
Received: 15 October 2019 Revised: 13 July 2020 Accepted: 27 August 2020

DOI: 10.1002/eqe.3350

RESEARCH ARTICLE

Strong-motion duration and response scaling of yielding and
degrading eccentric structures

Christian Málaga-Chuquitaype

Department of Civil and Environmental
Engineering, Imperial College London,
London, UK

Correspondence: ChristianMálaga-
Chuquitaype,Department ofCivil and
Environmental Engineering, Skemp-
tonBuilding, ImperialCollegeLondon,
LondonSW72AZ,UK.
Email: c.malaga@imperial.ac.uk

Abstract
Plan irregular structures, whose complex response represents a generalisation
of the simpler de-coupled motion ascribed to symmetric buildings, make up a
large proportion of the failures during major earthquakes. This paper examines
the seismic response scaling of degrading and no-degrading eccentric structures
subjected to bidirectional earthquake action and its relationship with the dura-
tion of the ground motion by means of dimensional and orientational analyses.
Structures with reflectionally symmetric stiffness distribution and mass eccen-
tricity subjected to orthogonal pairs of ideal pulses are considered as the funda-
mental case. The application of Vaschy–Buckingham’s Π-theorem reduces the
number of variables governing the peak orthogonal displacements leading to the
emergence of remarkable order in the structural response. If orientationally con-
sistent dimensionless parameters are selected, the response becomes self-similar.
By contrast, when degradation is introduced, peak inelastic displacements are
dramatically affected and the self-similarity in the response is lost immediately
after the onset of inelastic deformations. Conversely, if the uniform duration,
instead of the period, of the strong motion is adopted as a timescale, a practically
self-similar response is observed. This offers unequivocal proof of the fundamen-
tal role played by the ground-motion duration in defining the peak displacement
response of degrading structures even at small inelastic demands, although its
importance increases with increasing deformation levels. Finally, the existence
of complete similarities, or similarities of the first kind, are explored and the
practical implications of these findings are briefly outlined in the context of real
pulse-like ground motions with varying degrees of coherency.
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1 INTRODUCTION

State-of-the-art seismic design and assessment procedures ascribe great importance to the estimation of peak displace-
ments in view of the direct relationship observed betweenmaximum deformations and earthquake damage. This is recog-
nised in current seismic provisions1,2 where performance-basedmethodologies are constructed around rates of exceedance
of predefined deformation limits. The significance of displacement estimations, together with the growing number of
recorded ground motions and the increasing availability of computational resources able to expedite the execution of
large numbers of analyses, has propelled an abundance of statistical studies on the inelastic deformation demands of reg-
ular and irregular structures. A good number of these studies have concerned themselves with the identification of trends
and correlations, mostly in regular buildings, while true insight into the underlying physical phenomenon has remained
limited or hampered by the challenge of presenting large amounts of data in a meaningful way.3,4
In this context, the estimation of seismic demands in eccentric and irregular structures represents a major chal-

lenge for earthquake engineers. Plan eccentric structures are more vulnerable to earthquake damage than their regular
counterparts4–6 due to the additional deformation demands imposed by their torsional motion. This torsion is heightened
by the building eccentricity (i.e. the distance between the centre ofmass (CM) and centre of resistance)which leads to com-
plex coupling between what would otherwise have been predominantly orthogonal translational modes of deformation.7
By contrast, when the CM and the centre of resistance coincide, the lateral-torsional coupling of the building motion
under bidirectional loads vanishes and the response of ideally symmetric buildings can be studied with reference to their
de-coupled in-plane vibration,8 a condition that is rarely attained in practice but is ubiquitous in the academic literature.
Various studies have examined in detail the seismic drift demands in plan-asymmetric structures, for example9–11,

including the effects of degradation12 and ground-motion scaling.13 However, a basic lack of agreement subsists in relation
to the definition of adequate parameters of the system and its response.14 To date, most codes recommend an equivalent
static procedure that prescribes minimum values of accidental eccentricity and focus on the evaluation of maximum
orthogonal responses which are subsequently merged through simple combination rules. The adequacy of codified provi-
sions to represent the complex torsional response of asymmetric buildings has been the subject of numerous assessments,
for example15–17, including proposals for the abolition of accidental eccentricity considerations altogether.18
The seismic response of eccentric buildings is particularly sensitive to the features of the ground motion19 and issues

concerning the selection, scaling and application of ground-motion records deserve careful consideration.20 Although real
seismic motion involves three translational and three rotational components, and robust procedures for the estimation
of rotational motions have now become available,21 it is still customary to neglect the effects of the rotational ground-
motion components8 and rely on the application of orthogonal pairs of acceleration series.11,22,23 In this regard, several
researchers have studied the influence of the record-pair orientation on the estimation of structural responses from non-
linear response history analysis. Beyer and Bommer,20 for instance, proposed the use of a random orientation as a suitable
approximation leading to median structural response estimates. On the other hand, Giannopoulos and Vamvatsikos24
have argued that, even for eccentric structures, using as many different record pairs as possible is more important than
accounting for different orientations with a smaller number of ground motions.
Among the main ground-motion parameters, the duration of the excitation and its effects on eccentric structures has

received virtually no attention in previous studies. Moreover, until very recently, ground-motion duration was considered
immaterial for the estimation of peak displacements in all types of yielding systems25–27 and it was deemed significant
only for the calculation of cumulative parameters like normalised hysteretic energy.28 Nonetheless, the recent availability
of simple non-linear hysteretic models capable of accounting for cyclic degradation29,30 has renewed the interest on the
influence of ground-motion duration in structural demands. In this regard, the studies of Raghunandan and Liel31 and
Chandramohan et al.32 were among the first to uncover a fundamental link between ground-motion duration and struc-
tural collapse. By analysing the response of 17 archetypical reinforced-concrete buildings subjected to 76 ground-motion
records with a broad range of durations, Raghunandan and Liel31 found differences of 26–56% between the median col-
lapse capacities obtained with long- and short-duration records. By contrast, Chandramohan et al.32 employed ‘spectrally
equivalent’ record sets to isolate the effects of ground-motion duration on a five-story steelmoment frame and a reinforced
concrete bridge pier. They found that longer records are related to lowermedian collapse capacities, in the order of 17–29%,
in comparison with shorter records. These pioneering studies have been followed by a long line of subsequent works
that have sought to re-confirm and re-quantify the statistical differences between deformation response estimates under
short- and long-duration earthquakes, sometimes without significant physical insight. However, formal dimensional
analysis has not been applied to the study of strong-motion duration effects on peak deformation demands of eccentric
structures with or without degradation. Consequently, this paper seeks to employ dimensional and orientational analyses
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F IGURE 1 Structure with reflectionally symmetric stiffness and eccentrical centre of mass [Correction added on September 30, 2020 after
online publication: Figure 1b was replaced with the correct version.]

to unveil the fundamental role played by earthquake duration on the response of degrading structures under bidirectional
motion.
The application of dimensional analysis to the response of non-linear structures subjected to pulse-like groundmotions

was introduced by Makris and Black33,34 with reference to rigid-plastic, elastic-plastic and bi-linear unidirectional oscil-
lators. They showed that when the structural response is presented in terms of dimensionlessΠ-terms, remarkable order
emerges and the maximum relative dimensionless deformations become self-similar. The approach hinges around the
identification of a ground-motion characteristic length scale, 𝐿𝑔 = 𝑎𝑔𝜔

−2
𝑔 , where 𝑎𝑔 and 𝜔𝑔 are the amplitude and circular

frequency of the most energetic component of the record. Following this principle, dimensional analysis has been applied
to a wide variety of problems in earthquake engineering including rocking structures,35,36 steel structures,37 seismic con-
trol devices38,39 and fragility analysis.36,40 Most of these studies have employed records with coherent pulses and clearly
identifiable time and length scales41 due to the difficulties associated with the selection of an adequate set of ground-
motion time and length-scale parameters for non-coherent earthquake actions.37,42
This paper revisits the seismic response scaling of non-degrading and degrading structures with various degrees of

eccentricity with the aid of dimensional and orientational analyses. The study uncovers the fundamental physical sim-
ilarities that shape the peak deformation of eccentric structures under earthquake actions and highlights the key role
played by the ground-motion duration in the response scaling of degrading systems. After describing the structuralmodels
under consideration, the application of Vaschy–Buckingham’sΠ-theorem43,44 and orientational homogeneity principles45
to the peak orthogonal displacement response of non-degrading structures is presented. This is followed by the analysis
of degrading structures where the property of self-similarity is unveiled only after the uniform duration of the ground
motion is introduced as a timescale. Particular attention is given to the emergence of self-similarity in the response of ori-
entationally consistent quantities. The existence of complete similarities in structural strength and eccentricity as well as
in the difference between the frequencies and phase of the two orthogonal components of the ground motion is explored
next. The paper concludes with a brief discussion on the repercussions of its findings on the seismic analysis of structures
under real pulse-like ground motions with varying degrees of coherency.

2 BIDIRECTIONAL YIELDING STRUCTURES

Figure 1A presents a plan view of the typical generic structure examined in this study. The structural system under con-
sideration comprises four edge lateral-resisting elements, two per each orthogonal direction, connected by means of a
rigid diaphragm of dimensions 𝐿𝑥 and 𝐿𝑦 . Only structures with reflectionally symmetric stiffness and strength distribu-
tion are considered herein such that their centre of resistance coincides with the geometric centre of their diaphragm.
An eccentric CM is assumed, with eccentricities 𝑒𝑥 and 𝑒𝑦 along the x and y axes, respectively. The vertical deforma-
tion and out-of-plane stiffness of the structural elements is disregarded and their in-plane force-deformation relation-
ships can be fully characterised by their specific strengths, 𝐹𝑥 or 𝐹𝑦 , and yield displacements, 𝑢𝑦,𝑥 or 𝑢𝑦,𝑦 , both assumed
to act in the direction of the orthogonal x-axis or y-axis, respectively. While this structural model is of an elementary
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F IGURE 2 Orthogonal components of the acceleration time history recorded during the 1994 Northridge Earthquake, Rinaldi station,
together with cycloidal pulses

nature, the problem of the torsional response of buildings under earthquakes is an already complicated matter and the
selection of a model used in past studies (see Ref. [13] and references therein) with a small number of input parame-
ters of unambiguous physical meaning is deemed adequate to answer the main question of this paper which is to deter-
mine whether ground-motion duration plays any role in the scaling of peak torsional displacements and under which
circumstances.
Figure 1B depicts the structure under the action of a ground motion described by two orthogonal components aligned

in the x and y directions. The system is free to translate and rotate in the x–y plane and the corresponding displacement
of the CM is also shown in Figure 1B. Any motion of the system can be reconstructed with reference to the orthog-
onal translations of the CM (𝑢𝑥 and 𝑢𝑦) and its rotation (𝑢𝜃). Moreover, earthquakes with different angles of attack
can be resolved into components along two fundamental orthogonal directions. The ground-motion components are
represented in the amplitude phase space in Figure 1B and are fully defined by means of their corresponding ampli-
tudes, 𝑎𝑥 and 𝑎𝑦 , and periods, 𝑡𝑝,𝑥 and 𝑡𝑝,𝑦 , or their circular frequencies 𝜔𝑔,𝑥 = 2𝜋∕𝑡𝑝,𝑥 and 𝜔𝑔,𝑦 = 2𝜋∕𝑡𝑝,𝑦 , as well
as the phase lag 𝜙. Thus, the current practice of neglecting the rotational component of the earthquake is adopted
herein.
Ideal sinusoidal pulses are employed in each orthogonal direction. These pulses are defined as46

𝑢̈𝑔,𝑦(𝑡) = 𝜔𝑔,𝑦

𝑣𝑔,𝑦

2
sin (𝜔𝑔,𝑦𝑡) , 0 ≤ 𝑡 ≤ 𝑡𝑝,𝑦 (1)

𝑢̈𝑔,𝑥(𝑡) = 𝜔𝑔,𝑥

𝑣𝑔,𝑥

2
sin (𝜔𝑔,𝑥𝑡 + 𝜙) , 𝜙∕𝜔𝑔,𝑥 ≤ 𝑡 ≤ 𝑡𝑝,𝑥 + 𝜙∕𝜔𝑔,𝑥, (2)

where 𝑣𝑔,𝑥 and 𝑣𝑔,𝑦 are the velocity amplitudes that are related to their corresponding acceleration amplitudes as 𝑎𝑦 =

𝜔𝑔,𝑦
𝑣𝑔,𝑦

2
and 𝑎𝑥 = 𝜔𝑔,𝑥

𝑣𝑔,𝑥

2
, respectively, and 𝜔𝑔,𝑥 and 𝜔𝑔,𝑦 are the cycloidal pulse frequencies. In the case of single pulse

sinusoids, the total duration of the pulse is the same as its period.
It should be noted that distinguishable pulses dominate awide range of earthquake groundmotions and can be formally

extracted with validated mathematical models.33,41 Figure 2 shows the acceleration series of the Northridge earthquake
recorded at the Rinaldi station together with sinusoidal pulses defined by their corresponding amplitudes and periods.
The use of fundamental orthogonal directions for both structural response and ground-motion parameters has the

advantage of defining an un-ambiguous orientational framework.45 Indeed, orientational analysis principles demand that
the variables under consideration have a predefined set of orientations instead of orientations that change over time. This
also hints to the formal orientational superiority of peak orthogonal displacements as structural demand parameters in
contrast with other measures like the maximum geometric mean, whose orientation is time-dependent.20,47

3 DIMENSIONAL–ORIENTATIONAL ANALYSIS OF ECCENTRIC STRUCTURES

In order to apply dimensional analysis and find general scaling laws that describe the response of the system introduced
in the preceding section, it is necessary to define appropriate ground-motion time and length scales (i.e. 𝑇𝑔 and 𝐿𝑔). In
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TABLE 1 Multiplication table of the unit orientations

𝒍𝟎 𝒍𝒙 𝒍𝒚 𝒍𝒛

𝑙0 𝑙0 𝑙𝑥 𝑙𝑦 𝑙𝑧

𝑙𝑥 𝑙𝑥 𝑙0 𝑙𝑧 𝑙𝑦

𝑙𝑦 𝑙𝑦 𝑙𝑧 𝑙0 𝑙𝑥

𝑙𝑧 𝑙𝑧 𝑙𝑦 𝑙𝑥 𝑙0

particular, two relevant ground-motion length scales, 𝐿𝑔, can be identified,33 one per each orthogonal component as

𝐿𝑔,𝑦 = 𝑎𝑦𝜔
−2
𝑔,𝑦 (3)

𝐿𝑔,𝑥 = 𝑎𝑥𝜔
−2
𝑔,𝑥. (4)

These length scales reflect the persistence of the earthquake action and are characteristic to it.33 Likewise, the two natural
ground-motion timescales, 𝑇𝑔, are

𝑇𝑔,𝑦 = 𝑡𝑝,𝑦 = 2𝜋𝜔−1
𝑔,𝑦 (5)

𝑇𝑔,𝑥 = 𝑡𝑝,𝑥 = 2𝜋𝜔−1
𝑔,𝑥. (6)

Therefore, the parameters governing the seismic response of the yielding system described above (Figure 1) are the struc-
tural strengths, 𝐹𝑥 and 𝐹𝑦; the yield displacements, 𝑢𝑦,𝑥 and 𝑢𝑦,𝑦; themass of the system,𝑚; the plan eccentricities, 𝑒𝑥 and
𝑒𝑦; the diaphragm dimensions, 𝐿𝑥 and 𝐿𝑦; the phase lag ,𝜙; the acceleration amplitudes, 𝑎𝑥 and 𝑎𝑦; and the ground-motion
circular frequencies, 𝜔𝑔,𝑥 and 𝜔𝑔,𝑦 . If a constant viscous damping (𝜉 = 5 % of the critical value) is assumed in all cases,
any response parameter of the system, 𝑢𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒, can be expressed as a function of

𝑢𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒 = 𝑓
(
𝑎𝑥, 𝑎𝑦, 𝜔𝑔,𝑥, 𝜔𝑔,𝑦, 𝐹𝑥, 𝐹𝑦,𝑚, 𝑢𝑦,𝑥, 𝑢𝑦,𝑦, 𝑒𝑥, 𝑒𝑦, 𝐿𝑥, 𝐿𝑦, 𝜙

)
. (7)

This results in a group of 15 characteristic variables involving 3 reference dimensions, those of length [𝐿], time [𝑇] andmass
[𝑀]. The Vaschy–Buckingham Π-theorem43,44 dictates that if an equation involving 𝑛 variables is dimensionally homoge-
neous, it can be reduced to a relationship among 𝑛 − 𝑘 independent dimensionless Π-products where 𝑘 is the minimum
number of reference dimensions involved.Therefore, if the characteristic length of the ground motion along the x-axis, 𝐿𝑔,𝑥,
is used for normalisation purposes, Equation (7) is reduced to (15 variables)−(3 reference dimensions)=12 dimensionless
Π-terms as follows:

𝑢𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒

𝐿𝑔,𝑥
= Φ

(
𝐹𝑥

𝑚𝐿𝑔,𝑥𝜔
2
𝑔,𝑥

,
𝐹𝑦

𝑚𝐿𝑔,𝑥𝜔
2
𝑔,𝑥

,
𝑢𝑦,𝑥

𝐿𝑔,𝑥
,
𝑢𝑦,𝑦

𝐿𝑔,𝑥
,

𝑒𝑥
𝐿𝑔,𝑥

,
𝑒𝑦

𝐿𝑔,𝑥
,

𝐿𝑥

𝐿𝑔,𝑥
,

𝐿𝑦

𝐿𝑔,𝑥
,
𝐿𝑔,𝑦

𝐿𝑔,𝑥
,
𝜔𝑔,𝑦

𝜔𝑔,𝑥
, 𝜙

)
(8)

with Π𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒 =
𝑢𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒

𝐿𝑔,𝑥
, Π𝐹,𝑥 =

𝐹𝑥

𝑚𝐿𝑔,𝑥𝜔
2
𝑔,𝑥

, Π𝐹,𝑦 =
𝐹𝑦

𝑚𝐿𝑔,𝑥𝜔
2
𝑔,𝑥

, Π𝑢𝑦,𝑥 =
𝑢𝑦,𝑥

𝐿𝑔,𝑥
, Π𝑢𝑦,𝑦 =

𝑢𝑦,𝑦

𝐿𝑔,𝑥
, Π𝑒,𝑥 =

𝑒𝑥

𝐿𝑔,𝑥
, Π𝑒,𝑦 =

𝑒𝑦

𝐿𝑔,𝑥
, Π𝐿,𝑥 =

𝐿𝑥

𝐿𝑔,𝑥
, Π𝐿,𝑦 =

𝐿𝑦

𝐿𝑔,𝑥
, Π𝐿𝑔 =

𝐿𝑔,𝑦

𝐿𝑔,𝑥
, Π𝜔𝑔 =

𝜔𝑔,𝑦

𝜔𝑔,𝑥
, Π𝜙 = 𝜙. This framework, defined by Equation (8) on the basis of the yield dis-

placements, 𝑢𝑦,𝑥 and 𝑢𝑦,𝑦 , will be referred to as Framework U throughout this paper.
At this stage, it is important to recall that the selection of an appropriate response parameter, 𝑢𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒, among the two

alternative orthogonal responses, 𝑢𝑥 and 𝑢𝑦 , can be informed by orientational analysis principles.45 To this end, 𝑙𝑥, 𝑙𝑦
and 𝑙𝑧 designate the unit orientations along the x, y and z axes, respectively; and 𝑙0 represents an orientationless identity
element. The multiplication rules of these orientational symbols are summarised in Table 145 where, for example 𝑙𝑥𝑙𝑥 ≗ 𝑙0
or 𝑙𝑥𝑙𝑦 ≗ 𝑙𝑧, where the symbol ≗ denotes orientational equality.
Besides,

𝑙𝑥 ≗ 𝑙−1
𝑥 (9)

𝑙2𝑛+1
𝑥 ≗ 𝑙𝑥 (10)

𝑙2𝑛𝑥 ≗ 𝑙0. (11)
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Accordingly, an angle 𝜃 in the x–yplane is 𝑙𝑧-orientedwhile a phase angle is orientationless 𝑙0. Following this reasoning, the
orientations of the characteristic variables governing the response of the bidirectionally acted structurewithin Framework
Upresented above (Equation (8)) can be determined as 𝐹𝑥

𝑚𝐿𝑔,𝑥𝜔
2
𝑔,𝑥

≗
𝑙𝑥

𝑙𝑥
≗ 𝑙0,

𝐹𝑦

𝑚𝐿𝑔,𝑥𝜔
2
𝑔,𝑥

≗
𝑙𝑦

𝑙𝑥
≗ 𝑙𝑧,

𝑢𝑦,𝑥

𝐿𝑔,𝑥
≗

𝑙𝑥

𝑙𝑥
≗ 𝑙0,

𝑢𝑦,𝑦

𝐿𝑔,𝑥
≗

𝑙𝑦

𝑙𝑥
≗ 𝑙𝑧,

𝑒𝑥

𝐿𝑔,𝑥
≗

𝑙𝑥

𝑙𝑥
≗ 𝑙0,

𝑒𝑦

𝐿𝑔,𝑥
≗

𝑙𝑦

𝑙𝑥
≗ 𝑙𝑧,

𝐿𝑥

𝐿𝑔,𝑥
≗

𝑙𝑥

𝑙𝑥
≗ 𝑙0,

𝐿𝑦

𝐿𝑔,𝑥
≗

𝑙𝑦

𝑙𝑥
≗ 𝑙𝑧,

𝐿𝑔,𝑦

𝐿𝑔,𝑥
≗

𝑙𝑦

𝑙𝑥
≗ 𝑙𝑧,

𝜔𝑔,𝑦

𝜔𝑔,𝑥
≗

𝑙0

𝑙0
≗ 𝑙0, 𝜙 ≗ 𝑙0. And the right-hand side of

Equation (8) can be expressed in orientational terms as

(
Π𝐹,𝑥, Π𝐹,𝑦, Π𝑢𝑦,𝑥, Π𝑢𝑦,𝑦, Π𝑒,𝑥, Π𝑒,𝑦, Π𝐿,𝑥, Π𝐿,𝑦, Π𝐿𝑔, Π𝜔𝑔, Π𝜙

)
→

(
𝑙
𝜖1
0 , 𝑙

𝜖2
𝑧 , 𝑙

𝜖3
0 , 𝑙

𝜖4
𝑧 , 𝑙

𝜖5
0 , 𝑙

𝜖6
𝑧 , 𝑙

𝜖7
0 , 𝑙

𝜖8
𝑧 , 𝑙

𝜖9
𝑧 , 𝑙

𝜖10
0 , 𝑙

𝜖11
0

)
≗ 𝑙

𝜖2+𝜖4+𝜖6+𝜖8+𝜖9
𝑧 ≗ 𝑙𝑧, (12)

where, in its most straightforward form, the sum of 𝜖2 + 𝜖4 + 𝜖6 + 𝜖8 + 𝜖9 = 5, an odd number. Although orientational
analysis does not yield a definite value for the unknown exponents, 𝜖𝑖 , it is clear from the previous discussion that Equation
(8) will be orientationally homogeneous if 𝑢𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒 = 𝑢𝑦 such that

Π𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒 = Π𝑢,𝑦 =
𝑢𝑦

𝐿𝑔,𝑥
≗

𝑙𝑦

𝑙𝑥
≗ 𝑙𝑧. (13)

This choice of response variable yields a dimensionless–orientationless relationship that, as will be seen later, brings for-
ward the property of self-similarity in the response. On the other hand, if the alternative ground-motion length scale along
the y-axis, 𝐿𝑔,𝑦 , is selected for normalisation purposes, orientational consistency would demand the use of 𝑢𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒 = 𝑢𝑥

within Framework U. It is worth noting that the requirement to have response and ground-motion length parame-
ters of different orthogonal orientations, as revealed by Equation (13), is particular to the set of characteristic variables
employed (i.e. Equation (8)). Indeed, it is perfectly possible to use the structural circular frequencies (𝜔𝑠,𝑥 =

√
𝑘𝑥∕𝑚 and

𝜔𝑠,𝑦 =
√

𝑘𝑦∕𝑚, where 𝑘𝑥 and 𝑘𝑦 are the stiffnesses of the structural elements aligned in the x and y directions) in lieu of
the yield displacements (𝑢𝑦,𝑥 and 𝑢𝑦,𝑦) to fully characterise the structural model of Figure 1. This alternative selection of
characteristic parameters, referred throughout this paper as Framework W, yields the following dimensionless relation-
ship:

𝑢𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒

𝐿𝑔,𝑥
= Φ

(
𝐹𝑥

𝑚𝐿𝑔,𝑥𝜔
2
𝑔,𝑥

,
𝐹𝑦

𝑚𝐿𝑔,𝑥𝜔
2
𝑔,𝑥

,
𝜔𝑠,𝑥

𝜔𝑔,𝑥
,
𝜔𝑠,𝑦

𝜔𝑔,𝑥
,

𝑒𝑥
𝐿𝑔,𝑥

,
𝑒𝑦

𝐿𝑔,𝑥
,

𝐿𝑥

𝐿𝑔,𝑥
,

𝐿𝑦

𝐿𝑔,𝑥
,
𝐿𝑔,𝑦

𝐿𝑔,𝑥
,
𝜔𝑔,𝑦

𝜔𝑔,𝑥
, 𝜙

)
. (14)

Framework W (Equation (14)) is dimensionally equivalent but not orientationally equivalent to Framework U (Equation
(8)). In this case, Π𝜔𝑠,𝑥 =

𝜔𝑥,𝑠

𝜔𝑔,𝑥
≗ 𝑙0 and Π𝜔𝑠,𝑦 =

𝜔𝑦,𝑠

𝜔𝑔,𝑥
≗ 𝑙0, leading to

(
Π𝐹,𝑥, Π𝐹,𝑦, Π𝜔𝑠,𝑥, Π𝜔𝑠,𝑦, Π𝑒,𝑥, Π𝑒,𝑦, Π𝐿,𝑥, Π𝐿,𝑦, Π𝐿𝑔, Π𝜔𝑔, Π𝜙

)
→

(
𝑙
𝜖1
0 , 𝑙

𝜖2
𝑧 , 𝑙

𝜖3
0 , 𝑙

𝜖4
0 , 𝑙

𝜖5
0 , 𝑙

𝜖6
𝑧 , 𝑙

𝜖7
0 , 𝑙

𝜖8
𝑧 , 𝑙

𝜖9
𝑧 , 𝑙

𝜖10
0 , 𝑙

𝜖11
0

)
≗ 𝑙

𝜖2+𝜖6+𝜖8+𝜖9
𝑧 ≗ 𝑙0, (15)

where 𝜖2 + 𝜖6 + 𝜖8 + 𝜖9 = 4, an even number; and therefore, the 𝑢𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒 selection that renders Framework W (Equation
(14)) orientationally consistent is 𝑢𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒 = 𝑢𝑥:

Π𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒 = Π𝑢,𝑥 =
𝑢𝑥

𝐿𝑔,𝑥
≗

𝑙𝑥
𝑙𝑥

≗ 𝑙0. (16)

Both frameworks, U and W, from Equations (8) and (14), are considered next to illustrate the importance of orientational
consistency, a feature that plays a central role in the emergence of self-similarity in degrading systems as will be dis-
cussed later.
Undoubtedly, the most notable feature of the dimensional–orientational analysis described above is that it brings for-

ward the property of self-similarity. To illustrate this, Figure 3 shows the response of a bidirectional yielding oscilla-
tor with normalised eccentricity Π𝑒,𝑥 = Π𝑒,𝑦 = 0.1Π𝐿,𝑥 (10% accidental eccentricity) following Framework U. Figure 3A
depicts the variation of the dimensionless peak displacement product, Π𝑢,𝑥 = 𝑢𝑥∕𝐿𝑔,𝑥, against different dimensionless
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A B

F IGURE 3 Self-similar response of eccentric oscillators subjected to sinusoidal pulse-type excitations of normal directivity
Note: Π𝐿,𝑥 = Π𝐿,𝑦 = 100, Π𝐹,𝑦 = 0.2, Π𝐿𝑔 = 0.8, Π𝜔𝑔 = 0.5, Π𝜙 = 0, Π𝑒,𝑥 = Π𝑒,𝑦 = 0.1Π𝐿,𝑥 ; Framework U.

A B

F IGURE 4 Self-similar response spectra of eccentric oscillators subjected to sinusoidal pulse-type excitations
Note: Π𝐿,𝑥 = Π𝐿,𝑦 = 100, Π𝐹,𝑥 = Π𝐹,𝑦 = 0.2, Π𝐿𝑔 = 0.8, Π𝜔𝑔 = 0.5, Π𝜙 = 0, Π𝑒,𝑥 = Π𝑒,𝑦 = 0.1Π𝐿,𝑥 ; Framework W.

strengths, Π𝐹,𝑥 = 𝐹𝑥∕𝑚𝐿𝑔,𝑥𝜔
2
𝑔,𝑥, while the corresponding plot for Π𝑢,𝑦 = 𝑢𝑦∕𝐿𝑔,𝑥 is shown in Figure 3B. Results are pre-

sented for different combinations of dimensionless yield displacements, (Π𝑢𝑦,𝑦, Π𝑢𝑦,𝑥). A distinctive attribute of Figure 3
is that responses to different excitation intensities (e.g. 𝑎𝑥 = 5m/s2 and 𝑎𝑥 = 10m/s2) collapse into a single ‘master curve’
when expressed in dimensionless Π-terms. This scale invariance between the maximum relative displacement, the yield
displacement, and the acceleration amplitude is known as self-similarity and plays a fundamental role in the under-
standing and ordering of the response of bidirectionally loaded structures such as those examined herein. In this regard,
self-similarity, which is a form of symmetry, is important not only because it allows to reduce the number of independent
variables of the problem but rather because it reflects a fundamental property of the phenomena distinguishable from the
effects of accidental features of the problem. Notably, this scale symmetry holds even at very large non-linear deforma-
tion levels, that is, when Π𝐹,𝑥 << 1. It is also worth recalling that the results of Figure 3A (on the left) are dimensionless
but not orientationless, while the curves of Figure 3B (on the right) represent both dimensionally and orientationally
homogeneous relationships.
An alternative presentation of the response of eccentric systems to bidirectional ground motion is offered in Figure 4

where the self-similar response spectra are shown. To this end, the formulation presented in Equation (14) in terms of
structural frequencies (i.e. Framework W) is adopted. Figure 4 plots the dimensionless peak displacements for constant
dimensionless structural frequencies in the y direction, Π𝜔𝑠,𝑦 , and for varying values of structural frequencies in the x
direction,Π𝜔𝑠,𝑥. In this case, Figure 4A (on the left) presents dimensionless–orientationless relationships, while the plots
of Figure 4B (on the right) represent dimensionally consistent but orientationally inconsistent relationships. As the fre-
quency ratio (dimensionless Π𝜔𝑠,𝑥-product) increases from left to right in Figure 4 the structure becomes stiffer along its
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F IGURE 5 Degrading hysteretic
relationships for different degradation
ratios 𝜆

Note: Low degradation (left) and more severe
degradation (right).

x-axis. It can be seen from Figure 4A that structures with more flexible x-oriented elements (e.g. Π𝜔𝑠,𝑥 < 1), have peak
responses that are less dependent on the variation of stiffness in the orthogonal direction (y structural axis), thus the
weaker axis dominates the response, a feature that has been suggested in other studies7 and is now fully proved.

4 BIDIRECTIONAL DEGRADING STRUCTURES

The preceding sections have dealt with the response of non-degrading structures for which the effects of cyclic deteriora-
tion in stiffness or strength can be neglected. As such, they follow a wealth of previous studies9–11,33,34 that have arrived to
important findings based on non-degrading structural models. Indeed, non-degrading systems have been used to uncover
the decisive property of self-similarity in the response of a variety of structures,33,34,37,42 a property that, as has been demon-
strated in this paper, also shapes the non-linear behaviour of bidirectionally loaded eccentric structures.
This section deals with the dimensional–orientational analysis of degrading structures and its implications. To this

end, the eccentric structure described before (Figure 1A) is modelled in two dimensions in the open-source finite ele-
ment frameworkOpenSees48 following a keymodification of its hysteretic relationships to incorporate degradation effects.
More specifically, the unidirectional force-displacement relationships assigned to the edge elements of the plan asymmet-
ric structure of Figure 1A are now replaced with unidirectional degrading relationships of the modified Ibarra–Medina–
Krawinkler (IMK) type.29,30 The cyclic deterioration of the IMKmodel is controlled by a rule, initially developed by Rah-
nama and Krawinkler,49 that relies on the hysteretic energy dissipated when the structural component is subjected to
cyclic loads. The main assumption of this model is that every dissipating structural component has a reference hysteretic
energy dissipation capacity, 𝐸𝑡, regardless of the loading history applied to it. This reference hysteretic energy dissipa-
tion capacity is expressed as a multiple of the structural deformation, 𝑢𝑝, and the underlying action force, 𝐹𝑦𝑖𝑒𝑙𝑑, at yield.
Therefore, for a structural component (or element) oriented in the i direction, with a given degradation rate, 𝜆:

𝐸𝑡,𝑖 = 𝜆 ⋅ 𝐹𝑦𝑖𝑒𝑙𝑑,𝑖 ⋅ 𝑢𝑝,𝑖 or 𝐸𝑡,𝑖 = Λ ⋅ 𝐹𝑦𝑖𝑒𝑙𝑑,𝑖 (17)

with

Λ = 𝜆 ⋅ 𝑢𝑝,𝑖, (18)

whereΛ denotes the reference cumulative deformation capacity. Typical values of 𝜆 can be as low as 0.830; the lower the 𝜆,
the higher the degradation effects. Figure 5 presents examples of degrading hysteretic responses with elastic-plastic back-
bones obtained by solely varying the deterioration rate within a realistic range.30 It is acknowledged that this degradation
model is an idealisation of a very complex phenomenon and that its definition relies on calibration studies, it neglects an
explicit consideration of the effects of multi-axial interactions and pinching, and it cannot simulate element shortening
or yielding in arbitrary locations as other more sophisticated models.50,51 However, the main advantage of deterioration
models such as the one adopted herein lies in their simplicity and versatility which allows them to represent a family
of deterioration responses from a range of observations.30,52 Moreover, since various cyclic deterioration modes can be
expressed by a single parameter, 𝜆, this model is well suited for the dimensional analysis carried out herein in an effort to
limit the dimensional space of study and obtain fundamental behavioural relationships.
It follows from the previous discussion that, in the case of degrading systems subjected to bidirectional ground motion

with constant viscous damping, 𝜉 = 0.05, if an equal degradation rate, 𝜆, is assumed for all elements while keeping all
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other hysteretic rule parameters constant, any structural response, 𝑢𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒, of the system can be expressed, according to
Framework U, as a function of

𝑢𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒 = 𝑓
(
𝑎𝑥, 𝑎𝑦, 𝜔𝑔,𝑥, 𝜔𝑔,𝑦, 𝐹𝑥, 𝐹𝑦,𝑚, 𝑢𝑦,𝑥, 𝑢𝑦,𝑦, 𝑒𝑥, 𝑒𝑦, 𝐿𝑥, 𝐿𝑦, 𝜙, 𝜆

)
. (19)

Alternatively, the equivalent relationship following Framework W is

𝑢𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒 = 𝑓
(
𝑎𝑥, 𝑎𝑦, 𝜔𝑔,𝑥, 𝜔𝑔,𝑦, 𝐹𝑥, 𝐹𝑦,𝑚, 𝜔𝑠,𝑥, 𝜔𝑠,𝑦, 𝑒𝑥, 𝑒𝑦, 𝐿𝑥, 𝐿𝑦, 𝜙, 𝜆

)
. (20)

5 DIMENSIONAL–ORIENTATIONAL ANALYSIS OF DEGRADING STRUCTURES

The fundamental difference betweennon-degrading and degrading bidirectionally loaded structures is the need to account
for the degradation parameter 𝜆 in the latter case. This results in a group of 16 characteristic variables involving three
reference dimensions [𝐿,𝑀, 𝑇], hence, the Vaschy–Buckingham’s Π-theorem43,44 leads to a reduction of the number of
dimensionless Π-products to 13. If, as it was done before for non-degrading systems in Equation (8), the characteristic
length of the ground motion along the x-axis (𝐿𝑔,𝑥) is used for normalisation purposes, Equation (19) (Framework U) can
be re-cast in dimensionless terms as

𝑢𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒

𝐿𝑔,𝑥
= Φ

(
𝐹𝑥

𝑚𝐿𝑔,𝑥𝜔
2
𝑔,𝑥

,
𝐹𝑦

𝑚𝐿𝑔,𝑥𝜔
2
𝑔,𝑥

,
𝑢𝑦,𝑥

𝐿𝑔,𝑥
,
𝑢𝑦,𝑦

𝐿𝑔,𝑥
,

𝑒𝑥
𝐿𝑔,𝑥

,
𝑒𝑦

𝐿𝑔,𝑥
,

𝐿𝑥

𝐿𝑔,𝑥
,

𝐿𝑦

𝐿𝑔,𝑥
,
𝐿𝑔,𝑦

𝐿𝑔,𝑥
,
𝜔𝑔,𝑦

𝜔𝑔,𝑥
, 𝜙, 𝜆

)
. (21)

Or, what is the same:

Π𝑢,𝑦 = Φ
(
Π𝐹,𝑥, Π𝐹,𝑦, Π𝑢𝑦,𝑥, Π𝑢𝑦,𝑦, Π𝑒,𝑥, Π𝑒,𝑦, Π𝐿,𝑥, Π𝐿,𝑦, Π𝐿𝑔, Π𝜔𝑔, Π𝜙,ΠΛ

)
. (22)

Since 𝜆 is dimensionless the dimensional homogeneity of Equations (21) and (22) is preserved.
Alternatively, if structural frequencies instead of yield displacements are employed to characterise the structural

response (in line with Framework W), Equation (20) can be re-written as

Π𝑢,𝑥 = Φ
(
Π𝐹,𝑥, Π𝐹,𝑦, Π𝜔𝑠,𝑥, Π𝜔𝑠,𝑦, Π𝑒,𝑥, Π𝑒,𝑦, Π𝐿,𝑥, Π𝐿,𝑦, Π𝐿𝑔, Π𝜔𝑔, Π𝜙,ΠΛ

)
, (23)

which is also dimensionally homogeneous. Moreover, since the degradation ratio 𝜆 is orientationless, the orientational
consistency of Equations (22) and (23) is also upheld. This can be verified by observing that ΠΛ = 𝜆 ≗ 𝑙

𝜖12
0 leading to

(
Π𝐹,𝑥, Π𝐹,𝑦, Π𝑢𝑦,𝑥, Π𝑢𝑦,𝑦, Π𝑒,𝑥, Π𝑒,𝑦, Π𝐿,𝑥, Π𝐿,𝑦, Π𝐿𝑔, Π𝜔𝑔, Π𝜙,ΠΛ

)
→

(
𝑙
𝜖1
0 , 𝑙

𝜖2
𝑧 , 𝑙

𝜖3
0 , 𝑙

𝜖4
𝑧 , 𝑙

𝜖5
0 , 𝑙

𝜖6
𝑧 , 𝑙

𝜖7
0 , 𝑙

𝜖8
𝑧 , 𝑙

𝜖9
𝑧 , 𝑙

𝜖10
0 , 𝑙

𝜖11
0 , 𝑙

𝜖12
0

)
≗ 𝑙

𝜖2+𝜖4+𝜖6+𝜖8+𝜖9
𝑧 (24)

in the case of Framework U (Equation (22)), and to

(
Π𝐹,𝑥, Π𝐹,𝑦, Π𝜔𝑠,𝑥, Π𝜔𝑠,𝑦, Π𝑒,𝑥, Π𝑒,𝑦, Π𝐿,𝑥, Π𝐿,𝑦, Π𝐿𝑔, Π𝜔𝑔, Π𝜙,ΠΛ

)
→

(
𝑙
𝜖1
0 , 𝑙

𝜖2
𝑧 , 𝑙

𝜖3
0 , 𝑙

𝜖4
0 , 𝑙

𝜖5
0 , 𝑙

𝜖6
𝑧 , 𝑙

𝜖7
0 , 𝑙

𝜖8
𝑧 , 𝑙

𝜖9
𝑧 , 𝑙

𝜖10
0 , 𝑙

𝜖11
0 , 𝑙

𝜖12
0

)
≗ 𝑙

𝜖2+𝜖6+𝜖8+𝜖9
𝑧 (25)

in the case of Framework W (Equation (23)), and noting that both Equations (24) and (25) are orientationally equivalent
to Equations (12) and (15), respectively.
The dimensional–orientational analysis presented above is only valid if the parameters governing the structural

response are fully considered and unambiguously defined. As highlighted in the introduction, the duration of the
excitation has long been considered immaterial for the estimation of peak displacements and is only recently that its role
in the quantification of the collapse potential of degrading systems (i.e. large deformation range) has been recognised.
In this context, the question of whether the ground-motion duration has any place among the dominant parameters that
govern the peak displacement response at lower displacement demand levels is explored herein. This will be done by
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F IGURE 6 Uniform duration, 𝑡𝑢𝑛𝑖 , compared with the total duration, 𝑡𝑝 , of the pulse

A B

F IGURE 7 Dimensionless peak displacement for degrading structures with different degradation ratios, ΠΛ, when the total duration of
the ground motion, 𝑡𝑝 , is used as timescale (i.e. 𝐿𝑔,𝑥 = 𝑎𝑥𝑡

2
𝑝,𝑥∕4𝜋

2)
Note: Π𝐹,𝑦 = 0.2, Π𝑢𝑦,𝑥 = Π𝑢𝑦,𝑦 = 0.5, Π𝐿,𝑥 = Π𝐿,𝑦 = 100, Π𝑒,𝑥 = Π𝑒,𝑦 = 0.10Π𝐿,𝑥 , Π𝐿𝑔 = 0.8, Π𝜔𝑔 = 0.5, Π𝜙 = 0; Framework U.

explicitly considering the uniform duration of the ground motion (𝑡𝑢𝑛𝑖) rather than its period (𝑡𝑝) as a timescale. In other
words, by assuming 𝑇𝑔 = 𝑡𝑢𝑛𝑖 instead of 𝑇𝑔 = 𝑡𝑝.
Using 𝑇𝑔 = 𝑡𝑢𝑛𝑖 means that the ground-motion characteristic length, 𝐿𝑔,𝑥, is now defined as

𝐿𝑔,𝑥 =
𝑎𝑥𝑡

2
𝑢𝑛𝑖,𝑥

4𝜋2
, (26)

where 𝑎𝑥 is the amplitude of the ground acceleration along the x-axis (Figure 1). Figure 6 illustrates the definition of 𝑡𝑢𝑛𝑖

and 𝑡𝑝 for a particular harmonic pulse plotted in absolute ordinate values. More specifically, the uniform duration, 𝑡𝑢𝑛𝑖 ,
is defined as the summation of the time intervals during which the absolute acceleration exceeds an acceleration value
associated with an equivalent static force that would cause yielding in the structure, 𝑎𝑦𝑖𝑒𝑙𝑑. This is because in degrad-
ing systems, or at least in those of the type employed in this study, degradation in strength and stiffness is proportional
to the dissipated energy through 𝜆 which starts to accumulate only after yielding. This renders the parts of the ground
motion associated with demands below the plastic limit less relevant and explains the selection of 𝑎𝑦𝑖𝑒𝑙𝑑 as the appropriate
threshold for the quantification of the ground-motion uniform duration.
In the case of yielding but non-degrading systems under cycloidal pulses, the period of the pulse and its total duration

coincide, hence the ground-motion duration effects are concealed. However, if the period of the pulse is employed as the
ground-motion timescale in degrading structures (i.e. if 𝑇𝑔 = 𝑡𝑝 as for the yielding systems of the previous section) self-
similarity is lost. This is demonstrated in Figures 7 and 8 where 𝐿𝑔,𝑥 = 𝑎𝑥𝑡

2
𝑝,𝑥∕4𝜋

2 and different degradation ratios, ΠΛ,
are considered . It can be seen from these figures that the peak structural response over different ranges of normalised
frequency and strength deviates from each other. That is to say, the response of a degrading systemwhen the period of the
ground motion is employed as the timescale is not self-similar.
The departure from self-similarity in the response of degrading systems when 𝑡𝑝 rather than 𝑡𝑢𝑛𝑖 is considered as a

timescale highlights the fundamental dependency of peak deformations on the hysteretic energy potential of the ground



MÁLAGA-CHUQUITAYPE 645

A B

F IGURE 8 Dimensionless response spectra for degrading structures with different degradation ratios,ΠΛ, when the total duration of the
ground motion, 𝑡𝑝 , is used as timescale (i.e. 𝐿𝑔,𝑥 = 𝑎𝑥𝑡

2
𝑝,𝑥∕4𝜋

2)
Note: Π𝐹,𝑥 = Π𝐹,𝑦 = 0.2, Π𝜔𝑠,𝑦 = 1.0, Π𝐿,𝑥 = Π𝐿,𝑦 = 100, Π𝑒,𝑥 = Π𝑒,𝑦 = 0.10Π𝐿,𝑥 , Π𝐿𝑔 = 0.8, Π𝜔𝑔 = 0.5, Π𝜙 = 0; Framework W.

motion and not only on its overall persistence. This can be further examined with reference to Figure 7 which shows
dimensionless plots of peak deformations against strength (Framework U). A value ofΠ𝐹,𝑥 < 1 indicates a yielding struc-
ture which has experienced a degree of hysteretic energy dissipation. Structures with dimensionless yield displacements
ofΠ𝑢𝑦,𝑦 = Π𝑢𝑦,𝑥 = 0.5 are considered in this plot but the same patterns were observed for other parameter combinations.
Figure 7 demonstrates that as soon as yielding takes place, the peak deformations of degrading structures with the same
degradation ratio, ΠΛ, but subjected to earthquakes of different intensities start to deviate from each other. Moreover,
higher degradation ratios and higher earthquake intensities lead to proportionally larger displacements. Interestingly,
for highly no-linear behaviour, Π𝐹,𝑥 < 0.27, the responses tend to re-converge towards a common curve, except for the
extreme case of ΠΛ = 0.8 and 𝑎𝑥 = 5 m/s2. This may be attributed to the fact that very low values of Π𝐹,𝑥 are associated
with larger ratios of 𝑎𝑥∕𝑎𝑦𝑖𝑒𝑙𝑑 causing 𝑡𝑢𝑛𝑖 to approximate 𝑡𝑝, however, as the demand increases further (e.g. forΠΛ = 0.8,
Π𝐹,𝑥 < 0.25 and 𝑎𝑥 = 5m/s2), severe degradation ensues leading to structural instabilities and more pronounced dis-
placements. The departure from self-similarity is appreciated in both peak orthogonal displacements, Π𝑢,𝑥 and Π𝑢,𝑦 , in
Figures 7 and 8.
In general, Figures 7 and 8 support the argument that the period of the groundmotion, 𝑡𝑝, is unable to fully characterise

the displacement demandswhen applied to degrading eccentric structures. On the other hand,when the uniformduration
of the pulse, 𝑡𝑢𝑛𝑖 , is employed as a timescale (i.e. when 𝑇𝑔 = 𝑡𝑢𝑛𝑖) all dimensionless–orientationless curves tend to collapse
into a single master curve and approximate self-similarity emerges. This finding is depicted in Figure 9 that shows the
evolution of dimensionless Π𝑢,𝑥- and Π𝑢,𝑦-products for degrading structures with different degradation ratios, ΠΛ, when
the uniform duration of the ground motion is used as the timescale (hence 𝐿𝑔,𝑥 = 𝑎𝑥𝑡

2
𝑢𝑛𝑖,𝑥

∕4𝜋2). Curves are presented
for different dimensionless yield displacements products (Π𝑢𝑦,𝑦 = Π𝑢𝑦,𝑥 = 0.5 in Figure 9A,B, andΠ𝑢𝑦,𝑦 = Π𝑢𝑦,𝑥 = 1.0 in
Figure 9C,D). It should be noted that unlike 𝑡𝑝, 𝑡𝑢𝑛𝑖 is properly defined only when the ground motion is strong enough
to cause structural yielding, namely when 𝑎𝑥 > 𝑎𝑦𝑖𝑒𝑙𝑑 as per Figure 6. This is the reason why only the ranges of Π𝐹,𝑥-
products where inelastic response is attained are represented in Figure 9. These ranges depend on the particular structural
configuration under study, since different structural systems will be associated with different yielding thresholds, and are
different for systems with Π𝑢𝑦,𝑦 = Π𝑢𝑦,𝑥 = 0.5 and Π𝑢𝑦,𝑦 = Π𝑢𝑦,𝑥 = 1.0.
It is also important to note that in the case of degrading structures both dimensional and orientational consistency

(Figure 9B,D) is required in order to reveal approximate self-similarity in their response. In this respect, it is helpful to recall
that when structural yield displacements are employed as independent variables (under Framework U, Equation (23)),
orientational homogeneity demands that 𝑢𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒 = 𝑢𝑦 . The dimensionless–orientationless relationships defined in those
terms and depicted in Figure 9B,D tend to collapse into a single ‘master curve’. The negligible differences encountered in
those curves can be attributed to small numerical discrepancies of the degradingmodelwhich is notoriously challenging to
converge under non-hardening conditions such as those studied herein. By contrast, the orientationally inhomogeneous
curves of Figure 9A,C do not collapse into a single curve. Moreover, as noted before, the differences between Π-curves in
Figure 9A,C are more significant for structures with more pronounced degrading behaviour subjected to intense ground
motions (e.g. ΠΛ = 0.8 with 𝑎𝑥 = 5𝑚∕𝑠2) which stresses the importance of degradation effects.
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F IGURE 9 Dimensionless peak displacement for degrading structures with different degradation ratios,ΠΛ, when the uniform duration
of the ground motion, 𝑡𝑢𝑛𝑖 , is used as timescale (i.e. 𝐿𝑔,𝑥 = 𝑎𝑥𝑡

2
𝑢𝑛𝑖,𝑥

∕4𝜋2)
Note: Π𝐹,𝑦 = 0.2, Π𝐿,𝑥 = Π𝐿,𝑦 = 100, Π𝑒,𝑥 = Π𝑒,𝑦 = 0.10Π𝐿,𝑥 , Π𝐿𝑔 = 0.8, Π𝜔𝑔 = 0.5, Π𝜙 = 0.

6 ANALYSIS OF COMPLETE SELF-SIMILARITIES

The dimensional–orientational analyses presented above have demonstrated that the emergence of self-similarity in the
peak orthogonal displacements of degrading systems is determined by the choice of 𝑡𝑢𝑛𝑖 as a timescale within an orien-
tationally consistent framework. Therefore, the fundamental role played by the ground-motion duration as a timescale
governing the scaling of the peak displacement response of degrading and eccentric systems at all demand levels, large and
small, has been uncovered. The discovery of self-similarity makes manifest their intermediate asymptotic behaviour,53 or
more precisely in this case, it reveals the range of responses in which their dimensionless displacements cease to depend
on the intensity of the groundmotion. To that end, dimensionless–orientationless relationships of the following formhave
been formulated:

Π𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒 = Φ(Π1, … ,Π𝑛−𝑘), (27)

where 𝑛 is the number of dimensional parameters and 𝑘 is the number of dimensions involved. However, there are cases
in which, without loss of precision, Φ can be replaced by a new function Φ0 of the form:53

Π𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒 = Φ0(Π1, … ,Π𝑖−1, Π𝑖+1, …Π𝑛−𝑘). (28)

In such cases,

Φ0 = lim
Π𝑖→𝑜∕∞

Φ (29)
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F IGURE 10 Self-similar response spectra for displacements along the x-axis in yielding structures when the total duration of the ground
motion, 𝑡𝑝 , is used as timescale (i.e. 𝐿𝑔,𝑥 = 𝑎𝑥𝑡

2
𝑝,𝑥∕4𝜋

2)
Note: Π𝜔𝑠,𝑦 = 0.5, Π𝐿,𝑥 = Π𝐿,𝑦 = 80, Π𝑒,𝑥 = Π𝑒,𝑦 = 0.10Π𝐿,𝑥 , Π𝐿𝑔 = 0.8, Π𝜔𝑔 = 0.5, Π𝜙 = 0; Framework W.

A B

F IGURE 11 Self-similar response spectra for displacements along the x-axis in degrading structures when the uniform duration of the
ground motion, 𝑡𝑢𝑛𝑖 , is used as timescale (i.e. 𝐿𝑔,𝑥 = 𝑎𝑥𝑡

2
𝑢𝑛𝑖,𝑥

∕4𝜋2)
Note: Π𝜔𝑠,𝑦 = 0.5, Π𝐿,𝑥 = Π𝐿,𝑦 = 100, Π𝑒,𝑥 = Π𝑒,𝑦 = 0.10Π𝐿,𝑥 , Π𝐿𝑔 = 0.8, Π𝜔𝑔 = 0.5, Π𝜙 = 0, ΠΛ = 1.0; Framework W.

and Π𝑖 is sufficiently small or large. When this happens, it is said that Π𝑖 ’s influence is negligible and that complete
self-similarity or similarity of the first kind exists with respect to Π𝑖 . Naturally, this holds only if

lim
Π𝑖→𝑜∕∞

Φ ≠ 0 and finite. (30)

This section will examine the complete self-similarities of this kind. For reasons of expository convenience, only the
dimensionally and orientationally consistent FrameworkW, defined in terms of structural frequencies andΠ𝑢,𝑥 displace-
ments will be employed hereinafter.

6.1 Complete similarity in structural strength

The influence of the dimensionless strength is examined first, with reference to Figures 10 and 11. Figure 10 depicts the
results of elastic-plastic non-degrading systems while Figure 11 shows the corresponding graphs for degrading structures.
These figures illustrate the evolution of peak dimensionless–orientationless displacements against structural frequencyΠ-
products for different values of dimensionless strengthΠ𝐹,𝑥 andΠ𝐹,𝑦 . As the frequency ratioΠ𝜔𝑠,𝑥 increases, the structure



648 MÁLAGA-CHUQUITAYPE

A B

F IGURE 1 2 Self-similar response spectra for displacements along the x-axis in yielding structures when the total duration of the ground
motion, 𝑡𝑝 , is used as timescale (i.e. 𝐿𝑔,𝑥 = 𝑎𝑥𝑡

2
𝑝,𝑥∕4𝜋

2)
Note: Π𝐹,𝑥 = 0.3, Π𝐹,𝑦 = 0.2, Π𝐿,𝑥 = Π𝐿,𝑦 = 100, Π𝐿𝑔 = 0.8, Π𝜔𝑔 = 0.5, Π𝜙 = 0; Framework W.

becomes stiffer along its x-axis. It is evident from these figures that, generally, larger normalised strengths lead to smaller
normalised displacements, as expected. The only exceptions are systems with very low strength or those subjected to
overwhelmingly large ground-motion intensities (i.e. Π𝐹,𝑥 = 0.01 or less).
Moreover, when the normalised structural strength approaches a very small or a very large value in Figures 10A and

11A, the curves approach a non-zero finite limit. This hints to the existence of two states of complete similarity in the
dimensionless strength. One when the strength of the system is sufficiently small in comparison with the intensity of the
ground motion (Π𝐹,𝑥 ≈ 0.001), and another when the demand of the ground motion is sufficiently small in comparison
with the structural strength (Π𝐹,𝑥 ≈ 1). What is perhaps more interesting is the practical invariance observed for dimen-
sionless displacements, Π𝑢,𝑥, with respect to Π𝐹,𝑦 when the strength along the x-axis is appreciable (i.e. when Π𝐹,𝑥 = 0.8

in Figures 10B and 11B). Recalling that Π𝐿𝑔 = 0.8 indicates a ground motion whose length scale is 20% longer in the x
direction than in the y direction, the practically complete invariance of Π𝑢,𝑥 with respect to Π𝐹,𝑦 hints to the peak dis-
placements along the line of action of the strongest ground-motion component being insensitive to the structural strength
in the perpendicular axis. In this respect, Figures 10 and 11, or similarly obtained graphs, can be used in the preliminary
design of eccentric systems to get the first-level approximations of stiffness and strength ratios and to evaluate potential
ranges where the strength of the structure is immaterial to the maximum displacement response of the system.

6.2 Complete similarity in structural eccentricity

The influence of plan eccentricity on the peak displacement demands of bidirectionally loaded structures is analysed in
Figures 12 and 13 which depict self-similar response spectra for yielding and degrading systems, respectively. Different
magnitudes of eccentricity are considered together with two levels of structural stiffness expressed as frequency ratios in
the y direction, namely Π𝜔𝑠,𝑦 = 0.25 and Π𝜔𝑠,𝑦 = 1.0. It is clear from these figures that the differences in dimensionless
displacement between the two levels of structural stiffness in the x direction are minimal. Besides, more eccentric struc-
tures (Π𝑒,𝑥 = 0.3Π𝐿,𝑥 or more) experience larger peak displacements in the direction aligned with the most persistent
earthquake component than more regular structures (e.g. Π𝑒,𝑥 = 0.01 for Π𝜔𝑠,𝑥 > 0.4 in Figure 12).
On the other hand, for shorter pulses or more flexible structures the relationship is inverted with the pivoting point

located at Π𝜔𝑠,𝑥 ≈ 0.4 and Π𝜔𝑠,𝑥 ≈ 0.75 for non-degrading and degrading structures, respectively. The difference in the
location of such pivoting point in Figures 12 and 13 is caused by the change in timescale, since 𝑡𝑢𝑛𝑖 < 𝑡𝑝, rather than
denoting other fundamental changes in the response trends. Notably, the response of structures with higher Π𝜔𝑠,𝑥 values
is more sensitive to the eccentricity, Π𝑒,𝑥, whereas more flexible structures with lower Π𝜔𝑠,𝑥 values are more influenced
by the structural stiffness.
Importantly, the relationships presented in Figures 12 and 13 tend towards finite values for very large and very

small eccentricities indicating the existence of two region of complete similarity with respect to Π𝑒,𝑥 = Π𝑒,𝑦 . A value of
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F IGURE 13 Self-similar response spectra for displacements along the x-axis in degrading structures when the uniform duration of the
ground motion, 𝑡𝑢𝑛𝑖 , is used as timescale (i.e. 𝐿𝑔,𝑥 = 𝑎𝑥𝑡

2
𝑢𝑛𝑖,𝑥

∕4𝜋2)
Note: Π𝐹,𝑥 = 0.3, Π𝐹,𝑦 = 0.2, Π𝐿,𝑥 = Π𝐿,𝑦 = 100, Π𝐿𝑔 = 0.8, Π𝜔𝑔 = 0.5, Π𝜙 = 0, ΠΛ = 1.0; Framework W.

A B

F IGURE 14 Influence of ground-motion phase and frequency on the self-similar response spectra for displacements along the x-axis in
yielding structures when the total duration of the ground motion, 𝑡𝑝 , is used as timescale (i.e. 𝐿𝑔,𝑥 = 𝑎𝑥𝑡

2
𝑝,𝑥∕4𝜋

2)
Note: Π𝐹,𝑥 = 0.3, Π𝐹,𝑦 = 0.2, Π𝐿,𝑥 = Π𝐿,𝑦 = 100, Π𝑒,𝑥 = Π𝑒,𝑦 = 0.2Π𝐿,𝑥 , Π𝜔𝑠,𝑦 = 0.5, Π𝐿𝑔 = 0.8; Framework W.

Π𝑒,𝑥 = Π𝑒,𝑦 = 2Π𝐿,𝑥 can represent a very strong torsional response and Π𝑒,𝑥 = Π𝑒,𝑦 = 0.001Π𝐿,𝑥 stands for ideally sym-
metric buildings.

6.3 Complete similarity in ground-motion frequency and phase

The influence of the phase and frequency ratios is assessed in Figures 14 and 15 corresponding to non-
degrading and degrading systems, respectively. The response spectra for different frequency ratios, Π𝜔𝑔 = 𝜔𝑔,𝑦∕𝜔𝑔,𝑥 =

{0.25, 0.50, 0.75, 1.0}, and different phase angles, Π𝜙 = 𝜙 = {0, 𝜋∕4, 𝜋∕2, 𝜋, 3𝜋∕2, 2𝜋}, are presented. It is clear from these
figures that when the dimensionless–orientationless response parameter, Π𝑢,𝑥, is aligned with the more persistent earth-
quake motion (associated withΠ𝐿𝑔 = 0.8 in this case), the response scaling of yielding non-degrading systems (Figure 14)
is fully invariant with respect to phase or frequency variations between the two earthquake components over the whole
spectral range. This is in partial accordwith the findings of Alexander54 who observed that phase difference content played
a minor role in the response of asymmetric buildings subjected to synthetically modified earthquake records. However,
when degradation is incorporated, as in the case of Figure 15, such response invariance is only observed within the spec-
tral region comprehended between 0.5 < Π𝜔𝑠,𝑥 < 1.5. The precise limits of this spectral region dependent on the level



650 MÁLAGA-CHUQUITAYPE

A B

F IGURE 15 Influence of ground-motion phase and frequency on the self-similar response spectra for displacements along the x-axis in
degrading structures when the total duration of the ground motion, 𝑡𝑢𝑛𝑖 , is used as timescale (i.e. 𝐿𝑔,𝑥 = 𝑎𝑥𝑡

2
𝑢𝑛𝑖,𝑥

∕4𝜋2)
Note: Π𝐹,𝑥 = 0.3, Π𝐹,𝑦 = 0.2, Π𝐿,𝑥 = Π𝐿,𝑦 = 100, Π𝑒,𝑥 = Π𝑒,𝑦 = 0.2Π𝐿,𝑥 , Π𝜔𝑠,𝑦 = 0.5, Π𝐿𝑔 = 0.8, ΠΛ = 1.0; Framework W.

A B

F IGURE 16 Coefficient of variation for response displacements of degrading eccentric oscillators for different ground-motion timescales,
𝑡𝑝 and 𝑡𝑢𝑛𝑖

Note: Π𝐿,𝑥 = Π𝐿,𝑦 = 100, Π𝑒,𝑥 = Π𝑒,𝑦 = 0.05Π𝐿,𝑥 , Π𝐹,𝑥 = Π𝐹,𝑦 = 0.2, Π𝜔𝑠,𝑦 = 0.5, Π𝐿𝑔 = [0.5, 1.45], Π𝜔𝑔 = [0.87, 1.65], ΠΛ = 1.0.

of inelastic behaviour experienced by the structure. The notable deviation observed for Π𝜔𝑔 = 1.0 in Figure 15A can be
attributed to the markedly elastic response experienced by this system in comparison with the others.

7 PRACTICAL IMPLICATIONS AND RESPONSE UNDER REAL RECORDS

The dimensional–orientational analyses presented above have unearthed the foundational similarities that govern the
response scaling in eccentric structures subjected to bidirectional cycloidal pulses uncovering the fundamental role played
by the ground-motion duration. Besides their physical insight, these self-similar relationships can also guide the formu-
lation of predictive models by informing the choice of functional forms and set of parameters to be considered. Perhaps
more importantly, given the underlying scale invariance associated with self-similarity, if the dimensionless relationships
formulated on the basis of the uniform duration of coherent pulses could be extended to more realistic non-coherent
records, lower dispersions in the response estimate are to be expected.37,40,55 This is illustrated in Figure 16 which presents
the analysis of eccentric systems subjected to a suit of 14 real pulse-like ground-motion pairs with different degrees of
coherency. The ground motions employed correspond to the near-field pulse-like record set of the FEMA P695.56 These
ground motions come from events with an average magnitude of Mw = 7.0 and peak ground accelerations varying
from 0.22 to 1.43 g with a mean value of 0.6 g. The ground-motion pairs employed represent ranges of Π𝐿𝑔 = [0.5, 1.45]
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and Π𝜔𝑔 = [0.87, 1.65]. Further details of these ground motions can be found in Ref. [56]. Both 𝐿𝑔,𝑥 = 𝑎𝑥𝑡
2
𝑢𝑛𝑖,𝑥

∕4𝜋2 and
𝐿𝑔,𝑥 = 𝑎𝑥𝑡

2
𝑝,𝑥∕4𝜋

2 are used in Figure 16 for comparison purposes.
The plots of Figure 16 confirm the reduction in the variability associated with the use of 𝑡𝑢𝑛𝑖 as a timescale mentioned

above. This reduced variability is expressed as a lower coefficient of variation of dimensionless peak displacements when
𝐿𝑔,𝑥 = 𝑎𝑥𝑡

2
𝑢𝑛𝑖,𝑥

∕4𝜋2 is used. This reduction is particularly notable for the high-frequency range in the case of Π𝑢,𝑥 and
can lead to the transition between high-variance and low-variance relationships in the case ofΠ𝑢,𝑦 . This observation rein-
forces the importance of incorporating a measure of duration in the description of peak responses of structures exhibiting
degradation under real seismic action.
While the construction and validation of generalisable predictivemodels for non-coherent earthquake records is outside

the scope of this study, some challenges associated with the use of realistic earthquake records within a dimensionless–
orientationless framework are outlined as follows:

1. The first of such challenges comes from the non-coherent nature of real acceleration histories. Although the simplicity
of the sinusoidal pulses employed before helps to focus the examination on fundamental aspects of the response aside
from the effects of accidental details of the problem or its boundary conditions; real ground motions contain, besides
coherent pulses, a richness of non-coherent components and frequencies that complicate the analysis. Nevertheless,
the two basic time an length scales of the ground motion employed above, namely 𝑇𝑔 = 𝑡𝑢𝑛𝑖 and 𝐿𝑔,𝑥 = 𝑎𝑥𝑡

2
𝑢𝑛𝑖,𝑥

∕4𝜋2,
where 𝑎𝑥 is the peak ground acceleration corresponding to the most energetic pulse within the record,41 remain fully
defined in real accelerograms.

2. A second potential complication springs from the need to quantify the phase differences between the two perpendicular
ground-motion components. To this end, at least two approaches can be followed. First, the phase lag can be encom-
passed by a ground-motion parameter that characterises the difference between the intensities of the two orthogonal
ground-motion components, such as the correlation coefficient proposed by Razeinan and Der Kiureghian.57 Alterna-
tively, a coherence analysis can be performed between the acceleration series of the two perpendicular components
and their phase lag can be chosen as that corresponding to the frequency with the largest maximum squared coher-
ence value. This latter approach has been adopted in this section. It should be noted, however, that in light of the
complete similarity onΠ𝜙 found before, the precise determination of the phase difference between the two orthogonal
components is not expected to play a determinant role in the estimations.

3. Thirdly, and more importantly perhaps, is the issue related to securing specific concurrent values of dimensionless
ground-motion frequency, Π𝜔,𝑔, and length, Π𝐿𝑔, parameters. In fact, while amplitude scaling is widely employed in
current earthquake engineering practice, frequency scaling involves the addition of synthetic frequency wavelets that
raise questions around the physical realisability of the obtained output. These concerns are exacerbated if the uniform
duration of the ground motion, 𝑡𝑢𝑛𝑖 , is used as a timescale, since temporal scaling may result in unrealistic waveforms
that defy the purpose of using recorded accelerograms in the first place. For these reasons, an approach where carefully
selected bins of real groundmotions are employed covering a pre-determined range, instead of enforcing a single value
of Π𝜔𝑔 and Π𝐿𝑔, may be recommendable.

In order to illustrate the application of the solutions and approaches proposed above, Figure 17 presents an examination
of the influence of degradation on the peak structural response of eccentric systems under real groundmotions. The same
set of accelerograms described before is used. It can be noted from Figure 17 that while increments of not more than 50%
are expected in peak displacements along the y-axis, Π𝑢,𝑦 , twofold and even threefold increments can be observed in the
response along the x-axis, Π𝑢,𝑥, when degradation is considered.

8 CONCLUSIONS

This paper has used formal dimensional and orientational analyses to unveil the fundamental role played by strong-
motion duration on the peak deformation demands of degrading and eccentric structures. First, the application of Vaschy–
Buckingham’s Π-theorem to the response of bidirectionally loaded eccentric structures uncovered the decisive property
of self-similarity in their non-linear response under cycloidal pulses. By contrast, when structural degradation was intro-
duced, peak inelastic displacements were observed to deviate from each other and the self-similarity in the response
was lost immediately after the onset of inelastic deformations. This proves that structural degradation affects peak
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F IGURE 17 Maximum response displacement of eccentric oscillators subjected to real pulse-like ground motions when 𝑇𝑔 = 𝑡𝑢𝑛𝑖 , 𝐿𝑔,𝑥 =

𝑎𝑥𝑡
2
𝑢𝑛𝑖,𝑥

∕4𝜋2, Π𝐿,𝑥 = Π𝐿,𝑦 = 100, Π𝑒,𝑥 = Π𝑒,𝑦 = 0.05Π𝐿,𝑥 , Π𝐹,𝑥 = Π𝐹,𝑦 = 0.2, Π𝜔𝑠,𝑦 = 0.5, Π𝐿𝑔 = [0.5, 1.45], Π𝜔𝑔 = [0.87, 1.65]

deformations even at lower levels of inelastic demand, although its influence was found to increase with earthquake
intensity and degradation severity. Conversely, when the uniform duration, instead of the period, of the strong-motion
was adopted as a timescale, a practically self-similar response was reinstated. This constitutes unequivocal proof of the
fundamental role played by the ground-motion duration in the peak response of degrading structures.
The study also shows that both dimensional and orientational consistencies are required for the emergence of approx-

imate self-similarity in degrading eccentric structures. On this basis, this paper probes the existence of a number of com-
plete similarities. In particular, complete similarities in structural strength, structural eccentricity, frequency ratio between
the ground-motion components and phase lag were discovered. Finally, the challenges brought about by the considera-
tion of real pulse-like earthquake records were highlighted and the potential reduction in the variability associated with
the use of the uniform duration of the ground motion, 𝑡𝑢𝑛𝑖 , as a timescale were explored in a case study. These observa-
tion reinforced the importance of incorporating a measure of the ground-motion duration on the future formulation of
descriptive models for the peak response of degrading systems.
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