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ABSTRACT 

Existing theoretical and experimental investigations on thin 

shallow hyperbolic paraboloid shells are reviewed and discussed. 

The finite element method of analysis has also been. reviewed and in 

particular the use of the triangular elements for the analysis of -, 

the hyperbolic paraboloid shell and the plate problems have been 

investigated. For defining the stiffness matrix for the triangular 

element under the actions of bending forces, a new polynomial function 

has been derived. This function has been used in extensive compu, 

tations covering the plate and the hyperbolic paraboloid shell on 

fixed and simply supported boundary conditions. 

In dealing with the hyperbolic paraboloid shell on flexible 

edge supports, the shell type of actions, where the membrane stresses 

are assumed present, has failed to predict the behaviour of the 

shell under the actions of lateral loading. Accordingly the shell 

analysis has been modified to exclude the membrane effect, retain-

ing only the plate type of actions, This modification has been 

called the Curved Plate Theory. This theory has been found to 

predict the behaviour of the shell on flexible edge support. 

Accounts are also given of two experiments carried cut on a 

timber shell and a vybak models. Certain design faults have been 

pointed out in the experiment on the timber model which makes it 

difficult to give an adequate interpretation to the results of 

the investigation. The experient on the vybak model, confirmed 

that the shell transmits its load by the plate types of actions. 
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CHAPTER 1 

1.1 INTRODUCTION 

In the last decade or two, hyperbolic paraboloid shells have 

gained a considerable amount of prominence among architects in roof 

construction for several reasons. Among these are, ease of con-

struction associated with the straight line generators, aesthetically 

pleasing appearance, economy and the fact that from the design point 

of view, the membrane stresses are very simple to calculate. The 
hyperbolic paraboloid shell is also ideally suited to construction 

using timber laminates as the constructional material because of 

the natural advantages associated with ruled surfaces. Coupled 

with this is the extreme rapidity of construction and the possibility 

of factory produced componenents especially where small spans are 

involved. Figure 1.1 shows the basic units of the hyperbolic 

paraboloid shells with edges defined by the generating lines. Figure 

1.2 shows the various combinations and permutations possible using 

the basic unit shown in figure 1.1b. Thus large areas can be covered 

by repetitive use of the basic unit. 

Constructional problems associated with hyperbolic paraboloid 

shells are now largely solved, but the design procedure is far from 

satisfactory. It is possible to formulate the differential equations 

of equilibrium and compatibility using the shallow shell theory. 

The solution of the equations, taking into account the boundary 

condition; by the classical approach, seems to present some 

difficulties. These arise from the mathematical properties of the 

equation which is essentially hyperbolic in nature. The solution 

also accepts only a limited form of boundary conditions and often 

the boundary conditions have to be made to suit the governing 

equation, a procedure which results in unrealistic boundary conditions. 
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1.2 Geometry and Descriztion of the H7perbolic Paraboloid Shell 

The hyperbolic paraboloid is a txuely curved surface and comes 

mathematically into the general classification of ruled surfaces. 

Further subdivision within the general class is possible depending 

on the form of the ruling surfaces or generators. The generators 

may be curved P16. 1.1a in which case translational shell have been 

applied or straight fig. 1.1b when ruled surfaces are applied. These 

distinctions are however superficial. Physically, both surfaces are 

translational as well as ruled. If we consider a part of the surface 

bounded by the straight lines AB and CD of one set of generators 

fig. 1.1a and AC and BD of the other set, then the surface is 

developed if a straight line traverses one set but is kept parallel 

to the other set. On the other hand, the surface can be considered 

translational. For this purpose, we must realise that all planes 

parallel to the plane of symmetry are parabolae of opposite curvatures. 

The surface might therefore be conceived as that of the translation 

of one curve on the other. Moreover the curvatures of the parabolae 

being of opposite signs, the product of the curvatures known as 

the Gaussian curvature is negative, and as such, the hyperbolic 

paraboloid is part of the family of shells known as the shells of 

negative Gaussian curvature, For the purpose of this thesis, the 

above classification is adhered to and only hyperbolic paraboloids 

defined by straight line generators are treated. 

If we denote by e the angle between the plane of symmetry and the 
coordinate axis ox  say, then the general equation of the hyperbolic 

paraboloid of the ruled surface type is given by 

	

kxy Sin2e 	 1.1 

where 	k 1/4' rir; 
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and 	rl, r2  are radii of curvature of the parabolae. 

In the special case when e = 450, Ox and Oy are orthogonal, the 

intersecting curves are rectangular and the surface is then called 

a rectangular hyperboloic paraboloid. This is the conventional 

shape usually adopted in roof constructions. 

If a parallelosram is described on two opposite generators for 

example AB and AC, fig. 1.1b, the fourth corner of the parallelogram 

being E, the line DE runs parallel to the axis Oz. The length DE 

is termed the linear distortion (v) of the hypar surface ABCD. If 

the projected area of the shell is q on a plane perpendicular to the 

axis Oz, then the ratio v/4 is termed the specific distortion, and 

is equal to the quantity (k) in equation 1.1. This is the practical 

way of calculating (k). The rise of the shell is defined as the 

arithmetic mean of the difference of the heights of the low and 

high corner 

1,3 Review of Existing Theories  

1.,.3.1 Membrane Theor1 

In practice the design of hyperbolic paraboloid shell has been 

based on the general assumption of a momentless state of stress in 

the shell. In this assumption only the inplane stresses are taken 

into considerationq The theory has therefore been appropriately 

termed the membrane theory. The governing equations are essentially 

those derived by Purcher(1931)for shells of arbitrary geometry. In 

his derivation, the static equilibrium of the projection of the 

shell on a plane normal to the axial plane is considered, and the 

resulting differential equation for hyperbolic paraboloid Shell 

results in the particularly simple expression 
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- 	= L 	 1.2 
kd xcy  

where 0 is the Airy stress function with the usual meaning 
the theory of elasticity and 

L = -Z 	+ Yx 	 1.3 
k k 

gives the load function. 

Exact solutions of equation 1.2 have been derived by Tester(1948) 

and Reissner has generalised one of Tester's formulae for a 

constant load per unit area of the shell surface, rectangular in 

plan. Practical design methods with tables have been presented by 

Candela 
(196o)

Parme
(t1959)

and Portland Cement Association 11960) 

Equation 1.2, though of a mathematically simple form however 

has some limitations when applied in practice. Reissner0-955) has 

discussed the various limitations of the simple membrane theory 

as applied to hyperbolic paraboloid, and Tottenham(1957)also on the 

same problem concludes that the stress function 0 cannot in general 

be prescribed along all the edges, and therefore recommended that 

the effect of finite displacement should be taken into consideration 

to overcome the defects. We also note that the basic non-linear 

differential equations of equilibrium and compatibility for the 

membrane state are presented in the same publication. Flugge (1960),  

Flugge and Geyling (19511  have also shown in addition that discon-

tinuities are developed in the internal stress system when the shell 

is partially loaded, The displacement consideration reveal further 

limitations of the membrane theory. 

To illustrate briefly the problems encountered in the 

• 
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membrane theory of hyperbolic paraboloid shell, the stress and defor-

mation of the shell under a uniformly distributed load per unit area 

is considered. Setting X = Y = 0, we obtain 

Z' 20=  Zk = 791 	1.4 
;)x./V 	2 	2 

where it has been assumed that Z = -q. 

This equation has a general solution of the form 

= 	q,kxy + f(y) 	g(x) 
2 

The stresses in the shell are then given by 

Nxy 	 lqk cnstant throughout 
;)7",bY 2  the shell 

Nx .;)2fCE1 , arbitrary 

63? 

Ny = ,2f(x)  , arbitrary 
't\.. y2  

In general, the forces Nx, Ny cannot be independently prescribed 

to satisfy the boundary condition. A trivial solution can be obtained 

if we put Nx = Ny = 0. Thus the shell is under a purely shearing 

state of stress. A rough estimate of the load transmission can be 

obtained if the shell is imagined to consist of a system of oablea 

and suspension systems. A half of the load under a uniformly distri-

buted load system can then be assumed to be carried by each system. 

Because all diagonal cross sections are parabolic and are generally 

part of the same parabola, the thrust in each cross-section is the 

same as the tension in the suspension system. The stress distri-

bution in the shell can thus be described as one of tension along 

lines parallel to the low diagonal. The stress distribution thus 

results in shear stresses along the edge of the shell. Thus if 

1.5 

1.6 
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the edges are restrained by shear forces, then the shell should be 

capable of bearing loads. It is thus essential to have edge beams 

around the shell to provide the restraint. 

The edge beam being under shear load, needs to be restrained 

in order to balance these forces. The restraints of the edge beam 

take several forms. The simplest type is the provision of a tie 

rod between the lovdi corners and vertical supports at these corners. 

The more complicated types are buttresses to take the thrust 

resultants from the edge beams. These become heavy for large 

shells or shells with high rise. 

Thus far we have used only the conditions of equilibrium of 

forces to determine the state of stress within the shell. To ensure 

however the conditions of compatibility of strain and displacements, 

we must introduce the displacement components u, v, w. The stress-

strain relation and the strain-displacement relation will enable us 

to determine the displacements. The stress-strain relation has 

been derived by Reissnex (1955) from a consideration of the minimum 

potential energy principle. In the pUblication, he showed that the 

purely membrane stare does not allow the satisfaction of the 

symmetry condition. 

The deformation of the shell comprises a shear deformation Y 

which if we assume the Poissons ratio v to be zero without any loss 

of generality gives 

y = 	 1.7 

Gt 	Etk 

The shear strain is also given by the differential equation 

y 	+3v - Zero 	1.8 

f)3r 3x 



15 

If we equate the two expressions, we find a possible solution in 

the form 

u = 1/2yy 

v 1/2yx 	 1.9 

w = 0 

The shell deforms into a form of rhomboid, with the high corners 

moving out and the low corners moving in. To ensure a membrane 

state of stress therefore, the supporting members at the edge have 

to slide freely with the shell, an arrangement which is difficult 

to achieve in practice. Another mode of deformation is the 

following 

u = v = 0, 	= y/2k. 

The possibility of this mode is present in principle, but in 

general the required displacement of the edge will not occur. 

1.3.2 Bending Theory 

As shown in section 1.31, the purely membrane state of stress 

is not possible as a result of lack of compatibility between shell 

edge and edge beam. Generally the shell would be accompanied by 

bending moment which in general is expected to be maximum towards 

the periphery of the shell. 

The general theory of bending of shell has been in existence 

since the nineteenth century. The work of Aaron and Love are 

significant in this field. However most work in this field for 

doubly curved shells follow the theory developed by Marguere (1938) 

and later by Vlassov (1944). The complete theory yields two non-

linear partial differential equations of the fourth order. No 

direct solution of these equations are known, and there has been 

a general simplification of the equations in order to achieve some 

solution. 
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The general assumptions have in many respects been similar to 

those used for deriving the differential equations for plate in 

bonding. Plane sections are assumed plane before and after bending, 

hence stresses in the plane of the shell can be integrated across 

the thickness to give both the stress resultants and couples. 

Strains are also expressed in terms of the displacement of the 

middle surface, and thus the analysis of shell is reduced to the 

study of the deformation of the middle surface. The foregoing 

apply essentially to thin shells, in which category most shell roof 

structures and allied surfaces belong. 

There are two general forms which the differential equations 

can take depending on the method of achieving the solution which 

the analyst has in mind. The two alternative forms are given below: 

1. Marguere or Vlassov Eauation 

This comprises two partial differential equations expressed 

in terms of the stress function (F) and the transverse displacement 

(w). For shell whose middle surface is given by z = kxyr  the resulting 

expression is 

74F - 2Etk 27T_ = 0 
)0Y 

Diq 4w + 2k :) 2  F = -q 
Y 

where 
	2 2 2 

-4. 	 4) 

ey2 
	and D = Et3/12(1 - v2) 

and q is the uniform distributed load. The stresses and displace-

ments are then in the form 
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Nxx = 

	

).2F 	Nyy 	 2F0  	Nxy = )2F 

	

y2 	x2 
t). • $y 

; 
0 
\ x2 

\ 
1) Y2  

QX = -D :) (c 

().)x 

2 1 - f,•'  
2 2 - 

D 2 

A variation of the Marguere's equation is possible. Thus 

using the Vlassov's stress displacement function 0 defined such 

that the first of equation (1.11) is identically satisfied thus 

w = iT/4(i 	F = 2Etk01 	 1.13 

the second reduces to a single eighth order equation 

4Etk2 04.11  = -q 	1.14 

an equation which reminds of a similar equation in the theory of 

cylindrical shell. 

2.  Flugges Eg-,112.11212.  

By using the stress-strain and the strain-displacement 

relations, in the equilibrium equations, three simultaneous diffe-

rential equations can be obtained in terms of the displacement 

u, v, w. The resulting expressions are 

(1 + p) 4xy + 2u
YY 

 + (1 -0112u 
xx

- 2n(1 - µ)wlx = 0 

(1 + 11)119xy 
	

2n2V1XX -I-  (1  '" il)*9yy 	2n(1  - Ow'y = 0  1.15 

(21w - n2 u, x  - ,o-9y  ) + Mw, 	+ 2n219, 	- n2w 
YYYY 	xxxx)  xxyy 
	= 

where u, v, w are displacements expressed in non-dimensional forms 

Mxx = -D 2w + Of2w 	etc V; .......- 
''' 

1.12 

2w) etc 

 2 dx etc 
2 

0 X / 
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u 	= 11/13 	w = wk 

IT = a/b 	t2/12(1 - 11)c2n 	= -q(1 - 0a2  
Etc 

and the subscripts after the comma indicate differentiation. The 

stresses are also expressed as in equation 1.12 in terms of the 

displacements. Equation 1.15 can be reduced to a single eighth order 

partial differential equation in any of the unknown by suitable 

transformations. The resulting expression is similar in form to 

equation 1.14. 

Equations 1.11 and 1.15 have been employed by various investi-

gators to analyse the hyperbolic paraboloidshell. Flugge and Conrad 

(1959) have used Vlassov's equation by expressing the load as a 

double Fourier series and then following a method similar to 

Ambartsumyan (1947) separated the plate solution from the shell 

solution, thus taking advantage of the rapid convergence of the 

remainder. Flugge and Conrad have also worked out examples of shells 

of possitive and negative Gaussian Curvature under concentrated 

load. They infer, in particular, that the stiffness of the hyper-

bolic paraboloid is roughly equal to that of the flat plate. Levy 

type solutions have been used by Bouma 
(1959)  and Apeland (1961)  

The later derived an influence coefficient method for a shell sup-

ported on two opposite boundaries, thus enabling the actual boundary 

conditions along the other two opposite edges to be applied. By 

ploting the real roots of the characteristic equation against certain 

shell parameters, it is shown that the edge disturbances in hyper-

bolic paraboloid shells are damped at a much slower rate than in 

shells of positive Gaussian Curvature. 



1.3.3 Approximate Solutions 

The set of partial differetial equations 1.11 and 1.15 are to 

be solved in conjuction with the boundary conditions. It is then 

possible using relations given in equation 1.12 to obtain the dis-

placement and stresses in the shell. A complete analytical solution 

of the eighth order partial differential equation cannot be obtained 

except in the case of the shell subject to pure bending - Maunder 

and Reissner (1957).  Much attention has therefore been directed 

towards the approximate solution of the equations, 

The Levy type solution has already been referred to in section 

1.5,2, Some simplified solutions are based on the influence of the 

roots of the characteristic equations resulting from the Levy pro-

cedure. The Levy solution consists of assuming that the stress 

function fl and the load q can be expanded in series of the type 

0 = c-  - 	ef/Yx  Sin yx 
4. 

„t) 
q = A qo 	Sinyy 	 1.16  

4 

where y = nnA 

which when applied to the eighth order differential equation 1.14 

yields the characteristic eauation 

(p2 	) 1\4 - 1 p2 =0 	1.17 

P 
from which 4 real and 4 imaginary roots are obtained - Loof 

p1-2 = ± al  

P3-4 = ± a2 

(1961) Loof 	has presented the roots in a graphical form and showed 

(1961) 

1,18 

P5-8 = ± (a3 
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that the values of a2  arc small and can therefore be neglected. 

He thus arrived at a sixth order equation, requiring three boundary 

conditions on opposite edges and has shown that no generality is 

lost. He also presented a series of approximate formulae on the 

hyperbolic paraboloid shell supported on flexible edges. These 

formulae have been investigated by Batchelor (1963)  who showed that 

results based on these formulae failed to be correlated by experimental 

results. By making assumptions similar to that of Loof, Bleich and 

Salvadori(1959)  have reduced the equation 1.15 to one similar to 

that of a plate supported on an elastic foundation. In a similar 

manner, to Bleich and Saivadori, Vreedenburgh(1958/59)  has reduced 

equation 1.14 to a fourth order one similar to that of the elastically 

supported beam. 

Other approximate methods which have been used may be catego-

rised under the heading of numerical procedures. Among these are 

finite differences, used by Das Gupta ( 1961) and the Variational 

technique using the Kantarovitch and Galerkin procedures. Cheetty 

(1961) has used the Kantarovitch procedure in conjuction with the 

Matrix Progression Technique developed by Tottenham ( 1962). In  

this method, a solution is sought in the form 

0 = T* 4_ fi(X)gi(Y) 	 1.19 

where gi(y) are the assumed functions which satisfy the boundary 

conditions in the y-direction and fi(x) are the functions to be 

determined, The initial set of differential equation is thus reduced 

to the form 

Fi(0) = p 	 1.20 

where Fi is a set of ordinary differential operator and p are the 

external reactions. The Kantarovitch process is now used to minimise 

the residual in the form 

f[Fi(0) - p] gi(y) = 0 	1.21 
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The advantage of the method lies in its flexibility to allow the 

exact boundary conditions to be satisfied and any desired accuracy 

can be obtained by successive use and improvement of the functions 

assumed. 

1.4 Review of Literature on Finite  Element  

The basic idea behind the finite element formulation of 

structural analysis has been known for a long time. The forerunner 

of the finite element analysis was the frame work analogy pioneered 

by Herenikoff (1941).  He conceived a structure as being represented 

by a series of interconnected frame work, whose elastic properties 

are suitably defined to correspond to that of the actual structure. 

The structure can then be solved by conventional analysis like the 

relaxation method and moment distribution. The accuracy of the 

Herenikoff's analogy clearly depends on the success with which 

the elastic properties can be defined. We shall call Herenikoff's 

idealisation as a one-dimensional element idealisation . 

The generalisation of the one dimensional element representation 

into two - and three dimensional idealisation -Tao mad.; 

possible by the advent of the electronic computer. Without this 

the solution is not possible because the number of simultaneous linear 

equations resulting is greater than that the normal conventional 

desk calculating machine can cope with. 

1.4.1 Matrix formulation of the Finite Element TheorI 

Generalisation and unifications of the various structural 

theories have beer the sub,lect of the work of many investigators 

during the last two decades. Attempts have been made to summarise 

the past developments in structural analysis by me.ns of concise 

methematical statements, which are more convenient to write down 
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and also in such an easily processed form for machine computation. 

One such formulation is the matrix algebra approach. 

The most comprehensive contribution has been made by research 

workers in the field of Aeronautical Engineering. This however is 

not surprising, because, they have always been faced with more 

complicated problems, especially as aircrafts become more complex 

and refined and solutions, like the series solution which are all 

embracing,are no longer adequate. Coupled with this, is the fact, 

that the limited use of the early electronic digital computing 

machines were confined mainly to the aircraft industry. The most 

general and most systematic formulation of the structural theory 

must necessarily be attributed to Argyris (1954/55) who expressed 

the various phases of the analysis in a standard sequence of matrix 

operations. Generalisation of the theory to make possible the two 

dimensional element representation of structure is due to Clough 

(1960) who defined a structure as being composed of an assemblage 

of a finite number of finite size elements that are interconnected 

at finite number of joints. It would appear that as a result of 

imposing continuity requirements at only these few joints, the 

flexibility of the idealised structure as compared with the actual 

structure will be excessively increased. However, by restricting 

the internal stresses to a few fundamental patterns that will 

approximate the actual stress distribution, the structure will be 

considerably stiffened. Although there is no rational procedure 

to determine precisely the relative and the resultant effects of 

each of these idealisations, it is natural to expect that the error 

resulting from the latter will diminish when the mesh size is refined. 

How fast that error will be reduced can only be tested by solving 

the given problem using different mesh approximations and observing 

the convergence of the results. 
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1.4.2 Properties of Element 

The successful application of the finite element technique 

depends on the accuracy with which the approximating elements pro-

perties could be defined. Structures differ considerably in shape 

and so do elements, In fact there are infinite element types to 

analyse a given structure. But for shell type of structure which 

is considered in this thesis we are concerned mainly with elements 

which are capable of transmitting both membrane and bending stresses. 

Elements can roughly be categorised into displacement models and 

equilibrium models. Earlier models were based on the parametric 

representation of the displacement field (displacement model) or the 

stress field (equilibrium model). The unknown parameters are iden-

tifiable with either the nodal displacements (translation and rota- 

tion) for the displacement model or the nodal forces (moments and 
aufitit?_yiurn 

shears) for the 41-s-plaeement field. The works of Pian(1964)  and 

Clough (1958) respectively represent some very significant contri-

bution in each field. We merely note here that the series representa-

tion is arbitrary. Theoretically the series must be infinite, but 

in practice it is finite and the way the infinite series is curtailed 

is left to the judgement of the author. The Argyris school have in 

recent publications - Argyris (Sept - Oct 1965) come out with a more 

rational approach towards defining element properties. The approach 

is based on what has appropriately been called the Natural Modes, 

These could be either of stresses or displacement. The significant 

point about using the natural mode approach is that the guess, as 

to which polynomial term to include or exclude from the infinite • 

series, is taken out of the formulation. 

In general an element could be an n-sided polygon having (n) 

nodes, but the general purpose element utilised in plate and shell 
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analysis is restricted to n = 3 - corresponding to the 'triangular ele. 
ment and n = 4 - corresponding to the quadrilateral element. The 
rectangular element which is a special case of the quadrilateral 

element has received a considerable attention than the triangular 

element although it has always been recognised that the triangular 

element has an intrinsic advantage over other elements by virtue of 

the fact that it has a great adaptability to meet the requirements 

of most structure and in particular curved and irregular boundaries. 

The formulation of the stiffness matrix for triangular element and 

rectangular elements under in-plane forces, seems to have been given 

exhansjve treatment in the following refreces: Turner et al (1956), 

Clough (1958). The benaing stiffness formulation however has been 

confined solely to rectangular element (Zienkiewisz (1965) Melosh 
(1961), although recent publication by Clough et al (1964), 

Zienkiewisz (1966) show a trend towards the triangular element 

stiffness formulation. 

1,4.3 Application of Finite Element  to the Analysis of Shell  

Structure 

It appears that the limited use of the finite element analysis 

to shell problem has been confined solely to the analysis of cylin-

drical shells and domes. Adini(1961) has used the triangular element 

to analyse a spherical shell while Zienkiewisz (1964) has used the 

rectangular elements to analyse an arch dam. Apart from these 

examples, the finite element has not found a general acceptance in 

the analysis of shell structure. There is no where in the literature 

where the hyperbolic paraboloid shell has been analysed using the 

finite element technique. 
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1.5 Review of Experimental Work 

A considerable number of tests have been carried out mainly 

in reinforced mortal of hyperbolic paraboloid shells as an aid to 

design. Consequent on the nature of these tests no generalised 

conclusions can be drawn as to the behaviour of the shell in general. 

Much fewer tests have been carried out on Timber shell, and with 

the exception of one or two, all the tests have been carried out as 

aid to design. However some of the tests which have been reported 

have some significance for the problem discussed in this thesis and 

it is proposed to review them here. 

Leicester and Massey (1960) have described'teets on a 1/16 

scaled. polyester resin model of a system of hyperbolic paraboloid 

shells consisting of six petals resting on six supports. They 

indicated the presence of quite large bending moments even in 

regions well removed from the boundaries of the shell. 

conclusion was reached by Flint (1961) and Rowe (1961)  
(1961) reported tests carried out on a brick hyperbolic 

shell supported on straight line generators. The tests 

intended to study the statics of the shell under uniformly distri-

buted leading. The author infered that the shell behaviour 

differed considerably from that predicted by the membrane theory 

and approached that of a plate. Another important conclusion from 

the point of view of this thesis is that the test showed that the 

state of stress was not influenced to a great extent by the change 

in the rigidity of the edge beam. This is in support of the 

observation made in the course of the present investigation. We 

l'owever observe that this is not the view held by Batchelor (1963)  

The most comprehensive't.ests on shell with flexible edges 

The same 

Lanletta 

paraboloid 

were 
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were carried out by Batchelor (1963).  The shell was 844x aftx 3/410 

with a rise of 14m. The corners were all supported and tie rods 

were provided. Arrangements were also made to vary the edge beam 

stiffness. The model was of a reinforced concrete mortar. The 

result of the investigation was very interesting. We observe that 

the extensional or membrane theory failed to predict the behaviour 

of the model, neither could the bending theory. A systematic 

comparison was made between the shell behaviour and that of a plate 

of the same dimension but with fixed and simply supported boundary 

conditions. It was observed that experimental results lie within 

the solution obtained by treating the shell as a clanped or simply 

supported flat plate. The result also showed a great susceptibility 

towards the rigidity of the tie rod. With rigid tie rods, corrella-

tion with clanped plate solution was within 30°/0, whereas with 

flexible tie the behaviour was nearer to the simply supported plate. 

Batchelor concluded that the shell behaved more like a flat plate 

since the deflections in the middle region of the shell was reasonably 

predicted by regarding the structure as a flat plate. 

A few test however have been carried out using fixed boundary 

conditions by C-aetty(1961) Brebbia(1960 . The deflections and the 

stresses were observed to have been reasonably predicted by the 

bending theory of shell. No tests however have been reported on 

hyperpolic paraboloid shell on gable type or the simply supported 

kind of boundary conditions although the possibility always exists 

in theory. 
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1.6 The Elastic Properties and the Analysis of Timber Shells 

The problems of the analysis of Timber Shell by the classical 

approach is necessarily complicated by its elastic properties. 

Timber is a variable material and displays high degree of heteroge-

neity. It may be represented as a cylindrically orthotropic material 

with the principal axes in the axial, radial and circumferential 

directions. When boards are cut from a log, these boards maintain 

the longitudinal axis, but the radial and the tangential directions 

are differently orientated, which condition makes the application 

of the theory of elasticity dubious. Radial and tangential elastic 

properties however are sufficiently similar to enable us to consider 

a piece of board as an orthotropic material, with the principal axes 

along and across the plane of the board. 

Timber shell roofs are made up of layers of boards placed in 

different directions and nailed and or glued together. The number 

of layers and their arrangements in timber shell roofs vary very 

little. Shells with more than four layers are rare, and the orien-

tation angles are normally 45°  and 90°  with the adjacent layers. 

Fortunately the thickness of the layers are invariably equal. 

Because the cross-section of the shell is not homogeneous, the 

application of the theory of elasticity leads to a definition of 

several elastic constants - one set for plane stress or strain and 

the other set for bending. Assumptions in the shell theory also 

lead to coupling terms between extensional forces and bending 

moments. These problems have been discussed at great length by 
(1964) 

Dong 	and Reissner and Staysky 
(1961). 

 The general theory of 

the anisotropic shell have also been presented in the same publica-

tions. Comprehensive tests reported by Knipers and Loof (1962)  
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also show that tests on specimens of shell material do not follow 

the theoretical prediction of the elasticity theory. The use of 

average elastic properties based on experimental analysis is 

envisaged in this thesis. 

1.7 Scope of Research 

1. Investigation into an improved displacement function for 

the triangular finite element in bending. 

2. Investigation of the stress and displacement distribution 

of the hyperbolic paraboloid shell whose edges are 

unsupported by the use of the Finite Element Technique. 

3. Feasibility study of the model of a timber hyperbolic 

paraboloid shell using a table-sized model. 

In cases 1 and 2 comparison are made between experimental results 

and those obtained from known approximate solution. 
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CHA TER 2 

THEORY I 

2.1 GENERAL INTRODUCTION 

The object of a structural analysis, is to be able to evaluate 

the responce of a given structure to changes in its environment. 

The changes may come about as a result of the application of external 

forces, which may be of static or dynamic origin, or displacement, 

as for instance in the sinking of supports or changeednithe thermal 

conditions around the structure. As the changes: occur. the structure 

is displaced to a new equilibrium position with consequent changes 

in the distrubution of stresses throughout the body of the structure. 

The methods available for analysing any structure vary widely and 

depend on the complexity or simplicity of the structure. Basically, 

however, we are attempting in any method to satisfy the following 

two requirements simultaneously namely (a) equilibrium and (b) compa-

tibility. 

By satisfying the equilibrium condition, we are in effect 

establishing a balance between the external and the internal forces 

of the structure. If the statical conditions are insufficient to 

render the problem determinable, then we must corsider in addition 

the question of kinematic or compatibility condition , which is the 

relationship between the displacement of the structure and the inter-

nally developed strains. Two sets of equations expressed by (a) 

forces i.e. the equilibrium relationships and (b) deformations' i.e. 

the compatibility relationships are produced. The link up between 

(a) and (b) is provided by a third relationship which is quite 

distinct from the mechanics of the analysis. This is the relation-

ship between the force and the displacement often identified with 
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the stress-strain relationship for the material of the structure 

and is thus a specific property of the particular structure. These 

three requirements are recognised as normal ingredients in a shell 

analysis program. 

In this thesis one Method of analysis, the Matrix Method of 
as 	at-1.102-8 

analysis,etUn referred to as the Finite Element Method of analysis 

is presented. This Method of analysis has been extensively developed 

and used in analysis Of Structures during the last decade in the 

field of plane stress.and related problems. Extension of the method 

to include the effect of bending as in the problems of plates and 

shells :is of recent origin. This thesis concerns itself with the 

particular application of the method to the analysis of hyperbolic 

paraboloid shells. It will be desirable here, however, to discus 

the general scope and features of the method. 

2.2 Definition of a Structure in the Finite Element Context  

In the matrix algebra approach to structural analysis, a 

structure is defined as an assemblage of finite number of finite 

size elements, which may be of arbitrary size and geometry, each 

element is homogeneous and linearly elastic and the connections to 

each other are specifiable only in terms of some finite number of 

=odes, By finite size element is meant elements which may be imagi-

ned to be mechanically sliced from the given structure. When the 

elements are assembled together in a given structure they must 

satisfy the following conditions: 

(1) Equilibrium: the internally developed forces, which 

appear as equivalent nodal forces must balance the 
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external forces on the nodes. 

(2) Compatibility: the elements must continue to fit together 

in their deformed states under the action of applied loads. 

In practice this is achieved only at the nodal points but 

the theory assumes that the element deformation has been 

described in such a way that connection along the sides of 

the element is achieved. 

Satisfaction of these conditions is generally approximate. 

Customarily, one of these conditions is required explicitly, though 

not necessarily exactly, whereas the other follcws implicity 

according to the mechanics of the particular method being used. In 

the direct stiffness method, continuity of deformation is an explicit 

requirement, whereas the equilibrium requirement is implicit in the 

assembly procedure of the method. 

2.3 Some Fundamental Energy Principles  

The consistent formulation of a structural problem in the finite 

element concept is conveniently based on one of the various energy 

theorems or variational principles. As far as the finite element 

analysis is concerned the most widely used are the principles of 

variations of displacements and the principle of variation of stresses, 

also called the complimentary energy principle. More general princi-

ples exist which in theory allow simultaneous approximations on 

displacements and stresses. (37' 	Since these theorems are so funda-

mental to the finite element analysis, especially in defining the 

bounds to the solution, it is proposed to review here as briefly as 

possible, the most fundamental of the theorems namely the principle 

of the vitual work. In order to present the principle in its most 

generalised form, it is presented in the context of a three-dimen- 
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sional continuum. 

Consider a three-dimensional body in space, whose position is 

fixed with respect to some prescribed axes which in this particular 

case has been chosen as the cartesian system of axes (fig. 2.1). 

The loading, the stresses and the strains are similarly defined in 

that system. For the equilibrium of the body in space we define the 

following force vectors: 

(i) Body forces/unit volume (fig. 24) w given by 

V = (Wx Wy WO 	2.1 

(ii) Surface forces/unit surface area (fig. 2.5) y given by 

	

= yx Ny  cpz1 	2.2 

(iii) Internal stress vector d given by 

d = 	{ dxx dyy CIZZ cxy dyz dzx 	2.3 

where the subscripts in equations 2.1, 2.2 and 2.3 have their 

	

usual meaning in the theory of elasticity 	and are in geheral 

functions of x, y and z. 

For an elemental volume subjected to a variation of stresses 

(fig. 2.2), the equilibrium equations take the form 

cxx + a cxy 	dzx 	= 0 
x 	y 	b z 	etc 	2.4 

equation 2.4 can be written as 

aXX 7/X 
ayy 
aZZ Wy = 

	

cxy 
	2.4a 

Cyz 

	

CIZX 
	"*.z 

which can be represented more compactly as 

Dc 	W = 0 	 2.4b 

where D, is the rectangular matrix of differential operators. 

In matrix notation 
p 	 , 
a
; 	

a_. • a 
d 	b 

a 	a a 
az 	;!i' 
, 
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On the surface:equilibrium relations of the following forms are 

satisfied; 

cpx = oxx Cos(n,x) + Oxy Cos(n,y) + dzx Cos(n,z) 

(Kr = 	 etc 
	2.5 

where Cos(n,c) is the direction cosine between the outward normal 

and the(c)axis. Equation 2.5 can be put in the form of equation 2.4b 

if:we make the substitution 

Cos(n,c) 	 2.5a 
c 

and equation 2.5 then assumes the form 

Dnd = p 	 2.5b 

Thus far in deriving the equilibrium relationships we have 

assumed no deformation of the element of the continuum and therefore 

the equilibrium conditions apply strictly to the undistorted system. 

This is the reason why there is a linear relationship between the 

stress system and the load system. One consequence of this is that 

we can have a superposition of equilibrium states, This is particu-

larly significant in the derivation of element flexil,ility using the 

force method, in that we can build up a complicated stress system by 

combination of simpler equilibrium nodes. 

To describe the deformation of the element we require the follow-

ing vector!..., 

(1W) The strain vector in the body of the element given by.  

= {txx 4yy (zz txy 6yz (zq 	2.6 

(1V) The cartesian displacement components 

ti=tu v w} 	 2.7 

The compatibility condition is then expressed by 

t. Dtµ 	 2.8 

where the super-script indicates that the matrix D is transposed. 
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Again the strains are linear in the displacements and therefore we 

can superimpose compatible deformation states which give rise to 'a 

new state which is also compatible. This is an exteremely useful idea 

when formulating the stiffness matrix of an element from pure kine-

matic arguments. 

2.5,1 Principle of Vitual Work 

If we consider a stress system a which is arbitrary but is in 

equilibrium with w and p, also an arbitrary strain system 6 which is 

kinematically consistent with A, these two systems being independent 

of each other except in the context 	correspondence then the prin-

ciple of vitual work can be expressed by the scalar equation 

fad = figibp dv 	ptu d 	 2.9 

where the integration is carried through the volume v and over the 

surface4 of the element. Equation 2.9 can be derived from equations 

2.4b, 2.5b and 2.8 by the use of Greens transformation (25) 	Equation 

2.9 can be interpreted loosely by saying that the work of the internal 

stresses and the corresponding strains is equal to the work of the 

external forces and.the body forces and the corresponding external 

displacements. It is significant to observe the following: 

(1) a is not necessarily the true system of stress but includes 

this special state. It must be in equilibrium with the 

external force system in other words it must be a stati-

cally equivalent stress system. 

(2) 6  is not necessarily the same as the true strain system 

but includes this special state. It must, however, be 

kinematically consistent with the external displacement. 

In its broad application to structural problems, two corrolaries 

of the principles of vitual work are particularly important. They are 
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the principle ofirirtual forces and the principle of virtual displace-
ment. 

2.32 The Principle of Virtual Ponces 

Equation 2.9 is now cast into the more usuful form suitable for 

engineering application in the form 

	

Sty = Rtr 	 2.10 

where S is the stress resultant replacing & and v is the strain 

vector replacing 	R is the external load vector replacing both w 

and cp, while r represents the external displacement replacing 11. TO 

express the principle of virtual forces, 2.10 now assumes the form 
7§t v = R 

	

tr 	 2.11 

where the bar below v has been dropped to indicate that it is the 

actual compatible strain,R is now arbitrary. If in particular we 

form a statically equivalent system expressed by 

2.12 

and substitute 2.12 in 2.11 we obtain 
Rqtv  = Rtr 	 2.15 

and since R is arbitrary 
r  = btv 	 2.14 

which is the mathematic expression for the unit load theorem. Suppose 

however that S = Se a self equilibriating stress system, 2.11 now 
assumes the form 

Setv = 0 	 2.15 

which is a formal expression of the compatibility condition. Equa-

tions 2.14 and 2.15 form the basis of the force method of analysis. 
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2.3*3 Principle of Virtual Displacement  

If S and R are in the actual system and v and r in the arbitrary 

system equation 2.11 assumes the form 
vt S = rtR 2.16 

which is the formal statement of the principle. If in particular 

from a kinematic analysis we obtain 

v = ar 	 2.17 

and substitute 2.17 in 2.16 we obtain 

rtatS = rtR 

Since rt is arbitrary, we make it unity and thus obtain the unit 

displacement theorem, the resulting expression being given by 

R = atS 	 2.18 

which is the equilibrium relationship established from pure kine-

matic argument. 

2.4 	Matrix Methods in the„_EiLlte Element Analysis 

The methods used in the matrix analysis of structure can be 

classified into two categories namely, (1) The force method or the 

flexibility method and (2) The displacement method or the stiffness 

method. These methods are fairly well established in the analysis 

of frames and one dimensional structure in general. Extension of 

the methods to two and three dimensional problems is made possible 

by matrix notation, which enables groups of displacements or forces to 

be represented by single quantities, and so enables the general formu-

lation of problems in all classes by the same matrix interpretative 

scheme. The flexibility and stiffness methods are interrelated to 

one another since one is the inverse of the other. The distinguish-

ing factor is the order in which we satisfy the equilibrium and the 

compatibility conditions. The general formulation of structural 

problems in the flexibility and stiffness method is now presented in 

the light of the fundamental theorems presented in section 2.3. 



2.4a The General Theory of the Force Method of Analysis  

Equilibrium conditions alone are not sufficient in the general 

case to fix the stress matrix S for a given load R. But we can always 

find stress systemwhich satisfy all the equilibrium conditions, 

such stress system&we define as being statically equivalent to the 

applied loading. Thus based on the undeformed geometry we can always 

write the equilibrium relations in the form 

2.19 

For a statically indeterminate structure, b is indeterminate. But 

if however we assign some redundancies X and form a statically equi-

valent system boR we obtain 

S = boR b,X 	 2.20 

where bo - is a rectangular matrix of constants having m columns;  

whose ith column is a stress system in equilibrium with 

Ri. = 1 

bt  - is a rectangular matrix of constants having n columns, 

the ith column of which is a stress system in equili-

brium with Xi = 1 

X - is the (nxl) vector comprising the magnitudes of the self-

equilibriating stress system more familiarly known in the 

literature as the redundancies. 

Thus in the force methods  equilibrium is first satisfied by assigning 

as many redundants as would make the structure determinate. Vie now 

denote the deformation of the structural members by the vector v and 

displacement of the structure by r. Using the virtual force or the 

complimentary energy principles, the compatibility condition is 

expressed by 

bitv = 0 	 2.21 

The deflection of the structure is now given by 

r = botv 	 2.22 
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If the stress strain law for the structural member is now given 

by a relation of the form 

v = fS + H 	 2.23 

where f is the flexibility of the member and 

H is a column of initial strains due,for instance, 

to self straining induced by incorrect fit, manu- 

facturing error etc. 

Substituting for v given by 2.23 in the compatibility equation 2.21 

we obtain 

bl t[fS + H] = 0 	 2.24  

Now substitute for S from 2.20 we obtain 

b1 t[fboR + fb1 X + H] = 0 	2.25 

Expanding and rearranging equation 2.25 we obtain 

X = 	(b4 tfbi)-1[bI tfboR + b itH] 	2.26  

Substituting for X in equation 2.20 we obtain 

S = boR bi(b, tfbi)-lbt tfboR - bi (bitfb)-  lbitH 
l [bo -b1  (b1  tfot 	lb 1. tfboJR  - bi(bstfbi )-lb!  tH2.27 

bR - bi(b/  tfbiklbg  tH 
where b = [bo - b 1(bitfb4)-Ibi  -fbo] 	 2.28 

The displacement of the structure can now be obtained from 

r = bot[fS + H] 

[botfbo - botfb4 (b1  tfb,)-lbitfbo]R 	2.29 

44- [bot - botfb i(bitfb 1 )-1bIt]H 

. FR + btH 

where 	F = botfbo - botfbl(bitfb,)-111tfbo 	2.30 

F is the flexibility matrix of the structure. 

2,42 The General Theory of the Displacement Method 

A similar argument to the one used in section 2.42 shows that 

in general, for a set of displacements r, kinematic considerations 
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alone are not sufficient to determine the strains in the members of 

a structure. But we can always find a strain system v which is kine-

matically equivalent to r. If the r's are small, then we can find 

linear relations of the form 

v = ar 	 2.31 

Since the strain in the member is now uniquely defined, the stress 

follows from the stress-strain relation given in the general form 

S = kNv + JN 	 2.31 

where kN is the stiffness matrix and JN is the initial stress conju-

gate to the initial strain H given before. If now we apply the 

virtual displacement theorem we obtain 
Sty = Rtr 	 2.32 

Substituting for v from 2.30 in 2.31 we obtain 

Star = Rtr 	 2.33 

and since r is arbitrary 

R = atS 	 2.34 

which is the equilibrium relationship established from pure kinematic 

argument. If now we substitute for S in 2.34 we obtain 

R = at[kNv + JN] 

atkNar + atJN 	 2.35 

Kr + atJN 

where K = atkNa 	 2.36 

K is the stiffness matrix for the structure. 

2.5, Finite Element Analysis in the Displacement Method 

In theory both the flexibility method and the stiffness method 

can be used to analyse any given structure. But for automatic com-

putation, the stiffness matrix approach has proved so far to be more 

convenient than the flexibility approach. The short comings of the 

flexibility approach seems to be the difficulty of teaching the 
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machine to select a suitable redundant system which will result in a 

well condition flexibility matrix. Considerable amount of research 

is going on at present into the topological aspect with a view to 

overcoming this difficulty. Before going into the detailed conside-

ratii of the question of idealisation and the derivation of the 

individual element stiffness matrix it is convenient here to present 

in some details the sequence of matrix operations involved in the 

finite element analysis using the displacement theory. 

For any structural member we seek the relationship between the 

forces (which could be static, dynamic or thermal) and the deforma-

tions of the member. In general a structural member may haye ,n' 

assigned nodes or joints and both forces and displacements associa-

ted with these nodes. No loss of generality is involved if we 

assume that to each joint or node there is associated only one force 

and only one displacement. It is then always possible to establish 

a relationship between the system of forces acting at these joints 

and the corresponding displacements in the form 

where Si is the force acting at joint i 

vi is the displacement in the direction of the force Ri 

kij are the stiffness influence coefficients. 

In matrix form this system of linear equationstakes the form 
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or more consicely as: 

S = [lc] r 2.37c 
An observation of equation 2.37 shows that the geometrical configu-

ration, the stress condition and the elastic properties should all 

be reflected in the stiffness matrix. Also if the material is 

homogeneous, isotropic and linearly elastic, then by Maxwell reci-

procal theorem, the [k] matrix is symmetric about the leading 

diagonal and positive definite. To conform with the finite element 

definition, the numerical value of n must be kept finite. Figure 

2.4 shows two types of triangular elements with their boundary 

stress patterns, namely a triangular plate element subject to plane 

stress, and a triangular plate element subject to flexural stresses. 

The system of joint forces in fig 2.4b will be assumed to represent 

the resultant effect of distributed stress patterns shown in fig 2.4a. 

By utilising suitable theories and techniques, and considering 

the various factors, such as the compatibility of the element with 

each other, it is possible to derive the stiffness relation in 

equation 2.37. Several stiffness matrices have been derived for 

plate elements in bending and we shall return to these later on. 
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A given structure will be idealised as composed of a finite 

number of finite sixed elements. For the gth element of the struc-

ture we obtain a relationship of the forin 

kgg 	g = 1, 2 	 N 	2.38 

where equation 2.38 is the same as 2.37c with the subscript g 

attached. Sy K, V' ax.e as defined before but for the gth  element 

We now define the following vectors: 

S = 

V = 

• • • • • 

VT} 
2.39 

The relationship between the vectors S and V is given by 

S = [1(1 V 	 2.40 

where K is a super diagonal matrix whose diagcnal elements are 

composed of the stiffness matrices of the various elements arranged 

in the same sequence as the Sg and vg occurs in the S, V vectors. 

Its form is given by 

0 

2.41 17 

0 
Kg  

KNi 

If the matrix multiplication of equation 2.40 is carried out we 
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obtain N equations of the form of 2.38 showing that the [K] matrix 

is therunassembled' stiffness matrix for the structure. It is per-

tinent here to remark that the kg's need not be of the same size, 

this is equivalent to formally expressing the fact that a complex 

structure can be imagined to be composed of elements of different 

geometry and elastic properties. 

When the element is a part of a complete structure its deforma-

tionsare in various ways more constrained than when its free. 'lie_ 

disturtion of the element can be related to the actual displacement 

of the joints. This is accomplished by fixing all the nodes in the 

structure and displacing one node at a time. Only members adjacent 

to the displaced joints will be distorted and the components of this 

distortion may thus be determined by mera inspection. Carrying out 

this procedure at all the joints of the structure that will be 

displaced under the action of the external loads and assembling the 

results in one matrix equation will yield the following relationship 
V 	= [a] r 	 2.42 

where r is given by the relation 

r r--- 	r2 	TN} 	2.43 

and r is the displacement of joint i of the structure. 

[a] is a transformation matrix composed of constants relating 

the deformation of the elements Ivl to the structure displacement 

kr). It is a linear transformation which implies that our displace-

ments must be small and the principle of superposition of compatible 

deformation etatf30 applies. 

'The principle of virtual work can now be applied to obtain the 

relationship between the load and deformation of the structure. This 

follows from the fact that we know the strains in our structure 
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expressed by the nodal deformation matrix (V) and these strains are 

compatible with the structure's displacement expressed by the (r) 

vector, The resulting expression is 

VtS = rtR 	 2.44 

But 	V = ar and S Kv 

Substituting for S and V in 2.44 

rtR = rtatKar 	 2.45 

Since this is an identity, we can equate the coefficients of rt on 

each side of the equation to obtain 

R = atK ar 	 2.47 
= Kr 

where K = atKa is the stiffness matrix of the structure 

R is the loading of the structure and its form in consonance 

with r defined by 2,43 is given by 

R = 1)1/1 	Rj 	RN' 	2.48 

where Ri is the loading on the node i. 

Equation 2.47 represents a set of simultaneous equations in N 

unknowns and must be solved to obtain the displacements. In its 

present form it may be singular, if we have included all the degrees 

of freedom including the rigid body freedoms and mechanisms which 

may have resulted from our idealisation. The rigid body freedoms 

and mechanisms must be eliminated, If this is done, the K matrix 

then becomes positive definite and possesses a unique inverse. 

2.5' Direct Assembly of the K Matrix 

It is extremely advantageous to include right from the begin-

ning all possible degrees of freedom in the derivation of the 

stiffness matrix. The matrix [a] will then be seen to contain elements 

which are zero, one or minus one. Because of the similarity of form 

to the Boolean algebra, this matrix has been named the Boolean 
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Matrix [26]. The Boolean matrix operations are simple and will be 

illustrated under the section on computation. 

Let the matrix [a] be partitioned in such a way that the trans-

formation atka is possible, thus [a] takes the form 

a - St e.'  ate. 	ag.... aN 	 2.49 

where N represents the total number of element. The stiffness matrix 

is thus seen to assume the form 

K = 5ag-kgag 	 2.50 

g=1 

the summation being taken over all the elements. 

However a more obvious procedure of assembling the stiffness 

matrix can be obtained as follows. For an individual element, the 

generalised nodal force increment,LS required to maintain a set 

of nodal displacement incrementCr is given by 

6Sg = ke L1r 	 2.51 

Resultant nodal forces increments acting on the complete structure are 

811 = T ivg 	Ke  r 	2,52 
g=1 

where K the stiffness matrix of the complete structure is given by 

the summation 

K = ke 	 2.53 

which provides an alternative basis for the matrix assembly. At 

each joint, the components of the stiffness matrices partaining to 

the elements surrounding the nodes are summed directly to obtain 

the components of the overall stiffness matrix. Since any particu-

lar joint is only attached to a few elements surrounding it, this 

means that the summation is performed over a few elements at a time. 
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26 The Boundary Conditions 

As indicated earlier on, it is extremely advantageous for logical 

and dynamic programming to include ab initio, all the degrees of 

freedom including the rigid body freedom, that may be associated 

with the element and structure. The final stiffness matrix is 

then singular and possesses no inverse since the determinant is zero. 

Both force boundary conditions and displacement boundary conditions 

can be imposed. For the displacement type boundary conditions the 

columns and rows pertaining to the specified boundary displacement 

is colapsed with consequent shrinkage of the stiffness matrix. 

A more systematic approach however introduces the idea of 

partitioning. This is especially useful for solving mixed boundary 

value problems. Forces corresponding to a selected set of displace-

ments are assigned and the remaining displacements are required to 

assume prescribed values. It is then required to determine the 

numerical values of the displacements corresponllng to the prescribed 

forces and vice versa. Elements of the displacement and force vectors 

are rearranged as necessary and partioned thus 

r = fir, xo  
and R = JR Rod.

2.54 
 

The subvectors R and ro  are given and it is required to determine 

Ro  and rt . In conformity with equation 2.54 the stiffness matrix 

K is rearranged and partitioned thus 

K = iMK tt 	K, 	 2,55 

0t K00 
Then the force-deflection equations may be rearranged in the form 

of two matrix equations thus 

R1 = K11711- Clj.to'D 

Ro = Kolrl+ KdOr-cr 0  2.56 
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from which follows by direct elimination and substitution 

= [K 	- [KLI ]-1[Kie]ro 
and Ro  = [Kor][K TiR1 	[Kutl- 	Klo]ro 

	2.57 

We also note the idea of the linear constraint matrix defined by 

[M]r = 0 	 2.58 

where the matrix M is essentially a rectangular matrix which the 

programmer specifies. The number m' of constraints assumed inde-

pendent is equal to the number of rows of [M]. Its formulation is 

extremely simple since the elements are either unity or zero. The 

constraint conditions are to be used in eliminating a set'of 

displacements specified by the analyst. As before we rearrange 

and partition the matrix M in conformity with the first of equation 

2.54, the elements of ro  being selected for elimination. Thus 

we have 

[Mi 	= 0 
	 2.59 

ro) 

or 	M, r,Moro  = 0 
	

2.59a 

Premultiplying the equation by mo-1 
 
we obtain 

ro 	= - Mo  - M r 	 2.60 

and substituting for ro  in the first of equation 2.56, the force-

displacement relations for the reduced system take the form 

R = (Kti 	Kk,M0-IM)rt 	 2.61 

Equations 2.55 to 2.61 assume that the entire stiffness matrix is 

already generated prior to partioning. A more systematic approach 

can however be obtained if the partitioning is carried out directly 

on the [a] transformation matrix. The elements of the transformation 

matrix are rearranged and partioned in conformity with equation 2.54 

thus 

v = [al :8.0] (r)1 	 2.62 
rot 

= a r 
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But K = atka 

10.4 ) Tc[ a i ao] 
8-0'j 
a tkai  at tkao  I 

t aotkal  a t kao   

	

o 	, 
=I Ki4  KO I 

I 	N Kos  K oo I 
The procedure is thus seen to lead to a gradual build up of the various 

components of the IC matrix in their required form to enable the ana-

lysis to proceed as indicated by equations '2.57 and 2.61. 

2. 70 Calculation of Stresses  

The procedure outlined above enables us to determine the displa-

cements by the solution of equation 2.47 thus 

r = K-1R 	 2.64 

it being assumed that the boundary conditions etc have been imposed 

to enable the K matrix to be inverted. Substituting for r in 

equation 2.42 we obtain 'V' the element strains and similarly sub-

stituting for V in equation 2.40 we obtain the stress resultants or 

the equivalent nodal force. The result of the successive back 

substitution is 

S = kar = kaK-1R 	 2.65 

The theory thus far developed does not enable the individual ele-

ment stresses to be obtained, this is embodied in the derivation of 

the stiffness matrix for the particular element. We merely note 

here that if C denotes the element stress a relationship exists which 

is of the form 

c = QS 	 2.66 

where Q is the stress matrix, whose explicit form will be derived 

under the section on element stiffness matrix. 

2.63 
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CHAPTER  3 

THEORY II 

3.J.__Element Prawrties, 

J.!.,1 Structural Idealisation 

The formulation of any structural problem often involves a 

number of assumptions and idealisations. These assumptions may be 

in terms of stresses such as the idealisation of the stress-strain 

relations in theplastic stage of analyJis, or of beams capable of 

carrying bending stresses only0211e shear stresses and shear 

deformations are neglected. Often the idealisation involves only 

the geometry. Thus a tappered beam could be approximated by a 

series of uniform segmented or stepped beams, or a curved beam by 

segmented straight beams. Experience often dictates what assump-

tionsor idealisations are to be made in any particular problem and 

there are no hard and fast rules to be observed. The objective on 

the whole is to produce a mathematical model which is capable of 

reproducing to a great extent the behaviour of the actual structure. 

The quality of the analysis is to a large extent dependent on the 

extent to which the mathematical model simulates the behaviour of 

the actual structure. 

A parallel idea is that of approximation. This manifests itself 

in several ways and often cannot be distinguished from idealisation. 

Thus in shell analysis, by neglecting the bending stresses, which 

are regarded as secondary, one obtains an approximate shell theory 

often called the membrane theory. Often approximations are made in 

the final stages of analysis as for instance in the Shorer 
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type of approximation, to obtain a simplified solution. Solution 

of the exact equations of the actual physical system by approximate 

mathematical expressions such as the finite differences is still 

another form of approximation. 

In the finite element method of analysis, we are concerned 

with idealisations which, involve physical approximation to the 

geometry such as the idealisation of the elastic continua as 

assemblages of finite continua or finite elements. The central idea 

is cutting' of the structure rather than substituting for the 

structure an entirely different structure as for instance in the 

beam or lattice analogy for plate problem. Whereas in the methods 

of the substitute structure the elastic properties could to a 

large extent be modified, no such approximations are called for in 

the finite element method of analysis. 

More severe approximations can however be made in the finite 

element method of analysis. Thus we may replace a curved surface 

by an assembly of flat elements. Such an approximation has a dual 

advantage. Firstly it makes possible a general formulation of a 

class of problems with similar geometry and stress pattern such as 

plates and shells of various shapes and curvature. Secondly, it 

ensures that one set of stiffness matrix shall be used, thus 

obviating the necessity of deriving as many stiffness matrices as 

there are elements. We merely add that the inverse idea is also 

admissible, such as representing a flat surface by segments of 

curved surfaces. Both ideas have been exhibited thus far in the 

analysis of folded plates and cylindrical shells. 

In accordance with the definition of a structure in the finite 

element context it is first necessary to break up the structure into 
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suitable segments. The general shape of a two dimensional shell 

type of structure is shown in fig. 3.1a and fig. 3.1b shows its 

possible idealisation. In general the element is a polygon having 

N sides, but the numeric value of N must be kept finite both to 

simplify the procedure by which the stiffness matrix or flexibility 

matrix of the element could be derived and to conform with the 

finite element definition. Observation also shows that we are not 

restricted to any particular geometry within the finite element 

context. Thus we may use curved elements to follow the contours 

of a curved structure and flat elements to follow the contours of 

a flat structure. 

3.1.2 Suitable Elements for Idealisiu:_fhpll Surfaces  

For chrohological purpose shells are divided in this thesis 

into three categories namely: 

1. Axially symmetric shells of revolution 

2. Singly curved shells 

3. Doubly curved shells 

While we are not concerned in this thesis with the analysis of 

shell type 1, it is interesting to review a type of idealisation 

which has been employed by Lu et al (1963) The idealisation 

followed in that reference was that of the assemblies of conical 

frusta and a spherical cap as shown in fig. 3.2. It is also inte-

resting to note that the same type of structure was analysed by 

Adini (1961) using the triangular elements. He took advantage of 

the symmetry of the entire structure, and analysed an eighth 

segment of the structure. 

By far the most important elements for idealising shell types 
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2 and 3 are the rectangular elements and the triangular element 

When the shell has a single curvature as in cylindrical shells the 

obvious choice is the rectangular element. With class 3 shells a 

distinction has to be made based on the Gaussian curvature. Thus 

for shells of positive Gaussian curvature like elliptic paraboloids, 

rectangular elements could be used, for negatively curved shells 

like hyperbolic paraboloid the choice is limited to triangular 

elements because of the necessity of following as far as possible 

the contours of the shell. 

3.10 Element Geometry  

In deriving the shell element stiffness we are faced with two 

distinct possibilities. We may form an idealised model in which 

the middle surface of the element coincides with the middle surface 

of the structure and the element is thus curved. The resulting 

element stiffness matrix is thus fully populated and both the 

extensional and flexural actions are coupled. The stiffness matrix 

in partitioned form may thus be represented by 

r kr Ice) 
ks  = t ket kd 	 3.1 

where kd  is the membrane or extentional stiffness 

kr  is the flexural or bending stiffness 

Ice  is a coupling submatrix. 

The size of ks  will depend generally on the number of nodal 

points which has been used to define the geometry of the element. 

Considering a rectangular curved element having four nodal points 

the order of ks  is 24 x 24. Moreover the matrix being defined 

with respect to a particular geometry becomes unsuitable for any 

other geometry and the versatility of the element is thus impaired. 
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The second possibility is the use of elements which do not 

coincide with the geometry of the shell except at the nodal point, 

Thus the curved sides: of the element are replaced by straight lines. 

The element stiffness is thus independent of geometry within. the 

element and is definable solely by the nodal geometry. 

The stiffness matrix is of the form 

N. 0 

ks = 10 	kr) 	
3.2 

The absence of the coupling submatrix is apparent. Although the 

order of the matrix is not reduced, the separate submatrices have 

been reduced from three components to two and what is more from the 

computational point of view can be generated and stored independently 

as 

ks  = ikd kri 	 3.3 

with considerable saving in computer storage. Also a general 

purpose stiffness matrix results. This type of element has been 

adopted for analysing the hyperbolic paraboloid shell in this thesis. 

3.2. General Theory of Derivation of Shell Element Stiffness  

As pointed out earlier. the stiffness matrix for a shell element 

whose middle surface is flat can be built up from two independent 

stiffness matrices corresponding to the bending stiffness for the 

element and the in-plane stiffness for the element. Below the 

general theory is presented. 

3.2.1 Natural and Cartesian Definition of Displacement and Forces; 

Elastic Properties 

Two sets of displacements are required denoted here as natural 

and cartesian systems. 'Natural' and (Cartesian' may be regarded 
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in what follows as being used in a rather loose sense in some 

sections to indicate (local' and (global' system of coordinates. 

The more rigid use will oe explained later. 

We start with the complete cartesian force and displacement 

vectors which are arranged in the sequence 

P ={ Pd Pr} 	P = Pd J14 	3,4 
(18x1) 	(18 xl) 

The suffices d and r stand for displacements (forces) and rotations 

or slopes (Moments). The component vectors Pd and Pr  are next 

defined as 

Pd --4P1 P,A 	ISL
l 
I  S2 523  

(9 xl) 	(9 x) 

in which (see fig. 3.3) 

Pi 	Vi 	= 1Mxi Myi Mzilf 

Similarly for the displacement vector 

Pr =1 171 72. w4 (9 xl) 
in which 

Pi = 	vi wi 
	

3i 	el di 
	

3.8 

	

(3 xl) 
	

(3 xl) 
Next natural forces and displacements are defined. The natural 

force and displacement vectors are arranged in the sequence 

	

PN = {PNM PNB} PN = IPNM PNBI 	3.9 
where the subscript Nhas been used to indicate the natural system. 

The order of the matrix vectors PN and pN is influenced by our 

definition of what we called the natural system. If we merely 

referred to the natural system as mere transformation to a conve-

nient local coordinate system the P, PN,p,pN are of order 18 x 1, 

assuming we include all the degrees of freedom in PN  and pN. If 

on the other hand, we neglect the rigid body freedom as explained 

	

later and identify our 	and pist  with straining forces and straining 

Pd 
= .1.(13,3.Y. PA 

3.5 

3.6 

3.7 
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modes of displacement, the orders of PN  and pN  are reduced to (9 x 1). 

ThisA,made up of 

PNM 	P?x PP Y ) ) PND = TS TA ; 	3.10 

in which Pa  Pp Py denote any three independent forces system which 

could be self equilibriating force system directed in some a, p, y 

coordinate system which in ref. (27) has been taken as the direction 

of the sides. 	Ts and TA are given by 

Ts = tTsa  Tsp Tsyi:,TA  = (TAa  TAR  TAy . 	3.11 

where Tsi and 7.11i are conveniently identified with the symmetric 

and antisymmetric nodal moments acting at the vertices of the side 

li, their vectorial direction being normal to the direction of li. 

Differentiation into symmetric and ar.tisymmetric components is not 

essential to the theory. 

Correspondingly, the natural displacement vectors pNm and 

are described by 
ti.,r  

PNTA 	{Pa P 	Py). P 	= tes 1.7 At 	3.12 

where 	 fs 	43Sy} 	A = { (1)Acc (iA.p (PAyi 3,13 

Suffices M and N denote Membrane and bending respectively. 

It is pertinent here to comment on the order of PN  and pN. 

Ideally it should be (18 - 6) 12 x 1 matrix and not a (9 x 1) 

matrix as given above. The reason for the reduced dimension is 

because we ignore the inplane rotational stiffness at the nodal 

point. As a result when investigating a flat portion of a shell 

we have to ignore a rotational degree of freedom preferably that 

associated with the axis nearest to the perpendicular of the plane 

in question. 

We also require in what follows, the relation between the 

total natural strain and the natural component stress as defined by 

`'NB 
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the relation 
-1 

e'N = EN /N 	 3.14 

where EN is the 3 x 3 natural modulus of elasticity and may include 

arbitrary anisotropy. EN is of the 

rK11 K12 KI3.' 

EN = E 1E21 K22 K23 

K31  K32 K33.  
where E is the cartesian modulus. 

3.2,2 Natural and Cartesian Stiffnesses  

If the pN and PNaze suitably defined then it is possible to 

write down by mere inspection the relationship between eN  and pN  as 

eN 	= aN 

where a 	is a square 

between eN and pN.' 

eN 	[eNm 

PN 	= [ 

and since no coupling 

aN 	raNM 

Using the principle 

PN 	PN 

or 	PN  

where 

KNs = fvfamit 

= f 

= 1K
m  

pN 

matrix expressing 

Further more we 

eNB] 

PNM P113 

exists aN  is 

aNB J  
of virtual work 

= fv. eN6 	dN  

= PNtfV 	aNt  
= fry aNt  EN  

KNs 	PN 

0 1 EN  
L. 0 	an j 

ram/It  EN  aNm ; amt 

the linear relationshipl6  

can write 

3.17 

of the form 

3.18 

dV 
3.19 

EN aN PN dV 
aN  dVi pN 	 3.20 

faNm 	0 1 dV 
L0 	aNml 

EN aNBi dV 	3.21 

3.15 
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Relation 3.21 confirms that the stiffness matrix of the shell 

segment can be built up of the membrane and binding matrices 

separately generated. 

To obtain the cartesian stiffness we require a transformation 

of the form 

pN  = oNp and P = aN
t PN 	3.22 

we now apply the congruent transformation 
t 

kS 	'NS cN 	 3.23 

to obtain the cartesian stiffness for the shell element. The 

subscript S has been used to denote shell. If pN has been described 

in a local system which itself is cautesian, cN can be identified 

with simple rotation of axes and cIT is given bythre diagonal nztrix 

cN  =c c cI 	 3.24 

where 

= 

	

(cax 	cay 

C py 

	

yx 	YY 

caz 

pz 

Cyz 

3.25 

and cij is the direction cosine relating axis i to j. 

5.5 Displacement Functions  

The theory presented in the last section shows that in order 

to establish the stiffness relationship, the strain in the element 

must be known or determinable in one form or another. It must also 

be expressible by equation 3.16. For  linear elements such as beams, 

existing theories using the engineers theory of bending, slope 

deflection equations etc enable us to do this. But with two 

dimensional and three dimensional elements these theories are generally 

inadequate and we have to consider using the various energy theorems, 

such as Ritz principles, virtual work etc. If for instance a 
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displacement field is prescribed in a continuum by several unknown 

parameters then the theorem of least total potential energy can be 

used. The combination of the unknown parameters yielding a mini-

mum of the energy represents the best possible approximation. 

Convergence of the result to the correct solution will be assured 

if by increasing infinitely the number of parameters the true 

distribution of displacement could be achieved. 

In the usual approach based on Ritz method expansion of the 

displacement field in polynomial or Fourier series over the whole 

field is envisaged. Thus for a three dimensional continuum we have 

u = uo(x,y,z) + our  ur(x, y, z) 

v 	v0(x, y9  z) + avr  vr(x, y, z) 	3.26 

w = wo(x, y, z) + awr  wr(x, y9  z) 

where 

uo, vo9  wo  satisfy the kinematic conditions where prescribed 

vr, wr  are linearly independent functions which 

vanish at prescribed points 

ccur9 avr, awr  are unknown constants to be determined such that the 

total potential energy of the system is a minimum. 

In the finite element approach, the parameters (a) of the 

displacement field are identified with the nodal displacement vector 

which is in the literature referred to as the generalised displace-

ment. The nodal displacements prescribe the displacement field 

within the element uniquely. 

According to Vebuek
(1965) generalised displacements p are 

defined according to the following rules: 

(a) Connection of the elements with one another across a 

common boundary is to be expressed by equating two by two the 
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generalised displacement pertaining to this boundary. 

(b) The whole displacement field along this boundary must be 

determined uniquely by the generalised displacements pertaining to 

the boundary and conversely. In this manner, eauating the genera-

lised displacement secures the continuity of displacement along • 

the boundary. 

(c) The number of parameters (a) must be equal or superior to 

the number of required generalised displacements. If superior, 

convenient additional generalised displacements can be prescribed 

so that the matrices a and p can be connected by a non singular 

linear transformation T = (Tip) such that 

a = Tp and p = T-1a 	 3.27 

.,33 Requirements of the Displacement Function 

In view of the prominence given to the conditions which the 

displacement function must satisfy in recent pulications it is 

proposed to review them here and comment on them. 

(a) The displacement function must be continuous over the 

element (34)  and at no point of the structure should the strain be 

infinite otherwise the field is no longer integrable (37).  This  

is the basic requirements of the potential energy formulation and 

does not warrant further comment. 

(b) It must be possible to represent the rigid body motions 

of an element otherwise the equilibrium condition of the element 

as a whole are falsified (34). As shown in the theory in section 3.2.2 

the rigid body displacements are not essential to the formulation 

of the natural stiffness matrix but is implicitly required in the 

formulation of the aN  matrix. 

(c) It must be possible to represent states of constant stress 

otherwise as the mesh of elements is finely subdivided, there is no 
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guarantee that the stresses will converge towards a continuous 

function (41). This condition is no doubt reminiscent of the membrane 

analysis of triangular elements. As pointed out in ref (27)  it is 

not possible to assume that the bending stresses or moments are 

constant over the triangle in view of the necessity of transferring 

shear forces, which require varying bending moments. 

(d) Where neighbouring element abut between nodes there must 

be no discontinuity of slope and displacement between adjacent 

elements (42). While this condition is implicit in the theory it 
does not appear to be a necessary condition and appears very 

difficult to satisfy with elements in bending. Indeed the whole 

basis of analysis of shells using elements of planar middle surface 

would be invalidated if this condition were adhered to. This re-

quirement appearieto be the basis of partitioning of elements displace-

ment functions into the so called 'conforming' and (non-conforming' 

functions 
Oa). The conforming functions are assumed to guarantee 

the continuity of displacements along the boundaries and continuity 

of normal slope across the boundaries while non-conforming functions 

are assumed to guarantee only the continuity of displacements, with 

the continuity of normal slope sacrificed. 

3.3.2 Displacement Function Previously Derived 

1, Non-Conforming Functions. Bending Elements  

Earlier displacement functions have essentially been in the 

non-conforming category. The various functions have been based 

on the various interpolation formulae expressed by the scalar 

equation 
xy y2 x2y xy2 x3 ...] a  w(x, y) 	[1 x 	x2 	 3.28 

3.28a or 	w = A 
t 
a 
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3.29 
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where the a's are to be determined in terms of the generalised 

displacements. For elements in bending the generalised displacements 

at the nodes are taken aro the normal displacement and the two carte-

sian slopes e ands. Some differentiation of the function is involved 

in order to obtain the slopes 49. and 0 and generally these functions 

are unsuitable for slope definition. For a rectangular element in 

bending, Melosh (34)  has improved this situation by using one of 

the osculating formulae in which the amplitude (a) of the displace-

ment function w is expressed not only in terms of the nodal displace-

ments but also interms of the first derivative which is easily identi-

fied with e and 0 and so no further errors are introduced. 

Furthermore in order to express the a uniquely in terms of 

the p as given by equation 3.27, the polynomials have been truncated 

quite arbitrarily and generally there has been loss of symmetry in 

the polynomial expressed by the loss of the higher terms in the 

general expansion of equation 3.28. Often by trial and error 

certain terms in the polynomials have been arbitrarily coupled as 

in the best formulation achieved thus far (43)  for triangular 

element given by 

\ 	, 
w  = [1 x y x2 y2 	2 y + xy2  ) xy x3 y

3  

2. Conforming Displacement Function 

The task of deriving suitable displacement functions which 

satisfy conforming' definition has been difficult. These often 

involve specification of additional nodes at the middle of the side 

of the element boundary. At these points only is the continuity 
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of normal slope satisfied. In reference (41)  a conforming displace-

ment function for a triangular element is claimed to hgve been obtained. 

But we note that in the same reference, that the displacement function 

while ensuring convergence, the approximation was not always as good 

as that achivable with the simpler function discussed in the previous 

section. An example of the application or the various functions(41)  

yielded a maximum of 3 	for the non-conforming function and errors 

of up to 30°./0  for the conforming function. This seems to show • 

that the requirements of conformity seems to impose mnessary addi-

tional constraint on the element which the simper functions do not, 

and in terms of comparison of the result with the exact solution the 

simper functions are vastly superior. Moreover the conforming 

solutions erred on the upper bound side of the solution while the 

non-conforming functions erred on the lower bound side. 

Both types of function have been used in the analysis in this 

thesis and compared with a new function derived in this thesis. 

3.3,5 Natural Modes of Deformation 

After the initial trial and error efforts at deriving suitable 

deflecting pattern for elements in general, research effort has 

been directed towards finding a consistent and logical basis for 

deriving suitable deformation patterns. Notable in this field is 

the Argyris school. Their most important contribution is the 

introduction of what they have appropriately termed the natural 

modes of deformation. 

An examination of equation 3.19 shows that as far as the 

energy of the system is concerned we should concern ourself only 

with those modes of deformation which contribute to the strain 
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energy of the element. Thus we could neglect those displacement modes 

which are associated with the rigid body displacements. But we 

must have in accordance wlith requirements in section 3.31 a means 

of prescribing the rigid body modes since this is implicit in the 

assembly of the equilibrium equation of the entire structure as 

given by equation 3.23. The importance of neglecting the rigid body 

mode and deriving the stiffness matrix via the natural stiffness 

matrix does not seem to have been generally recognised. 

To fix ideas, let us consider a triangular element under the 

action of inpiane stress and inplane deformation. Clearly the 

degreesof freedom of the entire elementare six, comprising the two 

cartesian displacements of each of the nodes. Thus the p vector 

in equation 3.23 is given by 

p 	Uy Uz 7x Vy Vz1 	 3.30 

But included in the p vectors are three rigid body modes. Thus 

the deformation or straining modes are three in number. Suppose 

however that instead of considering the degrees of freedom we 

have considered the force system P which correspond to these defor-

mations. By corresponding forces we mean forces which do work on 

the displacement such that the relationship 

W = P p 

is satisfied. The six force system which correspond to the dis-

placement system may be represented thus 

	

P = Ux  Uy  Uz  Vx  Vy  Vz 	 3.31 

Now considering the equilibrium condition, included in the P vector 

are three overall equilibrium conditions which consist of the 

equilibrium of the forces in the directions of x, and y and rota-

tional equilibrium of the element about the normal. Therefore the 

statical indeterminacy of the triangular element is three which is 

also the kinematic indeterminaoy. The entire nodal force system is 



66 

describable in terms of any three thus 
/ 	e 

P= 
	= 

where PN  are the redundant forces and Po  has been used to describe 

three overall equilibrium forces mentioned above. Since the PN 

and Po  system are to be only statically equivalent to the P system, 

then we are free to choose the PN  and Po system as we please. And 

in particular we may choose the PN  system as self-equilibriating 

system, and then the Po  system is wholly statically equivalent to 

the external system. With this background in mind we may choose 

the PN  system in a manner most natural to the geometry of the 

element. In ref (26 ' the pN system has been chosen as the elonga-

tionsof the three sides of the triangle and the PN  system as flange 

loads in the tensile sense acting along the sides of the triangle 

as shown in figure 3.4. 

One important conclusion is that these modes enable us to deter-

mine the stiffness relationship in a manner most natural to the 

element and any impositions about continuity etc if they exist, 

manifest themselves in a very obvious manner. Exactly the same 

procedure has been extended to problems of rectangular plate 

element in bending and under planar forces and startingly accurate 

results have been achieved by this means. 

Deriving a triangular element stiffness in bending based on 

the above consideration does not appear to have received any 

attention, and therefore attention has been focussed in that direc-

tion in this thesis. 

3.32 
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3.4 Derivation of Stiffness Matrix for  Triangular Element in 

Bending 

3.4.1  Element Coordinate Systems 

As pointed out earlier, the stiffness matrix for a shell 

element is derived in terms of what are referred to as a cartesian 

system and a natural system. Also pointed out is the crude sense 

in which the natural system has been used to define a local system of 

axis which could in fact be cartesian in itself. Fig. 3.5 shows the 
various coordinate systems which can be used to describe the geometry 

of the element. The local coordinate system can be seen in fig. 

3.5(b) as being a translation and rotation of the cartesian axis. One 

axis of the latter is made to coincide with one of the sides of the 

element. The natural system shown in fig. 3.5(c) also referred to 

as the area coordinate is here denoted by a triangular system of 

axes. The coordinate of any point within the triangle is specified 

by the magnitude of the three perpendiculars drawn from the point 

to the sides of the triangle. 

Consider an arbitrary triangle i, j, k, arbitrarily orientated 

in a cartesian coordiliate system fig. 3.6. Then an arbitrary point 

(o) whose coordinates are x, and y can be equally described by a 
e 

coordinate system which we may refer to as 	'5k, where hAn is 

the perpendicular distance from point (o) on to the side(ln)of the 

triangle facing the node(n)and(hn)is the perpendicular distance of 

the node(n)from the side(ln). 

By summation of the areas of the component triangles oij, 

ojk and oki, it is possible to present the relations between 

l 51 k  thus: 
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e 	4  Olj = 1/2 1k 	 'k A  ijk 

where ,A has been used to represent the area. 

Thus 
	

toc = 4211 
Qijk 

Similar expressions could be written 

But Qijk = 6.oij Gojk + &oik = 	+Sj 42k).06-ik 

therefore 
	

gi +"?•-,1 ± git 	1 
	 3.36 

This relationship can be used to represent any of the g's in terms 

of the other two. 

To enable us to transform from one system to another we need 

the relationship between the f,'s and x and y. 

3.33 

3.34 

3.35 

  

1 xi Yi 

1 xj yj 

1 xk yk 
1 x y 

1• Yj xo  

1 xk Yk 

 

Now A ijk = 1/2 

 

3.37 

   

   

Aojk = 1/2 

  

   

    

where the vertical bars have been used to indicate the determinantal 

evaluation of the terms within the brackets. Expanding equation 

3.37 in terms of the first row and denotingilijk by the scalar D 

then 4" 	LS. ojk  bi 	x •J  y4 1 X 11  

= .ijk = Klxk  yk i 	- x 111 Y  y jic l 4-5r  11 xk  3.38 

= ccix + piy + yi 	3.39 
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where di and Oi have been used to denote the coefficient of x and 

y, and yi is the constant in expression 3,38 above. 

Similarly 	ajx + pjy + yi 	 3.39a 

and 	= akx 	PkY Yk 	 3.39b 

With respect to the geometry of the fig. 5.6(o)is a point midway 

between m and n, which we shall take as the moveable origin and it 

is a function ofgi. The coordinate of a point s moving between 

m and n is derived as follows: 

Since s moves between m and n, one of its coordinates is 

specified by higi. If sl is the perpendicular distance to lj, then 
sl = h:gj is the other coordinate. From the similarity of triangles 

snl and kjp we can write the relation 

kp/jk = sl/sn 3.40 

therefore sn = sl . jk/kp = jhj 	li/hj = lij  3.41 

But os = on - sn = z = li(1 -40/2  - 

li(1 _gi  - 2tj)/2 
3.42 

Thus z = li(1 - 2'sg,j)/2 3,43 

This can be rendered non-dimentional by dividing through by li. 

Similar relationship can be obtained by cyclic substitution of 

j and k. 



70 

304.2  Derivation of the Equation of the Surface 

The same argument used before in section 3.3.3 leads to the 

fact that for describing the natural straining modes for a triangular 

element in bending with three nodal points we required only six 

generalised displacements and three rigid body modes. Thus p1  is 

of the order (6 x 1). Here we take as the generalised displacements, 

the generalised rotational vectors at the nodes whose directions are 

normal to the sides of the triangle and in the plane of the triangle. 

Thus the deflected surfaces are to be represented by polynomials 

whose amplitudes are the rotation of the corners in a direction 

parallel to the sides. 

If two sides of the triangle are fixed with respect to the 

vertical displacement only and the third is free to deflect, then 

the deflected form of the surface can be derived as follows: The 

displacement of the free edge is expanded into a power series 

function as follows: 

w [g 0] = a + bI + c12  + de + 	3.44 

where f is the cordinate of a point moving along the edge. Since 

however we require a third degree polynomial, as indicated by four 

boundary conditions on the displacement curve, namely two displace-

ments and two rotations of the ends, we terminate the series as 

shown above. The series can be separated into the symmetric 

function represented by the even powers of z thus 

w(s) = a + cz2 
	

3.44a 

and an anti-symmetric function represented by the odd power 

function 
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w(a) = bT + de 
	

3.44b 

Thus approximately we can represent the deflection of the edge and 

sections parallel to the edges by a symmetric parabola and an anti-

symmetric function. For the general section, the bar above z is now 

dropped. The form of the deflection surfaces represented by the 

symmetric and the antisymmetric functions, is shown in fig. 3.7. 

Again the slope is expanded as power series of Si (say). Thus 

ao 	a1(1 	a2(1 _ai)2 	3.45 

we again terminate this series in the second power basing our argu-

ment on the fact that the slope is the first differential of the 

displacement and must necessarily lag by one degree behind the 

displacement. 

0 = ao  will be rejected as an admissible solution from 
purely physical argument since it implies that the slope at the 

corner i is finite and has the same magnitude as the maximum 

slope at the foot of the triangle. 	= ao  can indeed be identified 

with the rigid body displacement. 

3.4.3  Symmetric Functions  

The constants a and c in expression 3.34a can be found from 
the boundary conditions of the curve thus: 

at 	z = 1. 1/2, w = oy 	dIVAIZ .4 	3.46  

From these conditions c = - 0/1 and a = - c12/4 	3.47 

and 	w = 01/4 [1 - (25/1)2] 	3.48 
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For the symmetric displacement we prescribe the linear variation 

0 = al(1  

In equation 3.45. When sgi = o, that is, at the edge becomes 

and al  = 	Then 0 	+(1 

Substituting for 09  z/l, and 1 - li(1 -b) 

3.49 
4 	(1 - 

which after expansion reduces to 

w(s) = 	 3.50 

3.4.4 Antisymmetric  Displacement 

For the antisymmetric case we now take the remaining expression 

in the polynomial 

bz + dz3 
	

3.51 

The constants b, and d are determined as in the symmetric case, 

but now we use the parabolic slope distribution as given by 

= T'a(1 - Si)2  

The resulting expression simplifies to 

w(a) 	j ic(gi — gk) 
	 3.52 

With one edge displaced and the other two supported, we can now 

write 



Wi = (Ws + wa)i 

for the edge facing node i displaced. 

Thus 	wi 	SIC 4  4i:£j 	( tj - tk)] 	3.53 

By mere inspection we can write down the remaining expressions 

thus 

w j  = i j[s j  gk 	/aj 1cVgk -ti)] 	3.53a 

wk = 1k[4k 	 -g jn 
	

3.53b 

and 

W = Wi 	Wj 	Wk 
	 3.50 

73 
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3.5 Computational Molecles 

In contrast to the rectangular element, it is not possible or 

appears rather difficult to present an explicit formulation of the 

stiffness matrix for the triangular element in bending. However in 

what follows'  the main algebraic matrix formulation is presented in 

a form which it would be assembled in a program for computer analysis. 

ThenaturalgeneraliseddisplacementexpressedbyfiandOa are 

represented by the column matrix pN thus: 

PN = 	" 	' -Sk -a 	a l  

the rigid body displacements are represented by 

Po = 	of 	o j (tokl 
we also require the diagonal matrix 1 given by 

1= IL 0 
to L) 

where 	L =Ili  lj  lkj 	 3.58 

and In has been defined as the side length of the triangle opposite 

to node n of the triangle. If now we denote by X the row vector 

of the polynomial expansion in 	up to the third power thus 

X 	= 	44=:j gigj 	 g;) igJ2  5i3  gJ3  ]3.59 
then we can write the set of displacements derived in the previous 

section using the equation 3.36 to eliminate.gk as 

wN  = XclpN 	 3.60 

where c is a rectangular matrix of coefficients which has as many

columns as there are generalised displacements pN  and as many rows 

as there are columns in X. It is obtained by expanding each of the 

displacement components obtained in the last section in power series 

involving only ti and 	and grouping the coefficients of X as 

column vectors in correspondence with the appropriate for conformal 

matrix multiplication. The c matrix is presented in table (3.1). 

3.55 

3.56 

3.57 
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With respect to a rectangular coordinate system, the strain 

component µx  is difined by 

d2w 
01x2 

d2w  3.61 

2d2w  
dxdy) 

Similarly with respect to the natural triangtlar coordinate system 

defined in the previous section, we also define the functional µ. 

given by 

w  
i2 

d2w  
TO 
d2 w  

L Si 
By partial differentiatLcn of the displacement function wi with 

respect to x and y making use of the relation (3.49) between x, y 

and L 	we obtain 

= [a] 	 3.63 

where the matrix a is given by 

0(aipi) 2(ajpi) 2(aipj + ajpi)j 

If we represent by X the rectangular matrix obtained by differen-

tiating partially the row matrix X as indicated by 4 , then we can 

write 

gx 	ac 1 IDIT 	 3.65 

where the explicit formofµ is presented in table (3.2). The stress 

matrix rx  is def-ined by 

= 3.62 

a = 

I ,i2 
aj

2  

pi  2 
Ri 

2 
2aiai 

2 pi  pi  3.64 
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c/x = 11°x my mxy 	 3.66 

then 	6x  = Dµx  = DaXcl PN 	 3.67 

where the D matrix is the elastic relation defined before. To 

obtain the natural stiffness matrix we now use the principle of 

virtual work, giving 
t 	r t 
PN = µx t6  (ix  

fpi\T  lct Xt at DaXclpNdv 

and since pNt is arbitrary we obtain 
14.17  = t  

Ub cl pN 	3,69 

PN = tltcticlpN 	 3.70 

where 	k = fstatDakdS =fiXtD XdS 	3.71 

for a material with an isotropic elasticity, k has been evaluated 

and presented in table (3.3). In the integration involved we have 

made use of the relation 
m 

fS 6  • 'P • 
n 	2!.Nm ni 
do = 	 3.72 

SI S] 	Uni-n+2)t 

where denotes the area of the triangle and the natural stiffness 

matrix is given by 

kN = titctrmi 	 3.73 

3.5,1 Stiffness Matrix in the Cartesian System. 

To obtain the cartesian stiffness matrix k, we now include the 

rigid body displacement expressed by 

wR 	Poi "I" g jPoj 	kPok 	3.74 

and the total displacement w is now expressed by 

w = wR wN 	 3.75 

If p now expresses the cartesian vector of generalised displacement 

given by 

p = 	e (1) 	 3.76 

3.68 
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where 	
1 
	Tvic  

iei 9j eic 
	 3.77 

0 	i0i 
and. 

	

	dw/dy 	(I) = dw/dx 

making a coordinate substitution, we obtain 

vg• = oo 	P  o 	 3.78 
and differentiating w with respect to x, and y and again making a 

coordinate substitution, we again obtain 

i el  

	

' ToN Po 	TNN PN 	3.79 
ToN TNN Too in the present analysis turn, out to be a unit matrixes 

of rank equal to 3. 

Solving equation 3. 78 we obtain 
m  

Po = "oo
-1 
 w 	 3.80 

substituting for p in equation 3.79 and rearranging we obtain 

Too 
-1 

TNN PN 	i0}ToN 'oo 	3.81 

-1 1TT 	16 j 1 -  oN Too-1 	6 	p 	3.81a 

( 6- x 3 ) 

A p 	 3.81b 

The A matrix is presented in table (5.4) 

Now solve for pN  we obtain 

PN = TNN-1 A p = aNp 
	3.82 

k matrix is now obtained by the congruent transformation 

k = aN  kN  aN 	 3.83 
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* —1 • a 1 . 

-1 . . -1 • . 

. 1 • • -3 . 

1 1 -1 2 -2 . 

1 • • 3 • a 

. a . -1 3 1 

. • . -3 1 -1 

. ., . . 2 . 

. . . -2 . . 

TABLE 3,1 COEFFICIENTS OF POLYNOMIAL EXPANSION OF 

THE DISPLACEMENT FUNCTION. 

[c] 

[x] 

• 	• 
	2 	• 	• 

	

252 	• 
	611 	• 

• 	• 	 • 
	2 	• 

	

2g1 
	

6.g
2  

. 
	 1 	• 

	2f1  25 2 
	 • 	• 

TABLE 302 X MATRIX IN EQUATION 3.65. 



79 

. . 

• 2D11  

• • D13  D33/2  

- • 2D12 023 20 22 

• - A 8 C E 

• - F G H J K 

• . 2Di1 D13 2 012 L M 3011 

. 21J12 D23 2D23  0 P 3012/2 3022 
1 

TABLE 3.3 COEFFICIENTSOF kN  MATRIX 

A = 2011/3 	+ 2013 
B = (D13 + D 33)/3 
C = 2(012 + D23)/3 

E = (011 + 033 013)/ 3  
F = 2(012+ 013)/3 

G = (D23 + 033)/3 
H = 2(022 + D23 )/3 

J 	= (D33 + 012 + 2  013 + 2023 )/6 

K = (D22 + D33 + 023 )/ 3  
L 	= + 2 013 )/ 2 

M = ( 2012 + 013 )/2  
0 = (D12  + 023  )/ 2 

= (2022+023)/2 

2A 



80 

Dll ' al
4  + P14  + 2Va1Pi 	4Ya1

2 13 
1
2 

+ 
0  n  

D12 ' 	
2„,2 

	P1 P2
2 
 

r 2 2 v[ai  132  + a2 1312 ] + 4'1'01132 

Di3  = 2a13a 2 + 21313  R2 + 2v[a12 131p2  + aia2812] 

+ 4Ya1131(a1132 + a201)  

D22 	a24  + 
13
24  + 2va22  1322  + 4Y6c2  R22  

D25  = 2a1a2  + 2131p23  + 2[q131132  + a1a21322] 

4Ya2132[a1132 + a2P1]  

D33 	4(1
2 
a 2

2 
+  413121322P + 8va1a28182  

+ 4Y(0:1132 + cc2131)(a1P2 + a2P1)  

Y = (1 - v)/2 

v = Poissons Ratio 

TABLE 3.3a COEFFICIENT D IN TABLE 3.3 

- P1 

-131 
  

-131  

a
l 

al 

a
l 

-132 

-- 2 
_132  

a
2 

a2 

a2 

P1 + 	132 

' a 1  + 	132 
 

131 + 	132 
- 	- 
al 	a2 

-al  - a2 

-al  - a2 

• 

1 

. 

. 

. 

• 

. 

. 
1 

. 

. 

. 

• 

. 

. 

1 

. 

. 

. 

1  

. 

. 

. 
1 

. 

. 

• 
. 

. 

. 

. 

. 
• 

. 

. 

1 

TABLE 3.4 COEFFICIENT OF THE MATRIX A. 
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FIG 3.3 FORCE AND DISPLACEMENT COORDINATE  

(a) force mode (b) deformation mode 

FIG3.4 NATURAL FORCES AND DEFORMAT IONS  
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FIG 3.5 COORDINATE SYSTEMS FOR THE TRIANGULAR ELEMENT.  
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(a) symmetric deformation 
	

(b) antimetric deformation 

• FIG 3.7 NATURAL GEOMETRY AND GENERALISED DISPLACEMENTS 
FOR DERIVING A NEW FUNCTION FOR ELEMENT IN BENDING. 



CHAPTER  4  

COMPUTER PROGRAM 

As shown in the section; 3.2 ) on the derivation of the stiffness 

matrix for a shell element, both the inplane stiffness matrix and 

the bending stiffness matrix for the element are required. Quite 

a number of acceptable forms of the inplane stiffness matrix for 

the planar triangular element are available (26:29132) and the one 

in reference (29) has been chosen for inclusion in the shell program.. 

Of the bending stiffness matrices for the triangular element reveiwed 

in chapter 3, two have been incorporated trto two separate shell 

programs mainly for comparison. with the one derived in this thesis. 

The details of these programs are now presented. 

4,1 Local cartesian axes for shell element and the coordinate 

transformation matrix. 

A subroutine has been wtitten for the sequence of matrix 

operations derived in reference (26) to evaluate both the 

transformation matrix and the local axes for the shell element. 

In the programs, the side iej of the element, fig 3,5b, has been 

chosen as the local x-axis, while the node i has been chosen as the 

local origin of the element, Based on the global geometry of the 

nodes associated with the element, the program evaluates the direct-

ion cosines of the axes x, y and z of the local system. This is 

denoted here by c. If xn  denotes the coordinate vector (xn  yn  tin} 

the local axis coordinates of the nodes are computed from the formular 

xq  =1,q Xi 1 

where q takes the value of j and k respectively. 



4.2 Assembly of the Stiffness Matrix for Shell Element 

The inplane stiffness matrices and the bending stiffness 

matrices provide the relation between vectors which are defined 

as pmp:mand Pb and Rb respecti7ely. The subscripts i and b' are 

used to denote membrane and bending respectively. These vectors 

have been defined in section 3.2. The relationships are as fellows: 

and 

where 'mn 
and 11 	W ( p 	 en) 	0 Iv k 

Pbn 	Vilxn yn n) bn 	'n nk 

and n takes the value of i, j or k respectively. 

Next we write two identification matrices Mm  and Mb which are defined 

by the relatioship: 

Pm = Mm PL and Pb ' Mb PL 	4.4 

where pi,  is of the same form as p in eouation 3.30 but in the local 

system. The explicit form of Mm  and Mb are as in table 4.1 and 4,2 

The uncoupled stiffness matrix k in the local system is then 

obtained by the congruent transformation 

k 	= Mmt  km  Mm+ Mb kb Mb (18 x 18) 	4.5 

There is no arithmetical operation involved in equation (4.5). 
OYf 

The operation involves the sortin&of the individual stiffness 

coefficients into the appropriate location in the 18 x 18 matrix. 

The operation could be performed as row and column transfers using 

the integer. tabulation and 0 table 	types of instructions, thus 

making a considerable saving in computer storage and time. 

Pm ' Pmi Pm10 
4.2 

Pm = 	Pmi Pmj pmk 

= 11)Di Pbj Pbk 
4.3 

Pb = 131Di PIDk 
U mn  V V . p unn vmn 
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Next we set up the super diagonal matrix C (18 x 18) thus 

C= 	 c c c c c 	18 x 18 	4.6 

The global stiffness matrix is now obtained by the congruent trans- 

formation 

k = CtkC 	 4.7 

4.3 Assembly_of the Stiffness Matrix for the entire Structure 

As shown in section (2.51) the complete stiffness matrix is 

conveniently assembled by the use of the [a] matrix the derivation 

of which is now presented. The transpose of the [a] matrix which 

expresses the equilibrj_um equation between the external load and 

the nodal forces is used to obtain the [a] matrix. 

For each element we redifine the element vector in the partioned 

form 

114= EPi Pj Pk?q 	 4.8 

where each subvector is of the order of 6 x 1 and 

Ph  = Nn Vn  wn Mxn myn Mzn 	4.9 

where n refers to the nodal point (r and takes the value i, j, k 

respectively. We now form a super vector P which is composed of 

the P vectors stacked one below another in their sequential form thus 

P 	tpl  P2  P3  PLI 	.......PN; o 

for a total number of N elements. Similarly we form a vector of 

external nodal loads on the structure R also in the sequence of 

nodal arrangement thus 
Rn it [ R1  R2  R3  oneotoyo 

where each of the Rj's its a 6 x 1 equivalent nodal loads composed.l  

of two inplane loads, three moments and one normal loads arranged 

in the same sequence as fit  thus 

x 1 	4.10 

]t  Rj 	[Ttij 	Wj Mxj Myj 	 4012 



16 06 16 06 06 

k 

06 16106 

• 

• 
I 

R1 _1  

Ri  

R • , I+, 

06 

1 6  = 6x 6 unit mat ri x 
06  = 	nuti 

EQUATION 4.13 

FIG 5.1 

       

   

NES 

 

       

       

   

16 06 06 

 

       

   

 

PI  

P II 

Pm 

Ply 
• 

• 4.13 

   

   



92 

Then by considering the equilibrium of each node in turn for a 

total of Q nodes we find that the external load is equal to the 

sum of the element nodal forces meeting at the particular node. 

This can be represented by a matrix A which is in fact the required 

(at) matrix. We demonstrate this with respect to the simple structure 

shown in fig. (7.1). The equilibrium equation at node i is to be 

found. 

The positioning of each of the unit matrix in equation 4.13 is 

seen to corresponding to the columns corresponding to the element 

nodal forces and in particular the corner identification symbols 

1, j, or k, Within the subdivision represented by the vertical lines 

the unit matrix occurs only once. By similar reasoning the other 

rows of the at matrix are obtained. Since the rows of [a ] are 

sparsely populated we partition the a matrix as shown previously 

and in equation 4.13 by the two horizontal lines and merely record 

the positioning of the unit matrices by the integer emd 0 table 

instructions. The rows of the entire matrix are now assembled by 

the algorithm 

H1 	 , = 	a.t  It. a. 

The (ai) sub matrix can be set up automatically in the computer as 

described. For a structure consisting of several elements which 

could run into hundreds, t"-le amount of data input for the integer 

tabulation becomes enormous. Therefore the whole process has been 

turned here to the computer itself to compile. This is computed 

from the element nodal array. For each element there are three 

numbers corresponding to its vertices i, j, k. These numbers are 

presented as the input data in a sequential manner begining with 

element 1 to element N. Also the number array is presented in the 

sequence i, j, k according to the tabulation below 

4.14 
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Nodal jAentification for element  

Node 	No. 	= 1 	. 2 	k = 3 

2 

N 

The entire set of 3 x N numbers is read in one go. For each node, 

starting with number 1, the set of 3N figures in the above table 

is scaned three at a time. If within any scan, a number occurs 

which is equal to the nodal number under the control, the element 

number in which it occurs is noted as well as whether its position 

is 1, 2 or 3 corresponding to i, j or k. Also of importance is a 

counter which registers the total number of elements meeting at 

the nodal point in question. This is useful in compiling equation 

4.14 , as well as finding the average stresses at the nodal point 

as will be explained later on. 

Assembly of the Equations: 

The program uses the data generated in the previous section 

according to the following algorithm. As a first step, the program 

assumes that the stiffness matrix for a particular element is 

partitioned by rows thus: 

k.. 	i k '11 	k 

	

F. 	= 	1,-.. 	k . . 	k -'k 

	

J 	-J1 	',3J 	J 

	

Fk 	kki  kkj  kkk.  

each submatrix kmn  being a 6 x 6 

.th -v., 	i row 

th vj 	j row 4.15 

vk 	kth row  

matrix. The row partitioning of 

the stiffness matrix assumes that the force vector is similarly 

partitioned but in the meanwhile the displacement vector is not. 

Thehwe set up a working space which has the dimension of 6 x 61ug 1 
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where EI is the total number of element in the structure. Using 

the data gelierated in the previous section, we read the elewent 

number, bring the element stiffness to a working space where it is 

partitioned in accordance with [4.15]. Depending on whether the nodal 
.th jth identification number is 1, 2 or 3 we transfer the 1  	of kth 

row of the par-bitioned submatrix to the corresponding location in 

the 6 x 6M working location. This is done for all elements directly 

attached to the node. The procedure described thus far correspond 

to forming the equation 
, 

Ri  = at 4.16 oceS 

For the second stages  we now set up another 6 x 6L„ where L is 

the maximum number of nodes. The matrix 6 x 6M generated above 

is now transposed and partioned into 6 x 6 units. The process of 

addition of the stiffness matrix now takes place. Beginning with 

the first element, we add the component submatrices to location 

specified in the nodal connection data format. 

4.4  Solution of the System  of Equation 

Since there are six unknown components of displacement per 

node to be determined the number of simultaneous equation to be 

solved grows enourmously as the number of nodes increases. This poses 

some problem as far as storage is concerned. However advantage can 

be taken of the sparse population of the matrix. Two scheems were 

tried. 

4.41 Failure of the Gauss Sidel Iteration Process 

The Gauss Sidel iterative scheem is based on the fact that we 

can write the equilibrium equation in the form 

ri = kiiRi - kij rj - kij rj] 4.17 
1,i 	i+1,N 

 



or 

(n + 1) 	(n) ri = ri 	- ri 	 4.18 

and 	ri(n+1) = k..-1 	kij..rj 	ij j (n+1) 	k..r (;)1 4.19 
where n is the cycle of iteration- In theory the algorithm ought 

to work, but the result of the computation showed a divergence 

after only a few iterations, and the method was therefore abandoned. 

442 Matrix Diagonilisation 

The structure is divided by rows of nodes as shown in fig 5.2 

All members having nodes wholly in row i or in both row i and i + 1 

are said to be associated with row i. We now define the submatrix 

r.1  such that each submatrix consists of node displacements for all 

nodes in the row. The submatrix Ri is similarly defined as the 

nodal loads in the row. We then see that for row-wise arrangement 

of nodes for a structure having q rows, K is of the form 

K\11 K12 

K21 K22 K23 

K 32 K 33 K 34 
K = 4.20 

4.21 

• 

Kqq 

By symmetry considerations 

kii = Kii t  

K. 	= K. 1,i-1 	1-19  i 

A set of equations for which the matrix of coefficient is of the 

foregoing tridiagonal form may be solved relatively easily as 

shown by Wilson Q1 . We first write out equation (4.20 in the 

form of a set of simultaneous equations in the rbithus: 

t 
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K11/1 + F-12/2 	 =R1 

+ K22--c2 	K23r3 
	

= R3 4,,22 

• 

Kq 	+ Kqqwq  q 
The first equation is solved for r1. This result is then used to 

eliminate 321 from the second equation which may then be used to 

solve for r2. This may then be used to eliminate r2  from the third 

and so on. The sequence of operation is represented thus: 

Eqn. 1. 	r 1 = K11-1[R1 - E12/2] 
1 	-.1 	1 	n  

= 	-1 - 7.11 K12 r2 ' R1 	'612r2 	4.23 

substitution of r1 in equation 2 gives 

K21[R11  Q12r2] 	K22r2 	K23r3 = R2 	4.24a 

multiply, and rearrange we obtain 

[K22 - K21Q12]12 = R2-  K2313 	4.24b 
, 

iee. 	A22
1 
 r2 = R2 - K23r3 	 4.24c 

which is of the same form as equation 1 and solving for r gives 
r 11r„ 

r2 = LK22 J L-A2 - A23r3J 	4.24 

	

.= R2 1 	q23/3 

and generally 

r. 	= R.-  - G. • - rj+1 
	4.25 

If j = q, rq+1 = o and so we can make the backward substitution erg 

obtain 'the values of the r's, It will be observed that at any stage 
only Qii submatrices need be stored, thus leading to a greater 

saving in space compared to the method described by Panning'(1964)  

Machine size limits only the size of the submatrices Qij but not 

the total number of nodes. 



97

Evaluation of" Stressp.G i:1 the Structure.

When the displacenent of the structure have been obtained,
.J

..- the stresses in the elements are obtained by a b ackwar-d subst itut.Lon

process. The strains in the elements ~re obtai~ed by means of

equation 3.16; and un i n.; the stress-s t r 2.i n. rel~.tion f';"iven by equa.tion

)G14 the: n~.ri~sscs are d e t e rmd.ned , In general, stress jumps aC::::'OS3

the bowldarles of the elements are to be expect~d. But by conslderin~

the' equ i Li.b r-Lum of a n ode under the act ions 0 f the forces cont r fbu ted­

by each element and the external force sy s t em , it 'can be eatab Lished

that the.s~resse3 at a narticular node in the structure can be

obta i.ned b:'l takinG the mean of" .the. s t reasea, at the corners of the

elements meet.ing at the particular node.
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CHAPTER 

5. 	Tests on Timber and Vybak Models  

5.1  Object of the Experiments 

Experiments were conducted on hyperbolic paraboloid shells whose 

boundaries coincided with the straignt line generators. Only the low 

corners of the timber shell were supported and a tie rod also was 

provided at these corners. All corners of the vybak model were fixed, 

with respect to vertical displacements and corner rotations. 

The objects of the experiments were as follows: 

1. To investigate the behavior of the shell under a uniformly 

distributed loading and flexible edge boundary conditions. 

The experimental results were to provide a basis for 

comparison for the theoretical solution based on the 

finite element analysis developed in chapter 3. 

2. 	To investigate the suitability of a laboratory table 

sized model and the accuracy which may be achieved there 

from. 

3. To study the suitability of balsa as a structural model-

ling material for timber hyperbolic paraboloid shell in 

particular and timber shells and platelike structurein 

general. 

The objective described under '1' was primary, while those under 

`2' and '3' were secondary as far as the investigation-. carried out 

in this thesis is concerned. 
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5.2 Factor Governing the Choice and Scale and Material of the 

Model 

(1962) Baron 	reported an exploratory test on a timber conoid 

shell roof, carried out at Southampton University. The object was 

to compare the behavior of the model with that of another model which 

was a half scale of the prototype. The material used for the labora-

tory model was balsa wood. The choice of balsa was influenced by 

the fact that it grows uniformly than any other species, thus ensuring 

some degree of control on the density and hence the strength proper-

ties. The apparent success of the model in predicting the behavior 

of the prototype in a rather qualitative manner prompted the choice 

of the material for the model of hypar shell planned in the present 

investigation. 

A considerable number of experimental investigations have been 

carried out on models of timber shells as an aid to design. Some 

of these tests have been carried out on an eighth, quarter and half 

scale models of the prototype. The rise in labour and material cost 

has however diverted attention to the use of laboratory scaled models. 

One of such tests by Baron has been refered to above. Kereszetesy 
(19643  1965) has also reported a series of tests carried out on a 

model of timber hyperbolic paraboloid shell. This model was 5ft., 

square in plan and was planned to be a tenth scale model of a typical 

shell taken as 50ft. square in plan. It was felt that the use of 

very small scale sized models should be further investigated to 

determine their feasibility, and possible extension to more complex 

timber engineering structures. Thus taking the typical 50ft. square 

shell, a 1/25 model was planned. This scale was applied to the 

membrane and thus led to the choice of 02in. thick veneers. The 

prototype would normally be nailed and or glued, but in the model, 

we are restricted to gluing the veneers together. 
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J11 DescriEtion of  the Structure 

A former was constructed using plywood and the forming surface 

was shaped to the same curvature as the shell to be built. The 

former was 24 in.by  24 in. in plan and the rise of the high corners 

over the low corners was 4.8 in. Fig. 5.1 shows an isometric view 

of the former. To prevent the glue from percolating to the top of 

the former and so holding the finished shell down during the strip-

ping off the former, strips of celophane papers were laid on the 

former and held down by means of adhesive tape. 

The veneers of balsa as delivered by Messrs Solarbo Ltd., were 

24 in. long, 6 in. wide and 1/32 in. thick. These had to be cut 

into strips 1/4 in wide to conform to the model scale chosen. The 

cutting was done by means of a carving knife and a straight edge. 

This proved a particularly difficult operation since the knife tended 

to follow the grain of the wood. The grain was :lightly inclined 

to the straight edge which was aligned to coincide with the edge of 

the sheet before starting to cut. The first layer of veneers was 

placed on the former in the direction of one of the straight line 

generators and held down by means of adhesive tape, while the next 

layer was spread with glue and laid on the next layer. The veneers 

were then pressed together and held down until the glue set. The 

second layer was orientated in the compression diagonal direction. 

The third layer was pointed in the direction of the other generator. 

A general view of the shell and veneer orientation is shown in fig. 

5.2. 

Two types of glue were tried for the membrane. The first was 

the traditional balsa cement normally used for glp-ing pieces of 

balsa together. The adhension was found to be poor and large 



101 

quantities of glue spread had to be used especially as the cement was 

very poor at spreading. The second glue tried was the Tensol 7, 
which was found to be more suitable, and although rather slowly 

drying had a good spreading quality. 

The edge beams were made from the same veneers as the membrane 

of the shell. Each beam was 1/4 in, wide and 3/4 in. deep. Eight 

lengths of 24 in. each were prepared. After the shell dried, the 

first set of four beams was placed around the top surface, and after 

drying, the shell was trimmed and taken off the former. The bottom 

set of edge beams was then fixed. 

5,,4 Corner Detail 

The corner detail presented some problems. Since the material 

was very fragile and would easily be crushed if a bolted connection 

were used, reaction plates shown in fig. 5.3 were therefore glued on. 
The reaction plates 1 in. in length were obtained from 1/4  in. mild 

steel angle. The glu-ing of the reaction plate has two disadvantages. 

First once glued on, it was very difficult to remove without damaging 

the shell should there be any need to rectify a mistake. Secondly it 

was difficult to allign the plate prior to glue setting. The vertical 

reactions were designed to be transmitted to the frame by means of 

1/8 in diameter steel rods screwoiat one end to the corner plate and 

supported on the other by a ball bearing. The arrangement is shown 

in fig. 5.3a. This arrangement it was hoped would rectify any imper-

fections in the fixing of the reaction plate. The low corners were 

restrained by means of a tie rod made from 1/16 in. diameter aluminium 

rod. 
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5.5 Loading  and Instrumentation Arrangements  

An air bag was used for applying the load on to the shell. 

The choice of the air bag was influenced by the need to apply a uni-

formly distributed load and to obtain an arrangement which permited 

a continuous incremental loading to failure, with minimum of interven-

tion with the test setup. The loading face of the bag, which was 

supplied by P, B. Cow Ltd., was shaped to the same surface as the shell 

and it was enclosed within a box fitted to the frame within which the 

shell was supported. The enclosing box is of the same shape and size 

as the former shown in fig, 5.1 except that it was completely hollow. 

The air bag had the internal dimension of the enclosing box. The 

air supply was'obtained from an 80 psi supply using a reducing valve. 

The pressure of the air in the bag was measured by means of a water 

manometer connected to the supply line going to the bag. 

Attention was confined to the measurement of displacements 

on the shell membrane and the edge beam. Dial gauges measuring 

up to 1/10,000 in. were placed according to the distribution shown 

in figa  5.4a. 10mm Japanese strain gauges were placed on one edge 

beam both at the top and bottom according to the distribution 

shown in fig. 5.4b. No strain gauges were placed on the membrane 

because of the uncertainty envisaged in interpreting the stresses. 

5-6 TestIng21-Laecimen 

Timber shells as constructed in practice are built up from 

veneer pieces which are either nailed or glued and in the majority 

of cases nailed and glued. It will thus be desirable that, in order 

to obtain a perfect model of the prototype, the means of connection 

should be reduced to the same scale as that of the model, Clearly 
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there is a physical limit to which this can be done. In the 

present investigation, the size of the model precluded the use of 

mechanical fastenin.gsand hence the veneers had to be glued. The 

absence of any mechanical glue spreader and presser made it inevi-

table to avoid the liberal use of glue. It was therefore necessary 

to evaluate the influence of the glue stiffening on the shell 

membrane, A convenient model seemed to be the simple tension test. 

11.§.1. Preparation of the Tension Specimen 

The balsa as delivered by the manufacturers was already in 

prepared veneer form. Since there was no means of identifying which 

veneer came from the same part of the log from which the veneers 

were prepared, the matching of the specimens was not possible. The 

selection of the plies for the tension tests was therefore made on 

a random basis. The only degree of matching achieved was to ensure 

that a test specimen was built up from only one sheet of material. 

A jig and template was specially made. The template was used to cut 

the profile of the specimen fig. 5.5, thus ensuring similarly 
shaped specimens. The jig was used to allign the holes in the 

bearing plates during the gluing process. Strains were measured 

by two displacement transducers fixed longitudinally at midspan 

one on each face. The gauge length used was 3 in. 

5.7 Presentation of Results for the Timber Model  

The results of the experiment on the timber model are 

presented in the following sequence: 

a. The readings obtained from the deflection measurement for 

the four loading cases are presented in fig. 5.14. The. readings 

are recorded directly on the point where the deflections were 
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measured, Those points have been indicated by triangles, The 

numbers at the base of the triangle indicate the dial gauge numbering 

corresponding to that shown in fig. 5.4. 

b. The strain measurements are presented in fig, 5.22 and fig. 

5.23 as the differential of strains representing, a half of the 

difference of the top and bottom strains, and the mean of these 

strains repectively. From these graphs the bending stresses and the 

axial stress may be found. 

c. The Young's moduli obtained from the tension test specimens are 

presented in a graphical form in fig. 5.20. A typical stress-strain 

relation is shown in fig. 5.18. 

d. The plots of the displacements along the tension diagonal, the 

edge beam are presented in fig, 5.24 and fig. 5.25 respectively. 

The plot of the displacements at the centre of the shell correspon-

ding to the various loading stages is presented in fig. 5.19. 

5.8 Evaluation of  the Timber Model set up 

Thee were some design faults which affected the behavior of 

the shell in a manner which was not easy to evaluate. These faults 

are now set out below. 

a. Bag Loading 

The original intention in the design of the test set up was to 

load the model from the top. It was found however that the bag 

could not be properly fixed into its box container. The bag tended 

to slump on to the model causing the shell to deflect in an unsymmetry 

manner. An unsatisfactory remedy was made by turning the test rig 
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upside down so that the model rested on the bag. This in turn 

Produced a secondary effect. The bag slumped into its container 

and the reaction supports had to be given some initial pre-tension 

to bring the model surface into contact with the bag surface. This 

had the effect of giving the shell an initial loading which is not 

directly due to applied loading. This can be observed in fig. 5.19, 

where it would be observed that for zero deflection, the plot of 

the displacement does not pass through the origin. It would also 

appear that since the hyperbolic paraboloid is not a developable 

surface, the fabrication of the bag can at best be approximate to 

the true shape. Under full loading however one might expect the bag 

to stretch to accommodate the surface of the shell. The provision 

of an edge beam also makes the use of a bag loading unsuitable espe-

cially in a shell of this dimension because of the constructional 

difficulties involved. 

b. Support Condition 

The support of the shell also proved unsatisfactory. The 

four corners of the shell were originally supported. But during the 

loading stage, the high corners were rendered ineffective by the 

corners moving in the direction rather than against the reaction 

supports. The lateral stability thus depended entirely on the 

support provided by rubbing against the air bag. It was therefore 

left to the low corners to carry the loads. The low corners deflected 

excessively as can be seen in fig. 5.21. The scale of the model 

did not permit the measurement of the diagonal extension of the tie 

rod. 
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5.4 8.1 Evaluation of the Test Results  

The Youngs moduli curves presented in fig. 5.20, show that 

superimposed on the variability of material, there is a definite 

evidence that the glue has a considerable effect on the tensile 

specimen. 

Fig. 5.21 shows the plot of the displacement along the edge 

beam. The actual displacements have been plotted to show in parti-

cular the deflection of the low corner. If however the deflection 

values as shown in fig. 5.14 are compared for the low corners and 
the high corners, there is definite lack of symmetry and the reducton 

of the displacement of the edge beam shown in fig. 5.21 cannot be 

reduced realistically to exclude the effect of the reaction displace-

ment. However this reduction has been done in fig. 5.25 based on 

the dial gauge 1 only. The displacement trend can be observed from 

this figure. The differential of the strains and the mean of the 

strains on the edge beam are also shown in fig. 5.22 and fig. 5.23. 

However to ensure that the shell still behaved linearly, the displace-

ment at the centre of the shell has been plotted for different 

loading conditions and shown in fig. 5.19. From this graph it can 

be observed that the shell still behaved linearly. 

It was felt that there were too many parameters involved in 

the test as carried out to enable a proper correlation to be made 
s 

and hence a decision
AR'
, made to carry out an experiment on a Vybak model 

but drawing on the experiences gained on the timber model. 
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9  Details of Construction of the Vbak  Model 

The material chosen was a type of plastic under the trade name 

of VYBAK. It was chosen because it has a low softening temperature 

of 90°C and could be easily formed to any shape. In contrast to 

Perspex, it does not creep very much at room temperature. Approxi-

mately 2 ft. square of the material, which was 1/4  in. thick, was 

placed in the steam bath and softened, The softened vybak was then 

placed over the former fig. 5.1, weighted down and allowed to cool. 

When cooled, the model took the shape of the former. A certain 

amount of local irregularity was observed on one of the edges, but 

this was soon cured by reheating and reforming as described above. 

One quarter inch wide pieces of the same material for the edge beams 

had meanwhile been cut and glued by means of Tensol cement which had 

been recommended by the manufacturer. The joint was found to be 

structurally unsatisfactory, and other types of glue were tried 

with little success. A bolted connection was therefore chosen both 

for the edge beam and the corners. The edge beams consisted of 

two 1/4 in. by 1/4 in. laminations symmetrically placed at the top 

and bottom surface of the edges of the shell. The edge beams were 

attached to the shell by 1/8 in. diameter studs at 2 in. interval., 

along the edges. Pig. 5.6 shows the edge beams in position and 

also the details of connection. 

5.10 Corner Details  

The corners were secured to the test frame by means of a rigid 

bolted connection shown in fig. 5.6. Steel plate pieces, pointed 

in the diagonal directions, were rigidly fixed to the four corners 

of the test frame. The high corner plates were on the same level, 

but on different level corresponding to the shell rise, from the 
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lower corner plates. These plates were provided withc1/2  in. wide 

horizontal slots to allow for free diagonal horizontal movement of 

the shell if this is desired. A Y-p:.ece plate was provided at each • 

corner and formed in such a way that the 'V--prongs of the piece follow 

the profile of the edge beams and was attached to the shell edge 

beams by means of eight 1/4  in. diameter holto. The tail piece 7,r,.pro-

vided with two vertical slots, to ensure that before bolting to the 

piece on the frame, the shell was not constrained in the vertical 

direction. All the corners of the shell were fixed. A general 

view of the shell mounted on the test frame is shown in fig. 5,7. 

• 14.1 Loading and Instrumentation Arrangement 

The model was loaded by means of lead shot which were measured 

into cans suspended from the model. 	1/16 in diameter holes were 

drilled through the membrane on grid points at 2 in. interval as 

shown in fig. 5.13. There were a total of 121 such holes. The c.  

cans were suspended by means of threads which were looped, passed 

through the holes and tied into a knot at the top of the shell. 

Thin pieces of wire rods fig. 5. 7 prevented the knots coming through 
the holes when the shell was loaded. The loop in the thread engaged 

the hook on the spring attached to the can. When the cans were not 

loading the shell, they were supported on a wooden platform fixed 

to a screw jack. The platform could be raised or lowered by means of 

the screw jack• The loading arrangement is shown in fig. 5.8. 

Strain gauges were fixed on the model both at the top and 

bottom in accordance with the distribution shown in fig. 5.10. 

Two types of strain gauges were used. They were the 5mm rosettes 

and crosses. The crosses were used on the diagonals. The numbering 

of the strain gauges for the purposes of interpreting readings 
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obtained from the Solartron are shown in fig. 5.11 and fig. 5.12. 

For the deflection measurement, dial gauges reading up to 1/10,000 

in. were used. The distribution of the dial gauges are as shown in 

fig. 5.13. 

5.1.2 Deflection  and Strain Measurements 

The model size did not permit an extensive measurement of the 

shell at a single loading of the shell. This was due to the diffi-

culty of arranging the dial gauges side by side on the 2 in. grid 

interval. Hence the deflection measurements were carried out a little 

a-'6 a time. Vertical displacements were measured along the sections 

marked A--A, B-B, C-C, J-J and K-K as shown in fig. 5.14 for a load 

of 231q sq. ft. For the same loading, the readings of all the 

strain gauges were recorded. The deflections of the centre point 

of the shell were also measured for two other loadings of 14.4 

and 32.4 lb/sq. ft. 

5.1.3 Presentation of the Results of tests on Vybak Model 

The presentation of the displacement readings is similar to 

that used for the Timber Model and is shown in fig, 5.15. Here 

however the numbering of the dial gauges is related to what has 

been described as the possible position of the gauge. The positions 

which are twelve in all are located as the mid point of the loading 

points. The directions at which the displacements have been recorded 

are indicated. The displacements for these indicated directions 

are plotted as shown in fig. 5. 26 - 5.30 inclusive. 

The presentation of the strain recordings is similar to that 

of the displacements. Fig. 5.16 and 5.17 show the results of the 
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reduced strains for all the gauges at the top and bottom respectively, 

Fig. 5.32, 5.34 inclusive show the plots of the strains at the 

indicated positions shown in fig, 5.16 and fig. 5.17. 
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llG

FIG. 5.8 LOAD ING ARRANG~,~T AND TEST FR~~

VYBAK MODEL.



117 

 

_I 
LU 
0

 
0

 

Y
 

-4 
CO 
>

->
 

CL 
D

 
I--
ILI 
U

) 

A V A vIMIM IZ li 
 Y._ 

 



118 

Hi .h 	 Low 

04( 

K 

•C cross rosette 

  

Low High 

FIG 5.10 LOCATION OF STRAIN GAUGES  
VY BAK MODEL 



119 

high 
tow 

/6. 
474, 

78  

ygybo 

60 19 

%el  

7.e 

/0 41-1 /4  
1. 

44-1. 

42:-11: 
73 

/4  
+5-k 74, 

74 
7 	8 	9 

37-k 0  35-k 394 
yo  40J, 6 	69  

5 
3Z4

.,
34-1 /4  3.5-t 

1,1 	64 	of 	ilo 	67 

()-6y61' 

low high 

FIG 5.11 CHANNEL NO. FOR COMPONENT GAUGES 
TOP SURFACE VYBAK MODEL 



120 

high 	 Low 

-fp 6D 91 41' 

IN 40  %et 
/ 

70 

bilb 7 36 .e 6 
67 	-

31. 	33 

15°  

1-X lb 
9.k ,ev.rt ig 

!(* 13 	14- 
13 	74 

41 4?. 
/14. /2-k 

7/ 	72 

a 68 9469 
3 4 

4.7 
/7" \ 

77 

by  41° 

Ibbe  
/ '4% 	"J•,. 4 	5-1. 

62 65 64 65 46  

low 	 high 

FIG 5.12 CHANNEL NO. FOR COMPONENT GAUGES  
BOTTOM SURFACE VYBAK MODEL 



4 	4 

0 

0 

+ 	+ 	+ + + 4 	4. 4 -4 + 4 

0 0 

-t 
2

11 4 

0 + 	0 + 	0 + 	0 0 e 4 4 

2" 
-F 

0 0 

4 

' 	

• 4 

P i 

+ 4 4 	4 4 + + + 

 0 

o + 	4 	0 	+ + 4 0 4 	4 in •-• 4 + n _ 	4 + o 
0 0 

0 0 

• 4 

- . 

$ 0 I 	• 0 4 01 	10 • 0 $ 

121 

high 
	

low 

tow 
	 high 

FIG 5.13 POSITION OF DIAL GAUGES (o) AND LOADING POINT S (+) 

VY BAK MODEL  



122 

O .000 	 00 high 	. 0 	 • DOG —•oe•f• 	 •,0/o 
o/b 	 • 010 	IOW 

15 	 16 
	

14 

O •oo/ 
• at/ 
•o26 

12 

,004 
.o/it 

.004- 

.011 
.054 
.057 

o/S 
o.21 

13 8 10 
.000 
•D07 
• ol2 • 04 7 
9 

•002 
oaf 
or o 

	

-.013 	—00; 

	

...o05 	-•oed 

	

. Doi 	- •oese. 
• o/o 	.007 

• pal 
. 005 

.000 
•

.000 
.003 
0/0 

•000 
4,044 
• o04, 
•0/ /  

Op* 
00I 
aZ 
OIS 

1 	2 	3 	4 	5 
low — 6 

—
7 

high 

readings are for loads corresponding to 244 
5,/3 pg./ 

la .5° 
AO ICI  

FIG 514 READINGS OF DISPLACEMENTS  

TIMBER MODEL 



2 3 
/\ /\ 

4 	3 	2 	1 

—, A 

C 
low /\ 

6 

—B 

C 
high 

6 5 4 

A — 

B — 

• 
,o68 

• •065 

• .07/ 

.0276 .0o .057 .047 .07f 	.074 • • 	• • • 

• 033 • .0,6 

• Oil .0/3 
• 

.005 
• 	 

. 0/5- 
• 

.006 
• 

• .0•  6, 	 .072 
4,0 
• 

-OM 	.045 	 .042 	.046 	-038 	.4M6 
• • 	• 	• 	• 	• 

• .0/0 

• •037 

123 

high 	 low 

position of di at gauges 

FIG 5.15 READINGS OF DISPLACEMENTS 
VYBAK MODEL 



9 

99 1 

qo 

strains x 1CT6  

124 

high 	 low 

/6 

low 

,,,9•51 	/0,2 	q6 

9 	yo 

/eLl- /a .k.  
9X  

6,1% 	4 	9814.-, 1/0 crs /449,0 
-9 

/ -9/ t.L% 
sr. 

tik 

high'` 

FIG 5.16 REDUCE STRAINS FOR TOP GAUGES VYBAK MODEL 



ss+ .17  

c, 

4  

sa 	 6R 	e9.6, 

,70.17 21 I 	-44 -68 	-89 -•=1 

14% 	Se 	-34 	-37 :7:4 -76 
4, 

114  / 
"‹ is", 

Ij 

(„01  

-47 

- /o 9 4  
tk 

-sob 

-76 

• 
11 

it 

-112 

-lob se 

125 

high 	 low 

low 	 strains x 10-6 
	

high 

FIG 5.17 REDUCED STRAINS FOR BOTTOM GAUGES VYBAK MODEL 



0 20 

U) a_ 

0 

10 

0 

126 

/ 
/ 

A 

/ 

/ / 

o/ 

7  

,/ 

0 49Z  

/ 
l' 
/ z 

/ 	. 

° 
/ 

A .  

/ /. V 
/7 

 / 
0 
@ 
0 

Tyanselucer 	1 
° 	,.., 12  frIN 

'MOO tilVelikm." 

go 

strain 10-3 

FIG 5.18 TYPICAL STRESS—STRAIN RELATION 3 ply.BALSA SPE. 

/6,00 

0 

a/ 	 oz 
displacement at centre (ins) 

FIG 5.19 LOAD— DEFLECTION RELATION FOR CENTER OF TIMBER SHELL. 



cm 

Y
o
u
n
g

s  
m

o
d
u
lu

s  

x 

10 — 

0.6- 

sigle ply. 
mean 0.1b5xto'' 

— 

0.5 — 

two plies. 
MeC,.n t$ x 10 

1.5 

three plies. 
mean: 1•q-BOxio‘ 

tension specimen No. 
127 

/0 

FIG 5.20 VARIATION OF YOUNGS MODULUS FOR 1,2,3 PLIES. BALSA. 



14, 
1=>isTor-fstc•E i6LoNG EDGE BEAM 0144) 

12 	 I(,, 	20 100 1-,  

	• 

5.0 

-/00 

127 (GO 

-.01 

j1.' .'' 

1 . 

6,11/ a a 1V0. 

F/A 5.2( O1SPLACE/IEA/7  AL041.1 Th,e1 42,5E BEAM 

TIMBER 	 01:21 

 

ria.  5.22 	DIFFELENT/AFL OF STAirIA.1.5 q i EASE SEiCief 
Tfmsgg MODEL. 

ci,i,2a.5 /4/ 

/ • /2.1 ps.f. 

re 5:23 	AleAlv or  1-H-s-  srevAis OV gb6E SEA-A.1 

VMS( Z. /kg C‘DEL- 



r V irr 

i 

0 

0 2 

hle 

128 

r' 	5.24 	PISPZ AZEAffiti i AZoN4 C-PE  anisu,,v 

1- 

N 

0/ 

riA 	5..25 	kAa E &EMy b/SP<AzEtik-Ai r 

TA-48 E 2 Aftbetrh 



0 

129 

t 
	

eat/ Ti °AI or tt/Az aAuciro,v Vysoc AIDPIL. 

0 

PA 5.26 pisPLAcsAitAlr ALONG 4/A1E A- A 1C/6 6-15.  

F/4 527 0./.5PLACCAIEAIT 744.0.k/4 PA(F 8-8  r/a .T./5. 

         

0
/5

PL
A

tE
l l

'A
ir
 ((

N
5)

  0 

       

        

        

1/ 

       

       

        

.01 

       

        

        

PA 5. .28 P/S FLA 4EisferA/T ALotvd Znkte C-  C  '74 5  /5  



130 

Po.sir ION or GAUGES PAI THE V764/4  /6100E4 

2 3 4- 

•D2 

L_ 
04 

,06 

FIG 5.29 .0/Sez.itce,r,,vr ,440A44 7.011-  COIIIMESSitfrx../ OvAaewiti., 

0 

413 

P7a  .C.30 .215P4AC-e/yeA.17  Ao-ona Tmc 

,o5 
CC I T242. P/SFA.frtiriyiA/ C/A/S) 

.57.3/ 
	0,1) - biczfer/aAl ca2ve 	Vy44-x4 Afoistz  



/ pp tilal4f% 
eerrimf 6A06f5 

/ 70 4Alla•i 
I Bol/a/77 4 ,ors 

200 

/00 

- 3ao 

131 

5712A-7A/ 4- A LI 6 A Pos/T/c>AJ 0/4) VrgAic. 

3 

F/G 5.32 	ST/2A//k/ D/574/8a7i0A/ ,ice/v‘  

vv 

0 

00 

Zan 

I. 	Tor G.,Aucfs 
.2 aP7701 Ottor".f 

r/6 5:33 STRAW ..15/STK/SurioAil 	4/AIE e-C 

4° 6-' 34 -57;effi/V are/S/./P454/  iittpA/G LAM 7— T 



240 

210 

180 

150 

/20 

!!4 

V \ 	90 

60 

youN4s friakud..us 

0 	0. g x /04' / /42  
12 	0.83 x lo` /Oft 2  

1200 	 /300 	 /400  

5 	oz. Ai 	/0.-6 
/400 

132 

.f7a 5.35 	TK E:55 - S 7KA /A/ R.FLA poAis ,,ce V  y64.C.  



133 

LEAPTER 6 

DISCUSSION AND CONCLUSION 

6.1 Discussion of the Results of the Theoretical Computations 

A considerable amount of effort was directed towards establi-

shing that the theory as programmed for the computer could analyse 

some problems for which solutions are known. This was necessary 

to gain some confidence, in its application, as to the correctness 

of the formulation and the approximations involved. More important 

was the verification of the correotnees and convergence of the 

formulation of the new function for triangular element in bending 

which has been derived in section 3.4,To this end, the problems of 

the plate under lateral loading and with various boundary conditions 

have been analysed. This is particularly relevant, because many 

research workers who have developed similar functions for triangular 

and rectangular elements in bending have chosen these particular . 

problems as the test case to verify their formulations and the 

convergence. The problems of the hyperbolic paraboloid shells have 

also been analysed. The solutions obtained have been compared with 

the various theoretical solutions available. Where experimental 

data are available, these results have been correlated by means of 

the finite element solution. The details of these solution are 

now discussed under the head of the plate problems and the hyperbolic 

paraboloid shell problems. 

6.2 The Plate Problems 

Of the few functions available for triangular element in 

bending, two have been chosen for comparison along with the function 
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which has been derivca in section 3. 4 These functions aro 

identified as Clough and Sienkwiewiez functions respectively and the 

function derived in section 3.4 	is refered to as Segun. The 

test problem has been chosen as a square isotropic plate with all 

the edges fixed. A further check is obtained by comparison with an 

exact solution. By exact is meant a solution based on an infinite 

series representation taking as many terms as possible with little 

changes in the solution after some terms. This solution is taken 

from the work cf Timoshenko (194B). Fig. 6.2 shows the plot 

obtained from the various solutions. The solutions based on the 

finite 'element functions and carried out using a mesh division of 

16 x 16 are shown in fig. 6.2. The C1,4ugh's function and Segun's 

function can be observed to give solutions which converge to the 
Timoshenko's solution from below. The Zienkiewicz function can be 

observed to give solutions which is above the Timoshenko solution. 

Zienkienwicz (1965) has  however shown that the solution obtained 

using an 8 x 8 mesh absolutely converged to the Timoshenko's solution. 

If this 8 x 8 mesh solution is considered along with the 16 x 16 
mesh solution obtained here, it would thus seem that the convergence 

is away from the exact solution. 

The convergence of Segun's function is further exhibited in 

table 6.1. Here the results of the computation, using 8 x 8, 12 

x 12, 16 x 16 and 20 x 20 mesh division, for the central deflection 

of the clamped plate using this function are presented. The accuracy 
of the function compared with the other functions is also clearly 

exhibited in this table. For the 16 x 16 mesh division, the Clough's 

function gave an error of +13 %o , the Zienkiewicz function -10%, 

while Segun's function gave an error of + 2 9S; 
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AUTHOR MESH CENTRAL DEFL. °to  of Exact 

SEGUN 8 x 8 1,300 103 

12 x 12 1.288 102.5 

16 x 16 1.283 102 

20 x 20 1.279 101.5 

CLOUGH 8 x 8 1.520 120 

16 x 16 1.420 113 

ZIENKIEWICZ 16 x 16 1.130 90 

TIMOSIENKO EXACT' 1.27 100 

MULTIPLIER q1,4  /D x 10-3 

TABLE 6.1 Comparison of solutions for a clamped 

dquare plate. 

Fig. 6.1 shows the comparison of solutions for a simply 

supported square plate. The solid curve shows the result of a 

16 x 16 mesh finite difference solution. Because the curves practi-

cally coincide, the finite element solution using Segun's function 

and a 12 x 12 mesh division has been shown as dots. The value of 

the exact solution is 4.06. The finite element solution gave 4.1 

an error of 1 %. 

Fig. 6.3 shows the result of the computation for the plate on 

only four corner supports. This problem has also been discussed by 

Timoshenko. The exact solution has been given as 25.7 and the 

finite element solution for a 20 x 20 mesh is 26 again showing an 

error of +1 (Yo. 
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The diverse nature of the problems investigated on plates and 

the accuracy which has been achieved demonstrates the capability of 

the finite element using the triangular element stiffness formula-

tion, In particular, it can be observed that the triangular 

element stiffness in bending based on the function derived in section 

3.* 	yielded consistently more accurate and rapidly converging 

results compared with the other formulations discussed. 

6.3 Hverbolic Paraboloid Shell Problems 

6,31 Solutions for Shell with Fixed and Simply Supported Boundaries  

Of the various solutions available, the most aboundant are for 

the shell with the boundaries fixed. The reason is simple. For 

analytical solutions of the Rayleigh - Ritz type, deflection modes 

have to be assumed and this can be achieved far more easily for the 

fixed boundary condition, tl.an for any other type of boundary condi-

tion. Even the simple suport type of boundary condition seems to 

present some problem in defining suitable functions. Problems 

originating from extrapolations at the boundary and corner points 

also make it easier for the fixed boundary conditions to be tackled 

more easily by the finite difference method. On the experimental 

front, it appears that more reports have been presented on the fixed 

shell than on the simply supported shell. This appears to be due 

to the fact that the fixed shell is more easily set up than the 

simply supported shell. The practical shell however is the flexible 

edge type. This has been investigated exhausively by means of 

models, but no theoretical solution is available, 

Since no exact solution is available for the shell with the 

fixed boundaries, the finite element solution for this problem has 

been compared with two approximate solutions. The first solution 
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( is based on the work of Chetty 1962) 
 who used a versatile method 

based on the Kantarovitch approximation. 

solution. He also compared his solution 

presented by Loof X1901)  andthe results 

by him on an araldite model. The second 

work of Brebbia (1966)  who used the finite difference method to solve 

Lasically this is a series 

with another series solution 

of the experiment performed 

solution is based on the 

equation 1.15 He also compared his solution with the experimental 

results on a model, he.tested. For the solution of the simply sup-

ported shell, comparison has been made with the solution obtained by 
(1966).  Michael 	He used a beam vibration function in the Gerlerkin 

approximation process. 

These examples were chosen with two purposes in view. First 

to ensure that the finite element method could be applied to the 

analysis of hyperbolic paraboloid., Secondly, it was necessary to 

have contrasting examples to demonstrate the convergence trend of 

the solution, so as to give an indication of the element size 

necessary to assure convergence for varying shell dimension. 

6.32 Comparison of Solutions for the 	 erbolic Paraboloid Shell 

with the fixed and simply supported Boundaries  

For convenience of making cross refrences, the comparisons made 

below has been designated as problem 1, 2 and 3. Problem 1 deals with 

the comparison with the work of Chetty, problem 2 that of Brebbia, 

and problem 3 that of Michael (1966)  

The data for problem 1 are as follows: length 12 in., rise 

L3O4 in, and thickness 1/4 in. Fig. 6.5 shows the comparison 

of the deflections along the centre line of the shell. We shall 

not concern ourself with the experimental result which had been 
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dealt. with at great length in the reference from which it has 

been detained. Presented along the finite element solution are 

results of two other solutions referred to as Loof Solution and 

K. G -. a shortened form for Kantarovitch-Garlerkin method. The 

finite element is based on a shell program incorporating Segun's 

function. The mesh size used in this particular problem was 8 x O. 

The excellent comparison between the solutions can be observed. 

Fig. 6.4 shows the plot of the displacements for shell type 

of problem 2. The data for this problem are as follows: length 

100 cm, rise 10 cm. and thickness 0.8 cm. We note that the 8 x 8 

mesh which was quite adequate for problem 1 is no longer accurate 

enough for problem 2. Thus we had to employ successively 12 x 12 

and 16 x 16 mesh subdivisions. In the figure comparison has been 

made with a series solution using eight harmonics, and we have also 

presented a solution using Clough's function. It can be observed 

that the solutions are of the same order of magnitude, but towards 

the centre of the shell and in general where boundary conditions have 

been applied, the finite element solutions show some divergence 

from the series solution. But within the shell agreement is reason-

ably good. Again we observe that Segun's function appears to give 

for the same mesh subdivision a better agreement at the centre than 

Clough's function. 

The data for problem 3 was taken as that in problem 2. Fig. 
6.6 shows the comparison between the finite element solutions and 
the series solution using the beam  vibration function. 8 x 8 mesh 

and 16 x 16 mesh divisions have been used in this problem so as to 

exhibit the convergence trend. The large discrepancy at the centre 

using the 8 x 8 mesh can be observed, and the resulting improvement 

using a 16 x 16 mesh subdivision can also be observed. Within the 
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shell however, the discrepancies are not so pronounced. It can 

be observed that as the mesh division proceeds, the finite element 

solution can be seen to be approaching the series solution. 

6,4 Hyperbolic Paraboloid Shell  on Flexible EdeSuppprts 

6. 41  Application of the Shell Analysis 

In continuation of the procedure which has been followed 

thus far, it would be ideal to compare the result of the finite 

element solution with that of a series solution or solution by any 

other approximate method, for the shell on flexible edge supports. 

No solution of this problem has been found in the literature thus 

far. Hence the computational results are compared with the experi- 

mental results. This experiment has been reported in section 5.9. 
In order to eliminate the effect of the edge beam stiffness, the 

comparison has been made, as a preliminary step, for a shell with 

zero edge beam stiffness. This case being expected to be the 

limiting case in comparison with the identical plate problem discussed 

in 6.2. The corners of the shell were assumed restrained at the 

four corners with respect to the vertical displacements and at the 

lower corners with respect to horizontal movements. These conditions 

represent the least constraints to ensure stability. Fig. 6.7 shows 

the plot of the displacement along the central line of the shell. 

8 x 8 and 16 x 16 mesh divisions have been used in the computation. 

We immediately observe the lifting of the centre of the shell. This 

lifting of the central portion of the shell has been associated with 

lack of convergence and has been previously noted in the discussion 

on problem 2 in section 6.2. The subdivision into 16 x 16 mesh, 

which had in the previous calculation on problem 2 been sufficient 

to give improved result which can be compared with other solutions 
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and the experimental result, does not seem to be adequate. But more 

disturbing is the fact that when the theoretical values are compared 

with the experimental values, both results do not agree and are not 

of the same order of magnitude. The experimental result is shown 

on this graph but to a scale ten times that of the theoretical curves' 

scaler Table 6.2 below gives an idea of the order of magnitudes 

involved. The displacement has been compared at A - the centre of the 

shell, B - a point midway between the centre of the shell and the 

edge and C - the edge point on the central line. 

A 
IFSHDISPL. 3/0 ofEXPT,DISPL. crof 

B 
EXPT. u DISPL. 

C 
13/0  of EXPT. 

8 x 8 .0032 4.26 .0058 9.0 .0038 22.4 

16 x 16 .0046 6.14 .0065 10,3 .0050 29.6 
Expt .0760 100 .0640 100 .0170 100 

TABLE 6.2. Comparison of experimental and theoretical results 

using the shell theory. 

Although the convergence problem seems to have obscured the 

results, our experiences on the results of problems 1-3 would suggest 

however that convergence alone cannot account for the discrepancy in 

both results. Table 6,2 also shows some convergence trend although 

not as fast as would be desirable to approach the experimental result. 

It was therefore necessary to examine the state of stress in the shell. 
Hence the design of the Vybak model. 

6.42 Stresses in the Vybak Model 

The strains measured in the Vybak model have been shown in 
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fig. 5.32 - 34 inclusive. The actual strains recorded by the top 

and bottom gauges have been plotted. Also plotted are the mean of 

the strains and the differentials of the strains from which the 

direct stresses and the bending stresses can be obtained. Within 

the limits of the error in reading of the digital strain recorder 

which is of the order of ± 5 microstrains, hardly any direct strains 

could be observed in the model except along the tension and compre-

hension diagonals. Even here, we observe that the direct strains 

are negligible and could be considered as secondary. One would 

therefore justifiably be led to conclude that the shell transmits 

most of its load by pure bending and that its behaviour approximated 

more towards the plate rather than the shell actions. 

6.43 Modification of the Shell Analysis to exclude the Membrane  

Effect 

With the experimental results indicating that the shell 

behaved more like a plate rather than a shell, it therefore was 

necessary to modify the mathematical model to take into account 

this fact. From the finite element point of view, we have ascribed 

more degrees of freedom in the mathematical model than the physical 

model possessed. In the theoretical formulation of the shell theory, 

we have assumed that the strain energy of the shell is of the form 

4. 

U = v  N (5N dV 

where f N and t N have been defined by equation 3.17. 	N and its N 

were defined as being composed of flexural and extensional compo-

nents of strains and stresses. If the extensional components are 

null, the theory is not invalidated. If therefore a null vector is 

substituted for the extensional strains in equation 3.21 

and the corresponding displacements u and v are suppressed, the 
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resulting transformation gives the stiffness matrix for an element 

in bending. The geometric transformation matrix [a] then ensures 

that the structure is analysed as a curved plate. The resulting 

theory has been captioned the Curved Plate Theory. In essence it 

is the analysis of a plate but with the coordinate transformation 

matrix [L] taking other values than unity. 

6.44 Correlation of the Test Result by the Curved Plate Theory 

Fig. 6.8 shows the comparison between the experimental result 

and the theoretical result based on the curved plate theory. Segue's 

function has been used in the curved plate analysis and solutions 

have been obtained for 16 x 16 mesh end 20 x 20 mesh divisions. The 

edge beam effect has also been included in the computation. The 

results show a better agreement than those obtained when shell type 

of actions are assumed. 

One peculiarity of the solution is however worth noting. 

When the computation was carried out with the edge beam effect 

included the computer result for the deflection at the centre of 

the shell was 500.253. When the computation was repeated without the 

edge beam effect, the result was 500.376. When the results were 

reduced to obtain the actual displacement in inches, the differences 

cancell out in the number of significant digits retained. In fact 

the solution presented in fig. 6.8 also represents the result of the 

shell without an edge beam. It was therefore felt that the computa-

tion should be carried out for the case in which the edges remain 

undeflected representing the case of the shell with an edge beam 

of infinite stiffness. The result is plotted on the same graph and 

captioned curved plate 3.3 (indicating simply supported). If the 

values of the displacements at the centre of the shell are compared, 
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the reduction in the displacement based on the zero edge stiffness 

case is of the order of 3.6%, Generally within the boundary of 

the central portion of the shell, the shell is insensitive to the 

presence or absence of the edge beam. Towards the edges however 

the displacement is affected by the presence of the edge beam. 

Batchelor (1963)on  a concrete model. 

This effect seems to have been borne out by tests conducted by 

An extract from his thesis 

is presented in fig. 6J.0. It will be observed that the effect of 

replacing an edge beam made of channel section having a sectional 

moment of inertia of 1.78in4 to a box section having a sectional 

moment of inertia of 3.56in4  and a greater torsional rigidity has 

not produced significant changes in the distribution of displace-

ments in the shell. It would thus appear that the rigidity of the 

shell is more important in determining the stiffness of the shell. 

Test will however be required to show that this still holds for a 

large span thickness ratio. 

6.45 Comparison of the  curved plate solution and the flat plate 

solution  

In fig, 6.8 the computation using the shell data for a simply 

supported plate has been plotted. Comparison between the simply 

supported plate solution and the curved plate analysis shows that 

the shell stiffness is roughly of the same order as that of a 

flat plate. This fact has also been pointed out by Batchelor (1963)  

The results of his investigation on a concrete model with boundary 

conditions similar to the one conducted in this thesis also failed 

to be correlated by the shell theory and he therefore compared the 

behaviour of the shell with that of flat plate under fixed and 

simply supported conditions. When he used a flexible tie rod 

his results compared with a clamped plate solution, while with 
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a more rigid tie rod, the results compared with that of a plate 

which is simply supported, His broad conclusion that the shell 

behaviour could be approximated by the clamped plate behaviour must 

be open -Lo equestions. Clearly the results must be governed by the 

shell rise. If the warping constant is reduced to zero, the shell 

tends to the plate on four corner support to which a solution has 

been given in section 6,1. Thus with very low shell rise one might 

expect the result to tend towards the solution of the plate on four 

corner support. The little information available cannot make a 

generalised conclusion to be drawn between the solutions. However 

one can say that the shell does not behave as a plate under identical 

boundary conditions. 

6.4.6 Curved Plate Analysis  and the Shell Analysis for the 

Shell with Simply Supported Boundary Conditions 

The result for the simply supported condition obtained from 

the curved plate analysis raises an interesting problem, We observe 

from considerations of problems 1 and 2 that, when the edges of the 

shell were fixed, the assumption of the presence of membrane stresses 

and the consequent use of the shell theory, enabled the test results 

to be correlated. Also based on the shell theory, we have assumed 

the presence of the membrane stresses in problem 3, leading to the 

displacement pattern shown in fig. 6.6 and again this solution 

compared very well with the series solution. However for problem 

3, if we ignore the presence of the membrane stresses, we obtain 

the result of the curved plate S.S. shown in fig. 6.8. These results 

are shown again in fig. 6.9. It will thus appear that there are 

two possible configurations for the shell which is simply supported 

along the boundary depending on which assumptions on stresses is 

used. Which of the configuration the shell will assume can only 

be decided by experimental analysis, 
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6. 5 Tia\TERAL R7PIARKS 

6,5.1  Mesh Size and Model Size 

As already pointed out in the discussion on the results of 

problem 1, the 8 x 8 mesh division of the structure was sufficient 

to assure the convergence to the result obtained by other methods. 

The model size was 12 in x 12 in thus giving the leading dimension 

of the triangular elements as 3 in. When the model size was 
50 cm x 50 cm for problem 2, we find that the 8 x 8 mesh division 

giving the element leading dimension of 6 cm was not sufficient 
to assure convergence. The 16 x 16 mesh division giving the leading 

element dimension of 3.125 cm was required. Even for this we 

observe from the result that convergence has not fully materialised. 

It would thus appear that as the numerical dimension of the shell 

becomes very large we will require more divisions of the structure 

to obtain convergence. However more subdivision into finer mesh 

entail greater number of nodes and hence very large systems of 

equations to be solved. Most of the cost of computing is however 

accounted for by the computing time. In the present computation, it 

was found that with the program organisation adopted, the computa-

tion time varies rougly as the cube of the mesh division as shown 

in fig. 6.11. It thus appears therefore that the finite element 

idealisation of shell in its present form is not an economic propo-

sition for the everyday use compared with the other form of analysis 

of the problems considered. 

6.5.2 Lifting of the Shell Centre 

The cause of the lifting of the centre of the shell, observed 

in problems 2 and 3 and also on the problem of the shell on 
flexible support is not very easy to trace. The computations carried 
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out on the shell with the flexible edge by assuming the shell type 

behaviour and the curved plate action seem to suggest that it is 

associated with the membrane stresses. The portion can be taken 

as the slowly converging Portion of the analysis. As shown in the 

computations on problems 2 and 3 its effect is minimised by division 

into finer mesh. The worsening of this effect in the computation 

on the shell with the flexible edge support horever suggests that 

the boundary conditions could also have some part to play. This 

effect is totally absent on the plate problem-, and the curved 

plate analysis. 

6.5.3. Bending moments in plate and shell. 

The results of the computation of the bending moments are 

presented in fig. 6.12-6.15 inclusive. In general, for the plate 

problems, the bending moments are reasonably predicted by the finite 

element method using the triangular elements. Errors in the 

bending moments are maximum towards the edges and to a lesser 

extent at lines of symmetry. The results for the clamped plate 

and the simply supported plates are shown in fig 6.14 and 6.15 

respectively. The same remarks apply to t'ie problem of shell 

fixed along the boundary. The results, compared with other solutions 

and experimental results, have been presented for Problems 1 and 2 

and shown in fig 6.15 and 6.14 respectively. 
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6.6 CONCLUSIONS 

The various problems discussed in section 6.1 - 6.4 have 

demonstrated the ability of the finite element analysis to tackle 

the problems of bending of plates and shells under the fixed and 

simple support conditions. In particular the use of the triangular 

elements have been demonstrated as capable of producing the same 

degree of accurarcy as solutions based on the series solution 

especially for plate problems. For shell type of problems, the 

finite element solution has been shown to suffer some convergence 

trouble which can be improved by division into fine mesh. A new 

algebraic function for defining the stiffness properties of the 

triangular element in bending has been developed. This function 

captioned Segun's function has been shown to give a consistently 

more accurate solution than Clough's and Zienkiewicz's functions 

for the analysis of plate problems. Its convergence has also been 

shown to be better than the other functions. 

The shell theory has been shown to fail to predict the beha-

viour of the hyperbolic paraboloid shell on flexible edge supports. 

This failure has been explained by the fact that the shell does not 

develop membrane stresses as assumed in the shell theory for this 

particular boundary condition, An experiment conducted on a Vybak 

model established that the shell transmits its load by means of 

bending stresses which are associated with plate type of actions. 

A modified shell theory which neglects membrane actions has been 

advanced to explain the behaviour of the hyperbolic paraboloid shell 

on flexible edge support. This theory captioned the Curved plate 

theory has been shown to predict the shell' behaviour under the 

flexible boundary conditions. 
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The large number equations which result from analysis based on 

shell type action, coupled with the convergence problem makes the 

finite element analysis less attractive than the other methods for 

the fixed and simple support condition. 

6.7 Suggestions for further Research 

The test reported in Chapter 5 on the Vybak model has shown 

that the hyperbolic paraboloid shell tended to hehave like a curved 

plate. Based on this test, the curved plate theory has been proposed. 

It will therefore be useful to investigate the extent to which this 

behaviour still holds when several parameters of the shell are 

varied, particularly the rise/span and the span/thickness ratios. 

The curved plate analysis has also demonstrated the relative unimpor-

tance of the edge beam stiffness for the test data obtained in the 

present investigation. Since the greater part of the cost for this 

type of structure is taken up by the provision for the edge beam 

it will be useful to determine the maximum ratio of shell/beam 

stiffness beyond which the beam stiffness does not contribute 

significantly to the stiffness of the shell. The tie rod influence 

could also be simultaneously studied in the same program. 

A test of the shell on a simple type of support will also be 

useful to verify the findings of the curved plate and shell theory 

discussed in section 6.3.6. This could be used to simplify the 

analysis and design of the hyperbolic paraboloid shell by separation 

of the edge influences. 

More investigation into the basic properties of glued veneers 

of balsa and relation to full scale specimens would appear to be 

necessary if the results of model studies on timber shell were to 

be used to interprete the behaviour of the prototype. 
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