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Abstract

Robust representation learning in medical imaging is crucial for the reliable application

of deep learning models in critical tasks like clinical decision-making. The vulnerability

of deep learning models to subtle perturbations, particularly when facing distributional

shifts in test data not encountered during training, is well-documented. To enhance

model robustness, common approaches involve data augmentation, adversarial train-

ing, and self-supervised learning strategies.

In this thesis, we will explore the importance of geometry and topology of the latent

space in building robust representation for medical imaging. We start with restricting

the latent space to a finite set of components using vector quantisation for downstream

segmentation and classification tasks. We claim that imposing a compositional struc-

ture on the latent space enables a more robust representation. Next, we will explore the

natural curvature in which to embed these components for segmentation. Specifically,

we impose hierarchical compositionality in a latent space equipped with hyperbolic

geometry to compose the segmentation output to improve robustness. We then explore

an alternative geometric perspective by constraining the latent space to a dictionary of

group equivariant shape components which is sampled to construct the segmentation

output. We analyse equivariance to various groups and demonstrate how the order

of the group affects model robustness. We follow up our exposition into robust seg-

mentation with a discrete latent space by sampling the dictionary of shape components

such that topology is preserved using persistent homology and cellular sheaf theory.

We show the advantage of using cellular sheaf theory over persistent homology to

extract richer geometric information. Finally, we show the importance of curvature

for embedding symbols in neurosymbolic reasoning. Specifically, we develop robust

hierarchical explanations in hyperbolic space for deep discriminative models.

We demonstrate the effectiveness of our methods to improve model robustness under

various perturbations and in single domain generalisation tasks.
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Chapter 1

Introduction

1.1 Motivation

In medical imaging, hand crafted extracted features such as textural and statistical

measures have been the predominant features used for various downstream tasks

ranging from survival prediction to classification. However, Convolutional neural

networks (CNNs) have revolutionised various computer vision tasks. We are now as

result seeing a shift to learning features through CNNs in medical imaging. Transformer

networks have revolutionised natural language processing through using self-attention

to better model long range dependencies to extract more global information [VSP+17].

Transformer networks have now been extended to being used in image classification

in what is called the vision transformer [DBK+20].

Unfortunately, the robustness of deep learning models have been called into question,

which makes the safe translation of these models into clinical practise an issue. Model

robustness is generally defined as some distribution shift from the training to test data

which leads to performance degradation in some metric. In general, one can divide

distribution shifts as follows:

• Population Shifts: This describes a shift in the population characteristics includ-

ing sex, age, pathology and other variables which affect the structural appearances

of objects in an image.
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• Textural Shifts: This describes a shift in the acquisition of images which affect

the textural appearances of an image and includes contrast, noise profile and

resolution.

Adversarial robustness is well studied in the robustness literature, where perturbations

are explicitly optimized to deceive the model. Adversarial machine learning offers well

defined quantifiable notions of robustness to image perturbations. However, this relies

upon explicitly stated constraints which often fail to align with real-world scenarios.

For example, Lp-norm bounds |η|p ≤ ϵ are commonly used to constrain adversarial

perturbations, yet typical corruptions in real-world scenarios, such as salt-and-pepper

noise, can easily exceed these bounds [DSSU21].

In this thesis, as opposed to adversarial examples which are explicitly constructed to de-

grade model performance, we investigate more natural occurring perturbations which

arise in the natural environment or acquisition process. Non-adversarial robustness in

medical imaging occurs in the form of naturally induced corruption such as motion

and noise artefacts as well as acquisition shifts leading to textural and contrast changes.

We find that there is relatively less focus in the literature in regards to tackling this form

of non-adversarial robustness and forms the motivation of this thesis. We will look at

both synthetic corruptions such as Gaussian noise as well as acquisition shifts which

occurs in the task of single domain generalisation.

The literature thus far centres around tackling model robustness with data augmenta-

tion strategies, optimisation techniques and architectural design choices. In this thesis,

we tackle model robustness by analysing the geometry and topology of the latent space.

We specifically impose a discrete structure on the latent space and embed the compo-

nents in this space with certain geometric and topological constraints. Our intuition in

this proposal lies in the way humans reasons about the visual world through discrete

or categorical representations [TT20] which ignores noise.

The notion of imposing compositionality into the latent space for building robust repre-

sentations as well as improving model interpretability has recently been explored in the

literature [TWH19, YCLX23, LWU+20]. It is therefore quite established that structure

in the latent space enables more robust representation. However, we also hypothesise
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the geometry and topology in which to embed these discrete representations to be vital

for model robustness. For example, the curvature of the latent space should play a role

in embedding the correct relational structure between finite components in the latent

space such that the composition of these components are natural. An example would

be to use hyperbolic geometry to build discrete hierarchical structures in the latent

space which we explore in this thesis for segmentation and symbolic reasoning. It is

also natural that certain symmetries and structures in the input space should be pre-

served in the mapping to the latent space to enable more robust representations. This

is explored in this thesis through the notion of preserving topology and equivariance

in a discrete latent space for robust segmentation.

1.2 Research Objectives

Robust Representation Learning

Thesis Contribution Literature

 Hyperspherical
Latent Space for

Classification

 Hyperbolic
Latent Space for

Segmentation

 Topological
Constraints for
Segmentation 

 Group-
Equivariant

Constraints for
Segmentation 

Data
Augmentation

Adversarial
Learning

Self-Supervised
Learning

 Hyperbolic
Latent Space for

Symbolic
Reasoning

VS

Discrete Representation
Learning for Robustness

Figure 1.1: This figure provides a thesis overview. We start with the initial problem
of robust representation learning and tackle this with discrete representation learning
(purple box) with curvature based constraints (blue boxes), group equivariant based
constraints (orange box) and topological constraints (green box). We compare our
approach with the standard methods in the literature to improve model robustness
(red boxes).

We provide an overview of our thesis in the diagram in figure 1.1. Our overall goal is

to build robust representations with a focus on non-adversarial robustness. We tackle

this problem with building discrete representations with geometric and topological

constraints which breaks down this thesis into the following 5 research objectives.

3



1. The first objective of our thesis is to formalise and demonstrate discrete represen-

tation learning improves model robustness for disease classification (chapter 4)

and segmentation (chapter 5). This is highlighted in the purple box in figure 1.1.

2. The second objective is to highlight the importance of curvature of the latent

space to building robust representations in downstream tasks. We impose hyper-

spherical constraints on a discrete representation for robust disease classification

(chapter 4). We also aim to embed a hierarchical discrete structure on a hyperbolic

manifold to increase robustness in segmentation (chapter 6) and generating hier-

archical explanation for deep discriminative models (chapter 10). This objective

is highlighted in the blue boxes in figure 1.1.

3. The next objective is to impose a group equivariant discrete shape latent space

to improve the robustness of segmentation models (chapter 7). We also aim to

explore equivariance to various groups on model robustness. This is highlighted

in the orange box in figure 1.1.

4. Our final objective is to explore topological constraints using persistent homology

(chapter 8) and cellular sheaves (chapter 9) for robust segmentation. This is

highlighted in the blue box in figure 1.1.

5. We justify our approach by comparing to a myriad of methods in the literature for

building robust representations including data augmentation, adversarial learn-

ing and self-supervised learning. This is highlighted in the red boxes in figure

1.1.

1.3 Thesis Outline and Publications

The thesis outline with a brief description of each chapter is shown below. The start of

each chapter recalls the publication(s) whose content is reproduced or adapted therein.
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1.3.1 Chapter 2

This chapter provide the required background for this thesis. We first give an introduc-

tion to CNNs and the vision transformer followed by discussing robust representation

learning. We then provide a short primer on Non-Euclidean geometry (hyperbolic

geometry), group theory, algebraic topology (persistent homology), category theory,

sheaf theory and measure theory.

This chapter is adapted from the background sections of the following publications.

• Santhirasekaram, A., Pinto, K., Winkler, M., Aboagye, E., Glocker, B. and Rockall,

A., 2021. Multi-scale Hybrid Transformer Networks: Application to Prostate

Disease Classification. In Multimodal Learning for Clinical Decision Support:

11th International Workshop, ML-CDS 2021, Held in Conjunction with MICCAI

2021, Strasbourg, France, October 1, 2021, Proceedings 11 (pp. 12-21). Springer

International Publishing.

• Santhirasekaram, A., Winkler M, Rockall A, Glocker B. Robust prostate dis-

ease classification using transformers with discrete representations. International

Journal of Computer Assisted Radiology and Surgery. 2024 May 13:1-0.

• Santhirasekaram, A., Winkler, M., Rockall, A.G. and Glocker, B., 2024. A Geo-

metric Approach to Robust Medical Image Segmentation. Under review.

• Santhirasekaram, A., Winkler, M., Rockall, A. and Glocker, B., 2023. Topology

Preserving Compositionality for Robust Medical Image Segmentation. In Pro-

ceedings of the IEEE/CVF Conference on Computer Vision and Pattern Recogni-

tion (pp. 543-552).

• Santhirasekaram, A., Pinto, K., Winkler, M., Rockall, A. and Glocker, B., 2023,

October. A Sheaf Theoretic Perspective for Robust Prostate Segmentation. In

International Conference on Medical Image Computing and Computer-Assisted

Intervention (pp. 249-259). Cham: Springer Nature Switzerland.

• Santhirasekaram, A., Kori, A., Winkler, M., Rockall, A., Toni, F., Glocker, B.,

2023. Robust Hierarchical Symbolic Explanations in Hyperbolic Space for Image
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Classification. In Proceedings of the IEEE/CVF Conference on Computer Vision

and Pattern Recognition (pp. 561-570).

1.3.2 Chapter 3

In this chapter, we provide a description of the internal and external datasets used in

this thesis.

1.3.3 Chapter 4

This chapter is adapted from the following two publications.

• Santhirasekaram, A., Winkler M, Rockall A, Glocker B. Robust prostate dis-

ease classification using transformers with discrete representations. International

Journal of Computer Assisted Radiology and Surgery. 2024 May 13:1-0.

• Santhirasekaram, A., Kori, A., Winkler, M., Rockall, A. and Glocker, B., 2022,

September. Vector Quantisation for Robust Segmentation. In International Con-

ference on Medical Image Computing and Computer-Assisted Intervention (pp.

663-672). Cham: Springer Nature Switzerland.

This chapter is focused on the robustness of the vision transformer for prostate disease

classification. We begin by realising that the vision transformer and CNN in low data

regimes are not robust to domain shifts which is often the case in medical imaging. We

improve robustness by using discrete representations of the image using a VQ-VAE for

input to the vision transformer. We then show model robustness increases further by

embedding the discrete representation on a hypersphere. We analyse model robustness

in prostate MRI disease classification from a 1.5T to a 3T scanner and vice versa.

1.3.4 Chapter 5

This chapter is adapted from the following publication.
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• Santhirasekaram, A., Kori, A., Winkler, M., Rockall, A. and Glocker, B., 2022,

September. Vector Quantisation for Robust Segmentation. In International Con-

ference on Medical Image Computing and Computer-Assisted Intervention (pp.

663-672). Cham: Springer Nature Switzerland.

In this chapter, we suggest and substantiate the idea that enhancing robustness of a

segmentation model is possible by learning a low dimensional discrete representation

of the image through a dictionary learning method called vector quantisation which

is then used to decode the segmentation output. This is based on the assumption that

there is limited anatomical variability among patients.

1.3.5 Chapter 6

This chapter is adapted from the following publication.

• Santhirasekaram, A., Winkler, M., Rockall, A. and Glocker, B., 2023, October.

Hierarchical Compositionality in Hyperbolic Space for Robust Medical Image

Segmentation. In MICCAI Workshop on Domain Adaptation and Representation

Transfer (pp. 52-62). Cham: Springer Nature Switzerland.

In this chapter, we impose a hierarchical structural prior on our discrete latent space

and consider the natural curvature to embed our hierarchy for segmentation tasks.

We therefore embed the fundamental components on a hyperbolic manifold, asserting

that this choice facilitates a more natural composition which leads to improved model

robustness.

1.3.6 Chapter 7

This chapter is adapted from the following two publications.

• Santhirasekaram, A., Winkler, M., Rockall, A.G. and Glocker, B., 2023, April.

Shape Equivariant Learning for Robust MRI Segmentation. In Medical Imaging

with Deep Learning, short paper track.
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• Santhirasekaram, A., Winkler, M., Rockall, A.G. and Glocker, B., 2024. A Geo-

metric Approach to Robust Medical Image Segmentation. Under review.

In this chapter, we posit that by constraining the latent space to a finite set of group

equivariant shape components, we can enhance the robustness of segmentation mod-

els to textural shifts, under the assumption that the segmentation output exclusively

contains shape information.

1.3.7 Chapter 8

This chapter is adapted from the following publication.

• Santhirasekaram, A., Winkler, M., Rockall, A. and Glocker, B., 2023. Topology

Preserving Compositionality for Robust Medical Image Segmentation. In Pro-

ceedings of the IEEE/CVF Conference on Computer Vision and Pattern Recogni-

tion (pp. 543-552).

In this chapter, we again constrain the latent space to a finite set of shape-only compo-

nents. However, here we sample the shape dictionary in topology-preserving manner

using persistent homology which improves the robustness of the segmentation model.

We further enhance robustness by deep topological supervision applied in an hierar-

chical manner.

1.3.8 Chapter 9

This chapter is adapted from the following publication.

• Santhirasekaram, A., Pinto, K., Winkler, M., Rockall, A. and Glocker, B., 2023,

October. A Sheaf Theoretic Perspective for Robust Prostate Segmentation. In

International Conference on Medical Image Computing and Computer-Assisted

Intervention (pp. 249-259). Cham: Springer Nature Switzerland.
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In this chapter, we realise persistent homology is a very gross descriptor of the shape

information contained in the segmentation output as it is location invariant and does

not provide important geometric properties such as area and curvature. We tackle this

drawback, by drawing on the perspective of cellular sheaf theory to model composi-

tionality driven by global as well as local topological correctness.

1.3.9 Chapter 10

This chapter is adapted from the following publication.

• Santhirasekaram, A., Kori, A., Winkler, M., Rockall, A., Toni, F., Glocker, B.,

2023. Robust Hierarchical Symbolic Explanations in Hyperbolic Space for Image

Classification. In Proceedings of the IEEE/CVF Conference on Computer Vision

and Pattern Recognition (pp. 561-570).

In this chapter, our emphasis is on developing explanations with multiple levels of

abstraction for black-box models, particularly deep discriminative models for images.

In the literature, the post-hoc explanations are often sensitive to perturbations in the

input space. Here, we leverage the inherent properties of hyperbolic geometry to

efficiently model hierarchical relationships of symbolic features while minimising dis-

tortion. The result is robust hierarchical explanations formulated as chain rules, guided

by the principles of inductive logical programming (ILP).

1.3.10 Chapter 11

In this chapter, we conclude our work with a discussion of our initial research objectives

followed by a summary of our thesis achievements and future work.
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Chapter 2

Background Theory

This chapter provides the required background theory to understand the content of

this thesis. We will first delve into areas of deep learning such as CNNs and discrete

representation learning before introducing the notion of robustness in deep learning

from a causal perspective. We lastly will provide the required mathematical details

in algebraic topology, Riemannian geometry, category theory and measure theory in

order to understand the contributions in this thesis which are largely centered on model

robustness from a topological and geometric perspective.

This chapter is adapted from the background sections of the following publications.

• Santhirasekaram, A., Pinto, K., Winkler, M., Aboagye, E., Glocker, B. and Rockall,

A., 2021. Multi-scale Hybrid Transformer Networks: Application to Prostate

Disease Classification. In Multimodal Learning for Clinical Decision Support:

11th International Workshop, ML-CDS 2021, Held in Conjunction with MICCAI

2021, Strasbourg, France, October 1, 2021, Proceedings 11 (pp. 12-21). Springer

International Publishing.

• Santhirasekaram, A., Winkler M, Rockall A, Glocker B. Robust prostate dis-

ease classification using transformers with discrete representations. International

Journal of Computer Assisted Radiology and Surgery. 2024 May 13:1-0.

• Santhirasekaram, A., Winkler, M., Rockall, A.G. and Glocker, B., 2024. A Geo-

metric Approach to Robust Medical Image Segmentation. Under Review.
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• Santhirasekaram, A., Winkler, M., Rockall, A. and Glocker, B., 2023. Topology

Preserving Compositionality for Robust Medical Image Segmentation. In Pro-

ceedings of the IEEE/CVF Conference on Computer Vision and Pattern Recogni-

tion 2023 (pp. 543-552).

• Santhirasekaram, A., Pinto, K., Winkler, M., Rockall, A. and Glocker, B., 2023,

October. A Sheaf Theoretic Perspective for Robust Prostate Segmentation. In

International Conference on Medical Image Computing and Computer-Assisted

Intervention (pp. 249-259). Cham: Springer Nature Switzerland.

• Santhirasekaram, A., Kori, A., Winkler, M., Rockall, A., Toni, F., Glocker, B.,

2023. Robust Hierarchical Symbolic Explanations in Hyperbolic Space for Image

Classification. In Proceedings of the IEEE/CVF Conference on Computer Vision

and Pattern Recognition (pp. 561-570).

2.1 Convolutional Neural Networks

This thesis largely focuses on the robustness of CNNs for classification and segmen-

tation. Therefore here we provide a background into the fundamentals of the CNN

and its different components as well as the application of CNNs to classification and

segmentation.

CNNs have dominated the field of computer vision in recent years [LB+95]. CNNs are

now being used in image classification, object detection, segmentation, image render-

ing, image reconstruction and many more computer vision applications. CNNs are

a type of regularised feed-forward network which extracts a set of features from an

image via optimising a set of kernels [LB+95]. There are 4 main components which

make up a CNN backbone, the convolutional layer, activation function, normalisation

layer and pooling layer.
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2.1.1 Convolutional Layer

The centrepiece of the CNN is the convolutional layer. The convolutional layer consists

of a set of kernels each of which is translated across the entire image. The translation

process normally involves placing the kernel in the top left pixel of the image and

computing the Hadamard product between the kernel weights and the input volume

plus bias offsets. The input volumes is the same as the kernel size. The images are

often padded with 0 or 1 for the input volume to match the kernel size at the edges and

corners of the image. This is repeated for every pixel in the grid. One would normally

apply multiple different kernels over the image. This means that given a 64 × 64 grid,

if a set of 8, 3 × 3 kernels are applied across the entire image, then one only has to

optimise 72 weights plus a bias term for each kernel. This local inductive bias creates a

much sparser connection between layers in a CNN compared to a fully connected layer.

Weight sharing also means far fewer weights are learnt compared to a fully connected

layer. Furthermore, this process is translation invariant which is a useful property as

the position of an object does not affect the CNN performance. Hyper-parameters to

choose when passing the kernel over the image are the stride length, kernel size and

padding which determine the output dimensionality. We formalise in equation 2.1 the

applications of a K × K kernel with weights w to the activation at position Ai, j in layer,

l − 1 of the CNN to produce Xl
i, j. bl is the bias term for layer l and σ is the activation

function which is applied.

  \label {eq:CNN} X_{i,j}^l = \sigma \left (\sum _{m=0}^{K-1}\sum _{n=0}^{K-1} w_{m,n}^l A_{i+m,j+n}^{l-1} + b^l\right ) 
  










  

 (2.1)

2.1.2 Activation Function

The activation function maps the input to a co-domain where computation over this

co-domain is desirable. It also incorporates non-linearities to increase the expressivity

of the function space and prevent the CNN collapsing to a simple linear function. The

most common activation function is the rectified linear unit (ReLU) activation function
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shown in Equation 2.2 [NH10].

  \label {eq:relu} \text {ReLU}(x) = \max (0, x)     (2.2)

The ReLU activation removes all negative values and sets them to 0 which can lead to

the ’dying’ ReLU problem where neurons can become inactive. Therefore, activation

functions which dampen the negative input have been introduced such as the leaky

ReLU and Swish activation shown in equation 2.3 [RZL17]. β is a hyper-parameter in

equation 2.3 which controls the non-linear smooth interpolation between a linear and

ReLU function.

  \label {eq:Swishact} \text {Swish}(x) = x \cdot \text {Sigmoid}(\beta x)      (2.3)

The GELU (Gaussian Error Linear Unit) activation function is a type of activation

function used in neural networks, particularly popular in transformer-based models

[HG16]. It is designed to combine the non-linearity of activation functions with smooth

gradients. The GELU activation function can be defined with the following equation:

  \text {GELU}(x) = x \cdot \Phi (x) = \frac {x}{2} \cdot \left (1 + \text {erf}\left ( \frac {x}{\sqrt {2}} \right )\right )    





 








(2.4)

where: -  \Phi (x)  is the cumulative distribution function of the standard normal distribu-

tion. -  \text {erf}(x)  is the Gaussian error function.

This equation indicates that the GELU activation function applies a non-linear trans-

formation to its input based on the Gaussian error function, allowing it to maintain

continuity and smooth gradients, which can be advantageous in deep learning models.

2.1.3 Normalisation Layer

Normalisation layers are typically applied between the convolution layer and activation

function to standardise the statistics of the neural layers. Normalisation layers are

essential to stabilizing the training process by reducing internal covariate shift as well

as acting as a form of regularisation and preventing overfitting. Additionally, it also

allows gradients to flow smoothly during backpropagation which prevents exploding

or vanishing gradients. There are many types of normalisation layers which include
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batch normalisation [SLJ+15], instance normalisation [UVL16] and layer normalisation

[BKH16].

2.1.4 Pooling Layer

Pooling layers are used to down-sample the feature maps and extract the most impor-

tant information in each layer. This is most commonly performed using max pooling

which divides the feature map into a set of non-overlapping partitions and extracts

the maximum value from each partition. This makes pooling layers locally translation

invariant.

2.1.5 Classification

Classification is the most popular task employed by CNNs. The CNNs for classification

traditionally consist of multiple consecutive convolutional layers with interspersed

pooling layers which down-sample features before being flattened as input to a fully

connected layer. The output of the fully connected layer is then passed through a

softmax function to produce a vector of probabilities which sum to one. Each value in

this vector corresponds to the posterior probability of a particular class given an input.

There have been a variety of CNN architectures which achieved state-of-the-art (SOTA)

performance over the years. For example, Alex-Net; a CNN with 8 layers achieved a

top-5 error of 15.3% which was 10.8% lower than the runner-up [KSH12]. Thereafter,

there were numerous architectural design choices which allowed to the building of

larger CNNs such as the use of residual connections and depth-wise convolutions; the

ResNet-152 which consists of 152 layers now achieves a top-5 error of 3.57 % [HZRS16a].

2.1.6 Segmentation

Segmentation in image processing and computer vision involves partitioning an image

into distinct and semantically coherent segments [DZ00]. The primary objective is to

identify and delineate meaningful regions within an image, resulting in a labelled image
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where each pixel is associated with a specific class. Various types of segmentation

tasks exist, including: (i) semantic segmentation for pixel-wise categorization; (ii)

instance segmentation for distinguishing individual instances of the same class and

(iii) pan-optic segmentation that combines semantic and instance segmentation for a

comprehensive scene understanding [DZ00]. This process is fundamental in computer

vision and finds applications in diverse fields such as medical imaging, autonomous

vehicles and satellite image analysis by providing the spatial structure of images.

In this thesis we focus on semantic segmentation and the UNet is the common semantic

segmentation architecture used [RFB15]. The UNet derives its name from its U-shaped

architecture. It consists of an encoder to map the input to a low dimensional bottleneck

before being up-sampled by a decoder to map to the segmentation output. Skip

connections enhance the model’s ability to recover spatial information by providing

detailed information from the contracting path directly to the corresponding layers in

the expansive path. This helps mitigate the vanishing gradient problem and allows

the network to localise objects more accurately. In figure 2.1 we provide an example

of a 3D UNet architecture which maps a 160 × 160 × 64 image to 256 features in the

bottleneck before being mapped to the segmentation output by the decoder.

2.2 Vision Transformers

In chapter 4, we delve into the robustness of the vision transformer for disease classi-

fication. Therefore, we will now give an overview of the vision transformer and the

multi-headed self attention (MHSA) mechanism which underpins its workings.

The transformer architecture [VSP+17] was first proposed for natural language pro-

cessing (NLP) tasks, primarily focusing on machine translation. The key idea behind

transformers is the self-attention mechanism, which models weighted dependencies

between different parts of the input sequence. Transformers can model dependencies

within a sequence in a parallel manner making it well equipped to model long-range

interactions. This is in contrast to recursive neural networks (RNN) or long short-term

memory networks (LSTMs) which process input sequences sequentially and there-

fore struggle to model significantly distant relationships due to gradient vanishing
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Figure 2.1: Example UNet architecture.

[RHW86, GSC00, GSK+16]. This breakthrough innovation in NLP laid the foundation

for the development of the vision transformer.

Computer vision tasks such as image classification, segmentation and object detection

have been dominated by CNNs. Recently, the vision transformer has changed the

computer vision landscape and has now become a new tool for tackling computer

vision problems. An overview of the vision transformer is shown in figure 2.2a. In this

figure, the input image is segmented into distinct, non-overlapping patches of a fixed

size, such as 16x16 pixels. A learnable linear projection is then applied to transform

these patches into flattened vectors. To encode the spatial information of each patch,

positional embeddings are incorporated into the patch embeddings as shown in figure

2.2a.

In figure 2.2b, we show the architecture for the vision transformer. The vision trans-

former employs the conventional transformer architecture, which is composed of a

series of identical layers, each containing two sub-layers: Multi-head Self-Attention

(MHSA) and Multi-Layer Perceptron (MLP). MHSA enables the model to assess the
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a. b.

Figure 2.2: Overview of the vision transformer architecture. This figure is taken from
[DBK+20].

significance of various patches in relation to each other. The MLP is made up of two

fully-connected layers with a GELU activation function sandwiched between them.

These layers are connected through residual connections and layer normalisation to

strengthen the flow of information.

For image classification tasks, a trainable classification token is incorporated into the

input patch embeddings. This token progresses through the transformer layers and is

subsequently utilised to predict the input image’s class. The final layer is a linear layer

followed by a softmax function to obtain class probabilities.

2.2.1 Positional Encoding

The attention mechanism is invariant to positional information of the patches. In order

to incorporate this vital spatial information, positional encodings are added to the

patches. Specifically, a d dimensional vector is added to each d dimensional flattened

patch. In equation 2.5, we show absolute positional encodings for the jth patch. Here,

positional encoding corresponds to a sine wave function, which enables the transformer

model to acquire the ability to focus on relative positions within the input sequence.

One can use relative [SUV18] and learnt [GAG+17] positional encodings which are used

in various other transformer-based models [DCLT18]. However, this is not used in our
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work.

  \label {eq:posen} p_{i,j}=\left \{ \begin {array}{ll} \sin \left (\frac {i}{1000^{\frac {j}{d}}}\right ), & \mbox {if j is even}. \\[10pt] \cos \left (\frac {i}{1000^{\frac {j-1}{d}}}\right ), & \mbox {if j is odd}. \end {array} \right \}  












   











   

 (2.5)

2.2.2 Multi-Headed Self Attention

The first stage of the MHSA mechanism is to convert each input vector into a d dimen-

sional query q, key k and value v vector with a linear layer, which is then concatenated

respectively over all input vectors to form Q, K and V matrices. The general equation

for self-attention is shown in equation 2.6. Attention scores between different input

vectors are calculated using the dot product between Q and V. The attention matrix A

is normalised in order to enhance gradient stability for improved training. The softmax

is applied to translate A into probabilities W before multiplying with the value matrix

V to form the output O. If the vectors in V are flattened patches in the image, then

the output is a weighted linear combination of the input patches. Hence, patches with

larger weights/ attention scores have a larger influence on the output.

  \label {eq:mhsa} \mathrm {Output} = \mathrm {softmax}\left (\frac {QK^T}{\sqrt {d}}\right ) \times V  









  (2.6)

In multi-headed self-attention, one boosts the performance of single-head self-attention

by applying multiple attention heads with different learnt Q, K and V matrices for each

head. This means each attention head can project the input vector into different rep-

resentation subspaces leading to learning more diverse representations. The equation

for MHSA is formally defined in equation 2.7 where the representations learnt for each

head are concatenated before applying a projection layer with weights, W0 ∈ R
d×d.

  \label {eq:mhsa2} MultiHead(Q,K,V)= \underset {h \in [N_h]} {Concat} [Head_h] \times W_{out}  


  (2.7)

The learned embeddings then go through a series of alternating multi-head self-

attention and multi-layer perceptron layers. The vision transformer benefits greatly

from being able to attend to every patch of the image in every layer which is not

possible in CNNs. It is hypothesised that the vision transformer can learn better

global features. The vision transformer has achieved SOTA performance outperform-
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ing CNNs on several image classification benchmarks such as ImageNet and CIFAR-10

[DBK+20].

2.3 Training Deep Learning Models

We introduce the underlying mechanisms of learning in deep learning to provide

background to the optimisers and loss functions used in this thesis

The goal of learning is to update the parameters corresponding to weights and biases

in a deep learning model to minimise a loss function. The gradient of the weights

with respect to the loss function is computed using backpropagation [RHW86]. The

gradients are used to update the weights to minimise the error with an optimiser such

as stochastic gradient descent [RM51] and adaptive moment estimation (Adam) [KB14].

In classification and segmentation, the minimisation problem can be formulated as: dis-

cover the optimal parameters θ̂ to minimise the expected loss over the joint distribution

P(X,Y) which is formalised below.

  \label {eq:exp} \hat {\theta } = \underset {\theta }{\text {argmin}} \, \mathbb {E}_{(x, y) \sim P(X,Y)} \left [L(y, f(x; \theta ))\right ]  




 


(2.8)

In equation 2.8, x ∈ X is the input image and y ∈ Y is the corresponding label. In

practise, the true distribution P(X,Y) is not known, so it is approximated by minimising

the empirical loss over a given training dataset,Dtr. This is shown in equation 2.9 and

is known as empirical risk minimisation.

  \label {eq:erm} \hat {\theta } = \underset {\theta }{\text {argmin}} \, \mathbb {E}_{(x, y) \sim \mathcal {D}_{tr}} \left [L(y, f(x; \theta ))\right ]  





 


(2.9)

The loss function typically used for global or pixel-wise classification is the cross-

entropy loss function shown below.

  \label {eq:cep} H(y, p) = - \sum _{i} y_i \log p_i   




   (2.10)

In equation 2.10, y is the true probability distribution (one-hot encoded) and p is the
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predicted probability distribution which is the output of a softmax function.

One can also use the Dice loss function shown in equation 2.11 for segmentation

tasks. In equation 2.11, yi is the binary ground truth for pixel i and pi is the predicted

probability for pixel i.

  \label {eq:dice} \text {Dice Loss} = 1 - \frac {2 \sum _{i} (y_i \cdot p_i)}{\sum _{i} y_i^2 + \sum _{i} p_i^2}    



 








(2.11)

The Hausdorff distance is another metric used to compare the similarity of the segmen-

tation output to the ground truth. It is a measure of the distance between two sets of

point. The maximum Hausdorff distance H is the maximum distance between any two

points in two respective sets. This is formally defined in equation 2.12 where O is the

set of points in the output segmentation mask and G is the set of points in the ground

truth segmentation mask. d(o, g) is the distance between o ∈ O and g ∈ G respectively.

  \label {eq:hdist} H(O, G) = \max _{o \in O} \left (\min _{g \in G} d(o, g)\right )  









(2.12)

2.4 Discrete Representation Learning

Discrete representation learning forms the basis for this entire thesis for building robust

representations before imposing geometric and topological constraints as shown in

figure 1.1. We therefore will give a detail overview of discrete representation learning.

Discrete representation learning aims to learn a low dimensional representation of data

which is a categorical distribution. In deep learning, this means that the latent space can

only be represented by a finite set of d dimensional vectors. Discrete representations

for visual data were used prior to deep learning such as the bag of visual words

model [CDF+04, SZ03]. The seminal paper by [VDOV+17] proposed using vector

quantisation for learning a discrete latent space. The proposed architecture is called

the vector quantised variational auto-encoder (VQ-VAE). They achieved competitive

performance with their continuous counterparts in terms of the log-likelihood and

circumvented the issues of a large variance and posterior collapse seen in the VAE.

They also managed to generate high-quality samples in speech and video generation

when pairing the VQ-VAE with a powerful auto-regressive prior. An extension of the
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VQ-VAE is the VQ-GAN which uses adversarial training to generate more realistic

images [ERO21]. In this work, a patch-wise discriminative loss function is applied to

encourage local as well as globally realistic-looking images [ERO21].

DecoderEncoder
Embedding vector(e)

e1

e2

eN

l1 l2 l3 lK

Quantized vector(z)

zN

Sample by 
Nearest 
neighbour

Codebook(c)

z1

z2

Quantisation

Figure 2.3: Overview of the VQ-VAE architecture.

The VQ-VAE architecture is shown in figure 2.3. The VQ-VAE firstly consists of an

encoder ϕe which maps the inputs space x to the continuous latent vectors e which are

then discretised using vector quantisation to form discrete variables ẑ. The decoder

ϕd, maps the discrete latent vectors to the output space y. The quantisation of the

continuous space is performed by first dividing e into m vectors. We spatially divide e,

the continuous latent space of size, c×x×y×z into vectors ei of size c×1×1×1 where c is the

number of channels. We then replace ∀ei ∈ e with the nearest element, lk ∈ D sampled

by Euclidean distance to form the discrete latent variables ẑ where k = arg min j∥ei− l j∥2.

ẑ is then reshaped back into the original feature maps’ dimension of sizeRc×x×y×z. Note,

the approximate posterior categorical distribution denoted q(ẑi = l j | x) is deterministic

and one hot encoded as shown in equation 2.13. We assume a uniform prior over

ẑi. This means one can derive a constant KL-divergence equal to log K. Therefore the

KL-divergence term is ignored during training.

  \label {eq:vqchapeterclass} q(\hat {z}_i = l_j\mid x) = \left \{ \begin {array}{ll} 1 \qquad \text {for} \; l_k \in \mathbb {D}, \text {where} \; k = \arg \min _j\|e_i - l_j\|_2\\ 0 \qquad \text {otherwise} \end {array} \right \}      

            



 (2.13)
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The log-likelihood of the model is shown in equation 2.14.

  \label {eq:vqlossclog} \log p(x) = \log \sum _{i=0}^{m}p(x\mid \hat {z}_i)p(\hat {z}_i)   




   (2.14)

We cannot backpropagate through this sampling operation to update the codebook and

therefore approximate the gradients forD using straight-through gradient approxima-

tion [BLC13]. This is achieved by copying the gradients from the decoder input z to the

encoder output e. Given that the encoder’s output representation and the decoder’s

input inhabit the same d dimensional space, the gradients provide valuable insight

on how to adjust the encoder’s output to minimize the reconstruction loss. Therefore

D does not receive any gradients. To learn the codebook, we move lk closer to ei by

Euclidean distance. This is captured in the second term of the loss function shown in

equation 2.15 where a stop gradient (sg) is applied to ei which sets the gradient attached

to ei to 0 and constrains ei to a non-updated constant. The volume of the continuous em-

bedding space can grow arbitrarily large during training and therefore a commitment

loss is applied shown in the third term in equation 2.15. This term updates the encoder

parameters in order to commit to an embedding by bringing ei closer to lk. The first

term in equation 2.15 is the reconstruction loss term computed using the mean square

error which optimises the encoder and decoder parameters. The codebook elements

are initialised uniformly from −1/K to 1/K.

  \label {eq:vqlossclass} \mathcal {L}_{Euc} \coloneqq \log p(x \mid \hat {z}) + \sum _{i=0}^{m}\|sg(e_i)-l_k\|_2 + \sum _{i=0}^{m} \beta \|e_i-sg(l_k)\|_2 \
     




 




   (2.15)

2.5 Deep Learning in Medical Imaging

2.5.1 Medical Imaging

We focus on applying the methods developed in this thesis to medical imaging. Hence,

it is important to provide a brief background into the current application of deep

learning methods to medical imaging in the literature.

Over the past decade, deep learning in medical imaging has garnered significant re-
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search attention, with its application poised to expand further in clinical practice. The

intersection of deep learning, computer vision, and artificial intelligence (AI) has led

to a surge in industrial AI applications and holds substantial potential for the future

of medical imaging [SWS17]. The proliferation of breakthroughs in AI is fueled by en-

hanced access to extensive ‘big data’, facilitated by advancements in computing power.

In clinical settings, where vast amounts of valuable data are generated, deep learning

emerges as a pivotal tool, adept at integrating, analysing, and predicting outcomes

from large and diverse datasets.

2.5.2 Magnetic Resonance Imaging

In this thesis, Magnetic Resonance Imaging (MRI) data is used throughout and it is

hence important to give a background into MRI. MRI data has a complex acquisition

process which makes it prone to artefacts and textural/contrast shifts from one scanner

type to another. These textural shifts arise because acquisition parameters for the

myriad of MRI sequences often subtly vary from one vendor to the next. Furthermore,

the absence of a standardised intensity scale in MRI poses a significant challenge for

deep learning inputs. Conventional MRI intensities are typically acquired in arbitrary

units, resulting in textural shifts. This lack of uniformity complicates the application of

deep learning algorithms in MRI analysis. Furthermore, MRI images are often acquired

with anisotropic resolution which often means 3D images have to be processed as 2D

slices for input into a deep learning model.

MRI also often suffer from bias field artefacts which is a low-frequency variation signal

that corrupts the image, inducing a gradual change in intensities. This effect is caused

by inhomogeneities in the magnetic field [EHN+04]. Artifacts in MRI can also arise from

other factors such as from patient-related voluntary and physiological motion or metal-

lic implants/foreign bodies which causes an inhomogenous magnetic field [EHN+04].

Sampling-based artefacts can result in aliasing and Gibbs artefacts [EHN+04]. Pulse

sequence characteristics may contribute to artefacts like black boundary, Moiré, and

phase-encoding artefacts [EHN+04]. MRI hardware-related issues can also lead to

radio-frequency overflow artefacts [EHN+04].
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2.5.3 Prostate

Prostate segmentation and disease classification is the major clinical application which

runs throughout this thesis. Prostate disease classification on multi-parametric MRI

(mpMRI) is performed by radiologists using a standardised reporting lexicon called

PI-RADS. This has greatly improved the diagnostic accuracy of clinically significant

prostate cancer [BAAA+18]. However, it is still somewhat subjective and results in a

false-positive rate of 30-40 percent leading to a large number of unnecessary biopsies

[BPC+20]. It would be greatly beneficial to develop an automated classification method

to improve diagnostic accuracy.

In the medical domain including prostate disease classification on MRI, we are now

seeing a shift from extracting hand-crafted features (radiomics) such as textural and

statistical measures to using CNNs to learn the features. The ProstateX challenge

is a popular benchmark used for classifying lesions on prostate MRI and CNNs

have become the most popular method yielding state-of-the-art (SOTA) performance

[ALDP20, CTAN+20, IMU+18, SZY+18, WLC+18, YLW+17].

Early CNN approaches for prostate segmentation focused on the entire gland, employ-

ing either 2D slice segmentation or 3D volume segmentation techniques. [MNA16]

introduced the use of sub-volumes/patches for segmentation, employing volumet-

ric ConvNets with mixed residual connections. [ZDY19] addressed the challenge of

distinguishing the prostate boundary by incorporating a boundary-weighted transfer

learning approach to modify the U-net architecture. [JSH+19] further enhanced whole

gland segmentation on the PROMISE12 dataset by emphasising boundary learning,

achieved through the combination of a 3D segmentation decoder and a 2D boundary

decoder.

Currently, CNNs are widely employed for lesion detection, leveraging their effective

hierarchical feature extraction capabilities. [KBS+17] integrated a U-net with an ad-

versarial network, achieving a Dice score of 0.41 across a dataset of 152 patients. In

contrast, [FDC+19] utilised a mask R-CNN and achieved an AUC of 0.46 with a dataset

of 63 patients, underscoring the considerable challenge in tumour segmentation on

prostate MRI. Notably, [CZS+19]. demonstrated promising results in prostate MRI tu-
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mour segmentation, achieving a Dice score of 0.57. Their approach involved a 3D CNN

implementing a focal loss function to address high class imbalance.

2.6 Robust Representation Learning

The goal of this thesis is to tackle the problem of improving the robustness of deep

learning models. We therefore give an overview of robust representation learning in

the literature and provide a causal perspective on robustness of models used for image

related tasks.

Deep learning has made significant progress in various computer vision tasks such

as image classification. However, deep learning models which include CNNs are

susceptible to both adversarial and natural image manipulations. Research showed

imperceptible image perturbations also known as adversarial attacks could alter model

predictions drastically [SZS+13]. In the real-world setting, CNNs are also vulnerable to

non-adversarial corruptions such as noise and artefacts which can reduce accuracy by

30 to 40 % [HD18]. This raises concerns about the reliability of these models in high-

stakes systems such as healthcare. Consequently, researchers have developed various

approaches to evaluate and enhance model robustness.

2.6.1 Robustness framework

We introduce a formal framework for non-adversarial robustness through a causal lens

as proposed by [DSSU21]. In this approach, the data generating process (DGP) for

an image is represented as a structural causal model (SCM) [Pea09, PJS17] which is

visualised with a directed acyclic graph (DAG). In figure 2.4, we show the DAG for

the DGP of an image. Here, the task T related to an image such as segmentation or

classification decomposes the regions of interest in the image from population factors

Ep such as pathology, sex and age which contribute to the content in the image and

from the environmental factors Ed which affect capture of the image such as motion and

temperature. The content of the image is acquired with sensor S such as the detection

of radio-frequency signal in MRI which can be affected by physiological motion (Ed).
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The signal acquired is then used to render R or reconstruct the image, X ∈ Rd which

together with the image-related task leads to the label Y. In figure 2.4, each variable

is expressed as a function of its parents and an exogenous noise term, E (not included

in figure 2.4). The value of each variable can therefore be determined by structural

equations representing the causal relationships between variables in the DAG. This

DAG yields the following structural equations demonstrated in [DSSU21]:

  && &\alpha : T \times \mathcal {E}_d \rightarrow \mathbb {R}^{E_p}, && \beta : T \times E_d \times \mathcal {E}_C \rightarrow \mathbb {R}^{C}, && \Gamma : C \times E_d \times \mathcal {E}_S \rightarrow \mathbb {R}^{S}, && \\[2pt] && &\psi : S \times \mathcal {E}_R \rightarrow \mathbb {R}^R, && \rho : R \times \mathcal {E}_X \rightarrow \mathbb {R}^X, &&\lambda : T \times X \times \mathcal {E}_Y \rightarrow \mathcal {Y}. &&     
         

        


     
      

          (2.17)

Figure 2.4: The above DAG demonstrates that task T involves separating the classes of
interest C from population factors Ep and environmental factors Ed. Scenes, formed by
sampling from these variables, are passed through a sensor S, before being rendered
R to form the acquisition process which produces the final image X. Labels Y are
conditioned on both the task and the resulting image. This figure is adapted from
[DSSU21].

The joint distribution over all the variables in figure 2.4 decomposed into conditionals

which satisfies the SCM in figure 2.4. A key difference between SCMs and statistical

graphical models is the ability to perform counterfactual reasoning. Here, we can

set variables to certain values called interventions and observe the effects on causally

subsequent variables. Note that the prior causal variables are not affected. One can also

perform soft interventions where one performs a shift in the distribution of a variable.

Hence, a logical strategy for assessing model robustness involves examining the model’s

performance on data derived from counterfactual images containing artefacts derived
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through soft or hard interventions. In this thesis, we ignore interventions on Ep and

focus on interventions on Ed, S and R. We look at robustness to artefacts and con-

trast/textural distributional changes. Artefacts in an image correspond to samples

from the underlying joint distribution, P(T,Ep,Ed,C,S,R,X,Y) where the values of Ed,S

and R are of low probability. For example, a motion artefact corresponds to the tails of

the marginal, P(Ed). Therefore, a model is robust to artefacts if Y is unaltered given a

hard intervention on Ed, S or R such that the probability of the value Ed, S or R lies in

the tails of marginals, P(Ed), P(S) or P(R) which corresponds to events which are rarely

encountered during training.

2.6.2 Domain Generalisation

Domain generalisation aims to learn robust features that are invariant across multiple

domains for downstream tasks, without requiring access to the target domain data

during training. To assess robustness to distributional changes, soft interventions are

required through counterfactually altered versions of figure 2.4. This requires a new

realisation of the underlying joint distribution in the SCM. In our case, this arises from

a distributional shift in the marginals, P(Ea), P(S) or P(R) through soft intervention.

Therefore robustness to a distributional shift can be assessed by the stability of Y under

a soft intervention of Ea, S or R. For example, in MRI a textural shift which arises

from a 1.5T to 3T scanner is equivalent to applying a soft intervention on S leading to

distribution shift in the marginal P(S).

In our work, we require a measure of robustness. Robustness is relative, therefore, we

provide a measure of robustness compared to a control model. We define the error

rate of the control and model of interest, with corruption c ∈ C as Ec
control and Ec

model

respectively. We define the absence of the corruption as clean and the severity of the

corruption as s which range from 1 to n levels of severity. The relative corruption error

(rCE) is shown in equation 2.18 [DSSU21].

  \label {eq:rce} rCE (\%) \coloneqq \sum _{c \in \mathcal {C}}\sum _{s=1}^{n} \frac {E^c_{model,s} - E^{clean}_{model}}{E^c_{control,s} - E^{clean}_{control} \times 100} 







 




 

 
(2.18)
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2.6.3 Robustness Methods

The most common techniques used to tackle model robustness are centred around data

augmentation, adversarial training and architecture design. In data augmentation, we

enhance model robustness by synthesising new training data from the existing training

set to encourage model invariance to various perturbations. It was shown that model

accuracy is not maintained under different types of noise and distortions [GTR+18].

Therefore, augmenting training data with specific corruptions helps preserve accuracy

for those corruptions, but not for unseen ones [GTR+18]. In medical imaging, BigAug

is an aggressive augmentation scheme which generates training data with a series

of augmentation techniques which significantly improve segmentation performance

in the SDG setting [ZWY+20]. It was highlighted by [GTR+18] that neural networks

overly rely on texture information. This is in contrast to humans who prefer shape

for classification. Therefore, style transfer was used by [GTR+18] to augment Ima-

geNet with textured variants. They achieved improved accuracy on unseen common

perturbations in ImageNet-C and provided evidence that this increases the shape bias

of CNNs. Similarly, RandConv [XLY+20] proposes using randomised convolutions in

the initial layers of CNNs to extract shape-biased features. Recently, there have been

augmentation strategies which force neural networks to learn even more generalisable

features such as CutOut [DT17] and MixUp [ZCDLP17]. In CutOut [DT17], random

patches of an image are cropped out which encourages more global feature learning

for classification. MixUp [ZCDLP17] linearly combines randomly sampled training

images and labels which leads to more stable predictions on data sampled outside the

training distribution such as those degraded by artefacts. Puzzlemix [KCS20] adopts a

more sophisticated approach using optimal transport between pairs of original images

to optimise the degree of information retained from each image which best preserves

the salient features in the combined output.

Adversarial training schemes akin to data augmentation methods also manipulate the

input data but with a specific objective. In methods such as [MMS+18], a min-max

problem is constructed in which the inner maximisation seeks effective perturbations

from a distribution such as Gaussian noise, while the outer minimisation updates the

model parameters to minimise expected error. In an extension of this method, [RSZ+20]
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learns the noise distribution from which to sample the perturbations. There have

since been more sophisticated adversarial training schemes developed. For example,

M-ADA [QZP20] introduces adversarial data augmentation through a meta-learning

approach, utilising a Wasserstein autoencoder to create new domains. In medical

imaging, AdvBias [CQQ+20] develops an adversarial training scheme specific to MRI

data. Here, they employ adversarial data augmentation in the input space to learn the

generation of bias field deformations.

A popular architectural design choice to improve the robustness of CNNs is centred

around spectral methods which remove high-frequency information. For example,

[Zha19] introduces a general-purpose computational layer by enforcing anti-aliasing

in the max/average pooling and strided convolutional operations. Similarly, [LSGL20]

replaces up/down sampling operations in the CNN with a wavelet-based method to

improve robustness to noise. [LWL+20] aims to minimise feature redundancies across

space and channels by using the discrete cosine transform to learn a series of sparse

transforms which they denote as LST. This can be easily integrated into common

CNN architectures and enhanced accuracy was demonstrated across all ImageNet-C

corruption types after LST is incorporated into the ResNet-50.

2.7 Group Theory and Equivariance

Throughout this thesis, group theoretic terminology is prescribed, particularly in chap-

ter 7. Therefore, group theory prerequisites are given to provide a basic understanding.

This is not an exhaustive coverage of group theory, but rather the fundamental concepts

to understand the content in this thesis.

Group. A group consists of a set, G of elements and a binary operator ·: G × G → G,

termed the group product. This operator dictates how to combine pairs of elements

g1, g2 ∈ G. To qualify as a group product, the binary operator must adhere to four

conditions:

1. Closure: G is closed under ·: ∀g1, g2 ∈ G, g1 · g2 ∈ G.
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2. Identity: There exists an identity element e such that, ∀g ∈ G, e · g = g · e = g.

3. Inverse: For every element, g ∈ G, there is an element g−1
∈ G, s.t. g · g−1 = e.

4. Associativity: For any set of elements, g1, g2, g3 ∈ G, (g1 · g2) · g3 = g1 · (g2 · g3).

Semi-direct product. A semi-direct product is a generalisation of the direct product

which describes a group as the product of more than one subgroup. In this work we

view the construction of a group G as the inner semi direct product ⋊, of subgroupsH

and N (G = N ⋊H). This intrinsic view enforces N or H to be a normal subgroup.

GivenN is the normal subgroup, the following statements are then equivalent.

• NH = G andN ∩H = {e}.

• Every g ∈ G can be written uniquely as g = nh with n ∈ N , h ∈ H .

• Define ψ : H → G/N in the natural way: ψ(h) = h = hN . Then ψ is an

isomorphism.

Group Action. A group G can interact with a space made up of a set X. Given a group

element g ∈ G, the group operation Tg outlines the effect on any element x ∈ X when

the transformation specified by element g, Tg(x) is applied to it. The action is defined

formally as follows:

  T : G \times X \rightarrow X \quad \text {and} \quad T_{g} : X \rightarrow X           (2.19)

Group representation. In group theory, a representation \@sym \rho \math_sym_Var:Nn \mg@greek {1A} is defined as a function that

maps each element in the group to an invertible n \times n   matrix. Here, n refers to the

dimension of the representation, which can be any positive integer, including infinity.

A representation \@sym \rho \math_sym_Var:Nn \mg@greek {1A} of a group G must fulfill the equation \@sym \rho \math_sym_Var:Nn \mg@greek {1A}(gg_0) = \rho (g)\rho (g_0)  , where gg_0

represents the composition of two group elements g, g_0 \in G   , and \@sym \rho \math_sym_Var:Nn \mg@greek {1A}(g)\rho (g_0) symbolises

matrix multiplication. This condition ensures that the matrix multiplication in the

representation corresponds to the operation within the group, thereby preserving the

group’s structure.

Left group representation. Any group action on a set X implicitly alters functions on

X because it changes the elements of X. This change is typically articulated via a left-

regular representations L. Therefore given a function, f : X → R, we can determine
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the nature of a transformed function f ′ after applying a group element g, by assessing

a function’s value for x ∈ X by reversing the transformed function. For instance, to

find the value of f ′ for a transformed element a′, we determine the original value of f

for a before g was applied. This is achieved by applying the inverse of g to a′. For the

set of functions f on X, the left regular representation for g is shown below.

  L_g : f \rightarrow f' \text { and for } a' \in T_g(X) : f'(a') = f(T_{g^{-1}}(a'))                  (2.20)

Equivariance A function is equivariant with respect to a group if it commutes with the

action of the group. Therefore a function Φ : X → Y is equivariant if the following

holds true:

  \label {eq:equivariantcon} \forall g \in G : T_g \circ \Phi = \Phi \circ T_g.           (2.21)

We will first describe two finite groups which we use in this thesis.

Cyclic Group. A cyclic group is a group which is generated by a single element X

which we describe as the group generator. Cyclic groups are also Abelian which is a

group in which the law of composition is commutative. The order of the group is n

and the identity Xn = I holds in the cyclic group where I is the identity. An example of

the cyclic group is the ring of integers Z under addition which is an infinite group.

Dihedral Group. For any integer n ≥ 3, the dihedral group Dn represents the set of

symmetry operations for a regular n-gon, with the group operation being the composi-

tion of these actions. The group actions consist of rotations and reflections. The group

order is 2n. We can formally represent the group as: ⟨x, y|x2 = 1, yn = 1, (xy)2 = 1⟩.

We will now formally describe three compact different types of groups which are

necessary for this thesis. Firstly, we describe the translation group in two dimensions

R2 with matrix representation, ρ. This group has a group product and inverse for two

elements x, x0 ∈ R2 shown below.

  & \rho (x) \cdot \rho (x_0) = (x + x_0)\\ & \rho ^{-1}(x) = -x      

   (2.23)
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The logarithmic map is given by:

  \log \rho (x) = x.   (2.24)

We also consider the rotation group in two dimensions SO(2) which consists of the

set of all continuous rotation transformations around a plane. These rotation matrices

are orthogonal matrices R with determinant 1. Its group product and inverse for two

elements Rθ,R0θ ∈ SO(2) is given by:

  & R_{\theta }R_{\theta _0} = R_{\theta +\theta _0} \\ & R^{-1}_{\theta } = R^{T}_{\theta }.  


 

 (2.26)

The final group we consider in our work is the special Euclidean group SE(2) in two di-

mensions. The 2-dimensional Special Euclidean group represents a series of geometric

transformations comprised of rotations and translations in a 2D plane. Every element

of the group can be identified using two parameters: the rotation angle (θ) and the

translation vector (t), denoted as g = (t, θ) within G. The group product and inverse for

any two elements g, gθ in SE(2) are defined as follows:

  & g \cdot g_0 = (t, \theta ) \cdot (t_0, \theta _0) = (T_{\theta }(t_0) + t, \theta + \theta _0) \\ & g^{-1} = (-T_{-\theta }(t), -\theta )               

   (2.28)

In essence, to amalgamate the two elements g and g0, we first employ the rotation part

of g to the translation of g0, followed by adding it to the translation of g. This is a semi-

direct combination of elements. As such, SE(2) is a semi-direct product, made up of the

translation group R2 and the rotation group SO(2), often notated as SE(2) = R2 ◦SO(2).

The above groups are specific to the 2D plane but easily extendable to 3D space.

2.8 Topology and Geometry

This thesis is centred on improving the robustness of deep learning models by imposing

topological and geometric constraints in the latent space. Therefore, we will provide a
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brief primer on certain topics in algebraic topology and Riemmanian geometry required

to understand the tools which are used in this thesis.

2.8.1 Introduction

There is a series of increasing number of properties which connect a topological space

and Riemannian manifold. We start with a set and equip this set with the notion of

a well-defined neighbourhood structure around each point to construct a topological

space. Next, if a locally defined neighbourhood around each point ‘looks’ Euclidean,

then we refer to this as a topological manifold. We can then add a further constraint on

this manifold such that it is differentiable everywhere making this now a differentiable

manifold. A differentiable manifold however can be embedded in Euclidean or Non-

Euclidean space. Finally, if we define the inner product between tangent vectors on

each point of a differentiable manifold, we construct a Riemmanian manifold which

allows us to measure distance, area, angles and curvature on a Euclidean or Non-

Euclidean manifold. A summary of the hierarchy connecting the topological space and

the Riemannian manifold is shown in figure 2.5.

Topological Space

Topological Manifold

Differentiable Manifold

Riemannian Manifold

Figure 2.5: A hierarchy demonstrating the increasing constraints imposed which con-
nect a topological space with a Riemannian manifold. This figure is adapted from
[Bod23].

In this work, we will focus on the properties of a topological space and Riemannian

manifold as required for this thesis.
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2.8.2 Topological Space

A topological space is a set X with subsets T which satisfy the following axioms:

Definition 1. A topological space is a set X with subsets T which satisfy the following properties:

• The empty set ∅ and X are in T.

• Any finite intersection of sets in T are also in T.

• Any finite union union of sets in T are also in T.

Given, a point a in the topological space X, all subsets Y of X which contain a, a ⊆ Y,

is the neighbourhood of a. We next provide examples of topological spaces generated by

the set A = {1, 2, 3}. The discrete topological space is all subsets of A which include,

{∅, 1, 2, 3, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}}. The trivial topological space is the empty set and

full set; {∅, {1, 2, 3}}. An example of a set which is not a topological space is the subsets,

{∅, {1, 2}, {1, 3}, {1, 2, 3}}. This is because the intersection of {1, 2} and {1, 3} is 1 which is

not in the set. An important topological space is Euclidean space generated by all open

balls in Rn. Euclidean space is equipped with a metric structure and all metric spaces

are topological spaces. However, topological spaces do not require a metric structure.

We can now describe the useful notion of a topological basis for a topological space.

Definition 2. The basis of a topological space X is the collection of open subsets B in X if any

subset of X can be expressed as some finite union of elements in B.

The topological basis is a compact way of expressing topological spaces. For example,

the base topology for the discrete topological space would consist of the empty set and

all singletons in the discrete topological space.

We will next define the open cover of a topological space.

Definition 3. An open cover, C of X is a collection of open subsets Ui whose union is X

formalised in the below equation.

  \mathcal {C} = \cup _{i \in I}U_i   (2.29)
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Figure 2.6: A continuous maps between topological spaces X and Y where the the
pre-image of U ⊆ Y, is in X. This figure is adapted from [Bod23].

In this thesis, we also use the notion of continuous maps and homeomorphisms between

topological spaces.

Definition 4. A map f between topological spaces X and Y, is continuous if the pre-image f −1

of every open set in Y is an open set in X.

We provide an example of a continuous map between topological spaces in figure 2.6

inspired by [Bod23].

Definition 5. A map h between topological spaces X and Y, is homeomorphic if h is bijective

and if h as well as h−1 is continuous.

A useful notion of a homeomorphic map is a map which maps the natural numbers

n ∈ N to Rn. This defines an Euclidean space and if this map is not homeomorphic

then Rn is Non-Euclidean.

Further information about topological spaces such as homotopy and homotopy equiv-

alence which is not relevant to this thesis can be found in [ELZ00].

2.8.3 Complexes

One can capture the connectivity of a topological space through a cell complex which

allows one to capture the homology of a topological space. The homology groups allow
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us to define a finite descriptor of the topological space. We start with the simplicial

complex; an example of a cell complex which is a triangulation of a topological space.

Informally, one can describe a simplex as an nth dimensional generalisation of a triangle.

Formally, a k-simplex is a k-dimensional polytope which is the convex hull of its k + 1

affinely independent vertices. For example, the 0-simplex is a point, the 1-simplex is a

line, the 2-simplex is a triangle and the 3-simplex is a tetrahedra. We visualise examples

of k-simplices from the 0-simplex to the 3-simplex in figure 2.7.

0-Simplex 1-Simplex 2-Simplex 3-Simplex

Figure 2.7: We show an example of the k-simplex from k = 0 which is a point to k = 3
which is the tetrahedra.

We will now define a simplicial complex

Definition 6. A simplicial complex,K is a set of k-simplices which satisfy the following axioms:

• The face of any k-simplex inK is also inK

• The intersection of any two k-simplices inK is a face of both simplices.

Given a simplicial complexK , we will now define the kth dimensional simplicial chain

Ck overK .

Definition 7. A simplicial k-chain is a linear combination of the k-simplices, σ ∈ K formally

defined in the equation below.

  C_k(\mathcal {K}) = \left \{ \sum _i z_i \sigma _i \mid z_i \in \mathbb {Z} \right \}  




   

 (2.30)

Note, if zi ∈ R, then we have a vector space of k-chains. This is however not relevant

for this thesis. We will provide a concrete example to demonstrate the simplicial chains

Ck in a simplicial complex,K .
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Figure 2.8: An example of a simplicial complexK .

In figure 2.8, we show a simplicial complex,K and derive the simplicial chains Ck from

k = 0 to k = 2.

  \begin {split} C_0(\mathcal {K}) & = \{0, 1, 2, 3, 4, 1+2, 1+3, 1+4, 2+3, 2+4, 3+4, 1+2+3, 1+2+4, \\ & 1+3+4, 2+3+4, 1+2+3+4\} \end {split} \\[2ex] \begin {split} C_1(\mathcal {K}) & = \{0, 12, 31, 23, 42, 34, 12+31, 12+23, 12+42, 12+34, 31+23, 31+42, 31+34, \\ & 23+42, 23+34, 42+34, 12+31+23, 12+31+42, 12+31+34, 12+23+42, \\ & 12+23+34, 31+23+42, 31+23+34, 23+42+34, 12+31+23+42, \\ & 12+23+42+34, 12+31+42+34, 12+31+42+34, 12+31+23+34, \\ & 31+23+42+34, 12+31+23+42+34\} \end {split} \\[2ex] \begin {split} C_2(\mathcal {K}) & = \{0, 123\} \end {split}                                  

               


                            

                           

                         

                          

              



     (2.33)

The next step to defining the homology group is to define the boundary homeomor-

phisms.

Definition 8. Given a simplex, σ ∈ K , σ = [v0, v1, ...vk], the boundary homeomorphism,

∂k : Ck(K )→ Ck−1(K ) is defined in the equation below.

  \label {eq:boubhom} \partial _k(\sigma ) = \sum _i (-1)^i [v_0...\hat {v}_i...v_k] 




  (2.34)

v̂i in equation 2.34 is the removal of vi from the sequence.

We next will provide the following important theorem about boundary operators.
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Theorem 1. The boundary of a boundary is always 0.

  \partial _{k-1}\partial _k = 0    (2.35)

We will now prove theorem 1.

  \partial _{k-1}\partial _k[v_0, v_1, ... v_k] & = \partial _{k-1}\sum _i (-1)^i[v_0...\hat {v}_i...v_k] \\[2ex] \begin {split} \label {eq:bounsum} & = \sum _{j < i} (-1)^i(-1)^j[v_0...\hat {v}_j...\hat {v}_i...v_k] \\ & + \sum _{j > i} (-1)^i(-1)^{j-1}[v_0...\hat {v}_i...\hat {v}_j...v_k] \end {split} \\[2ex] & = 0

   




 





   





   


  (2.38)

Equation 2.37 is equal to 0 because the second sum negates the first sum.

The boundary homeomorphism therefore allows to connect the simplicial chains in a

simplicial complex to construct a chain complex C as shown below.

  ... \rightarrow C_{k+1} \xrightarrow {\partial _{k+1}} C_k \xrightarrow {\partial _{k}} C_{k-1} \rightarrow ... 




    (2.39)

We will now define the kth boundary group Bk and cycle group Zk.

Definition 9. The kth boundary group is the image of the boundary homeomorphism ∂k+1

expressed below.

  B_k = \text {im}\ \partial _{k+1}     (2.40)

Definition 10. The kth cycle group is the kernel of the boundary homeomorphism ∂k expressed

below.

  Z_k & = \text {ker}\ \partial _{k}\\ & = \{c \in C_K | \partial _k c = \emptyset \}   

      (2.42)

38



An example of an element in C1 which lies in the kernel of ∂1 is {12 + 23 + 31} because

∂1(12+23+31) = ∂1(12)+∂1(23)+∂1(13) = (1−2)+ (2−3)+ (3−1) = 0. Given, definition

9 and 10, theorem 1, allows us to realise that the image of ∂k+1 is a subspace of the kernel

of ∂k. This means the boundary of Ck+1 lies in the cycle group Zk and we therefore make

the following implication in equation 2.43. This implication is also visualised in figure

2.9

  \label {eq:implbhom} B_k \subseteq Z_k \subseteq C_k      (2.43)

Figure 2.9: Visualisation of a chain complex with its boundary and cycle groups. The
image (green line) and kernel (blue line) of the boundary operators are demonstrated.

.

We now have the ingredients to define the homology group. Intuitively, The homology

groups Hn measures n-dimensional “holes" or cycles in the space. These groups provide

a systematic algebraic framework for understanding and classifying the topological

features associated with these holes, helping to distinguish between different shapes

and structures in the space. H0 notes the connected components in the topological

space. H1 defines the holes/tunnels in the space while H2 captures the voids.

We define the homology group in the following equation.

  \label {eq:homgroup} H_k = Z_k / B_k = \text {ker}\ \partial _k / \text {img}\ \partial _{k+1}        (2.44)

Equation 2.44 states the homology groups Hk are cycles modulo boundaries which means

it’s the group which are cycles but not boundaries in Ck.

As an exercise, we can calculate the homology group H1 of figure 2.8. We already know
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H2 is empty because the image of ∂3 is not defined. To calculate H1, we have to take the

image of ∂2 and kernel of ∂1 and then take the quotient between these two groups. We

show the calculation below.

  & \text {img} \ \partial _2(C_2) = \{12+23+31\} \\ & \text {ker} \ \partial _1(C_1) = \{12+23+31, 23+42+34, 12+24+43+31\} \\ & \text {ker} \ \partial _1(C_1) / \text {img} \ \partial _2(C_2) = \{23+42+34, 12+24+43+31\}       

                   

                (2.47)

We shown H1 for the simplicial complex in figure 2.8 is {23+ 42+ 34, 12+ 24+ 34+ 13}.

Here one can visualise that the triangle, {23+42+34} and quadrilateral {12+24+43+31}

are cycles which contain the hole/tunnel {23+42+34}which does not form the boundary

of anything. Only {12 + 23 + 31} is a cycle which forms the boundary of the filled-in

1-simplex {123}.

One can also describe the homology groups through the Betti number Bk which is

calculated as the rank of the homology group Hk. This is expressed in the equation

below.

  \mathcal {B}_k = \text {Rank} \ H_k = \text {Rank} \ Z_k - \text {Rank} \ B_k           (2.48)

B0,B1 andB2 counts the number of connected components, holes and voids respectively

in a simplicial complex. The Betti numbers for the simplicial complex in figure 2.8 are

as follows: B0 = 1,B1 = 1,B2 = 0.

In our thesis, we use the Betti error to define the topological accuracy of a segmentation

output. The Betti Error is a metric used to quantify the dissimilarity in topology between

the predicted mask and the ground truth mask. This is determined by calculating the

absolute difference between their corresponding Betti numbers.

2.8.4 Persistent Homology

Simplicial homology uses matrix reduction algorithms to describe the connectivity of

K as a sequence of homology groups [ELZ00].

In this thesis, the Betti numbers are useful topological descriptors for the binary labels
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Figure 2.10: Example of persistence diagrams (right) calculated from the softmax model
output and segmentation label for the heart myocardium. The x and y axis range from
0 to 1.

but not a continuous segmentation output in Rx×y×z because Betti numbers are calcu-

lated on a single scale. Therefore, a continuous measure of the change in topological

features in each homology group at different scales provides a rich and differentiable

descriptor of the topology of data. This is described as persistent homology and re-

quires a filtration function f to track the homology groups over multiple scales, ϵ. A

common filtration function is a distance function often used for point cloud data; one

refers to this simplicial complex as a Vietoris-Rips complex [EH22]. Medical imaging is

however structured as 2D and 3D grids and therefore the cubical complexC is naturally

equipped to deal with such data. In the cubical complex, cubes and squares are equiv-

alent to tetrahedra and triangles respectively in the simplicial complex The vertices in

the cubical complex of a 2D or 3D image X would correspond to voxels and the edges

or connectivity is determined by a grid which connects all voxels in an image.
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We define a filtration based on the voxel values (pixel intensities) in X which represents

vertices in the cubical complex. Therefore, a cubical complex is constructed at a thresh-

old ϵ over the output defined as: Cϵ = {x ∈ X|x ≥ ϵ}. Given m threshold values between

ϵ1 and ϵm, one can construct m cubical complexes from each sub-level set. Thus, this will

satisfy a nesting relationship between the cubical complexes of X shown in equation

2.49 making it possible to track changes in the homology groups as ϵi decreases.

  \label {eq:1} \emptyset = \mathcal {C}^{\epsilon _1} \subseteq \mathcal {C}^{\epsilon _2}...\subseteq \mathcal {C}^{\epsilon _m} = X   
      (2.49)

One can now derive a persistence diagram for n dimensional topological features from

tuples (b, d) with b denoting the threshold at which a topological feature is born and d

is the threshold at which it dies. In figure 2.10 we provide an example of persistence

diagrams for a segmentation output in the top row and the segmentation label in the

bottom row. We overlap the persistence diagrams for 0 and 1-dimensional topological

features. In the persistence diagram for the label in figure 2.10, ϵi decreases from 1 to

0. Here, the red circle with coordinates (0, 1) signifies the birth of a single connected

component (the ring) at ϵ = 1 which dies at ϵ = 0. The blue square denotes a tunnel

born at ϵ = 1 which also dies at ϵ = 0. The persistence diagram for the output denotes

similar topological features but with additional topological features representing noise

found close to (0, 0) and (1, 1) due to the continuous output.

2.8.5 Riemannian Geometry

We will now move to the highest level of the hierarchy shown in figure 2.5, the Rieman-

nian manifold. We start with the differentiable manifold. A differentiable manifold is a

topological space X equipped with an atlas of coordinate charts such that the transition

maps between charts are differentiable. A formal definition is provided in definition

11.

Definition 11. Given a topological space M, there exists a collection of charts with its associated

transition function {(Uα, ϕα)}, where Uα is an open set in M and, ϕα : Uα → Rn is a

homeomorphism onto an open set in Rn. M becomes a differentiable manifold if for any

two overlapping charts with their associated transition maps, {(Uα, ϕα)} and {(Uβ, ϕβ)}, the
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transition function,ϕβ◦ϕ−1
α is differentiable. If this transition function is infinitely differentiable

then this becomes a smooth manifold.

On a differentiable manifold, each point x has an associated tangent space TxM, which

is a vector space that captures the notion of directional derivatives at that point. We

define a tangent space and tangent bundle in definition 12 and 13 respectively.

Definition 12. The tangent space TxM at a point x on a differentiable manifold M is a vector

space consisting of all possible tangent vectors at that point. A tangent vector at x can be

thought of as the velocity vector of a curve passing through x.

Definition 13. The tangent space varies smoothly over the manifold, leading to the concept

of the tangent bundle TB, which is the disjoint union of tangent spaces at all points on the

manifold formally defined in the equation below.

  TB = \bigcup _{x \in M} T_xM 



 (2.50)

We can now define the Riemannian manifold below.

Definition 14. The Riemannian manifold is a differentiable manifold equipped with the Rieman-

nian metric. The Riemannian metric defines the set of inner products gx : TxM×TxM→ R

of every point x onM. The Riemannian metric at every point x must be positive definite.

The properties of a Riemannian manifold allow us to measure lengths, distances and

geodesics on the manifold. We first define the length of a path on a Riemannian

manifold below.

Definition 15. Given a smooth curve γ : [a, b]→M on a Riemannian manifold M with metric

tensor g, the length of the curve is defined by the integral:

  \label {eq:lenghtint} L(\gamma ) = \int _{a}^{b} \sqrt {g(\dot {\gamma }(t), \dot {\gamma }(t))} \, dt 





    (2.51)

Here:

• γ(t) represents the position of the curve at time t,
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• γ̇(t) is the velocity vector (derivative) of the curve with respect to time,

• g(γ̇(t), γ̇(t)) is the inner product of the velocity vector with itself, as defined by the metric

tensor g,

• The square root ensures that we obtain the actual length.

The integral is taken over the parameter interval [a, b].

Equation 2.51 generalises the notion of arc length from Euclidean spaces to curved

Riemannian manifolds, and it gives the natural notion of distance along a curve on the

manifold.

The geodesic distance is the shortest length between any two points on a Riemannian

manifold. This can be expressed as taking the infimum over all lengths connecting two

points on the manifold. The process of finding this locally shortest path involves min-

imizing the length between the points using the principles of the calculus of variations.

An important property of the Riemannian manifold is parallel transport which is de-

fined in definition 16.

Definition 16. Parallel transport Px→y describes the translation of a vector field V along a

differentiable manifold to a new vector field V′ such that the covariant derivative always stays

at 0.

2.8.6 Hyperbolic Geometry

Introduction

In this thesis, hyperbolic geometry is used for imposing constraints in the latent space

to improve robustness. We will provide a brief overview of important concepts to

understand hyperbolic geometry. In Euclidean geometry, the parallel postulate states

that, given a line and a point not on it, there is exactly one parallel line through that

point. Hyperbolic geometry rejects this postulate, allowing for multiple parallel lines

through a given point not on a line. The key property of hyperbolic geometry is that it

is characterised by constant negative curvature.
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Figure 2.11: Here we provide a visualisation of the two-shift hyperboloid in green with
the Poincaré disc visualised in blue with a purple geodesic.

Several models represent hyperbolic geometry, such as the Poincaré disk model and the

Poincaré half-plane model. These models provide visualisations of hyperbolic spaces

and help understand the properties of hyperbolic geometry. In this thesis, we will focus

on the Hyperboloid and Poincaré models of hyperbolic space (H) equipped with constant

negative curvature −1/K, (K > 0) which is inversely proportional to the radius of the

Hyperbolic model. In this thesis we work only with the hyperboloidHd,K and Poincaré

Bd,K models of d dimensions with unit radius and hence a fixed negative curvature of -1

(Hd,1, Bd,1). We show a visualisation of the hyperboloid superimposed on the Poincaré

disc in 3D space in figure 2.11.

Geodesic Distance

Hyperboloid We first focus on the two-sheet unit hyperboloid model equipped with a

Riemannian metric (gH,1x ) given by the Minkowski metric tensor ⟨., .⟩S whereby ⟨x, x⟩S =

−1 and x ∈ Rd+1 [CYRL19]. Therefore, the dot product between arbitrary points u and

v onHd,1, is defined as gH,1x ⟨u, v⟩ := −u0v0 + u1v1 . . . + udvd; u0 > 0 [CYRL19]. Given the

definition of the Riemannian metric tensor, we can introduce the notion of the geodesic

distance defined as the shortest distance between (u, v) ∈ Hd,1. The equation for the
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o o

Figure 2.12: Here we show the logarithmic mapping (hyperboloid to tangent space)
and exponential mapping(tangent space to hyperboloid). The tangent space is demon-
strated on the origin of the hyperboloid.

geodesic distance in the hyperboloid is defined below.

  d^{\mathbb {H}, 1} (u,v) = arcosh(g^{\mathbb {H}, 1}_x\langle u, v \rangle )       (2.52)

Poincaré Disc We next formally define the Poincaré unit ball, Bd,1 = {x ∈ Rd
|∥x∥ < 1}.

Bd,1 is determined by the following Riemmanian metric tensor: gB,1x =
(

2
1−∥x∥2

)2
. Given

this metric tensor, the derived geodesic distance equation for (u, v) ∈ Bd,1 is shown

below.

  d^{\mathbb {B}, 1} (u,v) \!=\! \cosh ^{-1} \Biggl ( 1 + 2 \Big (\frac {\lVert u - v \rVert ^ 2}{(1 - \lVert u \rVert ^2)(1 - \lVert v \rVert ^2)}\Big )\Biggr ) \label {eqn:pd} 

 

  

   


(2.53)

Exponential and Logarithmic Mapping

Now, we introduce the notion of mapping between hyperbolic and Euclidean space

(tangential plane) in the definition below.

Definition 17. Given y ∈ TxHd,1 and v ∈ Hd,1, exponential and logarithmic mappings are

denoted as expH,1x (y): TxHd,1
→Hd,1 and logH,1x (v)‘: Hd,1

→ TxHd,1 respectively.

Hyperboloid We first show here the general equations expK
x (y) and logK

x (v) with any

negative curvature, −1/K forHd,K in Equation 2.54 and 2.55 respectively.

  exp_{x}^{\mathbb {H}, K}(y) = cosh\bigg (\frac {\lVert y \rVert _S}{\sqrt {K}}\bigg )\ x + \sqrt {K}sinh\bigg (\frac {\lVert y \rVert _S}{\sqrt {K}}\bigg )\frac {y}{\lVert y \rVert _S} \label {eqn:ghe}   


















(2.54)
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  log_{x}^{\mathbb {H}, K}(v) = d^{\mathbb {H}, K} (x,v) \bigg (\frac {v+\frac {1}{K}\langle x, v \rangle _S \ x}{\lvert \lvert v+ \frac {1}{K} \langle x, v \rangle _S \ x\rvert \rvert _S}\bigg ) \label {eqn:ghl}    
  

 

 
 


(2.55)

In this work, we perform mappings with the tangential space at the origin o, which for

Hd,1 is defined on {1, 01, . . . , 0d} ∈ Hd,1. In this case, the mappings between y ∈ ToHd,1

and v ∈Hd,1 such that ⟨y, o⟩ = 0 are shown in equation 2.56 for the exponential mapping

and equation 2.57 for the logarithmic mapping.

  exp_{o}^{\mathbb {H}, 1}(y) \!=\! \bigg (cosh(\lVert y_{1:d} \rVert _2), sinh(\lVert y_{1:d} \rVert _2)\frac {y_{1:d}}{\lVert y_{1:d} \rVert _2}\bigg ) \label {eq:expmap0h} 








(2.56)

  \\ log_{o}^{\mathbb {H}, 1}(v) \!=\! \bigg (0, arcosh(v_0) \frac {v_{1:d}}{\lVert v_{1:d} \rVert _2}\bigg ) \label {eq:logmap0h} 








(2.57)

We show a visualisation of the exponential and logarithmic mapping between the

hyperboloid and its tangent space centered on the origin in figure 2.12.

Poincaré A Riemannian metric tensor is conformal to another Riemannian metric if it

defines the same angles. In the case of the Poincaré unit ball, there is a smooth conformal

mapping, between the Euclidean metric tensor gRx and Poincaré metric tensor gB,1x . The

Poincaré conformal factor λx =
2

1−∥x∥2 is defined such that gB,1x = λ2
xgRx .

  exp_{x}^{\mathbb {B},K}(y) = x \oplus ^K \bigg (tanh(\frac {\sqrt {K} \lambda _x^K \lVert y \rVert }{2})\frac {y}{\sqrt {K}\lVert y \rVert }\bigg ) \label {eqn:gpe}    

















(2.58)

  log_{x}^{\mathbb {B},K}(v) = \frac {2}{\sqrt {K} \lambda _x^K} arctanh(\sqrt {K}\lVert -x \oplus ^K v \rVert ) \frac {-x \oplus ^K v }{\lVert -x \oplus ^K v \rVert }) \label {eqn:gpl}  









 
 
 

 (2.59)

Next, the equations for the mapping between y ∈ ToBd,1 and v ∈ Bd,1, with the origin o

defined as {0, 01, . . . , 0d} ∈ Bd,1, is shown in equation 2.60 for the exponential mapping

and equation 2.61 for the logarithmic mapping.

  exp_{o}^{\mathbb {B},1}(y) = \bigg (tanh(\lVert y \rVert _2)\frac {y}{\lVert y \rVert _2}\bigg ) \label {eq:expmap0p}  







(2.60)
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  log_{o}^{\mathbb {B},1}(v) = \bigg (0, arctanh(\lVert v \rVert _2) \frac {v}{\lVert v \rVert _2}\bigg ) \label {eq:logmap0p}  







(2.61)

Parallel Transport

In this section, we reveal the equations of parallel transport for vector b on the tangential

space of the origin to the tangential space of v. Formally, we show the general equations

of parallel transport, PK
o→v(b) for the hyperboloid HK,d in equation 2.62 and Poincaré

space BK,d in equation 2.63 below.

Hyperboloid The general form of this equation, PK
x→v(b) shown below in Equation 2.62

is derived in [CYRL19].

  P_{o \rightarrow v}^K(b) = b - \frac {\langle log_o(v), b \rangle _S}{d^{\mathbb {H}, 1}(o,v)^2}(log_o(v) + log_v(o)) \label {eqn:pth1} 
  


     (2.62)

Poincaré Equation 2.63 is derived in [GBH18].

  P_{o \rightarrow v}^K(b) = \frac {\lambda _o^K}{\lambda _v^K}b \label {eqn:ptp} 








 (2.63)

Projections

We need to apply projections to constrain points to the manifolds and their tangential

space after optimising. In our work, all operations are performed in the tangential

plane and therefore one needs to only apply projections after the exponential mapping

from the tangential space to the manifold which we define below.

Equation 2.64, below shows the projection after exponential mapping y on TxHd,K to

the hyperboloid manifoldHd,K.

  Proj(\exp _x^{\mathbb {H}, K} (y)) = (\sqrt {1 + \lvert \lvert v_{1:d} \rvert \rvert _2 ^2}, v_{1:d}) \label {eqn:projp}   


 

  (2.64)

The projection when mapping a point y on TxBd,K to Poincaré space Bd,K is achieved

by normalising expB,Kx (y) if ||expB,Kx (y)||22 > 1/
√

K or > 1 in the case of the Poincaré unit
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ball.

Mapping between the Poincaré disc and the Hyperboloid

Next, the hyperboloid and the Poincaré disc are isomorphic and therefore there ex-

ists a diffeomorphic mapping ψ between u ∈ Hd,1 and v ∈ Bd,1 shown in equation

2.65 (Hyperboloid to Poincaré disc) and equation 2.66 (Poincaré disc to Hyperboloid).

below.

  \psi _{\mathbb {H}^{d, 1}\rightarrow \mathbb {B}^{d, 1}}(u_0...u_d) = \frac {u_1...u_d}{u_0 +1} \label {eqn:hp} 


 
(2.65)

  \psi _{\mathbb {B}^{d, 1} \rightarrow \mathbb {H}^{d, 1}}(v_1...v_d) = \frac {(1 + \lvert \lvert v \rvert \rvert _{2}^{2}, 2v_1...2v_d)}{1 - \lvert \lvert v \rvert \rvert _{2}^{2}} \label {eqn:ph} 
  

 
(2.66)

2.9 Categories and Sheaves

2.9.1 Category Theory

In chapter 9, the language of category theory is used to formally describe the relation

between objects in a concise manner. We therefore give a brief introduction of concepts

which are required to understand chapter 9. Informally, a category is a collection of

objects where the relation between objects must satisfy a set of rules. We provide the

formal definition for a category below.

Definition 18. A category C consists of the following data:

• Objects: A collection of objects, denoted by Obj(C).

• Morphisms (Arrows): For each pair of objects A,B in C there exists a set of morphisms.

(HomC(A,B)) from A to B. An example of a morphism f is expressed as; f : A→ B.

A morphism must satisfy the following three properties.
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• The first property, a morphism must satisfy is the composition rule. That is for any two

morphisms f : A→ B and g : B→ C, there exists another morphism, h : A→ C.

• The second property is that for any object there exists a unique identity morphism idA :

A→ A such that f ◦ idA = f .

• The final property is composition is associative such that for any three morphisms f , g, h,

( f ◦ g) ◦ h = f ◦ (g ◦ h).

There are many mathematical structures which satisfy the properties of a category. For

example, the category of all open subsets of a topological space T satisfies a category

whereby, all open sets in the topological space are objects and the morphisms between

objects are inclusion relations such that g : A → B if A ⊆ B. Another example of a

category is a partially ordered set P such for p, q ∈ P, the morphism f : p → q implies,

p ≤ q.

The next important tool in category theory is a functor. In category theory, a functor

is a mapping between two categories, such that the structure of these categories is

unchanged. This means that there is a mapping between objects and morphisms in one

category to the objects and morphisms in another category which continuously satisfies

the required morphism properties of composition and identity. A formal definition is

provided below [Awo10].

Definition 19. Given two categories,A andB, a functor F;A→ Bmust satisfy the following

properties.

• Given an object a ∈ A, F(a) ∈ B.

• For every morphism f : a→ b inA, F( f ) : F(a)→ F(b) in B.

• F maintains composition such that F( f ◦ g) = F( f ) ◦ F(g) for all morphisms f : a → b

and g : b→ c inA.

• F maintains the identity morphism such that for a ∈ A, the identity morphism ida : a→ a

is mapped by F to the identity morphism idF(a) : F(a)→ F(a) in B
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We also need to understand the contravariant functor which reverses the direction of

the morphisms. We define it formally below [Awo10].

Definition 20. Given two categories, A and B be categories. A contravariant functor Fop :

A → B, maps ∀a ∈ A, to F(a) ∈ B. However, here every morphism is reversed such that

∀ f : a→ b inA, Fop( f ) : Fop(b)→ Fop(a) in B. The properties of composition and the identity

morphism still hold like the functor.

We now will define the natural transformation in category theory which relates two

functors on a category such that they commute. We provide the formal definition of a

natural transformation below [Awo10].

Definition 21. Given two categories, A and B and two functors F,G : A → B, a natural

transformation η : F ⇒ G is a map between functors such that for a ∈ A and b ∈ B,

ηa : F(a)→ G(a) and ηb : F(b)→ G(b) commute as shown in commutative diagram below.

  \begin {array}{ccc} F(a) & \xrightarrow {\eta _a} & G(a) \\ \downarrow _{F(f)} & & \downarrow _{G(f)} \\ F(b) & \xrightarrow {\eta _b} & G(b) \end {array} 



    





There are a few key properties which a natural transformation must satisfy.

• The above diagram must commute for ∀a ∈ A and ∀ f : a→ b. This is also known as the

naturality square.

• The next property is vertical composition. Here, given two natural transformations

η : F ⇒ G and θ : G ⇒ H, the vertical composition θ ◦ η : F ⇒ H is defined in the

equation below given a categoryA.

  (\theta \circ \eta )_a = \theta _a \circ \eta _a, \forall a \in \mathcal {A}          (2.67)

• The final property required is the identity natural transformation. Given the functor,

F : A → B, then there is an identity natural transformation 1F : F ⇒ F shown in the

equation below.

  1_{F_A} = \text {id}_{F(a)} \forall a \in \mathcal {A}      (2.68)
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We now introduce the useful concept of a diagram in category theory. The informal

notion of a diagram is related to the idea of smaller categories within a category which

represents a collection of objects and morphisms that capture certain relationships or

structures within that category. We provide the formal definition below with the use

of functors [Awo10].

Definition 22. Consider the category C and smaller categoryJ such as an indexing category.

A diagram D of shape J in C is defined below.

  D: \mathcal {J} \rightarrow \mathcal {C}     (2.69)

We can define the category of J shaped diagrams in C as Func(J ,C).

We provide an example below.

Example 1. Consider a category C with objects A, B, and C, and morphisms f : A → B and

g : B→ C. The diagram D associated with this category might have an index categoryJ with

objects j1, j2 and j3 and morphisms a : j1 → j2 and b : j2 → j3. The assignment function would

map j1 to A, j2 to B, j3 to C as well as a and b to morphisms, f and g respectively in C.

We finally introduce the notion of limits and co-limits required to understand chapter

9.

We first define the limit of a diagram D in category C.

Definition 23. Consider a diagram D : J → C, where J is a smaller category and C is a

category. The limit of the diagram D is an object A ∈ C, denoted A = lim←D, and morphisms

π j : A→ D( j)∀ j ∈ J , which satisfies the following universal property [Awo10].

1. For any object B ∈ C and morphisms g j : B → D( j),∀ j ∈ J , there exists a unique

morphism φ : B→ A such that the following diagram commutes, ∀ j ∈ J :

  \begin {array}{ccc} & & B \\ & \swarrow ^{g_j} & \downarrow ^{ \varphi } \\ D(j) & \stackrel {\pi _j}{\longleftarrow } & A \end {array} 
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Therefore, for any choice of morphisms g j : B→ D( j), there is a unique morphism φ from

B to A making the diagram commute.

Next, we define the colimit of a diagram D in category C.

Definition 24. Consider a diagram D : J → C, where J is a smaller category and C is a

category. The colimit of the diagram D is an object A in C, A = lim→D, and morphisms

ι j : D( j)→ A for each object j in J , satisfying the following property [Awo10].

1. For any object B inC and morphisms f j : D( j)→ B∀ j ∈ J, there exists a unique morphism

ψ : A→ B such that the following diagram commutes, ∀ j ∈ J :

  \begin {array}{ccc} A & \stackrel {\iota _j}{\longleftarrow } & D(j) \\ \downarrow ^{\psi } & & \swarrow ^{f_j} \\ B & & \end {array} 

 









Therefore, given any choice of morphisms f j mapping D( j) to B, there exists a unique

morphism ψ mapping A to B such that the diagram commutes.

There are multiple other concepts in category theory such as monoids we haven’t de-

fined. For a more comprehensive overview of category theory, please refer to [Awo10].

2.9.2 Sheaf Theory

We will now introduce sheaf theory as required in chapter 9. Sheaf theory is a branch of

mathematics with applications in algebraic topology and algebraic geometry. Its goal

is to provide a framework for glueing local data associated with a topological space to

produce new global information. The first place to start is the pre-sheaf. A pre-sheaf is

a way of attaching data such as vector spaces, rings etc. to all subsets of a topological

space such that structure is preserved between the topological space and the data. We

provide a visualisation of a pre-sheaf over some topological space in figure 2.13.

Definition 25. Given a topological space X, a presheaf is a contravariant functor F op from

the category of all open sets in X to another category, often a category of vector spaces, sets or

modules.
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Figure 2.13: Here we show a pre-sheaf over the topological space X where open subsets
A,B and its intersection C is mapped with the contravariant functor F op to F (A),F (B)
andF (C) respectively such that inclusion maps in X are mapped with the contravariant
functor F op to restriction maps. This figure is adapted from [Bod23].

For example, given any open set A ∈ X, the presheaf over sets, assigns a set denoted as F(A),

and for any inclusion V ⊆ U, there is a restriction map ρA,B : F op(A)→ F op(B) satisfying all

the properties of a contra-variant functor.

We introduce new terminology called the sections which is defined as given A ⊆ X,

elements in F (A) are called sections of F over A. We also introduce new notation for

simplicity; given the subsets B ⊆ A in a topological space X and any section s ∈ F (A),

we denote, S|A:= ρA,B(s) to be the restriction map, ρA,B(s) applied to s.

Definition 26. The sheaf is a pre-sheaf with two additional properties of locality and glueing

which are formally defined below given a topological space with open cover (Ai)i∈I.

• The notion of locality is defined given any sections s, t ∈ F (Ai), s = t if s|Ai= t|Ai∀i ∈ I.

• The notion of gluing is defined, given si|ui∩u j= s j|ui∩u j∀i, j ∈ I, then there is a section

s ∈ F (Ui) where s|Ui= si,∀i ∈ I. We call s here the glueing of the sections.

The glueing property constrained by locality implies the glueing, s is unique. It also

implies that sections which agree on their overlap can be glued together. This property
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of sheaves underlies the principle of compositionality that an object or data consists of

the sum of its parts. An example of a pre-sheaf which is also a sheaf is the pre-sheaf of

continuous function over the real line.

In chapter 9, it is important to introduce the pre-sheaf and sheaf over the basis of the

topological space X.

Definition 27. Given a topological basis B for X. A presheaf a is a contra-variant functor

F
op which maps each open set in the basis to some set or algebraic structure. Formally,

∀U ∈ B, there exists a set, F op(U), and for any inclusion V ⊆ U, there is a restriction map,

ρUV : F op(U) → F op(V). F op is a contra-variant functor so it satisfies the properties of

composition and the identity morphism.

Definition 28. A sheaf over the basisB over a topological space X, is a pre-sheaf which satisfies

the properties of locality and gluing required of a sheaf.

We now have the fundamentals to introduce cellular sheaves which form the core

component of chapter 9. In order to understand cellular sheaves we need to define a

poset and cell complex.

Definition 29. A poset is a partially ordered set with a binary relation, ≤ between elements

in a set which is reflexive, anti-symmetric, and transitive [Hu20].

Example 2. We define two elements in our poset as two n-tuples, (a1, a2, . . . , an) and (b1, b2, . . . , bn),

whereby each element belongs to the set of binary integers Z/2Z. We define the relation

(a1, a2, . . . , an) ≤ (b1, b2, . . . , bn) if, and only if, ai ≤ bi for all i in the set {1, 2, . . . ,n}. In this

context, the ordered set (Z/2Zn,≤) forms a partially ordered set (poset). Therefore, a 3 element

poset, a, b, c ∈ P must satisfy: 1. a ≤ a, 2. a ≤ b and b ≤ c implies a ≤ c and 3. b ≤ a and a ≤ b

implies a = b

Definition 30. A topological space X is a cell complex when it is divided into pieces Xp∈Px

where Px is the indexing set with the following characteristics:

• ∀x ∈ X with a neighborhood U intersects only a finite number of Xp.

• Every point Xp is homeomorphic to Rk for some k.
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• If Xq ∩Xp is non-empty, then Xp ⊆ Xq which defines Xp to be a face of Xq. Thus, this face

relation establishes a poset structure on the indexing set Px.

We can now define a cellular sheaf.

Definition 31. Given a cell complex with poset structure, X, Px, a cellular sheaf S is a functor

which maps every cell in a topological space X to some algebraic object such as a set or vectors

space D defined, F : Cell(X)→ D. This infers the following:

• ∀Xp ∈ X, F (p) exists.

• For every pairs of cells, Xp ⊂ Xq, there exists a restriction map ρFp,q : F (p) → F (q).

We can understand this explicitly in terms of the relations defined in the poset structure

Px such that for p, q ∈ Px and p ≤ q, then there is functor, Fp≤q : F (p) → F (q) which

satisfies the rules of composition and identity morphisms required of a functor.

Cellular sheaves assign data on their cells as opposed to open sets which makes it finite.

However, one can assign a topology to a poset known as an Alexandrov topology which

turns cellular sheaves into actual sheaves. We explore the cellular sheaf over the poset

to assign vector spaces in more detail in chapter 9. Further information and details

about cellular sheaves can be found in [Cur14].

2.10 Measure Theory

In chapter 9, we also use measure theory to demonstrate the advantage of using cellular

sheaves over persistent homology from a geometric perspective for shape analysis. We

therefore provide the fundamentals of measure theory.

We must first define the σ-algebra, denoted S on a set X. This is a collection of subsets

of X which obey the following axioms.

• The whole set and empty set is in the σ-algebra; ∅,X ∈ S.

• The complement of every subset in S also exists. That is if A ∈ S, then Ac
∈ S.
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• S is closed under countable union. Therefore, if A1,A2, . . .An ∈ S, then
⋃i=n

i=1 Ai ∈

S.

A useful theorem to understand about σ-algebras is the following:

Theorem 2. The intersection of any two σ-algebras is also a σ-algebra.

We prove theorem 2 as follows.

Proof. Given, two σ-algebras S1 and S2 b on a set X. We show that S1 ∩ S2 is also a

σ-algebra.

• Contains the whole and empty Set: Since any σ-algebra contains the whole set

X and empty set ∅, then it follows, ∅,X ∈ S1 ∩ S2.

• Closed under Complements: Let A ∈ S1 ∩ S2. This implies that A ∈ S1 and

A ∈ S2. Since S1 and S2 are both σ-algebras, Ac
∈ S1 and Ac

∈ S2. Therefore,

Ac
∈ S1 ∩ S2.

• Closed under Countable Unions: Let A1,A2, . . .An ∈ S1 ∩ S2. This implies that

Ai ∈ S1 and Ai ∈ S2 for all i. Since S1 and S2 are σ-algebras,
⋃i=n

i=1 Ai ∈ S1 and⋃i=n
i=1 Ai ∈ S2. Therefore,

⋃i=n
i=1 Ai ∈ S1 ∩ S2.

Since S1 ∩ S2 satisfies all the properties of a σ-algebra, we conclude that S1 ∩ S2 is a

σ-algebra.

The σ-algebra defined is for closed sets and therefore we now define the σ-algebra for

open sets called the Borel σ-algebra.

Definition 32. The Borel σ-algebra, denoted asB, is the smallest σ-algebra containing all open

sets.
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Borel σ-algebras are useful for defining measures over topological spaces and an ex-

ample is the Borel σ-algebra over the real line denoted, B(R). Note a set in B is a Borel

set.

We next define a measurable and measure space.

Definition 33. A measurable space is defined as, (X,S), where X is a set and S is a σ-algebra

on X.

Definition 34. A measure space is a measurable space with a measure µ defined on (X,S) to

construct the triple, (X,S, µ). A measure is a function µ : F → [0,∞] with the following

properties:

• µ(∅) = 0 (empty set has measure zero).

• It satisfies the property of sub-additivity (σ-additivity). That is, given disjoint sets,

A1,A2, . . .An ∈ S, then the equation below is true.

  \mu \left (\bigcup _{i=1}^{\infty } A_i\right ) = \sum _{i=1}^{i=n} \mu (A_i) 






 


 (2.70)

We now will define a few examples of measures. First, we introduce the probability

measure.

Definition 35. A probability measure P on a measurable space (X,S) is a measure P : S →

[0, 1] such that P(X) = 1.

The counting measures is a useful and simple measure defined below.

Definition 36. The counting measure on a measurable space (X,S) is a measureµ : S → [0,∞)

defined by

  \mu (A) = \begin {cases} \text {cardinality}(A), & \text {if } A \text { is finite,} \\ \infty , & \text {if } A \text { is infinite.} \end {cases} 


   

   

We now define a common measure called the Borel measure.

Definition 37. A Borel measure is a measure defined on the Borel σ-algebra B which satisfies

the following two properties below. We define B over R to highlight the two properties.
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• Translation Invariance: If B ∈ B(R), then∀r ∈ R, B+r = {x+r | x ∈ B}, B+r ∈ B(R),

and µ(E) = µ(E + a).

• Countable Additivity: If {Bn} is a countable collection of pairwise disjoint Borel sets;

Bi ∩ B j = ∅ for i , j, then the equation below is true.

  \mu \left (\bigcup _{n=1}^{n=\infty } B_n\right ) = \sum _{n=1}^{n=\infty } \mu (E_n) 






 


 (2.71)

The Lebesgue measure is a way of assigning a “size" or “length" to sets and extends

this notion to more complicated sets.

Definition 38. The Lebesgue measure m on R is an example of a Borel measure. It is defined

on the Borel σ-algebra and has the following properties:

• m((a, b]) = b − a for any interval (a, b]

• It also satisfies translation invariance and countable additivity for a Borel measure.

• It is monotone defined as A ⊆ B ⊆ R→ 0 ≤ m(A) ≤ m(b) ≤ ∞

We now need to define what is required for a function to be measurable below.

Definition 39. Given two measurable spaces  (X, \mathcal {S})  and  (Y, \mathcal {T})  , a function  f: X \to Y    is called

measurable if, ∀t ∈ T , the pre-image, f −1(t) belongs to S ( f −1(t) ∈ S).

An important theorem to be aware of when dealing with measurable functions is the

monotone convergence theorem which is shown below.

Theorem 3. Given an increasing sequence of non-negative measurable functions on (X,F , µ);

f1, f2, . . . fn and limn→∞, fn(x) = f (x) ∀x then the equation below holds:

  \label {eq:dct} \lim _{n \to \infty } \int _X f_n \, d\mu = \int _X f \, d\mu 





 



  (2.72)

If we now extend the sequence of non-negative measurable functions to integrable

functions we have the dominated convergence theorem defined below.
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Theorem 4. If | fn|≤ g,∀n, g is integrable, and fn converges pointwise to f , then equation 2.72

again holds.

There are further concepts and theorems in measure theory such as product measures,

Caratheodory’s extension theorem and Fubini’s Theorem which are however irrelevant

to this thesis. A more comprehensive overview of measure theory with further details

can be found in [Hal13].
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Chapter 3

Datasets

In this thesis, we use several datasets which are used repeatedly in each chapter. We

will therefore describe all the datasets used in this thesis. This chapter is adapted from

my early-stage assessment.

3.1 External Datasets

3.1.1 Beyond the Cranial Vault (BTCV) dataset

We use the Beyond the Cranial Vault (BTCV) dataset consisting of 30 CT scans of the

Abdomen with 13 labels acquired from a single domain (Vanderbilt University Medical

Center) [LXI+15]. The CT scans were performed with contrast (portal venous phase)

with volumes ranging from 12 × 512 × 85 to 512 × 512 × 198 and field of views ranging

from 280× 280× 280 mm3 to 500× 500× 650 mm3. The in-plane resolution ranged from

0.54 × 0.54 mm2 to 0.98 × 0.98 mm2. The slice thickness varied from 2.5 mm to 5.0 mm.

The segmentation labels used for this dataset include: (1) spleen, (2) right kidney, (3)

left kidney, (4) gallbladder, (5) esophagus, (6) liver, (7) stomach, (8) aorta, (9) inferior

vena cava, (10) portal vein and splenic vein, (11) pancreas, (12) right adrenal gland and

(13) left adrenal gland.

This single domain dataset is used in chapter 5 and 6.
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3.1.2 NCI-ISBI13 Challenge Dataset

The data from the NCI-ISBI13 Challenge is a prostate dataset acquired from two do-

mains [BMH+15b, CVS+13, BMH+15a]. It consists of 60 T2 weighted MRI scans of which

half come from Boston Medical Centre (BMC) acquired on a 1.5T scanner with an en-

dorectal coil and the other half is acquired from Radboud University Nijmegen Medical

Centre (RUNMC) on a 3T scanner with a surface coil [BMH+15b]. We summarise the

acquisition parameters of the T2 images in both datasets in table 3.1.

Institution
Number of

Cases
Field

Strength (T)

Axial
Resolution

(mm)

Slice
Thickness

Endorectal
Coil Sequence Manufacturer

RUNMC 30 3 0.6-0.625 3.6-4 Surface Turbo Spin-Echo Siemens
BMC 30 1.5 0.4 3 Endorectal Turbo Spin-Echo Philips

Table 3.1: T2 weighted image acquisition parameters for the BMC and RUNMC dataset
from the NCI-ISBI13 Challenge.

Segmentations of the Transitional zone and Peripheral zone provide two segmentation

labels for this dataset. This dataset is used for single domain generalisability in chapter

5, 7, 8 and 6.

3.1.3 Segmentation Decathlon (Prostate)

We use the Prostate dataset from the segmentation decathlon which contains 32 T2-

weighted and apparent diffusion coefficient (ADC) images from the Radboud Univer-

sity Nijmegen Medical Centre (RUNMC) [ARB+22]. The T2 weighted images have

the same acquisition parameters as the RUNMC dataset in the NCI-ISBI13 Challenge

shown in table 3.1. We use this dataset in chapter 7 and 9.

3.1.4 ProstateX challenge

This dataset is made up of 204 T2-weighted axial images, diffusion-weighted imaging

(b-800), ADC maps and K-trans images from the ProstateX challenge which were also

acquired from RUNMC [LDB+14]. We however only use the T2-weighted and ADC
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images for this thesis. This is because diffusion-weighted and contrast imaging is dy-

namic and hence are 4D images which makes the input volume too large. Also, DCE is

not available in many centres which makes it hard to test domain generalisability. ADC

also captures the diffusion characteristics contained in diffusion-weighted imaging by

calculating the apparent diffusion coefficients. Images were acquired with a Siemens

3T scanner and without an endorectal coil. We show the acquisition parameters for the

T2 weighted and ADC images below.

T2 ADC

Slice
Thickness

Axial
Resolution Sequence

Slice
Thickness

Axial
Resolution Sequence

3.6mm 0.5mm turbo SE 3.6mm 2mm single-shot EP

Table 3.2: T2 and diffusion-weighted image acquisition parameters for the ProstateX
dataset. ADC maps in both datasets are calculated with b-values; 50, 400 and 800.

The ProstateX dataset also provides the location and grading of lesions in each image.

This dataset consists of 330 pre-selected lesions with lesion grading. All lesions were

graded by a radiologist with 20 years of experience according to the PIRADS score

[BTC15]. PIRADS scores above 2 were considered suspicious and sent for biopsy

under MRI guidance. 112 of the 330 lesions were biopsied and graded according to

Gleason grading by a pathologist with more than 30 years of experience. A Gleason

grade of 2 and above is considered clinically significant. The cohort’s median age stood

at 66 years, ranging from 48 to 83 years. The median PSA level was 13 ng/ml, ranging

from 1 to 56 ng/ml. The distribution of patients across Gleason Grade Groups of those

biopsed was as follows: 32% in Group 1, 36% in Group 2, 16% in Group 3, 9% in Group

4, and 7% in Group 5. The dataset is highly imbalanced with only 23 per cent of lesions

classed as clinically significant (Gleason grade group 2 and above) if we consider those

not biopsied to have a Gleason grade group of 1. Please refer to [LDB+17, LKB+17] for

further information on this dataset. The segmentation labels of the prostate zones and

tumours for this dataset were provided by [CSC+21, CCS+21]. This dataset is used in

chapter 4 and 9.
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3.1.5 NIH chest X-ray Dataset

The National Institute of Health (NIH) dataset consists 108,948 posterior-anterior chest

radiographs (from 32,717 patients) acquired from the NIH medical centre. Labels

are provided for each image which include whether this is a normal chest X-ray or the

name of the pathology in the image such as pneumonia or lung cancer. Annotations are

generated using Natural Language Processing (NLP) techniques applied to radiological

reports. Images are provided in a 1024x1024 pixel matrix size. The segmentations of

both lungs are provided by [TTXS19] for 100 images which are used in this thesis. This

dataset is used in chapter 5.

3.1.6 JSRT chest X-ray Dataset

The Japanese Society of Radiological Technology (JSRT) dataset consists of 34.6×34.6 cm

posterior-anterior chest x-rays acquired from 13 medical centres in Japan and 1 med-

ical centre from the USA [SKI+00]. The dataset consists of 154 conventional chest

radiographs, including 100 with malignant lung nodules and 54 with benign nodules.

Additionally, there are 93 radiographs without nodules. The images were digitized

using a laser digitizer with a 2048x2048 pixel matrix size and a 12-bit grey scale. Each

pixel represents 0.175 mm. The data is in big-endian raw format without headers. Sup-

plementary information such as patient age, gender, diagnosis (malignant or benign),

X and Y coordinates of nodules, and simple diagrams of nodule locations are provided.

The segmentations of both lungs are provided for the 154 radiographs with nodules.

This dataset is used in chapter 5.

3.1.7 M & M cardiac dataset

This dataset is the Multi-centre, multi-vendor & multi-disease (M&Ms) cardiac imaging

3-class segmentation dataset [CGI+21] which is divided into 4 domains determined by

the MRI scanner vendor. The images are acquired from 6 hospitals in Spain, Canada

and Germany (1. Hospital Vall d’Hebron, 2. Clinica Sagrada Familia, 3. Universi-

tatsklinikum Hamburg-Eppendorf, 4. Hospital Universitari Dexeus, 5. Clinica Creu
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Blanca and 6. McGill University Health Centre). T2 weighted images are acquired from

the following 4 vendors; Siemens, Philips, GE and Canon. We provide information on

the Vendors below. Short axis views were obtained in both end-systole and diastole for

each patient. There are 95 scans in domain A (Siemens), 125 scans in domain B (Philips)

and 50 scans in domain C (GE) and D (Canon). We show the acquisition parameters in

table 3.3.

Centre Vendor Model Field
Strength (T)

Axial
Resolution (mm)

Slice
Thickness

Number of
Slices

Number of
Time frames

1 Siemens MAGNETOM Avanta 1.5 1.32 9.2 12 25
2 Philips Achieva 1.5 1.2 9.9 10 30
3 Philips Achieva 1.5 1.45 9.9 11 26
4 GE Signa Excite 1.5 1.36 10 12 25
5 Canon Vantage Orian 1.5 0.85 10 13 29
6 Siemens MAGNETOM Skyra 3 0.98 9.7 12 29

Table 3.3: Vendor description for each site in the M&M dataset.

The images consisted of patients who were healthy as well as having a range of patho-

logical conditions such as myocarditis and ischemic cardiomyopathy. Segmentation

labels were provided for 3 anatomical structures; the left ventricle (LV) and right ven-

tricle (RV) and the left ventricle myocardium (MYO). This dataset is used in chapter 7,

8 and 9.

3.1.8 MNIST

The MNIST dataset is a popular collection of 70,000 handwritten digit images (28 × 28

pixels) [Den12]. Each image is labelled with the corresponding digit (0-9). This dataset

is used in chapter 10.

3.1.9 AFHQ

The Animal FacesHQ (AFHQ) dataset is a collection of animal faces that comprise 15,000

high-quality images, and each image has a resolution of 512 × 512 pixels [CUYH20].

The dataset is divided into three domains: cat, dog, and wildlife, with each domain

containing 5,000 images. Images are aligned so that the eyes are positioned at the

centre. This dataset is used in chapter 10.
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3.1.10 STL10

The STL-10 dataset is an image dataset that originated from ImageNet [CNL11]. It

consists of a total of 113,000 images, of which 100,000 are unlabeled. The remaining

13,000 images are labelled and distributed across 10 object classes, such as birds, boats

and dogs. All images in the dataset are in colour and have a resolution of 96×96 pixels.

This dataset is used in chapter 10.

3.1.11 MIMIC

MIMIC-CXR is a comprehensive dataset openly accessible to the public, consisting of

de-identified chest radiographs sourced from patients admitted to the Beth Israel Dea-

coness Medical Center spanning the years 2011 to 2016 [JPB+19, JPG+19]. The dataset

encompasses 371,920 chest X-rays linked to 227,943 imaging studies with some studies

coming with both frontal and lateral radiographs. The images are annotated with 14 la-

bels obtained through a natural language processing tool applied to the accompanying

radiology reports. All images were processed with histogram equalisation after being

normalised between 0 and 255. Images were converted from DICOM to JPG files with

a quality factor of 95 using OpenCV. This dataset is used in chapter 10.

3.2 Internal Dataset

3.2.1 Dataset Description

We construct a dataset for tumour classification and segmentation internally. This

dataset is a prostate MRI dataset.

The dataset comprises information on 409 prostate cancer patients who underwent

radical prostatectomy surgery after pre-operative MRI. The dataset also includes a

prospective outcome follow-up database with a median follow-up period of 5 years

(ranging from 1 to 12 years), covering the years 2006 to 2018. The inclusion and

exclusion criteria were applied to filter the patients.

66



409 Patient assess
for Eligibility

205 Patient Included

84 excluded due to Corrupt/Unavailable T2/ADC image
prior to Radical Prostatectomy

71 excluded due to unavailable ground truth data

49 excluded due to prior treatment on the prostate i.e
radiotherapy

Figure 3.1: Exclusion criteria applied to 409 patients to obtain an image dataset from
205 patients.

The inclusion criteria for this dataset are shown below.

• Patients with pre-radical prostatectomy multi-parametric MRI scans containing

uncorrupted T2-weighted or ADC images.

• Lesions with complete information on the Gleason Grade.

The exclusion criteria for this dataset are shown below.

• Patients who did not undergo MRI scans prior to radical prostatectomy.

• Corrupted or incomplete MRI scans.

• Unavailable ground-truth labels (whole mount histopathology).

We show in a flowchart in figure 3.1 the exclusion criteria applied to the 409 patients

to finally include 205 patient’s MRI images in the dataset.

Scans were acquired on a Siemens or Philips 1.5/3Tesla scanner with a surface coil.

Specifically, 40 images were acquired on a 1.5T Philips scanner, 126 images were ac-

quired on a 3T Siemens scanner and 39 images were acquired on a 1.5T Siemens scanner.
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Segmentation was carried out by a senior radiologist with at least 5 years experience.

Parameters for the T2/ADC acquisition are shown in the table below.

T2 ADC

Slice
Thickness

Axial
Resolution Sequence

Slice
Thickness

Axial
Resolution Sequence

3-4mm 0.325-0.625mm turbo SE 3.6-4mm 2-2.5mm single-shot EP

Table 3.4: T2 and diffusion-weighted image acquisition parameters for the internal
dataset. ADC maps are calculated with b-values; 50, 400 and 800.

The distribution of patients across Gleason Grade Groups was as follows: 11% in Group

1, 32% in Group 2, 28% in Group 3, 18% in Group 4, and 11% in Group 5. This dataset

is used in chapter 4 and 9.

3.2.2 Anonymisation and Ethics

All images were pseudonymised for use. The process involves exporting MRI scans

in a pseudonymised DICOM format using a Clinical Trial Processor (CTP). A secure

Linux Virtual Machine (VM) hosts the CTP Server, which connects to the Live Care-

stream PACS for pseudonymisation and the Carestream Research PACS/VNA for stor-

ing pseudonymised images. During pseudonymisation, patient names are replaced

with study numbers, linking them to their pseudonymised datasets. Access to per-

sonal/identifiable data is restricted to the clinical care team on NHS computers, while

study researchers access pseudonymised data via university computers.

The study has received ethical approval from HRA and Health and Care Research

Wales.
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Chapter 4

Robust Disease Classification on MRI

using Transformers with Discrete

Representations

This chapter is adapted from the following two publications.

• Santhirasekaram, A., Pinto, K., Winkler, M., Aboagye, E., Glocker, B. and Rockall,

A., 2021. Multi-scale Hybrid Transformer Networks: Application to Prostate

Disease Classification. In Multimodal Learning for Clinical Decision Support:

11th International Workshop, ML-CDS 2021, Held in Conjunction with MICCAI

2021, Strasbourg, France, October 1, 2021, Proceedings 11 (pp. 12-21). Springer

International Publishing.

• Santhirasekaram, A., Winkler M, Rockall A, Glocker B. Robust prostate dis-

ease classification using transformers with discrete representations. International

Journal of Computer Assisted Radiology and Surgery. 2024 May 13:1-0.

4.1 Introduction

In this chapter, we will explore the robustness of vision transformers for prostate disease

classification on MRI. Automated prostate disease classification on multi-parametric
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MRI has recently shown promising results with the use of CNNs. The vision trans-

former is a convolutional-free architecture which only exploits the self-attention mech-

anism and has surpassed CNNs in some natural imaging classification tasks but only

when pre-trained on large-scale imaging datasets. There is also limited work in using

transformers in the task of prostate disease classification. This is because, in a small

data regime such as prostate MRI, the use of transformer-only networks is limited and

prone to over-fitting. Additionally, CNNs and vision transformers are not very robust

to textural shifts in the input space. In MRI we often have to deal with textural shifts

arising from varying acquisition protocols.

Here, we focus on the ability of models to generalise well to new magnet strengths for

MRI. Transformers have had their greatest impact on language models which inherently

deal with discrete input. Therefore, we propose to limit the input space of the vision

transformer to a finite number of components. This is achieved using the VQ-VAE

which is a CNN-based model to derive discrete representations for input into the

transformer. We hypothesise this will improve the robustness of vision transformers for

disease classification of lesions on prostate MRI by tackling textural shifts. Furthermore,

this method exploits the local inductive bias of CNNs useful in low data regimes to

extract CNN-based features which are discretised for input to the transformer, thus,

combining the advantages of convolutions and MHSA. We analyse the robustness of

our model by assessing domain shift from a 1.5T to a 3T scanner and vice versa which

showed a significant performance improvement compared to models with continuous

representations.

4.2 Related Work

4.2.1 Advancements on the Vision Transformer

The performance of the vision transformer is hugely dependent on pre-training on large

datasets. Optimal performance was achieved in using the full JFT-300M for pre-training

[DBK+20]. This is due to the lack of locality imposed within the vision transformer; a

useful inductive bias induced in CNNs. Local pixels are highly correlated, and this is
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a useful prior within architecture design, which in the case of the vision transformer

requires large-scale pre-training. In fact, it has been shown that under certain fixed

parameter choices, MHSA with N heads and learned relative positional encodings can

learn a convolutional kernel of size
√

N ×
√

N [CLJ20]. [dTL+21] exploited this setting

to improve vision transformers through a soft convolutional inductive bias. They used

gated positional self-attention (GPSA) to incorporate this soft convolutional inductive

bias and initialise the layers with the locality of a convolution. During training, the

GPSA layers have the option to escape locality imposed during initialisation to learn

more global features [dTL+21]. Empirically, it was found that in the initial layers, the

locality imposed is kept while escaping in the latter layers [dTL+21]. This highlights

the usefulness of imposing locality in extracting visual features, particularly in earlier

layers. However, the convolutional locality imposed and described in [CLJ20] and

[dTL+21] is between patches and ignores local information within patches. This still

prevents the learning of fine local features which may be important in medical imaging

tasks where fine textural patterns may be predictive of the presence of pathology.

Furthermore, self-attention between patches is quadratic in computational complexity

which makes vision transformers more computationally expensive than CNNs.

There have been numerous advancements in improving the performance of the vision

transformer in low-data regimes. The majority of the technical modifications involve

incorporating convolutions into the vision transformer architecture. For example, the

data efficient image transformer (DeiT) uses a pre-trained CNN as a teacher model with

its output used as hard labels for the vision transformer loss function [TCD+21]. This

method has been shown to impose a convolutional inductive bias into the vision trans-

former and outperformed vision transformers in the low data regime. Transformer in

Transformer (TnT) exploited locality within a patch by applying self-attention between

pixels in a patch before learning long-range dependencies between patches [HXW+21].

Other methods, directly incorporate convolutions into the vision transformer archi-

tecture. For example, the convolutional vision transformer (CvT) introduces a strided

convolution operation to progressively increase the number of feature maps and down-

sample before each transformer layer [WXC+21]. This is like the Pyramid Vision Trans-

former (PVT) which uses sub-sampling in the projections to maintain the hierarchical
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structure of CNNs and overcome the limitation of the vision transformer applying

self-attention only on a single scale [WXL+21]. The CvT additionally replaces the linear

projections of queries, keys and values with convolutional layers [WXC+21]. CvT out-

performed the vision transformer when pre-trained on ImageNet22k, and fine-tuned

on ImageNet1k. ‘Convolutional neural networks meet vision transformers’ (CMT)

adopt a similar approach of alternating depth-wise convolutional and MHSA layers

[GHW+22]. CMT additionally replaces the MLPs with convolutional layers [GHW+22].

’LeVIT: a hybrid neural network for fast inference image classification’, also uses 1 × 1

convolutions for Q, K, and V projections but applies progressive sub-sampling within

the transformer layers [GENT+21]. LeVIT applies the transformer layers on top of

a convolutional backbone as opposed to alternating transformer and convolutional

layers [GENT+21].

The Swin transformer model imposes locality constraints by adopting a hierarchical ap-

proach [LLC+21]. This is performed by dividing the input image into non-overlapping

windows and applying transformer-based processing at each level. Therefore, by

integrating local and global processing, the Swin transformer achieves superior perfor-

mance on tasks such as object detection and semantic segmentation [TYL+22].

4.2.2 Robustness of the Vision Transformer

There have been several works which demonstrated the increased robustness of the

vision transformers compared to CNNs. For example, the vision transformer has

shown to be robust to adversarial attacks [SSY+22, MQC+22, PC22] and perturbations

in the input space including data corruptions and image occlusion [NRK+21]. It has

been shown that the MHSA mechanism in the vision transformer leads to a smoother

loss landscape [PK21] as shown in figure 4.1. This was demonstrated by analysing

the Hessian eigenvalues which represent the local curvature of a loss function. The

magnitude of the Hessian eigenvalues of the vision transformer is less than in the CNN

which highlights the flatter loss landscape in the vision transformer shown in figure 4.1.

It is well established that flatter loss landscapes lead to more robust models [LXT+18,

KMN+16, FKMN20]. However, in the low data regime, there are more negative Hessian

eigenvalues in the vision transformer leading to non-convex loss landscapes which
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harm optimisation. The amount of negative eigenvalues however reduces with larger

amounts of training data.

Figure 4.1: a. Loss landscape visualizations demonstrating the flatter landscapes in the
vision transformer compared to the ResNet. b. The visualisations are in keeping with
the lower maximum Hessian eigenvalues in the vision transformer. This figure is taken
from [PK21].

MHSA also demonstrates exceptional robustness specifically against high-frequency

noise [SSY+22, PK21] compared to convolutions. This is because MHSA and convo-

lutions display contrasting characteristics. MHSA aggregates feature maps by ensem-

bling, whereas convolutions differentiate them [PK21]. This leads to a reduced variance

in the feature maps with an increasing number of MHSA layers. This is in contrast to

convolutions which appear to increase the variance as the number of consecutive CNN

layers increases. Specifically, the variance appears to increase at the end of each stage

of the ResNet before pooling operations. [PK22] identified that reducing feature map

uncertainty by ensembling can significantly improve the optimisation process in deep

learning models.

Furthermore, a Fourier analysis of the feature maps reveals that MHSA suppresses high-

frequency signals, while convolutions amplify high-frequency elements [PK21]. This

means that the MHSA function acts as low-pass filter, while convolutions serve as high-

pass filters. Additionally, this makes convolutions susceptible to high-frequency noise,

while MHSA remains unaffected [PK21]. One can therefore deduce based on these

findings, that CNNs are biased towards textural features [GRM+18] whereas MHSA is

shape biased [NRK+21]. This also highlights the complementary nature of MHSA and
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convolutions which can be combined and engineered to form better performing neural

architectures. For example, [PK21] advises incorporating MHSA after each stage of a

CNN network before sub-sampling and increasing the number of MHSA layers as one

goes deeper into the network. They called this network Alter-ResNet-50 as shown in

figure 4.2. This approach demonstrated superior accuracy in comparison to ResNet-50

within a limited data context (CIFAR-100) as well as enhanced robustness indicated by

reducing large eigenvalues.

Figure 4.2: AlterNet architecture. The blue, white, and grey blocks indicate sub-
sampling, conv, and MHSA block respectively. The network is a modification of the
pre-activation ResNet-50 network. This figure is taken from [PK21].

In concurrent research [MJD+21] adopts an identical approach to us to address the

issue of the vision transformer not generalising well to out-of-distribution, real-world

data. They proposed a simple yet effective modification to the vision transformer’s

input layer by incorporating discrete tokens generated by a vector-quantised encoder.

They demonstrate that this approach makes the vision transformer less sensitive to

perturbations in the input space and also showed up to a 12% robustness improvement

in terms of the relative corruption error across seven ImageNet benchmarks for four

architecture variants.

4.2.3 The Vision Transformer in medical imaging

CNNs have dominated the field of deep learning in medical imaging. However, the

vision transformers particularly in combination with CNNs have gained popularity in

solving certain medical imaging tasks.

In order to train the vision transformer from scratch, most medical imaging tasks use

a convolutional backbone to incorporate local inductive bias in the extraction of low-

dimensional complex features as input into the vision transformer. At this latter stage
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of the network, the vision transformer can build better globally meaningful features

where a hard-coded local inductive bias is not useful. This approach has achieved good

results in COVID-19 diagnosis classification and severity quantification [KPO+21]. The

hybrid approach has also been applied to 3D medical imaging datasets with promising

results such as in pre-clinical stage Alzheimer’s disease detection [ASJ+21]. There are

however notable applications of the vision transformer in medical imaging which do

not use any convolutions such as in chest X-ray classification [NQ22] which relied on

sophisticated pre-training and incorporated a spatial pyramid pooling module into

MHSA [HTB+22].

There has recently been a large body of works which incorporated transformer layers

into CNN-based segmentation networks such as the UNet and achieved improved

performance in anatomical and tumour segmentation [CLY+21, HTN+22, GZM21,

CWC+23, HNT+22]. These methods either incorporate transformer layers in the bottle-

neck of a CNN-based segmentation model such as in the TransUNet [CLY+21] or use a

transformer-only encoder with down-sampling operations such as in UNETr [HTN+22]

or SwinUNet [HNT+22, CWC+23]. All these networks however use a convolution-only

decoder. The improved performance is likely secondary to the transformer learning

better global representations as well as being more shape-biased which is useful for

learning representations for segmentation [NRK+21].

4.3 Motivation

MRI acquisition and magnet strengths vary across different sites leading to textural

shifts. Therefore, as MRI scanners evolve to produce images with higher quality and

faster acquisition, we need deep learning models to generalise well when applied to

data from new MRI scanners without retraining the model. For example, 7T scanners

may be incorporated into clinical practice and therefore, we want deep learning models

trained on 1.5 and 3T scanners to perform as well as when tested on the 7T scanner.

Our method is aligned with methods which tackle model robustness by proposing an

architectural design. We first draw inspiration from figure 4.2 to combine a convo-

lutional backbone with the vision transformer to process downstream higher abstract
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features. We secondly propose discrete representation learning for more robust image

classification. Our intuition in this proposal lies in the way humans reason about the

visual world through discrete or categorical representations [TT20]. This is because

we hypothesise categorical representations allow us to learn robust generalisable rep-

resentations by ignoring noise. For example, in MRI we as humans classify a lesion by

stating whether that lesion is dark or bright on a particular sequence which is a binary

representation (discrete). We ignore the shades of darkness on a particular sequence

(continuous representation) which allows us to reliably classify lesions even if there

were a textural shift in a new domain due to a different scanner type. Therefore, we hy-

pothesise discrete representations of an MRI sequence will lead to more robust disease

classification by a vision transformer. Specifically, we propose our method improves

the robustness of disease classification on prostate MRI under an acquisition shift from

a 1.5T to a 3T scanner and vice versa.

4.4 Methods

Our method is divided into two stages. The first stage aims to learn a discrete rep-

resentation of both the T2-weighted and ADC images. The second stage then utilises

the T2-weighted and ADC low dimensional discrete representations as input into a

transformer based architecture to predict the disease class of the prostate lesion.

4.4.1 Stage 1

The first stage of our method is learning discrete representations of both the T2-

weighted and ADC images. We use the VQ-VAE [VDOV+17]. In this, the discrete

latent space is a categorical distribution defined as a codebook D ∈ RK×d where K is

the number of elements in the codebook and d is the dimensionality of each vector in

the codebook. We denote the jth element in D as l j. Please refer to section 2.4 in the

background for the quantisation process. We use equation 2.15 defined in section 2.4

as our loss function for a codebook embedded in Euclidean space.

In our ablation experiments, we use a codebook size of 1024 and note there is codebook
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collapse where only 193 vectors are used during training. We also note the codebook

vectors are concentrated in certain regions of Euclidean space. We show this by mea-

suring the variance in the distance between a codebook vector and its nearest codebook

vector. The mean distance between nearest neighbours in the codebook is 0.03 and the

variance is 0.042 which highlights the spread of elements in the codebook is not uni-

formly spread after training. We therefore propose to tackle this issue by constraining

the codebook to a unit hypersphere. In this method, we first initialise the codebook

on the unit hypersphere and unit normalise the continuous embedding space, e. After

each training update, euclidean optimisation moves the codebook vector along the

tangential plane of a point on the unit hypersphere and hence moves off the surface

of the hypersphere. Therefore, we can apply optimisation which is curvature aware

and therefore will move points along the curved surface of a hypersphere which is

also known as Riemannian optimisation [BG18]. One can also simply unit normalise

each element of the codebook after each training step. We found no difference in our

ablations between unit normalising the codebook and applying Riemmanian Adam

[BG18]. We also wanted our codebook to be uniformly spread with maximal distance

between elements in the codebook. This is to prevent clusters of elements on the hyper-

sphere from forming and reduce overlap between codebook vectors which we want to

semantically unique as possible. This is equivalent to enforcing orthogonality between

all codebook elements as shown in the first term of equation 4.1. Equation 4.1 is the

loss function for hyper-spherical vector quantisation which is a modification of equa-

tion 2.15 where we sample the codebook by cosine distance and add an orthogonality

constraint. We just use the dot product to calculate the cosine distance because ei and

l j have unit norm.

  \label {eq:vqlossclass2} \mathcal {L}_{HypS} = \sum _{j=0}^{K}\sum _{n=0}^{K} l_j \cdot l_{j+n}^{T} + \log p(x \mid z) + \sum _{i=0}^{m}\|sg(e_i)\cdot l_k^T\|_2 + \sum _{i=0}^{m} \beta \|e_i \cdot sg(l_k)^T\|_2 \








  
     




 





 
 (4.1)

4.4.2 Stage 2

In the second stage of training, the T2 and ADC images are passed through their

respective encoders before sampling their respective dictionary to form the discrete

latent variables ẑT2 ∈ R256×16×16×12 and ẑADC ∈ R256×16×16×12 as shown in figure 4.3. ẑT2
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and ẑADC then respectively passes through three pre-activation residual convolutional

blocks with no weight sharing shown in figure 4.3. Next, the output of the pre-activation

convolutional blocks are divided into m tokens similar to quantisation where m = x×y×z

to produce z̃T2 and z̃ADC. A T2 and ADC class token is concatenated to z̃T2 and z̃ADC

respectively which are then consumed by the T2 and ADC transformer respectively. The

transformer is the same transformer architecture as the vision transformer [DBK+20].

However, here after each transformer layer, we apply a cross-attention layer for the

transfer of semantic information between the T2 and ADC transformers.

The cross-attention mechanism we use after the transformer blocks is similar to what

is proposed in the CrossVit architecture [CFP21] and highlighted in figure 4.3. Here we

propose to first take the output class token from the T2 transformer which we expect

to contain all the salient information representative of the T2 image and concatenate it

with the tokens outputted from the ADC transformer excluding the ADC class token

to form m+1 tokens. We apply a linear projection of the T2 class token to form a single

query. The keys and values and formed by linear projection of the ADC tokens. The

keys and values are formed by linear projections of the ADC tokens before passing the

query, keys and values through MHSA shown in equation 2.6. The process is repeated

for the transfer of salient information contained in the ADC class token to the T2 tokens.

Alternate layers of the transformer and cross attention layers are repeated 8 times which

allows the distilling of increasingly abstract knowledge between the tokens of the T2

and ADC transformer.

Finally, the class tokens from the T2 and ADC transformers are concatenated before

passing through a multi-layer perceptron (MLP) for class prediction highlighted in

figure 4.3.

We only optimise the weights in the pre-activation residual convolutional blocks, trans-

former layers and cross-attention layers while the rest of the network is frozen in stage

2 of our framework (figure 4.3). We use the cross entropy loss function in equation

2.10 with equal weighting for each class to optimise the trainable weights in stage 2 of

our model. Label smoothing is applied with an alpha value of 0.2. We also consider

the case where we train the VQ-VAE jointly with the transformer component of our

model by combining stages 1 and 2. We refer to this approach as a multi-task model to
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Figure 4.3: Second stage of training. We train a cross-attention architecture with input
sampled for the T2 and ADC dictionary.

simultaneously reconstruct x and correctly predict the label y from ẑ.

4.4.3 Probabilistic Perspective

We can interpret our training scheme which maximises the evidence lower bound

(ELBO) on the joint likelihood. First, we model the encoder and decoder of the VQ-

VAE as qθ(z | x) and pγ(x | z) respectively. For simplicity, we combine ẑADC and ẑT2

to form ẑ in order to model the joint distribution of our model. Our transformer

model is modelled with probability distribution pψ(y | ẑ). Therefore we can model the

joint distribution with the factorization p(xADC, xT2, y, ẑ) = pθ(xT2, xADC|ẑ).pψ(y|ẑ)p(ẑ). In

equation 4.2 below, we minimise the KL divergence between the approximate posterior
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qθ(ẑ | xADC, xT2) and p(ẑ | y, xADC, xT2). We assume a uniform prior for pψ(y | ẑ) and p(z).

  \label {eq:vqkl} \mathcal {D}_{KL}(q_{\theta }(\hat {z}\mid x_{ADC}, x_{T2}) \parallel p(\hat {z}\mid y, x_{ADC}, x_{T2})) \qquad \qquad \qquad \qquad \qquad \qquad \qquad \qquad \qquad \notag \\ \qquad \qquad = -\sum _{\hat {z}} q_{\theta }(\hat {z}|x_{ADC}, x_{T2}) \log \frac {p(y, x_{ADC}, x_{T2}, \hat {z})}{p(y, x_{ADC}, x_{T2}) q_{\theta }(\hat {z}|x_{ADC}, x_{T2})}        






 
  

  
(4.2)

The f-divergence is non-negative and therefore we derive the equation 4.4 shown below.

  - \sum _{\hat {z}} q_{\theta }(\hat {z} \mid x_{ADC}, x_{T2}) &\log \frac {p(y, x_{ADC}, x_{T2}, \hat {z})}{q_{\theta }(\hat {z} \mid x_{ADC}, x_{T2})} + \log \ p(x_{ADC}, x_{T2}, y) \biggl [\sum _{\hat {z}} q_{\theta }(\hat {z} \mid x_{ADC}, x_{T2})\biggr ] \geq 0 \label {eq:vqkl2} \\ &\log p(x_{ADC}, x_{T2}, y) \geq \sum _{\hat {z}} q_{\theta }(\hat {z} \mid x_{ADC}, x_{T2}) \log \ \frac {p(y, x_{ADC}, x_{T2}, \hat {z})}{q_{\theta }(\hat {z} \mid x_{ADC}, x_{T2})} \label {eq:vqkl22}




   
  
  

   




  





   




   
  
  

(4.4)

We rearrange and factorise equation 4.4 to form equation 4.5.

  \label {eq:vqkl3} \log \ p(x_{ADC}, x_{T2}, y) \geq \mathbb {E}_{q_{\theta }(z\mid x_{T2}, x_{ADC})}\left [\log \ \frac {p_{\gamma }(x_{T2}, x_{ADC}|\hat {z}) p_{\psi }(y\mid \hat {z}) p(\hat {z})}{q_{\theta }(\hat {z} \mid x_{ADC}, x_{T2})}\right ]    




  
  


(4.5)

We can derive the ELBO shown below in equation 4.7.

  \label {eq:vqkl4} \log \ p(x_{ADC}, x_{T2}, y) & \geq \mathbb {E}_{q_{\theta }(z\mid x_{T2}, x_{ADC})} \log \ p_{\gamma } (x_{T2}, x_{ADC} \mid z) + \mathbb {E}_{q_{\theta }(z\mid x_{T2}, x_{ADC})} \left [\log \ \frac { p_{\psi }(y\mid \hat {z}) p(\hat {z})} {q_{\theta }(\hat {z} \mid x_{T2}, x_{ADC})}\right ] \\ \label {eq:vqkl44} & \geq \mathbb {E}_{q_{\theta } (z\mid x_{T2}, x_{ADC})} \log \ p_{\gamma } (x_{T2}, x_{ADC} \mid z) + D_{KL} \left ( q_{\theta }(z \mid x_{T2}, x_{ADC}) \parallel p_{\psi }(y\mid \hat {z}) p(\hat {z})\right )           




 
  




      


      


(4.7)

If we train the first stage and second stage together, we are maximising the ELBO

with respect to the encoder, decoder and transformer parameters denoted, θ, γ and ψ

respectively. In the two-stage training scheme, we are essentially bounding p(x) with

the ELBO where x is the ADC map or T2-weighted image. As mentioned previously,

we ignore the KL divergence as it is a constant and use Jensen’s inequality to derive

the ELBO for stage 1 shown in equation 4.8.

  \label {eq:vqkl5} \begin {split} \log p(x_{T2}, x_{ADC}) \geq \log p (x_{T2}, x_{ADC} \mid \hat {z}) p(\hat {z}) \end {split}          (4.8)

80



In the second stage, we can rearrange equation 4.6 to construct equation 4.9. p(y | z) is

the vision transformer model expressed in the first term in equation 4.9. The second

term is constant because θ and γ are fixed and we only maximise the ELBO with respect

to ψ in equation 4.9.

  \label {eq:vqkl6} \begin {split} \log p(x_{ADC}, x_{T2}, y) \geq \mathbb {E}_{q_{\theta } (z\mid x_{T2}, x_{ADC})} \log p_{\psi } (y\mid z) \ \mathbb {E}_{q_{\theta } (z\mid x_{T2}, x_{ADC})} \left [\log \ \frac { p_{\gamma }(x_{T2}, x_{ADC} \mid \hat {z}) p(\hat {z})} {q_{\theta }(\hat {z} \mid x_{ADC}, x_{T2})}\right ] \end {split}          




  
  


(4.9)

4.5 Dataset Preparation

4.5.1 Pre-processing and Augmentation

All MRI images and their corresponding segmentations were respectively re-sampled

with Cubic B-spline interpolation and Nearest-neighbour respectively to a resolution

of 0.5mm × 0.5mm × 1.5mm.

A patch of size of 128 × 128 × 12 centred on the lesion is cropped. We normalise all

images by re-scaling the intensities between 0 and 1.

We carry out various spatial transformations to augment the training dataset with a

certain probability depending on the classes proportion (1 minus the class proportion).

This includes vertical or horizontal flipping followed by random rotations between -90

and 90 degrees and random translations of 10mm.

4.5.2 Datasets

We combine our internal and external datasets to form a new dataset. The external

dataset is made up of T2 weighted axial, diffusion-weighted imaging (b-800), ADC

maps and K-trans images from the ProstateX challenge which were acquired on a 3

Tesla scanner from a single site [LDB+14] as described in chapter 3. This dataset consists

of 330 pre-selected lesions with Gleason score labels.

The internal dataset consists of T2 weighted axial and ADC maps which were acquired

on either 1.5 or 3 Tesla scanners as described in chapter 3. This dataset consists of

294 lesions from 205 patients and is also highly imbalanced with 89 percent of lesions
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classed as clinically significant. Therefore, by mixing the two datasets, we have 624

lesions, of which 57 per cent is clinically significant. We further divide our mixed

dataset into three risk groups based on the Gleason score; low risk - Gleason grade

group 1 (46%), medium risk - Gleason grade group 2-3 (36%) and high risk - Gleason

grade group 4-5 (18%).

In this work, we focus on training our model only on images acquired from a 1.5T

scanner to test the ability of our model to classify prostate lesions well on a 3T scanner

and repeat the experiment by switching the training and test set to assess domain shift

from a 3T to 1.5T scanner. Therefore, we want to remove other possible causes of the

reduced robustness of our model. This includes class imbalance and a prevalence shift

from the training to the test set. Therefore, in this set of experiments we had to collate

a new training and test set composed of our internal and external dataset to handle

the severe class imbalance. This is because the external dataset consists only of images

obtained from a 3T scanner and only 11% of the internal dataset is made up of clinically

insignificant lesions. We therefore randomly centre crop patches of size, 128×128×8 in

the prostate which do not contain tumours based on the whole mount histopathology.

This increased the number of patches with no/clinically insignificant tumours from 33

to 40 in the internal dataset which were scanned on a 1.5T scanner.

In the 1.5T dataset, we now have 40 lesions in each risk group all of which are derived

from the internal dataset. Our 3T dataset consists of 40 randomly selected samples from

each risk group acquired on a 3T scanner in the mixed internal and external dataset.

In table 4.1 below, we show the proportion of internal and external data in each risk

group for the 1.5T and 3T datasets.

Internal Data
1.5T 3T

Risk
Low

Risk
Medium

Risk
High

Risk
Low

Risk
Medium

Risk
High

40 40 40 0 14 20
External Data

1.5T 3T

Risk
Low

Risk
Medium

Risk
High

Risk
Low

Risk
Medium

Risk
High

0 0 0 40 26 20

Table 4.1: Train and test splits showing the number of scans from the internal and
external dataset for each risk group.
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We also, show the acquisition parameters for the 1.5T and 3T datasets in table 4.2.

Note also the mild distribution shift in the axial resolution and slice thickness in the T2

weighted images from the 1.5T to 3T scanner.

1.5T
T2 ADC

Slice
Thickness

Axial
Resolution Sequence

Slice
Thickness

Axial
Resolution Sequence

3-4mm
0.325-

0.625mm turbo SE 3.6-4mm 2-2.5mm
single-shot

EP
3T

T2 ADC
Slice

Thickness
Axial

Resolution Sequence
Slice

Thickness
Axial

Resolution Sequence

3-3.6mm 0.325-0.5mm turbo SE 3.6-4mm 2-2.5mm
single-shot

EP

Table 4.2: T2 and diffusion-weighted image acquisition parameters for the 1.5T and 3T
datasets. ADC maps in both datasets are calculated with b-values; 50, 400 and 800.

We design a new experiment where there is no acquisition shift to act as our control.

In the mixed dataset, we only have 40 scans in the low-risk group acquired on a 1.5T

scanner which makes it difficult to design an experiment to assess our models where

there is no acquisition shift for 1.5T scans as shown in table 4.1. The smallest risk

group acquired in the mixed dataset on a 3T scanner is the high-risk group consisting

of 69 lesions. Our control experiment therefore consists of training on 40 randomly

selected samples from each risk group also acquired on a 3T scanner and testing on 29

randomly selected samples from each risk group acquired on a 3T scanner. We show

the acquisition protocol of T2 weighted and diffusion-weighted images in the training

and test set for the control experiment in table 4.3.

Training Dataset
T2 ADC

Slice
Thickness

Axial
Resolution Sequence

Slice
Thickness

Axial
Resolution Sequence

3.6-4mm
0.325-
0.5mm turbo SE 3.6-4mm 2-2.5mm

single-shot
EP

Test Dataset
T2 ADC

Slice
Thickness

Axial
Resolution Sequence

Slice
Thickness

Axial
Resolution Sequence

3-3.6mm 0.325-0.5mm turbo SE 3.6-4mm 2-2.5mm
single-shot

EP

Table 4.3: T2 and diffusion-weighted image acquisition parameters for the training and
test datasets for the control experiments. ADC maps in both datasets are calculated
with b-values; 50, 400 and 800.
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4.6 Experimental setup

4.6.1 Model

We use a hybrid 2D/3D VQ-VAE in order to handle the anisotropic nature of prostate

MRI images. In every layer of the encoder and decoder, we use pre-activation convolu-

tional blocks consisting of leaky ReLU activation and group normalisation (2 groups).

Our VQ-VAE consists of 5 levels with the architecture shown below in table 4.4. The

pre-quantisation and post-quantisation blocks are levels 5 and 1 of the encoder and

decoder respectively. We explore different codebook sizes containing 1024, 512, 256

and 128 codebook vectors in our experiments.

Encoder Decoder

Layer Convolutions
Downsampling/

Upsampling
Output

(c × x × y × z) Convolutions
Downsampling/

Upsampling
Output

(c × x × y × z)

Block 1
Conv

[
3 × 3 × 1, 32
3 × 3 × 1, 32

]
x 2 2D Max-Pooling 32 × 64 × 64 × 12

[
3 × 3 × 3, 32

3 × 3 × 3, 256

]
x 2 Bi-linear 256 × 32 × 32 × 12

Block 2
Conv

[
3 × 3 × 1, 64
3 × 3 × 1, 64

]
x 2 2D Max-Pooling 64 × 32 × 32 × 12

[
3 × 3 × 1, 128
3 × 3 × 1, 128

]
x 2 Bi-linear 64 × 64 × 64 × 12

Block 3
Conv

[
3 × 3 × 1, 128
3 × 3 × 1, 128

]
x 2 2D Max-Pooling 128 × 16 × 16 × 12

[
3 × 3 × 1, 64
3 × 3 × 1, 64

]
x 2 Bi-linear 32 × 256 × 256 × 12

Block 4
Conv

[
3 × 3 × 3, 256
3 × 3 × 3, 256

]
x 2 None 128 × 16 × 16 × 12

[
3 × 3 × 1, 32
3 × 3 × 1, 1

]
x 2 None 1 × 256 × 256 × 12

Table 4.4: VQ-VAE architecture.

The transformer is the same architecture as the vision transformer [DBK+20] consisting

of 8 layers and 8 heads in MHSA. The MLP in our transformers model has an input of

1 × 256 with an expansion ratio of 2. We also use 8 heads in cross-attention.

4.6.2 Model Ablations

In the first set of experiments, we compare different versions of our method. We com-

pare the hyper-spherical codebook 2-stage version of our model with an Euclidean

codebook 2-stage model where the codebooks are embedded in Euclidean or hyper-

spherical space. We also compare our model trained in a single stage where we combine

stages 1 and 2. This is carried out for both the Euclidean and hyper-spherical codebook

and due to the multi-task nature of this approach, we refer to these two models as

‘Euclidean Codebook Multi-task Discrete’ and ‘Hyper-spherical Codebook Multi-task
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Discrete’. We finally compare to a continuous version of our model where stage 1 and

2 is combined to form a multi-task model. We refer to this model as the ‘Multi-task

Continuous’ model of which we explore both Euclidean and hyper-spherical represen-

tations. We compare these models in the setting of single domain generalisation where

the training and test sets are from different magnet strength scanners shown in table

4.1.

4.6.3 Single Domain Generalisation

In the next set of experiments, we compare our method to the 3D ResNet-50, vision

transformer and hybrid vision transformer aided with domain generalisation meth-

ods under an acquisition shift. We choose methods which focus on aggressive data

augmentation, adversarial learning and self-supervised learning to build more robust

representations. Specifically, the SDG methods used are BigAug [ZWY+20], ProstAdv

[HZG+22] and Jigen [CDB+19]. ProstAdv is an adversarial technique which uses the

decoupling direction and norm (DDN) method [RHO+19]. DDN produces gradient-

oriented Adversarial examples that provoke misclassification with minimal L2 norm

variations by decoupling the direction and adding adversarial perturbation to the im-

age. The self-supervised method Jigen [CDB+19] is applied to the training set and used

to initialise the weights of the classification model.

The vision transformer [DBK+20] consists of 12 layers and 8 heads. In the vision

transformer, images are divided into patches of 8 × 8 × 2 which are flattened before

applying positional encodings.

The hybrid vision transformer consists of a modified ResNet-26 followed by a vision

transformer made up of 12 layers and 8 heads. The exact architecture is shown in table

4.5 where the first convolutional block is a single convolutional layer and the blocks

thereafter are pre-activation residual blocks. We show the convolutional kernel size

and output in each block in table 4.5. 2D max pooling is applied after convolutional

blocks 2 and 3. 3D max pooling is applied after convolutional block 4. We use grouped

convolutions (2) for every convolutional layer throughout the network in order to

divide the feature maps into T2-weighted and ADC image-specific feature maps. In
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the single-scale hybrid vision transformer, the output of the last convolutional block

are features of dimension, 256 × 4 × 4 × 4. The output is divided into 128 patches of

size 128 × 1 × 1 × 1. We flatten the feature maps and apply positional encoding before

input into the vision transformer. A class token of size, 1× 128 is concatenated with the

rest of the other feature maps to construct an embedding matrix of size, 257× 128. The

T2 weighted images and ADC maps are concatenated along the channel dimension for

input into the model for all three models we compare to.

Layer Convolutions (c × x × y × z)
Output

Block 1
Conv 7 × 7 × 1, Stride = 2 × 2 × 1, 32 32 × 64 × 64 × 8

Block 2
Conv

[
3 × 3 × 1, 32
3 × 3 × 1, 32

]
x 2 32 × 32 × 32 × 8

Block 3
Conv

[
3 × 3 × 1, 64
3 × 3 × 1, 64

]
x 2 64 × 16 × 16 × 8

Block 4
Conv

[
3 × 3 × 1, 128
3 × 3 × 1, 128

]
x 2 128 × 8 × 8 × 8

Block 5
Conv

[
3 × 3 × 3, 256
3 × 3 × 3, 256

]
x 2 256 × 4 × 4 × 4

Vision Transformer 1 × 128

Connected
Fully FC(256, Number of Output Classes) Output Classes

Number of

Table 4.5: Hybrid Vision Transformer architecture.

4.6.4 Perturbation Experiments

In the perturbation experiments, we have the same experimental setup and training/test

dataset as for the no-acquisition shift experiments where the training/test dataset is

acquired from the same 3T scanner. However, in this experiment, we apply various

perturbations to the test set. Here, we compare our method to the multi-task version

of our method with continuous Euclidean representations.

We adjust noise levels between 1 and 30 % ((1, 5, 10, 15, 20, 25, 30 %)) for Gaussian,

Poisson and Salt and Pepper (S&P) noise. Gaussian Blur is incorporated with a Gaussian

kernel which has a window size of 7×7 and variance ranging from 0.1 to 2.0 (0.1, 1.0, 2.0).

Random motion blur is applied by using the TorchIO deep learning library [PGSO21].
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4.6.5 Training and Evaluation

The weights of the ResNet-50 are initialised with Kaiming initialisation [HZRS15] and

trained for 100 epochs using Adam optimisation (weight decay = 0.01) with a base

learning rate of 0.001 [KB14]. We train the vision transformer and hybrid transformer

model from scratch using AdamW optimisation (weight decay = 0.05) with a cosine

annealing learning rate scheduler (learning rate = 0.001) for 200 epochs with 10 warm-

up epochs.

The convolutional weights in the VQ-VAE are initialised with Kaiming initialisation

[HZRS15]. We use two different codebook initialisations for the Euclidean and hyper-

spherical codebook as described above in section 4.4. The VQ-VAE is trained for 200

epochs using Adam optimisation (weight decay = 0.01) with a base learning rate of

0.0005 [KB14].

The transformer-based model in stage 2 is trained using AdamW optimisation (weight

decay= 0.05) with a cosine annealing learning rate scheduler (learning rate= 0.0001) for

200 epochs with 20 warm-up epochs. We initialise weights in stage 2 of the model with

truncated normal initialisation. We apply the same training scheme in our multi-task

model where stage 1 and stage 2 are combined and trained together. The loss functions

of stage 1 and stage 2 are combined to train our multi-task model.

Results are evaluated with the accuracy, specificity, precision, recall and AUC. We calcu-

late the specificity, precision, recall and AUC for each class in this 3-class classification

problem as a binary classification problem such that we calculate the scores for the

group of interest against the other two groups combined. For example, the specificity,

precision, recall and AUC for the low-risk group are defined as the low-risk group vs

(medium-risk group + high-risk group).

We also calculate the relative corruption error in terms of the AUC compared to other

baseline models. We use equation 2.18 in the background chapter (CHAPTER 2) to

calculate the relative AUC error.
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4.7 Results

4.7.1 Ablations

We first carry out ablation studies to find the optimal number of codebook vectors

required to build a robust representation for an acquisition shift from a 1.5T to 3T

scanner. We use Euclidean representations and assume an equal number of codebook

vectors needed to reconstruct T2-weighted and ADC images. We train our model in

two stages for these experiments.

Codebook Size Accuracy Specificity Precision Recall AUC
No Acquisition Shift

128 0.771 ± 0.079 0.768 ± 0.092 0.780 ± 0.071 0.759 ± 0.077 0.768 ± 0.063
256 0.777 ± 0.097 0.766 ± 0.080 0.785 ± 0.066 0.760 ± 0.070 0.778 ± 0.076
512 0.775 ± 0.081 0.760 ± 0.052 0.782 ± 0.072 0.771 ± 0.073 0.771 ± 0.083

1024 0.773 ± 0.073 0.771 ± 0.063 0.789 ± 0.055 0.770 ± 0.073 0.772 ± 0.077
Acquisition Shift

128 0.703 ± 0.084 0.689 ± 0.083 0.696 ± 0.088 0.719 ± 0.088 0.708 ± 0.088
256 0.724 ± 0.083 0.718 ± 0.078 0.720 ± 0.066 0.733 ± 0.059 0.728 ± 0.047
512 0.718 ± 0.074 0.700 ± 0.039 0.716 ± 0.088 0.723 ± 0.080 0.703 ± 0.063

1024 0.709 ± 0.055 0.699 ± 0.049 0.707 ± 0.063 0.697 ± 0.092 0.700 ± 0.095

Table 4.6: Comparison of model performance on the test set using 5 evaluation metrics±
standard deviation for different Euclidean codebook sizes. The metrics were averaged
across the three classes.

We find the optimal number of codebook vectors was 256 in the acquisition shift

experiments shown in table 4.6 with an AUC of 0.728. In the experiments where there

were no acquisition shifts, the ablation with the largest number of codebook vectors

(1024) achieved the highest AUC score (0.772). In future experiments we will therefore

now use 256 codebook vectors.

In our next set of ablations, we compare our 2-stage approach with the multi-task

version of our method. We also compare our method using an Euclidean codebook to

an alternate variation of our approach which uses a hyper-spherical codebook. Finally,

we compare our approach to a continuous version of our model where the codebook

is removed as described in the methods section (section 4.4. This creates 6 different

versions of our model with the performance of each model shown in table 4.7 which

is also visualised in the bar chart in figure 4.4. We carry out these experiments under

both acquisition shifts (1.5T to 3T and vice versa) and no acquisition shift (control

experiments). We average the metric scores across the three classes.
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No Acquisition Shift
Accuracy Specificity Precision Recall AUC

Euclidean Codebook 2-stage 0.777 ± 0.097 0.766 ± 0.080 0.785 ± 0.066 0.760 ± 0.070 0.778 ± 0.076
Hyper-spherical Codebook 2-stage 0.781 ± 0.072 0.761 ± 0.062 0.779 ± 0.054 0.771 ± 0.081 0.775 ± 0.088

Euclidean Codebook Multi-task Discrete 0.782 ± 0.089 0.769 ± 0.059 0.781 ± 0.083 0.771 ± 0.070 0.777 ± 0.069
Euclidean Multi-task Continuous 0.784 ± 0.066 0.765 ± 0.048 0.783 ± 0.050 0.775 ± 0.071 0.779 ± 0.063

Hyper-spherical Codebook Multi-task Discrete 0.764 ± 0.071 0.743 ± 0.064 0.757 ± 0.059 0.768 ± 0.079 0.760 ± 0.057
Hyper-spherical Multi-task Continuous 0.770 ± 0.084 0.763 ± 0.073 0.771 ± 0.079 0.776 ± 0.088 0.774 ± 0.090

Acquisition Shift
Euclidean Codebook 2-stage 0.724 ± 0.083 0.718 ± 0.078 0.720 ± 0.066 0.733 ± 0.059 0.728 ± 0.047

Hyper-spherical Codebook 2-stage 0.731 ± 0.028 0.720 ± 0.028 0.727 ± 0.046 0.736 ± 0.049 0.739 ± 0.041
Euclidean Codebook Multi-task Discrete 0.721 ± 0.065 0.718 ± 0.044 0.721 ± 0.085 0.730 ± 0.071 0.722 ± 0.061

Euclidean Multi-task Continuous 0.700 ± 0.083 0.691 ± 0.056 0.703 ± 0.077 0.708 ± 0.059 0.708 ± 0.044
Hyper-spherical Codebook Multi-task Discrete 0.728 ± 0.044 0.711 ± 0.051 0.729 ± 0.049 0.736 ± 0.070 0.729 ± 0.061

Hyper-spherical Multi-task Continuous 0.695 ± 0.056 0.688 ± 0.062 0.701 ± 0.069 0.684 ± 0.074 0.691 ± 0.066

Table 4.7: Comparison of model performance on the test set using 5 evaluation metrics±
standard deviation for 6 different variations of our model. The results for no acquisition
shift where the training and test dataset are both acquired on a 3T scanner. In the
acquisition shift results, we show the results averaged for 1.5T to 3T and 3T to 1.5T
domain shift experiments. The metrics were averaged across the three classes. The
metrics were averaged across the three classes.

Figure 4.4: Bar Chart showing the AUC performance ± acquisition shift for 6 model
types.

We find that under no acquisition shift, there appears to be no benefit from using our

2-stage approach or embedding the codebook on the hypersphere as shown in table

4.7. However, we note that our 2-step method which uses either an Euclidean or

hyper-spherical codebook, improved model performance under an acquisition shift.

Note the AUC improves from 0.722 to 0.728 by carrying out our methods in 2 steps
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compared to our multi-task approach. Additionally, the AUC score improved by 0.01

after embedding the codebook on a hypersphere in the 2-stage training scheme (table

4.7. Finally, we highlight in table 4.7, that while the continuous multi-task version of

our model performs favourably when the train and test set are from the same scanner,

performance drops significantly compared to our discrete model versions under an

acquisition shift.

4.7.2 Single Domain Generalisation

In this set of experiments, we compare the best version of our method in our ablation

experiments for acquisition shift which was the 2-stage hyper-spherical codebook to Bi-

gAug [ZWY+20], AdvProst [HZG+22] and Jigen [CDB+19] used to improve the domain

generalisability of deep learning models under an acquisition shift.

Discrete Representations
Accuracy Specificity Precision Recall AUC

Hyper-spherical Codebook 2-stage 0.731 ± 0.028 0.720 ± 0.028 0.727 ± 0.046 0.736 ± 0.049 0.739 ± 0.041
BigAug

ResNet-50 0.720 ± 0.073 0.701 ± 0.078 0.719 ± 0.055 0.724 ± 0.047 0.724 ± 0.053
Hybrid vision transformer 0.726 ± 0.059 0.726 ± 0.033 0.720 ± 0.059 0.730 ± 0.047 0.731 ± 0.060

3D Vision transformer 0.646 ± 0.083 0.663 ± 0.092 0.622 ± 0.082 0.648 ± 0.090 0.641 ± 0.087
ProstAdv

ResNet-50 0.717 ± 0.066 0.708 ± 0.069 0.721 ± 0.068 0.729 ± 0.070 0.730 ± 0.057
Hybrid vision transformer 0.722 ± 0.049 0.711 ± 0.045 0.726 ± 0.061 0.729 ± 0.047 0.729 ± 0.062

Vision transformer 0.620 ± 0.064 0.631 ± 0.087 0.618 ± 0.077 0.633 ± 0.083 0.625 ± 0.082
Jigen

ResNet-50 0.690 ± 0.052 0.678 ± 0.073 0.691 ± 0.088 0.696 ± 0.070 0.699 ± 0.062
Hybrid vision transformer 0.701 ± 0.079 0.683 ± 0.099 0.702 ± 0.089 0.695 ± 0.082 0.704 ± 0.079

Vision transformer 0.600 ± 0.103 0.595 ± 0.117 0.606 ± 0.092 0.610 ± 0.096 0.608 ± 0.094

Table 4.8: Comparison of 3 different model architectures with 3 different SDG methods
with our discrete representation approach. We evaluate performance with 5 evaluation
metrics ± standard deviation. We show the results averaged for the 1.5T to 3T and 3T
to 1.5T domain shift experiments. The metrics were averaged across the three classes.

The results in the table demonstrate 4.8 that under an acquisition shift our hyper-

spherical codebook 2-stage approach outperforms all 3 of the different domain gen-

eralisation methods (augmentation, adversarial and self-supervised methods) applied

to a convolutional architecture (ResNet-50), a hybrid convolutional/transformer model

(Hybrid 3D vision transformer) and a transformer only model (3D vision transformer)

for all evaluation metrics. For example, the AUC score for our method is 0.739 com-

pared to the AUC score of 0.731 obtained by an aggressive augmentation-based method

applied to our hybrid model which was the second-best method. We further demon-
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Figure 4.5: Bar Chart comparing AUC performance of 3 domain generalisation applied
3 different models compared to our model without any domain generalisation method
applied.

strate the mean AUC scores and standard deviation obtained by different methods in

a bar chart shown in figure 4.5.

We next analyse the 3 different model architectures with 3 different SDG methods

compared with our discrete representation approach for each risk group shown in

table 4.9 using the AUC scores.

Table 4.9 again shows that our method which simply uses discrete representation

on a hypersphere outperforms the ResNet-50, Hybrid vision transformer and vision
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Discrete Representations
Low Risk Medium Risk High Risk

Hyper-spherical Codebook 2-stage 0.736 ± 0.036 0.740 ± 0.044 0.740 ± 0.041
BigAug[ZWY+20]

ResNet-50 0.723 ± 0.053 0.725 ± 0.056 0.724 ± 0.050
Hybrid vision transformer 0.729 ± 0.057 0.731 ± 0.058 0.734 ± 0.065

Vision transformer 0.640 ± 0.087 0.640 ± 0.090 0.644 ± 0.084
ProstAdv[HZG+22]

ResNet-50 0.729 ± 0.060 0.731 ± 0.061 0.730 ± 0.050
Hybrid vision transformer 0.725 ± 0.055 0.730 ± 0.066 0.732 ± 0.065

Vision transformer 0.624 ± 0.081 0.627 ± 0.084 0.624 ± 0.081
Jigen[CDB+19]

ResNet-50 0.687 ± 0.066 0.702 ± 0.060 0.708 ± 0.068
Hybrid vision transformer 0.702 ± 0.071 0.708 ± 0.082 0.702 ± 0.084

Vision transformer 0.604 ± 0.095 0.609 ± 0.096 0.611 ± 0.091

Table 4.9: AUC scores ± standard deviation of 3 different model architectures with 3
different SDG methods with our discrete representation approach. We show the results
averaged for 1.5T to 3T and 3T to 1.5T domain shift experiments.

transformer in all 3 risk groups in terms of the AUC even when aided with 3 SDG

methods. We note similar trends in the AUC scores for each risk group as for the AUC

scores averaged across all risk groups in table 4.8.

4.7.3 Perturbation Experiments

Baseline Gauss Poisson S&P Blur Motion
Low Risk Group

ResNet-50 0.718 ± 0.074 0.665 ± 0.101 0.689 ± 0.092 0.680 ± 0.076 0.698 ± 0.086 0.664 ± 0.113
Hybrid Vision transformer 0.750 ± 0.046 0.708 ± 0.090 0.708 ± 0.083 0.698 ± 0.090 0.714 ± 0.084 0.685 ± 0.097

Vision transformer 0.666 ± 0.086 0.616 ± 0.068 0.632 ± 0.064 0.616 ± 0.090 0.630 ± 0.074 0.624 ± 0.074
Euclidean Multi-Task Continuous 0.780 ± 0.061 0.728 ± 0.059 0.720 ± 0.081 0.727 ± 0.083 0.729 ± 0.063 0.711 ± 0.083

Hyper-spherical Codebook
2-stage Discrete 0.777 ± 0.068 0.764 ± 0.061 0.758 ± 0.083 0.754 ± 0.052 0.770 ± 0.071 0.740 ± 0.084

Medium Risk Group
ResNet-50 0.732 ± 0.084 0.680 ± 0.114 0.694 ± 0.113 0.696 ± 0.083 0.699 ± 0.090 0.681 ± 0.113

Hybrid Vision transformer 0.773 ± 0.054 0.724 ± 0.090 0.706 ± 0.114 0.710 ± 0.084 0.727 ± 0.098 0.695 ± 0.104
Vision transformer 0.670 ± 0.083 0.620 ± 0.075 0.636 ± 0.054 0.621 ± 0.078 0.641 ± 0.065 0.609 ± 0.079

Euclidean Multi-Task Continuous 0.784 ± 0.063 0.735 ± 0.094 0.724 ± 0.081 0.736 ± 0.078 0.732 ± 0.064 0.721 ± 0.099
Hyper-spherical Codebook

2-stage Discrete 0.781 ± 0.075 0.770 ± 0.061 0.761 ± 0.084 0.759 ± 0.054 0.768 ± 0.074 0.742 ± 0.085

High Risk Group
ResNet-50 0.740 ± 0.090 0.694 ± 0.118 0.704 ± 0.114 0.708 ± 0.080 0.710 ± 0.093 0.688 ± 0.124

Hybrid Vision transformer 0.781 ± 0.068 0.729 ± 0.094 0.721 ± 0.118 0.728 ± 0.093 0.741 ± 0.134 0.694 ± 0.116
Vision transformer 0.671 ± 0.093 0.636 ± 0.071 0.633 ± 0.051 0.628 ± 0.081 0.646 ± 0.064 0.609 ± 0.083

Euclidean Multi-Task Continuous 0.787 ± 0.061 0.732 ± 0.091 0.734 ± 0.086 0.742 ± 0.089 0.747 ± 0.064 0.723 ± 0.094
Hyper-spherical Codebook

2-stage Discrete 0.785 ± 0.071 0.770 ± 0.069 0.762 ± 0.081 0.759 ± 0.054 0.775 ± 0.077 0.747 ± 0.084

Table 4.10: The mean AUC± standard deviation for each risk group comparing 4 model
types to our model under various perturbations in the input space. The baseline refers
to no perturbations applied. The results shown are averaged across all perturbation
parameters i.e. overall noise levels for Gaussian, Poisson and Salt and Pepper (S&P)
noise.

The results in table 4.10 demonstrate that by using the hyper-spherical codebook 2-

stage version of our method, the AUC score diminishes far less under various textural
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Figure 4.6: Bar Chart showing the AUC performance under various perturbations for
5 model types.

and spatial perturbations compared to the other models. This is true for all risk groups

as highlighted in bold in table 4.10. For example, the AUC score for our approach

only diminishes by 1.2 points on average across all risk groups under Gaussian noise

averaged across all noise levels compared to by 5.1 points in the Euclidean multi-task

continuous model. However, while our method compares favourably under various

perturbations, the Euclidean multi-task continuous model produced the highest AUC

scores for all risk groups with no perturbations (baseline). We visually demonstrate the

mean AUC score and standard deviation averaged across all risk groups under various
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perturbations in a bar chart shown in Figure 4.6.

Low Risk Medium Risk High Risk
ResNet-50 51.0 50.0 57.1

Hybrid Vision transformer 41.8 34.6 38.3
Vision transformer 46.7 47.1 55.1

Euclidean Multi-Task Continuous 34.7 38.6 43.6

Table 4.11: The relative corruption error (%) based on AUC of our hyper-spherical
codebook 2-stage discrete model relative to the 4 other models in table 4.10.

Finally in table 4.11, we show that the relative corruption error in terms of the AUC

of our hyper-spherical codebook 2-stage discrete model relative to the 4 other mod-

els in table 4.10 are significantly less than 1 for all 3 risks groups. This shows our

model demonstrates superior robustness performance average across all types of input

perturbations compared to the 4 model architectures in table 4.11 for all risk groups.

Significantly, we show the relative corruption error of the Euclidean continuous version

of our model relative to the hyper-spherical codebook 2-stage model to be 0.347, 0.386

and 0.436 for the low, medium and high-risk groups respectively. This demonstrates

the benefit of using discrete representations uniformly distributed on a hyper-sphere

for robust classification with a vision transformer.

4.8 Conclusion

In conclusion, we show that we can improve the robustness of the vision transformer

under an acquisition shift from 1.5T to 3T and vice versa by using a discrete input

obtained from the vector quantised high abstraction CNN features in a hyper-spherical

latent space. We apply our method in the task of prostate disease classification and

outperform various CNN, transformer and hybrid-based models. We also show our

approach competes well with augmentation-based, adversarial and self-supervised

methods used for domain generalisation.

In future work, we will explore other manifold constraints such as the hyperbolic man-

ifold to embed our discrete latent space. Hence, we will investigate whether curvature

plays an important role in building robust discrete representations for classification.
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Chapter 5

Vector Quantisation for Robust Medical

Segmentation

This chapter is adapted from the following publication.

• Santhirasekaram, A., Kori, A., Winkler, M., Rockall, A. and Glocker, B., 2022,

September. Vector Quantisation for Robust Segmentation. In International Con-

ference on Medical Image Computing and Computer-Assisted Intervention (pp.

663-672). Cham: Springer Nature Switzerland.

5.1 Introduction

This chapter first introduces the notion of discrete representation learning for robust

segmentation. We propose and justify that learning a discrete representation in a

low-dimensional embedding space improves the robustness of a segmentation model.

This is achieved with a dictionary learning method called vector quantisation as in the

previous chapter. We use a set of experiments designed to analyse robustness in both

the latent and output space under a domain shift and noise perturbations in the input

space. We adapt the popular UNet architecture, inserting a quantisation block in the

bottleneck. We demonstrate improved segmentation accuracy and better robustness

on three segmentation tasks.
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Segmentation of medical images provides value in both aiding diagnosis and treat-

ment planning [LWW+20]. Deep learning, notably CNNs has significantly improved

segmentation performance and is now the most widely used method for automated

segmentation [LWW+20]. However, it is well established in the literature that these

models are not significantly robust to perturbations in the input space whether that be

noise or a domain shift [CW17, MDFFF17]. This is particularly relevant in the medical

domain whereby images are acquired from many sources with varying protocols and

hence demonstrate different noise characteristics [Che21].

We note that current methods have not explored how to improve the design of a

segmentation model so that it is inherently more robust to input perturbations [Che21].

We take inspiration from the VQ-VAE and hypothesise that deep segmentation models

are more robust and accurate when mapping the input data to a discrete latent space.

We focus on anatomical segmentation which benefits most from a finite latent space,

because the spatial variability of human anatomy is limited.

5.2 Methods

5.2.1 Robustness and Network Assumptions

Given an input x, we first define a function f (x) to represent the transformed input

due to perturbation. This is a generic function in order to account for various types of

perturbations ranging from a re-normalisation function to a non-linear mapping. We

therefore now denote the perturbation to be δ(x) = f (x)−x which can represent noise or

a domain shift. This work aims to find a way to learn a model Φ with weights w to be

robust against δ(x) and construct an uncorrupted segmentation y from the perturbed

input f (x).

Assumption 1. Assuming a small value for δ(x), we can then approximate Φ(x+ δ(x)) with a

first order Taylor expansion as follows: Φ(x+ δ(x)) = Φ(x)+ δ(x)T
∇xΦ. Therefore, the training

framework should optimize for argminw[Φ(x + δ(x)) −Φ(x)] to be robust.

Assumption 2. In this work we assume that the segmentation network can be decomposed into

an encoder Φe and decoder Φd such that Φ = Φd ◦ Φe, where Φe : X → E maps from image
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space to a lower dimensional embedding space and Φd : E → Y maps the embedding space back

to segmentation space. Φd can also be a function of the embedding and the outputs from each

scale of the encoder denoted, S such that Φd : E,S → Y.

5.2.2 Quantisation for Robustness

We define a quantisation block inserted into the bottleneck of a segmentation network

to provide a means of robustness to perturbations in the input space. Formally, with

the quantisation block, our segmentation network Φ now decomposes as Φd ◦ Φq ◦ Φe,

where Φe,Φd,Φq corresponds to the encoder, decoder, and quantisation blocks. Φq

maps the embedding vectors (e) from the continuous embedding space output of Φe(x)

to quantised vectors (z). The goal of the quantisation block is to remove unnecessary

information in the latent space by collapsing a continuous latent space into a set of

discrete vectors.

The quantisation process initially requires us to define a codebook c ∈ RKxD. K is the

size of the codebook and D is the dimensionality of each codebook vector li ∈ RD.

We then define a discrete uniform prior and map each embedding vector e j ∈ e to the

nearest codebook vector denoted, lk which forms z j ∈ z as follows [VDOV+17]:

  \label {eq:vqsamp} \mathbb {P}(z_j = l_i\mid x) = \left \{ \begin {array}{ll} 1 \qquad \text {if} \quad i = \arg \min _i\|\Phi _e(x)_j - l_i\|_2\\ 0 \qquad \text {otherwise} \end {array} \right \}      

        



 (5.1)

In other words, the above equation essentially states ∀z j ∈ z, z j = lk, where k =

arg mini∥Φe(x) j − li∥2.

Similar to the VQ-VAE described in chapter 4, backpropagation through the non-

differentiable quantisation block requires straight-through gradient approximation

whereby one copies the gradients from z to the encoder output (e) which is used to

update the codebook. This allows the entire model to be trained end-to-end with the

following loss function[VDOV+17]:

  \label {eq:vqloss1} \mathcal {L}_{total} = \mathcal {L}_{Dice}(\hat {y},y) + \mathcal {L}_{CE}(\hat {y},y) + \|sg(\Phi _e(x))-l\|_2 + \beta \|\Phi _e(x)-sg(l)\|_2 \
              (5.2)
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The first two terms in equation 5.2 is the sum of the Dice and cross-entropy loss between

the predicted segmentation ŷ and label y. Similar to equation 2.15 in chapter 2, the

third and fourth constitute the quantisation loss function where the third term updates

the codebook by moving the codebook vectors li towards the output of the encoder

and the fourth term in equation 5.2 is defined as a commitment loss weighted by β

[VDOV+17]. A stop gradient (sg) is applied to constrain the update to the appropriate

operand as in equation 2.15.

Based on assumption 1, we get the following equation.

  \label {eq:vqrobust} \Phi _q(\Phi _e(x + \epsilon ))) = \Phi _q(\Phi _e(x) + \epsilon ^T \nabla _x \Phi _e(x))      
 (5.3)

We claim, quantisation pushes ϵT
∇wΦe(x) to 0 and thereby enforces Φq(Φe(x + ϵ))) =

Φq(Φe(x)). For this claim to hold, we make the following assumption:

Assumption 3. We assume if ∥Φe(x) − li∥2> 0; then x is absolutely perturbed by δ(x). This

means a codebook c with dimensionality D contains the minimal number of codebook vectors

K to fully capture all possible semantics in the latent space i.e., complete. We also assume c is

uniformly distributed on the surface of a D-dimensional hypersphere. Therefore, the space on

the hypersphere which lie between c represents only perturbations of c. We denote the entire

surface of the hypersphere as Z and Φe(x) only generates e which only lies on Z.

Finally, if the decoder Φd is only a function of the quantised vector representation z,

then given our assumption 3, Φ(x + δ(x)) = Φ(x). However, if Φd is a function of z

and the output of each scale from the encoder s like in the UNet, then the effect on

the output of the model by δ(x) is only reduced. Yet, this may be beneficial in practice

where the codebook is not complete. One can imagine, having the effect of learning to

interpolate between a function of the quantised latent space and the perturbed output

from each scale of the encoder.

5.2.3 Perturbation Bounds

Proposition 1. Given a uniformly distributed codebook, we propose to empirically derive a

limit for the shift in latent space which represents the boundary between perturbation and a
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true semantic shift for the data distribution which we sample, given assumption 3. This can

be defined as the maximum perturbation allowed around a single codebook vector denoted, r

and calculated empirically as the average distance between a codebook vector li and its nearest

neighbour li+1 across the whole of c as follows:

  \label {eq:pertbound} r = \dfrac {\sum _{i=0}^{i=K - 1} \frac {1}{2}(\| l_i - l_{i+1}\|_{2})}{K-1}\\ 





  
 

(5.4)

Calculating the variance r allows one to somewhat estimate numerically the uniformity

(completeness) of the codebook and hence assess how trusty-worthy r is to represent

the boundary between a perturbation and a true semantic shift. If r is not uniformly

distributed then one can just calculate the distance between a codebook vector and

its nearest neighbour ri. This allows us to at least calculate the maximum latent shift

allowed for that codebook vector despite it not representing the true boundary between

perturbation and a semantic shift.

Lemma 1. For simplicity observe a single vector from the output of Φe(x) and Φe(x + δ(x))

denoted, e j and e j + δ respectively. We can combine equation 5.4 and the first order Taylor

expansion of Φe(x + δ(x)) to theoretically express r in terms of δ(x) as follows:

  \label {eq:vqboundder} r > \|\delta (x)^T\nabla _x e_j\|_2 
  (5.5)

Therefore to affect an output of the quantisation block Φq, a perturbation δ(x) should lead to a

shift in the embedding space, e which is greater than r.

We now derive equation 5.5 in lemma 1 below.

Proof. We first perform a first-order Taylor expansion of Φe(x + δ(x)) shown below

  & e_i - (e_i + \Delta ) = \delta (x)^T\nabla _x e_i \quad     
 (5.6)
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Next, we can then deduce the following to conclude our derivation.

  \|e_i - (e_i + \Delta )\|_2 = \|\delta (x)^T\nabla _x e_i\|_2 \\ \therefore r > \|\delta (x)^T\nabla _x e_j\|_2 \\ x, \delta (x) \in \mathcal {R}^{N} \quad e_i, e_i + \delta \in \mathcal {R}^{D} \quad \nabla _x e_i \in \mathcal {R}^{N\times D}& \nonumber    


  
 

        

 



5.2.4 Implementation Details and Data

We demonstrate through a set of experiments that quantising the latent space is robust

to different noise characteristics for both 2D and 3D medical image segmentation tasks.

We also assess how quantisation improves the robustness of a segmentation model

when testing on a new domain in both the 2D and 3D settings.

Architecture:

We consider the UNet as our benchmark segmentation architecture and for the pro-

posed architecture, VQ-UNet, we add a vector quantisation block in the bottleneck layer

of the baseline UNet. Our codebook size is 1024 each of dimension 256. We consider

both 2D and 3D UNets with 5 levels. In the encoder, we double the number of feature

channels from 32 and 16 in the first level to 512 and 256 in the bottleneck, respectively

for the 2D and 3D models. Each scale of the encoder and decoder consists of a sin-

gle pre-activation residual block [HZRS16b], with group normalisation ([WH18]) and

swish activation ([RZL17]).

Training:

We fine-tuned the hyper-parameter β in the loss function defined in equation 5.2 to

be 0.25. The loss function for training the UNet is the sum of the first two terms of

equation 5.2 (Dice/cross entropy). We train with a batch size of 10 and 2 for the 2D and

3D tasks, respectively. We apply the same spatial augmentation strategy for all models
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which include vertical or horizontal flipping followed by random rotations between

-90 and 90 degrees. Adam optimisation is used with a base learning rate of 0.0001 and

weight decay of 0.05 [KB14]. We train all models for a maximum of 500 epochs on three

NVIDIA RTX 2080 GPUs.

Datasets:

We use the following 3 datasets for our experimental study:

Abdomen: We use the BTCV dataset consisting of 30 CT scans with 13 labels acquired

from a single domain (Vanderbilt University Medical Center) [LXI+15]. All images

were normalised to 0-1 and resampled to 1.5×1.5×2mm. We randomly crop 96×96×96

patches for training. We use the 3D UNet for this dataset. During testing, the volume

is divided into 96 × 96 × 96 patches and we evaluate each patch in the test image.

Prostate: The prostate dataset originates from the NCI-ISBI13 Challenge [BMH+15b]

with data coming from two domains. All images were re-sampled to 0.5×0.5×1.5mm

and z-score normalized. We centre crop to 192×192×64. We use the 3D UNet for this

dataset.

Chest-X-ray: We use the NIH chest X-ray dataset [WPL+17] with annotations provided

by [TTXS19] and the JSRT dataset [SKI+00] for domain shift analysis. Images were

resized to 512×512 pixels and normalised to 0-1. We use the 2D UNet for this dataset.

5.3 Experiments

5.3.1 Codebook Study

NIH JSRT Abdomen BMC RUNMC
0.001 ± 0.011 0.002 ± 0.014 0.011 ± 0.018 0.015 ± 0.021 0.012 ± 0.019

Table 5.1: Mean r ± 1 standard deviation for all 5 datasets.

We first analyse whether assumption 3 holds by calculating r and its standard deviation

based on equation 5.4. We note that there is a very large standard deviation around r
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ranging from 0.011 to 0.021 for all 5 datasets (Table 5.1). This suggests the 5 codebooks

are not uniformly distributed i.e., incomplete or concentrated in certain regions of space.

Hence, we cannot reliably assume that a shift in the latent space greater than r represents

the boundary between a meaningful semantic shift and a perturbation. Therefore, r is

obsolete, and we can only denote ri; the distance from each codebook vector (li) to its

nearest neighbour. ri allows us to at least calculate the maximally allowed perturbation

in the latent space for each learnt codebook vector. This is important to bear in mind

when we analyse the results of our experiments.

5.3.2 Domain Shift Study

We will first evaluate how the segmentation performance of the VQ-UNet differs from

the UNet on a single domain and across domains for the chest X-ray and prostate

datasets. We use two evaluation metrics; the Dice score and 95% Hausdorff distance

in mm (HD95). We randomly split a single domain in the prostate dataset into 24

for training and 6 for validation and using the best-trained model based on the Dice

score for testing on the second domain (30). We randomly select 20 and 30 samples for

validation, in the NIH and JSRT chest X-ray datasets respectively to find the best model

to test on the second domain.

Chest X-ray
JSRT NIH JSRT→NIH NIH→JSRT

Dice HD95 Dice HD95 Dice HD95 Dice HD95
UNet 0.93±0.03 7.31±1.12 0.96±0.02 6.80±0.94 0.95±0.02 7.12±0.97 0.82±0.05 8.27±1.10

VQ-UNet 0.94±0.02 7.21±1.03 0.97±0.01 6.01±0.81 0.96±0.01 6.51±0.86 0.85±0.07 7.79±0.89
UNet 0.93±0.04 7.31±0.91 0.96±0.02 6.80±0.86 0.95±0.02 7.12±1.00 0.82±0.06 8.27±1.03

VQ-UNet 0.94±0.03 7.21±0.97 0.97±0.01 6.01±0.89 0.96±0.01 6.51±0.96 0.85±0.05 7.79±1.07
Prostate

BMC RUNMC BMC→RUNMC RUNMC→BMC
Dice HD95 Dice HD95 Dice HD95 Dice HD95

UNet 0.80±0.08 8.42±1.24 0.82±0.07 7.84±0.99 0.55±0.13 33.3±4.76 0.62±0.10 25.7±5.98
VQ-UNet 0.82±0.08 7.82±0.91 0.82±0.09 7.11±0.90 0.59±0.18 31.5±7.01 0.71±0.15 21.4±5.88

UNet 0.93±0.03 7.31±1.09 0.96±0.02 6.80±0.88 0.95±0.02 7.12±1.05 0.82±0.08 8.27±1.14
VQ-UNet 0.94±0.03 7.21±0.98 0.97±0.01 6.01±0.83 0.96±0.02 6.51±0.79 0.85±0.07 7.79±0.86

Table 5.2: Mean Dice and HD95 ± standard deviation on the validation sets from
the same domain and the test set which is derived from another domain. The arrow
represents the domain shift.

Overall, the VQ-UNet improved the segmentation performance of both the in-domain

validation set and the test set from a different domain. This is demonstrated for both the

prostate and chest X-ray datasets (Table 5.2). We note the UNet Dice score reduces to
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JSRT JSRT

Figure 5.1: Sampled image input and Segmentation output for 2 domain shifts in chest
X-ray (top row) and prostate (bottom row).

0.82 from 0.93 compared to 0.85 from 0.94 for the VQ-UNet when shifting the domain

from JSRT to NIH (Table 5.2). For the prostate study, there is a significant domain

shift and we note a significant drop in performance in terms of the Dice score and

HD95 distances when testing on a different domain for both the UNet and VQ-UNet

(Table 5.2). However, the VQ-UNet appears to be more robust to this domain shift.

This is particularly noted when testing on the BMC dataset after training the VQ-UNet

on RUNMC (Table 5.2). The drop in performance albeit improved compared to the

UNet, is due to an incomplete codebook. It is highly likely the data from the test set

maps to e which is a distance greater than ri from the ground truth codebook vector (li).

This suggests e is a perturbed version of a discrete point which is not in our incomplete

codebook. Nonetheless, in Fig 5.1 we note the smoother, anatomically more plausible

segmentation map of the VQ-UNet compared to the UNet.

5.3.3 Perturbation Study

Abdominal CT Chest X-ray Prostate
Gauss.
Noise

S &P
Noise

Poisson
Noise

Gauss.
Noise

S &P
Noise

Poisson
Noise

Gauss.
Noise

S &P
Noise

Poisson
Noise

UNet 0.46 0.44 0.46 0.51 0.43 0.47 0.56 0.51 0.51
VQ-UNet 3e-4 5e-5 2e-4 2e-4 1e-4 3e-4 1e-4 6e-5 8e-5

Table 5.3: Average latent space variance in the UNet and VQ-UNet for all three datasets.

We compare how much the latent space changes in both models with different pertur-

bations in the input space for three datasets (abdomen, NIH and BMC). There are a

myriad of perturbations one can apply in the input space, so we choose three different

types of noise perturbations (Gaussian, salt and pepper, and Poisson noise) under 5
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Figure 5.2: Variance heatmap of UNet(left) and VQ-UNet(right) latent space under 4
Gaussian noise levels for the NIH dataset. The X-axis indicates a unique subset of
features from a latent space, the Y-axis corresponds to 100 randomly sampled test set
images, and the value at each location indicates the variance of a specific feature for a
given image across 100 test time augmentations with Gaussian noise.

noise levels ranging from 0% to 30% to justify our claim of robustness.

To evaluate the effect of noise on the latent space of the trained models, we sample 100

different noise vectors for each image at each noise level and observe the variance in the

latent space on the in-domain validation set. Table 5.3 describes the average variance

of latent space features in both models across all noise levels for each type of noise. It

can seen that the latent space features in VQ-UNet are not significantly changed (close

to 0 variance) under various types of noise. This is also noted for all three datasets.

The results are visualised in Fig. 5.2 whereby the latent space of the VQ-UNet does not

significantly change compared to the UNet under the addition of up to 30% Gaussian

noise in the NIH dataset. This means that based on equation 5.5, ϵ of up to 30% is

leading to a shift in the latent space of the VQ-UNet less than ri.

In our analysis of the output space, table 5.4 indicates the effect of Gaussian perturbation

on Dice scores on the in-domain validation set. It demonstrates the Dice scores are

more stable in the VQ-UNet compared to the UNet for all three datasets up to 30%

noise. We note identical findings for salt & pepper noise and Poisson noise in table 5.5
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Figure 5.3: Sampled abdomen CT (Top row), chest X-ray (Middle Row) and prostate
MRI (Bottom row) input images and Segmentation outputs for the UNet and VQ-UNet
under 0% (1st 3 columns) and 30% (2nd 3 columns) s&p noise.

and 5.6 respectively where again the Dice score remains stable up to 30% noise. We

highlight this result further in Figure 5.3 which demonstrates that the segmentation

maps produced by the VQ-UNet under the addition of 30% salt & pepper noise noise

do not change visually compared to the UNet.

Overall, the perturbation experiments show that quantisation helps in mitigating the

effect of noise perturbation on the latent space, thereby generating non-corrupted seg-

mentation maps. This is in contrast to the prostate domain shift experiments whereby

the domain shift generates a shift in the latent space larger than ri for each codebook

vector or maps to perturbations from discrete points not present in the codebook.

We next calculate the relative corruption error in terms of the Dice score of the VQ-

UNet compared to the UNet for all 3 three datasets under all possible perturbations.

The relative corruption error in terms of degradation of the Dice score is 41.3%, 68.4%

and 29.6% for the chest x-ray, abdomen and prostate datasets respectively which are

all significantly less than 100%. This further highlights the superior robustness of the

VQ-UNet compared to the UNet under numerous types of input perturbations.
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Dice @0% ϵ Dice @1% ϵ Dice @10% ϵ Dice @20% ϵ Dice @30% ϵ
Chest X-ray NIH dataset

UNet 0.95 ± 0.02 0.96 ± 0.02 0.95 ± 0.03 0.95 ± 0.03 0.95 ± 0.03
VQ-UNet 0.97 ± 0.01 0.97 ± 0.01 0.97 ± 0.01 0.96 ± 0.02 0.96 ± 0.02

Abdominal CT
UNet 0.77 ± 0.07 0.76 ± 0.07 0.77 ± 0.09 0.76 ± 0.10 0.75 ± 0.11

VQ-UNet 0.80 ± 0.05 0.79 ± 0.09 0.80 ± 0.08 0.80 ± 0.08 0.79 ± 0.07
Prostate BMC dataset

UNet 0.80 ± 0.09 0.81 ± 0.09 0.80 ± 0.10 0.78 ± 0.11 0.77 ± 0.11
VQ-UNet 0.82 ± 0.06 0.82 ± 0.06 0.82 ± 0.05 0.82 ± 0.07 0.80 ± 0.07

Table 5.4: Gaussian noise perturbation results on all 3 datasets.

Dice @0% ϵ Dice @1% ϵ Dice @10%ϵ Dice @20% ϵ Dice @30% ϵ
Chest X-ray NIH dataset

UNet 0.96 ± 0.02 0.95 ± 0.02 0.92 ± 0.05 0.89 ± 0.08 0.86 ± 0.08
VQ-UNet 0.97 ± 0.01 0.97 ± 0.01 0.95 ± 0.01 0.95 ± 0.02 0.95 ± 0.02

Abdominal CT
UNet 0.77 ± 0.07 0.77 ± 0.07 0.76 ± 0.07 0.74 ± 0.09 0.72 ± 0.11

VQ-UNet 0.80 ± 0.05 0.79 ± 0.04 0.78 ± 0.08 0.78 ± 0.08 0.78 ± 0.10
Prostate BMC dataset

UNet 0.80 ± 0.06 0.80 ± 0.05 0.76 ± 0.08 0.75 ± 0.08 0.70 ± 0.11
VQ-UNet 0.82 ± 0.06 0.82 ± 0.05 0.81 ± 0.07 0.82 ± 0.05 0.80 ± 0.06

Table 5.5: Salt and Pepper perturbation results on all 3 datasets.

Dice @0% ϵ Dice @1% ϵ Dice @10% ϵ Dice @20% ϵ Dice @30% ϵ
Chest X-ray NIH dataset

UNet 0.96 ± 0.02 0.96 ± 0.02 0.94 ± 0.04 0.94 ± 0.04 0.92 ± 0.05
VQ-UNet 0.97 ± 0.01 0.97 ± 0.01 0.96 ± 0.01 0.96 ± 0.02 0.95 ± 0.02

Abdominal CT
UNet 0.77 ± 0.07 0.76 ± 0.06 0.76 ± 0.08 0.75 ± 0.08 0.75 ± 0.07

VQ-UNet 0.80 ± 0.05 0.80 ± 0.06 0.79 ± 0.05 0.79 ± 0.06 0.78 ± 0.07
Prostate BMC dataset

UNet 0.80 ± 0.04 0.80 ± 0.05 0.81 ± 0.04 0.78 ± 0.07 0.77 ± 0.09
VQ-UNet 0.82 ± 0.05 0.81 ± 0.03 0.82 ± 0.06 0.82 ± 0.06 0.80 ± 0.07

Table 5.6: Poisson noise perturbation results on all 3 datasets.

5.4 Conclusion

We propose and justify that given a segmentation architecture which maps the input

space to a low dimensional embedding space, learning a discrete latent space via quan-

tisation improves the robustness of the segmentation model. We highlight quantisation

to be especially useful in the task of anatomical segmentation where the output space

is structured and hence the codebook metaphorically behaves like an atlas in latent

space. This however also possibly limits quantisation in highly variable segmentation

tasks such as tumour segmentation.

We also note in our experiments that the codebook vectors are not uniformly distributed

and often are concentrated in certain regions in space. This is a problem we tackle in the

next chapter where we apply geometric constraints on the distribution of the codebook.
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Chapter 6

Hierarchical Compositionality in

Hyperbolic Space for Robust Medical

Image Segmentation

This chapter is adapted from the following publication.

• Santhirasekaram, A., Winkler, M., Rockall, A. and Glocker, B., 2023, October.

Hierarchical Compositionality in Hyperbolic Space for Robust Medical Image

Segmentation. In MICCAI Workshop on Domain Adaptation and Representation

Transfer (pp. 52-62). Cham: Springer Nature Switzerland.

6.1 Introduction

In the previous chapter, we assumed the codebook was uniformly distributed. We

however showed empirically this not to be true and found the codebook to either be

incomplete or concentrated in certain regions of space. We also do not enforce any

structural prior on the sampling of the codebook which prevents sampling the same

codebook elements repeatedly for each segmentation class. In this chapter, we combat

this issue by enforcing structural constraints on the codebook embeddings.
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In this work, the base components are learnt by discretising the latent space via quanti-

sation to form a dictionary of components for each class [VDOV+17]. We then enforce

a hierarchical prior in the composition of the base components to construct the seg-

mentation output. In order to learn the composition of the sampled-based components

hierarchically, we consider the natural geometry in which to build our hierarchy. We

therefore embed our base components in hyperbolic space. It has recently been shown

that spatial representations in the brain exhibit hyperbolic geometry [ZRLS22]. We hy-

pothesise hyperbolic geometry will provide the natural structure to efficiently embed

the base components without distortion. We also hypothesise by further constraining

the discretised latent space with a hierarchical prior in the composition of the base

components to construct the segmentation output, one can increase the robustness of

the segmentation model. Also, by uniformly distributing the codebook elements which

are bottom of the hierarchy on the edge of the hyperbolic manifold, one increases the

average distance between codebook elements. This means the required perturbation

in the input space to shift from one codebook element to its nearest codebook element

increases. The advantage of the hyperbolic manifold over the hyper-spherical manifold

is that hyperbolic space is infinite whereas the hyper-sphere is finite which means as

the number of components uniformly distributed on the manifold increases, then the

distance between components decreases on the hyper-sphere which is not true for hy-

perbolic space. The advantage of hyperbolic space over Euclidean space is that space

grows quadratically from the centre in Euclidean space whereas it grows exponentially

from the centre in hyperbolic space. This makes hyperbolic space better equipped to

deal with hierarchical data such as trees.

6.2 Related Work

The idea of compositionality has been incorporated into neural networks to improve

the robustness of image classification under partial occlusion [KHLY20]. Recently,

compositional representational learning by learning a discrete latent space has been

shown to improve the robustness of segmentation models [LTS+22].

In our work, hyperbolic embeddings provide the natural basis for hierarchically com-
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posing a discretised latent space. Hyperbolic embeddings have become increasingly

popular for dealing with hierarchical data. For example, [NK17] suggests that the

Poincaré model is better equipped to learn word embeddings to simultaneously cap-

ture a hierarchy and similarity between embeddings, which led to promising results

in link prediction. Natural hierarchies explored in natural language processing often

extend to the visual domain. For instance, visual concepts like various animal species

lend themselves to hierarchical grouping. This notion was exploited by [KMU+20]

who proposed learning hyperbolic image embeddings and demonstrated a significant

boost in accuracy for few-shot image classification compared to Euclidean embeddings.

Similarly, [LCP+20] proposed a hyperbolic visual embedding network for zero-shot

recognition. [GAKRM21] proposed a prototype-based network on hyperbolic mani-

folds using Hyperbolic Busemann learning. Here, prototypes are positioned on the

ideal boundary of the Poincaré ball without prior label knowledge and proximities to

ideal prototypes are computed with penalised Busemann loss.

Recently, there have been works which exploit hyperbolic geometry for image seg-

mentation. Here, hyperbolic image segmentation was developed to classify output

pixels in hyperbolic space by learning hyperbolic planes for improved class separation

[ASA+22]. [HGW+21] proposed using hyperbolic representations to better capture im-

plicit hierarchical relationships between sub-volumes in a 3D image. The proposed

approach involves a 3D hyperbolic variational auto-encoder with a gyroplane convo-

lutional layer to map from the embedding space to the image space. An additional

self-supervised loss, beyond the standard VAE loss, is introduced to infer approximate

hierarchies and encourage related sub-volumes to be closer in the embedding space.

Their hypothesis was validated on synthetic and medical datasets.

6.3 Methods

6.3.1 Base Component Learning

Similar to the previous chapter, we assume that a segmentation network can be decom-

posed into an encoder Φe to map the input space X to a lower dimensional embedding
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Figure 6.1: Our method (HypC) learns base dictionaries embedded in hyperbolic space
for each class. The embedding features, z are split into m (number of classes) groups
with each group sampling its respective class hyperbolic dictionary, Di to form zqi

which is composed to form class segmentation outputs, ci.

space denoted, E and a decoder to map E to the output space Y.

We propose to discretise E into a set of N base components to form a d dimensional

dictionaryDusing quantisation [VDOV+17]. However, to induce compositionality into

our base components, we enforceD to be divided into m classes such thatDi contains

the base components required to compose each class segmentation output as shown

in figure 6.1. This is further enforced by using only grouped convolutions equivalent

to the number of classes in the encoder and decoder. The embedding features, z are

divided into m groups with each group of n features, zi sampled from its respective class

dictionary Di to produce discrete features zqi. zqi represents the components required

to compose lower dimensional class segmentation outputs ci with d dimensionality.

This allows us to directly enforce a hierarchical relationship between zqi and ci in d

dimensional hyperbolic space. The composition of the features in zqi to form ci shown

in figure 6.1 is performed with a 1 × 1 convolutional layer.

In contrast with the previous chapter, we propose to discretise the embedding space

with Gumbel quantisation [JGP16]. A random variable, G is defined to have the

standard Gumbel distribution if it satisfies, G = − log(− log(U)) given U is sampled

uniformly in the closed interval, [0, 1]. The Gumbel softmax trick can be used to sample

a categorical distribution which in our case is the dictionaryDi in a fully differentiable
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manner [JGP16]. Equation 6.1, shows a categorical distribution for each discrete feature

zqi
l ∈ zqi over the components inDi. This essentially tells us the probability of sampling

each of the n components in Di to form zqi
l denoted, p(zqi

l = D
i) ∈ Rn. In equation

6.1, the probability distribution is parameterised by αi
l ∈ R

n which one can note are

unnormalised probabilities proportional to log(P(zqi
l = D

i)). αi
l is determined via a

parameterised linear transformation, F of zi
l to match the number dictionary elements

(n) followed by a ReLU activation function. The parameters are shared across features in

zi. However, to compute the gradient with respect to the parameters of the deterministic

function F, the reparameterisation trick is applied by adding noise g ∈ Rn sampled from

standard Gumbel distribution to αi
l. A normalised probability distribution is obtained

by applying the softmax function in equation 6.1.

  p(zq^i_l=\mathbb {D}^i) \!=\! \frac {\exp (\alpha ^i_{l} + g)/\tau }{\sum _{j=1}^{j=n}\exp (\alpha ^i_{l,j} + g)/\tau } \label {eqn:gum} 
 




  


  
(6.1)

The temperature scale parameter τ determines the uncertainty in samplingDi whereby

as τ approaches 0, the distribution p(zqi
l = D

i) becomes a one-hot vector. We determine

τ = 0.5 for optimal performance through our ablation experiments. During the forward

pass for training and inference, we perform a soft sampling (weighted by p(zqi
l = D

i))

ofDi to construct the discrete feature zqi
l formally defined as, zqi

l = p(zqi
l = D

i)⊤Di. We

found this to achieve superior results compared to performing a hard sampling of Di

via the arg max j function.

6.3.2 Hyperbolic embeddings

We initialise Di on the Poincaré unit ball (Bd,1) but perform soft Gumbel quantisation

on the tangent plane of the origin via a logarithmic mapping ofDi formally defined as:

zqi
l = p(zqi

l = D
i)⊤ logB,1o (Di).

Equation 2.56 is then used to apply an exponential mapping (expB,1o ) ofDi to move back

into Poincaré space.

An exponential mapping (equation 2.56) of zq and c to the Poincaré unit ball will exploit

the natural geometry of hyperbolic manifolds to enforce a hierarchical composition of
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zq to form c as shown in the Poincaré latent space in figure 6.1. This is achieved by

defining a loss function shown in equation 6.2. Equation 6.2 shows the p features in zqi

are being pulled closer together in Poincaré distance (equation 2.53) to its composition ci

while being pushed apart from the compositions not composed from zqi defined as c̄i. zq

is then mapped back to Euclidean space with a logarithmic mapping and inputted into

the decoder to construct the high-dimensional segmentation output shown in figure

6.1. We predict this hyperbolic hierarchical organisation of the latent space serves to

learn more robust embedding features for constructing the segmentation output.

  {\mathcal {L}_{Poincare} = {\frac {\sum _{i=1}^{m}\sum _{l=1}^{p} e^{d^{\mathbb {B}, 1}(zq^i_l,c^i)}}{\sum _{i=1}^{m}\sum _{l=1}^{p} {e^{d^{\mathbb {B}, 1}(zq^i_l,{\bar {c}^i})}} + \sum _{i=1}^{m}\sum _{i'=1}^{m-1} e^{d^{\mathbb {B}, 1}(c^i,{\bar {c}^i})}}}} \label {eqn:poincd} 























(6.2)

We apply a Dice loss between the output y′ and the label y as well as between the lower

dimensional class segmentation outputs c and a down-sampled label of y to match the

dimensionality of c denoted, y2. The total loss during training is calculated as:

LTotal = LDice(y′, y) +LDice(c, y2) +LPoincare.

6.3.3 Datasets and Training

Abdomen: This abdominal dataset is the BTCV dataset [LXI+15] as described in chapter

3. During training and inference, we randomly crop 96 × 96 × 96 patches which are

normalised between 0 and 1. During testing, the volume is divided into 96 × 96 × 96

patches and we evaluate each patch in the test image.

Prostate: The prostate MRI dataset is from the NCI-ISBI13 Challenge [BMH+15b,

CVS+13, BMH+15a] as previously described in chapter 3. All images are normalised

between 0 and 1 and centre cropped to 256 × 256 × 24.

Training and Evaluation: The models in all of our experiments are trained with Adam

optimisation [KB14] at a learning rate of 0.0001 and weight decay (0.05). The parameters

in Di are mapped to Euclidean space using a logarithmic mapping (equation 2.61)

for optimisation. All models were trained for a maximum of 500 epochs on three

NVIDIA RTX 2080 GPUs. We perform simple data augmentation with random flipping

(horizontal and vertical) and rotation. We evaluate model performance with the Dice
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    Blurred Image                    Label                           UNet                       HypC-UNet                  TransUNet            HypC-TransUNet

     Noisy Image                     Label                           UNet                       HypC-UNet                  TransUNet            HypC-TransUNet

Figure 6.2: The figure shows the segmentations of an abdominal CT slice with 20%
Gaussian noise addition (bottom row) and Gaussian blur (top row) produced by the
UNet and TransUNet before and after incorporating our method.

score and maximum Hausdorff distance (mm). In the input perturbation experiment,

we calculate the relative corruption error in terms of the Dice score for our hierarchical

compositional model with different curvature constraints compared to the baseline

model. We perform ablations to learn dictionaries, Di which are as sparse as possible

without affecting segmentation performance to improve model robustness.

6.4 Experiments

6.4.1 Perturbation experiments

In the first experiment, we observe the effect of incorporating a hyperbolic hierarchical

compositional structure (HypC) in the embedding space of a segmentation model under

various types of perturbations. We specifically analyse the robustness of the 3D UNet

[RFB15, MNA16] and TransUNet [CLY+21], two popular segmentation architectures.

In both models, 3D pre-activation residual blocks [HZRS16b] make up each level of a 5-

level, convolutional encoder and decoder. In the TransUNet [CLY+21], the transformer

block consisting of 12 layers and 8 heads is incorporated after the HypC block.

We also evaluate the importance of equipping the hierarchical structure of our discrete

latent space with hyperbolic geometry. We therefore evaluate empirically the results in

the perturbation experiments where the codebooks are in hyperbolic space compared

with embedding our class codebooks in Euclidean space (0 curvature) or on a hyper-

sphere (+1 curvature). The loss function to train the Euclidean and hyper-spherical
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Baseline Gauss S&P Blur Motion Contrast Intensity
Dice

UNet 0.77±0.08 0.71±0.10 0.69±0.06 0.72±0.11 0.63±0.13 0.62±0.14 0.68±0.11
VQ-UNet 0.80±0.05 0.78±0.07 0.75±0.05 0.75±0.10 0.65±0.15 0.64±0.15 0.72±0.09

EucC-UNet 0.78±0.08 0.73±0.18 0.71±0.09 0.75±0.14 0.64±0.17 0.64±0.18 0.71±0.18
SphC-UNet 0.77±0.05 0.74±0.11 0.70±0.13 0.76±0.13 0.63±0.18 0.63±0.19 0.70±0.19
HypC-UNet 0.78±0.07 0.76±0.04 0.73±0.04 0.76±0.10 0.67±0.04 0.63±0.07 0.71±0.11
TransUNet 0.82±0.08 0.78±0.12 0.76±0.09 0.79±0.08 0.70±0.11 0.74±0.17 0.73±0.11

VQ-TransUNet 0.82±0.09 0.79±0.09 0.78±0.12 0.80±0.10 0.72±0.13 0.75±0.13 0.75±0.12
EucC-TransUNet 0.82±0.12 0.80±0.14 0.78±0.08 0.81±0.18 0.73±0.10 0.77±0.12 0.74±0.11
SphC-TransUNet 0.83±0.16 0.79±0.14 0.78±0.11 0.80±0.18 0.72±0.08 0.75±0.15 0.76±0.10
HypC-TransUNet 0.82±0.11 0.81±0.09 0.79±0.10 0.81±0.03 0.74±0.15 0.76±0.11 0.75±0.13

Hausdorff Distance (mm)
UNet 24.32±12.13 38.55±15.43 40.39±19.09 30.39±16.18 45.48±12.17 44.28±20.04 37.39±18.27

VQ-UNet 23.86±11.13 35.72±15.98 36.49±13.76 29.09±14.11 42.78±16.20 42.94±13.82 35.73±11.03
EucC-UNet 23.57±11.42 35.65±20.41 37.19±19.55 26.61±13.51 42.18±17.29 40.49±21.03 35.65±18.29
SphC-UNet 23.42±18.39 35.58±18.16 39.73±13.29 26.48±19.04 40.59±18.32 41.63±24.92 34.86±13.62
HypC-UNet 22.98±10.39 34.63±13.19 38.71±19.39 25.48±10.19 39.35±18.13 39.25±16.71 34.48±13.95
TransUNet 23.62±8.71 33.69±15.14 35.58±16.38 28.47±10.38 34.25±8.58 33.41±15.62 30.94±9.35

VQ-TransUNet 22.47±9.38 30.58±14.99 32.84±10.58 27.19±8.37 32.91±9.73 32.84±13.85 28.90±8.61
EucC-TransUNet 22.55±5.59 30.84±19.58 34.72±16.28 26.16±11.85 30.23±8.29 29.28±13.31 28.68±9.36
SphC-TransUNet 22.82±11.22 31.42±11.49 34.05±14.88 27.94±16.39 32.08±10.80 29.44±15.56 26.60±9.98
HypC-TransUNet 21.99±4.33 30.46±8.73 33.27±16.85 25.53±13.06 32.19±12.64 27.14±10.88 27.00±15.17

Table 6.1: The mean Dice score and Hausdorff distance ± standard deviation under
various perturbations in the input space for the Abdominal dataset of the UNet and
TransUNet with hierarchical compositionality imposed with three different types of cur-
vature constraints. We look at Euclidean (EucC: 0 curvature), hyper-spherical (SphC:
+1 curvature) and hyperbolic (HypC: -1 curvature) geometry for hierarchical compo-
sitionality. We also show the results of the UNet and TransUNet with no constraints
imposed.

versions of our model is similar to our hyperbolic model, except we replace the Poincaré

distance with the Euclidean and Cosine distance for the Euclidean and hyper-spherical

models respectively. We finally compare this method to the VQ-UNet in chapter 5 as

well as to applying vector quantisation to the latent space of the TransUNet which we

denote as the VQ-TransUNet.

We apply our method to the abdomen dataset which is split into 24 for training and 6

for testing.

Noise levels were varied between 1 to 30 % (1, 5, 10, 15, 20, 25, 30 %) for the Gaussian

and Salt and Pepper (S&P) noise experiments. We use a Gaussian Blur incorporated

with a Gaussian kernel which has a window size of 7 × 7 and a variance ranging from

0.1 to 2.0. Random motion blur is applied by using the TorchIO deep learning library

[PGSO21]. The gamma values ranged from 0.5 to 4.5 for the contrast variations. Finally,

for the intensity perturbations, intensity values are scaled by a factor between 0.8 and

1.2. The Dice scores and Betti errors are averaged across all parameter values used in

the perturbations.
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Table 6.1 highlights the improved absolute Dice scores and maximum Hausdorff dis-

tances of both the UNet and TransUNet under all types of perturbation effects after im-

posing HypC into the embedding space. We specifically noticed improved robustness

of the two models under both textural and spatial distortions such as noise and motion

perturbation. In table 6.1, one also notes that constraining the base components on a

hyperbolic manifold which in this case is the Poincaré unit ball, is better for imposing

hierarchical compositionality in the embedding space compared to on a hyper-sphere

(positive curvature) or in Euclidean space (0 curvature). In our comparison with the

VQ-UNet, we note the Dice score of the VQ-UNet is 0.80 under no perturbation which is

0.02 points higher than our method applied to the UNet under hyperbolic constraints.

In addition, the Dice scores of the VQ-UNet is higher than our method applied to the

UNet under all perturbations except for the blur and motion perturbation. In particular,

under Gaussian and S&P noise, the VQ-UNet outperforms the HypC-UNet by 0.02 Dice

points. In regards to the TransUNet, we show in table 6.1, that imposing hierarchical

compositionality in the latent space under different curvature constraints appears to

improve the Dice score compared to vector quantisation (VQ-TransUNet). In terms of

the maximum Hausdorff distance, table 6.1 clearly demonstrates that the Hypc-UNet

and Hypc-TransUNet outperform the VQ-UNet and VQ-TransUNet respectively. We

highlight our findings visually in figure 6.2. Here, one can appreciate the smoother

boundaries and reduced number of unconnected components after incorporating our

method into the UNet and TransUNet under Gaussian noise and blur addition.

VQ-UNet EucC-UNet SphC-UNet HypC-UNet
UNet 89.4 87.7 80.7 73.6

VQ-TransUNet EucC-TransUNet SphC-TransUNet HypC-TransUNet
TransUNet 78.6 69.0 90.4 61.9

Table 6.2: Relative corruption error (%) in terms of the Dice score of our hierarchical
compositional model under different curvature constraints as well as the VQ-UNet and
VQ-TransUNet compared to the baseline UNet and TransUNet.

In table 6.2, we note the relative corruption error in terms of the Dice score decreases

using a vector quantised and hierarchical compositional latent space in the latent space

of the UNet and TransUNet. We also observe the relative corruption of the HypC-

UNet (73.6%) and HypC-TransUNet (61.9%) is less compared to their Euclidean and

hyper-spherical counterparts which demonstrate the increased robustness of imposing

hierarchical compositionality in hyperbolic space. We finally observe in table 6.2 that
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Baseline CutOut BigAug AdvBias RandConv Jigen VQ-UNet Ours(HypC-UNet)
Transitional Zone

Dice
0.62±
0.14

0.63±
0.15

0.66±
0.16

0.65±
0.11

0.67±
0.18

0.63±
0.15

0.66±
0.11

0.68±
0.09

HD
28.18±

6.74
26.19±

6.93
21.88±

5.96
24.78±

7.69
22.38±

7.31
27.52±

6.84
22.13±

5.89
19.59±

5.81
Peripheral Zone

Dice
0.36±
0.14

0.40±
0.11

0.54±
0.18

0.45±
0.16

0.47±
0.22

0.41±
0.15

0.48±
0.13

0.52±
0.15

HD
56.41±
22.19

49.03±
19.53

33.29±
12.34

36.64±
19.09

42.51±
17.10

46.21±
14.33

32.14±
13.61

31.14±
16.07

Table 6.3: Dice score and maximum Hausdorffdistance(HD)± standard deviation com-
paring our method to various other SDG methods. This table shows the segmentation
results for the prostate zones averaged across both single domain shift experiments
(BMC → RUNMC and RUNMC → BMC). In these experiments all methods are
augmented with random rotations and flips in both the horizontal and vertical axis.
BigAug however uses a more aggressive augmentation pipeline including a combina-
tion of Gaussian noise, blur, contrast changes and random affine transformations as
designed exactly by [ZWY+20].

the HypC-UNet and HypC-TransUNet have a lower relative corruption error by 15.8%

and 16.7% compared to the VQ-UNet and VQ-TransUNet respectively. We therefore

show a hierarchical discrete latent space embedded in hyperbolic space is more robust

compared to a vector quantised latent space for segmentation.

6.4.2 Single Domain Generalisation

We use the prostate dataset in our SDG experiments where we train on the RUNMC

dataset to test on the BMC dataset and vice versa. To accommodate the anisotropic

nature of the prostate MRI images, we use a hybrid 2D/3D UNet as our baseline

model. This model has 4 levels, each level consisting of 2, 2D pre-activation residual

blocks [HZRS16b] followed by a 2D strided convolutional layer for the encoder and

a 2D up-sampling block for the decoder. The bottleneck level consists of a 3D pre-

activation residual block. The hyperbolic hierarchical compositional structure is built

into the bottleneck of the baseline model. We compare to the SDG methods; RandConv

[XLY+20], CutOut [DT17], BigAug [ZWY+20], AdvBias [CQQ+20] and Jigen [CDB+19]

applied to the baseline. We also compare to the VQ-UNet by incorporating the vector

quantisation block in the bottleneck of our hybrid 2D/3D UNet.

In table 6.3, we demonstrate the superior performance of our approach in both metric

scores compared to most other SDG methods. We achieve similar performance to
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Image                 Label            Ours (HypC)          Cutout              AdvBias           RandConv             Jigen                 BigAug             VQ-UNet    

Figure 6.3: Segmentation of a prostate slice from the BMC dataset when training on the
RUNMC dataset with different SDG methods and our method.

BigAug [ZWY+20] highlighting how incorporating a compositional structure under the

natural geometric constraints improves the generalisability of a segmentation model

even without an aggressive augmentation pipeline. This is demonstrated with a visual

example in figure 6.3 which shows the more anatomically plausible segmentation maps

produced by our method.

Ablation Experiments

We aim to learn dictionaries Di which are as sparse as possible without affecting

segmentation performance to learn a more compact representation to improve model

robustness. In all models, we use grouped convolutions and group normalisation

with leaky ReLU (0.2) activation in all the pre-activation residual and single-layer

convolutional blocks. The number of groups used in the grouped convolutions and

normalisation is equal to the number of classes (14 and 3 for the abdomen and prostate

datasets respectively). Therefore, one must make sure the number of channels at each

level of the encoder and decoder is divisible by this number.

Prostate Abdomen
Euclidean Hyper-sphere Hyperbolic Euclidean Hyper-sphere Hyperbolic

Size 64 64 32 96 48 48
Channels 384 192 192 448 224 224

Table 6.4: Hyper-parameters used in our experiments. The ’size’ is the number of
components in the dictionary. ’Channels’ is the number of embedding features in the
model bottleneck.

In the ablation experiments shown in table 6.4, we note that without affecting segmen-

tation performance, fewer embedding features and base components are required inDi

to impose hierarchical composition on a hyperbolic manifold compared to the other two

spaces. This demonstrates a hyperbolic manifold as hypothesised is better equipped
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to embed hierarchical data without distortion and overlap between base components

which leads to more compact representations.

6.5 Conclusion

We propose to integrate hierarchical compositionality equipped with the natural ge-

ometry of a hyperbolic manifold into any existing segmentation model for improved

robustness. Specifically, our approach improves model robustness to textural and spa-

tial perturbations as well as domain shifts. We highlight in our results, that it is better

to hierarchically compose and sample a set of learnt base components embedded in

hyperbolic space compared to in spherical or Euclidean space. The main limitation of

this work is that we assume a fixed unit negative curvature for all class codebooks to

impose our compositionality constraint. Therefore, discovering the optimal curvatures

to naturally embed each class codebook will likely improve the performance of our

method. In future work, we aim to explore learnable curvature for compositionality in

the embedding space to improve the performance of our method.
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Chapter 7

A Geometric Approach to Robust

Medical Segmentation

• Santhirasekaram, A., Winkler, M., Rockall, A.G. and Glocker, B., 2023, April.

Shape Equivariant Learning for Robust MRI Segmentation. In Medical Imaging

with Deep Learning, short paper track.

• Santhirasekaram, A., Winkler, M., Rockall, A.G. and Glocker, B., 2024. A Geo-

metric Approach to Robust Medical Image Segmentation. Under review.

7.1 Introduction

In the previous chapters, we showed how constraining the latent space to a finite num-

ber of components to form a dictionary can improve the robustness of medical imaging

segmentation models. We further improve robustness by showing the curvature in

which one embeds these discrete components plays an important role in sampling

and composing the elements from the dictionary to construct the segmentation output.

However, in chapter 5 and 6, the components in the dictionary are not texture invariant

or shape equivariant as such constraints have not been imposed. In this chapter, we

explore these different geometric constraints to improve the robustness of any deep

learning-based segmentation model.
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A symmetry arises in a transformation applied to an object that retains some of its

attributes. Symmetries naturally occur in the field of segmentation which includes,

translation, rotation, and reflection along the body’s symmetry axis. Generally, pa-

tients are positioned within the scanner in a predictable manner (fetal imaging being

an exceptional deviation), and any divergence from the average patient alignment is

usually slight (often up to 20 degrees). However, with a limited dataset, the observed

patient orientations may not adequately reflect the diverse range of poses encountered

in routine clinical settings.

An early demonstration of geometric inductive bias is the convolutional layer in a CNN.

CNNs, crucial for computer vision tasks, owe their success largely to the translation-

equivariant convolution operator which arises from using the same convolution kernel

across the input signal [LBBH98]. CNNs can therefore learn feature detection at any lo-

cation, leveraging inherent translational symmetries in many tasks. Group equivariant

CNNs have been introduced to enforce equivariance beyond translational equivariance

[CW16a] to include rotation and scale equivariance. It has been shown equivariant

models will produce more compact models [Bek19].

Magnetic resonance imaging involves a complex acquisition process which differs

across subjects and domains. This can lead to varying textural profiles and artefacts

which affects the performance of deep learning-based segmentation models. We hy-

pothesise in this work given a segmentation output only contains shape information,

we can improve the robustness of segmentation models to textural shifts if we constrain

our latent space to a finite number of shape-only components using vector quantisa-

tion. We achieve this by firstly enforcing texture invariance in the latent space. Next,

we want each element in our shape dictionary to be unique and not contain linear

transformations (i.e. rotations) of one another which will lead to a more compact shape

codebook. We achieve this by enforcing equivariance to certain groups in the latent

space.
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7.2 Group Convolutions Preliminaries

CNNs involve a convolution kernel κ defined on Rd which modulates an input signal

f on the same space. This application yields a function over a d dimensional grid Zd.

Essentially, we first transform the convolution kernel κ for each group element x ∈ Zd,

creating a set of kernelsLx(κ). Then, we perform the convolution operation on f using

these transformed kernels Lx(κ). By maintaining consistent kernel weights across the

translation group, we enable learned features to automatically adapt to different spatial

positions [LB+95].

We will now go through the processes to derive a group equivariant convolution.

There are two types of group CNNs, regular G-CNNs and Steerable G-CNNs. We first

construct the recipe for the regular G-CNNs.

We will first introduce the lifting convolution. To maintain information about the

position of features in the input, an equivariant convolution operation is achieved

by elevating a function from the input space to a group’s homogeneous space. For

example, if we are specifically interested in image data that exists on a 2D grid Z2, so

we consider the group of interest H in a semi-direct product with our data’s domain;

that is, G = Z2
◦ H. In group convolutions, every transformation in G left-acts on a

given kernel, thereby generating a signal in the higher-dimensional space G instead of

Z2. Given the group element h ∈ H and the position x̃ in the input domain, we formally

define the lifting convolution below.

  (f \ast _{\text {{lifting}}} \kappa )(g) = \sum _{\tilde {x} \in \mathbb {Z}^2} f(\tilde {x}) \kappa _h(\tilde {x} - x) d\tilde {x}   



       (7.1)

In the above equation, g = (x, h) and κh is the kernel acted upon by the group element

h ∈ H such that, Lh[κ](x) := κ(h−1x) [CW16a]. The output dimension is the spatial

dimension of x plus the group dimension h [CW16a].

We now have the domain transferred to the group space and therefore convolutional

operations are now performed over the group space such that, κ : G → G. Given, the

Haar measures dg̃ and dh̃ over the group G and H respectively, we define the group
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convolutional below [CW16a].

  \label {eq:groupc} &(f \ast _{\text {group}} \kappa )(g) = \sum _G f(\tilde {g})\kappa (g^{-1}\cdot \tilde {g}) d\tilde {g} \\ &= \sum _{g\in G} f(\tilde {g})\mathcal {L}_g\kappa (\tilde {g}) d\tilde {g} \\ &= \sum _{\tilde {x} \in \mathbb {Z}^2} f(\tilde {x}{,} h\tilde {})\mathcal {L}_x\mathcal {L}_h\kappa (\tilde {x}{,} h\tilde {})\frac {1}{|h|} d\tilde {x}{ }d\tilde {h}{ } \\ &= \sum _{\tilde {x} \in \mathbb {Z}^2} f(\tilde {x}{,} \tilde {h}{})\kappa (h^{-1}(\tilde {x}{ }- x), h^{-1}\cdot \tilde {h})\frac {1}{|h|} d\tilde {x}d\tilde {h} \label {eq:groupxh}   




 
  





    





  



 





     





  (7.5)

Equation 7.2 defines a function over G for all elements g ∈ G. We then express equation

7.2 in terms of (x, h) instead of g shown in equation 7.5. Regular group convolutions

allow one to force exact lifting and group equivariant convolutions for finite groups such

as the D4 group (dihedral group). This is because the sum in equation 7.2 is tractable.

For continuous groups, we can either discretise the group H or approximate the group

convolution through random sampling [CW16b]. We specifically uniformly sample

the group elements in the group which are equidistant to each other. Discretisation

ensures the network’s exact equivariance is only to a discrete subgroup, which results

in the network having a bias towards a specific subset of transformations. On the other

hand, random sampling produces an unbiased estimate of the continuous group. Also,

as one can imagine, a larger sample of the group will produce a better approximation

of that group. However, this will increase the number of convolutional operations.

The representations that encapsulate both the group action and the effect of one group

element on another are usually reducible [LW20]. This means that if the requirement

to describe the group action is removed, then they can be simplified. Essentially, we

can create decomposable unitary representation matrices composed of smaller block

matrices and zero blocks shown in equation 7.6 [LW20]. The smaller blocks ρi(g) are

irreducible, meaning they cannot be further broken down into smaller units and zeros

[LW20].

You can also create new representations by combining different irreducible representa-

tions such as ρ1(g) and ρ2(g) with direct sums i.e. equation 7.6 can also be expressed as
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ρ0(g) ⊕ ρ1(g) ⊕ . . . ⊕ ρk(g).

  \label {eq:irred} \rho (g) = \mathbf {S}^{-1} \begin {pmatrix} \rho _0(g) & 0 & \cdots & 0 \\ 0 & \rho _1(g) & \cdots & 0 \\ \vdots & \vdots & \ddots & \vdots \\ 0 & 0 & \cdots & \rho _k(g) \\ \end {pmatrix} \mathbf {S}  



    

    



 



    


 (7.6)

These irreps are essential components in constructing more complex representations

[LW20]. If the group is abelian, then all the irreducible representations are one-

dimensional, whereas non-abelian groups are represented as square matrices. In

essence, irreducible representations offer a versatile and compact way to represent and

understand group structures, providing essential tools for analysis and interpretation.

The count of irreducible representations depends on the nature of the group: finite

groups have a finite number of these, while locally compact groups have infinite. These

irreducible representations function like orthonormal basis functions in Hilbert spaces

[LW20]. According to the Peter-Weyl theorem, they can be used to form a complete

basis-set for square-integrable L2 functions on the group [LW20]. This transformation

is essential since the irreducible representations, which typically output matrices rep-

resenting g need to be converted to scalars to form a basis for an integrable function

[LW20]. Integrable functions are derived from our space to our group using a lifting

operation. Through this, irreducible representations enable us to express the functions

as a direct sum of the coefficients of the irreducible representations. Importantly, the ir-

reducible representations have been comprehensively defined for all groups, allowing

us to refer to tables for their values instead of constructing them manually [LW20].

Given a representation of the group denoted, ρ and the equivariant constraint on the

kernel denoted in equation 7.7, one can solve the kernel constraint for such represen-

tations by simplifying it through the use of irreducible representations (irreps) [LW20].

  \label {eq:kernelcons} \kappa (gx) = \rho _{\text {out}}(g) \kappa (x) \rho _{\text {in}}(g^{-1}) \forall g \in G, x \in \mathbb {R}^2         (7.7)

This approach hinges on the understanding that any representation of a finite or com-

pact group can be transformed into a collection of irreps through a change of basis.

These irreps correspond to invariant subspaces within the representation space and are
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affected by the action of  \rho . By using a change of basis denoted by  Q , the representation

 \rho can be expressed as follows:

  \rho = Q^{-1} \sum _{i \in I} \psi _i Q 



 (7.8)

Here,  \psi _i  are the irreducible representations of the group  G , and the index set  I describes

the specific types and quantities of irreps contained within  \rho . [LW20]

Given, the equivariant constraint imposed on the kernel we can decompose ρin and ρout

into the following:

  & \kappa (gx) = Q^{-1}_{\text {out}} \left ( \sum _{i \in I_{\text {out}}} \psi _i(g) \right ) Q_{\text {out}} \kappa (x) Q^{-1}_{\text {in}} \left ( \sum _{j \in I_{\text {in}}} \psi ^{-1}_j(g) \right ) Q_{\text {in}}, \forall g \in G, x \in \mathbb {R}^n 
















       (7.9)

The constraint breaks down into independent constraints through left and right multi-

plication shown below [LW20, WC19].

  \label {irrepconstrainr} & \kappa _{ij}(gx) = \psi _i(g) \kappa _{ij}(x) \psi ^{-1}_j(g), \quad \forall g \in G, x \in \mathbb {R}^2, \quad i \in I_{\text {out}}, j \in I_{\text {in}}   
              (7.10)

We will first solve the irreducible representation constraint shown in equation 7.10 for

the SO(2) group. Except for the trivial representation denoted by  \psi _0 , all the remaining

irreps are characterized as  2 -dimensional rotation matrices with frequencies that belong

to the set of positive natural numbers shown below [LW20, WC19].

  & \psi _{\text {SO}(2)}^{0}(r\theta ) = 1 \\ & \psi _{\text {SO}(2)}^{k}(r\theta ) = \begin {bmatrix} \cos (k\theta ) & -\sin (k\theta ) \\ \sin (k\theta ) & \cos (k\theta ) \end {bmatrix} = \psi (k\theta ), \quad k \in \mathbb {N}
  




 



     (7.12)

Note, the action of any element from the SO(2) group is norm-preserving which means,

g∥x∥= ∥x∥, ∀g ∈ G, x ∈ R2. The kernel constraint also means the radial part of the kernel

is free while the angular component is fixed. It is also important to realise that every

irreducible representation in the SO(2) group correspond to a single angular frequency

which means one can expand the kernel as a Fourier series with real-valued, radially

dependent coefficients [LW20, WC19]. We can then plug in the Fourier expansion of the

kernel into equation 7.7 and project onto individual harmonics to constrain the Fourier
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ψm

ψn ψ0 ψn,n ∈N+

ψ0 1 cos(nϕ) sin(nϕ), 9 sin(nϕ) cos(nϕ)

ψm,
m ∈N

[
cos(mϕ)
sin(mϕ)

]
,[

9 sin(mϕ)
cos(mϕ)

]
[
cos(m − n)ϕ 9 sin(m − n)ϕ
sin(m − n)ϕ cos(m − n)ϕ

]
,
[
9 sin(m − n)ϕ 9 cos(m − n)ϕ
cos(m − n)ϕ 9 sin(m − n)ϕ

]
,[

cos(m + n)ϕ sin(m + n)ϕ
sin(m + n)ϕ 9 cos(m + n)ϕ

]
,
[
9 sin(m + n)ϕ cos(m + n)ϕ
cos(m + n)ϕ sin(m + n)ϕ

]
Table 7.1: The angular component basis of SO(2)-steerable kernels that satisfy the
irreducible representation kernel constraint. These are constructed for various combi-
nations of input and output field irreducible representations  \psi _n .

coefficients which force most coefficients towards 0 [LW20, WC19]. In the context of G’s

irreducible representations, there are varying dimensional characteristics to consider.

They could be 1-dimensional or 2-dimensional. Consequently, there are different possi-

ble mappings, such as those between 2-dimensional irreducible representations, those

mapping 2-dimensional to 1-dimensional irreducible representations, or vice versa and

those between 1-dimensional irreducible representations. Hence, one must expand the

kernel as a Fourier series for each representation mapping, which one then solves to

provide solutions to the kernel constraint shown in equation 7.10 [LW20, WC19]. We

consider only positive radial parts. The solutions are shown below in table 7.1. A

detailed derivation of the solutions by using a Fourier expansion of the kernel is shown

in [WC19].

In table 7.1, note each base element is a harmonic corresponding to a singular angular

frequency. By expanding the kernel into the Fourier series, we are essentially expressing

the kernel as a linear combination of circular harmonics as proposed in [WGTB17].

However, they utilise complex representations and perform actions on complex feature

maps. For the O(2) group, the derivations would remain largely unaffected since the

real and complex irreps align, only differing by a change of basis. On the other hand,

the derivations are simpler in the case of SO(2) as their irreps in complex space are

only 1-dimensional. Translating the solution spaces of complex G-steerable kernels

back into real values requires careful consideration to avoid an under-parameterised

implementation in real space. Additionally, in harmonic networks, while the original

complex solution was complete, by shifting the network’s operation to the real field,

we also incorporate negative frequencies into the feature fields. This permits us to

employ an expanded set of 24 steerable kernels without any additional overhead on
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the system.

In the creation of SO(2) equivariant networks within a computerized environment,

the sampling of both the kernels and feature maps on a discrete sampling grid is

necessary and can potentially lead to aliasing issues [LW20, WC19]. This demands

careful handling, especially with high-frequency filters. Low spatial resolution could

exacerbate these issues, particularly with smaller radii where fewer pixels per solid

angle are covered near the origin. To mitigate aliasing, a radially dependent angular

frequency cutoff is introduced [WC19]. Furthermore, to counterbalance the aliasing

effects stemming from the radial part of the kernel basis, a smooth Gaussian radial

profile is chosen [WC19].

7.3 Related work

The exploration of neural networks with equivariance to specific symmetry groups

has rapidly evolved [BLV+18, CW16a, CW16b, DDFK16, HPCW18, HTP+18, KSP+18,

MVKT17, RSP17, WHS18]. These models can be understood at a broader level by

looking at two distinct aspects: first, the symmetry group to which they maintain

equivariance, and second, the kind of geometric characteristics they utilize [CGW18].

Equivariant neural networks have shown improved performances in various computer

vision tasks. For example, [WC22] demonstrated by using regular group convolutions

which included the dihedral group, one can significantly improve performance for

lung nodule detection on volumetric CT imaging. Specifically, their 3D G-CNN out-

performed a similar baseline architecture in false positive reduction for pulmonary

nodule detection, showing better sensitivity to malignant nodules and faster conver-

gence. Harmonic networks [WGTB17] which use steerable convolutions demonstrated

improved parameter efficiency while achieving SOTA classification in boundary detec-

tion performance.

Previously, rotation-equivariant UNets were limited to 2D data [CTT+19, LWV+18,

PDO+22] demonstrating improved sample efficiency. [MGTC21] describes a specific

6 six-dimensional diffusion MRI data application using SE3 equivariant CNN filters
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for multiple sclerosis segmentation, capturing equivariance in both voxel space and

k-space which leads to improved performance. More recently, an end-to-end SE(3)

equivariant segmentation model was proposed. This SE(3)-equivariant volumetric

segmentation network is immune to unseen data poses during training, eliminating the

need for 3D rotation-based data augmentation. They also revealed better segmentation

results on MRI for both brain tumours and healthy brain structures, with limited

training data and increased parameter efficiency.

Recent research reveals that human recognition relies on shape, whereas ImageNet

[DDS+09] pre-trained CNNs depend on texture. To combat this, [GRM+18] created

Stylized ImageNet (SIN) using the AdaIN [HB17] style transfer algorithm, which re-

places natural texture with various random ones. Since a model trained on SIN can’t

predict results using local texture, it must consider the input’s shape and structure.

Experiments in [GRM+18] show that a CNN trained on SIN behaves more like human

recognition, focusing on shape. This is particularly relevant to segmentation tasks

where only shape information is required to perform the task. [KB20] proposed a

method to learn texture invariant features to improve the domain generalisability of

segmentation models. They diversify synthetic image textures using a style transfer

algorithm, preventing segmentation models from overfitting to one specific texture.

Then, by fine-tuning the model with self-supervised training on the target texture, they

achieve SOTA performance. RandConv [XLY+20] which is perhaps the most related

work, attempts to learn texture invariant features by using a randomised convolutional

input layer.

7.4 Methods

7.4.1 Method 1: Contrastive Learning

Texture Invariance

Firstly, to achieve texture invariance we exploit the multiple acquisitions which are

used in MRI which leads to differing textural and contrast properties among different
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Figure 7.1: Overview of our method demonstrating using the ADC map to learn to
shape equivariant features which are quantised to construct a shape dictionary, D.
We assume the dictionary is complete and sufficient to capture the entire distribution
of segmentation outputs after the composition of the discrete shape space using the
decoder.

sequences. Specifically, we propose a method to learn texture invariant features based

on the principle that T2-weighted images and ADC maps calculated from diffusion-

weighted imaging contain similar spatial information and only differ in their textural

profiles. Therefore, we impose a contrastive loss such that T2-weighted and ADC imag-

ing are mapped to the same representation. Formally, we start with the image input

which is the T2 weighted image x ∈ R1×256×256×24 and apply an intensity transformation,

Ti which is equivalent to acquiring the ADC map.

In cases where there is only a single sequence available we will use a randomised

convolutional layer in the first layer of our network to enforce texture invariance as

implemented by [XLY+20]. The output of random filters retains relative similarities

between input patches, as proven in [XLY+20]. Thus, locations with similar local

textures in the input tend to remain similar in the output, meaning shapes in the output

closely resemble those in the input, especially when filter sizes are small compared to

typical shape sizes. Essentially, a convolution filter’s size dictates the smallest shape

it retains. For instance, 1x1 random convolutions act as random colour mapping,

preserving single-pixel shapes, while larger filters disrupt shapes smaller than the

filter, viewing them as local textures at that scale. In this work, we randomly sample

uniform kernel sizes of 1,3 or 5 and we randomly sample weights for a randomised

convolution layer from a Gaussian distribution (∼ N
(
0, 1

3k2

)
). We mix the output of
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the randomised convolutional layer denoted Ir with the original image, I as advised in

[XLY+20]. Specifically, we randomly sample the mixing parameter, α from a uniform

distribution(α ∼ U(0, 1)) to linear mix with the original image (αI + (1 − α)Ir).

Shape Equivariance

We also want to impose shape equivariance in our latent before and after quantisation

to construct a discrete shape equivariant latent space which we claim improves the

robustness of a segmentation model.

We apply a spatial transformation, Ts to the ADC map which involves rotations. Specif-

ically, we apply transformations from the dihedral group. In our work, we will be

dealing with 3D imaging and hence we will be using 3D CNN filters. In a three-

dimensional CNN, filters take the shape of cubes or cuboids rather than squares. In

3D medical imaging methods like CT and MRI, the pixel spacing along the x and y

axes may differ from the z axis. Consequently, a filter-sized k × k × k might represent

a space resembling a cuboid instead of a perfect cube. Therefore, in this work, we

consider symmetries of the cuboid. We use rotations which maintain orientation and

reflections as well as rotations which do not maintain orientation. In figure 7.2, we

show the Cayley diagrams for groups D4 and D4h. In a Cayley diagram, every node

represents a symmetry transformation, denoted as h ∈ H. In figure 7.2, each colour sig-

nifies the application of a specific generator transformation. By sequentially applying

these generators, or tracing the diagram’s edges, one can achieve any transformation

within the group. We work with dihedral groups Dn which are orientation preserving

of varying orders, which include D4, D6, D8, D12 and D16. For example, D4 consists

of 90-degree rotations in the z plane and 180 degree rotations in the y plane shown

in figure 7.2 by the red arrow and blue line respectively. The order of this group is 8

so we create 8 transformations per sample during training. D12 consists of 30 degree

rotations in the z plane and 180 degree rotations in the y plane. The order of this group

is therefore 24. The non-orientation preserving dihedral groups of varying orders used

in our work consists of D4h, D6h, D8h, D12h and D16h. This group has the additional

transformation of a reflection in the Z-axis (green line in Figure 7.2) so the order of the

D4h and D12h groups is 16 and 48 respectively.
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Figure 7.2: Cayley Diagram for D4(Right) and D4h(Left). This image is taken from
[WC22].

Equivariance for Robustness to Domain Shifts

We next make the following assumption of a domain shift which occurs due to a change

in the acquisition of the image:

Assumption 4. Given convolutional encoder ϕe which is texture biased and maps image X to

representation z, we assume the mutual geometric information between X and z is corrupted

by an acquisition shift in X denoted Xa. In particular, we claim the equivariant relationship

between Xa and z is corrupted

The above assumption essentially claims, that shape and texture information is entan-

gled in the neurons of the encoder and therefore a shift in textural information will

affect the geometric/shape information extracted by the encoder leading to a semantic

shift which is not desired [IKE+20]. This is despite the shape information remaining

invariant in an acquisition shift or in other words a textural shift. In fact, local imper-

ceptible textural change in the input space leads to significant semantic shifts which

form adversarial examples [IST+19]. The semantics are often largely captured through

geometric/shape information [GRM+18]. Therefore, as well as minimising the textural

information in the latent space as we proposed previously, we also aim to maximise the

mutual geometric/shape information between the input space and latent space. Given

the output is a segmentation map with no textural information, we are also thereby

130



maximising the mutual information between the latent space and output space. This

leads us to state our first lemma below.

Lemma 2. By increasing the density of the equivariant constraint on the mapping between X

and z we are also increasing the mutual information between Y and z (I(Y; z))

We next make the following assumptions.

Assumption 5. We assume the decoder, ϕd which maps the latent space z to the output Y

demonstrates improved performance that surpasses random guessing of each pixel in the output

space.

Assumption 6. We also assume instances within our dataset are uniformly distributed across

 c categories.

We impose a dense constraint on z by constructing n representation of X which are

well defined where n is the order of the group. The equivariant constraint is shown

in equation 2.21 in section 2.7 of chapter 2. The transformations are sampled from the

matrix representations of all the group elements, Ts ∈ ρ(G) to construct representations

z0, z1...zn. In other words z0, z1...zn acts as self-supervised labels for X.

We will now first form our first theorem given an acquisition shift xa ∈ Xa. We state a

theorem and prove it based on similar work by [MZJ+23] who also showed imposing

equivariance constraints in the latent space improves robustness to adversarial attacks.

Theorem 5. The prediction accuracy given the dense equivariant constraints is bounded as

follows:

  & P(Y | z_0, X_a) \in [b_0, c_0] \\ & P(Y | z_0, z_1 X_a) \in [b_1, c_1] \\ & P(Y | z_o, z_1, z_2, X_a) \in [b_2, c_2] \\ & \vdots \\ & P(Y | z_0, z_1, \ldots , z_n, X_a) \in [b_n, c_n].   

    

     


          (7.17)
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Therefore there is an order on the prediction accuracy bounds as follows:

  b_0 \leq b_1 \leq \ldots \leq b_n         (7.18)

and

  c_0 < c_1 < c_2 < \ldots < c_n.           (7.19)

This shows that we can improve the classification accuracy bounds using denser geometric

constraints on z.

Proof. Given lemma 2, it follows that: Given that:

  I(Y; z_i | X = X^a) > 0      (7.20)

it can be deduced that:

  & I(Y; z_0, z_1, \ldots , z_n | X^a) > I(Y; z_0, z_1, z_2 | X^a) \notag \\ & > I(Y; z_0, z_1 | X^a) > I(Y; z_0| X^a)= I(Y; X^a)           

          (7.21)

In the next step of our proof, first consider an output space with c classes. Given,

our prediction Ŷ, we define an error bound on our prediction accuracy as follows;

P(Ŷ = Y) ≥ 1 − ϵ. Next using Fano’s inequality the following equation holds.

  H(Y | X^a) \leq H(\epsilon ) + \epsilon \cdot \log (n - 1)         (7.22)

Here, H(ϵ) = ϵ log ϵ+ (1− ϵ) log(1− ϵ). We then add H(Y) to both sides of the equation.

We also know the mutual information between Y and Xa is defined as: I(Y; Xa) =

H(Y) −H(Y|Xa) to form the following equation:

  \label {eq:eqbound1} H(Y) - \epsilon \cdot \log (n - 1) \geq H(\epsilon ) - I(Y; X^a)             (7.23)

We rearrange equation 7.23 to form equation 7.24 below.

  \label {eq:eqbound2} H(\epsilon ) + \epsilon \log (n - 1) \leq I(Y; X^a) + H(Y)           (7.24)
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We redefine the left-hand side of equation 7.24 with a new term, J(ϵ) in equation 7.25.

  \label {eq:eqbound3} J(\epsilon ) \geq -I(Y; X^a) + H(Y)      (7.25)

We next multiply both sides of equation 7.25 with the inverse function, J−1.

  \label {eq:eqbound4} \epsilon \geq J^{-1}(-I(Y; X^a) + H(Y))     (7.26)

Equation 7.26 is rearranged to form the following equation.

  \label {eq:eqbound5} 1 - \epsilon \leq 1 - J^{-1}(-I(Y; X^a) + H(Y))         (7.27)

Note we previously placed an error bound on our prediction accuracy as 1 − ϵ and

therefore can deduce the following set of equations from equation 7.27.

  \label {eq:eqbound6} \epsilon \leq c_0 = 1 - J^{-1}(-I(Y; X^a,z_0) + H(Y)),\\ \epsilon \leq c_1 = 1 - J^{-1}(-I(Y; X^a, z_0, z_1) + H(Y)),\\ \epsilon \leq c_2 = 1 - J^{-1}(-I(Y; X^a, z_0, z_1, z_2) + H(Y)),\\ \ldots \epsilon \leq c_n = 1 - J^{-1}(-I(Y; X^a, z_0, z_1, z_2 \ldots z_n) + H(Y)),         

          

           

                   (7.31)

The equations above demonstrate that the upper bounds ci are a function of the mutual

information between the latent space z and output space Y. Thus, given H(Y) is a

constant, the greater the mutual information between z and Y then the greater the

upper bound. In other words the denser the constraint or the larger the order of our

group, then the greater the upper bound (c0 < c1 < c2 < . . . < cn). Simultaneously, an

identical proof can be derived to show denser constraints on z can increase the lower

bound and thus b0 ≤ b1 ≤ . . . ≤ bn. This concludes our proof.

The T2 image and spatially transformed ADC map are passed through an encoder

to produce their respective embeddings, z1 and z2 as shown in figure 7.1. Shape

equivariance and texture invariance are enforced by satisfying equation 7.32.

  \label {eq:con} \Phi _e\left (\sum _{i=0}^{n}T_s^i(T_i(x))\right ) = \sum _{i=0}^{n}T_s({z}) 







 


 (7.32)
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Therefore, we minimise the contrastive loss: Lcontr = ∥Ts(z1) − z2
∥

2
2. Note, a contrastive

loss only theoretically learns equivariance to the spatial transformations applied per

sample. It does not constrain the convolutional layers to the group. We assume an

approximate equivariance to the group by using our contrastive loss.

Quantisation

We quantise z1
∈ R256×16×16×12 and z1

∈ R256×18×18×12 for the prostate dataset and cardiac

datasets respectively using vector quantisation. This is carried out by dividing z1 into

16×16×12 and 18×18×12 components for the prostate and cardiac datasets respectively

and replacing each component in z1 denoted z1
i with its nearest component ek ∈ Dwhere

k = argmin j∥z1
i − e j∥2. This produces the discrete shape latent space ẑ which is inputted

into the decoder to construct the segmentation output. The quantisation loss minimises

the Euclidean distance between z1
i and its nearest component ek ∈ D shown in equation

7.33 which is similar to the quantisation loss component of equation 5.2 with slight

variable change in chapter 5.

  \label {eq:quanteqv} \mathcal {L}_{Quant} = \frac {1}{m}\sum _{i = 0}^{m-1}\|sg(z_i^1)-e_k\|_2 + \beta \|z_i^1-sg(e_k)\|_2 \








  

   (7.33)

We compute the Dice loss between the output, ŷ and the T2 segmentation label y. Only

T2-weighted images are required as input during inference.

During quantisation, the geometric structure in z1 may be partially lost after quantisa-

tion. This is because it is quite feasible that a large proportion of the elements in z1 is

mapped to the same codebook vector during quantisation which leads to a many-to-one

mapping between spatial elements in z1 and ẑ. This is known as codebook collapse and

a well-known phenomenon in VQ-VAE [BCCS23] which leads to invariant rather than

desired equivariant properties. Therefore, to preserve geometry after quantisation, we

impose a structure-preserving loss shown in equation 7.34. This loss aims to preserve

the distance between the neighbouring elements mi,mi+1 ∈ z1 which are of dimension,

R128×1×1×1 after mapping to elements ni,ni+1 ∈ ẑ via quantisation (n ∈ R128×1×1×1). This
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loss is applied to all 16 × 16 × 12 elements mapped from z1 to ẑ

  \label {eq:structloss} \mathcal {L}_{Struct} = \sum _{i = 0}^{127} \|m_i . m_{i+1} - n_i . n_{i+1}\|_2 




   (7.34)

The total loss for training our framework is Ltotal = LDice(ŷ, y) +Lcontr +LQuant +LStruct.

7.4.2 Method 2: Group Equivariant Convolutional Kernels

In our previous method, we used a 2D/3D hybrid UNet to learn equivariance in the

discrete latent space to the 3D dihedral groups using a contrastive method. However,

in our second method, we constrain the convolutional kernels to group equivariant

convolutional kernels of particular groups. Therefore we cannot use a hybrid network

but either a 2D or 3D UNet. This is because imposing 2D equivariant constraints on the

convolutional kernels in the initial layers of the network followed by 3D equivariant

convolutions, will not make the network equivariant to the 3D group but only the 2D

groups provided the 2D group is a subgroup of the 3D group. Therefore we use a

2D UNet to impose 2D group equivariant constraints due to the highly anisotropic

nature of cardiac and prostate MRI images. We impose texture invariance in the

latent space via a constrastive loss (Lcontr = ∥(z1) − z2
∥

2
2) for the prostate dataset via the

representations learnt for the T2-weighted images (z1) and ADC images (z2) and an

initial randomised convolutional layer for the cardiac dataset. Therefore the method

is similar to the contrastive method shown in figure 7.1 except here we remove the

spatial equivariant constrastive loss and replace all convolutional kernels with group

equivariant convolutional kernels.

Dihedral Group

We first describe the implementation of the group equivariant convolutions for the

dihedral group. In the initial layer, the input feature maps and filters do not have

orientation channels. Given n0 input channels and n1 filters for each of the n0 input

channels, we modify each of the n1 filters using every transformation g ∈ G. This
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creates an expanded filter bank consisting of n1 × |G| filters. Therefore each of the n0

channels is transformed by all the filters in our expanded filter bank.

In the second and higher-order layers, we then reshuffle our orientation channels. In

the transformation phase, each filter undergoes modification by each g ∈ G, resulting in

nl+1×|G| adjusted filters which are then applied to each input channel to create as many

output channels. The transformations used for the 2D group convolutions are sampled

from the 2D dihedral groups which consist of rotations in the 2D plane and reflections

in the Y axis. Therefore, the order of the 2D D4 group is 8. The point groups such as

D4h do not apply to 2D group convolutions and therefore not used in this method.

SO(2) Group

We will also consider the SO(2) group in terms of its cyclic subgroup Cn ⊆ SO(2). We

therefore constrain the convolutional kernels in the 2D UNet to either the C4, C6, C8

or C16 cyclical groups. We also use irreducible representation in the form of circular

harmonics for the implementation of SO(2) group equivariant convolutions. As pre-

viously described, SO(2) can be decomposed into irreducible representations (irreps).

We use the escnn library devised by [WC19] to build our SO(2) equivariant kernels. We

draw inspiration from harmonic networks and build SO(2) equivariant convolutional

layers up to an order of 3; this is the first 3 irreducible representation of SO(2) which

contains cosines and sines of frequency 0,1 and 2. Therefore, a convolutional layer is

computed as the direct sum of the irreducible representations up to order 3 (⊕L
i=0ψi).

T We use a multiplicity of 1 for each field representation. The feature fields of the

SO(2)-equivariant layer are constrained to transform under irreducible representations

shown in table 7.1.

Every model utilizes ELUs for scalar fields and employs norm-ReLUs for higher-order

fields. We followed [WHS18] and experimented with applying a low-pass filter be-

fore performing the down-sampling step. This can be implemented either through an

additional strided convolution using a Gaussian kernel. The decoding path utilizes tri-

linear or bilinear upsampling, an inherently equivariant operation. Standard instance

normalization [UVL16] is applied to scalar features. For vector or tensor-valued fea-
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tures, instance normalization is carried out by dividing by the average  l_2  norm for each

instance, expressed as: \protect \text  {{norm}}(v) := \frac {v}{E(\|v\|)} 
 . In each convolutional block for each level of

the encoder, we use a total of 16, 32, 64, 128 and 256 filters for levels 1, 2, 3, 4 and 5.

The SO(2) group equivariant constraint is the densest constraint imposed on the net-

work as here we are technically imposing infinite constraints in the latent space zi.

Therefore, if we follow theorem 5 and its corresponding proof 5, this should in theory

be the most robust model.

7.5 Experiments

Our experiment assesses the single domain generalisability (SDG) of various models.

We evaluate segmentation performance when testing a trained segmentation model

on an unseen target domain for the prostate and cardiac datasets. We adopt a cross-

validation procedure by training a method on a single source domain and holding out

the other domains for testing (3 for cardiac and 1 for prostate).

7.5.1 Datasets and Training

We use 2 datasets in our experiments.

Cardiac: This dataset is the M&Ms cardiac imaging 3-class segmentation dataset

[CGI+21] which is divided into 4 domains determined by the MRI scanner vendor.

All images were normalised between 0 and 1 and cropped to 288×288×12 for 3D input

in method 1 and 288 × 288 for 2D input in method 2.

Prostate: We use the NCI-ISBI13 Challenge [BMH+15b] dataset. To evaluate the single-

domain generalizability of prostate zonal segmentation, we utilize two datasets, each

with two labels representing the transitional and peripheral zones. The training set

comprises 32 T2-weighted and ADC images from the prostate dataset in the Medical

Segmentation Decathlon. These images were acquired from the Radboud University

Nijmegen Medical Centre (RUNMC) [ARB+22].
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For the test set, we employ 30 T2-weighted scans obtained from the Boston Medical

Centre (BMC) as part of the NCI-ISBI13 Challenge [BMH+15b, CVS+13, BMH+15a]. We

normalised images between 0 and 1 and centre cropped to 256 × 256 × 12 for 3D input

in method 1 and 256×256 for 2D input in method 2. The T2 weighted and ADC images

are pre-registered.

Training: All models are trained with Adam optimisation [KB14] with a base learning

rate of 0.0001 and weight decay of 0.05 for a maximum of 500 epochs on three NVIDIA

RTX 2080 GPUs. To prevent over-fitting, we apply a simple augmentation scheme con-

sisting of random rotation and flipping (horizontal and vertical) for training baseline

models where our equivariant methods are not incorporated into the model. No aug-

mentation is applied in our group equivariant models. We evaluate model performance

with the Dice score and maximum Hausdorff distance (HD) in mm.

7.5.2 Method 1 Experiments

Experimental Setup

In the first set of experiments, we first explore method 1 applied to the cardiac and

prostate datasets. We use a hybrid 2D/3D UNet as our baseline model to deal with the

anisotropic prostate and cardiac MRI images. The encoder and decoder are made up

of 5 levels consisting of 2D pre-activation residual blocks in the top 4 levels and a 3D

pre-activation residual block in the bottleneck level. The pre-activation residual blocks

incorporate group normalisation (number of groups = 8) and ReLU activation. The

first level outputs 16 features (channels) and doubles at each level until we have 256

features in the bottleneck. We use 2D max pooling for downsampling and bi-linear

interpolation for upsampling operations. We use the same encoder and decoder archi-

tecture for our approach with various geometric constraints. We compare our method

to the following SDG methods applied to the baseline model: CutOut [DT17], BigAug

[ZWY+20], AdvBias [CQQ+20] and RandConv [XLY+20]. In the prostate dataset, we

have T2 weighted and ADC images and therefore use a contrastive method to impose

texture invariance as shown in figure 7.1. In the cardiac dataset, we only have T2-

weighted imaging and therefore we incorporate a randomised convolutional layer as
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our initial layer to impose texture invariance.

Group Order Results

Baseline D4 D6 D8 D12 D16 D4h D6h D8h D12h D16h
Transitional Zone

Dice
0.64±
0.13

0.69±
0.08

0.70±
0.17

0.71±
0.11

0.72±
0.13

0.72±
0.10

0.68±
0.15

0.69±
0.14

0.73±
0.13

0.72±
0.14

0.71±
0.12

HD
24.33±
14.12

20.14±
3.55

18.93±
3.94

18.41±
4.50

19.21±
4.80

19.01±
4.34

19.10±
4.11

19.20±
5.30

18.90±
4.45

18.19±
5.50

19.07±
4.61

Peripheral Zone

Dice
0.41±
0.09

0.47±
0.12

0.49±
0.15

0.51±
0.10

0.52±
0.11

0.54±
0.09

0.48±
0.07

0.51±
0.10

0.53±
0.09

0.55±
0.09

0.53±
0.17

HD
41.88±
18.72

34.94±
15.54

31.74±
17.90

29.28±
14.72

29.90±
17.22

30.82±
13.99

32.62±
15.72

30.93±
12.95

28.92±
9.92

29.54±
12.83

29.10±
13.12

Table 7.2: Dice score and Hausdorff distance(HD) ± standard deviation for different
order dihedral group shape equivariant models trained via contrastive learning ap-
proach. This table shows the results for the prostate dataset.

Figure 7.3: The average Dice and maximum Hausdorff distance scores ± standard
deviation for the respective dihedral group equivariant CNNs trained via contrastive
learning and applied to the prostate dataset. The scores are averaged across all classes.

First, we explore the different order dihedral group constraints imposed on our models.

According to theorem 5, the denser the constraint or the higher the group order then

the more robust the model. Therefore the D16h group equivariant model should yield

the best performance.
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Baseline D4 D6 D8 D12 D16 D4h D6h D8h D12h D16h
Left Ventricle

Dice
0.74±
0.13

0.78±
0.15

0.79±
0.12

0.80±
0.09

0.82±
0.13

0.80±
0.09

0.79±
0.12

0.80±
0.17

0.81±
0.11

0.82±
0.14

0.81±
0.12

HD
15.33±

3.1
12.61±

2.75
11.13±

2.58
10.74±

3.79
10.91±

2.99
10.14 ±

3.13
11.73±

3.98
10.18±

3.24
9.93±
3.08

10.72±
3.07

10.16±
3.82

Right Ventricle

Dice
0.72±
0.16

0.75±
0.20

0.77±
0.21

0.79±
0.17

0.78±
0.16

0.79±
0.14

0.74±
0.17

0.77±
0.10

0.79±
0.15

0.78±
0.18

0.77±
0.15

HD
18.76±

4.43
14.18±

3.74
13.55±

2.92
14.01±

4.22
12.91±

3.08
12.93±

4.11
15.08±

3.00
14.49±

4.65
13.03±

2.87
12.82±

2.90
12.11±

3.04
Myocardium

Dice
0.57±
0.21

0.63±
0.17

0.64±
0.15

0.62±
0.19

0.66±
0.11

0.65±
0.13

0.62±
0.15

0.61±
0.22

0.64±
0.18

0.65±
0.13

0.64±
0.13

HD
26.55±

5.21
20.19±

4.87
20.48±

4.09
19.27±

5.11
18.87±

4.76
18.89±

5.03
21.10±

4.37
20.87±

4.88
18.29±

4.45
18.11±

3.91
19.05±

5.04

Table 7.3: Dice score and Hausdorff distance(HD) ± standard deviation for different
order dihedral group shape equivariant models trained via contrastive learning. This
table shows the results for the cardiac dataset.

Figure 7.4: The average Dice and maximum Hausdorff distance scores ± standard
deviation for the respective dihedral group equivariant CNNs trained via contrastive
learning and applied to the cardiac dataset. The scores are averaged across all classes.

In table 7.2 and 7.3, we show all the Dice scores and maximum Hausdorff distances

for each model trained with different order group equivariant constraints in the latent

space. As previously mentioned, here group equivariance is learnt with contrastive

learning. We note on average the D8h group equivariant model achieved the best Dice

and maximum Hausdorffdistance score followed by the D12h group equivariant model

for both the cardiac and prostate datasets. For example, the models equipped with D8h
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and D12h group equivariance in the latent space both achieved an average Dice score

of 0.68 for the prostate dataset. In figure 7.3 and 7.4, we note that as we increase

the density of the constraint in the latent space (the order of group increases) there

is an overall trend upwards in terms of both the Dice score and maximum Hausdorff

distance for the prostate and cardiac datasets which supports our theorem 5. However,

the improvement in the metric scores appears to diminish as the order of the group

increases. For example, the Dice scores were 0.75, 0.75, 0.75 and 0.74 for the D12, D12h,

D16 and D16h groups respectively in the experiments using the cardiac dataset. This

result may arise because by learning equivariance to the lower order groups which are

subgroups of the higher order groups, one has already sufficiently learnt equivariance

to higher order groups. This means group equivariant constraints provide increased

robustness up to a certain order.

SDG Results

Baseline D8h D12h CutOut BigAug AdvBias RandConv Jigen
Transitional Zone

Dice 0.64±0.13 0.73±0.13 0.72±0.14 0.65±0.20 0.72±0.15 0.67±0.17 0.69±0.14 0.67±0.18
HD 24.33±4.12 18.01± 4.08 18.19±5.00 23.55±4.45 19.81±5.03 21.17±3.98 20.98±4.29 22.98±5.68

Peripheral Zone
Dice 0.41±0.09 0.53±0.09 0.55± 0.09 0.41±0.17 0.53±0.16 0.45±0.14 0.49±0.16 0.41±0.12
HD 56.88±18.72 28.92± 9.92 29.54±12.83 51.06±16.17 30.94±14.88 44.72±16.83 38.10±12.88 49.87±17.92

Table 7.4: The average Dice and maximum Hausdorff distance score ± standard devi-
ation comparing the D8h and D12h group shape equivariant segmentation models to
various other SDG methods. This table shows the results for the prostate dataset.

Baseline D8h D12h CutOut BigAug AdvBias RandConv Jigen
Left Ventricle

Dice 0.74±0.13 0.80±0.17 0.81±0.11 0.75±0.13 0.78±0.19 0.76±0.11 0.77±0.18 0.75±0.18
HD 15.31±3.1 9.95±3.08 10.73±3.07 14.81±4.11 11.11±2.99 12.99 ±3.88 12.54±3.48 13.99±4.06

Right Ventricle
Dice 0.72±0.16 0.79±0.15 0.78±0.18 0.72±0.14 0.77±0.13 0.74±0.17 0.75±0.13 0.73±0.18
HD 18.76±4.43 13.03±2.87 12.82± 2.90 17.05±3.88 14.08±3.34 15.82±4.62 14.19±3.29 16.91±4.50

Myocardium
Dice 0.57±0.21 0.64±0.18 0.65±0.13 0.59±0.14 0.63±0.18 0.61±0.19 0.61±0.10 0.60±0.19
HD 26.55±5.21 18.29±4.45 18.11± 3.91 24.88±5.78 20.08±5.19 22.53±4.58 22.08±4.16 23.76±4.74

Table 7.5: The average Dice and maximum Hausdorff distance scores ± standard
deviation comparing the D8h and D12h group shape equivariant segmentation models
trained via contrastive learning to various other SDG methods. This table shows the
results for the cardiac dataset.

Next, we compare the D8h and D12h equivariant segmentation models trained via

contrastive learning to several established SDG methods in the literature. Table 7.4 and

7.5 showcases that our technique which includes models trained with D8h or D12h
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equivariant constraints in the latent space, outperforms other SDG methods. This is

shown in terms of both the metric scores used for the cardiac and prostate datasets. The

notably better maximum HD scores from our method suggest its enhanced ability to

yield topologically accurate segmentations. Thus, even without resorting to aggressive

augmentation tactics or adversarial training, simply embedding equivariant constraints

in a segmentation model can lead to equivalent or superior SDG results. The efficacy

of our approach is visually emphasized in figures 7.5 and 7.6, where the equivariant

models seem to generate more anatomically accurate prostate and cardiac segmentation

maps.

Figure 7.5: This figure shows an example prostate segmentation output comparing the
D8h and D12h equivariant segmentation model trained using contrastive learning with
the 5 other SDG methods.

Figure 7.6: This figure shows an example cardiac segmentation output comparing the
D8h and D12h equivariant segmentation model trained using contrastive learning with
the 5 other SDG methods

7.5.3 Method 2 Experiments

Experimental Setup

The baseline model is a 2D UNet. This model consists of 4 levels with each level of the

encoder and decoder consisting of a single 2D pre-activation residual block. The pre-

activation residual blocks incorporate group normalisation (number of groups = 8) and

ReLU activation for the cyclical and dihedral group equivariant convolutional kernel.

The kernels with irreducible SO(2) group equivariant constraints use normalisation

and activation functions as prescribed in section 7.4.2 The first level outputs 32 features

(channels) and doubles at each level until we have 256 features in the bottleneck.
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We use the same training setup as for the method 1 experiment and compare it to

the same SDG methods as in the method 1 experiment. However, here we apply

convolutional kernel constraint to the cyclical and SO(2) groups instead of the point

groups.

Group Order Experiments

SO(2)

Figure 7.7: The average Dice and maximum Hausdorff distance score ± standard
deviation for the respective group equivariant CNNs trained via kernel constraints
and applied to the prostate dataset. The density of the equivariant constraints imposed
on the kernel increases from C4 to SO(2) (left to right). The scores are averaged across
all classes.

Baseline D4 D6 D8 D12 D16 C4 C6 C8 C12 C16 SO(2)
Transitional Zone

Dice
0.63±
0.16

0.66±
0.10

0.67±
0.14

0.70±
0.08

0.68±
0.11

0.70±
0.08

0.66±
0.13

0.65±
0.19

0.68±
0.11

0.68±
0.11

0.69±
0.15

0.63±
0.18

HD
27.18±

5.86
23.88±

4.75
21.46±

4.29
20.62±

4.82
20.71±

4.59
20.18±

4.08
24.47±

3.93
22.29±

4.23
21.83±

4.18
21.14±

3.69
21.36±

4.33
26.44±

5.26
Peripheral Zone

Dice
0.38±
0.10

0.42±
0.17

0.46±
0.15

0.44±
0.15

0.43±
0.08

0.47±
0.14

0.43±
0.08

0.44±
0.11

0.46±
0.15

0.48±
0.18

0.49±
0.17

0.37±
0.13

HD
45.53±
17.98

40.81±
16.49

35.39±
15.19

33.14±
17.82

32.47±
16.32

32.06±
13.26

39.29±
18.23

36.38±
16.74

33.58±
12.62

33.37±
16.43

32.99±
14.34

44.56±
16.85

Table 7.6: The average Dice and maximum Hausdorff distance score ± standard devia-
tion for different order dihedral group shape equivariant models trained via the kernel
constraint method. This table shows the results for the prostate dataset.
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Baseline D4 D6 D8 D12 D16 C4 C6 C8 C12 C16 S02
Left Ventricle

Dice
0.71±
0.09

0.75±
0.13

0.76±
0.17

0.76±
0.09

0.77±
0.12

0.78±
0.09

0.73±
0.12

0.73±
0.17

0.76±
0.11

0.76±
0.10

0.77±
0.09

0.73±
0.16

HD
17.01±

4.09
15.09±

3.38
14.38±

2.94
12.97±

2.12
12.44±

1.98
12.03±

2.49
14.90±

3.15
15.04±

3.47
13.49±

3.78
13.41±

2.49
12.73±

3.31
15.89±

4.10
Right Ventricle

Dice
0.70±
0.12

0.72±
0.15

0.73±
0.18

0.75±
0.10

0.75±
0.13

0.77±
0.12

0.72±
0.11

0.72±
0.11

0.74±
0.16

0.73±
0.16

0.75±
0.09

0.70±
0.14

HD
19.87±

4.63
16.70±

4.08
15.90±

3.43
15.18±

3.89
14.29±

3.15
13.27±

3.28
17.91±

4.10
15.98±

3.57
15.19±

3.29
14.05±

3.08
13.37±

2.97
18.66±

4.19
Myocardium

Dice
0.57±
0.16

0.61±
0.14

0.63±
0.16

0.62±
0.15

0.63±
0.14

0.65±
0.13

0.59±
0.12

0.60±
0.19

0.64±
0.11

0.62±
0.09

0.64±
0.13

0.58±
0.15

HD
28.16±

4.88
23.19±

4.87
22.76±

4.28
20.81±

3.89
20.09±

3.39
19.88±

3.27
24.83±

3.86
23.28±

3.41
21.18±

4.04
21.86±

3.38
20.14±

4.29
26.29±

4.38

Table 7.7: The average Dice and maximum Hausdorff distance score ± standard devia-
tion for different order dihedral group shape equivariant models trained via the kernel
constraint method. This table shows the results for the cardiac dataset.

SO(2)

Figure 7.8: The average Dice and maximum Hausdorff distance score ± standard
deviation for the respective group equivariant CNNS trained via kernel constraints
and applied to the cardiac dataset. The density of the equivariant constraints imposed
on the kernel increases from C4 to SO(2) (left to right). The scores are averaged across
all classes.

The Dice and maximum HD scores for the different order group equivariant segmen-

tation models are shown in table 7.6 (prostate dataset) and 7.7 (cardiac dataset).

In this set of experiments, the D16 equivariant segmentation model demonstrated the

best segmentation performance for both the cardiac and prostate datasets. This is fol-
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lowed by the C16 equivariant segmentation model. This is noted for all the classes

in the cardiac and prostate datasets. Similar to our contrastive approach, we note

the segmentation performance improves as we increase the density of the equivariant

constraints imposed on the kernel from C4 to C16 (left to right) shown in figure 7.7

for the prostate dataset and figure 7.8 for the cardiac dataset. However, we note a

significant drop in performance for the SO(2) group equivariant model for both the

prostate (table 7.6) and cardiac (table 7.7) dataset. This may arise due to the limited

expressiveness of SO(2) equivariant kernels which creates an overly constrained net-

work. This empirically shows the equivariant constraints imposed on a segmentation

network to improve robustness have an upper bound which does not fully satisfy the-

orem 5. Interestingly, we demonstrate superior performance in our first method where

we impose shape equivariance in the latent space via a constrastive loss. This may arise

because the baseline model in method 1 is a hybrid UNet which demonstrates superior

performance to the baseline 2D UNet in method 2. The Dice score averaged across

all three classes for the cardiac dataset was 0.67 for the hybrid UNet compared to 0.66

for the 2D UNet. The observed findings may also arise from the stricter constraints

imposed in method 2.

SDG Results

Figure 7.9: This figure shows an example prostate segmentation output comparing the
C16 and D16 shape equivariant segmentation model trained via the kernel constraint
method with 5 other SDG methods.

Figure 7.10: This figure shows an example cardiac segmentation output comparing the
C16 and D16 shape equivariant segmentation model trained via the kernel constraint
method with 5 other SDG methods.

Finally, we compare the C16 and D16 equivariant segmentation models trained with

kernel constraints to several established SDG methods in the literature. Table 7.8 and
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7.9 highlight that group equivariant constraints imposed in the kernels of a CNN-

based segmentation model, perform competitively with other SDG methods for both

the cardiac and prostate datasets. Specifically, we demonstrate that our approach

outperforms other SDG methods including aggressive augmentation strategies in terms

of the maximum HD score which was also shown in our contrastive equivariant method.

Once again, our findings are visually emphasised with a prostate segmentation example

in figure 7.5 and a cardiac segmentation example in 7.6.

Baseline D16 C16 CutOut BigAug AdvBias RandConv Jigen
Transitional Zone

Dice 0.63±0.10 0.70±0.08 0.69±0.11 0.63±0.15 0.68±0.14 0.64±0.10 0.67±0.17 0.63±0.16
HD 27.18±5.86 20.18± 4.08 21.36±4.33 25.91±5.17 21.28±4.88 23.43±3.77 22.83±4.06 24.90±5.53

Peripheral Zone
Dice 0.38±0.10 0.47±0.14 0.49± 0.17 0.40±0.15 0.46±0.11 0.43±0.18 0.45±0.17 0.41±0.10
HD 45.33±17.98 32.06± 13.26 32.99±14.34 42.81±12.86 35.38±14.21 37.83±15.05 35.33±15.72 41.74±16.02

Table 7.8: The average Dice and maximum Hausdorff distance scores ± standard
deviation comparing the D16 and C16 group shape equivariant segmentation models
trained via the kernel constraint method to various other SDG methods. This table
shows the results for the prostate dataset.

Baseline D16 C16 CutOut BigAug AdvBias RandConv Jigen
Left Ventricle

Dice 0.71±0.09 0.78±0.09 0.77±0.09 0.73±0.10 0.77±0.13 0.74±0.08 0.76±0.17 0.73±0.14
HD 17.01±4.09 12.03±2.49 12.73±3.31 16.18±4.37 14.06±3.37 15.51 ±4.19 14.90±3.70 16.20±4.18

Right Ventricle
Dice 0.70±0.12 0.77±0.12 0.75± 0.09 0.70±0.21 0.76±0.10 0.73±0.19 0.75±0.14 0.71±0.11
HD 19.87±4.63 13.27±3.28 13.37±2.97 18.84±5.39 15.03±4.17 17.14±3.88 16.48±4.35 17.99±5.38

Myocardium
Dice 0.57±0.16 0.65±0.13 0.64±0.13 0.59±0.18 0.63±0.20 0.60±0.21 0.61±0.16 0.58±0.14
HD 28.16±4.88 19.88±3.27 20.14±4.29 26.09±5.98 22.38±4.45 24.56±5.06 23.70±4.47 25.90±5.86

Table 7.9: The average Dice and maximum Hausdorff distance scores ± standard
deviation comparing the D16 and C16 group equivariant segmentation models trained
via the kernel constraint method to various other SDG methods. This table shows the
results for the cardiac dataset.

Ablation Experiments

We carried out ablation experiments to emphasise the importance of each component

of our method. We specifically show the value of enforcing a discrete latent space,

followed by a texture invariant discrete latent space and finally a discrete latent space

which is both texture invariant and shape equivariant. Ablations are carried out for the

cardiac dataset. The baseline model here is a simple 2D UNet as previously described.

We enforce equivariance to the D16 group when adding shape equivariance to our
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Baseline Discrete Representation Discrete Representation
Texture Invariant

(Contrastive)
Discrete Representation

Texture Invariant
D16 Equivariant/

(Kernel Constraint)
Discrete Representation

Texture Invariant
D16 Equivariant/

Left Ventricle
Dice 0.71±0.09 0.73±0.14 0.75±0.18 0.78±0.11 0.78±0.08
HD 17.01±4.09 16.00±3.45 14.81±3.19 12.98±2.92 12.03±2.49

Right Ventricle
Dice 0.70±0.12 0.72±0.18 0.75±0.06 0.77±0.10 0.78±0.09
HD 19.87±4.63 16.18±4.04 15.49±3.31 14.02±4.00 13.27±3.28

Myocardium
Dice 0.57±0.16 0.60±0.10 0.62±0.17 0.66±0.16 0.65±0.08
HD 28.16±4.88 23.21±5.02 21.44±4.36 19.05±4.04 19.88±3.84

Table 7.10: The average Dice and maximum Hausdorff distance scores ± standard
deviation demonstrating each component of our method. This table shows the results
for the cardiac dataset.

model. This is applied with either a contrastive method or group equivariant convolu-

tional kernels. Texture invariance in enforced with an initial randomised convolutional

layer.

In table 7.10 we show that each component of our method appears to incrementally

improve segmentation performance in terms of the Dice score and maximum Hausdorff

distance for all three classes. Specifically, we note the improvement in segmentation

performance by first creating a discrete latent space using vector quantisation followed

by additionally enforcing a texture variant discrete latent space which creates a finite

shape dictionary. Next, we additionally enforce the shape dictionary to be equivariant

to the D16 group via our contrastive method or by using D16 equivariant convolutional

kernels shown in the last two columns of table 7.10 respectively. Here, we demonstrate

the improved segmentation performance by using both methods to force equivariance

of our shape dictionary.

7.6 Conclusion

In this work, we propose to constrain the latent space for any segmentation model to

a finite number of shape equivariant components to improve robustness. We impose

these constraints either via a constrastive approach where equivariance is learnt or by

imposing fixed constraints on the convolutional kernels themselves. We theorise and

prove that the denser the equivariant constraints imposed either in the latent space or

the kernels, the more robust the segmentation model. We demonstrate this to be true
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by improving the domain generalisability of a segmentation model trained on either

the cardiac or prostate dataset. We outperform the baseline models by imposing shape

equivariance in the model and perform competitively with other SDG methods in the

literature.

We anticipate that, over time, equivariant CNNs will be the go-to option for endeavours

such as biomedical imaging, where natural symmetries exist. There remains a need

for future studies to delve deeper into the myriad of design possibilities for steerable

CNNs and further improve performance.

A limitation of this study is that components in the dictionary are sampled indepen-

dently which can lead to anatomically and topologically inaccurate segmentations. In

the next chapter, we will therefore explore methods to sample the shape components

such that topology is preserved.
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Chapter 8

Topology Preserving Compositionality

for Robust Medical Segmentation

This chapter is adapted from the following publication.

• Santhirasekaram, A., Winkler, M., Rockall, A. and Glocker, B., 2023. Topology

Preserving Compositionality for Robust Medical Image Segmentation. In Pro-

ceedings of the IEEE/CVF Conference on Computer Vision and Pattern Recogni-

tion (pp. 543-552).

8.1 Introduction

In previous chapters (Chapter 6 and 7), we improve the robustness of deep learning

models for medical image segmentation using a discrete latent space with curvature and

equivariant-based constraints. However, components sampled from the dictionary to

construct the segmentation output are sampled independently from each other which

can lead to topologically implausible segmentation outputs. Therefore, in this chapter,

we will now develop a method to sample the dictionary in latent space such that

topology is preserved from the latent space to the output space. Similar to the previous

chapter, we impose a discrete latent space using vector quantisation. Specifically,

we incorporate a topological prior using persistent homology in the sampling of our
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dictionary to ensure topological accuracy after the composition of the components. We

further improve robustness by deep topological supervision applied in an hierarchical

manner. However, to emphasise the value of preserving topology when sampling the

codebook, we omit geometric and curvature-based constraints which are imposed in

previous chapters.

We will demonstrate the effectiveness of our method under various perturbations and

in two single-domain generalisation tasks.

8.2 Background

8.2.1 Related Work

Persistent homology for deep representation learning is limited. Topological autoen-

coders [MHRB20] is the first work however to incorporate persistent homology to

preserve the topological structure of the data manifold in the latent representation.

Attempts have also been made to incorporate topological signatures into deep neural

networks [HKNU17]. For example, [HKNU17] takes a topological signature in the form

of a persistence diagram as input into a deep neural network using a novel input layer.

They showed SOTA results for graph and shape classification. Persistent homology has

also been used as a complexity measure to analyse deep neural network architectures

[RTB+18].

The application of persistent homology to deep learning-based segmentation is limited

to the output space to produce topologically meaningful segmentations [HLSC19] or

as a post-processing method [CBO+20]. Cubical persistent homology [WW16, DW18]

has recently been used to analyse fMRI data [RYB+20].
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Figure 8.1: Overview of our Topology Preserving Compositionality (TPC) method
incorporated in a segmentation model with p levels (scales). D signifies a persistence
diagram derived from a cubical complex C. For example, the persistence diagram for
the foreground label segmentation at level p(top right) is expressed asDFL

p derived from
C(FLp). Background segmentations omitted.

8.3 Methods

8.3.1 Compositionality for Segmentation

Similar to previous chapters, we firstly assume a segmentation network can be decom-

posed into an encoder Φe to map the input space to a lower dimensional embedding

space Φe : X → E and a decoderΦd which maps the embedding space to the segmenta-

tion output Φd : E → Y.

We continue the claim of previous chapters that the output space of a segmentation

model for medical imaging is highly correlated across subjects. Hence, one can hypoth-

esise the low dimensional embedding features to have low variance across the sampled

distribution. We therefore again propose to constrain the embedding space to a set of N

discrete points required to capture the entire training and test distribution where each

discrete point, ei is a component representing a spatial structure which makes up the

set of N components in a dictionaryD shown in figure 8.1.

Similar to chapter 5 and 7, D is learnt through vector quantisation as proposed by

[VDOV+17] to discretise the latent space. We use the same quantisation loss function in

equation 7.33 in chapter 7 whereby the codebook is updated in the exact same manner.
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Here, we however quantise each feature in the latent space as opposed to quantising

spatially.

The sampling of the nearest component in D leads to a quantised embedding space

denoted ẑ where ẑ = ek. ẑ then undergoes scaling before passing through a softmax

function to form z̃. There are c compositions corresponding to the number of classes in

O1 as shown in figure 8.1 where c = 3 (background omitted). Therefore, z̃ is subdivided

into m/c components which are each summed to form O1
k (class segmentation outputs

from the bottleneck of the model: level 1). A post-quantisation 1 × 1 convolutional

layer is applied to z̃ to increase the number of channels before being passed into the

decoder.

8.3.2 Topology Preserving Compositionality

The quantisation process assumes a uniform prior such that components inD are sam-

pled independently. This was an issue in the previous chapters. Therefore, we propose

to incorporate a topological prior into the sampling process such that components are

sampled and composed together to form topologically accurate shapes i.e. segmenta-

tion maps. In this work, the composition of components is simply the summation over

the components. We impose three restrictions to preserve topology. We flatted each

feature in z̃ into d dimensional vectors.

Shape Disentanglement:

Firstly, the sampled components should only represent shape features which are dis-

tinct from one another so that there is no spatial overlap between the features i.e.

disentangled. This led to the following lemma.

Lemma 3. A shape disentanglement loss term (LDL) forcing the inner product between pairs of

d-dimensional quantised latent features passed through the softmax function, (z̃i, z̃ j) to be close

to 0 (orthogonal) [SEUD10] as shown in equation 8.1 yields a shape-only latent space.

  \label {eq:3} \mathcal {L}_{DL} = \sum _{i = 0}^{i = m-1} \sum _{j = i+1}^{j = m-1} \Tilde {z}_i . \Tilde {z}_j = 0 







    (8.1)
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Figure 8.2: Toy example demonstrating the basic principle of TPC.

Proof. Due to the nature of the softmax function, the summation over all m features in

z̃ ∈ Rd yields a d dimensional vector of 1s. This means if LDL = 0, then this implies

that the intersection of the space between z̃i and z̃ j forms an empty set;
⋂i=m−1

i=0 z̃i = ∅.

We can also infer from this definition that z̃i must then only consist of the integers 0

or 1; z̃i ∈ (Z/2Z)d. For example, if xy = 0 and x + y = 1 then, x, y ∈ Z/2Z. Therefore,

by design, we additionally remove textural/style information from the semantics of the

latent space, by approximately learning binarised feature maps, z̃i. This means the kth

class segmentation output in O1 denoted O1
k where k ∈ Z/3Z must also be binary as

demonstrated in equation 8.2.

  \label {eq:4} O_k^1 =\sum _{i = mk/c}^{i = m(k+1)/c} \Tilde {z}_i, \ O_k^1\in (\mathbb {Z}/{2\mathbb {Z})^d} \vert \ \Tilde {z} \in (\mathbb {Z}/{2\mathbb {Z})^d}, \ \mathcal {L}_{DL} = 0






 

       (8.2)

An overlap between features will yield integers greater than 1 under the stated as-

sumptions. For example, in the scaled (0-1) heat maps in figure 8.1 one can visualise

brighter regions in O1 representing overlapping components.

Preserving Topology

Next, we must sample components such that the topology of the composed output O1
k

matches the down-sampled label map L1
k (see figure 8.1) i.e. same number of connected
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components and holes. In the toy example highlighted in figure 8.2, the label is a circle

and in the top row, we show an example where the two sampled components; a ring

and a semi-circle are composed together to form a shape with a semi-circle shaped

hole. The Betti numbers of this shape would be (1, 1); 1 connected component and 1

tunnel while the label has Betti numbers (1, 0) and therefore the homology groups do

not match. However, in the bottom row, a ring and a smaller circle are composed to

form a shape with Betti numbers (1, 0) which matches the label map. Given, we sum

over a non-overlapping set of sampled components when DL = 0 to form O1, then we

must enforce that the union over z̃ should form a single connected component like in

figure 8.2 with our topological loss.

We next calculate the persistent homology of the cubical complex of each composition

in O1 and L1 denoted, PH(C(O1
k)) and PH(C(L1

k)) respectively. We can then create

persistence diagrams for each kth class segmentation in O1, denotedDO
1,k which we aim

to match with the persistence diagrams of the down-sampled label map L1 (see figure

8.1). We minimise the pth Wasserstein distance [MHRB20] of two persistence diagrams

shown in equation 8.3 where η;D→D′ is a bijection between the persistence diagrams

and p = 2. This loss function is proven to be stable to noise [ST20] and differentiable

[CCG+21].

  \label {eq:5} d_w(\mathcal {D}, \mathcal {D'}) = \left (inf_{\eta ; \mathcal {D} \rightarrow \mathcal {D'}} \sum _{x \in \mathcal {D} }\|x-\eta (x)\|_\infty ^p\right )^{\frac {1}{p}} 






 





(8.3)

Therefore, by minimising the distance dw(DO
1,k,D

L
1,k), we ensure the class segmentation

outputs at level 1 of the decoder (O1
0:2) all have one single connected component and

only O1
1 has one tunnel.

Additionally, since the label maps are binary, all topological features are born at 1 and

die at 0. Therefore, by minimising the Wasserstein distance, one is also forcing O1
k to be

binary and if DL = 0, then z̃i must also be 0 or 1 by deduction. This topological loss is

hence an additional method to remove the textural information in z̃ which in turn also

removes textural information from the dictionary. One can also apply the topological

loss to z̃ directly with the assumption that the topological label for z̃i is a single connected

component which is born at 1 and dies at 0. We can then minimise the Wasserstein

distance loss for the 0th dimensional homology with this fixed topological label to
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make sure z̃ are binary components. We found this beneficial but too computationally

expensive. We also didn’t binarise the embedding space via a threshold method such

as a steep sigmoid function. This is because of the gradient vanishing either side of the

threshold value which are the constant portions in the steep sigmoid function where

most of the values will lie. A Dice score loss is added in order to increase the overlap

between L1 and O1 as the topological loss is position and size invariant.

To preserve the topological constraints imposed in the quantised embedding space

through the decoder, we apply deep topological and Dice supervision at each level of

the decoder. Therefore, as shown in figure 8.1, we sum the feature maps outputted at

each level of the decoder to produce c class segmentation outputs before applying our

deeply supervised class loss shown in equation 8.4.

Hierarchical Topology: We apply an additional topological and Dice loss for the fore-

ground segmentation output denoted, Fi formed from the addition of the foreground

class segmentation maps in Oi. This hierarchical loss expressed in equation 8.5 is fur-

ther enforcing accurate class segmentation maps under the assumption they should be

composed to form a topologically meaningful foreground segmentation. For example,

in figure 8.1 the foreground segmentation is the whole heart which is forced to be a

binary single connected component with no tunnels when the segmented parts of the

heart (class segmentations) are combined via summation.

  \label {eq:6}\mathcal {L}_{Class\_top} = \sum _{i = 1}^{i = p}\sum _{k = 0}^{k = c-1} d_w(\mathcal {D}^{O}_{i,k}, \mathcal {D}^{L}_{i,k}) + Dice(O^i_k, L^i_k) 















 (8.4)

  \label {eq:7} \mathcal {L}_{Hier\_top} = \sum _{i = 1}^{i = p} d_w(\mathcal {D}^{F}_{i}, \mathcal {D}^{FL}_{i}) + Dice(F^i, FL^i) 








   (8.5)

The total loss for training the topological preserving compositionality (TPC) framework

incorporated into a segmentation model is formally defined as:

Ltotal = LQaunt +LClass_top +LHier_top +LDL.
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8.4 Experiments

8.4.1 Datasets and Training

We use 3 datasets in our experiments.

Abdomen: This dataset is the BTCV dataset [LXI+15]. All images are normalised

between 0 and 1 and randomly cropped 96 × 96 × 96 patches are used for training.

During testing, the volume is divided into 96 × 96 × 96 patches and we evaluate each

patch in the test image.

Cardiac: This dataset is the M&Ms cardiac imaging 3-class segmentation dataset

[CGI+21] which is divided into 4 domains determined by the MRI scanner vendor.

Prostate: We use the NCI-ISBI13 Challenge [BMH+15b] dataset divided into 2 domains

with different MRI scanner types and acquisition protocols. We normalised images

between 0 and 1 and centre cropped to 256 × 256.

Training and Evaluation: All models are trained with Adam optimisation [KB14] with

a base learning rate of 0.0001 and weight decay of 0.05 for a maximum of 500 epochs on

three NVIDIA RTX 2080 GPUs. In order to prevent over-fitting, we apply a simple aug-

mentation scheme for training our method consisting of random rotation and flipping

(horizontal and vertical). We evaluate model performance with the Dice score and Betti

error [HLSC19]. In the perturbation experiments, We evaluate the relative corruption

error in terms of the Dice score after TPC is included in each model. We additionally

want to evaluate the topological corruption after various input perturbations, so we

also evaluate the relative corruption error in terms of the Betti error.

8.4.2 Perturbation Experiments

In the first set of experiments we analyse how incorporating TPC into three popular seg-

mentation 3D architectures (UNet [RFB15], nn-UNet[IJK+21] and Swin-UNetr[HNT+22])

improves performance under various types of perturbations in the input space for the

abdomen dataset. We randomly split the dataset into 18 and 12 for our train and
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Figure 8.3: In this figure, we show the segmentations of an abdominal CT slice with
20% Gaussian noise addition (top row) and Gaussian blur (bottom row) by the UNet,
nn-UNet and Swin-UNetr and after including TPC in each model.

test sets respectively. We use the same hyper-parameters for each perturbation as the

previous perturbation experiments in section 6.4.1 of chapter 6.

Baseline Gauss Poisson S&P Blur Motion Contrast Intensity
Dice

UNet 0.77±0.08 0.71±0.10 0.72±0.09 0.69±0.06 0.72±0.11 0.63±0.13 0.62±0.14 0.68±0.09
+ TPC 0.79±0.04 0.75±0.08 0.77±0.07 0.74±0.08 0.78±0.05 0.67±0.10 0.65±0.08 0.73±0.11
nnUNet 0.86±0.05 0.80±0.08 0.81±0.03 0.79±0.07 0.80±0.08 0.73±0.12 0.74±0.11 0.75±0.10
+ TPC 0.87±0.04 0.83±0.10 0.84±0.09 0.82±0.11 0.82±0.14 0.75±0.14 0.77±0.08 0.80±0.08
Swin-UNetr 0.88±0.05 0.83±0.09 0.80±0.08 0.81±0.07 0.85±0.04 0.75±0.16 0.78±0.19 0.77±0.11
+ TPC 0.87±0.07 0.86±0.06 0.84±0.06 0.85±0.08 0.88±0.08 076±0.10 0.80±0.06 0.79±0.05

Betti Error
UNet 0.78±0.19 2.98±1.05 3.03±1.21 2.85±0.90 3.18±1.31 2.72±1.17 2.89±1.22 3.01±1.43
+ TPC 0.39±0.11 0.91±0.41 1.10±0.34 0.98±0.29 1.26±0.38 0.57±0.18 0.83±0.48 0.90±0.21
nnUNet 0.51±0.24 2.34±0.93 2.52±0.97 2.22±0.92 2.69±0.88 2.50±1.05 3.02±1.09 2.59±1.15
+TPC 0.25±0.13 0.82±0.28 0.61±0.11 0.76±0.20 1.01±0.16 0.43±0.10 1.29±0.36 0.88±0.30
Swin-UNetr 0.42±0.13 2.39±1.30 2.53±0.95 2.77±0.91 2.94±0.96 2.94±0.89 2.39±0.90 2.81±0.77
+TPC 0.21±0.08 0.83±0.20 0.66±0.34 0.73±0.25 0.90±0.33 0.70±0.28 0.97±0.21 0.85±0.23

Table 8.1: The mean Dice score and Betti error ± standard deviation before and after
TPC is applied to 3 segmentation models under various perturbations in the input
space. The results for the Abdominal dataset are shown. The baselines refer to no
perturbations applied.

UNet nnUNet Swin-UNetr
Dice RCE 70.9 76.7 54.4
Betti RCE 25.1 28.3 26.3

Table 8.2: The relative corruption error (RCE) (%) in terms of the Dice score and Betti
error after TPC is included in the UNet, nnUNet and Swin-UNetr.

In table 8.1, we note significant improvement in both evaluation metrics after incorpo-

rating TPC in all three models under various perturbations. Our method has a better ef-

fect with a convolutional backbone as opposed to the vision transformer (Swin-UNetr)

for textural perturbations. This is likely because the coarse attention mechanism is

more robust to noise where it was shown that the vision transformer is acting like

a low-pass filter to remove noise whereas convolutions are behaving like high-pass

filters [PK21]. In table 8.2, we note the Dice relative corruption error of the UNet

(70.9%), nnUNet (76.7%) and Swin-UNetr (54.4%) being significantly less than 100%
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after TPC is incorporated into each model. Furthermore, the Betti relative corruption

error ranged between 20 to 30 % after TPC is included for all three models highlight-

ing the significantly reduced topological corruption of the segmentation maps under

various perturbations.

We demonstrate the value of TPC with a visual example in figure 8.3 where we show

the more visually accurate segmentation masks produced by incorporating TPC in the

3 models. We as expected note a greater value of TPC in the CNN models when either

20% Gaussian noise or blur is applied to the image. TPC significantly reduced the

number of unconnected components and holes produced by the baseline segmenta-

tion models. Additionally, the baseline UNet and nnUNet appear to miss some of the

smaller segmentation structures because of noise which reappears by incorporating

TPC. This is because by design our topological loss strongly imposes the number of

connected components in the label and segmentation should be equal as it is also acting

as a component count loss function. Overall, despite the spatial or textural perturba-

tions, our method has learnt a strong anatomical/structural shape prior governed by a

dictionary of components which is sampled correctly to ignore the perturbation effect.

8.4.3 Single Domain Generalisation

In the single domain generalisation (SDG) study we evaluate segmentation perfor-

mance when testing a trained segmentation model on an unseen target domain for

the prostate and cardiac datasets. We adopt a leave-rest-out procedure by training a

method on a single source domain and holding out the other domains for testing (3 for

cardiac and 1 for prostate). We then average the scores across the hold-out experiments

(4 for cardiac and 2 for prostate).

In these experiments, we use an adapted Residual-UNet architecture with five levels as

our baseline. In the encoder, we double the number of feature channels from 32 at the

first level to 512 at the bottleneck. Each scale of the encoder and decoder consists of a

single pre-activation residual block [HZRS16b], with group normalisation [WH18] and

ReLU activation. We compare our TPC approach with the following single domain

generalisation methods: CutOut [DT17], AdvBias [CQQ+20], RandConv [XLY+20],
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BigAug [ZWY+20], Jigen [CDB+19] and the baseline model.

Figure 8.4: Segmentation of a cardiac slice in the top row and prostate slice in the
bottom row when testing on a target domain with different SDG methods and our
method (TPC).

Baseline CutOut AdvBias RandConv BigAug Jigen TPC(Ours)
Transitional Zone

Dice 0.64±0.14 0.64±0.13 0.65±0.17 0.68±0.14 0.73± 0.18 0.65±0.17 0.70±0.14
Betti Error 2.09±1.02 1.90± 0.98 1.53±0.84 1.72±0.51 1.04±0.39 1.62±0.57 0.80±0.31

Peripheral Zone
Dice 0.38±0.18 0.40±0.18 0.43± 0.16 0.45±0.22 0.55±0.16 0.47±0.14 0.56± 0.16

Betti Error 3.85±1.28 3.24±1.08 3.03±0.92 2.08±0.75 1.74±0.43 2.69±1.05 1.24±0.55

Table 8.3: Dice score and Betti error ± standard deviation comparing TPC to various
other SDG methods. This table shows the results for the prostate dataset.

Baseline CutOut AdvBias RandConv BigAug Jigen TPC(Ours)
Left Ventricle

Dice 0.72±0.11 0.75±0.14 0.73±0.11 0.77±0.10 0.78±0.09 0.71±0.17 0.78±0.08
Betti Error 1.24±0.55 1.04±0.50 1.10±0.49 0.74±0.29 0.56±0.21 1.12±0.45 0.32±0.14

Right Ventricle
Dice 0.74±0.18 0.76±0.15 0.76±0.18 0.73±0.19 0.76±0.11 0.72±0.10 0.77±0.10

Betti Error 1.40±0.63 1.33±0.61 1.30±0.58 0.89±0.41 0.60±0.29 1.28±0.97 0.50±0.16
Myocardium

Dice 0.55±0.15 0.56±0.14 0.61±0.19 0.63±0.14 0.65±0.15 0.64±0.23 0.67±0.12
Betti Error 3.45±1.43 2.97±0.96 1.50±0.62 1.37±0.74 1.15±0.55 2.34±4.58 0.80±0.33

Table 8.4: Dice score and Betti error ± standard deviation comparing TPC to various
other SDG methods. This table shows the results for the cardiac dataset.

Table 8.3 and 8.4 demonstrate that our method achieves the best Betti error scores among

the SDG methods for both the prostate and cardiac datasets. The significantly greater

Betti error scores by our approach are indicative of our method’s superior capability

of producing more topologically meaningful segmentations. However, we outperform

all methods in the Dice metric except for BigAug where we achieve similar scores.

The comparable performance of TPC to BigAug shows how a thorough augmentation

strategy can tackle SDG. However, we demonstrate without any aggressive augmen-

tation strategies or adversarial training, simply imposing topological constraints into a

segmentation model can still achieve similar or better SDG performance. We visually

highlight the effectiveness of our method in figure 8.4 where TPC appears to better
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match the topology of the label for both the cardiac and prostate images. For example,

in methods such as CutOut and AdvBias applied for prostate segmentation, there are

unconnected components or tunnels (holes) and the segmentation maps appear less

smooth.

Figure 8.5: Segmentation of a cardiac slice in the top row and prostate slice in the
bottom row when testing on a target domain before and after incorporating TPC into 3
segmentation architectures.

8.4.4 Model comparison

UNet UNet + TPC nnUNet nnUNet + TPC Swin-UNetr Swin-UNetr + TPC
Transitional Zone

Dice 0.58±0.10 0.62±0.10 0.68±0.08 0.71±0.07 0.69±0.03 0.71±0.11
Betti Error 2.59±0.98 0.82±0.29 1.29±0.70 0.66±0.21 1.57±0.51 0.61±0.22

Peripheral Zone
Dice 0.34±0.12 0.48±0.08 0.48±0.10 0.55±0.07 0.51±0.05 0.55±0.15

Betti Error 3.59±1.48 1.10±0.47 2.45±0.82 0.84±0.35 2.21±0.77 0.95±0.44

Table 8.5: The average Dice score and Betti error before and after TPC is applied to 3
segmentation models after testing on the target domains. The results for the prostate
dataset are shown.

UNet UNet + TPC nnUNet nnUNet + TPC Swin-UNetr Swin-UNetr + TPC
Left Ventricle

Dice 0.70±0.10 0.74±0.13 0.80±0.10 0.83±0.06 0.80±0.05 0.82±0.08
Betti Error 1.79±0.90 0.53±0.25 1.01±0.34 0.45±0.15 0.97±0.41 0.40±0.27

Right Ventricle
Dice 0.68±0.07 0.74±0.11 0.77±0.12 0.83±0.08 0.81±0.06 0.83±0.09

Betti Error 1.86±0.84 0.57±0.28 0.97±0.33 0.47±0.18 0.92±0.44 0.44±0.20
Myocardium

Dice 0.48±0.22 0.62±0.15 0.65±0.11 0.71±0.10 0.58±0.09 0.66±0.16
Betti Error 2.77±1.59 1.03±0.46 1.74±0.62 0.85±0.36 1.62±0.89 1.02±0.46

Table 8.6: The average Dice score and Betti error before and after TPC is applied to 3
segmentation models after testing on the target domains. The results for the prostate
dataset are shown.

In these experiments, we evaluate the improvement in the segmentation performance

in SDG by incorporating TPC into the 2D UNet, nn-UNet and Swin-UNetr. In ta-

ble 8.5 and 8.6, we note significantly improved domain generalisability of all three
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models when incorporating TPC by virtue of improved disc scores and Betti errors.

We can demonstrate this visually in figure 8.5 where similar to previous experiments,

TPC appears to produce smoother segmentations which are more topologically correct

compared to the baseline models. This is especially true for prostate segmentation

(bottom row) where there are fewer training examples and a larger domain shift. We

further note the incomplete rings formed by the baseline UNet and nnUNet for the

myocardium segmentations (top row) which is not the case after applying TPC. This

experiment once again highlights the benefit of incorporating topological shape priors

into structured segmentation tasks.

8.4.5 Ablation Studies

Cardiac Prostate Abdomen
Size 128 64 512

Dimensionality 324 256 1728
Channels 256 192 112

Table 8.7: Hyper-parameters used in our experiments. The ’size’ is the number of
components in the dictionary. The ’dimensionality’ is the dimension of the codebook
components. ’Channels’ is the number of embedding features in the model bottleneck.

Dictionary Experiments

We want to learn a dictionary which is as sparse as possible without affecting segmen-

tation performance. Therefore, for all three datasets, we carry out ablation studies to

find the minimal required number of components in the dictionary which is incorpo-

rated into an adapted Residual-UNet [ÇAL+16, RFB15]. We show our results in table

8.7 below and use these hyper-parameters for our experiments.

Model Experiments

We carry out ablation studies to validate each component of TPC in improving the

robustness of our baseline model (adapted Residual-UNet) in the SDG experiments for

the prostate and cardiac datasets. Figure 8.6 shows the Dice scores and Betti errors
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Figure 8.6: The mean Dice score (left) and Betti error (right) after each component of
TPC is sequentially added (left to right) into the Baseline Model to assess SDG segmen-
tation for the cardiac and prostate datasets. ’Cls Topology’ refers to incorporating the
topological loss over each class segmentation. ’Hier Topology’ is adding the second
topological loss for the foreground segmentation.

steadily improving over the baseline model, firstly with the incorporation of the dictio-

nary followed by adding the class topological and then the hierarchical topological loss

terms for both the cardiac and prostate datasets. Incorporating the class topological

loss term is likely as hypothesised aiding with sampling the correct dictionary compo-

nents to compose class segmentation maps. This is further enforced by including the

hierarchical topological loss function.

8.5 Discussion

TPC can also be used as a semi-supervised method when there is unlabelled data given

the homology of the class segmentations outputs do not vary between subjects i.e. the

two class segmentations of the prostate are always two single connected components

with no tunnels. This will be explored in future work. We also aim to test our method

in more challenging tasks such as instance segmentation where we believe it will be

beneficial due to the ability of TPC to match the number of connected components. We

noted this property to be useful in the abdominal segmentation tasks where there were
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multiple labels.

In conclusion, we propose to improve the robustness of medical imaging segmentation

models by constraining the embedding space to a dictionary of disentangled shape

components. We use persistent homology to incorporate a hierarchical topological prior

in sampling the dictionary to produce topologically accurate segmentations at multiple

scales using deep supervision. We demonstrate the effectiveness of our method by

incorporating TPC into 3 common segmentation architectures to improve performance

under various perturbations and domain shifts. We finally show that our approach

beats various SOTA methods in single domain generalisability.

In the next chapter, we realise persistent homology is a very coarse descriptor of a

segmentation map and develop a more fine-grained descriptor of the structure of a

segmentation map using cellular sheaf theory.
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Chapter 9

Sheaf Theoretic Perspective for Robust

Segmentation

This chapter is adapted from the following publication.

• Santhirasekaram, A., Pinto, K., Winkler, M., Rockall, A. and Glocker, B., 2023,

October. A Sheaf Theoretic Perspective for Robust Prostate Segmentation. In

International Conference on Medical Image Computing and Computer-Assisted

Intervention (pp. 249-259). Cham: Springer Nature Switzerland.

9.1 Introduction

In the previous chapter, we used persistent homology as a tool to preserve gross

topological information from the latent space to the output space in a deep learning

model for segmentation. Persistent homology however only measures topological

properties without measures for more descriptive geometric properties such as size

and curvature. The topological properties are also location invariant. In the figure

below we show 3 examples with one connected component (Betti number = (1, 0)). We

can construct identical persistent diagrams for each image in figure 9.1 with a single

coordinate, (1, 0) that signifies the birth of a single connected component at ϵ = 1 which

dies at ϵ = 0.
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a. b. c.

Figure 9.1: Example of 3 images with the same persistence diagrams and Betti numbers.

In figure 9.1, note the significant variation in the geometric properties of all three images

which have different areas, perimeters and curvature. The location of each connected

component is also different for each image with figure 9.1c showing a connected com-

ponent in the top right corner. In this work, we propose to develop a more descriptive

measure of the shape in terms of its connectivity. Specifically, we want a way of di-

viding a shape into components and describing how each component is connected to

form this shape. This is similar to constructing a mesh over a shape. Other similar

constructs include describing the connectivity of a shape with a graph such as a Reeb

graph which is useful in particular for tubular structures [BGSF08]. We propose to

correctly compose shape components with local and global topological constraints by

tracking topological features as we compose the components in an ordered manner.

This also allows us to describe the connectivity of the components to form the global

shape. We draw on the language of cellular sheaf theory to model compositionality

driven by local and global topological correctness [Bre12, Hu20].

9.2 Related work

The use of sheaves is limited in topological data analysis and has only really been

used to study algebraic geometry [Har13]. Cellular sheaf theory was used to highlight

the geometry of the graph structure was instrumental in determining the poor perfor-

mance of graph neural networks in the heterophilic setting and their over-smoothing

behaviour [BDGC+22]. [BDGC+22] introduces the sheaf Laplacian to provide a frame-

work to define the diffusion process over a graph which aids in node classification in

the heterophilic graph setting. The sheaf Laplacian was then used to equip the graph

with the right sheaf structure to avoid over-smoothing and problems due to heterophily

which led to the sheaf convolutional network. This work was extended by [BBdOBL22]
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to develop sheaf attention networks by equipping the attention mechanisms with ge-

ometric inductive biases imposed by cellular sheaves which outperformed the graph

attention network on synthetic and real-world benchmarks. Sheaves were also recently

used to provide a framework for assessing how well a statistical model fits locally on

subsets of the data as well as on the entire dataset, which gave valuable insight into

understanding the feature space of deep learning models [KJJP21].

Recently, cellular sheaves were used as a method of detecting patch-based merging

relations in binary images by uncovering local information from the persistent homol-

ogy of such images [HC21]. Finally, [ACM22] recently proposed using sheaf theory

to construct a shape space which allows one to precisely define how to glue shapes

together in this shape space.

9.3 Methods

9.3.1 Cellular Sheaf Over a Poset

The homology of segmentation maps provides a useful tool for analysing global topol-

ogy but does not describe how local topology is related to constructing global topologi-

cal features. Sheaf theory provides a way of composing or ‘glueing’ local data together

to build a global object (new data) that is consistent with the local information [Bre12].

This lends well to modelling compositionality. In order to develop a formal language

to model the compositionality of a shape via the notion of glueing a set of finite shape

components, we must define a cellular sheaf over a poset.

Definition 40. A cellular sheaf F over a poset P is constructed by mapping each element

p ∈ P to a vector space F (p) over a fixed field which preserves the ordering in P by linear

transformations, ρ.,. which are inclusion maps in this case [Hu20]. In the language of category

theory, a cellular sheaf of vector spaces over a partially ordered set (P,≤) can be described as a

functor mapping the elements and partial relations in P to the category of vector spaces over a

specific field [Cur14, Cur15].

We next define the important notion of a local section in a cellular sheaf.

166



Figure 9.2: Cellular sheaf constructed from the poset P visualised through a commuta-
tive diagram.

Definition 41. Given ρ.,. are inclusion maps and a ≤ b ≤ c in P, we identify the local sections

as the matching elements s and t in F (a) and F (b) respectively which are also in F (c)

.

We provide an example to highlight a cellular sheaf over a poset. We consider the poset,

P = {(0, 0), (0, 1), (1, 0), (1, 1)}which are a set of tuples in Z/2Z2 with binary relation ≤.

In figure 9.2, local sections are formally defined as elements in the form of a tuple (s, t) in

the Cartesian productF (0, 1)×F (1, 0) which satisfy the equation; ρ(0,1)(1,1)(s) = ρ(1,0)(1,1)(t)

in F (1, 1). In other words, we describe the relationship between vectors spaces F (0, 1)

and F (1, 0) by discovering vectors s and t in F (0, 1) and F (1, 0) respectively which are

also in F (1, 1).

9.3.2 Cellular Sheaves for Composing Shapes

We first consider a topological space, Y such as a segmentation output divided into

a finite number of subspaces, {∅,Y1,Y2, . . . ,Yn} which are the base spaces for Y or

equivalently the patches in a segmentation map. If we sequentially glue base spaces

together in a certain order to form increasingly larger subspaces of Y starting with ∅,

one can construct a filtration of Y such that; ∅ ⊆ Y1 ⊆ Y1∪Y2, . . . ,⊆ Y1∪Y2, . . . ,∪Yn ⊆ Y.

We neatly formalise the subspaces and how subspaces are glued together with a poset.
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Figure 9.3: a. 2 patches (Y1,Y2) glued together in an ordered manner defined by the
poset, P, via inclusions maps to form the prostate segmentation output Y = Y1 ∪ Y2. b.
cellular sheaf F over the poset P.

Hence, we can map each element in P with a subspace in Y and binary relations in P

are mapped to inclusion maps in Y through the functor F .

In chapter 4, shapes in D sampled with a uniform prior can lead to anatomically

implausible segmentations after composition. In chapter 8 we impose a topology

preserving loss to tackle this problem. However, the loss is size and location invariant

as demonstrated in figure 9.1. Here, we tackle this problem through the language

of cellular sheaves to model the connectivity of patches in an image which provides

a connectivity-based loss function. We additionally show how our loss function will

improve the localisation of objects in an image. This is particularly important in medical

imaging for the detection of tumours.

The quantised embedding space, ẑ, is split into c groups. The composition of each

group in ẑ to form each class segmentation, Yc in the output, Y involves two steps.

Initially, a decoder with grouped convolutions equal to the number of classes followed

by the softmax function maps ẑ ∈ R128×16×16×12 to C ∈ Rp×c×256×256×24 where p is the

number of patches for each class c. The second step of the composition uses a cellular

sheaf to model the composition of Yc by glueing the patches together in an ordered

manner defined by a poset while tracking its topology using persistent homology. This

in turn enforcesD to be sampled in a topological preserving manner as input into the

decoder/composer to improve both the local and global topological correctness of each

class segmentation output, Yc after composition.

Illustration: We illustrate our methodology of using cellular sheaves with a simple
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example in figure 9.3. Here, we show Y as perfectly matching the ground truth label (not

one-hot encoded) divided into 2 patches. Y is a topological space with the subspaces,

V = {∅,Y1,Y2,Y1 ∪ Y2}. A 4-element poset, P = {(0, 0), (1, 0), (0, 1), (1, 1)} is constructed

where given (x1, x2), (y1, y2) ∈ P then (x1, x2) ⊆ (y1, y2) only if x1 ≤ y1 ∧ x2 ≤ y2. Each

element in P is associated with a subspace inV such that the inclusion relationship is

satisfied. Therefore, in figure 9.3a, P defines that Y1 and Y2 associated with (1, 0) and

(0, 1) respectively are glued together to form Y = Y1 ∪ Y2 which maps with (1, 1). A

cellular sheaf F over P is created by assigning a vector space to p ∈ P by deriving a

persistence diagramD for each element inV associated with p as shown in figure 9.3b.

The arrows in figure 9.3b are inclusion maps defined as ρ.,.. Persistence diagrams are

computed from the sequence of nested cubical complexes of each subspace in V. We

do not include ∅ as a section as we know its persistence homology is 0. The persistence

diagrams in figure 9.3b are formed by overlapping the persistence diagrams for each

class segmentation. Note that persistence diagrams contain infinite points in the form

(τ, τ) (diagonal line in persistence diagrams) which always allows a bijection between

two persistence diagrams. The main advantage of our approach is that in addition

to ensuring correct local topology (patch level) and global topology (image level), we

also force our network to produce topologically accurate patches correctly merged

in a topology-preserving manner which matches the ground truth. For example in

figure 9.3b, Y2 contains 3 connected components glued onto Y1 containing 2 connected

components to form Y, which also has 3 connected components. This means an extra

connected component is added by Y2 due to the tumour. This improves tumour

localisation as we now know which patch the tumour is in. It also indicates the other 2

connected components in Y2 are merged into the 2 connected components in Y1 to form

2 larger connected components (peripheral and transitional zone) in Y i.e. the number

of connected components does not change. Hence, the same 2 vectors present in both

F (1, 0) and F (0, 1) representing the peripheral and transitional zone are also in F (1, 1),

also known as a local section in F .

Implementation: In practice during training, a cellular sheaf is built for each class in

the output Y and label Ŷ denoted Yc and Ŷc respectively. Yc and Ŷc are divided into

2× 2× 1 patches. Starting with the top left patch, we sequentially glue on each patch in

a zigzag manner until the entire image is formed which is formally defined by posets
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Pc for Yc and P̂c for Ŷc, each containing 7 elements this time. Each element in the poset

is associated with a patch i.e. Yc
i or a sequence of patches glued together. Hence, Pc is

bijective with {Yc
1,Y

c
2,Y

c
3,Y

c
4,Y

c
1 ∪ Yc

2,Y
c
1 ∪ Yc

2 ∪ Yc
3,Y

c
}. We construct cellular sheaves F

over Pc and P̂c and minimise the distance between these cellular sheaves.

We firstly plot persistence diagrams D from the set of vectors (τi, τ j) in F (Pc
i ) and

F (P̂c
i ). Next, we minimise the total pth Wasserstein distance (topological loss) between

the persistence diagrams D(F (Pc
i )) and D(F (P̂c

i )) shown in equation 9.1 where η :

D(F (Pc
i )) → D(F (P̂c

i )) is a bijection between the persistence diagrams [MHRB20] and

p = 2. This loss function is proven to be stable to noise [ST20] and differentiable

[CCG+21].

  \label {eq:wd} \mathcal {L}_{sheaf} = \sum _{c = 1}^{c = 4}\sum _{i = 1}^{i = 7} \left (inf_{\eta : \mathcal {D}(\mathcal {F}(P^c_i)) \rightarrow \mathcal {D}(\mathcal {F}(\hat {P}^c_i))} \sum _{x \in \mathcal {D}(\mathcal {F}(P^c_i))}\|x-\eta (x)\|_\infty ^p \right )^{\frac {1}{p}}  







 
  








 





(9.1)

9.3.3 A Measure Theoretic Approach for Using Cellular Sheaves for

Composing Shapes

Cellular Sheaf for Object Localisation Lemma

An increase in the number of patches or in other words increase in the number of

elements in the poset also led to improved local topological correctness and patchy

connectivity which leads to better tumour localisation but at the cost of increased

computational time. In other words, the upper bound of the location accuracy for any

finite object in an image Y which is calculated with a cellular sheaf C over a poset P

is determined by the number of elements in the poset where each each element in the

poset corresponds to a subset of Y. This leads us to our first lemma below.

Lemma 4. Consider the finest possible discretisation of image Y to produce a maximum of m

elements representing voxels whose disjoint union composes Y. The maximum size of the poset

is generated by m elements sequentially glued to form increasingly larger sets Yi until Ym = Y.

We denote the collection of subsets Yi as Y. The union of the m singletons and Y form a π

system which provides the upper bound of the location information for any finite object x in an

image Y and also satisfies our construction of the poset P.
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We next define the π system.

Definition 42. Given a setΩ, a π system consists of a collection of subsets P inΩwhich satisfy

the following properties:

• P is non-empty.

• if X,Y ∈ P then, X ∩ Y ∈ P

Before we begin our proof, we must define our measurable spaces and functions.

We must first construct measurable space from Y by first considering all subsets of

Y denoted P which is also the power set and define a σ-algebra, M with a uniform

probability measure µp. We start with all the possible collection of subsets Ai ∈ Pwhose

disjoint union forms Y defined below in equation 9.2.

  \label {collection1} \mathbb {S} = \bigg \{ \bigsqcup _{A_i \in \mathbb {P}} = Y \bigg \} 







(9.2)

We next construct a set of the smallest σ-algebras,M from each collection of subsets in

S. This is a bijective mapping, Z : S → M because we know the smallest σ-algebra is

unique and exists [Bre12].

We must now create another measurable space to define the vector space representing a

persistence diagram. In this proof, we will only work with connected components. This

is easily extendable to higher-order homological dimensions. The maximum number

of connected components in Y is m because the smallest possible connected component

can be measured as one of the m elements. Therefore, we generate a σ-algebra from

the m possible connected components where n connected components is represented

as the tuple (1, 0) repeated n times where (1, 0) corresponds to (b, d) in the persistence

diagram i.e. 2 connected components corresponds to (1, 0), (1, 0). We abuse notation

and define n connected components as (1, 0)n. Note, (1, 0)1
∈ (1, 0)2... ∈ (1, 0)m.

Lemma 5. The collection of m (1, 0)n elements is a σ-algebra denotedN if we include the empty

set.

Proof. Lemma 5 is true because we fulfil the criteria of a σ-algebra shown below.
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• (1, 0)m is the entire set, ω and we know this exists by definition.

• Next the complement of any set (1, 0)n is (1, 0)m−n for n ≤ m which exists in the set.

• The union of any two sets (1, 0)n and (1, 0)n+r where 2n+ r ≤ m is (1, 0)2n+r is in the

set.

We now have a measurable space with counting measure µc where the set space ωv is

the same as the same smallest σ-algebraN . We now must define a measurable function,

J : (Si,Mi, µp) → (ωv,N , µc). We define the probability measure on Ai ∈ Si as 1/|Ai|.

In order for J to be measurable then the pre-image of elements in theN must exist in

M formally denoted, J−1(N) ∈ M. The smallest σ-algebra containing J−1(N) and a

subset of Si is the set {∅, Si}. In addition, in order for J to be measurable then we must

assume at least one connected component exists in Y and it’s not therefore empty.

Intuitively, given an object x ∈ Y, the smaller the cardinality of Ai (|Ai|) is in the disjoint

union subsets of Y, then the more localisation information contained within Ai.

Definition 43. Given we defined a probability measure, µp on Ai, then in order for the entropy

to decrease as µp(Ai) increases, we must define the entropy of Ai as shown in the equation below.

  \label {entropy1} H(A_i) = - \frac {1}{\mu _p(A_i) \log ( \frac {1}{\mu _p(A_i)})}  


 



(9.3)

We now prove lemma 4.

Proof. First, to define the localisation entropy of the measurable function, we must

mapN to the element S j ∈ S which constructs the σ-algebraM j and define an entropy

function over S j. This is shown below.

  \label {entropy2} H(\mathcal {J}) = \sum _{A_i \in \mathbb {S}_j} H(A_i); A_i = \mathcal {Z}^{-1}(\mathcal {J}^{-1}(\mathcal {N})) 



  
 (9.4)

The above equation demonstrates the finer the discretisation of Y or in other words, the

larger the cardinality of S j, then the greater the localisation information inJ . Therefore,
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the smallest π system containing Z is all the elements in Z with the inclusion of ∅. This

is a π system because it is non-empty and the intersection of any two elements in this

system is ∅. Unfortunately, the ≤ relationship does not exist between any two elements

of this π. Therefore, in order to satisfy the properties of a poset defined in our method,

we sequentially glue each element in Z to form increasingly larger sets Yi until Ym = Y.

The union of the collection of subsets Yi and Z defines a π system which provides

the upper bound for the location information of any object, x in Y and satisfies our

construction of the poset, P. This concludes our proof of lemma 4.

We can now also make the following corollary given the above proof.

Corollary 1.

  \mathcal {M}_i \subseteq \mathbb {M}_j \rightarrow \|\mathbb {S}_i\| \leq \|\mathbb {S}_j\| \rightarrow H(\mathcal {J}_i): (\omega _y \mathcal {M}_i, \mu ) \rightarrow (\omega _v, \mathcal {N}, \mu ) \leq H(\mathcal {J}_j): (\omega _y \mathcal {M}_j, \mu ) \rightarrow (\omega _v, \mathcal {N}, \mu )                       

(9.5)

Cellular Sheaf for Shape Analysis Lemma

We now will use the language of measure theory to prove the advantage of using

cellular sheaves for extracting richer geometric information such as size from a shape.

We start with first producing the following lemma.

Lemma 6. We take all S j ∈ S such that, ∀(Ai,A j) ∈ S j, |Ai| = |A j| to construct a new collection

of subsetsT ∈ S. These are all possible discretisations of Y where Ai is equal in size. The entropy

of the smallest σ-algebra generated fromTi is greater than the smallest σ-algebra generated from

T j if the number of elements in Ti is more than the number of elements in T j.

To prove lemma 6 we first define the entropy of a σ-algebra.

Definition 44. The equation for the entropy of a σ algebra M j generated from T j is shown

below. We denote all possible collection of subsets inM j whose disjoint union is Y asK

  H(\mathcal {M}_j) = \sup _{K_i \in \mathbb {K}} \sum _{A_i \in K_i} \mu _p(A_i) \log (\mu _p(A_i))   





  (9.6)
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a. b. c. d.

Figure 9.4: a.Original shape b,c,d. Edges between patches defined by the cellular sheaf
over a poset defined in our method on a b. 2 × 2, c. 4 × 4, d. 8 × 8 grid.

Proof. Given the definition 44, the collection of subsets Ki ∈ Kwith the highest number

of elements has the highest σ-algebra entropy. Therefore, the σ-algebra containing the Ki

with the most elements has the highest entropy. This means the finer the discretisation

of Y or in other words as the number of elements in T j increases, then the entropy of

the σ-algebra generated from T j increases.

Intuitively, we can understand the entropy of the σ-algebra to increase as the number

of possible collections of subsets in the σ-algebra whose disjoint union is the entire set

also increases.

We also note by analysing the connectivity of patches we can extract geometrical shape

information. One can extract all pairs of horizontally and vertically connected adjacent

patches and connect an edge between pairs of patches which have local sections defined

by the cellular sheaf over the poset. Each pair of patches will generate a 4-element

poset and a cellular sheaf over the poset as shown in 9.3b. We next can extract the

edges between patches which define the boundary of the shape to extract geometric

information about the shape. This leads to our next lemma.

Lemma 7. Given a finite shape x in Y, the finer the discretisations of Y, then the lower the

boundary entropy of the shape x or in other words, the better the approximation of the boundary

function which defines shape x.

We intuitively demonstrate why lemma 7 is true with an example above. In figure

9.4 one can clearly see that the shape in figure 9.4a is better approximated as the

discretisation of Y becomes finer from a 2 × 2 grid to a 8 × 8 grid.

In order to prove lemma 7, we first make the following two assumptions.
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Assumption 7. Given a finite shape x in Y, then this shape has a well-defined boundary

functionZ which is continuously differentiable.

Assumption 8. We only consider discretisations of Y such that all subsets, Yi in the disjoint

unions of subsets which construct Y are equal cardinality of the order 2n. This is all possible

discretisations of Y where Y is partitioned equally into 2n elements.

Before we begin our proof, we must construct a set representing the boundary of shape

x. In lemma 6 we constructed a collection T where each element in the collection

represented the disjoint union of subsets to construct Y where the cardinality of each

subset is equal. Here, we define the patches in T as the coordinates [0, a] × [0, a] ∈ R2

of the patch centre and the union of patches as the collection of coordinates of each

patches’ centre in the union. Next, from each Ti ∈ T, we extract all pairs of subsets

Wi = (Ai,A j) which are adjacent in image Y to construct a new collectionWi ∈W.

We next construct a measurable space over each Wi ∈ W by first constructing its

smallest σ-algebraWi. We now define a functionZi mappingWi ∈W to binary values

{0, 1} on the real line, R with the Borel σ-algebra B and Borel measure, µ formally

defined,Zi : (Ω,Wi, µ)→ (R,B, µ). Ω is the entire set inWi i.e. the union of elements

inWi andZi is a binary random variable. Each element Wi ∈ Wi is mapped 1 if Wi is

a boundary of x and 0 if it does not represent a boundary. The boundary is also a local

section in our cellular sheaf over the defined poset. The pre-images of all other Bi ∈ B

is ∅ ∈ Wi.

Lemma 8. Zi is a measurable function.

We prove lemma 8 as follows.

Proof. Zi is measurable because the pre-image of all Borel sets B in B lies inWi.

  \mathcal {Z}^{-1}_i(B) = \begin {cases} W_i & \text {if $1 \in B, 0 \not \in B$}\\ W_i^c & \text {if $1 \not \in B, 0 \in B$}\\ \emptyset & \text {if $1 \not \in B, 0 \not \in B$} \\ \Omega & \text {if $1 \in B, 0 \in B$} \end {cases} 

 



      


      

      

      

(9.7)
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We now have a set of functionsZi mapping each Wi to binary values {0, 1} on the real

line R with the Borel σ-algebra.

Lemma 9. Wi becomes a Borel σ-algebra B generated from [0, a] × [0, a] ∈ R2 as i→∞

We now prove lemma 9.

Proof. The number of elements in Ti increases as i approaches ∞ which allows us to

make the following implication below.

  \uparrow \lvert \mathbb {T}_i\rvert \rightarrow \uparrow \lvert \mathcal {W}_i \rvert \quad \text {as} \quad i \rightarrow \infty      (9.8)

It is trivial to note also as i→∞, then Y is discretised into infinite partitions. This leads

to the following implication.

  \forall (A_i, A_j) \in \mathbb {T}_i, A_i - A_j \rightarrow 0 \rightarrow \sigma (\mathbb {T}_i) = \mathcal {B} \quad \text {as} \quad i \rightarrow \infty               (9.9)

The above implication then means thatWi becomes the Borel σ-algebra generated from

[0, a] × [0, a] ∈ R2 as i→∞.

Given, the proof of lemma 8 and lemma 9, we can now prove lemma 7 as follows.

Proof. We now define the pre-image of each functionZi as the composition of the true

boundary function pre-imageZ−1 and another function κi shown below.

  \mathcal {Z}_i^{-1} = \kappa _i \circ \mathcal {Z}^{-1} 

   

 (9.10)

κi is a measurable map defined as a mapping from the Borel σ-algebra with finite Borel

measure µ generated from the domain [0, a] × [0, a] ∈ R2 which is the pre-image of the

functionZ to the pre-image ofZi shown below.

  \kappa = ([0,a] \times [0,a] \in \mathbb {R}^2, \mathcal {B}, \mu ) \rightarrow (\Omega , \mathcal {W}_i, \mu )            (9.11)
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κ is measurable becauseκ−1 always lies in the Borel σ-algebra generated by [0, a]×[0, a] ∈

R2.

This implies the pre-image of the function Z becomes Wi as i → ∞. Therefore, the

following deduction can be made.

  \mathcal {Z}^i \uparrow \mathcal {Z} \quad \text {as} \quad i \rightarrow \infty 

    (9.12)

The above deduction states as i→ ∞,Zi better approximatesZ pointwise in a mono-

tone increasing way. This therefore implies the finer we discretise Y, then the better the

approximation of the boundary function of x ∈ Y and hence the geometric properties

of x. This concludes our proof of lemma 7.

9.4 Experiments

9.4.1 Topology Experiments

In the first set of experiments, we compare our method to using Persistent homology

over the entire image as a segmentation loss as implemented by [CBO+20] denoted

’TopoLoss’. This topological loss is applied to each of the segmentation class outputs.

Datasets

In this set of experiments, we apply our method to two datasets.

Cardiac: Firstly, we have a cardiac dataset, which is the M&Ms cardiac imaging 3-class

segmentation dataset [CGI+21]. All images were normalised between 0 and 1 and

cropped to 288 × 288. This dataset consists of 4 different source domains as described

in chapter 2.

Prostate: We use the NCI-ISBI13 Challenge [BMH+15b] with 2 source domains as

described in chapter 2. We normalised images between 0 and 1 and centre cropped to
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256 × 256.

Model and Training

The model we used was a simple 2D Residual UNet with 5 levels. The architecture of

this model is identical to the baseline model used in the SDG experiments in chapter

8. All models were trained with Adam optimisation [KB14] with a base learning rate

of 0.0001 and weight decay of 0.05 for a maximum of 500 epochs on three NVIDIA

RTX 2080 GPUs. To prevent over-fitting, we apply a simple augmentation scheme

for training our method consisting of random rotation and flipping (horizontal and

vertical). We evaluate model performance with the Dice score, Betti error [HLSC19]

and maximum Hausdorff distance (mm). A batch size of 5 is used for both datasets.

We apply the loss function in equation 9.13 given a label Ŷ and output Y for training

the model with our cellular sheaf loss defined in equation 9.1. Our baseline is the Dice

loss function used to train our model. Our comparison is ’TopoLoss’ plus a Dice loss

applied to the baseline model

  \label {eq:lossfunc1} \mathcal {L}_{total} = \mathcal {L}_{Dice}(\hat {Y},Y) + \mathcal {L}_{sheaf}(\hat {Y},Y)         (9.13)

Results

We apply our method in the single-domain generalisation setting. The setup for these

experiments is identical to that of the SDG experiments in chapter 8. We again train a

method on a single source domain and hold out the other domains for testing.

Baseline TopoLoss SheafLoss (2 × 1) SheafLoss (2 × 2) SheafLoss (4 × 4) SheafLoss (8 × 8)
Transitional Zone

Dice 0.64±0.14 0.66±0.15 0.67±0.11 0.67±0.10 0.68±0.15 0.70±0.10
Betti Error 2.09±1.02 1.01±0.40 0.90±0.31 0.92±0.30 0.85±0.25 0.80±0.24

HD 27.45±9.56 25.48±8.38 23.17±9.08 22.15±9.59 19.28±6.49 17.68±5.98
Peripheral Zone

Dice 0.38±0.18 0.40±0.10 0.42±0.14 0.43±0.17 0.45±0.11 0.46±0.16
Betti Error 3.85±1.28 1.58±0.53 1.44±0.41 1.38±0.33 1.31±0.39 1.26±0.35

HD 45.21±16.93 40.27±15.31 36.34±14.12 33.16±15.76 32.37±13.18 30.47±9.56

Table 9.1: Dice score,Betti error and maximum Hausdorff distance (HD) ± standard
deviation comparing ’TopoLoss’ to our cellular sheaf-based loss with different discreti-
sations of the segmentation output and label. This table shows the results for the
prostate dataset.
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Baseline TopoLoss SheafLoss (2 × 1) SheafLoss (2 × 2) SheafLoss (4 × 4) SheafLoss (8 × 8)
Left Ventricle

Dice 0.72±0.11 0.73±0.13 0.73±0.15 0.75±0.11 0.77±0.17 0.78±0.12
Betti Error 1.24±0.55 0.67±0.20 0.63±0.24 0.60±0.17 0.59±0.15 0.55±0.13

HD 17.18±5.82 15.90±4.60 14.98±3.49 12.86±3.86 10.17±3.72 9.78±3.57
Right Ventricle

Dice 0.74±0.18 0.75±0.15 0.76±0.11 0.77±0.16 0.77±0.10 0.79±0.10
Betti Error 1.40±0.63 0.72±0.22 0.70±0.28 0.69±0.20 0.69±0.18 0.67±0.16

HD 20.44±6.05 18.23±5.71 17.68±5.89 15.72±4.91 14.17±4.04 12.21±3.36
Myocardium

Dice 0.55±0.15 0.56±0.18 0.58±0.12 0.58±0.18 0.59±0.11 0.60±0.12
Betti Error 3.45±1.43 1.01±0.48 0.87±0.30 0.85±0.37 0.84±0.31 0.82±0.28

HD 28.73±8.17 25.29±6.25 23.45±5.31 21.98±4.19 20.08±3.90 18.68±3.22

Table 9.2: Dice score, Betti error and maximum Hausdorff distance (HD) ± standard
deviation comparing ’TopoLoss’ to our cellular sheaf-based loss with different discreti-
sations of the segmentation output and label. This table shows the results for the
cardiac dataset.

Figure 9.5: In this figure, we show the segmentation outputs from the baseline model
trained with the Dice loss (Baseline), Dice loss plus TopoLoss (’TopoLoss’) and Dice
loss plus our cellular sheaf-based loss (SheafLoss). We apply our sheaf-based loss to
2 × 1, 2 × 2, 4 × 4, 8 × 8 discretisations of the segmentation. The segmentation outputs
of a cardiac slice are shown in the top row and a prostate slice in the bottom row when
testing on an unseen target domain.

In table 9.2 and 9.1, we observe our cellular sheaf-based loss function improves the

Dice score, maximum Hausdorff distance and Betti error from the baseline model

trained only on the Dice loss when testing on domains which are different from the

single source domain which we trained our model on. We also note the cellular

sheaf-based loss function achieves better performance in all metric scores compared to

’TopoLoss’. The results in table 9.2 and 9.1 overall show that topological constraints

improve the robustness of a segmentation model for both the prostate and cardiac

datasets. Additionally, we show we can improve robustness further by increasing the

strictness of the topological constraints imposed on our output space in the form of our

cellular sheaf-based loss function. Note for the prostate and cardiac dataset in table

9.2 and 9.1 respectively, we demonstrate by imposing a cellular sheaf constrain over

increasing discretisations of Y and Ŷ, we improve segmentation performance further.
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’TopoLoss’ can be seen trivially as applying our loss function to the entire image (1 × 1

grid); this is the cellular sheaf over a single element poset. The best segmentation

performance is achieved by our method applied on a 8 × 8 grid.

In figure 9.5, we show visually that our loss functions improve the geometric structure

of the segmentation output. Specifically, as the discretisation of our label and image

increases, the shape of the segmentation output appears to better match the label. This

is highlighted in table 9.2 where the maximum Hausdorff distance which is a good

measure of boundary accuracy steadily decreases with incorporating our loss function

over finer discretisations of Y. This is observed for both the cardiac and prostate

segmentation outputs. Also, note in figure 9.5, the correct number of components in

the prostate and cardiac segmentation output by training our baseline model with a

topological loss function.

9.4.2 SDG Comparison Experiments

In the next set of experiments, we apply our cellular sheaf-based loss function to the

best-performing model in chapter 7 demonstrated in figure 7.1. As mentioned in

chapter 7, the best performing model, was our contrastive based method trained with

D8h group equivariance. We apply our methods to the same datasets as our topology

experiments in section 9.4.1.

Experimental Setup

In these experiments, we use the exact model (hybrid UNet), image pre-processing and

training setup used for the D8h group equivariant model which is described in section

7.5.2 of chapter 4. Note that the segmentation output and label is 3D. We apply our loss

function to the D8h group equivariant model in order to combat the issue of sampling

the shape dictionary independently, which can lead to anatomically implausible seg-

mentations. Due to the increased computational complexity, of applying our loss on a

finer discretisation of a 3D segmentation, we use a 2 × 2 × 1 partition of the label and

output to apply our loss. Note, a finer discretisation will lead to improved segmen-

tation performance at the cost of increased computational complexity. The datasets
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Baseline CutOut BigAug AdvBias RandConv Jigen vMFNet D8h D8h+SheafLoss
Transitional Zone

Dice 0.64±0.13 0.65±0.20 0.72±0.15 0.67±0.17 0.69±0.14 0.67±0.18 0.72±0.11 0.73±0.13 0.75±0.12
Betti Error 2.10±1.02 1.89±0.86 1.51±0.64 1.70±0.73 1.52±0.60 1.80±0.82 1.39±0.51 1.21±0.46 0.78±0.12

HD 24.33±4.12 23.55±4.45 19.81±5.03 21.17±3.98 20.98±4.29 22.98±5.68 19.01±5.38 18.01±4.08 16.92±4.51
Peripheral Zone

Dice 0.41±0.09 0.41±0.17 0.53±0.16 0.45±0.14 0.49±0.16 0.41±0.12 0.52±0.15 0.53±0.09 0.56± 0.12
Betti Error 3.80±1.31 3.09±1.27 2.18±0.94 3.30±1.14 2.19±1.01 3.05±1.16 2.02±0.82 1.89±0.78 0.97±0.49

HD 56.88±18.72 51.06±20.17 30.94±14.88 44.72±16.83 38.10±12.88 49.87±17.92 32.19±12.48 28.92±9.92 24.71±10.29

Table 9.3: Dice score, Betti error and maximum Hausdorff distance (HD) ± standard
deviation comparing the D8h shape equivariant and D8h shape equivariant+SheafLoss
segmentation models trained via contrastive learning to various other SDG methods.
This table shows the results for the prostate dataset.

Baseline CutOut BigAug AdvBias RandConv Jigen vMFNet D8h D8h+SheafLoss
Left Ventricle

Dice 0.74±0.13 0.75±0.13 0.78±0.19 0.76±0.11 0.77±0.18 0.75±0.18 0.78±0.11 0.80±0.17 0.82±0.13
Betti Error 1.23±0.52 1.15±0.45 0.81±0.31 0.96±0.28 0.80±0.27 1.03±0.33 0.74±0.23 0.70±0.20 0.56±0.16

HD 15.31±3.1 14.81±4.11 11.11±2.99 12.99 ±3.88 12.54±3.48 13.99±4.06 10.08±3.77 9.95±3.08 8.04±3.01
Right Ventricle

Dice 0.72±0.16 0.72±0.14 0.77±0.13 0.74±0.17 0.75±0.13 0.73±0.18 0.79±0.14 0.79±0.15 0.82± 0.10
Betti Error 1.38±0.60 1.23±0.48 0.90±0.36 0.94±0.31 0.89±0.37 0.99±0.40 0.86±0.28 0.85±0.21 0.66±0.20

HD 18.76±4.43 17.05±3.88 14.08±3.34 15.82±4.62 14.19±3.29 16.91±4.50 14.04±3.76 13.03±2.87 10.92± 2.25
Myocardium

Dice 0.57±0.21 0.59±0.14 0.63±0.18 0.61±0.19 0.61±0.10 0.60±0.19 0.63±0.15 0.64±0.18 0.66±0.14
Betti Error 3.41±1.49 2.98±1.18 2.05±1.05 2.28±0.97 1.93±0.71 2.63±1.26 1.81±0.64 1.69±0.53 0.81±0.30

HD 26.55±5.21 24.88±5.78 20.08±5.19 22.53±4.58 22.08±4.16 23.76±4.74 20.45±4.43 18.29±4.45 16.54± 4.08

Table 9.4: Dice score, Betti error and maximum Hausdorff distance (HD) ± standard
deviation comparing the D8h shape equivariant and D8h shape equivariant+SheafLoss
segmentation models trained via contrastive learning to various other SDG methods.
This table shows the results for the cardiac dataset.

and train/test splits are identical to that of the topology experiments in section 9.4.1.

We evaluate performance with the Betti error as well as the Dice score and maximum

Hausdorff distance.

We compare our method with several approaches to tackle SDG segmentation namely,

RandConv [XLY+20], AdvBias [CQQ+20], CutOut [DT17], Jigen [CDB+19] and BigAug

[ZWY+20] applied to the baseline model. We also compare to a compositionality-driven

segmentation method called the vMFNet [LTS+22].

Results

We note segmentation performance of the D8h shape equivariant model improves for

all three metrics after training with our cellular sheaf-based loss function. We show

this to be true for both the prostate and cardiac datasets in table 9.3 and 9.4 respectively.

The Betti error especially improved by using our loss function whereby the Betti error
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Figure 9.6: In this figure, we show the segmentation outputs comparing the D8h shape
equivariant model with the D8h shape equivariant model trained with our cellular
sheaf loss. We also show the segmentation output of the baseline model trained with
various SDG techniques. The segmentation outputs of a cardiac slice are shown in
the top row and a prostate slice in the bottom row when testing on an unseen target
domain.

was reduced by an average of 0.68 and 0.40 points for the prostate and cardiac datasets

respectively (averaged across all classes). The improvement of the Betti error and the

maximum Hausdorff distance for all classes is reflective of the geometry and topology

of the segmentation output better matching the label. Furthermore, our D8h shape

equivariant model with and without our novel loss function demonstrates superior

segmentation performance in the task of single domain generalisation compared to the

other SDG methods (table 9.3 and 9.4). Specifically, we demonstrate in table 9.3 and 9.4

that our method which constrains the latent space to a finite number of components

outperforms a similar method which identifies the finite components in the latent space

as Von Mises-Fisher kernels (vMFNet).

In figure 9.6, we visually demonstrate that training our D8h shape equivariant model

with our cellular sheaf-based loss function produces a more topologically accurate

segmentation output. For example, the peripheral zone in the prostate segmentation

produced by the D8h shape equivariant model has an unconnected component in an

adjacent patch which is then joined up using the loss function.

9.4.3 SDG Tumour Segmentation Experiments

In the final set of experiments, we evaluate the performance of our D8h shape equiv-

ariant model trained with the Dice score plus our cellular sheaf-based loss function to

improve the localisation of tumours. This is a 3-class segmentation problem assessing

single domain generalisability of prostate tumour and zonal segmentation.
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Datasets

We compose an internal dataset for training which contains 205 T2 weighted and ADC

images obtained from a single site across 6 years.

The test set has 68 T2 weighted images from the PROSTATEx-2 challenge [LDB+17,

LKB+17] acquired from RUNMC on a Siemens 3 Tesla scanner with a surface coil. All

experiments were validated on 10 samples.

Experimental Setup

Our baseline model is the same hybrid UNet as in section 9.4.2. Image pre-processing

and model training are identical to the experiments in section 9.4.2. We do not compare

to CutOut [DT17] in this set of experiments as it will be inappropriate for tumour

segmentation. We however include the nnUNet [IJK+21] with 3D input as an additional

comparison for this experiment.

The segmentation performance of zonal anatomy was evaluated using the Dice score,

Betti error [HLSC19] and maximum Hausdorff distance (mm). We evaluate tumour

localisation by determining a true positive if the tumour segmentation overlaps by a

minimum of one pixel with the ground truth.

Results

Baseline CutOut BigAug AdvBias RandConv Jigen vMFNet D8h+SheafLoss
Transitional Zone

Dice 0.76±0.12 0.78±0.16 0.82±0.17 0.80±0.18 0.80±0.13 0.77±0.13 0.81±0.13 0.84±0.09
Betti Error 1.47±0.48 0.78±0.21 0.69±0.19 0.73±0.20 0.70±0.16 1.00±0.26 0.71±0.22 0.45±0.16

HD 22.18±4.07 20.76±3.98 18.76±4.21 19.08±6.67 18.54±4.71 22.21±7.59 17.82±3.31 15.02±3.13
Peripheral Zone

Dice 0.58±0.22 0.65±0.14 0.68±0.19 0.66±0.20 0.66±0.21 0.59±0.17 0.64±0.19 0.70± 0.19
Betti Error 2.55±0.96 1.42±0.67 1.03±0.57 1.45±0.24 1.28±0.20 2.78±1.60 1.27±0.34 0.83±0.24

HD 48.23±14.16 40.49±20.39 24.66±10.23 39.65±19.39 28.59±16.99 44.38±22.89 31.02±15.43 21.43±10.12

Table 9.5: Dice score, Betti Error and maximum Hausdorffdistance (HD)± standard de-
viation comparing the D8h shape equivariant+SheafLoss segmentation model trained
via contrastive learning to various other SDG methods. This table shows the segmen-
tation results for the prostate zones.

In the task of anatomical segmentation, table 9.5 demonstrates that our method im-

proves segmentation performance in all evaluation metrics compared to the baseline,
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Dice HD Betti Error Sensitivity Specificity PPV
Baseline 0.38±0.17 1.03±0.32 5.11±2.90 0.37±0.11 0.60±0.20 0.29±0.11
nnUNet 0.45±0.15 0.81±0.22 4.43±2.32 0.46±0.11 0.70±0.14 0.37±0.14
AdvBias 0.42±0.10 0.90±0.19 4.41±2.16 0.45±0.13 0.66±0.21 0.35±0.17

RandConv 0.43±0.18 0.80±0.27 4.19±2.01 0.47±0.16 0.65±0.17 0.35±0.19
BigAug 0.47±0.12 0.68±0.19 4.03±1.89 0.48±0.18 0.73±0.22 0.40±0.19

Jigen 0.42±0.11 0.88±0.21 4.51±2.43 0.42±0.18 0.65±0.13 0.33±0.09
vMFNet 0.46±0.12 0.80 ±0.20 3.33±1.18 0.47±0.15 0.66±0.21 0.38±0.11

Ours 0.51±0.13 0.57±0.16 2.99±0.97 0.50±0.18 0.79±0.20 0.45±0.18

Table 9.6: The average Dice score, Betti error, maximum Hausdorff distance (HD),
sensitivity, specificity and positive predictive value (PPV) ± standard deviations using
our method, several SDG methods and the nnUNet for tumour segmentation.

    Image                       Label                        Ours                      nnUNet                  AdvBias                     Jigen                   Randconv                  BigAug                    vMFNet

Figure 9.7: Tumour and zonal segmentation of a prostate slice from the RUNMC dataset
when training on the internal dataset.

nnUNet and the other SDG methods.

In table 9.6, we note our method significantly improves tumour segmentation and

localisation performance. We visualise our findings with an example in figure 9.7,

where there is improved localisation of the tumour and the correct number of tumour

components enforced by our cellular sheaf loss which is also demonstrated in table 9.6

in the improved Betti error. This significantly reduces the false positive rate highlighted

in table 9.6. We also show that our method produces more accurate segmentation of the

tumour in the form of improved Dice scores and maximum Hausdorff distances seen

in table 9.6. Additionally, note the more anatomically plausible zonal segmentations

in figure 9.7. However, our method is restricted by the number of low-dimensional

shape components in the shape dictionary used to compose the high-dimensional

segmentation output. Therefore, our approach can fail to segment the finer details of

prostate tumours due to its high shape variability which leads to coarser but better

localised tumour segmentations.
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9.5 Conclusion

In this chapter, we tackled a key issue in chapter 8. Firstly, we note that the use of

persistent homology as a loss function over an entire segmentation map is location

and shape invariant. This approach does not contain geometric information such as

curvature and area. We therefore develop a loss function based on modelling the con-

nectivity of a finite number of patches whose composition constructs the segmentation

map. We use the notion of a cellular sheaf over a poset to model the connectivity of

patches which allows one to extract more accurate localisation information and geo-

metric properties of shapes in a segmentation output. We proved using measure theory

that one can increase the amount of localisation and boundary information in our cel-

lular sheaf based function applied to a segmentation output by increasing the number

of patches whose disjoint union construct the segmentation. We show this approach

improves segmentation accuracy over the classical persistent homology approach on

two datasets. Finally, we use our novel loss function to improve the method developed

in chapter 7 which learns a shape equivariant dictionary so that shape components are

sampled to produce geometrically and topologically plausible segmentation outputs.
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Chapter 10

Robust Hierarchical Symbolic

Explanations in Hyperbolic Space for

Image Classification

This chapter is adapted from the following publication.

• Santhirasekaram, A., Kori, A., Winkler, M., Rockall, A., Toni, F., Glocker, B.,

2023. Robust Hierarchical Symbolic Explanations in Hyperbolic Space for Image

Classification. In Proceedings of the IEEE/CVF Conference on Computer Vision

and Pattern Recognition (pp. 561-570).

10.1 Introduction

In this chapter, we will focus on explaining deep discriminative models for images at

multiple levels of abstraction, from fine-grained to fully abstract explanations. We will

specifically focus on symbolic explanations and why choosing the right curvature in

which to embed these symbols is important for developing robust explanations. In this

work, we use the natural properties of hyperbolic geometry to more efficiently model

a hierarchical relationship of symbolic features with decreased distortion to generate

robust hierarchical explanations.
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Explainable AI (XAI) aims to improve the transparency and trustworthiness of models

[DVBK17, Kro15]; XAI can help with identifying biases, which is important for the

safe and fair use of prediction models [KWG+18]. XAI approaches can be broadly

categorised into ante-hoc and post-hoc methods [Lip18]. Ante-hoc explainability fo-

cuses on developing inherently transparent models [SSK21, LRD+22]. For example,

[SSK21] introduces a symbolic reasoning block to promote transparency during training

while [LRD+22] uses natural language descriptions that complement model predictions.

Post-hoc explanations are the most commonly explored approaches, including explana-

tions via feature-attribution [RSG16, LL17, SGK17], saliency maps [SCD+17, CSHB18,

SSP+21] counterfactuals [GWE+19] or concept extraction [GWZK19, GKL+21, KNSK21].

Feature attribution methods [RSG16, LL17] focus on assigning importance weighting to

features in input space, indicating their contribution towards the classifier’s decision.

Saliency-based methods [SCD+17] generate attention maps in input space indicating

the image regions responsible for deriving the classifier’s decision. These methods

by design provide ‘single level’ explanations as they do not consider any form of rea-

soning via feature interaction as perceived by humans [AGG83, BH21]. Concept-based

explanations [GWZK19, GKL+21, KNSK21] go beyond feature-attribution and saliency-

based methods by constructing higher-level concepts indicating their influence on the

classifier’s decision. [KNSK21, GKL+21] focus on developing traces, which indicate

the flow of reasoning to make certain predictions, and thereby considering feature

interaction.

Hierarchical concept-based reasoning is the most commonly posited learning principle

in systems neuroscience [BH21, VN14, WVT+01, MLF+09]. Inspired by this form of

reasoning, we provide the first work to develop hierarchical symbolic explanations

for deep discriminative models trained on imaging data. We propose to distil the

knowledge in an image classifier into a knowledge tree where nodes represent symbols.

One can then transverse the tree to derive hierarchical symbolic explanations in the

form of a chain of increasingly abstract symbols leading to the class symbol which we

denote as a chain rule. In order to efficiently embed the symbols in the knowledge tree

without distortion and overlap, we propose to learn symbols as discrete hyperbolic

representations.
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10.2 Related Work

Concept learning for image classification has been used as an ante-hoc method to-

wards building more interpretable image classifiers. For example, [AMJ18] develops

an encoder to learn a set of discrete concepts and a parallel neural network to learn

the relevance of the concepts to making a classification decision. Instead, we want

to learn links between concepts. This is related to a popular wave of AI termed

neuro-symbolic learning [HM19, VDL+19, MGK+18, YWG+18], where a data-driven

deep learning method is used to learn sub-symbolic representations to denote concepts

while exploiting symbolic methods to capture reasoning. Inductive logic programming

(ILP) is a framework often used for symbolic reasoning with learnt relational theories,

including using heuristics and physical properties to understand images [MDS+18].

The solution we propose is closely related to a family of methods called knowledge

graph embeddings [SDNT18, TWR+16, ZCY+19] which models relations between dis-

crete entities or symbols for knowledge graph reasoning. NeuralLP [YYC17] can learn

a relational path from the subject to the object which, in ILP terms, can be formulated

as a chain-like first-order rule. This approach is devised for answering knowledge base

queries but will form the basis of our work for deriving chain rules from our generated

knowledge trees for explanations.

A natural objective for embedding symbolic data in graphs is for the distances between

symbols, defined by the space in which they reside, to correlate with their semantic sim-

ilarity. Yet, to model increasingly complex relations between symbols, one is bounded

by the dimensionality of Euclidean embeddings [NJT14]. This is because the number

of nodes generally grows exponentially as the graph distance from the centre node

increases, while Euclidean space grows polynomially. This leads to distorted embed-

dings and information loss [SDSGR18]. Hyperbolic neural networks were proposed

to perform all the operations of a neural network in hyperbolic space [GBH18]. This

was exploited in the development of hyperbolic graph convolutional neural networks

(HGCNN) [CYRL19, LNK19] which forms the structure in our method for reasoning

in hyperbolic space.
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10.3 Preliminaries

10.3.1 Hyperbolic Transformations

In our work, we apply feature transformations in hyperbolic space, using hyperbolic

linear layers [GBH18, CYRL19]. The operations of Mobius addition⊕ and Mobius scalar

multiplication ⊗ in hyperbolic space can be shown to be analogous to the Euclidean

vector space operations of scalar multiplication and addition. [GBH18] proves that

Mobius scalar multiplication is equivalent to applying a logarithmic mapping of a

point v ∈ Hd,1 to the tangential space at o and multiplying by the scalar r before

mapping the scaled point back to hyperbolic space as shown in equation 10.1 below:

  r \otimes ^1 v = \exp _{o}^{\mathcal {H}, 1} (r \ \log _{o}^{\mathcal {H}, 1}(v)) \label {eqn:mt}          (10.1)

In a hyperbolic linear layer, we also add a bias term b. [GBH18] derives a simple

equivalent solution to Mobius addition (v ⊕ b) shown in equation 10.2 below. One

firstly defines, b on ToH
1,d which is parallel transported to the tangential space TvH

1,d

before mapping back to hyperbolic space.

  v \oplus ^1 b = \exp _{v}^{\mathcal {H}, 1} (P_{o \rightarrow v}^1(b)) \label {eqn:mp}     
 (10.2)

We let W ∈ Rd′×d and B ∈ Rd to define the parameters in a hyperbolic linear feature

transformation h(x) for both Hd,1 and Bd,1 by combining equation 10.1 and equation

10.2 to form:

  h(x) = (W \otimes ^1 x) \oplus ^1 B \label {eqn:ht}        (10.3)

10.3.2 Knowledge Tree

In this work, we only consider classifiers of the formC = f ◦ g, where a feature extractor

f : X → Emaps input images to the latent space E and the feature classifier g : E → Y

maps the latent space to class labels. We distil the high abstraction knowledge of

the continuous feature classifier (g) into a hierarchy of related symbols to form a
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Figure 10.1: Example knowledge tree. Here, symbols ζ0
1 and ζ0

2 are being abstracted to
form ζ1

1 which forms class0. Symbols ζ0
2 and ζ0

3 are being abstracted to form ζ1
2 which

forms class1.

knowledge tree whereby a symbol is a discrete vector. We assume sufficient training

data is available to develop a closed-world knowledge tree.

We denote ζi
j to be the jth symbol in the ith level of the knowledge tree. The ith level

in the tree is a dictionary of hyperbolic symbols represented as a hyperbolic codebook

ζi
∈ H

Mi×d′ ; these levels provide different levels of abstraction as shown in figure

10.2. The total number of codebooks n and embedding dimensionalities d are hyper-

parameters that are selected based on the use case. M0,M1, . . . ,Mn are hyper-parameters

corresponding to the total number of symbols in codebooks ζ0, ζ1 . . . , ζn respectively.

n should be greater than 2 to develop a hierarchy and the greater n, the more levels

of abstraction and the ’deeper’ the explanations. However, we do not want n to be

inappropriately large to prevent the exponential increase in chain rules and reduce

interpretability. We strive for an Occam’s Razor approach in terms of the number of

symbols to generate explanations and carry out ablations to find the smallest number

of symbols, Mn required in each codebook before knowledge distillation accuracy from

a pre-trained classifier diminishes.

Formally, a knowledge tree is developed by learning the function K which collapses

the Euclidean continuous latent space E into ideally ⌊log2 N + 1⌋ symbols in ζn as

this represents the minimum number of positive symbols to encode N classes. We

can decompose K such that K = R ◦ VQ, where VQ denotes discretisation of E
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using vector quantisation[VDOV+17]. R expresses the hyperbolic symbol abstraction

module to produce increasingly abstract hyperbolic symbols. R can be decomposed

into Rn
◦ R

n−1
◦ . . . ◦ R1 with the output of each Rl producing hyperbolic symbols of

different levels of abstraction in the form of ζi (see again figure 10.2). We train K by

sampling z from E and sequentially mapping and discretising z to increasing levels of

abstraction in the knowledge tree to produce zi
q with the final level of abstraction used

to classify z.

As a simple illustration, in figure 10.1, we have two levels in the knowledge tree

corresponding to codebooks ζ0 and ζ1 each with 3 and 2 symbols respectively , which

are getting abstracted to form Class0 and Class1. For example, it can be seen that

symbols ζ0
2and ζ0

3 are getting merged to form an abstract concept ζ1
2 which is further

getting merged with ζ1
3 to form the higher level abstraction concept Class1. This forms

a class-level induced tree which indicates a subtree corresponding to a specific class.

10.3.3 Symbolic Relations

We assume the task of single-label image classification only requires reasoning in a

hierarchical manner. Therefore, in our generated knowledge tree, paths which link

symbols at the bottom of the tree to the class label at the top of the tree, represent chain

rules which implies a class is true for a given image. We formally describe this chain

rule in ILP terms. In ILP, rules are usually described in the form of clauses where H

is the head of the clause and B1, . . . ,Bn is the body of the clause formally denoted as:

H ← B1,B2, . . . ,Bn (n ≥ 1). A clause of this form captures relational information of

the form: the head is true when all the elements in the body are true. Specifically,

the first level of the tree indicates whether a symbol exists (ex in short) in an image, x.

Thereafter, the symbols are being merged to form a more abstract symbol in the next

level and therefore an arrow/relation between symbol ζn−1
i and ζn−2

i indicates that ζn−2
i

is part of (pf in short) symbols ζn−1
i ; p f (ζn−1

i , ζn−2
i ). For example, a cat’s ear is part of the

cat’s face. p f (y, ζn
i ) indicates symbol ζn

i is part of class y. Therefore, a path between the

symbols at the bottom of the tree to the top of the tree which are the class symbols can

be formally stated in the form of the chain rule shown in equation 10.4 which implies

that image x belongs to class y. We formally aim to learn the relations (ex, pf ) in the
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Figure 10.2: Overview of the proposed framework, in which the feature extractor
and classifier describe the trained blocks of the given model. The Euclidean codebook
forms a discrete representation of the continuous latent space from the feature extractor,
followed by hyperbolic codebooks and reasoning blocks to obtain a knowledge tree,
which is later used in extracting explanations. The decoder block is independently
trained to obtain visual semantics for the extracted hierarchical symbolic rules.

form of the chain rule shown in equation 10.4 which implies that image x belongs to

class y if p f (y, ζn
i ), p f (ζn−1

i , ζn−2
i ) . . . p f (ζ1

i , ζ
0
i ), ex(x, ζ0

i ) are all true. The learnt set of chain

rules is used to construct a knowledge tree as shown in figure 10.1. This is achieved in

our works using a binary neural network [HWG+19].

  \begin {split} class(y, x) \leftarrow & pf(y, \zeta _i^n) \ \wedge \ pf(\zeta _i^{n-1}, \zeta _i^{n-2}) \ \wedge \ldots \\ & pf(\zeta _i^{1}, \zeta _i^{0}) \ \wedge \ ex(x, \zeta _i^{0}) \qquad \qquad \ \
\label {eqn:ILP} \end {split}    
    

 
    

 
 


   


(10.4)

10.4 Methods

10.4.1 Symbol formation

The first step in our framework, symbol formation, is performed by learning discrete

symbols in the form of d′ dimensional vectors using vector quantisation (VQ) to form

a fixed sized Euclidean codebook C ∈ RM0×d′ (Figure 10.2). We do not quantise in

hyperbolic space as we found this significantly less stable.

Given (ẑ, z) ∈ RK×d′ and k ∈ K, we define a deterministic process which maps each
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embedding vector zk ∈ z to the nearest Euclidean codebook vector to form ẑk ∈ ẑ shown

below:

  \label {eq:vq} \hat {z}_{k} = \arg \min _j\|z_{k} - \mathbb {C}_j\|_2, \forall \quad k\in K   

       (10.5)

Equation 10.5 defines a sampling process which is non-differentiable but in order to

update/learn the symbols which form C based on this sampling method, we apply

straight through gradient approximation. Similar to equation 7.33 in chapter 7, this

then allows our discrete surrogate model to be trained end to end with the following

quantisation loss [VDOV+17]: Lquant = ∥sg(z) − ẑ∥2+β∥z − sg(ẑ)∥2. This process of sam-

pling the Euclidean codebook is equivalent to learning the exists predicate in the first

step of the chain rule. Our ablations determined an optimum value of 0.2 for β. Next,

we reduce the dimensionality using a linear projection layer to the desired embedding

dimensionality d in the hyperbolic codebooks ζi before applying an exponential map-

ping with equation 2.60 to Poincaré space. This leads to the first hyperbolic codebook

ζ0
∈ BM0×d,1. We chose Poincaré space in this work due to the enhanced visual inter-

pretability of 2D embeddings on the Poincaré disc [NK17]. We however note it may

be more beneficial for ζi to be embedded in the hyperboloid when d is greater than

2 where the advantage of embedding in Poincaré space is reduced. We additionally

observe improved stability and convergence of using hyperboloid codebooks.

10.4.2 Hyperbolic Symbol Abstraction

The goal of the hyperbolic symbol abstraction module (Rl) is to produce increasingly

abstract hyperbolic symbols at each level of the tree by merging symbols with edges

(pf relation) from the previous level, i.e. the hyperbolic symbols for cat eyes and nose

are merged to form the symbol, cat face in the next level. (Rl) is similar to a single

layer HGCNN [CYRL19] but here we learn the edges of the graph between ζi and ζi+1

using a binary function (1 = edge, 0 = no edge). This constructs a knowledge graph

structure equivalent to a tree which is used for reasoning about Euclidean external

representations of the visual world. Similar to [CYRL19], the first stage of hyperbolic

symbol abstraction is a hyperbolic feature transformation shown in equation 10.3 which

is performed in the unit hyperboloid where we found training to be more stable com-

pared to within the Poincaré unit disc/ball. Therefore, we map a codebook ζi from
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Poincaré space to the hyperboloid using equation 2.66 before applying a hyperboloid

linear layer (h(x)H,1) to each codebook vector using equation 10.3. This is followed by a

logarithmic mapping (equation 2.60) to the tangent space ToH1,d. The second stage of

hyperbolic abstraction is the aggregation/merging of symbols in ToH1,d as proposed in

[CYRL19] to form the next codebook ζi+1. This is achieved by first learning the edges

or equivalently the relations/partOf predicate with a binary layer [HWG+19] between

symbols in consecutive codebooks with weights: wl ∈ RMi×Mi+1 ∈ {0, 1}.

We learn a weighted aggregation denoted al of the symbols with edges from ζi to

ζi+1, before mapping back to Poincaré space (equation 2.57). This aggregation is an

approximation of the Frechet mean in hyperbolic space as assumed in [CYRL19]. A

single pass through Rl is summarised in equation 10.6 below.

  \begin {split} \zeta ^{i+1} &= \exp _{o}^{\mathbb {B}, 1} ( a_{l}^\intercal \ \log _{o}^{\mathbb {H}, 1} (h^{\mathbb {H}, 1}(\psi _{\mathbb {B}^{d, 1}\rightarrow \mathbb {H}^{d, 1}}(\zeta ^{i}))))\\ \end {split} \label {eqn:hypoverall}      (10.6)

For the hyperbolic symbol abstraction module to update its weights to form an accurate

knowledge tree, it needs to map each feature in ẑ0 to the correct class. Firstly, we apply

an exponential mapping of ẑ0 to the Poincaré unit ball defined in equation 2.60 in order

to map every feature in ẑ0 to the nearest codebook vector by Poincaré distance in ζ0

using equation 2.53 to then form ẑ1. This process is repeated sequentially for every

hyperbolic codebook until the last codebook where zn
q is formed by sampling ζn. The

abstraction process is completed by mapping zn
q into Euclidean space with a logarithmic

mapping and then applying a linear class projection layer to map to the class prediction.

As this process is done for each of the k features in ẑ1, we have k chain rules. However,

there are multiple chain rules which are repeated and therefore are removed to form

a unique set of chain rules for each image. Note, unlike in VQ for symbol formation,

we do not directly update the symbols in ζi so that it is only learned by a function (Rl)

of ζi−1 in order to faithfully generate a knowledge tree. Therefore, straight-through

gradient approximation is not required in this abstraction process.

The process of sequentially sampling each hyperbolic codebook by Poincaré distance

is equivalent to learning to extract the best chain rules represented as a set of discrete

vectors transversing the hyperbolic knowledge tree to classify the image. The notion

of sampling rules based on distance also allows us to rank the best rules as well as
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ascertain uncertainty over the rules.

The knowledge distillation loss is defined as the cross-entropy loss between the classifier

prediction (y) and the hyperbolic discrete surrogate model’s prediction (ŷ): Ldist(ŷ, y).

We determine that the Poincaré distances between codebooks correspond to graph

distances in the tree. Therefore, a Poincaré codebook loss LPoincare is calculated such

that symbols with an edge are closer together and those without an edge are pushed

apart in hyperbolic space. First, let u to be any symbol in the set of all ζi while v and v′

are defined as symbols with and without an edge with u respectively; then two sets P

andW are created such that: u, v ∈ P and u, v′ ∈ W. Given this, we can calculate the

Poincaré codebook loss shown in equation 10.7.

  \label {eq:poinc} \mathcal {L}_{Poincare} = \frac {\sum _{u,v \in \mathcal {P}} e^{d^{\mathbb {B}, 1}(u,v)}}{\sum _{u,v' \in \mathcal {W}} e^{d^{\mathbb {B}, 1}(u,v')}}. 





 (10.7)

We now define our total training loss as:

LTotal = Ldist +Lquant +LPoincare.

Continuous weights in our framework are updated with Adam optimisation while the

binary weights in Rl are updated using the Bop algorithm proposed by [HWG+19]. In

our case, we map our weights to {0, 1} rather than {-1, 1}.

10.4.3 Explanations and Visual Semantics

We derive a unique set of chain rules for each class to form a class tree. An explanation

for the classification of an image is derived in the form of a unique set of chain rules

sampled from the knowledge tree and the visual semantics for symbols. These chain

rules can be combined to form an image-level tree.

For example, in figure 10.1, the subtree for Class0 consists of the chain rules: class(y, x)←

p f (y, ζ1
1) ∧ p f (ζ1

1, ζ
0
1) ∧ ex(x, ζ0

1) and class(y, x)← p f (y, ζ1
1) ∧ p f (ζ1

1 ζ
0
2) ∧ ex(x, ζ0

2). An

image-level tree is input-dependent, and if correctly classified forms a subtree of the

class-level tree for the ground truth class or in other words a subset of the unique chain

rules for the class label.

195



The extraction of visual semantics for symbols first requires us to train a decoder

D to reconstruct images (x) in Euclidean space as perceived by the classifier, with a

reconstruction loss defined as: Lrecon = ||D(zq)−x||22. During training, we make sure that

the gradients from the decoder block do not affect the weights of the discrete surrogate

model, to maintain faithfulness of the discretisation process.

In order to explain the semantic meaning of any symbol ẑi
j ∈ ζ

i, we must project the

symbol ontoC and visualise the semantic difference using a decoderD. In the first step

to compute the semantic difference δ(x̂), we get all the symbols in ẑ0
j ∼ ζ

0 responsible

for activating ẑi
j ∈ ζ

i using the image-level tree to form a set S ⊂ z0
q. ζ0 has a one to one

mapping with C such that one can now form a new set A ⊂ zq. We use A to perform

a controlled intervention on zq ∼ C which is inputted into D to calculate δ(x̂). We can

formally define this process below in equation 10.8.

  \label {eq:chainruleextraction} \delta (\hat {x}) = \mathbb {D}(z_q) - \mathbb {D}(z_q; do(z_{qk} = 0), \forall \quad z_{qk} \in \mathcal {A}), z_{qk} \in z_q.               (10.8)

10.5 Training details and architectures

10.5.1 Discrete surrogate model

We consider an image dimension of 32 × 32 for the MNIST dataset. The image dimen-

sions for the AFHQ and STL10 datasets is 128 × 128. The image dimensions for the

MIMIC dataset is 224 × 224. Our modulation layer reduces the number of features

(latent dimension) of z from 64 to 8 channels for the MNIST experiments and 1024 to

32 channels for the AFHQ, STL10 and MIMIC experiments. We perform all hyperbolic

linear operations in TxH and do not directly update the embeddings ζi
∈H1,d or ∈ B1,d

which means we can perform Euclidean optimisation. Therefore, for the experiments

in the main paper, we use Adam optimisation with a learning rate of 0.0002 and batch

size of 50 in all experiments to train the discrete surrogate model for 40 epochs on a

single NVIDIA RTX 2080 GPU. We experimented with Riemmanian stochastic gradient

descent [ZJRS16] but found Adam optimisation to be more stable.

Note, we do not perform linear operations in TxB due to stability issues. Also, note
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we do not directly update the embeddings of ζi in H1,d or B1,d as the embeddings

are updated only as a function of the learned hyperboloid linear operations in TxH

followed by mapping to TxB.

The only embeddings we update directly through vector quantisation are in the Eu-

clidean codebook E ∈ Rd′×M0 . [CYRL19] applies hyperboloid non-linear activation to

aid with the smoothly varying curvature. We do not include non-linearity in our hy-

perboloid linear layer which uses fixed negative curvature as it did not add any benefit

to training convergence or knowledge distillation performance.

10.5.2 Binary Weights

In the boop [HWG+19] algorithm, the strength of the gradient signal at time t is deter-

mined by looking at the continuous exponential moving average mt of accumulated

gradients up to the gradient, gt at t. The binary weights are then updated subject to

mt exceeding a threshold τ and the sign of w j,k
t,l matching mt. We initialize weights

randomly ∈ {0, 1} and modify the update rule proposed in [HWG+19]. This is shown

in equation 10.9 below, which calculates the continuous exponential moving average

with γ being the adaptivity rate [HWG+19] and equation 10.10 defines the update rule

[HWG+19]. By following this update rule, we ensure that weights are either 0 or 1

while at the same time, following all the properties described in [HWG+19].

  m_t &= (1 - \gamma )m_{t-1} + \gamma g_t \label {eqn:binaryupdate} \\ w^{j,k}_{t,l} &= \begin {cases} |w^{j,k}_{t-1,l} - 1|, & \text {if } |m_t^i| > \tau \text { and } \\ & \text {sign}(m_t^i) = \text {sign}(w_{t-1,l}^{j,k})\\ w^{j,k}_{t-1,l}, & \text {otherwise}\label {eqn:binaryupdate2} \end {cases}      







   
 


  






(10.10)

In our experiments, we use an adaptivity rate γ of 0.0004 and threshold τ of 1e− 8. The

adaptivity rate is analogous to the learning rate and can be seen as the consistency of a

gradient signal required to induce a flip in weights from 0 to 1 or vice versa [HWG+19].

A high γ can therefore induce a flip quicker given a new gradient signal but this can

also mean noisy training [HWG+19]. τ is reflective of the strength of the gradient signal
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required to induce a flip [HWG+19].

10.5.3 Decoder

The Decoder for MNIST experiments initially consists of a 1 × 1 convolutional block

to increase the number of channels back to 64 channels before 3 up-sampling blocks.

Each up-sampling block consists of bi-linear interpolation before two pre-activation 3×3

convolutional blocks with residual connections [HZRS16b]. We use batch normalisation

and ReLU activation. In our AFHQ, STL10 and MIMIC experiments, the decoder also

initially starts with a 1×1 convolutional block to increase the number of channels back to

1024 before 4 up-sampling blocks identical to the one used in our MNIST experiments.

We train the decoder in both experiments for 40 epochs using Adam optimisation with

a learning rate of 0.0002.

10.5.4 Pre-trained classifiers

The MNIST pre-trained classifier consists of 7 convolutional blocks made up of a 3 × 3

convolutional layer followed by batch normalisation and ReLU non-linearity. This is

followed by global average pooling and a single-layer linear classifier. Max pooling is

applied after the first, third and fifth layers. The number of channels corresponding to

the final convolutional block is 64. We train this classifier for 50 epochs with a batch

size of 50 on three NVIDIA RTX 2080 GPUs. We use Adam optimisation with an initial

learning rate of 0.001 and weight decay of 0.001. We achieve 99% accuracy with this

pre-trained classifier

We use the DenseNet-121 as our pre-trained classifier for the AFHQ, STL10 and MIMIC

dataset [IMK+14]. We train using Adam optimisation with an initial learning rate of

0.001 and weight decay of 0.05. We reduce the dimensionality of the MNIST, AFHQ,

STL10 and MIMIC images to 4 × 4 in the final layer before being inputted into the

classifier.

198



10.6 Experiments

We use our framework to explain a model pre-trained on the MNIST dataset [Den12]

achieving 98% accuracy as a proof of concept study. In order to indicate the scalability

and generalisability of our proposed method we explain models pre-trained on AFHQ

[CUYH20], STL10 [CNL11] and the MIMIC chest x-ray dataset [JPB+19, JPG+19], which

achieved 98%, 97% and 81% accuracy respectively. We choose a 3-level hierarchy.

10.6.1 Qualitative Experiments

We compare the explanations obtained from our framework against standard post-

hoc explainability frameworks: LIME [RSG16], SHAP [LL17], deepLIFT [SGK17], and

gradCAM [SCD+17]. We note the far richer and more expressive explanations by our

method shown on the right of figure 10.3, 10.4 and 10.5 where we show hierarchical

visual explanations.

Figure 10.3 demonstrates our explanations on a pre-trained classifier for MNIST. Figure

10.3(b) shows the class-level global-tree representing all possible chain rules for a partic-

ular class. To explain a given image we construct an image-level local-tree indicating the

sampled chain rules which are shown in figure 10.3(c). Figure 10.3(d) provides a visual

hierarchical description of an image-level tree. In this example, the visual semantics for

the symbolic relations obtained for a given image x corresponding to pf(Class2, ζ2
0) and

pf(Class2, ζ2
3) is shown in the first row of figure 10.3(d). The second row of figure 10.3(d)

visualises the obtained symbolic relations corresponding to pf(ζ2
3, ζ

1
21) and pf(ζ2

3, ζ
1
22).

The last row visualises sampled symbols from ζ0 which are part of ζ21
1 . As we move

down the level of the hierarchy or, in other terms, as we move closer to the boundary

of Poincaré space, visually the symbols start to move from a complete digit heatmap to

a more focused region in a digit, demonstrating a visual hierarchical explanation. One

can also note the distinct semantic differences between individual symbols highlighting

the advantage of discretising features.

Similar explanations and visual semantic behaviour can be observed for models trained

on the AFHQ and STL10 datasets, as shown in figure 10.4 and figure 10.5 respectively,
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LIME

SHAP

DeepLIFT

GradCAM

(a) Comparison
(d) Visual Rules

(c) Local Tree

(b) Class Tree

Figure 10.3: Explanations obtained using the proposed framework for an MNIST clas-
sifier. (a) Shows the 4 post-hoc XAI methods we compared with. (b) Demonstrates
the obtained class-level tree, which is a complete set of FOL chain rules responsible
for ‘class 2’, (c) indicates an image-level tree formed from the sampled chain rules
responsible for making a decision for a given image, and (d) demonstrates a subset of
the visual PartO f relations obtained from an image-level tree.

LIME

SHAP

DeepLIFT

GradCAM

(a) Comparison (d) Visual Rules

(c) Local Tree

(b) Class Tree

Figure 10.4: Explanations obtained for an AFHQ classifier deciding upon the ‘class cat’.
The subset of the visual PartO f relation is shown.

where we again observe symbols getting localized as we go deeper into the hierarchy.

Additionally, figure 10.6 shows explanations for a model trained on the MIMIC dataset

for the class ’abnormal’ where we again note increasingly abstract symbols being sam-

pled down the hierarchy. We note most of the existing explanation methods shown on

the left of figure 10.3, 10.4 and 10.5 focus on either pixel importance or gradient-based

attention to provide only single level explanations. These explanations do not yield

any form of reasoning between the features and the class.

Our method goes beyond feature attribution by allowing the user to decide on the

level of abstraction (length of chain rule) upon which to provide the symbolic and

corresponding visual semantic relationships.
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LIME

SHAP

DeepLIFT

GradCAM

(b) Class Tree

(c) Local Tree

(a) Comparison (d) Visual Rules

Figure 10.5: Explanations obtained using the proposed method for an STL10 classifier
deciding upon ‘class 9 (Boat)’.

10.6.2 Robustness Experiments

We evaluate the robustness of our method compared to LIME [RSG16], SHAP [LL17],

deepLIFT [SGK17], and gradCAM [SCD+17] by measuring the change in explanations

under noise perturbations in the input space. Specifically, we measure the average

variance in the heatmaps (visual semantics) generated by our method at the last level

of abstraction compared to popular post-hoc methods under 1%, 5%, 10% and 30%

Gaussian, Salt and Pepper (s&p) and Poisson noise. We show in table 10.1 that there

is significantly less variance in the explanations generated by our method with the

addition of Gaussian noise, highlighting the robustness of our explanations. We note

similar results for s&p and Poisson noise in tables 10.2 and 10.3 respectively.

MNIST STL10 MIMIC AFHQ
LIME [RSG16] 0.236 1.341 0.785 1.109
SHAP [LL17] 0.923 1.514 1.143 1.381

deepLIFT[SGK17] 0.535 0.483 0.253 0.585
gradCAM[SCD+17] 1.477 1.664 1.966 1.644

Ours 1e−6 2e−5 4e−5 1e−5

Table 10.1: Average variance in the heatmaps generated by various post-hoc explain-
ability methods under Gaussian addition.

MNIST STL10 MIMIC AFHQ
LIME [RSG16] 0.785 1.342 1.178 1.157
SHAP [LL17] 1.911 13.124 6.746 14.494

deepLIFT[SGK17] 0.935 6.759 5.903 3.185
gradCAM[SCD+17] 52.472 66.441 19.664 55.488

Ours 8e−7 2e−6 1e−5 1e−5

Table 10.2: Average variance in the heatmaps generated by various post-hoc explain-
ability methods under Salt and Pepper (S&P) noise addition.
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(a) Image-level tree (b) Visual rules

Figure 10.6: This figure describes the hierarchical visual explanations obtained using
our proposed framework for the MIMIC classifier classifying class ‘abnormal(class 0)’,
with atoms corresponding to pf(class0, ζ2

0), pf(class0, ζ2
1) described in the first row. The

second row visualises the obtained atoms corresponding to pf(ζ2
0, ζ

1
37). The last row

visualises the atoms corresponding to symbols in ζ0 which are part of ζ1
37.

MNIST STL10 MIMIC AFHQ
LIME [RSG16] 0.206 0.747 0.577 1.132
SHAP [LL17] 0.147 0.611 0.483 1.943

deepLIFT[SGK17] 0.458 1.173 0.563 1.477
gradCAM[SCD+17] 0.966 1.100 1.074 1.094

Ours 1e−6 1e−5 1e−5 1e−5

Table 10.3: Average variance in the heatmaps generated by various post-hoc explain-
ability methods under Poisson noise addition.

A visual example to demonstrate our finding is shown in figure 10.7 where under Gaus-

sian noise addition the heatmaps generated by our method show no change compared

to the other XAI methods. We show a further visual example of the robustness of our

method under 30% Gaussian noise for an MNIST dataset example in figure 10.8 and

under 30% salt and pepper noise for a MIMIC dataset example in figure 10.9. In figure

10.10, we finally demonstrate an example of the robustness of our method under 20%

Poisson noise for an image in the STL10 dataset.
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Figure 10.7: Robustness comparison of considered methods with our proposed method.
In our method, we show the visual semantic of a single symbol sampled for the last
codebook; ζ2

0. The top shows the heatmaps with no noise added. The second row
shows heatmaps with 30% Gaussian noise added.
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Figure 10.8: Robustness experiments with 30% Gaussian noise on a sample from the
MNIST dataset. The symbol for ζ2

3 is shown. The image level tree did not change under
30% Gaussian noise for this example.

10.6.3 Hyperbolic vs Euclidean Experiments

We hypothesised that hyperbolic embeddings will better embed a knowledge tree with-

out distortion and hence allow for a reduction of the dimensionality d of ζi such that

knowledge distillation would not be affected. We support this hypothesis by achiev-

ing better knowledge distillation accuracy with Poincaré embeddings highlighted in

table 10.4. We note an increasingly wider margin in performance between Poincaré

and Euclidean embeddings as we reduce the dimensionality of ζi down to 2 in all
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Figure 10.9: Robustness experiments with 30% salt and pepper noise on a sample from
the MIMIC dataset. The symbol for ζ2

0 is shown. The image level tree did not change
under 30% S&P noise for this example.
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Figure 10.10: Robustness experiments with 20% Poisson noise on a sample from the
STL10 dataset. The symbol for ζ2

0 is shown. The image level tree did not change under
20% Poisson noise for this example.

4 datasets. Figure 10.11 shows the 2-dimensional embeddings on the Poincaré disk

for the MNIST dataset maintaining a robust hierarchy. Furthermore, we are also si-

multaneously showing in table 10.4 that hyperbolic symbolic abstraction via a higher

knowledge distillation accuracy leads to a more accurate explanation of the classifier.

Our hypothesis also implies that reasoning hierarchically in hyperbolic space should

lead to less overcrowding of concepts at the first level of reasoning. One can show this

by measuring the overlap using the Dice score between all the visual semantics in the

first abstraction layer corresponding to all symbols sampled from ζ0 for each image.

Table 10.5 demonstrates less overlap (lower Dice score) between concepts in hyperbolic
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Figure 10.11: 2D Poincaré embedding of symbols obtained for MNIST. Red, blue, and
green nodes indicate symbols from ζ0, ζ1, ζ2 respectively.

space which becomes more apparent as one reduces the dimensionality of embeddings

compared to Euclidean space.

Emb. dim→
Dataset ↓ Poincaré Euclidean

2 4 16 2 4 16
MNIST 0.90 0.96 0.99 0.81 0.92 0.95
AFHQ 0.90 0.95 0.98 0.80 0.90 0.97
STL10 0.84 0.87 0.88 0.72 0.82 0.86

MIMIC 0.78 0.83 0.84 0.71 0.80 0.80

Table 10.4: Knowledge distillation accuracy of different dimensional Euclidean and
Poincaré embeddings.

Emb. dim→
Dataset ↓ Poincaré Euclidean

2 4 16 2 4 16
MNIST 0.23 0.19 0.20 0.33 0.24 0.21
AFHQ 0.46 0.21 0.17 0.72 0.31 0.28
STL10 0.41 0.17 0.16 0.60 0.23 0.19

MIMIC 0.49 0.30 0.32 0.55 0.31 0.32

Table 10.5: Average Dice score overlap between the visual semantics of symbols sam-
pled from ζ0 for different dimensional Euclidean and Poincaré embeddings

10.6.4 Codebook Ablations

In table 10.6, we show the minimum number of codebook vectors required to achieve

a knowledge distillation accuracy of at least 90%. We limit the number of codebook
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vectors in ζn to at least ⌊log2N + 1⌋. We note in more complex datasets, a larger number

of codebook vectors may be required in ζn, whereby a class may need to be encoded

with more than one possible combination of codebook vectors in order to fit the data.

Codebook MNIST AFHQ STL10 MIMIC
ζ1 128 256 256 256
ζ2 32 64 64 64
ζ3 4 3 4 2

Table 10.6: Codebook ablations to develop the most sparse knowledge tree.

10.7 Conclusion

This work provides novel hierarchical explanations for deep discriminative models,

demonstrated on several datasets. The proposed framework discretises the continuous

latent space of classifiers into discrete features, followed by multiple layers of symbolic

abstraction in hyperbolic space to form a knowledge tree which provides hierarchical

chain rules as explanations. We demonstrate that hyperbolic geometry allows to embed

our knowledge tree with minimal distortion and hence prevent the overcrowding of

concepts compared to the Euclidean counterpart.

The results show the existence of a consistent and robust set of chain rules for each

class, visualised by generating attention regions in an image which are more robust

compared to traditional post-hoc methods.

For future work, our framework can be developed into a stand-alone interpretable

deep discriminative neuro-symbolic model which improves generalisability. We plan

to extend this method with domain experts and assign human-interpretable meaning

to symbols.
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Chapter 11

Conclusions

We conclude this thesis by returning to the research objectives in section 1.2 of chapter

1 which is also summarised in figure 1.1.

11.1 Research Objectives

11.1.1 Research Objective 1

We firstly fulfilled our first objective in section 1.2 by proposing and showing that one

can improve the robustness of deep learning models for classification and segmenta-

tion by constraining the latent space to a finite number of components using vector

quantisation.

11.1.2 Research Objective 2

We then demonstrated the importance of embedding these components in a latent

space equipped with the correct curvature. Specifically, we improve the robustness

of segmentation models by imposing hierarchical compositionality on a hyperbolic

manifold in the latent space.
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We also showed the importance of considering the relational structure between sym-

bolic features for classification and the natural curvature best equipped to embed this

structured symbolic representation. Specifically, we developed robust hierarchical ex-

planations for deep discriminative models by generating the explanations in hyperbolic

space.

11.1.3 Research Objective 3

Next we demonstrated that robustness can also be improved by imposing a discrete

shape equivariant latent space for segmentation using either a constrastive based and

kernel constraint method. We also then showed the dependence of robustness on the

order of the group. This satisfies the third research objective.

11.1.4 Research Objective 4

We then demonstrated the importance of embedding the shape components in a latent

space equipped with correct topology and geometry to improve robustness further

which satisfies the fourth research objectives. We specifically explored the importance

of enforcing the correct topology after sampling a finite latent space using persistent

homology. We then highlight the disadvantages of persistent homology for capturing

shape information and improve on this by using cellular sheaves.

11.1.5 Research Objective 5

We empirically demonstrated the advantage of our approach throughout this thesis

by comparing to a number of methods used to improve model robustness in the lit-

erature including data augmentation, adversarial and self-supervised learning. We

showed our methods competes favourably with these methods using simple geomet-

ric and topological constraints in the latent space which are also computationally less

expensive. This satisfies the final research objective.
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11.2 Summary of Contributions

We will now highlight a summary of contributions from each chapter. The following

summaries are adapted from publications stated in each of the contribution chapters.

11.2.1 Chapter 4

.

• We propose a new framework to improve the robustness of vision transformer-

based models for disease classification by constructing discrete representations

of the data using vector quantisation. We sample a subset of the discrete repre-

sentations in either Euclidean or hyper-spherical Space to form the input into a

transformer-based model.

• We use cross-attention in our transformer model to combine discrete representa-

tions of T2-weighted and ADC images.

• Our approach achieves SOTA performance for the classification of lesions on

prostate MRI and outperforms various other CNN and transformer-based models

in terms of robustness to domain shifts and perturbations in the input space.

11.2.2 Chapter 5

• We focus on enhancing the robustness of segmentation network architectures by

transforming input images into a quantised lower-dimensional embedding space.

• We substantiate this approach with a comprehensive rationale, supported by

a well-defined set of assumptions. Additionally, we establish an empirically

derived upper bound on the permissible shift in the latent space caused by input

perturbations to ensure robustness. Finally, we validate our proposition through

a series of experiments showcasing the enhanced robustness and performance of

the widely used UNet architecture [RFB15] with a quantised latent space.
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11.2.3 Chapter 6

• We enhance the robustness of deep learning-based segmentation models by in-

troducing hierarchical compositionality in the latent space.

• This is the first contribution to leverage the curvature of the latent space for

learning a dictionary of base components through quantisation. Specifically,

we explore negative curvature (Poincare space) as the optimal choice to foster

hierarchical compositionality.

11.2.4 Chapter 7

• We propose to constrain the latent space to a dictionary of shape components

which is sampled to construct the segmentation output. We impose equivariance

of each component in the dictionary to various discrete or continuous groups by

either using a contrastive approach or imposing group equivariant constraints

on the convolutional kernel itself. We hypothesise this will improve the gener-

alisability of any segmentation model which maps the input space, to a lower

dimensional embedding space, using an encoder, before mapping to the segmen-

tation output, with a decoder.

• We showed that by increasing the density of the group equivariant constraint

by increasing the order of the group, the robustness of a segmentation model

improves.

• We evaluate the capability of our method to improve single domain generalis-

ability in the task of prostate zonal segmentation with two labels (transitional and

peripheral zone) and cardiac segmentation with three labels (myocardium, left

ventricle and right ventricle).

11.2.5 Chapter 8

• We introduce a topological prior via persistent homology during the sampling of

the learned shape dictionary. This ensures that the components are not indepen-

dently sampled (as with a uniform prior), facilitating the creation of topologically

meaningful segmentations.
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• Additionally, we are the first to effectively employ persistent homology for pro-

viding deep supervision to deep learning-based segmentation models.

11.2.6 Chapter 9

• Our method introduces the concept of a cellular sheaf over a poset to charac-

terise the connectivity of patches in a segmentation map. We demonstrate that

this approach offers a more comprehensive geometric representation of shapes

compared to existing methods that rely on persistent homology.

• We devise a loss function based on cellular sheaves to enhance the segmentation

performance of the model proposed in chapter 7 which learns a shape equivariant

dictionary in the latent space. This loss function ensures that shape components

are sampled to generate segmentation outputs that are both geometrically and

topologically coherent.

11.2.7 Chapter 10

• We present an approach to discretise the continuous latent space of a classifier

model into a hierarchy of discrete vectors representing symbols. Leveraging

the inherent structure of hyperbolic geometry, we model this hierarchy more

effectively.

• We develop a method for learning hierarchical symbolic relationships by utilizing

binary weight layers to construct a knowledge tree. This enables the extraction of

a collection of robust local image-level and global class-level chain rules, serving

as explanations for deep discriminative models used for image classification.

In conclusion, this thesis highlights the importance of compositionality, curvature,

equivariance and topology in building robust representations for downstream tasks

in medical imaging. Among the constraints we have explored in this these to build

more robust representations, group equivariant constraints have proven to the most

valuable and consistently reliable to constructing robust models. This is because

group equivariance provides the most general notion of preserving symmetry be-

tween the input and discrete latent space and therefore the least restrictive. One
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is also allowed greater flexibility in the degree of the group equivariance imposed

which allows one to control the strength of the group equivariant assumption on the

structure of the latent space.

11.3 Future Work

This thesis has laid the foundations for understanding the role geometry and topology

of the latent space plays in building robust representations for non-adversarial robust-

ness. We hope the research community will take inspiration from the tools developed

and theorems proposed to now explore the importance of geometry and topology in

adversarial robustness as this work can help provide further insight into adversarial

learning from a geometric and topological perspective.

We believe this work can also form the foundations to use the notion of topology and

compositionality in object-centric learning. For example, one can use the language

of cellular sheaves to model compositionality and relationships between objects for

object-centric learning. We foresee identifiability as being crucial for building robust

models and hope this thesis will inspire the use of the language of category theory and

cellular sheaves for constructing identifiable representations.

We believe power of cellular sheaf modelling can be extended to a number of other

applications to medical image analysis. One specific application, is to model motion

such as cardiac motion using sheaves such that both local and global and topological

corrected is maintained throughout the cardiac cycle.

We find topological losses are powerful and can also be interpreted as a counting loss

function if we consider the number of connected components. This is very useful in

clinical practise and can used for accurate detection tumours by enforcing the correct

number of tumours detected. This can serve to reduce the false positive rate of tumour

detection models.

We can also extend our topological insights into robust representation learning by using

persistent homology to discover the shape and intrinsic dimension of the underlying

data manifold. This provides a useful tool to distinguish data generated from certain
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manifolds. For example, its natural to hypothesis the manifold structure and intrinsic

dimension of AI generated and natural data varies and we plan to use our approach to

detect AI generated data.

Symmetric breaking between the input and latent space also serves as valuable to

detect anomalies in the dataset. Therefore, we hope to develop a method using group

equivariance to discover samples which breach the preservation of equivariance into

the latent for anomaly detection.

Furthermore, given the significant interest in image-language models in the research

community, this thesis can provide the community with tools to understand the geom-

etry and topology of the shared representation space between images and language.

For example, it is natural to assume in data manifold of image and language data varies

significantly in its intrinsic dimension. Therefore, tools in this thesis can help to analyse

this difference as well as help to build a robust shared representation space which takes

into account the different data manifolds.

Finally, this work can be used to develop a set of robustness evaluation metrics for deep

learning models used in medical imaging to serve as a measure of reliability of these

models to be translated into clinical practise.
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