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ABSTRACT

The compatible finite element method has recently gained an increased interest in nu-
merical weather prediction, as it allows for higher order discretisations and more general
meshes, thus avoiding the parallel computing issues associated with grid poles. Further,
it can be seen as a finite element extension of the Arakawa finite difference C grid. A
dynamical core based on it is currently in development at the UK Met Office, due to

replace the current finite difference latitude longitude grid discretisation.

In this thesis, we focus on compatible finite element discretisations that are energy con-
serving, which is an important property in particular for climate simulations. This is
achieved using a Hamiltonian framework, where energy conservation is expressed via the
antisymmetry of a Poisson bracket that underlies the governing equations. In order to
achieve an improved field development, we newly incorporate into the Poisson bracket Dis-
continuous Galerkin upwind and Streamline Upwind Petrov Galerkin stabilisation meth-
ods for the thermal, density related, and vorticity field equations. The energy conserving
property is validated by coupling the upwind-stabilised spatial discretisations to an energy
conserving time discretisation. Further, the discretisations are demonstrated to lead to an
improved field development with respect to stability for the 2D and 3D dry compressible

Euler, rotating shallow water, and thermal rotating shallow water equations.
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INTRODUCTION

0.1 MOTIVATION

The compatible finite element approach has recently been proposed as a discretisation
method for numerical weather prediction (NWP) [CS12]. It relies on the use of so-called
de Rham complexes of finite element spaces, where one space is mapped to another via
differential operators. This leads to desirable stability and convergence properties and,
in the context of weather prediction, further allows the use of pseudo-uniform grids on
the sphere that avoid the parallel computing issues associated with the latitude-longitude
grid. These issues arise due to a relatively fine mesh resolution towards the grid poles,
which in turn requires more communication between mesh cells during each time step
[FGH™'13]. Moreover, the compatible finite element method is quite general, allowing for
an unstructured, variable mesh refinement and higher-order discretisations. In view of
NWP, it can be seen as a finite element analogue of the Arakawa finite difference C grid
method, which is used in the current dynamical core — that is the atmosphere model’s
fluid dynamics component — of the UK Meteorological Office. For this reason, and in
order to achieve a higher parallel computing efficiency, the UK Met Office’s next genera-
tion dynamical core will be based on a cube sphere grid compatible mixed finite element

discretisation.

An important aspect of discretisations in NWP, particularly for climate simulations, is
conservation of quantities such as mass and energy. While the former can be conserved

using a suitable discretisation of the continuity equation, the latter requires a careful



discretisation of all prognostic equations, ensuring that the energy losses and gains are
balanced between the discretised terms. A failure to do so may lead to unbalanced trans-
fers between kinetic, potential, and internal energy, which in turn may led to energy
biases in climate models [LR11]. Two ways of guiding this discretisation process include
a variational approach (see e.g. [BGB19, NC17b]) and a Hamiltonian framework. Unlike
the former, the latter allows for a more direct control of vorticity up to baroclinic terms.
A description of the compressible Euler equations within the Hamiltonian framework was
first presented in [MG80] in the setting of magnetohydrodynamics, and relies on a for-
mulation where the equations are inferred by a Poisson bracket. This allows for the use
of non-canonical (and hence in this case physical) variables [She90], and many fluid dy-
namical equations have since been formulated in Poisson bracket form [Mor82, Mor98].
Conservation of energy follows easily from this setup via the bracket’s antisymmetry, and
will be maintained in any space discretisation that preserves the latter. In the context of
NWP, the Poisson bracket framework has already been considered for example in [Sal04]
and [GHO8] for finite difference discretisations. Further, for compatible finite element
methods, it has first been considered in [MC14] for the rotating shallow water equations
and by extension for the sphere and hemisphere with boundaries in [LP18] and [BC18],
respectively. For the compressible Euler equations, which form the basic equation set of
dynamical cores in NWP, Hamiltonian based formulations also exist e.g. for the com-

patible finite element method [LP20], and for general classes of mimetic discretisations

[TGS*20].

In particular, this framework facilitates the construction of energy conserving higher or-
der advection methods. Advection terms are an integral part of the governing equations
used in NWP, and for finite element discretisations, the methods to be used depend on
the underlying finite element spaces. For mixed finite element methods, this requires the
application of different methods for different fields. These methods should be consistent
(with respect to the continuous equations) and stable, while avoiding an excessive use of
diffusion to achieve the latter. Two classical examples of such methods are the standard
Discontinuous Galerkin upwind stabilisation method [CKS00, Kuz10] and the Stream-
line Upwind Petrov-Galerkin (SUPG) stabilisation method [BH82| for discontinuous and
continuous Galerkin finite element spaces, respectively. To implement such advection
methods while maintaining energy conservation, first, bracket terms related to advec-
tion are modified to include the desired advection method, then the remaining bracket
terms are adjusted to retain antisymmetry and therefore energy conservation. Within the

Poisson bracket framework, DG upwind stabilisation for the buoyancy field in the thermal



shallow water equations has already been introduced in [EDK19]. Further, an energy con-
serving upwind stabilisation method for velocity advection was presented in a variational
framework via Lie derivatives for the incompressible Euler equations in [NC17b], which
was also considered for the shallow water case in [NSC16]. Finally, an energy conserv-
ing SUPG method was considered for potential vorticity advection in the shallow water
equations in [BC18], exploiting the fact that the Poisson bracket term corresponding to
velocity advection is antisymmetric in itself. These energy conserving upwind stabilised
advection methods can in principle, with the exception of the potential vorticity method,
be implemented readily for the three-dimensional dry compressible Euler equations within

a compatible finite element discretisation.

However, such methods are still missing for density advection, vorticity advection in
the thermal and 3D case, and for potential temperature advection if a continuous (or
partially continuous) finite element space is used for the potential temperature field. In
particular, the latter is the case for the finite element equivalent of a Charney-Phillips
finite difference grid, where the space’s node locations are set to coincide with the velocity
space nodes corresponding to the vertical wind [NSC16]. This choice of temperature space
was recommended in a dispersion property study in [MBTCI18] for mixed finite element
methods in NWP when compared to a fully discontinuous or fully continuous finite ele-
ment space, and will be used in the UK Met Office’s next dynamical core. In addition to
ensuring transport stabilisation and energy conservation, these methods should also be

implementable in practice, without incurring a significant increase in computational cost.

0.2 THESIS OVERVIEW

In this thesis, we newly introduce formulations for the aforementioned missing three ad-
vection methods to arrive at a fully upwind stabilised, energy conserving compatible finite
element discretisation for the 3D compressible Euler equations. These will be introduced
within one underlying Poisson bracket, which, depending on the choice of Hamiltonian,
leads to different sets of governing equations. In view of a comprehensible presentation
of the advection methods, this allows us to move along a model hierarchy, given by the
rotating shallow water, thermal shallow water, 2D dry compressible Euler, and finally 3D

dry compressible Euler equations.

In Chapter 1, we review the main mathematical concepts used thereafter. First, we

describe the underlying space discretisation, i.e. the compatible finite element method



and the choice of thermal field finite element space. We then move on to the Hamiltonian
framework and introduce the underlying Poisson bracket used in this thesis, and demon-
strate how to recover the governing equations appearing in our model hierarchy. The
section further includes an outline of the energy conserving time discretisation to be used
in the main chapters’ numerical results sections. Finally, we review common stabilisation

methods used for transport equations.

In Chapter 2, we incorporate classical DG upwinding for the density related field. To do
so, we introduce an additional operator U to recover the velocity field from the momentum
flux arising in the Hamiltonian framework. The formulation and results are presented for
the rotating shallow water equations, where the density related field is given by the total
water depth. The fully discretised scheme is tested for energy conservation and further
assessed for its qualitative field development in comparison to a version without upwind
stabilisation for the depth field, and a non-energy conserving version including the same

type of upwinding.

In Chapter 3, we incorporate the SUPG method for the thermal field transport equa-
tion, for which we introduce two additional operators 8% and S,, which correspond to
thermal field advection and an SUPG type contribution. We further present results for
the thermal rotating shallow water as well as 2D compressible Euler equations. For the for-
mer, we use a fully continuous thermal field space, while for the latter a Charney-Phillips
type potential temperature space is considered. Additionally, in view of the increased
computational cost required to achieve energy conservation to machine precision, we also
consider a simplified scheme, which relies on an approximation to the time discretisation

and a small adjustment in the discretised bracket.

In Chapter 4, we incorporate the SUPG method for the vorticity field, following a similar
approach as considered in [BC18]. Next to SUPG for vorticity in the context of the shal-
low water equations, [BC18] mainly considers the treatment of vorticity in the presence
of boundaries, and the framework presented therein is extended to the three-dimensional
thermal case in Appendix D. Results are presented for the thermal shallow water as well
as 2D and 3D compressible Euler equations. For the latter, both CG and Charney-Phillips
type temperature spaces are considered, and a comparison between schemes corresponding

to streamline upwind stabilised vorticity and upwind stabilised velocity transport is made.

In Chapter 5, we summarise our results and discuss possible directions for future work.



Finally, we note that next to the aforementioned Appendix D, the thesis contains three
additional appendices. Appendix A complements the description of the finite element
space discretisation given in Chapter 1, and contains an outline on cell mappings required
to construct the spaces considered in the compatible framework. Appendix B offers an
alternative formulation of the Hamiltonian framework, using momentum instead of ve-
locity. It describes the equivalence between the so-called Lie-Poisson bracket and the
Euler-Poincaré equation, and further includes observations on challenges with respect to
the discretisation of the momentum based framework in space, as well as similarities to
the framework used in the thesis’ main chapters. Finally, Appendix C sheds light on
the origin of spurious oscillations that may arise from discretised transport terms, and
illustrates their mitigation by means of the classical DG upwind and SUPG stabilisation
methods. Further, it contains a discussion on the choice of stabilisation parameter used

in the latter method.

0.3 PUBLICATIONS AND NOVEL CONTRIBUTIONS

The thesis’ main novel contributions are given by Chapters 2, 3, and 4. The content
of Chapter 2 can originally be found in “FEnergy conserving upwinded compatible finite
element schemes for the rotating shallow water equations” [WCB20b], while the content of
Chapter 3 originates from “FEnergy conserving SUPG methods for compatible finite element
schemes in numerical weather prediction” [WCB20a]. Finally, parts of the preliminaries
reviewed in Chapter 1 are also based on the aforementioned papers. These parts in turn
are founded on established theory in the literature. In Chapters 2, 3, and 4, and their
underlying papers, my contribution was in designing, implementing and benchmarking
the energy conserving transport methods including upwind stabilisation, with input and

guidance from my supervisors/co-authors.



PRELIMINARIES

In this chapter, we review the main concepts used in the thesis. The first section intro-
duces the compatible finite element method, and includes properties relevant to its use in
numerical weather prediction. Further, we describe the continuous Galerkin and Charney-
Phillips thermal field finite element spaces used in the chapters to follow. In the second
section, we introduce the Hamiltonian framework used to ensure energy conservation, and
describe how to reformulate the governing equations as an ordinary differential equation
for functionals. This equation, commonly referred to as a Poisson system, is based on a
special bilinear form called a Poisson bracket, which is described in detail and forms the
main mathematical tool thereafter. Finally, the last section contains a review of stabilised
transport methods. This includes the classical DG upwind as well as SUPG stabilisation
methods, which are incorporated into the Poisson bracket framework in Chapters 2, 3,
and 4. A mathematical illustration of these two methods’ stabilising effect is given in

Appendix C.

1.1 COMPATIBLE FINITE ELEMENT METHODS

In this section, we describe the compatible finite element method, which is the underlying
space discretisation considered in the chapters to follow. First, we motivate and define it
by means of the linearised rotating shallow water equations, followed by a review of some
of its properties relevant to numerical weather prediction. To motivate the Hamiltonian
framework, the review includes a discussion on energy conservation for the full rotating

shallow water equations. Finally, we introduce the thermal field spaces used thereafter.



1.1.1 MOTIVATION

In the design of dynamical cores for numerical weather and climate prediction models, a
number of properties are considered desirable to achieve a good degree of stability and

accuracy of the numerical solution, including [ST12]

1. Mass conservation

2. No geopotential gradient or pressure gradient induced source of vorticity
3. Accurate representation of balanced flow and adjustment

4. Absence of computational modes

5. Energy conservation

Mass and energy conservation are important in particular for climate simulations, and
a spurious source of either can lead to spurious motions, systematic biases and other
secondary effects [LR11, Thu08]. The gradients of geopotential and pressure vanish in
the derivation of the vorticity equation due to the curl-grad identity V x V& = 0 (for
scalar field @), and the latter should still hold true after discretisation to avoid an un-
physical vorticity source term. The Earth’s large scale atmospheric flows are dominated
by hydrostatic and geostrophic (near-)balance, and an accurate numerical representation
of the latter is based on the div-curl identity V - (V x v) = 0 (for vector field v). If these
discrete vector calculus identities do not hold, and the resulting numerical sources are
not controlled, spurious fast scale dynamics may pollute the numerical solution over short
timescales [ST12]. Finally, computational modes, i.e. wave modes with no continuous
counterpart, should be avoided or controlled as their existence can lead to unphysical be-
haviour in response to forcing by e.g. boundary conditions or nonlinearity. The existence
of such modes is related to the ratio of velocity and pressure degrees of freedom, which
in the case of finite difference and finite element discretisations in turn depends on the
underlying grid as well as staggering and the choice of finite element spaces, respectively
[CS12, ST12].

One way to maintain the absence of a geopotential and pressure gradient type term
in the vorticity equation is given by the Arakawa finite difference C grid discretisation
[AL77]. If the latter is combined with a latitude-longitude grid — which is quadrilateral,
orthogonal, and uniform up to the grid poles — the remaining aforementioned properties

can also be achieved [ST12]. This type of grid has been among the most common grids in



use for numerical weather prediction [ST12], and is used with an extension to the afore-
mentioned C grid scheme in the current dynamical core of the UK Met Office, ENDGame
[MDW™10]. An important artefact of the latitude-longitude grid is given by its two grid
pole singularities (see Figure 1.1), where the grid’s longitude lines meet. This leads to a
much finer resolution near the poles when compared to other regions of the sphere, thus
severely restricting the time step size for explicit methods via the CFL condition. To
alleviate this problem, semi-implicit semi-Lagrangian schemes have become common in

combination with latitude-longitude grids [MDW*10, ST12].

Unfortunately, the grid-pole induced resolution clustering leads to another difficulty re-
lated to computational efficiency. Due to heat restrictions on the performance of pro-
cessing units, modern supercomputers increasingly rely on parallelisation, thus favouring
a development towards algorithms with a higher parallel efficiency [FGH13]. In NWP,
parallelisation can be achieved by dividing the domain — i.e. the atmosphere — into sub-
domains, each of which is then assigned to separate processors. In order to balance the
processors’ workloads, an approximately equal number of data points is assigned to each
one. In particular, sub-domains at resolution clusters — such as the grid poles in a latitude-
longitude grid — are of a smaller size (with respect to the atmosphere) when compared to
ones away from such clusters. Next to load balancing, communication between processors
also needs to be considered to ensure a high parallel efficiency. Since the solution in each
sub-domain also depends on that of the neighbouring ones, data at segments near the sub-
domains’ boundaries needs to be communicated between the nodes periodically. However,
as the sub-domains are smaller near the grid poles, a larger portion of data points falls
within such segments there, leading to a higher overall need for communication at the grid
poles. This in turn leads to a computational bottleneck that worsens as the resolution is
increased [ST12]. In view of ever higher resolutions in future numerical weather prediction
models, this provides a strong incentive for moving towards other types of grids, and since
the underlying discretisations strongly depend on the choice of grid, this also applies to

the choice of discretisation.

Omne such approach is given in [TRSK09], where the Arakawa C finite difference grid
discretisation is extended to more general classes of locally orthogonal meshes, while
maintaining a discrete geostrophic balance. It was further extended in [RTKS10] to also
retain a discrete (horizontal) curl-grad identity V x (V@) = 0. The resulting scheme, in-
formally known as TRiSK, is used e.g. together with a Voronoi type polygonal grid in the
earth-system simulation model MPAS [SKD*12]. Another approach is given by the Ger-



man weather forecasting service’s dynamical core ICON, which is based on an icosahedral
triangular grid (see Figure 1.1) combined with a C grid discretisation [ZRRB15]. A simi-
lar version, called ICON-IAP, also exists for icosahedral hexagonal grids [Gas13]. While
the approach in [TRSKO09] ensures a discrete geostrophic balance, the one described in
[Gas13] is set up to merely keep deviations to it small. In return, it is additionally aimed
at avoiding the occurrence of the so-called Hollingsworth instability [HKRB83], which is

related to whether the identity (v-V)v = (V xv)xv+1|v|? is satisfied after discretisation.

The choice of grid in combination with the above C grid discretisations is also related
to Property 4 above, and has been examined e.g. in [Gasll, TCD14, WTC12|. For in-
stance, cube sphere grids — whose quadrilateral mesh ensures a correct ratio of velocity
and pressure degrees of freedom — were found to perform worse than icosahedral grids,
possibly due to the particular choice of discretisation of the Coriolis term. In view of com-
putational modes, hexagonal grids give rise to spurious Rossby wave modes. However,
their low frequency is similar to high wave number physical modes, and a damaging effect
has not been reported in practice [CS12, TCD14]. Trrespectively of such modes, the choice
of grid in MPAS and ICON is related to practical mesh refinement based arguments, and
the more severe spurious inertia-gravity wave mode occurring in the ICON triangular grid

is treated by means of numerical filtering.

Other developments have focused on the finite element method, which allows for a more
direct flexibility with respect to the underlying choice of grid. This includes the discon-
tinuous Galerkin and spectral element methods (e.g. [BKN15, TF10]), where in the latter
high order finite elements are used to minimise dissipation arising from the stabilisation of
discretised terms. Next to avoiding grid poles via allowing for more general meshes, these
two methods further focus on computational efficiency, as they lead to block-diagonal ma-
trices and diagonal mass matrices, respectively. Another method, currently pursued by
the UK Met Office [FGH™13], is given by the mixed finite element method, where differ-
ent finite element spaces are used for different fields. In particular, their next dynamical
core, GungHo, is based on this method together with a cube sphere grid (see Figure 1.1),

ensuring the correct ratio of velocity and pressure degrees of freedom.

Similar to the finite difference case, Properties 2 and 3 above can be realised in a finite ele-
ment setting by satisfying discretised curl-grad and div-curl identities. Finite element dis-
cretisations that satisfy discrete vector calculus identities are known as “mimetic” or “com-

patible”, and have a long history in a range of modelling applications [BBF*13] with a rich
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Figure 1.1: Latitude-longitude, icosahedral, and cube sphere grids. Base icosahedron and cube are marked
in blue.

underlying theoretical body based on finite element exterior calculus [AFW06, AFW10].
In view of numerical weather forecasting, they have been considered more recently e.g. for
the spectral element method [TF10] and mixed element methods [CS12, CM14, NSC16].
The latter can be seen as an extension to the finite difference C grid, and the afore-
mentioned mixed method used in the UK Met Office’s next dynamical core is indeed

compatible.

The remainder of this thesis is based on the compatible mixed finite element method,
and in the section below we define it for sets of finite element spaces used thereafter.
In view of the above discussion, we include a remark on the choice of spaces relative to
Property 4. Further, Section 1.1.3 includes a brief discussion of Properties 2 and 3 in
view of the compatible mixed finite element method and its mimetic features, which will

be relied upon in the discretisations thereafter.

1.1.2 FORMULATION

In this section, we briefly review the finite element spaces used thereafter (following e.g.

[BBE*13]), and formulate the compatible mixed finite element method.

As finite element methods are concerned with the discretisation of weak forms of differ-

ential equations, we first recall the following standard function spaces to be used below.

10



Given a closed and bounded domain 2 C R?, we define

LXQ) ={y: Q - R| /QW dz < 00}, (1.1)
H(div, Q) == {v € (L*())"| V- v € L)}, (1.2)
H(cwrl, Q) = {v € (L*(2))"| V x v € (L*(2))"}, (1.3)

H'(©) = {$ € L2(Q)] Vo € (L2(2)), (1.4)

the standard L? space, Sobolev type spaces in which the divergence and curl operators are
well-defined, and the standard Sobolev space H!'. V-, Vx, and V denote the divergence,
curl, and gradient operators, respectively. Functions in H(div, () satisfy the divergence

theorem, i.e. for v € H(div,) and any open bounded subset K C €,

/KV-de—/aKv-ndS, (1.5)

*

for boundary 0K of K and outward pointing unit vector n

H (curl, Q) satisfy Stokes’ theorem, i.e.

Similarly, functions in

/Evadx:/azv-ndS, (1.6)

for a surface ¥ with boundary 0X.

To motivate the compatible finite element method, we consider the linearised shallow
water equations, which form the most basic version of governing equations considered in
the chapters to follow. They are given by a momentum and a continuity equation of the

form

w + fut +gVD =0, (1.7)
D, +HV - -u=0, (1.8)

in a (topologically) two-dimensional domain €, for flow velocity u(x,t) and depth D(x,t),
where x € 2 and ¢t > 0 denote position in space and time, respectively. The subscript
in ¢ denotes differentiation in time, and the superscript * denotes the perpendicular
operator, given such that ut* = k x u, for the domain’s outward unit vector k. In
the chapters to follow, for the shallow water equations, €2 will be given by spherical

and periodic rectangular domains. Note that for the spherical case, the divergence and

* Strictly speaking, v in the boundary integral is given by its projection v|gq into the trace space
L?(09), and for ease of notation, we drop the |q.

11



gradient operators are considered tangentially to the domain. The parameters f, g, and
H denote the Coriolis parameter, gravitational acceleration, and (constant) mean depth,

respectively. We consider a weak form

(v,u, + fut) —(V-v,gD) =0, Vv € H(div, Q), (1.9)
(1), Dy + HV -u) =0 vy e L3(), (1.10)

for L? inner product (.,.), test functions v, ¢ and solution fields u € H(div, Q), D €
L?(2). Note that the choice of function spaces guarantees that the weak form is well-
defined, assuming further that D, € L%(Q), u, € (L3(Q))>.

FINITE ELEMENTS

In the finite element method, the weak form is then discretised by considering finite
dimensional sub-spaces of the infinite dimensional solution spaces. In what follows, we

briefly outline the construction of finite element spaces using finite elements.

Definition 1. A finite element is a triple (K, P,N) such that

i) K CR" is a simply connected bounded open set with piece-wise smooth boundary
ii) P is a finite-dimensional space of functions defined on K
iii) N is a basis of P’

Note that P’ denotes the dual space of P. K is the element domain, P the space of shape
functions, and N the set of nodal variables (also referred to as degrees of freedom). Given
a reference finite element (K , 75,/\7 ) and the domain € in which the equations are solved,
a corresponding finite element space can then be constructed by mapping the finite el-
ement to each sub-domain K of a tessellation 7 = Jgcq K of 2. Note that implicitly
in this construction, we also need to specify which nodes of A/ in each cell K are shared
with other cells. The sharing of nodes enforces continuity between cells, allowing the
construction of conformal finite element spaces, i.e. spaces that are sub-spaces of the
corresponding solution spaces. In the chapters below, the following finite elements will be

considered (see also Figures 1.3, 1.4).

Continuous Galerkin (CG). The reference element domain K is given by an inter-

val or triangle, the shape functions P by the space Py of polynomials up to degree k > 1,
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1.e.

Pr, = span({2*9" | (a, b) € N*, 0 < a+b < k}), (1.11)

for a triangle with reference cell coordinates (Z,7), and analogously for intervals. The
nodes N are given by function evaluations at e.g. uniformly spaced points, or points
according to a Gauss-Lobatto quadrature in the case of an interval. The nodes corre-
sponding to points on the interval’s ends and triangle’s vertices and edges are shared.
This enforces continuity between elements, therefore leading to a H' conforming element.
Further, square and box CG elements can be created as tensor products of CG interval

elements, with shape function spaces of the form
Pr,s :PT®PS7 (112)

for squares, and similar for boxes. For simplicity, we only consider the case r = s, and
write CGy for square/box elements which are tensor products of interval CGy spaces.

Further, we denote triangular elements by Py.

Discontinuous Galerkin (DG). The finite element is equal to the CG one, except
that nodes on each element’s boundaries are not shared with other elements. Therefore,
there is no enforcement of continuity, and DG spaces are only L2-conforming. Note that
in this case k£ = 0 (and also r = s = 0 for squares) also leads to a non-trivial space, given
by the space of piece-wise constant functions (rather than fully constant functions in the
continuous case). Similarly to the CG case, we write DGy, for square or box elements,

and PP for triangular elements.

H(div) conforming. Given functions ¢y € C*(Q2) and v € H(div,{?), we find from
the divergence theorem (1.5) applied in each cell K of a tessellation T of €2,

/Qwv-vdx: Z/va.vdxzz <—/Kv¢‘Vd$+/aK1/JV~ndS>

KeT KeT
/ Ypv-ndS.  (1.13)
oK

—— [ Vv var+ ¥

KeT

However, the divergence theorem applied in the whole of €2 also leads to

/Qw.vdx:—/ﬂw-vdx, (1.14)

and subtracting this from (1.13), we find that the sum of facet contributions 0K is equal
to zero. This holds for any given function ¢ € C*°(2), and in particular, by picking a
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series of test functions v, whose compact support in 2 converges to a given facet 0K, the

sum in (1.13) reduces in the limit to

/ vientdS+ [ viondS=| (vt—-v).-n"=0, (1.15)
oK oK oK

for values +, — on either side of K, with n= = —n* 7. With this in mind, H(div)-
conforming finite element spaces can be created using polynomials in each element and

ensuring continuity of normal components of cell facets via the nodal variables.

For triangular tessellations of the domain €2, we will consider the Brezzi-Douglas-Marini
(BDMj,) finite element [BDMS5]. The space of shape functions is given by (Py)?, for
k > 1. Note that this space has dimension (k + 1)(k + 2). To ensure the resulting
finite element space is H(div)-conforming, k£ + 1 nodes are used as integral moments
of the field’s normal component along each of the three triangle’s edges; the remaining
(k+1)(k+2)—3(k+1) = (k—1)(k+1) nodes are evaluated as integral moments over the
triangle. Noting that in practice the integral moments are evaluated using a quadrature,
the nodes can also be formulated as function evaluations at quadrature points instead of

moments.

For square shaped cells, H (div)-conforming elements can be created using tensor products

of interval CG and DG elements [ABF05]. In 2D, for £ > 1, the element is given by
H(div), = (XCGy, @ DGr_1) @ (DG4 @ yCGy) (1.16)

where X, ¥ correspond to the unit vectors in the z and ¢ direction. Note that in the
tensor product element, the unit vectors are normal to the square’s edges, and paired
with CG spaces this ensures that the resulting finite element space has continuous normal
components (see Figure 1.2). Further, note that this element is analogous to one known in
the literature as the Raviart-Thomas element RT}, [BBF*13], and our naming convention
is to reflect the tensor product setup in common with the other H(div) and H(curl) type
elements considered here. Finally, box elements are created accordingly with another DG

space in the product:

H(div)k = (}A(CGk ® DGr_1 ® DGk_1) b (DGk_l RyCGL ® DGk_l)
© (DGr-1 ® DGy @ 2CGY,),

(1.17)

T For tessellations of the sphere, this need not hold exactly; for a discussion of this problem see [NSC16].
In Section 1.3, we assume n~ = —n™ for the purpose of a simplified presentation of stabilisation methods.
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for unit vector z in the 2 direction.

H(curl) conforming. Similarly to H(div) conforming elements, H(curl) conforming
ones can be created by ensuring the correct continuity at cell boundaries. In this case,
since Stokes’ theorem applies to surfaces and leads to line integrals, this applies to the
fields’ tangential component along edges (rather than faces) of three-dimensional cells.

Three-dimensional box elements are therefore created via a tensor product of the form

H(Curl)k = (fCDGk—l RCGL® CGk) © (CGk RYyDGL_ 1 ® CGk)
& (CCr® CGy @ 2DCh 1) |

(1.18)

which leads to function evaluation nodes of the fields’ tangential components along edges
(see Figure 1.2). In the two-dimensional case, the curl operator reduces to V+ =k x V,
and can be interpreted in two ways, given the domain’s outward unit vector k. As an
operation on a vector v, it is given by (k x V) - v, while as an operation on a scalar v it
reads

V4 = (k x V). (1.19)

In what follows, we consider the latter case, where H(curl) is given by a scalar space.
Corresponding curl conforming spaces can be created by considering the vertical compo-
nent of the three-dimensional tensor product spaces dotted with k, which in fact leads to

CG tensor product spaces as described at (1.12) above.

Given a set of finite elements, the corresponding finite element spaces are constructed
using cell mappings between the reference cell and cells appearing in the domain’s tessel-
lation. Next to ensuring that the resulting spaces are indeed conformal, these mappings
are also required to be consistent with the compatibility conditions between spaces, which
are described below. While not directly relevant to the work presented in the chapters
below, they form an important part of the construction of finite element spaces, and a

further description of them can be found in Appendix A.

COMPATIBILITY

Considering the solution spaces of the weak form (1.9) - (1.10) for the linearised shallow

water equations, we find that

H(div,Q) 2 L*(Q), (1.20)
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Figure 1.2: Tensor product construction for X-component of the direct sum used to create conforming
shape function spaces for lowest degree k = 1. Top: H(div) element. Bottom: H(curl) element.

i.e. the former maps onto the latter via the divergence operator. The design of finite
element spaces that fulfil Properties 2 and 3 mentioned in this section’s introduction is

aimed at maintaining a discrete version of (1.20), motivating Definitions 2 and 3 below
[INSC16].

Definition 2. Let Q) be a (topologically) two-dimensional domain without boundary. Fur-
ther, let V2, V1. and V;? be finite element subspaces of H*(Q), H(div,Q), and L*(Q),
respectively. Then (V2 Vi1, Vi2) are called compatible if

i) Vine Vil vne VP,
W) V-weV?: VYweVl

iii) there exist bounded projections m', i = 0,1,2, such that the following diagram com-

mutes.

HY(Q) Y= H(div; Q) Y L2(Q)

s b ]

V2(Q) —= ViHQ) — - V()
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An analogous set of compatible spaces exists for domains with boundaries, where H'(Q)
and its discretised version are equipped with zero boundary conditions, while the two div-
conforming spaces are equipped with zero normal component boundary conditions. In
the chapters to follow, we will consider two-dimensional compatible finite element spaces

based on the following sets of elements.

e (Pyy1, BDM,, PPS) for triangular tessellations

o (CGy, H(div)k, DGj_4) for square tessellations

Similarly, we can construct a set for three-dimensional domains, which contains four

compatible spaces.

Definition 3. Let Q) be a (topologically) three-dimensional domain without boundary. Fur-
ther, let V2, VI, Vi2, and V3 be finite element subspaces of H'(Q)), H(curl, ), H(div, ),
and L*(Q), respectively. Then (V;, VI, V2, V;3) are called compatible if

i) Vne Vvl vneVy,
W) VxXeV? VeV,
w) V-weVE VYweV?

iv) there exist bounded projections 7, i = 0,1,2,3, such that the following diagram

commautes.

HY(Q) —% H(curl; Q) > H(div; Q) V= L2(Q)

sk )

V2AQ) —Y = V() — = V2(Q) — = VE(Q)

In Chapter 4, we will consider three-dimensional compatible finite element spaces based
on a set of tensor finite elements given by (H (curl)y, H(div)y, DGk_1). Depictions of all

compatible elements used thereafter are given in Figures 1.3 and 1.4.

Remark 4. Next to the density related variable, the pressure related variable will also
be considered as a function of the DG space. In particular, the choice of velocity and

density related spaces determines the ratio of velocity and pressure degrees of freedom.
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Figure 1.3: 2D finite elements used in compatible finite element setup, for degree k = 2. Top row: triangu-
lar elements Py 1, BDMg, PPS. Bottom row: rectangular tensor product elements CGy, H(div)x, DGj_1.
Dots and arrows correspond to degrees of freedom and degrees of freedom multiplied by a unit vector, re-
spectively. Circled numbers indicate interior moments.

As mentioned in the motivation above, this in turn relates to the existence of certain
computational wave modes. For the pair (H(div)y, DGg_1) for square tessellations, we
retrieve the correct ratio. For the pair (BDMQ, P1DG> for triangular tessellations, the
ratio can be shown to be equal to that of an Arakawa C discretisation on a hexagonal grid,
leading to spurious Rossby wave modes that appear to have no damaging effect. For more

details, see [CS12, TCD14].

An important aspect of the compatible finite element spaces defined in the definitions
above are their mimetic properties, i.e. they satisfy discrete vector calculus identities.
This can be seen using commutativity, where e.g. in the two-dimensional case, given any

n € V2(Q), we can find ¢ € H*(Q) such that 7% = n and
V- V(%) = 7*(V - V) = 7%(0) = 0, (1.21)
implying that the compatible finite element spaces satisfy the vector calculus identity

V-V =0 v € V2(Q). (1.22)
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Figure 1.4: 3D tensor product finite element family H(curl)x, H(div)g, DGi—_1 used in compatible finite
element setup, for degree k = 1. Dots and arrows correspond to degrees of freedom and degrees of freedom
multiplied by a unit vector, respectively.

1.1.3 PROPERTIES

Having defined the compatible finite element spaces, we are now in a position to space
discretise the linearised weak shallow water equations (1.9) - (1.10). Next to presenting
the discretisation, we will also review results related to mimetic properties. The review
is largely based on [CS12] — the first paper to treat the method within the context of
compatible mixed finite elements in numerical weather prediction — as well as the survey
paper [NSC16]. Finally, we include a direct derivation of energy conservation, and discuss

the derivation’s extension to the nonlinear rotating shallow water equations.

Given a tessellation 7 of the domain €2, the discretised inner product is given by

(v,wy, =Y | v-wdaz, (1.23)
KeT 7K

where (v, w) is a pair of scalar or vector fields, and each integral over K is computed
via the reference element as described in Appendix A. For brevity, we drop subscripts
h thereafter. Further, in view of the discretisations introduced below, we will refer to
meshes rather than tessellations, noting that the former can be seen as an object con-
taining information about cells, faces, edges, and vertices, while the latter is often simply
understood as a partition of 2. The space discretised linear shallow water equations are

then given by

(w,u; + fu') —(V-w,gD) =0 vw € V1 (), (1.24)
(¢, Dy + HV -u) =0 Vo € V2(Q), (1.25)
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for prognostic variables u € V;}(Q), D € V}2(Q2), and test functions w € V;}(Q2), ¢ € V2(Q).
Note that mass conservation follows by choosing a test function of the form ¢ = 1, since

then
<¢,HV-u):;/KV-(Hu) dm:—; | Hu-nde=0, (1.26)

recalling that H corresponds to the constant mean depth. The last equation follows since
u has continuous normal components, implying that all cell boundary contributions cancel

out (and we further assume u-n = 0 on 012).

(GEOSTROPHIC BALANCE

An atmospheric flow is in geostrophic balance if the pressure gradient and Coriolis terms
sum to zero. In the case of the linear shallow water equations on a planar domain with
the f-plane approximation (i.e. constant Coriolis parameter f [Vall7]), we find that in

the presence of such a balance, the strong equations (1.7) - (1.8) reduce to

fult 4+ ¢VD =0, (1.27)
w, =0, (1.28)
D+ HV -u=0. (1.29)

Applying V1 to the balance equation (1.27), it follows that V - u = 0, and therefore
D; = 0. In other words, in this case the geostrophically balanced state is steady. In the
presence of nonlinear terms and a non-constant f, this state evolves as a slowly varying
balanced state that characterises large scale weather systems. Maintaining the steady
state property for the linearised equations after discretisation is crucial for an accurate

representation of balanced large scale flow [CS12].

To demonstrate the existence of exact steady geostrophic states for the compatible fi-
nite element spaces introduced above, we start with a stream function ¢ € V2(Q). Given
Definition 2, the resulting velocity field u = V1) is a function in the velocity space
ViH(€). The discretised div-curl identity (1.22) then implies V- u = V - V14 = 0. From
the discretised continuity equation (1.25), we therefore find D; = 0, and it remains to find
a depth field D such that the Coriolis force and pressure gradient terms in the discretised
velocity equation (1.24) are balanced. For this purpose, we define D such that

9(é, D) = f{6,) Vo € Vi (Q), (1.30)
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i.e. the depth field is given by the projection of (f/g)¥ into the discretised depth space
V2(2). Since V - w is a function of V;2(Q2) for any test function w € V;!(Q), we then find
from (1.30)

(w, fu') —=(V-w,gD) = (w, f(V¢)") = (V- w,gD) (1.31)
= —(w, fV¢) —(V-w,gD) (1.32)
=(V-w,f) —(V-w,gD)=0 VYwc V' (Q), (1.33)

noting that in the Coriolis term we used integration by parts. The latter is performed
cell-wise, and no facet integrals arise since all test functions w have continuous normal
components and 1 is continuous. In the presence of boundaries, free-slip boundary con-
ditions are assumed. Therefore, given a stream function v, the resulting velocity field
together with a depth field of the form (1.30) lead to a geostrophically balanced state,
which is steady in D (due to V- u = 0) and u (inserting (1.33) into (1.24)).

ABSENCE OF PRESSURE GRADIENT INDUCED VORTICITY

Taking the curl of the linearised momentum equation (1.7), we obtain an evolution equa-
tion of the form

for vorticity ¢ := V= - u, and constant f. In particular, for steady geostrophic states,
where from the continuity equation (1.25) we have V - u = 0, we find that vorticity is
constant in time. In the compatible finite element setup, a discrete analogue to this can

be derived by considering the vorticity as a function of V2(Q), defined weakly by
(Cn) = —(Vinu) Vi € V(). (1.35)

Differentiating the above with respect to time, we then find from the momentum equation
(1.24),

(N, G+ fV-u) = (V' fut) = (V-V',9D) + (n, fV - u) (1.36)
=(Vn, fu) + (0, fV-u) (1.37)
=—n, fV-u)+{n fV-u) =0 vn € V2(Q) (1.38)
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noting that V+4n € V;}(Q). Similarly to (1.33), we used integration by parts, and further

also exploited the discrete div-curl identity (1.22). In particular, the latter ensures that

so that there is no unphysical source of gradient induced forcing in the discretised vorticity
equation. Note that the div-curl identity will also apply in the same way for any other
gradient related terms, such as the pressure gradient and geopotential gradient terms in

the dry compressible Euler equations.

ENERGY CONSERVATION

Next to the existence of steady geostrophic modes and absence of pressure induced forcing
terms in the vorticity equation, the compatible finite element framework also leads to
energy conservation for the linearised shallow water equations. The system’s total energy
is given by

E = ;/Q(H|u|2 + gD?*)dz, (1.40)

i.e. the sum of kinetic and potential energy. For its rate of change in time, we then find
directly from the discretised equations (1.24) and (1.25) with test functions w = Hu and
¢ = gD, respectively,

dE

== /Q(Hut u+ gD;D)dx (1.41)

:/Q(_fHu-uMr (V- (Hu)gD — H(V -w)gD )dz =0.  (1.42)

In order to motivate the Hamiltonian framework presented in Section 1.2 below, we next
consider conservation of energy for the full non-linear set of rotating shallow water equa-

tions. For this purpose, we study their strong form, which is given by

w, + (u-V)u+ fut +gVD =0, (1.43)
D, +V - (uD) = 0. (1.44)

In this case, the total energy is given by
_1 2 2
E = 5 (D|ul|* + gD?)dxz, (1.45)
Q

and conservation of E for the strong form can be be computed by deriving evolution equa-

tions for the kinetic and potential energies from the momentum and continuity equations
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[Vall7]. For the point-wise potential energy e, = %9D2, we obtain from the continuity

equation (1.44) multiplied by gD,

%etp+v-<uep>+e,,v-u:o. (1.46)

Similarly, from the momentum equation (1.43) multiplied by uD, we obtain a point-wise

kinetic energy evolution equation of the form

({Zﬁ%—v-(uek)#-u-Vep:O, (1.47)

for kinetic energy e, = 3 D|u|?, noting that we also used the continuity equation and the

so-called vector invariant form
Lol L,
(u-Vu=u (V «u)—|—§\u |, (1.48)

of the velocity advection term. Adding the two evolution equations together, we arrive

at an energy equation of the form

de  Olex+ep)

—=———+V " (u 2 =0 1.49

at at + ( <€k + e}’)) ) ( )
for point-wise energy e. Finally, integrating over the domain and assuming no or free-
slip boundaries, we find that E = [, e dx is conserved, noting that the energy flux term

u(ey, + 2e,) vanishes after applying the divergence theorem.

While in the linear case conservation of energy is nearly trivial, this is far less so the
case for the full rotating shallow water equations. The complexity can be expected to
further increase in the discretised case, where only operations that are consistent with
the discretisation at hand are allowed. This motivates a framework with a more explicit
mechanism underlying energy conservation, as described in Section 1.2 below. Note that
while the total energy in the latter section will be denoted by H (for Hamiltonian), here

we instead used E to avoid confusion with the mean depth H.

1.1.4 THERMAL FIELD SPACES

It remains to define a set of thermal field spaces used in conjunction with the compatible
finite element spaces defined above. These will be needed for the potential temperature
in the dry Euler equations, as well as the buoyancy in the thermal rotating shallow water

equations. For the latter, we will set the space to be equal to the continuous space V.
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It is also possible to choose the discontinuous space VJ* instead, and for a discussion
thereof in an energy conserving compatible context, we refer to [EDK19]. The choice of
continuous space reflects our presentation of a new energy conserving stabilisation method
for thermal field advection, as detailed in Chapter 3. For the dry Euler equations, we
consider the continuous space V{' as well as the finite element equivalent of a Charney-
Phillips finite difference grid, where the space’s node locations are set to coincide with
the velocity space nodes corresponding to the vertical wind [NSC16]. This choice of
temperature space was recommended in a dispersion property study in [MBTC18] for
mixed finite element methods in NWP when compared to a fully discontinuous or fully
continuous finite element space, and will be used in the UK Met Office’s next dynamical
core. The resulting Charney-Phillips and triangular CG elements for the thermal field
space in the case of the 2D Euler and thermal shallow water equations are given in Figure
1.5. The corresponding 3D Euler element is analogous to the 2D one, and is based on the

vertical component of the 3D velocity element.

Figure 1.5: Reference elements for next to lowest order Charney-Phillips type finite element space and Ps.
Dots denote degrees of freedom. The former is used for the Euler equations in a vertical slice of the atmo-
sphere; the latter corresponds to a triangular mesh of the sphere used for the thermal shallow water equa-

tions.

1.2 HAMILTONIAN FRAMEWORK FOR ENERGY CONSERVATION

Motivated by the discussion on energy conservation in Section 1.1.3, we next describe the
Hamiltonian framework and use it for an alternative formulation of the rotating shallow
water, thermal rotating shallow water, and dry compressible Euler equations. Many fluid
dynamical equations can be formulated within such a framework [Mor82, Mor98|, using
the system’s Hamiltonian H, i.e. the total amount of energy, and a Poisson bracket {.,.}.

The latter is a form that maps from pairs of functionals of the prognostic variables to R,
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and satisfies for any functionals F, G, K [She90]

{aF + G, K} = o{F,K} + B{G,K} Vo, €R

(bilinearity), (1.50)
{F,aG+ K} =o{F,G} + p{F,K} VYa,B€R
{F,G} = —{G,F} (antisymmetry), (1.51)
{F.{G,K}} +{GA{K,F}}+{K,{F,G}} =0 (Jacobi identity). (1.52)

The time evolution of any functional F' of the prognostic variables is then given by the
so-called Poisson system
dF

— = {F.H}. (1.53)

In the chapters below, we consider functionals of prognostic variables u, p, and 6 in a
domain 2, which denote the flow velocity, a density related field, and a thermal type field,

respectively. Further, we will use the absolute vorticity w, given by
w=(V xu+2Q), (1.54)

for rotation vector 2. Note that in the two-dimensional test cases considered in the
numerical results sections of the chapters to follow, we will replace w by (gp)k, for the

2D domain’s outward unit vector k and scalar potential vorticity

¢=(V*-u+f)p, (1.55)

recalling that V+ denotes the 2D curl operator k x V, and f is given by the Coriolis
parameter depending on the test case. This way, we can consider the discussion below

both for 2D and 3D cases, without the need for two sets of notation.

In the chapters to follow, we will base our energy conserving, upwind stabilised formula-
tions on a bracket as given in Definition 5 below, which we denote as the standard Poisson
bracket or simply the standard bracket. 1t is given in terms of variational derivatives of

functionals F'(u, p, 6), which are defined weakly by

<5F,W> = lim 1(F(u +ew,p,0) — F(u,p,0)) Vw e V(Q), (1.56)

Ju e—0 ¢

where as before, (.,.) denotes the L? inner product over Q. V() is given by a suitable
velocity space to be defined, and the variations in p and € are defined analogously. In the

continuous setting, we consider continuously differentiable spaces for V', which are then
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discretised using suitable finite element spaces.

Definition 5. For any functionals F, H of the prognostic variables (u, p, ), the standard
bracket {F,H} € R is given by

{F,H} ::—<5F w 15H>+ <5H V- 5F>+<1(5HV6 5F>

ou'’” 5o oo ou/) T \poe Y su (157
N <5F - 5H> ~ <15Fv9 5H> '
op’ ou pod T ou/’

Note that this bracket, first introduced in [MG80], is indeed a Poisson bracket. It is
clearly bilinear, and antisymmetry follows since the first term is antisymmetric in itself,
while the second and fourth, as well as third and fifth terms form antisymmetric pairs,
respectively. A direct proof for Jacobi’s identity can be found e.g. in [Mor82], and a more
straightforward derivation via the so-called Hamiltonian parcel mesh formulation can be
found in [BO06]. For brevity, we exclude the proofs here, noting that we will find the
energy conserving property of this framework to be purely a consequence of the bracket’s
antisymmetry. Jacobi’s identity is associated with the system’s so-called symplectic prop-
erty, which in turn is related to conservation of area in phase space. Discretisations that
preserve this property are aimed at an improved long term stability, and are commonly
referred to as symplectic integrators; see e.g. [DR04] for a survey on such integrators and
[Rei99] for a more rigorous analysis. Due to the above bracket’s complexity, we do not aim
to retain Jacobi’s identity in the discretisations to follow and refer to e.g. [HLW06, LRO04]
for more details on this topic. Further, we note that this bracket is not unique, in the
sense that the governing equations derived in this section may also be derived from differ-
ent brackets. This includes brackets with functionals that depend on momentum m = pu
rather than velocity u, and one such bracket is given in Appendix B. In particular, the
bracket above is termed the standard bracket solely for the purpose of the chapters to

follow, rather than from a general literature point of view.

The resulting fluid dynamical equations follow from their respective Hamiltonians and
functionals F' corresponding to weak forms of the prognostic variables. Specifically, we
set F' = (u,v), F' = (p,v), and F = (0, x), respectively, with arbitrary test functions
v, 1, x in the corresponding spaces V(€2). For F' = (u,v), we have

oF oF 0 or

=V 5, =0 ﬁ_o, (1.58)
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so that the Poisson bracket reduces to

(FHY — — <V,w < 15H> + <‘;]Z v. v> <;?;ve > (1.59)

for any test function v € V(). Using the Poisson system (1.53), we then obtain a

momentum equation given by

dF 10H 5H 10H

Similarly, for p and €, we obtain weak versions of the continuity and transport equations

of the form
0H
op) == (0.7 50 ). (1.61)
10H
00 == (x50 - V). (1.62)

for any test functions v, Y.

Given a system of equations of the form (1.60) - (1.62), conservation of energy then follows
directly from the bracket framework. First, the Poisson system (1.53) with bracket (1.57)
can be recovered from (1.60) - (1.62) for any functional F'(u, p, ) via

Lo () ()

In particular, this also holds for F' = H, and noting the bracket’s antisymmetry, we arrive
at

ddi] — {(H,H} = —{H,H} = 0. (1.64)
In what follows, we compute (1.60) - (1.62) for Hamiltonians corresponding to the rotating
shallow water, thermal rotating shallow water, and dry compressible Euler equations.
These sets of equations can be seen as a hierarchy, in the sense that their corresponding
Hamiltonians grow increasingly complex: the rotating shallow water Hamiltonian does
not contain an internal energy term, while the one for the thermal rotating shallow water
equations does contain one in polynomial form. Finally, the Hamiltonian corresponding
to the dry compressible Euler equations contains a non-polynomial internal energy term
as specified by the ideal gas law. Given the Poisson bracket framework detailed above, we
can then conclude directly that the resulting sets of equations conserve energy. Crucially,

this remains true after the underlying spaces V(Q2) are discretised, and it further remains
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true as long as the underlying discretised Poisson bracket is antisymmetric.

1.2.1 ROTATING SHALLOW WATER EQUATIONS

The rotating shallow water equations have first been studied in the context of an energy
conserving compatible finite element discretisation in [MC14], and a Poisson bracket equal
to the standard one in Definition 5 (up to the thermal field 6 related terms) can be found

in the appendix therein. The Hamiltonian is given by

H(u,p) = ;/ﬂ (p\u\z +g(p+ b)z)d:c, (1.65)

where in this context p corresponds to the fluid depth (and for consistency of notation with
the Euler equations below, we keep p instead of using the more usual D or h), and there
is no thermal field 6. Further, g and b denote the gravitational acceleration parameter
and topographic height field, respectively. In view of the Poisson system (1.53), in the
non-discretised case the variational derivatives are given by

0H 0H

1 2
Sy = W 5 Q\u\ +g(p+0) (1.66)

The usual form of the rotating shallow water equations then follows from (1.60) and

(1.61). For the velocity equation, we have

OF 10H 0H oF
<V,ut> = — <5u,w X p5u> + <5p,V : 5]_1> (167)
1
=—(v,wxu)+ <2\u\2+g(p+b),v-v> (1.68)

=—(v,(Vxu+2Q) xu) — <;V\u|2 +Vig(p+ b)),v> (1.69)
=—{(v,(u-V)u+ (2Q x u) + gV (p+1b)). (1.70)

where we have used integration by parts (with v-n =0 on 02) and (u-V)u = (V x u) x
u+ %V|u|2. Since this holds for any test function v in C'(€2), in the case of sufficiently
smooth solutions we then arrive at the usual strong form of the momentum equation,
given by

w, + (u-Viu+ fut+gV(p+b) = 0. (1.71)

Given the spherical context of the shallow water equations, we rewrote the Coriolis term

as fu', for Coriolis parameter f = 2Qz/a and perpendicular ut = k x u, where a, ,
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z, and k correspond to the sphere’s radius, rotation rate, rotational axis coordinate, and

outward unit vertical vector, respectively. Similarly, we obtain the continuity equation
pe+ V- (pu) =0, (1.72)

where we used %—f = pu in (1.61), which holds for any test function .

For completeness, we note that the linear rotating shallow water equations used in the
previous section can be derived analogously, with a Hamiltonian of the form (1.40) and a

bracket that excludes the nonlinear velocity advection term (i.e. the first term in (1.57)).

1.2.2 THERMAL ROTATING SHALLOW WATER EQUATIONS

The thermal shallow water equations have originally been introduced in [Rip93], and
describe a vertically averaged form of the rotating stratified hydrostatic Euler equations.

Here we follow the formulation as given in [EDK19]. The Hamiltonian is given by
_ P2 P
H(u,p,0) = /Q (S1af* + p0(E +0))da. (1.73)

where 6 corresponds to the buoyancy. Note that for # = g, we recover the previous shallow
water Hamiltonian (up to a constant of the form [, gb* dx). This time, the variational

derivatives are given by

H SH 1,

Sa "W S §|11| +6(p+ ), (1.74)
oH p

50 P(§ +b), (1.75)

and we obtain a weak momentum equation of the form

OF 10H oH oOF 10H OF

=~ v xup+ (P + 00 +0). 9 v) + (5 +5)70v) (1.77)
(v (V X u4292) X u)— <;V|u|2+V(6(p+b)),v>+<(g+b)V9,v> (1.78)

- <v, (u-V)u+ (22 x u) +0V(p+b) + gv9> : (1.79)
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In the non-discretised case, this leads to
W+ (u- V)u+ fut+0V(p+b)+ gve =0, (1.80)

which, as expected, reduces to the shallow water version (1.71) if § = g. Similarly, we

obtain the continuity and temperature transport equations

pe+ V- (pu) =0, (1.81)
where we additionally used ‘;—Ij = pu in (1.62), which holds for any test function .

1.2.3 EULER EQUATIONS

A Poisson bracket based formulation of the dry compressible Euler equations can be found
e.g. in [Gasl3, LP20]. Note that the Poisson bracket and the skew symmetric operator
presented in these papers correspond to a different Poisson bracket to the one considered
here, relying on the use of a different set of underlying fields (with mass weighted potential

temperature ©). In our case, the Hamiltonian is given by
_ P2
H(u,p,0) = A (§|u| + gpz + c,pb) du, (1.83)

for wind velocity u, air density p, and potential temperature . 2 and ¢, denote the
vertical coordinate and specific heat of air at constant volume, respectively. Further, 7

denotes the Exner pressure, which is given by the ideal gas law as

11—k R
TR = —pb, (1.84)
Po

for reference pressure py, ideal gas constant R, and non-dimensional parameter k = R/c,,
where ¢, = R + ¢, denotes the specific heat at constant pressure. Proceeding as before,

the variational derivatives are given by

0H 6H 1, ,

Sy W 7 §|u| + gz + ¢y, (1.85)
oH

@ = CppTr. (186)

30



Note that to derive the pressure related expression for the variation in 6, we used (1.84)

and expanded the pressure term according to

K

R 1-r K
w40 =(50) O+ 0™ (1.87)
- <Rp>1nﬁ (07 + o ey + O()) (1.88)
Po -k '
0
—1(p,0) + f”(’;’ Jex + 0(&2), (1.89)

for test function x of the temperature space, and where we used "~ = g. The limit term

in the variational derivative (1.56) can then be evaluated according to

lim * (cop(6 -+ x)7(p. 6+ ex) — cuphn(p. ) (1.90)
g+ (capl0-+ 00 (7l.0)+ 0 e+ 0@)) — cuptielp0)) (90
= lim (cv (1 + f) e, 0)x + (’)(6)) (1.92)
=cppm(p, 0) X (1.93)

The variation in p in (1.85) follows an analogous argument. As before, the Euler equations

then follow from (1.60) - (1.62), with a velocity equation of the form

10H OH 10H
_— o2 St v bl 1.94
(v,uy) <v,wxp5u>+<5p,v V>+<p59V9,V> (1.94)
1
=—(v,wxu)+ <2|u|2 + gz + ¢,0m, V - v> + (c,mV0, V) (1.95)

1
=—(v,(Vxu+2Q)xu) — <2V]u]2 + g9z + ¢, V(0r), v> + (cpmV,v) (1.96)
=—(v,(u-V)u+2Q x u+ gz + c,0Vn), (1.97)

for vertical unit vector z (not to be confused with the domain’s outward unit vector k).

In strong form, this leads to
u + (u-V)u+29Q x u+ gz + ¢,0Vr = 0. (1.98)

Note that the pressure gradient is given in terms of potential temperature 6 and Exner

pressure 7. To arrive at its familiar form with density p and pressure p, we note that the
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latter is given by the more common version of the ideal gas law (1.84) of the form
p = pRT, (1.99)

where the temperature 7T is related to m and ¢ by 1" = 6. Expanding ¢, = R + ¢, and

using the chain rule for Vr, we then find

s =1
VT =ROVT + ¢,0V (Rp0> =ROVT + cﬂli (fp@) \Y <Rp9) (1.100)
0

Po — R Po
_ROVT 4 e T (Rp9> (1.101)
Cy 170,09 Do
T 1 1

Similarly to the thermal shallow water case, equations for p and € follow from (1.61) and

(1.62), and since the variational derivative %—E is the same here, the resulting equations
are given as before by
pr+ V- (pu) =0, (1.103)
0; +u-Vo=0. (1.104)

Remark 6. Nezt to deriving sets of governing equations, the Poisson system (1.53) can
also readily be used to determine transfers between different types of energy. For instance,
the Hamiltonian (1.83) corresponding to the compressible Euler equations can be expressed

as a sum H =K + P+ I, for kinetic, potential, and internal total energies

1
K= 7/ plul? d, P = / gpz dx, I= / copOm dz. (1.105)
2Ja Q Q

Setting the functional F' in the Poisson system equal to K, P, and I, respectively, we find

d;t( =+ (V- F.g2) +¢,((V-F.0n) + (T/p.F - V0)) (1.106)
dP

%:—(V-F,g@ (1.107)
ZZ _ —¢,((V - F.0m) +(T/p.F - V0)), (1.108)

for F = ‘;—f =pu and T = %I/cp = prm. Note that given the discussion in the section

below, we find that the above derivation of energy transfers via the Poisson system is
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also applicable after discretisation. The Poisson bracket framework therefore in principle
provides an approach to erxamine whether the discretisation correctly represents energy
transfers. In particular, as long as the bracket’s qualitative structure of antisymmetric
pairs is left intact, there should not be unbalanced transfers, or unphysical ones such as

potential to internal energy.

1.2.4 DISCRETISATION

Note that we obtained the governing equations (1.60) - (1.62) by choosing appropriate
functionals F' in the Poisson system (1.53). In view of energy conservation, we discretise
at the level of the Poisson system and use discrete versions V(€2) of the continuous spaces
V(Q2) to obtain the resulting discretised governing equations. In particular, if the space-
discretised system is still based on an antisymmetric bracket, the resulting set of equations
will also still be energy conserving. Note that in the discretised case, the Hamiltonian
variations are given by projections into the chosen finite element spaces. For instance, for
the rotating shallow water equations on a domain tessellated by a triangular mesh, we
can pick the space triple (V,, V,, V,) = (P5, BDM,, PP%) for vorticity, velocity, and

density, and the Hamiltonian derivatives are then given by

0H 0H

| (L
= Pu () = T, =P (Gl aleen). (109

for projections Py, and Py, into V,,, V,, respectively. Using the standard bracket (1.57)
and functionals F' analogous to the continuous case (with test functions from the finite

element spaces), this then leads to an energy conserving space discretisation of the form

[MC14]
1
(w,u,) = — (w,qF") + <2|u|2 +g(p+0),V- W> Vw eV, (1.110)
(¢,p0) = — (¢, V- F) Vo eV, (1.111)

recalling FX = k x F. Note that the projection for the variation in p is not needed in
the momentum equation since the compatible setup guarantees V - w € V,. Further,
note that since F € V,,, we have V- F € Vp, and from the continuity equation (1.111)
we therefore find that D; and —V - F are equivalent in Vp C L?*(€Q), in the sense that
|Dy — (=V -F) |l = 0. The discrete vorticity ¢ € V, appearing in the bracket (and

therefore in the governing equations) is specified via a discrete version of the diagnostic
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relation (1.55), given by

(n.pq) = —(V*rn,u) + (n, f) Vn eV, (1.112)

for 2D scalar curl as given in (1.19). Note that the derivation of the Poisson system given
the prognostic equations, as shown in (1.63), still holds in the discretised case. Since the
bracket is identical to the standard one up to discretised terms (and hence antisymmetric),
the discretisation is indeed still energy conserving. However, for the discretised bracket
and all other discretised ones introduced thereafter, it is not clear if the Jacobi identity
still holds. For this reason, we will refer to the discretised antisymmetric brackets consid-
ered here as almost Poisson brackets, which is the usual terminology for such brackets in

the literature.

Equations (1.60) - (1.62) derived from the Poisson system can also be time-discretised
in an energy conserving way, using a so-called Poisson integrator as introduced in [CH11].

For the prognostic fields z = (u, p, 0), they can be reformulated to

0H

alt) = J(2) .

(1.113)

for t > 0, and where the skew symmetric transformation J is related to the almost Poisson

bracket via

oF 0H
Further, we set 5 SH SH SHAT
H H 6H 6H
— ==, —, =) . 1.11
0z <5u’5p’59) (1.115)
The discretisation is then given by
n+1 n ST S ST
vt g (2 (O O O
2 =2+ A ; )(511, o 59) , (1.116)

for time step At, and prognostic fields z* at time kAt, for k € Zs,. The time averaged

Hamiltonians are given by

57[—[._ ! (5 n n+1 n
0= ) EH(Z +s(z" —z ))ds, (1.117)

and similarly for the variations in p and 6.

To illustrate that the above Poisson integrator does indeed conserve energy, we first note
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that (1.116) follows from discretising the time derivative z(t) according to

7(t, + TAL) = J <z (tn + A;)) 01 ;ZH(z(tn + sAt))ds, (1.118)

for t, € {nAt | n € Z>o} and 7 € [0,1]. Note that the right-hand side is given by
a polynomial approximation of the system in the interval [t,,,1], and corresponds to
a discretisation that is of second order in time. Higher order ones can be constructed
in a similar fashion by using approximations of a higher polynomial order; see [CH11].

Integrating (1.118) over [t,, t,+1], we then obtain (1.116), noting that the equality
z(t, + sAt) = z" + s(z"" — 2") (1.119)

follows directly by considering (1.118) integrated over [t,, st,i1] as well as [t,, t,41]. Fi-
nally, conservation of energy can be demonstrated via the fundamental theorem of calcu-

lus, which yields

1
H(z") — H(z") = At / ;ZH(Z(tn +7AY)) a(t, +TAL) dr (1.120)
0
Ly At Ly
= At/o EH(z(tn + TAt)) J (z (tn - 2)) ; 5—ZH(z(tn + sAt))ds dr (1.121)
SH' At\\ 0H

noting that J is skew symmetric, and where we wrote % for % with time averaged vari-
ations of the form (1.117).

The time averaged expression (1.117) can be integrated exactly for the Hamiltonian vari-

ation in u, leading to

0H 1 1 1
— P n..n - n.o.n+l - nt+l..n n+1..n+1 . 1.123
s = g lu (P g s g ) (1.123)

The same holds true for the Hamiltonian variations in p and 6 for the rotating shallow

water and thermal rotating shallow water equations. A fully energy conserving scheme
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for the rotating shallow water equations is therefore given by

7J_ —_
<V,u"Jrl — u”> =At| — W,cjé—H + 6—H, V-w Yw € V,, (1.124)
ou op

(¢, p" T —p") = —At <¢, V- ‘;Ij> Vo eV, (1.125)
where ¢ is part of the transformation J and therefore time-discretised as ¢ = (¢"+¢"™') /2.
Note that in general, the nonlinear systems of equations that result from this discretisa-
tion procedure depend on the underlying choice of Hamiltonian in the Poisson system.
Solution strategies for these nonlinear systems are presented in the numerical results sec-
tions of Chapters 2 and 3. They are given by iterative methods, and the number of
iterations will generally have an impact on the degree of energy conservation. Further,
for the Euler Hamiltonian, we find that the internal energy is a non-polynomial function
in p and 6, thus requiring an approximate integration of (1.117) for the variations in p
and . For the numerical results presented in Chapters 3 and 4, a fourth order Gaussian
quadrature is used. While the resulting scheme is no longer strictly energy conserving,
we found that higher order quadratures did not reduce the energy error. This is believed
to be due to other more significant energy error sources, such as linear solver tolerance

and the number of nonlinear iterations.

Finally, while it may seem natural to choose a bracket that is a straight discretised ver-
sion of the standard one, the resulting equations may lead to undesirable features with
respect to stability, as illustrated in Appendix C. The main contribution of this thesis and
its underlying published work concerns the design of discretised almost Poisson brackets
that are antisymmetric and lead to sets of governing equations that include stabilisation

methods.

1.3 UPWIND STABILISATION METHODS

Next to Coriolis and gradient related terms, which combine to the typical large scale
balances in the atmosphere, the governing equations presented in the previous section
also contain terms related to advection. It is well-known that a straight discretisation of
these terms may lead to spurious oscillations (see e.g. [QV08]), and in this section we
review methods designed to reduce them. This includes methods for the compatible finite
element and thermal field spaces introduced above, which will then be incorporated into

the Hamiltonian framework in the chapters below. Further, we will briefly also mention
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other stabilisation techniques, which address topics such as simplicity, other aspects of
the forecasting model, preventing unphysical (i.e. negative) values, other physical inter-
pretations, and conceptual ideas related to the finite element method. An illustration of
the oscillations’ origin, as well as their mitigation by means of the classical DG upwind

and SUPG methods, is given in Appendix C.

1.3.1 CrassiCcAL DG UPWIND STABILISATION

In this section, we introduce an upwind stabilisation method for discontinuous Galerkin
spaces. Note that according to the compatible finite element framework, we will use a
DG discretisation for the continuity equation, and will therefore present the stabilisation

method by means of the latter. It is given by

(¢, 1) + (¢, V- (up)) =0 Vo €V, (1.126)

for the discontinuous Galerkin finite element space V, used for the density related field.

Considering a given cell K of the mesh, we obtain from integration by parts

/quv (up)dz = —/Kw- (up)dw—l—/aK épu -1 dS, (1.127)

for cell boundary 0K and its corresponding unit outward normal vector n. However,
since p is an element of a DG space, it is multivalued on 0K, and to resolve this, the
density related field on 0K is defined by its value on the boundary’s upwind side [Kuz10].

Summing over all cells, we obtain the classical DG upwind stabilisation method, given by

(¢, pt) = (Vg,up) — /Fﬂebu]]ﬁ ds Vo €V, (1.128)

where the last integral is over all interior mesh facets, noting that we assume free-slip
boundary conditions for u. The jump operator [.] (for vectors v and scalars 1), respec-
tively) and upwind value p are defined by

[v[]=v"-n"+v -n", pt ifu-nt <0

5= (1.129)
[W] =" -9, p~  otherwise,

where the two sides of each mesh facet are arbitrarily denoted by + and - (and hence n* =
—n~). When considering (1.128) as a weak form before discretisation, with smooth test

functions ¢, we find that the facet term in (1.128) vanishes. Therefore, the incorporation
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of upwinding is still consistent, in the sense that a solution to the underlying differential
equation also solves the discretised one. Further, like the non-stabilised flux based version
(1.111), the upwind formulation is mass conserving, since choosing ¢ = 1 leads to Vo = 0
and [¢u] = [u] = 0. The latter follows from our choice of velocity function space, noting

that u has continuous normal components across facets.

1.3.2 LIE DERIVATIVE TYPE UPWINDING

The standard bracket (1.57) is based on the vector invariant form of the momentum

equations, with an advection term of the form
1 2
(u-Vu=(Vxu)xu+ §V|u| : (1.130)

This form is similar to the so-called Lie derivative, which can be seen as a generalisation
of the scalar advection operator (for details see Appendix B and e.g. [MR13]). For the
velocity field, it reads

Ly(u) =(Vxu)xv+V(v-u), (1.131)

for advecting velocity v and advected velocity u. Note that in (1.130) we have v = u,
which may, however, not be the case in the energy conserving discretisations presented in
the chapters below. In [NC17b], an energy conserving discretisation was introduced for
perfect incompressible fluids, relying on a discretisation framework of (1.131) for H(div)
conforming spaces. One possible discretisation in this framework is given by the upwind

form
LM w) = (V x (vxw),u) — /F{{n X (vxw)lt-adS—(V-w,v-u), (1.132)

for any test function w of the velocity space V,, and where u is defined analogously to p
above, and further

{{inxa}}=n"xa"+n xa, (1.133)

for any given vector field a. Similarly to the DG upwind case, (1.132) is obtained from
its continuous version (1.131) by multiplying by a test function, integrating by parts, and
defining the resulting facet integral accordingly. Note that specifying u is sound in the
sense that while the normal component of u is continuous across facets, this need not
be the case for the field u itself. Further details on this type of upwind stabilisation

in terms of its motivation, convergence and energy spectrum properties can be found in

[NC17a, NC17h].
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1.3.3 SUPG STABILISATION

Having defined two upwind stabilisation methods that exploit the discontinuity across
element boundaries, it remains to specify such a method for CG spaces. Here, we consider
the Streamline Upwind Petrov Galerkin method, and to illustrate it we start with the

thermal field transport equation in its continuous form, given by
0 +u-Vo=0. (1.134)

In a finite element setting, we would space discretise the transport equation using its weak

form
(7,0, +u-VO) =0 Vv € Vy, (1.135)

for thermal field space Vy as discussed in Section 1.1.4. To avoid spurious oscillations,
diffusion can be added in the direction of the flow [Kuz10], which is achieved by replacing
the test functions by

vy—=y+T1u-Vy = v, (1.136)

for a suitable coefficient 7 (see Appendix C.3.1). We then arrive at
(Y, 0 +1u-VE) =0 Vry € Vy, (1.137)

and this form of upwinding is commonly referred to as the Streamline Upwind Petrov
Galerkin (SUPG) method [Kuzl10], first introduced in [BH82]. The form is a Petrov
Galerkin method, i.e. one where test and trial functions originate from distinct spaces,
since the modified test functions (1.136) need no longer be elements of Vy. Setting v =
0 € Vy, the SUPG equation (1.137) leads to

1d
51012 = = (0, u-V6) — [lvru- VO[5 — (ru-V6,6) (1.138)
where the indefinite SUPG term (i.e. the last term) is kept small by a suitable choice of 7.
In particular, we then find that the negative definite term —||y/7u- V6|3 acts as diffusion
along streamlines of #. Note that since all test functions were modified to include an
upwind term, the resulting weak equation (1.137) is still clearly consistent, in the sense

that an exact solution to the continuous equation (1.134) also solves the discretised weak

equation.
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The stabilised advection equation (1.137) can be used for fully continuous spaces Vy,
as is the case e.g. for our choice of buoyancy space for the thermal shallow water equa-
tions. For spaces that are not fully continuous, such as the Charney-Phillips type finite
element space, further care needs to be taken for the discontinuous components. In our
case, we follow [NSC16], and apply the classical DG upwind method in the horizontal (i.e.
discontinuous) direction, and introduce the SUPG method in the vertical direction only.

To this end, we first integrate the weak form (1.135) by parts and arrive at
(.6 = (V- (w),0) + [ [uy]f s =0 vy € Vo, (1.130)

where I', denotes the set of all vertical interior facets of the underlying mesh, noting
that uy is continuous across horizontal facets. The jump operator and upwind value
0 are defined as for the classical DG method above. Before incorporating the upwind
modification (1.136) to the test functions in (1.139), we need to integrate by parts again
to avoid applying the differential operator V to the upwinded part Tu- V~, as the double
differentiation may not be well-defined for v € Vy. Further, we restrict the SUPG method

to the vertical direction by using modified test functions of the form
Y=+ 72 u)(2- V) = Yaws, (1.140)

for vertical unit vector z. The resulting, fully upwinded advection equation is then given
by

(Vawsr Oe) + (Vows, u- V) +/F ([wywsald = [Wreweb])dS =0 vy € Vg, (1.141)

noting that the second integration by parts leads to another facet integral term. In
Chapter 3, we will incorporate the stabilised advection methods (1.137) and (1.141) in
the standard bracket (1.57). To simplify notation, we write the upwinded test functions
(1.136) and (1.140) as well as advection terms in (1.137) and (1.141) as operators given in
the definition below, where CG and CP denote continuous Galerkin and Charney-Phillips,

respectively.

Definition 7. The SUPG contribution to v € Vg is given by

~ -Vvy  CG type V
Fu = e ope o (1.142)
7(z-u)(z-V7y) CP type V,.
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Further, for an upwinded thermal field function
Yu =7 + Yu, (1.143)

the discrete thermal field transport operator is given by

196 (v + Fu, v - VO) CG type Vo,
vil;Tu) = ~ ~ N N
(45 v V0) + [ ([0 + 510 — [0y + F)01)dS  CP type V.
(1.144)

Using this definition, we can rewrite the advection equations (1.137) and (1.141) as a

single equation of the form
(7 + Fus br) + Lo(057u) = 0 vy € V. (1.145)

Finally, we note that the lowered u at L corresponds to the advecting velocity, while
the lowered u at v corresponds to the velocity used for upwinding. As mentioned before,
depending on the time discretisation, we will find that these may be distinct in the almost

Poisson bracket setup.

1.3.4 OTHER TYPES OF STABILISATION

In the chapters to follow, we will combine the standard bracket (1.57) with the aforemen-
tioned advection stabilisation methods. Before moving on to the first main chapter, which
concerns the incorporation of classical DG upwinding, we briefly mention other stabilisa-

tion methods that are commonly used in atmosphere models, following [MKM™16].

VISCOSITY BASED STABILISATION

There are many reasons to include dissipation in an atmospheric model, and next to
stabilising the numerical model, this is done e.g. to eliminate noise originating from
initialisation or grid-scale forcing from the physics parameterisations, to prevent the ac-
cumulation of potential enstrophy at the smallest grid scales, and to model sub-grid scale
turbulence [JW11]. The most common mean of dissipation in current weather forecast

models is given by the addition of an artificial diffusion term of the form [MKM™16]

/ (=D)*"'paV* - (12 Van) dz, (1.146)
Q
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for test function py,, prognostic field g, and diffusivity coefficient matrix v5,. The choice
of a > 1 determines the degree of hyperviscosity, with higher order frequencies damped
more strongly as « increases. This method is robust and simple to implement, and a
choice of o > 1 is often motivated in the sense that this leads small oscillations caused
by numerical error to be damped, while leaving large physical modes untouched. On the
other hand, a common criticism to this method is that if (1.146) does not tend to zero as
the mesh size tends to zero, the resulting numerical method does not solve for the original

equation set [MKM™16].

There also exist alternative approaches to add viscosity in a scale selective way. In the
context of the so-called spectral method, which in numerical weather prediction relies on
spherical harmonics together with Fourier transforms, this can be done by damping higher
order modes (i.e. “filtering”) to control high-wavenumber oscillations [GHO1]. As the res-
olution is increased by including a larger number of Fourier modes, the damping effect
decreases as the latter only applies to the highest modes. For this reason, this method is
also referred to as Spectral Vanishing Viscosity (SVV). The concept can also be adapted
to spectral element methods, where polynomial filtering is applied (for details, see [KS06]).

In our context, an argument can be made against artificial diffusion by means of (1.146)
for the purpose of stabilising the numerical model. Depending on the choice of mesh and
spaces, the compatible finite element method may avoid the computational modes that
have to be controlled via artificial diffusion, and the advection terms may be controlled e.g.
by the consistent stabilisation methods detailed above. Further, an alternative, vorticity
equation based treatment for the accumulation of potential enstrophy will be discussed

in Chapters 2 and 4.

PHYSICS BASED STABILISATION

As detailed in Appendix C.3, stabilisation methods can be seen as sub-grid models to
treat unresolved scales. The behaviour in these scales can be studied from a physics
point of view in the context of Large Eddy Simulation (LES), where a separation between

resolved and unresolved scales is assumed for the continuous equations. This separation
is achieved by a spatial filter [MKM™16]

= /Q Ga(x — %)u(X)dx, (1.147)
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for filtering function G with filter width A, leading to a set of governing equations that
contain resolved and unresolved terms. For instance, setting u = pu/p, the momentum

equation is then given by
(pu);+V-(pu®u)+Vp=V -1 —pg, (1.148)

and V - T represents the unresolved scale, for turbulent stress tensor

T:ﬁ(u®u—fl®ﬁ). (1.149)

The unresolved terms are then replaced by physics based sub-grid models, which may
include a dissipative and hence stabilising effect. Next to this effect, the methods are
intended to capture the sub-grid scale dynamics and feed it into the numerical model.
One classical such approach is given by the Smagorinsky sub-filter model [Sma63], which
is based on assumptions related to energy transfer and dissipation. Another, more recent
approach was presented in [MNG15] for a spectral element method based discretisation,

where the turbulent stress tensor is approximated by

(Va+va'), (1.150)

T

=

for dynamic viscosity parameter p defined according to cell-wise residuals of the filtered
governing equations (akin to (C.31)). Note that given this setup, V - 7 acts as dissipation
in regions where the solution is under-resolved, i.e. where the cell-wise residual is large.

For comparison purposes, we will consider this method in Remark 25 in Chapter 3.

POSITIVITY PRESERVATION

While the aforementioned stabilisation methods may lead to a reduction of spurious oscil-
lations, they do not necessarily preserve monotonicity, i.e. entirely prevent the generation
of such oscillations. This is problematic in cases where fields must not exceed a certain
threshold, which is the case in particular for tracer quantities such as moisture. Note that
the latter may take small values in the atmosphere, but not negative ones. A common
strategy to tackle this problem is the use of limiters, i.e. post-processing filters that con-
strain functions to stay within certain bounds [Kuz10]. Such limiters can be combined
both with CG and DG methods [MKM™16], and a vertex based limiter as described in
[Kuz10] has recently been considered for the compatible finite element method in the

context of the moist compressible Euler equations in [BGST19].

43



OTHER FINITE ELEMENT BASED TYPES OF STABILISATION

While classical DG upwinding and SUPG stabilisation are specific to the finite element
method, the stabilisation methods considered in Section 1.3.4 can also be applied to
other underlying types of space discretisation. Here, we briefly mention other well-known
stabilisation methods specific to the finite element method. To begin with, note that the
SUPG formulation (1.137) can be rewritten as

(7,00 +u-VO) = — (10 V7, 0rcs) Yy € Vo, (1.151)
where the temperature equation’s residual is given by
Ores = 0 +u - V0. (1.152)
For more general evolution equations of the form
0+ L(0) =0, (1.153)

where the dynamical operator £ may e.g. also contain a diffusion term —V - (vV6) (for

diffusion parameter v), the stabilised weak form (1.151) can then also be generalised to
(7,0 + L(0)) = = (TP(7), Ores) Vy € Vo, (1.154)

and the choice of P(v) determines the method at hand. For P(y) = u- V7, we recover
the SUPG method, while for P = £ we obtain a so-called Galerkin Least Squares (GLS)
method. Further, for P = —L*, i.e. the negative of the adjoint operator of L, we re-
cover a sub-grid scale (SGS) method. Note that depending on the form of £, boundary
conditions, and u, these two generalisations may reduce to the SUPG method. For more

details, see [Kuz10, MNG15] and the references therein.

Another approach, which is distinct from the above Petrov Galerkin type framework, is
given by edge based stabilisation [BH04] (also called “continuous interior penalty method”
[Kuz10]). The stabilisation follows by penalising gradient jumps across edges in 2D and
faces in 3D according to

/F/{hg[[n V7] - VO] ds, (1.155)
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for a tuning parameter x and edge size h.. Setting v = 6, we then obtain a term of the

form

/ kh2[n - VO]? dS, (1.156)
T

which, like the streamline upwind term in (1.138), acts to reduce ||6]|3. Note that adding
(1.155) to the discretised weak form is consistent with smooth exact solution to the strong

equations, since in this case [n- V@] = 0 and therefore (1.155) vanishes.
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DENSITY STABILISATION

In this chapter, we introduce the incorporation of classical DG upwinding (1.128) into the
standard bracket (1.57), and present numerical results by means of the rotating shallow
water equations. Since upwind stabilisation for the thermal field will be presented in the
next chapter, we consider a simplified version of the standard bracket here, which does

not contain thermal field terms:

OF O0H* OH OF
{FaH}__<5uaq5u> <<5D’v'6u> 21)
(3 g0y |
oD’ su/’

where in light of the shallow water equations based numerical results we also use the
depth field D as the density related field, and the 2D version (1.55) of the vorticity term.
Without upwind stabilisation, we recall that the momentum and continuity equations

resulting from the Poisson system (1.53) are given as in (1.110) - (1.111) by

1
(v,w) = —<w,qFL> + <2|u|2+g(D+b),V-w> Yw eV, (22)
2.2

<¢7Dt>:_<¢’vF> VﬁbEVD»

for velocity and depth finite element spaces V, C H(div;Q), Vp C L*(2), and Hamilto-

nian variations

oH | SH (1,
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In order to include DG upwinding in the continuity equation of (2.2), we first note that the
advection term is derived within the Poisson system from the last term in the simplified

standard bracket (2.1), i.e. for a functional F' = (¢, D), we obtain

—<(‘;];,v-?z> — —(¢,V-F). (2.4)
To arrive at a DG upwind formulation of the advection term, we need to adjust the accord-
ing bracket term. To maintain energy conservation, we then simply need to reestablish
antisymmetry in the bracket, that is we also need to adjust the corresponding originally
antisymmetric term (second term in (2.1)) accordingly. In Section 2.1, we present this
mechanism for the continuity equation. The resulting methodology can be equally applied
to the Lie derivate advection method (1.132), and in order to arrive at a fully upwinded
fully energy conserving formulation for the shallow water equations, we also describe the
latter in Section 2.1.2. In Section (2.2) we explain the treatment of the resulting system
of nonlinear equations and present numerical results that confirm energy conservation
and an improved field development if upwind stabilisation is included. Finally, in Section

(2.3) we summarise the chapter.

2.1 DG UPWIND STABILISATION IN THE DISCRETISED BRACKET

To incorporate classical DG upwinding (1.128) in an energy conserving discretisation, we
first note that in the continuity equation within the energy conserving framework, the
depth and velocity fields are combined to a flux field F. On the other hand, the two fields
appear separately in the upwind discretisation’s facet integral term. Therefore, to arrive
at the classical formulation, we introduce an additional operator to avoid the occurrence of
projections due to the discrete Hamiltonian variations (1.109). In particular, we introduce
an operator to recover our velocity u from F, arising due to the Hamiltonian variation

with respect to u.

Definition 8. Given a function m in the velocity finite element space V,, and a function

D in the depth finite element space Vp, the velocity recovery operator is given by
U(D,m): Vp xV, —V, such that (Dv,U)=(v,m) Vv eV, (2.5)

Note that in the continuous sense, U(D, m) corresponds to division of m by D. Since in

our shallow water setting D > 0, we find that U is well-defined and further that if m is
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any function in V,, of flux form F = Py, (Du), then
U(D,F) = u, (2.6)

point-wise.

Using U, we are in a position to alter bracket (2.1) by introducing upwinding terms

for D, and arrive at a bracket of the form

(F HY = — <§iq5£L> - <D U (D, ‘;Z) ,vig>+/F H‘;gm (D, (;‘Z)H D ds

0H oF oF oH -
pu(p 22} vt —/ u(p, 2| D s,
+(ou(0.5) Vip) - | [0 (2 )]
noting that we also had to introduce upwinding for the corresponding antisymmetric term
of the momentum equation (second term in 2.1) to maintain antisymmetry. Further, note
that (2.7) corresponds to the standard upwinding formulation (1.128), provided that (2.6)

holds. To see this, we follow the standard Poisson bracket procedure, choosing F' = (D, ¢)
(for test function ¢ € Vp) to find

oF oH

The flux recovery operator follows from its definition, i.e.

<DV,IU <D, M)> = <v, 5H> = (v,Py,(Du)) = (v,Du) WweV, (2.9)

ou ou
o0H
= <DV,U <D, (5u>> = (Dv,u) Vv eV, (210
oH

Using 95 from (2.8) and U(D, %) = u in a Poisson system with bracket (2.7) then leads
to

0.0 =5 =) = (DU (D50 vip)- [ 55u(D.50 )] Das 2a2)

— (Du,V¢) — /F [éu] D ds, (2.13)

i.e. the standard form (1.128). Note that this equality holds up to the definition of the flux

recovery operator, which also depends on the choice of time discretisation, as described
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in Section (2.2.1).

2.1.1 FLUX DEPENDENT FORMULATION

An alternative way of deriving an energy conserving, upwind stabilised formulation for
the continuity equation is given by retaining the flux F, and using a modified version of
the standard upwind form (1.128). One possible such alternative form of the facet integral

is given by
/F [¢F/D]D dS. (2.14)

However, we find that (2.14) is not mass conserving since D € Vp C L%*(2) may not
be continuous across facets (and hence [F/D] # 0). To avoid this, we first note that
for velocity spaces with continuous normal components across facets (such as the H(div)
spaces appearing in the compatible framework), the jump term in the upwind facet integral

can be rewritten as

[pu] =¢Tu" -nT + ¢ u" -n” (2.15)
—¢tut -nt — ¢ ut -nt (2.16)
=(¢" —¢ )u"-n" (2.17)
=[¢]u’ -n". (2.18)

Written in this form, we find that approximations to u will not affect mass conservation
(as choosing ¢ = 1 yields [¢] = 0). Setting

u-ntx

(F*/D* + F~ /D) -n* = avg(F/D), (2.19)

N —

we obtain an alternative upwind formulation given by

(6, Dy) = (V6, F) — /F [¢lave(F/D)D dS Vé € V. (2.20)
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This form of upwind stabilisation can be retrieved from an almost Poisson bracket without

the need of a velocity recovery operator, which is given by

(F,H} = — <ﬁq?§> - <g,vg> +/F Hggﬂ avg (‘;i/p) Dds  (2.21)

0H _JO0F oF 0H -
—,V—) — — —/D ) D dS. 2.22
+<5u’V(SD> /FH(SDH avg((su/ ) (2.22)
We find that since F is in the velocity space and thus also has continuous normal com-
ponents, this approximation depends on the difference of D across each facet’s side. This

can be problematic whenever steep gradients occur, as will be discussed in the numerical

results section below.

2.1.2 VELOCITY UPWINDING

It is also possible to apply the velocity recover operator U for the Lie derivative type
stabilisation (1.132) of the advection term as reviewed in the previous chapter. In two

dimensions, the continuous and discretised Lie derivatives are given by

£y(u) = (V- u)vt +V(v-u), (2.23)
Lo(w; w) = (VH(v-wh),u) — /F[[V -wnt - adS — (V- -w,v-u). (2.24)

To this end, we first note that the weak gradient term (last term in (2.24)) appears in
the Hamiltonian framework within the Hamiltonian variation in D. Second, for the curl
related terms, we note that in non-discretised form, the bracket term corresponding to

velocity advection reads
6F o6H* 6F (V+-u+f\oéH?
<(su’q(su >—<5u’<p u (2.25)

oF | 6H , \* 6F (6H ,_\*
= (= . —/D — —/D . 2.2
In particular, the first term in (2.26) is analogous to the continuous Lie derivative with

an advecting velocity of the form ‘;—f /D, suggesting a Lie derivative stabilisation within
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the bracket of the form

(o (o (e () ) ) [ () v

+ <(;F f (iﬁ/D>L> , (2.27)

and we find that this form of velocity advection is still energy conserving, as all terms

t ‘;—i . %L and are hence by themselves antisymmetric. In particular,

this also implies that to recover an advecting velocity in the velocity space V,, we have

contain the produc

to apply U twice in each integral: once for &2 to recover the advecting velocity u, and
once for g—ﬁ to maintain antisymmetry. Note that as U corresponds to division by D,
we introduce, for the purpose of consistency, an additional depth term D wherever U is
not applied to a velocity space element of flux form Py, (Du). Thus, the curl part of the

discrete Lie derivative (2.24) is given in the Hamiltonian variational setting by

— (v (DU(D,2£) - U (D, 34)") u) + f [DU (D, 5E) - U (D, 22) | n* - @ dS (2.28)

(o (0.55) o (031" )

Note that with this setup, unlike (2.27), the advecting velocity U(u, D) is the same for
depth and velocity advection. Altogether, the full almost Poisson bracket including up-

winding for depth and velocity advection is given in the Definition below.

Definition 9. The upwind stabilised almost Poisson bracket is given by
oF oH
{F,H} = — <DU (D u ) fU ( 5u) > (2.30)

+ (V- (DU (D, %) - U (D, 34)") ,u) — Jr [DU(D, E) - U (D, %) [ n* - dS (2.31)

> du 7 du

<DU(D §F> v§g> +/F Hggm (D ii)ﬂ Dds (2.32)

+<DIU(D iH> v§g> / Hggtu (D iﬁ)ﬂ D ds. (2.33)

Checking for antisymmetry, we find that the Coriolis term in line (2.30) as well as the
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velocity advection terms in line (2.31) are antisymmetric by themselves, while the first
and second terms respectively in (2.32) and (2.33) form antisymmetric pairs. Using this

bracket, we finally arrive at a system of ODEs of the form
(w,w,) =(V*+ (DU (D,w)-U(D,F)"),u) - [, [DU(D,w) U (D,F)* ]| n* - dS
—(DU(D,w), V) + [ [*2U (D, w)] D dS — (DU (D, w), fU(D,F)"), (2.34)
(6,D,) =+ (DU (D,F),Ve) — /F [6U (D, F)] D ds, (2.35)

for test functions w € V,, and ¢ € Vp.

In view of the time discretisations to follow and for ease of notation, we rewrite the

above bracket as

{FvH}:LIU(D 2d

' Su

) (w; DU(D, 55)) + Fipup,smy sn (U(D,55)) + LILI?(D,%) (

D;3E), (2.36)

? 6D

)

6D

with velocity advection operator L corresponding to (2.31), forcing operator F' to (2.30)
together with (2.32), and depth advection operator L to (2.33). The choice of notation
for advection is based on the usual notation for the Lie derivative £,, for advecting

velocity v. L then corresponds to the divergence-free part of velocity advection — in the

dH .
6D’

details on Lie derivatives see Appendix B. Finally, the choice of notation for forcing F is

Lie derivative sense, noting that in our case the divergence part is contained in for
simply to resemble L, in that the lowered terms indicate fields that act on u, similarly to
the advecting velocity in L. Note that since F' does not explicitly contain the velocity field

JF).

it is acting on, its only explicit argument in this notation is the test function U(D, -
Remark 10. Comparing the velocity stabilisation in the almost Poisson bracket based
form (2.34) introduced above with the curl part of the discretised Lie derivative (2.24), we
find

Lo(w;w) —  Lypr (u; DUD, w)), (2.37)

that is we replaced the advecting velocity u by the flux-recovered velocity U(D,F), while
the advected velocity remains unchanged. Further, the test function w is replaced by a
discrete multiplication and division of w by D. Similarly, for advection in D the advecting
velocity is now also given by U(D, F) compared to standard DG upwinding L2 (D; ¢) given
by (1.128):

L(D;¢) — Lipr(D:¢). (2.38)
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For more details on the significance of U(D,F), see Appendiz B. The latter describes a
bracket based on momentum  instead of the velocity u, and we find that in this case the
variations in p for the Hamiltonian H and functional F' = (w,u) are given by
oH 0H oF oF
—=0U (D, ) , —=0U (D, ) , (2.39)
op ou O ou
noting that in the momentum based formulation, the velocity u(u, D) is given as a func-

tion of momentum and depth.

Finally, for the average depth upwind formulation (2.20), we can in turn view F/D as
the advecting velocity (noting that (N ¢, F) = (V¢,(F/D)D)). The same holds true for
the velocity advection form (2.27), where we find

Lu(u;w) —  Ly/p(u;w), (2.40)

1.e. the advected velocity and test function remain the same, while the advecting velocity

is replaced by F/D.

While the recovered velocity advection method (2.37) is newly presented here, the flux
based velocity advection method (2.40) was considered previously in [NSC16]. The recov-
ered depth advection method (2.38) or similar versions of it (such as the flur averaged
form (2.20) ) has not been considered in the finite element literature before, and in the nu-
merical results section we will focus on this method rather than the velocity stabilisation

aspect presented in this section.

2.2 NUMERICAL RESULTS

In the previous section we introduced the upwind stabilised bracket given in Definition 9,
which is based on the simplified standard bracket (2.1) and extends it to include upwinding
in the depth and velocity fields. To demonstrate conservation of energy, we additionally
use an energy conserving time discretisation, thus expecting energy conservation up to
machine precision®. Before moving on to the test cases, we describe the solver method for
the resulting nonlinear system of equations, and review similar space discretisations with

which the above discretisation will be compared.

* As noted in Section 1.2.4, we strictly speaking expect energy conservation only up to the nonlinear
solver strategy and solver tolerance. In this and the following two chapters, we nonetheless find that
energy conservation up to machine precision is often indeed achieved.

23



2.2.1 NONLINEAR SYSTEM

The space discretised equations (2.34) - (2.35) arising from the upwind stabilised almost
Poisson bracket given in Definition 9 can be time discretised as outlined in Section 1.2.4.

The resulting Hamiltonian variations are given by

0H 1 1 1

57 :§PVU (Dnun + §Dnun+1 + §Dn+1un + Dn-‘rlun-i-l)’ (241)
u

0H 1 1

E :PVD<6(|un|2 +un . un+1 + |un+1|2) —|—g(§(D" + Dn+1) —I—b)) (242)

Remark 11. Since % is not of a simple flux form Du anymore, we find that the point-
wise relation (2.6) for our velocity recovering operator does not hold anymore for this time

discretisation, and we have to revert to the defining relation of U, now given by
1
<2(D" + D”H)V,U> = (v,F) Vv € V,. (2.43)

Note that in accordance with (1.116), we choose a midpoint time average for D here since
i view of the Poisson system, this relation is part of the transformation J. For %Ij, the
above relation (2.43) is hence given by

(3(D"+ D™y, U) = 3(v,D™u" + 3 D™u™! + I D™ a4 DrHun ) Vv eV, (2.44)

replacing the point-wise version (2.6).

Writing D = (D" + D™™), a = (u"+u™™), and U for the solution to (2.44), we arrive

at a fully discretised set of nonlinear equations of the form

(w,u"" —u") :At<L@<ﬁ; DU(D,w)) + F

)(U(D,w))) Vw eV, (245)

S
&
:;‘m‘

(¢, D" — D") =AtLg (D; ¢) Vo €Vp, (2.46)

to be solved for u"*', D"*! Note that the Poisson integrator also requires upwinding

using 1, as the upwinded fields D and @ are part of the transformation J (cf (1.129)).

To solve for the nonlinear system of equations (2.45) - (2.46), we start from the gov-

erning equations in a residual formulation:
0=R(z"";(w,0)") = (R, Rp)", (2.47)
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for Ry, Rp defined as the difference of the left-hand and right-hand sides of (2.45) and
(2.46), respectively. We then aim to solve the above using a quasi-Newton type iterative

n+1,k+1

method, where we obtain the next time value z given the old value z" and the

latest guess for the next time value z"*1*. Using an increment 6z := z"*bF 1 — zn+1F e

find

0=R(z"" (w,¢)") ~ R(z"" (w,9)7)

SR (2.48)
Rz (w, 0)") + (5, 9% (W, ¢)") + O(]|oz[)
~ R(Zn+1’k;( ’¢)T) =+ <55]:' (SZ, (W, ¢)T>7
and hence
R (w,0)") & (O bz, (w,0)T) (2.49)

To treat the right-hand side variational derivative, we first simplify by considering the
residual R’ derived from a weak form of the continuous rotating shallow water equations
(1.71) - (1.72) instead of R, thus avoiding projections introduced in the energy-conserving
framework. Further, we revert to a Picard iteration method by linearising over a back-
ground state given by (u, D) = (0, h), for constant reference height h. This allows us to
apply a hybridised solver strategy for the resulting system of equations to be solved in
each iteration; for more details on this strategy see [GMHC20] and e.g. [SGCI18]. The

linearised residual R/(z"™!) is given by

(w,u"™ —u") + (fw, A;(u"Jrl +u")t) — (V- w,gAt(;(D”+1 +D")+b)), (2.50)
(6.0 = D)+ (6,7 - (h5E (w w), 2.51)

and applying its variational derivative to 6z, we arrive at a right-hand side of the form

(2.52)

ou, w At (5uJ‘w—g ) W
<5Z527<W7¢)T>%<< W)+ S {fout, w) — $H{g0D, ¥ >>'

(0D, 6) + SRV - du, §)

Remark 12. In order to consider the left-hand side of (2.49), we need to find a way to
treat the wvelocity recovery operator applied to test functions, i.e. U(D,w), in the fully

discretised momentum equation (2.45). Noting that U corresponds to a discrete division
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by D, this can be done by using test functions weighted by D. That is, to solve for general
G(U(D,W)), we first find u such that

(u, Dv) = G(v) Vv eV, (2.53)
Then in particular, for any given test function w, we have
G(U(D,w)) = (u, DU(D,w)) = (u, w), (2.54)

where we used (2.53) for the first equality and the time-discrete defining relation (2.43)
of U for the second one, noting that here w plays the role of F in the defining relation,

while u corresponds to a particular choice of test function v.

Finally, the residual —R(z""*; (w, ¢)7) can be calculated directly using the discretised
equations (2.45) and (2.46). For the momentum equation, we first find forcing and ad-
vection velocities uf, u® given by

(u/, Dv) =ALF, ;55 (V) Vv €V, (2.55)

Y SD

(u®, Dv) =AtLg(6; Dv) + (u”*, Dv) Vv eV, (2.56)

that is u/ corresponds to the additional velocity induced by forcing, while u® corresponds
to u™ after advection. Next, given that (2.55) and (2.56) hold, we find that in particular
they hold for v = U(D,w) € V, (as described in Remark 12), so that for any w € V,,
(2.45) can be reformulated to

— AtLg(a; DU(D, w)) — ALF 5, (U(D,w)) (2.58)
=(w,u""™") — (DU(D,w),u®) — (DU(D, w),u’) (2.59)
:<W, a"tF —ye — uf>’ (2.60)

noting that we used the time-discrete defining relation (2.43) of U for the flux mass terms
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(i.e. (DU(D,w),-)) of u®, u® and u/. Similarly, for the residual in D we find
Rp (2" ¢) = (¢, D" — D), (2.61)

where D corresponds to D™ after advection and is solved for analogously to u® in (2.56).
Note that u®+u’/ and D® can be seen as a guess for the next iteration value k+1. Further,
note that the residual R on the left-hand side of (2.49) is explicit in that it depends on

n+1,k

the known values z" and z only. To increase the method’s robustness, we can instead

also solve for a more implicit residual system of the form

(u*, Dv) =AtLg(w; Dv) + (u”, Dv) Vv eV, (2.62)
(D, ¢) =AtLE (D, ¢) + (D", ¢) Vo € Vp, (2.63)

where we replaced the known advected time-averages 0, D by implicit averages

A

u:=(u"+u"/2, D:=(D"+ D")/2. (2.64)

Further, D* now also appears in the forcing term via a modified variation ‘;—g, given by

oH 1 1
57D — pVD(é(‘unP +un . un+1,k + ’un+1,k|2) +g(§(Dn —|—Da) +b)>, (265)

i.e. we replaced the known D"** by D% Note that this implicit setup constitutes a
different Picard iteration method, which, however, can be shown to converge to the same
solution as the more explicit version (2.55) - (2.56). For the test cases used below, we will
use this form for the higher resolution Galewsky test case. Further, note that the implicit
setup cannot be implemented as readily for the discretisations without upwinding and the
average upwinding form (2.20), respectively, since in this case the advected depth D is

given implicitly in F. We then have to solve for a mixed system in F* and D®, given by
(D%, ¢) = At{p,V - F*) + (D", ) V¢ € Vp, (2.66)
1 1 a1 41
(v,F* — g(D”un + 5D 4 oD 4 D )y =0 Vv €V, (2.67)
for the non-upwinded case, and similarly for the averaged form (2.20).

This completes the fully energy-conserving scheme, with numerical test results presented

in Section 2.2.3. The meshes, finite element discretisations, and solvers were implemented
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using the automated finite element toolkit Firedrake’ [RHM™16]. For all test cases in
this chapter, the next to lowest (polynomial) order triangular finite element space triple
(P3, BDM,, PP%) was used. For test cases including quadrilateral cells, we refer to
Chapters 3 and 4 below. The resulting systems of equations are solved using PETSc
[BAAT19, BGMS97], noting that as mentioned above, a hybridised solver is used to solve
for the mixed system in (du, dD). The fields depicted in the plots below are projections
from the underlying compatible spaces into first (polynomial) order DG and CG spaces.

Remark 13. While this section focuses on space discretisations, it is worth noting that
time discretisations other than the Poisson integrator can be used. Considering implicit
discretisations (given the context of numerical weather prediction), we find that a simpler
time discretisation, albeit non-energy conserving, would be to use a midpoint rule for both
u and D. The point-wise relation (2.6) then holds again if we further time-discretise the
Hamiltonian variation in u as % = Py, (D) and the velocity recovery operator as before

((2.43)). The resulting left-hand side equations to be solved then read

(u/, Dv) :AtF(D,a g (v) Vv eV, (2.68)
(u®, Dv) =AtLg(; Dv) + (u", Dv) Vv € V,, (2.69)
(D", ¢) =AtLZ(D, ¢) + (D", ) Vé € Vp. (2.70)

In particular, we find that in this case only one projection, i.e. %, occurs. Since it is
a projection into the discontinuous Galerkin space Vp, the additional cost of calculating
it in each Picard iteration is low. In contrast, for no upwinding in D (e.g. as described
in (2.71) below), this time discretisation leads to an additional Hamiltonian variation in
u rather than D (appearing in the depth advection term), leading to a higher increase in
computational cost as the underlying velocity space V,, is not a DG space (i.e. contains
nodes on cell boundaries, leading to a non-block diagonal matriz). Further, for the aver-
aged depth upwinding formulation (2.20), we find that both the projection corresponding
SH

to the Hamiltonian variation in w and the projection 5 are required.

2.2.2 (COMPARISON TO OTHER DISCRETISATIONS

To test the newly introduced upwinding in D for energy conservation as well as the

qualitative field development, we compare our upwinded formulation as given in Definition

ffor further details, see [BMH*16, HMLHI18, KMI18, LHK17, MBM%16] or http://
firedrakeproject.org
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9 with one that includes upwinding in u only, and one that does not conserve energy. The
former is given by an almost Poisson bracket with velocity terms equal to (2.31), but

velocity forcing and depth advection terms of non-upwinded form, i.e.

5F SF 6H SH 6F
{F,H} =Ly on) (u,DU(D, 511)) + <v 5= 5D> - <v S 5D> (2.71)

(o0 (0.55) o (.31 o7

Note that for this formulation, we will include the Coriolis term in the velocity advection
step, since weighted test functions appear in both this term and the advection terms,
while unweighted ones occur in the remaining forcing terms (consequently, the advection
velocity u® is calculated with weighted test functions, while the forcing velocity u’/ uses

unweighted ones).

As a non-energy conserving discretisation, we use standard DG upwinding for the depth

field D, velocity upwinding of the form (2.24), and forcing equal to
Lo
V-w, §|u| +g9(D+b)). (2.73)

Note that in order to apply the same time discretisation to the non-energy conserving
spatial discretisation, we need to rewrite the latter in terms of Hamiltonian variations

and a bracket. It is given by

oF b §F
(B H} =Ly(p ) (“; Su )  Luyep,a) (D ? w)

Y Su

OF SH\* OF 6H

and we find that as opposed to the energy-conserving upwinded version, the velocity ad-

(2.74)

vection operator as well as the Coriolis term are not antisymmetric in themselves (since
DU is not applied to g—i), and the depth advection and velocity forcing are not antisym-

metric to each other.

2.2.3 TEST CASES

Having described the full discretisation as well as two other reference spatial discretisa-

tions, we proceed to our set of numerical tests. First, we consider two test cases to study
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the qualitative field behaviour depending on whether or not upwinding is included. The
first one is given by a wave in a periodic unit square mesh. Being more of an artificial
test case, it serves as a proof of concept for introducing upwinding in the velocity field
D, and thus in extension for the density field p in the context of the compressible Euler
equations. The second one describes a breaking dam scenario, used to demonstrate the
qualitative improvement due to upwinding in the presence of discontinuities in the depth
field. For both of these test cases, we also consider the effect of upwinding quantitatively

by using a “roughness” function of the form

motw.o= [, (1

noting that this choice reflects norms used in the stability analysis of DG methods (see e.g.

24_8711
oy

2) dz + Alx /F [D]? dS, (2.75)

[ABCMO02]). After this, we consider more realistic standard spherical shallow water test
cases for numerical weather prediction. Since these test cases only contain comparatively
small gradients in the depth field, we will use them primarily to demonstrate that the
new scheme produces the expected results in terms of field development as well as energy

conservation.

PLANAR TEST CASES

First, we consider a non-dimensionalised test case corresponding to a wave in a periodic
unit square mesh as given in [MCI14]. To test the qualitative field development, we
consider the two energy-conserving versions with and without upwinding in D (and both
including upwinding in u) in a low resolution setup, and compare them to the non-energy
conserving upwinded version in a high resolution setup. The initial conditions are given

by

uy = (0, sin(27z)),
2.76
Do = 1+ L sinamy) .
0= g sin(4my),

with (f, g) = (5, 5). The domain is divided into 32% and 1282 squares for the low and
high resolution setups, respectively, each of which in turn is divided into two triangles.
The resulting fields for At = 0.001 and 1000 time steps (and At = 0.0001 and 10000 time
steps, respectively for the high resolution setup), with 4 Picard iterations for each time
step, are depicted in Figure 2.1.

We find that upwinding in D not only significantly reduces small scale perturbations in
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Figure 2.1: Field development for periodic unit square test case with low resolution energy conserving (EC)
setups (with and without upwinding in D) and high resolution non-energy conserving (NEC) setup. All se-
tups include upwinding in u. Top row: depth fields for EC setup with and without upwinding, and NEC
setup. Bottom row: velocity fields for EC setup with and without upwinding, and NEC setup. 2 x 322 cells,
At = 0.001, 103 time steps, and 2 x 1282 cells, At = 0.0001, 10* time steps for low and high resolution
setups, respectively, with 4 Picard iterations for each time step. Depth field values 0.75 to 1.5 with contours
every 0.05, velocity field magnitude values 0 to 1 with contours every 0.05.

the depth field, but also in the velocity field, with the upwinded version in good agreement
with the high resolution setup in the resolved scales. Figure 2.4 depicts the development
of DG(u, D) in time, confirming the reduction of small scale perturbations. As a side, if
the non-energy conserving setup is run at low resolution, we further find that the result-
ing fields are in good agreement with the energy conserving upwinded scheme, except for

smaller field magnitudes due to the loss of total energy.

To further test the effect of upwinding on the qualitative field development, we consider
a breaking dam scenario as described in [Tor01]. The notable features in this test case
consist of an outward moving shock wave, and an inward moving rarefaction wave which
eventually collapses at the centre point, leading to another outward moving secondary
shock wave. Note that the shallow water equations cover shock waves in their physically
correct form only if the equations are considered in characteristic conservative form (i.e.
evolving variables D and uD). However, since we consider the shallow water equations in
the context of numerical weather prediction, their primitive form (with variables D and
u) is used here. The primitive form still leads to waves that are a good approximation

to the physically correct ones in case of a weak shock, that is for a depth ratio of size
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approximately less than 3 (for more details, see [Tor01]). We therefore adjust the radial
breaking dam test case given in [Tor01] to a weak shock by raising the ambient depth from
0.5 to 1.25 metres. The resulting initial conditions, for a square domain of side length

L = 40 metres, are then given by

25 m if r < 2.5,
D(r,0) =

1.25 m otherwise, (2.77)
lu(r,0)] = 0 m/s,

for radius r with respect to the square’s centre, and (f, g) = (0s™', 9.81 m/s”). The
domain is divided into 2007 cells, each of which in turn is divided into two triangles. To
reflect the radially symmetric nature of this test case, the diagonals used to divide each
cell are chosen such that the resulting mesh is symmetric with respect to the vertical
and horizontal axes crossing the square’s centre. Results for the depth field are depicted
in Figures 2.2 and 2.3. The former shows 1D cross-sections along the line x = 0 at
times 1.2 and 3 seconds for the energy conserving setups with and without upwinding
in D, respectively (and both again including upwinding in u). After 1.2 seconds, the
inward travelling rarefaction wave has nearly reached the domain’s centre, while at 3
seconds we can see the secondary shock wave following behind the initial one. Figure 2.3
depicts a top view of the depth field in the square’s lower half after 4 seconds, with the
left quadrant corresponding to the non-upwinded scheme, while the right quadrant does
to the upwinded one. We find that since neither scheme is total variation diminishing,
both of them produce oscillations near the shock waves (in particular the initial wave).
However, these are smaller in the upwinded scheme (see e.g. top row, Figure 2.2), and we
further find that small scale perturbations eventually corrupt most of the wave when the
non-upwinded scheme is used (bottom row, Figure 2.2, and Figure 2.3). To remove the
oscillations completely, we believe that a simple application of finite-volume/discontinuous
Galerkin techniques is not likely to be possible in the compatible finite element framework.
This is because our approach combines partially continuous and fully discontinuous finite
element spaces, and characteristic variables (necessary for flux limiting) will become a
combination of both. Instead, we believe that a flux-corrected transport method [KLT12]
or residual distribution method [Abg06] would be necessary to remove oscillations. These
additional fluxes would be likely to diffuse energy, but the Hamiltonian framework would
still ensure that they were the only source of dissipation in the scheme. Aside from the

compatible framework, an energy conserving DG method for the shallow water equations
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can be found e.g. in [WWGK17]. The latter also includes a dam break scenario, with
oscillations further mitigated by reverting to an entropy stable scheme, where the energy
is dissipated across jumps.

As for the first square test case, the qualitative field analysis is confirmed by the time
evolution of the “roughness” function (2.75), with larger values for the non-upwinded
scheme compared to the upwinded one, as well as a steeper slope over the last 1000 time

steps (i.e. in the two shock wave regime).
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Figure 2.2: Depth field 1D cross-sections along line = = 0 for breaking dam test case, for energy conserving
setup with (right column) and without (left column) upwinding in D. Top and bottom rows depict field
after 1.2 and 3 seconds, respectively. Simulations were run with 2 x 2002 cells, At = 0.001 s, 6 Picard
iterations per time step.

Remark 14. Next to the upwind scheme used so far in the numerical results section,
which relies on the velocity recovery operator U, we also introduced another possible depth
upwinding method given by (2.20), which is based on the average value avg(F /D). Together
with the velocity advection operator (2.40), we can use it to construct an antisymmetric
bracket which relies on ¥ /D as the advecting velocity. We find that while the energy
conserving formulation based on this bracket also performs well in the unit square wave
test case (2.76), it fails to converge in the breaking dam test case (2.77). The failure occurs
as the rarefaction wave approaches the square’s centre, leading to a very steep depth field
gradient closing into the centre point, with jump values reaching 0.6 across facets. In this

case, the approzimation D~ ~ DT does not hold, likely causing the failure of convergence.

SPHERICAL TEST CASES

Next, we consider more realistic spherical test cases. Since the depth field development in

these cases is generally smoother than in the previous test cases, we anticipate the quali-
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Figure 2.3: Top view of lower half of domain for breaking dam test case with shock wave after 4 seconds,
for the energy conserving setup without (left quadrant) and with (right quadrant) upwinding. White contour
lines depict the depth field projected into the continuous space CGsy, at depths 1.2 m, 1.3 m, and 1.4 m.

2 x 2002 cells, At = 0.001 s, 6 Picard iterations per time step.

tative difference between the upwinded and non-upwinded versions to be small. Thus, the
main purpose of these tests is to demonstrate an improved energy conservation as well as

a qualitative field behaviour close to the projection-free non-energy conserving version.

To validate the new upwinded scheme’s energy conservation as well as consistency, we
use the second of the standard Williamson spherical test cases given in [WDH"92], which
describes a steady state scenario. Additionally, to compare the schemes with respect to
their energy conservation properties as well as field development, we use the fifth test
of the aforementioned test series, corresponding to flow past a mountain, as well as the
Galewsky barotropic instability test case as described in [GSP04]. In the Williamson 2

test case, the initial conditions are given by

u = uy(—y,z,0)/a, (2.78)

2
D=h— (a0 219y 2 2.79
(@St +12) = (2.79)

for a sphere of radius a = 6371220 m, with rotation rate = 7.292 x 107> s~! (noting
that f = 2Qz/a), and gravitational acceleration g = 9.810616 m/s?. The mean height
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Figure 2.4: Development of roughness function DG (2.75) in time, for periodic unit square wave test case
(left) and breaking dam test case (right), with energy conserving setups with (cyan) and without (dashed
purple) upwinding in D.

and wind speed are given by A = 3000 m and ug = 21”—2“ m/day. The simulation is run

for 50 days, with a time step of At = 50 s, and 4 Picard iterations for each time step.
The mesh is given by an icosahedral triangulation, where refinement level 0 corresponds
to 20 triangles. For every higher level, each triangle is refined to 4 triangles (so that each
increase corresponds to halving the cell side length Az). The resulting relative energy
error development, as well as the L? depth field error, averaged over the last 1000 time

steps and for different refinement levels, are depicted in Figure 2.5.
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Figure 2.5: Left: relative energy error development for Williamson 2 test case, using fully energy conserving
upwinded discretisation (2.45) - (2.46). Mesh refinement level 5, At = 50s, with 4 Picard iterations for each
time step (window: first 500 time steps). Right: L? depth field error averaged over the last 1000 time steps
for refinement levels 3 to 5.

As expected, we find that energy is conserved up to machine precision throughout the
simulation, with the initial increase likely due to the simplified variational derivative of
the residual R. Further, the L? depth field error convergence as we refine the mesh also

matches the expected second order rate (the same holding true for the velocity field).
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Next, we consider the fifth Williamson test, corresponding to unsteady flow over a moun-

tain. The initial conditions are given by

u = up(—y,z,0)/a, (2.80)
D = h — (aQug + u%/Q)giz — b, (2.81)
b="0by(l—r/R), (2.82)

where b describes the mountain’s surface, for R = 7/9, mountain height by = 2000 m and
r such that r = min(R, /(A — \.)2 + (0 — 0.)2). X\ € [-7,7] and 6 € [—7/2,7/2] denote

longitude and latitude respectively, and the mountain’s centre is chosen as A\, = —7/2 and

0. = m/6. The mean height and wind speed are given by h = 5960 m and uy = 20 m/s.
The simulation is run for 25 days, with a time step of At = 50 s. Since this test involves
an unsteady nonlinear field evolution, we increase the number of Picard iterations to 8 for
each time step in order to keep the relative energy error contribution of the nonlinear solver
small. The resulting relative energy errors and potential vorticity fields for the energy
conserving setup with and without upwinding as well as the non-energy conserving setup

are given in Figures 2.6 and 2.7.
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Figure 2.6: Relative energy error developments for Williamson 5 test case. Left: non-energy conserving
setup. Right: energy conserving setup with (cyan) and without (dashed purple) upwinding in D. Mesh re-
finement level 5, At = 50 s, with 8 Picard iterations per time step.

Again, as expected the energy conserving formulations conserve energy up to a good
degree, with a relative energy error of the order of 1071, four orders of magnitude smaller
than the relative energy error for the non-energy conserving setup. Additionally, we find

a practically identical field development for all three setups. This indicates that the new
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Figure 2.7: Potential vorticity fields after 25 days for Williamson 5 test case. Left to right: non-energy
conserving setup, energy conserving setup with upwinding in D, energy conserving setup without upwinding
in D. Mesh refinement level 5, At = 50 s, with 8 Picard iterations per time step. 30 contours, scale: —3 x
1078 (blue) to 3 x 1078 (red).

method for upwinding in D in a Poisson bracket framework also behaves as expected
in a spherical domain, without adverse effects due to projections or the reformulated

antisymmetric forcing term.

Remark 15. For J Picard iterations, the relative energy error for the energy conserving
setups increases to the order of 107%, while remaining at the order of 10=7 for the non-
enerqy conserving space discretisation. In fact, at this stage the error originating from the
nonlinear solver surpasses the decrease in error due to the energy-conserving time discreti-
sation. We find that the midpoint rule time discretisation given in Remark 13, together
with 4 Picard iterations, still yields relative energy errors of the order of 1072 and 1077
for the energy-conserving and non-energy conserving spatial discretisations, respectively.
This demonstrates that the energy conserving spatial discretisations still lead to a signif-
icant improvement even for lower Picard iteration numbers and non-energy conserving

time discretisations.

Finally, we consider the Galewsky test case, simulating a barotropic instability. The initial
conditions are given by a zonal flow u confined within latitudes 6y = 7/7 and 0, = 57 /14,
and a background depth field D in balance with u, perturbed by a localised bump D,,.
The zonal flow is given by

u(f) = W T , (2.83)
€n

for up = 80 m/s, and normalising constant e, = exp( —4/(6; — 00)2). To reach a steady

state depth field, we integrate the continuity equation (in spherical form), leading to a

field of the form
tand’

gD(0) = ghy — /0 au(@)(f + u(0'))de, (2.84)

3
where hg is chosen such that the global mean height is equal to 10km. Finally, the

perturbation is given by

D, = hycos(@)e” V= (02-0)/5)% (2.85)
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for h, =120 m , « = 1/3, f = 1/15 and 6, = 7/4 (such that the perturbation is located
directly in the zonal flow). The simulation is run for 6 days at mesh refinement level 6,
with a time step of At = 30 s, and 8 Picard iterations for each time step. The resulting

relative energy errors as well as vorticity fields for the three setups are depicted in Figures

2.8 and 2.9.
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Figure 2.8: Relative energy error developments for Galewsky test case. Left: non-energy conserving setup.
Right: energy conserving setup with (cyan) and without (dashed purple) upwinding in D. Mesh refinement
level 6, At = 30 s, with 8 Picard iterations for each time step.

We find a similar behaviour to the Williamson 5 test case. With respect to the relative
energy error, the two energy conserving setups outperform the non-energy conserving
space discretisation by 6 orders of magnitude. Again, the field development is virtually

the same for all setups.

Remark 16. Nezxt to energy, the non-upwinded space discretisation (2.2) also conserves
enstrophy. To see this, we first derive a vorticity evolution equation using the momentum

equation and the discretised vorticity relation (1.112):

(0, (gD)) = — (V' ), (2.86)

1 1 1 1 5H 1
(Ven,ug) + (Vo qF ) — (V- Vo, E> =(Vn,u) +(Vn,qF) =0,  (2.87)
= (n,(¢D)y)+ (n,V-(¢F)) =0 Vn € W, (2.88)

noting that V+n € V,, V -Vin = 0, and ¢ and n are continuous. Conservation of
enstrophy can then be shown using n = q and Dy = =V - F (see Chapter /). However, a
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Figure 2.9: Potential vorticity fields between 10 and 80 degrees latitude after 6 days for the Galewsky test
case. Top to bottom: non-energy conserving setup, energy conserving setup with upwinding in D, and with-
out upwinding in D. Mesh refinement level 6, At = 30 s, with 8 Picard iterations for each time step. Con-
tour lines every 1.25 x 1079, with negative values in blue, positive ones in red.

controlled dissipation of enstrophy may be desirable, since the enstrophy cascades to small
scales, eventually accumulating at the grid scale. This effect was countered in [BC18]
by including an SUPG method for the potential vorticity equation (2.88) above, which
implies enstrophy dissipation for a suitable SUPG parameter 7. In our case, upwinding
in the velocity field u also dissipates enstrophy, noting that the vorticity advection term
1s derived from the velocity advection term. The changes due to our presented upwinding
i the depth field may also alter the enstrophy evolution, since now the forcing term
does not vanish in the vorticity equation, and further Dy is not equal to —V - F point-
wise anymore. However, we find that upwinding in u with the underlying velocity space
BDM, still controls the dissipation of enstrophy, with little difference in the dissipation
rate whether or not upwinding in D is also included in the discretisation (see Figure 2.10).
More details on the dissipation of enstrophy depending on the choice of upwinding for the
velocity field can be found in [NC17a] and Chapter .
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Figure 2.10: Relative enstrophy error developments for the Galewsky test case, for energy conserving setup
with (cyan) and without (dashed purple) upwinding in D and non-energy conserving setup (dotted green).

2.3 SUMMARY

In this chapter, we introduced an energy conserving space discretisation for the rotating
shallow water equations that includes upwinding in the depth and velocity fields. The
underlying almost Poisson bracket is based on one without upwinding, which is described
in [MC14], and uses upwinding for the velocity field as formulated for the incompress-
ible Euler equations in [NC17b]. Upwinding for the depth field in this context has been
newly introduced here, and relies on the introduction of an additional operator to recover
the velocity field from the Hamiltonian variation corresponding to the momentum flux.
In our numerical tests, we confirmed the scheme’s energy conservation property, with a
relative energy error close to machine precision when coupled with an energy conserving
time discretisation. In the spherical test cases, we showed that the fully upwinded energy
conserving scheme behaves as expected for spherical domains, leading to a field devel-
opment virtually identical to that of a corresponding non-energy conserving upwinded
reference scheme, despite the additional projections that are required to achieve energy
conservation. Further, as demonstrated in the unit square test cases, in the presence of
large depth field gradients, the newly introduced upwinding in the depth field improves
the field development compared to when upwinding is only applied for velocity, reducing

small scale oscillations both in the depth and velocity fields.

The introduction of upwinding in the depth field was motivated by the development of
a fully upwinded energy conserving space discretisation for the compressible Euler equa-
tions. While typical spherical shallow water scenarios feature a relatively small gradient in
the depth field, the Euler equations often exhibit much stronger such gradients, therefore
benefiting significantly from upwinding in the density field.
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THERMAL FIELD STABILISATION

In this chapter, we describe the incorporation of the SUPG advection operator as given
in Definition 7 into the standard bracket (1.57), and present numerical results by means
of the thermal rotating shallow water and 2D compressible Euler equations for a vertical

slice of the atmosphere. For this purpose, we first recall that the bracket is given by

oF 10H o0H oF 10H oF
FoHY = — (25 ox 220N L (08 g 00N | (20 gy OF
{F H} <(5u’w><p(5u>+<(5p’V (5u>+<p59ve’5u>

oF oH 10F oH
B <5p,v | 5u> B <p59ve, au>’

which leads to an energy conserving space discretisation of the form (c.f. Section 1.2.4)

(w,uy) + <w,w X 15H> — <6H V- W> - <15HV0,W> =0 VvYweV, (32

(3.1)

p ou Sp p 00
OH
<¢7 Pt> + ¢> V.—)=0 V¢ S Vp, (33)
ou
10H
(7, 0:) + <% sou V9> =0 Vy e Ve, (34)

together with a discretised diagnostic scalar vorticity equation, which in the 2D case is

given by

(n,ap) = = (V' n,w) + (n, 0" - w) + (n, f) Vn €V, (3.5)
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{(.,.) denotes the L? inner product on 052, and we recall that ¢ is related to w via

w = (gp)k, for the 2D domain’s outward unit vector k.

The incorporation of the SUPG stabilisation method follows that of the DG upwind sta-
bilisation method in the previous chapter, in the sense that we first include the method
in the standard bracket, then adjust the remaining bracket terms to ensure antisymmetry
and therefore energy conservation. In Section 3.1, we present this mechanism for the
thermal field transport equation. In Section 3.2, we review the treatment of the resulting
nonlinear system of equations. While only mentioned briefly in the previous chapter, the
latter section also contains a more thorough discussion on the choice of time discretisation.
In particular, in view of the increased computational cost of the fully energy conserving
scheme, an approximately energy conserving version based on a small departure from the
Poisson time integrator is presented. In Section 3.3, we present numerical results based on
energy conservation, qualitative field development, and the role of the number of Picard
iterations when solving for the nonlinear system of equations. Finally, in Section 3.4, we

summarise the chapter.

3.1 SUPG STABILISATION IN THE DISCRETISED BRACKET

In this section, we incorporate the SUPG method, as described in Section 1.3.3, into the
discretised standard bracket for the purpose of thermal field transport stabilisation. Be-
fore moving on to relevant definitions for the updated bracket, we outline the course of

thought leading to it.

Without upwinding, the bracket is given by (3.1), such that ¢ € V,, p € V,, 0 € Vy,
and the Hamiltonian variations are functions of the corresponding finite element spaces.
We aim to replace the corresponding thermal field advection equation (3.4) by the SUPG

version (1.145), i.e.

— oy — 0 .
(000 == (1350 V) = (Rl ==Ly 0. G6)

Note that since the advecting velocity in the non-upwinded thermal field advection equa-
tion is given by %—i] /p, we anticipate that this will also be the case when upwinding
is applied. The non-upwinded version (to the left in (3.6)) was derived from choosing

F = (v,0) in the Poisson system (1.53), suggesting that for the upwinded version we
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could instead pick a functional of the form
F=(y+7u0). (3.7)

However, this is impractical, since then the time derivative of F' will include a time deriva-
tive in the upwinding velocity u. To avoid this, we move the corresponding upwinding

part to the right-hand side:

<77 9t> = _L%/u(ga ’Yu) - <’7ua 9t> ) (38)

that is we will consider the upwind part 7, of the time derivative term as part of the
almost Poisson bracket. Including this term in the bracket, however, leads to further com-
plications. First, a corresponding antisymmetric term needs to be added to the bracket,
which will appear in the momentum equation’s forcing part. Second, in view of the en-
ergy conserving Poisson time integrator (1.116), the bracket should be independent of
time derivatives. This means that ¢, in the bracket should be replaced by another, time-
derivative free term. Considering the upwinded equation (3.6), we find that 6, depends
on the advection operator L on the right-hand side as well as the upwinded test function

contribution 7, on the left-hand side, motivating Definitions 17 and 18 below.

Definition 17. Given a wvelocity field w € V,, the thermal field advection operator
0°(w): V, — Vy is defined by

(7,0%(w)) = =L%,(6; ) Vv € V. (3.9)

Its adjoint operator (0%)*(y): Vo — V,, is given by
(0 (7), W) = =L, (65 1) Yw € V,. (3.10)

Definition 18. Given a thermal field T € Vy, the SUPG recovery operator Sy(7): Vo —
Vo is defined by

(7, Su(™)) = (v + Fu, ) Yy € V,. (3.11)
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Its adjoint operator S}, (v): Vo — Vy is given by

Su(v) = Pu, (v + ), (3.12)
for projection Py, into the thermal field space V.

Note that both #* and S, implicitly also depend on the state z = (u, p,6). Using these

two operators, we can rewrite the upwinded thermal field advection equation (3.6) as

0H

(7,Su(6:)) = <7, 9“(5u>> Yy € Vg, (3.13)

for any test function «y. Since both #* and S, map into Vj, this implies ¢ = S,(6;)
point-wise, and therefore §; = S;1(0%), provided S;' exists. This motivates a modified,

upwinded 6 variation part of the bracket according to

) g (o)) () D)) o

16F _ 6H i SEN (o OH
Sy (o) (B ).
where the terms

<(Z9[)u , (‘;5)11 , (3.16)

and all following double-tilde ones are defined analogously to 7, in Definition 7. (3.15)
corresponds to the right-hand side of the thermal field advection equation (3.8), while
(3.14) does to the corresponding antisymmetric bracket term, which appears as a forcing
term in the momentum equation. Note that LY is bilinear in F' and H (considering its
definition (1.144)) and further that since both #* and S, are linear, the corresponding
upwind contribution bracket term is also bilinear. Since (3.14) and (3.15) form an anti-
symmetric pair by construction, we therefore find that the modified, upwinded bracket
given in Definition 19 below is still an antisymmetric bilinear form. In Proposition 20, we

confirm that this setup does indeed lead to an SUPG equation of the form (3.6).
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Definition 19. The SUPG almost Poisson bracket is given by

(F == (e (509 )+ 2t (), ) (), (50)

OF 0H 0 . OF ﬁ — a(0H
~ (5 V- 5u) — L p<9’ (59)) - <(w>u’8u1(9 (cm)>>7
with operators LY, 6% and Sy given by Definitions 7, 17, and 18, respectively.

Proposition 20. Consider the space discretised almost Poisson bracket given by Defini-
tion 19. Then the thermal field transport equation based on the Poisson system (1.53)
with this bracket is given by

(74 Fas 00) + Lbu, (0:70) = 0 vy € V. (3.17)

Proof. We consider the Poisson system with the usual functional of the form F = (v, 6).
In this case, as before all parts of the bracket except for the ones corresponding to tem-

perature advection (i.e. (3.15)) are zero, and we are left with

(7,0:) = (Z ={F,H} = —Liu, (0;7u) - <%,S.Il(9“(f£))> : (3.18)

By definition of 6%, the first term of the right-hand side is equal to <7, 9“(6—H)>, which in

u

turn can be expressed using Sy as

<’y + %,Sul(ea(?z)» . (3.19)

We can then cancel with the upwind contribution term (i.e. the last term in (3.18)), so

that
o0H

(7,0;) = <7,Su1<6“(6u))> : (3.20)

which holds for any . Hence, the S0 term is point-wise equal to 0;, and we may replace

it in (3.18) to arrive at

<’7’ 0t> - _L%%/p(e;'yu) - <'?/ua 9t> . (3.21)

Mowving the upwind contribution term and the advection operator to the left-hand side then

leads to the desired upwinded form. 0
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The second implication of including a #; term in the bracket lies in the corresponding

antisymmetric term (i.e. the last term in (3.14)), given by
SHY (. 6F
(59>U’S“ (9 (ED . (3.22)

The test function ‘;—i appears as an argument of S;'6%, which we would be required to
solve for every test function in the variational solver for the velocity. To avoid this, we
use the adjoint of S;'0?, allowing us to move the operator away from the test function.

This leads to a formulation as given in the proposition below.

Proposition 21. Consider the space discretised almost Poisson bracket given by Defi-
nition 19. Then the momentum equation based on the Poisson system (1.53) with this

bracket is given by

(w, )+ <W,w « 15H> _ <5H7V.W>

p ou dp
(3.23)
0H OH
0 N el _ o —
_Lw/p(é’,((w)u) <s<50),w>—0 Yw € V,,
where s(%) eV, is given by
(s,v) = —Lf,/p(H; Ou) Vv eV, (3.24)
for oy as given by (1.143) in Definition 7, with 0(%) € Vy such that
_ ot
(ro+5a)={r, (59)“ Vr eV, (3.25)

Proof. The first three terms in (3.23) (excluding the time derivative term) follow directly

from the bracket, using F' = (w,u) in the Poisson system. To obtain the last term, we

*

evaluate the corresponding bracket term (3.22) using adjoint operators (-)* as

(i?),gs(ea@f}) - <ea>*<su1>*((i§)u),ﬁ (3.26)
= (ea)*(Si)*((iIZ)u),?j , (3.27)
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noting that in the last line we swapped the adjoint and inverse operations applied on Sy *.
The adjoints (0*)* and S}, are given in Definitions 17 and 18, respectively. Note that given
a field o € Vg, the resulting adjoint operator field x = Sk (o) is given by

(1,X) = (1,0 + Gu) V1 € V. (3.28)

To obtain the inverse, we fix x in (3.28) and solve for o = (S;)~'(x). In particular, in
(3.27), we need to solve this for

X = (?g)u (3.29)

which yields o as defined in (3.25) above. Finally, we need to compute (0*)*(c), whose
solution is given by s as defined in (3.24) above. O

Using Propositions 20 and 21, from the SUPG bracket in Definition 19 we obtain a system

of equations of the form

() - (5

p ou 5p
_ Lfv/p<9; ((ig)u) - s(%),w —0 Yw e V,, (3.30)
(9. pt) + <¢, V- (;IZ> =0 Vo eV, (3.31)
(v +Fas 00) + L, (65 7a) = 0 vy € V. (3.32)

Note that following Section 1.2, we find that the Poisson system can be recovered from
these equations from the chain rule for F' as in (1.63). Since the SUPG bracket is anti-

symmetric, we therefore find that equations (3.30) - (3.32) are still energy conserving.

Remark 22. To also incorporate energy conserving upwind methods for the advection of
u and p in the thermodynamic equation set (3.30) - (3.32), we can use the framework
provided in the previous chapter. Note that the velocity recovery operator is applied to all
test functions on the right hand side of the momentum equation (2.34). For a consistent
use of test functions, when extending the previous chapter’s bracket to the thermal case,

we then also apply this operator to the test functions of the corresponding thermal bracket

*We have ¢+ = * = ((S’fl)’lS;"l)*, for identity operator :. But ((Sfl)’lS’fl)* = (SE)*((S;)*)* =
Su((S)~1)". Hence, (Su)~! = ((St)~!)", and applying (-)* again we obtain ((S,)~!)* = (S§) .
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term (3.14). To maintain antisymmetry, we then also need to apply it in (3.15), and we

arriwe at a fully upwinded bracket as given in Definition 9, together with

1 (5 (55), )+ <(§>u’g“l(9a(w’ ?‘:)))>

__ (3.33)
() - (e (e 50))
and 6% now defined by
(3,6°(v)) = L3 (6 7%) vy €V, (3:31)

The flur recovered velocity U(p, %—ﬁ) then also serves as the advecting velocity for the

thermal field transport equation, given by

<7 + Yu, 9t> + L;(p ﬁ) (0;7) Vv € Vy. (3.35)

’ou

Finally, we note that the energy conserving 2D velocity advection and Coriolis terms in
(2.30) and (2.31) can be extended readily to the three-dimensional case (1.132), according

to

<V>< (o000, 5y < ?Z)),u> —[tm < (0o, %) x 0o, ) )3y - s

(3.36)
5F

— <pU(p, 5u>’ 202 x U(p, ?Z)> :

The resulting bracket then leads to a fully upwinded energy conserving space discretisation

for the 3D compressible Fuler equations.

3.2 TIME DISCRETISATION

In this section, we first present the fully energy conserving scheme, and describe the
resulting non-linear set of equations. We then discuss its operational applicability, and
introduce an alternative scheme which is fully upwinded, leads to a reduced computational

cost, and is energy conserving up to a small approximation in the time discretisation.
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3.2.1 FULLY ENERGY CONSERVING FORMULATION AND NONLINEAR SYSTEM

To confirm the energy conserving property of the space discretised equations (3.30) -
(3.32), we follow the approach in the previous chapter and apply the energy conserving
Poisson integrator (1.116), thus expecting energy conservation up to solver tolerance (see

Section (1.2.4)). The resulting nonlinear system of equations is given by

(w,u"™ —u") + At W,@Xié—H — 5—H,V-W
p ou op

)— s((i;;[),w ):0 vw e Va, (3.37)

oH
(¢, p" T = p") + At <¢, V- 5u> =0 Vo €V, (3.38)
_ gn+l _ gn 0  (f-~) —
(Va, 0 0") + AtLS; J(057) =0 Vy €V, (3.39)
Su

for midpoint time average p = (p™ + p"*!)/2, and similar for a and @ = (pg)k, with ¢"

"1 given by the diagnostic scalar vorticity equation (3.5), using the prognostic fields

and ¢
at time levels n and n + 1, respectively. Note that all occurrences of the state z in L?
and s are also discretised at the half-time level. Further, we remark that the derivation
of the fully discretised thermal field equation (3.39) follows the proof of Proposition 20 in

a time discretised form, with 6; replaced by (9" — 6")/At.

To solve for z"™!, given the fully discretised residual R(z"™') above (left-hand sides
of (3.37) - (3.39)), we apply the same procedure as detailed in the previous chapter

and revert to a Picard iteration method. For this purpose, we recall that for update

0z = z" LR+t LE with unknown next time step estimate z" 1A we set
R/
5 (6z) = —R(z"TF), (3.40)
z
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n+1,0 _

and z z". The left hand side corresponds to the Jacobian of a linearised version of

R without Hamiltonian projections, and for the Euler equations it is given by

/ (ou, w)+5 <<2Q Xou, w)— <g§p+cp(§67r+5«97:r), A\ W> —c, (TV 00, W>>
5, 02 =\ (6p,0) + 5 (PV - 6u, ) )

(66, 7)
(3.41)

where double-barred entries correspond to background fields, with 7 = 7 (p,0), u = 0,

and 0w = g—’;(ﬁ, 0)0p+ 9% (p,0)d6. Note that in view of the test cases to follow, we assumed

the background thermal field to be constant (equal to g for the thermal shallow water
equations, and an isentropic background potential temperature for the Euler equations).
This leads to a vanishing V6 term in the velocity and thermal field equation, respectively,
thus uncoupling the latter from the density and velocity equations. Given the right-hand
side —R(z""1*), we can then first solve for 60, followed by a mixed solve for the density
and velocity updates. Note that since we focus on the underlying space discretisation, the
nonlinear solve procedure is kept simple. The discretisation can in principle be applied
equally to fully three-dimensional problems and scenarios with a non-constant potential
background temperature (by approximately eliminating d6 in the linearised momentum

equation). A suitable nonlinear solver strategy for this case can be found in [BGS™19].

3.2.2 FULLY UPWINDED, APPROXIMATELY ENERGY CONSERVING FORMULATION

While both the space and time discretisations conserve energy, the resulting Picard iter-
ation method does not. In the numerical tests below, we find that the number of Picard
iterations required to achieve energy conservation up to machine precision is much higher
than is usually considered in forecasting models. This suggests that we may simplify the
fully discretised scheme such that the additional energy error is smaller than the error
due to a small number of Picard iterations. Further, the SUPG bracket presented in
Definition 19 does not include upwinding in the velocity and density fields, leading to
a non-satisfactory quality of the field development. In this section, we present a fully
upwinded fully discretised formulation based on the bracket as described in Remark 22

and a small modification to the Poisson time discretisation.

In the fully upwinded bracket, we find that in the temperature advection equation the
advecting and upwind velocities are given by U(p, %) and u, respectively, which time-
discretise within the Poisson integrator as ‘;Ii (given by (1.123)) and 1, respectively. The

equations derived from the bracket can be simplified by ensuring that these two veloc-
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ities are equal after time-discretisation, which can be achieved by time discretising the

Hamiltonian variation in u as

oH . H
Sq L (pu) — Py, (pu) = S (3.42)

In this case, as mentioned in Remark 13 in the previous chapter, we find that the velocity

recovery operator U is evaluated as

<pv,IU <pfg>> = (v, Py, (pu)) = (v, pu) Vv e V,, (3.43)

U <ﬁ, ?;I ) =1, (3.44)

point-wise. With this in mind, we can replace the last terms in the thermal field part

(3.33) of the fully upwinded bracket by

so that

+ (g)u,&l(e“@(ﬂ? f;i))) + (%)U<pﬁ>78ul(ea<u>) (3.45)
P— ~ —
(B o)) (B o

that is we swapped the advecting and upwind velocities. Note that the new pair of terms
is still bilinear and antisymmetric (given the upwind definition (1.142)), and in particular,
this would not be the case if we simply replaced [U(p, ‘;—i) and U(p, %—’Z) by u. In the full
Poisson integrator setup with this modification of the bracket, the proof of Proposition
20 does not work anymore, since the advection operator term (3.19) does not cancel with
the new upwind contribution term (3.46). However, the cancellation (and therefore the
proof) still works for the time-discretised form (3.42) of the Hamiltonian variation in u,

since in this case the advecting and upwind velocities are equal.

Crucially, after swapping the velocities, we find in (3.45) that the double operator S;'6%

is now applied to u instead of a test function ‘;—i, so that the adjoint formulation described

in Proposition 21 is not needed anymore.

Proposition 23. Consider the fully upwinded Poisson bracket as defined in Remark 22,
together with modification (3.45) - (3.46). Then applying the Poisson time discretisation
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(1.116) with modification (3.42) leads to a fully discretised set of equations of the form

(w,u" —u”) — At( (V+(pU(p,w) - u'),u) — /F[[ﬁt[}(ﬁ, w)-u|nt - a dS)

+ At((pU(p, w). fut) + <p U(p, w). V?Z> -/ [[?ZU(p, w)lj ds)

— AtLYs ) <; <5H>u> - <5H>U( O 0"y =0 VYweV,, (347)

(0,07 = ) = &t( (Vo pu) — [ [oulj dS) =0 Vo eV, (348)

(v + Fa, 0" = 07) + ALY (0;75) = 0 Yy € Vp. (3.49)

Proof. All terms follow directly from the fully upwinded bracket together with the advect-
ing velocity (3.44), except for the ones related to the modification (3.45) - (3.46). For the
temperature SUPG related term (3.46), an argument identical to the one used in Propo-
sition 20 can be used to arrive at the final form (3.49) of the thermal field equation. It
remains to resolve the antisymmetric forcing term (3.45). Using definition (3.34) of 6*
together with the definition (3.11) of S, we can rewrite the thermal field equation (3.49)

as a point-wise relation of the form

o =0t Szt (6°(w)) (3.50)
At T ' '
Replacing the corresponding term in (3.45), we arrive at the last term in (3.47). O

Remark 24. To solve for the velocity contribution (3.47) within the right-hand side R
of the Picard iteration method (3.40), we need to take care of the modified test functions
U(p,w). For this purpose, we apply the procedure as described in Remark 12 of the

previous chapter.

Note that as described in Remark 22, the above set of equations can be adjusted to three-
dimensional scenarios by using velocity advection and Coriolis terms of the form (3.36).
Further, note that since the underlying bracket is still antisymmetric, the equation set
formulated in Proposition 23 is energy conserving up to the time discretisation. The only

difference to the fully energy conserving Poisson integrator lies in the simplified variation
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of the Hamiltonian in u, and comparing it to the non-simplified one, we find that

oH (SH, 1 n..n 1 no n+l 1 n+l..n n+1..n+1 51
S0 su 3l optat g St M ) — Py (pu) (3.51)
1
_Epvu«pn—l—l _ pn)(un—l—l . un)) (352)
1 n n n n
=P = p ) =), (3.53)

where  denotes perturbation from the reference state. We therefore expect this modifica-
tion to only have a small effect on the energy development, especially when only a small
number of Picard iterations is used, so that the energy error is dictated by the error due

to the nonlinear solver strategy.

Finally, compared to the equations derived from the bracket as presented in Definition 19,
the equation set as given in Proposition 23 is fully upwinded and only requires additional
projections for the Hamiltonian variations in p and . The variation in p is a projection
into a DG space, while the variation in # is a projection into a horizontally discontinuous
space in the case of the Euler equations, implying that the additional cost in evaluating
the residual in each Picard iteration is small compared to similar discretisations derived

in a non-Hamiltonian, non-energy conserving context.

3.3 NUMERICAL RESULTS

In this section, we confirm numerically the upwind-stabilised and energy conserving prop-
erties of the fully discretised schemes (3.37) - (3.39) and (3.47) - (3.49). For comparison
purposes, we first describe two non-energy conserving space discretisations. We then
consider test cases consisting of a perturbed thermogeostrophic balance scenario for the
thermal shallow water equations, as well as a cold and hot air bubble scenario for the

Euler equations.

3.3.1 COMPARISON TO NON-ENERGY CONSERVING SPACE DISCRETISATIONS

The first non-energy conserving space discretisation is formulated such that the Poisson
time integrator can be applied to it, allowing for a comparison that focuses on the exact
energy conserving properties of the SUPG stabilised space discretisation. The second is
formulated using a standard treatment of the Euler equations, and is used in comparison

with the fully upwinded scheme as described in Section 3.2.2, with a smaller number of
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Picard iterations in the simulation runs.

For the first discretisation, we use a non-antisymmetric bracket of the form

— (g x MY (g S8y (v (L) ) 4 U aeg) A (3.54)

() -t (0 (8),) - () s () 65)

recalling that avg(-) denotes the average across facets. Note that this bracket is antisym-
metric with respect to the velocity and density advection terms, but not with respect to
the thermal field advection term. The last two terms in (3.55) are set to arrive at the
SUPG stabilised form (3.17) of the thermal field advection equation, while the last two
terms of (3.54) correspond to a simple stabilisation of the non-upwinded thermal field

bracket term:

10H oF 10H6F 10H6F
G5 @ (U GRa)0 L ] e s 60

This allows us to investigate the loss in energy due to a non-energy conserving implemen-
tation of the SUPG method.

The second discretisation is derived directly from the continuous Euler equations (1.98)
- (1.104), disregarding the Hamiltonian framework. For this purpose, we use the same
types of upwinding as discussed in Section 1.3, i.e. standard DG upwinding for p, SUPG
for 6, and Lie derivative type upwinding the rotational part of velocity advection. The

resulting weak form is then given by

(wW,w) — <VL(W . uL), u> + /F[[w ~utnt-ads - <V -W, |u|2> + (w, gk)

— e (V- (Bw), 1) + ¢, /F [ow]{r} dS =0 Yw €V, (3.57)
(,p1) = (Vo pu) + [ [ouls dS = 0 Yo eV, (3.58)
(7 + Ty 00) + Ly(0:7a) = 0 V0 € Vo, (3.59)

noting that for the Euler vertical slice test cases considered below, the Coriolis parameter
f is set zero. We use midpoint averages for the time discretisation, so that the resulting

fully discretised density and thermal field equations are equal to the ones following from
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the approximately energy conserving discretisation given in Proposition 23. In particular,
in comparison to this non-Hamiltonian discretisation, we find that the adjustments used
to derive the approximately energy conserving discretisation lie entirely in the velocity
equation, with a forcing contribution given by the last two lines in (3.47) and a modified

test function of the form U(p, w).

3.3.2 TEST CASES

Having formulated the fully energy conserving scheme (3.37) - (3.39), as well as the ap-
proximately energy conserving scheme (Proposition 23) and two non-energy conserving
schemes, we test for their energy-conserving properties and the qualitative field devel-
opment. We first consider a thermal shallow water test case and an Euler test case,
demonstrating energy conservation up to solver tolerance as well as an improved thermal
field development when the SUPG method is applied. Given the shortcomings of the field
development in the Euler test case, we then move on to the fully upwinded setup, which

we investigate using two Euler test cases.

As in the previous chapter, the test cases were implemented using the automated fi-
nite element toolkit Firedrake (see near the bottom of Section 2.2.1). For the thermal
shallow water test case, we consider a set of compatible finite element spaces given by
(P3, BDM,, PP%) together with P3 for the buoyancy field. For the Euler test cases, we
consider (CGy, H(div)g, DGj_1) with k = 2 unless states otherwise, together with the
corresponding Charney-Phillips type potential temperature space. Further, for simplicity,

we set the SUPG parameter to 7 = At/2 for all test cases (see Appendix C.3.1).

ENERGY CONSERVATION AND THERMAL FIELD UPWINDING

The thermal shallow water test case considered here is based on the fifth test case in
[WDH"92], corresponding to a spherical flow in geostrophic balance, perturbed by a
mountain. Following [EDK19], we set the buoyancy field such that the overall state is in

thermogeostrophic balance. The initial conditions are then given by

u = up(—y,,0)/a, (3.60)

2
p=p—(aQug+ud/2)— —

ga?
g(l + 6(2)2>, (3.62)

85

b, (3.61)
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where as in the previous chapter, b = by(1 —r/R) describes the mountain’s surface, which
is defined as before. p denotes the mean height, which, like all other parameters, is
also given as before. Finally, the additional parameter in the buoyancy field is given by

e = 0.05.

The mesh is given by an icosahedral triangulation, where as in the previous chapter
refinement level 0 corresponds to 20 triangles. For every higher level, each triangle is
refined to 4 triangles (so that each increase corresponds to halving the cell side length
Ax), and in this test case the refinement level was set to 4. The simulation is run for 50

days, with a time step of At = 8 minutes, and 8 Picard iterations for each time step.

The resulting buoyancy fields for the fully energy conserving discretised equations corre-
sponding to the non-upwinded bracket (3.1) and the SUPG bracket (Definition 19) are
depicted in Figure 3.1. Further, the relative energy error (i.e. (E:— Ey)/Ep) development
for the aforementioned brackets as well as the non-energy conserving one ((3.54) - (3.55))

are depicted in Figure 3.2.

5
=

Figure 3.1: Buoyancy fields for thermal Williamson 5 test case after 50 days, for energy conserving discreti-
sations. Left: no SUPG for buoyancy field; right: SUPG for buoyancy field. Mesh refinement level 4, At =8
minutes, with 8 Picard iterations per time step.

As expected, we find that the incorporation of SUPG markedly reduces the occurrence of
spurious oscillations in the buoyancy field development. Further, both energy conserving
brackets lead to energy convergence up to solver tolerance, with an improvement by 4

orders of magnitude when compared to the non-energy conserving bracket.

Next, we consider the brackets for the Euler equations. Since the non-upwinded bracket
(3.1) leads to an unstable field development in the test case described below, we instead

compare the SUPG bracket to one that also includes DG-upwinding for potential temper-
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Figure 3.2: Relative energy error development for thermal Williamson 5 test case. Left: non-energy con-
serving bracket. Right: energy conserving bracket with SUPG for buoyancy (cyan) and energy conserving
bracket without SUPG for buoyancy (dashed purple).

ature in the horizontal direction, but no SUPG in the vertical. Note that such a bracket
can be derived from the SUPG bracket by setting the SUPG parameter 7 to zero. Fur-
ther, note that the diagnostic vorticity equation (3.5) does not conserve vorticity near
the boundary even in the absence of a baroclinic term, which may lead to an unbounded
growth of enstrophy due to sources near the boundary (for more details, see [BC18| and
Appendix D). However, for the test case below this effect is small, and given our focus on

the temperature advection method we ignore it.

The test case is given by a falling bubble in a vertical slice of the atmosphere, based
on one as described in [SWW93]. For this purpose, we consider a horizontally periodic
rectangular domain €2 of 32 km length and 6.4 km height, with a constant potential tem-
perature background field 0 = 300 K and corresponding pressure and density fields in

hydrostatic balance. A temperature perturbation of the form

—B (1 +cos(rm)) ifr<1, (. —2:)2 (2 —z)?
AT = ? | r= St (3.63)
0 otherwise, r r

is added to the background potential temperature, while the density field is left un-
perturbed. The perturbation’s horizontal and vertical centre and radius are given by
(e, ) = (16,4) and (2., 2z,) = (3,2) kilometres, respectively. The gravitational accel-
eration is defined as in the thermal shallow water test case, and the remaining physical
parameters are given by ¢, = 716.5 m?s2K~!, R = 287 m?s2K™!, and py = 100 kPa.
Finally, we note that a constant viscosity term is commonly added to the continuous
equations in this test case to obtain a solution that converges as the resolution is refined

[MDW™10]. In our case, we do not include this term due to our focus on energy conser-
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vation.

The mesh is given by a vertically extruded interval mesh, with horizontal and vertical
resolutions equal to Ax = Az = 100 m. The simulation is run for 900 seconds, with a

time step of At = 0.5 s, and 32 Picard iterations for each time step.

To focus on the effects of upwinding, we consider the field development after 400 and
800 seconds. The resulting images and relative energy error developments are depicted
in Figures 3.3 and 3.4, in an arrangement equal to the one for the thermal shallow water

equations above.
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Figure 3.3: Potential temperature fields for falling bubble test case after 400 s (top row) and 800 s (bot-
tom row), for energy conserving discretisations. Left column: no SUPG for potential temperature field; right
column: SUPG for potential temperature field. Az = Az = 100 m, At = 0.5 s, with 32 Picard iterations
per time step.
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We find that if the SUPG method is not applied in the vertical direction of potential
temperature advection, spurious upward moving features occur in the potential temper-
ature field development near the centre of the domain, where the bubble falls towards
the bottom boundary. In the presence of the SUPG method these features are removed,
again indicating a qualitatively favourable field development if the method is included.
Further, as expected, energy is conserved up to solver tolerance for the two energy con-
serving brackets, with occasional jumps likely due to an insufficient number of Picard
iterations. In contrast, the non-energy conserving bracket leads to a loss of energy of the

order of 107, 6 orders of magnitude larger than the energy conserving ones.
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Figure 3.4: Relative energy error development for falling bubble test case. Left: non-energy conserving
bracket. Right: energy conserving bracket with SUPG for buoyancy (cyan) and energy conserving bracket
without SUPG for buoyancy (dashed purple).

FuLLy UPWINDED, APPROXIMATELY ENERGY CONSERVING SCHEME

While including the SUPG method for potential temperature advection leads to an im-
provement of the field development, the latter still suffers from an absence of upwinding
in the other fields, leading to an insufficient resolution of the density current flowing along
the bottom boundary in the Euler test case. Further, 32 Picard iterations were required to
achieve energy conservation of the order of 1072, We therefore next consider the field and
energy error developments for the approximately energy conserving scheme as presented
in Proposition 23, which is energy conserving in space and energy conserving in time up
to the difference given by (3.53). The test cases considered here are given by the falling
bubble one as described above, as well as a rising bubble test case based on [CJDWH90].
The latter is prone to secondary plumes (see e.g. [BGST19]), and to avoid these in our
discussion here, we consider the next higher order set of finite element spaces (k = 3) for

this test case.

The domain € is given by a horizontally periodic square shaped vertical slice of the
atmosphere of 10 km side length. The background fields are given as in the falling bubble

case, and the initial potential temperature perturbation is given by

Ab g cos? () if r <1,

N (3.64)

0 otherwise,

for r as in (3.63) above, with (z.,x,.) = (5,2) and (z.,z2.) = (2,2) kilometres, and
Al = 2 K. As before, the density field is left unperturbed. For the relative energy

error study below, the underlying extruded mesh is as for the falling bubble test case

89



with Az = Az = 100 m. For the field development figures below, a higher resolution of
Ax = Az = 50 m is used. The simulations are run for 1000 seconds, with a time step of
At =1 s for the 100 m mesh and At = 0.5 s for the 50 m mesh.

First, we compare the impact of both the reduced number of Picard iterations and the
approximated Poisson integrator (i.e. (3.42)) on the relative energy error development.
For this purpose, we run the falling and rising bubble test cases for k € {4,5,6,8} Pi-
card iterations, each time for both the fully energy conserving Poisson integrator and the

approximated version as given in Proposition 23. The resulting energy developments are

depicted in Figure 3.5.

0 200 400 600 800 1000 0 250 500 750 1000 1250 1500 1750
Time steps Time steps

Figure 3.5: Relative energy error development for rising (left) and falling (right) bubble test cases. Solid
lines indicate the approximated Poisson integrator, dashed ones the full Poisson integrator. Colours corre-
spond to cyan for 4 Picard iterations, purple for 5, red for 6, and light green for 8.

While more evident for the less turbulent rising bubble test case, we find that in both
cases the choice of number of Picard iterations dominates the relative energy error devel-
opment when compared to whether or not the Poisson integrator has been approximated.
In particular, this indicates that the approximated scheme as given in Proposition 23
does not lead to a substantial increase in energy error when a small number of Picard
iterations is used, suggesting that the approximation (and therefore the removal of the
additional computations for U, (S3')*, and (6%)* appearing in the fully upwinded, fully

energy conserving discretisation) is justified.

To test the improvement of the qualitative field development when a fully upwinded

bracket is used, we compare the scheme as given in Proposition 23 with a fully upwinded
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reference scheme derived in a non-Hamiltonian setup (i.e. directly from the continuous
equations), as defined in (3.57) - (3.59). We also consider the energy development for this
comparison, using 4 Picard iterations in each time step. Note that considering the two
discretisations, we find that the only additional computational cost of the approximately
energy conserving scheme lies in computing %{ and %I for each Picard iteration, i.e. a
DG space and a horizontally DG space projection. The resulting falling and rising bub-
ble potential temperature fields are depicted in Figure 3.6, and the corresponding energy

plots can be found in Figure 3.7.
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Figure 3.6: Potential temperature fields for approximately energy conserving scheme (right column) and
non-energy conserving scheme (left column). Top: rising bubble test case at 1000 s. Bottom: falling bubble
test case at 800 s.

For the rising bubble test case, we find a virtually identical field development. In terms of
the relative energy error, we can divide the bubble’s evolution into an initial phase, where
the bubble starts rising, and a later phase, in which two vortices are formed at the bub-
ble’s lower ends. For the former phase, the approximately energy conserving setup suffers
from a small, constant decrease in energy, probably related to the initial adjustment of the
unperturbed density field to a perturbed state (in the sense that if a corresponding per-
turbation to the density field is added to the initial conditions, this decrease disappears).
Once the vortices start to form, however, the non-energy conserving setup suffers from a
much larger increase in relative energy error than the approximately energy conserving

one does, leading to a final energy error larger by almost an order of magnitude.
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Figure 3.7: Relative energy error development for approximately energy conserving scheme (cyan) and non-
energy conserving scheme (dashed purple), for 4 Picard iterations per time step. Left: rising bubble test
case. Right: falling bubble test case.

Similarly, we find an improved energy conservation by nearly an order of magnitude
for the falling bubble test case. Additionally, we observe a qualitatively different field
development, where the higher degree of energy conservation in time leads to the forma-
tion of additional smaller vortices in the main vortex. This demonstrates that even in
simulations with a comparable computational effort, the approximately energy conserving
discretisation leads to a significant reduction in the relative energy error in comparison
to a corresponding non-Hamiltonian discretisation, which in turn may influence the field
development. Should a further reduction be required — albeit at a higher computational
cost — this can readily be achieved in the approximately energy conserving setup by using
a moderately higher number of Picard iterations (with another order of magnitude gained

for a total of 6 iterations per time step, as indicated in Figure 3.5).

Remark 25. The additional smaller vortices in the approximately energy conserving dis-
cretisation (3.47) - (3.49) (see Figure 3.6, bottom right) also occur in [MNG15] (see
Figures 4 to 7), where a dynamic sub-grid scale model as described in Section 1.3.4 is
used to stabilise a higher order spectral element discretisation. In our case, these fea-
tures are a direct consequence of the reduction in energy conservation error, which in turn
follows from the antisymmetric structure of the underlying almost Poisson bracket. The
antisymmetry ensures correct transfers between kinetic, potential, and internal energy, in
the sense that the growths and decreases of these three types of energy will not match
exactly if the bracket is not antisymmetric. Indeed, as we move from the bracket that
underlies the approximately energy conserving setup (3.47) - (3.49) term by term towards
the non-antisymmetric formulation (3.57) - (3.59), the features become less pronounced

and eventually disappear (figures not shown here).
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3.4 SUMMARY

In this chapter, we presented an almost Poisson bracket discretisation which includes an
SUPG method for the thermal field advection. The bracket was used to derive fully en-
ergy conserving schemes for the Euler and thermal rotating shallow water equations. The
SUPG formulation relies on moving the upwinded part of the test function correspond-
ing to the thermal field time derivative into the Poisson bracket. In view of the Poisson
time integrator, a temperature advection and an SUPG related operator were introduced
in order to reformulate the thermal field time derivative term occurring in the bracket.
We demonstrated how to recover the thermal and velocity field evolution equations given
the SUPG-modified bracket, showing that the thermal field equation corresponds to the
usual SUPG formulation of a transport equation with the given underlying finite element
spaces. Further, for the interest of a fully upwinded, computationally less costly discreti-
sation, we introduced an approximately energy conserving version including upwinding in

the density and velocity fields.

In numerical tests, we demonstrated energy conservation up to solver tolerance for the
SUPG-modified bracket for an Euler and a thermal rotating shallow water scenario. Fur-
ther, the incorporation of the SUPG method was shown to lead to a significant improve-
ment of the qualitative thermal field development in both cases. Finally, we considered
the approximately energy conserving discretisation in a simulation with a small number
of Picard iterations, showing that we still gain a reduced energy error when compared
to a reference discretisation derived in a non-Hamiltonian setup, at a comparable com-
putational cost. For the more turbulent of the two Euler test cases considered here, the
reduced energy error additionally leads to a qualitatively different field development when
compared to the reference discretisation. It arises in the form of additional small scale
features, which resemble those of an alternative spectral element discretisation found in
the literature, where a dynamic sub-grid scale model is used. In future work, we aim to
investigate the origin of these features in the energy conserving framework. In particular,
this includes a study of the energy transfers related to the Poisson bracket’s antisymmet-

ric structure.
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VORTICITY STABILISATION

As noted in Remark 16 in Chapter 2, the rotating shallow water equations also conserve
enstrophy. In numerical schemes, it is desirable to dissipate the latter since it cascades
to and eventually accumulates at small scales. Unlike the velocity upwind method de-
scribed in Section 1.3.2, the approach in [BC18], where the SUPG method is applied to
the vorticity evolution equation, allows for a more direct control of the dissipation of en-
strophy. Additionally, it was shown in [NC17a] that for sets of lowest (polynomial) order
compatible finite element spaces, the vorticity SUPG approach leads to improved results
when compared to the one based on velocity upwinding. For these reasons, and noting
that the UK Met Office’s next dynamical core is based on a lowest order set of compatible
spaces, it is desirable to extend the approach in [BC18] to the thermal shallow water and

three-dimensional compressible Euler equations.

In this chapter, we describe the incorporation of the SUPG method for vorticity sta-
bilisation into the standard bracket (1.57), and by extension into the thermal field SUPG
bracket given in Definition 19. Further, we present numerical results by means of the
thermal rotating shallow water as well as 2D and 3D compressible Euler equations. For
this purpose, we extend the framework of [BC18|, where such a stabilisation method is
described for the rotating shallow water equations in the presence of boundaries, using a
bracket akin to the standard one. The remainder of this chapter is organised as follows:
in Section 4.1, we describe the extension to the thermal as well as three-dimensional case.

We also include a remark on the applicability of this framework in the case of magne-
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tohydrodynamics, since the vorticity and magnetic field evolution equations are closely
related. In Section 4.2, we discuss technical details of the vorticity SUPG formulation
with respect to the energy conserving Poisson time integrator. In Section 4.3, we present
numerical results, confirming energy conservation and an improved field development due
to vorticity SUPG when compared to velocity upwinding. Finally, in Section 4.4, we
summarise the chapter. The extension of the boundary treatment is detailed in Appendix
D.

4.1 SUPG STABILISATION IN THE DISCRETISED BRACKET

To set the scene, we briefly review the framework established in [BC18] for the rotating

shallow water case, with a discretised almost Poisson bracket given by

6F GSH™ §H _ OF §F _ 6H
FH}y=—(—,q— —Ve—) —(—,V.—). 4.1
{r H} <5u’q5u >+<5p’ 5u> <5p’ 5u> (4.1)
Note that in order to focus on the incorporation of the SUPG method, we consider a
domain without boundaries; for details on the case with boundaries, see Appendix D.
Further, in view of the extension to follow, we use a density field related variable p, rather

than the more common depth field notation D. From the Poisson system (1.53) together

with this bracket, we obtain a momentum equation given by

H* H
(W) = — <W,q(;u > + <(ZP,V . W> Yw e V,, (4.2)
where we further recall from Section (1.2) that %2 is equal to the flux Py, (pu), for
SH

projection Py,, and similarly for Given the diagnostic vorticity equation (1.112),

op °
(n.qp) = —(V*in,u) + (n, f) Vn eV, (4.3)

we then further obtain, upon differentiating (4.3) with respect to time and inserting into

the momentum equation (4.2), a vorticity evolution equation of the form

(n, (gp)e) = —(Vin,up) = <VLn,q?ZL> — <?Z,V : VLn> = <V77,q?§> , (4.4)

= <n, (gp)e +V - (qi]j»

0 Vnev, (4.5)
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where we used V - V47 = 0, and integration by parts for the remaining term. Note that
since 7 is continuous, and ‘;—f € V,, the resulting facet integral vanishes. In practice,
when considering the fully discretised scheme, we then first solve for (4.5) in each nonlin-
ear iteration of a given time step, and use the resulting vorticity field in the momentum

equation (4.2); a description of this process is given at (4.96) - (4.98) in Section 4.2.1 below.

Conservation of enstrophy, i.e. ¢?p, can be demonstrated by setting n = ¢, which yields

(@0 do = (g, (ap)e) + (. ap) = (4.2(a0)) = (a* ) (16)

o (42 042

0H 0H OH
= <Vq2, 5u> + <q2,V : 511> = /QV- <q25u> dr =0, (4.8)

noting that we used the L2-equivalence of p; and —V - ‘;—g. The latter follows from the

I
|
N

continuity equation derived using the underlying bracket (4.1), and we recall that it holds
since both p; and V - ‘;—Ij are functions of the depth space V,. Further, we used integration
by parts, and as above, since ¢ is continuous and %—Ij € V,, the facet integral contributions

vanish.

To incorporate the SUPG stabilisation method into the weak form (4.5), we would nor-

mally proceed as in Section 1.3.3 and modify the test functions according to
0H
7]—>77+TE/,0-V7]. (4.9)

The use of the flux based form ‘;—Ij /p = Py,(pu)/p, rather than simply u, will become
apparent in the enstrophy derivation (4.15) below. However, since the vorticity equation
was derived from the momentum equation, we need to ensure, for the purpose of consis-
tency, that all SUPG related modifications also occur in the latter. To guide this process,
we consider the SUPG method in its residual based form (1.151), that is

0H o0H
<n7 (qp)t +V- <q5u>> - - <T5u/p ’ VTL qres> \Vl'r] S Vq, (410)
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where the residual corresponds to the vorticity evolution equation’s strong form, which

follows directly from the weak equation (4.5), i.e.

(gp)e +V - (qij) = 0. (4.11)

In view of the incorporation of vorticity SUPG into the almost Poisson bracket framework

as described in Proposition 26 below, we then set

Qres = (qp)t +V- (qF)? (412)

for F = Py, (pu). Note that after discretisation, ¢,.s need not be zero. Further, note that
while %—i] is also equal to Py, (pu), from a Poisson system point of view F will be considered
as a quantity that appears as part of the bracket, while %I is a quantity derived from
the Hamiltonian (see Remark 27 and Section 4.2 below). Finally, the strong vorticity
evolution equation (4.11) is given in flux-conservative form, which is specific to the two-

dimensional case. It is also possible to specify the residual in advective form according to

Qres = P (qu + F/P : VQ) 5 (413)

which is derived from (4.12) using the (strong) continuity equation p;+V - ‘;—Ij = 0 together
with ¢# = Py (pu) =F.

To illustrate that the resulting SUPG stabilised equation (4.10) together with the residual
(4.12) dissipates enstrophy, we revisit (4.8), where the (gp); related term in line (4.6) is
now specified according to (4.10), rather than the non-stabilised form (4.5). The rate of
change of total enstrophy is then given by

/Q(qu)t de = —2 <T?Z/p -V, qm> (4.14)
= =2(IV7/p Pu,(p) - Vall3 + (7Po,(pw) - Va.a)) . (4.15)

where the second line readily follows using the residual’s advective form (4.13), and where

we again relied on %—f = Py,(pu) = F. As in the thermal case in Chapter 3, the first
term on the right-hand side acts as dissipation along streamlines, while the sign-indefinite

second one is kept small by a suitable choice of 7.

Crucially, the fact that the right-hand side in the residual based form (4.10) can be
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rewritten according to

5H SH™* N
(. (== -V 4.1
<7— . /p-Vn, qT68> <7- o /p , qms> , (4.16)

then allows us to incorporate the SUPG stabilisation method for vorticity within the

momentum equation.

Proposition 26. ([BC18]) Consider a discretised almost Poisson bracket defined by
§F 0H™ 0H _ OF SF _ OH
FHY=— (2 %7 il v S i e 41

. T
¢ = a7 lres Gres = (4p)e + V- (¢F), F = Py, (pu), (4.18)

for

where Py, denotes projection into V,. Then the momentum equation derived from the

corresponding Poisson system is given by

JOH™* 6H

which admits an SUPG stabilised vorticity evolution equation of the form

SH SH
<?77 (gp)e +V - (qéu>> = - <75u/p -V, q> vn €V, (4.20)

Proof. The momentum equation follows directly from the Poisson system. To obtain the
vorticity evolution equation, we follow the derivation of the weak form (4.5), and arrive

at

SH* OH T S0H
= — L1 = L1 — = * = _— —_—
(n, (gp)e) =—(V'n,uy) <V 04 > <V77,q 5u> <V77, <q pqres> 5u> (4.21)

0H 0H
- <777 % <q5u>> - <T(511/p : Vﬁy QTes> VT] € Vq. (422)

Mowing the advection term (first term on the right-hand side in (4.22)) to the left-hand
side then yields the required form. Finally, as shown in (4.15), the additional T term acts

as SUPG stabilisation. O

Remark 27. Note that F in q,.s is defined as Py,(pu) and not %, since otherwise the

98



resulting bracket’s velocity advection related term

(e ()

would no longer be bilinear in F' and H. Further, note that as seen in Section 3.2.2 in
the previous chapter, F and ‘;—f are equal only up the choice of time discretisation, and in
particular they differ if a Poisson integrator is used. We will elaborate on this difference

more in Section 4.2 below.

Next to facilitating the incorporation of vorticity SUPG into the momentum equation,
the reformulation of SUPG stabilisation according to the residual form (4.10) also points
to a possible generalisation towards the thermal and three-dimensional cases. In the next
two sections, we first focus on the thermal extension, followed by the extension to three

dimensions.

4.1.1 THERMAL TWO-DIMENSIONAL CASE

To include a thermal field related variable, we extend the shallow water bracket (4.1)

analogously to the standard one (1.57), that is we add an antisymmetric pair of terms

V6H_ 0F\ /16F_ 6H
10H Gp 0N (100G TN 424
+<p59v’5u> <paev’5u> (4:24)

In this case, we obtain a momentum equation given by

SH* 6H 16H
(wW,w) = — <W’q5F > + <5p’ V- W> + <p50V9,W> YweV,, (4.25)

and the additional baroclinic forcing term (i.e. the last one in (4.25)) then also appears

in the vorticity equation, which now reads

(m, (gp)) = — <77, V. <q(;[j>> — </1)(;ZV0, Vin> Vn €V, (4.26)

Note that in the thermal case, enstrophy is no longer conserved, and repeating the deriva-

tion (4.8), we find

o) do = ta.20ap)) a7,y = =2 (90,94 (4.27)

99



To include SUPG stabilisation, we proceed as before and consider a residual based exten-

sion to (4.26), i.e.

§H 16H L\ SH ,
<77, (gp)e + V- (qéu>> + <p50V97V 77> = <75u/p : Vn7q,«es> Vn eV, (4.28)

where ¢’_, corresponds to the vorticity equation’s strong form with a baroclinic forcing
term. To derive this form, we consider (4.26) before discretisation, with suitably differ-
entiable solution spaces V,, Vy, et cetera. Then applying integration by parts for V* in

the baroclinic term, we arrive at

SHY _, (16H
SH\ _, (16H

and set ¢’_, equal to the left-hand side of (4.30).

Remark 28. To illustrate the additional forcing term, we can consider e.q. the compress-

ible Fuler equations. Following Section 1.2.3, we find that in this case %1 = cppm, So that

16H
vt (p%@ve) =, Vin - Vo, (4.31)

where we used the product rule and V+ - V60 = 0. This is the two-dimensional version of
the more well-known baroclinic term ¢,V x V0, which demonstrates that the strength of
baroclinic forcing depends on how “non-aligned” the pressure and temperature gradients

are (noting that a x b =0 for parallel vectors a, b).

From here, an SUPG stabilisation for the weak discretised vorticity equation can be

obtained in an equal manner to the non-thermal case.

Proposition 29. Consider a discretised almost Poisson bracket defined by

6F 6H™ ol oF 16H_ OF
{FJH}:_<5uaq5u >+<5p’v'5u>+<p69ve’6u>

oF oH 10F o0H
B <5p,v | au> B <p59ve, 5u>’

% T
¢ =q-— ;qffesy ¢y = (ap)e + V - (qF) — V- (T/pV0), (4.33)

(4.32)

for

where F and T are set equal to the projections resulting from the Hamiltonian variations
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i u and 6, respectively, that is

Py, (p(2+1)) thermal shallow water equations,

F = Py, (pu), T = (4.34)

Py, (cp,mr(p, 9)) FEuler equations.

Then the momentum equation derived from the corresponding Poisson system is given by

SH* oH 16H
(W, uy) = — <w, q*é—u > + <50’ V- w> + <p59V0, W> Yw € V,, (4.35)

which admits an SUPG stabilised vorticity evolution equation of the form

SH 16H LN SH ,
<77, (gp)e+ V- (qau>> + <p59V9,V 77> =— <T5u/p - Vn,qres> Vn €V, (4.36)

Proof. The proof is analogous to the shallow water case in Proposition 26. Dissipation

of enstrophy also follows analogously to (4.15) (up to the baroclinic forcing term), and we

find

/Q((fp)t de =—2 <<T?Z/P - Vg, Qfes> + </1)(;[;V9, VLq>) (4.37)
=- 2(!\\/% Py, (pu) - V|3 + (T Py, (pu) - V4, ) (4.38)

~ (P p- 0,V (T/90) + (5 5 V6, 9) ) (439)

where we used 3L = Py (pu) = F. The first term in (4.38) ensures dissipation, while the

last term in (4.38) and first term in (4.39) are kept small by a suitable choice of 7. [

Note that like F, the projection T is set equal to the one resulting from the variation of
the Hamiltonian H with respect to 6, since otherwise the almost Poisson bracket would

not be bilinear (see Remark 27).

Remark 30. Considering the vorticity SUPG stabilised brackets (4.17) and (4.32), we
find that the modification required to achieve this stabilisation is restricted to the bracket

term corresponding to velocity advection, i.e.

SF 0H* §F 6H™
_<§u’q5u> — _<5u7q5u > (4.40)

In particular, it is straightforward to apply this modification to almost Poisson brackets
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that also include stabilisation methods for other fields, such as the previous chapter’s ther-
mal SUPG bracket given in Definition 19.

As a caveat, it should be noted that next to the SUPG modification ¢ — ¢* used to stabilise
the vorticity advection term, we also still need to be able to derive a vorticity evolution
equation in the first place. This is not the case — at least not in a straightforward manner
— for the brackets introduced in the previous two chapters which include the velocity re-
covery operator U. To illustrate this, we recall the space discretised momentum equation

(2.34) considered in Chapter 2, which is given by

(w,) = (Ly(, ) (s pU G, w)) (4.41)
+ Flyp(ptm, o (U(p, w))) = G(U(p, ) Yw €V, (4.42)

where L and F' correspond to advection and forcing operators, respectively. To treat U

applied to test functions, we can solve for u' such that
(pv,ul) = G(v) Vv eV, (4.43)
= (w,u;) = G(U(p,w)) = (pU(p, w),ul) = (w,ul), Vw e V,. (4.44)

From the point of view of deriving a vorticity evolution equation, we would proceed as
before by differentiating the diagnostic vorticity equation in time and substituting for the

momentum equation. The resulting equation is then given by

(n, (ap)e) = —G(U(p, V™)) Vn € V,. (4.45)

In this case, however, we cannot follow the approach (4.43) used in the velocity equation,

since the corresponding auziliary field ¢* defined by
(on,q") = G(V=n) Vi €V, (4.46)

does not have an obvious analogue to (4.44), since U is an operator defined on the velocity

space, not the vorticity space.

As a workaround, we can instead use the modified DG upwind method presented in Section

2.1.1, which does not require the velocity recovery operator U. This way, we arrive at a
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fully upwind-stabilised bracket given by

{F,H} = — (3£, ¢887) — (3£ w2l 4 [ 28] avg (3£/D) D dS

éu’ éu’

e (551 ave (5/D) D ds

i)
(o8 (@) eloie)
= p(e; (8),)-((8), 50 ().

where the last two lines follow from the SUPG method applied to the thermal field, as
described in Section 3.1. Note that the above discussion equally applies to the three-
dimensional extension discussed below. Further, we note that for the test cases considered
in the numerical results section below, we do not include the aforementioned modified DG
upwind method, since there is no occurrence of strong gradients in the density related field.

Instead, for simplicity we consider brackets of the form

5 u
+Leg/p<e;<§gf>u>+<<i§>,ss<ea<?:>>> a9

A ACAAR(CIREICE DN

where the velocity advection related term {F, H}, is set to the vorticity SUPG methods as

described in Proposition 29 above, i.e.

0F O6H™*
FHY =—{(— ¢g-=— 4.4
{ Y }u <5u7q >7 ( 9)

and Proposition 31 below, as well as the velocity upwind method as given in (2.27) (in-

cluding its 3D wversion).

4.1.2 THERMAL THREE-DIMENSIONAL CASE

The importance of enstrophy as a quadratic invariant arises due to the absence of the

vortex stretching term (w - Vu) in two dimensions (for more details, see e.g. [Vall7]). In
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three dimensions, this no longer applies, and we could instead aim to dissipate another
relevant vorticity related field. One is given by the helicity K = (u,w) [AK99], which is
an invariant in the case of constant potential temperature [Mor98]. However, K, which
is an inner product of a velocity and a vorticity space element, is difficult to approach
after discretisation. Another candidate could be Ertel’s potential vorticity of the form
V0 - w/p [Vall7], which like potential temperature is conserved along the flow. However,
similarly to helicity, this type of vorticity related field also consists of a product of ele-
ments of different spaces. For simplicity, we therefore instead aim to dissipate the total
amount of absolute vorticity w. To further justify this, note that when using a vorticity
evolution equation, the absolute vorticity appears in an advection operator, which may
cause spurious oscillations that may be mitigated by means of dissipation, as discussed in

Appendix C.

For this purpose, we consider the standard bracket (1.57), given by

oF 10H 0H oF 10H oF
FH} =—(— e —, V- — -—Vb, —
{F H} <5u’°"xp5u>+<5p’v 6u>+<p5ﬁv’5u>

(4.50)

oF 0H 10F 0H

Iy N 2y

<5p’v (5u> <p(59v’(5u>’
for absolute vorticity defined weakly by

(3, w) =(V x X u)+ (%,29Q) v eV,. (4.51)

V., denotes the vector valued 3D vorticity finite element space given by V;}(2) in the
compatible framework (see Definition 3). Note that for the 3D Euler test cases in the
numerical results section below, the rotation vector €2 is set to zero. In this section’s
discussion, the domain {2 is assumed to be boundary-free and as before, we refer to Ap-

pendix D for the case with boundaries.

Analogously to the 2D case, we can derive a vorticity evolution equation from the momen-

tum equation, noting that from the compatible framework, V x 3 € V,, for any X € V..
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Differentiating (4.51) with respect to time, we arrive at

(X, wy) =(Vx 2 w) (4.52)
10H OH 10H
by -—— —, V. by X 3 4.
<V>< wxp5u>+<5p,v (V x )>+<p69V9V > (4.53)
<V X 2w X 16H> + <1 6HV9 V x Z> V¥ eV,, (4.54)
p ou p 00

where similarly to the 2D case, V - (V x X) = 0. Setting 3 = w, the rate of change of

total vorticity evaluates to

11||w||§ = <V X W, w X ;?Z> + <;%§IV8 V x w> (4.55)

To incorporate an SUPG stabilisation method, we proceed as before and aim for a residual
based formulation. The residual can be derived in an analogous fashion to the thermal
case, leading to

Wres =w; + V X (wxF/p) =V x (T/pV0), (4.56)

where again we consider projections F and T in view of the almost Poisson bracket.

However, unlike the 2D case, in the 3D residual formulation

10H 10H
(X, wy) + <V X X w X p((55u> <p%9 Vo,V x E> = (P, Wres) V¥ eV, (4.57)

the choice of upwind stabilisation term P is less clear, given the more complex vorticity
advection term V X (w x F/p) and the target of introducing dissipation in (4.55). As
in the 2D case, for consistency, the resulting term also needs to be incorporated into the

momentum equation, which suggests a term of the form

P =—-7(VxX)x ;?Z (4.58)

Proposition 31. Consider a discretised almost Poisson bracket defined by

{F,H}:—<5F,w* 15H>+<5H,V~5F>+<15Hve 5F>

du pou op du p 60 7 du
(4.59)
oF 0H 16F 0OH
Sl v Attt S ltalll v
<5p7v 5u> <p50v 5u>’
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for
W =W — TWres, Wres = wi + V X (wx F/p) =V x (T/pV§), (4.60)

where F and T are set equal to the projections resulting from the Hamiltonian variations

i u and 6, respectively, that is

P E+b thermal shallow water equations,
F = Py, (pu), T={" (e(5 +8) ! (4.61)
Py, (c,pr) Euler equations.

Then the momentum equation derived from the corresponding Poisson system is given by

10H oH 10H
(W,ut)——<ww Xp5u> <5 A\ W> < 66’V6 > VweV,, (4.62)

which admits a vorticity evolution equation of the form

(8, w)+H{Vx B, wx ) (1g) Yx3)=— (1(VxE)x 18 ) VSV, (463)

Proof. The momentum equation follows directly from the Poisson system. To obtain the

vorticity evolution equation, we follow the derivation of the weak form (4.54), and arrive

at
10H 1(5H
10H 10H
——<V><z,(w—mm) p5u>+<p V0, x 2> (4.65)

= —(Vx B,wx 1 L (119 ¥ x 5) —(r(VxZ)x L3, ), (4.66)

for all functions ¥ € V. Moving the advection and baroclinic forcing terms (first two
terms on the right-hand side in (4.66)) to the left-hand side then yields the required form.
O

Note that while this method is analogous to the 2D setup, it is not clear if it can strictly
speaking still be considered as an SUPG method, in the sense that we have not analysed
the resulting diffusive effect on the total amount of absolute vorticity. For the modified
bracket defined in the proposition above, its rate of change is given by

L wlf = —(V x w,w x L) 1+ (1010 x w) — (7(V x w) x 13 ¢, ) (4.67)

p 00 pou’
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In this thesis, we omit a rigorous analysis of the last term’s diffusive effect, and substan-
tiate the resulting scheme’s stabilising feature purely by means of numerical studies, as

presented in Section 4.3 below.

Remark 32. The Poisson bracket framework used in this thesis was originally considered
in [MG80] for the ideal compressible magnetohydrodynamic (MHD) equations, which are

based on a Hamiltonian of the form

1 p(P 3) 1 2
H:/ —plul? ’ —IBI?)d 4.
Q<2p|u| + o + 2| |*) dz, (4.68)

for velocity u, density p, entropy s, divergence-free magnetic field B, and pressure defined
according to

s = ¢yln(p~"p) + co, (4.69)

where cq is a free constant. Further, ¢, and v denote the specific heat at constant volume
and the ratio of specific heats at constant volume and pressure, respectively. The bracket
is identical to the standard one given in Definition 1.57 (up to the choice of thermal field

variable), together with an additional magnetic field related antisymmetric pair of terms
oH 10F oF 10H

— Bx—-—)— —,Bx—-—). 4.70

+<VX6B’ Xp5u> <VX6B’ Xp5u> (4.70)

Like the absolute vorticity, the magnetic field can be placed in the curl space V;H(Q) in

the compatible finite element setup (see Definition 3). Setting F' = (X, B) in the Poisson

system (1.53) then leads to a magnetic field evolution equation

10H
<E7Bt> - — <V X E,B X p(;]l> \V/E S VB, (471)

for Vg = V,X(2). Note that given the compatible framework, this discretisation satisfies a
weak form of the divergence-free condition. To see this, we define a weak divergence on

the continuous space V;*(Q) in the 3D compatible setup as

(n,V-B) = —(Vn,B) Vn € V2(9). (4.72)

We then find that

n,(V-B)y) =—(Vn,By) = <V x Vn, B x ;(;]Z> =0 vn € V;2(Q), (4.73)

where we used V- x Vn = 0. In particular, this implies that if V - B is zero initially, it

will remain so for all time, up to the time discretisation.
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The new methods presented in this thesis for the density, thermal and vorticity fields can
equally be applied in the context of MHD. In particular, while no standard atmospheric
test cases with sharp pressure gradients are considered here, such gradients commonly ap-
pear in MHD. Further, the residual based vorticity approach presented in this chapter can
also be adapted to the magnetic field, according to a modified bracket pair of the form

o0H 160F o0H 10F
+ <V X 57B,B X p5u> + <V X 67B, (B — TBTES) X pu> (474)
—
oF 10H oF 10H
— <v X 57B,B X pé]l> — <V X 67B, (B — TBT@S) X p(S'u> 5 (475)

for B,es = B;+V x (B x F/p). Note that importantly, this modification does not interfere
with the derivation of (4.73), i.e. maintains the zero weak divergence property. The
energy conserving and stabilising properties of the resulting fully upwinded, almost Poisson
bracket based scheme for ideal compressible MHD can be verified e.g. for the Orzag-Tang
test case [OT79]. Given this thesis’ focus on numerical weather prediction, we omit the

corresponding results and discussion here.

4.2 TIME DISCRETISATION

Before moving on to presenting numerical results, we note that the above discussion is
restricted to the PDEs’ discretisation in space. From the point of view of the time dis-
cretisation using the energy conserving Poisson integrator (1.116), there are two technical
observations to be made, which are not considered explicitly in [BC18] and are therefore
elaborated here. Using these observations, we then move on to describe the fully discre-

tised schemes to be used in the numerical results section.

For this purpose, we consider the thermal two-dimensional case given in Proposition 29,

which we recall contains an SUPG modified advection term of the form

ou’ ou

—~ <5F (q —~ ;ches> o > : Qoos = (ap)e + V - (qF) = V- (T/pV0).  (4.76)

First, note that in ¢?,, the flux is given by F = Py, (pu) and not ‘;—f. In particular, while

these two terms are equal before applying the time discretisation, when using the Poisson
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time integrator they evaluate to

_ 1 1 1 oH
F:P — — *P n..n - no.n+l - nt+l..n n+1l..n+1 _ 477
v (0p)  F P (P St g M ) = e (477)
for midpoint time averages p and u, and where we used (1.117) in Section 1.2.4 for the
time-discretised variational derivative. This holds since from the point of view of the
Poisson integrator, ¢%,, is part of the transformation J (see (1.116)), so that F should be
discretised according to a midpoint rule. The same holds true for the projection T, i.e.

T # %, where the former is discretised according to a midpoint time average, while the

latter is time-discretised according to (1.117).

Second, ¢’ also contains the time derivative (¢p);, and as noted in Chapter 3, the trans-
formation J should be free of such derivatives in order for the Poisson integrator to be
applicable. To approach this problem, we can use an advection operator and an SUPG
type operator based on the vorticity evolution equation, defined in an analogous manner

to 8 in Definition 17 and S, in Definition 18. Rewriting the evolution equation (4.36) as

<n + T?Z/p -V, (qp)t> = —< <77, V- (q(f;[» + <;?ZV9, VLn>

(4.78)
0H 1
+ TE/P'V%V‘(qF)—V (T/pV0)) |,
for all n € V,, we find that these operators should be set according to
o (OH OHN\\ 0H 10H 1
(e (5 5) “(W (v50)) + G vov)
(4.79)
0H L
H (75 /P VIV (@F) =V (T/pV0) ) | Vi €V,
and
oH
(n. S‘;—ﬁ/p((Qp)t)> = <77 TV, (qp)t> vn €V, (4.80)

noting that like %, the operator ¢® implicitly also depends on the state z = (u, p, 6).
Applying these operators to (4.78) then yields a point-wise version of the form

(. (0H §H
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which is analogous to the discussion at (3.13) in the previous chapter.
However, considering the advection term (4.76), we find that (¢p); is a factor of %—Ijl.
Similarly to the argument made in Remark 27, we find that if we replace the time deriva-
tive by (4.81), we would obtain a non-bilinear bracket. This is also not compatible with
the Poisson integrator, and as a workaround, rather than using (4.81), we instead replace
(gp)¢ in ¢l.s by

(ap): = S5, (@" (F, 7). (1.82)

where F and 7' (defined according to (4.34)) are part of the bracket and not derived from
the Hamiltonian. Note that this equality still holds since before time discretisation, F
and %—f as well as T and %I are equal. In other words, to avoid the occurrence of time

derivatives in the Poisson bracket, we will use a vorticity residual of the form
Bes = Sg,, (¢" (F,T)) + V- (¢F) = V- (T/pV9). (4.83)

Finally, we time discretise the corresponding almost Poisson bracket by reverting to an
approximately energy conserving Poisson integrator, where we specify the time-discretised
version of (4.83) according to

Ges =S5, (¢ (F', 1)) + V- (qF) = V* - (T/pV0), (4.84)
for F = Py, (pu) and midpoint averages p, i, and ¢. Similarly, 7" is set according to its
definition (4.34), with p and 6 also time-discretised as midpoint averages. Further, the

time-discretised flux F’ is specified as

o

_ 1 1 1
F =_P u(pnun_l_ipnun—i-l+7pn+1un_‘_pn+1un+1> — o

4.
3 2 2 (4.85)

and similarly, 7" is also time-discretised such that it is equal to the time-discretised

Hamiltonian variation %. Note that to arrive at a fully energy conserving setup, we

would instead have to use the midpoint average F for all flux terms in ¢%,, — and similarly
T instead of T' - since ¢, is part of the Jacobian .J. The choice of F” and 7" in the first
term of g’ , constitutes a deviation from the fully energy conserving Poisson integrator,

which crucially enables us to make a substitution of the form

_ n+1l n+l _ . n n
Spiy, (0" (F)) = Lr A7 o (4.86)
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To see this, we can apply an argument analogous to the proof of Proposition 20 in Chapter
3. Note that by another argument analogous to the one described in the paragraph
immediately below (3.46), this substitution does not work if we use the midpoint averages
(F,T) instead of (F’,T") in the first term of ¢° .. Finally, we also note that we assume a

discrete diagnostic vorticity relation of the form

qn+1pn+1 _ qnpn> < L un+1 _ un>
=—(Vn——m 4.87
<777 At 777 At ) ( )

in order to derive a fully discretised vorticity evolution equation from the fully discretised

momentum equation.

The residual term resulting from this substitution, i.e.

n+l n+l _ n n _ N _
qfes - 1 P At T +V- (QF) - VL ’ (T/ﬁVH) ) (488)

is used implicitly in [BC18] (up to the thermal term), and the above derivation demon-
strates that this choice is energy conserving up to the difference between (F,T) and
(F’,T"). Note that this is analogous to the difference (3.53) in the approximately energy
conserving scheme in Chapter 3, in the sense that there we replaced F/ = % by F = %,
(see (3.42)) in order to be able to make a substitution of the form (3.50), i.e.

s (o) = =0 (4.89)

v At

Remark 33. The substitution (4.89) is mentioned here purely to highlight the analogy
between the vorticity and thermal field SUPG methods in the time discretisation context.
In order to focus on the vorticity SUPG setup introduced in this chapter, we apply the
fully energy conserving Poisson integrator to bracket (4.48) for all terms other than the
velocity/vorticity advection term (4.76). The latter includes a vorticity residual that is
time-discretised in an approximately energy conserving way according to (4.88). In partic-
ular, the fully energy conserving Poisson integrator is also applied to the bracket’s thermal
field part (last two lines of (4.48)), and following the thermal field discussion at (3.22) in
Chapter 3, the adjoint auziliary operators (%) and (S31)" are solved for at every Picard

iteration.

Before presenting the resulting scheme used in the numerical results section below, we
note that in Chapter 3, the substitution (4.89) was made in the context of a bracket that

contains the velocity recovery operator U. As mentioned in Remark 30 above, there is no
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stratghtforward way to derive a vorticity evolution equation if the latter operator occurs
i the almost Poisson bracket. In the remainder of this remark, we explain how to ob-
tain a substitution for the thermal field akin to the above form (4.89) in the context of a
Poisson bracket that does not contain U. Again, we note that such a substitution will not
be used in the numerical results section, and the derivation below is to demonstrate that
the auxiliary operators (%) and (S')* can also be avoided in a context where U is not

mcluded in the bracket.

For this purpose, consider a modification to the thermal field SUPG bracket given in
Definition 19, whose thermal field part is redefined according to

{F,H}o= L%i/p<9; (%{j)l;\/p)—{— <(Z9[>g/p’gl‘:}ﬂ<9a(F/p))

(0 (55),,) = (5 S (0 00) ).

i.e. we replaced the upwind velocity by ¥/p. Further, we followed the approximately
energy conserving setup as described at (3.45) - (3.46) in Section 3.2.2, and swapped the
upwind velocity with g—i/p and %—f/p in the last terms of the first and second line in (4.90),
respectively. If we then time-discretise all occurrences of F in (4.90) according to F', the
proof of Proposition 23 works as before, and we find
_ 97’L+1 _ en
—1 a —

s, () = 0 (o)

Note that we can combine this choice of thermal field part {F, H}s with the fully discre-

tised vorticity SUPG setup as described above. In this case, we arrive at a fully discretised

scheme that is energy conserving up to the difference between F and F' as well as T and T'.

In particular, when compared to a corresponding non-energy conserving scheme such as
(3.57) - (3.59) (together with a midpoint time discretisation), we find that the only ad-
ditional computational effort for this approximately energy conserving scheme lies in the
two projections F' and T' that have to be computed in each Picard iteration. Depending
on the choice of density upwinding, another DG projection corresponding to % s also

required.
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4.2.1 FULLY DISCRETISED SCHEMES

In the numerical results section below, we will consider a bracket of the form (4.48),
together with the vorticity SUPG methods as described in Propositions 29 and 31, as
well as the velocity upwind method as given in (2.27) (including its 3D version). The
vorticity SUPG based bracket is time-discretised as described above, with a modified
Poisson integrator that is approximately energy conserving. The approximation lies in the
choice of discretised residual @, ,, which is energy conserving up to the difference between
F and F’ as well as T and T". Note that next to this approximation, the resulting scheme
contains further approximations to energy conservation given by additional quadrature

and solver related limitations as detailed in Section 1.2.4. The scheme is given by

<w,u u>+At<<w,q u 5,0’V w
_sz/p<9_; ((;I;)l)— S(?g),w >:0 Vw e V,, (4.92)

qn+lpn+1 o qnpn _@
<’7’ At VAT

(L (5 (), )+ (). 720 = (/- W) e Vi (499

oH
(¢, p" = p") + At <¢, V- 5u> =0 Vo €V, (4.94)
(Va, 0" —0") + AtLS; ﬁ(é; Ya) =0 Yy € Vg, (4.95)
ju

where bars for prognostic variables denote midpoint averages, while bars for Hamiltonian
variations are defined as in (1.117). The notation for the forcing terms in the velocity
equation’s last line as well as the advection operator in (4.95) is given as in the previous
chapter. Further, ¢* = q — 7/pg’.,, for @., as given in (4.88). The 3D version follows
analogously, with velocity and vorticity advection terms given as described in Proposition
31.

Note that the resulting system of equations can be solved using a Picard iteration method
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as described in the previous chapters (see Section 2.2.1), up to the vorticity field and the
advected velocity contribution. For completeness, we illustrate the setup for the latter
two parts here. For ease of notation, we abbreviate the thermal forcing terms in (4.93)
as GY(V+n). First, we solve for the advected vorticity ¢* € V,, — not to be confused with

the vorticity advection operator used at (4.79) above — according to

qaanrl,k _ qnpn A@ , N @ ) p -
<777 A +V - (¢ 5u> +G7 (V=) + on /p-Vn,il..)=0 ¥neV, (4.96)
where
~ a n 0 qapn-i-l_qnpn A* N o
q= (q + q )/27 q'r’es =+ v . (qF) - V . (T/pV@) s (497)

At

and all occasions of the time level n+1 in G? are set to the known values n + 1, k. Given

q”, we then solve for the advected velocity u® according to
—L
u® —u” T oH
j— —Gres | — ) =0 % V. 4.98

The second bracket to be used below, i.e. the one based on velocity upwinding, is coupled
with the full Poisson integrator and is therefore fully energy conserving, up to quadrature

and solver related limitations as mentioned above. The resulting scheme is given by

(wu —u) + At <— <VL<w- <?§/ﬁ> L) ,ﬁ> v /F w- (‘?Z/ﬁ) L“ nt- {ids

)— s(%?),w ):o Vw € V., (4.99)

0H
<¢,p"“—p”>+At<¢,V-5u> =0 V6 eV,
(4.100)
(v, 0" —0") + AtLE; ﬁ(é; Ya) =0 Vy € Vp, (4.101)
Su
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and similarly for the 3D case, with perpendicular expressions replaced by the correspond-

ing cross products and curl terms.

In practice, as indicated in the numerical results section below, we find that the approx-
imation to the Poisson integrator by means of (4.88) has no noticeable negative impact
on the relative energy error. For this reason, and for a less bulky description of the test
cases and results in Section 4.3 below, we will also refer to the scheme (4.92) - (4.95) as

energy conserving.

4.3 NUMERICAL RESULTS

In this section, we present numerical results for the 2D and 3D vorticity SUPG formu-
lations introduced above. For this purpose, we consider the vorticity SUPG setup (4.92)
- (4.95), as well as the velocity upwind setup (4.99) - (4.101). As in the previous two
chapters, the test cases were implemented using the automated finite element toolkit
Firedrake (see near the bottom of Section 2.2.1). As a small difference to the previous
two chapters, we note that in this chapter, the fields depicted in the plots are projections
from the underlying compatible spaces into DG and CG spaces which, depending on the

underlying compatible space, may be of a higher than first (polynomial) order*.

For the SUPG method applied to the thermal field and 2D as well as 3D vorticity equa-

tions, we pick stabilisation parameters of the form

2 2\t 2 2ul\! 2 2u\!
Ty = ()\gAt + |h|> s Tq = (Ath + |h,’> s Tw = ()\wAt ‘h‘) s (4102)

where h corresponds to the cell size and g, A\, and ), are free parameters in the range
[0, 1]. This choice of parameter can be seen as a compromise between the value 7 = At/2,
which corresponds to only a limited amount of diffusion, and the better known value
7 = h/(2|u]). In our code implementation, we found the latter choice of 7 to lead to
numerical instability possibly related to round-off errors that negatively affect products
of small and large numbers. The free parameter A can be seen as a weight between these
two selections, allowing for more dissipation than 7 = At/2, while avoiding numerical

instability. For more details on this topic, see Appendix C.3.1.

In the test cases below, we set \g = 1/4, A\, = 1/3, and A\, = 1/2. The only excep-

*This is a consequence of an update in Firedrake; the higher order DG and CG spaces allow for a
more accurate representation of the output fields.
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tion to this choice of free parameters is given by the higher order 2D rising bubble test
case, where the bubble is more well-resolved and the SUPG parameter is therefore set to
the less dissipative constant value 7y = At/2. We note that generally, the resulting fields
were found to be somewhat insensitive to the choice of free parameter A\ within a range
[1/6,1/2]. Values larger than 1/2 frequently led to an insufficient amount of dissipation,
while values closer to 0 often caused oscillations that led to numerical instability in some
cases. It should be stressed that the choice of free parameters has not been optimised,

and the numerical results should be seen as preliminary with respect to the latter.

4.3.1 'TEST CASES

In what follows, we will consider four test cases. The first describes an advected double
vortex scenario for the thermal rotating shallow water equations and is used to confirm the
dissipative effect of the vorticity SUPG scheme (4.92) - (4.95). To study its performance
when compared to the velocity upwind scheme (4.99) - (4.101), we additionally consider
the thermal Williamson 5 test case introduced in Chapter 3. Finally, we move on to the
compressible Euler equations, where we compare the vorticity SUPG method to velocity
upwinding by means of a 2D and 3D rising bubble scenario akin to the one described in
Chapter 3. In all test cases, we will additionally confirm the energy conserving property

of the vorticity SUPG method.

2D TEST CASES

The non-dimensionalised thermal advected double vortex test case considered here is
based on a non-advected thermal one as described in [EDK19], which in turn is based on
a non-thermal one as described in [GHK09]. The initial conditions are given by velocity,

depth, and buoyancy fields of the form

u=V+y+u, (4.103)
p=n+(f/9)¥, (4.104)
0 = g(1 — e sin(2my)), (4.105)

for mean depth, Coriolis parameter, and gravitational acceleration given by (p, f,g) =

(1,1,1), and buoyancy perturbation magnitude given by ¢ = 0.05. The stream function

116



and initial background flow are set to

Y=a (e‘((“”"”l)2+ (u)?)/B* e‘((’”_”)2+(y_y2)2)/b2) ) (4.106)

ub = (0.1,0), (4.107)

where (a,b) = (0.01,0.1). Further, the domain Q is given by a periodic unit square.
Considering the rotating shallow water equations with initial conditions (u, p) = (u},0),
we find that the background flow evolves as u® = O.l(cos( ft), sin( ft)), i.e. in a rotating
fashion. In particular, the double vortex arising from the stream function ¢ will move in

a circle while evolving dynamically due to the vortex-vortex interaction.

To investigate the dissipative property of the vorticity SUPG framework introduced above,
we consider the scheme (4.92) - (4.95). The test case is then run twice, with the SUPG
parameters set as described above, and again with 7, set to zero (i.e. no vorticity SUPG).
The simulation is run up to t,,.. = 47, corresponding to two circular evolutions. The
mesh is regular with 642 square shaped cells, and we consider the lowest order compatible
space triple (CGy, H(div);, DGy); see Section 1.1.2. The time step is set to At = 7/500,
and in order to demonstrate energy conservation to machine precision, we perform 16
Picard iterations per time step. Results for the vorticity type field ¢ at time ¢,,,, are de-
picted in Figure 4.1, and the corresponding relative energy and enstrophy developments

are given in Figure 4.2.

-2.5
-2.9

Figure 4.1: Vorticity type field ¢ after two rotations (¢t = 4) for advected thermal double vortex test
case. Left: prognostic vorticity setup without SUPG. Right: prognostic vorticity setup with SUPG. 642 cells,
At = 7/500, with 16 Picard iterations per time step.

Considering Figure 4.1, we find that the vorticity SUPG method greatly reduces the ex-
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Figure 4.2: Relative energy (left) and enstrophy (right) development for advected thermal double vortex
test case. Dashed purple: prognostic vorticity setup without SUPG. Cyan: prognostic vorticity setup with
SUPG. 642 cells, At = 7/500, with 16 Picard iterations per time step.

tend and magnitude of oscillations in the vorticity type field ¢. This is also confirmed by
the relative enstrophy evolution depicted in Figure 4.2, where there is a marked decrease
in relative enstrophy in the vorticity SUPG run when compared to the one without vor-
ticity SUPG. Finally, as expected, energy is conserved up to machine precision regardless

of whether or not vorticity SUPG is included.

Next, we revisit the thermal Williamson 5 test case, as introduced at (3.60) - (3.62)
in the previous chapter, which we consider for the purpose of comparing the vorticity
SUPG method with velocity upwinding. The mesh is given by an icosahedral triangu-
lation, where as in the previous chapters, refinement level 0 corresponds to 20 triangles.
For every higher level, each triangle is refined to 4 triangles (so that each increase cor-
responds to halving the cell side length Az). The finite element space triple is set to
the lowest order triple (P, BDM,, PP%), which we consider for refinement level 5, with
At = 240 s and 4 Picard iterations per time step. For additional comparison purposes,
we also consider the velocity upwind method together with the next to lowest order triple
(Ps, BDM,, PP%), with the same space and time discretisation parameters. The simu-
lation is run for 50 days, and the resulting vorticity type field ¢ is depicted in Figure 4.3.

Further, the energy development for the two lowest order runs can be found in Figure 4.5.

Considering the vorticity type field development, we find that the next to lowest or-
der velocity upwind setup and the lowest order vorticity SUPG setup are in very good
agreement. Conversely, the lowest order velocity upwind setup preserves fewer fine scale
details, contains small scale oscillations throughout the domain, and leads to a somewhat

different dynamical development (considering e.g. the large negative vorticity filament in
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the bottom right quadrant). Finally, energy is conserved to the order of 107! for both
lowest order schemes, indicating that a relatively smaller number of Picard iterations is

sufficient in terms of a good degree of energy conservation for slow, large scale motion.

Moving on to the compressible Euler equations, we consider a rising bubble test case
equal to the one as introduced at (3.64) in the previous chapter, with a potential tem-
perature perturbation magnitude given by Ab,,,, = 7.5 K. As with the previous test
case, we consider the vorticity SUPG and velocity upwind setups for a set of lowest order
spaces, i.e. (CGy, H(div);, DGy). Following the previous chapter, we further consider
an extruded mesh. For comparison purposes, we also consider a velocity upwind setup
with a higher order set of spaces (CG3, H(div)s, DG3). In both cases, the compatible
space triple is paired with the according Charney-Phillips type potential temperature fi-
nite element space. The mesh consists of 160% cells, with At = 0.5 s for the lowest order
space setup and At = 0.2 s for the higher order one. To verify energy conservation, we
perform 16 Picard iterations for the lowest order setup. For the higher order control run, 4
iterations are used and the thermal SUPG parameter is set to 7p = At/2. The simulation
is run up to tnax = 600 seconds, and the resulting potential temperature and vorticity
type fields are depicted in Figure 4.4. Further, the relative energy error development for

the lowest order runs is given in Figure 4.5.

Considering the potential temperature fields, we find that both lowest order setups ex-
hibit a significant amount of diffusion due to the first order classical DG upwind method
applied in the horizontal direction, given the Charney-Phillips type temperature space.
However, the vorticity SUPG formulation resembles the high order setup better in the
sense that the two trailing vortices are at the same position, while for the velocity upwind
formulation they are too low. In the vorticity type field ¢ plots, we additionally find that
in the case of the vorticity SUPG setup, both main trailing vortices as well as the ones
arising in the secondary plume at the bubble’s top are free of oscillations, while this is
not the case for the velocity upwind setup in the lowest order space context. Further, as
expected, both lowest order setups conserve energy up to solver tolerance, with occasional
jumps in the relative energy development. This includes the third to last time step for
the vorticity SUPG formulation; for the last two time steps the change in relative energy
evolves at the order of 107 again. As noted in the previous chapter, the jumps are
probably due to an insufficient number of Picard iterations at the time steps where such
jumps occur. Finally, note that all runs exhibit oscillations in the vorticity type field ¢

near the boundaries, including the periodic vertical one. We will find below that these
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do not occur in the 3D case — or at least with a much smaller amplitude — and further

investigations are required to clarify why they occur here.

3D TEST CASE

In the final test case of this thesis, we apply the upwind stabilised compatible finite ele-
ment framework to a three dimensional scenario. It is given by a 3D version of the rising
bubble test case considered above, following [TD16]. The domain is defined by a hori-
zontally periodic box € = [1000 m, 1000 m, 1500 m|, and the perturbation is specified as
before, up to domain specific parameters. They are given by the bubble’s centre, located
at [500 m, 500 m, 260 m], and its radius as well as perturbation magnitude, which are

given by 250 m and Ab,,,, = 2.5 K, respectively.

As with the previous two test cases, we will compare the vorticity SUPG and veloc-
ity upwind formulations, and verify their energy conserving property. For a comparison
from the energy conservation point of view, we also consider the non-energy conserving
scheme (3.57) - (3.59) in Chapter 3. In terms of finite element spaces, we use the lowest
order 3D triple (H (curl);, H(div);, DGy) (see Figure 1.4 in Chapter 1), and a fully con-
tinuous potential temperature space C'G; in order to avoid the strongly diffusive effect
encountered in the Charney-Phillips type discretisation in the previous section’s corre-
sponding 2D test case. In simulations not shown here, we found 3D runs for this test
case with the latter type of space to perform badly when lowest order spaces are used,

regardless of whether vorticity SUPG or velocity upwinding was applied.

The mesh is obtained by extruding a regular 2D base mesh consisting of squares, and
its cells are set to a resolution of Az = Ay = Az = 20 m. The simulation is run up
t0 tmer = 300 s, for At = 0.8 s and 4 Picard iterations per time step. The resulting
potential temperature fields at time t,,,, are depicted in Figure 4.6, which also includes
a reference plot from [TD16]. The latter was computed using a fifth order WENO finite
volume scheme, on an irregular mesh with a cell size of 30 m. Further, the vorticity field
w is depicted in Figure 4.7 for the two energy conserving simulations. Finally, the relative
energy error development for the three compatible finite element setups is given in Figure
4.8.

We find that the vorticity SUPG setup is in very good agreement with the reference finite

volume scheme, in the sense that the trailing vortices, inner vertical column, and bubble
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top are approximately at the same position and have the same shape. Conversely, for
the two velocity upwind setups, the trailing vortices are at a lower position, the top ex-
hibits a sharper curvature, and the inner vertical column is less pronounced in-between
the trailing vortices. Since we consider a CG space for the potential temperature, none of
the three finite element simulations exhibit the over-diffusive effect seen in the 2D case,
where a Charney-Phillips type space is used. Further, we note that all four simulations
contain negative perturbation values based on spurious oscillations, with the strongest
ones occurring between the vertical column and trailing vortices in the vorticity SUPG
setup. Altogether, when compared to the reference simulation, it can still be concluded
that the latter setup outperforms the velocity upwind stabilised one. Finally, we note
that in a simulation not shown here, we also considered the vorticity SUPG setup with
the vorticity SUPG parameter 7, set to zero. The resulting vorticity field development
included clearly visible oscillations at time ¢ = 100 s, and the linear solvers eventually

failed to converge at t = 194 s.

Differences between the vorticity SUPG and velocity upwind setups are also apparent
in the vorticity field. While the vertical column and vortex structure are clearly visible
in the vorticity SUPG setup, this is less the case in the setup corresponding to velocity
upwinding, which also contains oscillations at the two vortices’ positions. Finally, as seen
in Figure 4.8, the energy conserving formulation improves the relative energy error by two
orders of magnitude when compared to the non-energy conserving scheme, noting that 4
Picard iterations per time step were used. As explained in the previous chapter, a better
degree of energy conservation can be attained for the energy conserving formulations if

more iterations are used.

4.4 SUMMARY

In this chapter, we presented an almost Poisson bracket discretisation which includes a
novel SUPG method for the vorticity field advection. The bracket was used to derive
discretisations for the thermal shallow water and 2D as well as 3D Euler equations, which
are energy conserving up to a small approximation in the Poisson integrator based time
discretisation. The incorporation of the SUPG method relies on a residual based for-
mulation used to ensure consistency between the velocity and vorticity equations. We
demonstrated the derivation of the governing equations given the underlying SUPG mod-
ified almost Poisson bracket for the 2D and 3D case. Additionally, in a series of test cases,

we verified the stabilising effect of the SUPG method applied to the vorticity equation.
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The series included an advected thermal double vortex scenario for the thermal shal-
low water equations, which demonstrates the dissipative effect of the SUPG method.
Further, it included a more geophysically relevant spherical test case, where the vorticity
SUPG setup was applied to a lowest order set of finite element spaces. The resulting
vorticity field development is of comparable quality to that of a simulation where the
velocity upwind method is applied to the next higher set of spaces. Finally, we consid-
ered the vorticity SUPG method for a rising bubble test case for the Euler equations in
two and three dimensions, demonstrating that in both cases, the vorticity SUPG method

outperforms velocity upwinding when applied to a lowest order set of spaces.

In the three-dimensional case, the stabilising effect of the SUPG method incorporated
into the vorticity equation was studied by means of numerical test cases only. In future
work, we aim to conduct a more rigorous mathematical analysis on the method’s dissi-
pative effect on the vorticity field development. Further, the choice of tuning parameter
within the SUPG parameters has so far only been investigated to a very small degree,

and we also aim to shed more light on this topic in future work.
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Figure 4.3: Vorticity type field ¢ after 50 days for thermal Williamson 5 test case. Top to bottom: velocity
upwind setup with second (polynomial) order velocity function space, vorticity SUPG setup with first order
velocity function space, velocity upwind setup with first order velocity function space. Mesh refinement level
5, At = 240 s, with 4 Picard iterations per time step.
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Figure 4.4: Potential temperature fields for 2D rising bubble test case after 600 seconds. Top row: po-
tential temperature. Bottom row: vorticity type field ¢q. Left column: energy conserving setup with velocity
upwinding and third (polynomial) order velocity function space. Middle column: energy conserving setup
with vorticity SUPG and first order velocity function space. Right column: energy conserving setup with ve-
locity upwinding and first order velocity function space. Ax = Az = 6.25 m, and At = 0.5sand 0.2 s
for first and third order space setups, respectively, with 16 and 4 Picard iterations per time step for first and
third order space setups, respectively. A dashed horizontal line is placed at 5000 metres.
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Figure 4.5: Relative energy development for thermal Williamson 5 (left) and 2D rising bubble (right) test

cases. Dashed purple: velocity upwind setup. Cyan: vorticity SUPG setup. Dotted red in Williamson 5 plot:

higher order velocity setup. 4 and 16 Picard iterations for Williamson 5 and 2D rising bubble test cases,

respectively.
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run from [TD16]. Middle left: energy conserving setup with vorticity SUPG. Middle right: energy conserving
setup with velocity upwinding. Right: non-energy conserving setup with velocity upwinding. For the right
three images, Az = Ay = Az = 20 m, At = 0.8 s, with 4 Picard iterations per time step. Dashed
horizontal lines are placed at 900, 1000, and 1200 metres.
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Figure 4.7: Vorticity fields for 3D rising bubble test case after 300 seconds. Left: energy conserving setup
with vorticity SUPG. Right: energy conserving setup with velocity upwinding. Az = Ay = Az = 20 m,
At = 0.8 s, with 4 Picard iterations per time step.
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Figure 4.8: Relative energy development for 3D rising bubble test case. Dashed purple: energy conserving
velocity upwind setup. Cyan: energy conserving vorticity SUPG setup. Dotted red: non-energy conserving
velocity upwind setup. Az = Ay = Az =20 m, At = 0.8 s, with 4 Picard iterations per time step.
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CONCLUSION

In this thesis, we considered the compatible finite element method, which is currently of
interest in numerical weather prediction as it allows for more general meshes, while re-
taining favourable properties arising from discrete vector calculus identities. The former
is of importance due to the need for quasi-uniform meshes, which avoid parallel compu-
tation bottlenecks that arise from grid poles. The latter properties are given by increased
stability as well as the possibility to avoid unphysical forcing terms and inconsistent sys-
tems of equations. Additionally, we considered the Poisson bracket based Hamiltonian
framework, which can be used to construct energy conserving space discretisations. En-
ergy conservation is an important quantity in particular for climate models, and a lack
thereof can lead to net energy biases and spurious motions. The Hamiltonian framework
can be applied to the compatible finite element method, and the combination has been

considered in the literature before.

However, energy conservation is often derived at the expense of a lack of transport sta-
bilisation, which is aimed at reducing unphysical oscillations. If such oscillations are not
controlled, they may pollute the solution fields and lead to a qualitatively insufficient field
development. The aim of this thesis was therefore to formulate energy conserving, com-
patible finite element based transport stabilisation methods for fields where such methods

have not yet been devised in the literature.

Specifically, new energy conserving stabilised methods were designed for the transport
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of density related fields, thermal type fields, and vorticity type fields. For the density re-
lated fields, an energy conserving classical Discontinuous Galerkin (DG) upwind method
and a variation was designed. The formulation for the classical method is based on an
operator used to recover the velocity field from the momentum flux that occurs in the
Hamiltonian framework. For the thermal related fields, an energy conserving Streamline
Upwind Petrov Galerkin (SUPG) method was devised, as well as a variation for partially
continuous finite element spaces. This is achieved by means of a stabilisation type and
a transport type operator aimed at reformulating the stabilised thermal field transport
equation in a suitable way for the Hamiltonian framework. Finally, for the vorticity
type fields, an energy conserving SUPG method was derived that is consistent with the
momentum equation, from which the vorticity equation is derived. The corresponding
approach is based on a residual form of the stabilisation method, allowing the latter to

be incorporated into the momentum equation.

Due to the generality of the Hamiltonian framework, these methods are applicable to
a range of equation sets relevant to geophysical fluid dynamics and beyond. In particu-
lar, in this thesis, we considered the rotating shallow water equations, thermal rotating
shallow water equations, and 2D as well as 3D dry ideal compressible Euler equations.
For all of the aforementioned new methods, we verified an improved field development
when transport stabilisation is included, and further that energy is conserved to machine
precision or solver tolerance when the space discretisation is also coupled with an energy
conserving time discretisation. This was achieved by means of more basic planar test
cases, as well as standard spherical (thermal) rotating shallow water scenarios and Euler

scenarios for 2D vertical slices and 3D cubic sections of the atmosphere.

In view of the methods’ applicability, we also included discussions and numerical results
on approximations to the energy conserving time discretisation. These approximations
lead to simplifications in which none of the auxiliary operators introduced in the energy
conserving space discretisations have to be computed explicitly. The resulting schemes
only require additional projections for the Hamiltonian variations when compared to sim-
ilar non-energy conserving schemes, leading to only a small increase in additional com-
putational cost. In a setup using the small number of quasi-Newton iterations usually
considered in numerical weather prediction, we demonstrated that these approximately
energy conserving schemes still lead to an order of magnitude reduction in relative energy
error when compared to the corresponding non-energy conserving schemes, and an equally

good qualitative field development. In one scenario, given by a falling cold air bubble, we
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showed that this increase in accuracy may lead to additional small scale features in the
field development, which have also been observed in the literature in a different, sub-grid

model based context.

We also compared two transport stabilisation methods within the energy conserving
Hamiltonian framework, given by the SUPG method applied to vorticity transport, as
well as Lie derivative type upwinding applied to velocity transport. The former method
was newly introduced here, while the latter was considered in the literature before. For
this purpose, we considered a spherical test case associated with flow past a mountain, as
well as 2D and 3D Euler test cases corresponding to a rising hot air bubble. In the case
of lowest order compatible finite element sets of spaces, we demonstrated a more accurate
field development for the SUPG method applied to vorticity transport. The vorticity field
evolution in the spherical test case matched well with the velocity upwind setup applied
to the next higher order set of spaces, as did the potential temperature evolution in the

3D Euler test case when compared to a reference finite volume scheme.

Next to providing a path to energy conservation, the Poisson bracket based Hamilto-
nian framework also reveals the energy transfers occurring between different types of
energy. These transfers play an important role in atmospheric dynamics, and unbalanced
or unphysical such transfers may lead to the aforementioned energy biases and spurious
motions. While left largely unexplored in this thesis, in future work, we aim to study the
transfers’ representation after discretisation. For instance, this may shed light on the un-
derlying mechanism leading to the formation of small scale features in the cold air bubble
scenario when an approximately energy conserving scheme is applied. Further, a better
understanding of transfers may facilitate the design of approximately energy conserving
schemes aimed at computational efficiency while keeping the resulting energy error mini-

mal.

Finally, there is also a need to develop more efficient nonlinear solvers for Poisson in-
tegrators. In this thesis, we solved the nonlinear systems of equations arising from the
latter using a Picard iteration method, which relies on the linearisation around a state
of rest. In the resulting linearised system, the thermal field was eliminated, and the sub-
system in velocity and the density related field was solved for using a hybridised method.
Ideally we would use the full Jacobian within Newton’s method for faster convergence,
but this relies upon the development of efficient preconditioners for the Jacobian — which

is not hybridisable, unlike the linearisation around the state of rest.
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FINITE ELEMENT CELL MAPPINGS

In practice, for efficiency reasons computations are usually performed on the reference
cell K, using mappings to each cell K of the tessellation, so that only one set of basis
functions and quadrature points is needed. Such mappings can be defined e.g. such that
normal and tangential components are preserved, allowing for the construction of div and
curl conforming spaces. Here, we briefly outline the relevant mappings for the compatible
finite element spaces introduced in Section 1.1. Further, we include a brief discussion on

a modification to these mappings, called rehabilitation.

Given a mapping ®: K — K with ®(X) = x, and a vector function v(x) defined on
K, the contravariant Piola transformation of v is defined by
Jv(x)

v(x) = detJ’

(A.1)

for Jacobian transformation J = 0®,/0%,. Further, the covariant Piola transformation is
given by
v(x) = J TV (x), (A.2)

for J-T = (J71)T. To illustrate the preservation properties of the co- and contravariant
mappings, we follow [RKL10] and assume for simplicity ® to be an affine mapping of the
form ®(x) = Jx+ b, with a triangular reference element K. For tensor product elements
and curvilinear ones used e.g. for spherical domains, we refer to [NSC16]. Consider an

edge e of the reference cell K, which is mapped to an edge e = ®(e) of K. The unit
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tangents along e and €, respectively, are then given by
t =e/|el, t=e/lell. (A.3)
and using the endpoints x; and x5 of e, we find
lellt =e=x, —x; = J(%, — %) = J& = ||&||Tt. (A.4)
For v mapped via the covariant transformation, this leads to
leflt - v = [le]lJt - I7v = [lé]|t - v, (A.5)

and we find that in this case tangential components for vector fields are preserved up
to edge lengths. Additionally, using a clockwise rotation matrix R, we can express the
corresponding unit normals as n = Rt and f = Rt, respectively. Applying (A.4), the

normals relate to each other via
lelln = [[e|Rt = [|&]RIt = [|&]|(det )T "Rt = ||e]|(det J)T"n, (A.6)

where we also used

RJR” = (det J)J 7. (A7)
We then find for v mapped via the contravariant transformation,

len-v = |[&](det J)ITh- djch = |le|n- v, (A.8)
implying that normal components for vector fields are preserved up to edge lengths. In
particular, given two adjacent cells within the domain’s tessellation, their common edge
will evaluate equally on the reference cell with respect to their normal and tangential com-
ponents, for the contravariant and covariant Piola transformations, respectively. Using
the Piola transformations together with the divergence and curl finite elements defined in

Section 1.1 therefore leads to the required divergence and curl conforming finite element

spaces.

Next to ensuring conforming spaces, the mappings should also be consistent with compat-

ibility, as given in Definition 3 in Section 1.1 (and similar for the 2D case). In particular,
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for a function u € H(div; 2), commutativity requires
V- (7*u) = (V- u), (A.9)

for m?u € V2(Q) and 73(V - u) € V;3(Q), and this should also hold after transforming
to the reference cell. For the contravariant mapping (A.1), it can be shown that given a

velocity field v, the divergence operator transforms as [Cial3]

1

VoVE Gl

V-, (A.10)

for differential operator V defined on K, and v = vo ®. In particular, for the L*-

conforming space, commutativity then implies a cell mapping of the form

P(x) = iﬁﬁ (A.11)

for ¢ = ¢ o ®. To see this, note that for ¢ = 73(V - u), the commutativity relation (A.9)

maps onto reference cells as

V(7)) =7m3(V-u —
(A.12)

as required, where we used (A.10) for v = 7?u. Similarly, for a function ¢ € H'(Q),
commutativity requires

V(n'p) = 7' (Ve), (A.13)

for 7% € V,9(Q) and 71 (V) € V;1(2). In this case, given a scalar function y, the correct

mapping to ensure commutativity after transforming to the reference cell is given by

X(x) = X(x). (A.14)

for x = yo®. Similarly to the divergence operator, it can be shown that for this mapping

the gradient operator transforms as

vy =JTVx. (A.15)
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On the reference cell, the commutativity relation (A.13) is then given by

—

V(%) =a'(Vy) — ITV(%) = I T (V)
(A.16)

—

= V(r") =71 (Vy),

as required, where we used (A.15) for y = 7% and the covariant Piola transformation for
(V) € VH(Q). Finally, next to the divergence and gradient operators, commutativity
on the reference cell can also be shown for the curl operator. The derivation is analogous
to (A.12) and (A.16), and relies on the curl operator form for a velocity field v under the
covariant Piola transformation:

A

JV x v
detJ -~

VXxv= (A.17)

Altogether, in three dimensions, the conformal and compatible cell mappings are given
by

neVy: n(x) = 7(x), (A.18)
) INATAS Y(x) = I T8(%), (A.19)
w eV w(x) = J(f;]t(?’ (A.20)
¢ eV o(x) = féi{;, (A.21)

and similar in 2D. The compatible finite element spaces are then constructed using these
mappings together with the corresponding finite elements described in Section 1.1. Finally,
we note that in this section, we assumed canonical projections 7, which are surjective
and which we further showed to be commuting. However, they may not be bounded as
functions of the underlying Sobolev spaces, and further modifications including mollifiers

are required to resolve this problem. For more details on this topic, see [AFW06, Arn18|.

Remark 34. The construction of compatible finite element spaces can also be described
using differential forms in a framework called finite element exterior calculus. V¥ is
considered as a space of k-forms, and the corresponding cell mappings are formulated to
preserve the forms. For instance, Vi3 contains volume forms, and the division by det J in

transformation (A.21) ensures conservation of volume. More details on this approach can
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be found e.g. in [Arni8]. It is also worth noting that a similar framework, called discrete

exterior calculus, exists and can be found e.g. in [DHLMO05].

A.1 REHABILITATION

For non-affine mappings @ (required e.g. for cubed sphere grids), the inverse of the
Jacobian determinant, i.e. 1/detJ, leads to a non-polynomial term, which cannot be
integrated exactly using a quadrature rule. In particular, this inverse occurs in the weak

form of the divergence operator, where for w € V;2(Q), ¢ € V2(Q2), and K € T, we have

o b V-w [ Vw
/quv de_/f(det.]det.] det J da:—/f( ot ] dz. (A.22)

To avoid this, we revert to a method referred to as rehabilitation [BR09], where the cell

mapping (A.21) corresponding to V;2(Q) is replaced by
peV: $(x) = p(%). (A.23)

In this case, however, the cell-wise commutativity relation (A.12) does not hold anymore.
To recover it, the discrete divergence operator is redefined (following [BR09]) such that
after computing the divergence, we additionally apply the V;3(€2) space projection 73, i.e.

V- — 7V- . The commutativity relation then maps to the reference cell according to

™ (V- (r’u) =r*(V-u) — (V- (r’u) =7*(V-u), (A.24)

noting that both 7® (V- (7?u)) and 73(V - u) are functions of V;?(Q2) and are therefore
transformed according to (A.23).

To this end, we note that in the computational implementation described in the nu-
merical results sections — see e.g. near the bottom of Section 2.2.1 — a cell mapping of
the form (A.23) is used for V2(Q) in the 3D case and V;?(2) in the 2D case. However,
the additional adjustment to the divergence operator, i.e. V- — 73V (and V- — 72V-
in 2D, respectively), is not included, which constitutes a deviation from the compatible
framework. From the point of view of stability e.g. for the pressure gradient term in the
shallow water equations — which first appear in this thesis in their linearised form (1.24)

- (1.25) in Section 1.1.3 — this has no negative effect, since the pressure gradient term is
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given by

for velocity test function w € V;}(2), constant gravitational acceleration g, and depth
D € V2(Q). In particular, since gD € V2(Q2), the divergence term V - w in the inner
product is equal to 7*(V - w). The stability analysis as given in [CS12] therefore applies
to either definition of the divergence operator, and their is no caveat to using V - w
when compared to the correct choice 7*(V - w) required to obtain a compatible finite
element complex, given the transformation (A.23). However, for other appearances of the
divergence operator, which are not paired with an element of the discontinuous space, the
use of V-w rather than 7%(V - w) does introduce an additional error. While this may e.g.
have a negative effect on energy conservation, which is one of this thesis’ main concepts,

the numerical results in Chapters 2, 3, and 4 suggest that this is not the case.
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HAMILTONIAN FORMULATION BASED ON

MOMENTUM

The standard bracket given in Definition 5 in Section 1.2 is one of many possible brackets
leading to the governing equations used in this thesis. Here, we present an alternative
bracket that is based on momentum instead of velocity. To do so, we make use of differen-
tial forms as well as variational fluid dynamics, and will consider the so-called Lie-Poisson
bracket, following e.g. [HMRI8, MR13]. Next to presenting the bracket and its relation
to the Euler-Poincaré equation, the appendix also includes an observation on challenges
with respect to space discretisations for this framework, thereby motivating the prefer-
ence of the bracket used in this thesis over the one described here. Further, it includes
an observation that sheds light on the role of the velocity recovery operator introduced

in Chapter 2 and its relation to the momentum based framework.

B.1 PRELIMINARIES

Before presenting the bracket, we briefly and informally review the underlying differential
forms and Lie derivative framework. Further, we include a discussion on variational fluid
dynamics, since the bracket is closely related to this approach. For a detailed description
of these topics, we refer to [HMR98, MR13] as well as [Arnl18] for differential forms in

view of finite element spaces.
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DIFFERENTIAL FORMS

The language of differential forms allows for a generalised framework of calculus on man-
ifolds. Informally, a smooth manifold 2 is a space that admits the operations of calculus
in local coordinates. Its tangent space T,() is given by the space of vectors tangent to €2
when passing through the point z. A differential form of degree k (in short a ‘k-form’) is a
function a(x): T,Q x ... x T, — R (for k factors T,Q2) which assigns to each point = €
a skew-symmetric k-multilinear map on the tangent space T,.€). The space of k-forms is
denoted by A¥(Q). k-forms can be expressed locally using a basis {dx?,...,dz"} of the
dual space of T2 as

a(@)(vr, . vop) = > ag(z)da™ A LA dxF, (B.1)

1<o1<..<or<n

where the wedge product A: AJ(Q) x A¥(Q) — AJIFE(Q) is given by
(A B)(v1, .., Vjpg) = Zsign(a) (Vg s oony v(,j)ﬂ(vgjﬂ, e vgj+k). (B.2)

Note that for notational convenience, we dropped all occurrences of x € €2, and will
continue to do so thereafter. For instance, if Q@ = R", a € A'(Q), and the coefficients
a, are specified by an element a = (ay, ..., a,) of the space of vector fields X(f2), then «

applied to another vector field b € X(£2) is given by
a(b) => a;da?(b) =Y ajbj=a-b, (B.3)
i=1 j=1

since in this case the dual function evaluations dz’ (b) simply return the vector components
b;. In what follows, we will also use the interior product (or “contraction”) of differential

forms, which maps from A*(Q) to A¥~1(Q2) by means of a vector v and is given by
a (v, V2, .oy V) = (v, Vg, ..., Ug). (B.4)

A fundamental operator defined on k-forms is given by the exterior derivative d, which

maps to k + 1 forms. For o € A¥(Q) written in dual basis form (B.1), we have

da=> > gi?dacj Adx® A oA datF. (B.5)

o j:l

Note that in particular, given the wedge product’s alternating sign definition, we find that

for n-forms, the exterior derivative evaluates to zero. Further, we find that d?« = 0 for
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any k-form a.

For local coordinate systems on a given manifold, we can translate the form notation
introduced above back to the usual calculus notation. For instance, for a O-form f (not-

ing that 0-forms can be associated with scalars), we have
j=1

for do = (dz?, ..., dx™). Further, for a three-dimensional manifold, and a 1-form « specified

by a vector field a (as in (B.3) above), we find

dao=d (Z ajdxj> =Y S;L;dxj ANdz' = (V x a)-dS € A*(Q), (B.7)
j=1

i?j

for surface form dS = (da? A da3, dz3 A dzt, dzt A dz?) (noting that the dz’ themselves in
turn can be seen as line forms). Using a = V f, so that from (B.6) we have a = df, we

then recover the vector calculus identity
0=d*f=d(df) = (V x (Vf))-dS. (B.8)

In what follows below, we will further make use of the following two expressions related

to the interior product, for a vector field b, 1-form o = a - dr and so-called volume form

dV =dx' A ... A\ da™
ba(dar) = bu((V x a) - dS) = ((V x a) x b) - dz € A} (), (B.9)
d(badV) = (V- b)dV € A™(Q). (B.10)

Finally, we note that this framework is frequently used in the context of integration, in
the sense that we integrate k-forms over subsets of {2 of dimension k. For the exterior
derivative, there exists a generalised Stokes theorem: for o € A*(Q), and M C Q such

that the dimension of M is equal to k + 1, we have

/M do = /8M a. (B.11)
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LIE DERIVATIVES

Differential forms provide a coordinate free framework for multivariable calculus. Simi-
larly, the Lie derivative evaluates the change of a function along a vector field in a coor-
dinate free way. In the framework of differential forms, it can be expressed for a € A¥(Q)

via Cartan’s formula as

Ly(a) = usda + d(uoa), (B.12)

for a vector field u. For scalar functions f (i.e. 0-forms), we obtain the usual directional

derivative

L£.(f) =us(Vf-dr)+d0)=u-Vf, (B.13)

where we followed (B.3), (B.6), and relied on the fact that f is a zero form (so that

usf =0). For 1-forms a = a - dx, we find
£4(a) = d(usa) + usda = (V(u-a)+ (V x a) X u) - dz, (B.14)

noting that usa = u-a € A%(Q), and where we used (B.9). Finally, for a volume form

fdV with scalar function f, we have
£,(fdV) = d(us(fdV)) + usd(fdV) = (V - (fu))dV, (B.15)
noting that d(fdV') =0 as dV is an n-form, and where we used (B.10).

VARIATIONAL FLUID DYNAMICS

Having defined the Lie derivative and computed it for 0, 1, and n-forms, we move on to
its application within variational fluid dynamics. In the latter, we consider variations to

the action

S(x) = /0 Nl ), (B.16)

for a Lagrangian [, and assume that, following the least action principle, these variations
are equal to zero. For instance, for the Lagrangian corresponding to kinetic energy, the

action’s variation is given by
T 1 T
58 = 5/ / “Dluf? dV dt = / /(Du Su)dV dt, (B.17)
0 Jo2 0 Ja

where we assumed that the corresponding fluid is incompressible, so that D is constant.

For fluid flow, it can be shown using flow charts that the velocity variation du is specified
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according to the so-called “Lin constraint” [HMR9S]
du = Oyw + [u, w), (B.18)
where the Jacobi-Lie bracket [.,.] is given by
[u, w] = (u-V)w — (w- V)u, (B.19)

and w is an arbitrary velocity field (up to boundary conditions). With this variation, it

can be shown that the least action principle implies for (B.17)
T
0=068 = / / w - (A — V(u @) — VaTu)dV dt, (B.20)
0 Jo

where we applied integration by parts in ¢ and z, and set without loss of generality D = 1.

For incompressible flow, this then leads to the usual equations of the form
ou+u-Vu+ Vp=0, (B.21)
noting that the gradient term arises since

/Qw-VpdV:—/Q(V-w)pdV:O, (B.22)

as V- w = 0. In other words, (B.20) is only defined up to such a pressure gradient term.

From a differential forms point of view, we can write the variation of the Lagrangian

as
5l
5l = <5u,6u> , (B.23)

where here (.,.) denotes pairings of elements of a given space S and elements of the
corresponding dual space S*. For instance, in (B.23) we have a vector field du € X(€2),

and a so-called 1-form density

;i = (m-dz) @ dV € AY(Q) @ AM(Q) = X(Q)*, (B.24)

for a vector field m depending on the choice of Lagrangian. In other words, the 1-form

m - dz is applied to the vector field du, and the result together with dV yields an n-form
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over which we then integrate:

ol
Sl = <5u7 5u> = {((m-dr)®dV,du) = /Qm <ou dV. (B.25)

In this form, the least action principle reads

T /61 T /61
0=65= /0 <5u 5u> dt = /0 <5u dw + [u,w]> dt (B.26)

L) s oo

where we applied integration by parts in t. Note that before we moved to the language of
differential forms, we derived from the least action principle a transport equation of the
form (B.21). Accordingly, we expect the differential form version (B.27) to also lead to
a transport equation. For this purpose, we aim to express the second term in (B.27) in
the form of a Lie derivative. This requires us to establish a connection between the latter

and the Jacobi-Lie bracket [.,.], for which we make use of the following identity:
4l il dl
I — ) = — . B.2
[u,w]45u Ly, (w_néu> W <£u5u> (B.28)

Note that the interior product applied to 1-form densities returns a volume form, i.e.

[u, 'LU]J?ZL = [u,w]s(m - dx)dV = ([u,w] - m)dV, (B.29)

and similarly for w_ gi . Further, note that in the first term on the right-hand side of
(B.28), the Lie derivative is applied to a volume form and therefore returns a volume
form, while in the second term the Lie derivative is applied to a 1-form density and so
returns a 1-form density. For the first term, we use Cartan’s formula, noting that since

uug—i is a volume form its exterior derivative vanishes. This leaves us with

£a <uu§i) = d(us(wo ((m - dv) @ dV))). (B.30)
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Applying the generalised Stokes theorem and assuming free-slip boundary conditions, we
find

/Q£u (uugi) = /{m us(wa (m - de) @ dV) (B.31)

= g us(w - m dV) (B.32)

= aQ(w -m)u-dS =0, (B.33)

noting that u - dS = (u - n)ds, for boundary outward unit normal n. Altogether, only the

second term in (B.28) remains, i.e.
dl dl
[u, w]o— = —w_ <£ > : (B.34)
u u
Integrating over €, this leads to

() (o ()

that is we can see the negative Lie derivative —£,( .) as the adjoint of the Lie bracket

operator [u, .]. Writing
ad,( .) = [u, .], ad;(.)=—=£u.(.), (B.36)

we can then reformulate (B.27) to

0= /OT - <w, (& — ad’) (?i» dt. (B.37)

Since this holds for any w, we arrive at the definition below, noting that the pressure

gradient term follows as before.

Definition 35. Consider a Lagrangian | = %fQu -m dV, for fluid velocity u and mo-

mentum m = uD. Then the Fuler-Poincaré equation is given by
Oy(m - dz @ dV) — ad;(m - dx ® dV) + dp = 0. (B.38)

This formulation gives rise to various systems of PDEs, depending on the choice of La-

grangian.

Before moving on to a Poisson bracket framework that is analogous to the Euler-Poincaré
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setup, we extend the latter to include advected quantities ay, ...a,,, with a Lagrangian
given by | = l(u,ay, ..., an). In this case, its variation extends to
ol /6l
ol =(—,0u)+ —,0a; ), B.39
(w4)+ 2 G o) 9
where the form of 5% depends on the advected quantity (e.g. if a; is a volume form,
then 5% is a scalar). As with the Lin constraint type variations (B.18), the variations for
advected quantities follow a certain form for fluids, and it can be shown that this form is
determined by
da; + £,(a;) = 0. (B.40)

Using this Lagrangian, the least action principle evaluates to

0= /OT <<§i5u> s <5‘Z §ai>> dt (B.41)

) /OT <_ <w7 (6 — ad') (gi» _ é <5‘Zi, £w(ai)>> dt, (B.42)

where the variation in u was treated as above, and for the variations in a; we used (B.40).
To arrive at a strong equation similar to (B.38), the so-called diamond operator needs to

be introduced. For a space S of advected quantities (with dual space S*), it is given by
o: ' x S — AYQ) @ AY(Q) (B.43)

such that
(boa,w) =—(b, £,(a)), (B.44)

for any w € X(€2). From (B.42), we then obtain the Euler-Poincaré equation with advected

quantities, given in the definition below.

Definition 36. For Lagrangian l(u, ay, ..., ay,) with flow velocity w and advected quantities

A1, ...y A, the Buler-Poincaré equation is given by

51 N AN

=1

Additionally, each advected quantity is governed by an equation of the form

atai + £u(az) = O, 1= 1, M. (B46)
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Note that as for the case without advected quantities, (B.45) is an equation for 1-form
densities. Further, we implicitly assume the density related field to be one of the advected
quantities, so that the flow is compressible and there is no pressure term. Additionally,

the transport equations (B.46) can be derived in a similar manner to the variations da;.

ROTATING SHALLOW WATER EQUATIONS

To illustrate the computation of governing equations using the Euler-Poincaré equations
with advected quantities, we consider the Lagrangian corresponding to the rotating shal-

low water equations, which is given by
1 5 1
[(u, DAV = / Sl + R-w = SgD) Dav, (B.47)
Q

for water depth D, gravitational acceleration parameter g, and R such that V x R = 2€2,
for rotation vector £2. We then find

;Si = D(u+R)-dz®dV € A'(Q)® A"(Q), (B.48)
o _luP YR u—gD () (B.49)
s(Ddv) — 2" ‘e ' '

First, note that from the transport equation (B.46) with a; = DdV, we obtain the conti-

nuity equation:
W(DAV)+ £,DdV)=0 = D;+V-(uD)=0, (B.50)

where we used (B.15) to evaluate the Lie derivative, and further that the volume form dV/
is independent of time. To derive the momentum equation, we write m = D(u + R) (in
line with the notation for (B.24) above), and consider the Euler-Poincaré equation with

a vector field w € X(92), i.e.

51
Y SDav

(w,my - de @ dV) + (w, £,(m - dx @ dV)) = < o DdV> : (B.51)

For the Lie derivative term on the left-hand side, we apply the product rule to obtain

(w, £,(m - dr @ dV)) = (w, £, (% dr) © DAV )+ (w, (% Jdr) ® £,(DdV)) (B.52)

= (w, (v (u- %) +(vx %) xu)-dr® DAV )+ (w, (% Jdz) ® £,(DdV)), (B.53)
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where we used (B.14) to evaluate the Lie derivative. Further, we can reformulate the

time-derivative term to

(w,m, - dz @ dV) =(w, (D %) Ldz ® dV) (B.54)

~ (Du, @)t dr@dV) + (w, (% “dr) @D, dV).  (B.55)

We can then use the continuity equation (DdV'); = —£,(DdV), so that the last terms in
(B.53) and (B.55) cancel. Finally, for the right-hand side term in (B.51), we apply the

definition of the diamond operator to obtain

ol ol ol

Assuming a constant in time Coriolis potential R (so that (m/D); = u;) further yields

(Dw, (us+ (V(u- )+ (Vx2) xu)) de®@dV) =— (;50,V - (Dw)dV) . (B.57)

Note that using V x (m/D) = V x u+ 22, we can reformulate the advection and Coriolis

terms to

v(u%)Jr(vX%) Cu=V(u (4 R)+(Vxu) xut+22xu  (B5S)

Finally, applying integration by parts to the right-hand side of (B.57), and inserting the

ol

sDav> We arrive at

expression for
1
/QDw : (ut +(Vxu)xu+2Qxu+V (2\u|2 —|—gD>> dV =0, (B.59)

noting that we combined the first term on the right-hand side of (B.58) with the cor-

&l

spav- Lhis corresponds to the usual vector invariant form of the

responding term in

momentum equation.

B.2 LIE-POISSON BRACKET FORMULATION

In this section, we present a momentum based Poisson bracket that can be seen as
analogous to the Fuler-Poincaré equation with advected quantities, as described above

[HMROS]. For this purpose, we write the 1-form density (B.24) as
po=(m-dr)®dV. (B.60)
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Note that for a Lagrangian that includes the total kinetic energy
! / Dlul?dV. (B.61)
— u .
2 Jo ’

m will include a contribution of the form uD, so that m — and therefore p — is associated
with momentum. g is then used in a momentum based bracket as defined below. The
Hamiltonian H can be expressed using i and the Lagrangian [ via the so-called Legendre

transformation as

H(p,a1,...,am) = (pyu) — l(u,aq, ..., an), (B.62)

where the velocity u is considered as a function of (u, aq, ..., a,,). This choice of Hamilto-

nian yields variations of the form

0H ou ol du

Go =t )~ () = (B63)
SH 6l .

5.~ 3a 1=1,..m, (B.64)

noting that p = %'

Definition 37. For any functionals F, H of the prognostic variables (u,ay, ..., an), the
Lie-Poisson bracket {F,H} € R is given by

o (R ) N

o)) T

Recall that the bracket (.,.) is considered for parings of spaces S and their dual S*. For
instance, in the first term of (B.65), we find that [.,.] is a vector field, and p is a 1-form

density, which leads to

0F 0H 0F 0H
s | e 0 T ¢ = -d dv7 ~ e = / .
<M Lﬂt 5/J> <(m ™) ® Lm 5u}> ol
Further, note that {.,.} is clearly bilinear and antisymmetric since the Jacobi-Lie bracket

[.,.] is. It can additionally be shown that it satisfies the Jacobi identity, so that the Lie-

SF 6H
—_— . B.
e &J dV.  (B.66)

Poisson bracket is indeed a Poisson bracket as defined in Section 1.2. Given (B.65), we

can proceed as before by considering the Poisson system

dF
— = {F.H}. (B.67)

Theorem 38. ([HMR98]) The Euler-Poincaré equation with advected quantities as given
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in Definition 36 is equivalent to the Poisson system (B.67) together with the Lie-Poisson

bracket as given in Definition 37.

Proof. For a functional of the form F = (u,w) with w € X(2), we obtain a momentum

equation given by
—+ (o lw ) — 3 (£ular) 5 ) (B.69)

= (ad;,(p), w) + f: <w, ;Of 3 ai> : (B.70)

Since this holds for any vector field w (with suitable boundary conditions), this implies
the Fuler-Poincaré equation as given in Definition 36. Similarly, we obtain the transport
equations (B.46) by setting F' = (a;, b), where b is any given function in the dual space of

the space to which a; belongs:
B, (az, b) = — <£%(ai),b> — — (£Lular),b) (B.71)
= (b, 0ia; + £,(a;)) = 0. (B.72)
Conversely, for any functional F(pu,aq, ..., an), we have

dF OF du " JOF da;
G+ e ) (B.73)

i=1

=1

= (a0, 50) + 3 (= (L0010} - (5 £4(@)). (B.75)

7@ 5

== (e[ w5 (e i) - (e i) = (. 870

as required. O

Note that in particular, this implies that governing equations derived from the Euler-

Poincaré equation with advected quantities are energy conserving, which follows directly
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from the Lie-Poisson bracket’s antisymmetry. We conclude this appendix with two com-
ments on observations regarding the space discretisation of this framework. The first one
raises difficulties with such a discretisation, while the second one highlights a similarity

to the framework considered in the thesis’ main chapters.

DISCRETISATION OF THE LIE-POISSON BRACKET

The Euler-Poincaré equation with advected quantities, as given in Definition 36, is an
equation for 1-form densities. At the bottom of Section B.1, we used it to derive the
momentum equation for the rotating shallow water equations, which we formulated as an
equation for the vector field u € X(€2). Recall that for this purpose, we considered the

product rule for the Lie derivative applied to the 1-form density, i.e.

(w, £(m-dv® dV)) = (w, £, (% dz) ® DAV )+ (w, (% dr) ® £,(DdV)), (B.77)

and the second term on the right-hand side was then cancelled with another term emerging

from the product rule applied to the time derivative, i.e.
m m
(w,m, - dz © dV) = (Duw, (D)t dr@dV) + (w, (5 “dr) @D, dV).  (B.TS)

In other words, adding (B.77) and (B.78) together, we obtain a contribution of form

<%, DV + £,(DdV)) = <% (D + V- (uD))dv) . (B.79)

which cancels since the second term in the pairing is equal to zero due to the continuity
equation. In view of finite element space discretisations, note that for the cancellation to
hold true, it is sufficient for the left-hand side of the continuity equation to be equal to
zero in L? i.e.

|D; +V - (uD)|l2 = 0. (B.80)

In terms of a derivation via the Poisson system using the Lie-Poisson bracket (B.65), the

continuity equation is obtained by choosing F' = (¢, DdV'), for scalar function :
(. (DaV)y) = = (¥, £1(DaV)) (B.31)

— /Qth AV = —/ng)v. <5£D) av. (B.82)
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When discretising this framework using the compatible finite element spaces reviewed in
Chapter 1, the term (w - m)/D in (B.79) will generally not a be function of the finite
element depth space Vp. In particular, for the cancellation of (B.79) to still work after
discretisation, the corresponding discretised version of the continuity equation (B.82)
needs to hold as an L? equivalence as described above. This task is nontrivial, since the
term %D will not generally be a function of the velocity space V,. In particular, in
this case the divergence operator does not necessarily map the latter term into Vp. An
example of a discretisation which does not fulfil this property is e.g. given by the upwind

stabilised form (see Section 1.3.1)

/Q oD, dV = /Q V- (?ZD) dv — /F HJZ{H D ds, (B.83)

for test functions ¢ € Vp. Instead, we could consider a discretisation of the advection

term of the form

/Q oV - Py, ($D> v, (B.84)

for projection Py, into the velocity space. In this case, the discretised continuity equation

is given by
5H
/ & (Dt LV Py, (MD» dv =0 V6 € Vi, (B.85)
Q

and in particular, we can pick ¢ = D, +V - Py, (%D) € Vp to show that the left-hand
side term D; + V - Py, (%D) in (B.85) is indeed equal to zero in L?. The discretised

version of (B.79) then satisifies

w-m oH
(2 (e () )av) =, 520

as required. However, in this case, the corresponding antisymmetric term arising from

the Lie-Poisson bracket would be given by

0H oF ol

which appears in the momentum equation, for test function w € V,. The projection on
the weighted test function wD would then lead to further complications that are nontrivial
to resolve. Due to this difficulty related to cancellations of discrete terms arising from the
product rule — assuming that the product rule still holds after discretisation in the first

place — we did not consider a discretised Lie-Poisson bracket in this thesis. Note that the
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cancellation occurs in the above framework when choosing a functional of either form
F=(w,p-dx®dV), F = {(w,u(u,D) -dx @ dV), (B.88)

to obtain an evolution equation for momentum or velocity. In particular, the problem of
satisfying this cancellation after discretisation also occurs for both choices of functionals

and therefore evolution equations.

RELATIONSHIP TO THE FLUX RECOVERY OPERATOR U

The velocity equation (B.59) resembles the setup of Chapter 2 in the sense that we arrive
at weighted test functions of the form Dw. This can be seen as a consequence of the
fact that the continuous variation in momentum used here is analogous to the continuous

recovered variation in velocity used in Chapter 2, i.e.
0H oH
—=u=0U (D, ) , (B.89)
O ou

up to the Coriolis term R included in the Hamiltonian (B.62) via the Lagrangian (B.47).
This analogy also holds for the choice of functional F' = [, u - w dV used to obtain the

velocity equation in Chapter 2, since we then find for the continuous case,

U <D, ?Z) - %, (B.90)
and in the above framework the choice of
F:/u~de:<w,u‘d:c®dV>:<%,,u>, (B.91)
Q
also yields
?; - % U (D, ‘?:) . (B.92)

The velocity recovery operator U can therefore be seen as a translation between the mo-
mentum and velocity frameworks. Note, however, that the Lie-Poisson bracket (B.65) and
Hamiltonian (B.62) are formulated differently to the standard bracket (1.57) and Hamil-
tonian (1.65) in Section 1.2. In particular, as elaborated in the first observation above,
the Lie-Poisson setup requires a cancellation of terms in order to lead to a velocity evo-
lution equation. This feature is intrinsically related to the fact that momentum depends
on both velocity and depth. Importantly, such a cancellation (and therefore a continuity

equation that evaluates to zero in L?) is not required in the setup in Section 1.2, where
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we use variations in velocity rather than momentum. Finally, unlike the standard bracket
in Section 1.2, the Lie-Poisson bracket does not naturally contain vorticity, and cannot

be associated as easily with a vorticity equation as exploited in Chapter 4.
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ILLUSTRATION OF UPWIND

STABILISATION

In this appendix, we review the stabilising effect of the classical DG upwind and SUPG
methods used in this thesis’ main chapters. In order to do so, we first shed light on the
origin of the spurious oscillations that are attenuated by these methods. With this in
mind, we then first move on to the classical DG upwind method, followed by the SUPG
method. The section on the latter method also contains a discussion on possible choices

of stabilisation parameter, including the ones used in Chapters 3 and 4.

C.1 MOTIVATION

To demonstrate the existence of spurious oscillations in the presence of an advection term,
we consider the advection-diffusion equation and follow [ESW14, QSS10]. First, we derive
an a priori error estimate, and then give a simple example with oscillatory behaviour. The
prognostic variable is given by a scalar quantity ¢, defined on a domain §2 with Dirichlet

and Neumann boundary conditions given by

Q:QDUQN, QDQQN:@, (Cl)
0
qg=gp on Qp, a—q =gy on Qy. (C.2)
n
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The advection-diffusion equation for ¢ is given in its weak form by

a(q,p) = (u-Vq,p) +€(Vp,Vq) = (f,p) + E/aQNng dS = l(p) Vpe Hy(Q), (C3)

for advecting velocity u, diffusion coefficient €, and forcing term f. Further, Hp, (Q) is
given by the space of functions in H'(Q) that vanish on Qp. Finally, we specify ¢ to be an
element of HL(Q), the space of functions in H*(2) equal to gp on Qp. In the discretised

version, we look for g, in a finite element space Vi C HL () such that

a(qn, pr) = U(pn) Von € Vi, (), (C.4)

for finite element space Vg, () C Hp, ().

If we have outflow Neumann boundary conditions, i.e. u-n > 0 along Qy (for out-

ward normal unit vector n), it can be shown that the bilinear form a is coercive, i.e.

a(q,q) > €| V4|3, (C.5)

for L? norm ||-||2. Further, using the Cauchy-Schwarz inequality and Poincaré’s inequality,

we have

la(q, p)| < €|{Vq, Vp)| + [(u- Vq,p)| (C.6)

< (e + Cllulloo) IVall2[Vpll2, (C.7)

for Poincaré constant C' > 0 related to the domain’s size and geometry, and ||ul|, =
SUPycq |u(x)| (assuming a continuous flow u). We can then use these two inequalities for

an a priori error bound. For this purpose, we start with Galerkin orthogonality, given by

a(q — qn.pn) =0 Vpy, € Vi, (C.8)

where we used (C.3) and (C.4) with a test function py. Using this together with the above

two inequalities, we then have for r), € Vg,

elIVig—an)l3 < alg— an.q — an) (C.9)
=a(q— qn,q —rn) +alqg — qn, 7 — qn) (C.10)
=a(q — qn, ¢ — ) (C.11)
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< (e+ Cllulloo) V(g = an)ll2[[ V(g = 7)]l2, (C.12)

noting that r, — ¢, € Vg,. Taking the infimum over all functions r, € Vp, this standard

argument leads to a best approximation property of the form
V(g —an)llz < (1 +P) inf [[V(g=7a)l2, (C.13)

for the so-called Péclet number P = C'||u||~ /€. In particular, we find that for convection

dominated problems, where ||ul|o > €, the error estimate deteriorates.

This lack of accuracy typically manifests itself in the form of spurious oscillations [ESW14],
and to illustrate this, we consider an example as described in [QSS10]. The domain is
given by the unit interval, with Dirichlet boundary conditions ¢(0) = 0, ¢(1) = 1. Fur-
ther, we assume a constant advecting velocity u and zero forcing f = 0, and consider Vg
to be C'G; on a uniform mesh (i.e. a mesh with cells of equal shape and size). Expanding

q in the element basis of Vg as
N
q=_ GuPr, (C.14)
k=0
for coefficients ¢, and N + 1 basis functions p, € Vg, it can be shown that the weak form
(C.4) evaluates to

(5~ e+ i~ (547 )aa=0 F=1,..N—1, (C.15)

for uniform cell length A = 1/N. Using the so-called element Péclet number P), =
|ull2h/2€, the coefficients can be solved for as

k
a’ —1 _1+P,

TN 1 TP,

(C.16)

For P, > 1, we have o < 0, so that its k'" power in the numerator of §; changes sign for
varying values of k. In particular, in line with the error bound above, this may lead to
oscillations in the solution coefficients {gy}2_,. As P, tends to infinity, a tends to —1,
leading to a numerator that alternates between 0 and —2 as k varies from 0 to N. In this
case, we therefore arrive at a solution that is dominated by oscillations throughout the
domain. Note that if there is no advection term (i.e. u = 0) the solution (C.15) reduces

to

i1 + 2G5 — Goo1 =0 k=1,.N—1. (C.17)

154



This then evaluates to
(C.18)

which is free of oscillations.

In practice, such oscillations are countered by discretisations that can be interpreted as
adding artificial diffusion, which can be achieved in many ways depending on the choice
of finite element discretisation [MKM™16]. Indeed, the oscillatory behaviour above can
be seen as a discretisation that is under-diffusive [BH82|, and the addition of artificial
diffusion simply removes this effect. To further justify the addition of artificial diffusion,
the latter has also been interpreted from a sub-grid model point of view [BMR98]. This
is consistent with (C.16), which ceases to be oscillatory for a sufficiently small cell size h,
indicating that all scales are resolved, while for larger h a sub-grid model is needed. Note
that for smaller values of €, an ever finer resolution h would be required to ensure P, < 1.
Since in the case of atmosphere and ocean modelling this would become prohibitively ex-
pensive, this interpretation implies that artificial diffusion or other stabilisation methods
is a necessity [MKM™16].

The two stabilisation methods reviewed below are based on adding artificial diffusion.
Since these lead to formulations that require information of the velocity from the direc-
tion the velocity is coming from, these methods are referred to as upwind stabilisation

methods.

C.2 C(CrassicaL DG UPWIND METHOD

To illustrate that the classical DG upwind method, as defined in Section 1.3.1, has a
diffusive effect, we consider the motivating example above and follow the discussion given

in [QSS10]. After dividing by h, the discretised scheme (C.15) can be reformulated to

Gk+1 — 2Qk + Gr—1 Gk+1 — Qr—1
— =0 k=1 ..N—-1 C.19

which is equal to the scheme resulting from a central finite difference discretisation. To
avoid oscillations originating from the advection term, we add a discrete diffusive contri-
bution of the form o

h Ge1 — 2qk + Gr—

155



which leads to a new discretisation given by

Qk+1 — 2qk + Qr—1 Qk+1 — Qr—1 h Qi1 — 2qk + Gu—1
€ +u — U=
h? 2h 2 h?

=0,  (C.21)

Ter1 — 2Qk + Gr— Tk — Gr—
L% R Sk W L ek L Y k=1,.N—1  (C.22)
h? h
In other words, the addition of numerical diffusion leads to a discretisation of the advection
term which considers the current location ¢ together with the location in the upwind
direction (i.e. ¢x—1 for u > 0, and similarly Gy for v < 0). Note that in the limit as €

tends to zero, the central difference scheme (C.19) reduces to

u%ﬂi@i:o k=1,..N—1, (C.23)

while the upwind stabilised one given by (C.22) does to

u%%%izo k=1,.N—1. (C.24)

For constant background flow u, the resulting central difference scheme solution gy, =
Gr—1 admits alternating values and therefore spurious oscillatory solutions, while the up-
wind scheme ¢, = §i_1 leads to the expected constant solution. As a drawback, this type
of advection discretisation suffers from a loss of accuracy in the order of h when compared
to central differences, whose local discretisation error is in the order of h%. In practise,
this manifests itself in an overly diffusive effect, which, from a finite element point of view,

can be remedied by increasing the order of the underlying finite element space.

Next to the analogy with the finite difference method, the classical DG upwind sta-
bilisation method can also be seen from a finite volume point of view. For lowest order
elements, the test functions ¢ are given by constant functions with compact support equal

to a given cell K of the mesh. The upwind formulation (1.128) then reduces to

/ pr dx = —/ u-ngpdS VK eT, (C.25)
K oK

for cell outward unit normal ng. This is analogous to a finite volume formulation, in
the sense that the change of mass in a given cell is equal to a specified flux at the cell
boundary. Similarly to the choice of polynomial order for the underlying finite element
space, the finite volume scheme’s diffusivity can be controlled by the polynomial order of

the stencil used to generate the flux.
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C.3 SUPG METHOD

When presenting the SUPG method in Section 1.3.3, we noted that a stabilising effect
follows from diffusion acting along streamlines (see (1.138)). The choice of diffusion in
the direction of the flow can be motivated in the sense that orthogonally to the flow, the
advection term vanishes, and therefore does not pose as a source of oscillations. Another
argument for this choice can be made from the point of view of sub-grid discretisations,
where the attribute ‘sub-grid’ refers to features that are smaller than the mesh grid size.

In this section, we will further explore this approach.

One way to capture these small features and establish a connection between sub-grid
scales and the SUPG method is by augmenting the finite element space to contain basis
functions whose compact support is given by the interior of single elements. The un-
knowns associated with these additional functions are then solved for, thus contributing
to an improved solution that contains information from within elements. This approach
can give insight into possible choices of stabilisation parameter 7, and here we briefly il-
lustrate this by means of the advection-diffusion equation, following [Bre00, ESW14]. For
this purpose, we consider the weak form (C.4) with homogeneous boundary conditions,
and will include a range of simplifying assumptions along the derivation. As mentioned

above, the solution space Vg, is augmented by a space Bg, of bubble functions to

~

VEO = VEO ¥ BE@, (026)
so that we obtain a weak form
a(Gn, Pn) = (. Pn) Vpn € Vi, (C.27)

for solution ¢, € VEO. Picking a test function of the form ¢, € Bp, with compact support
in the interior of a given cell K, and using the decomposition ¢, = g, + by, (for b, € Bg,),

we can reformulate the above to

a(by,cn) = (f,en) — algn, cn) = /K(f + eAgp, —u - Va)ep dr, (C.28)

where we have used integration by parts together with the compact support of ¢;. By the

same argument, we further find

a(by, cp) = /K(—eAbh +u - Vby)e, dx, (C.29)
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and assuming a sufficiently rich space Bp,, we obtain a point-wise version of (C.28) within
K, given by
—EAbh +u- Vbh = (Kres» (C?)O)

for cell-wise residual
dKres = (f + EAQh —u- VQhNK (C?)l)

Assuming that the latter is constant, and writing the restriction of b, to the cell K as
bn|k = diqrres (for unknown dg to be determined), we obtain a differential equation for

the interior of K given by

—eAdg +u-Vdg =1, (C.32)
with dg|ox = 0.
Additionally, setting p, = pn € Vg, in (C.27), we obtain

a(qn, pn) = (f, on) — albn, pr), (C.33)

which is equal to the original weak form together with a new contribution in terms of by,.
Assuming piece-wise linear test functions p;, and a piece-wise constant advecting velocity,

this contribution can be reformulated as

a(bn, pr) = Z/Q (eVby, - Vpu +ppu - Vby) do = — Z/Kbh(u - Vpp) dx (C.34)
K K

= — Z/ dgQrres(u-Vpy) doe = — Zques(u . Vph)/ di dx (C.35)

K 'K K K
= _Z 1/ (ques(u . Vph)>d$/ dK dZE (036)

K K| /K K

= _<q’r‘€87 T(u . Vph)>7 (037)
where we have used integration by parts and Ap, = 0, V-u = 0 in the first line, and that

(ires and u- Vpy are constant in the second. Further, we introduced a global residual ¢,

that is defined to be equal to the cell restricted one qg,.s for each cell K, and a parameter
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7 such that its restriction 7|k to a given cell K is defined by
| ! / d d (C.38)
T = — €. .
K K] Jx K
Substituting into (C.33), we arrive at

G(Qh,ph) = <f7 ph> + <QT687 7'(11 : Vph)> Vpn € Vi, (C~39)

which corresponds to SUPG for the advection-diffusion equation. To see this, note that
Gres corresponds to the strong formulation, implying that we obtain a streamline upwind
contribution ||v/7u - Vpy||3 without loosing consistency. Consistency follows since if we

apply the strong solution to (C.39), we have g,.; = 0 and the stabilisation term disappears.

Next to bubble functions, there are a range of other approaches based on capturing
information on unresolved scales, and the resulting stabilisation methods are known as
variational multiscale stabilisation (VMS) [MKM™16]. For our purposes, there are two
useful remarks that follow from the above derivation. First, the resulting residual based
SUPG setup of the form (C.39) may be easier to formulate than a setup where all test
functions are modified to include an upwind contribution (as in (1.136)). This can occur
e.g. if the equation depends on other equations, so that a modification of the former
requires a modification of the latter (see Chapter 4). Second, the derivation indicates
that the stabilisation parameter 7 is related to the solutions dy from the interior of cells
K. If the resolution is well-resolved, we can expect dy, and therefore 7, to be small. This
suggests the construction of residual based forms of 7, where the latter is a function of
the magnitude of ¢,.,. Aside from the SUPG context, such residual based formulations
exist e.g. for sub-grid models, such as the one from [MNG15] considered in Remark 25 in
Chapter 3.

C.3.1 CHOICE OF STABILISATION PARAMETER

With the above in mind, we conclude the SUPG section with a discussion on possible
choices for the stabilisation parameter 7. Specifically, we will first consider a 7 parameter
commonly used in the literature as well as variations thereof, followed by residual based

T parameters.

The former is based on analyses of simplified PDE scenarios via e.g. Green’s functions
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and Fourier analysis [MKM™"16], and is given by

h

T=—
2|ul

(C.40)

Note that as |[u| — 0, this value grows large. In the numerical implementation underlying
the results presented in the main chapters above, this choice of 7 causes computational
challenges possibly related to round-off errors that negatively affect products of small and
large numbers. To avoid this, the value can be further simplified by combining it with
the so-called CFL number stability criterion, which commonly appears in the stability

analysis of numerical schemes for advection-dominated flow [QSS10]:

At|ul
h

<1. (C.41)

Substituting (C.40) into the criterion, we find 7 > At/2, suggesting a minimum uniform

stabilisation parameter of the form*

= — 42
r=5, (C.42)

which is used in Chapter 3. To arrive at a term closer to the standard one given by (C.40),

we can combine the latter with (C.42) to arrive at

(02 2\t

where A > 0 is a tuning parameter. While the choice of 7 according to (C.40) is well-

known in the literature, to the best of my knowledge its definition according to (C.43)

has been considered here for the first time. Using the CFL criterion, we find that the
stabilisation parameter lies in the range

1 17 At

€ |l—— | —, C.44

g {)\ +1 )J 2 (C.44)

where the upper limit is attained at |u| = 0, while the lower one follows for velocity values

reaching the limit |u| = h/At induced by the CFL criterion. Note that as A — 0, we

recover the standard parameter (C.40), while at A = 1, we obtain

At At
T € |:4, 2:| s (C45)

* The choice 7 = At/2 can also be justified via an argument involving the so-called Taylor-Galerkin
method, which includes a second order approximation to the time derivative; for details see [Kuz10].
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which corresponds to a small amount of diffusion, whose upper bound is given by the
minimal value (C.42) derived using the CFL criterion. With this in mind, A € [0, 1] can
be seen as a control parameter, allowing for more dissipation than 7 = At /2, while avoid-

ing the numerical instability arising from 7 = h/(2|ul).

It is also possible to construct residual based 7 parameters, and to illustrate this, we

consider for simplicity a discretisation of the thermal field transport equation given by

Vy € V., (C.46)

<%9“ o At“n+l’z+ u ¢ 5 9n> —0
noting that the setup discussed here can also be applied to more complex discretised
equations, such as the ones considered in Chapters 3 and 4. The time-related superscripts
are defined as in the numerical results Section 2.2 in Chapter 2, i.e. n denotes the current
time level, n + 1,k the current guess for the next time level within the Picard iteration
scheme, and a the advected quantity to be solved for. #* is then used to obtain the next
guess n+ 1,k +1, and eventually the final value ™. Since this procedure does not solve

exactly for the overall nonlinear system of equations derived from the discretisation, we

obtain a non-zero residual of the form

\Y

5 5 Yy €V, (C.47)

n+1 n enJrl I
<779Tes> = <778n+1_0n+Atu +u . >
which we can use to define 7 in analogy to the unresolved scales based definition (C.38)
above. In view of the discussion above, which suggests a minimum value of 7 = At/2
and computational challenges for large values of 7, we find that potential residual based

definitions are given by

At
? |9res| < Qp,
o (C.48)
YA .
— [ In +1 otherwise,
2 (7))
and A
7 |(97“es’ < o,
At -1
r=f 2 (Of (el — ) + 1) 00 < [res] <, (C.49)
At
7ﬁ o1 < |9res|7
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where (ag, a1, ) is a set of threshold parameters that have to be tuned. Note that (C.48)
corresponds to a log profile starting at At¢/2, while (C.49) corresponds to a linear increase
starting at At/2 and stopping at a specified upper bound. As with the choice of T accord-
ing to (C.43), to the best of my knowledge its definition according to (C.48) and (C.49)

has been described here for the first time.

In practise, we found in particular the linear profile to work well for a suitable choice
of parameters (o, a1, §). However, the choice of tuning parameters is non-trivial, limit-
ing the practicality of this approach; in future work, we aim to derive a systematic way of
determining these parameters. For this reason, the numerical results in Chapters 3 and 4
are instead based on stabilisation parameters as given by the residual-free approach de-
scribed above. Note that the residual-free approach is also more computationally efficient,
in the sense that we are not required to compute 6,5 at each time step (and similarly gy

for the SUPG method applied to the vorticity equation).
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3D VORTICITY FORMULATION WITH

BOUNDARIES

In this appendix, we extend the derivation of a vorticity equation in the presence of
boundaries, as given in [BC18], to the three-dimensional thermal case. For this purpose,

we consider a Poisson bracket of the form

oF 10H 0H OF OH OF
FoHy = — (2 ox 228N e (22 07 f e (22 08
(£ H) <5u’wxp5u>+Gz( p’éu)+Gz<56’5u>

0F 6H 0F 6H
_oe | I I _qf .
GZ(ép’éu) GZ((SQ’(SU)’

where as in Chapter 4, w denotes absolute vorticity. Further, G? and G consist of bracket

(D.1)

related terms that correspond to velocity forcing terms as well as advection terms for p
and 0. Here, z denotes the state (p,u, ), noting that G? and GY may contain terms
involving these fields. For instance, for the standard bracket given in Definition 5, they

are given by

OH 0F 0H oF OH 0F 16H OF
p (U207 [0 ¢ 00 o (02 07 _ (20 gy OF D.2
Gz(ép’éu) <5p’V 5u>’ GZ(&@’&U) <p 69V0’5u>’ (D-2)
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while for the temperature SUPG almost Poisson bracket in Definition 19, the thermal

contribution reads

(5 50) = e (G),) + ( ()50 () ) 09

Using this notation, we obtain a momentum equation of the form

10H 0H 0H

- _ -7 [ L it
(W, uy) <W,w><p5u>+Gz(5p,W>+Gz<50,W> Vw e V,, (D.4)

where V, denotes the discrete velocity space. To further obtain a vorticity evolution
equation, we consider the weak diagnostic vorticity equation, which in the absence of

boundaries is given by
(¥, w) =(Vx X, u) + (%,20) VX eV, (D.5)

where V,, denotes the discrete vorticity space. Differentiating the diagnostic vorticity

equation with respect to time, we arrive at
(E,wt> = (V X E,ut> VY e Vw. (D6)

Since in the compatible finite element context, V x 3 € V, for any ¥ € V,, we may
then substitute the right-hand side term in (D.6) by the right-hand side of the momentum

equation (D.4). The resulting vorticity evolution equation is then given by

10H H H
(3, wy)=— <V><E,w><5>+G’Z’ <5,V X Z>+GZ (5,V><E> v eV,. (D.7)
p ou op 00

In the presence of boundaries, we instead consider a velocity space given by

V,={veV,| (v n)s =0}, (D.8)

where |gq denotes the trace operator on the boundary of . In this case, the curl of
functions ¥ € V,, need not be in the velocity space V. any longer. To circumnavigate

this problem, the vorticity space is split into an interior and an exterior part [BC18], i.e.
Vo ={Z eV, |(nx ) =0}, (D.9)

Vi v, =V, eV (D.10)

w
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that is V1 is defined as the L?-orthogonal complement of the interior space V, in V,.
The vorticity is then split into an exterior part Z’ and an interior part 2, where the latter
is defined diagnostically, while the former is considered as a prognostic variable that is
part of the Poisson bracket framework. The proposition below is an extension of the
framework presented in [BC18] to the three-dimensional thermal case, for general terms

G corresponding to the bracket’s density and thermal type field part.

Proposition 39. Consider a discretised almost Poisson bracket defined by

{F.H}= G”<5H Dyz(F )) G9<5H Du,z/(F)) <V>< oF 15H>

op’ 50’ 5z p ou
oF 5F oH 16F
el Dyz 0 Dyz/(H D.11
“ <5p z(H )) “ (69 2 )) <anz" p5u> (D-11)
<5F o 15H>
ou’ pou/’

for G2 and GY defined as described above, and Dy gz defined on functionals K such that

SK §K
Duz(K) =< +V x <. (D.12)

Further, assume the diagnostic vorticity w(u,Z') € V, to be defined by
(3,Z) = (V x 3, u) + (2, 20Q) v eV, (D.13)
(B,w—(Z+Z))=0 VE eV, (D.14)

for 7€ §7w. Then for the shallow water, thermal shallow water, and compressible Fuler
Hamiltonians introduced in Section 1.2, as well as the MHD Hamiltonian given in Remark
32, the Poisson system (1.53) together with this bracket admits an energy conserving

system of equations given by

10H H H o
(W) = — <W,w(u7 7') x 5> + G (%p,w) + G (%0 W> vw e V,, (D.15)

(3, Z)=— (VX3 w(u, Z)x 1)+ Gy (3 VxS +G) (P vx3) vS' € VS, (D.16)

5p 50
oH

(¢, p1) = =G, <¢, 5u> Yo €V, (D.17)
0H
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Further, assume that w fulfils initial conditions of the form
(X, wo) = (V x X, 1) + (2, (n x ug)lsn)) + (X, 20) VX eV, (D.19)

for initial values wy = w(x,0) as well as uy = u(x,0), and L*(9Q)-inner product (., .).

Then the system (D.15) - (D.18) is equivalent to

(W, ;) = — <w,w X ;(Zf> + G <(?;I,w> +GY <(i;;[w) vw e V,, (D.20)
(Bw) =—(VxBwx )4 Gr (v x3)+ 6 (8 Vx3) VSeV,, (D21)
(9, pe) = =G <¢, (;[j) Vo eV, (D.22)
(v,0,) = =G, (% ifj) Vy € Vy. (D.23)

Proof. Since none of the specified Hamiltonians contain the boundary vorticity field Z/,
all appearances of gé{, in the bracket are equal to zero. Further, all appearances of gg,
also equal to zero for choices of functionals F' which do not contain Z'. In particular,
this is the case for F = (w,u), F' = (¢,p), and F = (v,0), which are the functionals

used in the Poisson system to obtain the momentum, density, and thermal field equations.

are

Ignoring these appearances reduces bracket (D.11) to the usual one given by (D.1), since
in this case the last terms of the first two lines in (D.11) wvanish, and Dy gz reduces to
Dyu(K) = %5 Using this observation, equations (D.15), (D.17), and (D.18) follow readily.
To obtain the evolution equation for Z', we pick a functional of the form F = (¥'|7Z/),

for any X' € V. In this case, only the first line of (D.11) contains non-zero terms. For

this choice of functional, we have % = 7' and further
Dyz/(F)=V x X (D.24)

which then yields the required evolution equation (D.16). Finally, we note that bracket
(D.11) is indeed an almost Poisson bracket, since it is clearly bilinear, and antisymmetry
follows since the terms in the first and second lines of (D.11) form antisymmetric pairs,

and the velocity advection term in the third line is antisymmetric in itself.

To show that (D.15) - (D.18) implies the formulation (D.20) - (D.23), we consider the
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defining equations (D.13) and (D.14) for w to arrive at

(B,w)=(2,(2+2),)=(E+%,(2+2)) = (3,2:) + (¥, Z)) (D.25)
=(Vx Z,u) — (VxS wx 1) 4 Gr (3 ¢ 5) + G (42, V x ) (D.26)
<V><2w><p‘f£>+(;z(?]v 2)+G§<f§ V><z> (D.27)
—<V><2’ x;?z>+G§<?IV 2>+GZ((?;IV 2) (D.28)
<Vx2wx;(j£>+Gz((ZH V><2>+G§(559 V><2> (D.29)

for all functions ¥ € V,,. Note that we used the orthogonal decomposition 3 = >+ 3,
for eV, and ¥ € V!,. Further we used the momentum equation (D.15), noting that
for interior vorticity functions 3 e \ofw, we have V x 3 € V,,. Finally, in the last line we
made use of the bilinearity of G.

For the converse, we define Z and Z' via w as their projections into the interior and
boundary vorticity spaces, respectively:

Z =Py (w), Z' = Py (w). (D.30)
The diagnostic equation (D.14) then follows immediately using the orthogonal decomposi-
tion, and so does the evolution equation (D.16), for which we set ¥ = 3’ in (D.21). It
remains to derive the second diagnostic equation (D.13). The latter holds initially given
the initialisation (D.19) with 3 set to 3, noting that in this case the boundary term van-

wshes. To demonstrate that it holds for all time, we differentiate it with respect to time

and arrive at

d o o 0 o o

- ((2,Z) = (Vx 3,u) — (%,20)) =0 v eV, (D.31)
— (%,7Z)=(Vx2u) Ve eV, (D.32)
= (3, w) = (Vx 3 u) v e V,. (D.33)

Finally, considering the momentum and vorticity equations (D.20) and (D.21), respec-

tively, and noting that V x >e Wofu, we find that the left- and right-hand sides above are
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indeed equal. O

Note that while all terms in the almost Poisson bracket (D.11) containing % play no role

in the resulting prognostic equations, they are still included to ensure that the bracket
is indeed antisymmetric. Further, note that the proof of Proposition 39 works equally if
all occurrences of w in the bracket are replaced by the SUPG modified form w — 7w,.;.
Finally, the equivalence between the Z' and w based setups ensures that we can use
the prognostic equations (D.20) - (D.23) while retaining energy conservation, since its

equivalent Z’ based form is derived from an almost Poisson bracket.
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