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CQ?�MM2b qB2#2
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�`2 HB+2Mb2/ mM/2` � *`2�iBp2 *QKKQMb �ii`B#miBQM@LQM *QKK2`B+�H 9Xy AMi2`M�iBQM�H GB+2M+2

U** "u@L*V

lM/2` i?Bb HB+2M+2- vQm K�v +QTv �M/ `2/Bbi`B#mi2 i?2 K�i2`B�H BM �Mv K2/BmK Q` 7Q`K�iX uQm

K�v �HbQ +`2�i2 �M/ /Bbi`B#mi2 KQ/B}2/ p2`bBQMb Q7 i?2 rQ`FX h?Bb Bb QM i?2 +QM/BiBQM i?�i,

vQm +`2/Bi i?2 �mi?Q` �M/ /Q MQi mb2 Bi- Q` �Mv /2`Bp�iBp2 rQ`Fb- 7Q` +QKK2`B+�H Tm`TQb2X

q?2M `2mbBM; Q` b?�`BM; i?Bb rQ`F- 2Mbm`2 vQm K�F2 i?2 HB+2M+2 i2`Kb +H2�` iQ Qi?2`b #v M�KBM;

i?2 HB+2M+2 �M/ HBMFBM; iQ i?2 HB+2M+2 i2tiX q?2`2 � rQ`F ?�b #22M �/�Ti2/- vQm b?QmH/ BM/B+�i2
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1[mBTK2Mi /2;`�/�iBQM Bb � +QKKQM T?2MQK2MQM BM 2M;BM22`BM; �TTHB+�iBQMbX lM2tT2+i2/
2[mBTK2Mi 7�BHm`2b +�M H2�/ iQ T`Q+2bb /QrMiBK2 �M/ bB;MB}+�Mi +QbiX AM7Q`K�iBQM `2;�`/BM;
i?2 ?2�Hi? Q7 2[mBTK2Mi Bb Q7i2M mM+2`i�BM �M/ #�b2/ QM HBKBi2/- TQi2MiB�HHv MQBbv Q` +Q``mTi2/
/�i�X PTiBKBbBM; i?2 T`Q/m+iBQM �M/ K�BMi2M�M+2 Q7 i2+?MB+�H T`Q+2bb2b Q7i2M `2[mB`2b i�FBM;
i?2b2 +?�HH2M;BM; �bT2+ib BMiQ +QMbB/2`�iBQMX hQ i?Bb 2M/- i?Bb i?2bBb �TTHB2b /�i�@/`Bp2M `Q#mbi
QTiBKBx�iBQM iQ �TTHB+�iBQMb rBi? /2;`�/BM; 2[mBTK2Mi �M/ /2p2HQTb M2r K2i?Q/b �M/ iQQHb BM
i?2 T`Q+2bbX

�b � }`bi bi2T- r2 +QMbB/2` � p�`B�Mi Q7 i?2 bi�i2@i�bF@M2irQ`F rBi? mM+2`i�BM 2[mBTK2Mi /2;`�@
/�iBQMX q2 mb2 /�i�@#�b2/ biQ+?�biB+ T`Q+2bb KQ/2Hb +QKKQM BM +QM/BiBQM@#�b2/ K�BMi2M�M+2
iQ +QMbi`m+i mM+2`i�BMiv b2ibX h?Bb �HHQrb mb iQ BM+Q`TQ`�i2 BM7Q`K�iBQM 7`QK i?2 biQ+?�b@
iB+ KQ/2Hb BMiQ � T`Q+2bb H2p2H KBt2/@BMi2;2` QTiBKBx�iBQM T`Q#H2K r?BH2 `2i�BMBM; +QKTmi�@
iBQM�H i`�+i�#BHBivX q2 �TTHv i?Bb 7`�K2rQ`F iQ b2p2`�H BMbi�M+2b Q7 i?2 bi�i2@i�bF@M2irQ`F
�M/ /2KQMbi`�i2 i?�i Bi +�M 2{+B2MiHv +QKT`QKBb2 #2ir22M 2[mBTK2Mi �p�BH�#BHBiv �M/ +Qbi Q7
K�BMi2M�M+2X

L2ti- r2 2ti2M/ Qm` �TT`Q�+? iQ �M BM/mbi`B�H /`BHH b+?2/mHBM; +�b2 bim/vX h?2 mM+2`i�BM
/2;`�/�iBQM BM i?Bb T`Q#H2K Bb `2T`2b2Mi2/ #v #H�+F@#Qt +QMbi`�BMibX q2 KQ/2H i?2b2 mM+2`i�BM
7mM+iBQMb mbBM; Ur�`T2/V :�mbbB�M T`Q+2bb2b- mb2 i?2 KQ/2Hb iQ ;2M2`�i2 mM+2`i�BMiv b2ib- �M/
/2p2HQT M2r `27Q`KmH�iBQMb 7Q` i?2 `2bmHiBM; `Q#mbi QTiBKBx�iBQM T`Q#H2KbX lMHBF2 KQbi `Q#mbi
QTiBKBx�iBQM T`Q#H2Kb- i?Bb �TT`Q�+? +QMbB/2`b mM+2`i�BM 7mM+iBQMb- MQi mM+2`i�BM T�`�K2i2`bX
q2 �M�Hvx2 +QMp2tBiv +QM/BiBQMb �M/ T`QTQb2 � +mbiQK ;HQ#�H QTiBKBx�iBQM bi`�i2;v 7Q` MQM@
+QMp2t +�b2bX h?2 �TT`Q�+? 2z2+iBp2Hv KBiB;�i2b mM+2`i�BMiv BM i?2 H2�`M2/ /2;`�/�iBQM +m`p2bX

6BM�HHv- r2 �BK iQ K�F2 i?2 K2i?Q/b /2p2HQT2/ �M/ `Q#mbi QTiBKBx�iBQM �b � r?QH2 KQ`2 �+@
+2bbB#H2 iQ T`�+iBiBQM2`bX hQ i?Bb 2M/ r2 BMi`Q/m+2 _PKQ/2H- � Svi?QM T�+F�;2 i?�i 2ti2M/b
i?2 KQ/2HBM; +�T�#BHBiB2b Q7 i?2 TQTmH�` KQ/2HBM; H�M;m�;2 SvQKQ iQ `Q#mbi QTiBKBx�iBQM
T`Q#H2Kb �M/ �miQK�i2b i?2 `27Q`KmH�iBQM Q7 `Q#mbi QTiBKBx�iBQM T`Q#H2KbX _PKQ/2H �HHQrb
i?2 /2}MBiBQM Q7 +mbiQK mM+2`i�BMiv b2ib mbBM; SvQKQ +QMbi`�BMib- #mi �HbQ +QMi�BMb � HB#`�`v
+QMi�BMBM; +QKKQMHv mb2/ mM+2`i�BMiv b2ib �M/ Qm` Ur�`T2/V :�mbbB�M T`Q+2bb@#�b2/ b2ibX _P@
KQ/2H BKTH2K2Mib #Qi? `Q#mbi `27Q`KmH�iBQM �M/ � +miiBM; TH�M2 #�b2/ bQHp2`X q2 /2KQMbi`�i2
_PKQ/2HǶb +�T�#BHBiB2b #v �TTHvBM; Bi iQ � MmK#2` Q7 BMbi�M+2b Q7 b2p2`�H +�b2 bim/B2bX
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�+FMQrH2/;2K2Mib

h?Bb i?2bBb rQmH/ MQi ?�p2 #22M TQbbB#H2 rBi?Qmi i?2 bmTTQ`i Q7 � MmK#2` Q7 T2QTH2X 6B`bi �M/
7Q`2KQbi A rQmH/ HBF2 iQ i?�MF Kv bmT2`pBbQ` _mi? JBb2M2` 7Q` #2BM; �M BM+`2/B#Hv bmTTQ`iBp2
K2MiQ` �M/ �Hr�vb ?�pBM; rQ`/b Q7 �/pB+2 7Q` K2X

a2+QM/- A rQmH/ HBF2 iQ i?�MF Kv bmT2`pBbQ` �i a+?HmK#2`;2` *�K#`B/;2 _2b2�`+?- AMāb *2+őHBQ-
7Q` �HH ?2` bmTTQ`i i?`Qm;?Qmi i?2 v2�`bX A rQmH/ �HbQ HBF2 iQ i?�MF ?2` �M/ �HH Qi?2` +QHH2�;m2b
�i a+?HmK#2`;2`- 2bT2+B�HHv CQM�i?�M .mMHQT �M/ �HB ƹx#2F- 7Q` HBbi2MBM; iQ Kv T`2b2Mi�iBQMb
�M/ �Hr�vb ;BpBM; K2 ;`2�i 722/#�+F �M/ ?2HTBM; K2 iQ ;`QmM/ Kv rQ`F BM T`�+iB�HHv `2H2p�Mi
T`Q#H2KbX

h?B`/- A rQmH/ HBF2 iQ i?�MF Kv +QHH2�;m2b :2Q`;B� EQmv�HBb- aBKQM PHQ7bbQM- JBi2M JBbi`v-
Cm�M *�KTQb a�H�x�`- .BKBi`Bb G2ibBQb- 6`�M+2b+Q *2++QM- �H2t h?2#2Hi- *?`vbb� E�TT�iQm-
*�HpBM hb�v- .�MB2H G2M;v2H- �M/ C�K2b P/;2`bX uQm ?�p2 K�/2 i?2 Q{+2 bm+? � 7`B2M/Hv �M/
2MDQv�#H2 bT�+2X h?�MF vQm 7Q` Qm` p�Hm�#H2 /Bb+mbbBQMb �M/ 7Q` ?2HTBM; K2 T`Q+`�biBM�i2 Qp2`
+Qz22fi2�f?Qi r�i2` �M/ #Bb+mBibX

6Qm`i?- A rQmH/ HBF2 iQ i?�MF 2p2`vQM2 BM >BS1.a 7Q` K�FBM; Kv }`bi v2�` BM i?2 *.h bT�+2
bQ 2MDQv�#H2 �M/ BMbB;?i7mHX h?�MFb iQ .�M AQ`;�- :2Q`;BQb _BxQb- �M/ :2Q`;2 h?2Q/Q`�FBb 7Q`
�Hr�vb #2BM; mT 7Q` � /`BMF �i ~ UQ` 2Hb2r?2`2VX aT2+B�H i?�MFb iQ .�M 7Q` �Hr�vb #2BM; mT 7Q`
� brBK Q` i?2 ;vK i?2 M2ti KQ`MBM;X

6BM�HHv- A rQmH/ HBF2 iQ i?�MF Kv 7`B2M/b �M/ 7�KBHv 7Q` i?2B` bmTTQ`iX aT2+B�H i?�MFb iQ G�`�
q�Hi2`bK�MM �M/ C�MBM2 JƺHH2` 7Q` Qm` `2;mH�` T?QM2 +�HHb- a�`�? E�F�/2HHBb 7Q` HmM+? �M/
bH�+FHBM2 #`2�Fb- �M/ �H2t�M/`� aiQBFQp� 7Q` `Bp2`bB/2 r�HFb �M/ /`BMFbX AǶ/ HBF2 iQ i?�MF >2H2M�
�`2HH�MQ@"�HH2bi2`Q 7Q` ?2` 2M/H2bb bmTTQ`i �M/ 7Q` F22TBM; K2 b�M2 /m`BM; *QpB/ HQ+F/QrMbX
G�bi #mi MQi H2�bi- A �K ;`�i27mH iQ Kv T�`2Mib- .Q`Bb _ƺbF2M#H2+F �M/ 6`�MF qB2#2- 7Q` �Hr�vb
bmTTQ`iBM; K2 �M/ 2M+Qm`�;BM; K2 iQ /Q r?�i A �K T�bbBQM�i2 �#QmiX
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GBbi Q7 Tm#HB+�iBQMb �M/ T`2b2Mi�iBQMb

yXyXR Sm#HB+�iBQMb

Ç qB2#2- CX- JBb2M2`- _X UkykRV _PKQ/2H, JQ/2HBM; `Q#mbi QTiBKBx�iBQM T`Q#H2Kb BM
SvQKQX S`2@T`BMi- �`sBp, ?iiTb,ff�`tBpXQ`;f�#bfkRy8Xy38N3 X

Ç qB2#2- CX- *2+őHBQ AX- .mMHQT- CX- JBb2M2`- _X UkykyV � `Q#mbi �TT`Q�+? iQ r�`T2/
:�mbbB�M T`Q+2bb@+QMbi`�BMB2/ QTiBKBx�iBQMX S`2@T`BMi- �`sBp, ?iiT,ff�`tBpXQ`;f�#bf

kyyeXy3kkkX

Ç G2ibBQb- .X- "�Hi2�M@Gm;QD�M- _X- *2++QM- 6X- JBbi`v- JX- qB2#2- CX- JBb2M2`- _X UkykyV
�TT`QtBK�iBQM �H;Q`Bi?Kb 7Q` T`Q+2bb bvbi2Kb 2M;BM22`BM;X *QKTmi2`b � *?2KB+�H 1M@
;BM22`BM;- Rjk,Rye8NNX

Ç qB2#2- CX- *2+őHBQ AX- JBb2M2`- _X UkyRNV _Q#mbi QTiBKBx�iBQM 7Q` i?2 TQQHBM; T`Q#H2KX
AM/mbi`B�H � 1M;BM22`BM; *?2KBbi`v _2b2�`+?- 83Uk3V,RkdRk@RkdkkX

Ç qB2#2- CX- *2+őHBQ AX- JBb2M2`- _X UkyR3V .�i�@.`Bp2M PTiBKBx�iBQM Q7 S`Q+2bb2b rBi? .2@
;`�/BM; 1[mBTK2MiX AM/mbi`B�H � 1M;BM22`BM; *?2KBbi`v _2b2�`+?- 8dU8yV,RdRdd@RdRNRX

yXyXk S`2b2Mi�iBQMb

Ç qB2#2- CX- � `Q#mbi �TT`Q�+? iQ r�`T2/ :�mbbB�M T`Q+2bb@+QMbi`�BM2/ QTiBKBx�iBQMX
oB`im�H kyky AL6P_Ja �MMm�H J22iBM;- LQp2K#2` kykyX

Ç qB2#2- CX- _Q#mbi QTiBKBx�iBQM Q7 TQQHBM; M2irQ`FbX 6QmM/�iBQMb Q7 *QKTmi2`@�B/2/
S`Q+2bb .2bB;M- CmHv kyRNX

Ç qB2#2- CX- h?2 `Q#mbi TQQHBM; T`Q#H2KX 1m`QT2�M avKTQbBmK QM *QKTmi2` �B/2/
S`Q+2bb 1M;BM22`BM;- CmM2 kyRNX

Ç qB2#2- CX- h?2 `Q#mbi TQQHBM; T`Q#H2KX uQmM; S`Q72bbBQM�Hb *QM72`2M+2 QM S`Q+2bb
1M;BM22`BM;- J�`+? kyRNX

Ç qB2#2- CX- _Q#mbi TH�MMBM; �M/ b+?2/mHBM; 7Q` T`Q+2bb2b rBi? 2[mBTK2Mi /2;`�/�iBQMX
�MMm�H �A*?1 J22iBM;- LQp2K#2` kyR3X
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yXyXj PT2M@aQm`+2 aQ7ir�`2

Ç ?iiTb,ff;Bi?m#X+QKf+Q;@BKT2`B�Hf`QKQ/2H, � Svi?QM KQ/mH2 r?B+? 2ti2M/b SvQKQ
7Q` KQ/2HBM; �M/ bQHpBM; `Q#mbi QTiBKBx�iBQM T`Q#H2KbX

Ç ?iiTb,ff;Bi?m#X+QKf+Q;@BKT2`B�Hf`Q;T, � Svi?QM KQ/mH2 7Q` BM+Hm/BM; :�mbbB�M
T`Q+2bb2b i`�BM2/ BM :Sv BMiQ SvQKQ KQ/2HbX

Ç ?iiTb,ff;Bi?m#X+QKf+Q;@BKT2`B�HfbiM, SvQKQ BKTH2K2Mi�iBQM Q7 � `Q#mbi p2`bBQM Q7
i?2 bi�i2@i�bF@M2irQ`F rBi? +QK#BM2/ b+?2/mHBM;- TH�MMBM;- �M/ 2[mBTK2Mi /2;`�/�iBQMX

Ç ?iiTb,ff;Bi?m#X+QKf+Q;@BKT2`B�Hf/`BHH@b+?2/mHBM;, SvQKQ BKTH2K2Mi�iBQM Q7 �
/`BHH b+?2/mHBM; +�b2 bim/v r?B+? mb2b i?2 _P:S KQ/mH2 iQ +QK#BM2 :�mbbB�M S`Q+2bb2b
rBi? `Q#mbi QTiBKBx�iBQMX
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*QMi2Mib

�#bi`�+i BB

�+FMQrH2/;2K2Mib BBB

GBbi Q7 Sm#HB+�iBQMb �M/ S`2b2Mi�iBQMb p

yXyXR Sm#HB+�iBQMb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X p

yXyXk S`2b2Mi�iBQMb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X p

yXyXj PT2M@aQm`+2 aQ7ir�`2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X pB

R AMi`Q/m+iBQM R

RXR JQiBp�iBQM �M/ Q#D2+iBp2b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X R

RXk *QMi`B#miBQMb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X k

RXj h?2bBb PmiHBM2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X j

k "�+F;`QmM/ i?2Q`v 9

kXR AMi`Q/m+iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9

kXk _Q#mbi QTiBKBx�iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9

kXkXR _27Q`KmH�iBQM �TT`Q�+?2b X X X X X X X X X X X X X X X X X X X X X X X X X X d

pBB



pBBB *PLh1Lha

kXkXk *miiBM; TH�M2 �TT`Q�+?2b X X X X X X X X X X X X X X X X X X X X X X X X X X d

kXkXj .�i�@/`Bp2M `Q#mbi QTiBKBx�iBQM X X X X X X X X X X X X X X X X X X X X X X 3

kXj aiQ+?�biB+ KQ/2Hb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X N

kXjXR Gûpv ivT2 T`Q+2bb2b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X N

kXjXk :�mbbB�M T`Q+2bb2b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Ry

kXjXj q�`T2/ :�mbbB�M T`Q+2bb2b X X X X X X X X X X X X X X X X X X X X X X X X X RR

j lM+2`i�BM 2[mBTK2Mi /2;`�/�iBQM Rk

jXR AMi`Q/m+iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rk

jXk *QK#BMBM; /2;`�/�iBQM KQ/2HBM; �M/ `Q#mbi QTiBKBx�iBQM X X X X X X X X X X X X Re

jXkXR .2;`�/�iBQM KQ/2HBM; X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rd

jXkXk *QMbi`m+iBM; � ?2�Hi? KQ/2H X X X X X X X X X X X X X X X X X X X X X X X X X R3

jXkXj h?2 mM+2`i�BMiv b2i X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X kR

jXkX9 1p�Hm�iBM; `Q#mbiM2bb X X X X X X X X X X X X X X X X X X X X X X X X X X X X kk

jXkX8 1biBK�iBM; 7�BHm`2 T`Q#�#BHBiB2b X X X X X X X X X X X X X X X X X X X X X X X kj

jXj PTiBKBxBM; i?2 mM+2`i�BMiv b2i bBx2 X X X X X X X X X X X X X X X X X X X X X X X X X k3

jX9 *�b2 bim/v X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X kN

jX8 _2bmHib X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X jj

jXe *QM+HmbBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9R

9 � `Q#mbi �TT`Q�+? iQ #H�+F@#Qt +QMbi`�BM2/ QTiBKBx�iBQM 99

9XR AMi`Q/m+iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 99



*PLh1Lha Bt

9Xk J2i?Q/ X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9d

9XkXR ai�M/�`/ :Sb, +?�M+2 +QMbi`�BM2/ QTiBKBx�iBQM X X X X X X X X X X X X X X 9d

9XkXk q�`T2/ :Sb, `Q#mbi �TT`QtBK�iBQM X X X X X X X X X X X X X X X X X X X X 93

9XkXj Ai2`�iBp2 � TQbi2`BQ`B �TT`QtBK�iBQM X X X X X X X X X X X X X X X X X X X X X 8e

9Xj *�b2 bim/B2b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8d

9XjXR S`Q/m+iBQM TH�MMBM; X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8d

9XjXk .`BHH b+?2/mHBM; X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 83

9X9 _2bmHib X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X ej

9X9XR S`Q/m+iBQM TH�MMBM; X X X X X X X X X X X X X X X X X X X X X X X X X X X X X e9

9X9Xk .`BHH b+?2/mHBM; X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X eN

9X8 *QM+HmbBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X dR

8 JQ/2HBM; �M/ bQHpBM; `Q#mbi T`Q#H2Kb BM SvQKQ dk

8XR AMi`Q/m+iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X dk

8Xk JQ/2HBM; X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X d8

8XkXR lM+2`i�BM T�`�K2i2`b X X X X X X X X X X X X X X X X X X X X X X X X X X X X de

8XkXk :2M2`B+ mM+2`i�BMiv b2ib X X X X X X X X X X X X X X X X X X X X X X X X X X X de

8XkXj GB#`�`v mM+2`i�BMiv b2ib X X X X X X X X X X X X X X X X X X X X X X X X X X X dd

8XkX9 *QMbi`m+iBM; mM+2`i�BM +QMbi`�BMib X X X X X X X X X X X X X X X X X X X X X d3

8XkX8 �/Dmbi�#H2 p�`B�#H2b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X dN

8Xj aQHp2`b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X dN

8XjXR _27Q`KmH�iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 3y



t *PLh1Lha

8XjXk *miiBM; TH�M2b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 3R

8XjXj LQKBM�H X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 3k

8X9 1ti2M/BM; _PKQ/2H 7Q` #H�+F@#Qt +QMbi`�BM2/ T`Q#H2Kb X X X X X X X X X X X X X 3k

8X9XR AKTH2K2MiBM; M2r HB#`�`v b2ib X X X X X X X X X X X X X X X X X X X X X X X X 3j

8X9Xk AKTH2K2MiBM; M2r `27Q`KmH�iBQMb X X X X X X X X X X X X X X X X X X X X X X 39

8X8 _2bmHib X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 38

8Xe *QM+HmbBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 33

e *QM+HmbBQM 3N

"B#HBQ;`�T?v Ny

� 6Q`KmH�iBM; i?2 `Q#mbi +QmMi2`T�`i RRy

" 1[mBp�H2M+2 iQ /2i2`KBMBbiB+ QTiBKBx�iBQM rBi? K�tBK�H T�`�K2i2`b RRj

* AMbi�M+2b Q7 i?2 ahL RRd

. *`QbbBM; T`Q#�#BHBiB2b Q7 � "`QrMB�M KQiBQM 7Q` � TB2+2rBb2 HBM2�` #QmM/�`vRk8

1 LQK2M+H�im`2 Rkd

6 *QMM2+iBQM iQ mM+2`i�BM 7mM+iBQMb RjR

: :HQ#�HHv QTiBKBxBM; MQM@+QMp2t BMM2` K�tBKBx�iBQM T`Q#H2Kb Rj9

> h�#H2 Q7 MQi�iBQM Rje



A .`BHH b+?2/mHBM; KQ/2H Rj3

AXR .2iQm`M�vǶb #Bi@`Q+F BMi2`�+iBQM KQ/2H X X X X X X X X X X X X X X X X X X X X X X X Rj3

AXk Jm/ KQiQ` /2;`�/�iBQM KQ/2H X X X X X X X X X X X X X X X X X X X X X X X X X X X X R9R

tB



tBB



GBbi Q7 h�#H2b

jXR 1p�Hm�i2/ ahL BMbi�M+2b U.2i�BHb, b22 �TT2M/Bt *V X X X X X X X X X X X X X X X X jj

jXk �p2`�;2 T2`7Q`K�M+2 K2i`B+b 7Q` T`Q#�#BHBiv 2biBK�i2b @ �HH BMbi�M+2b X X X X X X jN

9XR S`Q/m+iBQM +Qbib ct 7Q` 2�+? iBK2 T2`BQ/ tX X X X X X X X X X X X X X X X X X X X X X e9

8XR *QKT�`BbQM Q7 _PKQ/2HǶb F2v 72�im`2b rBi? Qi?2` iQQHbX X X X X X X X X X X X X X d9

8Xk hvT2 Q7 T`Q#H2K- MmK#2` Q7 p�`B�#H2b- +QMbi`�BMib- �M/ mM+2`i�BM T�`�K2i2`b 7Q`

2�+? +�b2 bim/vX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 3e

8Xj J2/B�M iBK2 i�F2M iQ bQHp2 2t�KTH2 T`Q#H2Kb rBi? /Bz2`2Mi mM+2`i�BMiv b2i

;2QK2i`B2b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 3d

*XR AMbi�M+2 SR (R) X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RR3

*Xk AMbi�M+2 Sk (k) X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RRN

*Xj AMbi�M+2 S9 (j) X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rky

*X9 AMbi�M+2 Se (9) X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RkR

*X8 AMbi�M+2 Se (9) +QMiBMm2/ X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rkk

*Xe hQv BMbi�M+2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rkj

*Xd hBK2 ?Q`BxQMb Q7 ahL BMbi�M+2b X X X X X X X X X X X X X X X X X X X X X X X X X X X Rk9

tBBB



tBp



GBbi Q7 6B;m`2b

kXR *QKTH2tBiv Q7 `Q#mbi T`Q#H2Kb 7Q` /Bz2`2Mi +QMp2tBiv �bbmKTiBQMb X X X X X X X X e

jXR *�H+mH�iBM; 7�BHm`2 T`Q#�#BHBiB2b 7`QK JQMi2@*�`HQ bBKmH�iBQMbX X X X X X X X X X X k9

jXk 6`2[m2M+v �TT`Q�+?, 1biBK�iBM; pfj 7`QK ?BbiQ`B+�H /�i� mbBM; �H;Q`Bi?K RX X X X k9

jXj 6`2[m2M+v nj,k Q7 QT2`�iBM; KQ/2 k Q++m``BM; QM mMBi j X X X X X X X X X X X X X X kd

jX9 ahL BMbi�M+2 T`QTQb2/ #v EQM/BHB 2i �HX (R) X X X X X X X X X X X X X X X X X X X X kN

jX8 *QKT�`BbQM Q7 K�BMi2M�M+2 b+?2/mH2b, /2i2`KBMBbiB+ pb `Q#mbi X X X X X X X X X X j9

jXe S`Q#�#BHBiv Q7 _2�+iQ` R 7�BHBM; X X X X X X X X X X X X X X X X X X X X X X X X X X X j9

jXd _Q#mbi pbX /2i2`KBMBbiB+ �TT`Q�+? UAMbi�M+2 SR (R)V X X X X X X X X X X X X X X X X j8

jX3 hQv BMbi�M+2, 6`2[m2M+v ni,j,k Q7 _2�+iBQM R Q++m``BM; BM MQ`K�H KQ/2 X X X X X jd

jXN hQv BMbi�M+2, 6`2[m2M+v pbX J�`FQp +?�BM �TT`Q�+? X X X X X X X X X X X X X X X X jd

jXRy AMbi�M+2 SR (R), 6`2[m2M+v pbX J�`FQp +?�BM �TT`Q�+? X X X X X X X X X X X X X X j3

jXRR 1z2+i Q7 MmK#2` Q7 JQMi2@*�`HQ b�KTH2b N X X X X X X X X X X X X X X X X X X X X 9y

jXRk "�v2bB�M QTiBKBx�iBQM pbX `�M/QK b2�`+?, 2tTHQ`�iBQM X X X X X X X X X X X X X X X 9y

jXRj "�v2bB�M QTiBKBx�iBQM pbX `�M/QK b2�`+?, +QMbBbi2M+v X X X X X X X X X X X X X X X 9k

jXR9 6HQr+?�`i Q7 i?2 T`QTQb2/ K2i?Q/X X X X X X X X X X X X X X X X X X X X X X X X X X 9k

tp



9XR 1t�KTH2 Q7 mM+2`i�BMiv b2ib E↵ BM H�i2Mi �M/ U BM Q#b2`p�iBQM bT�+2X X X X X X X 8y

9Xk :S 7Q` T`B+2@bmTTHv +m`p2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 8d

9Xj AHHmbi`�iBQM Q7 /`BHH b+?2/mHBM; T`Q#H2K rBi? irQ `Q+F ivT2b X X X X X X X X X X X X 83

9X9 q�`TBM; 7mM+iBQMb 7Q` i?2 /`BHH b+?2/mHBM; �M/ T`Q/m+iBQM TH�MMBM; +�b2 bim/B2b ej

9X8 6`�+iBQM Q7 72�bB#H2 bQHmiBQMb, mMB7Q`K :�mbbB�M MQBb2 X X X X X X X X X X X X X X X e9

9Xe 6`�+iBQM Q7 72�bB#H2 bQHmiBQMb, MQM@mMB7Q`K :�mbbB�M MQBb2 X X X X X X X X X X X X e8

9Xd S`Q}i �b � 7mM+iBQM Q7 +QM}/2M+2 X X X X X X X X X X X X X X X X X X X X X X X X X X ee

9X3 6`�+iBQM Q7 72�bB#H2 bQHmiBQMb, � TQbi2`BQ`B �TT`Q�+? X X X X X X X X X X X X X X X X ed

9XN S2`+2Mi�;2 Q7 ↵Ƕb 7Q` r?B+? i?2 +?�M+2 +QMbi`�BMi Bb pBQH�i2/ X X X X X X X X X X X ed

9XRy oBQH�iBQM Q7 i?2 +?�M+2 +QMbi`�BMi pb MQBb2 BM i?2 /�i� X X X X X X X X X X X X X X e3

9XRR *Qbi Q7 /`BHHBM; pb +QM}/2M+2 X X X X X X X X X X X X X X X X X X X X X X X X X X X X dy

9XRk *Qbi Q7 /`BHHBM; i�`;2i /2Ti? X X X X X X X X X X X X X X X X X X X X X X X X X X X X X dy

9XRj hQi�H bQHmiBQM iBK2 pb +QM}/2M+2 X X X X X X X X X X X X X X X X X X X X X X X X X X dR

8XR a+?2K�iB+ Q7 `27Q`KmH�iBQM bQHp2` X X X X X X X X X X X X X X X X X X X X X X X X X X 3y

8Xk a+?2K�iB+ Q7 +miiBM; TH�M2 bQHp2` X X X X X X X X X X X X X X X X X X X X X X X X X X 3R

8Xj LQ`K�HBx2/ Q#D2+iBp2 p�Hm2 pb mM+2`i�BMiv b2i bBx2 X X X X X X X X X X X X X X X X X 33

6XR *QM}/2M+2 2HHBTbQB/b BM /Bz2`2Mi /BK2MbBQMb X X X X X X X X X X X X X X X X X X X X Rjk

AXR 1t�KTH2 Q7 � S.J TQr2` +m`p2 (8)X X X X X X X X X X X X X X X X X X X X X X X X X X R9y

AXk J�tBKmK HB72iBK2 Q7 � S.J X X X X X X X X X X X X X X X X X X X X X X X X X X X X X R9R

tpB



*?�Ti2` R

AMi`Q/m+iBQM

_Q#mbi QTiBKBx�iBQM }`bi 2K2`;2/ �b � K2i?Q/ 7Q` QTiBKBx�iBQM mM/2` mM+2`i�BMiv r?2M aQvb@

i2` (e) BMi`Q/m+2/ i?2 +QM+2Ti BM RNdj �M/ ;�BM2/ i`�+iBQM �7i2` b2KBM�H rQ`Fb #v "2M@h�H �M/

L2KB`QpbFB (d) �M/ "2`ibBK�b �M/ aBK (3)X aBM+2 i?2M- i?2 }2H/ ?�b b22M K�Mv +QMi`B#miBQMb

�M/ bm#}2H/b bm+? �b /Bbi`B#miBQM�HHv `Q#mbi QTiBKBx�iBQM- /�i�@/`Bp2M `Q#mbi QTiBKBx�iBQM-

MQM@HBM2�` `Q#mbi QTiBKBx�iBQM- �M/ KQ`2 ?�p2 2K2`;2/X _Q#mbi QTiBKBx�iBQM ?�b #22M �T@

THB2/ iQ K�Mv �TTHB+�iBQMb- 2bT2+B�HHv rBi?BM T`Q+2bb bvbi2Kb 2M;BM22`BM;- #mi ?�b MQi v2i #22M

�TTHB2/ iQ mM+2`i�BM 2[mBTK2Mi /2;`�/�iBQMX

RXR JQiBp�iBQM �M/ Q#D2+iBp2b

h?2 Tm`TQb2 Q7 i?Bb i?2bBb Bb iQ 2tTHQ`2 i?2 �TTHB+�#BHBiv Q7 `Q#mbi QTiBKBx�iBQM iQ M2r- `2H2p�Mi

2M;BM22`BM; �TTHB+�iBQMb- BM T�`iB+mH�` mM+2`i�BM 2[mBTK2Mi /2;`�/�iBQMX hQ i?Bb 2M/- i?Bb rQ`F

�BKb iQ �++QKTHBb? � MmK#2` Q7 Q#D2+iBp2b,

RX �TTHv `Q#mbi QTiBKBx�iBQM iQ MQp2H- BMi2`2biBM; �TTHB+�iBQMb rBi? mM+2`i�BM 2[mBTK2Mi

/2;`�/�iBQM �M/ 2tTHQ`2 i?2 2z2+i mM+2`i�BMiv ?�b QM QTiBK�H /2+BbBQM K�FBM; BM i?2b2

T`Q#H2KbX

R



k *?�Ti2` RX AMi`Q/m+iBQM

kX .2p2HQT MQp2H `Q#mbi QTiBKBx�iBQM K2i?Q/b 7Q` 2{+B2MiHv BM+Q`TQ`�iBM; /�i�@/`Bp2M- biQ+?�b@

iB+ KQ/2Hb BMiQ UT`Q+2bb@H2p2HV QTiBKBx�iBQM T`Q#H2KbX aiQ+?�biB+ KQ/2Hb �`2 Q7i2M mb2/

iQ KQ/2H 2[mBTK2Mi /2;`�/�iBQM BM i?2 +QM/BiBQM@#�b2/ K�BMi2M�M+2 HBi2`�im`2X

jX .2p2HQT iQQHb iQ K�F2 i?2 i`�MbBiBQM 7`QK /2i2`KBMBbiB+ iQ `Q#mbi QTiBKBx�iBQM 2�bB2` �M/

iQ 7�+BHBi�i2 i?2 /2p2HQTK2Mi �M/ +QKT�`BbQM Q7 M2r `Q#mbi QTiBKBx�iBQM `27Q`KmH�iBQMb

�M/ �H;Q`Bi?KbX

RXk *QMi`B#miBQMb

AM HBM2 rBi? i?2 Q#D2+iBp2b QmiHBM2/ �#Qp2- i?2 +QMi`B#miBQMb Q7 i?Bb rQ`F 7�HH BMiQ i?`22 +�i2@

;Q`B2bX

q2 2tTHQ`2 i?2 �TTHB+�iBQM Q7 `Q#mbi QTiBKBx�iBQM iQ irQ 2M;BM22`BM; T`Q#H2Kb rBi? mM+2`i�BM

2[mBTK2Mi /2;`�/�iBQMX 6B`bi- r2 +QMbB/2` � p2`bBQM Q7 i?2 +H�bbB+ bi�i2@i�bF@M2irQ`F r?B+?

+QK#BM2b b+?2/mHBM; rBi? � TH�MMBM; ?Q`BxQM �M/ K�BMi2M�M+2 b+?2/mHBM;X q2 +QMbB/2` mM@

+2`i�BMiv BM 2[mBTK2Mi /2;`�/�iBQM �M/ /2KQMbi`�i2 ?Qr i?Bb mM+2`i�BMiv �z2+ib i?2 QTiBK�H

/2+BbBQMX q2 i?2M +QMbB/2` � /`BHH b+?2/mHBM; T`Q#H2K r?B+? +QK#BM2b K�BMi2M�M+2 b+?2/mHBM;

rBi? � MQM@HBM2�`- MQM@+QMp2t /`BHH#Bi@`Q+F BMi2`�+iBQM KQ/2HX q2 �;�BM +QMbB/2` mM+2`i�BMiv

BM 2[mBTK2Mi /2;`�/�iBQMX

q2 /2p2HQT K2i?Q/b 7Q` BM+Q`TQ`�iBM; KmHiBTH2 ivT2b Q7 biQ+?�biB+ T`Q#H2Kb BMiQ QTiBKBx�iBQM

T`Q#H2Kb mbBM; `Q#mbi QTiBKBx�iBQMX q2 mb2 Gûpv ivT2 biQ+?�biB+ T`Q+2bb2b r?B+? �`2 +QKKQMHv

mb2/ �b /2;`�/�iBQM KQ/2Hb BM +QM/BiBQM@#�b2/ K�BMi2M�M+2 iQ ;2M2`�i2 mM+2`i�BMiv b2ib 7Q`

`Q#mbi QTiBKBx�iBQMX q2 �HbQ b?Qr ?Qr Ur�`T2/V :�mbbB�M T`Q+2bb2b +�M #2 BM+Q`TQ`�i2/

BMiQ T`Q+2bb H2p2H QTiBKBx�iBQM T`Q#H2Kb mbBM; � +?�M+2@+QMbi`�BMi `27Q`KmH�iBQM �M/ /2p2HQT

� qQH72 /m�HBiv@#�b2/ `27Q`KmH�iBQM 7Q` QTiBKBx�iBQM T`Q#H2Kb +QMi�BMBM; r�`T2/ :�mbbB�M

T`Q+2bb2bX

6BM�HHv- r2 T`2b2Mi irQ QT2M@bQm`+2 T`QD2+ibX h?2 }`bi T`QD2+i- _PKQ/2H- 2ti2M/b i?2 SvQKQ

KQ/2HBM; H�M;m�;2 iQ 7�+BHBi�i2 BMimBiBp2 KQ/2HBM; Q7 `Q#mbi QTiBKBx�iBQM T`Q#H2KbX Ai K�F2b



RXjX h?2bBb PmiHBM2 j

Bi 2�bv iQ i`�MbBiBQM 7`QK /2i2`KBMBbiB+ iQ `Q#mbi QTiBKBx�iBQM �M/ iQ +QKT�`2 /Bz2`2Mi ivT2b

Q7 mM+2`i�BMiv b2ib �M/ bQHmiBQM K2i?Q/bX Ai Bb �HbQ 2ti2MbB#H2 �M/ +�M �+i �b � TH�i7Q`K 7Q` i?2

/2p2HQTK2Mi Q7 M2r mM+2`i�BMiv b2i ;2QK2i`B2b- `27Q`KmH�iBQMb- �M/ �H;Q`Bi?KbX h?2 b2+QM/

T`QD2+i- _P:S- +�M #2 mb2/ iQ BM+Q`TQ`�i2 Ur�`T2/V :�mbbB�M T`Q+2bb2b BMiQ SvQKQ KQ/2HbX

h?2 +QK#BM�iBQM Q7 #Qi? T`QD2+ib K�F2b Qm` K2i?Q/b 7Q` QTiBKBx�iBQM rBi? :�mbbB�M S`Q+2bb@

#�b2/ +QMbi`�BMib p2`v 2�bv iQ �TTHvX Uq�`T2/V :�mbbB�M T`Q+2bb2b i`�BM2/ BM i?2 Svi?QM

HB#`�`v :Sv +�M /B`2+iHv #2 mb2/ iQ bT2+B7v +mbiQK mM+2`i�BMiv b2ib BM _PKQ/2HX

RXj h?2bBb PmiHBM2

*?�Ti2` k BMi`Q/m+2b bQK2 BKTQ`i�Mi `Q#mbi QTiBKBx�iBQM +QM+2Tib �b r2HH �b i?2 biQ+?�biB+

T`Q+2bb2b mb2/ i?`Qm;?Qmi i?Bb i?2bBbX *?�Ti2` j /Bb+mbb2b i?2 T`Q#H2K Q7 mM+2`i�BM 2[mBTK2Mi

/2;`�/�iBQM mbBM; i?2 2t�KTH2 Q7 i?2 bi�i2@i�bF@M2irQ`F �M/ b?Qrb ?Qr `Q#mbi QTiBKBx�iBQM

+�M #2 mb2/ iQ BM+Q`TQ`�i2 BM7Q`K�iBQM 7`QK biQ+?�biB+ /2;`�/�iBQM KQ/2Hb BMiQ T`Q+2bb H2p2H

QTiBKBx�iBQMX *?�Ti2` 9 2ti2M/b i?Bb #v +QMbB/2`BM; Ur�`T2/V :�mbbB�M T`Q+2bb2b �b /2;`�/�@

iBQM KQ/2Hb 7Q` � /`BHH b+?2/mHBM; +�b2 bim/vX hQ i?Bb 2M/ Bi /2p2HQTb M2r `Q#mbi `27Q`KmH�iBQMb

7Q` QTiBKBx�iBQM T`Q#H2Kb rBi? #H�+F@#Qt +QMbi`�BMib KQ/2H2/ #v Ur�`T2/V :�mbbB�M T`Q+2bb2bX

6BM�HHv- *?�Ti2` 8 T`2b2Mib _PKQ/2H- �M QT2M@bQm`+2 2ti2MbBQM Q7 i?2 KQ/2HBM; H�M;m�;2 Sv@

QKQ r?B+? +�M KQ/2H �M/ bQHp2 `Q#mbi QTiBKBx�iBQM T`Q#H2KbX



*?�Ti2` k

"�+F;`QmM/ i?2Q`v

kXR AMi`Q/m+iBQM

h?Bb +?�Ti2` T`QpB/2b � b?Q`i bmKK�`v Q7 `Q#mbi QTiBKBx�iBQMX q2 �HbQ /Bb+mbb /�i�@/`Bp2M

�TT`Q�+?2b BM `Q#mbi QTiBKBx�iBQM �M/ `2pB2r biQ+?�biB+ KQ/2Hb +QKKQMHv mb2/ BM T`Q+2bb

bvbi2Kb 2M;BM22`BM;X

kXk _Q#mbi QTiBKBx�iBQM

*QMbB/2` � ;2M2`B+ `Q#mbi QTiBKBx�iBQM T`Q#H2K,

min
x2X

f(x) UkXR�V

bXiX g(x, ⇠)  b 8⇠ 2 U , UkXR#V

r?2`2 x 2 n Bb i?2 p2+iQ` Q7 /2+BbBQM p�`B�#H2b- ⇠ 2 m i?2 p2+iQ` Q7 mM+2`i�BM T�`�K2i2`b-

f(·) i?2 Q#D2+iBp2 7mM+iBQM- g(·, ·) �M mM+2`i�BM +QMbi`�BMi- U � MQM@2KTiv- +QKT�+i b2i +QMi�BM@

BM; TQbbB#H2 `2�HBx�iBQMb Q7 ⇠- �M/ X Bb i?2 +2`i�BM 72�bB#H2 `2;BQM Ur?B+? /Q2b MQi /2T2M/ QM ⇠VX

q2 �bbmK2 f �M/ g �`2 +QMiBMmQmbX LQi2 i?�i i?2 Q#D2+iBp2 /Q2b MQi /2T2M/ QM ⇠ �M/ i?�i r2

�`2 QMHv +QMbB/2`BM; � bBM;H2 +QMbi`�BMiX h?Bb 7Q`KmH�iBQM Bb rBi?Qmi HQbb Q7 ;2M2`�HBiv- #2+�mb2

9



kXkX _Q#mbi QTiBKBx�iBQM 8

�M mM+2`i�BM Q#D2+iBp2 +�M �Hr�vb #2 i`�Mb7Q`K2/ BMiQ �M mM+2`i�BM +QMbi`�BMi mbBM; �M 2TB@

;`�T? 7Q`KmH�iBQM �M/ #2+�mb2 `Q#mbi QTiBKBx�iBQM mbm�HHv +QMbB/2`b 2�+? mM+2`i�BM +QMbi`�BMi

b2T�`�i2Hv U�Hi?Qm;? i?2`2 �`2 b2iiBM;b r?2`2 +QMbi`�BMib +�M #2 KQ/2H2/ DQBMiHv (N- Ry)VX AM

`Q#mbi QTiBKBx�iBQM- Bi Bb Q7i2M mb27mH iQ `2r`Bi2 *QMbi`�BMi UkXR#V �b �M BMM2` K�tBKBx�iBQM

T`Q#H2K- H2�/BM; iQ �M 2[mBp�H2Mi #BH2p2H 7Q`KmH�iBQM (RR),

min
x2X

f(x) UkXk�V

bXiX max
⇠2U

g(x, ⇠)  b. UkXk#V

h?2 +QKTH2tBiv Q7 S`Q#H2K UkXRV �M/ i?2 �TTHB+�#H2 bQHmiBQM i2+?MB[m2b H�`;2Hv /2T2M/ QM i?2

+QMp2tBivf+QM+�pBiv Q7 f(x)- g(x, ⇠)- X - �M/ U rBi? `2bT2+i iQ x �M/ ⇠ (Rk)X 6Qm` +�i2;Q`B2b

Q7 T`Q#H2Kb 2tBbi,

RX g(x, ⇠) �M/ f(x) �`2 +QMp2t BM x �M/ +QM+�p2 BM ⇠ �M/ U �M/ X �`2 +QMp2tX

kX g(x, ⇠) Bb +QM+�p2 BM ⇠ �M/ U Bb +QMp2t- #mi g(x, ⇠) Q` f(x) Bb MQM@+QMp2t BM x Q` X Bb

MQM@+QMp2tX

jX g(x, ⇠) �M/ f(x) �`2 +QMp2t BM x �M/ X Bb +QMp2t- #mi g(x, ⇠) Bb MQM@+QM+�p2 BM ⇠ Q` U

Bb MQM@+QMp2tX

9X g(x, ⇠) Bb MQM@+QM+�p2 BM ⇠ Q` U Bb MQM@+QMp2t �M/ g(x, ⇠) Q` f(x) Bb MQM@+QMp2t BM x Q`

X Bb MQM@+QMp2tX

6B;X kXR bmKK�`Bx2b r?B+? K2i?Q/b �`2 �TTHB+�#H2 iQ 2�+? +�i2;Q`vX JQbi rQ`F BM i?2 `Q#mbi

QTiBKBx�iBQM HBi2`�im`2 7�HHb BMiQ iQ +�i2;Q`v R- �HbQ +�HH2/ +QMp2t `Q#mbi QTiBKBx�iBQMX +�i2@

;Q`v R BM+Hm/2b HBM2�` T`Q;`�KKBM; T`Q#H2Kb rBi? /Bz2`2Mi ivT2b Q7 +QMp2t mM+2`i�BMiv b2ib-

2X;X- #Qt b2ib (e)- 2HHBTbQB/�H b2ib (d)- �M/ TQHv?2/`�H b2ib (3)X Ai �HbQ BM+Hm/2b MQM@HBM2�` +QMp2t

T`Q#H2Kb- 2X;X- +QMp2t@[m�/`�iB+ T`Q#H2Kb (N- Rj)- b2KB@/2}MBi2 T`Q;`�Kb (N)- Q` ;2M2`�H +QMp2t

+QMbi`�BMib (R9)X "Qi? `Q#mbi `27Q`KmH�iBQM �TT`Q�+?2b �M/ `Q#mbi +miiBM; TH�M2b ?�p2 #22M

�TTHB2/ 2ti2MbBp2Hv +�i2;Q`v R �M/ bQHmiBQMb +�M Q7i2M #2 Q#i�BM2/ BM TQHvMQKB�H iBK2X



e *?�Ti2` kX "�+F;`QmM/ i?2Q`v

convex non-convex

co
nv

ex

Category 1
convex robust
optimization:
reformulation,
cutting planes

Category 2
mixed-integer
robust opt.,

global robust
optimization

n
on

-c
on

ve
x Category 3

semi-infinite
programming,
approx. robust
optimization

Category 4
semi-infinite
programming,
approx. robust
optimization

outer minimization

in
n
er

m
ax

im
iz
at
io
n

6B;m`2 kXR, *QKTH2tBiv Q7 S`Q#H2K UkXRV 7Q` /Bz2`2Mi +QMp2tBiv �bbmKTiBQMb 7Q` i?2 Qmi2`
KBMBKBx�iBQM �M/ BMM2` K�tBKBx�iBQM BM S`Q#H2K UkXkVX h?2 BMM2` K�tBKBx�iBQM Bb MQM@+QMp2t
r?2M g(·) Bb MQM@+QM+�p2 Q` U Bb MQM@+QMp2tX

*�i2;Q`B2b j �M/ 9 �`2 ;2M2`�HHv Km+? ?�`/2`- #2+�mb2 i?2 BMM2` K�tBKBx�iBQM S`Q#H2K U9XN#V

Bb � MQM@+QMp2t QTiBKBx�iBQM T`Q#H2KX 6m`i?2`KQ`2- 2p2M }M/BM; � 72�bB#H2 bQHmiBQM iQ S`Q#@

H2K UkXRV `2[mB`2b bQHpBM; i?Bb MQM@+QMp2t T`Q#H2K iQ ;HQ#�H QTiBK�HBivX S`Q#H2Kb BM i?2b2

+�i2;Q`B2b +�M ;2M2`�HHv QMHv #2 bQHp2/ mbBM; b2KB@BM}MBi2 T`Q;`�KKBM; i2+?MB[m2b (R8- Re- Rd)-

r?B+? �`2 HBKBi2/ iQ bK�HH b+�H2 T`Q#H2Kb- Q` �TT`QtBK�i2 `Q#mbi QTiBKBx�iBQM b+?2K2b (R3- RN-

ky- kR)X

*�i2;Q`v k ?�b `2+2Bp2/ HBKBi2/ �ii2MiBQM BM i?2 `Q#mbi QTiBKBx�iBQM �M/ b2KB@BM}MBi2 T`Q;`�K@

KBM; +QKKmMBiB2b (kk- kj- k9)X � T�`iB+mH�` bm#+H�bb- UMQM@+QMp2tV JAGS T`Q#H2Kb- ?�b #22M

bim/B2/ 2ti2MbBp2Hv BM i?2 T`Q+2bb bvbi2Kb 2M;BM22`BM; HBi2`�im`2- 2X;X- b2p2`�H `Q#mbi TH�MMBM;

�M/ b+?2/mHBM; �TTHB+�iBQMb (k8- ke- kd- k3)X �M 2t�KTH2 Q7 � MQM@HBM2�` T`Q#H2K BM +�i2@

;Q`v k iQ r?B+? `Q#mbi QTiBKBx�iBQM ?�b #22M �TTHB2/ Bb i?2 TQQHBM; T`Q#H2K (kN)X h?2 b�K2

K2i?Q/b U#Qi? `27Q`KmH�iBQM �M/ +miiBM; TH�M2 �TT`Q�+?2bV r?B+? �`2 mb2/ iQ bQHp2 T`Q#H2Kb

BM +�i2;Q`v R �`2 ;2M2`�HHv �HbQ �TTHB+�#H2 iQ +�i2;Q`v k- #mi bQHmiBQMb +�M `�`2Hv #2 7QmM/

BM TQHvMQKB�H iBK2X aQHpBM; bm+? T`Q#H2Kb 2z2+iBp2Hv i?2`27Q`2 `2[mB`2b � iB;?i2` BMi2;`�iBQM

#2ir22M `Q#mbi QTiBKBx�iBQM �M/ ;HQ#�H QTiBKBx�iBQM i2+?MB[m2bX



kXkX _Q#mbi QTiBKBx�iBQM d

kXkXR _27Q`KmH�iBQM �TT`Q�+?2b

h?2 `Q#mbi `27Q`KmH�iBQM �TT`Q�+? r�b }`bi T`QTQb2/ #v aQvbi2` (e) 7Q` GSb rBi? � #Qt mM+2`@

i�BMiv b2i �M/ ?�b bBM+2 #22M /2p2HQT2/ 7Q` K�Mv +H�bb2b Q7 T`Q#H2Kb (d- 3- N- Rj- R9)X h?2b2

�TT`Q�+?2b ;2M2`�HHv miBHBx2 bi`QM; /m�HBiv #v `2TH�+BM; i?2 BMM2` K�tBKBx�iBQM BM S`Q#H2K UkXkV

rBi? Bib /m�H KBMBKBx�iBQM T`Q#H2K,

min
x2X

f(x) UkXj�V

bXiX min
�2⇤

g⇤(x,�)  b, UkXj#V

r?2`2 g⇤(·, ·) Bb i?2 Q#D2+iBp2 Q7 i?2 /m�H T`Q#H2K- � �`2 i?2 /m�H p�`B�#H2b- �M/ ⇤ Bb i?2 72�bB#H2

bT�+2X S`Q#H2K UkXjV +�M +H2�`Hv #2 r`Bii2M �b � bBM;H2 H2p2H QTiBKBx�iBQM T`Q#H2K r?B+? +�M

Q7i2M #2 bQHp2/ mbBM; Qz@i?2@b?2H7 bQHp2` bQ7ir�`2,

min
x2X ,�2⇤

f(x) UkX9�V

bXiX g⇤(x,�)  b. UkX9#V

kXkXk *miiBM; TH�M2 �TT`Q�+?2b

_Q#mbi +miiBM; TH�M2 �TT`Q�+?2b Qmi2`@�TT`QtBK�i2 i?2 72�bB#H2 bT�+2 #v `2TH�+BM; i?2 mM+2`@

i�BMiv b2i U rBi? � }MBi2 MmK#2` Q7 mM+2`i�BMiv `2�HBx�iBQMb Ûn = {⇠1, . . . , ⇠n}X � `Q#mbiHv

72�bB#H2 bQHmiBQM Bb 7QmM/ #v Bi2`�iBp2Hv �//BM; mM+2`i�BMiv `2�HBx�iBQMb r?B+? pBQH�i2 i?2 +QM@

bi`�BMiX h?2 F2v B/2� Bb iQ �Hi2`M�i2Hv bQHp2 � K�bi2` T`Q#H2K,

xn = argmax
x2X

f(x) UkX8�V

bXi g(x, ⇠)  b, 8⇠ 2 Ûn, UkX8#V



3 *?�Ti2` kX "�+F;`QmM/ i?2Q`v

�M/ � b2T�`�iBQM T`Q#H2K,

⇠n+1 2 argmax
⇠2U

g(xn, ⇠), UkXeV

r?B+? /2i2`KBM2b r?2i?2` i?2 +m``2Mi bQHmiBQM xn Bb `Q#mbiHv 72�bB#H2 Umax
⇠2U

g(xn, ⇠)  0V �M/-

B7 Bi Bb MQi- ;2M2`�i2b � M2r +mi ⇠n+1X

_Q#mbi +miiBM; TH�M2b �`2 bBKBH�` iQ i?2 +QM+2Ti Q7 #�+FQz BM i?2 +QMi`QH HBi2`�im`2 (jy- jR-

jk- jj)X h?2 #�+FQz �TT`Q�+? ;2M2`�HHv �HbQ bi�`ib #v bQHpBM; i?2 MQKBM�H T`Q#H2K �M/ i?2M

bm#b2[m2MiHv ǳ#�+FBM; QzǴ iQ bm#QTiBK�H #mi KQ`2 `Q#mbi bQHmiBQMb r?B+? `2K�BM 72�bB#H2

BM HB;?i Q7 mM+2`i�BMivX q?BH2 i?2 `Q#mbi QTiBKBx�iBQM �TT`Q�+? �bbmK2b i?�i i?2 mM+2`i�BM

T�`�K2i2` Bb rBi?BM � FMQrM mM+2`i�BMiv b2i- mM+2`i�BMiv BM i?2 #�+FQz �TT`Q�+? Bb mbm�HHv /m2

iQ T`Q+2bb /vM�KB+bX

kXkXj .�i�@/`Bp2M `Q#mbi QTiBKBx�iBQM

� +QKKQM +?�HH2M;2 BM `Q#mbi QTiBKBx�iBQM Bb /2}MBM; � bmBi�#H2 mM+2`i�BMiv b2i 7Q` � ;Bp2M

�TTHB+�iBQMX h?2 �TT`Q�+? BM /�i�@/`Bp2M `Q#mbi QTiBKBx�iBQM Bb iQ +QMbi`m+i i?2 mM+2`i�BMiv b2i

7`QK �p�BH�#H2 /�i�X 1�`Hv �TT`Q�+?2b BM /�i�@/`Bp2M `Q#mbi QTiBKBx�iBQM 7Q+mb2/ QM +QMbi`m+i@

BM; mM+2`i�BMiv b2ib 7`QK /�i� mbBM; +QM}/2M+2 `2;BQMb �M/ bi�iBbiB+�H ?vTQi?2bBb i2biBM; (j9)X

J�Mv `2+2Mi +QMi`B#miBQMb ?�p2 miBHBx2/ K�+?BM2 H2�`MBM; iQ +QMbi`m+i /�i�@/`Bp2M mM+2`i�BMiv

b2ibX *�KT#2HH 2i �HX (j8) +QMbi`m+i mMBQMb Q7 2HHBTbQB/�H mM+2`i�BMiv b2ib 7`QK .B`B+?H2i T`Q+2bb

KBtim`2 KQ/2HbX LBM; �M/ uQm (je) �HbQ mb2 .B`B+?H2i T`Q+2bb KBtim`2 KQ/2Hb #mi +QMbi`m+i

TQHv?2/`�H b2ib BMbi2�/X h?2 .B`B+?H2i �TT`Q�+? ?�b i?2 �/p�Mi�;2 i?�i Bi +�M +�Tim`2 KmHiB@

KQ/�H mM+2`i�BMiB2bX Ai K�v i?2`27Q`2 #2 T�`iB+mH�`Hv �TTHB+�#H2 iQ- 2X;X- +?2KB+�H 2M;BM22`BM;

/�i� b2ib r?2`2 KmHiBKQ/�H mM+2`i�BMiv Bb +QKKQM /m2 iQ /BbiBM+i QT2`�iBM; KQ/2b �M/ Qi?2`

7�+iQ`bX Pi?2` +QMi`B#miBQMb mb2 mMbmT2`pBb2/ H2�`MBM; iQ +QMbi`m+i /�i�@/`Bp2M mM+2`i�BMiv

b2ibX 1X;X a?�M; 2i �HH (jd) mb2 F2`M2H@#�b2/ bmTTQ`i p2+iQ` +Hmbi2`BM; iQ /2`Bp2 /�i�@/`Bp2M

mM+2`i�BMiv b2ib r?BH2 :Q2`B;F �M/ Em`ix UkykyV (j3) +QMbi`m+i b2ib 7`QK i?2 QmiTmi Q7 �M mM@

bmT2`pBb2/ /22T M2m`�H M2irQ`FX .22T M2m`�H M2irQ`Fb ?�p2 �HbQ #22M mb2/ BM i?2 +QMi2ti Q7



kXjX aiQ+?�biB+ KQ/2Hb N

/Bbi`B#miBQM�HHv `Q#mbi �M/ +?�M+2 +QMbi`�BMi QTiBKBx�iBQMX w?�Q 2i �H (jN) miBHBx2 ;2M2`�iBp2

�/p2`b�`B�H M2irQ`Fb U:�LbV iQ +QMbi`m+i 2KTB`B+�H /Bbi`B#miBQMb #�b2/ QM UMQBbvV /�i�X h?2v

i?2M +`2�i2 �K#B;mBiv b2ib 7Q` /Bbi`B#miBQM�HHv `Q#mbi QTiBKBx�iBQM #�b2/ QM i?2b2 /Bbi`B#miBQMbX

kXj aiQ+?�biB+ KQ/2Hb

J�Mv Q7 i?2 /�i�@/`Bp2M `Q#mbi QTiBKBx�iBQM �TT`Q�+?2b /Bb+mbb2/ �#Qp2 mb2 biQ+?�biB+ T`Q@

+2bb2b iQ KQ/2H i?2 /�i�X aiQ+?�biB+ KQ/2Hb �`2 Q7i2M � #2ii2` +?QB+2 i?�M /2i2`KBMBbiB+ KQ/2Hb

#2+�mb2 i?2v �HHQr [m�MiB7vBM; i?2 mM+2`i�BMiv `2bmHiBM; 7`QK MQBbv Q` +Q``mTi2/ /�i�X aiQ+?�b@

iB+ T`Q+2bb2b +�M #2 BMi2`T`2i2/ �b T`Q#�#BHBiv /Bbi`B#miBQMb Qp2` 7mM+iBQMbX �b bm+?- i?2v �`2

T�`iB+mH�`Hv mb27mH 7Q` KQ/2HBM; mM+2`i�BMiv BM 7mM+iBQM�H /2T2M/2M+B2b #�b2/ QM MQBbv Q` +Q`@

`mTi2/ /�i�- BX2X- #H�+F@#Qt 7mM+iBQM mM+2`i�BMivX aBKTH2 Gûpv ivT2 biQ+?�biB+ T`Q+2bb2b- HBF2

i?2 qB2M2` Q` :�KK� T`Q+2bb- �`2 +QKKQMHv mb2/ BM /�i�@#�b2/ +QM/BiBQM KQMBiQ`BM;f2@

[mBTK2Mi /2;`�/�iBQM (9y)X �MQi?2` +QKKQMHv mb2/ +H�bb Q7 biQ+?�biB+ T`Q+2bb2b �`2 :�mbbB�M

T`Q+2bb2bX :�mbbB�M T`Q+2bb2b �`2 2ti2MbBp2Hv mb2/ �b bm``Q;�i2 KQ/2Hb BM +?2KB+�H 2M;BM22`BM;-

#mi ?�p2 �HbQ #22M mb2/ 7Q` �TTHB+�iBQMb rBi? #H�+F@#Qt mM+2`i�BMiv /m2 iQ MQBbv K2�bm`2K2Mib

Q7 7mM+iBQM�H /2T2M/2M+B2b (9R- 9k)X Gûpv ivT2 T`Q+2bb2b �M/ Ur�`T2/V :�mbbB�M T`Q+2bb2b �`2

/Bb+mbb2/ BM ;`2�i2` /2i�BH BM a2+iBQMb kXjXk �M/ kXjXjX Pi?2` biQ+?�biB+ KQ/2Hb r?B+? ?�p2 #22M

�TTHB2/ BM i?2 +QMi2ti Q7 /�i�@/`Bp2M `Q#mbi QTiBKBx�iBQM BM+Hm/2 .B`B+?H2i T`Q+2bb2b- :�mbbB�M

KBtim`2 KQ/2Hb (j8- je- 9j)- �M/ "�v2bB�M M2irQ`Fb (99- 98)X

kXjXR Gûpv ivT2 T`Q+2bb2b

Gûpv ivT2 T`Q+2bb2b �`2 �M BKTQ`i�Mi +H�bb Q7 biQ+?�biB+ T`Q+2bb2b +QKKQMHv mb2/ BM /2;`�/�@

iBQM KQ/2HBM; (9e)X h?2v �`2 /2}M2/ �b,

.2}MBiBQM kXRX Gûpv ivT2 T`Q+2bb (9d)X � biQ+?�biB+ T`Q+2bb S(t) = {St : t 2 T ✓ }-

r?2`2 St Bb � `�M/QK p�`B�#H2- rBi?



Ry *?�Ti2` kX "�+F;`QmM/ i?2Q`v

RX BM/2T2M/2Mi BM+`2K2Mib, St2 � St1 , . . . , Stn � Stn�1 �`2 BM/2T2M/2Mi 7Q` �Mv 0 < t1 < t2 <

. . . < tn <1-

kX bi�iBQM�`v BM+`2K2Mib, St � Ss �M/ St�s � S0 ?�p2 i?2 b�K2 /Bbi`B#miBQM 7Q` �Mv s < t-

jX +QMiBMmBiv BM T`Q#�#BHBiv, limh!0 P (|St+h � St| > ✏) = 0 7Q` �Mv ✏ > 0- t � 0X

kXjXk :�mbbB�M T`Q+2bb2b

:�mbbB�M S`Q+2bb2b U:SbV �`2 rB/2Hv mb2/ 7Q` "�v2bB�M QTiBKBx�iBQM �M/ MQM@T�`�K2i`B+ `2@

;`2bbBQM (93- 9N- 8y)X

.2}MBiBQM kXk U:�mbbB�M T`Q+2bbVX � +QMiBMmQmb biQ+?�biB+ T`Q+2bb {Gx : x 2 n} r?2`2 7Q`

2p2`v }MBi2 b2i Q7 p2+iQ`b x1, . . . ,xl i?2 `�M/QK p�`B�#H2b Gx1 , . . . , Gxl
7QHHQr � KmHiBp�`B�i2

:�mbbB�M /Bbi`B#miBQMX

� :S +�M #2 7mHHv bT2+B}2/ #v � K2�M 7mM+iBQM m(·) �M/ F2`M2H 7mM+iBQM k(·, ·)X :Bp2M � b2i

Q7 N /�i� TQBMib X = [x1, . . . ,xN ],y = [y1, . . . , yN ]| �M/ mbBM; � x2`Q K2�M 7mM+iBQM- r2 +�M

T`2/B+i i?2 K2�M µ �M/ +Qp�`B�M+2 K�i`Bt ⌃ Q7 i?2 KmHiBp�`B�i2 :�mbbB�M /Bbi`B#miBQM /2}M2/

#v � b2i Q7 M2r i2bi TQBMib X⇤ = [x⇤
1, . . . ,x

⇤
n],

µ(X⇤) = K(X⇤, X)[K(X,X) + �2
nI]

�1z

⌃(X⇤) = K(X⇤, X⇤)

�K(X⇤, X)[K(X,X) + �2
nI]

�1K(X,X⇤),

r?2`2 �n Bb i?2 bi�M/�`/ /2pB�iBQM Q7 MQBb2 BM i?2 /�i�- K(X⇤, X) = K(X,X⇤)| Bb i?2 n ⇥ N

+Qp�`B�M+2 K�i`Bt #2ir22M i2bi �M/ i`�BMBM; TQBMib- K(X,X) i?2 N ⇥ N +Qp�`B�M+2 K�i`Bt

#2ir22M i`�BMBM; TQBMib- K(X⇤, X⇤) i?2 n⇥n +Qp�`B�M+2 K�i`Bt #2ir22M i2bi TQBMib- �M/ I i?2

B/2MiBiv K�i`BtX q2 /2MQi2 i?2 ij@2H2K2Mi Q7 ⌃ �b �2
ij = �2(x⇤

i ,x
⇤
j)X



kXjX aiQ+?�biB+ KQ/2Hb RR

kXjXj q�`T2/ :�mbbB�M T`Q+2bb2b

h?2 bi�M/�`/ :S �TT`Q�+? �bbmK2b i?�i i?2 /�i� 7QHHQrb � KmHiBp�`B�i2 :�mbbB�MX q?BH2 i?Bb

�bbmKTiBQM �HHQrb T`2/B+iBQM mbBM; bBKTH2 K�i`Bt KmHiBTHB+�iBQM- Bi K�v MQi #2 � `2�bQM�#H2

�bbmKTiBQM 7Q` MQM@:�mbbB�M /�i� (8R)X � bHB;?iHv KQ`2 ~2tB#H2 KQ/2H- r?B+? biBHH `2i�BMb K�Mv

Q7 i?2 #2M2}ib Q7 :Sb- Bb i?2 r�`T2/ :S KQ/2HX h?2 F2v B/2� Bb iQ r�`T i?2 Q#b2`p�iBQMb z

iQ � H�i2Mi bT�+2 ⇠ mbBM; � KQMQiQMB+ r�`TBM; 7mM+iBQM ⇠ = h(z, )- r?2`2  Bb � p2+iQ` Q7

T�`�K2i2`bX � bi�M/�`/ :S i?2M KQ/2Hb i?2 /�i� BM i?2 H�i2Mi bT�+2X h?2 C�+Q#B�M @h(z)
@y Bb

BM+Hm/2/ BM i?2 HBF2HB?QQ/ 7mM+iBQM Q7 i?2 :S �M/ i?2 :S �M/ r�`TBM; T�`�K2i2`b �`2 H2�`M2/

bBKmHi�M2QmbHvX � +QKKQM r�`TBM; 7mM+iBQM Bb i?2 M2m`�H M2i bivH2 7mM+iBQM,

⇠i = h(zi) = zi +
nwX

j=1

aj tanh(bj(zi + cj)), UkXdV

r?2`2 aj � 0, bj � 0, 8j iQ ;m�`�Mi22 KQMQiQMB+Biv (8R- 8k- 8j) �M/ nw Bb i?2 MmK#2` Q7

r�`TBM; i2`KbX LQi2 i?�i r2 mb2 h(·) iQ /2MQi2 i?2 p2+iQ` p2`bBQM h : n ! n,h(z) =

[h(z1), . . . , h(zn)]|- r?B+? r�`Tb 2�+? +QKTQM2Mi BM/BpB/m�HHvX



*?�Ti2` j

lM+2`i�BM 2[mBTK2Mi /2;`�/�iBQM

jXR AMi`Q/m+iBQM

JQbi i2+?MB+�H T`Q+2bb2b +QMi�BM 2[mBTK2Mi r?B+? /2;`�/2b Qp2` iBK2 /m2 iQ Bib mb�;2X .2;`�@

/�iBQM K�v H2�/ iQ b2`BQmb 2[mBTK2Mi 7�BHm`2b- mMH2bb T`2p2MiBp2 K�BMi2M�M+2 �+iBQMb �`2

b+?2/mH2/ `2;mH�`Hv iQ `2biQ`2 2[mBTK2Mi +QM/BiBQMbX q?BH2 7`2[m2Mi T`2p2MiBp2 K�BMi2M�M+2

+�M F22T 2[mBTK2Mi �p�BH�#BHBiv ?B;?- Bi �HbQ BM+m`b bB;MB}+�Mi +QbiX �i i?2 b�K2 iBK2- mM2t@

T2+i2/ 2[mBTK2Mi 7�BHm`2b +�M H2�/ iQ HQbb Q7 T`Q/m+iBQM �M/ ?B;? +Q``2+iBp2 K�BMi2M�M+2

+QbibX 6BM/BM; i?2 QTiBK�H #�H�M+2 #2ir22M T`2p2MiBp2 �M/ +Q``2+iBp2 K�BMi2M�M+2 Bb /B{+mHi-

#2+�mb2 /2;`�/�iBQM i2M/b iQ #2 �i H2�bi T�`iB�HHv `�M/QK �M/ i?2 ?2�Hi? bi�i2 Q7 2[mBTK2Mi

+�M Q7i2M QMHv #2 2biBK�i2/ 7`QK /�i� bm#D2+i iQ mM+2`i�BMivX hQ K�F2 i?BM;b rQ`b2- b+?2/mHBM;

K�BMi2M�M+2 �+iBpBiB2b Bb MQi BM/2T2M/2Mi 7`QK T`Q/m+iBQM TH�MMBM; �M/ b+?2/mHBM;X � mMBi

mM/2`;QBM; K�BMi2M�M+2 KB;?i- 7Q` 2t�KTH2- #2 mM�p�BH�#H2 7Q` T`Q/m+iBQMX 6m`i?2`KQ`2- i?2

bi�i2 Q7 2[mBTK2Mi ?2�Hi? i2M/b iQ /2T2M/ MQi QMHv QM i?2 b2H2+i2/ K�BMi2M�M+2 bi`�i2;v- #mi

�HbQ QM i?2 T`Q+2bb QT2`�iBM; bi`�i2;vX PT2`�iBM; � T`Q+2bb rBi? � ?B;? i?`Qm;?Tmi KB;?i

2M�#H2 ?B;?2` T`Q/m+iBQM pQHmK2b �M/ KQ`2 b�H2b- #mi +QmH/ �HbQ +�mb2 KQ`2 2[mBTK2Mi /2;`�@

/�iBQM �M/ i?2`27Q`2 � ?B;?2` K�BMi2M�M+2 +QbiX h?2b2 BMi2`�+iBQMb #2ir22M T`Q+2bb +QM/BiBQMb-

K�BMi2M�M+2 bi`�i2;v- �M/ i?2 2[mBTK2MiǶb mM+2`i�BM bi�i2 Q7 ?2�Hi? K�F2 }M/BM; QTiBK�H �M/

+QKT�iB#H2 K�BMi2M�M+2 �M/ QT2`�iBM; bi`�i2;B2b � p2`v +?�HH2M;BM; /�i�@/`Bp2M QTiBKBx�iBQM

Rk



jXRX AMi`Q/m+iBQM Rj

T`Q#H2K mM/2` mM+2`i�BMivX

PM2 r�v Q7 `2/m+BM; i?2 2[mBTK2Mi K�BMi2M�M+2 +Qbi Bb iQ /2i2`KBM2 K�BMi2M�M+2 b+?2/mH2b

#�b2/ QM BM7Q`K�iBQM `2;�`/BM; i?2 2[mBTK2MiǶb bi�i2 Q7 ?2�Hi? +QHH2+i2/ i?`Qm;? +QM/BiBQM

KQMBiQ`BM; (89)X h?Bb Bb i?2 +QM/BiBQM@#�b2/ K�BMi2M�M+2 U*"JV T�`�/B;K (9e- 89- 88- 8e)X

.m2 iQ i?2 BM+`2�b2/ �p�BH�#BHBiv Q7 +?2�T b2MbQ`b �M/ i?2`2#v H�`;2 [m�MiBiB2b Q7 bvbi2K ?2�Hi?

/�i�- *"J Bb #2+QKBM; KQ`2 �ii`�+iBp2 (8d)X q?BH2 Km+? �ii2MiBQM ?�b #22M T�B/ iQ /�i�

+QHH2+iBQM �M/ T`Q+2bbBM; �M/ T`Q;MQbiB+ KQ/2HBM;- i?2 Q#D2+iBp2 Bb mbm�HHv iQ KBMBKBx2 i?2 +Qbi

Q7 K�BMi�BMBM; � bBM;H2 mMBi (9e)X h?Bb K2�Mb i?�i BMi2`�+iBQM #2ir22M K�BMi2M�M+2 bi`�i2;B2b

7Q` 2�+? TB2+2 Q7 2[mBTK2Mi �M/ i?2 QT2`�iBM; bi`�i2;v Q7 i?2 2MiB`2 T`Q+2bb ?�b H�`;2Hv #22M

M2;H2+i2/X

>Qr2p2`- i?2b2 BMi2`�+iBQMb ?�p2 #22M +QMbB/2`2/ #v KmHiBTH2 �mi?Q`b BM i?2 +QMi2ti Q7 BM@

i2;`�i2/ K�BMi2M�M+2 b+?2/mHBM; �M/ T`Q+2bb QTiBKBx�iBQMX 1�`Hv �TT`Q�+?2b BM i?Bb

}2H/ r?B+? 2tTHB+BiHv KQ/2H /2;`�/�iBQM �bbmK2 +QMbi�Mi- FMQrM `2HB�#BHBiv Q` /2+�v +m`p2b (83-

8N- ey- eR- ek)X .2/QTQmHQb �M/ a?�? (83- 8N) +QK#BM2 b?Q`i@i2`K biQ+?�biB+ b+?2/mHBM; rBi?

HQM;@i2`K K�BMi2M�M+2 b+?2/mHBM; BM � irQ@bi2T T`Q+2/m`2- r?BH2 o�bbBHB�/Bb �M/ SBbiBFQTQm@

HQb (eR) /2i2`KBM2 QTiBK�H �p�BH�#BHBiv i?`2b?QH/b �i r?B+? K�BMi2M�M+2 b?QmH/ #2 T2`7Q`K2/X

:2Q`;B�/Bb 2i �HX (ej) QTiBKBx2 i?2 +H2�MBM; �M/ 2M2`;v K�M�;2K2Mi Q7 ?2�i 2t+?�M;2` M2irQ`Fb

bm#D2+i iQ 7QmHBM;- r?B+? Bb �bbmK2/ iQ 7QHHQr � FMQrM T`Q}H2X GBm 2i �HX (e9) +QMbB/2` b+?2/mH@

BM; Q7 K�BMi2M�M+2 �M/ #BQT?�`K�+2miB+�H #�i+? T`Q/m+iBQM rBi? � /2i2`KBMBbiB+ T2`7Q`K�M+2

/2+�vX s2MQb 2i �HX (e8) QTiBKBx2 K�BMi2M�M+2 �M/ T`Q/m+iBQM b+?2/mHBM; Q7 � +QKT`2bbQ` M2i@

rQ`FX h?2 TQr2` +QMbmK2/ #v i?2 +QKT`2bbQ`b Bb �bbmK2/ iQ BM+`2�b2 HBM2�`Hv rBi? QT2`�iBM;

iBK2 UbBM+2 K�BMi2M�M+2 r�b T2`7Q`K2/V /m2 iQ 7QmHBM;X wmHF�~B �M/ EQT�MQb (ee- ed) /2p2HQT

�M QTiBKBx�iBQM 7`�K2rQ`F 7Q` bBKmHi�M2Qmb QT2`�iBQM�H TH�MMBM; �M/ K�BMi2M�M+2 b+?2/mHBM;

Q7 T`Q/m+iBQM �M/ miBHBiv bvbi2KbX h?2v +QMbB/2` 2ti`� 2M2`;v +Qbib +�mb2/ #v T2`7Q`K�M+2

/2;`�/�iBQMX h?2 /2;`�/�iBQM Bb �bbmK2/ iQ /2T2M/ QM QT2`�iBM; iBK2 �M/ i?2 T`Q/m+iBQM

`�i2X �;mB``2 �M/ S�T�;2Q`;BQm (e3) +QMbB/2` BMi2;`�i2/ TH�MMBM;- b+?2/mHBM; �M/ K�BMi2M�M+2

mM/2` b+?2/mH2@/2T2M/2Mi- /2i2`KBMBbiB+ T2`7Q`K�M+2 /2+�vX _�D�;QT�H�M 2i �HX (eN) �M�Hvx2

im`M�`QmM/ `2b+?2/mHBM; �M/ �TTHv biQ+?�biB+ T`Q;`�KKBM; iQ K�M�;2 mMTH�MM2/ Qmi�;2bX

"BQM/B 2i �HX (dy) 2ti2M/ i?2 bi�i2@i�bF@M2irQ`F UahLV- Q`B;BM�HHv T`QTQb2/ #v EQM/BHB 2i �HX



R9 *?�Ti2` jX lM+2`i�BM 2[mBTK2Mi /2;`�/�iBQM

(R)- iQ �++QmMi 7Q` /2;`�/BM; 2[mBTK2Mi �M/ /Bz2`2Mi QT2`�iBM; KQ/2bX h?2v �bbmK2 i?�i 2�+?

mMBi- �7i2` K�BMi2M�M+2- ?�b � ;Bp2M K�tBKmK `2bB/m�H HB72iBK2 �M/ i?�i 2�+? i�bF T2`7Q`K2/ QM

� mMBi BM � +2`i�BM QT2`�iBM; KQ/2 `2/m+2b i?Bb `2bB/m�H HB72iBK2 #v � ;Bp2M �KQmMiX LQiB+2�#Hv-

MQM2 Q7 i?2b2 �mi?Q`b K�F2 mb2 Q7 i?2 r2�Hi? Q7 FMQrH2/;2 `2;�`/BM; /2;`�/�iBQM KQ/2HBM; �M/

BM72`2M+2 7`QK /�i� �p�BH�#H2 7`QK i?2 *"J HBi2`�im`2X 6m`i?2`KQ`2- /2;`�/�iBQM Bb �bbmK2/

iQ #2 /2i2`KBMBbiB+ r?B+? K�v MQi #2 i?2 +�b2 BM T`�+iB+2X

_2+2Mi rQ`Fb ?�p2 bi�`i2/ iQ BM+Q`TQ`�i2 /2;`�/�iBQM KQ/2Hb 7`QK *"J BMiQ T`Q+2bb H2p2H

JBt2/@AMi2;2` GBM2�` S`Q;`�KKBM; UJAGSV T`Q#H2Kb (dR- dk- dj- d9- d8)X uBH/B`BK 2i �HX (dR- dk)

7Q`KmH�i2 �M QTiBKBx�iBQM KQ/2H 7Q` ;2M2`�iQ` K�BMi2M�M+2 �M/ T`Q/m+iBQM b+?2/mHBM;X h?2

+Qbi Q7 K�BMi2M�M+2 Bb +�H+mH�i2/ #27Q`2?�M/ mbBM; � /�i�@/`Bp2M /2;`�/�iBQM KQ/2H,

ct =
cprev

⇣
1� pft

⌘
+ ccorrpft

R t

0 p
f
⌧d⌧

,

r?2`2 ct Bb i?2 T`2/B+i2/ +Qbi Q7 T2`7Q`KBM; K�BMi2M�M+2 �i iBK2 t ;Bp2M i?2 +Qbi Q7 T`2p2MiBp2

(cprev) �M/ +Q``2+iBp2 (ccorr) K�BMi2M�M+2X h?2 7�BHm`2 T`Q#�#BHBiv pft = P (mMBi 7�BHb #27Q`2 t)

Bb +�H+mH�i2/ 7`QK i?2 /2;`�/�iBQM KQ/2HX h?2 �mi?Q`b H�i2` �TTHB2/ i?2 b�K2 �TT`Q�+? iQ

K�BMi2M�M+2 �M/ QT2`�iBQM Q7 rBM/ 7�`Kb �M/ 2ti2M/2/ Bi iQ BM+Hm/2 QTTQ`imMBbiB+ K�BMi2@

M�M+2 (dj)X q?BH2 i?Bb �TT`Q�+? bi�`ib iQ BM+Q`TQ`�i2 BM7Q`K�iBQM 7`QK KQ`2 bQT?BbiB+�i2/

/2;`�/�iBQM KQ/2Hb BMiQ T`Q+2bb H2p2H QTiBKBx�iBQM T`Q#H2Kb- /2;`�/�iBQM Bb biBHH +QMbB/2`2/ iQ

#2 /2i2`KBMBbiB+ BM i?2 JAGS QTiBKBx�iBQMX "�ȔÏB7i+B 2i �HX (d9) 2ti2M/ i?Bb iQ +QMbB/2` bm//2M

7�BHm`2b #v mbBM; biQ+?�biB+ T`Q;`�KKBM; �M/ ;2M2`�iBM; b+2M�`BQb 7`QK i?2 mM/2`HvBM; /2;`�@

/�iBQM KQ/2HX hQ i?2 #2bi Q7 Qm` FMQrH2/;2 "�ȔÏB7i+B 2i �HXǶb (d9) �TT`Q�+? Bb i?2 QMHv rQ`F

+QK#BMBM; biQ+?�biB+ QTiBKBx�iBQM rBi? BM7Q`K�iBQM 7`QK /2;`�/�iBQM KQ/2HbX

lM7Q`imM�i2Hv- i?2 �7Q`2K2MiBQM2/ �TT`Q�+? +�MMQi +�Tim`2 2z2+ib Q7 i?2 b2H2+i2/ QT2`�iBM;

bi`�i2;v QM /2;`�/�iBQMX aBM+2 K�BMi2M�M+2 +Qbi Bb +�H+mH�i2/ #�b2/ QM i?2 /2;`�/�iBQM KQ/2H

#27Q`2 i?2 QTiBKBx�iBQM T`Q#H2K Bb bQHp2/- i?2 /2;`�/�iBQM Bb �bbmK2/ iQ #2 BM/2T2M/2Mi Q7 i?2

QT2`�iBM; bi`�i2;vX AM T`�+iB+2 i?Bb rBHH Q7i2M MQi #2 i?2 +�b2X

h?Bb +?�Ti2` �`;m2b 7Q` � iB;?i2` BMi2;`�iBQM #2ir22M i?2 bQT?BbiB+�i2/ /2;`�/�iBQM KQ/2Hb mb2/



jXRX AMi`Q/m+iBQM R8

BM *"J �M/ T`Q+2bb H2p2H K�BMi2M�M+2 b+?2/mHBM; �M/ T`Q+2bb QTiBKBx�iBQMX hQ i?Bb 2M/ r2

K�F2 KmHiBTH2 +QMi`B#miBQMb,

Ç q2 b?Qr ?Qr Gûpv ivT2 KQ/2Hb- � +H�bb Q7 biQ+?�biB+ T`Q+2bb2b +QKKQMHv mb2/ BM /2;`�@

/�iBQM KQ/2HBM;- +�M #2 BM+Q`TQ`�i2/ BMiQ �M BMi2;`�i2/ K�BMi2M�M+2 �M/ T`Q+2bb JAGS

KQ/2HX Gûpv ivT2 KQ/2Hb BM+Hm/2 i?2 qB2M2` �M/ :�KK� T`Q+2bb2b Ĝ irQ p2`v TQTmH�`

KQ/2Hb BM *"JX "v K�FBM; i?2 Gûpv KQ/2Hb T�`�K2i2`b /2T2M/ QM � b2i Q7 QT2`�iBM;

KQ/2b- 2[mBTK2Mi /2;`�/�iBQM iQQ /2T2M/b QM i?2 QT2`�iBM; bi`�i2;vX

Ç q2 b?Qr ?Qr mM+2`i�BMiv �M/ `�M/QKM2bb BM i?2 2[mBTK2MiǶb /2;`�/�iBQM +?�`�+i2`BbiB+b

+�M #2 BM+Q`TQ`�i2/ mbBM; �/Dmbi�#H2 `Q#mbi QTiBKBx�iBQMX q2 mb2 `2bmHib 7`QK i?2 *"J

HBi2`�im`2 iQ 2{+B2MiHv /2i2`KBM2 i?2 `Q#mbiM2bb Q7 i?2 Q#i�BM2/ bQHmiBQMX

Ç q2 T`Qp2 i?�i- BM +2`i�BM +�b2b- 72�bB#H2 bQHmiBQMb iQ i?2 �/Dmbi�#H2 `Q#mbi QTiBKBx�iBQM

T`Q#H2K +�M #2 7QmM/ #v bQHpBM; � /2i2`KBMBbiB+ �TT`QtBK�iBQM rBi? rQ`bi +�b2 p�Hm2b

7Q` i?2 mM+2`i�BM T�`�K2i2`bX

Ç _2�HBxBM; i?�i T`Q+2bb TH�MMBM; �M/ b+?2/mHBM; +�M #2 +QKTmi�iBQM�HHv 2tT2MbBp2 v2i

?B;?Hv `2T2iBiBp2- r2 /2p2HQT � +QKTmi�iBQM�HHv 2{+B2Mi- /�i�@/`Bp2M r�v Q7 � T`BQ`B

2biBK�iBM; 2[mBTK2Mi 7�BHm`2 T`Q#�#BHBiB2bX hQ i?Bb 2M/- r2 ;2M2`�i2 /�i� mbBM; � b?Q`i@

i2`K b+?2/mHBM; KQ/2H `2T2�i2/HvX lbBM; i?Bb /�i�- r2 T`QTQb2 irQ K2i?Q/b #�b2/ QM

GQ;BbiB+ _2;`2bbBQM +�T�#H2 Q7 +?2�THv ;2M2`�iBM; � H�`;2 MmK#2` Q7 HQM;@i2`K b+?2/mH2b

r?B+? +�M #2 mb2/ iQ 2biBK�i2 7�BHm`2 T`Q#�#BHBiB2bX

Ç q2 T`QTQb2 "�v2bB�M QTiBKBx�iBQM 7Q` 2{+B2MiHv QTiBKBxBM; i?2 mM+2`i�BMiv b2iX h?2

mM+2`i�BMiv b2i bBx2 /2T2M/b QM � bK�HH MmK#2` Q7 T�`�K2i2`b- #mi bQHpBM; i?2 `Q#mbi

JAGS BMi2;`�i2/ K�BMi2M�M+2 �M/ T`Q+2bb QTiBKBx�iBQM T`Q#H2K +�M #2 +QKTmi�iBQM�HHv

2tT2MbBp2X "�v2bB�M QTiBKBx�iBQM Bb B/2�H 7Q` i?Bb FBM/ Q7 HQr /BK2MbBQM�H T`Q#H2K rBi?

2tT2MbBp2 7mM+iBQM 2p�Hm�iBQMbX

�b � +?�HH2M;BM; +�b2 bim/v- r2 �TTHv i?2 T`QTQb2/ K2i?Q/ iQ �M 2ti2MbBQM Q7 i?2 bi�i2@i�bF@

M2irQ`F UahLV (R- dy)X h?Bb KQ/2H +QK#BM2b #Qi? TH�MMBM; �M/ b+?2/mHBM; Q7 T`Q/m+iBQM �M/



Re *?�Ti2` jX lM+2`i�BM 2[mBTK2Mi /2;`�/�iBQM

K�BMi2M�M+2 rBi? QT2`�iBM; KQ/2 /2T2M/2Mi 2[mBTK2Mi /2;`�/�iBQMX q2 i2bi Qm` K2i?Q/ QM

� MmK#2` Q7 ahL BMbi�M+2b (R- k- j- 9- de)X

jXk *QK#BMBM; /2;`�/�iBQM KQ/2HBM; �M/ `Q#mbi QTiB@

KBx�iBQM

6QHHQrBM; o�bbBHB�/Bb �M/ SBbiBFQTQmHQb (eR)- r2 �bbmK2 �M BMi2;`�i2/ T`Q/m+iBQM �M/ K�BMi2@

M�M+2 b+?2/mHBM; T`Q#H2K Q7 i?2 7Q`K

KBM
x,m

+Qbi(x,m) UjXRV

bXiX T`Q+2bb KQ/2H(x,m) UR�V

K�BMi2M�M+2 KQ/2H(x,m), UR#V

r?2`2 x �`2 i?2 T`Q+2bb p�`B�#H2b U+QMiBMmQmb �M/ /Bb+`2i2V �M/ m �`2 i?2 K�BMi2M�M+2 `2H�i2/

p�`B�#H2bX h?2 T`Q+2bb KQ/2H BM+Hm/2b- 2X;X- K�i2`B�H #�H�M+2b- 2M2`;v #�H�M+2b- mMBi +QMbi`�BMib-

�M/ i?2 K�BMi2M�M+2 KQ/2H BM+Hm/2b- 2X;X- K�BMi2M�M+2 +`2r +QMbi`�BMib Q` +QMbi`�BMib `2;�`/BM;

/Bz2`2Mi ivT2b Q7 K�BMi2M�M+2X LQi2 i?�i +Qbi KBMBKBx�iBQM +QmH/ 2�bBHv #2 `2TH�+2/ #v T`Q}i

K�tBKBx�iBQMX

� ?2�Hi? KQ/2H �//2/ iQ S`Q#H2K jXR �++QmMib 7Q` 2[mBTK2Mi /2;`�/�iBQM,

KBM
x,m,h

+Qbi(x,m,h) UjXkV

bXiX T`Q+2bb KQ/2H(x,m,h) Uk�V

K�BMi2M�M+2 KQ/2H(x,m,h) Uk#V

?2�Hi? KQ/2H(x,m,h), Uk+V

r?2`2 h �`2 ?2�Hi? `2H�i2/ p�`B�#H2b �M/ i?2 ?2�Hi? KQ/2H BM+Hm/2b �HH 2[mBTK2Mi ?2�Hi? Q`

/2;`�/�iBQM `2H�i2/ +QMbi`�BMibX Pm` }`bi +QMi`B#miBQM Bb /2p2HQTBM; � ;2M2`B+ ?2�Hi? KQ/2H

#�b2/ QM i?2 �bbmKTiBQM i?�i i?2 2[mBTK2MibǶ bi�i2 Q7 ?2�Hi? +�M #2 /2b+`B#2/ #v Gûpv ivT2



jXkX *QK#BMBM; /2;`�/�iBQM KQ/2HBM; �M/ `Q#mbi QTiBKBx�iBQM Rd

T`Q+2bb2b- � +H�bb Q7 biQ+?�biB+ T`Q+2bb2b +QKKQMHv mb2/ 7Q` KQ/2HBM; /2;`�/�iBQM BM *"JX

jXkXR .2;`�/�iBQM KQ/2HBM;

h?2 T`2KBb2 BM /2;`�/�iBQM KQ/2HBM; Bb i?�i � /2;`�/�iBQM bB;M�H smeas(t) /2b+`B#2b i?2 bi�i2

Q7 /2;`�/�iBQM Q7 � mMBi Qp2` iBK2X aB;M�H smeas(t) +�M 2Bi?2` #2 K2�bm`2/ /B`2+iHv Q` Q#i�BM2/

BM/B`2+iHv 7`QK K2�bm`2K2MibX hrQ +QKKQM �bbmKTiBQMb �/QTi2/ BM i?Bb +?�Ti2` �`2 i?�i,

UaJ�sV h?2 mMBi 7�BHb �M/ `2[mB`2b +Q``2+iBp2 K�BMi2M�M+2 r?2M smeas(t) +`Qbb2b � i?`2b?QH/

smax (dd)-

U�:�LV smeas(t) Bb `2b2i #�+F iQ BMBiB�H p�Hm2 s0 �7i2` T`2p2MiBp2 K�BMi2M�M+2X h?2 mMBi Bb

�b@;QQ/@�b@M2r U�:�LV (d3)X

h?2 /2;`�/�iBQM bB;M�H smeas(t) Bb Q7i2M KQ/2H2/ #v Gûpv ivT2 biQ+?�biB+ T`Q+2bb2b (9e)- r?B+?

r2 ?�p2 /2}M2/ BM a2+iBQM kXjXRX Gûpv ivT2 T`Q+2bb2b BM+Hm/2 #Qi? i?2 qB2M2` �M/ :�KK�

T`Q+2bb2b- r?B+? �`2 i?2 KQbi +QKKQMHv mb2/ biQ+?�biB+ T`Q+2bb2b BM i?2 /2;`�/�iBQM KQ/2HBM;

HBi2`�im`2 (9y- 9e- dN- 3y)X .m2 iQ i?2B` BM/2T2M/2M+2 �M/ bi�iBQM�`Biv- Gûpv ivT2 T`Q+2bb

BM+`2K2Mib +�M #2 /2b+`B#2/ #v

St � St��t = D(�t), D(�t) ⇠ D(✓,�t), 8t, UjXjV

r?2`2 D(�t) Bb � `�M/QK p�`B�#H2 i?�i 7QHHQrb � ;Bp2M /Bbi`B#miBQM D(✓,�t) rBi? T�`�K2i2`b

✓X � /B{+mHiv- ?Qr2p2`- �`Bb2b r?2M D Bb �HbQ /2T2M/2Mi QM bQK2 Q7 i?2 QT2`�iBQM�H p�`B�#H2b

x,

D(�t) ⇠ D(✓(x),�t). UjX9V

h?Bb /2T2M/2M+2 ?�b #22M �//`2bb2/ #v �bbmKBM; i?�i i?2 QT2`�iBQM�H p�`B�#H2b x �`2 TB2+2rBb2

+QMbi�Mi- BX2X- i?2 T`Q+2bb +�M QMHv QT2`�i2 BM � MmK#2` Q7 /Bb+`2i2 QT2`�iBM; KQ/2b k 2

K (3R- 3k)X lM/2` i?Bb �bbmKTiBQM 1[MbX jXj �M/ jX9 bBKTHB7v iQ

St � St��t =
X

k2K

xk,t ·Dk(�t), Dk(�t) ⇠ D(✓k,�t), UjX8V



R3 *?�Ti2` jX lM+2`i�BM 2[mBTK2Mi /2;`�/�iBQM

r?2`2 xk,t Bb 1 B7 i?2 T`Q+2bb QT2`�i2b BM KQ/2 k �i iBK2 t �M/ 0 Qi?2`rBb2X LQi2 i?�i i?Bb

�TT`Q�+? Bb p2`v bBKBH�` iQ `2;BK2@brBi+?BM; Gûpv KQ/2Hb mb2/ 2ti2MbBp2Hv BM }M�M+2 (3j)X

"BQM/B 2i �HX (dy) mb2 � bBKBH�` �TT`Q�+? BM i?2B` ahL 2ti2MbBQMX

Jm+? Q7 i?2 /2;`�/�iBQM KQ/2HBM; HBi2`�im`2 7Q+mb2b QM 2biBK�iBM; ✓ �M/ mbBM;- 2X;X- "�v2bB�M

�TT`Q�+?2b iQ mT/�i2 Bi `2;mH�`Hv #�b2/ QM M2r �p�BH�#H2 /�i� (39- 38)X � K�DQ` �/p�Mi�;2 Q7

"�v2bB�M �TT`Q�+?2b Bb i?�i ✓ +�M #2 2biBK�i2/ #�b2/ QM � TQTmH�iBQM Q7 mMBib }`bi �M/ i?2M

BM/BpB/m�HHv �/Dmbi2/ iQ � T�`iB+mH�` mMBi (3e)X

jXkXk *QMbi`m+iBM; � ?2�Hi? KQ/2H

q2 bmKK�`Bx2 i?2 �bbmKTiBQMb QM r?B+? ?2�Hi? KQ/2H k+ ?2`2�7i2` Bb #�b2/, 6Q` 2�+? T`Q+2bb

mMBi j- � /2;`�/�iBQM bB;M�H smeas
j (t) +�M #2 Q#i�BM2/ 7`QK K2�bm`2K2Mib r?B+? Bb KQ/2H2/ r2HH

#v � Gûpv T`Q+2bb Sj(t)- BX2X- BM+`2K2Mib 7QHHQr 1[MX jX8X h?2 mMBi 7�BHb r?2M Sj(t) `2�+?2b �

K�tBKmK i?`2b?QH/ smax
j UaJ�sV UT fail = inf{t 2 T |Sj,t > smax

j }V �M/ Sj(t) `2b2ib iQ �M BMBiB�H

p�Hm2 s0j �7i2` K�BMi2M�M+2 U�:�LVX "�b2/ QM i?2b2 �bbmKTiBQMb �M/ �bbmKBM; � /Bb+`2i2 iBK2

7Q`KmH�iBQM- i?2 7QHHQrBM; ?2�Hi? KQ/2H `2TH�+2b 1[MX k+,

Sj,t  smax
j 8t, j 2 J

Sj,t =

8
>><

>>:

Sj,t�1 +
P

k2K xj,k,t ·Dj,k, B7 mj,t = 0

s0j , Qi?2`rBb2
8t, j 2 J,

UjXeV

r?2`2 J Bb i?2 b2i Q7 T`Q+2bb mMBib �M/ mj,t Bb 1 B7 � K�BMi2M�M+2 �+iBQM bi�`ib QM mMBi j �i iBK2

t �M/ 0 Qi?2`rBb2X hQ �//`2bb i?2 `�M/QK M�im`2 Q7 /2;`�/�iBQM- i?2 `�M/QK p�`B�#H2b Dj,k

�M/ Sj,t +�M #2 �TT`QtBK�i2/ #v �M mM+2`i�BM T�`�K2i2` d̃j,k �M/ � /2i2`KBMBbiB+ p�`B�#H2 sj,t

`2bT2+iBp2HvX �bbmKBM; i?�i d̃j,k Bb #QmM/2/ #v � +QKT�+i mM+2`i�BMiv b2i U - S`Q#H2K jXk +�M



jXkX *QK#BMBM; /2;`�/�iBQM KQ/2HBM; �M/ `Q#mbi QTiBKBx�iBQM RN

#2 `Q#mbiB}2/ #v `2[mB`BM; i?�i �HH +QMbi`�BMib ?QH/ 7Q` �Mv d̃j,k 2 U ,

sj,t  smax
j 8t, j 2 J

sj,t =

8
>><

>>:

sj,t�1 +
P

k2K xj,k,t · d̃j,k, B7 mj,t = 0

s0j Qi?2`rBb2
8d̃j,k 2 U , t, j 2 J.

UjXdV

h?Bb KQ/2H 2tTHB+BiHv +QMbB/2`b T`2p2MiBp2 K�BMi2M�M+2X *Q``2+iBp2 K�BMi2M�M+2 #2+QK2b M2+@

2bb�`v QMHv r?2M `2�HBx�iBQMb Q7 d̃j,k HB2 QmibB/2 i?2 mM+2`i�BMiv b2i U �M/ +QMbi`�BMi sj,t  smax
j

Bb pBQH�i2/X

LQiB+2 i?�i Bi Bb ;2M2`�HHv MQi TQbbB#H2 iQ +?QQb2 sj,t bm+? i?�i i?2 2[m�HBiv +QMbi`�BMi BM S`Q#@

H2K jXd ?QH/b 7Q` �HH p�Hm2b Q7 d̄j,k BM U - 2t+2Ti 7Q` i?2 i`BpB�H bQHmiBQM xj,k,t = 0, 8j, k, tX h?Bb Bb

#2+�mb2 i?2 /2;`�/�iBQM bB;M�H sj,t Bb �M �M�HviB+�H p�`B�#H2- MQi � /2+BbBQM p�`B�#H2X AMi2`T`2iBM;

i?2 /2;`�/�iBQM bB;M�H BMbi2�/ �b � b2+QM/ bi�;2 p�`B�#H2 sj,t
⇣
d̃j,k
⌘

im`Mb S`Q#H2K jXd BMiQ �M

�/Dmbi�#H2 `Q#mbi QTiBKBx�iBQM T`Q#H2K �M/ � HBM2�` /2+BbBQM `mH2 +�M #2 mb2/ iQ 2tT`2bb2b sj,t

�b � 7mM+iBQM Q7 d̃j,k (de),

sj,t
⇣
d̃j,k
⌘
= [sj,t]0 +

X

k

[sj,t]kd̃j,k, UjX3V

r?2`2 [sj,t]0 �M/ [sj,t]k �`2 +Q2{+B2Mib r?B+? #2+QK2 p�`B�#H2b BM i?2 �/Dmbi�#H2 `Q#mbi T`Q#H2KX

h2+?MB+�HHv- d̃j,k b?QmH/ �HbQ #2 BM/2t2/ #v t �b 2p2`v iBK2 T2`BQ/ +QMbiBimi2b �M BM/2T2M/2Mi

`2�HBx�iBQM Q7 Dj,kX hBK2@BM/2t2/ mM+2`i�BM T�`�K2i2`b ?�p2 #22M T`2pBQmbHv 2tTHQ`2/ (de)-

#mi i?2v +�M H2�/ iQ � H�`;2 BM+`2�b2 BM p�`B�#H2b- 2bT2+B�HHv 7Q` /Bb+`2i2 iBK2 7Q`KmH�iBQMbX

q2 i?2`27Q`2 K�F2 i?2 bBKTHB7vBM; �bbmKTiBQM i?�i mM+2`i�BMiv Bb QMHv `2p2�H2/ QM+2 �7i2` �HH

p�`B�#H2b 2t+2Ti sj,t ?�p2 #22M b2H2+i2/X

h?2 ?2�Hi? KQ/2H jXd +�M #2 `27Q`KmH�i2/ iQ `2KQp2 i?2 +QM/BiQM�H 2[m�HBiv +QMbi`�BMi- `2bmHi@



ky *?�Ti2` jX lM+2`i�BM 2[mBTK2Mi /2;`�/�iBQM

BM; BM i?2 }M�H 7Q`KmH�iBQM,

min
x,m

+Qbi(x = [xj,k,t, . . .]
>,m = [mj,t, . . .]

>,h = [sj,t
�
d̄j,k
�
]>)

bXi T`Q+2bb KQ/2H(x,m,h)

K�BMi2M�M+2 KQ/2H(x,m,h)

mj,ts
0
j  sj,t

⇣
d̃j,k
⌘
 smax

j +mj,t · (s0j � sj,max) 8t, j 2 J, d̃ 2 U

sj,t
⇣
d̃j,k
⌘
� sj,t��t

⇣
d̃j,k
⌘
+
X

k

xj,k,td̃j,k +mj,t · (s0j � smax
j ) 8t, j 2 J, d̃ 2 U

sj,t
⇣
d̃j,k
⌘
 sj,t��t

⇣
d̃j,k
⌘
+
X

k

xj,k,td̃j,k 8t, j 2 J, d̃ 2 U .

UjXNV

"v `2TH�+BM; sj,t
⇣
d̃j,k
⌘

rBi? 1[MX jX3 BM 2�+? +QMbi`�BMi �M/ mbBM; bi�M/�`/ `Q#mbi QTiBKBx�iBQM

`27Q`KmH�iBQM i2+?MB[m2b- i?2 ?2�Hi? KQ/2H +�M #2 i`�Mb7Q`K2/ BMiQ � /2i2`KBMBbiB+ `Q#mbi

+QmMi2`T�`i Ub22 �TT2M/Bt �VX

*QMbB/2` � /2i2`KBMBbiB+ p2`bBQM Q7 S`Q#H2K jXN BM r?B+? +Qbi- T`Q+2bb KQ/2H- �M/ K�BMi2M�M+2

KQ/2H �`2 MQi 7mM+iBQMb Q7 sj,t
⇣
d̃j,k
⌘

�M/ d̃j,k ?�b #22M `2TH�+2/ #v dmax
j,k = maxU d̃j,k,

min
x,m

+Qbi(x,m)

bXi T`Q+2bb KQ/2H(x,m)

K�BMi2M�M+2 KQ/2H(x,m)

mj,ts
0
j  sj,t, 8t, j 2 J

sj,t  smax
j +mj,t(s

0
j � smax

j ), 8t, j 2 J

sj,t � sj,t�1 +
X

k

xj,k,td
max
j,k +mtj, t(s

0
j � smax

j ), 8t, j 2 J

sj,t  sj,t�1 +
X

k

xj,k,td
max
j,k , 8t, j 2 J,

UjXRyV

r?2`2 sj,t Bb MQi � b2+QM/ bi�;2 p�`B�#H2 �MvKQ`2 bBM+2 i?2`2 �`2 MQ KQ`2 b2KB@BM}MBi2 +QM@

bi`�BMibX lM/2` +2`i�BM +B`+mKbi�M+2b- 72�bB#H2 bQHmiBQMb iQ `Q#mbi S`Q#H2K jXN +�M #2 7QmM/

#v bQHpBM; /2i2`KBMBbiB+ S`Q#H2K jXRy,

h?2Q`2K jXRX :Bp2M i?�i +Qbi- T`Q+2bb KQ/2H- �M/ K�BMi2M�M+2 KQ/2H �`2 MQi 7mM+iBQMb Q7



jXkX *QK#BMBM; /2;`�/�iBQM KQ/2HBM; �M/ `Q#mbi QTiBKBx�iBQM kR

d̃j,k �M/ i?�i s0j  sinitj = sj,t=t0  smax
j �M/ d̃j,k � 0, 8d̃j,k 2 U - i?2M � 72�bB#H2 bQHmiBQM (x =

[xk,t, . . .],m = [mt, . . .],h = [st]) iQ S`Q#H2K jXRy 7Q`Kb � 72�bB#H2 bQHmiBQM (x = [xk,t, . . .],m =

[mt, . . .],h = [[st]0, [st]k]) iQ S`Q#H2K jXN rBi?

[st]0 =

8
>><

>>:

sinit t < tm,0

s0 t � tm,0

UjXRR�V

[st]k =
tX

t0=tm,t

xk,t, UjXRR#V

r?2`2 sinit = s(t = 0)- tm,0 Bb i?2 }`bi TQBMi BM iBK2 �i r?B+? K�BMi2M�M+2 Bb T2`7Q`K2/- �M/

tm,t Bb i?2 KQbi `2+2Mi TQBMi BM iBK2 �i r?B+? K�BMi2M�M+2 r�b T2`7Q`K2/X

S`QQ7X a22 �TT2M/Bt "

h?2Q`2K jXR QMHv ;m�`�Mi22b bQHmiBQM 72�bB#BHBiv- MQi QTiBK�HBivX >Qr r2HH S`Q#H2K jXRy �T@

T`QtBK�i2b S`Q#H2K jXN �HbQ /2T2M/b QM i?2 b2H2+i2/ mM+2`i�BMiv b2iX S`Q#H2K Ry Bb 2[mBp�H2Mi

iQ Qmi2`@�TT`QtBK�iBM; i?2 mM+2`i�BMiv b2i U rBi? � #QtX h?2 rQ`bi +�b2 `2�HBx�iBQM 7Q` S`Q#@

H2K jXN B7 U Bb � #Qt mM+2`i�BMiv b2i Bb �Hr�vb i?2 +Q`M2` Q7 i?2 #Qt /2}M2/ #v dK�t
j,k - #2+�mb2

KQ`2 /2;`�/�iBQM Bb �Hr�vb rQ`b2 BM i?2 T`Q#H2KX A7 i?2 mM+2`i�BMiv b2i U Bb � #Qt- i?2 Qmi2`@

�TT`QtBK�iBQM Bb 2t�+i �M/ i?2 bQHmiBQMb Q7 S`Q#H2K jXRy �M/ S`Q#H2K jXN �`2 2[mBp�H2MiX 6Q`

Qi?2` mM+2`i�BMiv b2ib- � bQHmiBQM iQ S`Q#H2K jXRy Bb � 72�bB#H2 #mi TQi2MiB�HHv +QMb2`p�iBp2

bQHmiBQM iQ S`Q#H2K jXNX >Qr +QMb2`p�iBp2 i?Bb bQHmiBQM Bb /2T2M/b QM ?Qr r2HH i?2 #Qt b2i

�TT`QtBK�i2b i?2 mM+2`i�BMiv b2i U X

jXkXj h?2 mM+2`i�BMiv b2i

� K�DQ` /2+BbBQM BM `Q#mbi QTiBKBx�iBQM Bb i?2 mM+2`i�BMiv b2i +?QB+2X h?Bb +?�Ti2` mb2b �

bBKTH2 #Qt mM+2`i�BMiv b2i

U = {d̃j,k|d̄j,k(1� ✏j,k)  d̃j,k  d̄j,k(1 + ✏j,k)},



kk *?�Ti2` jX lM+2`i�BM 2[mBTK2Mi /2;`�/�iBQM

r?2`2 d̄j,k Bb i?2 MQKBM�H p�Hm2 Q7 d̃j,k �M/ ✏j,k Bb � T�`�K2i2` /2i2`KBMBM; i?2 mM+2`i�BMiv b2i

bBx2X 6Q` i?Bb +?QB+2 Q7 mM+2`i�BMiv b2i- i?2 rQ`bi +�b2 `2�HBx�iBQM Bb �ii�BM2/ r?2M dj,k = dK�t
j,k

�M/ i?2 `Q#mbi T`Q#H2K Bb 2[mBp�H2Mi iQ i?2 /2i2`KBMBbiB+ S`Q#H2K jXRyX LQi2 i?�i i?Bb +?QB+2

�bbmK2b i?�i i?2 `�M/QK BM+`2K2Mib Dj,k �`2 BM/2T2M/2Mi- �b � #Qt mM+2`i�BMiv b2i +�MMQi

+�Tim`2 +Q``2H�iBQM #2ir22M mM+2`i�BM T�`�K2i2`bX h?Bb �bbmKTiBQM +QmH/ #2 `2H�t2/ rBi? �

KQ`2 +QKTHB+�i2/ mM+2`i�BMiv b2i- 2X;X- � TQHv?2/`�H b2iX aBM+2 /2;`�/�iBQM KQ/2HBM; �bbmK2b

i?�i i?2 /Bbi`B#miBQM Q7 Dj,k Bb FMQrM- ✏j,k +�M #2 /2i2`KBM2/ mbBM; i?2 BMp2`b2 +mKmH�iBp2

/Bbi`B#miBQM 7mM+iBQM F�1,

✏j,k = 1� F�1(↵)/d̄j,k,

r?2`2 ↵ = P (Dj,k  d̄j,k(1 � ✏j,k))X A7 i?2 /Bbi`B#miBQM Q7 Dj,k Bb mMFMQrM- /�i�@/`Bp2M MQM@

T�`�K2i`B+ K2i?Q/b bm+? �b E2`M2H .2MbBiv 1biBK�iBQM +�M #2 mb2/ iQ 2biBK�i2 Bi (3d)X

"v mbBM; F�1- i?2 mM+2`i�BMiv b2i bBx2 /2T2M/b QM � bBM;H2 T�`�K2i2` ↵ 2 [0, 0.5]X 6Q` ↵ = 0-

i?2 mM+2`i�BMiv b2i BM+Hm/2b �HH TQbbB#H2 `2�HBx�iBQMb Q7 Dj,k �M/ 7Q` ↵ = 0.5 i?2 mM+2`i�BMiv b2i

Bb � bBM;H2iQM �M/ i?2 `Q#mbi QTiBKBx�iBQM T`Q#H2K Bb 2[mBp�H2Mi iQ i?2 /2i2`KBMBbiB+ T`Q#H2K

mbBM; i?2 MQKBM�H p�Hm2b d̄j,kX q?BH2 #Qt mM+2`i�BMiv b2ib �`2 Q7i2M KQ`2 +QMb2`p�iBp2 i?�M KQbi

Q7 i?2 K�Mv Qi?2` �p�BH�#H2 mM+2`i�BMiv b2i ivT2b (33- 3N)- i?2 bQHmiBQM `Q#mbiM2bbf+QMb2`p�iBbK

BM i?Bb 7Q`KmH�iBQM +�M #2 p�`B2/ #v �/DmbiBM; ↵X

jXkX9 1p�Hm�iBM; `Q#mbiM2bb

�bbmK2 xk
j = [k1, k2, . . . , kT ]- r?2`2 kt = k () xj,k,t = 1- Bb i?2 b2[m2M+2 Q7 QT2`�iBM; KQ/2b

;Bp2M #v � bQHmiBQM iQ S`Q#H2K jXNX Aib `Q#mbiM2bb +�M #2 K2�bm`2/ #v i?2 T`Q#�#BHBiv pj i?�i

mMBi j /Q2b MQi 7�BH BM i?2 iBK2 ?Q`BxQM T

pj = P (Sj,t  Sj,max, 8t < T |xk
j ),

Q` 2[mBp�H2MiHv Bib T`Q#�#BHBiv Q7 7�BHm`2

pfj = 1� pj = P (9t bm+? i?�i Sj,t > Sj,max|xk
j ).



jXkX *QK#BMBM; /2;`�/�iBQM KQ/2HBM; �M/ `Q#mbi QTiBKBx�iBQM kj

�bbmKBM; i?2 T�`�K2i2`b ✓j,k Q7 i?2 /Bbi`B#miBQMb Dj,k �`2 2biBK�i2/ 7`QK /�i�- pfj +�M #2 +�H+m@

H�i2/ i?`Qm;? JQMi2@*�`HQ bBKmH�iBQM #v `�M/QKHv ;2M2`�iBM; N `2�HBx�iBQMb snj = [snj,0, s
n
j,�t, . . . , s

n
j,T ]

Q7 Sj(t,xk
j ) rBi? Dj,k(✓j,k,�t) /Bbi`B#mi2/ BM+`2K2Mib �M/ +?2+FBM; ?Qr K�Mv pBQH�i2 snj,t 

smax
j ,

pfj =

PN
n=1 (9t < T bm+? i?�i snj,t > smax

j )

N
, UjXRkV

r?2`2 Bb i?2 BM/B+�iQ` 7mM+iBQMX h?Bb Bb BHHmbi`�i2/ BM 6B;X jXR 7Q` N = 3X

AM i?2 bT2+B�H +�b2 r?2`2 Dj,k Bb MQ`K�H /Bbi`B#mi2/ Dj,k ⇠ N (µj,k�t,�2
j,k�t)- BX2X- i?2 qB2M2`

T`Q+2bb KQ/2H Bb mb2/- pfj +�M #2 2{+B2MiHv +�H+mH�i2/ mbBM; �M�HviB+�H `2bmHib 7Q` i?2 +`QbbBM;

T`Q#�#BHBiv Q7 � "`QrMB�M KQiBQM QM � TB2+2rBb2 HBM2�` #QmM/�`v (Ny- NR)X AMbi2�/ Q7 b�KTHBM;

7`QK Dj,k �i `2;mH�` iBK2 BMi2`p�Hb �t- i?Bb �TT`Q�+? QMHv `�M/QKHv b�KTH2b �i QT2`�iBM; KQ/2

i`�MbBiBQMb Ukt 6= kt+1VX Ai `2[mB`2b 7�` H2bb JQMi2@*�`HQ b�KTH2b �M/ Bb i?2`27Q`2 7�bi2` i?�M

i?2 ;2M2`�H K2i?Q/ QmiHBM2/ �#Qp2X � /2i�BH2/ /2b+`BTiBQM Q7 i?Bb �TT`Q�+? Bb ;Bp2M BM i?2

�TT2M/Bt .X

jXkX8 1biBK�iBM; 7�BHm`2 T`Q#�#BHBiB2b

1p�Hm�iBM; i?2 T`Q#�#BHBiv Q7 7�BHm`2 pfj - 2X;X- mbBM; 1[MX jXRk- `2[mB`2b i?2 2t�+i b2[m2M+2

Q7 QT2`�iBM; KQ/2b xk
j �M/ K�BMi2M�M+2 �+iBQMb iQ #2 FMQrM Qp2` i?2 2p�Hm�iBQM ?Q`BxQM T X

aBM+2 K�BMi2M�M+2 i2M/b iQ #2 BM7`2[m2Mi- T ?�b iQ #2 bm{+B2MiHv HQM; iQ Q#i�BM K2�MBM;7mH

7�BHm`2 T`Q#�#BHBiB2bX aQHpBM; S`Q#H2K jXN Qp2` � HQM; iBK2 ?Q`BxQM K�v #2 +QKTmi�iBQM�HHv

+?�HH2M;BM;X AMbi2�/- Bi K�v #2 TQbbB#H2 iQ mb2 2tBbiBM; /�i� Q7 T�bi b+?2/mH2b iQ 2biBK�i2 pfj X

A7 MQ ?BbiQ`B+�H /�i� Bb �p�BH�#H2- Bi +�M #2 ;2M2`�i2/ #v bQHpBM; S`Q#H2K jXN Qp2` � b?Q`i2`

?Q`BxQMX h?Bb b2+iBQM QmiHBM2b irQ K2i?Q/b #v r?B+? �M mTT2` 2biBK�i2 Q7 pfj +�M #2 Q#i�BM2/

7`QK /�i�X

6`2[m2M+v �TT`Q�+?

�bbmKBM; iBK2 /Bb+`2iBx�iBQM- � +QM+2Tim�HHv 2�bv r�v iQ Q#i�BM �M mTT2` #QmM/ p̄fj QM pfj

Bb iQ ;2M2`�i2 i?2 b2i X Q7 �HH TQbbB#H2 T2`Kmi�iBQMb Q7 QT2`�iBM; KQ/2 b2[m2M+2b xk
j =
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1 2 Maint.

Dj,1: Dj,2:k

t

sj

t

smax
j

3

7

7

�t

dj,2

sample

�t
dj,1

pfj = 2
3

6B;m`2 jXR, 1t�KTH2 7Q` +�H+mH�iBM; i?2 7�BHm`2 T`Q#�#BHBiv pfj mbBM; 1[MX jXRk �M/ JQMi2@*�`HQ
bBKmH�iBQMX h?2 QT2`�iBM; KQ/2 b+?2/mH2 Bb xk = [1, 2,J�BMiX]X

0 1 2 3 4
0

0.2

0.4

0.6

0.8

1

nj,2

P
(N

j,
2
=

n
j,
2
)

0 1 2 3 4
0

0.2

0.4

0.6

0.8

1

nj,1

P
(N

j,
1
=

n
j,
1
)

nj,2,l = 2

nj,1,l = 3

xk
j,l = [1, 2, 2, 1,M, 2]

pfj (x
k
j,l)

N p̄fj = max pfj (x
k
j,l)

6B;m`2 jXk, 6`2[m2M+v �TT`Q�+?, 1biBK�iBM; pfj 7`QK ?BbiQ`B+�H /�i� mbBM; �H;Q`Bi?K RX



jXkX *QK#BMBM; /2;`�/�iBQM KQ/2HBM; �M/ `Q#mbi QTiBKBx�iBQM k8

[kj,1, kj,2, . . . , kj,T ] �M/ }M/ i?2 K�tBKmK T`Q#�#BHBiv Q7 7�BHm`2

p̄fj = max
x2X

pfj (x
k
j ).

6Q` �Mv `2�HBbiB+ T`Q#H2K X rBHH #2 p2`v H�`;2- #mi i?2`2 �`2 irQ r�vb iQ `2/m+2 Bib bBx2, 6B`bi-

i?2 QT2`�iBM; KQ/2 b2[m2M+2b +�M #2 ;2M2`�i2/ rBi?Qmi +QMbB/2`BM; K�BMi2M�M+2X J�BMi2M�M+2

�+iBQMb +�M i?2M #2 BMb2`i2/ +QMb2+miBp2Hv �i i?2 H�i2bi TQBMi BM iBK2 tm,l r?B+? b�iBb}2b

max
d̃j,k2U

tm,lX

t0=tm,l�1

X

k

xj,k,t0 d̃j,k < smax
j � s0j , UjXRjV

r?2`2 tm,l�1 Bb i?2 T`2pBQmb K�BMi2M�M+2 �+iBpBiv �M/ tm,0 = 0X p̄fj `2K�BMb �M mTT2` #QmM/-

#2+�mb2 K�BMi2M�M+2 �i � H�i2` TQBMi BM iBK2 �Hr�vb +�mb2b � H�`;2` T`Q#�#BHBiv Q7 7�BHm`2X

a2+QM/Hv- Bi K�v #2 TQbbB#H2 iQ 2biBK�i2 i?2 7`2[m2M+v Q7 Q++m``2M+2 nj,k =
P

t xj,k,t Q7 2�+?

QT2`�iBM; KQ/2 k 7`QK /�i�X A7 i?2b2 7`2[m2M+B2b �`2 KQ/2H2/ �b `�M/QK p�`B�#H2b Nj,k- �

bK�HH2` X +�M #2 Q#i�BM2/ #v QMHv ;2M2`�iBM; b2[m2M+2b r?B+? Q#2v 7`2[m2M+B2b /`�rM 7`QK

i?2 /Bbi`B#miBQMb Q7 Nj,kX h?Bb bm;;2bib i?2 7QHHQrBM; �H;Q`Bi?K 7Q` Q#i�BMBM; �M 2biBK�i2 Q7 p̄fj
r?B+? Bb �HbQ pBbm�HBx2/ BM 6B;X jXk,

�H;Q`Bi?K R 6`2[m2M+v �TT`Q�+? (BHHmbi`�i2/ BM 6B;X jXk)
R, T`Q+2/m`2 2biBK�i2 p̄fj
k, ⌘nj,k

= P (Nj,k = nj,k) 2biBK�i2 7`QK ?BbiQ`B+�H /�i� 8nk

j, l  1
9, r?BH2 l  N /Q
8, nj,k,l  /`�r `�M/QK b�KTH2 7`QK P (Nj,k = nj,k) 7Q` 2�+? k
e, xk

j,l  �``�M;2 nj,l =
P

k nj,k,l QTX KQ/2b BM `�M/QK Q`/2` [k1, k2, . . . , knj,l
]

d, xk
j,l  BMb2`i K�BMi2M�M+2 �i H�bi TQbbB#H2 TQBMib BM iBK2 . 1[MX jXRj

3, pfj,l  pfj (x
k
j,l) . 1[MX jXRk

N, 2M/ r?BH2
Ry, p̄fj  maxlN pfj,l
RR, 2M/ T`Q+2/m`2

A7 N Bb H�`;2 2MQm;? �M/ i?2 2biBK�i2/ /Bbi`B#miBQM Q7 Nj,k Bb �++m`�i2- p̄fj b?QmH/ #2 � ;QQ/

mTT2` #QmM/ QM pfj X



ke *?�Ti2` jX lM+2`i�BM 2[mBTK2Mi /2;`�/�iBQM

J�`FQp +?�BM �TT`Q�+?

h?2 b2+QM/ �TT`Q�+? 7Q` 2biBK�iBM; p̄fj Bb BMbTB`2/ #v i?2 mb2 Q7 J�`FQp +?�BMb BM `2;BK2@

brBi+?BM; KQ/2Hb BM }M�M+2 �M/ iQ bQK2 2ti2Mi �HbQ BM i?2 *"J HBi2`�im`2 7Q` KQ/2HBM; /Bz2`2Mi

2MpB`QK2Mi�H Q` QT2`�iBM; `2;BK2b Q7 � T`Q+2bb (3k- 3j- Nk- Nj)X h?2 F2v B/2� Bb iQ i`2�i i?2

Q++m``2M+2 Q7 QT2`�iBM; KQ/2b k Qp2` iBK2 �b � J�`FQp +?�BMX JQ/2HBM; i?2 b2[m2M+2 Q7

QT2`�iBM; KQ/2b xk
j QM � mMBi #v � K2KQ`vH2bb J�`FQp +?�BM Xk

j (t) = {Xk
j,t : t  T}- i?2

T`Q#�#BHBiv ⇡k,k⇤ Q7 i`�MbBiBQMBM; 7`QK QM2 QT2`�iBM; KQ/2 k iQ �MQi?2` k⇤ Bb ;Bp2M #v

⇡k,k⇤ = P (Xk
j,t = k⇤|Xk

j,t�1 = k).

h?2 i`�MbBiBQM T`Q#�#BHBiB2b ⇡k,k⇤ +�M #2 2biBK�i2/ 7`QK /�i�X

6`QK i?Bb J�`FQp +?�BM `�M/QK b2[m2M+2b Q7 QT2`�iBM; KQ/2b xk
j,l +�M #2 ;2M2`�i2/X J�BM@

i2M�M+2 +�M �;�BM #2 BMb2`i2/ �i i?2 H�i2bi TQbbB#H2 TQBMi BM iBK2 �++Q`/BM; iQ 1[MX jXRjX xk
j,l

K�v MQi #2 � 72�bB#H2 bQHmiBQM iQ S`Q#H2K jXN- #mi Bi +�M #2 mb2/ iQ 2biBK�i2 p̄fj X h?2 �TT`Q�+?

Bb bmKK�`Bx2/ BM �H;Q`Bi?K k,

�H;Q`Bi?K k J�`FQp +?�BM �TT`Q�+?
R, T`Q+2/m`2 2biBK�i2 p̄fj
k, ⇡k,k⇤ = P (Xk

j,t = k⇤|Xk
j,t�1 = k) 2biBK�i2 7`QK ?BbiQ`B+�H /�i� 8(k, k⇤)

j, l  1
9, r?BH2 l  N /Q
8, xk

j,l  /`�r `�M/QK QT2`�iBM; KQ/2 b2[m2M+2 7`QK J�`FQp +?�BM ⇡k,k⇤

e, xk
j,l  BMb2`i K�BMi2M�M+2 �i H�bi TQbbB#H2 TQBMib BM iBK2 . 1[MX jXRj

d, pfj,l  pfj (x
k
j,l) . 1[MX jXRk

3, 2M/ r?BH2
N, p̄fj  maxlN pfj,l

Ry, 2M/ T`Q+2/m`2

GQ;BbiB+ `2;`2bbBQM

h?2 QTiBK�H b2[m2M+2 Q7 QT2`�iBM; KQ/2b xk,⇤
j /2T2M/b MQi QMHv QM i?2 bi`m+im`2 Q7 i?2 T`Q+2bb

�M/ i?2 bBx2 Q7 i?2 mM+2`i�BMiv b2i U(↵)- #mi �HbQ QM T�`�K2i2`b  (t) bm+? �b T`Q/m+i /2K�M/b



jXkX *QK#BMBM; /2;`�/�iBQM KQ/2HBM; �M/ `Q#mbi QTiBKBx�iBQM kd

Q` 2MpB`QMK2Mi�H p�`B�#H2bX h?2 /Bbi`B#miBQMb Q7 Nk �M/ ⇡k,k⇤ �`2 i?2`27Q`2 MQi M2+2bb�`BHv

bi�iBQM�`v,

⌘nj,k
( (t)) = P (Nj,k = nj,k| ) UjXR9�V

⇡k,k⇤ ( (t)) = P (Xk
j,t = k⇤|Xk

j,t�1 = k, ), UjXR9#V

r?2`2 ⌘nj,k
( ) Bb i?2 T`Q#�#BHBiv i?�i QT2`�iBM; KQ/2 k Q++m`b nj,k iBK2b BM iBK2 T2`BQ/ �tX

�1,t

� 2
,t

nj,k

6B;m`2 jXj, 6`2[m2M+v nj,k Q7 QT2`�iBM; KQ/2 k Q++m``BM; QM mMBi j 7Q` � b+?2/mHBM; T`Q#H2K
rBi? irQ T`Q/m+i /2K�M/b  = [�1,t, �2,t]>X SQBMib �`2 i`�BMBM; /�i� ;2M2`�i2/ #v bQHpBM; i?2
b+?2/mHBM; KQ/2H �M/ b?�/2/ �`2�b �`2 T`2/B+iBQMb #v HQ;BbiB+ `2;`2bbBQMX

*Qp�`B�i2 /2T2M/2M+v Q7 J�`FQp +?�BM i`�MbBiBQM T`Q#�#BHBiB2b ?�b T`2pBQmbHv #22M KQ/2H2/

#v mbBM; HQ;BbiB+ `2;`2bbBQM (N9- N8)X q2 KQ/2H #Qi? ⌘nj,k
�M/ ⇡k,k⇤ mbBM; KmHiBMQKB�H HQ;BbiB+

`2;`2bbBQM BM Q`/2` iQ +�Tim`2 i?2 BM~m2M+2 Q7 T`Q/m+i /2K�M/b,

⌘nj,k
( (t)) =

exp(�>
nj,k
 )

P
n0
k
exp(�>

n0
j,k
 )

UjXR8�V

⇡k,k⇤( (t)) =
exp(�>

k,k⇤ )P
k+2K exp(�>

k,k+ )
. UjXR8#V

q2 mb2 a+BFBi@H2�`M (Ne) 7Q` 2biBK�iBM; T�`�K2i2`b � #�b2/ QM /�i�X 6B;X jXj b?Qrb �M 2t�KTH2

7Q` � T`Q+2bb rBi? irQ T`Q/m+i /2K�M/b  = [�1,t, �2,t]>X h?2 b?�/2/ �`2�b �`2 i?2 7`2[m2M+B2b
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nj,k T`2/B+i2/ #v HQ;BbiB+ `2;`2bbBQM 7Q` � T�`iB+mH�` k �M/ j Ui?2 nj,k rBi? i?2 H�`;2bi ⌘nj,k
( )V

r?BH2 i?2 TQBMib �`2 i`�BMBM; /�i�X q2 mb2 HQ;BbiB+ `2;`2bbBQM BM i?Bb rQ`F #2+�mb2 Q7 Bib

bBKTHB+Biv �M/ BMi2`T`2i�#BHBiv- #mi Bi +QmH/ #2 `2TH�+2/ #v �Mv +H�bbB}+�iBQM K2i?Q/ +�T�#H2

Q7 T`Q#�#BHBiv 2biBK�iBQM- 2X;X- �`iB}+B�H M2m`�H M2irQ`Fb- bmTTQ`i p2+iQ` K�+?BM2b- F@M2�`2bi

M2B;?#Qm`b- /2+BbBQM i`22b- 2i+X (Nd- N3)X

jXj PTiBKBxBM; i?2 mM+2`i�BMiv b2i bBx2

�M BKTQ`i�Mi- MQM@i`BpB�H /2+BbBQM r?2M mbBM; `Q#mbi QTiBKBx�iBQM Bb i?2 bBx2 Q7 i?2 mM+2`i�BMiv

b2i ě Q` BM i?Bb rQ`F i?2 +?QB+2 Q7 T�`�K2i2` ↵X Ai ;Qp2`Mb � i`�/2@Qz #2ir22M i?2 `Q#mbiM2bb

Q7 i?2 bQHmiBQM �M/ Bib +QbiX � +QKKQM �TT`Q�+? Bb iQ mb2 � T`BQ`B ;m�`�Mi22b iQ /2i2`KBM2

�M mM+2`i�BMiv b2i bBx2 i?�i Bb ;m�`�Mi22/ iQ ?�p2 � T`Q#�#BHBiv Q7 +QMbi`�BMi pBQH�iBQM #2HQr �

T`2/2}M2/ H2p2HX � T`BQ`B ;m�`�Mi22b �`2- ?Qr2p2`- MQi ;m�`�Mi22/ iQ #2 iB;?i �M/ mM+2`i�BMiv

b2ib #�b2/ QM i?2K +�M #2 Qp2`Hv +QMb2`p�iBp2X �b /2KQMbi`�i2/ #v GB �M/ GB (NN- Ryy)- /2i2`@

KBMBM; i?2 QTiBK�H mM+2`i�BMiv b2i bBx2 +�M BMbi2�/ #2 b22M �b Bib QrM QTiBKBx�iBQM T`Q#H2KX

h?2v KBMBKBx2 i?2 mM+2`i�BMiv b2i bBx2 rBi? i?2 +QMbi`�BMi i?�i i?2 bQHmiBQM `2K�BMb 72�bB#H2

rBi? � T`2@/2}M2/ T`Q#�#BHBivX q2 T`QTQb2 � /Bz2`2Mi 7Q`KmH�iBQM i?�i /Q2b MQi `2[mB`2 i?2

/2+BbBQM K�F2` iQ +?QQb2 � T`Q#�#BHBiv Q7 +QMbi`�BMi b�iBb7�+iBQM #mi Bb #�b2/ Tm`2Hv QM +Qbi

BMbi2�/,

min
↵

c⇤(↵) +
X

j

pfj (↵) · c
f
j , UjXReV

r?2`2 c⇤(↵) Bb i?2 KBMBK�H Qp2`�HH +Qbi Q7 i?2 T`Q+2bb �b /2i2`KBM2/ #v bQHpBM; S`Q#H2K jXN

7Q` � ;Bp2M p�Hm2 Q7 ↵- pfj Bb i?2 +Q``2bTQM/BM; T`Q#�#BHBiv Q7 7�BHm`2 2p�Hm�i2/ mbBM; 1[MX jXRk-

�M/ cfj Bb i?2 +Qbi BM+m``2/ BM +�b2 Q7 �M mMTH�MM2/ 7�BHm`2 Q7 mMBi j- BX2X- i?2 +Qbi Q7 +Q``2+iBp2

K�BMi2M�M+2X 1z2+iBp2Hv- S`Q#H2K jXRe KBMBKBx2b i?2 i`�/2@Qz #2ir22M T`2p2MiBp2 �M/ +Q``2+@

iBp2 K�BMi2M�M+2X LQi2 i?�i i?Bb 7Q`KmH�iBQM �bbmK2b i?�i 2�+? mMBi 7�BHb MQ KQ`2 i?�M QM+2

BM i?2 2p�Hm�i2/ ?Q`BxQM T X h?Bb Bb `2�bQM�#H2 mM/2` i?2 �bbmKTiBQM i?�i i?2 +Qbi Q7 7�BHm`2 cfj

Bb ?B;? �M/ i?2`27Q`2 P f
j i2M/b iQ #2 HQrX

S`Q#H2K jXRe Bb � QM2@/BK2MbBQM�H QTiBKBx�iBQM T`Q#H2K- #mi /2i2`KBMBM; c⇤(↵) �M/ pfj (↵) +�M



jX9X *�b2 bim/v kN

#2 +QKTmi�iBQM�HHv 2tT2MbBp2 #2+�mb2 Bi `2[mB`2b bQHpBM; � TQi2MiB�HHv H�`;2 JAGS T`Q#H2K �M/

JQMi2@*�`HQ bBKmH�iBQMX Ai +�M i?2`27Q`2 #2 pB2r2/ �b � #H�+F #Qt QTiBKBx�iBQM T`Q#H2K rBi?

2tT2MbBp2 7mM+iBQM 2p�Hm�iBQMbX q2 T`QTQb2 "�v2bB�M QTiBKBx�iBQM- r?B+? Bb FMQrM iQ rQ`F

r2HH QM 2tT2MbBp2 HQr /BK2MbBQM�H Q#D2+iBp2 7mM+iBQMb- �b �M 2z2+iBp2 bQHmiBQM bi`�i2;v (RyR)X

"�v2bB�M QTiBKBx�iBQM ?�b i?2 7m`i?2` �/p�Mi�;2 i?�i Bi +�M ?�M/H2 MQBb2 r2HHX "Qi? c⇤ �M/ pfj

+�M #2 MQBbv #2+�mb2 Bi K�v MQi #2 TQbbB#H2 iQ bQHp2 S`Q#H2K jXN iQ QTiBK�HBiv BM � `2�bQM�#H2

iBK2 7`�K2X 6m`i?2` MQBb2 Bb BMi`Q/m+2/ #v i?2 JQMi2@*�`HQ bBKmH�iBQM mb2/ iQ 2p�Hm�i2 pfj X

jX9 *�b2 bim/v

Feed A

Heating

Hot A

Reac. 1
40%

Int. AB

60%

Prod. 1

40%

Int. BC

60%

Reac. 2

Feed B

50%

Feed C

50%

Reac. 3

20%

80%

Impure E

Separation

10%

Prod. 2

90%

6B;m`2 jX9, ahL BMbi�M+2 T`QTQb2/ #v EQM/BHB 2i �HX (R)X h�bFb �`2 T2`7Q`K2/ QM 7Qm` mMBib,
>2�i2`- _2�+iQ` R- _2�+iQ` k- �M/ aiBHHX

h?2 KQ/2H #v "BQM/B 2i �HX (dy)- �M 2ti2MbBQM Q7 i?2 bi�i2@i�bF@M2irQ`F UahLV (R)- 7Q`Kb i?2

#�bBb Q7 Qm` +�b2 bim/vX h?2 +H�bbB+ ahL Bb � b+?2/mHBM; T`Q#H2K BM r?B+? � b2i Q7 i�bFb I ?�b iQ

#2 �bbB;M2/ iQ � b2i Q7 mMBib J X "BQM/B 2i �HX (dy) 2ti2M/ i?2 ahL #v �HHQrBM; 2�+? i�bF i iQ #2

T2`7Q`K2/ BM � MmK#2` Q7 /Bz2`2Mi QT2`�iBM; KQ/2b k 2 KiX h?2v �// +QMbi`�BMib `2/m+BM; i?2

`2bB/m�H HB72iBK2 rj,t Q7 2�+? mMBi j 2p2`v iBK2 � i�bF Bb T2`7Q`K2/- �M/ `2biQ`2 rj,t #v T2`7Q`KBM;

K�BMi2M�M+2X "2+�mb2 i?2 b+?2/mHBM; T`Q#H2K +�M QMHv #2 bQHp2/ 7Q` � b?Q`i iBK2 ?Q`BxQM TS

#mi K�BMi2M�M+2 Q++m`b BM7`2[m2MiHv- i?2v �// � TH�MMBM; ?Q`BxQM TP iQ i?2 T`Q#H2KX 6Q` i?2

TH�MMBM; ?Q`BxQM- BMbi2�/ Q7 �M 2t�+i b+?2/mH2- QMHv i?2 MmK#2` Q7 iBK2b ni,j,k,t � i�bF i Bb



jy *?�Ti2` jX lM+2`i�BM 2[mBTK2Mi /2;`�/�iBQM

T2`7Q`K2/ QM mMBi j BM QT2`�iBM; KQ/2 k BM 2�+? TH�MMBM; T2`BQ/ t Bb +�H+mH�i2/X 1[MbX jXRd

iQ jXky/ ;Bp2 i?2 KQ/B}2/ p2`bBQM mb2/ �b � +�b2 bim/v BM i?Bb rQ`F,

P#D2+iBp2 7mM+iBQM,

+Qbi =
X

j2J

cmaint
j

 
sfinj /smax

j +
X

t2T

mj,t

!

+cstorages

0

@qfins +
X

t2Tp

qs,t

1

A

+U

 
X

s2S

�d
s +

X

t2TS

�q
s,t

!

UjXRdV

*QMbi`�BMib b+?2/mHBM; ?Q`BxQM,

X

k2Kj

X

i2Ij

tX

t0=t�pi,j,k+�tS

wi,j,k,t0 +
tX

t0=t�⌧j+�ts

mj,t0  1 8J, t 2 TS UjXR3�V

vmin
i,j wi,j,k,t  bi,j,k,t  vmax

i,j wi,j,k,t 8J, i 2 Ij, k 2 Kj, t 2 TS UjXR3#V

qs,t = qs,t�1 +
X

i2Īs

⇢̄i,s
X

j2Ji

X

k2Kj

bi,j,k,t�pi,j,k

�
X

i2Is

⇢i,s
X

j2Ji

X

k2Kj

bi,j,k,t

8s, t 2 TS UjXR3+V

0  qs,t � �q
s,t  cs 8s, t 2 TS UjXR3/V

mj,ts
0
j  sj,t  smax

j +mj,t · (s0j � smax
j ) 8t, j 2 J,D 2 U UjXR32V

sj,t � sj,t��tS +
X

i

X

k

wi,j,k,td̃j,k +mj,t · (s0j � smax
j ) 8t, j 2 J,D 2 U UjXR37V

sj,t  sj,t��tS +
X

i

X

k

wi,j,k,td̃j,k 8t, j 2 J,D 2 U , UjXR3;V

*QMbi`�BMib TH�MMBM; ?Q`BxQM,

X

i2Ij

X

k2Kj

pi,j,kni,j,k,t + ⌧jmj,t  �tP 8J, t 2 TP\{t̄P} UjXRN�V

vmin
i,j

X

k2Kj

ni,j,k,t  ai,j,t  vmax
i,j

X

k2Kj

ni,j,k,t 8J, i 2 Ij, k 2 Kj, t 2 TP UjXRN#V



jX9X *�b2 bim/v jR

qs,t = qs,t�1 +
X

i2Īs

⇢̄i,s
X

j2Ji

ai,j,t �
X

i2Is

⇢i,s
X

j2Ji

ai,j,t � �s,t 8s, t 2 TP\{t̄P} UjXRN+V

0  qs,t  cs 8s, t 2 TP UjXRN/V

ni,j,k,t  U · !j,k,t 8J, i 2 Ij, k 2 Kj, t 2 TP UjXRN2V
X

k2Kj

!j,k,t = 1 8J, t 2 TP UjXRN7V

sj,t  smax
j 8t, j 2 J UjXRN;V

stj � sj,t��tP +
X

k

nj,k,td̃j,k,t +mj,t · (s0j � smax
j ) 8t, j 2 J UjXRN?V

sj,t  sj,t��tP +
X

k

nj,k,td̃j,k,t 8t, j 2 J UjXRNBV

*QMbi`�BMib BMi2`7�+2 #2ir22M b+?2/mHBM; �M/ TH�MMBM;,

X

k2Kj

X

i2Ij

t̄SX

t0=t̄S+2�tS�pi,j,k

wi,j,k,t0 [pi,j,k � (t̄S � t0 +�tS)]

+
t̄SX

t0=t̄S+2�tS�⌧j

mj,t0 [⌧j � (t̄S � t0 +�tS)]

+
X

i2Ij

X

k2Kj

pi,j,kni,j,k,t̄P + ⌧jmj,t̄P  �tP ,

8j 2 J UjXky�V

qfins = qs,t̄S +
X

i2Īs

⇢̄i,s
X

j2Ji

X

k2Kj

bi,j,k,t̄S+1�pi,j,k

��s,t̄S + �d
s

8s UjXky#V

0  qfins  cs 8s UjXky+V

qs,t̄P = qfins +
X

i2ĪS

⇢̄i,s
X

j2Ji

X

k2Kj

t̄SX

t0=t̄s+2�pi,j,k

bi,j,k,t0

+
X

i2ĪS

⇢̄i,s
X

j,Ji

ai,j,t̄P

�
X

i,Is

⇢i,s
X

j2Ji

ai,j,t̄P � �s,t̄P

8s UjXky/V

h?2 /2+BbBQM p�`B�#H2b �`2 mj,t, qs,t, wi,j,k,t, ni,j,k,t, bi,j,k,t, ai,j,t, sj,t,�
q
s,t,�

d
s �M/ !j,k,tX h?2 T`Q/m+i

/2K�M/ �s,t ?�b iQ #2 b�iBb}2/ �i i?2 2M/ Q7 2�+? TH�MMBM; T2`BQ/ �M/ �i i?2 2M/ Q7 �Mv iBK2



jk *?�Ti2` jX lM+2`i�BM 2[mBTK2Mi /2;`�/�iBQM

BMi2`p�H BM i?2 b+?2/mHBM; ?Q`BxQMX AM T`�+iB+2- i?Bb KQ/2H rQmH/ #2 bQHp2/ `2;mH�`Hv BM � `QHHBM;

?Q`BxQM 7�b?BQM mbBM; `2+2Mi /2K�M/ 2biBK�i2b �M/ /2;`�/�iBQM bB;M�H K2�bm`2K2Mib sj,0X

AM +QKT�`BbQM iQ "BQM/B 2i �HX (dy)- i?2 `2bB/m�H HB72iBK2 +QMbi`�BMib ?�p2 #22M `2TH�+2/ rBi? i?2

/2;`�/�iBQM bB;M�H #�b2/ ?2�Hi? KQ/2H /2p2HQT2/ �#Qp2 U1[MX jXNVX 6Q` i?2 TH�MMBM; ?Q`BxQM-

sj,t +�MMQi #2 `2b2i 2t�+iHv iQ s0j - #2+�mb2 i?2 2t�+i iBK2 �i r?B+? K�BMi2M�M+2 Bb T2`7Q`K2/ Bb

mMFMQrMX AMbi2�/- Bi Bb K2`2Hv 2M7Q`+2/ i?�i sj,t  smax
j X

AM �//BiBQM- i?2 Q#D2+iBp2 7mM+iBQM Bb bHB;?iHv /Bz2`2MiX h?2 i2`K cmaint
j (sfinj /smax

j ) +�M #2

BMi2`T`2i2/ �b � }M�H +Qbi Q7 K�BMi2M�M+2 /2T2M/2Mi QM i?2 }M�H /2;`�/�iBQM bB;M�H sfinj Ubi�i2 Q7

?2�Hi?V Q7 mMBi jX aBKBH�` iQ "BQM/B 2i �HXǶb (dy) T2M�Hiv i2`Kb Bi �pQB/b mMM2+2bb�`v /2;`�/�iBQM

�M/ 2Mbm`2b K�BMi2M�M+2 ?�TT2Mb iQr�`/b i?2 2M/ Q7 � mMBib `2bB/m�H HB72iBK2X

aBM+2 i?2 2t�+i b2[m2M+2 Q7 QT2`�iBM; KQ/2b �M/ K�BMi2M�M+2 �+iBQMb Bb mMFMQrM BM i?2 TH�M@

MBM; ?Q`BxQM TP - i?2 T`Q#�#BHBiv Q7 7�BHm`2 pfj +�M QMHv #2 2p�Hm�i2/ Qp2` i?2 b+?2/mHBM; ?Q`BxQM

TSX AM Q`/2` iQ biBHH 2p�Hm�i2 pfj Qp2` � HQM;2` iBK2 T2`BQ/ irQ TQbbB#BHBiB2b 2tBbi, i?2 b+?2/mH2

+�M #2 2ti2M/2/ BM H2M;i? #v bQHpBM; i?2 KQ/2H `2T2�i2/Hv BM � `QHHBM; ?Q`BxQM 7�b?BQM Q` i?2

J�`FQp +?�BM@#�b2/ 2biBK�iBQM �TT`Q�+? BM �H;Q`Bi?K k +�M #2 mb2/X q2 +QKT�`2 #Qi? �T@

T`Q�+?2b iQ b?Qr i?�i i?2 T`QTQb2/ J�`FQp +?�BM 2biBK�i2 Bb BM/22/ �++m`�i2X LQi2 i?�i- BM

Q`/2` iQ 7�+BHBi�i2 � `QHHBM; ?Q`BxQM #�b2/ bQHmiBQM �TT`Q�+?- bH�+F p�`B�#H2b ?�p2 #22M BMi`Q@

/m+2/ BM 1[MbX jXR3/ �M/ jXky#X h?Bb Bb M2+2bb�`v #2+�mb2 i?2 `QHHBM; ?Q`BxQM 7`�K2rQ`F /Q2b

MQi ;m�`�Mi22 72�bB#BHBiv BM bm#b2[m2Mi iBK2 T2`BQ/bX S`Q/m+iBQM i�`;2ib 7`QK i?2 TH�MMBM;

KQ/2H K�v- 7Q` 2t�KTH2- MQi #2 �+?B2p�#H2 BM i?2 b+?2/mHBM; KQ/2HX h?2 bH�+F p�`B�#H2b �d
s �M/

�q
s,t �`2 T2M�HBx2/ BM i?2 Q#D2+iBp2 7mM+iBQMX

q2 �bbmK2 i?�i i?2 7`2[m2M+B2b Q7 QT2`�iBM; KQ/2 Q++m``2M+2 nj,k �M/ i?2 i`�MbBiBQM T`Q#�@

#BHBiB2b ⇡k,k⇤ /2T2M/ QM i?2 T`Q/m+i /2K�M/b BM 2�+? TH�MMBM; T2`BQ/ U�t = [ds1,t, . . . , dsn,t]VX

q2 b�KTH2 � `�M;2 Q7 /2K�M/b mbBM; G�iBM >vT2`+m#2 a�KTHBM; �M/ bQHp2 Dmbi i?2 b+?2/mHBM;

?Q`BxQM iQ ;2M2`�i2 /�i� 7Q` 2biBK�iBM; nj,k ( t) �M/ ⇡k,k⇤ ( t)X

LQiB+2 i?�i i?2 KQ/2H �#Qp2 7mH}HHb i?2 �bbmKTiBQMb BM h?2Q`2K jXR �M/ bQHmiBQMb +�M #2

Q#i�BM2/ #v bQHpBM; i?2 /2i2`KBMBbiB+ �TT`QtBK�iBQM jXRyX



jX8X _2bmHib jj

jX8 _2bmHib

h?2 7`�K2rQ`F QmiHBM2/ �#Qp2 r�b 2p�Hm�i2/ QM }p2 BMbi�M+2b Q7 i?2 ahL Ub22 h�#H2 jXR �M/

�TT2M/Bt *VX h?2 KQ/2H r�b BKTH2K2Mi2/ BM SvQKQ (Ryk- Ryj) �M/ bQHp2/ mbBM; *SG1s

AMbi�M+2 hQv SR (R) Sk (k) S9 (j) Se (9)
lMBib k 9 8 j e
h�bFb j 8 j 9 3
PTX KQ/2b k j j k k
S`Q/m+ib k k R k 9
.Bb+`2i2 p�`b 8R3 k9Nk RNjy R3eN RNNj
*QMiBMmQmb p�`b Ryjj jejy kjdR kddd 9y39
*QMbi`�BMib R3ey djjk 8dy8 8eNN dNN9
�p;X JAS ;�T (W) yXy jXy 8X3 RyXN RXyk

h�#H2 jXR, 1p�Hm�i2/ ahL BMbi�M+2b U.2i�BHb, b22 �TT2M/Bt *V

RkXdXRXyX �HH bQm`+2 +Q/2 Bb Tm#HB+Hv �p�BH�#H2 mM/2` i?2 JAh GB+2M+2 (Ry9)X lMH2bb K2MiBQM2/

Qi?2`rBb2- r2 +QMbB/2`2/ �M 2p�Hm�iBQM ?Q`BxQM Q7 12 TH�MMBM; T2`BQ/bX h?2 7�BHm`2 T`Q#�#BHBiv

pfj 7Q` 2�+? mMBi j r�b 2p�Hm�i2/ 7Q` � `�M;2 Q7 p�Hm2b Q7 i?2 mM+2`i�BMiv b2i T�`�K2i2` ↵ mbBM;

#Qi? i?2 7`2[m2M+v �M/ J�`FQp +?�BM 2biBK�i2b �b r2HH �b `QHHBM; ?Q`BxQMX h?2 i2`KBM�iBQM

+`Bi2`B� 7Q` 2�+? *SG1s `mM r2`2 � K�tBKmK iBK2 HBKBi #2ir22M 1� 5 KBMmi2b U/2T2M/BM; QM

i?2 bBx2 Q7 i?2 BMbi�M+2V �M/ � JAS ;�T Q7 2% U2t+2Ti 7Q` i?2 iQv BMbi�M+2 r?B+? r�b bQHp2/ iQ

QTiBK�HBivVX 6Q` 2�+? BMbi�M+2 � HQr- �p2`�;2- �M/ ?B;? /2K�M/ b+2M�`BQ r�b +QMbB/2`2/ rBi?

i?2 ?B;? b+2M�`BQ #2BM; +HQb2 iQ K�tBKmK T`Q+2bb +�T�+BivX 6Q` AMbi�M+2 SR (R) #Qi? i?2 `Q#mbi

�M/ /2i2`KBMBbiB+ S`Q#H2Kb jXN �M/ jXRy r2`2 bQHp2/ � MmK#2` Q7 iBK2b iQ 2p�Hm�i2 i?2 [m�HBiv

Q7 i?2 /2i2`KBMBbiB+ �TT`QtBK�iBQMX 6Q` �HH Qi?2` BMbi�M+2b QMHv i?2 /2i2`KBMBbiB+ �TT`Q�+? r�b

mb2/X �HH +�H+mH�iBQMb r2`2 +�``B2/ QM �M Bd@edyy *Sl rBi? 8⇥ 3.4:>x �M/ Re:" _�JX

6B;X jX8 b?Qrb i?`22 K�BMi2M�M+2 b+?2/mH2b 7Q` i?2 Q`B;BM�H ahL BMbi�M+2 USRV #v EQM/BHB 2i �HX

(R) rBi? "BQM/B 2i �HXǶb (dy) /2K�M/ b+2M�`BQ U�p2`�;2 b+2M�`BQV rBi? /Bz2`2Mi p�Hm2b 7Q` ↵X h?2

MmK#2` Q7 K�BMi2M�M+2 �+iBQMb BM+`2�b2b rBi? BM+`2�bBM; mM+2`i�BMiv b2i bBx2 U/2+`2�bBM; ↵VX

1bb2MiB�HHv- ?2/;BM; �;�BMbi KQ`2 mM+2`i�BMiv �M/ 2Mbm`BM; bQHmiBQM `Q#mbiM2bb 7Q` � H�`;2` b2i Q7

TQbbB#H2 `2�HBx�iBQMb `2[mB`2b 2�`HB2` K�BMi2M�M+2X AM i?2 �p2`�;2 /2K�M/ b+2M�`BQ- K�BMi2M�M+2

�+iBQMb BM+`2�b2 #v 22% r?2M ?2/;BM; �;�BMbi bQK2 Q7 i?2 mM+2`i�BMiv U↵ = 0.26V �M/ #v 56%

r?2M ?2/;BM; �;�BMbi �HKQbi �HH mM+2`i�BMiv U↵ = 0.02VX >Qr2p2`- i?Bb i`2M/ �HbQ /2T2M/b QM



j9 *?�Ti2` jX lM+2`i�BM 2[mBTK2Mi /2;`�/�iBQM

↵ = 0.5

↵ = 0.26

↵ = 0.02

6B;m`2 jX8, *QKT�`BbQM Q7 K�BMi2M�M+2 b+?2/mH2b #2ir22M /2i2`KBMBbiB+ bQHmiBQM U↵ = 0.5V
�M/ irQ `Q#mbi bQHmiBQMb rBi? /Bz2`2Mi p�Hm2b Q7 ↵ UAMbi�M+2 SR (R)- �p2`�;2 /2K�M/ b+2M�`BQ
#v "BQM/B 2i �HX (dy)VX h?2 MmK#2` Q7 `2[mB`2/ K�BMi2M�M+2 �+iBQMb BM+`2�b2b rBi? BM+`2�bBM;
mM+2`i�BMiv b2i bBx2 U/2+`2�bBM; ↵VX

T`Q/m+i /2K�M/, 7Q` i?2 HQr /2K�M/ b+2M�`BQ- QMHv �M BM+`2�b2 Q7 25% Bb M2+2bb�`v 7Q` ↵ = 0.02-

r?BH2 �M BM+`2�b2 Q7 64% Bb M2+2bb�`v BM i?2 ?B;? /2K�M/ b+2M�`BQX � ?B;?2` /2K�M/ BM+`2�b2b

mMBi miBHBx�iBQM �M/ i?2`27Q`2 �HbQ i?2 �#bQHmi2 MmK#2` Q7 K�BMi2M�M+2 �+iBQMb `2[mB`2/ BM �

;Bp2M iBK2 T2`BQ/X
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↵

pf j
[%

]
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Cost

6B;m`2 jXe, S`Q#�#BHBiv Q7 _2�+iQ` R 7�BHBM; pfj pb mM+2`i�BMiv b2i T�`�K2i2` ↵ �M/ +Qbi UAM@
bi�M+2 SR (R)- �p2`�;2 /2K�M/ b+2M�`BQVX 1�+? TQBMi Bb � bQHmiBQM iQ S`Q#H2K jXRy Q#i�BM2/
#v *SG1sX h?2 T`Q#�#BHBiv Q7 7�BHm`2 pfj r�b 2biBK�i2/ mbBM; i?2 �H;Q`Bi?K k J�`FQp +?�BM
�TT`Q�+?X

6B;X jXe b?Qrb i?2 7�BHm`2 T`Q#�#BHBiv pfj 7Q` _2�+iQ` R �b � 7mM+iBQM Q7 #Qi? iQi�H +Qbi U+Qbi

Q7 biQ`�;2 �M/ +Qbi Q7 K�BMi2M�M+2V �M/ i?2 mM+2`i�BMiv b2i T�`�K2i2` ↵X �b 2tT2+i2/- pfj
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6B;m`2 jXd, _Q#mbi pbX /2i2`KBMBbiB+ �TT`Q�+? UAMbi�M+2 SR (R)VX 1�+? KQ/2H r�b bQHp2/ 25
iBK2b rBi? ↵ = 0.41 �M/ � 120s iBK2 HBKBi T2` `QHHBM; ?Q`BxQM Bi2`�iBQM mbBM; Qmi@Q7@i?2@#Qt
*SG1sX h?2 `Q#mbi KQ/2H ?�b kk8R9 p�`B�#H2b �M/ R9ee9 +QMbi`�BMib r?BH2 i?2 /2i2`KBMBbiB+
KQ/2H ?�b eRkk p�`B�#H2b �M/ djjk +QMbi`�BMibX

BM+`2�b2b 7Q` bK�HH2` mM+2`i�BMiv b2ib UH�`;2 ↵ǶbV �M/ � HQr pfj +QK2b �i � bB;MB}+�Mi +Qbi Ĝ

i?2 T`B+2 Q7 `Q#mbiM2bbX LQiB+2 i?�i- r?BH2 +�H+mH�iBM; pfj mbBM; JQMi2@*�`HQ bBKmH�iBQM QMHv

BMi`Q/m+2b KQ/2bi MQBb2- i?2 +�H+mH�i2/ +Qbi Bb p2`v MQBbv /m2 iQ i?2 MQM@QTiBK�HBiv Q7 i?2

bQHmiBQMbX

h?2 `2bmHib BM 6B;X jXe r2`2 Q#i�BM2/ #v bQHpBM; i?2 /2i2`KBMBbiB+ S`Q#H2K jXRyX q?BH2 h?2Q@

`2K jXR ;m�`�Mi22b i?�i i?2b2 bQHmiBQMb �`2 �HbQ 72�bB#H2 BM i?2 `Q#mbi S`Q#H2K jXN- Bi /Q2b MQi

T`Qp2 i?�i i?2v �`2 �HbQ QTiBK�HX 6B;X jXd b?Qrb #Qi? iQi�H +Qbi �M/ �p2`�;2 QTiBK�HBiv ;�T 7Q`

� MmK#2` Q7 `QHHBM; ?Q`BxQM bQHmiBQMb iQ i?2 /2i2`KBMBbiB+ �M/ `Q#mbi p2`bBQM Q7 AMbi�M+2 SR (R)X

h?2 mM+2`i�BMiv b2i bBx2 r�b ↵ = 0.41 �M/ � K�tBKmK iBK2 HBKBi Q7 120s r�b mb2/ 7Q` 2�+?

*SG1s `mMX qBi?BM i?Bb iBK2 HBKBi- Qmi@Q7@i?2@#Qt *SG1s �+?B2p2b �M �p2`�;2 QTiBK�HBiv ;�T

Q7 12.1% QM i?2 `Q#mbi T`Q#H2K +QKT�`2/ rBi? 3.8% 7Q` i?2 /2i2`KBMBbiB+ �TT`QtBK�iBQM rBi?

K�tBKmK p�Hm2b 7Q` d̃j,kX aBKBH�`Hv- i?2 /2i2`KBMBbiB+ �TT`QtBK�iBQM �+?B2p2b bB;MB}+�MiHv HQr2`

Q#D2+iBp2 p�Hm2bX q?BH2 K�Mv �TT`Q�+?2b +QmH/ BKT`Qp2 bQHmiBQM [m�HBiv Q7 i?2 `Q#mbi T`Q#@

H2K- 2X;X- bQHp2` T�`�K2i2` imMBM; Q` H2p2`�;BM; a�iBb}�#BHBiv JQ/mHQ h?2Q`v (Ry8)- *QMbi`�BMi

S`Q;`�KKBM; (Rye)- Q` �TT`QtBK�iBQM �H;Q`Bi?Kb (Ryd)- Bi Bb HBF2Hv i?�i i?2 /2i2`KBMBbiB+ �T@

T`QtBK�iBQM rBHH `2K�BM 7�pQ`�#H2 �b Bi ?�b bB;MB}+�MiHv 72r2` p�`B�#H2b �M/ +QMbi`�BMib U6122



je *?�Ti2` jX lM+2`i�BM 2[mBTK2Mi /2;`�/�iBQM

pbX 22514 �M/ 7332 pbX 14664 `2bT2+iBp2HvVX �bbmKBM; � #Qt mM+2`i�BMiv b2i- r2 pB2r Bi �b �

`2�bQM�#H2 �TT`QtBK�iBQM 7Q` BMbi�M+2b r?B+? +�MMQi #2 bQHp2/ iQ QTiBK�HBiv BM � `2�bQM�#H2

�KQmMi Q7 iBK2X AM i?2 +�b2 Q7 � KQ`2 +QKTH2t mM+2`i�BMiv b2i- `2TH�+BM; d̃j,k rBi? Bib K�tBKmK

p�Hm2 K�v H2�/ iQ +QMb2`p�iBp2 bQHmiBQMbX :2M2`�H mM+2`i�BMiv b2ib `2[mB`2 bQHpBM; i?2 `Q#mbi

T`Q#H2KX

LQi2 i?�i i?2 H�`;2 `�M;2 Q7 bQHmiBQM p�Hm2b BM 6B;X jXd Bb MQi QMHv /m2 iQ i?2 /Bz2`BM; JAS

;�Tb- #mi �HbQ i?2 `QHHBM; ?Q`BxQM �TT`Q�+? r?B+? /Q2b MQi ;m�`�Mi22 QTiBK�HBivX

GQ;BbiB+ `2;`2bbBQMb 7Q` i?2 6`2[m2M+v �M/ JQMi2@*�`HQ �TT`Q�+?2b r2`2 i`�BM2/ #�b2/ QM 200

b+?2/mHBM; ?Q`BxQM QMHv bQHmiBQMbX 6Q` i?2 6`2[m2M+v �TT`Q�+?- i?2 i`�BMBM; TQBMib �M/ i?2B`

T`2/B+i2/ p�Hm2b 7Q` _2�+iBQM 1 BM KQ/2 LQ`K�H Q7 i?2 iQv BMbi�M+2 �`2 b?QrM BM 6B;X jX3X

GQ;BbiB+ `2;`2bbBQM T`2/B+ib ni,j,k `2�bQM�#Hv r2HH #mi i?2 `B;B/- HBM2�` +H�bbB}2` +�MMQi +�Tim`2

bQK2 Q7 i?2 /2i�BHbX h?Bb Bb- ?Qr2p2`- MQi � K�DQ` T`Q#H2K �b i?2 2MiB`2 T`2/B+i2/ T`Q#�#BHBiv

/Bbi`B#miBQM ⌘ni,j,k
Q7 QT2`�iBM; KQ/2 Q++m``2M+2 7`2[m2M+B2b ni,j,k Bb mb2/ BM 2biBK�iBM; p̄fj X

L2�` i?2 T`2/B+i2/ #QmM/�`B2b- ⌘ni,j,k
Q7 �/D�+2Mi 7`2[m2M+B2b rBHH #2 MQM@x2`Q �M/ i?2v rBHH #2

b�KTH2/ BM � bB;MB}+�Mi MmK#2` Q7 QT2`�iBM; KQ/2 b2[m2M+2b BM �H;Q`Bi?K RX

6B;X jXN b?Qrb i?2 T`Q#�#BHBiv Q7 7�BHm`2 pfj 7Q` 2�+? mMBi BM i?2 iQv BMbi�M+2 �b � 7mM+iBQM Q7 i?2

mM+2`i�BMiv b2i T�`�K2i2` ↵ 7Q` i?`22 /Bz2`2Mi /2K�M/ b+2M�`BQb U�p2`�;2- ?B;?- �M/ HQrVX aBM+2

i?2 `QHHBM; ?Q`BxQM 7`�K2rQ`F /Q2b MQi ;m�`�Mi22 QTiBK�HBiv- bQHpBM; i?2 T`Q#H2K `2T2�i2/Hv

7Q` i?2 b�K2 p�Hm2 Q7 ↵ +�M H2�/ iQ /Bz2`2Mi bQHmiBQMb �M/ 7�BHm`2 T`Q#�#BHBiB2bX h?2 T`Q#H2K

r�b i?2`27Q`2 bQHp2/ 10 iBK2b 7Q` 2�+? p�Hm2 Q7 ↵X Ai +�M #2 b22M i?�i i?2 T`Q#�#BHBiv Q7 7�BHm`2

;2M2`�HHv BM+`2�b2b rBi? /2K�M/X h?2 };m`2 7m`i?2`KQ`2 b?Qrb i?2 irQ #QmM/b Q#i�BM2/ mbBM;

i?2 6`2[m2M+v �M/ J�`FQp +?�BM #�b2/ �TT`Q�+?2b- BX2X �H;Q`Bi?K R p2`bmb kX 6Q` i?2 `2�+iQ`

#Qi? �TT`Q�+?2b T`QpB/2 ;QQ/ mTT2` #QmM/bX 6Q` i?2 ?2�i2`- i?2 7`2[m2M+v #�b2/ �TT`Q�+?

T2`7Q`Kb p2`v r2HH- r?BH2 i?2 J�`FQp +?�BM �TT`Q�+? mM/2`2biBK�i2b pfj 7Q` i?2 ?B;? /2K�M/

b+2M�`BQ �M/ Qp2`2biBK�i2b Bi 7Q` i?2 �p2`�;2 �M/ HQr /2K�M/ b+2M�`BQbX 6BM�HHv MQiB+2 i?�i

i?2 � T`BQ`B #QmM/ (Ry3) ;Bp2M #v i?2 /Qii2/ HBM2b ;`2�iHv Qp2`2biBK�i2b pfj X 6B;X jXRy b?Qrb

bBKBH�` i`2M/b 7Q` AMbi�M+2 SR (R) UEQM/BHBVX "Qi? �TT`Q�+?2b T`QpB/2 `2�bQM�#H2 #QmM/b 7Q` �HH

mMBib �M/ b+2M�`BQb 2t+2Ti i?2 �p2`�;2 /2K�M/ b+2M�`BQ QM i?2 >2�i2`- 7Q` r?B+? i?2 7`2[m2M+v
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6B;m`2 jX3, hQv BMbi�M+2, 6`2[m2M+v ni,j,k Q7 _2�+iBQM R Q++m``BM; BM MQ`K�H KQ/2 QM mMBi
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pf j
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Scenario avg high low Bound freq MC

6B;m`2 jXN, hQv BMbi�M+2, 6`2[m2M+v pbX J�`FQp +?�BM �TT`Q�+?X SQBMib �`2 `QHHBM; ?Q`BxQM
bQHmiBQMbX *QHQ`2/ HBM2b �`2 #QmM/b 7`QK i?2 6`2[m2M+v �M/ J�`FQp +?�BM �TT`Q�+?X h?2
/Qii2/ #H�+F HBM2b b?Qr � T`BQ`B #QmM/ "9 #v GB 2i �HX (Ry3)X



j3 *?�Ti2` jX lM+2`i�BM 2[mBTK2Mi /2;`�/�iBQM

�TT`Q�+? mM/2`2biBK�i2b pfj X LQiB+2 i?�i pfj Bb M2�`Hv x2`Q 7Q` #Qi? i?2 >2�i2` �M/ _2�+iQ` k

�i HQr /2K�M/ B``2bT2+iBp2 Q7 ↵X h?Bb Bb #2+�mb2 7Q` i?Bb b+2M�`BQ MQ K�BMi2M�M+2 Q++m`b QM

2Bi?2` mMBi �M/ sj,t /Q2b MQi ;2i +HQb2 iQ smax
j X

↵

pf j

6B;m`2 jXRy, AMbi�M+2 SR (R), 6`2[m2M+v pbX J�`FQp +?�BM �TT`Q�+?X SQBMib �`2 `QHHBM; ?Q`BxQM
bQHmiBQMbX *QHQ`2/ HBM2b �`2 #QmM/b 7`QK i?2 6`2[m2M+v �M/ J�`FQp +?�BM �TT`Q�+?X h?2
/Qii2/ #H�+F HBM2b b?Qr � T`BQ`B #QmM/ "9 #v GB 2i �HX (Ry3)X

h?2 T2`7Q`K�M+2 Q7 i?2 6`2[m2M+v �M/ J�`FQp +?�BM #�b2/ T`Q#�#BHBiv 2biBK�i2b r�b �bb2bb2/

mbBM; i?`22 K2i`B+b,
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jX8X _2bmHib jN

r?2`2 `Kball Bb i?2 `QQi@K2�M@b[m�`2/ /2pB�iBQM #2ir22M i?2 2biBK�i2 �M/ �HH `QHHBM; ?Q`BxQM

bQHmiBQMb- pout Bb i?2 T2`+2Mi�;2 Q7 `QHHBM; ?Q`BxQM bQHmiBQMb rBi? � H�`;2` pfj i?�M i?2 2biBK�i2/

#QmM/- �M/ `Kbout Bb i?2 `QQi@K2�M@b[m�`2/ /2pB�iBQM Q7 �HH mM/2`2biBK�i2/ TQBMibX q?BH2

`Kball 2p�Hm�i2b i?2 2biBK�i2 p̄fj Ƕb [m�HBiv �b � T`2/B+iQ` Q7 pfj - pout �M/ `Kbout �bb2bb Bib [m�HBiv

�b �M mTT2` #QmM/X

BMbi�M+2 #QmM/ rmsall pout rmsout
iQv 7`2[ 3Xyy RdX89 yXNy
iQv K+ RyX9R NXek kX3e
SR (R) 7`2[ RkXeR R3Xy3 8X3y
SR K+ RdXk8 RyXRj RX3R
Sk (k) 7`2[ dX9y 93XRN kXk9
Sk K+ RjXe3 9yX8e RXRy
S9 (j) 7`2[ RyXyN RjXdd 9XRy
S9 K+ RRX9y RRXNR kXed
Se (9) 7`2[ ReXj8 kNX9y 9X93
Se K+ kyXRe kRXkd jXkj
�HH 7`2[ RyX3N k8X9y jX8y
�HH K+ R9X83 R3Xdy kXj9

h�#H2 jXk, �p2`�;2 T2`7Q`K�M+2 K2i`B+b 7Q` T`Q#�#BHBiv 2biBK�i2b @ �HH BMbi�M+2b

h�#H2 jXk b?Qrb p�Hm2b 7Q` �HH i?`22 BMbi�M+2b �p2`�;2/ Qp2` /2K�M/ b+2M�`BQb �M/ mMBib 7Q` �HH

i2bi2/ ahL BMbi�M+2bX Ai +�M #2 b22M i?�i i?2 7`2[m2M+v �TT`Q�+? Bb ;2M2`�HHv � #2ii2` 2biBK�iQ`

7Q` pfj i?�M i?2 J�`FQp +?�BM �TT`Q�+? UbK�HH2` p�Hm2b Q7 `KballV #mi �HbQ ?�b � H�`;2` `�i2 Q7

KBb+H�bbB}+�iBQM poutX q?BH2 `Kball +�M #2 H�`;2 /m2 iQ MQBb2 BM i?2 `QHHBM; ?Q`BxQM bQHmiBQMb �M/

pout p�Hm2b Q7 mT iQ 48% b?Qr i?�i p̄fj Bb MQi � T2`72+i mTT2` #QmM/- `Kbout Bb ;2M2`�HHv bK�HH rBi?

�p2`�;2 p�Hm2b Q7 3.50 �M/ 2.34% 7Q` i?2 6`2[m2M+v �M/ J�`FQp +?�BM �TT`Q�+? `2bT2+iBp2HvX

h?Bb K2�Mb i?�i- r?2M p̄fj mM/2`2biBK�i2b pfj - Bi /Q2b MQi /Q bQ #v Km+?X *QMbB/2`BM; i?2 MQBb2

BMi`Q/m+2/ #v MQM@QTiBK�H bQHmiBQMb �M/ i?2 `QHHBM; ?Q`BxQM 7`�K2rQ`F- i?2 2``Q` BMi`Q/m+2/

#v 2biBK�iBM; pfj i?`Qm;? p̄fj Bb bK�HHX "2+�mb2 Bi Bb � bHB;?iHv #2ii2` mTT2` #QmM/- i?2 J�`FQp

+?�BM �TT`Q�+? r�b mb2/ 7Q` �HH bm#b2[m2Mi 2tT2`BK2Mib mMH2bb K2MiBQM2/ Qi?2`rBb2X

"Qi? T`Q#�#BHBiv 2biBK�iBQM �TT`Q�+?2b �`2 /2T2M/2Mi QM i?2 MmK#2` N Q7 QT2`�iBM; KQ/2

b2[m2M+2b ;2M2`�i2/X 6B;X jXRR b?Qrb i?�i BM+`2�bBM; N 7`QK 100 iQ 1000 7Q` _2�+iQ` R BM

AMbi�M+2 SR (R) QMHv ?�b � bK�HH 2z2+i QM pfj - 2bT2+B�HHv 7Q` i?2 J�`FQp +?�BM #�b2/ �TT`Q�+?X

N = 100 Bb i?2`27Q`2 /22K2/ bm{+B2MiX



9y *?�Ti2` jX lM+2`i�BM 2[mBTK2Mi /2;`�/�iBQM

freq MC
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↵

pf j

Scenario avg high low N 100 1000

6B;m`2 jXRR, 1z2+i Q7 MmK#2` Q7 JQMi2@*�`HQ b�KTH2b N QM 7�BHm`2 T`Q#�#BHBiv pfj Q7 _2�+iQ` R
UAMbi�M+2 SR (R)VX

30000

32000

34000

36000
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↵

C
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BO rand. Run

6B;m`2 jXRk, "�v2bB�M QTiBKBx�iBQM pbX `�M/QK b2�`+?X 6Bp2 `mMb Q7 "P �M/ `�M/QK b2�`+?
r2`2 +QM/m+i2/X "P 2{+B2MiHv 2tTHQ`2b p�Hm2b M2�` i?2 QTiBK�H ↵X



jXeX *QM+HmbBQM 9R

6B;bX jXRk �M/ jXRj +QKT�`2 "�v2bB�M QTiBKBx�iBQM U"PV rBi? `�M/QK b2�`+? 7Q` AMbi�M+2 SR (R)X

Pp2`�HH +Qbi U1[MX jXReV r�b 2p�Hm�i2/ Qp2` � ?Q`BxQM Q7 k9 r22Fb �M/ #Qi? "�v2bB�M QTiBKBx�@

iBQM �M/ `�M/QK b2�`+? r2`2 `2T2�i2/ }p2 iBK2bX 6Q` i?2 "�v2bB�M QTiBKBx�iBQM- 7Qm` TQBMib

r2`2 b�KTH2/ 2p2MHv 7`QK i?2 BMi2`p�H ↵ 2 [0.02, 0.5] BMBiB�HHvX 6B;X jXRk b?Qrb i?2 Q#i�BM2/

Q#D2+iBp2 p�Hm2b �b � 7mM+iBQM Q7 ↵X h?2`2 Bb +H2�`Hv � i`�/2@Qz #2ir22M ?B;? +Qbi Q7 T`2p2MiBp2

K�BMi2M�M+2 BM +QMb2`p�iBp2 bQHmiBQMb UbK�HH ↵V �M/ ?B;? +Qbi Q7 +Q``2+iBp2 K�BMi2M�M+2 7Q`

H2bb +QMb2`p�iBp2 #mi �HbQ H2bb `Q#mbi bQHmiBQMb UH�`;2 ↵VX "�v2bB�M QTiBKBx�iBQM p2`v 2{+B2MiHv

b�KTH2b 7`QK i?2 �`2� �`QmM/ i?2 QTiBK�H ↵ ⇡ 0.3 r?BH2 `�M/QK b2�`+? M�im`�HHv b�KTH2b 7`QK

i?2 2MiB`2 BMi2`p�HX 6B; jXRj b?Qrb i?2 HQr2bi Q#D2+iBp2 p�Hm2 T`2pBQmbHv Q#i�BM2/ �b � 7mM+iBQM

Q7 i?2 MmK#2` Q7 b�KTH2b U�p2`�;2/ Qp2` }p2 `mMbVX "�v2bB�M QTiBKBx�iBQM +QMbBbi2MiHv }M/b

HQr2` +Qbi bQHmiBQMb i?�M `�M/QK b2�`+? �M/ �+?B2p2b � ;QQ/ +QKT`QKBb2 #2ir22M T`2p2MiBp2

�M/ +Q``2+iBp2 K�BMi2M�M+2 rBi?BM �#Qmi 20 Bi2`�iBQMbX

jXe *QM+HmbBQM

h?Bb rQ`F BMi2;`�i2b 2[mBTK2Mi /2;`�/�iBQM 2z2+ib BM T`Q+2bb H2p2H QTiBKBx�iBQM T`Q#H2KbX h?2

/2KQMbi`�i2/ K2i?Q/QHQ;v Bb bmKK�`Bx2/ BM 6B;X jXR9X q2 +QK#BM2 +QKKQMHv mb2/ K2i?@

Q/b 7`QK i?2 /2;`�/�iBQM KQ/2HBM; HBi2`�im`2- r?B+? �HHQr mMBi ?2�Hi? +?�`�+i2`BbiB+b iQ #2

2biBK�i2/ �M/ mT/�i2/ 7`QK /�i�- rBi? `Q#mbi QTiBKBx�iBQMX h?Bb Bb ?B;?Hv `2H2p�Mi bBM+2-

`2�HBbiB+�HHv- �HKQbi �HH 2[mBTK2Mi BM +?2KB+�H �M/ K�Mm7�+im`BM; T`Q+2bb2b rBHH #2 bm#D2+i iQ

T2`7Q`K�M+2 /2;`�/�iBQM �M/ 7�BHm`2bX

aQHpBM; `2�HBbiB+ BMi2;`�i2/ K�BMi2M�M+2 �M/ T`Q/m+iBQM b+?2/mHBM; �M/ TH�MMBM; T`Q#H2Kb Bb �

?�`/ i�bF #v Bib2H7- #2+�mb2 KQ/2Hb i2M/ iQ #2 H�`;2 �M/ +QKTmi�iBQM�HHv 2tT2MbBp2X *QK#BMBM;

bm+? KQ/2Hb rBi? `Q#mbi QTiBKBx�iBQM BM+`2�b2b i?2 M22/ 7Q` bQHpBM; T`Q#H2Kb 2{+B2MiHvX 6m`@

i?2`KQ`2- i?2 b+?2/mHBM; i�bF Bb ?B;?Hv `2T2iBiBp2 �M/ b?QmH/ #2+QK2 2�bB2` �b ?BbiQ`B+�H /�i�

Bb +QHH2+i2/X hQ `2/m+2 +QKTmi�iBQM�H 2tT2Mb2- r2 b?Qr +QM/BiBQMb r?2`2 `Q#mbi QTiBKBx�@

iBQM T`Q#H2Kb +�M #2 bQHp2/ #v bQHpBM; � /2i2`KBMBbiB+ �TT`QtBK�iBQM �M/ /2p2HQT /�i�@#�b2/

K2i?Q/b 7Q` 2biBK�iBM; 7�BHm`2 T`Q#�#BHBiB2bX



9k *?�Ti2` jX lM+2`i�BM 2[mBTK2Mi /2;`�/�iBQM
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6B;m`2 jXRj, "�v2bB�M QTiBKBx�iBQM pbX `�M/QK b2�`+?X SQBMib �`2 BM/BpB/m�H p�Hm2b Q#i�BM2/
�i � ;Bp2M Bi2`�iBQMX GBM2b `2T`2b2Mi i?2 #2bi T`2pBQmbHv �+?B2p2/ bQHmiBQM p�Hm2 �p2`�;2/ Qp2`
}p2 `mMbX "P +QMbBbi2MiHv }M/b #2ii2` bQHmiBQMbX

min↵ c⇤(↵) +
P

j c
f
j p

f
j (↵)

Dj,k

pfj

c⇤

↵

xk
j

TS , TP

⌘nj,k ,⇡k,k⇤

6B;m`2 jXR9, 6HQr+?�`i Q7 i?2 T`QTQb2/ K2i?Q/X



jXeX *QM+HmbBQM 9j

AM i?2 +QMi2ti Q7 +QKTmi�iBQM�HHv 2tT2MbBp2 KQ/2Hb- r2 b?Qr i?�i "�v2bB�M QTiBKBx�iBQM +�M #2

mb2/ 2z2+iBp2Hv iQ QTiBKBx2 i?2 mM+2`i�BMiv b2i BM `Q#mbi QTiBKBx�iBQM �M/ #�H�M+2 i?2 i`�/2@Qz

#2ir22M T`2p2MiBp2 �M/ +Q``2+iBp2 K�BMi2M�M+2X



*?�Ti2` 9

� `Q#mbi �TT`Q�+? iQ #H�+F@#Qt

+QMbi`�BM2/ QTiBKBx�iBQM

9XR AMi`Q/m+iBQM

AM K�i?2K�iB+�H T`Q;`�KKBM;- QTiBKBx�iBQM mM/2` mM+2`i�BMiv Q7i2M 7Q+mb2b QM T�`�K2i`B+

mM+2`i�BMiv (RyN- RRy- RRR- RRk- e)X "mi K�Mv �TTHB+�iBQM �`2�b `2Hv QM mM+2`i�BM- 2tT2MbBp2 iQ

2p�Hm�i2 #H�+F@#Qt 7mM+iBQMb- 2X;X- �miQK�iB+ +?2KB+�H /2bB;M- T`Q/m+iBQM TH�MMBM;- b+?2/mHBM;

rBi? 2[mBTK2Mi /2;`�/�iBQM- �/�TiBp2 p2?B+H2 `QmiBM;- �miQK�iB+ +QMi`QH �M/ `Q#QiB+b- �M/

#BQHQ;B+�H bvbi2Kb (RRj- RR9- RR8- RRe- RRd- RR3- RRN)X

"�v2bB�M QTiBKBx�iBQM QTiBKBx2b bm+? 7mM+iBQMb #v UBV }iiBM; � :�mbbB�M T`Q+2bb iQ � bK�HH

MmK#2` Q7 +QHH2+i2/ /�i� TQBMib �M/ UBBV bm#b2[m2MiHv +?QQbBM; M2r b�KTHBM; TQBMib mbBM; �M

�+[mBbBiBQM 7mM+iBQM (9N- Rky- RkR)X h?2 "�v2bB�M QTiBKBx�iBQM HBi2`�im`2 �HbQ +QMbB/2`b T`Q#H2Kb

rBi? #H�+F@#Qt +QMbi`�BMib- 2X;X- #v KmHiBTHvBM; i?2 �+[mBbBiBQM 7mM+iBQM rBi? i?2 T`Q#�#BHBiv

Q7 +QMbi`�BMi b�iBb7�+iBQM (Rkk- Rkj- Rk9)X h?2 ;HQ#�H QTiBKBx�iBQM +QKKmMBiv Q7i2M ?�M/H2b

#H�+F@#Qt +QMbi`�BMib #v UBV ;2M2`�iBM; � bK�HH /�i� b2i 7`QK i?2 #H�+F #Qt 7mM+iBQM- UBBV }iiBM;

� bm``Q;�i2 KQ/2H iQ i?Bb /�i�- �M/ UBBBV `2TH�+BM; i?2 #H�+F #Qt +QMbi`�BMi #v i?2 bm``Q;�i2

KQ/2H (Rk8- Rke- Rkd- Rk3- RkN- Rjy- RjR)X h?Bb �TT`Q�+?- ?Qr2p2`- `�`2Hv +QMbB/2`b mM+2`i�BMiv

BM i?2 #H�+F #Qt 7mM+iBQMX

99



9XRX AMi`Q/m+iBQM 98

PM2 r�v Q7 BM+Hm/BM; mM+2`i�BM #H�+F@#Qt 7mM+iBQMb BMiQ i?2 QTiBKBx�iBQM T`Q#H2K Bb iQ +QM@

bB/2` i?2 bm``Q;�i2 KQ/2HǶb T�`�K2i2`b iQ #2 mM+2`i�BM �M/ mb2 +H�bbB+�H T�`�K2i`B+ mM+2`i�BMiv

K2i?Q/bX >ɃHH2M 2i �HX (Rjk) `2+2MiHv /2KQMbi`�i2/ i?Bb �TT`Q�+? 7Q` TQHvMQKB�H bm``Q;�i2b

mbBM; `Q#mbi QTiBKBx�iBQMX h?Bb +?�Ti2` T`QTQb2b � KQ`2 /B`2+i �TT`Q�+? miBHBxBM; T`Q#�#BHBb@

iB+ bm``Q;�i2 KQ/2Hb iQ KQ/2H i?2 mM+2`i�BM +m`p2bX q2 bim/v QTiBKBx�iBQM T`Q#H2Kb rBi?

+QMbi`�BMib r?B+? �;;`2;�i2 #H�+F@#Qt 7mM+iBQMb,

X

i

ãixi  b U9XR�V

ãi = g(zi), U9XR#V

r?2`2 xi Bb � /2+BbBQM p�`B�#H2 �M/ ãi /2T2M/b QM � p2+iQ` Q7 /2+BbBQM p�`B�#H2b zi 2 k i?`Qm;?

� #H�+F@#Qt 7mM+iBQM g(·)X *QMbi`�BMi U9XRV Q++m`b BM K�Mv ?B;?Hv `2H2p�Mi �TTHB+�iBQMbX AM

T`Q/m+iBQM TH�MMBM;- QM2 K�v HBKBi i?2 iQi�H �HHQr2/ 2[mBTK2Mi /2;`�/�iBQM
P

i r(pi)�ti  b-

r?2`2 r(pi) Bb i?2 #H�+F@#Qt /2;`�/�iBQM `�i2 /2T2M/BM; QM T`Q/m+iBQM pi BM iBK2 T2`BQ/ i

�M/ �ti Bb 2[mBTK2Mi QT2`�iBQM iBK2 BM T2`BQ/ i (RRN)X � b2+QM/ 2t�KTH2 Bb p2?B+H2 `QmiBM;-

r?2`2 i?2 iQi�H i`�p2HHBM; iBK2
P

i �t(ti, si, di)�i Bb i?2 bmK Q7 i`�p2HHBM; iBK2b �t(ti, si, di) 7Q`

BM/BpB/m�H H2;b i- /2T2M/2Mi QM bi�`iBM; iBK2 ti- bQm`+2 si- �M/ /2biBM�iBQM di- �M/ �i Bb � #BM�`v

p�`B�#H2 BM/B+�iBM; r?2i?2` H2; i Bb T�`i Q7 i?2 `Qmi2X � i?B`/ 2t�KTH2 Bb T`QD2+i b+?2/mHBM;

mM/2` mM+2`i�BMiv BM r?B+? /m`�iBQM mM+2`i�BMiv K�v #2 �;;`2;�i2/ Qp2` KmHiBTH2 �+iBpBiB2b

(Rjj)X G�biHv- i?2 /`BHH b+?2/mHBM; +�b2 bim/v /2b+`B#2/ BM /2i�BH H�i2` BM i?Bb +?�Ti2` Bb �M

BM/mbi`B�HHv `2H2p�Mi 2t�KTH2X

q?2M #H�+F@#Qt +QMbi`�BMib �`2 `BbF Q` b�72iv@+`BiB+�H- ?2/;BM; bQHmiBQMb �;�BMbi mM+2`i�BMiv

Bb 2bb2MiB�HX 1p�Hm�iBM; #H�+F@#Qt 7mM+iBQMb K�v `2[mB`2 2tT2MbBp2 +QKTmi2` bBKmH�iBQMb Q`

T?vbB+�H 2tT2`BK2Mib- bQ �p�BH�#H2 /�i� Bb ;2M2`�HHv HBKBi2/ �M/ K�v #2 bm#D2+i iQ KQ/2H 2``Q`b

�M/ K2�bm`2K2Mi MQBb2X q2 i?2`27Q`2 +QMbB/2` i?2 7mM+iBQM g(·) iQ #2 mM+2`i�BM �M/ �BK iQ

}M/ bQHmiBQMb 7Q` r?B+? *QMbi`�BMi U9XRV ?QH/b rBi? +QM}/2M+2 1� ↵,

P

 
X

i

g(zi)xi  b

!
� 1� ↵. U9XkV



9e *?�Ti2` 9X � `Q#mbi �TT`Q�+? iQ #H�+F@#Qt +QMbi`�BM2/ QTiBKBx�iBQM

hQ +�Tim`2 i?2 mM+2`i�BMiv BM g(·)- r2 KQ/2H Bi #v biQ+?�biB+ bm``Q;�i2 KQ/2HbX � +QKKQM

biQ+?�biB+ bm``Q;�i2 Bb i?2 :�mbbB�M T`Q+2bb U:SV KQ/2HX .2T2M/BM; QM i?2 mM/2`HvBM; /�i�

;2M2`�iBM; /Bbi`B#miBQM- ?Qr2p2`- � :S K�v #2 �M BM�/2[m�i2 KQ/2HX q�`T2/ :�mbbB�M T`Q@

+2bb2b- r?B+? K�T Q#b2`p�iBQMb iQ � H�i2Mi bT�+2 mbBM; � r�`TBM; 7mM+iBQM- �`2 �M �Hi2`M�iBp2-

KQ`2 ~2tB#H2 KQ/2H (8R)X h?Bb +?�Ti2` +QMbB/2`b #Qi? bi�M/�`/ �M/ r�`T2/ :SbX

q2 MQi2 i?�i Qi?2` +QMi`B#miBQMb ?�p2 +QMM2+i2/ "�v2bB�M QTiBKBx�iBQM rBi? `Q#mbi QTiBKBx�@

iBQM (Rj9- Rj8- Rje- Rjd)X h?2b2 rQ`Fb ?�p2 7Q+mb2/ QM BKTH2K2Mi�iBQM 2``Q`bX �M �/p2`b�`v

+�M T2`im`# i?2 BMTmi x iQ � #H�+F@#Qt 7mM+iBQM f #v � 2 U X _Q#mbi bQHmiBQMb QTiBKBx2 T2`7Q`@

K�M+2 mM/2` i?2 rQ`bi@+�b2 T2`im`#�iBQM `2�HBx�iBQM, min
x2 n

max
�2U

f(x + �)X Pm` rQ`F /Q2b MQi

+QMbB/2` BKTH2K2Mi�iBQM 2``Q`bX q2 BMbi2�/ 7Q+mb QM i?2 b2iiBM; r?2`2 i?2 mM+2`i�BMiv Bb BM

i?2 QmiTmi Q7 i?2 #H�+F@#Qt 7mM+iBQMX JQbi Q7 i?2b2 rQ`Fb �HbQ 7Q+mb QM mM+2`i�BM #H�+F@#Qt

Q#D2+iBp2 7mM+iBQMb rBi? bQK2 K�FBM; 2ti2MbBQMb iQ mM+2`i�BM #H�+F@#Qt +QMbi`�BMib (Rj9- Rj8)X

Pm` rQ`F 7Q+mb2b QM �;;`2;�i2/ #H�+F@#Qt +QMbi`�BMib r?B+? �`2 `2H2p�Mi BM b�72iv@+`BiB+�H �T@

THB+�iBQMbX hQ i?2 #2bi Q7 Qm` FMQrH2/;2- MQ T`BQ` rQ`F ?�b +QMM2+i2/ 2Bi?2` r�`T2/ :Sb Q`

�;;`2;�i2/ #H�+F@#Qt +QMbi`�BMib rBi? `Q#mbi QTiBKBx�iBQMX

*QMi`B#miBQMbX 6Q` i?2 bi�M/�`/ :S KQ/2H- r2 b?Qr ?Qr +?�M+2 +QMbi`�BMi 1[X U9XkV +�M #2

2t�+iHv `27Q`KmH�i2/ �b � /2i2`KBMBbiB+ +QMbi`�BMi mbBM; 2tBbiBM; �TT`Q�+?2bX 6Q` i?2 r�`T2/

+�b2- r2 /2p2HQT � `Q#mbi QTiBKBx�iBQM �TT`Q�+? r?B+? +QMb2`p�iBp2Hv �TT`QtBK�i2b i?2 +?�M+2

+QMbi`�BMiX "v +QMbi`m+iBM; /2+BbBQM@/2T2M/2Mi mM+2`i�BMiv b2ib 7`QK +QM}/2M+2 2HHBTbQB/b

#�b2/ QM i?2 r�`T2/ :S KQ/2Hb- r2 Q#i�BM T`Q#�#BHBbiB+ +QMbi`�BMi pBQH�iBQM #QmM/bX q2 miB@

HBx2 qQH72 /m�HBiv iQ `27Q`KmH�i2 i?2 `2bmHiBM; `Q#mbi QTiBKBx�iBQM T`Q#H2K �M/ Q#i�BM 2tTHB+Bi

/2i2`KBMBbiB+ `Q#mbi +QmMi2`T�`ibX h?Bb `27Q`KmH�iBQM 2tT`2bb2b mM+2`i�BM +QMbi`�BMib- KQ/2H2/

#v :Sb- �b /2i2`KBMBbiB+ +QMbi`�BMib rBi? � ;m�`�Mi22/ T`Q#�#BHBiv Q7 +QMbi`�BMi b�iBb7�+iBQM-

BX2X- /2i2`KBMBbiB+ �TT`QtBK�iBQMb iQ � +?�M+2 +QMbi`�BMiX q2 �M�Hvx2 +QMp2tBiv +QM/BiBQMb Q7

i?2 r�`TBM; 7mM+iBQM mM/2` r?B+? i?2 qQH72 /m�HBiv #�b2/ `27Q`KmH�iBQM Bb �TTHB+�#H2X 6Q`

MQM@+QMp2t +�b2b- r2 /2p2HQT � ;HQ#�H QTiBKBx�iBQM bi`�i2;v r?B+? miBHBx2b T`Q#H2K bi`m+im`2X

hQ `2/m+2 bQHmiBQM +QMb2`p�iBbK- r2 7m`i?2`KQ`2 T`QTQb2 �M Bi2`�iBp2 � TQbi2`BQ`B T`Q+2/m`2 Q7

b2H2+iBM; i?2 mM+2`i�BMiv b2i bBx2 r?B+? +QKTH2K2Mib i?2 Q#i�BM2/ � T`BQ`B ;m�`�Mi22X



9XkX J2i?Q/ 9d

q2 b?Qr ?Qr i?2 T`QTQb2/ �TT`Q�+? ?2/;2b �;�BMbi mM+2`i�BMiv BM H2�`M2/ +m`p2b 7Q` irQ +�b2

bim/B2b, BV � T`Q/m+iBQM TH�MMBM;@BMbTB`2/ +�b2 bim/v rBi? �M mM+2`i�BM T`B+2@bmTTHv +m`p2

�M/ BBV �M BM/mbi`B�HHv `2H2p�Mi /`BHH@b+?2/mHBM; +�b2 bim/v rBi? mM+2`i�BM KQiQ` /2;`�/�iBQM

+?�`�+i2`BbiB+bX 6Q` i?2 /`BHH@b+?2/mHBM; +�b2 bim/v r2 /2p2HQT � +mbiQK bi`�i2;v 7Q` /2�HBM;

rBi? /Bb+`2i2 /2+BbBQMbX

LQi�iBQMX a22 �TT2M/Bt > 7Q` � i�#H2 Q7 MQi�iBQMX

9Xk J2i?Q/

q2 ?�p2 /Bb+mbb2/ bi�M/�`/ �M/ r�`T2/ :�mbbB�M T`Q+2bb2b BM a2+iBQMb kXjXk �M/ kXjXjX a2+@

iBQM 9XkXR /Bb+mbb2b �M 2t�+i +?�M+2@+QMbi`�BMi `27Q`KmH�iBQM 7Q` i?2 bi�M/�`/ :�mbbB�M T`Q+2bb@

#�b2/ �TT`Q�+? r?BH2 a2+iBQMb 9XkXk �M/ 9XkXj QmiHBM2 Qm` T`QTQb2/ `Q#mbi �TT`QtBK�iBQM �T@

T`Q�+?X

9XkXR ai�M/�`/ :Sb, +?�M+2 +QMbi`�BM2/ QTiBKBx�iBQM

q?2M g(·) Bb KQ/2H2/ r2HH #v � bi�M/�`/ :S Gx- +?�M+2 +QMbi`�BMi 1[X U9XkV +�M #2 2t�+iHv

`2TH�+2/ #v � /2i2`KBMBbiB+ 2[mBp�H2Mi (Rj3)X aBM+2 {Gz1 , . . . Gzn} ⇠ N (µ,⌃) Bb MQ`K�H /Bb@

i`B#mi2/- i?2 HBM2�` +QK#BM�iBQM,

� =
nX

i=1

Gzixi

Bb �HbQ MQ`K�H /Bbi`B#mi2/ rBi? /Bbi`B#miBQM,

� ⇠ N
 

nX

i=1

µixi,
nX

i=1

nX

j=1

xi�
2
i,jxj

!
.
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LQi2 i?�i r2 ?�p2 bmTT`2bb2/ i?2 /2T2M/2M+2 Q7 µ �M/ ⌃ QM zi 7Q` MQi�iBQM�H bBKTHB+BivX 6Q`

� ;Bp2M +QM}/2M+2 H2p2H ↵- r2 +�M i?2`27Q`2 `2TH�+2 +?�M+2 +QMbi`�BMi 1[X U9XkV #v,

X

i2S

µixi + F (1� ↵) ·
sX

i,j2S

xi�2
i,jxj  b, U9XjV

r?2`2 F (·) Bb i?2 +mKmH�iBp2 /Bbi`B#miBQM 7mM+iBQM Q7 i?2 bi�M/�`/ MQ`K�H /Bbi`B#miBQMX A7 i?2

:S KQ/2Hb g(·) r2HH- 1[X U9XjV Bb �M 2t�+i /2i2`KBMBbiB+ `27Q`KmH�iBQM Q7 +?�M+2 +QMbi`�BMi

1[X U9XkVX

9XkXk q�`T2/ :Sb, `Q#mbi �TT`QtBK�iBQM

A7 g(·) Bb BMbm{+B2MiHv KQ/2H2/ #v � bi�M/�`/ :S- � r�`T2/ :S K�v #2 � KQ`2 bmBi�#H2 KQ/2H

(8R)X AM i?Bb +�b2- � /B`2+i `27Q`KmH�iBQM Q7 i?2 +?�M+2 +QMbi`�BMi �b QmiHBM2/ �#Qp2 7Q` i?2

bi�M/�`/ :S +�b2 Bb MQi FMQrMX am+? +?�M+2 +QMbi`�BMib �`2 ;2M2`�HHv �//`2bb2/ #v UBV b�KTH2

�TT`QtBK�iBQM (RjN- R9y- R9R) Q` UBBV b�72 Qmi2`@�TT`QtBK�iBQM (R9k- R9j- R99- R98- R9e- R9d)X

AMbi2�/- r2 /2p2HQT � `Q#mbi �TT`QtBK�iBQMX _2+�HH i?�i � r�`T2/ :S mb2b � bi`B+iHv BM+`2�bBM;

r�`TBM; 7mM+iBQM h : ! iQ r�`T Q#b2`p�iBQMb yi BMiQ � H�i2Mi bT�+2, ⇠i = h(yi)X � bi�M/�`/

:S Bb i?2M }i iQ i?2 /�i� BM i?2 H�i2Mi bT�+2X *QMbB/2` �M QTiBKBx�iBQM T`Q#H2K +QMi�BMBM;

� MQKBM�H p2`bBQM Q7 *QMbi`�BMi U9XRV- r?2`2 i?2 #H�+F #Qt 7mM+iBQM g(yi) Bb `2TH�+2/ #v i?2

K2�M T`2/B+iBQM ⇠i = µ(yi) Q7 i?2 :S- r�`T2/ #�+F BMiQ i?2 Q#b2`p�iBQM bT�+2 mbBM; i?2 BMp2`b2

Q7 i?2 r�`TBM; 7mM+iBQM yi = h�1(⇠i),

min
(x,z)2X

f(x, z) U9X9�V

bXiX
X

i

h�1(µ(zi))xi  b, i 2 [n] U9X9#V

r?2`2 z Bb i?2 p2+iQ` +QMi�BMBM; �HH 2H2K2Mib Q7 zi, 8i �M/ i?2 Q#D2+iBp2 7mM+iBQM f : X !

Bb �bbmK2/ iQ #2 FMQrM 2tTHB+BiHv- BX2X- Bi Bb MQi � #H�+F@#Qt 7mM+iBQMX *H2�`Hv- � bQHmiBQM iQ

S`Q#H2K U9X9V Bb MQi ;m�`�Mi22/ iQ #2 72�bB#H2 BM T`�+iB+2 B7 i?2 T`2/B+iBQM µ(zi) Bb mM+2`i�BMX

lbBM; i?2 7mHH KmHiBp�`B�i2 /Bbi`B#miBQM ;2M2`�i2/ #v i?2 b�KTHBM; TQBMib {zi}- r2 +�M +QMbi`m+i



9XkX J2i?Q/ 9N

�M ↵Ĝ+QM}/2M+2 2HHBTbQB/ BM i?2 H�i2Mi bT�+2,

E↵(z) =
⇢
⇠ : (⇠ � µ(z))| ⌃�1(z) (⇠ � µ(z))  F 1�↵

n

�
. U9X8V

>2`2- F 1�↵
n Bb i?2 +mKmH�iBp2 /Bbi`B#miBQM 7mM+iBQM Q7 i?2 �2 /Bbi`B#miBQM rBi? n /2;`22b Q7

7`22/QKX LQi2 i?�i r?2M i?2 :S F2`M2H Bb TQbBiBp2 /2}MBi2- i?2 +Qp�`B�M+2 K�i`Bt ⌃ Bb �HbQ

TQbBiBp2 /2}MBi2 �M/ i?2 BMp2`b2 ⌃�1 2tBbibX �bbmKBM; i?�i i?2 r�`T2/ :S KQ/2Hb i?2 #H�+F@

#Qt 7mM+iBQM r2HH- E↵(z) +QMi�BMb i?2 i`m2 p�Hm2 h(g(zi)) rBi? T`Q#�#BHBiv �i H2�bi 1 � ↵X q2

i?2`27Q`2 +QMbi`m+i i?2 7QHHQrBM; `Q#mbi QTiBKBx�iBQM T`Q#H2K,

min
(x,z)2X

f(x, z) U9Xe�V

bXiX y|x  b 8y : h(y) 2 E↵(z) U9Xe#V

�Mv bQHmiBQM iQ S`Q#H2K U9XeV Bb 72�bB#H2 rBi? T`Q#�#BHBiv �i H2�bi 1�↵ ;Bp2M i?�i i?2 r�`T2/

:S KQ/2Hb i?2 mM/2`HvBM; /�i� ;2M2`�iBM; /Bbi`B#miBQM r2HHX �Hi2`M�iBp2Hv- r2 +�M i�F2 i?2

r�`TBM; BMiQ i?2 mM+2`i�BMiv b2i,

min
(x,z)2X

f(x, z) U9Xd�V

bXiX y|x  b 8y 2 U(z) U9Xd#V

r?2`2 U ,

U(z) =
⇢

y 2 l : (h(y)� µ(z))| ⌃�1(z) (h(y)� µ(z))  F 1�↵
n

�
. U9X3V

LQi2 i?�i S`Q#H2K U9XdV +�M �HbQ #2 BMi2`T`2i2/ �b �TT`QtBK�iBM; � `Q#mbi T`Q#H2K rBi?

�M mM+2`i�BMiv b2i Qp2` 7mM+iBQMb g̃ 2 Ug Ub22 h?2Q`2K 6XR- �TT2M/Bt 6VX 6B;X 9XR b?Qrb �M

2t�KTH2 Q7 i?2 2HHBTbQB/�H �M/ r�`T2/ b2ib E↵ �M/ U 7Q` n = 2X h?2 r�`T2/ b2i U U1[MX 9X3V

K�v Q` K�v MQi #2 +QMp2t- /2T2M/BM; QM i?2 r�`TBM; 7mM+iBQM h(·)X
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2

4

6

8

2 4 6 8
z1, ⇠1

z 2
,
⇠ 2

6B;m`2 9XR, 1t�KTH2 Q7 mM+2`i�BMiv b2ib E↵ BM H�i2Mi �M/ U BM Q#b2`p�iBQM bT�+2X

_27Q`KmH�iBQM 7Q` +QMp2t r�`T2/ b2ib U

q2 }`bi �bbmK2 i?�i i?2 r�`T2/ b2i U `2i�BMb +QMp2tBiv �M/ miBHBx2 qQH72 /m�HBiv iQ `27Q`KmH�i2

i?2 b2KB@BM}MBi2 S`Q#H2K U9XdV BMiQ � /2i2`KBMBbiB+ T`Q#H2K rBi? � }MBi2 MmK#2` Q7 +QMbi`�BMibX

*QMbB/2` i?2 KBM@K�t 2[mBp�H2Mi Q7 S`Q#H2K U9XdV,

min
(x,z)2X

f(x, z) U9XN�V

bXiX max
y2U(z)

y|x  b U9XN#V

q?2M U Bb +QMp2t- i?2 BMM2` K�tBKBx�iBQM BM 1[X U9XN#V Bb +QMp2t,

max
y

y|x U9XRy�V

bXiX (h(y)� µ)|⌃�1(h(y)� µ)  F 1�↵
n , U9XRy#V

LQi2 i?�i r2 bmTT`2bb i?2 /2T2M/2M+2 Q7 µ �M/ ⌃ QM z 7Q` MQi�iBQM�H bBKTHB+Biv 7`QK ?2`2

QMr�`/X S`Q#H2K U9XRyV ;2M2`�HHv /Q2b MQi ?�p2 � bBKTH2 +HQb2/ 7Q`K bQHmiBQMX AMbi2�/- r2

+�M mb2 qQH72 /m�HBiv iQ i`�Mb7Q`K S`Q#H2K U9XRyV BMiQ �M 2[mBp�H2Mi KBMBKBx�iBQM T`Q#H2K-

H2�/BM; iQ � /2i2`KBMBbiB+ `27Q`KmH�iBQM Q7 S`Q#H2K U9XdV,

min
(x,z)2X,y,u

f(x) U9XRR�V



9XkX J2i?Q/ 8R

bXi y|x+ u ·
�
(h(y)� µ)|⌃�1(h(y)� µ)� F 1�↵

n

�
 b U9XRR#V

x+ 2u ·rh(y)⌃�1(h(y)� µ) = 0 U9XRR+V

u � 0, U9XRR/V

r?2`2 u Bb � /m�H p�`B�#H2- rh(y) = /B�;(h0(yi))- �M/ *QMbi`�BMi U9XRR+V Bb i?2 E�`mb?@Em?M@

hm+F2` UEEhV bi�iBQM�`Biv +QM/BiBQMX LQi2 i?�i r?2M F 1�↵
n > 0- BX2X 7Q` �Mv MQM@x2`Q 1�↵- i?2

mM+2`i�BMiv b2i U +QMi�BMb � 72�bB#H2 BMi2`BQ` TQBMi �M/ aH�i2`Ƕb +QM/BiBQM ?QH/bX 6m`i?2`KQ`2-

bBM+2 U Bb +QMp2t �M/ i?2 Q#D2+iBp2 7mM+iBQM Bb +QM+�p2 �M/ +QMiBMQmbHv /Bz2`2MiB�#H2- bi`QM;

/m�HBiv ?QH/bX h?2 /m�H 72�bB#BHBiv +QMbi`�BMi u � 0 2Mbm`2b i?�i �Mv TQBMi r?B+? b�iBb}2b

i?2 bi�iBQM�`Biv +QM/BiBQM Bb � K�tBKmK- MQi � KBMBKmKX �HbQ MQi2 i?�i- mMH2bb x = 0- i?2

bi�iBQM�`Biv +QM/BiBQM K2�Mb i?�i u 6= 0 �M/- /m2 iQ +QKTH2K2Mi�`v bH�+FM2bb- w(y, z) = 0-

BX2X,

(h(y)� µ)|⌃�1(h(y)� µ) = F 1�↵
n . U9XRkV

6m`i?2`KQ`2- r2 +�M `27Q`KmH�i2 1[X U9XRR+V iQ,

h(y)� µ = � 1

2u
⌃(rh(y))�1x

am#biBimiBM; i?Bb BM 1[X U9XRkV vB2H/b,

1

4u2
x| (rh(y))�1 ⌃ (rh(y))�1 x = F 1�↵

n .

h?Bb H2�/b iQ � bHB;?iHv /Bz2`2Mi 7Q`KmH�iBQM r?B+? ?�b i?2 �/p�Mi�;2 i?�i Bi /Q2b MQi /2T2M/

QM i?2 BMp2`b2 Q7 i?2 +Qp�`B�M+2 K�i`Bt ⌃�1,

min
(x,z)2X ,y,u

f(x, z) U9XRj�V

bXi y|x  b U9XRj#V

⌃ (rh(y))�1 x+ 2u · (h(y)� µ) = 0 U9XRj+V

4u2F 1�↵
n = x| (rh(y))�1 ⌃ (rh(y))�1 x U9XRj/V
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u � 0, U9XRj2V

r?2`2 i?2 BMp2`b2 (rh(y))�1 2tBbib r?2M h0(y) 6= 0 #2+�mb2 rh(y) Bb � /B�;QM�H K�i`BtX LQi2

i?�i h(yi) > 0, 8yi 2 7Q` i?2 M2m`�H M2i bivH2 r�`TBM; 7mM+iBQM BM 1[X UkXdVX 6Q`KmH�@

iBQM U9XRjV ?�b i?2 �/p�Mi�;2b i?�i Bi /Q2b MQi /2T2M/ QM i?2 BMp2`b2 ⌃�1(z)- r?B+? ;2M2`�HHv

+�MMQi #2 7Q`KmH�i2/ 2tTHB+BiHv- �M/ i?�i Bi +�M #2 bQHp2/ mbBM; Qz@i?2@b?2H7 bQHp2` bQ7ir�`2X

q?BH2 S`Q#H2K U9XRjV Bb MQM@+QMp2t /m2 iQ #BHBM2�`BiB2b #2ir22M y �M/ x- i?2 TQi2MiB�HHv MQM@

+QMp2t Q#D2+iBp2 7mM+iBQM f - �M/ i?2 /2T2M/2M+2 Q7 µ �M/ ⌃ QM z- 2p2M � MQM@QTiBK�H bQHmiBQM

rBHH #2 `Q#mbiHv 72�bB#H2X

*QMp2tBiv +QM/BiBQMb

a2+iBQM 9XkXk `2HB2b QM i?2 +QMp2tBiv Q7 i?2 BMM2` K�tBKBx�iBQM T`Q#H2KX A7 U Bb MQM@+QMp2t-

S`Q#H2K U9XRjV Bb MQi M2+2bb�`BHv 2[mBp�H2Mi iQ S`Q#H2K U9XdV �b i?2`2 K�v #2 KQ`2 i?�M QM2

EEh TQBMiX aBM+2 U Bb i?2 +QM}/2M+2 b2i Q7 � KmHiBp�`B�i2 /Bbi`B#miBQM- ?Qr2p2`- K�v Q7i2M #2

+QMp2t- 2bT2+B�HHv r?2M i?2 /Bbi`B#miBQM Bb mMBKQ/�HX h?2 7QHHQrBM; b2+iBQM �M�Hvx2b +QM/BiBQMb

r?2`2 i?2 qQH72 /m�HBiv �TT`Q�+? Bb DmbiB}2/X

6B`bi +QMbB/2` i?2 BMM2` K�tBKBx�iBQM S`Q#H2K U9XRyV i`�Mb7Q`K2/ BMiQ i?2 H�i2Mi bT�+2 #v

bm#biBimiBM; y = h�1(⇠),

max
⇠

x|h�1(⇠) U9XR9�V

s.t. (⇠ � µ)|⌃�1(⇠ � µ)  F 1�↵
n , U9XR9#V

r?B+? /2T2M/b QM i?2 ;2M2`�HHv MQi 2tTHB+BiHv FMQrM BMp2`b2 r�`TBM; 7mM+iBQM h�1X q2 7m`i?2`

bi�i2 i?2 r2HH FMQrM `2bmHi QM i?2 /2`Bp�iBp2 Q7 BMp2`b2 7mM+iBQMb (R93),

G2KK� 9XRX A7 f : ! Bb +QMiBMmQmb- #BD2+iBp2- �M/ /Bz2`2MiB�#H2 �M/ f 0(f�1(x)) 6= 0- i?2M

[f�1]0(x) = 1
f 0(f�1(x)) X

lbBM; i?Bb- r2 +�M b?Qr i?2 7QHHQrBM; T`QTQbBiBQMX



9XkX J2i?Q/ 8j

h?2Q`2K 9XRX G2i i?2 r�`TBM; 7mM+iBQM h(·) #2 bi`B+iHv +QM+�p2 U+QMp2tV �M/ H2i xi � 0 (

0), 8i- i?2M i?2 BMM2` K�tBKBx�iBQM S`Q#H2K U9XRyV ?�b � mMB[m2 EEh TQBMiX

S`QQ7X LQi2 i?�i S`Q#H2K U9XR9V Bb +QMp2t r?2M h�1 Bb +QM+�p2 U+QMp2tV �M/ xi � 0 (xi  0), 8iX

h?2 EEh +QM/BiBQMb 7Q` S`Q#H2Kb U9XRyV �M/ U9XR9V �`2,

x+ 2urh(y)⌃�1(h(y)� µ) = 0 U9XR8�V

(h(y)� µ)|⌃�1(h(y)� µ) = F 1�↵
n U9XR8#V

�M/,

rh�1(⇠)x+ 2u⌃�1(⇠ � µ) = 0 U9XRe�V

(⇠ � µ)|⌃�1(⇠ � µ) = F 1�↵
n , U9XRe#V

r?2`2,

[rh�1(⇠)]i,j =

8
>><

>>:

h�1(⇠i), i = j

0, i 6= j

. U9XRdV

"v G2KK� 9XR,

[rh�1(⇠)]i,j =

8
>><

>>:

h�1(⇠i), i = j

0, i 6= j

=

8
>><

>>:

1
h0(h�1(⇠i))

, i = j

0, i 6= j

= [rh(h�1(⇠))]�1
i,j . U9XR3V

aQ S`Q#H2K 9XRe Bb 2[mBp�H2Mi iQ,

r[h(h�1(⇠))]�1x+ 2u⌃�1(⇠ � µ) = 0 U9XRN�V

(⇠ � µ)|⌃�1(z � µ) = F 1�↵
n . U9XRN#V

G2i y⇤ #2 � EEh TQBMi 7Q` S`Q#H2K U9XRyV- i?2M z⇤ = h(y⇤) Bb +H2�`Hv � bQHmiBQM iQ S`Q#@

H2K U9XRNV- �M/ i?2`27Q`2 � EEh TQBMi 7Q` S`Q#H2K U9XR9VX aBM+2 S`Q#H2K U9XR9V Bb +QMp2t- y⇤
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Bb mMB[m2X

ai`�i2;v 7Q` MQM@+QMp2t r�`T2/ b2ib U

q?2M U Bb MQM@+QMp2t- r2 M22/ iQ ;HQ#�HHv QTiBKBx2 i?2 BMM2` K�tBKBx�iBQM T`Q#H2K 2{+B2MiHvX

hQ i?Bb 2M/ r2 /2p2HQT � +mbiQK /BpB/2 �M/ +QM[m2` bi`�i2;v r?B+? K�F2b mb2 Q7 i?2 T`Q#H2KǶb

bT2+B�H bi`m+im`2X q2 }`bi MQi2 i?2 7QHHQrBM; T`QT2`iB2b Q7 i?2 BMM2` K�tBKBx�iBQM T`Q#H2KX

G2KK� 9XkX G2i Y #2 i?2 b2i Q7 bQHmiBQMb Q7 S`Q#H2K 9XRy- i?2M 9y⇤ 2 Y r?B+? Bb QM i?2

#QmM/�`v Q7 U - BX2X- y⇤ 2 @U X

S`QQ7X a22 �TT2M/Bt :X

G2KK� 9XjX h?2 #QmM/BM; #Qt Q7 �M 2HHBTbQB/ (x� µ)|⌃�1(x� µ)  r2 Bb ;Bp2M #v i?2 2ti`2K2

TQBMib x̄i = µi + r�ii �M/ xi = µi � r�iiX

S`QQ7X a22 �TT2M/Bt :X

G2KK� 9X9X *QMbB/2` � p2`bBQM Q7 S`Q#H2K U9XR9V BM r?B+? i?2 2HHBTbQB/�H 72�bB#H2 `2;BQM Bb

`2TH�+2/ #v Bib #QmM/BM; #Qt,

max
⇠

x|h�1(⇠) U9Xky�V

s.t. µi � r�ii  ⇠i  µi + r�ii 8i. U9Xky#V

A7 xi � 0, 8i- i?2 +Q`M2` ⇠⇤ Q7 i?2 #QmM/BM; #Qt rBi? ⇠⇤i = µi + r�ii, 8i- Bb �M QTiBK�H bQHmiBQM

iQ i?Bb T`Q#H2KX

S`QQ7X G2i ⇠⇤ #2 �M QTiBK�H bQHmiBQM iQ S`Q#H2K U9XkyV i?�i ⇠⇤ HB2b QM i?2 #QmM/�`v Q7 i?2

72�bB#H2 bT�+2 UG2KK� :XkVX �bbmK2 9i- bXiX- ⇠⇤i < µ+r�iiX "2+�mb2 h�1 Bb bi`B+iHv KQMQiQMB+�HHv

BM+`2�bBM; �M/ xi � 0- xih�1(⇠i) > xih�1(µ+ r�ii)X h?2`27Q`2 r2 +�M +QMbi`m+i � M2r bQHmiBQM

⇠̂,

⇠̂j =

8
>><

>>:

⇠⇤j j 6= i

µj + r�jj j = i,

U9XkRV
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7Q` r?B+? x|⇠̂ � x|⇠⇤- r?B+? Bb � +QMi`�/B+iBQMX

h?2Q`2K 9XkX G2i ⇠̄ (⇠ ƃ) #2 ⇠̄i = µi + r�ii U⇠ ƃi = µi � r�iiV �M/ ⇠⇤ �M QTiBK�H bQHmiBQM iQ S`Q#@

H2K U9XR9VX h?2M UBV x|h�1(⇠ ƃ)  x|h�1(⇠⇤)  x|h�1(⇠̄) �M/ UBBV x|h�1(⇠̄)
x|h�1(⇠⇤) 

x|h�1(µ+r�)

x|h�1(µ+r�/
p
�|⌃�1�)

r?2`2 � = [�11, . . . , �nn]
|X

S`QQ7X S�`i UBV 7QHHQrb BKK2/B�i2Hv 7`QK G2KK� 9X9 #2+�mb2 S`Q#H2K U9XkyV Bb � `2H�t�iBQM Q7

S`Q#H2K U9XR9VX hQ T`Qp2 UBBV- }`bi +QMbB/2` � b+�H2/ p2`bBQM Q7 i?2 #QmM/BM; #Qt rBi? +Q`M2`

⇠̂ = µ + �r�X �bbmK2 i?�i b+�HBM; 7�+iQ` � 2 [0, 1] Bb +?Qb2M bQ i?�i i?2 +Q`M2` Q7 i?2 b+�H2/

#Qt ⇠̂ HB2b QM i?2 2HHBTbQB/- BX2X,

⇣
⇠̂ � µ

⌘|
⌃�1

⇣
⇠̂ � µ

⌘
= r2.

am#biBimiBM; ⇠̂ = µ+ �r� �M/ `2�``�M;BM; H2�/b iQ

� =
1p

�⌃�1�

6m`i?2`KQ`2- bBM+2 ⇠̂ Bb +QMi�BM2/ BM i?2 2HHBTbQB/- x|h�1(⇠̄)
x|h�1(⇠⇤) 

x|h�1(⇠̄)

x|h�1(⇠̂)
X am#biBimiBM; ⇠̄ = µ+r�

�M/ ⇠̂ = µ+ r�p
�⌃�1�

+QM+Hm/2b i?2 T`QQ7X

lbBM; G2KK� :Xk �M/ h?2Q`2K 9Xk r2 /2p2HQT i?2 bT�iB�H #`�M+?BM; bi`�i2;v b?QrM BM �H@

;Q`Bi?K jX �H;Q`Bi?K j rQ`Fb bBKBH�`Hv iQ Qi?2` 2HBKBM�iBQM@#�b2/ �H;Q`Bi?Kb (R9N- R8y)X Ai

bi�`ib #v Qmi2`@�TT`QtBK�iBM; i?2 2HHBTbQB/ #v Bib #QmM/BM; #Qt �M/ 2p�Hm�iBM; i?2 Q#D2+iBp2

x|h�1(⇠) �i i?2 irQ +Q`M2` TQBMib (⇠ ƃ, ⇠̄)- Q#i�BMBM; �M mTT2` �M/ HQr2` #QmM/ Uh?2Q`2K 9XkVX

h?2 �H;Q`Bi?K i?2M #`�M+?2b QM i?2 /BK2MbBQM Q7 H�`;2bi rB/i?X "Qt2b +�M #2 T`mM2/ B7 i?2v

�`2 7mHHv BMbB/2 Q` QmibB/2 i?2 2HHBTbQB/ UG2KK� :XkVX h?2Q`2K 9Xk �HbQ T`QpB/2b �M � TQbi2`BQ`B

#QmM/ 7Q` i?2 iB;?iM2bb Q7 i?2 Qmi2` �TT`QtBK�iBQMX AM i?2 bT2+B�H +�b2 r?2M i?2 2HHBTbQB/ Bb �M

M@. #�HH rBi? x2`Q K2�M- i?2 #QmM/ +�M #2 bBKTHB}2/ iQ �M � T`BQ`B #QmM/, x|h�1(⇠̄)
x|h�1(⇠⇤) 

h�1(r)
h�1( rp

n
) X



8e *?�Ti2` 9X � `Q#mbi �TT`Q�+? iQ #H�+F@#Qt +QMbi`�BM2/ QTiBKBx�iBQM

�H;Q`Bi?K j :HQ#�HHv QTiBKBx2 BMM2` K�tBKBx�iBQM T`Q#H2K
HQr2` #QmM/- mTT2` #QmM/  x|h�1(⇠ ƃ), x|h�1(⇠̄)
MQ/2b  [(⇠ ƃ, ⇠̄)]
r?BH2 UmTT2` #QmM/ @ HQr2` #QmM/VfmTT2` #QmM/  ✏ /Q

(⇠ ƃ, ⇠̄) +?QQb2 2H2K2Mi BM MQ/2b rBi? H�`;2bi x|h�1(⇠̄)
mTT2` #QmM/  x|h�1(⇠̄)
+?BH/`2M  bTHBi (⇠ ƃ, ⇠̄) �HQM; bBM;H2 �tBb
7Q` (⇠ ƃ, ⇠̄) BM +?BH/`2M /Q

B7 (⇠ ƃ, ⇠̄) +QMi�BMb #QmM/�`v TQBMi Q7 2HHBTbQB/ �M/ HQr2` #QmM/  x|h�1(⇠̄) i?2M
�// (⇠ ƃ, ⇠̄) iQ MQ/2b
HQr2` #QmM/  min{x|h�1(⇠ ƃ), HQr2` #QmM/}

2M/ B7
2M/ 7Q`

2M/ r?BH2

9XkXj Ai2`�iBp2 � TQbi2`BQ`B �TT`QtBK�iBQM

h?2 � T`BQ`B T`Q#�#BHBbiB+ #QmM/ BKTHB2/ #v E↵ K�v #2 Qp2`Hv +QMb2`p�iBp2X �H;X 9 Bb �M �Hi2`@

M�iBp2- H2bb +QMb2`p�iBp2 bi`�i2;v i?�i Bi2`�iBp2Hv /2i2`KBM2b i?2 mM+2`i�BMiv b2i bBx2X ai�`iBM;

�H;Q`Bi?K 9 SQbi2`BQ`B �TT`QtBK�iBQM
R, ↵ ✏0
k, r?BH2 k✏� ✏0k � � /Q
j, x bQHmiBQM Q7 S`Q#H2K U9XRjV rBi? ↵
9, ✏ T2`+2Mi�;2 Q7 Ryyy b�KTH2b ⇠i /`�rM 7`QK N (µ(z),⌃(z)) rBi? x|h�1(⇠i)  b
8, B7 ✏� ✏0 � 0 i?2M
e, ↵U  ↵, ✏U  ✏
d, 2Hb2
3, ↵L  ↵, ✏L  ✏
N, 2M/ B7

Ry, ↵ ↵L+↵U
2 . "Bb2+iBQM b2�`+?

RR, 2M/ r?BH2

rBi? i?2 +QM}/2M+2 H2p2H ↵ 2[m�H iQ i?2 i�`;2i 72�bB#BHBiv ✏0- �H;X k Bi2`�iBp2Hv bQHp2b i?2 `Q@

#mbi QTiBKBx�iBQM T`Q#H2K- 2biBK�i2b i?2 72�bB#BHBiv Q7 i?2 bQHmiBQM- �M/ +QMb2[m2MiHv �/Dmbib

i?2 +QM}/2M+2 H2p2H ↵ mbBM; #Bb2+iBQM b2�`+?X hQ 2biBK�i2 i?2 72�bB#BHBiv Q7 � bQHmiBQM- r2

;2M2`�i2 Ryyyy `�M/QK b�KTH2b ⇠i 7`QK i?2 r�`T2/ :S /Bbi`B#miBQM N (µ(z),⌃(z))- 2p�Hm�i2

i?2 +QMbi`�BMi x|h�1(⇠i) 7Q` 2�+? b�KTH2 i- �M/ +�H+mH�i2 i?2 T2`+2Mi�;2 Q7 b�KTH2b 7Q` r?B+?

x|h�1(⇠i)  bX h?2 b2�`+? i2`KBM�i2b r?2M � bQHmiBQM ?�b #22M 7QmM/ i?�i Bb bm{+B2MiHv +HQb2

UiQH2`�M+2 �V iQ i?2 i�`;2i 72�bB#BHBiv ✏0X



9XjX *�b2 bim/B2b 8d

9Xj *�b2 bim/B2b

9XjXR S`Q/m+iBQM TH�MMBM;

Pm` }`bi +�b2 bim/v Bb BMbTB`2/ #v T`Q/m+iBQM TH�MMBM;X �bbmK2 i?�i � +QKT�Mv r�Mib

iQ /2+B/2 ?Qr Km+? T`Q/m+i xt iQ T`Q/m+2 BM � MmK#2` Q7 bm#b2[m2Mi iBK2 T2`BQ/b x =

[x1, . . . , xt, . . . , xT ]X h?2`2 Bb � FMQrM +Qbi Q7 T`Q/m+iBQM ct r?B+? K�v p�`v 7`QK T2`BQ/ iQ

T2`BQ/X h?2 +QKT�Mv b22Fb iQ K�tBKBx2 Bib T`Q}i  - r?B+? /2T2M/b QM i?2 iQi�H T`Q/m+iBQM

+Qbi
P
t
ctxt �M/ `2p2Mm2

P
t
p̃txtX >2`2 p̃t Bb i?2 T`B+2 �i r?B+? i?2 T`Q/m+i +�M #2 bQH/ BM T2`BQ/

tX h?2 +QKT�Mv ?�b iQ b2HH �HH Bib T`Q/m+i BM i?2 b�K2 iBK2 T2`BQ/- 2X;X- #2+�mb2 i?2 T`Q/m+i

Bb T2`Bb?�#H2X h?2 b�H2 T`B+2 /2T2M/b QM i?2 �KQmMi i?2 +QKT�Mv T`Q/m+2b BM i?�i T2`BQ/

p̃t = p̃(xt)- 2X;X- #2+�mb2 i?2 +QKT�Mv ?�b � p2`v H�`;2 K�`F2i b?�`2X

0.0

0.5

1.0

1.5

2.0

0 1 2 3 4 5
Supply x

P
ri
ce

p

Training Data

Confidence

Prediction

True

6B;m`2 9Xk, :S i`�BM2/ mbBM; 8y Q#b2`p�iBQMb 7`QK i?2 T`B+2@bmTTHv +m`p2 p(xt) = exp(�xt)+ ✏
rBi? MQM@mMB7Q`K :�mbbB�M MQBb2 ✏ ⇠ N (0, 4 · 0.3 · exp(�x/2))X h?2 +QM}/2M+2 `2;BQM Bb irQ
bi�M/�`/ /2pB�iBQMb rB/2X

h?2 +QKT�Mv mb2b :S `2;`2bbBQM iQ T`2/B+i p̃(xt) #�b2/ QM HBKBi2/ ?BbiQ`B+�H /�i�X �//BiBQM�H

72�im`2b- 2X;X- b2�bQM �M/ ;2M2`�H bi�i2 Q7 i?2 2+QMQKv- +QmH/ #2 T�`i Q7 i?Bb `2;`2bbBQM #mi �`2

B``2H2p�Mi 7Q` Qm` Tm`TQb2 �b i?2v �`2 MQi /2+BbBQM p�`B�#H2bX h?2 T`2/B+iBQM ?�b iQ #2 +QMbB/2`2/

mM+2`i�BM �M/ i?2 +QKT�Mv r�Mib � T`Q/m+iBQM TH�M ;m�`�Mi22BM; � +2`i�BM T`Q}i rBi? bQK2

+QM}/2M+2X h?Bb /2+BbBQM T`Q#H2K +�M #2 7Q`KmH�i2/ �b � +?�M+2 +QMbi`�BM2/ QTiBKBx�iBQM

T`Q#H2K,

max
x2 T , 

 U9Xkk�V



83 *?�Ti2` 9X � `Q#mbi �TT`Q�+? iQ #H�+F@#Qt +QMbi`�BM2/ QTiBKBx�iBQM

Rock 1

Rock 2

W

Ṅx0

x1

x2

x3
x

Ṅ,W

Ṅ1

Ṅ2

Ṅ3

W1

W2

W3

6B;m`2 9Xj, AHHmbi`�iBQM Q7 /`BHH b+?2/mHBM; T`Q#H2K rBi? irQ `Q+F ivT2bX h?2 `Q+F ivT2 +?�M;2b
�i x1- K�BMi2M�M+2 Bb b+?2/mH2/ �i x2- �M/ i?2 i�`;2i /2Ti? Bb x3X h?2 `B;?i bB/2 b?Qrb �M
2t�KTH2 b+?2/mH2 Q7 i?2 /2+BbBQM p�`B�#H2b Ṅ �M/ W

bXi P

 
TX

t=1

(p̃(xt)� ct)xt �  
!
� 1� ↵ U9Xkk#V

*?QQbBM; p(xt) = exp (�xt) �b ;`QmM/ i`mi? 7Q` i?2 T`B+2@bmTTHv +m`p2- r2 ;2M2`�i2 MQBbv /�i�

p̃(xt) = p(xt) + ✏ �M/ }i � :S bm``Q;�i2 �b b?QrM BM 6B;X 9XkX q2 +QMbB/2` mMB7Q`K :�mbbB�M

MQBb2 U✏ ⇠ N (0, �MQBb2)V �M/ MQM@mMB7Q`K :�mbbB�M MQBb2 U✏ ⇠ N (0, 4 ·�MQBb2 ·exp(�x/2))V- r?2`2

�MQBb2 Bb � T�`�K2i2` /2i2`KBMBM; i?2 �KQmMi Q7 MQBb2X q2 mb2 � b[m�`2/ 2tTQM2MiB�H F2`M2H 7Q`

i?Bb +�b2 bim/v- #mi i?2 T`QTQb2/ K2i?Q/ /Q2b MQi ;2M2`�HHv `2Hv QM � bT2+B}+ +?QB+2 7Q` k(·, ·)X

9XjXk .`BHH b+?2/mHBM;

h?2 Q#D2+iBp2 BM /`BHHBM; QBH r2HHb Bb ;2M2`�HHv KBMBKBxBM; iQi�H r2HH +QKTH2iBQM iBK2X h?2 �BK

Q7 i?2 /`BHH b+?2/mHBM; T`Q#H2K- BHHmbi`�i2/ BM 6B;X 9Xj- Bb iQ }M/ � b+?2/mH2 Q7 i?2 irQ /2+BbBQM

p�`B�#H2b- `Qi�iBQM�H bT22/ Ṅ 2 �M/ r2B;?i QM #Bi W 2 - �b � 7mM+iBQM Q7 /2Ti? x 2 X

*m``2Mi T`�+iB+2 Q7i2M +QMbBbib Q7 KBMBKBxBM; i?2 iQi�H /`BHHBM; iBK2- r?B+? /2T2M/b QM Ṅ �M/

W i?`Qm;? � MQM@HBM2�` #Bi@`Q+F BMi2`�+iBQM KQ/2H (R8R) �M/ i?2 KQiQ`Ƕb TQr2`@+m`p2b Ub22



9XjX *�b2 bim/B2b 8N

�TT2M/Bt AVX hQi�H r2HH +QKTH2iBQM iBK2- ?Qr2p2`- �HbQ /2T2M/b QM K�BMi2M�M+2 iBK2X *m``2Mi

T`�+iB+2 K�v BM+`2�b2 K�BMi2M�M+2 iBK2 #2+�mb2 /`BHHBM; [mB+FHv +�M ?�p2 � /2i`BK2Mi�H 2z2+i

QM KQiQ` /2;`�/�iBQMX 6m`i?2`KQ`2- i?2 KQiQ`b /2;`�/�iBQM +?�`�+i2`BbiB+b �`2 bm#D2+i iQ

mM+2`i�BMiv �M/ �`2 Q7i2M Q#i�BM2/ i?`Qm;? � KBtim`2 Q7 2tT2`BK2Mib �M/ 2tT2MbBp2 MmK2`B+�H

bBKmH�iBQMb (8)X Pi?2` rQ`Fb ?�p2 +QMbB/2`2/ mM+2`i�BM 2[mBTK2Mi /2;`�/�iBQM BM b+?2/mHBM;

�TTHB+�iBQMb (RRN- R8k)- #mi MQi rBi? T`2/B+i2/ /2;`�/�iBQM `�i2bX

hQ }M/ i?2 QTiBK�H i`�/2 Qz #2ir22M /`BHHBM; �M/ K�BMi2M�M+2 iBK2- r2 T`QTQb2 � /`BHH b+?2/mH@

BM; KQ/2H r?B+? 2tTHB+BiHv +QMbB/2`b mM+2`i�BMiv BM i?2 KQiQ` /2;`�/�iBQM +?�`�+i2`BbiB+bX 6B`bi

+QMbB/2` � KQ/2H r?B+? /Bb+`2iBx2b i?2 /`BHH i`�D2+iQ`v BMiQ nd 2[mB/Bbi�Mi BMi2`p�Hb,

min
W ,Ṅ ,y,z,V ,�p,R

ndX

i=1

✓
�xi

Vi
+ zi�tK�BMi

i

◆
U9Xkj�V

bXi Vi = f(Ṅ iQT
i ,Wi,�pi) 8i 2 [nd] U9Xkj#V

0  Ri =
iX

j=1

✓
�xj

Vj
· r(�pj)� yj

◆
 1 8i 2 [nd] U9Xkj+V

zi � yi, zi 2 {0, 1} 8i 2 [nd], U9Xkj/V

h?2 `�i2 Q7 T2M2i`�iBQM Vi BM 2�+? b2;K2Mi /2T2M/b QM i?2 /`BHH T�`�K2i2`b UṄi �M/ WiV i?`Qm;?

i?2 MQM@HBM2�` KQ/2H BM �TT2M/Bt AX h?2 `�i2 Q7 /2;`�/�iBQM r(·) Bb � #H�+F@#Qt 7mM+iBQM Q7 i?2

/Bz2`2MiB�H T`2bbm`2 �+`Qbb i?2 KQiQ` �pX q2 KQ/2H r(·) rBi? � r�`T2/ :S #�b2/ QM Ry

/�i� TQBMib 7`QK � +m`p2 Q#i�BM2/ #v "� 2i �HX (8) i?`Qm;? � +QK#BM�iBQM Q7 2tT2`BK2Mib

�M/ MmK2`B+�H bBKmH�iBQMX h?2 K�BMi2M�M+2 BM/B+�iQ` Ri F22Tb i`�+F Q7 i?2 iQi�H +mKmH�iBp2

/2;`�/�iBQM Q7 i?2 KQiQ`X q2 �bbmK2 i?2 KQiQ` 7�BHb r?2M Ri `2�+?2b 1X "BM�`v p�`B�#H2

zi BM/B+�i2b r?2i?2` K�BMi2M�M+2 Bb b+?2/mH2/ BM b2;K2Mi iX A7 K�BMi2M�M+2 Bb b+?2/mH2/- i?2

+QMiBMmQmb p�`B�#H2 yi `2b2ib i?2 iQi�H /2;`�/�iBQM BM/B+�iQ` Ri iQ x2`QX LQi2 i?�i i?2 #Bi@`Q+F

BMi2`�+iBQM KQ/2H /2T2M/b QM `Q+F T�`�K2i2`b r?B+? +�M +?�M;2 7`QK b2;K2Mi iQ b2;K2MiX

� K�DQ` /Bb�/p�Mi�;2 Q7 JQ/2H U9XkjV Bb i?�i Bi `2[mB`2b � H�`;2 MmK#2` Q7 b2;K2Mib BM Q`/2`

iQ ;2i � ;QQ/ `2bQHmiBQM QM i?2 QTiBK�H K�BMi2M�M+2 /2Ti?X hQ �pQB/ i?Bb r2 T`QTQb2- BM �M�H@

Q;v rBi? +QMiBMmQmb iBK2 7Q`KmH�iBQMb (R8j- R89)- �M �Hi2`M�iBp2 +QMiBMmQmb /2Ti? b+?2/mHBM;



ey *?�Ti2` 9X � `Q#mbi �TT`Q�+? iQ #H�+F@#Qt +QMbi`�BM2/ QTiBKBx�iBQM

7Q`KmH�iBQM,

min
W ,Ṅ ,x,�p,V ,R

X

i2N

✓
xi � xi�1

Vi

◆
+
X

m2M

�tK�BMi(xm) U9Xk9�V

bXi Vi = f(Ṅi,Wi,�pi) 8i 2 N = [nd] U9Xk9#V

Rm =
mX

j=m�

✓
xj � xj�1

Vj
· r(�pj)

◆
 1 8m 2M [ {nd} U9Xk9+V

JQ/2H U9Xk9V QMHv +QMbB/2`b ;2QHQ;B+�H b2;K2Mib Ub2;K2Mib rBi? +QMbi�Mi `Q+F T�`�K2i2`bV

�M/ K�BMi2M�M+2 BM/m+2/ b2;K2MibX h?2 p2+iQ` x Bb Q`/2`2/ �M/ +QMi�BMb i?2 }t2/ `Q+F

7Q`K�iBQM /2Ti?b �b r2HH �b i?2 p�`B�#H2 K�BMi2M�M+2 /2Ti?bX M Bb � b2i +QMi�BMBM; i?2 BM/B+2b

Q7 i?2 p�`B�#H2 K�BMi2M�M+2 /2Ti?bX 6B;X 9Xj b?Qrb �M 2t�KTH2 BMbi�M+2 r?2`2 x0, x1, x3 �`2

}t2/ /2Ti?b �M/ x2 Bb i?2 p�`B�#H2 /2Ti? Q7 � K�BMi2M�M+2 2p2Mi- BX2X- x = [x0, x1, x2, x3] �M/

M = {2}X h?2 BM/B+2b i 2 M Q7 i?2 p�`B�#H2 K�BMi2M�M+2 /2Ti?b �`2 /2i2`KBM2/ � T`BQ`B- BX2X-

r2 /2+B/2 #Qi? i?2 MmK#2` Q7 K�BMi2M�M+2 2p2Mib �b r2HH �b i?2 ;2QHQ;B+�H b2;K2Mi BM r?B+?

i?2v Q++m` � T`BQ`BX m� Bb 2Bi?2` i?2 BM/2t Q7 i?2 T`2pBQmb K�BMi2M�M+2 2p2Mi Q` 1 B7 m Bb i?2

}`bi 2H2K2Mi BM M X

q?BH2 S`Q#H2K U9Xk9V +�MMQi /2+B/2 i?2 QTiBK�H MmK#2` Q7 K�BMi2M�M+2 2p2Mib- Bi Bb 2�bB2` iQ

bQHp2 i?�M S`Q#H2K U9XkjV #2+�mb2 Bi /Q2b MQi +QMi�BM BMi2;2` p�`B�#H2b �M/ ;2M2`�HHv ?�b �

Km+? bK�HH2` MmK#2` Q7 b2;K2Mib- BX2X- 72r2` p�`B�#H2b �M/ +QMbi`�BMibX h?2 7QHHQrBM; /Bb+mbb2b

bi`�i2;B2b 7Q` /2+B/BM; i?2 QTiBK�H MmK#2` �M/ b2;K2Mi �bbB;MK2Mi Q7 K�BMi2M�M+2 2p2MibX

AMi2;2` bi`�i2;v

AM /`BHH b+?2/mHBM;- i?2 MmK#2` Q7 K�BMi2M�M+2 2p2Mib m Bb ;2M2`�HHv bK�HH Um  4VX h?2 MmK#2`

Q7 ;2QHQ;B+�H b2;K2Mib nd +�M #2 H�`;2 BM T`�+iB+2 #mi rBHH MQi #2 FMQrM � T`BQ`BX q2 i?2`27Q`2

+QMbB/2` ;`QmTBM;b Q7 b2;K2Mib BMiQ � bK�HH MmK#2` Und  10V Q7 HQM;2` b2;K2Mib rBi? �p2`�;2

`Q+F T�`�K2i2`b r?B+? �`2 FMQrM � T`BQ`BX :Bp2M nd �M/ m- i?2 +QK#BM�iQ`B�H +QKTH2tBiv Q7

2MmK2`�iBM; i?2 K�BMi2M�M+2@b2;K2Mi �bbB;MK2Mi T`Q#H2K Bb N =
�
nd+m�1

m

�
X >Qr2p2`- i?2

QTiBK�H MmK#2` Q7 K�BMi2M�M+2 2p2Mib m Bb � /2+BbBQM p�`B�#H2X h?2`27Q`2- }M/BM; � ;HQ#�HHv

QTiBK�H K�BMi2M�M+2@b2;K2Mi �bbB;MK2Mi �HbQ `2[mB`2b 2MmK2`�iBM; /Bz2`2Mi p�Hm2b Q7 mX



9XjX *�b2 bim/B2b eR

�H;Q`Bi?K 8 .2`BpBM; mTT2` #QmM/b 7Q` m �M/ xm

R, x,R, V̂  bQHmiBQM Q7 S`Q#H2K U9Xk9V rBi?Qmi *QMbi`�BMi U9Xk9+V- M = ;
k, m bRnc . lTT2` #QmM/ QM MmK#2` Q7 K�BMiX
j, x̂m  0 2 m . o2+iQ` Q7 K�BMi2M�M+2 /2Ti?b
9, 7Q` i 2 {m, . . . , 1} /Q
8, x̂m

i  bK�HH2bi /2Ti? bXiX *QMbX U9Xk9+V Bb b�iBb}2/
e, 2M/ 7Q`

�H;X 8 /2`Bp2b mTT2` #QmM/b 7Q` i?2 MmK#2` Q7 K�BMi2M�M+2 2p2Mib m �b r2HH �b i?2B` HQ+�iBQMX

Ai bi�`ib #v bQHpBM; S`Q#H2K U9Xk9V rBi?Qmi �Mv K�BMi2M�M+2 2p2Mib �M/ B;MQ`BM; i?2 mTT2`

#QmM/ QM i?2 /2;`�/�iBQM BM/B+�iQ` Rnd
⇥ 1X h?2 ~QQ` Q7 i?2 K�BMi2M�M+2 BM/B+�iQ` �i i?2

i�`;2i /2Ti? xnd
- bRnd

c Bb �M mTT2` #QmM/ 7Q` i?2 M2+2bb�`v MmK#2` Q7 K�BMi2M�M+2 2p2Mib mX

�H;X 8 i?2M bi�`ib �i i?2 i�`;2i /2Ti? xnd
�M/ BMb2`ib bRnd

c K�BMi2M�M+2 2p2Mib �i i?2 2�`HB2bi

TQbbB#H2 TQBMib i?�i b�iBb7v i?2 K�BMi2M�M+2 +QMbi`�BMiX h?2 HQ+�iBQMb x̂m �`2 mTT2` #QmM/b 7Q`

i?2 K�BMi2M�M+2 HQ+�iBQMb,

G2KK� 9X8X G2i x̂m #2 i?2 K�BMi2M�M+2 /2Ti?b /2i2`KBM2/ #v �H;X 8X G2i x⇤,m +QMi�BM � b2i

Q7 ;HQ#�HHv QTiBK�H K�BMi2M�M+2 /2Ti?bX G2i xm,⇤ 7m`i?2` #2 T�//2/ rBi? x2`Q2b �i i?2 #2;BMMBM;

bm+? i?�i x̂m �M/ x⇤,m ?�p2 i?2 b�K2 H2M;i?X h?2M x⇤,m
i  x̂m

i X

S`QQ7X �bbmK2 x⇤,m
i  x̂m

i #mi x⇤,m
i+1 > x̂m

i+1X *QMbi`m+i � M2r bQHmiBQM (x0,m,V 0) #v KQpBM; x⇤,m
i+1

iQ x̂m
i+1 �M/ /`BHHBM; �i K�tBKmK bT22/ V̂i+1 #2ir22M x̂m

i+1 �M/ x⇤,m
i+1,

x0,m
k =

8
>><

>>:

x⇤,m
k k 6= i+ 1

x̂m
k k = i+ 1

,

8
>><

>>:

V ⇤
k k 6= i+ 1

V̂k k = i+ 1

.

(x0m,V 0) ?�b /`BHHBM; �M/ K�BMi2M�M+2 +Qbi HQr2` i?�M (x⇤,m,V ⇤)- r?B+? Bb � +QMi`�/B+iBQMX

h?2`27Q`2 x⇤,m
i  x̂m

i =) x⇤,m
i+1  x̂m

i+1X 6m`i?2`KQ`2- MQi2 i?�i x⇤,m
m  x̂m

m UH�bi K�BMi2M�M+2

2p2MiV ?�b iQ #2 i`m2 #v i?2 b�K2 HQ;B+ �b �#Qp2X h?2 G2KK� 7QHHQrb #v BM/m+iBQMX

G2KK� 9X8 `2/m+2b i?2 MmK#2` Q7 K�BMi2M�M+2@b2;K2Mi �bbB;MK2Mib iQ 2MmK2`�i2X

LQi2X G2i x̂ #2 i?2 mTT2` #QmM/b QM K�BMi2M�M+2 HQ+�iBQMb 7`QK �H;X 8X G2i ni #2 i?2 b2;K2Mi

+QMi�BMBM; x̂iX h?2 +QKTH2tBiv Q7 2MmK2`�iBM; i?2 K�BMi2M�M+2@b2;K2Mi �bbB;MK2Mi T`Q#H2K



ek *?�Ti2` 9X � `Q#mbi �TT`Q�+? iQ #H�+F@#Qt +QMbi`�BM2/ QTiBKBx�iBQM

mbBM; i?2 mTT2` #QmM/b 7`QK �H;X 8 Bb,

N =
n1X

i1=1

n2X

i2=i1

. . .
nmX

im=im�1

1 =
n1X

i1=1

n2X

i2=i1

. . .
nm�1X

im�1=im�2

nm � im�1 + 1.

>2m`BbiB+b

�H;X 8 Bb 2[mBp�H2Mi iQ KBMBKBxBM; i?2 /`BHHBM; +Qbi rBi?Qmi +QMbB/2`BM; /2;`�/�iBQM ě � bi`�i2;v

Q7i2M mb2/ BM T`�+iB+2X Ai T`QpB/2b 72�bB#H2 #mi HBF2Hv bm#QTiBK�H bQHmiBQMb iQ S`Q#H2K U9Xk9V-

BX2X- Bi +�M #2 mb2/ �b � ?2m`BbiB+X q2 +�HH i?Bb i?2 MQĜ/2;`�/�iBQM ?2m`BbiB+ �M/ T`QTQb2 �

b2+QM/- BKT`Qp2/ ?2m`BbiB+, i?2 #QmM/�`v ?2m`BbiB+- QmiHBM2/ BM �H;X eX �H;X e bi�`ib rBi? i?2

bQHmiBQM Q7 i?2 MQĜ/2;`�/�iBQM ?2m`BbiB+ U�H;X 8VX Ai BKT`Qp2b i?2 bQHmiBQM #v Bi2`�iBp2Hv bQHpBM;

S`Q#H2K U9Xk9V �M/ `2�bbB;MBM; K�BMi2M�M+2 2p2Mib Q++m``BM; �i ;2QHQ;B+�H #QmM/�`B2b iQ i?2

�/D�+2Mi b2;K2MiX Ai i2`KBM�i2b �7i2` }M/BM; � bQHmiBQM rBi? �HH K�BMi2M�M+2 2p2Mib Q++m``BM;

BM i?2 BMi2`BQ` Q7 i?2B` b2;K2MiX LQi2 i?�i KQpBM; � K�BMi2M�M+2 2p2Mi Q++m``BM; �i � ;2QHQ;B+�H

�H;Q`Bi?K e "QmM/�`v ?2m`BbiB+
R, M̂  MQĜ/2;`�/�iBQM ?2m`BbiB+ U�H;X 8V
k, x bQHp2 S`Q#H2K U9Xk9V rBi? M = M̂
j, r?BH2 9m 2M, bXiX xm �i ;2QHQ;B+�H #QmM/�`v /Q
9, M̂  `2�bbB;M m iQ M2B;?#Q`BM; b2;K2Mi- /`QT K�BMi2M�M+2 2p2Mi B7 �i x0X
8, x bQHp2 S`Q#H2K U9Xk9V rBi? M = M̂
e, 2M/ r?BH2

#QmM/�`v iQ i?2 �/D�+2Mi b2;K2Mi +�MMQi H2�/ iQ � rQ`b2 bQHmiBQM- BX2X �H;X e Bb �M �MviBK2

�H;Q`Bi?KX

q?BH2 Bi /Q2b MQi ;m�`�Mi22 ;HQ#�H QTiBK�HBiv Q7 i?2 K�BMi2M�M+2@b2;K2Mi �bbB;MK2Mi- i?2

#QmM/�`v ?2m`BbiB+ K�v #2 mb27mH 7Q` p2`v H�`;2 BMbi�M+2b r?2M 2MmK2`�iBQM Bb T`Q?B#BiBp2X



9X9X _2bmHib ej

-2

0

2

4

-1 0 1
z

y Problem
Drilling
Planning

6B;m`2 9X9, q�`TBM; 7mM+iBQMb 7Q` i?2 /`BHHBM; �M/ T`Q/m+iBQM TH�MMBM; +�b2 bim/B2bX AMTmi
p�Hm2b �`2 MQ`K�HBx2/ iQ x2`Q K2�M �M/ � = 1X

9X9 _2bmHib

h?2 /2i2`KBMBbiB+ `27Q`KmH�iBQMb Q7 #Qi? +�b2 bim/B2b r2`2 BKTH2K2Mi2/ BM SvQKQ Uo2`bBQM

8XeX3V (R88- R8e)- �M �H;2#`�B+ KQ/2HBM; H�M;m�;2 7Q` 2tT`2bbBM; QTiBKBx�iBQM T`Q#H2KbX �b

T�`i Q7 i?Bb rQ`F- r2 /2p2HQT2/ � Svi?QM Uo2`bBQM jXeX3V KQ/mH2 r?B+? i�F2b � :S KQ/2H

i`�BM2/ mbBM; i?2 Svi?QM HB#`�`v :Sv Uo2`bBQM RXNXeV (R8d) �M/ T`2/B+ib µ(x) �M/ ⌃(x) �b

SvQKQ 2tT`2bbBQMbX h?2 KQ/mH2 Bb �p�BH�#H2 QT2M bQm`+2 QM :Bi>m# (R83)X h?Bb �HHQrb i?2 2�bv

BM+Q`TQ`�iBQM Q7 :S KQ/2Hb BMiQ SvQKQ QTiBKBx�iBQM KQ/2HbX q2 mb2 i?2 BMi2`BQ`@TQBMi +QMp2t

QTiBKBx�iBQM bQHp2` ATQTi (R8N) rBi? � KmHiBbi�`i bi`�i2;v iQ bQHp2 i?2 T`Q#H2KX 1�+? BMbi�M+2

r�b bQHp2/ jy iBK2b rBi? � `�M/QK bi�`iBM; TQBMiX h?2 KmHiBbi�`i T`Q+2/m`2 2M/b T`2K�im`2Hv

B7 Bi }M/b i?2 b�K2 QTiBK�H bQHmiBQM UrBi? � `2H�iBp2 iQH2`�M+2 Q7 10�4V 8 iBK2bX

6B;X 9X9 b?Qrb i?2 r�`TBM; 7mM+iBQMb 7Q` #Qi? +�b2 bim/B2bX aBM+2 i?2 T`Q/m+iBQM TH�MMBM;

r�`TBM; 7mM+iBQM Bb +QM+�p2 �M/ i?2 T`Q/m+iBQM �KQmMib xt �`2 bi`B+iHv TQbBiBp2- h?2Q`2K 9XR

�TTHB2b �M/ i?2 r�`T2/ b2i U Bb +QMp2tX h?2Q`2K 9XR +�MMQi #2 �TTHB2/ iQ i?2 /`BHH b+?2/mHBM;

+�b2- #2+�mb2 Bib r�`TBM; 7mM+iBQM Bb M2Bi?2` +QMp2t MQ` +QM+�p2X >Qr2p2`- #2+�mb2 i?2 r�`TBM;

7mM+iBQM Bb QMHv bHB;?iHv MQM@+QMp2t- i?2 r�`T2/ b2i U K�v biBHH #2 +QMp2t 7Q` K�Mv BMbi�M+2bX

hQ �pQB/ bQHpBM; i?2 #BH2p2H T`Q#H2K /B`2+iHv r2 i?2`27Q`2 mb2 i?2 7QHHQrBM; bi`�i2;v, UBV bQHp2 i?2

`Q#mbi `27Q`KmH�iBQM U1[X 9XRjV- UBBV +?2+F 72�bB#BHBiv Q7 i?2 Q#i�BM2/ bQHmiBQM mbBM; �H;Q`Bi?K j

UiQ � iQH2`�M+2 Q7 10�2V- �M/ UBBBV QMHv bQHp2 i?2 #BH2p2H T`Q#H2K U1[X 9XdV /B`2+iHv B7 i?2 Q#i�BM2/

bQHmiBQM Bb BM72�bB#H2X 6Q` i?2 BMbi�M+2b +QMbB/2`2/ BM i?Bb rQ`F- i?2 Q#i�BM2/ bQHmiBQM �Hr�vb

im`Mb Qmi iQ #2 72�bB#H2X



e9 *?�Ti2` 9X � `Q#mbi �TT`Q�+? iQ #H�+F@#Qt +QMbi`�BM2/ QTiBKBx�iBQM

S2`BQ/ R k j 9 8 e
*Qbi yXR yXy8 yXyR yXyk yXR yXR8
S2`BQ/ d 3 N Ry RR Rk
*Qbi yXy9 yXyj yXR yXRR yXk8 yXR

h�#H2 9XR, S`Q/m+iBQM +Qbib ct 7Q` 2�+? iBK2 T2`BQ/ tX

9X9XR S`Q/m+iBQM TH�MMBM;

6Q` i?2 T`Q/m+iBQM TH�MMBM; +�b2 bim/v- r2 +QMbB/2` 9 KQ/2H BMbi�M+2b rBi? T = 1, 2, 3 �M/ 6

iBK2 T2`BQ/bX h�#H2 9XR b?Qrb i?2 +Qbi Q7 T`Q/m+iBQM cX q2 bQHp2 2�+? BMbi�M+2 7Q` jy /Bz2`2Mi

T = 3

0.00 0.25 0.50 0.75 1.00
0.00
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Noise 0.01 0.03 0.05 0.08

6B;m`2 9X8, 6`�+iBQM Q7 72�bB#H2 bQHmiBQMb �b � 7mM+iBQM Q7 +QM}/2M+2 1 � ↵ 7Q` i?2 TH�MMBM;
T`Q#H2K rBi? i?`22 iBK2 T2`BQ/bX 1 � ↵ = 0 +Q``2bTQM/b iQ i?2 MQKBM�H +�b2 �M/ 1 � ↵ = 1
iQ yW +?�M+2 Q7 +QMbi`�BMi pBQH�iBQMX h?2 MQBb2 BM i?2 /�i� Bb mMB7Q`K :�mbbB�M rBi? �MQBb2 =
0.01, 0.03, 0.05 �M/ 0.08 �M/ � bi�M/�`/ :S KQ/2H r�b mb2/X h?2 bK�HH2` i?2 MQBb2- i?2 +HQb2`
i?2 �+im�H 72�bB#BHBiv Bb iQ i?2 2tT2+i2/ +QM}/2M+2 U/Qii2/ HBM2VX

+QM}/2M+2 p�Hm2b 1�↵X h?2 :S r�b i`�BM2/ #�b2/ QM ky `�M/QKHv ;2M2`�i2/ /�i� TQBMib mbBM;

#Qi? mMB7Q`K �M/ MQM@mMB7Q`K :�mbbB�M MQBb2 rBi? �MQBb2 = 0.01, 0.03, 0.05- �M/ 0.08X

ai�M/�`/ :S, 6B;X 9X8 b?Qrb `2bmHib 7Q` i?2 +?�M+2 +QMbi`�BM2/ �TT`Q�+? mbBM; � bi�M/�`/

:S KQ/2HX q2 THQi i?2 7`�+iBQM Q7 72�bB#H2 b+2M�`BQb Qmi Q7 R KBHHBQM `�M/QK b�KTH2b 7`QK

i?2 i`m2 mM/2`HvBM; /Bbi`B#miBQMX 6B;X 9X8 b?Qrb `2bmHib 7Q` 7Qm` /Bz2`2Mi MQBb2 b+2M�`BQbX "v

p�`vBM; i?2 +QM}/2M+2 1 � ↵- r2 �/Dmbi i?2 `Q#mbiM2bb Q7 i?2 Q#i�BM2/ bQHmiBQMX *H2�`Hv- i?2

`2bmHiBM; 72�bB#BHBiv /Q2b MQi 2t�+iHv K�i+? i?2 2tT2+i2/ 72�bB#BHBiv Ub?QrM �b � /Qii2/ HBM2V

/2i2`KBM2/ #v i?2 +QM}/2M+2 H2p2H 1�↵X h?Bb Bb /m2 iQ � KBbK�i+? #2ir22M i?2 i`m2 mM/2`HvBM;
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T = 3 T = 6

T = 1 T = 2

0.00 0.25 0.50 0.75 1.000.00 0.25 0.50 0.75 1.00
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0.50
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Confidence 1� ↵
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b
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it
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Noise 0.01 0.03 0.05 0.08

6B;m`2 9Xe, 6`�+iBQM Q7 72�bB#H2 bQHmiBQMb �b � 7mM+iBQM Q7 +QM}/2M+2 1 � ↵ 7Q` MQM@mMB7Q`K
:�mbbB�M MQBb2 rBi? �MQBb2 = 0.01, 0.03, 0.05- �M/ 0.08 7Q` i?2 T`Q/m+iBQM TH�MMBM; +�b2 bim/vX
_2bmHib �`2 b?QrM 7Q` 7Qm` /Bz2`2Mi MmK#2`b Q7 iBK2 T2`BQ/b T = 1, 2, 3 �M/ 6X h?2 /Qii2/ HBM2
b?Qrb i?2 � T`BQ`B #QmM/X qBi? BM+`2�bBM; MmK#2`b Q7 iBK2 T2`BQ/b- i?2 `Q#mbi �TT`QtBK�iBQM
#2+QK2b BM+`2�bBM;Hv +QMb2`p�iBp2X

/Bbi`B#miBQM �M/ i?2 MQ`K�H /Bbi`B#miBQM 2biBK�i2/ #v i?2 :SX �b i?2 �KQmMi Q7 MQBb2 BM+`2�b2b-

i?2 :S 2biBK�i2 /2i2`BQ`�i2b �M/ i?2 KBbK�i+? #2ir22M 72�bB#BHBiv �M/ +QM}/2M+2 BM+`2�b2bX

q�`T2/ :S, 6B;X 9Xe b?Qrb bQHmiBQM 72�bB#BHBiv �b � 7mM+iBQM Q7 +QM}/2M+2 1 � ↵ 7Q` MQM@

mMB7Q`K MQBb2 mbBM; � r�`T2/ :S KQ/2H �M/ i?2 T`QTQb2/ `Q#mbi �TT`Q�+?X q2 b?Qr `2bmHib 7Q`

7Qm` /Bz2`2Mi MmK#2`b Q7 iBK2 T2`BQ/bX AM i?2 MQKBM�H +�b2 U1�↵ = 0V- i?2 72�bB#BHBiv Bb �Hr�vb

+HQb2 iQ 50% #2+�mb2 � bQHmiBQM r?B+? Bb p�HB/ 7Q` i?2 K2�M T`B+2@bmTTHv +m`p2 rBHH �HbQ #2 p�HB/

7Q` K�Mv b+2M�`BQb rBi? ?B;?2` T`B+2bX AM i?2 `Q#mbi +�b2- �b 2tT2+i2/- 72�bB#BHBiv BM+`2�b2b �b

i?2 bBx2 Q7 i?2 mM+2`i�BMiv b2i- BX2X 1� ↵- BM+`2�b2bX LQiB+2 i?�i i?2 `Q#mbi �TT`Q�+? Bb �HKQbi

�Hr�vb � +QMb2`p�iBp2 �TT`QtBK�iBQM iQ i?2 +?�M+2 +QMbi`�BMi- �b i?2 �+?B2p2/ 72�bB#BHBiv Bb

;2M2`�HHv H�`;2` i?�M i?2 +QM}/2M+2 1 � ↵X aK�HH pBQH�iBQMb Q7 i?2 � T`BQ`B #QmM/ U/Qii2/

HBM2V +�M biBHH Q++m` /m2 iQ � KBbK�i+? #2ir22M i?2 :S KQ/2H �M/ i?2 i`m2 mM/2`HvBM; /�i�

;2M2`�iBM; /Bbi`B#miBQMX h?2 bQHmiBQM +QMb2`p�iBbK �HbQ p�`B2b rBi? i?2 MmK#2` Q7 iBK2 T2`BQ/b



ee *?�Ti2` 9X � `Q#mbi �TT`Q�+? iQ #H�+F@#Qt +QMbi`�BM2/ QTiBKBx�iBQM

+QMbB/2`2/X h?2 � T`BQ`B #QmM/ Bb H2bb iB;?i 7Q` H�`;2` p�Hm2b Q7 T X
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6B;m`2 9Xd, S`Q}i- MQ`K�HBx2/ rBi? `2bT2+i iQ MQKBM�H T`Q}i rBi? �MQBb2 = 0.01 UQ#D2+iBp2 Q7
S`Q#H2K U9X9VV- �b � 7mM+iBQM Q7 +QM}/2M+2 1 � ↵ 7Q` 7Qm` /Bz2`2Mi MQBb2 b+2M�`BQb �M/ iBK2
T2`BQ/b T = 1, 2, 3 �M/ 6X �b 2tT2+i2/- i?2 Q#D2+iBp2 p�Hm2 /2+`2�b2b rBi? BM+`2�bBM; +QM}/2M+2
1� ↵- #2+�mb2 KQ`2 2ti`2K2 rQ`bi +�b2 b+2M�`BQb �`2 +QMbB/2`2/X

6B;X 9Xd b?Qrb i?2 rQ`bi +�b2 T`Q}i- MQ`K�HBx2/ rBi? `2bT2+i iQ i?2 MQKBM�H T`Q}i 7Q` �MQBb2 =

0.01- �+?B2p2/ �b � 7mM+iBQM Q7 i?2 +QM}/2M+2 H2p2H 1�↵X �b 2tT2+i2/- BM+`2�bBM; i?2 +QM}/2M+2

1�↵ H2�/b iQ � HQr2` rQ`bi +�b2 T`Q}i- #2+�mb2 � H�`;2` +QM}/2M+2 ?2/;2b �;�BMbi KQ`2 mM+2`i�BM

T`B+2 Qmi+QK2bX LQi2 i?�i `2bmHib �`2 b?QrM 7Q` p�Hm2b Q7 1 � ↵ #2ir22M 0.001 �M/ 0.999X �i

1 � ↵ = 1- i?2 T`Q}i Bb �Hr�vb x2`Q- #2+�mb2 i?2 mM+2`i�BMiv b2i BM+Hm/2b M2;�iBp2 T`B+2b �M/

i?2 QTiBK�H bQHmiBQM Bb iQ MQi T`Q/m+2 �Mvi?BM;X 6Q` � }t2/ +QM}/2M+2 H2p2H- MQBbB2` /�i� rBHH

;2M2`�HHv H2�/ iQ � bK�HH2` Q#D2+iBp2 p�Hm2 �b i?2`2 Bb KQ`2 mM+2`i�BMiv iQ ?2/;2 �;�BMbiX

Ai2`�iBp2 T`Q+2/m`2, 6B;X 9X3 b?Qrb bQHmiBQM 72�bB#BHBiv 7Q` i?2 Bi2`�iBp2 � TQbi2`BQ`B T`Q@

+2/m`2 U�H;X 9VX q2 mb2 +QM}/2M+2 p�Hm2b #2ir22M 0.55 �M/ 0.999- bBM+2 bK�HH2` +QM}/2M+2b

+�M Q7i2M MQi #2 �+?B2p2/ mbBM; i?2 Bi2`�iBp2 �TT`Q�+? Ui?2 bK�HH2bi �+?B2p�#H2 +QM}/2M+2 Bb

i?2 72�bB#BHBiv Q7 i?2 MQKBM�H bQHmiBQM- BX2X- ⇠ 50%VX h?2 � TQbi2`BQ`B �TT`Q�+? Bb +H2�`Hv H2bb

+QMb2`p�iBp2 i?�M i?2 � T`BQ`B �TT`Q�+?- ?Qr2p2`- i?Bb +QK2b �i i?2 +Qbi Q7 �//BiBQM�H +QKTm@
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6B;m`2 9X3, 6`�+iBQM Q7 72�bB#H2 bQHmiBQMb pb +QM}/2M+2 1 � ↵ 7Q` i?2 Bi2`�iBp2 � TQbi2`BQ`B
T`Q+2/m`2 U�H;X 9VX A7 i?2 MQBb2 Bb bK�HH- 72�bB#BHBiv ;2M2`�HHv i`�+Fb i?2 2tT2+i2/ +QM}/2M+2
U/Qii2/ HBM2V r2HHX 6Q` H�`;2` MQBb2- /2pB�iBQMb +�M Q++m` /m2 iQ KBbK�i+? #2ir22M i?2 r�`T2/
:S KQ/2H �M/ i?2 i`m2 /�i� ;2M2`�iBM; /Bbi`B#miBQMX

i�iBQM�H 2tT2Mb2 �M/ �HbQ TQi2MiB�H #QmM/ pBQH�iBQMb r?2M i?2 r�`T2/ :S /Q2b MQi KQ/2H i?2

mM/2`HvBM; /Bbi`B#miBQM T2`72+iHvX h?2 � TQbi2`BQ`B �TT`Q�+? +QmH/ i?2`27Q`2 #2 � pB�#H2 H2bb

+QMb2`p�iBp2 �Hi2`M�iBp2 BM `2H�iBp2Hv HQr MQBb2 b+2M�`BQb Q` r?2M KQ`2 i`�BMBM; /�i� Bb �p�BH�#H2X
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6B;m`2 9XN, S2`+2Mi�;2 Q7 ↵Ƕb 7Q` r?B+? i?2 +?�M+2 +QMbi`�BMi Bb pBQH�i2/ 7Q` MQM@mMB7Q`K :�mb@
bB�M /�i� �M/ :�mbbB�M /�i� r�`T2/ i?`Qm;? � b[m�`2 `QQi 7mM+iBQMX _2bmHib �`2 b?QrM 7Q`
i?2 bi�M/�`/ :S +?�M+2 +QMbi`�BMi �TT`Q�+? Uai�M/�`/V- i?2 r�`T2/ :S `Q#mbi �TT`QtBK�@
iBQM UqQH72V- �M/ i?2 � TQbi2`BQ`B �TT`Q�+? USQbi2`BQ`BVX 6Q` �M B/2�H �TT`QtBK�iBQM Q7 i?2
+?�M+2@+QMbi`�BMi 1[X 9Xkk#- i?2 T2`+2Mi�;2 Q7 ↵Ƕb rQmH/ �Hr�vb #2 RyyWX �HH `2bmHib �`2 7Q`
i?2 T`Q/m+iBQM TH�MMBM; +�b2 bim/v rBi? T = 3X

*QKT�`BbQM, 6B;X 9XN �M/ 9XRy +QKT�`2 i?2 T2`7Q`K�M+2 Q7 i?2 +?�M+2 +QMbi`�BMi `27Q`Km@

H�iBQM mbBM; i?2 bi�M/�`/ :S- i?2 qQH72 /m�HBiv #�b2/ `Q#mbi �TT`QtBK�iBQM Q7 i?2 r�`T2/



e3 *?�Ti2` 9X � `Q#mbi �TT`Q�+? iQ #H�+F@#Qt +QMbi`�BM2/ QTiBKBx�iBQM
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6B;m`2 9XRy, oBQH�iBQM Q7 i?2 +?�M+2 +QMbi`�BMi Ur?2M Bi Bb pBQH�i2/V- �p2`�;2/ Qp2` /Bz2`2Mi
p�Hm2b Q7 ↵- 7Q` MQM@mMB7Q`K :�mbbB�M /�i� �M/ :�mbbB�M /�i� r�`T2/ i?`Qm;? � b[m�`2 `QQi
7mM+iBQMX _2bmHib �`2 b?QrM 7Q` i?2 bi�M/�`/ :S +?�M+2 +QMbi`�BMi �TT`Q�+? Uai�M/�`/V- i?2
r�`T2/ :S `Q#mbi �TT`QtBK�iBQM UqQH72V- �M/ i?2 � TQbi2`BQ`B �TT`Q�+? USQbi2`BQ`BVX �HH
`2bmHib �`2 7Q` i?2 T`Q/m+iBQM TH�MMBM; +�b2 bim/v rBi? T = 3X aQK2 HBM2b /Q MQi bi�`i �i
�MQBb2 = 0 #2+�mb2 7Q` bK�HH MQBb2 p�Hm2b �HH BMbi�M+2b �`2 72�bB#H2 �M/ i?2 �p2`�;2 pBQH�iBQM
/Q2bMǶi 2tBbiX

:S- �M/ i?2 � TQbi2`BQ`B �TT`Q�+?X AM �//BiBQM iQ i?2 MQM@mMB7Q`K :�mbbB�M /Bbi`B#miBQM- r2

�HbQ ;2M2`�i2 i`�BMBM; /�i� #v b�KTHBM; 7`QK � :�mbbB�M /Bbi`B#miBQM �M/ r�`TBM; i?2 b�KTH2b

i?`Qm;? � b[m�`2 `QQi 7mM+iBQMX 6B;X 9XN �M/ 9XRy b?Qr `2bmHib 7Q` T = 3 QMHv- #mi i?2 `2bmHib

7Q` Qi?2` mM+2`i�BMiv b2i /BK2MbBQMb 7QHHQr i?2 b�K2 T�ii2`MbX

6B;X 9XN b?Qrb i?2 T2`+2Mi�;2 Q7 jy bQHmiBQMb rBi? /Bz2`2Mi p�Hm2b Q7 ↵ 7Q` r?B+? i?2 +?�M+2

+QMbi`�BMi Bb 72�bB#H2X hQ /2i2`KBM2 B7 i?2 +?�M+2 +QMbi`�BMi Bb 72�bB#H2 7Q` � ;Bp2M bQHmiBQM

r2 /`�r Ryyyy b�KTH2b 7`QK i?2 i`m2 /�i�@;2M2`�iBM; /Bbi`B#miBQM- +�H+mH�i2 i?2 T2`+2Mi�;2

Q7 b�KTH2b 7Q` r?B+? i?2 +QMbi`�BMi Bb b�iBb}2/- �M/ +QKT�`2 Bi iQ i?2 BMi2M/2/ 72�bB#BHBiv Q7

i?2 +?�M+2 +QMbi`�BMi 1 � ↵X AX2X- 6B;X 9XN b?Qrb i?2 T2`+2Mi�;2 Q7 BMbi�M+2b 7Q` r?B+? i?2

T`Q#�#BHBiv Q7 +QMbi`�BMi pBQH�iBQM Bb �+im�HHv bK�HH2` i?�M ↵X A/2�HHv- i?Bb T2`+2Mi�;2 b?QmH/

�Hr�vb #2 RyyWX h?2 bi�M/�`/ :S +?�M+2 +QMbi`�BMi `27Q`KmH�iBQM +QK2b 7�B`Hv +HQb2 iQ RyyW

7Q` i?2 MQM@mMB7Q`K :�mbbB�M /�i� rBi? bK�HH MQBb2- #mi /Q2b +QMbB/2`�#Hv rQ`b2 7Q` i?2 b[m�`2

`QQi r�`T2/ /�i� �M/ 7Q` H�`;2` MQBb2 BM ;2M2`�HX h?2 `Q#mbi �TT`QtBK�iBQM H2�/b iQ i?2 ?B;?2bi

T2`+2Mi�;2 Q7 72�bB#H2 bQHmiBQMb 7Q` #Qi? /�i� ;2M2`�iBM; /Bbi`B#miBQMbX aQHmiBQMb �HbQ `2K�BM

H�`;2Hv 72�bB#H2 2p2M �b i?2 MQBb2 BM i?2 /�i� #2+QK2b p2`v H�`;2X AM b�72iv@+`BiB+�H �TTHB+�iBQMb

rBi? MQM@:�mbbB�M MQBb2- i?2 T`QTQb2/ �TT`Q�+? Bb i?2`27Q`2 +H2�`Hv #2M2}+B�HX h?2 T`QTQb2/



9X9X _2bmHib eN

� TQbi2`BQ`B bi`�i2;v �+?B2p2b ?B;? `�i2b Q7 72�bB#BHBiv r?2M i?2 MQBb2 BM i?2 /�i� Bb bK�HH- #mi

/2i2`BQ`�i2b [mB+FHv �b i?2 MQBb2 BM+`2�b2bX Ai K�v i?2`27Q`2 #2 #2M2}+B�H BM �TTHB+�iBQMb rBi?

`2H�iBp2Hv HQr MQBb2 �M/ r?2`2 i?2 `Q#mbi �TT`QtBK�iBQM H2�/b iQ Qp2`Hv +QMb2`p�iBp2 bQHmiBQMbX

6B; 9XRy b?Qrb � bBKBH�` +QMbB/2`�iBQMX >2`2- i?2 �p2`�;2 pBQH�iBQM Q7 i?2 +?�M+2 +QMbi`�BMi

BM T2`+2Mi�;2 TQBMib- BX2X- i?2 �p2`�;2 �#bQHmi2 /Bz2`2M+2 #2ir22M i?2 �+im�H 72�bB#BHBiv Q7 i?2

bQHmiBQM �M/ i?2 BMi2M/2/ 72�bB#BHBiv 1 � ↵ Bb b?QrMX PMHv BMbi�M+2b 7Q` r?B+? i?2 +?�M+2

+QMbi`�BMi Bb BM/22/ pBQH�i2/ �`2 BM+Hm/2/ BM i?2 �p2`�;2X h?2 ;`�T? b?Qrb i?�i- 2p2M r?2M

i?2 +?�M+2 +QMbi`�BMi Bb pBQH�i2/- i?2 `Q#mbi �TT`QtBK�iBQM H2�/b iQ bK�HH2` pBQH�iBQMb i?�M i?2

bi�M/�`/ :S +?�M+2 +QMbi`�BMib �TT`Q�+?X

9X9Xk .`BHH b+?2/mHBM;

6Q` i?2 /`BHH b+?2/mHBM; +�b2 bim/v- r2 +QMbB/2` irQ /Bz2`2Mi ;2QHQ;B2b rBi? k �M/ e ;2QHQ;B+�H

b2;K2MibX q2 +QMbB/2` � `�M;2 Q7 i�`;2i /2Ti?b �M/ +QM}/2M+2 p�Hm2bX 6B;X 9XRR b?Qrb i?2

/`BHHBM;- K�BMi2M�M+2- �M/ iQi�H +Qbi 7Q` � i�`;2i /2Ti? Q7 2200K �b � 7mM+iBQM Q7 i?2 +QM}/2M+2

T�`�K2i2` 1 � ↵X AM i?2 /2i2`KBMBbiB+ +�b2 U1 � ↵ = 0.5V- i?2 QTiBK�H bi`�i2;v Bb iQ MQi /Q

K�BMi2M�M+2 �i �HH �M/ /`BHH �b 7�bi �b TQbbB#H2X �b r2 BM+`2�b2 1 � ↵ iQ Q#i�BM KQ`2 `Q#mbi

bQHmiBQMb- r2 2p2Mim�HHv `2�+? � TQBMi r?2`2 i?2 �p2`�;2 `�i2 Q7 T2M2i`�iBQM Bb bHB;?iHv HQr2`

BM Q`/2` iQ `2/m+2 /2;`�/�iBQM �M/ ;m�`�Mi22 i?�i i?2 r2HH +�M #2 +QKTH2i2/ rBi?Qmi � KQiQ`

7�BHm`2X 6Q` i?2 k@b2;K2Mi ;2QHQ;v i?2 BM+`2�b2/ +Qbi Q7 /`BHHBM; Qmir2B;?b i?2 x2`Q K�BMi2M�M+2

+Qbi �i �`QmM/ 1� ↵ = 0.92X �7i2` i?Bb TQBMi i?2 QTiBK�H bi`�i2;v Bb iQ /Q K�BMi2M�M+2 QM+2X

_2bmHib �`2 b?QrM 7Q` #Qi? i?2 MQĜ/2;`�/�iBQM �M/ #QmM/�`v ?2m`BbiB+b �b r2HH �b iQi�H 2Mm@

K2`�iBQMX 6Q` i?Bb BMbi�M+2- i?2 #QmM/�`v ?2m`BbiB+ H2�/b iQ i?2 b�K2 bQHmiBQM �b i?2 ;HQ#�HHv

QTiBK�H 2MmK2`�iBQM bi`�i2;vX h?2 MQĜ/2;`�/�iBQM ?2m`BbiB+- QM i?2 Qi?2` ?�M/- H2�/b iQ bm#@

QTiBK�H bQHmiBQMb r?2M i?2 QTiBK�H K�BMi2M�M+2 MmK#2` Bb HQr2` i?�M i?2 mTT2` #QmM/ bRncX

6B;X 9XRk b?Qrb i?2 b�K2 +Qbi +QKTQM2Mib �b 6B;X 9XRR �b � 7mM+iBQM Q7 i?2 i�`;2i /2Ti? xnd
X

_2bmHib �`2 b?QrM 7Q` i?`22 /Bz2`2Mi p�Hm2b Q7 1� ↵ U0.5- 0.75- �M/ 0.99VX � H�`;2` +QM}/2M+2



dy *?�Ti2` 9X � `Q#mbi �TT`Q�+? iQ #H�+F@#Qt +QMbi`�BM2/ QTiBKBx�iBQM
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6B;m`2 9XRR, *Qbi Q7 /`BHHBM; iQ � /2Ti? Q7 kkyy K2i2`b i?`Qm;? � ;2QHQ;B2b rBi? k �M/ e
b2;K2Mib 7Q` /Bz2`2Mi p�Hm2b Q7 +QM}/2M+2 T�`�K2i2` ↵X _2bmHib �`2 b?QrM 7Q` i?`22 /Bz2`2Mi
BMi2;2` bi`�i2;B2bX h?2 #QmM/�`v ?2m`BbiB+ ;Bp2b i?2 b�K2 `2bmHib �b iQi�H 2MmK2`�iBQM- r?BH2
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6B;m`2 9XRk, *Qbi Q7 /`BHHBM; �b � 7mM+iBQM Q7 i�`;2i /2Ti? 7Q` i?`22 /Bz2`2Mi 7Q` � ;2QHQ;v rBi?
irQ `Q+F ivT2b 7Q` �M/ 7Q` i?`22 /Bz2`2Mi p�Hm2b Q7 +QM}/2M+2 T�`�K2i2` ↵X �HH `2bmHib �`2
Q#i�BM2/ rBi? i?2 ;HQ#�HHv QTiBK�H 2MmK2`�iBQM bi`�i2;vX

�Hr�vb H2�/b iQ � ?B;?2` +Qbi- �b rQmH/ #2 2tT2+i2/- #mi i?2 /Bz2`2M+2 #2ir22M i?2 /2i2`KBMBbiB+

bQHmiBQM �M/ � 99%Ĝ+QM}/2M+2 `Q#mbi bQHmiBQM +�M #2 H�`;2 Q` bK�HH- /2T2M/BM; QM i?2 i�`;2i

/2Ti?- 2X;X- 7Q` � i�`;2i /2Ti? Q7 xnd
= 3000K ?2/;BM; �;�BMbi mM+2`i�BMiv /Q2b MQi H2�/ iQ

bB;MB}+�Mi +Qbi BM+`2�b2bX

6BM�HHv- 6B;X 9XRj b?Qrb i?2 iQi�H bQHmiBQM iBK2 7Q` i?2 i?`22 BMi2;2` bi`�i2;B2b 7Q` i?2 BM@

bi�M+2 rBi? e ;2QHQ;B+�H b2;K2Mib �b � 7mM+iBQM Q7 +QM}/2M+2 T�`�K2i2` 1 � ↵X q?BH2 i?2

MQĜ/2;`�/�iBQM ?2m`BbiB+ Q7i2M H2�/b iQ bm#QTiBK�H bQHmiBQMb- �b b22M �#Qp2- Bi Bb +QKTmi�iBQM@

�HHv p2`v +?2�TX h?2 #QmM/�`v ?2m`BbiB+ +QKT`Bb2b � ;QQ/ +QKT`QKBb2, Bi 7`2[m2MiHv }M/b



9X8X *QM+HmbBQM dR

i?2 ;HQ#�H QTiBKmK r?BH2 #2BM; Km+? +?2�T2` +QKTmi�iBQM�HHvX 1bT2+B�HHv 7Q` BMbi�M+2b rBi?

K�Mv ;2QHQ;B+�H b2;K2Mib �M/ K�BMi2M�M+2 2p2Mib- r?2`2 i?2 +QK#BM�iQ`B�H +QKTH2tBiv Q7 i?2

2MmK2`�iBQM bi`�i2;v #2+QK2b T`Q?B#BiBp2- Bi K�v i?2`27Q`2 #2 � ;QQ/ �Hi2`M�iBp2X
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boundary

enum

no-deg

6B;m`2 9XRj, hQi�H iBK2 iQ bQHp2 �M BMbi�M+2 rBi? e `Q+F ivT2b �b � 7mM+iBQM Q7 i?2 +QM}/2M+2
T�`�K2i2` ↵X q?BH2 i?2 2MmK2`�iBQM bi`�i2;v Bb i?2 QMHv �TT`Q�+? r?B+? Bb ;m�`�Mi22/ iQ
}M/ i?2 ;HQ#�HHv QTiBK�H bQHmiBQM- i?2 #QmM/�`v ?2m`BbiB+ Q7i2M }M/b i?2 b�K2 bQHmiBQM BM
bB;MB}+�MiHv H2bb iBK2X

9X8 *QM+HmbBQM

Pm` �TT`Q�+? `27Q`KmH�i2b mM+2`i�BM #H�+F@#Qt +QMbi`�BMib- KQ/2H2/ #v r�`T2/ :�mbbB�M T`Q@

+2bb2b- BMiQ /2i2`KBMBbiB+ +QMbi`�BMib ;m�`�Mi22/ iQ ?QH/ rBi? � ;Bp2M +QM}/2M+2X q2 �+?B2p2

i?Bb /2i2`KBMBbiB+ `27Q`KmH�iBQM Q7 +?�M+2 +QMbi`�BMib #v +QMbi`m+iBM; +QM}/2M+2 2HHBTbQB/b �M/

miBHBxBM; qQH72 /m�HBivX q2 b?Qr i?�i i?Bb �TT`Q�+? �HHQrb i?2 bQHmiBQM +QMb2`p�iBbK iQ #2

+QMi`QHH2/ #v � b2MbB#H2 +QM}/2M+2 T`Q#�#BHBiv +?QB+2X h?Bb +QmH/ #2 2bT2+B�HHv mb27mH BM b�72iv@

+`BiB+�H b2iiBM;b r?2`2 +QMbi`�BMi pBQH�iBQMb b?QmH/ #2 �pQB/2/X



*?�Ti2` 8

JQ/2HBM; �M/ bQHpBM; `Q#mbi T`Q#H2Kb

BM SvQKQ

8XR AMi`Q/m+iBQM

_Q#mbi QTiBKBx�iBQM Bb � +QKKQM r�v Q7 K�M�;BM; QTiBKBx�iBQM mM/2` mM+2`i�BMiv BM T`Q+2bb

bvbi2Kb 2M;BM22`BM;, �TTHB+�iBQMb `�M;2 7`QK T`Q/m+iBQM b+?2/mHBM; iQ ~2tB#H2 +?2KB+�H T`Q+2bb

/2bB;M (k8- 99- 3d- Rey- ReR- Rek)X L2r /2p2HQTK2Mib BM `Q#mbi QTiBKBx�iBQM BM+Hm/2 /Bbi`B#m@

iBQM�HHv �M/ �/Dmbi�#H2 `Q#mbi QTiBKBx�iBQM iQ `2/m+2 bQHmiBQM +QMb2`p�iBbK (Rek)- /�i�@/`Bp2M

`Q#mbi QTiBKBx�iBQM iQ KQ/2H mM+2`i�BMiv b2ib #�b2/ QM �p�BH�#H2 /�i� (j9)- �M/ �TT`QtBK�i2

`Q#mbi QTiBKBx�iBQM iQ K�F2 MQM@HBM2�` T`Q#H2Kb KQ`2 i`�+i�#H2 (RN)X h?Bb H�`;2 MmK#2` Q7

�Hi2`M�iBp2 �TT`Q�+?2b �M/ i?2 `2[mB`2/ /QK�BM FMQrH2/;2 +�M /Bb+Qm`�;2 T`�+iBiBQM2`b 7`QK

K�FBM; i?2 i`�MbBiBQM 7`QK /2i2`KBMBbiB+ QTiBKBx�iBQM iQ QTiBKBx�iBQM mM/2` mM+2`i�BMivX 6m`@

i?2`KQ`2- i?2 H�+F Q7 � TH�i7Q`K i?�i �HHQrb i?2 2�bv BKTH2K2Mi�iBQM �M/ �TTHB+�iBQM Q7 M2r

�H;Q`Bi?Kb K2�Mb i?�i Bi Bb /B{+mHi 7Q` `2b2�`+?2`b iQ +QKT�`2 /Bz2`2Mi �TT`Q�+?2b (Rej)X

h?Bb +?�Ti2` BMi`Q/m+2b _PKQ/2H- � Svi?QM T�+F�;2 2ti2M/BM; i?2 TQTmH�`- Svi?QM@#�b2/

�H;2#`�B+ KQ/2HBM; H�M;m�;2 SvQKQ (Ryk- Re9) iQ 7�+BHBi�i2 KQ/2HBM; Q7 `Q#mbi QTiBKBx�iBQM

T`Q#H2Kb �M/ BKTH2K2Mi�iBQM Q7 `Q#mbi QTiBKBx�iBQM �H;Q`Bi?KbX _PKQ/2H �BKb iQ UBV K�F2

`Q#mbi QTiBKBx�iBQM KQ`2 �++2bbB#H2 iQ T`�+iBiBQM2`b �M/ 7�+BHBi�i2 KQpBM; 7`QK /2i2`KBMBbiB+

dk



8XRX AMi`Q/m+iBQM dj

iQ `Q#mbi QTiBKBx�iBQM- UBBV /2KQMbi`�i2 ?Qr `Q#mbi QTiBKBx�iBQM T`Q#H2Kb +�M #2 KQ/2H2/

BM +HQb2 �M�HQ;v iQ i?2B` K�i?2K�iB+�H 7Q`KmH�iBQM- �M/ UBBBV T`QpB/2 �M QT2M@bQm`+2 TH�i7Q`K

7Q` `2b2�`+?2`b iQ BKTH2K2Mi �M/ +QKT�`2 M2r `Q#mbi `27Q`KmH�iBQMb �M/ mM+2`i�BMiv b2ibX

hQ i?Bb 2M/- _PKQ/2H BMi`Q/m+2b BMimBiBp2 KQ/2HBM; r?B+? +HQb2Hv `2b2K#H2b i?2 QTiBKBx�iBQM

T`Q#H2KǶb mM/2`HvBM; K�i?2K�iB+�H 7Q`KmH�iBQM �M/ rBHH 722H 7�KBHB�` iQ SvQKQ mb2`bX _PKQ/2H

mb2b i?2 `B+?M2bb Q7 SvQKQǶb bQHp2` BMi2`7�+2b �M/ K2i?Q/b 7Q` KQ/2H i`�Mb7Q`K�iBQMb �M/

Svi?QMǶb /�i� T`Q+2bbBM; +�T�#BHBiB2bX Ai bmTTQ`ib #Qi? �miQK�iB+ `27Q`KmH�iBQM �M/ +miiBM;

TH�M2 �H;Q`Bi?KbX lM+2`i�BMiv b2ib +�M #2 +?Qb2M 7`QK � HB#`�`v Q7 +QKKQM ;2QK2i`B2b- Q`

+mbiQK /2}M2/ mbBM; SvQKQ +QMbi`�BMibX _PKQ/2H �HbQ bmTTQ`i �/Dmbi�#H2 `Q#mbi QTiBKBx�iBQM

i?`Qm;? HBM2�` /2+BbBQM `mH2bX "2+�mb2 _PKQ/2H �M/ SvQKQ �`2 QT2M@bQm`+2- _PKQ/2H +�M

#2 2ti2M/2/ iQ BM+Q`TQ`�i2 �//BiBQM�H mM+2`i�BMiv b2i ;2QK2i`B2b �M/ `27Q`KmH�iBQMbX �b �M

2t�KTH2- r2 BKTH2K2Mi2/ mM+2`i�BMiv b2ib #�b2/ QM Ur�`T2/V :�mbbB�M T`Q+2bb2b 7Q` #H�+F@#Qt

+QMbi`�BM2/ T`Q#H2KbX

h?2`2 �`2 Qi?2` bQ7ir�`2 T�+F�;2b 7Q` bQHpBM; `Q#mbi QTiBKBx�iBQM T`Q#H2Kb- 2X;X _PJ1 (Re8)-

_aPJ1 (Ree)- _P*YY (Red)- �M/ Sv_Pa (Re3)X �HH 7Qm` �TT`Q�+?2b �`2 /2bB;M2/ �b `Q@

#mbi QTiBKBx�iBQM bQHp2`b �M/- 2t+2Ti 7Q` Sv_Pa r?B+? Bb #�b2/ QM SvQKQ- /Q MQi `2Hv QM

� ;2M2`�H Tm`TQb2 �H;2#`�B+ KQ/2HBM; H�M;m�;2X AM +QMi`�bi- _PKQ/2H 7Q+mb2b QM KQ/2HBM;

`Q#mbi QTiBKBx�iBQM T`Q#H2KbX "v #mBH/BM; QM SvQKQ- _PKQ/2H bBKTHB}2b i?2 i`�MbBiBQM 7`QK

/2i2`KBMBbiB+ iQ `Q#mbi QTiBKBx�iBQM- bBM+2 #Qi? i?2 /2i2`KBMBbiB+ �M/ `Q#mbi KQ/2H +�M #2

BKTH2K2Mi2/ BM i?2 b�K2 2MpB`QMK2MiX _PKQ/2H �HbQ �HHQrb �++2bb iQ � Km+? H�`;2` MmK#2`

Q7 /2i2`KBMBbiB+ bQHp2`b i?�M i?2b2 Qi?2` bQHp2`bX AM +QMi`�bi iQ �AJJa- r?B+? ?�b bQK2 +�T�@

#BHBiB2b 7Q` KQ/2HBM; `Q#mbi QTiBKBx�iBQM T`Q#H2Kb (ReN)- _PJQ/2H Bb QT2M bQm`+2 �M/ �HHQrb

TQbbB#BHBiB2b 7Q` 2ti2MbBQMX CmKS2_ (Rdy)- r?B+? 2ti2M/b CmHB�Ƕb KQ/2HBM; H�M;m�;2 CmKS iQ

`Q#mbi QTiBKBx�iBQM T`Q#H2Kb- Bb i?2 KQbi bBKBH�` iQ _PJQ/2HX AM +QMi`�bi iQ CmKS2_- _P@

JQ/2H Bb KQ`2 iB;?iHv iB2/ iQ Bib `2bT2+iBp2 �H;2#`�B+ KQ/2HBM; H�M;m�;2- 2X;X /2p2HQTBM; M2r

+QMp2t mM+2`i�BMiv b2ib BM _PKQ/2H QMHv `2[mB`2b �//BM; SvQKQ +QMbi`�BMib r?BH2 CmKS2_

rQmH/ `2[mB`2 �//BM; CmHB� 7mM+iBQM�HBivX _PKQ/2H �HbQ �miQK�iB+�HHv `2+Q;MBx2b mM+2`i�BMiv

b2i ;2QK2i`B2b �M/ �TTHB2b i?2 +Q``2bTQM/BM; i`�Mb7Q`K�iBQMb rBi?Qmi i?2 mb2` ?�pBM; iQ bT2+B7v

r?B+? ;2QK2i`v i?2v �`2 mbBM;X h�#H2 8XR bmKK�`Bx2b i?2 F2v 72�im`2b Q7 _PKQ/2H �b +QKT�`2/



d9 *?�Ti2` 8X JQ/2HBM; �M/ bQHpBM; `Q#mbi T`Q#H2Kb BM SvQKQ

iQ Qi?2` iQQHbX

_PKQ/2H CmKS2_ Sv_Pa _P*YY _aPJ1
JQ/2HBM; H�M;m�;2 SvQKQ CmKS SvQKQ *YY J�hG�"
1ti2M/b KQ/2HBM;
H�M;m�;2

v2b v2b MQ MQ MQ

aQHp2`b `27Q`KmH�iBQM-
+miiBM; TH�M2-
MQKBM�H

`27Q`KmH�iBQM-
+miiBM; TH�M2

+miiBM; TH�M2 `27Q`KmH�@
iBQM

`27Q`KmH�@
iBQM

�/Dmbi�#H2 _P v2b v2b v2b v2b v2b
.�i�@/`Bp2M b2ib :S@#�b2/ b2ib MQ MQ MQ �K#B;mBiv

b2ib
1ti2MbB#H2 mM+2`i�BMiv

b2ib- `27Q`Km@
H�iBQMb

mM+2`i�BMiv
b2ib- `27Q`Km@
H�iBQMb

mM+2`i�BMiv
b2ib

MQ MQ

h�#H2 8XR, *QKT�`BbQM Q7 _PKQ/2HǶb F2v 72�im`2b rBi? Qi?2` iQQHbX

� 7m`i?2` �/p�Mi�;2 Q7 _PKQ/2H Bb i?�i Bi Bb #�b2/ QM Svi?QM- r?B+? Bb TQTmH�` BM /�i� �M�@

HviB+b �M/ K�+?BM2 H2�`MBM;X _PKQ/2H i?2`27Q`2 �HHQrb /�i�@#�b2/ i2+?MB[m2b iQ #2 BMi2;`�i2/

b2�KH2bbHv rBi? `Q#mbi QTiBKBx�iBQM K2i?Q/bX �b �M 2t�KTH2- r2 BKTH2K2Mi Ur�`T2/V :�mb@

bB�M T`Q+2bb@#�b2/ mM+2`i�BMiv b2ib BM _PKQ/2H (RdR)X h?2b2 b2ib b2�KH2bbHv BMi2;`�i2 :�mbbB�M

T`Q+2bb2b i`�BM2/ BM i?2 Svi?QM HB#`�`v :Sv (R8d) BMiQ `Q#mbi QTiBKBx�iBQM T`Q#H2KbX _PKQ/2H

Bb QT2M bQm`+2 �M/ �p�BH�#H2 QM :Bi?m# (Rdk)X

h?2 `2bi Q7 i?Bb +?�Ti2` Bb bi`m+im`2/ �b 7QHHQrbX a2+iBQM 8Xk BMi`Q/m+2b _PKQ/2HǶb M2r KQ/2HBM;

Q#D2+ib �M/ b?Qrb ?Qr i?2v +�M #2 mb2/ iQ KQ/2H `Q#mbi QTiBKBx�iBQM T`Q#H2KbX a2+iBQM 8Xj

BMi`Q/m+2b _PKQ/2HǶb i?`22 bQHp2`b, � `27Q`KmH�iBQM #�b2/ bQHp2`- � +miiBM; TH�M2 bQHp2`- �M/

� MQKBM�H bQHp2` 7Q` Q#i�BMBM; MQKBM�H bQHmiBQMb Q7 `Q#mbi T`Q#H2KbX a2+iBQM 8X9 /Bb+mbb2b ?Qr

_PKQ/2H +�M #2 2ti2M/2/ �M/ /2KQMbi`�i2b Qm` BKTH2K2Mi�iBQM Q7 :�mbbB�M T`Q+2bb@#�b2/

mM+2`i�BMiv b2ib 7Q` #H�+F@#Qt +QMbi`�BM2/ T`Q#H2KbX a2+iBQM 8X8 BMi`Q/m+2b bBt +�b2 bim/B2b

�M/ T`2b2Mib `2bmHibX



8XkX JQ/2HBM; d8

8Xk JQ/2HBM;

*QMbB/2` i?2 7QHHQrBM; ;2M2`B+ `Q#mbi QTiBKBx�iBQM T`Q#H2K,

min
x2X ,z(⇠)

max
⇠2U(x)

f(x, z(⇠), ⇠) U8XR�V

bXi g(x, z(⇠), ⇠)  0 8⇠ 2 U(x) U8XR#V

r?2`2 x 2 n �`2 Ǵ?2`2 �M/ MQrǴ p�`B�#H2b- /2i2`KBM2/ #27Q`2 i?2 mM+2`i�BMiv Bb `2p2�H2/-

r?BH2 z(⇠) �`2 �/Dmbi�#H2 p�`B�#H2b- /2i2`KBM2/ �7i2` i?2 mM+2`i�BMiv Bb `2p2�H2/X h?2 mM+2`i�BM

T�`�K2i2` p2+iQ` ⇠ Bb #QmM/2/ #v i?2 mM+2`i�BMiv b2i U(x)- r?B+? K�v /2T2M/ QM x �M/

r?B+? +QMi�BMb i?2 MQKBM�H p�Hm2b ⇠̄X PTiBKBx�iBQM S`Q#H2K 8XR- � ;2M2`B+ `Q#mbi QTiBKBx�iBQM

T`Q#H2K rBi? mM+2`i�BMiv BM i?2 Q#D2+iBp2 �M/ +QMbi`�BMib- Bb i?2 #�bBb 7Q` _PKQ/2HX LQi2

i?�i r2 �`2 HBKBiBM; Qm`b2Hp2b ?2`2 iQ QM2 mM+2`i�BM +QMbi`�BMi 7Q` bBKTHB+Biv Q7 MQi�iBQM QMHv-

_PKQ/2H +�M ?�M/H2 KmHiBTH2 `Q#mbi +QMbi`�BMibX �HbQ MQi2 i?�i i?2`2 +�M #2 �M �`#Bi`�`v

MmK#2` Q7 /2i2`KBMBbiB+ +QMbi`�BMib r?B+? /2}M2 i?2 b2i X X

_PKQ/2H BMi`Q/m+2b i?`22 M2r KQ/2HBM; Q#D2+ib iQ `2T`2b2Mi `Q#mbi QTiBKBx�iBQM T`Q#H2Kb HBF2

S`Q#H2K 8XR rBi?BM SvQKQ,

RX lM+S�`�K, � +H�bb bBKBH�` iQ SvQKQǶb S�`�K �M/ o�` +H�bb mb2/ iQ KQ/2H mM+2`i�BM T�`�K@

2i2`b ⇠X PM2 +�M bmTTHv � MQKBM�H �`;mK2Mi- r?B+? /2}M2b i?2 p2+iQ` Q7 MQKBM�H p�Hm2b

⇠̄ mb2/ iQ `2TH�+2 i?2 mM+2`i�BM T�`�K2i2`b r?2M bQHpBM; i?2 /2i2`KBMBbiB+ UMQKBM�HV

T`Q#H2KX

kX lM+a2i, 1�+? lM+S�`�K Q#D2+i ?�b �M lM+a2i Q#D2+i �bbQ+B�i2/ rBi? BiX h?2 lM+a2i +H�bb-

#�b2/ QM SvQKQǶb "HQ+F +H�bb- KQ/2Hb i?2 mM+2`i�BMiv b2ib U X lM+2`i�BMiv b2ib U +�M

#2 /2}M2/ #v UBV +QMbi`m+iBM; ;2M2`B+ b2ib #v �//BM; SvQKQ +QMbi`�BMib iQ i?2 lM+a2i

Q#D2+i- Q` UBBV i?`Qm;? � HB#`�`v Q7 +QKKQM mM+2`i�BMiv b2i ;2QK2i`B2b- mbBM; i?2B` K�i`Bt

`2T`2b2Mi�iBQM �b �M BMTmiX

jX �/Dmbi�#H2o�`, � +H�bb bBKBH�` iQ SvQKQǶb o�` +H�bb mb2/ iQ KQ/2H �/Dmbi�#H2 p�`B�#H2b



de *?�Ti2` 8X JQ/2HBM; �M/ bQHpBM; `Q#mbi T`Q#H2Kb BM SvQKQ

r?B+? +�M #2 /2i2`KBM2/ �7i2` bQK2 Q7 i?2 mM+2`i�BMiv ?�b #22M `2bQHp2/- BX2X z(⇠)X

_PKQ/2H +m``2MiHv QMHv BKTH2K2Mib HBM2�` /2+BbBQM `mH2b 7Q` �/Dmbi�#H2 p�`B�#H2bX

h?2b2 i?`22 M2r KQ/2HBM; Q#D2+ib �`2 bm{+B2Mi 7Q` KQ/2HBM; [mBi2 ;2M2`B+ `Q#mbi QTiBKBx�iBQM

T`Q#H2KbX h?2v �`2 b2i mT iQ �HHQr KQ/2HBM; T`Q#H2Kb BM �M BMimBiBp2 r�v r?B+? Bb +HQb2Hv

`2H�i2/ iQ i?2B` K�i?2K�iB+�H 7Q`KmH�iBQM US`Q#H2K 8XRVX q2 /Bb+mbb 2�+? KQ/2HBM; Q#D2+i �M/

?Qr Bi Bb mb2/ iQ +QMbi`m+i `Q#mbi QTiBKBx�iBQM T`Q#H2Kb BM i?2 bm#b2[m2Mi b2+iBQMbX

8XkXR lM+2`i�BM T�`�K2i2`b

AM/2t2/ mM+2`i�BM T�`�K2i2`b �`2 +QMbi`m+i2/ BM �M�HQ;v iQ SvQKQǶb o�` ivT2 7Q` p�`B�#H2b,

R KX+ 4 lM+S�`�KU`�M;2UjV- MQKBM�H4(yXR- yXk- yXj)- mM+b2i4KXlV

h?2 MQKBM�H �`;mK2Mi bT2+B}2b � HBbi Q7 MQKBM�H p�Hm2b ⇠̄ 7Q` i?2 mM+2`i�BM T�`�Ki2`b ⇠X h?2

mM+b2i �`;mK2Mi bT2+B}2b i?2 mM+2`i�BMiv b2i iQ mb2 7Q` i?2b2 T�`�K2i2`bX h?2 irQ �TT`Q�+?2b

7Q` +QMbi`m+iBM; i?2 mM+2`i�BMiv b2i KXl �`2 /Bb+mbb2/ BM i?2 M2ti irQ b2+iBQMbX

8XkXk :2M2`B+ mM+2`i�BMiv b2ib

:2M2`B+ mM+2`i�BMiv b2ib �`2 +QMbi`m+i2/ rBi? i?2 lM+a2i +H�bbX h?Bb +H�bb BM?2`Bib 7`QK SvQKQǶb

"HQ+F +H�bbX lb2`b +�M +QMbi`m+i ;2M2`B+ mM+2`i�BMiv b2ib #v �//BM; SvQKQ +QMbi`�BMib iQ �M

lM+a2i Q#D2+i BM i?2 b�K2 r�v �b i?2v rQmH/ �// +QMbi`�BMib iQ � "HQ+F Q#D2+i BM SvQKQX h?2

7QHHQrBM; 2t�KTH2 b?Qrb ?Qr � TQHv?2/`�H b2i +�M #2 KQ/2H2/ mbBM; i?2 lM+a2i +H�bb,

R 7`QK `QKQ/2H BKTQ`i lM+a2i- lM+S�`�K

k O .27BM2 mM+2`i�BMiv b2i

j KXl 4 lM+a2iUV

9 O .27BM2 mM+2`i�BM T�`�K2i2`

8 KXr 4 lM+S�`�KU`�M;2UkV- mM+b2i4KXl- MQKBM�H4(yX8- yX8)V

e O �// +QMbi`�BMib iQ mM+2`i�BMiv b2i

d KXlX+QMbR 4 *QMbi`�BMiU2tT`4KXr(y) Y KXr(R) I4 RV

3 KXlX+QMbk 4 *QMbi`�BMiU2tT`4KXr(y) @ KXr(R) I4 RV



8XkX JQ/2HBM; dd

N XXX

h?2 mM+b2i �M/ MQKBM�H �`;mK2Mib /2}M2 i?2 mM+2`i�BMiv b2i �M/ � p2+iQ` Q7 MQKBM�H p�Hm2b 7Q`

i?2 mM+2`i�BM T�`�K2i2` KXrX _PKQ/2HǶb bi`�i2;v Q7 KQ/2HBM; mM+2`i�BMiv b2ib mbBM; SvQKQǶb

*QMbi`�BMi KQ/2HBM; Q#D2+i Bb �M�HQ;Qmb iQ ivTB+�H `Q#mbi QTiBKBx�iBQM 7Q`KmH�iBQMbX _PKQ/2H

+�M i?2`27Q`2 #2 mb2/ iQ /2}M2 �Mv mM+2`i�BMiv b2i r?B+? +�M #2 2tT`2bb2/ BM SvQKQX >Qr2p2`-

MQi 2p2`v b2i i?�i +�M #2 KQ/2H2/ rBi? SvQKQ +QMbi`�BMib +�M M2+2bb�`BHv �HbQ #2 bQHp2/X

a2+iBQM 8Xj /Bb+mbb2b r?B+? ivT2b Q7 mM+2`i�BMiv b2ib +�M #2 bQHp2/ mbBM; r?B+? bQHp2`X lb2`b

+�M �HbQ /2}M2 KmHiBTH2 mM+2`i�BMiv b2ib �M/ `2TH�+2 QM2 #v �MQi?2`X h?2 mM+2`i�BMiv b2i 7Q`

�Mv mM+2`i�BM T�`�K2i2` KXr +�M #2 b2i mbBM; i?2 mM+b2i T`QT2`iv,

R O .27BM2 b2+QM/ mM+2`i�BMiv b2i

k KXlk 4 `QXlM+a2iUV

j O ar�T mM+2`i�BMiv b2ib �M/ bQHp2

9 KXrXmM+b2i 4 KXlk

8 bQHp2` 4 T2XaQHp2`6�+iQ`vU^`QKQ/2HX+mib^V

e bQHp2`XbQHp2UKV

8XkXj GB#`�`v mM+2`i�BMiv b2ib

6Q` +QKKQMHv mb2/- bi�M/�`/ mM+2`i�BMiv b2ib- i?2 ;2M2`B+ �TT`Q�+? Ua2+iBQM 8XkXkV Bb mM@

M2+2bb�`BHv +QKTHB+�i2/X h?2`27Q`2- _PKQ/2H BKTH2K2Mib +mbiQK +H�bb2b r?B+? +�M /2}M2 �M

mM+2`i�BMiv b2i mbBM; Bib K�i`Bt `2T`2b2Mi�iBQMX _PKQ/2H BKTH2K2Mib TQHv?2/`�H �M/ 2HHBT@

bQB/�H b2ibX h?2 mb2` +�M /2}M2 TQHv?2/`�H b2ib Q7 i?2 7Q`K U = {w | Pw  b} #v T�bbBM; i?2

K�i`Bt P �M/ i?2 `B;?i ?�M/ bB/2 b iQ i?2 SQHv?2/`�Ha2i +H�bb,

R 7`QK `QKQ/2HXmM+b2i BKTQ`i SQHv?2/`�Ha2i

k O .27BM2 TQHv?2/`�H b2i

j KXl 4 SQHv?2/`�Ha2iUK�i4(( R- R)-

9 ( R- @R)-

8 (@R- R)-

e (@R- @R))-

d `?b4(R- R- R- R)V



d3 *?�Ti2` 8X JQ/2HBM; �M/ bQHpBM; `Q#mbi T`Q#H2Kb BM SvQKQ

_PKQ/2H +`2�i2b 2HHBTbQB/�H b2ib Q7 i?2 7Q`K (w � µ)⌃�1(w � µ)  1 mbBM; i?2 1HHBTbQB/�Ha2i

+H�bb- i?2 +Qp�`B�M+2 K�i`Bt ⌃ �M/ i?2 K2�M p2+iQ` µ,

R 7`QK `QKQ/2HXmM+b2i BKTQ`i 1HHBTbQB/�Ha2i

k O .27BM2 2HHBTbQB/�H b2i

j KXl 4 1HHBTbQB/�Ha2iU+Qp4((R- y- y)-

9 (y- R- y)-

8 (y- y- R))-

e K2�M4(yX8- yXj- yXR)V

J�Mv Qi?2` b2ib +QKKQMHv mb2/ BM `Q#mbi QTiBKBx�iBQM- 2X;X #Qt b2ib Q` MQ`K b2ib +�M 2Bi?2`

#2 KQ/2H2/ mbBM; i?2 TQHv?2/`�H HB#`�`v b2i- Q` mbBM; i?2 ;2M2`B+ �TT`Q�+? 7Q` +QMbi`m+iBM;

;2M2`�H +QMp2t b2ibX _PKQ/2HǶb mM+2`i�BMiv b2i HB#`�`v +�M �HbQ #2 2ti2M/2/X AM a2+iBQM 8X9

r2 /Bb+mbb ?Qr �//BiBQM�H HB#`�`v b2ib +�M #2 �//2/ iQ _PKQ/2H mbBM; /�i�@/`Bp2M mM+2`i�BMiv

b2ib #�b2/ QM Ur�`T2/V :�mbbB�M T`Q+2bb2b �b �M 2t�KTH2X

8XkX9 *QMbi`m+iBM; mM+2`i�BM +QMbi`�BMib

�7i2` /2}MBM; mM+2`i�BM T�`�K2i2`b �M/ �M mM+2`i�BMiv b2i- i?2 mb2` +�M +QMbi`m+i mM+2`i�BM

+QMbi`�BMib BKTHB+BiHv #v mbBM; i?2 mM+2`i�BM T�`�K2i2`b BM � SvQKQ +QMbi`�BMiX *QMbB/2` i?2

7QHHQrBM; /2i2`KBMBbiB+ SvQKQ +QMbi`�BMi,

R O /2i2`KBMBbiB+

k KXt 4 o�`U`�M;2UjVV

j + 4 (yXR- yXk- yXj)

9 KX+QMb 4 *QMbi`�BMiU2tT`4bmKU+(B) KXt(B) 7Q` B BM KXtV I4 yV

A7 i?2 +Q2{+B2Mib c �`2 mM+2`i�BM- r2 +�M KQ/2H i?2 `Q#mbi +QMbi`�BMi cTx  0, 8c 2 U �b,

R O `Q#mbi

k KXt 4 o�`U`�M;2UjVV

j KX+ 4 lM+S�`�KU`�M;2UjV- MQKBM�H4(yXR- yXk- yXj)- mM+b2i4KXlV

9 KX+QMb 4 *QMbi`�BMiU2tT`4bmKUKX+(B) KXt(B) 7Q` B BM KXtV I4 yV

h?2 mM+2`i�BM T�`�K2i2` KX+ +�M #2 mb2/ BM SvQKQ +QMbi`�BMib BM i?2 b�K2 r�v �b SvQKQ o�` Q`



8XjX aQHp2`b dN

S�`�K Q#D2+ibX _PKQ/2HǶb bQHp2`b �miQK�iB+�HHv `2+Q;MBx2 +QMbi`�BMib �M/ Q#D2+iBp2b +QMi�BMBM;

+QMi�BMBM; mM+2`i�BM T�`�K2i2`bX

8XkX8 �/Dmbi�#H2 p�`B�#H2b

_PKQ/2H �HbQ ?�b +�T�#BHBiB2b 7Q` KQ/2HBM; �/Dmbi�#H2 p�`B�#H2bX �/Dmbi�#H2 p�`B�#H2b z (⇠) �`2

p�`B�#H2b r?B+? +�M #2 /2i2`KBM2/ �7i2` bQK2 UQ` �HHV Q7 i?2 mM+2`i�BMiv ?�b #22M `2p2�H2/X

.2}MBM; �M �/Dmbi�#H2 p�`B�#H2 Bb �M�HQ;Qmb iQ /2}MBM; � `2;mH�` p�`B�#H2 BM SvQKQ- rBi? �M

�//BiBQM�H mM+T�`�K �`;mK2Mi bT2+B7vBM; � HBbi Q7 mM+2`i�BM T�`�K2i2`b r?B+? i?2 �/Dmbi�#H2

p�`B�#H2 /2T2M/b QM,

R O .27BM2 mM+2`i�BM T�`�K2i2`b

k KXr 4 lM+S�`�KU`�M;2UjV- MQKBM�H4(R- k- j)V

j O .27BM2 �/Dmbi�#H2 p�`B�#H2 r?B+? /2T2M/b QM mM+2`i�BM T�`�K2i2`

9 KXv 4 �/Dmbi�#H2o�`U`�M;2UjV- mM+T�`�Kb4(KXr)- #QmM/b4Uy- RVV

h?2 mM+2`i�BM T�`�K2i2`b +�M �HbQ #2 b2i BM/BpB/m�HHv 7Q` 2�+? 2H2K2Mi Q7 i?2 �/Dmbi�#H2 p�`B@

�#H2b BM/2t mbBM; i?2 b2inmM+T�`�Kb 7mM+iBQM,

R O a2i mM+2`i�BM T�`�K2i2`b 7Q` BM/BpB/m�H BM/B+2b

k KXv(y)Xb2inmM+T�`�KbU(KXr(y))V

j KXv(R)Xb2inmM+T�`�KbU(KXr(y)- KXr(R))V

_PKQ/2H QMHv BKTH2K2Mib HBM2�` /2+BbBQM `mH2b 7Q` bQHpBM; �/Dmbi�#H2 `Q#mbi QTiBKBx�iBQM T`Q#@

H2KbX A7 � KQ/2H +QMi�BMb �/Dmbi�#H2 p�`B�#H2b BM � +QMbi`�BMi Q` Q#D2+iBp2- _PKQ/2H �miQK�i@

B+�HHv `2TH�+2b Bi #v � HBM2�` /2+BbBQM `mH2 #�b2/ QM i?2 bT2+B}2/ mM+2`i�BM T�`�K2i2`bX

8Xj aQHp2`b

_PKQ/2H ?�b i?`22 bQHp2`b, � `Q#mbi `27Q`KmH�iBQM #�b2/ bQHp2`- � +miiBM; TH�M2 #�b2/ bQHp2`-

�M/ � MQKBM�H bQHp2`X



3y *?�Ti2` 8X JQ/2HBM; �M/ bQHpBM; `Q#mbi T`Q#H2Kb BM SvQKQ

8XjXR _27Q`KmH�iBQM

h?2 `27Q`KmH�iBQM@#�b2/ bQHp2`- BHHmbi`�i2/ BM 6B;X 8XR- BKTH2K2Mib bi�M/�`/ /m�HBiv #�b2/ i2+?@

MB[m2b 7Q` `27Q`KmH�iBM; `Q#mbi QTiBKBx�iBQM T`Q#H2Kb BMiQ /2i2`KBMBbiB+ +QmMi2`T�`ib (3)X 6B`bi-

_Q#mbi KQ/2H >�b mM+2`i�BM +QMbi`�BMi\

Ab U TQHv?2/`�H\ SQHv?2/`�H i`�Mb7Q`K�iBQM

Ab U 2HHBTbQB/�H\ 1HHBTbQB/�H i`�Mb7Q`K�iBQM

Pi?2` ;2QK2i`v\

*�MǶi bQHp2

h`�Mb7Q`K�iBQM

.2i2`KBMBbiB+
+QmMi2`T�`i

aQHp2

v2b
v2b

MQ v2b

MQ v2b

MQ

MQ

6B;m`2 8XR, a+?2K�iB+ Q7 `27Q`KmH�iBQM bQHp2`X 6Q` 2�+? mM+2`i�BM +QMbi`�BMi- i?2 `27Q`KmH�iBQM
bQHp2` ;Q2b i?`Qm;? �HH FMQrM i`�Mb7Q`K�iBQMb �M/ B/2MiB}2b i?2 ;2QK2i`v Q7 i?2 +QMbi`�BM@
ifmM+2`i�BMiv b2iX Ai i?2M �TTHB2b i?2 +Q``2bTQM/BM; KQ/2H i`�Mb7Q`K�iBQMX A7 �HH mM+2`i�BM
+QMbi`�BMib +�M #2 `27Q`KmH�i2/- i?2 `2bmHiBM; /2i2`KBMBbiB+ +QmMi2`T�`i Bb bQHp2/ mbBM; QM2
Q7 SvQKQǶb bQHp2` BMi2`7�+2bX A7 QM2 Q` KQ`2 +QMbi`�BMib +�MMQi #2 `27Q`KmH�i2/- i?2 T`Q#H2K
+�MMQi #2 bQHp2/X

Bi /2i2+ib 2p2`v +QMbi`�BMi +QMi�BMBM; mM+2`i�BM T�`�K2i2`bX a2+QM/- Bi +?2+Fb i?2 bi`m+im`2 Q7

2�+? mM+2`i�BM +QMbi`�BMi �M/ i?2 +Q``2bTQM/BM; mM+2`i�BMiv b2i iQ /2i2`KBM2 B7 � FMQrM `27Q`@

KmH�iBQM Bb �TTHB+�#H2X hQ /Q i?Bb- Bi ;Q2b i?`Qm;? i?2 �p�BH�#H2 `27Q`KmH�iBQMb BM � T`2@/2}M2/

Q`/2` iQ /2i2`KBM2 r?2i?2` i?2v �`2 �TTHB+�#H2 Q` MQiX A7 KmHiBTH2 `27Q`KmH�iBQMb �`2 �TTHB+�@

#H2- i?2 }`bi QM2 QM i?2 HBbi Bb �TTHB2/X 6BM�HHv- Bi �TTHB2b � KQ/2H i`�Mb7Q`K�iBQM- ;2M2`�iBM;

i?2 /2i2`KBMBbiB+ +QmMi2`T�`i Q7 2�+? `Q#mbi +QMbi`�BMiX h?2 /2i2`KBMBbiB+ +QmMi2`T�`i Bb i?2M

bQHp2/ mbBM; �M �TT`QT`B�i2 bQHp2` �p�BH�#H2 BM SvQKQX h?2 bi`m+im`2 Q7 i?2 QTiBKBx�iBQM T`Q#@

H2K �M/ i?2 mM+2`i�BMiv b2i ;2QK2i`v /2i2`KBM2 r?B+? bQHp2`b �`2 �TTHB+�#H2X A7 MQ �TTHB+�#H2

i`�Mb7Q`K�iBQM +�M #2 B/2MiB}2/ 7Q` QM2 Q` KQ`2 +QMbi`�BMib- i?2 T`Q#H2K +�MMQi #2 bQHp2/ �M/

_PKQ/2H rBHH `�Bb2 �M 2``Q`X

_PKQ/2H BKTH2K2Mib bi�M/�`/ `27Q`KmH�iBQMb 7Q` 2HHBTbQB/�H �M/ TQHv?2/`�H mM+2`i�BMiv b2ib

�M/ HBM2�` mM+2`i�BM +QMbi`�BMib (d- 3)X Ai �HbQ BKTH2K2Mib `27Q`KmH�iBQMb 7Q` #H�+F@#Qt +QM@



8XjX aQHp2`b 3R

bi`�BM2/ T`Q#H2Kb (RdR)X h?2b2 �`2 /Bb+mbb2/ BM KQ`2 /2i�BH BM a2+iBQM 8X9- r?B+? �HbQ /Bb+mbb2b

?Qr _PKQ/2H +�M #2 2ti2M/2/ iQ BM+Hm/2 7m`i?2` `27Q`KmH�iBQMbX

8XjXk *miiBM; TH�M2b

h?2 +miiBM; TH�M2 bQHp2`- QmiHBM2/ BM 6B;X 8Xk- BKTH2K2Mib �M Bi2`�iBp2 bi`�i2;v 7Q` bQHpBM;

`Q#mbi QTiBKBx�iBQM T`Q#H2Kb (Rdj)X Ai `2TH�+2b 2�+? mM+2`i�BM +QMbi`�BMi �M/ Q#D2+iBp2 #v

� *mi:2M2`�iQ` Q#D2+i r?B+? BMBiB�HHv Dmbi +QMi�BMb i?2 MQKBM�H +QMbi`�BMiX h?2 bQHp2` i?2M

Bi2`�iBp2Hv bQHp2b i?2 K�bi2` T`Q#H2K �M/ ;2M2`�i2b +mib iQ +mi Qz bQHmiBQMb r?B+? �`2 MQi

`Q#mbiHv 72�bB#H2X � bQHmiBQM x⇤ Bb +QMbB/2`2/ iQ #2 `Q#mbiHv 72�bB#H2 r?2M 7Q` 2�+? mM+2`i�BM

_Q#mbi KQ/2H

_2TH�+2 mM+2`i�BM
+QMbi`�BMib #v
+mi ;2M2`�iQ`b

aQHp2 K�bi2` T`Q#H2K �// +mi

aQHmiBQM `Q#mbiHv 72�bB#H2\ _Q#mbi bQHmiBQM

MQ

v2b

6B;m`2 8Xk, a+?2K�iB+ Q7 +miiBM; TH�M2 bQHp2`X h?2 +miiBM; TH�M2 bQHp2` Bi2`�iBp2Hv bQHp2b i?2
K�bi2` T`Q#H2K �M/ �//b +miiBM; TH�M2b mMiBH � `Q#mbiHv 72�bB#H2 bQHmiBQM Bb 7QmM/X

+QMbi`�BMi g(x⇤, z(⇠), ⇠)  0- i?2 Q#D2+iBp2 p�Hm2 Q7 i?2 b2T�`�iBQM T`Q#H2K Bb bK�HH2` i?�M bQK2

iQH2`�M+2 ✏,

max
⇠2U

g(x⇤, z(⇠), ⇠)  ✏ U8XkV

_PKQ/2HǶb +miiBM; TH�M2 bQHp2` +�M ;2M2`�HHv #2 �TTHB2/ iQ �Mv +QMp2t mM+2`i�BMiv b2iX h?2

SvQKQ bQHp2`b 7Q` bQHpBM; i?2 K�bi2` �M/ b2T�`�iBQM T`Q#H2Kb +�M #2 b2i BM/BpB/m�HHv mbBM;,

R bQHp2` 4 aQHp2`6�+iQ`vU^`QKQ/2HX+mib^V

k O J�bi2` bQHp2`

j bQHp2`XQTiBQMb(^bQHp2`^) 4 ^;m`Q#B^

9 O am# bQHp2`

8 bQHp2`XQTiBQMb(^bm#bQHp2`^) 4 ^BTQTi^



3k *?�Ti2` 8X JQ/2HBM; �M/ bQHpBM; `Q#mbi T`Q#H2Kb BM SvQKQ

h?2 bQHp2`b M22/ iQ #2 �TT`QT`B�i2 7Q` i?2 +Q``2bTQM/BM; T`Q#H2K- BX2X- i?2 �#Qp2 +?QB+2 rQmH/

#2 b2MbB#H2 B7 i?2 K�bi2` T`Q#H2K Bb � KBt2/@BMi2;2` HBM2�` T`Q#H2K �M/ i?2 mM+2`i�BM +QMbi`�BMib

�M/ mM+2`i�BMiv b2i �`2 +QMiBMmQmb �M/ +QMp2tX A7 i?2 bQHp2`b �`2 MQi �TT`QT`B�i2- SvQKQ rBHH

`�Bb2 �M 2``Q`X

8XjXj LQKBM�H

_PKQ/2H �HbQ BM+Hm/2b � MQKBM�H bQHp2`X h?Bb bQHp2` `2TH�+2b �HH Q++m``2M+2b Q7 i?2 mM+2`i�BM

T�`�K2i2`b #v i?2B` MQKBM�H p�Hm2b �M/ bQHp2b i?2 `2bmHiBM; /2i2`KBMBbiB+ T`Q#H2K,

R O P#i�BMBM; i?2 MQKBM�H bQHmiBQM

k bQHp2` 4 aQHp2`6�+iQ`vU^`QKQ/2HXMQKBM�H^V

j bQHp2`XbQHp2UKV

h?2 MQKBM�H bQHp2` �HHQrb mb2`b iQ +QK#BM2 i?2B` BKTH2K2Mi�iBQMb Q7 i?2 MQKBM�H �M/ `Q#mbi

T`Q#H2KX �M BKTH2K2Mi�iBQM Q7 i?2 `Q#mbi KQ/2H +�M #2 mb2/ iQ Q#i�BM i?2 bQHmiBQM Q7 i?2

MQKBM�H T`Q#H2KX

8X9 1ti2M/BM; _PKQ/2H 7Q` #H�+F@#Qt +QMbi`�BM2/ T`Q#@

H2Kb

_PKQ/2H +�M #2 2ti2M/2/ iQ BM+Q`TQ`�i2 �//BiBQM�H `27Q`KmH�iBQMb �M/ mM+2`i�BMiv b2i ;2@

QK2i`B2bX h?Bb b2+iBQM QmiHBM2b ?Qr _PKQ/2H +�M #2 2ti2M/2/ mbBM; i?2 Ur�`T2/V :�mbbB�M

T`Q+2bb@#�b2/ mM+2`i�BMiv b2ib 7Q` #H�+F@#Qt +QMbi`�BM2/ T`Q#H2Kb- /Bb+mbb2/ BM /2i�BH BM *?�T@

i2` 9- �b �M 2t�KTH2X h?Bb 2t�KTH2 b?Qr+�b2b i?2 2�b2 rBi? r?B+? _PKQ/2H +�M BMi2;`�i2

Svi?QMǶb K�+?BM2 H2�`MBM; �M/ /�i� �M�HviB+b +�T�#BHBiB2b rBi? SvQKQǶb K�i?2K�iB+�H QTiB@

KBx�iBQM KQ/2HBM;X

_2+�HH i?�i i?2 :�mbbB�M T`Q+2bb@#�b2/ b2ib �`2 �TTHB+�#H2 iQ +QMbi`�BMib +QMi�BMBM; � #H�+F@#Qt



8X9X 1ti2M/BM; _PKQ/2H 7Q` #H�+F@#Qt +QMbi`�BM2/ T`Q#H2Kb 3j

7mM+iBQM g(·) Q7 i?2 7QHHQrBM; 7Q`K,

P

 
X

i

g(yi)xi  b

!
� 1� ↵ U8XjV

AM Q`/2` iQ K�F2 i?2b2 �TT`Q�+?2b �p�BH�#H2 BM _PKQ/2H- r2 M22/ iQ UBV BKTH2K2Mi irQ HB#`�`v

mM+2`i�BMiv b2ib- :Sa2i �M/ q�`T2/:Sa2i- r?B+? +QHH2+i i?2 `2H2p�Mi /�i�- �M/ UBBV BKTH2K2Mi

irQ +Q``2bTQM/BM; KQ/2H i`�Mb7Q`K�iBQMb r?B+? T2`7Q`K i?2 `27Q`KmH�iBQMb 7Q` bi�M/�`/ �M/

r�`T2/ :�mbbB�M T`Q+2bb@#�b2/ b2ibX h?2 BKTH2K2Mi�iBQM Bb #�b2/ QM i?2 Svi?QM KQ/mH2

_P:S (R83)- r?B+? Bb BM+Hm/2b :�mbbB�M T`Q+2bb KQ/2Hb i`�BM2/ BM i?2 Svi?QM HB#`�`v :Su

(R8d) BM SvQKQ KQ/2HbX

8X9XR AKTH2K2MiBM; M2r HB#`�`v b2ib

AKTH2K2MiBM; � M2r HB#`�`v b2i K�BMHv `2[mB`2b � M2r Svi?QM +H�bb +QHH2+iBM; i?2 M2+2bb�`v

/�i�X 6Q` i?2 bi�M/�`/ �M/ r�`T2/ :�mbbB�M T`Q+2bb b2i- i?Bb /�i� +QMbBbi Q7 i?`22 �`;mK2Mib,

R 7`QK `QKQ/2HXmM+b2i BKTQ`i :Sa2i- q�`T2/:Sa2i

k O .27BM2 p�`B�#H2b

j KXv 4 o�`U(y- R)V

9 O .27BM2 mM+2`i�BMiv b2i #�b2/ QM bi�M/�`/ :S

8 KXmM+b2inbi�M/�`/ 4 :Sa2iU;Tnbi�M/�`/ - KXx- yXN8V

e O .27BM2 mM+2`i�BMiv b2i #�b2/ QM r�`T2/ :S

d KXmM+b2inr�`T2/ 4 q�`T2/:Sa2iU;Tnr�`T2/ - KXx- yXN8V

h?2 }`bi �`;mK2Mi ;Tnbi�M/�`/fr�`T2/ Bb � Ur�`T2/V :�mbbB�M T`Q+2bb Q#D2+i i`�BM2/ BM :SvX

h?2 b2+QM/ Bb �M BM/2t2/ SvQKQ p�`B�#H2 QM r?B+? i?2 :S /2T2M/b- BX2X z BM 1[X 8XjX h?2

i?B`/ T�`�K2i2` bT2+B}2b i?2 +QM}/2M+2 H2p2H 1�↵ rBi? r?B+? i?2 i`m2 T�`�K2i2` Bb +QMi�BM2/

BM i?2 mM+2`i�BMiv b2iX AX2X- BM i?Bb +�b2 i?2 +QM}/2M+2 i?�i i?2 i`m2 T�`�K2i2` p2+iQ` Bb �M

2H2K2Mi Q7 i?2 mM+2`i�BMiv b2i Bb �i H2�bi N8WX

h?2 M2r b2ib +�M #2 mb2/ BM i?2 b�K2 r�v �b Qi?2` HB#`�`v b2ib- 2X;X,

R O .27BM2 p�`B�#H2b

k KXt 4 o�`U(y- R)V
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j O .27BM2 mM+2`i�BM T�`�K2i2`b

9 KXr 4 lM+S�`�KU(y- R)- mM+b2i4KXmM+b2inr�`T2/V

8 O .27BM2 +QMbi`�BMi

e KX+QMb 4 *QMbi`�BMiU2tT`4KXt(y) KXr(y) Y KXt(R) KXr(R) I4 RV

*QMbi`�BMib r?B+? mb2 i?Bb ivT2 Q7 mM+2`i�BMiv b2i M22/ iQ #2 HBM2�` BM i?2 mM+2`i�BM T�`�K2i2`X

LQi2 i?�i _PKQ/2H `2[mB`2b i?2 BM/B+2b Q7 KXv �M/ KXr iQ #2 B/2MiB+�H BM i?2 7Q`KmH�iBQM �#Qp2X

_PKQ/2H �HbQ �HHQrb bT2+B7vBM; i?2 `2H�iBQMb?BT #2ir22M KXr �M/ KXv i?`Qm;? � /B+iBQM�`vX h?Bb

Bb 7Q` 2t�KTH2 mb27mH- B7 i?2 #H�+F@#Qt 7mM+iBQM /2T2M/b QM KQ`2 i?�M QM2 p�`B�#H2,

R O .27BM2 p�`B�#H2b

k KXv 4 o�`U(y- R)- (^�^- ^#^)V

j O .27BM2 mM+2`i�BMiv b2i

9 vn/B+i 4 &y, (KXv(y- ^�^)- KXv(y- ^#^))-

8 R, (KXv(R- ^�^)- KXv(R- ^#^))'-

e KXmM+b2inr�`T2/ 4 q�`T2/:Sa2iU;T- vn/B+i- yXN8V

h?2 /B+iBQM�`v BM/B+�i2b i?�i i?2 mM+2`i�BM T�`�K2i2` KXr(y) /2T2M/b QM i?2 p�`B�#H2b KXv(y-

^�^) �M/ KXv(y- ^#^) i?`Qm;? i?2 #H�+F@#Qt 7mM+iBQM g(·)- KQ/2H2/ BM :Sv #v i?2 :�mbbB�M

T`Q+2bb ;TX

LQi2 i?�i _PKQ/2HǶb +miiBM; TH�M2 bQHp2` Bb MQi �TTHB+�#H2 iQ i?2 :�mbbB�M T`Q+2bb@#�b2/ b2ib

#2+�mb2 i?2 b2ib �`2 /2+BbBQM /2T2M/2MiX �ii2KTiBM; iQ bQHp2 � T`Q#H2K rBi? QM2 Q7 i?2b2b b2ib

i?2`27Q`2 `2bmHib BM �M 2``Q`X q?2M BKTH2K2MiBM; M2r HB#`�`v b2ib r?B+? +�M #2 bQHp2/ mbBM;

+miiBM; TH�M2b- �M �//BiBQM�H Svi?QM 7mM+iBQM ;2M2`�i2n+QMbn7`QKnHB#- r?B+? ;2M2`�i2b SvQKQ

+QMbi`�BMib 7Q` i?2 mM+2`i�BMiv b2i #�b2/ QM i?2 /�i� +QHH2+i2/ #v i?2 HB#`�`v b2i- Bb `2[mB`2/X

6Q` �M 2t�KTH2- b22 `QKQ/2HfmM+b2if2HHBTbQB/�HXTv QM i?2 _PKQ/2H :Bi?m# (Rdk)X

8X9Xk AKTH2K2MiBM; M2r `27Q`KmH�iBQMb

6Q` _PKQ/2H iQ #2 �#H2 iQ bQHp2 KQ/2Hb +QMi�BMBM; i?2 irQ M2r :�mbbB�M T`Q+2bb@#�b2/ b2ib-

r2 M22/ iQ BKTH2K2Mi i?2 +Q``2bTQM/BM; `27Q`KmH�iBQMbX �//BM; M2r `27Q`KmH�iBQMb iQ _P@

KQ/2H ;2M2`�HHv `2[mB`2b irQ Svi?QM 7mM+iBQMb, UBV � 7mM+iBQM n+?2+Fn�TTHB+�#BHBiv r?B+? /2@
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i2+ib r?2i?2` � +QMbi`�BMi �M/ mM+2`i�BMiv b2i ?�p2 i?2 `2[mB`2/ bi`m+im`2- �M/ UBBV � 7mM+iBQM

n`27Q`KmH�i2 r?B+? ;2M2`�i2b i?2 `Q#mbi +QmMi2`T�`iX h?2 7Q`K2` 7mM+iBQM Bb QMHv `2[mB`2/ B7 i?2

`27Q`KmH�iBQM Bb bmTTQb2/ iQ rQ`F rBi? ;2M2`B+�HHv +QMbi`m+i2/ mM+2`i�BMiv b2ib �b /2b+`B#2/ BM

a2+iBQM 8XkXkX 6Q` HB#`�`v b2ib HBF2 i?2 :�mbbB�M T`Q+2bb@#�b2/ b2ib- QMHv i?2 H�ii2` 7mM+iBQM Bb

`2[mB`2/X h?Bb 7mM+iBQM i�F2b /�i� /2b+`B#BM; i?2 +QMbi`�BMib �M/ mM+2`i�BMiv b2i �b �M BMTmi

�M/ `2im`Mb � SvQKQ #HQ+F +QMi�BMBM; i?2 /2i2`KBMBbiB+ +QmMi2`T�`iX 6Q` � 7mHH 2t�KTH2 b22

i?2 BKTH2K2Mi2/ `27Q`KmH�iBQMb BM `QKQ/2Hf`27Q`KmH�i2f QM i?2 _PKQ/2H :Bi?m# (Rdk)X

8X8 _2bmHib

q2 mb2 _PKQ/2H iQ KQ/2H �M/ bQHp2 bBt +�b2 bim/B2b,

RX � TQ`i7QHBQ QTiBKBx�iBQM T`Q#H2K rBi? mM+2`i�BM `2im`Mb (3)-

kX � FM�Tb�+F T`Q#H2K rBi? mM+2`i�BM Bi2K r2B;?ib-

jX � TQQHBM; T`Q#H2K BMbi�M+2 (Rd9) rBi? mM+2`i�BM T`Q/m+i /2K�M/b-

9X � +�T�+Bi�i2/ 7�+BHBiv HQ+�iBQM T`Q#H2K �b �M 2t�KTH2 7Q` �/Dmbi�#H2 `Q#mbi QTiBKBx�iBQM-

r?2`2 i?2 /2+BbBQM r?B+? 7�+BHBiB2b iQ #mBH/ ?�b iQ #2 K�/2 mM/2` /2K�M/ mM+2`i�BMiv-

r?BH2 i?2 /2+BbBQM 7`QK r?B+? 7�+BHBiv iQ bmTTHv BM/BpB/m�H +mbiQK2`b +�M #2 K�/2 QM+2

i?2 mM+2`i�BMiv Bb `2bQHp2/-

8X � T`Q/m+iBQM TH�MMBM; T`Q#H2K r?2`2 i?2 T`B+2 �i r?B+? T`Q/m+ib +�M #2 bQH/ /2T2M/b QM

i?2 �KQmMi T`Q/m+2/ i?`Qm;? �M mM+2`i�BM #H�+F@#Qt 7mM+iBQM KQ/2HH2/ #v � Ur�`T2/V

:�mbbB�M T`Q+2bb (RdR)-

eX �M/ � /`BHH b+?2/mHBM; T`Q#H2K BM r?B+? i?2 2[mBTK2Mi mb2/ iQ /`BHH � r2HH /2;`�/2b �i �

`�i2 r?B+? /2T2M/b QM Qi?2` /`BHH T�`�K2i2`b i?`Qm;? � #H�+F@#Qt 7mM+iBQM (RdR)X

6Q` i?2 `27Q`KmH�iBQM �TT`Q�+?- r2 mb2 :m`Q#B NXyXj iQ bQHp2 i?2 `27Q`KmH�iBQM 7Q` +�b2 bim/B2b

RĜ9 �M/ ATQTi jXRkXRk 7Q` +�b2 bim/B2b 8 �M/ eX 6Q` i?2 +miiBM; TH�M2 �TT`Q�+?- r2 mb2 :m`Q#B
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S`Q#H2K hvT2 O o�`B�#H2b O *QMbi`�BMib O lM+X T�`�Kb
SQ`i7QHBQ GS e k 8
EM�Tb�+F JAGS 9 R 9
SQQHBM; LGS Rj 98 9
6�+BHBiv �/DX JAGS 9 N 8
SH�MMBM; LGS 9 R j
.`BHHBM; LGS ej jN Rk

h�#H2 8Xk, hvT2 Q7 T`Q#H2K- MmK#2` Q7 p�`B�#H2b- +QMbi`�BMib- �M/ mM+2`i�BM T�`�K2i2`b 7Q`
2�+? +�b2 bim/vX

NXyXj �b i?2 K�BM �M/ bm#bQHp2` 7Q` �HH T`Q#H2KbX �HH 2tT2`BK2Mib r2`2 `mM QM �M Bd@edyy *Sl

rBi? 3tjX9y:>x �M/ Re:" _�JX �HH 2t�KTH2b 2t+2Ti 7Q` i?2 /`BHH b+?2/mHBM; 2t�KTH2 �`2

BM+Hm/2/ rBi? _PKQ/2H �M/ +�M #2 mb2/ �b 7QHHQrb,

R BKTQ`i `QKQ/2HX2t�KTH2 �b 2t

k TQ`i7QHBQ 4 2tXSQ`i7QHBQUV

j FM�Tb�+F 4 2tXEM�Tb�+FUV

9 TQQHBM; 4 2tXSQQHBM;UV

8 7�+BHBiv 4 2tX6�+BHBivUV

e TH�MMBM; 4 2tXS`Q/m+iBQMSH�MMBM;U�HT?�4yXN8- r�`T2/4h`m2V

d

h?2 BKTH2K2Mi�iBQM Q7 i?2 /`BHH b+?2/mHBM; 2t�KTH2 Bb b2T�`�i2Hv �p�BH�#H2 QM :Bi?m# (Rd8)X

h�#H2 8Xk b?Qrb � bmKK�`v Q7 i?2 ivT2 Q7 T`Q#H2K �M/ MmK#2` Q7 p�`B�#H2b- +QMbi`�BMib- �M/

mM+2`i�BM T�`�K2i2`b 7Q` 2�+? +�b2 bim/vX

q2 bQHp2 i?2 TQ`i7QHBQ- FM�Tb�+F- TQQHBM;- �M/ 7�+BHBiv HQ+�iBQM T`Q#H2Kb rBi? #Qi? i?2 `27Q`Km@

H�iBQM �M/ +miiBM; TH�M2 bQHp2` 7Q` 2HHBTbQB/�H �M/ TQHv?2/`�H mM+2`i�BMiv b2ib �M/ mbBM; #Qi? i?2

HB#`�`v �TT`Q�+? iQ ;2M2`�iBM; mM+2`i�BMiv b2ib �b r2HH �b i?2 ;2M2`B+- SvQKQ +QMbi`�BMi@#�b2/

�TT`Q�+?X q2 bQHp2 i?2 T`Q/m+iBQM TH�MMBM; �M/ /`BHH b+?2/mHBM; T`Q#H2Kb mbBM; i?2 `27Q`Km@

H�iBQM bQHp2` rBi? mM+2`i�BMiv b2ib #�b2/ QM #Qi? bi�M/�`/ �M/ r�`T2/ :�mbbB�M T`Q+2bb2bX q2

bQHp2 jy BMbi�M+2b rBi? /Bz2`2Mi mM+2`i�BMiv b2i bBx2b 7Q` 2�+? +�b2 bim/vX

h�#H2 8Xj b?Qrb i?2 K2/B�M iBK2 BM KBHHBb2+QM/b i�F2M iQ bQHp2 2�+? T`Q#H2K 7Q` � ;Bp2M mM@

+2`i�BMiv b2i ;2QK2i`v �M/ bQHp2`X h?2 `27Q`KmH�iBQM bQHp2` ;2M2`�HHv QmiT2`7Q`Kb i?2 +miiBM;

TH�M2 bQHp2` rBi? K2/B�M iBK2b Q7 d9Kb �M/ jjyKb `2bT2+iBp2HvX �M 2t+2TiBQM Bb i?2 i?2 MQM@
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S`Q#H2K lM+X a2i _27Q`KmH�iBQM *mib Pp2`�HH

EM�Tb�+F SQHv?2/`�H 89 UjXdV kdk URX9V 38 URXNV
1HHBTbQB/�H 8y UkXkV R3j URX9V NR URX3V

SQQHBM; SQHv?2/`�H d9 UdXdV jkN UkXNV Rdj UdX9V
1HHBTbQB/�H ej3 URRXeV jjR UkXNV j9N UeXdV

SQ`i7QHBQ SQHv?2/`�H 8y UjXyV kde UyX3V Rke UkXjV
1HHBTbQB/�H 9N UkXdV Re8N UyX3V RkN URXkV

6�+BHBiv SQHv?2/`�H keR URyeXyV Rjj8j UjdXRV 8833 Ud9X8V
1HHBTbQB/�H Ĝ UĜV jRkd8 UdRX9V jRkd8 UdRX9V

SH�MMBM; ai�M/�`/ kdde U3dRXdV L� kdde U3dRXdV
q�`T2/ 38je UNNdXNV L� 38je UNNdXNV

.`BHHBM; ai�M/�`/ Rje9e UkdkX3V L� Rje9e UkdkX3V
q�`T2/ d8jk8 U8ddX3V L� d8jk8 U8ddX3V

Pp2`�HH d9 UdX8V jjy UkX3V kdR UjXkV

h�#H2 8Xj, J2/B�M iBK2 BM KBHHBb2+QM/b i�F2M iQ bQHp2 i?2 bBt 2t�KTH2 T`Q#H2Kb rBi? /Bz2`2Mi
mM+2`i�BMiv b2i ;2QK2i`B2bX hBK2b �`2 b?QrM 7Q` i?2 `27Q`KmH�iBQM �M/ +miiBM; TH�M2 bQHp2`b
�M/ #Qi? +QK#BM2/ UPp2`�HHVX h?2 K2/B�M iBK2 i�F2M iQ `27Q`KmH�i2 i?2 KQ/2H Bb b?QrM BM
T�`�Mi?2b2bX h?2 +miiBM; TH�M2 bQHp2` Bb MQi �TTHB+�#H2 UL�V 7Q` :�mbbB�M T`Q+2bb@#�b2/ b2ib
�M/ i?2 `27Q`KmH�iBQM bQHp2` +�MMQi bQHp2 i?2 7�+BHBiv T`Q#H2K rBi? 2HHBTbQB/�H b2ib iQ QTiBK�HBiv
UĜVXh?2 Pp2`�HH +QHmKMb b?Qr i?2 K2/B�M iBK2 Qp2` �HH BMbi�M+2b B``2bT2+iBp2 Q7 i?2 bQHp2` mb2/X
h?2 Pp2`�HH `Qr b?Qrb i?2 K2/B�M iBK2 Qp2` �HH BMbi�M+2b Q7 i?2 /Bz2`2Mi +�b2 bim/B2bX

HBM2�`- MQM@+QMp2t TQQHBM; T`Q#H2K rBi? �M 2HHBTbQB/�H b2iX 6Q` i?Bb BMbi�M+2- i?2 +miiBM; TH�M2

bQHp2` �+?B2p2b bB;MB}+�MiHv #2ii2` `2bmHib- r?B+? Bb BM HBM2 rBi? T`2pBQmb rQ`F QM `Q#mbi TQQHBM;

T`Q#H2Kb (kN)X aBKBH�`Hv- 7Q` i?2 7�+BHBiv HQ+�iBQM T`Q#H2K rBi? �M 2HHBTbQB/�H b2i- i?2 `27Q`Km@

H�iBQM �TT`Q�+? /Q2b MQi bQHp2 i?2 T`Q#H2K iQ QTiBK�HBiv rBi?BM � Ry KBMmi2 iBK2 7`�K2- r?BH2

i?2 +miiBM; TH�M2 bQHp2` /Q2bX 6Q` i?2 T`Q/m+iBQM TH�MMBM; �M/ /`BHHb b+?2/mHBM; 2t�KTH2b QMHv

i?2 `27Q`KmH�iBQM bQHp2` +�M #2 �TTHB2/X h?2 qQH72 /m�HBiv@#�b2/ `27Q`KmH�iBQM 7Q` r�`T2/

:�mbbB�M T`Q+2bb2b ;2M2`�HHv i�F2b HQM;2` iQ bQHp2 i?�M i?2 +?�M+2@+QMbi`�BMi `27Q`KmH�iBQM 7Q`

bi�M/�`/ :�mbbB�M T`Q+2bb2bX LQi2 i?�i KQbi Q7 i?Bb iBK2 Bb i?2 iBK2 i�F2M #v i?2 bm#bQHp2`bX

h?2 i`�Mb7Q`K�iBQMb r?B+? _PKQ/2H T2`7Q`Kb �`2 ;2M2`�HHv p2`v [mB+F, i?2 K2/B�M i`�Mb7Q`@

K�iBQM iBK2 �+`Qbb �HH BMbi�M+2b Bb 3.2 KBHHBb2+QM/b- r?BH2 i?2 K�tBKmK i`�Mb7Q`K�iBQM iBK2 Bb

1.7 b2+QM/bX h?2 K2/B�M i`�Mb7Q`K�iBQM iBK2 7Q` 2�+? T`Q#H2K �M/ ;2QK2i`vfbQHp2` Bb b?QrM

BM T�`�Mi?2b2b BM h�#H2 8XjX

6B;X 8Xj b?Qrb i?2 Q#D2+iBp2 p�Hm2 UMQ`K�HBx2/ rBi? i?2 Q#D2+iBp2 Q7 i?2 MQKBM�H bQHp2`V �b �

7mM+iBQM Q7 mM+2`i�BMiv b2i bBx2 7Q` 2�+? Q7 i?2 bBt 2t�KTH2bX LQi2 i?�i i?2 7�+BHBiv HQ+�iBQM

�M/ /`BHH b+?2/mHBM; T`Q#H2Kb �`2 KBMBKBx�iBQM T`Q#H2Kb- r?BH2 i?2 `2bi �`2 K�tBKBx�iBQM
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6�+BHBiv S`Q/m+iBQMSH�MMBM; .`BHHBM;

EM�Tb�+F SQQHBM; SQ`i7QHBQ

yXy yX8 RXyyXy yX8 RXyyXy yX8 RXy

yXy

yX8

RXy

RX8

yXy

yX8

RXy

RX8

lM+2`i�BMiv b2i bBx2 ↵

LQ
`K

�H
Bx2

/
Q#

D2+
iBp

2
p�

Hm
2

:2QK2i`v bi�M/�`/ r�`T2/ 2HHBTbQB/�H TQHv?2/`�H

6B;m`2 8Xj, h?2 };m`2 b?Qrb i?2 MQ`K�HBx2/ Q#D2+iBp2 p�Hm2 �b � 7mM+iBQM Q7 i?2 mM+2`i�BMiv
b2i bBx2 7Q` FM�Tb�+F- TQ`i7QHBQ �M/ TQQHBM; +�b2 bim/B2b �M/ �M 2HHBTbQB/�H �M/ TQHv?2/`�H
mM+2`i�BMiv b2iX

T`Q#H2KbX "v +QMbi`m+iBQM- i?2 2HHBTbQB/�H b2ib i2bi2/ �Hr�vb 7mHHv +QMi�BM i?2 TQHv?2/`�H b2ib 7Q`

� ;Bp2M ↵X *Q``2bTQM/BM;Hv- i?2v �`2 �Hr�vb KQ`2 +QMb2`p�iBp2- BX2X- 7Q` � ;Bp2M ↵ i?2 Q#D2+iBp2

p�Hm2 �+?B2p2/ mbBM; i?2 2HHBTbQB/�H b2i Bb H�`;2` 7Q` KBMBKBx�iBQM �M/ bK�HH2` 7Q` K�tBKBx�iBQM

T`Q#H2Kb i?�M i?2 p�Hm2 �+?B2p2/ mbBM; i?2 TQHv?2/`�H b2iX 6Q` i?2 :�mbbB�M T`Q+2bb@#�b2/

b2ib- i?2 bi�M/�`/ �TT`Q�+? Bb �Hr�vb H2bb +QMb2`p�iBp2 i?�M i?2 r�`T2/ �TT`Q�+?X >Qr2p2`-

i?2 HBKBi2/ �#BHBiv Q7 i?2 bi�M/�`/ :�mbbB�M T`Q+2bb iQ KQ/2H MQM@:�mbbB�M MQBb2 K�v K2�M

i?�i i?2 �+im�H T`Q#�#BHBiv Q7 +QMbi`�BMi pBQH�iBQM Bb H�`;2` i?�M i?2 BMi2M/2/ +QM}/2M+2 rQmH/

bm;;2biX 6Q` � KQ`2 /2i�BH2/ +QKT�`BbQM Q7 i?2b2 irQ �TT`Q�+?2b b22 (RdR)X

8Xe *QM+HmbBQM

_PKQ/2H 7Q`KmH�i2b `Q#mbi p2`bBQMb Q7 +QKKQM QTiBKBx�iBQM T`Q#H2KbX h?2 KQ/2HBM; 2MpB@

`QMK2Mi Bi T`QpB/2b K�F2b U�/Dmbi�#H2V `Q#mbi QTiBKBx�iBQM K2i?Q/b KQ`2 `2�/BHv �p�BH�#H2

iQ T`�+iBiBQM2`b �M/ K�F2b i`vBM; /Bz2`2Mi bQHmiBQM �TT`Q�+?2b �M/ mM+2`i�BMiv b2ib p2`v 2�bvX

_PKQ/2H Bb QT2M bQm`+2 �M/ �p�BH�#H2 7`22 Q7 +?�`;2 �M/ +QmH/ TH�v � pBi�H `QH2 �b � TH�i7Q`K 7Q`

T`QiQivTBM; MQp2H `Q#mbi QTiBKBx�iBQM �H;Q`Bi?Kb �M/ +QKT�`BM; i?2K iQ 2tBbiBM; �TT`Q�+?2bX



*?�Ti2` e

*QM+HmbBQM

h?Bb i?2bBb ?�b �TTHB2/ `Q#mbi QTiBKBx�iBQM iQ MQp2H �TTHB+�iBQMb rBi? mM+2`i�BM 2[mBTK2Mi

/2;`�/�iBQMX AM i?2 T`Q+2bb- r2 ?�p2 /2p2HQT2/ M2r K2i?Q/b 7Q` BM+Q`TQ`�iBM; biQ+?�biB+ KQ/@

2Hb- r?B+? �`2 Q7i2M mb2/ iQ KQ/2H 2[mBTK2Mi /2;`�/�iBQM- BMiQ T`Q+2bb H2p2H QTiBKBx�iBQM �M/

b+?2/mHBM; T`Q#H2KbX h?2b2 /2p2HQTK2Mib BM+Hm/2 � M2r `27Q`KmH�iBQM 7Q` QTiBKBx�iBQM T`Q#@

H2Kb rBi? mM+2`i�BM #H�+F #Qt +QMbi`�BMib KQ/2H2/ #v r�`T2/ :�mbbB�M T`Q+2bb2bX q2 ?�p2

�M�Hvb2/ �M/ /Bb+mbb2/ BM /2i�BH i?2 `2H�iBQMb?BT #2ir22M K�BMi2M�M+2- `Q#mbiM2bb iQ mM2t@

T2+i2/ 7�BHm`2b- �M/ 2tT2+i2/ T`Q+2bb +QbibX q2 ?�p2 �HbQ /2p2HQT2/ _PKQ/2H- �M QT2M bQm`+2

Svi?QM HB#`�`v 7Q` KQ/2HBM; `Q#mbi QTiBKBx�iBQM T`Q#H2Kb- BM Q`/2` iQ K�F2 i`�MbBiBQMBM; 7`QK

/2i2`KBMBbiB+ iQ `Q#mbi QTiBKBx�iBQM 2�bB2`X _PKQ/2H �HbQ BKTH2K2Mib i?2 `27Q`KmH�iBQMb 7Q`

:�mbbB�M T`Q+2bb@#�b2/ b2ib r2 ?�p2 /2p2HQT2/ iQ K�F2 i?2K KQ`2 �++2bbB#H2 iQ T`�+iBiBQM@

2`bX _PKQ/2H �HHQrb +HQb2 +QmTHBM; Q7 i`�BMBM; /�i�@#�b2/ KQ/2Hb �M/ mbBM; i?2K iQ ;2M2`�i2

mM+2`i�BMiv b2ib 7Q` `Q#mbi QTiBKBx�iBQMX

h?2`2 �`2 K�Mv r�vb BM r?B+? i?Bb rQ`F +QmH/ #2 2ti2M/2/X S`Q+2bb2b Q7i2M +QMiBMmQmbHv

+QHH2+i /�i� �#Qmi 2[mBTK2Mi ?2�Hi?X Ai rQmH/ i?2`27Q`2 K�F2 b2Mb2 iQ `2@;2M2`�i2 /�i�@/`Bp2M

mM+2`i�BMiv b2ib �b M2r /�i� +QK2b BMX "�v2bB�M �TT`Q�+?2b 7Q` mT/�iBM; /2;`�/�iBQM KQ/2Hb

�H`2�/v 2tBbi �M/ +QmH/ #2 BM+Q`TQ`�i2/ BMiQ i?Bb K2i?Q/QHQ;vX h?Bb K�v �HbQ #2 +QmTH2/

rBi? i?2 +miiBM; TH�M2 �TT`Q�+? 7Q` `Q#mbi QTiBKBx�iBQM #v �/�TiBp2Hv `2KQpBM; �M/ �//BM;

+mib �b i?2 mM+2`i�BMiv b2i +?�M;2b- BMbi2�/ Q7 bQHpBM; i?2 KQ/2H 7`QK b+`�i+? 2p2`v iBK2X

3N



Ny *?�Ti2` eX *QM+HmbBQM

h?2`2 �`2 �HbQ K�Mv Qi?2` 7�+2ib Q7 2[mBTK2Mi /2;`�/�iBQM �M/ K�BMi2M�M+2 b+?2/mHBM; i?�i

+QmH/ �M/ b?QmH/ #2 2tTHQ`2/ BM i?2 +QMi2ti Q7 QTiBKBx�iBQM mM/2` mM+2`i�BMivX h?2b2 `�M;2

7`QK /Bz2`2Mi ivT2b Q7 �bbmKTiBQMb �#Qmi /2;`�/�iBQM +?�`�+i2`BbiB+b- bm+? �b 2[mBTK2Mi r?B+?

+�MMQi #2 `2biQ`2/ iQ Bib Q`B;BM�H bi�i2 #mi +�M #2 K�BMi�BM2/ iQ BM+`2�b2 BiǶb HB72iBK2- iQ KQ`2

+QKTH2t K�BMi2M�M+2 bi`�i2;B2b bm+? �b QTTQ`imMBbiB+ K�BMi2M�M+2X

h?2 Ur�`T2/V :�mbbB�M T`Q+2bb@#�b2/ mM+2`i�BMiv b2ib +QmH/ #2 2ti2M/2/ �M/ �TTHB2/ iQ /Bz2`@

2Mi ivT2b Q7 T`Q#H2KbX �/�TiBM; `2+2Mi K2i?Q/b 7Q` ;HQ#�H QTiBKBx�iBQM Q7 :�mbbB�M T`Q+2bb2b

K�v �HHQr 7Q` bQHpBM; i?2 `27Q`KmH�iBQM T`QTQb2/ BM i?Bb i?2bBb iQ ;HQ#�H QTiBK�HBivX lbBM; i?2

:�mbbB�M T`Q+2bb@#�b2/ b2i BM KBt2/ BMi2;2` T`Q#H2Kb K�v �HbQ `2[mB`2 7m`i?2` rQ`FX AM ;2M@

2`�H- mM+2`i�BM #H�+F@#Qt +QMbi`�BMib b?QmH/ #2 � iQTB+ Q7 7m`i?2` BMp2biB;�iBQMX h?2`2 �`2 K�Mv

Qi?2` biQ+?�biB+ KQ/2Hb- 2X;X "�v2bB�M #2HB27 M2irQ`Fb Q` "�v2bB�M M2m`�H M2irQ`Fb- r?B+? K�v

#2 mb2/ iQ KQ/2H i?2KX AM+Q`TQ`�iBM; bm+? KQ/2Hb BMiQ QTiBKBx�iBQM T`Q#H2Kb `2[mB`2b i?2

/2p2HQTK2Mi Q7 M2r K2i?Q/b �M/ `Q#mbi `27Q`KmH�iBQMbX

6BM�HHv- _PKQ/2H +�M #2 2ti2M/2/ iQ BM+Hm/2 K�Mv KQ`2 mM+2`i�BMiv b2i ;2QK2i`B2b �M/ `2@

7Q`KmH�iBQMbX h?Bb BM+Hm/2b Qi?2` bBKTH2 ;2QK2i`B2b- 2X;X #Qt b2ib- BMi2`b2+iBQMb Q7 +QKKQM

;2QK2i`B2b- Q` MQp2H �TT`Q�+?2b 7Q` /�i�@/`Bp2M mM+2`i�BMiv b2ibX 1bT2+B�HHv i?2 H�ii2` +QmH/

K�F2 7mHH mb2 Q7 Svi?QMǶb /�i�@T`Q+2bbBM; +�T�#BHBiB2b iQ Qz2` p2`v T`�+iB+�H mM+2`i�BMiv b2ibX

h?2`2 �`2 �HbQ K�Mv Qi?2` i2+?MB[m2b BM �M/ �/D�+2Mi iQ `Q#mbi QTiBKBx�iBQM r?B+? rQmH/ #2

p�Hm�#H2 72�im`2b BM _PKQ/2HX 1t�KTH2b BM+Hm/2 /Bbi`B#miBQM�HHv `Q#mbi QTiBKBx�iBQM- r?B+?

K�v #2 BKTH2K2Mi2/ BM _PKQ/2H #v BMi`Q/m+BM; �M �K#B;mBiv b2i +QKTQM2Mi- F@�/�Ti�#BHBiv

Q` MQM@�{M2 /2+BbBQM `mH2b- Q` +?�M+2 +QMbi`�BMi �TT`Q�+?2bX AM i?2 HQM;@i2`K _PKQ/2H +QmH/

2p2M #2 2ti2M/2/ iQ biQ+?�biB+ T`Q;`�KKBM; �TT`Q�+?2b i?`Qm;? i?2 BMi`Q/m+iBQM Q7 b+2M�`BQ

b2ibX _PKQ/2H Bb /2bB;M2/ 7Q` KQ/2HBM; `Q#mbi QTiBKBx�iBQM T`Q#H2Kb �M/ +QmH/ #2 2ti2M/2/

iQ Qz2` BMi2`7�+2b iQ Qi?2` `Q#mbi QTiBKBx�iBQM bQHp2`b- 2X;X Sv_Pa Q` _P*YYX h?Bb rQmH/

K�F2 Bi Km+? 2�bB2` 7Q` T`�+iB+BQM2`b �M/ `2b2�`+?2`b iQ +QKT�`2 /Bz2`2Mi bQHmiBQM �TT`Q�+?2bX

_PKQ/2HǶb +miiBM; TH�M2 bQHp2` +QmH/ �HbQ #2 BMi2;`�i2/ KQ`2 iB;?iHv rBi? bQK2 Q7 i?2 mM/2`@

HvBM; SvQKQ bQHp2`b- 2X;X #v mbBM; +�HH#�+Fb iQ ;2M2`�i2 `Q#mbi +mib r?2M � 72�bB#H2 +�M/B/�i2

bQHmiBQM Bb B/2MiB}2/X



"B#HBQ;`�T?v

(R) 1X EQM/BHB- *X*X S�Mi2HB/2b- �M/ _XqX>X a�`;2MiX � ;2M2`�H �H;Q`Bi?K 7Q` b?Q`i@i2`K

b+?2/mHBM; Q7 #�i+? QT2`�iBQMb @ AX JAGS 7Q`KmH�iBQMX *QKTmi2`b �M/ *?2KB+�H 1M;B@

M22`BM;- RdUkV,kRRĜkkd- RNNjX

(k) A7i2F?�` �X E�`BKB �M/ *QMQ` JX J+.QM�H/X SH�MMBM; �M/ a+?2/mHBM; Q7 S�`�HH2H a2KB@

+QMiBMmQmb S`Q+2bb2bX kX a?Q`i@h2`K a+?2/mHBM;X AM/mbi`B�H � 1M;BM22`BM; *?2KBbi`v

_2b2�`+?- jeUdV,kdyRĜkdR9- RNNdX

(j) *?`BbiQb hX J�`�p2HB�b �M/ A;M�+BQ 1X :`QbbK�MMX L2r ;2M2`�H +QMiBMmQmb@iBK2 bi�i2 @

h�bF M2irQ`F 7Q`KmH�iBQM 7Q` b?Q`i@i2`K b+?2/mHBM; Q7 KmHiBTm`TQb2 #�i+? TH�MibX AM/mb@

i`B�H � 1M;BM22`BM; *?2KBbi`v _2b2�`+?- 9kURjV,jy8eĜjyd9- kyyjX

(9) JX :X A2`�T2i`BiQm �M/ *X �X 6HQm/�bX 1z2+iBp2 +QMiBMmQmb@iBK2 7Q`KmH�iBQM 7Q` b?Q`i@

i2`K b+?2/mHBM;X RX JmHiBTm`TQb2 #�i+? T`Q+2bb2bX AM/mbi`B�H � 1M;BM22`BM; *?2KBbi`v

_2b2�`+?- jdURRV,9j9RĜ9j8N- RNN3X

(8) a�K#� "�- J�tBK Smb?F�`2p- �MiQM EQHvb?FBM- GBDmM aQM;- �M/ GBM; GBM; uBMX SQbBiBp2

.BbTH�+2K2Mi JQiQ` JQ/2HBM;, aFv`Q+F2iBM; i?2 q�v q2 .2bB;M- a2H2+i- �M/ PT2`�i2

Jm/ JQiQ`bX AM �#m .?�#B AMi2`M�iBQM�H S2i`QH2mK 1t?B#BiBQM � *QM72`2M+2X aQ+B2iv Q7

S2i`QH2mK 1M;BM22`b- kyReX

(e) � G aQvbi2`X h2+?MB+�H LQi2 ě *QMp2t S`Q;`�KKBM; rBi? a2i@AM+HmbBp2 *QMbi`�BMib �M/

�TTHB+�iBQMb iQ AM2t�+i GBM2�` S`Q;`�KKBM;X PT2`X _2bX- kRU8V,RR89ĜRR8d- RNdjX

(d) �X "2M@h�H �M/ �X L2KB`QpbFBX _Q#mbi bQHmiBQMb Q7 mM+2`i�BM HBM2�` T`Q;`�KbX PT2`�iBQMb

_2b2�`+? G2ii2`b- k8URV,RĜRj- RNNNX

NR



Nk "A"GAP:_�S>u

(3) .BKBi`Bb "2`ibBK�b �M/ J2HpvM aBKX h?2 T`B+2 Q7 `Q#mbiM2bbX PT2`X _2bX- 8k,j8Ĝ8j- kyy9X

(N) � "2M@h�H �M/ � L2KB`QpbFBX _Q#mbi *QMp2t PTiBKBx�iBQMX J�i?2K�iB+b Q7 PT2`�iBQMb

_2b2�`+?- kjU9V,deNĜ3y8- RNN3X

(Ry) um�M um�M- wmFmB GB- �M/ "B�Q >m�M;X _Q#mbi QTiBKBx�iBQM �TT`QtBK�iBQM 7Q` DQBMi

+?�M+2 +QMbi`�BM2/ QTiBKBx�iBQM T`Q#H2KX CQm`M�H Q7 :HQ#�H PTiBKBx�iBQM- edU9V,3y8Ĝ3kd-

kyRdX

(RR) 1HBD�? SQH�FX PTiBKBx�iBQM, �H;Q`Bi?Kb �M/ +QMbBbi2Mi �TT`QtBK�iBQMbX aT`BM;2` a+B2M+2

� "mbBM2bb J2/B�- kyRkX

(Rk) ap2M G2vz2`- J�ii J2MB+F2HHv- hQ// JmMbQM- *?�`HB2 o�M�`2i- �M/ ai27�M J qBH/X LQM@

HBM2�` _Q#mbi PTiBKBx�iBQMX kyR3X T`2T`BMi �LGfJ*a@SNy9y@ykR3- �`;QMM2 L�iBQM�H

G�#Q`�iQ`v- J�i?2K�iB+b �M/ *QKTmi2` a+B2M+2 .BpBbBQMX

(Rj) �?K�/`2x� J�`�M/B- �?�`QM "2M@h�H- .B+F /2M >2`iQ;- �M/ "2`i`�M/ J2H2M#2`;X 1t@

i2M/BM; i?2 a+QT2 Q7 _Q#mbi Zm�/`�iB+ PTiBKBx�iBQMX h2+?MB+�H `2TQ`i- PTiBKBx�iBQM

PMHBM2- kyRdX

(R9) �?�`QM "2M@h�H- .B+F /2M >2`iQ;- �M/ C2�M S?BHBTT2 oB�HX .2`BpBM; `Q#mbi +QmMi2`T�`ib

Q7 MQMHBM2�` mM+2`i�BM BM2[m�HBiB2bX J�i?2K�iB+�H S`Q;`�KKBM;- R9NUR@kV,ke8ĜkNN- kyR9X

(R8) �M;2HQb hbQmF�H�b- "2`Ï _mbi2K- �M/ 17bi`�iBQb L SBbiBFQTQmHQbX � ;HQ#�H QTiBKBx�iBQM

�H;Q`Bi?K 7Q` ;2M2`�HBx2/ b2KB@BM}MBi2 - +QMiBMmQmb KBMBK�t rBi? +QmTH2/ +QMbi`�BMib �M/

#B@H2p2H T`Q#H2KbX CQm`M�H Q7 :HQ#�H PTiBKBx�iBQM- 99,kj8Ĝk8y- kyyNX

(Re) �H2t�M/2` JBibQbX :HQ#�H QTiBKBx�iBQM Q7 b2KB@BM}MBi2 T`Q;`�Kb pB� `2bi`B+iBQM Q7 i?2

`B;?i@?�M/ bB/2X PTiBKBx�iBQM- RNj9- kyRRX

(Rd) PHBp2` ai2BMX >Qr iQ bQHp2 � b2KB@BM}MBi2 QTiBKBx�iBQM T`Q#H2KX 1m`QT2�M CQm`M�H Q7

PT2`�iBQM�H _2b2�`+?- kkjUkV,jRkĜjky- kyRkX

(R3) JQ`Bix .B2?H- >�Mb :2Q`; "Q+F- �M/ 1F�i2`BM� EQbiBM�X �M �TT`QtBK�iBQM i2+?MB[m2 7Q`

`Q#mbi MQMHBM2�` QTiBKBx�iBQMX J�i?2K�iB+�H S`Q;`�KKBM;- RydUR@kV,kRjĜkjy- kyyeX



"A"GAP:_�S>u Nj

(RN) "Q`Bb >QmbF� �M/ JQ`Bix .B2?HX LQMHBM2�` `Q#mbi QTiBKBx�iBQM pB� b2[m2MiB�H +QMp2t

#BH2p2H T`Q;`�KKBM;X J�i?X S`Q;`�KX- R9k,8jNĜ8dd- kyRjX

(ky) um�M um�M- wmFmB GB- �M/ "B�Q >m�M;X LQMHBM2�` `Q#mbi QTiBKBx�iBQM 7Q` T`Q+2bb /2bB;MX

�A*?1 CQm`M�H- e9UkV- kyRdX

(kR) L�K >Q@L;mv2M �M/ 6�iK� EøHøMÏ@E�`x�MX 1tTHQBiBM; T`Q#H2K bi`m+im`2 BM QTiBKBx�iBQM

mM/2` mM+2`i�BMiv pB� QMHBM2 +QMp2t QTiBKBx�iBQMX J�i?2K�iB+�H S`Q;`�KKBM;- kyR3X

(kk) PHBp2` ai2BM �M/ :2Q`; aiBHHX aQHpBM; a2KB@AM}MBi2 PTiBKBx�iBQM S`Q#H2Kb rBi? AMi2`BQ`

SQBMi h2+?MB[m2bX aA�J CQm`M�H QM *QMi`QH �M/ PTiBKBx�iBQM- 9kUjV,deNĜd33- kyyjX

(kj) J .B2?H- " >QmbF�- P ai2BM- �M/ S ai2m2`K�MMX � HB7iBM; K2i?Q/ 7Q` ;2M2`�HBx2/ b2KB@

BM}MBi2 T`Q;`�Kb #�b2/ QM HQr2` H2p2H qQH72 /m�HBivX *QKTmi�iBQM�H PTiBKBx�iBQM �M/

�TTHB+�iBQMb- 89URV,R3NĜkRy- kyRkX

(k9) aim�`i J >�`rQQ/ �M/ S�mH A "�`iQMX GQr2` H2p2H /m�HBiv �M/ i?2 ;HQ#�H bQHmiBQM Q7

;2M2`�HBx2/ b2KB@BM}MBi2 T`Q;`�KbX PTiBKBx�iBQM- e8UeV,RRkNĜRR9N- kyReX

(k8) wmFmB GB �M/ J�`B�Mi?B :X A2`�T2i`BiQmX _Q#mbi PTiBKBx�iBQM 7Q` S`Q+2bb a+?2/mHBM;

lM/2` lM+2`i�BMivX AM/X 1M;X *?2KX _2bX- 9dURkV,9R93Ĝ9R8d- kyy3X

(ke) wmFmB GB- _�M .BM;- �M/ *?`BbiQ/QmHQb 6HQm/�bX � *QKT�`�iBp2 h?2Q`2iB+�H �M/ *QK@

Tmi�iBQM�H aim/v QM _Q#mbi *QmMi2`T�`i PTiBKBx�iBQM, AX _Q#mbi GBM2�` PTiBKBx�iBQM

�M/ _Q#mbi JBt2/ AMi2;2` GBM2�` PTiBKBx�iBQMX AM/mbi`B�H � 1M;BM22`BM; *?2KBbi`v

_2b2�`+?- 8yUR3V,Ry8edĜRyeyj- kyRRX

(kd) GBbB� aX .B�b �M/ J�`B�Mi?B :X A2`�T2i`BiQmX AMi2;`�iBQM Q7 b+?2/mHBM; �M/ +QMi`QH mM/2`

mM+2`i�BMiB2b, _2pB2r �M/ +?�HH2M;2bX *?2KB+�H 1M;BM22`BM; _2b2�`+? � .2bB;M- RRe,

N3ĜRRj- kyReX

(k3) S2/`Q JX *�bi`Q- A;M�+BQ 1X :`QbbK�MM- �M/ ZB w?�M;X 1tT�M/BM; b+QT2 �M/ +QKTmi�@

iBQM�H +?�HH2M;2b BM T`Q+2bb b+?2/mHBM;X *QKTmi2`b � *?2KB+�H 1M;BM22`BM;- RR9,R9Ĝ9k-

kyR3X
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(kN) CQ?�MM2b qB2#2- AMāb *2+őHBQ- �M/ _mi? JBb2M2`X _Q#mbi QTiBKBx�iBQM 7Q` i?2 TQQHBM;

T`Q#H2KX AM/X 1M;X *?2KX _2bX- kyRNX

(jy) G�r`2M+2 h L�``�r�v �M/ CQ?M . S2`FBMbX a2H2+iBQM Q7 S`Q+2bb *QMi`QH ai`m+im`2 "�b2/

QM GBM2�` .vM�KB+ 1+QMQKB+bX AM/mbi`B�H � 1M;BM22`BM; *?2KBbi`v _2b2�`+?- jkURRV,

ke3RĜkeNk- RNNjX

(jR) S�`F� � "�?`B- CQb2 � "�M/QMB- �M/ CQb2 � _QK�;MQHBX 1z2+i Q7 .Bbim`#�M+2b BM

PTiBKBxBM; *QMi`QH , ai2�/v@ai�i2 PT2M@GQQT "�+FQz S`Q#H2KX �A*?1 CQm`M�H- 9kU9V,

N3jĜNN9- kyyeX

(jk) _Q#2`i qX EQHH2`- GmBb �X _B+�`/2x@a�M/Qp�H- �M/ GQ`2Mx hX "B2;H2`X aiQ+?�biB+ #�+F@Qz

�H;Q`Bi?K 7Q` bBKmHi�M2Qmb /2bB;M- +QMi`QH- �M/ b+?2/mHBM; Q7 KmHiBT`Q/m+i bvbi2Kb mM/2`

mM+2`i�BMivX �A*?1 CQm`M�H- e9UdV,kjdNĜkj3N- kyR3X

(jj) JBM� _�}2B �M/ GmBb �X _B+�`/2x@a�M/Qp�HX aiQ+?�biB+ "�+F@Pz �TT`Q�+? 7Q` AMi2;`�iBQM

Q7 .2bB;M �M/ *QMi`QH mM/2` lM+2`i�BMivX AM/mbi`B�H � 1M;BM22`BM; *?2KBbi`v _2b2�`+?-

8dURkV,9j8RĜ9je8- kyR3X

(j9) .BKBi`Bb "2`ibBK�b- oBb?�H :mTi�- �M/ L�i?�M E�HHmbX .�i�@/`Bp2M `Q#mbi QTiBKBx�iBQMX

J�i?X S`Q;`�KX- Red,kj8ĜkNk- kyR3X

(j8) h`2pQ` *�KT#2HH �M/ CQM�i?�M SX >QrX "�v2bB�M MQMT�`�K2i`B+ b2i +QMbi`m+iBQM 7Q` `Q@

#mbi QTiBKBx�iBQMX S`Q+22/BM;b Q7 i?2 �K2`B+�M *QMi`QH *QM72`2M+2- kyR8@CmHv,9kReĜ9kkR-

kyR8X

(je) *?�Q LBM; �M/ 62M;[B uQmX .�i�@/`Bp2M biQ+?�biB+ `Q#mbi QTiBKBx�iBQM, :2M2`�H +QK@

Tmi�iBQM�H 7`�K2rQ`F �M/ �H;Q`Bi?K H2p2`�;BM; K�+?BM2 H2�`MBM; 7Q` QTiBKBx�iBQM mM/2`

mM+2`i�BMiv BM i?2 #B; /�i� 2`�X *QKTmi2`b �M/ *?2KB+�H 1M;BM22`BM;- RRR,RR8ĜRjj- kyR3X

(jd) *?�Q a?�M;- sB�QHBM >m�M;- �M/ 62M;[B uQmX .�i�@/`Bp2M `Q#mbi QTiBKBx�iBQM #�b2/ QM

F2`M2H H2�`MBM;X *QKTmi2`b �M/ *?2KB+�H 1M;BM22`BM;- Rye,9e9Ĝ9dN- kyRdX

(j3) J�`+ :Q2`B;F �M/ C�MMBb Em`ixX .�i�@/`Bp2M `Q#mbi QTiBKBx�iBQM mbBM; mMbmT2`pBb2/

/22T H2�`MBM;- kykyX
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(jN) a?BTm w?�Q �M/ 62M;[B uQmX .Bbi`B#miBQM�HHv `Q#mbi +?�M+2 +QMbi`�BM2/ T`Q;`�KKBM;

rBi? ;2M2`�iBp2 �/p2`b�`B�H M2irQ`Fb U;�MbVX �A*?1 CQm`M�H- ee- kykyX

(9y) E?�M? hXSX L;mv2M- JBi`� 6QmH�/B`�/- �M/ �MiQBM2 :`�HHX JQ/2H b2H2+iBQM 7Q` /2;`�@

/�iBQM KQ/2HBM; �M/ T`Q;MQbBb rBi? ?2�Hi? KQMBiQ`BM; /�i�X _2HB�#BHBiv 1M;BM22`BM; �

avbi2K a�72iv- ReNU�m;mbi kyRdV,Ry8ĜRRe- kyR3X

(9R) *QM; GBm- aBKQM sX u�M;- sB�Q7�M; GB- GBDm�M sm- �M/ GB2 .2M;X LQBb2 H2p2H T2M�HBxBM;

`Q#mbi ;�mbbB�M T`Q+2bb `2;`2bbBQM 7Q` MB` bT2+i`Qb+QTv [m�MiBi�iBp2 �M�HvbBbX *?2KQK2i@

`B+b �M/ AMi2HHB;2Mi G�#Q`�iQ`v avbi2Kb- kyR- kykyX

(9k) 1`B+ "`�/7Q`/- G�`b AKbH�M/- .QM;/� w?�M;- �M/ 1?2+�iH �MiQMBQ /2H _BQ *?�MQM�X

aiQ+?�biB+ /�i�@/`Bp2M KQ/2H T`2/B+iBp2 +QMi`QH mbBM; ;�mbbB�M T`Q+2bb2bX *QKTmi2`b �M/

*?2KB+�H 1M;BM22`BM;- RjN- kykyX

(9j) h�Q *?2M �M/ CB2 w?�M;X PM@HBM2 KmHiBp�`B�i2 bi�iBbiB+�H KQMBiQ`BM; Q7 #�i+? T`Q+2bb2b

mbBM; ;�mbbB�M KBtim`2 KQ/2HX *QKTmi2`b �M/ *?2KB+�H 1M;BM22`BM;- j9,8yyĜ8yd- kyRyX

(99) ZB w?�M;- A;M�+BQ 1X :`QbbK�MM- *H�`� 6X >2m#2`;2`- �`mH amM/�`�KQQ`i?v- �M/ CQb2 JX

SBMiQX �B` b2T�`�iBQM rBi? +`vQ;2MB+ 2M2`;v biQ`�;2, PTiBK�H b+?2/mHBM; +QMbB/2`BM;

2H2+i`B+ 2M2`;v �M/ `2b2`p2 K�`F2ibX �A*?1 CQm`M�H- eRU8V,R89dĜR883- kyR8X

(98) S`2`M� C�BM- �MiBF *?�F`�#Q`iv- 17bi`�iBQb LX SBbiBFQTQmHQb- �M/ JX a�K J�MM�MX

_2bBHB2M+2@#�b2/ T`Q+2bb mTb2i 2p2Mi T`2/B+iBQM �M�HvbBb 7Q` mM+2`i�BMiv K�M�;2K2Mi mb@

BM; #�v2bB�M /22T H2�`MBM;, �TTHB+�iBQM iQ � TQHvpBMvH +?HQ`B/2 T`Q+2bb bvbi2KX AM/mbi`B�H

�M/ 1M;BM22`BM; *?2KBbi`v _2b2�`+?- 8d,R93kkĜR93je- kyR3X

(9e) amx�M �H�br�/ �M/ uBb?� sB�M;X � `2pB2r QM +QM/BiBQM@#�b2/ K�BMi2M�M+2 QTiBKBx�iBQM

KQ/2Hb 7Q` biQ+?�biB+�HHv /2i2`BQ`�iBM; bvbi2KX _2HB�#BHBiv 1M;BM22`BM; � avbi2K a�72iv-

R8d,89Ĝej- kyRdX

(9d) .�pB/ �TTH2#�mKX Gûpv T`Q+2bb2b@7`QK T`Q#�#BHBiv iQ }M�M+2 �M/ [m�MimK ;`QmTbX

LQiB+2b Q7 i?2 �K2`B+�M J�i?2K�iB+�H aQ+B2iv- 8RURRV,RjjeĜRj9d- kyy9X
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(93) *�`H 1X _�bKmbb2M �M/ *?`BbiQT?2` EX AX qBHHB�KbX :�mbbB�M T`Q+2bb2b 7Q` K�+?BM2

H2�`MBM;X h?2 JAh S`2bb- *�K#`B/;2- J�bb�+?mb2iib- kyyeX

(9N) "Q#�F a?�?`B�`B- E2pBM ar2`bFv- wBvm q�M;- _v�M SX �/�Kb- �M/ L�M/Q .2 6`2Bi�bX

h�FBM; i?2 ?mK�M Qmi Q7 i?2 HQQT, � `2pB2r Q7 "�v2bB�M QTiBKBx�iBQMX S`Q+22/BM;b Q7 i?2

A111- Ry9URV,R93ĜRd8- kyReX

(8y) *?`BbiQT?2` EX AX qBHHB�Kb �M/ *�`H 1/r�`/ _�bKmbb2MX :�mbbB�M T`Q+2bb2b 7Q` `2;`2bbBQM

� +H�bbB}+�iBQMX AM LASa- T�;2b 8R9Ĝ8ky- kyy3X

(8R) 1/r�`/ aM2HbQM- *�`H 1X _�bKmbb2M- �M/ wQm#BM :?�?`�K�MBX q�`T2/ :�mbbB�M T`Q@

+2bb2bX AM LASa- kyyjX

(8k) S2M; EQm- 62M; :�Q- �M/ sB�Q?QM; :m�MX aT�`b2 QMHBM2 r�`T2/ :�mbbB�M T`Q+2bb 7Q`

rBM/ TQr2` T`Q#�#BHBbiB+ 7Q`2+�biBM;X �TTHX 1M2`;v- Ry3,9RyĜ9k3- kyRjX

(8j) �MM� J�i2Q@a�M+?Bb- CQ`/B JmƢQx@J�`ő- �/`B�M Sû`2x@am�v- �M/ :mbi�m *�KTb@o�HHbX

q�`T2/ :�mbbB�M S`Q+2bb2b BM _2KQi2 a2MbBM; S�`�K2i2` 1biBK�iBQM �M/ *�mb�H AM72`@

2M+2X A111 :2Qb+B2M+2 �M/ _2KQi2 a2MbBM; G2ii2`b- R8URRV,Re9dĜRe8R- kyR3X

(89) �M/`2r EXaX C�`/BM2- .�KBM; GBM- �M/ .`�;�M "�MD2pB+X � `2pB2r QM K�+?BM2`v /B�;@

MQbiB+b �M/ T`Q;MQbiB+b BKTH2K2MiBM; +QM/BiBQM@#�b2/ K�BMi2M�M+2X J2+?�MB+�H avbi2Kb

�M/ aB;M�H S`Q+2bbBM;- kyUdV,R93jĜR8Ry- kyyeX

(88) .B�M� "�``�x�@"�``�x�- CQ`;2 GBKƦM@_Q#H2b- �M/ J�`BQ : "2`mpB/2bX PTTQ`imMBiB2b �M/

+?�HH2M;2b BM *QM/BiBQM@"�b2/ J�BMi2M�M+2 `2b2�`+?X AA1 �MMm�H *QM72`2M+2 �M/ 1tTQ

kyR9- T�;2b jyj8Ĝjy9j- kyR9X

(8e) �H2t�M/`Qb "Qmb/2FBb- "�#Bb J�;Qmi�b- .BKBi`Bb �TQbiQHQm- �M/ :`2;Q`Bb J2Mix�bX _2@

pB2r- �M�HvbBb �M/ bvMi?2bBb Q7 T`Q;MQbiB+@#�b2/ /2+BbBQM bmTTQ`i K2i?Q/b 7Q` +QM/BiBQM

#�b2/ K�BMi2M�M+2X CQm`M�H Q7 AMi2HHB;2Mi J�Mm7�+im`BM;- T�;2b RĜR9- kyR8X

(8d) qBHHB�K ZX J22F2` �M/ uBHB >QM;X _2HB�#BHBiv J22ib "B; .�i�, PTTQ`imMBiB2b �M/ *?�H@

H2M;2bX Zm�HBiv 1M;BM22`BM;- keURV,RykĜRRe- kyR9X
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(83) AHB�b hX .2/QTQmHQb �M/ LBH�v a?�?X PTiBK�H a?Q`i@h2`K a+?2/mHBM; Q7 J�BMi2M�M+2 �M/

S`Q/m+iBQM 7Q` JmHiBTm`TQb2 SH�MibX AM/mbi`B�H � 1M;BM22`BM; *?2KBbi`v _2b2�`+?- j9

URV,RNkĜkyR- RNN8X

(8N) AXhX .2/QTQmHQb �M/ LX a?�?X S`2p2MiBp2 K�BMi2M�M+2 TQHB+v QTiBKBx�iBQM 7Q` KmHiBTm`@

TQb2 TH�Mi 2[mBTK2MiX *QKTmi2`b � *?2KB+�H 1M;BM22`BM;- RN,eNjĜeN3- RNN8X

(ey) *QMbi�MiBMQb :2Q`;BQm o�bbBHB�/BbX AMi2;`�iBQM Q7 J�BMi2M�M+2 PTiBKBx�iBQM BM S`Q+2bb

.2bB;M �M/ PT2`�iBQM mM/2` lM+2`i�BMivX S?. i?2bBb- AKT2`B�H *QHH2;2 Q7 a+B2M+2- h2+?@

MQHQ;v �M/ J2/B+BM2- RNNNX

(eR) *X:X o�bbBHB�/Bb �M/ 1XLX SBbiBFQTQmHQbX J�BMi2M�M+2 b+?2/mHBM; �M/ T`Q+2bb QTiBKBx�@

iBQM mM/2` mM+2`i�BMivX *QKTmi2`b �M/ *?2KB+�H 1M;BM22`BM;- k8Uk@jV,kRdĜkje- kyyRX

(ek) CX *�b�b@GBx�- CXJX SBMiQ- �M/ GX:X S�T�;2Q`;BQmX JBt2/ AMi2;2` PTiBKBx�iBQM 7Q` *v+HB+

a+?2/mHBM; Q7 JmHiBT`Q/m+i SH�Mib lM/2` 1tTQM2MiB�H S2`7Q`K�M+2 .2+�vX *?2KB+�H

1M;BM22`BM; _2b2�`+? �M/ .2bB;M- 3jURyV,Rky3ĜRkRd- kyy8X

(ej) JB+?�2H *X :2Q`;B�/Bb- G�x�`Qb :X S�T�;2Q`;BQm- �M/ a�M/`Q J�++?B2iiQX PTiBK�H *H2�M@

BM; SQHB+B2b BM >2�i 1t+?�M;2` L2irQ`Fb mM/2` _�TB/ 6QmHBM;X AM/mbi`B�H � 1M;BM22`BM;

*?2KBbi`v _2b2�`+?- jNUkV,99RĜ989- kyyyX

(e9) aQM;bQM; GBm- �?K2/ u�?B�- �M/ G�x�`Qb :X S�T�;2Q`;BQmX PTiBK�H S`Q/m+iBQM �M/

J�BMi2M�M+2 SH�MMBM; Q7 "BQT?�`K�+2miB+�H J�Mm7�+im`BM; mM/2` S2`7Q`K�M+2 .2+�vX

AM/mbi`B�H � 1M;BM22`BM; *?2KBbi`v _2b2�`+?- 8jU99V,Rdyd8ĜRdyNR- kyR9X

(e8) .BQMvbBQb SX s2MQb- :2Q`;BQb JX EQT�MQb- J�ii2Q *B++BQiiB- �M/ LBM� 6X h?Q`M?BHHX PT2`@

�iBQM�H QTiBKBx�iBQM Q7 M2irQ`Fb Q7 +QKT`2bbQ`b +QMbB/2`BM; +QM/BiBQM@#�b2/ K�BMi2M�M+2X

*QKTmi2`b �M/ *?2KB+�H 1M;BM22`BM;- 39,RRdĜRjR- kyReX

(ee) Lm` AX wmHF�~B �M/ :2Q`;BQb JX EQT�MQbX SH�MMBM; Q7 T`Q/m+iBQM �M/ miBHBiv bvbi2Kb mM@

/2` mMBi T2`7Q`K�M+2 /2;`�/�iBQM �M/ �Hi2`M�iBp2 `2bQm`+2@+QMbi`�BM2/ +H2�MBM; TQHB+B2bX

�TTHB2/ 1M2`;v- R3j,8ddĜeyk- kyReX
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(ed) Lm` AX wmHF�~B �M/ :2Q`;BQb JX EQT�MQbX AMi2;`�i2/ +QM/BiBQM@#�b2/ TH�MMBM; Q7 T`Q/m+@

iBQM �M/ miBHBiv bvbi2Kb mM/2` mM+2`i�BMivX CQm`M�H Q7 *H2�M2` S`Q/m+iBQM- Red,ddeĜ3y8-

kyRdX

(e3) �/`B�M JX �;mB``2 �M/ G�x�`Qb :X S�T�;2Q`;BQmX J2/BmK@i2`K QTiBKBx�iBQM@#�b2/ �T@

T`Q�+? 7Q` i?2 BMi2;`�iBQM Q7 T`Q/m+iBQM TH�MMBM;- b+?2/mHBM; �M/ K�BMi2M�M+2X *QKTmi@

2`b �M/ *?2KB+�H 1M;BM22`BM;- y,RĜkR- kyR3X

(eN) a`22F�Mi? _�D�;QT�H�M- LBFQH�Qb oX a�?BMB/Bb- a�iv�DBi? �K�`�M- �Mb?mH �;�`r�H-

a+Qii CX "m`v- "BF`�K a?�`/�- �M/ CQ?M JX q�bbB+FX _BbF �M�HvbBb Q7 im`M�`QmM/

`2b+?2/mH2 TH�MMBM; BM BMi2;`�i2/ +?2KB+�H bBi2bX *QKTmi2`b � *?2KB+�H 1M;BM22`BM;-

Ryd,j3RĜjN9- kyRdX

(dy) J�ii2Q "BQM/B- :mB/Q a�M/- �M/ AB`Q >�`DmMFQbFBX PTiBKBx�iBQM Q7 KmHiBTm`TQb2 T`Q+2bb

TH�Mi QT2`�iBQMb, � KmHiB@iBK2@b+�H2 K�BMi2M�M+2 �M/ T`Q/m+iBQM b+?2/mHBM; �TT`Q�+?X

*QKTmi2`b �M/ *?2KB+�H 1M;BM22`BM;- NN,jk8ĜjjN- kyRdX

(dR) Jm`�i uBH/B`BK- sm �M/v amM- �M/ L�;B w :2#`�22HX a2MbQ`@.`Bp2M *QM/BiBQM@"�b2/

:2M2`�iQ` J�BMi2M�M+2 a+?2/mHBM; @ S�`i A, J�BMi2M�M+2 S`Q#H2KX A111 h`�Mb�+iBQMb

QM SQr2` avbi2Kb- jRUeV,9k8jĜ9kek- kyReX

(dk) Jm`�i uBH/B`BK- sm �M/v amM- �M/ L�;B w :2#`�22HX a2MbQ`@.`Bp2M *QM/BiBQM@"�b2/

:2M2`�iQ` J�BMi2M�M+2 a+?2/mHBM; @ S�`i AA, AM+Q`TQ`�iBM; PT2`�iBQMbX A111 h`�Mb�+@

iBQMb QM SQr2` avbi2Kb- jRUeV,9kejĜ9kdR- kyReX

(dj) Jm`�i uBH/B`BK- L�;B wX :2#`�22H- �M/ sm �M/v amMX AMi2;`�i2/ S`2/B+iBp2 �M�HviB+b

�M/ PTiBKBx�iBQM 7Q` PTTQ`imMBbiB+ J�BMi2M�M+2 �M/ PT2`�iBQMb BM qBM/ 6�`KbX A111

h`�Mb�+iBQMb QM SQr2` avbi2Kb- jkUeV,9jRNĜ9jk3- kyRdX

(d9) "2bi2 "�ȔÏB7i+B- a?�##B` �?K2/- L�;B wX :2#`�22H- �M/ Jm`�i uBH/B`BKX aiQ+?�biB+ PT@

iBKBx�iBQM Q7 J�BMi2M�M+2 �M/ PT2`�iBQMb a+?2/mH2b mM/2` lM2tT2+i2/ 6�BHm`2bX A111

h`�Mb�+iBQMb QM SQr2` avbi2Kb- 3N8yU+V,RĜR- kyR3X
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(d8) �/`B�2M o2`?2vH2r2;?2M �M/ CQ?�MM2b C b+?F2X 6`�K2rQ`F 7Q` *QK#BM2/ .B�;MQb@

iB+b- S`Q;MQbiB+b �M/ PTiBK�H PT2`�iBQM Q7 � am#b2� :�b *QKT`2bbBQM avbi2KX A6�*@

S�T2`bPMGBM2- 8yURV,R8NReĜR8NkR- kyRdX

(de) LBFQH�Qb > G�TT�b �M/ *?`vb�Mi?Qb 1 :QmM�`BbX JmHiB@bi�;2 �/Dmbi�#H2 `Q#mbi QTiBKBx�@

iBQM 7Q` T`Q+2bb b+?2/mHBM; mM/2` mM+2`i�BMivX �A*?1 CQm`M�H- ekU8V,Re9eĜReed- kyReX

(dd) S2M; q�M; �M/ .�pB/ *QBiX _2HB�#BHBiv �M/ .2;`�/�iBQM JQ/2HBM; rBi? _�M/QK Q`

lM+2`i�BM 6�BHm`2 h?`2b?QH/X AM kyyd S`Q+22/BM;b @ �MMm�H _2HB�#BHBiv �M/ J�BMi�BM�#BHBiv

avKTbQBmK- T�;2b jNkĜjNdX A111- kyydX

(d3) G�m`2Mi .Qv2M �M/ PHBpB2` :�m/QBMX *H�bb2b Q7 BKT2`72+i `2T�B` KQ/2Hb #�b2/ QM `2/m+@

iBQM Q7 7�BHm`2 BMi2MbBiv Q` pB`im�H �;2X _2HB�#BHBiv 1M;BM22`BM; � avbi2K a�72iv- 39URV,

98Ĝ8e- kyy9X

(dN) w?B@a?2M; u2 �M/ JBM sB2X aiQ+?�biB+ KQ/2HHBM; �M/ �M�HvbBb Q7 /2;`�/�iBQM 7Q` ?B;?Hv

`2HB�#H2 T`Q/m+ibX �TTHB2/ aiQ+?�biB+ JQ/2Hb BM "mbBM2bb �M/ AM/mbi`v- jRURV,ReĜjk- kyR8X

(3y) sB�Q@a?2M; aB- q2M#BM q�M;- *?�M;@>m� >m- �M/ .QM;@>m� w?QmX _2K�BMBM; mb27mH

HB72 2biBK�iBQM @ � `2pB2r QM i?2 bi�iBbiB+�H /�i� /`Bp2M �TT`Q�+?2bX 1m`QT2�M CQm`M�H Q7

PT2`�iBQM�H _2b2�`+?- kRjURV,RĜR9- kyRRX

(3R) >�Bi�Q GB�Q �M/ w?B;�M; hB�MX � 7`�K2rQ`F 7Q` T`2/B+iBM; i?2 `2K�BMBM; mb27mH HB72 Q7

� bBM;H2 mMBi mM/2` iBK2@p�`vBM; QT2`�iBM; +QM/BiBQMbX AA1 h`�Mb�+iBQMb- 98UNV,Ne9ĜN3y-

kyRjX

(3k) ZB GB- w?�M#�Q :�Q- .BvBM h�M;- �M/ "�Q�M GBX _2K�BMBM; mb27mH HB72 2biBK�iBQM 7Q` /2i2@

`BQ`�iBM; bvbi2Kb rBi? iBK2@p�`vBM; QT2`�iBQM�H +QM/BiBQMb �M/ +QM/BiBQM@bT2+B}+ 7�BHm`2

xQM2bX *?BM2b2 CQm`M�H Q7 �2`QM�miB+b- kNUjV,eekĜed9- kyReX

(3j) CmHB2M *?2p�HHB2` �M/ aiûT?�M2 :Qmii2X PM i?2 2biBK�iBQM Q7 `2;BK2@brBi+?BM; Gûpv

KQ/2HbX aim/B2b BM LQMHBM2�` .vM�KB+b �M/ 1+QMQK2i`B+b- kRURV,jĜkN- kyRdX
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(39) L�;B wX :2#`�22H- J�`F �X G�rH2v- _QM; GB- �M/ C2MMB72` EX _v�MX _2bB/m�H@HB72 /Bbi`B@

#miBQMb 7`QK +QKTQM2Mi /2;`�/�iBQM bB;M�Hb, � "�v2bB�M �TT`Q�+?X AA1 h`�Mb�+iBQMb-

jdUeV,89jĜ88d- kyy8X

(38) GBMF�M "B�M �M/ L�;B :2#`�22HX *QKTmiBM; �M/ mT/�iBM; i?2 }`bi@T�bb�;2 iBK2 /Bb@

i`B#miBQM 7Q` `�M/QKHv 2pQHpBM; /2;`�/�iBQM bB;M�HbX AA1 h`�Mb�+iBQMb- 99URRV,Nd9ĜN3d-

kyRkX

(3e) L�;B :2#`�22H �M/ CBM; S�MX S`Q;MQbiB+ /2;`�/�iBQM KQ/2Hb 7Q` +QKTmiBM; �M/ mT@

/�iBM; `2bB/m�H HB72 /Bbi`B#miBQMb BM � iBK2@p�`vBM; 2MpB`QMK2MiX A111 h`�Mb�+iBQMb QM

_2HB�#BHBiv- 8dU9V,8jNĜ88y- kyy3X

(3d) *?�Q LBM; �M/ 62M;[B uQmX � /�i�@/`Bp2M KmHiBbi�;2 �/�TiBp2 `Q#mbi QTiBKBx�iBQM 7`�K2@

rQ`F 7Q` TH�MMBM; �M/ b+?2/mHBM; mM/2` mM+2`i�BMivX �A*?1 CQm`M�H- ejURyV,9j9jĜ9jeN-

kyRdX

(33) u�MMBb �X :mxK�M- GQ;�M _X J�ii?2rb- �M/ *?`BbiQ/QmHQb �X 6HQm/�bX L2r � T`BQ`B

�M/ � TQbi2`BQ`B T`Q#�#BHBbiB+ #QmM/b 7Q` `Q#mbi +QmMi2`T�`i QTiBKBx�iBQM, AX lMFMQrM

T`Q#�#BHBiv /Bbi`B#miBQMbX *QKTmi2`b � *?2KB+�H 1M;BM22`BM;- 39,8e3Ĝ8N3- kyReX

(3N) wmFmB GB- _�M .BM;- �M/ *?`BbiQ/QmHQb 6HQm/�bX � *QKT�`�iBp2 h?2Q`2iB+�H �M/ *QK@

Tmi�iBQM�H aim/v QM _Q#mbi *QmMi2`T�`i PTiBKBx�iBQM, AX _Q#mbi GBM2�` PTiBKBx�iBQM

�M/ _Q#mbi JBt2/ AMi2;2` GBM2�` PTiBKBx�iBQMX AM/mbi`B�H � 1M;BM22`BM; *?2KBbi`v

_2b2�`+?- 8yUR3V,Ry8edĜRyeyj- kyRRX

(Ny) EH�mbc Sƺix2H#2`;2` �M/ GB[mM q�M;X "QmM/�`v *`QbbBM; S`Q#�#BHBiv 7Q` "`QrMB�M JQ@

iBQM �M/ :2M2`�H "QmM/�`B2bX CQm`M�H Q7 �TTHB2/ S`Q#�#BHBiv- j9URV,89Ĝe8- RNNdX

(NR) GBMF�M "B�M �M/ L�;B :2#`�22HX � biQ+?�biB+ K2i?Q/QHQ;v 7Q` T`Q;MQbiB+b mM/2` iBK2@

p�`vBM; 2MpB`QMK2Mi�H 7mim`2 T`Q}H2bX AM S`Q+22/BM;b Q7 i?2 kyRR *QM72`2M+2 QM AMi2HHB;2Mi

.�i� lM/2`bi�M/BM;- *A.l kyRR- kyRRX

(Nk) GQi?�` "`2m2`X P++mT�iBQM iBK2b 7Q` J�`FQp@KQ/mH�i2/ "`QrMB�M KQiBQMX CQm`M�H Q7

�TTHB2/ S`Q#�#BHBiv- 9NUkV,89NĜ8e8- kyRkX



"A"GAP:_�S>u RyR

(Nj) aQmH2vK�M Px2FB+BX PTiBK�H K�BMi2M�M+2 TQHB+B2b BM `�M/QK 2MpB`QMK2MibX 1m`QT2�M

CQm`M�H Q7 PT2`�iBQM�H _2b2�`+?- 3kUkV,k3jĜkN9- RNN8X

(N9) G2rBb S�iQM- J�ii?B�b * J h`Qz�2b- LB;2H "Q�iK�M- JQ?�Km/ >mbb2BM- �M/ �M/v

>�`iX JmHiBMQKB�H GQ;BbiB+ _2;`2bbBQM QM J�`FQp *?�BMb 7Q` *`QT _Qi�iBQM JQ/2HHBM;X

AM7Q`K�iBQM S`Q+2bbBM; �M/ J�M�;2K2Mi Q7 lM+2`i�BMiv BM EMQrH2/;2@"�b2/ avbi2Kb-

T�;2b 9deĜ938- kyR9X

(N8) L�`�v�M *?�M`� aBM?�- JX �i�?�`mH AbH�K- �M/ E�xB a�H2? �?�K2/X GQ;BbiB+ _2;`2bbBQM

JQ/2Hb 7Q` >B;?2` P`/2` h`�MbBiBQM S`Q#�#BHBiB2b Q7 J�`FQp *?�BM 7Q` �M�HvxBM; i?2

P++m``2M+2b Q7 .�BHv _�BM7�HH .�i�X CQm`M�H Q7 JQ/2`M �TTHB2/ ai�iBbiB+�H J2i?Q/b- Ry

URV,jjdĜj93- kyRRX

(Ne) 6�#B�M S2/`2;Qb�- :�ďH o�`Q[m�mt- �H2t�M/`2 :`�K7Q`i- oBM+2Mi JB+?2H- "2`i`�M/

h?B`BQM- PHBpB2` :`Bb2H- J�i?B2m "HQM/2H- S2i2` S`2ii2M?Q72`- _QM q2Bbb- oBM+2Mi

.m#Qm`;- C�F2 o�M/2`TH�b- �H2t�M/`2 S�bbQb- .�pB/ *Qm`M�T2�m- J�ii?B2m "`m+?2`-

J�ii?B2m S2``Qi- �M/ ú/Qm�`/ .m+?2bM�vX a+BFBi@H2�`M, J�+?BM2 G2�`MBM; BM Svi?QMX

CQm`M�H Q7 J�+?BM2 G2�`MBM; _2b2�`+?- Rk,k3k8Ĝk3jy- kyRkX

(Nd) *`BbiB�M "`�pQ- :�biQM GǶ>mBHHB2`- CQb2 GmBb GQ#�iQ- �M/ _B+?�`/ q2#2`X S`Q#�#BHBiv 1b@

iBK�iBQM 7Q` JmHiB+H�bb S`Q#H2Kb *QK#BMBM; aoJb �M/ L2m`�H L2irQ`FbX L2m`�H L2irQ`F

qQ`H/- kyU9V,9d8Ĝ93N- kyRyX

(N3) ai2T?�M .`2Bb2BiH �M/ Gm+BH� P?MQ@J�+?�/QX GQ;BbiB+ `2;`2bbBQM �M/ �`iB}+B�H M2m`�H

M2irQ`F +H�bbB}+�iBQM KQ/2Hb, � K2i?Q/QHQ;v `2pB2rX CQm`M�H Q7 "BQK2/B+�H AM7Q`K�iB+b-

j8U8@eV,j8kĜj8N- kyykX

(NN) w?m�M;x?B GB �M/ wmFmB GBX *?�M+2 +QMbi`�BM2/ TH�MMBM; �M/ b+?2/mHBM; mM/2` mM+2`@

i�BMiv mbBM; `Q#mbi QTiBKBx�iBQM �TT`QtBK�iBQMX A6�*@S�T2`bPMGBM2- k3U3V,RR8eĜRReR-

kyR8X

(Ryy) w?m�M;x?B GB �M/ wmFmB GBX PTiBK�H `Q#mbi QTiBKBx�iBQM �TT`QtBK�iBQM 7Q` +?�M+2 +QM@

bi`�BM2/ QTiBKBx�iBQM T`Q#H2KX *QKTmi2`b �M/ *?2KB+�H 1M;BM22`BM;- d9,3NĜNN- kyR8X
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(RyR) .QM�H/ _ CQM2b- J�ii?B�b a+?QMH�m- �M/ qBHHB�K C q2H+?X 1{+B2Mi :HQ#�H PTiBKBx�iBQM

Q7 1tT2MbBp2 "H�+F@"Qt 6mM+iBQMbX CQm`M�H Q7 :HQ#�H PTiBKBx�iBQM- Rj,988Ĝ9Nk- RNN3X

(Ryk) qBHHB�K 1X >�`i- *�`H .X G�B`/- C2�M@S�mH q�ibQM- .�pB/ GX qQQ/`mz- :�#`B2H �X >�+F2@

#2BH- "2i?�Mv GX LB+?QHbQM- �M/ CQ?M .X aBB`QH�X SvQKQ ě PTiBKBx�iBQM JQ/2HBM; BM

Svi?QM- pQHmK2 edX aT`BM;2` AMi2`M�iBQM�H Sm#HBb?BM;- kyRdX

(Ryj) qBHHB�K 1X >�`i- C2�M S�mH q�ibQM- �M/ .�pB/ GX qQQ/`mzX SvQKQ, JQ/2HBM; �M/

bQHpBM; K�i?2K�iB+�H T`Q;`�Kb BM Svi?QMX J�i?2K�iB+�H S`Q;`�KKBM; *QKTmi�iBQM- j

UjV,kRNĜkey- kyRRX

(Ry9) CQ?�MM2b qB2#2X ahL rBi? /2;`�/�iBQMX .PA, RyX8k3Rfx2MQ/QXRjRjdR3- kyR3X l_G

?iiTb,ff/QBXQ`;fRyX8k3Rfx2MQ/QXRjRjdR3X

(Ry8) JBi2M JBbi`v- �M/`2� *�HHB� .ǶA//BQ- JB+?�2H >mi?- �M/ _mi? JBb2M2`X a�iBb}�#BHBiv

KQ/mHQ i?2Q`B2b 7Q` T`Q+2bb bvbi2Kb 2M;BM22`BM;X *QKTmi2`b �M/ *?2KB+�H 1M;BM22`BM;-

RRj,N3ĜRR9- kyR3X

(Rye) �M/`2 �X *B`û- 1HpBM ÎQ#�M- �M/ CQ?M LX >QQF2`X GQ;B+@#�b2/ "2M/2`b /2+QKTQbBiBQM

7Q` TH�MMBM; �M/ b+?2/mHBM;, � +QKTmi�iBQM�H �M�HvbBbX EMQrH2/;2 1M;BM22`BM; _2pB2r-

jRU8V,99yĜ98R- kyReX

(Ryd) .X G2ibBQb �M/ _X JBb2M2`X 1t�+i G2tB+Q;`�T?B+ a+?2/mHBM; �M/ �TT`QtBK�i2 _2b+?2/mH@

BM;X �`sBp 2@T`BMib- �`sBp,R3y8Xyj9jd- kyR3X

(Ry3) wmFmB GB- ZBm?m� h�M;- �M/ *?`BbiQ/QmHQb �X 6HQm/�bX � *QKT�`�iBp2 h?2Q`2iB+�H �M/

*QKTmi�iBQM�H aim/v QM _Q#mbi *QmMi2`T�`i PTiBKBx�iBQM, AAX S`Q#�#BHBbiB+ :m�`�M@

i22b QM *QMbi`�BMi a�iBb7�+iBQMX AM/mbi`B�H � 1M;BM22`BM; *?2KBbi`v _2b2�`+?- 8RURNV,

edeNĜed33- kyRkX

(RyN) .BKBi`Bb "2`ibBK�b- .�pB/ " "`QrM- �M/ *QMbi�MiBM2 *�`�K�MBbX h?2Q`v �M/ �TTHB+�@

iBQMb Q7 _Q#mbi PTiBKBx�iBQMX aA�J _2pB2r- 8jUjV,9e9Ĝ8yR- kyRRX

(RRy) .BKBi`Bb "2`ibBK�b �M/ J2HpvM aBKX h?2 S`B+2 Q7 _Q#mbiM2bbX PT2`X _2bX- 8kURV,j8Ĝ8j-

kyy9X



"A"GAP:_�S>u Ryj

(RRR) CQ?M _X "B`;2 �M/ 6`�MÏQBb GQmp2�mtX AMi`Q/m+iBQM iQ aiQ+?�biB+ S`Q;`�KKBM;X kyRRX

(RRk) LBFQH�Qb oX a�?BMB/BbX PTiBKBx�iBQM mM/2` mM+2`i�BMiv, ai�i2@Q7@i?2@�`i �M/ QTTQ`imMB@

iB2bX *QKTmiX *?2KX 1M;X- k3Ue@dV,NdRĜN3j- kyy9X

(RRj) �i?�`p "?Qb2F�` �M/ J�`B�Mi?B A2`�T2i`BiQmX �/p�M+2b BM bm``Q;�i2 #�b2/ KQ/2HBM;-

72�bB#BHBiv �M�HvbBb- �M/ QTiBKBx�iBQM, � `2pB2rX *QKTmiX *?2KX 1M;X- Ry3,k8yĜked-

kyR3X

(RR9) J�`+ S2i2` .2Bb2M`Qi?- .B2i2` 6Qt- �M/ *�`H 1/r�`/ _�bKmbb2MX :�mbbB�M S`Q+2bb2b 7Q`

.�i�@1{+B2Mi G2�`MBM; BM _Q#QiB+b �M/ *QMi`QHX A111 h`�Mb�+iBQMb QM S�ii2`M �M�HvbBb

�M/ J�+?BM2 AMi2HHB;2M+2- jdUkV,9y3Ĝ9kj- kyR8X

(RR8) LBK� .QH�iMB�- �H�M 62`M- �M/ sB�QHB 62`MX "�v2bB�M PTiBKBx�iBQM rBi? _2bQm`+2 *QM@

bi`�BMib �M/ S`Q/m+iBQMX hr2Miv@aBti? AMi2`M�iBQM�H *QM72`2M+2 QM �miQK�i2/ SH�MMBM;

�M/ a+?2/mHBM; UA*�SaV- T�;2b RR8ĜRkj- kyReX

(RRe) _v�M@_?vb :`B{i?b �M/ CQbû JB;m2H >2`M�M/2x@GQ#�iQX *QMbi`�BM2/ "�v2bB�M PTiB@

KBx�iBQM 7Q` �miQK�iB+ *?2KB+�H .2bB;MX AM LASa- kyR3X

(RRd) aBvm�M GBm- uBbQM; um2- �M/ _�K�vv� E`Bb?M�MX �/�TiBp2 +QHH2+iBp2 `QmiBM; mbBM; :�mb@

bB�M T`Q+2bb /vM�KB+ +QM;2biBQM KQ/2HbX AM S`Q+22/BM;b Q7 i?2 RNi? �*J aA:E.. BM@

i2`M�iBQM�H +QM72`2M+2 QM EMQrH2/;2 /Bb+Qp2`v �M/ /�i� KBMBM; @ E.. ǶRj- T�;2 dy9X

�*J S`2bb- kyRjX

(RR3) .QMBvQ` lHK�bQp- *�`QHBM2 "�`QmF?- "2MQBi *?�+?m�i- J�`+ S2i2` .2Bb2M`Qi?- �M/ _mi?

JBb2M2`X "�v2bB�M QTiBKBx�iBQM rBi? /BK2MbBQM b+?2/mHBM;, �TTHB+�iBQM iQ #BQHQ;B+�H

bvbi2KbX AM w/`�pFQ E`�p�MD� �M/ JBHQȒ "Q;�i�D- 2/BiQ`b- kei? 1m`QT2�M avKTQbBmK QM

*QKTmi2` �B/2/ S`Q+2bb 1M;BM22`BM;- pQHmK2 j3- T�;2b Ry8R Ĝ Ry8eX 1Hb2pB2`- kyReX

(RRN) CQ?�MM2b qB2#2- AMāb *2+őHBQ- �M/ _mi? JBb2M2`X .�i�@.`Bp2M PTiBKBx�iBQM Q7 S`Q+2bb2b

rBi? .2;`�/BM; 1[mBTK2MiX AM/X 1M;X *?2KX _2bX- 8dU8yV,RdRddĜRdRNR- kyR3X

(Rky) CQM�b JQ+FmbX PM "�v2bB�M K2i?Q/b 7Q` b22FBM; i?2 2ti`2KmKX AM S`Q+22/BM;b Q7 i?2

A6AS h2+?MB+�H *QM72`2M+2- T�;2b 9yyĜ9y9- GQM/QM- lE- lE- RNd9X aT`BM;2`@o2`H�;X
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(RkR) C�bT2` aMQ2F- >m;Q G�`Q+?2HH2- �M/ _v�M SX �/�KbX S`�+iB+�H "�v2bB�M QTiBKBx�iBQM Q7

K�+?BM2 H2�`MBM; �H;Q`Bi?KbX AM LASa- T�;2b kN8RĜkN8N- la�- kyRkX

(Rkk) C�+Q# _X :�`/M2`- J�ii CX EmbM2`- w?BtB�M; sm- EBHB�M ZX q2BM#2`;2`- �M/ CQ?M SX

*mMMBM;?�KX "�v2bB�M QTiBKBx�iBQM rBi? BM2[m�HBiv +QMbi`�BMibX AM A*JG- kyR9X

(Rkj) JB+?�2H �X :2H#�`i- C�bT2` aMQ2F- �M/ _v�M SX �/�KbX "�v2bB�M PTiBKBx�iBQM rBi?

lMFMQrM *QMbi`�BMibX �`sBp 2@T`BMib- �`iX �`sBp,R9yjX8eyd- kyR9X

(Rk9) oB+iQ` SB+?2Mv- _Q#2`i " :`�K�+v- ai27�M qBH/- �M/ a2#�biB2M G2 .B;�#2HX "�v2bB�M

QTiBKBx�iBQM mM/2` KBt2/ +QMbi`�BMib rBi? � bH�+F@p�`B�#H2 �m;K2Mi2/ G�;`�M;B�MX AM

LASa- kyReX

(Rk8) "m`+m "2vF�H- 6�MB "QmFQmp�H�- *?`BbiQ/QmHQb �X 6HQm/�b- L�/�p aQ`2F- >�`/BFFmK�`

w�H�p�/B�- �M/ 1/m�`/Q :BH/BMX :HQ#�H QTiBKBx�iBQM Q7 ;`2v@#Qt +QKTmi�iBQM�H bvbi2Kb

mbBM; bm``Q;�i2 7mM+iBQMb �M/ �TTHB+�iBQM iQ ?B;?Hv +QMbi`�BM2/ QBH@}2H/ QT2`�iBQMbX *QK@

TmiX *?2KX 1M;X- RR9,NNĜRRy- kyR3X

(Rke) 6�MB "QmFQmp�H� �M/ *?`BbiQ/QmHQb �X 6HQm/�bX �_:PL�lh, �H;Q_Bi?Kb 7Q` :HQ#�H

PTiBKBx�iBQM Q7 +QLbi`�BM2/ ;`2v@#Qt +QKTlh�iBQM�H T`Q#H2KbX PTiBKX G2iiX- RRU8V,

3N8ĜNRj- kyRdX

(Rkd) 6�MB "QmFQmp�H�- _mi? JBb2M2`- �M/ *?`BbiQ/QmHQb �X 6HQm/�bX :HQ#�H QTiBKBx�iBQM

�/p�M+2b BM JBt2/@AMi2;2` LQMHBM2�` S`Q;`�KKBM;- JALGS- �M/ *QMbi`�BM2/ .2`Bp�iBp2@

6`22 PTiBKBx�iBQM- *.6PX 1m`X CX PT2`X _2bX- k8kUjV,dyRĜdkd- kyReX

(Rk3) A;M�+BQ 1 :`QbbK�MMX Sv`QHvbBb Q7 >2�pv PBH BM i?2 S`2b2M+2 Q7 amT2`+`BiB+�H q�i2`, h?2

_2�+iBQM EBM2iB+b BM .Bz2`2Mi S?�b2bX �A*>1 CQm`M�H- eRUjV,38dĜ3ee- kyR8X

(RkN) JBi2M JBbi`v- .BKBi`BQb G2ibBQb- :2`?�`/ E`2MM`B+?- _Q#2`i JX G22- �M/ _mi? JBb2M2`X

JBt2/@AMi2;2` *QMp2t LQMHBM2�` PTiBKBx�iBQM rBi? :`�/B2Mi@"QQbi2/ h`22b 1K#2//2/X

kyR3X l_G ?iiT,ff�`tBpXQ`;f�#bfR3yjXyyN8kX

(Rjy) CmHB�M2 JɃHH2`- *?`BbiBM2 �X a?Q2K�F2`- �M/ _Q#2`i SB+?ûX aP@JA, � bm``Q;�i2 KQ/2H



"A"GAP:_�S>u Ry8

�H;Q`Bi?K 7Q` +QKTmi�iBQM�HHv 2tT2MbBp2 MQMHBM2�` KBt2/@BMi2;2` #H�+F@#Qt ;HQ#�H QTiB@

KBx�iBQM T`Q#H2KbX *QKTmiX PT2`X _2bX- 9yU8V,Rj3jĜR9yy- kyRjX

(RjR) _QKK2H :X _2;Bb �M/ *?`BbiBM2 �X a?Q2K�F2`X *QMbi`�BM2/ ;HQ#�H QTiBKBx�iBQM Q7 2t@

T2MbBp2 #H�+F #Qt 7mM+iBQMb mbBM; `�/B�H #�bBb 7mM+iBQMbX CQm`M�H Q7 :HQ#�H PTiBKBx�iBQM-

jRURV,R8jĜRdR- kyy8X

(Rjk) :Q`/QM >ɃHH2M- CB�Mvm�M w?�B- amM >v2 EBK- �Mb?mK�M aBM?�- J�ii?2r CX _2�Hz- �M/

6�MB "QmFQmp�H�X J�M�;BM; lM+2`i�BMiv BM .�i�@.`Bp2M aBKmH�iBQM@"�b2/ PTiBKBx�iBQMX

*QKTmiX *?2KX 1M;X- T�;2 Rye8RN- kyRNX

(Rjj) S`�/22T o�`�F�Mi?�K- L� 6m- �M/ >QQM; *?mBM G�mX � T`Q�+iBp2 b�KTHBM; �TT`Q�+? iQ

T`QD2+i b+?2/mHBM; mM/2` mM+2`i�BMivX AM ���A- kyReX

(Rj9) CmbiBM C "2H�M/ �M/ S`�b�Mi? " L�B`X "�v2bB�M PTiBKBx�iBQM lM/2` lM+2`i�BMivX AM

LASa- kyRdX

(Rj8) .BKBi`Bb "2`ibBK�b- PKB/ LQ?�/�MB- �M/ ErQM; J2M; h2QX LQM+QMp2t `Q#mbi QTiBKBx�@

iBQM 7Q` T`Q#H2Kb rBi? +QMbi`�BMibX AL6P_Ja CX *QKTmiX- kkURV,99Ĝ83- kyRyX

(Rje) .BKBi`Bb "2`ibBK�b- PKB/ LQ?�/�MB- �M/ ErQM; J2M; h2QX _Q#mbi PTiBKBx�iBQM 7Q`

lM+QMbi`�BM2/ aBKmH�iBQM@"�b2/ S`Q#H2KbX PT2`X _2bX- 83URV,ReRĜRd3- kyRyX

(Rjd) AHBD� "Q;mMQpB+- CQM�i?�M a+�`H2ii- ai27�MB2 C2;2HF�- �M/ oQHF�M *2p?2`X �/p2`b�`B�HHv

_Q#mbi PTiBKBx�iBQM rBi? :�mbbB�M S`Q+2bb2bX AM LASa- kyR3X

(Rj3) �X *?�`M2b �M/ qX qX *QQT2`X .2i2`KBMBbiB+ 1[mBp�H2Mib 7Q` PTiBKBxBM; �M/ a�iBb}+BM;

mM/2` *?�M+2 *QMbi`�BMibX PT2`X _2bX- RRURV,R3ĜjN- RNejX

(RjN) C�K2b Gm2/iF2 �M/ a?�##B` �?K2/X � b�KTH2 �TT`QtBK�iBQM �TT`Q�+? 7Q` QTiBKBx�iBQM

rBi? T`Q#�#BHBbiB+ +QMbi`�BMibX aA�J CX PTiBKX- RNUkV,ed9ĜeNN- kyy3X

(R9y) �`F�/B L2KB`QpbFB �M/ �H2t�M/2` a?�TB`QX a+2M�`BQ �TT`QtBK�iBQMb Q7 *?�M+2 *QM@

bi`�BMibX AM :X *�H�}Q`2 �M/ 6X .�##2M2- 2/BiQ`b- S`Q#�#BHBbiB+ �M/ _�M/QKBx2/ J2i?Q/b

7Q` .2bB;M mM/2` lM+2`i�BMiv- MmK#2` k- T�;2b jĜ9dX aT`BM;2` o2`H�;- kyyeX



Rye "A"GAP:_�S>u

(R9R) "X EX S�;MQM+2HHB- aX �?K2/- �M/ �X a?�TB`QX a�KTH2 �p2`�;2 �TT`QtBK�iBQM K2i?Q/

7Q` +?�M+2 +QMbi`�BM2/ T`Q;`�KKBM;, h?2Q`v �M/ �TTHB+�iBQMbX CX PTiBKX h?2Q`v �TTHX-

R9kUkV,jNNĜ9Re- kyyNX

(R9k) a?�##B` �?K2/X *QMp2t `2H�t�iBQMb Q7 +?�M+2 +QMbi`�BM2/ QTiBKBx�iBQM T`Q#H2KbX PTiBKX

G2iiX- 3URV,RĜRk- kyR9X

(R9j) w?m�M;x?B GB �M/ wmFmB GBX PTiBK�H `Q#mbi QTiBKBx�iBQM �TT`QtBK�iBQM 7Q` +?�M+2 +QM@

bi`�BM2/ QTiBKBx�iBQM T`Q#H2KX *QKTmiX *?2KX 1M;X- d9,3NĜNN- kyR8X

(R99) �`F�/B L2KB`QpbFBX PM b�72 i`�+i�#H2 �TT`QtBK�iBQMb Q7 +?�M+2 +QMbi`�BMibX 1m`X CX

PT2`X _2bX- kRNUjV,dydĜdR3- kyRkX

(R98) �`F�/B L2KB`QpbFB �M/ �H2t�M/2` a?�TB`QX *QMp2t �TT`QtBK�iBQMb Q7 +?�M+2 +QMbi`�BM2/

T`Q;`�KbX aA�J CX PTiBKX- RdU9V,N8NĜNNe- kyyeX

(R9e) CX SBMiû`X .2i2`KBMBbiB+ �TT`QtBK�iBQMb Q7 T`Q#�#BHBiv BM2[m�HBiB2bX wP_ w2Bib+?`B7i 7Ƀ`

PT2`�iBQMb _2b2�`+? J2i?Q/b �M/ JQ/2Hb Q7 PT2`�iBQMb _2b2�`+?- jjU9V,kRNĜkjN- RN3NX

(R9d) q2BDmM sB2 �M/ a?�##B` �?K2/X .Bbi`B#miBQM�HHv _Q#mbi *?�M+2 *QMbi`�BM2/ PTiBK�H

SQr2` 6HQr rBi? _2M2r�#H2b, � *QMB+ _27Q`KmH�iBQMX A111 h`�Mb�+iBQMb QM SQr2`

avbi2Kb- jjUkV,R3eyĜR3ed- kyR3X

(R93) SX _X "�t�M/�HH �M/ >X GB2#2+FX o2+iQ` +�H+mHmbX .Qp2` Sm#HB+�iBQMb- JBM2QH�- LXuX-

.Qp2` 2/X 2/BiBQM- kyy3X

(R9N) . _ CQM2b- * . S2`iimM2M- " 1 aim+FK�M- �M/ G * q .BtQMX GBTb+?BixB�M QTiBKBx�@

iBQM rBi?Qmi i?2 HBTb+?Bix +QMbi�MiX CPl_L�G P6 PShAJAw�hAPL h>1P_u �L.

�SSGA*�hAPL- dN- RNNjX

(R8y) _ûKB JmMQbX PTiBKBbiB+ QTiBKBx�iBQM Q7 � /2i2`KBMBbiB+ 7mM+iBQM rBi?Qmi i?2 FMQrH2/;2

Q7 Bib bKQQi?M2bbX T�;2b d3jĜdNR- kyRRX

(R8R) 1KK�Mm2H .2iQm`M�v- h?QK�b _B+?�`/- �M/ JBF2 a?2T?2`/X .`BHHBM; `2bTQMb2 Q7 /`�;

#Bib, h?2Q`v �M/ 2tT2`BK2MiX AMi2`M�iBQM�H CQm`M�H Q7 _Q+F J2+?�MB+b �M/ JBMBM;

a+B2M+2b- 98U3V,Rj9dĜRjey- kyy3X



"A"GAP:_�S>u Ryd

(R8k) "2bi2 "�ȔÏB7i+B- a?�##B` �?K2/- L�;B :2#`�22H- �M/ Jm`�i uBH/B`BKX AMi2;`�i2/ :2M@

2`�iQ` J�BMi2M�M+2 �M/ PT2`�iBQMb a+?2/mHBM; mM/2` lM+2`i�BM 6�BHm`2 hBK2bX A111

h`�Mb�+iBQMb QM SQr2` avbi2Kb- kyR3X

(R8j) : a+?BHHBM; �M/ * * S�Mi2HB/2bX � aBKTH2 *QMiBMmQmb@hBK2 S`Q+2bb a+?2/mHBM; 6Q`Km@

H�iBQM �M/ � LQp2H aQHmiBQM �H;Q`Bi?KX *QKTmiX *?2KX 1M;X- kyUNeV,RkkRĜRkke- RNNeX

(R89) *?`BbiQ/QmHQb �X 6HQm/�b �M/ sB�QtB� GBMX *QMiBMmQmb@iBK2 p2`bmb /Bb+`2i2@iBK2 �T@

T`Q�+?2b 7Q` b+?2/mHBM; Q7 +?2KB+�H T`Q+2bb2b, � `2pB2rX *QKTmiX *?2KX 1M;X- k3URRV,

kRyNĜkRkN- kyy9X

(R88) qBHHB�K 1X >�`i- C2�M S�mH q�ibQM- �M/ .�pB/ GX qQQ/`mzX SvQKQ, JQ/2HBM; �M/

bQHpBM; K�i?2K�iB+�H T`Q;`�Kb BM Svi?QMX J�i?X S`Q;�KX *QKTmiX- jUjV,kRNĜkey- kyRRX

(R8e) qBHHB�K 1X >�`i- *�`H .X G�B`/- C2�M@S�mH q�ibQM- .�pB/ GX qQQ/`mz- :�#`B2H �X >�+F2@

#2BH- "2i?�Mv GX LB+?QHbQM- �M/ CQ?M .X aBB`QH�X SvQKQĜQTiBKBx�iBQM KQ/2HBM; BM Tvi?QM-

pQHmK2 edX aT`BM;2` a+B2M+2 � "mbBM2bb J2/B�- b2+QM/ 2/BiBQM- kyRdX

(R8d) :SvX :Sv, � :�mbbB�M T`Q+2bb 7`�K2rQ`F BM X ?iiT,ff;Bi?m#X+QKfa?277B2H/JGf:Sv-

bBM+2 kyRkX

(R83) CQ?�MM2b qB2#2X _P:S, _Q#mbi :Sb BM SvQKQX ?iiTb,ff;Bi?m#X+QKf+Q;@BKT2`B�Hf

`Q;T- kykyX

(R8N) �M/`2�b q +?i2` �M/ GQ`2Mx hX "B2;H2`X PM i?2 BKTH2K2Mi�iBQM Q7 �M BMi2`BQ`@TQBMi

}Hi2` HBM2@b2�`+? �H;Q`Bi?K 7Q` H�`;2@b+�H2 MQMHBM2�` T`Q;`�KKBM;X J�i?X S`Q;`�KX- Rye

URV,k8Ĝ8d- kyyeX

(Rey) ai�+v GX C�M�F �M/ *?`BbiQ/QmHQb �X 6HQm/�bX �/p�M+2b BM `Q#mbi QTiBKBx�iBQM �T@

T`Q�+?2b 7Q` b+?2/mHBM; mM/2` mM+2`i�BMivX *QKTmiX *?2KX 1M;X- kyU*V,Ry8RĜRy8e- kyy8X

(ReR) *?�Q a?�M; �M/ 62M;[B uQmX .Bbi`B#miBQM�HHv `Q#mbi QTiBKBx�iBQM 7Q` TH�MMBM; �M/

b+?2/mHBM; mM/2` mM+2`i�BMivX *QKTmiX *?2KX 1M;X- RRy,8jĜe3- kyR3X



Ry3 "A"GAP:_�S>u

(Rek) A;M�+BQ 1X :`QbbK�MM- _Q#2`i JX �T�T- "`mMQ �X *�H7�- S�#HQ :�`+ő�@>2``2`Qb- �M/

ZB w?�M;X _2+2Mi �/p�M+2b BM K�i?2K�iB+�H T`Q;`�KKBM; i2+?MB[m2b 7Q` i?2 QTiBKBx�iBQM

Q7 T`Q+2bb bvbi2Kb mM/2` mM+2`i�BMivX *QKTmiX *?2KX 1M;X- NR,jĜR9- kyReX

(Rej) �MBi� :Q2`B;F J�`+ �M/ a+?ƺ#2HX �H;Q`Bi?K 2M;BM22`BM; BM `Q#mbi QTiBKBx�iBQMX �H;Q@

`Bi?K 1M;BM22`BM;, a2H2+i2/ _2bmHib �M/ am`p2vb- T�;2b k98ĜkdN- kyReX

(Re9) qBHHB�K 1 >�`i- C2�M@S�mH q�ibQM- �M/ .�pB/ G qQQ/`mzX SvQKQ, KQ/2HBM; �M/

bQHpBM; K�i?2K�iB+�H T`Q;`�Kb BM Svi?QMX J�i?2K�iB+�H S`Q;`�KKBM; *QKTmi�iBQM- j

UjV,kRNĜkey- kyRRX

(Re8) CQ2H :Q? �M/ J2HpvM aBKX _Q#mbi QTiBKBx�iBQM K�/2 2�bv rBi? `QK2X PT2`X _2bX- 8N,

NdjĜN38- kyRRX

(Ree) w?B *?2M- J2HpvM aBK- �M/ S2M; sBQM;X _Q#mbi biQ+?�biB+ QTiBKBx�iBQM K�/2 2�bv rBi?

`bQK2X J�M�;2K2Mi a+B2M+2- ee,jjkNĜjjjN- kykyX

(Red) S?2#2 o�v�MQb- ZBM; CBM- �M/ :2Q`;2 1HBbb�BQbX _Q+YY, _Q#mbi QTiBKBx�iBQM BM +YYX-

kykyX

(Re3) LX JX Ab2M#2`;- CX .X aBB`QH�- �M/ *X 1X :QmM�`BbX Sv`Qb, � TvQKQ `Q#mbi QTiBKBx�iBQM

bQHp2` 7Q` `Q#mbi T`Q+2bb /2bB;MX AM kyky oB`im�H �A*?1 �MMm�H J22iBM;- kykyX

(ReN) �AJJaX ?iiT,ff�BKKbX+QKX �++2bb2/, kykR@yj@k8X

(Rdy) A�BM _X .mMMBM;X �/p�M+2b BM _Q#mbi �M/ �/�TiBp2 PTiBKBx�iBQM, �H;Q`Bi?Kb- aQ7ir�`2-

�M/ AMbB;?ibX S?. i?2bBb- aHQ�M a+?QQH Q7 J�M�;2K2Mi- JAh- kyReX

(RdR) CQ?�MM2b qB2#2- AMāb *2+őHBQ- CQM�i?�M .mMHQT- �M/ _mi? JBb2M2`X � `Q#mbi �TT`Q�+?

iQ r�`T2/ :�mbbB�M T`Q+2bb@+QMbi`�BM2/ QTiBKBx�iBQM- kykyX

(Rdk) CQ?�MM2b qB2#2 �M/ _mi? JBb2M2`X _QKQ/2H yXRXyX ;Bi?m#X+QKf+Q;@BKT2`B�Hf

`QKQ/2H- kykyX

(Rdj) �HKB` Jmi�T+B+ �M/ ai2T?2M "Qv/X *miiBM;@b2i K2i?Q/b 7Q` `Q#mbi +QMp2t QTiBKBx�iBQM

rBi? T2bbBKBxBM; Q`�+H2bX PTiBKX J2i?Q/X aQ7irX- k9,j3RĜ9ye- kyyNX



"A"GAP:_�S>u RyN

(Rd9) LBH�MD�M �/?v�- JQ?Bi h�r�`K�H�MB- �M/ LBFQH�Qb oX a�?BMB/BbX � G�;`�M;B�M �TT`Q�+?

iQ i?2 SQQHBM; S`Q#H2KX AM/X 1M;X *?2KX _2bX- j3U8V,RN8eĜRNdk- RNNNX

(Rd8) CQ?�MM2b qB2#2X .`BHH b+?2/mHBM;X ;Bi?m#X+QKf+Q;@BKT2`B�Hf/`BHH@b+?2/mHBM;-

kykyX

(Rde) GBMF�M "B�M �M/ L�;B :2#`�22HX aiQ+?�biB+ K2i?Q/QHQ;v 7Q` T`Q;MQbiB+b mM/2` +QMiBMm@

QmbHv p�`vBM; 2MpB`QMK2Mi�H T`Q}H2bX ai�iBbiB+�H �M�HvbBb �M/ .�i� JBMBM;- eUjV,keyĜkdy-

kyRjX

(Rdd) .�pB/ aB2;KmM/X "QmM/�`v *`QbbBM; S`Q#�#BHBiB2b �M/ ai�iBbiB+�H �TTHB+�iBQMbX h?2

�MM�Hb Q7 ai�iBbiB+b- R9UkV,jeRĜ9y9- RN3eX



�TT2M/Bt �

6Q`KmH�iBM; i?2 `Q#mbi +QmMi2`T�`i

h?2 `27Q`KmH�iBQM Q7 i?2 b2KB@BM}MBi2 +QMbi`�BMib

mj,ts
0
j  sj,t 8t, j 2 J, d̃j,k 2 D U�XR�V

sj,t  smax
j +mj,t · (s0j � smax

j ) 8t, j 2 J, d̃j,k 2 U U�XR#V

sj,t � sj,t��t +
X

k

xj,k,td̃j,k +mj,t · (s0j � smax
j ) 8t, j 2 J, d̃j,k 2 U U�XR+V

sj,t  sj,t��t +
X

k

xj,k,td̃j,k 8t, j 2 J, d̃j,k 2 U U�XR/V

BMiQ � /2i2`KBMBbiB+ `Q#mbi +QmMi2`T�`i BM i?Bb rQ`F Bb #�b2/ QM i?2 �TT`Q�+? #v G�TT�b �M/

:QmM�`Bb (de)X sj,t Bb `2TH�+2/ #v i?2 �{M2 /2+BbBQM `mH2

sj,t = [sj,t]0 +
X

k

[sj,t]kd̃j,k

BM �HH +QMbi`�BMib- r?2`2 [sj,t]0 �M/ [sj,t]k �`2 +Q2{+B2Mib r?B+? #2+QK2 M2r p�`B�#H2b BM i?2

`27Q`KmH�i2/ +QMbi`�BMibX h?2 }`bi +QMbi`�BMi U1[MX �XR�V +�M #2 `27Q`KmH�i2 BM i?2 7QHHQrBM;

RRy



RRR

r�v,
mj,ts

0
j  [sj,t]0 +

X

k

[sj,t]kd̃j,k

) �
X

k

[sj,t]kd̃j,k  [sj,t]0 �mj,ts
0
j

) ⇥⇤  [sj,t]0 �mj,ts
0
j ,

r?2`2
⇥⇤ = max

d̃j,k

�
X

k

[sj,t]kd̃j,k

bXi � d̃j,k  �d̄j,k(1� ✏) 8k

d̃j,k  d̄j,k(1 + ✏) 8k.

h?2 /m�H Q7 i?Bb Bb

⇥⇤ = min
u1,j,t,l1,j,t

X

k

d̄j,k
⇥
(1 + ✏)u1,j,t

k � (1� ✏)l1,j,tk

⇤

bXi u1,j,t
k � l1,j,tk � �[sj,t]k 8k,

rBi? /m�H p�`B�#H2b u1,j,t
k �M/ l1,j,tk X .`QTTBM; i?2 KBMBKBx�iBQM H2�/b iQ i?2 }M�H `27Q`KmH�iBQM,

X

k

d̄j,k
⇥
(1 + ✏)u1,j,t

k � (1� ✏)l1,j,tk

⇤
 [sj,t]0 �mj,ts

0
j 8t, j 2 J

u1,j,t
k � l1,j,tk � �[sj,t]k 8j, t, k

aBKBH�` �M�HvbBb 7Q` i?2 b2+QM/ BM2[m�HBiv U1[MX �XR#V H2�/b iQ `27Q`KmH�iBQM

X

k

d̄j,k
⇥
(1 + ✏)u2,j,t

k � (1� ✏)l2,j,tk

⇤

 smax
j � [sj,t]0 +mj,t · (s0j � smax

j ) 8t, j 2 J

u2,j,t
k � l2,j,tk � [sj,t]k 8j, t, k,



RRk �TT2M/Bt �X 6Q`KmH�iBM; i?2 `Q#mbi +QmMi2`T�`i

i?2 i?B`/ BM2[m�HBiv U1[MX �XR+V vB2H/b

X

k

d̄j,k
⇥
(1 + ✏)u3,j,t

k � (1� ✏)l3,j,tk

⇤

 [sj,t]0 � [sj,t��t]0 +mj,ts
max
j 8t, j 2 J

u3,j,t
k � l3,j,tk � [sj,t��t]k � [sj,t]k + xj,k,t 8j, t, k,

�M/ i?2 7Qm`i? U1[MX �XR/V

X

k

d̄j,k
⇥
(1 + ✏)u4,j,t

k � (1� ✏)l4,j,tk

⇤

 �[sj,t]0 + [sj,t��t]0 8t, j 2 J

u4,j,t
k � l4,j,tk � �[sj,t��t]k + [sj,t]k � xj,k,t 8j, t, k.



�TT2M/Bt "

1[mBp�H2M+2 iQ /2i2`KBMBbiB+

QTiBKBx�iBQM rBi? K�tBK�H T�`�K2i2`b

LQi2 i?�i 7Q` +QMp2MB2M+2 �M/ `2�/�#BHBiv i?2 BM/2t j ?�b #22M /`QTT2/ BM �HH 2[m�iBQMb BM i?Bb

�TT2M/BtX

*QMbB/2` i?2 +�b2 r?2`2 i?2 +Qbi- T`Q+2bb KQ/2H- �M/ K�BMi2M�M+2 KQ/2H BM S`Q#H2K N �`2 MQi

7mM+iBQMb Q7 i?2 mM+2`i�BM T�`�K2i2`b d̃k,

min
x,m

+Qbi(x,m) U"XR�V

bXi T`Q+2bb KQ/2H(x,m) U"XR#V

K�BMi2M�M+2 KQ/2H(x,m) U"XR+V

mts0  [st]0 +
X

[st]kd̃k, 8t, d̃k 2 U U"XR/V

[st]0 +
X

[st]kd̃k  smax +mt(s
0 � smax), 8t, d̃k 2 U U"XR2V

[st]0 +
X

[st]kd̃k � [st�1]0 +
X

[st�1]kd̃k

+
X

k

xk,td̃k

+mt(s
0 � smax),

8t, d̃k 2 U U"XR7V

[st]0 +
X

[st]kd̃k[st�1]0 +
X

[st�1]kd̃k +
X

k

xk,t�1d̃k, 8t, d̃k 2 U U"XR;V

RRj



RR9 �TT2M/Bt "X 1[mBp�H2M+2 iQ /2i2`KBMBbiB+ QTiBKBx�iBQM rBi? K�tBK�H T�`�K2i2`b

6m`i?2`KQ`2 +QMbB/2` � /2i2`KBMBbiB+ p2`bBQM Q7 S`Q#H2K "XR

min
x,m

+Qbi(x,m) U"Xk�V

bXi T`Q+2bb KQ/2H(x,m) U"Xk#V

K�BMi2M�M+2 KQ/2H(x,m) U"Xk+V

mts
0  st, 8t U"Xk/V

st  smax +mt(s
0 � smax), 8t U"Xk2V

st � st�1 +
X

k

xk,td
max
k +mt(s

0 � smax), 8t U"Xk7V

st  st�1 +
X

k

xk,td
max
k , 8t U"Xk;V

BM r?B+? d̃k ?�b #22M `2TH�+2/ #v

dmax
k = max

d̃k2U
d̃k.

h?2Q`2K "XRX :Bp2M i?�i +Qbi- T`Q+2bb KQ/2H- �M/ K�BMi2M�M+2 KQ/2H �`2 MQi 7mM+iBQMb Q7

d̃j,k �M/ i?�i s0j  sinitj = sj,t=t0  smax
j �M/ d̃j,k � 0, 8d̃j,k 2 U - i?2M � 72�bB#H2 bQHmiBQM (x =

[xk,t, . . .],m = [mt, . . .],h = [st]) iQ S`Q#H2K "Xk 7Q`Kb � 72�bB#H2 bQHmiBQM (x = [xk,t, . . .],m =

[mt, . . .],h = [[st]0, [st]k]) iQ S`Q#H2K "XR rBi?

[st]0 =

8
>><

>>:

sinit t < tm,0

s0 t � tm,0

U"Xj�V

[st]k =
tX

t0=tm,t

xk,t, U"Xj#V

r?2`2 sinit = s(t = 0)- tm,0 Bb i?2 }`bi TQBMi BM iBK2 �i r?B+? K�BMi2M�M+2 Bb T2`7Q`K2/- �M/

tm,t Bb i?2 KQbi `2+2Mi TQBMi BM iBK2 �i r?B+? K�BMi2M�M+2 r�b T2`7Q`K2/X

S`QQ7X 6B`bi r2 b?Qr i?�i i?2 AM2[m�HBiv "XR/

mts
0  [st]0 +

X
[st]kd̃k U"XR/V



RR8

?QH/b 7Q` �Mv d̃k � 0 ;Bp2M (x = [xk,t, . . .],m = [mt, . . .],h = [[st]0, [st]k]), 6`QK i?2 �bbmKTiBQM

s0  sinit  smax �M/ 1[MX "Xj� Bi 7QHHQrb i?�i s0  [st]0  smaxX 6m`i?2`KQ`2- Bi /B`2+iHv

7QHHQrb 7`QK 1[MX "Xj# i?�i [st]k � 0X 1[MX "XR/ Bb i?2`27Q`2 ;m�`�Mi22/ iQ ?QH/ 7Q` �Mv

d̃k 2 U , d̃k � 0X

L2ti- r2 b?Qr i?�i AM2[m�HBiB2b "XR7 �M/ "XR;-

[st]0 +
X

[st]kd̃k � [st�1]0 +
X

[st�1]kd̃k +
X

k

xk,td̃k +mt(s
0 � smax) U"XR7V

�M/

[st]0 +
X

[st]kd̃k  [st�1]0 +
X

[st�1]kd̃k +
X

k

xk,td̃k U"XR;V

`2bT2+iBp2Hv- ?QH/ 7Q` �Mv d̃k 2 U �b HQM; �b AM2[m�HBiv "XR2 Bb b�iBb}2/X q2 }`bi �bbmK2 i?�i

mt = 0X AM i?Bb +�b2 [st]k = [st�1]k + xk,t U7`QK 1[MX "Xj#V- [st]0 = [st�1]0 U7`QK 1[MX "Xj�V �M/

1[MbX "XR7 �M/ "XR; bBKTHB7v iQ

[st]0 � [st�1]0

�M/

[st]0  [st�1]0,

r?B+? Bb i`m2 7Q` �Mv d̃kX L2ti r2 �bbmK2 i?�i mt = 1X AM i?Bb +�b2 [st]0 = s0 U7`QK 1[MX "Xj�V-

[st]k = 0 U7`QK 1[MX "Xj#V- �M/ xk,t = 0 U�bbmKBM; i?�i � mMBi +�M MQi #2 QT2`�i2/ r?BH2

K�BMi2M�M+2 Bb T2`7Q`K2/VX am#biBimiBM; i?Bb BMiQ 1[MbX "XR7 �M/ "XR; �M/ `2�``�M;BM; vB2H/b

[st�1]0 +
X

[st�1]kd̃k  smax U"X9V

�M/

s0  [st�1]0 +
X

[st�1]kd̃k U"X8V

`2bT2+iBp2HvX 1[MX "X9 Bb ;m�`�Mi22/ iQ #2 b�iBb}2/ �b HQM; �b AM2[m�HBiv "XR2 ?QH/b 7Q` t = t�1

�M/ 1[MX "X8 ?QH/b 7Q` �Mv d̃k 2 U , d̃k � 0 bBM+2 [st�1]0 � S0 �M/ [st�1]k � 0X



RRe �TT2M/Bt "X 1[mBp�H2M+2 iQ /2i2`KBMBbiB+ QTiBKBx�iBQM rBi? K�tBK�H T�`�K2i2`b

6BM�HHv r2 b?Qr i?�i i?2 AM2[m�HBiv "XR2

[st]0 +
X

[st]kd̃k  smax +mt(s
0 � smax) U"XR2V

?QH/b 7Q` �Mv d̃k 2 U X hQ i?Bb 2M/ r2 MQiB+2 i?�i

argmax
d̃k2U

[st]0 +
X

k

[st]kd̃k = dmax
k

bBM+2 [st]k � 0X h?2`27Q`2- B7 1[MX "XR2 ?QH/b 7Q` d̃k = dmax
k - Bi ?QH/b 7Q` �Mv d̃k 2 U X aBM+2

(x = [xk,t, . . .],m = [mt, . . .],h = [st]) Bb � bQHmiBQM iQ S`Q#H2K "Xk-

st  smax +mt(s
0 � smax). U"XeV

G�biHv- MQiB+BM; i?�i i?2 /2}MBiBQM Q7 [st]0 �M/ [st]k U1[MbX "Xj� �M/ "Xj#V 2Mbm`2 i?�i st +�M

�Hr�vb #2 /2+QKTQb2/ �b

st = [st]0 +
X

k

[st]kd
max
k

B7 st b�iBb}2b S`Q#H2K "Xk- Bi 7QHHQrb i?�i

st = [st]0 +
X

k

[st]kd
max
k  smax +mt(s

0 � shmax)

�M/ 1[MX "XR2 ?QH/b 7Q` �HH d̃k 2 U X



RRd



RR3 �TT2M/Bt *X AMbi�M+2b Q7 i?2 ahL

�TT2M/Bt *

AMbi�M+2b Q7 i?2 ahL

ai�i2b 622/ � 622/ " 622/ * >Qi � AMiX "* AMiX �" AKTm`2 1 S`Q/X R S`Q/X k

*�T�+Biv (F;) 1 1 1 Ryy kyy R8y Ryy 1 1

AMBiB�H (F;) 1 1 1 y y y y y y

aiQ`�;2 +Qbi y y y R R R R 8 8

lMBib >2�i2` _2�+iQ` R _2�+iQ` k aiBHH

vmin
j (F;) 9y jk ky 3y

vmax
j (F;) Ryy 3y 8y kyy

smax
j 3y R8y Rey Ryy

sinit
j jy 8y Rky 9y

⌧j (?`) R8 kR k9 R8

cmaint
j jyy Nyy kyyy Rkyy

cfj kyyy jyyy jyyy R8yy

h�bF JQ/2 lMBi

>2�i2` _2�+iQ` R _2�+iQ` k aiBHH

pi,j,k d̄i,j,k/�i,j,k p d̄/� p d̄/� p d̄/�

>2�iBM; aHQr N RfyXkd

LQ`K�H e kfyX89

6�bi j jfyX3R

_2�+iBQM R aHQr kd 9fRXy3 jy 9fRXy3

LQ`K�H R8 8fRXj8 R3 8fRXj8

6�bi 3 3fkX9j Rk RyfkXd

_2�+iBQM k aHQr je RfyXkd jj kfyX89

LQ`K�H kR jfyX3R R3 9fRXy3

6�bi R8 8fRXj8 Rk 9fRXy3

_2�+iBQM j aHQr jy jfyX3R k9 kfyX89

LQ`K�H R3 dfRX3N kR 8fRXj8

6�bi e 3fkXRe Rk NfkX9j

a2T�`�iBQM aHQr R8 kfyX89

LQ`K�H N 8fRXj8

6�bi e efRXek

S2`BQ/ a+2M�`BQ

GQr �p2`�;2 >B;?

S`Q/m+i R S`Q/m+i k S`Q/m+i R S`Q/m+i k S`Q/m+i R S`Q/m+i k

R de Rje R8y kyy RNy kN9

k RRe Rek 33 R8y kjR jkj

j RyR RR8 Rk8 RNd RN3 jyd

9 NR R9R ed kNe kRd jj8

8 ey R9d Ree RNR R3R kNj

e ey Ryj kyj RNj k99 jk3

d 89 R93 Ny kR9 k9j jke

3 RRy RRj kk9 kN9 R3k kNe

N Nk Ry8 Rd9 k9d k9e kNe

Ry NN Rd8 Rke jRj R3N j93

RR 8R Rdd ee kke RNN jRN

Rk RRd Re9 RRN RkR kkk j9e

Rj Ry3 Rk9 kj9 RNd k9e jjR

R9 e9 Ryd e9 k9k kjN jje

R8 ek R89 Ryj kky R3y jyk

Re ek Rj8 dd j9k kRe jye

Rd dR RyN Rjk j88 kR3 jyk

R3 3e RjN R3e jky kRj j9N

RN 3y Ryk Rd9 jj8 kjj k39

ky dy Rdk kjN kN3 RNR j9d

kR Nk Rky Rk9 k8k kjj jyj

kk 8N R8j RN9 kkk R3R jyj

kj dy Rk9 NR jk9 R3N jyd

k9 d8 R9R kk3 jjd R33 kNN

h�#H2 *XR, AMbi�M+2 SR (R)



RRN

Feed
T1

S2
T2

S3
T3

S4

ai�i2b aR ak aj a9

*�T�+Biv (F;) 1 1 1 1

AMBiB�H (F;) 1 y y y

aiQ`�;2 +Qbi y R R R

lMBib lR lk lj l9 l8

vmin
j (F;) y y y y y

vmax
j (F;) Ryy R8y kyy R8y R8y

smax
j Rky Ryy R8y Ny 3y

sinitj Ry dy 98 ey jy

tj (?`) kR R8 R3 N Rj

cmaint
j eyy eyy 8yy 9yy 9yy

h�bF JQ/2 lMBi

lR lk lj l9 l8

pi,j,k d̄i,j,k/�i,j,k p d̄/� p d̄/� p d̄/� p d̄/�

hR aHQr jj jfyXee jy jfyXee

hR LQ`K�H k8 8fRXj8 kR efRXek

hR 6�bi R8 dfkXRd Rk NfkXdN

hk aHQr k9 9fyX33

hk LQ`K�H R3 efRXek

hk 6�bi Rk RyfjXR

hj aHQr kR kfyX99 R3 kfyX99

hj LQ`K�H R8 9fRXy3 Rk 9fRXy3

hj 6�bi N dfkXRd e efRX3e

S2`BQ/ a+2M�`BQ S2`BQ/ a+2M�`BQ

GQr �p2`�;2 >B;? GQr �p2`�;2 >B;?

R dk8 RRed kyyk Rj 99e N9d R39d

k 83d RRRy kR9R R9 kyR R9ke kRd3

j jNd Ry3d Ree3 R8 jy8 RyNy kR8N

9 883 Nye RNdd Re 99d Ry9y kyR8

8 9RR RR33 ReNk Rd jd3 NRd Reek

e ed3 RRNR R3y8 R3 8ee RRNy Rd3k

d k8k R9je kyyd RN 9yN N8j Re9e

3 9R8 Ryky kRd9 ky dNd RRyN kRj8

N 8jN RRRy RdRj kR ey8 RkN3 kRRj

Ry 9R9 Rkee kRek kk 9Rj Rkd8 Rdey

RR kR9 Ry9k kR88 kj 88y Rje9 RN83

Rk eRk RReN kyR3 k9 jek RR83 RddN

h�#H2 *Xk, AMbi�M+2 Sk (k)



Rky �TT2M/Bt *X AMbi�M+2b Q7 i?2 ahL

F1
T1

80%
I3

I1

20%

T2
30%F2 I2

70%
T4

60%

40%
P2

T3
P1

ai�i2b 6R 6k AR Ak Aj SR Sk

*�T�+Biv (F;) 1 1 kyy Ryy 8yy Ryyy Ryyy

AMBiB�H (F;) 1 1 y y y y y

aiQ`�;2 +Qbi y y R R R 8 8

lMBib _R _k _j

vmin
j (F;) 9y k8 9y

vmax
j (F;) 3y 8y 3y

smax
j dy Rky dy

sinit
j Ry Ry Ry

⌧j (?`) kR kR kR

cmaint
j eyy eyy eyy

h�bF JQ/2 lMBi

_R _k _j

pi,j,k d̄i,j,k/�i,j,k p d̄/� p d̄/�

hR aHQr k9 jfyXee k9 jfyXee

hR LQ`K�H R8 8fRXj8 R8 8fRXj8

hR 6�bi N 3fkXRe N 3fkXRe

hk aHQr je jfyXee je jfyXee

hk LQ`K�H k9 8fRXj8 k9 8fRXj8

hk 6�bi R8 3fkXRe R8 3fkXRe

hj aHQr Rk jfyXee

hj LQ`K�H N 8fRXj8

hj 6�bi e 3fkXRe

h9 aHQr k9 jfyXee

h9 LQ`K�H R8 8fRXj8

h9 6�bi N 3fkXRe

S2`BQ/ a+2M�`BQ S2`BQ/ a+2M�`BQ

GQr �p2`�;2 >B;? GQr �p2`�;2 >B;?

SR Sk SR Sk SR Sk SR Sk SR Sk SR Sk

R RNy Ryk kdR kjR jRR jy8 Rj RNd RNk kRj k3y jR9 jde

k Rdk R8e kjy k3k j3R j9d R9 Rky Ryy k8d kdy jdy jNk

j Ryk Ryj kd9 kke j3R jkR R8 R3y RR8 k3e kkj jj8 jdy

9 Rjy Rdk k3N k3R jRy jRy Re Rd3 R3e kyR k3R j3e j83

8 Rjy Ry9 kdy kRk jRd jdR Rd Rj8 Rj3 k33 k3N jN3 jyN

e Rd9 RNk ky8 ky8 jjN jk3 R3 R9y RR8 k39 k8j jy9 jNe

d Red RN9 key k93 jdN j93 RN Rk3 Ry9 kyy kdj jj9 j8R

3 R38 Rd8 k8N k3k jRd jNk ky R88 RdN kd8 kRy jke jyy

N RdN R3y kRR kjj jyy j3d kR R83 Rky kN3 k8j jR8 jNd

Ry RjR Rky keR kNk j9e jke kk Rey R3e k8k k39 jyR jNe

RR Ry9 RNe kdR kRk je9 je9 kj Rk8 Ry8 kkj kky jNe jd3

Rk Ry9 R33 kyk k3N jyN j9e k9 R3d Rj9 ky8 k38 jRe jNj

h�#H2 *Xj, AMbi�M+2 S9 (j)



RkR

F1
T1

I4
T4

50%

P1

30% I9
70%

T5
P2

I5
50%T2

F2

T3
40%F3

60%

I6 T6
I8

T8
50%

P4

I7

50%

T7
70%

P3
30%

ai�i2b 6R 6k 6j A9 A8 Ae Ad A3 AN SR Sk Sj S9

*�T�+Biv (F;) 1 1 1 Ryyy Ryyy R8yy kyyy Ryyy jyyy 1 1 1 1

AMBiB�H (F;) 1 1 1 y y y y y y y y y y

aiQ`�;2 +Qbi y y y R R R R R R 8 8 8 8

lMBib _R _k _j _9 _8 _e

vmin
j (F;) y y y y y y

vmax
j (F;) Ryyy k8yy j8yy R8yy Ryyy 9yyy

smax
j Ryy Ryy Ryy Ryy Ryy Ryy

sinit
j dd 3y Ny Rd 9y jj

⌧j (?`) kR kR kR kR kR kR

cmaint
j Ryyy Rdyy kyyy Rkyy Ryyy kRyy

h�bF JQ/2 lMBi

_R _k _j _9 _8 _e

pi,j,k d̄i,j,k/�i,j,k p d̄/� p d̄/� p d̄/� p d̄/� p d̄/�

hR aHQr R3 jfyXee

hR LQ`K�H Rk 8fRXj8

hk aHQr k9 jfyXee

hk LQ`K�H R8 8fRXj8

hj aHQr jj 8fyXee

hj LQ`K�H kR 3fRXj8

h9 aHQr 9k 8fyXee

h9 LQ`K�H kR RRfRXj8

h8 aHQr 98 dfyXee

h8 LQ`K�H jy RyfRXj8

he aHQr R3 jfyXee

he LQ`K�H Rk 8fRXj8

hd aHQr jj efyXee

hd LQ`K�H kR NfRXj8

h3 aHQr 98 efyXee

h3 LQ`K�H jy RyfRXj8

h�#H2 *X9, AMbi�M+2 Se (9)



Rkk �TT2M/Bt *X AMbi�M+2b Q7 i?2 ahL

S2`BQ/ a+2M�`BQ

GQr �p2`�;2 >B;?

SR Sk Sj S9 SR Sk Sj S9 SR Sk Sj S9

R dR8 8yR 3yR Njj Rkdd Rj8e RdjN Rj9N Rey8 R399 R3N3 RejR

k 8Nj 3d3 333 djN R8jj RjeR Rj39 Rjd9 Re3d R33k Re8y Rdjk

j d9j NN8 3Rd 8ej Rdkd R9yy Rjkj Rj8R R8Ry R3y8 R3Nj ReNN

9 eky Nej eje eN3 Rdyk RdyR Rkey Rey8 R88d RdRd ReNj RNy3

8 NNR eRk 8j8 e3e R8kR R9k9 Reyy RjR8 RNkN RdeN Re8d RNR3

e NRN 3RN NR9 eke R98R R9Rk Reed R9ye R8jN R3R3 Rede R8kR

d e93 dNN Nky 89N R99d R9dR Rdjk Reky RNNN Reej Rejk Reyj

3 eyN dk3 NeN Nk8 Rd9e R999 ReN9 R8Rk Redj RN3d RNk9 Rd9k

N d9R 8d8 ey9 3R9 ReNR R98e Rj39 Rjy8 R3ke R88N RN3k R33k

Ry Ne3 e3k 38j 8jk R9je RkNd R8e9 Rj8e RN3d Rdjd R8N3 RNRy

RR ek9 d3N 3Re dk3 Rj8d Rdjy R99R Rej3 ReNe Reey RdeR Rdd3

Rk 39y NkN dyy djj Rj39 Rk3j R9eR R9kj RddN Rdkk R883 Re88

Rj 8Re dNy dy8 d9j Rj3d R8N9 ReNe R8jj R8Ne R8k3 R38d Rd98

R9 88e e9j Nd9 3Ny Rdkk R9Nj R8k3 R8jj Rd3k R3kN RNN9 R8Rk

R8 N9y dR8 dNd ej3 R9dy Rjdd Rej8 Rjyj RN9N Rdj3 RNjj Rd3k

Re 3N9 3Ne eNj 38j R8ej R9ed R8ke R8e8 R3jd R8Nj RNj3 R38k

Rd dNk NN9 8yN e9d R8eR R8Nj ReR9 R8jR ReN9 R3eN R3dN R8Nj

R3 dk8 dR3 38e d3N RdjN Re3R Rjdj Rk88 RNyk Reej R3R9 RN8j

RN 3ky 33e NdR 8jR R8de Rdye Rej8 Rek3 R3d8 RN33 Re93 R8Rk

ky N8y d33 83y 38N Rekd Rj83 R9eN ReN9 Re9k R8RN RNNN R8N8

kR e9R ddj e3R 3dd Rk8d R9jj R83R R9ky R3Ny RN9k R389 R3ke

kk dNj Nej N8y ej9 Rk8y Re9R Re99 R9y9 RdN8 Rek3 Re83 RNeR

kj 8y9 d9R 8jR edR R9dk ReRd RjRR R8RN RNed Rde3 R3dd RdjN

k9 3jy 8kN 3RN 8N9 RjNy Re98 Rejk ReR9 R399 RN98 Reky R8ej

h�#H2 *X8, AMbi�M+2 Se (9) +QMiBMm2/



Rkj

F1 Heating

I1 Reaction 2
70%

P2

P1

30%

Reaction 1

40%

F2
60%

ai�i2b 6R 6k AR SR Sk

*�T�+Biv (F;) 1 1 1 1 1

AMBiB�H (F;) 1 1 y y y

aiQ`�;2 +Qbi y y R8 N 8

lMBib >2�i2` _2�+iQ`

vmin
j (F;) 9y jy

vmax
j (F;) Ryy R9y

smax
j 3y Rky

sinit
j 9j jy

⌧j (?`) k j

cmaint
j jyy jyy

h�bF JQ/2 lMBi

>2�i2` _2�+iQ`

pi,j,k d̄i,j,k/�i,j,k p d̄/�

>2�iBM; aHQr N 8X8fRX9N

>2�iBM; LQ`K�H e RRfkXNd

_2�+iBQM R aHQr e dfRX3N

_2�+iBQM R LQ`K�H 9 NfkX9j

_2�+iBQM k aHQr Ry 8fRXj8

_2�+iBQM k LQ`K�H e RjfjX8R

S2`BQ/ a+2M�`BQ S2`BQ/ a+2M�`BQ

GQr �p2`�;2 >B;? GQr �p2`�;2 >B;?

SR Sk SR Sk SR Sk SR Sk SR Sk SR Sk

R 8k eR RkR RRj R39 kyR Rj 9N 98 R9R Rk3 R3y kk8

k ey jk Rjd R9N kk3 kyd R9 kN 99 RR8 Rky kRy RNk

j 9k 8N R9N Rk3 ky9 kR3 R8 eN j8 R93 Rye kky RNk

9 8R 9y R9e Rkd RNk kyy Re 8j 8R Rk8 R93 kk9 kk8

8 k9 9k Ry8 Ryj kye kk8 Rd j3 9N Ryk Rje kkN kR3

e j9 8k RRR Ryy RN9 kRk R3 9d dd RRk Rk8 ky9 kyR

d jk 88 Ry8 R9j kkj kRe RN 89 8j R9R Rj9 RNd kke

3 jy ek R9R R9y R3k kR3 ky ke dd RR3 RjR kkj kR8

N e8 jy R99 Rk3 R38 RNd kR eR e3 RRe Rk3 RNN R3j

Ry jk eN R9d Rkk kR3 R3y kk jR dR Rjk RyR kRk RNe

RR 8N jd RRN RRN R3k RNd kj 8j 9k Ryd RkR R3R kkk

Rk k9 99 Rjj RjN kR3 RN8 k9 jN 9d RRj R9j kky kRR

h�#H2 *Xe, hQv BMbi�M+2



Rk9 �TT2M/Bt *X AMbi�M+2b Q7 i?2 ahL

1t+2Ti 7Q` i?2 iQv BMbi�M+2- �HH BMbi�M+2b �`2 i�F2M 7`QK i?2 #2M+?K�`F +QHH2+iBQM #v G�TT�b �M/

:QmM�`Bb (de)X �HH T�`�K2i2`b r2`2 +QMp2`i2/ iQ � /Bb+`2i2 iBK2 7Q`KmH�iBQM �M/ /2;`�/�iBQM

T�`�K2i2`b r2`2 �//2/X 6Q` AMbi�M+2 SR (R) T�`�K2i2`b 7`QK "BQM/B 2i �HX (dy) r2`2 mb2/X h?2

iBK2 bi2Tb �M/ ?Q`BxQMb mb2/ BM 2�+? BMbi�M+2 �`2 ;Bp2M BM h�#H2 *XdX

AMbi�M+2 hQv SR (R) Sk (k) S9 (j) Se (9)
TS jy Re3 Re3 Re3 Re3
�tS R j j j j
TP dky 9yjk 9yjk 9yjk 9yjk
�tP jy Re3 Re3 Re3 Re3

h�#H2 *Xd, hBK2 ?Q`BxQMb Q7 ahL BMbi�M+2b

h?2 /2;`�/�iBQM Q7 �HH mMBib Bb �bbmK2/ iQ 7QHHQr � qB2M2` T`Q+2bbX h?2 /Bbi`B#miBQM Q7 BM+`2@

K2Mib Bb

Sj,t+pi,j,k � Sj,t = Di,j,k, Di,j,k ⇠ N
�
d̄i,j,k, �

2
i,j,k

�
,

r?2`2 d̄i,j,k Bb i?2 MQKBM�H �KQmMi Q7 /2;`�/�iBQM r?2M i�bF i Bb T2`7Q`K2/ QM mMBi j BM KQ/2

kX q?2M MQ i�bF Bb #2BM; T`Q+2bb2/ i?2 /2;`�/�iBQM bB;M�H Bb �bbmK2/ iQ p�`v rBi? x2`Q K2�M

�M/ � bK�HH p�`B�M+2,

Sj,t+�t � Sj,t = D0,�t, D0,�t ⇠ N
�
0, 0.052�t

�
. U*XRV

� /2i�BH2/ HBbi Q7 �HH T�`�K2i2` p�Hm2b mb2/ BM 2�+? +�b2 bim/v +�M #2 7QmM/ BM h�#H2b *XR

i?`Qm;? *XeX



�TT2M/Bt .

*`QbbBM; T`Q#�#BHBiB2b Q7 � "`QrMB�M

KQiBQM 7Q` � TB2+2rBb2 HBM2�` #QmM/�`v

q?2M i?2 qB2M2` T`Q+2bb Bb mb2/ �b � /2;`�/�iBQM KQ/2H- i?2 7�BHm`2 T`Q#�#BHBiv pfj +�M #2

+�H+mH�i2/ 2{+B2MiHv #�b2/ QM �M�HviB+�H `2bmHi (Ny- NR- Rde)X h?2 T`Q#�#BHBiv Q7 � qB2M2`

T`Q+2bb rBi? TB2+2rBb2 +QMbi�Mi T�`�K2i2`b ✓j,k = [µj,k, �j,k] +`QbbBM; � }t2/ i?`2b?QH/ smax
j

Bb 2[mBp�H2Mi iQ i?2 T`Q#�#BHBiv Q7 � bi�M/�`/ "`QrMB�M KQiBQM W (t) U� qB2M2` T`Q+2bb rBi?

N (0, 1) /Bbi`B#mi2/ BM+`2K2MibV +`QbbBM; � TB2+2rBb2 HBM2�` #QmM/�`vX h?2 T`Q#�#BHBiv Q7 W (t)

+`QbbBM; � HBM2�` #QmM/�`v at+ b Bb FMQrM iQ #2 BMp2`b2 ;�mbbB�M /Bbi`B#mi2/

P (W (t) � at+ b, t  T ) = 1� �(
aT + bp

T
) + exp�2ab �(

aT � bp
T

), U.XRV

r?2`2 �(·) Bb i?2 bi�M/�`/ MQ`K�H /Bbi`B#miBQM 7mM+iBQM (Rdd)X

"�b2/ QM i?Bb- i?2 T`Q#�#BHBiv Q7 7�BHm`2 pu,vj #2ir22M irQ +QMb2+miBp2 K�BMi2M�M+2 iBK2b tm,u

�M/ tm,v +�M #2 +�H+mH�i2/ �b

pu,vj = 1� h(y)

= 1�
nY

l=1

(yl > 0)

✓
1� exp


� 2yl�1yl
tl � tl�1

�◆
,

Rk8



Rke�TT2M/Bt .X *`QbbBM; T`Q#�#BHBiB2b Q7 � "`QrMB�M KQiBQM 7Q` � TB2+2rBb2 HBM2�` #QmM/�`v

r?2`2 tl, l 2 {1, . . . , n} �`2 i?2 n TQBMib BM iBK2 #2ir22M tm,u �M/ tm,v �i r?B+? i?2 QT2`�iBM;

KQ/2 k +?�M;2b (Ny)X

>2`2 y Bb � p2+iQ` `2T`2b2MiBM; i?2 p�Hm2b Q7 W (t) �i 2�+? tlX Ai Bb /2}M2/ �b

y = c+MD1/2u,

r?2`2 M Bb � HQr2` i`B�M;mH�` K�i`Bt Q7 QM2b-

D1/2 = /B�;(
p

t1 � tm,u,
p
t2 � t1, . . . ,

p
tm,v � tn),

u Bb � `�M/QK p2+iQ` rBi? ul ⇠ N (0, �2
j,k(tl))- �M/ c Bb i?2 TB2+rBb2 HBM2�` #QmM/�`v

c = (smax
j � sinitj ) · [1, . . . , 1]> �M/B�; (0, µj,k (t1) , . . . , µj,k (tn))�t

rBi?

�t = [0, t1 � t0, . . . , tn � tn�1]
> .

h?2 Qp2`�HH T`Q#�#BHBiv Q7 7�BHm`2 Qp2` i?2 2p�Hm�iBQM ?Q`BxQM T +�M i?2M #2 +�H+mH�i2/ �b

pfj = 1�
n+1Y

u=1

⇣
1� pu�1,l

j

⌘
, U.XkV

r?2`2 tm,0 = 0- tm,n+1 = T - �M/ tm,u, u 2 {1, . . . , n} �`2 i?2 n TQBMib BM iBK2 �i r?B+? K�BMi2@

M�M+2 Bb +�``B2/ Qmi QM mMBi j BM i?2 2p�Hm�iBQM ?Q`BxQMX



�TT2M/Bt 1

LQK2M+H�im`2

h ?2�Hi? p�`B�#H2b

m K�BMi2M�M+2 p�`B�#H2b

x T`Q+2bb p�`B�#H2b

AM/B+2b
i i�bF

j mMBi

k QT2`�iBM; KQ/2

s bi�i2

t iBK2

a2ib
I b2i Q7 i�bFb

Ij b2i Q7 i�bFb i �p�BH�#H2 QM mMBi j

Is b2i Q7 i�bFb i +QMbmKBM; bi�i2 s

Īs b2i Q7 i�bFb i T`Q/m+BM; bi�i2 s

J b2i Q7 T`Q+2bb mMBib

Ji b2i Q7 mMBib j QM r?B+? i�bF i +�M #2 T2`7Q`K2/

Ki b2i Q7 QT2`�iBM; KQ/2b �HHQr2/ 7Q` i�bF i

Kj b2i Q7 QT2`�iBM; KQ/2b k �p�BH�#H2 QM mMBi j

Rkd



Rk3 �TT2M/Bt 1X LQK2M+H�im`2

T 2p�Hm�iBQM ?Q`BxQM

TP TH�MMBM; ?Q`BxQM

TS b+?2/mHBM; ?Q`BxQM

U mM+2`i�BMiv b2i

X b2i Q7 QT2`�iBM; KQ/2 b2[m2M+2b xk
j

.Bb+`2i2 o�`B�#H2b
mj,t 1 B7 K�BMi2M�M+2 Bb T2`7Q`K2/ QM mMBi j �i iBK2 t

ni,j,k,t MmK#2` Q7 iBK2b i�bF i Bb T2`7Q`K2/ QM mMBi j BM KQ/2 k BM iBK2 T2`BQ/ t

wi,j,k,t 1 B7 i�bF i bi�`ib QM mMBi j BM KQ/2 k �i iBK2 t- 0 Qi?2`rBb2

xj,k,t 1 B7 mMBi j Bb QT2`�i2/ BM KQ/2 k �i iBK2 t

xk
j b2[m2M+2 Q7 QT2`�iBM; KQ/2b [k1, k2, . . . , kT ]

!j,k,t 1 B7 mMBi j QT2`�i2b BM KQ/2 k BM T2`BQ/ t- 0 Qi?2`rBb2

*QMiBMmQmb o�`B�#H2b
ai,j,k,t �KQmMi Q7 K�i2`B�H T`Q+2bb2/ #v i�bF i BM mMBi j BM KQ/2 k BM iBK2 T2`BQ/ t

bi,j,k,t �KQmMi Q7 K�i2`B�H +QKKBii2/ iQ i�bF i QM mMBi j BM KQ/2 k �i iBK2 t

c⇤ KBMBK�H +Qbi /2i2`KBM2/ #v bQHpBM; S`Q#H2K jXN

cfj +Qbi Q7 mMBi j 7�BHBM;

D `�M/QK p�`B�#H2 KQ/2HBM; BM+`2K2Mi Q7 S(t)

Nj,k `�M/QK p�`B�#H2 KQ/2HBM; nj,k

nj,k MmK#2` Q7 iBK2b KQ/2 k Q++m`b QM mMBi j BM � ;Bp2M �t

pfj T`Q#�#BHBiv Q7 7�BHm`2

p̄fj 2biBK�i2/ mTT2` #QmM/ QM pfj

qfins [m�MiBiv Q7 bi�i2 s biQ`2/ �i 2M/ Q7 TH�MMBM; ?Q`BxQM

qs,t [m�MiBiv Q7 bi�i2 s biQ`2/ �i iBK2 t

S(t) biQ+?�biB+ T`Q+2bb KQ/2HBM; smeas(t)

snj,t `2�HBx�iBQM Q7 Sj(t) �i iBK2 i

sfinj p�Hm2 Q7 /2;`�/�iBQM bB;M�H �i 2M/ Q7 TH�MMBM; ?Q`BxQM

smeas(t) K2�bm`2/ /2;`�/�iBQM bB;M�H



RkN

St `�M/QK p�`B�#H2 KQ/2HBM; smeas(t) �i iBK2 t

Xk
j (t) K2KQ`vH2bb J�`FQp +?�BM KQ/2HBM; xk

j

Xk
j,t bi�i2 Q7 J�`FQp +?�BM �i iBK2 t

�d
s bH�+F p�`B�#H2 7Q` mM7mH}HH2/ /2K�M/ Q7 bi�i2 s

�q
s,t bH�+F p�`B�#H2 7Q` biQ`�;2 +�T�+Biv pBQH�iBQM Q7 bi�i2 s �i iBK2 t

 T`Q+2bbf2MpB`QMK2Mi�H T�`�K2i2`b

S�`�K2i2`b
cmaint
j +Qbi Q7 K�BMi2M�M+2 7Q` mMBi j

cstorages T2` mMBi +Qbi Q7 biQ`�;2 7Q` bi�i2 s

cs biQ`�;2 +�T�+Biv Q7 bi�i2 s

D /Bbi`B#miBQM Q7 D

d̄j,k MQKBM�H p�Hm2 Q7 d̃j,k

d̃j,k mM+2`i�BM T�`�K2i2` KQ/2HBM; BM+`2K2Mi Q7 S(t)

dmax
j,k K�tBKmK Q7 d̃j,k BM U

N MmK#2` Q7 b�KTH2b BM JQMi2@*�`HQ bBKmH�iBQM

pi,j,k T`Q+2bbBM; iBK2 Q7 i�bF i QM mMBi j BM KQ/2 k

rj,t `2bB/m�H HB72iBK2 Q7 mMBi j �i iBK2 t

[sj,t]0, [sj,t]k T�`�K2i2`b 7Q` �{M2 /2+BbBQM `mH2

s0 `2b2i p�Hm2 /2;`�/�iBQM bB;M�H

sinit BMBiB�H p�Hm2 Q7 /2;`�/�iBQM bB;M�H

smax 7�BHm`2 i?`2b?QH/ /2;`�/�iBQM bB;M�H

t̄P }`bi iBK2 T2`BQ/ BM TH�MMBM; ?Q`BxQM

t̄S H�bi iBK2 T2`BQ/ BM b+?2/mHBM; ?Q`BxQM

�tP H2M;i? Q7 TH�MMBM; T2`BQ/

�tS H2M;i? Q7 b+?2/mHBM; T2`BQ/

U H�`;2 MmK#2`

vmax
i,j K�tBKmK #�i+? bBx2 7Q` i�bF i QM mMBi j

vmin
i,j KBMBKmK #�i+? bBx2 7Q` i�bF i QM mMBi j

↵ bBx2 T�`�K2i2` Q7 U



Rjy �TT2M/Bt 1X LQK2M+H�im`2

�s,t /2K�M/ 7Q` s �i iBK2 t

✏j,k bBx2 T�`�K2i2` Q7 U

⌘j,k T`Q#�#BHBiv Q7 k Q++m`BM; nj,k iBK2b

✓ T�`�K2i2` p2+iQ` Q7 D

µj,k K2�M Q7 Dj,k

⇡k,k⇤ i`�MbBiBQM T`Q#�#BHBiv J�`FQp +?�BM

⇢̄i,s 7`�+iBQM Q7 bi�i2 s Q7 K�i2`B�H T`Q/m+2/ #v i�bF i

⇢i,s 7`�+iBQM Q7 bi�i2 s Q7 K�i2`B�H +QMbmK2/ #v i�bF i

�j,k bi�M/�`/ /2pB�iBQM Q7 Dj,k

⌧j /m`�iBQM Q7 K�BMi2M�M+2 QM mMBi j



�TT2M/Bt 6

*QMM2+iBQM iQ mM+2`i�BM 7mM+iBQMb

*QMbB/2` i?2 7QHHQrBM; `Q#mbi QTiBKBx�iBQM T`Q#H2K,

min
(x,z)2X

f(x, z) U6XR�V

bXi
nX

i=1

g̃(zi)xi  b 8g̃ 2 Ug U6XR#V

zi 2 k, k  n. U6XR+V

AMbi2�/ Q7 mM+2`i�BM T�`�K2i2`b- S`Q#H2K U6XRV +QMbB/2`b �M mM+2`i�BMiv b2i Ug Qp2` mM+2`i�BM

7mM+iBQMb g̃(·)X q2 �`2 BMi2`2bi2/ BM /2}MBM; Ug BM � r�v i?�i Bi +QMi�BMb ǳHBF2HvǴ `2�HBx�iBQMb

Q7 i?2 :SX

_2+�HH i?�i 7Q` �Mv }MBi2 b2i Q7 TQBMib z1, . . . , zl- l 2 N- Gz1,...,zl = [G(z1), . . . , G(zl)]| Bb �

KmHiBp�`B�i2 :�mbbB�M rBi? K2�M µ(z1, . . . , zl) �M/ +Qp�`B�M+2 K�i`Bt ⌃(z1, . . . , zl)X 6Q` �Mv

bm+? Gz1,...,zl - r2 +�M +QMbi`m+i � +QM}/2M+2 2HHBTbQB/ E↵(z1, . . . , zl) +QMi�BMBM; i?2 i`m2 p�Hm2b

[g(z1), . . . , g(zl)]| rBi? T`Q#�#BHBiv 1� ↵,

E↵(z1, . . . , zl)l =

8
>>>><

>>>>:

y 2 l

bXiX (h(y)� µ)|⌃�1(h(y)� µ)

 F 1�↵
l

9
>>>>=

>>>>;

,

RjR



Rjk �TT2M/Bt 6X *QMM2+iBQM iQ mM+2`i�BM 7mM+iBQMb

r?2`2 F 1�↵
l = Fl(1 � ↵) Bb i?2 +mKmH�iBp2 /Bbi`B#miBQM 7mM+iBQM Q7 i?2 �2 /Bbi`B#miBQM rBi? l

/2;`22b Q7 7`22/QKX q2 i?2M +QMbi`m+i � b2i Ug Qp2` 7mM+iBQMb g̃(·) 7Q` r?B+? [g̃(z1), . . . , g̃(zl)]

HB2b BM i?2 +Q``2bTQM/BM; ↵@+QM}/2M+2 2HHBTbQB/ E↵(z1, . . . , zl)l 7Q` �Mv l 2 N �M/ z1, . . . , zl rBi?

zi 2 k,

UE =

8
>>>><

>>>>:

g̃ : k ! bXiX

[g̃(z1), . . . , g̃(zl)]| 2 E↵(z1, . . . , zl),

8{z1, . . . , zl}, zi 2 k, l 2 N

9
>>>>=

>>>>;

E↵ 1
(z

2
)

E↵
2 (z1, z2)

yXj

yXe

yXN

RXk

RX8

yXj yXe yXN RXk RX8
y1

y 2

6B;m`2 6XR, �Mv l1@/BK2MbBQM�H ↵@+QM}/2M+2 2HHBTbQB/ E↵l1 Bb � bi`B+i bm#b2i Q7 i?2 T`QD2+iBQM Q7
?B;?2` Q`/2` ↵@+QM}/2M+2 2HHBTbQB/b E↵l2 , l2 > l1 QMiQ i?2 l1@/BK2MbBQM�H bT�+2X

_2TH�+BM; Ug rBi? UE i`�Mb7Q`Kb S`Q#H2K U6XRV BMiQ � `Q#mbi QTiBKBx�iBQM T`Q#H2K rBi? �M

mM+2`i�BMiv b2i Qp2` 7mM+iBQMb /2}M2/ #v �M BM}MBi2 MmK#2` Q7 +QM}/2M+2 2HHBTbQB/b r?B+? +�M

?�p2 �`#Bi`�`BHv K�Mv /BK2MbBQMbX h?Bb b2i Bb MQi b2KB�H;2#`�B+ �M/ Bi Bb MQi +H2�` ?Qr Bi +QmH/

T`�+iB+�HHv #2 mb2/ BM QTiBKBx�iBQMX AM T`�+iB+2- ?Qr2p2`- r2 �`2 QMHv BMi2`2bi2/ BM 2p�Hm�iBM;

i?2 :S �i � }MBi2 MmK#2` Q7 TQBMibX >2`2- i?2 MmK#2` Q7 2p�Hm�iBQM TQBMib Bb i?2 MmK#2`

Q7 iBK2b |S| i?�i i?2 :S Q++m`b BM i?2 QTiBKBx�iBQM T`Q#H2KX *QMbB/2` i?2 7QHHQrBM; `Q#mbi

QTiBKBx�iBQM T`Q#H2K,

min
(x,z)2X

f(x, z) U6Xk�V

bXi y|x  b 8y 2 E↵(z) U6Xk#V

zi 2 k, k  n. U6Xk+V



Rjj

h?2Q`2K 6XRX � p2+iQ` x⇤ r?B+? Bb � 72�bB#H2 bQHmiBQM iQ S`Q#H2K U6XkV Bb �HbQ � 72�bB#H2

bQHmiBQM iQ S`Q#H2K U6XRVX

S`QQ7X �bbmK2 x⇤ Bb � bQHmiBQM iQ S`Q#H2K U6XkV #mi MQi iQ S`Q#H2K U6XRVX h?2M 9ĝ 2 Ug bXiX
P
i2S

ĝ(z⇤
i )x

⇤
i > 0X h?2 /2}MBiBQM Q7 Ug BKTHB2b i?�i [ĝ(z⇤

i ) : i 2 S]| 2 E↵(z⇤
i : i 2 S)X *?QQbBM;

ŷ = [ĝ(z⇤
i ) : i 2 S]|- Bi 7QHHQrb i?�i

P
i2S

ŷix⇤
i =

P
i2S

ĝ(z⇤
i )x

⇤
i > 0- K2�MBM; i?�i {x⇤, ŷ} Bb MQi

72�bB#H2 BM S`Q#H2K U6XkVX "mi ŷ 2 E↵(z⇤
i : i 2 [n])- r?B+? Bb � +QMi`�/B+iBQMX

6B;X U6XRV b?Qrb i?�i i?2 +QMp2`b2 Q7 h?2Q`2K U6XRV Bb MQi M2+2bb�`BHv i`m2X "2+�mb2 �HH +QM}@

/2M+2 2HHBTbQB/b �`2 bvKK2i`B+ �M/ +2Mi2`2/ �i i?2 K2�M Q7 i?2 /Bbi`B#miBQM- �Mv HQr2` /BK2M@

bBQM�H 2HHBTbQB/ E↵l = E↵(z1, . . . , zl), l < n Bb � bi`B+i bm#b2i Q7 i?2 T`QD2+iBQM Q7 E↵n = E↵(z) QMiQ

i?2 l@/BK2MbBQM�H bT�+2 UQi?2`rBb2 Bi rQmH/ ?�p2 iQ +QMi�BM � H�`;2` T`Q#�#BHBiv K�bbVX S`Q#@

H2K U6XkV i?2`27Q`2 +QMb2`p�iBp2Hv �TT`QtBK�i2b S`Q#H2K U6XRVX 6m`i?2`KQ`2- i?2 ↵@+QM}/2M+2

2HHBTbQB/ E↵(z) BKTHB2b i?�i � bQHmiBQM iQ S`Q#H2K U6XkV Bb � 72�bB#H2 bQHmiBQM iQ i?2 #H�+F@#Qt

+QMbi`�BM2/ T`Q#H2K rBi? � T`Q#�#BHBiv Q7 �i H2�bi 1� ↵ Ub22 h?2Q`2K RVX



�TT2M/Bt :

:HQ#�HHv QTiBKBxBM; MQM@+QMp2t BMM2`

K�tBKBx�iBQM T`Q#H2Kb

G2KK� :XkX G2i Y #2 i?2 b2i Q7 bQHmiBQM Q7 S`Q#H2K 9XRy- i?2M 9y⇤ 2 Y r?B+? Bb QM i?2

#QmM/�`v Q7 U - BX2X- y⇤ 2 @U X

S`QQ7X q?2M x = 0 i?2 Q#D2+iBp2 7mM+iBQM Bb +QMbi�Mi �M/ i?2 G2KK� Bb i`BpB�HHv i`m2X 6Q`

x 6= 0 r2 T`Qp2 i?2 G2KK� #v +QMi`�/B+iBQMX 6Q` i?2 b�F2 Q7 +QMi`�/B+iBQM �bbmK2 y⇤ 2 int(U)-

i?2M 9 ✏ > 0 bXiX y0 2 U , 8y0 2 {y0 | ky⇤ � y0k < ✏}X G2i,

ŷ = y⇤ +
x

kxk
✏

2
,

i?2M,

ky⇤ � ŷk = ky⇤ � y⇤ � x

kxk
✏

2
k = ✏

2
< ✏,

�M/ i?2`27Q`2 ŷ 2 U - #mi,

x|ŷ = x|
✓
y⇤ � x

kxk
✏

2

◆
= x|y⇤ +

x|x

kxk
✏

2
> x|y⇤,

r?B+? Bb � +QMi`�/B+iBQMX

Rj9



Rj8

G2KK� :XjX h?2 #QmM/BM; #Qt Q7 �M 2HHBTbQB/ (x� µ)|⌃�1(x� µ)  r2 Bb ;Bp2M #v i?2

2ti`2K2 TQBMib x̄i = µi + r�ii �M/ xi = µi � r�iiX

S`QQ7X *QMbB/2` i?2 QTiBKBx�iBQM T`Q#H2K,

max
x

xi U:XR�V

bXiX (x� µ)|⌃�1(x� µ) = r2 U:XR#V

AiǶb bi�iBQM�`Biv +QM/BiBQM Bb,

� = 2�⌃�1(x� µ), U:XkV

S`2@KmHiBTHvBM; #v (x� µ)| �M/ bm#biBimiBM; T`BK�H 72�bB#BHBiv H2�/b iQ i?2 2tT`2bbBQM,

� =
xi�µi

2r2
. U:XjV

am#biBimiBM; i?Bb #�+F BMiQ i?2 bi�iBQM�`Biv +QM/BiBQM �M/ `2�``�M;BM; ;Bp2b,

x�µ =
r2

xi�µi
⌃�, U:X9V

r?B+?- bm#biBimi2/ BMiQ i?2 T`BK�H +QMbi`�BMi H2�/b iQ i?2 /2bB`2/ `2bmHib,

x̄i = µi + r�ii, xi = µi � r�ii. U:X8V



�TT2M/Bt >

h�#H2 Q7 MQi�iBQM

:2M2`�H

ãi mM+2`i�BM T�`�K2i2`

F 1�↵
n *.6 Q7 i?2 �2

u /m�H p�`B�#H2

x, z /2+BbBQM p�`B�#H2 p2+iQ`b

zi bm#b2i Q7 /2+BbBQM p�`B�#H2b z

y Q#b2`p�iBQM p2+iQ` BM Q`B;BM�H bT�+2

f(·) #H�+F@#Qt Q#D2+iBp2 7mM+iBQM

g(·) #H�+F@#Qt +QMbi`�BMi

h(·) r�`TBM; 7mM+iBQM

K(·, ·) F2`M2H 7mM+iBQM Q7 :S

w(·) +QMbi`�BMi /2}MBM; U

E↵ ↵@+QM}/2M+2 2HHBTbQB/

U Ur�`T2/V mM+2`i�BMiv b2i

X /2i2`KBMBbiB+ 72�bB#H2 b2i

↵ T`Q#�#BHBiv Q7 +QMbi`�BMi pBQH�iBQM

� /Bbim`#�M+2b p2+iQ`

✏ 2biBK�i2/ 72�bB#BHBiv

✏0 i�`;2i 72�bB#BHBiv

Rje
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⇠ Q#b2`p�iBQM p2+iQ` BM H�i2Mi bT�+2

 = {aj, bj, cj} T�`�K2i2`b Q7 r�`TBM; 7mM+iBQM

µ K2�M Q7 :S �i zi

�2
ij ij@2H2K2Mi Q7 +Qp�`B�M+2 K�i`Bt

⌃ +Qp�`B�M+2 K�i`Bt Q7 :S �i zi

S`Q/m+iBQM TH�MMBM;

ct T`Q/m+iBQM +Qbi BM T2`BQ/ t

p̃t mM+2`i�BM T`B+2 BM T2`BQ/ t

xt T`Q/m+iBQM �KQmMi BM T2`BQ/ t

.`BHH b+?2/mHBM;

W r2B;?i QM #Bi

Ṅ `Qi�iBQM�H bT22/

V `�i2 Q7 T2M2i`�iBQM

�p /Bz2`2MiB�H T`2bbm`2

R /2;`�/�iBQM BM/B+�iQ`

M b2i Q7 K�BMi2M�M+2 /2Ti?b



�TT2M/Bt A

.`BHH b+?2/mHBM; KQ/2H

AM Q`/2` iQ +QMM2+i i?2 T2M2i`�iBQM `�i2 V �M/ /2;`�/�iBQM `�i2 r iQ i?2 /`BHHBM; T�`�K2i2`b-

r2B;?i@QM@#mi W �M/ `Qi�iBQM�H bT22/ Ṅ - r2 `2[mB`2 irQ KQ/2Hb,

Ç � #Bi@`Q+F BMi2`�+iBQM KQ/2H (R8R) +QMM2+iBM; W �M/ Ṅ rBi? V �M/ /Bz2`2MiB�H T`2bbm`2

�+`Qbb i?2 Km/ KQiQ` �p

Ç � Km/ KQiQ` /2;`�/�iBQM KQ/2H (8) +QMM2+iBM; i?2 /2;`�/�iBQM `�i2 r rBi? i?2 /Bz2`2MiB�H

T`2bbm`2 �pX

AXR .2iQm`M�vǶb #Bi@`Q+F BMi2`�+iBQM KQ/2H

hQ KQ/2H i?2 +QMM2+iBQM #2ir22M W - Ṅ - V - �M/ �p- r2 +QK#BM2 i?2 #Bi@`Q+F BMi2`�+iBQM KQ/2H

#v .2iQm`M�v 2i �HX (R8R) rBi? i?2 S.JǶb TQr2`+m`p2X h?2`2 �`2 i?`22 `2H2p�Mi `Qi�iBQM�H

bT22/b BM i?2 /`BHHBM; T`Q+2bb, h?2 /`BHH@bi`BM; bT22/ Ṅtop- i?2 S.J bT22/ U`2H�iBp2 iQ i?2 /`BHH

bi`BM;V ṄPDM - �M/ i?2 /`BHH@#Bi bT22/ Ṅbit,

Ṅbit = Ṅtop + ṄPDM UAXRV

"�b2/ QM .2iQm`M�v 2i �HX (R8R)- i?2 7QHHQrBM; /`BHHBM; `2bTQMb2 KQ/2H +�M #2 7Q`KmH�i2/

Rj3



AXRX .2iQm`M�vǶb #Bi@`Q+F BMi2`�+iBQM KQ/2H RjN

`2H�iBM; Nbit rBi? i?2 r2B;?i@QM@#Bi W �M/ i?2 `�i2 Q7 T2M2i`�iBQM V ,

V =d · Ṅbit (R8R- 1[X 9) UAXk�V

w =
W

a(1� ⇢) (R8R- 1[X 9) UAXk#V

d =

8
>><

>>:

w
S⇤

w⇤

S⇤ + w�w⇤

⇠✏

(R8R- 1[bX k9-jd) UAXk+V

UAXk/V

r?2`2 d Bb i?2 /2Ti? Q7 +mi T2` `2pQHmiBQM- w Bb � b+�H2/ r2B;?i@QM@#Bi- �M/ a- ⇢- S⇤- w⇤- ⇠✏-

Nmax- �M/ Wmax �`2 `Q+F �M/ 2[mBTK2Mi T�`�K2i2`bX

h?2 `2H�iBQMb?BT #2ir22M iQ`[m2 T �M/ r2B;?i@QM@#Bi W Bb ;Bp2M #v,

t =
2T

a2(1� ⇢2) (R8R- 1[MX 9)

t =

8
>><

>>:

µ�0w

1
⇠ (w � (1� �)w⇤)

(R8R- 1[MbX kN-j3)
UAXjV

6Q` i?2 #Bi T�`�K2i2`b a = 100.4 �M/ ⇢ = 0.0 r�b mb2/X _Q+F T�`�K2i2`b �`2 �p�BH�#H2 7Q`

GQr2` Cm`�bbB+ b?�H2 �M/ a�M/biQM2 BM i?2 QT2M HBi2`�im`2 (R8R),

S�`�K2i2` GQr2` Cm`�bbB+ b?�H2 a�M/biQM2

S⇤ (JS�) kd3 jR8

w⇤ (LfKK) RNN 8N

⇠✏ (JS�) Rk8 8y

µ�0 (@) yX93 yXNj

(1� �)wf⇤ (LfKK) R8d jj

⇠ (@) yXN3 yXe8

lbBM; i?2 S.JǶb TQr2` +m`p2 U6B;X AXRV- i?2 #Bi `Qi�iBQM�H bT22/ Ṅ#Bi +�M #2 /2i2`KBM2/ �b �

7mM+iBQM Q7 Ṅ - T - �M/ �pX 6B;X AXR b?Qrb i?2 `2H�iBQMb?BT #2ir22M T - ṄPDM - i?2 /Bz2`2MiB�H



R9y �TT2M/Bt AX .`BHH b+?2/mHBM; KQ/2H

T`2bbm`2 Qp2` i?2 S.J �p- �M/ i?2 ~Qr `�i2 i?`Qm;? i?2 S.J Q̇X aBM+2 iQ`[m2 T Bb bT2+B}2/

i?`Qm;? W U1[MX AXjV- �p +�M #2 /2i2`KBM2/ 7`QK i?2 TQr2` +m`p2 U6B;X AXRVX A7 �//BiBQM�HHv

i?2 ~Qr Q̇(t) Bb ;Bp2M- ṄPDM Bb �HbQ 7mHHv bT2+B}2/X

y

k8

8y

d8

Ryy

Rk8

y 8yy Ryyy R8yy kyyy k8yy
.Bz2`2MiB�H T`2bbm`2 (TbB)

_Q
iX

bT
22

/
(`T

K
)-

hQ
`[

m2
(F

7if
H#

b)

hQ`[m2
_QiX bT22/

6HQr (;TK)
dyy
Nyy
RRyy

6B;m`2 AXR, 1t�KTH2 Q7 � S.J TQr2` +m`p2 (8)X

SmiiBM; i?Bb iQ;2i?2`- r2 Q#i�BM i?2 7QHHQrBM; KQ/2H `2H�iBM; V iQ W �M/ Ṅ ,

V = d
⇣
Ṅtop + ṄPDM

⌘
UAX9�V

w =
W

a(1� ⇢) UAX9#V

t =
2T

a2(1� ⇢2) UAX9+V

t =

8
>><

>>:

µ�0w

1
⇠ (w � (1� �)w⇤)

UAX9/V

d =

8
>><

>>:

w
S⇤

w⇤

S⇤ + w�w⇤

⇠✏

UAX92V

ṄPDM = f
⇣
T, Q̇

⌘
U7`QK 6B;X AXRV UAX97V

Ṅtop  Ṅmax UAX9;V

W  Wmax UAX9?V

Ub�72iv +QMbi`�BMibV, UAX9BV



AXkX Jm/ KQiQ` /2;`�/�iBQM KQ/2H R9R

yXyy

yXy8

yXRy

yXR8

yXky

y

kyy

9yy

eyy

y 8yy Ryyy R8yy
.Bz2`2MiB�H T`2bbm`2 (TbB)

.
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iBQ
M
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i2
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GB72iBK
2

(?`b)
.2;X `�i2
GB72iBK2

6B;m`2 AXk, J�tBKmK HB72iBK2 Q7 � S.J �b � 7mM+iBQM Q7 /Bz2`2MiB�H �p U7Q` � ;Bp2M S.J
;2QK2i`v �M/ 2H�biQK2`- Km/- ~Qr- �M/ i2KT2`�im`2V (8)X

�bbmKBM; i?�i i?2 ~Qr `�i2 Q̇(t) Bb i`2�i2/ �b � T�`�K2i2`- i?2 QMHv /2+BbBQM p�`B�#H2b �`2 W (t)-

�M/ Ṅtop(t)X 6Q` i?2 Tm`TQb2 Q7 i?Bb rQ`F r2 KQ/2H i?2 �#Qp2 TQr2` +m`p2b mbBM; [m�/`�iB+

2[m�iBQMbX LQiB+2 i?�i i?2 p�`B�#H2b w, t, d, �M/ ṄS.J +QmH/ 2�bBHv #2 2HBKBM�i2/- `2bmHiBM; BM

� KQ`2 +QKT�+i �H#2Bi H2bb BMimBiBp2fT?vbB+�HHv K2�MBM;7mH 7Q`KmH�iBQMX

AXk Jm/ KQiQ` /2;`�/�iBQM KQ/2H

6Q` i?2 Km/ KQiQ` /2;`�/�iBQM +?�`�+i2`BbiB+b r2 mb2 /�i� Q#i�BM2/ #v "� 2i �HX (8)- /2i2`KBM2/

i?`Qm;? � +QK#BM�iBQM Q7 bBKmH�iBQM �M/ 2tT2`BK2Mib- b?QrM BM 6B;X AXkX


