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Abstract— This paper presents a novel decentralized control
strategy for integration of price-responsive loads in the electric-
ity market. Previous work has shown that, by approximating
the devices population as a continuum, it is possible to provide
necessary and sufficient conditions for the existence of a Nash
equilibrium (no device has unilateral interest in changing its
scheduling when considering the resulting profile of aggregate
demand). These results are now extended by introducing a
time varying proportional constraint on the maximum power
consumption of the appliances. This allows to saturate the
flexible demand and obtain a Nash equilibrium for a much
wider range of scenarios. The performance of the proposed
control technique, which also minimizes the task time of all
appliances, is tested in simulation.

I. INTRODUCTION

In recent years power systems have been undergoing sig-
nificant transformations, gradually moving from a traditional
centralized model to the distributed paradigm of the smart
grid [1]. One of the driving factors in this transformation is
the introduction of new loads, such as electric vehicles and
smart appliances, that accommodate flexibility in their power
consumption. It is expected that an increased penetration of
these devices in the network would correspond to significant
advantages [2]: customers would benefit from cheaper elec-
tricity bills with a minimum impact on their comfort while
power systems could achieve an increased reliability and a
more efficient utilization of their current assets. To obtain
these results, it is crucial to incorporate the flexible loads in
the electricity market through a proper coordination of the
individual appliances. Many different approaches have been
proposed in such sense, including centralized techniques [3]
and distributed mechanisms that use stochastic optimization
[4], adaptive strategies [5] or Lagrange relaxation [6]. This
paper follows the results presented in [7] where, approximat-
ing the flexible appliances population as a continuum and
adopting a game theory framework, necessary and sufficient
conditions are provided for convergence (in one step) to
a Nash equilibrium. This means that all price-responsive
appliances, having scheduled their power consumption ac-
cording to a broadcast demand/price signal, have no incentive
in changing their strategy when the resulting aggregate
demand is considered. We now focus in determining addi-
tional control actions that induce an equilibrium when the
aforementioned conditions are not fulfilled. In practice, this
would cause “rebound peaks” [8]: the flexible appliances,
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trying to operate when energy is cheap, introduce a new peak
demand, potentially higher than the original one. Significant
research activity has investigated this problem, proposing
discontinuous [9] and randomized [10] price functions or
advocating aggregators between the market and the cus-
tomers [11]. In this work, similarly to what is suggested
in [6], a time-varying proportional constraint (equal for all
devices) is imposed on their maximum power consumption.
The demand variation introduced by the appliances is limited
at critical time instants, determining the corresponding power
constraint through the resolution of a Cauchy problem. Under
very general assumptions, it is possible to converge to a Nash
equilibrium while minimizing the task time of all appliances.
The possibility of coordinating flexible appliances (in partic-
ular electric vehicles) by inducing a Nash equilibrium is not
novel. Similar results have been obtained in [12], [13] by
introducing an additional quadratic term in the cost function
of the agents, and in [14], [15] by specifying some conditions
on the population size and on the electricity price. In this
work, by imposing power consumption constraints, one-
step convergence to an equilibrium can be obtained for any
penetration level of flexible demand, with no additional terms
in the objective function of the devices. Such result does not
require detailed knowledge of the energy price function. The
decentralized technique is tested in simulations, considering
future scenarios of the UK grid with high penetration of
price-responsive demand. A more detailed description of the
proposed approach, with proofs of the theoretical results and
additional properties, is presented in [16].

II. MODELLING FRAMEWORK FOR FLEXIBLE
APPLIANCES AND ENERGY MARKET

The characterization of the flexible loads and the descrip-
tion of their interactions with the power system follows
the modelling choices presented in [7]. For the purposes
of this work, we consider interruptible appliances that can
continuously modulate their power consumption and have
complete time availability. This hypothesis, albeit restrictive,
can accommodate realistic scenarios (e.g. charging of EVs
during night-time) and constitutes the starting point for
the design of a more extensive framework. Each appliance
is characterized by two parameters: the total energy Eiy
required to complete its task and the minimum time #y,;, that
ensures task completion if the device operates at constant
rated power P, = Etot/tmin- The sets of distinct values within
the population for Ey and f.,;, are denoted by & and .7, re-
spectively. Flexible demand can then be characterized by the
unnormalized distribution m of the devices parameters. Given



E,E» € & and 11,1 € 7, the integral [2 fflz m(t,E)dE dt
corresponds to the number of devices with Ey < Eyy < E»
and #; <tmin <. We assume that the appliances population
is sufficiently large to be described by a continuum and the
distribution m corresponds to an integrable function. For a
compact description of the flexible devices, we introduce

f:7 —R" and its derivative f':

t
7(0) ::/ LE-m(r,E)dEdr 70) ::/(DE-m(t,E)dE
0 J¢ 5 0
where f(¢) is the total energy required by loads with #,;, <7.
Remark 1: The power density f’ is the only description of
the flexible appliances required to implement the proposed
control strategy. Ideally, it can be centrally determined if
each appliance communicates its parameters fyj, and Ei.
In the considered framework, with a continuum of agents,
incentive compatibility is guaranteed: no device has interest
in providing false information as its effect on f” is negligible.
In real applications, it should be possible to estimate f’ with
a reasonable approximation, using historical data. Alterna-
tively, aggregators could collect local information on groups
of devices, preserving the privacy of the individual users.
All the results presented in this paper hold if f and f’ are
well-defined. Nevertheless, for a more compact exposition,
the following assumption is introduced:
Assumption 1: The function f’ has compact support:

supp(f") = [qmin, gmax] C (0, T].

Remark 2: Since f'(t) quantifies the amount of energy

required by devices with f,;, =1, its support is equal to the
set .7 of distinct broadcast parameters fy;y.
The flexible devices interact with the power system through
the electricity market, abstracted by the monotone increasing
function IT: [0, 40) — [0, +o0). For a certain power demand
D,(t), the corresponding energy price is given by p(f) =
II(D,(t)). In turn, the aggregate demand D, is the sum of
two components: the inflexible demand D;, corresponding to
the other loads in the system and known a priori, and the total
power consumption Dy of the flexible devices, defined later
on. All flexible loads are supposed to be price-responsive:
given a demand signal D received from the system operator
(or the corresponding price I1(D)), they schedule their power
consumption u in order to complete their task at minimum
cost. The equivalent optimization problem is:

min /0 "D - u(e) dr

2

S. L.

We denote by uj,(-,s,x) the scheduled power profile of a
single device with parameters E, = x and #,;, = s which is
optimal for (2) when D is broadcast. The resulting flexible
demand Dy and aggregate D, p are straightforward to derive:

Dy(t) :/? /g up(t,s,x)m(s,x)dxds
Dop(t)=D;(t) +Dy(t).

3)

A. Analysis through measures of sublevel sets

The equilibrium conditions presented in the next subsec-
tion rely on the study of the sublevel sets of the broad-
cast demand D, described by the cumulative distribution
Op : [dmin,dmax) — [0,T]. The quantity Qp(d) corresponds
to the amount of time “spent” by the signal D below the
value d. Denoted by u the Lebesgue measure, it holds:

Op(d) :=p({r€[0,T]: D(7) <d}). (4)

Assumption 2: The broadcast signal D : [0,T] — [0, +oo)
is a continuous function with no level sets of positive
measure. For any d € Im(D) = [din,dmax], it must hold:

u({r e [0,7]: D(x) = d}) =0. (5)
This assumption generally holds for typical profiles of in-
flexible demand D;, considered in the rest of our analysis as
candidate solutions for the broadcast D in the appliances co-
ordination problem. Moreover, condition (5) guarantees that
Op(d) in (4) is continuous and strictly monotone increasing.
It is possible to introduce a change of variable and, instead
of time #, consider the measure ¢ = Qp(D(z)). A bar accent
denotes quantities in the new variable. For any D(¢) fulfilling
Assumption 2, the corresponding D(g) is defined as:

D(q) = 0p'(9). (©)
This function returns the demand value which induces a
sublevel set of the broadcast signal D with measure g or,
equivalently, such that Qp(D(q)) = g. Its relationship with
the corresponding quantity in time is:
D(t)=D(0p(D()))  Vte[0,T].

Such representation can be extended to any p : [0,7] — R

for which it holds:
p(n) =p(n)

In this case, p(g) is equal to the function p evaluated at

any time ¢ € [0,T] such that Qp(D(t)) = q. The following

relationship holds between p and p:

p(1) = p(0(D(1)))
B. Nash Equilibria with price-based strategy

V1,10 € [0,T] : D(t1) =D(t2). (7)

vt €[0,T].

The considered decentralized scheme coordinates the ap-
pliances through the broadcast of a suitable demand profile
D (or the corresponding price II(D)), letting each appli-
ance greedily schedule its power consumption in order to
minimize its individual energy cost. The main objective is
to achieve a Nash equilibrium in the system. This means
that each device has no interest in changing its scheduled
power consumption uj, when the broadcast demand D in its
cost function (2) is replaced by the corresponding aggregate
demand D, p in (3), resulting from the application of uj,:

T T
/ T1(Da(e) (1.5, x)dt = min / (Dap
0 u(- 0

s. t.0<u(r) <

/()Tu(t)dt:x

—~

1))u(t)dt

“ | =

®)



Important results in this respect have been provided in [7,
Theorem 1-2], showing that a Nash equilibrium can be
obtained (by broadcasting D = D;) if and only if:

Ap,(q9) <Ar(q) Vg esupp(f) ©)

where the negotiable valley capacity Ap(q) := %le (¢) and
the power density of task durations As(q) := f'(q)/q are two
quantities that characterize respectively the broadcast signal

D and the appliances population.

III. SATURATION OF FLEXIBLE DEMAND

Additional control actions are now considered in order to
achieve a Nash equilibrium also when condition (9) does
not hold. In these scenarios, it has been established that
the devices parameters and the penetration level of flexible
demand are such that an equilibrium cannot be induced by
simply broadcasting a price signal. For any choice of the
communicated price, the strategies of the appliances will
introduce a new peak demand, causing suboptimality of
their originally scheduled power consumption. To overcome
this problem, we propose to saturate the flexible demand at
critical time instants. This is done by broadcasting to the pop-
ulation an additional signal o : [0,7] — [0, 1] (time-varying
and equal for all devices) which constitutes a proportional
constraint on their maximum power consumption.

Remark 3: In practical implementations, one can assume
that the constraint o can be directly enforced on the ap-
pliances. Alternatively, discontinuous price functions can be
introduced, consistently penalizing all devices that exceed
their prescribed fraction of maximum power consumption.
The cost minimization problem solved by each device to
schedule its power when ¢ is introduced becomes:

min /0 "D - ule) dr

Etol

s.t. 0<u(r) <o) (10)

T I'min
V/n u(t)dt = Exo
0

On the basis of the previous results, we choose D = D; and
we aim at designing o which induces a Nash equilibrium
in the system or, equivalently, fulfils the following condition
for all tyjn, =s € 7 and Eioy = x € &

T T
/ TI(Dup, (1))ich (£, 5,%) df =min / TL(Dop, ())ult) dt
0 u(-) Jo

&tOSMﬂSa@%

T
/ u(t)dr=x
’ (11)

Note that a Nash equilibrium constitutes a stable solution for
the individual devices. It follows that “rebound peaks” are
avoided, as these would correspond to suboptimality of their
operation strategies (loads would be operating when demand
and therefore prices are higher). The resulting flattened de-
mand profile is also advantageous for the system operator, as
it guarantees lower generation costs and increased reliability

of operations. The equilibrium analysis will be conducted by
considering the scheduling problem in the measure variable
q = 0Op(D(t)), which is equivalent to (10):

. T = —_
min /0 (D(q)) - i(q) dq
st 0<i(q) < al )fﬁ (12)

As a preliminary step, we determine the optimal solution
for problem (12), calculating the power it}, scheduled by the
devices when the signals D and « are broadcast. In this
respect, considering that IT and D defined in (6) are both
monotone increasing functions, optimality is achieved by
operating at maximum feasible rate at the lowest values of g,
until the task is completed. Denoting by &/(q) = [¢ &(7)dt
the (monotone increasing) integral of & over [0, ¢], we have:

%@mﬂ={

Having calculated the scheduled power consumption iz, it is
straightforward to derive the corresponding flexible demand
as a function of the measure g:

Df(q):./% ./y in(q,s,x)m(s,x)dsdx

&(q)/g/o:(q) %m(s,x)dsdx
=a(q) /le(q) %/gxm(s,x) dxds = &(q)

alg)s if (g <s

13
0 (_X](q) > (13

T /

s

116s) .
a(q) S

(14)

Remark 4: For the proportional constraint &, scheduled

power consumption i}, and flexible demand Dy as functions

of the measure ¢, it is straightforward to calculate the

corresponding quantities in time:

up(t,s,x) = i5(Qp(D(t)),s,x)

B (15)
a(r) = a(Qp(D(1)))  Dy(t) = Ds(Qn(D(1)))
A similar expression holds for the aggregate demand:
Dap(t) = Di(t) + Dy(t) = Di(t) + Dy (@p(D(t))) ~ (16)

Note that, when the inflexible demand is broadcast (D = D),
the aggregate demand D,p, depends exclusively on the
current broadcast demand value d = D;(¢):

Dyp,(t) = K(d) = d+Ds(Qp,(d)) i

—d+alon(@) [ _(d>)fs(s)d

IV. DESIGN OF THE PROPORTIONAL CONSTRAINT

s (A7)

The main objective in the design of « is to fulfill (11)
and induce a Nash equilibrium in the system. To this end,
equilibrium conditions in the measure g can be obtained
(formal proof provided in [16]):

Proposition 1: Given a constraint signal & : [0,T] — [0, 1]
and the broadcast demand D = D; fulfilling Assumption 2,
the equilibrium condition (11) holds if:

Di(q)+D/(q) >0 Vg €[0,T] (18)



where D;(q) is the inflexible demand as a function of the
measure g = Op,(D;(t)), as specified in (6) with D = D;,
D ¢ is the flexible demand profile defined in (14) and primes
denote derivation with respect to gq.

This result is used in Section IV-A to approach the problem
as a reshape of flexible demand, calculating the power
constraint through the resolution of a Cauchy problem.
Exploiting the monotonicity of the corresponding dynamical
system in the opposite sense of integration, as explained
in Section IV-B, we provide in Section IV-C the definitive
solution.

A. Shaping of flexible demand

It is not possible to directly apply the results of Proposition
1 and determine a constraint function ¢ that induces an equi-
librium since its relationship with D} is not instantaneous:

Diy(q) =& (q) ;q) @ ds —a*(q) f/éjééc)l)) :

For this reason, an indirect approach is followed: a reference
D, is calculated for the flexible demand so that (18) holds
for Dy = D, and then & is determined in order the shape
the behaviour of the flexible appliances and generate a total
power consumption equal to D,. The following expression is
chosen for the flexible demand reference:

D,(q) = /qTF(T)dT.

Considering F(-) as a control input, it is possible to define
the following dynamical system with states &; and F;:

19)

(20)

) ] I F(0)dt  Fo—Flq) _
o(q) =a(q) = F—F—~—= - Filg) = F(q)
Ja B2 dr [y P e
%(0) =0 Fi(0) =0

2n

where Fo = F(T) = [ F(t)dr is the integral of F over
the interval [0, T]. For a fixed control signal F(-), the unique
solution of (21) is denoted by (@g(-),Pr(-)). Note that the
expression of &(g) in (21) guarantees that D, in (20) and
D  in (14) are equal. It follows that condition (18) for Nash
equilibrium becomes:

F(q) <Di(q)

Rather than directly calculating &, we determine F' which
satisfies (22) (and therefore guarantees an equilibrium), ob-
taining the corresponding & through (21). In this respect, an
additional constraint must be taken into account. Since &(q)
represents a proportional reduction in the maximum power
of the devices, a state (&(q).F7(q)) will be feasible only if:

0< a(g) = 2D 23)
Ja(g 47
Although the main objective in the design of the con-
trol F' (and corresponding power constraint &) is to in-
duce a Nash equilibrium, we also aim at optimizing some
global quantity in the system. In particular, we want to
minimize the total time Tg,q required for all devices to

Vg €0,T]. (22)

complete their tasks. From (13) and Remark 4, the inter-
val of power consumption for an appliance with f,, = s
is given by p(s) ={r€[0,T]: 0y(Qp(D(z)) <s)}. Since
Ip(s1) C Sp(s2) when s1 < sp, from Remark 2 and As-
sumption 1 it holds:

Tend = min {51 10y (51) > Qmax} .

The function F and corresponding constraint & can then be
calculated by solving the following optimization problem:

_ min Teng
F(')7Flot»Tend
st 0y(0)=0 F(0) =0
&f(Te;d) = qmax _ I(Te;d) = Fiot
) Fo—Flg) = o Q4
() = o gy~ Fg)
. fd/(‘!) T dt _ _
0<a(q) <1 F(q) < Di(q)
Vq S [0, Tend)

Once the optimal F for (24) is calculated, the corresponding
proportional constraint is equal to &(q) = &;(q). The values
of o as a function of r can be obtained by applying
expression (15) in Remark 4.

B. Backward-integrated Dynamical System

It is in general difficult to solve (24) with standard optimal
control techniques as the final value Fio; of the state £; (not
known a priori) appears in the dynamics of ¢y. For this
reason, the same dynamics are preliminarily considered in
the opposite direction of integration (adopting a tilde accent):

F(q)

L e _ = L
4 (0) = - = e )

Ff(q)=F(q)

of(0)=¢
, (25)
where the function A(x) = [Im %T) dr is used for a more
compact expression of fxf . Note that (25) defines a family
of Cauchy problems parameterized by the initial value &
of the state variable @&f. Fixed a control profile F(-), the
unique solution of (25) will be denoted by (@5(-), ®E(-)).
Taking into account that &f is not well defined when
(@(0),F(0)) = (0,0), we consider decreasing values of €,
letting (Pg(-), Pr(-)) express the limit of solutions of (25)
for € which tends to zero. Existence and uniqueness of such
limit are guaranteed since equation (25) defines a cooperative
system (the solution is monotone with respect to initial
conditions). The lemmas presented next show the strong rela-
tionships between the solution (Qg(-), @r(-)) of the forward
system (21) and the limiting solution (Pg(-),Pr(-)) of the
backward system (25).
Lemma 1: Consider a feasible function F : [0,7] — R for
(21) such that, for the corresponding solution (@g(+), Pr(-)),
it holds:

(Pa(’fi) = ¢dmax @F(Ti) = Fot (26)



If the control F(q) = F(T —q) is applied to (25), for the
resulting limiting solution (@(-), Pr(-))) we have:

(pOC (q) = {max — (Poc(f - C])

@r(q) = Fou—r(T —q)

A similar relationship also holds in the opposite sense:
Lemma 2: Consider any F : [0,7] — R* which is feasible
for (25) and such that, for the corresponding limiting solution

(@a(-),®r(+)), it holds:
(ﬁ(x(f) = {max @F(T) = Fiot

Given the solution (@q(-),Pr(-)) of (21), obtained applying
F(q) = F(T —gq), we have:

Vg € (0,7T]. 27)

(28)

Pa(q) = gmax — (l~’oz(7Aw —q)
¢r(q) = Fou— ¢r(T —q)
A formal proof of Lemmas 1 and 2 is provided in [16] but
the results can be easily verified by comparing the values of
¢r(q) and @;(q) = |l @F(7)d7 in the two cases (with bar and
tilde accent). Having established a correspondence between
the two dynamical systems, problem (24) can be solved by
operating with the backward system (25) and exploiting its
monotonicity properties:
Proposition 2: The dynamical system described by (25)
is cooperative [17].

Vg €[0,T). (29)

Proof: It is sufficient to consider the sign of the
following partial derivatives:
[ € L€
90 _ 1 o 9 %% _y U
dFf  h(af) a0y dF JoF
(30)
|

C. Task-time Minimizing Solution

The sets of admissible states (&f,F) and controls F(-)
for system (25), respectively 2 and %;., are defined as:

2 = {(0f.Ff) - Ff <h(af)}

N _ L . (€29)
Uy = {F():F(q) € [0,D{(T —q)] Vqe[0,T]}.

From Proposition 2, system (25) is monotone for the orders
induced from the positive orthants in the state and control
space. This means that its state components can be maxi-
mized, at each g, by applying the maximum feasible control
F. Each value of T induces a corresponding maximizing
solution. With the proper choice of the parameter 7', it is then
possible to satisfy (28) and apply Lemma 2, extending the
same result to the forward system (21) and allowing to solve
the original optimization problem (24). To do so, reminding

that h(x) = [7max %) 4z, the following feedback law as a

T Jgmax—x T >,
function of ¢ and current states ¢ and Fj is introduced:

F(g.a.F) Di(T ~q) it Fy<h(oy)

,ap, = _, A ~

L min (DT —q), 1 () if  Fy = h(ay)
(32)

We denote by <I>T(xo,q) the solution of the ODEs in (25) at
‘time’ g and with initial conditions xy (¢ = 0) when the (time-
varying and discontinuous) feedback law F* is applied. The

single components of ® are denoted with o and F subscripts.
Consider now the final value of the limiting solution, defined
as follows: .

Y(T) = lim @, ([¢,0], 7). (33)

e—0

Given the monotonicity of system (25) from Proposition 2
and since F* is the maximum feasible control at any time
instant and current state, for any other control signal F € Uy
and corresponding limiting solution (Pg(+), @r(-)), it holds:

Po(T) < Y(T). (34)

Definition 1: Assuming that problem (24) is feasible, we
define T* € [0, T] as the unique time value for which it holds:

’}/(T*) = qmax '}/(T) < Gmax VT <T* (35)
Existence and uniqueness of 7% follow from the positivity
and boundedness of the state derivatives in (25). The main
result of this section can now be provided.

Theorem 1: Denote by ¥*(gq) the following signal:
¥(q) = limF* (4,07 ([e.0.,9)).  (36)
e—0
The control F* defined below is feasible and optimal for
(24):
F*(q)=9"(T"~q) Yqe[0,T"]. 37)

Proof: The feasibility of F* is initially assessed,
reminding that @* denotes the solution of (21) when F*
is applied and @* is the limiting solution of system (25)
when F = F* and ¢ tends to zero. The final state condition
071(Tgnp) = gmax in (24) becomes @ (T*~) = gmax. Since
Y(T*) = @5(T*) = gmax, this can be proven by applying
Lemma 2 with 7 = T* and ¢ = 7. For the constraints of
(24) on state derivatives, considering (32) and (36), we have:
_Orla)
h(@s(q)) ~
To verify the second inequality, given the initial con-
ditions of the system, it is sufficient to note that
¥ (q) = ¢p(q) < ' (9;(q)) when @7 (q) = h(@(q)). Using
Lemma 2 on the solution ¢* of system (21) when F* is
applied, the following holds at any ¢ € [0,T*):

V¥ (q) <Di(T* —q) Vg € (0,T7].

F*(q) = 9" (T* — q) < Dj(q)
_ Fo—@ple) _ ¢(T"—q) _,
S '@ g W@L(T*—q)) —

T

(38)

Having established the feasibility of F* for (24), we now
prove its optimality. Assume that there exists another feasible
control F° such that, for the corresponding state trajectory
@, it holds @y (T°") = gmax With T°® < T*. We denote by
F°(q) = F°(T° — q) the corresponding control for system
(25). Applying Lemma 1, from (27) evaluated at g =T = T°,
we have:

(pa(TO) = gmax = }’(T*) 39)

Conversely, given (34) and (35) for T = T°, it must hold:

¢a(T°) < ¥(T°) <YT") = Gmax-



This contradicts (39), proving that F° as specified above does
not exist and therefore F* is optimal for (24). [ ]
Theorem 1 shows that the task-time minimizing profile of
flexible demand in the ¢ variable D}(q) (and the function
0*(q) that induces it when broadcast to the devices) can be
calculated operating “backward”. Fixed a final instant 7', the
feedback F* for the backward system (25) is evaluated, max-
imizing the final state @ (7). There exists T (equal to T* in
Definition 1) such that d,(f") = ¢gmax. This guarantees a corre-
spondence with the forward system, as specified by Lemma
2. By applying the equivalent control F*(gq) = F*(T — q)
forward in time, we solve the optimization problem (24).
This means that the resulting value &*(g) = &; (¢) in system
(21) is the proportional constraint in the variable g that, when
broadcast to the devices, achieves a Nash equilibrium and
minimizes the total task time of the population.

V. SIMULATION RESULTS

The decentralized coordination strategy for flexible de-
mand and the optimal control law presented in the pre-
vious sections are now tested in a simulative framework,
considering a typical 24h UK demand profile [18] for D;.
The population of flexible appliances is characterized by
a function f’ which is given by the sum of two truncated
gaussian centered at 3k and 7h, while the total energy
required for task completion of all devices amounts to
55GWh. In the present case, condition (9) for existence of
an unconstrained Nash equilibrium, as established in [7],
is not fulfilled. This can be seen in Fig. 1, where the
negotiable valley capacity Ap(g) = dtiBI (¢) and the power
density of task durations A¢(q) = f'(¢)/q are compared.
It follows that, under the current assumptions, it is not
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Fig. 1. Negotiable valley capacity Ap, (blue trace) and power density

of task durations Ay (red trace) for the chosen function f" and inflexible
demand profile D;. The green dashed line represents the optimal control F*
for the total task time minimization problem (24).

possible to successfully coordinate the appliances by simply
broadcasting a demand/price signal. Therefore, it is also
necessary to specify a proportional limitation ¢« on their
maximum power consumption, limiting flexible demand at
critical time instants. The signal « is obtained by numerical

integration of system (21) when the optimal control F* is
applied, as discussed in the previous section. In order to
determine F*, the time instant 7* introduced in Definition
1 and fulfilling (35) is preliminarily calculated. Considering
the monotonicity of ¥(7) in (33), it is sufficient to apply
a bisection algorithm until convergence is achieved within
a suitable error margin. In the considered scenario, using a
time step Ar = 0.01% for the integration of the differential
equations in (25), we obtain the final value 7% = 11.25h. It
is now possible to numerically calculate y* and F* from
(36) and (37), respectively. The latter, which from Theorem
1 is the optimal solution for the task time minimization (24),
is shown as a dashed green trace in Fig. 1.

If we apply F = F* in the dynamical system (21), we
obtain the corresponding optimal proportional constraint &*.
This is shown in Fig. 2, together with the resulting profiles of
inflexible, flexible and aggregate demand as functions of the
measure g. Note that, since Qp in (4) is monotone increasing,
we expect the same to hold for the inflexible demand profile
Di(q) = QB,-l (q). The opposite is true for Ds(q) = D,(q)
since this corresponds to the integral of the positive quantity
F*(-) over the interval [¢,T]. If, as in the present case, the
aggregate demand D,(q) = D;(q) +Dy(q) is also monotone
increasing, we can conclude that (18) is fulfilled and there-
fore, from Proposition 1, a Nash equilibrium is achieved in
the energy market. A qualitative description of the proposed
control can be obtained by analysing Fig. 1 and Fig. 2 over
different time intervals. For ¢ > T* we see that F* and the
flexible demand Dy are equal to zero as all appliances have
already completed their tasks. In the interval which goes from
approximatively 8% to T* = 11.25h, the input F* corresponds
to the function A¢(g—A) with A equal to about 1h. In this
case the constraint &* is equal to 1 and the resulting demand
profile corresponds to the one obtained if all task times were
increased by A. At about g = 8h the function F* intersects
Ap;, implying that the maximum power consumption of the
appliances must be limited by setting &*(g) < 1. This is
done by imposing F*(q) = Ap,(q) = D/(q), corresponding
to a flat profile of aggregate demand in the g variable. Two
similar intervals, characterized by @* = 1 and by constant
D,, respectively, can be identified for g < 6.9h. The demand
profiles and the constraint o* across time are shown in Fig.
3. The shaded blue areas represent the intervals of power
consumption of devices with t,i, equal to 2h, 4.5k and 8h.
Note that they correspond to the lowest values of D,(t) (and
therefore of energy price I1(D,(¢)), confirming that a Nash
equilibrium is indeed achieved. This result can be compared
with the alternative scenario in Fig. 4, where no constraint
a is applied. Having established that (9) does not hold,
we do not expect any Nash equilibrium in this case. This
is confirmed graphically if one considers, for example, the
smallest shaded blue area, which correspond to the scheduled
interval of power consumption for devices with fyi, = 2h.
Note how these appliances could reduce their energy cost by
operating on the small valleys that appear in the aggregate
demand around ¢ = 2h and t = 5.5h.
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Fig. 2. Profiles of inflexible (blue dashed trace), flexible (blue area)
and aggregate demand (red trace) as functions of the measure g when the
proportional constraint &*(g) (magenta trace) is imposed.
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Fig. 3. Profiles of inflexible (blue dashed trace), flexible (blue area) and
aggregate demand (red trace) as functions of time when D = D; and the
proportional constraint o*(¢#) (magenta trace) are broadcast. The shaded
blue areas represent the intervals of power consumption of appliances with
parameter fm;, equal to 2h, 4.5h and 8h.
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Fig. 4. Demand profiles when D = D; is broadcast and no constraint ¢ is
applied (inflexible demand: blue dashed trace - flexible demand: blue area -
aggregate demand: red trace). The shaded blue areas represent the intervals
of power consumption of appliances with #,i, equal to 2h, 4.5h and 8h.

VI. CONCLUSIONS

A novel decentralized control strategy for integration of
large populations of flexible appliances in the power system
is proposed in this paper. On the basis of previous equi-
librium results, by introducing a proportional constraint on
maximum power consumption, it is possible to achieve a
Nash equilibrium in the system for any penetration level of
flexible demand. The proposed technique, which also guar-
antees minimization of the total task time of the appliances,
has been tested in simulations of realistic future scenarios of
the Great Britain power system.
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