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Abstract 

The i,eneral distribution theory of order statistics 

and the asymptotic distribution of sample ouantiles are discussed 

in chapter 1 in preparation for the development of large and 

small sample estimators of the standard deviation of a normal 

population considered in chanter 2. 	A simple large sample 

estimator is described and shown to he asymptotically unbiassed 

and highly efficient relative to the root-mean-square estimator. 

For small samples the best linear estimator is discussed and 

its application extended to samples of greater than twenty observa-

tions using an approximation to the required coefficients. As 

an alternative to this a nearly-best linear estimator is developed 

and shown to be highly efficient and simply extended to larger 

samples and to censored samples. 	Simple approximation formulae 

are derived for the variances and efficiencies of these alternative 

estimators. 

In chapter 3 test procedures are developed for both large 

and small samples in which the standard deviation is estimated 

using one of the linear estimators considered in chapter 2. 

Tables of percentage points of the distributions of these test 

procedures, which may he used as substitutes for Student's t-test, 

the x2-test or the F-test for variances, are given for a range 

of sample sizes and comparisons are made between the powers of 

the standard tests and these alternatives. 
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The robustness of several linear estimators to depar- 

tures from normality is considered in the last chapter. 	Exact 

results are given for a variety of non-normal distributions. 

Finally the results of a large scale simulation study of the 

robustness of the rootmean-square estimator and some of the 

linear estimators are summarized. 	The distributions used in this 

simulation study include some for which exact values are available, 

thus enabling comparisons between empirical and exact values to 

he made. 	Also considered are contaminated normal distributions 

with varying proportions of contamination. 	The linear estimators 

are shown to he more robust than the root-mean-sauare estimator 

as well as being highly efficient for precise normality. 

3 



Contents 

Chapter 1 

Abstract 

Contents 

Acknowledgement 

Introduction and General Distribution Theory 

Pape 

2 

4 

6 

1.1 Introduction 8 

1.2 Genera] distribution theory of order 
statistics 

10 

1.3 Asymptotic distribution of quantiles 16 

Chapter 2 • Development of linear estimators for large 
and small samples 

2.1 A family of proportion — p estimators for 
large samples 

23 

2.2 Comparison with other large sample estimators 30 

2.3 Small sample estimators and the theorem of 33 
Generalized Least Squares 

2.4 Approximate coefficients for the best linear 
estimator of the standard deviation for 
complete normal samples 

37 

2.5 Estimation of the standard deviation of a 
normal population from doubly censored 
samples using normal scores 

49 

Chapter 3 Tests of hypotheses for means and variances 

3.1 Large sample tests for means and variances 
using a linear estimator of the standard 
deviation 

66 

3.2 Small sample tests for means and variances 
using linear estimators of the standard 
deviation 

111 

4 



Page 

Chapter 4 	Comparison of robustness of linear estimators 

	

4.1 	General comments on robustness of estimators 	122 

	

4.2 	Some exact results for a variety of distributions 124 

	

4.3 	A simulation study 	 148 

References 	 164 

— 5— 



ACKNOWLEDGEMENT 

I. should like to express my gratitude to my 

supervisor Professor N.H. Quenouille for his guidance and 

encouragement during the preparation of this work. 	Thanks 

are also due to several referees for their constructive criticisms 

of earlier drafts of the published sections of this - thesis. 

- 6 - 



CHAPTER I 

INTRODUCTION AND GENERAL DISTRIBUTIO17 

THEORY 
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1.1 	Introduction 

As is apparent from the increasing volume of published 

research on new theoretical aspects or practical applications of 

order statistics, interest in this branch of applied statistics 

is growing steadily. 	Industrialists, who already make extensive 

use of the range as a quick efficient estimator of the standard 

deviation for small sample quality control charts, are realizing 

the potentials of "short-cut" procedures based on relatively 

simple functions of the ordered observations. These short-cut 

procedures include not only quick efficient estimates of population 

parameters but simple tests of hypotheses. Although these methods 

are less efficient than the standard statistical techniques there 

are many situations where the cost and effort involved in obtaining 

the data is less than the cost of a complex analysis and thus, for 

a given fixed cost, greater efficiency may he obtained by collecting 

more information and using these non-optimal techniques. 

Also there are many occasions when observations occur 

naturally in an ordered state, for example, the life of electronic 

components on a test bed or the breaking strength of strands of 

wool. 	In tests like these it is often necessary to stop the 

experiment before all the observations are available. 	This 

results in an ordered sample with some observations censored. 

Analysis of such samples may require complicated adaptations 
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of standard techniques hut the theory and application of order 

statistics extends readily to include censored samples. 

Currently there is also considerable interest in the 

problems of treating outlying observations. 	If outliers are 

rejected from the sample we have a situation similar to that 

above while, if the outliers are not rejected they may have a 

disasterous effect on any least-squares analysis to he performed. 

Iri either event therefore it would appear sensible to consider 

analysis using methods based on order statistics. 

Order statistics, however, like the optimum statistical 

techniques are not distribution-free. Their sampling distributions 

depend on the form of the parent population and, for the normal 

distribution which is of most interest, the equations for the 

moments of these sampling distributions are extremely difficult 

to handle. 	Because of this the tables of coefficients required 

for the estimators of the parameters and the tables of nercentage 

points of the distributions of test statistics are severely 

limited. 	In this thesis an attempt is made not only to develop 

new highly efficient estimators and test procedures which are 

more powerful than range-based tests, but also to extend existing 

tables by employing close approximations to the moments of these 

sampling distributions. 
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1.2 	General distribution theory 
of order statistics 

The following is a summary of the main results in 

the general theory of order statistics. 

Suppose that a sample of n independent observations 

is taken from a population with distribution function F(y) and 

continuous density function f(y), and that the observations when 

ordered are given by 

yi 	7.7„, 	yn  

th. 
then v. is called the 	order statistic. 	Since F( v) is 

- 1 

continuous we may consider, with probability one, that the order 

statistics are of the form 

vl < v < 	< vn 

Thedistributionfunctionofv.,and hence its density 
- 1 

function,maYheobtainedb'TfinclinF'VleProballilitve'atv.is 

less than or equal to some value, v say, 

i.e. 	P(yi. y) = P(i or more of the observations are 	y) 

= / (1
1
)[F(Y)-.1 1[1--F(Y)P1-1  

i=i 

The density function of v. may 1e found by differen-
-1 

tiating with respect to y to give 
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f (y) = 
yi 

(1)j[F(y)ji-if(y)(1-F(y)1
n-i  ' 

cnc 	
3
(n-j ) F(y)0 [1-F(y)] 	f (y) 

j=i  

n
-1 
1 

= nf(y){ (. )[F(Y)1'
-1  

._. 3 
3 

n-1 
( 	

, 
)[F(y)]j[1-F(y)]n-j-11 

j =i 

All the terms in these two sums cancel except for the first term 

of the first sum leaving 

f
Y 
 (y) 
	

nf(y)(7:1)[F(y) i-1[1-F(y)jn-i  

th as the density function of the . 	order statistic yi  . 

J. Ogawa (1951) obtained the general form of the joint 

Yn' Yn' ''''Yn 1 	2 	k 

where nl, n2, ...,nk  are k integers such that. 1 k n and 

1 .1 nl  <n2  < 	< nk  n 

Tk(yn , 
1 	n ) k 

 

k+l 	n.-n. ,-1 

k+1 
n.  n [F(y

n
) - F(yn. )] 1 1-' 

 i=1 	1 	1-1 
(1. 	1): 

i=1 1  1-1 
k 

"Yni)  i=1 
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density function of the k order statistics 

This joint density function is 



when y
ni < yn2 < 	< Y nk  

= 0 otherwise, 

where no = 0, nk+1 = n + 1, y
no 	

and y 	= 	• 
nk+1 

By suitable choice of the integers n1, 
n2,.,k  .. nuseful special 

cases of this joint density function may be obtained. For 

example: 

(a) The joint density of the order statistics 

yl, y2, ...,yn  is given by 

%(Y1. ...,yn) = n'f (Y1)f (Y2) 	f (Yn)  

.th 

for yl  < y2  < 	< yn  • 

= 0 otherwise. 

th 
(b) The joint density function of the 

. and 

order statistics for i < j is 

n!  
Y2(YitYj) (i-1)!(j-i-1):(11-j)! 

[F(y.)15--1  

- F(y1)l i-1-1[1 - F(ypin-jf(ydf(Yi) 

for y. y. 

= 0 otherwise. 

(c) If i = 1 and j = n in the above we have 

4'
2(yyn) = n(n-1)[F(Yn) - F(371)In-2f(Yn)f(y1), 

for yl  < yn  
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k+1 	n.-n. -1 
1 1-1 Ti [F(y

n 	
- F(y

n. i=1 	i 	1-1 

= 0 otherwise, 

which may be used to find the distribution of the range yn  - y 
- 1 

These density functions may he used to determine the 

moments and product moments of the order statistics. 	The 

general product moment of the order statistics is defined by 

Ey
a
1 
n1  

a
2 

Y 	nn 2 
a
1  
n 1 

n: 

ak 
y 

a 
Yn
2  

2 

.dyn 	dyn  
1 

ak  

Yn
k 

dy
nk 2 

000 

<...<y
nk 

' n
1 

T (Y k 	n
1 

k 
Hy 

i=1 

Y - n
2
' 

a. 
1  
ni k+1 

1(n. 
=1 	1 

n
i-1 

- 	-03<v 

k 	k 
f(y ) Tidy 

i=1 ni i=1 ni 

Once again by choosing nl, n2,...,nk  suitably special cases 

may be derived. 

th 
The expected value of the . 

	
order statistic y. 

1 

is 

E(Yi) = (' 1-1) . (n-i) • 
1-1 

*(01 	1 1  - F(0111-if(Odr, 

  

th The variance of the . 	order statistic yi is given 
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V(yi) = E(yi2) - IE(yi)12  

where 

E(y.2) 

 

J
W 	 F()11171f()dc 

th th 
and the covariance of the . 

	
and 

. order statistics 

(with 	i < j) 

Cov (y.,y.) 

where 

E(yiyi ) 

is 

= 	E(y.y.) 	- E(Y.)E(Y.) 

1_.  
fn 	f -1[F(n) - F(00 

(i-1):(j-n1-1):(n-j): 

F(n)111if(E)f(n)d do 

Thus the expected values and the variance-covariance matrix of 

the order statistics from any continuous distribution may be 

obtained by specifying the form of the population, i.e. F(y), 

in the above equations. 	Evaluation of these integrals presents 

considerable difficulty except in the simpler cases of the 

uniform distribution on (0,1) where F(y) = y for 0 y 	1 , 

and the exponential distribution with F(y) = 1 - e
-ay 

 for 

y 	0 . 

The case where the observations come from a normal 

population has been studied extensively and a great deal of 
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literature is available. 	D. Teichroew (1956) computed the 

means and product moments of the order statistics for samples 

of up to size 20 and A.E. Sarhan and B.C. Greenberg (1956, 1958) 

calculated the corresponding variances and covariances using 

Teichroew's tables. 	These tables are fundamental to the 

consideration of the properties of linear estimators based on 

order statistics from a normal population and have been used 

repeatedly in the subsequent sections. 

More recently several authors have considered other 

distribution functions in the above equations such as the 

logistic, gamma and right triangular distributions and have 

either produced tables of the means and variance-covariance 

matrix or derived simplified formulae or recurrence relations. 

These results make it possible not only to derive linear 

estimators suitable for these particular populations but also 

to compare the robustness of estimators proposed for a normal 

population. 	This subject is considered in detail in chapter 4. 
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1.3 	Asymptotic distributions of_auantiles 

When considering the asymptotic distributions of order 

statistics we may have two types of limiting process. 	Firstly 

th 
we may require the distribution of the . 

	
order statistic 

y. in a sample of n an both i and n tend to infinity such 

that i/n remains constant. 	In this case we are considering 

the asymptotic distribution of a quantile of the sample. 

Secondly, if i remains fixed as n tends to infinity we are 

considering the asymptotic distribution of an extreme value. 

The term extreme is used since the cases of most interest are 

when i is close to 1 or n . 	These two limiting processes 

lead to radically different results. We consider here, for 

use in the next section, the asymptotic distributions of quantiles, 

the reader is referred to E.J. Gumbel (1958) for the theory of 

extreme values and applications. 	Most of the following results 

arc due to F. Mosteller (1946). 

Suppose that the density function of the population is 

f(y) and that for any given number p such that 0 < p < 1 

the p-quantile, or 100p percentage point, is defined as the 

value y such that 

P

Y 

J P  
f(y)dy = F(yp) 

For example y0.5' Y0.25 and y0.75 
 are the median and 
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the lower and upper quartiles, respectively, of the population. 

The p-quantile of the ordered sample yl, y2, ...,yn  is defined 

by 
Ynp 

if np is an integer 

z 
p 

yr Lnp1+1 if np is not an integer 

where [np] denotes the largest integer not exceeding np . 

th The mode of the distribution of the . 	order statistic 

may be obtained by differentiating the density function 

f
Yi
'(y) - (n-i) 	! 

n! 	[F(y)ii- I. 
1 	- F(y)in-if(y) 

with respect to y (after taking logarithms) and equating to 

zero. 	This gives 

(i-l)f(9) (n-i)f(9) P(9),  - 0 
F(y) 	1 - F(9) 	f(9) 

where y is the mode. 

For large n the term f'/f will in general be 

small compared to the other terms since (i-1) and (n-i) are 

both large. 	Thus as n tends to infinity such that i = np 

we have 

(np-4) f(9)/F(9) = (n-np)f(0/11 - F(Y)I 

i.e. 	F(y) = p 
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Thus to order 1/n the mode of the distribution of the 

sample quantile is the population quantile. 

Suppose F(yi) = F(y ) + C = p  E 

The random variable Fi  = F .(y1)  is the i
th 

order statistic 

in a sample of n independent observations from a uniform 

distribution on (0,1) and hence has density function pro- 

portional to 	
1 ( 1 	F.)n-i 

which,usingF.=P + E, 

becomes 
(p o1-1(cr)n-i 

where q = 1 - p . 

Taking logs and expanding we have, except for 

constants, 

1) log (1 + 	+ (n - i) log (1 - 	. 

For large n such that i = np this becomes 

E 	1 E
2 

1
2 

p 	2 2 	nq(-  q 	- • 

i.e. 
2pq 
n•C2 

+ 0(E
3
) 

Neglecting terms of order
3 

the density function of F. 

is proportional to exp(-nE2/2pq) • 	The constant may be 

evaluated by integration to give 

1 , n 2 	n , 
exp {- 

11-27 Pq 	
2pq 	P)

2
} 
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as the asymptotic density function of Fi  . 	Thus Fi 
 is 

asymptotically normal with mean p and variance pq/n . 

The asymptotic distribution of the sample quantile 

may be found by expanding F. in the neighbourhood of Y.  as 

follows: 

(yi 
-y 

 )2 

F. • = F(Y ) 	(y. 	Yp  )f(Yp  ) 	2 P 
	 ft(y ) + 

neglecting third and following terms we have 

F. p 
Yi 	• Y P 

	f(Y ) 
	

• 

Thus when n tends to infinity such that i = np the distri-

bution of the sample p-quantile tends to a normal distribution with 

mean y and variance pq/nf2(yp) . 	In a similar way the 

asymptotic joint density function of two sample quantiles may be 

obtained. 	Suppose that r = 1 

V 
1 111 P2  

f(y)dy and p
2 
= 	f(y)dy 

.1„ co 
and that ql  = 1 - pl  and q?  = 1 - p2  . 	The joint density 

function of the random variables F(yi) and 	 Yj  F(.), i < j, is  

proportional to 

IF(ydli-l[F(yj) 	F(yi)]-11-1 
	F(y.3)Inj 

If 	F(yi) = pl  + 	and F(37j) = p2  + 2  , this becomes 

(p1 	
1)1-1

(P2 - P1 	2 - 1:1)
j-i-1 

(1 - p
2 
-

2
)n-j. 
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As before,for large n such that i = np1 
 and j = np2  , 

taking logs, expanding and neglecting terms in X13,  X23, etc., and 

higher we have that the joint density function of F(yi) and F(yj) is 

proportional to 

	

ql 	2}} 
exp 2(p  _np  )  p2 3.2 - 2y2  + q 2  { P  

	

2 1 1 	2 

Comparing this with the exponent of the bivariate 

normaldistributionwellavethatF(Y°andl(. 
 Y3) have a 

bivariate normal distribution with variances and covariances 

given by 

	

P1) p1 	1 
var{F(yi)} = 

P2 (1-p2) 

	

(Pi - pl) q2 	1 
var(F(y.)} - 

	

n 	ql 	(1-P 
2 

 ) 

and 
(P2 - Pl)  p2  

cov fr(y), F(y .)1 - i   
(1-p

2) 

, 	Nil where p2  = kpiq2)/kp2q1)  • 

These become var{F(yi)} = plyn, 

and cov{F(yi), F(y.)} = p1q2/n . 

To order 1/n the pl  and r2 sample quantiles 

var{F(yi)} = p2q2/n 

are asymptotically bivariate normally distributed with variances 

and covariances given by 

Var(z 
P1 
 ) = 	q inf(y 

rl 
)
2
, Var(z 

P2
) = p2q2inf(y

p2
)
2 
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Cov(z , z ) = p 4 /inf(y  )f(y )1 
P1 P2 	P1 P2 

The generalization of these results to k sample quantiles is 

as follows: 

For k given real numbers for which 

0 < pl  < p2  < < 	< 1 , 

let the pi-quantile of the population be 

Y

P  i.e. ( i  i  = Pf(y)dy 	i = 1,2,...,k . 
L.. 

Then the joint distribution of the k sample quantiles 

z , z , ...,z 	tends to a k-dimensional normal distribution 
P1 P2 	Pk 

with means Y y 
P1 P2 	Pk 

and variance-covariance matrix 

r 

P141 	P142 	P1k 
• • • 

	

flf2 	
f
1
f
k f 

2 
1 

P1q2 	P2q2 	P24k 

1A . 1 	f
1
f
2 	f 

2 	
• • • 

f
2
f
k 

n n 	2  
• 

• 

• 

p14k P2qk 	Pkqk 
f
l
f
k 	

f
2
f
k 	

• • • 
f
k
2 

where f. = f(y
P 
 ) and q. = 1 	Pi 	i = 1,2, ...,k, as 
•  

n 	. 
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CHAPTER 2 

DEVELOPMENT OF LINEAR ESTIMATORS FOR LARGE AND  

SMALL SAMPLES 
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2.1 A familz of proportion -p estimators for  
large samples  

In this section we consider a family of estimators 

based on the difference between the means of a proportion p 

of the observations from each end of the ordered sample. It 

is shown below that for a wide range of values of p the 

asymptotic efficiency of the estimator is greater than 95 per 

cent. From this family of highly efficient estimators one 

having a particularly simple form is selected as a quick efficient 

estimator of the standard deviation. This estimator is given by 

one-third of the difference between the means of the largest one 

sixth and the smallest one-sixth of the observations. 

Proportion -p estimators  

Suppose y1 
E Y2 E  ". yn 

is an ordered sample of 

n independent observations from a normal distribution with 

mean u and variance o
2 . 

Let x be such that a proportion p of the standard 

normal distribution lies to the right of x 

 

i.e. -1u2  e 	du 

and let f (x p) 

 

r 
Suppose S = I lyi - yil/r 

i=n+l-r 1=1 
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where 	npi rounded up to the nearest whole number if 

np is not an integer. 

It is shown below that the proportion -p estimator, 

a , formed by multiplying S by p/2f(xp) is an asymp- 

totically unbiassed estimator of the standard deviation a . 

The asymptotic efficiency of a 	relative to the root mean 

square estimator s z"ir.E(Yi T7)2/(n - 1)1 is shown to be 

if(x )112RI) + pp - f(xp)][xp - 2xp
p + 2f(x )]1 

Asymptotic expectation and asymptotic efficiency of a 

The asymptotic properties of a 	were derived using 

the results due to F. Mosteller, outlined in the previous section. 

Let x 
Pi 

be such that pi  

x 

J

Pi 1 
727 

-iu2 
e 	du . 

Then yi  is asymptotically normally distributed with. mean 

pi (1-Pi)2 ax 	+ p and variance 
P. of (x )2 a  

P. 

Y. i  and 
	> i) is 

- p.)a2  

nf(x
P 
 )f(x

P i
) 

i  

( r 
yd/r 

i=1 

-24- 

and the covariance of 

Let 
yl 



  

yii/r 
Y-2 i=n-r+1 

 

then S 	Y2 - y1 • 

The asymptotic expectation of Yl  is given by 

Lim r  E(y1) L 
n 	

(ax + p)/r 
i=1 	pi  

Lim 1 
p+a 	—x n+= r i=1  pi  

1 P  p+a — I x dp. 
P o  P. 1  

of (x ) 
U - 

Similarly the asymptotic expectation of Y2 
is 

af( y p 	. 

Thus the asymptotic expectation of a* is a . 

The asymptotic variance of 371 is  

E(y2) = • 

Var(y1) = a
2 Lim 
n

{2 

4=. r
2 

Pia-p.) 
nf(x )f x ) 

Pi 	Pj 

1 	
r p.(1 - pi) 

r2 i=1 nf(x )
2 

Pi 

2 a  
= 	

+ Lxp 
- px + f(x )][px - f(x ) } 	(1) 

np2 

-25- 
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and the asymptotic covariance of y1  and Y2  is 

	

2 Lim 1 	nC 

	

1-
r 	1
7 .=1"1  . =n-r+1 Pia - p.) Cov(y1,y2) ▪ a n4.00 	nf(x

p.
)f x

p. 3  
} 

2 
G i f  
2 I 

np 
(2) 

Equations (1) and (2), which have been given preViously in a 

different form by R. Mead (1966), were used to find the asymptotic 

variance of a . 
p 

This is given by 

Var(a *) 	
a
2 

{p + 	p - f(x )1Ex - 2x p + 2f(x )1} 
p 	2nf2(x ) 	P 	P 	P 	P 

The asymptotic efficiency of a 	relative to s, i.e. 

Var(s)/Var(a ) 
P 

is thus 

f2(x )/{p + [x pp - f(x 
P 
 )1Ex

P 
 - 2x 

P
p + 2f(x )11 

Table 1 gives the asymptotic efficiencies of a • and the 

corresponding multiplying factors for several values of p in 

the range 0 to 0.45. Any proportion -p estimator with p 

greater than 0.1 or less than 0.4 is about 90 per cent or 

more efficient. 

approximately 13 

The maximum efficiency occurs when p is 

but almost as efficient is ap  • for p 6 
1 

which has the attraction that the multiplying factor is very 

1 
nearly 7  (0.3335) . 
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Table 1 

Asymptotic efficiencies of a 	relative to s and 

corresponding multiplying factors for several values of p . 

P 
Multiplying 
factor p/2f(x 

P 
 ) 

Asymptotic 
eff. of a P * P  

Multiplying 
factor p/2f(x 

P 
 ) 

Asymptotic 
eff. of a 

P
* 

0.025 0.2138 0.5415 0.250 0.3934 0.9626 

0.050 0.2425 0.7205 0.275 0.4121 0.9558 

0.075 0.2649 0.8218 0.300 0.4314 0.9468 

0.100 0.2849 0.8838 0.325 0.4515 0.9364 

0.125 0.3037 0.9232 0.350 0.4725 0.9252 

0.150 0.3217 0.9473 0.375 0.4945 0.9138 

0.175 0.3394 0.9604 0.400 0.5177 0.9028 

0.200 0.3572 0.9662 0.425 0.5423 0.8927 

0.225 0.3751 0.9665 0.450 0.5685 0.8842 

The estimator a
1/6 is thus very easy to remember and 

is simply applied to samples which are already partially ordered. 

It is asymptotically unbiassed and has asymptotic efficiency 95.6 

per cent. 

Small sample bias and variance of the estimator a1/6  

The tables of expected values of order statistics from 

a normal distribution, given by D. Teichroew (1956), were used 

to compute the expected values of 01/6  for sample sizes up 

to 20. 	These are compared in table 2 with the expected values 

of the root-mean-square estimator s, given by 

-27- 



Es = a{2/(n - l)} 2 	2
n1 

 

It is clear from table 2 that except for sample sizes 

under 20 the bias is unimportant being less than 10 per cent. 

Table 2 

Ea1/6 /Es for sample sizes 2(1)20 . 

n Ea
1/6

*/Es n Eu1/6
*/Es 

2 0.471 11 0.905 

3 0.637 12 0.936 

4 0.745 13 0.835 

5 0.825 14 0.864 

6 0.888 15 0.889 

7 0.733 16 0.913 

8 0.787 17 0.935 

9 0.831 18 0.955 

10 0.871 19 0.880 

20 0.900 

The variances and mean square errors for a1/6 
and 

s are given in table 3 for sample sizes 6, 12 and 18. 	The 

mean square error is greatly affected by the bias when the 

sample size is small. 	For small samples it is preferable to 

use one of the alternative linear estimators to be discussed 

later. 
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Table 3 

Variances and mean square errors of s and of 

a1/6 
	for sample sizes n = 6, 12 and 18. 

(Variances and mean square errors to be multiplied by a2) . 

n Var(s) M.S.E. of s 
* 

Var(a 	) 1/6 
* M.S.E. of a1/6 

M.S.E. 	of s Eff= M.S.E. of a 16 

6 0.0946 0.0969 0.0779 0.1020 0.950 

12 0.0444 0.0449 0.0409 0.0482 0.932 

18 0.0290 0.0292 0.0277 0.0312 0.936 
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2.2 	Comparison with other large sample estimators 

These proportion -p estimators compare well with all 

other large sample estimators; they are simpler to use than 

others of equal efficiency and are more efficient than the simple 

estimators. 	The asymptotic theory of quantiles discussed in 

chapter 1 may be used to derive the properties of some of these 

alternative estimators. 	For example, F. Benson (1949) used 

Mostellers results to derive the variance of estimators of u 

and a based on a single pair of quantiles of order p and 

1 - p . 	These results had been derived earlier using a 

different method. 	The estimator of the standard deviation a 

is given by 

s' = a(z1...p  - zp) 

where a is an unbiassing constant and z
P 
 is the sample 

quantile of order p, i.e. the expected value of z
P 
 is 

given by E(z 
P 
 ) = yP =u+x

P
a . 	The unbiassing constant 

is therefore given by 1/2xp  and the variance of s' is 

2 
a 	L142.1 + T-p)  4-1 

4x 
2
n 1f 2(x ) 	f (x ) 	f (x )) 

P 	P 	P 	r 

a2p(1 - 2p)  

2x 
2
f
2
(x )n 
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When p = 0.25 the estimator s' is the semi-interquartile 

range and has efficiency 36.8 per cent. 	The estimator of this 

form which is most efficient may be found by differentiating 

Var(s') with respect to p and equating to zero. 	The 

resulting estimator has p = 0.0692 and corresponding x and 

f(x ) given by 1.482 and 0.13304 respectively. 	The efficiency 

of this estimator is about 65 per cent. 

It is interesting to note that the "seven-eighths" 

rule for estimating a given by M.H. Quenouille (1959) also 

1 
employs the factor 7  . 	his estimator consists of determining 

one-third of the difference between the quantiles (xp,xl_p) 

1 
with p = 	. 	The efficiency of this estimator is 0.62. 

M.H. Quenouille also gives some alternatives which remain 

relatively simple yet have greater efficiency than the ones 

above. These are 

1 
Tt((z15 + 	- 	- z 1  ) 

16 4 4 T. 

with efficiency 73 per cent, and 

s, = 6(z32 + z6 
 - z1 
	1 
- z ) 

33 7 7 33 

with efficiency 81 per cent. 

R. Mead (1966) considered several estimators based on 

dividing the ordered sample into equinumeric groups and forming 
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a - linear combination of the means of the observations in each 

group. 	His estimators are 

s2
t  

s 3 

s4' 
 

s5'  

s6'  

0.62666 (y2- - yi) 

0.45838 (y3- - yl) 

0.36927 (y4- - yi) + 0.09431 

- 
0.31213 (y5  - yi) + 0.11860 

0.27177 (Y6  - T71) + 0.12373 

0.03844 

(y3 

(y4 

(y5 

(y4 

where sk 
is based on k groups and Y. is the mean of the 

observations in the i
th group. 

Mead showed that the asymptotic efficiencies of these 

estimators are as given below: 

k 2 3 4 5 6 

Efficiency of sk  87.6 93.3 95.6 96.8 97.6 

The estimator s
3
' is equivalent to o1/3 ' 	

The 

efficiency of01/6 
 compares well with all these estimators and 

is simpler to compute. 
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2.3 	Small sample estimators and the Generalized  
Least Squares Theorem 

The earliest small sample estimator of the standard 

deviation of a normal distribution was the range and this is 

still used a great deal in quality control procedures. 	Although 

its distribution function and its main properties have been known 

for some time it must be regarded, escept for very small sample 

sizes, as a rather poor estimator since its efficiency decreases 

very rapidly as the sample size increases. 

The problem of finding the most efficient linear 

estimators of the parameters of a general distribution was 

considered by E.H. Lloyd (1952) using the theorem of Generalized 

Least Squares. 	This theorem states that if y is a vector of 

observations from a distribution with unkown parameter vector 0 

such that the expected value of y is of the form 

E (y) = A0 , 

where A is a matrix of known coefficients, and if the variance-

covariance matrix of y is known up to a scale factor, i.e. 

V(y) = Vw
2 
, then the least squares estimator of 0 is 0 where 

(A T IF4A)."4A t v ly  

and V(0) = (A'V
-1
A)
-1
w
2 
. 
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This estimator 8 is the minimum variance unbiassed linear 

estimator of 8 . 

Lloyd pointed out that the conditions of this theorem 

are satisfied if y is the vector of ordered observations from 

a distribution with unknown mean p and unknown variance a
2 
, 

since in this, case 

E(y) = 	: m) p (u)
, 

where 1 is a column vector of ones and m is the vector of 

means of the ordered observations, 

and 	V(y) = Va , 

where V is the variance covariance matrix of the standardized 

order statistics. 	For any continuous distribution m and V 

may be found using the equations of chapter 1. 	Therefore, from 

the general formulae of the theorem, we have that the best linear 

estimators of p and a are 

= -m'r y and a = l'ry , 
••• 	•,•• oar 

where 
	r 	1 v (lm' - mv)v/A 

and 
	

A = (11 V 11)(m'V 1m) — (l'V 1
m)
2 
. 

The variances and covariances of these estimators are 

Var(p) = (n'V 1m)a
2
/A , Var(a) = (1'V

1
1)a

2
/A 
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and. Cov(u,o) = -(1'VT1m)02/A . 

Provided m and V are available these equations may 
••• 

be used to determine best linear estimators of u and o for 

any continuous distribution, symmetric or unsymmetric. 	The vector 

y of ordered observations may be complete or incomplete. 	Of 

particular interest is the case where y is a censored sample, 

i.e. an ordered sample with some observations omitted from 

either or both ends. 

The equations simplify considerably when we have a 

complete sample from a symmetric distribution since in this case 

1117
1
m = 0 . 	The equations for the estimators and their variances 

and covariance take the form 

u = ly/n , 	o = 	, 

Var(u) = a
2In , Cov(11,0 = 0, Var(o) = a2/111,11-im . 

Exact values of the coefficients used to determine the best linear 

estimator of the standard deviation for a normal population were 

computed and tabulated by Sarhan and Greenberg (1956,1958). 	They 

considered all forms of censoring from either end of the ordered 

sample and tabulated the coefficients l'r and the variance 

l'v 11/A for samples of size n .5. 20 using Teichroew's tables 

for m and their own tables for the variance-covariance matrix 

V . 	For complete samples these estimators have high efficiency, 

about 99 per cent, relative to the unbiassed root-mean-square 
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estimator. 	However, the efficiency of estimators based on 

censored samples decreases very quickly as more observations 

are omitted. 
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2.4 	Approximate coefficients for the best linear 
estimator of the standard deviation for complete  

normal samples 

As mentioned previously, because of the computational 

difficulties involved in evaluating the required integrals these 

tables do not extend beyond samples of size 20. 	S.S. Shapiro 

and M.B. Wilk (1965) overcame this limitation when proposing a 

test for normality based on order statistics by using an 

approximation procedure. 	For use with their test they computed 

a table of coefficients which are multiples of the coefficients 

required for the best linear estimators of the standard deviation. 

The same approximation was employed in this section to extend 

Sarhan and Creenberg's table for samples up to size 50. 	The 

variances and efficiencies of the estimators are also given and 

a comparison between the exact and approximate values for small 

sample sizes is made. 

Approximation Procedure 

Let m be the vector of expected values and V the 

variance—covariance matrix of a complete ordered sample of size 

n from a standard normal distribution. 	Suppose y is the 

vector of ordered observations. 	We have seen that the best 

linear estimator of the standard deviation a is given by 

a = (nOV iy)/(m'V im) and its variance is 
a2/(mtv lm)  

Using Shapiro and Wilk's notation let a*' = TOV 1  
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R
2 
= m'V 

lm 
 and  C

2 
= mi V

-1
V
1
m . 	Then a = (a*'y)/R2  = 

where b' is the required vector of coefficients. 

Shapiro and Wilk suggested the approximation a* for 

a* where 

a.* = 2m. ' 	= 2,3, ... , n - 1 . 	(1) 

[C2P(In)/{i2r(141)}1 1  n 20 

and -a
1
* = a

n
* = 	

[C2r(212)/{)/2r(in+1)}1, n > 20 

	(2) 

Exact values of R
2 

and C
2 were computed for 

n .5, 20 and straight lines fitted by least squares. 	The 

resulting equations are 

R
2 

= -2.411 + 1.981 n 

C2 = -2.722 + 4.083 n 
	(3) 

In both cases the residual sum of squares is so 

small compared to the regression sum of squares that errors 

introduced by extrapolation using these equations for larger 

values of n will be small. 

The expected values m for larger samples have been 

tabulated by H.L. Harter (1961) and were used to compute a* 

and hence b(=a*/R2), for all sample sizes up to 50 . 

The exact and approximate values of the coefficients 

are compared in table 4 for n = 5, 10, 15 and 20. 
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Table 4 

Exact and approximate coefficients fbn-i+1}  for 

n a  5, 10, 15 and 20. 

n 

i 

5 

Exact 	Approx 

10 

Exact 	Approx 

15 

Exact 	Approx 
20 

Exact 	Approx 

1 .3724 .3848 .2044 .2020 .1444 .1436 .1128 .1136 

2 .1352 .1321 .1172 .1151 .0927 .0914 .0765 .0757 

3 .0000 .0000 .0763 .0754 .0699 .0694 .0611 .0608 

4 .0436 .0432 .0526 .0524 .0497 .0495 

5 .0142 .0141 .0379 .0378 .0402 .0401 

6 .0247 .0246 .0318 .0317 

7 .0122 .0121 .0241 .0241 

8 .0000 .0000 .0169 .0169 

9 .0101 .0101 

10 .0033 .0033 
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It may be seen that as n increases the error in the 

approximation becomes very small, the largest error for samples 

of size 20 being about 1 per cent. 	The changed form of the 

approximation for an* was suggested by Shapiro and Wilk because, 

when the effect of the approximate C2  is eliminated, the exact 

value and the first approximation appeared to cross at n = 19 . 

Further comparisons between the exact values, these 

approximations and more complex approximations suggested by 

R.L. Plackett (1958) were considered by these authors to justify 

use of equations (1), (2) and (3) in their test for normality. 

Variances and efficiencies of these best linear estimators  

The variance of a, i.e. a2/(m'V 1m) may he approximated 

by 

The efficiency of the estimator relative to the 

biassed root-mean-square estimator s, may be approxi- 

mated by 

Mean square error of s 
Eff. - 

where 

(a
2
/R2) 

2R
2(1-Es) , 

Es 	21 r(In 
I  - 	

)/,/n1. 
2 ) 

The efficiency relative to the unbiassed root-mean-

square estimator s' given by s' = s/Es , may be approximated 

by 
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Eff* = R -
2  
((Es)

-2
-1) 

The exact and approximate variances and efficiencies 

are compared in table 5. 

Table of coefficients  

The approximate coefficients. } for the best l+1 

linear estimators for 20 < n 50 are listed with the corres- 

ponding variances and efficiencies in table 6. 	Exact values 

for n 5 20 are included for completeness. 

It is possible to obtain this table directly from the 

table of coefficients given by Shapiro and Wilk using 

13.--7"-a-a-t11., 1,711erethea.'s are their tabulated values, 1 
1  i=1 1 1 
	1 

but Harter's table and equations (1), (2) and (3) were used to 

avoid accumulating rounding errors. 

Although this approximation procedure might be extended 

beyond n = 50 the computations involved in determining the 

estimate from a sample become extensive and simpler estimators 

which are asymptotically highly efficient are more appropriate. 

For example the estimators based on means of groups of observations, 

discussed in section 2.1. 
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Table 5 

Exact and approximate variances and efficiencies of 
the best linear estimator. 

Sample 
size n 

Variance Efficiency 
1*2 Efficiency 

Exact Approx Exact 	Approx Exact Approx 

2 .5708 .6448 .708 .627 1.000 .885 

3 .2755 .2831 .826 .804 .992 .965 

4 .1801 .1814 .874 .868 .989 .981 

5 .1333 .1334 .900 .900 .988 .987 

6 .1057 .1055 .917 .918 .988 .990 

7 .0875 .0873 .929 .931 .989 .991 

8 .0746 .0744 .938 .940 .989 .991 

9 .0650 .0649 .944 .946 .989 .992 

10 .0576 .0575 .949 .951 .990 .992 

11 .0517 .0516 .954 .955 .990 .992 

12 .0469 .0468 .957 .959 .990 .992 

13 .0429 .0428 .960 .961 .991 .992 

14 .0395 .0395 .964 .964 .992 .992 

15 .0366 .0366 .966 .966 .992 .992 

16 .0341 .0342 .967 .967 .992 .992 

17 .0320 .0320 .968 .968 .992 .992 

18 .0301 .0301 .969 .970 .992 .992 

19 .0284 .0284 .971 .971 .992 .992 

20 .0268 .0269 .973 .972 .993 .992 

1 	Efficiency relative to biassed root-mean-square estimator. 

9 	 sc 
Efficiency relative to unbiassed root-mean-square estimator. 
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TABLE 6 

Coefficients for the best linear estimator of the 

standard deviation of a normal population. 

For n 	20 the tabulated values are based on the 

exact variance-covariance matrix. 

For n > 20 the values are obtained using the 

approximation formulae given. 
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Table 6 

Coefficientsib
n-
.lfor the best linear estimator with variances 
+1 

and efficiencies. 

2 3 4 5 6 	7 8 9 10 

1 .8862 .5908 .4539 .3724 .3175 	.2778 .2476 .2237 .2044 

2 .0000 .1102 .1352 .1386 	j 	.1351 ; .1294 .1233 .1172 

3 I .0000 .0432 .0625 
i 
.0713 .0751 	i .0763 

4 .0000 1 .0230 .0360 .0436 

5 	i .0000 .0142 

Variance 	i .5708 .2755 .1301 .1333 .1057 .0S75 .0746 .0650 .0576 

Efficiency1 	
1 .708 .826 .374 .900 .917 .929 .938 .944 .949 

Efficiency
*? 

 1.000 .992 .989 .988 .988 .989 j .989 .989 .990 
! 

1 	
Efficiency relative to biassed root-mean-square estimator. 

2 	
Efficiency* relative to unbiassed root-mean-square estimator. 



Table 6 (continued) 

 

 

Coefficients b 
n-
. } for the best linear estimator with variances and 
+1 

efficiencies. 

, . 	n 11 	4 	12 	13 

I 

14 15 16 17 18 19 20 

,,„ 
1 	: 	.160.) 	.1743 	.1632 .1532 .1444 .1366 .1297 .1235 .1178 .1123 

,

3 
_ 	.1115 	.1061 	.1013 .0968 .0927 .0339 .0354 .0322 .0792 .0765 

3 	.0761 	.0749 .0735 .0717 .0699 .0681 .0663 .0645 .0628 .0611 

4 .0481 	.0506 .0520 .0526 .0526 .0524 .0519 .0512 .0505 .0497 

5 .0234 	.0294 .0335 .0362 .0379 .0391 .0398 .0401 .0402 .0402 

6 	.0000 	.0097 .0164 .0212 .0247 .0272 .0290 .0302 .0312 .0318 

7 .0000 .0070 .0122 .0160 .0189 .0211 .0228 .0241 

8 .0000 .0053 .0094 .0125 .0150 .0169 

9 .0000 .0041 .0074 .0101 

10 .0000 .0033 

Variance .0517 .0469 .0429 .0395 .0366 .0341 .0320 .0301 .0284 	.0263 

Efficiency)  .954 .957 .960 .964 .966 .967 .968 .969 .971 	.973 

*' 
Efficiency - .990 .990 .991 .992 .992 .992 .992 .992 .992 	.993 

1 	
Efficiency relative to biassed root-mean-square estimator. 

2 	
Efficiency* relative to unbiassed root-mean-square estimator. 



TABLE 	6 

APPROXIMATE 	COEFFICIENTS (b. 	) 	FOR BEST LINEAR 	FSTTMATORS OF 	STANDARD DEVIATION (coN=J;2,) 

21 22 23 24 25 26 27 28 29 30 
1 0.1080 0.1041 0.1005 0.0972 0.0941 0.0913 0.0886 0.0862 0.0839 0.0817 
2 0.0732 0.0708 0.0687 0.0666 0.0647 0.0629 0.0612 0.0596 0.0581 0.0567 
3 0.0592 0.0577 0.0563 0.0549 0.0536 0.0524 0.0512 0.0500 0.0489 0.0479 
4 0.0487 0.11478 0.0470 0.0461 0.0453 0.0445 0.0436 0.0429 0.0421 0.0413 
5 0.0399 0.0306 0,0393 0.0389 0.0384 0.0380 0.0375 0.0370 0.0365 0.0360 
6 0.0321 0.0324 0.0325 0.0325 0.0324 0.0323 0.0321 0.0319 0.0316 0.0314 
7 0.0251 0.0258 0.0264 0.0268 0.0270 0.0272 0.0273 0.0273 0.0273 0.0272 
8 0.0185 0.0107 0.0207 0.0214 0.0220 0.0225 0.0229 0,0231 0.0233 0,0235 
9 0.0122 0.0119  0.0153 0.0164 0.0173 0.0181 0.0187 0.0192 0.0196 0.0199 

1 10 0.0060 0.0083 0.0101 0.0116 0.0128 0.0139 0.0148 0.0155 3.0161 0.0166 
-P,  
cn 

11 
12 

0.0000 0.0027 0.0050 
0_0000 

0.0069 
0.0023 

0.0085 
0.0042 

0.0098 
0.0059 

0.0110 
0.0073 

0.0119 
0.00E4 

0.0127 
0.0095 

0.0134 
0.0'03 

13 0.0000 0.0019 0.0036 0.0050 0.0063 0.0073 
14 0.0000 0.0017 0.0C31 0.0044 
15 0.0000 0.0015 

VARIANCE 0.0255 0.0243 0.0232 0.0222 0.0212 0.0204 0.0196 0.0188 0.0182 0.0175 
EFF, 1 0.9733 0.9741 0.9748 0.9755 0.9762 0.9767 0.9773 0.9778 0.9782 0.9787 
EFF.4,  2 0.9917 0.9916 0.9916 0.9916 0.9015 0.9915 0.9015 0.9915 0.9914 0.9914 

1. 1A-Ticiency relative co'biassed root mean square  

2. i,'fficiency relative to unbiassed root meat_ scuare estitator. 
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TABLE 6 

APPROXIMATE 	COEFFICIENTS 

i 	31 	32 

(bn_141) 	FOR 

13 

REST 

34 

	

LINEAR 	ESTIMATORS 

	

35 	36 

OF 	STANDARD 

37 

DEVIATION (CONTINUED) 

38 	39 	40 
1 0.079A 0.0777 0.0759 0.0741 0.0725 0.0709 0.0604 0.0680 0.0667 0.0654 
2 0.0553 0.0540 0.0528 0.0516 0.0505 0.0494 0.0484 0.0475 0.0465 0.0456 
3 0.0469 0.0659 0.0450 0.0441 0.0433 0.0424 0.0417 0.0409 0.0402 0.0395 
4 0.0406 0.0399 0.0392 0.0386 0.0379 0.0373 0.0367 0.0361 0.0355 0.0350 
5 0.0355 0.0350 0.0345 0.0140 0.0336 0.0331 0.0326 0.0322 0.0318 0.0313 
6 0.0311 0.0308 0.0305 0.0301 0.0298 0.0295 0.0292 0.0288 0.0285 0.0282 
7 0.0271 0.0270 0.0269 0.0267 0.0265 0.0263 0.0261 0.0259 0,0257 0.0254 
8 0.0235 0.0236 0.0236 0.0235 0.0235 0.0234 0.0233 0.0232 0.0231 0.0229 
9 0.0202 0.0204 0.0205 0.0206 0.0207 0.0207 0.0207 0.0207 0.0207 0.0206 
10 0.0170 0.0174 0.0176 0.0179 0.0181 0.0182 0.0183 0.0184 0.0184 0.0185 
11 0.0140 0.0145 0.0149 0.0153 0.0156 0.0158 0.0160 0.0162 0.0163 0.0164 
12 0.0111 0.0117 0.0123 0.0128 0.0132 0.0135 0.0138 0.0141 0.0143 0.0145 
13 0.0082 0.0090 0.0097 0.0103 0.0109 0.0113 0.0117 0.0121 0.0124 0.0126 
14 0.0055 0.0064 0.0073 0.0080 0.0086 0.0092 0.0097 0.0101 0.0105 0.0109 
15 0.0027 0.0038 0.0048 0.0057 0.0064 0.0n71 0.0077 0.0082 0.0087 0.0091 
16 0.0000 0.0013 0.0024 0.0034 0.0043 0.0050 0.0057 0.0064 0.0069 0.0074 
17 0.0000 0.0011 0.0021 0.0030 0.0038 0.0045 0.0052 0.0057 
18 0.0000 0.0010 0.0019 0.0027 0.0034 0.0041 
19 0.0000 0.0009 0.0017 0.0024 
20 0.0000 0.0008 

VARIANCE 0.0169 0.0164 0.0159 0.0154 0.0149 0.0145 0.0141 0.0137 0.0134 0.0130 
EFF, 	1 0.9791 0.9704 0.9798 0.9801 0.9804 0.9807 0.9810 0.9813 0.9815 0.9817 
EFF.* 0.9914 0.9914 0.9913 0.9913 0.9913 0.9913 0.9913 0.9913 0.9912 0.9912 

1. 	 1.1Tieioaey relative to biassed root mean aquare estimator. 

-elative to unbiasoed'root mean square er-imatcr. 



TABLE 6 

APPROXIMATE COEFFICIENTS (bn_i+.1) FOR BEST LINEAR ESTIMATORS OF STANDARD DEVIATION (CONTINUED) 

\\II  

	

1 	41 	42 	43 	44 	45 	46 	47 	48 	49 	50 

	

1 	0.0642 	0.0630 	0.0618 	0.0608 	0.0597 	0,0587 	0.0578 	0.0568 	0.0559 	0.0551 

	

2 	0.0448 	0.0440 	0.0432 	0.0424 	0.0417 	0.0410 	0.0403 	0,0396 	0.0390 	0.0384 

	

3 	0.0388 	0.0382 	0.0375 	0.0369 	0.0364 	0.0358 	0.0352 	0.0347 	0.0342 	0.0337 
4 	0.0344 	0.0339 	0.0334 	0.0329 	0.0325 	0.0320 	0.0316 	0.0311 	0.0307 	0.0303 

	

5 	0.0309 	0.0305 	0.0301 	0.0297 	0.0293 	0.0290 	0.0286 	0.0282 	0.0279 	0.0275 

	

6 	0.0279 	0.0276 	0.0273 	0.0270 	0.0267 	0.0264 	0.0261 	0.0258 	0.0255 	0.0252 

	

7 	0.0252 	0.0250 	0.0248 	0.0245 	0.0243 	0.0241 	0.0238 	0.0236 	0.0234 	0.0232 

	

8 	0.0228 	0.0226 	0.0225 	0.0223 	0.0222 	0.0220 	0.0218 	0.0217 	0.0215 	0.0213 

	

9 	0.0206 	0.0205 	0.0204 	0.0203 	0.0202 	0.0201 	0.0200 	0.0199 	0.0198 	0.0196 
I 	10 	0.0185 	0.0185 	0.0185 	0.0184 	0.0184 	0.0183 	0.0183 	0.0182 	0.0181 	0.0181 

41. 	11 	0.0165 	0.0166 	0.0166 	0.0167 	0.0167 	0.0167 	0.0167 	0.0167 	0.0166 	0.0166 

cl° 	
12 

	

13 	
0.0147 	0.0148 	0.0149 	0.0150 	0.0151 	0.0151 	0.0152 	0.0152 	0.0152 	0.0152 

	

0.0129 	0.0131 	0.0132 	0.0134 	0.0135 	0.0136 	0.0137 	0.0138 	0.0138 	0.0139 

	

14 	0.0112 	0.0114 	0.0116 	0.0119 	0.0120 	0.0122 	0.0123 	0.0124 	0.0125 	0.0126 

	

15 	0.0095 	0.0098 	0.0101 	0.0104 	0.0106 	0.0108 	0.0110 	0.0111 	0.0113 	0.0114 

	

16 	0.0078 	0.0082 	0.0086 	0.0089 	0.0092 	0.0094 	0.0097 	0.0099 	0.0101 	0.0102 

	

17 	0.0062 	0.0067 	0.0071 	0.0075 	0.0078 	0.0081 	0.0084 	0.0086 	0.0089 	0.0091 

	

18 	0.0047 	0.0052 	0.0057 	0.0061 	0.0065 	0.0068 	0.0071 	0.0074 	0.0077 	0.0079 

	

19 	0.0031 	0.0037 	0.0042 	0.0047 	0.0052 	0.0056 	0.0059 	0.0063 	0.0066 	0.0068 

	

20 	0.0015 	0.0022 	0.0028 	0.0034 	0.0039 	0.0043 	0.0047 	0.0051 	0.0054 	0.0058 

	

21 	0.0000 	0.0007 	0.0014 	0.0020 	0.0026 	0.0031 	0.0035 	0.0039 	0.0043 	0.0047 

	

22 	 0.0000 	0.0007 	0.0013 	0.0018 	0.0023 	0.0028 	0.0032 	0.0036 

	

23 	 0.0000 	0.0006 	0.0012 	0.0017 	0.0022 	0.0026 

	

24 	 0.0000 	0.0006 	0.0011 	0.0016 

	

25 	 0.0000 	0.0005 

	

VARIANCE 	0.0127 	0.0124 	0.0121 	0.0118 	0.0115 	0.0113 	0.0110 	0.0108 	0.0106 	0.0103 

	

EFF. 	1 	0.9820 	0.9822 	0.9824 	0.9826 	0.9827 	0.9829 	0.9831 	0.9832 	0.9834 	0.9835 

	

EFF.* 	2 	0.9912 0.9912 0.9912 0.9912 0.9911 0.9911 0.9911 0.9911 0.9911 0.9911 

1. Efficiency relative to biassed root mean square estimator. 

2. Efficiency relative to unbiassed root mean square estimator. 



2.5 	Estimation of the standard deviation of a normal  
population from doubly censored samples using normal scores 

In the preceding section Sarhan's and Greenberg's 

tables were extended beyond n = 20 by approximating the 

coefficients of the best linear estimator. 	An alternative 

approach is to develop nearly-best linear estimators whose 

coefficients may be derived exactly and to find approximation 

formulae for their variances. 

In this section A.K. Gupta's estimator of the 

standard deviation of a normal population, depending only on 

the expected values of the normal order statistics, is 

considered and further results showing its high efficiency 

relative to the best linear estimator for all forms of censoring 

are given. 	Tables which facilitate computation of the 

estimator, based on a sample of size n, are provided for 

2 * n s 50 for complete samples and for 21 n 	25 for 

censored samples, thereby extending the tables which already 

exist for n 	20 . 	Simple approximations for the variances 

of the estimators are also given. 

Suppose that a sample of n observations is taken from 

a normal population with unknown mean U  and unknown variance 

a
2 

and that the sample is subjected to Type II censoring as 

defined by Gupta (1952). 	That is, the r
1 

smallest and r
2 

largest observations in the sample are not available or have 
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been discarded. 	Samples of this kind arise in life-testing 

procedures and when outliers have been rejected from the original 

sample. 	A review of rejection procedures has recently been 

given by Grubbs (1969). 

We consider here an alternative estimator depending only 

on the normal scores, i.e. the expected values of the ordered 

observations. 	This estimator was originally proposed for singly 

censored samples by Gupta and later extended to doubly censored 

samples by Sarhan and Greenberg. 

The normal scores have been evaluated and tabulated for 

a wide range of sample sizes by Harter (1961) and are given by 

both Pearson and Hartley (1966) and Fisher and Yates (1963) for 

all sample sizes up to 50. 	The coefficients required for the 

alternative estimator are thus readily available for all practical 

sample sizes. 

The variance of the estimator involves the variance- 

covariance matrix. 	However, sufficiently accurate estimates 

of the variance may be obtained using the simple approximation 

procedures given below. 

Derivation of the alternative estimator  

Suppose that the observations remaining after 

censoring are ordered and denoted by 

yr
1
+1 - 

v 	y
n-r2r1+2 
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Let y be the vector of these ordered observations and let x 

be the vector of the standardized values 

(yl  . 	u)/a (i = r1 + 1, 	
n - r

2 
 ). 
' 

m = E(x) , 

V = Ef(x - m)(x - m)1} 

are the vector of normal scores and the variance-covariance 

matrix of the standardized ordered observations, respectively. 

Gupta's alternative estimate is obtained from the 

equations in section 2.3 by replacing V
1 by the identity 

matrix, to give 

a = 11(1 m1 	m 11)y/A , 

where 
	A = (11 1)(m1m) - (11m)2  . 

Also 	Var(a) = 11(1 m1  - m 11)V(m 1' - 
1 m,)1 02/72 

The efficiency of this alternative estimator relative to the 

most efficient linear estimator, i.e. Var(a)/Var(o), is given 

in Table 7 for small amounts of censoring for samples of size 

20. 
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Table 7 

Variance and percentage efficiency of a relative to 

r l 

for seiectcd 

2 

form; 

'V 	.L 	a 

of ccnr:ori 

eLlizievey 
2. 

a 

r2 

20 

filar 	a efficiency 

0 0 0,0269 99.91 1 3 0.0403 93.79 

0 1 0.0298 9755 4 0.0448 92.71 

0 0.0332 95,13. 2 2 0.0404 94.00 

0 3 93.09 2 3 0.0449 93.03 

0 4 0.0409 91.40 2 4 0.0501 92.26 

1 1 0.0328 96,69 3 3 0.0502 92.33 

1 2 0.0364 95,12 3 4 0.0563 91.81 

For a coluplete sample of size 20 the efficiency is 99.9 

per cent and when at least one observation is censored from each 

end of the sample the efficiency is always greater than 90 per cent. 

The lowest efficiency is 85 per cent and occurs when the sample is 

heavily censored on one side only, 

Although the efficiency of a is high for all forms 

of censoring it should be remembered that even in the most 

favourable cases censoring of any kind has a considerable effect 

on the variances of both a and a . 	From Table 7 it may be 

seen that for a sample of size 20 the variance of a when six 

observations have been censored is twice that of a based on 

the complete sample. 
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Complete samples  

The equations giving the coefficients and variance of 

a simplify considerably when the sample is uncensored since in 

this case 1' m = 0 . 	The equations become 

a = 	m.
3.
y. / 	m12 

i=1 	1=1 

and 

where v.. 
13 

statistics. 

n n n 2 
Var(a) = 	1 m.m.v. / 

1 3 	
i 	mi

2
) , 

j 1 =1 j=1 	1- 	i=1 

th 
is the covariance of the ith  and j 

	
order 

Calculation of a is further simplified if the subranges 

(Yn-i+1 	Yi)' (i  = 1' 
• • • , [nI), are formed before multiplying 

by the normal scores. 	The estimator now takes the form 

[n] 
. .2 

a 
1=1 

mi(Yn-i+1 
--
Y *1)  / iY. m =1 1 

Fisher and Yates (1963) give values of m
1
2 
+ ... + mn

2 
for 

n .. 50 together with the table of normal scores. 	For convenience 

the reciprocals of m
1
2 
+ ... + mn

2 are given in Table 8 . 

Approximation procedure for the variance of a in complete samples  

The reciprocal of the variance of a is very nearly a 

linear function of the sample size n . 	The linearity of this 

relationship may be summarized by the least squares equation 

1/Var(a) = 1.99n - 2.54 . 
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Table 8 

Reciprocals of the sums of squares of the normal 

scores for 2 :5 n 	50 . 

n 0 10 20 30 40 

1 - 0.1126 0.0536 0.0350 0.0260 

2 1.5707 0.1015 0.0509 0.0339 0.0253 

3 0.6981 0.0924 0.0485 0.0328 0.0247 

4 0.4356 0.0848 0.0462 0.0317 0.0241 

5 0.3130 0.0783 0.0442 0.0308 0.0236 

6 0.2429 0.0727 0.0424 0.0298 0.0230 

7 0.1979 0.0679 0.0407 0.0290 0.0225 

8 0.1667 0.0636 0.0391 0.0282 0.0220 

9 0.1438 0.0599 0.0376 0.0274 0.0215 

10 0.1263 0.0566 0.0363 0.0267 0.0211 

This equation for n > 20 leads to a very simple 

approximation namely Var(a) = a2 
 /(2n 2) which is about 

1 
equivalent to a root-mean-square estimator based on (n - 

degrees of freedom. 	This property of a together with a 

x approximation to its distribution has been used to investigate 

the effect of using a linear estimator of a in the usual t,x
2 

and F-tests for one and two-sample means and variances. 	Details 

of this work are given later in section 3.2. 
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It is of interest to compare o with the unbiassed 

root-mean-square estimator s' defined by s' = s/E(s) where 

s2 = 1(yi  - 37-)2/n-1) and E(s) = f2/(n-1)12  r(?n)/F{1(n-1)} . 

This estimator has variance [111(n-1)}/F(in)12  (n-1)/2 - 1 

Table 9 shows Var(o) and Var(s') for a range of 

sample sizes. 	For n .c 20 the values of Var(o) were obtained 

using the variance-covariance matrix whereas for n > 20 the 

least squares approximation above was used. 

Table 9 

Comparison of the variances of the linear estimator 

and the unbiassed root-mean-square estimator s' . 

n Var a Var s' 

5 0.13342 0.13177 

10 0.05766 0.05701 

15 0.03667 0.03633 

20 0.02687 0.02665 

25 0.02118 0.02105 

30 0.01749 0.01739 

35 0.01490 0.01481 

40 0.01298 0.01290 

Censored samples  

The estimator for censored samples may more conveniently 
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be expressed in the form 

a = a 	m.1y.
3. 
 - b 1y. 

where 	a = (n-k)/{(n-k) 1 mi2  - (1 mi)2} 

1 
and 	b = 1 mig(n-1) mi2 - 

(1 mi)21 
 

Here k = rl  + r2 
and the summations are over i where 

i = r1 + , 	n - r2  • 

Values of a and b for all forms of censoring for 

sample sizes 21 n 25 are given in Table 10 thereby 

supplementing the tables for n 20 in Sarhan and Greenberg. 

More extensive tables are available from the author. 

The variance of a for censored samples  

Sarhan and Greenberg point out that for given n and 

fixed size of sample left after censoring, i.e. r1  + r2  = k 

a constant, the variance of the best linear estimator of a is 

remarkably constant independently of the individual values of 
00 

r
1 

and r
2 	

The same is true of the alternative estimator a . 

From the approximation formula for Var(a) for complete 

1 
samples we have that u = (n - IT) Var(a) is approximately 

independent of the sample size n . For censored samples with 

n = 5, 10, 15 and 20 the values of u averaged over all ri  

and r7  such that r1 
+ r2  = k •  were plotted against k/(n-1) 

The resulting plots appear to converge fairly rapidly to the 
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UILI 1O VALUes 0' a AND b FOrt ALL II ° IUlI OF CUIO_IN' 
pOR UMPLI &JUS 21 tnt 25, 

n=21 

0 1 
r2 

2 3 4 5 6 7 8 9 
0.054 0.067 0.080 0,095 0.'1' 0,129 0.'50 0.176 0,207 0.244 0 
0.000 ·0,006 -0.014 ·0,024 ·O.O!!I ·0.050 ·0.069 ·0.092 "0,122 ·0,162 

9 '4.,7'; .. ,44 0.10, 
.0.00 O. ~t' .0.0 0 o ~U .0:0 

0.U7 
·0,054 O'SiS 

·0. 0 0.~7l .0. , O'U' ·0, , 
0,409 

·0,225 1 

8 lI.1" 0,135 0.,67 0,206 0.253 0.313 0.390 0,491 0,629 2 .4.,1' 0.000 .. 0.012 .0.029 "0.052 ·0,085 .0.131 .0,1 96 .0,291 

7 ".1'7 33.682 "8.874 0.212 0.26'1' 0.351 o 428 o 549 011'1' o 955 3 .2.470 .8.070 _! .291 0.000 .0.018 .0.045 .0:084 .0:143 .0:23' .0: 367 

6 
6.644 12.94' 3'.223 11 9 .351 0.446 0.584 o 7'l' 5 1 05, '.467 4 
.'~601 ~1.916 ,,".364 .50,934 .. 0,029 .0, 075 .0: 147 -0:264 .0.459 

I 
(Jl r1 5 3,62' ",3'1' 1,.760 27 ,879 0. 804 1, , 08 1 57Z 2,322 5 r1 " ., ,11ii! .2,259 .'.062 _1 3,785 ·0.05' .0,138 .0' 292 .0.571 I . 

4 
2.132 3.274 5 446 ,0,239 23. 161 1.121' ,.626 2 438 3,865 6 .0.-"' .'.43~ .2:126 .5.197 _,5.07, 0.000 .0.100 .0:297 .0,703 

3 ' ,31 , 1 .87' 2,81 9 4,590 8.421 19.029 67,369 2.476 3,985 6,95! 7 
.0.516 .0,95 6 .',62 4 _2,955 .6,01 8 .15,002 .58.453 0,000 .0,2 40 .0,835 

2 
0,823 J:U~ , 545 2,21~ 3 597 

.0.433 .':0,9 .1,65 .2:890 
6 394 

.5:636 
13 881 

.13: 405 
46 825 

-49:500 
7 057 
0:000 

14155 
.0:844 8 

1 0,5'1 O.65i 0.B54 ',156 ',642 2.498 4,22 8 8.632 26,806 35,691 9 
.0,311 .0.447 .0,646 .0,960 .,.492 .2,477 .4,576 .10.208 .34,168 0,000 

0 0.291 0,352 0.432 0,542 0,698 0,933 " HO Z,~40 3 689 9 637 
.0,21 4 .0.284 _0.382 .. 0,522 .0.732 .1 .065 ., .642 .2, 'l'3 .5: 514 .1 6 :011 

10 11 12 13 14 15 16 17 18 19 
r2 



TABLE 10 VAlUE! OF a AND b FOR ALL FO"MS OF CINSORJNG 
~ ", . 1· FOR SAMPLI SIZES ii!1 ~ n ~ 25, :. 

n=22 
,"r!;' 

r2 

0 2 3 4 5 6 7 8 9 10 
0,051 0,0 63 0,075 o.o!!!! 0,102 0,118 0.137 0,159 0.1!!5 0.216 O,2!! 

0 0,000 .0,006 -0,013 .0,021 .0.031 .0,044 .0,060 .0,080 .0.105 .0.131 ·0,179 

9 
1".11 6 0,081 0,099 0.119 0.141 0.168 0,200 0.239 0.288 0,349 0,429 

1 ·17,558 0.000 ·0.008 .0.0,7 .0,030 ·0,047 ·0.068 • 0.096 ·0.134 ·0. U4 ·0,254 

8 . 
31S,oa4149,t5 00123 00151 0,1 8 4 0,224 0.273 0.335 0.415 0.521 0. 664 2 • 0,4 0 -3], 76 0,000 ·0,011 -0.025 -0,045 ·0,071 .0,108 .0.1 59 ·0,231 ·0.335 

7 14,776 36,022 139 ,353 0.1 89 0,236 0,295 0.366 0.461 0.5 88 0.763 1 .01] 3 .3,39 0 ·10,342 -48 ,173 0,000 ·0.015 .0,038 .0,069 ·0.115 ·0.182 .0,282 -0,434 

6 
7,101 13,778 33,101 126 ,01 6 o 299 0,381 a 488 0. 633 0.834 1 '2S 1,562 4 .2,060 .4,796 -13,494 -59,049 0:000 ·0,024 ·0;060 -0.'1 6 ·0.202 .0: 338 ·0,561 

I 3,861 6 506 12,41 8 29 ,330 109 ,57'7 o 497 o 655 0 8 '77 , ,200 1 , 692 2,485 5 (J1 r1 5 .2:680 
. . . r1 OJ .1,362 _5,866 _15,680 _65,650 0,000 ·0,040 .0.105 -0,214 .0,400 "0,731 

4 2, $6 g 
.0, 4 

3,457 
.',650 

5 7i8 
_3:0 9 

10,733 
.6,491 

Z4.83~ 
_16.66 

99,5'72 1,238 1,77 t 2 63'7 4,;56 6 .6 ,111 .0,073 .0,20 .. 0:461 -0, 65 

3 1,384 , 967 2,954 4 794 8 716 19 ,760 2,714 4 335 ",516 7 .0,677 .':085 -1,81 6 .3:264 .6:578 ·16,246 - 0,15'7 .. 0:500 .1,295 

0,865 , ,,59 1,612 2,363 3,732 6,61 8 '4 337 4 396 7 '725 15.384 8 2 .0,490 .0, '731 .'.123 .1,808 _3,125 .6,047 -14:280 0:000 .0:441 -1,753 

0,534 o 680 0,887 1 ,98 1 ,69 '7 2,576 4 349 8 860 21 ,451 15 ,589 39,022 9 ·0,351 ·0:491 ·0,102 .1 : 036 "',597 .2,634 .4:835 -10: 724 .. 3',323 0,000 ·ii!,2" 

0 
0,303 0,365 0,447 0,55 8 0,7 1'1' 0,95 8 1 ,352 2.085 3,763 9,810 157,074 10 .0,233 .0,307 .. 0,409 .0,556 .0,774 .. 1,121 -1,7,9 .2. 888 -5,715 .. 1'.519 0,000 

11 12 13 14 15 16 17 18 19 20 
r2 



TABLE 10 VALUes OF a AND b FOR AlL FORMS OF elNSORING 
FOR SAMPL! SIZES i!1 ~ n ~ 25, 

n=23 r2 

0 2 3 4 5 6 7 8 9 10 
0,048 0,060 0,071 0, oe 2 0,09 , 0,109 0,125 0,144 0,161 0,193 0,225 0 0,000 .0,005 .0,011 _0,01 9 .0,028 -0,039 .O,05! -0,070 .0,091 .0,11 8 -0,152 

11",O~6 0,07 6 0,09 2 0,109 0,129 0,153 0,180 0,213 0,253 0,303 0,366 
1 10 .9,248 C,cco .0,007 .0,016 .0,02 7 ·0,041 .0,059 .0,083 ·0,113 _0,154 -0,20 8 

9 
42,258 167,046 0,114 0,13 8 0,166 0,200 0,241 0,29 2 0,357 0,439 0,549 

2 .4,588 .27,20, 0,000 .0,009 .0,022 -0,038 ·0,061 - 0,091 -0,131 -0,188 ·0,266 

8 
16 ,577 40 755 159 154 0,171 0,210 0,258 o 318 o 394 o 493 o 626 o 808 3 -, ,716 .8:90 3 .43:545 0,000 _0,013 .0,032 .0: 058 .0:095 .0:141 .0: 222 .0:333 

7 
8,061 15,772 38 ,287 147,511 0,263 0,330 0,416 0,528 0,680 0,892 1,196 

4 .',776 _4,343 ·12,677 .5 7 ,215 0,000 .0,020 .0.050 .0,093 .0,1 SQ .0,258 ·0,413 

6 4,43 7 7,555 ,4,5117 34,91 4 132,476 O,42! 0,546 o 7p 0,948 1 289 1 807 5 
I 

., ,23 5 .2,52 4 .5,697 .1 5 ,650 .67,235 0,000 .0, 032 .0:0 2 .0,1 63 .0: 293 -0:S1'· 
Ul r1 Z 64;l 4,087 6 862 13 ,052 30 729 11 4,454 o 724 o 976 1 345 1 91 1 2 829 

r1 
CD 6 I 5 .0:89 5 .1,61 0 .(106 .6,676 .17:579 -72,685 0:000 _0:056 .0:152 -0:321 .0: 631 

4 
1,654 2,3 84 3,6.H 6,000 1'.208 25 ,856 94,058 1,364 1, 96 3 2, Sl43 4,674 7 .0,6115 .1 ,096 .1,883 .3,471 .7,1 8 2 .1 8 ,246 .72,801 0,000 .0,109 .0,326 ·0,774 

1 068 , 454 2 060 3 083 4 990 9 11 1 20 462 72 066 i! 98 2 4 794 8 368 8 3 .0:5Q2 _0:769 .1:21 4 .. 2:00 7 _3: 57 0 .(131 .1(472 .67:041 0:000 .0:263 .0: 9 16 

2 
0,697 I) ,9 05 1 ,20 8 , ,677 2,451 3,862 6,832 14,767 49,558 8,472 16 ,984 9 

.. 0,380 .0,547 .o,aoe -1,227 .1,95'1' .3,356 .6,450 ·15,136 -55,208 0,000 -0,924 

0,448 0,55 7 - o 706 0,91 9 , ,23 8 , ,7 5 0 2,650 4 466 'I 079 28 Un 4Z.764 10 ,"",28, ~(i,3b~ .0:53~ .0.758 .1 ,110 .. , ,699 .. 2,786 _5: 087 -n:225 _3(83 8 0,000 

u,2e5 t) , '3 1 " 0.3 77 0,1.61 O,Si'4 0,736 0, 98 1 1 383 2,12 8 3,834 9 914 
0 -(),~9S ~ ." c ~ .0.330 .. 0,"-37 cO,589 -0,8,6 .1,175 .. 1 : 793 -2,999 -5," 1 0 -17: 009 ~!J.t...., .... 

11 12 13 14 15 16 17 18 19 20 21 
r2 



TAiLE '0 VALUIS 0' a AND b ,OR ALL FORMS 0' CINIORJNO 
,OR SAMPLI SIZES 21 ~ n ~ 25. ... 

n=24 

0 1 2 3 4 5 
r2 6 7 8 9 10 11 

0.046 0.0!51 0,067' 0,071 0,088 0,101 0,116 0.132 O. 151 0,1'710 0,201 0, Z34 
0 0,000 • 0,00' -0.010 .0,017' ·0,025 ·0.035 ·0,047' ·0,062 - 0,080 ·0,102 ·0,130 -0.166 

101~4,~~3 0.071 O,08~ 0,101 0,119 0,139 0,1 f' 0,191 0.225 0.2~6 0,317 0.38 2 
• 9, 7' 0,000 .0, 00 .0,014 ·0,024 -0,036 ·0.0 2 -0,072 -0,097 ·0.1 a -O,H4 -0,232 

9 45,407' 178,673 0,127' 0.151 0.180 0,215 0.258 0,311 0,377 O,46! 0,575 2 
.7.102 .37,294 _0.00 8 _0,01 9 .0.034 .0,0 52 .0, 077 .0.110 .0,155 .0,216 .O,.50l 

8 17 ,733 43,409 0,,89 0.229 0,279 0,341 0,420 0,524 0,661 0,85' 3 .3,723 .11,401 .0,012 -0,02 7 -0,0 49 .0,079 -0,121 _0,179 -0,263 .0,385 

7 11,588 16 ,735 40,473 a 289 0,359 o 449 o 567' 0,72 6 o 941 1,265 
4 -2,273 .',321 -1 5 ,056 -0:01 7 -0,041 -0:076 .0:,27 ·0,202 -0:315 - 0,49 a 

6 _,709 7' 987 15,36 8 36 666 0,463 a 593 o 769 1 016 1,374 1,91 B 
., ,513 _2: 996 _6,60 8 _1 7 : 824 .0,026 .0:066 .0:,27 _0:223 .O,3'?! .0,626 5 

I 
m r, 5 2,793 4,306 7,20 6 13 ,664 32, aBO 0.601 0,79 a 1, 057 1,448 2,046 3,01 S 
0 ., ,062 .',873 .3,536 .. 7,488 -1 9 ,477 0,000 .0,043 -0.115 -0,235 -0,440 -O,80!! 6 r, 
I 

4 , ,742 2.502 3,802 6,262 11 661 26.846 97,422 1 ,071 , ,485 2,123 3, , 66 5,002 7 .0,771 -',2 46 -2,110 .3,843 _7:870 _, 9 ,8,5 -78,443 0,000 .0,08 0 .0,22'7 -0,50 5 .1 ,060 

3 , ,120 1 ,521 2 149 3,20B 5 179 9 433 21 137 74 279 2 149 3 242 5 18, 8,995 
8 .0.570 .0,861 _1:342 _2,197 _(873 _(617 _18:680 .71:223 0:000 -0: 172 -0:546 .1,4'" 

2 0,728 0,943 , ,25 6 , ,739 2,536 3,987 7'.038 1!1,1 82 50.846 5 ,240 9,201 1B ,341 
9 _0,424 _0.60 4 .0.88' _'.32 9 .2.10 4 _3,584 _6,845 _1 5 ,976 _57,968 0,000 -0,481 ., ,91 4 

0.466 0.578 0,7'31 0.949 1,27~1 ,801 2.721 4,578 9,2 88 28 ,666 .6,4'0 10 
·0.310 -0.420 -0,57 8 -0.8,3 ·1,182 .,.800 -2,936 -5,333 -1,,714 "39 .309 ·Z,41' 

0 0.274 0,3 24 0,389 0.474 0.589 0,754 1. 003 1 ,412 2,169 3. 9 01 186,630 11 
-0.212 _0.272 -0,352 -0.463 -0.621 -0,856 -1,22 B _1,866 -3,10?' -6,099 0,000 

12 13 14 15 16 17 18 19 20 21 22 
r2 



TABLE 10 VALU!S OF a AND b FOR ALL FORMS OF CINSOIIINO ' .. FOR SAIolPLt! SIZES 21 ~ n ~ 25, 

n::::: 25 

0 1 2 3 4 5 
r2 
6 7 8 9 10 11 

0,044 0,054 0.063 O,Oi'~ O,OB! 0,094 0,,01 O,1n 0" JO O,15 S 0,,81 0,209 0 
0,000 .0,004 .0,010 .0,01 .0,023 .0,032 .0,042 .0,0 .0,0 0 .. 0,089 -0,113 .. 0,1 42 

11 201,893 0,067 0,080 0,094 0," 0 0,12 8 0,149 0,173 0.201 0,236 0.278 D,331 1 .10,047 0,000 .0,006 .0,013 .0,021 .0,032 .0,046 _0,063 .0,084 .. 0,112 .0,147 .0,1 9 3 

10 49 ,970 197,897 0,117 0,138 0,164 0, ,94 0.230 0.274 0,328 0,396 0.485 2 
_4.990 _29 ,644 .0,007 .0.01 1 .0,029 -0.046 .0,067 .0.09 4 .0,130 .0,179 .. 0,245 

9 19 ,661 48,460 O. 171 0.206 0.247 o 299 0,363 0,446 0.553 0,696 3 
.2,960 _9,729 .0.010 .0,02 4 .0,042 .0:067 ·0,101 .0.147 ·0,212 .. 0,.504 

8 
9.604 18 S56 45,985 o 256 0,314 0,387 0.481 0,60 4 o 769 1 ,000 4 , , . 

• 1,942 _4.765 -13,96 9 ·0,014 ·0.035 .0,064 ·0,104 ·0,163 ·0,241 ·0.374 

7 ',320 9,098 17 ,668 42,595 0,398 0,501 0,637 o 822 , .OS1 , ,456 5 
., ,35 7 _2,785 _6,31 9 .1 7 ,473 ·0.022 .0,054 .0.102 .0:,74 ·0.284 .0,458 

(j) 6 3.195 4 97Z a 405 16 ,124 38 361 o 508 o 654 o 854 1 136 , ,547 l 177 6 r1 -" r1 .. 0,989 ., : 796 -3:476 .. 7,528 -20:010 0:000 .0:03 5 .0: 090 -0:178 -O,H1 .0:563 
I 

5 2,026 2,939 4,5,7 7 s:sa 14,255 3!,384 123 708 0. 865 , ,163 1,602 2.279 3,38 2 7 
.0.742 .1,231 -2,13 2 .3:967 .8,300 .21,369 _8( 654 0,000 ·0,060 .0. '65 -0,351 .0,69 , 

4 1.331 1. 828 2 61 7 3 966 6,51 5 12,108 -~~:~~; 100,656 , ,621 2,330 3 495 5,556 8 _0,567 .o.a7b .':397 .2:33 7 _4,214 .. 8,552 -84,000 0.000 .0",9 "0: 355 .0,844 

3 0,892 1 , , 71 1 ,586 Z,23 5 3.328 5.361 Q.743 21 , 7S7 76,41 5 3.532 5,675 9,9" 9 
.0,437 .0,638 -0,952 "',470 -'., ,38S .4,,73 .8.215 ., 9 ,869 -75,338 0,000 -0,286 .0,996 

2 0,601 o 759 0,980 ',302 1 ,799 2,61 8 4 '07 7 236 15 580 ':~:2:: ilO,068 10 
.0,33 7 .0: 468 .0,660 .. 0,955 .'.429 .2.249 .3:80S .7:234 .1 6 :798 .. 1,004 

0,398 0,484 0,59 8 0,755 o 979 1,314 1.850 2, 79 0 4 685 9 , 49 0 50,473 11 , 
.5'574 .0,255 .0,338 -0,454 .0,620 .. 0,867 .. , ,25! -1,899 .3,OB;! , .,2,1 9 , 0,000 

0 0,242 0.2S;S 0.33 4 0,400 0,486 0,604 0,77'2 1,025 1 439 2 208 3,966 '0,283 
.0,1 80 .0,228 .. 0,29 0 .. 0.374 .. 0,489 .0,653 .0,896 "',279 ., :936 .. 3:212 .6,282 .''',942 

12 13 14 15 16 17 18 19 20 21 22 23 
r2 



limiting form given in Table 11. 	For n > 20 a sufficiently 

accurate approximation to the variance of a may he obtained 

1 by computing Var(a) 	ua2/(n - 1--
4
) where u corresponds to 

k/(n-1) and is found by linear interpolation in Table 11. An 

estimate of this variance is then obtained by replacing a
2 by 

-2 a . 

Table 11 

Values of u for approximation to variance of a for 

censored samples. 

k/(n-1) u k/(n-1) u 

.000 .500 .175 .710 

.025 .530 .200 .750 

.050 .555 .250 .825 

.075 .580 .300 .915 

.100 .610 .350 . 1.010 

.125 .640 .400 1.130 

.150 .675 .450 1.260 

Table 12 compares the values obtained using this 

approximation formula with the exact variances for samples of 

size 20 subjected to small amounts of censoring. 
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Table 12 

Comparison of approximate and exact variance of a 

for small amounts of censoring for n = 20 . 

k k/(n-1) u Approx. variance . Exact variance 

r1 =0 	r1 =1 	r= 2.  1 
0 0 .500 .0267 .0269 	- 	- 

.0526 .558 .0298 .0298 	- 	- 

2 .1053 .616 .0329 .0332 	.0328 	- 

3 .1579 .686 .0366 .0368 	.0364 	- 

4 .2105 .765 .0408 .0409 	.0403 	.0404 

For complete samples the inefficiency due to using this 

linear estimator instead of the root-mean-sqUare estimator is more 

than overcome if one more observation is included in the sample. 

For censored samples the linear estimator is about 

equivalent to a root-mean-square estimator based on a complete 

1 
sample with (n - 1--4

)/2u degrees of freedom. 	For example, for 

n = 20 with two observations censored the effective sample size 

is 18.75/(2 x 0.616) + 1 = 16 . 

Summary of estimating procedure for censored samples  

To compute the estimate of a and its standard error 

given a censored sample one proceeds as follows: 

(i) 	order the observations to obtain 

Yr +2 6  ". 6 Yn-r2 
; 
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(ii) compute 	n.y., 	L yi 

wherethein.(1  = r1 + 1, 
	n - r2

) are 

the corresponding normal scores; 

(iii) read the appropriate values of a and b from 

Table 10 and estimate a using 

G = a VL, m.y. - b 	yi  ; 
i  

(iv) compute k/(n-1), where k = r1  + r2, and use 

Table 11 to find the corresponding value of u ; 

(v) estimate the standard error of a using 

1  
{u/(n - 1--4)}2

1
a . 
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CHAPTER 3 

TESTS OF HYPOTHESES FOR MEANS AND VARIANCES 
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3.1 - Large sample rests for means and variances 
using a linear estimator of the stanaafa deviation 

Several linear estimators of the standard deviation 

of a normal population have been shown to be highly efficient 

relative to the root-mean-square estimator and in most cases, 

except when a calculating machine or computer is at hand, 

simpler to calculate. 	However, their practical value is 

severely limited unless one is able to use them in tests of 

hypotheses concerning the means and variances of the populations 

from which the sample values are obtained. In this section four 

test procedures involving a particularly simple linear estimator 

are developed. This estimator was suggested in chapter 2 by 

the author as suitable for medium and large samples and shown to 

have an asymptotic efficiency of nearly 96 per cent. The test 

procedures considered may be used as alternatives to Student's 

t-tests for one and two-sample means, the x
2-test for a single 

variance or standard deviation and the F-test for comparing two 

sample variances. Tables of percentage points for the four 

test-statistics are given and in the final sections the powers of 

these alternative tests are compared with the powers of the 

standard tests. 

A natural extension of the use of short-cut linear 

estimators of the standard deviation of a normal population is 

to introduce these estimators in tests of hypotheses. 	E. Lord 
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(1947 and 1950) produced tables of percentage points of test 

statistics suitable for small samples in which the range is 

used to estimate the standard deviation. 	The two sample-test 

for mean values in which the sample sizes are different was 

considered by P.G. Moore (1957) using a x-approximation to the 

distribution of the standardized sum of the ranges of the two 

samples. 	R.F. Link (1950) and K.C.S. Pillai & A.R. Buenaventura 

(1961) considered the problem of using range-based F-tests for 

comparing two variances. 	H.L. Harter (1963) considerably 

extended earlier tables and produced percentage points of the 

distribution of the ratio of ranges determined from two 

independent samples from normal distributions with common 

variance for sample sizes up to 15. 	He also compared the power 

of this short-cut test procedure with that of the usual F-test. 

The reader is referred to the introduction to Biometrika Tables 

for Statisticians Volume I for illustrative examples and further 

details of these procedures and for the corresponding tables of 

percentage points. 	The efficiency of the range as an estimate 

of the standard deviation decreases so rapidly as the sample 

size increases that the test procedures outlined above are 

suitable for small samples only. 

The theoretical difficulties involved in using the 

more efficient estimators in tests of hypotheses arise because 

the estimators suggested are linear functions of the ordered 
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sample values not of the independent observations themselves. 

The estimators are thus, at least for small samples, not normally 

distributed. 

During the past few years there have been several 

attempts to prove the asymptotic normality of linear functions 

of ordered observations under more general conditions on the 

coefficients involved and with general underlying distributions. 

The distribution of the extreme value in a sample from a normal 

population has skewness and kurtosis coefficients which increase 

as the sample size increases. 	For this reason the magnitude of 

the weights given to the extreme observations is of major 

importance when considering the asymptotic behaviour of the linear 

function. 	S.M. Stigler (1969) gives a summary of results obtained 

to date and outlines the conditions imposed on the weights for 

the proofs of asymptotic normality to hold. 

Our aim here is to derive test statistics that involve 

linear estimators and to consider their distributions, for 

practical sample sizes, under certain null hypotheses. 	For this 

problem it is not sufficient to establish asymptotic normality 

and to derive asymptotic means and variances for our estimators 

or test statistics. 	We need to investigate how quickly, i.e. 

for what range of sample sizes, a normal distribution is a 

sufficiently good approximation, and to derive approximation 

formulae for the parameters of this normal distribution which 
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will agree more closely with the exact values than do the 

asymptotic results. 

It was decided in this section to restrict attention 

to consideration of one and two-sample tests for means and 

variances using a simple estimator of the standard deviation 

particularly suitable for medium and large samples. 	This 

estimator is considered in detail in section 2.1 and is obtained 

by calculating one-third of the difference between the means of 

the largest one-sixth and the smallest one-sixth of the observations. 

There are several reasons for choosing this estimator 

rather than others which are equally as efficient. 	Firstly this 

estimator is easy to compute even for quite large samples since 

it is not necessary to order the observations completely. 	All 

that is required is that the sample be divided into three groups 

according to size in such a way that the extreme groups each 

contain about one-sixth of the observations. 	The sample values 

need not he ordered within these groups. 	The second reason 

for considering this estimator is that since all observations in 

the extreme groups are given equal weight it is conjectured that 

the distribution of the estimator converges to normality more 

quickly than does that of an estimator which assigns high weights 

to the extreme values. 

The linear estimator, its mean and variance 

Although the estimator may be calculated without 
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for 1 i r 6. 1 
1 
3r 

ordering the observations completely it is convenient to consider 

it as a linear function of the ordered observations for purposes 

of deriving its mean and variance. 

Suppose yl < Y2  ` Yn 
is an ordered sample of n 

observations from a normal population with mean u and variance a
2 

The linear estimator of o is defined by 

0* 

n 
V 
L 	v. - 

i=n-r+1 
1 

rrr  
Yi 

i=1 
3r 

where r = n/6, rounded up to the nearest whole number if n/6 

is not an integer. 	This estimator is asymptotically unbiassed 

and has asymptotic efficiency 96 per cent relative to the root-

mean-square estimator. 

Let 6 be the vector of coefficients assigned to the 

vector of ordered observations y = (v y 	)1  
l' 2' 	n 

Then d. is given by 

. 0 	for 	r 

1 
3r 

for n - r + 1 	i 	n, 

and the estimator is given by a* = 6'y . 

As before let m and V be the vector of normal scores 

and variance-covariance matrix of the standardized ordered 

observations respectively. 
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The mean and variance of o* are given by 

Eo* = d'Ey = 6'ma 

and 	Var a* 	= 6'V6a2  . 

Let 6'm and OW for a sample of size n he represented by 

m
n 

and V
n 

respectively. 	The expected values, m
n
, may be 

obtained for n 5 100 and for selected values of n between 

100 and 400 using the tables of normal scores given by H.L. Harter 

(1961). 	Determination of V
n' however, presents more of a 

problem as the variance-covariance matrix V is not available for 

samples larger than 20. 	Also since r is constant over sets 

of consecutive sample sizes, for example r = 7 for n = 37,38,39, 

40,41 and 42, the variance behaves in a disjointed manner depending 

not only on n (or r) but on the position of n in these sets. 

Suppose k is defined in the following way 

k = n(mod 6) if 	6r 

	

= 6 	if n = 6r , 

then k takes the values 1 to 6 depending on the position of n 

in these sets of six consecutive sample sizes for which r is 

constant. 

Exact values of the reciprocals of Vn  for n = 8, ..., 20 

were computed and found to be almost exactly linearly related to 
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r. and k . 	The least squares equation uning these exact values 

is 

V
n 

1 	
1.247 + 11.623r + 0.405k 

with a regression mean square of 396.901 and residual mean square 

0.0008. 	Table 13 gives the exact values of Vn and the 

approximate values obtained using this equation for 	, ..., 20. 

Table 13 

Comparison of exact and approximate values of 

V
n for n = 8, ..., 20 . 

n r k Exact Variance Approximate Variance 

8 2 2 0.04379 0.04384 

9 2 3 0.04313 0.04308 

10 2 4 0.04240 0.04234 

11 2 5 0.04166 0.04163 

12 2 6 0.04094 0.04094 

13 3 1 0.02935 0.02939 

14 3 2 0.02903 0.02904 

15 3 3 0.02870 0.02871 

16 3 4 0.02837 0.02838 

17 3 5 0.02804 0.02805 

18 3 6 0.02772 0.02774 

19 4 1 0.02192 0.02191 

20 4 2 0.02173 0.02171 

Approximation to the distribution of o*  

Emperical sampling experiments involving 400 samples of 
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30 observations from a normal distribution were used to 

investigate the distribution of a* . 	The sampling moments 

and the skewness and kurtosis coefficients, yl  and y2  , 

of the distribution of a* were determined from these 400 

estimates. 	The results of these experiments and the corres-

ponding theoretical values and standard errors based on the 

assumption that the distribution of a* may be closely approxi-

mated by a normal distribution are shown below in table 14. 

Table 14. 

Comparison of observed and hypothesised characteristics 

of the distribution of a* for n = 30 . 

Characteristic Empirical Value Standard Error Theoretical 
Value 

Mean 0.95868 0.00660 0.96371 

Variance 0.01639 0.00123 0.01686 

Third moment 0.00044 0.00028 0.00000 

Fourth moment 0.00081 0.00015 0.00085 

Skewness 	yi  0.20712 0.12247 0.00000 

Kurtosis 	y
2 

0.00838 0.24495 0.00000 

It may be seen that both 	and y2  are within two 

standard errors of the corresponding normal values, however, since 

the intention is to use this normal approximation to the 
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distribution of o* to derive percentage points of the 

distribution of test statistics it is essential that the 

approximation is good in the tails of the distribution as well 

as in the centre. 

The tests of skewness and kurtosis using yl  and y2  

and other tests such as Kolmogorov-Smirnov are not sufficiently 

sensitive to detect the slight non-normalities which are of 

importance. 	Thus we require a procedure for comparing empirical 

and theoretical distributions which is particularly sensitive to 

differences in their extremes. 	Such a procedure employing 

cumulative distribution functions is described by M.B. Wilk and 

R. Gnanadesikan (1968). 	Their method is a probability plotting 

procedure in which quantiles of one variable are plotted against 

quantiles of the other variable. 	Either or both of the cumulative 

distribution functions, which determine the quantiles, may be 

empirical. 	In our case one set of quantiles are obtained from 

the empirical sampling experiment and the other set are the 

corresponding quantiles from the standard normal distribution. 

This procedure is more convenient for computer application than 

plotting on arithmetic probability paper. 	If the variables are 

identically distributed the quantile-quantile plot (Q-Q plot) will 

be a straight line with slope 1 through the origin. 	If, however, 

one variable is a linear function of the other the plot will still 
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be linear but with possibly different intercept and gradient. 

To compare a theoretical distribution and an empirical distri-

bution involving N observations the observations are ordered 

and the .th ordered value is plotted against F 11(i-1)/N1 

for i = 1,2,...,N, where F-1  is the inverse cumulative of 

the theoretical distribution. 	Figure 1 shows the Q-Q plot 

of 400 estimates of a* against the corresponding quartiles of 

the standard normal distribution. 	The linearity of this plot 

indicates that the normal approximation is reasonably good even in 

the tails of the distribution. 	This approximation is the basis 

of the theoretical results derived in the following sections. 

The distribution of the ratio of two normal variables  

The test-statistics to be considered in the following 

sections take the form of a ratio of two normal variables. 	The 

distributions of these statistics are derived using the following 

result due to R.C. Geary (1930). 	Let x and y be two normal 

variables with means zero, standard deviations a and 

respectively and with correlation coefficient p . 	If 

u = (b + y)/(a + x), where a and b are constants, the function 

au - b z 	
Aci2u2 - 2pa6u +- 6

2
) 

has a standard normal distribution provided that a + x is 

unlikely to assume negative values. This condition is amply 
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E.  

0.6 	0.8 	1.0 	1.2 	1.4 	1.6 c r 
observed quantiles 

Figure 1. 4-0 plot of 400 estimates of (i*  
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satisfied if a ?. 3a . 

Although it does not seem possible to derive a simple 

functional form for the distribution of u, specific percentage 

points may be obtained when p = 0 from the percentage points of 

the normal distribution. 

One-sample test for mean value. (Alternative to Student's t-test)  

Suppose the null hypothesis to be tested is that the 

mean of the normal population, from which we have a sample of size 

n, is po 	The one-sample t-test consists of estimating 
a2 

, 

the unknown variance of the normal population, by 

s2 =1(yi  -y)
2  /(n-l) and testing (y7 	1.10)/(s/17) using the 

t-distribution with (n-1) degrees of freedom. 	If the 

standard deviation o is estimated by the linear estimator a* 

instead of the root-mean-square estimator s the corresponding 

expressionul 	
Po)/(a*/47) does not have a t-distribution. 

This expression may, however, be rewritten in the form 

- P0)/(0/4) 
111  = 	

(a*/a) 

Under the null hypothesis (y - u0)/(o/Tri) has a standard normal 

distribution and c*/15 is normal with mean mh 
and variance Vn 

. 

The correlation coefficient p is zero since y and o* are 

orthogonal linear combinations of the observations. 	Since the 

condition m
n 

341--  is amply satisfied for n ?. 4 we may use 
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point of u i.e. u
1,p 

Z 

Geary's theorem in which a = m
n
, h = 0, p = 0, a

2 
- Vn 

and 

13
2 

= 1 . 	Hence 

n ul 
z1  V(Vn u1

2 
+ 1) 

has a standard normal distribution. The function z1 
is a 

monotonic increasing function of u
1 

therefore the p-percent 

may be obtained by solving the equation 

mnul,p  
i(Vn  ul2p  + 1) 

where z is the p-percent point of the standard normal distri-
P 

bution. 	This gives 

2 2 	_1 
z ) - Vn]  2  

Values of u 	for p = 0.1, 0.05, 0.025, 0.02, 0.01, 
1,11  

0.005 and 0.001 and for a range of sample sizes greater than 20 

are given in table 15. 

One-sample test for variance or standard deviation. (Alternative 
to chi-squared test).  

The null hypothesis that o = a
o 

may be tested using 

the normal approximation to the distribution of a* . 	Under the 

null hypothesis a* is normal with mean m
n
a 
o 

and variance 

V
n
a
o
2   , i.e. vl  = a*/a

o 
is normal mean mn 

and variance Vn 
. 

The p-percent point of v1 is given by v1,p 
= mn + z 

17-  

Upper and lower percentage points of v1 
are given in 

table 16. 
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TABLE 15. pERCENT_GE POINTS OF DENSITY FUNCTION OF u. 
FOR ONE ~AMPLE TEST FOR MEANS 

P 

n 0.1000 0.0500 0.0250 0.0200 0.0100 0.0050 0.0010 

21 1.4458 1.8832 2.2808 2.4031 2. '7712 3.1274 3.9385 
22 1.4173 1.8448 2.2325 2.3515 2.7093 3.0544 3.8359 
23 1. 391 4 1.8100 2.1888 2.3049 2.6534 2.9887 3.1443 
24 1.3678 1.'7782 2.1490 2.2625 2.6027 2.9292 3.6620 
25 1.45'57 1 • 891 1 ~.2835 2.4034 2.7621 3.1055 3.8716 
26 1.4311 1.8583 2.2427 2.3600 2.7105 3.0454 3.7898 
27 1.4085 1.8281 2.2051 2.3201 2.6632 2.9904 3.7154 
28 1.3876 1 .8003 2.1705 2.2833 2.6197 2.9399 3.6473 
29 1.3682 1.7744 2.1385 2.2493 2.5794 2.8932 3.5847 
30 1. 3501 1.7504 2.1087 2.2177 2.5420 2.8500 3.5:l69 
31 1.4214 1. 841 9 2.2178 2.3320 2.6716 2.9933 3.6983 
32 1. 4027 1.8171 2.1872 2.2995 2.6333 2.9493 3.6401 
33 1.3851 1.7939 2.1585 2.2691 2.5976 2.9082 3.5859 
34 1.3687 1.7721 ?. 1 316 2.2407 2.5642 2.8698 3.5353 
35 1.35H 1.7515 2.1064 2.2139 2.5328 2.8338 3.4881 
36 1.3386 1 .7322 2.0826 2.1887 2.~033 2.7999 3.4437 
3? " 3985 1 .8092 2.1744 2.2850 2.6124 2.9206 3.5884 
38 1.3834 1.7893 2.1500 2.2591 2.5821 2.8860 3.5434 
39 1 .3691 1 • '7704 2.1 269 2.2346 2.5535 2.8534 3.5011 
40 1.3555 1 .7526 2.1050 2.2115 2.5265 2.8225 3.4611 
41 " 3426 1.7356 2.01142 2.1895 2.5008 2.7932 3.4232 
42 1.3303 1.7194 2.0644 2.1686 2.4765 2.7654 3.3873 
43 1.3821 1.7859 2.1436 2.2516 2.5706 2.8697 3.5124 
44 1.3694 1.7693 2.1233 2.2302 2.5456 2.8412 3.4759 
45 1. 3574 1 .7534 2.1040 2.2097 2.5219 2.8142 3.4412 
46 1.3458 1 .7383 2.0855 2.1902 2.4992 2.7884 3.4081 
47 1.3348 1 .7238 2.0678 2.1 715 2.4'775 2.7637 3.3766 
48 1.3242 1.7100 2.0509 2.1537 2.4567 2.7402 3.3465 
49 1.3697 1.7684 2.1206 2.2267 2.5395 2.8319 3.4566 
50 1.3589 1 .7542 2.1033 2.2084 2.5183 2.8078 3.4260 
51 1.3484 1.7405 2.0867 2.1909 2.4980 2.7847 3.3966 
52 1. 3384 1.7274 2.0707 2.1740 2.4784 2.7626 3.3685 
53 1.3288 1.7148 2.0553 2.1578 2.4597 2.7413 3.3415 
54 1.3195 1 .7026 2.0406 2.1422 2.4416 2.7209 3.3156 
55 1.3601 1.7548 2.1028 2.2075 2.5155 2.8028 3.4139 
56 1.3506 1.7424 2.087'7 2.1915 2.4971 2.7819 3.3876 
57 1.3414 1.7304 2.0731 2.1761 2.4793 2.7618 3.3622 
58 1.3326 1 .7188 2.0590 2.1613 2.4622 2.7424 3.33'77 
59 1.3240 1.7076 2.0455 2.1470 2.4457 2.7237 3.3142 
60 1.3157 1.6968 2.0324 2.1332 2.4297 2.7057 3.2915 
70 1.3239 1 .7061 <'.0419 2.1426 2.4383 2.7129 3.2930 
80 1.3300 1. 71 31 2.0490 2. 1497 2.4449 2.7185 3.2945 
90 1.3045 1.6796 2.0081 2.1064 2.3946 2.6613 3.2215 

100 1.3113 1.6878 2.0173 2.1158 2.4044 2.6711 3.2302 
150 1. 2956 1.6660 1 .9891 2.0855 2.3674 2.6270 3.1681 
100 1.3014 1.6726 1.9960 2.0924 2.3739 2.6327 3.1'707 
250 1.2939 1. 6625 1.9834 2.0790 2.3579 2.6142 3.1459 
300 1 .2896 1.6568 1.9761 2.0712 2.3486 2.6033 3.1312 
350 1. 2932 1.6611 1.9810 2.0763 2.3540 2.6088 3.1367 
400 1.2896 1.6563 1.9750 2.0699 2.3465 2.6003 3.1255 
oc 1.2816 1.6449 1.9600 2.0537 2.3263 2.5758 3.0902 
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TABLE 16. 	PERCENTAGE 	POINTS 	OF 	DENSITY 	FUNCTION 	of 	V, 
FOR 	ONE 	SAMpLE 	TEST 	FOR 	STANDARD 	DEVIATIONS 

P 
n 0.9950 0.9900 0.9750 0.9500 0.0500 0.0250 0.0100 0.0050 

21 0.5283 0.5649 0.6186 0.6649 1.1475 1.1937 1.2475 1.2841 
22 0.5472 0.5836 0.6371 0.6832 1.1637 1.2098 1.2633 1.2997 
23 0.5651 0.6014 0.6547 0.7005 1.1790 1.2248 1.2781 1.3144 
24 0.5821 0.6183 0.6713 0.7170 1.1934 1.2391 1.2921 1.3283 
25 0.5562 0.5892 0.6376 0.6792 1.1139 1.1555 1.2039 1.2369 
26 0.5721 0.6050 0.6532 0.6947 1.1279 1.1694 1.2176 1.2504 
27 0.5873 0.6201 0.6681 0.7095 1.1411 1.1825 1.2305 1.2633 
28 0.6019 0.6345 0.6824 0.7236 1.1538 1.1950 1.2428 1,2755 
29 0.6158 0.6483 0.6961 0.7371 1.1658 1.2069 1.2546 1,2871 
30 0.6292 0.6616 0.7092 0.7501 1.1773 1.2182 1.2658 1.2982 
31 0.6044 0.6345 0.6786 0.7166 1.1129 1.1509 1,1950 1,2251 
32 0.6171 0.6471 0.6911 0.7290 1.1241 1.1620 1.2060 1.2360 
33 0.6294 0.6593 0.7031 0.7409 1.1349 1.1726 1.2165 1.2464 
34 0.6412 0.6710 0.7147 0.7524 1.1453 1.1829 1.2266 1.2564 
35 0.6526 0.6823 0.7259 0.7634 1.1552 1.1927 1.2363 1.2661 
36 0.6636 0.6032 0.7367 0.7741 1.1648 1.2022 1.2457 1,2753 
37 0.6404 0.6682 0.7090 0.7442 1.1108 1.1459 1.1867 1.2145 38 0.6510 0.6787 0,7194 0,7545 1.1202 1.1552 1.1959 1.2236 
39 0.6612 0.6889 0.7295 0.7644 1.1292 1.1642 1.2048 1,2324 
40 0.6711 0.6987 0,7392 0.7741 1.1380 1.1728 1.2134 1.2410 
41 0.6808 0.7083 0.7487 0.7835 1.1465 1.1812 1.2217 1.2492 
42 0.6901 0.7176 0.7579 0.7926 1.1547 1.1894 1.2297 1.2571 
43 0.6685 0.6045 0,7327 0.7655 1.1082 1.1410 1,1792 1.2052 
44 0.6775 0.7035 0.7416 0.7743 1.1163 1.1490 1.1871 1.2130 
45 0.6863 0.7122 0,7502 0.7829 1.1241 1.1568 1.1948 1.2207 
46 0.6949 0.7207 0.7586 0.7912 1,1317 1.1643 1.2022 1.2281 47 0.7032 0.7200 0.7668 0.7904 1.1391 1.1716 1.2095 1.2352 
48 0.7113 0.7371 0.7748 0.8073 1.1463 1.1788 1.2165 1.2422 
49 0.6912 0.7157 0.7517 0.7826 1.1055 1,1365 1.1724 1,1969 
50 0.6991 0.7235 0.7594 0.7903 1.1126 1.1435 1.1794 1.2038 
51 0.7068 0.7312 0.7670 0.7978 1.1195 1.1503 1.1861 1.2105 
52 0.7143 0.7386 0.7744 0.8051 1.1262 1.1570 1.1927 1.2171 
53 0.7216 0.7459 0.7816 0.8123 1,1328 1,1635 1.1991 1,2235 
54 0.7288 0.7531 0.7887 0.8193 1.1392 1.1698 1.2054 1.2297 
55 0.7100 0.7332 0.7673 0.7967 1.1029 1.1323 1.1664 1,1896 
56 0.7170 0.7402 0.7742 0.8035 1.1092 1,1385 1.1725 1,1957 
57 0.7238 0.7470 0.7810 0.8102 1.1154 1.1446 1.1786 1.2017 
58 0.7305 0.7536 0,7875 0.8167 1,1214 1,1506 1,1845 1,2076 
59 0.7371 0.7601 0.7040 0.8231 1.1273 1.1564 1.1903 1.2133 
60 0.7435 0.7665 0.8003 0.8294 1.1330 1.1621 1.1959 1,2189 
70 0.7563 0.7774 0.8084 0.8350 1.1132 1.1309 1.1708 1.1919 
80 0.7666 0.7862 0.8150 0.8397 1.0980 1.1227 1.1515 1.1710 
90 0.7928 0.8116 0.8393 0.8630 1.1114 1.1351 1.1628 1.1816 
100 0.7985 0.8162 0.8423 0.8646 1.0985 1.1209 1.1469 1,1646 
150 0.8412 0.8559 0.8773 0.8957 1.0883 1.1068 1,1282 1,1428 ZOO 0.8573 0.8698 0.8883 0.9041 1.0697 1.0856 1,1040 1.1166 
250 0.8756 0.8869 0.9035 0.9178 1.0666 1.0809 1.0974 1.1087 
300 0.8884 0.8088 0.9140 0.9270 1.0633 1.0764 1.0916 1.1019 
350 0.8938 0.9034 n.9174 n.9204 1.0551 1.0671 '.0811 1.t)906 
400 0.9026 0.9115 0.9247 0.9359 1.0538 1.0651 '.0782 1.0872 
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Two-sample test for mean values. (Alternative to two-sample  
Student's  t-test). 

Suppose that two samples of size n1  and n2  are 

taken from normal distributions with common variance a
2 

and 

means p
1 

and p2 
respectively, and that it is required to 

test the null hypothesis that the difference between the means is 

equal to some value d . Let the sample means be y1 
and y

2 

and let al* and a
2
* denote the linear estimates of a 

derived from the two samples. 	The first step is to form a 

weighted estimate a* of a from the two linear estimates 

a1* and 
a
2
* using 

nl al* + n2 02* 

n
l 
+ n

2 

The test-statistic is now defined as 

u
2 

= (TT1 - Tr2 - d)/a* , 

which may be rewritten in the form 

(Y1  - ir2  - d)/{a2(1/ni  + 1/n2)} 

u
2 	 2 

(n1a/* + n2a2*)/[(ni  + n2){a (1/n1  + 1/n2)}2] 

This is the ratio of two uncorrelated normal variables, the 

numerator is a standard normal variable while the denominator is 

normal with mean 

3/
2 

(n
1 
n
2
) (n

1 
m
n 

+ n
2 

m
n
)/(n1  + n2) 

1 	2  
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for 21 n < , 1  , 1'2 

and variance 

	

n n2  (n 2V 	+ n 2V )/(n + n2)3 . 
1 

1 	1 n 	2 n
2 	

1  

Provided the condition 

, 
n
1 
m
n1 

+ n, m > 3kn
1
2 V

n1 
+ n

2
2 
 V
n 
)2  n  

	

- 2 	2 

holds Geary's theorem may be used again. 	The above condition 

is satisfied for n
1, 
 n2 	4 so we have that 

-312 
(n1 n

2)/  (nl  

	

1- n2 m 2) u2 (nl 
	n2) 

 
z
2 

- (nl 
n2  (n1

2
Vn  + n

2
2 V

n 
) u

2
2 (n

1 
+ n2)-3  + 

1 	2 

has a standard normal distribution. 

The percentage points of u2  may be obtained from the 

corresponding percentage points of the normal distribution using 

the equation 

3 -1 

u2,p = [nl n2/(n1 	n2) I 2  
2 -2 

m
nl 

+ n
2 
m
n2
) z 

9 
(n

1 -
V 	+ n

2
2 V

n
)1-2  

n
1 	2 

The 5 per cent and 21 per cent points of 

n2 	50 are given in table 17. 

Two-sample test for variances. (Alternative to the F-test). 

Suppose that two samples of size n1  and n2 
are 

taken from normal distributions with variances 012 and a22 
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TABLE 17 

ni\ n  2  
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 

0.025 POINTS FOR TEST FOR DIFFERENCE BETWEEN TWO MEANS 

21 	22 	23 	24 	25 	26 	27 	28 	29 	30 
0.685 0.670 0.656 0.644 0.659 0.647 0.636 0.025 0.615 0.606 
0.670 0:656 0.643 0.630 0.645 0.633 0.622 0.612 0.602 0.593 
0.656 0.643 0.630 0,618 0.631 0.620 0.610 0.600 0.590 0.581 
0.644 0.630 0.618 0.606 0.619 0.608 0.598 0.588 0.579 0.570 
0.659 0.645 0.631 0.619 0.632 0.620 0.609 0.599 0.589 0.580 
0.647 0.633 0.620 0.608 0.620 0.609 0.598 0,588 0.579 0.570 
0.636 0.622 0.610 0.598 0.609 0.598 0.588 0.578 0.569 0.560 
0.625 0.612 0.600 0.588 0.599 0.588 0.578 0.569 0.560 0.551 
0.615 0.602 0.590 0.579 0.589 0.579 0.569 0.560 0.551 0.543 
0.606 0.593 0.581 0.570 0,580 0.570 0.560 0.551 0.543 0,535 
0.620 0.607 0.594 0.583 0.592 0.581 0.571 0.562 0.553 0.544 
0.611 0.598 0.586 0.575 0.584 0.573 0.563 0.554 0.545 0.536 
0.603 0.590 0.578 0.567 0.575 0.565 0.555 0.546 0.537 0.529 
0.595 0.582 0.570 0.559 0.567 0.557 0.548 0.539 0.530 0.522 
0.587 0.575 0.563 0,552 0.560 0.550 0.541 0.532 0.524 0.516 
0.580 0.567 0.556 0,546 0.553 0,543 0.534 0.525 0.517 0.509 
0.593 0.580 0.568 0.557 0.564 0,554 0.544 0,535 0.527 0.518 
0.586 0.573 0.562 0.551 0.557 0.547 0.538 0.529 0.520 0,512 
0.579 0.567 0.555 0.544 0.551 0.541 0,532 0.523 0.514 0.507 
0.572 0.560 0.549 0.538 0.544 0.535 0.526 0.517 0.509 0.501 
0.566 0.554 0.543 0.533 0.538 0.529 0.520 0,511 0.503 0,496 
0.560 0.548 0.537 0,527 0.532 0.523 0.514 0,506 0.498 0,490 
0.572 0.560 0.549 0,538 0.543 0.533 0.524 0.515 0.507 0.499 
0.566 0.554 0.543 0.532 0.537 0.528 0.519 0,510 0,502 0.494 
0.561 0.549 0.538 0,577 0.532 0.522 0.513 0.505 0.497 0.489 
0,555 0.544 0.533 0.522 0.527 0,517 0.508 0.500 0.492 0.485 
0.550 0.539 0.528 0.517 0.521 0.512 0.504 0.495 0,488 0.480 
0.545 0.534 0.523 0.513 0.517 0,508 0.499 0.491 0.483 0.476 
0.556 0.544 0.533 0.523 0.526 0.517 0.508 0.500 0.492 0.484 
0.551 0.540 0.529 0.518 0.522 0.512 0.504 0.495 0.487 0.480 



TABLE 17 

n.N12 

21 
e2 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 

0.025 	POINTS 	FOR 

31 	32 	33 

TEST 

34 

FOP 	DIFFERENCE 

35 	36 

BETWEEN 

37 

TWO MEANS 

38 	39 40 
0.620 0.611 0.603 0,595 n.587 0,580 0,593 0.586 0.579 0.572 
0.607 0.598 0.590 0,582 0.575 0,567 0.580 0,573 0.567 0,560 
0.594 -0.586 0.578 0.570 0.563 0,556 0.568 0,562 0.555 0.549 
0.583 0,575 0.561 0.F.59 0.552 0.546 0.557 0.551 0.544 0.538 
0.592 0.584 0.575 0.567 0.560 0.553 0.564 0.557 0.551 0.544 
0.581 0.573 0.565 0.557 0.550 0,543 0.554 0,547 0.541 0.535 
0.571 0.563 0.555 0.548 0.541 0,534 0.544 0.538 0.532 0.526 
0.562 0.554 0.546 0.539 0.532 0,525 0.535 0,529 0,523 0.517 
0.553 0.545 0.537 0,530 0.524 0.517 0.527 0,520 0.514 0.509 
0.544 0.536 0.529 0.522 0.516 0.509 0.518 0.512 0.507 0.501 
0.554 0.545 0.538 0.530 0.523 0.517 0.526 0.519 0.513 0.507 
0,545 0.538 0.530 0.523 0,516 0,509 0.518 0.512 0.506 0.500 
0.538 0.530 0.523 0.516 0.509 0.503 0.511 0.505 0.499 0.493 
0.530 0.523 0.516 0.509 0.502 0,496 0.504 0,498 0.492 0,487 
0.523 0.516 0.509 0.502 0.496 0.490 0.497 0.491 0.486 0.480 
0.517 0.509 0.503 0,496 0.490 0.484 0,491 0.485 0.480 0,474 
0.526 0.518 0.511 0.504 0.497 0.491 0.498 0.492 0.486 0.481 
0.519 0.512 0.505 0.498 0.491 0,485 0.492 0.486 0.481 0.475 
0.513 0.506 0.499 0.492 0.486 0.480 0.486 0.481 0.475 0.470 
0.507 0.500 0.493 0.487 0.480 0,474 0.481 0.475 0.470 0.464 
0.502 0.495 0.488 0,481 0,475 0,469 0,476 0,470 0.465 0,459 
0.496 0.489 0.483 0.476 0.470 0,464 0.470 0.465 0.460 0.454 
0.505 0.498 0.491 0.484 0.478 0,471 0.477 0,472 0.466 0,461 
0.500 0.492 0.486 0.479 0,473 0,467 0.473 0,467 0.461 0.456 
0.495 0.488 0.481 0.474 0.468 0.462 0.468 0,462 0.457 0.452 
0.490 0.483 0.476 0.470 0,464 0.458 0.463 0.458 0.452 0.447 
0.485 0.478 0.472 0,465 0.459 0.454 0.459 0.453 0.448 0,443 
0.480 0.474 0.467 0.461 0.455 0.449 0.454 0.449 0.444 0,439 
0.489 0.481 0.475 0,468 0,462 0,456 0.461 0.456 0.450 0.445 
0.484 0,477 0.471 0,464 0.458 0,452 0.457 0.451 0.446 0,441 



TABLE 	17 	0,025 	POINTS 	FOR 

	

n. n2 	41 	42 	43 

TEST 

44 

FOR 	DIFFERENCE 

45 	46 

BETWEEN 

47 

TWO MEANS 

48 	49 50 
21 0.566 0.560 0,572 0,566 0.561 0.555 0.550 0.545 0.556 0.551 
22 0.554 0.548 0.560 0,554 0.549 0.544 0.539 0,534 0.544 0.540 
23 0.543 0.537 0.549 0.543 0.538 0.533 0.528 0.523 0.533 0.529 24 0.533 0.527 0.538 0.532 0.527 0,522 0.517 0.513 0.523 0.518 
25 0.538 0,532 0.543 0,537 0.532 0.527 0.521 0.517 0.526 0.522 
26 0.529 0.523 0.533 0,528 0.522 0.517 0.512 0.508 0.517 0.512 27 0.520 0.514 0.524 0.519 0.513 0.508 0.504 0,499 0.508 0,504 28 0.511 0.506 0.515 0.510 0.505 0.500 0.495 0.491 0.500 0.495 
29 0.503 0.498 0.507 0,502 0.497 0.492 0.488 0.483 0.492 0.487 
30 0.496 0.490 0.490 0.404 0.489 0,485 0.480 0.476 0.484 0.480 31 0.502 0.496 0.505 0.500 0.495 0.490 0.485 0,480 0.489 0,484 
32 0.495 0.489 0.498 0.492 0.488 0.483 0.478 0.474 0.481 0.477 
33 0.488 0.483 0.491 0.486 0.481 0.476 0.472 0.467 0.475 0.471 34 0.481 0.476 0.484 0.479 0.474 0.470 0.465 0.461 0.468 0.464 35 0.475 0.470 0,478 0.473 0.468 0,464 0.459 0,455 0.462 0,458 
36 0,469 0,464 0.471 0.467 0,462 0.458 0,454 0.449 0.456 0.452 
37 0,476 0.470 0.477 0.473 0.468 0.463 0.459 0,454 0.461 0,457 38 0.470 0.465 0.472 0.467 0.462 0.458 0.453 0,449 0,456 0.451 39 0.465 0.466 0.466 0.461 0.457 0.452 0.448 0.444 0.450 0.446 
40 0.459 0.454 0.461 0.456 0,452 0.447 0.443 0.439 0.445 0,441 
41 0.454 0.450 0.456 0.451 0.447 0.442 0.438 0,434 0.440 0,436 42 0.450 0.445 0.451 0.446 0.442 0.438 0.434 0.430 0.435 0.431 
43 0.456 0.451 0.457 0,452 0,447 0.443 0,439 0.435 0.440 0.436 
44 0.451 0.446 0.452 0.447 0.443 0.438 0.434 0,430 0.436 0,432 45 0.447 0.442 0.447 0,443 0.438 0.434 0.430 0.426 0.431 0.427 46 0.442 0.438 0.443 0.438 0.434 0.430 0.426 0.422 0.427 0,423 47 0.438 0,434 0.430 0.434 0.430 0.426 0.422 0,418 0.423 0,419 
48 0.434 0.430 0.435 0.430 0.426 0.422 0.418 0.414 0.419 0.415 
69 0.440 0.435 0.440 0,436 0.431 0.427 0.423 0,419 0.424 0.420 50 0.436 0.431 0.436 0,432 0.427 0.423 0.419 0,415 0.420 0,416 



TABLE 17 	0.050 POINTS FOR TEST FOR DIFFERENCE BETWEEN TWO MEANS 

0.X112 	21 	22 	23 	24 	25 	26 	27 	28 	29 	30 
21 0.570 0.558 0.547 0.536 0.549 0.539 0.530 0.521 0.513 0.505 
22 0.558 0.546 0.535 0.525 0.537 0.528 0.519 0,510 0.502 0.495 
23 0.547 0.535 0.525 0.515 0.526 0,517 0.508 0,500 0.492 0,485 
24 0.536 0.525 0.515 0.505 0.516 0.507 0.499 0.491 0.483 0,476 
25 0.549 0.537 0.526 0.516 0.527 0,517 0.508 0.500 0.492 0.484 
26 0.539 0.528 0.517 0.507 0.517 0.508 0.499 0.491 0.483 0.475 
27 0.530 0.519 0.508 0.499 0.508 0,499 0.491 0,482 0,475 0.468 
28 0.521 0.510 0.500 0.491 0.500 0.491 0.482 0.475 0,467 0.460 
29 0.513 0.502 0.492 0.483 0.492 0.483 0.475 0.467 0.460 0.453 
30 0.505 0,495 0.485 0.476 0.484 0.475 0.468 0.460 0.453 0.446 
31 0.518 0.506 0.496 0.486 0.494 0,485 0.477 0,469 0.461 0.454 
32 0.510 0,499 0.489 0.479 0.487 0.478 0.470 0,462 0.455 0.448 

1 33 0.503 0.492 0.482 0.473 0.480 0.472 0.464 0,456 0.449 0,442 
00 34 0.496 0.486 0.476 0.467 0.474 0.465 0.457 0.450 0.443 0.436 
CP 35 0,490 0.480 0.470 0.461 0.467 0.459 0.451 0.444 0.437 0,431 
1 36 0,484 0.474 0.464 0.455 0.461 0.453 0.446 0,439 0.432 0,425 

37 0,495 0.484 0.474 0.465 0.471 0.463 0.455 0.447 0.440 0.433 
38 0.489 0.479 0.469 0.460 0.465 0.457 0.449 0.442 0.435 0,428 
39 0.483 0.473 0.464 0.455 0,460 0.452 0.444 0,437 0.430 0.423 
40 0.478 0.468 0,458 0,450 0.455 0.447 0.439 0.432 0,425 0.419  
41 0.473 0.463 0,454 0.445 0.449 0,442 0.434 0.427 0.420 0.414 
42 0.468 0.458 0.449 0.440 0.445 0,437 0.430 0.423 0.416 0.410 
43 0.478 0.468 0.458 0.449 0.454 0,445 0.438 0.430 0.424 0.417 
44 0,473 0.463 0.454 0.445 0.449 0,441 0.433 0,426 0,419 0.413 
45 0.468 0.458 0,449 0.440 0.444 0,436 0.429 0,422 0.415 0,409 
46 	0.464 0.454 0.445 0.436 0.440 0.432 0.425 0.418 0.411 0.405 
47 0.460 0.450 0.441 0.432 0.4.36 0.428 0,421 0.414 0,407 0.401 
48 0.455 0.446 0.437 0.428 0.432 0,424 0.417 0.410 0.404 0.398 
49 0.465 0.455 0.446 0.437 0.440 0.432 0.425 0.418 0.411 0,404 
50 0.461 0,451 0.442 0,433 0.436 0,428 0.421 0.414 0,407 0.401 



	

TABLE 	17 
	

0.050 POINTS FOR TEST FOR DIFFERENCE BETWEEN TWO MEANS 

	

ri\r12 	31 	32 	33 	34 	35 	36 	37 	38 	39 	40 210.518 0.510 0.503 0.496 0.490 0.484 0.495 0,489 0.483 0,478 

	

22 	0.499 0.492 0.486 0.480 0.474 0.484 0,479 0,473 0.506 

	

23 	0.496 	 0.468 
0.489 0.482 0.476 0.470 0,464 0.474 0,469 0,464 0.458 

24 0.486 0.479 0.473 0.467 0.461 0.455 0.465 0.460 0.455 0.450 
25 0.494 0.487 0.480 0.474 0.467 0,461 0.471 0.465 0.460 0,455 
26 0.485 0,478 0.472 0,465 0.459 0,453 0.463 0,457 0.452 0.447 
27 0.477 0.470 0.464 0,457 0.451 0.446 0.455 0.449 0.444 0.439 

	

28 	0,469 0.462 0,456 0.450 0.444 0.439 0.447 0,442 0,437 0.432 

	

29 	0,461 0.455 0.449 0,443 0.437 0,432 0.440 0,435 0,430 0.425 

	

30 	0.454 0.448 0.442 0.436 0.431 0.425 0.433 0,428 

	

31 	0.462 0.455 0.449 0,443 0.437 0.432 	
0.423 0.419 

0.439 0,434 0.429 0.424 

	

32 	0.455 0,449 0.443 0.437 0.431 0.426 0.433 0.428 0.423 0.418 
1 33 0.449 0.443 0.437 0.431 0.425 0.420 0.427 0.422 0.417 0.412 
co 34 0.443 0.437 0.431 0,425 0.420 0.414 0.421 0,416 0,411 0,407 
-.1 35 0,437 0.431 0.425 0.420 0.414 0.409 0.416 0.411 0.406 0,401 
1 36 0.432 0.426 0.420 0.414 0.409 0.404 0.410 0.405 0.401 0.396 

	

37 	0.439 0.433 0.427 0.421 0.416 0.410 0.416 0.411 0.407 0.402 

	

38 	0,434 0.428 0.422 0.416 0.411 0.405 0.411 0.406 0.402 0.397 

	

39 	0.429 0.423 0.417 0,411 0.406 0.401 0.407 0,402 0.397 0.393 
40 0.424 0.418 0.412 0.407 0.401 0.396 0.402 0,397 0.393 0.388 

	

41 	0.419 0.413 0.408 0.402 0,397 0.392 0.397 0.393 0.388 0,384 
42 0.415 0.409 0.403 0.398 0.393 0.388 0.393 

	

43 	0.422 0.416 0.410 0,405 0.399 0.394 0,399 0.3890 	00:;:104 0.380 0.385 
44 0.418 0.412 0.406 0,400 0,395 0,390 0.395 0.390 0,386 0.381 

	

45 	0.413 0.408 0.402 0,396 0,391 0.386 0.391 0,386 0,382 0.378 
46 0.409 0,404 0.398 0.393 0.388 0,383 0.387 0,383 0.378 0.374 
47 0.405 0.400 0.394 0.389 0,384 0,379 0.384 0.379 0.375 0.370 
48 0.402 0.396 0.391 0.385 0,380 0.376 0.380 0.375 0,371 0,367 

	

49 	0.408 0.403 0.397 0,392 0.386 0.381 0.336 0.381 0.377 0.372 
50 0.405 0.399 0.393 0.388 0,383 0,378 0,382 0,378 0,373 0,369 



0.050 	POINTS 	FOR 

41 	42 	43 

TEST 

44 

FOR 	DIFFERENCE 

45 	46 

BETWEEN 

47 

TWO MEANS 

48 	49 50 0.473 0,468 0.478 0.473 0.468 0.464 0.460 0.455 0.465 0.461 
0.463 0.458 0.468 0,463 0.458 0.454 0.450 0.446 0.455 0.451 
0.454 0.449 0.458 0.454 0.449 0.445 0.441 0.437 0.446 0.442 
0.445 0.440 0.449 0,445 0.440 0.436 0.432 0.428 0.437 0.433 
0.449 0.445 0.454 0.449 0.444 0.440 0.436 0,432 0.440 0,436 
0.442 0.437 0,445 0.441 0.436 0,432 0.428 0.424 0.432 0,428 
1).434 0.430 0.438 0.433 0.429 0.425 0.421 0.417 0.425 0.421 
0.427 0.423 0.430 0.426 0.422 0.418 0.414 0.410 0.418 0.414 
0.420 0.416 0,424 0.419 0.415 0.411 0.407 0.404 0.411 0.407 
0,414 0.410 0,417 0.413 0.409 0.405 0.401 0.398 0.404 0,401 
0.419 0.415 0.422 0.418 0,413 0,409 0.405 0.402 0.408 0,405 
0.413 0.409 0.416 0.412 0,408 0.404 0.400 0.396 0.403 0.399 0.408 0.403 0.410 0.406 0.402 0.398 0.394 0.391 0,397 0,393 
0.402 0.398 0.405 0.400 0.396 0.393 0.389 0.385 0.392 0.388 
0.397 0.393 0.399 0,395 0,391 0,388 0.384 0,380 0.386 0.383 
0.392 0.388 0.394 0.390 0.386 0.383 0.379 0.376 0.381 0.378 
0.397 0.393 0.399 0.395 0.391 0,387 0.384 0.380 0.386 0.382 
0.393 0.389 0.394 0,390 0.386 0.383 0.379 0,375 0.381 0,378 
0.388 0.384 0.39 0 0,386 1.382 0.378 0.375 0.371 0.377 0.373 
0.384 0.380 0.385 0,381 0,378 0.374 0,370 0.367 0.372 0.369 
0.380 0.376 0.381 0.377 0.373 0.370 0.366 0.363 0.368 0.365 
0.376 0.372 0.377 0.373 0,369 0.366 0.363 0.359 0.364 0.361 
0,381 0.377 0.382 0.378 0.374 0,370 0.367 0.363 0.368 0.365 
0.377 0.373 0.378 0,374 0.370 0.367 0.363 0,360 0,364 0,361 
0.373 0.369 0.374 0,370 0.367 0.363 0,360 0,356 0.361 0.358 
0,370 0.366 0,370 0.367 0.363 0.360 0.356 0,353 0.357 0.354 
0,366 0,363 0.367 0,363 0.360 0.356 0.353 0.350 0.354 0.351 
0.363 0.359 0.363 0,360 0,356 0,353 0.350 0,346 0.350 0,347 
0.368 0,364 0,368 0,364 0,361 0,357 0,354 0,350 0,355 0.351 
0.365 0,361 0.365 0.'4,0 0.58 0,354 0,351 0,347 0,351 0,348 

TABLE 17 

n V2 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
30 



respectively and that it is required to test the null hypothesis 

that 	a12 = a22 a2 • Let a1
* and a

2
* denote the linear 

estimates of al  and a2 • 	Under the null hypothesis a1
* and 

a2* are approximately normally distributed with means m a n
l 

and m
n2
(1- and variances 

Vnla
2 and  Vn2a2 respectively. 	The 

test-statistic v
2 

= a
1
*/0

2
* is thus the ratio of two normal 

variables and, since the condition m 	3V 1 	is satisfied for 
n2 

 
n
2 

n
2 	

4
, Geary's theorem may be employed with a 

= 
m, b = m , 
2 	1 

p =0, a
2 = V 	and 13.2 = V 	. n2 	n 

1 

Hence we have that 

z4 = (m v2 	)/(V
n2 

v22  +  
+ 	 V n )  

n2 	
- m n1 
	1 

has a standard normal distribution. The percentage points of 

v2 may be obtained from those of the standard normal distribution 

since z4 is a monotonic increasing function of v
2 
. 	The 

equation giving the upper p-percent point of v2  in terms of 

z is 
P 

+ m 
	

V - z 
nl 

	n 1
1 m 	m 	+ z rim 2  V 	

2 	2 V V n
1 

n
2 	

p I nl  n
2 	

n2 
	pn1 2 V 	= 

2,p 
 

The 5 and 21 percentage points of v2  for 21 n 50 are given 

in table 18. Lower percentage points may be obtained by entering 

the table with n
1  and n2 

reversed and taking the reciprocal 

of the tabulated value..  

_89_ 

(m
2 
- z 2 V) 

h2 p n2 
 



TABLE 

n 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 

	

18 	0.025 	POINTS 	FOR 

	

2 	21 	22 	23 

	

1.598 	1.555 	1.517 

	

1.623 	1.580 	1.541 

	

1.647 	1.603 	1.563 

	

1.670 	1.624 	1.584 

	

1.561 	1.519 	1.481 

	

1.583 	1.540 	1.502 

	

1.604 	1.560 	1.521 

	

1.624 	1.579 	1.540 

	

1.643 	1.598 	1.558 

	

1.661 	1.615 	1.575 

	

1.572 	1.529 	1.491 

	

1.590 	1.546 	1.507 

	

1.607 	1.563 	1.523 

	

1.623 	1.579 	1.539 

	

1.639 	1.594 	1.554 

	

1.654 	1.609 	1.568 

	

1.580 	1.536 	1.497 

	

1.595 	1.551 	1.511 

	

1.609 	1.564 	1.525 

	

1.623 	1.578 	1.538 

	

1.636 	1.591 	1.550 

	

1.649 	1.604 	1.56.3 

	

1.585 	1.541 	1.502 

	

1.598 	1.553 	1.514 

	

1.610 	1.565 	1.525 

	

1.622 	1.577 	1.537 

	

1.634 	1.589 	1.548 

	

1.646 	1.600 	1.559 

	

1,589 	1,545 	1.505 

	

1.600 	1,556 	1.516 

TEST 

24 
1.482 
1.505 
1.527 
1.548 
1.447 
1.467 
1.486 
1.504 
1.521 
1.538 
1.456 
1.472 
1.488 
1.503 
1.517 
1,531 
1.462 
1.476 
1.489 
1.502 
1.514 
1.526 
1.466 
1.478 
1.489 
1.500 
1.511 
1.522 
1,469 
1.480 

FOR 	DIFFERENCE 

25 	26 
1.565 	1.531 
1.589 	1.554 
1.612 	1.576 
1.634 	1.597 
1.527 	1.493 
1.548 	1.514 
1.568 	1.533 
1.587 	1,552 
1.606 	1.570 
1.623 	1.587 
1.536 	1.502 
1.553 	1.518 
1.570 	1.534 
1.585 	1.550 
1.601 	1.565 
1.615 	1.579 
1,542 	1.507 
1.557 	1.521 
1.570 	1.535 
1.584 	1.548 
1.597 	1.561 
1.609 	1.573 
1.546 	1.511 
1.559 	1.523 
1.571 	1.535 
1.582 	1,546 
1.594 	1.557 
1.605 	1.568 
1.549 	1,514 
1.560 	1.525 

BETWEEN VARIANCES 

27 	28 	29 

	

1.499 	1.470 	1.444 

	

1.522 	1.493 	1.466 

	

1.544 	1.514 	1.487 

	

1.564 	1.534 	1.506 

	

1.462 	1.434 	1.408 

	

1.482 	1.454 	1.427 

	

1.501 	1.472 	1.445 

	

1.520 	1.490 	1.463 

	

1.537 	1.507 	1.479 

	

1.553 	1.523 	1.495 

	

1.470 	1.442 	1.415 

	

1.487 	1.457 	1.431 

	

1.502 	1.473 	1.446 

	

1.517 	1.487 	1.460 

	

1.532 	1.501 	1.474 

	

1.546 	1.515 	1.487 

	

1.476 	1.446 	1.420 

	

1.489 	1.460 	1,433 

	

1.502 	1.473 	1.445 

	

1.515 	1.485 	1.458 

	

1.528 	1.497 	1.469 

	

1.540 	1,509 	1.481 

	

1.479 	1.450 	1.423 

	

1.491 	1.461 	1.434 

	

1.502 	1.472 	1.445 

	

1.513 	1,483 	1.456 

	

1.524 	1.494 	1.466 

	

1.535 	1.504 	1.476 

	

1.482.1,452 	1.425 

	

1.492 	1.462 	1.435 

30 
1.419 
1.441 
1.461 
1.481 
1.384 
1.403 
1.421 
1.438 
1.454 
1.469 
1.391 
1.406 
1.421 
1.435 
1.448 
1,461 
1.395 
1.408 
1.420 
1.432 
1.444 
1,455 
1.398 
1.409 
1.420 
1,430 
1.440 
1.450 
1.400 
1.410 



TABLE 18 	0.025 POINTS FOR TEST FOR DIFFERENCE BETWEEN VARIANCES 

32 	33 	34 	35 	36 	37 	38 nNr12 31 
21 1.487 1.462 1.439 1.418 1.398 1.379 1.436 1.417 
22 1.509 1.484 1.461 1.439 1.419 1.400 1.457 1,438 
23 1.531 1.505 1.481 1.459. 1,439 1,419 1.478 1.458 
24 1.551 1.525 1.501 1.479 1.458 1.438 1.497 1.477 
25 1.449 1.425 1.403 1.382 1.362 1.344 1.398 1,380 
26 1.469 1.444 1.421 1.400 1.380 1,362 1.417 1,398 
27 1.487 1.462 1.439 1,418 1.398 1,379 1.435 1,416 
28 1.505 1.480 1.456 1.435 1.414 1.395 1.452 1.432 
29 1.522 1.497 1.473 1.451 1.430 1.410 1.468 1.448 
30 1.538 1.513 1.488 1.466 1.445 1.425 1.483 1,463. 
31 1.456 1.431 1.409 1.387 1.367 1.349 1.404 1.385 
32 1.472 1.447 1.424 1.402 1.382 1,363 1.419 1.400 

1 33 1.487 1.462 1.439 1.417 1.396 1,377 1.433 1.414 
(1) 34 1.502 1.476 1.453 1.431 1.410 1,391 1.447 1.428 

1 35 1.516 1.490 1.466 1.444 1.423 1.404 1.461 1.441 
36 1.530 1.504 1.479 1.457 1.436 1.416 1.474 1.454 
37 1.460 1.435 1.412 1.391 1.371 1.352 1.406 1,387 
38 1.473 1.448 1.425 1,403 1,383 1,364 1.419 1.400 
39 1.486 1.461 1.438 1.416 1.395 1.376 1.431 1.412 
40 1.499 1.473 1.450 1.427 1.407 1.387 1.443 1,424 
41 1.511 1.485 1.461 1.439 1.418 1,398 1.455 1.435 
42 1.523 1,497 1.473 1,450 1.429 1,409 1.466 1,446 
43 1.463 1,438 1.415 1.393 1.373 1.354 1.408 1,389 
44 1.474 1.449 1.426 1.404 1.383 1.364 1.419 1,400 
45 1,486 1,460 1.436 1.414 1.394 1,374 1.430 1.410 
46 1.496 1.471 1,447 1.425 1.404 1.384 1.440 1,421 
47 1.507 1.481 1.457 1.435 1,414 1.394 1.450 1.431 
48 1.517 1.491 1.467 1.445 1.424 1.404 1.460 1,440 
49 1.465 1.440 1.416 1.394 1.374 1.355 1.409 1.390 
50 1.475 1.450 1.426 1.404 1.383 1.364 1.419 1,400 

39 40 
1.399 1.382 
1,420 1.403 
1.440 1,422 
1,458 1.441 
1.362 1.346 
1.380 1,364 
1.398 1.381 
1.414 1.397 
1.430 1.412 
1.445 1.427 
1.367 1,350 
1.382 1.365 
1.396 1.379 
1.409 1.392 
1.422 1,405 
1.435 1.417 
1.369 1,353 
1.382 1,365 
1.394 1.377 
1.405 1,388 
1.417 1.399 
1.427 1.410 
1.371 1.354 
1.382 1.364 
1.392 1.375  
1.402 1.385  
1.412 1,394 
1.421 1.404 
1.372 1.355 
1.381 1.364 



TABLE 18 	0.025 POINTS FOR TEST FOR DIFFERENCE BETWEEN VARIANCES 

n\n2 41 42 43 44 45 46 47 48 49 50 
21 1.366 1.351 1.400 1.385 1.370 1.356 1.343 1,331 1.374 1.361 
22 1.387 1.371 1.421 1.405 1.390 1.376 1.363 1.350 1.394 1.381 
23 1.406 1.390 1.440 1.425 1.410 1.395 1.382 1,369 1.413 1.399 
24 1.424 1.408 1.459 1,443 1.428 1.413 1.399 1.386 1.431 1.417 
25 1.330 1.315 1.363 1.348 1.333 1,320 1.307 1,295 1.336 1.324 
26 	1.348 1.333 1.381 1.365 1.351 1.337 1.324 1.312 1.354 1.341 
27 	1.365 1.349 1.398 1.382 1.368 1.354 1.340 1.328 1.370 1.357 
28 1.380 1.365 1.414 1.398 1.384 1.369 1.356 1.343 1.386 1.373 
29 1.396 1.380 1.430 1.414 1.399 1.384 1.371 1.358 1.401 1,388 
30 1.410 1.395 1.445 1.428  1.413 1.399 1.385 1.372 1.416 1,402 
31 1.334 1.319 1 .367 1.351 1.337 1.323 1.310 1.298 1,339 1.326 
32 1.349 1.333 1.381 1.366 1.351 1.337 1.324 1.311 1.353 1.340 

1 33 1.362 1.347 1.395 1.380 1.365 1.351 1.337 1.325 1.367 1.354 
CO 34 1.376 1.360 1.409 1.393 1.378 1.364 1.350 1.337 1.380 1.367 
ND 35 1.388 1.373 1.422 1.406 1.391 1.376 1.363 1.350 1.393 1,379 

36 1.400 1.385 1.434 1.418 1.403 1.388 1.3.75 1.361 1.405 1.391 
37 1.337 1.321 1.369 1.353 1.339 1,325 1.312 1.299 1.340 1.328 
38 1.349 1.333 1.381 1.365 1.351 1.337 1.323 1.311 1.352 1.339 
39 1,360 1.345 1.393 1.377 1.362 1.348 1.335 1.322 1.364 1.351 
40 1.371 1.356 1.404 1.388 1.373 1,359 1,346 1.333 1.375 1,362 
41 1.382 1.367 1.415 1.399 1.384 1.370 1.356 1.343 1.386 1.373 
42 1,393 1.377 1.426 1.410 1.395 1,380 1.366 1.353 1.396 1.383 
43 1.338 1.323 1.370 1.354 1.340 1,326 1.312 1.300 1,341 1.328 
44 	1,348 1.333 1.380 1,365 1.350 1,336 1,322 1,310 1.351 1,338 
45 1.358 1.343 1.390 1.375 1.360 1.346 1.332 1.319 1.361 1.348 
46 1,368 1.352 1.401 1,385 1.370 1.355 1.342 1.329 1.371 1.358 
47 1.378 1.362 1.410 1.394 1.379 1.365 1.351 1.338 1.380 1.367 
48 1.387 1.371 1.420 1.404 1.388 1,374 1.360 1,347 1.390 1,376 
49 1.339 1.323 1.370 1.355 1.340 1.326 1.312 1.300 1.341 1.328 
50 1.348 1.332 1.379 1,364 1.349 1,335 1.321 1.309 1.350 1,337 



TABLE 18 	0.050 POINTS FOR TEST FOR DIFFERENCE BETWEEN VARIANCES 

n\12 21 22 23 24 25 26 27 28 29 30 
211  1.474 1.438 1.404 1.375 1.454 1.424 1.397 1.371 1.348 1.327 
22 1.498 1.461 1.427 1,396 1.477 1.447 1.419 1.393 1.369 1,347 
23 	1,520 1.482 1.448 1.417 1.499 1,468 1.439 1,413 1,389 1.367 
24 	1.542 1.503 1.468 1.437 1.520 1.488 1.459 1.433 1.408 1.385 
25 1.442 1.406 1.373 1.344 1.421 1,392 1.365 1.340 1.317 1.295 
26 1,463 1.426 1.393 1.363 1.441 1.411 1.384 1.358 1.335 1.313 
27 1.482 1.445 1.411 1,381 1.460 1.430 1.402 1.376 1.352 1.330 
28 1.501 1.463 1.429 1.398 1.478 1.447 1.419 1,393 1.369 1.347 
29 1.518 1.480 1.445 1.414 1.496 1.464 1.435 1.409 1.385 1.362 
30 	1.535 1.497 1.462 1.430 1.512 1.480 1.451 	1.425 1.400 1.377 
31 1.454 1.417 1.384 1,354 1.432 1.402 1.374 1.349 1.325 1.304 
32 1.471 1.433 1.400 1.369 1.448 1,417 1.389 1.364 1.340 1.318 
33 	1.487 1.449 1.415 1.384 1.463 1.433 1.404. 1.378 1.355 1.332 

cfl 34 1.502 1.464 1.429 1.398 1.478 1.447 1.419 1.392 1.368 1.346 
oa 35 1.517 1.478 1.443 1.412 1.493 1.461 1.432 1.406 1.381 1,359 

36 1.531 1.492 1.457 1.425 1.507 1.475 1.446 1.419 1.394 1.371 
37 1.462 1.425 1.391 1.361 1.439 1.408 1.380 1.355 1.331 1.309 
38 1.476 1.438 1.404 1,374 1.452 1.422 1.393 1.368 1.344 1.322 
39 1.490 1.452 1.417 1.386 1.465 1,434 1.406 1,380 1.356 1.333 
40 1.503 1.464 1.430 1.398 1.478 1.447 1.418 1.392 1.367 1,345 
41 1.515 1.477 1.442 1.410 1.490 1.459 1.430 1.403 1.379 1.356 
42 1.528 1.488 1.453 1.421 1.502 1.470 1.441 1.414 1.390 1.367 
43 	1.468 1.430 1.396 1.366 1.444 1.413 1.385 1,359 1.335 1.313 
44 1,480 1.442 1.408 1.377 1.455 1,424 1.396 1.370 1.346 1.324 
45 	1.492 1.453 1.419 1,388 1.467 1.436 1.407 1.381 1.356 1.334 
46 1,503 1.464 1.430 1.398 1.478 1.446 1.417 1.391 1.367 1.344 
47 1,514 1.475 1.440 1.408 1.489 1.457 1.428 1.401 1.376 1.354 
48 1.525 1.486 1.450 1.418 1.499 1.467 1.438 1,411 1.386 1.363 
49 1.473 1.435 1.400 1,369 1.447 1.416 1.388 1.362 1.338 1,316 
50 1.483 1.445 1.410 1.379 1.458 1.426 1.398 1.372 1.348 1.325 



TABLE 18 	0.050 POINTS FOR TEST FOR DIFFERENCE BETWEEN VARIANCES 

n n2 

21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 

CID 	3 4 
4b. 	35 

36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 

31 	32 	33 	34 	35 	36 	37 	38 	39 	40 
1.391 1.369 1.349 1,330 1.312 1.295 1.350 1.333 1.317 1.301 
1.413 1.391 1.370 1.351 1.332 1.315 1.370 1.353 1.337 1.321 
1.433 1.411 1.390 1,370 1.352 1,334 1.390 1,373 1.356 1,340 
1,453 1.430 1.408 1,388 1.370 1.352 1.409 1.391 1.374 1,358 
1.358 1.337 1.317 1.298 1.281 1.264 1.317 1.300 1.284 1.270 
1.377 1,355 1.335 1,316 1.298 1.281 1.335 1.318 1.302 1.287 
1,395 1.373 1.352 1.333 1.315 1.298 1.352 1.335 1.319 1.303 
1.412 1.389 1.369 1.349 1.331 1.314 1.368 1,351 1.334 1.319 
1.428 1.406 1,384 1.365 1.346 1.329 1.384 1,366 1,350 1,334 
1.444 1.421 1.399 1.379 1.361 1.343 1.399 1,381 1.364 1.348 
1.367 1.345 1.325 1.306 1.288 1.271 1.324 1.307 1.291 1,276 
1.382 1.360 1.339 1.320 1.302 1.285 1,339 1.322 1.305 1,290 
1.397 1.374 1.354 1.334 1.316 1.299 1.353 1,335 1.319 1.304 
1.411 1.388 1.367 1.347 1.329 1.312 1.366 1,349 1.332 1.316 
1.424 1.401 1.380 1.360 1.342 1,324 1.379 1.361 1.345 1.329 
1.437 1.414 1.393 1.373 1.354 1.336 1,392 1.374 1.357 1,341 
1.372 1.350 1.330 1.311 1.293 1.276 1.329 1.312 1.295 1.280 
1.385 1.363 1,342 1,323 1,305 1,288 1.341 1,324 1.307 1,292 
1.398 1.375 1.354 1.335 1.316 1.299 1.353 1.335 1.319 1.303 
1.410 1.387 1.366 1.346 1.327 1.310 1.364 1.347 1.330 1.314 
1.421 1.398 1.377 1.357 1,338 1,321 1.375 1.358 1.341 1,325 
1.432 1.409 1.388 1.368 1.349 1.331 1.386 1.368 1,351 1.335 
1.376 1.354 1.333 1.314 1.296 1.279 1.332 1,314 1.298 1.283 
1,387 1.365 1.344 1.324 1.306 1,289 1.342 1.325 1,308 1,293 
1.398 1.375 1.354 1.335 1.316 1,299 1.353 1.335 1.318 1.303 
1.408 1.386 1.364 1.345 1.326 1.309 1.363 1,345 1,328 1.312 
1.419 1.396 1.374 1,354 1.335 1,318 1.372 1.354 1.338 1,322 
1.429 1.405 1.384 1.364 1.345 1.327 1.382 1.364 1.347 1.331 
1.379 1.357 1 .336 1.316 1,298 1.281 1.334 1.316 1.300 1.285 
1.389 1.366 1.345 1.326 1.307 1.290 1,343 1.326 1.309 1.294 



co 

TABLE 	18 

n\n2 

0.050 	POINTS 	FOR 	TEST 	FOR 	DIFFERENCE 	BETWEEN VARIANCES 

41 	42 	43 	44 	45 	46 	47 	48 	49 50 
21 1.287 1.274 1.320 1.307 1.293 1.281 1.269 1.257 1.298 1.287 
22 1.307 1.293 1,341 1.326 1.313 1.300 1.288 1.276 1.318 1.306 
23 1.325 1.311 1.360 1.345 1.332 1.319 1.306 1.294 1.337 1.325 
24 1.343 1.329 1.378 1.363 1.349 1.336 1.323 1.312 1.354 1,342 
25 1.255 1.242 1.288 1.274 1.261 1.249 1.237 1.226 1.266 1.254 
26 1.272 1.259 1.305 1.291 1.278 1.266 1.254 1.242 1.283 1.271 
27 1.289 1.275 1.322 1.308 1.294 1.282 1.269 1.258 1.299 1.287 28 1.304 1.290 1.337 1.323 1.310 1.292 1.285 1.273 1.314 1.302 
29 1.319 1.305 1.353 1.338 1.325 1.312 1.299 1.287 1.329 1.317 30 1.333 1.319 1.367 1,353 1.339 1.326 1.313 1.301 1.343 1.331 
31 1.262 1.248 1.294 1.280 1.267 1.254 1.243 1.231 1.271 1.260 32 1.276 1.262 1.308 1.294 1.281 1,268 1.256 1.244 1.285 1.273 
33 1.289 1.275 1.322 1.307 1.294 1.281 1.269 1.257 1.298 1.286 
34 1.302 1.288 1.335 1.320 1.307 1,294 1.281 1.270 1.311 1.299 
35 1.314 1.300 1.347 1.333 1.319 1.306 1.293 1.282 1.323 1.311 36 1.326 1.312 1.359 1.345 1.331 1.318 1.305 1.293 1.335 1.323 37 1.266 1.252 1.298 1,284  1.270 1.258. 1.246 1.234 1.274 1.263 
38 1.277 1.263 1.309 1.295 1.282 1.269 1.257 1.246 1.286 1.274 39 1.289 1.275 1.321 1.307 1.293 1.280 1.268 1.256 1.297 1.285 
40 1.299 1.285 1.332 1.318. 1.304 1.291 1.279 1.267 1.308 1,296 
41 1.310 1.296 1.343 1.328 1.315 1.302 1.289 1.277 1.318 1.306 
42 1.320 1.306 1.353 1.339 1.325 1.312 1.299 1,287 1.329 1.316 
43 1.268 1.254 1.300 1.286 1,273 1.260 1.248 1.236 1.276 1.264 
44 1.278 1.264 1.310 1.296 1.283 1.270 1.258 1.246 1.286 1.274 
45 1.288 1.274 1.320 1.306 1.292 1.279 1.267 1.255 1.296 1.284 46 1.297 1.283 1.330 1.316 1.302 1.289 1.276 1.265 1.305 1.293 
47 1.307 1.292 1.339 1.325 1.311 1,298 1.285 1.273 1.315 1.302 
48 1.316 1.301 1.349 1.334 1.320 1,307 1.294 1.282 1.324 1.311 
49 1.270 1.256 1.302 1.288 1,274 1.261 1.249 1.238 1.277 1.266 
50 1.279 1.265 1.311 1.296 1.283 1.270 1.258 1.246 1.286 1.274 



Further comments on use of normal approximation  

The results obtained in the preceeding sections are 

based on the assumption that the distribution of a* may be 

closely approximated by a suitable normal distribution. In 

order to investigate further the validity of this assumption 

sampling experiments were carried out and Q-Q plots produced 

for the empirical distribution functions of zi,z3  and z4  . 

In each of these cases the theoretical distribution is the 

standard normal so that the Q-Q plots of the empirical quantiles 

against the normal quantiles should be straight lines with unit 

slope passing through the origin. 	The results of the experiments 

are shown in figures 2, 3 and 4 from which it may been seen that 

the theoretical representation is reasonable over almost the 

entire range of the variables and that errors in the percentage 

points tabulated are likely to be small even for the 98 per cent 

points and beyond. 

Summary of test procedures  

In this summary the notation used to describe samples of 

observations from normal population is as follows: 

n = sample size 

= population mean 	a = population standard deviation 

y = sample mean 	a* = linear estimate of a 

An obvious subscript notation is used in the two-sample situation. 
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a) One-sample test for mean value. 

Null hypothesis: 	u = uo  . 

Compute u
1 

= 	- u0)/(a*/4-1) and consult table 15. 

b) One7sample test for standard deviation. 

Null hypothesis: 	a 
0 

Compute vl  and consult table 16. 

c) Two-sample test for mean values. 

 

Null hypothesis: - /11 	U2  

where 

d (d may be zero). 

Compute u2  = (yl 
- Y2 - d)/a*  

 

a* = (n
11

* + n
2
a
2
*)/(n

1 
+ n

2
) 

and enter table 17 with the appropriate values of nl  and n2  . 

d) Two-sample test for standard-deviations. 

Null hypothesis: al  = (52  . 

Compute v
2 = 01*/02* and enter table 18 with the row 

corresponding to n
1 

and the column corresponding to n
2 

For lower percent points of v
2 

enter the table with nl  and 

n
2 reversed and take the reciprocal of the tabulated value..  

Powers of the one and two-sample tests for means compared with 
Student's t-tests. 

a) 	One-sample tests. 

Table 15 gives percentage points of u1 
under the 

null hypothesis Ho  : u = uo  . 	In order to determine how much 

power is lost by using this substitute for the standard t-test 
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Figure 2. Q-Q plot of 500 estimates of z, 
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Figure 3. 	Q-Q.  plot of 250 estimates of z3  
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Figure 4. 	Q-Q plot of 250 estimates of z 4  
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it was decided to consider the powers of the two tests against 

the alternative hypothesis H
1 
: i = u

o 
+ ca for several 

values of c using a two-tail test with significance level 

a 	Suppose that ua/2  is the 100 (1 - a/2) percent point 

of u
1 then the critical region for the u1-test is given by 

lul l 	ua/2  

Under the alternative hypothesis the test statistic 

ul 	00)/(u*/v;) is the ratio of two uncorrelated normal 

variables with means /IT c and m
n 

and variances 1 and V  

respectively. Thus 

1 = (m u
1 
- V c)/(V

n 
u
1
2  + 1)2  

has a standard normal distribution. 	The power of the ul  test 

is therefore given by 

Power = P(luil ua/2)  

2 
= Pi(-

mnua/2 
- /IT c)/(vnua/2  + 1)2 5 z15 (mua/2 - vc c)/ 

(V
n
u
a/2 + 1)

11 

2 
= 1 + 17{(- m 

ua/2
-   /IT c)/(Vnua/2 + 1)) n  

2 
- Ff(m

n
u
a/2 

- 	E)/(Vnua/2 
+ 1)21 

where F is the cumulative distribution function of the standard 

normal distribution. 
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3/
2 

+ n2mn)/(n1 + n2
) 	and 

2 
 

variable with mean {n1n2/(n1 
+ h

2
)12e and variance 1 to a normal 

variable with mean g = (nin2)2(n1%1  

The corresponding t-test statistic is 

= 	- 110)/(s/41) which may be expressed as the ratio of 

a normal variable with mean 147 e and variance 1 to the square- 

root of a x2-variable with n-1 degrees of freedom divided by 

n-1 . 	Therefore, under H1, 
t is distributed as a non-central 

t with n-1 degrees of freedom and non-centrality parameter 

E . 	The power of the t-test against H/  is given by 

Power = 1 + T(-ta/2,n-1, 	
c) - T(ta/2,n-1,

417 c) where 

T(t, o) is the cumulative distribution function of the non-

central t and to/2,n-1 
is the 100(1 - a/2) percent point 

of the t-distribution with n-1 degrees of freedom. 

The powers of the uctest and the t-test were computed 

for a range of values of n and e using a 5 per cent level of 

It may significance; the results  are compared in table 19. 

be seen from these results that the loss in power resulting from 

using this alternative to the t-test is negligible. 

b) 	Two-sample tests. 

The null hypothesis for the u2-test for the means of 

two populations is Ho  : P1  — p2  = d 
	

Suppose the alternative 

hypothesis is H1  : p1  - p2  = d + Ea , then u2 
	2  - d)/a* 

where a* 
	

(nlal* 
 + n

22  
a*)/(n

1 
 + n2) is the ratio of a normal 
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9 
variance h = (nin,)(n,-V_ + n22Vn)/(n1 + n2) 

n1 	2  

1 	_1 
Hence z

3 
= (g 	(n

1  n2  )
2(n

1 
 + 2 2c1/(h + 1) 	has a standard 

normal distribution. 

As in the one-sample case the powers of the u
2
-test for given 

n 	n2,c and significance level a may be obtained from the 

cumulative normal distribution tables and the corresponding powers 

of the t-test from the non-central t distribution with 

ni  + n2  - 2 degrees of freedom and non-centrality parameter 
1 

(n1n2)2(n1 + n., )c . 
	The powers of the two tests, using a two- 

sided test with a = 0.05, are compared in table 20. 	As with 

the one-sample case use of this alternative test involves only 

slight loss of power. 

Power of one and two-sample tests for variances or standard  
deviations 

a) 
	

One-sample test compared with the X2-test. 

The null hypothesis for the one-sample test for a 

variance is H
o
:a = a

o 
. 	The standard procedure for testing 

this null hypothesis is to compute (n-1)s
2
/ao

2 and test as 

a x
2
-variable with n-1 degrees of freedom. 	The powers of 

this x
2
-test and the v

1-test against the alternative hypot-

hesis H
1
:a = ko

o 
are compared below using a one-tail test with 

significance level a . 	For the sample sizes under consideration 

both sets of powers may be computed using the normal distribution 

tables. 
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Table 19 

Comparison of nctest and t-Lest. 

n Values of 	E 

21 

25 

29 

31 

41 

0.00 
0.050 
0.050 

0.050 
0.050 

0.050 
0.050 

0.050 
0.050 

0.050 
0.050 

0.10 
0.072 
0.072 

0.077 
0.077 

0.081 
0.082 

0.084 
0.084 

0.096 
0.096 

0.20 
0.140 
0.141 

0.160 
0.160 

0.179 
0.180 

0.190 
0.190 

0.239 
0.240 

0.30 
0.256 
0.258 

0.300 
0.302 

0.343 
0.345 

0.365 
0.366 

0.465 
0.466 

0.40 
0.412 
0.415 

0.482 
0.484 

0.546 
0.548 

0.576 
0.578 

0.704 
0.705 

0.50 
0.584 
0.587 

0.668 
0.670 

0.737 
0.739 

0.767 
0.769 

0.877 
0.878 

0.60 
0.741 
0.744 

0.819 
0.821 

0.875 
0.877 

0.898 
0.898 

0.963 
0.963 

0.70 
0.860 
0.862 

0.918 
0.919 

0.953 
0.953 

0.964 
0.965 

0.992 
0.992 

0.80 
0.935 
0.936 

0.969 
0.970 

0.986 
0.986 

0.990 
0.991 

0.999 
0.999 

0.90 
0.974 
0.975 

0.991 
0.991 

0.997 
0.997 

0.998 
0.998 

1.000 
1.000 

1.00 
0.991 
0.992 

0.998 
0.998 

0.999 
0.999 

1.000 
1.000 

1.000 
1.000 

Upper entries are powers of up  lower entries are powers of t . 

Table 20 

Comparison of powers of u2-test and t-test. 

Values of 	c 

21 

31 

25 

41 

31 

35 

0.00 
0.050 
0.050 

0.050 
0.050 

0.050 
0.050 

0.10 
0.066 
0.066 

0.067 
0.067 

0.066 
0,067 

0.20 
0.113 
0.114 

0.121 
0.121 

0.116 
0.117 

0.30 
0.196 
0.196 

0.213 
0.214 

0.203 
0.204 

0.40 
0.311 
0.311 

0.340 
0.341 

0.323 
0.324 

0.50 
0.449 
0.450 

0.490 
0.491 

0.466 
0.468 

0.60 
0.594 
0.595 

0.641 
0.642 

0.614 
0.616 

0.70 
0.727 
0.728 

0.773 
0.774 

0.747 
0.749 

0.8 
0.834 
0.835 

0.872 
0.873 

0.851 
0.852 

0.90 
0.909 
0.910 

0.936 
0.937 

0.922 
0.922 

1.00 
0.956 
0.956 

0.972 
0.972 

0.963 
0.964 

Upper entries are powers of u2, lower entries are 

powers of t . 
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Under the alternative hypothesis the test statistic 

v
1 

= o*/o
o 

is normally distributed with mean mnk and variance 

V
n
k
2 
. 	If v

1a 
is the 100(1-a) percentage point of v1 as 

, 
 

given in table 4 the power of the v1
-test is 

Power = P(v
1 
 > v 	) = P{z2 ' > (v1 

a 	
m
n 
 k)/(Vn  k

2
)1 

' 	,  

where z
2 

is standard normal. 

HoWever v1 u is computed using vi ,u  = mn 
+ zaVn 

where za 
is the 100(1-a) percentage point of the normal 

distribution, therefore the power is also given by 

Power = Plz2 ' > (mn 
 + zaVn2 	m

n
k)/(Vnk

2  )1} 

= 1 - F{mn(1-k)/(Vnk
2 
 ) 2/ 

 
+ zu/k} . 

The power of the X2-test against ill  is given by 

1  
Power = 13{(n-l)s

2
iao

2 
?. Xa

2
n_is where 

2 is 
a,n -1 

the 100(1-a) percentage point of the X2  distribution with 

n-1 degrees of freedom. 	This probability may be found using 

the Wilson-Hilferty cubic approximation formula which is expressed 

as 
1/ 

Power = F[-{4.5(n-1)}1{(xa2or4/k2(n -1)) 3 	2/(9(n-1))-1}1 • 

The powers of the v
1
-test and the X2-test using a 5 percent level 

of significance are shown in table 21. 	The differences in power 
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Table 21 

Comparison of powers of v
1
-test and X2-test. 

n Values of 	k 

21 

24 

28 

30 

41 

1.00 

0.050 
0.050 

0.050 
0.050 

0.050 
0.050 

0.050 
0.050 

0.050 
0.050 

1.10 

0.175 
0.167 

0.185 
0.178 

0.200 
0.197 

0.208 
0.199 

0.242 
0.235 

1.20 

0.366 
0.351 

0.393 
0.380 

0.431 
0.418 

0.447 
0.437 

0.535 
0.528 

1.30 

0.564 
0.549 

0.601 
0.593 

0.652 
0.645 

0.673 
0.699 

0.774 
0.776 

1.40 

0.722 
0.716 

0.761 
0.761 

0.810 
0.311 

0.828 
0.832 

0.907 
0.914 

1.50 

0.832 
0.833 

0.865 
0.871 

0.903 
0.909 

0.916 
0.924 

0.966 
0.972 

1.60 

0.901 
0.907 

0.926 
0.934 

0.952 
0.959 

0.960 
0.968 

0.988 
0.991 

1.70 

0.942 
0.949 

0.960 
0.968 

0.977 
0.982 

0.982 
0.987 

0.996 
0.998 

1.80 

0.966 
0.973 

0.978 
0.984 

0.989 
0.992 

0.991 
0.995 

0.999 
0.999 

1.90 

0.980 
0.986 

0.988 
0.993 

0.994 
0.997 

0.996 
0.998 

0.999 
1.000 

2.00 

0.988 
0.993 

0.993 
0.996 

0.997 
0.999 

0.998 
0.999 

1.000 
1.000 

Upper entries are powers of 	lower entries are 

powers of X
2 
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are greater than those for the tests for the means, however, 

some of this difference is due to the approximation formula 

above. 	The results of table 21 indicate that the loss in 

power is small. 

b) 	Two-sample test compared with the F-test. 

The v
2-test is proposed as an alternative to the 

F-test in which F = s12/s22 is tested under the null hypot- 

hesis 	l = a2  = a as an F-variable with n1-1 and n2
-1 

degrees of freedom. 	The powers of these two tests are compared 

in table 22 against the alternative hypothesis 01  = ko2  = a . 

If this alternative hypothesis is true v
2 

=
1
qa

2
* is the 

ratio of a normal variable with mean ma and variance 
nl 

 

z4 = n
v
2
/k-m

n
)/(V

n
v
2
2
/k
2 
+ V

n
)2  

2 	i 	2 	
l 

 

is a standard normal variable. 	Therefore the power of the 

v
2-test using a one-tailed test with significance level a is 

given by 

2 	2 I 
Power = 1-Ff(m V -m k)/(V

n 
v
2,a 

+ V
n 
k )2} 

n2 2° nl 	2 	1 

where v
2 a 

is the 100(1-a) percentage point of v
2 

under 

H
o 
. 

- 1.07 - 

V
ni 	 n
0
2 

and a normal variable with mean m a/k and variance 
2 

V
n
02/k2 From Geary's theorem we have that 
2 

 



The power of the corresponding F-test may be computed from the 

Incomplete Rota-Function as 

Power = 	r - 1)/2, (n1 - 1)/21 

where 	x = (n
2 
- 1)/{(n

2 
- 1) + (n

1 
 - 1)F

a
/k
2
1 • 

I
a is the 100(1-a) percentage point of the F 

distribution with 
n1 - 1 

 and n
2 
- 1 degrees of freedom, and 

I
x
la,b1 is the Incomplete Beta-Function. 	(Biometrika Tables 

for Statisticians, Vol. 1, p. 33). 	From table 22 it may be seen 

that the loss in power is greatest for small sample sizes and 

small values of k, however, even in these cases the loss is 

small. 

Concluding Remarks  

From the comparisons of power given in tables 19-22 it 

is apparent that the loss in power resulting from using these 

tests as substitutes for the t-, x
2
- and F-tests is small and 

more than compensated for by the ease 

estimates of standard deviation. 	If 

obtained the slight loss in power may 

one extra observation in each sample. 

The approximations involved 

tage points for ul, u2, v
1 

and v
2 

reasonable for 30 ?. n > 20 . 	These  

of calculation of the 

observations are easily 

be overcome by including 

in determining the percen-

are good for n ?. 30 and 

tests are not suitable for 
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l'AuLis-. 22 

n2 

(niLAiii PnwEPN 	rit 

c 	nr 

1.4 

-V2-TF;ST 

k 

1.6 

Ato 	F.TEcT 

1.8 7.0 2.2 2.4 7.6 7.g 

(Sr 0,452 0.851 n.934 0.972 P,988 n.995 0.998 

r.so .21; 0.474 715 0.869 (. - 946  0.980 993 n.997 0.979 

24 CL504 0,745 0.8RA 0.954 0,082 r.993 0.99? D.979  

0.711. 0.52;1. .762 0.901 (.1.964 0.987 ,..996 0.099 1.000 

10 (.50 t.209 n.476 0.726 0,881 0.955 0.984 -c,994 (1.993 0.999 

51.1 0:501  0).750  0.89s (;.964 0,988 P.997 0,09:7 

skr r5(. .216 0S35 0.917 A.072 0.001 (,.997 11.999 1.0PP 

0.000 0.268 0,556 0.91n .1;178 0,004 n .098 i.000 11.0'10 

74 40 cl_c511  0.7oR 0.910 0.970 0.089 0.996 0.008 0.99 

.P5 571  , 	.P11 0.910 0.977 0.093 r.998 0.99 1.000 

ri 4,) 0.61,1 0.830 0.946 0.905 n.998 1.000  1 .00  

0 	(- 50 .276 0.614 o.851 0.955 ,i.988 0,907 0.999 1.000 1.000 

60 24 „ 0.50, 5 .765 n.913 0.073 0,992 0.998 0.90Q 1.000 

ci.518 11 .792 0.978 979 0.905 P.999 i.on 1.vry 

40 4 1 0 	51 Poo 0 651 .1184 0.97n 0.993 0,999 1.000 1.0' 1̂0  1.00() 

!!.66/ 0.896 0.976 0.995 0,999 1.000 1.0n7' 1.000 

74 51 6.50 
is 	50 

c74. 0.509 
0 	606 

6.827 
0,818 

0.915 
0.945 

0.077 
4..983 

0.992 
0.005 

(2.997 
0.999 

n.909 
1.0nn 

0.999 
1.000  

c0 co (.741 o 	'41 ".030  0.990 i , .909 1,00(.1  1.000 1.000 i.Onn 

0.35o 0.755 0.947 0.902 0.099 1,000 1.000 i.000 1.000 

Upper e.:ries are p::wers of v2 	
lower e =:ries are powers 	F. 



samples smaller than this, however similar tests suitable for 

small sample sizes which use different linear estimators and 

more appropriate approximations to their distributions are 

considered in the next section. 
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3.2 	Small sample tests for means and variances using 
linear estimators of the standard deviation 

One and two-sample tests for means and variances are 

considered in which the standard deviations of the normal popu- 

lations are estimated by one of several linear estimators. 	The 

distributions of the squares of the linear estimators are shown 

to be closely approximated by Gamma distributions with parameters 

related to the variances of the estimators. 	On the basis of 

these Gamma distributions it is shown that hypotheses concerning 

the means and variances of the populations may be tested using 

the usual t, x
2 
 and F-tests. 	The only differences in the 

standard one and two-sample test procedures being that the root-

mean-square estimator is replaced by the linear estimator and the 

t, x 	and F-tables are entered with non-integer degrees of 

freedom. 

The linear estimators and their variances  

Three linear estimators were considered as alternatives 

to the root-mean-square estimator. 	These are the best linear 

unbiassed estimator a . 	Dixon's estimator u(D) and Gupta's 

normal scores estimator a . 

The best linear estimator of the standard deviation a 

of a normal population is 

o = (MI V-iy)/(MI V-1M) 
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with variance given by 

var a = a
2 	-1 
/(m'V m) . 

As discussed in 2.4 Shapiro S.S. and Wilk M.B. (1965) 

used this estimator as the basis of an analysis of variance test 

for normality and showed that m1 V im is almost perfectly linearly 

related to the sample size n . 	The least-squares equation is 

a
2
/var a = m'V lm = 1.981n - 2.411 

with a regression mean square of 1725.7 and a residual mean square 

of 0.0016 . 

Dixon's linear estimator a(D) 

The main disadvantage of using the most efficient linear 

estimator a is that the sum of products of the coefficients 

m'V 1/(m'V im) with the ordered observations has to be computed. 
- - 

This computational difficulty may be overcome using an estimator 

suggested by Dixon W.J. (1957) who considered the use of subranges, 

Yn-1 •+1 	Y• = (0' 
in forming simple estimates of the population 

standard deviation. He calculated the unbiassed estimate of the 

type a(D) = 	where k is an unbiassing constant and the 

summation is over the subset of all w(i)  which gives minimum 

variance, for n 	20 . 	The efficiency of a(D) relative to 

a is nowhere less than 96.6 per cent. 
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The variance of a(D) may be obtained from the 

variance-covariance matrix V and, as with a, the reciprocal 

of its variance may be approximated using the least-squares 

equation 

a
2
/var a(D) = 1.967n - 2.640 . 

This equation was obtained by the author using exact 

values of 1/var a(D) for 5 .15 n 	20 . 	The regression mean 

square is 1315.445 with residual mean square 0.0026. 

Gupta's normal scores estimate a . 

The third linear estimator considered is the normal 

scores estimator discussed in section 2.5. 	The complete-sample 

estimator is given by 

a = Wygm'm) 

and is obtained by replacing the variance-covariance matrix V 

in the expression for a by the identity matrix. 	The efficiency 

of a relative to a is 99.9 per cent for n = 5,10, 15 and 20. 

The variance of a is given by (mPlim)02/(mW2  and the least 

squares equation for
2/var a based on exact values for 

n = 5, 10, 15 and 20 is 

a2/var a = 1.988n - 2.538 . 

The advantage of this last estimator is that the 
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coefficients are functions of the normal scores only and arc 

thus readily available for a wide range of values of n . 

Fisher's and Yates' Statistical Tables contain the vectors 

and values of m'm for all sample sizes up to 50. 	The 
- - 

variance of a may conveniently be approximated by 

var 	= a
2 
 /(2n - 

5 
 

Distribution of the linear estimators. 

Student's t-distribution and the F-distribution are 

derived using the fact that, if the sample comes from a normal 

distribution with variance a
2, then (n-l)s

2
/a

2 
has a x

2 

distribution with (n-1) degrees of freedom. 	Although it is 

difficulty to derive the exact distributions of the linear 

estimators a, a(D) or a it seems reasonable to expect them 

to behave in a manner similar to s . 	Empirical sampling 

experiments were conducted using 500 samples of 10 observations 

using each of the linear estimators, similar results were 

obtained for all three. 	Suppose a' represents any one of 

a, a(D) or a . 	It was conjectured that z = a'2/a2 behaves 

as a Gamma variable with parameters a and 
	

i.e. the density 

function of z is 

f(z) = zP-1  exp (-z/a)/{f(p)j}, 	z 	0 . 

If this conjecture is true the mean and variance of a
,2

/a
2 

may 
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be used to derive the parameteis a and p 	Since the 

estimators are unbiassed 

E(oi/o) = 1 

and 	Var(o'/o) = V (say). 

where v is about 0.1 for n = 6 decreasing to about 0.03 for 

n = 20 . 	The mean and variance of (a'/0)
2 are given by 

E(a'/o)
2 

= v + 1 

and 
	

Var(o'/o)2 
	

4 Var(a'/o) = 4v . 

The moment generating function of the Gamma distribution with 

parameters a and 
	

is (1 - at) P  from which we may obtain 

the mean and variance of this distribution as 

mean = ap 

and 
	

variance = a
2
p . 

Equating moments we have ap = 1 + v and alp = 4v . 	To the 

first order in v the solution of these equations is a = p
-1  = 4v. 

In order to test the hypothesis that (a'/o)
2 

has a 

Gamma distribution with parameters p
-1 and p where p = (4v)-1  

we require a procedure which is sensitive to departures in the 

tails of this hypothesized Gamma distribution. 	Such a procedure 

is the probability plotting procedure suggested by Wilk M.B. and 

Gnanadesikan R. (1968) and described in the previous section. 
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In the present situation we wish to compare the empirical 

distribution function obtained from 500 estimates of (0 * /0)
2 

with the theoretical cumulative of the Gamma distribution. 

The quantile-quantile plot (Q-Q plot) using N observations is 

obtained by ordering the N observations and plotting these 

ordered values against F-1 1(i - i)/N1 for i = 1,2, ..., N, 

where F-1  is the inverse cumulative of the appropriate Gamma 

distribution. 	Values of F
-1 

may be derived from Tables of 

the Incomplete r-Function, Pearson K. et. al. (1922). 

Figure 5 shows the Q-Q plot obtained by plotting 

500 ordered values of (o/o)
2 

for n = 10 against the corres-

ponding quantiles of the Gamma distribution with p = 4.35 . 

The linearity of the plot indicates that the Gamma distribution 

is a good approximation over almost the entire range of the 

variable at least as far as the 99 per cent point which is 

about 2.5 on the quantile scales. 	Similar plots were obtained 

for the other linear estimators. 

The remainder of this section deals with test-

procedures in which the distribution of the square of the linear 

estimator is assumed to he Gamma with parameter p = (4v) 
-1 

One and two-sample tests for means and variances. 

Suppose that we have a sample of n independent 

observations from a normal population with mean y and variance 

0
2 
. 	Let y, o 	and s

2 
be the sample mean, the linear 
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Figure 5. Q-Q plot of 500 observed values of0/012 against 
Gamma quantiles with p = 4.35 for n=10. 
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estimator of a and the mean-square estimator of 	respectively. 

An obvious subscript notation will be used in the two-sample 

situation. 

Consider first the one-sample test for a mean value. 

The standard procedure to test the null hypothesis Ho:p = uo  is 

to test t = 	- wo)/(s/i/n) using Student's t-distribution with 

(n-1) degrees of freedom. 	The corresponding test-statistic with 

s replaced by a' is t' = (37 - po)/oWn) which may be expressed 

as t' = 	-
o
)/(a/Vn)}/(a./(1), i.e. t' = u/tol  where 

has a standard normal distribution and w has a Gamma distri- 

bution with parameters p
-1 

and p . 	Since a' is invariant 

under a change of origin and the original observations are normally 

distributed we also have that u and w are independent. 	A 

simple proof of this is given by H.O. Hartley (1950). 	The 

distribution of t' may be obtained by transforming the joint 

density function of u and w and then integrating out the 

unwanted variable... The resulting density function of t 
	is 

g(C) = r(p 	1)(1 + C2/2p)-(P+1)/{(2pn)lr(p)} 

which is Student's t-distribution with 2p degrees of freedom. 

Since p = (4v)-1, where v is the variance of a', the degrees 

of freedom for the test, i.e. (2v)
-1, will be non-integer. 

For Gupta's estimate, a, a good approximation to v 
1 
 is 
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5 
(2n - 

2 	
giving (n 	

4
) as the degrees of freedom for the 

substitute t-test. 	It is clear from the similarity in the 

approximation formulae for the variances of the three linear 

estimators considered, that the percentage points of t' may be 

obtained by interpolation in the existing tables of Student's 

1 
t-distribution using (n - 

4 	
as the degrees of freedom 

irrespective of which linear estimator has been used instead 

of s . 

For the two-sample test for mean values it may be shown 

in a similar way that, if the variances of the two populations may 

he assumed equal, the null hypothesis that pi  - 112  = d, (d may 

be zero), may be tested using 

ti 
	

(yi  - y2  - d)/{a
,2
(1/n

1 
 + 1/n

2)}2  

o
,2 	1 	,2 	1 	,2 

where 	= ((n1 	1-2-da/ 	+ (n2  - 1-47)02  }/(ni  + n2  - 2i) 

and a
1
' a

2
' are the linear estimators of a for the two samples. 

Under the null hypothesis the test-statistic t' has a t-distri-

bution with (n
1 

+ n
2 
- 21) degrees of freedom. 

Suppose we wish to test the null hypothesis that 

2 	2 
using a single sample of size n . 	The standard G = C

0  

procedure is to test X2= (n-l)s2/a0
2 

as a variable having a 

x2-distribution with (n-1) degrees of freedom. 	Using the 

assumption that a
,2 

 /a
2 
 is approximately Gamma with parameters 
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p
1 and p where p = (4v)-1  we have that 2pa'

2
/0o

2 

has a Gamma distrihntion with p;iramoters 1 and p under the 

null hypothesis. 	In other words 2po
,2

/o
0 

2 
has a

2 

1 	1 
distribution with 2p degrees of freedom. 	But 2p = (2v) 	w (n-14). 

1 
Therefore under the null hypothesis (n 	

4 	
2

/u
o
2 
 has a 

21 
x -distribution with (n - 1--

4
) degrees of freedom. 

The two-sample test for variances may he considered in 

a similar way. 	The null hypothesis that a
1
2 

= 0
2

2 
= o

2 
may be 

tested using F' = o
o 
2

i/G
2
'
2 

and interpolating in the tables of 

the F-distribution, since o
1 	2 
,2/0  ,2 = 

(01'
2
/0
2
)/(02

2
/0
2
) which 

under the null hypothesis is the ratio of two x2-variables 

each divided by its degrees of freedom. 	Thus F' has an 

F-distribution with (n1 
	4 
- I

1 	
and (n

2 
- I) degrees of 

freedom. 
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CHAPTER 4 

COMPARISON OF ROBUSTNESS OF LINEAR ESTIMATORS 
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4.1 	General comments on robustness of estimators. 

It has been known for many years that even slight non-

normality in the population being sampled has a considerable 

effect on the sampling distribution of the sample variance. 

J.W. Tukey (1960) surveys earlier work on sampling from contami-

nated distributions and shows that "If contamination is a real 

possibility (and when is it not?) neither mean nor variance is 

likely to be a wisely chosen basis for making estimates from 

a large sample". 	Tukey considers a family of contaminated 

distributions formed by adding a proportion A of a normal 

distribution with mean zero and standard deviation 3 to a propor- 

tion 1-A of a standard normal distribution. 	Asymptotic results 

are derived which show that even though the sample variance is a 

sufficient statistic for precise normality other estimators are 

to be preferred on grounds of both efficiency and relative 

freedom from bias when even a very small proportion of.conta- 

mination is present. 	In fact, for large samples, the variance 

of the sample variance exceeds that of the mean deviation when 

A exceeds 0.008. One would need samples of several thousand 

observations to detect contamination of this magnitude. 	It 

seems sensible therefore to consider using alternative efficient 

linear estimators which are not affected to the same degree by contami- 
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nation. 	For most of the estimators discussed earlier there is 

certainly little to lose and possibly much to be gained by using 

them rather than the sample standard deviation. 

In the following sections we consider the effect of 

non-normality on estimators of the standard deviation. 	Firstly, 

exact values are derived for several linear estimators based on 

small samples from a variety of non-normal distributions. 	Finally 

a summary of the results of a large scale simulation study is 

given in which the sample standard deviation is compared with 

some of the linear estimators. 
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4.2 	Some exact results  for a variety of 
distributions. 

All the estimators considered in this section are 

of the form 

u = 	a.y. 
i=1 

where yl  < y2  < 	< yn  are the ordered observations and 

= 1,2, ..., n are the multiplying coefficients based on 

the assumption that the observations come from a normal population. 

If, however, the observations are from some other distribution, 

with mean p and variance a
2, the mean of the estimator u is 

given by 

E(u) = 	aiE(yi) 
i=1 

a.ioE(x.) 
i=1 

+ p} 

where the x. are the standardized ordered observations. 	Thus 

E(u) = 	X a. am. + u  Y.  a. 
i=1 	

1 	
i=1 

th 
where m. is the expected value of the . 

	order statistic 

from the standardized distribution, and since 	X ai  = 0 for 
i=1 

an unbiassed estimator, we have 

E(u) = a y a.m. . 
1=1 

The variance of u is given by 
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n n 
Var(u) = a

2 	c 
L 	a.a.v. 

i=1 1=1 

Ch. 
where v.. is rue covariance of the 1 	and j

Ah 
 order 

ij 

statistics .from the standardized distribution. 

Thus, to consider the behaviour of these linear 

unbiassed estimators it is necessary to know the expectations 

m and the variance-covariance matrix V for the non-normal 

distributions. 

Although the equations given in chapter 1 for the means, 

variances and covariances of the order statistics simplify to 

convenient expressions for both the uniform and the negative 

exponential distributions, for most other distributions they 

lead at best to multiple sums or recurrence relationships. 

Published tables were used for the right triangular 

distribution and the logistic distribution but computer programs 

were written for the uniform, negative exponential and the gamma 

distribution with shape parameter 2 and 3. 	Although tables are 

available for the negative exponential distribution the necessary 

values were computed as a part check on the gamma distribution 

program. 	The published tables contain values for small samples 

only, therefore, although the values of m and V are available 

for the computed distributions for larger samples, the comparisons 

below are given for n 	10 only. 
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The estimators considered. 

Depending on the sample size four or five linear 

estimators were considered, these are: 

1) the best linear estimator a , 

2) Gupta's normal scores estimator a , 

3) Downton's estimator with polynomial coefficients 

(or Gini's mean difference) a(G) , 

4) Dixon's short-cut estimator o(D) (see section 3.2), 

and 	5) 	Range (when different from Dixon's) a(R) . 

F. Downton (1966) was interested in formulating an 

estimator which is mathematically tractable not only in its 

coefficients but in the computation of the standard error of the 

estimates obtained. 	His method produced the linear estimator 

with polynomial coefficients of the form 

a(G) = 	(2i - n - 1)yi/{n(n - 1)} , 
i=1 

which, as pointed out by H.A. David (1968), is an alternative 

form of Gini's mean difference (Nair 1936). 	Downton showed 

that the variance of o(G) may be written explicitly as 

n Vario(G)1 = o
2{0.5113 + 0.6303/(n - 1)} . 

F.C. Barnett, K. Mullen and J.G. Saw (1967) discuss 

use of a(C) in a test for a mean value as an alternative to 
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• Student's t-test and show, using a normal approximation to 

the distribution of the usual test statistic with s replaced 

by a(G), that this test is almost as powerful as Student's 

t-test. 

Comparison of estimators for samples from a normal distribution. 

As the first step in this comparison of the behaviour 

of the estimators, the means, variances and efficiencies were 

obtained for the normal distribution. 	The results are summa-

rized in table 23 in which the efficiency is relative to the 

best linear estimator a . 

Table 23 

Efficiencies of the linear estimators for the normal 

distribution. 

-__ 
-Sample size 

Estimator 
5 6 7 8 9 10 

Gupta 	a 

Downton 	a(G) 

Dixon 	a(D) 

Range 	a(R) 

99.93 

99.67 

96.61 

96.61 

99.91 

99.52 

96.85 

94.38 

99.90 

99.38 

97.79 

92.16 

99.86 

99.21 

98.05 

89.99 

99.91 

99.18 

97.90 

87.85 

99.92 

99.11 

97.45 

85.89 

Except for the range all of these estimators are 

highly efficient relative to the best linear estimator which, 

as we have seen, is itself over 99 per cent efficient relative 
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to the unbiassed root-mean-square estimator. 	Thus there is 

little to lose by using any one of them when we know that the 

observations are normally distributed. 

Comparison of the estimators for non-normal distributions. 

a) 	Uniform distribution on (0,1) . 

For the uniform distribution the expected values and 

variance-covariance matrix elements are most conveniently 

expressed in terms of the uniform distribution on (0,1) . 

th 
If yi  is the i 	order statistic from this distribution we 

have that 

n + 1 

Cov(y.,v.) 	' i 	j 
(n 4-  1)

2
(n + 2) 

These values were computed for 5 n 	10 and used to evaluate 

the means, variances, mean-square-errors and efficiencies of the 

estimators. 	Finally these values were scaled so that the 

uniform distribution had unit standard deviation. 	The results 

are given in table 24a where, once again, efficiencies are 

relative to the best linear estimator. 	As expected the range 

is by far the most efficient, however, this estimator has 

considerable bias which increases as the sample size increases. 

The estimators which give low weight to the extreme values have 

low efficiency for this distribution. 
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Table 24a 	Uniform. 

n 	Estimator 
ST 	L1JF ltQ  

Mean 
1.91611 

Variance 
0,n7P95 

M.S.E. 
o.07021 

Eff. 
10n.00 

A 1,0104/ .-681f17 0.0810 97_?$ 

5 
r, 	L1 TON 

cpp,“1 
1.0xr' 
0 	QQ?Rg 

0,n$M5 
-1.n7040 

0.08429 
7o45 112 	41 

sFsr 	(1NFAP 1.01?i,c 0.0c760 0.05765 in0.0° 
r7,HP4A 1.011Pr 0.05095 96.1? 

6 DnWN,TON 1.0;?Air;, 0.06?77 0.06-430 91.08 
12, iXON 0.n71 /44 A.07280 79.20 
terINC.F fl.c/76( n. (4/t n,c,4pA? 120.06 

:- ST 	IlkFAO 1 ;).04651 1,04661 lan_00 
PTA 1 	01 C4 0.04657 n.04,171,  95_40 

7 01WN101k1 'L 11? -42y 0.114082 0.05036 $18,58 
nTXON i.o2A2-7 n.A5136 A,05205 $5 - 
QANGF 0.96n7r. ').A341.t n 	03567 175.04 

s'iFS1 i.007A7 0,0159A 0.03604 100.00 
1.0114.c. 0.03782 0,03A06 94_81 

8 Pow 	TON 1 A, A411 A04169 P6.41,  
v.TgoN 1,0147P 6./V;PS7 0,01P10 92_90 
c; A iNt4 F 0.9462 U. 077S P.02A64 125.A? 

U.c 	ITWFA r 1_0052n 0.ngr,flo 0,03012 1A6,0 

1,011A4 o_o1517'A 0:E18 04.53 
9 inwNToN 1.07 -K?1 0.01en1 0.03554 $4,7t 

!`rgON 1.A0?qi n 	(17og7 0.. 100.47 
4ANCIP. 0.91gA7 0.ni9g6 0 0,02434 1?1,74 

'FT 	tINAt..1 1.00A4;0 0,n7560 0.02561 inn_09 
!,41TA 1.01110, 0.n27115 n.02716 P4_30 

10 'W.0'41 0N .07.1?5 A.0108A A3.15 
!II“)1A 0,c0.10 1 	(17110 0.02376 107.76 
1,rAT)6F 0 	c),()c 0 	01571 A 	02106 116_61 
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b) 	Negative exponential distribution 

The density function of the negative exponential 

distribution is 

f(y) = e—Ylalo , 	0  5  y . 

The expected value of the standardized order statistic 

y
i in a sample of size n from this distribution is 

E(yi) = v 	1  

kLl 
n-k+l  

and the variances and covariances are 

Var(yi) = Cov(y.,y.) = 
k=1 (n-k+l)

2 • 
i<j 

Table 24b gives the properties of the linear estimators 

based on samples of size 5 	n 	10 from this distribution. 

Because the exponential distribution has large positive skewness 

the situation is the reverse of that for the uniform distribution. 

The estimator based on range now becomes increasingly poor as 

the sample size increases. 	There is little to choose between 

the best linear and Gupta's estimators but since less weight is 

given to the extreme observations Downton's estimation has greatest 

relative efficiency which is increasing with sample size. 

Dixon's estimation behaves in a disjointed manner depending on the 

form of the estimator. 	When the estimator is based on four 
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Table 240 Exponential. 
n Estimator Mean Variance M.S.E Eff. 

J.Pst 	L1NFAQ n 0 _P6(.49  0,25282 100,00 
((PTA 0.2V'n1 0,25068 100.85 5 
of,wNT0N 0,A86?, 0.,V5S62 0,24856 1 01,71 

hjR0571 '1 .7(015  1,27603 92.26 

rIST 	LINFAQ 6,AAQ40 0.10754 0, ?0476. 100.00 

(1 .e.8( ,  0.10493 0.20747 101.10 
6 OfILINTom 0.10196 0.20492 1 02_36. 

DIXON tL88171 0,187C6 0.20155 104.07 
t;w4“ it 	9noor,  o,2?790 0,2.3770 As_ 24 

41; S 	tkl /: AR mOn41 0.1A790 0.' 	OOH' Inn 	1)1) 

1,0PrA 0kAgA7 0,110517 0.1 7777. 101,26 
7 newwToN Oikg617 0,16?06 n,17501 1 02.85 

1,1YOm O.A477.  n. 1+5180 0,17517 10.76 

Pe, N6F 0,9 0597 0 _,n305 (1,21279  84.59 

ps:s/ 	ITN;AQ 0.'40174 0.15812 100_ 0r,  
(;.irorA 0 	8Act7) 0,14379 0.15602 101,35 

8 boWNTON 0 	88.'44 , 1 6031 0.15121 1 01.21 

oivON n.RP.471 0,1603 0,15662 100.90 
CtANGF 0,010 0.1,04t7 0,19646 81.11 

nsSy 	[1NFA0 0_89104 n.lp064 0 	1 1132 100.0 -0 

0,880 7i, 0.177711 0.11016 1 0 	41 
9 t)flUNTON 0.88E+1A 0.,0360 0,11A57 103,48 

hIXON 	• 0A9147 0, 11)99 0.14277 9R 99 
RtNGF 0 .91512 0.17 .17 0.18037 78_15 

tiNFAP n.89,,71 0 	1165n 0.12801 100.00 
0.Q0A 7. p.11419 0.12621 101.4? 

10 PO 6IN T 9.8 A67 -,!' 0,11653 0.1234A 1 01_67  
0140N (.)8901.7 0.17002 0,13198 96_99 
PANGF 0.9107c 0.1A?S8 0.1 6910 75.70 
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observations, i.e. for 6 zr, n 	10 the efficiency decreases 

from 104 to 97 per cent. 	The estimator changes for n = 11 

and its efficiency is again above 100 per cent and will gradually 

decrease until the estimator changes again at n = 17 and so on. 

c) 	Logistic distribution 

The density function of the logistic distribution is • 

- f(y) = e Y(1 + e Y)2 
	

— oo < y < CO 

This is a symmetric distribution with mean zero and variance 

Tr
2
/3  . 	It is very similar in shape to a normal distribution 

except in the extreme tails. 	A.Birnbaum and J. 1)udman (1963), 

R.L. Plackett (1958) and S.S. Gupta & B.K. Shah (1965) have 

studied the problem of evaluating the expectations and variance-

covariance matrix of the order statistics from a logistic 

distribution and B.K. Shah (1966) has tabulated the values of 

V for the standardized distribution for samples of size n 	10 . 

Gupta and Shah derived their results by way of the 

moment generating function of the k
th  order statistic, which 

they expanded as a complicated power series in t containing 

Bernoulli numbers and Sterling numbers of the first kind. 	From 

this expansion these authors obtained exact expressions for the 

moments of the k
th 

order statistic which they tabulated for 

n 	10 . 	This table was used for the vector m in the comparisons 

below. 	In order to find the covariances Gupta and Shah considered 
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th 
the joint moment generating function of the . 

	
and 

nth  

order statistics which they expanded and differentiated to give 

an expression for the bivariate moments. 	Later Shah (1965) 

simplified the expansion of the joint moment generating function 

so that it contained only one summation and derived from it 

several inter-related recurrence relations in terms of the 

sample size, and the covariances. 	These recurrence relations may 

be used together with earlier results by H. Ruben (1956) and 

Z. Govindarajulu (1963) to build up the variance-covariance 

matrix for increasing sample size. 	Shah's table for n .5 10 

was used to compare the properties of the linear estimators which 

are summarized in table 24c. 

Downton's estimator is least affected by the larger 

tails of the distribution, however, Gupta's estimator also has 

increasing efficiency as n increases and has smaller bias than 

I)ownton's. 	As would be expected the efficiency of the range 

decreases even more rapidly for observations from the logistic 

distribution than from the normal distribution. 

d) 	Right-triangular distribution 

The right-triangular distribution is an unsymmetrical 

distribution with density function 

f(y) = {(Y-11)/(5 21/}/9a 11-2,Tia y ti-441j 

= 0 	otherwise. 
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Table 24c 	Logistic. 

Estimator 
111:!;T 

Mean 
Q7971 

Variance 
6.1667  

M.S.E. Eff. 
1(1() - 	0f} 

5 
Co, PIA 
0OwNTON 

o.97Ps2 
0. v777r, 

6.16444 
1A'KAn 

A.16490 
n.lAAA? 

100 	71 
101.3A 

(kimGF) 0.0w/Ar 0,17o4 Ft 0_17064 9p_45 

IINFAR 0AhA7 o.13461 lno.no 
611prA 97Ooi,  f.) .13')P0 1/10 	97 

6 ( 14N1,-)61 (F 	9771v 0 	11140, n.110A. 10?. flu 

07??A .1:4013 0.1:4090 107.3 
(I 	949 4,? .45766 o.1570 AR.16 

LINFAO 6 	Qg1A7 0,1133A 100. 00 

6HPYA rL9700c. 1415  11 1 68tl  6.11?Og mni,16 
7 00wrT0N 0,9771Q. n 6,11659 1 m2,53 

rtXONI 0.97S0,7  0.11(,44 107.11 
0ANbc 0,0006c 0,11014 rLiA4A4 A4.09 

At-ST 	IIMI=AP .ii 	QR27r p.WP790 100.0A 
0,4Af)7i1 0,00675 101.28 

8 00wmInN 0.97741 n4b6R 0.09519 1t),.94 
nTxON 1197010 F.nc)697 0.09740 1An.61 

QA1V,F 1.(q14np n.17',“11 6.17205 80.29 

i4 	sT 	itnicaR 6_98'477 n8,<OP 0.08635 100 	00 

0.0R11 nA470 A.08516 101_4? 

9 r,v,,JKJ-rrA n 	9771.7. ).0%;130 -,1  n 	"c 5 1 0'3.3R 

rtxON Og2oK. 0.11$17?0 n.OA760  0;4.69 

1:(Apo,; 1 	on002 0.11?41 n.11P50 76.76  

cjc,T 	t)NFAQ 
foipTA• 

Qg4-t4 
n 	9A17T 

n,n7710 
‘0,07N77 

0.07725 
0.0/A10 

inn 	00 
indLSr) 

10 r) i,INTON 0,97?10  0.nrK06 0,0744R 103_71 

LixON 09MAA7 0.070A0 0.07098 96.59 

kANGE 1 	01Klo 6.104AR n.10507 73.52 
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For the standardized distribution F. Downton (1954) 

has shown that the vector m and matrix V are given by 

= 16n
(n-i+1)2n-1+1/(

2n+1) 
	-41N2 

v.. = 18(i/(n+1) - [n(n-i+1)211-i+1/(2n+1)(11-i+1) 2
1  

v..• 
	(j-i) j-i 	• 	(j-i) = 0-1) 	2 v../(2J-1) 

13 	JJ 

where r
(s) 

= r(r-1) 	(r - s + 1) 

and (ar+b)(s) = (ar+b)(afr-11+b) 	(afr-s 1 

These expressions were used by Downton to tabulate 

and V for n 	10 . 	The results given in table 24d are based 

on Downton's tabulated values. 	Although the range is the best 

of these linear estimators due to the negative kurtosis of this 

distribution, it is interesting to note that the normal best 

linear and Gupta's estimator are about equivalent and compare 

reasonably well with the best linear estimator for the right-

triangular scale parameter whose coefficients and variances are 

also tabulated by Downton (1954) for n 	10 . 	The efficiency 

of the normal best linear to the right-triangular best linear 

decreases from 96 per cent from n = 5 to 86 per cent for n = 10 . 

The bias is almost negligible thus for small samples, even from 

this skew platykurtic distribution, these linear estimators 
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Table 24d 	Right triangular. 
n 	Estimator 	Mean Variance M.S.E. Eff. 

i;'FSt 	LINPAR n 	0(4Wfig; 1,10Q5i 0.10053 1n0.0o 
r;IIDTA 10011'c., 0.111OR t'.11 1108 98,61 

5 
nowNioN 1.1“.?(../ .7). 11 1r) o.1 1110 96.*4 
pixoN 	(polAu) o.9$144 ,  0.10679 0.10503 104_28 

i;FST 	1.IN 8 A0 0.090;31 o 	0/4'.489 0,08391 100.00 
GlipTA 0.9990-4 0.08551 0.08551 98.11 

6 17owN70N 1,00s0  0,08796 0.08797 95.38 

)(Cit-J 1.01 0R^ 0.09545 0.09557 87.79 
gAN6F 0.9745FN n_n7Ra3 0.07888 1nA.37 

10.ST 	1.1 ,0;AQ 0.004A1 0.r6755 0.0675A 100_00 

6H014 0,907go 0_ 06914 0,06915 97.73 
7 ow,iNicitsj 1.00e.'67 0.07180 0,07181 94.11 

OixON 1.00474 0.0719A 0.07 08 91.35 
QANGE 06S0 0.06440 0.06'16? 107.91 

RFST 	LINEAR 0.09801 n 	05A3,5 0.05618 inn.00  
611 PTA r. 	994,p4 0.05785 0.05786 97,44 

8 0(16,1NT0N 1,0",?00 o,nAr.6.? 0.06063 92.99 
OIXON 0.99Any n.0590 1.0594A 94.78  
PAN(. F n,n4oOR • 0.05191 108_61 

Aq 0 	001,1 0.0WA 0.04P25 100.00  
GlIpTA (Le)Qs5P 0.04056 0,04058 97-3? 

9 rlowNroN 1.0025c f)./15735 0.05,36 02.16  
!? IRON 0.99107 n.n491A 0.04026 97.96 

141INGF 0.9t79q 0.04179 0.04451 1(18_44 

CFCT 	LINPA4) 0.Q907,  0,04.-?04 0.04212 inn.00 

Go.(PTA 0.9947.4 0,04'4',30 0.041,33 97.22 

10 00!,'NT ie 	. 1.0c, 26t 6,4608 0 	046118 91_41 

0T)(ON 6 	OA440 0,(14158 0.04182 100.72 
RANGE 046/7 6.0';565 n.0.4921 .107.43 
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are reasonably efficient estimators of the standard deviation. 

e) 	Gamma distribution 

The density function of the Gamma distribution with 

parameter r is 

f(y) = e-Yyr-l/r(r) 
	0 

	y . 

S.S. Gupta (1960) used the relationship between this gamma 

distribution and the exponential distribution to express the 

cumulative distribution function of y in the form of a partial 

sum of probabilities in a Poisson distribution as follows 

F(y) = 
- Y 

.2..._,Yr  
j=r J.  

Substituting for F(y) in the equations in Chapter 1 

gives, as the ith moment of the k
th order statistic in a 

sample of size n, 

 

c°  I 

r-1 	-yyk -1 r-1 -y j n-k j1 	[ / 
	

e
-y
y
r+i -1 

/ dv 
r( r) 

j=o J 	j=o J.  
pi(k,n) = 	 (k-1):(n-k): 

 

r-1 j 
Let D(y) = 	4 , then since 

j=0 J.  

k-1 
[1. - e-YD(y)]k-1  = 	(

k-1
)(-1)P  e-YPD(y)P  

p=o 

k-1 
p. (k,n) 	

n!  
(k-1).(n-k)t.r(r) 	

(...1)p(k-1)  iDg-k+pe-y(n-k+p+1) r+i-1dy. 
p=o 

0 
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k-1 	(r-l)(n-k+p) 
(-1)P(k-1-' am(r,n-k+p) 

P=0 	P 	m=o 
(k-1):(n—k).r(r) 

P(r+i+m) 	 (r-l)p 
where D(y)P = 	a r+i+m 	 m(r,p)y 

m=o 

When k = 1 we have 

n (r-1)(n-1) r(r+i+m)  u.1( 1,n) 
1767 	

am(r,n-1) 
n
r+i+m m=0 

Thusui  .(k,n) - 
n: 	k-1 

(k-1)(n-k)! / (-1)P(k7
131)Pi6(11_;c7p1:71) 

P=o 

may be used to derive the moments of the kth order statistics 

from those of the first order statistic. 	The coefficients 

am(r,p) may be derived by the recurrence relation 

am(r,p) = am(r,p -1) + am_1(r,p -1) +-21- a 2(r,p -1) + 

+ (r-1): am-r+I(r.p-1)  

and 	am(r,l) = 1/m: 	m = 0,1, ... (r-1) . 

Suppose that F, and n are the it
th 

and mth order 

statistics from this gamma distribution, then we have 

coeo 

E(Cn) = CifflF1'-1(C)[F(n) — F(C)i m-2.-111—F(n)l n—mf(Of(n)dr,dn 
of 

where C = n:/{(2-1):(m-Z-1):(n-m):} . 
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which becomes after considerable algebraic manipulation 

E(cn)
(...i)a+fi /2,-1 \ 

[r(r)1 2 	(3 a,,t,p,j 	
a  ). 

r(t+r+l)r(p+r+j+1)  . a (r,q-1)a
t
(r,s-1) 

st+r-j+lj:(s+q)
p+r+j+1 

where q = a+m-t-a , s = n-m++1 and the summation is over 

a,R,t,p and j where 

O a t-1 

O , a 

• t (r-1)(s-1) 

O p • (r-1)(q-1) 

O j 	t+r . 

Although Gupta tabulated the first four moments of the 

k
th 

order statistic for n 6 10 and the percentage points of its 

distribution for several values of r the covariances were not 

tabulated. 	A computer program was written to evaluate the means, 

variances and covariances using the equations outlined above. 

Various checks were built into the program and wherever possible 

the computed values were checked against Gupta's tables. 	The 

variance-covariance matrix for r = 1 was checked against the 

exponential distribution matrix and no discrepancies, even for 

samples of size 20, were observed. 	This program was used to 
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derive m and V for the gamma distribution with parameter 

r = 2 and 3. 	The results were then scaled so that the distri- 

butions had unit variance. 	The properties of the linear 

estimators are summarized in Tables 24e and 24f for these two 

distributions. 

In both cases Downton's estimator is most efficient 

although there is little to choose between the best linear, 

Gupta's or Downton's. 	As the parameter r increases the 

efficiency and the bias for Downton's, Gupta's and Dixon's 

estimators decrease for n fixed. 	However, the bias of the 

range decreases and its efficiency increases with increasing r . 

This is to be expected since, apart from a scale factor these 

distributions are equivalent to chi-squared distributions with 

4 and 6 degrees of freedom respectively. 	The properties of 

the estimators will converge to their normal equivalents as r 

increases. 

Comparison of the different estimators. 

Figure 6 shows the expected values of the five 

estimators for the different distributions plotted against the 

sample size n . 	All the estimators are biassed for these non- 

normal distributions. 	Except for the range the expected values 

of the estimators decrease as the kurtosis of the distribution 

increases. 	The Graphs for the estimators which use all the 

observations are very similar. 	Downton's form of Gini's mean 
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Table 24e Gamma r 
Estimator 

2. 
Mean Variance M.S.E. Eff. 

PEST 	(INFAD 0,94104 0.10105 0.1945? 100.00 

5 !;1!P TA 
n0w0ToN 

0,940;7: 
0,05,)90. 

sora? 
,..IAP71 

0.19336 
n.19232 

1 00.6° 
101.15 

r)TxoN 	(waNGF) 0,04437 0,706,  0,2n846 93.31 

RVST 	LINFAR r. 	9415 0.121 0.15863 100_00 
(+ ,IPTA 0.440An 0,1 5$15 0.15736 100)31 

6 iirr WNT0N 0.93994 0.15247 ').1.5608 101.64 
rITXON 0,03780 0,15140 6.15534 102.11 
PANGF 0.04A20 6.174A1 6.17714 po.55 

if,St.LINFAQ 0,9410) 0.13nA7 6.136t).4 100 	00 

(oiPTA 0.0411) 0.12051 6.1370A 100,95 

7 00WNTON 003097 0.17,796 6,13,157 1 02.05 
nTX0N 0,o7Q2o 0.17M c2 0.1M0 101.54 
PANCIF 0.9400p o.1535n n.1510° 86.00 

RFST 	LINFAQ 0,04727 0.11371 0.11654 100 	00 

e;0IDTA 0.04152 0,11102 0.11534  101,04 
8 noWNTOm r, 	41030 (1.11387 1 67.34  

!)TxON 0.040RP 0.11774 6.1162.4 Inn 	26 

pANGF 0 	9i114 0.1AP51 6.14606 8?_ 71 

PFST 	LINEAR 0.067c 0.00ogl 0.10110 100 	00 

(0iPTA 0,94157, A .mcgS1 0.10105 101.13 

9 OcWNTON 0.930Ac 0.096P4 (,,10045 102.64 

71)(ON 094?74 0.10111 6.10450 98.66 

QANCIF 0.95”/ 0.177?1 0,129'49 79.6m 

5 	l="‹.1* 	tINFAP 0 	044nt 0.6A032 o.9,56 100.00 

6oPTA o 	041 p5 0.(910 °.°914A 
 101.1A 

10 r;o1,,NT0?0, 9V)0 .̀. n.0;09A 102.87 

oixON 0_94`7e. ;),n1P)17 riAocc; 96.149 

kArl;GF 0,9;51'4 0,11q31 m.1P63'c 76.9 
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Table 24f 	Gamma r==3 
n 	Estimator 	Mean Variance M.S.E. Eff. 

8v51 	IINgAR 0.960nA 0.17;7'71 6.17431 1 00.0° 
(1, PTA 0.95972 1.17191 0.17351 100.45 

5 powNTnN 0.05ov, 0.174 ?A 0.17291 100.81 

!)IxoN 	(RANGO 0,96?1c 0.4g-396 0.18540 94.02 

pEcr 	LIP FAQ 0,96037 0.13047 6.14104 1n0.00 

rolPfA 0,9598A 0.1 3A57 0.14010 100.61 

6 rInuNTON 0.959'30 0.1'1776 0.13942 1 ni 
0I)(ON 0.9579A 0.1380? 0.13979 100.90 
PANGF 0.96376 0.15450 0.1.5031 90.52 

REST 	LINF89 1.0606m 6.41708 m11863 100.00 

(,I!PrA 09600P 0.41619 A..11778 1m173 

7 0n6INTON 0.95934 0 	11527 0.11692 101,46 

rixON 0.95880 0.11611 0.11780 100.71 
or,NGE 0.966,1 0.41489 0.13610 87.17 

Ai-sr 	LINF.Ao 0.9607o 0.10(105 0.10249 1(10.00 
PTA 0.96036 6,10010 0.10168 100.80 

3 (,owNtoN 0,95060 0.09915 0.10079 101_68 

nrxoN 0.9599, 0.10110 0,10270 99_70  
pANGE 0.966ZA 0.1?084 n.12197 A4.03 

W.,ST 	LINFAR 0.964m7 0,08875 0.09027 inn.On 

el!!PTA 0.0AOTP 0m8790 0.08948 100.89 
9 mnuNTON 0.9597A 0,08690 0.08856 101_94 

Or K aty 0.0607-g 6.09012 0.0916A 98.49 
ptNGF 0.96786 0.11030 6.11134 Al_og 

tINFAP 0.96-07 .0792.4 0.08073 100.00 
(iorA 0.9665‹ n .  07608 0.07008 100.94 

10 riw.'NTON 0,9597A n, 0770(1 0.07905 107 	13 
oixON 0.9617n o_nAlAn 0.08326 06.96 
pAt,,GE 1.06907 (1.40?04 0.1 0300 78,39 
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difference has the interesting property that the expected value 

is independent of n . 	This property, also indicated by 

A.E. Sarhan (1954) as one of this estimator's main advantages, 

enables an unbiassed estimator of the standard deviation for any 

continuous distribution to be expressed as 

o(C) = C 	(2i - n - 1)yi/fri(n - 1)) 
i=1 

where C is an unbiassing constant, independent of n, depending 

on the form of the distribution. 

This poses several questions worth further consideration; 

(i) Is C simply related to y1 
and y2

, the 

coefficients of skewness and kurtosis? 

(ii) How does the variance of this estimator compare 

with the best linear estimator for non-normal distributions? 

and 	(iii) 	How robust is this estimator to departures from 

the particular non-normal distribution? 

For both the exponential and the right triangular 

distributions this linear estimator is approximately 80 per cent 

efficient relative to the corresponding best linear estimator 

for a sample of size 10. Also we have seen that for a normal 

sample with n = 10 the relative efficiency is over 99 per cent. 

We may also ask 

	

(iv) 	For what range of non-normal distributions does 
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this estimator have relative efficiency greater than some 

value, say 95 per cent? 

The answers to some of these questions may be contained 

in Downton's work or in earlier papers on Cirri's mean difference. 

U.S. Nair (1936) derived formulae for the mean and variance of 

Cirri's mean difference for the normal distribution and for the 

uniform and exponential distributionS. Z.A. Lomnicki (1952) used 

a simpler method to derive the same equations which are given in 

M.G. Kendall and A. Stuart's, Advanced Theory of Statistics, 

Vol. 1. 	It is hoped that some of these points will he considered 

in more detail elsewhere. 

Figure 7 shows the variances of each of the estimators 

for all the distributions considered including the normal. 	These 

diagrams emphasize the similarity between the best linear estimator, 

Gupta's normal scores estimator and Downton's estimator. 	For 

platykurtic distributions the variances are less than the corres-

ponding normal variances, whereas for leptokurtic distributions 

the variances are greater. 	The spread of the lines in the range 

diagram indicates that for leptokurtic distributions the range 

has low efficiency relative to the other estimators and for 

platykurtic distributions the range has high efficiency. 	Dixon's 

estimator is very much better than the range for n ?. 6 and for 

n = 6,7 or 8 is not a great deal worse than the other three. 
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These theoretical comparisons confirm several expected 

features of the behaviour of these linear estimators. 	Firstly 

the range is not robust to leptokurtic departures from normality, 

secondly Dixon's estimator, giving equal weight to several extreme 

values, is not affected as much as the range and has the advantage 

that its form is simple and convenient, and thirdly the other 

estimators, although more complicated to use, are least affected 

and about equivalent to each other. 

The important question of how these estimators compare 

with the root-mean-square estimator for samples from non-normal 

distributions is considered in the following section. 
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4.3 	A simulation study 

Theoretical evaluation of the properties of the root- 

mean-square estimators for samples from non-normal distributions 

is difficult even for some of the standard distributions considered 

in the preceding section. 	Since we are also interested in 

comparing the behaviour of this estimator for small samples from 

contaminated normal distributions with the large sample results 

derived by Tukey (1960), it was decided to carry out a large 

scale simulation study of the robustness of s and of a selection 

of alternative estimators using small samples from several non-

normal distributions including contaminated normal distributions 

with varying proportions of contamination. 

Using the transformations given below 1000 sets of n 

random deviates were generated from each non-normal distribution. 

Each sample of n was used to estimate the standard deviation 

of the distribution for each of the estimators. 	The 1000 sets 

of estimates were then used to determine the means and variances 

of their distributions. 

The estimators considered. 

In view of the large amount of computing time required 

for these comparisons it was decided to restrict attention to 

those linear estimators which behaved differently in the preceding 

section and to leave out Gupta's estimator and Downton's estimator 
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in favour of the best linear. 	Vor leptokurtic distributions 

conclusions about the best linear estimator will also hold for 

Gupta's and Downton's estimators. 	Apart from including the 

biassed and unbiassed root-mean-square estimators it was decided 

to include the mean deviation about the mean for comparison with 

Tukey's asymptotic results. 	The estimators considered, based 

on a sample of n observations such that y/  < y2  < 	• 	yn ' 

were as follows: 

a) 	the root-mean-square estimator 

- 
= 	(1(yi  - y)

2 
 gn - 1)}1  

the unbiassed root-mean-square estimator 

s' = {(n 1)/2}2 n  
2 	2 

l) s/r(a) ; 

c) the best linear estimator a ; 

d) the mean deviation about the mean 

m = b Llyi  - 771/n , 

where b is an unbiassing constant depending on n ; 

e) Dixon's estimator ; 

and 
	

f) 	the range. 
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Non-normal distributions. 

The program written for these experiments produced 

either a random uniform deviate x in the interval (0,1) using 

the Lehmer congruence method, see K.D. Tocher (1963), or a random 

normal deviate z, using G.B. Wetherill's (1965) transformation 

of the uniform deviate x . 	The remaining non-normal random 

deviates were obtained by applying the appropriate transformation 

to either x or z . 	The standardized density functions and 

the transformations employed are listed below: 

i) negative exponential distribution: 

density function: f(y) = e -(Y4-1) 	-1 	y • 

transformation : y = -log (1 	x) - I . 

ii) 	double-sided exponential distribution: 

density function: f(y) =-1-exp(-ifly1), --<y<- 
VT 

log 2x transformation : y = 1 	2x if 00c<--- 2 ' VT 

	

y = - 1 — log 2x if 	. 

iii) right-triangular distribution: 

density function: f(y) = (2/T- y)/9, 

transformation : y = 	(31x1  - x21- 1) 

where x1 and x2 
are independent random uniform 

deviates on (0,1) ; 
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iv) symmetric triangular distribution: 

density function: f(y) = 	IY1)/6, 

transformation: 	y = 16-  (x1  + x2  - 1) 

v) lognormal distribution: 

density function: f(y) = expH{log(y+a)+b}21/{/27(y+a)} 

-a Y 

_1 
where a = (e-1) 2  = 0.76287 and b = 0.5 -log a = 0.771, 

1  
transformation: 	v = (ez  - e')/(e2  - e) 

= 0.46271ez  - 0.76287, 

for further details see M.H. Quenouille (1959); 

vi) the standardized uniform distribution: 

density function: f(Y) = 1/ 2 /T, - 

transformation: 	y = 2v (x - 1) ; 

vii) contaminated normal distributions: 

These distributions were obtained by adding a 

proportion A of a normal distribution with mean u2 
 and variance 

0
2
2 to a proportion (1-A) of a standard normal distribution and 

standardizing the resulting distribution so that its mean is zero and 

its variance one. 

The density function is 

f(y) = 1(1-A)(211) 2{exp -1(yu + Ap2)
2). 

,1 
A(2v022) 	expi-1(y0 - 112 	P2A)

2 
 /02

2 1
1 0  
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where a
2 

= 1-A + Aa
2
2 

+ A(1-A)p
2
2 
. 

The transformation used to generate random deviates from this 

distribution is 

(z - 0'2) /a 	if x 3  A 

y 	{G2z 	1'2(1-
A)}/0 	if x < A . 

The third and fourth cumulants of the standardized contaminated 

normal distribution are given by 

k
3 = (1-A)Ap

2
{(1-2A)p

2
2 
+ 3(0

2
2
-1))/0

3 
, 

and 
	

k
4 

= 13(1-A)+Aa
2
4
)+(1-X)Xp

2
2
16(A+0

2
2
-A0 

2
) 

+112
2
(1-3A+3A2)}]/(14-3 

Two such contaminated distributions were considered. 	Firstly 

the symmetric distribution with A = 0.05, 112  = 0 and 0
2 
= 3 

and secondly the skew distribution with A = 0.05, 11
2 
= 1 and 

a
2 

= 3. 	Finally the properties of the estimators were estimated 

using samples of size 10 from contaminated normals with 11
2 
= 0, 

2 = 3 and proportion of contamination A increasing from 0 

to 0.9. 

Comparison of the estimators  

The means and mean square errors of the estimators for 

each of the non-normal distributions are shown in figures 8a, 8b 

and 9a, 9b respectively. 	Before discussing these results in detail 
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it is interesting to compare these empirical values With the 

exact results given in the preceding, section. 	Comparisons may 

be made for nine cases. 	The three estimators, best linear, Dixon 

and range, may be taken with each of the uniform, exponential and 

right triangular distributions. 	Apart from some sampling fluctuations 

the results are in close agreement for both means and mean square 

errors for all these situations. 	In view of this close agreement 

and the fact that the estimators are highly correlated, since they 

were obtained from the same sets of 1000. observations for each sample 

size for each distribution, valid comparisons may be made between 

the estimators. 

From figures 8a and 8b in which the biasses of the 

estimators are compared we may see that, for the platykurtic distri-

butions, the range and biassed root-mean-square estimators have 

largest biasses and that there is little to choose between the best 

linear, Dixon's and the unbiassed root-mean-square. 	The mean 

deviation has largest mean value for these distributions. 	As may 

have been expected the situation is almost reversed for the positively 

. skewed lognormal and exponential distributions for which the best. 

linear and Dixon's estimators have greatest bias. 	The two contami- 

nated distributions and the double-sided exponential distribution 

have similar patterns of bias. 	The range is most affected by the 

inclusion of observations from the tails of the distribution and has 

largest mean value for all three distributions. 	As the sample size 
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increases, and therefore a greater number of the samples contain 

large values, the means of the root-mean-square estimators increase 

more rapidly than the mean of the mean deviation, in fact for all 

the leptokurtic distributions considered the lines for the mean 

deviation and the biassed root-mean-square estimator cross for some 

value of n 	10 . 

Of greater interest are the comparison of the mean-square- 

errors of the estimators shown in figures 9a and 9b. 	These diagrams 

illustrate that the mean-square-error patterns fall into two main 

types; those for leptokurtic parent distributions and those for 

platykurtic distributions. 	For the platykurtic distributions, 

i.e. the uniform, right triangular and the symmetric triangular, 

the mean deviation is by far the most inefficient of the estimators 

considered. 	For the uniform distribution with n = 10 the mean 

deviation is only about 50 per cent as efficient as its nearest 

competitor. 	For all three distributions the range has high efficiency 

but there is not much difference between any of the remaining 

estimators. 	However, for the leptokurtic distributions the situa- 

tion is radically different. 	The range is now the most ineffi-

cient estimator with the mean-deviation, Dixon's estimator and the 

best-linear having approximately equal but much lower mean-square- 

errors. 	For the contaminated distributions the mean deviation has 

greatest efficiency with the best linear and Dixon's estimator in 
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about equal second position. 	Both root-mean-square estimators 

are inefficient by comparison with these three alternatives. 

Figure 10 shows the means and mean-square-errors of 

the estimators based on samples of 10 observations from 

contaminated normal distributions with 02  = 0, 02 = 3 and 

increasing proportion of contamination A . 	From 10a we have 

that the mean deviation and biassed root-mean-square estimator 

have large bias with the mean of the mean deviation decreasing 

more rapidly than that of any other estimator. 	There is little 

to choose between the best linear and Dixon's estimator which, 

although biassed for A 	0 or 1, have smaller bias for a range 

of proportions of contamination than the biassed root-mean-square 

estimator based on a sample from a precise normal distribution. 

The range is the only estimator to remain comparatively unbiassed 

over the A values considered. 	However, from figure 10b we see 

that the range is highly variable having an efficiency, for 
A 

A .7" 0.09, about 50 per cent relative to the next most variable 

which is the unbiassed root-mean-square estimator. 	In spite of 

its large bias the mean-square-error of the mean deviation crosses 

those of the other estimators, which are more efficient for the 

normal distribution, for A = 0.01. 	The best linear estimator 

and Dixon's estimator become more efficient than either of the 

root-mean-square estimators at about the same value of A . 	These 

results for n = 10 are consistent with the asymptotic results 
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derived by Tukey and it may be conjectured that his conclusions 

about the inadvisability of using the root-mean-square estimator 

also hold for small samples. 

Which estimator to use? 

The exact and empirical results of the preceding sections 

show that on considerations of robustness alone these alternative 

estimators deserve more widespread application than they enjoy at 

present. 	However there is still the problem of deciding which 

estimator to use. 

We may eliminate the root-mean-square estimators from 

our list since it is impossible in practice to detect non-normality 

when present at the level which results in these estimators being 

no longer optimal. 	Although the mean-deviation had smallest 

mean-square-error for the contaminated distributions for A ?, 0.015, 

it has several disadvantages which outweigh this advantage from 

both a robustness and a mathematical point of view. 	Use of the 

mean-deviation does not give protection against platykurtic 

departures from normality, being consistently poorer than any 

other estimator considered for all sample sizes for the three 

platykurtic distributions studied. 	This drawback,together with 

the mathematical difficulties associated with employing the mean 

deviation in tests of hypotheses serve to eliminate this estimator 

also. 	This leaves the five linear estimators, range, best-linear, # 

Dixon, Downton and Gupta. 	For small sample sizes i.e. n 	5 , 
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the range is efficient and fairly robust. 	Tables of-  percentage 

points of statistics using the range are easily accessible, for 

references see the introduction to section 3.1. 	For sample sizes 

6 .5 n 	20 any one of the remaining four estimators may be used. 

Dixon's is easiest to calculate and Downton's is most robust to 

leptokurtic non-normality. 	The variances of all four estimators 

are available exactly for n 	20 . 	The best-linear and Dixon's 

estimator are not available for n > 20 . 	This leave a choice 

between Gupta's normal scores estimator and Downton's form of 

Gini's mean difference. 	For complete samples Downton's is to be 

preferred both from a robustness point of view and since the 

variance of the estimate is given exactly. 	However the normal 

scores estimate is almost as robust as Downton's and its 

variance may be conveniently approximated using the results of 

section 2.5. 

Gupta's estimator has the advantage over Downton's that 

it may be extended for use with censored samples, see section 2.5. 

The following table summarizes the above conclusions. 
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Normal variance Sample size Estimator 

} 

Complete n 

6.1420 

20..5n 

" large n 

Incomplete n.,20 

" n>20 

Range 

Best linear 
Dixon 
Gupta 
Down ton 

Down ton 
Gupta 

Prescott 

Best linear 
Gupta 

Gupta 

Exact 

All exact 

Exact 
Approx. section 2.5 

Approx. section 3.1 

Exact 

Approx. section 2.5 

The list of references following this section is not 

meant to be exhaustive and is far from complete containing only 

those cited in the preceding chapters. 	This list is meant to act 

as a starting point only to the available literature on the subject 

and as an indication of the volume of research being carried out 

on order-statistics and their applications and of the increasing 

importance of linear estimators in practical statistics. 
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