is for these reasons that! joule heating alone

| is unable to raise the plasma temperature to more than several keV.

{

Another 1mportant ‘method of heating the plasma is called 'shock-wave'
heating.What happens here is that the abruptly introduced large J x B force
drives the plasma towards the centre of the plasma column,where the energy
of the shock-wave is thermalised,and as a result,the plasma temperature is
raisedy ¢ (. ¢ T [ Do RV TR S : ~(<AIL"U1)'

. There arectwo ways in:which.the'initialising large current of the plasma
may be .obtained;depending on the géometry of the plasma;Ifnthe:plasma-is

a straight column,then the current can be obtained by the discharge of a
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large capacitor through the gas column. On the other hand,if the plasma

is toroidal,the current can be initiated by transformer action.large
primary coils are wound around the plasma in the poloidal direction.

When current is passed through these primary coils,the plasma behaves

as though it were the secondary winding of a transformer,and has a current
‘induced in it. ,

Since ohmic and shock-wave heating alone are unlikely to be able to
raise the plasma to thermonuclear temperatures,additional methods of
heating the plasma are necessary.One such method is 'Neutral Beam
Injection',in which the temperature of the plasma is raised by bombarding
it with high energy neutral particles.Alternatively the plasma can be
bombarded with radiation at the ion-cyclotron,or electron-cyclotron
frequencies.These lattér processes are known as Ion Cyclotron Resonance
Heating (ICRH) and Electron Cyclotron Resonance Heating (ECRH).A more
complete account of fhe heating processes that have been used to date
for raising the temperatures of plasmas can be found in /11/,beginning

" at p.435 .

This thesis is concerned only with a cylindrical plasma system such
as we have described,(2lthough in our case the magnetic field is not wholly
produced by the current. flowing in the plasma,but is partizlly externally
imposed) ,and the modes of instability to which such a system is susceptible.
These instability modes are commonly denoted by the letter 'm',which may take
all positive integer values.The four lowest instability modes for the
cylindrical pinch are shown in figure 1.1. Note that.m may also be zero.

The growth of such ideal MHD instabilities is studied in an important paper
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/17/ \where it is found that the growth-rates depend not only on the average
value of the equilibrium quantities,but also quite often sensitively,on the
precise nature of the radial profiles.In /19/ the ideal MHD equilibrium

of a plasma confined in a toroid is considered.Two fine expositions of
ideal MHD theory are given in /18/ and /20/,and an exhaustive review of

the subject is to be found in /21/.Now,in view of the fact that we shall
later consider the drawbacks of the single-fluid theory,the following
observation about the ligkt in which the ideal MHD theofy should be viewed,
is pertinent.Thus it is probably the case that the ideal MHD equations
(which are presented later in the thesis) ,are best thought of as describing
a dissipationless,infinitely conducting fluid,obeying an adiabatic equation
of state,and whose properties are sufficiently close to those of a real

plasma to be of interest.

In a refinement to ideal MHD,called 'resistive' MHD,the plasma is allowed
. to have a small,but finite,electrical conductivity,and as a consequence

the magnetic field lines are no longer frozen to the plasma,but may diffuse
through it at a rate characterized by the resistive diffusion time /47/.
According to the theory /11/,this resistive diffusion of the magnetic

field with respect to the fluid,occurs at a significant rate only in a
narrow region of space,surrounding a particular surface in the field which
is known as the 'resonant surface' or 'singular surface',in the vicinity
of which changes in the magnetic topology may occur.More fundamentally
however,instabilities of an entirely different character to those of ideal
MHD are found td arise /22/,called 'tearing','rippling' and 'gravitational
interchange' instabilities.The short-wavelength rippling instability is
found to be caused by local channelling of current through ripples in
reéistivity,(i.e. this instability is driven by gradients in the resistivity).
If we consider a cartesian frame of reference,the gravitational resistive
instability (or 'resistive g-mode' ),occurs in the presence of a mass
density gradient,and a y-directed body force (like gravity),when the main
magnetic field is in the z-direction.The driving force is found to be
destabilising if 'gravity' is in the same direction as the mass density
gradient.This instability is the resistive equivalent of the ideal MHD
'interchange' instability /11/.The tearing instability is driven by the ‘
profile of equilibrium quantities far from the singular surface,and allows
for the transfer of magnetic energy into plasma kinetic energy.In this
long-wavelength instability,the current layer breaks up along the current

flow lines.
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The tearing instability is the resistive equivalent of the ideal MHD
'kink' instability,illustrated in figure 1+1. Iﬁ the tearing instability
the magnetic energy released by the change of topology,is convérted into
internal kinetic energy of the plasma,in the region around the resonant
surface (also called the 'tearing layer').In contrast,the energy of the
ideal MHD kink instability is converted into macroscopic motion of the

plasma.

The essential feature of all these resistive instabilities is that they
violate the topological restriction of the infinite conductivity analysis,
(i.e. the preservation of the distinct magnetic surfaces).What essentially
happens in the tearing instability,for instance,is that the magnetic field
lines,which are no longer frozen to the plasma fluid,may break and .
reconnect to form 'magnetic islands',each of which has its own associated
set of flux surfaceé,distinct from the flux surfaces of the initial

plasma/magnetic field configuration.

The acceptance of the single-~fluid theory naturally depends on how well
it is able to explain the experimentally observed properties of hot plasmas,
and for this reason we shall now highlight some of the fluid-theoretical

work which has been directed towards this end.

Firstly,we note that some workers have suggested that the tearing
instability (soméfimes called the tearing mode ),is important in a wide
variety of phenomena,ranging from the phenomenon of 'reconnection' in
the magnetosphere,to the magnetic oscillations observed in the plasma
confinement devices known as tokamaks /25,26/.The tokamak device is
more fully described in /8&/, but here it is worth pointing out that
such machines are at the centre of most of the international research
effort directed at achieving the goal of controlled thermonuclear
fusion. To continue, we find that in /27,28/, experimental
observation of the tearing mode 1is claimed by groups working
on the toroidal plasma containment device known as the Reversed
Field Pinch /29/. This same claim has been made for the linear
pinch in /30,31,32,33/ , and for the 'hard-core' pinch
configuration in /31,34,35/.Equally important however, in view
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of the added impetus that it gave to theoretical plasma physics,was the
experimental observation that tokamak plasma disbharges which might be
expected to continue for about 1ms or longer,are sometimes prone to
terminate on a timescale of about 100us.Such an occurrence is normally
termed a 'major disruption',and since the whole process is thought to be
due to some kind of instability,the phenomenon has been given the name
'disruptive instability'.Such attempts as have been made to describe the
mechanics of this instability,have focused on a non-linear extension of
the tearing mode theory /36/,involving the non-linear interaction of low
m-number magnetic islands of different helicities.Now,remembering that
plasmas of thermonuclear interest will only be weakly collisional,it is
easy to realise that the classical theory of transport processes in a
highly-collisional,low-temperature gas,such as is described in /4l/,can
have very little to say about transport processes in a fusion plasma.
For this reason,a so-called neo-classical theory /24/,has been developed,

with the aim of describing transport processes in a hot,toroidal plasma.

We now consider'/BZ/,in which the view is expressed that the tearing
instability might have two important effects in tokamaks.The first of these
is that the magnetic fluctuations associated with the mode may lead to the
disruption of the magnetic surfaces,and the second is that enhanced
particle and energy transport may be the consequence.lf these processes
do indeed occur,we observe that they would necessarily be complicated by
the presence of an electron temperature gradient,because this can destabilise
the tearing mode (as is shown in /38/).In a process described in /38/,
what is envisaged is that the non-linear development of the tearing
instability relaxes the original temperature gradient,and that over the
time in which the instability has  taken place,the plasma will behave as
though it had an enhanced thermal conductivity.Here,the use of the word
'enhanced' implies that the transport coefficient in question,has a value
greater than the classically predicted value (or indeed the neo-classically
predicted value).It must be pointed out however,that the neoclassical
theory is not to be wholly believed.This is because the particle and energy
transport found in actual tokamak experiments,is 50 times greater than the

values predicted by the neo-classical theory.
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(a2)

(e1)

Figure (1.1) Lowest-order perturbations of a cylindrical plasma.
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Unperturbed plasma,showing equilibrium current and magnetic
field. '

m=0 perturbation

m=7 perturbation

m=2 perturbation

-m=3 perturbation
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Reviews of the single-fluid hydromagnetic theories are available
in /8,21,40/,and /43/ contains a particularly lucid description

of resistive MHD.

Our short review has been presented in order to allow us to
properly address ourselves to the question of how appropriate a
description of high-temperature fusion plasmas,is afforded by the
single-fluid theories.This is the purpose of the remainder of this
introduction,and we begin by considering some of the shortfalls of
these single-fluid theories.

Firstly,we note that the resistive MHD analysis breaks down
in the limit of very high cdnductivity,becasue the 'region of
discontinuity' /50/,over which the second derivative of the magnetic
perturbation is large,becomes smaller thathhe particle gyro—radii.
Such a situation,within the confines of a fluid theory_is clearly
inadmissible.Now,one of the most important differences between the
ideal MHD theory énd the resistive MHD theory,is that the ideal MHD
analysis allows no electric field parallel to the equilibrium magnetic
field,while the resistive MHD analysis does.This parallel electric field
(produced by fhe slipping of magnetic field lines relative to the
plasma in the small inner region of width A),produces a current layer
of this same spatial width,by accelerating electrons along the local
magnetic field.In the classical tearing mode theory and elsewhere
/22,42,45,47,48/,it is assumed that A > where v = \hﬁébci is
the ion gyro-radius, and Vth and LO@( are the ion thermal velocity
and ion cyclotron frequency,respectively.However,as we have previously
pointed out,high-temperature plasmas will be practically collisionless,
and thus in view of the result of /49/ that A «< i, in the collisionless
regime,the question arises as to whether tearing mode theory can have
any relevance to fusion plasmas.We must also note that the tearing
mode theory of /36/ ,fails to predict the time-dependent structure
of the magnetic fluctuation amplitudes as observed during actual tokamak
disruptions, and that the eXperimental observations of tearing
instabilities claimed in /27,28/ ,are only in semi-quantitative agreement
with the classical theory of /22/.

Further,as pointed out in /42,50/ ,it is not even necessary to
have resistivity,in order to obtain tearing of the magnetic topology.

All that is necessary is the inclusion of the electron inertia terms
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ll'—-o

(ae and QN! )- in the generalised Ohm's Law /41/.This surely must

be another source of doubt concerning the meaning of the standard

single-fluid tearing mode theory.

Now,let us consider the resistive,single-fluid Ohm's law,which is

expressed by the equation :

E+2(¥xB)=vj (1.1)

In this equation the various symbols have the following meanings :

current density
Electric field
Magnetic field

< | 1M e

Plasma fluid velocity
Speed of light
Plasma specific resistivity ( see /5V ) (1.2)

S o

It is easy to see that this eqﬁation cannot be correct for a hot tokamak
plasma,because the anisotropy of the magnetic field will mean that there
will be Hall currents present,flowing perpendicularly to E and B,which may
in principle and in general,be greater than that predicted by equation (1.1).
It will be noticed that while the electric fields of equation (1.1) give
rise to dissipation,the Hall electric field,does not.In the generalised
Ohm's law,the Hall Effect manifests itself as the j x B term.It has been
shown /1,52,53/,that this term and the Vpe term in the Ohm's law,can
cause detachment of the ion fluid from the magnetic field,even in the
absence of resistivity.The impact of this observation on the way in which we
view results obtained from the tearing mode theory,is more easily appreciated
when we realise that,as pointed out in /54/ ,the neglect of the Hall term is
far more restrictive an approximation than the neglect of resistivity.
Consequently,a theoretical account of experimental plasma behaviour that
includes resistivity,but does not include the Hall term,must be regarded
with extreme caution. v

There are criticisms to be made of the ideal MHD theory too, in
spite of the overtly approximate nature of this theory. To appreciate
our argument it must be remembered that in the classical resistive

MHD analysis, the ideal MHD equations apply everywhere,except in the
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vicinity of the resonant surfaces.We shall also need to use the concept
of the 'safety factor',defined in /8/,and normally denoted by the letter q.
It is a very useful parameter for the description of the stability of
given equilibrium plasma/magnetic field configurations,and is a function
of r (in cylindrical coordinates) .

Now,according to the ideal MHD theory of the 'kink' instability as
presented in /82/,if q(0) > 1, (where q(0) is the safety factor in the
centre of the discharge),then for values of q(a) < 2, (where a is the
radius of the cylindrical plasma,so that q(a) is the safety factor at the
edge of the plasma),there is a very wide range of current profiles for
which the plasma must be unstable to the m=2,n=1 kink mode (see
figure 1.2 ).(Here,'n' is another number which may take integral values ,
that is used to describe the modes of instability of a cylindrical plasma).
Yet,in spite of this prediction,some tokamaks have been made to operate in
quite a stable manner,with g(a) close to or even less than 2.Furthermore,
any attempt to explain this experimentally observed stability by an appeal
to the linear theory will fail.This is because according to the linear
theory,the instability zone narrows,and possibly disappears,only for current
distributions that are so strongly peaked that q(a)/q(0) = 3.5, /55/, eand
since gqa) = 2, this would require ci(O) < 0+5. However,as pointed out in
/56/ ,the realisation of the current profiles necessary to produce q(0) < 0-5
is inhibited by processes of internal disruption,which prevent noticeable
increase of the current over a critical value at the edge of the plasma,
and prevent q(0) from falling much below unity.What we have described
therefore,is a serious failing of the MHD theory.Yet,skirtihg this problem
others /57/,have suggested,mainly using results from non-linear numerical
computation,that the tokamak of infinite major radius,may non-linearly
evolve from an unstable cylindrical configuration,into a helically
stable one.This attempt at explanation of the experimentally observed
tokamak stability which we have just cited,also fails.This is because,
as shown in /58/,the transition to such a helically stable equilibrium,
is not possible.Finally,if we remember that within the single-fluid
theory,magnetic fields are frozen into the plasma,we must ask,as /1/
also asks,how it is possible to obtain an 'anomalously' large cross-field
diffusion of particles in tokamaks,without any observed anomaly in

resistivity.
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Figure 1.2  Stability diagram for kink modes. The vertical axis measures
the peaking of the current as given by qa/qo (which is equal to v+1).
The horizontal axtis measures the total current I exzpressed as a frac-

N tion of (a/R,)? I, where I, is the current in the coil producing the
toroidal magnetic field. Thts axis also gives qg, which is inversely
proportional to I. The mode numbers associated with these values
of q, are given at the top of the figure '

Note: This figure is taken from p.226 of /82/,and it is understood that

(e}4

) = gyl -

20



21

The evidence that we have pfesented so far would seem to suggest that
no serious case can be made (other than on the gfounds of ease of .
formulation),for using single-fluid theory to try to describe confined
plasmas at thermonuclear fusion temperatures.It would also seem to suggest
that the single-fluid theory is far more incomplete a theory,than its
ubiquity in the plasma physics literature would imply.This thesis provides
further evidence in support of this viewpoint,by considering the two-fluid,
dissipationless model used in /1/.The equations of the model are cast in
a cylindrical geometry,linearised,and then Fourier analysed in the two

ignorable space coordinates (e and z). Then,after using the equation
VB =0 (1.3)

to eliminate one of the components of B,we are left with 8 equations for

. the 8 complex perturbation variables.This of course means that we are
really dealing with 16 equations.These equations are initialised with an
arbitrary initial perturbation,and then integrated forwards in time,until
such time as the most rapidly exponentially-growing radial oscillation mode
has become dominant.This means that our method can make no statements

about the nature of the full eigenspectrum of the problem,since it only
returns information about the eigenmode with the largest exponential

growth-rate.

We note that this initial/boundary-value approach has been used
successfully elsewhere /39,59,60,61/,where finite differencing in both
space and time has been employed.We have however,used the numerical
integration procedure known as the 'method of lines' (MOL),in which the
spatial derivative giw is replaced by finite differences, and the time
derivative gi is left continuous.If N spatial points are used to discretise
the spatial domain,then a system of 16 x N coupled ordinary differential
equations (ODEs) results,in place of the 16 coupled partial differential
ecuations (PDEs),with which we started.

Herein lies the main advantage of our method, for our CODEs,
like any other system of coupled ODEs, can be integrated,either
implicitly or explicitly , by the multitude of sophisticated algorithms
that have been developed for precisely this purpose.Examples of such

algorithms which we have actually used are the Runge-Kutta-Fehlberg,
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the Adams-Bashforth-Moulton and the Hindmarsh—Gear;hlgorithms.Theée,and
other algorithms that we have used are described iu /65,69,72,77/.Thus,the
use of the MOL allowé us to make use of the facilities for automatic
error-monitoring and automatic error-control,of these ODE integration
schemes,as the integration proceeds.The same cannot be said of standard
finite-difference replacements,such as the Cranck-Nicholson or Lax-Wendroff
/67/ methods.Attempts have been made to implement variable-step finite-
difference methods,but the step control mechanism tends to be crude and
rather inefficient /97/.Much theoretical attention has been given to the

MOL in the Russian ]iterature /62/,but not elsewhere.

We have studied three plasma equilibria characterised the z-current

density profiles:

. ., z\V

Joz = Jo(’ "_g})
‘where V takes the values 1,2, and 4. a is the radius of the plasma,and r
is the radial coordinate of the cylindrical geometry.We have then uniformly
altered our equilibrium quantities in order to bring our equations into
the regimes in which the approximations of MHD hold,and as a result we have

found that the single-fluid theory substantially underestimates the linear

growth rates of such modes as are found to be unstable.

The motivation for this thesis was provided by the work of /1/,and so
it was natural that we should ériticize that work.We have found as a
result,that serious errors have been made in the derivation that is given
there of the two-fluid eigenvalue proSlem.We have also found,by using
numerical and analytical considerations,that the approximations that have

been made in /1/,in order to derive the eigenvalue problem,are not valid.

Finally,we have included as appendices,necessary-algebraic manipulations

which are too long to be included in the main text.



Chapter 1

1.7 The Basic Equations

The equations used in the fluid descriptions of plasmas are derivable
from the Boltzmann-Vlasov 'moments' equations /68,69,106/,and it is not
necessary to repeat such derivations here.Instead,for comparison with
the two-fluid equation system with which we shall be concerned for the
bulk of this thesis,we write down the equations used in the ideal
MHD model.They are:

g{ + v(/oy) = O (1.1-1)
) V). 1 }

P(3,+ Y)Y = 1(jap) - Vp (1.1-2)
(& +v9) 5] = 0

StV Py (1.1-3)
E + 1(vaB) =0

E e (1.1-4)
where
)D = nmi (1.1-5)

The symbols in these equations not already defined in equation (1.2),

have the following meanings :

mass of each ion in the plasma fluid
_number density of either ions or electrons

ratio of specific heats

T« B8

sum of the ionic and electronic fluid pressures

Coe (1.1-6)
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If we now supplement equations (1.1-1) to (1.1-4) with the two Maxwell

equations :

= -108 ;
VAE = -z%5% (1.1-7)
yaB = ) (1.1-8)

we would then have the full prescription for the so-called ieél MHD model.

If also, equation (1.1-4) is modified so that it reads :

E+ £(ya®) = W__j (1.1-9)

then our system of equations would describe what is called the resistive
MHD model. It will be noticed that all our equations so far have been
written in Gaussian units.This system of units will bé used throughout
this thesis.It is also the system of units that has been used in the
bulk of the published plasma physics literature. '

. Concerning the single-fluid equations that we have written down,it
is seen that equation (1.1-1) expresses the continuity of the plasma
fluid,and for this reason it is sometimes called the 'continﬁity equation’'.
Equation (1.1-2) expresses the conservation of the momentum of the
fluid,and equation (1.1-3),the conservation of energy of the (assumed
adiabatic) fluid. Finally,equation (1.1-4) is the perverted form of the
generalised Ohm's law,which leads to the magnetic field being 'frozen'
to the plasma fluid.If the plasma were to be assumed to be incompressible,
or if we were only interested in such motions of the plasma as did not
cause it to be compressed,then we could replace the energy equation

above by :

V.V =0 | (1.1-10)

The inclusion of this equation will substantially simplify any single-
fluid (or two-fluid) analysis,since it will permit the elimination of

one velocity component.

We now write down, for comparison,the equations which will be used in

our two-fluid plasma study.They are :



g{i + (9P = —- YPiV.Y

(1.1-11)

%% + WV = —YP VU (1112
— 1 . -

PG, + vv)v = enfe +—EFYA§)—J — VP, (1.1-13)

O , = -Q,n[_!_i_ + —E(w@)} - er (1.1-14)

J = en(y -u) (1.1-15)

and substituting equation (1.1-15) into equation (1.1-14) we find that

(vaB) = -é-ﬁc(l"g’) - éLnVPe C (1.1-16)

The continuity equation is given by :

ot A (1.1-17)

and as before,we supplement these equations with equation (1.1-7) and
equation (1.1-8). We also note that equations (1.1-11) and (1.1-12)

might also be written (if both fluids are assumed to be adiabatic),as

follows :

(5, + v-O) T + R(Y-1)%Y = O (1.1-18)
n(§ +4¥) T + R(-NVvu =0 (1.1-19)
where

fo=rti | - (1.1'-29)
and

Pe. = nTé | (1.1-21)
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We note immediately that in this model (as oprosed to the single-fluid
models), two fluid velocities ( u and v ,where u is the electron fluid
velocity),characterize the motion of the plasma in principle,although

u can be eliminated from the system of equations.Other differences are =
evident in the Ohm's law ( equation (1.1-16) ),where it is seen that the
Y?pe and the Jj x B terms have been retained.We also note that there

are different conservation of energy equations for the electrons and the
ions ( equation (1.1-11) and equation (1.1-12) ),and that because we are
assuming quasineutrality ( i.e. that n,~n, ),we only need one continuity.
equation.We have chosen to use the ion continuity equation,as it is of

simpler form.

In the next section we shall deal with the linearisation of our
two-fluid equations.There,when linearising,we shall follow the common

practice of taking the equilibrium ionic fluid velocity to be zero, i.e.

V =0 (1.1-21a)
-0 .

For ideal MHD,this automatically implies that the equilibrium electric
field, Eo = 0 , but within the two-fluid theory,this is not the case.We
shall however,allow for an equilibrium flow of the electronic fluid,so that

the equilibrium current flow will be given by

j = - en u_ (1.1-22)

As is usual,a 'o' subscript will denote an equilibrium quantity,while a
'1'  subscript will denote a perturbed quantity.We also note that because

of quasineutrality,it will be true that

v.j =0 - (1.1-23)

Since we shall assume that

Uo = [o, Upol™ y Uoz<M]  ana | jo'ﬂ' j‘o ¢r) (1.1-24)

equations (1.1-22) and (1.1-23) will lead us to the conclusion that.

V-due =0 | - (1.1-25)

where fy(r) is any equilibrium quantity.



1.2 Linearisation,Error I and Error 11

To linearise the equations the variable f is written as (fo + f1)
in order to form the perturbed eqations, from which is subtracted the
equilibrium equation ( formed by replacing f by fo ). The equation that
remains is the linearised equation,if no terms other than those which
are first order in the perturbation variable f1 , are retained. As a
result of using this procedure,we find that the linearised equations

for our two-fluid system of equations are :

oV . Y, '
ozt = eno L€, + “—1%%’] + enE, - VP (1.2-1)
B g
0 = -efo[E + %08 » YiABel on g, g~ (4B (1.2-2)
Tz :
%no%—; = -gnocy‘.v)'l; — i V-Vq (1.2-3)
- |
-?2"-”0%{: = -3, [(lﬁo-V)T«e +(u_g-V)"Zel — Py V- Uy (1.2-4)
%’L‘ + No V-Vy 4+ (y.VIN, =0 ’ (1.2-5)
TAks = ‘iié_e (ﬂo(¥1 ~Uq) -‘n1‘50] (1.2-6)
VAE| = —%8_21 . .
ot (1.2-7)

Now,the balancing of magnetic pressure and kinetic pressure in
equilibrium (obtained by adding together the equilibrium ion and electron

momentum transfer equations),tells us that

Vf;é = ':l('_'_-( 01\1_5_0) (1.2-8)

R = R + Toe (1.2-9)
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Substituting from equation (1.1-22) for the equilibrium current density,

into equation (1.2-8), we find that

Tp, == o (UgABo) (1.2-10)
o - C
and when this equation is substituted into the Ohm's law equation

(equation 1.2-2 ),that equation becomes
0 = -enol&1 +1(UsnB) + L(UnBo)]

n
“eni_E.o ’VP1e + ﬁjoVFo (1.2-11)

In /1/, the r-component of this equation in a cylindrical coordinate

system,is given as

' e Bo WooBiz. _wzB WozB
O - -e,ﬂo[Eu- + 12(; Z. + _c__.. - \2‘.;09__ z..cie

_ dp, ' ‘
T:fl)‘re — 2hifor (1.2-12)

and this is obvidusly incorrect,since the last term of equation (1.2-11)
has been omitted. We shall call this error in the work of /41/, Error I.
It is a serious error,but there is one instance in which it is of
no consequence,and this instance,along with the fact of the omission
itself,must be stated explicitly,in order for the formulation to be
considered not to be in error.We shall presently provide substantiation

of this claim.

Remembering' that there is no radial current in equilibrium,the

three components of Ampere's law ( equation 1.2-6 ) are :

1 9B1z. _ B1e _ sgveno(v.. -

— —-—‘- — — = _____O( \r u-lf') (1‘2_13)
dBir _ 3Biz. — 4Weno(vin - U — 41rensu

53 .a_- AT o \Vig 19) riteliaBos (1.2-14)
.5..3. ( 519) -i?Blr -U - 4men,\u

= S - 92w _ gwedly (Viz 11,) 1Yoz (1.2-15)
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For economy of notation,it will prove convenient to refer to equations
in /4/,by the number of the equation in that paper,preceded by the
letters TH.

We have found it to be the case that,for the purposes of deriving
equation (TH37) and equation (TH41), which are of central importance to
the eigenvalue formulation presented in /4/,there is only one instance
in which Error I is inconsequential,and that is the instance in which
the last term of equation (1.2-14) and the last term of equation (1.2-15)
are omitted.(Seé Appendix C).There seems however,to be no obvious reason
for these omissions,and for this reason we shall refer to them as
Error II.We cannot tell from /1/ if Error II has been{Eommitted,sinceE
equations (1.2-14) and (1.2-15) are never written down in that paper. |
In Appendix C however,we have shown that th1s error must have been '

fcommltted and so we do not cons1der 1t any further.l

In order to continue our criticism of /4/,it will prove convenient
to follow the steps in the derivation of their basic eigenvalueproblem
(i.e. the two coupled equations TH37 and TH41),rather closely.Thus,in order
to permit Fourier analysis in the e and z directions,and in time,we only

consider perturbations of the form

A

}1 (t,6,2,k) = J—mnw (r) exp (iwt + ime +%£) : (1.2-16)

What we are trying to visualise is shown in figure (1.2-1).The
hope is that the toroidal plasma of minor radius a,and major radius R,

may be approximately represented by an infinitely long plasma cylinder

of radius a,whose properties are repeated every[ZnR cm 1n the z-dlrectlon.

We note that for brevity in our linearised equatlons we shall 51mp1y write
f1 for the amplitude function f1mnag(r) sand the dependence on m,n,w ,and
r,will be understood.We shall also take the equilibrium magnetic field to

have no radial component,so that we may write it as

go = (o0, Bbe, Boz). o (1.2«17)



Figure 1.2-1

The approximation of a toroid as an infinite

periodic cylinder.
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Another equation which we may use,and which reduces the number of

dependent variables by one,is

V'§1 =0 ' (1.2-18)
i.e.
-:-_%q.('f‘&r) + ,??3%6 + 9_212‘5 =0 - (1.2-19) :

and it will be remembered that this equation is not an independent
equation,but is forced to be true throughout the time-development of the
plasma by Maxwell's equations,if it was true at the time when we began
our consideration of the plasma.We now substitute equation (1.2-16) into

our linearised equations,so that they take the form :

im;wnov., = Qﬂo[ Ep t —15,(\/19 Boz "Vl-/_Boa)]

+enEoyr — %ﬁe' | (1.2-20)
. = _ Anop.;
impwngViz = 2ng (B + VHE?OO] -'f('?“ (1.2-22)

These three equations are the three components of the ion-fluid momentum

equation.The three components of the electron-fluid 'momentum' are :

0= -eno[Eir + L{uoeBiz +UigBsy ~hozBro - Uizbog)]

—-enE,, . d n (1.2-23)
1Eor af:}e + ﬁ;%%-’
O= - eng [E1g + %(uoz_glf - uxreoz_)] - %F‘Q (1.2-24)

0= -en, [Eqz + L(UyBos "uoeg")} T RRe Ge22)
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In the above equations we have used the fact that there is no radial

current in equilibrium, i.e.

u =V =0 (1.2-26)
or or

The ion and electron energy equations are given respectively by :
3-3—00 [iwTi + deal-:‘.] + Ny Tok (V»\[«l) =0 (1.2-27)

%”o LiwTe + (Uo¥)Tie + Uw ‘%rf,e] + N5le (VUN= O (1.2-28)

and the three components of Faraday's law: are

' &%E1r_ - :%\'E1e - - i%)_871r (1.2-29)
ip__fj:_w - quz — - AW
3 T = - A2 B1o (1.2-20)
14 _ wmEwe _ ~ Bz
";’ET(YE19} - V= - (1.2—30)

Finally,we write down the three components of Ampere's law

img,, ~ .‘-"3819 = 4Ty (viy ~U 1) (1.2-32)
r R C

ANy - df;;t = 4T, (V1 -Uig) - s (1.2-33)
id (*319) - l-‘m Bir = 4T (Vlr,-u\'g - l*_“fg_‘.' Yoz (1.2-34)
+df y c

The term whose omission in equation (1.2-23) constitutes Error I has been
underlined,as have the terms in equations (1.2-33) and (1.é-34),whose
omission constitutes Error II.

Equations (1.2-19) to (1.2-23) are the equations on which the
eigenvalue formulation of /7/ is based.Now,in agreement with the notation

of /1/,we define the following quantities :
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Tolr) = Tool) + ol
Bl) = nyy T

B: (1) = P +Bog ()
RO = Pl + Pe@
PUr) = Par) /Boc'ﬂ

= 1 (. _ A (mbog n%oz]
kutr) = g (k-B) =4 (TP + 2
an = - k--uo = - [q}_&‘ + __g ]
k-y . >
QO = 0 —Qemn = kel (1.2-35)

Let us call equations (1.2-19) to (1.2-3L4) the Basic Set of equations.
We find that it is possible to perform simple eliminations among the

Basic Set of equations in order to arrive at the result :

Wr = LY (1.2-36)
Ky |
which gives the radial perturbation velocity of the electron fluid.In
Appendix A we have shown that this equation implies that the magnetic field
is 'tied' to the electron fluid,as far as radial motion is concerned.This
result has also been reportéd in /1/.The derivation of fhe equivalent
result for the ion fluid is much more involved,but we have outlined the

procedure in Appendix B.The result is

‘Vf:[+—‘*-’-MJ_-‘P+<1 +1.c_n_3(
' TR A o a,+<l,_+a3] (1.2-37)
where
2.7 / Vs »
o = G5 (Tlr + 27) (1.2-38
a, = +clo [“4 o"( - [\é_ﬁi] .
- e Lof, s (1.2-39)
Ay = % (”_‘ﬁge mB,, é(‘t_“_?..‘l’
K*r LR B, ¥ By Jar ku} (1.2-40)
o = Rl (1.2-41)
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~In /41/ we find that the terms a, and a, have been reported incorrectly

as a* and a?! ,where

1 2
% = g (T v o) . (2 - )
s _ icTo[MaPi _ N5 (Ri+h 2 —43
ol = (k- ) 2 -4

In equations (1.2-37) to (1.2-41),the primes denote differentiation with
respect to the radial coordinate r,and the quantities involved which have

not  yet been defined,have the following meanings :

D =1- wu(1+f’§*)
2 2.
k™ = z.‘:_*%t

(ion cyclotron frequency)

2 n .
Wpi = QE%%T'O (ion plasma frequency,squared)
4 .

(Oe = - C—ro Po (mﬁoz n—goe-)

e’B 1A R
Mo = ile 4 an%oe
D wc;, Bk.
Be = ik 4 Ry

A Rk“ » (1.2-44)

Notwithstanding the errors that have been made in /1/ in the derivation
of equation (1.2-37),that equation shows that even in the absence of
dissipation,the ion fluid may become detached from the magnetic field,
and that in principle the nature of this detachment can be quite

compllcated. In order to reduce the complex1ty of the problem to more

manageable levels it was proposed 1n./1/ ahat only such low frequenc1es that

e J

W e 4 (1.2-kka)
e :

be considered.Then arguing that for typical fusion tokamak parameters

the quantities D and M are such that

D~1 , M1 (1.2-44b)
the equation (1.2-37) can be written :

Vir = w¥ o Qy (1.2-45)
Ky
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where a, is given by equation (1.2-41). It will be observed that if

this low-frequency version of equation (1.2-37) is correct,then both of

the terms which have been reported incorrectly in /1/ will be insignificant.
Also,since the typical value of W, for fusion tokamaks will be about

108 s ,it is envisaged in /1/ that this theory will apply for frequencies

below about 106 5'1 .

The coupled equations of the eigenvalue formulation of /1/ (i.e.
equations TH37 and TH41),can be found,after much tedious algebra,to
follow from the use of equation (1.2-45) for Vap yin further eliminations
within our Basic Set of equations.These two coupled equations are the
cornerstone of the work presented in /1/, and the solution of these
equations is the source of all the results presented in that paper.

It is important to note then,that we believe that equation (1.2-45) ,which
is crucial to the derivation of the coupled equations of /1/,is
incorrect.We shall discuss our objections to this equation in the next

. section.



36

1.3 Discussion of the Expression for Vip —

In /1/,only the case in which the resonant surface r=r_ lies within
the plasma volume,is considered.We shall now show that if such is the
situation of the singular surface,then it is never legitimate to neglect
the a, term in comparison to the a, term,in equation (1.2—3?),as
has been done in /1/,no matter how low the frequency is. In order to
demonstrate this,let us assume,as is done in /1/,that D ~1. Then it
will be trﬁe that the ratio of the terms in az and ay, in equation

(1.2-37) is :

& qu)
was @3S

5 -‘__-‘3 . 1 (103"1)
Ay s 4 Y
Fo ?oku
It is important to examine this ratio in the limit
r—r . _ - (1.3-1a)
or equivalently
ky -0 . (1.3-1b)

Let us also assume that

W(fo) :F O : oo (1-3-10)

It then follows that in the limit in (1.3-1b),the second term in the
denominator of equation (1.3-1),dominates the first.If also we make the
assumption that the radial derivatives of equilibrium quantities can

be ordered as follows

d 1 ‘
= ~ T . : : (1.3-2)

where a is the radius of the plasma,then we can write

Po 1 (1.3-3)
Po a
and it will follow that
GETQYqi] |
J ALl drl k
J o~ eal 1% = (1.3-4)

v/ Ky

In equations (1.3-1) and (1.3-4), o, is the ion cyclotron radius.
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Now,let us assume that all the necessary eliminations for the derivation
of equations (TH37) and (TH41),using equation (1.2-45),have been done. On
examining these equations we would find that for each of them the point
r=r is a regular singular point /70/.This observation has interesting

consequences for equation (1.2-37),which we will now consider.

Since ro is a regular singular point of the equations,we may make the
following single-term Frobenius expansion /70/,for the solution function

Y , valid in the vicinity of r=r
(r=1) = Cy(r-1 fe...
14 °) 1 (1 =75) (1.3-k4a)

where C1 is an arbitrary constant and P is to be determined from the
indicial equation /70/,but is not of specific interest here.Also,since
ky is a perfectly well-behaved function,wé may Taylor-expand it in the

vicinity of r=r_ as follows :

dk '
ku('r"'f‘o) = {-d——ru],(-(—’ro) 4+ - .. » (1.3-’-}b)

=,
and so we find that' - ©

ﬂf ~ Cg,(’T—-To)f-l

ki (1.3-5)
where
_ Cq !
cl - /ku (TO) (1.3'53)

is an arbitrary constant. Thus differentiating equation (1.3-5) with
respect to r : _
ﬂ-ﬂb
d (_‘lﬁ] = Calp-1 (7= (1.3-6)
dr L Ky _
and using equation (1.3-5) again along with equation (1.3-6) we find that

¢
%—[T“n] ~ (f ~\)
—["q;’] -1y (1.3-7)

Ky
It therefore follows that since we cannot expect that f is in general
real and equal to unity,the ratio in ‘equation (1.2-37) becomes infinite
as r T - Consequently,the neglect of the 8z term in comparison to

the ay,
equation (1.2-37) in order to derive the coupled equations,is therefore

term is not justified.This means that the approximation made on

also not justified.
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Let us try to state this result more simply. What we have found is
that the approximations made on equation (1.2-37) lead to a pair of
coupled differential equations for which r=rg is a regular singular
point. However,we have also found that if r=r  is a regular singular
point of the coupled equations,then the approximations made on equation
(1.2-37) are invalid. The only sensible resolution of this inconsistency,
if the Basic Set of equations is not inherently inconsistent,is that the
approximation that has led to the inconsistency,is incorrect.Consequently,
equation (1.2-45) is an incorrect rendering of equation (1.2-37).It also
follows that equations (TH37) and (THA41),derived using equation (1.2-45),
are equally incorrect,so that it is not clear that the solution of this
pair of coupled equations,will constitute a sensible contribution toward
the explanation of phenomena observed in experimental high-temperature
plasmas.

We would thus expect equation (1.2-45) to actually look like

)
Vir = Tg,) + Ay + %.%:as (1.3-8)
¢ .

so that the amount and nature of the 'slippage' between the ion fluid and

the magnetic field,is far more complex than is indicated in /1/.

In the next section we shall begin with the coupled equations of /1/
as our starting point, in spite of the reservations that we have expressed
as to the validity of those equations. The reason for this is chronological,
and is simply that we attempted the computational solution of those
equations as they stand, before we investigated their validity from an
analytical standpoint. Thus we shall also consider in the next section,
approximations that have been made in /1/ to the very complicated coupled
equations, in order to permit some analytic treatment. As a result of these
approximations, two simpler eigenvalue problems were derived in /1/, for
one of which we have developed what we feel to be a novel numerical solution
method.




1.4 Discussion of further approximations made to
equations (TH37) and (TH41)

Although we have shown that the use of equation (1.2-45),describing
the radial perturbed velocity of the ion fluid,is not legitimate,it is
nevertheless true that the use of this equation in the manner prescribed
in /1/,does lead to the coupled equations (TH37 and TH41).We will not
reproduce the derivation of these two equations here,as it is very
lengthy.We shall instead,simply state these equations as they are given

in /1/.ahd use them as the starting point of our discussion.
Equation (TH37),which is essentially the continuity equation,reads :
- -1d waA
'ré(ku) = w-a oo f’)

k3
KaVen 3 ?o“ow -1 n;TB 2
- {1 (St } Ap

w* —é ?onow 5-[;) ﬂo_ru 3 (1'4-1)

and equation (TH41),the radial component of the ion momentum,reads :

é"f[i"k&f (*Bo¥) 1 ¢ f Ky é’.. _ i’L 1(m&m nBoe)} _ % kuA]

Zﬁoe{m .3 (rBoy) 4 4mn ﬂt + 1 (mﬁoz nBoe)?o} - 4ng (mBoz _0Bsg)a :)

4T LTt dr _Klg, Ba R/ ka KRB
~KuBe¥ & min, w[_ﬁ’ + Bw Ar] -0 C(1.4-2)
4e f’

where

J,, =g‘o(9°-§o) and | Vi, ::.To/m; (1.4-2a)

and all other quantities are as previously defined in equations (1.2-35)
and (1.2-44) .Now,remembering that it is our intention to show that
certain crucial approximations which are made in /1/ are illegitimate,
it is plain that we must follow rather closely,the steps leading to those

approximations.Thus,we make the following two transformations :

g = ql/Ku (ﬁ.h-}a)
T _ putlp o (1.4-3b)

o
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Substituting equations (1.4-3a) and (1.4-3b) into equation (1.4-1) and
multiplying by -, we find that we can write equation (1.4-1) as follows

wd
£4.68) v ety = - 2408 b
where
1 ]
flo 3Toe i\Ta;.’ 2 3m°’_Kl2Vl ® :
A(r) = "‘o[1+ sn(ﬁﬁl“‘s‘)*g:% u,“;,%‘%] (1.4-5)

Equation (1.4-4) is also equation (THL3).However it has been given in

/7/ with the incorrect sign on the right hand side (RHS) of the equation.We
shall refer to this error as Error iII. Also,we note that the point

at which k; = O , is a regular singular point of equation (1.4-1) and
equation (1.4-2). That is to say that the point r=r_ is a regular

singular point of these equations.

A small rearrangement of equation (1.4-4) enables us to write it as
1d {fr +w } = -
54 {r (G rws) 5 | , (1.4-6)

so that

[4 {0 v wg)de = - [ratde (1.4-7)

Now,integrating both sides of this equation with respect to r, (which

we change to the dummy variable s),we find that

(G rwg) = = [sael6)ds (1.4-7)

or

wg = =G - %js«(s)\;mds

(1.4-7b)
That is to say
wgle) = -7 [1 + A{»r,w,‘c,wﬂ] (1.5-8)
where
a
1
A _ . | eT)1ABYdS (1.4-9)
A= o Ger) L. :
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and boundary conditions

fla) = Ta) = O  (1.-92)

corresponding to the presence of an infinitely conducting and rigid
wall,in contact with the plasma,have been used.

Equation (1.4-9) is the basis of one of the major approximations made in
/1/, and we shall comment on it at greater length presently. Meanwhile,
substituting equations (1.4-3a) and (1.4-3b) into equation (1.4-2),

allows us to obtain,after some algebra,equation (TH4E), i.e.

4 {'fﬂfk‘ﬁ d (-rg)} - [ Boki _mingu® 4 M‘Z’O.é(ﬁle) _Zﬁsoe(ﬁgeﬂﬂeﬁ]
arl gt dr 4t L Y O R

4 (ﬁl’éi) — (2:_‘3_"52?29 +mmouo)§
= Al Ko ckirk (1.4-10)

The eigenvalue problem that is posed in /1/, consists of the solution
of the coupled equations {1.4-1) and (1.4-2),for the functions Y and By o
after the imposition of suitable boundary conditions.The solution
functions must also satisfy the restriction that they be everywhere
square-integrable,in order that they shall be of physical interest.
However,these coupled equations as they stand,are far too complicated
to submit to standard analytical treatment. It is for this reason that
it was felt in /41/ that some approximations were necessary. The first
such approximation that was made,which would eventually facilitate the
reduction of the fwo coupled equations to a single,second-order
differential equation, was called the 'mean-value' approximation,and
we shall now outline what was involved in this approximation. It was

assumed that in equation (1.4-9),the integral

o ,
_Lsz;(s)o((S)dS (1.4-10a)

could be replaced by

. Q
Z;(v‘)J SKA(s)ds (1.4-10b)
'rc '

We shall refer to this approximation as Approximation I. No real
justification was presented in /1/ for this approximation,but it is
possible to examine its validity from a heuristic standpoint.Thus,let

us suppose that the form of the perturbation :uﬂ,is that in figure (1.4-1a).
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z;(r) 4

0 r=r r=a

Figure 1.4-"a

It is evident that for this perturbation Approximation I is valid.We
might loosely describe this perturbation as being slowly varying
‘everywhere,except at r=r, and at r=a , but of course it is also a highly
unphysical perturbation.Let us now consider the two more realistic

perturbations in figure (1.4-1b).

q (r)

Figure 1.4-1b

Since these perturbations are nearly constant in the region r, LT L a,
"Approximation I is not likely to lead to severe errors in this region.
However,over the whole domain,its use can be expected to lead to quite
substantial errors,as is shown by the shaded portion of figufe (1.4-1p),
whose contribution the integral of the approximation totally ignores. We
would conclude then,that the approximation is not good for perturbations
that only vary slowly with r,such as in figure (1.4-1b).

Finally,we consider the idealised rapidly varying perturbation in
figure (1.4-1c),which is also meant to be very localised.Once again,the
use of Approximation I leads to error of the order of magnitude indicated
by the shaded portion of this figure.Quite evidently however,this error

is not as large as for the non-localised and slowly-varying perturbations.'

Z;(r)

Y

0 r=r r=a

Figure 1.4-1c
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It seems reasonable to expect theréfore,that through the use of
Approximation I,we may only expect to describe such eigenfunctions as
are localised in space around r=r . If this is so,then it is only in the
circumstance when all the eigenfunctions of this problem that exist

are localised in space around r=r that we may regard with any -
seriousness,any predictions as to the nature of the eigenvalue spectrum
of this problem,that the use of this approximation may lead us to. This
means that the use of this approximation is severely restrictive,and also
highly suspect, because we cannot know a priori that there are no
eigenfunctions of broad spatial extent, or equally, that all such
eigenfunctions as exist will be localised in space around r=r . The
critical nature of the influence which this approximation will exert on
the eigenvalue spectrum which is found for this problem, has not been

acknowledged in /1/.

Another approximation which is made in /1/ as part of the process of
reducing the two coupled equations to a single equation, is that the
nature of the eigenvalue spectrum to be found,and the properties of the
solutions,are critically determined by the local behaviour of the
coupled equations in the vicinity of the resonant surface,(cf. the
discussion in section 1.3). Thus,the proposition is that the replacement
of every equilibrium profile quantity fo(r) , wherever it appears, by
f (r ) , will not significantly affect the nature of the eigenvalue
spectrum of the problem. We shall call this approximation, Approximation II.
It is easy to see that if the eigenfunctions are zero everywhere,except
near the resonant point r=r_ then it will only be near this point that
we need bother solving the coupled equations. Thus Approximation II
reduces to the assumption that all such eigenfunctions as exist, are
localised around the resonant point. Once again,the justification of such
an assumption,when the nature of the eigenfunctions cannot be known
a priori , is not clear,unless we are being ésked to accept that our
two-fluid eigenfunctions will look like tﬁe ideal MHD eigenfunctions of
/71/ .This seems unreasonable however,since we are trying to find out
if our two-fluid theory makes any different predictions to the single-

fluid theory.

Thus,recognising the importance of the resonant radius,ro , and using
Approximation I, equation (1.4-9) can be written

VAR MR i C
.

R 1 o ‘ o R
-A =TFOJ Sx(s)ds o o (1)
To '
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We can substitute this last equation into equation (1.4-8),which would then

become :
gy = (W) £er) (1.4-12)
where
-
A(Wffo) = (1.4-13)

{1 + Awmt

Here we point out that the sign error which we have called Error III

in. /1/, has propagated and affected four subsequent equations in that
paper,specifically equations (TH46),(TH43),(TH49) - " .All that is
wrong with these equations is that the RHS of each is reported with the
incorrect sign.We have given the correct versions of these equations in
equations (1.4-8),(1.4-4),. = *  and (1.4-13) .

Having made the above approximation: ,it was proposed in /1/ that the
case only in which the resonant point lies within the plasma volume,be
considered.With the aid of this and further approximations (which we
shall detail in Appendix D and Appendix E) two further equations are derived
in /1/,from equation (1.4-10),which purportedly describe the behaviour
of the plasma in . the 'interior' ( 0 <r <1, ) and ‘'exterior'

( ro&r 4. a ) regions respectively.

The first of these two equations which we shall deal with is the
'exterior' equation,which we have rederived in Appendix D in order to
make transparent the approximations involved.Notwithstanding the serious
approximations that have been previously made in the formulation of /1/
(Approximations I and II), we consider that the further approximations that
have been used in order to derive the exterior equation,are within
themselves sufficient cause for doubting the accuracy of that equation.
However,as is shown in Appendix D,if we define the new independent

variable x,where

X = ——-—~—o—2""'(r" ) (1.4-14)
‘0

and use the approximations detailed there,we can derive|the following

equation for g(r)
2d ES- S |
aéx (< z) =5 [ " imi QP@)J =0 (1.4-15)

where
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A+

1

@

4'“"11 [ 2 J 2

T, [Minw” — mdJos , nJ ) ms _2en0B }

'Eokufol mcSoz( T + Doz +A(w.r){ Nyw m____.OCBoz
(1.4-16)

This equation has been solved analytically in /1/ where it is shown that
only real positive A values are admissible,and that the eigenfunctions
corresponding to thesé A values are not square-integrable near x=0,so
that these eigehvalues form part of the continuous spectrum.One would
conclude then,that no discrete solutions ( corresponding to instability
of the plasma ) are possible in the exterior region.

There is a simple numerical experiment that can be performed on equation
(1.4-15) ,which would lead one to suspect that all such eigenvalues as
this equation might possess,are real and positive.This experiment,which
we now present,is appealing becéuse it does not involve any complicated
mathematical analysis.Thus,using 3-point finite-differencing /62/,we may

represent equation (1.4-15) at the ith mesh-point,as follows :

- (‘;u1 —2% -\‘g‘_a/ha. K loc‘{_%u-'\—~‘§,__]/zh _ ["‘4— Tﬁ]%& - —*gi

i.e.

2 . b ;_s
S LT "x‘*f&*;‘k - x - )5 = X&  (1.4-15a)

where

h = 2w — o0 3 i:(0)1;1333----5N3,

If we also attach the boundary conditions

go = Sny1 =0 (1.&—155)

and have N internal points in our space -mesh , our problem is reduced
to that of solving N simultaneous equations for the %1(i=1,2,3,...,N)..

This simultaneous equation system can be written in matrix form as :

A-S = X5 S ke

and only has non-trivial solutions when

det ]é -X _;_I; 0 (1.4-15d)
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In equation (1.4-15¢) A is a square ‘matrix,with all its elements,
except those of the three leading diagonals,equal to zero. 5. is the column

matrix which we may write

r -

51

5
2

Jn
|

| ;\,J (1.4-15¢)
and ; is the unit matrix,which like é is of dimension N.

Equation (1.4-15d) is an Nth order polynomial in X ,whose N roots are
approximations to the eigenvalues which we seek.We have solved this
equation on the computer, using the Numerical Algorithm Group (NAG)/83/
routine FO2AGF, for various values of N,and have always found the
eigenvalues to be an increasing,real,positive,sequence of numbers.

In figure (1.4-2) we have plotted the smallest of the numerically generated
eigenvalues against N.This figure suggests that as N-» 00 ,the smallest
eigenvalue Xp,=Ama + % ytends asymptotically to some positive value
which is greater than 025 . Thus,this 'exact' method suggests that as
the solution space becomes more continuous (N —% OO ), only positive and
real values of A are obtainable.This is precisely what has been found in
the analytic solution of equation (1.4-15) in /1/.Also,it should be
noted that in equation (1.4-15a)

X =2 (1.4-15f)

In Appendix F we have derived,within the approximations made so far,
the expression for [\ﬁuﬂ;\, and we have found that this expression has
been incorrectly given in /1/.This error is due to the sign error that
we have called Error III.We are also able to demonstrate in Appendix F,

the consequences of Error III on the results presented in /1/.

If then,equation (1.4-16) is to be believed,the expression for J&avf%)
may be substituted into it.The result is a quartic equation in w .
Therefore,since we know that A may only take positive and real values,
equation (1.4-16) then takes on the character of a 'dispersion equation’,
and we may substitute into it,these positive real A values (from zero

upwards) and solve it in order to find what values of the frequency
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result.Thus,treating A as a pafameter running from zero upwards,we have
been able to obtain the results shown in figure (1.4-3),in which we have
labelled the four frequency branches w, , W, , W3 3 Wy From this figure
we can see that there are two high-frequency branches ( @y and w, ,which
are nearly coincident),and two much lower frequency branches ( a{3and QM_).
Also,since we are only interested in frequencies such that %ifg1, we can
see from figure (1.4-3) that we do not need to consider values of A 210.
It should also be noted that none of the four values of & produced, for
each positive A used in equation (1.4-16),was complex ( for the particular
equilibrium profiles for which this equation was solved ).This result
shows that the case .of A positive,does not correspond,for these

particular equilibrium profiles,to instability of the plasma in the

‘exterior' region. This is in agreement with the result presented in /1/.

Using similar approximations to those already used in the derivation
of the 'exterior' equation, the 'interior' equation,which it is purported

in /1/ describes the behaviour of the plasma in the region O &< r &L r_ ,

- o
can be derived.Once again,in order to make transparent the approximations

involved, this derivation has been carried out in Appendix E,where it is

found that the equation reads :

if ['r('r-fofi?] + Z,[%‘C _ %2(¢—To]1-2Cf-To] + -D{.J -0

3 A (1.4-17)
where
'rg(f) - Z o) | | : (1.4-18)
C = 4mming mi® (1 " 1A(wﬂ~o)] (1.4-19)
Boki 1t ©
and
= Frrensn (.D-mn +A(w,—ro)] (1.4-20)

C B0 G,0) Rk

The 'interior' equation is clearly more complex than the ‘'exterior'
equation, with regard to the ease with which it will submit to analytic
solution.This is partly because of the involvement of the eigenfrequency
W ,in coefficients that are dependent on r,and partly because the
solution QOmain now includes two regular singular points (r=0 and r=ro).

The standard analytical approach would be to convert equation (1.4-17)



to Sturm-Liouville form,in order to be supported by the associated
well-understood body of analytical theory /84/ behind such equations.We
would find after doing this however ( see equation A.18 of /1/ ),that
the eigenfrequency was still involved in the coefficients of the equation
in a non-standard way.

As a result of these difficulties,the analytical solution of equation
(1.4-17) has not been attempted in /1/. Instead,another equation (which
it is hoped in /1/ is sufficiently similar to the 'interior' equation
to be of interest ) is considered.This new equation has the
desirable property that the eigenvalue appears in it in a standard way.
We do not consider this modified equation any further, as we are not
certain how closely related it is to the original interior case equation.
Instead,we shall go on in the next section,to present a novel numerical

method of solution of the interior equation as it stands.

Finally we note that in equation (1.4-20), q(0) is the safety factor

at the origin, and 'flmn is defined in equation (1.2-35).
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4 Figure (1.4-2)
Plot of‘?mm.v. N obtained by solving equation (1.4-15d),using

Routine FC2AGF ,of the Numerical Algorithms Group. /83/
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Table 1.4-1 Profiles used for the study of the approximate equations

of 1

T
number density : Mo() = No(o) e-'f' /a*

Ne(o)=H x10'3 Cm-g

temperature : 'TQ;(-r) ""Toe('r) - To (o)e_-r'léa:z
Tot0)= 107" erq = 1kev

aQ .
total current : I 25 oy
p=) g2 =150

current density :Joz(") - jOZ (O) [Ef) ] e_grz/qaz
T (o)

and by Ampere's law :

4
IT'

g.r[rﬁoa(h] - ‘tg.‘ ,jo ih)_

z component of magnetic field :

Boz = constant =3 x10* C\m

51
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1.5 Numerical solution of the 'interior' equation

In this section we shall consider the numerical solution of equation
(1.4-17) using a method we believe to be novel.For ease of reference

we repeat the equation here.It reads :
d 2 42 B0 - =t M L 20r-To) + D |=
glrewr ] & z2(Fe-r-mrg armadrlo

where C(w) and D{(w) are given by equations (1.4-19) and (1.4-20). As

we have already noted elsewhere,equation (1.5-1) has regular singularities
at r=0 and r=r sand since numerical integration cannot proceed through
either singularity,we must obtain asymptotic expressions for the solution
functions,valid in the vicinity of either singularity. These expressions
are most easily obtained by examining equation (1.5-1), firstly in the
limit r —=0 y and then in the limit reyr - Following this procedure,
it is evident that near r=0 equation (1.5-1) takes the form :

gl'r['r %J + %'[C nml} =0 (1.5-2)

which,when we perform the differentiation and multiply by r,becomes :

1.2 . = L
'T%.i—k‘f%.yi[(‘. N\J ":.O (1.5-3)

We note that this equation is of Euler-Cauchy type,and so by making the

transformation

r=e" (1.5-4)
we can convert equation (1.5-3) to :

a2

doc®

+Z(c-m"] =0 (1.5-5)

The characteristic equation of this equation is obtained by substituting

into it the trial solution

Z = eax . (1-5"‘6)
which produces the result :

0.2 + ( c - m2 ) = 0 (1-5"7)
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The two values of a which solve equation (1.5~7) are :

a,=1(C-n )2

. 1
a= -i( C - m> )2 (1.5-8)
Combinations of equation (1.5-4) and (1.5-6) then shows us that near

the origin,the solution behaves like

Z = A"t + Az | (1.5-9)
r%

a1 will in general be complex,and so we can write :

a, = Ya + le ‘ (1.5-10)

If for our choice of w ,Ya>'0,then a bounded solution at r=0 will be
possible only if A2=O.On the other hand,if Ya<.0,then a bound solution at
r=0 will only be possible if A1=O. ‘

Similarly,in the vicinity of r:ro,equation (1.5-1) will read :

g,[cr—ro)lc_!a._f.] + Z(c+D) = 0 (1.5-11)

If also;we make x = r-r the new independent variable,then equation

(1.5-11) becomes :

2 .
xﬁdafi +z,x%% + Z2[c+DP]) =0  (1.5-12)

which is also of Euler-Cauchy type.Thus,using the transformation in
equation (1.5-4),we are able to produce an equation which has the following

characteristic equation

vﬁz + B + (C+D)=0 (1.5-13)

This is the indicial equation associated with equation (1.5-11),( just
as equation 1.5-7 is the indicial equation of equation 1.5-5).The two

solutions of this equation are :

By,=-3+( 025-C-D )2

B, = -4+ -( 025-C-D )% (1.5-14)
It follows that in the vicinity of r:fo the solutions behave like :

Py Bzxﬁg | ' . (1.5-15)

We note from equation (1.5-14),that except in the special and unlikely
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circumstance when C( @) + D(w) = 1/4, that if Re(B,]))O ,then Re(Bz)(.(),

and vice versa.We also note that if

Re( 0225 -.C - D )| < 3 (1.5-15a)

then no bounded solutions will exist in the .vicinity of the resonant
surface, for the particular frequency W,and for the particular equilibrium

profiles that we are using.

The numerical method that we prquse to use in order to solve equation
(1.5-1),relies on the fact that the frequency space in which the search
for eigenvalues is to be carried out,is not infinite in extent.(By -
'eigenvalues' we propose to mean those special values of ) ,which will in
general be complex,for which an everywhere bounded solution of equation
1.5-1 is possible ) .For instance,since we know that the low-frequency
approximation ( cw<{Wei) underlies all the work that has led up to this
equation,there is already a natural upper bound to the range of frequencies
that we are prepared to consider. In order to include the worst case,we
can set this upper bound to be &%M*=wci.5econdly.it is clear that any
instabilities which grow on a timescale of about 100ms, will not be
consequential in determining the total time for which the plasma discharge
persists.This is because the growth of such instabilities is so slow,
that their overall effect could(conceivabli}be very easily controlled by
feedback devices peripheral to the piasma.Tﬁe instabilities observed in
experimental plasmas tend at any rate,to occur on a much faster timescale,
so that the effect of such a slowly growing instability would probably
never be seen anyway,since it would be swamped by that of the more
rapidly growing instabilities.Arbitrarily then,we can state that
frequencies less than 10 s_1 , are not interesting. Thus we have now
defined a 'reduced frequency space' in which we will search for
eigenvalues,and we have schematically represented this frequency space in

figure (1.5-1). A Tea(ed)
L

Unshaded portion
is the frequency
space of interest.

@. %{e (w)
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Figure 1.5-1
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The four quadrants of the reduced frequency space in figure (1.5-1)
have been numbered,and in this frequency space the complex frequency ¢J

is represented as

W =w, o+ 1.0 (1.5-15b)

and,to reiterate

Wmnax = Qgci
Wpin =10 (1.5-15¢)

Finally,we point out that the axes of the frequency space are given
logarithmic (base 10) rather than linear divisions .

In equation (1.5-10) we defined

T (W) =Re [i(c - mz)’}} (1.5-16)

and from equation (1.5-14) we also choose to define

Re [(0.25 -C-D )%] (1.5-17)

2, 0)

Now,let us consider the expression

u(® )+ iv(e)

y,(0)
A", exp(iv.logh) (1.5-18)

where A is a real number.This equation makes it plain that yT(Cii) is
bound or unbound at A=0 , as u{ &) is greater or less than zero
respectively,because the exponential factor always has unit modulus.
Since u and v are also functions of r,we can obtain the gradient of the
function ¥4 by differentiating it with respect to r.Let the result of
this differentiation be called Yoe Thus :

(W) y(w) < S (1.5-19)

dr

In equation (1.5-18) suppose that y (w ) is the asymptotic value that
we obtain,after moving a small distance A,away from either of the
singularities of equation (1.5-1).Then,knowing y, at one singular point,

it is possible ( using the classical Runge-Kutta methods /72/ or the

55
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the method of Nordsieck /78/ ) to numerically integrate equation (1.5-1),
and to eventually arrive at some specified distance away from the

other singular point. All that would be necessary for the integration to
proceed would be a value of & . Suppose that we start our numerical
integration from the singularity near r=0, with some arbitrary value of ),
and that we continue integrating until we reach some target value of the
independent variable,say r=A . If this point is close enough to the

T=r singularity,then we will know (apart from an arbitrary constant) how
the solution function and its gradient should behave at r=A . Thus,at
r=\,we must make the numerical solution match the analytic solution

(i.e. agree with yq(ﬁd) and yz(ua) ) to any desired tolerance. However,for
our first choice of ¢ the most likely occurrence is that our integrated
solution y; ,'yé , .will not match the actual solution y1, Yoo to the
desired degree of accuracy. We would then be free to begin the integration
again with a new value of <€J ,and thereby obtain new values of y;, yé .

In the literature of numerical analysis,this process is known as . _.::i- .
'shooting' /85/.What is envisaged is illustrated in figure (1.5-2),where the
second = of three 'shots' , with frequencies W, ,032 and u.J3 , has

been successful.
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Figure 1.5-2 Illustrating the 'shooting' method

In this figure & and n are the tolerances within which the solution
function-and its gradient 'must be found in-érder for a shot to be deemed

successful.
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As we have indicated in figure (1.5-2),a 'shot' will have been
successful when the difference y1(oo,x) - y; is less than some
specified tolerance.The problem with the shooting method however,
is that we cannot know,a priori ,what values of the frequency are
likely to be successful.Thus, a method of choosing a region of
frequency space in which the method of shooting is likely to
produce results (or equivalently,deciding on a region in which it
is almost certainly pointless to shoot),would be useful indeed.
We will now outline how ,for this particular problem ,such a

method may be obtained.

Suppose that we apply equation‘(1.5-18) in a region of the
frequency space of figure (1.5-1) in which the functions u(@) and
v(¢d) form flat surfaces.It is then clear that if for any value of @
taken from this flat region our shot fails,then it will also fail )
for all neighbouring values of (O within this flat region.That is

toksay that within this flat region the quantity

y (@A) -3y = E(w) (1.5-19a)

will not varyAmuch. It seems reasonable to conclude that solutions
(and therefore discrete eigenvalués),are most likely to be found

in regions where the functions u(®@) and v(W) vary rapidly with
(as illustrated in figure (1.5-3) ), for in such regions the
consequent large variations in y1((n) and y2(00) as () is varied,
will guarantee the generation of many different values of & (®W).
In the instance when all these values of € (W) do not all have
the same sign,for a particular frequency range,then in that
frequency range,there will exist at least one eigenvalue.In fact,

if the equation under consideration does not suffer from some
severe and unforseen pathology , we speculate that the form of

the u(®W) and v() surfaces which would correspond to an eigenvalue
that is well separated from other eigenvalues of the equation,would
be much as is shown in figure (1.5-3) . However,it is plain that
since our frequency mesh is not infinitely fine,what figure (1.5-3)
might correspond to ( as suggested by figure (1.5-4) ),is a group

of closely spaced eigenvalues.
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Thus if we make plots of u(ed) and v(ed) in the frequency space
of figure (1.5-1) ,we may expect to be able to tell from these
plots,roughly where in frequency space lie such eigenvalues as
are to be found within our reduced frequency space.lterative
numerical methods,such as Newton's method,may then be applied to

locate eigenvalues to within the required tolerance.

For the equilibrium profiles given in Table 1.4-1 ,the Ya(uo)
and Za(co) surfaces are plotted in all four quadrants of the frequency
space in figure (1.5-1).The plots of za(co) are given in figure (1.5-5),
and combined plots of za(ao) and Ya(aJ) are given in figure (1.5-6),
in order that they may be directly compared.lt turns out that a
logarithmically divided space mesh of 54 x 54 is much finer than is
necessary.In the plots of figure (1.5-5) and figure (1.5-6) we have
only used 6 divisions on the Wy axis,and 54 divisions on the OD{
axis.The reason for this,as can be seen from the plots themselves,
is that the variation in height of the surfaces ,is far larger
travelling along the Wy direction,than along the @+ direction.
In figure (1.5-7) we have plotted the real and imaginary parts of the
function A(w,f;) (1abelled 'realam' and 'imlamd' ),in all four
quadrants o} the reduced frequency space.It is clear from these plots
that the pathology of the.Ya(cu) and za(ao) plots,is entirely due to
the pathology of the function.l\@o.ﬁﬂ ¢ since Ya and Za both depend on
lﬁxyyﬁﬂ ,through their dependence on C(w) and D(w )( see equations(1.4-19)
and (1.4-20) ).In figure (1.5-8) we have used the full 54 x 54
bcapacity of our reduced frequency space ,in order to better appreciate
the pathology of thejﬁi(&?yﬁn: surface,since we shall presently have

comment to make on this point.

Our heuristic investigations so far point to an important fact
which seems totally to have gone unacknowledged in /%/.This fact
is that the nature-of the eigenvalue spectrum found in the 'interior'
case,is critically dependent on the form of IX(Q%Q).However,the
possibility of introducing the function j\(wg@? arose as a direct
consequence of the application of Approximation I (see section 1.4).
Consequently,the eigenvalue spectrum found in the 'interior' case
problem (and also,by implication,the 'exterior' case),must be at
least as much a function of Approximation I,as it is a function of the

'real' physical behaviour of the original two-fluid plasma.This is a

very serious defect in the work of /1/,and is further evidence that
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the results presented in /1/ should be treated with extreme caution.

The desirable behaviour of the surface function shown in figure (1.5-3)
is found to occur only in the first and fourth quadrants of the reduced
frequency space, for both Ya(OJ) and Za(OD).Using as our first guess
any frequency in the region of pathology of Za(aJ) in the first quadrant,
and an iterated numerical integration procedure.,the two eigenfunctions
y, and Vg in figure (1.5-9) ,were obtained.Both the real and the
imaginary parts of each of these eigenfunctions is plotted.These
eigenfunctions were obtained using the equilibrium profiles given in
Table 1.4-1:,and are for m=3 and n=2 . It will also be noted that
these eigenfunctions are not localised in space, and this would suggest,
according to our discussion in section 1.4 ,that the approximations
made in deriving equation (1.5-1) (i.e. Approximation I and Approximation
II ),are not valid.This is aﬁother highly unsatisfactory aspect of the
formulation of /1/, and in view of it, we are not sure that any meaning

can be attached to solutions of the interior case problem.



Figure 1.5-3 u{ ) ) behaviour for isolated eigenvalue

Fi E!!-rﬁ' 1.5-4 u() behaviour for cluster of eigenvalues
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Figure 1.5-5 Plots of the Z (W) surface in all four guadrants

of frequency space.
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REALAM AND IMLAMD IN 4TH.QUAD.

=

Figure 1.5-7 Plots of the real and

imaginary parts of Nw, o)

in frequency space.

NN

REALAM AND IMLAMD IN 15T.QUARD.



Figure 1.5-8

Real and imaginary parts of A(wﬂ'a.) in three quadrants

of frequency space.

1.Real part of A(w.%) in first quadrant.
2.Imaginary part of j\au,@) in first quadrant.
3.Real part of ]\(uxg) in fourth quadrant.
L.Imaginary part of /\(w.y) in fourth quadrant.
5.Real part of j\ﬂvﬁn in second quadrant.
6.Imaginary part of .[\Kuxﬁ) in second quadrant.
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Figure 1.5-9 Two radial eigenfunctions ( m=3 , n=2 ) of eguation (1.5-1)

The resonant surface is located at r_ = 24+16 cm

and the radius of the plasma is a = 30O cm .

The integration has been carried to within A = 0-01 ry

of each regular singular point ( r=0 and r=r_ ), and

T = 0*1 cm .The direction of the integration was from
r=r towards the origin.



1.6 A philosophical objection to the basic coupled equations of /1.

As we have seen,the resonant surface L and the origin , are
regular singular points of the equations (1.4-1) and (1.4-2) . It
follows that we shall.require asymptotic expressions of the solution
functions in the vicinity of either singularity, if we are to be
able to solve these two coupled equations numerically.A procedure
that we might follow is to consider the form of the coupled equations
at a small distance from either singular point.Thus,suppose that we
consider a distance r, away from the origin, and a distance ry

away from the resonant surface.We now also define the dimensionless

quantities :
x = 1 H y =12 ‘

where . a is the plasma radius, and we assume that .since both
r=0 and r=r_ , are regular singular points,it is reasonable to
expect that the first term of a Frobenius expansion /70/,when
substituted into the coupled eguations,will prodﬁce an indicial
equation obeyed by the coupled equation sef.Thus,near =0 ,we

try the expansion

=
!
®
w
Y
[
!
o’
H

vooo ‘ (1.6-2)

and find as a result’ (see Appendix G) that the powers are related as

follows :

,o=\)- 1 | | (1.6-3)

We also find in Appendix G that the quadratic indicial equation

which results from the use of equation (1.6-2) has the two roots :

(1.6-4a)
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f% =m - 1 . (1.6-4Db)

In the approximate theory of /1/ the equivalent of this equation is
equation (1.5-8),which states that the indicial roots are complex numbers
that depend on ¢) .However,the asymptotic expansion of the unapproximated
coupled equations shows that the indicial roots are neither complex nor

) -dependent.

Similarly,in the vicinity of the resonant surface,we .can attempt the

single-term Frobenius expansions
Y = aoyu ; A=0b yY (1.6-5)

and we will be able to find (see Appendix H),that these indicies have the

relationship :
u - Y + 1 (1.6-6)

Thus,provided we do not consider the uninteresting and very low frequencties
characterized by W < W*,then the quadratic indicial equation'that we find

has the two roots

wy =0 (1.6-7a)
2n

[_],2 = 2 7 (1.6“7b)
a®r Rk (r)

Once again we see that the indicial roots are not complex or «-dependent,
in stark contradiction to the result of the approximate theory of /1/,
which states that the behaviour of the indicial roots near r=r is given
by equation (1.5-14).Even if we do not make the approximation @ <¢gw*, 1,
and u, would still only have very weak dependence on (see figure 1.6-1),
and certainly not the strongly pathological dependence implied by equation
(1.5-14) ,illustrated in the Y - Z_ plots of figure (1.5-6).

This failure of the approximate 'interior' formulation of /1/ to
produce the correct asymptotic form of the solutions is significant.It
indicates that the approximations which have led to the 'interior' equation
(see Appendix H)are propably unreasonable,and consequently that any
conclusions obtained through the use of this formulation of the two-fluid

problem,may be unreliable.

We note that there is an important conclusion to be drawn from equations
(1.6-7a) and (1.6-7b) .From equation (1.6-6) we see that the values of Y

corresponding to those reported in equation (1.6-7) are :
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Y1= -1 | (1.6—88)

Y = - 1
2 azronkzk{,(ro) (1.6-8b)

and from equation (F13) we know that

’ m{1Y X

Ki(r,) = R(q)ro (1.6-8¢)

Thus,it is clear that discrete bound solutions of both \P and Ap ( and
therefore the possibility of instability),exists only if

2 .n
7 2 om (1.6-9)

a’r k (1) .

aly

If this condition is violated then the plasma is stable to all m-number
perturbations,except possibly m=0O, about which no statement is made.

We bear in mind that the very low frequencies (W ¢gew*) are excluded

for the validity of this criterion, and also that the whole analysis up
to now has assumed that frequencies of interest are such that aygccéi ‘
We also note that this criterion has arisen directly from consideration
of the asymptotic behaviour of the coupled equations of /1/,and point out
that assessment of its value must be carried out in the light of the
objections to those coupled equations which we have highlighted in
section 1+3. As it stands however,the criterion does indicate that the

higher m modes, are more stable than the lower m modes.
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1.7 Summary of Chapter 1

In this chapter we have critically analysed the two-fluid theory
presented in /1/, and have found,as a result,several errors in the
formulation.We have also found an algebraic sign error that we
showed to be consequential with regard to the conditions of stability
predicted in /1/. Using heuristic and numerical and analytic.
considerations,we have shown two of the major approximations employed
in the formulation of /1/,to be unjustified. It was also necessary to
‘rederive all the approximate equations of /1/, in order to make -
transparent the nature of the approximations that were being employed
there,and exactly how those approximations were being applied.We have
in fact shown that there are grounds for regarding the results

“presented in /1/ with extreme caution.

70
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Chapter 2

2.0 Background to the method used

In this chapter we shall consider a different approach to the solution
of the two-fluid plasma equations presented in /1/,to that which we
considered in chapter 1.There a normal-mode analysis was attempted and
the time-derivative removed from the equations by the use of the following
replacement :
gt & LW
This formulation, from which in theory the whole spectrum of oscillations
of the plasma can be derived,was found in spite of many approximations
to have many associated difficulties. For instance (and in contrast to the
ideal MHD situation) the eigenvalue problem that results from the
normal-mode approach is not self-adjoint ,so that in general such
eigenvalues as exist will be complex. The linearised equations ( equations
1¢2-1 to 1+2-7) when Fourier analysed in time and space,were found to
possess a singularity at the 'rational' magnetic surfaces,which are

located wherever

kBo = 0

These singularifies also 6ccur in ideal MHD theory ( although,unlike in the
two -fluid theory,their location is frequency dependent ).At these
singularities,the solutions to the ideal MHD differential equations are
also singular. If resistivity is‘included, the ideal MHD solutions becone
regular at the rational surfaces. We shall now describe a method of
solution of the linearised two-fluid equations,which avoids explicit
consideration of the possible singular behaviour of the two-fluid solutions
in the vicinity of the rational surfaces. In this method,the time-derivative
is retained,and the procedure adopted is to integrate the linearised
equations forwards in time,having initialised the problem with an

arbitrary perturbation, until such time as the fastest exponentially
growing radial oscillation,dominates all other oscillations that are
present.(Only radial oscillations are of interest because,as in chapter 1,

the linearised equations are first of all Fourier analysed in the
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ignorable e and z directions).Thus,through the use of this method,
information will only be recovered about the behaviour of the fastest
growing oscillation,and general statements about the nature of the full
eigenspectrum,cannot be made.However,in order to avoid the difficulties
encountered in /1/,this is probably not so great a price to pay.

The numerical integration method that we have used is called 'the
method of lines' (MOL) /62,63,64,65,96/,and it involves the replacement
of the spatial derivative operator gx;,with finite differences,while
the time derivative is left 'continuous' . Thus,if x is the spatial
dimension which has been discretised into N2 points, then a system
of N1 partial differential equations (PDEs), would be converted into
a system of (N1 X N2) ordinary differential equations (ODEs). This
system of ODEs can then be integrated numerically,using any one of the
multitude of sophisticatéd‘algOrithms written specifically for this
purpose /65/.

In /62/ there is a very readable account of the theoretical foundations
of the MOL,and also a wealth of references on the theoretical and
practical :aspects of the application of this method. V.I.Lebedev
(see the reference at the bottom of p.596 of /62/ ) has shown that
solutions obtained by the MOL,converge to the general solution of the

inhomogeneous wave equation

' _ 3t -
3> a’,;l:'a." \F(‘X;t) (2‘0-1)

in the rectangular box

0&£x &L 0 2tg T (2+0-2)

~

provided that the initial and boundary conditions aré.homogeneous,and that

{thg following inequalities are satisfied_by the fqnction f(x,t)
SN

_‘o {LJ’ J:c}zdl: < C

[JTA::] _<c

J {J ax) d:‘} db <G o (2.0-3)

where' C is-a certain positive constant.It is clear that these inequalities

are satisfied for. f(x,t)=0 ,in which case equation (2.0-1) describes
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undamped waves travelling in the positive and negative x-directions,with
unit velocity.The homogeneous wave equation,whiéh is what we now have,

is purely hyperbolic.The numérical treatment of such equations is problematic
in general,and special techniques must be employed in their numerical
solution.Such techniques include the 'method of characteristics"/90/.

the addition of an arbitrary 'artificial viscosity' /86/ to the equationms,
and also the complicated Flux Corrected Transport scheme /73/. In fact,
according to Ames /9Q/,the method of characteristics is the natural
numerical procedure for the integration of systems of hyperbolic partial
differential equations.It is therefore important,for our purposes,to
assess how well the MOL treat not only hyperbolic,but also parabolic
equation systems.As an illustration,suppose that we are interested in
applying the MOL to the solution of the one-dimensional heat equation :

ou = C 3:“
ot ot

O¢cx &l

U €c,0) =1-0

w(ot) =00

mca,E) =00
(2.0-4)

Suppose also that we use Np=11 spatial points to characterise the
region in which this equation zpplies.The boundary points are X, = 0

and X107 1.0.At each of the internal spatial points we propose to

write the heat diffusion equation -as

dui _ (Wit -2u u:)z = )

d,{;‘ ~ +1 =AML+ Ui-q //(,‘ ({=1, N 1) 20050
A\ = 2Cix1 —-2CJ k

where we have taken c¢=1 ,and we have used three-point centred-

differencing, for the second spatial derivative.As a result we are left

with the following system of ODEs :

duy = -2 4 Uz
at h* h*
w 2 u
= RouER
dl&q - Ug _2Uq

T ° e - (2.0-6)
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Thus,the assumption of this method is that the time-development of
the discrete dependent variables ( ui , 1=1,9 ),at the fixed points in
space ( xs ,i=1,9 ),or fixed lines in x-t space,fairly approximates
the time-development of the original continuous dependent variable.A lucid
exposition of the MOL treatment of parabolic PDEs is given in /96/.

The numerical integration software that we have used is that called
FORSIM (FORmula SIMulation) ,written by Carver et al /77/.Communication
with the FORSIM package is via a user-supplied subroutine which must be
called UPDATE,in which the PDE system,along with its associated boundary
and initial conditions,are defined.The FORSIM package has been used
extensively in research laboratories around the world since it first
appeared /94/,and the numerical routines that it contains have thus been

well-tried and thoroughly tested over the intervening period of time.

Within FORSIM ,the system of PDEs is converted into a system of
ODEs (in the manner of our example above),by the MOL algorithm of
Sincovec and Madsen /63/.A11 that then remains is the problem of
integrating forwards in time the new system of ODEs.This can be done
using the Runge-Kutta or Adams integration routines present in FORSIM,
or if the equation set is 'stiff' /95/,by using the Hindmarsh adaptation
of C.W.Gear's integration routine /81/,also contained within the
FORSIM package.Other than the seven different types of integration
algorithms contained within it,FORSIM has many facilities which make
it an attractive tool for the numerical solution of coupled ODE/PDE
sets.Not least among these are its automatic starting'/78,79,91,9}/ and
automatic error-control /72/ capabilities.In Appendix I we examine these
two subjects,with reference to the Adams-Bashforth-Moulton integration
routine.It is this routine that we have used for the bulk of the -
numerical results that shall be presented later in this chapter.

We shall now make several observations which must be borne in mind
when using the MOL to solve a system of coupled PDEs.We should,for
instance,note that the accuracy of a FORSIM (or indeed,of any MOL )
solution,depends on the size of the spatial divisions,the order of the
approximation of the spatial derivatives,the order of the time-integration
algorithm and its step-size,the maximum truncation error allowed during
the integration,and on the method of imposing the boundary conditions.

All these topics are well discussed,with reference to FORSIM,in /87/..
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It is shown in /87/ that the general FORSIM solution of equation (2.0-4)
using pseudo-point boundary conditions and the Gear algorithm,is superior
to the highly specialised ,purpose-built,implicit solution technique

of von Rosenberg et al /89/ ,when heat loss at the boundary (i.e. a
non-linear boundary condition ) is allowed. This is quite surprising
considering the generality of the FORSIM MOL solution method.We are also
able to see,from results presented in /87/, that the MOL is far more
efficient than the method of characteristics /90/,in solving systems of
hyperbolic PDEs, such as the conservation equations of fluid flow.
Now,let us also consider the results of Hocevar and Wineinger /88/,
obtained from the numerical solution of the equations that arise in

the analysis of loss-of-coolant accideﬁts in nuclear reactors.Those
results show the method of characteristics to be superior to the

following methods :

(a) Explicit y
(b) Six-point Implicit
(c) Modified Two-Step Lax-Wendroff

which were also tested in the equations used in the study of /88/.Thus,
since it has been shown in /87/ that FORSIM (i.e. the MOL ), exhibits
far better accuracy than the method of characteristics,the implication is
that the MOL is more accurate than the explicit,implicit, and Lax-
Wendroff methods.Further analyses of the MOL treatment of hyperbolic
equations are to be found in /74,75,76/.

We shall now consider two ways in which the accuracy of our numerical
results could have been checked.Firstly,we could keep the spatial interval
fixed,and increase the order of our difference approximations,or,
secondly,we could reduce the spatial interval,keeping the order of
our spatial difference approximations fixed.The idea would then be
to continue each of these procedures independently,until tolerably small
change is produced in the results.The former of these two methods is
not infallible however,because the error in the solution will depend on the
higher order derivatives, and for our particular equation system,these
‘errors may. increase rapidly :with increasing order (see /91/ ).The
control of this error would then prohibitively increase the execution
time of our computations.Thus,suppose that a pathology is presenf.and

that at some point the fourth derivative becomes infinite,while the



third derivative remains bounded.To approach too close to this point
with an approximation of fourth order or higher is fraught with danger,
whereas one can integrate past the pathology with a third order
approximtion,provided the integration step is reduced in the vicinity
of the pathology.Further cautions against the indiscriminate use of
higher order spatial differences can be found in /92/.

For the reasons outlined above then,we have used only three-point
difference formulae,and have checked our results by reducing the space-
mesh step size. We have found it sufficient to use only 20 spatial
points, since the results produced using 40 spatial points differ from
those obtained using 20 points,by less than 0.2 %.

It is also encouraging that identical results (to within 0.1%) are
produced when our equations are infegrated by each of the seven
different algorithms present in FORSIM (except for the rudimentary
two-step Euler method , whose results differ from those produced by
the other more sophisticated integration routines by about 2.5 % ).
This suggests that the results that we have obtained are a property of

our equation set,rather than a property of our numerical integration

5t
#F

There remain only a few more points to be made about our numerical

procedures.For instance,/since we have complex coefficients in our 8 Fourier'

analysed,linearised equations,there are really 16 equations,for 16 real

variables,which must be integrated forwards in time.Thus, for the modest 20

spatial points that we have used,we are still involved in integrating
forwards in time, 320 ODEs.Thus the program requires large amounts of
storage in the central memory of the computer.It was found that for 45

spatial points,it was not possible to run the program intéractively,and

that for 50 spatial points,the single-user memory allocation was exceeded.

All our programs were run on the CDC Cyber 175 and 855 computers of the
Imperial College Computer Centre,where a FORTRAN 66 version of FORSIM

is maintained.

Using the numerical method that we have just outlined,we are able to
produce the eigenfunctions and growth-rates (imaginary parts of the
complex eigenfrequency,® },of the fastest growing radial oscillations,

for the different m-modes and different equilibria that we have studied.
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These equilibria are characterised by the z-current density profiles :

. 2 9V
- T
Joz = Jo [1 ~a* ] (2.0-7)

where we have chosen to study the cases for which

v=1.2.4 (2.0-8)

Using ideal MHD analysis we would find that all these equilibria
are stable to the modes m=0 , m=1 , m=2 ,m=3 . We have found that

the presence of the VP, and the J x B terms in the Ohm's law,

is sufficient to cause the m=1 , m=2 , ‘and m=3 modes to become unstable.

In the next section we shall discuss in more detail,fhe above

equilibria.

77



2.1 The Equilibrium

When the plasma is in equilibrium,we know (from adding together

equation (1.1-13) and (1.1-14) ), that the following equation holds :

)L_

Ol

(2.1-1)

This equation only has an r-component (in cylindrical coordinates ),

if the equilibrium magnetic field is given by :

Bo = (O s BOQ .,"EOZ_)

Equation (2.1-1) then becomes the statement

——B’ = (j 9'502. \}0 '506)

and if we remember that the equilibrium Ampere's law

VAiQO = ZJ'E--W Jo

will have in cylindrical coordinates,the two components :

\j - Cc <4}§o¥.
o] 4T ar

J°z Qﬁrai

It

(frﬁo 9)

the equilibrium condition,equation (2.1-3), becomes

Boy +B Bo
¥ Y- oz.)] =00
ar {}9 ( < + 4q ©

(2.1-2)

(2.1-3)

(2.1-4)

(2.1-5)

(2.1-6)

(2.1-7)
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From equation (2.1-7) we are able to see that once any two of the
quantities p_(r) , B, (r) and B__(r), are arbitrarily specified,then
the remaining quantity is automatically defined apart from an arbitrary
constant. It will be convenient to choose po(r)_to be one of the
arbitrarily specified profiles,for since P, = noTo yit would then be

easy to make sure that

no(O)

no(a)

> 1 (2.1-7a)

This condition is necessary for the validity of one of the boundary

conditions that shall later be applied to the equations.

In order to appreciate how equilibria corfesponding to equation (2.1-7),
and possibly describing actual plasma confinement experiments,can be
set up,let us suppose that as well as defining po(r)-, we also define
Boe(r) as follows :

_vaiz

By(r) = bote (2.1-7b)

where b_ is an arbitrary constant with units of (magnetic field/length).
With the aid of equation (2.1-6) we can then state that the z-current
density profile is given by the expression :

Jo;_(ﬂ = (%"—_—‘:‘J.e"’%z [q ~ v_;} _J -'\”/1[1 e ]

Now,suppose also that the equilibrium pressure profile that we have
chosen to use is

Ly
Bty = Fo(o) e"e(“) (2.1-74)

then,from the equilibrium equation ( equation 2.1-7 )

d 81)_ Bog 4% 4 (B
di (-2.91 - e - 4mdle “Jr("z.pe (2.1-7e)

dar
Biz(r) can be obtained by numerical integration of equation (2.1-7e)
(i.e. treating it as an initial-value problem ),provided Boz(o) is
known. This is the input arbitrary constant of which we spoke above.
This constant can be supplied by specifying the B value of the plasma
equilibrium that we are trying to set up.We define this 8 in the

following way :



B = PQ(O)
bld + B3, (2.1-7£)
ps: .
l.€.
2
B B- (0)
po(O) = ( O: " . (2.1-7g)
1 - )

In equation (2.1-7¢)

cb

Jp = 20 -
o= =3 (2.1-7n)

and so we can write equation (2.1-7b) for B, as :

ot 2, '
6 - ZWJO . 'r e -‘\H'/a_z.
oo c . (2.1-71)

Equation (2.1-7e) can then be normalised by division by Biz(o). Once

this is done,the normalised central pressure will be given by

z - B |
p (0) = (1) | | | (2.1-73)

and the normalised Boe field by

A ~vpr )
where
Q
K = 27 Jg (2.1-71)
C By, 0}

is a dimensionless number that is of order O+2 for tybical high-
temperature tokamaks.In equation (2.1-7k) u is the dimensionless

independent variable,and is given by

p,:

w |

The choice of the number Ks is determined by the -ratio ('jo/Boé(O) )

(2.1-7m)

8o

in the experiment that we are trying to describe. The physical significance
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of the number K, is that from equation (2.1-7k)

L (%9) = K 4 (2.1-7m)
M=+0O

and this is obviously a quantity that varies from one experimental -

configuration to another.

In summary,the procedure of setting up an equilibrium is as follows:

1. Choose a pressure profile ﬁo(u) = So(o).&(u)

2. Choose a B value (this defines ﬁo(o) ). _

3. Choose . values for K, and ¥ (thereby defining goe through
equation 2.1-7k ).

4., Solve the normalised equilibrium equation as an initial-value

problem
d(8az) _ -2850 - 2B 4% _ d (B
a_.p. Z/ — 7[09 (1..#) a—)‘A Ol}k( Oe)

Bo,(0) = 18

thereby numerically determining ﬁoz(u).

The question of whether these equilibria are ideal MHD unstable
is an important one to consider,and can be decided by the application
of Suydam's criterion /3/. According to this criterion,for equilibria
in the cylindrical configuration which we are considering to be stable,

it is necessary that

s(r) = 22’5_2'(%‘.) + 130 (2.1-7n)
: rBoz .

where the primes denote differentiation with respect to r, and

B
= — (2.1-70)

The function S(r) is called the Suydam parameter, and while stability

of the equilibrium is not guaranteed if S(r) 2 0 throughout the plasma
volume,instability of the plasma is guaranteed in regions where S(r) < 0.
We must also point out that if the Suydam criterion is to be satisfied
in the vicinity of the origin,then the central portion of the pressure
‘profile generally needs to be very flat.To achieve this we have taken,

for the sake of illustration, a=4 , in equation (2.1-7d) .
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Two sets of equilibrium profiles are shown in figure (2.1a) and

figure (2.1b) for which V=1, €=1, f£=0.2 .For the first set of profiles
B=0.01 , and for the second set B=0.1,and we see that this difference

in B 1is enough to make the second set of profiles Suydam-unstable

over a large portion of the radius of the plasma. We would be able to
shape the current profile ( joz,) even more by taking

A ~ O
B (u) = KJMQ-VP’ ' (2.1-.8)

for which the corresponding joz profile is
<y v B -Qp§
i) = ;)0( 1~ O5Wu )eT (2.1-.9)

We have used the above equilibrium profiles for illustrative
purposes only.The actual current density profiles that we have used in

the studies that we have carried out are given by :
5,0 = 3,01 - W) (2.1- 10)
oz o ‘

This current profile has been used elsewhere /82/ for the study of
free-boundary ideal MHD instabilities. The corresponding Boe magnetic

field is given by

A Ko 1 2V +1
B = — .~ |1—-0=-M ] , (2.1-11)
°¢  (v+) M !

where

K = Zmhe

CBa (2.1-12)

and

B, = Boz(a) | (2.1-13)

Theinumber density and temperature profiles:that we have chosen are :

kA
Nolu) = Mofo) e~ &

2 (2.1-14)
To(u) =To(ore €M-DM

(2.1-15)

so that the pressure profile is given by :

ﬂ(/&) = Fo(o)«a“epl"‘z : (2.1-16)



In equations (2.1-14) to (2.1-16), € is an arbitrary positive and real

number which adjusts the ratio n°Ln°«q of equation (2.1-7a). I is the
ratio of specific heats. For integer V<4, the analytic integration of
the equilibrium equation (2.1-7), is just tolerably tedious.For example,

for V=1 we obtain

s .
Boo (W) = Koy (1- 43 ) (2.1-17)
and ‘

. 6

Bog(p) = 1 + &7‘(5‘—12/f+‘1j4"-'1—/‘* )73 (2.1-18)

+pe ef‘{1_e+el’(x~;u7-)}
where ﬁ has now been defined as

~ _ fTifela)
T Be (2.1-18a)

‘The 'safety factor' q(n) is defined
+8 |
q(u) = féfe = 51/“802‘/0/509(#) (2.1-19)

where €4 is the 'inverse aspect ratio',and is defined by :
€, = < ' (2.1-20)
It is relatively simple to show that the safety factor profile

corresponding to the current density of equation (2.1-10) is

| (if B , varies by less than a few percent over the radius)

= &(vrnu®
(n) = . _
(l M= K, [1 Y 1)v+4] (2.1-21)

From this it is easy to see that

Fo) = €1 /x, (2.1-22)
and also that

Cl,(ﬂ = %(\H-ﬂ ) ' (2.1-23)
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From the previous two equations it therefore follows that

9 L 9@ | iy

AN

90) cfrc") (2.1-24)

We have illustrated the joz(r),joe(r),Boz(r),Boe(r), and q(r)

profiles used in our numerical studies in figure (2.1-1) .

In the next section,we shall rewrite the equations of our two-fluid
model (equations (1.2-1) to (1.2-7) ),in a form suitable for our
numerical initial-value approach.We shall also find that it is not
necessary to solve explicitly for the electron fluid perturbation velocity

u, ,because this can be wholly expressed in terms of the other perturbation

1
variables.Also,because V.8, =0 ,only two components of the perturbed
magnetic field ( say B1r and qu ) are independent - and need be solved
for.Thus we have in total, 8 perturbed guantities to solve for,and

these are :

qu radial component of perturbed magnetic field

B19 e component of perturbed magnetic field

Vap radial component of perturbed ion-fluid velocityA

Vie e component of perturbed ion-fluid velocity

Via z componént of perturbed ion-fluid velécity

Pqi isotropic ion-fluid presspre perturbation

Pae isotropic electron-fluid pressure perturbation

n number density perturbation. (2.1;25)

It is to be noted also that we could reduce the number of variables that

we have to solve for by one,by taking

v. v =O ’

=1 (2.1-26)
in which case we would be assuming the plasma to be incompressible,but
we have chosen not to do this.Our results therefore will apply to a

fully compressible plasma.
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2.2 The equations to be solved in the initial-value treatment

The equations that we shall use in our numerical initial-value
treatment of the two-fluid problem follow directly ( after much tedious
algebra ),from equations (1.2-1) to (1.2-7) supplemented by

24 ' (2.2-0)

The equations are :

g W = 4ﬂn[n(k Bo) - 4 (Bez)] B, - iR (1
~iR g, "B
z:m:n[s ]81‘8’-’ %m[mgf(g—g)~£

+R [mBy _aBog1dBy, _ 3P
Fmat ¥ R ]g'r or ' (2.2-1)

: ~ & (21 k.B‘ 7db
Moo = L (R{E8 ri7dlelle, 4+ £ (mBayohy

+ l%ni‘“klsorlgw — P (5.2.2)
nom{%\tz = Rk [31__(%%%01_.@9)]31, {m%oe')'aﬁm

(2.2-3)
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3B — c [ n (dBoe 4 Bog) _ mdB8 mR (kBN ![8
ot wen, R v ) *ar “‘f-‘ H '
€ [imR (k.8 }188. _ _cC n&&(kso) 8
tmeno[LM - ‘°)] + 4meno J 10
+ 4(k.Bo) Vay (2.2-4)
1,2
B _ C dﬁoz(i.-éfox ~2) + S8 | Rkt n)
3t green, L dr \fpe o "“) de? n (m 1')
mf (oo .dfe _ d (Boo)}]
nr TrRe af dr( T )} r
8 d (B (k-8o)| OB+
< {&_ (ﬂ_e_e.é_ﬁe.e_ md (Be) + (22) T2
¥ aman, \ M \ Tfe df dr
______. &( 'a Bd‘
+ q.'TfQ—nO [ _ =0 ]
c (4R Bog dre _vd (Boo)] _ iR m¥(k.g)
+4‘l’t9ﬂo[” {r’gea% dX(‘r‘)} n $x - -
{ (d809+ Boe) m dgoz ]qu
—[C%QJ Vi — [3091%\,{:" + %’(Bazvte —'Boe"tz)

;i:’a&dj?]ﬂ + {Acﬂqﬁ' \"F }?46

(2.2-5)
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o - (T~ opa e Lo ]
(2.2-6)

(2.2-7)
on, _— - Enc‘ + &n"]\/ - [no]%r - [“:ﬂ_gf_“]\/le '[’m"n]\f\a
e * el dr ~ A )
' (2.2-8)

In the above equations,the symbols not yet defined in this chapter have

the following meanings :

ng equilibrium number density of ions or electrons
m ionic mass

Py = Pi + Pie total perturbed pressure
K = m® ot

* *‘Ez
E-B = m%o nBoz
T T+
electronic charge

e
r ratio of specific heats (2.2-9)



where
2
2
VA = EO' Alfven velocity,
4r'rr<ﬂo> m;
COC; - QEQ Ion cyclotron frequency,
m;c

<}0>

It will also be

where é

Ion thermal velocity,

Alfven wave transit time,

= \_/ﬂ‘ " Ion Larmor radius,
Wl
2
= 4TTe LNo> Ion plasma frequency,
m; ‘

= goz_ (0“)

z-magnetic field applied at plasma

boundary.
= fo (o) . (2.2-10b)
useful to define the following quantities :
A A
a+ M ‘
* *®
L (M8 1 n€ By
at
L mt o 2\
az 717_ +N=€g, ) (2.2-10c)

and Z are unit vectors in the e and z directions respectively.
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Equations (2.2-1) to (2.2-8) are most meaningful when cast in

dimensionless form.In order to do this we

dimensionless quantities :

=T
k=3
t
v-x
Ta
: V.
v = X
2 N,

i o= R/
} n% = n1 /<no>

n, = No /- <negv

P; = PO/<F0>

E(‘; = 5_0/ a

g = /R

e3= wciﬂ = € ﬁ& - (B_ﬂl_g
) Cc

= Yo o <RZ

>\c =. 1ion collisionless skin depth

define the following

= Ci’/cv (= ‘5/3 » for an ideal monatomic gas.)

C/LOF&

(2.2-10a)



We now find that if we use the definitions in equations (2.2-10a) to
(2.2-10c),then equations (2.2-1) to (2.2-8) can be written in
dimensionless form (if all the asterisks are understood,and therefore

omitted),as follows :

B _ a, iz, A%
Fos 1 LaByr)  + az(&igl) + QzB,y o+ Qw(in)
(2.2-11a)
5 _ 2 B, .
958%9 = bo’b:a_%: + b(%}; + E,_Ew E bg(kgxe)
‘*—bl*.V‘r + bg?v\v' + b(, (/(.Vw.) “"b}(.z'\h%.)
oM.
+ bgling) 1 bq(if,g) (2.2-11b)
= Co(iOB (98 '
’%%ér = C (L é;ér + Ci(QE$; ) + C;_(&Enf).
+ CaB + CpoBip 4 Cedbii P
3B 4 Gﬁl B?%i + Cg %gf
(2.2-11¢)

%EI:? - c,{(‘g"p + Az(a_g;: 4+ dg G.gle) + dq.(":ﬂi) +d4cif‘le)
: (2.2-114)

Ne - — ‘ '
al{_\: =e b, + Qza_;’_}f + 03(<B1p) +Q4(&F12.3 +Qq-(*3fae)

(2.2-11e)

ok



a . v . .
ra_%n - J:,V"-. + _F,_%—;: +f3(4-‘/le) +}4C1V11) (2.2-111)

%t;e = fivie + fl‘%%:r + flivie) + fu Civia)

+§5(‘:Y\13 +}6(if’19). (2.2-11g)

'?n o | ‘ N
__%1 = l‘l1 Vir + hl{%%r +h3(¢v‘9) 4—-]44(4_\/\43_ (2.2-11h)

D

In equations (2.2-11a) to (2.2-11h) , the subscripted coefficient

quantities have the following definitions :

— 1 [ne, (2Bce L Boo) . m BB m '
A 63[ (St AV —;i +n‘6/u7- k“] (2.2-12a)
4
Qa — m ku
z ne‘ee,')vx - (2.2-12v)
a = —E—‘S""' (2.2-12¢)
3 n€|,€3 T ¢ .

a, = ky - (2.2-124)
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— =k
by = T
b =—1~ M9k By + (%
~ 1 ineg/[L
b:‘ _né‘e3[ 1(&%{{ ey 8"‘
iCIA
el

ks |
-0%, + R
%) *

)3302 + 9"Boz + ky (n* el

Ebe 1’%29._3309)]

/LL .

L 9% . Bos 4.1509 ~boe

" neee €q X_ (Vfo’aP

- ne\{ne‘(’a_a_ﬁe.,,%_o_e

btf = ""%‘_ioe
by = —Boo
b, = NneBoy
by = —ne.Bus
by = ne gy

2e,M5

= ELEAJQ— ?35

MexNg

M

ap

p

)

o0

M‘L

- MBa
M om

H

(2.2-13a)

(2.2-13%b)

L)

(2.2-13c)

(2.2-134)

(2.2-13e)
(2.2-131)

(2.2-13g)

(2.2-13h)

- (2.2-131)

(2.2-133)
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Co = —Boz

ne,
c, = -1 |8
A
C
2 = 1 [
L In&k, — LdBos
Cg = { {
— | m(dB
ne, /“( _aj_il_%) - n€16d'§% - ﬂnefsoe
T
c
4 = 4 {Yngaz
TS
. .
dy = gy L (e ¥ nefe) s e 4B
dp
L = mBoz
ne,
Yl €4

(2.

(2.

(2.

(2.

(2.

(2.

(2.

(2

(2.

(2.

2-14a)

2-14db)

2-14¢)

2-14d)

g-1ue)

2-14f1)

2-15a)

.2-15b)

2-15¢)

2—15d>



.
k
fe

N

ke

T negu

\

il

|

]

M

tl

—~mBos

ne
K*Boo

—fl€113

—. mMoBoz

P

(2.2-16a)

(2.2-16b)

(2.2-16¢)

(2.2-164)

(2.2-17a)

(2.2-17b)

(2.2-17¢)

(2.2-174)

(2.2-17¢)

(2.2-17f1)

(2;2~18a)

(2.2-18b)

(2.2-18¢)

(2.2-184)
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We point out that for simplicity in equations (2.2-12a) to (2.2-184d)

we have taken

Poi = Foe = gg; (2.2-19)
2
If we now remember that each of the perturbed variables in equations

(2.2-11a) to (2.2-11h) is a complex variable,and write down from these
equations,the equations for the time-variation of the real and
imaginary part of each perturbed variable,the set of 16 coupled partial
differential equations which we have used in our numerical study,would
then be obtained.We shall henceforth refer to this set of equations as
the Numerical Set of equations,and in the next section we shall discuss
the boundary conditions WhichAthe perturbed variables must satisfy,

if it is assumed that the plasma is bounded by a perfectly conducting

rigid wall.
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2.3 Boundary conditions

It is the case that before the equation set that we have called the
Numerical Set ( see section 2.2 ),can be integrated,the appropriate
boundary conditions must be applied to each perturbed variable,at each
of the two limits of the integration (i.e. r=0O and r=a ).Let us first
consider the origin,where it transpires that three sets of boundary

conditions must be imposed,corresponding to the cases :

m=0 , m=1 |, and m>1. (2.3-1)

We shall consider these three cases in the following three subsectioms.

2.%.1 Boundary conditions at r=0 for m=0

The important feature of the' m=0 mode,is that all the perturbed
variables are independent of the poloidal angle e .Thus,it is clear
that the scalar perturbation variables, Pyjr Prgr Bq o and also the
z-component of the perturbed ion fluid velocity, Vig " obey the

following conditions ar r=0 :

?_ﬂ‘lél — @_Fjl’, = 91].4! nd a!'-ﬁ - O
0T lr.o 0T lr.o Or =g rireg (2.3.7-1)

It is equally clear that if we allow any of the perturbed variables

1r V16 ,B1r y or B1e yto be non-zero as r ~p O ,then the

e - independence of the variable would ensure that it was a multiple-

v

valued function at r=0.Therefore,in order to avoid this,we must

insist that these variables obey the following conditions at r=0 :

v\‘f (O) = Vle(03 = B\r(o) = ‘Ble(o\ -0 (2.3.1—2)
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2.%.2 Boundary conditions at r=0 for m=1.

In order to derive the boundary conditions which the perturbed
variables obey in this case,we éonsider the normal cross-section of
the plasma illustrated in figure (2.3.2-1). If f, is a perturbed
variable,then,for the m=1 mode,the e-variation of f,1 is such that it
takes a complete poloidal transversal around the axis,before f1
returns to its starting value. In figure (2.3.2-1) the points A and B
are diametrically opposed,and we suppose that ?A is the value of f1
at ‘A ,and that fB is the value of f1 at B. The e-variation of the
perturbed variables corresponding to the m=1 mode now makes it clear

that if.

£, = 1, o . (2.3.2-1a)
then
fB.= -f _ (2.3.2-1b)

Figure (2.3.2-1)

Thus,if the perturbed variables of interest are Pqjo p1e’ n, or v1z ’

then in order to prevent their being multiple-valued at r=0 as

Ar =% O ,we would have to insist that

p1i(0)=p1e(0)=n1(O)=v1z(0) =0 - (2.3.2-2)

On the other hand,for the perturbed variables V1r’ v and

191 B1r1

B1e, as well as the satisfaction of equations: (2.3.2-1a) and (2.3.2-1b),

there are conventions which must be adhered to.



For instance,suppose we make the convention that Var is a positive
number,when it characterises perturbed radial motion of the plasma
which is directed at the origin.Then,according to equations (2.3.2-1a)
and (2.3.2-1b) , f, and fy are as illustrated in figure (2.3.2-2).
From this diagram it is clear that in the limit as Ar —> O,then

'_3__‘_/| r
or

B1r "Vae

clockwise motion around the origin as we look at the page,is positive.

Ir —= O -This same argument applies to the perturbed variables
=0

and B1e ,if,for the latter two,we make the convention that

Thus,we have deduced that for the m=1 mode,the following boundary

conditions apply?

Wir = ié!he - auirl ﬁ;‘ag‘a —
o ly=p 97 Ir=0 or IT=0 -5; Tzg — 0 (2.3.2-3)

Figure (2.3.2-2)

2.3.3 Boundary conditions at r=0 for m»>1.

In this case we find that each perturbed variable now goes through
two or more cycles in the values which it may take,for every complete
circuit around the origin.Thus,in order to prevent each perturbed

variable from being multiple-valued at r=0 ,we must-insist that

Bie(0) = Big(o)= Vir (0) = Vip(0) = Ve (0) =fil0) =Pelo) =Nif0)= O

. (2.3.3-1)

102
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2.3.4 Boundary Conditions at r=a

If we assume that the wall of the vessel which contains the plasma
is in contact with the plasma,and is both rigid and infinitely conducting,
then there can be no loss of magnetic flux,or plasma,at the boundary.

Thus we can write

v,h_(a) (2.3.4-1)

]
o

B, (a) (2.3.4-2)
1r

1
(@]

The e-component of the linearised ion momentum equation is

\ .
No M %\_’ _ eno[Eie ~ ‘—"—3"*‘-] - i ey (2.3.4-3)

and since we know that at the perfectly conducting wall no electric field

can exist,we can write

Eig (@) =0 (2.3.4-4)

Substituting equation (2.3.4-1) and equation (2.3.4-4) into equation
(2.3.4-3) ,we find that the following relation holds

n mi’aV‘ (@) = -4 . : -
0 'E‘Qe o _g,\r“(a) (2.3.4-5)

However,we know from equation (2.2-2) that we can also write

gmnT

R mB i gg\r - ’ |
[gn‘n ’T‘o [ m—.,_’f Rz KBQ]B[Q - nmr‘ (2.}.4_6)

If we then use the result in equation (2.3.4-5) in the above equation,

and also the fact that B1r(a) = O ,we are able to deduce the result

nom;?%ée = [RA_ {(’23_96 {_“%92:) +5ﬁ{ Boé}]g\r
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(2.3.4-7)

It is stated in /60/ ( although no derivation is given ),that provided

k.Bo =% O , at r=a | (2.3.4-8)

and

T (&
n,(a) 0 p (3) —»0 ; and o) _po0 - (2.3.4-9)
no(o) pO(O) TO(O’

the remaining boundary conditions at r=a are

P‘li(a)t) = ?1Q(Q)h)= nqca.)‘t) — O

w92 8] [ ot e
m* + _ri:‘a} 9('. T=a 83-

\k '(‘0'1 ayJ" oz k‘go =
o = ] [ e

2%
m* 4 Aa o
K?.

(2.2.4-10)

We note that in spite of the conditions for validity of these boundary
conditions ( equations 2.3.4-8 and 2.3.4-9 ), in /3%9,60/ they have
been used for the magnetic field equilibrium known as the Bessel
Function Model, a 'force-free' plasma equilibrium model which is
characterised by the equation ¥V p = O.

We have both used the boundary conditions above, and also left

the boundary conditions for B1e’ v, , and Vig 'free' ( i.e. simply

1e
left them with their integrated values at the boundaries,and applied
no constraint),and we have found that the results produced in the

two cases (i.e. the eigenfrequencies determined),are not significantly

different.
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2.4 Results obtained from the numerical initial-value program.

In this section we shall present some of the results that we have
obtained from the numerical solution,as an initial-value problem,of
equations (2.2-1) to (2.2-8),subject to boundary conditions (see section 2.3)
which we have already discussed.Our procedure was to initialise the
equations with an arbitrary perturbation,and then to integrate them
forwards in time,until the fastest-growing radial oscillation mode
dominates.What this means is that if the fastest-growing radial

oscillation mode has associated with it the complex eigenfrequency
W = 0( 4+ iY (2-’-}-1)
then,after sufficient time,the amplitude of this mode will be much
greater than the amplitudes of all the other modes present,and only
this mode will be seen on the space-mesh.Also,we have found that the
following initial perturbation ’

u (x) = exp (- ¢ .(x?O-5)2] .sin(3nnx’) _ -~ (2.4-2)

where n is the toroidal mode number ( see equation 1.2—16),x=%i» and

| C may take values between 50kand 125,starts off the integration very
1
. efficiently.

It is assumed in this linear analysis,that the time-dependence

of the perturbation mode that becomes dominant is given by

Wy (ork) = Wq(=x) QxP(—iw!:) (2.4-3)

and so it follows from equation (2.4-1) that %’ is the exponential
growth-rate of the mode in question.We have found it convenient to
measure time in units of an average poloidal Alfven wave transit-time 7%

where

(2.4-4)
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and '559 is the average value of B09 over the radius of the plasma

column.

A B time

Figure 2.4-1

We will now show how the complex frequency associated with the
perturbed variable u ,at a given spatial point, can be calculated from
the knowledge of u at two adjacent times (t=A and t=B), at that given
spatial point.Thus,suppose that at time t=A the value of u is L)

and that at time t=B ,the value of u is ug .We can then write

u = ur(A) + i ui(A) : : (2.4-5)
ug = ur(B) 4+ i ui(B) ' (2.4-6)

and it will follow from equation (2.4-3) that the exponential growth-

rate is given by

Y = ____.-(81 — LOj i Usl] (2.4-7)

where

wl = (s +uf)> (2.4-8)

The derivation of an expression for a in equation (2.4-1) is slightly
longer.To obtain this expression we note that if Z is an arbitrary

real constant,we can write

w, = Z.exp(YA).( cos(ah) - i sin(ad) ] (2.4-9)

A
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and

ug = Z.exp(yB). [ cos(aB) - i sin(aB) ] (2.4-10)

Now,suppose that

B-A=A : _ (2.4-11)

it would then follow that

ui(B)
o~ tan (b + ah ) = —t2nlah) ¢ tan(ad) (2.4-12)
u,.(B) tan(aA)tan(ad) - 1
and since
u; (A) .
= - tan(a.A) (2-4-13)
un(A)
we can find,after a little algeﬁra,that
o = _1__tan_1.{ur(B)ui(A) - u, (A, (B) } (2-be1)
A u (A)u (B) + u;(A)u;(B)

Once the fastest-growing mode , with eigenfrequency

m=a+i‘1

has become dominant, each of the 8 dependent perturbed variables

must be found to exhibit this eigenfrequency at each spatial point

in the domain.In our computations we have been content to ensure that
the eigenvalue has converged to the same value (to within 0.01% ),in a
block of 8 adjacent space cells in the centre of the spatial domain.
Figure (2.4-2) illustrates the emergence of the frequency of the fastest-
growing m=3,n=2 mode ,for the variables Vip and V4o 2t the median space
point, and also the emergence of the fastest-growing m=2,n=1 mode, for
the variable B1r’ also at the median space point. In figure (2.4-3) we
have illustrated all the-eigenfunctions of the fastest-growing m=3,n=2
mode, for the equilibrium with 4 =4 K=0-2. We point out here that

increasing K increases the growth-rates (Y),that are found.
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Some of the eigenfunctions for the equilibrium with 4/=1, ¥ =0.2

for the m=3,n=2 mode, are shown in figure (2.4-3a),and it will be
immediately noticed that they are of broader spatial extent,and more
oscillatory than the eigenfunctions in figure (2.4-3) for the 4/ =4
equilibrium. Figure (2.4-3b) illustrates some of the eigenfunctions

of the fastest growing m=1,n=1 mode, for the 4/ =4, K =0.3 equilibrium.
In figure (2.4-4a) and (2.4-4b) we have illustrated the whole set of
eigenfunctions of the m=4,n=3 mode , for the equilibrium with y=2
and K =0.2 . Our numerical investigations have also shown that
for the equilibrium parameters which we have chosen ( such as

number density, temperature , z-magnetic field and B ), the growth
rates for the A/=2 and the 4/=4 equilibria,are nearly identical for all
modes ( although Y, ,” ¥y.,), and that the growth rates for these
equilibria are substantially greater than the growth rates for the V=1
équilibrium. The implication of this is that the equilibria with more
sharply'peaked current profiles, are more unstable than the equilibrium
with parabolic current profile. In fact we have found that for our

particular equilibrium parameters

Y ~ 15Y¥y.4 o | (2.4-15)

\‘=2.]“‘

‘The numerical factor here is dependent on what numbers are chosen for
such quantities as no(O),TO(O) and B , and this will be made apparent in

the next section.

We have found that the eigenfunctions that we have obtained using
this two-fluid model,tend to be localised in space ( except for the case
of the ¢ =1 parabolic current profile equilibrium). However,although
these eigenfunctions are often localised near the resonant surface, X=X,
they are not ( in contrast to results obtained using single-fluid theory
/39,60/ ) always so.This may be an indication of the dissimilar
properties of the resonant surface in single-fluid and two-fluid theory,
( see also /107/ ).
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Figure 2.4-2 (a) Emergence of the fastest-growing m=3,n=2 mode for vy

at the median space point. d

(b) Emergence of the fastest-growing m=3,n=2 mode for v,
at the median space point. '

(c) Emergence of the fastest-growing m=2,n=1 mode for Bhr
at the median space point.

Time is measured in units of Alfven transit times, 'TA .
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Some eigenfunctions of the fastest-growing m=3, n=2

mode, for the V=1 equilibrium.

( k =0-2)

(a)
(b)
(c)
C(a)
(e)
(£)

Imaginary part of B1r
Real part of B1r ,
Imaginary part of B19
Real part of B’!e

Imaginary part of v”r

Real part of Vip

The resonant radius is at xo=0~816
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mode for the v =4 equilibrium.

(a)
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(a)
(e)
(£)

Imaginary part of B1r
Real part of B1r
Imaginary part of B16
Real part of Bﬂé
Imaginary paft of Vip

Real part of Vip

(® =0+3)

The resonant radius is at xo=0-45
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The resonant surface is at x5 = 0.525

The remaining eigenfunctions of this mode will

be found in figure 2.4-4b .
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2.4.1  The MHD Limit

It will prove to be interesting to examine the behaviour of our
equations in the MHD regime,because the difference in the predictions
made by the single-fluid theory and those made by our two-fluid theory,
would then become apparent.The ideal MHD Ohm's law is
E+1(yxB)=0 (2.4.1-0a)

and the Ohm's law ‘used in our two-fluid theory is

1 1 . 4
E+c(xxB)= oo (§xB) + Vp, (2.4.1-0b)
Thus,in order to obtain the MHD 1limit we must find out under what
circumstances the terms om the RHS of (2.4.1-0b) are negligible in
in comparison to those on the left. We can proceed by linearising
equation (2.4.1-0b)

eno[E + ¥ABo 4 %AB] o en[g, + 22%]
c C

= (\_JOA @r) + (:I_, /\§o> _ VP
C
( Note: vy = 0 ). (2.4.1-0c)

The terms on the RHS of this equation are all of the same order.To see

this we take the equilibrium eQuation

vp,=JdxB ‘ , (2.4.1-04)

(o

and linearise it to obtain the result
. Lo
Vp, = é(lo/\B_ﬂ +E(4l/\§o)- (2.4.1-0e)

Since we are interested in phenomena occuring on the MHD timescale,

it will be possible for us to order the time derivative as follows :

3 - Y 4 (2.4.1-01)
6t T £ T=,
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where VA is the Alfven speed, and a is any macroscopic length,
such as the radius of the plasma. In order to see when the Hall term
is negligible, it will .thereéefore be sufficient to consider the

ratio of the first term on the RHS of (2.4.1-0c) to the first term

on the LHS of the same equation, i.e. we are interested in the ratio

enoE1
€3= (jqu) ' (2.4.1-0g)
o .

From Faraday's law

VAE, = -1 3__%_1
c ot

and thus equation (2.4.1-0f) will allow us to say that

E, ~ VabBs
G (2.4.1-0n)
Ampere's law states that
VA%O = %r:!o
which means that we will be able to order jo as :
= &
o LTiC (2.4.1-01)

Substituting (2.4.1-0n) and (2.4.1-0i) into (2.4.1-0g), we find
that

c = en, (EEEJ
3 (C,So )(.&1)
47To. c
= 2(’4—:1@.‘%) - &
c ma

Ac ‘ (2.4.1-03)

where AC is the ion collisionless skin depth, and is gi?en by

Ae = c/wyi | (2.4.1-2)

and Wpi is the ion plasma frequency.
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Thus,the terms on the LHS of equation (2.4.1-Oc),are dominant over the
terms on the RHS in the limit in which &3-"@ .i.e. in order to

obtain the MHD limit in our equations we must let

€5 — O (2.4.1-3)

For the equilibria that we have studied,we have taken no(O) = 5'Ox1013cm“3.

This means that

Wpi =093 x 100 &7

so that
AN =—S— - 3.22 -cm
[¢] wpi
and thus
€, = 2 = 30 _ 9.3105 (2.4.1-4)
c 3.22 ,

We can call this value of €3 s e_g yto indicate that it is the value

of 63 in the equilibrium that we have chosen. We have varied 63

as follows :

o P

(2.4.1-5)
in order to investigate continuously,the results of allowing different
amounts of the Hall and ‘7pe terms to be present in our equations.
Both these terms are removed, and the MHD limit recovered, as p— 0O .
In this 1limit,the two pressure equations become identical ( so that

they are in reality only a single equation ). The equations for

M| on
B ' v

are not affected.This is because the present two-fluid model has used
the same ion-fluid momentum equation,and the same continuity equation

as is used in ideal MHD. The affected equations now read

0B«r _ ik.B ' .
e = AKuB4r : (2.4.1-6)

T = [37*] MR T  [BozVie ~BogViz ] (2.4.1-7)
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It can be seen from p.152 of /11/ that the above three equations can
be derived by the use of the ideal MHD model. Figure (2.4-4) illustrates the
effect of the limiting process in equation (2.4.1-5) , on the growth
rates of the m=3,n=2 ; m=2,n=1; and .. m=1,n=1 modes. This figure

shows that for the tokamak reactor parameters that we have used :

o)
]

3+0°x jO& gauss
T =1 keV

5.0 x 1012 em™?

B
]

P =0-01 , (2.4.1-9)

the general effect of the extra terms in our two-fluid Ohm's law, over
and above those in the ideal MHD Ohm's law, is strongly destabilising.

We have run our program in the ideal MHD limit, for all the three
equilibria, for as long as 50 Alfven transit times , and have not obtained
any converged growth rates. We are tempted, in view of the fact that

our equilibria only violate Suydam’s criterion in very small regions of
space,to conclude that the Suydam-stability of the plasma in the bulk of

the spatial domain,may mean that if on the whole our equilibria are
ideal MHD-unstable,this instability may be manifested as a very small
growth rate, for which longer integration times than we have allowed,

may be required.It may also be that the regions that are Suydam-stable,
compensate for the regions that are Suydam-unstable,and that as a
result,the plasma is globally stable. In the full two-fluid runs that we
have done only times of the order of 0°57%, are normally required for
the emergence of the fastest-growing mode. It will thus be appreciated
that the 502; run times that we have allowed in our MHD runs,are very
long indeed. In figure (2.4-5) we have illustrated the frequency .v. tine
plots for the m=2,n=1 mode, for three values of €3,the last .of which
corresponds to the MHD limit,(€3>99. The reduction of the growth-rate
as €3 is increased is evident. We can also see from figure (2.4-4) that

for each mode,there is a value of Eé for which the Hall and Vpe

destabilisation is a maximum.
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6 eigenfunctions of the

m=5,n=3 mode for the V=2

equilibrium. The resonant surface is at x =Q-747
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2.5 Summary of Chapter 2

In this chapter we have used a numerical initial/boundary-value
approach to solve the linearised two-fluid equations,under ideal MHD
boundary conditions derived by Robinson /60/.The equations were
initialised with an arbitrary perturbation,and then integrated forwards
in time using the numerical method of lines, until such time as the
fastest-growing radial oscillation mode should become dominént. We have
studied several low m-number perturbations, and have found that the
sharper current profile equilibria ( 4/ =2,4 ) are more unstable than
the broad (V=1 ) equilibrium,for all modes ( i.e. have larger associated
growth-rates). We have also found that the eigenfunctioms produced in the
v=2,4 equilibria, are much more localised than are those for the V=1
equilibrium. Also,although these eigenfunctions are found often to be
localised near the resonant surface, or actually around the resonant
surface ( see figure 2.4-6 and figure 2.4-7 ),for some radial modes, for
other radial oscillation modes,the relationship between the resonant
surface and the region of localisation of the eigenfunctions,is not
apparent. Finally, as a result of a limiting process in which the MHD
equations are recovered, we are able to state that the effect of the
Hall and Vp_ terms in the two-fluid Ohm's ©law ( equation 1.1-16 ),
on all equilibria that we have studied, is destabilising. That is to say,
that the linear growth-rates obtained using this two-fluid theory, are

significantly greater than would be obtained using single-fluid theory

alone.
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2.6 Conclusions

In this thesis we have considered the two-fluid model of an
infinitely conducting cylindrical plasma used in /1/,with a view to
providing evidence to support the proposition that single-fluid theory
(resistive or ideal) cannot properly describe magnetically confined
plasmas at temperatures high enough for fusion to occur. We have also
followed through the analysis presented in /1/, a paper havihg the
same broad aims as the present work, and although we are not in agreement
with some aspects of the detailed analysis presented there, two general
conclusions of that paper seem beyond doubt. Firstly,it has been seen
that even in the absence of resistivity, the magnetic field is not
'frozen' to the'ion fluid (in contrast to the ideal MHD theory, which
holds that the whole plasma fluid and the magnetic field are frozen
together). We have shown that this decoupling of the magnetic field and
the ion fluid is more complex than is indicated in /1/. It is also the
case that unless we are dealing with a situation in which VT x yn = O,
then even the electron fluid is not frozen to the magnetic field. The
detachment of the ion fluid from the magnetic field will occur throughout
the volume of the plasma, and not just in the vicinity of the resonant
surface (as is the case in resistive MHD), and so, given the central
importance of magnetic decoupling to the tearing-mode theory /22,36,37/,
which has often be used in describing high-temperature tokamak plasmas,
it seems unreasonable to leave out of the Ohm's law,terms (like the Ipe
term), which can not only cause decoupling of the magnetic field from the
ion fluid, but are in any cése (for plasma parameters such as those of
JET), about three orders of magnitude greater than the resistive term /1/.
That is to say that from the point of view of -magnitude alone, when high-
temperature tbkamaks are being considered, the Hall and Vpe terms
should be included before the resistive term. Secondly,we have seen that
the MHD equations can be recovered from the two-fluid equations in the
limit —;%Bcf= %f —p O. However,since it is the case that for highf
temperature tokamaks such as JET %{ ~ 1, it is clear that the single-{luid
description. of such plasmas is not legitimate.

The results of our numerical treatment of the linearised two-fluid
equations also support the conclusion that the single-fluid description
of high-temperature tokamak plasmas is not correct, since they indicate

that the MHD theory would significantly underestimate the growth-rates
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of such modes as are found to be unstable in the equilibria that we
have studied.

It is well known that in ideal MHD the resonant point is a.point.at which
the:" 1linearised plasma equations and their solutions are singular,
and also that the location of the .Bingularity is frequency
dependent.It is likely that the same is not true of the equations
of the present two-fluid model. This is seen by considering the
two-fluid, single temperature theory of /107/, for which the resonant
point is also a point at which the equations and their solutions are
singular, but the location of the singularity is not frequency
dependent. Thus,if, as we have argued, a two-fluid theory is
necessary in order to more properly describe high-temperature tokamak
plasmas, it is not clear that the present single-fluid descriptions
of the behaviour of the plasma in the vicinity of the resonant point
/3,5,22/, will have any relevance to tokamaks.

In conclusion, it seems clear to us that it will always be necessary,
if the fluid description of tokamak plasmas at fusion temperatures is

~

the aim, to use two-~fluid, rather than‘single—fluid theory.
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Appendix A On the 'freezing-in' of field lines.

It is well-known that the ideal MHD Ohm's law

E +XvaB)=0 | (A1)

coupled with Faraday's law

VAg = —é’é_’_.ﬁ (AZ)

leads to the result that magnetic field lines are 'frozen' into the
material of the plasma.We shall now derive a single equation which

embodies this result. _
Taking the curl of (A1) and substituting (A2) into the result

gives :

VA(YAB) - 5‘5 ) a3)’

The LHS of this equation can be expanded by a vector identity
(remembering that YV'B=0),to yield :

~B(vy) +(B-V)V — (L.V)B sﬁ (A3a)

-8(v.Y) +(Bv)y = 9B (at)
-~ dE

where

d - 2

a =5 T v.v (A5)

~ We can then use the continuity equation

—

gt £ V-(Y) =0 | (a5a)



to find that we can write

-4 [on v.vin | — _q dn
vy = - [ v adn 0o

Then substituting from (A6) for V-V  into (A4),we find that

dn
dt (A6a)

shiw

(?_—’..v)v - d (B
n - .d(-,-;{ A7)

This is the equétion that embodies the freezing-in law,and if we can
show that the electron fluid motion in the radial direction,obeys '
this equation,we shall have shown that as far as radial motion is
concerned,the electron fluid is frozen to the magnetic field,

For the electron fluid, (A7) reads :

(%'V)L”L = & (—g) ;

and on expansion and multiplication by n2 this becomes

il

B 4+ U.V
= Y | - (a8)

&

q(g_v)(__k_ =n (.g—b +QV>E - B (g:t+ l.é_'v>ﬂ (A9)
Waen linearised,this equation will read :

N6 (Bo- VUi + 1Mo (By.¥)Uo + 1y (Bo-V)Uo =

Mo (2, +Uo-V)Br 4 My (W 7)Bo + M (Uo V)Bo

9 4 Uo-V) ), - .
~Bo (5“(_4_057)”1 - B WV ~By (4o V)1, (a10)
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From texts on vector analysis we know that in .cylindr-ical polar

coordinates, the radial component of the vector (ﬁ_'V)g_ is given by :

L1 AgBr ¢ — ApB
[(A'V)-B—]f = A"'a"rr "'"Fe%'ér"" A,_aa_i 80 (A11)

If we then use this expression,and the form for the perturbed quantities
given in equation (1+2-16),and bear in mind that u,=v, =0 ,it will be

possible to find that the radial component of (A10) reads :

1noB°k"u1r = 1no( W + _}glx_o)B,‘r (A12)
l‘e.
u (CO+ -I-C-.Eo) . .B1r

Ir ky Bo v (413)

Yy = ky q) : (A1k)

which is also equation (1:2-36). In /4/ it was stated that this equation
implied that the magnetic field was frozen to the electron fluid as

far as radial motion was concerned . However,before we can claim to have
shown this to be the case,we must show either.that (A8) follows from
the two-fluid Ohm's Law that we have used,or at the very least,we must
show under what (if any) conditions, (A8) would follow from our two-fluid

Ohm's Law.The two-fluid Ohm's Law that we have used is :

(vxB) =——( jxB) - Up, (A15)

E +
- — enc

ofa

en

If we take the curl of this equation,the result would be :

- %
198 L 1[v(vB)+(BV)V - Bwy) - (v.V)E] =

i [178) - B(-1) + @9 - Q9] (416)

P YA)AUAg) _ avl)a vy

135

-



In (A16) we have used (A2) to substitute for VAE . From the quasi-
neutrality assumption we know that ¥+j = O, and also of course,
VB = 0. If we also consider a plasma of constant density n,then it

will be true that ‘7(%)¢:0. For this circumstance, (A16) would read :

5+ @V -Bry) —o)E =

&‘V%} —~(§—.1-V)§ | | | (417)
l1.€. |

@—% + {(g - -i":-n)qv}ﬁ - {EV}(‘."‘ ;%—e)' + B(v.y) =0 (A18)

However,since we are assuming that the plasma is quasineutral,and that

it has a constant number density n,the following relations will hold :

Ol

w = v —~ " y V.:J_:;.O R VAT =V'J_

where u is the velocity of the electronic fluid .It therefore follows

that we can write (A18) as :

«

%‘?’-: A (TR)- ~(B-V)d +B(VU) =0 | (a19)

This is equation (A}a),with‘3 written in place of v. Thus,we can state

that equation (A14) only implies that the radial motion of the electronic

fluid is tied to the magnetic field,if the plasma in question is

assumed to have a constant number density.
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Appendix B Derivation of the expression for VA

We saw in equation (1.2-36) that the radial :perturbed velocity of

the electron fluid is given by

Ut = __Q_'_L ¥ | | (B1)

n

In order to derive the equivalent expression for the ions,we shall
need expressions for the three components of the perturbed eléctric
field.Substituting (B1) into the e and =z components of the
Ohm's law (equations (1.2-24) and (1.2-25) ),allows us to write

Eie -:-(‘?%'2:)4/ - Q—%T[’Eéu'kp flﬁe] | (B2)

E1;_z_ = ‘(‘0%09

el o e “?fe] >

In order to determine an expression for Eﬂr ,we form the following

linear combination of the o and =z components of Faraday's law

g x equation (1.2-30) - E x equation (1.2-31)

and then we use the radial component of Ampere's law,equation (1.2-32)

to substitute for the expression :

imbrz _ inge
¢

on the RHS of the resulting equation.As a result we are able fo

write for E1r the following expression

1
[ Eie +Ey, + 00 Eyp + 40 i, —u,,.):]
(BL)

where the primes denote differentiation with respect to r,
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Then,substituting (B2) and (B3) into (B4),we find that

. 1 /
Eip = "i_‘_ [k- ('_‘ﬁe -i-ﬁ: ) + 2.800.0W. ¥ _ w (1Bos mB
* K en, Q,Lk,, 2 Re ky ¢ ('—'_ - oi)

+ 4TCeN o0 Vi —
—e (lr w_‘f}:)] (85)

If we also substitute (B2) and (B3) into the o and 2z components
of the ion momentum ( equations (1.2-21) and (1.2-22) ) respectively ,
we find that

1 -m [
=T ~ o Clno?hxg Vir ~w¥
Vie TAMwN, [ ¢(ﬁ+f}.<9’u> e )] (B6)

and

Vf%. = ,,L—— {"é“- (&ﬁ ¥ ?QEL%) + anolsoe (V,r—u-";qi)] (B7)

AM N,

The expression for v is obtained by substituting the above

r

ir ' 1e 1z
the ion momentum equation ( equation (1.2-20) ). Substantial

expressions for E \V y and v , into the radial component of
and involved algebraic manipulation is required,before the final
form of the expression emerges.Such manipulation,because of its
length,is not worth producing,even in an appendix,and we simply

state the result

Ve = (1 +ch>“’-5b +__RAF
) De)

1 1w _ _ ;o
+5(Bc.) -EI° (.10_,A.F '}‘Ar) _{__C—_‘E,(n., oi —No 3

- go( 'l%"“m?-‘*)a& (L%b) ] =

The quantities appearing in this equation are defined in equations

(1.2-35) and (1,2-44)
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Appendix C The mutual cancelling of Error I and Error II

The radial component of the linearised ion momentum equation is
given by equation (1.2-20),and the equivalent equation for the electron

' fluid | by equation (1.2-23) Respectively these two equations are

MWONVer = @Ng(Eqp + L (VqgB0z - V1zgoe7]
+ g Eo+ — %&‘: | (1)

Q = —en, [Ew + < (UogBrz + U8B0z~ UozBre- uu—tﬁoeﬂ |

—-ensEor ~ d% + -l'{‘ll!o %% 02)
o —) o

The term whose omission in /1/ we have called Error I ,is

underlined.Adding (C1) and (C2) we find that

Lm&,mﬂo\’-‘f = Q._go [Boz_(\’la -y 6) - EOG (V\;_ -—\Al?;) + (uﬁ.sle, - uéeg'hﬂ

_.d - N %}é

Ng (C3)

We can eliminate ( Vi ™ Uig ) and ( Vi, = U, ) from this
equation by using the e and =z components of the linearised
form of Ampere's Law ( equations (1.2-3%) and (1.2-34) ) These

equations are repeated here for ease of reference

(Vig-tg) = < AnBae_ &g) U
<rwena( S A o)

o @
£ d ‘ n U
(V1z-_ - u«a) = o [}r ar(“gw) - gl_\f\’;w] + Loz

4ren, o @

and we have underlined the terms whose omission would coastitute

Error III .
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Substituting (C4) and (C5) into (C3) we then find that ‘;/(:)

LM NG Vip = Qﬂo[ cBoz (ing‘n‘_ c!_g_r;_) + M ogBoz.
4 -—c— s

4eny N R ar N, /@
< |
) QZFTZne,, * & G (rBre) - i gw} n.uc.T_Boe

+ (uq@1e -—uoe.gltj] -d‘—.f . n—ﬁ: %% é@
]
[l ) - B fageno B e mecond
-— % + Q.E‘!I;“‘o (nou%Bo% -nouo%goﬁ) + -:}T'.c?: K®
() '\
\@/f

The condition for the equilibrium of pressure forces and magnetic

(c6)

forces is :

AB | (€7)
<

which only has a radial component in equilibrium.This component is

e~

P

given by :

%@ = é—(Joe%O-%"g\ozgoé)
= —E’-_C (ﬂou,oegoz__ - ﬂouo%'Koe) (c8)

where we have used the fact that the equilibrium current is given by :

J° = ~ %Ml (c9)

We are now able to see that by virtue of (c8),the last two terms in

(C6) will cancel,and so we obtain finally :

AM; N Vip = [ Boz (mg"" dg'i) _Bepf14d ('f‘Bm) -tmguiz

*/ e (vde

- 9«%0 (UozB1ig - UopRiz) — ‘%} (c10)
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We saw in the thesis that Error I had been committed in /1/ .
If we note that equation (C10) is the direct precursor of equation (40)
of /1/ ,we may fairly deduce that Error II has also been
committed in /1/.As we have pointed out in the thesis,the cancellation
of these errors (of omission),is not sufficient justification for
their commission.At the very least,such omissions should be explicitly

acknowledged.

Finally,we note that in equation (C6) th terms associated with
Error 1 ~have been marked @,and those associated with Error II

have been marked @ .
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Appendix D Derivation of the 'exterior case' eguation

In this appendix we shall derive the equation (A.1) of /41/ ,
which it is claimed in /1/ ,describes the behaviour of the two-fluid
plasma in the region r05;r~5;a yin order that we might more fully
appreciate the approximations involved in this equation,and thus be

in a position to assess its wvalidity.

In the thesis we saw how;by the use of the transformations in
equation (1.4-3),the basic coupled equations of the formulation of
/Y ,( equations (1.4-1) and (1.4-2) ),were converted into
equations (1.4-4) and (1.4-10),respectively.We shall repeat equation

(1.4-4) here for convenience :

1 d (") + ) Tlr) = —_g;g%r(,ré) | (D1)

We have also seen how,using the approximations discussed in section 1.4,

this equation led to the new approximate equation :

L) = A (it %(ﬂ - (02)

“where the object' jﬁ!wﬂﬂ)is defined in equation (1.4-13). Then,by
substituting equation (D2) into equation (1.4-10),the two coupled
equations in and §(f) sare reduced to a single equation in ?gcf) y

which reads :

Ak er;:lfr dr(Tg )J '§[

(1)

(2% (3) ()
k“ - m;nom'z' + Q.'M‘T'knga d (goe>

anr\ 23
(5)
..Qn’é’ae m] ng —_
cK™ K( TR

....A(w 073 Q—Qﬂoﬂ&g +mino(£} (D3)

(6) (7)
We also follow /1/ and make the expansion
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Kp(tl = klll (T‘o),(’Y'~’Q,')

(D4)

and also define the new independent variable x,where
~x = 2 im] (r—1) .

- (D5)

Yo

so that
dt _ T e dx _2M (06)
doc  2im) ar .

and therefore

d (:Uml)d o
dec dr (D7)

‘We therefore find that we can write equation (D4) as

dkl :
Ky(x) = C;:,'c' x___ox - (08)

As part of the approximation process of /1/ it must also be

envisaged that the resonant surface, r=r yis not close to the

origin,and that such replacements as

il'w (’Tg) ar («r %7 \g (D9)

which will be used,are not fundamentally serious distortions of the

truth.In fact ,it is in general assumed that the replacement

fc')(r) = fo(ro) (p10)

is not a serious distortion,where fo(r) ,is any equilibrium profile

quantity,and also that we can write

(p11)
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The z-component of the magnetic field is also not assumed to vary with r,

so that since

(=}

Kp(r) = 1 (mBes QZ‘;D?.)
B ("' 8 (D12)

we shall have

%’—(Y:‘ - d—" 0%03) | (513)

Now,since it is the case that at the resonant surface k""—‘-O ,We are

in a position to write

Bop (o) _ _nT, o (D18)
Boz (1) MR

It is also the case that ordering the radial derivatives of equilibrium

quantities as follows

d 1

dr A (D15)

is thought in /1/,not to be seriously consequential'( in terms of
perversion of the 'true' nature of whatever results underlie the problem).

We may now substitute (D14) into (D13) to find

dku N
ar l,r:n) ~ Rt (D16)

and using this result in (D8) we are able to find that

dk ~
dac X =0 amR (D17).

Equation (D9 ) shows why it is hoped in /1/ that this treatment
will characterise the outer region ( r, é r £ a ),for such replacements
can certainly not be true in the 'interior' domain ( Ossz-é.ro ),

which includes the origin. Thus ,it is not at all clear that the
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equation at which we shall arrive,will indeed describe the behaviour
of the plasma in the region ro_é r<a, if the 'outerness'

of this equation derives solely from equation (D9). Also,the
ordering in equation (D15) is likely to wildly incorrect if

r, lies close to the origin.

Now,with the aid of the approximations that we have just outlined,
the terms of equation (D3) may be considered individually,and made to

read as follows :

Term 1 = j {ngm:zr irui)? g" k“ g ( 2‘1?)

w2 o -5 () gk Geg)
T 2 %(__Z__&‘ - %\l ’-’t%

Term 3 = 4+ min, wz.g .
m - - KuBp. 2 0 z
Tern 4 %ﬂ.}r(ﬁfjg = Bk ()
mm
Term 5 = nBos (mjoe +—'Qg%)% 21 Bon (%) [M-)os(“o) (m]
clérR R cld ’fop" I
Term 6 = = gﬁnogoe A_(Co ,’ﬁ))g - -Wvg
el R - KR,
Term 7 = —MiNoW A(Lo{f‘o) %

(D18)



It is to be noted that in the above identifications,the prime denotes
differentiation with respect to x. Finally,collecting together the

terms in (D18),we are able to write equation (D3) as :

d d€) _ ¢ -
B‘:c(xz‘é‘) 5L % T T O] (019)

where

L
¥ l/‘i- = ’Egk [m ﬂow ¥ 1"309 (MJ°°+ ﬂJé
i KRN T K

4hz&@uf)(&eﬁ%§2%8+nuﬁﬁéﬂ'

(D20)
However,using equations (D11) and (D14) we find that
2
%ﬂlé%ﬂQ — _28Bop
c kR e Boz (D21)
and using equation (D7) we see that
2 z pa
ks — T, dKy
T =\ dr (D22)
Lm

Then using results (D21) and (D22),we are finally able to write
equation (D20) as

T
H
=
4

|
At %4

—— fﬂi“aagl—-Qj&ﬁ; (Tﬁéﬁﬁ4~'1§§£>
’fo Bo (dak.l‘ ) m 07 o RJ

(4
Ao (T o |

(D23)
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Equation (D19) is to be solved between the limits x=0 and
X=X ,the value of x at which the infinitely cénducting,rigid
plasma wall,is located.It will be noticed that this equation has a regular
singular point at x=0 (corresponding to rar ),and it is clear that
any solutions obtained,in order to be physically acceptable,must
be square-~integrable near x=0 .~In /1/ ,this equation is solved
analytically in terms of confluent hypergeometric functions /707 .
It is found there that the only acceptable values of ;\ aré real
and positive ,and that the solutions obtained are not square-integrable
near x:O,énd do not therefore form part of the discrete spectrum.
It is thus concluded in /4/ that only continuum modes are possible
in this exterior region,corresponding to stability of the plasma.

It is not clear to us however,in view of the .. .large number of
approximations that have been necessary in order to derive this
equation (and not only Approximations I and II, which are detailed in
the thesis , but also the further approximations which we have . v
highlighted in this appendix ),that the conclusions that are drawﬁ

from the solution of this equation,carry a great deal of weight.



Appendix E  Derivation of the internal case equation

In this appendix we shall derive the approximate equation of /1/
which 1is supposed to describe the behaviour of the plasma in the
region 0 & r &£ T .As in Appendix D ,this is done so that we might
more fully appreciate the approximations involved in this equation,
and also become aware of the source of its specifically 'interior'

quality.

As in Appendix D ,we are required to use the ordering

d

~ 1
dr (E1)

and the expansion

Kur) = K, (). (ray)

(82)
We also define the quantity
E'Jo = Mg (1) + YIJO,«_%) |
o - ‘ (E3)

and in the spirit of Appendix D we make use of the approximation

2
k2~ ™M | (Et)

We have also already seen in Appendix D,how the two basic coupled
equations of the formulation of /1/ ,are reduced to a single equation
(equation (D3) ).We shall use this equation as the starting point of

our discussion,after substituting into it the new independent variable

148
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Z,where

1‘% = Z (ES)

If we then substitute this equation into equation (D3),we

obtain an equation whose terms devolve as follows :

erm = E’ k“ ‘J z (AQL
T 1 4':tm" r[(rr_fr‘,‘) L' i ]

"?E;E&T.(1\—{;iﬁ‘za

Term 2 =
D S
Term 3 = Min,wtZ
'

]

Term 4 = Q_M’T”Ba k‘{~(f-’f°3, é (%31_3) . (Z
Lrem?® dri " T

= ~2 (8K (™) Z_ /fr

Term 5 = .ZM"BOG (k- 3;)5
“emrR

Term 6 = -_QA(UU"Y.O)Qnon’r- —-—LZ)—
cmtiL T

Term 7 =

— min, o N\ (w,t) . (%)

(E6)

Collecting together all these terms,and multiplying the result

by (4’“7’1?') we are able to obtain the new equation :
Dz
Bo ki,
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d fr('rxro)q'é}] M=)z _QACT=TO) 2
at v T

+ 4'1\':\7-1\/\;.00007‘ (14‘_/—\___(‘1»,{‘0)]% + l;-n'.zenoﬂACw,TojgaeE
Bo kﬁl @ Bﬁk{,z <R

+ 4. 2nBoe(k-1) Z -0 @
'g:k{l"’ck,'r
In determining Term 4 we have used the fact that since
Boo . nB ) |
ko = 5, (R0 + 00 (E72)

it follows that within our approximations

£0) - B

dr ' 7

(E7v)
Algo,since
Jo = = olo | (E7¢)
it follows that
K.Jy = ~2Mo(k-Uo) (E74)
.and therefore that

(E7e)

k.Jo = Qnog)‘mn

— -

where equation (1.2-35) has been used to substitute for (g.go) .

If we now define

C = 4'rrm"*mmow7‘[1 + A(wr-ro)] | (E8)

2,12,
Bo Kit 4 o
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we will be able to write equation (E7) as :

G| TRV IR | BT 2 e ) E

C1s N8B
H(SFIL + e ] o

The safety factor q(r) is given by

rB
q(r) = —=2 (E10)
~ RBoe(r)

Thus it follows thaf

B (r) B
0o T _ Do (E11)

r Rq(r)

and the limit of this as r —0 is

B°° &) B° , (E12)

Cf/m KJ

r—0

Therefore,if this 'inner region' (0 & r & ro) y1s so localised

around the origin that the variation of Boe(r) with r is substantially

‘linear ,(i.e. if r. is close enough to the origin),then we can write

By ) = ] -
oo &) Ki@ (E13)

With this approximation,the last term of equation (E9) can be written

~D.r _ 7 (E14)

5 _ grenn{ Al + Q2
kiZ c‘{{zjcl/(ﬂ (E15)
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We can therefore now write equation (E9) as

e df]

. _
r Z [’E C — M=) 20r=Ty) -\-’D'f“]:o (E16)
. P

and this is the 'interior' case equation described in /1/, which ,
if the claim of /1/ is to be believed ,will describe the behaviour
of our two-fluid plasma in the region 0 £ r & r.e
From our derivation we can see that (E4) and (E13) are the
only possible sources of the purportedly specifically 'interior'
nature of this equation .As we have pointed out however,these approximations
become more true as the singular surface approaches the origin,and
the important ordering in- (E1) ,less true. It is clear,for instance ,
that the approximations (E4) and (E13) ,are not true if r, is
situated near the plasma boundary (at r = a),especially if the

plasma does not have a large aspect ratio*.

The arguments that we have presented in this appendix and in
Appendix D,have shown that the process of dividing the plasma
into 'interior' and 'exterior' regions is dubious.They have also shown
that the equations derived in /1/,and intended to characterize
the behaviour of the plasma in those regions,even given the overtly

approximate nature of those equations,are of questionable legitimacy.

*aspect ratio =

R R}
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A
Appendix F Determination of A@;fn) and hence of A(.\D\‘Vb\.

In equation (1.4-11) we saw that
A = & Sa [ﬁfl’{w ?J_S?(ﬂ"_‘ei'.—l }
° Wl By inimg 3
+ 39p _ Kiui 1’,’1 ods (F1)
SR TwuFp, '

and from equation (1.2-44) we can write

Yo

A

= = eBo :
Buw* (T, (ﬂ% —‘.‘C‘%’*—) (F2)

nBoe mB8
R & 5T

Thus if we use the approximation that as we have
done in Appendix D and Appendix E ,and if we also assume that

Boz"—‘-'- Bo ~. constant ,then we can write

—

/
Fo ~ BT (F3)
o |
Bw* T  cTom

so that the second term of (F1) can then be written

a

| . ~3w

Term 2 = e i‘i_"fﬂ % ds - —(DQBO’T",(L (S. )3_,’
T EmcTs 4"

EmcT,
(Fh4)

where A2 is given by

A, = [(RY-1] v

(Fs)'
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We may also integrate the third term of (F1)

o Lo

a
Term 7 = -:1;-‘ J I%V:v';(]%;?)gds
fe

a2, 2
_ (e&, J Ku Vi, s2dg
T, lemTs v, © (F6)
If we now use the equation. (D4). for kufr),suggested in /v/,
in the above result,we find that
Z 2
Term3 = k Vi eBo Q%z(s_ Zde
T, comTy °
To
- Cg % | -
= B J S, 2 ds ~ (F7)
Ts
‘fo .
so that by making the transformation
t = S/'f; : o (F8)
- we may derive the result
C%QB
- 4 ' 2
(F9)
1
where
2 2 %
1
C, = Ki Vin ¢Bo = (‘Q&«)_“ |
w cmly W /m - (F10)
in which the relations
V{,h‘:- II.‘; ) w¢1=%§:
m; e (F11)

for the ion thermal velocity and the ion cyclotron frequency

respectively,have been used.
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If q(r) is the safety factor,defined by

r Bo(r) .
q(r) = ———o0 (F12)
RB_ (r)
oe

it is easy to show that

Ky (%) = -’E(lq/);_ (F13)

and through substituting this equation into equation (F1) we can find

that C is given by

3

C., = Deim (,1_)'2
37 w g 9, ' (F1k)

If then we make the identification

a/%
— Ak 174
A3 - L (F15)

we find that

_ C.t4 A 1 Twamr,*AL (1 =
- - 1 3 0 2
leem = (gt A3 = w Rz 3(‘1,) (F16)

Now,let us also make the identification

' . 1

C, = o 1+3_L°i(nolo,; _*z)
"o 5To ngﬁ;{ 3 ,
LS (F17)

We then find that in equation (F1),the first term has the value

Qa
Term 1 = _C_-":j S d% — C_:_‘_J._ (Qz—'ﬂl
7o T, a\ =

= A'L y %&3. | (F18)
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However,according to equation (1.4-13)

— W

1A~(t0\1;) - A
1 + A@w,Ts) (F19)

and so from equations (F4) ,(F16) and (F18) we see that

1 + A(ﬂuﬂ‘o) =(1+ Term1 ) + Term 2 + Term 3
= K1 + wkq_ + K (F20)
w
where

i

K1 1+ 4y

(F21)
2z
}(2_ = - fl%soqz ZS
Emcl/ (F22)

2
k3 — mwa’r“:‘(&z (_’LJ' A3 (F23)

R*/19

Equation (F19) is reported in /1/ with the incorrect sign as equafion (49).
When equation (F19) is substituted into equation (D23) in order to derive
the quartic dispersion relation, this sign error naturally feeds into

the coefficients of W . Oné effect of this that is significant is that
equation (TH60) is only cérrect‘if there is a negétive sign associated
with A3 . Equation (TH60) is derived by considering the low-frequency

limit of the quartic dispersion relation (equation TH66), in the situation

in which lu2 + 314 1, and states that :

2 1-(15 Zagz(jdyz , 1? , A
} = | 2\R 9 .A3.(_‘*le‘) (u + Z) (F24)
1 +frf<f(1)"‘ Wy |

12

—
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where f is a frequency normalised with respect to the eigenfrequency
@ , u2 is the continuum eigenvalue (see section 1.4) ,and all
other quantities on the RHS of equation (F24) are real,and defined in /1/.
In /1/ it is claimed that equation (F24) implies instability if

U+ = <0

(F25)

However,the sign error in A3 means that this conclusion is

incorrect,and that equation (F24) actually implies instability if

2
W+ 2 >0 (F26)

Now, for the equilibrium profiles which we used in order to obtain the
dispersion graph in figure (1.4-3), and which are presented in Table 1.i-1,
the value of Z that we obtained was

Z_. = ¢.244 (F27)

Thus equation (F26) is stating that for those profiles,we would

expect instability (i.e. the-discrete spectrum) to exist for

B> — 244 o N> -Fagy (¥28)

This region of ;\ “includes all,positivé values of ;\ ,S0 that
what we have here as a direct consequence of equation (F26),is a
contradiction of the results obtained in /1/ from analytic

solution of equation (1.4-15).The only possible conclusion that we
can draw from this,is that the approximations made in /1/ in order
to reduce the two coupled equations to a single equation,are so
severe that they render the subsequent formulation internally
inconsistent. This inconsistency has'not been noted in /1/ because

of the sign error (Error III) ,which they have made.
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Appendix G Asymptotic solutions of the coupled equations near r=0.

In this appendix we shall determine the behaviour of the solution
functions of the basic coupled equations of /1/ (i.e. equations (1.4-1)
and (1.4-2) ),in the vicinity of the origin,by assuming that they

will obey the following single term expansions :

¢ = ao:x;’o ;. Ap = by > (61)

since the origin is a regular singular point of each of the coupled
equations.In the above equation if r=r, is the small distance away

from the origin at which the expansion is to apply,then x is defined by

o
= 1/CL (G1a)

We will now write down an expression for the value of the parallel

component of the propagation vector ( L(u(ff) ) at the origin.In

order to do this we identify as *L) the following limit
b(; — Eiae ,
~ /. (G1b)
¥Y—>0

and since we know, from the z-component of the Ampere law in cylindrical

coordinates, that

%CJ (’!‘309) = Lm.loz_

(G1¢)

we can also write

K, —.—_‘ “I-TTJu(O)

2¢C (G14)
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or,in terms of the safety factor,which is defined by

(1/(4‘) = - (G1e)

K, = Boz (G1£)

- em—

R

We are now in a position to write that

1 (mBeo , nBoz) = 1 a8
Knco) = L 30(’? TR _B_o(ml(:+ ﬁoz) (G2)

¥Y->o0
and if we define the dimensionless parameter

€, = G'/K' ' (G2a)

we can write

_ 1t
Ky (@) = 3 Aku(O) (G2b)
where
Ky@) =%(’"CLK" + neﬂ:o;_) (G2c)
o

We will also find it convenient to define the following quantity, a
number which describes the ratio of the equilibrium kinetic plasma
pressure, to the equilibrium magnetic pressure due to the toroidal

magnetic field

o

S—

4T

B = Po/(B"‘ ) | (G2a)
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It is also important to realise that since Boe is zero on axis, Boz
on axis is identified with the total magnetic field,B0 .For ease of
reference,we will now write down here again the two coupled equations

basic to the work of /1/ (i.e. equations (1.4-1) and (1.4-2) ).

%é" (4‘_‘%{‘ = J’i" ("E"‘ A )

kz . — 1
* [-—“—-\-/-‘"‘— 3 _ P 1+ 3o; f“’—gi-—?.) A}v (63)
w* 5 U { i?% 'fﬁ;' 3
f)onow o 0 91

+ 284 [‘“ d (+8 lmﬂ J
-L—r_r—\'_?;' e ar oq’) + { n o1 ("}foa ﬂg‘oﬁ E"

§t¥

- Zmn?o (m’ﬁq_ 030) ] ,

Fo

We shall begin by considering the form of the terms of equation (G%)

near r=0 , recognising that near the origin we can write k 'Y"' .
d {8k
T 1 = a n
erm | dr{ it | dm(’rso(}))}
— El ) k )
[ — ||(O) C’ :)(d_ (3( .
(lm'm el d>c 4/) (G4a)
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Term 2 =gr[(%%C.%&(@ga.4%m)§¢]

~ W8 g ()

1

mC dac
—_ 2
= ..;lm e1( 80 ( q)) .
— —— ¢
) | 4am? dac (Ghb)
Note that here we have used the fact that the pressure gradient ’

is zero on axis,and have neglected the last term in Term 2 because

Bée -0 as r —>0 .Also,as in Term 1 and subsequently ,we assume
that the equilibrium profiles (except Boe) are constant over the small
distance O é,rAé.r1 ,50 that equilibrium quantities are in general

replaced by a constant equal to their value at r=0 .

(Ghc)

Term 4 = - 87; kU q/
41

= - B u(O)(,U

bma
- (G4d)

e %(%)[ 2™ d,r B"q})]

"t (%{a—m\) %(o)' géc Gep)

(Gle)
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(G4f)

(Ghg)

:'(am;no(o)m7‘) "
?(,,(0)

(G4h)

B ‘

. Term 9 = mm,,ou ?ow A = —Min,w/ .C’I_O mBoz
p’ P TR Teal
[

-0
€8y R

—

28,0

= —_T7£?<O) (ﬁi;) -(ééf)

(Ghi)

Thus we may state that near the origin equation (G4) looks like

A L3
Ky (o) fx [xgxf'xgv)] ~ 2m

A 1 A
€1 d - ky@ 84 (52 —-m?
4o - o) e
it d )+ smnchp s s
U 903
+ m* (Qu) Z

‘ (@5)
zu(o) la ) 5[} , /‘Ua'}/g 7C ©
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b/
after dividing by ( ° 447nﬂwx) - In equation (G5) V

A is the Alfven

velocity,which is given by :

\[4 = jéi______

(‘F“”O’"i )‘/7' (G5a)

It will also be noticed in equation (G5) that the second and fifth

terms cancel.Substitution of equation (G1) into equation (GS) then gives :

ky(o) Qa, (/w—:)-"oc"9 - k:-(o) bo (v+:>.)/8 ocVF

-m* k“(O)qox/o 4—4mn€'g D(f* Q.e‘méb ]

S AC) R 4 9(0)
+ m* (Qu) £ v-l
Qoo " m? _@_.)b’x.'= (G6)
ko) ) ° B (3:) e ©
In this equation the most significant terms are those in and .

Keeping only these we produce the equation :

akitor [ (petme]=xf + o (ﬂo)la L/
ko' Val °7

— mg (2 bx¥ =0 (@)

We shall only be able to recover information about the asymptotic
behaviour of both the functions kP and A&F’ yif the powers of =g

in this equation are equal.So we find that

'/0.;-\)_1 (G8)



We shall now move on to consider the behaviour of equation (G3) near

this equation.Thus we have

the origin, and again we do this by considering the individual terms of

Term 2

Now,if we
!
(ha1:i
4
P 13&

(Po no’ CU*)

I

EEANE
—14‘2'1:‘ ['f {-gzz(

mBoz 8o

eBg, \ & -3
= m 11_)2' W ) 1 dA
(& (_ws 448

assume that the two quantities

and

are bounded at r=0 ,and we also write

ke Ve

—_(,(__)_;' -

} (% )( wer)' k(o)

]

w

el

- (G3a)

(G3b)

(G3c)

(G3d)

it will follow that equation (G3) can be written in the vicinity of the
origin as :
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?lzu(oﬂ. ig‘x(xq}) = m(%f(%)% (LAF

doe

+ (Consi'o.nt} A (69)

Substituting equation (G1) into this equation and keeping only the

most significant terms ,we arrive at the equation :

Qg (o) 2l = m (T " Wei ’ b, oV
had = V. x
k(o) f [ a.), w0 0 (G10)

and if this equation is not to be trivial, the powers of x must be

equal.Thus we find that

P—/] = V"‘Q. (G11)

in agreement with equation (G8) .

Now,using equation (G11) in equation (G10) we find that

Qg = [‘m (’%)Y‘%)kn(o)] by | (612)

We can then use this result to substitute for éo in the second term

of equation (G7),in order to find that

2

m* 3
R
kyo)\ Va et

(G13)

and because of this result we realise that the last two terms of

equation (G7) cancel,so that that equation now reads

(G14)

Qo ,(“(0) [(/0‘]‘1)2—‘ m'}_Jx/’ =0
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This means that the indicial equation obeyed by the coupled equations
( equations (G3) and (G4) ), is

(poi —m=0

(G15)
and the two roots of this equation are :
/01 = m -1
Pa. = -m-1

(G16).

The implication of this result is that no bound solutions exist at
the origin for m=0 ,and that since the indicial roots have an
integer difference ( see /70/ ), one of the solutions near the origin

is logarithmically unbounded for ]W1]2>1 ,while the other is bounded.
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Appendix H Asymptotic solutions of the coupled equations near r=r
O

In this appendix we shall determine,using the method employed in
Appendix G ,the asymptotic behaviour of the solution functions to the
basic coupled equations of /1/ , in the vicinity of the resonant

surface, r=r . We shall move a>very small distance r away from the

2
resonant surface ,and we shall define the dimensionless independent

variable as

and since we know that r=r is a regular singular point of the coupled
equations,we shall assume that in the vicinity of the resonant surface

the coupled equation solutions behave like

p= Gyt g Ay =bey® (1)

The equilibrium profile that we have to treat with care at this singularity

is Ku(t) . We know that

Ku (To) =0 (H1b)

and since k“(T) is a perfectly well-behaved function we may Taylor

expand it as follows

Ky (';/‘-'f‘o\ = (r-1%). %t‘%“]

T=1o (H1c)

We will then assume that all other equilibrium profile quantities

do not vary much from -their values at L in the small distance T,



that we shall move away from the resonant surface.We also define the

dimensionless quantities :

I
2
so that we can write k (fo) as
. A
k*ergy = K (0) /2

where

ol -2

k* (o) Mok nléf‘) |

We also note that for econbmy of notation we shall write :

.‘ ku(:\j) = gk\%)

where

We will now move on to consider the terms

( equations (G3) and (G4) ) individually,as we did in Appendix G,starting

with equation (G4).

e L dSEky 4
Term 1 c & mﬂ_._’_r-a}(«‘%oq))z

_/g% \,O
(2R 4 1

(H14)

(H1e)

(H1£)

(H1g)

(H1h)

of the coupled equations

(H2)
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Er Kz, CK’L
- — €4 (1)
e K ‘i%jp |
. (H2a)

Term 3 = ad-v‘(—&\s“ . ]
= - ?o("‘o\ k“\ | ‘ A
a d’j [ TAFJ (H2b)
Term 4 = - B© kllq" — —'54:,'2 Lﬂ (H2c)
4re 4real (3(}1) 4
Term 5 = £ (?’_29)&_ d (rB) - _(Bo )Q-ne. (cf!{/ (H2q)
da\ v 128 dre ‘ €, k? jj

_ 2 (Boo)zmn [h 1(*1\.130%_%09)?”
Term 6 "&("F)‘l [-—*-B:'T R 'ﬁlqj

S ) X _
k) a J (H2e)
tern 7 = -2 (Bo) 4T (mﬁosa - NBos) Ap
4T\ k’ZRfB;’ R
= aanzezﬁ, ) 637'. AF : (H2£)

mta
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Term 8

Mmiow® Y _ Miflofr, ) a ¥ (H2g)
I ) 3—)

i
Term 9 = m;naw(%ﬁ) = am&wnacro)[ﬁ(ra) w*Jap
o F(O

It is now clear that near the resonant point equation (G4) looks like :

(ﬂd d
Z k &.ﬂ{ﬂd@vz =3 d—“}; a) ;]ij

-Z ke Yy {Z ine‘}é’\p (%£§7>%

(44p)

7— kl d’ﬂ m* kuu)‘

(Qn €l é.é?o)A +(m;f\ow’u )‘E (oM, B w*“%f’ =0
m*a kd /7)) %0 O w3)

where we have pu{

2 .
Z-'—‘-—§3—7~ (HY)

Ltta

Now if we substitute equation (H1a) into equation (H3) and keep only the

most significant terms in x,we find that

. . y .
0) o‘}L :j _ fisz(rqu%‘:j}A _ ;Z!]EE.€1CLO H s M=t
2 .2 ) yre

o 2 Mt
+ m*ﬂoa(t'k; ao_j + QMinopuwtio |,
ky »FG)

J = O @)



As in Appendix G, in order for this equation to return information
about the asymptotic behaviour of both the solution functions LP and
AP ywe require that the powers of y shall be equal.Thus :

¥= m—1 (H6)

We now turn our attention to the second of the two coupled equations

( equation (G3) ).For this equation -

d
Term 1 = #&r(_g!) = k’(n dg (%{) (H7a)
erm = <14 *\4 —_— ¥ | (H8a
ferm 2 qra[r[%(ﬁ’g,%)' f} = ng% %}’f’ a)
Term 3 = conétant x Ap | V(H8b)

Substituting the expansions in equation (H1a) for Sl/ and AF into

"the above equations we find that equation (G3) implies that

1 a. ( Ny ML - ¥ Y-1
—~ e H-DYT = RBw y]
[ PR oY (19)

where we have kept only the most significant terms in y . If this
equation is not to be trivial we must have equality of the powers of y.
Thus : ‘

¥Y-1 = u-2

(H10)

171



172

which is in agreement with equation (H6).Thus,using equation (H10) in

equation (H9), we are able to find that

ao - - k“ . Fow b . (H11)
T,mw

and substituting this equation into equation (H5), thereby eliminating
a, ,we find that the last two terms of equation (HS5) cancel,.We also

find that the fourth term in equation (H5) is equal to

21’116.261_.(@* )
m*a w

With the help of this fact we can write equation (H5) as follows :

Lo (H12)

@)
(k EE;:>I/£ Eiz. = /A( — 2ne L M
- Tna 61-k2
mra w
or,in terms of r-derivatives :

(Bo

’/5"2) * R
== o
okl ~ [ *au& }/‘*

-},,2n113 s eéf
MZR,Z (1 + UJ)

If it is the case that we are dealing with a low-B plasma ,then the

= QO _ (H14)

second term in the square brackets in equation (H14) is much greater
than the first,and so within this approximation we may write equation (H14)

as
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Now,if we assume that the following relations are true

809 = 01 So%
'ro ~ G
dgoe -~ 8
T 209

Yo

ﬁL =5Q

601 ~ Cerbs*’a//& (H16)
then it will be true that
B
mZ 2 .
:R 2 thd O'O%ﬁ’ !f; | (H17)
aky (-8-‘-’ > V m '
41t

so that unless ¢ << ¥ ,it will be true that the last term

of equation (H15) will be very much less than the first.This very low
frequency range is not interesting,if we are concerned with instabilities
that will grow rapidly enough to destroy the confinement of the plasma
before useful amounts of fusion energy can be defived from it.Thus

we can write equation (H15) as :

O.ku (Bo ) — [;1,, 6"/4’“ J/u | (H18)

4T AR kX1,

The two roots of this indicial equation are :

M =0

An

pa= An
AFR T,k Ky (H19)

OQur arguments have made it clear that the indicial roots of

equation (H15) have only very weak dependence on (O for (o 7 w¥ .
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The solution of equation (H15) is plotted in frequency space as
figure (1.6-1).

If for completeness we decide to examine the case W —>»> ¢ , we
will find that the two roots of the indicial equation (equation (H15) ),

are nearly equal,and are given by

+ {~c1‘ %
Mna = = qk,:m,)w[;

(H20)
where

¢, =217 o) W (%)

2./6‘2.

2
C, = @A £i>09)

7
(H21)

These indicies are either purely real or purely imaginary,as k:(1b) is
2 (D . or :;»()',respectively.In the first case,since the indices

are two real, non-integer numbers,that are not equal ,one of them
corresponds to a bound solution at r=r sand the qther corresponds to

an unbound solution.In the second case,since both indicies are purely
complex,they both imply bound solutions in QD that oscillate

infinitely rapidly in space as r —>r, .However,because of equation (H10)
both the corresponding solutions in ASP would be unbound.We should
point out here that in the first case discussed above,what is true

of QJ is also true of ZSP ,because the indicies are very

large real numbers (i.e. much greater than unity). Thus,according

to this model,as we approach the case of marginal stability (W—>0 )

the possibility of the plasma being unstable will exist only if

k]ig(fo) <O ‘ (H22)
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In equation (H21) it must be borne in mind (see equation (1.2-44) )
that W* is assumed to be a positive number,because it is

/
assumed that in general ( fo /f’o ) will be a negative number.



Appendix I  Numerical initial-value integration methods with

automatic error-control

The most rudimentary numerical method of integrating the equation :

dy = f(x,y) (1)
dx

subject to the initial condition

y(xo) = Y, (12)

is the Euler method.If the spatial domain is divided into discrete
ordinates X, ( Xijq = % = h, i=1,2,3,¢....),then the Euler method
uses the statement. '
y hofx, ,y,) | (13)
Yigq = Y ¥ BeBEpYy W
as an approximation for the exact expression

XLiv

) =y, o+ \J.ffk.y(x)] dx | } (14)

X

The meanings of equations (I3) and (I4) are illustrated in figure (I.1).

Yi

Figure I.1 A step of Euler's method.

Euler's method has a truncation error of only O(hz). (The truncation

error is the error which has been introduced into the computation by the

discretisatidn of the continuous Space dimension,into bins of finite
width, h.) A method that has truncation error O(hj) is Heun's method,

which,in the present notation can be written :
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<>
1]
4

S ECRT AR O] (15)

_mu::‘

i+1 i o+

The problem here is that Y541 is not known. We may therefore use
Euler's method to predict its value,thereby obtaining the value'j(+“P).
With this estimate we might reasonably hope to produce a better value

for y. i.e.

i+1?

Yit1eery= Y3 ’}'h'[f(xi'yi) ¥ f(xi+1’yi+1(p) )] (16)

Thus, Euler's method has been used as a predictor for Y541 sand Heun's

method as a corrector for y

i+t °
If we use the Euler predictor and the Heun corrector,then the truncation

error in the Heun corrector is

E

WY, m '
O#1C) = (E )}j‘ + h .KiM-EiH(p) + O(h*’)

predictor error

where the contribution of the Euler predictor has been indicated.

In equation (I7), Ki,q 1is given by

Kty =%§(:’C‘+1sﬁiu) | e

where
\ji.i-ﬂ?) S t'i-” é'\j‘.d“ (19)

Thus,if we can find a predictor with truncation error O(hj),the error
in the Heun corrector,due to the predictor error,could be made O(h ).

Such a predictor is the modified Fuler's method, whose expression is :

Uiﬂ(f) = Y + zh"j{ | (110)

If we use this predictor,the truncation error in the Heun corrector will

be :
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2 m
N 4
C€£+1 )y = k}ij + O Ch ) (I11)

It is shown in /72/ that the truncation error of the modified Euler's

method is

_ ~h3 " 4
8':#-1(‘3) = 1dL+|(P) ~1j;'+1 = 3'54_ t+ O(h ) (112)

and in the same way we can write the truncation error in the Heun

corrector as

- 23 m Cht)
Ei.ﬂ(c) = ‘ji-HCc) —‘54}1 = Ti’ﬂ* + O (113)

From these last two equations we are able to see that

’ 3 R
Hiﬂco "Uiﬂq) = %‘j‘-’ +0U‘q) (114)

If we then substitute equation (I11) into equation (I14) we will find that

| | |
[ [3&!(:) - 3“‘“?’] = Cinc + OChY) (115)

Since both the predictor and corrector have truncation error 0(h3), it
will be possible for us,ihrough a process known as deEing—uE, to produce
from equations (I12) and (I13) ,an approximation for Vi1 (which we

shall call y. ),that has truncation error O(h') .Thus
i

+1(m)

L4 . equation (I13) + 1 . equation (I12) %-(4‘;5;*,&) ‘1-34‘,1.1(,;))

5 2

Yisrem * 0D (T16)

We do not know after mopping-up, what exactly the truncation error in
yi+%(m) is,but we do know that it is in general less than the truncation
error of the corrector. Thus equation (I15) is a conservative estimate

of the error in y . This proceedure of computing an error

i+1(wn
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estimate from values computed in the method, :rather than by evaluating
formulas not closely related computationally to the solution process, is

called automatic error estimation. It allows significant reduction in

the computational time spent on error-control,since only quantities which
have to be computed anyway in the computational process, are used.

Notice that mop-up, and thus automatic error control, are only possible
because the predictor and the corrector have the same order truncation

error.

For the results presented in chapter 2, the so-called Adams-Bashforth

predictor

Yeup = Jo +h-[569-594{_, +3%yi-a - Tis] oy (117)

and the so-called Adams-Moulton corrector

Yireey = Ji +<5,)'[911a+1 F19y; - 5y, N (118)

have been used.The truncation error in the Adams-Bashforth predictor is

F2o0

5

and that of the Adams-Moulton corrector is

. _ 1)
H&+1Cc) —'\j,;“ = giﬂ(c_) :( 19 )%5,5; ) + Oché) (120)

F20

Since the predictor and corrector errors are of opposite sign (as in _
our previous example),then for small enough h,the predictor and
corrector values will straddle the correct value.If we subtract

equation (I19) from equation (I20),we obtain

3£.+a(c) "'ﬂauty) = :??."f-o)hst’ + O(Aﬁ)

9 9.9 (s) 2%o0 6 *
[uo A ] 5 + O (k) (121)

|
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so that our automatic error estimate is

€. ~ 1 3 i ’i
L+1(C) 2730 [ 13%(((.\ B ’3‘*"'1(?7 (122)

We can then mop-up to make the truncation error 0(h6),through use of the

formula

“Li‘l(ﬂﬂ = [2':"1 ‘3&+1(¢:) + ‘9’34.'{'1(‘,‘7)]/‘7‘:"0 (123)

Now,suppose that the truncation error comitted per Step of length h,
does not vary much as the integration proceeds from x=xo to X=Xy -
Suppose also that over this range we are prepared to tolerate a total
error TOL. We would then be able to compute an upper bound on the

permissible truncation error per integration step, i.e.

58}@? TOL
h (124)
‘OCA;-DCO\ ‘
We can now present the overall solution algorithm :
1. Compute the upper bound on the allowable truncation error per

integration step ( C in equation (I24) ).

2. Find the correct step length h,in the following way :

(a) Guess a value h=h,
(b) Do three steps of a Runge-Kutta integration with h=h1

(c) Apply the Adams method for 1 step with ‘h:h,I ,and compute the
automatic error estimate ,E .(i.e. the estimate of 5“1( ).

Since the actual error is 6
0(h1) y

l“-’mp/h,l (s O(h?)v i.e. o _E:th
-y

where K is some constant.We remember that we are looking for
a step h such that

C = K c:(is).tf
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Therefore we find

e ()

3. Using the h determined in (2), do 3 Runge~Kutta steps to compute
A . A and set the space index to i=3 .,
Y19Yz v Y3’ pace ?

L. Using the present h ,do 1 step of the Adams method to compute
.3“1 yand compute the automatic error estimate E.

5. If [ElI > Cin| go to (6).

If [E] < CIhl/32 go to (7).

6. Halve h. Assuming that 9,;.,., is the value just computed and that
the subscripts are in terms of the old h value,use the Runge-Kutta
method with the new h value starting at oc; to compute yand
the Runge-Kutta method starting at oci.y to compute 9&+ .

Increment i and go to (4) with the new h value. i.e. start from

to compute the next -9 value.

A
34&9._

X1

7. Double h. Increment i and go to (A4). To allow this interval
doubling,at all steps we must save not only 4..4%4° 4 Ao Al
and the new value giﬂ ,but also H. AU‘-"‘dt > dies 3im 9Y5ns

-3y Yi-3 f’.’ "B Al
A P J-q 9 Bi-y -
HL—S‘ 93& 6’

We may fail to arrive  exactly at XN by this method. In this case

we can use the Runge-Kutta method to compute the last fractional step.

Stability Considerations

In the numerical solution of an ODE a sequence of approximations Yn
to the true solution y(xn) is generated. Roughly speaking,the stability

of a numerical method refers to the behaviour of the difference or error,

In

which are incurred during the integration process.One of these,which we

- y(xn) ,as n becomes large.There are broadly,two categories of errors

have already mentioned above,is the truncation error,and this is the
error introduced by the approximation of the differential equation by a
difference equation.In the other category are the errors due to the

deviation of the numerical solution from the exact theoretical solution
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of the difference equation.Included in this cléss are round-off errors,
and errors which are incurred if the difference equation is implicit,

and not solved exactly at each stép. An additional source of error

results from the use of an auxiliary method (as is the case for the Adans-
Bashforth-Moulton method) to develop 'starting' values for the difference
equation. Now,in order to proceed,we must define the important concept

of consistency. Thus,the difference approximation to the ODE is consistent
if the sequence of numbers ¥, » converges uniformly to a continuous
function y(x) ,as n becomes very large ( or the step h-»0 ). We can
also say that the difference approximation to the ODE is consistent if

it is'true that

truncatlgn ETTO" o O , as h —=0 .

We can now use Lax's equivalence theorem /98/ to give formal meaning
to the concept of stability. This theorem states that :

" Given a properly posed linear initial-value problem and
a finite difference approximation to it that satisfies
the consistency condition,stability is the necessary
and sufficient condition for convergence. "

Now,suppose that we wish to integrate the ODE
y' =AY, Y, =1 (125)

Use of the Euler 'method would lead us to the expression :

yl’l+1 = yn + h)\yn = ('1 + hk)yn (126)
Now,assuming that the error En at the step n,leads to error En+1 ,at
the step n+1 ,then the errors at these two adjacent ' levels are
related by the equation : '

En-r‘l = (1 + h)\)En (127)

In order to solve this equation,we substitute into it the trial solution :

E =u ' (128)

and obtain as a result,the equation :

un+1 = (1+m)u® - (I29)



183

which is called the 'characteristic equation' of equation (I27) .

The solution of this characteristic equation is

w= (1 + m) ' (130)
It follows from the above equations that we can write

E, = (1 +m)" . (I31)

and it is clear from this equation that En is bounded as n —» oo , only
if
|1+ m]<n (132)
We are not however,normally interested in integrating only a single

ODE,but rather a system of coupled ODEs. We can write such a system

in matrix notation as follows :

I =Ay v 30} =y, (133)

where the " elements of the matfix‘é.”ére denoted by aij and are

assumed constant.The formal solution of equation (I33) is

y(x) = y_ exp( A x) . (134)

and it is clear that if Amax is the largest eigenvalue of the matrix A ,
the characteristic equation of equation (I34) will ehable us to state
that the condition for the stability of equation (I34), if the Euler

method is used,is :

]1 s | P | | (135)

According to equation (I3h4),the exact solution will change over a step h,

by the factor exp ( Ah ) , i.e.

y(ng) = y(xn) exp( Ah ) (136)

so that any single-step method which can be expressed as

Ineq T2t =00 I (137)
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has properties which are essentially determined by how well M( Ah )
approximates exp (Ah) . It is shown in /99/ that for the é;néze—

step method of equation (I37) , the largest eigenvalue of A still determines
the choice of h for the stable integration of equation (155).

Our main interest however, is to determine the stability of numerical

methods for the integration of the nonlinear ODE
y'= 1(x,y) (138)

Given this equation,the way to proceed at any step n , would be to form

a Taylor series about (zn,xn) ,truncated after the first-order terms,

v =5 +[8g], G- o+ o) @

giving a linear non-homogeneous ODE at each step.The eigenvalues of
equation (I39) are the eigenvalues of the Jacobian matrix [;}ﬁ]“ , and

will vary from step to step.

Suppose that the largest eigenvalue of the Jacobian matrix at the point
n is ( A ax )n .Stable integration of equation (I38) coulé then
conceivably be achieved in three ways :
1. For each ( ngx)n choose the largest permissible h ( say h. ),
consistent with stability,or
2. Find the largest of the set of numbers ( Amax)n , and use this to
determine a single constant h,which will then be used for the
integration of equation (I38) throughout the domain of interest.
3. Use the method of (2) not over the whole domain, but over fixed

blocks of steps.

The above procedures are reasonable because it has been shown in 792/
and /100/, that the stability characteristics of equation (I39) are very
similar to those of equation (I38).

In the solution algorithm presented earlier in this appendix,it was
indicated that the size of the first step taken could be guessed,but we

need to know how to make a reasonable guess.For the fourth-order Adams
predictor-corrector (P-C) formulas ( equations (I17) and (I18) ),typical



185

characteristic equations are ( see p.184 of /99/ )

pnt - (4 55“}#*‘ "'7*/11 3?\)-/}- +2—th):0

(140)
. 3 _
(1= Z02) 02 - (12008 L sl _ W) =0
, 24 24 (I41)
(1+2h). 55H217) 13 (5k2 5IKN) 2
”3 T ),u+ T )/u
WA L 3% 912"
(2 + BUXu +_9l1£ =0 (142)
14 FhA L p 4 5 951"
(14 Tt ),u (22 + - )/443
A 9k 52" 292 (143)
(2.4 6¢ )/M LLE'L"_‘}/“' ——96"\‘;?‘ O

corresponding respectively to the P,C,PECE and PE(CE)2 algorithms.
What is meant by PECE is the following :
1. U51ng the predicted value y“H(P) , .a derivative evaluation is
performed to obtain y"’,_.f(,c",3n+lqa) 2.With this new derivative
the corrector is used to obtain a new estimate of the solution 3ﬂ+|(<).

This value is then used in another derivative evaluation.

For the PE(CE)‘2 algorithm the above procedure is followed by another
application of the corrector equation, amd thean by another derivative
evaluation. In figure (I.2) we have illustrated the stability diagram
in the complex hA-plane , for the Adams-Moulton method in the PECE
mode, as given by Krogh /101/. It is seen that this algorithm is stable
if

Re(h\) < (-Ah)calc , where ()\h)calc ~ 1.25 (I4y)
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Thus,in order to determine the upper bound hmax ,on the step size, we -
would first of all linearise our system of nonlinear ODEs, in order to
determine the Jacobian matrix. The largest negative eigenvalue of this
matrix can then be calculated ( for instance by the 'power method' ,/72/) .

A bound on h then follows from
max ‘

(-Ah)
max g ———2E (145)

I x|
max A
and all computations must operate within this bound. It would then be

- h

reasonable to choose our first integration step conservatively, for

instance,such that

h = hmax -
“first T = | (146)

Within this framework,our computation is then adjusted for accuracy,

as is done in the solution algorithm presented earlier.

1.5
Lo Unstable -
=
£
E
—
0.5+
Stable
O ’ i 1 l .
-20 -15 ‘ -10 ) -05 0

Re (hx)

. F.igure 1.2 Region of stability in complex /A plane for fourth-order Adams P-C com-
bination. [Adapted and Reprinted from F. T. Krogh, Journal of the ACM, Volume 13,
pp. 374-385; copyright © 1966, Association for Computing Machinery, Inc.]
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The reader who finds our argument from equation (I25) onwards hard
to follow,is referred to Crane and Klopfenstein /102/.There it is shown
that the investigation of the stability of the stability of a numerical
method of solving equation (I38)

1= 1xy)

can be reduced to the study of the stability of that particular numerical

method when applied to equation (I25)
y' = Ay

for different values of A.The values of A to be considered are the

eigenvalues of the Jacobian matrix

f.o= (147)
=Y i)g ‘

vhich may in general be complex.



