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Abstract

The reneral distribution theorv of order stétistics
and the asvmptotic distribution of sample quantiles are discussed
in chapter 1 in preparation for the development of large and
small sample estimators of the standard deviation of a normal
population considered in chapter 2. A simrple large sample
estimator is described and shown to be asymptotically unbiassed
and hiphly efficient relative to the root-mean-square estimator.
TFor small samples the best linear estimator is discussed and
its application extended to samples of greater than twenty observa-
tions using an approximation to the required coefficients. As
an alternative to this a nearly-best linear estimator is developed
and shovm to be highly efficient and simply extended to larger
samples and to censored samples. Simple approximation formulae
are derived for the variances and efficiencies of these alternative
estimators.,

In chapter 3 test procedures are developed for bLoth large
and small samples in which the standard deviation is estimated
using one of the linear estimators considered in chapter 2.

Tables of percentage points of the distributions of these test
procedures, which may bhe used as substitutes for Student's t-test,
the Yx°-test or the F-test for variances, are given for a range
of sample sizes and comparisons are made between the powers of

the standard tests and these alternatives.



The robustness of several linear estimators to depar-
tures from normality is considered in the last chapter.  [xact
results are given for a variety of non-normal distributions.,
Finally the results of a large scale simulation study of the
robustness of the root-mean-square estimator and some of the
linear estimators are summarized. The distributions used in this
simulation study include some for which exact values are available,
thus enabling comparisons between empirical and exact values to
bhe made. Also considered are contaminated normal distributions
with varying proportions of contamination. The linear estimators
are shown to be more robust than the root-mean-square estimator

as well as being highlv efficient for nrecise normality.
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CHAPTER 1

INTRODUCTION AND GENERAL DISTRIBUTION

THEORY



1.1 Introduction

As is apparent from the increasing volume of published
research on new theoretical aspects or practical appliecations of
order statistics, interest in this branch of applied statistics
is growing steadily. Industrialists, who already make extensive
use of the range as a quick efficient estimator of the standard
deviation for small sample quélity control charts, are realizing
the potentials of "short—cut" procedures based on relatively
simple functions of the ordered observations. These short—-cut
procedures include not on1§ quick efficient estimates of population
parameters but simple tests of hypotheses. Although these methods
are less efficient than the standard statistical techniques there
are many situations where the cost and effort involved in obtaining
the data is less than the cost of a complex analysis and thus, for
a given fixed cost, greater efficiency may be obtained by collecting
more information and using these non-optimal techniques.

Also there are many occasions when observations occur
naturally in an ordered state, for example, the life of electronic
components on a test bed or the breaking strength of strands of
wool. In tests like these it is often necegsary to stop the
experinment before all the observations are available,  This
results in an ordered sample with some observations censored.

Analysis of such samples may require complicated adaptations
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of standard techniques but the theorv and application of order
statistics extends readily to include censored samples.

Currently there is also considerable interest in the
rroblems of treating outlying observations. If outliers are
rejectgd from the sample ve have a situation similar to that
above while, if the outliers are not rejected they may have a
disasterous effect on any least-squares analysis to be performed.
In either event therefore it would appear sensible to consider
analysis using methods based on order statistics.

Order statistics, however, like the optimum statistical
techniques are not distribution-free. Their sampliﬁg distributions
depend on the form of the parent population and, for the nommal
distribution which is of most interest, the equations for the
moments of these sampling distributions are extremely difficult
to handle. Because of this the tables of coefficients required
for the estimators of the parameters and the tables of percentage
points of the distributions of test statistics are severely
limited., In this thesis an attempt is made not only to develop
new highly efficient estimators and test procedures which are
more powerful than ranpe-hased tests, hut also to extend existing
tables bv employing close approximations to the moments of these

sampling distributions.



1.2 General distribution theorv
of order statistics

-

The following is a summarv of the main results in
the general theory of order statistics.

Sufpoée that a sample of n independent observations
is taken from a population with distribution function F(y) and
continuous density function £(v), and that the observations when

ordered are given by

. .th . s . .
then vy s called the 1 order statistic. Since TF(v) is
continuous we may consider, with probhability one, that the order

statistics are of the form

The distribution function of Yy and hence its density
function, may be obtained bv findine the probability that vi is

less than or equal to some wvalue, v say,

[

P(i or more of the observations are 5 v)

.

A F P [=rm]™ .

i
Il o~

j=1i
The densitv function of v, may he found by differen-

tiating with respect to y to give
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n . -
£,y 1 (?)ij(y)]J Leyy [1-r(yy ™
1 ) j=1 -

n-j-1

n .
-} (?)(n—j>1F<y>JJ[1-F<y>J £(y)

j=i
oo i1 =3
- nf<y>{.2,<§_1>[vcy>]3 [1-F ) ™
| 54

ol n-1 i n-j-1
- 3« ; Y [Fo ] [1-F ()] }

j=i

All the terms in these two sums cancel except for the first term

of the first sum leaving

£ = ) CH e e

¥i

as the density function of the ith order statistic y; -
J. Ogawa (1951) obtained the general form of the joint

density function of the k order statistics vy s Y 0 ey

b

BN

where Nys M, -eeomy  are k integers such that 1 ¢ k £ n and

1 s ny <m, < ... <m0 This joint density functionm is

‘Yk(yn . ..;,yn')

1 k
~ a! k+l nymygt
s RLICADILE OS]

T (@ -n D! i=1 i i-1

. Ld —1 L]

i=1
k
n f£(y_)
i=1 i
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vhen Y, <y < ees < ¥

1 M N

= 0 othervise,

[}
8

where n = o, My = ont i, y, = and vy "
o

By suitable choice of the integers Nys Dy eee,My useful special
cases of this joint density function may be obtained. For
example:

(a) The joint density of the order statistics
Yir Yoo ctes¥p is given by

= )
Wn(yl, ...,yn) n.f(yl)f(yz) cee f(yn)
for Y1 <Y, Ceee <y

= (0 otherwise.

(b) The joint density function of the ith and
jth order statistics for 1 < j 1is
' n. 1i-1
¥y (y5574) TG T oy

‘ _ j-i-1 _ 103
[FGp - Fop) (1 F(yj)] By E(y,)
for y; § yj

= 0 otherwise.
(¢) If i=1 and j =n in the above we have

vy (y,y) = aD[FGY) - R EG £y,

for y1 < Yq
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= 0 otherwise,
which may be used to find the distribution of the range Yo T Y1 -
These density functions may be used to determine the
moments and product moments of the order statistics. The

general product moment of the order statistics is defined by

E[yal yaz yak
™ i) R
= Jm Jm yal yaz yak (y y y. )
«sw “s e . ’ y
. RS ) n ny k n,° 'n, n
.dy_ dy ees dy
RS T Pk
- n! - ; a;
k+l o i=1 7%
I (n, -n, . = 1)! —ocy <...<y <= =
i=1 1-1 n1 n,
k+1 ni-nl_l—l
Ry ) - FGy, )]
i=1 1 i-1

Kk
.0 f(y ) Tdy .

Once again by choosing n,, n suitably special cases

2’ ---,nk
may be derived.

.th ..
The expected value of the i order statistic Y3

Ly, = DD I_ma[F<£)]1'1|1 - T(e) |V E(E) Ak

. . th . s . .
The variance of the 1 order statistic y; 1s given
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V) = EGD - Rl

where

o 2 n. = 2y i-1 n-i

E(y;) DD J_ma [Fee)| 771 - F)]T TECe)dE
. . th . th .

and the covariance of the 1 and j order statistics

(with i < j) is
Cov (yi,yj) = E(yiyj) - E(yi)E(yJ.)

where

- n! = i-1 15=i-1
E(yiyj) = (i—l)!(j-i—l)!(n—j)! I_wf EHIF(E)] I‘F(ﬂ) - F(E)]

-0

1 - F P e £y e an

Thus the expected values and the variance-covariance matrix of
the order statistics from any continuous distribution may be
obtained by specifying the form of the population, i.e. F(y),
in the above equations. Evaluation of these integrals presents
considerable difficulty except in the simpler cases of the
uniform distribution on (0,1) where F(y) =y for O sy <1,
and the exponential distribution with F(y) =1 - e_)‘y for
y20.

The case where the observations come from a normal

population has been studied extensively and a great deal of
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literature is available. D. Teichroew (1956) computed the
means and product moments of the order statistics for samples
of up to size 20 and A.E. Sarhan and B.G. Greemberg (1956, 1958)
calculated the corresponding variances and covariances using
Teichroew's tables. These tables are fundamental to the
consideration of the properties of linear estimators based om
order statistics from a normal population and have been used
repeatedly in the subsequent sectionms.

More recently several authors have considered other
distribution functions in the above equations such as the
logistic, gamma and right triangular distributions and have
either produced tables of the means and variance-covariance
matrix or derived simplified formulae or recurrence relations.
These results make it possible not only to derive linear
estimators suitable for these particular populations but also
to compare the robustness of estimators proposed for a normal

population. This subject is considered in detail in chapter 4.

+



1.3  Asymptotic distributions of quantiles

VWhen consideriné the asymptotic distributions of order
statistics we ﬁay have two types of limiting process. Firstly
we may require the distribution of the ith order statistic
Y; in a sample of n as both 1 and n tend to infinity such
that i/n rcm&ins constant. In this case we are considering
the asymptotic distribution of a quantile of the sémple.
Secondly, if i remains fixed as n tends to infinity we are
considering the asymptotic distribution of an extreme value.

The term extreme is used since the cases of most interest are

when i 1is close to 1 or n . These two limiting processes
lead to radically different results. We consider here, for

use in the next section, the asymptotic distributions of quantiles,
the reader is referred to E.J. Gumbel (1958) for the theory of
extreme values and applications. Most of the following results
arc due to F. Mosteller (1946). |

Suppose that the density function of the population is
f(y)A and that for any given number p such that 0 < p <1
the p-quantile, or 100p percentage point, is defined as the

value yp such that

Ip
p = J f(y)dy = F(yp) .

For example and Yo.75 are the median and

Y0.5* Y0.25
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the lower and upper quartiles, respectively, of the population.

The p-quantile of the ordered sample Yis Yoo ceea¥q is defined

by
ynp if np 1is an integer

y[npl+1 if np is not an integer
where [np] denotes the largest integer not exceeding np .

: . . . .th . .
The mode of the distribution of the 1t order statistic

may be obtained by differentiating the density function

- n: ’ i-1 ¢ _ n—-1i
fyi(Y) GO HESIVH [F ] [1 - Fy) |7 M)

with respect to y (after taking logarithms) and equating to

zero. This gives

G- _ (=DEF  £1®
CF($) 1-F( £(%)

where ¥ 1is the mode.

For large n the term f'/f will in general be
small compared to the other terms since (i-1) and (n-i) are
both large. . Thus as n tends to infinity such that 1 = np

we have

(np~1) £FH/FGF) = (np)fF)/|1 - FG)|



Thus to order 1/m the mode of the distribution of the
sample quantile is the population quantile,

Suppose F(yi) = F(yp) +& = p+iE.

' . , . th ..
The random variable Fi = F(yi) is the 1 order statistic
in a sample of n independent observations from a uniform

distribution on (0,1) and hence has density function pro-

i-1 )n—i

portional to Fo (1 - Fi which, using Fi =p + £,

becomes . .
i-1 n-i

(p + &) “(q-t)

where q=1-p .
Taking logs and expanding we have, except for

éonstants,
(1i- 1) log (1+-§-) + (n-1i) log <1—-§-) )

For large n such that 1 = np this becomes

E_ 158 E_1E
np(p 5 pz + ... ) + nq( G 3 qz ces )
2
i.e. - %%a + 0(63) .

Neglecting terms of order E3 the density function of Fi

is proportional to exp(-n€2/2pq) . The constant may be

evaluated by integration to give
1

1 n,? n 2
= (pq) exp { Y (F, - )7}
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as the asymptotic density function of F. . Thus Fi is
‘asymptotically normal with mean p and variance pq/n .

The asymptotic distribution of the sample quantile
may be found by expanding Fi in the neighbourhood of y; as
follows:

2
(yv. -y
: = - S LIS

F. F(yp) + (yi yp)f(yp) + 5 f (yp) + ...

1

neglecting third and following terms we have

F. - p
1

* = + e .
i p TF (yp)

Thus when n tends to infinity such that i = np the distri-
bution of the sample p-quantile tends to a normal distribution with
mean Yp and variance pq/nfz(yp) . In a similar way the

asymptotic joint density function of two sample quantiles may be

‘ . y
: Y p
obtained. Suppose that P, = I 1 f(y)dy and P, = ! 2 f(y)dy

and that q; = 1- Py and q, =1 - P, - The joint density
function of the random variables F(yi) and F(yj), i<j, is

proportional to

[Fo 1 re) - RPN - rer 07T

1f F(yi) = ﬁl *E and F(yj) =P, + &, this becomes

i1, Cgeiel. 0
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As before, for large n such that 1 = np, and j = np,

taking logs, expanding and neglecting terms in glj, g23, etc., and

higher we have that the joint density function of F(yi) and F(yj) is

proportional to

P q
n 2 .2 1, 2

R SIS S P e - 2 + —— .
exP{ 2(p,=py) [Pl ‘1 152 qy “2 ]}

Comparing this with the exponent of the bivariate
normal distribution we have that F(yi) and F(yj) have a

bivariate normal distribution with variances and covariances

given by
(p, = pPy) D
var{F(yi)} = '“E~E—-l L —l;f
Py (1-0%)
- (p, = Py) a,
var(F(y,)} = —2—21" 2 1.
J n 9 (1-p9
~(p, - py) 2
and cov {F(yi), F(v.)} = Z = L e 5
] (1-p7)

where 92 = (plqz)/(pqu) .

These become var{F(yi)} = plqlln, var{F(yj)} = pzqz/n

and cov{F(yi), F(yj)} = p1q2/n .

To order 1/n the 1 and p, sample quantiles
are asymptotically bivariate normally distributed with variances
and covariances given by
2
)

2
Var(zp )v | plqllnf(yp e, Var(zp ) = pzqzlnf(yp2

1 1 2

...20_.



Cov(zp R zp ) = plqzlmf(yp

YE(v_ )} .
1 2 P

1 2

The generalization of these results to k sample quantiles is
as follows:

For k given real numbers for which
0 < Py < p2 < 4es < Py <1,

let the pi—quantile of the population be yp s

i
y

P-
i.e. P, = [ Y f(y)dy i o= 1,2,...,k .

Then the joint distribution of the k sample quantiles

Z . Z_ g eeesZ tends to a k-dimensional normal distribution
P Py Py
with means y_ , ¥_ ;5 ess,Y and variance-covariance matrix
P P .
1 2 k
- ;
P19 P P1%
£ 2 f1f2 flfk
1
P9y  Pyd, Py
1 £f.f 2 T £ £
nA o 172 f2 27k
Pr%  Poiy PRk
flfk fok sz

where fi = f(yp.) and q; = 1-rp



CHAPTER 2

* DEVELOPMENT OF LINEAR ESTIMATORS FOR LARGE AND

SMALL SAMPLES
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2.1 A family of proportion -p estimators for
: ' large samples S

In this section we consider a family of estimators
based on the difference between the means of a proportion p
of the observations from each end éf éhe orde:éd sample. It
is shown below that for a wide range of values of p the
’asymptotiq efficiency of the estimator is greaﬁer thah 95 per
cent. From this family of highly efficient estimato:s one
“having a particularly simple form is selected as a quick efficient
estimator of the étandard deviation. | This esﬁimator is given by
one—thifd of the difference between the means of the largest one
sixth:and'the smallest one-sixth of the observations.

Proportion -p estimators

Suppose y; s Yy § eee ¥ is an ordered sample of
n independent observations from a normal distribution with
o ' ) .
mean ¥ and variance o .
Let xp be such that a proportion p of the standard

normal distribution lies to the right of X,

: = 1 2
B Y- p = f m e “du ’
*p
and let f(xp) = psae’p

, n r
Suppose S = { Zyi - Z yi}/r
. i=n+l-r i=1

- 23 -



where T = np, rounded up to the nearest whole number if
np 1is not an integer.

It is shown below that the proportion -p estimator,
op*, forméé’by.multiplying S by pIZf(xp) is an ésymp-
totically unbiassed estimator of the standard deviation o .
The asymptoﬁié efficiency of cp* relative to the»root mean

square estimator s =tqﬁ(yi - ;)zl(n - 1] is showh to be

[f(xp)]zl{p ¥ [xpp - £ )] [x - 2xp + 2£(x )]}

. - *
Asymptotic expectation and asymptotic efficiency of cp

[ - * » * l
The asymptotic properties of op were derived using

the results due to F. Mosteller, outlined in the previous section.

Let x be such that = | Pi 7&— -iuzd

-0

Then s is asymptotically normally distributed with mean

50 and the covariance of

ox + u and variance
p.

i nf(x )

Py

Y5 and yj(J > i) 1is

p; (1 - pj)c2
nf(xp;)f(xp.)

1 J
_ T
Let y, = {'21 yl}/r



’ghd ;2 = [ ) yi]/r

The asymptotic expectation of ;1 is given by

. r
- Lim
E(yl) e izl (oxpi + W /r
. r
= o M2 §

i=1 Pj

1 Jp
= p+g - X dp.
P P pl

Similarly the asymptotic expectation of ;2 is
_ of (x_)
E(yz) = u+—-—L— .
p
Thus the asymptotic expectation of o; is o .

The asymptotic variance of ;1 is

_ 2 Lim {2 r r Pi(l"Pj)
Var(y,) = o .13 .2 .z nf(x_JE(x_)
r~ i=1 j=1 P; Pj
r? i=1 nf(x_ )72
Pi
02 -
= ;—p—z- {p + [_xp - pxp + f(xp)] [pxp - f(xp)]}

- 25 =

(1)



and the'asymptotic covariance of ;1 and ;2 is

- . . r n p: (L - p.) .
COV(yl.yz) - 02 Lim {:L_ X i i }
r

n-eo nf(xp.)f(xp.)

i=] j=n~r+l
1 J

L [£(x ) - x_p]> (2)

Equations (1) and (2), which have been given previously in a
different form by R. Mead (1966), were used to find the asymptotic
variance of op* .

This is given by

v * o’

ar(cp ) = ;;;7?;;; {p + [xpp - f(xp)][xp - 2xpp + 2f(xp)]}

' *
The asymptotic efficiency of cp relative to s, 1i.e.

Var(s)/Var(op*), is thus
2 ] : — -
£ )/ {p + [xpp f(xp)][xp 2x p + 2f(xp)]}

Table 1 givés the asymptotic efficiencies of cp* and the
corresponding multiplying factors for several values of p in
the range 0 to 0.45. Any proportion -p estimator with »p
greater than 0.1 or less than 0,4 is about’_90 per cent or
more efficient. The maximum efficiency occurs when p is
approximétely %~ but almost as efficient is Gp* for »p 3-%

which has the attraction that the multiplying factor is very

nearly -% (0.3335) .
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Table 1
. . 3 L3 - * - -
Asymptotic efficiencies of op relative to s and

corresponding multiplying factors for several values of p .

Multiplying Asymptotic Multiplying Asymptotic

P |factor p/2f(xp) eff. of op* P lfactor p/2f(xp) eff. of cp*
0.025 0.2138 0.5415  |0.250| 0.3934 0.9626
0.050 0.2425 0.7205 0.275 0.4121 0.9558
0.075 0.2649 0.8218 0.300 0.4314 0.9468
0.100 0.2849 0.8838 0.325 0.4515 0.9364
0.125 '0.3037 0.9232 0.350 0.4725 0.9252
0.150 0.3217 0.9473 0.375 0.4945 0.9138
0.175 0.3394 0.9604 0.400 0.5177 0.9028
0.200 0.3572 0.9662 0.425 0.5423 0.8927
0.225 0.3751 0.9665 [0.450{ 0.5685 0.8842

The estimator 01/6* is thus very easy to remember and
is simply applied to samples which are already partially ordered.
It is asymﬁtotically unbiassed and has asymptotic efficiency 95.6
per cent.

*
Small sample bias and variance of the estimator 9 /6

The tables of expected values of order statistics from
a normal diétribution, given by D. Teichroew (1956), were used
to computg the expected values of 01/6* for sample sizes up
to 20. These are compared in table 2 with the expected values

of the root-mean-square estimator s, given by

- 27 -




Es = of{2/(n - 1)]%F6%)/FCE%E) .

It is clear from table 2 that except for sample sizes

under 20 the bias is unimportant being less than 10 per cent.

Table 2

Eof}G/Es for sample sizes 2(1)20 .

* *

n E01/6 /Es n E01/6 /Es
2 0.471 11 0.905
3 0.637 12 0.936
4 0.745 13 0.835
5 0.825 14 0.864
6 0.888 15 0.889
7 0.733 16 0.913
8 0.787 17 0.935
9 0.831 18 0.955
10 0.871 19 0.880

20 0.900

*
The variances and mean square errors for 01/6 and

s are given in table 3 for sample sizes 6, 12 and 18. The
mean square error is greatly affected by the bias when the

samfle size is small. For small samples it is preferable to
use one of the alternative linear estimators to be discussed

later.
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Table 3

°1/6

%

Variances and mean square errors of

for sample sizes

n =6,

12 and 18.

s

and of

(Variances and mean square errors to be multiplied by 02) .

* * M.S.E. of s
n|Var(s) {M.S.E. of s Var(01/6) M.S.E., of 01/6 Eff TS of 0176
6/0.0946] 0.0969 0.0779 0.1020 0.950

12{0.0444] 0.0449 0.0409 0.0482 0.932

18]/0.0290| 0.0292 0.0277 0.0312 0.936
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2.2 Comparison with other larpe sample estimators

These proportion =-p estimators compare well with all
other large sample estimators; they are simpler to use than
others of equal efficiency and are more efficient than the simple
estimators. The asymptotic theory of quantiles discussed in
chapter 1 may be used to derive the properties of some of these
alternative estimators. For example, F. Benson (1949) used
Mostellers results to derive the variance of estimators of u
and o based on a single pair of quantiles of order p and
l1-p. These results had been derived earlier using a
different method. The estimator of the standard deviation o

is given by

s' = a(

Z - Z
1-p p)

where a 1is an unbiassing constant and zp is the sample

quantile of order p, 1i.e. the expected value of zp is

given by E(zp) = yp = u + xpo « The unbiassing constant

is therefore given by 1/2xp and the variance of s' |is

Var(s') = o’ {P(l“p) , 2C-p) _ 2p }

2 2 2 2
4xp n \f (xp) f (xp) f (Xp)

_ o5 - 2p)
2x 2f2(x n
p p
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When p = 0.25 the estimator s' 1is the semi-interquartile

range and has efficiency 36.5 per cent. The estimator of this
form which is most efficient may be found by differentiating
Var(s') with respect to p and equating to zero. The
resulting estimator has p = 0.0692 and corresponding xp and
f(xp) given by 1.482 and 0.13304 respectively. The efficiency
of this estimator is about 65 per cent.

It is interesting to note that the "seven-eighths"
rule for estimating o given by M;H. Quenouille (1959) also
employs the factor L . His estimator consists of determining

3

one-third of the difference between the quantiles (xp,xl_p)

with »p H-T% . The efficiency of this estimator is 0.62.
M.H. Quenouille also gives some alternatives which remain
relatively simple yet have greater efficiency than the ones

above. These are

s' = -% (

3 3 -
+ ZZ:‘ Z.zl z,)

215 7%% T3 T %1
16 % L 16
with efficiency 73 per cent, and

1
' = — — -
8 6(232 T2~ F z 1)

33 7 7 33

[

with efficiency 81 per cent.
R. Mead (1966) considered several estimators based on

dividing the ordered sample into equinumeric groups and forming
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a linear combination of the mecans of the observations in ecach
group. His estimators are

LI - -
s 0.62666 (y2 yl)

S4 = 0.45838 (y3 - yl)

. o - -
s = 0.36927 (y, - y;) + 0.09431 (y4 = y,)

4
. - - - -
sg' = 0.31213 (y5 y1) +0.11860 (y, = v,)
{ v - gy - v
S¢ 0.27177 (y, = y,) + 0.12373 (yg. ¥o) *

0.03844 (54 - §3)

where s,'

K ig based on k groups and §i is the mean of the

observations in the ith group.
Mead showed that the asymptotic efficiencies of these

estimators are as given below:

k 2 3 4 5 6

Efficiency of sk' 87.6 93.3 95.6 96.8 97.6

The estimator s.'

3

*
efficiency of 0,/ cOmMpares well with all these estimators and

*
is equivalent to Oy/3 - The

is simpler to compute.
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2.3 Small sample estimators and the Generalized
Least Squares Theorem '

The earliest small sample estimator of the standard
deviation of a normal distribution was the range and this is
still used a great deal in quality control procedures. Although
its distribution function and its main properties have been known
for some time it must be regarded, escept for very small sample
sizes, as a rather poor estimator since iﬁs efficiency decreases
very rapidly as the sample size increases.

The problem of finding the most efficient linear
estimators of the parameters of 5 general distribution was
considered by E.H. Lloyd (1952) using the theorem of Generalized
Least Squares. This theorem states that if y 1is a vector of
observations from a distribution with unkown parameter vector 6

such that the expected value of y 1is of the form

E(y) = A8 ,

~

where A 1is a matrix of known coefficients, and if the variance-
covariance matrix of y 1is known up to a scale factor, 1i.e.

~

V(y) = sz , then the least squares estimator of © 1is 6 where

-~ -~ -~

~

o = @avinTlavly

and  v(8) = @AW I LG? .
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This estimator © 1is the minimum variance unbiassed linear

estimator of 6 .

-~

Lloyd pointed out that the conditions of this theorem
are satisfied if y 1is the vector of ordered observations from
a distribution with unknown mean u and unknown variance ¢~ ,

since in this, case

-~ -~

E(y) = (1:m (3),

where 1 1s a column vector of ones and m 1is the vector of

- -~

means of the ordered observations,

5
and V(y) = Vo© ,

-~

where V 1is the variance covariance matrix of the standardized

-~

order statistics. For any continuous distribution m and V
may be found using the equations of chapter 1. Therefore, from
the general formulae of the theorem, we have that the best linear

estimators of u and ¢ are

~ -~

¥y = =-m'Ty and ¢ = 1'Ty,
~1 v |
where ' = V (In' -~ ml")V “/A
and A = (1'V—11)(m'V-1m) - (1'V-1m)2 .

The variances and covariances of these estimators are

Var(u) = (m'V_lm)ozlA , Var(o) = (1'V~11)02/A
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a A

and. Cov(p,0) = —(l'V—lm)oz/A .

Provided m and V are available these equations may
be used to determine best linear estimators of u and o for
any continuous distribution, symmetric or unsymmetric. The vector
y of ordered observations may be complete or incomplete. Of
particular interest is the case where y is a censored sample,
i.e. an ordered sample with some observations omitted from
either or both ends.

The equations simplify considerably when we have a
complete sample from a symmetric distribution since in this case

~1 . . . .
1'V m=0. The equations for the estimators and their variances

and covariance take the form

T Zy/n . o = m'V_ly/m'V—lm .

~ ~ . -

Var(u) = cz/n , Cov(u,0) = 0, Var(o) = ¢

Exact values of the coefficients used to determine the best linear
estimator of the standard deviation for a normal population were
computed and tabulated by Sarhan and Greenberg (1956,1958). They
considered all forms of censoring from either end of the ordered

sample and tabulated the coefficients 1'T and the variance

-~ -~

1'V—11/A for samples of size n < 20 using Teichroew's tables

~ -~

for m and their own tables for the variance-covariance matrix

V. For complete samples these estimators have high efficiency,

~

about 99 per cent, relative to the unbiassed root-mean-square

- 35 -



estimator. However, the efficiency of estimators based on
censored samples decreases very quickly as more observations

are omitted.
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2.4  Approximate coefficients for the best linear
estimator of the standard deviation for complete
normal sarples

As mentioned previously, because of the computational
difficulties involved in evaluating the required integrals these
tables do not extend bevond samples of size 20. S.S. Shapiro
and M.B. Wilk (1965) overcame this limitation when proposing a
test for normality based on order statistics by using an
approximation procedure. For use with their test they computed
a table of coefficients which are multiples of the coefficients
required for the best linear estimators of the standard deviation.
The same approximation was employed in this section to extend
Sarhan and Greenberg's table for samples up to size 50. The
variances and efficiencies of the estimators are also given and
a comparison between the exact and approximate values for small
sample sizes is made.

Approximation Procedure

Let m be the vector of expected values and V the

~ P

variance-covariance matrix of a complete ordered sample of size
n from a standard normal distribution. Suppose y 1is the
vector of ordered observations. We have seen that the best

linear estimator of the standard deviation o 1is given by
1

~

g = (m'V-ly)/(m'V-lm) . and its variance is 02/(m'V-

Using Shapiro and Wilk's notation let a*' =nm'V ",

- 37 -



R2 = m'V-lm and 02 = m'Vﬁlv_lm . Then o = (a*'y)/R2 = b'ly

where b' 1is the required vector of coefficients.

~

Shapiro and Wilk suggested the approximation a* for

-~

a* where

~

a.* = 2o, i = 2,3, ..., n=-1, 69

[c®r 4 n)/{/yr(n“l)}]%  n g 20
and —al* =3 % = (2)

[c rcﬂil)/{¢2r(gn+1)}] , n> 20

Exact values of R2 and 02 were computed for
n £ 20 and straight lines fitted by least squares. The

resulting equations are

-2.411 + 1,981 n

=
il

3)
-2,722 + 4,083 n

@]
]

In both cases the residual sum of squares is so
small compared to the regression sum of squares that errors
introduced by extrapolation using these equations for larger
values of n will be small.

The expected values m for larger samples have been

-~
~

‘tabulated by H.L. Harter (1961) and were used to compute a* ,
and hence g(=;*/R2), for all sample sizes up to 50 .

The exact and approximate values of the coefficients
are compared in table 4 for n = 5, 10, 15 and 20,
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Table 4

Exact and approximate coefficients {bn~i+l} for
n =5, 10, 15 and 20.
5 10 15 20

i Exact  Approx | Exact Approx | DIxact Approx | Exact  Approx
1 3724 .3848 .2044 .2020 . 1444 1436 .1128 .1136
2 .1352 1321 1172 .1151 .0927 .0914 .0765 .0757
3 .0000 .0000 .0763 0754 .0699 .0694 .0611 .0608
4 .0436 .0432 ,0526 .0524 0497 .0495
5 .0142 .0141 .0379 .0378 .0402 .0401
6 L0247 L0246 .0318 .0317
7 .0122 .0121 .0241 .0241
8 .0000 .0000 .0169 .0169
9 .0101 .0101
10 .0033 .0033
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It may be seen that as n increases the error in the
approximation becomes very small, the largest error for samples
of size 20 being about 1 per ceﬁt. The changed form of the
approximation for ;n* was suggested by Shapiro and Wilk because,
when the effect of the approximate 02 is eliminated, the exact
value and the first approximation appeared to cross at n =19 .
Further comparisons between the exact values, these
approximations and more complex approximations suggested by
R.L. Plackett (1958) were considered by these authors to justify

use of equations (1), (2) and (3) in their test for normality.

Variances and efficiencies of these best linear estimators

-~

The variance of o, 1.e. 02/(m'V_1m) may be approximated
by 02/R2 .
The efficiency of the estimator relative to the

biassed root-mean-square estimator s, may be approxi-

mated by
Mean square error of s
Eff. = (02/R2)
- 2R®(1-Es) ,
2 : , n-1
where ,ES = (=) P(%n)/r6~§-) .
The efficiency relative to the unbiassed root-mean-

square estimator s' given by s' =s/Es , may be approximated
by
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LffXx = RZ((ES)-Q-I)

The exact and approximate variances and efficiencies
are compared in table 5.

Table of coefficlents

The approximate coefficients {bn—i+1} for the best
linear estimators for 20 < n ¢ 50 are listed with the corres-
ponding variances and efficiencies in table 6. Exact values
for n ¢ 20 are included for completeness.

It is possible to obtain this table directly from the

table of coefficients given by Shapiro and Wilk using
- n
bi = a,/ z am, , where the ai's are their tabulated values,

but Harter's table and equations (1), (2) and (3) were used to
avoid accumulating rounding errors.

Although this approximation procedure might be extended
beyond n = 50 the computations involved in determining the
estimate from a sample become extensive and simpler estimators
which are asymptotically highly efficient are more appropriate.

For example the estimators based on means of groups of observationms,

discussed in section 2.1.
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Table 5

Lxact and approximate variances and efficiencies of
the best linear estimator.

Sample Variance Lfficiency ! Ei:'i:'iciemcy*2
size n Exact { Approx Exact Approx Exact | Approx
2 +5708 6448 .708 627 1.000 .885

3 .2755 .2831 826 804 .992 «965

4 .1801 | .1814 874 .868 .989 .981

5 L1333 | 1334 .900 .900 .988 .987

6 . 1057 »1055 917 .918 .988 .990

7 .0875 .0873 .929 .931 .989 L991

8 0746 | L0744 .938 .940 .989 .991

9 .0650 | .0649 « 944 .946 .989 .992

10 .0576 .0575 <949 951 .990 .992
11 .0517 | .0510 .954 <955 .990 .592
12 .0469 0468 .957 .959 .990 .992
13 0429 L0428 .960 .961 991 992
14 .0395 .0395 .964 964 ,992 .992
15 L0366 | 0366 .966 966 .992 992
16 .0341 L0342 .967 967 992 .992
17 .0320 | .0320 .968 968 .992 .992
18 .0301 .0301 969 <970 .992 «292
19 0284 0284 <971 971 .992 .992
20 .0268 . 0269 973 972 993 ,992

1

Lfficiency relative to biassed rocot-mean-square estimator.

3]

%
Efficiency relative to unblassed root-mean-square estimator.
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TABLE 6

Coefficients for the best linear estimator of the

standard deviation of a normal population.

For n ¢ 20 the tabulated values are based on the

exact varlance—covariance matrix.

For n > 20 the values are obtained using the

approximation formulae given.
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Table 6
Coefficients {bn—‘+1} for the best linear estimator with variances
4

and efficiencies.

lr | r :
T 1 2 3 4 5 6 7 | 8 9 10
1 .8862 .5908 .4539 L3724 L3175 L2778 i L2476 .2237 2044
2 . 0000 .1102 .1352 .1386 1351, L1294 .1233 L1172
3 .0000 L0432 5 .0625 ; L0713 L0751 L0763
4 .0000 | .0230 | .0360 | .0436
5 | 1 .0000 | .0142
Variance .5708 L2755 L1301 L1333 L1057 1 0875 0746 L0650 L0576
i i
Efficiency> .708 826 | .874 | .900 | .917 | .929  .938 | .944 | .949
%7 !
Efficiency ~ 1.000 .992 . 989 .988 .988 .984 i .989 .989 .990
L Efficiency relative to biassed root—-mean—square estimator.
2

Efficiency* relative to unbiassed rcot-mean—-sguare estimator.
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Table 6 (continued)

Coefficients

efficiencies.

MAY
L0 .
n-i+l

for the best linear estimator with variances and

N 11 12 13 14 15 16 17 15 19 20
i \ t
1 1883 | L1748 | L1632 | .1532 | .1&44 | L1366 | .1297 | .1235 | .1178 | .1123
2 1113 0 L1061 | L1013 | L0968 | L0927 | L0839 | L0354 | .0G22 | .0792 | .0765
3 0760 | L0749 1 L0735 | 0717 | .0699 | .0681 | .7663 | .0645 | .0628 | .61l
|
4 0481 | .0506 | .0520 | .0526 | .0526 | .0524 | .0519 | .0512 | .0505 | .0497
i
§ 5 L0234 | L0294 | L0335 | .0362 | .0379 | .0391 | .0398 | .0401 | .0402 | .0402
| |
6 L0000 L0097 .0164 0212 0247 L0272 .N290 .0302  .0312 .0318
g 7 | ; .0000 | .0070 | .0122 | .0160 | .0189 | .0211 | .o228 | .7241
| 8 i Z .0000 | .0053 | .0094 | .0125 | .0150 | .0169
| | ; |
; 9 ' ; 0000 | L0041 | L0074 | .0101
! 10 ‘ | .nono | .on33
1 =
'Variance L0517 | L0469 | .04629 | .0395 | .0366 | .0341 | .0320 | .0301 | .0284 | .0263
| :
‘Lificiencyl | .95& 957 | .960 | .964 | .966 | .967 968 | .969 | .971 | .973
|
! *
Efficiency -| .990 | ,990 | .991 | .992 | .992 | .992 | .992 | .992 | .992 993

Ffficiency relative to biassed root-mean—-square estimator.

Efficiencv* relative to unbiassed root-mean-square estimator.
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TABLE B

=

PN
N2 OO WVME WA

- 2
RN

VARIANCP
EFF,

EFF, +

APPROXIMATE COEFFICIENTS (b .
n-i+{

21 22 23 24 25 -
0.1080 0.1041 n.100% 0.0%72 0.0941
0.0732 0.0708 0.0687 0.0666 0.0647
0.05¢92 0.0577 0.056% 0.0549 0.0536
0.0487 0.0478 0.0470 0.0481 0.0453
0.0399 0.0396 0.0393% 0.0389 0.0384
0.0321 0.0324 0.0325 0.0325 0.0324
0.02%1 0.n258 0.0264 N.0268 N.0279
0,0185% 0,0107 0.0207 0.0214 06.0220
0.0122 6.0113%% 0.0153 0.016¢4 0.0173
0.0060 0.0083 0.0101 0.0116 0.0128
0,0000 0.0027 0.0050 0.0069 0.0n85

0.0000 0.0023 0.0n42

0.0000

0.0258 0.0243 f.0232 0.0222 0.0212

1 00,9733 0.9741 0.9748 0.9755 0.9762

2 0.99%947 0.9916 0.9%916 0.991¢ 0.9915
zfficiency relative to®biassed root mean square estimasor,

[
.

n
.

cfficiency

relative to unviassed rooct mesl sguare

26
0.0913
0.0829
0,0524
0.0445
0,0330
0.03¢3
0.0272
0.0225
0.0181
0.01359
0.0098
0.0059
0.0019

0.0204
0.9767
0.9915

e311matlr.

DO OO0 DO

[= e =

27

.08R4
L0612
L0512
L0636
.0375
0321
.0273
.0229
L0187
L0148
.0110
.0073
.003s
.000¢

L0194
L9773
L9015

28
n.n842
0.0596
0.0500
0.0429
0.0370
G.0319%
0.0273
0.0231
0.0192
G.0155
06,0119
0.0084
h.on80
0,067

0.0188
0.9778
0.9915

) FOR BEST LINEAR ESTIMATORS OF STANDARD DEVIATION (CoNILiy

29
0.083%
0.05814
0.048%
0.0421
0.0345
0.0316
0.0273
0,0233
0.0196
2.0161
0.0127
0,6095
0.0063
0,903
0.00060

0.0182
0.9782
0.9914

£D)

30
n.0817
0.0567
0.0479
0.0413
0,0360
0.0314
0.0272
0,0235
0.0169
0,0166
0,0134
6.0%63
0.0073
0.0046
0.0015

0.0175
0.9787
0.9914



TABLE ©

APPROXIMATE COEFFICIENTS (by_;,4) FOR BEST LINEAR ESTIMATORS OF

OV ONOO WS N = —/
=

VARIANCEF

EFs,
EFF,»*

1

I

31
0.0796
0.0533
0.0469
0.0406
0.0355
0.0311
0.0271
0.0235
0.0202
0.0170
0.0140
0.0111
0.0082
0.0055
0.0027
0.0000

0.0169
0.9791
0.9914

RfTiclency

32

0777
L0840
L0659
.039%
.N350
.0308
.0270
L0236
L0204
L0174
L0145
L0417
.0090
L0084
.0038
L0013

O DOIDOODOODODODODODOOOODD

L0164
L9794
0.9914

oo

13
0.0759
0.0528
0.0450
0.0392
0.0345
0.0305
0.0269
0.0236
0.0203
0.0176
0.0149
0.0123
0.06097
0.0073
0.0048
0.002¢4
0.0000

0.0159
0.9798
0.9913

DODODODOO0ODTODOODID2DI2DD

DO

34

074
L0516
L0661
.0386
.0%40
.0301
L0267
.0235%
L0206
L0479
L0153
L0428
L0103
.0080
.0087
.0034
L0041

L0154
L9801
.9913

35
0.0725
0.0505
0.0433
0.0379
0.0336
6.0298
0.0265
06.0235
6.0207
0.0184
0.0156
0.0132
0.0109
0.0086
0.004¢4
0.0043
06.0021
0.0000

0.0149
0.980¢4
0.9913

36
0.0709
0.0494
0.0424
0.0373
0.0%34
0.0295
0.0263
0.0234
0.0207
0,0182
0.0458
0.0435
0.0413
0.0092
0.00714
0.0050
0.0030
0.0010

0.0145
6.9807
0.9913

Lifielency relative to tiassed root mean square estimator.

~elative to unblassed' root mean sauare ec- imatcr.

STANDARD DEVIATION (CONTINUED)

37
0.0694
0.0484
0.0617
0.0367
0.0326
0.0292
0.0261
0.0233
0.0207
0.0183
0.0160
0.0138
0.0117
0.0097
0.0077
0.0057
0.0038
0.0019
0.0000

0.0141
0.9810
0.9943

n
0
0

O OO DODOODOODODODDOODDDODO0O0

0.

0
0

38

.0680
L0475
. 0409
.0361
.0322
.0288
.02%9
.0232
0207
.0184
.0162
L0141
L0421
.0101
.0082
L0064
. 0045
0027
.0009

0137
.9813
.9913

39
0.0667
0,0465
0.06402
0.0355
0.0318
0.0285%
0,0257
0.0231
0.0207
0.0184
0,0143
0.0143
0.0124
0.0105
0.0087
0.0049
0.0052
0.0034
0.0017
0.0000

0.0134
0.9815
0.9912

40
0.0654
0.0456
0.0395
0.0350
0.0313
0.0282
0.0254
0.0229
0.0206

. 0.0185

0.0164
0.0145
0.0126
0.0109
0.0091
0.0074
0.0057
0.0041
0.0024
0.0008

0.0130
0.9817
0.9912



TABLE 6

APPROXTMATE COEFFICIENTS (bn-Hd) FOR AEST LINEAR ESTIMATORS OF STANDARD DEVIATION (CONTINUED)

\n

/

-t B ol B B
VP LN 2D0 RN VS W =

[ CYEEE QP Y
(-2 X ¥ 3

NN o N
el N

44
0.0642
0.0448
0.0328
0.0344
0.0309
0.0279
0.0252
0.0228
0.0206
0.0185
0.0145
0.0147
06.0129
0.0112
06.0098
0.0078
0.0062
0.0047
0.0031
0.0015
0.0000

VARIANCE 0.0127

EFF.
EFF. ¥

2.

1 0.9820
2 0.9912

Efficiency relative to biassed root mean square estimator.

Efficiency relative to unbiassed root mean square estimator.

42
0,0630
0.0440
0.0382
0.0%339
0.0%305
0.0276
0.025¢0
0.0226
6.0205
0.0185
0.0166
0.0148
0.0131
0.0114
0.0098
0.0082
60,0067
0.0052
0.0037
0.0022
0.0007

0.0126
0.9822

0.9912

43
0.0648
0.0432
0.0375
0.0334
0.0301
0.0273
0.0248
0.022%
0.0204
0.0185
0.0166
0.0149
0.0132
0.0114
0.0101
n_0086

0.0074% -

0._0057
0.0042
0.0028
0.0014
0.0000

0.0121
0.9824
0.9912

44
0.0608
0.0424
0.036%
0.0329
0.0297
0.0270
0.0245

0.0223

0.0203
0.0184
0.0147
0.01%0
0.0134
0.0119
0.0104
0.0089
0.0075
0.00a1
0.0047
0.0034
0.0020
0.0007

0.0118
0.9824
0.9912

45
0.0597
0.0417
0.0364
0.0325
0.0293
0.0267
0.0243
0.0222
0.0202
0.0184
0.0167
0.0154
0.0135
0.0120
0.0106
0.0092
0,0078
0.0065
0.00582
0.0039
0.0026
0.0013
0.0000

0.0115
0.9827
0.9911

46
0,0887
0.04190
0.01358
0.0320
0.02%0
0,0264
0.0241
0.0220
0.0201
0.0183
0.0167
0.0151
60,0136
0.0122
0.0108
0.0094
0.0081
0.0068
0.005é
0,00643
0.0031
0.0018
0.0006

0.0113
0.9829
0.9911

L7
0.0578
0.0403
0.0352
0.0314
0.02864
0.0261
0.0238
0.0218
0.0200
0.0183
0.0167
0.06152
0.0137
0.0123
0.0410
0.0097
0.0084
0.007
0.005¢%
0.0047
0.0035
0.0023
0.0012
0.0000

0.0110
0.9831
0.9911

48
60,0568
0.03964
0.0347
0.0311
0.0282
0.0258
0.0236
0.0217
0.0199
0.0182
0.0167
0.0152
0.0138
0.0124
0.0111
0.0099
0,0086
0.0074
0.0063
0.0051
0.0039
6.0028
0.0017
0.0006

0.0108
0.9832
0.9911

49
0.055¢9
0.03%90
0.0342
0.0307
0,027%
0.0255
0,0234
0.0215
0,0498
0.0181
0.0166
0.0152
0.0138
0.0125
0.0113
0.0101
0.0n089
0.0077
0.0066
0.0054
0.0043
0.0032
60,0022
0.0011
0.,0000

0.0106
60,9834
0,9914

50
0.0551
0.0384
0,0337
0.0303
0.0275
0.0252
0.0232
0.0213
0.0196

. 0.0181

0.0166
0.0152
0.0139
0.0126
0.0114
0.0102
0.0091
0.0079
0.0068
0.0058
0.0047
0.0036
0.0026
0.00146
0.0005

0.0103
0.98358
0.9911



2.5 [Estimation of the standard deviation of a normal
population from doubly censored samples using normal scores

In the preceding section Sarhan's and Greenberg's
tables were extended beyond n = 20 by approximating the
coefficients of the best linear estimator. An alternative
approach is to develop nearly-best linear estimators whose
coefficients may be derived exactly and to find approximation
formulae for their variances.

In this section A.K. Gupta's estimator of the
standard deviation of a normal population, depending only on
the expected values of the normal order statistics, is
considered and further results showing its high efficiency
relative to the best linear estimator for all forms of censoring
are given. Tables which facilitate computation of the
estimator, based on a sample of size =n, are provided for
2 £n £ 50 for complete samples and for 21 gn g 25 for
censored samples, thereby extending the tables which already
exist for n < 20 . Simple approximations for the variances
of the estimators are also given.

Suppose that a sample of n observations is taken from
a normal population with unknown mean p and unknown variance
02 and that the sample is subjected to Type II censoring as
defined by Gupta (1952). That is, the r, smallest and r,

1

largest observations in the sample are not available or have
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been discarded. Samples of this kind arise in life-testing
procedures and when outliers have been rejected from the original
sample. A review of rejection procedures has recently been
given by Grubbs (1969).

We consider here an alternative estimator depending only
on the normal scores, i.e. the expected values of the ordered
observations, This estimator was originally proposed for singly
censored samples by Gupta and later extended to doubly censored
samples by Sarhan and Greenberg.

The normal scores have been evaluated and tabulated for
a wide range of sample sizes by larter (1961) and are given by
both Pearson and Hartley (1966) and Fisher and Yates (1963) for
all sample sizes up to 50. The coefficients required for the
alternative eétimator are thus readily available for all practical
sample sizes.

The variance of the estimator involves the variance-
covariance matrix. However, sufficiently accurate estimates
of the variance may be obtained using the simple approximation
procedures given below.

Derivation of the alternative estimator

Suppose that the observations remaining after

censoring are ordered and denoted by



Let y be the vector of these ordered observations and let x
be the vector of the standardized values

(yi - wfle (i = ry+1, cooyn - rz);

a2
]

E(x) ,

t

.
]

E{(x - m)(x - m)'}

are the vector of normal scores and the variance-covariance
matrix of the standardized ordered observations, respectively.
Gupta's alternative estimate is obtained from the
. . . . -1 . .
equations in section 2.3 by replacing V by the identity

matrix, to give

1]
!

>
L]

where 1'1) (m'm) - (1'm)2 .

1'Un' —-ol)Vinl1l' -1 m")1 02/A .

-~ o~

Also Var (o)

The efficiency of this alternative estimator relative to the
most efficient linear estimator, i.e. Var(o)/Var(s), 1is given
in Table 7 for small amounts of censoring for samples of size

20.
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Table 7

Vaviance and percontage cfficiency of o relative to

8 for selectod fovms of connoviang for a = 20

ry I, Var o cificieucy ry r, Var ; efficiency
E““ : Amw,ooozﬁgwuumrmégrgimmwﬂmﬂimmwhmgw“ — pp—

0 1 0.025% 97.55 1 4 0.0448 92.71

0 2 0.0332 85.11 2 2 0.0404 94.00

0 3 0.0368 93.09 2 3 0.0449 93.03

0 4 0.,0409 91.40 2 4 0.0501 92.26

1 1 0.0328 96.69 3 3 0.0502 92.33

1 2 0.0364 95.12 3 4 0.0563 91.81

For a cowpleie sample of size 20 the efficiency is 99.9
per cent and when at least onz observation is censored from each
end of the sample the efficiency is always greater than 90 per cent.
The lovest efficiency is 85 per cent and occurs when the sample is
heavily censored on cne side only.

Althouph the efficiency of ; is high for all forms
of cemsoring it should be remembered that even in the most
favourable cases censoring of any kind has a considerable effect

on the variances of both ¢ and o . From Table 7 it may be
seen that for a sample of size 20 ihe variance of o when six

observations have been censored is twice that of o based on

the complete sample.



Complete samples

The equations giving the coefficients and variance of

~

o simplify considerably when the sample is uncensored since in

this case 1'm =0 . The equations become

-~

- n 9 2
and Var (o) m.m.v.. / { Z m. } ,
13 1] oy L

L}
e~

. . . .t
where vij 1s the covariance of the lth and j h order

statistics.

~

Calculation of ¢ 1is further simplified if the subranges

(yn—i+1 - yi), (i=1, ..., [in]), are formed before multiplying

by the normal scores. The estimator now takes the form

[in] n
- o N 2
¢ S mOpeger TV L L
i=1 i=1
Fisher andAYates (1963) give values of ml2 + L.l * mn2 for

n £ 50 together with the table of normal scores. For convenience

. 2 . .
the reciprocals of L mn2 are given in Table 8 .

Approximation procedure for the variance of o in complete samples

t

The reciprocal of the variance of o 1s very nearly a
linear function of the sample size n . The linearity of this

relationship may be summarized by the least squares equation

1/Var(c) = 1.99n = 2.54 .

- 53 =~



Table 8
Reciprocals of the sums of squares of the normal

scores for 2 g n g 50 .

n 0 10 20 | 30 40
1 - 0.1126 0.0536 0.0350 0.0260
2 1.5707 0.1015 0.0509 0.0339. 0.0253
3 0.6961 0,0924 0.0485 0,0328 0.0247
4 0.4356 0.0848 0.0462 0.0317 0.0241
5 0.3130 0.0783 0.0442 0.0308 0.0236
6 0.2429 0.0727 0.0424 0.0298 0.0230
7 0.1979 0.0679 0.0407 0.0290 0.0225
8 0.1667 0.0636 0.0391 0.0282 0.0220
9 0.1438 0.0599 0.0376 0.0274 0.0215
10 - 0.1263 0.0566 0.0363 0.0267 0.0211

This equation for n > 20 leads to a very simple
. . - 2 5 . .
approximation namely Var(o) = ¢7/(2n - EO which 1s about
. . 1
equivalent to a root-mean-square estimator based on (n - LZ)
degrees of freedom, This property of o together with a
X approximation to its distribution has been used to investigate
S . . . 2
the effect of using a linear estimator of o 1in the usual ¢t,x
and TF-tests for one and two-sample means and variances. Details

of this work are given later in section 3.2.
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It is of interest to compare o with the unbiassed
root-mean-square estimator s' defined by s' = s/E(s) where
s2 = Z(yi - ;)Z/n—l) and E(s) = {2/(n~1)}% r¢in)/T{i(n-1)1 .
This estimator has variance [F{é(n-l)}/F(ﬁn)]z (n-1)/2 -1 .
Table 9 shows Var(;) and Var(s') for a range of
sample sizes. For n £ 20 the values of Var(;) were obtained
using the variance-covariance matrix whereas for n > 20 the
least squares approximation above was used.
Table 9

Comparison of the variances of the linear estimator

o and the unbiassed root-mean-square estimator s' .

n Var o Var s'
-5 0.13342 0.13177
10 0.05766 0.05701
15 0.03667 0.03633
20 0.02687 0.02665
25 0.02118 0.02105
30 0.01749 0.01739
35 0.01490 0.01481
40 0.01298 0.01290

Censored samples

The estimator for censored samples may more conveniently
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be expressed in the form

o = a Z my. = b z v

where a

(n=k) /{(n-k) § m.% = (] m)%)

and b

I m /{1 Jm” - (Tu)?) .

Here k = r; +r, and the summations are over 1 where
is= T, + 1, ecey n - T, .
Values of .a and b for all forms of censoring for
sample sizes 21 s n g 25 are given in Table 10 thereby
supplementing the tables for n £ 20 in Sarhan and Greenberg.

More extensive tables are available from the author.

The variance of o for censored samples

Sarhan and Greenberg point out that for given n and
fixed size of sample left after censoring, i.e. r, +r,= k ,
a constant, the variance of the best linear estimator of o is

remarkably constant independently of the individual values of

r1 and 'r2 . The same is true of the alternative estimator o .

From the approximation formula for Var(c) for complete

~

samples we have that u = (n - L%) Var(;) is approximately
independent of the sample size n . For censored samples with

n =5, 10, 15 and 20 the values of u averaged over all r

and r, such that r, + r, = k , were plotted against k/(n-1) .

The resulting plots appear to converge fairly rapidly to the
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VYARLE Y0 VaALUES OF a AND b FOR ALL FORHMS OF CENSORING
POR SAMPLE 81288 21 ¢ n ¢ 28,

n=21
r2
0 1 2 3 4 5 6 7 8 9
0,054 0,067 0,080 0,095 0.111 0,129 0,150 0,176 0,207 0,244
0,000 =0,006 <«0,014 =0.024 =0.038 =0,050 =0,06% =0,092 =0,122 =0.162
o MMM | 0:000 .0:008 0086 LG8 G080 0ugad J5dfR Bl B3

35,186 138,773 | 0,435 0,167 0,206 0,253 0,313 0,390 0,491 0,629
oh 184 =24,755] 0,000 =0,012 =0,02F 0,082 =0,08% «0,131 =0,196 0,294

13,747 X3 882 1! L8741 0 242 0,267 0,337 0, 42B 0 549 0,717 0,958
02,670 81070 397291 0.000 «0.018 0,045 -o 084 0143 <0.231 .0.367

6,666 42 941 31 223 419 351! 0 345 0 _4ké 0 584 0 775 4 051 1 467
«1.608 J3.916 .11. 366 2500934 00000 =0.029 «0.075 .0 147 -0 266 .0 459

3,826 8,437 41,760 27 879 404,506 | 0,595 0,806 1,108 4 572 2 322
©1,112 2,259 5,062 13,785 .88.,590 | 0.000 =0.051 «0.138 =0.292 «0.57%

2,132 3,276 5 446 40,239 23 761 B6 934 ] 1 427 4,626 2 438 3 845
«0,798  L5.43% .2.726 5,797 15,0714 «61.344 | 0.000 «0.100 =0.297 «0.703

1,341 1,87 2,819 4,590 8,427 19,029 47,369 ) 2,476 3,988 6 953
0,586 40,956 1,626 22,985 6.018 =15.002 =58.483| 0.000 =0.260 -0, 835
0,823 1,18 1,545 2.27; 3,597 6 394 13 BBB 46 825 ( 7 057 44 458
0,435 0,635 47019 1,657 L2.890 «8.636 130409 -49 7500 0.000 a«0'84s

0,541 0,652 0,856 1,456 1,642 2,498 4,228 8,632 26,806 | 35, 694
©0,315 0,647 <0,646 =0,960 =1,492 =2,677 =4,576 10,208 =34,768| 0,000

0,298 0,352 0,432 0,542 (698 0,933 4 320 2 040 3,689 9 637
-0,214 .0,284 _0'382 0522 .o 1732 10068 .4l642 2773 8'sq4 167014
10 11 12 13 14 15 16 17 18 19

F



TABLE 10 VaALUES OF a aNp b FOR ALL FORMS OF QENSORING
FOR SAMpLEZ s12B8s 21 & n ¢ 25,

n=22 r,
0 1 2 3 4 5 6 7 8 9 10

0,081 0,063 0,075 0,088 0,402 0,118 0,137 0,159 0,188 0,216 0,258
0,000 «0,006 -0,013 0,021 0,031 «0,044 =0,060 «0.080 =0.108 =0.13? =0.175 O

155,116 | 0,081 0,099 0,119 0,141 0,168 0,200 0,239 0,288 0,349 0,429
“17,558 | 0,000 =0,008 «0,017 «0,030 =0,047 =0,068 =0,096 =0,134 =0.184 <=0,254

38,014 149.095] 0.123 0,451  0.184 0.226 0.273  0.335 0.415 0.521  0.864 o
6,490 ~33,9761 0.000 =0.011 =0.025 =0.0645 =0.071 =0.108 =0.159 =0.234 =0.33%

7 16,776 36,022 139,353 | 0,189 0,238 0,293 0.366 0,461 0,588 0,763 1,011 3
«3,390 10,3642 «68,473 | 0,000 «0,018 «0,038 «0,069 =0,119 =0,182 «0.282 =0,434

6 _0e107 43,778 33 404 126,016 0,299 0,381 0,488 0,633 0 834 1,125 1,562 ,
2,060 =4,798 13,494 =59, 0649 0,000 =0,026 =0,060 =0,116 «0.202 «0.338 =0.564

or 5 .861 6,508 12 618 29 330 109 577 | 0,497 0,655 0,877 1 200 1,692 2,488 g .
o “1,362 =2,680 5,866 .15 680 -65,650| 0,000 =0,040 «0,10%5 =0,214 «0,400 =0,734 !
|
2,26 3,457 5,728 40,733 24 8309 99,572] 0.8%92 1.238 1.77 2,637 4,156
4 .9 i -1.656 .3_059 -6 491 .16_653 -69,1 1| 05000 01073 07207 07481 .0.965 ©
g 1,384 1,967 2,956 4 794 8,776 49 760 69 761 | 1,797 2716 4 338 7 516
20,677 21,085 1,816 3 266 6,578 =16 246 «62.780 ] 0,000 0,157 -0 500 «1,295
0,865 4,159 4 612 2,363 3732 6,618 14 337 48 224 | 4 396 7 723 15 384 8
2 a0,690 0,737 1,423 1,808 3125 .6.047 -14.280 -852.391 | 07000 0.441 1,753

0,53 0,680 0,887 1 498 1,697 2,576 4 349 8 860 27,451 | 15,589 39 022 g
1 20,351 «0,691 0,702 =1,036 =1.597 =2,636 =é.835 40,724 =36.323 | 0.000 =2.21%

0,303 0,365 0,447 0,558 0,747 0,958 1,352 2,085 3763 9 810 157,074 o
O 20,233 0,307 0,409 «0,556 0,776 «1,121 =1,719 «2,888 <5.715 =16.519 | 0,000

1 12 13 14 15 16 17 18 19 20
I



(@]

0 ValLUgs OF a
pLY S12ES 24 ¢

1 2
0,060 0,071
«0,00% «0,041
0,070 0,062
8,000 G, 667
167,046 0,114
-27,202( 0,000

40,755 159 154
-8" 1903 437545

15,772 38 287
“b, 343 «12,677

7,555 14 587

w2 524 697
4 087 6 862
1,610 L3 106
2,384 3,613
-1,09¢ 1,883
1,456 2,060
-0.76%  .1'214
6,908 1,208
«0,547 «0,300
50,5577 0,706
e 388 L0538
4,31 @, 377
=G,e5% «0,330
12 13

ND b FOR ALL FORMS OF CENSORING
n ¢ 2s,
T
3 4 5 6 7
0,082 0,098 0,109 0,128 0,144
=~0,01% 0,028 «0,039 0,055 0,070
0,409 0,129 0,153 0,180 0,213
=0,016 «0,027 =0,06% =0,05% 0,083
0,138 0,166 0,200 0,241 0,292
0,009 0,022 =0,038 «0,061 =0, 091
0,171 .210 0,258 0,318 0 394
0,000 .o 7013 0,032 0,058 .0.095%
147,541 0,26% 0,330 0,616 0 528
-57,215| 0,000 =»0,020 =0,050 0,093
34,944 132 476 [ 0,623 0,546 0.733
~15,650 67 235 | 0,000 =0 032 a0, 082
13,052 30,729 114 454 0,724 0,976
«6.676 17.579 «72.685| 0.000 0,056
6,000 11,208 25,856 94 038 1,364
w3, 471 7,182 =18,246 «72 807 | 0,000
3,083 4 990 9 411 20 462 T2 066
»2.007 3.570 a7.131 =17.472 -67.041
1,677 2,451 3,862 6,832 14,767
=1,227 «1,957 3,356 <6 450 =15,136
0,915 1,238  §,750 2,650 4 466
20,758 w4.110 «1.699 «2.786 .5.087
0,661 0,874 0,736 0,981 4 383
«0,437 0,589 «0,816 1,175 1,793
14 15 16 17 18

8

0,167
«0,091

0,253
0,113

0,357
=0,131

0,493

-0,147

0,680
0,159

0,948
-0 1163

1,345
-0 152

1,963
=0,109

2,982
0,000

9. 079
=14,225

2,428
"2.999

19

9 10
0,193 0,228
-0,118 =0,152
0.30% 0,366
=0,156 =0,208
0,639 0,549
-0,188 =0,266
0,626 0,808
-0.222 =0333
0,892 1,196
-0,258 =0,4%3
1,289 1 897
«002935 =0.514 -
1,911 2,829
=0.321 <0 634
2,943 4,674
«0,326 =0,774
6 794 8 368
-0.263 «0.91s
16,984
=0,924
28,072 (2,764
-17.838 0,000
3.8% 9 97
=§.910 =17.,009
20 21

0

1

2

3
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TABLE 10

FOR SAMPLE SIZES 24 € n € 28,
n=24
0 1 2 3 4 5
0,046 0,057 0,067 0,077 0,088 0,104
0,000 «0.005 =0.010 =0,047 =0.02% =0,03%
186,663 0,071 0,08 0,101 0,119 0,139
102352887 | 0.000 -0.008 -0.016 <0.024 =0.0%a
45,407 178 6731 0,105 0,127 0,15¢ 0,180
7,102 =37,294| 0,000 0,008 «0,01% <0, 036
17,733 43,409 168 8311 0,155 0,189 0,229
©3.723 11,401 837359 | 0'000 0,012 .0.027
8,388 46,735 40,473 485 417 | 0,234 0,289
22,273 5.321 -15.056 «66.392 | 0.000 «0.,017
6,709 7,987 15 368 36 666 938 704 | 0,365
-l 513 -2, ‘996 .6 608 _1? 824 .78 445 0,000
2,79% 4,306 7,206 13,664 32,080 149,167
©1,062 1,873 3,536 .7.488 =19 477 =79.695
1,742 2,502 3,802 6,262 11,667 26 846
0,771 4,246 =2,110 3,843 «7.870 «19,845
1,120 1,521 2 149 3,208 5 479 9,433
20,870 0,861 .1.342 20197 3873 .7.677
L728 0,943 1 256 1,739 2,536 3,987
“0.626 a0.606 40,881 .1.329 .2.104 a3.584
0,466 0,578 0,734 0,949 1,27 1.801
04310 =0.420 ~0,578 «0,813 =1,182 ~1.800
0,274 0,324 0,389 0,474 0,58% 0,784
«0,212 20,272 0,352 =0,463 =0,629 =~0,856
12 13 14 15 16 17

VALUES OF a AND b FOR ALL FORMS OF CENSORING

11
0.234
0,166

0.382
=0,232

0,575
=0,3502

0.851
«0, 385

1,265
«0,490

1,918
-0, 626

5,015
-0'808

5.002
»1,060

8,995
o1 417

18,341
1,914

6,610
“2.411

10,132 |186.630

r
2 8 7 8 9 10
0.196  0.132 0.151 0.174 0,201
“0,047 =p0,062 =0.080 =0,102 ~0.130
0,191 0,228 6 0,317
-o ogz 0,072 =0,097 -o 13 0,174
0,215 0,258 0,311 0.377 0,463
«0,052 0,077 «0_110 «0,155 =0, 216
0.279 0,361 0,420 0,526 0,661
.o ‘049 -0, 14) 0,129 =0_179 -o 263
0,38% 0, 649 0,567 0_726 0,947
“0,041 =0,076 =0.127 =0,202 =0,315
0,463 0,593 0,769 4,016 1,374
«0.026 .0,068 0,127 0,223 «0,378
0,601 0,790 1,057 1,648 2,046
0,000 «0,043 =0 113 0,235 =0 440
97,8622 | 41,07 4 485 2 123 3 166
«78 443 | 0,000 =0,080 0,227 =0,505
21,137 74,279 z 149 3 242 5,184
-18°680 71,223 000 07172 =0.548
7,038 45 182 S50, 866] 5 240 9,201
wb B45 215 976 .57 968( 0,000 -0, 481
2,724 4,578 9,288 28 666 | 18,549
2,938 5,333 =14,714 ~39.30% | 0.u00
1.003 1.412 2,169 3,901 . ’
wf,228 1,886 =3 107 <4 099 =17,48%
18 19 20 21 22

0.000

10
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TABLE 90 VALUBS OF a AND b FOR ALL FORMS OF CENSORING
FOR saMpLE SIZES 21 ¢ n < 25,
n=25
r
C 1 2 3 4 5 6
0.046 0,056 0.063 0,07 0,083 0.0%9¢ 0.107
0,000 «0,004 0,010 «0,016 0,025 0,032 0,042
201,893 | 0,067 0,080 0,094 0,110 0,128 0,149
10,047 | 0,000 0,006 «0,013 0,021 «0,032 «0,6066
49, 970 197,897 | 0,098 0,147 0,138 0,164 0,194
6,990 229,644 | 0,000 «0,007 «0,047 =0,029 w0,046
19,661 48,460 189 948 L162 0,171 0,206 0,247
w2.960 -9.729 ~47.740| 07000 0,010 =0,024 -o T042
9,606 18 856 45 985 478 268| 0,209 0,256 0,314
«1,942 b, 765 =13,969 63,399 0,000 «0,014 w=0,035
5,320 9,098 17,6658 42,595 463, 058) 0,319 0,398
=1,357 a2, 785 -6,319 -17.473 -75,655 0,000 w=0,022
3,195 4 972 8 405 16 124 35 364 144 739 | 0,508
w0989 1,796 3,476 7528 -20.010 ~83.677 | 0,000
2,026 2,939 4 547 7 s53B 14 255 33 384 123,708
w0,742 1,231 =2.432 3.567 .8.300 -21.369 -86.654
1,334 1,828 2,647 3966 6 515 12, 108 27 798
w0.567 w0.876 w1397 w2.337 .b.214 8.552 =21.367
0,892 1,971 1,586 2,235 3 328 5 389 9 743
v0,637 «0,638 0,952 1,470 ‘22,385 4,173 =B, 215
0,691 0,759 0,980 1,302 1,799 2,618 4 107
«0.337 20468 .0.660 «0,955 1.429 «2.249 «3.808
0,398 0,486 0,598 0,755 0,979 1,314 ¢ 850
»0,255 =0,2338 .0, 454 0,820 «0,867 1,253 4,899
0,262 0,283 0,334 0,400 0,486 0,604 0,772
«0.180 «0.228 .0.290 «0.374 w0.489 0,653 «0.896
12 13 14 15 16 17 18

r,

8 9

0,1 0.43% 0,158

.0 088 .9 030 .07 089
0,173 0,201 0,236

20,063 <0 086 0. 112

6.230 0,274 0,328
0,067 «0,094 0,130

0,299 0,363 0,446
=0.067 «0.10% 0,147

0,387 0 481 0,606
0,066 =0,106 =0163

0,501 0,637 0,822
«0.054 =0.102 =0.174
0,656 0,85 4 136
-0.035 =0.090 ~0.178
0,865 1 163 1,602
0,000 =0.060 «0.165
100,656 1,621 2,330
~847000 1000 =0.11°

21,787 76 445 3,532
-19 869 75 338 0,000

7. 236 15 580 52 083
«?’ 236 16 N4l =60, ‘668

2,790 4 685 9 499
«3.082 «5.574 .12.199

L0825 1,439 2 208
-1'279 -y 936 n! 212

19 20 21

0,396
«0,179

0,553
-0,212

0,769
0,247

1,081

=0, 284"

1,547
'O 324

2,279
-0, 351

3,498
-0, 1358

5,675
«0,286

10,014
0,000

29,236

3,966
-6 ,282

22

0.209
0,162

0.331
0,193

0,485
«0,265

0,696
0,304

1,000
«0,374

1,456
<0, 458

2,177
~0,563

3,382
w0, 691

5,556
-0.864

9,911
=0,996

20,068
«1,004

50,473

0,000

10,283
P Ph2

23

10

11



limiting form given in Table 11. TFor n > 20 a sufficiently

accurate appfoximation to the variance of o may be obtained
by computing Var(;) = uozl(n - L%) where u cqrfesponds to
k/ (n-1) and‘is found by linear interpolation in Table 11. An
estimate éf this variance is then obtained by replacing 02 by

~2
a

Table 11

Values of u for approximation to variance of o for

censored samples.

k/(n-1) u k/(n-1) , u
.000 .500 175 710
.025 .530 - .200 .750
.050 .555 .250 .825
.075 .580 .300 ~.915
. 100 .610 .350 . 1.010
.125 .640 400 1.130
.150 675 450 1.260

Table 12 compares the values obtained using this
approximation formula with the exact variances for samples of

size 20 subjected to small amounts of censoring.
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Table 12

~

Comparison of approximate and exact variance of o

for small amounts of censoring for n = 20 .

k | k/(n-1) u Approx. variance - Exact variance
Y, =0 rl = ] r1= 2
ol o .500 .0267 .0269 - -
1| .0526 .558 .0298 .0298 - -
2 | .1053 .616 .0329 .0332  .0328 -
3| .1579 .686 .0366 .0368  .0364 -
4 | .2105 .765 .0408 .0409  .0403  .0404

For complete samples the inefficiency due to using this
linear estimator instead of the root-mean-square estimator is more
than o§ercome-if one more observation is included in the sample.

For censored samples the linear estimator is about
equivalent to a root-mean-square estimator basedlonAa'complete
sample with (n - 1%)/2u degreés of freedom. Fbr example, for
n = 20 with two observations censored the effective sample size
is 18.75/(2'x 0.616) + 1 = 16 .

Summary of estimating procedure for censored samples

To compute the estimate of o and its standard error
given a censored sample one proceeds as follows:

(i) order the observations to obtain

Ve 41 € yr1+2 §ooee & yn-r2 5
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. o - \*
(ii) compute % mY. o é Vs

where the m, (i= ry ¢+ 1, «eo, n - r2) are
the corresponding normal scores;

(iii) read the appropriate values of a and b from

Table 10 and estimate o using

~

- AT - :
o = apmy; -bly;;
1 1

(iv)  compute k/(n-1), where Kk = r, + r,, and use
Table 11 to find the corresponding value of u ;

(v) estimate the standard error of o using

1,47
{w/(@~- 19} .
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CHAPTER 3

TESTS OF HYPOTHESES FOR MIANS AND VARIANCES




3.1 Large sample tests for means and variances
using a linear estimator of the standard deviation

Several linear estimators of the standard deviation
of a normal population have been shown to bg highly efficient
relative to the root-mean-square estimator and in most cases,
except wheﬁ a2 calculating machine or computer is at hand,
simpler to calculate. However, their practical value is
severely limited unless one is able to ﬁse them in tests of
hypotheses concerning the means and variances of the populations
from which the sample values are obtained. 1In this section four
test procedﬁres involving a particularly simple linear estimator
are developed. This estimator was suggested in chapter 2 by
the author as suitable for medium and large samples and shown to
have an-asymptotic efficiency of nearly 96 per cent. The test
procedures considered may be used as alternatives to Student's
t-tests for one and two-sample means, the xz—test for a single
variance or standard deviation and the F-test for comparing two
sample variances. Tables of percentage points for the four
test-statistics are given and in the final sections the powers of
these alternative tests are compared with the powers éf the
standard tests,

A natural extensionvof the use of short-cut linear
estimators of the standard deviation of a normal population is
‘to introduce these estimators in tests of hypotheses. E. Lord
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(1947 and 1950) produccd tables of percentage points of test
statistics suitable for small samples in which the range is
used to estimate the standard deviation. The two sample—test
for mean values in which the sample sizes are different was
considered by P.G. Moore (1957) using a x-approximation to the
distribution of the standardized sum of the ranges of the two
samples. R.F. Link (1950) and K.C.S. Pillai & A.R. Buenaventura
(1961) considered the problem of using range-~based P-tests for
comparing two variances. H.L. Harter (1963) cénsiderably
extended earlier tables and produced percentage points of the
distribution of the ratio of ranges determined from two
independent samples from normal distributions with common
variance for sample sizes up to 15. He also compared the power
of this short—cut test procedure with that of the usual F-test.
The reader is referred to the introduction to Biometrika Tables
for Statisticians Volume I for illustrative examples and further
details of these procedures and for the corresponding tables of
percentage points. The efficiency of the range as an estimate
of the standard deviation decreases so rapidly as the sample
size increases that the test procedures outlined ahove are
suitable for small sampleé only.

The theoretical difficulties involved in using the
more efficient estimators in tests of hypotheses arise because

the estimators suggested are linear functions of the ordered
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sample values not of the independent observations themseclves.
The estimators are thus, at least for small samples, not normally
distributed.

During the past few years there have been several
attempts to prove the asymptotic normality of linmear functions
of ordered observations under more general conditions on the
coefficients involved and with general underlying distributions.
The distribution of the extreme value in a sample from a normal
population has skewness and kurtosis coefficients which increase
as the sample size increases. For this reason the magnitude of
the weights given to the extreme observations is of major
importance when considering the asymptotic behavioﬁr of the linear
function. S.M. Stigler (1969) gives a summary of results obtained
to date and outlines the conditions imposed on the weights for
the proofs of asymptotic normality to hold.

Our aim here is to derive test statistics that involve
linear estimators and to consider their distributions, for
practical sample sizes, under certain null hypotheses. For this
problem it is not sufficient to establish asymptotic normality
and to derive asymptotic means and variances for our estimators
or test statistics. We need to investigate how quickly, i.e.
for what range of sample sizes, a normal distribution is a
sufficiently good approximation, and to derive approximation
formulae for the parameters of this normal distribution which



will agree more closely with the exact values than do the
asymptotic results.

It was decided in this section to restrict attention
to consideration of one and two-sample tests for means and
variances using a simple estimator of the standard deviation
particularly suitable for medium and large samples. This
estimator is considered in detail in section 2.1 and is obtained
by calculaping one~third of the difference between the means of
the largest one-sixth and the smallest one-sixth of the observations.

There are several reasons for choosing this estimator
rather than others which are equally as efficient. Firstly this
estimator is easy to compute even for quite large samples since
it is not necessary to order the observations completely. All
that is required is that the sample be divided into three groups
according to size in such a way that the extreme groups each
contain about one-sixth of the observations. The sample values
need not be ordered within these groups. | The second reason
for considering this estimator is that since all observations in
the extreme groups are given equal weight it is conjectured that
the distribution of the estimator converges to normality more
quickly than does that of an estimator which assigns high weights
to the extreme values.

The linear estimator, its mean and variance

Althouph the estimator may be calculated without
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ordering the observations completely it is convenient to consider
it as a linear function of the ordered observations for purposes
of deriving its mean and variance.

suppose Yy S ¥y e <y is an ordered sample of n

observations from a normal population with mean v and variance o

The linear estimator of ¢ 1is defined by

n
vy, -
. g 1 .
i1=n—r+1 1
3r

I ~1m¢
<
H

L

ok =

where r = n/6, rounded up to the nearest whole number if n/6
is not an integper. This estimator is asymptotically unbiassed
and has asymptotic efficiency 96 per cent relative to the root-
mean—-square estimator.

Let & be the vector of coefficients assigned to the

~

vector of ordered observations y = (v veay yn)' .

1’y2’

Then 6i is given by

1
8§, = === for 1 <1 <r
i 3r
= 0 for r+1 <1g¢n-r
1 .
= = for n-r+1<1 <n,
3r

and the estimator is gpiven by o* =g'y .

As bhefore let m and V be the vector of normal scores

and variance-covariance matrix of the standardized ordered

ohservations respectively.
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The mean and variance of o* are given by

Fo*¥ = §'Cy = &'mo

-~ ~ Po—_—

9
and Var o = §'Véo”~ .

~ e

~ o~ ~ .

Let 8'm and &§°'VS8 for a sample of size n be represented by

m and Vﬁ respectively., The expected values, m , may be
obtained for n g 100 and for selected values of n between

100 and 400 using the tables of normal scores given by H.L, Harter
(1961). Determination of V,» however, presents more of a
problem as the variance-covariance matrix V 1is not available for
samples larger than 20. Also since r 1is constant over sets

of consecutive sample sizes, for example r =7 for n = 37,38,39,
40,41 and 42, the variance behaves in a disjointed manner depending

not only on n (or r) but on the position of n in these sets.

Suppose k 1is defined in the following way

k = n(mod 6) if n + 6T

= 6 if n = 6r,

then k takes the values 1 to 6 depending on the position of n
in these sets of six consecutive sample sizes for which r is
constant.

Exact values of the reciprocals of Vn for n=28, ..., 20

were computed and found to be almost exactly linearly related to
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r and Lk . The least squares cquation using these exact values
is
-é; = 1.247 + 11,623r + 0.405k
n
with a regression mean square of 396.901 and residual mean square
0.0008. Table 13 gives the exact values of Vn and the
approximate values obtained using this equation for n =8, ..., 20.
Table 13
Comparison of exact and approximate values of

Vn for n=28, ..., 20 .

n T k Exact Variance Approximate Variance
2 2 0.04379 0.04384
2 3 0.04313 0.04308
10 2 4 0.04240 0.04234
11 2 5 0.04166 0.04163
12 2 6 0.04094 0.04094
13 3 1 0.02935 0.02939
14 3 2 0.02903 0.02904
15 3 3 0.02870 _ 0.02871
16 3 4 0.02837 0.02838
17 3 5 0.02804 0.02805
18 3 6 0.02772 0.02774
19 4 1 0.02192 0.02191
20 4 2 0.02173 0.02171

Approximation to the distribution of o¥

Emperical sampling experiments involving 400 samples of

- 72 -



30 observations from a normal distribution were used to
investigate the distribution of o* . The sampling moments

and the skewness and kurtosis coefficients, and Yy

"1
of the distribution of o* were determined from these 400
estimates. The results of these experiments and the corres-
ponding theoretical values and standard errors based on the
assumption that the distribution of o0* may be closely approxi-
mated by a normal distribution are shown below in table 1l4.
Table 14.

Comparison of observed and hypothesised characteristics

of the distribution of o* for n = 30 .

Characteristic Empirical Value Standard Error Theoretical
Value
Mean 0.95868 0.00660 0.96371
Variance 0.01639 0.00123 0.01686
Third moment 0.00044 0.00028 0.00000
Fourth moment 0.00081 0.00015 0.00085
Skewness Y, 0.20712 0.12247 0.00000
Rurtosis Yy o 0.00838 0.24495 0.00000

It may be seen that both vy, and Y, are within two

1
standard errors of the corresponding normal values, however, since

the intention is to use this normal approximation to the
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distribution of 0% to derive percentage points of the
distribution of test statistics it is essential that the
approximation is good in the tails of the distribution as well
as in the centre.

The tests of skewness and kurtosis using Y1 and Y2
and other tests such as Kolmogorov-Smirnov are not sufficiently
sensitive to detect the slight non-normalities which are of
importance. Thus we require a procedure for comparing empirical
and theoretical distributions which is particularly sensitive to
differences in their extremes. Such a procedure employing
cumulative distribution functions is described by M.B, Wilk and
R. Gnanadesikan (1968). Their method is a probability plotting
procedure in which quantiles of one variable are plotted against
quantiles of the other variable. Fither or both of the cumlative
distribution functions, which determine the quantiles, may be
empirical.' In our case one set of quantiles are obtained from
the empirical sampling experiment and the other set are the
corresponding quantiles from the standard normal distribution.
This procedure is more convenient for computer application than
plotting on arithmetic probability paper. If the variables are
identically distributed the quantile-quantile plot (Q-Q plot) will
be a straight line with slope 1 through the origin. I1f, however,

one variable is a linear function of the other the plot will still
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be linear but with possibly different intercept and gradient,
To compare a theoretical distribution and an empirical distri-
bution involving N observations the observations are ordered

and the gt ordered value is plotted against F—lt(i-%)/N]

for i =1,2,...,N, where F-l is the inverse cumulative of

the theoretical distribution. Figure 1 shows the 0-Q plot

of 400 estimates of o* against the corresponding quantiles of
the standard normal distribution. The linearity of this plot
indicates that the normal approximation is reasonably good even in
the tails of the distribution. This approximation is the basis

of the theoretical results derived in the following sections.

The distribution of the ratio of two normal variables

The test-statistics to be considered in the following
sections téke the form of a ratio of two normal variables. The
distributions of these statistics are derived using the following
result due to R.C. Geary (1930). Let x and y be two normal
variables with means zero, standard deviations ¢ and B
respectively and with correlation coefficient p . 1f
u=(b +y)/(a+x), where a and b are constants, the function

au - b

/(azu2 - 2paBu +‘82)

has a standard normal distribution provided that a + x 1is
unlikely to assume negative values. This condition 1is amply



normal quantiles

]

0 /
0.4 06 08 10 1.2 14
observed quantiles

-9 .v’:
K

Figure 1. Q-Q plot of 400 estimates of 0*
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satisfied 1f a z 3a .

Although it does not seem possible to derive a simple
functional form for the distribution of u, specific percentage
points may be obtained when p = 0 from the percentage points of
the normal distribution,

One-sample test for mean value. (Alternative to Student's t-test)

Suppose the null hypothesis to be tested is that the
mean of the normal population, from which we have a sample of size
n, 1s My * The one-sample t-test consists of estimating 02 .
the unknown variance of the normal population, by
¢? = Z(yi - ;)2/(n—1) and testing (y - uo)/(s/JE) using the
t-distribution with (n~1) degrees of freedom. If the
standard deviation o 1is estimated by the linear estimator o%
instead of the root-mean-square estimator s the corresponding
expression wu, = & - uo)/(o*/fg) does not have a t~-distribution.
This expression may, however, be rewritten in the form

G = 1)/ (/)

u = .

1 (o%/0)

Under the null hypothesis (y - uo)/(c/Jﬁ) has a»standard normal
distribution and o*/0 1s normal with mean m and variance Vn .
The correlation coefficient p is zero since y and o* are
orthogonal linear combinations of the observations. Since the

condition mo: 3VVh is amply satisfied for n 2 4 we may use
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. . 2
Geary's theorem in which a = m,h=0,p=0,d =V and

82 =1 . Hence

m u
n 1

2
/(Vn uy + 1)

has a standard normal distribution. The function zq is a

monotonic increasing function of uy therefore the p—percent

point of us, i.e. uy . may be obtained by solving the equation
]
o mhul,p
p J/ 2
(Vn ul,p + 1)

where zp is the p~percent point of the standard normal distri-
bution. This gives

2, 2 -1
u o, T [(mh /zp ) - Vn] 2

Values of wu) - for p = 0.1, 0.05, 0.025, 0.02, 0.01,
¥

0.005 and 0.001 and for a range of sample sizes greater than 20

are given in table 15,

One-sample test for variance or standard deviation. (Alternative
to chi-squared test).

The null hypothesis that o = o, may be tested using
the normal approximation to the distribution of o¥* . Under the

null hypothesis o%* 1is normal with mean m o and variance

2 . . .
Vao©, il.e. v, = 0%fg 1s normal mean m and variance V_ .
no 1 o) n n

- . . . = '/_‘ .
The p-percent point of v, 1is given by vl,p mo+ zp Vn

Upper and lower percentage points of v, are given in

table 16.
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TABLE 15, PERCENTAGE POINTS OF DENSITY FUNCTION OF 1),
FOR ONE SAMPLE TEST FOR MEANS

p .

n 0.1000 0.0500 0.0250 0,0200 0,0100 0,0050 0.0010

21 1.4458 1.8832 2,2808 2,4031 2.7712 3,4276 3,938%

22 1.6173 1.8448 2.2325 2.35145 2.7093 3,0544 3.8339

23 1,3914 11,8100 2.,1888 2.3049 2.653646 2,9887 3,76443

264 1,3678 1.7782 2.14%90 2.2625 2,6027 2.9292 3.6620

25 1,4557 1,8011 2, 2835 2,40%6 22,7621 3,1055 3,8716

26 1.6341 1.8583 2.2427 2.3600 2.7105 3.0454 33,7898

27 1.4085 1.8281 2.2051 2.3201 2.6632 2,9906 3.7154

28 1.3876 1.8003 2.1705 2,2833 2.6197 2.9399 3.6473

29 1,3682 1.7744 2,1385 2.26493 2.5794 2,8932 33,5847

30 1.3501 1.7504 2.1087 2.2177 2.5420 2.8500 3,5¢69

34 1.6216 1,.8419 2.2978B 2,3320 2.6716 2,9933 31,6983

32 1,4027 4.8171 2.,1872 2.2995 2.6333 2.9493 3,840%

33 1.3851 1.7939 2.1585 2.2691 12,5976 12,9082 13,5859

34 1.3687 1,772% 22,1316 2,26407 22,5642 2,8698 3 5353

35 1.3532 1.7545 2,1064 2.2139 2,5328 2,8338 3,4884

36 1.3386 1.7322 2,0826 22,1887 2.,5033 22,7999 33,4437

37 1.3985 1.8092 2.1744 2.2850 2.61246 12,9206 3.%884

38 1.3834 11,7893 2,1500 2.2591 2,5821 2.8860 3,5434

39 1.3601 1.7706 2,1269 2.2346 2.,5535 2.8534 3,501

40 1.3555 1.7526 2.,1050 2.2115 2.5265 2.8225 33,4611

41 1,3426 11,7356 22,0842 2.1895 2,5008 2,7932 33,4232

42 1.3303 1.7196 22,0646 2,1686 2.647685 22,7654 33,3873

43 1.3821 4.78S89 2,1436 22,2516 2,5706 12,8697 33,5124

44 1.3696 1.7693 2.1233 2.2302 22,5456 2.8412 33,4759

45 1.3574 41,7534 2,1040 12,2097 2.5219 2.8142 13,4442

46 1.3458 1.7383 2,0855 2.1902 2.4992 2.7884 33,4081

47 91,3348 41,7238 2.0678 2.1795 2,477?8 22,7637 3,3766

48 1,3262 1.,7100 2.0509 2.4537 22,4567 22,7402 3,3465

49 1.3697 11,7684 2,1206 2.2267 2.5393 22,8319 33,4566

50 1.3589 11,7542 2,1033 2,2084 12,5183 22,8078 33,4260

51 1.3484 1.7405 2.0867 2.1909 2,4980 2.7847 33,3966

52 1.3384 11,7274 2.0707 2.1740 2,.47B4 2,7626 33,3685

53 11,3288 91,7148 22,0553 2.1578 2,4597 2,7613 3 ,3415

54 1.3195 41,7026 2,0406 2.1422 2.64616 2.7209 3.31%6

55 1.3607 1.7548 2,1028 2.2075 2.5155 2.8028 33,4139

56 "1.3506 1.7424 2,0877 2,1915 2,4971 2,7849 33,3876

57 1,3616 11,7306 22,0737 2.49761 22,4793 2.7618 33,3622

58 1.3326 11,7188 2,0590 2.1613 2,6622 22,7424 33,3377

59 1.32640 11,7076 2.0455 2.1470 2,46457 2,.7237 3,3142

60 1.3157 1.6968 2.0324 2,1332 2.64297 22,7057 33,2948

70 11,3239 1,7061 2,06499 2.1426 2,4383 2,7129 33,2930

80 1.3300 1.7137 2,0490 2,1497 2,4449 2,7185 3, 2945

90 1.3063 1.6796 2.008% 2.4064 2.39486 2,6613 33,2218

100 1.3113 1.6878 2.0473 2.1158 2,4044 22,6711 3,2302
150 1.295%6 1.6660 41,9891 2,0855 2,3674 2.6270 3.168%
200 1.3094 1.6726 1,9960 2.0924 2,3739 2,6327 3.1707
250 1.2939 1.6625 11,9834 2.0790 12,3579 2.6142 3,1459
300 1.2896 1.6%68 11,9767 2,07492 2,3488 2.6033 3,1342
350 1.2932 1.6611 1,9810 2.0763 2.3540 2.6088 3,1367
400 1.2896 11,6563 41,9750 2.0699 2,.3463 2.6003 3,1255
o 1,2816 11,6449 1_,9600 2, 0537 2.3263 2,578 3, 0902
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TABLE 16,

PERCENTAGE POINT

FOR ONE SAMpLE

0.9950

0.5283
0.5472
0.5651
0.5821
0.5562
0.5721
0,5873
0.6019
0.6458
0.6292
0.6044
0.6171
0.6294
0.6412
0.6526
0.6636
0.6404
0.6510
0.6612
0.6741
0.6808
0.6901
0.6685
0.6775
0.6863
0.6949
0.7032
0.7113
0,6912
0.6991
0.7068
0.7143
0.7216
0.7288
0.7100
0.7470
0.7238
0, 7305
0.7371
0.7435
0.7563
0.7666
0.7928
0.7985
0.86412
0,8573
0.8756
0.888¢4
0.8938
0.9026

0.99n00

0.5649
0.5836
0.6014
n.6183
0.5892
0.60S50
n.6201
0.6345
0.6483
0.6616
0.6345
0.6471
n.6593
n,6710
0.6R823
n.6032
0.6682
0.6787
0.68R9
0.6987
n,7083
0.72176
0.6945
0.70%5
0.7922
n.7207
0,7290
0.7371
0,?72157
0.72%5
0.7312
0.7386
0.7459
0.7531
0.7332
0.7402
0.7470
n,75%6
0.7601
0.7665
0,7774
0.7862
n.8116
0.8162
0.8559
n.8698
0.8849
n.8988
0.%034
0.9115

S OF DEN
TEST FOR
0.9750

0,6186
n,6371
0,6547
n.6713
n.6376
n,6532
0.6681
0.6824
0.6961
0.7092
0.6786
0.6911
0.7031
0.7147
0.7259
0.7367
0.7090
0.7194
0.7295
0,7392
0.7487
0.7579
0.7327
nN.7416
n,.7502
0.7586
0.7668
0.7748
0.7517
0.7594
0.7670
0.7744
0.7846
0,7887
0.7673
0.7742
n.7810
n,?8?5
0,7940
n.8003
00,8084
0.8450
n.8393
n.8423
0.8773
n,8883
0.%9035
0.9140
nN.9174
0.9247

SITY FUNCTION O
STANDARD DEVIA

p
0.9500

n,6649
n.6832
n.700S
0n.7170
n.6792
n.6947
0.7095
0.7236
0.7371
n.72501
nN.7166
n,7290
n. 7409
0.7524
0.7634
0.7741
0.7442
0.7545
0N.7644
0, 7741
n,7835
n,?7926
0.7655
0,7743
n.7829
n.7912
0.7994
0.8073
0.7826
n.7903
n, 7978
n.8051
0.8123
n,.8193
n.7967
n,8035
n.23102
0.8167
n.823
0.8294
n,8350
n,8397
n.8630
0,8646
n, 8957
0.9041
n,%178
0.9270
0n.9294
0.935%9
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0.0500

1.1475
1.1637
1.1790
1,1934
1,1139
1.1279
1.1611
1.1538
1.1658
1.,1773
1,1129
1.1241
1.1349
1.1453
1.1552
1.1648

1.1114
1.0985
1,0883
1,0697
1.0666
1,0633
1,055
1.0538

v,
ONS

0.0250

1,1937
1.2098
1.2248
1.2391
1.1555
1.1694
1.1825
1.1950
1.2069
1,2182
1.1509
1.1620
1.1726
1,1829
1.1927
1.2022
1.1459
11,1552
1.1642
1.1728
1.1812
1.1894
1,1440
1.,1490
1.1568
1.1643
1.1716
1,17838
1.1365
1.16435
1.15n03
1.1570
1,1635
1.1668
1.1323
1,1385%
1.1646
1,1506
1.1564
1.1621
1.1399
1,1227
1.1354
1.1209
1,1068
1,0856
1.0809
1.0764
1,067
1.0651

0,0100

1,2475
1,2633%
1,27814
1.2924
1,2039
1.2176
1.2305
1,2428
1.2546
1,2658
1.1950
1.2060
1.2165
1,2266
1.2363
1,26457
1.1867
1.1959
1,.2048
1.2134
1.2247
1,2297
1,1792
1.1874
1.1948
1,2022
11,2095
1.2165
1,1724
1.1794
1,186
1.1927
1,1994
1,2054
1.1664
1.1725
1,1786
11,1845
1.1903
1.1959
1,1708
11,1545
1.1628
1,1469
1,1282
1.1040
1,0974
1,0916
Y, 0811
+.0782

0.0050

1,284

1,2997
1.3944
1.3283
1,2389
1,2504
1,2633
1,2755
1,287

1.2982
11,2251

1.2360
11,2464
1,2564
1.2661

1,2753
1.2145
1.2236
1,2324
1,2410
1.2492
1.2574

1,208¢2
1.2130
11,2207
1,228

1.R352
1.2422
1.1969
1,2038
1,2105
1,217

11,2235
1,2297
1.1896
1,1957
1,2017
1,2076
1.2133
1,2189
1.1919
1.1710
1.1816
11,1646
1,1428
1.1166
1.1087
1.1019
1.0906
1,0872



Two-sample test for mean values. (Alternative to two-sample
Student's t-test).

Suppose that two samples of size ny and n, are
taken from normaleistributions with common variance 02 and
means iy and Mo respectively, and that it is required to
test the null hypothesis that the difference between the means is
equal to some value d . Let the sample means be ;1 and ;2
and let 01* and 02* denote the linear estimates of o
derived from the two samples. The first step is to form a
weighted estimate o* of o from the two linear estimates
01* and 02* using

X *
S MY TP

n1+n2

ao* =

The test-statistic is now defined as
= (v = v - *
u, (y1 v, d)/o* ,

which may be rewritten in the form

Gy = 5, = D/ (Un, + 1/}

U.z =

Dot

J

(n,o* + 1,0,%)/[(n, + n){c”(1/n, + 1/n,))

This is the ratio of two uncorrelated normal variables, the
numerator is .a standard normal variable while the denominator is

normal with mean

3/,

(n1 nz)% (n1 m.nl +n, mnz)/(n1 + nz)

- 81 -



and variance
2 2 3
n, n, (nl an +n, V“g)/(nl + n2) .

Provided the condition

2 2
n, mhl + n, mn2 2 3(nl an + n, Vn )

holds Ceary‘s theorem may be used again. The above condition

is satisfied for n,, n, 2 4 so we have that

3
2
, (n1 nz) (n1 Ty + n, mnz) u, (n1 + pz)
2 7 -3 ~
[nl n, (nlzvn + n22 Vn ) u22 (n1 + nz) + 1]i

1 2
has a standard normal distribution.

The percentage points of u, may be obtained from the

2

corresponding percentage points of the normal distribution using

the equation

N ' 3-1 ¢ 2 =2

Sp,p T rp /Gy ) [y "o, Y2 M) %
2 -1
- (v o+ nz2 Vo )| ®

i1 2

The 5 per cent and 2} per cent points of u, for 21 £nmy,

n, 50 are given in table 17.

Two—sample test for variances. (Alternative to the F-test).

Suppose that two samples of size n, and n, are

2

. . . . . 2
taken from normal distributions with variances 01 and 02

- 82 -
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TABLE 17

n, n2
21
<2
23
24
25
2b
27
28
¢9
30
31
52
33
34
35
36
37
38
39
40
41
42
L3
44
45
46
L7
48
49
50

0.025

21
0.685
0,670
0.656
0.644
0.659
Lou7
.636
.625
.615
606
.620
.811
.503
.595
387
.580
.393
.86
. 379
372
.66
.560
.372
.66
.561

555

CODODODDDOD DO DIDOITIODODOD

[ ]
wun
&~ wm
wm o

0.556
0.551

C OO OO ODDOCOL OO O DO OO OODOODD

POINTS FOR
22 23
670 0.656
.656 0,643
66T 0830
.630 0.6123
645  0.631
633 0_.620
622 0610
612 0,600
602 0.590
.593 0,581
.607 0.594
.598 0n._586
.590 0.578
.582 0.5870
,575 0.%563
.567 0.556
.580 0.568
.373  0.%62
.587 0.555%
.560 0._.549
.554 0.543
.548 0.537
.560 0.549
.554 0.543
.549 0.538
544 0,533
.539 0.528
.534 0.523
564 0,533
LS540 0.526

TEST FOR
24 25

0.644 0.659
0.630 0,645
0.618 0.631
0.406 0.619
0.619 0,832
0.608 0,620
0,598 0,409
0.588 n.599
0.579 0,589
0.570 0,580
0.583 0.592
0.575 0,584
0,567 0n.575
0.559 0.567
0.5%2 0.%560
0.%46 0.553
0,857 0n.%64
0.5%% 0.557
0,544 n,551
0.538 0,544
0.533 0,538
0,527 0,837
0,538 0.543
0,532 0,537
0,527 0.532
0.522 0.527
0.517 0.521
0.513 0.517
0.523 0,52¢
0.598 o0.522

26
.647
L633
.620
.608
.620
L 609
.598
.088
, 579
.570
. 581
.573
. 565
. 557
250
.543
.554
.547
. 541
L2338
. 529
.323
,933
.528
922
517
242
. 308

L'}

OV DO D OCODODOODDO DO OO OO OO

[
.

w
—
~

0.312

OOV ODCTDOIIODODO OO DOIDODOOD OO OODDD

DIFFERENCE BETWEEN

27

.636
.622
610
.598
L6009
.598
.588
.578
. 569
560
.571
.563
.555
. 548
. 541
534
YA
.538
.532
.526
.520
L5114
.524
.59
.83
.508
.504
. 499
.508
L5064

TWO MEANS
28 29

0.625 0.615
,612 0,602
0.600 0,590
0.588 0.5879
0.599 0.589
G.588 0.579
0.578 0.569
0,569 0,560
0.560 0.551
0.5517 0.543
0.562 0,553
0.554 0,545
0.346 0,537
0.539 0.530
0.532 0.52¢4
0.525 0.547
0.535 0.5827
0,529 0.520
0.523 0.514%
0.547 0.509
0,511 0.503
0.506 0,498
0,515 0,507
0,510 0,502
0.505 0.497
0.500 0,492
0.495 0,488
0.491 0,483
0.500 0.492
0,495 0.487

30
0.606
0,593
0,581
0.370
0.580
0,570
0,360
0.551
0,543
0,535
0.3544
0.536
0.529
0.322
0.516
0.509
0.548
0,542
0.507
0,501
0,496
0,490
0,499
0.694
0. 489
0,485
0.6480
0.676
0.4864
0.480
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TABLE 17

n}\?Q
<1
¢2
23
24
és
26
27
28
29
30
34
32
33
34
35
36
37
38
39
40
61
42
43
b
45
46
47
48
49
50

0,680

0.025

31
0.620
0,607
N.394
0.383
0.392
0.581
0.571
0.362
0.35%
0.544
0.554
0.545
0,238
0.530
0,223
0.57
0.526
0.519
0.313
0.507
0.502
0.496
0.305
0.500
0.495
0.490
0,485

0.689
0,484

DO OO OO OC OO OO OO OO OO DT OO

POINTS FOR TEST FOR

32

6114
.598
.386
.o75
.384
.573
.963
.54
.545
.536
.48
.338
230
.223
;216
.509
.18
212
.306
.500
L4095
. 489
L6938
L4692
L6838
L4683
LL78
674
L4814
Lb77

DO DO OO DTITOODIOODD DO DDIOIDIDOD T =D

33

603
.590
578
.367
878
.565
.555%
L5486
.537
.529
.538
.530
.5¢3
516
.509
.503
511
. 805
AT
L L93
488
L83
L4691
LLB6
L8
e
472
LAhET
A
47

36
0.595
0.582
0.570
J.559
0.567
0.557
0.548
0,539
0,530
0.522
0.530
0,523
0.516
0.509
0.502
0.496
0.504
0.498
0,692
0,487
0,481
0.476
0.484
0.479
0.474
0.470
0,465
0,461
0,468
0.446

DD ODOD DODDDDODOD DO ODOCD DO OOIDIODIITISDD

DIFFERENCE BETWEEN

35

.587
.575
963
.552
L3860
.550
. 541

532

.524
.516
.323
.516
.509
.502
496
L4650
. 497
L4691
.686
480
LAWT75
470
LAL78
473
. 568
464
. 456
435
562
.458

36
0.580
0,567
0.586
0.546
3.553
0,543
0.534
0,525
0.517
0.509
0.517
0.509
0.503
0,496
0.490
0.484
0,491
0.485
0.480
0.474
0,469
0,484
0.4671
0,487
0.662
0.458
0.454
0,469
0,456
0,452

SOV AC O OO DO DO DO SOOODDIOOD

37

.59%
.580
.568
.557
L5064

554

544
. 535
.527
.518
.526
.518
. 511
504
L4697
L4691
L6938
L6992
486
. 681
T8
470
77
473
468
L4603
L5459
4654
L hb1
457

TWO MEANS
38 39

0.586 0.579
0,373 0,567
0,562 0,855
0.557  0.%44
6.587 0.551
0.547 0,541
0,538 0.532
0,529 D.823%
0,520 0,544
0.512 0.507
0.519 0.513
0.592 0.506
0,505 0,499
0,498 0,692
0.491 0.486
0,485 0.480
0,492 0.486
0,486 0,481
0.481 0.475
0.6475 0.470
0,470 0,465
0.465 0,460
0.472 0,466
0,667 0.461
0,462 0.457
0.458 0,452
0.4653 0,448
0,469 0,444
0.46586 0,450
0,451 0.446

40
0.572
0,560
£.549
0.528
0.544
0.535
0.526
0,547
0.509
0.501
0.507
0.500
0.493
0,487
0,480
0,674
0,481
0.475
0,470
0,666
0,489
0,454
0,461
0,456
0,452
0.447
0,643
0,439
0,443
0,441
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TABLE 17

n>\n2
21
22
23
ch
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
L3
L4
45
L6
L7
48
49
30

DO OO O0OODDODODDOODDOOODDDODODDIOOD

0,636

0,025

‘1

566
554
543
.533
.538
.529
.520
.511
.503
.696
.502
495
688
L4681
475
669
476
L4670
465
459
654
650
. 456
651
647
YA
638
634
0.440

OO T OO D OO DO ODOOTOIDIDDOOCODDOO O

POINTS FOR TEST FOR

42

560
548
537
527
.532
523
574
.506
498
450
496
. 489
683
L4776
470
b6y
670
465
X
454
.450
4645
451
bb
4642
438
434
L4630
435
431

DOD DDODDODTDOIDIODIDIDD DIIDIIIDIDODODICTD D

L3

.572
.560
.549
.538
.543
.533
L8524
.515
.507
L4909
L5058
L 4LG8
. 491
YA
478
L7
W77
k72
L466
L4661
656
65
L L57
452
L b47?
AR
L 639
L35
460
436

YA
0.566
0,554
0,543
0.532
0.537
0,528
¢.519
0.510
0.502
0,494
0.500
0.492
0.4R6
0.479
0.473
0,467
0.473
0,667
0,461
0,486
0,451
0,446
0.452
0,447
0,443
0.438
0.434
0.430
0,436
0.4632

DO OO DD DD DD

O DO O D

DO ODDOD

DIFFERENCE BETWEEN

45

. 561
. 549
.538

527

.532
.522
.513
.505
497
. 489
L495
.AL88
. 481
474
468
Y.
468
Y.
457
452
LL47
642
447
63
438
L34
. 630
LL26
631
427

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0,
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

L6
.355
064
L33
322
.527
.47

.308

.500
LL92
4685
L4690
L 483
476
L4770
464
.458
463
658
452
AN
Yy
L 438
443
438
AT
b3
b2t
Lh22
L 027
423

DO OOOIDODO OO D TODODODODODTOSSOD

L7

.530
.539
.5¢8
. 517
.521
.512
.504
495
L4688
. 480
. 685
LAT8
LAT2
. 665
L4659
L4546
L4359
L 453
LLLB
L6463
.bL38
LA34
L4398
634
L 430
Yy
Yy
L 618
L 623
L4619

TWO MEANS
48 49

0.545 0.556
0,534 0,544
0.523 0.533
0.513 0,523
0.517 0.526
0,508 0,517
0.499 0.508
0,491 0.500
0,483 0,492
0,476 0.484
0.480 0,489
0,474 0,481
0,467 0.475
0.661 0.468
0.455 0,462
0.449 0.456
0.4546 0,461
0,449 0,456
0,444 0,450
0.639  0.445
0,634 0.440
0,430 0.435
0,435 0.440
0,630 0.436
0,626 0,431
0,422 0.427
0.418 0.423
0.414 0.419
0,619 0.424
0.415 0.420



TABLE 17

_98_

n}fQ
21
22
23
24
25
26
27
L8
29
30
31
32
33
34
35
36
37
38
310
40
&1
42
43
44
45
44
47
48
49
50

0.050

21
0.570
0.558
0.547
0.536
0.549
0.539
0.530
0.521
0.5313
0.3505
0,518
0.310
0,503
0.496
0.490
0.484
0.495
0.489
0.483
0,478
0.473
0.468
0,478
0,673
0,468
0.464
0,460
0.455
0,465
0,481

ODOOOOOOOOOOOOOOOOC‘OOOOOOOOOOO

POINTS FOR

22 23
.558 0.547
546 0.535
.535 0,525
.525 0.515
.537 0.526
.528 0.517
.519 0.508
.510 ©6.500
.502  0.492
.95 0,485
.506 0,496
L6499 0,489
492 0,482
686 0.476
LLBO 0,470
474 0. 464
L4840 LT4
479 0,469
L4730 466
L4680, 458
463 0. 454
Lh58  D.4L49
L6468 0.458
L4630 456
C458 0449
454 0,445
L650 0,661
446 0437
455 0466
L B51 0,462

0,503

TEST FOR

2h
0.536
0.525
0.515

0.516
0.507
0,499
0.491%
0.483
0,476
0,486
0,479
0,473
0.467
0,461
0,455
0.465
0.460
0.455
0,450
0,445
0,440
0.449
0,445
0.440
0,436
0.432
0,428
0,437
0,433

C)OOOOOO'DC)DDODOO’DOOOQOOOOOOOOOQ

DIFFERENCE BETWEEN

25

549
.537
.526
.516
. 527
.517

508

500
L A92
. 484
A

487

L 680
474
467
661
47
. 465
460
. 455
449
L b45
454
449
VA
440
636
632
440
L 436

Ol
0.
0,

o-

0,
0'

0.

0.
0.

. -

DO OOODOTCDODO OO @ O
- & % = ® ® = - . = 8 - L I Y - L] -

26

539
528
517
507
517
508
499
491
483

OOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

27

.530
.519
.508
L 499
.508

L4999

. 491
L4822
LTS5
468
LLT7
470
464
457
L4651
446
. 455
449

bbb

L4639
634
L430
L4538
L b33
YA
. be5s
L4621

LT
L6425

L 421

TWO MEANS
28 29

0.521 0.513
0.510 0.502
0,500 0,492
0,491 0.483
0.500 0.492
0.6491 0.48%3
0,482 0,475
0,475 0,467
0.467 0,460
0.460 0.453
0,669 0,461
0,462 0,455
0,656 0,649
0,450 0.443
0,644t 0,437
0,639 0,432
0.447 0,440
0.442 0.435
0.637 0,430
0,432 0,425
0,427 0,620
0,423 0,416
0.430 0.426
0.626 0,419
0.622 0,415
0,418 0,411
0.414 0,407
0,410 0,604
0.618 0.611
0.614 0,407

0

OCOODOODOD O DO OO OO COCO

~
ne
wn

L5053
401
.398
L404
L4601



TABLE 17

-/8-~

@\n2
21
22
23
24
25
26
27
¢8
29
30
39
32
33
34
35
36
37
38
39
40
41
42
43
46
45
b6
47
48
49
50

0,050

31
0.518
0.306
0,496
0.486
0.494
0.685
0,477
0,469
0,461
0,454
0.462
0.655
0.449
0

DO O DO O OO OOoO0 CODDOC OO DO OO

-

POINTS FOR
32 33
.5%0 0.503
L4999 D492
489 0,482
L7790 D473
.687 0480
G678 0472
L6700 0,464
462 0,456
L5850 449
A48 0,462
L4550 449
Lhb9 0 443
A4 0437
Lh37 0 0431
L4319 0_425
Lh26 D420
LA33 0427
628 0422
L6230 _ 417
L4978  0.4612
493 0,408
L4009 0403
Le16  0.410
412 N 406
08 D402
LA04 0,398
LA00  0.394
.3%96 0391
403 0,397
.399 0 .3%93

TEST FOR

0.
.
0.
0,
0,-
0,
0.
0.
0-
0.
0-
0.
On
0:
0.
a.
0.
0.
Q.
0.
0.
0,
.0'
0.
Oc

24

L96
486
476
L67
L74
465
457
450
L3
436
443
437
L34
425
420
414
421
416
449
407
402
398
L05
400

396 -

0.393

O'
0.
\’jl
2.

389
385
392
388

DIFFERENCE BETWEEN

35

. 690
. 480
L 670
461
. h67
L6539
. 4651

Lia

L 637
. 431
L4637
L4321
425
420
A A
. 409
L h16
AR
L4086
L4601
L 397
.30%
. 390
. 395
. 391
. 388
, 384
380
. 386
L3483

DOOOOOOOOOODOOOOOOOOOOOOC’OO

D

et 2

36

484
LbT4
A
. 455

L6

L4653
Ty
439
632
.425
.432
.626
.620
L4
L4609
404
. 410
L405
. 401
. 396
.592
.388
.594
. 390
.386
. 383
L37¢9
.37¢6
. 3381
L3378

DO O DDO T DO DOV D OO0 OO TOOD

37

495
484
474
465
L7
663
. 435
b7
460
433
L 439
L4533
.47
. 621
. 616
L8610
L4616
L4611
L4607
L4602
.397
.393
.399
. 395
. 391
. 387
L3846
L350
L3864
.582

TWO MEANS
38 39

0,489 0.483
0,479 0,473
0,669 0,464
0.460 0.455
0.665 0,460
0,657 0,452
0.649 0.4644
0.642 0,637
0.433 0,430
0.6428 0,423
0,436 0,429
0,428 0,423
0,422 0.417
0,416 0,441
0,411 0,406
0.405 0,401
0.417 0,407
0.406 0,402
0,402 0,297
0.397 0,393
0.393 0.388
0,389 0.38¢4
0,394 0,390
0,390 0,386
0,386 0,382
0.385 0,378
0,379 0.375
0,375 0,374
0.381 0,377
0,378 0,373

40
0"‘78
0.468
0.458
0.450
0,455
0.647
0.439
6.432
425
419
e
613
412
L 607
L4601
L3596
402
397
.393
.388
.384
.380
.385
. 381
.378
374
370
. 367
0.372
0,369

OOOOOOOOOOOOOOOOOOOO
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TABLE 17

n>\n2
21
22
23
24
25
)
27
28
29
39
31
32
33
34
35
LY
37
38
39
40
41
42
43
44
. A5
L6
47
48
49
390

DOV DOTODIDOIDTDDIODD DD OO DOODDODD

0,050

b1

473
663
.654
L6453
. 449
L6462
634
627
. 620
L4164
L4909
. 613
608
402
.397
. 392
. 397
.393

388
384

. 380
376
.381
. 377
L3573
LJE70
L3466
L5263
L 368
365

DDO OO O DO DO D ODOTOUT OO OO OO DD

POINTS FOR

42

.468
.458
449
Y
445
637
.430
423
.616
.40
415
. 409
.403
.598
.393
.388
.393
.389
.384
. 380
.376
372
:377
373
369
.366
L 563
.359
364
361

SOV DOD OOV TO DD T DD DIODODDDD

43

478
.L68
458
L L69
LG54
L 445
438
630
Lh24
L4617
Yy
616
L&10
AL
.399
L3594
. 399
V394
.390
.385
.38
377
.382
.378
L3746
.370
L3687
L 363
_368
. 365

TEST FOR

A
0.473
0.463
0.454
0.445
0,449
0,441
0.433
0.426
0,419
0.413
0.418
0.412
0.406
0,400
0,395
0.390
0,395
0,390
0,386
0,381
0.377
0.373
0.378
0.374
0,370
0.367
0,363
0.360
0,364
0.7%61

DO D D TODOTIODDDTIODODODDIIOTODODDODOD

DD

el

DIFFERENCE BETWEEN TWO MEANS

b3

. 468
. 458
449
. h40
YA
L4636
429
.h22
AR
.409
. 613

408

402
. 398
, 391
. 386
. 391
.386
.382
.378
L373
. 369
374
.370
.367
. 363
L3060
.336
, 564

Y-
L 225

DD VOO0 OOV O OO OO DL DOOOOO DD

46

JAhé4
454
Lh45
L 436
L4460

a -

432
425

L4138
AR

L6408

»

409

Lh04

.

398

.393
.388
. 383
. 387
383
578

574

.370
366
370
367
L3633
L360
L3564

-

53

, 357
L 354

DOOCD OV O DO OO DD DO OO OO ODODOD

47

. 460
450
641
L4632
436
428
429
A
407
. 401
. 405
400
394

389

. 384
379
. 384
379
.375
.370
.366
. 363
367
.363
. 360
. 356
.353
. 330
L3354
. 859

48
0.455
0.446
0,437
G.628

.
0
oo

(¥
O
-

LR B S ) w ® 9 = - ] - a o » A - -
3 LR ¥ (%

AR ~i

i un

49
0.465
0.455
0.446
0.437
0.440
0,632
0.4625
0.418
0,441
0.404
0.408
0.403
0,397
0.392
0.386
0.381
0.386
0.3831
0.377
0.372
0,368
0.364
0.368
0.364
0.361
0,357
0.354
0,350
G.355
N, 3551

0.
0.
0.
0.
0.
0.
On
0.
0.
0.
0;
0.
0,
0,
0.
0.
0.
0.

50

461
451
b42
433
436
428
421
b14
407
401
405
306
303
388
383
378
382
578

0,373

OO OO O OO

. 369
. 365
. 361
.365
. 361
.358
.354
. 381
347
.35
L5308



respectively and that it is required to test the null hypothesis

that 012 = 022 = 02 . Let 01* and 02* denote the linear

estimates of % and Ty o Under the null hypothesis 01* and

02* are approximately normally distributed with means m o

1
and m o and variances V_ o’ and V_ 0% respectively. . The
n, - n n
2 . 1 2
test-statistic v, = o,*¥/o,* is thus the ratio of two mormal
variables and, since the condition m > 3V3 is satisfied for
" : 2 2
n, 2 4, Geary's theorem may be employed with a=m , b = mnl,
2
p =0, az =_Vn and 82 = Vn .
2 1
Hence we have that
z, = (m.n v, = m )/(Vn v22‘+ Vh )i
2 ™ 2 "

has a standard normal distribution. .The percentage points of

v, may be‘obfained from those of the standard normal distribution
since ‘24 is a monotonic increasing function of Vo e The
equation giving the upper p-percent point of v, in terms of

Z is

The 5 and 2} percentage points of Vo for 21 ¢ n £ 50 are given
in table 18, Lower percentage points may be obtained by‘entering
the table with’ n, and n, reversed and taking the reciprocal

of the tabulated value..

-89 -
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TABLE 18

n}Q2

21
22
23
2k
25
26
r44
28
29
30
39
32
33
34
35
36
37
38
39
40
b1
42
43

44

45
b6
47
48
49
50

0.025

21
1.598
1.623
1.647
1.670
1,561
1.583
1.606
1.6264
1,643
1.661
1.572
1.590
1.607
1.623
1.639
1.654
1,580
1,598
1.609
1.623
1.636
1.649
1.585
1.598
1.640
1,622
1.634
1.646
1.589
1.600

B s R il T T U S R R e S SRS NS R QRN S S K Y YRUET SRESE . YR S ST Y

POINTS FOR TEST FOR DIFFERENCE BETWEEN

22

.555
.580
.603
624
.510
L5490
.360
.579
.598
.615
.529
546
563
.579
.594
609
1534
551
.564
.578
.591
.604
541
.55%°
.565
.577
.589
.600
545
556

.A.)—I.)._IJ_)-—'.—D.—I—)-‘”IJJJJJJJJJJJJAJ_‘—‘J

23

.517
_541
563
.584
S 481
502
.521
.540
.558
575
L4691
507
(523
.539
554
.568
497
511
.525
.538
1550
563
.502
514
525
.537
548
.559
505
516

24
1.482
1.505
1.527
1.548
1. 647
1.467
1.486
1.504
1.521
1.538
1.456
1,472
1.488
1.503
1.517
1,531
1,462
1.476
1.489
1.502
1.514
1.526
1.466
1.478

1.489

1.500

1.511
1.522
1,669
1.480

25
1.565
1.589
1.612
1.634
1.527
1.5648
1.568
1!587
1.406
1.623
1.536
1.553
1.570
1.585
1.401
1.615
1,542
1,557
1.570
1.984
1.597
1.609
1.546
1.559
1.574
1.582
1.594
1.608
1.549
1.560

26
1,531
1.5354
1.376

1,397

1,493
1.514
1.533
1.552
1.570
1,587
1.502
1.518
1.534
1.550
1,565
1.579
1.507
1.521
1.535
1.548
1.561
1.573

1.511

1,523

1.535 -

1,546

1.557
1.568
1.514

1.525

27
1.499
1.522
1.544
1.564
1.662
1.482
1.501
1.520

1.537

1.553
1.470
1.487
1.502
1.517
1.532
1.546
1.476
1.489
1.502
1.515
1.528
1.540
1,479
1.491
1.502
1.513
1.524
1,535

1.682

1.492

VARIANCES
28 29
1.470  1.446
1,493 1,466
1,514 1.487
1.534 1,506
1.434 1,408
1,656 1,427
1.672  1.445
1,490 1.463
1.507 1.479
1,523 1,495
1,462 4.415
1,457 1,431
1,473 1.446
1,487 1,460
1.501 1,474
1.515 1,487
1,446 1,420
1,660 1,433
1,473 1,445
1,485 1,458
1,497 1.469
1,509 1,481
1,450 1,423
1,461 1.434
1,472 1.445
1,483 4,456
1,494 1.466
1,504 1.476
1,452 1,425
1,462 1.435

30

1,419
1,441
1,661
1,481
1.384
1.403
1'421
1.438
1,454
1,669
1.391
1.406
1,421
1,635
1,648
1,461
1.395
1,408
1,420
1,432
1,644
1,455
1,398
1.409
1.420
1,430
1,440
1.450
1,400
1,410
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TABLE 18

n)\Fz
21
22
23
24
25
26
P4
28
29
30
34
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49

50

0,025 POINTS FOR TEST FOR DIFFERENCE BETWEEN

31
1.6487
1.509

1.531

1.551
1.4649
1,469
1,487
1.505
1.522
1.538
1.456
4.472
1,487
1,502
1.516
.530
. 460
473
L 486
499
1.541
1.523
1.463
1.474
1,486
1.496
1.%507
1,547
3.465
1,675

- D B B B

et T R V. T RS N, . JUR R N S R RS SN S S T S NN W S S W Y

32

462
L4684
.5058
. 525
. 425
YA
Lh62
L6890
L6497
.513
431
Y%
Lh62
L4768
.690
.504
L4358
L448
b6
L4773
L6485
L497
. 438
YA
L4690
671
o481
.69
L440
L4500

_I—J-..—.__‘-.._‘.J-’_b.‘—‘_)—l—._‘—l—-‘_._‘—‘ B e e LD B LB R B D

33

439
461
481
501
403
L4621
439
456
473
. 438
409
624
439
453
. 466
479
672
425
438
450
461
473
415
426
636
447
457
667
416
426

34
1.418

1.43%9 .
1.459

1.479
1.382
1.400
1.418
1.435
1.451
1.466
1,387
1,602
1.447
1.431
1.444
1.457

1.394

1.403
1.416
1.427
1.439
1,450
1.393
1.404
1.4%4
1,425
1.435
1.445
1.394
1.404

Bl O P R N s TN R NS N RN ST S S S R S SR S "N S

35
.398
419
. 439
. 458
.362
.380
.398
414
. 430
L 445
367
.382
.396
610
. 423
436
. 371
.383
1395
. 407
418
429
373
.383
.394
404
14
624
1.374

1.383

36
1.379
1.400
1,449
1.438
1.344
1.362
1,379
1.395
1.690
1.425
1.349
1,363

1.377

1,391
1.404
1,616
1,352
1,364
1.376
1.387
1,398
1,409
1.354
1.364
1.374
1,384
1,394
1,606
1,355
1.364

37
436
L4657
478
L4697
.398
617
,h35
L4652
LL68
.483
L4064
WAL
L4633
Lhb7
L6614
674
L4606
L4619
L439

L4355
L6
408
L9
430
L 640
L4590
460
1.409
1.419

B i T i i NS RN R R LS L NV D QI Y NGRS S S SR UL S G G T Y S Y

443

VARTANCES
38 39

1.417 1,399
1.638 1,420
1.658 1.440
1.477 4,458
1,380 1.362
1,398 1,380
1,446 1,398
1.432 1.414
1,648 1,430
1,463 4.445
1.385 1,367
1,400 1,382
1,494 4.396
1.428 1,409
1.9 1,422
1,454 1,435
1.387 1,369
1.600 1,382
1,692 1,394
1,424 1.405
1,435 1,447
4,446 1,427
1.3589 1,371
1,400 1,382
1,610 1,392
1,421 1.402
1.631 1.4642
1.660 9,424
1.390 41.372
1,400 1,381

40
1.382
1.403
1,422

A, 644

1,564
1,381
1.397
1.442
1.427
1,350
1,365
1.379
1.392
1.405
1,417
1,353
1.365
1.377
1.388

1,399
1,410

1,354

1.364

1,375
1.385
1,394

1,404
1.355
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TABLE 18

n,
N

22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
66
47
48
49
50

- Bl B RS D P D D D D S D DD B LD s

0,025

41
1.366
1,387
1,406

1.624

1.330
1.348
365
.380
.396
410
L334
. 349
.362
. 376
.388
400

-

. 349
.360
371
.382
. 393
. 338
.348
.358
368
.378
. 387
. 339

-
i«
o~
[+ ]

. 337

il I R e e ol TS _JUS R Y S i S N N SRR Y SRR SIE RN NS S ST S S Y

POINTS FOR TEST FOR

Y

. 354
.371
.390
.408
.315
.333
. 349
.365
.380
.395
.3%9
.333
. 347
.360
373
. 385
. 321
.333
. 345
.35¢6
.367
.377
.323
.333
.343
.352
.362
.37
.323
. 332

_I_)__l_l_l—)—)—‘JJJJJJ—‘JJJ_‘.JJ-—IJJ_’J—’_J.—I.—‘

L3

400
421
640
. 459
363
. 381
198
414
L 430
445
367
. 381
.295
. 409
422
L4634
.369
. 381
.393
404
415
426
370
7380
1390
401
410
420
370
.379

44
1.385
1.405
1.425
1,643
1.348

1,365

1.382
1.398
1.414
1.4628
1.351
1.366
1.380
1.393
1.406
1.418
1.353
1.365
1.377

1.388

1.399
1.410
1.354
1,363

1.375°

1,385
1.394
1.404
1,355

1.364

- kS D B ek AR R R L D R D B el B o B D oD D B B al B B e

DIFFERENCE BETWEEN

45
. 370
. 390
410
.428
. 333

. 351

. 368
.384
. 399
413
337
- 351
. 365
.378
. 391
.403
339
. 351
. 362
.373
.384
. 395
. 340
.350
. 360
.370
. 379
.388
. 340
. 349

46
1.356
1.376
1.395
1.413
1.320
1,337
1.354
1.369
1.384
1,399
1.323
1.337
1.3514
1.364
1.376
1,388
1,325
1,337
1.348
1,359

1.370

1,380

1,326

1,336
1.346
1,355
1.365
1.374
1.326
1,335

L7
1.343
1.363
1.382
1.399
1.307
1.324
1.340
1.356
1.371
1.385
1.310
1.324
1.337
1.350
1.363
1.375
1.312
1.323
1.335
1.346
1.356
1.366
1.312
1,322

1.332

1.342
1.351

1,360

1.3%2
1.321

VARIANCES
48 49

1.331 1,374
1.330 1,394
1,369 1,443
"1.386 1.431
1.295% 1,336
1,312 1.354
1.328 1.370
1.343 1.386
1,358 1,401
1.372  1.416
1.298 1,339
1.311 1,353
1.325 1,367
1.337 1.380
1.350 1,393
1.361 1,405
1.299 1.340
1.3117 1,352
1.322 1,364
1,333 1,375
1.343 1,386
1.353 1,396
1.300 1,341
1,310 1,351
1.319  1.361
1,329 1.3
1.338 1,380
1,347 1,390
1.300 1,341
1.309 1.350

50
1.361
1.381
1.399
1.647
1.324
1,341
1,357
1,373
1,388
1.602
1,326
1.340
1.3%84
1,347
1,379
1,399
1.328
1.339
1,351
1.362
1.373
1,383
1,328

4,338

1.348
1,358
1.367
1,376
1,328

1,337
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TABLE 18

n
n,\ 2
25\\

22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
33
39
40
41
62
.43
o
45
46
47
48
49
50

1,528

1,492
1,516

- 1.473

0.050

21
1.474
1.498
1.520
1.542
1,442
1.663
1.482
1.501
1.518
1.535
1.454
1,471
1,487
1.502
1.517
1.53
1.462
1.476
1,490
1,503
1.545

1,680

1.503
1.525

B P B ad B B h @B B R B P B B B B e oD b b oD B ok B R B B B B B

1.483

POINTS FOR
22 23
.638 1,404
LAY 1427
4B 1 448
.503 1468
406 1,373
.h426 1.393
L4651 411
463 1429
480  1.445
LA97 1462
617 1 384
L63% 1,400
449 1. 615
L6644 1,429
L6788  1.443
L6921 457
L4628 1,399
.438 1,404
L6452  1.417
L6646 1,430
L7771 . 442
.488 1.453
430 1.396
462 1408
L4531 419
L6646 1.430
675 1440
L4686 1.450
L4635 1. 400

645 14

610

TEST FOR DIFFERENCE BETWEEN

24
1.373
1.396
1.447
1.437

1.344

1.363
1.381
1,398
1.414
1.430
1.354
1.369
1.384
1.398
1.442
1,425
1.361
1.374
1.3286
1.398
1'“10
1,421

1,366

1.377
1,388
1.398
1.408
1.418
1.369
1.379

25
1.454
1,477

1,499
1.520

1,421
1.4419
1.460
1.478
1,496
1.512
1.432
1.448
1,463
1.478
1,493
1.507
1.439
1,452
1.465
1.478
1.490
1.502
1

4

4

1

1

’

N T

455
667
478
. 489
. 499
1,647
1.458

26
1.624
1,447
1,468
1.6488
1.392
1.691
1.430
1,447
1,464
1.480
1.402
1.417
1.433
1,647
1,661
1.475
1.408
1,622
L4634
L 647
. 459
L470
K
1,424
1.436
1.446
1,457
1,467
1.416
1.426

R .

27
1.397
1.419

1.439

1.459
1.365
1.384
1.402
1.4619
1.435
1.4651
1.374
1.389

1.404

1.419
1.632
1.446
1.380
1.393
1.406
1.418
1.430
1,441
1.385
1.396
1.407
1.417
1,428
1.4638
1,388
1.398

VARIANCES
28 29

1.371  1.348
1.393 4,369
1,413 1,389
1,433 1,408
1.3640 1,317
1.358 1,335
1.376 1.352
1.393 1,369
1,409 1.385
1,425 1.400
1.349 1,325
1.364 1,340
1,378 1,355
1.392 1,368
1,406 4,381
1.419  1.394
1,355 1.339
1,368 1.344
1,380 1.356
1.392 1.367
1.403 1,379
1,614 1.390
1.359 1.335
1.370 1.346
1.381 1.356
1.391  1.367
1,401 1,376
1,611 1.386
1.362 1,338
1.372 1.348

30
1,327
1.347
1.347
1.385
1.295
1.343
1.330
1.347
1.362
1,377
1.304
1,318
1,332
1.3406
1,359
1,371
1,309
1,322
1,333
1,345
1,356
1.367
1.313
1.324
1,334
1,344
1,354
1.383
1, 316
1,325
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TABLE 18

21

22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
61
42
43
A
45
46
47
43
49
50

AN

n,

0,050

31

1.391
1,413
1,633
1,453
1,358
1,377
.395
412
428
Lhbh
367
. 382
.397
L 611
. 624

—_— B B LR LD D B B

.372
.385
. 308
L6170
L b2
-432
.376
.387
1398
.h08
L4619
. h29
. 379

B o D B o B P ol B LD D B B LA
-

-
w
o
)

L4370

D e P o e D B B B B B P P i B ot B B el LB D =R L B D el el LD e

POINTS FOR TEST FOR DIFFERENCE RETWEEN

32

. 369
. 391
AR
.430
.337
.358
.373
.389
Lb06
A2
.565
.560
374
.388
L4601
L6146
.350
.3863
.375
.387
. 398
L6409
.354
.365
.3758
. 386
.3%6
.L05
. 357
. 366

% _)—l«.-h..l_.l_..—‘-—‘—...).—‘-J)J_\_‘—.—-‘—)._‘_.‘—‘-—‘.—.—Q—.v—-‘-‘—l

33

. 349
370
.390
408
.317
. 335
.352
. 369
.384
. 399
.325
.339
.354
. 367
.380
.393
.330
.34
. 354
366
.377
388
.333.
1Y
.354
364
374
384
. 336
363

34
1.330
1.351
1,370
1,388
1.298
1,316
1.333
1.349
1.365
1.379
1.306
1.320
1.334
1.347
1.360
1,373
1.391
1,323
1.335
1.346
1,357
1.368
1.314
1.324
1.335
1,345
1.354
1.364
1.316
1.326

35
1.312
1.332
1.352
1.370
1.281
1.298
1,315
1,331
1,346
. 361
.288
. 302
.316
. 329
342
. 354
. 293
, 305
L3164
. 327
, 338
. 349
.296
. 306
.36
1.326
1,338
1.345
1,298
1,307

e B el B B P el ad ek L LD B B LD

1
1
A
1
1
1

T S . T S G T S S S Y R S S G G IR I R
. 4 a a . % % « w & .

36
.295
.315
,334
.35¢2
.264
. 281

37
.350
370
.390
. 409
317
.335
.352
.368
384
.399
. 324
L339
,353
.366
379
392
.329
. 344
.353
. 364
.375
.386
.332
. 342
.353
.363

[P ST QT S QR ST WL QT W SR S S R R T R L T e B I R i I

w
~
ns

1.382
1,334
4,343

VARIANCES
38 39

1,333 1,317
1.353 1,337
1,373 1.356
1,391 1,374
1,300 1,284
1.318 1.302
1.335 1.319
1.351 1.334
$.366 4,350
1,381 1,364
1,307 1.291
1.322 1,305
1,335 1.319
1,349 1.332
1,361 1,345
1,374 1.357
1,312 1.295
1,524 1,307
1,335 1.349
1.347 1,330
1,358 4.341
1.568 1,351
1,344 4,298
1.325 1.308
1.335 1.318
1,345 1,328
1.354 1.338
1,364 1,347
1,316 1,300
1,326 1.309

40

1,301
1,321
1,340
1,358
1,270
1.287
1.303
1.349
1.334
1.348
1.276
1,290
1.304
1,346
1,329
1,341
1.280
1,292
1.303
1.314
1,325
1,283
1.293%
1.303
1.312
1,322
1,331
1.285
1,294
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TABLE 18
n Ny
25\
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
61
42

43

44 .
45
46
47
48
49
50

- 1.278
1.288

1,270

0,050

61
1.287
1.307
1.325
1.343
1.255
1.272
1.289
1.306
1.349
1.333
1.262
1,276
1.289
1.302
1.314
1.326
1.266
1.277
1.289
1.299
1.310
1.320
1,268

1.297
1.307
1.316

B i I R VN R e e T Qe e T S N S N WK N ST N Y ST SRPUOE ST R S 4

1.279

POINTS FOR

42 43
L2764  1.320
L2931 341
311 1.360
.329 1,378
.242 1,288
.259 1._.305
.275 1.322
.290 1.337
.305 1.353
.319 " 1_367
.268 1,294
.R62 1.308
.275 1.322
.288 1,335
L300 1,347
.312 1.359
252 1.298
.263  1.309
275 1.32%
.285 1.332
.296 1._.343
.306 1.353
254 1.300
.264  1.310
274 1.320
.283 1,330
292 1.339
.3014 1.349 -
.256 1._.302
265 1_311

TEST FOR DIFFERENCE BETWEEN

L4
1.307
1.326
1.345
1.363
1.274
1.291
1.308
1.323
1.338
1,353
1.280
1,294
1.307
1.320
1.333
1.345
1.284
1.295

1.307
1.318.

1..328

-1.339

1.286
1.296
1.306
1.316
1,325
1.334
1.288
1.296

45

1.293

1.313
1,332
1.349
1.261
1,278
1.294
1.310
1.325
1.339
1.267
1.281
1.294
1.307
1.319
1.334
1.270
1.282
1.293
1,304
1.315
1.325

1.273

1,283
1.292
1.302
1.311
1.320
1.274
1.283

-l D B D o P LD S B L LD LR LD D LD
-

46
1.281
1.300
1.319
1.336
1.249
1.266
1.282
1.297
1.312
. 326
.254
.268
. 281
, 294
.306
.318

. 269
.280
. 291
.302
7312
. 260
270
.279

.258

47
1.269
1.288
1.306
1.323
1.237
1.254
1.269
1.285
1.299%
1.313
1.243
1.256
1.269
1.281
1.293
1.305
1.246
1.257
1.268
. 279
1.289
1.299
1.248
1.258
3
1

-t

.267

VARIANCES

48 49
1.257 1.298
1.276 1,318
1,294 1,337
1.312 1.354
1.226 1.266
1.262 1,283
1.258 1,299
1,273 1,314
1,287 1,329
1.301 1.343
1.231 4.271
1.244 1,285
1.257 1.298
1.270  1.311
1.282 1,323
1.293 14.335
1.234 1,274
1,246 1,286
1.256 1,297
1.267 1.308
1,277 4.318
1.287 1.329
1.236 4,276
1.246 1,286
4,255 1.296
1.265 4,305
1.273 1,315
1.282 1.324
1.238 1,277
1,246 1,286

50
1.287
1.306
1.325
1,342
1.254
1,271
1.287
1.302
1.317
1.539
1.260
1.273
1.286
1,299
4,349
1.323
1.263
1.274
1,285
1,296
1.306
1.3516
1.264

1.274

1.286
1,293
1,302
1,317
1.266
1.274



Further comments on use of normal approximation

The results obtained in the preceeding sections are
based on the assumption that the distribution of o%* may be
closely approximated by a suitable normal distribution. 1In
order to investigate further the validity of this assumption
sampling experiments were carried out and Q-Q plots produced
for the empirical distribution functions of Z1s%1 and z, -

In each of these cases the theoretical distribution is the
standard normal so that the Q-Q plots of the‘empirical quantiles
against the normal quantiles should be straight lines with unit
slope passing through the origin., The results of the experiments
are shown in figures 2, 3 and 4 from which it may been seen that
the theoretical representation is reasonable over almost the
entire range of the variables and that errors in the percentage
points taﬁulated are likely to be small even for the 98 per cent
points and beyond.

Summary of test procedures

In this summary the notation used to describe samples of
observations f?om normal population is as follows:
n = sample size
y = population mean o = population standard deviation

y = sample mean o*

linear estimate of o
An obvious subscript notation is used in the two-sample situation.
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a) One-sample test for mean value, -

Null hypothesis: W=

Compute u = (; - uo)/(c*//E) and consult table 15.

b) One-sample test for standard deviation.

Null hypothesis: ¢ = o,

Compute v, = U*/co and consult table 16.

c) Two-sample test for mean values.

Null hypothesis: Hy T W
= v = v - *
Compute Uy (y1 Yo d)/o* where
ok = * *
o (nlo1 + n,0, )/(n1>+ nz)

and enter table 17 with the appropriate values of n, and n, .
d) Two-sample test for standard—-deviations.

Null hypothesis: gy = 0, -

01*/02* and enter tagble 18 with the row

and the column corresponding to n, .

Compute v,

corresponding to n

1
For lower percent points of v, enter the table with n, and
n, reversed and take the reciprocal of the tabulated value..

2

Powers of the one and two-sample tests for means compared with
Student's t-tests.

a) One-sample tests.
Table 15 gives percentage points of u, under the
null hypothesis Ho R In order to determine how much

power is lost by using this substitute for the standard t-test

- 97 -
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it was decided to consider the powers of the two tests against
the alternative hypothesis Hl Puo= o+ oEo for several
values of e wusing a two-tail test with significance level

@ . Suppose that u / is the 100 (1 - o/2) percent point

al2

of u, then the critical region for the u

1 -test is given by

1
Under the alternative hypothesis the test statistic

u, = (v - uo)/(o*/VE) is the ratio of two uncorrelated normal

variables with means vh ¢ and m and variances 1 and Vn

respectively. Thus

2

z, = (mn u, - JEie)/(Vn u, "+ 1)%

1

has a standard normal distribution. The power of the uy test

is therefore pgiven by

Power = P(|u1| 2 ua/Z)
1
= P{(-mnualz - /E'E)/(Vnuaiz + 1)° ¢ z, ¢ (mnum/2 - vn €)/
2 4
(Vnua/Z + DY

1+ I“{(-mnud/2 - /a e)/(Vnua:j2 + l)é}

1
- }?'{(m‘_lum/2 - vn e)/(Vnua;2 + 1)4}

where TF 1s the cumulative distribution function of the standard
normal distribution.
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The corresponding t—test statistic is
t = (y - uo)/(s//53 which may be expressed as the ratio of
a normal variable with mean vn ¢ and variance 1 to the square-
root of a k2§variab1e with n-1 degrees of freedom divided by

n-1 . Therefore, under H t is distributed as a non—central

1’

t with n-1 degrees of freedom and non-centrality parameter

/n e . The power of the t—test against Hl is given by

o o = - -
Power 1 + T( ta/z’nul,/a £) T(ta/z,nul,/a £) where

T(t, 6) 1is the cumulative distribution function of the non-
central t and ta/2,n—1 is the 100(1 - a/2) percent point
of the t-distribution with n~1 degrees of freedom.

The powers of the u,~test and the t~test were computed
for a range of values of n and € using a 5 per cent level of
significance; the results are compared in table 19. It may
be seen from these results that the loss in power resulting from
using this alternative to the t~test is negligible.

b) Two-sample tests.
The null hypothesis for the u,-test for the means of

2

two populations is Ho Uy T, = d . Suppose the alternative

hypothesis 1s Hl Pup Ty

* = * * : 3
where o (nlo1 + nzoz)/(n1 + n2) is the ratio of a normal

= = (v. - y. — *
d + es, then u, (y1 Y, d)/o

1
variable with mean {nlnz/(n1 + hz)}ze and variance 1 to a normal
3/
i 2
. . _ !
variable with mean g = (nlnz) (nlm.nl + n2mh2)/(n1 + n2) and
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).

. 2 2.
variance h = (nlnz)(n1 Vn + o, Vn )/(n1 +n

1 2 2

-} :
‘Y (h o+ 1)% has a standard

1
Hence 24 = {pg - (nlnz) (n1 + nz)

normal distribution.

As in the one-sample case the powers of the u,~test for given
Ny, N,,e and significance level o may be obtained from the
cumulative normal distribution tables and the corresponding powers
of the t-test from the non-central t distribution with
n, + n, - 2 degrees of freedonm and non—-centrality parameter
(ﬁlnz)%(n1 + nz)-%s . The powers of the two tests, using a two-
sided test with « = 0,05, are compared in table 20. As with
the one-sample case use of this alternative test involves only

slipght loss of power.

Power of one and two—sample tests for variances or standard
deviations

a) One-sample test compared with the xz—test.

The null hypothesis for the one-sample test for a
variance is HO:U = 00 . The standard procedure for testing
this null hypothesis is to compute (n—1)52/0°2 and test as
a xz—variable with n-1 degrees of freedom. The powers of

. 2 . .
this Y —test and the -test against the alternative hypot-

v
1
hesis Hl:o = koo are compared below using a one-tail test with
significance level o . For the sample sizes under consideration
both sets of powers may be computed using the normal distribution

tables.
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Table 19

Comparison of ul—tcst amedl  t—test.

n Values of ¢

0.00 {0.10 |0.20 {0.30 {0.40 |0.50 [0.60 [0.70 j0.80 (0.90 |1.00
21{0.050}0.072|0.140/0.256{0.412{0.584}0.741|0,860|0.935{0.974{0.991
0.05010.07210.141]10.258{0.415]10.587{0.744(0.862{0.936{0.975|0.992

0.050{0.077{0.160(|0.300/0.482{0.668]0.819(0.918{0.969{0.991|0.998
0.050{0.07710.160{0.302{0.484{0.670{0.8210.919|0.970/0.991|0.998

0.050{0.08110.179{0.343/0,546{0,737|0.875|{0.95310.986{0,997/0.999
0.05010.082{0.180{0.345|0.548]0.739|0.877{0.953({0.986(0.997{0.999

0.050(0.084(0.190[{0.365{0.576|0.767(0,898{0.964{0.990{0.998}1.000
0.050[0.084(0.190{0.366]0.578{0.769]0.898|0.965{0.991{0.998]1.000

,110.05010.096/0.23910,465)0.70410.877{0.963/0.992{0.999({1.000{1.000
0.050(0.0960.240/0,466;0,705|0.878{0.963{0.992{0.999[1.000}1.000

25

29

31

Upper entries are powers of Uy, lower entries are powers of «t .

Table 20

Comparison of powers of u,~test and t-test,

pd

n Values of ¢

0.00 {0.10 ;0.20 {0.30 |0.40 [0.50 |0.60 {0.70 {0.8 (0.90 |1

4110.050(0.066{0.113]0.196(0.311|0.449|0.594{0.727{0.8634}0,909{0.9

0.05010.066{0.114{0.196{0.311{0.450{0.595{0.728{0.835{0.910{0.9
0.9

0.0500.067;0.121(0.213{0.340{0.490{0,641[0.773}0,872]0.936
0.050{0.067{0.121|0.214|0.341}0.491]/0.642{0.774{0.873{0.937{0.972

0.05010.066)0.116{0.203{0.323{0.466{0.614{0.747]0.851{0.922|0.963
0.050{0,067{0.117|0.204|0.324|0.468{0.616{0.749{0.852]0.922]|0.964

31

35

Upper entries are powers of Uy lower entries are

powers of t .
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Under the alternative hypothesis the test statistic

vy = 0*/0O is normally distributed with mean mnk and variance

Vnk2 . If v is the 100(l-a) percentage point of v, as

l,a

piven in table 4 the power of the v ~test is

3 — > —— 2 %
Power = P(v z‘vl a). I{z2 > (v mnk)/(Vnk Y4}

1 . 1,a

where z, is standard normal.

lowever v is computed using v =m +z V }
l,a o l,a n an

where z, .is the 100(l-a) percentage point of the normal
distribution, therefore the power is also given by

i 2.3
2 2
P{z2 2 (mn + zmvn mnk)/(Vnk )4}

Power

1 - F{mn(l-k)/(vnkz)% N

 The power of the xz-test against ul is given by

2

where 2 is
a,n~1 X

2, 2
Pover = P{(n-1)s"/0 " 2 x a,n-1
the 100(1-a) percentage point of the x2 distribution with
n-1 degrees of freedomn. This probability may be found using

the Wilson-Hilferty cubic approximation formula which is expressed

as

1/3

pover = Fl-{4.5-D (2 _ @1 2+ 2/0@-1)-11] .

The powers of the vl-test and the xz—test using a 5 percent level

of significance are shown in table 21. The differences in power
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Table 21

Comparison

of powers

1

of wv,—-test and

x2~test.

Values of

21

24

28

30

41

1.00

0.050
0.050

0.050
0.050

0.050
0.050

0,050
0,050

0.050
0.050

1.10

0.175
0.167

0.185
0.178

0.200
0.197

0.208
0.199

0.242
0.235

1.20

0.366
0.351

0.393
0.3380

0.431
0.418

0.447
0.437

0.535
0.528

1‘30

0.564
0.549

0.601
0.593

0.652
0. 645

0.673
0.699

0.774
0.776

1.40

0.722
0.716

0.761
0.761

0.810
0.311

0.828
0.832

0.907
0.914

1.50

0.832
0.833

0.865
0.871

0.903
0.909

0.916
0.924

0.966
0.972

1,60

0,901
0.907

0.926
0.934

0.952
0.959

0.960
0.968

0.988
0.991

1.70

0.942
0.949

0.960
0.9638

0.977
0.982

0.982
0.987

0.996
0.998

1.80

0.966
0,973

0.978
0.984

0.989
0.992

0.991
0.995

0.999
0.999

1.90

0.980
0.986

0.988
0.993

0.994
0.997

0.996
0.998

0.999
1.000

2.00

0.988
0.993

0.993
0.996

0.997
0.999

0.998
0.999

1.000
1.000

‘Upper entries are powers of vy, lower entries

2
powers of X
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are preater than those for the tests for the means, however,
some of this difference is due to the approximation formula
above. The results of table 21 indicate that the loss in

power is small,

b) -Two-sample test compared with the F—test.

The v,~test is proposed as an alternative to the
F-test in which F = 512/522 is tested under the null hypot-
hesis i :0, =9, =0 as an F-variable with nl—l and n2-1

degrces of freedom. The powers of these two tests are compared
in table 22 against the alternative hypothesis o = k02 =0 .
If this alternative hypothesis is true v, = dl*/az* is the

ratio of a normal variable with mean m g and variance

1
Vn 02 and a normal variable with mean m o/k and variance
1 2
vy ozlk2 . From Geary's theorem we have that
2
2, = (m vz/k-—mn )/(Vn v22/k2 + V )%
m 1 2 RS

is a standard normal variable. Therefore the power of the

v,~test using a one-tailed test with significance level o 1s

given by
2 2,4
Power = 1-F{(m V2 -m k)/(V v, +V kT)?*}
n, 2,a ny n, 2,0 ny

where vy is the 100(l1-a) percentage point of v, under
R4

H .

o
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The power of the corresponding F-test

[ncomplete Reta-Function as

Power

where x =
Fu is the 100(1-a)
distribution with ny - 1 and n, - 1

Ix[a,bf is the Incomplete Beta-Functi

for Statisticians, Vol. 1, p. 33).

percentage point of the

may he computed from the

I [y - D/2, (n) - 1)/2]

(ny = D/{n, = 1) + (o - I)Fa/kz} ,

F
degrees of freedom, and

on. (Biometrika Tables

From table 22 it may be seen

that the loss in power is greatest for small sample sizes and

small values of k, however, even in
small.

Concluding Remarks

these cases the loss is

From the comparisons of power given in tables 19-22 it

is apparent that the loss in power res

2

tests as substitutes for the t=, x =

more than compensated for by the ease
estimates of standard deviation. If
obtained the slight loss in power may
one extra observation in each sample.

The approximations involved

and v

v 2

2 "1
30 2 n > 20

tage points for U, u

reasonable for These
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and F~tests is small and
of calculation of the
observations are easily

be overcome by including

in determining the percen-

2

are good for n > 30 and

tests are not sultable for
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samples smaller than this, however similar tests suitable for
small sample sizes which use different linear estimators and
more appropriate approximations to their distributions are

considered in the next section.
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3.2 Small sample tests for means and variances using
linear estimators of the standard deviation

One and two-sample tests for means and variances are
considered in which the standard deviations of the normal popu-
lations are estimated by one of several linear estimators. The
distributions of the squares of the linear estimators are shown
to be closely approximated by Gamma distributions with parameters
related to the variances of the estimators. On the basis of
these Gamma distributions it is shown that hypotheses concerning
the means and variances of the populations may be tested using

2 . .
the usual t, x  and F-tests. The only differences in the
standard one and two-sample test procedures being that the root-
mean-square estimator is replaced by the linear estimator and the
2 . . .
t, X and TF-tables are entered with non-integer degrees of
freedom.

The linear estimators and their variances

Three linear estimators were considered as alternatives
to the root-mean-square estimator. These are the best linear

-~

unbiassed estimator o . Dixon's estimator o(D) and Gupta's
normal scores estimator o .
The best linear estimator of the standard deviation o©

of a normal population is

~

o = (m'V-ly)/(m'V-lm)

- 111 -



with variance given by

var ¢ = czl(m'v—lm) .

- o~

As discussed in 2.4 Shapiro $.S. and Wilk M.B. (1965)
used this estimator as the basis of an analysis of variance test
for normality and showed that m'V-lm is almost perfectly linearly

~ o~ -~

related to the sample size n . The least-~squares equation is

02/var g = m'V—lm = 1,981n - 2.411

with a regression mean square of 1725.7 and a residual mean square
of 0,0016 . |

Dixon's linear estimator o(D) .

The main disadvantage of using the most efficient linear
estimator .; is that the sum of products of the coefficients
m'V_ll(m'V-lm) with the ordered observations has to be computed.
This computational difficulty may be overcome using an estimator
suggested by Dixon W.J. (1957) who considered the use of subranges,
Ypmie1 Y = w(i), in forming simple estimates of the population
standard deviation. He calculated the unbiassed estimate of the
type o(D) = kiw(i), where k 1is an unbiassing constant and the
summation is over the subset of all Wiy which gives minimum
variance, for n g 20 . The efficiency of o(D) relative to

~

o is nowhere less than 96.6 per cent.
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The variance of o) may be obtained from the

variance~covariance matrix V and, as with o, the reciprocal

of its variance may be approximated using the least—-squares

equation
oz/var (D) = 1.967n - 2,640 .

This equation was obtained by the author using exact
values of 1/var o(D) for 5 < n < 20 . The regression mean

square 1s 1315.445 with residual mean square 0.0026,

Gupta's normal scores estimate o .

The third linear estimator considered is the normal
scores estimator discussed in section 2.5. The complete-sample
estimator is given by

-~

o = m'y/(m'm)

-~ -

and is obtained by replacing the variance-covariance matrix V

~

in the expression for ¢ by the identity matrix. The efficiency

Ll ~

of o relative to ¢ 1is 99.9 per cent for n = 5,10, 15 and 20.

The variance of ¢ 1is given by (m'Vm)oz/(m'm)2 and the least

. 2 -
squares equation for o /var o based on exact values for

n =5, 10, 15 and 20 is
oz/var ; = 1.988n - 2.538 .

The advantage of this last estimator is that the
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coefficients are functions of the normal scores only and are
thus readily available for a wide range of values of n .

Fisher's and Yates' Statistical Tables contain the vectors m

and values of m'm for all sample sizes up to 50. The

- -~

variance of ¢ may conveniently be approximated by

var g = 02/(2n -'%) .

Distribution of the linear estimatorss

Student's t-distribution and the F~distribution are
derived using the fact that, if the sample comes from a normal
distribution with variance 02, then (n—l)szlo2 has a ¥
distributionlwith (n~1) degrees of freedom. Although it is
difficulty to derive the exact distributions of the linear
estimators ;, a(d) or ; it seems reasonable to expect them
to behave in a manner similar to s . Empirical sampling
experiments were conducted using 500 samples of 10 observations
using each of the linear estimators, similar results were
obtained for all three, Suppose o' represents any one of
&, o(D) or ; . It was conjectured that z = 0'2/02 behaves

as a Gamma variable with parameters a and p, i.e. the density

function of 2z is
f(z) = P exp (~z/a)/{r(p)o®}, z20.
If this conjecture is true the mean and variance of o¢'"/o” may
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be used to derive the paramcters o and p . Since the

estimators are unblassed

1
-

E(o"/o)

and Var(o'/o) V (say).

where v 1is about 0.1 for n = 6 decreasing to about 0.03 for

n = 20 . The mean and variance of (0'/0)2 are given by
]i(o'/c)2 = v+ 1
and Var(o'/o)2 = 4 Var(o'/o) = 4v .

The moment generating function of the Gamma distribution with
parameters o« and p is (1 - at) P from which we may obtain

the mean and variance of this distribution as

mean ap

and variance

it
=

P =

Equating moments we have op = 1 + v and azp = 4v , To the

first order in v the solution of these equations is a =p = = 4v.
In order to test the hypothesis that (o'/o)2 has a

Gamma distribution with parameters p =~ and p where p = (lov)‘.1

we require a procedure which is sensitive to departures in the

tails of this hypothesized Gamma distribution. Such a procedure

is the probability plotting procedure suggested by Wilk M.B. and

Gnanadesikan R. (1968) and described in the previous section.
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In the present situation we wish to compare the empirical
L . N2

distribution function obtained from 500 estimates of (a'/o)

with the theoretical cumulative of the Camma distribution.

The quantile—quantile plot (0-Q plot) using N observations is

obtained by ordering the N observations and plotting these

ordered values against F-ll(i - H/N| for i =1,2, ..., N,
where F—I- is the inverse cumulative of the appropriate Gamma
distributioﬁ.. Values of F—1 may be derived from Tables of
the Incomplete TI'-Function, Pearson K. et. al. (1922).

Figure 5 shows the (Q-Q plot obtained by plotting
500 ordered values of ((:/o)2 for n = 10 against the corres-
ponding quantiles of the Gamma distribution with p.= 4,35 ,
The linearity of the plot indicates that the Gamma distribution
is a good approximation over almost the entire range of the
variable at least as far as the 99 per cent point which is
about 2.5 on the quantile scales. Similar plots were obtained
for the other linear estimators.

The remainder of this section deals with test-
procedures in which the distribution of the square of the linear

. . . -1
estimator is assumed to be Gamma with parameter p = (4v) .

One and two-sample tests for means and variances.

Suppose that we have a sample of n independent

observations from a normal population with mean u and variance

2

0. Let y, o' and s? be the sample mean, the linear
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Gamma quantiles

O
L
w

0 1 2
observed quantiles

Figure 5. Q-Q plot of 500 observed values of(G/0)*against
Gamma quantiles with p =435 for n=10,
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estimator of o and the mean-square estimator of nz‘ respectively,
An obvious subsc;ipt notation will be used in the two-sample
sltuation.

Consider first the one-sample test for a mean value.
The standard procedure to test the null hypothesis Ho:u = uo is
to test ¢t = (; - uo)/(s//n) using Student's t-distribution witﬁ
{(n~1) degrees of freedom. The corresponding test-statistic with
s replaced by o' is t' = (; - uo)/o'//h) which may be expressed
as t' = {(y - uo)/(O//n)}/(o'/o), ie. t' = u/w% where u
has a standard normal distribution and « has a Gamma distri-
bution with pafameters p-1 and p . Since o' is invariant
under a cﬁﬁnge of origin and the original observations are normally
distributed we also have that u and o are independent, A
simple proof of this is given by H.O0. Hartley (1950). The
distribution of t' may be obtained by transforming the joint

density function of u and w and then integrating out the

unwanted variable. = The resulting density function of t' is
gt = T+ DA+ 22O (pm b))

which is Student's t-distribution with 2p degrees of freedom,
Since p = (4v)~1, where v 1is the variance of o', the degrees

of freedom for the test, i.e. (2v)‘1, will be non-integer.

-~

For Gupta's estimate, ¢, a good approximation to Vv is
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(2n -~%) giving (n - L%) as the degrees of freedom for the
substitute t-test., It is clear from the similarity in the
approximation formulae for the variances of the three linear
estimators considered, that the percentage points of t' may be
obtained by interpolation in the existing tables of Student's
tedistribut{on using (n - L%) as the degrees of freedom
irrespective of which linear estimator has been used instead
of s .

For the two-sample test for mean values it méy be shown
in a similar way that, if the variances of the two populations may

be assumed equal, the null hypothesis that My - =d, (d may

L)

be zero), may be tested using

| I o - v - .v2 %
t (y1 v, d)/{o (1/n1 + 1/n2)}
12 —_ - _}_ l2 - _1__ '2 -
where o = {(n1 14)01 + (n2 14)02 }/(n1 *+n, 25
and ol', 02' are the linear estimators of o for the two samples.

Under the null hypothesis the test-statistic t' has a t-distri-
bution with (n1 +n, - 23) degrees of freedom.

Suppose we wish to test the null hypothesis that
02 = 002 using a single sample of size n ., The standard
procedure is to test X2 = (n—l)sz/oo2 as a variable having a
xz-distribution with (n-1) degrees of freedom. Using the

. 2,2 . . .
assumption that o'"/o is approximately Gamma with parameters
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-1 . 2 2
P and p where p = (4v) we have that 2po’ /oo
has a Gamma distribation with parameters 2 and  p  under the

. . y 2
null hypothesis. In other words 2pu'2/u 2 has a x -
y o

1

. . . . - 1
distribution with 2p degrees of freedom. But 2p = (2v) ~ = (n-LZ).

Therefore under the null hypothesis (n - L%)o'zlooz has a

xz—distribution with (n - 110 degrees of freedom.

A
The two-sample test for variances may be considered in

. . 2
a slmilar way. The null hypothesis that 012 =0, = 02 may be

2 2
eyt

) and interpolating in the tables of

the F=distribution, since 01'2/02'2

tested using TF' = .
= (01'2/02)/(62'2/02) which
under the null hypothesis is the ratio of two x2~variab1es
cach divided by its degrees of freedom. Thus F' has an
F—distributioﬁ with (nl - l%) and (n2 - L%) degrees of

freedom.
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CHAPTER 4

COMPARISON OF ROBUSTNESS OF LINEAR ESTIMATORS
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4.1 General comments on robustness of estimators.

It has been known for many years that even slight non-
normality in the population being sampled has a considerable
effect on the sampling distribution of the sample variance.

J.W. Tukey (1960) surveys earlier work on sampling from contami-
nated distributions and shows that "If contamination is a real
possibility (and whén is it not?) neither mean nor variance is
likely to be a wisely chosen basis for making estimates from

a large sample". Tukey considers a family of contaminated
distributions formed by adding a proportion X of a normal
distribution with mean zero and standard deviation 3 to a propor-—
tion 1-X of a standard normal distribution. Asymptotic results
are derived which show that even though the sample variance is a
sufficient‘statistic for precise normality other estimators are
to be preferred on grounds of both efficiency and relative
freedom from bias when even a very small proportion of conta—
mination is preseﬁt. In fact, for large samples, the variance
of the sample variance exceeds that of the mean deviation when

A exceeds 0.0086. One would need samples of several thousand
observations to detect contamination of this magnitude. It
seems sensible therefore to consider using alternative efficient

linear estimators which are not affected to the same degree by contami-
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nation. For most of the estimators discussed earlier there is
certainly little to lose and possibly much to be gained by using
them rather than the sample standard deviation.

In the following sections we consider the effect of
non-normality on estimators of the standard deviation. Firstly,
exact values are derived for several linear estimators based on
small samples from a variety of non-normal distributions. Finally
a sunmary of the results of a large scale simulation study is
given in which the sample standard deviation is compared with

some of the linear estimators.
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4.2 Some exact results for a variety of
distributions,

All the estimators considered in this section are

of the form

n
W = ) ay,
i=1
where Y; < ¥y € eee <y, are the ordered observations and
a5y i=1,2, ..., n are the multiplying coefficients based on

the assumption that the observations come from a normal population.
1f, however, the observations are from some other distribution,
with mean u and variance 02, the mean of the estimator u is
piven by

E(u)

It

n

L agE;)

1=1

n

‘2 ai{OE(xi) + ut ,
1=1

it

where the x, are the standardized ordered observations. Thus
n n
E(u) = z a.om. + g a

. .th . s

where m, 1s the expected value of the 1 order statilstic
n

from the standardized distribution, and since z a, = 0 for
i=1

an unbiassed egtimator, we have
n
E(u) = o Z a.m., .

The variance of u is piven by
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7
Var{v) = ¢ a.a.v.

1 17313

i o~33

N e~a

i=1

where vij is the covariance of the ith and jth order
statistics from the standardized distribution.

Thus, to consider the behaviour of these linear
unbiassed estimators it is necessary to know the expectations
m and the variance-covariance matrix V for the non—normal
distributions.

“Although the equations given in chapter 1 for the means,
variances and covariances of the order statistics simplify to
convenient expressions for both the uniform and the negative
exponential distributions, for most other distributions they
lead at best to multiple sums or recurrence relationships.

Published tables were used for the right triangular
distribﬁtion and the logistic distribution but computer programs
were written for the uniform, negative exponentiél and the gamma
distribution with shape parameter 2 and 3. Although tables are
available for the negative exponential distribution the necessary
values were computed as a part check on the gamma distribution
program, The published tables contain values for small samples
only, therefore, although the values of m and V are available

for the computed distributions for larger samples, the comparisons

below are given for n £ 10 only.
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The estimators considered.

Depending on the sample size four or five linear
estimators were considered, these are:

1) the best linear estimator 8 ,

2) Gupta's normal scores estimator o .

3) Downton's estimator with polynomial coefficients

(or Gini's mean difference) a(G) ,

4) Dixon's short—-cut estimator o(D) (see section 3.2),
and 5) Range (when different from Dixon's) o(R) .

F. Downton (1966) was interested in formulating an
estimator which is mathematically tractable not only in its
coefficients but in the computation of the standard error of the
estimates obtained. His method produced the linear estimator
with polyqomial coefficients of the form

n
a(G) = Vn Z (2i - n - 1)yi/{n(n -nl,
i=1
which, as pointed out by H.A. David (1968), is an alternative

form of Gini's mean difference (Nair 1936). Downton showed

that the variance of 0(G) may be written explicitly as

n Vario(G)} = 02{0.5113 + 0.6303/(n - 1)}

F.C. Barnett, K. Mullen and J.G. Saw (1967) discuss

use of o(G) 1in a test for a mean value as an alternative to
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Student's t-test and show, using a normal approximation to

the distribution of the usual test statistic with s replaced
by o0(G), that this test is almost as powerful as Student's
t~-test.

Comparison of estimators for samples from a normal distribution.

As.the first step in this comparison of the behaviour
of the estimators, the means, variances and efficiencies were
obtained for the normal distribution. The results are summa—
rized in table 23 in which the efficiency is relative to the
best linear estimator ;

Table 23

Efficiencies of the linear estimators for the normal

distribution.

<\\“~\ngpie size

Fstimator > 6 / 8 ? 10
Gupta o 99.93] 99.91! 99.90| 99.86( 99.91} 99.92
Downton o (G) 99.67! 99.52| 99.38} 99.211 99.18| 99.11
Dixon o (D) 96.61| 96.85| 97.79} 98.05| 97.90| 97.45
Range o(R) 96.61] 94.38| 92.16| 89.99| 87.85] 85.89

Except for the range all of these estimators are
highly efficient relative to the best linear estimator which,
as we have seen, is itself over 99 per cent efficient relative
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to the unblassed root—mean—-square estimator. Thus there is
little to lose by using any one of them when we know that the
observations are normally distributed.

Comparison of the estimators for non—-normal distributions.

a) Uniform distribution on (0,1) .

Tor the uniform distribution the expecﬁed values and
variance—-covariance matrix elements are most conveniently
expressed in terms of the uniform distribution on (0,1) .

If Y5 is the ith order statistic from this distribution we

have that

. .
IL(yi) T o+ 1
and COV(yi,y.) i(n - 32+ 1) viej .
: J (n + %n + 2)

These values were computed for 5 < n ¢ 10 and used to evaluate
the means, variances, mean-square—errors and efficiencies of the
estimators. Finally these values were scaled so that the
uniform distribution had unit standard deviation. . The results
are given in table 24a where, once apain, efficiencies are
relative to the best linear estimator. As expected the range
is by far the most efficient, however, this estimator has
considerable bias which increases as the sample size increases.
The estimators which give low weight to the extreme values have
low efficiency for this distribution.

- 128 -



Table 24a Uniform.

n  Estimator

HEST LINFAR
G PTA

v BWNTON

S DEXEON CRAMNERDY
BESTE T INEADR
P A

G DOUATHN
XN
WANGF
HFST 1 TkEpaR
LiPTA

7 DOWNTON
YO
RARNGE
HEST | ITuFAR
GHPTA

8 DM ToON
nIRON
FANMGE
BEST LINFARQ
GapTaA

G BONETAN
MIRON
HAMGE
SFELT L INFAR
NHILTA .

10 DGO TON
PR RN
WANGF

Mean Variance
CN1TAA S o N7TRYS
L0094, N NRINT
L2t N,NARRTH
GO R A.NTNLG
RN N.NRP4D
720 N, NEGAS
.n2tys N.NRPTT
COTAETO N.NFA 44
7L n_NL?PLA
BN RL 0, 04489
BRI & N NLERD
Y EyE N, NLORY
LO2ADD ", 08474
CRENTE SEREI FAL I3
N07%7 N.N%R0A
YR IEY A N on37R2
rEY Y. nongi1e
L3147 e n.aXu[7
L9447 Hh.nzs78
0082 n H.n%nng
LYt AL ). O%ATH
2724 6L nRRN
L0220 N npoO07
Ak 2ny N.01984
LNR& e N, N2%4AN
EBLE N on27NS8
VAV LY AL0TA2S
90480 n.onprAQ
L 9rnoc H.045%71
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M.S.E.

n,Nn7e 21
PLOR14LS
nLOBL20

N OTN6S

N.USTAR
n,.05%09%8
n.0&%%0
n,07280
n,oGAERO Y

DL 044k
n,OLATA
0. 080%A
ALO8205
n.O038A7
0.3/ 04
n, 03800
fH.041AQ
n,OZRPQ
P.o0EREL

0, 03ny 2

A Q184
nL.0R8S 4
n. 07098
0.074634

0,025481
L0276
03080

f
n
6.02374
n

2494

Eff.
100,00

97.25%

9%.97

142 4%

100 O0
96 17
91.08
790.20

126 0A

1a0_00
08 40
A8 5]
&8 7n
128,04
100,00
94 R
RA 44
02.90
125 _R?

100 02
4L 5%
B TL

10047
12274

tan. on
94 _ 30
R3.15
107.76
11661



b)  Negative exponential distribution
The density function of the negative exponential

distribution is
-y/o
f{y) = e y/ lo , O0s5vy.

The expected value of the standardized order statistic

Yy in a sample of size n from this distribution is

% 1
E(y.) = —
i k=1 n-k+1

and the variances and covariances are

L 1

k=1 (n-k+1)2

3

Var(yi) = Cov(yi,yj) =
i<j
Table 24b gives the properties of the linear éstimators
based on samples of size 5 g n < 10 from this distribution.
Because the exponential distribution has large positive skewness
the situation is the reverse of that for the uniform distribution.
The estimator based on range now becomes increasingly poor as
the sample size increases. There is little to choose between
the best linear and Gupta's estimators but since less weight is
given to the extreme observations Downton's estimation has greatest
relative efficiency which is increasing with sample size.
Dixon's estimation behaves in a disjointed manner depending on thé

form of the estimator. When the estimator is based on four
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 Table 24b E xponentiai.

n  Estimator Mean Variance M.SE. Eff.
AFQY | JMFAQ n_oRrERR: TR n_ 5282 inn 060
GULPTA n_RA7ZL ™ NopRE0A ALESPAR 100 85
BOWHNTON N KRAD 0.PBRAD N, 24884 1049 .71
PTXNN (RANGF? H, ROKP N, 726548 N,27L03% 92.26
ReSYT LINFAR O, RA30 40 N.19754 n,20074& 100.00
GiPT A N ARRA N, . 160L0% n.20747 1nd 0

6 DOoWNTAN ¢ REAMN N,19194 0.20492 10234
DTXON (. RR1 74 N,AR784 n.20188 10407
RANGF i 9nNaoe N.22790 N, 22?70 RR_ 24
HERT LLINFAR 0O HONLY H.14790 G180 Ta0_ 00
GiDTA D RARK?D 0. 1TASR? n.1?777. 10126

7 BOWNTAN D, ARKY 7 f.AkaNA nor7501 02, 8%
MY ON noKRL?Z7 A.14180 176847 16276
HANGE N 9ngey n_o2n30sK n,2127%0 84 59
REGT | INFAQ I L R N N N 14429 n. 15R42 100 00
GOPTA ‘ 0 KRG LD n_ 14379 615602 10935

8 DPOWNTON 6 KEAL NLAANTS 6H.18%21 103,21
DAON N RERDx nN.1461% n. 156642 106096
RANGE 0. 0104 N.49RR47 N i9L4s &4 34
REST | INFAR n._R91Q4 N.12044 n 146132 100,09
CPTA _ 0,.8BRQ7, 0n.4272n 0,1%a0%& 104 .61

G UOWNTON LW nN.42360 N, 13k57 10%. 48
HIXOM 0 AR%147 n.43No9 0,14277 98 99
RANGE 0 901547 n_47317 n.18n37 7835
“EST L INEAR n_RO 7 A1 ASA n.12R801 100_00
CipTA 0,590y n.11410 n.12621 1n1.42

10 NOUNTOM LT Y N,a1 0k 0.12348 10%.67
10N 0. ROLRD n.1200972 n.1%163 94 .99
RANGE h.91972s AL L fH.16910 7870
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observations, i.e. for 6 2 n £ 10 the cefficiency decreases

from 104 to 97 per cent. The estimator changes for n = 11

and its cfficiency is again above 100 per cent and Qill gradually

decrease until the estimator changes apain at n = 17 and so on.
c) Logistic distribution

The density function of the logistic distribution is
. Ty AT
f(y) = (& (1 + e ) - <y < o

This is a symmetric distribution with mean zero and variance
n2/3 . It is very similar in shape to a normal distribution
except in the extreme tails. A.Birnbaum and J. Dudman (1963),
R.L. Plackett (1958) and 5.S. Gupta & E.K. Shah (1965) have
studied the pfoblem of evaluating the expectations and variance-
covariance matrix of the order statistics from a logistic
distribution and B.K. Shah (1966) has tabulated the values of
V for the standardized distribution for samples of size n g 10 .
Cupta and Shah derived their results by way of the
moment generating function of the kth order statistic, which
they expanded as a complicated power series in t containing
Bernoulli numbers and Sterling numbers of the first kind. From
this expansion these authors obtained exact expressions for the
moments of the kth order statistic which they tabulated for
n < 10 . This table was used for the vector m in the comparisons

below. In order to find the covariances Gupta and Shah considered

- 132 -



- . . . .th .t
the joint moment generating function of the 1~ and j d

order statistics which they expanded and differentiated to give
an expression for the bivariate moments. Later Shah (1965)
simplified the expansion of the joint moment generating function
so that it contained only one summation and derived from it
several inter-related recurrence relations in terms of the

sample size, and the covariances. These recurrence relations may
be used together with earlier results by H. Ruben (1956) and

Z. Govindarajulu (1963) to build up the variance-covariance
matrix for increasing sample size. Shah's table for n g 10

was used to compare the properties of the linear estimators which
are summarized in table 24c.

Downton's estimator is least affected by the larger
tails of the distribution, however, Gupta's estimagor also has
increasing efficiency as n increases and has smaller bias than
Downton's.. As would be expected the efficiency of the range
decreases even more rapidly for observations from the logistic
distribution than from the normal distribution.

d) Right-triangular distribution

The right—-triangular distribution 1s an unsymmetrical

distribution with density function

{(y-w) /o + 2V/2}/90 w2720 gy g u+v/2g

£(y)

= 0 otherwise.
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Table 24c¢ Logistic.

n

5

10

RFANT

Estimator

{ takan
¢CHPT A

PCWRETON

NEROGN (HANMGE )
AENT
GUPT A
BOWMRTON
PIKON
RANGE

P INEAR

RESTY
Gy A
DOWMTON
PEX(N
RANGE

LINFAR

Arsy

LUPTA
POWRTON
PY XM
BANGE

IMEAR

RN |
P T A
PUUNTAN
r1xON
KANGF
BEEST
GupTA
NOWNTON
LT aOw
KANGF

FINEAR

L JNEAR

Mean

i

9
0,
1L OBV A

Q7274
Q7Rg
97?72

QRNAR?

S Q709

VP
Q772%
90 15

CORARY
Qr0¢¢c
97710
L9784
L00a AR

()‘R;)?,\

QRN

L9777 h
.70

. onhne

LIOREY 2
. URYT

PP
JRI0Oc
R ke X B

[PR- WA £ 4

QR177
RAEAR
LORART
N1 AN
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Variance

n

CAARKT
AALAL

AK23N

L1704 R

NARLDR
KR 7.1
CARTAA

n.1%pq3

]
O
0

N

0

DARDAL
143508

11148

K Y
REE EaXA
LA %4LRG

N0 7AQ

NOARR
NYLALR

N9 A7
PN

nRANN
nN_L70

.oREN2
L.hR720
N.14261

n77AND

Ly AW

N7 04
.A7eR0
LANLAR

MS.E.

NOAAANEK

fo1e49N
n.1A3RD

n.17%64

ro1RLAY
A O1RRTp
f.AR40R
063090
DRI
N1 33R
L14720%8
11089
11402
CARLRA

n.ue7Re
0.0M0K?78

n.NOKqQ
0.09740

n.122ns

N.ORATYY
N8R4
0, 0R38 Y
N, ORPLOQ
n_ot128%0
n.nN7728
0 0?2800
N . D74L68

n.N7098

fnLo10R07

Eff.
Y00

100 .
101,

92

100,
100
102,
102.
RE .

100,

101
52

102
102.
R4,

100,
1014
in2.
100
Ro.
100
104.
103
R
74
100
101
103,
6 .
7.

nn

71
IR

65

0o
Gz
on
2%
14
no
14

11
09

oh
2R

- e

94

.61

29

hn

47
38

.69

7A
no

80

71
50
52



For the standardized distribution F. Dlowanton (19543

has shown that the vector m and matrix V are piven by

mi _ {6n(n—i+1)Zn‘i'-’.l/(lei-]_) ) :1)__4}//2‘ )
Vii = 18{i/(n+1) _ [n(n-i+1)2n"i+]/ (2[’1"‘1) ([]‘i+l)] 2} ,
v - (j—l)(J‘l’zJ‘le.j/(zJ'—l)(J‘” , i
where r(s) = r(r-1) ... (r - s + 1)

and (ar+b)(3) = (ar+b) (afr-1|+b) ... (a[r~-s+1]+b) .

These expressions were used by Downton to tabulaie m

and V for n g 10 . The results given in table 24d are based
on Downton's tabulated values. Although the range is the best
of these linear estimators due to the negative kurtosis of this
distribution, it is interesting to note that the normal best
linear and Gupta's estimator are about equivalent and compare
reasonably well with the best linear estimator for the right-
triangular scale parameter whose coefficients and variances are
also tabulated by Downton (1954) for n < 10 . The efficiency
of the normal best linear to the right-triangular best lineax
decreases from 96 per cent from n = 5 to 86 per cent for n = 10 .

The bias 1is almost negligible thus for small samples, even from

this skew platykurtic distribution, these linear estimatocrs
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Table 24d Right triangular.

n  Estimator
REST | InFAR
DT A
POWHT AN
DIXON

5

BESY
GUPTA
O POWNTON
ny N
LANGE

LINFAR

REeST
o7 a
7 DOUNTON
DIXON
RANGE

LINEAR

REST
GIpYA
8 POWNTYNN
DIXON
RAMGE

LINFAR

nEST
G TA
g LOWNTOW
NIXON
RANGE

{I1*Far

BFST
GUDTA
10 nowuNTOw
PI¥ON
HAMGEF

LINEAD

(pampw)

Mean Variance
N QAT N ANGRY
1 00N%. 0.11108
1. N0241 NN
0,044 * N.ANL79
i OVATA 0, NRTRY
nh oeonz 0. nRSSY
1.N072KR0 N.NBTRA
1.0108¢ 0.N9KRLKR
0.9748n N_ATPRIR
0. 09LA" f.r&7HS
s .99 7R0 0_NACYL
1. 002647 . NPIRN
1,00467y 0.N7394
th Oh5n N.Ngv4D
N _QOTAq 0 NEAZX
0 99 4RA N, 08788
1.002a80 N_N&TA?
0.998nap N N8O LR
0. R8aAny N NLOOR
H 0Qr7e O NnLRIR
foagssa 0.04086
1.0028%8 HIENE o
0.991n7 N.NLEOTR
N.9479s  0,.04179
N.RONZT O nLI04
0. 90L7 e n.n6*3n
1.0026¢ 0. rLANR
O _QRALN N.0LY8R
N Q94Lne7? v .onT8AS
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M.SE.
n.10083
fno11108
IR ER LN
5.1080%

n.08%91
n. 0BRSS 3
6.08797

0,.098587
0.07888

. HEe78K
0069015
n,07481
n,07%084
f.062A2

N, O8A%5
n.0S784
n_NeN&?R
A0SO 4R

A.05191

n.0602%
0,04088
N, 052%6
6.04LO2A
N.0Le8N

n. 062492
6,06238%
N, 04ANE
n,06464R2
n.0%921

Eff.
100 06

98 61
96.84
104 2R
100 0
98 14
08 38

R? .79
104 37

10000
©7.73
g4 11
¢1.35
1n7_ 91

inn._on
7. 4Lt
92.99
94 78
10R .61
100 a0

07.32
02.16

0?7 .94
108 44

1np_ 00
97.22
01 .41

100.72

107 .43



arc reasonably efficient estimators of the standard deviation.

e) Gamma distribution

The density function of the Gamma distribution with

parameter r 1is
f(y) = e‘yyrhl/T(r) Osy.

5.5. Gupta (1960) used the relationship between this gamma
distribution and the exponential distribution to express the
cumulative distribution function of y in the form of a partial

sum of probabilities in a Poisson distribution as follows
e
F(y) = ) —— .

Substituting for F(y) in the equations in Chapter 1
. . th , th ...
gives, as the i moment of the k order statistic 1n a

sample of size n,

! o -1 &Y j'k 1 Pt A =k oY r+i-1
ui(k,n) = (k—l)'.r(n-k)j. I ll - .Z ——%—j. ] E ———4—] Tt dy-
S T
(o]
r=1 j
Let D(y) = Z ~¥T » then since
j=o 7"
-y k-1 e P _~YPp(uyP
[1-eD] = ) CEDT e Fom”,
p=o0
(k,n) = n: kil (—1)"(k ; pokotp -y (n-kepl) rei-1,0
e S DH S SH IR DO

o
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n!

p k-1
& T TF (D) pzo DD

k=1 (r-1)§n-k+p)
am(r,n—k+p)
m=0

p (r-%)p o
- where D(y)' = a (r,ply .
(n-k+p+1)r+1+m m=0 m

I'(r+i+m)

When k = 1 we have

(1) (m=1) [ (r+i+m)

b =y L e neD s
m=0 n

k_l\ui(l,n-k’fp’fl)

' k-1
n‘ - p
(k=1) (n-k) | pZo( D p - (n-k+p+l)

Thus ui(k,n)

may be used to derive the moments of the kth order statistics
from those of the first order statistic. The coefficients

am(r,p) may be derived by the recurrence relation

1
am(r,p) = am(r,p~1) + am_l(r,p-l) t 5T am_z(r,p-l) +

e P EDT am—r+1(r’p-1)
and am(r,l) = 1/m! m= 0,1, ... (r=1) .
Suppose that ¢ and n are the lth and mth order

statistics from this gamma distribution, then we have

(2]

E(Gn) = c:”e:nF”"l(e)[r-*(n) S IG
3

[1-F(n) " ™E(E) £(n)dEdn
o]

where C = n!/{(2-D)!'@m2-)!(n-m)!} .
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which becomes after considerable algebraic manipulation

. C a+f -1, m-2-1
E(En) = ——r D 3 5 et Gt N ¢ )
[r(r)]z a,B,t,p,j ¢ B
F{t+r+1)T(p+r+j+1)

. a(r,q-1)a_(r,s-1) = :
P t St+r J+1j!(s+q)p+r+3+l

where q = a+m—2-f , s = n-m+B+1 and the summation is over

d,B,t,p and j where

0 ¢a g f~1

0 <8 g m=g2-1

o
"
rt
"n

(r-1) (s-1)
0 ¢gp g (r-1)(q-1)

0 g 3] g t4r .

Although Gupta tabulated the first four moments of the
kth order statistic for n £ 10 and the percentage points of its
distribution for several values of r the covariances were mnot
tabulated, A computer program was written to evaluate the means,
variances and covariances using the equations outlined above.
Various checks were built into the program and wherever possible
the computed values were checked against Gupta's tables. The
variance-covariance matrix for r = 1 was checked against the
exponential distribution matrix and no discrepancies, even for

samples of size 20, were observed. This program was used to
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derive m and V for the pamma distribution with parameter

r = 2 and 3. The results were then scaled so that the distri-
butions had unit variance. The properties of the linear
estimators are summarized in Tables 24e and 24f for these two
distributions.

In both cases Downton's estimator is most efficient
although there is little to choose between the best linear,
Gupta's or Downton's. As the parameter r increases the
efficiency and the bias for Downton's, Gupta's and Dixon's
estimators decrease for n fixed., However, the bias of the
range decféases and its efficiency increases with increasing r .
This is to be expected since, apart from a scale factor these
distributions are equivalent to chi-squared distributions with
4 and 6 degrees of freedom respectively. The properties of
the estimators will converge to their normal equivalents as r

increases,

Comparison of the different estimators.

Figure 6 shows the expected values of the five
estimators for the different distributions plotted against the
sample siée n . All the estimators are biassed for these non-
normal diétributions. Except for the range the expected values
of the estimators decrease as the kurtosis of the distribution
increases. The Graphs for the estimators which use all the

observations are very similar., Downton's form of Gini's mean
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Table 24e Gamma r
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Estimator
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NP TA
PNWHNTON .
BIXON (RANGFE)

REST
GhiPTA
DOWNTON
MIXON
RANGF

HEST (INFAR
NWiiPTA
DOWNTON
NYXON

HANGE

REST
GUPTA
BOWNTON
DTXON
RANGF

LINFAR

LInNFAR

FEST
GHPTA
NOWHNTON
NTWNOM
RANGFE

LINFAR

HFST
GURTA
BOLNTAM
1 AON
KAMGE

LINEAR

2.

Mean
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5
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difference has the interesting property that the expected value
is independent of n . This property, also indicated by
A.E. Sarhan (1954) as one of this estimator's main advantages,
enables an unbiassed estimator of the standard deviation for any
continuous distribution to be expressed as‘

n

o(6@ = € ] (2i=-n=-Dy/in@-1))}

i=1

where C is an unbiassing constant, independent of n, depending

on the form of the distribution.

Pas

W

This poses several questions worth further consideration;

(1) Is C simply related to Yy and Yos the
coefficients of skewness and kurtosis?

(ii) How does the variance of this estimator compare
with the best linear estimator for non—normal distributions?
and (iii) How robust is this estimator to departures.from
the particular non-normal distribution?

For both the exponential and the right triangular
distributions this linear estimator is approximately 80 per cent
efficient felative to the corresponding best linear estimator
for a sample of\size 10. Also we have seen that for a normal
sample with n = 10 the relative efficiency is over 99 per cent.

We may also ask

(iv)  For what range of non-normal distributions does
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this estimator have relative efficiency greater than some
value, say 95 per cent?

The answers to some of these questions may be contained
in Downton's work or in carlier papers on Gini's mean difference.
U.S. Nair (1936) derived formulae for the mean and variance of
Gini's mean difference for the normal distribution and for the
uniform and exponential distribution$. Z.A. Lomnicki (1952) used
a simpler method to derive the same equations which are given in
M.G. Kendall and A. Stuart's, Advanced Theory of Statistics,

Vol. 1. It is hoped that some of these points will be considered
in more detail elsewhere.

Figure 7 shows the variances of each of the estimators
for all the distributions considered including the normal. These
diaprams emphasize the similarity between the best linear estimator,
Gupta's normal scores estimator and Downton's estimator. For
platykurtic distributions the variances are less than the corres-
ponding normal variances, whereas fof leptokurtic distributions
the variances are greater, The spread of the lines in the range
diagram indicates that for leptokurtic distributions the range
has low efficiency relative to the other estimators and for
platykurtic distributions the range has high efficiency. Dixon's
estimator is very much better than the range for n 2 6 and for

n = 6,7 or 8 is not a great deal worse than the other three.
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These theoretical comparisons confirm several cexpected
features of the behaviour of these linear estimators. Firstly
the range is not robust to leptokurtic departures from normality,
secondly Dixon's estimator, giving equal weight to several extreme
values, is not affected as much as the range and has the advantage
that its form is simple and convenient, and thirdly the other
estimators, although more complicated to use, are least affected
aﬁd about equivalent to each other,

The important question of how these estimators compare
with the root-mean-square estimator for samples from non—normal

distributions is considered in the following section.
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4.3 A simulation study

Theoretical evaluation of the properties of the root-
mean-square estimators for samples from non~normal distributions
is difficult even for some of the standard distributions considered
in the preceding section. Since we are also interested in
comparing the behaviour of this estimator for small samples from
contaminated normal distributions with the large sample results
derived by Tukey (1960), it was decided to carry out a large
scale simulation study of the robustness of s and of a selection
of alternatiQé estimators using small samples from several non-
normal distributions including contaminated normal distributions
with varying proportions of contamination.

Using the transformations given below 1000 sets of n
random deviates were generated from each non-normal distribution.
Each sample of n was used to estimate tﬁe standard deviation
of the distribution for each of the estimators. The 1000 sets
of estimates were then used to determine the means and variances
of their distributions.

The estimators considered.

In view of the large amount of computing time required
for these comparisons it was decided to restrict attention to
those linear estimators which behaved differently in the preceding

section and to leave out Cupta's estimator and Downton's estimator
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in favour of the best lincar. For leptokurtic distributions
conclusions about the best linear estimator will also hold for
Gupta's and Downton's estimators. Apart from including the
biassed and unbiassed root-mean-square estimators it was decided
to include the mean deviation about the mean for comparison with
Tukey's asymptotic results. The estimators considered, based

on a sample of n observations such that vy < yé < aee SV,

n
were as follows:

a) the root-mean-square estimator

s = Qo - »Ye- it

b) the unbiassed root—-mean—-square estimator
] % n-'l n

g' = {(n-1)/2} FG——i——) S/FGE) H

c) the best linear estimator o ;

d) the mean deviation about the mean

m o= o fly; -l

-e

where b is an unbiassing constant depending on n

e) Dixon's estimator ;

and £) the range.
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Non—normal distributions.

The program written for these experiments produced
either a random uniform deviate x in ghe interval (0,1) wusing
the Lehmer congruence method, see K.D. Tochar (1963), or a random
normal deviate =z wusing G.B. Wetherill's (1965) transformation
of the uniform deviate x . The remaining non-normal random
deviates were obtained by applying the appropriate transformation
to either x or =z . The standardized density functions and

the transformations employed are listed below:

1) negative exponential distribution:

density function: f(y) = e'(y+1)" -

transformation : y = =log (1L - x) - 1.

ii) double-sided exponential distribution:

density function: f(y) = ;L-exp(—/flyl), —®<y <o

V2

[

—£~10g 2x  1f Ogxs
V2

#

transformation : y

[

-1 log 2x 1if -%<xsl .
2

<
It

111) right-triangular distribution:
density function: f(y) = (2VZ = y) /9, —-VZsys2/2

transformation : y = /2 (3|x1 - x.1= 1)

|

where x, and x, are independent random uniform

1 2

deviates on (0,1) ;
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iv) symmetric triangular distribution:
density function: f£(y) = (/6 - {y])/6, ~-/Bsys/6

transformation: y = /6 (Xl +x, — 1) ;

2

v) lognormal distribution:
density functiom: f(y) = exp[~%{10g(y+a)+b}21/{/E;(y+a)}
-a sy ;
where a = (eﬂl)—% = 0.76287 and b = 0.5 -log a = 0.771,

(e = e}y/(e? - o)}

]

trans formation: v

0.46271e® - 0.76287,

]

for further details see M.H. Quenouille (1959);

vi) the standardized uniform distribution:
density function: f(y) = 1/2/3, —/gsys/g,

transformation: y =2/3 (x - §) ;

vii) contaminated normal distributions:
These distributions were obtained by adding a
proportion X of a normal distribution with mean 0N and variance

a to a proportion (1-}) of a standard normal distribution and

2
standardizing the resulting distribution so that its mean is zero and

its variance one.

The density function is

fly) = f(l—A)(Zﬂ)—%{exp - (yo + Auz)z} +

. 5 -
A(2na Z) } expi~i(yo - by + uzA) /ozz)lc

2

- 151 -



where 02 = 1-) + Aozz + A(I-A)uqz .

The transformation used to generate random deviates from this

distribution is

y = (z - Auz)/o If x 2 A

y = {azz + uz(l—k)}/o if x < A .

The third and fourth cumulants of the standardized contaminated

normal distribution are given by

=
1]

(1—A)Au2{(1-2A)u22 + 3(022-1)}/03 ,

and k

[3C1-2) +30,*) +(1-2) 2w, 2 {6 (A0, *=20,

2 A9

+u22(1—3x+3xz)}]/04—3 .

Two such contaminated distributions were considered. Firstly
the symmetric distribution with X = 0.05, H, = 0 and 0, = 3
and secondly the skew distribution with A = 0.05, My = 1 and

o, = 3. Finally the properties of the estimators were estimated
using sampyes of size 10 from contaminated normals with Hy = 0,

g, = 3 and proportion of contamination A increasing from 0

to 0.9.

Comparison of the estimators

The ﬁeans and mean square errors of the estimators for
each of the non-normal distributions are shown in figures 8a, 8b
and 9a, 9b féspectively. Before discussing these results in detail

- 152 -



mean

mean

1.00

0.95

100

0.95

mean

0.90

n 0.85

0.85

1.00

0.9%

090

1.00

0.95

mean

(0.90

5 6 7 8

n 0.85

(h 5

5 6 7 8 9
Right triangular.

Biass ed root-mean-square
Unbiassed ..

Best linear

Mean deviation

Range

Dixon

9

Double-sided exponential.

10

5 6 7 8

Symmetric triangular.

Figure 8a. Comparison of bias.

-153-

n



mean

1.05

1.00

0.95

0.90

100

0 90

0.85

T~ 0.80
b ST
el ~_\..\ _
FARET ~. P
s/ T
< ...‘..".. LRt N ~— -
o < 075
\. w
h £
\.
\.
\‘\.
\"\. 0.70
5§ 9 o " 06 5 6 7 8 9 w0 "
Uniform. Lognormal.
1.00
c 095
4+
@
E
0.90|
A=0.05 A=0.05
n
5 6 7 8 ) o M 085 5 6 7 ) 9 10
Contaminated normal (0,3). Contaminated normal (1, 3).
Biassed root-mean-square
Unbiassed .. . R RSO S
Best linear
Mean deviation e
Range e
Dixon e e e et e -

Figure 8b. Comparison ot bias.

=154~



m.s.e.

m.s.e.

0.3
02 )
@
n
£
(O8]
5 6 7 8 & 1"
E xponential.
0.0
@
»
£
0.05
n

5 6 7 8 9
Right triangular.

Biassed root-mean-square
Unbiassed ..

Best linear

Mean deviation

Range

Dixon

03

02

01

0.10

0.05

5 6 7 8 9

Double-sided exponential.

10

5 6 7 8 9
Symmetric triangular.

Figur: 9a. Comparison of meansquare errors.

155~



mse.

ms.e.

0.10

0.05

0.3

0.2

0.1

5 6 7 8 g 70 "
Uniform.

A=0.05
5 6 7 ) 570 "

Contaminated normal (0.3).

Biassed root-mean-square
Unbiassed .. .

Best linear

Mean deviation

Range

Dixon

Figure9b.

m.se.

0.6

04

0.2

0.3

02

0.1

5 6 7 8 9
Lognormal.

A=0.05

n

5 6 7 8 9 10

Contaminated normal (1, 3).

_—— e — i ————— —— —— —

Comparison of mean square errors.

-156-



it is interesting to compare these empirical values with the

cxact results given in the preceding section. Comparisons may

be made for nine cases, The three estimators, best linear, Dixon
and ranpe, may be taken with each of the uniform, exponential and
right triaﬁgular distributions. Apart from some sampling fluctuations
the results are in close agreement for both means and mean square
errors for all these situations. In view of this close agreement
and the fact that the estimators are highly correlated, sincé they
were obtained from the samec sets of 1000 observations for each sample
size for each distribution, valid comparisons may be made between

the estimators.

From figures 8a and 8b in which the biasseé of the
estimators are compared we may see that, for the platykurtic distri-
butions, the range and biassed root-mean-square estimators have
largest biasses and that there is little to choose between the best
linear, Dixon's and the unbiassed root-mean-square. The mean
deviation has largest mean value for these distributions. As may
have been expected the situation is almost reversed for the positively
skewed lognormal and exponential distributions for which the best

linear and Dixon's estimators have preatest bias. The two contami-
nated distributions and the double~sided exponential distribution
have similar patterns of bias. The rangé is most affected by the
inclusion of observations from the tails of the distribution and has
largest mean value for all three distributions. As the sample size

- 157 -



increases, and therefore a greater number of the samples contain
larpe values, the means of the root-mean—square estimators increase
more rapidly than the mean of the mean deviation, in fact for all
the leptokurtic distributions considered the lines for the mean
dnvintion and the biassed root-mean-square estimator cross for some
value of n < 10 .

0f greater interest are the comparison of the mean-square-
errors of the estimators shown in fipures 9a and 9b, These diagrams
illustrate that the mean-square—error patterns fall into two main
types; those for leptokurtic parent distributions and those for
platykurtic distributions. For the platykurtic distributions,
i.e. the uniform, right triangular and the symmetric triangular,
the mean deviation is by far the most inefficient of the estimators
considered. For the uniform distribution with n = 10 the mean
deviation is only about 50 per cent as efficient as its nearest
competitor. For all three distributions the raﬁge has high efficiency
but there is not much difference between any of the remaining
estimators. However, for the leptokurtic distributions the situa-
tion is radically different. The range is now the most ineffi-
cient estimator with the mean—&eviation, Dixon's estimator and the
best-linear having approximately equal but much lower mean-square-
errors. For the contaminated distributions the mean deviation has

greatest efficiency with the best linear and Dixon's estimator in
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about equal second position, Both root—-mean—square estimators
are inefficient by comparison with these three alternatives.

Figure 10 shows the means énd mean-square—errors of
the estimators based on samples of 10 observations from

=0, 0, =3 and

contaminated normal distributions with 9

112
increasing proportion of contamination A . From 10a we have

that the mean deviation and biassed root-mean-square estimator

have large bias with the mean of the mean deviation decreasing

more rapidly than that of any other estimator. There is little

to choose between the best linear and Dixon's estimator which,
although biassed for A + 0 or 1, have smaller bias for a range
of proportions of contamination than the biassed root-mean-square
estimator based on a sample from a precise normal distribution.
The range is the only estimator to remain comparatively unbiassed
over the ) wvalues considered. However, from figure 10b we see
that the range is highly variable having an efficiency, for

A= 0.09, about 50 6;r cent relative to the next most variable
which is the unbiassed root—meanQSquare estimator. In spite of
its large bias the mean-square—error of the mean deviation crosses
those of the other estimators, which are more efficient for the
normal distribution, for X} = 0.0l1. The best linear estimator

and Dixon's estimator become more efficient than either of the
root-mean-square estimators at about the same value of X\ . These

results for n = 10 are consistent with the asymptotic results
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derived by Tukey and it may be conjectured that his conclusions
about the inadvisability of using the root-mean-square estimator
also hold for small samples.

Which estimator to use?

The‘exact and empirical results of the preceding sections
show that on considerations of robustness alone these alternative
estimators deserve more widespread application than they enjoy at
present. However there is still the problem of deciding which
estimator to use.

We may eliminate the root-mean-square estimators from
our list since it is impossible in practice to detect.non—normality
when present at the level which regults in these estimators being
no longer optimal. Although the mean-deviation had smallest
mean-square—error for the contaminated distributions for A 2 0.015,
it has several disadvantages which outweigh this advantage from
both a robustness and a mathematical point of view. Use of the
mean—deviation does not give protection against platykurtic
departures from normality, being consistently poorer than any

other estimator considered for all sample sizes for the three
platykurtic distributions studied. This drawback, together with
the mathematical difficulties associated with employing the mean
deviation in tests of hypotheses serve to eliminate this estimator
also. This leaves the five linean‘estimators, range, best-linear,
Dixon, Downton and Gupta. For small sample sizes i.e. n £ 5,
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the range is efficient and fairly robust. Tables 6f percentage
points of statistics using the range are easily accessible, for
references see the introduction to sectiom 3.1. Tor sample sizes
6 £ n £ 20 any one of the remaining four estimators may be used.
Dixon's is easiest to calculate and Downton's is most robust to
leptokurtic non—-normality. The variances of all four estimators
are available exactly for n g 20 ., The best-linear and Dixon's
estimator are mot available for n > 20 . This leave a choice
between Gupta's normal scores estimator and Downton's form of
Gini's mean difference. For complete samples Downton's is to be
preferred both from a robustness point of view and since the
variance of the estimate is given exactly. However the normal
scores estimate is almost as robust as Downton's and its
variance may be conveniently approximated using the results of
section 2.5.

Gupta's estimator has the advantage over Downton's that

it may be extended for use with censored samples, sce section 2.5.

The following table summarizes the above conclusions.
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Sample size Estimator 1 Normal variance
Complete n £ 5 Range Exact
v 6<ng20 Best linear
Dixon All exact
Gupta
Nownton
" 204n NDown ton Exact
Gupta Approx. section 2.5
" large n Prescott Approx. section 3.1
Incomplete ng20 Best linear
Gupta Exact
" 15920 Gupta Approx. section 2.?

The list of references following this section is not

meant to be exhaustive and is far from complete containing only

those cited in the preceding chapters.

This list is meant to act

as a starting point only to the available literature on the subject

and as an indication of the volume of research being carried out

on order-statistics and their applications and of the increasing

importance of linear estimators in practical statistics.
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