THE CREPANT TRANSFORMATION CONJECTURE
FOR TORIC COMPLETE INTERSECTIONS
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ABSTRACT. Let X and Y be K-equivalent toric Deligne—-Mumford stacks related by a single toric
wall-crossing. We prove the Crepant Transformation Conjecture in this case, fully-equivariantly
and in genus zero. That is, we show that the equivariant quantum connections for X and Y
become gauge-equivalent after analytic continuation in quantum parameters. Furthermore we
identify the gauge transformation involved, which can be thought of as a linear symplectomorphism
between the Givental spaces for X and Y, with a Fourier—-Mukai transformation between the K-
groups of X and Y, via an equivariant version of the Gamma-integral structure on quantum
cohomology. We prove similar results for toric complete intersections. We impose only very weak
geometric hypotheses on X and Y: they can be non-compact, for example, and need not be
weak Fano or have Gorenstein coarse moduli space. Our main tools are the Mirror Theorems for
toric Deligne-Mumford stacks and toric complete intersections, and the Mellin-Barnes method for
analytic continuation of hypergeometric functions.

1. INTRODUCTION

A birational map ¢: Xy --+ X_ between smooth varieties, orbifolds, or Deligne—-Mumford stacks
is called a K'-equivalence if there exists a smooth variety, orbifold, or Deligne-Mumford stack X
and projective birational morphisms fi: X — X4 such that f_ =¢o f, and fTKx, = f[*Kx_:

X
(1.1) y \fl
X,---2-->x_

In this case, the celebrated Crepant Transformation Conjecture of Y. Ruan predicts that the quan-
tum (orbifold) cohomology algebras of Xy and X_ should be related by analytic continuation in
the quantum parameters. This conjecture has stimulated a great deal of interest in the connec-
tions between quantum cohomology (or Gromov—Witten theory) and birational geometry: see, for
example, [9,/10,/17,[18}/20122,123,27,42,/46./54.[57-60L/63, 69, 72,76, 77]. Ruan’s original conjecture was
subsequently refined, revised, and extended to higher genus Gromov—Witten invariants, first by
Bryan—Graber [19] under some additional hypotheses, and then by Coates—Iritani—Tseng, Iritani,
and Ruan in general [35,36,[51]. Recall that a toric Deligne-Mumford stack X can be constructed
as a GIT quotient [(Cm S K ] of C™ by an action of a complex torus K, where w is an appropriate
stability condition, and that wall-crossing in the space of stability conditions induces birational
transformations between GIT quotients [38|/74]. Our main result implies the CIT/Ruan version of
the Crepant Transformation Conjecture in genus zero, in the case where X and X_ are complete
intersections in toric Deligne-Mumford stacks and ¢: X --+ X_ arises from a toric wall-crossing.
We concentrate initially on the case where X1 and X_ are toric, deferring the discussion of toric
complete intersections to

1.1. The Toric Case. We consider toric Deligne-Mumford stacks X of the form [C™/, K],
where K is a complex torus, and consider a K-equivalence ¢: X --» X_ determined by a wall-
crossing in the space of stability conditions w. The action of ' = (C*)™ on C™ descends to give
(ineffective) actions of T'on X, and we consider the T-equivariant Chen—Ruan cohomology groups
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Heg p(Xx) [25]. There is a T-equivariant big quantum product x; on Heg 7(X4+), parametrized
by 7 € HC.JR,T(X:E) and defined in terms of T-equivariant Gromov—Witten invariants of X4. The
T-equivariant quantum connection is a pencil of flat connections:

N
(1.2) V=d+z") (¢kr)dr’
=0
on the trivial Hop (X4 )-bundle over an open set in Hg 1-(X+); here z € C* is the pencil variable,

T € Hep p(X4) is the co-ordinate on the base of the bundle, ¢y, ..., ¢ are a basis for Hg 7(X1),

N

and 79, ..., 7" are the corresponding co-ordinates of 7 € HGR,T<Xi)v so that 7 = Zﬁio Tl ;.

Theorem 1.1. Let X1 and X_ be toric Deligne—Mumford stacks, and let p: X1 --+» X_ be a
K -equivalence that arises from a wall-crossing of GIT stability conditions. Then:

(1) the equivariant quantum connections of X+ become gauge-equivalent after analytic contin-
uation in T, via a gauge transformation ©(7,z): Hog p(X-) = Heg 7(X4) which is ho-
mogeneous of degree zero, reqular at z = 0, and preserves the equivariant orbifold Poincaré
PALTING. B

(2) there exists a common toric blowup X of X+ as in such that gauge transformation ©
coincides with the Fourier—Mukai transformation

FM: Kp(X_) = Kp(X4) E = (f)(f-)(E)
via the equivariant Gamma-integral structure introduced in §3 below.

Here:

e The Gamma-integral structure on equivariant quantum cohomology is an assignment, to
each class E € K%(X4) of T-equivariant vector bundles on X4, of a flat section s(E) for
the equivariant quantum connection on X4. This gives a lattice in the space of flat sections
which is isomorphic to the integral equivariant K-group K%(X1). The flat section s(E) is,
roughly speaking, given by the Chern character of £ multiplied by a characteristic class of
X4, called the I'-class, that is defined in terms of the T-function. Part (2) of Theorem
asserts that the flat section s(E) analytically continues to s(FM(E)).

e The gauge transformation ©(r,z) will in general be non-constant: it depends on the pa-
rameter 7 for the equivariant quantum product, and also on the parameter z appearing
in the equivariant quantum connection. When written in terms of the integral structure,
however, it becomes a constant, integral linear transformation.

Remark 1.2. Throughout this paper, when we consider K-equivalence of Deligne-Mumford
stacks X1, Kx, means the canonical class as a stack; in general this is different from the (Q-
Cartier) canonical divisor K|y, | of the coarse moduli space |X4|. In particular, we do not require
the coarse moduli spaces | X| to be Gorenstein.

Remark 1.3. Gonzalez and Woodward [46] have proved a very general wall-crossing formula
for Gromov—Witten invariants under variation of GIT quotient, using gauged Gromov-—Witten
theory. Their result, which is a quantum version of Kalkman’s wall-crossing formula, gives a
complete description of how non-equivariant genus-zero Gromov—Witten invariants change under
wall-crossing. Thus their theorem must imply the non-equivariant version of the first part of
Theorem and the first part of Theorem Our methods are significantly less general —
they apply only to toric stacks and toric complete intersections — but give a much more explicit
relationship between the genus-zero Gromov—Witten theories.

Theorem [1.1]is slightly imprecisely stated: we give precise statements, once the necessary notation
and definitions are in place, as Theorems and|[6.3|below. We now explain how Theorem[I.]
implies the CIT/Ruan version of the Crepant Transformation Conjecture.

The CIT/Ruan version of the Crepant Transformation Conjecture is stated in terms of Given-
tal’s symplectic formalism for Gromov—-Witten theory [45]. In our context, this associates to X1
the vector spaces H(X1) := H(‘ijT(Xi)((z_l)) equipped with a certain symplectic form, and en-
codes T-equivariant genus-zero Gromov—Witten invariants via a Lagrangian cone £ C H(X4).
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The Givental cone Ly for X determines the big quantum product %, on HE;R,T(Xi% and
vice versa. The CIT/Ruan Crepant Transformation Conjecture, made in the context of non-
equivariant Gromov—Witten theory, asserts that there exists a C((271))-linear grading-preserving
symplectic isomorphism U: H(X_) — H(X;), such that after analytic continuation of £1 we have
U(L_) = L. See [35,36] for more details.

There are various subtle points in the notion of analytic continuation of the (infinite-dimensional)
cones L4, especially under the weak convergence hypotheses that we impose, and some necessary
foundational material is missing. Thus we choose to state Theorem in terms of the equivariant
quantum connections for X4 rather than in terms of the Givental cones £4. The two formulations
are very closely related, however, as we now explain. Let Ly (7, z) denote a fundamental solution
for the equivariant quantum connection V, that is, a matrix with columns that give a basis of flat
sections for V. The assignment

7= Lo(7,2) Y H, T € Hop r(X1) where Hy 1= Hlg 7(X+) ® Clz]

gives the family of tangent spaces to the Givental cone £4. As emphasized in [35], this defines a
variation of semi-infinite Hodge structure in the sense of Barannikov [5]. The Givental cone £
can be reconstructed from the semi-infinite variation as:

Ly = U 2Ly (1,2) " Hy

Thus part (1) of Theorem implies the CIT/Ruan-style Crepant Transformation Conjecture
whenever it makes sense, with the symplectic transformation U defined in terms of the gauge
transformation © by U = Ljrl@L,. The fact that U is independent of 7 follows from the fact
that © is a gauge equivalence. The fact that U is symplectic (or equivalently, the fact that ©
is pairing-preserving) follows from the identification, in part (2) of Theorem of ©® with the
Fourier—Mukai transformation FM. The Fourier—-Mukai transformation is a derived equivalence
and thus preserves the Mukai pairings on K%(X4); this implies, via the equivariant Hirzebruch—
Riemann—Roch theorem, that © is pairing-preserving. The identification of @ with FM also makes
clear that the symplectic transformation U has a well-defined non-equivariant limit, since the
Fourier—Mukai transformation itself can be defined non-equivariantly.

In terms of the symplectic transformation U, part (2) of Theorem can be rephrased as the
commutativity of the diagram

FM
Kp(X-) = Kp(Xy)

ok
H(X_) —L = H(X,)

where ﬁ(Xi) is a variant of Givental’s symplectic space and \I'i are certain ‘framing maps’ built
from the Gamma-integral structure: see Theorem [6.1] This identification of U with a Fourier—
Mukai transformation was proposed in [51]. Our results also imply Ruan’s original conjecture
that the quantum cohomology rings of X4 are (abstractly) isomorphic, and that the associated
F-manifold structures are isomorphic. We refer the reader to [27},29,35.136,52] for discussions on
the consequence of these conjectures and several concrete examples.

1.2. The Mellin—-Barnes Method and the Work of Borisov—Horja. The main ingredients
in the proof of Theorem are the Mirror Theorem for toric stacks [26,30], which determines
the equivariant quantum connection V (or, equivalently, the Givental cone L£i) in terms of a
certain cohomology-valued hypergeometric function called the I-function, and the Mellin—Barnes
method [6,21], which allows us to analytically continue the I-functions for X 1. From this point of
view, the symplectic transformation U arises as the matrix which intertwines the two I-functions
(see Theorem [6.1)):
Ul_=1,.

On the other hand, components of the I-function give hypergeometric solutions to the Gelfand—
Kapranov—Zelevinsky (GKZ) system of differential equations. The analytic continuation of solu-
tions to the GKZ system has been studied by Borisov—Horja |12]. They showed that, under an
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appropriate identification of the spaces of GKZ solutions with the K-groups of the corresponding
toric Deligne-Mumford stacks, the analytic continuation of solutions to a GKZ system is induced
by a Fourier-Mukai transformation between the K-groups. Our computation may be viewed as a
straightforward generalization of theirs. The differences from their situation are:

(a) we work with a fully equivariant version, that is, the parameters f; in the GKZ system
are arbitrary and we use the equivariant K -groups (here 3; corresponds to the equivariant
parameter);

(b) we compute analytic continuation of the I-function corresponding to the big quantum
cohomology; in terms of the GKZ system, we do not assume that lattice vectors in the setE|
A lie on a hyperplane of height one.

Since we work equivariantly, we can use the fixed point basis in localized equivariant cohomology
to calculate the analytic continuation of the I-functions. It turns out that analytic continuation
via the Mellin—Barnes method becomes much easier to handle in the fully equivariant setting,
because we only need to evaluate residues at simple poleﬂ It is also straightforward to compute
the Fourier—-Mukai transformation in terms of the fixed point basis in the localized equivariant
K-group, and hence to see that analytic continuation coincides with Fourier—-Mukai.

Regarding part (b) above, we choose A to be the set {b1,...,b,} C N of ray vectors of an
extended stacky fan [11,/55]. Since we do not restrict ourselves to the weak Fano case, and since
we work with Jiang’s extended stacky fans, the generic rank of the GKZ system can be bigger
than the rank of Hop (X+). To remedy this, we treat one special variable analytically and work
formally in the other variables. In fact, the big I-functions are not necessarily convergent in all
of the variables, and we analytically continue the I-function with respect to one specific variable
yr. This amounts to considering an adic completion of the Borisov—Horja better-behaved GKZ
system [14] with respect to the other variables. The analytic continuation in Theorem occurs
across a “global Kéhler moduli space” M® which is treated as an analytic space in one direction
and as a formal scheme in the other directions.

1.3. The Toric Complete Intersection Case. Let ¢: X --+ X_ be a K- equlvalence between
toric Deligne-Mumford stacks that arises from a toric wall-crossing, as in . Let X be the
common toric blow-up of X4 and let X denote the common blow-down; X here is a (singular)
toric variety, not a stack.

(1.3) X —---2-->X_

Consider a direct sum of _semiample line bundles Ey — X, and pull this back to give vector
bundles £y — X, E — X and F_ — X_. Let sy, 5, and s_ be sections of, respectively, E, E,
and E_ that are compatlble via fi and f, (so fisy = = frs_) such that the zero loci of sy

intersect the flopping locus of ¢ transversely. Let Y, Y, and Y_ denote the substacks defined by
1Recall that Gelfand-Kapranov—Zelevinsky defined the GKZ system in terms of a finite set A C Z%. They called

it the A-hypergeometric system.
2For an example of the complexities caused by non-simple poles, see the orbifold flop calculation in |27, §7].
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the zero loci of, respectively, si, §, and s_. In this situation there is a commutative diagram:

N

(1.4) Y. "

aN:

X_ X,

where the vertical maps are inclusions, the bottom triangle is , and the squares are Cartesian.
The K-equivalence ¢: Xy --» X_ induces a K-equivalence ¢: Yy --» Y_. We now consider the
Crepant Transformation Conjecture for ¢: Yy --» Y_.

Since the complete intersections Y1 will not in general be T-invariant we consider non-equivariant
Gromov—Witten invariants and the non-equivariant quantum product. (Our assumptions on X
ensure that the non-equivariant theory makes sense.) Denote by H? . (Yy) the image im:i C
HeR(Yy), where t4: Y2 — X4 is the inclusion map. If 7 € H? ,(Y%) then the big quantum
product %, preserves the ambient part H , (Y3) C Har(Y:). We can therefore define a quantum
connection on the ambient part:

N
V=d+z ") (¢ik)dr’
=0

This is a pencil of flat connections on the trivial Hj .

(Y4)-bundle over an open set in HS , (Y4)
where, as in (1.2), z € C* is the pencil variable, 7 € H? , (Y4 ) is the co-ordinate on the base of the
bundle, ¢o,...,¢n are a basis for H? , (Y4 ), and 79, ..., 7N are the corresponding co-ordinates
of 7.

In below we construct an ambient version of the Gamma-integral structure, which is an

assignment to each class F in the ambient part of K-theory
KO (Yi) =imd € KO(Vy)

amb

of a flat section s(FE) for the quantum connection on the ambient part H? , (Y4). This gives a
lattice in the space of flat sections which is isomorphic to the ambient part of (integral) K-theory
Kgmb(yi)'

Theorem 1.4. Let p: Y --» Y_ be a K-equivalence between toric complete intersections as above.

Then:

(1) the quantum connections on the ambient parts HS (Y1) C H@gr (Y1) become gauge-

equivalent after analytic continuation in 7, via a gauge transformation

@Y(Tv Z)i ;mb(yf) — a.,mb(Y+)
which is homogeneous of degree zero and regqular at z = 0. If Y is compact then Oy

preserves the orbifold Poincaré pairing.
(2) when expressed in terms of the ambient integral structure, the gauge transformation Oy
coincides with the Fourier—Mukai transformation

FM: K (Y-) > Kl (Y7) E s (Fy).(F_)(E)

amb
given by the top triangle in (1.4).
As before, Theorem is slightly imprecisely stated: precise statements can be found as Theo-

rems and below. Arguing as in shows that Theorem implies the CIT/Ruan

version of the Crepant Transformation Conjecture for ¢: Y, --» Y_ whenever it makes sense, with
the corresponding map
Uy: ’Hamb(Y,) — Hamb(y+)

between the ambient parts of the Givental spaces for Yy being given by:
UY — (Limb)fleyinmb
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where L_%Emb are the fundamental solutions for the quantum connections on the ambient parts
H;mb(Yi)‘

The proof of Theorem relies on the Mirror Theorem for toric complete intersections [31],
and on non-linear Serre duality [33,/43,/44,|75], which relates the quantum cohomology of Y1 to
the quantum cohomology of the total space of the dual bundles EY. Since EY is toric, it can be

analyzed using Theorem

Remark 1.5. The idea of using non-linear Serre duality to analyze wall-crossing has been de-
veloped independently by Lee—Priddis—Shoemaker [61], in the context of the Landau-Ginzburg/
Calabi—Yau correspondence.

Example 1.6. A mirror Y to the quintic 3-fold arises [7,/21,/48] as a crepant resolution of an
anticanonical hypersurface in X = [P*/(Z/5Z)®]. A mirror theorem for Y has been proved by
Lee-Shoemaker [62]. The variety Y is a Calabi-Yau 3-fold with A%!(Y) = 101. There are many
birational models of Y as toric hypersurfaces, corresponding to the many different lattice trian-
gulations of the boundary of the fan polytope for X. Theorem implies that the quantum
connections (and quantum cohomology algebras) of all of these birational models become isomor-
phic after analytic continuation over the Kahler moduli space (which is 101-dimensional), and that
the isomorphisms involved arise from Fourier—Mukai transformations.

1.4. A Note on Hypotheses. Since we work with T-equivariant Gromov—Witten invariants of
the toric Deligne-Mumford stacks X, we do not need to assume that the coarse moduli spaces | X |
of Xy are projective. We insist instead that | X4 | is semi-projective, i.e. that | X 1| is projective over
the affinization Spec(H"(|X+|, 0)), and also that X contains at least one torus fixed point. These
conditions are equivalent to demanding that X is obtained as the GIT quotient [Cm K ] of a
vector space by the linear action of a complex torus K; they ensure that the equivariant quantum
cohomology of X1 admits a non-equivariant limit. In particular, therefore, the non-equivariant
version of the Crepant Transformation Conjecture follows automatically from Theorem

We do not assume, either, that the stacks Xy or Y1 satisfy any sort of positivity or weak
Fano condition; put differently, we do not impose any additional convergence hypotheses on the
I-functions for X+ and Y. This extra generality is possible because of our hybrid formal/analytic
approach, where we single out one variable y, and analytically continue in that variable alone.
The same technique allows us to describe the analytic continuation of big quantum cohomology
(or its ambient part), as opposed to small quantum cohomology. In general, obtaining convergence
results for big quantum cohomology is hard.

1.5. The Hemisphere Partition Function. Recently there was some progress in physics in
the exact computation of hemisphere partition functions for gauged linear sigma models. Hori—
Romo [50] explained why the Mellin-Barnes analytic continuation of hemisphere partition functions
should be compatible with brane transportation [49] in the B-brane category. In the language of this
paper, the hemisphere partition function corresponds to a component of the K-theoretic flat section
s(E), and brane transportation corresponds to the Fourier—-Mukai transformation. Theorem
thus confirms the result of Hori-Romo. Note that the relevant equivalence between B-brane
categories should depend on a choice of a path of analytic continuation, and that the Fourier—
Mukai transformation in Theorem corresponds to a specific choice of path (see Figure [1)).

1.6. Plan of the Paper. We fix notation for equivariant Gromov-Witten invariants and equi-

variant quantum cohomology in and introduce the equivariant Gamma-integral structure in

We establish notation for toric Deligne-Mumford stacks in §4 In we study K-equivalences

p: Xy --» X_ of toric Deligne-Mumford stacks arising from wall-crossing, constructing global

versions of the equivariant quantum connections for X1. We prove the Crepant Transformation

Conjecture for toric Deligne-Mumford stacks (Theore in and the Crepant Transformation
1.4) in 7]

Conjecture for toric complete intersections (Theorem [1.4]) in

1.7. Notation. We use the following notation throughout the paper.

e X denotes a general smooth Deligne-Mumford stack in and it denotes a smooth
toric Deligne-Mumford stack in §4) and later.
o T = (Cx)™.
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RT = H%(pt,(C).

\j € H2(pt,C) = Lie(T)* is the character of T = (C*)™ given by projection to the jth
factor, so that Ry = C[\1,..., Anl.

St is the localization of Ry with respect to the set of non-zero homogeneous elements.
Z[T) = K3.(pt), so that Z[T] = Z[e*™, ..., et m].

p, = {z € C*: 2! =1} is a cyclic group of order I.

2. EQUIVARIANT QUANTUM COHOMOLOGY

In this section we establish notation for various objects in equivariant Gromov—Witten theory.
We introduce equivariant Chen—Ruan cohomology in equivariant Gromov—Witten invariants
in equivariant quantum cohomology in Givental’s symplectic formalism in and the
equivariant quantum connection in

2.1. Smooth Deligne—Mumford stacks with Torus Action. Let X be a smooth Deligne—
Mumford stack of finite type over C equipped with an action of an algebraic torus 7" = (C*)™.
Let |X| denote the coarse moduli space of X and let /X denote the inertia stack X x|x| X of X:
a point on IX is given by a pair (z,g) with z € X and g € Aut(x). We write

IX=||x,
veEB
for the decomposition of I X into connected components. We assume the following conditions:

(1) the coarse moduli space |X| is semi-projective, i.e. is projective over the affinization
Spec HY(] X |, ©) = Spec H*(X, O);

(2) all the T-weights appearing in the T-representation H°(X, ) are contained in a strictly
convex cone in Lie(T)*, and the T-invariant subspace H°(X, 0)T is C;

(3) the inertia stack IX is equivariantly formal, that is, the T-equivariant cohomology
H3(IX;C) is a free module over Ry := Hp(pt;C) and one has a (non-canonical) iso-
morphism of Rp-modules HY.(IX;C) = H*(IX;C) ®c Rr.

These conditions allow us to define Gromov—Witten invariants of X and also the equivariant
(Dolbeault) index of coherent sheaves on X. The first and second conditions together im-
ply that the fixed set X7 is compact. The third condition seems to be closely related to the
first two, but it implies for example the localization of equivariant cohomology: the restriction
H3%(IX;C) — H(IXT;C) to the T-fixed locus is injective and becomes an isomorphism after
localization (see |47]). Later we shall restrict to the case where X is a toric Deligne-Mumford
stack, where conditions automatically hold, but the definitions in this section make sense for
general X satisfying these conditions.

2.2. Equivariant Chen—Ruan Cohomology. Let Hgp (X)) denote the even part of the T-
equivariant orbifold cohomology group of Chen and Ruan. It is defined as the even degree part of
the T-equivariant cohomology

Hépr(X)= @ HF*(X,;0)
vEB:k—21,E27

of the inertia stack /.X. The grading of Hey 7(X) is shifted from that of H7.(1.X) by the so-called

age or degree shifting number v, € Q [24]; note that we consider only the even degree classes in
H3.(IX). (For toric stacks, all cohomology classes on I.X are of even degree.) Equivariant formality
of IX gives that Heg 7(X) is a free module over Ry. We write

(o, B) = /IXannv* 3, o, € Hog r(X)

for the equivariant orbifold Poincaré pairing: here inv: I X — IX denotes the involution on the
inertia stack IX that sends a point (z,g) with z € X, g € Aut(z) to (z,g7'). Since X is not
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necessarily proper, the equivariant integral on the right-hand side here is defined via the Atiyah—
Bott localization formula [3] and takes values in the localization St of Ry with respect to the
multiplicative set of non-zero homogeneous elementsﬂ in Rrp.

2.3. Equivariant Gromov—Witten Invariants. Let X, , 4 denote the moduli space of degree-d
stable maps to X from genus g orbifold curves with n marked points [12]; here d € Ho(|X|;Z). The
moduli space carries a T-action and a virtual fundamental cycle [ X g,nyd]"ir € Ao (Xgn,a; Q). There
are T-equivariant evaluation maps ev;: X, 4 — IX,1<i<n,to the rigidified inertia stack 1X
(see [2]). Let 1; € H2(X,n.a) denote the psi-class at the ith marked point, i.e. the equivariant first

Chern class of the ith universal cotangent line bundle L; = X4, 4. For aq,..., o, € Hg p(X)
and non-negative integers ki, . . ., k,, the T-equivariant Gromov—Witten invariant is defined to be:
X n _
(2.1) <a1ﬂ)k1, . ,an@bk"> = / H(evf ai)zﬁfl
g,TL,d [Xg d]vir

where we regard «; as a class in H%(IX) via the canonical isomorphism H$.(IX) = H%(IX). The
moduli space here is not necessarily proper: the right-hand side is again defined via the Atiyah—
Bott localization formula and so belongs to Sr. Conditions and in ensure that the
T-fixed locus XgT’m 4 in the moduli space is compact, and thus that the right-hand side of ({2.1)) is
well-defined.

2.4. Equivariant Quantum Cohomology. Consider the cone NE(X) C Hs(|X|,R) generated
by classes of effective curves and set NE(X)z := {d € Hy(|X|,Z) : d € NE(X)}. For a ring R,
define R[Q] to be the ring of formal power series with coefficients in R:

R[Q] = > aQ:as€R

deNE(X)z

so that @ is a so-called Novikov variable [64, 111 5.2.1]. Let ¢o, ¢1, ..., ¢n be a homogeneous basis

for Hap 7(X) over Rr and let 79,71 ..., 7" be the corresponding linear co-ordinates. We assume

that ¢9 = 1 and ¢1,...,¢, € H2(X) are degree-two untwisted classes that induce a C-basis of
H?(X;C) = HA(X)/HA2(pt). We write 7 = Zz‘]\io Ti¢g; for a general element of H&g +(X). The
equivartant quantum product x, at T € H('JRJ,(X ) is defined by the formula

©  Nd
(Gixr djy k) = > Z%<¢w¢j’¢m~-ﬁ>§fn+3,d

dENE(X)Z n=0

or, equivalently, by

n+3
(2.2) Gi*r Oj = Z Z—'mv evs . (evl bi) evy(d5) H evy (1) N [Xon+3.d) ir) )

deNE(X)Zn 0
Conditions and (2) in ensure that evy : Xg,q134 — IX is proper, and thus that the
push-forward along eV3 is Well—deﬁned without inverting equivariant parameters. It follows that:
Gi *r ¢5 € Heg 7(X) ®p, Rrr, Q]

where Rr[r,Q] = Rr[°,...,7™V][Q]. The product %, defines an associative and commutative
ring structure on Heg 7(X) ®@py Rr[7, Q). The non-equivariant limit of x, exists, and this limit

defines the non-equivariant quantum cohomology (H&g (X) ®c C[r, Q], *7).

Remark 2.1. The divisor equation [2, Theorem 8.3.1] implies that exponentiated H?2-variables
and the Novikov variable @ play the same role: one has

00 d_(o,d)
(¢ %7 &5, Pk) = Z Z Q% (s b5, b1, 7/, - ’T/>gfn+3,d

dENE(X)Z n=0

SNote that Rr C St C Frac(Rr); we use St instead of Frac(Rr) since we need a grading on St later.



THE CREPANT TRANSFORMATION CONJECTURE 9

where 7 = o + 7/ with o = Y|_, 7'¢; and 7" = 7900 + ZZ 1T i¢;. The String Equation (ibid.)

implies that the right-hand side here is in fact independent of 7.
2.5. Givental’s Lagrangian Cone. Let S7((27!)) denote the ring of formal Laurent series in 27!

with coefficients in S7. Givental’s symplectic vector space is the space
H = Heg r(X) @r, STz 1)[Q]
equipped with the non-degenerate Sp[Q]-bilinear alternating form:
(f,9) = — Resemo (f(—2), g(2))d2
with f,g € H. The space is equipped with a standard polarization
H=HiDdH-
where
Hy = Honp(X) ©rp SrEIQ) and o= 2~ Heg 1(00) 0y Sel= 1[0

are isotropic subspaces for 2. The standard polarization identifies H with the cotangent bundle of
Hy. The genus-zero descendant Gromov—Witten potential is a formal function ]:9(: (Hy,—21) —
S7[Q] defined on the formal neighbourhood of —z - 1 in H4 and taking values in S7[Q]:

d
Attt = ¥ 3 L ),
deNE(X)z n=0

Here t(2) = Y02 tn2" with t, € Hog (X) @, ST[Q]. Let {¢'} C Heg 7(X) @, S denote
the basis Poincaré dual to {¢;}, so that (¢;, /) = 5{

Definition 2.2 ( [30,45]). Givental’s Lagrangian cone Lx C (H,—z1) is the graph of the differ-
ential dFY: Hy — T*H4 = H. It consists of points of H of the form:

O
(2.3) —z1+t(2) + Z ZZ .<—z— ,t(w),...,t(¢>>0 +1d¢i

dGNE(X 7 M= 0 =0

where 1/(—2z — ¢) in the correlator should be expanded as the power series Y 7o ¥*(—z)7*~1

in z~'. In a more formal language, we define the notion of a ‘point on Ly’ as follows. Let

x = (z1,...,zy,) be formal parameters. An S7[Q, z]-valued point on Lx is an element of H[z] of
the form (2.3) with t(z) € H[z] satisfying

t(2)lg=2=0 = 0.
It should be thought of as a formal family of elements on L£x parametrized by z.

The submanifold £ x encodes all genus-zero Gromov—Witten invariants ([2.1)). It has the following
special geometric properties [45]: it is a cone, and a tangent space T of Lx is tangent to Lx
exactly along zT'. Knowing Givental’s Lagrangian cone Lx is equivalent to knowing the data of
the quantum product %, i.e. Lx can be reconstructed from x, and vice versa. See Remark

2.6. The Equivariant Quantum Connection and its Fundamental Solution. Let v €
Heg 7(X). The equivariant quantum connection

Voi Hop r(X) @, Rrl2lr, Q] = 27 Heg ¢ (X) @r, Rrl2llr. Q]
is defined by
Vof(r) = 0uf () + 27 v sy f(7)
where 0, f(7) = %f(T + sv)|s=0 is the directional derivative. We write V; for V4, and Vf for
Zi]\;o(vi f)drt. The associativity of x, implies that the connection V is flat, that is, [V;, V;] =0
for all 4, j. Let p denote the equivariant first Chern class (in the untwisted sector):

pi=cl(TX) € HH(X) C Hég r(X)
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For ¢ € Heg p(X), we write deg ¢ for the age-shifted (real) degree of ¢, so that ¢ € Hg%g%’(X)
The equivariant Euler vector field £ and the grading operator u € Endc(Hog (X)) are defined
by

Z’” < deg i\ ; @

g.— 2 )\187)%+i:0 <1— 2 )T 87’i +ap
de dime X

u(¢):=< g9 _dme )¢

where Ay, ..., Ay, € H2(pt) are generators of Ry (see {1 i The grading operator on Hg 7(X)®g;.
Rrlz][r, Q] is defined by

Gr(f(r,2)9) = ((2& +€)F(r,2)) &+ FN 7, 2)u(@)

where ¢ € Heg (X) and f(A,7,2) € Rr[z][r,Q]. The quantum connection is compatible with
the grading operator in the sense that [Gr,V;] = Vg5 | = (% deg¢p; — 1)V;, i =0,...,N. This
follows from the virtual dimension formula for the moduli space of stable maps.

(2.4)

Notation 2.3. Let v € H%(X) be a degree-two class in the untwisted sector. The action of v
on Heg r(X) is defined by v - a = ¢*(v) U a, where ¢: IX — X is the natural projection. (This
coincides with the action of v via the Chen—Ruan cup product.)

Consider the flat section equations for V, and a fundamental solution
L(7,z) € Endpy (Heg 7(X)) @rp Rr((z~ )7, Q]

determined by the following conditions:

(2.5) ViL(1,2)p =0 fori=0,...,N (flatness)

(2.6) (UQQ -0 ) L(r,z)¢ = L(r, z)g¢ for v € H3(X) (divisor equation)
z

(2.7) L(r, 2)|r=g=0 = id (initial condition)

Here ¢ € Heg +(X) and UQ% with v € H2(X) acts on Novikov variables as Q¢ — (v,d) Q4
(it acts by zero when v € HZ(pt) C HZ(X)). The flatness equation fixes L(r,z) up to right
multiplication by an endomorphism-valued function g(z; @) in z and Q; the divisor equation implies
that the ambiguity g(z;@Q) is independent of @ and commutes with vU, v € H2(X); finally the
initial condition fixes L(T, z) uniquely. The fundamental solution satisfying these conditions can
be written explicitly in terms of (descendant) Gromov—-Witten invariants:

d ‘ X ,
(28) ( ¢z+z Z Z %<_Z¢i¢,7',...,7',(bj> (b]

] 0 dGNE D,TL+2,d

(n>1 1fd 0)

This is defined over Ry (without inverting equivariant parameters) because it can be rewritten
in terms of the push-forward along the last evaluation map ev,49 as in (2.2)). A straightforward
equivariant generalization of |43 Corollary 6.3], [68, Proposition 2], |51, Proposition 2.4] gives:

Proposition 2.4. The fundamental solution L(t,z) in (2.8)) satisfies the conditions .
Furthermore it satisfies:

L(r,2) = id +0(z ™) (regularity at z = o0)
Gr L(1,2)¢ = L(1, 2) (,u - g) ) (homogeneity)
(v, B) = (L(7y, —2)ay, L(T, 2) B) (unitarity)

where ¢, a, B € Heg p(X).

Remark 2.5 (|45]). The fundamental solution L(7,z) is determined by the quantum product
x; via differential equations (2.5)-(2.7). Then 7 + T, = L(7, —z)"'H gives a versal family of
tangent spaces to Givental’s cone Lx. The cone Ly is reconstructed as Lx = J, 2T+.
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We now study V-flat sections s(7, z) that are homogeneous of degree zero: Gr(s(r,z)) = 0. By
Proposition if a flat section L(, z)f(z) is homogeneous of degree zero, then:

9 p
E— _— — p— O
(z 5; TH Z) f(z)
This differential equation has the fundamental solution:
2P = 2P/ 7H = exp(plog(z)/2)z

that belongs to Endg,.(Heg (X)) ®ry Rr(log 2| (z~1/*)) for some k € N; here k is chosen so that
all the eigenvalues of ku are integers. Note that homogeneous flat sections can be multi-valued in
z (as they contain log z). We have:

Corollary 2.6. The sections s;(1,z) = L(7,2)z HzP¢;, i = 0,...,N satisfy Vs;(1,2) =
Grsi(r,z) = 0 and give a basis of homogeneous flat sections. They belong to H5R7T(X) QR
Rrllog 2](z~Y*)[7, Q] for a sufficiently large k € N.

3. EQUIVARIANT GAMMA-INTEGRAL STRUCTURE

In this section we introduce one of the main ingredients of our result: an integral structure for
equivariant quantum cohomology. This is a K%(pt)—lattice in the space of flat sections for the
equivariant quantum connection on X which is isomorphic to the integral equivariant K-group
K%(X ): it generalizes the integral structure for non-equivariant quantum cohomology constructed
by Iritani [51] and Katzarkov—Kontsevich-Pantev [56]. Similar structures have been studied by
Okounkov-Pandharipande [67] in the case where X is a Hilbert scheme of points in C?, and by
Brini-Cavalieri-Ross [16] in the case where X is a 3-dimensional toric Calabi-Yau stack. We define
the integral structure in In we observe that the quantum product, flat sections for the
quantum connection, and integral structure continue to make sense when the Novikov variable @)
(see §2.4)) is specialized to @ = 1.

The 1ntegral structure is defined in terms of a T- equivariant characteristic class of X called the
[-class. One of the key points in this section is that the T-class behaves like a square root of the
Todd class: see equation [3.4 When combined with the Hirzebruch-Riemann-Roch formula, this
leads to one of the fundamental properties of the integral structure: that the so-called framing
map is pairing-preserving (Proposition below).

3.1. The Equivariant Gamma Class and the Equivariant Gamma-Integral Structure.
Let KCOF(X ) denote the Grothendieck group of T-equivariant vector bundles on X. We write
H*(IX) =1], H%p(IX). We introduce an orbifold Chern character map ch: K%(X) — H*(IX)
as follows. Let IX = || g X, be the decomposition of the inertia stack /X into connected
components, let ¢,: X, — X be the natural map, and let F be a T-equivariant vector bundle
on X. The stabilizer g, along X, acts on the vector bundle ¢;E — X, giving an eigenbundle
decomposition

(3.1) GE= P Euy
0<f<1

where g, acts on E, ; by exp(27if). The equivariant Chern character is defined to be

=P > (B
veEB 0<f<1
where ch’ (E, ;) € H3*(X,) is the T-equivariant Chern character. Let d, s;, 1 < i < rank(E, )
be the T-equivariant Chern roots of E, f, so that ¢! (E, ¢) = [[;(1 + 6, 7). These Chern roots
are not actual cohomology classes, but symmetric polynomials in the Chern roots make sense as
equivariant cohomology classes on X,. The T-equivariant orbifold Todd class Td(E) € H}*(1X)
is defined to be:
rank ([, r) rank Ey o

_ 1 0.0,
Td(E) = @ H H 1— e—27rife*5v,f,z‘ H %

veB \0<f<l  i=1 i=1
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We write Tdx = Td(T'X) for the orbifold Todd class of the tangent bundle.

Recall that, because we are assuming condition from all of the T-weights of H°(X,O)
lie in a strictly convex cone in Lie(7T)*. After changing the identification of 7' with (C*)™ if
necessary, we may assume that this cone is contained within the cone spanned by the standard
characters Ay, ..., Ay, of H2(pt) = Lie(T)* defined in §1.7] As is explained in [34], under conditions
in there is a well-defined equivariant Euler characteristic

dim X ' 4
(3.2) X(E) = Y_ (-1)'ch” (H'(X,E))
i=0

taking values in

f is the Laurent expansion

_ _ _ of a rational function in
Z[[e/\]][e A]Tat = f S Z[[eAlﬁ . "eAm]][e Ala -6 Am] : @Al . 6)"" at
e>‘1 ::e)‘m :0

and we expect that the following equivariant Hirzebruch-Riemann-Roch (HRR) formula should
hold:

(3.3) (E) = /I ch(E) U T

(This holds for toric Deligne-Mumford stacks [34].) Formula (3.3)) should be interpreted with care.
The right-hand side is defined via the localization formula, and lies in a completion S of Sp:

§T = {Z an : Gn € ST, dega, = n, there exists ng € Z such that a,, = 0 for all n < no}
neL

There is an inclusion of rings Z[e*][e *|;at < Sr given by Laurent expansion at Ay = - - = A, =

(see [34]), and asserts that y(F) coincides with the right-hand side after this inclusion.

We now introduce a lattice in the space of homogeneous flat sections for the quantum connection
which is identified with the equivariant K-group of X. The key ingredient in the definition is the
characteristic class, called the Gamma class, defined as follows. Let E be a vector bundle on X
and consider the bundles E, ; — X, and their equivariant Chern roots d, ¢, ¢ = 1,... ,rank(E, r)

as above (see (3.1)). The equivariant Gamma class f(E) € H2*(IX) is defined to be:
rank(E,, r)
=D II Il ra-7+du0)
veB 0<f<1 =1

Here the I'-function on the right-hand side should be expanded as a Taylor series at 1 — f, and
then evaluated at 6, ;. The identity I'(1 — 2)I'(1 + z) = 2wize ™*/(1 — e~ ?™**) implies that

[f(E*) U f(E)L =T 7~ 60p)0TQ ~ f + 60, 1.)
(3.4) if
— (2 ) k(@ B)™) [=miagela” B)+e1a"B)) (271) “F Td(E )}

inv(v)

where U is the cup product on IX, [---], denotes the component in H$(X,), 0 < f < 1 is the
fractional part of —f, (¢iE)™" = @ o Eyv,r is the moving part of qu q: IX — X is the
natural projection, age(¢*E): IX — Q 1s the locally constant function given by age(¢*FE)|x, =
>y frank(E, r), degy: H*(I1X) — H7®*(I1X) is the degree operator defined by deg,(¢) = 2p¢ for

¢ € H%p(IX), and inv(v) € B corresponds to the component Xj,,(,) of IX defined by inv(X,) =
Xinv(v)- Note that deg; means the degree as a class on I.X, not the age-shifted degree as an element
of HER 1(X).

Definition 3.1. Define the K-group framing
s: K9(X) = Heg p(X) ®r, Rrllogz](="/*)[Q, 7]
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by the formula:
1
(27.‘-)dim X/2

where k € N is as in Corollary and fXU is the cup product in H}*(1X). Corollary shows
that the image of s is contained in the space of Gr-degree zero flat sections. Note that z~* maps
H2g (X) into Hg 7(X) ®r, Rp((z7Y*).

degg

s(E)(1,2) = L(r,2)z"#2P (fX U27ri) 2 inv® c~h(E))

For T-equivariant vector bundles £, F' on X, let x(FE, F) € Z[e*][e™];as denote the equivariant
Euler pairing defined by:

dim X
(3.5) X(E,F):= > (~1)'ch” (Ext'(E, F))

i=0
We use a z-modified version x,(E,F) that is given by replacing equivariant parameters A; in
X(E, F) with 27i);/z2:

(3.6) X=(E, F) = (2miz ) Z= MOy (B, F) € Z[2™V ][]

Proposition 3.2 (cf. [51, Proposition 2.10]). Suppose that the equivariant HRR formula (3.3
holds. For E,F € K%(X), we have

(s(E)(T, e ™ 2),s(F)(r, z)) =x:(E,F).

Proof. Set W(E) =Tx U (2771)616% inv* ch(E). Using the unitarity in Proposition we have

. 1 . .
3.7 S(E)(1,e7™2),8(F)(1,2)) = —— (27 He"H2Pe TPU(E), 27 H2PU(F)) .
(27r)d1mX

?Nrite)z A0y = >0 Aidy,. Using (2 Ha,z7#f) = 2N, B), e™Hp = —pe™F (27Pa, 2PB) =
a, 8), we have

JESEN o

B = Gramx (™™ (E), U(F))
—A0x - PN eg ~ ~ eg ~
= 2 [ (emiareminl g (201) "5 inv* ch(E)) Uinv* (Tx (271) 32 inv* ch(F
(QF)dlmX Ix

(2m)*5" [c~}1(E*) cNh(F)}

v

—A0x .

z P . _ dim X ~, 0~
(2r)dm X Z/ eridiveris =) [T

ﬂ—) veB v

1 ey [~ —
_ =0 . *
=Y e / (271) 5" [ch(E" @ F) U Tdy]

inv(v)

v

veEB v
where we set f} = f(T*X ) and used equation (3.4 in the last line. The last expression equals
Xz(F, F) by the HRR formula ({3.3]). O

Remark 3.3. Okounkov-Pandharipande [67] and Braverman—Maulik—-Okounkov [15] introduced
shift operators S; on quantum cohomology, which induce the shift A\; — \; + z of equivariant
parameters (see |65, Chapter 8] for a detailed description). Our K-theoretic flat sections s(F)
are invariant under the shift operators, and our main result suggests that shift operators for toric
stacks should be defined globally on the secondary toric variety.

3.2. Specialization of Novikov Variables. In this section we show that the quantum product,
the flat sections for the quantum connection, and the K-group framing remain well-defined after

the specialization @ = 1 of the Novikov variable Q. Recall that 7°,...,7" are co-ordinates on
Hep 7(X) dual to a homogeneous Rp-basis {¢o, ..., ¢n} of Heg (X), and that:
[ ] (bo == 1

® ¢1,..., ¢ € HA(X);
e ¢1,...,0, descend to a basis of H*(X) = H2(X)/HA(pt).
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Without loss of generality we may assume that the images of ¢1,...,¢, in H?(X) are nef and
integral.

It is clear from Remark [2.1] that the specialization @ = 1 of the quantum product is well-defined,
and we have:

° 1 r
gbi *r ¢j’Q—1 € HCR,T(X) QRy RT[[eT ,...,eT ,TT+1,...7TN]]

As discussed in Remark the product ¢; x; ¢; is independent of 79. It is explained in [53} §2.5]
that the specialization () = 1 makes sense for L(7, z), and:

L(r,z) L€ End (Heg 1(X)) @Ry Rp[r°, 11, ... ,Tr][[zfl]][[eTl, el Y]

The specialization ) = 1 for homogeneous flat sections s(F) in Definition (as well as the
homogeneous flat sections s; in Corollary [2.6) also makes sense and we have

s(E) (T, z)‘Qil € Heg 1r(X) ®Ry Ry[r%, 7Y, ... 7", log z]((zil/k))[[eTl, et ]

where k£ € N is such that all the eigenvalues of ku are integral.

4. ToRIC DELIGNE-MUMFORD STACKS AS GIT QUOTIENTS

In the rest of this paper we consider toric Deligne-Mumford stacks X with semi-projective
coarse moduli space such that the torus-fixed set X7 is non-empty. This is the class of stacks that
arise as GIT quotients of a complex vector space by the action of a complex torus. In this section
we establish notation and describe basic properties of these quotients. Good introductions to this
material include |4, §VII], [37] and [11].

4.1. GIT Data. Consider the following data:

e K = (C*)", a connected torus of rank r;

e L = Hom(C*, K), the cocharacter lattice of K;

e Dy,...,D,, € LY = Hom(K,C*), characters of K.
The characters Dy, ..., Dy, define a map from K to the torus T' = (C*)™, and hence define an
action of K on C™.

Notation 4.1. For a subset I of {1,2,...,m}, write I for the complement of I, and set
Zi={YcaDi:a; €R, a; >0} CLV®R,
(CT x cl = {(z1,...,2m) : zi £ 0 forie I} C C™.

We set £ := {0}.
Definition 4.2. Consider now a stability condition w € LV ® R, and set:

A, ={Ic{1,2,....m}:we s}

U,= |J (@) xc!

Ie A,

X, = [Uo/K]

The square brackets here indicate that X, is the stack quotient of U,, (which is K-invariant) by K.

We call X, the toric stack associated to the GIT data (K;L; Dy, ..., Dp;w). We refer to elements
of A, as anticones, for reasons which will become clear in below.

Assumption 4.3. We assume henceforth that:

(1) {1,2,...,m} € A;

(2) for each I € A, the set {D; :i € I} spans LY ® R over R.
These are assumptions on the stability condition w. The first ensures that X, is non-empty; the
second ensures that X, is a Deligne-Mumford stack. Under these assumptions, A, is closed under
enlargement of sets, i.e. if I € A, and I C J then J € A,,.
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Let S C {1,2,...,m} denote the set of indices i such that {1,...,m}\ {i} ¢ A,. It is easy
to see that the characters {D; : ¢ € S} are linearly independent and that every element of A,
contains S as a subset. Therefore we can write

A, ={IuS:Te A}
U, = U x (CX)IS]

for some A/, ¢ 2{1mNS and an open subset U/, of C™I5I. The toric stack X,, can be also
written as the quotient [U/ /G| of U/ for G = Ker(K — (C*)I¥!): this corresponds to the original
construction of toric Deligne-Mumford stacks by Borisov—Chen—Smith [11].

The space of stability conditions w € LY ® R satisfying Assumption has a wall and chamber
structure. The chamber C,, to which w belongs is given by

(4.2) Co= () 4r
Ie A

(4.1)

and X, = X as long as w’ € C,,. The GIT quotient X,/ changes when w’ crosses a codimension-
one boundary of C,,. We call C,, the extended ample cone; as we will see in below, it is the
product of the ample cone for X, with a simplicial cone.

4.2. GIT Data and Stacky Fans. In the foundational work of Borisov—Chen-Smith [11], toric
DM stacks are defined in terms of stacky fans. Jiang [55] introduced the notion of an extended
stacky fan, which is a stacky fan with extra data. Our GIT data above are in one-to-one corre-

spondence with extended stacky fans satisfying certain conditions, as we now explain.
An S-extended stacky fan is a quadruple ¥ = (N, 3, 3,.5), where:

e N is a finitely generated abelian groupﬁ

e Y is a rational simplicial fan in N ® R;

e 5:7Z™ — N is a homomorphism; we write b; = [(e;) € N for the image of the ith standard
basis vector e; € Z™, and write b; for the image of b; in N ® R;

e SC{l,...,m} is a subset,

such that:
e each one-dimensional cone of X is spanned by b; for a unique i € {1,...,m}\ S, and each
b; with i € {1,...,m} \ S spans a one-dimensional cone of X;

o for i € S, b; lies in the support |X| of the fan.
The vectors b; for ¢ € S are called extended vectors. Stacky fans as considered by Borisov—Chen—
Smith correspond to the cases where S = (). For an extended stacky fan (N, X, 3, S), the underlying
stacky fan is the triple (N, 3, ') where ': 7181 5 N is obtained from 8 by deleting the columns
corresponding to S C {1,...,m}. The toric Deligne-Mumford stack associated to an extended
stacky fan (N, 3, 3, S) depends only on the underlying stacky fan.
To obtain an extended stacky fan from our GIT data, consider the exact sequence:

(4.3) 0—>L—>2z" N0

where the map from L to Z™ is given by (Dy, ..., Dy,) and f: Z™ — N is the cokernel of the map
L — Z™. Let b; = B(e;) € N and b; € N®R be as above and, given a subset I of {1,...,m}, let o7
denote the cone in N ® R generated by {b; : i € I}. The extended stacky fan X, = (N, X, 3, 5)
corresponding to our data consists of the group N and the map S defined above, together with a
fan 3, in N ® R and S given byﬂ

Y, ={or: 1€ A},
S={ie{l,...,m}:{i} ¢ A,}.
The quotient construction in [55, §2] coincides with that in Definition and therefore X,

is the toric Deligne-Mumford stack corresponding to X,. Extended stacky fans (N, X, 3,.5)
corresponding to GIT data satisfy the following conditions:

4Note that N may have torsion.
S5This is why we refer to the elements of A, as anticones.
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(1) the support |X,| of the fan is convex and full-dimensional;
(2) there is a strictly convex piecewise-linear function f: |X,| — R that is linear on each cone
of X;

(3) the map §: Z™ — N is surjective.
The first two conditions are geometric constraints on X,,: they are equivalent to saying that the
corresponding toric stack X, is semi-projective and has a torus fixed point. The third condition
can be always achieved by adding enough extended vectors.

Conversely, given an extended stacky fan ¥ = (N, X, 8, S) satisfying the conditions (1)—(3) just

stated, we can obtain GIT data as follows. Define a free Z-module L by the exact sequence (4.3)
and define K := L ® C*. The dual of is an exact sequence:

(4.4) 0——=NY —> (Zm)v — 1LV

and we define the character D; € LV of K to be the image of the ith standard basis vector in
(Z™)Y under the third arrow (Z™)Y — LY. Set:

Aw:{IC{l,Q,---,m}:SCI, insaconeofE}

and take the stability condition w € LY @R to lie in (;c 4 £1; the condition (2) ensures that this
intersection is non-empty. This specifies the data in Definition

4.3. Torus-Equivariant Cohomology. The action of T' = (C*)™ on U, descends to a Q :=
T /K-action on X,,. We also consider an ineffective T-action on X, induced by the projection T" —
Q. The Q-equivariant and T-equivariant cohomology of X,, are modules over Rg := Hg(pt; C)
and Ry := H}.(pt; C) respectively. By the exact sequence , the Lie algebra of Q is identified
with N ® C and Rg = Sym®*(NY ® C). Let \; € Ry be the equivariant first Chern class of the
irreducible T-representation given by the projection 7' = (C*)™ — C* to the ith factor. Then
Ry = C[\1,..., A\p]. It is well-known that:

(4.5) HY(Xu:C) = Rolur, ., um) /(3 +3)
where u; is the Q-equivariant class Poincaré-dual to the toric divisor:
(4.6) {(zl,...,zm>€Uw:Zi:0}/K

and J and J are the ideals of additive and multiplicative relations:

T={(x—->",{x,bi)u; : x e NV ®C),

J= <Hi€1ui 1 ¢Aw>-
Note that u; = 0 for ¢ € S because the corresponding divisor (4.6]) is empty (see equation .
Indeed, this relation is contained in the ideal J. The T-equivariant cohomology is given by the
extension of scalars:

Hp(Xy) = Hy(Xw) ®rg R

where the algebra homomorphism Rg — Ry is given by x — Y iv; (x,b;) A for x € NY ® C.

Remark 4.4. We note that the assumptions at the beginning of are satisfied for toric
Deligne-Mumford stacks obtained from GIT data. First, all the O-weights appearing in the
Q-representation H%(X,,0) are contained in the strictly convex cone |S,|Y = {x € NV @R :
(x,v) >0 for all v € |X,|}. Second, X, is equivariantly formal since the cohomology group of X,
is generated by Q-invariant cycles [47]. Because each component of X, is again a toric stack
given by certain GIT data (see , we have that 1.X,, is also equivariantly formal. The same
conclusions hold for the T-action.
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4.4. Second Cohomology and Homology. There is a commutative diagram:

(4.7) 0 — H3(Xy; R) — H7(Xy; R) — H(pt; R) —0
0— H2(X,;R) =—— H2(X,;R) 0
0 0

with exact rows and columns. Note that we have H3(pt;R) = NY ® R, H7(pt;R) = R™,
H%(pt;R) 2 LY ®@R. The top row of (4.7) is identified with the exact sequence (4.4)) tensored with
R. By (4.5)), Hé(Xw;]R) is freely generated by the classes u;, i € {1,...,m} \ S of toric divisors,

and hence H é(Xw; R) = R™ 151, The leftmost column is identified with the exact sequence
0—=N'@R—=R" Il —LV@R/Y, ¢RD; —=0
induced by (4.4). In particular we have
H* (X R) 2LV @R/ Y, s RD;
where the non-equivariant limit of u; is identified with the class of D;. The homology group

Hs(X,,;R) is identified with ;. g Ker(D;) in L ® R. The square at the upper left of (4.7) is a
pushout and we have:

H%(XW;R) = @ Rui@@R)\i/<zi@1 <X,b¢> (ul—)\z) XENV®R>.
=1

ie{1,...m}\S
It follows that the middle row of (4.7)) splits canonically: we have a well-defined homomorphismﬁ
(4.8) 0: LY @R = Hx(pt; R) — HA(X,;R)

such that 6(D;) = u; — A; and that

HZ(X.;R) 2 HY(X.;R) @ (LY ® R).
The class 6(p) can be written as the T-equivariant first Chern class of a certain line bundle L(p)
associated to p (see §6.3.2). One advantage of working with T-equivariant cohomology instead of
O-equivariant cohomology is the existence of this canonical splitting.

We also introduce a canonical splitting of the projection LY ® R — LY @ R/ >, ¢RD; =
H?(X,,R). This is equivalent to choosing a complementary subspace of Ha(X,;R) in L @ R.
Take j € S. The corresponding extended vector b; € N ® R lies in the support of the fan. Let
or; € X, I; € {1,...,m} \ S be the minimal cond'| containing b; and write b; = Zielj ci;b; for
some ¢;; € R5g. By the exact sequence (4.3)), there exists an element &; € L ® Q such that

1 ifi=j;
(4.9) D; - fj =94 —Cij ifi € Ij;
0 ifig I;U{j}.

6More precisely (—0) gives a splitting of the middle row of .

"Minimality is not essential here. Let o7 € 3, I C {1,...,m}, be any cone containing b; and write b; = Yier cijbi
for some ¢;; € R>o. In our setting, the vectors {b; : ¢ € I} are linearly independent for any choice of cone o7, and
so the coefficients ¢;; here are unique. In particular, therefore, we have that ¢;; =0 for ¢ € I\ ;.
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Note that one has D; - & = §;; for i,j € S. Hence {}ics spans a complementary subspace of
Hy(XwiR) =[;es Ker(D;) CL®R and defines a splitting:

(4.10) L®R 2 Hy(X,;R) © PRE,
jeS
or, for the dual space,
(4.11) LY @R = () Ker(¢;) & (P RD;
jeSs jeSs
with mjeS Ker(¢;) & H*(X.; R).
The equivariant first Chern class of T' X, is given by:

p=c2(TX,)=c(TX,) = Z Uj.
i€{1,...,m}\S

4.5. Ample Cone and Mori Cone. Let D} denote the image of D; in LY @ R/ Y icsRD; =

H?(X,;R). This is the non-equivariant Poincaré dual of the toric divisor (4.6]), that is, the non-
equivariant limit of u;. The cone of ample divisors of X, is given by

— ﬂ )
IeAl,

where A/, was introduced in equation (4.1) and £} := >, ;R.0Dj is an open cone in LY ®
R/>,cgRD; (cf. Notation . Under the splitting (4.11]) of LY ® R, the extended ample cone
C,, defined in equation also splits |51, Lemma 3.2]:

(4.12) C,=C! x (Z R>0Di> C H*(X,;R) x EPRD;.

€S €S
The Mori cone is the dual cone of C/:
NE(X,)=C/ ={d€ Hy(X,;R):n-d>0forallneC}
4.6. Fixed Points and Isotropy Groups. Fixed points of the T-action on X, are in one-to-one

correspondence with minimal anticones, that is, with § € A, such that |§| = r. A minimal anticone
0 corresponds to the T-fixed point:

{(zl,...,zn)GUw:zi:(]ifigé}/K

We now describe the isotropy of the Deligne-Mumford stack X, i.e. those elements g € K such that
the action of g on U, has fixed points. Recall that there are canonical isomorphisms K = L @ C*
and Lie(K) = L®C, via which the exponential map Lie(K) — K becomes id ® exp(27ri—): L&C —
L ® C*. The kernel of the exponential map is . C L ® C. Define K C L ® Q to be the set of
f € L ®Q such that:

(4.13) If::{ie{1,2,...,m}:Di-fEZ}EAW

The lattice L acts on K by translation, and elements g € K such that the action of g on U, has
fixed points correspond, via the exponential map, to elements of K/L.

4.7. Floors, Ceilings, and Fractional Parts. For a rational number ¢, we write:
|q| for the largest integer n such that n < g;
[q] for the smallest integer n such that ¢ < n; and
(q) for the fractional part ¢ — [¢] of gq.
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4.8. The Inertia Stack and Chen—Ruan Cohomology. Recall the definition of the inertia
stack IX,, from Components of I X, are indexed by elements of K/L: the component X£
of I X, corresponding to f € K/L consists of the points (x,¢g) in X, such that g = exp(27if).
Recall the set Iy defined in . The component Xqu in the inertia stack IX, is the toric
Deligne-Mumford stack with GIT data given by K, L., and w exactly as for X,,, and characters
D; e LY for i € Iy. We have:
X/ =[clr nU,/K].
The inclusion C¥ ¢ C™ exhibits Xojj as a closed substack of the toric stack X,. According to

Borisov—Chen—-Smith [11], components of the inertia stack of X, are indexed by elements of the
set Box(X,,):

Box(X,) = {UEN:v:ZcibiinNQb]Rfor some I € Aand 0 < ¢; < 1}
il
In fact, we have an isomorphism [51} §3.1.3]:

m
(4.14) K/L = Box(X,,) [f] = vp =Y [—(Di- f)]b; € N.

i=1
When j € S and b; € Box(X,), the element —¢; € L ® Q defined in belongs to K and
corresponds to b;.

The age ¢y of the component X} c Ix, is Zig I (D; - f). The T-equivariant Chen—Ruan
cohomology of X, is, as we saw in §2.2 the T-equivariant cohomology of the inertia stack IX,,
with age-shifted grading:

HCRT vaQ @ H. “ Xf @)
FEK/L
This contains the T-equivariant cohomology of X, as a summand, corresponding to the element
0 € K/L; furthermore the fact that each X7 is a closed substack of X,, implies that HéR’T(Xw; Q)

is naturally a module over H}(X,; Q). We write 1 for the unit class in HY (ng; Q), regarded as
an element of HCRT(Xw5 Q).

Recall that the component X7, of the inertia stack is the toric Deligne-Mumford stack with
GIT data (K;L;w;D; : @ € Iy). In particular, therefore, the anticones for X/ are given by
{I € A, : I C Iy}. T-fixed points on the inertia stack IX,, are indexed by pairs (J, f) where §
is a minimal anticone in A, f € K/L, and D; - f € Z for all i € §. The pair (6, f) determines a
T-fixed point on the component X7 of the inertia stack: the T-fixed point that corresponds to the
minimal anticone ¢ C Iy.

5. WALL-CROSSING IN TORIC GROMOV—WITTEN THEORY

In this section we consider crepant birational transformations X, --+ X_ between toric Deligne—
Mumford stacks which arise from variation of GIT. We use the Mirror Theorem for toric Deligne—
Mumford stacks [26,30] to construct a global equivariant quantum connection over (a certain
part of) the secondary toric variety for X ; this gives an analytic continuation of the equivariant
quantum connections for X, and X_.

5.1. Birational Transformations from Wall-Crossing. Recall that our GIT data in con-
sist of a torus K = (C*)", the lattice L = Hom(C*, K) of C*-subgroups of K, and characters
Dq,...,D,, € LY. Recall further that a choice of stability condition w € LY ® R satisfying As-
sumption determines a toric Deligne-Mumford stack X, = [Uw /K ] The space LY ® R of
stability conditions is divided into chambers by the closures of the sets Zj, |I| = r — 1, and the
Deligne-Mumford stack X, depends on w only via the chamber containing w. For any stability
condition w satisfying Assumption the set U,, contains the big torus "= (C*)™, and thus for
any two such stability conditions wy, wo there is a canonical birational map X,,, --» X,,, induced
by the identity transformation between T'/K C X,, and T/K C X,,. Our setup is as follows.
Let C, C_ be chambers in LY ® R that are separated by a hyperplane wall W, so that W N C
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is a facet of C., WNC_ is a facet of C_, and W N Cy = W N C_. Choose stability conditions
wy € Cy, w_ € C_ satisfying Assumption and set Xy := X, , X_:=X,,_, and
Ay = A, ={Ic{1,2,....m} :ws € Z;}

Then Cy = ﬂIeAi /5. Let ¢p: X4 --+ X_ be the birational transformation induced by the toric
wall-crossing and suppose that

m

Z D, eW

i=1

As we will see below this amounts to requiring that ¢ is crepant. Let e € L. denote the primitive
lattice vector in W+ such that e is positive on C and negative on C_.

Remark 5.1. The situation considered here is quite general. We do not require X, X_ to have
projective coarse moduli space (they are required to be semi-projective). We do not require that
Xy, X_ are weak Fano, or that they satisfy the extended weak Fano condition in [51} §3.1.4]. In
other words, we do not require Y 1", D; € W to lie in the boundary W N Cy = W N C_ of the
extended ample cones.

Choose wy from the relative interior of W N C, = W N C_. The stability condition wy does not
satisfy our Assumption but we can still consider:
Ao ::Awo :{IC {1,...,m}:wo EZ[}

and the corresponding toric (Artin) stack Xo := X, = [U.,/K] as given in Definition[4.2] Here X
is not Deligne-Mumford, as the C*-subgroup of K corresponding to e € L (the defining equation
of the wall W) has a fixed point in U,,,. The stack X contains both X and X_ as open substacks
and the canonical line bundles of X and X_ are the restrictions of the same line bundle Ly — X
given by the character — > ;" | D; of K. The condition ) ;" 1 Di € W ensures that Lo comes from
a Q-Cartier divisor on the underlylng singular toric variety Xo = C™/,, K associated to the fan

Y- On the other hand, in we shall construct a toric Deligne-Mumford stack X equipped
with proper birational morphlsms fe: X — X, such that the diagram (|1.3) commutes. Then
fi(Kx,) and f*(Kx_) coincide since they are the pull-backs of a Q-Cartier divisor on X¢. This
is what is meant by the birational map ¢ being crepaniﬁ

Set:

My ={ie{l,...,m}:+D;-e> 0},
MoZ{iE{l,...,m}:Di-ez()}.

Our assumptions imply that both M, and M_ are non-empty. The following lemma is easy to
check:

Lemma 5.2. Set:
A — (T e Ay : I C My}
ARtk .— (1 e Ag: TN My #0,INM_ #0}.
Then one has My € Aghi“ and
-AO — Aghin L ABhiCk
Ay = Aghick | {Iu.] O£ JC M, I € Aghin}.
Remark 5.3. Let Y1 be the fans of X1. In terms of fans, a toric wall-crossing can be described
as a modification along a circuit |12,/40], where ‘circuit’ means a minimal linearly dependent set of

vectors. In our wall-crossing, the relevant circuit is {b; : i € My UM_}: we have 3 ,cp; pr (Di
e)b; = 0, and every proper subset of {b; : i € My U M_} is linearly independent. The partition of
the circuit M4+ U M_ into M, and M_ is determined by the sign of the coefficients in a relation
among {b; : i« € M U M_}. The modification along the circuit My U M_ turns the fan ¥ into
>._: it removes every cone oy of ¥ such that I contains M_ but not M, and introduces cones of

8This notion is also called K-equivalence: see the Introduction.
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the form ox where K = (IUM,)\ J for any non-empty subset J C M_. This description matches
with Lemma and

There are three types of possible crepant toric wall-crossings: (I) X, and X_ are isomorphic
in codimension one (“flop”), (II) ¢ induces a morphism X; — |X_| or X_ — |X 4| contracting
a divisor to a toric subvariety (“crepant resolution”) and (III) the rigidiﬁcation&ﬂ X5 X" are
isomorphic (only the gerbe structures change; we call it a “gerbe flop”). Define:

Se={iell,...om:TiJ &AL}

Proposition 5.4. The intersection Sy := Sy N S_ is contained in My. Moreover, one and only
one of the following holds:
(1) S =S, 8(My) > 2 and {(M_) > 2;
(I1-i) there exists i € {1,...,m} such that S— = Sy U{i}, M_ = {i} and §(My) >
(II-ii) there exists i € {1,...,m} such that Sy = S_U{i}, My = {i} and §(M_) >
(III) there exist iy,i— € {1,...,m} such that Sy = SoU{i+}, S— =SoU{i_}, My ={i+} and
M_={i_}.

Proof. First we show that Sy C My. Take ¢ € Sp. Suppose that ¢ € M. Since My € Aghin, we
have Mo U M_ € A_ by Lemma Thus {i} = MoU M_ U (M4 \ {i}) also belongs to A_. This
contradicts the fact that ¢ € S_. Thus we have i ¢ M, and similarly that i ¢ M_. Hence i € M.
We have shown that So C Mj.
Next we claim that:

(a) if S_\ Sy is non-empty, then we have §(S_\ Sy) =1and M_ = S_\ Sy;

(b) if S_ C Sy, then §(M_) > 2.
Take i € S_\ S,. We have {i} € A, \ A_. Lemma [5.2 implies that an element of A, \ A_ is of
the form I U J with () £ J C My and I C My, and in particular does not intersect with M_. This
implies that {i} = M_. Therefore S_\ Sy = M_ consists of only one element. This proves (a).
Conversely, if M_ = {i}, it follows from Lemma 5.2 that {i} € A} \ A_ and thus ¢ € S_\ S;.
This proves (b). The same claim holds if we exchange + and —. It follows that one and only one
of (I), (II-i), (II-ii), (III) happens. O

2;
2;

1

Proposition 5.5. The loci of indeterminacy of @ and =" are the toric substacks

ﬂ {z; =0} C X4 and ﬂ {#z; =0} C X_
jeM_ jEM,
respectively. With cases as in Proposition we have:

(I) X+ and X_ are isomorphic in codimension one;
(II-i) ¢ induces a morphism p: X4 — | X_| that contracts the divisor {z; = 0} to the subvariety
m]€M+{ZJ - O};
(Il-ii) a statement similar to (11-1) with + and — interchanged;
(ITI) ¢ induces an isomorphism Xﬂg >~ X8 between the rigidifications.

Proof. One can check that U, NUo_ = Usy \ Ny {2 = 0} = Us_ \ Njerr, {zi = 0} using
Lemma The geometric picture in each case can be seen from the stacky fans: (I) the sets of
one-dimensional cones are the same; (II-i) the fan X _ is obtained by deleting the ray R>ob; from
Y45 op, € X is a minimal cone containing b;; ¢ contracts the toric divisor {z; = 0} to the closed
subvariety associated with oz, ; (II-ii) similar; (III) the stacky fan X_ is obtained from 3, by

replacing b;_ with b;, ; one has (D;, -e)b;, = —(D;_-e)b;_ by (4.3) and D;, -e+ D;_-e = 0; thus
b;, and b;_ differ only by a torsion element in N. O
Example 5.6.

(I) Let aq,...,ag,b1,...,b be positive integers such that aj; +---+ag = by +---+b;. Consider
the GIT data given by LY = Z, Dy = ay,...,Dy = ag, Dyi1 = —b1,..., Dy = —b. If

9See e.g. |39].
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k,l > 2, we have a flop between
k l
X4 = D Or(aar) (1) and X =D Orer,.t) (~05)-
i=1 j=1
(IT) Consider the case where [ = 1 in (I). Setting d = a; + -+ + ar = b1, we have that
X4 = Op(a,,....ar)(—d) is a crepant (partial) resolution of |X_| = C*/uy where p, acts on
C* by the weights (a1/d,...,ax/d).
(ITT) Consider the GIT data given by LY = Z?, Dy = (1,0), D2 = (1,2), D3 = (0,2). Take w
from the chamber {(z,y) : 0 < y < 2z} and w_ from the chamber {(z,y) : 0 < 2z < y}.
Then we have a “gerbe flop” between X = P(2,2) and X_ = P! x Bus,.

5.2. Decompositions of Extended Ample Cones. Recall the decomposition (4.11]) of the
vector space LY ® R and the decomposition (4.12]) of the extended ample cone. In the case at
hand, we have two (possibly different) decompositions of .Y ® R associated to the GIT quotients
X4+ and X_:

(5.1) LY@R= () Ker(&) ® @ RD;
JES+ JES+

where elements 5?: cL®R, je Sy areasin (4.9) and
decompositions, one has

jesy Ker(¢") & H?(X4,R). Under these
Ci = C;: X Z R>0D]’

JESE
where C’y C (;cq, Ker(¢F) 2 H?(X4;R) is the ample cone of X4. Let Cy := WNCy = WNC_
be a common facet of C. and C_, and write Cyy for the relative interior of Cy. We now show
that these decompositions of the cones C'y, C_ are compatible along the wall.
Proposition 5.7. We have &' '|w = & |w fori € So = S+ NS_ and £f|w =0 forie Sy \ S+.
Set &V = & |\w = & |w € Hom(W,R). Then we have

W =wn () Ker(&h) =wn [ Ker(§) = (] Ker(g")

1€S1 €S 1€S0
and so the decompositions (b.1)) restrict to the same decomposition of W :
(5.2) W =w'e RD;.
i1€Sp

Under this decomposition of W, the cone Cyy decomposes as
CW = CI,/V X z R>0Di
i€So
for some cone Cyy, in W'. With cases as in Pmposition we have:
(I) Cyy is a common facet of C', and C”_;
(II-i) Cy, = CL, Cyy is a facet of C. and C— = Cw + RsoD;;
(II-ii) CY, = C", C}y is a facet of C” and Cy = Cw + RsoD;;
(IIT) Cy, =C. =C", C4 = Cw +RsoD;, and C— = Cw +RoD;_.

Proof. Tt suffices to show that flﬂw = ¢ |w for i € Sp and that §f|w =0 forie Sy \ SF. The
rest of the statements follow easily. Suppose that ¢ € Sg. Recall the definition of 52-:& in . Let
or € ¥4 be the minimal cone containing b;. Then I € A,. If I € A_, we have £Z-+ = ¢, by the
definition of fii. Suppose that T ¢ A_. By Lemma I contains M_ but not M. We have a
relation of the form:

(5.3) b= cib;

jel
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with ¢; > 0. By adding to the right-hand side of ([5.3) a suitable positive multiple of the relation

Y (Dj-e)bj— > (~=Dj-e)bj =0

JEM JEM_
given by e € L via (4.3)), we obtain a relation of the form

=Y

JeI’
such that ¢; >0 and I’ = (ITUM,)\ J with § # J C M_. Then I’ € A_ by Lemma (see also
Remark . Note that ¢; = c;- if j € IN My = 1N M. This implies that D; - 527" =D;-§ for
all j € My. Since {D, : j € My} spans W, we have & |w = & |w.

Now suppose that ¢ € Sy \ S—. Then M; = {i} by Proposition and we have a relation
(Di-e)bi =3 ;cp (—Dj - e)b; given by e € L. This implies that b; is contained in the cone ops_
of ¥4, and the definition of {;r implies that D; - fzr =0 for all j € My. Thus fﬂw = 0. The case
where ¢ € S_\ Sy is similar. O

5.3. Global Extended Kéahler Moduli. Our next goal is to describe a global ‘moduli space’ M
and a flat connection over M, together with two neighbourhoods in M such that the restriction
of the flat connection to one of the neighbourhoods (respectively to the other neighbourhood)
is isomorphic to the equivariant quantum connection for X, (respectively for X_). Thus the
equivariant quantum connections for X, and X_ can be analytically continued to each other.
Roughly speaking, the space M will be a covering of a neighbourhood of a certain curve in the
secondary toric variety for X ; in this section we introduce notation for and local co-ordinates on
this secondary toric variety.

The wall and chamber structure of .V ® R described in defines a fan in LY ® R, called the
secondary fan or Gelfand-Kapranov—Zelevinsky (GKZ) fan. The toric variety associated to the
GKZ fan is called the secondary toric variety. We consider the subfan of the GKZ fan consisting
of the cones C, C_ and their faces, and consider the toric variety M associated to this fan.
(Thus M is an open subset of the secondary toric variety.) In the context of mirror symmetry,
M arises as the moduli space of Landau—Ginzburg models mirror to X1. It contains the torus
fixed points Py and P_ associated to the cones Cy and C_, which are called the large radius limit
points for X, and X_. More precisely, because we want to impose only very weak convergence
hypotheses on the equivariant quantum products for X, we restrict our attention to the formal
neighbourhood of the torus-invariant curve C C M connecting Py and P_: C is the closed toric
subvariety associated to the cone Cyy = WNC,. =W nNCO_.

Our secondary toric variety M is covered by two open charts

(5.4) Spec C[CY NL] and Spec C[CY NL]
that are glued along Spec C[Cy;, NL]. Since the cones Cy are not necessarily simplicial, M is in
general singular. For our purpose, it is convenient to use a lattice structure different from L and

to work with a smooth cover M, of M. We will define the cover M, by choosing suitable
co-ordinates. As in consider the subsets Ky C L ® Q:

Ky = {fEL@Q:{ie{l,?,...,m}:Di-fEZ}EAi}

and define f[:Jr (respectively IE,) to be the Z-submodule of L ® Q generated by K, (respectively
by K_). Note that L} and L_ are free (because they are submodules of L ® @, which is torsion
free) of rank equal to the rank of L; they are overlattices of L.

Lemma 5.8. Set LY = Hom(L+,Z) C LY. We have D; e HN)JE if 7 € Sx. The decomposition (/5.1))
of LY @ R is compatible with the integral lattice LY.: one has

(5.5) LY = (B*(X+R)NLY) & €D ZD;
JESk
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where we regard HQ(X:bR) as a subspace of LV ® R wia the isomorphism H?*(Xi;R) =
Njess Ker({f). The lattices ]Li and LY. are compatible along the wall; one has (see equation|5.2

(5.6) WLy =wnLY =W nLY)e @ zD;.

JESo
Proof. Equation holds for both X and X_ and we omit the subscript £+ in what follows.
Since every element in 4 contains S, we have D; - f € Z for all j € S and f € K. This shows that
D; e LY for j € S. Thus LY > (H%(X;R)NLY) & @D,csZD;. Conversely, for v € LV, one has
v-& € Zforalli € S because § € K. Then w =v— 3 ,co(v-&)D; lies in (g Ker(§;) NLY and

v=w+ ) eg(v-&)D;
Next we prove (5.6). First we claim that for every element f € Ky \ K_, there exists o € Q
such that f + ae € K_. This follows easily from the definition of K+ and Lemma It follows

from the claim that for any f € IE+, there exists @ € Q such that f + «ae € L_. Suppose that
veWNLY. For any f € ]Iiur, taking a € Q as above, one has v - f = v - (f + ae) € Z. Therefore
veWn IEi This shows that W NLY ¢ W N IEi The reverse inclusion follows similarly. The
second equality in follows from and Proposition O

Remark 5.9. We have Hy(X4;R) NLe = Hy(|X1|; Z).
Set £+ = dim H?(X+;R) = r—#(S1) and £ = dim W’ = r —1—4(Sp). We have £ < min{¢,,¢_}.
With cases as in Proposition we have:
(II—) by =0+1,0_ =1
(IIi) - =4+1, 04 =4,
(II) £, =0_ =¢.

Using Lemma we can choosﬂ integral bases
5 {pf,...,pzr}u{Dj 3j€S+}CIEi
{py,....p; YU{D;j:jeS_}CLY
of LY such that

e pf,... ,pZr lie in the nef cone CT+ C H?(X;R);

e pr,...,p, liein the nef cone C' C H*(X_;R);

° pj =p; E%fori: 1,...,¢L
These bases give co-ordinates on the toric charts . For d € L, we write y¢ for the corresponding
element in the group ring C[L]. The homomorphisms

) D;-d
C[CJYQL] <—>(C[y1,...,yg+,{xj *J €S+}]7 y '_>Hz lyz HjeS+ xjj
~ ~ ~ . ~ .D;-d
(C[CXOL]C_}(C[yl,vyﬁfv{xj *J GS*}]’ y HHZ 1yfZ 'HjeS, xjj
define the two smooth co-ordinate charts
(yi,xj:1<i<ly,jeSy) and (95, T :1<i</l_,j€85°)

which are resolutions of (respectively) Spec C[CY NL] and Spec C[CY NL]. We reorder the bases

(-7
{pf,...,pZ}U{Dj:j€S+}={pT,...,pr 17pr}
{pfv"'apz_}U{Dj:jGS*}:{p;"“’pr—Pp’r‘}

10This can be seen from the fact that given a lattice L and a full-dimensional cone C in L ® R, we can choose a
basis of L that consists of elements of C.
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in such a way that pj =p, €¢Wiori=1,...,r—1and pri is the unique vector (in each basis)
that does not lie on the wall W. Let

{yiamj:1Si§€+’j€‘s+}:{}qa"'7yr}
{gi,f]’Z1Si§€7,j657}:{)~/1,...,}~/r}

be the corresponding reordering of the co-ordinates. Then the change of co-ordinates is of the
form:

(5.8) Vi = {yzyT =t="

yr© i=r
for some ¢ 6 Q>0 and ¢; € Q. The numbers ¢;, ¢ here arise from the transition matrix of the
two bases We find a common denominator for ¢, ¢; and write ¢ = A/B and ¢; = A;/B,
1<i<r—1 for some A, B € Z~q and A; € Z. Then yl/B y,?l/“‘. The smooth manifold M,ee
is defined by gluing the two charts
U+ = SpeC(C[yl, s Yr—1, y%/B] and U- = Spec(C[yl, s 7)77“—17 y%/A]

via the change of variables (5.8). The large radius limit points P, € Uy and P- € U_ are given
respectively by yj = -+ =y, =0 and y; = --- =y, = 0. Note that the last variables vy,, y,

+
correspond to the direction of e € IL: one has y¢ = yi" © = )77[3’" ‘.
The torus-invariant rational curve Creg C Myeg associated to Cyy is given by y; = --- =y, _1 =0

on Uy and by y; = --- = y,_1 = 0 on U_. Let M;¢ be the formal neighbourhood of Ces in
M. Since the global quantum connection is an analytic object, we need to work with a suitable

analytification of M\reg: we include analytic functions in the last variable y, in the structure sheaf
and use the analytic topology on Cieg = P!. The underlying topological space of Mg is therefore
plian, M eg is covered by two charts Uy and U_ with structure sheaves:

(59) O[’]‘+ = O(%rjr [[y17 e 7)’r—1]] and 0(7, = O%ri [[}N/l, e ,)7r—1]]
where C, and C_ denote the complex plane with co-ordinates y71ﬂ/ B and yi/ 4 respectively and the

superscript “an” means analytic (space or structure sheaf). In other words, we regard U, U_,
and M\reg as ringed spaces respectively on C,, C_ and P%2",

The same construction works over an arbitrary C-algebra R. We define M\reg(R) by replacing
the structure sheaves in with ((’)(%rjr ® R)[y1,---,yr—1] and (OF ® R)[y1,...,¥r—1]. In the
equivariant theory, we use R = Rp[z] = H}.(pt) ® Clz] for the ground ring. The global equivariant
quantum connection will be defined over Rr|z] and on (a formal thickening of) a simply-connected
open subset of P" containing P, and P_.

Remark 5.10. Taking an overlattice IEi of L corresponds to taking a finite cover of M. This
is necessary because the power series defining the I-function (see is indexed by elements in
IEi. If one takes into consideration Galois symmetry [51] of the quantum connection, one can see
that the quantum connection (near Pi) descends to the secondary toric variety with respect to
the original lattice L.

5.4. The I-Function. Recall Givental’s Lagrangian cone introduced in Definition 2.2 We con-
sider the Givental cone Ly, associated to the toric Deligne-Mumford stack X,. Under the de-
composition (4.10) of L ® R, we decompose d € L ® R as:

1=a+ Y (0, 0

JeS+
where d is the Hz(X,;R)-component of d. Define the Heg 7(Xy)-valued hypergeometric series
1™ (0,2, 2) € Hop (Xo) Oy Rr(z1)[Q, 0. 2] by

dd a a) i-d),a (u‘—l—az)
Ifuemp(O',Z',Z) pp— Zeo’/zzeandeij H (a) D d),a<0\™J 1[_d]

deK jes D d a<D d(u] +G’Z)
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where K is introduced in z = (zj:j€S8)and 0 € HA(X,) are variables, and [—d] is
the equivalence class of —d in K/L (recall from that K/LL parametrizes inertia components).
The subscript ‘temp’ reflects the fact that we are just about to change notation, by specializing
certain parameters, and so this notation for the I-function is only temporary. One can see that
the summand of I5™P P corresponding to d € K vanishes unless d € C. Therefore the summation
ranges over all d € K such that d lies in the Mori cone NE(X,,) = C/) v’ and D;j-d>0forall j € 5.
The Mirror Theorem for toric Deligne-Mumford stacks can be stated as follows

Theorem 5.11 ([26,30]). I5™ (0, z, —z) is an S7[Q, 0, x]-valued point on Lx,,.

We adapt the above theorem to the situation of toric wall-crossing. Let I1™ denote the I-
function of Xi. We introduce a variant I of the I-function which gives a cohomology—valued
function on a neighbourhood of Py in /\//\lreg. The I-function I is obtained from I{™™P by the
following specialization:

e Q=1

o for Iy, 0 =0y =03, p; logy:) + co(N),

eforI ,o=0_:=0_(3_p; log¥i) + co(N).
where 04 : LV®C — H%(Xi; C) are the maps introduced in and cg(\) = A\ +---+ \,. Note
that we have

1o
(5.10) oy =Y 04(p)logy; — > Ajlogz; + co(N)
=1 j€S+
since 64 (D;) = —\; for j € S;. More explicitly, one can write I as:
m uj; + az
(511) I+(y,z) — Z€U+/Z Z H =(Dj-d), a<0( J ) 1[7d}
deKs b L (@)=(D;-d),a<D,-a(uj + @a2)

where recall that (y1,...,y,) = (yi,2j : 1 <i < {4, j € S;) are co-ordinates on U+ C Mreg and
that

+
d_ pid pit-d _ i+ ,pid Dj-d
Yy =Y Y i Y AR Hj€S+xj

The I-function I, belongs to the space:
Iy € Hep 7(X4) @Ry Rrllogyi, ... logy (2 Dlyr, - yel-

The series e~7+/%I, (y, z) is homogeneous of degree two with respect to the (age-shifted) grading
on Heg 7(X+) and the degrees for variables given by:

(5.12) degz =2 and Z(deg yi)pi = ZZDZ'

Note that degy, = 0 because >_.", D; € W.

Remark 5.12. The extra factor e©()/# in the I-function makes the mirror map compatible with
Euler vector fields.

We now show that I, (y,z) is analytic in the last variable y,, so that it defines an analytic
function on M.

Lemma 5.13. FExpand the I-function as

I (y, —Ze"*/zz Z Zy ey T (Ve 2)

k1=0 k-_1=0 =0
using an Rp-basis {¢;} of HAr(X4). Let ¢ be the rational numbeﬂ

(5.13) c= J[ (D;-e)Pe

j:Dj 6750

L This is the so-called conifold point.
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and let Uy be the universal covering of the space {y, € C : y?j'e # ¢}.  Each coefficient
Ii Feyo ey (Y7 2) € Rr[zY[y,] converges to give an analytic function on the region

(5.14) {M, - A, 2,yr) €C™ X C x Uy [N] < €lz]}

for some € > 0 that is independent of i, k1,...,k-_1.

Proof. In below we will compute the analytic continuation of the I-function after restriction
to a fixed point. There we introduce a function called the H-function, which is related to the
I-function by a constant linear transformation, and give a Mellin—Barnes integral representation
for the H-function. This integral representation makes clear that e=7+/(™) H can be analytically
continued to Uy. The linear transformation between the I-function and the H-function involves the

factor 2 *I'y (see equation and this factor has poles at non-zero (A\1/z, ..., An/z). Therefore
we obtain the analyticity of the I-function on a region of the form (5.14]). O

An entirely parallel statement holds for I_(y, z).

5.5. Global Equivariant Quantum Connection. In this section we use the I-function I} to
construct a global quantum connection on the universal cover

MJr = <<ﬁ+ iy = @)/HB)N

—~ — + —~
where Uy is the open chart (5.9) of M;ez and y¢ = yP™  is a function on U . The action of pg on
CALF is by deck transformations of yi/ B yr. As in Lemma we denote by U, the universal

cover of {y, € C: yr “ % ¢}. The space Uy is the underlying topologlcal space of M+, and M+
is a formal thickening of U, ; more precisely, M+ is the ringed space (U4, O) with structure sheaf
0= (92;1 [vi,...,yr—1]. In a neighbourhood of Py, the global quantum connection that we will
construct can be identified with the equivariant quantum connection of X;. The main result in
this section is:

Theorem 5.14. There exist the following data:
e an open subsetAZ:{JOr C % such that Py € US and that the complement Uy \US is a discrete
set; we write M. = M+|ui;
a trivial Heg (X +)-bundle F* over M3 (Rr[z]):
F* = Hpr(X+) @Ry (Ouz @ Rrl2))ly1s- - oyl
a flat connection VT =d+ z='A*(y) on F of the form:

& d d
:ZBZ‘( yl—i—ZC (y)dz; — Z)\ﬁ
=1

JESY JESY
with Bi(y), Cj(y) € End(Heg 1(X+)) ®ry (Oue @ Rr)lys, ... yr-al;
a vector field ET on M+(RT) called the Fuler vector field, defined by:

ka +Z egyi)yi ai,

® a MITTOT MAP T4 : M+(RT) — Heg (X)) of the form:
T =04+ T4 7+ € Hor7(X4) ®ry (Oug @ Rr)lyr, - yr—1]

Ttlyr==yr=0 = 0
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such that VT equals the pull-back Tj‘rV+ of the equivariant quantum connection V' of X by 7y,
that is:

87’+ .
Z < dlogy; (Drxr (y) l<i</ty
87’+ )
Z 6% (y)) 7 €5

and that the push-forward of ET by 7, is the Euler vector field ET for X defined in equation .
Moreover, there exists a global section Tg(y, 2) of F* such that

I+(y7 Z) = ZL+ (T+ (Y)7 Z)_IT(J)F (Ya Z)
where Ly (1,2) is the fundamental solution for the quantum connection of Xy in Proposition .

Remark 5.15. Here the Novikov variables () in the quantum product and the fundamental solu-
tion have been specialized to 1: see

Remark 5.16. An entirely analogous result holds for X _.

Remark 5.17. The data in Theorem [5.14] satisfy some compatibility equations. The connection
matrices B;, C; are self-adjoint with respect to the equivariant orbifold Poincaré pairing (-, ).
Furthermore the grading operator Gr™ = z% +ET +uT on FT (where u™ is the grading operator

on Hep 1(X4) defined in equation satisfies [GrT, V] = V[J]ﬁ: + 0] for any vector field v. These

properties are inherited from the quantum connection.

Remark 5.18 ( [51, Remark 3.5]). By construction, the mirror map 74 here depends on how
much we have extended vectors b;j,j € Sy in the extended stacky fan. If we add sufficiently
many extended vectors, we can make it submersive near P, and Theorem gives an analytic
continuation of the big quantum cohomology. In fact we have

Ly
T(y) = co(N\) + Z Ajlogx; + Z 0(p; ) logy; + Z a;xj + higher order terms.
JE€S+\So 1=1 JES+

Here aj = Hidj u?”l[,{j], where &; € Ky is given in (4.9), I; C {1,...,m} \ S; is such that
oy, contains bj, and E = Zielj (ni; + eij)b7 with €;; € [0,1) and n;; € Z>o. Note that 1 ¢
corresponds to the Box element b; — Zielj n;;b; € Box(X ).

Remark 5.19. The logarithmic singularity of V' along H €5, Tj = 0 is not very important: this
can be eliminated by shifting the mirror map 7 by » . jes, Ajlogxj; see (5.10).

The rest of this section is devoted to the proof of Theorem First we recall how to compute
the quantum connection of X using the I-function (cf. [31]). By the Mirror Theorem [5.11
Iffmp(a, x,—z) is a point on the Givental cone £, := Ly, for X;. Recall from Remark that
the cone £ is ruled by its tangent spaces (multiplied by z):

£+ = U ZL+(T, —2)717'[4_.
TGHE}R’T(X+)

This implies that one has:

Ifmp(a, x,2) = 2Ly (7, 2) 10§
for some 7 = 7(0,2) € Hog 7(X4) ®ry Rr[Q,0,2] and Yy € Hifo,z] = Heg 7(X4) @Ry
R7[Z][Q, 0, x]. The map (o,z) — 7(0, ) is called the mirror map: this will be determined below.
In Lemma we will construct differential operators P, = P;(z0), ¢ = 0,..., N which depend
polynomially on z and on the vector fields z9,, v € H%(X ), and 20z;, j € Sy, and which satisfy:

o ¢ = z‘lPiIfmp|Q:U:m:0, 0 <4 < N are independent of z;
o {¢;:0<1i< N} form a basis of Hip p(X4) over Ry
o Fh=1.
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Then:

| | \ |
(515) Z_IPOIj_emp - Z_l.PNI_ti_emp — L+(7-’ Z)_l TE)F P TE

for T := P,(27*V)Y{. Here 7*V is the pull-back of the quantum connection of X via the mirror
map 7, and we used the fact that one has 9, o L. (7,2)"! = Ly (7,2)7! o (7*V), for any vector
field v on (o, z)-space. Note that:

e YT € H[o,z] does not contain negative powers of z;

e L (7,2) does not contain positive powers of z; and

o L (1,2) =id+0O(z71).
Thus the right-hand side of can be regarded as the Birkhoff factorization of the left-hand
side (see [70]), when we view both sides as elements in the loop group LG Ly with z the loop
parameter. The properties of F; listed above ensure that the left-hand side of is invertible
at Q = 0 = x = 0, and that its Birkhoff factorization can be determined recursively in powers of
@, o and z (see Lemma . Thus the I-function determines L, (7,2)~! as a function of (o, z),
via Birkhoff factorization. The mirror map 7 = 7(o, x) is determined by the asymptotics

Li(r,2) Ml =14+72"14+0(z"?
and L, (7,2)~! determines the pulled-back quantum connection 7*V.
We perform the above procedure globally on //\/\lreg, using the I-function I obtained from [ fremp

by the specialization Q = 1,0 = 0. It will be convenient to assume the following condition.

Assumption 5.20. The set NN |3, | ={v € N:7 € |X,]|} of lattice points in the support |X4|
of the fan is generated by b;,j = 1,...,m as an additive monoid.

Remark 5.21. Assumption [5.20]is harmless: it can be always achieved by adding enough extended
vectors to the extended stacky fan and in fact Theorem holds without this assumption (see

Remark [5.26)).
Recall from & that Hp p(X4) is the direct sum of sectors H}(Xf_), f € K4 /L and recall

from that each sector H}.(X J{) is generated by divisor classes. Thus we can take an Rp-basis
of Hop (X4 ) of the form:

where Fy;(ai,...,a,,.) € Clay,...,ae,] is a homogeneous polynomial. Recall from that ele-
ments in K /I are in one-to-one correspondence with elements in Box(X, ). Let vy € Box(X ) be
the element corresponding to f € K /L. By Assumption there exist non-negative integers
ngj, j=1,...,m, such that

(5.16) vp = anvjbj'
j=1

On the other hand, taking a minimal cone oy in ¥ containing vy, we can write
vf = Z cf.ib;
j¢S+7FjEUf
for some cy; € [0,1). Weset cy; = 01if j € S} or b; & oy. Then 3770, (ny; — cr;)bj = 0 and
by (4.3), there exists an element dy € L. ® Q such that D; - dy = ny; — cy ;. By definition of K,
df € Ky and [—dy] = f in Ky /L by (4.14) and (5.16). Set D; = Y. _, pjaps for some pj, € Z.
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Define differential operators D;, A; as

4 0
Dyi= ) ey,
a=1
m nf,jfl
Af ;:y_de H (Dj—i—)\j—yz).
j=1 v=0

The following Lemma was proved in [51, Lemma 4.7], in the non-equivariant and compact case.
The proof works verbatim here.

Lemma 5.22. Let Fy;, ¢4, Ay be as above. Define the differential operator P;Z. by

0 0
Pt = Fy, — ... — | Ay,
fii 1y (Zy16y17 ’Zy£+ 8y£+> f

Then we have:
PfiI(y, 2) = 2e7+/*(¢p; + O(y)).

Applying the differential operators P];;., fekKy/L, 1 <i<dim H'(X_{), to I, we obtain a
matrix of the form:

(5.17) o 2TWPRI ] = e ALy, 2)

K
|

where I is regarded as a column vector written in the basis {¢y;} of Hg 7(X4) and Li(y, 2) =

id +0(y) is a square matrix. We may also view I (y, z) as an End(Hgy (X4 ))-valued function via

the basis {¢,}. By the homogeneity of e~+/%], and P;Z., we find that the endomorphism I (y, 2)

is homogeneous of degree-zero with respect to the degree of variables and the grading on

H2R(X4), ie. that:

0
(5.18) (za +ET + ad(;ﬁ)) Ii(y,z) =0
z
As in (5.15)), we consider the Birkhoff factorization of (5.17). Since e7+/% = id +O(z~1), it suffices
to consider the Birkhoff factorization of I (y, z). Set:
,2) =1 (y, ‘ .
Y(yr, 2) =14 (y, 2) O A0
By Lemma z +— y(yr, 2) is a loop in End(HR(X4)) that depends analytically on y, € Us.
We first consider the Birkhoff factorization of ~(y,,z). Since v(y,,z) is homogeneous, it is a
Laurent polynomial in z and both factors of the Birkhoff factorization ~(y,, z) = v—(2)7+(2) are
also homogeneous if the factorization exists. Therefore the Birkhoff factorization is equivalent to
the block LU decomposition of v(y,, 1):

Ir, *
* I, O
-U)=1 . . . 7+(1) = S
* SRR % 0 *
where each block corresponds to a homogeneous component of Hay (X4) and I, denotes the identity
matrix of size r. The block LU decomposition of y(y,, 1) exists if and only if
H=(y(y,,)H=) & H™?

holds for all p € Q, where H = H&y(X+) and H=P (resp. H”P) denotes the subspace of degree
less than or equal to p (resp. greater than p). This is a Zariski open condition for v(y,,1). Since
y(yr = 0,1) = id, it follows that y(y,, z) admits a Birkhoff factorization on the complement U of
a discrete set in . Clearly one has P, € UY.
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Lemma 5.23. Let v(z) € LGLN+1(C) be a Laurent polynomial loop admitting a Birkhoff fac-
torization v = y_v4. Let T'(s,2) € End(CN*) @ C[z, 27 Y[s1,...,s1] be a formal loop such that
[ls=0 =~. Then I'(s,z) admits a unique Birkhoff factorization of the form

F(S,Z) = F—(S7Z)F+(S7Z)
such that T_(s, z) € End(CV*Y) @ Clz7Y[s1,...,s1], [_(s,00) = id and 'y (s,2) € End(CN*!) ®
Clz][s1,---,s1]-

Proof. Tt suffices to show that I” = y~'T'y;* admits a Birkhoff factorization I" = I'_T",. Expand-
ing I” and T/, in power series in s1,...,s;, one can determine the coefficients recursively from the
equation IV =T"_T" . O

Applying the above lemma to I, (y,z), we see that I, (y,z) with y, € U{ admits a Birkhoff
factorization

(5.19) Li(y,2) = L+(Y7z)_1T+(yvz)

where
L+(y7 Z) € End(HéR(X+)) X Oui [2_1][[)\1’ DRI Amayla .. 7y7‘*1]]7
Ty, 2) € End(HeR(X+)) © Ous [2][A, -+ Ao ¥, -+ 5 Yot ]

and L4 (y,00) = id. Using the homogeneity equation (5.18), we find that the Birkhoff factors L,
YT+ are also homogeneous of degree zero. Also the chosen Rp-basis {¢f;} of Heg p(X4+) defines

a splitting Hog 7(X4) & Hog(X4) ® Ry, and by the splitting, one may naturally regard Ly, T+
as End(Hgg 7(X4))-valued functions. It follows that:

L. (y,2) € End(Hep 7(X+)) ®ry (Oue @ R)[z ly1, -+ yr1],
YT(y,2) € End(Heg (X+)) @rp (Ouz @ Br)[2lly1s -yl
Comparing with , we obtain
(5.20) L (74 (9),2) gy €™ "L (y,2)
The mirror map 74 (y) is given by 74 (y) = o4 + 74+ (y) with 74 (y) determined by:
Li(y,2) "1 =1+7(y)z 7 +0(z7).

We have 74 (0) = 0 and 74 (y) € Heg 7(X+) ® (Oue @ Rr)[y1, - .., yr—1]. The first column of (5.19)
gives I (y,z) = zL(7(y),2)|g=1Y§, where T is the first column of Y. (Here we assume that
the first column corresponds to the basis vector ¢g1 = 1 and the differential operator PJ 1 =1)

Remark 5.24. Equation ([5.20) is an equality in the ring:
End(Heg r(X+)) ®r, Rrllogys,...,logy, ][z ]Iy].
Note that the substitution 7 = 74 (y) in L4 |g=1 makes sense: see

By equation “5.20 ), L+ (y, z) determines the quantum connection pulled-back by the mirror map
74(y). Set 7iVT =d+ 27*A™(y). The connection 1-form AT (y) is computed by:

A*(y) i= —2d(Ly(y, 2)e 7+ )eT Ly (y, 2) !

= —2(dLiy (y, 2))Ly (v, 2) ' + Ly (y, 2)(doy )Ly (y, 2)
where the term do gives a logarithmic singularity (see equation [5.10)):

& + dyi diL‘j
doy = E9+(pi )— — Z A
i=1 Yi jESL J

Thus the connection form A*(y) is a global 1-form on Mv+ satisfying the properties in Theorem

b.I14l
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Remark 5.25. Note that A*(y) is independent of z: in the formal neighbourhood of Py = {y; =
- =y, = 0} this follows from the fact that d+ 2z~ AT (y) is the pulled-back quantum connection,
and this is true everywhere by analytic continuation.

Finally we see that E* corresponds to €. Choose a homogeneous Rr-basis {¢;} of Hg 7(X4)
such that ¢p = 1 and ¢; = O(p;") for 1 < i < £ and write 74 (y) for the ith component of 7 (y)
with respect to this basis. One needs to check that E*7¢(y) = (1 — 1 deg¢:)7i(y) + p’, where
p= Zz‘]\io p'¢i. The homogeneity of L_T_l shows that 74 (y) is homogeneous of (real) degree two:

this implies that ET7% (y) = (1 — 5 deg ¢;)7 (y). The rest is a straightforward computation. This
completes the proof of Theorem [5.14

Remark 5.26. For the existence of a global quantum connection in Theorem and other main
results in this paper, we do not need Assumption Let us write Mf_ for M to emphasize
the dependence on the extension data S. Then one has:

Scs — MM
Suppose that an S-extended stacky fan does not satisfy Assumption [5.20f By taking a bigger
S’ D S, we can achieve Assumptlonand construct a global quantum connection on MS Then
we obtain a global quantum connection on ./\/lS by restriction. In this way, the global quantum
connections form a projective system over all extension data S. Assumption ensures that FT
is generated by a section Tar and its covariant derivatives. For the convenience of discussion, we

will sometimes use Assumption in the rest of the paper, but this does not affect the final
conclusion.

6. THE CREPANT RESOLUTION CONJECTURE

We now come to the main result in this paper. In Theorem[5.14] we constructed a global quantum
connection (FT, V*t ET) for X, on Mvi, where M2 is an open subset of the universal cover M.
of (ﬁ+ \ {y¢ = ¢})/pp. By applying Theorem to X_ rather than X, we obtain a global
quantum connection (F~, V™~ E7) for X_ on Mv‘l, where M° is an open subset of the universal
cover M_ of (U_\ {y® = ¢})/m4. We now show that these two global quantum connections are
gauge-equivalent on a common covering M: the universal cover of Mreg \ {y*=0,¢c,00}.

/\

reg\{y =0, COO}
T

U\ {y* = c})/uB (U— \ {y =c})/1a

Moreover, we show that the analytic continuation of flat sections is induced by a Fourier—-Mukai
transformation FM: K(X_) — K%(X) through the equivariant integral structure in §3.1 We
establish the gauge-equivalence of the two global quantum connections in several steps, beginning
in by expressing the gauge transformation involved as a linear sympletomorphism U between
the Givental spaces for X, and X_. In §6.2] we use the Mellin-Barnes method to analytically
continue the I-function I, deducing from this a formula for U. In we construct a Fourier—
Mukai transformation FM: K9(X_) — K9(X) associated to the toric birational transformation
X4 --» X_. Finally in §6.4] and we complete the proof of gauge-equivalence, and of the
Crepant Resolution Conjecture in the toric case, by showing that the symplectic transformation U
coincides, via the equivariant integral structure, with the Fourier—Mukai transformation FM.

6.1. The Global Quantum Connections are Gauge-Equivalent. Let Uy denote the under-
lying topological space of Mi The space Uy is the universal cover of {y, € C: yp’” “ ¢} and U
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pr
T

is the universal cover of {y, € C : y (=e) # ¢!}, The underlying topological space of M is the
universal cover U of Creg \ {y® =0, ¢,00}. We have natural maps 74 : U — Uy and set

U =r U NrZtU) cU

M° := M|y
where U$ C Uy is the open dense subset from Theorem Note that U \ U° is a discrete set.
Since we use Py € Creg as base points of the universal covers Uy, we need to specify a path from
Py to P_ in Creg \ {y® = ¢} in order to identify the maps U — U+ between universal covers. We

consider a path in the log(y®)-plane starting from log(y®) = —oo and ending at log(y¢) = oo such
that it avoids log(c) + 2wiZ. We use a path 7 as in Figure [l passing through the interval

(log |e| + mi(w — 1),1og |¢| + mi(w + 1))
in the log(y®)-plane, where w := —1 — Zj:Dj~e<0(Dj ce)=—-1+ ZjZD]"8>O(Dj -e).

R(logy®) = log|¢|

.

éwi(w +1)

FIGURE 1. The path v of analytic continuation on the log(y®)-plane

Theorem 6.1. Let H(X1) = Heg 7(X1) @Ry Rp((271) denote Givental’s symplectic vector space
for Xo (see §2.5) without Novikov variables, i.e. with Q specialized to 1. There exists a degree-
preservz'nﬂ Rr((z71)-linear symplectic transformation U: H(X_) — H(X 1) such that:

(1) I4(y,2z) = Ul_(y, 2) after analytic continuation in y¢ along the path -y in Figure '

(2) Uo(g*vU) = (gt vU)oU for allv € H2(Xy), where g1+ : X+ — X is the common blow-down

appearing in the diagram (|1.3));
(3) there exists a Fourier—Mukai transformation FM: KX(X_) — K%(X) such that the fol-
lowing diagram commutes:

K9(X_) == K9(X4)
(6.1) T i l\fq
H(X_) —=H(X,)
where the vertical map Uy : K%(X1) — H(X<) is the map
o (B) =212 (Pxa v (271) "% inv* ch(E))
taking valueﬁ i the “multi-valued Givental space”:
H(X+) = Hep 7 (X+) ©@ry Rrllog2)(=~/%)
Here k € N is an integer such that all the eigenvalues of ku™, ku~ are integers.

Theorem will be proved in §6.2] and The Fourier-Mukai kernel will be described in

q

it is given by a toric common blow-up X of X..

12\We use the usual grading on Heg r(X+), Rt = Hy(pt) and set degz = 2.
By, Corollary
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Notation 6.2. In Theorem pt = (TXy) € HA(Xy), u* is the grading operator (2.4) on
Hep 7(X+) and degg: Hy*(IX1) — Hp*(1X4) is the degree operator as in

Theorem 6.3. Let (F*, VE E*) be the global quantum connections for X+ over .//\Zoi(RT[z]) from
Theorem . We have that EY = E~ on M(Ryr). There exists a gauge transformation

© € Hom (H(.]R,T(X—)a H(.:R,T(XJr)) @Ry (Oue @ Rr)[2]ly1, - -+ Yr—1]

over M°(Rr|z]) such that:

e V™ and V' are gauge-equivalent via ©, i.e. VI 0O =0 oV~ ;

e O is homogeneous of degree zero, i.e. Grt o® = © o Gr~ with Gr™ := z% +E* 4 pF;

e O preserves the orbifold Poincaré pairing, i.e. (©(y, —z)a, O(y, 2)8) = («, 5).
Moreover, the analytic continuation of the K-theoretic flat sections in Deﬁnition (with Novikov
variables Q) set to be one, see 1s induced by the Fourier—Mukai transformation:

O(s(B)(-(y), 2)) = s(FM(E)) (7 (y), 2) for all € K§(X-)
where T+ are the mirror maps in Theorem [5.14).

Remark 6.4. The symplectic transformation U in Theorem [6.1] and the gauge transformation ©
in Theorem are related by

(6.2) Li(ri(y),2) 0@ =UoL_(r_(y),2)""

where L.y is the fundamental solution for the quantum connection of X4 in Proposmon 2.4l The
gauge transformation © sends the section T, € F~ to the section T+ € F™, where T are as in
Theorem [5.14

Remark 6.5. Theorems and can be interpreted as the statement that the symplectic
transformation U matches up the Givental cones L4 associated to X+ after analytic continuation
of Li:

(6.3) U(—2)L_ = L.
In fact, Remark suggests that we may analytically continue the Lagrangian cones by the
formula:

Ly“=" | 2La(re(y), —2) " Hi(X2)

yG/\A/l/O

and then equation would imply . As discussed in the Introduction, to avoid subtleties
in defining the analytic continuation of Givental cones in the equivariant setting, in this paper we
state our results in terms of analytic continuation of the I-function (Theorem or in terms of
the equivariant quantum connection and gauge transformations (Theorem [6.3)).

Remark 6.6. Theorem [6.3] implies that the global quantum connections of X, and X_ can be
glued together to give a flat connection over M°. This flat connection descends to the formal
neighbourhood M of C in the secondary toric variety M via Galois symmetry as in Remark |5
This global connection, or D-module, on M can be described by explicit GKZ-type dlfferentlal
equations: it is a completed version of Borisov—Horja’s better-behaved GKZ systemﬁ [14]. In the
papers [511[71], the toric quantum connection is described in terms of GKZ-type differential equa-
tions through mirror symmetry. The I-functions I1(q, z) are local solutions to these differential
equations around the large radius limit points.

Proof that Theorem [6.1] implies Theorem [6.3 One can easily check that the change of variables
(5.8) preserves degree, and that ET = E~. By Theorem we have

(6.4) Ii(y,z) = Ul(y, 2)
HThe better-behaved GKZ system is in general generated by several elements. In our case, by adding enough

extended vectors that Assumption [5.20] is satisfied, we can make it generated by a single standard generator 1, and
in this case the better-behaved GKZ system is the same as the original GKZ system [41].
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under analytic continuation along the path . The discussion in §5.5| (see Lemma equa-
tion and equation |5.19)) yields:
|

(65) e Z_l‘P;_'I'i‘ R €a+/zL+(Y7 Z)_1T+(y, Z)

N2

Similarly, the discussion in applied to X_ yields a global section Y of F~ and a (global)
fundamental solution L_(y, z)e~7~/# for V™ = d 4 z~'A~(y) such that:

2T (y,2) = €7 Loy, 2) T G (v, 2)
Applying the differential operators P;“ ; to 2711 _(y,2), we obtain

(6.6) e 2 WPLL | = FL(y, ) | PHEVO)Y,
| |

where P]Z'r ,(V ™) is obtained from Pj; by replacing z0, with 2V for vector fields v. Let T
denote the matrix with column vectors PJZ" ;(2V7)Y . Comparing (6.5) with and using (6.4]),

we obtain B
e+ Ly (y,2) Tt = Ue?/*L_(y,2) "' T~
since U is independent of the base variables y. In particular, it follows that Y is invertible. Setting

© =TT (Y")"!, we obtain:
(6.7) (€U+/ZL+(y, z)_1> O(y,z)=U (e"*/zL_(y, z)_l) .

Since e7%/ ZLll are fundamental solutions for V¥, © gives a gauge transformation between ¥V~
and VT, ie. ©o V™ = V7T 00. One may assume that the first columns of T+ and T- are given
respectively by Y& and Y, and therefore ©(Yy) = Y.

Next we see that © preserves the grading and the pairing. Part (2) in Theorem implies that
Uof_(p;)=04(p;)oUfori=1,...,r— 1, since p; = p; lies on the wall W for 1 <i <r — 1.
Therefore

e 0+/7 o U o e7—/% — =0+ (P logyr/z o 7 o 0~ (Tii Pi log¥i—312) p; logy:)/=

— o0+ (P logyr/z o 7 o - (P ) logys /2
where we used Y.\, p; logy; = Y_I_, p; logy;. This together with (6.7)) implies that:
Li(y,z) 'O(y,2) = (e*9+(pi)logyr/z oUo 69—(pi)logyr/2) L_(y,z)"}

Since degy, = 0, we know that all of the factors in this equation except for © are homogeneous
of degree zero; thus © is also homogeneous of degree zero. The fundamental solutions e+/ ZLf
preserve the pairing by Proposition (we saw in that they coincide with the fundamental
solutions from Proposition via the mirror maps 7+) and U also preserves the pairing. Thus ©
preserves the pairing.

Finally we consider the analytic continuation of K-theoretic flat sections. Note that the flat
section s(E)(7_(y), z) is analytically continued along M?° by the right-hand side of the formula

S(E)((9).2) = G -0 e T T ()

(2w
where W_ is the map in Theorem Using (6.7)), we obtain:
1 ~
- —04/z
O(E)(7- ) = Gy L 2)e 77U (V-(8)
Part (3) of Theorem [6.1| shows that this is equal to s(FM(E))(74(y), z). O

6.2. Mellin—Barnes Analytic Continuation. In this section, we compute the analytic contin-
uation of the I-function and determine the linear transformation U in Theorem
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6.2.1. The H-Function. It will be convenient to introduce another cohomology-valued hypergeo-
metric function called the H-function. Noting that the I-function can be written in terms of ratios
of I'-functions:

d m u;
y (4%~ (-D;-d) | 11y
Li(y,2) = 27+ LA =
dg:& 2(D1+++Dp)-d 31;[1 I'(1+% +Dj-d) 2H=d

we set:

1
)im e 3oy H T(1+ o4 + D; - d) L

deKy 7j=1
and similarly for H_. Formally speaking, H; belongs to the space:

H (HE(IX)[logyi, ... logy:]ly1,---,ye])
P

Noting that the T-equivariant Gamma class of X is given by

Tx, = B ([]ra+u—(D;-H)) 1y

f€K+/L j=1

we obtain the relationship between the H-function and the I-function:

cg(A) dimX ~ degg de,
(6.8) 2 L (y,2) =2 3m 3 et (I‘X+ (27i) =" inv H( gyy))
where p™, ut, deg, are as in Notation |6.2] and
_degy _degyy _ degyr
272 y=(2 "2 y1,...,2 2 Yy

The relationship between H_ and I_ is similar.

Remark 6.7. The H-function H has an analytic properties analogous to those of the I-function
stated in Lemma Namely e=?+/C™)H, (y) is a formal power series in yi,...,y,_1 with
coefficients of the form Zz']io fi(A\,yr)¢i where {¢;} is an Rp-basis of HY.(IX ) and fi(\,y,) is
analytic in (A1,...,Ar,yr) € C™ x U;. Note that the H-function has better analytic behaviour
with respect to A. The analytic continuation of H-functions performed below should be understood
as analytic continuation of the coefficient functions f;(\,yy).

6.2.2. Restriction of the H-Function to T-Fized Points. Recall that the T-fixed points on X, are
indexed by minimal anticones § € Ay, and that the T-fixed points on the inertia stack IX are
indexed by pairs (6, f) with 0 € A, a minimal anticone and f € K, /L satisfying D; - f € Z for all
i € 0. The minimal anticone § determines a T-fixed point x5 on X and the pair (d, f) determines
a T-fixed point z(s5 ) on the component XJJ: of the inertia stack I.X;. Let i5 and i 5y denote the
inclusion maps xs — Xy and (5 5y — I X respectively. Set u;(d) = iju; € HZ2(pt), noting that
u;j(0) = 0 if and only if j € 6. We have that:

. y
(6.9) i(s.nHe = Z w6
deKy :[d)=f Hj€5F(1 +Dj 'd) ngar(l + 2]751) +Dj- d)

d eQTlriaJr(é)

where o4 (9) := i504. Consider the factor Hje5F(1 +Dj - d)fl in the summand: since d = f
mod L and since D; - f € Z for all j € 0, the term D; - d here is an integer. Thus the factor

Hj65F(1 +Dj - d)_l vanishes unless d € §¥, where
Vi={deL®Q: D, de Zxg for all j € §}.
The H-function is a sum over the subset Kiﬁ of Ky,
K = {feIL@@:{ie {1,2,...,m}:D;- f € Z>o} eA+}

which is in general quite complicated, but the restriction iz‘(s P H, of Hy to a T-fixed point in /X

is a sum over the much simpler set §V.



THE CREPANT TRANSFORMATION CONJECTURE 37

6.2.3. Analytic Continuation of the H-Function. The Localization Theorem in T-equivariant co-
homology [3,8,/47] implies that one can compute the analytic continuation of H; by computing the
analytic continuation of the restriction z'?é’ f)H + to each T-fixed point x5 y) € IX. The restriction
i’(‘& f)H+ is a H3*(pt)-valued function. During the course of analytic continuation, we regard the
equivariant parameters Aq, ..., Ay, as generic complex numbers. There are two cases:
e ) c .A+ NnA_;
ed)c A butd¢g A_.

The anticone § determines a T-fixed point x5 in Xy, and in the first case it also determines a
fixed point in X_. In the first case the birational transformation ¢: X --+ X_ is an isomorphism
in a neighbourhood of zs, and it is clear from that if{s,f)HJr = i?&f)H_, noting that w;(0)
is the same for X, and X_. In the second case z; lies in the flopping locus of ¢, and we will
see that the analytic continuation of i’(*& f)H+ is a linear combination of restrictions i’(%ﬂ f,)H _ for
appropriate 0_ € A_ and f_ € K_. Note that in the second case, ¢ has the form {ji,...,75—1,7+}
with Dj,,...,D;,_, € W andlﬂ Dj, -e >0 (see Lemma .
Definition 6.8. Let 61 € A, and 6_ € A_ be minimal anticones. We say that 6, is next to
d_, written 64|0_, if 4 = {jl, e 7j7"—17j+} and §_ = {jl, e ,jr_l,j_} with Dj,,...,D;._, € W,
Dj, -e>0,and Dj_-e <0. In this case d; ¢ A_ and 6_ ¢ A,.
Definition 6.9. Let (¢, f1) index a T-fixed point on I X} and (J_, f—) index a T-fixed point on
IX_. We say that (0, f1) is next to (6—, f—), written (04, f+)|(d—, f—), if 04|0_ and there exists
a € Q such that f- = fy + aein L® Q/L.

The analytic continuation of i’(:;’ pH+ is a linear combination of i’(‘éﬂ s yH- such that (6, f) is
next to (d_, f-).

Notation 6.10. Fix lifts K; /L — K, and K_/L — K_ such that, for any pairs (dy,d_) €
Ki x K_ with dy —d_ € Qe, the lifts of [dy] and [d_] differ by a rational multiple of e.

Lemma 6.11. Let 04 € Ay and §— € A_ be minimal anticones such that §|5_, and let j_ be the
element of 6_ such that j_ & d,. Then for any j, one has:

D;-e
uj(04) = u;(0-) + Dj] o i (64).

Proof. Write 6_ = {j1,...,jr—1,j—}. Since Dj,,...,Dj ,,D; form a basis of LY ® Q, we can
write:

Dj=c1Dj,+--+cDj._, +c_Dj_
Since Dj,,...,D; _, are on the wall, pairing with e yields:
(6.10) Dj-e=c_(Dj_-e).
Applying the homomorphism 6. from , we obtain
uj — Aj = ci(ug, — Ajy) 4+ A ermr(wy, oy — Ajy) e — Ay)
on both X and X_. Restricting to 25, € Xy and x5_ € X_, we get the two relations:

uj(04) = Xj = —crdjy — - — ey e (uy(dy) — L),

uj(6-) = Aj = —c1dj, — = Graj oy — A
Comparing the two equations, we get u;(d+) = u;j(6—) + c_u;_(04). The conclusion now follows
from equation [6.10) O

Corollary 6.12.
(1) Let 6 be a minimal anticone such that § € AL N A_. Then o4 (§) = o_(9).
(2) Let 4 € Ay, d_ € A_ be minimal anticones such that 61 |0_ and let j_ € d_ be an element
such that j— ¢ 64. Then:

log y*
04+(0+) = 0-(0-) + 5= —uj_(9+)
J

I5Recall that e € L is the primitive lattice vector in W= such that e >0 on Cy and e < 0 on C_.
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Proof.
(1) As we discussed, u;(d) is the same for X, and X_ whenever § € A, N A_. Therefore
30+ (Dj) = i56_(D;) for all j. In particular 50, (p) = if0_(p) for every p € LY ® C.

Setting p=Y"I_, p; logy; = > i_; p; logy;, we obtain (1).
(2) Lemma shows that

. . p-€
(6.11) 3,0, (0) = 15.0-(0) + 7wy (5)
i e
for all p € LY ® C. Setting again p = >_\_, p; logy; = Y.\, p; log¥;, we obtain (2).
O
Theorem 6.13. Let (04, f1) index a T-fized point on IX,. If 61 € Ay NA_ then:
% ek
W pr B = Usp g Hes

Otherwise, after analytic continuation along the path v in Figure[l, we have:

<k . —7f—

iGnente = 2. Colp i -

(0, f-):
(CERY ED1 IR
where:
i (M ©4)
o_g 2 (e D (1)
Senfr €
. i (6+) . 10
sm7r<u]27r;r +D,; -(f+—f7)> 51n7r(%+l)j.f+>
X
. 8 . 1)
(—=Dj_ - e)sin 7D7;__e (u]2751+) +D;_ - (fy — f_)) j:D;e<0 sm7r< JQ(M) +D; - f_>

J#i-
with w := —1 — Zj:Dj-e<0 Dj-e=—-1+ Zj:Dj~e>0 Dj-e and j— € 6_ given by the unique element
such that Dj_ -e < 0.

Remark 6.14. The coefficient Cy _’f ~ does not depend on the choice of lifts f; € K4 and f_ € K_
such that fy — f_ € Qe (see Notatlon 6.10)).
Proof of Theorem[6.13. The first statement follows immediately from and Corollary In

this case, i’(*5+ f+)H+ (respectively i?5+ er)H _) is a formal power series in y1,...,y,—1 (respectively
in yi,...,yr— 1) with coefficients that are polynomials in y, (respectively in y,), and the series
" ) .
ifs, . f+)H+, (51 fr )H_ match under the change (5.8 of co-ordinates. Consider now
7+ (04) d 1
i H, = e 2=t
(04, f) Z y (5
dear: 1L T(1+ S 4 D;-d)
[dl=f+

where 64 € A4 but d; ¢ A_. We can write d € 6Y uniquely as d = dy + ke with k a non-negative
integer, dy € 0Y, and dy —e ¢ 6Y. Then:

S )
(6.12) if5+ oy = Z y* Z (6
dredy: D(1+ "% + Dj - dy +kD; - e)
dy—egsY
[d+]=f

Consider the second sum here. This is:

0 P u; (0
613) S ey S sinm(— 45 — D; - d)

2mi
k=0 j:Dj-e<0

™

ui(d
[Lip, eco T (452 — D; - dy — kD - ¢)

2mi

u; (0.
Hj;Dj-ezor(l + 7( +) + Dj-dy +kDj- 6)
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FI1GURE 2. The contour C'

where we used I'(y)I'(1 — y) = 7/(sinmy). Thus (6.13) is:

> oy (54) ) mis(Dj-€) o; . uj(5.+) _D.-d
(614) S5 Res,k D01 — s)ems(ye) [ sinm(— 5 — Dj-ds)
k=0 §:Dj-e<0 T
(5
Hj:Dj-e<0F(_uj2(7r:r) —Dj-di—sDje) ds
6 .
[1:p,.e>0 I(1+ ujz(m” +Dj-dy+sDj-e)

Consider now the contour integral

u;(64)
o4 (54) iDiecol (— 5 — Dj-dy —sDj-e
+ (04 /F(s)F(l—s) H].DJ <0 ( 2 J O+ J )
C

(6.15) e 2 — (5 ]
[1:p,es0 D(1 + 557 + Dj - dy +sDj - e)

where the contour C, shown in Figure [2] is chosen such that the poles at s = n are on the right of
C and the poles at s = —1 —n and at

(6.16) s = _Di ~ (UJQT(H +) +D;_ -dy — n) for j_ such that D;_-e <0

B—Triwye) s ds

are on the left of C'; here n is a non-negative integer. Note that all poles of the integrand are
simple. By assumption we have that Z =1 D; € W, and hence that Z 1Dj-e=0. Let ¢ € Cbe
the conifold point (5.13). Lemma A 6 in [12] implies that:

e the contour integral (6.15]) is convergent and analytic as a function of y¢ in the domain

{y? : Jarg(y®) —wn| < 7T};
o for |y¢| < |c|, the integral is equal to the sum of residues on the right of C'; and

e for |y¢| > |c|, the integral is equal to minus the sum of residues on the left of C.

The residues at s = —1 — n vanish, where n is a non-negative integer: each such residue contains
a factor

[Ira+D;-(dy — (n+1)e)™

JEO+

and d4 — (n+ 1)e € 6, so at least one of the I-functions is evaluated at a negative integer. After
analytic continuation in y®, therefore, ((6.14) becomes minus the sum of residues at the poles (6.16]).
The residue at the pole

p= —Dl- 'e(UJQﬂ('l = +Dj_-dy — ”)

J—
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is:

i (0+)
o sin +D; -d ) B
(617) —e gf:>(ye)p€Wip(1+Dj7'€) ( 27"1. J + 1 ( 1)"
sinp (—=Dj_-e) nl
emip(D; e)smﬂ( W) 4 p. d+) 0 1
. (o 5
by <o sin (U0 + Dy di +p(Ds ) i T(1+ 2522 + Dy di +p(Ds - 0))
-
This simplifies dramatically. Set n = k(—D;_-e) +1 with 0 <1 < (=Dj_ - e),
Dj_-di—1
d_=d, + 22—+~
++ D, e e
and (5_ = {jlu e 7jr—17j—}, Where 5+ = {jl, e 7j7“-1;j+} Wlth _D‘71 e = = Djr—l e = 0 Note

that D; -d_ =1€ Z>o but D; -(d_+e) <0, and therefore d_ € 6¥ but d_+e ¢ §”. Lemma
implies that:

“M”+D cdy +p(Dj-e) =) L Did —K(D;-e)

27r1 2mi

and thus the residue is:

Tiw uj—(é“F) L. _
(6.18) —e%yd_—ﬂfkeel?j_-e( e ),

sinw(uj’((.s” +Dj_ - (dy — d_))

2mi

(—=Dj_ - e)sin =D, (uj O 4 Dj; - (dy — d_)>

e 2mi

smﬂ'( 2(7u)+D d+) m 1
Xj;plj_Losim( 10 4 p; d)l;‘[ ( ) 4+ Dj-d_ — k(Dj-e)>
i

27r1

where we used p = 7D1 (uJ; (6+) -+ D]_ : (d+ — d,)) — k and Corollary [6.12]

i€ 2mi

Let f_ denote the equivalence class of d_ in K_ /L, noting that (6, f+)|(0—, f—) and that
d+ :f+—f_+N€+d_

for some integer N. (Here we used Notation ) The dependence of (6.18) on N cancels, giving:

o_(5-)
—e 27i y

d_—dy—ke 1 g,,f,
HT:1F<1+“7(5)+D d_ — k(D; )) Hle

2mi

and minus the sum of these residues gives the analytic continuation of (6.14)). After analytic
+.
continuation in y¢ = yp" . therefore, we have that:

o_(6_)

D S S N (e ~Evow o f
K o 5 b
(04:f+) . ot 1+ 2(7I'1)+D d_ — kD, ) I+

(6+vf+)‘( —f- ) d_ +6€5Z
[d-]=f-
Comparing with (6.12]) gives the result. O

6.2.4. Analytic Cogtmuation of the I-Function and the Symplectic Tmnﬁformation U. Set ﬁT =
H2*(pt) and let Sy be the completion of St in Define an Sp-linear transformation
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Up: HY*(IX ) @5, Sr— H3*(IXy) ®p Sr by
" Ls.r

Ug(a) = Z (’L(M)Oé) . m

(8,1):
deALNA_

1
Saof— /. [
+ 2 2. G )
O fr): (O fo): ol
S+ €ALNA_ (6,f)|(0+.14)
where (6, f) and (0, f) index T-fixed points in X, 155 = i(5 )1 and Ngg:= Ty,
Theorem [6.13] can be restated as:

(6.19)

XZ. Then

H, =UygH_
Define the linear transformation U so that the following diagram commutes:

Uy

H$*(IX ) @5 Sr H$*(IX1) @5 Sr
(6'2()) \T/'l l\i/*
Heg r(X-) @y Srllog 2)(=7"/%) —> Heg p(X+) ©r, Srllog 2](=71/%)

~ ~ de,
where the vertical maps are defined by ¥/, () = ZHE P (Ix, U (2#1)% inv*a) and k € N is
as in Theorem The relationship between the H-function and the I-function implies part

(1) of Theorem [6.1
(6.21) I, =UL.

Since the I-function contains neither log z nor non-integral powers of z, it follows that U is in fact
a linear transformation:

U: Hegp(X-) @pp S7(27Y) = Hepr(X+) @pp Sr(271)
Diagram (6.20) gives that U is automatically degree-preserving. We show that U satisfies part (2)
of Theorem Noting that pj =p,,i=1,...,7r =1 are on the wall W, it suffices to show that

04+(p;)oU=Uo6_(p;) for 1 <i<r—1. This follows from equation (6.21)) and the monodromy
properties of the I-functions:

I+’ _ 627Ti9+(P}~_)/ZLL

. 27iy, .
yjrresTly;

— 2mib-(py)/2y

- ’yj —e2miy;
for 1 < j < r — 1. Note that y; — e*™y; corresponds to ¥; — e¢*™1y; under the change of
variables. It remains to show that:

e U is symplectic;
e U is defined over Rr((z71)), i.e. that U admits a non-equivariant limit.

These properties follow from the identification of Uy with the Fourier—Mukai transformation de-
fined in the next section. We will discuss these points in below.

6.3. The Fourier—-Mukai Transform. We now construct a diagram (|1.1]) canonically associated
to the toric birational transformation ¢: X, --+ X_, where X is a toric Deligne-Mumford stack
and f4, f_ are toric blow-ups, and compute the Fourier—-Mukai transformation:

FM: K(X_) = KM(X}) FM = (f1)e(f_)"

In below we will see that this transformation coincides, via the equivariant integral structure
in Definition with the transformation U from §6.2.4] given by analytic continuation.
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6.3.1. The Common Blow-Up of Xy and X_. Recall from that X, and X_ are defined in
terms of an exact sequence:

0 L /L N 0

where the map L. — Z™ is given by (D, ..., D;,). This sequence defines an action of K = (C*)"
on C™, and X4 = [Uw L / K ] for appropriate stability conditions w,, w_ € LY @ R. Let by,..., by,
denote the images of the standard basis elements for Z" under the map 3. Consider now the
action of K x C* on C™*! defined by the exact sequence:

0 L&Z Zme7 s N—0

where the map L. & Z — Z™ @ 7Z is given by (151, ooy Diy1),

D;®0 ifj<m+1land Dj-e<0
Dj=<{Dj®(=Dj-e) ifj<m+1land D;-e>0
01 ifj=m+1

The map 3 is the direct sum of 3 with the map Z — N defined by the element
b1 = Z (Dj ) e)bj
j:Dj'€>0
so the images of the standard basis elements for Z™@7Z under the map f3 are by, . . ., bm+1. Consider
the chambers C, C_, and C in (L & Z)¥ ® R that contain, respectively, the stability conditions
Wy = (wy,1) W_ = (w_,1) and W = (wg, —€)
where wyp is a point in the relative interior of W NCy = W N C_ as in and € is a very small

positive real number. Let X denote the toric Deligne-Mumford stack defined by the stability
condition @.

Lemma 6.15. Recall the notation Ay, Ao, ALK, AM My, My in Lemma . The set of
anticones for the stability conditions W+, @ are given by

Ag, ={IU{m+1}: 1€ Ay}
Ay = {II_I {m+1}:1¢ AghiCk} L {I c Ak . 10 My € Aghin} :
Proof. Straightforward. O

Lemma 6.16. We have the following statements.

(1) The toric Deligne-Mumford stack corresponding to the chamber C~7+ s X4

(2) The toric Deligne—Mumford stack corresponding to the chamber C_is X_.
(3) There is a commutative diagram as in (L.1)) , where:
o f+: X — Xy is a toric blow-up, arising from wall-crossing from the chamber C to

Cy; and
o f : X — X_ is a toric blow-up, arising from wall-crossing from the chamber C to
C_.

Proof. In view of the description of Ag, in Lemma proves (1) and (2). The birational
transformations f; : X --» Xy and f_: X --» X_ determined by the toric wall-crossings are each
morphisms which contract the toric divisor defined by the (m + 1)-st homogeneous co-ordinate.
Indeed, fy is induced by the identity birational map U --+ Uz, , and a point (21, ..., Zm, Zm+1) €
Uz, is equivalent to the point (zlzi,llﬂ, e zmzi;fﬂ, 1) € Uy, x {1} under the action of the C*-
subgroup of K x C* corresponding to e ® 1 € L & Z, where we set [; := max(—D; - e,0) for
1 <4 < m. Therefore f; is induced by a morphism

(6.22) Uy — Uy, (215 Zmy Zm+1) > (zlzi)llﬂ,...,zmzfgﬂ)
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which is equivariant with respect to the group homomorphism (quotient by the C*-subgroup given
by e® 1)

(6.23) ¢ K xC* - K (g, \) = g-A"°

Using Lemma one can easily check that the map (6.22) indeed sends U to U,,, . We obtain

a similar description for f_ by considering the C*-subgroup given by 0 & 1 € L & Z instead of
e® 1. O

Remark 6.17. Torus fixed points on X lying on the exceptional divisor {z,+1 = 0} of fi
correspond to minimal anticones § € Ag such that § € A% and 6 N My € AP, These minimal
anticones take the form 3
6= {j17 s 7jT—17j+7j—}

where Dj,,...,D; _, € W, Dj, -e > 0and D;_-e < 0. The birational morphism f; maps the
corresponding torus fixed point z; € X to the torus fixed point x5, € X4 with

5+ = {j17 s 7j1“*17j+} € A+7 o = {jla s 7j7“717j*} cA_.
Torus fixed points on X lying away from the exceptional divisor {z,+1 = 0} corresponds to
minimal anticones 6 € A of the form 6 = § U {m + 1}, § € AP = A, N A_. The morphisms

f+ are isomorphisms in neighbourhoods of these fixed points, and the torus fixed point z; maps
to the fixed point z5 in X4 or in X_.

Remark 6.18. The stacky fan > for X is obtained from the stacky fans ¥y for X4 by adding
the extra ray by,+1 = Zj;Dj-e>o(Dj -e)b; where

Y. (Dj-ebj= Y (=Dj-e)b;

j:Dj-e>0 j:Dj-e<0

is a minimal linear relation (or circuit) in X, see Remark So our discussion here is a rephrasing
in terms of GIT data of the material in [12} §5].

6.3.2. A Basis for Localized T-Equivariant K -Theory. Recall that T'= (C*)™ acts on X4 through
the diagonal T-action on C™. We consider the T-action on X induced from the inclusion T =
T x {1} C T x C* and the (T x C*)-action on C™"!. Then all the maps in the diagram are
T-equivariant. The T-equivariant K-groups K%(X4), K%(f( ) are modules over K3(pt), which is
the ring Z[T] of regular functions (over Z) on the algebraic torus 7'

The T-invariant divisor {z; = 0} on X,, defined in determines a T-equivariant line bundle
O({z = 0}) on X,,, and we denote the class of this line bundle in T-equivariant K-theory by R;.

For the spaces X, X_, and X we write these classes as
Rf,...,Rt e K%(X\) Ry,...,R, eKXX_) and Ri,...,Rn4 € KXX).
Let us write:

S = (R))™ Sy = (R;)™! and  S;:=R;'

An irreducible K-representation p € Hom(K,C*) =LV defines a line bundle L(p) — X,:

L(p) = U x C/(z,v) ~ (9~ 2,p(g)v), g € K
This line bundle is equipped with the T-linearization [z,v] + [t - z,v], t € T and thus defines a
class in K9(X,). We write L. (p) for the corresponding line bundle on X4 and L_(p) for the
corresponding line bundle on X_. We have
RE =1L (D)@eh

where e* € C[T] stands for the irreducible T-representation given by the ith projection 7' — CX.
In particular we have ¢l (L. (p)) = 6+ (p) for the map 6 in (4.8). Similarly a character (p,n) €
Hom(K x C*,C*) =LY & Z defines a T-equivariant line bundle L(p,n) — X and we have:

Riny1 = L(Dpy1) = L(0,1)
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The classes Ly(p) (respectively the classes L(p,n)) generate the equivariant K-group K (X4)
(respectively K%()?)) over Z[T.

Let 6_ € A_ be a minimal anticone, x5_ be the corresponding T-fixed point on X_, i5_: x5 —
X_ be the inclusion of the fixed point, and Gs_ be the isotropy group of z5_. We have that
r5_ = BGs_, and that iy R; = 1 for ¢ € d_. A basis for K%(X_)7 after inverting non-zero
elements of Z[T1, is given by:

(6.24) {(is_)+0 : 0 an irreducible representation of G5_, 6_ € A_}

We need to specify a T-linearization on (is5_)x0. Choosing a lift ¢ € Hom(K,C*) = LV of each
Gs_-representation g: G5_ — C*, we write any element in (6.24)) in the form:

es_o=L(0) [T 1-5;)
ids_
Then {es_,} is a basis for the localized T-equivariant K-theory of X_. There is an entirely

analogous basis {es, ,} for the localized T-equivariant K-theory of X ;. We will describe the
action of the Fourier-Mukai transform in terms of these bases.

6.3.3. Computing the Fourier—-Mukai Transform. Consider the diagram (1.1) and the associated
Fourier-Mukai transform FM: K%(X_) — K(X). In this section we prove:

Theorem 6.19. If§_ € A_ is a minimal anticone such that 6— € Ay then
FM(es_,0) = €5_0

where on the left-hand side of the equality 6_ is regarded as a minimal anticone for X_ and on the
right-hand side d_ is regarded as a minimal anticone for Xy. If §_ is a minimal anticone in A_
such that 6_ & Ay then FM(es_ ,) is equal to

+
15+

%Z 1 Lyt I a-sH)- [ @-tPesh)

teT jeo_ i1¢5_
Dj-e<0 D;-e>0

where j_ is the unique element of 6_ such that D;_-e < 0,1l = —D;_-e and
T={C-(RF )V :¢em).
Remark 6.20. We have

0 otherwise.

1, [@®H™ if1 divides n;
P —{ :

Thus } > ,c7 f(t) makes sense as an element K9(X,) for a Laurent polynomial f(t) in t. Note
that each summand appearing in the formula for FM(es_ ,) is in fact a Laurent polynomial in ¢,
since the factor 1 — ¢t~! divides 1 — S’;F_ =1-tL

Borisov-Horja have computed how non-equivariant versions of the classes R, change under
pullback [13, Proposition 8.1]. We have parallel results in the equivariant setting.

Proposition 6.21. For p € L, we have:
fZ(L-(p)) = L(p,0) and fi(Ly(p)) = Lip, —p - €)
Let k; == max(D; - €,0) and l; := max(—D; -e,0). Then:
f*R7 = R;Rl | and frRf = R;Rl .

Proof. These statements follows from the description of fu : X — X4 in the proof of Lemma
see (6.22)) and ((6.23]). O

We now analyze the push-forward of classes supported on torus fixed points of X.
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Proposition 6.22. Consider minimal anticones

S:{jh"'?j’r—l?j-l-:j—}efl&) for)?
o+ ={j1, - Jr—1,J+} € Ay for X4
such that {ji,...,5r—1,j+,j-} C {l,...,m}, Dj, e =---=D; ,-e=0,D; -e <0 and
Dj, -e>0. Letiz: BGs — X and is, : BGs, — X denote the inclusions of the corresponding

T-fized points and let f+73: BG5 — BGs, denote the map induced on the fized points.
(1) The map f, ; exhibits BG; as a p-gerbe over BGs, , where | = —D; - e.
(2) We have:
, (is, )* Ly (p)(RT )®@et/t i | divides p- e + n;
5/x\ts *L ) = * =
(f+’5) (ig)"L{p.n) {0 otherwise.
(3) Let g be a Laurent polynomial in m + 1 variables. Then:
(f.5)+(5)* L(p,m)g(Ry, ..., Riny1) = (is, )* ZL+ ywerrg(thRE, . TR )
teT
Proof. The stabilizers G and G5, are given, as subgroups of K x C* and K, by
G; ={(g,\) € K x C*: Dj(g)\"Pi¢ =1for all j € 64, Dj_(g) = 1}
s, =th € K :Dj(h)=1forall j €dy}
where we regard D as a character of K. The homomorphism G — G, is induced by ¢ : (g, A)
h =g-A"°in (6.23). The kernel of the homomorphism is {()\e A) A €y} and we obtain an

exact sequence:

1 Hy GS G5+ 1
Therefore f+,5 exhibits BG; as a u-gerbe over BGs, .
For part (2), notice that (f, ;). maps a Gg-representation to its p-invariant part. The character
(p,n) € Hom(K x C*,C*) induces a p;-character A — AP"**™ via the inclusion p; C G5 C K x C*.
Therefore (f_hg)*(bg)*L(p, n) vanishes if [ does not divide p-e+n. On the other hand, Proposition

6.21| gives (f+)*R3t = fijfﬁfnﬂ and hence, if [ divides p- e + n,
(f15) (s )" L () (R )@/t = (i) L(p, =p - €)(R;_ )P (R 174"

(ZS)*L(pa —p- e)(ém+1)p~e+n = (ZS)*L(pa TL)
Therefore the Projection Formula gives (f, 5)«(i5)*L(p,n) = (is, )" L+(p (Rﬁ)(p'e+”)/l. This
proves (2).

For part (3) it suffices to take g to be a monomial: g(Ry,..., Rmy1) = [[7! R, In this case:
(6.25) L(p,n)g(Ra, ..., Rony1) = L(p+ 318 miDiyn 4 nmyr — Yoy niki) @ e mik
Part (2) can be restated as:

(fy 5)x(i5)"L(p,n) = (i5, )" Z Ly (p)tretm

tGT
Combining this with (6.25]) yields (3). O
Proof of Theorem[6.19. Suppose first that 6_ € AL N A_. Then, as discussed, ¢ gives an isomor-
phism between nelghbourhoods of the fixed points corresponding to §_. Thus FM(es_ @) =e€5_,

Suppose now that §_ € A_ but 6_ ¢ A, so that 6 = {j1,...,jr—1,j-} with D;, e =--- =
Dj,_,-e=0and D;_-e < 0. Proposition [6.21] gives:

(f-)es_o=L(2,0) [T (1 - Sk.1S)
igs_
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where the index 4 in the product satisfies i < m. This restricts to zero at a fixed point x5 € X

unless x5 is in £ (zs_), that is, unless 6 has the form 6_ U {j,} with Dj, -e > 0. The Localization
Theorem in T-equivariant K-theory [34] gives:

L(0,0) [Tigs. (1 - S 1) ]
5

6.26 Ses o= i) (i) | = §
( ) (f-)"es_, Z( 5)+(15) [(I—Sm+l)Hj€5,j7éj+(1_Sj)

where ¢, j < m and the sum runs over §=06_U {J+} such that D;, -e > 0. Restricted to such

~ .
a T-fixed point, S;, becomes trivial, so the numerator in (6.26) contains a factor (iz)*(1 —S,,7;)
that is divisible by (i5)*(1 — Sy, 41). Thus (6.26) depends polynomially on Smi1. Now:

L(0,0) [Tigs. (1 - S 1S ]

el 66_794__5+;§Ra_(26+)*(j!’5)*<15) (1= Sm) [jgs s, (1= 5))

L.(p)t%cT]. 1 — tli—ki g+
= > (is)lis,)" [1253 +(@1 Tigs_( )

—t1 _#igF
5464 15- D (U=t [Tgs jug, (1—957)
where we used part (3) of Proposition This is:

1-st R _
Z (15, )x(i5, )" %Ztefr T - Ly (o)t [jgs (1- t_kJSJJ'F)
+/*\"04 +
PR [Tjgs, (1 =57)

Applying the Localization Theorem again gives the result. Here we need to check that the restric-
tion of

1-57
1 _til ’ H (1 7t_k]S]J'r)
JEo—
to the fixed point corresponding to § € A, N A_ vanishes. If there exists j € 6 with j ¢ _ and
Dj - e <0 then the restriction vanishes since igSj = 1. Otherwise one has 6 \ 0_ C M;. In this
case j_ € ¢ and there exists jo € 6 N M. Thus the restriction contains the factor
+ :
i3 15 (1-— t_Djo'eSj.g)] =i} [(1 - SH)———

011 —¢1
which vanishes. O

6.4. The Fourier—-Mukai Transform Matches With Analytic Continuation. We now show
that the analytic continuation formula in Theorem [6.13|matches with the Fourier—Mukai transform
in Theorem More precisely we show:

Theorem 6.23. Let Uy be the linear transformation in given by the analytic continuation
of H-functions. Then Uy induces a map Ug: HY*(IX_) — HY*(IX) and the following diagram
commutes:

K§(X_) —= Kp(Xy)
(6.27) ghl ghl
H?(IX_) "= H3*(IX)
We start by computing the Chern characters of certain line bundles. It is easy to see that:

ch(Ls(0) = (P emielel=01;
feKy /L

CTl(S;t) _ @ e*Zﬂ'iDj'fefu]' 1f
feky /L
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In view of this, we define
c~h(t) = @ CeZm il T/l gus /llf
feEK, /L
for t = C(Rj_)l/l € T appearing in Theorem |6.19, Here we fix lifts K, /L — K, K_/L — K_ as
in Notation and identify f € K, /L with its lift in K.

Lemma 6.24. Suppose that (0, f+) indezes a T-fixed point on X, that (6—, f—) indexes a T-fized
point on X_, and that (64, f4)|(6—, f-). Let j— € d_ be the unique index such that D; -e < 0

and write | = —D;_ - e. Setting t = eiQ”iDj—'f‘/l(R;)l/l, we have:

5y 1) ch <L+(@)t@'e> =i(5_ s ych(L-(9))

(6.28) - . -
oy f1) B (Sf t” fe) =55y ch(S})

We also have:

(6.29) ifs, g e | Le(@t?e T[T —t7Pesh) | =il ;) ches_o)
j#o- ]
and:
~ | 1-8F 1- 5+
% J— J _ (6—7f—)
(6.30) oy p) R =i 1_5[ T=sheore |~ Clorits)
Djfe;O _

where C’((g;]{;)) are the coefficients appearing in Theorem [6.15.

Proof. This is just a calculation. Recall from Notation that f_ = fi 4+ «ae for some a € Q.
Then D - (fy — f-) = —aDj-eand D;_ - (f+ — f-) = la. The formulae (6.28)) easily follow from

Lemma and (6.11). The formula (6.29) is an easy consequence of (6.28)). To see (6.30)), we
=

calculate, using

1 1— e Wi- (64)—2mi(Dj_-f+) 1 — e—us(04)—2miD;-fy

LHS = -
5=7 1 — e 1 (uj_(64)+2miD;_-(f—Ff-)) ,g 1 — =% (0-)=2miD;f-
J

D]"€<O
u;_ (& U
psinm (U552 4Dy (fe = f)) - sinm (S8 4D 1)
1. x (i (6 . uj;(6—
Poinf (Vg 4 Di (e = S)) g sinm (0 4+ Dy f-)
Dj'€<0

x e—%(l—%)(uj, (04)+27iD;_ '(f+_ff))+2j¢6,,Dj~e<0(%(uj(5*)_uj (04))+miD;-(f-—f1))

where we used the fact that D;_ - f_ € Z. Using Lemma [6.11] again to calculate the exponential

((5; ’]{;)) in Theorem |6.13 O

Proof of Theorem|6.25. We first show that the commutative diagram holds over §T. Then it
follows that Uy has a non-equivariant limit, as FM does. Consider the element es5, € K%(X,)
with § € Ay N A_. Theorem and the definition (6.19)) of Uy show that

h(FM(es,)) = ch(esg) = Upr(ch(es,)).

Consider now e;_, € K%(X_) for 6_ € A_\ A;. It is clear that c~h(]FM(e(5ﬂg)) is supported only
on fixed points x5, ¢, ) € X4 such that 04 |0—. By the definition (6.19) of Uy, it suffices to show
that:

% T o_,f— . v
(6:31) il g (FM(es o) = D C5f, il g ychles o)
f—€eK_/L:
(G116 1)

factor, we arrive at the expression for C
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We may rewrite the result in Theorem [6.19] as

1-87
J ~\10€ —D;-e g+
(6.32) FM(es_ ) -7 Z 1+ 1 H 1_tDjegt Li(0)t° H (1—t S57)

J¢o- J i¢s_
Dj~e<0

We have a one-to-one correspondence between the index of summation f_ in (6.31) and the index
of summation ¢t € 7 in (6.32)) given by

f_ PRI t:672ﬂ'iDj_-f_/l(R;r7)1/l

where j_ € J_ is the unique element satisfying D;_-e < 0 and | = —D;_ - e. Therefore ([6.31)
follows from (/6.32)), (6.29)) and (6.30). The Theorem is proved. 0

6.5. Completing the Proof of Theorem Combining the commutative diagrams
and , we obtain the commutative diagram in Theorem Since the Fourier—-Mukai
transformation FM can be defined non-equivariantly, U also admits a non-equivariant limit. Finally
we show that U is symplectic, i.e. that (U(—z)a, U(z)5) = («, B) for all a, 5. Since FM is induced
by an equivalence of derived categories |34], it preserves the Euler palrmg X(E, F) given in
The proof of Proposition [3.2| shows that the vertical maps T, in preserve the pairing in the
sense that:

(\T/:t(Eﬂz—m*”iza \TI:E<F)> = Xz(Ea F)
The commutative diagram (|6.1)) now shows that U is symplectic. This completes the proof of
Theorem [6.1]

7. Toric COMPLETE INTERSECTIONS

We now turn to the Crepant Transformation Conjecture for toric complete intersections. Con-
sider toric Deligne-Mumford stacks X4 of the form [C™/, K|, where K = (C*)" is a complex
torus, and consider a K-equivalence ¢: X --+ X_ determined by a wall-crossing in the space of
stability conditions w as in We use notation as there, so that L = Hom(C*, K) is the lattice of
cocharacters of K; the space of stability conditions is LV ® R; and the birational map ¢ is induced
by the wall-crossing from a chamber C, C LY ® R to a chamber C_ C L.V ® R, where Cy and C_
are separated by a wall W. Consider characters F1, ..., F; of K such that:

e cach E; liesin WNC, =WnC_;
e for each i, the line bundle Ly, (E;) — X4 corresponding to E; is a pull-back from
(7.1) the coarse moduli space | X4 |[;
e for each 7, the line bundle Lx_(E;) — X_ corresponding to E; is a pull-back from
the coarse moduli space | X_|;

where Ly, (E;) are the line bundles on X associated to the character E; in §6.3.2| Let:

k k
Ey =P Lx. (E) E_ =P Lx (E
=1 =1

Let sy, s— be regular sections of, respectively, the vector bundles £, — X, and EF_ — X_ such
that:

e s, and s_ are compatible via ¢: X --+» X_;

e the zero loci of sy intersect the flopping locus of ¢ transversely;
and let Y, C X,, Y_ C X_ be the complete intersection substacks defined by sy, s_. The
birational transformation ¢ then induces a K-equivalence ¢: Y, --+ Y_. In this section we
establish the Crepant Transformation Conjecture for ¢: Y, --» Y_.
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7.1. The Ambient Part of Quantum Cohomology. Under our standing hypotheses on the
ambient toric stacks X4, the complete intersections Y1 automatically have semi-projective coarse
moduli spaces, and so the (non-equivariant) quantum products on Hap (Y4) are well-defined. Thus
we have a well-defined quantum connection

N
(7.2) V=d+z ") (¢rkr)dr

i=0
where «, is the non-equivariant big quantum product, defined exactly as in . This is a pencil
V of flat connections on the trivial H3p (Y4 )-bundle over an open set in HCR(Yi) here, as in the
equivariant case, z € C* is the pencil variable, 7 € Hay (Y4 ) is the co-ordinate on the base of the
bundle, ¢y, ..., ¢n are a basis for Hoy(Y+), and 79, ..., 7N are the corresponding co-ordinates of
TE HéR(Yi), so that 7 = Zf\i 0 Tigbi. We consider now a similar structure on the ambient part of
H2g(Y4), that is, on:

Hamb<Y:|I) im L; - HEJR(YZE)
where ¢+: Y4 — X4 are the inclusion maps. If 7 € H? , (Y4) then the big quantum product
*7 preserves HY . (Y4) [53, Corollary 2.5], and so (|7.2)) restricts to give a well-defined quantum
connection on the ambient part of Hay(Yy). The restriction of the fundamental solution L4 (7, 2)
for , defined exactly as in , gives a fundamental solution L3™P(r,z2) for the quantum
connection on the ambient part.
There is also an ambient part of K9(Yy), given by K? . (Y3) := im (%, and an ambient K-group

framing (cf. Definition [3.1])

s Ko (Ye) = He(Ye) © Cllog 2] (/) [Q, 7]

given by
1

(27 )dim Y /2
where 1 and p are the grading operator and first Chern class for Y1, k € N is such that the

s(E)(r,2) = Limb(T,Z)Zf“zp (in (27i) e inv ch( ))

eigenvalues of ku are integers, and Fyi is the non-equivariant T-class of Yi. Asin the image
of s is contained in the space of flat sections for the quantum connection on the amblent part of
H¢p (Y1) which are homogeneous of degree zero.

7.2. I-Functions for Toric Complete Intersections. Recall from that the GIT data for

X, determine a cohomology-valued hypergeometric function Iy. The I-function Ix, := I is
a multi-valued function of yi,...,y,, depending analytically on y, and formally on yi,...y,_1,

defined near the large-radius limit point (yi,...,y,) = (0,...,0) in M;e. The GIT data for the
total space of EY (regarded as a non-compact toric stack) is obtained from the GIT data for Xy by

adding extra toric divisors —FE1, ..., —Fj. It is easy to see that the corresponding I-function EY is
also a multi-valued function of yy,...,y,, depending analytically on y, and formally on yy,...y,_1,
which is defined near the same large-radius limit point (yq,... ,yr) = (0,...,0) in M. The

global quantum connections for X and EY were constructed, in using the I-functions I'x,
and [ EY- We now introduce a closely—related I-function, defined in terms of GIT data for X and
the characters E1, ..., Ej, that will allow us to globalize the quantum connection on the ambient
part of Hap (Y4).

With notation as in except with u; now denoting the non-equivariant class Poincaré-dual
to the ith toric divisor and with v; € H*(X;), 1 < j < k, given by the non-equivariant
first Chern class of the line bundle corresponding to the character £, define a Hay (X4 )-valued

hypergeometric series I;?f”;@(a, z,2) € Hg(X+) @ C(27)[Q, 0, 2] by:

(uj + az)
I;?T%(a, x,z) = ze?/* Z e dd H H =(D;-d),a<0\Uj

IeK s —(D;-dya<D,-a(tj T a2)

Ej-d

k
H ’U] + az 1[7d]
j=la=1
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Note that for each d € K and each j € {1,2,...,k}, E;-d is a non-negative integer. (The subscript
‘temp’ here again reflects the fact that this notation for the I-function is only temporary: we are
just about to change notation, by specializing certain parameters.) Under our hypotheses ([7.1)) on
the line bundles Ly, (E;), we have a Mirror Theorem for the toric complete intersection Y+

Theorem 7.1 ([31]). ¢% I;?mg)q (0,2,—2) is an C[Q, o, x]-valued point on Ly, .

We define the I-function Ix, y; to be the function obtained from IE?TI;Q by the specialization

Q=1,0=04:=0.(3_, p; logy;) where 0 is as in (4£.8). Thus:

Ej-d
. [1a: (a)=(D;-d), a<o(tj + az) b
IX+,Y+ (ya ) = z€ Z y H ( ) H H (U] + (LZ) 1[—d]
e, " e @)=(p;-dy,a<p,-a(ws + az 1 ol

where (yi,...,y,) are as in §5.4] Repeatmg the analysis in Lemma shows that Ix, y,, just
like Ix, and I EY is a multi-valued function of yi,...,y, that depends analytically on y, and

formally on yi,...y,_1, defined near the large-radius limit point (yi,...,y,) = (0,...,0) in M\reg.

The arguments in can now be applied verbatim to Iy, := ¢} Ix, y,, and thus we construct

a global version of the quantum connection on the ambient part H?_, (Y, ), defined over the base
./\/13r The analog of Theorem [5.14] holds, with the same proof:

Theorem 7.2. There exist the following data:

e an open subset U+ C U+ such that Py € U and that the complement U \US is a discrete
set; we write ./\/lJr = M+|uo :
a trivial HY  (Yy)-bundle FT over MVO (Cl2)):

F+ = amb(Y+)®OU°[ ][[Y1a---ayr71]]§
a flat connection VT =d+ 27 'A*(y) on F* of the form:

0 J
T(y)=>_ Bily) yl—l—ZC (y)dz;
i=1

JESY
with Bl(y)7 C ( ) < End( amb( +)) ® OZ/[_T_ [[ylv s 7}/7'—1]]7'
a vector field ET on M+, called the Euler vector field, defined by:

1 )
Ef =) o(deg VilYig

i=1

e a mirror map T4: My — H?  (Y)) of the form:
T =04 + Ty T € Hon(Y3) @ O [yr, - yr—1]
Telyi=-=y,=0 =0

such that VT equals the pull-back iV of the (non-equivariant) quantum connection V™ on the
ambient part of Hop (Y1) by 74, that is:

ork( .
Z ng i (Drxr (y) l<i</ty
o7k ( .
Z a—;] ¢k*‘r+(y)) S S—i—

and that the push-forward of EJr by T4 is the (non-equivariant) Euler vector field £ on the ambient
part H? , (Y1). Moreover, there exists a global section Y{ (y,z) of FT such that

Iy, (y, 2) = LA™ (74 (y), 2) 7' TF (v, 2)
where Lj_mb(T, z) is the ambient fundamental solution from §7.1
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Remark 7.3. Here, as in Theorem the Novikov variable ) has been specialized to 1.
Remark 7.4. Entirely parallel results hold for Y_.

7.3. Analytic Continuation of /-Functions. To prove the Crepant Transformation Conjecture
in this context, we need to establish the analog of Theorem To do this, we will compare
the analytic continuation of the I-functions Ix, y, with the analytic continuation of I EY- Let

T = (C*)™ denote the torus acting on X4, and T = (C*)"™* denote the torus acting on EY. The
splitting T = T x (C*)* gives Rz = Rylk1, ..., ki] where kj, 1 < j <k, is the character of (C*)*
given by projection to the jth factor of the product (C*)*. We regard T as acting on X4 via the
given action of T C T and the trivial action of (C*)¥ C T, so that:

ZIT) = Z[T)[e™,. .., e"] and K3(X+) = Kp(X) @gp1 Z[T)
Lemma 7.5. The Fourier—-Mukai transformations
FM: K9(X_) — K°(X,) FM: K°(EY) — K°(EY)

coincide under the natural identification of K°(X1) with K°(EY). The same statement holds
equivariantly.

Proof. Consider the fiber diagram:

EV

EY X EY
PANN
X X,
where the bottom triangle is (1.1)) and the top triangle is the analog of (1.1)) for EY, and apply

the flat base change theorem. O

Let Ugv be the symplectic transformation from Theorem applied to EY. Combining
Lemma [7.5 with Theorem [6.1] gives a commutative diagram:

KY(X ) = K9(Xy)

(7‘3) KO E\/ KO EV
2 M= 2P Ty U(ri) T i ch(—)l lz*w P+ fEiu(mri)dﬂzgl inv* ()
- Uy  ~
H(EY) ——= H(EY)

where py € H %(El) is the T-equivariant first Chern class of EY and p are the T-equivariant
grading operators. Recall that

Tpy = x,D(EY) px = px. +ci (EY)

and that the Chern roots of EY are pulled back from the common blow-down Xg of X4. Part (2)

of Theorem ﬂ thus implies that we can factor out the contributions of I'(EY) and ¢! (EY) from
the vertical maps in ([7.3)), replacing the vertical arrows by:

2 THXE XDy U (2mi) % inv *ch(—)

This proves:
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Lemma 7.6. The transformations Ux: H(X_) — H(Xy) and Ugv: H(EY) — H(EY) coincide
under the natural identifications of H(Xy) with H(EY). In particular, Ugv is independent of
Riy...,Rk-

The I-functions Ix, y, and I gy are relatedﬁ by:
Iy (y)‘ =MDy ()
+ A=0,k=—2
where the subscript on the left-hand side denotes the specialization:

{Ai:O 1<i<m

(7.4) .
kj=—-z 1<j<k

and the 4 on the right-hand side denotes the change of variables:

k r
(75) logy; — logy; — 7i Z li]’ 1<i<r with Ej = Zlmpz
j=1 i=1

The specialization is given by a shift S: x; — x; — 2z in the equivariant parameters followed
by passing to the non-equivariant limit. Note that the change of variables maps y? to
(—1)~er(EL)dyd,

Recall from Theorem that, after analytic continuation, we have I EY = UgvIgv. Since Ugv
is independent of x;, 1 < 7 < k, it follows that Ugv commutes with the shift S. Since the Chern
roots of EV are pulled back from the common blow-down X of X4, it follows that

UE\/ eﬂ'icl(EX)/z _ ewicl(EJvr)/z ME\/

Setting A = 0 and k; = —z in the equality Ipy = Ugvlpv, and replacing H(EY) and Ugv with
their non-equivariant limits
H(EY) == Heg(EY) @ C(=71) and Upv: H(EY) = H(EY)
we find that
Ix, y, =Upvix_y_
after analytic continuation. Thus:
Ix, v, =UxIx_y_
after analytic continuation.

7.4. Compatibility of Fourier—-Mukai Transformations. For the analogue of part (3) of
Theorem we need to compare the Fourier—-Mukai transformation associated to X, --+ X_
with the Fourier-Mukai transformation associated to Y; --+ Y_. This is a base change question
(cf. Lemma , but this time we do not have flatness. By assumption, we have:

where the vertical maps are inclusions, the bottom triangle is (1.1)) and the top triangle is the
analog of ([1.1)) for Y. The substacks Y is defined by the vanishing of a section §: X — F, where
FE — X is the direct sum of line bundles

16Ap analogous relationship holds between Ix_y_ and I EY-
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The line bundles E_, E, and E are all canonically identified via f* and f}, since they are all
pulled back from the common blow-down X of X+. The section s coincides both with the pullback
of the section sy via f; and with the pullback of the section s_ via f_. Since the zero loci of
s+ are assumed to intersect the flopping locus transversely, § is a regular section of E and the
substack Y C X is smooth.

Lemma 7.7. The following diagram commutes:

KO(X ) —~ K%(X,)

(77) L’:l le_
KO(Y—>amb % KO(Y+)amb

where the top horizontal arrow is the Fourier—Mukai transformation (f4)«(f-)* from (7.6)), and
the bottom horizontal arrow is the Fourier—Mukai transformation (F).(F-)* from (7.6).

Proof. The pullback along f of the Koszul resolution of Oy, in X, gives the Koszul resolution

of Og in X. This implies that, in the right-hand square in ([7.6]), X and Y, are Tor-independent
over X4 [73, Tag 08IA]. Tor-independent base-change |73, Tag 08IB] now implies that:

(Fi)wol™ =1 o (f4)
Since F* o* = "o f* it follows that
()" (f)(f=)" = (F ) (F2) (0= )
which is the result. O

Remark 7.8. This argument in fact proves that the analog of diagram ([7.7)) for derived categories
is commutative, but we only need the statement at the level of K-theory.

7.5. Completing the Proof. Denote by Ux the transformation from the non-equivariant version
of Theorem [6.1| applied to X4. This is a map Ux: H(X_) — H(X;) between the non-equivariant
Givental spaces for X:

H(Xy) == Hop(Xe) ® C((271)
Let us remark again that the Chern roots of E4 are pulled back from the common blow-down X
of X4 ; the second part of Theorem therefore gives:

(7.8) UxT(E-) =T(E)Ux
The results from and §7.4) combine to give a commutative diagram:
KX ) = K%(X,)
4
A \ Uy
H(X-) H(X4)
Ko(Yf)amb i KO(YJr)amb
Il o
7’:l(YL)al‘ﬂb > ﬁ(Y+)amb

where ﬁ(Yi)amb is the ambient part of the multi-valued Givental space:

(7.9) H(YeJamb = Hapy (Ya) @ Cllog 2)(=~/%)
with k as in the statement of Theorem [6.1] and:
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e the top diagonal maps are the K-theory framing maps from Definition but with T' X4
replaced by fXqui = fXjEIA“(EjE)*1
e the bottom diagonal maps are the ambient K-group framing maps from §7.1]
Here:
e the top face is commutative, by Theorem and ;
e the back face is commutative, by Lemma [7.7}
e the sides are commutative, by the definition of the framing maps;
and we want to define the dotted arrow so that all faces commute. Define Uy : H(Y_ )amp —

??[(YJr)amb to be the unique map such that the bottom face commutes. Chasing diagrams shows
that the front face commutes also. Since Iy, y, = Ux/Ix_y_ after analytic continuation and since
Iy, = iIx, y,, we conclude that Iy, = Uyly_after analytic continuation.

Theorem 7.9. Consider the ambient part of the (non-equivariant) Givental space for Y1 with the
Nowikov variable Q specialized to 1:

H(Ye)amb = Happp (Y) @ C(271))

Regard H(Y+ )amb as a graded vector space, where we use the age-shifted grading on HY , (Y1) and
set degz = 2. There exists a degree-preserving C((z~1))-linear transformation
Uy : H( )amb - H(YJr)amb
such that:
(1) Iy, (y,2z) = Uyly_(y, 2) after analytic continuation in y° along the path v in Figure '
(2) Uy o(g*vU) = (g5vU)oUy for allv € H*(Xy), where Xg is the common blow-down of X+
and g+: Yy — Xq is the composition of the inclusion 14: Y+ — X4 with the blow-down
XL — YO;
(3) there is a commutative diagram

FM
KO(Y—)amb - KO(Y—i-)amb

| |

~ U ~
H(Y—)amb S > H(Y+)amb

where FM is the Fourier—Mukai transformation given by the top triangle in (7.6)) and the
vertical arrows are the ambient K-group framing defined in §7.1}

If Yy is compact then Uy intertwines the (possibly-degenerate) symplectic pairings on H(Y+)amb-

Proof. Everything has been proved except the statement that, if Y. is compact, then Uy inter-
twines the pairings on H(Yy)amp. But:

(Uy(—z)L’ioz,[Uy(z)Liﬁ)Y = (L:U)(( 2)a, Li[UX(Z)5>

+

z)a, e(E4)Ux (2)8 .

(0
- (UX Jor, Ux (2)e(E-)8)
(o

by Theorem [6.1/2)

0

Remark 7.10. If Y. is compact then the Givental space for Y1 has a well-defined symplectic
pairing, but the restriction of this pairing to the ambient part is non-degenerate if and only if
(ta)s: HY (Y1) = HAR(X+) is injective. This would hold by the Lefschetz Theorem if Ey were
a direct sum of ample line bundles, but in our situation the line bundles are always semi-ample
and the question is more subtle. Injectivity holds when Y. is a regular semiample hypersurface by
a result of Mavlyutov |66, Theorem 5.1].
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Theorem is the analog, for toric complete intersections, of Theorem The analog of
Theorem [6.3] also holds:

Theorem 7.11. Let (F*, v+ ,E*) be the global quantum connections for the ambient parts
H?  (Yy) over MSL(Cl2]) from Theorem |7.2. We have that ET = E~ on M. There eists a

a
gauge transformation

Oy € Hom (Hy, (Y-), Hywp (Y+4)) @ Ope[2]ly1s - - - yr—1]

over M°(C[z]) such that:
e V™ and V' are gauge-equivalent via Oy, i.e. VT 0Oy = Oy o V™ ;
e Oy is homogeneous of degree zero, i.e. Grt 0®y = Oy o Gr~ with Grt := za +E* 4+t
e if Yy are compact then Oy preserves the (possibly-degenerate) orbifold Pomcare pairing on
Hamb(yi) i.e. (@Y(Y7 —Z)Oé, @Y(y’ Z)ﬁ) = (avﬁ)'
Moreover, the analytic continuation of flat sections coincides, via the ambient K-group framing
defined in with the Fourier—Mukai transformation:

Oy (5(E>(T_ (y), z>) = 5(FM(E)) (14 (y), 2) for all E € K°(Y_)amb

where T+ are the mirror maps from Theorem 7.4

Theorem follows from Theorem [7.9] exactly as Theorem [6.3] follows from Theorem The
transformation Uy in Theorem and the gauge transformation Oy in Theorem [7.11] are related
by

L3 (7, (y),2) " 0 Oy = U'o L¥h(7_(y), 2)~"
where L4 is the ambient fundamental solution from The gauge transformation Oy sends the
section T, € F~ to the section Tsr € F*, where Toi are as in Theorem
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