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Wave-based numerical tools such as finite-difference time-domain (FDTD) solvers are useful for modeling several 
acoustic properties and interactions. While these numerical tools are widely used in acoustics, there seems 
to be less attention to assessing the quality of the produced outputs. However, in order to ensure that the 
obtained results are reliable, the quantification of the errors present in the simulation results is an essential 
step. There exists a mathematical process known as solution verification which aims at assessing the accuracy of 
the computed solutions. A relevant application for the FDTD method is the simulation of head-related transfer 
functions (HRTFs), since these are relatively complex to acoustically measure on humans. This paper aims at 
applying the solution verification process on HRTF modeling using the FDTD method to evaluate the accuracy 
of the simulated HRTF magnitudes with increased human head/torso model complexity. The FDTD-simulated 
HRTFs are also compared with respect to the similarity/dissimilarity of their spectrum and with respect to 
the relevance of these spectral variations on sound source localization. The results show that asymptotically 
extrapolating the FDTD-simulated HRTFs from a series of simulations provides more accurate HRTF predictions 
when compared to using single FDTD simulations ran on sub-millimeter grids, regardless of the model complexity. 
Results also demonstrate that the accuracy of the FDTD-simulated HRTF predictions decreases with increased 
model complexity. The localization performance predictions showed that the largest localization errors were 
obtained with models with the lowest complexities. Significant differences in predicted sound source localization 
performance were found between FDTD-simulated results.
1. Introduction

The head-related transfer function (HRTF) describes the response of 
a listener’s head (including the ears) and torso (including the shoulders) 
to a sound source located in the free field. It is usually measured at the 
listener’s ears’ canal entrances and it essentially characterizes the audi-

tory cues employed by the hearing system for sound source localization. 
As such, integrating an HRTF in the audio rendering system is essential 
for creating immersive augmented/virtual reality (AR/VR) applications. 
While there exist several publicly available HRTF datasets to select these 
filters from (e.g., [1,2]), one hindrance to creating a binaural rendering 
with a high degree of fidelity relates to the individual nature of these 
filters, since they depend on the listener’s outer ears’ and head/torso 
morphological features. For example, it has been shown that poorer lo-

calization performance [3,4] and decreased perceived externalization 
[5] are usually achieved when using a non-individual HRTF instead of 
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someone’s own. This is why, when an acoustically-measured individual 
HRTF is not available, various strategies have been designed and eval-

uated to personalize the rendering, for example selecting or modifying 
non-individual HRTFs, or training the listener to use a non-individual 
filter [6]. Such methods though are not always effective, nor the person-

alization process is successful enough to improve the overall rendering 
quality (e.g., [7]). Evidently, measuring one’s set of HRTFs is possible. 
However, such a task is time consuming and sensitive to the listener’s 
movements.

In contrast to acoustically measuring HRTFs, which is subject to 
multiple sources of variability, wave-based numerical modeling tech-

niques are highly controllable and repeatable since only the 3D model 
of the listener needs be embedded in the simulation domain. As such, 
using these techniques to simulate HRTFs is an attractive alternative 
to acoustic measurements. Commonly used numerical methods for this 
purpose include the boundary element method (BEM) [8–12], the fast 
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multipole BEM (FMBEM) [13,14], and the finite-difference time-domain 
(FDTD) method [15–17]. Although BEM is more frequently used than 
FDTD for HRTF modeling, the latter has several advantages, the first 
being the fact that it can be efficiently parallelized, greatly improving 
its computational performance. Thus, FDTD simulations are relatively 
fast considering that the entire volume of the simulation domain is dis-

cretized. In addition, and unlike BEM which necessitates one simulation 
per frequency bin, with FDTD a single simulation is required for obtain-

ing a solution at all frequencies. Finally, FDTD can directly employ the 
input mesh (which usually results from 3D scans) without additional 
mesh processing [18], thus eliminating one source of geometrical/an-

thropometric error in the simulation pipeline. On the other hand, the 
mesh gets voxelized, a process which introduces additional geometrical 
errors, which can though mostly be eliminated by employing smaller 
grids or by doing a convergence study.

Despite the wide use of such numerical tools, less attention is usually 
given to assessing the accuracy of the simulated results. For example, in 
[14] the FMBEM outputs were generated using a single set of criteria 
to run the solver, which does not provide sufficient insight on the qual-

ity of the simulated data. The quality of the measured and simulated 
data was then assessed by comparing their extracted interaural time dif-

ference (ITD) values, as well as by comparing the correlation between 
their spatial frequency response surfaces as a function of frequency, ei-

ther of which has a relatively small contribution in the output quality, 
especially from a perceptual standpoint. Similarly, the FDTD-simulated 
results were generated using two accuracy criteria per subject in [16], 
and the mean spectral distortion (SD) across all the HRTF directions 
considered was taken as an overall measure of the match between sim-

ulation and measurement. While most of the studies focusing on HRTF 
modeling using wave-based methods include comparisons between mea-

sured and simulated HRTFs, fewer comprise a systematic quantification 
of the numerical errors associated to these numerical modeling tech-

niques. However, in order to be sufficiently confident that the simulated 
results can be used reliably with respect to a given operational validity 
[19], two mathematical processes known as code verification and so-

lution verification [20, Parts II & III, pp. 145-366] should typically be 
first undertaken. The code verification process aims at determining if 
the implemented discrete mathematical model is free of inconsistencies 
(or bugs), and the solution verification process has for objective the as-

sessment of the accuracy of the computed solutions.

Previous related work on the verification of simulated head-related 
transfer functions using the FDTD method have investigated the single 
sphere [21] and the snowman models [22]. The accuracy of pinna-

related transfer functions (PRTFs) was also evaluated through a similar 
process in [23]. In [24], a solution verification process was applied on 
three 3D models with increased complexity (i.e. increasing the level 
of details and shape of the models): a sphere, a snowman, and a hu-

man head/torso model. This work complements and extends [24] by 
also evaluating the change in accuracy in the FDTD-computed HRTFs 
as a function of model complexity. Furthermore, it employs not only 
significantly more FDTD grids in the simulation series but, more im-

portantly, smaller grids, as well as an additional intermediate model 
complexity (a human head/torso with the ears removed). In addition, 
a mannequin head/torso model and a second human head/torso model 
are included to investigate potential individual differences in the results. 
Finally, a Bayesian model for the estimation of the perceived direction of 
a broadband sound source is used as a means to evaluate the perceptual 
relevance of the differences between the simulated outputs. In short, this 
paper aims at exploring the use of FDTD for HRTF modeling by 1) rig-

orously quantifying the quality of the FDTD-simulated HRTFs through a 
solution verification process, as well as through standard HRTF numer-

ical assessment measures and a Bayesian-based computational model 
estimating human sound source localization responses, and 2) evalu-

ating the impact of changing the 3D model complexity on the above 
2

quantitative assessments.
Applied Acoustics 228 (2025) 110353

2. Simulations

2.1. 3D models

Seven different 3D models with increased complexity were consid-

ered. By model complexity, it is meant the level of detail (including more 
or less parts of the head/torso features typically-considered in HRTF 
measurements) and shape (higher or lower accuracy in the representa-

tion of a human head/torso morphology) of the 3D models. With this 
in mind, the following 3D models were considered (see Fig. 1): a single 
sphere representing a simplified head model, a two-sphere model also 
known as the snowman model [25] representing a simplified head/torso 
model, two human head/torso models without the ears, a mannequin 
head/torso model (KEMAR with the “large” ears, GRAS Sound & Vibra-

tion, Denmark), and two human head/torso models with the ears.

The single sphere and the snowman models were directly generated 
from solid spheres using the 3D modeling software Rhinoceros [26]. The 
solid spheres were further converted into meshes (which is a collection 
of vertices and polygons defining the shape of an polyhedral object) by 
using the software option Polygon Mesh Options with the largest possible 
number of polygons. As in previous work ([21,22,24]), the single sphere 
radius was 8.25 cm, the same as the smallest sphere of the snowman 
model representing the head. The ratio of the two sphere radii of the 
snowman model was 1.3253, as in [27]. For the remaining 3D models, 
the meshes were directly taken from the publicly available SONICOM 
dataset [2]. These “watertight” meshes were generated from 3D scans 
taken with a EinScan Pro device (Shinning 3D, China). As mentioned in 
[2], small unscanned patches remained from the scanning process, thus 
limiting the accuracy of the resulting meshes to an extent that was not 
explicitly indicated.

The human #1 and #2 meshes corresponded to these of subjects 
P0001 and P0006 from the SONICOM dataset, respectively. The hori-

zontal plane (x-y plane) of the meshes was re-aligned on the Frankfurt 
plane, which is defined in anatomy as the plane that passes through the 
lower margin of the eye socket to the upper margin of the ear canal [28]. 
Furthermore, the torsos of the mannequin and all the human models (i.e. 
(c-d) and (f-g) from Fig. 1) were cut such that their height corresponded 
to the one of the snowman model. Finally, in order to avoid capturing 
each ear canal entrance resonance, two additional meshes aligned with 
the median plane and blocking the ear canal entrances were manually 
added to the human #1 and #2 models. Except cutting the torso and re-

moving the ears of the human #1 and #2 models (the cuts were filled 
by smooth surfaces) to obtain the corresponding human #1 no ears and 
human #2 no ears models, no additional changes were made to the orig-

inal scans from [2].

The spherical coordinates (𝑟, 𝜃, 𝜙) were employed, where 𝑟 is the 
radial distance (or radius), 𝜃 is the azimuth defined on the interval [0°, 
360°), and 𝜙 is the elevation angle defined on the interval [-90°, 90°]. 
The center of the coordinate system was the head center of the 3D mod-

els. It is important to underline that an HRTF is defined as the ratio of 
the Fourier-transformed pressure at the entrance of the ear canal over 
the pressure measured (or, as here, simulated) in the free field at the 
head center, and can be expressed as

𝐻(𝑟, 𝜃,𝜙,𝑓 ) =
𝑃ear (𝑟, 𝜃,𝜙,𝑓 )
𝑃inc(𝑟 = 0, 𝑓 )

, (1)

where 𝑓 denotes the frequency. 𝑃ear is the Fourier-transformed pressure 
at the entrance of the ears’ canals for an incident wave coming from the 
position (𝑟, 𝜃, 𝜙), and 𝑃inc denotes the Fourier-transformed pressure of 
the incident wave simulated in the free field at the head center.

2.2. FDTD parameters

An FDTD solver implementing the standard rectilinear (SRL) scheme 
[29, p. 332] was employed to run the simulations in single floating point 

precision and at the stability limit of the scheme, i.e. when the Courant 
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Fig. 1. Perspective view of the simulated 3D models: (a) sphere, (b) snowman, (c) human #1 no ears, (d) human #2 no ears, (e) mannequin, (f) human #1, and (g) 

human #2.

number 𝜆 is set to 1∕
√
3 for the SRL. The simulations were run on a 

number of nodes (DGX A100) varying from 5 to 17, containing 8 graph-

ics processing units each. This solver previously underwent several code 
verification processes [23,21,22].

The source excitation signal was a Gaussian pulse defined as follows

𝐺(𝑡) = 𝑒(−(𝑡−𝜇)
2∕2𝜎2) , (2)

where 𝜎2 = 6.5×10−11, 𝜇 = 2.24×10−4, and 𝑡 =(0:𝑁 -1)×(1/𝑓s) de-

notes the discrete time vector with 𝑁 representing the number of time 
steps and 𝑓s the temporal sampling frequency of the simulation. This 
Gaussian pulse was designed such that the magnitude of its discrete 
Fourier transform was below machine epsilon 𝜖 in double precision (i.e. 
𝜖 = 2.2×10−16) at 135 kHz, which represents the Nyquist frequency 
of the smallest temporal sampling frequency used in the series of sim-

ulations. Machine epsilon is usually defined as an upper bound on the 
relative round-off error. The round-off error is caused by computations 
done using finite-precision representation of numbers.

The simulation time was 6.6 ms with a speed of sound set to 
343.38 m/s, assuming a temperature in dry air of 20°C. A box with di-

mensions 4 m x × 4 m × 4 m was constructed around the 3D models 
since no perfectly matched layer was implemented in the FDTD solver. 
More precisely, the box dimensions were defined such that no reflection 
from its surfaces was captured by the receivers during the entire sim-

ulation time. The 3D models were modeled with rigid boundaries and 
the center of their heads was placed at the center of the box.

All the 793 unique HRTF directions from the SONICOM dataset were 
simulated. These directions were measured at a distance of 1.5 m from 
the heads’ center in the SONICOM dataset, which was also utilized in 
the simulation setup. Typically, when using the FDTD method a single 
source position is used at a time per simulation. However, to reduce the 
number of simulations to be ran, the reciprocity principle was invoked. 
As a result, the two source positions were placed at the blocked entrance 
of the two ear canals for the mannequin, human #1 and #2 models, and 
were run separately. As for the human #1 no ears and human #2 no ears 
models, the two sources were located such that they corresponded to the 
blocked entrance of the two ear canals from human #1 and #2, respec-

tively. The sources were placed such that they converged, as the FDTD 
spatial grid spacing 𝑋 → 0, to the surface of the blocked meatus. For the 
sphere and snowman models, the two sources were directly placed on 
the head surface in the directions (𝜃 = 90°, 𝜙 = 0°) and (𝜃 = 270°, 𝜙 = 
0°). Each of these two simulations contained 793 receivers correspond-

ing to the totality of the HRTF directions from the SONICOM dataset. No 
3

spatial interpolation was applied to the receiver nor to the source posi-
tions, as it was shown in [22] that it does not improve the asymptotic 
predictions from the solution verification procedure. Also note that due 
to the different grid spacings employed in the simulation series, the re-

sulting final positions of the receivers and sources within the simulation 
domain had a maximal deviation from 𝑟 of 𝑟𝑖 = 𝑟 ±𝑋𝑖

√
3/2 since the 

sources and receivers were positioned at the center of the cubic air vox-

els of the simulation domain. Thus, the location of the sources and/or 
receivers converges to the continuous locations 𝑟𝑖 → 𝑟 in a first order 
form as 𝑋𝑖 → 0. The voxelization, which is the process of transforming 
a given continuous geometry into a voxel-based geometry, was made 
using a surface-conservative voxelization algorithm which creates a su-

percover of the continuous surface consisting of all the voxels meeting 
the surface of the meshes [30].

In order to obtain both 𝑃ear and 𝑃inc for the calculation of Eq. (1), and 
due to the fact that FDTD simulation outputs are time-domain responses, 
a Fourier transform was applied separately to both the outputs from 
the simulations generated in the presence of the 3D models and these 
generated in the free field (i.e. in the absence of the 3D models in the 
simulation domain). A frequency bandwidth in the range of [151.5 Hz, 
20 kHz] was considered for the analysis of the resulting HRTFs, covering 
most of the human audible range, and most of the frequencies relevant 
for sound sources localization. The frequency range of analysis included 
the upper limit of the audible range (i.e. 20 kHz) since it represents the 
most conservative case to simulate considering that the discretization 
error increases as a function of frequency. The smallest temporal sam-

pling frequency of the simulation series (corresponding to the coarsest 
FDTD spatial grid spacing) was set such that the phase velocity error 
[31] (in the axial direction of propagation which is the direction with 
the most discretization error for the SRL scheme [32]) at 20 kHz was 
2%. Following this criterion, the ratio of the highest frequency of the 
bandwidth considered (i.e. 20 kHz) over the sampling frequency of the 
simulation was set to always be below 0.0757. Furthermore, the FDTD 
spatial grid refinement ratio between two consecutive simulations, de-

fined as 𝜏 =𝑋𝑖+1∕𝑋𝑖, where 𝑋𝑖 < 𝑋𝑖+1, was chosen to be 1.1 (minimum 
recommended in practice [33]) so as to include a large number of grids. 
These criteria resulted in a total of 19 simulations to run. A summary 
of the most relevant FDTD parameters for these 19 simulations are re-

ported in Table 1.

While the 2% phase velocity error criterion has been explored in 
the context of room acoustics modeling (e.g., as in [34,35]), it may be 
irrelevant in the context of HRTF modeling. In fact, due to the vox-

elization error, which was evaluated in [36] in the context of HRTF 

modeling including ears, HRTFs calculated with FDTD employing grids 
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Table 1

Summary of the FDTD parameters used in the series of simulations. 
Sorted in descending order of the temporal sampling frequency 𝑓 s. 
𝑋 is the FDTD spatial grid spacing, rounded to two decimal places 
for its unit. The running time is given for the sphere model and one 
of the computing nodes as an indication of the approximate time 
taking for each simulation.

Grid # 𝑓 s (kHz) 𝑋 (mm) 𝑁 Running time (hh:mm:ss)

1 1490 0.40 9834 02:12:34

2 1355 0.44 8943 01:38:42

3 1230 0.48 8118 01:13:47

4 1120 0.53 7392 00:56:15

5 1020 0.58 6732 00:43:26

6 925 0.64 6105 00:32:42

7 840 0.71 5544 00:25:46

8 765 0.78 5049 00:19:16

9 695 0.86 4587 00:14:44

10 635 0.94 4191 00:12:12

11 575 1.03 3795 00:09:14

12 525 1.13 3465 00:07:08

13 475 1.25 3135 00:06:01

14 435 1.37 2871 00:04:23

15 395 1.51 2607 00:03:14

16 360 1.65 2376 00:02:51

17 325 1.83 2145 00:02:11

18 295 2.02 1947 00:01:45

19 270 2.20 1782 00:01:30

whose spatial spacing is above ≈ 1 mm were found to be sensitive to the 
voxelization error [36]. Thus, grid spacings 𝑋𝑖 larger than about 1 mm 
can be considered outside of the asymptotic range for models containing 
human ears. Based on these findings, the effect of including grids with 
𝑋 < 1 mm on the accuracy of the FDTD-simulated HRTF magnitudes 
will be investigated in Sec. 3.2 to corroborate these results.

3. Solution verification

3.1. Asymptotic predictions

Physical models are mathematical models representing physical phe-

nomena or events. In order to study these phenomena, computational 
models can be derived using computational methods such as FDTD. Es-

sentially, these computational models are approximations of the physi-

cal ones. These approximations infer that there will be a set of numerical 
errors associated to the computational model. One example of such nu-

merical errors associated to FDTD is the discretization error, which is 
due to the approximation of continuous differential operators by dis-

crete operators. In order to gain trust on the results emanating from a 
computational model, it is essential to quantify the numerical errors un-

derlying it. This can be done through the solution verification process. 
One approach to performing this is to choose an error model based on 
the order of accuracy which is expected to dominate the computational 
model. The expected order of accuracy can be determined by identifying 
the set of numerical errors present in the desired simulation setup and 
their behavior, i.e. through knowledge of error behavior. Here, the first-

order asymptotic model, which is essentially a linear regression model, 
based on the magnitude was chosen and is expressed as follows

|𝐻𝑖(𝑟𝑖, 𝜃,𝜙,𝑓 ,𝑋𝑖)| = |𝐻asymp(𝑟, 𝜃,𝜙,𝑓 )|
+ 𝛽(𝑟, 𝜃,𝜙,𝑓 )𝑋𝑖 ,

(3)

where 𝛽 represents the coefficient of the principal error term, |𝐻𝑖| de-

notes the simulated HRTF magnitude on the spatial grid spacing 𝑋𝑖 and |𝐻asymp| is the sought asymptotic HRTF magnitude prediction. It can 
be noted from Eq. (3) that in practice the sought asymptotic prediction 
corresponds to the intercept resulting from the least-squares fit of the 
first-order asymptotic model.

Furthermore, the weights introduced in [37] were applied to the 
4

first-order asymptotic model to result in a weighted least-squares regres-
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sion. As it was shown in [22], this results in more accurate asymptotic 
predictions when compared to the non-weighted linear regression model 
based on Eq. (3). These weights are likely to result in a decrease of the 
variance of the residuals in the linear regression, since more importance 
is given to the finer grid solutions (assumed to be more accurate and 
more likely in the asymptotic range) compared to the coarser grid ones. 
These weights are defined as follows

𝑤𝑖 =
1
𝑋𝑖

𝑛𝑔∑
𝑖=1

1
𝑋𝑖

, (4)

where 𝑛𝑔 = 19 is the total number of FDTD grids used in the first-order 
asymptotic model, and 𝑋𝑖 is the spatial FDTD grid spacing correspond-

ing to the 𝑖-th grid.

The accuracy on the asymptotic prediction was assessed by comput-

ing 95% confidence intervals (CIs). These latter were estimated using 
the bias-corrected and accelerated (BCa) bootstrap method [38] with 
500 replicates. In essence, bootstrap methods create multiple “bootstrap 
samples” (500 here) by sampling with replacement from the original 
data (here, 

(
𝑋𝑖, |𝐻𝑖|) pairs). Then, the linear regression model is ap-

plied for each bootstrapped sample and the intercept is retained. Finally, 
the 95% CI is estimated based on the resulting 500 intercepts. The speci-

ficity of the BCa method is that CI estimates try to account for the bias 
and skewness in the distribution of the bootstrap samples. The failure 
of the first-order asymptotic model was assumed when the predicted |𝐻asymp| from Eq. (3) was below machine epsilon 𝜖 in single precision 
(i.e. 𝜖 = 1.2×10−7) in which case the log-magnitude of 𝐻asymp was fixed 
to 20log10(𝜖) ≈ -138.5 dB. Failure of the model was also propagated to 
the 95% CIs calculation.

3.2. Results and discussion

The results, shown in Fig. 2 for the left ear, one HRTF direction and 
four 3D models, demonstrate that a better accuracy is achieved for the 
asymptotic predictions in comparison to most of the single individual 
FDTD grid simulation results, regardless if these latter are in the sub-

millimeter range. For the sphere model, for which there exist an analytic 
solution, this is demonstrated in Fig. 2(a) by comparing the obtained 
asymptotic prediction and the 19 individual FDTD simulations with the 
HRTF magnitude of the analytic solution computed based on the method 
from [39]. The accuracy of the asymptotic predictions is also shown by 
the width of the 95% CIs, which is smaller than the magnitude of most 
of the individual FDTD grid simulations. The results for the right ear 
(not shown) were similar to these of the left ear.

Furthermore, the mean bias, defined as the width of the 95% CIs 
for each frequency bin averaged across all the 793 HRTF directions and 
shown in Fig. 3(a) for the left ear, was calculated for each 3D model 
to compare the results obtained as a function of model complexity. The 
mean bias for the right ear (results not shown) was similar to this of the 
left ear. It can be seen in Fig. 3(a) that the mean bias increases as a func-

tion of both frequency (which is expected due to the discretization error 
behavior) and model complexity. More precisely, for the sphere, the 
snowman and the two models without ears (labeled “human #1 no ears” 
and “human #2 no ears”) the average mean bias between the two ears 
was below 2.6, 3.4, 9.8 and 8.3 dB across the entire frequency range con-

sidered, respectively, while the 3D models containing ears (mannequin, 
human #1 and #2) had extremely large mean bias at higher frequencies. 
The failure of the first-order asymptotic model was also observed for a 
larger number of HRTF directions as a function of frequency. In fact, 
the mean bias for both ears for human #1 and #2 was within 10 dB 
for frequencies up to 7121 and 7272 Hz, respectively. Interestingly, the 
mean bias for both ears of the mannequin model was slightly smaller 
than this of the two other models containing ears and was within 10 dB 

for frequencies up to 10303 Hz.
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Fig. 2. Individual FDTD grid simulation results and asymptotic predictions for the left-ear HRTF with the receiver positioned in the direction (𝜃 = 0°, 𝜙 = 0°) for the 
(a) sphere, (b) snowman, (c) mannequin, and (d) human #1. The asymptotic predictions resulted from Eq. (3) using all the 19 FDTD spatial grids listed in Table 1.

Fig. 3. Mean bias (bias averaged across all the 793 HRTF directions considered) for the left ear as a function of frequency for the seven 3D models when (a) all the 
19 grids from Table 1 were included in Eq. (3), and (b) the 10 finest grids from Table 1 were included in Eq. (3).
In order to test whether reducing the number of the coarser grids 
in the series of simulations would improve the first-order asymptotic 
model, Eq. (3) was re-run using the 10 first (i.e. finest) FDTD grids listed 
in Table 1. While there is a risk that the linear regression model be 
less reliable if too little grids are included in the model, there is also a 
likelihood to improve the first-order asymptotic model since finer FDTD 
grids are considered. Choosing the 10 first grids listed in Table 1 seems 
to be a reasonable trade-off between the number of grids included in 
the linear regression model and the size of the grid spacings included 
(which are all below 1 mm). The choice of limiting the grid spacing 
to 𝑋 < 1 mm in the first-order asymptotic model was also motivated 
by the results from [36] in which FDTD results from these grids can 
be considered outside of the asymptotic range in the HRTF modeling 
context.

The results of including the 10 first FDTD grids in Eq. (3) are shown 
5

in Fig. 4 for the sphere model, the left ear and the same HRTF direction 
as displayed in Fig. 2. These results are to be visually compared with 
Fig. 2(a) specifically. It can be seen that not only the analytic solution is 
included in the 95% CIs across the entire frequency range but also that 
the resulting asymptotic prediction is closer to the analytic solution. The 
mean bias results are shown in Fig. 3(b) for the left ear and the seven 3D 
models. The results (not shown) were similar for the right ear. As can 
be seen in Fig. 3(b), including less, albeit finer, FDTD grids in the first-

order asymptotic model improved the mean bias for all the 3D models 
except for human #2 no ears for which the worsening was marginal. In 
fact, for the sphere, snowman, human #1 no ears and human #2 no ears 
models, the average mean bias across the two ears was below 1.4, 2.0, 
6.6 and 9.8 dB within the entire frequency range considered, respec-

tively. The improvement in mean bias was the largest for mannequin, 
and resulted in an average mean bias across the two ears below 12.3 dB 
within the entire frequency range of analysis. For the two remaining 

models including ears (human #1 and #2), the first-asymptotic model 
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Fig. 4. Individual FDTD grid simulation results and asymptotic prediction for 
the left-ear HRTF with the source direction (𝜃 = 0°, 𝜙 = 0°) for the sphere. The 
asymptotic prediction resulted from Eq. (3) using the 10 finest FDTD spatial 
grids listed in Table 1.

failed for a smaller number of HRTF directions per frequency bin com-

pared to when all the 19 grids were included in the regression model, 
and resulted in generally smaller mean bias values with respect to the 
same comparison point, as can be seen when comparing Figs. 3(a-b).

As a result of this improvement in mean bias, the asymptotic pre-

dictions resulting from the first-order asymptotic model which only 
included the 10 finest FDTD grids are considered for all the 3D mod-

els in the remainder of the paper. Despite the mean bias improvement 
resulting from the inclusion of the 10 finest FDTD grids in the first-order 
asymptotic model, it is worth pointing out that in the HRTF modeling 
context, a mean bias of 2 to 5 dB is likely to become a threshold value 
above which the accuracy of the asymptotic predictions is too poor, indi-

cating a low reliability in the simulated results. This was also observed in 
[22] for the snowman model, where the asymptotic prediction departed 
from the analytic solution as the 95% CIs increased. More precisely, Ta-

ble I from [22] reports a maximum deviation of 4.64 dB between the 
log-magnitude of the asymptotic prediction and the log-magnitude of 
the analytic solution for an average 95% CIs width of 1.40 dB across the 
seven HRTF directions considered and the frequency range of analysis 
which covered [250 Hz; 20 kHz].

While it is unlikely that the failure of the first-order asymptotic 
model for a single frequency bin be of perceptual relevance, it is likely 
that its failure for several frequency bins in a row be a risk of perceptu-

ally impacting negatively the resulting asymptotic prediction. As such, 
the asymptotic predictions were corrected when the first-order asymp-

totic model failed for one or several frequency bins in a row, that is 
when the log-magnitude of 𝐻asymp was below or equal to -138.5 dB. 
This correction consisted of substituting the log-magnitude of 𝐻asymp

by that of the smallest FDTD grid simulation result, when this latest fell 
within the 95% CIs. However, for each frequency bin where the HRTF 
magnitude from the smallest FDTD grid was outside of the 95% CIs, 
the log-magnitude of 𝐻asymp was replaced by the upper bound of the 
95% CIs. The rationale behind this decision is based on the assump-

tion that the 95% CIs encompass the true solution. As such, in the case 
of large 95% CIs, indicating a poor accuracy of the first-order asymp-

totic model, using either the asymptotic prediction (resulting from the 
first-order asymptotic model) or the result from the smallest FDTD grid 
falling outside of the 95% CIs is not strongly founded. Note that follow-

ing this correction, none of the asymptotic predictions for the sphere 
model were corrected.

4. Perceptually-guided numerical evaluation

4.1. Error metrics and computational model

In order to investigate the effect of varying the model complexity 
on objective error metrics, the difference in interaural level difference 
6

(ILDdiff) and the log-spectral distortion (LSD) between the corrected 
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asymptotic prediction and two of the individual FDTD grid simulations 
(more specifically, the grids #1 and #10 from Table 1) of each 3D model 
were calculated as follows

ILDdiff(𝑟, 𝜃,𝜙,𝑓 ) =
1
123

𝐾∑
𝑘=10

20 log10
|||||
𝐻LasympC(𝑟, 𝜃,𝜙,𝑓 )
𝐻RasympC(𝑟, 𝜃,𝜙,𝑓 )

|||||
− 1

123

𝐾∑
𝑘=10

20 log10
||||𝐻L𝑖(𝑟𝑖, 𝜃,𝜙,𝑓 )
𝐻R𝑖(𝑟𝑖, 𝜃,𝜙,𝑓 )

|||| ,
(5)

where 𝐾 = 132 denotes the total number of frequency bins covering 
the frequency range of analysis. Note that for the calculation of Eq. (5), 
the frequency range was limited to the range [1515.2 Hz; 20 kHz] since 
the ILD cue is mostly useful for sound localization above approximately 
1500 Hz [40]. |𝐻LasympC| and |𝐻RasympC| are the corrected asymptotic 
HRTF magnitude predictions resulting from Eq. (3) (using grids #1 to 
#10 from Table 1) for the left and right ear, respectively. |𝐻L𝑖| and |𝐻R𝑖|
denote the HRTF magnitudes simulated on the FDTD spatial grid spacing 
of 𝑋𝑖 = 0.94 mm or 0.40 mm for the left and right ear, respectively.

LSD(𝑟, 𝜃,𝜙,𝑓 ) =

√√√√√ 1
𝑁

𝑁∑
𝑛=1

(
20 log10

|||||
𝐻𝑖(𝑟𝑖, 𝜃,𝜙,𝑓 )

𝐻asympC(𝑟, 𝜃,𝜙,𝑓 )

|||||
)2

, (6)

where 𝑁 = 793 denotes the total number of HRTF directions. The LSD 
was computed separately for each ear and each frequency bin.

Furthermore, the Bayesian computational model described in [41]

was used to evaluate the perceptual relevance of the spectral variations 
in the FDTD-simulated HRTF magnitudes for the different model com-

plexities, specifically looking at sound source localization. This model 
has previously been used to simulate behavioral localization test per-

formances and quantifying the perceptual implications of employing 
different processing strategies and choices. More explicitly, the model 
was used in [42] for evaluating the quality of novel HRTF spatial up-

sampling methods, and an older version was employed in [43] when 
assessing different methods for binaurally rendering Ambisonics signals.

The Bayesian computational model (implemented as barumerli2023

and available as part of the auditory modeling toolbox (AMT) [44] in 
Matlab/Octave) takes a “template” and a “target” set of HRTFs as inputs 
and predicts the localization response of a subject (whose set of HRTFs is 
the template) for a given target HRTF set. The model first spatially inter-

polates the two provided input sets of HRTFs at uniformly distributed 
directions (to account for non-uniform HRTF acquisition grids), then 
computes the following features on the interpolated grid of directions 
for both inputs: the ITD and ILD cues, as well as the spectral ampli-

tudes of the directional transfer functions (DTFs). From these calculated 
features, the model, which is based on a template-matching procedure, 
outputs the predicted localization performance of the subject whose set 
of HRTFs was provided as the template for the given target set of HRTFs.

In practice, the FDTD-simulated HRTFs (including the asymptotic 
predictions) were first converted to DTFs by using the SOFAhrtf2dtf

function (provided in the SOFA Toolbox [45]). Note that because 
the SOFAhrtf2dtf function takes a SOFA object with the “Simple-

FreeFieldHRIR” convention, Eq. (3) was re-run using the real and 
imaginary part of each FDTD-simulated HRTFs separately (as previ-

ously done in [22] where the approach is referred to as “indirect”), so 
as to extract the complex asymptotic HRTFs (as opposed to the HRTF 
magnitudes as indicated in Eq. (3)). The complex asymptotic HRTFs 
were then transformed into time-domain responses by applying an in-

verse Fourier transform (to obtain their corresponding HRIRs) and saved 
into a SOFA object with the “SimpleFreeFieldHRIR” convention (using 
both functions SOFAgetConventions and SOFAsave) prior to be fed to the 
SOFAhrtf2dtf function. Second, the barumerli2023_featureextraction func-

tion (also available in the AMT) was used to extract the interaural time 
and level differences, as well as the spectral amplitudes of the DTFs for 
both the template and the target inputs separately. Finally, these fea-
tures extracted from both the template and target sets of HRTFs were 
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Fig. 5. Boxplots showing the ILDdiff between the corrected asymptotic HRTF magnitude prediction |𝐻asympC| and the FDTD-simulated HRTF magnitude |𝐻𝑖| using 
(left) the 10𝑡ℎ smallest (i.e. 0.94 mm), and (right) the smallest (i.e. 0.40 mm) grid spacing of the simulation series. The mean of each boxplot values is indicated as 
a diamond symbol and reported in Table 2.
fed to the main barumerli2023 function, constituting the Bayesian com-

putational model which provided the final localization responses of the 
target set of HRTFs.

For each 3D model, the computational model was first provided with 
the simulated HRTFs from grids #1 (the finest grid of the simulation 
series) as the template HRTF set and two target HRTF sets which cor-

responded to the FDTD-simulated HRTFs from grid #10 and that from 
the asymptotic prediction. Unlike in [43] where the reference set of 
HRTFs was the original measured one, no ground truth or reference are 
available in the present case, except for the human #1 and #2 mod-

els. As such, and because the computational model is not commutative 
(it will output different localization performance results when swap-

ping the provided target and template HRTFs), it was re-run separately 
with the asymptotic prediction as the template HRTF set as well as the 
FDTD-simulated HRTFs from grid #10 from Table 1, thus considering all 
possible combinations of template - two targets triplets. The model input 
parameters were the same as the medians indicated in Table 1 from [46]. 
In addition, due to the stochastic nature of the computational model and 
in order to obtain stable results, the localization response was estimated 
300 times for each sound target direction.

The predicted localization responses were further analyzed using the 
localizationerror function from the AMT Toolbox to calculate the follow-

ing error metrics: mean absolute lateral angle error, local polar RMS 
error (unweighted RMS error in the polar dimension considering target 
sounds around the median plane only (±30° lateral angles) and exclud-

ing quadrant errors (i.e. polar error > 90°), and quadrant error (i.e. 
frequency of polar errors larger than 90° as per defined in [47]).

4.2. Results and discussion

The ILDdiff (which is an average across frequencies ranging from 
[1515.2 Hz; 20 kHz]) calculated between the corrected asymptotic pre-

diction and the individual simulation results are shown in Fig. 5 for all 
HRTF directions and each model as boxplots. The range of ILDdiff, whose 
minimum and maximum values across all the HRTF directions are re-

ported in Table 2 for each 3D model, increased as a function of model 
complexity. More precisely, for the 3D models including ears, larger 
maximum values of ILDdiff were obtained compared to the other mod-

els. The mean ILDdiff across HRTF directions, reported both in Table 2
7

and in Fig. 5, also increased as a function of model complexity.
Table 2

Minimum and maximum ILDdiff values obtained for each 3D model 
across all the 793 HRTF directions considered. Each minimum and 
maximum value is indicated as X / Y where X and Y represent the ILDdiff

values calculated from Eq. (5) using |𝐻𝑖= 0. 94 mm| and |𝐻𝑖= 0. 40 mm|, 
respectively. The mean ILDdiff across directions is also reported as 
ILDdiff .

3D model min. ILDdiff (dB) max. ILDdiff (dB) ILDdif f

sphere -3.0 / -1.6 2.3 / 1.3 0.0 / 0.0

snowman -4.8 / -3.5 4.7 / 3.4 0.0 / 0.0

human #1 no ears -6.5 / -5.0 18.6 / 16.0 0.1 / 0.2

human #2 no ears -7.9 / -6.1 6.1 / 4.8 -0.2 / -0.1

mannequin -8.2 / -7.0 18.6 / 15.7 1.4 / 0.9

human #1 -10.0 / -9.7 17.3 / 13.8 0.8 / -0.2

human #2 -12.6 / -10.5 10.7 / 7.8 1.1 / 0.4

The threshold for ILD detection at 1000 Hz is ∼ 1 dB [48], and even 
smaller (0.5 dB) at higher frequencies [40]. As such, the mean ILDdiff

across HRTF directions calculated between the corrected asymptotic 
prediction and the individual simulation results are within this detec-

tion threshold for the sphere only and using the smallest FDTD grid of 
the simulation series. For the rest of the models, larger ILDdiff values are 
obtained for the 3D models without ears and even larger ones for the 
three remaining models containing ears (i.e. mannequin, human #1 and 
#2).

As for the LSD, it is commonly used as a means to objectively com-

pare two transfer function spectra. These two spectra could be resulting, 
e.g., from a measured HRTF and from a simulated one. Typically con-

sidered small LSD values fall within the range of 3.0 to 5.0 dB while 
large ones are around 10.0 dB and above. For example, comparing an 
individual HRTF with a non-individual one, the average LSD across fre-

quencies is about 7.5 to 10.0 dB (see Fig. 6 from [42]). In Fig. 2 of 
[43], even larger spectral differences of up to about 32.0 dB at around 
15 kHz are reported for 1st order Ambisonics. From the results shown 
in Fig. 6, it can be seen that overall, the smallest LSD values were ob-

tained for the sphere and the snowman models with maximum values of 
3.0 dB and 6.1 dB across the entire frequency range and considering both 
ears, respectively, regardless of which simulated data (|𝐻𝑖= 0.94 mm| or |𝐻𝑖= 0.40 mm|) was used. The average LSD values across frequencies and 
(left and right) ears was also small for the models with low complexities, 

regardless of which simulated data (|𝐻𝑖= 0.94 mm| or |𝐻𝑖= 0.40 mm|) was 
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Fig. 6. LSD for the left- (top) and right-ear (bottom) HRTF magnitude for the seven 3D models comparing the FDTD-simulated HRTF magnitude |𝐻𝑖| which ran on 
the (left) the 10𝑡ℎ smallest grid spacing of the simulation series (i.e. 0.94 mm) and (right) the smallest grid spacing of the simulation series (i.e. 𝑋𝑖 = 0.40 mm) with 
the corrected asymptotic HRTF magnitude prediction |𝐻asympC|.
Table 3

Mean LSD (dB) across frequencies and ears, when 
using |𝐻𝑖= 0.94 mm| and |𝐻𝑖= 0.40 mm|.

3D model |𝐻𝑖= 0.94 mm| |𝐻𝑖= 0.40 mm|
sphere 1.1 0.5

snowman 1.2 0.6

human #1 no ears 3.8 3.0

human #2 no ears 3.1 2.1

mannequin 7.7 6.4

human #1 9.8 7.8

human #2 7.9 6.3

used. More precisely, the LSD averaged across frequencies and left and 
right ears is reported in Table 3 for each 3D model. As can be seen in 
Table 3, for the three models with higher complexity (i.e. these includ-

ing ears), the average LSD using both |𝐻𝑖= 0.94 mm| and |𝐻𝑖= 0.40 mm|
was higher than that of the models with lower complexity.

Overall, relatively acceptable mean LSD values were obtained for all 
the 3D models and both ears when using |𝐻𝑖= 0.40 mm| in Eq. (6), though 
higher mean LSD values were observed for the 3D models with ears 
(mannequin, human #1 and #2) in comparison to the other five 3D mod-

els. However, the LSD averaged across frequencies and ears obtained 
using |𝐻𝑖= 0.94 mm| was above acceptable values when considering the 
3D human models with ears (human #1 and #2). This highlights the 
need to employ a very refined FDTD grid spacing of 𝑋 ≈ 0.40 mm for the 
3D models with the lowest complexity such as the sphere, the snowman 
and the two models without ears. However, for 3D models with higher 
complexity, even smaller grids spacings (i.e. 𝑋 < 0.40 mm) would be 
necessary to satisfy the dB range for typical acceptable LSD values be-
8

tween the asymptotic predictions and the FDTD-simulated results.
The results from the computational model predicting a human lo-

calization performance based on the three different provided template 
HRTFs are shown in Fig. 7 for the two target HRTFs. As can be seen in 
Fig. 7 and despite the non-commutativity of the Bayesian computational 
model, the predicted localization performance is similar between the 
three used template HRTFs, though some slight differences are observed 
for the quadrant error. In addition, the overall predicted localization 
performance appears to be similar between the two target HRTFs, re-

gardless of which template HRTF set is used. It can also be seen that 
the sphere and the snowman models exhibit the two largest errors for 
all the error metrics, except for the mean absolute lateral angle error 
which appears similar compared to the other 3D models. This is in line 
with the fact that these models both exhibit the necessary geometrical 
feature (a spherical head geometry) to provide accurate estimates of the 
ITD/ILD cues which are predominantly represented by the lateral angle 
error. In addition, the quadrant error is at chance level for the sphere 
and the snowman models which contrasts with the rest of the models 
which are below chance level. This highlights the importance of the de-

gree of model complexity to obtain localization responses comparable 
with human performance.

Shapiro-Wilk tests were run on the data shown in Fig. 7 for each 
error metric and target HRTF. The statistical tests (results not shown) 
failed to reject the null hypothesis stating that the sample comes from 
a normal distribution at the 1% significance level in all cases (i.e. for 
all error metrics and both target HRTFs sets for each template HRTFs 
set), thus indicating that the data for all the error metrics was normally 
distributed. In order to determine whether the predicted localization 
performance was significantly different within the two target HRTFs as 
well as between the two template HRTFs, a two-way mixed ANOVA test 
was performed with the target HRTF sets as the within-subjects factors 

and the template HRTF sets as between-subjects factors. The test re-
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Fig. 7. Error metrics resulting from localization performance prediction of the computational model described in [41] fed with all combinations of template - targets 
triplets.
sults revealed that there was a significant two-way interaction between 
target and template HRTF sets on the mean absolute lateral angle er-

ror (F(2, 18) = 7.810, p = 0.004) and on the local polar RMS error 
(F(2, 18) = 13.501, p < 0.001). Following on these significant results, 
a one-way ANOVA test was performed to investigate the effect of the 
between-subjects factor (i.e. template HRTF set) on the error metrics 
for each target HRTF set. The results (not shown) were not significant 
for both error metrics, thus a one-way repeated measures ANOVA was 
run for the within-subjects variable (i.e. target HRTF set) for each tem-

plate HRTF set. The results from this within-subjects ANOVA showed 
that there was a significant difference between the two target HRTFs 
for the mean absolute lateral angle error (F(1, 6) = 22.6, p = 0.003) 
and for the local polar RMS error (F(1, 6) = 15.4, p = 0.008) when the 
template HRTF was the asymptotic prediction. The effect of target HRTF 
was also significant on the mean absolute lateral angle error (F(1, 6) = 
8.52, p = 0.027) and on the local polar RMS error (F(1, 6) = 11.4, p = 
0.015) when the template was the simulated-HRTF from grid #10 (𝑋𝑖 = 
94 mm). Interestingly, when the template HRTF was from grid #1 (𝑋𝑖

= 40 mm), the tests revealed that there was no significant difference 
between the localization performance of the two target HRTFs.

5. Conclusion

The HRTF magnitudes of seven different 3D models of head and/or 
torso with increased complexity (i.e. varying the level of detail and 
the shape approximation of a human head/torso) were simulated us-

ing the FDTD method. A solution verification process was applied to 
the FDTD-simulated HRTFs to quantify the numerical errors present in 
9

the computed results. The solution verification results showed that more 
accurate HRTF magnitudes can be obtained by considering a series of 
simulations and applying a first-order asymptotic model instead of a 
running a single FDTD simulation, even using a sub-millimeter grid. The 
mean bias representing the accuracy of the asymptotic predictions re-

sulting from the first-order asymptotic model increased as a function 
of frequency for all the 3D models considered. The mean bias also in-

creased as a function of model complexity, and was especially high for 
the 3D models including ears at frequencies above 10 kHz.

The results from the Bayesian computational model predicting lo-

calization performance showed that the largest localization errors were 
obtained with the sphere and the snowman model. Interestingly, when 
taking the asymptotic prediction and the FDTD-simulated HRTFs on the 
coarsest grid as the template HRTFs, significant differences between 
the two target HRTFs were found in the data for two of the three er-

ror metrics considered. However, when the template HRTF set was the 
FDTD-simulated HRTFs on the finest grid, no significant difference were 
found between the two FDTD-simulated HRTFs. This difference in the 
results obtained between the two target HRTFs show that significant dif-

ferences in sound source localization performance can occur when com-

paring FDTD-simulated results ran on a single grid with asymptotically 
extrapolated results from a series of simulations. Significant differences 
in sound source localization performance also occurred when compar-

ing FDTD-simulated results ran on different single grids. As such, these 
results show the importance of not only numerically assessing FDTD-

computed results but also perceptually evaluating them. Although the 
choice of the template HRTF against which the two target HRTFs are 
evaluated was not a ground truth per se, potential future work could 
focus on comparisons between measured and FDTD-simulated HRTFs. 

Similarly, BEM- and FDTD-simulated HRTFs could be also compared in 
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the future, as it seems that BEM is more commonly used than the FDTD 
method in the context of HRTF modeling.
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