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Abstract

Predicting foam dynamics in porous media poses significant challenges, primarily due to the
multitude of gas-liquid interfaces within foam and their intricate interactions with confined
structures. This study advances our understanding of foam physics by introducing novel foam
modelling approaches and examining foam flow in representative scenarios. Three foam mod-
elling methods are integrated and thoroughly investigated: the quasi-static soap film model,
the viscous froth model, and the boundary integral method. The first method is conventionally
employed to directly predict foam configurations in stationary equilibrium or in quasi-static
motion, and in this thesis, it is extended to the pore-network scale. The research reveals that
pressure differences between pore throats play a similar role in minimising overall surface en-
ergy as film tension does at the pore scale. The second approach pertains to the viscous froth
model, originally designed for monolayer foams constrained in Hele-Shaw cells, and convention-
ally considered in two dimensions (2D). In this thesis, the 2D viscous froth model undergoes
an extension into three dimensions (3D). This extension highlights the impact of the third
dimension on foam behaviour, effectively connecting the quasi-static soap film model with the
dynamic viscous froth model. Its application to a viscous froth lens in 3D reveals that the
driving velocity-to-gap size ratio is a dominant factor in determining the motion of a viscous
froth lens. Finally, a new method for modelling dry foam dynamics is developed based on the
boundary integral method which considers the viscosity of gas, not just that of liquid, making
it applicable to a broader range of foam flow rates. This method is utilised to investigate the
typical problem of film motion in a diverging-converging channel, offering a new perspective
on the emergence of yield stress. It is also implemented in 2D, connecting to the modelling of

foam in Hele-Shaw cells.
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Chapter 1

Introduction

Foam is a complex fluid that consists of two phases of fluid, namely gas bubbles dispersed
within a continuous liquid phase, and can be found in nature, such as sea foams and foam
nests of animals [1]. Due to its special physical properties, such as low density, high specific
area, and high viscosity, foam is widely used in various industries including cosmetics, fire-
fighting, mineral processing, soil remediation, and oil recovery [2]. In specific applications like
soil remediation and oil recovery processes, foam serves as a displacing agent that flows through

porous media, redirecting in-situ fluids away from the media.

1.1 Foam as displacing agent

Utilization of foam in oil production processes is a typical scenario where foam is used as
a displacing agent. There are typically three stages in the life of oil production: primary,
secondary, and tertiary recovery [3]. Primary recovery stage refers to the initial oil recovery
period when oil transport by the high natural pressure of the reservoir. This natural pressure,
however, declines as the oil is forced out of the reservoir, which tends to cease eventually. Then,
gas or water is injected into the reservoir to maintain the reservoir pressure, and oil production
enters the secondary recovery stage. After the primary and secondary stages, roughly two-

thirds of the original oil in reservoirs is trapped due to the capillary forces, forming connected
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phases in the unswept zones or discontinuous phases in the swept zones [4].

The tertiary recovery, also known as enhanced oil recovery (EOR), is implemented to extract
the remaining oil in the reservoir. This stage can lead to a final production of 40% to 60% of
the total oil in place [3]. EOR techniques can be classified into two categories: thermal and
non-thermal methods [5]. Thermal EOR methods supply heat to the reservoir and are better
suited for heavy oil production [5]. On the other hand, non-thermal methods are typically used

for light oil production, including gas flooding, solvent flooding, and chemical flooding.

Injecting gases into reservoirs, such as carbon dioxide (COs), nitrogen (Nj), steam, natural
gas, and flue gas, is conducted in gas flooding. This process can be categorised into two types
based on the miscibility of the injected gas with oil: miscible gas flooding and immiscible
gas flooding. For instance, COy becomes miscible with a wide range of crude oil at moderate
reservoir temperature and pressure above the minimum miscibility pressure [5]. CO5 has gained
significant attention as a flooding gas due to its status as the largest global source of greenhouse
gas emissions, which can be sequestrated accompanied by enhancing oil production [6]. Similar
to CO4, Ny flooding can also become miscible flooding under certain pressure and temperature,
though N, usually has a higher minimum miscibility pressure than CO,. In the process of
miscible flooding, a mixing zone develops at the interface between the displacing and displaced
fluids. This leads to the significant reduction of interfacial tension, consequently eliminating

the capillary forces that retain oil in the reservoir [7].

Gas flooding offers high microscopic efficiency in displacing oil, which results in low oil sat-
uration after gas invades the flow path. However, it suffers from low macroscopic recovery
efficiency mainly due to the adverse mobility ratio between gas and the displaced fluid namely
oil. The mobility A of a fluid is defined as, A\ = k./u, where k. and p are the effective perme-
ability and the viscosity of a fluid in porous media [5]. The mobility ratio M is then defined
as the ratio between the mobility of the displacing fluid and that of the displaced fluid, i.e.
M = Adisplacing/ Adisplaced, Which is regarded as favourable when less than unity. Gas flooding in
practice typically exhibits a mobility ratio ranging from 10 to 100, indicating an unfavourable

mobility ratio [§].
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Under unfavourable mobility conditions and low gas density, the gas flooding process is accom-
panied by three phenomena that contribute to poor vertical and areal sweep efficiencies. The
first phenomenon is viscous fingering, which arises from the lower viscosity of gas compared
to oil [4]. The second phenomenon is gravity override, driven by the lower density of gas in
comparison to oil, resulting in preferential gas flow within the uppermost layer of the reservoir
[9]. The third phenomenon is flow channelling, associated with reservoir heterogeneity, where
gas tends to preferentially flow through high-permeability regions due to reduced flow resistance
[10]. These phenomena collectively lead to premature gas breakthrough, leaving a significant

portion of the oil unrecovered.

Since the 1960s, foam has emerged as a vital mobility control agent, effectively reducing gas
mobility and addressing issues like fingering, channelling, and gravity override, primarily due
to its elevated viscosity. The substantial reduction in gas mobility results in the establishment
of a stable displacement front, thereby enhancing sweep efficiency. In practical applications,
three primary foam injection strategies have been employed: pre-formed foam injection, co-
injection of surfactant solution and gas, and surfactant-alternating-gas (SAG) injection [8].
Unlike pre-generated foam, co-injection and SAG methods generate foams in-situ. SAG injec-
tion has demonstrated the capability to produce stable in-situ foams [11], leading to signifi-
cantly increased trapped gas saturation within porous media [12]. Moreover, compared to the
co-injection method, SAG exhibits higher gas mobility, which aids in maintaining favourable

injectivity [13].

The practical use of foam as a displacing agent involves two key objects: one aqueous foams and
the other the solid matrix, present as a porous medium within the reservoir. The porous medium
acts as the framework through which the foam must navigate and displace the target fluid,
typically oil. The geometry of this matrix plays a critical role in determining how effectively
the foam can propagate through the reservoir. Understanding the complex interplay between
the foam, the porous structure, and the target fluid is essential for optimizing the performance

of foam-based displacement processes.
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1.2 Porous media

A porous medium refers to a substance, like rocks found in subterranean reservoirs, that is
composed of both a solid matrix and void spaces [14]. The proportion of the interconnected void
space within the porous medium is referred to as its effective porosity. These interconnected
void spaces within the porous medium serve as pathways for fluid movement into or out of
the medium. In a realistic porous medium such as carbonate, sandstone, or shale, pore sizes
can range widely, from 0.01gm to 100 pum, spanning six orders of magnitude in length scale
[14]. This multiscale variability necessitates the characterisation of fluid flow at multiple scales,
ranging from the pore to the field scale. Establishing a connection between fluid behaviour at
different scales in porous media poses a challenge that may necessitate further simplifications

in this so-called upscaling process.

A simplified representation of a porous medium is a pore network where the void space is
partitioned into pore bodies that are connected by narrow pore throats [15]. The number
of throats connected to a pore is known as its coordination number, which is equivalent to
the number of the neighbouring pores of the pore. The pore network may only capture a
subset of the characteristics of the actual porous medium, such as pore size and connectivity.
Additionally, a pore network, such as an idealised lattice, may not be based on a realistic porous
medium. Nonetheless, studies examining fluid flow through simplified porous media structures
still provide valuable insights into comprehending the dynamics of flow of fluid, like foam,
within porous materials [16]. These simplified porous medium models serve as important tools
in grasping fundamental principles governing fluid behaviour within porous media, offering a

foundation upon which more complex and realistic scenarios can be built.

1.3 Overview and scope

Effectively employing foam in industries like enhanced oil recovery and soil remediation neces-
sitates a comprehensive grasp of foam physics within porous media, contingent upon accurately

predicting the evolution of foam configuration. The primary focus of this thesis is on predicting
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foam configuration through physics-based foam modelling and its applications in comprehend-
ing foam flow in porous media. In Chapter 2, the thesis initiates by conducting a thorough
literature review to lay a robust background for understanding the key novel contributions of
this work, which are subsequently unfolded in the following chapters. The review underscores

the complex nature of foam, characterised by its intricate structure and multiscale dynamics.

The principal contribution of this work unfolds progressively in Chapter 3, 4, 5, and 6. These
chapters follow a logical sequence, transitioning from quasi-static to dynamic foam flow scenar-
ios. In all these scenarios, the assumption of dry foam is made in the foam modelling processes.
In Chapter 3, quasi-static foam flow in porous medium models is further explored, particularly
when dealing with the presence of trapped pore throats. The effect of these trapped pore
throats on a fundamental physical property of foam flow in porous media, the yield stress,
is examined. To achieve this, this work introduces a novel method operating at the pore-
network scale, aimed at predicting the behaviour of quasi-static foam. The work presented in
this chapter has been published in Colloids and Surfaces A: Physicochemical and Engineering
Aspects, titled Yield stress of foam flow in porous media: The effect of bubble trapping (DOL:

https://doi.org/10.1016/j.colsurfa.2022.130246).

In Chapter 4, a typical scenario of dynamic foam flow in confined straight channels, i.e. a
viscous froth lens in a straight channel, is explored in 3D. The primary motivation behind
this investigation is to assess how the third dimension, along the narrow channel gap, influ-
ences foam behaviour. Conventionally, this problem has been approached using numerical
simulations in 2D, employing a dynamic foam model known as the 2D viscous froth model.
In contrast, this work introduces a 3D mathematical model, building upon the quasi-static
method discussed in Chapter 3, to account for the impact of the third dimension. In addition,
also based on the quasi-static approach, this work establishes a new method to predict the
steady-state configuration of the froth lens in 2D. This work has been published in Physics of
Fluids, titled A comparative study of a viscous froth lens in two and three dimensions (DOL:

https://doi.org/10.1063/5.0174974).

In Chapter 5, the boundary-integral representation of Stokes flow is explored in the context of
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dry foam. A boundary integral equation is derived for low-Reynolds flow of dry foam. Various
approaches for solving this equation, including singularity subtraction and numerical computa-
tion methods, are detailed in the chapter. The method is applied to two scenarios of foams in
bulk and in the presence of solid walls, respectively. This work has been published in Journal
of Computational Physics, titled Investigation into three-dimensional dry foam modelling using

the boundary integral method (DOI: https://doi.org/10.1016/j.jcp.2023.112724).

Further applications of the resultant boundary integral equation for dry foam are explored in
Chapter 6, extended to investigating aspects like the resistance encountered in foam flow and
the potential for modelling 2D foam flow, akin to what is observed in the 2D viscous froth
model discussed in Chapter 4. All of these investigations are conducted within the framework
of the boundary integral method, offering valuable insights into the behaviour of dry foam. The
work presented in Chapter 6 would be further extended in the future for publication purposes.

Finally, overall conclusions for the thesis and possibilities for future work are presented in

Chapter 7.



Chapter 2

Literature review and thesis objectives

2.1 Foam

Aqueous foam can be described as a dispersion of gas bubbles within a liquid phase network.
When the liquid volumetric fraction is low, typically less than 1%, the foam is termed “dry”,
and the bubbles exhibit a polyhedral shape, as illustrated in the upper layer of Figure 2.1 (a).
Conversely, as the liquid volumetric fraction increases, the bubbles tend to become spherical, as
depicted in the lower layer. Consequently, with increasing liquid volumetric fraction, the foam
undergoes a transition from densely-packed, polyhedral bubbles to a more diluted suspension
of spherical bubbles. This alteration in foam morphology exerts significant impacts on its
physical properties. For instance, as the liquid volumetric fraction continues to rise, the wet
foam transforms into a “bubbly liquid” and the shear modulus of this bubbly liquid approaches

Zero.

In the case of dry foam, where the liquid volumetric fraction remains at a low level, less than
1%, its structural components exhibit distinctive length scale characteristics, as elucidated in
[19]. These components encompass foam films, Plateau borders, and nodes, as depicted in Fig-
ure 2.1(b). Thin foam films, often referred to as lamellae, are stabilised by surfactant molecules
residing at their gas-liquid interfaces. The surfactants orient themselves with their hydrophilic

heads within the liquid phase and their hydrophobic chains within the gas phase. The length

7
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Figure 2.1: Foam structure and its constituent structural elements. (a) Foam structure under
the influence of gravity, from Drenckhan and Hutzler [17]. In this scenario, gravity plays a
crucial role in shaping the morphology of the foam. As observed in the top layer of the foam, the
influence of gravity causes the foam to become drier and the bubbles to adopt polyhedral shapes,
while the bottom layer tends to be wet and exhibit more spherical bubbles. (b) Structural
elements of foam, including foam films, Plateau borders which form at the intersection of three
films, and nodes that occur at the convergence of four Plateau borders, from Langevin [18].
Surfactant molecules are dispersed across the surfaces of the films to maintain the stability of
the thin films.

scale across the film is significantly smaller than the dimensions in the other two orthogonal
directions tangent to the film. Plateau borders serve as connectors between three adjacent
lamellae, along the edges of polyhedral bubbles, and are characterised by a predominant di-
mension along their length. In contrast, nodes exhibit relatively uniform length scales in all

directions and serve to connect Plateau borders to each other.

The static structure of dry foam adheres to Plateau’s law [20], which dictates that three foam
films converge at 120° angles at a Plateau border, while four Plateau borders intersect at 109.5°
at a node. As the foam transitions to a wetter state, these structural elements become less

discernible due to a reduction in the contrast of their length scales [19].

The overall structure of a foam can be effectively characterised by three key parameters: foam
quality, foam texture, and bubble size distribution. Foam quality denotes the volumetric frac-
tion occupied by gas within a foam. This definition is used to depict an existing foam, in

contrast to another one useful in foam flooding experiments, which is defined by gas and liquid



2.1. Foam 9

(b)

Figure 2.2: Micromodels serve as mimics of porous media, constraining foam into a monolayer
state similar to foam within a Hele-Shaw cell. (a) A micromodel mimicking a porous medium,
from Kovscek et al. [21]. A micromodel, like a Hele-Shaw cell, features two covering walls.
However, it may incorporate numerous additional side walls that form the irregular channels.
(b) A monolayer foam confined within a Hele-Shaw cell, from Arif et al. [22].

volumetric flow rates in Section 2.4.2. A foam becomes dry at a low volumetric liquid frac-
tion, or equivalently, high foam quality. Particularly, a foam is referred to as a dry foam when
the foam quality exceeds 99% [19]. Foam texture, on the other hand, refers to the density of
lamellae found within a unit volume of foam. This texture significantly influences the foam’s
strength, with fine-textured foam featuring a high lamella density and being deemed “strong”
[8]. Conversely, foam with a coarser lamella distribution is generally regarded as “weak” [8].
Based on the bubble size distribution, a foam can be classified into one of two categories:
monodisperse, where bubble sizes are uniform and consistent, and polydisperse, where bubble

sizes exhibit a non-uniform distribution throughout the foam’s structure.

When foam is contained within a porous medium, its configuration can differ significantly from
that of foam in bulk. In contrast to bulk foam, a substantial portion of foam films, Plateau
borders, and nodes adhere to the solid surface, and the foam’s behaviour is strongly influenced
by the presence of the solid matrix. The effects of the solid matrix are primarily two-fold: it
influences the shape of the bubbles as the solid surfaces act as partial boundaries, and it affects
the movement of Plateau borders on the solid surfaces. For the latter, the Plateau borders are
typically perpendicular to the solid surfaces when they are in a state of stationary equilibrium,
but they can deviate from being normal to the solid surfaces when in motion [23]. To compre-

hensively grasp the impact of the solid matrix on foam motion, research has concentrated on
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visualising foam flow within porous media. However, owing to the intricacies of the 3D inter-
connected pore space in a realistic porous medium, many experimental studies opt to employ
microfluidic porous medium models, namely micromodels. The micromodels are designed to
simulate the geometric and topological properties of real-world porous media while typically
confining the foam flow to two-dimensional (2D) scenarios to enhance visualisation [24]. The
unique design of micromodels, however, may have influenced the relative significance of dif-
ferent mechanisms in foam flow within a realistic porous medium, such as when determining
whether Roof’s snap-off (discussed in more detail later) serves as the primary mechanism for

foam generation [21, 25].

Figure 2.2 (a) illustrates a micromodel crafted by etching a pore network onto one transparent
silicon plate and sealing it with another plate. This micromodel exhibits symmetry about
a midplane between the two covering plates, enabling a 2D representation of foam flow by
projecting properties onto this midplane [19]. However, unlike an idealised purely 2D flow, the
foam within the micromodel is influenced by the two covering plates, which apply viscous forces
to the foam, thereby affecting its behaviour. The confinement of foam within the micromodel
is akin to that within a Hele-Shaw cell [22] which only consists of two closely placed flat plates
and two side walls, as shown in Figure 2.2(b). In micromodels or Hele-Shaw cells, horizontal
Plateau borders attach to either of the two covering plates, whereas vertical Plateau borders

connect both covering plates and may also adhere to the side walls of the irregular channels.

2.2 Foam generation in porous media

The configuration of foam undergoes changes through processes of foam generation and destruc-
tion. In the context of porous media, there are traditionally three established foam generation
mechanisms: leave-behind, snap-off, and lamella division, as depicted in Figure 2.3. In con-
trast to these conventional mechanisms, yet another mechanism, pinch-off is a relatively recent
discovery. It was initially observed in a smooth capillary microfluidic device with a constricted

throat [26]. Foam formation through these mechanisms varies in terms of the locations where
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foam is generated and their respective significance throughout the entire foam flow process.

2.2.1 Leave-behind

When gas initially infiltrates a porous medium saturated with liquid, it can leave behind liquid
films or lenses that bridge the common throat between two adjacent pores. These lenses sub-
sequently transform into thin films, often referred to as lamellae, which remain stable in the
presence of a sufficiently high concentration of surfactants [28]. Although this mechanism can
generate a substantial number of lamellae, these lamellae tend to align along the direction of
gas flow, and the gas continues to flow through continuous paths across the porous medium.
In this context, the gas mobility is not significantly reduced, and as a result, the leave-behind
mechanism is generally considered an ineffective foaming method that primarily produces weak

foams [27, 29].

2.2.2 Snap-off

The snap-off mechanism is a process wherein liquid drains through wetting films coating the
walls of a porous medium under the influence of capillary pressure. This liquid accumulates near
the pore throats of the porous medium and creates a bridge across the throat cross-sections.
Roof [30] first introduced this mechanism to explain the formation of residual oil droplets in
porous media. According to Roof’s snap-off theory, the capillary pressure difference between
the throat region and the downstream pore body drives the liquid drainage process, with the
capillary pressure variation assumed to be quasi-static. Specifically, as the gas-liquid interface
flows through a restricted throat and enters the following pore body, the capillary pressure in
the confined region becomes higher than that in the pore body. This establishes a hydrodynamic
pressure difference between the two regions. Consequently, the wetting phase flows back due
to this pressure difference, leading to liquid accumulation and eventually the formation of a

lamella.

To satisfy the geometric conditions required for Roof’s snap-off to occur, the ratio of pore
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Figure 2.3: Schematic diagrams depicting foam generation mechanisms, including leave-behind,
snap-off (Roof’s mechanism), and lamella division within porous media. These diagrams are
adapted from Chen et al. [27].
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body to pore throat size should be greater than 3.0, and the pore surface should be sufficiently
smooth to ensure that the transverse (along the pore) curvature of the gas-liquid interface is

negligible in comparison to the cross-sectional curvature [21].

Roof’s snap-off mechanism plays a crucial role in foam generation processes during the ini-
tial stages when the downstream pores are predominantly filled with liquid [31, 25]. As the
process progresses, snap-off can still occur, but it differs from Roof’s snap-off. Other snap-off
mechanisms come into play, relying more on the throat radius and local fluctuations in cap-
illary pressure. As films form and move downstream, the porous medium undergoes a drying
process, leading to the eventual cessation of snap-off events. This happens because there is
an insufficient amount of liquid present to accumulate and facilitate the snap-off process, as
discussed in [32]. By contrast, if the liquid kept supplied during a foam flooding process, such
as in co-injection of gas and liquid, snap-off would remain to generate foam films, as observed

in micromodel experiments [21, 33].

2.2.3 Lamella division

The process of lamella division was first observed by Mast in an etched glass micromodel [34].
When a lamella traverses a pore body and approaches bifurcation points, it has the potential to
split into multiple smaller lamellae. This mechanism relies on the presence of lamellae generated
by other primary mechanisms. Notably, the likelihood of foam formation through the lamella
division mechanism appears to be linked to the size of the “mother bubble”. In micromodel
experiments, it was observed that only relatively large bubbles, comparable in size to or larger

than a pore, allowed for the occurrence of lamella division [35].

In situations where lamella division occurs within pores containing multiple pore throats that
are not filled with liquid, a significant number of lamellae can be generated through this mech-
anism. Much like the snap-off mechanism, these newly formed lamellae serve to partition the
gas into discontinuous phases along the flow direction, thereby increasing flow resistance and
reducing gas mobility. The frequency of lamella division is influenced by several factors, in-

cluding the number of branch points and the size of the bubble. Among these factors, bubble
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size has a more pronounced impact on the occurrence of lamella division [36].

Cox [37] conducted numerical simulations to investigate lamella division during foam flow
through a straight channel. These simulations highlighted the substantial influence of this
mechanism on the rearrangement of foam configuration. The distribution of bubble sizes and
the placement of branch points (obstacles within the channel) were found to have a signifi-
cant impact on the resulting foam arrangement. Despite employing a relatively simple porous
medium model and not accounting for effects such as viscous dissipation and liquid content, the
final foam configuration was notably altered due to lamella division and associated topological

changes.

After foam has been formed in porous media, lamella division could play an increasing role
in foam generation and even become the dominant mechanism [38]. This proposition finds
support in the concept of a critical velocity , above which the formation of strong foam is
observed with a reduction of one to two orders of magnitude in total mobility [38]. The critical
velocity is thought to correspond to a minimum pressure gradient that is required for static
lamellae to start moving and for the process of lamella division to take place. However, it is
worth noting that foam generation in porous media depends on various factors, some pertain to
micro-structure of porous media, like pore-throat size, pore length, pore coordination number,
permeability, and heterogeneity, and others associated with flow ratio of gas or liquid [33, 38].
Injection methods, such as gas-liquid co-injection and alternating slugs of gas and liquid, also
have great impact on the effectiveness of foam generation. Therefore, it is not determined
whether snap-off or lamella division dominates foam generation during foam flow in porous

media.

2.2.4 Pinch-off

As illustrated in Figure 2.4, when a bubble traverses a narrow opening within a porous medium,
it can undergo a process known as pinch-off, where it is divided into two separate bubbles due
to the influence of neighbouring bubbles or the pore wall [26]. This phenomenon was also

observed by Xiao et al. [39] in micromodel experiments, primarily within the wetter regions
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(a) (b)

Figure 2.4: Pinch-off is a phenomenon that occurs when a bubble is subjected to compression
as it moves through a localised constriction, typically due to the influence of neighbouring
bubbles or the channel wall. There are two scenarios where pinch-off occurs: (a) neighbouring-
wall pinch-off. One bubble (blue) is pinched off by its neighbouring bubble (yellow) and the
wall of the constricted channel. (b) neighbouring-neighbouring pinch-off. One bubble (blue) is
pinched off by its two neighbouring bubbles (yellow and red, respectively). From Liontas et al.
[26].

of the porous medium. It was observed that pinch-off requires a substantial deformation of
the bubble, and eventually, the bubble’s boundary contacts itself, leading to its separation.

Importantly, the newly formed bubbles may be smaller than the characteristic size of the pore,

which sets this mechanism as being distinct from the three mechanisms discussed earlier.

2.3 Foam stability and coalescence in porous media

Foam exhibits thermodynamic instability [40]. As a result, the notion of foam stability is a
relative concept, signifying a foam’s capacity to maintain its physical structure for an extended
period without undergoing significant changes or collapsing. Foams that can preserve their
structural integrity for an extended period are classified as stable, whereas those prone to rapid

deterioration or collapse are designated as unstable. The ageing of foam involves two principal
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Figure 2.5: Schematic diagram illustrating two mechanisms that can lead to the collapse of
foam: capillary suction (left) and gas diffusion (right). Due to the significant surface curvature
near the Plateau borders, the capillary pressure, represented as AP,, is higher at the Plateau
borders than at the centers of the lamellae, i.e. AFP., > AF,;. This pressure difference drives
the movement of liquid from the film centres toward the Plateau borders. Meanwhile, gas
diffuses from the side with higher gas pressure, denoted as P, to the other side of the foam
film with lower pressure, denoted as Pg.

mechanisms that contribute to its degradation: the rupture of foam films and the diffusion of

gas across foam films. These are introduced as follows.

2.3.1 Capillary suction coalescence

Capillary suction coalescence refers to the process in which foam coalesces as a result of liquid
drainage from the foam’s thin films or lamellae. This drainage occurs due to the hydrodynamic
pressure difference between the central film and the Plateau borders located at the boundaries
of the film. As depicted in Figure 2.5, the capillary pressure at the Plateau borders, AF,
is larger than that in the film centre, AP, ;. Consequently, the hydrodynamic pressure of the
liquid in the centre of the foam film becomes greater than that in the Plateau borders, resulting
in a pressure difference between these two regions. In situations where a film remains stable
and in a stationary state, this pressure difference is offset by a disjoining pressure II [41]. This
disjoining pressure emerges as a cumulative outcome of the interplay between repulsive and

attractive forces exerted on the two gas-liquid interfaces on a foam film.

The Derjaguin, Landau, Vervey, and Overbeek (DLVO) theory represents a significant milestone

in the understanding of disjoining pressure, as referenced in [41]. According to the DLVO
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Figure 2.6: Schematic illustration of disjoining pressure II and disjoining energy (per unit area)
FEr isotherms.

theory, the disjoining pressure arises from the interplay of two opposing forces: electrostatic
forces and Van der Waals forces acting on the two gas-liquid interfaces on a film. The repulsive
electrostatic force originates from charged surfactant molecules present on the two gas-liquid
interfaces on a foam film. The strength of this force is influenced by the density of packing
of surfactant molecules on each interface [42]. A higher packing density results in stronger
repulsion, enhancing film stability. However, the salinity of the aqueous phase can reduce the

charge separation of the surfactants on film surfaces, thus affecting the film’s stability [43].

The second force, the Van der Waals force, is an attractive force that tends to destabilise a film.
It arises from interactions between molecules, including gas-gas, gas-liquid, and liquid-liquid
interactions, and its strength depends on the properties of these molecules [43]. In addition
to the DLVO components, there are steric/hydration forces, which are repulsive in nature and

contribute to stabilising foam films. These forces are categorised as non-DLVO components.
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The disjoining pressure is a function of the film thickness, as illustrated in Figure 2.6. The
disjoining pressure isotherm demonstrates a local minimum at a comparatively low thickness
denoted as h; and a local maximum at a relatively greater thickness known as hs. In the
range of [0, hy] and [hs, o], the disjoining pressure increases as the film thickness decreases,
and this has a stabilizing effect on foam films. For a stable film in equilibrium, its thickness is
determined by the capillary pressure and its relative magnitude compared to the local maximum
[44]. As the liquid drainage occurs within a film, the disjoining pressure increases as the film
thickness decreases. If the capillary pressure is lower than the local maximum of the disjoining
pressure, the drainage would cease and the film remains stable at a thickness in the range
[ho, 0o]. Otherwise, the film thickness jumps below hy once it reduces to hs, and may remain
stable. Stable foam films with thickness in the ranges of [0, k1] and [hy, oo] are referred to as
Newton black films (NBF) and common black films (CBF), respectively [45]. However, when
the capillary pressure surpasses a critical threshold, as can happen at extremely high foam
quality, films ultimately rupture. Figure 2.6 also illustrates the disjoining energy (per unit
area) Ey variation with the film thickness, linked to the disjoining pressure via II = —d Ey;/dh.

Eq takes local minimum and maximum at zero disjoining pressure.

In porous media where a substantial number of foam films are present, the liquid films are inter-
connected rather than being isolated. Khatib et al. [46] introduced the concept of the limiting
capillary pressure, which represents the maximum pressure that foam lamellae can endure be-
fore undergoing catastrophic coalescence. They proposed that the capillary pressure decreases
continuously with increasing liquid saturation and identified a critical liquid saturation level.
Beyond this critical level, the limiting capillary pressure is not exceeded, thereby ensuring the
stability of the foam. It is worth noting that the limiting capillary pressure is distinct from the
critical capillary pressure determined by the isotherm of the disjoining pressure, although its

value may be close to the local capillary pressure at which lamellae rupture [44].
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2.3.2 Bubble coarsening and coalescence

According to the Young-Laplace equation, Eq. 2.1, smaller gas bubbles are of higher pressure
due to their larger curvature at the boundary. This pressure difference leads to gas diffusion
from smaller bubbles through the foam film and into larger bubbles. This gas transfer process
is illustrated in Figure 2.5, where gas moves from areas with higher gas pressure to areas with
lower gas pressure. This gas diffusion has two primary effects. First, it equalises the curvature
differences, resulting in flatter foam lamellae while preserving foam stability [44, 47]. Second,
it causes the foam texture to coarsen by filling larger bubbles at the expense of smaller ones,

ultimately leading to weaker and less textured foam.

Foam coarsening in porous media is influenced by pore size [48]. Jones et al. [47] conducted
an experiment where they saturated a 2D micromodel with foam and observed the coarsening
process. The final arrangement of foam, after convergence, showed most of the bubble films
situated in the pore throats, resulting in a bimodal bubble size distribution. Large bubbles

were found to occupy pore bodies, while numerous small bubbles were trapped in pore throats.

The absolute rate of gas diffusion from a smaller bubble to a larger neighbouring bubble is pro-
portional to the area of the common film and the pressure difference between the two bubbles,
with a proportional factor defined as the gas permeability coefficient. In bulk foam situa-
tions, von Neumann’s law offers a suitable description of the coarsening rate [49]. Nevertheless,
adjustments to this law become necessary when foam is confined within porous media and

subjected to constraints imposed by the walls [50].

In physical terms, the coarsening rate of foam depends on both the type of gas involved and
the transport mechanisms of these different gases [48]. For specific gases, such as Ny or COs,
the coarsening process involves a sequence where they first dissolve into the foam lamella and
then penetrate into the neighboring bubble. Moreover, the permeability through the lamella
varies for each gas type. For instance, CO, exhibits a higher solubility in surfactant solutions
and faster diffusion through foam lamellae compared to Ny, leading to a more rapid coarsening

rate [48]. Furthermore, a study by Zeng et al. [43] observed that a No-COq mixture in an 8:2
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mol ratio exhibits the same foam strength as pure Ny foam, which is notably stronger than
COy foam, especially when the foam quality is high. This suggests that the inclusion of Ny,

known for its lower diffusion rate, plays a stabilizing role in maintaining foam stability.

By contrast, the coarsening of steam foam can operate through a process involving steam
condensation on one surface of a film and evaporation on the other surface. This process is
predominantly governed by the presence of thin films and rapid heat conduction, resulting in a
relatively fast coarsening process that can weaken foam stability [48]. Falls et al. [51] observed
an enhancement in foam strength when a small amount of Ny was introduced into steam
foam. This improvement occurred because Ny dissolved within the foam films and impeded the
condensation and evaporation of water vapour. Consequently, coarsening may mainly occur

through the slower process of water vapour diffusion through the films.

The rate at which foam coarsens can be modified in the presence of a porous medium. Unlike
bulk foam confined within a container much larger than the bubble sizes, coarsening is hindered
as the bubble size approaches a similar order of magnitude as the pore size [52]. The gas
diffusion timescale for bubbles of the same size was found to be approximately an order of
magnitude larger in porous media compared to that for foam in bulk [50]. Diffusion rates in
the 2D micromodels, on the other hand, were observed to be lower than that in a core sample,

possibly due to differences in pore sizes and pore connectivity [47].

2.4 Foam flow in porous media

In porous media exhibiting water-wetting characteristics, it is common for the surfactant so-
lution to accumulate in tiny crevices and to form a coating film on the interior walls of the
pores [14]. This process results in the creation of a continuous network of liquid that adheres
to the surface of the solid matrix. Conversely, gas within bubbles, as the non-wetting phase,
typically occupies the central regions of larger pores, and is separated by thin liquid films. This
distribution of liquid within the pores supports certain assumptions regarding the connectivity

of the liquid phase, including the maintenance of consistent hydrodynamic pressure within the
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Plateau borders. Additionally, the presence of liquid coatings the pore surfaces serves as the

fundamental basis for the generation of foam through snap-off.

When foam traverses porous media, it exhibits intricate localised behaviours that collectively
contribute to a complex behaviour observed at larger scales, such as the pore network level. A
notable example of this complexity is the transformation of foam flow into a gas-liquid two-
phase flow when it passes through narrow channels within porous media, as demonstrated
by experiments [53]. These experiments involved the injection of pre-generated foams with
varying structures, ranging from low-quality foam with small spherical bubbles to high-quality
foam with a bamboo-like structure, into a stratified heterogeneous porous medium. In low-
permeability regions, characterised by the presence of very small pores, large bubbles tended to
undergo complete disruption. Conversely, in high-permeability regions, bubbles of equivalent

size displayed deforming rather than collapsing entirely.

In the subsequent discussion, the intricacies of foam flow in porous media are further explored
from various perspectives. Another local complexity, namely the foam topological transforma-

tion, and overall behaviour of foam flow in porous media are reviewed.

2.4.1 T1 topological transformation

In the context of 2D foam flow within porous media, a phenomenon can occur where two
bubbles that were initially not adjacent become neighbours, while the previous neighbouring
pair becomes non-adjacent. This process is illustrated in Figure 2.7. The terminology “T'1
transition”, introduced by Weaire and Rivier [54], is employed to describe this phenomenon.
It involves the contraction of a foam film and eventually vanishing, followed by the emergence
of a new film that separates the two initially non-adjacent bubbles. Specifically, a foam film
may gradually contract, eventually forming a fourfold vertex that is inherently unstable. This
vertex then expands immediately, creating a new film that separates the new neighbouring
bubbles. Alternatively, the T1 topological transformation could occur precisely when the foam
film reaches a critical length. When a foam film shrinks to a size below this critical length,

it becomes unable to sustain a stable configuration. This situation then necessitates a T1
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Figure 2.7: T1 topological transformation in 2D foams.

transition to occur, leading to the creation of a new film and the rearrangement of neighbouring

bubbles.

In 3D foams, T1 transitions exhibit additional variations. There are three fundamental types of
3D T1 transitions: edge-to-triangle (ET), triangle-to-edge (TE), and quadrilateral-to-quadrilateral
(QQ) transitions [55], as illustrated in Figure 2.8. For the ET transition, one Plateau border is
initially shared by three bubbles, connecting with two end bubbles. During an ET transition,
as the end bubbles approach each other, the Plateau border contracts, ultimately leading to
the formation of a six-fold vertex, which then transforms into a triangle. Conversely, the TE
transition is the logical reversal of the ET transition, involving the transformation of a triangle

into an edge.

The QQ transition occurs in scenarios where the foam film has a high aspect ratio. As shown
in Figure 2.8, two short Plateau borders simultaneously contract to zero length, resulting in
the swapping of neighbouring bubbles. Besides, the QQ transition may also occur through a
sequence of the ET and TE transition processes. These diverse 3D T1 transitions contribute

to the intricate behaviour of foams in three dimensions.

2.4.2 Flow intermittency and bubble trapping

The migration of foam through porous media displays intermittent flow patterns and the en-
trapment of bubbles, which is influenced by factors such as foam quality, flow rate, and the
microstructure of the porous media [56, 57, 58, 59]. The relationship between flow intermittency

and bubble trapping underscores the dynamic nature of foam transport in porous media. As
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Figure 2.8: ET, TE, and QQ T1 transitions in 3D foams.

bubbles navigate through the flow channels, they may become trapped at specific locations, im-
peding the flow. Conversely, trapped bubbles may regain mobility and transform into actively
flowing bubbles when there is a favourable pressure gradient. Experimental data demonstrate
that the pathways for active flow change over time due to transitions in the status of bubbles,

alternating between bubble trapping and moving [57].

Most of the gas contained within foam in porous media is present in the form of trapped
bubbles. Radke and Gillis [60] documented trapped gas proportions ranging from 70% to 100%
in their experiments, conducted at various flow rates and foam qualities. Friedman et al. [61]
carried out experiments across a broad range of velocities and discovered gas trapped within
bubbles at levels ranging from 75% to 90%. Despite potential experimental errors arising from

flow intermittency, the fraction of gas that remains trapped is considered substantial.

The substantial proportion of trapped gas underscores the significance of foam coarsening within
a porous medium, potentially contributing to flow intermittency. Specifically, foam coarsening
has the potential to reconfigure the foam structure, thus modifying flow resistance. Experimen-

tal evidence suggests that foam coarsening typically involves the redistribution of foam films to
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the pore throats, resulting in a reduction of the foam’s surface energy within porous media [47].
Consequently, certain flow pathways may experience increased obstruction as the low-energy

state of the foam demands a higher pressure gradient for displacement.

Further evidence can be found in the experimental study conducted by Jones et al. [56]. In
their experiments, foam flow was examined in a 2D Hele-Shaw cell equipped with two parallel
channels, one wide and the other narrow, both connecting to the inlet and outlet channels. They
observed a transition in the foam structure from a stair-case configuration, consisting of both
flat and zigzag films, to a bamboo-like configuration near the entrance of the narrow channel.
When the lamellae of the bamboo foam exited the channel, they became immobilised, resulting
in a blockage of the continuous flow within that particular channel. This observation suggests
that the bamboo configuration, when interacting with the surrounding confined channels, has

the potential to cause an increase in flow resistance.

A similar scenario could occur in porous media. As previously mentioned, foam films tend to
occupy pore throats due to foam coarsening. This leads to a structure resembling the bamboo
configuration, although the confined channels within porous media may exhibit more irregular
shapes. When these lamellae interact with the confined flow channels, the resulting high flow

resistance could impede lamella movement and, consequently, lead to the entrapment of bubbles.

Conversely, foam coarsening may also result in the development of a coarser-textured foam
by eliminating smaller bubbles. In this scenario, flow resistance along certain pathways may

decrease due to the coarser foam texture.

2.4.3 Increased sweep efficiency

Flooding a displacing fluid into porous media proves advantageous when its mobility is lower
than that of the fluid being displaced. The reduced mobility is signified by increased pressure
gradient applied to maintain the migration of displacing fluid in porous media. In foam flooding,
where foam serves as the displacing agent, the applied pressure gradient increases as the foam

invades a porous medium, blocks the flow paths by trapped bubbles, and redirects into unswept



2.4. Foam flow in porous media 25

regions [39]. The process of blocking and redirecting in foam flooding leads to the formation
of a sharp and stable displacing front [39, 62]. For this reason, foam can effectively reach and
sweep areas that may be otherwise inaccessible to gas or water flooding, thereby enhancing the

sweep efficiency.

The higher pressure gradient, indicative of reduced gas mobility, primarily results from the
presence of trapped bubbles. Lv et al. [58] conducted experiments and noticed a rise in the
trapped gas fraction, accompanied by an increase in the pressure gradient, when using foam
with various foam qualities, ranging from 50% to 94%. Nevertheless, they also observed that the
trapped foam changes to a coarser texture when the foam quality surpasses 75%. This implies
that, even though trapped bubbles may experience film rupture at higher foam qualities, the
growing proportion of trapped bubbles could have dominated the behaviour of the applied

pressure gradient, resulting in its increase and subsequently reduced gas mobility.

The stable foam front is sustained through a phenomenon known as flow intermittency. As
show in Figure 2.9, foam first invades the high-permeability regions within the porous medium,
and then it effectively blocks and redirects fluid flow towards areas with lower permeability [39].
The blocking and redirection of fluid is linked to the dynamic nature of the foam configuration.
This dynamic foam configuration results in a decrease in relative permeability within the high-

permeability regions where the foam initially prefers to invade [39, 53, 63].

Furthermore, experiments conducted with micromodels have demonstrated that the liquid
phase in foams is the initial component to penetrate into low-permeability regions saturated
with oil or surfactant solution, resulting in a drier foam state within the high-permeability
region [39, 64]. As the liquid phase displaces a significant portion of the in-situ fluid in the mi-
cromodels, gas bubbles gradually enter the low-permeability region from the previously invaded
high-permeability zone. This asynchrony in the process may stem from the high capillary entry

pressure, initially impeding the gas phase from entering small pores [63].
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Figure 2.9: Foam displacing oil in a micromodel, from Xiao et al. [39]. This micromodel
comprises three distinct sections: the upper section characterized by high permeability, a middle
fracture, and the lower section characterized by low permeability. Foam is introduced into
the micromodel from the left side of the fracture and exits from the right side. During the
experiments, it was observed that as foam advanced, it initially invaded the fracture, then
proceeded to invade the upper section, and finally reached the lower section. Notably, the
liquid phase invaded the lower region before the gas phase. This sequential diversion of foam
resulted in a high sweep efficiency. 1 PV refers to one volume of the void space within the
micromodel, indicating the volume of fluid that has been injected equals the volume of the void
space in the micromodel.

2.4.4 Non-Newtonian behaviour of foam

Foam behaves as a yield-stress fluid, which means that it requires a minimum pressure gradient
to maintain the mobility of its lamellae [65]. This stands in contrast to Newtonian fluids,
which can start flowing under even infinitesimal pressure gradients as predicted by the Navier-
Stokes equation. The effective yield stress observed in foam is a consequence of the capillary
behaviour of foam films when subjected to both volumetric and geometric constraints [66, 59].
These constraints, particularly local geometric restrictions commonly found in realistic porous
media, can lead to the presence of a finite net pressure gradient even at extremely low flow rates,
thereby giving rise to the concept of yield stress of foam. Conversely, certain geometries, such
as a straight channel with a uniform circular or polygonal section, fail to induce the emergence

of yield stress in foam [59, 67, 68, 69].

At finite flow rates, maintaining foam flow in porous media involves considering additional fac-
tors, such as the viscous resistance within the liquid slug between bubbles and the migration

of surfactants from the front to the back of the bubbles [70]. These factors collectively con-
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tribute to the pressure gradient necessary to maintain foam flow within porous media. Their
influence depends on several variables, including the flow rate, foam quality, and the specific

microstructure of the porous media.

In the context of foam flow in porous media, foam quality f, can be redefined as the ratio of the
gas flow rate (superficial velocity) to the total flow rate, expressed as f, = U,/(Ug + Uy), where
U, represents the gas flow rate, and U; represents the liquid flow rate. This definition in fact
depicts the gas and liquid flows in porous media, with gas and liquid flow rates known in prior,
and thus is distinct from that defined using gas and liquid volumes for formed foams. Foam
may not form in a porous medium, though this is unlikely to occur in the presence of high-
concentration surfactants. Note that this definition is also not linked to gas or liquid saturation,
since it is not dependent on the void space volume in a porous medium. For steady-state foam
flow in homogeneous porous media with varying foam qualities, researchers have observed two
distinct regimes, known as the low-quality regime and the high-quality regime [71], as depicted
in Figure 2.10(a). The pressure gradient in steady-state foam flow exhibits a dependence on
foam quality, and this relationship serves as a distinguishing factor between these two regimes

[72], as highlighted in Figure 2.10(b).

In the low-quality regime, the pressure gradient increases with increasing foam quality at a
constant total flow rate. In contrast, in the high-quality regime, the pressure gradient decreases
as foam quality rises. These phenomena can be attributed to the distinct dominant mechanisms
that govern each regime. In the low-quality regime, foam flow behaviour is primarily controlled
by processes such as bubble trapping and mobilisation. On the other hand, in the high-quality
regime, foam experiences film destruction, and bubble sizes adjust by redistributing the liquid
phase to alleviate the high capillary pressure which is above the limiting capillary pressure due

to low water saturation [46, 72].

For a given foam quality, it is observed that the pressure gradient increases as the total flow
rate rises. This variation in pressure gradient with flow rate reflects the effective or apparent
viscosity of foam within porous media, and this relation is influenced by the foam quality.

Notably, in the low-quality regime, the effective viscosity of foam flow exhibits a characteristic



28 Chapter 2. Literature review and thesis objectives

- s
16.48
Vp contours
—~ AN Sy Transition foam
s fg = 0.94 ‘3 3. quality, f;*
£ o [~ = NG P
\; g 3 S : P Fixe(_i foam
S 700 1200~ > & N - quality, f;
2 o0 Y -7
6.48 — = ~ -
[T ——— Qo = P A
550 7000 — ’5 ’ —— - N &
1000 ————— b PRI ——— r—l‘lxed U,
500 900-—_——v ‘,”, 3 Varying Uwa UL' fixed N ~ \varyingfg
1.480 L — = =To7] § .8
0. 846 (m /dg-es 0.86 Liquid Flow Rate
w
(a) (b)

Figure 2.10: Two regimes of steady-state foam flow in homogeneous porous media. (a) Ex-
perimental results of the pressure drop at various gas and liquid flow rates, from Osterloh and
Jante [71]. (b) The general distribution of the data presented in (a), from Alvarez et al. [72].

known as shear thinning, where the viscosity decreases as shear rate increases.

Theoretical studies support the shear-thinning behaviour, and propose that the pressure gradi-
ent across single or multiple bubbles follows a power-law relationship with the capillary number
[67, 73]. The capillary number Ca is defined as the ratio of the product of liquid phase viscosity
w1 and gas flow rate V' divided by the gas-liquid interfacial tension . This power-law relation-
ship was substantiated through experiments conducted in Hele-Shaw cells [74, 75|, where the

measured pressure gradient data aligned well with the theoretical power-law formulation.

More recent research conducted in porous media has revealed a stronger shear-thinning be-
haviour of foam flow, particularly at very low capillary numbers [76, 57, 59]. An experimental
study by Mauray et al. [59] highlighted contrasting results between foam flow in Hele-Shaw cells
and in porous media. This research suggests that the yield stress of foam flow in porous media
plays a substantial role in the overall flow resistance at low capillary numbers. Furthermore,
it implies that it is the presence of the yield stress that gives rise to the strong shear-thinning

behaviour observed at low capillary numbers.
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2.5 Pore-scale modelling of foam flow

Practical applications involving the flow of multiphase fluids (such as foam) through porous
media typically occur on a large scale, encompassing core and field scales [77, 78]. Predicting the
displacement of foam at these scales is valuable for optimising the applications. This prediction
relies on characterising multiphase flow at the representative elementary volume (REV) scale,
where the microstructure of porous media and overall fluid behaviour are implicitly represented
by phenomenological parameters, like porosity, pore size, tortuosity, permeability, and relative
permeability [79]. In this framework, extensions of Darcy’s law are utilised to more accurately
capture momentum relationships, incorporating the effects of capillary pressure and relative
permeability of each fluid phase [80]. Additionally, these parameters may be correlated with
fluid saturation and specific interfacial area to close the system of governing equations used in

macroscopic modelling of multiphase flows [81, 82, 83].

In foam systems, complexity escalates due to the abundance of films, leading to a significant
interfacial area and intricate interplay among various phases. These interactions involve foam
generation and coalescence, topological changes, and the capturing and mobilising of films,
as detailed in earlier sections. To address this growing complexity, additional phenomeno-
logical parameters such as foam generation and coalescence functions are introduced [84]. In
continuum-scale models, prior knowledge of phenomenological parameters is generally neces-
sary. However, owing to the intricate microscale heterogeneity of porous media and diverse
pore-scale phenomena, there remains uncertainty regarding the characterisation of foam at the
REV scale using these parameters. It is unclear whether the currently available phenomeno-
logical parameters adequately capture foam behaviour and if the relationships between these
parameters have been thoroughly elucidated [85]. One approach to overcoming these challenges
is through pore-scale simulations of foam flow, where pore-scale models directly address the

transport processes of foam within realistic porous structures at the pore scale [19].

This section is focused on pore-scale foam modelling techniques, with a specific emphasis on
those that have been further explored or developed within the context of this thesis. Pore-

scale modelling approaches involve the direct resolution of foam structure. Depending on
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the simplifications made concerning fluid viscosity and inertia effect, these approaches can be
categorised into three types: quasi-static foam modelling, force-equilibrium foam modelling,
and modelling approaches that treat foam as a two-phase fluid system governed by the Navier-
Stokes equations. Other methods, such as the phase-field model [86], are not within the scope

of the discussion.

2.5.1 Quasi-static foam modelling

Plateau’s law [20] is a fundamental principle that accurately describes the structure of a dry
foam in a state of stationary equilibrium, as a result of foam’s minimising its surface energy.
When dealing with simple foam structures, like a single bubble on a flat wall, Plateau’s law can
be directly applied to determine the structure of propagating foam. This approach operates

under the quasi-static assumption, where the foam remains in equilibrium at all times [65].

When working with more intricate foam structures containing numerous bubbles of varying
sizes, predicting the static foam structure and its quasi-static movements using Plateau’s law
becomes challenging. In such scenarios, it is more effective to directly predict the foam con-
figuration with the minimum total surface energy. The Surface Evolver [87] is a powerful tool
designed for this purpose, which utilises the gradient descent method to minimise the foam’s
surface energy. When the surface tension remains constant, minimising the total surface energy

of the foam is equivalent to minimising its surface area. This method is often called the soap

film model [87].

In Surface Evolver, the foam films and solid walls are discretised and represented by triangular
elements (in 3D) or line segments (in 2D). The fundamental geometric element representing the
foam structure is the vertex. The foam configuration is evolved towards states with lower surface
energy by adjusting the positions of the vertices that comprise the foam surface, ultimately
leading to the attainment of a state characterised by the lowest surface energy. This resulting

foam configuration is referred to as the minimal surface.

In cases where the gravity effect is disregarded, the pressure within each single phase of the
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fluid is considered to be uniform. The pressure difference, AP, across the foam films can then

be calculated using the Young-Laplace equation.

1

APZQ’}/(T—l—f‘ L

—), (2.1)

T

where v is the gas-liquid interfacial tension. r; and ry are the two principal curvature radii.
The factor of 2 takes into consideration the presence of two gas-liquid interfaces on a single

film. The mean curvature of the film is denoted as k, defined as k = 0.5(1/ry + 1/r3).

The quasi-static method, while useful, has certain limitations primarily rooted in its assumption
of quasi-static flow. This assumption treats foam flow as an exceptionally slow process and
overlooks the impact of viscous dissipation [88]. At high foam qualities, viscous dissipation
could be primarily dominated by the friction between the wall and the Plateau borders [74].
This dissipation, however, is ignored in the quasi-static approach. Consequently, the quasi-
static approach cannot be used to capture the flow rate-dependent characteristics of foam flow

in porous media.

In addition, in the quasi-static approach, topological transformations in foam flow are treated
as discrete jumps rather than continuous processes under imposed strains [88, 89]. This leads to
ambiguity regarding the sequence in which these topological transformations occur, particularly
when a series of such transformations is triggered. The issue arises because the intermediate
foam configurations, before converging to the minimal surface, are not physically valid. In
cases where two or more lamellae simultaneously trigger topological transformations, it becomes
unclear which changes in topology should occur first [88]. In contrast, realistic foam flow that
accounts for viscous dissipation occurs continuously. The sequence of topological changes can

be determined based on the process of foam structure evolution.

Moreover, topological changes can be induced in the presence of viscous effects at relatively
large imposed strains, as observed in experiments where foam lamellae elongate to a greater
extent than under slowly imposed strains [90]. This highlights the need to consider the role of

fluid viscosity in the dynamic motion of foams.
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2.5.2 Force-equilibrium modelling for dynamic foam motion

An extension beyond the quasi-static regime is to include the effect of fluid viscosity, but still
ignore the inertial effect of the fluid. Despite the dynamic nature, the net force acting on any
control volume within the flow field remains at equilibrium. In this dynamic regime, the key
factors influencing foam flow are pressure, viscous stress, and film tension (twice the value of
the gas-water interfacial tension). These factors govern the dynamic motion of foam, through
the equilibrium of forces. It is worth noting again that “equilibrium” here means the balance

of forces including the drag force.

One well-known dynamic model that relies on the force balance principle is the viscous froth
model [91, 89]. This model is designed for the motion of 2D dry foam in Hele-Shall cells. In
the viscous froth model, it is assumed that the pressure within each bubble is uniform. This
model therefore only considers viscous forces within the liquid, ignoring that in the gas. The
pressure difference across a lamella serves to drive the motion of the lamella. This pressure-
driven motion is balanced by the film tension force and the viscous force acting on the lamella.
The simplest version of the viscous froth model adopts a linear relation between the viscous

force and the normal velocity of the lamella [89]

AP — 29k = Cuy, (2.2)

where AP is the pressure drop across the lamella from the concave side to the convex side, k
the lamella curvature, u, the normal velocity, and ¢ the viscous drag coefficient. The default

orientation of the normal velocity vector is directed toward the convex side of the film.

The viscous froth model, such as the linear one described by Eq. 2.2, is applied at interior
points along a lamella. To determine the pressure within each bubble, Eq. 2.2 is integrated
around the boundary of each bubble composed of a set of lamellae. This integration around
each bubble is then linked to the volume change of the bubble, which results in a system of

equations that can be solved to determine the unknown pressure within each bubble [89].
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Once the pressure within each bubble is known, the normal velocity at any point on the lamellae
can be calculated by further utilising Eq. 2.2. Subsequently, the positions of the lamellae or
the overall foam configuration can be evolved by moving the points on the lamellae using the
kinematic equation dx/dt = u,n, where @ represents the position of points on the lamellae,

and t represents time. n denotes the normal unit vector at a point on the lamellae.

Updating the position of a three-fold point can be achieved by considering the angles formed
between the lamellae meeting at the point, as described by Kern et al. [89]. In a bulk foam,
for instance, when three mobile lamellae meet at a three-fold point, they form an angle of 120
degrees. By contrast, one mobile lamella forms an angle of 90 degrees with the wetting films
coating on the side walls. Note that this description assumes that the effect of viscous forces

exerted by the side walls is ignored.

The boundary integral method for Stokes flow is another approach to foam modelling that falls
within the category of force-equilibrium modelling. This method starts by employing the Stokes
flow equation, which is derived by neglecting the inertia term in the Navier-Stokes equation.
This simplification results in a linear momentum equation governing Stokes flow. In the context
of a multi-phase fluid flow system, the linear momentum equation, in conjunction with the mass
conservation equation, can be converted into an integral equation computed specifically over

interfaces, such as the gas-liquid and liquid-solid interfaces [92].

The resulting boundary integral equation is applied to the interface points to determine un-
known quantities, including the stress on the wall and the velocities of the gas-liquid interface.
Subsequently, the equation is applied to other field points to solve for the entire flow field. the
positions of the points on the interfaces can be updated using the same kinematic equation

employed in the viscous froth model.

The boundary-integral method for multi-phase fluid flow has found extensive applications in the
studies of liquid droplet flow [93, 94] and concentrated emulsions flow [95, 96]. The emulsions
exhibit structural similarities with foams, where drops, functioning as bubbles, are densely
packed, separated by a continuous liquid network. In these applications, the numerical solution

of the boundary-integral equation for multi-phase fluid flow presents several challenges, such
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as the high viscosity contrasts between the two fluid phases in some cases and the presence
of singularity and near-singularity problems [97]. Addressing these challenges is essential to

ensure numerical stability and accuracy.

Zinchenko and Davis [93] conducted a study on drops passing through interparticle constric-
tions, addressing various types of singularities and near-singularities. These included inter-
actions between drops themselves, solids themselves, solids and drops, solids and solids, and
drops and drops. In the case of foam-like emulsions with very low liquid volumetric fraction,
the interfacial force term within the boundary integral equation must account for the disjoin-
ing pressure [98, 99]. The disjoining pressure plays a role in stabilizing the foam films and is
sensitive to changes in film thickness [100]. This sensitivity can potentially lead to numerical
instability and limit the time step that can be employed in simulations. For this reason, the
consideration of extremely thin films may significantly increase computational costs, thereby

restricting the applicability of the boundary integral method in large-scale foam flow problems.

2.5.3 Computational fluid dynamics for foam

Foam, as a two-phase fluid, can be analyzed using methods originally designed for multiphase
fluid flow, including the level set method [101, 102], volume of fluid method [103], coupled level
set and volume of fluid method [104], and lattice Boltzmann method [105, 106]. While these
methods are generally applicable for predicting foam flow, they have primarily been employed
to study the flow of single or multiple individual gas bubbles, where the liquid slug between
bubbles typically has considerable thickness. Consequently, these studies do not address the

unique characteristics of high-quality foams, which are characterized by polygonal bubbles.

The presence of thin liquid films in high-quality foams presents challenges for both mathematical
modelling and numerical simulations [107]. Bazhlekov et al. [100] have demonstrated that the
stability of these thin films is maintained by disjoining pressure, which introduces complexities
into numerical simulations and may increase computational costs. Additionally, high-quality
foams with thin films exhibit a multiscale nature, with various physical processes occurring at

different timescales [107].
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To address these challenges, Saye and Sethian [107] proposed a multi-scale foam model that
utilises the concept of scale separation and coupling. In their approach, the gas dynamics of
bubble gas, liquid drainage within both Plateau borders and foam lamellae, and film rupture
are separated based on their distinct characteristic timescales. The spatial scale separation is
reflected in the dry foam assumption, where finite-thickness foam lamellae are simplified into
curved surfaces based on the contrast between the film thickness and bubble size. Furthermore,
these separated processes are coupled in sequence to predict the integrated dynamic evolution

of foam.

Kim et al. [49] employed the dry foam assumption and utilised the immersed boundary method
to monitor the motion of foam lamellae. Their study focused on the simulation of diffusion
coarsening in two-dimensional dry foams, and the results they obtained were consistent with the
predictions of von Newmann’s law. Later, they successfully extended the immersed boundary

method to model three-dimensional foams [108].

In these methods [49, 107, 108], the governing equations for fluid dynamics encompass the
influence of inertia, potentially enhancing the methods’ capacity to accurately depict realistic
foam behaviour, including those characterised by underdamping [19]. However, it is worth
noting that their research solely considered bulk foams, and the scenarios involving foam in

porous media were not explored.

2.6 Challenges and thesis objectives

The literature review above implies that the complexity of foam flow in a porous medium
arises from a variety of factors. These factors encompass, but are not restricted to, the foam’s
structural characteristics, which can be influenced by its microscopic behaviours such as foam
generation, destruction, and T1 topological transformation, as well as the foam’s quality and the
geometric attributes of the porous medium. Importantly, these factors are interconnected and
interdependent. For example, when foam initially invades a porous medium’s high-permeability

region, it leads to blockage of this region and the redirection of fluids into areas with lower
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permeability [39]. Also, the concept of Roof’s snap-off implies that in certain locations within a
porous medium, new foam films can be more readily formed, although this mechanism typically

dominates foam generation only during the initial stages of foam flooding [31].

The physical properties of foam undergo changes over time as it flows through a porous medium.
When examining a specific moment in time, the physical characteristics of the foam are pri-
marily dominated by the foam’s configuration, which exhibits a unique topology, and the dis-
tribution of liquid within the foam films. In the case of high-quality foam, characterised by a
low liquid volumetric fraction, the behaviour of the foam is predominantly influenced by factors
such as foam topology, the number of bubbles, and their sizes. To predict the physical quanti-
ties associated with given foam configurations and porous media, this work places emphasis on
employing physics-based modelling approaches and numerical methods. Specifically, this work
focuses on two key approaches: quasi-static modelling and force-equilibrium foam modelling.
Within this scope, the study identifies research gaps and introduces innovative methods to
address representative issues found in the existing literature. Research gaps and objectives of

this thesis are outlined as follows.

The quasi-static foam modelling method, known as the soap film model, is a valuable tool
for solving problems involving specified initial foam configurations and pore geometries [66].
However, conventionally, this method has been primarily applied at the pore scale, where
the porous medium, if involved, is treated as an integrated confined geometry and directly
discretised. An intriguing question arises as to whether this method can be more readily
extended to larger scales, such as the pore-network scale. This specific issue is addressed
within this study, which subsequently explores its application in investigating the yield stress
of foam within porous medium models that incorporate interconnected pores. Furthermore,
this study introduces a novel scenario where trapped foam films do not directly interact with

the moving film. This particular case is discussed in Chapter 3 of the thesis.

The 2D viscous froth model is available for studying dynamic foam flow in situations where the
rate at which the foam is driven along is comparable with the foam relaxation rate controlled

by viscous dissipation [89]. This model is specifically designed for foam flow in Hele-Shaw cells
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that consist of two closely spaced flat plates. This system is often referred to as 2D because of
only one layer of foam confined within the channel. However, the foam films in this scenario
are in fact not completely flat across the plates [23]. To further investigate the influence of the
narrow yet finite size of the gap on foam flow within Hele-Shaw cells, this study examines a
typical case known as a viscous froth lens in straight channels. The case has been studied using
the 2D viscous froth model in literature [88], but in this work, it is reviewed in a 3D context.
For this purpose, a 3D version of the viscous froth model is developed to address this specific

scenario. These investigations are carried out in Chapter 4.

In the development of the 3D viscous froth model, the quasi-static modelling approach plays
a crucial role as a fundamental component. The connection between these two modelling
approaches stems from a common characteristic: the neglect of fluid viscosity within each bubble
in both the viscous froth model and the quasi-static soap film model. Furthermore, due to this
simplification, both methods are unable to predict the velocity field within individual bubbles.
This challenge is addressed in the present work through the development of a boundary-integral
approach. Conventionally, the boundary integral method has found applications in two-phase
fluid flows such as the emulsions flow [95, 96, 93]. However, in this work, the potential of
this method is explored in the context of dry foam. This exploration and its implications are

detailed in Chapter 5.

The boundary-integral approach offers a novel tool for gaining new insights into typical prob-
lems, such as film motion in diverging-converging channels, which is considered in this study.
By decomposing the film motion, it can be investigated how the film responds to external
strains, as detailed in Chapter 5. Additionally, the energy consumption during the film motion,
analysed through this motion decomposition, provides a fresh perspective on understanding the
yield stress of foam flow in porous media, as elaborated in Chapter 6. In the same chapter, the
study also provides a preliminary exploration of 2D foam flow in a Hele-Shaw cell within the
framework of the boundary integral method for dry foam. Unlike the 2D viscous froth model,
this approach takes into account the viscosity of the fluid within the bubbles, which could have

a notable impact on the behaviour of the foam films.



Chapter 3

Quasi-static film motion in porous

medium models with blocked throats

3.1 Introduction

When the flow rate of a foam decreases towards zero, the foam’s behaviour becomes quasi-
static. This implies that the structure of the foam remains the minimal surface, namely the
configuration with the lowest surface energy. The minimal surface adapts to evolving constraints
as the foam moves. To compute this minimal surface, a commonly employed approach involves
using the Surface Evolver tool [87], which utilises the gradient descent method to minimize the
overall surface energy. In Surface Evolver, the foam’s geometry is discretised into a triangle
mesh, represented by a network of vertices or material points, with edges and faces formed by

their connections.

In situations where foam is present within a porous medium, it is possible to mesh the surface
of the solid matrix. Since the solid matrix confines the motion of the foam, the vertices on
the solid surface are constrained from moving normal to the surface, and instead, tangential
movements are often necessary to maintain mesh quality. In this manner, the pore- or bubble-
scale modelling approach for quasi-static foam flow, available in Surface Evolver, can be directly

applied to investigate foam behaviour within a porous medium, even when dealing with a

38
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large porous medium. However, when addressing the flow of multi-phase fluids, including
foams, within a large-scale porous medium, the focus often shifts to the pore network of the
medium [14]. This shift is primarily driven by the significant computational cost associated
with applying a microscopic model to a macroscopic problem. Consequently, the development
of a quasi-static foam modelling approach for foam within porous media at the pore-network

scale remains a compelling endeavour.

This chapter begins by introducing the porous medium models that are used, in Section 3.2.
Then, two methods for predicting the minimal surface of foam, as outlined in Section 3.3 and
3.4, respectively. The first method involves using Surface Evolver at the pore or bubble scale,
whereas the second approach is a novel proposal tailored to the pore-network scale. In Section
3.5, the pore-network scale method is verified through a comparative analysis with the outcomes
derived from the pore-scale method. In Section 3.6, quasi-static film motion in porous medium

models with trapped pore throats is studied. Conclusions are presented in Section 3.7.

3.2 Porous medium models

The porous medium models used in this work are 2D models. One straightforward approach to
constructing a porous medium is to replace each site in a lattice pore network model with a pore
that has a specified shape. Simulations of percolation behaviour performed on lattices have
suggested a reasonable size for such a pore network [109]. Chatzis and Dullien [109] conducted
computational simulations of percolation behaviour of fluid in a 2D lattice, and they argued
that a lattice with a width of 30 bonds and a length of 40 bonds is sufficient to represent an
infinite 2D lattice. However, for the sake of simplicity, this work considers smaller geometric
models. As will be demonstrated later, even in these simpler models, the presence of trapped

lamellae has a significant impact on the movement of a lamella as it travels through a pore.

The present work employs several different geometric models, all of which are constructed based
on the individual pores depicted in Figure 3.1. These pore shapes are derived from a diamond

structure. To generate the pores, the corners of the diamond are adjusted so that each corner
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Figure 3.1: The pore geometry utilised in this study is derived from a diamond structure, whose
corners are rounded or modified to throats. The geometry is characterised by several geometric
parameters: L the half of pore length, W the half of pore width, R; the half width of pore
throat, r, the rounding radius at corners in the pore body, r; the rounding radius at the pore
throats, and [ the angle between the straight wall and the vertical. These parameters are
not independent, which are related by tans = L/W and R; = (1/sinf — 1)r;. Different pores
are obtained by changing different numbers of corners to throats. The types of pores used in
this work include: a pore with two opposite pore throats, a pore with two neighbouring pore
throats, and a pore with three pore throats.

represents either a pore throat or a pore corner within the broader pore body. A pore corner
is obtained by rounding a diamond corner with a selected radius. A smaller rounding radius
results in a sharper pore corner. Two types of pores are considered in the simulations: the

two-throat pore and the three-throat pore.

Table 3.1 presents the dimensionless values chosen for the relevant geometric parameters in this
study. The radius at the corner within the central pore body is set to 0.25 for sharp pores and
1.0 for rounded pores. The pore length (2L) and width (2WW) are both set to 3.0. It is worth
noting that the typical dimensional length of a real-world pore might be around 10 pm [39].
The corners are rounded in consideration of the fact that pore corners tend to be rounded due
to the presence of a small amount of water occupying the corners. This water can be brought
by the Plateau borders moving along the walls [110, 111]. Two different values for the radius
at the corners within the pore body, r},, are considered: 0.25 and 1.0. Additionally, three types
of pores are utilised, distinguished by the number of throats and the relative positions of these

throats. These types include the two-throat pore with opposite throats, the two-throat pore
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Table 3.1: Pore dimensions used in the simulations

Geometric parameter  Value

L 1.5
W 1.5
R 0.1036
T 0.25, 1.0
Tt 0.25
6] /4

with neighbouring throats, and the three-throat pore. A two-throat pore with opposite throats
corresponds to a bi-conical pore, as previously employed in research [66, 112, 113]. A two-throat
pore, whether with opposite or neighbouring throats, is characterised as a sharp pore when r},

is set to 0.25, and a rounded pore when 7y, is set to 1.0.

The geometric models used in this chapter are summarised in Figure 3.2. In Section 3.5,
the two-throat pore is used, shown in Figure 3.2(a), to verify the code conducting the pore-
scale method discussed in Section 3.3. In the same section, a porous medium is constructed,
composed of three pores as shown in Figure 3.2(b), including one upstream three-throat pore
and two downstream two-throat pores with neighbouring throats, in order to verify the pore-
network method proposed in Section 3.4. It is found that only one lamella would move forwards
in the downstream pore with the other lamella trapped in the pore throats, which is discussed
in detail in Section 3.5. In Section 3.6, the porous medium models shown in Figure 3.2(c)-(f)
is considered. The number of pores with trapped lamellae varies from 0 to 3, and for each case

the pore with a moving lamella is considered to be sharp and rounded, respectively.

3.3 Pore-scale method

In the pore-scale method, foam films or lamellae are divided into discrete material points, and
the positions of these points dictate the foam’s configuration within Surface Evolver [87]. The
configuration evolution of the foam system towards the state of minimal surface is accomplished
through iterations, where each iteration involves updating the positions of these material points
by calculating displacements using the gradient descent method. Figure 3.3 illustrates the

discretisation of foam lamellae, in 2D, and the categories of related geometric elements. It
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Figure 3.2: Porous medium models used in this chapter. (a) A single two-throat pore with
opposite throats. (b) A porous medium composed of three pores. (c¢)-(f) Porous medium models
with the number of downstream pores varying from 1 to 4. The arrows show the direction that
gas is injected into the models, and the red line segments show the initial positions of lamellae
in the models. Model (a) and (b) are used in Section 3.4. Model (c)-(f) are used in Section 3.5.

is important to acknowledge that some of the elements depicted in the schematic may not be
directly relevant to the specific application under consideration in this chapter. The inclusion of
all potential geometric elements serves the purpose of explaining the pore-scale method, which

is applicable in a broad range of scenarios involving foam flow within confined geometries.

As shown in Figure 3.3, the linear interpolation is employed to approximate the curved foam
lamellae. Each segment of a lamella between two adjacent material points is represented as
a straight line segment connecting these points. These material points fall into two distinct
categories based on the number of edges connecting to them: two-fold points and three-fold
points. A two-fold point is situated within the interior of a film, while a three-fold point
corresponds to the intersection of three foam lamellae, commonly referred to as the Plateau
border. The Plateau border itself can be further categorised as either a bulk Plateau border or
a wall Plateau border, depending on whether it is located within the bulk of the foam or right

on the wall.

Furthermore, material points can be categorised into four distinct types based on their mobility:

fixed points, mobile points, semi-mobile points, and constrained points. A material point is
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Figure 3.3: Schematic diagram of a foam configuration that includes two bubbles adhered to
the surface of a solid substrate or wall. Within this configuration, segments of lamellae are
discretised into two types: mobile lamella segments and constrained lamella segments. The
constrained lamella segments represent the wetting film that coats the wall surface. Material
points are categorised into either two-fold points or three-fold points, depending on the number
of lamella segments they connect. A two-fold point can either be mobile, located on a mobile
lamella, or constrained, attached to the wall. Meanwhile, a three-fold point can be either mobile
or semi-mobile, with the former corresponding to a bulk Plateau border and the latter to a
wall Plateau border. This schematic serves as a reference solely in the context of the pore-scale
method discussion and may not precisely mirror a realistic foam configuration.
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designated as fixed when it is positioned in a narrow section of the wall characterised by high
curvature, which severely limits its capacity to move. A mobile point is identified as a two-fold
point situated within a lamella located in the pore space, rather than being part of the wetting
film on wall. A semi-mobile point is defined as a three-fold point on the wall that remains
connected to a mobile lamella. Lastly, a constrained point refers to a two-fold point positioned

on the constrained lamella which exactly is a coating film on the wall.

3.3.1 Film tension force

In a foam system, where the film tension (assumed to be unity) plays a critical role, it drives
the surface to minimise its overall area, aiming for a state of minimal surface area. The overall

film tension force, denoted as F;, acting on material point 7, can be expressed as

K
F, =) f (3.1)
k=1

where K is the number of edges connecting to point ¢, either 2 or 3 in 2D, and f; is the tension
force exerted by the kth connecting edge, which is a unit vector along the edge, pointing
out of point ¢, as shown in Figure 3.3. The overall film tension force acting on a material
point represents the steepest descent direction of the total surface energy with respect to the
movement of the material point [87]. It is important to note that only mobile lamellae can exert
a force on a material point, while constrained lamellae coating the wall and forming enclosed

bubbles do not exert any force on associated material points.

To adhere to the constraints of conserving bubble volume (which exactly refers to the area of
each bubble in 2D) and ensuring semi-mobile points move tangentially along the wall, adjust-
ments are necessary in the movement direction of each material point. The wall constraint
dictates that, for a semi-mobile point, the tension force should be projected onto the tangent
direction of the wall at that specific point. This projection can be independently calculated
for each material point. Conversely, the constraint related to bubble volume introduces a set

of equations that need to be solved. This allows us to determine how the overall tension force



3.3. Pore-scale method 45

acting on each material point should be further modified.

One approach to constructing the system of equations for computing the modification is to
utilise the gradient directions of bubble volumes, at each material point, where the bubble
volume is theoretically represented as an integral across all material points on the boundary of
a bubble. Specifically, denote gfj the gradient direction at point ¢ due to the volume conservation
in bubble 7, where the superscript p indicates that, if point 7 is on the wall, the resultant gradient
direction should be further projected onto the tangential plane of the wall. The adjustment
of the tension force at each point can then be constructed as a linear combination of the
gradient directions originating from all bubble volumes at that specific point, following the
methodology outlined by Brakke [87]. With the adjustment, the modified movement direction

at each material point, denoted by F}", can be expressed as

N
FY =F'+) Py, (3:2)

j=1
where N is the number of bubbles, F the projected film tension force, P; the coefficient
associated with the contribution of the jth bubble. As mentioned, gfj refers to the gradient
direction at point 4, computed using the expression of the volume of bubble j. It represents

the steepest direction in changing the volume of bubble j as point ¢ moves.

Because of the mass conservation (under the incompressible assumption, namely the volume
conservation), the volume of each bubble remains as material points move along the directions

given in Eq. 3.2, which leads to a linear system of equations for the unknown coefficients P;

N;

Y F-gh=0 j=12,.N, (3.3)

=1

where N; is the number of material points of jth bubble. Solving this linear system of equations,
the evolving direction of each material point can be determined. Furthermore, the displacement
of each material point can be calculated as AF}’, where X is a small scaling factor. Employing a

small scaling factor is critical because the directions utilised to update the positions of material
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points provide merely a first-order accurate estimation of the descent direction for the total
surface energy. Employing a small scaling factor ensures that the computed displacement
ultimately leads to a decrease in the total surface energy once the foam configuration undergoes

evolution.

On the other hand, even though Eq. 3.3 is designed to maintain bubble volumes, achieving
precise conservation of bubble volume during the evolution of the foam configuration towards
the minimal surface remains challenging. Specifically, the evolution of the foam configuration
involves an iterative process in which material points undergo displacement guided by computed
values at each iteration step. Despite the inclusion of a small scaling factor A to aid in pre-
serving bubble volume, numerical errors in bubble volumes may accumulate over time. These
errors stem from two primary factors. Firstly, the adjustments made to the evolving directions
rely on the gradient directions of the bubble volumes at each material point, resulting in a
second-order error in bubble volume following the finite displacements of the material points.
Secondly, due to the finite number of material points used for discretising the lamellae, a dis-
cretisation error further contributes to the deviation in bubble volume. To address these errors,
it is recommended to integrate volume restoring motion into each iteration step, immediately

following the adjustment of the foam configuration based on the computed displacements [87].

3.3.2 Volume restoring motion

The volume restoring motion, F}, for each material point ¢, is expressed as a linear combination

of the gradient direction of each bubble volume at the material point

N
F =Y Cig, (3.4)
j=1

where C is the coefficient associated with the contribution of the jth bubble. The volume

restoring motions of all material points work to restore the volume for each bubble j
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NJ‘ N

> (D_Cral) g =V = Vi, (3.5)
=1 j'=1

where V} is the current volume of bubble j, and Vjt is the target volume required to be restored.

Eq. 3.5 can be written in a more convenient form for the unknown Cj

2 Cr(D gl ay) =Vi=V; (36)

3.4 Pore network-scale method

In various practical applications of foam, such as in soil remediation and enhanced oil recovery,
bubbles are often considered to be comparable in size to or even larger than the pores within
the surrounding medium. They effectively bridge the cross-sections of the flow paths [114, 52].
In contrast to a bulk foam in a container, a pore throat typically does not contain multiple
foam lamellae. Consequently, this leads to a uniform distribution of pressure throughout the
pore throat. When foam lamellae are present within a pore body, pressure variations can arise

among pore throats that connect to the same pore body.

Figure 3.4 illustrates the partitioning of a large porous medium into individual pores, which are
interconnected through pore throats. Different colours are employed to distinguish one pore
from its neighbouring pores, but it is crucial to emphasise that this division scheme is not fixed
and can be adjusted during a simulation. For example, when certain throats have sufficient
width to accommodate multiple lamellae simultaneously, the pores connected through these

throats may merge into a single pore.

Focusing on the pink-marked pore located in the central region of the medium, it can be ob-
served that changes in the total surface energy of the lamellae within the pore can be explained
by two physical factors: the pressure differences among the throats connected to the pore and
the gas flow moving through these throats. In contrast, in the pore-scale method, the alteration

in total surface energy is linked to the displacements of the material points on the lamellae.
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Figure 3.4: A schematic diagram illustrates a 2D porous medium, with solid grains depicted
as grey circles. The void spaces consist of interconnected pores, connected by pore throats,
and the pores are displayed in various colours. Foam lamellae within the porous medium are
represented by red curves. Black arrows indicate the assumed directions of gas flow through
the pore throats encircling the pink-colored pore situated in the centre of the medium. Gas
areas or bubbles can be classified as either Type I or Type II. Type I bubbles are enclosed by
pore throats, pore walls, and lamellae, while Type II bubbles are enclosed solely by pore walls
and lamellae. The pore network-scale method aims to describe variations in the total surface
energy within the pore by expressing it as a function of pressure differences among the pore
throats and the gas flow through these throats.
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3.4.1 Mass conservation in pores

In a porous medium, the amount of gas within a pore is conserved. Let d f,; represent a small
amount of gas flowing through a pore throat ¢ of pore p. By convention, 0 f,; is positive when
gas enters pore p through the throat ¢, and negative when gas exits the pore through the same
throat. The principle of mass conservation applies to the fluid flow through pore p, and can be

expressed as follows

Np
> 6fu =0, (3.7)
t=1

where N, is the number of throats of pore p. Thus, the gas flow through a particular throat of
a pore can be expressed as the sum of the gas flow through all other throats of that pore. For

example, the gas flow through pore throat ¢ = 1 can be expressed as follows
NP
Ofpr == 8 fp- (3.8)
t=2

3.4.2 Gradient of system energy

As depicted in Figure 3.4, there are two distinct categories of gas areas, or referred to as
bubbles, distinguished by the boundaries that enclose them. Type I bubbles are encircled
by pore throats, pore walls, and lamellae, whereas Type II bubbles are solely enclosed by pore
walls and lamellae. Type II bubbles are essentially individual bubbles that do not span multiple

pores.

The volume of Type I gas area is denoted as V},;, where p indicates the pore and ¢ signifies the
throat belonging to that particular pore. The pressure at pore throat ¢ of pore p is represented
as P,. The potential energy of the gas within the pore due to pressure, denoted as E,, can be

expressed as
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Np

E, = PyVy + Const, (3.9)

t=1

The term Const accommodates the energy related to Type II bubbles. It is important to note
that there are cases where a Type I bubble is surrounded by two or more throats. In such
instances, the gas potential energy within that bubble might be counted multiple times in Eq.
3.9. However, this repetition does not impact the energy variation to be discussed shortly
because the pressure at these throats linked to the same Type I bubble is identical, resulting

in a pressure difference of zero among these throats.

In Eq. 3.9, we have implicitly assumed that P, is a constant coefficient, though the pressure
can change as gas flows through a pore. In this case, the pressure potential energy is only
affected by the change of bubble volumes. This is reasonable since it is the work of pressure
that changes the surface energy. As shown in the following, the difference of Eq. 3.9 reflects

the pressure work, and thus can be linked to the variation in surface energy.

Considering an infinitesimal gas flow, ¢ f,;, through pore throat ¢, the first-order approximation

of the variation in the pressure potential energy in pore p is

NP
0E, =Y  Pubfu. (3.10)
t=1

The change in energy described above corresponds to the net work done by pressure in pore
p, which is subsequently stored as film surface energy. Substituting Eq. 3.8 into Eq. 3.10, the

energy variation becomes

NP
0Ey = 00fm + Y (Pot = Po1)d four, (3.11)

t=2
where the first term, on the right hand side, is added for completeness.

The overall variation in surface energy, denoted as dF, for the entire porous medium can be

calculated by adding up the energy changes for all the pores within the medium
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M N

0F = Z Oéfpl + Z Z pt — pl 5fpt7 (312)

p=1 t=2

where M is the number of pores in the porous medium.

A simplified form of Eq. 3.12 can be obtained for a specific porous medium, where the total

energy variation can be expressed as a linear function of the gas flow through the pore throats

Mt
0E =Y g(AP)3f, (3.13)
t=1

where M is the number of all the pore throats in the porous medium, g; the coefficient of gas
flow, which depends on the pressure difference term in Eq. 3.12, and § f; the absolute value of
gas flow through pore throat t. It is worth noting that the subscript ¢ now denotes a global
index, which refers to a specific pore throat in the entire porous medium, rather than a local

index that represents throats of an individual pore.

To illustrate the transition from Eq. 3.12 to Eq. 3.13, consider the porous medium model
depicted in Figure 3.5, which consists of three pores. For this model, the expression for Eq.

3.12 can be written as

OE =06 f11 + (P12 — Pi1)d fiz + (P13 — P11)0 fis+
00 fa1 + (Paa — P21)0 foo+ (3.14)

00 f31 + (P32 — Ps31)0 f32,

which can be further combined into a form as in Eq. 3.13. To do so, it is known that
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0f1 = 0/u,

0f2 = =0f12,0f2 = 0 far,

0fs = —df13,0f3 = 0 fa1, (3.15)
0fs = —0fa,

dfs = =0 f30.

Substituting Eq. 3.15 into Eq. 3.14, we obtain

0E =00/, — (P12 - P11)5f2 - (P13 - P11)§f3 - (P22 - P21)5f4 - (P32 - P31)5f5- (3-16)

The coefficients of 0 f; in Eq. 3.16 have been denoted as ¢:(AP) in Eq. 3.13. These coefficients
represent the pressure differences among pore throats and can be obtained using the pore-scale

method or, in simpler cases, by analytical solutions [112].

In Eq. 3.13, the gas flow through each pore throat is nominally given by df;, = —g,(AP),
which represents the gradient descent direction of total surface energy in a porous medium.
This allows us to simulate the evolution of the foam system based on the gas flow through pore
throats. However, the gas flow determined by the gradient descent direction —g;(AP) might
not adhere to the principle of mass conservation. To address this issue, rewrite Eq. 3.7 in a

form with respect to the absolute value of the gas flow through pore throats

Mr
> kpdfi =0, (3.17)
t=1

where ky; is a coefficient, taking 0, 1, or —1. The coefficient arises because the absolute value of
gas flow through pore throat ¢ has been used for ¢ f;, and its direction has been predetermined
for a given porous medium, as exemplified in Eq. 3.15. It is not important how directions in

default for pore throats are specified, i.e. one may randomly set the directions at the beginning.
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Figure 3.5: A porous medium model consisting of three pores, including a three-throat pore
and two two-throat pores, whose indices p are 1, 2, 3, respectively. There are five throats in this
model, whose global indices t are 1, 2, ..., 5. The black arrows indicate the assumed directions
of gas flow. Jf; is the absolute value of the gas flow through throat ¢ of the porous medium
model. P, is the pressure at the throat of local index ¢ of pore p. df, is the gas flow through
the throat t of pore p, which is either positive or negative, depending on whether the gas is
flowing into or out of pore p. When referring to a specific pore, the local index ¢ of a throat of
the pore is up to 2 or 3.
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The modification for each gradient component given in Eq. 3.13 then is assumed to be
— Z;W:l K,k with K, being the coefficient associated with the mass conservation in pore p. As
a result, the gas flow through each pore throat, § f;, is updated to 0 f; = —g;,(AP) — Z;\il K, kpt.
To solve for the unknown coefficient K, the modified gas flow through each pore throat must
satisfy the total M mass conservation equations. To do so, the modified expression for J f; is

substituted into Eq. 3.17, yielding

My M
Z kpt(gt + Z kapt) = 0, (318)
t=1 p=1

which can be transformed into a more convenient expression

Mt

S EY k) == kg (3.19)

t=1

Eq. 3.19 is a counterpart of Eq. 3.6 derived for the pore-scale method. An extra equation
to consider when solving Eq. 3.19 is the total amount of gas that is injected into the porous
medium model. For instance, in the previous example of the porous medium model shown in

Figure 3.5, d f; equals 0V, which is a small increment in gas volume specified in the simulations.

The final expression for the gas flow through each pore throat can be expressed as §f; =
—A(g: + Zng\; Kpky), where X is a scaling factor that needs to be small. This is because the
total surface energy exhibits a non-linear dependency on the gas flow through each pore throat.
The presence of a small scaling factor guarantees the effectiveness of surface energy reduction,

as it ensures slight alterations to the foam structure.

3.4.3 Algorithms for surface energy minimisation

Two algorithms are available for quasi-static simulations of foam flow within a porous medium.
The first method involves employing the pore-scale approach within a confined geometry, such

as a porous medium, without subdividing it into smaller components, as has been done in
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various previous studies [66, 37, 115, 48, 116]. The second algorithm established in this work,
named the two-level method, combines the pore-scale and pore network-scale methods. It is
effective when gas bubbles are larger than the pore size. This is because the pore network-scale
method relies on a uniform pressure distribution within the most constrained area of the local

geometry, i.e. the pore throats.

The two-level method involves a process where a small gas volume, denoted as dV/, is introduced
into the geometric model. Iterations between the pore-scale and pore network-scale methods
continue until a converged foam configuration is achieved. In each iteration step, the pore
network-scale method determines the gas flow through each pore throat, which is subsequently
injected into each pore. Then, the pore-scale method or the analytical method mentioned
after Eq. 3.15 and 3.16 is used to calculate the pressure distribution within each pore. The
resulting pressure differences among pore throats are employed as input for the pore network-
scale method in the subsequent iteration. Notably, to simulate the gas injection process at each
step, the total gas flow through the pore throats connected to the injection port is initially set
to 0V in the first iteration and then adjusted to zero in the following iterations until the foam

configuration reaches convergence.

3.5 Verification of the two-level method

The verification of the pore-scale or sub-pore level method’s implementation is conducted
through simulations of a single lamella’s motion through a pore with two opposite throats.
The selection of the resolution for discrete representation of films can be achieved by a grid-
independence study that the resolution is refined until converged numerical results are obtained.
For a given grid resolution, the minimum-surface energy result is indicated by a positive definite
Hessian matrix [87]. Qualitatively, this is suggested by that more iterations produce no change
in the foam configuration. In the simulations throughout this chapter, the length of each dis-
crete edge is controlled between 0.07 and 0.16, with averaged value roughly 0.1. Moreover, in

each simulation, the iteration continues until the rate of the variation in total surface energy,



56 Chapter 3. Quasi-static film motion in porous medium models with blocked throats

reflected by the length summation of all mobile films, with respect to the number of iterations
below 10~8. This resolution, as well as the iteration termination criterion, as shown in the
following, are sufficient to resolve the problem, with results matched well with the analytical
solution. The simulation results of the pressure drop across the lamella, denoted as AP, closely
align with the analytical solution, as illustrated in Figure 3.6. The pressure drop varies with
the volume, denoted by V', swept by the lamella since its entry into the pore. In the numerical
simulations, both asymmetric and symmetric jumps of the two wall Plateau borders can be

observed as the lamella progresses through the central pore body.

The symmetric jump is only observed when a relatively large volume increment is applied to
propel the lamella forward within the pore, consistent with previous research findings [66]. In
physical terms, when the lamella approaches the corners with a high velocity, the perturbations
that lead to an asymmetric lamella shape remain small until the lamella reaches the converging
pore section on both sides, resulting in a symmetric jump [113]. In the quasi-static limit, the
asymmetric jump, as depicted in Figure 3.6(a), is consistently present in realistic movements,
while the symmetric behaviour shown in Figure 3.6(b) is primarily presented to highlight the
significant influence of asymmetry on the pressure profile as the lamella traverses the pore.

Further discussion on the effects of the jump can be found in [66, 115].

To assess the effectiveness of the two-level method, a specific geometry is considered, which
consists of three pores, including two with adjacent throats and one three-throat pore, as
depicted in Figure 3.2(b) and 3.5. At the start of the simulation, both interior pore throats are
blocked by flat lamellae with zero pressure drop, represented by the foam configuration a in
Figure 3.7. Gas is then injected into the model through the top-left pore throat and allowed to
exit the model through two other pore throats connected to the external space. Gas injection
continues until one of the lamellae approaches one of the two outlets. The pressure drop across
the geometric model and the gas flow through the two interior pore throats are predicted using
the pore-scale method and the two-level method, respectively. The results are compared in

Figure 3.8 and 3.9.

The results obtained using the two-level method align with those obtained from the pore-scale
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Figure 3.6: The passage of a lamella through a pore with two opposite throats. The results
regarding the pressure drop across the lamella are compared with the analytical solution. The
insert figures illustrate the shapes of the lamella, denoted by letters, in two scenarios: (a) the
asymmetric jump, where the two Plateau borders become asymmetric about the horizontal axis
of the pore after approaching the corners in the wide pore body, and (b) the symmetric jump,
where the two Plateau borders remain symmetric about the horizontal axis of the pore during
the lamella propagation. The analytical solution for both the symmetric and asymmetric jumps
can be found in [112].
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Figure 3.7: A geometry composed of a three-throat pore and two two-throat pores is employed
to assess the effectiveness of the two-level method. The lamella configurations are identified by
letters arranged in alphabetical order. Initially, two flat lamellae are located within the two
interior pore throats. Despite the identical shapes of the downstream pores and the symmetric
initial lamella configuration, the movements of the two lamellae exhibit asymmetry, as one
lamella is trapped near the pore throat while the other progresses through the downstream
pore.
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Figure 3.8: The pressure difference across the three-pore model, calculated using both the sub-
pore level (i.e. pore-scale) method and the two-level method. For the positions and shapes of
the lamellae identified by the letters, please refer to Figure 3.7.

method, confirming the validity of the two-level method. The pressure difference across the
model exhibits an asymmetric jump due to the asymmetrical movements of the Plateau borders.
Additionally, gas bubble trapping occurs in one of the pore throats, while the gas predominantly
flows through the other pore throat. Although the two downstream pores are symmetrically
positioned in the porous medium model, symmetric displacement of the two lamellae in these
pores is unlikely to occur because this motion mode is unstable and can be transformed into

the stable asymmetric displacement pattern under small perturbations.

The stable displacement pattern is consistently obtained with the pore-scale method, primar-
ily due to the discretisation error of the foam system, which introduces disturbances to the
positions of the two lamellae in the downstream pores. In contrast, the two-level method can
reproduce the unstable displacement mode, but this mode becomes unstable itself when small
perturbations in the gas flow through the pore throats are introduced during iterations. There-
fore, the stable motion mode is achieved where there is only one moving lamella, while the
other is trapped near the pore throat. This applies even when there are multiple downstream

pores in the porous medium model, as discussed further in Section 3.6.
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Figure 3.9: The gas flow through two interior throats as a function of the total amount of gas
injected into the three-pore porous medium model is depicted. (a) Both the sub-pore level
method and the two-level method provide consistent results for the gas flow through the two
throats, denoted as V;. The difference in magnitude of the gas flow through the two throats
indicates that one pore throat is predominantly used for gas flow, while the other pore throat is
blocked by the lamella. (b) A separate plot shows the gas flow specifically through the blocked
throat. For the positions and shapes of the lamellae identified by the letters, please refer to
Figure 3.7.
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It is important to highlight that, in the two-level method, pore-scale simulations are usually
required because the corresponding pressure differences among throats of each individual pore
are needed as input in the pore-network level simulations. However, for relatively simple foam
configurations, the pressure differences between throats can also be obtained by analytical
solutions. In this study, the analytical solution for the pressure drop across the pore with two

adjacent throats is used as the input in the implementation of the two-level method.

3.6 Numerical results

This section is focused on the motion of a moving lamella in the presence of trapped lamellae
in porous medium models illustrated in Figure 3.2 (c¢)-(f). The number of downstream pores in
these models varies from 1 to 4. Since all the throat geometries connecting the upstream pore
and the downstream pores are the same, the expected stable motion mode, as discussed in the
previous section, is that only one lamella moves through the downstream pore while all other
lamellae are trapped in the pore throats. This leads to variations in the number of trapped
lamellae from 0 to 3. When there is only one downstream pore, the problem simplifies to a
single lamella moving through a single pore with two neighbouring throats, which is referred
to as the “original” case. As defined in Section 3.2, the downstream pore that a lamella moves
through is classified as either a sharp or rounded pore based on the rounding radius, ry,, at the

central pore body being 1.0 or 0.25, respectively.

3.6.1 Film motion in sharp pores

Figure 3.10shows the pressure difference across the geometric model featuring sharp downstream
pores (r, = 0.25). This visualisation reveals three distinct phenomena. To begin with, the
positive and negative peaks of the pressure differential have shifted towards the midpoint of
the horizontal axis when compared to the original scenario. In the original case, the upstream
pore has only one downstream pore with two neighbouring throats. The delay in the occurrence

of the positive peak can be attributed to a small quantity of gas passing through the trapped
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Figure 3.10: The pressure difference, which varies with the amount of gas injected into the
porous medium model with sharp downstream pores (where r, = 0.25), is influenced by the
presence of trapped lamellae. When a lamella traverses the central pore body, there is a jump
in the pressure difference. Similar jumps are observed when the lamella approaches the negative
peak or departs from the positive peak, as indicated by the red arrows in the insert figures. The
movements and magnitudes of these peaks are illustrated by the black arrows. Specifically, the
positive peak experiences a delay in its occurrence but maintains its magnitude. Conversely,
the negative peak occurs earlier than expected and diminishes in magnitude as more lamellae
become trapped. Additionally, the central jump is slightly delayed.

pore throat and being retained in that region. This behaviour is illustrated in configurations a
to b in Figure 3.7 and in the gas flow through each pore throat in Figure 3.9 (b). Conversely,
the gas previously trapped in the throat is released later when the lamella moves through the

second half of the pore, causing the negative peak to occur earlier than anticipated.

Secondly, there is an abrupt change in the pressure difference, either following the positive
peak or preceding the negative peak. This jump becomes more pronounced as lamellae entrap
a greater number of throats. Lastly, the magnitude of the negative peak decreases as more
lamellae become trapped, whereas the positive peaks remain consistent and unaffected by the

presence of trapped lamellae.

In the original scenario, where no lamellae is trapped, the symmetry of the pressure difference

variation, denoted as AP, in relation to the injected gas volume, V', is disrupted solely by the
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abrupt shifts in the wall Plateau borders within the central section of the pore body. However,
the two peak areas remain symmetric with respect to the midpoint on the horizontal axis. By
contrast, when trapped lamellae are present, the symmetry of the pressure difference variation
is further compromised due to the three phenomena, especially the last two. Specifically, the
symmetry of the two peak regions is further distorted because the magnitudes of the positive
and negative peaks are no longer equal, and the shifts at both peaks are asymmetric. More-
over, we observe a superposition effect where the degree of symmetry disruption becomes more

pronounced as the number of trapped lamellae increases.

To elucidate the described phenomena and their consequences, consider the scenario illustrated
in Figure 3.1 (f), assuming that only one lamella is in motion through the pore while the others
remain trapped. Two curves are utilised, which depict the pressure difference as it varies with
gas volume for a single lamella moving through a single pore and for three lamellae trapped case,
respectively. The former is exactly the original curve in Figure 3.10. The latter is obtained by
tripling the horizontal direction of the initial increasing section of the original curve in Figure
3.10, and the maximum total gas volume injected into the three downstream pores reaches up to
0.177, three times the volume corresponding to the maximum pressure difference of the original
curve in Figure 3.10. Furthermore, the curve needs to be extended into the negative domain of
the horizontal axis. To do so, remember that the three trapped lamellae become convex toward
the upstream pore when the pressure difference across the moving lamella becomes negative.
The resultant curve of pressure difference versus the injected gas volume for lamellae trapped

case is marked in blue in Figure 3.11.

In Figure 3.11, by setting the pressure difference as the control variable and considering it to
be independent of flow paths, an interpolation curve can obtained from the two curves rep-
resenting the pressure difference variations with gas volume for a moving lamella and three
trapped lamellae, respectively. Specifically, the pressure difference, as a function of the injected
gas volume, is represented by the red solid curve for a single lamella moving through a single
pore and the blue solid curve for three lamellae trapped in throats. To create an interpolation
between these two curves, the gas volumes corresponding to the same pressure difference are

averaged, as shown by the grey dashed line segment and its midpoint. Note that the inter-
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Figure 3.11: The pressure difference observed across the porous medium model in Figure 3.1(f)
varies in response to the gas volume injected into the model. (a) The total volume of gas injected
into the porous medium model equals the sum of the gas volumes entering all downstream
pores. However, for better visualisation, an interpolation curve is first obtained, by averaging
the volume values of the two curves at the same pressure difference value. (b) The interpolated
solid curve in (a) is then doubled in terms of the horizontal coordinate to account for continuous
gas injection. Modifications are made at the two peaks, as well as where jump in pressure
difference occurs, and these modifications are asymmetric. The magnitude of the positive peak
remains constant, whereas the magnitude of the negative peak decreases.
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polation is conducted to avoid summation of the horizontal coordinates of the two curves for
better visualisation in one figure; therefore, the horizontal coordinate of the interpolation curve
represents half of the total gas volume injected into the porous medium model. As shown by
the modification curve in Figure 3.11, this interpolated curve demonstrates that the quantity
of gas volume injected into the porous medium model varies non-monotonically as the pres-
sure difference continuously varies. This contradicts the nature of continuous gas injection into
the model. To accommodate the continuous gas injection, a jump in the pressure difference
becomes necessary, which further impacts the magnitude of the negative peak, causing it to

decrease.

In addition to the previously described phenomena, it is worth noting that the presence of
trapped lamellae has a relatively minor effect on delaying the central jump of the pressure
difference compared to the original case, shown in Figure 3.10. This leads to a slight degradation
of the symmetry in the relationship between the pressure difference and the injected gas volume.
In comparison, the three phenomena discussed earlier remain the most significant effects caused
by the presence of trapped lamellae on the motion of a single lamella. More importantly, these
phenomena may also manifest when the moving lamella is situated in a rounded pore with a

radius of r, = 1.0, as discussed in the next.

3.6.2 Film motion in rounded pores

The outcomes of simulations involving the motion of a single lamella through a bi-conical
pore highlight differences in average flow resistance between pores with rounded corners, e.g.
r, = 1.0, in the central pore body and those with sharp corners, e.g. r, = 0.25, as indicated in
literature [66, 115]. Specifically, a rounded pore with larger-radius corners would result in zero
average flow resistance for the lamella, because no jump in pressure difference occurs during

the film motion.

In Figure 3.12, a schematic depicts a lamella within a pore featuring two neighbouring throats

and a 90-degree angle between the pore walls and the lamella. It is important to note that the
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Figure 3.12: The relationship between the volume swept by a lamella and the horizontal co-
ordinate of the Plateau border on the upper wall of the pore is crucial in understanding the
behaviour of lamellae within the pore structure. The letter P in the insert figure is used to
illustrate a Plateau border position on the upper wall. The region of the swept bubble volume
is shaded in grey for clarity. The key factor influencing this behaviour is the sharpness of the
corner within the pore, which is determined by the rounding radius, denoted as r,. In cases
where the corner is sharp, such as r, equals 0.25 or 0.50, the volume would decrease after
the upper Plateau border enters the corner, supposing the film does not jump. To avoid this
decrease, the lamella typically jumps to a new position, leading to a corresponding jump in the
pressure difference. Conversely, when the corner is rounded, for example, such as 7, equals 0.80
or 1.00, the volume increases continuously as the upper Plateau border moves along the upper
pore wall. In these scenarios, the lamella’s motion is smooth, and there are no abrupt volume
changes or jumps in the pressure difference.

volume swept by the lamella may not increase continuously as a function of Plateau border

location along the pore wall, depending on the sharpness of the corners within the pore body.

For small corner radii, such as r, equals 0.25, an interesting phenomenon occurs. As the wall
Plateau borders continue to move along the curved corner, the volume of the bubble appears
to decrease. To ensure that the volume swept by the lamella increases continuously, the wall
Plateau borders must jump to new positions. This jump in the Plateau borders’ positions is
necessary to avoid a discontinuity in the swept volume and results in a corresponding jump in
the pressure difference. On the contrary, when the corner radius is large, as is the case when r},
equals 1.00, there is a guarantee of continuous increase in the swept volume as the lamella moves

along the pore. In this scenario, no jump in terms of the locations of the wall Plateau borders is
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Figure 3.13: The pressure difference observed across the geometric model, with downstream
pores featuring rounded corners (i.e. 1, equals 1.0), is influenced by the presence of trapped
lamellae. In this scenario, there is no jump in the pressure difference as the moving lamella
passes through the central pore body. However, jumps do occur at both peaks, as indicated by
the red arrows in the insert figures. The changes in the positions and magnitudes of these peaks
are illustrated by the black arrows. The positive peak experiences a delay in its occurrence,
but its magnitude remains constant. On the other hand, the negative peak occurs earlier than
expected, and its magnitude decreases as more lamellae become trapped.



68 Chapter 3. Quasi-static film motion in porous medium models with blocked throats

expected because the rounded corner allows for smooth and continuous motion without abrupt

changes in the swept volume or pressure difference.

The curve, denoted by original, in Figure 3.13, displays for a single pore the pressure difference
as a function of the injected gas volume, for the rounded downstream pore with r, = 1.0. It ex-
hibits purely central symmetric variation around the midpoint of the horizontal axis, indicating
an average flow resistance of zero. However, the presence of trapped lamellae introduces the
same effects observed in Figure 3.10, including shifted positions of both positive and negative
peaks, jumps in the pressure difference at these peaks, and a decrease in the magnitude of
the negative peak. Consequently, the averaged flow resistance or yield stress, which is repre-
sented by the volume-averaged pressure difference, can become non-zero. The introduction of
trapped lamellae disrupts the initially symmetric film motion, leading to changes in the pressure

difference curve and the overall flow resistance characteristics of the quasi-static film motion.

3.6.3 Yield stress of film motion

The yield stress of film motion within porous medium models is a crucial parameter that reflects
the flow resistance in the quasi-static limit. It can be characterised by the volume-averaged
pressure difference [16, 66], defined as AP»& = 1/V, OV““ APdV, where AP is the volume-
averaged pressure difference and Vi is the total amount of gas injected into the medium. Figure

3.14 illustrates the impact of trapped lamellae on the volume-averaged pressure difference for

both cases: the sharp downstream pore and the rounded downstream pore.

The results demonstrate that confined lamellae contribute to an elevation in the volume-
averaged pressure difference when a lamella moves through a pore. This implies that foam
flow resistance is influenced not only by the moving lamella but also by the immobile trapped
lamellae. This phenomenon is especially noteworthy when a larger number of lamellae are
present and confined in nearby pore throats. In situations involving pores with rounded config-
urations, this effect is amplified in relative terms, giving rise to noticeable flow resistance and

subsequently reducing foam mobility.
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Figure 3.14: The volume-averaged pressure difference for two types of porous medium models
with trapped lamellae: one with pores featuring sharp corners (ry, equals 0.25), and the other
with pores having rounded corners (r, equals 1.00). The influence of trapped lamellae is
relatively more apparent in cases with rounded pores, since it results in non-zero flow resistance.
However, the absolute increase in the volume-averaged pressure difference is similar for both
cases.

3.7 Conclusions

In this chapter, the impact of bubble trapping on the yield stress of foam in porous media is
further investigated, by numerical simulations conducted in the quasi-static limit. To this end,
a two-level method has been presented, which utilises the connectivity of pores in a porous
medium to minimise the total surface energy at the pore-network level. The simulation results
reveal that, within the porous medium models considered in this study, the only stable mode of
propagation for films involves a single lamella moving through the system, while the remaining
lamellae become trapped within pore throats. Despite these trapped lamellae not directly
interacting with the moving lamella, the average flow resistance for the lamella progressing
through the downstream pore increases with the number of trapped lamellae. This occurs
because the trapped lamellae can influence gas flow along different pathways and alter the
pressure distribution within the porous medium. Furthermore, the investigation reveals that
the average flow resistance escalates due to the further disruption of the symmetry in the

pressure difference across the porous medium models. This is mainly attributed to three specific
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phenomena: the shifted positions of both positive and negative pressure peaks, abrupt changes
in the pressure difference at these peaks, and a reduction in the magnitude of the negative

peak.



Chapter 4

Foam flow through confined straight

channels

4.1 Introduction

In various applications [16, 112, 117, 111, 66] conducted within the quasi-static regime, the
effect of viscous dissipation of fluid is often neglected. In this context, additional constraints
pertaining to the surface Plateau borders (or wall Plateau borders), where foam films meet
the solid surfaces, are excluded in the computations. Consequently, the foam films remain
perpendicular to the solid surfaces, aligning with the assumption that there are no tangential
viscous forces exerted on the films by the solid surfaces. However, at relatively high flow rates,
this assumption becomes invalid, and the concentrated viscous dissipation within the Plateau
borders leads to deviations from the 90-degree angles between the films and solid surfaces
[113, 118, 23]. Xu and Rossen [113] noticed this problem and introduced additional modelling
to account for the viscous motion of the surface Plateau borders, while still assuming that
foams maintain minimal surfaces. This improvement can be seen as an extension of the soap

film model [113, 119], incorporating extra constraints specific to the surface Plateau borders.

The 2D viscous froth model is an alternative approach for foam modelling that incorporates

the effects of viscous forces acting on the surface Plateau borders [89, 19]. This model was

71
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specifically proposed to predict the dynamic motion of dry foams in Hele-Shaw cells consist-
ing of two side walls and two closely positioned covering plates. In mathematical terms, the
model is formulated by considering the equilibrium of the pressure differential across the films,
the interfacial force resulting from surface tension, and the viscous resistance applied to the
films by the covering plates. Additionally, the viscous resistance is commonly assumed to be
associated with the normal film velocity through power-law nonlinear relationships, though a
linear relationship is often utilised for simplicity [23, 120]. The inclusion of viscous forces in the
viscous froth model, unlike the 2D soap film model [66], permits the continuous deformation of
the foam configuration [88, 121, 122, 123, 124]. As the foam flow rate increases, the shearing
effect happens on the time scale comparable to that of the relaxation of foam structure [89].
In this case, the foam configurations could be deviated significantly from the minimal surface
states in stationary equilibrium. Particularly, a T'1 topological transformation may be initiated
at sufficiently high flow rates, leading to the detachment of bubbles from adjacent films. This
phenomenon is observed in scenarios like the flow of a viscous froth lens [88] or a three-bubble

cluster [122, 123, 124] in straight channels.

In research employing the 2D viscous froth model, unlike the drag force from the covering
plates, which is integrated into the model using the drag force term, the drag force originating
from the side walls demands extra attention [23]. This drag force was discovered to have a
significant impact on the dynamic arrangements of foam within Hele-Shaw cells because the
contact lines between the films and the side walls tend to lag behind the interior of the films
[23, 120]. Cox et al. [120] provided analytical solutions for the 2D viscous froth model. These
solutions are valuable for predicting stable configurations in foam flow scenarios that take into
account the drag forces originating from both the covering plates and the side walls. In more
recent years, the model has undergone improvements from various perspectives to incorporate
additional physical phenomena observed in realistic foam flow. Notable advancements include
accounting for the effect of finite liquid content [125] and incorporating the Marangoni effect
[126]. These advancements have enhanced the model’s ability to capture a wider range of

phenomena involved in foam flow problems.

While the viscous froth model has primarily been used as a 2D representation thus far, re-
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searchers have recognised the potential influence of the third dimension (across the gap) present
in realistic foam flow systems [118, 23]. One significant observation, for instance, is that the
foam films are curved across the gap, which imposes an upper limit on the film migration veloc-
ity. Beyond this limit, the foam films start to lie along the confining plates and cannot reach a
steady configuration, and the applicability of the viscous froth model is questionable. Despite
its potential impact on foam dynamics, the third dimension has not been explicitly incorporated
into the viscous froth model. Consequently, there is still a lack of quantitative characterisation
of the effects of this third dimension, which is essential for evaluating the extent to which the

2D viscous froth model accurately approximates real-world 3D scenarios.

In this chapter, the goal is to construct a 3D version of viscous froth model for viscous foam
that explicitly incorporates the third dimension. This endeavour is inspired by the work of
Xu and Rossen [113], where they investigated the impact of viscous forces exerted by the solid
surfaces on the time-averaged flow resistance of a single film traversing a bi-conical pore. This
concept has been subsequently implemented in Surface Evolver [119]. It will be illustrated how
this approach allows us to create a 3D viscous froth model that can be linked to the 2D viscous
froth model by reducing the number of dimensions. A typical foam structure, known as the
viscous froth lens, is focused in this chapter, which has been examined in previous applications
of the 2D viscous froth model [88, 126]. The covering plates are assumed to have rough surfaces,
imposing drag forces on foam films. This effect is crucial since the aspect ratio of the cross-
section of Hele-Shaw cells is typically far away from unity, and thus the length of the contact
line between a film and the covering plates is sufficiently larger than that on side walls. For the
same reason, the side walls can be assumed to remain smooth for simplicity, hence the omission

of drag forces generated by the side walls.

This chapter is structured as follows. In Section 4.2, an overview of the geometric characteristics
of the viscous froth lens is provided. Section 4.3 details the methodology, which encompasses
both the 2D viscous froth model and the components of the 3D viscous froth model. The 2D
viscous froth model is derived from the Young-Laplace equation, and an approximate relation-
ship between the drag coefficients needed in 2D and 3D models is established, building upon

prior research [23]. These equations are then rendered dimensionless to prepare them for subse-
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quent numerical simulations. In Section 4.4, the numerical methods are presented for the use in
simulations of the dynamic motion of the viscous froth lens with the 3D model and predictions
of the steady-state configurations of the viscous froth lens using the 2D model. Section 4.5 is
dedicated to presenting the numerical results. The selection of the drag coefficient in 2D and
its dependence on locations along films are analysed. Discussion and conclusions are offered in

Section 4.6 and 4.7, respectively.

4.2 Viscous froth lens in straight channels

The viscous froth lens flows within a straight channel with a rectangular cross-section, as
depicted in Figure 4.1. A Cartesian coordinate system with axes labelled as xyz is referenced,
where the y-axis corresponds to the flow direction. The channel consists of two closely spaced
covering plates that lie parallel to the y-z plane and two side walls that are oriented parallel to

the x-y plane.

The viscous froth lens consists of a bubble partly occupying the straight channel, with a film
spanning between the bubble and the opposite side wall. The region within the channel,
extending from the rearward side of the so called trailing and spanning films to the inlet of the
channel, is referred to as bubble B1. The lens bubble is denoted as B2. In the simulations, B2’s
volume remains constant, while the volume of B1 progressively grows over time, to mimic the
gas injection process. The films intersect the two covering plates at surface Plateau borders
(spb), and they encounter each other at the bulk Plateau border. These Plateau borders

converge at four-fold nodes.

The Parameters involved in Figure 4.1 include: U the velocity of the gas injected into the
channel, namely the driving velocity, W the width of the channel, H the height of the channel
or the size of the gap between the two covering plates, L the initial length of the spanning
film, 6 the angle between films and covering plates, f3p the drag force acting on unit length of
the surface Plateau border, whose direction is opposite to the normal velocity of the surface

Plateau border u,,, v the film tension (roughly twice the value of the surface tension of a single
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Figure 4.1: Geometry of a viscous froth lens confined in a straight channel with uniform rect-
angle cross-sections in 3D (top), as well as the perspective observed from above the covering

plates (bottom).

gas-liquid interface), ol the length of a short edge along the surface Plateau border. The local

force equilibrium requires fsp 0l = cosf v dl.

When the channel height H is considerably narrow, it is possible to represent the flow system as

a 2D problem by observing the situation from above the covering plates. From this perspective,

films (1D curves) are essentially surface Plateau borders seen from above, and what appears to

be a three-fold point is actually a four-fold node seen from above.
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4.3 Viscous froth model

In this section, the methods used in this study are presented, structured as follows. In Section
4.3.1, the 2D viscous froth model is reviewed. In Section 4.3.2, the 2D viscous froth model is
derived from the Young-Laplace equation applied to the foam confined in straight channels in
a 3D context. In Section 4.3.3, the 3D version of viscous froth model is introduced, which can
be used to predict the foam in the straight channels. In Section 4.3.4, the 2D and 3D viscous

froth models are made dimensionless for use in numerical simulations.

4.3.1 2D viscous froth model

As previously mentioned, the 2D viscous froth model was initially developed for analyzing 2D
dry foam flow within straight rectangular channels or Hele-Shaw cells. The simplest version of
the 2D viscous froth model is a linear version that adopts a linear resistance force term. The

linear 2D viscous froth model is expressed as

AP — vk = Cuy, (4.1)

where AP [Pa] represents the pressure drop across the film from the concave side to the convex
side, v [Nm™!] the film tension, k& [m™'] is the film curvature, u, [ms~!] the velocity component
along the local normal to the films, or normal velocity of films (positive values implying its
direction also towards the convex side of the film), and ¢ [N sm™3] the viscous drag coefficient.
Note that the definitions of normal velocity differ slightly between 2D and 3D but exhibit
similarities. In 3D, the analogue would presumably be the velocity component of the surface

Plateau borders along the plates but normal to the surface Plateau border itself.

Additionally, k£ within Eq. 4.1 refers to the curvature of films in 2D, which are essentially 1D
curves embedded in 2D. Given that these 2D films exist within a 3D context, we can interpret k
as the curvature of the films along the covering plates. The curvature of the film across the gap,

on the other hand, is not directly incorporated into the 2D viscous froth model. The impact of
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curved films across the gap is only represented through the drag force term and is not formally

accounted for geometrically within the model.

The application of the 2D viscous froth model in simulating the dynamic behavior of foams is
explained as follows. For a given initial configuration of 2D foam confined in Hele-Shaw cells,
the film curvature can be calculated. By relating the line integral of the velocity vector along
the bubble boundaries to the changes in bubble volumes [89], which are already known, we
can determine the pressure within the bubbles. Consequently, we can solve for the pressure
difference between the bubbles. Using this pressure difference across the bubble boundaries, we
can compute the film normal velocities by applying Eq. 4.1. With these film normal velocities,

we can then carry out the dynamic evolution of the foam configuration.

4.3.2 Young-Laplace equation to 2D viscous froth model

An inherent assumption within the viscous froth model is the neglect of fluid viscosity within
the bubbles away from any confining plates. In this scenario, the behavior of a film, with the
exception of its borders, is governed by the film tension force. As a result, the pressure difference
AP across the film is balanced by the film tension force, as described by the Young-Laplace

equation

AP = y(ky + k), (4.2)

where k1 [m™!] and ko [m™'] are the two principal curvatures of the film. Eq. 4.2 is equivalent

to Eq. 2.1, albeit expressed in a distinct manner.

In the case of foams in a state of stationary equilibrium within Hele-Shaw cells, the films
remain flat across the gap while typically exhibiting curvature along the covering plates. In
this scenario, the curvature k; across the gap is zero, while the curvature ky along the covering
plates is nonzero. This situation contrasts with the case of a single film moving within straight

channels [23], where the viscous force exerted by the covering plates is considered, and the



78 Chapter 4. Foam flow through confined straight channels

viscous force from the side walls is neglected. For the latter, the curvature k; across the gap is

nonzero, while the curvature k5 along the covering plates is zero.

In more general situations involving moving foams within Hele-Shaw cells, the films exhibit
curvature both along the covering plates and across the gap. Moreover, the two principal
curvatures might not align precisely with the covering plates or across the gap, respectively.
However, in cases where there is a significant contrast in the scales of film curvatures along the
plates and across the gap, it is possible to make an assumption that one principal curvature is
approximately oriented across the gap, while the other is roughly along the covering plate. Such
situations can arise when the film migration velocity approaches zero, and the films become
nearly flat across the gap, or at high migration velocities where the curvature across the gap
can be considerably larger than that along the covering plates, primarily due to the thin gap.
This approximation, concerning the orientations of the two principal curvatures, is employed

when deriving the 2D viscous froth model from the Young-Laplace equation.

Another necessary assumption is that the shape of the Plateau border along the confining
plates serves as a valid representation for the shape along the film at all points across the
gap. This includes the profile where the film intersects the mid-plane between the two covering
plates. With this added assumption, the curvature ks, along the plate is presumed to vary along
the films but not across the gap. Additionally, since the sum of k; and ko remains constant
over a film, ki across the gap is also assumed to vary along the films but not across the gap.
Consequently, k; can be determined by the angle formed between the film and the covering
plate. Specifically, by definition k; = dfl;/ds where s denotes arc length across the gap, and 6,
is the local orientation angle between the film tangent and the horizontal. We can determine k;
by computing the integral [ k; dz along the film across the gap, starting from the mid-plane.
This integral can be re-wirtten as integral [(dz/ds)dfs, where dx/ds is sin(f;), and then we
integrate from 0y = 7/2 in the mid-plane of the gap to ; = 6 on the plate. This results in
ki(H/2) = cosf and hence k; = cosf/(H/2). Consequently, the term « k; in Eq. 4.2 can be
represented as 7y k; = 7y cosfl/(H/2), where ~y cosf denotes the tangential component of the film

tension force at the surface Plateau borders.
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The tangent component of the film tension force is balanced by the viscous drag force, namely
ycost) = fop, where f3p is linked to the normal velocity of film through fsp = uy. E[Nsm™2]
is the drag coefficient in 3D scenarios. We can substitute this formula into the Young-Laplace
equation, Eq. 4.2, resulting in AP = vky + (2/H) & uy. It can be found that the resultant
equation is exactly the 2D viscous forth model, given the assumption that ks varies only along
the films but not across them. Moreover, by the same token k; is assumed to varying only
along the films but not across them, as k; + ko is necessarily spatially uniform. Note that, the
resultant formula implies that the drag coefficient in 2D is linked to the drag coefficient in 3D

through a factor 2/H, namely ¢ = (2/H) £ [88, 23].

The above derivation from the Young-Laplace equation to the 2D viscous froth model relies
on the assumptions that the two principal curvatures are oriented along the plates and across
the gap, respectively, and that they only vary along the films. Consequently, the 2D viscous
froth model serves as an approximate representation of realistic foam behaviour within Hele-
Shaw cells, and the relationship between the drag coefficient in 3D, denoted as &, and the drag

coefficient in 2D, denoted as (, is also approximate.

When the underlying assumptions are not maintained, the 2D viscous froth model may not
accurately depict the actual behaviour of foam confined in Hele-Shaw cells. For instance, at
high film migration velocities, the 2D viscous froth model predicts that the films will become
flat with significant curvature primarily only at their upstream end [88, 120]. In this scenario,
the film curvatures along the plates (near the upstream end) and across the gap are not dis-
tinctly separated in their magnitudes. As a result, the principal curvatures may not necessarily
align with the respective directions across the gap and along the plates, respectively. Another
example pertains to situations involving moving films in wide gaps. In such cases, there is
no longer a distinct separation of scales in terms of curvature across the gap and along the
plates. Furthermore, the shape formed by the Plateau border along the confining plates might
no longer accurately represent the shape of the film away from the confining plates, including

the profile where the films intersect with the mid-plane.

Note that the challenges when the 2D viscous froth model may not accurately represent 3D
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scenarios can potentially be mitigated by relaxing some of the constraints mentioned earlier.
One approach is to treat the drag coefficient ( as a fitting parameter, rather than a value
directly linked to the drag coefficient ¢ through the factor 2/H. This aspect will be further

analysed in Section 4.5.

4.3.3 Viscous froth model in 3D

The modelling of foam flow within Hele-Shaw cells can be enhanced by introducing a 3D version
of the viscous froth model. In doing so, it is important to recognise that the 2D viscous froth
model is grounded on two key assumptions: (1) uniform pressure throughout each bubble and
(2) the presence of viscous dissipation occurring solely at the surface Plateau borders. The
first assumption remains valid when the impacts of fluid viscosity and bulk inertia within each
bubble and each film away from confining plates, are negligible. Under such circumstances,
the dominant factor is the film tension, which seeks to minimise the surface energy of the film.
The second assumption is associated with the motion of the surface Plateau borders that is

influenced by the viscous force exerted on them by the covering plates [113].

By extending these principles to three dimensions, a 3D viscous froth model, namely a soap
film model with additional constraints on the motion of the surface Plateau borders, can be
developed. In the 3D viscous froth model, the dynamic effect is also introduced by the rela-
tionship between the normal velocity of the surface Plateau border and the drag force acting

upon it.

Specifically, the 3D viscous froth model comprises three main components. The first component
pertains to the foam maintaining a minimal surface (subject to constraints on bubble volumes
and specified Plateau border locations), meaning that the pressure difference across any foam
film is determined by the Young-Laplace equation, i.e. Eq. 4.2. The second component is the
equation for the dynamic motion of surface Plateau borders. As mentioned previously, on the
surface Plateau borders, the viscous drag force and the film tension force are in equilibrium.

This can be expressed as
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vy cosf = Euy, (4.3)

where 6 represents the angle between the covering plate and the tangent plane of the foam film
at a specific point on the surface Plateau border, as shown in Figure 4.1. Here, u, denotes the
normal component of the velocity at that point on the surface Plateau border. The direction
of u, is tangential to the covering plate plane since the surface Plateau border adheres to the
covering plate. It can be found from Eq. 4.3 that there exists an upper limit to the projected
tension force, corresponding to the case that films become parallel along the plates, and hence
an upper limit to the film migration velocity, resulted as v/, beyond which Eq. 4.3 is not
applicable [23]. The final aspect of the 3D viscous froth model involves determining the motion
of the four-fold node, where three surface Plateau borders and one bulk Plateau border intersect.

In this study, the angles between surface Plateau borders are fixed to 120 degrees.

4.3.4 Dimensionless viscous froth model

In numerical simulations, it is preferable to work with the dimensionless form of the 3D viscous
froth model. To achieve this, the width of the Hele-Shaw cell, denoted as W, is established as
the characteristic length. The characteristic pressure is defined as v/W, and the characteristic
velocity is /£, which corresponds precisely to the upper limit of the film migration velocity
when the film becomes tangent with the covering plates. Correspondingly, the characteristic
time is W¢/~. With these parameters in place, the dimensionless form of the Young-Laplace

equation can be represented as

AP* = ki + k. (4.4)

where AP* is the dimensionless pressure, defined as AP* = APW/~y. The dimensionless
principal curvatures k] and k3 are defined as ki = kW and k5 = koW, respectively. The

dimensionless form of Eq. 4.3 is
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cosf = u;. (4.5)

where the dimensionless normal velocity is defined as u* = u,&/7.

The 2D viscous froth model can also be made dimensionless as

AP* — k* = (" (4.6)

where k* is the dimensionless curvature, defined as k* = kW. (* is the dimensionless drag
coefficient for 2D viscous froth model, defined as ¢* = W (/. Recall that £ = H(/2 under the
specific assumptions made in Section 4.3.2, in which case the dimensionless 2D viscous froth

model is

2

AP — k" =
H*

(T (4.7)

where H* is the dimensionless gap size, i.e. an aspect ratio. In the following, the superscript *

denoting the dimensionless quantities is dropped for simplicity.

Eq. 4.7 provides a reliable approximation of the 3D viscous froth model under the specified
assumptions made in Section 4.3.2. As revealed later in this study, these assumptions remain
valid as the ratio U/H remains small compared to unity, where U represents the dimensionless
driving velocity (which is dimensional driving velocity multiplied by £/v) and H stands for
the dimensionless gap size: effectively Eq. 4.7 behaves as a quasi-static system in that limit.
However, as U/H increases, the outcomes based on Eq. 4.7 may exhibit increasing deviations
from those produced by the 3D viscous froth model. In such scenarios, the drag coefficient ¢
in the 2D viscous froth model should be considered as a fitting parameter, and its value can be
adjusted away from the default 2/H to bring the results of the 2D model closer to those of the

3D model.

Additionally, this study introduces in 3D the concept of “apparent drag force”, denoted as fp.
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This force is defined as

fD = AP — kspby (48)

which is the difference between the pressure difference across films, AP, and the curvature of
the surface Plateau borders, designated as kgpp. The idea underlying this concept is that if
the 2D viscous froth model accurately captures the behaviour of a viscous froth lens in 3D
scenarios, particularly with regard to the dynamic motion of the surface Plateau borders, the
apparent drag force is expected to exhibit a linear relationship with the normal velocity of the

surface Plateau borders.

4.4 Numerical methods

In this section, a comprehensive explanation of the numerical method for the 3D viscous froth
model is provided. Also, a new approach is introduced for predicting the steady-state configura-
tion of 2D viscous froth lens. The outcomes from the 2D viscous froth models are employed for
comparison with the results of the 3D viscous froth model. Throughout this section, reference

is made to the geometry of the viscous froth lens in Figure 4.1.

4.4.1 Numerical method for 3D viscous froth model

The process of simulating the dynamic motion of the viscous froth lens in 3D, taking into
account the viscous forces at surface Plateau borders, is elucidated as follows. Eq. 4.4 and 4.5
are employed for this purpose. Eq. 4.4 means that a foam remains the minimal total surface
energy state given the position of the surface Plateau borders and nodes, the conserved volume
of the lens bubble, and the specified volume upstream of the lens structure. To predict the
foam configuration at this state, the gradient descent method-based surface energy minimisation

approach embedded in Surface Evolver can be utilised [119].
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s mesh undergo gradual adjustments in
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is case dependent. For instance, in this investigation,

In the simulations, the foam configuration is eventually deemed as converged

by three vertices and edges. In 2D, films are 1D curves embedded in 2D. Discrete films in 2D

are represented by points connected via short edges. The classification of a discrete point as
either a two-fold or three-fold point is determined by the number of edges connected to that

discrete point.
iteratively minimises the surface energy of the foam system by adjusting the positions of the

The number of iterations required to achieve the converged configuration with the minimal

15000 iterations are conducted to attain the initial viscous froth lens, whereas 900 iterations
are executed for each subsequent time step once the viscous froth lens is in motion. As the

Surface Evolver [87] discretises foam films into a triangle mesh, as shown in Figure 4.2, and
when the rate of the relative change in surface energy with respect to iterations falls below 1079,

Figure 4.2: Discrete representations of films in 3D (top) and 2D

iteration proceeds, the vertices of the foam system

surface energy (subject to constraints)

mesh vertices.
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directions that result in a reduction of the total surface energy of foam films. Simultaneously,
large mesh elements are subdivided, and small elements are removed to uphold approximately
uniform element sizes along the foam films. The motion direction for each vertex is determined
by several factors, including the local film mean curvature, gradient of each bubble volume,
and local constraints such as the forced contact between films and solid surfaces that include

the covering plates and the side walls.

Two types of constraints are considered in the implementation of the approach: one pertaining
to bubble volumes and the other concerning the interaction between the films and the solid
surfaces. For the 3D viscous froth lens, there are two identified bubbles, namely B1 and B2, as
shown in Figure 4.1. B1 refers to the volumetric space rearward of the trailing and spanning
films until the inlet of the channel, while B2 corresponds to the lens bubble itself. The gas
injection into the channel is simulated by progressively increasing the volume of B1, while
keeping the volume of B2 constant throughout the simulations. The geometric constraints
involve two covering plates and two side walls. The constraint imposed by the covering plates
on the films varies at different stages of the simulation. Initially, when computing the stationary
equilibrium of the viscous froth lens, the covering plates only need to establish contact with the
films, but the films configure their shape to minimise surface energy. However, as the viscous
froth lens begins to move, the positions of the surface Plateau borders are determined using
Eq. 4.3. In contrast, the side walls do not account for viscous resistance. As a result, the films
and side walls consistently maintain contact throughout the simulations, and tend to meet at

right angles [88].

The dynamic simulations using the 3D viscous froth model commence from an equilibrium state
of the viscous froth lens. To predict this initial configuration, the inlet of the channel is held
fixed at x = —1.0, while the two side walls are anchored at z = 0.0 and z = 1.0, respectively.
The initial volume target of B1 is set to 0.4882H, and the volume target of B2 remains constant
at 0.10236 H throughout the simulations, where 0.4882 and 0.10236 are the areas of B1 and B2,
observing from the top above y-z plane. In fact, 0.10236 is exactly the constant area of the
lens bubble in a 2D viscous froth lens in stationary equilibrium, when the length of spanning

film L is fixed to 0.5, i.e. half the width of the channel. Employing these parameters and the
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aforementioned solid surface-imposed constraints in Surface Evolver, we can obtain the initial
viscous froth lens configuration in stationary equilibrium, where the spanning film lies flat and
is positioned at x = —0.4, and the viscous froth lens is symmetric about the spanning film. For
the 3D viscous froth lens in stationary equilibrium, the z-coordinate of the four-fold node on

the covering plate is 0.5 as expected, because the volume of B2 is set to 0.10236H .

The dynamic evolution of the viscous froth lens involves two procedures for each time step of
the simulation. The first procedure entails computing the angles between the films and the
covering plates. The angle at each vertex situated on the surface Plateau borders is determined
by calculating the mean vector of the unit normal vectors of all the triangle elements to which
the vertex is connected. Using these angles, we can calculate the normal velocities of the surface
Plateau borders on the covering plates using Eq. 4.3. With these computed velocities, we can
update the positions of the surface Plateau borders and subsequently the position of the four-
fold nodes via the 120-degree rule by one time step, denoted as AT, using the forward Euler
method. The second procedure involves increasing the volume of B1 by an amount of UHAT,
since the volumetric flux of gas through the inlet is U H. For instance, with U = 0.1, H = 0.2,
and AT fixed to 0.01, the volume increment for each time step is set to 0.0002. After adjusting
the volume of B1, the configuration of the viscous froth lens is evolved to the state of minimal
surface energy subject to constraints. With the updated film surface, we then can proceed to
conduct the first procedure for the next time step, and this process continues as the simulation

progresses in time.

4.4.2 Steady-state configuration of 2D viscous froth lens

For comparison, the steady-state configurations (i.e. steadily propagating configurations) of
the 2D viscous froth lens under different driving velocities are predicted. In this work, a new
approach to predict the steady states is used, which transforms the problem into an equivalent
surface energy minimisation problem with a varying (and driving velocity-dependent) de facto
tension along the films. To do so, notice that Eq. 4.6 can be transformed to a form in a manner

analogous to the 2D Young-Laplace equation
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AP = Cu, + k. (4.9)

In Eq. 4.9, the quantity (u, + k can be interpreted as an effective tension force or curvature
that influences the viscous froth lens’ equilibrium configuration. The presence of the viscous
term (u, leads to a distinction between the effective curvature and the geometric curvature.

This difference is position-dependent along films, and also relies on the driving velocity.

To predict the steady-state configuration of the viscous froth lens, one can again utilise the
surface energy minimisation approach depicted in Surface Evolver [87]. Particularly, the 2D
algorithm detailed in Section 3.3 is used, where films (1D curves embedded in 2D) are rep-
resented using a series of discrete points connected by short straight edges. Similar to the
process described for minimising the surface energy of foam in 3D, a 2D foam is also evolved
toward its stationary equilibrium state, by adjusting the positions of discrete points in direc-
tions that result in a reduction of surface energy. Moreover, the evolving direction is mainly
determined by the net film tension force acting on each discrete points by all the neighbouring
edges. Throughout the foam configuration’s evolution, extended edges undergo subdivision,
while short edges are removed to sustain approximately uniform edge sizes. To apply this
method for an equivalent surface energy minimisation problem, specifically for achieving the
steady state of a 2D viscous froth lens within the context of this work, the only required modi-
fication to the algorithm [127] is to change the film tension force f,, which denotes the net film
tension force acting on each discrete point, to the corresponding effective film tension force f,
at each discrete point except for the three-fold ones, as shown in Figure 4.3. The original film
tension force and the effective film tension force are linked through f. = f, + fu, where fy, is

the correction term associated with the viscous drag force.

The effective tension forces acting on a discrete point located on the so called trailing film,
leading film, or spanning film of the viscous froth lens are depicted in Figure 4.3. The modi-
fication added to the original film tension force at any two-fold point on the films is given as
fo = —5l(U : n)n, where dl is the length of the film segment associated with the two-fold

point, U the vector of the driving velocity, and n the unit normal vector on the film. 4l is
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Figure 4.3: As has been mentioned, the original film tension forces, used in surface energy
minimisation processes, are changed for predicting the steady-state configurations of the 2D
viscous froth lens. From left to right, the modifications of the film tension force at two-fold
points are as follows: first, for a film that is convex backward, similar to the trailing film;
second, for a film that is convex forward, resembling the leading film; and third, for a straight
film, such like the initial spanning film.

calculated as 0l = 0.5(5ly + dlz), with dl; and Iy representing the lengths of two neighbouring

edges connecting to the two-fold point.

4.4.3 Scheme of numerical simulations

Given the dimensionless 3D viscous froth model depicted in Section 4.3.4, and that the initial
length of the spanning film is fixed at 0.5, the behaviour of the 3D viscous froth lens is influenced
by two key independent variables: the driving velocity U and the gap size H. As indicated
by Eq. 4.7 (with values of «} up to U), the velocity and gap size affect the viscous froth lens
behaviour, at least when steady states reached, in a coupled manner through the combined
parameter U/H, denoted by n. In 3D, this ratio may also play a crucial role in determining
the motion of the viscous froth lens. This is because the value of U provides information about
the angle through which the film turns across the height of the gap to ensure that Eq. 4.5
is satisfied. Thus, n denotes the curvature of the film across the gap, serving as an indicator
of whether the film curvature across the gap dominates over the curvature along the plates.
Under this assumption, the driving velocity U and the driving velocity-to-gap size ratio n are

selected as the independent variables in the simulations.

Specifically, H takes values within [0.1, 0.2, 0.3, 0.4], while 7 is set to values within [0.5, 0.75,

1.0, 1.25, 1.5, 1.75, 1.875, 2.0]. Note that the upper limit for the parameter U is set at 1.0, as this
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dimensionless velocity tends to cause films to lie along the confining plates, which corresponds
to the upper limit of the film migration velocity. Beyond this limit, the viscous froth model
ceases to be applicable. Even so, the selected values for U encompass a broad range of driving
velocities. In addition, the gap size H is typically assumed to be much smaller than the width
of the channel, and consequently, H is also reasonably constrained to values less than 1.0 in

the simulations. In this study, the maximum value of H is set to 0.4.

The regulation of the element size is determined by a specified reference range [Lmin, Lmax)s
denoted as Ry, with Ly, and Ly, defined as 0.00396 and 0.0099, respectively. In a 2D context,
the element size corresponds to the length of edges in the discrete representation of foam films,
whereas in a 3D context, it pertains to the length of edges for individual triangle elements. In
the simulations for steady states of 2D viscous froth lens, as well as in the series of simulations
for 3D viscous froth lens where H = 0.1, the element size is constrained to fall within the range

R;.

In other simulations involving the movement of the 3D viscous froth lens, where H takes
values of 0.2, 0.3, and 0.4, the employed element resolutions may be comparatively coarser.
For instance, Ry: [2Lmin, 2Lmax], R3: [3Lmin, 3Lmax), and Ry: [4Lmin, 4Lmay], are utilised
correspondingly. The selected element size range in each scenario is tailored to meet the criterion
that the resolution of the discrete representation of each film is sufficiently addressed in both

directions, along the covering plates and across the gap, respectively.

To ensure a more equitable comparison of results for the 3D viscous froth lens at the same
n but different H values, a finer resolution for each set of simulations with the same H is
additionally employed. Specifically, R; is considered in cases where H = 0.2. Similarly, Ry and
Rj3 are employed in instances where H = 0.3 and 0.4, respectively. The values of H and 7 as
well as the mesh resolutions used in the simulations, are summarised in the Table. 5.1. One
last parameter that is assigned in the simulation is the time step AT, which is fixed to 0.01
in this study. The use of this small time step is essential for maintaining the stability of the
numerical simulations, as it ensures that the displacement of each vertex within a time step

remains smaller than the size of the smallest mesh element.
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Table 4.1: Values of H and n and mesh resolutions employed in 3D simulations

i T 05 0.75 1.0 1.25 15 1.75 1.875 2.0

0.1 Ry Ry Ry Ry Ry Ry Ry Ry

0.2 Re, Ri Rey, Ri Ro,Ri Re, R Reo,Ri Re, Ry Re, R Ro, Ry
0.3 R, Ra Rs, R Rs,Re Rs,Re Rs, Ry Rz, Ry Rz, Re  Rs, Re
0.4 Rsy;Rs Rsay,Rs Ra,Rs Ry, Rzs Ry, R3 Ry, Rg Ry, Rz Ry, Rs

4.5 Numerical results

In this section, the numerical results for each simulation outlined in Section 4.4.3 are presented.
The section is structured as follows. In Section 4.5.1, the steady states of the 2D viscous froth
lens are presented. These results serve as a foundation for subsequent comparisons with the
outcomes of the 3D viscous froth model. In Section 4.5.2, the evolution of the 3D viscous
froth lens is predicted and analysed. In Section 4.5.3, the results obtained from the 2D and 3D
simulations are compared, providing a general guideline for the selection of the drag coefficient
needed in the 2D viscous froth model. In Section 4.5.4, the results of the 3D viscous froth
model are utilised to further analyse whether an effective drag coefficient in the 2D viscous

froth model might actually vary with position along the films.

4.5.1 Steady state of 2D viscous froth lens

For each set of values of H and 7, the steady state of the 2D viscous froth lens is predicted by
the method presented in Section 4.3.2. In the simulations, the drag coefficient is set to 2/H.
The edge size is kept within the range Ry, by removing edges shorter than L,,;, and subdividing
edges longer than L... As implied by Eq. 4.7, the only determining factor of the result is
driving velocity-to-gap size ratio 7. For this reason, all the 32 cases, where H € [0.1,0.2,0.3,0.4]
and n € [0.5,0.75,1.0,1.25,1.5,1.75,1.875,2.0], only yield 8 different results.

The process predicting a steady-state configuration of the 2D viscous froth lens is exemplified
in Figure 4.4, with n set to 1.875 and the small factor A required in the algorithm (referring

back to Section 3.3) is set to 0.005. In the process, the configuration of the 2D viscous froth
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Figure 4.4: The method outlined in Section 4.4.2 is employed to forecast the steady state of a
2D viscous froth lens at n = 1.875. The iterative process, depicted in (a) to (d), progressively
refines the edge sizes to fall within R;.

lens is adjusted iteratively, progressively converging towards the steady state. In the initial
phase of the iterations, a relatively large edge size is used for swift configuration adjustments.
Subsequently, the longer edges are subdivided to enhance mesh refinement until the specified
size range Ry is met. For the refined discrete representation of the 2D viscous froth lens,
iterations are implemented until the steady state is reached. The approaching steady state of

the viscous froth lens in 2D can be reflected via the convergence history of the z-coordinate of

the three-fold point, as presented in Figure 4.5.

To quantify the degree of deformation in a given steady-state viscous froth lens relative to

its initial state, one can assess the change in the z-coordinate of the three-fold point. At
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Figure 4.5: The convergence of the z-coordinate of the three-fold point, as the iteration proceeds.

relatively small values of n, such as 0.5, 1.0, and 2.0, there exists steady-state configurations
of 2D viscous froth lens, whose three-fold points tend to approach a constant z-coordinates, as
latter shown in Figure 4.8. By contrast, tests were also conducted at higher values of 7, such as
4.0 and 8.0, the 2D viscous froth lens cannot approach a steady state without the occurrence
of topology transformation [88]. Here, the topology transformation refers to the T1 topology
transformation that is initiated by the leading film continuously shrinking towards zero length,

under sufficiently high driving velocities [88].

4.5.2 Evolution of 3D viscous froth lens

The dynamic evolution of the viscous froth lens in 3D is predicted using the method introduced
in Section 4.3.1. During the motion of the viscous froth lens, its structural deformation can be
characterized by the change in the z-coordinate of the four-fold node. For instance, consider H
set to 0.2 while 7 set to 0.5, 1.0, 1.5, and 2.0, respectively. In the numerical simulations, the
edge size for triangle elements is maintained within the range Ro, resulting in a mesh resolution
of approximately 16 elements across the gap. The outcomes of the dynamic motion for these
four cases are depicted in Figure 4.6. At low driving velocities, such as U = 0.1 at n = 0.5,
the froth lens deviates only gradually from its initial configuration as it moves downstream. In

contrast, high driving velocities, like U = 0.4 at n = 2.0, result in more rapid deformation of
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Figure 4.6: Configurations of the viscous froth lens in 3D at different time 7" = 0.0, 5.0, 10.0,
15.0, 20.0, and 25.0.

the viscous froth lens, measured by the variation in the z-coordinate of the four-fold node.

As the viscous froth lens moves downstream, the four-fold node may approach steady states in
terms of its z-coordinate, as suggested in Figure 4.7. Once the rate of change in the z-coordinate
of the four-fold node on the covering plate drops below 0.001, it is regarded as being constant
over time. This signifies the attainment of a steady state for the viscous froth lens in 3D.
Remembering H = 0.2 here, the cases with relatively high driving velocities, such as U = 0.2
at n =1.0 or U = 0.3 at n = 1.5, take longer to reach the steady state compared to the case
with lower driving velocities, such as U = 0.1 at n = 0.5. Moreover, the final deformation at
steady states is more pronounced in cases under high driving velocities. At sufficiently high
driving velocities, such as U = 0.4 at n = 2.0, the viscous froth lens would experience a T1
topological transformation, because the length of the leading film eventually shrinks towards
zero as the z-coordinate of the four-fold node approaches zero, as shown in Figure 4.7. These

observations from the results of the 3D viscous froth model align with findings from simulation
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Figure 4.7: The dynamic evolution of the z-coordinate of the four-fold node of the viscous froth
lens in 3D. H is set to 0.2, and 7 is set to 0.5, 1.0, 1.5, and 2.0, respectively. For comparison, the
dashed lines represent the 2D results at the same driving velocities. In the 2D computations,
(¢ is set to 2/H.

studies employing the 2D viscous froth model [88]. On the other hand, the results of the 3D
model do exhibit quantitative distinctions from those obtained with the 2D model, as discussed

later.

The outcomes of the 2D viscous froth lens across varying 7 values in the range [0.5, 2.0] are
displayed and compared with the results extracted from figures 5 and 7 of the literature [88]
in Figure 4.8. It is noteworthy that refining the 2D results obtained through the approach
outlined in Section 4.4.2 can bring them even closer to those from the literature, achieved by
using a smaller element resolution (finer than R;) and more iterations. Nevertheless, such
refinement can be unnecessary as the current mesh resolution proves computationally efficient
and has been able to capture the behaviour of the viscous froth lens in both 2D and 3D.
Additionally, the element resolution employed in 2D matches that used in the 3D cases with

H = 0.1. Comparisons based on similar mesh resolutions are therefore more justifiable.

As depicted in Figure 4.8, for all considered values of H in this study, H = 0.1, 0.2, 0.3, and
0.4, the z-coordinates of the four-fold node at various n values within the range [0.5, 1.5] exhibit

remarkable proximity. This suggests that, for n values in the range [0.5, 1.5], the primary factor
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Figure 4.8: The z-coordinate of the four-fold node of viscous froth lens in 3D or the three-
fold point of 2D viscous froth lens at steady states, varying with the driving velocity-to-gap
size ratio . For H = 0.1 and 0.2, the z-coordinates are zero and the data points are not
shown in the present figure. A z-coordinate of zero indicates the occurrence of a T'1 topological
transformation. An represents the increment of 7 required to make the 2D viscous froth model’s
result match that of the 3D viscous froth model. In the present example, this increment
is measured between the curves labelled by “H = 0.2 (Ry)” and “2D”. The 2D results are
compared with those available in the literature [88], with the latter denoted by “reference”.
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influencing the steady-state configuration of the 3D viscous froth lens is the n ratio. In contrast,
the secondary influencing factor, H, assumes a non-negligible role in shaping the behaviour of
the viscous froth lens at higher 7 values, particularly within the range [1.5, 2.0]. In this interval,
the deformation of the 3D viscous froth lens, quantified by the z-coordinate of the four-fold
node, becomes more pronounced with decreasing H. This distinction is particularly evident at

n = 2.0.

For H = 0.1, 0.2, and 0.3, the deformation of the 2D viscous froth lens is less pronounced
compared to that of the 3D viscous froth lens, as 7 varies within the investigated range of
0.5 to 2.0. Conversely, in scenarios with H = 0.4, the deformation in 2D can become more
prominent than that in 3D, particularly at larger values of n, such as 2.0. In this case, the
viscous froth lens in 3D reaches a steady state without undergoing topology transformation,
and the driving velocity U reaches as high as 0.8. In contrast, at H = 0.1 and 0.2, the viscous
froth lens undergoes topology transformations at smaller driving velocities of U = 0.2 and 0.4,
respectively. This observation suggests that a specified foam configuration, such as a viscous
froth lens, may exhibit increased resistance to topology transformations as the gap size H
expands. This is because the foam structure may avoid undergo topology transformations at

higher driving velocities in channels with larger gap sizes.

4.5.3 Drag coefficient as fitting parameter

In Section 4.5.1, it has been highlighted that the 2D results are obtained with ¢ set to 2/H.
This relation is analytically accurate under the two underlying assumptions: the two principal
curvatures are oriented along the plates and across the gap, respectively, and that they only
vary along the films. In general circumstances, however, this relation can only be approximate,
which could have led to the deviation of the results in 2D and 3D. An interesting question that
arises is whether the 2D results can be made closer to those of 3D. The answer hinges on the
concept of considering the drag coefficient as an adjustable fitting parameter. A suitable value
of { results in roughly the same z-coordinate of the three-fold point in the 2D simulations as

that of the four-fold node in the 3D simulations.
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The selection of a suitable value of ¢ can be analysed as follows. Referencing the example
shown in Figure 4.8, assume that a change of An leads to roughly the same z-coordinate by
the 2D viscous froth model as that by the 3D viscous froth model (at H = 0.2 and n = 1.875
in the case). This suggests that the 1 used in the 2D simulations should be updated to n+ An.
Then, the drag coefficient used in 2D viscous froth model can be computed as ( = 2(n+An) /U,
namely ¢ = (1 + An/n)(2/H). Figure 4.8 shows that, as n varies within the range [0.5, 1.875],
An is positive for H = 0.1, 0.2, and 0.3, and increases as 7 increases. By contrast, at H = 0.4,
An first increases with n, and then reduces and eventually could take negative values. Within
most of the range of 1 considered in this study, An is positive, whereas it can be negative at

high values of 1 such as 2.0.
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(a) U = 0.375, H = 0.2, ¢ = 10.0 (b) U = 0.375, H = 0.2, ¢ = 10.667

Figure 4.9: Comparison between the steady-state configurations of the viscous froth lens in 2D
and 3D, at H = 0.2 and 0.375. The viscous froth lens in 2D and 3D are represented in orange
and green, respectively. (a) In the 2D computation, ¢ is computed using 2/H and set to 10.0.
(b) In the 2D computation, ¢ is computed using (1 + An/n)(2/H), where An ~ 0.125, and set
to 10.667.

For the specific example adjusting ¢ shown in Figure 4.8, where H = 0.2 and n = 1.875, An is
approximately 0.125, and thus ¢ should be adjusted from 2/H = 10.0 to (1 4+ An/n)(2/H) ~
10.667. In Figure 4.9, the steady-state viscous froth lens in 3D, at U = 0.375 and H = 0.2, is
compared with the steady-state 2D viscous froth lens, at U = 0.375, and ¢ = 10.0 and 10.667,
respectively. It can be observed that, after adjusting the drag coefficient {( needed in the 2D
viscous froth model, the steady-state configuration of the 3D viscous froth lens can be more

accurately represented by the configuration predicted by the 2D viscous froth model.
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4.5.4 Dependence of drag coefficient on position along film

One scenario where the assumptions underlying the relation ( = 2/H are exactly satisfied is
the quasi-static limit that the film migration velocity at any position along films approaches
zero. In fact, as long as the normal velocity of any part of a film is low, the 2D viscous froth
model can be locally valid in that part. For example, a steadily propagating system has, for all
locations in the structure, a uniform apparent velocity along the channel. However the actual
normal velocity of points varies: film elements that happen to have their normal directions
pointing along the propagation direction require higher normal velocities than film elements
that have their normal directions pointing obliquely. Since the level of agreement or otherwise
between 3D and 2D models is likely dependent on normal velocity, there is a possibility that
some parts of the structure will see better agreement between 3D and 2D models than others.
This implies that at locations where the normal velocity remains low, the relationship between
the apparent drag force, defined in Eq. 4.8, and the normal velocity should closely resemble

the linear relation assumed in the 2D viscous froth model.

Consider the specific case where H = 0.2 and n = 1.5. The apparent forces at mesh vertices
along surface Plateau borders of the trailing, spanning, and leading films are computed, at two
distinct time moments. One is at 7" = 1.0, representing the early stage of the dynamic motion
of the viscous froth lens, and the other at T' = 40.0, representing the steady state of the viscous
froth lens. The corresponding configurations and the relationship between the apparent drag
force and the normal velocity are illustrated in Figure 4.10. At T" = 1.0, during the initial
stage of deformation of the viscous froth lens, it is observed that the averaged normal velocity
along the spanning film exceeds that along the trailing and leading films. This is because the
normal to the spanning film is almost along the channel, whereas the other two films contain
oblique sections. The data points are discretely scattered around the line f, = (2/H)u, with
a significant portion of them falling above this line. This observation aligns with the analysis
presented in the previous section, where the drag coefficient in the 2D viscous froth model is

treated as a fitting parameter, and its value in this case is expected to be greater than 2/H.

As the viscous froth lens approaches a steady-state condition, the trailing and spanning films
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Figure 4.10: The configurations and the relation between the apparent drag force and the
normal velocity of surface Plateau border, for the case U = 0.3 and H = 0.2 (n = 1.5), at
different moments of time: (a) and (b) for 7" = 1.0, and (c) and (d) for T" = 40.0 when the
viscous froth lens approaches steady state.
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Figure 4.11: The configurations and the relation between the apparent drag force and the
normal velocity of surface Plateau border, for the case U = 0.4 and H = 0.2 (n = 2.0), at
different moments of time: (a) and (b) for 7'= 1.0, and (c) and (d) for 7" = 40.0.

elongate, while the leading film shrinks. The normal velocity of the surface Plateau border along
the trailing film now exhibits a wider distribution compared to the early deformation stage.
The minimum value of the normal velocity approaches zero, particularly when the trailing film
becomes nearly flat near the bulk Plateau border. This happens because normal velocities on
parts of the trailing film can now become quite low, especially on those parts of the film that
are quite flat close to the node. It becomes evident that the relationship between the apparent
drag force and the normal velocity closely approximates the line f, = (2/H)u, as the normal

velocity approaches zero.
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Similar behaviour is observed in another case where H = 0.2 and n = 2.0, albeit with topology
transformations now eventually happening. The film configurations and the relationship be-
tween the apparent drag force and the normal velocity at two time points, T'= 1.0 and T" = 40.0
are presented in Figure 4.11. The observations at 7" = 1.0 are approximately consistent with
those in Figure 4.10. By contrast, at 7" = 40.0, near zero normal velocity occurs at a position
within the middle section of the trailing film, further away from the bulk Plateau border than
the position in Figure 4.10. Nevertheless, the data points are in close proximity to the line
fo = (2/H)u, as the normal velocity tends to zero, which is consistent with the findings in

Figure 4.10.

In both Figure 4.10 and 4.11, at least some data points tend to approach the line f, = (2/H)uy,
during the later stage of deformation of the viscous froth lens. Moreover, most of the data
points are positioned slightly above the line, as previously mentioned for data points during
the early stage of deformation. However, Figure 4.10 and 4.11 also suggest that the relationship
between the apparent drag force and the normal velocity may not be accurately represented
by a single linear function, even though the drag force and the normal velocity are assumed
to be linearly related in a 3D context. Furthermore, it can be found that this relationship is
position-dependent, because it varies along the films. Moreover, the film configuration evolves
over time, and thus this relationship is also time-dependent. Consequently, when attempting
to predict the motion of the viscous froth lens using the 2D viscous froth model, the drag

coefficient needed in the 2D viscous froth model may be both position- and time-dependent.

4.6 Discussion

The 2D viscous froth model offers a notable improvement over the quasi-static soap film model,
particularly in its ability to predict the continuous deformation of foam configurations and drive
topology transformations in an ordered manner [88]. In physical terms, this enhancement can be
primarily attributed to the inclusion of the viscous drag force in the model, which is connected

to the normal velocity of the foam films. By allowing a determination of velocity, the 2D viscous
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froth model becomes capable of reproducing the dynamic motion of a foam. Nonetheless, it
must be remembered that the continuous deformation observed in 2D viscous froth is actually
a 2D representation of an underlying 3D phenomenon. Specifically the viscous froth represents

a foam flow that occurs within Hele-Shaw cells with uniform rectangular cross-section.

The 2D viscous froth model may necessitate additional adjustments when applied to a channel
with non-uniform cross-sections. Consider, for instance, a channel characterised by non-uniform
rectangle cross-sections, featuring flat side walls and curved covering plates along the channel.
The width of the cross-sections remains constant along the channel, whereas the gap size
undergoes variations. When a film flows within such a channel, the perspective observed from
the direction normal to the side walls would resemble the scenario studied by Xu and Rossen
[113]. As the film moves through the location where the cross-sectional area begins to decrease
along the channel, the motion of the film in this specific region may occur at a faster rate when
compared to the motion of the film in other areas. To accommodate this alteration, it might
be imperative to introduce a modification to the viscous froth model that considers the varying

cross-sectional area along the channel [126].

By contrast, in scenarios where the 2D viscous froth model may not perform well, the 3D
viscous froth model could still be applicable. The results obtained from the 3D model can,
in turn, contribute to enhancing the 2D viscous froth model by exploring how real-world flow

conditions impact the parameters within the 2D model.

4.7 Conclusions

In this research, a comparative analysis of the motion of a viscous froth lens has been carried
out, using both 2D and 3D viscous froth models. Theoretical analysis reveals that the 2D
viscous froth model can be derived from the Young-Laplace equation, under assumptions that
the two principal curvatures of the bulk films align with the plates and the gap, respectively,
and only vary along the plates. It suggests that the drag coefficient needed in the 2D viscous

froth model is connected to the drag coefficient in 3D by a factor that is twice the reciprocal of
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the normalised gap size. This concept remains valid when the aforementioned assumptions are
met. In this case, the 2D viscous froth model suggests that the steady-state configurations of
the viscous froth lens are determined by the ratio of the driving velocity to the gap size. This
influence of these two parameters in an interdependent manner also extends to the steady-state
behaviour of the viscous froth lens in 3D, even though the assumptions may not be entirely
accurate as the driving velocity-to-gap size ratio increases. The numerical results suggest that,
at relatively small values of the driving velocity-to-gap size ratio, the dominant factor is the
ratio itself. However, at relatively large values of the driving velocity-to-gap size ratio, the gap

size also significantly influences the behaviour of the viscous froth lens in 3D.

The quantitative comparison of the steady-state viscous froth lens in both 2D and 3D indicates
that the drag coefficient in the 2D viscous froth model should be treated as an adjustable
fitting parameter to achieve better alignment with the results obtained from the 3D viscous
froth model. The formula for this adjustment is provided in this study. Further investigation of
the 2D viscous froth model, particularly in terms of whether the drag coefficient can be treated
as a uniform constant for the entire structure of the viscous froth lens, suggests that the drag
coefficient needed in the 2D viscous froth model may also exhibit a dependency on the local

position along the foam films. As a result, it may not simply be regarded as a uniform value.



Chapter 5

Boundary-integral modelling for dry

foam in three dimensions

5.1 Introduction

Beyond the quasi-static regime, as indicated by Chapter 4, the viscous effect plays an important
role in affecting the dynamic motion of foam in porous media. The viscous effect not only
contributes to the overall resistance of foam flow, but also may stimulate the occurrence of
topology changes, which in turn influences the foam’s subsequent behaviour [88]. Additionally,
at finite but relatively low flow rates, the inertia force is much less important than pressure and
viscous stress. In this case, the foam flow system, like that depicted by the 2D viscous froth

model [89], behaves as an overdamped system [19].

The viscous froth model’s sensitivity to flow rate allows it to capture dynamic foam behaviour
that would not occur in the absence of viscous dissipation, such as significant deformation and
subsequently resulting topology changes at higher flow rates [66, 89, 121]. However, it is worth
noting that the viscous forces concentrate at Plateau borders, with no consideration given to the
fluid’s viscosity within bubbles. This source of viscous dissipation can be taken into account
by an alternative approach to foam modelling, namely the boundary integral method which

incorporates the fluid viscosity within bubbles. Similar to the viscous froth model, the inertia

104



5.2. Mathematical formulation 105

effect of fluid is also ignored in the boundary integral method.

In this chapter, the dry foam assumption is introduced into the foam modelling process using
the boundary integral method. The dry limit is a reasonable simplification for high-quality
foams due to their multi-scale nature [107], and has been used in the original viscous froth
model [89] and other fluid-dynamics modelling approaches [49, 107]. In the dry limit, the finite
thickness of films in a realistic foam is simplified to curves in 2D or surfaces in 3D. Plateau
borders are then represented by points in 2D or curves in 3D. In 3D foams, nodes at which
Plateau borders meet are represented by points, but they are not treated as a geometric element
in 2D foams. Note that, the modelling approach presented in this chapter also excludes other
complexities, such as fluid drainage in foam films, gas coarsening between neighbouring bubbles,

and surfactants redistribution along films.

5.2 Mathematical formulation

In this section, the boundary integral equation for dry foam in the presence of solid walls is
derived, using the boundary integral representation of the Stokes flow equations. To elucidate
the mathematical formulation, Figure 5.1 illustrates a scenario wherein a foam adheres to a
solid surface. This schematic diagram involves most structural elements that could exist in
a realistic 3D foam, and is referenced in the following sections. The key aspects involved in
the formula derivation are the categorization of different types of interfaces and the boundary

condition applied on the solid surfaces.

5.2.1 Stokes flow equations

As shown in Figure 5.1, a foam (in the first instance though, not necessarily a dry foam)
is composed of concentrated gas bubbles separated by a continuous liquid phase (surfactant
solution), placed on the upper surface of a solid plate. It has been assumed that the solid

surface is water-wetting and thus the continuous liquid phase forms a wetting film coating on
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Figure 5.1: Schematic diagram of a foam consisting of three bubbles attached on the surface of a
solid plate. In the extreme case of dry foam, the thin films reduce to non-thickness 2D surfaces
embedded in 3D. The Plateau borders reduce to curves embedded in 3D. The nodes reduce to
four-fold points. Geometric elements of the foam include bulk films (BF) or lamellae, wetting
films coating on the wall (CF), bulk Plateau borders (BP), wall Plateau borders (WP), nodes
on the wall (WN), nodes in bulk (BN). The gas-liquid and solid-liquid interfaces are categorized
into nine types: wall Plateau border surfaces (WPS), wall node surfaces (WNS), coating film
surfaces (CFS), solid-wall node interfaces (SWNI), solid-coating film intefaces (SCI), solid-wall
Plateau border interfaces (SWPI), bulk film surfaces (BFS), bulk Plateau border surfaces (BPS)
and bulk node surfaces (NBS). The arrows in orange illustrate the interfacial force on gas-liquid
interface.
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the solid surface. The gas-liquid surface tension is 7, and the gas viscosity is Au, where y is the
viscosity of continuous liquid phase and X is the ratio between the gas viscosity and the liquid

viscosity.

Assume that there are N — 1 bubbles, and the foam as well as the solid plate are immersed
in an unbounded gas domain. Use Dy to refer to the domain of the liquid region and Dy the
domain of the Kth gas region, where K = 1,2,...., N — 1. Use Dy to denote the outermost
unbounded gas area. In the schematic diagram shown in Figure 5.1, for instance, N equals 4,

i.e. three bubbles and one unbounded gas area.

At low Reynolds numbers and ignoring the buoyant force, foam flow is governed by the incom-

pressible Stokes flow equations, which can be written as [100]

V-I¥=0, V-u¥=0, ze€Dg, for K=01..N, (5.1)

where IT¥ is the stress tensor and K is the index of each fluid domain. The stress tensor is a

term combining pressure and viscous stress

I = —p"T+ M pu(Vu® + (Vu™)"), (5.2)

where A\ = 1.0 and M = )\ for K = 1,2,..., N. The dispersed gas domains are separated from

the liquid domain by the interfaces {I'gx }¥_;.

Across each interface [', the velocity is continuous, but the normal stress component undergoes

a discontinuity arising from the surface tension and the disjoining pressure [100]

(M°—T5) n=Af, u'=uf, K=12 ., N, (5.3)

where m is the unit vector normal to I'c and A f is the interfacial force (per unit area). Af is

defined as Af; + Afq, where Af; is the surface tension-induced component of the interfacial
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force and A fy is the disjoining pressure-induced component. A f; is calculated as A f; = 2vkn,
where k is the mean curvature at a point on the gas-liquid interfaces. The curvature k is
positive when the interface is convex along the unit normal vector n, and negative otherwise.
Equivalently, one may assume that k is always positive and the value of the force is calculated
as —2+vk, such that the direction of the force always points into the concave side of a gas-liquid

interface.

In some cases, e.g. the flow velocity being finite and uniform in the far field, the far field flow
does not vanish at infinity. For these cases, the flow in the outermost domain is decomposed
into two components, namely u(x) = u*(x) + u?(x), where u> is the background flow and
u? is the disturbed flow. The latter vanishes at infinity while the former does not. Both flows
satisfy the Stokes flow equations. In addition, the imposed flow is nonsingular in the whole

space while the disturbed flow is nonsigular only in the outermost region.

5.2.2 Boundary integral equations

Place a point @y, named the source point, inside a bubble domain D,,, m € {1,2,..., N—1}, and
use the boundary integral representation of Stokes flow in fluid domains { D }%_}. Depending

on whether or not K = m, we have [92]

/r ()G (x, zo)ng(x)dS(x) — )\u/ wi()Tijn(x, xo)ng(x)dS () = 8mApui(xo),

FT’L

(5.4)
/F L (2)Gij(x, o) ns(x)dS (x) — A /F wi(x) Ty, (2, 2o)ny(x)dS (x) = 0,
with G and T the Stokeslet and stresslet, respectively, which in 3D are defined as
52] iy T;7riTrE
y(r) = Ty(r) = —67 2% .
GJ<T> |’I"| ’,r|37 Jk<r) 6 |’I"|5 (5 5)

where r = & — xy. The indices i, j, and for the stresslet k£ also, ranging from 1 to 3, denote
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the components of vectors or tensors within a 3D Cartesian coordinate framework.

Then, decompose the Stokes flow in the outermost gas domain and notice that the imposed

flow is nonsingular in the whole space [92], leading to

/F L (2)Gij(x, xo)ng(x)dS (x) — /\M/F u;(x) Ty (T, xo)nk(x)dS(x) = —8mApui(xo).  (5.6)

In addition, the boundary integral representation of the Stokes flow in the continuous liquid

network is
/ 1Ly (x)Gij(x, zo)ng(x)dS () — p/ wi()Tijn(x, 2o)ng(x)dS(x) = 0. (5.7)
Fo I—‘0
Subtracting Eq. 5.4 and Eq. 5.6 from Eq. 5.7, and substituting Eq. 5.3 into the resultant

formula, we find a boundary integral equation for the velocity at the source point xg

1
STAL

uj(xo) =u3”(z0) —

/F My () Gy (@, w0)np (@) dS ()

1
+ X . wi()Tijn(x, 2o)ng(x)dS ()

1
8T /Fo—Fs Afi(x)Gij(@, To)dS ()

1—A
+ S /1“0—1“ wi() T (2, 2o )ng(x)dS (),

(5.8)

where I, refers to the solid surface and I'g—I'; is the boundary of the liquid phase excluding the
solid surface, i.e. all the gas-liquid interfaces. On the right-hand side of Eq. 5.8, the first and
third integrals are called the single-layer potentials and the second and last integrals are called
the double-layer potentials [92]. Each integral can be further decomposed into several terms in

the form of integrals over multiple panels of the gas-liquid interfaces or the solid surface.

As shown in Figure 5.1, the foam structure is composed of six different geometric elements,

including the films in bulk (BF) or lamellae, coating films (CF), Plateau borders in bulk (BP),
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Plateau borders on the wall (WP), nodes on the wall (WN), and nodes in bulk (BN). Based
on these different elements, the boundaries involved in this system can be categorised into nine
types in addition to the boundary at infinity: (1) Interface between the nodes on the wall and
the wall surface (SWNI); (2) Interfaces between the solid wall and the coating films (Solid-CF
interface/SCI); (3) Interfaces between the solid wall and the wall Plateau borders (Solid-WPB
interface/SWPI); (4) Surfaces of bulk films (BFS); (5) Surfaces of bulk Plateau borders (BPS);
(6) Surfaces of nodes in bulk (BNS); (7) Surfaces of wall Plateau borders (WPS); (8) Surfaces
of nodes on the wall (WNS); (9) Surfaces of coating films (CFS). With these different types of

interface panels, Eq. 5.8 can be written as

uj(xo) =uj" (o) + Iswnt + Iscr + Iswer 59)

+ Igrs + Ipps + Ipns + Iwps + Iwns + Icrs,

where [ denotes the integral over each boundary section (bs). Specifically, the integrals over

SWNI, SCI and SWPI are

Iys = ! /bHik(w)Gij(m,wo)nk(w)dS(zc)+87%\/1) ui(@) Tijr (@, o) () dS (20),

a STAL
(5.10)

and, over BFS, BPS, BNS, WPS, WNS and CFS, the integrals are defined as

1 A fi(@)Gyj(, 20)dS () + 18;)\)\

Lys = /b wi(@)Tijn (2, 2o)ng(x)dS (), (5.11)

B 87T>‘M bs

where Af; is the interfacial force across the gas-liquid interface. As mentioned, it is calculated
as Af; = —2vk(x), pointing towards the concave side of the gas-liquid interface. In Eq. 5.10,

the single-layer potential involves an unknown stress Il;;, due to the presence of solid walls.
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5.2.3 The extreme case of dry foam

Under the assumption of dry foam, the double-layer potential over BFS is zero because of
the opposite normal directions at the two overlapping gas-liquid interfaces of films. Besides,
the infinitesimal volume of the Plateau borders and nodes lead to the double-layer potentials
over BPS, WPS, SWPI, BNS, SWNI and WNS being zero. By contrast, the double-layer
potential over SCI cannot be cancelled from the double-layer potential over CFS, resulting in a
remaining term —1/(8) [, w;(x) Tk (x, xo)ni(2)dS(x), where the normal vector ny(x) points

into the solid domain.

As for the limit values of single-layer potentials, they can be considered from three aspects.
Firstly, the single-layer potential over BNS is zero, because ||[Af|] ~ 1/Rpns and Spns ~
RQBNS, where Rpns and Spng are the curvature radius and the surface area of BNS, lead to
Joe Afi(@)Gij(2, 20)dS(x) ~ Rpns that tends to zero as Rpng approaches zero. Similarly, the
single-layer potentials over WNS and SWNI are also zero because the areas of WNS or SWNI
decreases much faster than the interfacial force across WNS or the stress on SWNI increases,
respectively. Secondly, the summation of single-layer potentials over BPS is zero because the
angles between the films remain 120 degrees. Otherwise, there exists singular forces act on the
bulk Plateau borders, which immediately leads to the films restoring the states that forming
120-degree between each pair of the three meeting bulk films. Similarly, the summation of
single-layer potentials over WPS and SWPI are also zero because of the force balance at wall

Plateau borders.

Other single-layer potentials, including those over SCI, CFS and BFS are non-zero in the dry
limit. Furthermore, the single-layer potential over SCI and CF'S can be combined as an integral
over the solid wall, and the single-layer potential over BFS can be transferred into an integral

over films with the interfacial force being doubled that of one single gas-liquid interface.

The resultant boundary integral equation for the velocity at a source point inside a gas area is

written as
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uj(xo) = uj (o)

~ S ( /Sl —AFi(x)G,j(x, 20)dS (x)

1 (5.12)
+/ qi(w)G,-j(m,wo)dS(w)> —g/ wi() T (2, 2o)ng(x)dS (),

s Ss
where S| represents the film or lamella surface and S, is the surface of solid wall. q is the
unknown normal stress projected onto the normal direction acting on the separated phase
of fluid by the wall. The value of the interfacial force AF; is defined as —2Af; and thus is

calculated as 4vkn;. In default, the interfacial force points into the concave side of the lamella.

Denote as the characteristic length L, characteristic velocity Uy and characteristic time Ty =

Lo/Uy. Using these characteristic quantities, Eq. 5.12 can be written in the dimensionless form

1 1
ui(xg) =u; " (@g) — — | | —A kK (@)ni(@") Gy (", 25)dS™ (x7)
8w </Sl Ca (5.13)

1
+ [ e)Gle ai)ds @) - - [ uile) T @im(a)as (@)

where Ca = AuLo/(4vTh), k* = kLo, and ¢ = ¢;Tp/(Ap). In order to simplify the notations,

the superscript * will be ignored in the following.

The value of Ca can be estimated given that the flow is at low Reynolds numbers (Re << 1).
The Reynolds number is defined as Re = pL3/(AuTp) and can be reformulated using Ca as
Re = 4vpLoCa/(Au)?. This can be simplified as Re = Ca/Oh* where Oh is the Ohnesorge
number defined as Oh = Au/(2+/vpLy). Thus the low Reynolds number condition requires
Ca << Oh%. Apparently, Ca should be rather small if the fluid in bubbles is of low viscosity,
and the characteristic length and the surface tension are large. In addition, when converting the
quantities in dimensionless form back to the realistic physical quantities, it has been implicitly
assumed that the actual velocity is not much larger than the adopted characteristic velocity.
In other words, the calculated dimensionless velocity should scale as O(1) or smaller if the

numerical results can be reproduced in the realistic world.
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5.2.4 Boundary condition on the wall

As shown in Eq. 5.13, the velocity is a continuous quantity, which means that the velocity of
the foam films is zero on the wall if the no-slip boundary condition is used. In other words,
the no-slip boundary condition is not directly compatible with Eq. 5.13, since it is reasonable
that foam films are mobile and can move on the wall surface. As an alternate choice, the slip

boundary condition is considered in this work.

The viscous force between the fluid and the wall is ignored under the slip boundary condition.
One major effect of this simplification could be the ignorance of the viscous force imposed on
the wall Plateau borders by the wall (which by contrast is a crucial factor involved in the viscous
froth model). This limitation, however, might be released through specified angles between the

wall and the foam films.

The slip boundary condition requires that the fluid cannot penetrate the wall and thus the
normal velocities of fluid on the wall are known quantities equal to the normal velocities of the
wall itself. The shear stress on the wall surface is zero such that the fluid is assumed free to
move tangentially along the wall surface. Consequently, the unknown quantities on the wall are
composed of the normal stress and the two tangential velocity components. Adopting the slip
boundary condition may be justified by the work in [67] that there can be a transition region
near the front and back of bubbles along which velocity decays from velocity of the bubble itself
at the front to no slip at the back. Moreover, there is no shear stress in the film away from the
transition region, only shear stress in the transition region, but even in the transition region

there is no shear stress at the gas-liquid interface.

5.2.5 Singularity and near-singularity subtraction

The integrals in Eq. 5.13 cannot be directly used in general numerical calculation because the
kernels, i.e. Stokeslet and stresslet, are singular and near-singular when @ is located right at
xy and x approaches xg, respectively. To address the singularity or near-singularity, following

properties of the Stokeslet and stresslet are utilised [92]
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/ Gy, wo)nidS (@) = 0, / Ty, wo)npdS(a) = 0, (5.14)
S S

where the source point x, is located exterior to an enclosed surface S, such as the solid plate

surface.

solid-self singularity and solid-induced near-singularity

When solving Eq. 5.13 for the unknown pressure and tangential velocity components on solid
surfaces, the source point @ is placed right on the solid surfaces, leading to the singularity
occurring in the single-layer and double-layer potentials over the solid surfaces. To address this

singularity, following identities are derived based on Eq. 5.14

where initially the source point x is situated exterior to the solid surface Ss. ¢(xy) gains sig-
nificance through its definition employing ¢;(xo) = q(@¢)n; (o) when x is precisely positioned
on the solid surface. Subtract Eq. 5.15 from Eq. 5.12 and then place the source point right on

the wall, leading to

) = (w0) = o= (| gk @) (@)Gy(e,am)as (@)

+ [ (a(@) - a(@0) (e zom (1S ) (5.16)

_ % (Uz(-’B) - ui(iL’o))Tijk(.’B, xo)ng(x)dS(x).
Ss

When calculating the velocity at a field point @ that is close to the wall, the single-layer and
double-layer potentials associated with the flow on the wall become near singular. This near-
singularity can also be cancelled using Eq. 5.15, in which @, is selected as the point on the

wall that is closest to the field point.
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lamella-self singularity and lamella-induced near-singularity

When the source point is placed right on or close to a lamella, the single-layer potential, in
Eq. 5.16, over films or lamellae become singular or near-singular. It is possible to construct
identities similar to Eq. 5.15 to subtract the singularity and near-singularity, but may not be a
convenient choice in the case of dry foam, where each film forms one side of an enclosed bubble
boundary and thus is non-closed itself. Moreover, a film could be a common boundary of two
neighbouring bubbles. These issues lead to the inconvenience utilising identities as in Eq. 5.15

to subtract the singularity or near-singularity.

As an alternate method, a non-singular contour-integral representation of single-layer potential
is utilised, which can be used to calculate the single-layer potential over a non-closed surface

[100]

/ —Cik(w)Gij(a:,wo)ni(m)dS(w) ~ —ikgxg Gij(x, xo)n;dS(z),
’ a S/

Ca
/ G (@, mo)nidS(@) — 74 drxr.
! I

o 7l

(5.17)

where S’ is a non-closed surface and I'gs is the contour of S’. For S’ being a small surface area,
such as the area represented by a basic element that will be introduced in Section 5.3.1, the
averaged value k§/® can be approximated as ks, , where . usually is set to the centre point of
the small surface area. The direction of the curve integral is given by the unit vector ¢ along
the contour. t is defined as t = n X nr_,, where nr, is the unit outward vector tangent to the

surface S’ and perpendicular to the contour I'g.

5.2.6 Singular forces on bulk Plateau borders

In the derivation of Eq. 5.13, the condition of the force balance at Plateau borders on walls or
in bulk has been used. For wall Plateau borders, the no-slip boundary condition leads to that
the normal gradient of the tangent velocity is zero on wall. In other words, the velocity field

maintains that the films are perpendicular to the walls. Thus, the forces are always balanced
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at wall Plateau borders.

In contrast, the angles between films in bulk may in principle deviate from 120 degrees due to
the shearing effect of the fluid. As mentioned, once the forces acting on a bulk Plateau border
leads to net non-zero force, this singular force should restore the 120-degree angles between
films in bulk. For this reason, an additional motion for Plateau borders in bulk and nodes
should be considered to maintain the 120-degree angles between films in bulk, which is detailed
in Section 5.3.5. Note that the singular force applies only prior to any additional motion being
introduced. After the additional motion is applied and Plateau borders are restored to 120

degree angles, presumably there should no longer be a singular force.

One issue arising from the additional motion of bulk Plateau borders, however, is the accumu-
lation of errors in bubble volumes. This is because the additional motion is locally introduced
to maintain the force balance at bulk Plateau borders, while its effect on the motion of other
parts of the foam is not considered. To solve this problem, the contribution of the singular

unbalanced force at bulk Plateau borders should be modelled in the boundary integral method.

Use F' to denote the density of singular force along the bulk Plateau borders. the contri-
bution of the motion of bulk Plateau borders to the whole flow field is approximated as
1/(87Ca) fLBP F;(x)Gij(x, xo)dl(x). This integral is computed along bulk Plateau borders,
denoted as Lgp, and should be added to the right-hand side of Eq. 5.13. This treatment is
found to alleviate the volume deviations during simulations, as demonstrated later in Section

5.4.1.

By contrast, an alternate method accounting for the effect of the singular force is available
in the literature. Bajlekov [128] defined an “equivalent capillary pressure” in the context of
three-phase flow problem, based on the equilibrium of forces including those due to capillary
pressure and the tangent film tension forces, in a Plateau border vicinity. This method could
also be applied in the present case, assuming that the singular forces at Plateau borders are
balanced by the equivalent capillary pressure over film areas nearby the Plateau borders. One
main advantage of this method then is that the singularity of the Plateau border’s motion is

avoided, and thus the angle between films is not implemented as a boundary condition. In
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addition, because of no singular forces involved, we can directly use Eq. 5.13 to compute the
velocity of any points on foam films, including those on Plateau borders. The implementation

of this method is later discussed in Section 5.3.5.

5.3 Numerical methods

In this section, numerical techniques for modelling foam motion using Eq. 5.16 are discussed.
These include the triangulation of the geometries including the surfaces of films and walls, the
numerical approximations of the quantities involved in Eq. 5.16, such as the mean curvature
and unit normal vector of a film, and the discretisation of Eq. 5.16. In addition, the modelling

of the motion of the bulk Plateau borders and its impact on the rest of the foam is explained.

5.3.1 Surface representation and mesh refinement

All surfaces, including films and walls, are triangulated in simulations. For films, an auxiliary
mesh composed of so-called basic elements is constructed from the original triangle mesh, which

is needed in the calculation of the single-layer potential over films [100], as shown in Figure 5.2.

The mesh should be sufficiently fine to resolve the details of the geometry, while the size
distribution can be non-uniform in order to reduce the total number of mesh vertices and thus
the computational cost [129]. Moreover, element distortion should be avoided for the benefit to
the accurate discretisation in terms of the curvature calculation and obtaining a well conditioned

linear system.

In order to maintain the favourable mesh properties during the simulations, three mesh re-
finement processes are applied. These operations include: (1) Element size optimisation, (2)

Subtraction and addition of edges and (3) Mesh topology adjustment.

Operation (1) is achieved by a physical analogy between the mesh and a truss structure [129].

Under this analogy, each mesh vertex or material point is attracted [130] or repulsed [129]
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by neighbouring vertices. The attractive or repulsive force is proportional or inversely pro-
portional to the length of the edge between each vertex and its neighbours, with weighting
factors accounting for the geometric properties, such as the local mean curvature. For instance,
the following expression presents the tangent displacement X; of a vertex x. attracted by its

neighbouring vertices @ [130]

X = €(l —nene) Z(kC’)3/2ASC’ (e — ), (5.18)

i

where the subscript ¢ and ¢ here are indices used to denote the vertices, n. unit normal vector
at ., ks film mean curvature at ., and AS,. area of the basic element at .. The summation
is over all the vertices @ that directly connect to the vertex x.. The factor € is chosen so that
the tangential displacements of points by a time step can improve the mesh properties, instead
of distorting the mesh. For vertices on wall Plateau borders, the displacement should be further
projected onto the tangent plane of the wall, since these vertices consistently maintain contact

with the surface of the wall.

Operation (2) enhances mesh quality by removing short edges and subdividing excessively long
edges. The length of each edge between two neighbouring vertices is compared with two global
length scales, [ and l,i,. As the length of an edge becomes less than [,;,, the edge is deleted.
In contrast, an edge, whose length is larger than [,,., is subdivided by adding a middle vertex
on the edge. For subdivided edges on the wall, the middle point is simply projected to the wall
surface. For subdivided edges on foam films, the added vertex is projected onto a high-order

approximation of the surface proposed by Bazhlekov et al. [100].

Finally, operation (3) is achieved by reconnecting the vertices of two neighbouring triangles if
the two triangles form a sharp quadrilateral. This operation can help to maintain favourable

coordination numbers for most vertices in the mesh.
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Figure 5.2: Two grids are employed to discretise the foam film. The triangle elements of black
contour are used to represent the film geometry. The basic elements of red contour, which are
constructed from the centre points of the triangle elements and the middle points of their edges,
are needed in the calculation of the mean curvature and the single-layer potential over the film.
There are three types of basic elements, at four-fold nodes, vertices on Plateau borders, and
interior vertices on bulk films, respectively. The contour of the basic element S’ at vertex ..,
where ¢ is the index of the vertex, is denoted as I'g». The neighbouring vertices of x. are
denoted by .. Two distinct unit vectors are defined: the first being the unit normal vector
nr,, situated within the plane of the triangle element and extending outward from the basic
element, while the second is the unit tangent vector t aligned with the contour of the element.
In this schematic diagram, the unit normal vector n of the basic element is assumed to point
out of the page, and t obeys the definition t = n x nr,,.

5.3.2 Calculation of the film mean curvature and normal vector

There are two methods for the calculation of the film mean curvature, as well as the normal
vector of the film. The first choice is the contour integral method that utilises the relation
between the mean curvature and the gradient of the surface energy [87]. The mean curvature
at a vertex x. on films is approximated as the magnitude of the gradient of surface energy at
the vertex divided by the surface area ASg associated with the vertex, namely the area of the

basic element S at the vertex . [87]

k(mc)n(wc) ~ (1/ASS/) ?{nps,df‘g/, (519)

where n(x.) is the unit normal vector [100]. Since k is taken positive, the normal vector always
points into the concave side of the film. By contrast, the other method for the computation of
the mean curvature and normal vector at a vertex is through a local paraboloid fitting using

the positions of the vertex and its neighbouring vertices [131].
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The accuracy of each method in approximating the mean curvature of films depends on how
the initial foam configuration is obtained [128]. For instance, if the relaxation process of a
bubble is predicted using the boundary integral method and the mean curvature is computed
using the contour integral method, the final mean curvature of the bubble can be accurately
estimated by the contour integral method [128]. On the other hand, in the case of an initial
bubble that conforms to a perfect sphere, with all vertices positioned on its spherical surface,

utilising paraboloid fitting presents a more accurate method for estimating the mean curvature.

Both approaches encounter difficulties in approximating the mean curvature at a vertex on
the border of a film, such as when applied to basic elements at four-fold nodes or vertices on
Plateau borders. The contour integral method tends to underestimate the magnitude of the
mean curvature. This phenomenon is illustrated in Figure 5.3, where a basic element on film
border is derived by subdividing a regular basic element that encompasses its contour with six
edges of equal length. The central vertex of the regular basic element is vertically offset by a
small distance h from the plane defined by its contour. Using the contour integral method, the
mean curvature and unit normal vector of the basic element on film border are calculated and

then compared to those of the unaltered regular basic element.

It is found that the error in mean curvature maintains at a high level across the range of h, while
the error in normal vector is relatively small, especially when the basic element approaches
flat. This implies that even with the utilisation of extremely refined element sizes for film
discretisation, the contour integral method struggles to yield a precise approximation of mean

curvature at a vertex located along the film border.

In addition, further tests indicate that the error in film mean curvature tends to increase as the
coordination number of the target vertex decreases. For these reasons, the mean curvature at
vertices on film borders is instead approximated through interpolation. Specifically, the mean
curvature at a vertex along the film border is estimated, by calculating the arithmetic mean

value of the mean curvature values from adjacent vertices located on the same film.

Regarding the paraboloid fitting technique for a vertex on film border, it necessitates the

presence of auxiliary vertices in close proximity to the vertex. These auxiliary vertices are
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Figure 5.3: The accuracy of the mean curvature and unit normal vector at the border of a film,
computed by the contour integral method. (a) Schematic diagram of a basic element on the
border of a film, denoted by the red solid line segments. This basic element constitutes half of
a standard basic element possessing a regular hexagonal contour, with the complementary half
represented by the dashed red line segments. To mimic a curved surface, the centre vertex of the
regular basic element is vertically offset by a small distance, h. The curvature and unit normal
vector of the regular basic element, as computed through the contour integral method, serve
as the benchmarks referred to as ko and m,f, respectively. (b) The errors in mean curvature
and unit normal vector of the basic element on the film border are presented as functions of
h, denoted as Ej and E,, respectively. The errors are defined as Ey = |k — kyet|/kier and
E, = ||n — n.||, respectively.
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essentially mirror images of the interior vertices on the films, and they are positioned with
respect to a specific plane passing through the target vertex. Acquiring these auxiliary vertices
for vertices located along the wall Plateau borders is straightforward, as the bisecting plane or
mirror plane coincides precisely with the wall’s tangent plane. Nonetheless, when addressing a
vertex positioned along the bulk Plateau borders, a more complex situation emerges. In this
particular context, the vertex necessitates three separate bisecting planes, all of which must be

estimated.

5.3.3 Calculation of the double-layer and single-layer potentials

The double-layer potentials are only computed over each element on walls. Since the singularity
of double-layer potential in Eq. 5.16 has been removed, the double-layer integral over each

triangle element can be calculated using the one-point trapezoidal rule [93]

[ 6(@) = @n)is(e) = (6(e0) = @) ASs- (5.20)

where ¢ is a general scalar function of position x. x. is the centre point of each triangle element
S" and ASgr is the area of the element. S is used to denote triangle elements on walls, to
distinguish them from the basic elements S” on films. Note that, when x. = x(, namely the
source point is right on the element over which the integral is calculated, the approximate

integral value is zero, and thus this calculation is simply ignored in simulations [93].

The single-layer potential over each element on walls, in Eq. 5.16, may be also computed using
Eq. 5.20, because the associated singularity has been removed. In the simulations, however, the
nonsingular contour integral, Eq. 5.17, is used to compute the single-layer potential over each
element on walls, because this ensures accurate solution of the boundary integral equation. The
singularity-free form of the single-layer potential on walls is used in the numerical simulations,

for its facilitating the programming.

The single-layer potential over foam films is also computed using the nonsingular contour inte-
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Figure 5.4: Comparison between the velocity magnitudes at given field points, computed using
the nonsingular contour integral method and the one-point trapezoidal rule, respectively. (a)
The velocity is induced by a flat basic element whose contour is a regular hexagon on the OXY
plane and centred at the origin. The edge length of the basic element is set to unity. Despite
its planar nature, the basic element is assumed to possess a unit mean curvature, i.e. assuming
a unit normal stress on the basic element. The field points, P1, P2, and P3, are aligned with
along X, Y, and 7Z axis, respectively. The distance of the field points to the origin changes
from 1 to 50. (2) The relative error Ey of the velocity magnitudes calculated using the one-
point trapezoidal rule, compared with the result by the nonsingular formula, is presented as a
function of the ratio n between the distance from field point to the origin and the edge size of
the basic element.
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gral namely Eq. 5.17. The numerical calculation of the nonsingular contour integral has been
explained in detail in the original work [100]. Note that, this nonsingular contour integral can
be applied no matter the source point is close to or far from the basic element. When the
source point is far from the basic element, the single-layer integral is nonsingular itself. In this
case, the one-point trapezoidal rule similar to Eq. 5.20 is more favourable due to its lower

computational cost compared with that of calculating the nonsingular contour integral [100].

To establish the proper criterion for identifying the source point as being significantly distant
from a basic element, a regular hexagon basic element is considered. This element is located
on OXY plane and centred at the origin. Despite the element’s flat nature, its mean curvature
is assumed to be unity, i.e. assuming a unit normal stress on the basic element. The velocities’
magnitudes at field points positioned along the X, Y, and Z axes, induced by the basic element,
are computed. Both the nonsingular contour integral method and the one-point trapezoidal rule
are employed for this purpose. The outcomes obtained through the nonsingular formula serve
as the exact solutions, against which the relative errors arising from the one-point trapezoidal

rule is gauged.

The behaviour of these errors is illustrated in Figure 5.4, where the relative error E, exhibits a
reduction in value as 7 increases, where 7 is the ratio between the distance, from the field point
to the central vertex of the basic element, and the edge size of the basic element. The results
suggest that when the separation between the source point and the fundamental element sur-
passes 20 times the size of the basic element, the error introduced by the one-point trapezoidal

rule remains below 0.1%.

5.3.4 Discrete linear system of equations

The unknown stress exerted by the wall on the fluid in the bubbles is normal to the wall and
thus can be expressed as ¢; = gqn;, as has been utilised in Eq. 5.15, where ¢ is the magnitude of
the unknown normal stress projected in the direction of the normal to be solved. The normal
velocity of fluid on the wall is known to be the same as the normal velocity of the wall, while

the two tangential velocity components are unknown.
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To represent the two tangential velocities, the local unit normal vector n and the global unit
normal vector k along 7 axis are utilised to construct two unit tangential vectors b and c, i.e.
b= (nxk)/Inxk|and c = (nxb)/|n x b|, where n is assumed to be unequal to k; otherwise,

b and c are simply set to the two unit vectors along X and Y axis, respectively.

Using the newly defined local unit tangential vectors, the velocity of fluid on the wall can be
expressed as u = An+ Bb+ Cc, where A, B and C' are the magnitudes of the normal and two
tangential velocity components. Note that the form of the equation can be simplified, though
the current one is used for clarity. Using this decomposition and the numerical methods for

computing the integrals as outlined earlier, the discrete form of Eq. 5.16 can be obtained

0; (87 (B(@o)by (o) + C(o)e; (o))

+ Z (q<w0)nl(wc) - Q(wo)ni(wc))gij(wca IIE(])ASS

20 ¢Ss
5.21
+ Z (B(z.)bi(x:) — B(x0)bi(20)) Tiji (e, o) g () AS (5.21)
mO;Ss
+ Z (C(ze)ci(xe) — C(xo)ci(x0)) Tiji (e, :co)nk(a:c)ASs) =v; (Rb + R + Rr>,
zOése
with Ry, R;, and R, three source terms, defined as
Ry, = 8mui” (),
Ry = —8mA(xo)n;(xo) — Z (A(ze)ni(ze) — Alzo)ni(xo)) Tijk (e, o)k () ASS, (5.22)

R=-) 1,
l

where s denotes the wall and simultaneously serves as the index for each individual element

S. on the wall, and AS; is the area of the triangle element S, . v; is a unit vector, taken as
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n;, b; and ¢;, respectively. I; is the contribution of the single-layer potential over the /th lamella
or film and can be calculated using Eq. 5.17. In Eq. 5.21, a projection to three orthogonal
directions has been conducted for the velocity u; by an additional inner product with the unit

vector v;, which is found to result in a well-conditioned linear system.

Eq. 5.21 illustrates that the motion of foam films results from a linear combination of three dis-
tinct movements: the background flow induced by R}, the flow stemming from wall deformation
caused by R;, and the relaxation of the film induced by R,. Consequently, the motion within
a foam flow system can be deconstructed into three separate flow systems. These include the
isolated background flow when foams or solid walls are absent, the exclusive wall deformation
in the absence of both background flow and foams, and the foam relaxation exclusive of wall

deformation and background flow.

Depending on whether the background flow or walls are present, this decomposition can be
further simplified. For instance, two specific applications of the boundary integral method are
explored in this chapter. The first application involves examining the evolution of a foam in a
simple shear flow. In this context, the foam’s motion comprises two elements: the background
flow and the relaxation of the foam film. The second application centres on the motion of foam
films within confined geometries, specifically within a diverging-converging channel. For this
specific scenario, the foam’s motion can be decomposed into two fundamental constituents: the

flow induced by wall deformation and the relaxation of the foam film.

5.3.5 Motion of bulk Plateau borders

As detailed in Section 5.2.6, there exists a singular tension force exerted on bulk Plateau borders
due to the departure from local equilibrium in the tension forces exerted by individual films.
This singular tension force, operative on the bulk Plateau borders, shares the same dimensional
characteristics as film tension, but its direction is perpendicular to the bulk Plateau borders.
The disruption of local equilibrium arises from the shearing impact of the flow field, which

imparts a dual influence on foam motion.
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Firstly, the singular tension force acts to reinstate local equilibrium, resulting in 120-degree
angles formed among the three films converging at a bulk Plateau border. Besides, the restoring
motion of these bulk Plateau borders contributes to the overall motion of the remaining foam
structure. To account for these dual effects, first address the estimation of the singular tension

force acting on the bulk Plateau borders.

Figure 5.5: Schematic diagram of three basic elements attached to a bulk Plateau border. The
light grey reference plane is perpendicular to the Plateau border. (a) Reference for the method
considering the singularity of the Plateau border’s motion. The central vertex on the Plateau
border is marked as x., and the areas of its three adjacent basic elements are denoted as S, 1,
Seca, and S 3, respectively. The length of the Plateau border is denoted as dlyps. A singular
force, uniformly distributed along the Plateau border, is represented as F'(x.). The contour T',
encompassing the combination of the three basic elements, is highlighted in orange. Its outward
unit normal vector is denoted as mr. (b) Reference for the method involving the equivalent
capillary pressure. The space is divided into three domains, denoted as €2, €25, and Q3. The
angles formed between each pair of the basic elements in {Q}3_, are indicated as {®}3_,. In
contrast to (a), the areas of the three basic elements are now referred to as Sy, Se3, and Si3,
respectively. The equivalent capillary pressures for the three films are denoted as APz, AP,
and A P,3, respectively.

The evaluation of the total tension force exerted on a basic element is achieved through the
contour integral, Eq. 5.19, conducted around a vertex x.. Similarly, by computing this contour
integral across all basic elements associated with a vertex situated along the bulk Plateau bor-
ders, the resulting vector encapsulates the overall tension forces affecting these interconnected
basic elements. It comprises two constituents of film tension forces: the component normal to
each individual basic element and the singular tension force along the bulk Plateau borders. As
a result, the singular tension force at the vertex . on the Plateau border, denoted as F(x.),

can be evaluated as
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F(x,)~ <%npdl“ — f: ASqu(mc’m)n(QO)), (5.23)

m=1

(nbps

where the contour I refers to that of the combination of three basic element around an interior
vertex on bulk Plateau borders or four basic elements around a four-fold node. 61, is the short
length of the bulk Plateau border encompassed by the combination of the basic elements. M
is the number of neighbouring basic elements, either 3 or 4, depending on the vertex x. lies
within the interior of the bulk Plateau borders or at their termination points. For the latter,
the vertex precisely corresponds to a four-fold node. m is the index of the basic element at the

vertex ..

With the singular film tension force F(x.), the effects of the singular force on bulk Plateau
borders are modelled as follows. The restoring motion of bulk Plateau borders, as well as the
four-fold nodes, is achieved by a series of iteration using the computed F'(x.) that is updated
at each iteration step. For each step of iteration, each vertex x. on bulk Plateau border
is moved by a small displacement ¢ F'(x.), where v is small factor stabilising the iteration
process. Notably, all other vertices, except for those on bulk Plateau borders, are fixed during

the iteration process.

On the other hand, the effect of the motion of bulk Plateau borders on the remaining part
of the foam is modelled by considering the velocity induced by the singular film tension force
on bulk Plateau borders. The value of singular film tension force is set to the initial value for
the restoring motion. the multiple-point trapezoidal rule is used to compute the singular film

tension force-induced velocity at a source point g that is not located on the Plateau borders

Slips Fi (T o)
uj(xo) ~ % Z Gij(Tem o), (5.24)
m/=1

where each short bulk Plateau border segment of length 61y, is divided into M’ uniform seg-
ments. m’ is the index for each segment. ., refers to the centre point of each short segment.

Fj(2m ) remains equal to F;(x.) that has been computed using Eq. 5.23.
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As mentioned in Section 5.2.6, another method that can be used to handle the motion of
Plateau border, as outlined in [128], employs the concept of an equivalent capillary pressure.
The implementation of this method is explained as follows. The equilibrium of three forces in
the vicinity of a bulk Plateau border is illustrated in Figure 5.5 (b). The equivalent capillary
pressure, referred to as AP, acting on each basic element, is determined by various factors,
including the length of the bulk Plateau border (6ly,ys), the angles formed between each pair of
basic elements ({®;}7_,), and the areas of the individual basic elements, specifically Sia, So3,

and Si3. According to the findings in [128], the equivalent pressure can be computed as

5lbps
252']'

AP;; = (cot(%) — cot(%)), (5.25)

where AP;; (i # j), in the specific case illustrated in Figure 5.5 (b), is the equivalent capillary
pressure AP, across the film separating domain 2; and ;. S;; denotes the area of the basic

element between Q; and Q;. {®;}?_, refer to the angles formed between basic elements in

domain {;}?_;.

Accordingly, an equivalent mean curvature denoted as k.q can be defined, where koq = 0.5 AP,,.
The sign of keq, which can be either 1 or -1, should be reversed if the default orientation across
the film, as illustrated in Figure 5.5 (b), does not align with the normal vector specified in Eq.
5.13. Substituting k£ in Eq. 5.13 with k + ke, allows the resulting equation to be employed at
any point within the flow field. It is important to note that ke should be set to zero when the

integration concerns interior basic elements on films.

When working with basic elements situated at four-fold vertices, the two approaches mentioned
earlier can be easily extended and applied. It is important to observe that in the approach
addressing the singular motion of bulk Plateau border, the singular force should be concentrated
at a four-fold node. In the alternative method involving equivalent capillary pressure, each basic
element surrounding a four-fold node connects to two pairs of basic elements, as opposed to

just one pair (e.g. in Figure 5.5 (b)).



130 Chapter 5. Boundary-integral modelling for dry foam in three dimensions

5.3.6 Evolution of the foam configuration

After solving the velocities at vertices on foam films, the foam configuration is evolved by a
first-order ordinary differential equation named the kinematic equation, i.e. dx/dt = u(x),
where @ is the position of a vertex on films. Using the forward Euler method, the kinematic
equation can be approximated as £"t! — " = u"(x)At, where h and h + 1 denote the current
and next moments of time, respectively, and At is the time step. Note that in the first method
for modelling the effect of singular forces on bulk Plateau borders, i.e. treating the bulk Plateau
border motion as singular, the positions of vertices on bulk Plateau borders are adjusted via

the restoring motion.

5.4 Numerical results

This section presents the numerical results of applying the boundary integral equation for
dry foam in two distinct scenarios. These scenarios are outlined in Table 5.1, which provides
information about the geometric elements involved and the simulation platforms employed in

each specific application.

Table 5.1: Two applications of the boundary integral method for dry foam

Application Geometric element | Simulation platform
Five-bubble foam in a simple shear flow BF BN BP Surface Evolver
Foam film in a diverging-converging channel | BF CF WP Visual Studio 19.0 (C++)

5.4.1 Foam evolving in a simple shear flow

Foam deformation in a simple shear flow is considered in this section to exemplify the application
of the method proposed in this work to dry foams in bulk. Particularly, a foam comprising five
bubbles is considered, as depicted in Figure 5.6. These bubbles consist of three larger ones,
each with a volume of 0.2, positioned centrally and dividing in opposing directions two smaller

bubbles with volumes of 0.1. The initial configuration of the foam is established in a state of
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Figure 5.6: The initial equilibrium configuration of a five-bubble foam. (a) The initial foam
composed of five bubbles was generated by minimising surface energy, using Surface Evolver.
These bubbles are designated as I to V, with Bubble I and II having a volume of 0.1, while the
remaining bubbles possess a volume of 0.2. The foam exhibits symmetry across the OYZ plane.
(b) The enlarged illustrations display the vicinity of the bulk Plateau borders both before (top)
and after (bottom) repositioning them to establish a local equilibrium among the three film
tension forces.

stationary equilibrium, achieved through the minimisation of surface energy utilising Surface
Evolver [87]. This initial foam formation exhibits symmetry with respect to the OYZ plane, and
the alignment of the Z-axis coincides with the centres of the two smaller bubbles. Figure 5.6

also shows the change in foam configuration after the singular motion of bulk Plateau borders.

A simple shear flow, ug(z, y, z) = [0.0,0.0,0.1z], is imposed. The boundary-integral simulations
of the foam evolving in the simple shear flow are conducted in Surface Evolver, where the
associated mean curvature is computed using the contour integral method. The time step AT

is fixed to 0.01, and the elements size AX is kept within 0.040 to 0.090 in the simulations.

Figure 5.7 presents the dynamic motion of the foam at C'a = 1.0. The foam deforms under
the imposed strains by the shear flow, while attempting to restore the minimal surface due to
the film tension. Therefore, the evolution of the foam configuration is in contrast to the result
at C'a — oo namely at zero film tension, where the foam configuration is purely advected by
the background shear flow. Note that the impact of the motion of the bulk Plateau border has

been considered in the simulations, which is important to limit the errors in bubble volumes.
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Figure 5.7: The evolution of the five-bubble foam in a simple shear flow. The left column shows
results at time T = 0.5, 1.0, and 1.5, where Ca is set to unity. The right column shows the
pure advection of the foam, namely Ca tends to infinity. At finite Ca, the surface tension tends
to minimise the surface energy and maintain the shape of the foam. The difference in foam
configuration between the two cases will become increasingly drastic with time.
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During the simulations, close attention is paid to the bubble volumes, which must adhere
to the principle of mass conservation. However, owing to discretisation errors and, notably,
the additional motion introduced to maintain force equilibrium at the bulk Plateau borders, a
gradual accumulation of discrepancies in bubble volumes is observed over time. The subsequent
section focuses on investigating the impact of bulk Plateau border motion on bubble volume
conservation. To achieve this, two distinct sets of numerical experiments, denoted as Group 1

and Group 2, are conducted.

In Group 1, the influence of bulk Plateau border motion on foam film dynamics is excluded,
whereas this effect is incorporated in Group 2. Each group encompasses four varying ranges of
element sizes, specifically AX € [0.0178, 0.04], [0.0267, 0.06], [0.044, 0.099], and [0.06, 0.135].
Within each simulation belonging to the four cases in each group, continuous monitoring of

bubble volumes occurs throughout the time interval T from 0 to 0.2.

Since the volume deviation over time exhibits a similar trend for each bubble, only the findings
concerning bubble V are presented hereafter. In Figure 5.8 (a), which corresponds to Group 1,
the temporal evolution of bubble volume deviation, characterised by the absolute magnitude
of the relative change in actual volume relative to the initial value of 0.2, is displayed with
the average element size serving as the parameter. The average element size remains relatively
stable throughout the simulations, measuring 0.026, 0.046, 0.066, and 0.098 for the respective
element size ranges. Figure 5.8 (b) illustrates the variation in bubble V’s volume concerning
the average element size, with time as the parameter. The outcomes for Group 2 are depicted

in Figure 5.9.

In both Figure 5.8 and 5.9, an abrupt escalation in error is observed at the initial time point,
which can be explained as follows. Initially, the force distribution in the foam configuration,
as predicted by Surface Evolver, lacks optimal balance. This discrepancy arises because the
surface energy minimisation algorithm in Surface Evolver assumes that the film tension force
of a vertex’s basic element acts precisely on the vertex. However, for vertices situated on the
bulk Plateau borders, the applied force encompasses not only the film tension force tangential

to the vertex’s basic element along the Plateau borders but also includes a component normal
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Figure 5.8: The change in volume of bubble V during simulations excluding the effect of
the motion of bulk Plateau borders on the motion of the remaining part of the foam. (a)
The evolution of Bubble V’s volume over time is showcased for four average element sizes,
specifically AX = 0.098, 0.066, 0.046, and 0.026. (b) The variation in Bubble V’s volume is
explored concerning the average element size. Comparisons of volumes are made at two distinct
time instances: T" = 0.05 and 0.20, respectively.
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Figure 5.9: The change in volume of bubble V during simulations incorporating the effect of
the motion of bulk Plateau borders on the motion of the remaining part of the foam. (a)
The evolution of Bubble V’s volume over time is showcased for four average element sizes,
specifically AX = 0.098, 0.066, 0.046, and 0.026. (b) The variation in Bubble V’s volume is
explored concerning the average element size. Comparisons of volumes are made at two distinct
time instances: T" = 0.05 and 0.20, respectively.
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Figure 5.10: Vector field of velocity within the y = 0 plane. (a) Result by the method involving
the singular motion of the Plateau border. (b) Result obtained through the method utilising
the equivalent capillary pressure.

to the basic element, as suggested in a more complex scenario shown in Figure 5.5(a). For this
reason, the initial evolution driven by the motion of bulk Plateau borders to establish force

equilibrium leads to a relatively large variation in bubble volumes.

From Figure 5.8 and 5.9, it can also be observed that the initial abrupt volume deviation is alle-
viated as the averaged element size deceases, because the displacement of bulk Plateau borders
during its motion decreases with the decreasing of the averaged element size. After the initial
sharp increment of error in bubble volume, the error still accumulates with time. However, the

accumulation of the error also becomes slower as the averaged element size decreases.

Notably, by comparing Figure 5.8 and 5.9, it can be found that the incorporation of the effect
of the motion of bulk Plateau borders on the motion of the rest part of foam is found to be
rather important in terms of conserving bubble volumes. The error accumulation rate with
time at a given averaged element size decreases by an order of magnitude in Group 2 which

involves the effect, than in Group 1 excluding the effect.

In the above numerical tests, the element size is roughly uniform throughout the foam during
simulations. This approach leads to a rapid escalation in the foam’s element number as the

element size decreases, though reducing the element size proves advantageous for minimising
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errors in volume conservation. Furthermore, the computational expenditure experiences a sig-
nificant rise with an increase in the number of elements, given that the computational cost
typically follows a quadratic scaling in relation to the element number within the framework of

the boundary integral method.

A more effective approach to representing foam configurations could involve the adoption of a
non-uniform mesh. This scheme would entail refining the mesh in the vicinity of Plateau bor-
ders while maintaining coarser elements in other regions, thereby reducing the overall element

number in simulations.

In the subsequent part of this section, the other method accounting for the singular forces on
bulk Plateau borders, i.e. Eq. 5.25, is evaluated by examining a scenario in which the initial
state is considered as the foam configuration shown in Figure 5.7 (d), employing a finer mesh
with element sizes within the range of [0.0178, 0.04]. The foam is then allowed to relax in
the absence of background flow. The velocity field within the plane at y = 0, passing through
the geometric center of the foam configuration, is calculated utilising Eq. 5.25 for the basic

elements situated on the film borders.

For comparison, the result of velocity field by the method where the movement of the bulk
Plateau border is treated as singular is also presented. In this case, the position of the bulk
Plateau border is adjusted, following the procedure outlined in Section 5.3.5, so that the angles
between films at Plateau borders and between Plateau borders at nodes return to their static
values. Subsequently, Eq. 5.16 is employed to compute the velocity field within the same region.
The obtained results are presented in Figure 5.10. It is evident that both methods yield similar
patterns in the distribution of velocity, encompassing both the direction and magnitude of the

velocity.

5.4.2 Film motion in a diverging-converging channel

For foam flow in porous media, the geometry of flow channels plays an important role in

determining foam’s special properties, such as the yield stress that is reflected by the minimum
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Figure 5.11: Geometries of a foam film in a diverging-converging channel, in the context of
the boundary integral method. (a) Geometry of the diverging-converging channel. Several
dimensions are fixed, including L = 2.0, R; = 0.3, r, = 0.35 and r, = 1.0, in the simulations.
Other dimensions, including o and R;, are not independent, and are related through R, =
Ry + Ltana. « is one half of the diverging angle of the channel. The initial position of the film
is at the inlet of the pore, marked by the blue line segment. (b) The channel wall is extended
to a complete enclosed surface built for boundary-integral simulations. Two hemispherical caps
on the left side of the surface are denoted by Cap I and Cap E, respectively. The radius of
Cap I equals the radius of the inlet of the pore, i.e. R; = 0.3. The radius of Cap E is set to
Rg =4.3.

pressure gradient required to initiate foam motion in porous media. To characterise foam flow
in porous media, a typical scenario considered in literature is the motion of a single film in
a diverging-converging channel or pore [66, 59]. The diverging-converging channel refers to a
channel consisting of two sections, one diverging section connected to the converging section
through the corner in the central pore body. A single foam film moves from one side of the
channel, called the inlet port, to the other side namely the outlet port, during which the
film behaviour is confined by the varying cross-sectional channel and affected by the capillary

number Ca.

To explore this scenario within the framework of the boundary integral method outlined in
this study, the initial step involves extending the channel surface into a complete closed surface
characterised by a smoothly varying unit normal vector across its entirety, as shown in Figure
5.11. The displacement of the film, initially situated at the channel inlet, is initiated through the
deformation of the channel surface. This deformation specifically corresponds to the rightward
motion of Cap I in Figure 5.11. The dimensionless velocity of Cap I is denoted as U, which
exactly equals unity as the actual velocity of Cap I is selected as the characteristic velocity. In

order to the maintain the volume of the space enclosed by the surface, the large hemispherical
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Figure 5.12: Triangulated wall surface, with a mesh configuration that exhibits finer elements

within the inner region of the wall surface, transitioning to coarser elements on the outer side.
The entirety of this mesh comprises a total of 28642 triangle elements.

surface, denoted as Cap E, also undergoes rightward movement. However, this motion occurs

at a relatively reduced velocity of R?/R%, where Ry and Rg signify the radii of Cap I and Cap

E, respectively.

As indicated in Eq. 5.21 and mentioned in Section 5.3.4, the film’s movement in this context
comprises two distinct components originating from R; and R,. The investigation begins by
examining the induced flow resulting from the deformation of the wall, followed by an analysis
of the film’s relaxation motion within the channel. It is important to note that this study does

not attempt a comprehensive parameter analysis of the problem.

Imposed flow field due to wall deformation

The imposed flow plays a key role in the foam film motion since it acts to deviate the foam film
away from the equilibrium status, which further induces the film relaxation and its interaction
with the imposed flow. The imposed flow is independent of the film presence, and thus is a
constant steady flow in the channel. For this reason, in simulations of film motion in the channel,
the imposed flow only needs to be solved once, and, at each moment of time, the imposed

component of the velocity at each field point can be simply evaluated through interpolation.

Consider the diverging-converging pore, whose diverging angle is set to 20 degrees and « is set
to 10 degrees accordingly. In the simulation, the imposed flow in the pore happens because

of the deformation of the wall surface. The boundary of the solid particle is triangulated into
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Figure 5.13: Comparison between the results of the imposed flow by the boundary integral
method and the finite volume method. (a) Comparison of the results of the velocity magnitude
on the channel surface by (1) the finite volume method and (2) the boundary integral method.
(b) Quantitative comparison of the velocities along the intersection curve of the OXY plane
and the channel surface by the two methods.

discrete elements, shown in Figure 5.12, using GMSH [132], an open-source mesh generator.
Mesh independence study suggested that the numerical results are less sensitive to the element
size of the outer surface than that of the inner surface. The current selection of the mean
element size for the inner surface set in GMSH is 0.05 which is fine sufficiently to ensure mesh-
independent results. With the triangulated wall surface, coefficients and sources terms in Eq.

5.21 can be computed, which is then solved using GMRES with restart [133].

For comparison, the imposed flow is also predicted using the finite volume method (FVM)
in Fluent, a commercial software package. In this method, the Navier-Stokes equations for
incompressible fluid are solved in a 3D fluid domain, where the inertial term is incorporated. In
order to reproduce behaviour of fluid in Stokes flow or diminish the inertial effect, the Reynolds
number of the problem is set to 3.0 x 10™*, much less than unity. Boundary conditions set
in Fluent include: uniform unity velocity at the inlet, zero pressure at the outlet, and slip

boundary condition (zero tangent projection of the stress tension) at pore surface.

The numerical results of the velocity magnitude on the pore surface and its intersection with

OXY plane, computed using the boundary-integral model and the FVM, are compared in
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Figure 5.14: Film advection by the imposed flow, in contrast to the quasi-static film motion.
From the left to the right side, the film profiles correspond to the swept volume 0.0, 0.1, -- -, 1.0,
respectively, with a constant volume gap 0.1. The volume is normalised by the pore volume
namely the volume of the space between the inlet and the outlet. An auxiliary coordinate
system oxy is established, based on which the polar coordinates 5 and r are defined. The film
profile can be represented using x as a function of y, for the calculation of the mean curvature
of the film. Furthermore, the mean curvature of the film can be depicted as a function of the
the polar coordinate .

Figure 5.13, and show good agreement. It can be found that the velocity decreases along the

flow direction in the diverging section of the pore, while increasing in the converging section of

the pore, due to the mass conservation of the flow field.

Advection of film by the imposed flow

With the known imposed flow field solved in the last section, the pure advection of the film
by the imposed flow, corresponding to the film behaviour at Ca tending to infinity, can be
simulated. A series of film profiles on the OXY plane are shown in Figure 5.14. For comparison,
at Ca tending to zero, the quasi-static motion of the film in the same pore is also presented. It
can be found that, as the film transverses in the pore, the film configurations gradually deviate
from those in quasi-static motion. This deviation becomes noticeable when the film arrives
in the converging section of the pore, that the film is mainly convex towards downstream, in
the opposite to the orientation of quasi-static film profiles in the converging section. This is
because in the converging section the leading edge of the C'a — oo film is running ahead into a
region where the advection is even faster than further upstream. Consequently, there is a net

increment of the film area after the film sweeps one pore volume.

For finite C'a numbers, the film profiles exhibit deviations from both those resulting purely from
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film advection and those seen in quasi-static states. Nonetheless, practical Ca values can often
be quite small [134], implying that film profiles during motion might closely resemble those in
quasi-static conditions. Within this context, the deformation of the film shape occurring within
the diverging section of the pore could provide a more accurate characterisation of the film’s
actual deformation behaviour. Subsequent to the deformation initiated by film advection due
to the imposed flow, immediate film relaxation takes place as the film configuration diverges

from its equilibrium state.

To illustrate the perturbation effect induced by the imposed flow on the film’s shape, the film
configuration corresponding to the swept volume V = 0.4 is examined, as indicated in Fig-
ure 5.14. This choice is motivated by the film’s location within the diverging section of the
pore, where the configuration closely approximates the equilibrium state while the accumulated
strain on the film has reached a sufficient level. The film’s position is denoted using a Carte-
sian coordinate system oxy as referenced in Figure 5.14, and this system is employed in the
computation of the film’s mean curvature. It is important to clarify that the mean curvature

of the film does not equate to the curvature of the 2D film profile.

In Figure 5.15 (a), discrete vertex positions on the film profile are depicted, with the film profile
being approximated through a polynomial fit. Since adding or subtracting a constant from the
film’s mean curvature does not affect the velocity field (derived from Eq. 5.16 and 5.17), the
concept of the perturbation of the film’s mean curvature is introduced, denoted as k’. This
perturbation is defined as the actual value of the film’s mean curvature k, subtracted by the

area-weighted mean curvature of the film

(@) = k() ~ o /ﬁ (), (5.26)

where & denotes the position of vertices on the film, and ASgy, is the film area. Eq. 5.26 is
subsequently applied to the polynomial fit in Figure 5.15 (a). The perturbation of the film’s

mean curvature is illustrated in Figure 5.15 (b).

Furthermore, the fast Fourier transform (know as FFT) is performed for this perturbation
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Figure 5.15: The mean curvature perturbation of the film, computed with the polynomial
fit of the film profile, the swept volume of which is 0.4, normalised using the pore volume.
(a) The lamella profile is depicted utilising the radial coordinate r in relation to the angular
coordinate 3. The original discrete data corresponding to various vertices on the film is subject
to polynomial fitting, enabling the computation of the mean curvature of film. Both radial
and angular coordinates are established within a Cartesian coordinate system, where the y
axis aligns with the pore axis, as indicated in Figure 5.14. (b) The perturbation of the mean
curvature of film, &, is represented as a function of the angular coordinate  varying from —a«
to a, where @ = 7/18. The curve is then extended to a full period (4«), shown by the dotted
sections in red.
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Figure 5.16: The perturbation of the film’s mean curvature is analysed through Fourier expan-
sion. The first-frequency component emerges as the prominent element within the curvature
perturbation. This primary component aligns with a cosine-wave perturbation characterised
by a wavelength identical to twice the length of the film profile.
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(extended curve in Figure 5.15) with respect to the polar coordinate 8. The sample interval is
AB = /250, and thus 1001 sample points are extracted from Figure 5.15(b). The magnitude
of each frequency resulted from this Fourier expansion is presented in Figure 5.16. Notably,
the dominant component of the mean curvature perturbation corresponds to the first-frequency
component that is a cosine-wave perturbation characterised by a wavelength identical to twice
the length of film profile. The magnitudes of even-order frequency components are sufficiently
lower than those of odd-order ones, and for odd-order frequency components the magnitude
decreases as the frequency increases. Particularly, the magnitude of the dominant component,
i.e. the first frequency, greatly exceeds others. This observation implies that the relationship
between film relaxation-induced velocity and the mean curvature of film in the film’s motion is

primarily influenced by the first-frequency mean curvature perturbation-induced flow.

Film motion under perturbed curvature

This section focuses on examining how the film responds to the mean curvature perturbation due
to the imposed flow, where the capillary number C'a is set to unity. Given that the film’s mean
curvature serves as a linear source term in determining the flow field, as indicated in Eq. 5.16,
the velocity arising from film relaxation can be expressed as a summation of velocities induced
by individual frequency components derived from the Fourier expansion of the film’s mean
curvature perturbation. The mean curvature perturbation’s frequency components, denoted as

/ o0
{Fx, }N.=1, can be expressed as

N;
Ky, = 1A COS( ;Zﬁ>, (5.27)

where [ is either 1 or -1, Ay represents the magnitude of each film mean curvature pertur-
bation component resulted by FFT, and Nt is the index of frequency. Notably, owing to the
inherent linearity of the boundary integral method, the value of A solely influences the scaling
of the resultant velocity magnitude, without altering the fundamental characteristics of the

relationship between the film relaxation-induced velocity and the film’s mean curvature. Sub-
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Figure 5.17: The first-, third-, and fifth-frequency (left to right) curvature perturbation-induced
film normal velocity (top), and the distribution of the mean curvature deviation (bottom).

sequently, I A; is fixed to unity, and the velocity induced by film relaxation is explored. Three
odd-frequency components are considered, including Ny = 1, 3, and 5, for their relatively large

actual magnitude.

These perturbation components of mean curvature are introduced to the film in an equilibrium
state, with its horizontal position characterised by the X-coordinate of the Plateau border,
which varies within the channel. Several distinct horizontal positions are tested, revealing a
similar pattern in the relationship between the film velocity, particularly its normal component,
and the deviation in mean curvature. Here, the term “mean curvature deviation” refers to the
result obtained by substituting Eq. 5.27 into Eq. 5.26. As an example, the results of the case
where the film intersects with the X-axis at = -0.5 L (referring Figure 5.11(a) for the origin
of X-axis) are presented. Figure 5.17 shows the mean curvature deviation on the film surface
and the normal component of the induced velocity, for Ny = 1, 3, and 5. Figure 5.18 presents

the normal velocity component as functions of the mean curvature deviation.

Figure 5.17 and 5.18 illustrates that the film motion induced by the first-frequency mean cur-
vature perturbation results in a one-to-one mapping relation between the local mean curvature
deviation and the local normal velocity. In contrast, the relationship between local mean cur-

vature deviation and normal velocity becomes more intricate at higher frequencies, as a single
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Figure 5.18: The correlation between the normal velocity u,, and the mean curvature deviation
k' is investigated. The curvature deviation k' is computed using Eq. 5.26 for perturbation
components of the mean curvature, as defined in Eq. 5.27, for Ny = 1, 3, and 5. The film is
situated within the diverging section of the pore, and intersects with the X-axis at x = -0.5 L.

curvature value corresponds to multiple velocity values. This observation implies a lack of a
straightforward relationship between local mean curvature and normal velocity in general. This
is because the effect on the relaxation velocity depends on how each Fourier term, in Eq. 5.27,

interacts with the Stokeslet in Eq. 5.16.

5.5 Conclusions

Utilisation of the boundary integral method to address the dynamic response of dry foams at
low Reynolds numbers is explored in this chapter. The method holds applicability in contexts
involving foams in bulk or in confined geometries. For the latter scenarios, the slip wall bound-
ary condition is taken into account, resulting in the exclusion of the viscous forces exerted by
walls on foams. To address the singularity challenges inherent in the resultant boundary inte-
gral equation for dry foams, two techniques are employed: the singularity subtraction method

and the incorporation of a nonsingular contour integral.

These approaches are utilised to transform the boundary integral equations into a form devoid
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of singularities. Subsequently, in the numerical simulations, the resultant nonsingular bound-
ary integral equation undergoes further discretisation based on the mesh representation of the
geometries, including both foam films and walls. In cases involving pure foams in bulk, the
discrete equation yields an explicit expression for calculating velocities at field points. Con-
versely, when walls are present, the discrete equation takes the form of a linear system that can

be solved through GMRES with restart [133].

The method is assessed through two applications within this study. One application involves
examining the motion of a foam composed of five bubbles subject to a simple shear flow. The
findings reveal that film tension operates to counteract the deformation induced by the shear
flow. This occurs because the film tension introduces a relaxation velocity aimed at minimising
the foam’s surface energy. The movement of bulk Plateau borders significantly influences
the overall foam motion by altering the mean curvature of films adjacent to these borders.
Significantly, the outcomes underscore the necessity of integrating the effect of bulk Plateau
border motion on the overall motion of the foam into computations. This incorporation proves

beneficial for maintaining conserved bubble volumes.

The second application examines a prototypical scenario for foam flow within confined geome-
tries, specifically focusing on a single film traversing a diverging-converging channel. In this
context, gas injection into the channel is simulated by deforming the walls. The motion of the
film is deconstructed into two distinct components: one arising from the flow induced by wall
deformation and the other stemming from film relaxation. The flow due to wall deformation
causes deviations in the film’s configuration from its stationary equilibrium state characterised

by a constant mean curvature.

Employing Fourier expansion, it is demonstrated that the nonuniform mean curvature predomi-
nantly exhibits a main perturbation component shaped as a cosine function. The wavelength of
this perturbation, measured in terms of the polar coordinate, coincides with twice the diverging
angle of the channel. Furthermore, the analysis reveals that the normal component of the film’s
relaxation velocity, induced by the primary curvature perturbation, exhibits a one-to-one map-

ping relation to the primary curvature perturbation itself. In contrast, higher-order curvature
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perturbations yield relation behaviours characterised by multi-value functions. The number of

branches in these functions increases with the order of the curvature perturbation.



Chapter 6

Other applications of the
boundary-integral approach for dry

foam

6.1 Introduction

The utilization of the boundary integral method in the analysis of dry foam represents a novel
tool for comprehending the dynamics of foam flow, particularly in confined geometries such as
porous media, where foam flow is typically at low Reynolds numbers. This method operates
within the dynamic regime of foam flow, relying on the governing equations of fluid dynamics,
thus advancing our capabilities in modelling foam flow within porous media. Importantly, when
compared with existing quasi-static soap film mode and 2D viscous froth model, the boundary
integral method offers the potential for fresh insights when addressing typical problems, since

the viscosity effect of fluid in bulk is now considered in the method.

In this chapter, two extensions of the boundary integral modelling approach applied to dry foam
are explored. Firstly, the motion decomposition derived from the boundary integral equation

for dry foam is linked to the energy consumption during foam flow, yielding novel perspectives

148
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on energy transport during foam flow within confined channels. Secondly, the boundary integral
approach within a 2D framework is implemented, particularly for predicting foam motion in a
Hele-Shaw cell, akin to the 2D viscous froth model. These extensions are detailed in Section

6.2 and 6.3, respectively.

6.2 Energy consumption during film motion in channels

Consider a single foam film in a diverging-converging channel, as shown in 5.11 (a), whose
behaviour is governed by Eq. 5.13. This equation is presented again below for reference, with

the superscript * dropped.

wtao) = (eo) = o= ( [ M)yl S @) o

+/ C]i(m>Gij(a’am0)dS(m)> _8i7r/5 ui(x) T (2, 2o )ni()dS ().

Since the flow is assumed to be steady-state, the energy input into the flow system is purely
consumed through the variation in surface energy and the viscous dissipation. This energy
consumption is analysed in this section. Note that all variables, e.g. energy, pressure, channel

radius, time, and film area, are considered to be dimensionless.

6.2.1 Overall energy consumption

The total energy consumption rate can be quantified by assessing the energy consumed, denoted
as AFE, over a short time interval At centred around a particular moment in time. There are
two approaches to represent this energy consumption. The first approach involves considering

the external work performed by the pressure drop across the channel

AE = (AP, + AP,)AV, (6.2)
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where AP, and AP, are the pressure difference components due to imposed flow and film relax-
ation, respectively. AV is the volume of gas injected into the pore within time At¢. This volume
is determined solely by the imposed flow, i.e. AV = wR2At, given that the (dimensionless)
velocity of gas into the channel is unity. The subscripts i and r are used to denote the imposed

flow and the film relaxation motion-induced components, respectively.

The other approach to represent the energy consumption is to consider the distinct sources

consuming energy, under the assumption of constant film tension

AE = AL, + iAS, (6.3)
Ca

where AFE, refers to the viscous dissipation due to the fluid viscosity, and AS refers to the area
change of the film. Utilizing the film motion decomposition discussed in Section 5.3.4, AF can

be expressed as

1 1
_ASi_|_ —

AE = AE,; + AE, .+ AFE,;_,
it a i Ca Ca

AS;, (6.4)
where AE,; is the viscous dissipation due to the imposed flow, AE, , the viscous dissipation
due to the film relaxation, and AE,;_, the viscosity-associated energy consumption due to
the interplay between the imposed flow and the relaxation motion (imposed flow-relaxation
interaction), which appears due to the fact that the viscous dissipation rate is non-linear, and
scales as the strain rate squared. AS; and AS, are the area change due to imposed flow and

film relaxation, respectively.

6.2.2 Energy consumption of individual components of film motion

Consider the case of pure imposed flow. The viscous dissipation of the imposed flow is balanced

by the work done by the pressure drop across the pore, i.e.
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AE,; = APAV. (6.5)

The energy consumption rate of the imposed flow is a constant since the imposed flow is a

constant steady-state flow and AP, is a constant independent of the film presence.

Then consider the film relaxation process. Since the macroscopic directional flow flux through
the pore cross-section is zero for film relaxation process, the only energy source is the film surface
energy, and the only energy consumption is due to the viscous dissipation. This suggests that
the film surface energy, which is proportional to the film surface area given a constant film

tension, is dissipated through the fluid viscosity

1
AFE, ., = ——AS,. 6.6
’ Ca (6.6)

where the minus sign before the term on the right-hand side accounts for the fact that film
relaxation always tends to minimise the film surface energy and thus AS; has a negative value.
Eq. 6.6 indicates that the second and fifth terms on the right hand side of Eq. 6.4 cancel each
other. It should be noted that Eq. 6.6 is based on the constant film tension assumption. If film
tension ever became rate dependent (e.g. due to interfacial viscosity) then it could consume

more energy in film stretching than the energy recovered in film contraction.

6.2.3 Energy consumption due to imposed flow-relaxation interac-

tion

Apart from the energy consumed by the imposed flow and the film relaxation in isolation, the
remaining energy consumption is attributed to the interaction between these two processes.
This energy consumption consists of two terms: one is the viscosity-associated energy con-
sumption, and the other is the film surface energy change due to the imposed flow. Combining

Eq. 6.2, 6.4, 6.5, and 6.6 leads to
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AByi 4+ —AS, = APAV. (6.7)
Ca

Unlike the relaxation-induced viscous dissipation and the energy stored in the form of film
surface energy, the viscosity-associated energy consumption AE,;_, cannot be linked to the
change in film surface area. However, in cases where the the viscosity-associated energy con-
sumption is zero, the total energy consumption, and thus the flow resistance, can be directly
linked to the film surface area change. This means that the work done is stored as surface
energy. It is possible that a film could suddenly reconfigure after traversing a certain amount
of distance along a pore, and so not all the work done would be recovered [16]. As discussed
later in Section 6.2.5, this provides us with a fresh energetic perspective on comprehending the
yield stress of foam flow within porous media. The yield stress has been already explored in

Chapter 3, utilising the concept of volumetric-averaged pressure difference.

6.2.4 Energy transport trajectories

Eq. 6.6 and 6.7 demonstrate how the additional energy consumption due to the existence of
the film appears, which includes those due to the film relaxation and the interplay between the
film relaxation and the imposed flow. Eq. 6.6 implies that the reduction of the film surface
energy due to the film relaxation is totally dissipated by the fluid viscosity (neglecting interfacial
viscosity here). It also suggests that the external work done by the relaxation-induced pressure
drop leads to the film surface energy change and also contributes to a viscosity-associated energy
consumption. Specifically, when the imposed flow stretches the film, part of the external work
increases the film surface energy. On the contrary, when the imposed flow shrinks the film, part
of the film surface energy acts to push the fluid flow through the pore. Figure 6.1 illustrates
the energy transport via the film surface energy during the film stretching and shrinking due

to the imposed flow.

The key factor affecting the total energy consumption during the film motion in the pore is the

capillary number Ca, which is the ratio between the characteristic velocities of the imposed flow
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Figure 6.1: Energy transport via the surface energy. When the imposed flow stretches the
film, the film surface energy increases due to the input energy from the imposed flow, and,
synchronously, the surface energy partially dissipates through the relaxation process. When the
imposed flow leads to the film shrinking, the film surface energy is released into the background
imposed flow and also dissipates through the relaxation process.

and the relaxation process. At different values of Ca, the relaxation process minimising the film
surface energy happens faster or slower than the film deformation imposed by the background
flow. At small Ca, most of the work done is associated with deforming films, whereas at
larger Ca, work done is balanced by viscous losses. Consequently, the proportions of energy
transport via different movements and their interplay, as well as the net energy consumption
and the resultant averaged flow resistance, vary with Ca, which ultimately contributes to the

non-Newtonian behaviour of film flow.

6.2.5 Yield stress of film motion

In the quasi-static limit, namely Ca approaching zero, the film maintains the minimal surface
configuration as the film transverses a diverging-converging pore or channel, which has been
utilised in previous work to study the yield stress of foam flow [16, 66], as also discussed in
Chapter 3. It has been shown that the yield stress arises from the front-to-back non-symmetry
of the film movements along the axis of the pore [66]. Moreover, the occurrence of this non-

symmetry is due to the existing of a sharp corner in the central pore body, which connects



154 Chapter 6. Other applications of the boundary-integral approach for dry foam

the diverging and converging sections of the pore. When a foam film enters the corner, it
spontaneously jumps to a new position in the converging section of the pore. This jump leads
to a finite volumetric averaged pressure drop across the pore during the film movement, and

thus the occurrence of non-zero yield stress.

In order to further understand the occurrence of the yield stress, this section first presents the
results of the pressure drop across the diverging-converging pore, shown in Figure 5.11 (a), for
the quasi-static film motion, which varies with the volume swept by the film in the pore. The
angle « is set to a variable parameter. In addition to the pressure drop across the pore that has
been considered in previous work [112, 66|, the surface area change during the film motion is
also monitored. Then, the arising of the yield stress is explained from the perspective of energy

consumption during the quasi-static film motion.

Pressure drop and film area evolution

The quasi-static film motion can be predicted using the pore-scale method available in Chapter
3. For the pore geometry shown in Figure 5.11 (a), the analytical solution of the pressure
difference is available. Figure 6.2 shows the results of the pressure drop and the surface area
as functions of the volume swept by the film, during the quasi-static motion of the film in
pores with different diverging angles. It is found that, for relative small diverging angles, e.g.
a = 10, 15, 20, 25, and 30 degrees, both the pressure drop across the pore and the film area
exhibit continuous variations with respect to the swept volume. Conversely, pores with large
diverging angles, e.g. a = 35, 40, and 45 degrees, experience discontinuities in both pressure
drop and film area. Note that the quantities here are still dimensionless ones, while they are
made by some different characteristic quantities from those adopted in Eq. 6.1. In the quasi-
static limit, i.e. C'a — 0, the characteristic length L, is comparable to the actual pore size,
leading to R; = 0.3. The characteristic energy is the surface energy of film with area L3, i.e.

4yL3. The characteristic pressure is 47/ Lg, which is not related to the fluid viscosity.

In Figure 6.3, the integral of the pressure drop with respect to the swept volume, which reflects

the flow resistance, is shown as a function of the jump of the film area during the film motion,
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Figure 6.2: Quasi-static film motion in diverging-converging pores with different diverging
angles. (a) Pressure drop AP as a function of the volume V' swept by the film during the
quasi-static film motion in pores with different diverging angles a. (b) Surface area S of the
film as a function of V' during the quasi-static film motion in pores with different diverging
angles a. V' is normalised using the absolute volume of the pore, Vj(«).
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Figure 6.3: The integral Ip of the pressure drop with respect to the swept volume, which is
calculated as Iap = V) fol APAV, as a function of the jump of the film area during the film
motion.

which shows both quantities are of the same value. This relation can be proved using the
Young-Laplace equation. However, this problem is instead considered from the perspective of

energy consumption in the following section.

Energy consumption during the quasi-static film motion

During the quasi-static film motion, viscous dissipation occurs during the fast film jump (if any)
in the central pore body, while the film areas are the same at the inlet and outlet of the pore.
Apart from the jump (if any) of the film in the central pore body, the remaining of the film
motion should consist of both motion components (i.e. imposed flow and film relaxation) in
principle, and the relaxation motion should always dissipate energy and lead to flow resistance.
However, this part of the energy dissipation tends to zero in the quasi-static limit, because the
imposed motion is much slower than the relaxation and thus the film configuration maintains
the equilibrium status. In this case, both the viscosity dissipation due to the relaxation and
its interaction with the imposed flow are zero. This means that the only energy consumption

is the relaxation-induced viscous dissipation during the film jump (if any), and thus the jump
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of the film area should equal the associated integral of the pressure drop across the pore, as

indicated in Figure 6.3.

This observation provides us with a new insight into understanding the arising of the yield
stress of foam flow in porous media, compared to the existing theory that the film spends more
time in the diverging section of a sharp pore than in the converging section, and thus the
net external work is non-zero, resulting in a non-zero yield stress [65, 66]. For a sharp pore,
the external work totally transfers to the film surface energy during the film motion in the
diverging section of the pore. As the film arrives at the pore corner in the central pore body,
the film spontaneously relaxes into a new equilibrium position, which happens instantaneously
and dissipates energy solely through fluid viscosity. Since there is a finite difference in the area
of the thin film before and after the jump, the energy dissipated is also of a finite value. It is,

therefore, this finite viscous dissipation that leads to the arising of the yield stress.

By decomposing the data from Figure 6.2(b) into a step area change and a continuous con-
tribution, Figure 6.4 illustrates the variations in film area induced by both the imposed flow
and relaxation for two different diverging angles, specifically o = 10 and 40 degrees. The total
change in film area throughout the film motion is simply the sum of the changes caused by the
imposed flow and relaxation. Remarkably, it is observed that the net change in film area when
the film reaches the pore outlet is zero during quasi-static film motion. Furthermore, Figure
6.4 shows that, in the case of the sharp pore (o = 40 degrees), viscous dissipation only occurs

when the swept volume corresponds to the film jump.

6.3 Boundary integral method in 2D

A boundary integral equation for 2D dry foam can be derived following a similar procedure as
the one discussed in Chapter 5. Particularly, for 2D dry foam in bulk, the resultant boundary

integral equation (dimensionless) is
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uj(xo) = uj” (o) — i /rl AF,Gij(z, zo)dl (), (6.8)
where, in 2D, the Stokeslet is defined as G;;(r) = —1/(4w)(=d;;log(|r]) + rir;/|r|?) with r =
x — xy. The interfacial force term, denoted as AF}, is defined as AF; = —(1/Ca)n;k(x), where
Ca = (AuLo)/(27Tp) is capillary number. The physical interpretations of other variables in the
equation remain consistent with the 3D formulation Eq. 5.16, but are now confined to a 2D

context. For instance, uj° () is the known background flow, such as a simple shear flow.

In the scenario of foam flow confined in Hele-Shaw cells, both film tension and viscous forces
play roles in contributing to the pressure difference across foam films, as implied by Eq. 4.9. In
order to incorporate the impact of viscous forces on the interface force, a modification is made
to the interfacial force term. This modification includes the contribution of the viscous force
and results in the following expression AF; = —(1/Ca)n;k(x) — Agningug(x), where A\g is the

dimensionless drag coefficient (made dimensionless by multiplying Lo/(Au)).

The numerical method for solving Eq. 6.8 is introduced in Section 6.3.1. Then the discrete
form of Eq. 6.8 is presented in Section 6.3.2. The application of Eq. 6.8 in a simple scenario,
namely a single bubble’s relaxation when confined in Hele-Shaw cells, is explored in Section

6.3.3.

6.3.1 Nystrom method

To numerically solve Eq. 6.8, the Nystrom method is employed, with the Gauss-Legendre
quadrature rule as the underlying quadrature [135, 136]. To elucidate this approach, consider

an integral equation expressed in the following form [137]

o(7) +/ 1 w(r, ™o (r)dr" = f(r), 7€ [Ty, T1], (6.9)

To

where w is the kernel function exhibiting a logarithmic singularity as 7 — 7, f a known
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function, and o the unknown function to solve. Consider N collocation points, {;}Y., € [Ty, T3],

and apply Eq. 6.9 at each collocation point 7;

o(7;) +/ 1 w(r, ™o ()dr" = f(r;), i=1,..,N. (6.10)

To

The Nystrom method approximates the integral in Eq. 6.10 using the values of the integrand

at each of the collocation points [137]

T N
/ w(r;, 7)o (7')dr" ~ Z a; ;0(7j), (6.11)
j=1

To

where a; ; is the coefficient depending on the underlying quadrature. Substituting Eq. 6.11

into Eq. 6.10, a linear system of equations is obtained

o(7;) + Zai,ja@-) = f(r), i=1,..,N. (6.12)

In order to determine the coefficient a;; in Eq. 6.11 and 6.12, the panel-based Gaussian
quadrature rule [137] is used. This involves dividing the integral interval into multiple non-
overlapping panels, ie. [Ty, 17] = tg)tl ), in order to accurately approximate the integral.
Consequently, the integral over the original interval can be expressed as the sum of the integrals

over each of the individual panels

[ wtrraterir =3 [ wrratren 613

To t=1 7/

If a given collocation point 7;, which is also the singularity point of the kernel function, is
sufficiently distant from a panel €2;, the integral over 2, in Eq. 6.13 can be computed using the

standard Gaussian quadrature rule

/Qw(TZ-,T’)J(T')dT'% Z wjw(Ti, 7)o (75), (6.14)

JiTi €
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where w; is the weight associated with Gaussian node 7; on panel €2,. However, when 7; belongs
to the panel €, the standard Gaussian quadrature method becomes inappropriate because of
the singularity present in the kernel function [137, 138]. To address this issue, Kolm and
Rokhlin [138] proposed an alternative approach involving a modified Gaussian quadrature with
J nodes. This modified method allows for the approximation of the integral with a precision

level up to J — 2 (the method can exactly integrate all polynomials up to degree J — 2)

/ log(|T — mo|)o(7)dT ~ ZUjU(Tj), T € (—1,1), (6.15)

1

where {vj}‘j]:1 are the weights dependent on the location of the singularity, and are computed

as [138]

<
V)

v; =w; ((P[)(Tj) — Py(7j))Ro(70) + > (Pu-1(75) — Puya(75)) Ru(70)
1 (6.16)

+ Py_o(r)) Ry (7o) + PJ_l(Tj)RJ(TO)), j=1,2,..J

n

where {7;}7_, and {w;}/_, denote the J nodes and weights of the Gaussian quadrature on the
interval [—1, 1], respectively. P,(7) and @, (7o) are the nth Legendre polynomial and Legendre

function of the second kind, respectively, and R, is defined as [138]

Ro(r) = On(r) + %log(h _q)). (6.17)

The integral in Eq. 6.15 is computed within the interval 7 € [-1 1] which should be projected

to the range [Ty T3], when applied to Eq. 6.13.

6.3.2 discretisation of the 2D boundary integral equation

In simulations employing the Nystrom method, two types of grids are utilised [136]: an equidis-

tant grid and a Gauss-Legendre grid. The equidistant grid serves as the representation for foam
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Figure 6.5: Two types of grids are utilised. The first one, referred to as the equidistant grid, is
denoted by solid black circles. The second one, known as the Gauss-Legendre grid, is required
to implement Gaussian quadrature. The latter is constructed by adding new points, which are
indicated by hollow black circles, onto the equidistant grid. To calculate the coordinates of the
new points along the curved lamella, the lamella length is mapped onto [-1,1]. Additionally,
for each new point, a further projection onto an arc is implemented to preserve the curvature.
This arc is constructed from the nearest three points on the equidistant grid.

lamellae, where the spacing between adjacent grid points is approximately constant. Conversely,
the Gauss-Legendre grid is employed for integral calculations and is composed of nodes specified
by the Gaussian quadrature rule. The velocity field is computed on the Gauss-Legendre grid,
and subsequently, interpolation is performed to transfer these values back to the equidistant

grid prior to the evolution of the foam configuration [135, 136].

As depicted in Figure 6.5, the discretisation of each lamella involves dividing it into a finite
number of equidistant points. The line segment between each pair of adjacent points is approx-
imated as a straight line. To estimate the total length along the lamella, the lengths of each
individual line segment are summed up [88]. Each lamella is then treated as a panel denoted
by €2;, with its start and end points designated as P, and B,, respectively. To map the length
of the lamella along its arc-length, starting from P, onto 7 : [—1, 1], the following projection is
employed: 7 = (2s — Lg,)/Lq, for s € [0, Lg,]. Here, s denotes the coordinate along the curve

of the lamella, and Lq, represents the total length of the lamella.

The Gauss-Legendre grid is generated by introducing J nodes from the Gaussian quadrature,

J

which are represented as {7;}7_,, onto the equidistant grid. The curve coordinates for each
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of these nodes, denoted as {s; }3-7:1, are determined using the previously explained projection

method. These nodes are located along the straight line segments connecting the equidistant
grid points. In order to preserve the curvature of the lamella at each Gaussian node, a curved
arc is constructed. This is achieved through interpolation with the three nearest points on the
equidistant grid [88]. Subsequently, each newly generated node is projected onto this curved

arc.

Consider a 2D dry foam composed of NN; lamellae, denoted as {Ql}f\ﬁl. Here, each lamella is
considered as a panel. For each lamella €, let {s;; }3’;1 represent the Gaussian nodes on the
Gauss-Legendre grid, and let {w; ; };-]lzl and {vy; };-]lzl denote the coefficients for the original and
modified Gaussian quadrature, respectively. The Nystrom method is then used to discretise
Eq. 6.8 and approximate the involved integral with Gaussian quadrature. This process results

in a linear system of equations with Zﬁl 2J; unknown velocity components

oo 1
u5(a:lﬂ-) = UB (wl,z) + W <

Ji o o B B
Lg, ( 2 log(|xi; — x14]) (xlj - xli)(xzj — ;)
i § (o + o 2 )5 B0 =) (ot )~ i)y
> 2 (T b elos L 0 Gy o —aul) T Ty — P
2
1 . N
( = o il = /\dzzlfy(xl,j)uv(ﬂfl,jﬁfa(xl,j)Jr (6.18)
v=

! B B

Jr, fe
Lo, (':L‘LJ - xl,i)(xL,j - xl,i)
> 9 Z“’L,j( — da,plog(|@r,; — @13]) + @ — @ )
Le{1,2,...,N;} j=1 ) )

L#1

2
( - é\fw! = }y(xLJ)u’Y(mL,j))}a(xLJ)) :
y=1

where 7 and x]ﬁ are the ath and fth coordinate at the jth node, respectively. The tension
force f, which is associated with the local curvature, and the unit normal f pointing to the
concave side to the boundary are approximated as f = 1/Rf and f = (z; — x.)/|®; — .|,
respectively, where . and R denote the centre and radius of the arc onto which the Gaussian
node «; is projected. In Eq. 6.18, the scaling factor Lg,/2 is necessary due to the lack of scale

invariance in the integrand and one unit of 7 corresponds to Lg, /2 units of film length [135].
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6.3.3 Single bubble in Hele-Shaw cells

To illustrate the boundary integral method for 2D dry foam, the structural relaxation of a
single bubble is considered. The focus is on the normal velocity of the bubble boundary at the
initial moment of time. The drag coefficient \; is allowed to vary, while the capillary number

Ca is fixed to unity.

The bubble’s initial boundary is obtained by smoothing the corners of a square with a side
length of one unit, as shown in Figure 6.6. The smoothing is done with a rounding radius
set to 0.25. Given the symmetry of the bubble relaxation process, only one quadrant of the
bubble’s boundary is utilised in the simulations, and it is represented as a panel. This panel
is discretised using an equidistant grid consisting of 33 nodes. Additionally, a 16-node Gauss-
Legendre quadrature rule is applied, which necessitates the placement of 16 Gauss-Legendre
grid nodes along the equidistant grid. Note that the current selection of the grid resolution is
only to demonstrate the effectiveness of the method proposed in this chapter, and the results
are compared with those by the 2D viscous froth model under the same resolution. The element
size used in simulations should be subject to grid-independent criterion in future applications

of the method.

Figure 6.7 depicts the variation in the normal velocity of the boundary under different drag
coefficients. When A\q = 0, the result corresponds to the pure 2D scenario (in contrast to the
2D scenario confined in Hele-Shaw cells), where the reduced surface energy dissipates solely
through fluid viscosity, as explained in Section 6.2. This would be unstable to a Rayleigh-
Plateau instability in the third dimension [139]. At A\q = 1, a slight deviation from the pure
2D case can be observed in the boundary velocity, with the magnitude of the normal velocity
remaining on the order of 0.01. As \q increases, the influence of viscous drag force on the
boundary velocity becomes more significant. The magnitude of the boundary velocity decreases
as A\q increases. For instance, when A4 changes from unity to 100, the maximum absolute value
of the normal velocity decreases from 0.0098 to 0.0086. Note that in a realistic case, \q can be
quite large due to the low internal fluid viscosity which has been further assumed to be negligible

in the viscous froth model. However, the results at different A\q from zero to large ones can
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Figure 6.6: A bubble adopts a square shape with smoothed corners. The boundary of the bubble
is approximated by the equidistant grid nodes, which are depicted as red squares. Furthermore,
16 Gauss-Legendre nodes are positioned along the equidistant grid. The angular coordinate 3
is measured in relation to the x axis.

qualitatively indicate the effect of the internal viscosity on the motion of bubble boundary.

The relationship between the normal velocity of the bubble boundary and 1/)q is non-linear.
This non-linearity arises because a part of energy dissipation originates from the viscosity of
fluid in the entire flow field, rather than just from viscous dissipation due to the drag force on
the boundary. This contrasts with the assumptions of the viscous froth model, which implicitly
assumes that all energy consumption comes from viscous dissipation on the boundary. In
the viscous froth model, the normal velocity of the bubble boundary is simply calculated as
U, = (27 / Lvoundary — k)/Ad, Where Lygundary Tepresents the circumferential length of the bubble

boundary. It is clear that u, exhibits a linear proportionality to 1/Aq.

Figure 6.8 illustrates the normal velocity of bubble boundary at A\q = 100, predicted by the
viscous froth model. The obtained result shows that the boundary velocity is greater than
that obtained through the boundary-integral method for the same A\q. This discrepancy arises
because the energy consumption in the viscous froth model is solely attributed to the viscous

dissipation on bubble boundary. In contrast, the boundary-integral method incorporates ad-
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Figure 6.7: The boundary-integral results depict the normal velocities at equidistant grid nodes
along the bubble boundary as a function of their angular coordinates. The drag coefficient is set
to 0, 1, 10, and 100, respectively. Positive values of the normal velocity indicate the movement
of the bubble boundary outward, while negative values indicate movement in the opposite

direction.
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Figure 6.8: The results from the viscous froth model show the normal velocities at equidistant
grid nodes along the bubble boundary as a function of their angular coordinates. The drag
coefficient A\ is set to 100. Positive values of the normal velocity indicate movement of the
bubble boundary outward, while negative values indicate movement in the opposite direction.
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ditional viscous dissipation of energy in other regions of the flow field (with C'a set to unity).
Consequently, the bubble boundary might exhibit higher mobility in the viscous froth model
due to the absence of this additional energy-consuming factor, though this part of energy con-

sumption can be relatively small in realistic cases.

6.4 Conclusions

This chapter primarily focuses on exploring the extended applications of the boundary-integral
approach for dry foam. The boundary integral equation for dry foam implies that the motion of
foam in confined geometries can be considered as a linear combination of the background flow,
the imposed flow, and the foam relaxation. Specifically, when examining the motion of foam
films in diverging-converging channels, the motion can be decomposed into two components:
the imposed flow and the relaxation motion. Consequently, the energy consumption during the
film motion, which is associated with the average flow resistance, can also be divided into at
least two terms, each linked to one of these motion components. However, because the rate of
viscous dissipation is a non-linear function of strain, there is an additional energy consumption
related to viscosity arising from the interaction between these two film motion components.
This additional energy consumption cannot be attributed to changes in the area of the foam
film, which complicates the analysis of flow resistance. In the extreme case, such as in quasi-
static film motion, the viscosity-associated energy consumption becomes zero. In other words,
work done on the system is stored as surface energy, except during abrupt jumps during which
surface energy is dissipated. This allows for new insights into understanding average flow

resistance, or the yield stress, to be gained.

In the context of quasi-static film motion within diverging-converging channels, a novel expla-
nation for the emergence of yield stress centres on the change in the film area. This change
occurs exclusively when the channel features a sharp configuration, particularly when it pos-
sesses a sharp corner within the central pore body. Remarkably, this area change represents

the only source of energy consumption through viscous dissipation. Consequently, this new
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perspective suggests that the yield stress of foam arises from the viscous dissipation induced

by relaxation, which consumes finite energy and consequently results in a non-zero yield stress.

The second extension of this study applied the boundary integral method to dry foam in
2D scenarios, specifically within Hele-Shaw cells. In this approach, the viscosity of the fluid
contained within the bubbles is taken into account as a factor affecting the foam’s motion within
Hele-Shaw cells. The study focuses on a simple test case involving a single bubble within a
Hele-Shaw cell. The results reveal that fluid viscosity contributes to energy consumption during
the bubble relaxation process, thus slowing down the motion of the bubble boundary compared
to what is expected according to the 2D viscous froth model. However, the extent of this effect
depends on the magnitude of the fluid viscosity, and the amount of slow down is expected to

decrease as the fluid viscosity itself decreases.



Chapter 7

Conclusions and future work

The exploration of foam flow in porous media is an intriguing area of study, as foam serves as an
effective agent for displacing substances due to its exceptional volumetric sweeping efficiency.
In practical applications, such as enhanced oil recovery processes, employing foam flooding
techniques can significantly enhance the rate of oil production. To provide a strong foundation
for understanding the topic, a review of foam flow in porous media is conducted in Chapter 2 in
this work. Basic concepts, such as geometric elements related to foam structure, and topology
transformation, were explained. Fundamental generation and destruction mechanisms for foam

in porous media were also introduced.

In terms of morphology, foam flow within porous media exhibits distinctive characteristics,
marked by intermittent flow and the entrapment of bubbles. It is noteworthy that a significant
portion of the gas in a foam is contained within these trapped bubbles. When confined within
porous media, foam demonstrates quantitatively distinct behaviour as a yield-stress shear-
thinning fluid. To predict both the configuration and physical properties of foam, various
modelling techniques can be employed. These include methods like analysing soap film motion
for quasi-static foam motion, employing a 2D viscous froth model for foam flow within Hele-
Shaw cells, and utilising more advanced approaches such as the boundary integral method for
analysing the Stokes flow of two-phase fluids, as well as computational fluid dynamics methods

based on the Navier-Stokes equations.

169
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One key insight from the literature is that the dynamics of high-quality foam exhibit a multi-
scale nature [107]. For high-quality foams, the liquid can drain over tens or hundreds of seconds
in thin films of micrometers thickness, while the films themselves can rupture within several
milliseconds [140]. In this context, a common simplification used in foam modelling is the
assumption of dry foam, which maintains the structure of the liquid network while disregarding
the liquid phase content. This fundamental assumption serves as a basis for the modelling

approaches employed in this work.

The main contribution of this thesis centres around the physics-based modelling and numerical
simulations of microscopic foam flow behaviour. In Chapter 3, an expansion of the pore-scale
quasi-static foam modelling approach is presented, to the pore-network scale. Within this
pore-network level methodology, it is observed that the pressure difference among pore throats
serves the same role in minimising surface energy as film tension does in the pore-scale approach.
Since the pore network-scale necessitates the pressure difference as an input, it often requires
integration with the pore-scale method or, in simpler cases, analytical methods to determine

the pressure difference. This combined approach is referred to as the two-level method.

The verification of the two-level method is conducted by predicting the movement of two films
within a three-pore porous medium model, employing both the pore-scale method and the
two-level method. One significant discovery is that one of the films remains mobile and can
traverse the downstream pore, while the other becomes trapped in the throat, though the
porous medium exhibits symmetry concerning the shapes of the pores and the positions of
the two downstream pores. From a quantitative perspective, it is observed that the pressure
difference across the downstream pore differs from that observed when a single film is present
within an isolated pore. This difference can be attributed to various phenomena, detailed in
Chapter 3, which arise from the necessity for continuous gas injection and the capacity of the
blocked throats to either store or release gas. The impact of these phenomena becomes more
pronounced when multiple trapped films are present, as is the case when dealing with three or

four downstream pores.

One implication of the findings is that the yield stress, a crucial input parameter in continuum-
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scale models for macroscopic foam flow simulations [8], may be associated with the proportion of
trapped gas within porous media. As detailed in Chapter 2, a significant portion of gas present
during foam flow in porous media exists in the form of trapped bubbles. In such instances,
the yield stress could experience significant augmentation due to the interconnected pores and
the abundance of trapped films. This observation also implies that the strong shear-thinning

behaviour [59] of foam at low capillary numbers might indirectly stem from bubble entrapment.

In Chapter 4, it is revealed that there is a connection between the pore-scale soap film model
and the viscous froth model. This connection manifests in two distinct ways. Firstly, the steady
states of foam within Hele-Shaw cells, as described by the 2D viscous froth model, can also
be predicted using the pore-scale soap film model. This is accomplished by transforming the
problem into an equivalent surface energy minimisation problem, which involves varying film
tension along the foam films. Secondly, this work introduces a 3D version of the viscous froth
model, which includes one of its constituents—the soap film model. In this 3D version, the
viscous froth model effectively becomes a 3D soap film model with a boundary that dynamically
evolves over time. The motion of this boundary is determined by the equilibrium between the

film tension force and the drag force.

The 3D viscous froth model is employed to investigate a typical scenario where a viscous froth
lens moves within a straight channel. Theoretical analysis indicates that the 2D viscous froth
model can be deduced from the Young-Laplace equation, assuming that the two principal
curvatures of the bulk film surface align with directions along the plates and across the gap,
respectively, maintaining a constant value across the gap. This also suggests a connection
between the drag coefficient in 2D, denoted as (, and the drag coefficient in 3D, denoted as
&, via an estimate ( = (2/H)&, where H represents the gap size. However, it is important to
note that this relationship holds true only under the previously mentioned assumptions. Due
to these assumptions, the numerical results for the steady-state viscous froth lens in 2D and
3D reveal disparities in terms of the deformation of the viscous froth lens, where ( is set to
(2/H)¢ in the 2D viscous froth model. This deformation is quantified by the change in vertical
position of the three-fold vertex in 2D or the four-fold node in 3D. Additionally, assuming that

the 2D viscous froth model can effectively capture the motion of the wall Plateau borders, the
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results suggest that ¢ is not a constant value but exhibits dependency on the position along
foam films. However, it is possible to reconcile the 2D results with the 2D model’s outcomes
by treating ( as an adjustable parameter. A formula is offered in this thesis, for selecting an

appropriate value of (.

The significance of the research detailed in Chapter 4 lies in the correlation between foam
behaviour and its initial configurations, as well as the necessity of modelling foam flow in
micromodels. Prior work by Cox [37] has suggested a variety of foam configurations arising
from slightly altered initial conditions, albeit within the quasi-static regime. This sensitivity
may become more pronounced during pore-scale events occurring closely in time, where the
dynamic 2D viscous froth model can be used to determine the sequence of events [88]. However,
within Chapter 4, the 3D viscous froth model has demonstrated easier occurrence of topological
transitions compared to 2D simulations, potentially exerting significant influence on subsequent
foam behaviour within porous media, particularly in scenarios involving numerous foam films.
Consequently, employing the 3D model for simulating foam flow in micromodels may offer

enhanced effectiveness.

In Chapter 5, the boundary integral method is explored within the context of dry foam. What
sets this method apart from the soap film model or the viscous froth model is its consideration
of the viscosity of the fluid within the bubbles. However, it is important to note that the method
assumes a slip boundary condition, meaning that it neglects the viscous forces acting along the
wall surface, including those at the wall Plateau borders. To address the singularity or near-
singularity that can arise in the resulting boundary integral equation, a combination approach
is employed. This combines singularity subtraction [93] and the nonsingular contour integral
[100] techniques. The outcome is a nonsingular form of the boundary integral equation, which
is then discretised based on the discrete surfaces, including the wall surfaces and the films.
In cases where foams exist in a bulk, this discretisation yields an explicit expression for the
velocities of the films. However, when dealing with foams near solid surfaces, a linear system of

equations is formed. To solve this system, the GMRES method with restart [133] is employed.

Chapter 5 also presents two significant applications. In the first, a cluster of five bubbles is



173

analysed within a simple shear flow environment. This application underscores the importance
of considering the effect of the motion of bulk Plateau borders and nodes within the foam
cluster on the motion of the rest of the foam. Neglecting this influence can lead to errors in
bubble volumes that accumulate over time. The second application examines a 3D channel
scenario akin to the one discussed in Chapter 3. Here, the study delves into how a foam film
behaves when subjected to an imposed flow resulting from wall deformation. This investigation
leverages the concept of motion decomposition derived from the boundary integral equation
for dry foam. Notably, it reveals that the primary effect of the imposed strains manifests as
a mean curvature perturbation on the film, with a wavelength matching twice the length of
the film profile. Moreover, the study demonstrates one-to-one mapping relation between the
normal velocity of the film and this primary mean curvature perturbation. In contrast, for

higher-order mean curvature perturbations, the relationship exhibits as multi-valued functions.

Chapter 6 further explores the boundary integral method for dry foam from two distinct an-
gles. Firstly, it examines the energy consumption during the motion of a single film within a
diverging-converging channel, employing the principle of motion decomposition for the film. In
the quasi-static limit, the sole source of energy consumption is found to be viscous dissipation,
measured by the loss of surface energy, particularly during the film’s jump within the central
pore body. This finding provides a novel perspective on understanding the yield stress observed
in foam flow within porous media. It suggests that the emergence of yield stress is attributed
to viscous dissipation, which consumes a finite amount of surface energy. Importantly, this
consumption of surface energy occurs only when the film encounters a sharp corner within the

central body of a pore.

The other contribution from Chapter 6 is that the effect of the fluid viscosity within bubbles is
further considered, building upon the foundation of the 2D viscous froth model. This extension
is preliminarily explored in this work, where the boundary integral equation in 2D is discretised
through the Nystrom method. A single bubble in a Hele-Shaw is considered, taking into account
several factors including film tension, the viscosity of the fluid within the bubbles, and the
viscous forces acting on the bubble boundary. It is found that the additional source of energy

consumption, namely the viscous dissipation within bubbles, leads to a slower motion of the
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bubble boundary compared to the predictions made by the 2D viscous froth model.

Potential avenues of future work are as follows. Future work in this area should further address
the challenges and limitations identified in the course of this research. For the boundary integral
method applied to 3D dry foam, it is crucial to tackle the issue arising from the slip condition,
specifically the neglect of the viscous forces acting on wall Plateau borders. This is particularly
important for foam flow in porous media at relatively high flow rates, where the viscous force
on wall Plateau borders becomes non-negligible. It is worth noting that this issue also occurs
when applying the boundary integral method to emulsions flow, where viscosity in droplets is

likely to be even more important than viscosity in bubbles.

In addition, improvements to the boundary-integral modelling of 2D foam within Hele-Shaw
cells can be considered, especially when incorporating solid surfaces. Appropriate modelling
of the motion of Plateau borders and their impact on the overall foam behaviour is also an

important aspect for further research.

Future work could also involve applying the 3D viscous froth model to more complex scenarios,
such as the case of three-bubble foams in straight channels that have been recently explored
[141, 142, 124]. These endeavours would help expand the applicability of foam modelling

techniques and further enhance our understanding of foam behaviour in a variety of settings.
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