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ABSTRACT10

Estimating the e�ective thermal conductivity (ETC) of granular materials is important in various11

engineering disciplines. The ETC of a granular material is not unique, rather it depends upon the12

material’s packing characteristics, i.e. porosity and coordination number. Directly measuring13

the ETC of granular materials with a particular packing density and subjected to specific stress14

conditions is experimentally challenging. There is a need to develop reliable, indirect experimental15

methods to measure the ETC of granular materials. Here we explore the possibility of linking the16

ETC of granular materials to their elastic moduli. This study used a thermal pipe network model17

implemented in a Discrete Element Method (DEM) code to generate ETC data for ideal, virtual18

two-phase granular samples with stagnant pore fluid. Parametric studies considered the sensitivity19

of the ETC to the sample packing. Data from small deformation probes were used to explore links20

between the samples’ elastic moduli and their ETCs. The results provide a theoretical background21

for the development of an indirect experimental method to predict the ETC or trends in the variation22

in the ETC by considering sti�ness data which are relatively straightforward to acquire. The study23
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shows how DEM can be used as a sophisticated thought experiment to explore novel ideas for24

developing experimental procedures.25
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INTRODUCTION26

Granular materials are encountered in a number of engineering fields and subjected to temper-27

ature changes in a variety of situations. Such temperature changes can be applied artificially, for28

example, to enhance chemical reactions of powders, process food grains, store thermal energy in29

packed beds, or exploit heat from soils for geothermal heat pumps. Chemical or nuclear reactions30

can lead to a change in the temperature of granular materials (e.g. hydration of cement; pebble31

bed reactors). Climate-induced temperature changes include the seasonal temperature changes32

experienced by food grains in silos. In all cases, understanding the e�ective thermal conductivity33

(ETC) of the granular materials considered is important to e�ectively run facilities and manage34

processes or to avoid significant failure of structures.35

Both experimental and numerical studies have shown that the ETC of granular materials is36

a�ected by various factors. The experimental studies by Yun and Santamarina (2008) showed37

that the contact area and the particle stresses have a measurable e�ect on the ETC of granular38

materials. The ETC of a granular material is not always isotropic; for example, the experimental39

studies presented in Garrett and Ban (2011) demonstrated that the ETC can develop a significant40

directional dependency under anisotropic stress conditions. A numerical study by El Shamy et al.41

(2013) also suggested that the mean coordination number and the anisotropy of the contact normal42

orientations a�ect the ETC, however these parameters cannot easily be measured in experiments.43

Thus, in order to estimate the ETC of a granular material, all of these factors need to be accounted44

for. However none of the available theoretical models, which are summarised in van Antwerpen45

et al. (2010), can e�ectively include the e�ects of all of these factors.46

On the other hand, the direct measurement of the ETC of granular materials is technically47

challenging, as it requires specific and often expensive temperature controlled devices. In particular,48

experimental systems that can measure accurately the response to changes in temperature while49

allowing control of the packing and stress state of granular materials remain very rare. This is due50

to the di�culties associated with the concurrent application of thermal and mechanical loads and51

also to the detrimental e�ects of changes in temperature on the accuracy of the equipment required52
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to measure the sample deformations.53

Motivated by the observations presented above, this study explores the possibility of indirectly54

determining the ETC of granular materials by relating it to the small-strain elastic moduli of55

granular materials, which are also determined by the material packing characteristics and which56

can be more easily measured experimentally. This study employed both analytical and numerical57

models. The concept of using a network model to determine thermal conductivity underpins both58

models and so this is firstly outlined. In the analytical model E�ective Medium Theory is used to59

express the elastic moduli of a granular material as a function of its basic packing characteristics60

(coordination number, contact radius, and void ratio). Then, a relationship between the ETC and61

the packing characteristics is formulated assuming a uniform temperature gradient within a granular62

medium. Comparing the expressions for the ETC and the Young’s modulus of a granular medium,63

a relationship between these two properties is proposed. Complementary numerical analyses64

employed the Discrete Element Method (Cundall and Strack 1979) to create samples with di�ering65

void ratios, coordination numbers and contact normal anisotropies. Small deformation probes66

were simulated to measure the elastic moduli and heat pipe network simulations were conducted.67

These data confirmed the viability of the relationship developed analytically. Using the analytical68

model and the DEM results, a simple method to estimate the ETC of granular samples using the69

Young’s modulus and the void ratio of a granular material is proposed and its predictive potential70

is demonstrated using the DEM-generated data.71

PIPE-NETWORK MODEL TO SIMULATE HEAT TRANSFER72

Heat Transfer Mechanisms within Granular Materials73

As detailed in previous studies (e.g. Yagi and Kunii 1957; Yun and Santamarina 2008), various74

heat transfer mechanisms take place within a granular material. In this study, we focus on granular75

media with stagnant fluid under a moderate temperature (< 450 K), where heat transfer via radiation76

and convection is negligible. Referring to Fig. 1, under these conditions heat is transferred via77

conduction through the solid particles, conduction through the area of contact areas, and conduction78

through the gap fluid. Data presented in Cheng et al. (1999) demonstrated the importance of particle-79

4 Morimoto, September 17, 2021



fluid-particle conduction; this accounts for approximately 50 % of the heat transfer even for a very80

high ^ value of 1000, where ^ = :B
: 5

, :B is the thermal conductivity of the solid particles, and : 581

is the thermal conductivity of the pore fluid. The "e�ective thermal conductivity" of a granular82

material is the macro-scale thermal conductivity of the material including the solid particles and the83

void space. Convective and radiative terms are not included in the e�ective thermal conductivity.84

The term is common in previous studies (e.g. Cheng et al. 1999; Dai et al. 2019).85

Heat pipe network model86

Heat conduction within an isotropic continuum material can be described by Fourier’s law:87

q = �kr) or @8 = �:81
m)

mG1
� :82

m)

mG2
� :83

m)

mG3
⌘ �:8 9

m)

mG 9

(1)88

where q is the heat flux vector through a unit area, k is the thermal conductivity matrix, and r)89

is the temperature gradient. Adopting the one-dimensional form of Eq. 1, the heat conduction90

through an element of a material with a cross-sectional area �2>=C8=DD< and a length !2>=C8=DD< can91

be described as:92

§
& = @�2>=C8=DD< = �:�2>=C8=DD<

�)
!2>=C8=DD<

= ⇠�) (2)93

where §
& is the amount of heat transferred per unit time, the thermal conductance, ⇠, is equivalent94

to :�2>=C8=DD</!2>=C8=DD<, and �) is the temperature di�erence across the element. When a95

granular material is considered within a continuum framework, : in Eq. 2 is the E�ective Thermal96

Conductivity (ETC).97

The prevailing approach in particle-scale simulations of heat transfer in granular materials is98

to apply Fourier’s law using a heat pipe network model (Vargas and McCarthy 2001; Feng et al.99

2009; Yun and Evans 2010). A schematic illustration of one element within a heat pipe network100

model is shown in Fig. 2. In this modelling approach, each particle is assumed to be isothermal,101

with a heat core whose temperature represents the particle’s temperature. If two particles, ?1 and102

?2, are in contact or su�ciently close to each other, a heat pipe is created between these particles.103

Then the amount of heat moving from particle ?1 to particle ?2 per unit time ( §&?1?2) is calculated104
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following Eq. 2:105

§
&?1?2 = �⇠

⇤

?1?2

�
)?1 � )?2

�
(3)106

where ⇠⇤

?1?2 is the e�ective thermal conductance of the heat pipe calculated from the thermal107

conductance of the particles ?1 and ?2 that define the heat pipe (⇠?1 and ⇠?2) and the thermal108

conductance of the contact region (⇠2) as:109

⇠
⇤

?1?2 =
✓

1
⇠?1

+
1
⇠2

+
1
⇠?2

◆�1

(4)110

The amount of heat (& (�C)
?1 ) received by a particle ? during a time increment �C is calculated as:111

&
(�C)
?1 =

#
(?1)
2’
?2=1

§
&?1?2�C (5)112

where # (?1)
2

is the number of the contacts involving particle ?1. The increment in the temperature113

of particle ?1 (�) (�C)
?1 ) is then calculated as:114

�) (�C)
?1 =

&?1

2?1<?1
(6)115

where 2?1 and <?1 are the specific heat capacity and the mass of the particle ?1, respectively.116

Batchelor and O’Brien (BOB) model117

An appropriate model for the e�ective thermal conductance of heat pipes (Eq. 4) needs to be118

selected to simulate heat transfer within a granular medium. As discussed above, consideration119

of particle-fluid-particle conduction is important. Batchelor and O’Brien (1977) conducted an120

analytical study of heat conduction through two particles considering the fluid in the gap between121

the two particles just adjacent to the contact point (Fig. 1). Referring to Fig. 3, they modelled the122

thermal conductance as a function of the contact radius, A2, if the two particles are contacting, and123

as a function of the gap distance, ⌘, if the two particles are separated. Kanuparthi et al. (2008) and124

Yun and Evans (2010) implemented this model in their heat pipe network models, and obtained125
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good agreement with experimental results. Dai et al. (2019) conducted particle-scale FEM analysis126

varying the thermal conductivity ratio, ^, and confirmed the excellent agreement between the FEM127

results and a modified version of the original Batchelor and O’Brien (BOB) model for a wide range128

of ^ values (4 to 1000). In addition, Yun and Evans (2010) and Dai et al. (2019) demonstrated129

that a pipe-network model employing the BOB model agrees very well with experimental data130

for various solid-fluid combinations under di�erent stress levels (glass-air, glass-water, sand-air,131

sand-water, and steel-air). A brief summary of the modified BOB model proposed in Dai et al.132

(2019) as implemented for the current study is provided in the Appendix II.133

ANALYTICAL MODELLING134

Use of E�ective Medium Theory (EMT) to Determine Elastic Moduli135

In granular physics/granular mechanics, a number of attempts have been made to predict136

the elastic moduli of granular materials theoretically. Chang and Liao (1994) calculated the137

elastic moduli of a granular medium from the material properties of the particles, the packing138

characteristics, and the stresses, assuming that a uniform strain field applies in a granular medium139

when the granular medium deforms (kinematic assumption). The packing characteristics can be140

expressed in terms of the void ratio (4), i.e. the ratio of the void volume (+E) to the solid volume141

(+B):142

4 =
+E

+B

(7)143

The mean coordination number (/) is a particle-scale measure to quantify the overall sample144

packing density. The coordination number (/) of a single particle is the number of the contacts145

involving that particle:146

/ =
2#2
#?

(8)147

Where #2 is the number of contacts and #? is the number of particles. Considering the case of an148

isotropic granular medium subject to an isotropic stress condition and a simplified Hertz-Mindlin149

contact model and applying a no-slip condition, Otsubo (2016) adopted the kinematic assumption150

proposed by Chang and Liao (1994) and expressed the Young’s modulus of a granular material as151
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a function of 4 and /:152

⇢ =
2
�
5 � 4a?

�
5 � 3a?

" p
3

p
2c(1 � a?)

#2/3

⌧
2/3
?

"
/

1 + 4

#2/3

f
1/3
8B>

⌘ #⇢

"
/

1 + 4

#2/3

f
1/3
8B>

(9)153

where the term #⇢ depends upon the material properties of the particles:154

#⇢ ⌘
2
�
5 � 4a?

�
5 � 3a?

" p
3

p
2c(1 � a?)

#2/3

⌧
2/3
?

(10)155

EMT predicts that the parameter<f should be 1/3; however, experimental data have repeatedly156

shown that <f is higher than 1/3 (Hoque and Tatsuoka 1998; Kuwano and Jardine 2002). The157

higher value of <f observed experimentally is attributed to the surface roughness and the shape of158

the particles (Goddard 1990; Yimsiri and Soga 2000; Otsubo and O’Sullivan 2018). Some studies159

(Makse et al. 1999; La Ragione and Magnanimo 2012; Khalili et al. 2017) showed that EMT160

over-predicts the moduli of granular media; however, La Ragione and Magnanimo (2012) showed161

that the EMT prediction of the ratio of a modulus to a reference modulus is reasonably accurate.162

Here we discuss the method to calculate key contact parameters, namely the mean contact163

radius and the mean coordination number, from ⇢ and f8B> exploiting EMT. Following Chang et al.164

(1989), an expression can be derived to relate an isotropic stress, f8B>, to the ratio of the mean165

contact radius, A2 (calculated from Eq. A.6), to the particle radius, A:166

f8B> =
2

3c

⌧?

1 � a?

/

1 + 4

✓
A2

A

◆3

⌘ #f
/

1 + 4

✓
A2

A

◆3

(11)167

Using Eq. 11, Eq. 9 can be rewritten in terms of
A2

A

as:168

⇢ =
2
�
5 � 4a?

�
5 � 3a?


⌧?

c

�
1 � a?

�
� "

/

1 + 4

# ✓
A2

A

◆
⌘ #

0

⇢

"
/

1 + 4

# ✓
A2

A

◆
(12)169

From Eq. 11 and Eq. 12,
A2

A

and
/

1 + 4
can be expressed in terms of f8B> and ⇢ :170
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A2

A

=
✓
#

0

⇢

#f

◆0.5 ⇣
f8B>

⇢

⌘0.5
(13)171

/

1 + 4
=
#

0.5
f

#
01.5
⇢

⇢
1.5

f
0.5
8B>

(14)172

Eq. 13 and Eq. 14 thus give expressions for the mean contact radius and the packing density (/173

and 4) in terms of the elastic moduli and the current stress level.174

Relationship between the ETC and Packing Characteristics and Elastic Moduli175

Itasca Consulting Group (2007) and El Shamy et al. (2013) calculated the e�ective thermal176

conductivity tensor (:⇤
8 9

) of a granular sample from the e�ective thermal conductance of heat pipes177

in the sample assuming that the temperature gradient within the granular sample is uniform as:178

:
⇤

8 9
=

1
+

#⌘?’
⌘?=1

⇠
⇤⌘?

⇥
;
⌘?
⇤2
=
⌘?

8
=
⌘?

9
(15)179

where+ is the sample volume, #⌘? is the number of the heat pipes in the sample, and⇠⇤⌘?, ;⌘?, and180

n
hp are the e�ective thermal conductance, the length, and the unit vector describing the orientation181

of heat pipe ⌘?, respectively.182

In a heat pipe network model that adopts the BOB model, there are two types of heat pipes (type183

1 for contacting particles and type 2 for to separated particles), and so Eq. 15 can be rewritten as:184

:
⇤

8 9
=

1
+

#2’
2

⇠
⇤(2)

h
;
(2)

i2
=
(2)

8
=
(2)

9
+

1
+

#⌘?,B’
⌘?,B=1

⇠
⇤⌘?,B

⇥
;
⌘?,B

⇤2
=
⌘?,B

8
=
⌘?,B

9
⌘ :

2⇤

8 9
+ :

B⇤

8 9
(16)185

where ⌘?, B is a heat pipe between two non-contacting (separated) particles, and the number of186

these heat pipes is #⌘?,B. The unit vectors n
2 and n

⌘?,B give the contact normal orientations and187

the orientation of the heat pipes between separated particles, respectively. As shown in Eq. 16, the188

number and the length of the heat pipes between the contacting particles are identical to the number189

of the contacts and the length of the branch vectors that join the centroids of contacting particles.190
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Assuming that the sample consists of monodisperse spheres and is isotropic:191

:
2⇤

8 9
⇡

4A2
⇠
⇤(2)

+

#2’
2

=
(2)

8
=
(2)

9
=

4A2
⇠
⇤(2)

+

/#?

2
1
3
X8 9 (17)192

where X8 9 is the Kronecker delta. The sample volume + can be expressed in terms of the void ratio193

4:194

+ =
4
3
cA

3
#? (1 + 4) (18)195

Using the BOB model and substituting Eq. A.4 and Eq. A.10 into Eq. 4196

⇠
⇤(2) ⇡

c: 5 A j
2
^

⇣
H2

⇣
V

⌘
+ �H 5

⇣
V

⌘
+ ln ^2

⌘

2
⇣
H2

⇣
V

⌘
+ �H 5

⇣
V

⌘
+ ln ^2 + 1

2 j
2
^

⌘ (19)197

where ⇠⇤(2) is assumed to be the ⇠⇤(2) value for the mean V

⇣
= ^

A2

A

⌘
value of all the contacts.198

Substituting Eq. 18 and Eq. 19 into Eq. 17,199

:
2⇤

8 9
⇡

1
2

/

1 + 4

: 5 j
2
^

⇣
H2

⇣
V

⌘
+ �H 5

⇣
V

⌘
+ ln ^2

⌘

2
⇣
H2

⇣
V

⌘
+ �H 5

⇣
V

⌘
+ ln ^2 + 1

2 j
2
^

⌘ X8 9 (20)200

The magnitude of the combined term H2

⇣
V

⌘
+ �H 5

⇣
V

⌘
depends on ^ and A2/A . A2/A can be201

calculated from Eq. 11, provided that / , 4 and f8B>/#f are known. According to Song et al.202

(2008), 0.58 < 4 < 0.82 and 4 < / < 6 for monodisperse spheres. In the case of samples with203

^ < 500 and f8B>/#f < 1.29 ⇥ 10�4 , the combined term H2

⇣
V

⌘
+ �H 5

⇣
V

⌘
is small compared to204

the term ln ^2
+

1
2 j

2
^ (at most 20%); thus, the combined termH2

⇣
V

⌘
+�H 5

⇣
V

⌘
in the denominator205

can be omitted from Eq. 20 to give:206

:
2⇤

8 9
⇡

1
2

/

1 + 4

: 5 j
2
^

⇣
H2

⇣
V

⌘
+ �H 5

⇣
V

⌘⌘

2
⇣
ln ^2 + 1

2 j
2
^

⌘ X8 9 +
1
2

/

1 + 4

: 5 j
2
^ ln ^2

2
⇣
ln ^2 + 1

2 j
2
^

⌘ X8 9 ⌘ :V⇤
8 9

+ :
(⌘=0)⇤
8 9

(21)207

The first term is the contribution to :⇤
8 9

that depends on V (defined in Eq. A.5) and the second term208
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is denoted as : (⌘=0)⇤
8 9

because the term ln ^2 in the BOB model comes from the analytical result209

with a gap distance ⌘ ! 0.210

When V ⌧ 1, the term H2

⇣
V

⌘
+ �H 5

⇣
V

⌘
is proportional to V2, which indicates:211

:
V⇤

8 9
/

/

1 + 4

✓
A2

A

◆2

(22)212

Referring to Eq. 13 and Eq. 14:213

/

1 + 4

✓
A2

A

◆2

=
1

#
00.5
⇢
#

0.5
f

⇢
0.5
f

0.5
8B>

(23)214

and so we can state that215

:
V⇤

8 9
/ ⇢

0.5
f

0.5
8B>

(V ⌧ 1) (24)216

Using linear interpolation (see Eqns. A.7 and A.8 in Appendix. II) for V > 1:217

H2 (V) + �H 5 (V) = 0.549V � 0.379 (25)218

When 0.549V is su�ciently larger than 0.379, :V⇤
8 9

is proportional to V; thus,219

:
V⇤

8 9
/

/

1 + 4

A2

A

/ ⇢ (0.549V � 0.379) (26)220

and so the dependency on f8B> is removed.221

When H2

⇣
V

⌘
+�H 5

⇣
V

⌘
⌧ ln ^2

+
1
2
j

2
^, the remaining terms :B⇤

8 9
and : (⌘=0)⇤

8 9
are independent222

of the contact radius, and dependent on the distribution of ⌘ values for the sample. Thus, these223

components are denoted as:224

:
B⇤

8 9
+ :

(⌘=0)⇤
8 9

⌘ :
⌘⇤

8 9
(27)225

In denser systems, a larger number of small ⌘ values are expected. Thus, we predict that the term226

:
⌘⇤

8 9
has a correlation with 4, which is explored using simulation results later.227
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To sum up with, the ETC of a granular medium (:⇤
8 9

) can be divided in two components as228

:
⇤

8 9
= :V⇤

8 9
+ :

⌘⇤

8 9
(28)229

with the EMT-based analysis presented here indicates that :V⇤
8 9

can be correlated with ⇢ and f8B>230

and that :⌘⇤
8 9

can be correlated with 4.231

There are a number of assumptions inherent to this proposition and so a numerical exploration232

of these correlations is needed to explore their applicability.233

NUMERICAL MODELLING USING DEM234

Sample Generation Using the Discrete Element Method (DEM)235

Samples with various packing densities and confining stresses were created using the Discrete236

Element Method (DEM). A modified version of LAMMPS (Plimpton 1995), an open-source DEM237

software, was used. A simplified Hertz-Mindlin contact model was employed. The particle size238

distribution was relatively uniform, having a coe�cient of uniformity ⇡60/⇡10 of 1.1 (60% of239

particles by volume have a particle diameter less than ⇡60 and 10% of particles by volume have a240

particle diameter smaller than ⇡10). To apply constant temperature boundaries in the heat transfer241

simulations, the samples were enclosed by three pairs of smooth rigid walls; each pair of walls was242

orthogonal to one of the three Cartesian (x,y,z) axes. Detailed simulation parameters are presented243

in Table 1. In most cases the samples comprised 21,217 particles; a limited number of additional244

simulations were completed including 41,444 particles to confirm the results were independent of245

sample size.246

Four sets of samples were produced as described below so that di�erent levels of sample247

anisotropy could be considered. The anisotropy was quantified using the the second order fabric248

tensor (�8 9 ) based on the contact normals orientations, as follows:249

�8 9 =
1
#2

#2’
2

=
(2)

8
=
(2)

9
(29)250
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where n
(2) is the unit vector of describing the contact normal orientation for contact 2. The integral251

form of �8 9 can be expressed using the distribution function of n (⇢ (W, \)):252

�8 9 =
π 2c

0

π
c

0
=8= 9⇢ (W, \) sin W3W3\ (30)253

For a cross-anisotropic case, Chang et al. (1989) expresses ⇢ (W, \) using Fourier series taking254

advantage of symmetry about the z-axis:255

⇢ (W, \) =
3(1 + 0 cos 2W)

4c(3 � 0)
(31)256

where 0 expresses the degree of anisotropy which is normally�1 < 0 < 1, with 0 = 0 corresponding257

to a perfectly isotropic distribution of the contact normals. A positive 0 indicates the sample has258

more contacts in the z-direction, with the opposite being true for negative 0 values. Based on259

Eq. 31, Yimsiri and Soga (2010) express the fabric tensor of a cross-anisotropic sample in terms of260

0 only:261

�8 9 =

26666666664

30 � 5
5(0 � 3)

0 0

0
30 � 5

5(0 � 3)
0

0 0
�5 � 0

5(0 � 3)

37777777775
=

1
3
O +

26666666664

�40
15(3 � 0)

0 0

0
�40

15(3 � 0)
0

0 0
80

15(3 � 0)

37777777775
(32)262

where O is the second order identity tensor. In this study, the parameter 0 was used to quantify263

the anisotropy of the samples, which was determined by comparing the calculated contact normal264

based fabric tensor (Eq. 29) with that expressed in Eq. 32.265

Isotropic compression samples (IC)266

The particles were randomly generated within a region inside the rigid wall boundaries. Overlap267

was prohibited between particles and between particles and the boundary walls. The friction268

coe�cient of the particles was varied (` = 0.01, 0.05, 0.10, 0.20, 0.34) to produce samples with a269

range of packing densities. Here, the packing density is quantified using the void ratio (4) (Eq. 7).270
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After the particles were generated, the six rigid walls were moved inward until an isotropic stress271

(f8B>) of 1 kPa was achieved using a servo-control algorithm. Viscous damping with a damping272

coe�cient of 0.1 was applied to minimize the kinetic energy of the particles. During compression273

the positions of the 6 rigid walls were adjusted using a servo-controlled algorithm until the isotropic274

stress reached a target value with the viscous damping on. The target isotropic stresses were 10,275

100, and 1000 kPa. After the target isotropic stress was achieved, a vertical body force was applied276

to simulate gravity. Gravity was applied to avoid the presence of a large number of non-physical277

rattler particles that do not engage in any contacts, whose presence may a�ect the ETC of the278

sample because the BOB model includes heat conduction through separated particles. Gravity was279

introduced only after isotropic compression to achieve an ideal, isotropic packing. A typical sample280

after an isotropic compression is shown in Fig. 4. A total of 15 IC samples were considered.281

Summary data on the packing characteristics of the IC samples after application of gravity are282

provided on Fig.5. Referring to Fig.5 (a), the / values ranged between 4.07 and 5.92, while the 4283

values were between 0.600 and 0.721. The magnitude of the anisotropy, |0 |, was < 0.01, confirming284

isotropic samples were attained.285

Samples formed by 1D compression ( 0)286

For the  0 samples the generation procedure initially followed the process used for the IC287

samples, i.e. random generation of particles and isotropic compression to f8B> = 1:%0 while288

applying viscous damping. Once the assembly of particles was judged to be stable at f8B> = 1:%0,289

the positions of the horizontal walls (i.e. the walls normal to the x and y axes) were fixed290

and the vertical walls (walls normal to the z-axis) were moved until a target vertical stress (fII)291

of 10, 100, or 1000 kPa was achieved. As for the �⇠ samples, various friction coe�cients292

(` = 0.01, 0.05, 0.10, 0.20, 0.34) were considered. Also as before, after the target vertical stress293

was achieved, a vertical body force was applied to simulate gravity. Typically in soil mechanics294

one dimensional compression is referred to as  0 compression, hence these samples are denoted295

 0. A total of 15  0 samples were created.296

Note that fGG and fHH were not controlled during the 1D compression while fII was controlled.297
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The ratio of the horizontal stress to the vertical stress ((') was calculated as:298

(' =
f⌘

fE

⌘

�
fGG + fHH

�
/2

fII

(33)299

In this study, the (' value varies from 0.654 to 0.946, and reduced with increasing ` and increasing300

fII. Note that a lower (' value indicates a more anisotropic stress state. The aspect ratio of the301

sample, �', was defined as:302

�' =
!⌘

!E

⌘

�
!G + !H

�
/2

!I

(34)303

The minimum �' value of the  0 samples was 0.997, which indicates the shape of the  0 samples304

was nearly cubic.305

Summary data on the packing characteristics of the  0 samples following compression are306

provided on Fig.5. Referring to Fig.5 (a), the / and 4 values were very similar to those obtained for307

the IC samples. For these cases a range of anisotropy values were attained so that 0.01 < 0 < 0.07.308

In general 0 tended to increase with increasing ` and increasing fII, which is attributed to a higher309

di�erence between fE and f⌘.310

Triaxial compression and unloading samples (TCUL)311

In order to increase the level of fabric anisotropy of the samples, the "pre-shearing" approach312

described by Wei and Wang (2017) (modification of the approach proposed by Yimsiri and Soga313

(2010) ) was conducted. The IC samples were used to produce these samples. All of the IC samples314

were subjected to triaxial compression, where YII was increased at a constant rate while fGG and315

fHH were maintained e�ectively constant using the servo-controlled algorithm, until a target vertical316

strain (YII) was achieved. The target YII values considered were 1%, 3%, and 10%. After reaching317

the target value, YII was then decreased while fGG and fHH were again maintained approximately318

constant using the servo-control system, until fII reached the initial value. Throughout these319

procedures, the friction coe�cient of the particles was set to be 0.35. 45 TCUL samples were320

created.321

As a result of the generation process, in the TCUL samples more contacts are orientated in the322
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z-direction than in the G- and H-directions even though the stress state is isotropic. Referring to323

Fig.5a the TCUL samples attained a similar range of void ratios when compared with the IC and  0324

samples, but the range of / values was significantly smaller (4.64 < / < 5.15). This confirms that325

there is not a unique relationship between 4 and / . The range of anisotropies attained was higher326

than in the  0 cases, with 0.04 < 0 < 0.17 (Fig.5b).327

Triaxial extension and unloading samples (TEUL)328

In this case the IC samples were also subjected to triaxial extension, where, in contrast to the329

TCUL samples, a negative vertical strain rate was applied to extend the sample. As a result, YII330

decreased, becoming negative (note that the soil mechanics convention where compressive strains331

are positive is adopted), while the values of fGG and fHH were maintained constant. The triaxial332

extension was stopped when a target YII value of -1%, -3%, or -10% was achieved. Then YII was333

increased until fII returned to its initial value. Throughout this deformation process fGG and fHH334

were maintained constant. 45 TEUL samples were created.335

When compared with the TCUL samples, the TEUL samples have more contacts in the lateral336

(G and H) directions, explaining the negative 0 values observed in (Fig.5b), however the magnitudes337

of the anisotropies were similar with 0.07 < |0 | < 0.21. A similar range of 4 and / were obtained338

for the TEUL samples when compared with the TCUL samples (Fig.5b), providing further evidence339

of the non-uniqueness of the 4-/ relationship.340

Small Deformation Probes to Determine Elastic Moduli341

Overview of Elastic Moduli342

Granular materials exhibit an elastic load-deformation response when subjected to deformations343

that result in small strains (Jardine 1992). Here we followed the process used in experimental soil344

mechanics where small increments of strain (termed probes) are applied to a sample, in order to345

determine the elastic moduli.346

The samples prepared in this study should have transverse isotropy (i.e. they should be cross-347

anisotropic) so that, referring to Eq. 29, �GG = �HH. This anisotropy in the fabric tensor will be348

reflected in the cross-anisotropy of the sample’s elastic moduli. In engineering, the relationships349
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between increments in the stress components and the resulting incremental strain components of a350

transversely isotropic elastic material can be written as:351

26666666666666666664

�YGG

�YHH

�YII

�YHI

�YIG

�YGH

37777777777777777775

=

26666666666666666664

1/⇢G �aHG/⇢G �aIG/⇢I 0 0 0

�aGH/⇢G 1/⇢G �aIG/⇢I 0 0 0

�aGI/⇢I �aGI/⇢I 1/⇢I 0 0 0

0 0 0 1/⌧GI 0 0

0 0 0 0 1/⌧GI 0

0 0 0 0 0 2(1 + aGH)/⇢G

37777777777777777775

26666666666666666664

�fGG

�fHH

�fII

�fHI

�fIG

�fGH

37777777777777777775

. (35)352

where ⇢8 is the Young’s modulus in direction 8, and ⌧8 9 and a8 9 are the shear modulus and the353

Poisson’s ratio corresponding to shearing within the 8 9 plane, respectively. In experimental studies354

in soil mechanics, some or all of these components are conventionally obtained as a result of triaxial355

tests in which stress or strain probes are applied or/and bender element tests (Hoque and Tatsuoka356

1998; Kuwano and Jardine 2002).357

In DEM simulations using a periodic cell, it is easier to maintain accurately �Y8 9 = 0 than to358

maintain �f8 9 = 0. Therefore, it is more convenient to re-write the constitutive equations in Eq.359

35 as:360

26666666666666666664

�fGG

�fHH

�fII

�fHI

�fIG

�fGH

37777777777777777775

=

26666666666666666664

⇠11 ⇠12 ⇠13 0 0 0

⇠12 ⇠11 ⇠23 0 0 0

⇠13 ⇠23 ⇠33 0 0 0

0 0 0 ⇠44 0 0

0 0 0 0 ⇠44 0

0 0 0 0 0 ⇠66

37777777777777777775

26666666666666666664

�YGG

�YHH

�YII

�YHI

�YIG

�YGH

37777777777777777775

. (36)361

By comparing Eq. 36 and Eq. 35, the following relationships between the two sets of moduli can362

be obtained (Lubarda and Chen 2008):363
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⇢I = ⇠33 �
2⇠2

13

⇠11 + ⇠12
(37)364

⇢G = ⇢H =
(⇠11 � ⇠12) (⇠11⇠33 + ⇠12⇠33 � 2⇠2

13)

⇠11⇠33 � ⇠
2
13

(38)365

⇠11,⇠12, and⇠13 can be measured by a small deformation probe where a small increment in �YGG is366

applied while maintaining �YHH = �YII = 0. ⇠11, ⇠12, and ⇠13 can be calculated using the changes367

in the three orthogonal stresses (�fGG , �fHH, and �fII) during this type of a small deformation368

probe as:369

⇠11 =
�fGG
�nGG

(39)370

⇠12 =
�fHH
�nGG

(40)371

⇠13 =
�fII
�nGG

(41)372

⇠33 can be calculated from �fII during a small deformation probe where a small value of �YII is373

applied under �YGG = �YHH = 0:374

⇠33 =
�fII
�nII

(42)375

If the sample remains in the elastic regime during a strain probe, forward loading (�n < 0) and376

unloading (�n > 0) should give no di�erence in the moduli (Recchia et al. 2020). DEM simulation377

results by Recchia et al. (2020), comparing the moduli obtained from loading and unloading,378

suggest that such the elastic regime of monodisperse DEM spherical assemblies with ⌧? = 29 GPa379

and a? = 0.20 should be within |�Y | < 1 ⇥ 10�4%.380
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Small strain probe simulations381

The following four types of small deformation probes were applied to the samples in the current382

study:383

• �YGG > 0,�YHH = �YII = 0 (Probe 1)384

• �YGG < 0,�YHH = �YII = 0 (Probe 2)385

• �YII > 0,�YGG = �YHH = 0 (Probe 3)386

• �YII < 0,�YGG = �YHH = 0 (Probe 4)387

Following Magnanimo et al. (2008), the interparticle friction value was increased to ` = 0.45 while388

simulating the application of a strain increment. A constant strain rate of either 0.1 %/s or -0.1389

%/s was applied until a maximum absolute strain of < 5 ⇥ 10�5% was achieved. The stress-strain390

responses from |Y | = 0.2 ⇥ 10�5% to |Y | = 5.0 ⇥ 10�5% were used to calculate ⇠11, ⇠12, ⇠13, and391

⇠33 following Eq. 39 - Eq. 42. The relationships between YGG and fGG during Probes 1 and 2 and392

the relationships between YII and fII during Probes 3 and 4 of a highly anisotropic TCUL sample393

(4 = 0.690; / = 4.74; 0 = 0.15; f8B> = 100:%0) are shown with linear fitting lines in Fig. 6.394

As shown in Fig. 6, the '2 values are ⇡ 1.0, which indicates that the stress-strain relationships395

during the probes are e�ectively linear. The values of ⇠11, ⇠12, ⇠13, and ⇠33 were obtained from396

the loading and unloading simulatinos were compared and di�erences between the moduli were397

confirmed to be small, which is also shown in Fig. 6. In the study by Recchia et al. (2020), the398

maximum absolute di�erence between⇠33 and⇠11 in the elastic regime is approximately 10 % and399

that of ⇠13 is around 30 %. In this study, a maximum absolute di�erence between ⇠33, ⇠11, ⇠12400

and ⇠13 was 8.57%, which is comparable to those by Recchia et al. (2020). The averaged values401

of the moduli obtained from the loading and unloading simulations were used to calculate ⇢I and402

⇢G following Eq. 37 and Eq. 38. The ⇢I and ⇢G values of the samples are shown in Fig. 7, where403

noticeable anisotropy in Young’s modulus of TEUL samples can be seen.404

A complementary study using a larger sample consisting of 41,444 particles was conducted405

to demonstrate that 21,217 particles are su�cient. An IC sample which has a similar 4 value to406
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one of the IC samples was produced using 41,444 particles. Sample properties (/ , 0, ⇢II, :⇤II/: 5 )407

were measured and compared with an equivalent IC sample with 21,217 particles as Table 2. The408

di�erence between the two samples were very small.409

Heat Transfer Simulatons410

DEM model overview411

To measure the ETC of the samples, a heat pipe network model which uses the modified BOB412

model (Dai et al. 2019) was implemented in LAMMPS. The implementation of the modified BOB413

model was validated by FEM models consisting of two hemispheres and gap fluid using ABAQUS414

(Dassault Systèmes 2019) following Dai et al. (2019). A schematic illustration of the system415

considered in this validation is shown in Fig. 8 (a). An axisymmetric condition was employed to416

reduce computational time. Three ⌘/A values of 0.002, 0.02, and 0.2 were considered for cases417

where two hemispheres are separated while two A2/A values of 0.002 and 0.02 were considered418

for cases where two hemispheres are in contact. Three ^ values of 50, 100, and 500 were chosen.419

Steady state heat transfer simulations were conducted where the temperature di�erence between420

the upper and the lower boundaries (�)) was 1 K. Heat transferred through the upper or bottom421

boundaries (&�⇢") was measured within a time increment of �C. The temperature distribution422

predicted by a representative FEM model is shown in Fig. 8 (b).423

The same system consisting of two spheres were created in LAMMPS. The di�erence in the424

initial temperatures of the two particles (�)) was set to be 1 K. Heat transferred between the425

particles (&⌫$⌫) was measured within a time increment of �C.426

Dai et al. (2019) defined normalised heat (denoted �=>A< here) as & normalised by �C, �) , A,427

and :B so that:428

�
=>A< =

&

�C�)A:B
(43)429

Fig. 9 compares �=>A< values obtained in FEM and DEM simulations, demonstrating a good430

agreement.431

The heat pipe network model implemented in this study was further verified using heat pipe432
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network simulation data by Yun and Evans (2010). Samples equivalent to the samples used by Yun433

and Evans (2010) were created and the ETC of the samples were measured using a heat conduction434

model used by Yun and Evans (2010). The ETC values obtained from the implemented heat pipe435

network model agree well with those obtained by Yun and Evans (2010).436

Heat transfer simulation procedure437

During the heat transfer simulation, the positions of the particles were fixed. All the particles438

had an initial temperature of 273 K. To measure the ETC in a certain direction, 8, the temperatures439

of opposite boundaries ()i,0 and )i,1) perpendicular to the 8-axis were set to be 274 K and 273 K,440

respectively, and maintained constant during the heat transfer simulation. The simulation continued441

until a steady state was attained. The ETC of the sample (:⇤
88
) in the 8-direction was calculated using442

the rate of heat at the steady state ( §&steady):443

:
⇤

88
= §
&steady

!8

�8 ()i,0 � )i,1)
. (44)444

where �8 and !8 are the cross-sectional area and the length of the sample along the 8-direction. The445

ratio of conductivities, ^, was varied in a parametric study considering ^ = 10, 30, 50, 100, 150,446

300, and 500 to represent various combinations of solid particles and pore fluid. The range of ^447

values considered by Dai et al. (2019) (^ = 10 to 1000), Cheng et al. (1999) (^ = 10 to 3000) and448

Yun and Evans (2010) (^ = 1.89 to 120) informed this choice of parameters. It is useful to consider449

typical ^ values of soil as an example of granular materials with non-metalic solid particles. The450

^ value of a saturated soil ranges from 3.09 to 12.9 with :B = 1.85 to 7.70 W/(m·K) (Horai 1971;451

Brigaud and Vasseur 1989) and : 5 = 0.5984 W/(m·K) at 20 �C (Lide 2004). The ^ value of a dry452

soil is between 70.6 and 294 with : 5 = 0.0262 W/(m·K) at 27 �C (Lide 2004). ^ may reach around453

500 for Al2O3-air mixtures which are common in a packed bed energy storage (Anderson et al.454

2015).455

Note that the thermal expansion of the particles was not considered in this study because the456

e�ect of the thermal expansion of the particles on the ETC depends on the specific temperature457
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increment considered and the thermal expansion coe�cient of the solid particles. In other words,458

to enable some general conclusions to be made it is best to isolate the system response from the459

e�ects of thermal expansion.460

ETC values461

The results of the heat transfer simulations are summarized in Fig. 10 in terms of the relationship462

between the void ratio and the ETC of the samples for (a) ^ = 10, (b) ^ = 100, and (c) ^ = 500.463

The ETC values were normalised by : 5 , the thermal conductivity of the pore fluid. One expects464

that :⇤
88
/: 5 ! 1 for 4 ! 1 and :⇤

88
/: 5 ! ^ for 4 ! 0. For the lowest ^ value considered (^ = 10),465

the void ratio and the ETC of appear to have a unique, almost linear relationship. However, for466

the larger ^ values of 100 and 500, where an increase in contact areas between particles has a467

significant e�ect on the overall ETC, the data exhibit significant scatter. The best fit line obtained468

using regression is shown for ^ = 500, and the data deviate from the line by up to ±22%, showing469

that a relatively simple relationship between e and kappa exists only when ^ is very low (e.g.470

^ = 10).471

EXPLORING THE LINK BETWEEN THE ETC AND PACKING CHARACTERISITCS, ELASTIC472

MODULI AND STRESS LEVEL473

The analytical model presented in previous sections indicated a link between the ETC and ⇢ ,474

f8B> and 4. The data generated in the DEM simulations allow an empirical exploration of this link.475

Young’s Modulus and ETC476

Fig.11 presents plots of :⇤
II
/: 5 against ⇢I for the samples with (a) ^ = 10, (b) ^ = 100, and477

(c) ^ = 500. The relationship between ⇢G and :⇤
GG

for ^ = 500 is presented in Fig.11(d). The478

grayscales of the symbols on Fig. 11 give the values of 4 for the samples; a darker color indicates479

a denser sample (i.e. a lower 4). The symbol shape indicates the sample type. In contrast to Fig.480

10, for a given sample type, there appears to be a clearer correlation between ⇢I and :⇤
II

or ⇢G and481

:
⇤
GG

. This correlation is more evident for samples with a higher ^ value, where the contribution482

of conduction through contact areas to the overall ETC is more important than in samples with a483
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lower ^ value. These data support the hypothesis that predicting the ETC or the variation in ETC484

using Young’s moduli data is possible, particularly for higher ^ values. Fig. 11 also indicates that485

for similar values of ⇢8, a lower void ratio gives a higher :⇤
88

value for various ^ values.486

To further explore the validity of the hypothesis proposed on the basis of the analytical model,487

for the IC samples the Young’s moduli predicted by Eq.9 (⇢⇢") ) data were determined using the488

4, / , ⌧?, a? and f8B> values from the DEM simulations. These values of ⇢⇢") are plotted against489

the Young’s moduli measured in small deformation probes (⇢⇡⇢") in Fig.12(a). As previous490

studies have shown (Makse et al. 1999; Khalili et al. 2017), the ⇢⇢") values are significantly larger491

than the ⇢⇡⇢" values. However, as shown on Fig.12(b), the ratio of ⇢⇢") to a reference ⇢⇢")492

(⇢⇢")A4 5 ) reasonably agrees with the ratio of ⇢⇡⇢" to a reference ⇢⇡⇢" (⇢⇡⇢"A4 5 ) as La Ragione493

and Magnanimo (2012) suggested. Here the sample with the medium 4 value (4 = 0.6690) and494

f8B> = 100:%0 was chosen as the reference sample.495

E�ective Thermal Conductivity496

Using the analytical model, we have shown that :⇤
8 9

can be divided into two components, namely497

:
V⇤

8 9
and :⌘⇤

8 9
. The analytical :⇤

8 9
adopting a uniform temperature gradient (Eq. 15) and the :⇤

8 9
from498

the boundary heat rate (Eq. 44) di�er by less than 10%. :V⇤
8 9

is dependent on the number of contacts499

and the contact radii in the sample and so it is related to the Young’s modulus and the stresses500

within the sample as shown in Eq. 22 and Eq. 26. On the other hand, :⌘⇤
8 9

is dependent on the501

distribution of ⌘ values for the sample, which can be correlated to 4.502

Fig.13 (a) is a plot of :V⇤
II
/: 5 against ⇢I and it appears that, for a given value of fII (indicated503

by the shape of the marker), ⇢I and :V⇤
I
I have a nearly unique relationship (i.e. independent of the504

sample type). However, it is also clear from Fig. 13(a) that the e�ect of fII on this relationship is505

substantial. As shown in Eq. 22, for a small fII, which gives small contact radii, :V⇤
II

is proportional506

to ⇢0.5
I
f

0.5
I

. The variation in :V⇤
II
/: 5 with ⇢0.5

I
f

0.5
I

is shown in Fig. 13 (b). The relationship is507

unique for the data in this study.508

Fig.13 (c) plots :⌘⇤
II
/: 5 against 4 and includes the best fit straight line. There is substantial509

scatter, though it is less evident than for the relationship between :⇤
II

and 4 (Fig. 10 (c)), as shown510
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by the maximum deviations from the best-fit line.511

Proposed Expression Relating the ETC to Young’s Modulus and Void Ratio512

Any method to indirectly predict the ETC or the variation in ETC should be based on parameters513

that can be measured in experiments. Experimental measurement of / is only possible using514

sophisticated 3D image analysis of datasets obtained from micro computed tomography (e.g.515

Fonseca et al. 2013). Consequently, here we explore the potential to use the sample Young’s516

moduli and void ratio values to estimate the corresponding ETC.517

Informed by the analytical study and regression analyses of the DEM-generated data, the518

following equation gives a good fit to the ETC data for the DEM samples considered here:519

:
⇤

88

:
⇤

A4 5

=
✓
⇢8

⇢A4 5

◆
<⇢

✓
1 + 4

1 + 4A4 5

◆
<4

(45)520

where :⇤
A4 5

, ⇢A4 5 , and 4A4 5 are the e�ective thermal conductivity, Young’s modulus, and the void521

ratio of a reference sample and <⇢ and <4 are two empirical fitting parameters. The reference522

sample used here was the IC sample withf8B> = 100:%0 and ` = 0.10 during isotropic compression523

as this had a void ratio that was close to the mean void ratio for all the samples; however, we found524

that the reference sample chosen has little influence on the results. According to the analytical525

study, for small ^ values, :V⇤
88

is expected to be very small, and so the e�ects of neglecting f88 in526

the expression are expected to be small.527

To calibrate the empirical parameters, <4 and <⇢ , nonlinear least square regression was used528

employing MATLAB (MathWorks 2020). The resulting <⇢ and <4 values are given in Table 3.529

The '2 values are higher than 0.9461 for all the ^ values, which demonstrates a good applicability530

for a wide range of ^ values. The best fit <⇢ value increased with increasing ^, which can be531

attributed to the larger e�ect of conductance through contact areas on the overall ETC for a higher532

^. On the other hand, the best fit<4 value was less sensitive to the ^ value than the best fit<⇢ value,533

with 2.2705 < <4 < 2.5586. A comparison between the predicted and actual
:
⇤

88

:
⇤

A4 5

is presented in534

Fig.14 for ^ = 10, 100, and 500. As shown in Table3 and Fig.14, reasonably accurate results were535
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obtained from the ⇢ and 4. It should be noted that the :⇤
88

values of all the samples (IC,  0, TCUL,536

and TEUL) can be predicted only using the Young’s modulus in the same direction, ⇢8, even though537

the analytical study considered only isotropic samples under an isotropic stress state.538

Practically, :A4 5 , ⇢A4 5 and 4A4 5 can be obtained experimentally from the same sample using539

commonly used technique, specifically a thermal needle probe to measure :A4 5 , small strain probes540

or bender element tests to get ⇢A4 5 , and measuring the weight and the volume of the sample to get541

4A4 5 . The accuracy of the model does not depend on the stress state, the fabric anisotropy, and542

the density of the samples, and so for example an oedometer with a thermal needle and bender543

elements installed can be used to get reference data.544

CONCLUSIONS545

This study has combined analytical modelling and analysis of DEM data to explore the rela-546

tionships between the ETC and Young’s modulus to establish a new approach to indirectly measure547

the ETC of granular media. Both studies adopt a heat pipe network model to apply Fourier’s law548

for discrete elements. In order to model the e�ective heat conductance of discrete spheres and the549

gap fluid between them, the analytical model by Batchelor and O’Brien (1977) (BOB model) was550

employed for both analytical and DEM studies, and an excellent agreement with particle-scale FEM551

results was shown. The analytical study showed that the ETC of a granular medium can be related552

to its packing characteristics, namely 4, / and A2/A, by assuming a uniform temperature gradient553

within the granular medium. Subsequently, the analytical study provided a relationship between554

the Young’s modulus and the packing characteristics using E�ective Medium Theory. Combining555

these two relationships, the analytical study demonstrated that a component of the ETC, :⇤V
88

can be556

correlated with the Young’s modulus and the stress level. The analytical study also suggested that557

the other components of the ETC, :⇤⌘
88

, can be linked to the 4 value of the medium.558

The complementary DEM study was carried out to support the findings in the analytical study.559

The packing characteristics and the stress state of virtual DEM samples were varied by subjecting560

the samples to di�erent stress paths (IC,  0, TCUL, and TEUL). To obtain the small strain Young’s561

moduli of the samples, small strain probes were conducted. The ETC values of the DEM samples562
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were measured using the heat pipe network model and the modified BOB model, which were563

implemented into LAMMPS and verified. These simulation results showed that for a small ^, the564

relationship between 4 and the ETC of the samples was nearly unique. Conversely, for a higher ^,565

the correlation between ⇢8 and :⇤
88

is more evident, which demonstrates that the consideration of566

⇢8 and 4 enhances the prediction of :⇤
88
. The dependency of :⇤V

88
on ⇢8 and f88 and the dependency567

of :⇤⌘
88

on 4, which were suggested in the analytical study, were shown by detailed analysis of the568

DEM data.569

Based on the analytical study and the DEM study, this contribution has suggested a new method570

predicting the ratio of :⇤
88

to the ETC of a reference sample, :⇤
A4 5

, using the ratios of the Young’s571

modulus and the void ratio to those of the reference sample (⇢8/⇢A4 5 and (1 + 4)/(1 + 4A4 5 )). The572

parameters can be calibrated easily and the predictions showed excellent agreement with the DEM573

results. The indirect measurement method of the ETC proposed in this study may contribute to574

a variety of engineering fields by reducing the costs associated with the measurement of ETC of575

granular materials with a simple procedure that can achieve reasonable accuracy. Consideration of576

polydispersity, fluid flow, and three-phase granular materials remains for future work.577
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APPENDIX I. NOTATION586

The following symbols are used in this paper:587

�2>=C8=DD< = cross-sectional area of a continuum (<2);

�8 = cross-sectional area along the i-direction (<2);

�' = aspect ratio (�);

0 = degree of anisotropy (�);

⇠ = thermal conductance (,/ );

⇠2 = thermal conductance of contact region (,/ );

⇠
2>=C02C

2
= thermal conductance of a contact area and gap fluid between contacting two particles (,/ );

⇠
B4?0A0C43

2
= thermal conductance of gap fluid between separated two particles (,/ );

⇠8 9 = elastic moduli (%0);

⇠? = thermal conductance of particle ? (,/ );

⇠
⇤

?1?2 = e�ective thermal conductance of a heat pipe (,/ );

2? = specific heat capacity of particle ? (�/(6 ⇥  ));

3 = distance between two contacting particles (<);

⇢8 = Young’s modulus in direction 8 (%0);

⇢A4 5 = Young’s modulus of a reference sample (%0);

4 = void ratio (�);

4A4 5 = void ratio of a reference sample (�);

�8 9 = fabric tensor (�);

⌧8 9 = shear modulus corresponding to shearing within the 8 9 plane (%0);

⌧? = shear modulus of particles (%0);

H2 = term expressing an increase in a thermal conduction through a contact area (�);

�H 5 = term expressing a decrease in a thermal conduction through gap fluid (�);

�
=>A< = normalised heat (�);

⌘ = gap distance between two particles (<);

O = second order unit tensor (�);
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:8 9 = thermal conductivity matrix (,/(< ⇥  ));

:
⇤

8 9
= e�ective thermal conductivity matrix (,/(< ⇥  ));

:
⇤(⌘=0)
8 9

= component of e�ective thermal conductivity matrix defined in Eq. 21 (,/(< ⇥  ));

:
⇤⌘

8 9
= component of e�ective thermal conductivity matrix dependent on ⌘ (,/(< ⇥  ));

:
⇤V

8 9
= component of e�ective thermal conductivity matrix dependent on V (,/(< ⇥  ));

: 5 = thermal conductivity of fluid (,/(< ⇥  ));

:# = incremental normal sti�ness of a particle (#/<);

:A4 5 = thermal conductivity of a reference sample (,/(< ⇥  ));

:B = thermal conductivity of solid particles (,/(< ⇥  ));

:) = incremental tangential sti�ness of a particle (#/<);

!2>=C8=DD< = length of a continuum (<);

!⌘ = horizontal length of a sample (<);

!8 = length of a sample along i-direction (<);

!E = vertical length of a sample (<);

; = length (<);

<⇢ = empirical parameter in Eq. 45 (�);

<? = mass of particle ? (:6);

#2 = number of contacts in a granular sample (�);

#⌘? = number of heat pipes in a granular sample (�);

#⌘? = number of heat pipes between non-contacting particles in a granular sample (�);

#⇢ = material constant in Eq. 9 (�);

#
0

⇢
= material constant in Eq. 12 (�);

#? = number of particles in a granular sample (�)

#
(?)

2
= number of contacts involving particle ? (�);

#f = material constant in Eq. 11 (�);

=8 = unit vector (�);

&
(�C)
?

= amount of heat received by a particle ? at a time increment �C (�);
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§
&?1?2 = amount of heat moving from particle ?1 to particle ?2 per unit time (,);

§
&BC403H = rate of heat at a steady state (,);

q = heat flux vector through unit area (,/<
2);

'
2 = coe�cient of determination (�);

A = radius (m);

A2 = contact radius (<);

A? = radius of particle ? (<);

A?1@2 = harmonic mean of the radii of particles ?1 and ?2 (<);

(' = stress ratio (�);

)81 = temperature of a boundary 1 perpendicular to the i-axis ( );

)82 = temperature of a boundary 2 perpendicular to the i-axis ( );

)? = temperature of particle ? ( );

�) (�C)
?

= increment in the temperature of a particle ? ( );

r) = temperature gradient ( /<);

C = time (B);

+B = solid volume (<3);

+E = void volume (<3);

/ = coordination number (�);

V = dimensionless number as function of A2 (�);

Y8 9 = strain tensor (�);

^ = ratio of :B to : 5 (�);

_ = dimensionless number as a function of ⌘ (�);

a8 9 = Poisson’s ratio of a sample corresponding to shearing within the 8 9 plane (�);

a? = Poisson’s ratio of particles (�);

f⌘ = horizontal stress (%0);

f8 9 = stress tensor (%0);

f8B> = isotropic stress (%0);
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fE = vertical stress (%0); and

j = parameter used in BOB model (�).
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APPENDIX II. BATCHELOR AND O’BRIEN MODEL588

A brief description of BOB model is provided here. If two particles are separated, the conduc-589

tance (⇠B4?0A0C43
2

) through the gap fluid is based on a dimensionless number _ whcih depends on590

⌘:591

_ = ^2 ⌘

A?1?2
(A.1)592

where A?1?2 is is the harmonic mean of the radii of particles ?1 and ?2 (A?1 and A?2, respectively):593

A?1?2 =
2A?1A?2

A?1 + A?2
(A.2)594

Dai et al. (2019) found that the following expressions for ⇠B4?0A0C43
2

agree well with their FEM595

simulation results where particles are not contacting:596

⇠
B4?0A0C43

2
=

8>>>>>><
>>>>>>:

c: 5 A?1?2 ln ^2
(_ < 0.01)

c: 5 A?1?2 ln
⇥
1 + A?1?2/⌘

⇤
(_ > 100)

Minimum value of the above two (otherwise)

(A.3)597

Where there is contact between particles ?1 and ?2, the ⇠2>=C02C
2

proposed by Dai et al. (2019) is598

given as:599

⇠
2>=C02C

2
= c: 5 A?1?2

⇣
H2 (V) + �H 5 (V) + ln ^2

⌘
(A.4)600

where V is a dimensionless number defined by Batchelor and O’Brien (1977) as a function of601

A2/A?1?2:602

V = ^
A2

A?1?2
(A.5)603

and A2 is calculated based on Hertzian contact theory as:604

A2 =

r
A?1?2(A?1 + A?2 � 3)

2
(A.6)605

where 3 is the distance between the centroids of the two contacting particles.606
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Dai et al. (2019) proposed the following expressions for H2 (V) and �H 5 (V):607

H2 (V) =

8>>>>>><
>>>>>>:

0.22V2
(V < 1)

2V/c (V > 100)

Linear interpolation between the above two (otherwise)

(A.7)608

609

�H 5 (V) =

8>>>>>><
>>>>>>:

�0.05V2
(V < 1)

� ln V2
(V > 100)

Linear interpolation between the above two (otherwise)

(A.8)610

Substituting Eqns. A.7 and A.8 into Eq. A.4, for a given contact, the combined thermal conductance611

through the contact area and the gap fluid is written as:612

⇠
2>=C02C

2
=

8>>>>>><
>>>>>>:

c: 5 A?1?2
�
0.17V2

+ ln ^2�
(V < 1)

c: 5 A?1?2
�
2V/c � ln V2

+ ln ^2�
(V > 100)

Linear interpolation between the above two (otherwise)

(A.9)613

Dai et al. (2019) modeled each particle as a cylinder to determine its thermal conductance of (Fig.614

2) so that the conductance of each of the contacting particles ?1 and ?2 is given by:615

⇠?1 >A ?2 =
c

�
jmin

⇥
A?1, A?2

⇤ �2
:B

A?1 >A ?2
(A.10)616

where the parameter j is a function of ^ ( Dai et al. 2019):617

j = 1.3121^�0.19 (A.11)618

Thus expressions for each term in Eq. 4 are given so that the e�ective conductance of each pipe in619

the heat network model can be determined.620
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TABLE 1. Simulation parameters

Parameters Values

Number of particles 21,217, 41,444 (A complementary study)

⇡50 1.0 mm

⇠D 1.1

Contact model Simplified Hertz-Mindlin model

⌧ ? and ⌧wall 29.2 GPa

a? and awall 0.20

d? 2600 kg/<3

`? (During IC and  0) 0.01, 0.05, 0.10, 0.20, 0.34

`? (During TCUL and TEUL) 0.35

`? (During small deformation probes) 0.40 - 0.45

`wall 0.00

:B and :wall 1.0 W/m·K

^ = :B/: 5 10, 30, 50, 100, 150, 300, 500

⇤ ⇡50 . . . the median particle diameter

⇤ ⇠D . . . the coe�cient of uniformity

⇤ ⌧ ? and ⌧F0;; . . . the shear moduli of the particles and the walls, respectively

⇤ a? and aF0;; . . . the Poisson’s ratios of the particles and the walls, respectively

⇤ d? . . . the density of the particles

⇤ `? and `F0;; . . . the friction coe�cients of the particles and the walls, respectively

⇤ :B and :wall . . . the thermal conductivity of the particles and the walls, respectively
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TABLE 2. Sample size e�ect

Sample properties #? = 21, 217 #? = 41, 444

f8B> [kPa] 100 100

4 0.669 0.666

/ 5.10 5.08

0 0.00 0.00

⇢II [MPa] 334 333

:
⇤
II/: 5 (^ = 100) 12.0 12.0
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TABLE 3. <⇢ , <4 and '2

^ Best fit <⇢ Best fit <4 '
2

10 -0.0010 2.5177 0.9967

30 0.0077 2.5556 0.9708

50 0.0154 2.5586 0.9563

100 0.0331 2.5117 0.9461

150 0.0474 2.4655 0.9473

300 0.0802 2.3718 0.9570

500 0.1154 2.2705 0.9664

40 Morimoto, September 17, 2021



List of Figures713

1 Schematic illustration of the heat transfer mechanisms between two particles . . . . 43714

2 Schematic illustration of one element within a heat pipe network model . . . . . . 44715

3 Schematic illustration of A2 and ⌘ . . . . . . . . . . . . . . . . . . . . . . . . . . . 45716

a A2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45717

b ⌘ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45718

4 Typical sample . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46719

5 Packing characteristics of the samples . . . . . . . . . . . . . . . . . . . . . . . . 47720

a Void ratio and mean coordination number . . . . . . . . . . . . . . . . . . 47721

b Void ratio and anisotropy . . . . . . . . . . . . . . . . . . . . . . . . . . . 47722

6 Stress-strain relationships during probes . . . . . . . . . . . . . . . . . . . . . . . 48723

a Probe 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48724

b Probe 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48725

c Probe 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48726

d Probe 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48727

7 ⇢I and ⇢G values of the samples . . . . . . . . . . . . . . . . . . . . . . . . . . . 49728

8 FEM model of two particles and gap fluid . . . . . . . . . . . . . . . . . . . . . . 50729

a Schematic illustration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50730

b Temperature distribution within a FEM model . . . . . . . . . . . . . . . . 50731

9 Comparison of FEM and DEM simulation results . . . . . . . . . . . . . . . . . . 51732

a Contacting cases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51733

b Separated cases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51734

10 Relationship between :⇤
II
/: 5 and 4 . . . . . . . . . . . . . . . . . . . . . . . . . . 52735

a ^ = 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52736

b ^ = 100 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52737

c ^ = 500 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52738

41 Morimoto, September 17, 2021



11 Relationship between :⇤
88
/: 5 and ⇢8. Grayscale gives the values of 4 so that a darker739

color indicates a denser. The symbol shape indicates the sample type. . . . . . . . 53740

a ^ = 10 (z-direction) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53741

b ^ = 100 (z-direction) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53742

c ^ = 500 (z-direction) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53743

d ^ = 500 (x-direction) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53744

12 ⇢⇡⇢" and ⇢⇢") . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54745

a ⇢⇡⇢" and ⇢⇢") . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54746

b ⇢⇡⇢"/⇢⇡⇢"A4 5 and ⇢⇢")/⇢⇢")A4 5 . . . . . . . . . . . . . . . . . . . . 54747

13 Plots regarding :V⇤
8 9

and :⌘⇤
8 9

(^ = 500). The symbol shape indicates the stress level.748

The symbol color indicates the sample type. . . . . . . . . . . . . . . . . . . . . . 55749

a :
V⇤

II
and ⇢I . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55750

b :
V⇤

II
and ⇢0.5

I
f

0.5
II

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55751

c :
⌘⇤
II

and 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55752

14 Actual and predicted :⇤
88
/:A4 5 values. The symbol shape indicates the stress level.753

The symbol color indicates the sample type. . . . . . . . . . . . . . . . . . . . . . 56754

a ^ = 10 (z-direction) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56755

b ^ = 10 (x-direction) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56756

c ^ = 100 (z-direction) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56757

d ^ = 100 (x-direction) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56758

e ^ = 500 (z-direction) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56759

f ^ = 500 (x-direction) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56760

42 Morimoto, September 17, 2021


