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Guaraci Bastos Jr. - Enrico Franco

Received: date / Accepted: date

Abstract This work investigates the tracking control prob-
lem for underactuated mechanical systems. To this end, we
develop an extension of the dynamic tube Model Predic-
tive Control (MPC) approach by combining an MPC design,
an ancillary energy shaping controller constructed with the
Interconnection and Damping Assignment Passivity Based
Control methodology, and an analytical expression of the
dynamic tube. In addition, we extend the proposed approach
by including the adaptive compensation of a class of un-
known disturbances. The stability analysis is presented by
employing a Lyapunov approach. The effectiveness of the
proposed controller is demonstrated with simulations on two
underactuated systems: a two-mass-spring-damper system
with uncertain damping and either linear or nonlinear spring;
an inertia-wheel-pendulum with unmodelled disturbances.

Keywords underactuated systems - port-Hamiltonian
systems - robust control - IDA-PBC - dynamic tube-MPC

1 Introduction

Trajectory tracking of underactuated mechanical systems rep-
resents a challenging control problem that has been attract-
ing increasing attention in the research community [8, 35,
9]. Flexible and soft robots are notable examples of under-
actuated mechanical systems. Other examples include sur-
face vessels and swimming robots [34, 55]. Underactuated
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mechanical systems often possess an unstable internal dy-
namics, that is the remaining dynamics when the output is
constrained [15, 32, 47]. In general, stable inversion meth-
ods can be used for the feedforward control design. For ex-
ample, a boundary value problem can be constructed con-
sidering suitable eigenvectors and eigenvalues for the zero
dynamics, see [12, 50]. Alternatively, an optimal control ap-
proach can be employed avoiding derivations and computa-
tion of eigenvectors/eigenvalues, see [6, 7, 33].

In practical applications, closed-loop control is required
to ensure satisfactory performance, particularly in trajectory
tracking and in the presence of disturbances. Model predic-
tive control (MPC) is a feedback control strategy where an
optimal control problem is solved for each MPC iteration
[1, 14, 31, 41]. Consequently, MPC is also known as reced-
ing horizon control or moving horizon optimal control. MPC
can be employed for dynamic systems with instability and
nonlinearity, however feasibility, stability and performance
could be a challenge for complex dynamic systems. Another
important aspect is related to the computational efficiency of
MPC because an online implementation is required in prac-
tical applications. This aspect is particularly challenging for
nonlinear systems, fast dynamic, and large scale problems,
see [10, 18, 17].

The nominal MPC is suitable in case of a small mis-
match between model and plant [30]. Conversely, robust MPC
is appropriate if a significant difference between dynamic
model and plant exist [38]. This can occur due to parametric
uncertainty and external disturbances. A way to approach
this problem involves considering a robust MPC related to
the nominal problem [48] and applying the same strategy
if a disturbance is present. When the dynamic system to be
controlled is nonlinear, this control strategy is called nonlin-
ear model predictive control (NMPC). Robust NMPC can be
employed for a wider class of systems, including underactu-
ated mechanical systems, although some challenges remain.
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Aspects related to the robustness of NMPC are discussed
in [13, 37]: [13] considered a receding horizon feedback
control (RHFC) for nonlinear autonomous systems, where
the horizon distance is computed as an explicit function of
the state; [37] showed that receding-horizon control pos-
sesses the stability margins of optimal control laws, using
the nonlinear counterpart of the Fake Riccati equation. Most
robust NMPC schemes that take the uncertainty/disturbance
directly into account are related to a min-max formulation
such as in [11]. A more recent control strategy called tube-
MPC can also account for model/plant discrepancies by em-
ploying an ancillary control together with MPC. In [40] tube-
based MPC for linear systems is extended to achieve ro-
bust control of nonlinear systems subject to additive dis-
turbances, where the ancillary control is computed using
MPC. In [39] two competing versions of robust and stochas-
tic tube-MPC are compared, concluding that a control policy
(sequence of control laws) can be preferable to a sequence
of control actions.

Tube-MPC algorithms have been applied to a wide va-
riety of systems, thus underscoring the general validity of
this approach. A tube-MPC for a class of Lipschitz nonlin-
ear systems with application to a simple example is pro-
posed in [53]. A tube-based NMPC for autonomous mo-
bile robots with tire—terrain interactions is presented in [45].
A tube-based MPC with relaxed stability for smart grid is
prensented in [49]. A sliding-mode control (SMC) for con-
strained MPC of non-linear systems is employed in [21]. In
[20, 43] tube-MPC is investigated for uncertain multiagent
systems and for systems with non-additive dynamic distur-
bances, respectively. Finally, [19] investigated an homoth-
etic tube-based MPC for systems with non-zero mean dis-
turbances. In the aforementioned works, the tube-MPC em-
ploys constant tube parameters which define a fixed region
of attraction. Instead, in [36] the tube geometry is treated
as a design variable and it is optimized alongside states and
control, thus improving dynamic performance and robust-
ness. In particular, SMC is employed as ancillary control so
that the gap between linear and nonlinear homothetic/elastic
tube-MPC is eliminated and a state-dependent uncertainty
can be compensated. However, in order to employ this method
the nonlinear dynamic system is required to be either feed-
back linearizable or minimum phase.

This work aims to extend the dynamic tube-MPC pro-
posed in [36] to a class of underactuated mechanical sys-
tems. To this end, the interconnection and damping assign-
ment passivity-based control (IDA-PBC) methodology is em-
ployed to compute the ancillary control instead of SMC.
We have chosen the IDA-PBC methodology since it is ide-
ally suited to underactuated systems [44] and it provides a
physical interpretation of the control action in terms of me-
chanical energy. In addition, an adaptive observer is used to
compensate the effect of unknown disturbances and model

uncertainties under some realistic assumptions [24, 27]. In
summary, the main contributions of this work include the
following points.

1. An analytical formulation of the ancillary control law
constructed with the IDA-PBC methodology consider-
ing the case of underactuated mechanical systems with
matched and bounded disturbances first, and then ex-
tending the results to the case of matched and unmatched
disturbances with bounded time-derivative.

2. The design of the dynamic tube by employing an energy-
based approach resulting in a tube dynamics representa-
tive of a first order filter, and the study of the stability
conditions with a Lyapunov approach.

3. The integration of the ancillary control with an MPC al-
gorithm resulting in a new robust receding-horizon opti-
mization problem that accounts for the tube parameters.

4. Simulation results highlighting the benefits of the pro-
posed approach for two examples of nonlinear underac-
tuated mechanical systems.

The rest of the paper is organized as follows. For com-
pleteness, Section 2 provides an overview of the dynamic
tube-MPC for fully actuated systems that inspired our work.
Section 3 outlines the MPC for underactuated systems. Sec-
tion 4 details the proposed dynamic tube-MPC for underac-
tuated mechanical systems, which represents the main method-
ological contribution of this work. In Section 5 the method-
ology is applied to a two-mass-spring-damper system with
parametric uncertainties and to an inertia-wheel pendulum
system with external disturbances. Conclusions and direc-
tions for future work are discussed in Section 6.

2 Overview of dynamic tube-MPC for fully-actuated
systems

For reference, this section outlines the approach presented
in [36] which defines the control law 7 as the sum of two
terms: the MPC control input u, and the ancillary control
input ugye. The former is a standard MPC with additional
constraints related to the dynamic tube variables to be opti-
mized. The latter is an SMC law consisting of a continuous
term and a switching term. In order to formulate the opti-
mization problem, consider the system dynamics in a so-
called affine form

= f(z)+u-—24, (1

where ¢ is a disturbance. The dynamic tube-MPC control
law [36] is

T = U+ Usme, ()

Usme = —f(x) — k1s — kasign(s/¢), 3)

ty
min(J)u = h(3(t7)) + / 1w, ugme, o, V) dry (4)
t

i
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where s = &q — @ — AM(xq — x), and s = 0 is the sliding
surface, x4 is the desired trajectory for the output, ¢ is the
dynamic tube with time derivative b =A—ap and A is
the maximum value of the lumped model uncertainty, which
is assumed known and bounded, that is |§| < A. The terms
k1, ko are tuning parameters and the MPC optimization is
subject to the constraints

&= f(&)+u, )
¢ =A—ad, (6)
a=v, (N

in addition to the initial conditions and the final conditions.
The main limitation of this approach is that it requires full
actuation (see Assumption 4 in [36]). This is a considerable
restriction, and it precludes the use of this technique for un-
deractuated mechanical systems. In this study we relax the
former assumption by computing the ancillary control law
with the IDA-PBC methodology instead of using SMC. The
ancillary control is then combined with MPC thus resulting
in a new control algorithm (see Section 4).

3 Overview of MPC for underactuated mechanical
systems

3.1 Equations of motion for mechanical systems

The equations of motion of a multibody system expressed
according to Newton’s second law and using generalized po-
sition coordinates are

M(aq)4 + g(q,q,t) = Au— 0. (®)

This is a system of ordinary differential equations where q is
the vector of n generalized coordinates in position, M(q) is
the positive definite and invertible inertia matrix, g(q, q, t)
is the vector of internal and complementary inertia forces.
The input matrix A distributes the m control inputs u onto
the directions of the system coordinates, and ¢ is an exter-
nal disturbance. If the system is fully-actuated then m = n,
while for underactuated systems n > m. Rewriting (8) in
matrix form yields

m N [—Mlg(q,v,t)] + {M(q(;lA} u - m )
y =h(q,v), (10)

where (9) is a differential equation representing the dynam-
ics of the system, and (10) is an algebraic equation defining
the output y of the system. The term v indicates the time
derivative of the generalized position coordinates. In partic-
ular, the matrix h(q, v)M(q) ' A is assumed nonsingular.
In general, system (9),(10) can have relative degree 1 or 2,
however this work focuses on systems with relative degree
2 (see examples in Section 5).

3.2 Time integration for underactuated mechanical systems

In order to perform the time integration, which is required
to implement the MPC algorithm for the system (9), the
a-generalized method is employed [16]. This method was
initially designed for structural dynamics, but was subse-
quently applied to multibody systems, and it is known to
provide stable convergence for constrained mechanical sys-
tems [2]. In particular, further equations can be added to (8)
in order to compose a differential-algebraic equation (DAE),
e.g. to consider mechanical contact. The a-generalized method
is a generalization of the Newmark method [42], and it can
be written as

gt = §® 4+ (1 — y)ha® + 4 hatt )] (11)

q+D) = ® 4 pg® 4 (; - 5*) B2a® 4 g p2al ).
(12)

—ama® + (1 —ap)g*+d + a;g®
1—am

alb+D) —

;o (13)

where a is termed pseudo-acceleration, while 7., B., am,
and oy are parameters that can be tuned to combine uncon-
ditional stability and second-order accuracy. In particular 7,
Bx, am, and oy depend on the spectral radius at infinite fre-
quencies po € [0,1], where poo = O represents the max-
imum numerical damping in the integration, and po, = 1
denotes the absence of numerical damping (see [16] for fur-
ther details). The parameter k = 1,2, .. Ny, is the index cor-
responding to the discretized time step. Equations (11-12)
represents the Newmark method and (13) is an additional
acceleration update law defining the a-generalized method.

3.3 Feedforward control design: numerical optimal control

In order to define an appropriate feedforward control for the
virtual plant, we consider an inverse dynamics problem. Dif-
ferently from the direct dynamics problem that computes
the output for a given dynamic system related to a known
input force/torque, the inverse dynamics problem aims to
compute the control input related to a desired trajectory of
the system’s output (10). In general, the direct dynamics
problem (e.g. initial value problem) is well known for both
fully-actuated and underactuated systems. However, the in-
verse dynamics problem can be a challenge for complex
nonlinear underactuated systems. For a class of underac-
tuated mechanical systems that are typically non-minimum
phase, the so-called stable inversion methods (e.g. optimal
control) are appropriate for the trajectory tracking problem.
In such cases pre/post-actuation is often required to stabi-
lize the internal dynamics, thus a non-causal solution can be



Guaraci Bastos Jr., Enrico Franco

obtained using optimal control, see [7], where the unactu-
ated states and the control input start before the beginning of
the output trajectory in the pre-actuation phase and continue
after the end of the output trajectory in the post-actuation
phase. In this scenario, the feedforward control is applied to
the plant in an open-loop fashion, while MPC is activated in
order to minimize the output error.

We employ the direct transcription method in our opti-
mal control approach to deal with nonlinearities and insta-
bility that might occur for underactuated mechanical sys-
tems, e.g. trajectory tracking of flexible manipulators [5].
The direct transcription method follows the rule first dis-
cretize, then optimize and it allows solving an optimal con-
trol problem numerically by treating the equations of mo-
tion, the time integration, and other boundary conditions or
state/control constraints as equality constraints (i.e. binding
constraints) in the optimization algorithm (see [4] for further
details). In addition, inequalities constraints for the design
variables can also be enforced. The discretization in time
t() k = 1,..., Ny results in a finite number of points
Niot- The set of design variables x includes at each time
step the positions q, velocities ¢, accelerations g, pseudo-
accelerations a, and control inputs ug. A subset of the de-
sign variables at each time step k is defined as

x® = (@® ™ §® a® )T (14)

Thus, the set of design variables including all time steps can
be written as the vector y = (x(V) x® ... x(Ne))T and
its dimension is Ny (4n+m). After discretization, the feed-
forward control design indicated as optimization problem
‘P1 takes the general form

Pl .

Ni—1
min J= Y [(e),)7Q(e®),) + () R (ux)®]h
X

k=1

st Cmo(X) = res(q, q,q, u)
Ail‘lth - bintg = O
y(le) — yd(t(Ntm)),

where e%@m = yd(t(k)) — y® represent the output er-
ror of the system, res(q, 4, {, u) is the residual of the dy-
namic equation (i.e. the numerical error related to the dy-
namic equation (8) in the optimization process, which ap-
proaches zero once a solution of the optimization problem
is found, and is accounted for with the equality constraint
Cmot(X) =~ 0), while Ajyex — bing = 0 is a system of lin-
ear equations representing the time integration based on the
generalized-a method corresponding to (11-13). The bound
equation y4(t(NVe)) = y(Neo) is the vector of terminal con-
straints related to the output at the end of the trajectory, ug
is the feedforward control, h is the time step and Q and R
are weight matrices of the objective function. Note that P;

represents a weak form of the trajectory tracking problem,
since the system output is imposed through the performance
index. Instead a strong form would require defining equality
constraints for the output. Finally note that the initial con-
dition is not required since the optimization algorithm com-
putes it automatically. A direct computation is employed for
the sensitivity analysis: the gradients 9.J/9y and Ocme /X
are computed for each variable and are combined for the
entire set. Instead, the linear constraints and the bound con-
straints do not require any additional computation.

3.4 Feedback control design: model predictive control

MPC can be seen as a type of feedback control law that pre-
dicts the dynamics of a system: this is achieved by consid-
ering constraints for states and control input in closed-loop
and by minimizing a performance index. MPC requires solv-
ing various optimal control problems in a receding horizon
recursively, where, after obtaining a solution at each feed-
back loop, just the input command at the first time step is
applied to the plant. The subset of the design variables at
each time step ¢ is defined as

KD — (1) Ukl k1) q(b10) (kIDYT s)

withi = 1,..., N,y — k. Then, the set of design variables
including all time steps is x = (x1), x(?, ... x(Neot=k))T
and its dimension is (N;o: —k)(4n+m) at each iteration. Af-
ter discretization, the nonlinear programming problem takes
the general form

PQ:
Niot—(k+1)

min J = 3 [(ewli))TQ(e(km)
i=1

+(Au(k|i))TR(Au(k“))} h

st Cmo(X) = res(q,q,d, u)
Ainng - bintg =0

k
D — o

y Vo) =y (¢ N,

where res(q, q, 4, u) is the residual of the dynamic equa-
tion (8), 1)) = y,(¢(*1) — y (k1)) represents the output er-
ror of the system, Q and R are weight matrices, while Au =
ulFlit1) — 19 and b is the time step. Dfferently from Py,
the vector of equality constraints corresponding to the dis-
cretized path for Ps is cmot(x) = (c,(nlo)t7 . C(Nf'“_k))T.

» ~mot

4 Dynamic tube-MPC for underactuated systems

The proposed dynamic tube-MPC combines two powerful
control methodologies, namely IDA-PBC and MPC, result-
ing in a modular algorithm that can be applied to different



Energy shaping dynamic tube-MPC for underactuated mechanical systems.

5

systems by tailoring the analytical expression of the ancil-
lary control. In addition, a dynamic tube equation akin to a
first order filter is defined according to an energy-based ap-
proach. Finally, the tube parameters are treated as new de-
sign variables in the optimization problem, while new con-
straints and a new performance index are employed in the
tube-MPC algorithm, thus resulting in a different optimiza-
tion problem compared to Ps.

To streamline the presentation, the first part of this sec-
tion provides a brief overview of IDA-PBC, the second part
considers the case of matched disturbances (i.e. only affect-
ing the actuated position coordinates), while the third part
considers both matched and unmatched disturbances (i.e. af-
fecting actuated and unactuated coordinates). The last part
summarizes the complete dynamic tube-MPC algorithm for
underactuated mechanical systems.

4.1 Overview of IDA-PBC for underactuated mechanical
systems

The system dynamics (8) can be expressed in port-controlled
Hamiltonian form by defining the total energy as

1
H(q,p) = ipTM‘lp +V(a), (16)

where the first term is the kinetic energy and the second is
the potential energy. The system states are the position q
and the momenta p = M(q)q. The Hamiltonian is positive
definite and radially unbounded, thus it is a suitable Lya-
punov candidate function. The open-loop dynamics (8) in
the presence of a physical damping matrix D = D" > 0
characterizing the model and of the disturbances § is then

| | 0 I? V.H 0 0
)= [ So] [ + ot ] o 3]
y = G (a)V,H(q,p). (18)
The control input is u € R™ and the input matrix is G (q) €
R™ ™ with rank (G) = m < n for all ¢ € R™. Note that
G in (17) corresponds to A in (9). The control aim typically
corresponds to stabilizing the equilibrium (g, p) = (q*,0),
which can be unstable in open-loop and satisfies the condi-
tion V,V(q) = 0, thus it is a regulation problem.
In the absence of disturbances, the IDA-PBC control law
is constructed to achieve the closed-loop dynamics

q _ 0 M_lMd Vqu 0 19
o) L3 o] ] [3] 0
where H; = %pTMdflp + Vy and g* = argmin (V) cor-
responds to a strict minimizer of the closed-loop potential
energy V. The closed-loop damping in (19) is defined as
Dy = (Gk,GT+DM 'My). The term Mg = Mq” > 0

is the closed-loop inertia matrix, Jo = —J 2T is a free-
parameter matrix typically defined as a linear function of

the momenta, and k, = k:UT > 0 is a constant gain ma-
trix. The prescribed equilibrium q* is asymptotically stable
provided that Dgq > 0 [28]. This condition is always met
for certain classes of mechanical systems, including systems
with constant inertia matrix, or in case the kinetic shaping is
achieved with Mg = krM for some kr > 0 as in [26].
Introducing the pseudo-inverse Gt = (GTG)_IGT, the
IDA-PBC control law that achieves the closed-loop dynam-
ics (19) is expressed as the sum of an energy-shaping com-
ponent u.s, Which assigns the closed-loop equilibrium q*,
and of a damping-assignment component ug;, Which injects
damping in the system

Uida-pbc = Ues + Udi,
Ues = Gf (VQH - MdM_lqud + J2M(;1p) ’ (20)
Udi = —k‘UGTvad.

The terms Mq and V;; should satisfy the following partial-
differential-equations (PDEs), where G+ is a full-rank left
annihilator of G, thatis G1 G = 0 and rank (GJ-) =n—m:

0=G" (Vy(p"™M'p) - MaM 'V,(p"Ma " 'p))
+G* (23:Mq'p), 2D
0=G" (V,V —MqM ™'V, V). (22)

If (21-22) are satisfied V (q, p) € R?" and if § = 0, then the
equilibrium (q, p) = (q*, 0) is locally stable. If V,V; (¢*) =
0 and V(QIVd (¢*) > 0 the equilibrium is a strict-minimizer
of V. Finally, asymptotic stability is concluded if the output
y = GTVpHd is detectable even if D = 0 [44].

A recent extension of IDA-PBC for tracking control was
presented in [51] for systems with constant inertia matrix
and constant damping matrix. Further to that, a path-following
controller that employs the Immersion and Invariance (1&I)
approach was proposed in [52]. However, the latter does not
guarantee the satisfaction of time constraints.

4.2 Ancillary control for systems with matched
disturbances

In this section, the IDA-PBC methodology is employed to
design the ancillary control by focusing on underactuated
mechanical systems with matched disturbances.Thus, the fol-
lowing assumption is introduced.

Assumption 1: the disturbances J are matched, bounded,
and null at equilibrium (i.e. § = Gdy, |dp| < &, where € is
known).

Considering that H; is globally positive definite and ra-
dially unbounded, we define a sub-domain of attraction for
the closed-loop system (19) as

2. ={(a,p) ER*"|Hy(q,p) < c}, (23)
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where c is a positive scalar time-varying parameter repre-
senting the width of the dynamic tube. Once the system tra-
jectory enters the sub-domain of attraction (23) it should re-
main there indefinitely. To this end, the closed-loop energy
Hy should decrease at a faster rate than the scalar ¢, that is
H, < ¢. This first condition is employed to define the time-
derivative of c. Conversely, in case the system trajectory lies
outside the sub-domain of attraction, an additional control
action is defined to bring the system states to {2.. The re-
sulting controller design is detailed in the following propo-
sition, which represents the first theoretical contribution of
this work.

Proposition 1: Consider system (17) under Assumption
1 in closed-loop with the IDA-PBC control law

Uida-pbc = Ues 1 Udj

Hd (q7 p) <ec¢, (24)
Uida-pbc = Ues + Udi + Uo

Hi(q,p) >c

where u.s, ug; are defined in (20), k, > ac, « is a parame-
ter, while ug and ¢ are defined as

Uy = —Qc (GTVpHd) ,

¢=|V,HIG|e —a(V,H]GGTV,H,) c. (23)

Assume in addition that Dq > 0 and that q* = argmin(Vy).
Then, all system trajectories originating in {2, remain in {2,
indefinitely. In addition, all system trajectories starting out-
side {2, converge to (2. asymptotically.

Proof: Computing the time derivative of Hy and substi-
tuting (19) yields

Hy=-V,HI (Daq)V,H,— V,H, Gd. (26)

A sufficient condition for the system trajectories starting in
2. to remain in {2, indefinitely is given by H; < ¢. Com-
puting the former inequality while substituting (26) and Dy
yields

Hy < -V,H] (Gk,G" + DM'Mq) V,Hy+

IV, Hi G| 60| < é.
Define the tube dynamics as in (25), which represents a sta-
ble first-order filter of the disturbance bound ¢ and is similar

in structure to the definition of ¢ in [36]. Substituting ¢ from
(25) into (27) and refactoring common terms yields

Hy < -V,H] (Gk,GT + DM 'M4) V, H,
+|V,HIG| (5] < —a (vag GGTVpHd) c (28
+|V,Hi G|e

which is verified for all «¢ < k, since Dq > 0 and |§p| <
€ by hypothesis (see Assumption I). Thus, if the trajectory
of the closed-loop system with control input (24) enters the
sub-domain of attraction, then it will remain there.

If instead the system trajectory is outside the sub-domain
of attraction, that is Hy > ¢, we define the new Lyapunov

function candidate W = H; — ¢ which according to (23) is
positive definite in this case. Computing the time-derivative
of W and substituting ¢ from (25) yields

W < -V,HI (D4)V,Hy+ V,HI Gug+

(29)
IV, HI G| (160 — ¢) + a (v,,HdT GGTVpHd) c
Simplifying terms in (29) gives
W < -V,HY (D4)V,Hy+ V,H Gug+

(30)

a (vadT GGTVpHd) c

Substltutlng ug from (25) into (30) yields finally the ex-
pression W < ~V,HID4V,H,; < 0. Thus, the storage
function W converges to zero and the system trajectory con-
verges to the dynamic tube asymptotically Bl

Remark I: the control law (24) is in fact a standard IDA-
PBC with a discontinuous and time-varying damping-injection
term. Comparing (20) and (24) shows that the latter could be
expressed as Uiga-pbe = ues—i-udl, where ud1 k GTv pHa
and kv = k, + «ac for the case H; > c. The difference
from the conventional damping injection is that « is part of
the design variables and is computed by the dynamic tube-
MPC algorithm. Note that, since ac > 0 then k; > k,, and
provided that DM ™'Mg > 0 it would be possible to set
k, = 0 such that k; = ac when Hy > c. Thus the damping
assignment would only occur when the system trajectory is
outside the dynamic tube.

Remark 2: the control law (24) employs a robust-control
approach (i.e. the disturbance is assumed bounded and the
dynamic tube depends on the bound ¢), which is conserva-
tive by nature. We have shown in [24, 27] that linearly pa-
rameterized disturbances can be estimated adaptively from
the open loop (17). Thus, the control law could include the
adaptive estimate of §y and the boundedness assumption could
be relaxed. The assumption of matched disturbances is rela-
tively strong in practice (i.e. Assumption 1). While unmatched
disturbances can be treated in a similar way to matched dis-
turbances for specific classes of mechanical systems such as
flexible continuum manipulators [25, 26], this is not the case
in general. In particular, extending (24) to unmatched distur-
bances is not trivial since the rank-deficient term V ,, dT Gug
cannot cancel the term o (VpHngHd) ¢, which is full-
rank. To address this issue, an alternative implementation of
the dynamic tube and of the ancillary control for the case
of matched and unmatched disturbances is proposed in the
next sub-section.

4.3 Ancillary control for systems with matched and
unmatched disturbances

In order to investigate the case of matched and unmatched
disturbances, an adaptive observer is included in the ancil-
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lary control law and Assumption 1 is replaced in this section
by the following.

Assumption 2: the disturbances include matched and un-
matched components which are unknown but bounded (with
unknown bound), and their time-derivative is bounded, that
is ‘5‘ < w|p| for some known x> 0.

In addition, we define a new sub-domain of attraction as

2, = {(q,p,Z) € R*™|H, (q,p,z) < c}, (31)

where c is the width of the dynamic tube. The new stor-
age function is H, = ip"™™q4 'p + v, + 3272, where
V,V, = V,Va+ A(q), and the estimation error of the
adaptive observer is z = 6 + f3 (p) — ¢. The term A(q) can
be interpreted as a vector of closed-loop non-conservative
forces, and it is computed from the following set of algebraic
matching equations and strict-minimizer condition [24]

Gt (S— MdM—lA(q)) —0, )

Vo Vala*) + A(q*) = 0.

The adaptive estimate of § is d = 0+ 3 (p), where according
to the I1&I methodology [3]

8‘\: 7vpﬂT <7qu - Dva + Guida_pbc — g) y (33)
ﬁ = —7P;

where v > 0 is a tuning parameter.
Proposition 2: Consider system (17) under Assumption
2 in closed-loop with the IDA-PBC control law

Uida-pbc =  Ues T Udi + Uadpt

H/
d(qapaz) <C, (34)
Uida-pbc = Ues + ugi + Uadpt + uo

H,(q,p,2) >c,

where k, > acand u.s, ug; are defined in (20). In addition,
Uadpt 18 given as

tagpe = G (5= MM~ 4 (@) (35)

Finally, ug and ¢ are defined as

Uy = —ac (GTVpHd) ,

¢=pu2pTp —a (va;fGGTvad) c. (36)
Assume also that there exist some k,,, 7y, 1 such that
7 (Gk,GT + DM~M4) — 1(I" + uMq)? > 0, 37

v (DM~ 'Mgq) — 3(I" + uMaq)? > 0,

and that the equilibrium q* = argmin(V/;) is assignable, that
is

G+ (V,V(q*) +d) =0.

Then, all system trajectories originating in (Z; remain in (2;
indefinitely. In addition, all system trajectories starting out-
side {2, converge to {2, asymptotically.

Proof: Computing the time-derivative of z while substi-

tuting (33) yields 2 = —~vz — §. The closed-loop dynamics
with the IDA-PBC control law (34) is then given by

ql 0 MMy [V,Hy + Aq) . 0
p]  |-MaM™! J; — D4 V,Hy z| "
(38)

Computing the time derivative of H:i along the trajectories
of the closed-loop system while substituting (38) yields

H), = —V,HIDaV,Hy+ V,HIz — 72Tz — 275, (39)

Substituting into (39) ‘(5’ < v |p| for some g > 0 (see As-
sumption 2) yields

H, < -V,HIDgV,Hy — v2" 2+

. (40)
vad (In + MMd)Za
which can be refactored as
T Dd —l@o \Y% Hd
< = vy 1) | B | [T e

where Oy = (I" 4+ uMgq). Employing a Schur complement
argument in (41) results in the first inequality in (37), which
is a sufficient condition for local stability within the dynamic
tube.

Following the logic of Proposition 1, a sufficient condi-
tion for the system trajectories starting in (2; to remain in
(2; indefinitely is given by H ;l < ¢. Computing the former
inequality while substituting (40) and ¢ from (36) yields

~V,HiDaV,Hy+ V,HI (1" + uMq)z—

vtz < 12pTp — a (vachTvad) c, “2)
which is verified, provided that k,, > « ¢ and that the second
inequality in (37) holds. Clearly the condition resulting from
the dynamic tube is different and typically more stringent
compared to the condition for local stability in (41).

In case the system trajectory lies outside the dynamic
tube, we define the new Lyapunov function candidate W =
H :i — c. Computing its time derivative yields

Dy ;@0} [VpHd] B
—16 AI" z
12pTp + V,H  Gug + o (vagGGTvad) N

W< — [VpHg ZT] { “3)

Substituting uy from (36) into (43) yields finally W < 0.
Thus, the function W' converges to zero asymptotically and
the system trajectory converges to the dynamic tube asymp-
totically. Note finally that the condition that ensures conver-
gence of the system trajectory to the dynamic tube corre-
sponds to the condition required for local stability (i.e. it is
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less stringent that the condition required for the trajectory to
remain in the dynamic tube indefinitely) l

Remark 3: Employing a different assumption for the dis-
turbances results in a different expression of the dynamic
tube. For comparison purposes, assume matched and un-
matched disturbances to be bounded and with bounded time-
derivative such that || < e and § = 0 in proximity of the

equilibrium. Computing the time-derivative of H :1 and sub-

stituting the Young’s inequality ‘ZT(;‘ < 122 + €% yields

. 1
H, < -V,HIDqV,Hy+ V,Hj, z — (7 - 4) 224 e2

(44)

Refactoring terms in (44) yields in this case
) Dd 7lIn Vv Hd
HgVHTz[ w2 nH” + &2
d [ P4d ] —%I (’Y— %)I P
(45)

Employing a Schur complement argument in (45) results in
the following sufficient conditions for ultimate boundedness

1 1
D e e . 4
d (7 4) 71 >0 (46)
Defining the dynamic tube as
t=e2—a (vag GGTVpHd) c, 47)
and computing the inequality H; < ¢yields then
1
~V,HIDaV,Hy+ V,Hj} z — (v - 4) 22+ e?
(48)
<& a(V,H]GGTV,Hy)c,
which is verified provided that &k, > « ¢ and that
1 1 1.,
DM "My T —ZI > 0. (49)

When the system trajectory lies outside the dynamic tube,
the new Lyapunov function candidate W = H:i — cis de-
fined. Computing its time derivative while introducing the
additional control action ug yields

., Dy i1 } {V, Hd]
W< - [V,HT - 2 pHdl g2
S ]{—51"(7—31)1" z
—2 4 V,HY Guo + o (vagGGTvad) c.
(50)

Simplifying common terms in (50) and computing ug in or-
der to cancel the term dependent on c yields

Uy = —o<cGTVpHUl7

which is the same as in Proposition 2. Note however that in
this hypothetical case the dynamic tube would corresponds
to a filter with input £2, which is always positive unless the
system is at equilibrium. Thus, differently from Proposition
2, the dynamic tube (47) would only affect the initial tran-
sient since its width would continue to grow indefinitely in
time. This indicates that, while different implementations of
the dynamic tube are possible, the physical implications of
the underlying assumptions should be considered at the con-
troller design stage. Note finally that a discrete-time imple-
mentation of (34) can be obtained by employing a discrete-
time version of the I&I method [23] and of IDA-PBC [22],
but it is beyond the scope of this work.

4.4 Control implementation

An MPC algorithm is now constructed by including the an-
cillary control and the dynamic tube equation as additional
constraints. The variables related to the dynamic tube a, &,
¢, ¢ and the auxiliary control variable u,,,, are included in
the set of design variables at each time step ¢ thus

X(k\i) :(q(k'li) q(kli) q(kli) alkl) okl (kD)

R QU gkl g RN T

(S

where i = 1,..., Nyoy — k and k represent the instant when
the output error is higher than the preset tolerance. The total
set of design variables is x = (x(! x® ... yWeot=k)T
and has dimension (N —k)(4n+2m-+4). The variables ¢, ¢
and u,,,, are not independent thus they could be eliminated
in theory. However, preserving them results in improved ro-
bustness of numerical conditioning. Thus, the nonlinear pro-
gramming problem indicated as Pj is formulated as

P
Nii—k+1
J= 3 D@2+ @) TR
i=1
st Cmot(X) = res(q,q,q, u)
AimgX - bintg = O

min

k
) — ol
y(Ntm—k?) — yd(t(Nwt—k))

cube (X) = =1V + cwi (g, ) — cF oM wy(q, )

1 '3 k|7 .
—(ulD 4wy (1 (g, q)

Caux(X)
ca(x) = —aF1D 4 AgFID) /p,

The term res(q, q, 4, u) is the residual of the dynamic equa-
tion considering the MPC control input u, ¢y is a set of



Energy shaping dynamic tube-MPC for underactuated mechanical systems.

binding constraints in the optimization problem, and the con-
dition cpoe = 0 is verified when a solution of the optimiza-
tion problem Ps is found. The initial state at each iteration
that lies outside the prescribed trajectory is q(()fft) . The last six
lines of Ps are related to the discretized dynamic tube-MPC
fori = 1,..., Ny — k: the constraint cy, represents the
dynamic tube equation; the constraint c,x is related to the
ancillary control, where uiga-pbe is given in (24) for matched
and bounded disturbances, and in (34) for unmatched non-
vanishing disturbances; the constraint c,, is required since «
is time varying. The complete set of equality constraints is

_ (-1 (D) 1 1 (Nio—k) (Nt —k)
Ceq - (Cmotv Ctubev C;Elu))(? C((,u ) st 7Cmol ) ~tube bl

Cgﬁtot_k)’ C&Nlol_k)) ~ 0

The gradient for this equality constraint is Oceq/Ox. Inequal-

ities vil., and v{, ., impose positive values for o and ¢, while

inequality vi]f;éq imposes a bound on k,, which is a tuning pa-

rameter in (20).The complete set of inequality constraints is

e ) e () Kk, D a (Nu—Fk)
Vineq = (vineq 7Vineq 7Vineq Yt 7Vineq ’
¢ (Na—k) ky, Na—k)
Vineq » Vineq :

The gradient for this inequality constraint is 0Vineq/0x. Fol-
lowing the principles of MPC, only the first element of the
design variables u, u,, ¢ and « at each iteration are em-
ployed in the dynamic tube-MPC control policy

T = Uy = kU + kg Uaux, (52)

which is applied to the plant when the output error is larger
than the preset tolerance. The parameters k,, and k, are
gains affecting the responsiveness of the system, and k,,, / k4
defines the direction of actuation in the control policy. The
dynamic tube-MPC based on IDA-PBC is summarized as
Algorithm 1 and a block diagram is shown in Figure 1.

Algorithm 1: Dynamic tube-MPC for underactuated me-
chanical systems.

i. compute offline the feedforward control ug, solving P1,
and then apply it to the plant;

ii. compute the system output y, and if e = yg —y >
tolerance, then proceed solving dynamic tube-MPC re-
cursively;

(a) estimate states;

(b) compute initial guess for the design variables;

(c) solve Ps for the horizon ¢t (K| Nw) _ ¢(klD).

(d) from the solution of P3 obtain u, Uy, ¢, a: use the
first elements of these vectors (in time) to compute
control policy m = ug, and apply it to the plant;

(e) compute y for the next time step, and
if (e > tolerance)

— go to (a), in a receding horizon problem k = k41

withi =1,2... (N — k + 1);
else (e < tolerance)
— go to point iii;
end
iii. continue applying the feedforward control ug(k) to the
plant.

dynamic tube-MPC
(IDA-PBC)

s 4

Fig. 1 Block diagram of the dynamic tube-MPC algorithm.

5 Examples and results

Two examples are presented in order to illustrate the pro-
posed approach: a two-mass-spring-damper system with para-
metric uncertainty and a inertia-wheel pendulum system with
a constant but unknown external disturbance.

5.1 Parametric uncertainty: two-mass-spring-damper

The underactuated mechanical system shown in Figure 2
consist of two masses connected by springs and by one damper
with parametric uncertainty. We shall initial consider linear
springs and subsequently one nonlinear spring. The vector
of the generalized position coordinates is defined as q =
(w1,22)T, where z; are the relative translations of the node

§ = 1, 2. The state vector is defined as x = (z1, 41, To,42)7
and the dynamic equations for the linear case are

%X = Aix + Bgu, 53)
where
0 1 0 0
_ (kitke) b ko b
— mi mi ma mi
Ass 0 0 0 1 ’
ko b (katks) b
ma2 ma mo mo
0
1
B = 7761
0

The mechanical parameters of the system are defined as
my = 1.0 Kg, ma = 3.0 Kg, k&1 = 5.0 N/m, k2 = 3.0 N/m,
ks = 1.0 N/m and b = 7.0 N.s/m. The physical damper has
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a parametric uncertainty Ab = 2.0 N.s/m. The plant output

is simulated as a direct dynamic problem (i.e. initial value

problem), hence numerical errors can also be a source of un-

certainty. The time discretization is implemented using 120

points, the initial time £y = 0 s, the final time ¢y = 30 s, and

the time step dt = 0.25 s. The initial state of the system is
= (0.5,0.8294, 1.0, —0.0027)T".

&

= -%—

Fig. 2 Schematic of the two-mass-spring-damper system.

The potential energy of the system is V = kle +
M + k3x2 . The kinetic energy is T = lexf +
1
-11
put matrix for the port-controlled Hamiltonian formulation
is G = 1 , and the inertia matrix M = mi 0 is

0 0 mo

constant. The only stable equilibrium point of the system
in open loop is 1 = x2 = 0.

%mgjc%. The damping matrix is D = b . The in-

The control goal corresponds to moving the second mass
to a prescribed position such that (z1, z2) = («7, z3). Since
the system is underactuated, the position 7 of the first mass
would depend on that of the second mass. Thus the two
masses cannot be driven to independent prescribed values
simultaneously. We employ an IDA-PBC design, such that
the closed-loop system has constant inertia matrix given by
My = [ “

—as
ajaz > a3. Since M is constant, the kinetic-energy PDE
(21) can be trivially solved with a constant M4 and with
Jo = 0. The potential-energy PDE (22) becomes instead

—a
a 2},whereal >0, as > 0, az > 0 and
3

Vled + szVd = (k2 + k3) x2 — kaxy,

and the candidate solution is chosen as

(maa (ks + Comatbatban )
Vy= -

2(12
m3 (ko + ks) (”“ + axziaz)
4_
a3 (54)
mims (ks + k3) (af}zl + LQ("L;I_%))
2a2a3 i

m1x§2 (kg + k3)2
2@2](32

Typically, the minimizer conditions V,V; (¢*) = 0 and
V2Vq (¢*) > 0 are satisfied by introducing in Vg a term de-
pendent on the position error (¢ — ¢*) multiplied by a con-
stant tuning parameter k,. However, in this case the expres-
sion of V; in (54) does not contain k, since the latter has

2
been chosen as k, = %’;?ka) in order to verify the
2
conditions V,Vy = 0 and V2V, = kymima(ks + k3) () a¢

azas

(T/la 582) (‘(kzi’?)mz

The baseline IDA-PBC control law is then given by

* *
12), for any 3.

Uida-pbc = Ues T Udi
Ues = k121 + ko (1 — x2) +
ay (kgxs — kgl‘l —|— kgl‘é)_k

a2 (55)
ag (ka + k3) (x2 — 3)

)

as

o k},U (agmli‘l + agmgi‘g)
Udi = — P} )
ajaz — ay

where k,, a1, as, az are tuning parameters. The closed-loop
damping matrix Dy is positive definite and has determinant
kyb (a2 + agz) /mo. It must be noted that the control input
does not depend on the open-loop damping D, which there-
fore can be uncertain. Since this system does not have exter-
nal disturbances, we set uygpe = 0. The dynamic tube equa-
tion and the additional control action ug that is included in
Ujda-pbe 1N the optimization problem P3 are given by (25)

azmiTy + azmaoda
Uy = —ac 5 )
ajaz — ay

a3m133.1 + agmgl‘.g

. N
as3mixy + asmaTs
c
ajaz — a3

ajaz — a3

The proposed control algorithm can be readily extended
to a system with a nonlinear spring k1 = ko + k1122, In
such case, the potential energy V' changes accordingly, but
the potential-energy PDE (22) is preserved. Thus, the can-
didate solution (54) remains valid and the equations defin-
ing the dynamic tube remain the same. However, due to the
change in V, the control input us in (55) changes to

Ues = klol'l + 2]451156:{) -+ k'2 (:El — 1‘2) —+
a1 (kgx;‘ — ko + k‘3.13§) n as (kg + ]4;3) (372 — J)S)
as asz .

5.1.1 Simulation results

The IDA-PBC parameters were selected as a1 = 1, ay =
—1, a3 =2, =1, k, = 1. The weights of the performance
index were tuned empirically as R = Bo,; = 0.5 and o =
0.7, while k, = k,, = 1. The output error tolerance was set
to 0.12 m.
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Fig. 3 Simulation results: dynamic tube-MPC for the two-mass-spring-damper system.

Figure 3(a) shows the relative error for the output, which
has a maximum amplitude of around 15%. Figure 3(b) shows
the control input, the feedforward control computed using
P;, and the feedback control computed using Ps. The dy-
namic tube-MPC control policy acts to correct the output
in the time interval 1.5 < ¢t < 3.0. Figure 3(c) shows the
positions and a comparison between the desired trajectory
and the plant output zo. Figure 3(d) shows the velocities of
the masses. Figure 3(e) shows the phase diagram for the un-
tracked position 1, while Figure 3(f) and Figure 3(g) show
the independent variable o computed by P53 and its time
derivative ¢ to illustrate their evolution in time. Figure 3(h)
shows the evolution of ¢ during the optimisation: ¢ is con-
stant in all iterations for the interval 6.0 < ¢ < 24.0. Fig-
ure 3(i) shows the dynamic tube geometry that is obtained
by using the first values of c at each iteration of the dynamic
tube-MPC algorithm. The opposite value of c is plotted with
a dotted line for graphical purposes.

A further set of results is shown in Figure 4 in order to
compare the dynamic tube-MPC with a tube-MPC that em-
ploys a fixed value of «, and with a baseline MPC (solution
of Ps). The dynamic tube-MPC is clearly superior to the
baseline MPC and to the tube-MPC with fixed tube geom-
etry. Figures 4(c) and 4(d) illustrate the effect of the ratio
km/k. on the output dynamics. In particular, varying k,,
has only a small effect on the initial transient and a negligi-
ble effect after that. In order to further validate the proposed
approach, additional simulations were performed: (i) con-
sidering the same parameters and a new desired trajectory,
but with the same passage points (reference for the inter-
polation) and with a linear interpolation, see Figure 5. Six
iterations were needed in this case (one more than the first
trajectory) for the dynamic tube-MPC to converge; (ii) con-
sidering the same parameters and a new desired trajectory
(pulse command), see Figure 6. Additional results for the
case of a nonlinear spring k1 = k1o + k1127, where k19 = 5
Nm and k1; = 0.05 Nm, are shown in Figure 7. Also in
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Fig. 4 Simulation results comparing the output for different controllers: (a-b) dynamic tube-MPC, tube-MPC (fixed o) and MPC; (c-d) different

gains in the control policy.

this case the proposed control algorithm correctly achieves
the tracking goal. Differently from the linear case, the initial
transient shows some oscillations that however vanish over
time. Note that in this case the feedback control is active for
a longer time than in the linear case even though the same
tuning parameters have been employed. This is due to the
higher complexity of the nonlinear problem.

5.2 External disturbance: inertia-wheel pendulum system

The inertia-wheel pendulum consists of an unactuated pen-
dulum with a balanced actuated rotor at the tip [46] (see Fig-
ure 8). This system is a classical example of underactuated
mechanism which exhibits nonlinear characteristics due to
its inverted pendulum structure [29, 54] . The vector of the
angular position is defined as q = (g1, g2)” . The pendulum
angle is measured from the vertical, while the rotor angle
g2 is measured relative to the pendulum. The equations of
motion are

Mg+ B, q + gn sin(q) = Au — ¢, (56)
where
M = (al + a2) 2 ) B'n, == bl 0 )

ag an 0 b2

o a30 o 0
(30 A=)

and a1 = mpl% +myl® +1,, a2 = I, and ag = g(mpler +
myl). The values of the parameters are defined in Table 1
and correspond to [46]. The open-loop potential energy is
V = agcos(q1) and the inertia matrix M is constant. An
unmodelled constant external disturbance § = [18, 0]7 is
acting on the unactuated pendulum. Time discretization is
implemented using 120 points, the initial time {3 = 0 s, the
final time £y = 0.15 s, and the time step d¢ = 0.0013 s. The
initial configuration for the system is defined as q(tg) =
(0,0.01)T and ¢(to) = (0.1874,0.1074)7 .

The control goal corresponds to following a desired out-
put trajectory g2 = ¢5. Note that the position ¢; can only
be stabilized at ¢ = 0 and ¢; = T, thus trajectory tracking
is only possible for g». Since the matrix M is constant, the
kinetic-energy PDE (21) is solvable with J = 0 and with a

Table 1 Mechanical parameters of the inertia-wheel-pendulum.

Mass of the pendulum mp = 0.2164 kg

Total length of the pendulum 1 =0.2346 m

Pendulum position of the centre of mass lc1 =0.1173m

Moment of inertia of the pendulum I, = 2.23310~3 Kgm?

Mass of the wheel mq, = 0.0850 kg

Moment of inertia of the wheel I, =2.49510-3 kgm2

Gravity g=9.81m/s?

Joints damping b1 = by = 0.02 Ns/rad
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Fig. 5 Simulation results for a new prescribed trajectory with the same passage points and with a linear interpolation.

control input 6 Plant positions Plant velocities

15

—Ug feedforward control —d(x,)/dt [m/s]

0.8
d(x,)/dt [m/s]

14

— U, : feedback control

0.6

10 12

1

08 b
y e JI]]""»”"”“ H’r‘"*

o

- = desired output

04 -0.4
0

0 5 10 15 20 25 30 0 5 10 15 20 25 30 15 25 30
t[s] t[s] t[s]
(a) (®) ©
Phase diagram Tube variable («) Tube geometry (c)
0.8 0.6 A q 0.6
=}
©w 06 05 o g 05
S 5
= 04 0.4 0.4
°
~, 02 0.3 0.3
X
S 0 0.2 0.2
0.2 0.1 0.1
0.4
0 i R e 0
05 1 15 15 2 25 3 35 4 15 2 25 3 35 4
Xy [m] tfs] t[s]
(@ (e ®

Fig. 6 Simulation results for a new prescribed trajectory (pulse command).

L . mym '
constant inertia matrix Mq = (a1a2 — a3) [ ! 2] , where PDE (22) is

ma m3
me = myag/a; + ¢ and mq,m3, ¢ are constant positive
parameters. The candidate solution of the potential-energy 1 k

Va=ascos(q1) ——————+ =+ (g2 + ’YO(J1)2 )

el
(m1 - mg) a9 2
Mmaa1 — M1az

(57)

Yo=—7—————~ -
(ml —m2)a2
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Fig. 7 Simulation results for nonlinear spring with stiffness k1 = k1o + k11232.

Fig. 8 Schematic of the inertia-wheel pendulum

The baseline IDA-PBC control law which includes the dis-
turbance compensation term gy is

Uida-pbc = Ues + Udi + Uadpt, (58)
Ues = Y2 8in (q1) — kpy3 (g2 — ¢5 +70q1)
e — ky (mipy — maop1)
di — — )
' (a1as — a2) (mymg — m3)
IS <~ M2 — M3 *
Uadpt = 02 — 01 m m + k‘p'YSPYOQI'
1— Mo

The disturbance estimates (5~1 = 31 + 1 and 52 = 32 + Ba
are computed according to (33) as

~

01 = v(azazsin(q1) — azvigapbe — a6y + as05),
by = y(—azazsin(q1) + (a1 + az)Uidapbe+

CLle — (a1 + a2)5~2),
—((a1 + az)az — a3)g,
—7((a1 + az)as — a3)do,

(59)

1
P2

where the terms k,,, k,,y > 0 are constant tuning parame-
ters, while the constant terms 72, v3 are defined as

Y2 = az(my —mg3)/(m1 — ma) ,
73 = (eay(mg — m3)/(m1 - mz) — (mga; — mzaz))-
The dynamic tube equation and the additional control action

ug that is included in Ujga-phe in the optimization problem P3
are given by (36) as

ac (mypy — mapr)
(a1a2 — a%) (m1m3 —m

Uug = — 3

2

) b
(mipy — mapr)
(a1as — a3) (mimgz — m3

)

é= (p§+p§)u2—a6<

5.2.1 Simulation results

The IDA-PBC tuning parameters have been chosen as i =

4
1.0, ky = 0.8, k, = 2.0, Mq = [(0.422 ) ;} and
ai1+taz
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Fig. 9 Simulation results showing the proposed dynamic tube-MPC for the inertia-wheel-pendulum.

v = 3.5. The weights R = By = 5.0 and o = 0.7
were tuned empirically. The output error tolerance was set to
0.0015 rad and the disturbance bound to ;2 = 1. The control
policy was implemented with k,,, = 20 and k, = —4.

Figure 9(a) shows the output error with a maximum am-
plitude of approximately 2.3%. Figure 9(b) shows the con-
trol input, the feedforward control (problem P;), and the
feedback control (dynamic tube-MPC, problem Ps). The con-
trol policy corrects the output during the time interval 0.100 <
t < 0.111 and 0.130 < ¢t < 0.139. Figure 9(c) shows the
angular positions, where the plant output is g2, and the de-
sired trajectory. Figure 9(d) shows the angular velocities of
the simulated plant. Figure 9(e) shows the phase diagram of
the unactuated state ¢;, while Figure 9(f) and Figure 9(g)
show the independent variable o computed by Ps and its
time derivative ¢ to illustrate their evolution in time. Fig-
ure 9(h) shows that c varies in time during the optimization
process. In this case, thirteen iterations were required for
the convergence of the dynamic tube-MPC, eight of which

for the first part and five for the second. Figure 9(i) shows
the tube geometry corresponding to the first values of ¢ at
each iteration of the dynamic tube-MPC algorithm. Finally,
Figure 10 shows that the dynamic tube-MPC is superior to
a tube-MPC with fixed tube geometry (i.e. that employs a
fixed value of ). A further set of results that refer to larger
values of g; is shown in Figure 11 and Figure 12 to better
highlight the nonlinear characteristics of the inertia-wheel
pendulum . The control policy has been implemented with
k., = 10,k, = —5 in the former and k,,, = 2,k, = —1.2
in the latter, while an output error tolerance of 0.0015 has
been employed in both cases. The proposed control algo-
rithm correctly achieves the regulation goal for go, while ¢;
remains in a nonlinear range (i.e. sin (¢1) # ¢1) similar to
that employed in [29]. In summary, the results indicate that
dynamic tube-MPC is effective for nonlinear underactuated
mechanical systems in the presence of a class of external
disturbance.
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Fig. 10 Simulation results comparing dynamic tube-MPC and tube-MPC with fixed a.
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Fig. 11 Simulation results showing the proposed dynamic tube-MPC for the inertia-wheel-pendulum with larger angles ¢q; > 0.2.

6 Conclusion

A dynamic tube-MPC for underactuated mechanical system
has been proposed. This is a robust control method that com-
bines MPC with an ancillary control designed with the IDA-
PBC methodology resulting in a new nonlinear MPC algo-
rithm. An adaptive control law is also introduced in order
to compensate the effect of a class of unknown external dis-
turbances under some assumptions. The proposed strategy
was demonstrated with simulations on two examples: a two-
mass-spring-damper system with parametric uncertainty on
the damper and with either a linear or a nonlinear spring;
a inertia-wheel-pendulum system with unmodelled external
disturbances. The simulation results indicate that the pro-
posed approach is superior to tube-MPC with fixed tube ge-
ometry.

While the proposed approach is general in principle, prac-
tical limitations include: (i) the ability to solve analytically
the PDEs, which are required to compute the ancillary con-
trol law using IDA-PBC; (ii) the large amount of parameters;
(iii) the possibility of numerical errors which can propagate
across multiple optimal control problems and might become
comparable to the output error.

Future work aims to extend the proposed method by fur-
ther relaxing the assumptions on the external disturbances.
In addition, we aim to investigate the performance of the
proposed algorithm for a wider range of underactuated me-
chanical systems and to analyze in more detail the effect of
the tuning parameters on the performance and on the stabil-
ity of the closed-loop system.
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Fig. 12 Simulation results showing the proposed dynamic tube-MPC for the inertia-wheel-pendulum with larger angles g1 > 1.
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