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Abstract

Equipment degradation is a common phenomenon in engineering applications. Unexpected
equipment failures can lead to process downtime and significant cost. Information regarding
the health of equipment is often uncertain and based on limited, potentially noisy or corrupted
data. Optimising the production and maintenance of technical processes often requires taking
these challenging aspects into consideration. To this end, this thesis applies data-driven robust
optimization to applications with degrading equipment and develops new methods and tools in

the process.

As a first step, we consider a variant of the state-task-network with uncertain equipment degra-
dation. We use data-based stochastic process models common in condition-based maintenance
to construct uncertainty sets. This allows us to incorporate information from the stochas-
tic models into a process level mixed-integer optimization problem while retaining computa-
tional tractability. We apply this framework to several instances of the state-task-network
and demonstrate that it can efficiently compromise between equipment availability and cost of

maintenance.

Next, we extend our approach to an industrial drill scheduling case study. The uncertain
degradation in this problem is represented by black-box constraints. We model these uncertain
functions using (warped) Gaussian processes, use the models to generate uncertainty sets, and
develop new reformulations for the resulting robust optimization problems. Unlike most robust
optimization problems, this approach considers uncertain functions, not uncertain parameters.
We analyze convexity conditions and propose a custom global optimization strategy for non-

convex cases. The approach effectively mitigates uncertainty in the learned degradation curves.

Finally, we aim to make the methods developed and robust optimization as a whole more ac-
cessible to practitioners. To this end we introduce ROmodel, a Python package that extends
the modeling capabilities of the popular modeling language Pyomo to robust optimization
problems and automates the reformulation of robust optimization problems. ROmodel allows
the definition of custom uncertainty sets using Pyomo constraints, but also contains a library
containing commonly used uncertainty sets and our (warped) Gaussian process-based sets. RO-
model implements both robust reformulation and a cutting plane based solver. We demonstrate

ROmodel’s capabilities by applying it to a number of instances of several case studies.
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Chapter 1

Introduction

Robust optimization first emerged as a method for optimization under uncertainty when Soys-
ter [6] introduced the concept in 1973 and gained traction after seminal works by Ben-Tal and
Nemirovski [7] and Bertsimas and Sim [8]. Since then, the field has seen many contributions
and subfields such as distributionally robust optimization, data-driven robust optimization,
non-linear robust optimization, and more have emerged. Robust optimization has been ap-
plied to many applications, especially within process systems engineering, but has not yet been

applied to uncertain equipment degradation.

1.1 DMotivation and objectives

The purpose of this thesis is to explore the applicability of robust optimization to new, relevant
engineering applications, in particular uncertain equipment degradation. To this end, this work

aims to accomplish a number of objectives:

1. Apply robust optimization to novel, interesting applications with uncertain equipment
degradation and explore the effect uncertainty has on optimal decision making in these

problems.



2 Chapter 1. Introduction

2. Develop novel robust optimization methods for efficiently incorporating data-driven, stochas-

tic models into (process-level) optimization problems. Stochastic models are often used

to model equipment degradation in the condition-based maintenance literature.

3. Develop tools to make the transition from deterministic to robust optimization easier and
to facilitate the development and comparison of new robust optimization reformulations

and algorithms.

1.2 Contributions

In line with the objectives outlined above, the contributions of this work fall into three cate-

gories.

We explore the application of robust optimization to two engineering problems with uncertain
equipment degradation. First, we consider a version of the classic state-task-network which
combines scheduling with a planning horizon and maintenance scheduling. We consider un-
certainty in equipment degradation and demonstrate how this uncertainty affects the optimal
decision. We then consider a drill scheduling problem which combines maintenance scheduling
with a non-linear, non-convex drillbit-rock interaction model. We again consider uncertainty

in equipment degradation.

We develop methods for incorporating multiple types of stochastic problems into optimization
problems using robust optimization. We use Lévy type stochastic processes which are commonly
used as degradation models in condition-based maintenance to generate uncertainty sets for
robust optimization. We also show how (warped) Gaussian processes can be incorporated
into process level optimization problems using a chance-constraint reformulation and develop
a Wolfe duality-based reformulation for optimization problems containing warped Gaussian

processes.

Finally, we present two open-source projects. The first project, ROmodel, extends the Pyomo

modeling language to facilitate intuitive modeling of robust optimization problems. It makes
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it easy to transition from deterministic to robust optimization and to compare different types
of uncertainty sets and solution methods. It is also extensible and can act as a platform for the
development of new uncertainty set geometries, reformulations, and algorithms. The second
project, ROGP, can be used to incorporate (warped) Gaussian processes into Pyomo models.
The combination of both projects makes our methods for optimization with Gaussian Process-
based constraints very easy to apply. (Warped) Gaussian processes trained in the Python

library GPy can directly be used to specify custom uncertainty sets in ROmodel.

1.3 Thesis Outline

Chapter 2 introduces some important robust optimization concepts as well as the stochastic
processes used throughout this thesis. Chapter 3 discusses the problem of uncertain equipment
degradation using the example of the state-task-network and shows how robust optimization
can be used to incorporate information from stochastic degradation models into process level
optimization. Chapter 4 extends this by considering (warped) Gaussian processes as degrada-
tion models for a drill scheduling case study. To this end it develops new robust reformulations
for optimization problems with black-box constraints modeled by (warped) Gaussian processes.
Finally, Chapter 5 presents ROmodel, an open-source extension of the modeling language Py-

omo which can model and solve robust optimization problems.



Chapter 2

Background theory

2.1 Introduction

This chapter provides a short summary of robust optimization. We also discuss data-driven
approaches in robust optimization and review stochastic models commonly used in process

systems engineering.

2.2 Robust optimization

Consider a generic robust optimization problem:

IHEi)I(l f(x) (2.1a)
st. g(x,&) <b Ve eU, (2.1b)

where & € R" is the vector of decision variables, & € R™ the vector of uncertain parameters,
f(+) the objective function, g(-, -) an uncertain constraint, A a non-empty, compact set contain-
ing possible realizations of &, and X is the certain feasible region (which does not depend on &).
We assume f and g are continuous. Note that the objective does not depend on & and that we

are only considering a single constraint. This formulation is without loss of generality, because

4
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an uncertain objective can always be transformed into an uncertain constraint using an epi-
graph formulation and because robust optimization usually considers each uncertain constraint
separately (although there are settings where constraints can be modeled jointly [9, 10]). In
robust optimization, it is often useful to rewrite Constraint (2.1b) as an inner maximization

problem, leading to an equivalent bilevel formulation [11]:

gsnei)r(l f(x) (2.2a)
s.t. 12162}3(9(:1:,5) <b. (2.2b)

The complexity of Problem (2.1) and the applicable solution techniques largely depend on the
convexity /concavity of f(x), g(x, &), X, and U with respect to & and € [12]. Four categories

of problems exist:

1. g(x,&) and f(x) are convex in & and concave in & and U and X are convex.

2. g(x, &) is concave in & and U is convex, but g(x, &) or f(x) is non-convex in x or X is

non-convex.

3. g(x,&) and f(x) are convex in & and X is convex, but g(x, £) is non-concave in & or U

1S non-convex.

4. g(a, &) is non-concave in & or U is non-convex and g(x, &) or f(x) is non-convex in @ or

X is non-convex.

Fig. 2.1 summarizes which methods are applicable to each category. Most work in the robust
optimization literature falls into to category 1, also called convex robust optimization. cate-
gory 1 includes linear programming problems with different types of convex uncertainty sets,
e.g., box sets [6], ellipsoidal sets [7], and polyhedral sets [8]. It also includes non-linear convex
problems, e.g., convex-quadratic problems [9, 13|, semi-definite programs [9], or general convex
constraints [14]. Both robust reformulation approaches and robust cutting planes have been

applied extensively category 1 and solutions can often be obtained in polynomial time.
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outer minimization

convex non-convex
Category 1 Category 2
% | convex robust mixed-integer
5 Z| optimization: robust opt.,
% S reformulation, global robust
g cutting planes optimization
i
<
g y Category 3 Category 4
§ % semi-infinite semi-infinite
Z|8| programming, programming,
g| approx. robust approx. robust
= optimization optimization

Figure 2.1: Complexity of Problem (2.1) for different convexity assumptions for the outer
minimization and inner maximization in Problem (2.2). The inner maximization is non-convex
when ¢(+) is non-concave or U is non-convex.

Categories 3 and 4 are generally much harder, because the inner maximization Problem (4.9Db)
is a non-convex optimization problem. Furthermore, even finding a feasible solution to Prob-
lem (2.1) requires solving this non-convex problem to global optimality. Problems in these
categories can generally only be solved using semi-infinite programming techniques [15, 16, 17],
which are limited to small scale problems, or approximate robust optimization schemes [18, 19,

20, 21].

Category 2 has received limited attention in the robust optimization and semi-infinite program-
ming communities [22, 23, 24]. A particular subclass, (non-convex) MILP problems, has been
studied extensively in the process systems engineering literature, e.g., several robust planning
and scheduling applications [25, 26, 27, 28]. An example of a non-linear problem in cate-
gory 2 to which robust optimization has been applied is the pooling problem [29]. The same
methods (both reformulation and cutting plane approaches) which are used to solve problems
in category 1 are generally also applicable to category 2, but solutions can rarely be found
in polynomial time. Solving such problems effectively therefore requires a tighter integration

between robust optimization and global optimization techniques.
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2.2.1 Reformulation approaches

The robust reformulation approach was first proposed by Soyster [6] for LPs with a box uncer-
tainty set and has since been developed for many classes of problems [7, 8, 9, 13, 14]. These
approaches generally utilize strong duality by replacing the inner maximization in Problem (2.2)

with its dual minimization problem:

min f(x) (2.3a)
o <
s.t. min g (x,A) < b, (2.3b)

where ¢g*(-, -) is the objective of the dual problem, A are the dual variables, and A is the feasible
space. Problem (2.3) can clearly be written as a single level optimization problem which can

often be solved using off-the-shelf solver software:

2en /@) (24
s.t. g"(x, A) <b. (2.4b)

2.2.2 Cutting plane approaches

Robust cutting plane approaches outer-approximate the feasible space by replacing the uncer-
tainty set U with a finite number of uncertainty realizations Uf,, = {&1,...,&,}. A robustly
feasible solution is found by iteratively adding uncertainty realizations which violate the con-

straint. The key idea is to alternately solve a master problem:

x, = argmax f(x) (2.5a)
TeX

st gz, &) <b, VEel,, (2.5D)
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and a separation problem:

€n+1 € argmax g(mmé)a (26)
geu

which determines whether the current solution @, is robustly feasible (r?a[}( g(x,, &) <0) and,
€

if it is not, generates a new cut &,,.

Robust cutting planes are similar to the concept of backoff in the control literature [30, 31,
32, 33]. The backoff approach generally also starts by solving the nominal problem and then
subsequently “backing off” to suboptimal but more robust solutions which remain feasible
in light of uncertainty. While the robust optimization approach assumes that the uncertain
parameter is within a known uncertainty set, uncertainty in the backoff approach is usually due

to process dynamics.

2.2.3 Data-driven robust optimization

A common challenge in robust optimization is defining a suitable uncertainty set for a given
application. The approach in data-driven robust optimization is to construct the uncertainty set
from available data. Early approaches in data-driven robust optimization focused on construct-
ing uncertainty sets from data using confidence regions and statistical hypothesis testing [34].
Many recent contributions have utilized machine learning to construct data-driven uncertainty
sets. Campbell et al. [35] construct unions of ellipsoidal uncertainty sets from Dirichlet process
mixture models. Ning and You [36] also use Dirichlet process mixture models but construct
polyhedral sets instead. The Dirichlet approach has the advantage that it can capture multi-
modal uncertainties. It may therefore be particularly applicable to, e.g., chemical engineering
data sets where multimodal uncertainty is common due to distinct operating modes and other
factors. Other contributions use unsupervised learning to construct data-driven uncertainty
sets. E.g. Shang et all [37] use kernel-based support vector clustering to derive data-driven
uncertainty sets while Goerigk and Kurtz (2020) [38] construct sets from the output of an un-

supervised deep neural network. Deep neural networks have also been used in the context of
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distributionally robust and chance constraint optimization. Zhao et al [39] utilize generative
adversarial networks (GANs) to construct empirical distributions based on (noisy) data. They

then create ambiguity sets for distributionally robust optimization based on these distributions.

2.3 Stochastic models

Many of the data-driven robust optimization approaches discussed above use stochastic pro-
cesses to model the data. Stochastic models are often a better choice than deterministic models
because they allow quantifying the uncertainty resulting from noisy or corrupted data. Stochas-
tic processes can be interpreted as probability distributions over functions. As such, they are
particularly useful for modeling uncertainty in functional dependencies based on noisy or cor-
rupted data, i.e., black-box function uncertainty. Simple Lévy type stochastic processes, like
the Wiener or Gamma process, are commonly used in data-based condition monitoring/e-
quipment degradation [40]. Another commonly used class of stochastic processes are Gaussian
processes. Gaussian processes are extensively used as surrogate models in chemical engineering,
but have also been used for applications with black-box uncertainty due to noisy measurements
of functional dependencies [41, 42]. Lévy type processes and (warped) Gaussian processes are
discussed in greater detail in Sections 2.3.2 and 2.3.3. Other stochastic models which have been
applied in the context of data-driven robust optimization include Dirichlet processes, Gaussian

mixture models [35, 36, 43|, and Bayesian networks [44, 45].

2.3.1 Lévy type processes

Lévy type processes are an important class of stochastic processes commonly used in degrada-

tion modeling [46]. They are defined as:

Definition 2.1. Lévy type process [47]. A stochastic process S(t) = {S; :t € T C R},

where Sy is a random variable, with
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1. independent increments: Sy, — Sy, ..., S, — St,_, are independent for any 0 < t; <ty <

o<ty < 00,

2. stationary increments: S; — Ss and S;_s — Sy have the same distribution for any s < t,

3. continuity in probability: limy_o P(|Siin — S¢| > €) =0 for any e >0, t > 0.

2.3.2 Gaussian processes

Gaussian Processes (GPs) are widely used for Bayesian optimization and non-parametric re-

gression [48, 49, 50].

Definition 2.2 (Gaussian process). A continuous stochastic process {Gy : & € R"} where for
every finite set of vectors xi,...,x; the random variables Gg,,...,Gg, follow a multivariate

Gaussian distribution.

A GP can be fully specified by a mean function m(-) and kernel function k(-,-). Given a set
of N data points X = [xy,...,xN], ¥y = [t1,...,yn]|T and using a zero mean function, we can
predict the mean p and covariance matrix > of the multivariate Gaussian distribution defined

by a set of new test points X, = [x],...,x}]:

p(X.) = K(X., X)[K(X,X) + 021] '
E(X*) - K(X*, X*)

— K(X,, X)[K(X,X)+ 21 ' K(X, X.),

where o, is the standard deviation of noise in the data, K(X,, X) = K(X, X,)T is the n x N
covariance matrix between test and training points, K (X, X) the N x N covariance matrix
between training points, K (X, X,) the n x n covariance matrix between test points, and I the

identity matrix. We denote the ij-element of ¥ as o7; = o*(x}, z}).
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2.3.3 Warped Gaussian processes

The standard GP approach assumes that the data follows a multivariate Gaussian. While this
assumption allows prediction using simple matrix multiplication, it may not be a reasonable
assumption for non-Gaussian data [51]. A slightly more flexible model, which still retains many
of the benefits of GPs, is the warped GP model. The key idea is to warp the observations z
to a latent space & using a monotonic warping function & = h(z, ¥), where ¥ is a vector of

parameters. A standard GP then models the data in the latent space. The Jacobian 8];9(;) is

included in the likelihood function of the GP and the GP and warping parameters are learned

simultaneously. A common warping function is the neural net style function:

Nw

& =h(z) =2z + Z a; tanh(b;(z; + ¢;)), (2.7)

Jj=1

where a; > 0,b; > 0,Vj to guarantee monotonicity [51, 52, 53] and n,, is the number of
warping terms. Note that we use h(-) to denote the vector version h : R" — R" h(z) =

[h(z1), ..., h(2,)]T, which warps each component individually.



Chapter 3

Uncertain equipment degradation

3.1 Introduction

Most technical processes contain equipment which degrades over time due to its usage. Degra-
dation may lead to serious equipment failures, unless preventive maintenance actions are
scheduled regularly to restore equipment conditions. While frequent preventive maintenance
can keep equipment availability high, it also incurs significant cost. At the same time, unex-
pected equipment failures can lead to loss of production and high corrective maintenance
costs. Finding the optimal balance between preventive and corrective maintenance is difficult,
because degradation tends to be at least partially random and the health state of equipment
can often only be estimated from data subject to uncertainty. To make things worse, scheduling
maintenance activities is not independent from production planning and scheduling. A unit
undergoing maintenance might, for example, be unavailable for production. Furthermore, the
state of equipment health tends to depend not only on the selected maintenance strategy, but
also on the process operating strategy. Operating a process with a high throughput might
enable higher production volumes and more sales, but could also cause more equipment degra-
dation and therefore a higher maintenance cost. These interactions between process conditions,
maintenance strategy, and the equipment’s uncertain state of health make finding optimal and

compatible maintenance and operating strategies a very challenging data-driven optimization

12
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problem under uncertainty.

One way of reducing the equipment maintenance cost is to determine maintenance schedules
based on information regarding the equipment’s state of health collected through condition
monitoring [54]. This is the condition-based maintenance (CBM) paradigm [46, 54, 55, 56].
Due to the increased availability of cheap sensors and thereby large quantities of system health
data, CBM is becoming more attractive [57]. While much attention has been paid to data
collection and processing and prognostic modeling, the objective is usually to minimize the cost
of maintaining a single unit [46]. This means that interaction between maintenance strategies
for each piece of equipment and the operating strategy of the entire process has largely been

neglected.

However, these interactions have been considered by multiple authors in the context of in-
tegrated maintenance scheduling and process optimization. Early approaches in this
field which explicitly model degradation assume constant, known reliability or decay curves [58,
59, 60, 61, 62]. Dedopoulos and Shah [58, 59] combine short-term stochastic scheduling with
long-term maintenance scheduling in a two-step procedure, while Vassiliadis and Pistikopou-
los [61] determine optimal availability thresholds at which maintenance should be performed.
Georgiadis et al. [63] optimize the cleaning and energy management of heat exchanger networks
subject to fouling, which is assumed to follow a known profile. Liu et al. [64] consider schedul-
ing of maintenance and biopharmaceutical batch production with a deterministic performance
decay. Xenos et al. [65] optimize maintenance and production scheduling of a compressor net-
work. The power consumed by the compressors is assumed to increase linearly with operating
time (since maintenance was performed) due to fouling. Zulkafli and Kopanos [66, 67] develop
an optimization framework for simultaneous operational planning and maintenance scheduling
of production and utility systems. They consider extra energy costs caused by performance
degradation. The degradation is assumed to depend on operating time and the production
rate. Aguirre and Papageorgiou [68] consider integrated planning, scheduling and maintenance
under schedule-dependent, deterministic performance decay. Rajagopalan et al. [69] analyze
turnaround rescheduling and apply stochastic programming to manage unplanned outages.

Biondi et al. [70] extend the state-task-network (STN), originally proposed by Kondili et al.
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[1], to account for degrading equipment and different operating modes. They assume that each
unit, after maintenance, has a given maximum residual lifetime and that each task performed on
a unit in a certain operating mode reduces this residual lifetime by a given amount. Noticeably,
none of these authors make use of the wealth of knowledge regarding degradation modeling and
inference from data available from the CBM literature. Furthermore, degradation is assumed

to be deterministic which may not be the case in practice.

Recent works have started to incorporate degradation models from CBM into process level
Mixed-Integer Linear Programming (MILP) problems [71, 72, 73, 74, 75]. Yildirim et al. [71, 72]
formulate an optimization model for generator maintenance and production scheduling. The

cost of maintenance is calculated beforehand using a data-driven degradation model:

cprev (1 _ p{> + Ccorrp{

fg pldr

Cy = )

where ¢; is the predicted cost of performing maintenance at time t given the cost of preventive
(¢?"e*) and corrective (¢®") maintenance. The failure probability p/ = P(unit fails before t)
is calculated from the degradation model. The authors later applied the same approach to
maintenance and operation of wind farms and extended it to include opportunistic mainte-
nance [73]. While this approach starts to incorporate information from more sophisticated
degradation models into process level optimization problems, degradation is still considered to
be deterministic in the MILP optimization. Basgiftci et al. [74] extend this to consider sudden
failures by using stochastic programming and generating scenarios from the underlying degra-
dation model. To the best of our knowledge Basgiftci et al’s [74] approach is the only work

combining stochastic optimization with information from degradation models.

Unfortunately, the aforementioned approach cannot capture effects of the selected operating
strategy on degradation. Since maintenance cost is calculated based on the degradation model
before the optimization problem is solved, the degradation is assumed to be independent of the

operating strategy. In practice this will often not be the case.

This chapter argues for a tighter integration between the sophisticated degradation models used
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in CBM and process level maintenance scheduling and process optimization. To this end we

make multiple contributions:

o We show how Lévy type models, a class of stochastic processes commonly used in degra-
dation modeling, can be incorporated into an integrated maintenance and process MILP
model. Lévy type models include the Wiener and Gamma processes — two very popular
models in CBM. By making the Lévy models parameters depend on a set of operating

modes, equipment degradation too depends on the operating strategy.

o We show how uncertainty and randomness in the equipment’s degradation characteristics
can be incorporated using adjustable robust optimization. We use results from the CBM

literature to efficiently determine the robustness of the obtained solution.

o We prove that, in certain cases, feasible solutions to the adjustable robust optimization
problem can be found by solving a deterministic approximation with worst case values

for the uncertain parameters.

o Realizing that process planning and scheduling can be computationally expensive yet
highly repetitive, we develop a computationally efficient, data-driven way of a priori
estimating equipment failure probabilities. To this end, we generate data using a short-
term scheduling model repeatedly. Using this data, we propose two methods based on
Logistic Regression capable of cheaply generating a large number of long-term schedules

which can be used to estimate failure probabilities.

o We propose Bayesian optimization for efficiently optimizing the uncertainty set. The
uncertainty set size depends on a small number of parameters, but solving the robust
MILP integrated maintenance and process optimization problem can be computationally
expensive. Bayesian optimization is ideal for this kind of low dimensional problem with

expensive function evaluations.

As a challenging case study, we apply the proposed method to an extension of the state-task-

network (STN) [1, 70]. This model combines both planning and scheduling of production and
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maintenance with operating mode dependent equipment degradation. We test our method on

a number of STN instances [1, 2, 3, 4, 76].

3.2 Combining degradation modeling and robust opti-

mization

Following Vassiliadis and Pistikopoulos [61], we assume an integrated production and mainte-

nance scheduling problem of the form

min cost(x, m) (3.1)
s.t. process model(x, m) (1a)
maintenance model(x, m), (1b)

where x are the process variables (continuous and discrete) and m are the maintenance related
variables. The process model includes, e.g., material balances, energy balances, unit constraints,
and the maintenance model includes, e.g., maintenance crew constraints or constraints regarding
different types of maintenance. Note that cost minimization could easily be replaced by profit

maximization.

A health model added to Problem 3.1 accounts for equipment degradation:

mmninh cost(x, m, h) (3.2)
s.t. process model(x, m, h) (2a)
maintenance model(x, m, h) (2b)
health model(x, m, h), (2¢)

where h are health related variables and the health model includes all equipment health or
degradation related constraints. Our first contribution is developing a generic health model

based on the assumption that the equipments’ state of health can be described by Lévy type
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processes, a class of stochastic processes commonly used for modeling degradation in CBM.

3.2.1 Degradation modeling

The premise in degradation modeling is that a degradation signal s"“**(¢) describes the state
of degradation of a unit over time. Signal s™¢*(¢) can either be measured directly or obtained

indirectly from measurements. Two common assumptions adopted in this chapter are that:

(SMAX) The unit fails and requires corrective maintenance when s"¢**(¢) crosses a threshold

gmaz [77]7

(AGAN) s™(t) is reset back to initial value s after preventive maintenance. The unit is

as-good-as-new (AGAN) [78].

The degradation signal s"°**(t) is often modeled by Lévy type stochastic processes [46], which
we have defined in Section 2.3.1. Lévy type processes include both the Wiener and Gamma
processes, which are the most commonly used stochastic processes in the degradation modeling
literature [40, 46, 79, 80]. Due to their independence and stationarity, Lévy type process

increments can be described by

S, —S_ar=D(At),  D(At) ~D(6,At), Vi, (3.3)

where D(At) is a random variable that follows a given distribution D(0, At) with parameters
6. A difficulty, however, arises when D is also dependent on some of the operational variables
x:

D(At) ~ D(6(x), At). (3.4)

This dependence has been addressed by assuming that the operational variables x are piecewise
constant, i.e., the process can only operate in a number of discrete operating modes k €

K [81, 82]. Under this assumption Eqns. 3.3 and 3.4 simplify to

St — Si—at = Z Tkt Dk(At)7 Dk(At) ~ D(ek; At)a (3.5)
kex
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where x, is 1 if the process operates in mode k at time ¢ and 0 otherwise. Note that this
approach is very similar to regime-switching Lévy models used extensively in finance [83].

Biondi et al. [70] use a similar approach in their STN extension.

Much of the degradation modeling literature focuses on estimating 8 and using, e.g., Bayesian
approaches to update it regularly based on new available data [84, 85]. A major advantage of
Bayesian approaches is that 8 can be estimated based on a population of units first and then

individually adjusted to a particular unit [86].

3.2.2 Constructing a health model

We summarize the assumptions on which health model 2c hereafter is based: For each process

meas

unit j, a degradation signal s7 (t) can be obtained from measurements which is modeled well

by a Lévy process S;(t), i.e., increments follow Eqn. 3.5. The unit fails when S;(t) reaches a
maximum threshold s7'** (SMAX) (T7/*" = inf{t € T'|S;; > s7"*"}) and S;(t) resets to an initial
value s} after maintenance (AGAN). Based on these assumptions and assuming a discrete time

formulation, the following health model replaces Eqn. 2c:

Sj0 < s VtieJ

Sjut_l + ZkEK xjvkvt ’ Dj’k7 lf mj’t - O . (36)
Sii = Vt,j € J,

50 otherwise

77

where J is the set of process units and m;; is 1 if a maintenance action starts on unit j at time
t and 0 otherwise. To address the random nature of degradation, the random variables D;
and S;; can be approximated by an uncertain parameter CZM and a deterministic variable s;;

respectively. Assuming that Jj,k is bounded by a compact uncertainty set ¢/, Problem 3.2 can
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be robustified by requiring that all constraints hold for any d~j7k eu:

sjp < 87 Vt,j € J

Sjvtfl + ZkEIC xj7k7t ’ dvjzk7 lf mjvt = 0 7 . (37)
Sj,t = Vd],k 6 u,t,] E <]

sY otherwise

J

This model explicitly considers preventive maintenance. Corrective maintenance becomes nec-

max

essary only when realizations of d; lie outside the uncertainty set & and constraint s;,; < S5

is violated.

Notice that it is generally not possible to choose s;; such that the equality constraint in Prob-
lem 3.7 holds for all values of Jj,k in U, except for the trivial solution x;;+ = 0,Vj, k,¢. This is
because the degradation signal s;, is an analytical variable, not a decision variable. Interpreting
the degradation signal instead as a second stage variable s;, (ozjk> turns Problem 3.7 into an
adjustable robust optimization problem and a linear decision rule can be used to expresses s, ;

as a function of d;, [76]:

Sjt (@k) = [sjalo + > [sjaledn, (3.8)
k

where [s;]o and [s;]x are coefficients which become variables in the adjustable robust problem.
Technically, Jjﬁk should also be indexed by t as every time period constitutes an independent
realization of D,;. Time-indexed uncertain parameters have been previously explored [76],
but they can lead to a large increase in variables, especially for discrete time formulations.

We therefore make the simplifying assumption that uncertainty is only revealed once after all

variables except s;; have been selected.

The health model 3.7 can be reformulated to remove the conditonal equality constraint, result-
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ing in the final formulation:

I;l'}rrll cost(x = [Tjkt, .- .]T,m = [mj¢, .. .]T, h = [s;; (Jjﬁk)]T)

s.t  process model(x, m, h)

maintenance model(x, m, h)

mj7t3? S Sj,t (d}k) S S}nam + mjﬂ‘/ . (S? — Sj,mam) Vt,j € J, delU

(3.9)
7 7 7 0 mazx . 7
Sjt <dj7k> Z Sjit—At (djjk) + ij7k7tdjvk + mj - (Sj — Sj ) Vt,j € J, delU
k

St <dj7k> < Sjt—At (Cijk) + ij,k,t(jj,k vt,j € J, CZ cu.
k

By replacing s, ; (d};& with Eqn. 3.8 in each constraint and using standard robust optimization
reformulation techniques, the health model can be transformed into a deterministic robust

counterpart (see Appendix A).

Consider a deterministic version of Problem 3.9 in which cost, process model, and maintenance

model are not functions of s, (ci]k> and ijk has been replaced by d;”,g”” = maxy ijk:

min cost(x, m)
x,m

s.t  process model(x, m)
maintenance model(x, m)
mj7t3§-) < 554, Vt,jeJ (3.10)
S0 < ST my(s] — $7), Vt,jeJ

max . 0 max .
Sjt > Sji—1+ E Tipad " +myg,t(s) — 7)Yt jeJ
k
max -
Sjt < Sjp—1+ E Tjktlip Vt, g€ J,
k
where s;, is not a second stage variable anymore since there are no more semi-infinite con-

straints. Under certain circumstances, feasible solutions to robust Problem 3.9 can be found

by solving deterministic Problem 3.10:

Theorem 3.1. Given that cost, process model, and maintenance model are not functions of
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djj, and that s9 < sivt = s, < s7 and djy, > 0,Vd;, € U, then a feasible solution (x =
[Thty. ], = [my,...],h = [st]) to Problem 3.10 forms a feasible solution (x = [Tk, ...|,m =

[my, . ..], h =[[st]o, [st]k]) to Problem 3.9 with

sinit t < tm,O
[s:]o = (3.11a)

st >t

sk =D Twa (3.11b)

tl:tm,t

where ™ = s(t = 0), tmo is the first point in time at which maintenance is performed, and

tm,t 15 the most recent point in time at which maintenance was performed.
Proof. See Appendix B O

Theorem 3.1 only guarantees solution feasibility, not optimality. How well Problem 3.10 ap-
proximates Problem 3.9 also depends on the selected uncertainty set. Problem 10 is equivalent
to outer-approximating the uncertainty set &/ with a box. The worst case realization for Prob-
lem 3.9 if U is a box uncertainty set is always the corner of the box defined by dji*, because
more degradation is always worse in the problem. If the uncertainty set U is a box, the outer-
approximation is exact and the solutions of Problem 3.10 and Problem 3.9 are equivalent. For
other uncertainty sets, a solution to Problem 3.10 is a feasible but potentially conservative
solution to Problem 3.9. How conservative this solution is depends on how well the box set

approximates the uncertainty set U.

3.2.3 The uncertainty set

A major decision in robust optimization is the uncertainty set choice. This chapter uses a

simple box uncertainty set

U= {djxld;(1—ejp) < djp < dip(l+€n)}s
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where d;, is the nominal value of ch,k and € is a parameter determining the uncertainty set
size. For this choice of uncertainty set, the worst case realization is attained when d; ) = dj¢*
and the robust problem is equivalent to the deterministic Problem 3.10. Note that this choice
assumes that the random increments D;; are independent, as a box uncertainty set cannot
capture correlation between uncertain parameters. This assumption could be relaxed with a
more complicated uncertainty set, e.g., a polyhedral set. Since degradation modeling assumes
that the distribution of Dj;; is known, €;; can be determined using the inverse cumulative
distribution function F~*:

ej,k: =1- F_l(a)/cij7k,

where o = P(D;; < djx(1 — ¢€x)). If the distribution of D;j is unknown, data-driven non-

parametric methods such as Kernel Density Estimation can be used to estimate it [87].

By using F'~!, the uncertainty set size depends on a single parameter « € [0,0.5]. For a = 0,
the uncertainty set includes all possible realizations of D, and for o = 0.5 the uncertainty set
is a singleton and the robust optimization problem is equivalent to the deterministic problem
using the nominal values Jj?k. While box uncertainty sets are often more conservative than most
of the many other available uncertainty set types [88, 89], the solution robustness/conservatism

in this formulation can be varied by adjusting «.

3.2.4 Evaluating robustness

Assume acgC = [k1, ko, ..., kr], where ky =k <= x;;, = 1, is the sequence of operating modes
given by a solution to Problem 3.9. Its robustness can be measured by the probability p; that

unit 7 does not fail in the time horizon T’
p; = P(Sj’t < Sj,max,Vt < T‘.’Bf),
or equivalently its probability of failure

p;f =1—p; = P(3t such that S;; > Sj,maw‘w?)'
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Assuming the parameters 6, ;, of the distributions D; ; are estimated from data, pf can be calcu-
lated through Monte-Carlo simulation by randomly generating N realizations s’ = [5?,07 CHINTERS

of Sj(t,x¥) with D;;(0;x, At) distributed increments and checking how many violate s7, <

max.

5j

;SN L(3t < T such that s7, > s77)
p; = N :

(3.12)
where 1 is the indicator function. This is illustrated in Fig. 3.1 for N = 3.

In the special case where D, is normal distributed D ~ N (15 £ At, aj%kAt), i.e., the Wiener
process model is used, p{ can be efficiently calculated using analytical results for the crossing
probability of a Brownian motion on a piecewise linear boundary [90, 91]. Instead of sampling
from D, at regular time intervals At, this approach only randomly samples at operating mode
transitions (k; # kyy1). It requires far less Monte-Carlo samples and is therefore faster than
the general method outlined above. A detailed description of this approach is given in the

Appendix D.

3.2.5 Estimating failure probabilities

Evaluating the probability of failure p;-c , e.g., using Eqn. 3.12, requires the exact sequence
of operating modes :13;C and maintenance actions to be known over the evaluation horizon T'.
Since maintenance tends to be infrequent, 7" has to be sufficiently long to obtain meaningful
failure probabilities. Solving Problem 3.9 over a long time horizon may be computationally
challenging. Instead, it may be possible to use existing data of past schedules to estimate p}c .
If no historical data is available, it can be generated by solving Problem 3.9 over a shorter
horizon. This section outlines two methods by which an upper estimate of pj.c can be obtained

from data.

Frequency approach

Assuming time discretization, a conceptually easy way to obtain an upper bound ﬁf on pj-c

k
j

is to generate the set X of all possible permutations of operating mode sequences x
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X
A max
,,,,,,,,,,,,,,,, A 7, S
I
p=3
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diiT At
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t

Figure 3.1: Example for calculating the failure probability p]f using Eqn. 3.12 and Monte-Carlo
simulation. The operating mode schedule is " = [1, 2, Maint.].

Estimate from data:

1 T T T T
3 0.8 . . Py o
ﬁ O 6 | N Repeat N tlmes, p] = maxp] (wj,l>:
=040 h Insert maintenance: :
o : Sample :
0.2} N
0 6 1 ‘2 é Z‘l ML :i Random order: .
nj,l
l—— 2 1 1 2 1
208 l A
= 0. Njol = 2 w?l:[l,Q,Z,l,M,Q]
06 [ — : ’
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= =
E 0.2 .
0 T3 34 Calculate p (x,)
’nj,g

Figure 3.2: Frequency approach: Estimating pf from historical data using Algorithm 1.
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[kj1,kj2, ..., kjr| and find the maximum probability of failure

= _ f( ok

p; = max p; (7).
For any realistic problem & will be very large, but there are two ways to reduce its size: First,
the operating mode sequences can be generated without considering maintenance. Maintenance

actions can then be inserted consecutively at the latest point in time ¢,,; which satisfies

tm,l
max E E Tinpdip < 87 — s?, (3.13)
Gy g1k

where t,,,;_1 is the previous maintenance activity and ¢,,o = 0. ﬁf remains an upper bound,
because maintenance at a later point in time always causes a larger probability of failure.
Secondly, it may be possible to estimate the frequency of occurrence n;, = >, x; % of each
operating mode k from data. If these frequencies are modeled as random variables N;;, a
smaller X' can be obtained by only generating sequences which obey frequencies drawn from
the distributions of N, ;. This suggests the following algorithm for obtaining an estimate of ]5;-0

which is also visualized in Fig. 3.2:

Algorithm 1 Frequency approach [illustrated in Fig. 3.2]

1: procedure ESTIMATE ﬁf

2 N, = P(Njx = njy) < estimate from historical data Vny

3 [+ 1

4 while [ < N do

5: njk, < draw random sample from P(N;; = n;;) for each k

6 33?,1 < arrange n;; = Y, Nk op. modes in random order [ky, ko, ..., Ky, ]

7 a:ﬁl <+ insert maintenance at last possible points in time > Eqn. 3.13
8

9

p;'il N p;c(w?l) > Eqn. 3.12
: end while
10: ’;-c — max;<ny p;il
11: end procedure

If N is large enough and the estimated distribution of NN is accurate, ]3;-0 should be a good

upper bound on p? .
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Markov chain approach

The second approach for estimating ]5? is inspired by the use of Markov chains in regime-
switching models in finance and to some extent also in the CBM literature for modeling different
enviromental or operating regimes of a process [82, 83, 92, 93]. The key idea is to treat the
occurrence of operating modes k over time as a Markov chain. Modeling the sequence of
operating modes :Bf on a unit by a memoryless Markov chain Xf(t) = {left :t < T}, the

probability 7+ of transitioning from one operating mode k to another k* is given by
_ k __ 71.% k _
7Tk,k* == P<X],t — k ’Xj,tfl — k)

The transition probabilities 7+ can be estimated from data.

From this Markov chain random sequences of operating modes 37?,1 can be generated. Main-
tenance can again be inserted at the latest possible point in time according to Eqn. 3.13. a:jl
may not be a feasible solution to Problem 3.9, but it can be used to estimate 15; . The approach

is summarized in Algorithm 2:

Algorithm 2 Markov chain approach

1: procedure ESTIMATE ﬁf

2 Thie = P(X}, = k*|X},_, = k) « estimate from historical data V(k, k*)

3 [+1

4 while [ < N do

5: mﬁl < draw random operating mode sequence from Markov chain 7y, s

6 33?,1 <+ insert maintenance at last possible points in time > Eqn. 3.13
7 p;il — p{(a:fl) > Eqn. 3.12
8 end while

9: ﬁf < max;<y p;.il

10: end procedure

Logistic regression

. . k,*
The optimal sequence of operating modes ;™ depends not only on the structure of the process

and the size of the uncertainty set U (), but also on parameters t(t) such as product demands
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or environmental variables. The distributions of Nj and 7+« are therefore not necessarily

stationary:

My i ($ (1)) = P(Nj = 1;k[2h) (3.14a)

T ($(1)) = P(X]]it = k*|Xl'ft_1 =k, ), (3.14b)

J

where 7,,,, (1) is the probability that operating mode k occurs n; times in time period At.

Frequency nj; ¢ 0 e 1 e 2

250 - ® I ~ o

200 -

—_

ot

o
1

Demand 09,
—
(an)
(@n)

0 50 100 150 200 250
Demand ¢,

Figure 3.3: Frequency n;; of operating mode k occurring on unit j for a scheduling problem
with two product demands ¢ = [0y, 52#/]1 Points are training data generated by solving the
scheduling model and shaded areas are predictions by logistic regression.

Covariate dependency of Markov chain transition probabilities has previously been modeled
by using logistic regression [94, 95]. We model both M, and g g« using multinomial logistic

regression in order to capture the influence of product demands:

exp(B,, ¥)

iy B(0) =5t (3.150)
exp(B 1)
T, (w(t)) = Zk+€K eXp(ﬂ;I;w—"p) . (315b)

We use Scikit-learn [96] for estimating parameters 3 based on data. Fig. 3.3 shows an example

for a process with two product demands ¥ = [§1,,d24]". The shaded areas are the frequencies



28 Chapter 3. Uncertain equipment degradation

n; predicted by logistic regression for a particular & and j (the n;, with the largest 7, , (¢))
while the points are training data. We use logistic regression in this work because of its
simplicity and interpretability, but it could be replaced by any classification method capable
of probability estimation, e.g., artificial neural networks, support vector machines, k-nearest

neighbours, decision trees, etc. [97, 98].

3.3 Optimizing the uncertainty set size

An important, non-trivial decision when using robust optimization is the size of the uncertainty
set — or in this work the choice of parameter a. It governs a trade-off between the robustness
of the solution and its cost. A common approach is to use a priori guarantees to determine
an uncertainty set size that is guaranteed to have a probability of constraint violation below a
predefined level. A priori guarantees are, however, not guaranteed to be tight and uncertainty
sets based on them can be overly conservative. As demonstrated by Li and Li [99, 100], deter-
mining the optimal uncertainty set size can instead be seen as its own optimization problem.
They minimize the uncertainty set size with the constraint that the solution remains feasible
with a pre-defined probability. We propose a different formulation that does not require the
decision maker to choose a probability of constraint satisfaction but is based purely on cost

instead:

main ) + Zp;(a) : cf, (3.16)

where ¢*(«) is the minimal overall cost of the process as determined by solving Problem 3.9
for a given value of «, p{ is the corresponding probability of failure evaluated using Eqn. 3.12,
and cf is the cost incurred in case of an unplanned failure of unit j, i.e., the cost of corrective
maintenance. Effectively, Problem 3.16 minimizes the trade-off between preventive and correc-
tive maintenance. Note that this formulation assumes that each unit fails no more than once
f

in the evaluated horizon T'. This is reasonable under the assumption that the cost of failure ¢;

is high and therefore ij tends to be low.

Problem 3.16 is a one-dimensional optimization problem, but determining ¢*(«) and p;.c () can
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be computationally expensive because it requires solving a potentially large MILP problem and
Monte-Carlo simulation. It can therefore be viewed as a black box optimization problem with
expensive function evaluations. We propose Bayesian optimization, which is known to work
well on expensive low dimensional objective functions, as an effective solution strategy [101].
Bayesian optimization has the further advantage that it can handle noise well. Both ¢* and pf
can be noisy because it may not be possible to solve Problem 3.9 to optimality in a reasonable

time frame. Further noise is introduced by the Monte-Carlo simulation used to evaluate pf .

3.4 Case study

Prod. 1
Feed A Hot A 40%  Int. 10%
( )——| Heatin R 1 |—>
& O 40% s 60%
Impure E
Int. BC O Separatlon
Feed B 80% l9o%
: 50% @ Reac 3 O
Feed C Prod. 2
50% 20%

Figure 3.4: STN instance proposed by Kondili et al. [1]. Tasks are performed on four units:
Heater, Reactor 1, Reactor 2, and Still.

The model by Biondi et al. [70], an extension of the state-task-network (STN) [1], forms the
basis of our case study. The classic STN is a scheduling problem in which a set of tasks I has to
be assigned to a set of units J. Biondi et al. [70] extend the STN by allowing each task i to be
performed in a number of different operating modes k € K;. They add constraints reducing the
residual lifetime 7, of each unit j every time a task is performed, and restore r;; by performing
maintenance. Because the scheduling problem can only be solved for a short time horizon Tg
but maintenance occurs infrequently, they add a planning horizon Tp to the problem. For the

planning horizon, instead of an exact schedule, only the number of times n;;, a task 7 is
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performed on unit j in operating mode k in each planning period ¢ is calculated. Eqns. 3.17

to 3.20d give the modified version used as a case study in this work:

Objective function:

cost = Z cramt (sfi”/S}"” + Z mj,t>

jedJ teT

+e9 g™ Y g (3.17)

Constraints scheduling horizon:

t

t
SN 0Y wheet > mps1 WiteTy (3.18a)

keK; i€l t'=t—p; ; k+Atg t'=t—7;+Ats
man mazx .
’Um- Wi j. k.t < bi,j,k,t < Ui,j Wi j ket VJ, 1€ Ij, ke Kj,t € TS (318b)

Qst = Qst—1 + Z Pi.s Z Z bi,j,k,t—m,j,k

i€ls jeJi keK;

Vs, t € Ts (3.18¢)
=2 Pis 2 D e
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0 max 0 max .
mys; < s <8P myy - (85— 87) Vt,je J,Delu (3.18e)
Sie > Sja-ats + D> Wignedj +my (8§ — 5T W jeJDeU (3.18f)
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The decision variables are 1m ¢, Gs ¢, Wi j k.t, Wi jk.ts Dijikts Qijits St gbg’t, gbgl and wj . The product

demand d,, has to be satisfied at the end of each planning period and at the end of any time
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interval in the scheduling horizon. In practice, this model would be solved regularly in a rolling

horizon fashion using recent demand estimates and degradation signal measurements s; .

In comparison to Biondi et al. [70], the residual lifetime constraints have been replaced with the
degradation signal based health model developed above (Eqn. 3.9). For the planning horizon,

s;+ cannot be reset exactly to s, because the exact time at which maintenance is performed is

max

unknown. Instead, it is merely enforced that s;; < CF i

In addition, the objective function is slightly different. The term c}mmt(sfi"/ s7%%) can be

interpreted as a final cost of maintenance dependent on the final degradation signal sép m (state of
health) of unit j. Similar to Biondi et al’s [70] penalty terms it avoids unnecessary degradation

and ensures maintenance happens towards the end of a units residual lifetime.

Since the exact sequence of operating modes and maintenance actions is unknown in the plan-
ning horizon Tp, the probability of failure pf can only be evaluated over the scheduling horizon
Ts. In order to still evaluate pj-c over a longer time period two possibilities exist: the schedule
can be extended in length by solving the model repeatedly in a rolling horizon fashion or the
Markov chain-based estimation approach in Algorithm 2 can be used. We compare both ap-
proaches to show that the proposed Markov chain estimate is indeed accurate. Note that, in
order to facilitate a rolling horizon based solution approach, slack variables have been intro-
duced in Eqns. 3.18d and 3.20b. This is necessary because the rolling horizon framework does
not guarantee feasibility in subsequent time periods. Production targets from the planning
model may, for example, not be achievable in the scheduling model. The slack variables ¢¢ and

¢, are penalized in the objective function.

We assume that the frequencies of operating mode occurrence n;; and the transition proba-
bilities 7y« depend on the product demands in each planning period (¢; = [ds, 4, -, ds, 1])-
We sample a range of demands using Latin Hypercube Sampling and solve just the scheduling

horizon to generate data for estimating n; (1) and 7y g ().

Notice that the model above fulfills the assumptions in Theorem 3.1 and solutions can be

obtained by solving the deterministic approximation 3.10.
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3.5 Results

The framework outlined above was evaluated on five instances of the STN (see Table 3.1 and

Appendix C). The model was implemented in Pyomo [102, 103] and solved using CPLEX

Instance Toy P1[1] P2[2] P4[3] P6 [4]
Units 2 4 5 3 6
Tasks 3 5 3 4 8
Op. modes 2 3 3 2 2
Products 2 2 1 2 4
Discrete vars 518 2492 1930 1869 1993
Continuous vars 1033 3630 2371 2777 4084
Constraints 1860 7332 5705 5699 7994

Avg. MIP gap [%] 00 3.0 58 109  1.02

Table 3.1: Evaluated STN instances (Details: see Appendix C)

12.7.1.0. All source code is publicly available under the MIT Licence [104]. Unless mentioned
otherwise, we considered an evaluation horizon of 12 planning periods. The failure probability
pf for each unit j was evaluated for a range of values of the uncertainty set parameter o« using
both the frequency and Markov chain estimates as well as rolling horizon. The termination
criteria for each CPLEX run were a maximum time limit between 1 — 5 minutes (depending on
the size of the instance) and a MIP gap of 2% (except for the toy instance which was solved to
optimality). For each instance a low, average, and high demand scenario was considered with
the high scenario being close to maximum process capacity. For Instance P1 [1] both the robust
and deterministic Problems 3.9 and 3.10 were solved a number of times to evaluate the quality

of the deterministic approximation. For all other instances only the deterministic approach was

used. All calculations were carried on an i7-6700 CPU with 8 x 3.4GHz and 16GB RAM.

Fig. 3.5 shows three maintenance schedules for the original STN instance (P1) by Kondili et al.
[1] with Biondi et al’s [70] demand scenario (average scenario) with different values for a. The
number of maintenance actions increases with increasing uncertainty set size (decreasing ).
Essentially, hedging against more uncertainty and ensuring solution robustness for a larger set of
possible realizations requires earlier maintenance. In the average demand scenario, maintenance
actions increase by 22% when hedging against some of the uncertainty (o = 0.26) and by 56%

when hedging against almost all uncertainty (o = 0.02). However, this trend also depends on
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Figure 3.5: Comparison of maintenance schedules between deterministic solution (o = 0.5)
and two robust solutions with different values of « (Instance P1 [1], average demand scenario
by Biondi et al. [70]). The number of required maintenance actions increases with increasing
uncertainty set size (decreasing «).

product demand: for the low demand scenario, only an increase of 25% is necessary for a = 0.02,
while an increase of 64% is necessary in the high demand scenario. A higher demand increases

unit utilization and therefore also the absolute number of maintenance actions required in a

given time period.

[ ] [ ]
] ® o,
75 - ] - e °
] LY
. $ %e °
XX 50- °e - e® e
< ; S T 1
[ ] ° [ ]
25 - | Selile .
i [} ... ® [}
L Y
. [ ] o o o °
U-OOIOOO?..I. | | i ® "M’:‘m.n oo o
0L 02 03 04 05 5500 6000 6500 7000 7500
e} Cost

Figure 3.6: Probability of Reactor 1 failing p;-c vs uncertainty set parameter o and cost (In-
stance P1 [1], average demand scenario). Each point is a solution to Problem 3.10 obtained
by CPLEX. The probability of failure pf was estimated using the Algorithm 2 Markov chain
approach.

Fig. 3.6 shows the failure probability pf for Reactor 1 as a function of both total cost (cost

of storage and cost of maintenance) and the uncertainty set parameter a. As expected, pf
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Figure 3.7: Robust vs. deterministic approach (Instance P1 [1]). Each model was solved 25
times with o = 0.41 and a 120s time limit per rolling horizon iteration using out-of-the-box

CPLEX. The robust model has 22514 variables and 14664 constraints while the deterministic
model has 6122 variables and 7332 constraints.

increases for smaller uncertainty sets (large a’s) and a low pf comes at a significant cost —
the price of robustness. Notice that, while calculating pj-c using Monte-Carlo simulation only
introduces modest noise, the calculated cost is very noisy due to the non-optimality of the

solutions.

The results in Fig. 3.6 were obtained by solving the deterministic Problem 3.10. While Theo-
rem 3.1 guarantees that these solutions are also feasible in the robust Problem 3.9, it does not
prove that they are also optimal. Fig. 3.7 shows both total cost and average optimality gap for
a number of rolling horizon solutions to the deterministic and robust version of Instance P1 [1].
The uncertainty set size was o = 0.41 and a maximum time limit of 120s was used for each
CPLEX run. Within this time limit, out-of-the-box CPLEX achieves an average optimality gap
of 12.1% on the robust problem compared with 3.8% for the deterministic approximation with
maximum values for J]k Similarly, the deterministic approximation achieves significantly lower
objective values. While many approaches could improve solution quality of the robust prob-
lem, e.g., solver parameter tuning or leveraging Satisfiability Modulo Theory [105], Constraint
Programming [106], or Approximation Algorithms [107], it is likely that the deterministic ap-

proximation will remain favorable as it has significantly fewer variables and constraints (6122
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vs. 22514 and 7332 vs. 14664 respectively). Assuming a box uncertainty set, we view it as a
reasonable approximation for instances which cannot be solved to optimality in a reasonable
amount of time. In the case of a more complex uncertainty set, replacing (ij,k with its maximum
value may lead to conservative solutions. General uncertainty sets require solving the robust

problem.

Note that the large range of solution values in Fig. 3.7 is not only due to the differing MIP

gaps, but also the rolling horizon approach which does not guarantee optimality.

Logistic regressions for the Frequency and Monte-Carlo approaches were trained based on 200
scheduling horizon only solutions. For the Frequency approach, the training points and their
predicted values for Reaction 1 in mode Normal of the toy instance are shown in Fig. 3.8.
Logistic regression predicts n; ;, reasonably well but the rigid, linear classifier cannot capture
some of the details. This is, however, not a major problem as the entire predicted probability

distribution n,, ., of operating mode occurrence frequencies n;;; is used in estimating ]5}0 .

k

Near the predicted boundaries, n,, ,, of adjacent frequencies will be non-zero and they will be

k

sampled in a significant number of operating mode sequences in Algorithm 1.

Fig. 3.9 shows the probability of failure pj-c for each unit in the toy instance as a function of the
uncertainty set parameter « for three different demand scenarios (average, high, and low). Since
the rolling horizon framework does not guarantee optimality, solving the problem repeatedly
for the same value of a can lead to different solutions and failure probabilities. The problem
was therefore solved 10 times for each value of . It can be seen that the probability of failure
generally increases with demand. The figure furthermore shows the two bounds obtained using
the Frequency and Markov chain based approaches, i.e. Algorithm 1 versus 2. For the reactor
both approaches provide good upper bounds. For the heater, the frequency based approach
performs very well, while the Markov chain approach underestimates p;.c for the high demand
scenario and overestimates it for the average and low demand scenarios. Finally notice that
the a priori bound [108] given by the dotted lines greatly overestimates pf . Fig. 3.10 shows
similar trends for Instance P1 [1] (Kondili). Both approaches provide reasonable bounds for all

units and scenarios except the average demand scenario on the Heater, for which the frequency



3.5. Results 37

Frequency n; j, © 0 e 1o 2¢3

250 -

Demand dy;

0 50 100 150 200 250
Demand 4, ;

Figure 3.8: Toy instance: Frequency n;;; of Reaction 1 occurring in normal mode on unit
Reactor within one scheduling horizon. Points are training data generated by solving the
scheduling model repeatedly and shaded areas are predictions by logistic regression.

Scenario == avg == high -~ low Bound = freq= = MC
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Figure 3.9: Toy instance: Frequency vs. Markov chain approach. Points are rolling horizon
solutions. Colored lines are bounds from the Frequency and Markov chain approach. The
dotted black lines show a priori bound B4 by Li et al. [108].
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approach underestimates pf . Notice that pf is nearly zero for both the Heater and Reactor 2
at low demand irrespective of «. This is because for this scenario no maintenance occurs on

either unit and s;; does not get close to s7'**.

Scenario - avg == high - low Bound =— freq==MC

Heater Reactor 1

Figure 3.10: Instance P1 [1]: Frequency vs. Markov chain approach. Points are rolling horizon
solutions. Colored lines are bounds from the Frequency and Markov chain approach. The
dotted black lines show a priori bound B4 by Li et al. [108].

The performance of the Frequency and Markov chain based probability estimates was assessed

using three metrics:

1 . 2
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where rms,; is the root-mean-squared deviation between the estimate and all rolling horizon
solutions, p,y¢ is the percentage of rolling horizon solutions with a larger p{ than the estimated
bound, and rms,,; is the root-mean-squared deviation of all underestimated points. While
rms,; evaluates the estimate P; 's quality as a predictor of pf , Pout and rms,,; assess its quality

as an upper bound.

instance bound rms,y; Pout  TMSeyy
toy freq 8.00 17.54 0.90
toy me 10.41  9.62 2.86
P1 [1] freq 12.61 18.08 5.80
P1 mc 17.25 10.13 1.81
P2 [2] freq 7.40 48.19 2.24
P2 mc 13.68 40.56 1.10
P4 [3] freq 10.09 13.77  4.10
P4 mc 11.40 11.91 2.67
P6 [4] freq 16.35 29.40 4.48
P6 mc 20.16 21.27 3.23
all freq 10.89 25.40 3.50
all mc 14.58 18.70 2.34

Table 3.2: Average performance metrics for probability estimates - all instances

Table 3.2 shows values for all three instances averaged over demand scenarios and units for all
tested STN instances. It can be seen that the frequency approach is generally a better estimator
for p}c than the Markov chain approach (smaller values of rms,;) but also has a larger rate of
misclassification p,,;. While rms,; can be large due to noise in the rolling horizon solutions and
Pout Values of up to 48% show that pf is not a perfect upper bound, rms,,; is generally small with
average values of 3.50 and 2.34% for the Frequency and Markov chain approach respectively.
This means that, when ;6; underestimates p;-c , it does not do so by much. Considering the noise
introduced by non-optimal solutions and the rolling horizon framework, the error introduced
by estimating pj-c through ﬁf is small. Because it is a slightly better upper bound, the Markov

chain approach was used for all subsequent experiments unless mentioned otherwise.

Both probability estimation approaches are dependent on the number N of operating mode
sequences generated. Fig. 3.11 shows that increasing N from 100 to 1000 for Reactor 1 in
Instance P1 [1] only has a small effect on pf , especially for the Markov chain based approach.

N = 100 is therefore deemed sufficient.
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Figure 3.11: Effect of number of Monte-Carlo samples N on failure probability p;-c of Reactor 1
(Instance P1 [1]).
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Figure 3.12: Bayesian optimization vs. random search. Five runs of BO and random search
were conducted. BO efficiently explores values near the optimal .
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Figs. 3.12 and 3.13 compare Bayesian optimization (BO) with random search for Instance P1 [1].
Overall cost (Eqn. 3.16) was evaluated over a horizon of 24 weeks and both Bayesian optimiza-
tion and random search were repeated five times. For the Bayesian optimization, four points
were sampled evenly from the interval o € [0.02,0.5] initially. Fig. 3.12 shows the obtained
objective values as a function of a. There is clearly a trade-off between high cost of preventive
maintenance in conservative solutions (small «) and high cost of corrective maintenance for
less conservative but also less robust solutions (large «). Bayesian optimization very efficiently
samples from the area around the optimal o &~ 0.3 while random search naturally samples from
the entire interval. Fig 3.13 shows the lowest objective value previously obtained as a function
of the number of samples (averaged over five runs). Bayesian optimization consistently finds
lower cost solutions than random search and achieves a good compromise between preventive

and corrective maintenance within about 20 iterations.

3.6 Conclusion

This work integrates equipment degradation effects in process level optimization problems. The
demonstrated methodology is summarized in Fig. 3.14. We combine commonly used meth-
ods from the degradation modeling literature, which allow unit health characteristics to be
estimated and updated from data, with robust optimization. This is highly relevant since,
realistically, almost all equipment in chemical and manufacturing processes will be subject to

performance degradation and failures.

Solving realistic integrated maintenance and production scheduling and planning problems is a
hard task by itself, because models tend to be large and computationally expensive. Combining
such models with robust optimization increases the need for solving problems efficiently. Fur-
thermore, the scheduling task is highly repetitive and should become easier as historical data
is collected. To reduce computational expense, we show conditions where robust optimiza-
tion problems can be solved by solving a deterministic approximation and develop data-based

methods for estimating failure probabilities.
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Figure 3.13: Bayesian optimization vs. random search. Points are individual values obtained
at a given iteration. Lines represent the best previously achieved solution value averaged over
five runs. BO consistently finds better solutions.
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Figure 3.14: Flowchart of the proposed method.
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In the context of computationally expensive models, we show that Bayesian optimization can be
used effectively to optimize the uncertainty set in robust optimization and balance the trade-off

between preventive and corrective maintenance.



Chapter 4

A robust approach to black-box

constrained optimization

4.1 Introduction

In mathematical programming, optimization under uncertainty often focuses on parametric
uncertainty [109, 110, 111, 112, 6]. But many application areas rely on uncertain, expensive to
evaluate black-box functions, e.g., automatic chemical design, production planning, scheduling
with equipment degradation, adaptive vehicle routing, automatic control and robotics, and

biological systems [113, 114, 115, 116, 117, 118, 119].

Bayesian optimization optimizes such functions by (i) fitting a Gaussian process to a small
number of collected data points and (ii) subsequently choosing new sampling points using an
acquisition function [49, 120, 121]. The Bayesian optimization literature also considers problems
with black-box constraints, e.g., by multiplying the acquisition function with the probability
of constraint satisfaction [122, 123, 124]. The global optimization community often handles
black-box constraints by (i) generating a small data set from the black box function, (ii) fitting
a surrogate model to this data, and (iii) replacing the black box constraint by the surrogate
model [125, 126, 127, 128, 129, 130, 131]. This approach, however, rarely considers uncertainty

in the black box function.

44
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One way of including uncertain black-box functions into the optimization problem is to con-
sider the surrogate model’s parameters to be uncertain and use classical parametric uncertainty
methods. Hiillen et al. [132] recently demonstrated this approach for polynomial surrogates
using robust optimization. This chapter proposes a more direct approach utilizing probabilis-
tic surrogate models to model the uncertain curves. We study optimization problems with

constraints which aggregate black-box functions:

&i - g(zi)> (4'1b)

where z; is a decision variable and @; depends on a vector of decision variables z; € R* through
a black-box function g(-). Constraint (4.1) occurs in many highly relevant applications. In
production planning, one may limit the total allowed equipment degradation ) r(p;)At; < b,
where r(p;) is the black-box degradation rate depending on production p; in time period i
and At; is equipment operation time in period i [119]. A second example is vehicle routing,
where the total travelling time ), At(t;, s;, d;)7; is the sum of travelling times At(t;, s;, d;) for
individual legs i, dependent on starting time ¢;, source s;, and destination d;, and ~; is a binary
variable indicating whether leg ¢ is part of the route. A third example is project scheduling
under uncertainty in which duration uncertainty may be aggregated over multiple activities
[133]. Lastly, the drill scheduling case study described in detail later in this chapter is an

industrially relevant example.

When black-box constraints are risk or safety-critical, hedging solutions against uncertainty
is essential. Evaluating black-box functions may require expensive computer simulations or
physical experiments, so available data is generally limited and may be subject to model errors
and measurement noise. We therefore consider the function g(-) to be uncertain and aim to

find solutions for which Constraint (4.1) holds with confidence 1 — a:

P (Z g(z)z; < b) >1—a. (4.2)
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To capture the uncertainty in ¢(-), we model it by stochastic surrogate models. A common
stochastic surrogate is the Gaussian process (GP) model. Depending on the underlying data
generating distribution, however, a GP may be an inadequate model. Warped Gaussian pro-
cesses, which map observations to a latent space using a warping function, are an alternative,

more flexible model [51]. This chapter considers both standard and warped GPs.

We note that other contributions have connected Bayesian optimization with robust optimiza-
tion [134, 135, 136, 137]. These works have focused on implementation errors. An adversary
can perturb the input « to a black-box function f by § € U. Robust solutions optimize perfor-
mance under the worst-case perturbation realization: wHEIIlP?I max f(x + d). Our work does not
consider implementation errors. We instead focus on the setting where the uncertainty is in
the output of the black-box function. Most of these works also focus on uncertain black-box
objective functions with some making extensions to uncertain black-box constraints [134, 135].
Our work focuses on aggregated black-box constraints which are relevant in safety-critical ap-

plications. To the best of our knowledge, no prior work has connected either warped GPs or

aggregated black-box constraints with robust optimization.

Contributions. For the standard GP model, we show how chance constraint Eq. (4.2) can be
exactly reformulated as a deterministic constraint using existing approaches. For the warped
case, we develop a robust optimization approach which conservatively approximates the chance
constraint. By constructing decision-dependent uncertainty sets from confidence ellipsoids
based on the warped GP models, we obtain probabilistic constraint violation bounds. We uti-
lize Wolfe duality to reformulate the resulting robust optimization problem and obtain explicit
deterministic robust counterparts. This reformulation expresses uncertain constraints, modeled
by GPs, as deterministic constraints with a guaranteed probability of constraint satisfaction,
i.e., deterministic approximations to a chance constraint. We analyze convexity conditions of
the warping function under which the Wolfe duality based reformulation is applicable. For
non-convex cases, we develop a global optimization strategy which utilizes problem structure.
To reduce solution conservatism, we furthermore propose an iterative a posteriori procedure of

selecting the uncertainty set size which complements the obtained a priori guarantee.



4.2, Method 47

We show how the proposed approach hedges against uncertainty in learned curves for two case
studies: i) a production planning-inspired case study with an uncertain price-supply curve
and ii) an industrially relevant drill-scheduling case study with uncertain motor degradation
characteristics. For the drill-scheduling case study we develop a custom strategy for dealing

with discrete decisions.

Notation. See Appendix H for a table of notation.

4.2 Method

We have discussed standard and warped Gaussian processes in Sections 2.3.2 and 2.3.3. Sec-
tion 4.2.1 discusses an exact chance-constraint reformulation for the standard Gaussian process-
based approach while Sections 4.2.2 and 4.2.3 outline our proposed robust approximation ap-

proach.

4.2.1 Standard GPs: chance constrained optimization

When g¢(+) is modeled well by a standard GP G, chance constraint Eq. (4.2) can be exactly
replaced by a deterministic equivalent [138]. Since {G,,...G,,} ~ N (u,X) is normal dis-

tributed, the linear combination:
n
/8 = Z Gzil'i
i=1

is also normal distributed with distribution:

5 ~ N (Z iy, ZZ.in'ijl'j) .
=1

i=1 j=1
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Note that we have suppressed the dependence of g and ¥ on z; for notational simplicity. For

a given confidence level «, we can therefore replace chance constraint Eq. (4.2) by:

Zuzxz—i-Fl—a Zxa”a:]<b (4.3)
ieS i,jE€S

where F'(-) is the cumulative distribution function of the standard normal distribution. If the
GP models ¢g(-) well, Eq. (4.3) is an exact deterministic reformulation of chance constraint

Eq. (4.2).

4.2.2 Warped GPs: robust approximation

If g(+) is insufficiently modeled by a standard GP, a warped GP may be a more suitable model
[51]. In this case, a direct reformulation of the chance constraint as outlined above for the
standard GP case is not known. Such chance constraints are generally addressed by (i) sample
approximation [139, 140, 141] or (ii) safe outer-approximation [142, 143, 144, 145, 146, 147].
Instead, we develop a robust approximation. Recall that a warped GP uses a strictly increasing
warping function h : R — R to warp observations y; into a latent space: & = h(y;). A standard
GP is then fit to the data in the latent space. Consider an optimization problem containing
a nominal version of Constraint (4.1), where the black box function ¢(y;) is replaced by the
mean prediction & = u(y;) of the GP, warped back into the observation space using the inverse

of the warping function y; = h=1(&):

Juin - f (z,2) (4.4a)

Z o (u(zi))z < b, i € [n] (4.4b)

where z is the vector containing all elements of z;, Vi and the objective function f : X = R
is assumed to be known explicitly, i.e., it is not a black-box function. Clearly, a solution to
Problem (4.4) is not guaranteed to be feasible in practice if the prediction u(z;) is uncertain.

Using the full multivariate distribution generated by the sampling points {z;}, we can construct
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an a—confidence ellipsoid in the latent space:

&) ={ & (- ne) @ € nz) < b (1.5

Here, F!~* is the cumulative distribution function of the x? distribution with n degrees of
freedom. Note that when the GP kernel is positive definite, the covariance matrix > is also
positive definite and the inverse X! exists. Assuming that the warped GP models the black-
box function well, £%(z) contains the true value h(g(z;)) with probability at least 1 — . We

therefore construct the following robust optimization problem:

i 4.
Join, f (z,2) (4.6a)
st.yTxe <b Yy : h(y) € £%(z) (4.6b)

Any solution to Problem (4.6) is feasible with probability at least 1 — « given that the warped
GP models the underlying data generating distribution well. Alternatively, we can take the

warping into the uncertainty set:

(m{rzl%lelx f(z, 2) (4.7a)
st. ye<b Yy e U(z) (4.7b)

where U:
Uz) = { yeR': (h(y) — pu(2)" 57 (2) (h(y) — p(z) < Fie } : (4.8)

Note that Problem (4.7) can also be interpreted as approximating a robust problem with
an uncertainty set over functions § € U9 (see Theorem F.1, Appendix F). Fig. 4.1 shows an
example of the ellipsoidal and warped sets £* and U for n = 2. The warped set U (Eqn. 4.8)

may or may not be convex, depending on the warping function A(-).
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21 I
9 v ; :
215 él

Figure 4.1: Example of uncertainty sets £ in latent and ¢/ in observation space.

Reformulation for convex warped sets U

We first assume that the warped set U retains convexity and utilize Wolfe duality to reformulate
the semi-infinite Problem (4.7) into a deterministic problem with a finite number of constraints.

Consider the min-max equivalent of Problem (4.7):

i 4.9
Join - f (z,2) (4.9a)
st. max yTx <b (4.9b)

yeU(2)

When U is convex, the inner maximization in Eq. (4.9b) is convex:

max y'x (4.10a)
st. (hly) — w)TS " (hly) - p) < B2, (4.10b)

Note that we suppress the dependence of p and X on z for notational simplicity from here
onward. Problem (4.10) generally does not have a simple closed form solution. Instead, we
can use Wolfe duality to transform Problem (4.10) into an equivalent minimization problem,

leading to a deterministic reformulation of Problem (4.7):

min x 4.11a
Qi f(z) ( )
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st ye+u- ((h(y)—p) S (h(y) —p)—F, %) <b (4.11Db)
x+2u-Vh(y)S ' (h(y) —p) =0 (4.11c)
u>0, (4.11d)

where u is a dual variable, Vh(y) = diag(h/(y;)), and Constraint (4.11c) is the Karush-Kuhn-
Tucker (KKT) stationarity condition. Note that when F!=® > 0, i.e. for any non-zero 1—a, the
uncertainty set U contains a feasible interior point and Slater’s condition holds. Furthermore,
since U is convex and the objective function is concave and continously differentiable, strong
duality holds. The dual feasibility constraint v > 0 ensures that any point which satisfies
the stationarity condition is a maximum, not a minimum. Also note that, unless = 0, the
stationarity condition means that u # 0 and, due to complementary slackness, w(y, z) = 0,
ie.

(h(y) — w57 (h(y) — p) = F, . (4.12)
Furthermore, we can reformulate Eq. (4.11c) to:

1

h(y) —p=—5-5(Vh(y)) =

Substituting this in Eq. (4.12) yields:

L 2T (Vh(y) " S (Vh(y) 'z = FIo.

42

This leads to a slightly different formulation which has the advantage that it does not depend

on the inverse of the covariance matrix ¥ 1:

R AC R (4.13a)
st yTxe<b (4.13b)
2 (Vh(y)) '@ +2u- (h(y) —p) =0 (4.13¢)

4uF = 2T (Vh(y)) 'S (Vh(y) 'z (4.13d)
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u >0, (4.13¢)

where the inverse (Vh(y))~ " exists when A (y) # 0 because Vh(y) is a diagonal matrix. Note
that h(y;) > 0, Vy; € R for the neural net style warping function in Eq. (2.7). Formula-
tion (4.13) has the advantages that it does not depend on the inverse ¥7!(z), which generally
cannot be formulated explicitly, and that it can be solved using off-the-shelf solver software.
While Problem (4.13) is non-convex due to bilinearities between y and @, the potentially non-
convex objective function f, and the dependence of 1 and ¥ on z, even a non-optimal solution

will be robustly feasible.

Convexity conditions

Section 4.2.2 relies on the convexity of the inner maximization problem. If U/ is non-convex,
Problem (4.13) is not necessarily equivalent to Problem (4.7) as there may be more than one
KKT point. Since U is the confidence set of a multivariate distribution, however, may often be
convex, especially when the distribution is unimodal. The following section analyzes conditions

where the Wolfe duality approach is justified.

First consider the inner maximization Problem (4.10) transformed into the latent space by

substituting y = h™1(&):

max xTh (&) (4.14a)

st. (€—pTE N E—p) < B, (4.14b)

which depends on the generally not explicitly known inverse warping function A=!. We further

state the well known result on the derivative of inverse functions [148]:

Lemma 4.1. If f : R — R is continuous, bijective, and differentiable and f'(f~1(x)) # 0, then

Using this, we can show the following proposition.
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Theorem 4.1. Let the warping function h(-) be strictly concave (convex) and let x; > 0 (<

0), Vi, then the inner mazimization Problem (4.10) has a unique KKT point.

Proof. Note that Problem (4.14) is convex when h ™! is concave (convex) and z; > 0 (z; < 0), Vi.

The KKT conditions for Problems (4.10) and (4.14) are:

x +2uVh(y)S ' (h(y) —pu) =0 (4.15a)
(h(y) —w)S " (h(y) —p) = F,™° (4.15b)
and:
Vh™ &)z +2uX " (€ —p) =0 (4.16a)
(E— ST E—p)=F° (4.16b)
where:
1 hil(fi)u l :J
[VR™(&)li; = : (4.17)
0, L F ]
By Lemma 4.1:

VR, = ' - 7 S VR @) (4.18)

So Problem 4.16 is equivalent to:

VIik(h' (€)' +2ux (€ —p) =0 (4.19a)

E— )=z —p)=F, " (4.19b)

Let y* be a KKT point for Problem (4.10), then z* = h(y*) is clearly a solution to Prob-
lem (4.19), and therefore a KKT point for Problem (4.14). Since Problem (4.14) is convex, y*
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is unique. ] [

Strategy for non-convex warped sets U

When U is non-convex, we need to globally optimize the inner maximization problem efficiently.
To this end we develop a custom divide and conquer strategy which makes use of the problem’s

special structure. We first note the following properties of the inner maximization problem.

Lemma 4.2. Let Y be the set of solutions of Problem 4.10, then Jy* € Y which is on the
boundary of U, i.e., y* € OU.

Proof. See Appendix G. [

Lemma 4.3. The bounding boz of an ellipsoid (x — p)"™S " (& — p) < r? is given by the extreme

points T; = p; + 1oy and x; = j; — 10;.

Proof. See Appendix G. O

Lemma 4.4. Consider a version of Problem (4.14) in which the ellipsoidal feasible region is

replaced by its bounding box:

max xTh (&) (4.20a)

sty —roy <& < +roy Vi. (4.20Db)

If ©; > 0,Vi, the corner & of the bounding box with £ = p; + roy;, Vi, is an optimal solution

to this problem.

Proof. Let & be an optimal solution to Problem (4.20) that &* lies on the boundary of the
feasible space (Lemma G.2). Assume 34, s.t., & < u+roy;. Because h™! is strictly monotonically

increasing and z; > 0, x;h~ (&) > x;h~ (p + r0y;). Therefore we can construct a new solution

~

&

§=1" (4.21)
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for which mTé > xT&€*, which is a contradiction. [

Theorem 4.2. Let & (€) be & = p; +roy (£, = pi —roy) and & an optimal solution to Prob-

lem (4.14). Then (i) &Th=(£) < Th~1(&") < Th~Y(€) and (i) Zh & < __=h (uiro)

Th=1(&*) = xTh—1(u+ro/VoTi-lo)

where o = [011, ..., Onp".

Proof. Part (i) follows immediately from Lemma 4.4 because Problem (4.20) is a relaxation of
Problem (4.14). To prove (ii), first consider a scaled version of the bounding box with corner
é = p + Aro. Assume that scaling factor A € [0, 1] is chosen so that the corner of the scaled

box é lies on the ellipsoid, i.e.:

Substituting é = p + Aro and rearranging leads to

1

A= ——
voXlo

Furthermore, since é is contained in the ellipsoid, 5:::11((3) < z:z:

Eg Substituting & = p+ro

and é =pu+ \/ongo‘ concludes the proof. O

Using Lemma G.2 and Theorem 4.2 we develop the spatial branching strategy shown in Al-
gorithm 3. Algorithm 3 works similarly to other elimination-based algorithms [149, 150]. It
starts by outer-approximating the ellipsoid by its bounding box and evaluating the objective
xTh™1(£) at the two corner points (£, €), obtaining an upper and lower bound (Theorem 4.2).
The algorithm then branches on the dimension of largest width. Boxes can be pruned if they
are fully inside or outside the ellipsoid (Lemma G.2). Theorem 4.2 also provides an a posteriori

bound for the tightness of the outer approximation. In the special case when the ellipsoid is an

2Th"\(€) ~ h~\(r)
2Th-T(€) = ()

n-D ball with zero mean, the bound can be simplified to an a priori bound:
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Algorithm 3 Globally optimize inner maximization problem

lower bound, upper bound <+ xzTh™!(£), zTh™!(§)
nodes < [(£,€)]
while (upper bound - lower bound)/upper bound < € do
(&,€) < choose element in nodes with largest Th~%(§)
upper bound < xTh~!(£)
children < split (&, &) along single axis
for (§,€) in children do
if (¢, €) contains boundary point of ellipsoid and lower bound < xTh'(£) then
add (&, €) to nodes
lower bound < min{xTh~!(§), lower bound}
end if
end for
end while

4.2.3 Iterative a posteriori approximation

The a priori probabilistic bound implied by £* may be overly conservative. Alg. 4 is an alter-

native, less conservative strategy that iteratively determines the uncertainty set size. Starting

Algorithm 4 Posteriori approximation

1: o< ¢

2: while ||e — || > do

3: @ <« solution of Problem (4.13) with «

4: € < percentage of 1000 samples & drawn from N (u(z), X(z)) with zTh™(&;) < b

5: if e — ¢g > 0 then

6: Qy < O, €y < €

T: else

8: o, < O, €[ < €

9: end if

10: o 2deu > Bisection search

11: end while

with the confidence level o equal to the target feasibility ey, Alg. 2 iteratively solves the ro-
bust optimization problem, estimates the feasibility of the solution, and consequently adjusts
the confidence level o using bisection search. To estimate the feasibility of a solution, we
generate 10000 random samples &; from the warped GP distribution N (u(z), X(2)), evaluate
the constraint £Th~(&;) for each sample 4, and calculate the percentage of samples for which
xTh1(&;) < b. The search terminates when a solution has been found that is sufficiently close

(tolerance ¢) to the target feasibility €.
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4.3 Case studies

4.3.1 Production planning

Our first case study is inspired by production planning. Assume that a company wants
to decide how much product z; to produce in a number of subsequent time periods & =
[€1,...,2¢ ..., xr|. There is a known cost of production ¢, which may vary from period to
period. The company seeks to maximize its profit ¢), which depends on the total production
cost Y ¢y and revenue Y pyx;. Here py is the price at which the product can be sold in period
t. Th; company has to séll all its product in the same time period, e.g., because the product

is perishable. The sale price depends on the amount the company produces in that period

pr = p(xy), e.g., because the company has a very large market share.

2.0 o Training Data
al9] el .-+ Confidence
E 1.0 1 o\\ : i;el(eiiction
RS
00 TS e

Figure 4.2: GP trained using 50 observations from the price-supply curve p(z;) = exp(—x;) +¢€
with non-uniform Gaussian noise € ~ N(0,4 - 0.3 - exp(—z/2)). The confidence region is two
standard deviations wide.

The company uses GP regression to predict p(x;) based on limited historical data. Additional
features, e.g., season and general state of the economy, could be part of this regression but are
irrelevant for our purpose as they are not decision variables. The prediction has to be considered
uncertain and the company wants a production plan guaranteeing a certain profit with some
confidence. This decision problem can be formulated as a chance constrained optimization

problem:

max 4.22a
xzcRT ) v ( )
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Lo @N ‘ ]Y’ w
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Figure 4.3: Illustration of drill scheduling problem with two rock types. The rock type changes
at x1, maintenance is scheduled at zy, and the target depth is z3. The right side shows an
example schedule of the decision variables N and W

T
st P (Z (p(xy) — cp) xp > 1/1) >1l—« (4.22b)

t=1

Choosing p(z;) = exp (—x;) as ground truth for the price-supply curve, we generate noisy data
p(x:) = p(zy) + € and fit a GP surrogate as shown in Fig. 4.2. We consider uniform Gaussian
noise (€ ~ N (0, oyoise)) and non-uniform Gaussian noise (e ~ N (0,4 0poise - €xp(—/2))), where
Onoise 18 & parameter determining the amount of noise. We use a squared exponential kernel for

this case study, but the proposed method does not generally rely on a specific choice for k(-,-).

4.3.2 Drill scheduling

The objective in drilling oil wells is generally minimizing total well completion time. The aim
of the drill scheduling problem, illustrated in Fig. 4.3, is to find a schedule of the two decision
variables, rotational speed N € R and weight on bit W € R, as a function of depth = € R.
Current practice often consists of minimizing the total drilling time, which depends on N and

W through a non-linear bit-rock interaction model [151] and the motor’s power-curves (see
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Appendix I). Total well completion time, however, also depends on maintenance time. Current
practice may increase maintenance time because drilling quickly can have a detrimental effect
on motor degradation. Furthermore, the motors degradation characteristics are subject to
uncertainty and are often obtained through a mixture of experiments and expensive numerical
simulations [5]. Other works have considered uncertain equipment degradation in scheduling

applications [119, 152], but not with predicted degradation rates.

To find the optimal trade off between drilling and maintenance time, we propose a drill schedul-
ing model which explicitly considers uncertainty in the motor degradation characteristics. First

consider a model which discretizes the drill trajectory into ng equidistant intervals:

na
W,N,y,nii,g,Ap,R; (A‘zz + zl-At?“aint> (4.23a)
st V; = f(NPP, Wi, Apy) Vi € [ng] (4.23D)
1< =Y (R o) -n) <1 vieh (1.23¢)

=\
2 > yi,zi € {0,1} Vi € [nal, (4.23d)

The rate of penetration V; in each segment depends on the drill parameters (NZ and W;) through
the non-linear model in Appendix I. The rate of degradation r(-) is a black-box function of the
differential pressure across the motor Ap. We model r(-) with a warped GP based on 10
data points from a curve obtained by Ba et al. [5] through a combination of experiments
and numerical simulation. The maintenance indicator R; keeps track of the total cumulative
degradation of the motor. We assume the motor fails when R; reaches 1. Binary variable
z; indicates whether maintenance is scheduled in segment 7. If maintenance is scheduled, the
continuous variable y; resets the total degradation indicator R; to zero. Note that the bit-rock

interaction model depends on rock parameters which can change from segment to segment.

A major disadvantage of Model (4.23) is that it requires a large number of segments in order
to get a good resolution on the optimal maintenance depth. To avoid this we propose, in anal-

ogy with continuous time formulations [153, 154], an alternative continuous depth scheduling
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formulation:

: Li — Ti—1 maint
min Z (T) + Z AT () (4.24a)

W,N,z,Ap,V,R

1EN meM
st V; = f(N;, Wi, Ap,) Vi € N = [ng] (4.24b)
" T — Tj—
R, = Zﬁ (JT“ : T(Apj)) <1 VYm e M U {nq} (4.24c¢)
j=m

Model (4.24) only considers geological segments (segments with constant rock parameters)
and maintenance induced segments. The vector x is ordered and contains the fixed rock
formation depths as well as the variable maintenance depths. M is a set containing the indices
of the variable maintenance depths. Fig. 4.3 shows an example instance where xg, x1,x3 are
fixed depths and x5 is the variable depth of a maintenance event, i.e., = [zg, x1, 2, 23] and
M = {2}. The indices i € M of the variable maintenance depths are determined a priori, i.e.,
we decide both the number of maintenance events as well as the geological segment in which
they occur a priori. m™ is either the index of the previous maintenance event or 1 if m is the

first element in M.

While Problem (4.24) cannot decide the optimal number of maintenance events, it is easier to
solve than Problem (4.23) because it does not contain integer variables and generally has a
much smaller number of segments, i.e., fewer variables and constraints. The following discusses

strategies for deciding the optimal number and segment assignment of maintenance events.

Integer strategy

In drill scheduling, the number of maintenance events m is generally small (m < 4). The number
of geological segments n, can be large in practice but will not be known a priori. We therefore
consider groupings of segments into a small number (ny < 10) of longer segments with average

rock parameters which are known a priori. Given ny and m, the combinatorial complexity of

ng+m—1

. ) However, the

enumerating the maintenance-segment assignment problem is N = (
optimal number of maintenance events m is a decision variable. Therefore, finding a globally

optimal maintenance-segment assignment also requires enumerating different values of m.
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Algorithm 5 Deriving upper bounds for m and z,,

x, R,V « solution of Problem (4.24) without Constraint (4.24c), M = ()
m < | R, > Upper bound on number of maint.
"+~ 0ecR™ > Vector of maintenance depths

forie {m,...,1} do
2" < smallest depth s.t. Cons. (4.24c) is satisfied
end for

Alg. 5 derives upper bounds for the number of maintenance events m as well as their location.
It starts by solving Problem (4.24) without any maintenance events and ignoring the upper
bound on the degradation indicator R,, ¢ 1. The floor of the maintenance indicator at the
target depth x,,, | R,,]| is an upper bound for the necessary number of maintenance events m.
Alg. 5 then starts at the target depth x,, and inserts | R,,| maintenance events at the earliest
possible points that satisfy the maintenance constraint. The locations z,, are upper bounds for

the maintenance locations:

Lemma 4.5. Let ™ be the maintenance depths determined by Alg. 5. Let €™ contain a set
of globally optimal maintenance depths. Let €™ further be padded with zeroes at the beginning

such that €™ and x*™ have the same length. Then x;™ < &7

*,m Sm *,m 2m 1 /m / 1 *
Proof. Assume ;" < 27" but x;}} > 27},. Construct a new solution (2", V') by moving ;"

*,1M

/\m . . . - Am .
to 27}, and drilling at maximum speed V;,; between 2}, and x;}:

o™ k#i+1 | VE o k#i+1
Ty = , .

@rook=i+1 |V k=i+1

('™, V') has drilling and maintenance cost lower than (z*™, V*), which is a contradiction.
Therefore z;"™ < 21" = ;7 < &7%,. Furthermore, note that z;™ <z (last maintenance

event) has to be true by the same logic as above. The Lemma follows by induction. [

Lemma 4.5 reduces the number of maintenance-segment assignments to enumerate.

Note. Let & be the upper bounds on maintenance locations from Alg. 5. Let n; be the segment

containing ;. The complexity of enumerating the maintenance-segment assignment problem
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using the upper bounds from Alg. 5 is:

Nm—1

N=S3 oS =25 Y il

i1=112=1 Im=Im—1 i1=112=11 Im—1=%m—2

Heuristics

Alg. 5 is equivalent to minimizing the drilling cost without considering degradation — a strategy
often used in practice. It provides feasible but likely suboptimal solutions to Problem (4.24),
i.e., it can be used as a heuristic. We call this the no—degradation heuristic and propose a
second, improved heuristic: the boundary heuristic, outlined in Alg. 6. Alg. 6 starts with the
solution of the no—degradation heuristic (Alg. 5). It improves the solution by iteratively solving
Problem (4.24) and reassigning maintenance events occurring at geological boundaries to the
adjacent segment. It terminates after finding a solution with all maintenance events occurring

in the interior of their segment. Note that moving a maintenance event occurring at a geological

Algorithm 6 Boundary heuristic

. M < no-degradation heuristic (Alg. 5)

x « solve Problem (4.24) with M = M

while dm € M, s.t. x,,, at geological boundary do
M+ reassign m to neighboring segment, drop maintenance event if at x.
x + solve Problem (4.24) with M = M

end while

boundary to the adjacent segment cannot lead to a worse solution, i.e. Alg. 6 is an anytime

algorithm.

While it does not guarantee global optimality of the maintenance-segment assignment, the

boundary heuristic may be useful for very large instances when enumeration is prohibitive.
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Figure 4.4: Warping functions for the drilling and production planning case studies. Input
values are normalized to zero mean and o = 1.

4.4 Results

The deterministic reformulations of both case studies were implemented in Pyomo (Version
5.6.8) [155, 156], an algebraic modeling language for expressing optimization problems. As
part of this work, we developed a Python (Version 3.6.8) module which takes a GP model
trained using the Python library GPy (Version 1.9.6) [157] and predicts u(x) and X(x) as
Pyomo expressions. The module is available open source on GitHub [158]. This allows the easy
incorporation of GP models into Pyomo optimization models. We use the interior-point convex
optimization solver Ipopt [159] with a multistart strategy to solve the problem. Each instance
was solved 30 times with a random starting point. The multistart procedure ends prematurely

if it finds the same optimal solution (with a relative tolerance of 107%) 5 times.

Fig. 4.4 shows the warping functions for both case studies. Since the production planning
warping function is concave and the production amounts x; are strictly positive, Theorem 4.1
applies and the warped set U is convex. Theorem 4.1 cannot be applied to the drill scheduling
case, because its warping function is neither convex nor concave. However, because the warping
function is only slightly non-convex, the warped set & may still be convex for many instances.
To avoid solving the bilevel problem directly we therefore use the following strategy: (i) solve the
robust reformulation (Eq. 4.13), (ii) check feasibility of the obtained solution using Algorithm 3
(to a tolerance of 1072), and (iii) only solve the bilevel problem (Eq. 4.7) directly if the obtained
solution is infeasible. For the instances considered in this work, the obtained solution always

turns out to be feasible.
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Period 1 2 3 4 5 6

Cost 0.1 0.05 0.01 0.02 0.1 0.15
Period 7 8 9 10 11 12
Cost 0.04 0.03 0.1 0.11 025 0.1

Table 4.1: Production costs ¢; for each time period ¢.

4.4.1 Production planning

For the production planning case study, we consider 4 model instances with 7'=1,2,3 and 6

time periods. Table 4.1 shows the cost of production e¢. We solve each instance for 30 different

Noise — 0.01 --- 0.03 -- 0.05 - - 0.08

Feasibilitx
o o —_
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Figure 4.5: Fraction of feasible solutions as a function of confidence 1 — « for the planning
problem with three time periods. 1 — a = 0 corresponds to the nominal case and 1 —a =1
to 0% chance of constraint violation. The noise in the data is uniform Gaussian with oyie =
0.01,0.03,0.05 and 0.08 and a standard GP model was used. The smaller the noise, the closer
the actual feasibility is to the expected confidence (dotted line).

confidence values 1 —«a. The GP was trained based on 20 randomly generated data points using

both uniform and non-uniform Gaussian noise with o, = 0.01,0.03,0.05, and 0.08.

Standard GP: Fig. 4.5 shows results for the chance constrained approach using a standard
GP model. We plot the fraction of feasible scenarios out of 1 million random samples from
the true underlying distribution. Fig. 4.5 shows results for four different noise scenarios. By
varying the confidence 1 — «, we adjust the robustness of the obtained solution. Clearly, the
resulting feasibility does not exactly match the expected feasibility (shown as a dotted line)

determined by the confidence level 1 —qa. This is due to a mismatch between the true underlying
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Figure 4.6: Fraction of feasible solutions as a function of confidence 1 — o for non-uniform
Gaussian noise with o4 = 0.01,0.03,0.05, and 0.08 for the production planning case study.
Results are shown for four different numbers of time periods T'= 1,2, 3 and 6. The dotted line
shows the a priori bound. With increasing numbers of time periods, the robust approximation
becomes increasingly conservative.

distribution and the normal distribution estimated by the GP. As the amount of noise increases,

the GP estimate deteriorates and the mismatch between feasibility and confidence increases.

Warped GP: Fig. 4.6 shows solution feasibility as a function of confidence 1 — a for non-
uniform noise using a warped GP model and the proposed robust approach. We show results for
four different numbers of time periods. In the nominal case (1 —a = 0), the feasibility is always
close to 50% because a solution which is valid for the mean price-supply curve will also be valid
for many scenarios with higher prices. In the robust case, as expected, feasibility increases as
the size of the uncertainty set, i.e. 1 — «, increases. Notice that the robust approach is almost
always a conservative approximation to the chance constraint, as the achieved feasibility is
generally larger than the confidence 1 — «. Small violations of the a priori bound (dotted
line) can still occur due to a mismatch between the GP model and the true underlying data

generating distribution. The solution conservatism also varies with the number of time periods
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considered. The a priori bound is less tight for larger values of T'.
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Figure 4.7: Profit, normalized with respect to nominal profit with oy, = 0.01 (objective of
Problem (4.4)), as a function of confidence 1 — « for four different noise scenarios and time
periods T'= 1, 2,3 and 6. As expected, the objective value decreases with increasing confidence
1 — a, because more extreme worst case scenarios are considered.

Fig. 4.7 shows the worst case profit, normalized with respect to the nominal profit for oy =
0.01, achieved as a function of the confidence level 1 —a. As expected, increasing the confidence
1—a leads to a lower worst case profit, because a larger confidence hedges against more uncertain
price outcomes. Note that results are shown for values of 1 — a between 0.001 and 0.999. At
1 — a = 1, the profit is always zero, because the uncertainty set includes negative prices and
the optimal solution is to not produce anything. For a fixed confidence level, noisier data will

generally lead to a smaller objective value as there is more uncertainty to hedge against.

Iterative procedure: Fig. 4.8 shows solution feasibility for the iterative a posteriori pro-
cedure (Alg. 4). We use confidence values between 0.55 and 0.999, since smaller confidences
can often not be achieved using the iterative approach (the smallest achievable confidence is
the feasibility of the nominal solution, i.e., ~ 50%). The a posteriori approach is clearly less

conservative than the a priori approach, however, this comes at the cost of additional compu-
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Figure 4.8: Fraction of feasible solutions vs confidence 1 — a for the iterative a posteriori
procedure (Alg. 4). If the noise is small, feasibility generally tracks the expected confidence
(dotted line) well. For larger noise, deviations can occur due to mismatch between the warped
GP model and the true data generating distribution.

tational expense and also potential bound violations when the warped GP does not model the
underlying distribution perfectly. The a posteriori approach could therefore be a viable less

conservative alternative in relatively low noise scenarios or when more training data is available.
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Figure 4.9: Percentage of a’s for which the chance constraint is violated for non-uniform Gaus-
sian data and Gaussian data warped through a square root function. Results are shown for
the standard GP chance constraint approach (Standard), the warped GP robust approxima-
tion (Wolfe), and the a posteriori approach (Posteriori). For an ideal approximation of the
chance-constraint Eq. 4.22b, the percentage of a’s would always be 100%. All results are for
the production planning case study with 7" = 3.

Comparison: Fig. 4.9 and 4.10 compare the performance of the chance constraint reformu-

lation using the standard GP, the Wolfe duality based robust approximation of the warped
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Figure 4.10: Violation of the chance constraint (when it is violated), averaged over different
values of «, for non-uniform Gaussian data and Gaussian data warped through a square root
function. Results are shown for the standard GP chance constraint approach (Standard), the
warped GP robust approximation (Wolfe), and the a posteriori approach (Posteriori). All
results are for the production planning case study with 7' = 3. Some lines do not start at
Onoise = 0 because for small noise values all instances are feasible and the average violation
doesn’t exist.

GP, and the a posteriori approach. In addition to the non-uniform Gaussian distribution, we
also generate training data by sampling from a Gaussian distribution and warping the samples
through a square root function. Fig. 4.9 and 4.10 show results for T' = 3 only, but the results

for other uncertainty set dimensions follow the same patterns.

Fig. 4.9 shows the percentage of 30 solutions with different values of o for which the chance
constraint is feasible. To determine if the chance constraint is feasible for a given solution
we draw 10000 samples from the true data-generating distribution, calculate the percentage
of samples for which the constraint is satisfied, and compare it to the intended feasibility of
the chance constraint 1 — a. le., Fig. 4.9 shows the percentage of instances for which the
probability of constraint violation is actually smaller than «. Ideally, this percentage should
always be 100%. The standard GP chance constraint reformulation comes fairly close to 100%
for the non-uniform Gaussian data with small noise, but does considerably worse for the square
root warped data and for larger noise in general. The robust approximation leads to the highest
percentage of feasible solutions for both data generating distributions. Solutions also remain
largely feasible even as the noise in the data becomes very large. In safety-critical applications

with non-Gaussian noise, the proposed approach is therefore clearly beneficial. The proposed
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a posteriori strategy achieves high rates of feasibility when the noise in the data is small, but
deteriorates quickly as the noise increases. It may therefore be beneficial in applications with

relatively low noise and where the robust approximation leads to overly conservative solutions.

Fig 4.10 shows a similar consideration. Here, the average violation of the chance constraint
in percentage points, i.e., the average absolute difference between the actual feasibility of the
solution and the intended feasibility 1 — « is shown. Only instances for which the chance
constraint is indeed violated are included in the average. The graph shows that, even when
the chance constraint is violated, the robust approximation leads to smaller violations than the

standard GP chance constraints approach.

4.4.2 Drill scheduling

For the drill scheduling case study, we consider two different geologies with 2 and 6 geological
segments. We consider a range of target depths and confidence values. Fig. 4.11 shows the
drilling, maintenance, and total cost for a target depth of 2200m as a function of the confidence
parameter 1 — . In the deterministic case (1 — o = 0.5), the optimal strategy is to not do
maintenance at all and drill as fast as possible. As we increase 1 — « to obtain more robust
solutions, we eventually reach a point where the average rate of penetration is slightly lower
in order to reduce degradation and guarantee that the well can be completed without a motor
failure. For the 2-segment geology the increased cost of drilling outweighs the zero maintenance

cost at around 1 — a = 0.92. After this point the optimal strategy is to do maintenance once.

Results are shown for both the no—degradation and boundary heuristics as well as total enu-
meration. For this instance, the boundary heuristic leads to the same solution as the globally
optimal enumeration strategy. The no—degradation heuristic, on the other hand, leads to sub-

optimal solutions when the optimal maintenance number is lower than the upper bound | R, |.

Fig. 4.12 shows the same cost components as Fig. 4.11 as a function of the target depth z,,.

Results are shown for three different values of 1 — a (0.5, 0.75, and 0.99). A larger confidence
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Figure 4.11: Cost of drilling to a depth of 2200 meters through a geologies with 2 and 6
segments for different values of confidence parameter «. Results are shown for three different
integer strategies. The boundary heuristic gives the same results as total enumeration, while
the no—degradation heuristic gives suboptimal solutions.

Alpha

— 0.5 (det)
- 0.75

-- 0.99

Type

— avg. ROP

301 s — duill

. — maint.

— total

2000 2500 3000 3500 4000 4500
depth

Figure 4.12: Cost of drilling as a function of target depth for three different for a geology with
two rock types for and for three different values of confidence parameter a. All results are
obtained with the globally optimal enumeration strategy.

always leads to a higher cost, as would be expected, but the difference between the deterministic
solution and a 99%-confidence robust solution can be large or small, depending on the target
depth, e.g., for a target depth of z,, = 3000m hedging against uncertainty does not lead to

significant cost increases.

Finally, Fig. 4.13 shows the total solution time for the three integer strategies for the in-
stance with 6 geological segments as a function of confidence parameter 1 — «. While the
no—degradation heuristic often leads to suboptimal solutions, as seen above, it is computation-

ally very cheap. The boundary heuristic comprises a good compromise: it frequently finds
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the global optimum while being much cheaper computationally. Especially for instances with
many geological segments and maintenance events, where the combinatorial complexity of the

enumeration strategy becomes prohibitive, it may therefore be a good alternative.
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Figure 4.13: Total time to solve an instance with 6 rock types as a function of the confidence
parameter «v. While the enumeration strategy is the only approach which is guaranteed to
find the globally optimal solution, the boundary heuristic often finds the same solution in
significantly less time.

4.5 Conclusion

Our approach reformulates uncertain black-box constraints, modeled by warped Gaussian pro-
cesses, into deterministic constraints guaranteed to hold with a given confidence. We achieve
this deterministic reformulation of chance constraints by constructing confidence ellipsoids and
utilizing Wolfe duality. We show that this approach allows the solution conservatism to be
controlled by a sensible confidence probability choice. This could be especially useful in safety-

critical settings where constraint violations should be avoided.



Chapter 5

Modeling and solving robust problems

in Pyomo

5.1 Introduction

Robust optimization is a common way of managing optimization under uncertainty in process
systems engineering: applications range from production scheduling to flexible chemical process
design [25, 44, 87, 160, 161, 162]. New developments in robust optimization include distribu-
tionally and adjustable robust optimization to reduce solution conservatism [162], data-driven
robust optimization to model uncertainty sets based on available data [34], and approximate
robust optimization to make non-linear problems more tractable [19]. This large number of
alternative approaches and the required domain knowledge can discourage practitioners from
making the transition from deterministic optimization to optimization under uncertainty. Fur-
thermore, the lack of a platform that allows the easy implementation and application of new

algorithms means that it is difficult for researchers to compare different approaches [163].

This chapter introduces ROmodel, a Python package extending the popular, Python-based
algebraic modeling language Pyomo [102, 164] to facilitate modeling of robust optimization
problems and implementation of robust optimization algorithms. ROmodel aims to (i) make

robust optimization more accessible to practitioners and facilitate moving from deterministic

72
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to robust optimization, (ii) demonstrate how robust optimization problems can be modeled
in close analogy to their mathematical formulation, and (iii) provide an open-source platform
for researchers to implement and compare new robust reformulations and uncertainty sets.
To this end, ROmodel introduces intuitive modeling which closely resembles the optimization
problem’s underlying mathematical formulation and will feel familiar to Pyomo users. ROmodel
uses the richness of Pyomo’s solver interfaces and methods for model transformations and
Python’s data processing capabilities. It supports both automatic reformulation and cutting
plane algorithms. Uncertainty sets can be chosen from a library of common geometries, or
custom defined using Pyomo constraints. ROmodel also support adjustable robust optimization
through linear decision rules. Because ROmodel and Pyomo are open-source, ROmodel can
be extended to incorporate additional uncertainty set geometries and reformulations. As an
example, we implemented uncertainty sets based on (warped) Gaussian processes for black-box

constrained problems.

There are other software packages for solving robust optimization problems, e.g. ROME [165],
RSOME [166], ROC++ [167], and PyROS [168]. All four approaches are designed as ro-
bust optimization solvers and, except for PyROS which is based on Pyomo, do not rely on
a general purpose algebraic modeling language. In contrast, ROmodel focuses on modeling
robust optimization problems. By building on Pyomo, ROmodel simplifies the transition from
deterministic to robust optimization, since both the deterministic and robust model can be
implemented in the same environment. ROmodel also allows access to a much larger number
of deterministic solvers than these other solvers. In contrast to AIMMS, which has some capa-
bilities for modeling robust optimization problems [169], ROModel is open source and allows
possibilities for extension. JumPeR [170], which extends Julia’s modeling language JumP to
robust optimization problems, is the most similar to ROModel. In contrast to JumPeR, RO-
Model is more tightly tied to its respective algebraic modeling language, e.g. developing new
convex uncertainty sets in ROmodel only requires adding Pyomo constraints while JumPeR
would require adding Julia functionality. ROmodel also automatically recognizes uncertainty
set geometries and applies the corresponding transformations without the user having to specify

which geometry they are using. Table 5.1 summarizes the key features of ROmodel as compared
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to other tools.

ROmodel JumPeR PyROS ROC++ RSOME
Modeling language  Pyomo JumP Pyomo C++ MATLAB
Extends modeling yes yes no no no
language
Solvers reformulation, reformulation, cutting plane reformula- reformula-

cutting plane, cutting plane tion tion

nominal
Adjustable RO yes yes yes yes yes
Data-driven sets GP-based sets no no no ambiguity

sets

Extensible uncertainty uncertainty uncertainty no no

sets, reformu- sets, reformu- sets

lations lations

Table 5.1: Comparison of ROmodel’s key features with other tools.

A further advantage of ROmodel is that it is based on Python, which is popular in data ana-
lytics and machine learning. ROmodel therefore allows data-based techniques to be integrated
seamlessly with robust optimization methods. As an example, we implement (warped) Gaus-
sian process-based uncertainty sets in ROmodel [171]. These sets seamlessly integrate Gaussian
processes trained in the Python library GPy [157] into robust optimization problems. ROmodel

is open source and available on Github [172].

The rest of this chapter is structured as follows. Section 5.2 introduces ROmodel’s new modeling
objects and shows how they can be used to model robust optimization problems. Section 5.3
introduces ROmodel’s three solvers: a reformulation based solver, a cutting plane solver, and
a nominal solver for obtaining nominal solutions of robust problems. Section 5.4 discusses how
ROmodel can be extended and demonstrates our implementation of Gaussian process-based
uncertainty sets for black-box constrained problems. Section 5.5 introduces six case studies

and presents results.



5.2. Modeling 75

5.2 Modeling

Consider the following generic robust optimization problem:

min  max  f(x, 2(§),§) (5.1a)

xeX,2(€) E€U(x)

st g(x,z(£),€) <0 Ve € U(z) (5.1b)

where & € R" are "here and now” variables, determined before the uncertainty is revealed,
while z(&) are adjustable variables, determined after the uncertainty is revealed. The uncertain
parameter vector £ is bounded by the uncertainty set U(x), which may depend on x and
which contains the nominal values €. Optimization Problem 5.1, a generic robust optimization
problem with uncertainty in the objective and constraints, is the basis for ROmodel. Note
that we are limiting ourselves here to one uncertain constraint for simplicity of notation only,
ROmodel can handle multiple robust constraints. Also note that there can be an arbitrary

number of deterministic constraints which define the set X.

ROmodel introduces three new modeling objects to represent robust optimization problems like

Problem 5.1 within Pyomo:

1. UncParam: A class similar to Pyomo’s Param and var class used to model uncertain param-
eters £&. One can supply a nominal argument, which defines the vector of nominal values
€ used to replace the uncertain parameters when solving the deterministic (nominal)

problem.

2. UncSet: Each UncParam object has an UncSet object associated with it. The UncSet class,
based on Pyomo’s Block class, models the uncertainty sets /. Uncertainty sets U can
be defined by (i) constructing generic sets by adding Pyomo constraints to the UncSet
object, or (ii) through a library of common uncertainty set geometries, using their matrix

representation as an input.

3. AdjustableVar: A class similar to Pyomo’s var class used to model adjustable variables
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which can be determined after some of the uncertainty has been resolved, i.e. z(§).

ROmodel currently only implements linear decision rules for adjustable variables.

These three new modeling objects are sufficient for modeling quite generic robust optimization
problems. They are set up to allow modeling problems in an intuitive way which is closely
related to their mathematical formulation (Problem 5.1). We discuss each modeling object and

how it is used to construct robust optimization problems in the subsequent sections.

5.2.1 Uncertain parameters

Indexed uncertain parameters are constructed in analogy to Pyomo’s var type for variables:

m.c = UncParam(range(3), nominal=[0.1, 0.2, 0.3], uncset=m.U)

The nominal argument specifies a list of nominal values £ for the uncertain paramters &. The
uncset argument specifies the uncertainty set to use for these parameters. The two approaches

for constructing the uncertainty set m.U are discussed in the next two sections.

5.2.2 Generic uncertainty sets

Generic uncertainty sets are constructed with the UncSet class. This class inherits from Pyomo’s
Block class. Users can construct generic uncertainty sets by adding Pyomo constraints to an
UncSet object in the same way as they would add constraints to a Block object in Pyomo. The

following example shows how a polyhedral set can be modeled using the UncSet class:

from romodel import UncSet, UncParam

# Define uncertainty set

m.U = UncSet ()

# Define uncertain parameter

m.w = UncParam(range(2), uncset=m.U, nominal=[0.5, 0.5])
# Add constraints to uncertainty set

m.U.consl = Constraint(expr=m.w[0] + m.w[1] <= 1)

m.U.cons2 = Constraint(expr=m.w[0] - m.w[1] <= 1)
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The uncset and nominal arguments define the uncertainty set and a vector of nominal values for
the uncertain parameter m.w. ROmodel’s strategy of modeling uncertainty sets using Pyomo’s
Constraint modeling object is analogous to typical robust optimization formulations. ROmodel
can therefore be used to define any uncertainty set which can be expressed in Pyomo. However,
not every set that can be modeled with Pyomo constraints can necessarily also be solved.
Section 5.3 discusses which types of uncertainty sets can be solved using which solver. Users
can also define multiple uncertainty sets and replace one by another. The uncertainty set for

any uncertain parameter m.w can be set using the uncset property:
# Define second uncertainty set
m.U2 = ro.UncSet ()
# Swap uncertainty sets and solve
m.w.uncset = m.U2

solver = pe.SolverFactory('romodel.cuts')

solver.solve (m)

5.2.3 Library uncertainty sets

For commonly used, standard uncertainty sets, the generic approach (Section 5.2.2) is un-
necessarily complicated. Therefore, ROmodel implements custom classes which can define an
uncertainty set using its matrix representation. ROmodel implements polyhedral and ellip-
soidal sets. The user can define polyhedral sets of the form U = {w | Pw < b} by passing the
matrix P and the right hand side b to the Polyhedralset class:

from romodel.uncset import PolyhedralSet

# Define polyhedral set

m.U = PolyhedralSet(mat=[[ 1, 1],

[ 1: _1] 5
[_1, 1] 5
-1, -111,

rhs=[1, 1, 1, 1])



78 Chapter 5. Modeling and solving robust problems in Pyomo

ROmodel creates ellipsoidal sets of the form (w — p)X 7! (w — p) < 1 using the EllipsoidalSet

class, the covariance matrix ¥ and the mean vector pu:

1 from romodel.uncset import EllipsoidalSet
2 # Define ellipsoidal set
m.U = EllipsoidalSet(cov=[[1, 0, 0],
4 [o, 1, 01,
5 [o, o, 117,

6 mean=[0.5, 0.3, 0.1])

Many other sets commonly used in robust optimization, e.g. box sets or norm sets can either
be modeled using the polyhedral library set, or using the generic approach for constructing
general convex sets. ROmodel’s uncertainty set library can also be extended. In Section 5.4
we discuss how additional library sets can be added to ROmodel using data-driven uncertainty

sets based on (warped) Gaussian processes as an example.

5.2.4 Constructing uncertain constraints

After defining uncertain parameters and an uncertainty set, the user can construct uncertain
constraints implicitly by using the uncertain parameters in a Pyomo constraint. Consider the

following deterministic Pyomo constraint:

1 # deterministic

m.x = Var(range(3))
3 c = [0.1, 0.2, 0.3]

4 m.cons = Constraint(expr=sum(c[il*m.x[i] for i in m.x) <= 0)

If the coefficients ¢ are uncertain, we can model the robust constraint ¢’z < 0, Ve € U as:

1 # robust

m.x = Var(range(3))
3 m.c = UncParam(range(3), nominal=[0.1, 0.2, 0.3], uncset=m.U)

4 m.cons = Constraint(expr=sum(m.c[il*m.x[i] for i in m.x) <= 0)

The uncertain parameter m.c can be used in Pyomo constraints in the same way as Pyomo var or
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Param objects. ROmodel’s solvers automatically recognize constraints and objectives containing

containing uncertain parameters.

5.2.5 Adjustable variables

ROmodel also has capabilities for modeling adjustable variables. Adjustable variables z (§) are
variables which can be determined after some (or all) of the uncertainty has been revealed.
Defining an adjustable variable is analogous to defining a regular variable in Pyomo, with an
additional uncparam argument specifying a list of uncertain parameters which the adjustable
variable depends on:

# Define uncertain parameters

m.w = UncParam(range(3), nominal=[1, 2, 3])

# Define adjustable variable which depends on uncertain parameter

m.y = AdjustableVar(range(3), uncparams=[m.w], bounds=(0, 1))

The uncertain parameters can also be set individually for each element of the adjustable vari-
ables index using the set_uncparams function:
# Set uncertain parameters for individual indices

m.y[0].set_uncparams ([m.w[0]])

m.y[1].set_uncparams ([m.w[0], m.w[1]])

ROmodel only implements linear decision rules for solving adjustable robust optimization prob-
lems. If a model contains adjustable variables in a constraint or objective, ROmodel automat-

ically replaces it by a linear decision rule based on the specified uncertain parameters.

5.3 Solvers

ROmodel has three solvers: A robust reformulation based solver, a cutting plane based solver,

and a nominal solver.
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5.3.1 Reformulation

The reformulation-based solver, illustrated in Fig. 5.1, implements standard duality based tech-

niques for reformulating robust optimization problems into deterministic counterparts [8]. First,

no
Robust model Has uncertain constraint?

Deterministic
counterpart

yes )
yes

Is U polyhedral? [Polyhedral transformation}

l no yes[
Is U ellipsoidal? Ellipsoidal transformation Solve

. no yes i
Other geometry? [Transformation}

| no

Figure 5.1: Schematic of reformulation solver. For each uncertain constraint, the reformulation
solver goes through all known transformations and identifies the geometry of the constrain-
t/uncertainty set. It then applies the corresponding model transformation. If all uncertain
constraints can be reformulated, the resulting deterministic counterpart is solved using one
of Pyomo’s solver interfaces. If one or more constraints cannot be reformulated, the problem
cannot be solved.

it detects every constraint containing uncertain parameters. Second, it checks the structure of
each uncertain constraint and the corresponding uncertainty set to determine if a known refor-
mulation is applicable. To do this, it goes through the available reformulations in a pre-defined
order to determine whether they are applicable or not. If multiple reformulations are applica-
ble, the first one on the list is applied. Finally, it applies a model transformation, generating
the deterministic counterpart of each robust constraint. The deterministic counterpart is then
solved using an appropriate solver available in Pyomo. The structure of the optimization prob-
lem and the uncertainty set geometry determine which solvers are applicable. If no applicable
transformation can be identified for one or more constraints, the problem cannot be solved and

ROmodel will raise an error.

ROmodel implements standard reformulations for ellipsoidal and polyhedral uncertainty sets

and linear uncertain constraints [7, 8]. It also implements reformulations for black-box con-
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strained problems [171]. These are discussed in more detail in Section 5.4, which also discusses

how ROmodel can be extended to include further reformulations.

5.3.2 Cutting planes

The cutting plane solver, outlined in Fig. 5.2, implements an iterative strategy for solving
robust optimization problems [173]. It replaces each uncertain constraint and objective by
a CutGenerator object which initially just contains the nominal constraint. The solver then
iteratively solves the master problem and generates cuts to cut off solutions which are not

robustly feasible. A solution z* is considered to be robustly feasible when for each uncertain

yes

Robust model Solution robustly feasible? N

no

Replace uncertain

constraints by [Solve master problem}—[Add cut}
cut generators

Figure 5.2: Schematic of cutting plane solver. The cutting plane solver iteratively solves the
master problem and adds cutting planes until a robustly feasible solution is found.

constraint g(x*, z(€), &) < 0, the objective value of the separation problem is smaller than some

tolerance e:

max g(x", z(§),§) < e (5.2)

ROmodel’s cutting plane solver can generally be applied to any convex uncertainty set. The

Pyomo solvers for solving the master and separation problems can be set individually using:

solver = SolverFactory('romodel.cuts')
# Master solver
solver.options['solver'] = 'gurobi'

# Sub solver

solver.options['subsolver'] = 'ipopt'
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The solvers need to be appropriate for the corresponding problem, i.e., the above choice would
be sensible if the master problem is a mixed-integer linear problem and the uncertain constraints
and uncertainty set are continuous and convex. If the solvers are not appropriate, Pyomo will

raise an error.

5.3.3 Nominal

ROmodel also includes a nominal solver. This solver replaces all occurrences of the uncertain
parameters by their nominal values and solves the resulting deterministic problem:
# Obtaining the nominal solution

solver = SolverFactory('romodel.nominal')

solver.solve (m)

The nominal solver allows users to combine their implementations of the nominal and robust
problem. An implementation of the robust model can be used to obtain the solution of the

nominal problem.

5.4 Extending ROmodel for black-box constrained prob-

lems

ROmodel can be extended to incorporate additional reformulations and uncertainty set ge-
ometries. This section outlines how ROmodel can be extended using the (warped) Gaussian
process-based uncertainty sets for black-box constrained problems, discussed in detail in Chap-
ter 4, as an example. This example showcases the ease with which ROmodel can integrate
Python’s machine learning and data analytics capabilities with Pyomo’s mathematical opti-

mization modeling.

Recall that the Gaussian process-based sets are applicable to constraints containing a black-box
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function g(-) of the following form:

P (Z g(yi)x; < b> >1—« (5.3)

In order to make these approaches available in ROmodel, we need to (i) implement two library
uncertainty sets, GPSet and WarpedGPSet, which collect the relevant data, and (ii) implement
two corresponding model transformations which perform the reformulations for standard and
warped Gaussian process-based sets. The implementation is based on the Python module
ROGP [158], which is includes Gaussian process models trained in the Python library GPY

[157] in Pyomo models.

5.4.1 Implementing new library sets

Implementing a new library set mainly requires a new Python class collecting the necessary
data. For the standard and warped Gaussian process set, this data consist of three arguments:

from romodel.uncset import GPSet, WarpedGPSet

# Define variables

m.y = Var([0, 11)

# Define uncertainty set based on standard GP
m.uncset_standard = GPSet(gp_standard, m.z, 0.95)
# Define uncertainty set based on warped GP

m.uncset_warped = WarpedGPSet (gp_warped, m.z, 0.95)

The first argument gp_standard/warped is a (warped) Gaussian process object trained in GPy.
The second is an indexed Pyomo variable on which the GP depends, i.e. z in Eq. 5.3. The
third parameter specifies the confidence level 1 — a with which the true parameter is contained
in the uncertainty set. L.e., in this case the confidence that the true parameter vector is an

element of the uncertainty set is at least 95%.

The new sets can be used in the same way as other library sets, e.g.:

# Define variables

m.x = Var ([0, 1])
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# Define uncertain parameters
m.w = UncParam([0, 1], uncset=m.uncset_warped)
# Define constraint

m.cons = Constraint(expr=m.x[0]*m.w[0] + m.x[1]*m.w[1] <= 1)

Constraints which use this type of uncertainty set need to be linear in the uncertain parameter.
Note that ROmodel requires the indices of m.y and m.w to be identical in the formulation above.
ROmodel also allows specifying the relationship between m.w and m.y through a dictionary. This

is for example useful, if the black-box function depends on more than one variable:

# Define variables

m.y = Var([0, 1], ['a', 'b'])

# Define uncertainty set

y_dict = {0: [m.y[0O, 'a']l, m.y[0O, 'b']],
1: [m.y[1, 'a']l, m.y[1, 'b'1]1},

m.uncset_warped = WarpedGPSet(gp, y_dict, 0.95)

The dictionary indicates that the uncertain parameter m.w[0] depends on the variables m.y[o0,
'a'] and m.y[0, 'b'] through the black-box function ¢(-), modeled in GPy by the Gaussian

process gp.

Note that ROmodel’s cutting plane solver is not applicable to the Gaussian process-based sets
because the sets are decision dependent. Attempting to solve a problem with one of theses sets
therefore results in an error. When implementing new library sets which can be solved using
cutting planes, an additional Python function generate_cons_from_lib, which generates Pyomo
constraints for the uncertainty set based on the data collected by the library set, is required.

For an example, see romodel/uncset/ellipsoidal.py on the ROmodel Github [172].

5.4.2 Implementing new reformulations

For ROmodel to be able to solve models containing the two new Gaussian process-based sets,
we need to implement the corresponding reformulations. Adding new reformulations to RO-

model generally requires two Python functions: (i) a function _check_applicability which de-
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tects whether a constraint and uncertainty set have the required structure, and (ii) a function
_reformulate which generates the robust counterpart. The former function is only required if the
reformulation is supposed to work with generically constructed uncertainty sets as described in
Section 5.2.2. For library sets like the Gaussian process-based sets, only the latter function is
required. This function takes data describing the constraints and uncertainty set as an input
and returns a Pyomo block containing the deterministic counterpart. For a full example see

the implemented reformulations in romodel/reformulate/ on the ROmodel Github [172].

5.5 Results

We use ROmodel to model and solve six case studies:

—_

. A portfolio optimization problem with uncertain returns [8],
2. A knapsack problem with uncertain item weights,
3. A pooling problem instance [174] with uncertain product demands,

4. A capacitated facility location problem as an example for adjustable robust optimization,
where the decision which facilities to build has to be made under demand uncertainty,
while the decision from which facility to supply individual customers can be made once

the uncertainty is resolved,

5. A production planning problem where the price at which products can be sold depends on
the amount produced through an uncertain black-box function modelled by a (warped)

Gaussian process [171],
6. And a drill scheduling problem in which the equipment used to drill a well degrades at a

rate which depends on other drill parameters through a black-box function [171].

For the reformulation approach, we use Gurobi 9.0.3 to solve the reformulation for case studies

1-4 and Ipopt 3.12.12 for case studies 5 and 6. For the cutting plane approach, we use Gurobi
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Problem  Type # Variables # Constraints +# Unc. params
Portfolio LP 6 2 5
Knapsack MILP 4 1 4
Pooling NLP 13 45 4
Facility adj. MILP 4 9 )
Planning NLP 4 1 3
Drilling NLP 63 39 12

Table 5.2: Type of problem, number of variables, constraints, and uncertain parameters for
each case study.

9.0.3 as the main and subsolver for all problems. All experiments were run on an i7-6700 CPU
with 8x3.40GHz and 16GB RAM. All examples except for the drill scheduling example are

included with ROmodel and can be used as follows:

import romodel.example as ex
portfolio = ex.Portfolio()
knapsack = ex.Knapsack()
pooling = ex.Pooling()

facility = ex.Facility ()

planning ex.ProductionPlanning(alpha=0.95, warped=True)

The implementation of the drill scheduling example is separately available on Github [175].
Table 5.2 shows a summary of the type of problem and number of variables, constraints, and

uncertain parameters for each case study.

We solve the portfolio, knapsack, pooling, and facility location problems with both the reformu-
lation and cutting plane solver for ellipsoidal and polyhedral uncertainty sets and using both the
library approach to generating uncertainty sets as well as the generic, Pyomo constraint-based
approach. We solve the production planning and drill scheduling problems using the reformu-
lation solver with uncertainty sets based on both standard and warped Gaussian processes. We

solve 30 instances with different uncertainty set sizes for each case study.

Table 5.3 shows the median time in milliseconds taken to solve each problem for a given un-
certainty set geometry and solver. The reformulation solver generally outperforms the cutting

plane solver with median times of 74ms and 330ms respectively. An exception is the the non-



5.5. Results 87

Problem  Unc. Set Reformulation Cuts Overall
Polyhedral 54  (3.7) 272 (L4 85 1.9
Knapsack g il 50 §2.2; 183 21.43 o1 El.8§
Pooling  _LoWhedral 7L (77) 329 (29) 173 (7d)
Ellipsoidal 638  (11.6) 331 (2.9) 349  (6.7)
_ Polyhedral 50  (3.0) 276 (0.8 126 2.3
Portiolio g oidal 49 §2.7; 1659 EO.S% 129 E1.2§
Facility _Lolvhedral 261 (106.0) 13353 (37.1) 5588 (745)
Ellipsoidal - () 31275 (71.4) 31275  (71.4)
Planning _Stendard 2776 (871.7) NA 2776 (871.7)
Warped 8536 (997.9) NA 8536 (997.9)
Drilling _Standard 13646 (272.8) NA 13646  (272.8)
Warped 75325 (577.8) NA 75325  (577.8)
Overall 74 (75) 330 (28) 271 (3.2)

Table 5.3: Median time in milliseconds taken to solve the six example problems with different
uncertainty set geometries. Times are shown for the reformulation and cutting plane solvers
and both combined (Overall). The median time taken to reformulate the model is shown in
parantheses. The cutting plane solver is not applicable (NA) for Gaussian process-based sets
and the reformulation solver cannot solve the facility problem with ellipsoidal sets to optimality
(—).The Owverall columns show the median time over all instances irrespective of the solver used.
The Owerall row shows the median time over all instances of the different case studies.

linear, non-convex pooling problem with an ellipsoidal set. For this instance, the cutting plane
solver achieves significantly better results, which is in line with previous work on robust pooling
problems [29]. Similarly, for the facility location problem with an ellipsoidal set, the reformu-
lation approach does not solve the problem to optimality within a 10 minute time frame, while
the cutting plane solver does. For the production planning and drills scheduling examples only
the reformulation solver can be applied. The Wolfe duality-based reformulation for warped
Gaussian processes generally takes longer to solve than the chance-constraint reformulation for
standard Gaussian processes. Note that most of this time is the time taken by the subsolvers.
The transformations which ROmodel performs are generally very quick: the median transfor-
mation time across all instances is 3.2 milliseconds, while the maximum transformation time is
1.7 seconds. The median transformation time for each problem and geometry/solver is shown

in parantheses in Table 5.3.

Fig. 5.3 shows the objective value (normalized with the objective of the nominal solver) as a
function of uncertainty set size for each of the six examples. Note that the facility location

and drill scheduling problems are minimization problems, while the rest are maximization



88 Chapter 5. Modeling and solving robust problems in Pyomo

Geometry— standard--- warped-- ellipsoidal- - polyhedra
Knapsack Pooling Portfolio

— —_
o ot
1 1

|
-

o

t
L

/

1

~<
~
-~

=
o
.
(

Facility ProductionPlanning Drilling

—
ot
L

1
1
\

—_—— == et
R -=

—

-

o
L

=%

Normalized objective value

e <

[an)
— 1
o
=
)

0.5 1.00.0 0.5 1.00.0 0.5 1.0
Uncertainty set size «

Figure 5.3: The figure shows the normalized objective value as a function of the uncertainty
set size for knapsack, portfolio and pooling case studies and an ellipsoidal and polyhedral
uncertainty set.

problems. By construction, the ellipsoidal sets tested always fully contain the polyhedral sets for
a given a. Correspondingly, they are always more conservative, i.e., for a given « the objective
value achieved using the ellipsoidal set is larger for minimization and smaller for maximization
problems than the value achieved using the polyhedral set. For the Gaussian process-based
sets, the standard approach is always less conservative than the warped approach. However,
the limited ability of the standard Gaussian process to model non-Gaussian noise may mean
that the actual probability of constraint violation is larger than the intended confidence would

suggest. For a more detailed comparison of these two approaches see [171].

5.6 Conclusion

ROmodel formulates robust versions of common optimization problems. The modeling envi-
ronment it provides makes (adjustable) robust optimization methods more readily available
to practitioners and makes trying different solution approaches and uncertainty sets very easy.
ROmodel is open source and available free of charge and could play a vital role as a platform for

prototyping novel robust optimization algorithms and comparing them to existing approaches.
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Conclusion

This thesis has applied robust optimization to novel applications with uncertain equipment
degradation. In the process, we have developed new methods for incorporating stochastic mod-
els, which are often used to model equipment degradation, into process level optimization and
scheduling problems. These developments include a new reformulation for optimization prob-
lems with uncertain black box constraints modeled by warped Gaussian processes. We have
analysed and discussed in detail the relationship between maintenance, robustness to unex-
pected failures, and expected process costs. We have also developed ROmodel, an open source
Python library for modeling robust optimization problems, in order to make transitioning from
deterministic to robust optimization easier. ROmodel also implements the reformulations for
Gaussian process-based sets we have developed to make them more accessible to practition-
ers. ROmodel allows close coupling of training data-based models and using them to generate

uncertainty sets for robust optimization.

There are many ways in which this work could be extended. Processes often continuously
collect data about equipment health. It would therefore make sense to re-generate data-driven
uncertainty sets as new data comes in. Bayesian approaches for updating degradation models
already exist and could be incorporated into this methodology. This may also be coupled
with the cutting plane approach for robust optimization by adaptively removing and adding

cuts as the uncertainty set changes, instead of solving the model from scratch every time.

89
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There are also many other facets of equipment degradation and maintenance scheduling that
could and should be explored in the context of optimization under uncertainty. These range
from different types of assumptions about degradation characteristics, such as equipment which
cannot be restored to its original state but can be maintained to increase it’s lifetime, to more

complex maintenance strategies such as opportunistic maintenance.

The (warped) Gaussian process-based uncertainty sets could be extended and applied to differ-
ent types of problems. Adapting recent methods for global optimization of Gaussian processes
may allow for solving the reformulation proposed in this thesis to global optimality. Using the
Gaussian process-based set in mixed integer problems may also require further work. In gen-
eral, uncertain black-box constraints should be a topic of further investigation. There are many
other stochastic models, e.g. Bayesian belief networks or Bayesian neural networks, which may
be used to model them. Incorporating such models into optimization problems requires the

development of new methods and robust reformulations.

Finally, ROmodel can be extended to include many more uncertainty set geometries and re-
formulations. This includes other simple geometries, e.g. box sets, intersections of common
geometries, or novel approaches for data-driven uncertainty sets. Especially the latter could
make full use of Python’s data-processing capabilities to offer very practical uncertainty sets.
There are also many other techniques in and adjacent to robust optimization which would be
valuable features in ROmodel. Examples include distributionally robust optimization, which
may be implemented in ROmodel by introducing an ambiguity set component, k-adaptability
or non-affine decision rules, or chance constraint approaches. In the long-term ROmodel could
even be extended to stochastic programming approaches through the introduction of scenario
sets. ROmodel is designed for modeling robust optimization problems and could be extended
to offer interfaces to other robust optimization solvers, e.g. PyROS or ROC++. This would
make it much easier for practicioners and researchers to compare different solution approaches.
ROmodel’s cutting plane solver could also be integrated more tightly with some of the under-
lying Pyomo solvers, e.g. by using callbacks to generate robust cuts when a feasible candidate

solution is identified.
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Appendix A

Formulating the robust counterpart

The reformulation of the semi-infinite constraints

mj,tS? < St Vt,j e J, Cij,k €D (A.la)

Sjt <S5y (3? — s7) Vt, j € J, Jj,k eu (A.1Db)

Si0 = Sje-ne T ) Tygadin +mye - (8] — 870 Vt,j € Jdix €U (A.lc)
k

Sit < Sjt—ar Zﬂcj,k,tczj,k Vi, j € J, Jj,k eu (A.1d)
k

into a deterministic robust counterpart in this work is based on the approach by Lappas and

Gounaris [76]. s, is replaced by the affine decision rule

sje = [sialo + D [sjaledin
k

in all constraints, where [s;;]o and [s;;], are coefficients which become new variables in the

reformulated constraints. The first constraint (Eqn. A.la) can be reformulate in the following
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way:

where

The dual of this is

O = ul,l;I,%ill’ll,j,t Z djg [(1+ uy”" — (1 — €)1,
’ k
5.t wpt — L > (854w vk,
with dual variables u,{;j " and l,i’j ' Dropping the minimization leads to the final reformulation:
Z din [(1+ uy ™ — (1 — e)li’j’t} < [sjtlo — mj,tsg vt,jeJ
k
ui’j’t — l,i’j’t > —[s;tlk Vi, t, k
Similar analysis for the second inequality (Eqn. A.1b) leads to reformulation
Z dix [(1+ upt — (1 — e)li’j’t}
k

< s — (8o + g - (8? — 87 Vtjed

2,7t 2,7,t .
ukj - lk] Z I:Sjat]k \V/J7t, ka



112 Appendix A. Formulating the robust counterpart

the third inequality (Eqn. A.lc) yields

> [(1+ g — (1= 1]
k

< [sjlo = [8j-adlo + myesT Vt,jeJ

Uz’j’t - li’j’t > [8je-ntlk — [Sidle + T V5, LK,
and the fourth (Eqn. A.1d)

Z djr [(1+ up™t — (1 — e)lé’j’t}
k

< —[sjtlo + [s5-atlo Vt,jeJ

ui’j’t — l:’j’t > —[sj-ntlk + [sjele — e Vi Lk



Appendix B

Equivalence to deterministic

optimization with maximal parameters

Note that for convenience and readability the index j has been dropped in all equations in this

appendix.

Consider the case where the cost, process model, and maintenance model in Problem 9 are not

functions of the uncertain parameters dy:

min  cost(x, m)
x,m

s.t process model(x, m)
maintenance model(x, m)
miso < [silo + > [se]ndr, Vi, dp e U
[st]o + Z [st]kcfk < 8™ oy (0 — M), Vt,d, e U

[s¢]o + Z [St]kdk > [si-1]o + Z [Stq]kdk

+ " wpady Vt, d, e U
K
+mt(50 . smam)7
[sido+ > [seledilsioalo + Y [seiledi + Y @ e—1ds, Vi, di €U
k
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(B.1a)

(B.1b)
(B.1c)
(B.1d)

(B.1e)

(B.1f)



114 Appendix B. Equivalence to deterministic optimization with maximal parameters

Furthermore consider a deterministic version of Problem B.1

min cost(x, m)
xz,m
s.t process model(x, m)

maintenance model(x, m)
mys” < St;
s < gmez +mt(80 _ Smaw)’

St 2 Sim1+ > Tpad™ 4 my(s” — s™),
k

max
S¢ < Sp1 + E T ey,
k

in which dj, has been replaced by

" = max dj,.
dreU

vt

vt

vt

vt

Theorem B.1. Given that cost, process model, and maintenance model are not functions of

djj, and that s9 < sivt = s, < s7 and djy, > 0,Vd;), € U, then a feasible solution (x =

[Tkty. ], = [my,...],h = [s;]) to Problem B.2 forms a feasible solution (x = [xj4,..

[my, . ..], b =[[si]o, [si]k]) to Problem B.1 with

st <t

[St]O =
st >t
t
[St]k = Z Lty
t/=tm7t

J,m =

(B.3a)

(B.3b)

where ™ = s(t = 0), tmo is the first point in time at which maintenance is performed, and

tm,t 95 the most recent point in time at which maintenance was performed.

Proof. First we show that the Inequality B.1d

mes® < [silo + Y [s:]rdi

(B.1d)



115

holds for any dy > 0 given (@ = [zyy,...],m = [my,...], h = [[s]o, [s¢Js]): From the assumption
sY < st < gma and Eqn. B.3a it follows that s° < [s;]o < s™*. Furthermore, it directly
follows from Eqn. B.3b that [s;]; > 0. Eqn. B.1d is therefore guaranteed to hold for any

Jk GU,JkZO.

Next, we show that Inequalities B.1f and B.1g,

[sto + Z [St]ka?k > [s¢—1]o + Z [Stq]kjk + Z xk,ta?k + my (s — s™) (B.1f)

and

[sido + > [siledie < [sicalo + > [secaled + Y wpady (B.1g)

respectively, hold for any dr € U as long as Inequality B.le is satisfied. We first assume that
my = 0. In this case [si|x = [St—1]x + Tk (from Eqn. B.3b), [s]o = [si—1]o (from Eqn. B.3a) and
Eqns. B.1f and B.1g simplify to

[st]o > [si—1]o

and

[s¢]o < [se-1]o,

which is true for any dj,. Next we assume that m, = 1. In this case [s;]o = s° (from Eqn. B.3a),
[st]e = 0 (from Eqn. B.3b), and zx; = 0 (assuming that a unit can not be operated while

maintenance is performed). Substituting this into Eqns. B.1f and B.1g and rearranging yields

[si-)o+ Y [se-aledy < 8™ (B.4)
and
s” < [si1]o + Z (501l (B.5)

respectively. Eqn. B.4 is guaranteed to be satisfied as long as Inequality B.1e holds for t =t —1

and Eqn. B.5 holds for any dj, € U, dj, > 0 since [si—1]o > So and [s;_1]x > 0.
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Finally we show that the Inequality B.1le
[st]o + Z [st]kczk < ™7 4oy (80 — ™) (B.1e)
holds for any dj, € U. To this end we notice that

arg max [St]o + Z [st]kczk = dzmx
Cikeu k

since [s;]r > 0. Therefore, if Eqn. B.1le holds for dy, = d;»*. it holds for any dy, € U. Since

(x = [Ty, ...],m = [my,...],h =[s]) is a solution to Problem B.2,
+ my(s? — s™), (B.6)

Lastly, noticing that the definition of [s¢]o and [s;]x (Eqns. B.3a and B.3b) ensure that s; can

always be decomposed as

st = [st)o + Z [se]udy ™
k

if s; satisfies Problem B.2, it follows that
St = [st]o + Z [s:]xd® < 8™ 4 my(s° — s"max)
k

and Eqn. B.1le holds for all d;, € U. O
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Appendix C

Instances of the STN

States Feed A Feed B Feed C Hot A Int. BC Int. AB Impure E Prod. 1 Prod. 2

Capacity [kg] oo 0o 0o 100 200 150 100 oo oo
Initial [kg] ) oo oo 0 0 0 0 0 0
Storage cost 0 0 0 1 1 1 1 5 5
Units Heater Reactor 1 Reactor 2 Still
VM [kg] 40 32 20 80
v;”‘”’ kg] 100 80 50 200
s;"am 80 150 160 100
sinit 30 50 120 40
; [hr] 15 21 24 15
C}naint 300 900 2000 1200
c]f 2000 3000 3000 1500
Task Mode Unit
Heater Reactor 1 Reactor 2 Still
Pijk i k/%ijk P d/o P d/o P d/o
Heating Slow 9 1/0.27
Normal 6 2/0.54
Fast 3 3/0.81
Reaction 1 Slow 27 4/1.08 30 4/1.08
Normal 15 5/1.35 18 5/1.35
Fast 8 8/2.43 12 10/2.7
Reaction 2 Slow 36 1/0.27 33 2/0.54
Normal 21 3/0.81 18  4/1.08
Fast 15 5/1.35 12 4/1.08
Reaction 3 Slow 30 3/0.81 24 2/0.54
Normal 18 7/1.89 21 5/1.35
Fast 6  8/2.16 12  9/2.43
Separation Slow 15 2/0.54
Normal 9 5/1.35
Fast 6 6/1.62
Period Scenario
Low Average High

Product 1 Product 2 Product 1 Product 2 Product 1 Product 2

1 76 136 150 200 190 294
2 116 162 88 150 231 323
3 101 115 125 197 198 307
4 91 141 67 296 217 335
5 60 147 166 191 181 293
6 60 103 203 193 244 328
7 54 148 90 214 243 326
8 110 113 224 294 182 296
9 92 105 174 247 246 296
10 99 175 126 313 189 348
11 51 177 66 226 199 319
12 117 164 119 121 222 346
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Feed 52 S3 S4
O—m—0O—m—0—=1—O
States S1 S2 S3 5S4
Capacity [kg] oo o0 oo o0
Initial [kg] o 0 0 O
Storage cost 0 1 1 1
Units Ul U2 U3 U4 Ub
o™ [kg] 0 0 0 0 0
i [kg] 100 150 200 150 150
spas 120 100 150 90 80
simit 10 70 45 60 30
t; [h] 21 15 18 9 13
cpamt 600 600 500 400 400
Task Mode Unit
U1 U2 U3 U4 U5
Pijk  dijk/oijr P dfo p dfo p dfo p dfo
T1 Slow 33 3/0.66 30 3/0.66
T1 Normal 25 5/1.35 21 6/1.62
T1 Fast 15 7/2.17 12 9/2.79
T2 Slow 24 4/0.88
T2 Normal 18 6/1.62
T2 Fast 12 10/3.1
T3 Slow 21 2/0.44 18 2/0.44
T3 Normal 15 4/1.08 12 4/1.08
T3 Fast 9 7/217 6 6/1.86
Period Scenario Period Scenario
Low Average High Low Average High
1 725 1167 2002 13 446 947 1847
2 587 1110 2141 14 201 1426 2178
3 397 1087 1668 15 305 1090 2159
4 558 906 1977 16 447 1040 2015
5 411 1188 1692 17 378 917 1662
6 678 1191 1805 18 566 1190 1782
7 252 1436 2007 19 409 953 1646
8 415 1020 2174 20 797 1109 2135
9 539 1110 1713 21 605 1298 2113
10 414 1266 2162 22 413 1275 1760
11 214 1042 2155 23 550 1364 1958
12 612 1169 2018 24 362 1158 1779
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FL oo 13 P1
o Il ral
T1 T3
20%
11
40%
F2 30% 12 P2

States F1 F2 11 12 13 P1 P2

Capacity kg] oo oo 200 100 500 1000 1000

Initial [kg] oo oo O 0 0 0 0
Storage cost 0 0 1 1 1 5 5
Units R1 R2 R3

oM kgl 40 25 40

vt kgl 80 50 80

s;-”’“” 70 120 70
st 10 10 10
7; [hr] 21 21 21
cpraint 600 600 600
Task  Mode Unit
R1 R2 R3
Pi,j,k Ji,j,k/ai,j,k p J/U p Cz/i7

T1 Slow 24 3/0.66 24 3/0.66
T1 Normal 15 5/1.35 15 5/1.35
T1 Fast 9 8/2.16 9 8/2.16
T2 Slow 36 3/0.66 36 3/0.66
T2 Normal 24 5/1.35 24 5/1.35
T2 Fast 15 8/2.16 15 8/2.16
T3 Slow 12 3/0.66
T3 Normal 9 5/1.35
T3  Fast 6  8/2.16
T4 Slow 24 3/0.66
T4 Normal 15 5/1.35
T4 Fast 9 8/2.16
Period Scenario Period Scenario

Low Average High Low Average High

P1 P2 P1 P2 P1 P2 P1 P2 P1 P2 P1 P2
1 190 102 271 231 311 305 13 197 192 213 280 314 376
2 172 156 230 282 381 347 14 120 100 257 270 370 392
3 102 103 274 226 381 321 15 180 115 286 223 335 370
4 130 172 289 281 310 310 16 178 186 201 281 386 358
5 130 104 270 212 317 371 17 135 138 288 289 398 309
6 174 192 205 205 339 328 18 140 115 284 253 304 396
7 167 194 260 248 379 348 19 128 104 200 273 334 351
8 185 175 259 282 317 392 20 155 179 275 210 326 300
9 179 180 211 233 300 387 21 158 120 298 253 315 397
10 131 120 261 292 346 326 22 160 186 252 284 301 396
11 104 196 271 212 364 364 23 125 105 223 220 396 378

—_
[\V]

104 188 202 289 309 346 24 187 134 205 285 316 393
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P1
F1 14 30% 19 P2
50% 70%
O—m—O O—m—O
F2 15
(O——[r2] 50%
S Govp oy 0%
O
18 P4
s Q—m@—O~"m—O0
P3 50%
30% =i 0%
O~z 17
States F1 F2 F3 14 15 16 7 18 19 P1 P2 P3 P4
Capacity [kg] o0 oo oo 1000 1000 1500 2000 1000 3000 oo oo oo oo
Initial [kg] oo oo oo O 0 0 0 0 0 0 0 0 0
Storage cost 0 0 0 1 1 1 1 1 1 5 5 5 5
Units R1 R2 R3 R4 R5 R6
o7 [kg] 0 0 0 0 0 0
v [kg] 1000 2500 3500 1500 1000 4000
smae 100 100 100 100 100 100
sinit 77 80 90 17 40 33
7; [hr] 21 21 21 21 21 21
chraint 1000 1700 2000 1200 1000 2100
Task  Mode Unit
R1 R2 R3 R4 R5 R6
Pijk i k/Cijk P d/o P d/o P d/o P d/o P d/o
T1 Slow 3/0.66
T1 Normal 5/1.35
T2 Slow 24 3/0.66
T2 Normal 15 5/1.35
T3 Slow 33 5/0.66
T3 Normal 21 8/1.35
T4 Slow 42 5/0.66
T4 Normal 21 11/1.35
T5 Slow 45 7/0.66
T5 Normal 30  10/1.35
T6 Slow 18 3/0.66
T6 Normal 12 5/1.35
T7 Slow 33 6/0.66
T7 Normal 21 9/1.35
TS Slow 45  6/0.66
TS Normal 30  10/1.35

Table C.4: Instance P6 [4]
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Period Scenario

Low Average High

P1 P2 P3 P4 P1 P2 P3 P4 P1 P2 P3 P4

1 715 501 801 933 1277 1356 1739 1349 1605 1844 1898 1631
2 993 878 888 739 1533 1361 1384 1374 1687 1882 1650 1732
3 743 995 817 563 1727 1400 1323 1351 1510 1805 1893 1699
4 620 963 636 698 1702 1701 1260 1605 1557 1717 1693 1908
5 991 612 535 686 1521 1424 1600 1315 1929 1769 1657 1918
6 919 819 914 626 1451 1412 1667 1406 1539 1818 1676 1521
7 648 799 920 549 1447 1471 1732 1620 1999 1663 1632 1603
8 609 728 969 925 1746 1444 1694 1512 1673 1987 1924 1742
9 741 575 604 814 1691 1456 1384 1305 1826 1559 1982 1882
10 968 682 853 532 1436 1297 1564 1356 1987 1737 1598 1910
11 624 789 816 728 1357 1730 1441 1638 1696 1660 1761 1778
12 840 929 700 733 1384 1283 1461 1423 1779 1722 1558 1655
13 516 790 705 743 1387 1594 1696 1533 1596 1528 1857 1745
14 956 643 974 890 1722 1493 1528 1533 1782 1829 1994 1512
15 940 715 797 638 1470 1377 1635 1303 1949 1738 1933 1782
16 894 896 693 853 1563 1467 1526 1565 1837 1593 1938 1852
17 792 994 509 647 1561 1593 1614 1531 1694 1869 1879 1593
18 725 718 856 789 1739 1681 1373 1255 1902 1663 1814 1953
19 820 886 971 531 1576 1706 1635 1628 1875 1988 1648 1512
20 950 788 580 859 1627 1358 1469 1694 1642 1519 1999 1595
21 641 773 681 877 1257 1433 1581 1420 1890 1942 1854 1826
22 793 963 950 634 1250 1641 1644 1404 1795 1628 1658 1961
23 504 741 531 671 1472 1617 1311 1519 1967 1768 1877 1739
24 830 529 819 594 1390 1645 1632 1614 1844 1945 1620 1563

Table C.5: Instance P6 [4] continued
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F1()——

Heating

1t O [Reaction 2}——() 2

40% 30%
60% :
e Q- [EEmEs——Q P
States F1 F2 I1 Pl P2
Capacity kg] oo o0 o0 o0 o0
Initial [kg] oo oo 0 0 0
Storage cost 0 0 15 9 5
Units Heater  Reactor
v;”i" kg] 40 30
v [kg] 100 140
siraw 80 120
sé-”“ 43 30
7; [hr] 2 3
cpraint 300 300
Task Mode Unit
Heater Reactor
Pi,jk Ji,j,k/ai,j,k p Cz/U
Heating Slow 9 5.5/1.49
Heating Normal 6 11/2.97
Reaction 1 Slow 6 7/1.89
Reaction 1~ Normal 4 9/2.43
Reaction 2 Slow 10 5/1.35
Reaction 2 Normal 6 13/3.51
Period Scenario Period Scenario
Low Average High Low Average High
P1 P2 P1 P2 P1 P2 P1 P2 P1 P2 P1 P2
1 52 61 121 113 184 201 13 49 45 141 128 180 225
2 60 32 137 149 228 207 14 29 44 115 120 210 192
3 42 59 149 128 204 218 15 69 35 148 106 220 192
4 51 40 146 127 192 200 16 53 51 125 148 224 225
5 24 42 105 103 206 225 17 38 49 102 136 229 218
6 34 52 111 100 194 212 18 47 7 112 125 204 201
7 32 55 105 143 223 216 19 54 53 141 134 197 226
8 30 62 141 140 182 218 20 26 7 118 131 223 215
9 65 30 144 128 185 197 21 61 68 116 128 199 183
10 32 69 147 122 218 180 22 31 71 132 101 212 196
11 59 37 119 119 182 197 23 53 42 107 121 181 222
12 24 44 133 139 218 195 24 39 47 113 143 220 211

Table C.6: Toy instance



124 Appendix C. Instances of the STN

Except for the toy instance, all instances are taken from the benchmark collection by Lappas and
Gounaris [76]. All parameters were converted to a discrete time formulation and degradation
parameters were added. For Instance P1 [1] parameters from Biondi et al. [70] were used. The

time steps and horizons used in each instance are given in Table C.7.

Instance Toy P1[1] P2[2] P4[3] P6 [4]

Ts 30 168 168 168 168
Atg 1 3 3 3 3
Tp 720 4032 4032 4032 4032
Atp 30 168 168 168 168

Table C.7: Time horizons of STN instances

The degradation of all units is assumed to follow a Wiener process. The distribution of incre-

ments is

7 2
Sj7t+p’i,j,k - Sj’t - Di7j7k7 Di’jak ~ N (di’j’k” O-i’j’k) ’

where Ji,j,k is the nominal amount of degradation when task i is performed on unit j in mode
k. When no task is being processed the degradation signal is assumed to vary with zero mean

and a small variance:

Sjerar — Sje = Doas,  Doar ~ N (0,0.05°At) . (C.1)

A detailed list of all parameter values used in each case study can be found in Tables C.1

through C.6.
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Crossing probabilities of a Brownian

motion for a piecewise linear boundary

When the Wiener process is used as a degradation model, the failure probability pj-c can be

calculated efficiently based on analytical result [90, 91, 176]. The probability of a Wiener

process with piecewise constant parameters 0, = [@;x, 0;x] crossing a fixed threshold i
is equivalent to the probability of a standard Brownian motion W (t) (a Wiener process with
N (0,1) distributed increments) crossing a piecewise linear boundary. The probability of W ()

crossing a linear boundary at + b is known to be inverse gaussian distributed

al +b
VT

P(W(t)Zat—i—b,tST):l_(I)( )_FeXp*Qab@(

where ®(-) is the standard normal distribution function [177].

Based on this, the probability of failure py’” between two consecutive maintenance times ¢, ,

and t,,, can be calculated as

p;" =1-Eh(y)

:1—ﬁﬂ(yz>0) (1_eXp {_f?ﬂ;yz])

1=t
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where #;,1 € {1,...,n} are the n points in time between t,,, and t,,, at which the operating

mode k changes [90].

Here y is a vector representing the values of W(t) at each ¢;. It is defined as

y = c+ MDY?uy,

where M is a lower triangular matrix of ones,

D1/2 = dlag(\/tl - tm,uu \/tQ - tla ooy tm,v - tn)u
w is a random vector with u; ~ N(0,07,(t;)), and c is the piecwise linear boundary
c= (s — sty (1., 1] = Mdiag (0, 1 (t1) . .., pjx (tn)) At

with

At: [O,tl—to,...,tn—tnfl]—r.

The overall probability of failure over the evaluation horizon T' can then be calculated as
n+1

pl=1-1] (1 _ p;f*“) , (D.2)
u=1

where t,,0 =0, tyny1 = T, and €, 0, u € {1,...,n} are the n points in time at which mainte-

nance is carried out on unit j in the evaluation horizon.
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Nomenclature
h health variables
m maintenance variables
T process variables
Indices
1 task
¥ unit
k operating mode
S state
t time
Sets
I set of tasks
I; set of tasks ¢ available on unit j
I set of tasks ¢ consuming state s
I, set of tasks ¢ producing state s
J set of process units
Ji set of units j on which task ¢ can be performed
K; set of operating modes allowed for task ¢
K; set of operating modes k available on unit j

127
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T evaluation horizon

Tp planning horizon

Ts scheduling horizon

U uncertainty set

X set of operating mode sequences wf

Discrete Variables

o 1 if maintenance is performed on unit j at time ¢

M ket number of times task ¢ is performed on unit j in mode £ in time period ¢
Wi j et 1 if task ¢ starts on unit j in mode %k at time ¢, 0 otherwise

Tt 1 if unit j is operated in mode £ at time ¢

ch sequence of operating modes [ky, ko, ..., k7]

Wi ket 1 if unit j operates in mode k in period ¢, 0 otherwise
Continuous Variables

Qi ot amount of material processed by task ¢ in unit 7 in mode £ in time period ¢
bi j ket amount of material committed to task ¢ on unit j in mode k£ at time ¢
c* minimal cost determined by solving Problem 3.9

cf cost of unit j failing

D random variable modeling increment of S(t)

Nji random variable modeling n

Nk number of times mode k occurs on unit j in a given At

pf probability of failure

ﬁf estimated upper bound on p;c

ql™ quantity of state s stored at end of planning horizon

st quantity of state s stored at time ¢

S(t) stochastic process modeling s™¢*(t)

st realization of S;(t) at time t

sj-c " value of degradation signal at end of planning horizon

sMeas(t) measured degradation signal
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Sy random variable modeling s™**(t) at time ¢
X5 (t) memoryless Markov chain modeling ¥
X7, state of Markov chain at time ¢
d slack variable for unfulfilled demand of state s
o slack variable for storage capacity violation of state s at time ¢
P process/environmental parameters
Parameters
c;”‘””t cost of maintenance for unit j
cstorage per unit cost of storage for state s
Cs storage capacity of state s
D distribution of D
Jj,k nominal value of cim,
d; uncertain parameter modeling increment of S(t)
die” maximum of d;; in U
N number of samples in Monte-Carlo simulation
Dijik processing time of task ¢ on unit j in mode k
Tt residual lifetime of unit j at time ¢
[s;tlo, [sjt]lx parameters for affine decision rule
s° reset value degradation signal
sinit initial value of degradation signal
§mar failure threshold degradation signal
tp first time period in planning horizon
ts last time period in scheduling horizon
Atp length of planning period
Atg length of scheduling period
U large number
v maximum batch size for task ¢ on unit j
v;j}m minimum batch size for task ¢ on unit j
Q size parameter of I/
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st demand for s at time ¢
€ik size parameter of U
Mk probability of k occuring n;; times
0 parameter vector of D
1 mean of D;
Tk ko transition probability Markov chain
Pis fraction of state s of material produced by task ¢
Pi.s fraction of state s of material consumed by task i
Tk standard deviation of D,

duration of maintenance on unit j
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Connection to uncertain functions

Consider the following robust optimization problem:

i F.1
(mrggx flx, z) (F.1a)
s.t Zg(zi)xi <b Vg elU? (F.1b)
i=1
z € RF k< n. (F.1c)

Instead of uncertain parameters, Problem (F.1) considers an uncertainty set A9 over uncertain

functions g(-). We are interested in defining &9 in a way that it contains “likely” realizations

of the GP.

Recall that for any finite set of points z1,...,2;, | € N, G,, ., = [G(z1),...,G(z)]T is a

.....

multivariate Gaussian with mean p(z,...,2z;) and covariance matrix ¥(z,...,2;). For any
=, We can construct a confidence ellipsoid £*(z1, ..., z;) containing the true values

-----

[9(Z1),...,9(2)]T with probability 1 — a:

ycR!
E%z1, 2 =4 st (h(y) — w)TS N h(y) — )
S F}l*&
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where '~ = Fj(1 — ) is the cumulative distribution function of the x? distribution with I

degrees of freedom. We then construct a set U9 over functions g(-) for which [§(z1),...,g(z)]
lies in the corresponding a-confidence ellipsoid £%(z1, ..., z;), for any [ € N and 2, ..., z; with
z; € R
g:R* - R s.t.
U =13 [3(z), (2] € %z 2),

V{zl,...,zl},zi ERk,ZEN

Figure F.1: Any [;-dimensional a-confidence ellipsoid £ is a strict subset of the projection of
higher order a-confidence ellipsoids &7, [z > [; onto the /;-dimensional space.

Replacing U9 with U¢ transforms Problem (F.1) into a robust optimization problem with an
uncertainty set over functions defined by an infinite number of confidence ellipsoids which can
have arbitrarily many dimensions. This set is not semialgebraic and it is not clear how it could
practically be used in optimization. In practice, however, we are only interested in evaluating
the GP at a finite number of points. Here, the number of evaluation points is the number
of times |S| that the GP occurs in the optimization problem. Consider the following robust

optimization problem:

i F.2
Juin - f (z,2) (F.2a)
st y'x<b Vy € £%(2) (F.2b)

zi € RF k<. (F.2¢)
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Theorem F.1. A vector &* which is a feasible solution to Problem (F.2) is also a feasible

solution to Problem (F.1).

Proof. Assume x* is a solution to Problem (F.2) but not to Problem (F.1). Then 3§ € U9 s.t.
> §(2])x; > 0. The definition of ¢ implies that [§(2]) : i € S]T € £€%(2] : i € 5). Choosing
;]GS: [9(2]) = @ € S]7, it follows that > gizj = > g(2])z; > 0, meaning that {z*, g} is not
feasible in Problem (F.2). But g € 50“1(65;‘ i€ [nl]e):g which is a contradiction. O

Fig. (F.1) shows that the converse of Theorem (F.1) is not necessarily true. Because all confi-
dence ellipsoids are symmetric and centered at the mean of the distribution, any lower dimen-
sional ellipsoid & = £*(z1, ..., 2;),l < n is a strict subset of the projection of £& = £*(z) onto
the [-dimensional space (otherwise it would have to contain a larger probability mass). Prob-
lem (F.2) therefore conservatively approximates Problem (F.1). Furthermore, the a-confidence
ellipsoid £%(z) implies that a solution to Problem (F.2) is a feasible solution to the black-box

constrained problem with a probability of at least 1 — « (see Theorem 1).
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Globally optimizing non-convex inner

maximization problems

Lemma G.2. Let Y be the set of solution of Problem 4.10, then Jy* € Y which is on the

boundary of U, i.e., y* € OU.

Proof. When & = 0 the objective function is constant and the Lemma is trivially true. For
x # 0 we prove the Lemma by contradiction. For the sake of contradiction assume y* € int(U),

then 3e > 0s.t. yo €U, Yyo € {yo | |ly* — yol| < €}. Let:

then:
T € €

———| == <e,
a2l =2

ly" =9l =lly" -y

and therefore y € U, but:

T
]| 2 ]| 2

which is a contradiction. O]
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Lemma G.3. The bounding box of an ellipsoid (x — p)"S 1 (x —p) < r? is given

extreme points T; = [; + 10y and x; = [; — 0.

Proof. Consider the optimization problem:

max x;
€T

st. (& —p)"8 e —p) =r?

It’s stationarity condition is:

d =2z —p),

Pre-multiplying by (& — )T and substituting primal feasibility leads to the expression:

Li—Hi
A= .
2r2

Substituting this back into the stationarity condition and rearranging gives:

,’,2

Li— i

T—p = 320,

which, substituted into the primal constraint leads to the desired results:

Ti = [y +T04, Ty = [ — T04.

by the

(G.1a)

(G.1b)

(G.3)

(G.4)
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Table of notation

General
a; uncertain parameter
Fle CDF of the x?
u dual variable
T,z decision variable vectors
2 subset of decision variables z
Yy observation vector in original space
1) black-box objective function
g(*) black-box constraint
h(-) warping function
K(-,-) kernel function of GP
w(-) constraint defining U
foa a-confidence ellipsoid
U (warped) uncertainty set
X deterministic feasible set

probability of constraint violation

) disturbances vector
€ estimated feasibility
€0 target feasibility
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I3 observation vector in latent space

¥ = {a;,b;,c;} parameters of warping function

u mean of GP at z;

01-2]- 17-element of covariance matrix

by covariance matrix of GP at z;
Production planning

Ct production cost in period t

Dt uncertain price in period ¢

Xy production amount in period ¢
Drill scheduling

w weight on bit

N rotational speed

V rate of penetration

Ap differential pressure

R degradation indicator

M set of maintenance depths




Appendix 1

Drill scheduling model

In order to connect the penetration rate V' and degradation rate r to the drilling parameters,

weight-on-but W and rotational speed N, we require two models:
o A bit-rock interaction model [151] connecting W and N with V and differential pressure
across the mud motor Ap

o A mud motor degradation model [5] connecting the degradation rate r with the differential

pressure Ap.

I.1 Detournay’s bit-rock interaction model

To model the connection between W, N, V, and Ap, we combine the bit-rock interaction model
by Detournay et al. [151] with the PDM’s powercurve. There are three relevant rotational
speeds in the drilling process: The drill-string speed Ntop, the PDM speed (relative to the drill

string) Nppus, and the drill-bit speed Ny,

Nyit = Niop + Nppar (I.1)

Based on Detournay et al. [151], the following drilling response model can be formulated

138
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relating Ny; with the weight-on-bit W and the rate of penetration V:

V =d- Ny (151, Eq. 4] (1.2a)
W
w=—— 151, Eq. 4 1.2b
T | | (120)
d={" [151, Eqs. 24,37] (1.2¢)
e
(1.2d)

where d is the depth of cut per revolution, w is a scaled weight-on-bit, and a, p, S*, w*, e,

N™ and W™ are rock and equipment parameters.

The relationship between torque 7" and weight-on-bit W is given by:

= [151, Eqn. 4]

/ (1.3)
t= [151, Eqns. 29,38]
¢ (w—(1-pw)

For the bit parameters a = 100.4 and p = 0.0 was used. Rock parameters are available for

Lower Jurassic shale and Sandstone in the open literature [151]:

Parameter Lower Jurassic shale Sandstone
S* [MPal 278 315
w* [N/mm)] 199 59
¢e [MPa 125 50
wy' [+ 0.48 0.93
(1= B)wp. [N/mm] 157 33
€[ 0.98 0.65

Using the PDM’s power curve (Fig. 1.1), the bit rotational speed Npi can be determined as a

function of N, T, and Ap. Fig. .1 shows the relationship between T, Nppas, the differential
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pressure over the PDM Ap, and the flow rate through the PDM (. Since torque 7 is specified

through W (Eqn. 1.3), Ap can be determined from the power curve (Fig. I.1). If additionally

the flow Q(t) is given, Nppyy is also fully specified.
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Figure I.1: Example of a PDM power curve [5].

Putting this together, we obtain the following model relating V to W and N:

V=d (Ntop + NPDM>

I
a(l - p)
o oT
-~ a(1-p?)
(
py'w
t = <
L(w— (1- fuw?)
\
(
d= 5
L S* + 56
Ntop < Nmaw
W < Wmae

(safety constraints),

(I.4a)

(L4b)

(L4c)

(L4d)
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Figure 1.2: Maximum lifetime of a PDM as a function of differential Ap (for a given PDM
geometry and elastomer, mud, flow, and temperature) [5].

Assuming that the flow rate Q(t) is treated as a parameter, the only decision variables are W (),
and Ntop(t). For the purpose of this work we model the above power curves using quadratic
equations. Notice that the variables w,t,d, and Nppy could easily be eliminated, resulting in

a more compact albeit less intuitive/physically meaningful formulation.

1.2 Mud motor degradation model

For the mud motor degradation characteristics we use data obtained by Ba et al. [5], determined

through a combination of simulation and experiments, shown in Fig. 1.2.



