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This is an ocean motivated study which investigates the impacts of sinusoidal bottom9

topography on baroclinic instability of zonal vertically sheared flows in the two-layer10

quasigeostrophic model. The corresponding linear stability problem is solved by assuming11

Fourier-mode solutions in both the zonal and meridional directions. In the presence12

of variable topographic features, the Fourier modes become coupled due to phase13

shifts in the wavevectors. The spectral discretization method used in this work retains14

the primary relationship between different Fourier modes; thus, the linear-stability15

eigenproblem can be solved for any periodic topography. Moreover, this method does16

not need any additional assumptions, such as considering small-amplitude or large-scale17

bottom irregularities, as in some previous studies. In this work, the eigenproblem is18

solved for a range of topographic amplitudes and wavenumbers, and their effects on19

the growth rates and shapes of the most unstable eigenmodes are discussed. In general,20

both the zonal and meridional variations in topography tend to suppress the baroclinic21

instability. However, it is found that only meridionally varying topography affects the22

magnitudes of the fastest growth rates. In this instance, unstable modes appear to form23

two clusters well separated in the zonal wavenumber axis and growth rate maxima24

occur at two distinct zonal wavenumbers. Dependencies of the characteristics of these25

clusters on the values of topography amplitude and ridge width are reviewed. Finally,26

doubly-periodic numerical simulations are used to verify the results from the linear27

stability analysis.28

Key words:29

1. Introduction30

Irregularities in bottom topography play a pivotal role in the dynamics of the ocean’s31

circulation (Marshall 1995; Gille et al. 2004). It has been shown that oceanic mesoscale32

eddies and ubiquitous multiple alternating jets form and exhibit significant variability33

localised over topographic features (Thompson & Richards 2011; Boland et al. 2012;34

Stern et al. 2015; Chen et al. 2015; Lazar et al. 2018; Khatri & Berloff 2018, 2019). This35

variation in oceanic flows and flow-topographic interactions affect many processes such36

as the eddy-induced transport, eddy energetics and ocean ventilation (Thompson 2010;37
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Abernathey & Cessi 2014; Youngs et al. 2017; Tamsitt et al. 2017; Barthel et al. 2017;38

Klocker 2018).39

A primary impact of changes in the structure of the ocean bottom is the modification of40

baroclinic growth rates in regions upstream and downstream of topography (Thompson41

& Sallée 2012; Abernathey & Cessi 2014; Thompson & Naveira Garabato 2014;42

Chapman et al. 2015; Youngs et al. 2017). Consequently, eddies tend to be very43

energetic downstream of topography, resulting in regions with large eddy-induced44

meridional transport (Tamsitt et al. 2017). In view of the complexity of flow-topographic45

interactions present, many simplifications are made when addressing oceanic flow46

stability in the literature. The simplest approach to investigating flow instability is47

assuming a flat ocean bottom, which has been the focus of various works (Orlanski &48

Cox 1972; Tang 1975; Killworth 1980; Niino & Misawa 1984), while barotropic dynamics49

has also been assumed in many papers to explore stability over topographic features50

(Benilov 2000a,b; Vanneste 2003; Benilov et al. 2004).51

Despite these simplistic frameworks being beneficial to work with from a mathematical52

perspective, it is still important to consider the topographic effects on baroclinic53

instability as it is a crucial process impacting the large-scale ocean circulation. A54

number of studies have engaged in the linear stability analysis and showed that55

topographic slopes greatly affect the baroclinic-instability growth rates (Hart 1975a,b;56

Sutyrin 2007; Chen & Kamenkovich 2013; LaCasce et al. 2019). More specifically, Chen57

& Kamenkovich (2013) concluded that zonal flows are strongly destabilised by zonal58

slopes (i.e., flow perpendicular to isobaths) due to the potential vorticity (PV) gradient59

obtaining an additional zonal component. In this instance, even small-scale topography60

can result in destabilisation, with the magnitude of the largest growth rates increasing61

with elevated bottom relief. On the other hand, meridional slopes (i.e., surface shear62

parallel to isobaths) are shown to either stabilise or destabilise zonal flows through63

altering the PV gradient in the bottom fluid layer. Such suppression of baroclinic64

instability is in accord with the findings of LaCasce et al. (2019), which instead considers65

a zonal jet. In particular, suppression over large topographic slopes is stronger (weaker)66

when the flow is perpendicular (parallel) to the topography propagation.67

The effect of sinusoidal bottom topography on baroclinic instability in a two-layer68

quasigeostrophic (QG) model has been studied with an asymptotic expansion method69

(Benilov 2001). These results, which are only applicable to small scale topography, i.e.,70

topographic height and horizontal spatial scale taken to be 200 m and 5 km, respectively,71

suggest that bottom irregularities of this nature suppress baroclinic instability when72

the isobaths are parallel to the vertical velocity shear, and have no influence when the73

isobaths are perpendicular. Alterations of layer depths are also considered, which suggest74

topography has a weak (strong) effect on flows localised in thin (thick) upper layers75

(Benilov 2001).76

The more recent study Radko (2020), which considers the influence of submesoscale77

sinusoidal topography on baroclinic instability in both a multi-layer QG and78

shallow-water models, makes use of a method of multiple scales expansion by exploiting79

short topographic wavelengths of 1-10 km. The results are verified with doubly periodic80

numerical solutions (Radko 2020), and similar to Benilov (2001), indicate a suppression81

in baroclinic instability by submesoscale topography. Furthermore, linear stability82

solutions in LaCasce et al. (2019) support submesoscale stabilisation by demonstrating83

that a sinusoidal ridge with an amplitude of 10 m and wavelength of 1 km is enough to84

suppress baroclinic instability.85

The primary focus of the present study is to examine how a variable ocean bottom86

affects the most unstable linear modes in a baroclinic QG model. For this purpose, we87
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consider sinusoidal topographic variation in either the zonal or meridional direction, and88

carry out the corresponding linear stability analyses. In particular, we are interested89

in the effects of large-scale topography on baroclinic instability. We do not deal with90

small-scale topographic features as higher baroclinic modes may be important in the91

interaction between baroclinic modes and topography, and to obtain this information92

requires are greater computational expenditure. Nonetheless, we compare our findings93

with the small-scale sinusoidal topography studies discussed since large-scale topography94

considerations are normally restricted to topographic slopes. Moreover, this will identify95

how results obtained using different methods and assumptions resemble and differ to our96

linear stability results.97

The presence of variable topography introduces a nonlinear term, i.e., product of98

topography and perturbation streamfunction, in linearised equations and it is required to99

solve a generalised eigenvalue problem for linear stability analysis. For example, LaCasce100

et al. (2019) used Chebyshev grid discretisation in the meridional direction. We could101

investigate the influence bottom topography has on baroclinic instability by discretising102

the linearised governing equations with respect to physical space in the direction of103

changes in topographic height. Such a method yields a complex eigenvalue problem with104

coupled eigenmodes; e.g., Berloff & Kamenkovich (2013); Khatri & Berloff (2019) used105

finite-difference discretization (FDD) to study the stability of multiple jets. However,106

this technique is computationally taxing, as it is relatively sensitive to the numerical grid107

resolution, which can be rather fine for obtaining numerically convergent results.108

Instead, we use spectral discretization in terms of Fourier modes applied in both spatial109

directions and construct an eigenvalue matrix in terms of Fourier eigenmodes. Since110

the topography has its own length scales, the eigenmodes in the direction of varying111

topography become coupled. For example, in the case of a topography changing in112

the meridional direction only, our method results in a complex eigenproblem having113

coupled Fourier modes along the meridional wavenumber for each zonal wavenumber.114

An advantage of this approach is that it can be used for any periodic topography,115

and the limiting assumptions of the QG approximation are the only restrictions on the116

topography considered. Furthermore, it is computationally efficient because the linear117

stability problem can be solved with a limited number of wavenumbers provided the118

considered spectral resolution is adequate to resolve baroclinic instability.119

In this study, we adopt a QG approximation as working with other circulation models120

is computationally challenging, and it is wise to explore the ground before engaging121

them; especially, since Radko (2020) suggests similarity between the shallow-water and122

QG responses. On the other hand, we expect significant differences to arise in more123

realistic model configurations, hence extending into the primitive equations is desirable124

in the future. Regardless, these differences will only be significant in the nonlinear125

regime, and so the use of QG is sufficient for performing a linear stability analysis.126

Moreover, shallow-water and primitive equations are more appropriate in the case of127

small-scale topography since the QG approximation can break down as a consequence of128

the topographic beta term increasing a lot in comparison to the planetary beta term.129

To summarise the layout of this work, in §2 we introduce the two-layer QG equations130

and derive a nondimensional system. From this, we linearise the nondimensional model131

with sinusoidal topography, and formulate the corresponding eigenvalue problems. We132

discuss our linear stability solutions in §3, giving justifications for the parameter values133

chosen. A comparison between the flat-bottom and sinusoidal topography cases is made.134

In particular, we look at fluctuations in the number and distribution of unstable modes,135

as well as in their growth rates, in response to variations in topographic width and136

height. Perturbation eigenmodes corresponding to the maximum unstable growth rate are137
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presented and the linear stability analysis is extended to a thin-upper-layer case. Finally,138

§4 acts as a conclusion to the paper, summarising the work presented and suggesting139

some additions that can be made in the future. For completeness, we include the technical140

details for solving the derived eigenproblems in appendix A.141

2. Two-Layer QG Approximation142

In this investigation, we consider a two-layer rigid-lid model on an (x̂, ŷ)-Cartesian

β̂-plane in the presence of variable bottom irregularities (a schematic is shown in figure 1),
which we denote by η̂b(x̂, ŷ). For our purposes, we assume a zonally uniform background
flow, Û , in the top fluid layer, with the bottom layer simply at rest. The need for this
vertical velocity shear is to induce baroclinic instability in the system. In this work, we
adopt the QG approximation (figure 1), and write the fully nonlinear model equations
as (Vallis 2017)

∂Π̂j

∂t̂
+ J(ψ̂j − δ1jÛ ŷ, Π̂j) = ν̂∇̂4ψ̂j − δ2j γ̂∇̂2ψ̂j , (2.1)

where j = 1, 2 refers to the reference layer (the top layer corresponds to j = 1 and the

bottom layer corresponds to j = 2). The layer-wise streamfunction is denoted by ψ̂j and
δij identifies the Kronecker delta. The parameters ν̂ and γ̂ are representative of eddy
viscosity and bottom friction, respectively. The Jacobian operator is defined as

J(A,B) =
∂A

∂x̂

∂B

∂ŷ
− ∂A

∂ŷ

∂B

∂x̂
,

and the layer-wise PV is given by

Π̂j = ∇̂2ψ̂j + Ŝj(ψ̂3−j − ψ̂j)︸ ︷︷ ︸
PV anomaly, π̂j

+

[
β̂ + ŜjÛ(δ1j − δ1,3−j)

]
ŷ +

δ2j f̂0η̂b

Ĥj

. (2.2)

In our definition for PV, we have the layer-wise stratification parameter, Ŝj = f̂20 /ĝ
′Ĥj ,143

with reduced gravity defined in terms of layer-wise density anomalies and gravitional144

acceleration, i.e., ĝ′ = ĝ∆ρ̂/ρ̂1, ∆ρ̂ = ρ̂2 − ρ̂1 and Ĥj referring to the mean layer depths.145

Furthermore, β̂ is the meridional gradient of the Coriolis parameter, f̂ = f̂0 + β̂ŷ, where146

f̂0 is the angular velocity due to the Earth’s rotation at some reference latitude. For147

clarity, dimensional quantities are notated with hats. We proceed by neglecting terms148

due to eddy viscosity and bottom friction as they do not have any major effects on the149

solutions obtained from a linear stability analysis.150

2.1. Nondimensionalization151

To highlight the key parameter values in our stability analysis, it is convenient to152

nondimensionalize (2.1). In our case, we introduce the horizontal length scale L̂H = L̂/2π,153

where the zonal and meridional length of the domain is L̂ = L̂X = L̂Y , and the presence of154

2π acts to normalise angular frequencies and wavenumbers later on. More specifically, we155

choose L̂ =

√
ĝĤ/f̂0, where we have Ĥ =

∑2
i=1 Ĥi defining the total mean layer depth.156

Moreover, we choose L̂V = Ĥ, T̂ = 1/f̂0 and V̂ = f̂0L̂/2π to be our vertical length157

scale, time scale and velocity scale, respectively. Thus, we obtain the nondimensional158

transformation159
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Figure 1. Illustration of the model domain. An eastward background velocity is imposed in
the surface layer, with the bottom layer at rest. Bottom topography, mean layer depths and

density anomalies are denoted by η̂b, Ĥj and ρ̂j , respectively (j = 1, 2 is the layer index). The
positive x̂-axis is directed to the right and the positive ŷ-axis points into the figure.

(x̂, ŷ) =
L̂

2π
(x, y), t̂ =

t

f̂0
, Û =

f̂0L̂

2π
U, ψ̂j =

f̂0L̂
2

4π2
ψj , η̂b = Ĥηb, (2.3)

where the dimensionless quantities we have introduced are notated without hats.
Therefore, applying (2.3) to (2.1), we arrive at the following nondimensional system:

∂Πj

∂t
+ J(ψj − δ1jUy,Πj) = 0, (2.4)

where we define the nondimensional PV by

Πj = ∇2ψj + Sj(ψ3−j − ψj) +

[
β + SjU(δ1j − δ1,3−j)

]
y +

δ2jĤηb

Ĥj

, (2.5)

with β = L̂β̂/2πf̂0 and Sj = L̂2Ŝj/4π
2.160

2.2. Linearised Model with Sinusoidal Topography161

We now turn our attention to the linear stability problem for this setup. Since
nonlinear terms are only due to the Jacobian, we can expand this operator and identify
nonlinearities in ψ̂j . Thus, by means of linearisation, we obtain the linear system of
equations:(

∂

∂t
+ δ1jU

∂

∂x

)
πj +

∂ψj
∂x

[
β + SjU(δ1j − δ1,3−j) +

δ2jĤ

Ĥj

∂ηb
∂y

]
− δ2jĤ

Ĥj

∂ψj
∂y

∂ηb
∂x

= 0,

(2.6)

with nondimensional PV anomaly given by

πj = ∇2ψj + Sj(ψ3−j − ψj) . (2.7)

To formulate the stability problem in the presence of sinusoidal bottom topography,
we assume for simplicity that the bottom irregularities in question are either zonal or
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meridional, but never both. That is, we consider both sinusoidal zonally oriented multiple
ridges (ZR),

η̂b = Â sin(α̂ŷ) , (2.8a)

and sinusoidal meridionally oriented multiple ridges (MR),

η̂b = Â sin(α̂x̂) , (2.8b)

where Â = ĤA and α̂ = 2πα/L̂ are amplitude and wavenumber parameters, respectively,
for bottom topography (figure 2). More concretely, the nondimensional variable α
represents the number of topographic ridges under consideration (increasing this value
amounts to decreasing ridge width). Note that the nondimensional forms of the bottom
topographies in this work are

ηb =

{
A sin(αy) (ZR),

A sin(αx) (MR) .

We consider sinusoidal topography variations with a single wavelength, which is rather162

simple in comparison to the real ocean bathymetry. Nevertheless, the method described163

has the benefit of being applicable to any periodic topographic features.164

With (2.8a) and (2.8b) in mind, expressing (2.6) in terms of perturbation
streamfunctions and PV fields yields(

∂

∂t
+ δ1jU

∂

∂x

)
πj +

∂ψj
∂x

[
β + SjU(δ1j − δ1,3−j) +

δ2jĤAα cos(αy)

Ĥj

]
= 0, (2.9a)

(
∂

∂t
+ δ1jU

∂

∂x

)
πj +

∂ψj
∂x

[
β + SjU(δ1j − δ1,3−j)

]
− δ2jĤAα cos(αx)

Ĥj

∂ψj
∂y

= 0, (2.9b)

for ZR and MR, respectively (figure 2).165

It should be noted that, although our analysis concerns with a uniform zonal flow,166

topography generally has a significant impact of the horizontal orientation of the flow.167

For example, a purely zonal flow is less likely to occur over a zonally-varying topography168

as the flow tends to move meridionally over topographic features in order to conserve169

PV (e.g. see Thompson 2010; Boland et al. 2012). However, for simplicity, we restrict170

the analysis in this work to zonal background flows only. For studies with nonzonal171

background flows, readers can refer Smith (2007).172

2.3. Formulating the Eigenvalue Problem173

For the purpose of this study, we consider Fourier solutions of the form

ψj(x, y, t) =
∑
k,`

φj(k, `)e
i(kx+`y−ωt) , (2.10)

where φj = φj(k, `) is the nondimensional amplitude of the perturbation streamfunction,
(k, `) is the nondimensional horizontal wavevector, and ω is the nondimensional wave
frequency. Therefore, by making use of (2.10), the PV anomaly can be expressed as

πj =

[
Sjφ3−j − (k2 + `2 + Sj)φj

]
︸ ︷︷ ︸

π̃j

ei(kx+`y−ωt) ,
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Figure 2. Example of topographic features considered in this study. (a): zonally oriented
multiple ridges (ZR), (b): meridionally oriented multiple ridges (MR).

and so it follows that (2.9a) and (2.9b) become

{
(ω − δ1jkU)π̃j − kφj

[
β + SjU(δ1j − δ1,3−j) +

δ2jĤAα cos(αy)

Ĥj

]}
ei(kx+`y−ωt) = 0,

(2.11a){
(ω − δ1jkU)π̃j − kφj

[
β + SjU(δ1j − δ1,3−j)

]
+
δ2jĤAα` cos(αx)φj

Ĥj

}
ei(kx+`y−ωt) = 0.

(2.11b)

Additionally, we can simplify (2.11a) and (2.11b) further by expressing the cosine
functions in exponential form. In the case of (2.11a), this yields

{
(ω − δ1jkU)π̃j − kφj

[
β + SjU(δ1j − δ1,3−j)

}
ei(kx+`y−ωt)

− δ2jĤAαkφj
2Ĥj

{
ei
[
kx+(`+α)y−ωt

]
+ ei

[
kx+(`−α)y−ωt

]}
= 0.

(2.12)

In order for each term in (2.12) to have a common exponential contribution, we introduce
the transformation `+α→ ` in the first exponential term on the second line, and `−α→ `
in the second exponential term on the second line. Thus, following a similar procedure
for both (2.11a) and (2.11b) (we make the transformation k ± α → k), it is possible to
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eliminate exponential terms to obtain the following eigenproblems:

k

[
β + SjU(δ1j − δ1,3−j)− δ1jU(k2 + `2 + Sj)

]
φj + δ1jkUSjφ3−j

+
δ2jĤAαk

2Ĥj

[
φj(k, `− α) + φj(k, `+ α)

]
= ω

[
Sjφ3−j − (k2 + `2 + Sj)φj

]
,

(2.13a)

k

[
β + SjU(δ1j − δ1,3−j)− δ1jU(k2 + `2 + Sj)

]
φj + δ1jkUSjφ3−j

− δ2jĤAα`
2Ĥj

[
φj(k − α, `) + φj(k + α, `)

]
= ω

[
Sjφ3−j − (k2 + `2 + Sj)φj

]
,

(2.13b)

for both ZR and MR, respectively (figure 2). The approach is inspired from the work174

Lorenz (1972) who used the same technique to study the stability of Rossby waves on a175

steady zonal background flow.176

We can see that the presence of sinusoidal topography leads to a phase shift resulting in177

the coupling of individual eigenmodes. Consequently, the linear stability problem becomes178

relatively expensive to solve numerically. Even considering ZR and MR separately, we are179

required to solve matrices of size 2N × 2N , where N is the number of wavenumbers we180

consider in each horizontal direction. Moreover, in the instance topography is a function181

of both x and y, the resulting matrices are 4N2×4N2, and so the computational taxation182

is far greater with this added dimension. The study Shevchenko et al. (2016) deals with183

extremely large linear stability problems and offers methodology to solve them on a184

supercomputer, however, this is beyond the computational capabilities of the present185

work. Hence, we deal with zonal and meridional topographies separately. Regardless, it186

is possible to extend the mathematics in this paper to sinusoidal topography experiencing187

variation in both directions, or other complicated periodic topographies of interest.188

For ω = ωr+iωi, we obtain stable solutions, if ωi 6 0, and unstable solutions, if ωi > 0.189

Since we assume coupled Fourier modes to perform the stability analysis, the problem190

we are required to solve becomes reasonably simple, and we expect that such a spectral191

method will outperform finite differences since our solutions do not have discontinuities192

or sharp gradients.193

3. Results194

3.1. Parameter Justifications195

To proceed, we must decide on how to truncate our Fourier series solutions. Since they196

sum to infinity, truncation discards information about the higher Fourier modes. We aim197

to consider as many wavenumbers as needed for numerical convergence of the spectral198

coefficients, within the range of the most unstable modes due to baroclinic instability.199

Parameter values chosen in this study are shown in table 1. For the sake of simplicity,200

we reduce the number of parameters in our problem by assuming that layer depths are201

equal, i.e., Ĥ1 = Ĥ2 = Ĥ∗, such that total depth becomes Ĥ = 2Ĥ∗, or equivalently, the202

stratification parameters in each fluid layer satisfy S1 = S2 = S∗. Under this postulation,203

the coefficients of the topographic contribution in (2.13a) and (2.13b) become Aαk204

and −Aα`, respectively. The stratification parameter is chosen such that the baroclinic205

Rossby radius, λ̂ = (2Ŝ∗)
−1/2, is 25 km, which is reflective of the mid-latitude ocean206

(Chelton et al. 1998). From table 1, it is clear that the length and width of the horizontal207

domain in terms of this baroclinic Rossby radius are 109λ̂. Throughout this work, we take208
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[h]
Symbol Value Dimensional Nondimensional

L̂ Domain size 2725 km 2π

Ĥj Layer depths 2 km 0.5

Û Background flow 5 cm s−1 1.586× 10−3

f̂0 Coriolis parameter 7.27× 10−5 s−1 1

β̂ Coriolis gradient 2× 10−11 m−1s−1 0.1193

Ŝj Stratification 8× 10−10 m−2 150.449

λ̂ Baroclinic Rossby radius 25 km 5.764× 10−2

Â Topographic amplitude 200− 800 m 0.05− 0.2
α̂ Topographic wavenumber 2.3× 10−6 − 9.2× 10−5 m−1 1− 40

L̂Top Topography length scale 68.125− 2725 km π/20− 2π

Table 1. Main parameter values chosen for the linear stability analysis presented in the study,
assuming equal layer depths. Alternative parameter values used are mentioned in the main text.

the values of f̂0 and β̂ to correspond with a latitude of 30o in the northern hemisphere209

(the values can be found in table 1).210

Since we are making use of the QG approximation, it is easy to show that the211

nondimensional velocity in the surface layer must satisfy U � 1 in order for the Rossby212

number to be very small. Furthermore, it is well-known that the PV gradient in the two213

layers must have opposite sign for instability to occur (Pedlosky 1964); from which the214

critical velocity in the flat-bottom case can be found to be Uc = 7.930× 10−4. Hence, we215

choose U = 1.586×10−3 to force the system to be baroclinically unstable (the dimensional216

equivalent is given in table 1).217

The QG approximation additionally requires small topographic amplitudes relative218

to the deep layer thickness, Ĥ2, as well as gentle topographic gradients. However, in219

this work, we also consider large topography. In particular, the most extreme case220

investigated assumes α = 40 and A = 0.2, resulting in Aα = 8, which is roughly221

60 times greater than β = 0.1193. This implies the topography contribution in (2.9b)222

dominates the β contribution. Therefore, we have to question whether our asymptotic223

balance when assuming the QG approximation still holds for this scale of topography224

on the β-plane. This is definitely suggestive of pushing the QG limit. Nonetheless, for225

the sake of a theoretical investigation, we consider such scales to analyse unstable modes226

for a broad range of wavenumbers. In fact, some studies have demonstrated that the227

QG approximation does a decent job at describing geophysical systems outside the strict228

limitations of QG (Williams et al. 2010).229

In order to check the sensitivity of results obtained with respect to N , we compared230

solutions obtained with N = 128, 256 and 512 wavenumbers. There were some differences231

between the solutions with N = 128 and N = 256, but the differences between the results232

with N = 256 and N = 512 were insignificant. Consequently, N = 256 is sufficient for233

solving baroclinic instability, and so we adopted this choice in our analysis. Also, with234

N = 256, the smallest resolvable wave length is 2L̂/N ≈ 20 km and this is sufficient to235

resolve baroclinic instability in our analysis.236

In the case of this study, we consider large-scale topography, i.e., topographic length237

scales either similar to or much greater than the baroclinic Rossby deformation scale,238

which is the fundamental scale for the flow instabilities (see table 1). However, the studies239

by Benilov (2001) and Radko (2020) deal with topography length scales smaller than the240
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Figure 3. Nondimensional growth rates ωi > 0 over flat topography (see table 1 for parameter

values). (a): (ωi, `)-plot, with meridional phase speeds c(y) = ωr/` shown in the colorbar (speeds

decrease with increasing `). (b): (ωi, k)-plot, with zonal phase speeds c(x) = ωr/k shown in the
colorbar (speeds increase with increasing k). Modes are symmetric about k (or `) = 0; thus,
growth rates for only positive wavenumbers are presented.

baroclinic Rossby deformation scale. Regardless, we still compare our findings with these241

works to identify any similarities and differences. It is worth noting we could exploit the242

adopted scale ratio by means of an asymptotic expansion in this parameter (this would243

be the reciprocal of the small parameter in (Benilov 2000a), i.e., the nondimensional244

equivalent of 1/L̂Top would be our small parameter). Such analysis would act well to245

verify the results of the present study. Regardless, we do not present this here as we do246

not want to lose focus of the present study by making such an excursion, despite the247

potential merit in such an approach.248

3.2. Linear Stability Analysis249

We solve the coupled eigenvalue problem (see 2.13a and 2.13b) for both ZR and MR. In250

the ZR (MR) case, the coupled eigenvalue problem was solved for each zonal (meridional)251

wavenumber separately to obtain the frequency solutions and corresponding eigenmodes.252

We discuss the results for a range of parameter values in the following subsections. Note253

that we explored for many values of topographic amplitude (from the range in table 1).254

However, we include results for only a selection of amplitude values considered, as there255

was a consistency in all the solutions obtained. However, for completeness, we include256

some additional results in the supplementary material attached to this paper.257

3.2.1. A Flat Ocean Bottom258

First, we look at the unstable modes over a flat bottom, for which the analytical259

solution is well known, and later compare these results with our findings in the presence260

of topography. For the flat bottom model, we solved (2.13a) with A = 0, for every set of261

zonal and meridional wavenumbers (k, l) separately. The distribution of unstable modes262

(as seen in figure 3) is such that the fastest growing mode appears at l = 0 and k = 13,263

with dimensionless maximum growth rate ωi = 4.632 × 10−3 (or 3.368 × 10−7 s−1 in264
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Figure 4. (ωi, k)-plot in the presence of ZR, with A = 0.1 (see table 1 for parameter values).
Subplots a-h assume α = 1, 3, 5, 10, 15, 20, 25, 30, respectively (maximum growth decreases and
modes shift towards larger wavenumbers with increasing α). Zonal phase speeds are shown in
the colorbar (speeds increase with increasing k and α and approach the velocity U in the upper
layer, but never exceed it).

dimensional form). Hence, over a flat bottom, the fastest growing mode is meridionally265

oriented. The magnitudes of the wavenumbers corresponding to maximum growth are tied266

to particular parameters of interest, namely the baroclinic Rossby deformation radius,267

the values of background velocity and the Coriolis gradient (for details, see Berloff et al.268

2009). In this paper, we assess the impacts of variable topography on both the baroclinic269

growth rates and structure of the fastest growing modes, and further compare with figure270

3.271

3.2.2. Zonally Oriented Multiple Ridges (ZR)272

We start by analysing the frequency solutions in the presence of ZR (see figure 2a),273

which we obtained by solving (2.13a), in (ωi, k)−parameter space. This particular space274

is chosen since meridional wavenumbers are coupled in the presence of ZR, and so we275

solve the eigenproblem for all values of l, while keeping k fixed. Therefore, the frequency276

solutions can only be analysed for each zonal wavenumber. For more details of this277

procedure, refer to appendix A.278

In figure 4, the growth rates of unstable modes are plotted against zonal wavenumber279

for a nondimensional topographic amplitude of 0.1. The figure presents several plots, each280

assuming a different number of ridges (details of which are given in the figure caption).281

Comparing the plots in figure 4 with the corresponding flat-bottom solutions in figure 3,282

we see that the maximum growth rate decreases with increasing α (the number of ridges),283

thus contributing to baroclinic stabilisation. This is in agreement with Benilov (2001);284

LaCasce et al. (2019) also observed reduction in baroclinic growth rates in the presence285

of meridionally varying topography. However, note that the maximum growth rate in286

figure 4a is larger than in figure 3. This is possible as constant meridional topographic287

slopes can sometimes induce more instability (Chen & Kamenkovich 2013). With α = 1,288
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the topographic wavelength is much larger than λ̂; thus, the slope changes slowly in the289

meridional direction. To confirm this, we did the linear stability analysis for a constant290

topographic slope of value 0.1 in y (intended to corresponding to the case of ZR with291

A = 0.1, as in figure 4). The results showed that the maximum growth rate increased292

compared to the flat-bottom case, confirming that, for small α, the maximum growth293

rate increases at first (the corresponding figure is included in supplementary material).294

Moreover, with increasing α, the distribution of unstable modes shifts towards larger295

zonal wavenumbers (the short-wave end of the spectrum), and the zonal wavelength of296

the most unstable mode decreases with increasing α.297

In figure 3b, it is clear that the zonal phase speed of unstable modes increases with298

increasing k. Comparing with figure 4a, we see that the addition of topography with a299

single ridge induces a rise in the zonal phase speed. Analysing the other plots in figure300

4, it appears that increasing the number of topographic ridges (i.e., reducing the ridge301

width) continues to increase the zonal phase speed of unstable modes in the system. It302

is worth noting that the zonal phase speeds approach the velocity imposed in the upper303

fluid layer, but never exceed this value. This can be seen from the dispersion relation304

for the flat-bottom case on the f -plane (Chen & Kamenkovich 2013). In particular, the305

findings by Chen & Kamenkovich (2013) demonstrate this to be the case on the f -plane306

in the presence of a meridional slope. The corresponding results on the β-plane are found307

to be very similar to those obtained on the f -plane.308

We include in supplementary material the solutions for A = 0.2, and comparison with309

figure 4 suggests that an increase in the amplitude of ridges additionally decreases growth310

rates. This is evident from (2.13a) as baroclinic instability is affected by topographic311

gradients (the Aα coefficient) when making the QG approximation. It follows that312

increasing either A or α leads to a reduction in growth rates. We summarise in figure 5313

how the maximum growth rate responds to changes in the width and amplitude of ridges.314

From figure 5, it is clear that increasing the number of ridges and topographic amplitude315

both act to decrease the maximum growth rate. Note that the maximum growth rate316

need not be the same in cases with the same magnitude of Aα coefficient (see table 2).317

The wavelength of topography is an important factor in governing the growth rates and318

the corresponding zonal wavenumber magnitude.319

Concerning the zonal phase speeds, comparing corresponding panels in figure 4 reveals320

faster unstable modes in response to an increase in ridge amplitude (A = 0.2 solutions321

included in supplementary material). For a more precise assessment of similarities and322

differences between different topographic amplitude cases, we include values of the323

maximum growth rate, zonal wavenumber for which this occurs and the associated zonal324

phase speeds in table 2, in the cases that have equal Aα value. If changes in A and α325

contributed the same amount in suppressing baroclinic instability, then the magnitude326

of the maximum unstable growth would be equal whenever the values of Aα are equal.327

It is clear from table 2 this is not the case. Rather, for a small number of ridges (rows328

1 and 2 of table 2), increasing α appears to play a more dominant role in baroclinic329

stabilisation than increasing the value of A does. However, for larger values of α (rows 3330

through 6 of table 2), the roles reverse and the size of the maximum growth experiences331

a greater reduction in response to increasing A. Other than row 6 of table 2, we see that332

increasing the value of A causes the most unstable mode to experience a greater zonal333

shift. Similarly, the zonal phase speed exhibits larger growth with respect to A (with334

the exception of row 6 of table 2, where this is attributed to the most unstable mode335

occurring at a much smaller value of k).336

An interesting finding comes from investigating how the zonal wavenumber337

corresponding to the maximum growth rate behaves in response to variations in338
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Figure 5. (α,A)-plot for the maximum growth rate in the presence of ZR. Nondimensional
growth rates are shown in the colorbar. For A = 0 (flat bottom), the maximum growth rate is
4.6× 10−3 (from figure 3).

A α Aα maxωi k c(x)

0.1 10 1.0 1.913× 10−3 34 1.346× 10−3

0.2 5 1.0 1.993× 10−3 36 1.350× 10−3

0.1 20 2.0 1.181× 10−3 45 1.429× 10−3

0.2 10 2.0 1.071× 10−3 48 1.458× 10−3

0.1 30 3.0 8.647× 10−4 52 1.475× 10−3

0.2 15 3.0 7.899× 10−4 19 1.093× 10−3

Table 2. Comparison of the maximum growth rate and corresponding magnitudes of the zonal
wavenumbers and zonal phase speeds for the same values of Aα. Initially, small increases in α
play a more dominant role in baroclinic stabilisation than increases in A. However, for larger
increases in α, increases in A are more efficient at stabilising the system.

the number of ridges. We present this behaviour in the form of (α, k)-contour plots for339

the maximum growth rate at every zonal wavenumber in figure 6. As discussed above,340

the growth rate maximum occurs at a larger k with increasing α. Furthermore, for large341

enough α, two separate branches arise, resulting in two growth rate maxima. The critical342

value for α is approximately 10 in our study, but the value fluctuates with the magnitude343

of A. In the right branch, k corresponding to the growth rate maximum continuously344

increases with α. This behaviour agrees with the more conventional understanding345

that the fastest growing eigenmodes tend to be of shorter wavelengths over topography346

(Benilov 2001; Chen & Kamenkovich 2013), and this shift tends to be more for shorter347

topographic wavelengths. On the other hand, in the left branch, k corresponding to the348

maximum growth rate decreases with α. We believe that the appearance of these two349
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Figure 6. Nondimensional maximum growth rate contours in (α, k)-parameter space. Subplots
a-d assume A = 0.05, 0.1, 0.15, 0.2, respectively. Growth rates are shown in the colorbar
(where white refers to zero growth rates). Two branches form near α ≈ 10 for different zonal
wavenumbers depending on A (these branches evaporate as A gets larger).

branches and the corresponding critical value for α are related to the baroclinic Rossby350

radius magnitude. In the quasi-geostrophic regime, it is expected that topography with351

wavelengths much smaller than the baroclinic Rossby deformation radius (λ̂) would be of352

less importance as the scale of most eddies is equal to λ̂ or larger. Indeed, submesoscale353

topography may complicate the dynamics (Radko 2020); however, we do not consider354

such effects in this work. From figure 6, the two branches appear for the topographic355

wavelength close to 270 km (α ≈ 10) and this is roughly 1.7 times greater than 2πλ̂.356

We suspect that, with further increases in α, the left branch would saturate at k357

corresponding to the fastest growing mode in the flat bottom case (see figure 3) and the358

right branch may eventually disappear (this is partly seen in figures 6c,d). Effectively,359

the coupling between the eigenmodes would become weak and the system would be360

equivalent to a flat bottom ocean. Another possibility for the appearance of the right361

instability branch could be the presence of linear instabilities on topographic scales362

(Benilov et al. 2004). However, Benilov et al. (2004) studied barotropic instability in the363

presence of a meridionally-varying jet profile and it is not clear if secondary instabilities364

could also appear in our baroclinic instability analysis.365

Additionally, we analyse the spatial structure of the fastest growing eigenmode in366

the presence of ZR. We present in figure 7a such spatial structure for the maximum367

eigenmode corresponding to A = 0.05 and α = 3, and include in supplementary material368

those for A = 0.1, 0.2 with α = 1, 3. Note that, since we solve the coupled eigenproblem,369

the linear combination of all meridionally coupled eigenmodes at k corresponding to the370

largest growth rate are plotted in each case. Unlike the meridionally uniform eigenmodes371

(the Philips mode) over the flat bottom, the eigenmodes in the presence of ZR possess372

meridional variation. These are also localised in regions of negative meridional gradients373

of topography, where baroclinic instability is expected to be the strongest. Another374

important aspect is that these eigenmodes have a curved structure and resemble oceanic375
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Figure 7. Comparison with numerical simulations in the presence of ZR for A = 0.05 and α = 3
(a): Structure of eigenmodes (left and right panels for the top and bottom layers, respectively)
corresponding to the maximum growth rate, (b): Snapshot of streamfunction field obtained on a
10242 simulation at roughly 1000 days with parameter values as in table 1 (left and right panels
for the top and bottom layers, respectively). Dashed black lines denote topographic slopes and
symbols P and T represent peak and trough regions of topography, respectively. The colorbar
range is [min, max] from blue to yellow. There are remarkable similarities between the linear
solution and numerical simulations, where the differences in spatial structure are attributed to
nonlinearities.

banana-shaped eddies, which are formed in the vicinity of strong zonal flows (Berloff et al.376

2011; Waterman & Hoskins 2013). This shape in oceanic eddies is result of strong shear377

due to meridionally-varying background zonal flows and the regions of strongest zonal378

flows also have the largest meridional PV gradients in the upper layer. Similarly, in the379

presence of ZR, the fastest growing eigenmodes are localised in the regions of strongest380

meridional PV gradients in the lower layer. It is intriguing that just a presence of variable381

topography can lead to these banana-shaped eigenmodes, even though the zonal flow is382

uniform. We suspect that this banana-shape is a result of meridional variations in the383

zonal phase speeds of Rossby waves as the mean PV gradient varies meridionally. In384

the regions of the strongest meridional PV gradients, zonal phase speeds are expected385

to be largest from the linear dispersion relation. Hence, the same eddy can experience386

different zonal phase speeds at different latitudes and this can distort the eddy shape. The387

same argument can be applied for banana-shaped eddies present on meridionally-varying388

background zonal flows.389

For the benefit of the study, we also verified our results by comparing the390

spatial structure of growing eddies obtained from the linear stability analysis with391

streamfunction fields born from doubly-periodic numerical simulations in a domain size392

matching our linear stability analysis, and used 1024 grid points in both horizontal393

directions; presented in figure 7b. The details of the numerical model can be found in394

Berloff et al. (2011); Khatri & Berloff (2018). As seen in figure 7, the spatial structure of395

growing eddies agrees well with our linear stability analysis predictions, as the differences396

are small, and are attributed to nonlinearities. Also, positive and negative eddies in397
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Figure 8. (ωi, `)-plot in the presence of MR, with A = 0.1 (see table 1 for parameter
values). Subplots a-h assume α = 1, 3, 5, 10, 15, 20, 25, 30, respectively (maximum growth
remains constant and the distribution of unstable modes shifts towards larger wavenumbers
with increasing α). Meridional phase speeds are shown in the colorbar (magnitude of speeds
increase with increasing ` and α). When α = 15, a second maximum occurs and weakens with
increases in α.

numerical simulations tend to be shifted slightly to the south and north, respectively398

(clearly seen in the last panel in figure 7). There is a possibility that cyclonic and399

anticyclonic eddies move meridionally in response to meridionally varying Coriolis400

frequency and topographic height. This offset structure of the eddies could be important401

for secondary instabilities and jet formation; however, studying those effects is out of402

the scope of the present work.403

3.2.3. Meridionally Oriented Multiple Ridges (MR)404

We now look at the problem in the presence of MR (see figure 2b). Similar to how we405

dealt with ZR, we solved (2.13b) for all values of k, while fixing the value of `. This is406

a consequence of zonal wavenumbers being coupled in the eigenproblem. Thus, we plot407

solutions in the (ωi, `)−parameter space, as seen in figure 8. By comparing these solutions408

with those in figure 3, we can deduce that the magnitude of the maximum growth remains409

unchanged with MR and always occurs at ` = 0. Despite this, the distribution of unstable410

modes shifts towards larger meridional wavenumbers with increasing α, similar to what411

occurs in the presence of ZR. For large enough α, a second peak close to ` = 10 appears412

in the growth rate distribution. The magnitude of this peak decreases with α and this413

indicates suppression of instability at these wavenumbers. Moreover, the meridional phase414

speeds, c(y) = ωr/`, of unstable modes can be seen to increase in magnitude with α and415

A (where this increase can be seen by comparing figure 8 with solutions included in416

supplementary material for A = 0.2).417

In figure 9, we analyse how the maximum growth rate at different meridional418

wavenumbers is affected by the magnitudes of α and A. As mentioned above, the419

maximum growth rate always occurs at ` = 0, and this is further made apparent in420

figure 9. Even for large `, the growth rate magnitudes look to be similar for different421
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Figure 9. Nondimensional (α, `)-contour plot for the maximum growth rate in the presence
of MR. Plots a-d assume A = 0.05, 0.1, 0.15, 0.2, respectively. Growth rates are shown in the
colorbar (with white referring to zero growth rate) and seem to decrease for larger ` with
increasing A.

topographic amplitudes and it is not clear how sinusoidal bottom irregularity affects422

the overall stability. Here, just comparing the maximum growth rate is not sufficient to423

understand the overall effect of topography on the stability of the system. We discuss424

this aspect further in the next subsection.425

The spatial structure of the fastest growing eddies in the presence of MR is very similar426

to the fastest growing mode over a flat bottom (the figure is provided in supplementary427

material). In particular, there appears to be just one prominent wavenumber in the zonal428

direction, which is controlled by the value of baroclinic Rossby radius. Furthermore,429

unlike the ZR scenario, there is no localisation of the eigenmode with respect to MR.430

Similar to our analysis for ZR, we ran numerical simulations to identify differences due431

to nonlinear contributions. Snapshots for A = 0.05 and α = 1, 3, 15 are collected in432

figure 10 (further details are provided in the figure caption). This demonstrates a clear433

consistency with our linear stability analysis for small values of α, suggesting that a434

zonally varying topography has no notable effects on the spatial structure of the fastest435

growing eigenmodes (this is limited to zonal background flows only). On the other hand,436

for α = 15, some spatial variation in the meridional direction is seen in the meridionally437

oriented modes and this indicates a presence of reasonably strong signal at a nonzero438

`. This could be related to the second growth rate peak in figure 8. Thus, the shift439

in the distribution may affect the spatial structure of the fastest growing eddies over440

MR; nevertheless, the effect appears to be small. Alternatively, this could be due to the441

presence of secondary instabilities (Benilov et al. 2004) which are not captured by our442

baroclinic stability analysis. Note that MR is likely to deflect zonal mean flows in the443

meridional direction and this process is not addressed in our simulations.444
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Figure 10. Numerical simulations with MR for A = 0.05, run on a 10242 grid using
parameter values as in table 1. (a): Snapshot of streamfunction field for α = 1, (b): Snapshot
of streamfunction field for α = 3, (c): Snapshot of streamfunction field for α = 15. The left
(right) snapshot denotes the upper (lower) layer and the colorbar range is [min, max] from blue
to yellow. Topographic slopes are not illustrated so differences in spatial structure can be easily
identified.

3.2.4. Number of Unstable Modes445

In some cases, it may not be sufficient to just examine the maximum growth rate to446

evaluate the topographic effects on baroclinic instability, e.g., in figure 8, the maximum447

growth rate remains the same. Hence, it is advisable to examine growth rates of448

higher eigenmodes. To get a better picture of the extent topography weakens baroclinic449

instability, we specifically examine the changes in the total number of unstable modes,450

as well as in the sum of their growth rates for the system. We present this information in451

figure 11, where the top two panels identify the number of unstable modes as a function452

of topographic ridges for ZR and MR, respectively, and the bottom two panels display453

the sum of all unstable growth rates in the system. In the presence of ZR, the number of454

unstable modes shows a decreasing trend with α. The same is true for the sum of growth455

rates, which decreases with increasing A as well as α. Thus, in the overall behaviour, the456

presence of ZR suppresses the baroclinic instability in the system. We reached the same457

conclusion when we looked at the maximum growth rate, which also decreases figure 5).458

On the other hand, in the presence of MR, the number of unstable modes first increases459

up to some small value of α, but the number then mostly decreases. As for the sum of460

positive growth rates, the general decreasing trend with α indicates the suppression of461

baroclinic instability. This behaviour of increased stability is difficult to infer by just462

looking at the growth rate of the most unstable modes as the maximum growth rate463

shows negligible difference (figure 8). The approach discussed in this subsection is rather464

qualitative and is only used with an intention to make a broader sense of understanding465

on the effects of the number of ridges and topographic amplitude on the stability of the466

system.467
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Figure 11. The number of unstable modes (top plots) and the sum of positive growth rates
(bottom plots) as functions of α. (a): in the presence of ZR, (b): in the presence of MR.

468

3.4. Linear Stability for a Thin-Upper-Layer Case469

Despite the choice of equal layer depths being convenient to work with, it is important470

to investigate how the results from the linear stability analysis change with distinct layer471

depths. For this purpose, we repeat our analysis for a configuration which assumes the472

upper layer has thickness much less than the lower layer (referred to as a thin-upper-layer473

case). We could equally obtain solutions assuming a thick-upper-layer, however, this474

particular regime is not physically relevant as far as the ocean is concerned, and so we do475

not consider this. It is worth noting that choosing distinct layer depths results in different476

stratification parameters, hence the critical velocity for baroclinic instability also differs477

and an inter-comparison of growth rates is not possible. With this in mind, we consider478

background velocity magnitude, Û , which is double the respective critical velocity. We479

followed the same approach in our analysis in the equal-depth configuration, where we480

had Û/Ûc = 5 cm s−1/2.5 cm s−1 = 2.481

Here, we assume Ĥ1 = 400 m and Ĥ2 = 3.6 km for the thin-upper-layer case. The482

dimensional value of velocity adopted to force the configuration to exhibit baroclinic483

instability was Û = 25 cm s−1. Also, the magnitudes of stratification parameters in the484

top and bottom layers change because of unequal layer depths. The value of baroclinic485

Rossby radius was kept the same, i.e., 25 km, and the rest of the parameter values were486

as in table 1. In this section, we mainly focus on the effects of ZR on baroclinic instability487

in model configurations with unequal layer depths. The effects of MR on the stability488

are very similar as discussed in section 3.2.3, and so we do not focus on this since the489

differences are negligible.490

In the thin-upper-layer case, as seen in figure 12 for A = 0.1, we notice similarities491

with equal layer depths, such as eigenmodes shifting towards larger values of k with492

increasing values of α, as well as depression of maximum growth for α > 3 (though there493

is an initial spike for α < 3) and increasing zonal phase speeds. However, some interesting494

behaviour becomes more evident when α > 10 (panels d−h). The distribution of unstable495
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Figure 12. Thin-upper-layer configuration for ZR with A = 0.1. Subplots a-h assume
α = 1, 3, 5, 10, 15, 20, 25, 30, respectively. The maximum growth rate increases for small values
of α = 1, 3 and then decreases in the proceeding panels (α > 5). The distribution splits into two
clusters, each having a distinct maximum. The maximum of the first cluster is greatly suppressed
with increases in α relative to the weakly suppressed second cluster maxima.
The zonal phase speeds are shown in the colorbar.

eigenmodes separate into two clusters, the first of which for k = (0, 10) and the second496

for k = (10, 20). Such cluster separation occurs because the instabilities are connected497

to either λ̂ (the baroclinic Rossby radius) or L̂Top (the topographic length scale), and498

when these scales are distinctly different, we begin to see two isolated branches. In the499

initial cluster, the maximum growth rate experiences greater depression in comparison500

to the second cluster maxima with increasing values of α. Moreover, as k increases, the501

zonal phase speeds in the first cluster increase, while those in the second cluster appear502

to decrease (albeit, the zonal phase speeds in the second cluster are much greater than503

those present in the first cluster). On the other hand, increasing the value of α seemingly504

reduces zonal phase speeds in the first cluster, while enhancing zonal phase speeds in the505

second cluster (though this behaviour appears to be weak).506

Investigating this behaviour for a larger topographic amplitude of A = 0.2 (the figure507

for this is included in supplementary material so the present manuscript remains concise),508

the initial spike in growth rate is slightly greater than in figure 12, but is depressed when509

α = 3 rather than enhanced, as in the A = 0.1 case (figure 12). Again, the two clusters510

of unstable modes are formed for α > 10 and the modes in these clusters exhibit similar511

behaviour to that seen for a smaller value of A (figure 12). One notable difference is that512

for the larger topographic amplitude case, the two clusters become more disconnected513

with increasing the value of α than seen in figure 12. In addition, the growth rates of514

eigenmodes present in the first cluster are enhanced by increased topography amplitude,515

while the growth rates of eigenmodes present in the second cluster are depressed by this516

increase. One possibility for these differences is that the clusters formed for A = 0.2 are517

present at relatively larger zonal wavenumbers than in figure 12. Despite these differences,518

the behaviour of zonal phase speeds of eigenmodes in both clusters remains consistent519
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with the characteristics seen in figure 12, with the exception being an enhancement in520

the value of the zonal phase speed of all eigenmodes.521

4. Discussion and Conclusions522

The primary focus of this investigation was to present a linear stability analysis for523

oceanic flows in the presence of sinusoidal bottom topography. We excite the system524

to exhibit baroclinic instability by imposing a zonally uniform background velocity525

shear in the upper layer of a two-layer fluid. To get an elementary representation of526

the dynamical behaviours involved, we reduced our model equations to a linear form,527

from which we obtained an eigenproblem that encoded information concerning unstable528

growth rates, zonal and meridional phase speeds and spatial structures of perturbation529

streamfunctions. Topography was assumed to be composed of multiple ridges oriented530

either along the zonal direction (ZR) or meridional direction (MR) and the eigenproblem531

solved by varying the number of ridges and various topographic amplitudes. The results532

in the paper mainly deal with equal layer depths, but a thin-upper-layer configuration533

with Ĥ1 = 400 m is also briefly discussed in the case of ZR.534

In accord with the aforementioned studies considering small-scale sinusoidal535

topography (Benilov 2001; LaCasce et al. 2019; Radko 2020), eigenmodes are found536

to have maximum growth rates suppressed by ZR (figure 4) and unchanged by MR537

(figure 8). We observed a shift in the distribution of eigenmodes towards larger538

wavenumbers and an enhancement in phase speed magnitude with increasing values of539

α and A (values considered for nondimensional topographic wavenumber and amplitude540

are given in table 1). Moreover, the study by Radko (2020) identified that MR slightly541

intensifies mesoscale eddies in the upper-layer relative to the flat-bottom correspondence,542

motivating the second peak in figure 8 which takes form when α > 15. The second peak543

is most pronounced for horizontal topography scales commensurate to 2πλ̂ (λ̂ being544

the baroclinic Rossby radius as defined in table 1), with the peak being suppressed545

as α increases. Similarly to that observed in Benilov (2001), flows localised in a546

thin-upper-layer experience a weaker stabilisation from the presence of ZR (figure 12).547

However, a notable finding of this study is unstable modes appearing in two separate548

clusters (figure 4 and figure 12) for topographic wavelengths roughly equal to 2πλ̂549

(figure 6). This suggests that periodic topography can excite baroclinic instability that550

is centred around two different length scales instead of just the baroclinic Rossby radius.551

To expand on this work, a natural progression would be the consideration of552

different topographic features. Many studies have already investigated the problem of553

a topographic slope (Hart 1975a,b; Boland et al. 2012; Chen & Kamenkovich 2013;554

Khatri & Berloff 2018; LaCasce et al. 2019), but more realistic bathymetry would555

be a combination of spatially localised ridges and isolated mountains. A number of556

studies have looked into the effects of isolated ridges and mountains on the dynamics in557

isopycnal-layered as well as in primitive equation ocean models and have found evidence558

of changes in the strength of baroclinic instability on either side of topography (e.g.,559

see Abernathey & Cessi 2014; Youngs et al. 2017; Patmore et al. 2019). However, there560

is no clear sense of understanding how topography affects the primary instability and561

baroclinic eddies. Also, we only considered zonal background flows in this study. Since562

topography can affect the orientation and direction of ocean flows, both zonal and563

meridional background flows could be considered in the future. We believe that the564

approach used in this work could prove useful in addressing such research questions.565

Aside from this, the present study limits attention to one-dimensional topography as566

two-dimensional topography carries a large computational cost. Regardless, it is valuable567
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to expand on works assuming two-dimensional topography since the flow dynamics could568

potentially be more complicated than what we have identified with one-dimensional569

topography. Another obvious limitation of our work is its attention to linear stability570

only. Even though our linear solutions resemble high resolution numerical simulations,571

extending this work to a complete nonlinear or quasi-nonlinear analysis is desirable572

as topographic interactions are strongly affected by the energy cascade (Rhines 1977).573

Despite frameworks such as shallow-water and primitive equations being better equipped574

to tackle the small-scale topography problem, it would be interesting to see how our QG575

results for large-scale topography change in different model regimes for values of α and576

A which push the QG limit and deal with topography of shorter wavelength.577

Acknowledgements578

Jack Davies is grateful for support from the Roth scholarship, Imperial College London.579

Pavel Berloff gratefully acknowledges support by the NERC grants NE/R011567/1580

and NE/T002220/1, the Leverhulme grant RPG-2019-024 and the Moscow Center for581

Fundamental and Applied Mathematics (supported by the Agreement of 075-15-2019-1624582

with the Ministry of Education and Science of the Russian Federation). Hemant Khatri is583

sponsored through award NA18OAR4320123 from the National Oceanic and Atmospheric584

Administration, U.S. Department of Commerce. The statements, findings, conclusions,585

and recommendations are those of the author(s) and do not necessarily reflect the views586

of the National Oceanic and Atmospheric Administration, or the U.S. Department of587

Commerce. Finally, the authors would like to thank the HPC team at Imperial College588

London for maintaining the computer clusters.589

Declaration of Interests590

The authors report no conflict of interest.591

Appendix A. Matrix Formulation of the Eigenvalue Problem592

Since the eigenproblems are coupled and involve combinations of phase shifted593

eigenmodes, the system is more complicated than the standard eigenvalue problem.594

Therefore, we briefly discuss some of the details regarding solving this system of595

equations in this appendix for completeness.596

We can rewrite the eigenproblems (2.13a) and (2.13b) in the matrix form

Mφ = ωNφ, (A 1)

where we define the eigenvector

φ =



φ1(k,−N/2)
φ1(k,−N/2 + 1)

...
φ1(k,N/2− 1)
φ1(k,−N/2)

...
φ2(k,N/2− 1)


or φ =



φ1(−N/2, `)
φ1(−N/2 + 1, `)

...
φ1(N/2− 1, `)
φ1(−N/2, `)

...
φ2(N/2− 1, `)


,

for ZR or MR, respectively. In this study, we solve the ZR and MR systems for
combinations of A = 0.05, 0.1, 0.15, 0.2 and α = 1, 3, 5, 10, 15, 20, 25, 30, 40. If, for
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simplicity, we limit our attention to ZR with a single ridge, i.e., α = 1, then the matrix
M has the block matrix composition

M = k

[
M1

M2

]
,

where M1 is the N × 2N matrix
β − (k2 + `21)U 0

. . . 0 S1U 0
. . . 0

0 β − (k2 + `22)U
. . . 0 0 S1U

. . . 0
. . .

. . .
. . .

. . .
. . .

. . .
. . .

. . .

0 0
. . . β − (k2 + `2N )U 0 0

. . . S1U

 ,

with `j = −N/2 + j − 1 for j = 1, 2, · · · , N , and M2 is the N × 2N matrix
0 0

. . . 0 β − S2U ĤA/2Ĥ2 0
. . . 0

0 0
. . . 0 ĤA/2Ĥ2 β − S2U ĤA/2Ĥ2

. . . 0
. . .

. . .
. . .

. . .
. . .

. . .
. . .

. . .
. . .

 ,
where the right half of M2 is tridiagonal. In a similar manner, the matrix N can be
expressed in the block form

N =

[
N1

N2

]
,

with N1 being the N × 2N matrix
−(k2 + `21 + S1) 0

. . . 0 S1 0
. . . 0

0 −(k2 + `22 + S1)
. . . 0 0 S1

. . . 0
. . .

. . .
. . .

. . .
. . .

. . .
. . .

. . .

0 0
. . . −(k2 + `2N + S1) 0 0

. . . S1

 ,

and N2 is the N × 2N matrix
S2 0

. . . 0 −(k2 + `21 + S2) 0
. . . 0

0 S2
. . . 0 0 −(k2 + `22 + S2)

. . . 0
. . .

. . .
. . .

. . .
. . .

. . .
. . .

. . .

0 0
. . . S2 0 0

. . . −(k2 + `2N + S2)

 .

For our purposes, we solve this system of equations for k = −N/2,−N/2+1, ....., N/2−1597

and A = 0.05, 0.1, 0.15, 0.2.598

It is worth noting that this is only the specific configuration for a single topographic599

ridge. However, since the phase shift in the eigenmodes is due to the presence of α,600

increasing the number of ridges only involves permuting entries in the matrix M and601

multiplying the value of A by α (the matrix N is the same for all values of α as it does602

not depend on the number of ridges). If we instead consider MR, then the procedure is603

similar, but we fix ` instead of k.604
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