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Abstract

The Full Waveform Inversion (FWI) gradient is composed of a low
wavenumber tomographic component and a high wavenumber mi-
gration component. A successful application of FWI requires that
the low wavenumber parts of the model be recovered before the high
wavenumbers. This process becomes difficult in datasets dominated
by pre-critical angle reflection energies. Reflection waveform inversion
(RWI) has been proposed as an alternative to help bootstrap the FWI

method for reflection data.

In this thesis, I have made a novel contribution to RWI using Finite
Difference Explicit Wavefield Decomposition (FDEWD). This method
improves the wavefield decomposition process by cleanly decomposing
the wavefields into four components using finite difference method and
Fourier transform. Four component wavefields travelling left, right,
up and down are simultaneously derived in this method compared to
just opposite directions possible with most other methods. FDEWD
also lacks the evanescent energy present in traditional Fourier based
separation. The extra layer of separation introduced by FDEWD
ensures that the tomographic component of the gradient is formed by
energies propagating within and close to the first Fresnel zone, hence

yielding a cleaner tomographic update.

The FDEWD method developed here was then used in an RWI con-
text to successfully invert a synthetic dataset and a blind dataset.

The scheme involved a migration update step with an exaggerated



step length and a tomographic update step with true step length com-
putation. The results obtained shows that the new method produces
superior results compared to the method based on direct separation
of the total wavefields. FDEWD also allows for transmission FWI to

be performed without the need to mute the data in any way.

We have implemented the scheme here in a 2-D constant density
acoustic wave equation. It is, however, possible to extend this method

to 3-D, anisotropic and elastic problems.
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Chapter 1

Introduction

1.1 Overview

Full Waveform Inversion (FWI) has become a sought after technique in building
high-resolution, high-fidelity quantitative models (velocity, density, anisotropy,
attenuation etc) of the subsurface. In general, full waveform inversion involves a
search for a model that explains the data from a seismic experiment, wiggle for
wiggle, and subject to the applicable physics of wave propagation. This search
can be done either in a Monte Carlo-type approach, where we calculate zillions
of models and try to choose from amongst them the models that best explain
the data, along with their corresponding uncertainties; or in a multiply iterated
linearised inversion process, where we start from an initial model, close enough to

the true model, and employ various adjoint-type techniques to update the model.

In the past decade, FWI has been successfully applied to various 3D datasets
(Warner et al., 2008), anisotropic datasets (Warner et al., 2013), multi-parameter
datasets (da Silva et al., 2016; Yang et al., 2014), land datasets (Al-Yaqoobi,
2013), a few elastic datasets (Brossier et al., 2009), and in global seismology
(Fichtner et al., 2009, 2013). The adoption of FWI as the preferred inversion
technique can be attributed to the improvements in seismic data acquisition meth-

ods; and to an increase in computation power versus reduction in cost of modern
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computers. Primarily, the models from FWI are used as input for depth migra-
tion. However, in some cases, the high resolution of the models generated also
allows for a direct geologic interpretation of such FWI models. There have also
been reported cases of the application of FWI technique to non-seismic datasets,

showing similar success stories as seen in the seismic cases.

a) b

1600 T 2350 1600 Ml 2350
P-wave velocity (m/s) P-wave velocity (m/s)

Figure 1.1: Application of FWI to 8D anisotropic dataset (Warner et al., 2013).
Full waveform inversion was applied to a 3-D anisotropic data, and produced a

high resolution model of the overburden

FWI has been successfully applied to datasets with good starting models and rich
in turning waves, low frequencies and long offsets. However, the depth of satis-
factory resolution of the inverted model has been restricted by the the depth of
penetration of the turning waves. In other to invert the deep targets of the model,
there is a necessity to move from the transmission dominated FWI regime to a

reflection dominated FWI. Building starting velocities necessary for a successful
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application of reflection FWI nonetheless has been a difficult problem for the
geophysics community, and has been a subject of recent research papers. In this
dissertation, I explore some of the challenges with reflection FWI (in the acoustic
approximation) and propose novel techniques to overcome them, with particular
reference to building starting models sufficient enough to run a successful FWI
experiment. Importantly, the techniques proposed here can be easily extended
to account for elasticity and anisotropy. They can also enhance and improve the

results of transmission FWI.

1.2 Full Waveform Inversion

1.2.1 Seismic Inverse Problem

The scientific method usually begins with making an observation. This typically
involves making some measurement. In exploration geophysics, we are concerned
with physical processes within the earth that results in observable data that can
be used to understand the structure, composition and dynamics of the earth. An
understanding of the parameterization of a medium and the physics of a process
that occurs within the medium (also known as a model) makes it possible to mimic
such process and generate data similar to that observed in the medium. This is
referred to as a forward problem and is a well-established problem in physics. The
solution of a forward problem is referred to as a synthetic data. The necessary
ingredients for the solution of a forward problem therefore consist of an assumed
model (and its various parameterizations), and an appropriate governing physics.
This can be extended to a seismic problem, where the model is parameterized by
a distribution of elastic constants, and the appropriate physics in this case is that
of elastic wave propagation. If the model were parameterized by a distribution of
acoustic velocities (and densities), an appropriate physics will the acoustic wave

equation. The solution of such a forward problem is a synthetic seismic data.

In a geophysical study, we only have access to the observable data, and are

therefore concerned with generating a set of parameters that can describe an
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earth model, given the right physics. This is known as an inverse problem.

Forward Problem

Data d

Inverse Problem
<

Figure 1.2: The forward problem involves computing data response from a
known model. The inverse problem on the other hand involves estimating model

parameters, given the data response

The seismic inverse problem, therefore, consists of estimating the physical prop-
erties of the subsurface from data recorded during a seismic experiment. These
data can be surface data, cross-hole data, vertical seismic profiling data etc. The
parameters estimated as a solution to a seismic inverse problem could be veloc-
ities, densities, acoustic impedances, reflectivities, anisotropic parameters, etc.
The solution of the seismic inverse problem, typically involves making prediction
from an assumed set of model parameters. Hence, the forward problem and the

inverse problem form this close loop (Figure 1.2 ).

In reflection seismology, the seismic inverse problem originally involved estimat-
ing reflectivity values for subsurface interfaces between layers of varying acoustic
impedances. The Born approximation, which provides the fundamental frame-
work for the solution of this type of seismic inverse problem, requires that the
model be decomposed into a smoothly varying background component (macro
velocity) and a highly varying perturbation component (reflectivity) (Cohen and
Bleistein, 1977; Fokkema and Berg, 1989). The Born approximation also requires
that the macro model be known before the model perturbations can be deter-
mined. Therefore, traditional methods of seismic data inversion involved build-

ing the smooth, low-varying background model with travel time tomographic
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methods (Billette and Lambaré, 1998; Bishop et al., 1985; Chapman and Pratt,
1992; Woodward et al., 2008) and Migration Velocity Analysis (MVA) (Symes
and Carazzone, 1991). The high-varying perturbations (reflectivity /images) were

built using migration.

This two-step approach works well in areas where the subsurface model is not too
complex, and we can readily build the macro model using any of the methods
above. However, in complex models, building reliable velocity models for accurate

depth migration is very prohibitive.

1.2.2 Full Waveform Inversion

Full Waveform Inversion (FWI) came with the promise of mitigating some of
the limitations of the traditional seismic inverse problem by applying the ’full’
physics of wave propagation, and by combining the original two-step approach
into a single inversion step (Tarantola, 1984). FWI, since its inception in the
early eighties (Gauthier et al., 1986; Tarantola, 1984) and its revival in the late
nineties (Pratt et al., 1996), has been established to be a method for building
high-resolution, high-fidelity velocity models of the subsurface, suitable for accu-
rate seismic imaging (depth migration) and a direct interpretation. An excellent
review of the history, methodology and applications of FWI is found in Virieux
and Operto (2009). As explained in the pioneering works of Tarantola (1984) and
Lailly (1983), FWI searches for a model that best predicts the observed data of a
seismic acquisition experiment, subject to the applicable Physics of wave propa-
gation. Mathematically, FWT is posed as an optimization problem (Nocedal and
Wright, 2006), where we seek to minimise a functional (equation 1.1) that mea-
sures the difference between some observed (real) data and the synthetic data,
generated from some estimate of the model, with respect to the model parame-
ters. In the classical formulation, this difference is the L-2 norm in some defined

Hilbert space.

F<m) :H dobs - dpred ||2 (11)
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In its local optimisation framework, the search for a model that best predicts
the data commences from an initial model close enough to the true model. This
initial model is then iteratively updated till a criterion is met when the model
obtained is deemed acceptable. This process follows the Born approximation
(Hudson and Heritage, 1981; Tarantola, 1984; Weglein et al., 2003), where we
linearised the inverse problem, and assume small model perturbation at every
iteration. However, because we solve the full non-linear forward problem at each
iteration, we end up solving the full non-linear inverse problem after multiple

1terations.

Though originally posed as a local optimization problem, FWI has been formu-
lated and applied in a global optimisation sense (Boschetti et al., 1996; Datta
and Sen, 2016; Jin and Madariaga, 1993; Sen and Stoffa, 1991). The prohibitive
computational cost of performing FWI in a global optimisation context makes

the local optimisation context the preferred and common mode of application.

Conventional FWI works quite well with datasets having low frequencies, high
offset-to-depth ratio, rich in turning waves and a fairly accurate starting model.
There is a wide range of published works on the successful applications of FWI
to field datasets (Sirgue et al., 2009; Warner et al., 2013) and various synthetic
exercises (Bunks et al., 1995; Pratt et al., 1998). In some cases (Warner et al.,
2013) the models generated are highly resolved to allow for a direct interpretation.
The successes enjoyed by FWI in these settings have led to a renewed interest in
FWI research. Though capable of direct interpretation, FWI results are still used
mainly as input for depth imaging (Reverse Time Migration (RTM)) because of

the limitations of the inverted frequencies.

1.2.3 Scale Separation and Full Waveform Inversion

The theoretical set-up for FWI shows that it is capable of inverting the full
velocity model (macro model and perturbations). However, It became clear to

early investigators that conventional full waveform inversion on reflection dataset,
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which was predominantly the main type of dataset inverted initially, cannot re-
cover the macro model (Gauthier et al., 1986) simultaneously with the model
perturbations. This is partly due to the poor sensitivity of reflection data to
intermediate and low wavenumber components of the model (Claerbout, 1985),
and partly due to velocity-depth ambiguity that is inherent in FWI. More impor-
tantly, it was realised that progressively introducing higher frequencies into the
inversion process works better that attempting to recover all the frequencies at
the same time (Gauthier et al., 1986) and (Bunks et al., 1995). This approach,
now referred to as multiscale FWI, starts by inverting first the low wavenumber
(macro) velocity components, and gradually adds higher wavenumbers into the

inversion as higher frequencies are introduced into the inversion.

Multiscale FWI in the time domain involves applying a low cut filter to both the
source wavelet and the observed data. In the frequency domain, however, it is
applied by systematically selecting discrete frequencies. Multiscale FWI opened
new opportunities for the application of FWI.

Most of the published works on the application of FWT is still limited to building
the overburden and performing inversion with frequencies below 12Hz (Warner
et al., 2013). This is because Multiscale FWI is driven by the availability of low
frequencies and diving waves in the dataset. However, many exploration targets
lie beneath the depths covered by diving waves, and the observed datasets also
lack low frequencies. In cases where the low frequencies are present, they are
often contaminated by noise. Hence, there has remained the decades old puzzle
of building models good enough for a successful application of FWI to reflection
dominated seismic datasets, including datasets where the target is below the
target depths of available diving waves. This need led to the introduction of a

new variant of wave inversion referred to as Reflection Waveform Inversion (RWI)

1.3 Reflection FWI

Reflection datasets are short offset datasets, that lack in low frequencies due to

source and receiver ghosts in marine environment (Lindsey, 1960), various noises,
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including ground rolls on land. Reflection datasets also have their targets below
the coverage of available diving waves. Hence, multiscale FWI as outlined in
the previous section cannot be successfully applied directly to reflection datasets.
The FWI gradient has been noted to be composed of a migration-like component
and a tomography-like component (Mora, 1987, 1989). In reflection dataset inver-
sion, the migration component is a couple of order higher in magnitude than the
tomographic component. Hence, FWI on reflection datasets build the reflector

but fails to build the background velocity.

Reflection-based waveform inversion (RWI) includes all the various methods used
to suppress the migration component of FWI, and improve the strength of the
tomographic component. It is usually performed by decomposing the model into
a high and a low wavenumber component, and executing the inversion in an
alternating fashion similar to migration based traveltime tomography (MBTT)
(Chavent et al., 1994). In the first step, we build some reflectivity (or high
wavenumber component) from initial smooth model, while in the second step we
perform some form of demigration to update the background model (Chi et al.,
2015; Ma and Hale, 2013; Mora, 1989; Tang et al., 2013; Wang, Chen, Zhang,
Shen et al., 2013; Wang and Rao, 2009; Xu, Chen, Lambaré, Zhang, Wang et al.,
2012; Yao et al., 2014).

However, reflection-based Waveform Inversion still suffers from some challenges.
In most implementations of RWI, the model is decomposed into a macro veloc-
ity image and a reflectivity image. Mapping the reflectivity into the background
velocity via some demigration operation requires that the migration be true am-

plitude image

1.4 Thesis Overview

This thesis consist of six related chapters.

Chapter two reviews the theory of FWI and reflection FWI. The chapter begins
by presenting the formulation of inverse problem in geophysics. FWI is then

presented as a local optimisation problem, with discussion on how its gradient is
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computed. In the concluding part of this chapter, reflection full waveform inver-
sion is reviewed, and it sets the platform for introducing the method developed

in chapter three.

Chapter three introduces and discusses Finite Difference Explicit Wavefield De-
composition (FDEWD) and and how it relates to FWI. The fundamentals of
wavefield decomposition in FWI via the Fourier transform is reviewed. The de-
composition method presented in this thesis (FDEWD) is then formally derived.
The various gradients produced by the method are also discussed. The chapter
concludes with a discussion of the various possible applications of this decompo-

sition scheme.

Chapter four discusses the software developed and used in this thesis. It gives
a quickly summary of the design and implementation of a testbed for doing 2D

FWI on a shared memory computer.

In chapter five, the application of finite difference explicit wavefield decomposition
to a synthetic dataset starting from two models is presented. An inversion scheme
that incorporates the MBTT and multiscale FWI is also presented and applied

in inverting the dataset.

Chapter six discusses the application of FDEWD to a blind dataset. The results

are compared with published results.

Chapter seven concludes this thesis with a summary of the work and recommen-

dations for further development.

1.5 Convention

This thesis discusses the terms tomographic component and migration com-
ponent of the FWI gradient. No attempt is redefine the general meanings and

usages of these terms.

Also, the word migration has been used in two contexts. In the first context,

it has been used to denote the conventional meaning of the term migration: A
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technique used to create an image of earth structures from recorded seismic data.
In the other context, it denotes the high wavenumber component of full waveform

inversion gradient. Context has been employed to separate the meaning.

10



Chapter 2

FWI Theory

2.1 General Inverse Theory

The quest for knowledge about physical laws, the internal structure of the earth,
and the universe in general begins with the collection of data. Having collected
the data, we then proceed to understanding, reducing and processing these data
in order to extract the require information. This is the solution to the inverse
problem. Inverse solutions are key fundamental problems to the understanding of
the physical world we live in. The observed data are governed by well established
physical laws, and by the nature of the earth and the universe (Aki and Richards,
2002; Zhdanov, 2002). The process of predicting observed data using established
laws of physics (Ikelle and Amundsen, 2005), for given sources within given media
is referred to as the forward problem solution (Bal, 2012; Kirsch, 2011). The
method of reconstructing the sources of some sources of some physical phenomena,
as well as the parameters of the media under study, from the observed data is
referred as the inverse problem solution (Zhdanov, 2015). Inverse problem in
geophysics makes use of physical fields generated by artificial or natural sources
and propagated through the earth as its observed data. The solution of an inverse
problem typically assumes that the forward problem is a well-posed problem of

mathematical physics (Isakov, 2006).

11
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The study of the earth’s phenomena (and indeed those of any physical system,
process or model) begins by parametrising a model of the earth (Sorenson, 1980;
Tarantola, 2005) using a minimal set of parameters that captures a complete
or relevant description of such phenomena. Parametrisation is generally non-
unique, as the same model can be parametrised differently using a different set
of parameters. For example, if we were interested in studying seismic phenomena
within the earth, a model of the earth can be parametrised using only its P-wave
acoustic velocity, when we make the assumption that an acoustic earth model
with a constant density explains the phenomena under observation. It can also
be parametrised using the so-called Lame’s parameters (Aki and Richards, 2002),

when an isotropic non-attenuating elastic earth model is under study.

In seismology, the values of the model parameters are not directly observable.
However, the physical fields that propagate through the model and interact with
the model can be observed. While it is much easier to record the seismic response
of the earth, a direct measurement of say the velocity and density distributions
of the earth cannot be carried out. There are also the additional complications
introduced by the noise contamination of the observed data and the limited ob-

servation points.

The reliability of the predicted data, in terms of how well they match observed
data, helps constrain the assumed physics. When data can be repeatedly pre-
dicted that optimally match their observed counterparts, such that every other
differences in their match can be explained, then such physics is accepted as being
sufficient to the phenomena under study. Seismology as a subject, has matured
such that it has well established laws that govern its various phenomena. The
problem of estimating the model parameters from measured data is known as an

inverse problem .

12
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Linear Inverse Problem

The linear forward problem is expressed as:

d=Gm, meMdeD (2.1)

where d is the observed data from some Banach space representing the space of
geophysical data D and m is some model parameterization from M, another Ba-
nach space representing the space of permissible model parameters. G is a linear
operator that maps from the model parameter space to the space of geophysical

data.

D=Gm

Figure 2.1: A linear map from model space into data space

Let

F=Gg!

where G~1 is the inverse of the forward operator G.

13
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In general, the solution of the linear inverse problem can then be expressed ex-

pressed as:

m = Fd (2.2)

When the forward operator G is a non-square matrix, then the inverse operator F
is not defined. We can solve the problem via the least squares method. Starting

from equation 2.1, we can proceed as:

GTGm = G"d (2.3)

Equation 2.3 is called the normal system for linear forward problem. The matrix

GTG is a square matrix, hence, the solution of the normal system is

m= (GTG)'G"d (2.4)

Nonlinear Inverse Problem

The general nonlinear forward problem can be expressed mathematically as:

d=G(m), meMdeD (2.5)

where d, D. m and M are as defined above. G is a nonlinear operator (or set of
physical laws) describing some explicit relationship between the model parameter

estimate and the observed data.

The solution to the inverse problem is

m = F(d) (2.6)

In many practical science and engineering problems, the inverse operator has

no analytic expression. We proceed to solving these problem by some indirect

14
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methods of solution. The most common type involve various gradient methods
(Zhdanov, 2002, 2015)

d=G(m

N
.

N

M=G"(d)

Figure 2.2: A nonlinear map from model space into data space

2.1.1 [Iterative Linearised inversion - Local Optimisation
Local approximation of a function by series expansion

A smooth function is mathematically defined as one that is infinitely differentiable
in its domain (Hijab and Hijab, 2007). Given an unknown smooth function, it
is possible to approximate the function locally (centred about a predetermined

position) as a series expansion (equation 2.7).

f(x) = ag + a1(z — x0) + ag(x — 20)* + ag(x — 20)® + ay(z — x)* + ... (2.7)

One way of achieving this is by using the derivatives of the function as the co-

efficients of the series expansion (Callahan et al., 1995). The most common of

15



2.1 General Inverse Theory

this class of series expnasions via the derivatives of a function is the Taylor series

(Kreyszig, 2007) as given in equation 2.8.

f(o)
4!

(x—x0)2+%(x—xo)3+

f? (o)

(z—x0)*+...
(2.8)

f(x) = f(xo)+f (o) (x—w0)+

2!

Figure 2.3: Approximation of the sine function by series expansion about 0. In
each of the approximations, n is the highest order of the derivatives used. Using
higher orders in the expansion shows the sine functions being fitted further away
from 0

As higher order derivatives of the function are used in its approximation, the series
expansion about the localised position matches the function at further distances
away from the localised position (Courant and Hilbert, 1965; Heinbockel, 2006).
Figure 2.3 shows the Taylors series expansion for the sine function centred about
0.

Local optimization overview

Given a function of several variables, with various minima (and/or maxima). Op-

timization seeks to minimize or maximize such a function, subject to constraints

16
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on its variables (Gill et al., 1981; Nocedal and Wright, 2006; Snyman, 2005).
In case of finding the minimum of a function, the optimization problem can be

formulated mathematically as given in equation 2.9.

¢i(x) =0, el

ci(z) <0, il (2.9)

TER™

min f(x) subject to {

where x is the vector representing the variables in some space R", f is the objec-
tive function (or functional) that we want to maximize or minimize and c is the
set of constraints satisfied by the unknowns. I and E are sets of indices, while f
and ¢; are scalar-valued functions of the variables x. Optimization problems that
involves definition of a functional and an explicit set of constraints are known as
constrained optimization (Bertsekas, 2014; Floudas and Pardalos, 2001; Schéffler,
2012).

There is another class of optimization problems where there are natural con-
straints on the variables. Hence, the constraints are not represented explicitly
in some equation, as it assumes that they have no effect on the optimal solution
(Bartholomew-Biggs, 2006; Lange, 2004; Nocedal and Wright, 2006). This class
of problems, known as unconstrained problems, can also arise by reformulating a
constrained optimization problem, and replacing the constraints by penalization
terms in the objective function (Nocedal and Wright, 2006).

Given a minimization problem, the objective function may have several minima.
These can be categorised into local minima and global minimum. A point, * €

R"™ is a local minimum if there exists a § > 0 such that

flz*) < f(x) forall =z in {zeR":|xv—2z"|<d}

i.e. the local minimum is the smallest value of the function in some feasible
neighbourhood. On the other hand, the global minimum is defined as the smallest
value of the function over all feasible points, i.e. if x* is a global minimum of the
function f(z), then

17
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fz*) < f(x) forall =z € R"

The solution of an optimization problem is derived using a global optimization
techniques (Liberti and Maculan, 2006; Pintér, 2006; Schéffler, 2012) or a local
optimization methods (Lange, 2004; Michiels et al., 2007; Nocedal and Wright,
2006). Local optimizations methods appeal more when we seek a local minimum
of the functional, the gradient of the objective function is available and/or when
there are limitations in computational resources. Local optimization techniques
generally starts from a point assumed to be within the neighbourhood of the local

minimum.

Generally, local optimization algorithms work in an iterative manner by updating

the current iterate (xy) using a direction, (px) and a step-length, a, such that:

Tpi1 = Tp + apy (2.10)

and

f(@ry1) < flap) (2.11)

Local optimization techniques fall into two broad groups: the line search method
and the trust region method (Nocedal and Wright, 2006), depending on which of
the search direction and the step-length is computed first. The line search method
has a close link with the concept of series approximation. The search direction
is got by approximating the objective function around the current iterate using

series expansion, and seeking the minimum of the series expansion.

Given a single variable objective function as depicted in Figure 2.4, with multiple
minima. A local optimization can be performed to locate a local minimum of the
functional, by using only the first order derivatives (gradients) to approximate

the function via Taylor series expansion (equation 2.12).

f@) = flar) + f'(zp)(x — 1) (2.12)

18



2.1 General Inverse Theory

0.5 B

1.5 .

Figure 2.4: A single variable function with multiple minima

current iterate

Figure 2.5: Local approximation of the function using first order information.
A linear graph has no minimum value hence higher orders series approrimations

are used
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Equation 2.12, however, has got no minimum value. A better approximation will
be to incorporate the second derivative in the series approximation. The new

function becomes equation 2.13.

f//(xk)
2!

f@@) = flae) + f'ae) (@ — z) + (z —p)* (2.13)

This function can be minimised by equating its first order derivative to zero. A
fundamental requirement on the second derivative of the function is that it should
be positive (Fletcher, 2013). In a maximization problem, it is however expected
to be negative. These requirements are connected to the concepts of convexity
(and concavity) of the objective function (Dréabek and Milota, 2013).

Taking the first order derivative of the functional and setting it to zero (equation

2.14) will result in equation 2.15.

df(z)  d(f(ay) + (o) (@ — o) + 0 (1 — 2)?)
o= - =0 (2.14)

T = p — () * (f"(2) 7! (2.15)

Comparing equation 2.10 with equation 2.15 shows that the search direction is:

pr = —f"(zn) % (f"(2)) (2.16)

while the step-length alpha a is 1 (Boyd and Vandenberghe, 2004; Fletcher, 2013).
On Figure 2.6, the minimum of the series expansion does not coincide with the
local minimum of the functional. Nonetheless, iteratively approximating and
minimizing the quadratic series expansion brings the minimum of the approximate

function close to the local minimum of the functional (Figures 2.7 to 2.10)
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current iterate

Figure 2.6: Local approrimation of an objective function using second order

deriwative information around iterate xy,

current iterate

Figure 2.7: Local approximation of an objective function using second order
derivative information around iterate xpyq
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current iterate

Figure 2.8: Local approrimation of an objective function using second order

derivative information around iterate xpio

current iterate

Figure 2.9: Local approximation of an objective function using second order
derivative information around iterate xyp, 3
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current iterate

Figure 2.10: Local approzimation of an objective function using second order

derivative information around iterate x4

When the second order derivative of the functional cannot be computed, the first
order derivative can still be used as a search direction, with the step-length in this
case not assumed to be one (Drabek and Milota, 2013; Fletcher, 2013; Nocedal
and Wright, 2006).

Figure 2.12 shows the functional with the first derivative take at two different
regions. If the first derivatives of the functional were to be taken as the search
directions at these locations, then clearly the search directions will be in the

opposite directions as the first derivatives.

Equation 2.15 that gives the parameter (or variable) update then becomes:

Tpp1 = T — af'(xp) (2.17)

From this (equation 2.17), the search direction will be pp = — f’(xy), while the

step-length, o will have to be computed.

If « is optimally computed, the minimisation process will be carried out using
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+ £ (-3.1) = 2.0347

f(2.1) =-1.8437

25 1 1 L 1

Figure 2.11: Local approximation of the function using first order information.
A linear graph has no minimum value hence higher orders series approzimations

are used

only first derivative information (Figure 2.12). This technique is known as the

steepest descent method.

Practically, problems in physics and engineering are multivariable in nature, in-
volving thousands of unknown (and millions in some cases). The ideas developed
for the single variable optimization problem can be easily extended to the multi-
variable problem. In multivariable optimization problems, directional derivatives
take the place of the first order derivative of a single variable function (Gelfand
et al., 2000; Heinbockel, 2006). The more generic term, gradient, as used in sin-
gle variable problems, no longer represent the slope of the tangent to the curve.
The gradient of a multivariable objective function (Figure 2.13) is a vector that
represents the maximum directional derivative of the function (Jost and Li-Jost,
1998; Kreyszig, 2005; Riley et al., 2006).

Mathematically, if x is a vector of variables x; for ¢ € 1,2,....,n and given that
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2.1 General Inverse Theory

initial iterate

final iterate

Figure 2.12: Local approzimation of an objective function using second order

derivative information around iterate x4

Figure 2.13: Gradient of an objective function f(x1,22). Each arrow points in
the direction of mazimum ascent from where point at which it is drawn
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2.1 General Inverse Theory

f(x) is a multivariable objective function, the gradient is given by equation 2.18.

of
ox1

of
Vix) = | %= (2.18)

Oxn

Similarly, the second derivative for the single variable objective function becomes
a matrix for a multivariable objective function. This matrix (equation equation
2.19) is known as the Hessian matrix(H), and it is required that it is positive

definite for minimization problems (Nocedal and Wright, 2006).

*fr _fr . _f
27 Ox10z2 0x10zn
oy _er .
H(X) — ax26w1 8128562 8562(993” (219)
o _ef . 9
0rndr1  Oxpdro O0xnO0Tn

The equation for updating the solution then becomes:

Xpy1 = Xp — aH 'V f (2.20)

and the search direction is thus given by:

pe = —H'VJ (2.21)

As the number of variables (N) gets considerable large, computing the inverse
of the Hessian or its action on the gradient becomes prohibitive. Various ap-
proximations are made to either the inverse of the Hessian, or its action on the

gradient.

The gradient descent method is the most popular local optimization technique as

it does not require the computation of the inverse Hessian matrix or its action on
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2.1 General Inverse Theory

the gradient. In the gradient descent method, the inverse Hessian matrix is an
identity matrix, thus the search direction is taken as the negative of the gradient,
i.e. p, = —Vf. Figure 2.14 shows an application of the gradient descent method

to compute the minimum value for the Rosenbrock function (Rosenbrock, 1960).

Figure 2.14: Gradient descent method solution for the minimization of the

Rosenbrock function
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2.1 General Inverse Theory

Local optimization and FWI

A solution of an optimization problem, as discussed in the previous subsection,
seeks to optimize (maximise or minimise) the value of a functional. In the conven-
tional FWT set-up, the problem is setup as a local optimization problem, where
the functional (equation 2.22) we seek to minimise is the Ly norm of the difference
between the observed data and the predicted data (this is also known as the data

residual)

f(m) :H dobs — dpred ”2 (222)

f denotes the data misfit expressed as a function of the vector model parameters
m. dops is a vector representing the observed field data and dpyeq is a vector for
the predicted data. Note that the L, norm is computed as a sum of the data
residuals over all time steps, for all source and all receivers. The only constraint
we place on the model (m) is the natural requirement that it satisfies the wave

equation for every iteration step.

Let us represent the wave equation by

A(m) = s(1)

where A is the wave equation operator, m is the set of model parameters and
s is some source of energy expressed as a function of time ¢. The complete
optimization problem is now expressed as in equation 2.23 (van Leeuwen and
Herrmann, 2013)

min  f(m)

2.23
st. A(m) = s(t) (2:29)

FWI has also been set in some situations as a maximization problem (Luo and
Sava, 2011; Van Leeuwen and Mulder, 2010), where the functional is expressed

as a cross-correlation (or deconvolution) between the synthetic and the observed
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2.2 Forward problem in FWI

data. In this case, however, the L-2 norm difference-based functional can be used.

Subsequent discussions will therefore be along this theory.

2.2 Forward problem in FWI

The problem of computing synthetic data from a model is referred to as a for-
ward problem. In seismic data inversion, the solution to the forward problem is
provided by the wave equation. There are various variants of the wave equation.
The operator, A in equation 2.24 is usually a non-linear differential operator. Its

form changes, depending on the variant of the wave equation considered.

A(m) = s(t) (2.24)

The solution to the constant density acoustic wave equation is described here.

However, its formalism can be adapted to any of the variants of the wave equation.

2.2.1 Acoustic Wave Propagation

The scalar wave equation (Bleistein et al., 2013; Chapman, 2004; Stolt and We-
glein, 2012) is an approximation of the seismic wave equation (Aki and Richards,
2002; Shearer, 2009), and widely applied to many acoustic seismic dataset. It is
formulated as equation 2.25 (Gisolf and Vershuur, 2010).

1 0%p
gﬁ - VQp = S(t) (225)

Where p is some scalar potential, related to the acoustic pressure which is propa-
gated through the medium, and is a function of space and time; c is the medium
velocity, which is a function of space and is assumed to be constant for the dura-
tion of the wave propagation; and s(t) is the same forcing function that triggers

the wave propagation.

29



2.2 Forward problem in FWI

The scalar acoustic wave equation formalism, though restrictive as it ignores
the effects of elasticity, attenuation and anomalous density variations (Warner
et al., 2012), is the most widely used variant of the wave equation . It has the
unique advantages of being computationally less expensive and is better posed
for the optimization problem as only the dominant parameter (P-wave velocity)

is involved in the inversion (Virieux and Operto, 2009).

In realistic earth model, the velocity distribution ¢, has no analytic representation,
hence the solution to equation 2.25 relies on numerical methods (Gockenbach,
2010; Morton and Mayers, 1998; Smith, 1985). The common numerical methods
used in seismic forward modeling include finite-element methods, finite-difference
methods and pseudospectral methods. The finite difference method is considered
the classical and most common in seismic forward modelling, and is the formalism

used in this thesis.

2.2.2 Finite Difference Solution

The finite difference method represents a continuous function by its values at dis-
crete points, and approximates derivatives using differences (Gisolf and Vershuur,
2010; Jovanovi¢ and Siili, 2013; Smith, 1985). Thus,

p(z,t) = p(a;, ty,)

and

c(x) = c(xy)

where p(z;,t,) and c(z;) are the discrete forms of the continuous variables p(z, t)

and c(z). Similarly, an analytical spatial derivative is approximated as

Jop 1
o E(a0p<wi> tn) + arp(Tity, tn) + +aop(Tiza, tn) + ...)

30



2.2 Forward problem in FWI

where h is separation between adjacent discrete points, and a; is a scaling factor
for the discrete point x;. With these discretizations, the analytical scalar wave

equation then reduces to an algebraic equation

In the conventional finite difference method for the scalar wave equation, the
model through which the seismic waves propagate, is discretised using rectangular
grids. Fach discrete point is then called a node or a grid point. Wavefields are
thus, discretized and only available at these grid points, where the model values
have been defined (Figure 2.15). The wavefields, being time dependent, are also

discretised in time.

50 100 300 350

Figure 2.15: A discretized Marmousi model. The wavefields computed in the

model are only available at the grid points seen in this model

The solution proceeds by evaluating the spatial derivatives (Laplacian) of the
wavefields (V2p) at a grid point, z; using neighbouring values of the wavefields
(Figure 2.16). A general expression for the spatial derivative of the wave equation

in one dimension is given by equation 2.26.

a2pt
Da?

N
1
W~ T2 [Copﬁ,j + Z cn(Dinj + Digny) (2.26)

n=1
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2.2 Forward problem in FWI

where ¢, are the finite-difference coefficients, and have the property that their
sum is zero(0). The upper limit of the summation term in Equation 2.26 de-
termines the order of the finite difference stencil (geometric arrangement of the
neighbouring grid points used in the evaluation of a spatial derivative). When

the upper limit (N) is 2, the finite difference stencil is referred to a 4th-order.

The accuracy of the finite difference solution can be improved using compact finite
difference scheme (Figure 2.17) or a higher order stencil. The higher the order
of the stencil, the more accurate the results. However, additional computational
costs are also introduced. Higher order stencils have been been studied by many
authors (Etgen and OBrien, 2007; Liu and Sen, 2009; Moczo et al., 2007).

Figure 2.16: A standard 4th order stencil for computing the Laplacian of the
wave equation. The node represented by the red sphere represents the grid point
at which where the Laplacian is currently evaluated. All other nodes (green

spheres), together with red node, contribute to the evaluation of the Laplacian.
Similarly, a 2nd-order finite difference solution for the temporal derivatives is

given by equation 2.27. Higher order solutions for the temporal derivatives exist
(Chen, 2007, 2011; Dablain, 1986; Long et al., 2013). In general, higher-order

32



2.2 Forward problem in FWI

Figure 2.17: A compact 2D finite difference stencil. This stencil yields a more
accurate solution to the wave equation as it incorporates additional neighbouring

grid points

finite difference evaluation of the temporal derivatives demand large computer

resources and are generally unstable (Etgen and OBrien, 2007).

Op

)~ Lot 0174213 (227)

t =

1
dt?

Injecting equations 2.26 and 2.27 into equation 2.25 yields equation 2.28.

1 _
o [+ i i)
= 2.28
copl; + > (Dl + Dhiny +Dhjn + DL i) (2.28)

n=1

da?

= 5(1)

Re-arranging the terms of equation 2.28 results in the final expression for the
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2.2 Forward problem in FWI

solution (equation 2.29).

Py =25 Pl
N
cdt? t t t t t
dr Cop; j + ; Cn(pifn,j t Digng TPijnt pi,j+n) + (2.29)

s(t)

2.2.3 Practicalities of applying finite difference method

The theory of the finite difference method presents the solution to the wave equa-
tion in a straight forward approach. However, like any numerical method there are
certain considerations to be taken into account when implementing the method.
Some of these considerations include stability, grid dispersion, source implemen-

tation, absorbing boundary implementation, free surface implementation, etc

Stability

The level of discretisation, measured in terms of the grid size and the time step
affects the stability and accuracy of the finite difference solution. The stability
of the solution is controlled by the maximum propagation velocity in the model,
the size of the grid and the time step. In regular grids, with equal grid spacing in
all directions, it is chosen such that the wavefields do not propagate more than
a fraction of the grid for a particular time step. An expression for ensuring the
stability of the finite difference solution is given by equation 2.30 and 2.31 (Lines
et al., n.d.).

dt max
S Umaz . (2.30)

and

r= |2 (2.31)

a2
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2.2 Forward problem in FWI

Equations 2.30 and 2.31 controls the maximum velocity that can be propagated
for a particular implementation of a finite difference method, for a specific grid

size and time step.

Grid Dispersion

Grid dispersion is a numerical error in finite difference solution when different
frequencies in the source spectrum propagate at difference velocities. It is usually
attributed to a situation where the model is sparsely sampled compared to the
lowest wavelength present in the source. Every finite difference implementation
has a minimum sampling requirement for the smallest wavelength present in the
source wavelet. This is sometimes referred to as the minimum number of grid
points per smallest wavelength allowed by the finite difference implementation.
This number varies according to the order of the finite difference. It is about 5
for the fourth-order in space and second-order in time finite difference implemen-
tation. For higher order finite difference implementations, the number decreases

to about 2.5 in some cases.

The minimum wavelength present is given by

_ Umin

)\min -
fmax

where v,,;, is the minimum velocity present in the velocity model, and f,,4. is the

maximum frequency in the source spectrum. Hence, the number of grid points
per wavelength determines the grid size of the finite difference given by equation
2.32.

P
de < (2.32)

where N is the minimum number of grid points by wavelength allowed by the

particular finite difference implementation.
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2.3 Inverse problem in FWI

2.3 Inverse problem in FWI

2.3.1 Gradient computation in Conventional FWI

We can re-write equation 2.22 as equation 2.33, a compact form.

f(m) :%5(1*5(1 (2.33)

where dd is the data residual, and is a function of the model parameters. Equation
2.33 expresses the objective function as a function of the model parameters. When
solved as an iterative local optimization problem, the model update is expressed

as

m = mg + adm (2.34)

where dm is the search direction, and « is the step-length. The search direction

is given by:

om=-H'V,f

where V,, and —H ™! are evaluated at my,.

The gradient of the objective function is:

Vif = o (%MT(Sd)

om

:
- (29) s

Om (2.35)
- adpred f
_ < or ) 5d

= Jiod
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2.3 Inverse problem in FWI

J is the sensitivity or Frétchet derivative matrix.

In typical seismic inversion problems, with large model parameter sets, the Frétchet
matrix is expensive to compute. The functional, however, depends on the model

parameters through state variables (p), where

p = G(m)

This allows the gradient of the functional to be computed using adjoint state
techniques (Plessix, 2006).

An alternative derivation of the gradient of the objective function, with a similar
result as that of the adjoint state technique, begins by expressing the observed

data as

d=Dp

where D is some picking matrix that extracts the modelled wavefields (p) at
receiver locations. The modelled wavefields have a linear relationship with the

source wavelets

Ap=s (2.36)

where

T 2 Ot2

We then take the derivative of equation 2.36 with respect to the model parameter

m:

0 Os
om AP = o
A ; (2.37)
p
amP T A om =0
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2.3 Inverse problem in FWI

Equation 2.37 is equal to 0 as the source function is independent of the model

parameters. Re-arranging equation 2.37 gives equation 2.38

op _,0A

Observe that g—:l — D2

om’
Equation 2.38 can then be substituted into equation 2.35 to derive an expression

for the gradient computation (equation 2.39).

T
V. F = (Da—p> sd
om

T
_ (_DA—I%p> 5d (2.39)

= T<8—A)T(A1)T§d

om

Equation (2.39) can be re-writtten as

0A

T

where dp = (A‘l)Téd. p is interpreted as the wavefield generated by propa-
gating a source function, s forward in time via the modelling operator A. Jp
is interpreted as the wavefield generated by propagating the data residual, dd

backward in time via the adjoint operator AT,

2.3.2 Resolution of the FWI gradients

The resolution of the FWI operator determines the wavenumber spectrum present

in the model update vector. The local wavenumber is controlled by the local
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2.4 Theory of Reflection FWI

angular aperture, 0, the local velocity, ¢, and the local angular frequency, w,
(Figure 2.18) via equation 2.41 (Alkhalifah, 2016).

2 9
K = ks + ky = 2(7”) cos(5)n (2.41)
where
C
A=— 2.492
y (2.42)
F d
frvs

Figure 2.18: The wavenumber spectrum presents in the gradient has dependency
on the local angular aperture (), the local velocity (c) and the local angular fre-

quency (w). Large angular apertures give rise to low wavenumber updates

2.4 Theory of Reflection FWI

The model of the subsurface can be decomposed into a series of wavenumbers,
ranging from zero to a maximum (known as the Nyquist wavenumber component),

determined by the sampling interval of the model. Wavenumber components close
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Figure 2.19: Conventional FWI gradients are shown here. The gradient points

in the direction in which the model is updated

to zero represent the slowing varying components of the model, and are referred
to as low wavenumber (long wavelength) components. Higher wavenumbers rep-
resent highly oscillatory (short wavelength) components of the model. The ability
of FWI to recover the varying wavenumbers present in the model is dependent
on the migration operator. Therefore, this recovered wavenumber is the time
recorded wavelengths mapped to depth by the local velocity and the aperture
(Xu, Wang, Chen, Zhang and Lambare, 2012), and is given by equation 2.43
(Alkhalifah, 2016)

w 0
k=2— — 2.4
, cosgn (2.43)

where k is the recovered wavenumber, w the angular frequency, v the local velocity
and 6, the local angular aperture. Since the desired preference in FWI is to recover
the local wavenumber components of the model, prior to recovering the high
wavenumber components, it is therefore necessary to have a richer supply of low

frequencies and a wide aperture. This is in order to recover the low wavenumber
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2.4 Theory of Reflection FWI

components of the model, as given by equation 2.43.

Transmission and refraction datasets have large local angular aperture that allows
for the recovery of large wavenumber components of the model (Gauthier et al.,
1986). However, in reflection dominated datasets with short offsets and lacking in
low frequencies due to the presence of source and receiver ghost (Lindsey, 1960),
only high wavenumbers are recovered as a results of the limited range of the local
angular aperture values. A work to the problem is to have scatterers present in
the model. These will act as secondary sources of energies and help in generating
low wavenumber components of the model by fulfilling the condition of having

large local angular aperture.

Subsequent subsections discuss the general theory of reflection FWI. The cartoons
shown in Figures 2.20 through 2.32 help illustrate the formation and nature of
reflection FWI updates.

2.4.1 Reflection FWI Gradient in a Smooth Model

In a smooth model with no scatterers, the forward wavefields propagate only
downwards (ignoring the horizontal directions) in the forward time (Figure 2.20).
The backward wavefields also propagate downwards in the forward time (Figure
2.21). This is equivalnt to saying the backward wavefields propagate upwards if
time is reversed (Figure 2.22). If these energies are cross-correlated, the result is a
migration-like update, as a result of the small aperture angle between the source
wavefields and the receiver wavefields (Figure 2.33). This simplified experiment
shows that the first iteration update of FWI in a smooth velocity model is a

migration-like update.
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source receiver
A
source
wavefield

Figure 2.20: Forward wavefields propagating through a smooth model in forward
time. The smoothness of the model and the lack of scatterers in it makes the

wavefields travel only downwards
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source receiver
=TS
adjoint
wavefield
backward

Figure 2.21: Backward wavefields propagating through a smooth model in back-
ward time. Absence of scatterers also allows the energies propagate only down-

wards

source receiver
=S
adjoint
wavefield
forward

Figure 2.22: Backward wavefields propagating through a smooth model in for-
ward time. The direction of propagation has been reversed by the reversal in the

temporal direction
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source receiver

source adjoint
wavefield wavefield
forward

Figure 2.23: Migration update in a smooth model formed by cross-correlating
the source wavefield in forward time and the receiver wavefield in forward time.
The migration attempts to build scatterers in the model by forming the update

around the subsurface location that acts as a virtual source of energy
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Figure 2.24: Migration update in a smooth model formed by cross-correlating
the source wavefield in forward time and the receiver wavefield in forward time.
The miaigration attempts to build scatterers in the model by forming the update

around the subsurface location that acts as a virtual source of energy
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2.4 Theory of Reflection FWI

2.4.2 Reflection FWI Gradient in a Rough Model

In a rough model with scatterers about the same scale as the dominant wave-
length in the source (Figure 2.25), the source (forward) wavefields propagate in
both the downward and the upward directions (Figure 2.26). If the amplitude
of the downward component of the source wavefield is 1, then amplitude of the
upward component is then R, where R is the reflection coefficient of the scatterer.
The receiver wavefields (in backward time) are shown in Figure 2.27. If the re-
ceiver wavefields were to propagate in forward time, the path is shown in Figure
2.28 . The downward component of the receiver wavefields has an amplitude of

R, while the upward component has an amplitude of R?

source receiver
* A

Figure 2.25: A cartoon showing a rough model (with scatterers having
wavenumbers as to match the dominant wavelength of the source and thus gener-

ate reflections)

The source wavefields are then cross-correlated with the receiver (with the same

temporal orientation). The update has two components: a migration component
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2.4 Theory of Reflection FWI

(Figure 2.30) formed in areas where the source and the receiver wavefields prop-
agate in opposite directions (for the same temporal orientation), hence, a small
aperture angle; and a tomography component (Figure 2.31) formed in areas where
the source and the receiver wavefields propagates in the same direction (for the
same temporal orientation) with a large aperture angle. The sum of both up-
dates are shown in Figure 2.32. The tomographic updates have an amplitude of
R?, while the migration update has an amplitude of R. Hence, the tomographic

updates are weaker than the migration updates by a factor of R.

This realisation that 'weak’ tomographic updates are present in FWI of reflec-
tion dominated dataset imposes a scheme, where the tomographic and migration
updates are alternately built. This alternate "migration-demigration” process
forms the foundation on which reflection FWI is built. The fundamental differ-
ences among the various reflection FWI flavours lie in the differences in how they
compute the migration component of the update. The tomographic update is

usually built using conventional FWT techniques.

source receiver

-
5
o
5
5
&

source
wavefield

Figure 2.26: Source wavefields through a rough velocity model. The solid line
represents direct wavefields from the source (propagating downwards in forward
time), while the dashed line represents the scattered wavefield (propagating up-

wards in forward time)
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source receiver
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backward

Figure 2.27: Receiver wavefields in a rough velocity model in backward time.
The solid line represents direct wavefields from the receiver (propagating down-
wards in backward time), while the dashed line represents the scattered wavefield

(going upwards in backward time)

source receiver
- -

adjoint
wavefield
forward

Figure 2.28: Receiver wavefields in a rough velocity model in forward time.
The time reversal means that the direct recewver wavefields propagate upwards
in forward time, while the scattered receiver wavefields propagate downwards in

forward time
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source receiver

source adjoint
wavefield wavefield
forward

Figure 2.29: Reflection FWI gradient formed by cross-correlating the source

wavfield in forward time with the adjoint wavefields in forward time

source receiver

strong
migration

Figure 2.30: Migration component of FWI gradient formed by source and ad-

joint wavefields travelling in the opposite direction in forward time
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source receiver

weak
tomography

)
.
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Figure 2.31: Tomography update in RWI formed by source and adjoint wave-

fields propagating in same direction in forward time.

source receiver

weak
tomography

ry
s

strong
migration

Figure 2.32: The total reflection FWI update. notice that the migration com-
ponent has a much stronger amplitude compared to the tomography updates, with

much less amplitude
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Figure 2.33: The total reflection FWI update. notice that the migration com-
ponent has a much stronger amplitude compared to the tomography updates, with

much less amplitude
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2.5 Conclusion

FWI is a multiply-iterated linearised inversion, where we start off from an initial
model and iteratively improve the model via some gradient decent method. This
local optimization technique involve the computation of the forward wavefields in
every FWTI iteration. The resolution of FWI is dictated by the migration operator
which depends, amongst other things, on the local angular aperture. In trans-
mission and refraction dominated dataset, the large angular aperture entails that
low wavenumber components of the model are recovered in conventional FWI.
For reflection dominated datasets, the limited local angular aperture makes the
recovery of low wavenumbers prohibitive for conventional FWI. This is because
the large amplitudes of the high wavenumbers (migration updates), compared
to the weak amplitudes of the low wavenumbers (tomographic updates), get the
process trapped in a local minimal, where we continually improve on the values

of the high wavenumbers.

Reflection-based waveform inversion (RWI) includes all the various methods used
to suppress the migration component of conventional FWI for reflection datasets,
thus improving the strength of the tomographic component. It is usually per-
formed by executing the inversion in an alternating fashion similar to migration
based traveltime tomography (MBTT) (Chavent and Clément, 1993; Chavent
et al., 1994). In the first step, we build some reflectivity (or high wavenumber
component) from an initial smooth model, while in the second step we perform
some form of demigration to update the background model (Chi et al., 2015;
Ma and Hale, 2013; Mora, 1989; Tang et al., 2013; Wang, Chen, Zhang, Shen
et al., 2013; Wang and Rao, 2009; Xu, Chen, Lambaré, Zhang, Wang et al., 2012;
Yao et al., 2014). The various RWI flavours employs different methods of build-
ing the tomographic and migration components, but all seem to depend on the

alternating inversion scheme.
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Chapter 3

Finite Difference Explicit

Wavefield Decomposition

The conventional implementation of FWI, as noted in chapter one, fails when the
target is deep and the data is dominated (predominantly) by sub-critical angle
reflection energies. Many authors have shown that a "migration/demigration”
process, which alternates between building a tomographic component and a mi-
gration component of the gradient, can help improve the performance of FWI
in this scenario. The implementation of the migration/demigration technique,
however, differ with authors. Some authors (Xu, Chen, Lambaré, Zhang, Wang
et al., 2012) build the migration component in the reflectivity (migration image)
domain, and the tomographic component in the velocity domain. This method
requires that the migration operator be true amplitude and can be a source of
errors when this condition is not met. Some other authors build the tomographic
component with travel time techniques (Ma and Hale, 2013), while the migration
component is build with FWI. Others (Wang, Chauris, Donno and Calandra,
2013) split the forward and backward wavefields into up-going and down-going
components, and the combine energy travelling in the same direction in time to
build the tomographic component, while energies travelling in opposite directions
in time build the migration component. This approach has the advantage of solv-

ing a single equation and having the tomographic and migration component to
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be of comparable magnitudes.

In this thesis, a similar approach as the last group of authors is followed, by ex-
plicitly splitting the forward and backward wavefields, but in this case, into four
components. An up-going wavefield, a down-going wavefield, a left-going wave-
field and a right-going wavefield. Similar directions in time are then combined to
build a tomographic component, while opposite directions in time are combined
to build a migration component. While previous methods, in most cases, end
up with four gradients, in this approach we end up with eight gradients. These

gradients can be systematically combined to improve the performance of FWI.

3.1 Theory of Finite Difference Explicit Wave-

field Decomposition

3.1.1 Fourier Wavefield Decomposition

Fourier decomposition involves taking a Fourier transform of the wavefields and

separation of the energies according to propagation directions (Figure 3.1).

In a 2D seismic experiment, if P(x, z,t) represent the total wavefields for every
point in the model (z, z) and for all times ¢. It is possible to define a 2D Fourier
transform on the depth-time (z-t) slices of the wavefield cube as given by equation
3.1.

Pz, k,,w) = /00 /OO P(x, z,t)exp [—j2m(wt + k,z)]dzdt (3.1)

P(z,k,,w) represents the 2D Fourier transform, which is a 2D complex number
space (Bracewell and Bracewell, 1986). The basis functions exp [—j2m(wt + k,z)]
represents sinusoidal waveforms of different scales (or wavelengths) and orien-

tations (Yilmaz, 2001). Separation of the wavefields according to orientations,
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Figure 3.1: Wavefield decomposition via Fourier transform. The wavefields are
decomposed into left and right going waves. However, energies from "standing”

waves appear as noise (horizontal lines) and are not desirable for applications in
FWI and RTM
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3.1 Theory of Finite Difference Explicit Wavefield Decomposition

particularly a separation into upward and downward propagating components in
the (w, k,) domain is given as equations 3.2 and 3.3 (Hu and McMechan, 1987).

P(z,k,,w) ifwk, >0
Fole, ks w) = {0 if wh, < 0 (3:2)

P(z,k,,w) ifwk, <0

. (3.3)
0 if wk, >0

Py(z,k,,w) = {

Pp(z, k,,w) represent the downwards component of the wavefields in the (w, k)
domain, while Py(z, k,,w) represent the upwards component of the wavefields in
the (w, k,) domain.

We can now make an inverse Fourier transform back to the space-time domain

such as in equations 3.4 and 3.5.

1 oo o0
Pp(z,z,t) = m/ / Pp(z, k,,w)exp [+j2m(wt + k,z)]dk,dw (3.4)

1 oo o0
Py(x,z,t) = m/ / Py(z, k,,w) exp [+727(wt + k,2)]dk,dw (3.5)

Py(x,z,t) and Pp(x, z,t) respectively represent the upward and the downward
components of the original wavefields in the space-time domain. The large errors
introduced by energies propagating at right angles to the direction of transforma-
tion cause the sum of the two component wavefields to be unequal to the original

wavefield (equation 3.6).

Py(x,z,t) + Pp(x, z,t) # P(x, z,t) (3.6)

Similarly, we can separate the wavefields into a left-going and a right-going com-

ponent (equations 3.7, 3.8 and 3.9) and then perform a similar inverse transform
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(a) Horizontal Wavefield Component ) Vertical Wavefield Component
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) Total Wavefield
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nent

Figure 3.2: Directional wavefield splitting using Fourier transform. In this
scheme the horizontal and vertical splitting is performed on the same wavefield.

The splitting shows the present of evanescent energies
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3.1 Theory of Finite Difference Explicit Wavefield Decomposition

as was done for the up-down separation to derive equations 3.10 and 3.11, with

a similar property fulfilled by equation 3.12.

P(ky, z,w) = / / P(x, z,t)exp [—j2m(wt + kyx)|dzdt (3.7)
Plky, z,w)  if why > 0

Pulks, 20) = { T 20) 1 35)
0 if wk, <0
P(ky, z,w) if wk, <0

Pp(ka, 2,w) = 3.9

(ks 2 0) {0 if why > 0 (39)

1 oo oo
Pr(x,z,t) = H/ / Pr(ky, z,w)) exp [+j2m(wt + kyx)|dk.dw — (3.10)

1 o0 o
Pi(r,2 1) = 7 / / Pu(ka, 2,00)) exp [+j2m(wt + kot)|dbades (3.11)

Pp(x,z,t) + Pg(z, z,t) # P(z, 2,t) (3.12)

Worst still, the sum of these four components is about twice the original wavefield,
plus evanescent energies. This is because two snapshots of the wavefield is taken

to perform the two Fourier transforms (horizontal and vertical separations).

Py(x,z,t) + Pp(x, z,t) + Pr(x, 2,t) + Pr(x, z,t) # P(x, 2,t) (3.13)

The method can separate the energies into the respective propagation directions.
However, it is restricted to separating the wavefields only in the orthogonal di-
rections, as the Laplacian is defined in orthogonal directions when working in the
Cartesian cordinates. Hence, the method suffers from errors when energies prop-
agate at right angle to the direction of separation. Figure 3.2 shows the results

of performing this sort of wavefield decomposition. The presence of the energies
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3.1 Theory of Finite Difference Explicit Wavefield Decomposition

leaking in from the orthogonal directions is quite obvious.

Although this method of wavefield decomposition has been employed in RTM
(Liu et al., 2011) and FWI (Wang, Chauris, Donno and Calandra, 2013; Wang
et al., 2015), the phenomenon where energies leak in from orthogonal directions
is not desirable in full waveform inversion. A method that provides a cleaner
separation of the wavefields by propagation directions is therefore desirable. The
finite difference explicit wavefield decomposition method gives a cleaner wavefield
separation by minimising the presence of energies propagating at right angles in

the Fourier transform.

3.1.2 Finite Difference Explicit Wavefield Decomposition

The challenge of performing Fourier decomposition on the total wavefield arises
from the presence of energies, of equal or near equal amplitudes, propagating at
an orthogonal direction to the direction of separation. A scheme that suppresses
these orthogonal energies, as in Figure 3.3, minimises the presence of the noises
present in wavefield decomposition via Fourier transform as the Fourier decom-
position is performed on each of the component wavefields rather than on the
total wavefield (as in the conventional method). The components must fulfil the

requirement that their sum is exactly the original wavefield.

The scalar (constant density acoustic) wave equation as given in equation 2.25

can be rearranged as equation 3.14.

18°P  [?P O°P
55&2_(m¥+6%>_8@ (3.14)

Let us then perform a variable substitution for p such as:

P=P,+P, (3.15)

P,, P, should just be seen for now to be any two components of a wavefield whose

wavefield, at every time step, is the original wavefield.
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(a) Horizontal Wavefield Component, p, (b) Vertical Wavefield Component, p,
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(c) Total Wavefield, p

Figure 3.3: Decomposition of the wavefield into horizontal and vertical compo-

nents. The sum of these components exactly produces the original wavefield
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3.1 Theory of Finite Difference Explicit Wavefield Decomposition

Substituting into equation 3.14 results in 3.16.

1 9%

555 (Pt P) - (3P+8 )zs(t) (3.16)

0x? 0z2

Equation 3.16 can then be decomposed into a coupled wave equation system

comprising equations 3.17 and 3.18.

1 0°P, O*P
= at2 b = 0.5 5(t) (3.17)
10°P, 0O2?P
R ey = 0.5 % s(t) (3.18)

The coupling of both equations comes from the fact that they share the same
wavefield when computing the Laplacian at every time step. It can also be ob-

served that a sum of equations 3.17 and 3.18 yields the original wave equation.

Equations 3.17 and 3.18 can be solved for two wavefields (P, P,), whose sum
always yields the original wavefield P. P, can be interpreted as the component of
the wavefield that travels predominantly in the horizontal direction, while P, is
interpreted as the component of the wavefield that travels predominantly in the

vertical direction.

Each of the component wavefields can further be decomposed into wavefields
propagation in opposite directions as the wavefields evolve in time, by taking a
Fourier transform of the 3D cube holding each component wavefield. This Fourier
decomposition operation results in the original component wavefields being ex-

pressed as equation 3.19.

(x,k,,w) = / / (x,z,t) exp [—j2m(wt + k,z)|dzdt (3.19)
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Radiation pattern for Pz Radiation pattern for Px
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Figure 3.4: Source illumination of Finite Difference Decomposed Wavefields
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3.1 Theory of Finite Difference Explicit Wavefield Decomposition

P,(x, k,,w) represents the 2D Fourier transform of the vertical component of the
wavefields. Separation into upward and downward propagating components in

the (w, k,) domain proceeds as earlier:

Py(x,k,,w) ifwk, >0
Py, oy w) = 3.20
ZD@ W) { if wh, < 0 ( )
and
Py(x,k,w) ifwk, <0
Py, ks, w) = 3.21
z0(%: s, ) {o if wh, > 0 (3.21)

Pyp(x, k,,w) represent the downwards component of the wavefields in the (w, k)
domain, while Py (z, k., w) represent the upwards component of the wavefields in
the (w, k,) domain. This is different from the separation achieved in the original
approach as it minimises errors due to energies propagating at right angles to the

separation directions.

Similarly, we can separate the horizontal component of the wavefields into a left-

going and a right-going component given by equations 3.22, 3.23 and 3.24.

Px(ky, z,w) = / / Px(z,z,t) exp [—j2m(wt + k,x)]dzdt (3.22)
Px(ky,z,w) if wk, >0

Pxp(ky, z,w) = 3.23

r(he, 7,) { if wh, < 0 (3:23)
Px(ky, z,w) if wk, <0

Pyr(ky, 2,w) = 3.24

xr(fe, 20) {o if wh, > 0 (3:24)

This separation scheme has the property that the left propagating and the right
propagating components sum up to the total horizontal wavefields (equation
3.25), while the downward propagating and the upward propagating components

sum up to the total vertical wavefields (equation 3.26).
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left-going right-going
0.8 0.8
0.6 0.6
‘E 0.4 E 0.4
= 0.2 = 02
2 0.0 g 0.0
% -0.2 g -0.2
= -0.4 s -0.4
-0.6 -0.6
-0.8 -0.8
1000 1500 2000 1000 1500 2000
Model Width (m) Model Width (m)
(a) Left Horizontal Wavefield Com- (b) Left Horizontal Wavefield Com-
ponent ponent

Total wavefield

0.8
0.6
0.4
0.2
0.0
-0.2
-0.4
-0.6
-0.8

1000 1500 2000
Model Width (m)

Model Depth (m)

(c) Total Wavefield

down-going up-going
0.8 0.8
0.6 0.6
B 04 T 04
= 02 < 02
H 00 g 00
] -02 3 —02
H —04 s —04
~06 -0.6
_08 -0.8
1000 1500 2000 1000 1500 2000
Model Width (m) Model Width (m)
(d) Down Vertical Wavefield Com- (e) Down Vertical Wavefield Compo-
ponent nent

Figure 3.5: Directional wavefield splitting using Finite Difference Explicit wave-
field Decomposition and Fourier transform.
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Figure 3.6: Percentage difference between a snapshot of the sum of the four
components of the wavefield produced by FDEWD, and a snapshot of the same
wavefield computed with a conventional finite difference stencil. Although the
phase of the original wavefield appears a bit distorted, however, inversion experi-
ments, as discussed in later chapters, do not show any significant issue associated

with this distortion.
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3.1 Theory of Finite Difference Explicit Wavefield Decomposition

Pz = Pzu+ Pzp (3.26)

Hence, the total wavefield can be reconstructed via an algebraic sum of the com-

ponent wavefields, i.e.

P:PXL+PXR+PXU+PXD (327)

Snapshots of this decomposition scheme for wavefields propagating in a smooth
velocity model are shown in Figure 3.7. It is quickly observed that at each
snapshot the vertical and horizontal components sum to the total wavefield. The
behaviour of this decomposition scheme for a model with scatterers is analysed
by using a section of the Marmousi model in Figures 3.8 and 3.9. When the
dips in the model are gentle and near horizontal, the vertical components of
the wavefields contribute more to the total wavefields (Figure 3.8). However, as
the dips in the model become steeper and approach vertical (Figure 3.9), the

horizontal components contribute more to the total wavefields.
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Figure 3.7: FEvolution of a wavefield in time. The component wavefields also
evolve as does the full wavefield. The leftmost column is the evolution of total
wavefield, the middle column is the evolution of the horizontal wavefields, while

the rightmost column is the evolution of the vertical wavefields.
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Figure 3.8: An evolution of wavefields in time through a section of the Mar-
mousi model
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Figure 3.9: An evolution of wavefields in time through a section of the Mar-
moust model
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3.2 Gradient Computation in FWI with Finite

Difference Explicit Wavefield Decomposition

In this section, matrix formalism is applied. Thus, a bold face upper case charac-
ter represents a matrix, while a bold face lower case character denotes a vector.

The letters used take their conventional meaning.

The conventional FWI gradient was derived in equation 2.39. If the decomposi-
tion given by equation 3.27 is substituted into equation 2.39, a new expression
for the FWI gradient is arrived at (equation 3.28).

OA\"
va = _(pxl + Pxr + Pzu + pzd)T <8_m) (5px1 + 5px1‘ + 5pZU + 5pZd> (328)

This particular decomposition scheme results in sixteen components gradients of
the original gradient. The sum of these gradients always results in the original
gradient. However, eight of these components (Equation 3.29 to 3.36) will be

formed by wavefields propagating along similar orthogonal wavepaths, either in

same direction in forward time or in opposite directions in forward time.
dAN"
Vi F(l) = _pxlT(_) 0P (3.29)
m
OPxr (3.30)

()
Vo F(utr) = —pouT (g_A>T5pm (3.31)
(

oA\ T

Vi F(dd) = —pua® e 0Pz (3.32)
A T

Vi F(Ir) = —py’ g— OPxr (3.33)
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T

va<Tl> = _per (Z_A) 5px1 (334)
ANT

VimF (ud) = —pzuT<§—m) 0Pzd (3.35)
OANT

Vi F(du) = —psz<8—m) 0Pzu (3.36)

Equations 3.29 and 3.30 are interpreted tomographic gradient contribution due
to wavefields propagating in the horizontal direction. Similarly, equations 3.31
and 3.32 are interpreted tomographic gradient contribution due to wavefields
propagating in the vertical direction. The migration gradient contributions due
to horizontally propagating wavefields are given in equations 3.33 and 3.34, and
finally the migration gradient contributions due to vertically propagating wave-

fields are given in equations 3.35 and 3.36.

A presentation of these gradients is shown in Figures 3.10 through 3.14. Figure
3.10 is the total gradient while Figures 3.11 to 3.14 are the eight components of of
the gradient. The decomposed gradients yield cleaner gradients as they contain
minimal crosstalks from orthogonal directions. They only extend the application
of FWI to high frequency regime by allowing the building of the background

velocities in the absent of low frequencies.
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(a)

Figure 3.10: Total gradient
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(a) Right going energies gradient

(b) Left going energies gradient

Figure 3.11: Tomographic gradient contributions from cross-correlating hori-

zontal wavefields propagating along same direction in time
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(a) Up going energies gradient

(b) Down going energies gradient

Figure 3.12: Tomographic gradient contributions from cross-correlating vertical

wavefields propagating along same direction in time
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(a) Right-Left going energies gradient

(b) Left-Right going energies gradient

Figure 3.13: Migration gradient contributions from cross-correlating horizontal

wavefields propagating along different directions in time
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(a) Up-Down going energies gradient

(b) Down-Up going energies gradient

Figure 3.14: Migration gradient contributions from cross-correlating vertical

wavefields propagating along different directions in time
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3.2.1 Analysis of the gradients of FDEWD

The gradients generated by the FDEWD scheme has some unique properties that

makes it a good candidate scheme for implementing reflection waveform inversion.

Intermediate wavenumbers

The lack of intermediate wavenumbers in conventional seismic data (Claerbout,
1985; Jannane et al., 1989) hinders the application of FWTI in inverting for earth
models, especially in scenarios where a generating a reasonable starting model
is prohibitive. This wavenumber gap is cause by lack of low frequencies in the
source spectrum (low frequencies here refer to frequencies below 1.5Hz). It is no
surprise that in situations where low frequency seimsic energies have been used
(Baeten et al., 2013; Plessix et al., 2010), the inverted results have been quite
signiificantly improved. Low frequencies seismic acquisition, however, are quite

expensive.

In conventional reflection seismic data lacking the necessary low frequencies, the
envelope method has been explored as an alternative to generating the interme-
diate low wavenumbers. Similar to the envelope method, FDEWD also has the
capability to generate intermediate wavenumbers even when low frequencies are

absent in the data.

In Figures 3.15 to 3.17 comparisons are shown between the gradient produced by
conventional FWI and that produced by FDEWD at frequencies 4Hz, 6Hz and
8Hz. The wavenumbers present in the tomographic gradients of FDEWD are
much lower than those present in the corresponding conventional gradient. Also,
it can be noticed that the FDEWD tomographic updates at 8Hz have similar
vertical wavenumbers in comparison to the gradients of the conventional FWI

method. Appendix 3 contains additional examples comparing the wavenumbers
from conventional FWI and FDEWD gradients
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Figure 3.15: Comparison between the conventional FWI gradient and the tomo-
graphic gradient from FDEWD using only the vertical wavefields. Both gradients
are generated at 4Hz
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Figure 3.16: Comparison between the conventional FWI gradient and the tomo-
graphic gradient from FDEWD using only the vertical wavefields. Both gradients

are generated at 6Hz
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Figure 3.17: Comparison between the conventional FWI gradient and the tomo-
graphic gradient from FDEWD using only the vertical wavefields. Both gradients

are generated at 8Hz
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3.3 Applications of FDEWD

The availability of the tomographic and migration components of the FWI gradi-
ent allows for various application of the methods that guarantees such separation.
While the tomographic component is used in various FWI schemes to update the
low wavenumber components of the model, the migration component can be used
to update the high wavenumber component of the model or even applied (with
some modifications) in an RTM scheme. FDEWD, therefore, can be potentially
applied in RTM and FWT.

3.3.1 FDEWD and the PML Absorbing Boundary Con-

dition

The perfectly matched layer, PML (Berenger, 1994), is the preferred absorbing
boundary condition for simulation of wave equation (Collino and Tsogka, 2001;
Komatitsch and Tromp, 2003; Liu and Tao, 1997). The split PML method, de-
scribed in this section, naturally requires the splitting of the wavefield, a condition
which is met by the FDEWD.

Starting from a plane wave solution of the homogeneous wave equation (equation
3.37), if the solution is adjusting by adding a decay factor, it will result in equation
3.38.

rn
p=A expliw(t——)] (3.37)

c
Where p is pressure, A is the wave amplitude, w is the frequency, ¢ is time, r is
the distance from source, n is the unit vector in the direction of wave propagation

and c is the velocity.

2 t
p=A expliw(t— %) — a%] (3.38)

where « is some arbitrary damping constant and d is the PML distance over

which the solution is damped.
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Equation 3.38 can be differentiated as:

dp , ac
i (tw — ?)p (3.39)
9*p ac
R
ot? d
R e (3.40)
=(—w*+ P Zng)p
and
2
Vip = —% (3.41)

Equation 3.41 can be inserted into equation 3.40, resulting in equation 3.42.

1 0% a? o
—— =V? — — 2iw— 3.42
c? Ot? P (dQ “ cd )P ( )
Using equation 3.39
a 2
2wty =22 L 1 0%, (3.43)

cd” “cdot T2

Equation 3.42 becomes

1 0% 9 adp o

2or VP 255 B (3.44)

In the finite difference implementation of the split PML absorbing boundary
condition, the wavefield is split into orthogonal components at the boundary. In

2D, this is written as

D =Dz + D
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Equation 3.44 is thus written as

10*(ps +p.) O*n  p adlp, +P) o
c? ot? 0x? + 022 cd ot d? (P2 + p) (3.45)

which is then decomposed into

1%, O a Op, o

2 o2 oz Ted(x) Ot d(x)pr

(3.46)
and

19%. & a  Op, a?

2o 922 cd(z) Ot d(z)sz

(3.47)

Within the computation domain (Figure 3.18), the decay constant is zero and

thus equations 3.46 and 3.47 reduce to

1 0%, 0%

202 o2 (3.48)
and

1 0%, 0%

202 o2 (3.49)

which are the homogeneous forms of equations 3.17 and 3.18.

3.3.2 Gradients Mixing, Scaling and the Subspace Method

The FDEWD method yields model parameters of different physical dimensions.
It is important that these model parameters be mixed in a balanced way, at ev-
ery iteration, to speed up convergence and guarantee a better result compared to
conventional FWI method. A framework that utilises FDEWD method can thus
be designed in a subspace fashion (Kennett and Williamson, 1988; Oldenburg

and Li, 1994), with 2-dimensional subspace model space. Unlike the conventional
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Main Computational domain

No support for d whilea =0

Figure 3.18: The computational and the PML domain, showing supports for

decay constant, a and damping distance, d

method where the search for the model update is performed along a single di-
rection, in the subspace method (Rawlinson and Sambridge, 2003), the search is
carried out simultaneously along multiple search directions that when combined,

span a subspace of the model space.

In the general subspace method, the optimization is restricted to a relatively
small n-dimensional subspace of a larger M-dimensional model space at each
iteration. The model perturbation to the current model is then computed as a
linear combination of the scaled basis function of each subspace. If dm represents

the model perturbation, and a’ represents a basis function, then

om =) pa =Ap (3.50)
j=1

84



3.4 Conclusion

3.3.3 FDEWD and Conventional FWI

In the conventional FWI approach, we proceed by first building the low wavenum-
ber components of the model, and continuing in some wavenumber continuation
scheme (known commonly as multiscale FWI ) to update the higher wavenumbers
of the model.

3.3.4 FDEWD and Reflection FWI

In chapter two, an overview of reflection FWI was presented. It was shown that
reflection FWI is highly depended on the ability to separate the FWI gradient
into a tomographic and a migration component (Xu, Chen, Lambaré, Zhang,
Wang et al., 2012).

The ability of FDEWD to cleanly separate the FWI gradient into a tomographic

and migration component makes it a good scheme for performing reflection FWI.

3.3.5 FDEWD and RTM

It is a well established knowledge that when the migration velocity include strong
impedance contrasts, RT'M suffers from some low wavenumber artefacts (Zhang
and Sun, 2008). Several schemes have been suggested by different authors to
suppress these low wavenumber noises (Laplace filtering (Youn and Zhou, 2001);
Poynting vector method (Hu and McMechan, 1987; Liu et al., 2011; Yoon et al.,
2004).

3.4 Conclusion

The theory of finite difference explicit wavefield decomposition is shown here. It
allows us to generate up to sixteen unique gradient components which are grouped
into tomographic updates, migration updates and noise. These gradients have

many application in seismic data inversion and imaging. The migration updates
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can be combined with the tomography update to carry out reflection FWI. The

scheme could also be adapted to run the code in a reverse time migration setting.

The scheme can be adapted to run transmission FWI without the need for any

data muting.
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Chapter 4

Numerical Testbed for Seismic

Tomography

4.1 Introduction

One of the main objectives of the thesis was to design and implement a numerical
testbed for studies in seismic tomography (and imaging). Hence, the entire code
used in this project was developed during the course of the project, save for
the visualization and plotting tools. The code is written entirely in Fortran
(Brainerd et al., 2009; Chapman, 2008; Chivers and Sleightholme, 2006; Markus,
2012; Metcalf et al., 2011).

The initial code was written to Fortran 95 standard, largely because compilers
didn’t support the 2003 and 2008 standards. However, it was later refactored to
incorporate some aspects of the Fortran 2003 and 2008 standards, especially as
common compilers now support most of the 2003 standard and a good amount
of the 2008 standard.

The codebase has been designed and written as a testbed for research in tomog-
raphy and migration, with modularity and ease of testing new ideas key foci of
its design. While speed was not a primary focus of the design, efforts were made

to write functions and subroutines to encourage auto-vectorization and paral-
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lelization by the compiler. OPENMP (Chandra, 2001; Chapman et al., 2008;
Dagum and Menon, 1998) constructs were also employed to parallelise workloads
and improve performance. The current state of the code is written to solve 2D
tomography problems, and highly biased towards same. However, extension to
3D tomography (and migration) problems should involve some not too complex

additions/changes.

The architectural framework of the code is component-based (Bass, 2007; Bern-
holdt et al., 2006; Crnkovic, 2001; Garlan and Shaw, 1993; Heineman and Coun-
cill, 2001; Kemball et al., 2008; Krosche and Hautefeuille, 2007; Quintino, 2008;
Szyperski et al., 1999) , where every functional and/or logical unit that con-
tributes to the solution of the tomography problem forms a component and com-
municates with other components via well-defined interfaces. Each component
represents a modular, replaceable, portable and reusable collection of explicit
functionalities with associated interfaces. This framework comes with the advan-
tage that new ideas can be quickly implemented in any aspect of the tomography
solution by implementing some generic interface in a new component or as part

of an existing component.

This chapter discusses the design, implementation, benchmarking and refactoring

steps taken while writing the software used in this project.

4.2 Design

The design of the tomography code involves an analysis and development of the
various geophysical and mathematical aspects of the problem, and a careful and
methodological design of the computer program. Investigations in FWI can be
decomposed into a number of inter-related geophysical and mathematical areas,

including, but not restricted to :
e Wave Propagation and Scattering
e Seismic Tomography and Inversion

e Source Injection
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e Numerical Dispersion

e Numerical Solutions to PDEs

e Problem Formulation/Definition
e Gradient Computation

e Hessian Approximation

e Step-length Computation

e Global Problem Type

e Physics Approximation

A good testbed should therefore allow for implementation and testing of com-
ponents, implemented within modules, subroutines and functions, in each of the
above research areas. The code base developed in this research balances cohesion
and loose coupling requirements to handle each study. High level design decisions
include designing modules to handle any of the aforementioned research areas. It
also includes how the various modules are associated, aggregated and composed.
Typically, each module is composed of subroutines and functions, overloaded with

a number of generic interfaces.

Following a component-based software development paradigm, the codebase cur-

rently has the following components, and their associated interfaces:

Figure 4.6 shows the relationships that exist among all the components. The
utilities component provides interfaces for linear algebra, file IO, time series, and
other tasks as shown in Figure 4.4. Hence, it is understandable how every other
component has some form of dependency on it. New functionality can be added
to a corresponding component, and the necessary interface provided for such

functionality.
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4.2 Design

<< component >>

PDE Solver

<< provided interfaces >>

Wavefields
AdjointWavefields

<< required interfaces >>
SourceReceiverSpread
Geometry
ProblemPhysics
Calculus
LinearAlgebra
Multithreading

Figure 4.1: PDe Solver Component.

<< component >>

Tomo Solver

<< provided interfaces >>

InvertedModel

<< required interfaces >>

RunFile
ModelUpdate
Functional
File_IO

Figure 4.2: Tomography Component.
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<< component >>

Optimiser

<< provided interfaces >>
Gradient
PseudoHessian
ModelUpdate
Functional

<< required interfaces >>

LinearAlgebra
TimeSeries
Multithreading
Wavefields
AdjointWavefields

Figure 4.3: Optimiser Component.

<< component >>

Utilities

<< provided interfaces >>
File_lO
Calculus
LinearAlgebra
TimeSeries
Multithreading
InterprocessCommunication

Figure 4.4: Utils Component.
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<< component >>

Seismic Utils

<< provided interfaces >>

SourceReceiverSpread
Geometry
ProblemPhysics

<< required interfaces >>

Figure 4.5: Seismic Utils Component.
4.3 Implementation

The code has been implemented in both a procedure and an object oriented
paradigm. Both versions of the code have been tested and applied to invert
various synthetic datasets. This section discusses the implementation of these

versions of the code.

4.3.1 Procedural Implementation
Principles and Strategies

A guiding principle in the implementation of the testbed is the enforcing of a loose
coupling among the various components. In procedural Fortran programming, ex-
tensive use of Fortran MODULE and GENERIC INTERFACE blocks have been
employed to facilitate a design that allows for easy switching of components.
GENERIC INTERFACE blocks ensure that new SUBROUTINE/FUNCTION

could be inserted into the code base with little or no editing to the driver code.

Use of ELEMENTAL and PURE procedures are employed to suggest to the
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Optimiser [ PDE Solver

e ———— e ]
-,
td
LY

Tomo Solver

.é__________________________

Seismic Utils

P p———

Figure 4.6: Relationships amongst all components.
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4.3 Implementation

compiler to optimise subroutines/functions. The optimisation flags are turned
on during compilation and such procedures are strong candidates for compiler

optimisation.

Named BLOCK constructs are used to name computation blocks to ensure clarity
of the code.

Errors are handled as much as possible to give information above failing sub-
routines and functions and why the errors occurred (where possible). SUBROU-
TINES and FUNCTIONS that are likely to raise errors are written to return
ERROR_CODE and/or ERROR_MESSAGE. Issues of thread safety requires
careful handling in every multi-threaded code. In the design of the testbed, the
use of global data has been minimised. File units have also been handled such

that a new and available UNIT is provided for each new file access.

Tomography and Synthetics Drivers

A separate driver code is provide for synthetic and tomography runs. Listing
4.1 shows a dummy code for the tomography driver. The various dependencies
that exist amongst the various components start to become more obvious. Also,
the purpose of the driver is clear and the lines of code involved are kept to a

manageable minimum.

Listing 4.1: Main tomography driver

program tomography

use utilities , only : logger

use kind_parameters

use optimiser , only : compute_gradient, &
compute_step_length , update_inversion_params

use global_data_module, only : model, step_length 6 &

model _update , inversion_params
implicit none

call get_inversion_params(inversion_params)

do
model _update=compute_gradient (inversion_params)
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4.3 Implementation

step_length=compute_step_length (inversion_params &
model_update)
model = model — step_length * model_update

call update_inversion_params ()
call logger%log (inversion_params%status)
if (stopping_criteria_met ()) exit

end do
contains
function stopping_criteria_met () result(action)
implicit none
logical :: action
if (inversion_params%num_iter_done = &
inversion_params%total_iters) then
action = .true.
end if

end function

end program

Uniform Data Kinds and Precision

Benchmarking codes imposes a consistency in the output of the code. There
could be some inconsistency in the results of the same code when run on different
machines. To ensure consistency of results, a module definition for kind parame-
ters is provided. This module defines the precision for every variable used in the
program. Subsequently, every module, subroutine and function in this code base

makes use of this kind_parameters module (Listing 4.2).

Listing 4.2: Kind parameters used in the code

module kind_parameters
implicit none

private
public :: sp, dp, qp
integer , parameter :: sp = selected_real _kind (6, 37)
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integer , parameter :: dp = selected_real_kind (15, 307)
integer , parameter :: qp = selected_real_kind (33, 4931)
end module kind_parameters

Generic Interface

Generic interfaces were used in this code base as an approach to ensuring minimal
adjustments to procedure names with the addition of new procedures to the code
base. Initially, the testbed implemented a first order velocity-stress formulation to
the solution of the acoustic wave equation. When the second order pressure only
solution is implemented, the new procedure is placed into the forward propagator

interface. This approach makes it easy to compare of performance of diifferent

4.3.2 Object-Oriented Implementation

In an object-oriented Fortran, interfaces are approximated via the use of AB-
STRACT DERIVED TYPES, with Deffered procedure binding. This leaves the
implementations of the precedures to child classes. The loose coupling require-

ment for good software development provides two guiding principles:
e Favor object composition over class inheritance.

e Program to an interface, not an implementation.

Abstract Data Type

The idea of an abstract data type (ADT) encourages thorough thinking about
how softwares are designed. Abstraction allows for focus on the big picture of

software design, without getting lost in the details.

Listing 4.3: Fortran Skeleton Abstrtact Data Type

module skeleton_ ADT
use, only
implicit none
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4.3 Implementation

Y private

5 public :: skeleton

6

7 type skeleton

8 private

9 contains

10 procedure , public

11 final :: clean_up

12 end type

15

14 interface skeleton

15 procedure instantiate_object

16 end interface

17

18 contains

19

20 type(skeleton) function instantiate_object ()
21 implicit none

22 end function

23

24 elemental subroutine clean_up (this)
25 implicit none

26 type(skeleton), intent(inout) :: this
27 end subroutine

28 |end module skeleton_ ADT

An ADT is a logical description of data and the sets of operations allowed on
the data, without regards to how they will be implemented. In other words, an
ADT provides an implementation-independent view of data. Usually, there are
different implementations of an abstract data type. This allows for an easy switch
of the various implementation without altering the way a user interacts with the
data.

Listing 4.3 presents an abstract data type for some skeleton data. It shows various
dummies to represent how the object is instantiated, destroyed, the operations

permitted and the visible properties of the data type.

Listing 4.4: Data Type for Laplacian

1 |module laplacian_ ADT
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4.3 Implementation

implicit none
private
public :: laplacian

type laplacian

private
integer ;. order
logical .. free_surface
real , allocatable, dimension (:) 0 fd_coeffs
real , pointer, dimension(: ,:) .o field
real , pointer, dimension(: ,:) .. laplacian_2d
contains
procedure , public :: compute_laplacian
procedure, private :: second_order_laplacian
procedure, private :: fourth_order_laplacian
procedure , private :: sixth_order_laplacian
procedure, private :: eighth_order_laplacian
final ;. clean_up

end type

interface laplacian
procedure constructor
end interface

contains

type(laplacian) function constructor(m_order, free_surf
implicit none
integer , intent(in) :: m_order

constructor%order = m_order
constructor%free_surface = free_surf

if (mod(order,2) .ne. 0) then
write (*,%) ”"Order_.should_be_a_.multiple_of_2"
write (*,%) ”Order_has._.been_given_a.default_of_2”
order = 2

end if

if (order .eq. 2) then
allocate (fd_coeffs (0:1))
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4.3 Implementation

constructor%fd_coeffs (0) = —2.0
constructor%fd_coeffs (1) = 1.0
else if (order .eq. 4) then
allocate (fd_coeffs (0:2))
constructor%fd_coeffs (0) = —2.6
constructor%fd_coeffs (1) = 1.4
constructor%fd_coeffs (2) = —0.1
else if (order .eq. 6) then
allocate (fd_coeffs (0:3))

constructor%fd_coeffs (0) = —2.8215452
constructor%fd_coeffs (1) = 1.57663238
constructor%fd_coeffs (2) = —0.18347238
constructor%fd_coeffs (3) = 0.01761260
else if (order .eq. 8) then
allocate (fd_coeffs (0:4))
constructor%fd_coeffs (0) = —2.97581692
constructor%fd_coeffs (1) = 1.70664680
constructor%fd_coeffs (2) = —0.25959423
constructor%fd_coeffs (3) = 0.04618682
constructor%fd _coeffs (4) = —0.00533093

end if

end function

subroutine compute_laplacian(this)

class(laplacian) ,intent(in) :: this
integer :: diml, dim?2
diml = size(field , 1)
diml = size(field , 2)
if (order = 2 ) then

laplacian_2d = this%second_order_laplacian ()

else if (order = 4 ) then

laplacian_2d = this%fourth_order_laplacian ()

else if (order = 6 ) then

laplacian_2d = this%sixth_order_laplacian ()
else if (order = 8 ) then

laplacian_2d =
end if
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4.3 Implementation

end subroutine

function second_order_laplacian(this)

class(laplacian) ,intent(in) :: this

real , pointer, dimension(: ,:) .o fld

real , pointer, dimension(: ,:) ;o laplac_2d

integer :: diml, dim?2
integer R

real ::al0, al

a0 = this%fd_coeffs (0)
al = this%fd_coeffs (1)
do j = 2, dim2—1
do i = 2, diml-1
laplac_2d(i,j) = 2.0%a0xfld (i,j) + alx(fld(i—1,j) H

fFld (i+1,j) + fld(i,j—1) + fld(i,j+

end do
end do

if (this%free_surface) then
do i = 2, diml—1
laplac_2d(i,1) = 2.0%a0xfld (i,1) + alx(fld(i—1,j) H
f1d (i+1,j) + fld(i,j+1))
end do
end if
end function

elemental subroutine clean_up (this)
implicit none

type(laplacian), intent(inout) :: this

if (allocated(this%fd_coeffs)) then
deallocate (this%fd_coeffs)

end if

if (associated(this%field)) then
nullify (this%field)

end if

if (associated(this%laplacian_2d)) then
nullify (this%laplacian_2d)

end if
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4.4 Refactoring and Improvement

end subroutine

127 |lend module laplacian_ ADT

Listing 4.4 shows an implementation of the Laplacian (which in a sense is a data

type) following the skeleton shown in Listing 4.3.

Clean Code Approach

To allow for seamless collaboration and extension, a clean code approach was
employed in the implementation of the testbed. Useful rules like naming all
constants, minimising the use of global data, writing code that comments itself,
providing global debugging switch, providing global type parameters, avoiding
side effects as much as possible, preventing implicit typing etc provides a clean

code base that is easy to maintain, extend and collaborate on.

4.3.3 Benchmarking

Each procedure added to the code base is tested and benchmarked against an
established acceptance criterion. There is a desire to automate the testing and

benchmarking of future procedure added to the code base.

4.4 Refactoring and Improvement

When a procedure is accepted as performing as intended, a minor refactoring is
applied when necessary. Also, as more of the 2003 and 2008 specification got
supported by compilers, minor refactoring were performed to incorporate some
very necessary features. It is the desire to make the code base fully OOP in the

future.
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Chapter 5

Synthetic Data Examples

5.1 Introduction

This chapter discusses some applications of FDEWD to synthetic datasets. The
example examines a reflection dataset lacking in low frequencies (the inversion
has been performed for frequencies between 5 Hz and 10 Hz in one experiment,
and between 3 Hz and 10 Hz in the other experiment). Two starting models
are provided are provided to invert this dataset. The starting models are highly
smoothed version of the true model, with some scaling applied to the smoothed
model. The first starting model scales the values below the water layer by a
factor lower than unity while the second starting model scales the values below

the water layer by a factor greater than unity.

The results from these experiments are compared with the results from conven-
tional FWI to show areas of improvements. Accuracy of these results are analysed
using sample well logs at selected positions, normalised cross-correlation values,

data residuals and model residual plots.
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0 1000 2000 3000 4000 3000 6000 7000

Figure 5.1: The true velocity model with the locations of the well logs. The well

logs will be used to analyse the accuracy of the inverted model

5.2 Problem Definition

The Marmousi model (Versteeg (1994)) was designed to be geologically plausible.
It contains many reflectors, steep dips and strong velocity gradients both laterally
and vertically (figure 5.1). Datasets generated from the Marmousi model contains
useful transmission energies (figure 5.2) deep enough to invert the central parts

of the model (if large offsets are low frequencies are considered).

In figure 5.2, a sample shot gather for a source propagated through the true Mar-
mousi model, with surface source and surface receivers configuration, is shown.
There is a rich supply of reflection, transmission and back scattered energies. For
a source propagated through a smoothed version of the model (figure 5.3), there
are are still present very useful supply of transmission energies. However, the lack
of scatterers in the smooth model implies a lack of reflections and back scattered
energies. We can expect conventional multiscale FWI, with low frequencies and
long offsets, to perform well in inverting this data starting from such smooth

model. This is because the initial stages of the inversion will employ the rich sup-
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plies of transmission energies and low frequencies in building the low wavenumber
components of the model early on in the inversion process.

Offset (m)
0 1000 2000 3000

1
0.4
0.3 2
0.2
o
017lo -
g 3
l—
0
-0.1 4
-0.2

S

Figure 5.2: A sample shot data generated from the true model. The presence

of different energy modes makes this data very friendly for seimsic inversion via
the multiscale FWI

A much difficult challenge is with a dataset lacking in long offsets and low fre-
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Offset (m)
0 1000 2000 3000

Figure 5.3: A sample shot data generated from a smooth Marmousi model.
Though lacking reflections and back-scattered energies, the transmission energies
present in the data still make the model a suitable starting model for multiscale
FWIL
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quencies, but compensated by a reasonable starting model, albeit bad enough for
conventional FWI to fail. The chapter analyses this challenge and proffer a novel

inversion scheme to overcome such challenges via the FDEWD.

The data

The data to be inverted has been constrained to be reflection dominated. It has
been modelled with a 10Hz Ricker wavelet on a 20 m mesh, using an eighth order
in space and second order in time finite difference code. The data is sampled at 2
ms, and contains free-surface multiples. Figures 5.4 to 5.14 show samples of the
shot data
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1.0

0.5

Figure 5.4: A sample shot data from the true Marmousi model
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0.5

-1.0

Figure 5.5: A sample shot data from the true Marmousi model
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Source Wavlet Amplitude Spectrum
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Figure 5.6: Source wavelet and its amplitude spectrum

The source wavelet

The source wavelet is the exact wavelet used used in simulating the data. It is a

Ricker wavelet centred at 8.5Hz (figure 5.6) and sampled at 2ms.

Acquisition geometry

The receivers in the experiments are fixed for all shots, and placed on every grid
node 40 m from the free surface. The minimum offset used in these experiements
is 0 m, while the maximum offset is 3840 m. Though the spread of each shot
gather changes from end-on in some cases to split-spread in other cases, however,

the maximum offset in all cases is limited to 3840 m.
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The start models

In this section, three (3) velocity models are discussed and compared in presenting

the starting models used for the experiments in this chapter.

1. Model-A, a very good start model: This represents a model built from
the true Marmousi model by gently applying a Gaussian filter on it. The
model represents the true background velocity model. It can be thought of
as the velocity model that correctly propagates the low frequencies of the

source wavelet.

2. Model-B, a low (slow) background start model: This represents a
model built from the very good start model by harshly applying a Gaussian
filter, and a less than one (0.9) bulk shifting to it. The expectation here is

to ensure that the low frequencies are cycle-skipped.

3. Model-C, a high (fast) background start model: This model is built
in a similar way as the low background start model from the very good
start model. First a Gaussian filter is harshly applied to the very good
start model. Afterwards, a greater than one (1.05) bulk shifting is applied
to it. The expectation here also is to ensure that the low frequencies are

cyle-skipped.

The experiments discussed in this chapter, however, make use of two of the three
models above (Model-B and Model-C). As discussed above, the models are highly
smoothed version of the true model. Also, they have been scaled such that in
the first case (low background start model), the average background model is
lower that the true background model by approximately 10% (Figure 5.7) and in
the second case (high background start model), the average background model is
higher than that of the true background model by approximately 5% (5.8). The

models measure 7680 m by 2000 m, and were sampled on a 20m grid.

Figure 5.7b presents the model residual (difference between the true model and
the low background start model) for the low background start model. This is
computed by subtracting the low background start model from the true model.

It can quickly be observed that indeed the bulk velocities for the start model are

110



5.2 Problem Definition

0 1000 2000 3000 4000 5000 6000 7000

(a) Model-B: Low Backbround Start Model
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Figure 5.7: Low Background Start Model (Model-B), and its residuals
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0 1000 2000 3000 4000 5000 6000 7000

(a) Model-C: High Backbround Start Model
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(¢) Model Residuals as Percentage

Figure 5.8: High Background Start Model (Model-C), and its residuals
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lower that those for the true model. Similarly, a model difference for the high

background start model (figure 5.8) is shown in figure 5.8b.

Figures 5.9 and 5.10 show quantitative well log comparisons between each start
model and the very good start model. Well logs are taken from the left and right
sides of the model for this purpose. From the well logs, it is evident that the start
model in each case only contains the very low wavenumbers and is lacking the
intermediate wavenumbers necessary for building the higher wavenumbers during
the inversion process. The lack of low frequencies in the inversion excludes the
application of conventional FWI, as conventional FWI depends largely on the
availability of low frequencies and a fairly good start model for successful inversion

results.

113



5.2

Problem Definition

X = 600m

2000

1750

1500

1250

1000

Depth (m)

=y
o
S

500

250

2000 3000

Velocity (m/s)

X =4800m

2000

1750

1500

1250

1000

Depth (m)

~
a
S

500

250

1500 2000 2500 3000

Velocity (m/s)

4000

3500

2000

1750

1500

1250

1000

750

500

250

2000

1750

1500

1250

1000

750

500

250

X =2000m

2000
1750
1500
1250
1000
750
500
250

1500 2000 2500 3000 3500 4000
Velocity (m/s)

(a)

X =6000m

2000
1750
1500
1250
1000

750

500

250

2000 3000

Velocity (m/s)

4000

(b)

X = 3400m

1500 2000 2500 3000

Velocity (m/s)

3500

X =7000m

2000 3000

Velocity (m/s)

4000

Figure 5.9: Comparisons of well logs from the true model, true background
model (Model-A) and high background start model (Model-C). Red logs represent

the true Marmousi model. Blue logs are the very good start model. Black logs

represent the high background start mofféll.
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Figure 5.10: Comparisons of well logs from the true model, true background
model (Model-A) and low background start model (Model-B). Red logs represent

the true Marmousi model. Blue logs are the very good start model. Black logs

represent the low background start model.
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The start data

Figures 5.11 and 5.13 present sample shot gathers from the high background veloc-
ity start model while Figures 5.12 and 5.14 present their respective data residuals.
The start data presents very minimal useful energies to kick-start conventional
multiscale FWI. The problem clearly gets worse as the experiments discussed in
this chapter begin from 3Hz to 5Hz. The data residuals show an abundance of
reflections and scattered energies. The inversion will depend on these reflections
and scattered energies to invert the model. Building low wavenumbers from re-
flections is not trivial. The next section discuss some of the schemes proposed in

this work to build low wavenumbers from reflections and scattered energies.
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Figure 5.11: Sample predicted data from the smooth, high background start
model
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Figure 5.12: Data residuals for the previous predicted data
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Figure 5.13: Another sample predicted data from the smooth, high background
start model
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Figure 5.14: Data residuals for the previous predicted data
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5.3 Experiment 1 : Reflection FWI with a low background velocity

5.3 Experiment 1 : Reflection FWI with a low

background velocity

The starting model for this experiment is described in the previous section as a

smoothed version of the true model, with a bulk shifting applied using a factor

of 0.9.

5.3.1 Inversion procedures and strategies

The inversion strategies and schemes used in these reflection experiments are
combinations of the MBTT (Chavent and Clément (1993)) and multiscale (Bunks
et al. (1995)) FWI schemes. In the first scheme used in this project, the inversion
proceeds by iterating between low wavenumber (tomographic) components and
the high wavenumber components of the gradient, generated using ONLY the
vertical components of the wavefields. The high wavenumber model updates are
initially injected into the model. These are expected to be wrong in amplitudes
and positions. Their sole purpose is to generate back-scattered and reflection
energies which are used in computing the low wavenumber updates. Two novel
additions are introduced in this scheme compared to the conventional implemen-
tation of the MBTT scheme (Xu, Chen, Lambaré, Zhang, Wang et al., 2012).
First, we compute the high and low wavenumber updates using only the vertical
components of the wavefields. Second, we discard the high wavenumber updates
after each frequency run. The inversion procedure is summarised in the scheme

below

1. Start from a smooth model

2. Correlate wavefields propagating in opposite directions — high

wavenumber update

e One iteration with an exaggerated step length
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5.3 Experiment 1 : Reflection FWI with a low background velocity

(a) Observed data (b) Synthetic data

Figure 5.15: Comparison between shot data

122



5.3 Experiment 1 : Reflection FWI with a low background velocity

3. Correlate energies propagating in the same direction — low wavenumber

update
e Ten iterations with an accurate step length compute
e Remove rough updates on completion
4. Do one iteration step 1 with true step-length
5. Repeat steps 2 - 4 Increase Frequency
e Do this for ten frequencies between 5 and 10Hz
6. Apply gentle Gaussian low-pass filter
7. Conventional FWI

e 60 ietrations from 5 to 10Hz

In the second scheme used in this project (Chapter 6), we proceed to initially
using the horizontal wavefield components. Because these are mainly turning
waves, their depths of penetration are limited to the shallow regions. When the
background velcities of the shallow regions have been built using the horizontal
components, we proceed to using the vertical wavefields components as described
in the scheme above. This scheme is applied to the blind data experiment and

detailed in chapter six of this thesis.

5.3.2 Results from the low (slow) background starting

model
Initial inversion updates

Figure 5.16a presents the first high wavenumber update used to build scatter-
ers in the model (step 2 in the strategy presented in the previous section), while
5.16b presents the first low wavenumber update of the inversion process (step 3 in
the inversion strategy). As described in the strategy, the step length for initially

updating the high wavenumer components of the gradient has been exaggerated

123



5.3 Experiment 1 : Reflection FWI with a low background velocity

(usually by a factor between 2.5 and 3.5 of its true value). This has been done to
cause the rough part of the model to be strong enough to generate scattered wave-
fields required to build the low wavenumber updates in the subsequent iterations

at that frequency.

The low wavenumber updates, even at 5Hz, contain only wavenumbers that con-
tribute to building the background velocities of the model. By using only the low
wavenumber components of the gradient initially, the inversion systematically
builds the background model in a wavenumber continuation fashion, (Alkhalifah,

2016). Thus the method is more robust compared to the convention FWI.

Figure 5.18 presents the updated velocity model after completing the runs of
using only the low wavenumbers in the inversion (step 5 of the inversion strategy),
discarding any high wavenumber component was initially injected into the model.
Quantitative analysis of the model is aided by Figure 5.17, which presents well
logs from this updated model. The distribution of wavenumbers present in the
well logs suggests that at this stage of the inversion, only the low to intermediate
wavenumbers are present in the velocity model. Well logs from the right part of
the model (Figure 5.17b) shows a close match between the low to intermediate

wavenumbers present in the model and those recovered so far by the inversion.

Final inversion results

Figure 5.19 presents the final inverted model, whilst Figure 5.20 present well
logs from the final inverted model. Conventional FWI, starting from the model
inverted with the tomographic components of the gradient via FDEWD, has suc-
cessfully recovered the right side of the velocity model. The inversion, however,
hasn’t performed quite successfully on the leftmost part of the model due to lim-
ited energy coverage. The success of the inversion is highly attributed to the
ability of FDEWD to preferentially inject only the low to intermediate wavenum-
bers into the into. This allows for the higher wavenumbers to be accurately

placed, together with their correct amplitudes.
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Figure 5.16: Initial high and low wavenumber updates. The low wavenumber
update contains the wavenumbers needed to build the background model. The
high wavenumber update is cycle-skipped and does not contribute to building the

background model directly
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(b) Logs from the right part of the model

Figure 5.17: Well logs from the Intermediate result, compared with logs from the
start model (Model-B). Black represents the start model, Red represents the true

model, while Blue represents the updated model using the tomographic components

of the gradient.
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0 1000 2000 3000 4000 5000 6000 1000

Figure 5.18: Results obtained by doing tomographic updates of the model start-

ing from 5Hz following the scheme outlined in this section
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Figure 5.19: Final results obtained using finite difference explicit wavefield

decomposition and conventional FWI. Colour scale same as in Figure 5.18
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Figure 5.20: Well logs from the final inversion result, compared with logs from
the start model (Model-B). Black represents the start model, Red represents the

true model, while Blue represents the final updated model.
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5.4 Experiment 2 : Reflection FWI with a high

background velocity

The starting model for this experiment is described in the previous section as a
smoothed version of the true model, with a bulk shifting applied using a factor of
1.05. This is a slightly more difficult problem compared to the low velocity start

model. Hence, the experiment has commenced from 3Hz.

5.4.1 Inversion procedures and strategies

The scheme used in this experiment is similar to the low velocity case.

1. Start from a smooth model

2. Correlate wavefields propagating in opposite directions — high

wavenumber update
e One iteration with an exaggerated step length

3. Correlate energies propagating in the same direction — low wavenumber

update
e Ten iterations with an accurate step length compute
e Remove rough updates on completion
4. Do one iteration step 1 with true step-length
5. Repeat steps 2 - 4 Increase Frequency
e Do this for ten frequencies between 3 and 8Hz
6. Apply gentle Gaussian low-pass filter
7. Conventional FWI

e 60 iterations from 5 to 10Hz
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5.4 Experiment 2 : Reflection FWI with a high background velocity

5.4.2 Results from the high (fast) background starting

model
Initial results from the high background starting model

The initial results from the low wavenumber components of the update are shown
in Figures 5.22 and 5.23. These results show well logs from the true model, Model-
A, Model-C (used as the starting model to drive the inversion) and the recovered

velocity model. See section 5.2 for a review of the model definitions.

In Figure 5.22, a comparison of the tomographic result and the start model is
shown. In general, the inversion has been dominated by low to intermediate
wavenumbers, as evident on the logs. These tomographic updates, injecting the
necessary low to intermediate wavenumbers into the model, are necessary for
the natural wavenumber continuation recipe required for successful FWI. The
accuracy of the positions of these updates can be assessed by comparing the
tomographic updates with Model-A (Figure 5.23). The well logs from the left
side of the model, dominated by low wavenumbers, match more closely compared
to the well logs from the right side of the model. It will be noted that the right
side of the Marmousi model has structures, with dips varying in degrees and

directions.
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Figure 5.21: Initial high and low wavenumber updates. The high wavenumber
updates are initially injected into the model. These then generate scattered ener-

gies used in building the low wavenumber updates during subsequent iterations.
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Figure 5.22: Well logs from the initial result (3 to 6Hz), compared with logs
from the start model (Model-C). Black represents the start model, Red represents
the true model, while Blue represents the updated model. The surface location of

each log is shown on the log.
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Figure 5.23: Well logs from the initial result (3 to 6Hz), compared with logs
from the very good start model (Model-A). Black represents the the very good start
model, Red represents the true model, while Blue represents the updated model.

The surface location of each log is showg on the log.
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Final results from the high background starting model

The final model obtained using the migration-demigration strategy explained in
the previous section is shown in Figure 5.25, while well logs comparisons are
shown in Figure 5.24. The inverted model shows a recovery of both the residual
low wavenumbers missing from the previous stage (Figure 5.26), and the required
high wavenumbers. The amplitude of the recovered model also match those of the
low wavenumbers. Sample shot data generated from the final model are shown
in Figures 5.27, 5.34 and 5.35.

The results obtained show that finite difference explicit wavefield decomposition,
combined with full waveform inversion, has recovered both the low wavenumber
and the high wavenumber components of the model. The data modelled from
the recovered model predicted offset that were never included in the inversion,

suggesting the robustness of the method and the accuracy of the results.

Traces from the start, recovered and true models are also compared in Figures
5.28 to 5.33, for a sample shot from the right side of the model; and Figures 5.36
to 5.41, for a sample shot gather from the left side of the model.

In both scenarios, the near traces show that only the direct arrivals are matched
for the start model. However, for the recovered model, all arrivals seem to match
in amplitudes and phases. The mid traces show an interesting situation when the
phases and amplitudes that were mismatched in the start model are subsequently

matched in the recovered model.

Finally, the near traces also show a close and good match for the recovered and

true model traces.
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Figure 5.24: Well logs from the final inversion result, compared with logs from
the start model (Model-C). Black represents the start model, Red represents the

true model, while Blue represents the final updated model.
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~§/i

Figure 5.25: Final results obtained using finite difference explicit wavefield

decomposition and conventional FWI
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Figure 5.26: Inverted models and its residuals
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(a) Shot from inverted model

(b) Shot from true model

Figure 5.27: Sample shot data from the right side of the model, computed using
the inverted model
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Figure 5.28: Comparison of near traces from the shot gather in Figure 5.27.
The red traces represent those from the start model, while the black are from the

true model.
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Figure 5.29: Comparison of near traces from the shot gather in Figure 5.27.
The red traces represent those from the recovered model, while the black are from

the true model.
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Figure 5.30: Comparison of mid traces from the shot gather in Figure 5.27.
The red traces represent those from the start model, while the black are from the

true model.
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Figure 5.31: Comparison of mid traces from the shot gather in Figure 5.27.
The red traces represent those from the recovered model, while the black are from

the true model.
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Figure 5.32: Comparison of far traces from the shot gather in Figure 5.27. The
red traces represent those from the start model, while the black are from the true

model.
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Figure 5.33: Comparison of far traces from the shot gather in Figure 5.27. The
red traces represent those from the recovered model, while the black are from the

true model.
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(a) Shot from inverted model

(b) Shot from true model

Figure 5.34: Sample shot data from the center of the model, computed using
the inverted model
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(a) Shot from inverted model

(b) Shot from true model

Figure 5.35: Sample shot data from the left side of the model, computed using
the inverted model
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Figure 5.36: Comparison of near traces from the shot gather in Figure 5.35.
The red traces represent those from the start model, while the black are from the

true model.
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Figure 5.37: Comparison of near traces from the shot gather in Figure 5.35.
The red traces represent those from the recovered model, while the black are from

the true model.
148



5.4 Experiment 2 : Reflection FWI with a high background velocity

|
LR

a N L

—
—
—

—=

-

=

]

-

-

AW

ry

-..'...At'ﬁ- ~JULN li.‘

e

T T T T T
230 232 234 236 238 240

Figure 5.38: Comparison of mid traces from the shot gather in Figure 5.35.
The red traces represent those from the start model, while the black are from the

true model.
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Figure 5.39: Comparison of mid traces from the shot gather in Figure 5.35.
The red traces represent those from the recovered model, while the black are from

the true model.
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Figure 5.40: Comparison of far traces from the shot gather in Figure 5.35. The
red traces represent those from the start model, while the black are from the true

model.
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Figure 5.41: Comparison of far traces from the shot gather in Figure 5.35. The
red traces represent those from the recovered model, while the black are from the

true model.
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Chapter 6

Blind Data Example

This chapter discusses an application of the inversion scheme developed in this
thesis to a blind synthetic dataset. The chapter begins with a description of the
raw dataset, the initial model and a sample well data provided. It continues with
a review of the basic pre-processing steps applied to the data. The inversion
scheme applied is then presented. A discuss of the inversion results and their
evolution through the iteration steps then follows. Finally, the chapter concludes

with a summary of the work done with the synthetic blind data.

6.1 Problem Set-up

The problem is the inversion of a 6 km deep velocity model using a dataset with a
maximum offset of 8km. The problem is further compounded by the presence of
a velocity inversion layer in the model. The dataset is courtesy Chevron Corpo-
ration (hereafter Chevron). The dataset distributed in the summer of 2014, was
called 72D MARINE ISOTROPIC ELASTIC SYNTHETIC SEISMIC BENCH-
MARK?”. Chevron is yet to release the true model, so the dataset as at the time of
writing this report could be considered "real”. There has been some publications
based on this dataset, and we hope to match the results here with some of those

results.
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6.1 Problem Set-up

A source wavelet and a 1-D velocity model (with the sea bed accurately place)

are provided to start the inversion. Finally, Chevron provided a well log from a
depth of 1000m to a depth of 2450 m (figure 6.1). This well log shall not be used

to constrain the inversion in any way. However, it will serve as a quantitative

verifier of the inversion results around its location.
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Figure 6.1: Well log and source wavelet provided by Chevron
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6.1 Problem Set-up

6.1.1 Data

The dataset provided comprises one SEG-Y formatted file containing the observed
seismic data. The observed data was modelled using an isotropic elastic forward
modelling program, with the free surface multiples left in the data. The water

velocity was fixed at 1510 m/s.

An exploratory analysis of the a sample shot gather (Figure 6.2) from the dataset
reveals that he data is limited in offset and it is dominated by reflections and
multiples. There is limited amount of turning waves. These can be used for

building the very shallow parts of the model.

6.1.2 Start Model

Figure 6.3 shows the start velocity model provided, which measures 48km by
6km. The model is essentially a 1-D layer model with a velocity inversion layer

at about 2.2km. The seabed geometry has been provided in the start model.

A plot of the values of the starting velocity at the well location shows that it is

relative faster than the true velocity at the well location (figure 6.5).
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Figure 6.2: Sample Shot Data (with full bandwidth)
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6.1 Problem Set-up

Figure 6.3: Initial model provided. Notice the well defined nature of the sea bed

6.1.3 Source Wavelet

The source wavelet given is a farfield wholespace (no ghost) source wavelet file.
The original source wavelet and its frequency spectrum are shown in figure 6.6.
The original source wavelet was sampled at 0.6 ms, and was therefore re-sampled

to 2 ms.

6.1.4 Geometry

The following geometry described the acquisition and recording of this dataset.

In this experiment, we maintained the original geometry and did no form of

reciprocity or some other adjustments to the original geometry
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Figure 6.4: Sample Shot Data for a low pass filtered source propagated through
the start model. There is a rich supply of transmission energies in this data,

which can help in building the overburden via transmission FWI
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Velocity comparison at the well location
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Figure 6.5: Well data comparison between the initial model and the true model

159



6.1 Problem Set-up

Original Source Wavelet  Ormsby Filtered Source Wavelet

0 0 ‘
200 200
400 400
600 600
0 800 | | @ 800t
£ 800 c
c c
o 1000 1o 1000} ’
£ £
1200+ 1200+
1400 1 1 1400+
1600 | 1 1600
1800 1 1800+
L | | 2000 | |
0 05 1 15 0 05 1 15
Amplitude Amplitude

Figure 6.6: Original source wavelet and a low pass version (Ormsby : 2.5 - 4.5
-0.6-98)
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6.2 QC and Pre-processing

Acquisition Parameter Value

Source Depth 15 m
Cable Depth 15 m
Shot Spacing 25 m
Receiver Spacing 25 m
Minimum Offset 0m
Cable Length 8000 m

Number of Channels 321
Near Channel Number 1
Record length 8.0s

Sample Interval 4ms

Table 6.1: A summary of the acquisition parameters
6.2 QC and Pre-processing

The very minimal pre-processing was applied to the data and source wavelet in
form of a low pass filter, to ensure that only permissible frequencies as dictated by
the computational mesh are allowed into the source wavelet and the data. Figure
6.6 shows the source wavelet and a low pass version of it. An Ormsby filter with

edge frequencies 2.5,4.5, 7.5 9.5 Hz was used as the low pass filter.

It is pertinent to stress here that the wave propagation via FDEWD is highly
sensitive to spikes around time t=0, compared to the conventional finite difference
modeling. A workaround to this is to zero pad the wavelet around t=0, and gently
damp the amplitudes from t=0 towards the negative time axis. This ensures that
the amplitude of the wavelet starts from zero, and gradually grows to its value

at t=0. Storage of the energies can then begin at t=0.
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6.3 Inversion Strategies
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Figure 6.7: Near Trace Plot
6.3 Inversion Strategies

The following strategy was employed in inverting this dataset. (1) The available
turning waves are used in building the shallow parts of the model. (2) Reflection
FWI (via finite difference wavefield decomposition) is then used to build the
macro model for the deeper parts of the model. (3) Conventional FWI then uses

the output from process (2) and complete the FWI exercise.
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6.3 Inversion Strategies
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Figure 6.8: Observed Data filtered to acceptable propagation frequency using a
25 m mesh
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6.4 Results

6.4 Results

6.4.1 Frequency continuation FWI

Conventional FWI using frequency continuation (without data muting) was ap-
plied on the data. The results for this variant of FWI are shown in figures 6.9.
These result give an idea of where have come from in terms of inverting datasets

dominated with reflection energies, as they show how bad things can get.
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Figure 6.9: Inverted results from conventional FWI

164



6.4 Results

6.4.2 Transmission FWI without muting

Traditional methods of doing transmission FWI involve data muting. However,
the scheme developed in this thesis allows for transmission FWI on the full
datasets, using only the horizontal components of the wavefields. This tech-
niques was used to build the shallow parts of the model. The results are shown
in Figures 6.10 and 6.11. These results show the performance of the FDEWD in
yielding correct gradients for the shallow parts of the model by optimally utilising

the horizontal components of the wavefields.

Cummelative Update after 24 iterations
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Figure 6.10: Gradients from transmission mode FWI via the use of the hor-
izontal component of the wavefields in FDEWD. Here, horizontal smoothing is
applied to the gradient.
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6.4 Results
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Figure 6.11: Enhanced gradient from transmission mode FWI via the use of the
horizontal component of the wavefields in FDEWD. Here, the horizontal smooth-

ing is varied and applied to the gradient. A vertical adaptive weighting factor was

applied to enhance shallow parts of the gradient
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6.4 Results

6.4.3 Reflection FWI via finite difference wavefield de-

composition

Reflection FWI benefits from a good starting model in the overburden. The final
model of the transmission FWI on this dataset is therefore used as a starting
model for the reflection FWI discussed here.

The strategy employed is as described in the previous section. The first migration
update is shown in Figure 6.12. It has the necessary high wavenumbers that would

act as scatterers in the subsequent build up of the macro model.

The final model recovered via the reflection mode FWI is shown in Figure 6.15.
This model is then fed into a conventional FWI engine, and the overall recovered
model is shown in Figure 6.16. A discussion of this result and how it compares

with results from other variants of FWI is presented in the next chapter.

Cummulative Gradient After Reflection FWI
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Figure 6.12: Initial gradient model from reflection mode FWI via the use of the
vertical component of the wavefields in FDEWD. The start model for this mode
was the model derived from the transmission mode FWI
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6.4 Results

Velocity comparison at the well location

1000 — l l
= True Velocity
—Start Velocity
== Recvd Velocity
15001
€
£
-
Q
)
0
20001

2500 ‘ | |
2000 2500 3000 3500 4000
Velocity in m/s

Figure 6.13: Well data comparison between the initial model, the recovered

model from transmission FWI and the true model
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6.4 Results

Velocity comparison at the well location
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Figure 6.14: Well data comparison between the initial model, the recovered

model from recovered FWI and the true model
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6.4 Results

Deep Model Update (Reflection FWI)
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Figure 6.15: Model obtained when FWI is applied on the model obtained from
transmission F'WI
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Figure 6.16: Finall results of finite difference explicit wavefield decomposition
and subsequent FWI
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6.5 Discussion

6.5 Discussion

The results of this blind dataset have been published by a few authors (Warner
et al. (2015), Alkhalifah (2016)). While Warner et al. (2015) made use of Adaptive
Waveform Inversion (AWI) (Warner and Guasch (2014)), Alkhalifah (2016) used
scattering angle filter. These results (figures 6.17 and 6.19) match with the results
gotten in this thesis (figure 6.20).

A common feature with all the results is that they all built the overburden quite
accurately, except for the edges, where AWI out-performs both other methods.
Also, none of the methods was used to solely for the inversion of the dataset.
Each method builds a model good enough to kick-start conventional FWI. FWI

is then used in all cases to complete the inversion.

An advantage of FDEWD method over the other methods compared here is per-
haps the minimal amount of pre-processing done on the data before commencing
the inversion proper. While various inversion schemes rely of performing various
filtering, muting and decimation techniques to tune the input data and make
it amenable to the inversion scheme, FDEWD really does little or none of the

afore-mentioned pre-processing prior to inversion.

While the potential of the scheme to invert data at reservoir depths has been
shown and discussed in this chapter, indeed the scheme still has many unexplored

areas and these will be surveyed in the concluding chapter.
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6.5 Discussion
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Figure 6.18: Published results on the dataset using AWI and subsequent FWI
(Warner et al., 2015)
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6.5 Discussion
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Figure 6.19: Published results on the dataset using scattering angle filters and
subsequent FWI (Alkhalifah, 2016)
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Figure 6.20: Finall results of finite difference explicit wavefield decomposition
and subsequent FWI
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Chapter 7

Concluison

7.1 Conclusion

The finite difference method (Durran, 2013; Mitchell and Griffiths, 1980; Smith,
1985) is widely used in the geophysics community to model the propagation of
waves through material media (Marfurt, 1984; Moczo et al., 2000). These wave-
fields have been used in Fourier decomposition schemes (Liu et al., 2011; Wang,
Chauris, Donno and Calandra, 2013) to achieve directional separation of wave-
fields. These wavefields have been known to suffer from evanescent energies due

to energies propagation at right angle to the direction of separation.

The full potential of the finite difference modelling in realising a clean, seamless
and evanescent free Fourier decomposition of wavefields has not been realised
until now. In this thesis, it has been shown that the standard finite difference
method offers clean separation of the wavefields in orthogonal directions, with
very negligible noise. The scheme has been called the finite difference explicit
wavefield decomposition (FDEWD). It is based on based separating the wavefields
into orthogonal directions on the finite difference grid, and storing snapshots of

these orthogonal wavefields (Irabor and Warner, 2016).

In this thesis, the finite difference explicit wavefield decomposition has been de-

rived and formulated. Snapshots of two orthogonal component wavefields are
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7.1 Conclusion

stored compared against conventional finite difference schemes that store snap-
shots of just one wavefield (the total wavefield). However, with compact finite
difference schemes (Lele (1992), Jo et al. (1996), Chen et al. (2013) ), wavefields
propagating in more directions are stored. Hence, it is possible to have more sep-
aration in along these directions. Expressions for the various gradients possible

with this scheme have also been derived.

This FDEWD scheme has been applied to reflection FWI in this thesis. However,
it is also possible to apply this scheme in other domains of FWI as outlined in

this chapter.

Reflection FWI

In this thesis, two examples of the application of the FDEWD scheme to reflection
FWI have been shown. The scheme used is a variant of the MBTT scheme
(Chavent and Clément, 1993). In the synthetic example shown, the performance
of the method was compared to that of a conventional multi-scale FWI, and was
seen to yield better performance. The experience has been carefully to mimic a
real case where the starting model is poor and the recorded wavefields are lacking
very low frequencies. Earlier in the iteration, the tomographic components of the
wavefields were used in improving the start model. The inversion engine was later

switched to conventional FWI when a reasonable start model has been achieved.

In the blind data example the FDEWD scheme accurately inverted the shallow
parts of the model, as evident in the tight match between the provided well log
and the inverted model. The scheme, as implemented in this thesis, was unable
to invert the velocity inversion layer. It did, however, improved the deeper parts
of the model.

Macro Model

The tomographic update generated by an MBTT-style inversion scheme is closely

dependent on the ability of the scheme to cleanly separate wavefields into direc-
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7.2 Recommendation and Future Work

tional components. The FDEWD generates low wavenumber macro models as it

is able to produce cleaner directional wavefields.

An integrated FWI scheme

Conventionally, FWI proceeds by initially muting all arrivals the transmission and
turning waves. This approach is to force the inversion to makes of the turning
waves and transmission in building the low wavenumbers of the model early in the
inversion process (Warner et al., 2013). This method involves defining an inner
geometric filter to mute the initial unwanted energies. This is a a semi-automatic
process that becomes demanding as the orientation of the sea-bed changes rapid

laterally.

An alternative approach is to employ the FDEWD without any Fourier decompo-
sition. In this approach, the horizontal components of the wavefields, composed
largely of transmission and turning waves, are used in the initial stages of the in-
version. This approach waves the extra steps of having to define a inner geometric

filter used to mute the energies.

7.2 Recommendation and Future Work

Effective Combination of Gradient Components

The thesis has exploited the FDEWD in an MBTT scheme. A scheme worth
investigating is the performance of the FDEWD in a sub-space scheme (Kennett
and Williamson, 1988; Oldenburg et al., 1993; Rawlinson and Sambridge, 2003).

FDEWD and scattering angle filters

Wavefield decomposition by scattering angle filtering (Alkhalifah, 2016) yield to-
mographic updates capable to building start model for conventional FWI. A study
of how the FDEWD scheme can be combined with methods like the scattering
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7.2 Recommendation and Future Work

angle filtering scheme can provide additional benefits of the application of the
method.

3D acoustic, Elastic and Anisotropic decomposition

This method so far has been tested with 2D dataset. It is recommended to
further extend the method to 3D acoustic case, elastic case and anisotropic case.
It is hoped that some other application of this scheme might be realised by such

extension.

reverse time migration

Wavefield decomposition techniques have been applied previously in muting low
wavenumber noise associated with reverse time migration (Liu et al., 2011). The
noise is due to the tomographic component of the RTM. FDEWD scheme should

be able to eliminate the low wavenumber noise of the RTM update.
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Appendix A

Wavefields

A.1 Evolution of wavefields through the Mar-

mousi model
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A.1 Evolution of wavefields through the Marmousi model
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Figure A.1: Evolution of a wavefield in time through a section of the Marmousi
model. Shot position is on the left side of the model
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A.1 Evolution of wavefields through the Marmousi model
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Figure A.2: Evolution of a wavefield in time through a section of the Marmousi
model. Shot position is on the right side of the model
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Appendix B

Intermediate Wavenumbers

181



fe— —
"
===

(a) Conventional FWI gradient

2000

0 1000 2000 3000 4000 5000 6000 7000
. . . L L . .

0.75

5001 050

0.25
1000 4 0.00
-0.25

1500 050

-0.75

-1.00

2000 T T

(b) FDEWD tomogralhic gradient

Figure B.1: Comparison between the conventional FWI gradient and the tomo-
graphic gradient from FDEWD using only the vertical wavefields. Both gradients

are generated at 3Hz
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Figure B.2: Comparison between the conventional FWI gradient and the tomo-
graphic gradient from FDEWD using only the vertical wavefields. Both gradients

are generated at 4Hz
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Figure B.3: Comparison between the conventional FWI gradient and the tomo-
graphic gradient from FDEWD using only the vertical wavefields. Both gradients

are generated at S5Hz
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Figure B.4: Comparison between the conventional FWI gradient and the tomo-
graphic gradient from FDEWD using only the vertical wavefields. Both gradients

are generated at 6Hz
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Figure B.5: Comparison between the conventional FWI gradient and the tomo-
graphic gradient from FDEWD using only the vertical wavefields. Both gradients

are generated at THz
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(a) Conventional FWI gradient
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are generated at 8Hz
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