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The response mechanism of the pressure fluctuation to the unsteady heat release rate at the ‘unsteady’ 
combustion state in a strong rotating environment was investigated using a stratified vortex-tube 
combustor via a large eddy simulation method. Results show that the peak amplitude of heat release 
fluctuation at the ‘unsteady’ state is just 2.8 × 106 W/m3 and the peak amplitude of pressure fluctuation 
is always within 3000 Pa based on the vortex-tube configuration, indicating a weak fluctuation degree. 
The unsteady heat release does not bring about a higher momentum flux fluctuation due to quick 
momentum damping in the rotating reactive environment. The pressure fluctuation does not relate 
closely to the momentum flux and its fluctuation; this is due to the effect of the centrifugal force caused 
by rotating behavior. After splitting the momentum flux into the different components, we found that 
the tangential component acts in reverse to that of the radial and axial directions in the exterior region. 
Viz., the pressure increases when the tangential momentum flux increases in the exterior region but 
decreases when the radial and axial components increase. The laminarization of the fluid suppresses the 
fluctuations in the radial and axial directions only, therefore the uneven attenuation of the momentum 
flux fluctuation in different directions is the dominant cause of the enlarged pressure fluctuation in the 
‘unsteady’ burning state. Moreover, we find that the pressure fluctuation degree is also closely related to 
the centrifugal weight coefficient. When this coefficient is far away from zero, the centrifugal effect will 
become obvious, and vice versa.

© 2023 The Authors. Published by Elsevier Masson SAS. This is an open access article under the CC 
BY-NC-ND license (http://creativecommons .org /licenses /by-nc -nd /4 .0/).
1. Introduction

Combustion stabilization is crucial to improving the perfor-
mance of gas turbines, engines, and various industrial combustors 
under extreme conditions [1]. Good stabilization can increase the 
operating limit and the service life of the equipment. Research on 
the driving mechanism of pressure fluctuation has important guid-
ing significance and reference value for the control of instability 
combustion or pressure fluctuation, yielding a steady combustion 
process. The flame dynamic or the unsteady heat release is known 
to be responsible for thermo-acoustic coupling and combustion in-
stability. So, understanding the functional mechanism of unsteady 
heat release is of great significance to controlling the effect of 
flame dynamics and achieving an ultra-steady combustion process. 
For this study when the amplitude of the pressure fluctuation is 
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within 2% of the operating pressure, viz., 2000 Pa, the correspond-
ing combustion is regarded as an ultra-steady combustion process.

The combustion driving mechanisms of pressure fluctuation 
have been investigated in our past work [2] using a stratified 
vortex-tube combustor, wherein the effects of flame-, aero-, and 
thermo-dynamics have been analyzed and discussed. We found 
that when the unstable inertial force in a field is stronger than the 
viscous and centrifugal forces combined with the density gradient, 
the amplitude of pressure fluctuation will increase and instabil-
ity is likely to arise. It has been shown that the unstable inertial 
force depends on the Reynolds number (or Taylor number) and the 
unsteadiness of the heat release. The inertial force, which can be 
suppressed by increasing the rotation motion and density gradient, 
has already received wide coverage in the existing literature [3,4].

The effect of unsteady heat release is usually quantified by 
the Rayleigh parameter [5,6] and the flame transfer or describ-
ing function [7–9]. Lieuwen et al., have pointed out that when 
the Rayleigh number Ra(x) is larger than 0, the thermo-acoustic 
coupling will occur, yielding self-exciting combustion [6]. In our 
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Nomenclature

a Absolute acceleration
AT Total sectional area of tangential inlet slits
De Exit throat diameter
Do Diameter of the combustion tube
EXP Experimental results
F Net force
FTF Flame transfer function
G A Exit axial momentum
Gω Input angular momentum
h Enthalpy
HRR Heat release rate
LES Large-eddy simulation
m Mass
N Number of stochastic fields
Ns Number of species
p Pressure
p0 Local pressure ignored centrifugal effect
pdf Probability density function
pk Peak pressure
Pr Prandtl number
q f Fuel flow rate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . L/min
r Radial position from the tube center
ra Radial and axial coupling
R Momentum radius vector
Ra(x) Rayleigh number
R∗

i Stratification parameter
S Swirl number
Sc Schmidt number

sgs Sub-grid-scale
t Time
T Temperature
u Flow velocity
ua Axial velocity
uc Radial and axial coupling velocity
ut Tangential velocity
ρu2 Momentum flux
ρu2

t Tangential momentum flux
ρu2

c Radial and axial coupling momentum flux
x, y, z Coordinate axis
Yα Mole number of chemical species

Greek

α Species
ϕ Equivalence ratio
ϕg Global equivalence ratio
φα Mole number of the α-th chemical species or the en-

thalpy
ρ Density
� Value difference
λ Centrifugal weight coefficient
δi j Kronecker delta
σ Prandtl/Schmidt number
τ Integration time
τi j Stress tensor
μ Dynamic viscosity
past research, the Ra(x) number has been calculated to quan-
tify the impact of unsteady heat release upon the unsteadiness 
of the combustion [10]; this paper showed that when the Ra(x) 
number is larger than 0.1, the amplitude of pressure fluctuation 
exceeds 2000 Pa, yielding relatively unsteady combustion. Addi-
tionally, the flame transfer function (FTF) studied by Candel et al. 
can quantitatively reflect the contribution that unsteady heat re-
lease also has on pressure fluctuation [11]. However, neither of 
these two methods can reveal what the most essential reason for 
pressure fluctuation is, nor the response mechanism of the pres-
sure fluctuation to unsteady heat release. Instead, the effect of 
unsteady heat release is simply quantified by the Rayleigh num-
ber and flame transfer function without an in-depth analysis of 
the causes of pressure fluctuation from the mechanism point of 
view.

Given that heat release will affect temperature distribution, 
thermal expansion will decrease the density and increase the lo-
cal velocity based on the conservation of momentum theory. Fur-
ther, turbulent kinetic energy is positively correlated with velocity 
squared, therefore the thermal expansion will increase the turbu-
lent kinetic energy, in theory bringing about a greater degree of 
fluctuation. The same conclusion can also be obtained through an 
analogy with the ideal gas state equation [12]. As is well known, 
a swirling environment is helpful in improving combustion sta-
bility, which is widely used in various industrial combustors, en-
gines, and gas turbines. There are indications that the vortex-tube 
combustion technique has good aero-dynamic [13] and thermo-
dynamic [14] stability due to its strong rotating behavior and large 
density gradient. The generated large body force can suppress the 
pressure fluctuation and lead to the laminarization of the flow 
field. However, the thermo-acoustic response mechanism will be 
more complicated due to the effect of centrifugal force in the 
strong swirling environment. Moreover, the strong rotating behav-
2

ior will also lead to a strong momentum exchange [4], which can 
also promote the transport and reduction of turbulent kinetic en-
ergy or momentum.

Therefore, the resultant good aero- and thermo- dynamic stabil-
ities and large momentum damping rate are a good indication of 
the potential to suppress kinetic energy disturbance caused by un-
steady heat release or flame-dynamic. These are also the principal 
reasons for the good stabilization of the vortex-tube combustion 
technique. However, for some extreme conditions, the peak ampli-
tude of pressure fluctuation is still over 2000 Pa, which, for some 
highly demanding industrial combustors or engines [15], requires 
further suppression.

This investigation of the transfer mechanism from unsteady 
heat release to pressure fluctuation in a strong swirling environ-
ment is helpful for controlling the influence of unsteady heat re-
lease on the high amplitude of pressure fluctuation or instability 
from the very beginning. It provides theoretical guidance and ref-
erence value for the suppression of high-pressure fluctuations that 
result from the influence of flame dynamics. The pressure, density, 
and momentum flux at different points were investigated to an-
alyze the response mechanism of the pressure fluctuation to the 
unsteady HRR in a strong rotating environment via the LES simula-
tion method. In the result section, the relationship between the 
fluctuations of pressure, heat release rate, and momentum flux 
will be exhibited. And then in the discussion section, the transfer 
mechanism from unsteady heat release to pressure fluctuation in 
a strong swirling environment will be analyzed and summarized. 
The corresponding discoveries may provide significant information 
to reduce pressure fluctuation and achieve an ultra-steady com-
bustion process.
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Fig. 1. Configuration of the vortex-tube combustor.

Table 1

Points and location 7 8 9 10 11 12 60 61

x [mm] 0 0 0 0 0 0 0 0
y [mm] 23.55 20.49 18.05 17.65 16.70 11.20 24.00 14.00
z [mm] 14.40 16.00 20.00 21.50 23.20 30.00 60.00 60.00
2. Physical model of the combustor and research method

2.1. Physical model and boundary conditions

The structure of the vortex-tube combustor is displayed in 
Fig. 1. It consists of one combustion tube and four tangential 
slits. The fuel and oxidant inject into the combustion tube tan-
gentially and separately, and then the fuel and oxidant mix with 
each other. The diameter, tube length, and slit width of this com-
bustor are 50.0, 500.0, and 2.0 mm, respectively, and the fuel and 
air slit lengths are 5.0 and 30.0 mm, respectively. The air slit is 
immediately downstream of the fuel slit. The swirl number of this 
combustor is 13.46 based on Eq. (1). z = 0 mm is located in the 
position of the beginning of the fuel slit along the axial direction.

S ≡ Gω

RG A
≈ Input Angular Momentum

De/2 × Exit Axial Momentum
= π De Do

4AT
(1)

where Do is the diameter of the combustion tube, De is the exit 
throat diameter, and AT is the total sectional area of the tangential 
inlet slits.

Given that ethanol is a renewable source of energy that can be 
obtained from a wide range of sources, it is beneficial to change 
the energy structure by adopting ethanol, in pursuit of achieving 
carbon neutrality. Gaseous ethanol of 400 K is employed as the 
fuel and air of 300 K is employed as the oxygen. The fuel and oxy-
gen are both injected into the combustor via their respective slits. 
The global equivalence ratio is defined as ϕg, which accounts for all 
the fuel and oxygen injected into the combustor. The fuel flow rate 
is denoted as qf . Based on the amplitudes of the pressure fluctua-
tions in different cases, the case of qf = 54.0 L/min and ϕg = 0.48
was selected for the ‘unsteady’ combustion condition, and the case 
of qf = 9.0 L/min and ϕg = 0.5 was selected for the steady com-
bustion condition under ordinary pressure (p = 1.01× 105 Pa). The 
definition and selection of steady and ‘unsteady’ combustion will 
be elaborated on in detail in the Result section. The fluctuation in-
formation is recorded at points 7-12 and 60-61, in terms of the 
velocity (u), density (ρ), temperature (T ), and pressure (p). The 
location of the different points is detailed in Table 1.

2.2. Mathematical modeling

In the simulation, the computational domain is determined ac-
cording to the actual combustor size exactly, which consists of four 
tangential slits and a constant-diameter tube, as seen in Fig. 2.
3

Fig. 2. The computational domain of the SVC.

A structured three-dimensional (3-D) hexahedral grid with 2.5 
million elements is employed as the computational domain af-
ter the independent mesh verification, wherein the meshes with 
0.5, 1.0, 1.5, 2.0, 2.5, and 3.0 million nodes were employed. The 
distributions of temperature, species, and heat release rate were 
compared under different mesh quantities. It turns out that the 
difference between the solutions with 2.5 and 3.0 million mesh 
cells is within 0.5%. Thus, 2.5 million cells are adopted in the pa-
per.

The grid quality is above 0.85 and the y+ near the tube wall 
is 1.0. The computational domain is determined according to the 
actual combustor size. The chemical kinetics mechanism employed 
for the oxidation of methane is the reduced mechanism proposed 
by Lu et al. [16] based on the GRI-Mech 3.0 mechanism, which 
consists of 19 chemical species and 15 reaction steps. This is used 
for the LES verification section. The chemical kinetic mechanism 
for the oxidation of ethanol consists of 28 chemical species and 
180 reaction-steps [17], which is capable of predicting a wide 
range of complex flame phenomena.

The in-house block-structured, parallel, compressible LES code 
Boundary Fitted Flow Integrator (BOFFIN-LESc) has been used in 
this work. In LES, the equations of motion are solved directly 
for the resolved large-scale turbulent motions and eight stochastic 
fields are employed to account for sub-grid scale fluctuation in the 
species or enthalpy formation rates. Soret and Dufour’s effects have 
been neglected in this work and all gases obey the ideal gas law. 
The fluid-structure coupling effect is ignored to simplify the analy-
sis. Radiative heat transfer is considered through a radiation model 
described in [18]. The unburnt species inlet boundary condition is 
the volume flow rate condition. The burnt species outlet boundary 
condition is the pressure outlet condition. The computational time 
step varies from 1.0 to 15.0 × 10−7 s using a constrained Courant-
Friedrichs-Lewy (CFL) number that is below 0.3 based on the flow 
velocity and the character mesh dimension.

In the field of continuum mechanics, the evolution of any given 
fluid flow can be described by a set of coupled non-linear partial 
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differential equations (PDEs) based on the laws of mass, momen-
tum, and energy conservation.

2.2.1. Large-eddy simulation-filtered conservation equations
Continuity:

∂ρ

∂t
+ ∂ρũ j

∂x j
= 0 (2)

where t is the time, ũ j and x j denote the velocity and spatial co-
ordinate in the j direction, respectively, and ρ indicates the fluid 
density.

Momentum:

∂ρũi

∂t
+ ∂ρũi ũ j

∂x j
= − ∂ p

∂xi

+ ∂

∂x j

[
−2

3
μ

∂uk

xk
δi j + μ

(
∂ui

∂x j
+ ∂u j

∂xi

)]
− ∂τ

sgs
i j

∂x j

(3)

where p is the pressure, δi j denotes the Kronecker delta, the fil-
tered product ũiu j differs from the product of filtered velocities 
ũi ũ j , τ

sgs
i j denotes the sub-grid scale (sgs) stress tensor, which is 

determined via the Smagorinsky model [19] and can be calculated 
using the following equation:

τ
sgs
i j = ρ

(
ũiu j − ũi ũ j

)
(4)

Mass (species):

∂ρ Ỹα

∂t
+ ∂ρũ j Ỹα

∂x j
= − ∂

∂x j

((
μ

Sc
+ μsgs

Scsgs

)
∂ Ỹα

∂x j

)
+ ρω̇α (5)

where μ is dynamic viscosity, Sc indicates the Schmidt number, 
Ỹα denotes the specific mole number of the α-th chemical species, 
the Ỹα = [Y1, . . . , Y Ns], where Ns denotes the number of scalars 
(1 ≤ α ≤ Ns), the subscript sgs indicates the sub-grid scale val-
ues, and ρω̇α represents the formation rates (sources) of species.

Enthalpy:

∂ρh̃

∂t
+ ∂ρũ j̃h

∂x j
= ∂ p

∂t
+ ũi

∂ p

∂xi
− ∂

∂x j

((
μ

Pr
+ μsgs

Prsgs

)
∂h̃

∂x j

)
(6)

where ̃h denotes the specific enthalpy, including enthalpies of for-
mation, and Pr indicates the Prandtl number.

2.2.2. Joint sgs-pdf and stochastic fields approach
Due to the difficulties encountered in evaluating the filtered 

values of the chemical source terms, the equations (5) and (6)
are not solved directly but rather an approach based on a mod-
eled evolution equation for the spatially filtered joint fine-scale 
probability density function (pdf ) is adopted [20], as modified by 
Brauner et al. [21]. The solution to this will yield all the spatially 
filtered one-point moments of the scalars involved. The joint sgs pd
equation formulation f , denoted as P̃ sgs , is introduced to represent 
the filtered product of the fine-grained pdf of each scalar, i.e., the 
specific mole numbers of the chemical species and the enthalpy.

P̃ sgs(ψ; x, t) = 1

ρ

∫
�

ρG((x − x′),�x)�(ψ; x′, t)dx′ (7)

where � denotes the joint sgs-pdf, x is the spatial location, G is 
the filter function, � indicates the scalar, and � indicates that the 
integration is defined over the entire flow domain.

The exact equation describing the evolution of the pdf can be 
derived by standard methods, for example, those employed by Gao 
and O’Brien [22] and Jaberi et al. [23]. Based on the approach of 
4

Brauner et al. [21], the resolved part of the convection and ‘molec-
ular’ mixing are added to both sides of the equation, thus the 
modeled joint-pdf evolution equation becomes:

ρ
∂ P̃ sgs(ψ)

∂t
+ ρũi

∂ P̃ sgs(ψ)

∂x j
+

Ns+1∑
α=1

∂

∂ψα

[
ρω̇α(ψ) P̃ sgs(ψ)

]

+
Ns+1∑
α=1

Ns+1∑
β=1

μ

σ

∂φα

∂x j

∂φβ

∂x j

∂2 P sgs(ψ)

∂ψαψβ

= ∂

∂x j

[(
μ

σ
+ μsgs

σsgs

)
∂ P̃ sgs(ψ)

∂x j

]

− Cd

τsgs

Ns+1∑
α=1

∂

∂ψα

[
ρ

(
ψα − φ̃α(x, t)

)
P̃ sgs(ψ)

]
(8)

where φ̃α denotes either the specific mole number of the α-th 
chemical species or the enthalpy, ψ denotes the phase space of 
the scalar φ̃α , Jα, j is the species diffusion flux based on Fick’s law, 
Cd represents the micro-mixing constant with a value of 2.0 [24], 
the σsgs value is 0.7 [25], and value of μsgs is produced by the 
Smagorinsky model and can be obtained via the following equa-
tion:

μsgs = ρ(C s�)2
∥∥̃Sij

∥∥ (9)

where Sij denotes the strain tensor, Cs represents the Smagorinsky 
parameter, which can be obtained through the dynamic process 
of Piomelli and Liu [26], and τsgs refers to the micro-mixing time 
scale, which is assumed to be given by [27]:

τ−1
sgs = Cd

μ + μsgs

ρ�2
(10)

where � denotes the filter width, which is taken as the cube root 
of the local grid cell volume.

Given that it is not feasible to numerically solve the closed form 
of the pdf evolution equation, Eq. (7) is solved using the Eulerian 
stochastic field method, where the P̃ sgs(ψ ) is represented by an 
ensemble of N stochastic fields for each of the Ns + 1 scalars, viz., 
ξn
α (x,t) with 1 ≤ n ≤ N , 1 ≤ α ≤ Ns + 1. The joint sgs-pdf

equation (Eq. (7)) can therefore be expressed as follows:

P̃ sgs(ψ; x, t)

= 1

N

N∑
n=1

1

ρ

∫
�

ρG((x − x′),�x) ×
Ns+1∏
α=1

δ
[
ψα − ξn

α(x, t)
]

dx′ (11)

In this work, the Itô formulation of the stochastic integral is 
employed, and thus the stochastic fields can evolve according to 
[28]:

ρdξn
α + ρũ j

∂ξn
α

∂x j
dt = ∂

∂x j

[(
μ

σ
+ μsgs

σsgs

)
∂ξn

α

∂x j

]
dt

+
√

2ρ
μsgs

σsgs

∂ξn
α

∂x j
dW n

j − Cdρ

2τsgs

(
ξn
α − φ̃α

)
dt + ρω̇n

α

(
ξn)dt

(12)

where the final term on the right-hand side is (Dp/Dt × dt) for 
the scalar of total enthalpy and the net formation rate through a 
chemical reaction in the case of chemical species; σ indicates the 
Prandtl/Schmidt number; and dW n

j indicates the increments of a 
vector Wiener process, which is different for each field but inde-
pendent of the spatial location, x, and is approximated by time-
step increments ηn√dt containing the {-1, 1} dichotomic random 
j
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Fig. 3. The ethanol concentration verification at different ϕg and qf = 12.0 L/min.

vector ηn
j . The solutions of the stochastic fields equation are con-

tinuous, differentiable, and smooth on the scale of the filter width 
in space and continuous but not differentiable in time. The Favre 
filtered value of the reactive scalar, φ̃α can be calculated by aver-
aging over the stochastic fields:

φ̃α = 1

N

N∑
n=1

ξn
α (13)

2.3. LES-pdf validation

In this section, the mathematical modeling described above is 
verified through a comparison of the corresponding results with 
the experimental results by taking methane as fuel under the same 
boundary condition. The flame topology and flame structure have 
been verified in previously published work by taking methane as 
fuel [29]. The binary flame structure can be reliably reproduced 
via this LES-pdf model and the flame diameter, length, and bifur-
cation of the LES-pdf method also show good dependability when 
compared with the experiment. The fuel employed in this work is 
ethanol; the ethanol species distributions under different ϕg at qf
= 12.0 L/min were verified further and the corresponding results 
are displayed in Fig. 3. The experiment was conducted in earlier 
works, wherein the corresponding experimental equipment is the 
same as that used in our previous published papers [14,30].

Fig. 4 exhibits the amplitudes of pressure fluctuation of the 
LES-pdf calculation and experiment results at point 1 in different 
thermal output cases under ϕg = 0.5 for the methanol combustion. 
It can also be observed that the amplitude of the pressure fluctu-
ation of the LES-pdf result correlates satisfactorily with that of the 
experiment. The maximum deviation is always within 2%. This in-
dicates that the LES-pdf method has strong reliability.

3. Results

Based on the pressure fluctuations in this combustor, we found 
that the amplitude of pressure fluctuation, �p, ranges from 40 ∼
3000 Pa, always within 5% of the operating pressure, thus, strictly 
speaking, the combustion in the entire combustion map is steady 
in this combustor [31]. However, given the large difference be-
tween the cases, the combustion process was divided into two 
categories: one is ultra-steady combustion (�p < 2000 Pa) and the 
other is ‘unsteady’ combustion (2000 < �p < 5000 Pa). Given the 
‘unsteady’ combustion is not exactly unsteady combustion, quota-
tion marks are used throughout.

Fig. 5 shows the pressure and heat release rate, HRR, fluctua-
tions under steady-state conditions at qf = 9.0 L/min and ϕg = 0.5
5

Fig. 4. The pressure fluctuation verification at different qf and ϕg = 0.5.

and the ‘unsteady’ state at qf = 54.0 L/min and ϕg = 0.48. Fig. 5a 
shows that the amplitude of pressure fluctuation, �p, at a steady 
state is around 70 Pa, whilst the amplitude of volume-averaged 
HRR fluctuation, �HRR, is just 5 × 105 W/m3, indicating a highly 
steady combustion process. However, for the case of qf = 54.0 
L/min and ϕg = 0.48, the �p can reach nearly 3000 Pa, which 
is about 43.0 times greater than that of the steady state, whilst 
the �HRR also shows an obvious increase: it is 5.6 times greater 
than that of the ‘unsteady’ state, as seen in Fig. 5b, indicating an 
‘unsteady’ combustion process. The Rayleigh parameter Ra(x) at 
different combustion states is also calculated based on Eq. (14). 
The resultant Ra(x) in the ‘unsteady’ state is 6.98 × 10−2, which 
is positive and much larger than that at the steady state of 2.55 ×
10−4. Thus, thermo-acoustic coupling should arise in this case.

Ra(x) = 1

τ

∫
τ

p′(t)q′(t)dt (14)

where t and τ are time and integral time, respectively.
Fig. 6 exhibits the spectral analysis of the pressure and HRR

fluctuations under steady and ‘unsteady’ states, which results from 
the Fourier transform of pressure and heat release fluctuations. 
Fig. 6a shows that there is nearly no obvious peak in the steady 
state for both pressure and heat release fluctuations. However, 
there are several peaks at different frequencies for both pres-
sure and heat release in the ‘Unsteady’ state as seen in Fig. 6b, 
whilst the peak frequency of heat release fluctuation is very similar 
to that of pressure fluctuation, indicating a good thermo-acoustic 
coupling [6], which is also one of the main reasons that the Ra(x) 
of the ‘unsteady’ state is much larger than that in the steady-state 
mentioned in the last paragraph. The frequency of the smallest one 
is 288 Hz, the second peak is located at 3900 Hz position, and cor-
respondingly the frequency of the third to fifth peaks are around 
8000, 12000, and 16000 Hz, respectively.

It is worth noting that even in the ‘unsteady’ combustion state, 
the pressure fluctuation amplitude �p is still within 5% of the op-
erating pressure and the Rayleigh parameter is just 6.98 × 10−2, 
indicating a weak degree of thermo-acoustic coupling and a good 
stabilization performance of this combustor.

Fig. 7 exhibits the pressure and momentum flux, ρu2, at qf =
54.0 L/min and ϕg = 0.48. Figs. 7a and 7b display the data under 
the cold state and burning state, respectively. Fig. 7a indicates that 
the �p is approximately 2000 Pa, which is smaller than that in 
the burning state. However, an interesting phenomenon was dis-
covered. Based on the momentum flux theory, the amplitude of 
pressure fluctuation �p should be proportional to the momentum 
flux and the pressure should generally decrease with the increase 
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Fig. 5. The pressure and HRR fluctuations under steady and ‘unsteady’ states: (a) Steady state, (b) ‘Unsteady’ state. (For interpretation of the colors in the figure(s), the reader 
is referred to the web version of this article.)

Fig. 6. The spectral analysis of the pressure and HRR fluctuations under steady and ‘unsteady’ states: (a) Steady state, (b) ‘Unsteady’ state.
of momentum flux ρu2. The momentum flux indicates the pres-
sure fluctuation of a fluid element, according to the derivation 
below:

Ft = −mu ⇒ �Ft = −�mu ⇒ �p At = −�mu
⇒ �p = −�mu

At⇒ �p = −�ρu2
(15)

where m is mass, F is net force, u is the fluid velocity, t is time.
However, from Fig. 7 it can be obtained that the amplitude of 

momentum flux ρu2 fluctuation at the cold state is larger than 
that of the burning state. The �ρu2 under the cold state is already 
beyond 2 × 104 kg/(m · s2), while the �ρu2 under the burning 
state is just 1.5 × 104 kg/(m · s2). This is contrary to the gen-
erally accepted understanding. Moreover, Fig. 7 also indicates that 
the pressure does not decrease when the momentum flux ρu2 in-
creases; the opposite effect can be observed in Fig. 7b. Therefore, 
with these questions and contradictions in mind, an in-depth dis-
cussion was carried out.

4. Discussion

4.1. Momentum flux and weak correlation

Given that the flow direction is from the tube wall to the center 
along the radial direction, the exterior region is the unburnt gas 
region or front flame zone, and the interior is the burnt gas region 
6

or post flame zone. Fig. 8 exhibits the flow vector with heat release 
rate (HRR) distribution in the vortex-tube combustor. Given that 
the reaction mainly takes place upstream of the tube, points 7-12 
and 60-61 are employed to analyze the specific momentum flux 
and its fluctuation both upstream and downstream of the reaction 
zone, which are also marked in Fig. 8a. Fig. 8a indicates that points 
7-8 and 60 are located in the front flame zone, point 9 is on the 
flame front, and points 10-12 and 61 are located in the post-flame 
zone.

Fig. 8 indicates that when the flow field passes through the 
flame front, the velocity will increase. Meanwhile, the density will 
sharply decrease due to the HRR and thermal expansion. The data 
corresponding to the points is shown in Fig. 9. Fig. 9a displays 
the temperature fluctuation over time, wherein points 9-12 show 
a high temperature of more than 1800 K which will monoton-
ically increase moving downstream. When moving to point 12, 
the corresponding temperature will reach around 2000 K, which 
will lead inevitably to a low density. Meanwhile, the temperature 
fluctuation amplitude �T will decrease monotonically toward the 
downstream, which indicates a decreased fluctuation of density.

Fig. 9b represents density fluctuation over time, which indicates 
that the density fluctuations correspond well to the temperature 
fluctuation. The density and its fluctuation amplitude will decrease 
monotonically downstream. From Fig. 9b, it can be seen that the 
density at point 8 is about 0.8 kg/m3. Moving to point 12, the 
density will decrease to 0.15 kg/m3. Additionally, the fluctuation 
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Fig. 7. The pressure and momentum flux fluctuations under cold and burning states at qf = 54.0 L/min and ϕg = 0.48 in the vortex-tube combustor: (a) Cold state, (b) 
Burning state.
Fig. 8. The flow vector with HRR distribution in the vortex-tube combustor and the 
sampling points.

amplitude is approximately 0.125 kg/m3 at point 8, and it is only 
nearly 0.01 kg/m3 at point 12. The variation of density and fluctu-
ation amplitude will inevitably affect the momentum and its flux, 
and therefore affect the pressure fluctuation.

Besides the density, the flow velocity will also have an obvi-
ous influence on the momentum flux, which will affect the local 
static pressure as well. Based on Eq. (15), the momentum flux is 
proportional to the square of velocity. Thus, in theory, the effect of 
velocity should be greater than density. Fig. 10 shows the velocity 
and HRR fluctuations over time at different positions, which indi-
cates that the flow velocity (u) and its fluctuation amplitude will 
both increase monotonically moving downstream. Fig. 10 shows 
that for point 8, the velocity is around 205 m/s and its fluctua-
tion amplitude is only about 20.0 m/s. Moving to point 12, the 
velocity will reach up to 240.0 m/s and the fluctuation amplitude 
at this point can reach more than 50.0 m/s.

Moreover, the velocity phase will undergo a shift with mov-
ing downstream, indicating an opposite phase. Namely, when the 
flow velocity in the exterior increases, i.e., points 7-8, the flow ve-
7

locity in the interior will decrease, i.e., points 9-12, indicating an 
opposite behavior. This should relate closely to the nature of the 
pressure (positive or negative) that is produced by the centrifu-
gal force, defining it as the centrifugal force effect, which will be 
discussed in detail later.

Based on the analysis of the density and velocity, the momen-
tum flux and the pressure on different points are investigated and 
shown in Fig. 11. Fig. 11a represents the momentum flux and its 
fluctuation. First, the momentum flux indicates a non-monotonical 
behavior. At point 7, the momentum flux is around 6.3 × 104

kg/(m · s2), which will decrease to about 3.3 × 104 kg/(m · s2) 
at point 8. Then, the momentum flux will decrease to 7.0 × 103

kg/(m · s2) at point 9, reaching the bottommost value, and sub-
sequently, the momentum flux will increase monotonically. When 
moving to point 12, the momentum flux will reach up to 8.5 × 103

kg/(m · s2). Second, the amplitude of the momentum flux fluc-
tuation indicates a non-monotonical behavior as well as seen in 
Fig. 11a. At point 7, the amplitude of the momentum flux fluctua-
tion is around 4.0 × 104 kg/(m · s2), which will increase to about 
1.1 × 104 kg/(m · s2) at point 8. Then, it will decrease to 3.8 ×
103 kg/(m · s2), reaching the bottommost value, and subsequently, 
the momentum flux will increase monotonically before point 12. 
When moving to point 11, the amplitude of the momentum flux 
fluctuation will reach up to 4.4 × 103 kg/(m · s2). In the end, the 
amplitude of the momentum flux will drop to 4.0 × 103 kg/(m ·
s2) again.

Fig. 11b shows pressure fluctuations over time at different posi-
tions. From this figure, it can effortlessly be observed that the pres-
sure will decrease monotonically with moving downstream from 
points 7 to 12, but the corresponding fluctuation amplitude shows 
a non-monotonical behavior. The pressure is at its highest at point 
7, yielding 108500 Pa, and the fluctuation amplitude is nearly 2000 
Pa. Moving to point 8, the pressure will decrease to around 103600 
Pa and the corresponding fluctuation amplitude will drop to 1050 
Pa as well. Moving again to points 9-11, there is not an obvious 
difference between the pressure and its corresponding fluctuation 
amplitude at these points. At all of the points 9-11, pressure is 
about 102000 Pa and the corresponding fluctuation amplitude is 
nearly 800 Pa. When moving further to point 12, the pressure 
among the different points will drop to the lowest value at about 
99000 Pa, however, the corresponding fluctuation amplitude shows 
an obvious increase, reaching up to approximately 2000 Pa.

According to Figs. 9–11, a decrease of density and an increase 
of flow velocity will not increase the momentum flux ρu2, whilst 
the amplitude of the momentum flux downstream will not in-
crease in the post-flame region as well. To make sense of this 
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Fig. 9. The temperature and density fluctuations over time at different positions.

Fig. 10. The velocity and HRR fluctuations over time at different positions.

Fig. 11. The momentum flux and pressure fluctuations over time at different positions.
phenomenon, the pressure and momentum flux distributions along 
the radial direction are investigated further, as shown in Fig. 12. 
This figure shows that the momentum and its flux will decrease 
rapidly along the radial direction and that this decrease occurs 
faster under the burning state. This is because momentum ex-
change is strong in the rotating environment [32,33] and its ef-
fects will become more pronounced as the viscosity of the fluid 
8

increases [34]. Given that the fluid viscosity is increased in the 
burning state, the momentum damping is faster. Therefore, the 
quick momentum damping in the vortex-tube combustor sup-
pressed the increase of the momentum flux and its fluctuation 
when the HRR fluctuations. This is one of the principal causes 
of the good combustion stabilization of this vortex-tube combus-
tor.
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Fig. 12. The pressure, velocity, momentum, and momentum flux distributions along the radial direction on line-60: (a) Cold state, (b) Burning state.

Fig. 13. The modified Richard number R∗
i distribution at qf = 54.0 L/min and ϕg = 0.48 in the vortex-tube combustor: (a) Cold state, (b) Burning state.
Another interesting phenomenon is that the pressure does not 
relate closely with the momentum flux and its fluctuation based 
on the momentum flux and pressure fluctuations in Fig. 11. This 
is because the local pressure is also affected by centrifugal force 
or strong rotation, which is closely related to the tangential mo-
mentum flux ρu2

t . Given that when the momentum flux increases 
the pressure will generally decrease, the increase of the tangential 
momentum flux will also increase or reduce the pressure further. 
When the position locates in the exterior, where the centrifugal 
force will arise the pressure, i.e., points 7-8 in Fig. 8, the increase 
of tangential momentum flux will arise the pressure, whose func-
tion acts in reverse to that of the momentum flux in the radial 
and axial directions. Therefore, the momentum flux should be di-
vided into tangential, radial, and axial components to analyze the 
internal relationship between momentum flux and pressure fluctu-
ations.

4.2. Uneven attenuation and centrifugal weight

The modified Richardson number R∗
i provides an indication of 

the degree of aero-dynamic and thermodynamic stabilities. It pro-
vides a measure of the ratio of centrifugal forces in a field with 
density gradients to the inertia force and can be expressed by the 
following. [3]:

R∗
i = (1/ρ)(∂ρ/∂r)(u2

t /r)

(∂ua/∂r)2
(16)

where ρ is the density, r is the radial position, ∂ρ/∂r is the density 
gradient, ut is the tangential velocity, and ua is the axial velocity.

When the R∗
i exceeds 1.0, the stabilization effect of centrifugal 

forces with density gradients is larger than the instability effect 
of the inertia force, which can suppress the turbulent motion and 
yield a laminarized fluid motion.

Fig. 13 shows that although the heat release is unsteady at qf
= 54.0 L/min and ϕg = 0.48, the R∗

i is still greater than that at 
the cold state due to the large density gradient, indicating lam-
inarization of the flow field. Given that the effects of radial and 
9

axial velocities on the pressure are the same, the radial and axial 
velocities are merged into one, denoted by uc, thus the corre-
sponding momentum flux is ρu2

c . After defining the ρu2
c as the 

radial and axial coupling (ra) momentum flux, Fig. 14 shows that 
the fluctuation of the ra momentum flux ρu2

c at the burning state 
is suppressed significantly due to the laminarization of the flow 
field, but the tangential momentum flux does not exhibit a sig-
nificant decrease. Therefore, the laminarization of the flow field 
only suppresses the radial and axial fluctuations. Given this, the 
effect of the tangential momentum flux exterior exhibits an oppo-
site behavior as compared with that of ra momentum flux ρu2

c , 
whose increase will enhance the pressure. Therefore, the uneven 
attenuation of the momentum flux fluctuation should be the dom-
inating cause of the larger pressure fluctuation �p at the burning 
state, rather than the enlargement of the momentum flux fluctu-
ation �ρu2. To put it concretely, the fluctuation amplitude of the 
tangential momentum flux ρu2

t at the cold state is approximately 
2.0 × 104 kg/(m · s2), which is larger than that at the burning 
state of around 1.6 × 104 kg/(m · s2), indicating a larger pres-
sure fluctuation resulting from the larger fluctuation of centrifugal 
force. The fluctuation of the ra momentum flux �ρu2

c at the cold 
state is about 3 × 103 kg/(m · s2). Based on this, the fluctuations 
of the tangential and ra momentum fluxes are in phase, therefore 
the large �ρu2

c will decrease the pressure. However, the �ρu2
c at 

the burning state is just 5 × 102 kg/(m · s2), so its inhibition of 
the pressure increase resulting from the increase of ρu2

t is limited, 
yielding a relatively large pressure fluctuation �p.

Given the uneven attenuation of the momentum flux fluctu-
ation at point 60, as discussed above, the �ρu2

c and �ρu2
t at 

points 7-12 and 61 are investigated further to better understand 
the coupling influence of the fluctuations of the tangential and ra
momentum fluxes on the pressure fluctuation as seen in Fig. 14. 
The purpose of this investigation is to explain why the pressure 
does not relate closely with the total momentum flux �ρu2, as 
shown in Fig. 11.

In Fig. 15, for point 7, it can be seen that the fluctuation of the 
tangential momentum flux �ρu2

t is around 4 × 103 kg/(m · s2), 
which is obviously smaller than that at point 60. Meanwhile, the 
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Fig. 14. The fluctuations of the tangential and axial momentum flux at point 60: (a) Cold state, (b) Burning state.
fluctuation of ra momentum flux �ρu2
c is also very small. Thus, 

the decreased �ρu2
t results in a decreased pressure fluctuation 

�p of around 1700 Pa. Moving downstream to point 8, another 
interesting phenomenon occurs. It can be seen that the �ρu2

t will 
reach up to around 1.0 × 104 kg/(m · s2) at point 8, however, 
the pressure fluctuation amplitude �p is just 1050 Pa. Although 
the �ρu2

c will increase to 4 × 102 kg/(m · s2), its effect is slight. 
Thus, the centrifugal effect is weak at this point. With moving to 
points 9 and 11, the �ρu2

c does not represent an obvious differ-
ence, as are all around 3 × 102 kg/(m · s2), but the fluctuation of 
the tangential momentum flux �ρu2

t will decrease to around 3 ×
103 kg/(m · s2) and the �p decreases to its bottommost value of 
nearly 800 Pa. Besides the small �ρu2

t , the position should also be 
responsible for the low-pressure fluctuations at these points. Point 
10 is neglected in this section because its fluctuation properties are 
similar to that of points 9 and 11. Moving further downstream to 
point 12, the pressure fluctuation �p will reach up to about 2000 
Pa again. Given that the �ρu2

t and �ρu2
c do not represent an ob-

vious difference when compared with points 9 and 11, the effect 
of the �ρu2

t has changed, defining it as the centrifugal effect, be-
coming obvious again at point 12. The fluctuation information at 
point 61 further supports our findings. Therefore, the centrifugal 
effect relates closely to the radial position, which has an important 
influence on the pressure fluctuation �p. Namely, the effect of the 
same fluctuation amplitude of tangential momentum flux �ρu2

t is 
different in different positions.

Consequently, given the above findings, we put forward a new 
parameter called the centrifugal weight coefficient, denoted as λ, 
which can be calculated according to Eq. (17). When λ > 0, the 
centrifugal effect, based on the �ρu2

t and radial position, will 
overcome the pressure drop due to the increase of �ρu2

t , defining 
it as the velocity effect and then yielding an increased pressure. 
When λ < 0, the centrifugal effect will also decrease the pressure 
with the velocity effect, yielding a decreased pressure. When λ =
0, an increase in pressure caused by the centrifugal effect is equal 
to the pressure drop caused by the velocity or momentum flux in-
creases.

λ = p − p0

pk − p0
(17)

where p is the local pressure in a flow field, p0 is the local pres-
sure that ignores the effect of centrifugal force, and pk is the peak 
pressure.

This Eq. (17) is suitable for both the cold and burning states. 
Figs. 10 and 11 indicate that the pressure fluctuation on different 
10
points is in phase, while the velocity is out-phase. Given this, in 
the λ > 0 region, an increase of the tangential momentum flux 
�ρu2

t will increase the pressure; in the λ < 0 region, an increase 
of the �ρu2

t will decrease the pressure. Given that the �ρu2
t only 

decreases in the interior λ < 0 region, the pressure will increase 
and the λ = 0 position is also where the phase transfer occurs, 
which is in good agreement with that which was derived based on 
Eq. (17).

According to Eq. (17), Fig. 16 shows the contour of centrifugal 
weight coefficient λ distribution in the vortex-tube combustor in 
the case of qf = 54.0 L/min and ϕg = 0.48. It is notable that the 
λ decreases monotonically along the radial direction from the tube 
wall to the center. In the 20 ∼ 25 mm and 10 ∼ 14 mm region, 
the |λ| is large and approaches 1.0. An increase of |λ| indicates 
that the centrifugal effect on the pressure will increase and vice 
versa. So, the cause of different centrifugal effects is the variation 
of the centrifugal weight coefficient |λ|. The λ at points 7, 12, and 
60 are 0.86, −0.44, and 0.77 respectively, which are all far away 
from zero. This is the principal reason for the large �p at points 
7, 12, and 60. In like manner, the λ at points 8, 9, 10, 11, and 
61 are 0.11, −0.04, −0.05, −0.09, and −0.2, respectively, none of 
which are far from zero. This is the principal reason for the weak 
pressure fluctuation at points 8-11 and 61.

5. Summary and conclusions

In this work, the pressure, density, and momentum flux at dif-
ferent points in a vortex-tube combustor were investigated to an-
alyze the response mechanism of the pressure fluctuation to the 
unsteady heat release rate (HRR) in a strong rotating environment 
via a LES simulation method. Results show that the resultant am-
plitude of the pressure fluctuation �p mainly depends on the mo-
mentum fluxes in the different directions, as well as the centrifugal 
weight coefficient. The specific conclusions are summarized as fol-
lows:

1. The peak amplitudes of pressure and HRR fluctuations at the 
‘unsteady’ state can reach 3000 Pa and 2.8 × 106 W/m3, whilst 
the Rayleigh parameter Ra(x) is 6.98 × 10−2. These are sig-
nificantly greater than that at the steady state. The pressure 
fluctuation in the burning state is also larger than that in the 
cold state, even though the degree of fluid laminarization for 
the former is higher, the degree of pressure fluctuation is still 
not intense.

2. The pressure is not closely related to the momentum flux and 
its fluctuation; this is due to the effect of the centrifugal force 
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Fig. 15. The fluctuations of the momentum flux and pressure on different positions.
Fig. 16. The centrifugal weight coefficient distribution where qf = 54.0 L/min and 
ϕg = 0.48.

or the rotating behavior. By splitting the momentum flux into 
its tangential and ra (radial plus axial) components, we find 
11
that the tangential momentum flux ρu2
t acts in a manner op-

posite to that of the radial and axial directions in the exterior 
region, viz, the increase of tangential momentum flux will in-
crease the pressure, while the pressure will decrease for the 
radial and axial situations.

3. The momentum flux and its fluctuation do not indicate a 
higher value at the ‘unsteady’ burning state due to quick mo-
mentum damping along the radial direction. The laminariza-
tion of the flow field only suppresses fluctuations in the radial 
and axial directions. The resultant uneven attenuation of the 
momentum flux fluctuation is the dominant cause of the larger 
pressure fluctuation �p at the ‘unsteady’ burning state be-
cause the effect of the ra momentum flux is suppressed.
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4. The cause of different centrifugal effects is the variation of 
the centrifugal weight coefficient λ. When the λ value is far 
from zero, the centrifugal effect will be obvious, resulting in a 
large pressure fluctuation �p, whereas when the λ value ap-
proaches zero, the centrifugal effect is weak, yielding a small 
pressure fluctuation �p.

Therefore, if we want to suppress the pressure fluctuation and 
obtain an ultra-steady combustion process, an extra disturbance is 
required in the exterior region in a strong rotating environment, 
which is not difficult to implement in practice.
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