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Abstract

This thesis 1s primarily concerned with the theorstical evaluation
of the parameters of the eguivalent circuit used to represernt the dis-
continuity'efféct existing at the junction between an empty and an
inhomogenously filled rectangular wave guide, followed by an applicat-
ion of the results to the design of ggarter“wavq matching seotions. The
input admittance and impedanoe at the junction arse thained from variat-
ionel expressions; Thesa variationsl expressions are shown to be
gquivalent to mininizing the volume integral of the difference betwean
the stored magnetic and electric energy at the junction. After develo-
ping the basic theory required it is applied to specific problems.

Thus in chapters 4 and 5 the H-plane and E-plane diglectric step discon-
tinuities are discussed. Chapter 6 begins with a discussion of the
properties of ideal quarter-wvave transformers. The enalysis of théir
properties is carried considerably further than has been done before.
In particular it is shown that by a suitable choice of parameters it

is rossible to make the reflection coefficieht go to zero at as many
different freguencies as theré are ouarter—-save seotions. As these
zaros coalesce together at one frequency the resulting transformer so
obtained is the usual binomial transformer. ith the above more
seneral design a oonsiderable increase in bendwidth is obtained. A
detailed desigsn procedure and pérformance curvas for the optimum
bandwidth t.vo section transformer are included. This is followed by an
analysis of the H-plane dielectric step transformers in a rectaﬁgular

wave guide. Theoretical and experimental bandwidth curves are given.



Chapter 7 is devoted to the design of a free space to dielectric
matching section for matching a plane dielectric surface to free
5pacc.

During this work on dielectric interface discontinuities a new
type of phase changar was developsd. The cubstanding feature of this
phase changer is its linear characteristics. This phasa changer is
fully discussad in the concluding ohapter and design data and perfor%—

ance curvas are given.



Chapter

Chapter

Chapter

Chapter

Chapter

Chapter

1

2

2.1

2.2

Contents

Introduction

Basic Theory

Orthogonality conditvions and expandibility

of fields

Variational principle for the electro-
magnstic field

Relation betwoen Junction admittance and
stored reactive energy

Varistional expressions for junction
admittance and impedance

Approximation to the aperture fields

Application of the Ritz method

The equivalent cireuit

Experimental Technigue

Description of apparatus

Method of measurement

BEquivelent circuit of a symmetrical
struecture

HePlane Dielectric Step Discontinuities

The asymmetrical step
Numsrical work
The symmetrical step
Numerical work

E-Plane Dielectric Step in & Rectangular
Wave Guide

Theoretical solution
Numerical work

Properties of Quarter-wWave Transformers

Ydeal transformers

Single section quarter-wave transformer

Two section quarter-wave transformer

Design procedure and universal bandwidth
‘eurves '

The three section transformer .

H=plane dlieleetric step transformers in
a rectangular wave gulde

16

19
25
29
32

34
35

42

58
61

66
‘73

79
80
81

87
91

929



Chapter 7

701 hd
7.2
7S -

Chapter 8

8.
Be
8

G
’

Appendix 1

Appendix 2

Appendix 3

Appendix 4 -

Apperdix 6 -

Bibliography :

Free Space Matching Section

Theoretical solution
Numerical work
Experimental work

A Rectangular Wave Gulde Phage Changer

Theory
Exrrors
A Working Model

A Note on Weisafloch's Method for
Finding Equivalent Circuits.

Some Properties of Expansions in temms
of Complete sets of Orthonormal Functions.

Application of the Ritz Method for Finding
the Approximate Eigenvalues and Eigene
functions.

Solutions of the Wave Equation when Guide
Wavelength equals Free Space Wavelength.

Theoretical solution for E-plane dielectric
Stepo '

111
116
118

124
128
131



1.

CHAPTER 1.

Introduction

Inhomogenously filled waveguides have been used quite extensivaly
both for ldboratory equipment and for practical applications. However
there seams to be little or no available published literature on the
discontimuity effects existing at the junction between an empty guide
and an inhomogenously filled guide. To date there is no general
nethod of obtaining a rigorous solution in closed form for this type
of boundary value problem so one must be content with approximate
solutions,

Variational methods have been used a great deal by mathematical
physicists to obtain very good approximation to solutions of the
Schrddinger wave equation and also to nuclear and other scattering
problems. During the last decade these methods have been carried over
into the field of slectromagnetic scattering and diffraction problemse.
Je Schwringer has uvsed variational methods for the solution of a wide
range of wéveguide problems and several other workers have followed in
his footsteps (1.1, 1.2, 1.3, 1.4)* The type of problems coﬁsider-
ed by the above authors were usually of the metallic discontinuity type.
For such problems the fields are sxpanded into a series consisting of
the normal modes that can be excited in the empty guide. These modes
are relatively easy to work with since they satis fy simple orthogon-
ality conditions and by suitable approximation can be summed in a

closed form in several cases. For inhomogenously filled guides none

% (The bracketed numbers refer to references collected togather at
the end of the thesis.)
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of the field components for two distinct modes are in general ortho-.
gonale However ny means of a more general orthogpnality relation it
is still possible td expand an arbitrary field into a series consist-
ing of the proper modes existing in fhe inhomogenously filled ;uide.
The number of aveilable modes must of course form a complete set, This
will be discussed in ;reater detail in chapter fwo.

Previous authors have used varistional methods purely as a mathe-
matical tool for the solution of a given problem with no physical inter-
pretation of the principles involved. In this thesis it 1s shown
that the variational eﬁpression set up for the junction admittance
between an empty and an inhomogenously filled guide is equivalent to
minimizing the volume integral of the difference between the magnetio
and eleciric energy stored in the higher order modes at the junoction.
If the magnetic energy exdeeds the alectric energy the junction is
considered as inductive and as capacitive if the stored electric
energy is the rreater. It shogld be noted that evanescent H modes
store more magnetic energy while evanescent E modes store an excess
of electric energy. Thus a knowledge of the type of modes excited
determines whether a jﬁnction is inductive or capacitive. The
presence of stored reactive energy csuses a phase change in the N
transmitted and reflected waves at the junction. In general thers is
also a change in impedance level at the junction.

The behaviour of a waveguide discontinuity is most conveniently
expressed by means of an equivalent lumped elactric c¢ircuit. The

wavepulide is replaced by transmission lines and the discontinuity by
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a four terminal network. Although this equivalent circuit does not
have the usual frequenoy depandanoe it does give all the required
information needed about the propagating mode at any one freguency.If
more than one mode propagates then one transmission line is introduced
for each pé%agatipg mode. (1.5.) From a consideration of the effect
of the higher order modes it is readily seen that a very natural
equivalent circuit for a lossless structure is two lengths of trans-—
mission line conneoted together by an ideal transformer. The two
lengths of transmission lins represents the phase shift produced in
the transmitted and reflected waves while the transformer takes care
of any change in impsdance level. Furthermore the parameters of
this cipouit are readily obtained experimentally. A full discussion
of this equivalent circuit will be found in appendix 1,

The input impedance at any point on the axis in the waveguide is
taken as the ratio of the transverse elesotric field to the transverse
magnetic fields An arbitrary load impedance in the output guide is
transformed into an-equivalent impedance in the input guide. Tﬂis
impédance transformation can be expressed as a bilinear transformation

with three arbitrary constants. Thus

th— a’l. + b

cZ.,+d
where a, b, ¢, and d are the parameters of the transformtion and ZZL
is the load impedance., For a guide with no intervehing discontinuity
the above tranégrmation raduces to the wsual transmission line formuls

for the input impedance of a load Z, seen through a length of
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transmission line. By a proper choice of the constants this trans-
formation oan be reduced to the form Zjm = N2Z, where N?# is
a real quantity. This corresponds to & suitable choice of reference
planes at one of which Z;» 1is measured and to the other of whioch Z,
" is referred. These two reference plangs arg ocalled the characteristic
planes and have the property that an arbitrery impdance Z, looated
at one plane is transformed by a real quantity N& to an impedance
Na Zl. at the other plane. That these characteristic planes exist
follows from an inspection of the equivalent cirouit analysed in
appendix 1, since referring Zj,and Z, to these planes reduces the
equivalent oircuit to an ideal transformer which has the above trans-
formation property. If' the constants o and b are zero in the above
transformation one set of characteristic planes isg obtained. Another
set is obtained by choosing a and d to be zero since this reduces the
transformation to L , |
Zin = T Z.
and Zjn or Z; can be referred to a plane & querter of a wavelength
further along the guide since a quar{;er wave transformer inverts the

impedance with respeot to the characteristic impedance of the line

/
squared, thus Zin = "Z"‘ 2,2' Z, or -'CE::' Zzz Z, .

In the above disoussion it was assumed that the discontinuity was
lossless. This type of equivalent oircuit is used throughout this
work on the junctinn admitfance existing between an empty axd an in-

homogenously filled guidee.
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The gréat utility of the variational method comes from the
stationary nature of the junction admittance with respect to any first
order variations of the aperture fields. The junction admittance is )
ocorrect to the second order for an assumed aperture field distribution l
correct to only the first order. Furthermore by terminating the out-
put guide in a short oircuit an analytioal expression for Teissfloch's
technigue of obtaining the equivalent cirouit is obtained. It is also
then possible to obtain upper and lower bounds to the junction admittance
and hence an estimate of the maximum error involved.

The interest in the discontimity effect existing at the junotion

between an empty and an inhomogenously filled waveguide arises because
of the application to the design of quarter-wave matching sections.
Such guarter-wave matohing sections are used for matching dielectric
strip phase changers, empty guides to completely or partially filled
guides and so forth. To date these quarter-wave matohing sections have
been designed largely by trial and error methods. This latter state~
ment is based on the faot that there appears to be no published theoret-
ical design data, There seems to have been a more or less general
assunption that the binomial transformer represented an optimum design ‘
as far ag bandwidth requirements were concerned. A more thorough
analysis of their properties disproved this claim and showed thét
considerable bandwidth increases could be obtained by ma more suitable
choice of the‘design perameters. This analysis and results are con~-
tained in chapter 6.

A specific application of quarter-wave matohing sections is made

in chapter 8 where a new type of rectangular waveguide phase changer
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is discussed.

Although most of the theory in chapter 2 is formulated for fJon
modes in rectangular waveguides it is still quite general and oan be
easily extended to cover any uniform cylindrical gpide supporting all
possible types of modes. The main reason for this fomulation is to
enable the direct carry over of many of the derived expressions to the
problems that were worked out in detail. The derivation of Maxwell's
equations and the method of solution for the modes existing in a wave-
guide are not disoussed since these are fully covered in many standard
texts (1.5, 1.6, 1.7)s Throughout this work the time factor eJ“"f

is omitted,
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CHAPTER 2,

Basia Theory

. 2ele Orthoponality Conditions and Expandibility of Fields.

For empty waveguides and also for guides homogenously filled with

8 lossless diglectric the following orthogonality relations hold (1.5)

, .[J; P+n Prm da = 0O

JJ @ Pymda = o

where . Cp-rh and Prm may be the transverse electric field comp-
onents or the transverse magnetic fisld components of two distinct {
modes. The subscript ’} denotes longitudinal components. The ¢j
are funotions of the transverse oco-—ordinates only since variation
along the axis of propagation is taken as e_btj ¥ e In 8ll cases

the integration is over the cross seotion of the guides The usual
method of proving these relations is by an application bf Green's

. theorems to the wave equation of which the CR, are solutions.

‘hen a waveguide is inhomogenously filled the above orthogonality
relations do not in general hold. In some cases they do hold for some
of the field components while in other cases they do not hold for any
of the components. For a guide inhomogenously filled es in figure 2./-/
where ei/u-i, have a constant but arbitrary value over any- oross

sgctional area Ai » these orthogonality relations hold only for

those field components that ars contiinuous with a continuous normal
295
an

derivative across all boundaries C{ and with either C?J or
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vanishing on the outer perfectly conduoting boundary Co ¢« The

proof is as follows 3

Fi_go 2ele = 1o

The wave equation satisfied by Ppin A, is

vt- Pne "‘(B’n ‘*k )¢nt =0
where },’- e e/a', « For any one mode Xhz mist be the same \
in all A{ in order to satisfy the boundary condition along the axis
of propagation. Ithen the above equation is multiplied by (pmi, and
subtracted from the similar equation obtained by interchenging the
subscripts N and Y there is obtained

¢n-€ EZWmi - ¢mt‘ ‘7{2¢n1‘ :, (an" sz)¢nt’ gpm{

Now integrate over the cross sectional area /4,; » thus

JI\ P Pme dar = fz——lb-’z ffA‘-(%i V' Pon = Poni B Pe) e

a¢M¢ - ¢m-¢. 92'") de
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by an gpplication of Green's second theorem. The integral over the
whole puide oross section is the sum of the above typical torm for all €.
It is readily seen that if Prcand ;_?’"-'aré contimous across all Cg¢

and one or the other vanishes on (o then the total integral vanishes
also.s This iz due to the fact that by the introduction of suitable

outs when oarrying out the boundary integrals all boundaries C¢ are .
traversed twice but in opposite fenses and hence the line integrals all
cancel except the integral over Co which howewer is zero anvway by
virtue of tl» b»oundary condition. Unfortunately the ¢k€ and =

are not as a rule both continuous across all boundaries C';’ +« Howaver
there is a much more general sand important orthogonélity relation that
does hold for any inhomogenously filled waveguidee The dielsotria |
- may also have losses without violating lthis more general relation

(2e1-1) ,

The following more general orthogonal principle will now be
proved. \
—_— —_
ffi3‘EThXHTm da = O
A ,

and for lossless struotures

[[G-ErnxFm da =0y
A ,

—

ETn and H-fmrefer to the transverse ocomponents of the electrio
and magnetic fields for two distinct non-degenerate modes. Ern and Hrm(
— - ’
are assumed to be functions of x and Y only. Let En, Hn ena , l

— — .
Em , Hrm be two linearly independent solutions of iaxwell's equations



10,

—
Then VX En = -Ju Hn VXE’m = —Jw/u Hm .
Scalar multiply these equations by Hm and Hp respectively and
subtract to get
‘ - e — —
Hm*VxEpn — Hp+ 99X Em =0
S N .
Secaiar multiplying Maxwell's ourl equation for Fim and Hrm by
- .
Em end £} raespectively and subtracting gives a similar result but A

—

-—

with the role of E  and H interchanged, thus

. —_— — ' ——

Em-SXHn = EnVXHm =0
By adding these equations together it is readily seen that

— o, =
<7 (Ethm - E,_,,xH,,) o)
. oy

sinoe Hm VxEn - E,-, VxH,-,-, = <7. 5,., % o oy

— —
Now Eﬁ and Hje depand on 3. only as e 3, and hence this last
relation reduces to
Lt — - — > e i — —t
vf’(EnXHm —Em XHn) = (Xn'*xm)'&} '(Ern XHrm— Erm XHT,, )

where all quantities are now taken as functions of 2c and y only

9 -~ 9
'f-x 25 -+ "y a{y . l:l
By the divergence theorem it follows that

and NV, is the transverse operator

Al C¢ ,

‘ =ﬁﬁx§, °I:Tm -n XEm‘ﬁh )c{f =(Xn+ Xm)ff‘;’(anxz/;m—?;mx/jrn)h‘
Ci Ad

e

—
Now N X E,, seleots the tangential electrio fiaeld component amd

the dot product with H,, selects only the tangential magnetic
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field components so the sum of all the integrals around C¢ vanish by
a similar argument as used before. The tangential field components are
by construction continuous across all Ce¢ and the tangential
elaotric field vanishes on the perfectly oconducting boundary Co o

It therefores follows that
(Xh'*'\‘m)ffg' (E_:’n Xﬁ-rm - ETm X,Z/-b.,-,, )dd =0
. A

—

Since ( —~ ET H+m ‘Xm) is anpther solution the following
m 2 ) )

resglt also holds
(Yn’\b’m)fﬁ'z;'(é:‘;hxlzj'rm -+ E;-m X /—7;,.,) de = O

Ir b’n x Xnﬁé O then by adding the above equations one obtains

| ij?}'(ErnX/ij)da = O

which completes the proof. The proof for the alternate relations also
valid for lossless struoctures is similar and so will not be given here.
‘then the modes which can exist in an inhomogenously filled guide
form a complete set of eigenfunctions then by means of the above
orthogonality relations any arbitrary field configuration can be
expanded into an infinite series consisting of these eigenfunctions.

. . B e
Thus if the total transverse . . elactric field is £ o , then

- :
ET = ET—_ Chn E‘T‘h where
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—T —
Ch = I/; Er Ern da if the following

orthogonality relation holds

ILETH'Erm da = O

If this orthogonality relation does not hold then Cnis given by

Ch = fL;}‘ E—,-X/j-,-,., da .

‘Us‘ually it is convenient to normmelize the eigenfunctions so that

j_LET'n‘Edea.'-‘- Snm'

o JJAi}‘ETnXidea= Shm

where Onm is by definition equal to unity for”= ™M and equal to
zero for nsF m ,

For the H-plane dieleotric strip disoussed in chapter four the
transverse electric and transverse magnetic field components are
orthogonal over the oross seotional area of the guide, This follows
at once when it is recognized that ;Ef is proportional +to the
tangential longitudinal magnetic field which is continuous along with
Erg aoross the discontinuity interface. Since Hx  iq proport-
ional to E%, it also forms an orthogonal set over the guide cross
sgctions For the E-plane dielectric strip the more general orthogon-—

ality relation must be used for expanding any arbitrary field into a

seriese
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2.2, Variational Prinoiple for the Electromagnetic Field.

All problems of wave motion and in fact most problems in mathe-
‘matiocal physios can be formulated as an equivalent variational problem.
The variational problem does not depend on any partioular co-ordinate
system and henoce it expresses general principles. It also mekes the
transformation from one c?~ordinate system to another relatively easy.
Ythen a solution to a given problem cannot be obtained by other means i%
is s%ill possible to get a good approximastion to the correct solution
by means of the equivalent variational problem. »

| Por the electromagnetic field the difference between the magnetio
and electrio ensrgy is taken as the Lagranian function in the wvariation-
al integral (2.2~1). The electromagnetioc field is charactcrized by
the condition that
tr . o :
ijz(/u/-/-H—eE-E)aerf =0 .
N '

—

Now E. and }+4 are not independent since the following condition

must not be violated

IXH - €

mi

2
2

|

= O .

ct

However in the variational problem they can be considered as independ-
—

ent if a veoctor Lagranian multiplier A is introduced. Alternste —

ly a soalar multiplier for each component could be introduced. The

integral whose first variation must vanish now beocomes

.él
‘J&“I-V [‘éﬂﬁ-ﬁ-—éf-f + 2-(vx7~7—e —aa-tg)]a(tcéu-{



The modified Lagranian function is taken =as

L= Al 4 A-(TxH-<5¢
vr!.xere A-+VxH may be written in determinental form as
Ax Ay Aa
2. 2_ 2
o °Y 2%

" iThen the Euler-Lagrange equatiomsare applied to this function it

followrs that

oL _ 3L _ 3 2L _ o 3L _2 3L - o
3H o 2H 3y 2H 23 2H 9t 2H

gives
/“(Hx'f'//y-f-/'/} - ax (:4 Ay (Ax /4} a}_(ﬂy—/fx)=0
which can be easily recognised as

—

U H - vxA

I
O

»# To minimize an integral such as

[ FCetnmnnr, 328 ) e

-

the funqtion " F must be determined so as to satisfy the following

partinl differential equations

oF -—>' —_ = O
- - oxX, oM °
SM <=/ ! 22Xy

This is the basic Eular-lagrangs equation of the variational oalm;lus,
(2¢2-2
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The (A}“ Ag) etc. are the components of A  that prepmultiply

the 2- ato. in the expansion of the determinant. The condition

X e
imposed on E by the minimization of the above energy integral is
found to be E = - 24 .
ot

-

It is seen that A is identical to the usual vector potential intro-

duced into electromagnetic theory.

B d

i .
" When the above values of E and H are subsatituted into the above

energy integral it becomes

f‘z --’ —
b Y Y _
Sj* (VxA-VxA—e/uaf o )dvdt = 0
: [ Y .

Applying the Eujer-Lagrange equations to this integral gives
2 A Y
VA—VV'A—G/(LQ{_Z = 0.

In a homogenous charge fres medium /:£ = O and consequently V-;\Lz o

also. Thys the final result is the usual homogenous wave equation
Vz;&' - 911 _?__'f.\z_ =0 .
ot

hen this wave equation cannot be solved then a minimization of the
original integral with only an approximately correct value of the
electric and magnetic fields osn give a closer approximation to the
correct solution. This principle is used later on to obtain the

approximate eigenfunctions and eigenvalues of the wave equation.
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2.3 Relation between Junotion Admittance and Stored Reactive Energy.

It is easy to show that the reactance component of the impedance
of any natwork at low frequencies depends solely on the differance
between the oabaaitive and inductive energy stored. When the two are
equal a condition of resonance exists. The same principles carry over
into the impedance or admittance representation of discontinuities
in waveguldes.

From Maxwell's equiatons

: _ —

O Exid* = H" WE-E.9x7" = ~joo(uH-H*-c E-E*)
where E and H are complex vector funoctions depending on the time‘
coordinate only as e./'wt. The star denotes the complex conjugate.

The volume integral of the divergence of the complex Poynting veotor

is equivalent to the surfacs integral of the normal component of the

complex Poynting vector and hence L EX /:*' P da =

—r e

joo [uRFr - BB + O JFE e = djes(WyW )+ 2P

—

where N is the unit irward normsl to the surface S bounding the
volume V and Wu N WE and P are the avérage gtored magnetic energy,
eleatric energy and the total dissipated power respectively.

Consider now an Ho, wave incident on a general discontinuity
or termination in a rectangular wavegulde. Thae transverée ele¢ctrio

field is

Ey

o - r
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and the transverse magnetio field is
Hx = G wn B2 (e 7o ge )

where R is the refleotion ocoefficient and is equal %o PeJe. if
some of the energy is transmitted past the discontinuity then the
output guide can be replaced by a resistive termination that absorbs
the same equivalent power as far as the input impedance is concerned.
Thus
fExH -nd& (1+R)(/-R R¥)— f—dmz"‘" agzda
at a point in the guide where ,p'{lﬁ 3 = 2 n since Etan.
vanishes on the guide walls. The incident energy Wk is equal to

L JE&_‘J”’464127(:c A

U Js a a% )

It then follows that (1.5)

: 250 (Wy- We) it
T R o
J= - E
I—RR":/-Pzz 'ﬁ/: and IMag. R= & HW.‘: *

To obtain expressions for I* R ana =R
/- I+ R

» the input impedanoe and
admittanoce respectively it is noted that at B:} = 2hTW«
-jes 1+R
ES = e H e

n o 7-r
or alternatively

g /- R
- 1 Ey .
Hx T ew 1+ R J
P »* _ J'w/u. /-fR and
us sEngdA. == Hx x da
]
hence I+R 4-jw(w~-w5)+ ZP
7-R e
S [ Hx Ha e
Similarly s
I“R _ g5 (Wh-We)+ 2P
I+ R Z?_" J“ E'! Ey*d&

It is seen that the iniput admittance and impedance is directly

related to the stored resctive energy and absorbed power. The term 2P
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may be considered as being due to power transmitted past a discontinuity.
As a simple application of these results the input impedance at
3— for a short circuited guide with a short at 3.=O will be worked

out. The fields in the guide are given by the following expressions
‘ V=7 - Vo
= . -7 72 = - -—-—M’.S_xe '3’__ %
E‘y— CM’_Sa_i‘(e F+Re }} = C%« a( rRe )J
-7 A
Hya o Zig wr i (777 ReT3)
where R is equal top e 9. The difference between the avarage stored

v a.b
magnetio and electric anergy is WH - WE = cc €f {( /uea.‘ )

(/+F +zpmzp,}+9) + (/-H’ - Z‘OMZ,B}*'G )j 0%_

ab?B: CC*(M 6 —.den 3,5/}*9)
4—w/u
It is seen that over half a wavelength the electric and magnetic
energy stored is equal. If & is positive then for MZFI}*O { 4m 6

the stored magnetic energy exceeds the stored electric energy.

For a short oirouited guide ~A=-/ so f=/and & = 7C,

hs Wy -w = ("B win g = (O i By ey

N 4—rd/u
For ;. < —4_—2 the stored magnetic energy exceeds the alectric energy

g
and the input impedance is inductive. For 4}( ? the input

impedance is oapacitive since W > W, . The input 1mpedanoe at 3.

56 R4 I (Wy- W:) |
/-R s f’q" Hx de since P is zero for a short

B o bB? 2
cirouited guida. ThejH H,d‘,is equal to ;;f 2 e B %

and therefore ‘ h
Zige o = Husbbiafien PR jfn fy
-~ 25)/“ /“ a-AE Zmz/g, .

Wt
which is the usual express;on for the input impedance of a short

gircuited transmission line. I% shobuld be noted that the reflection
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coefficient R in the expression for Z ih is the equivalent reflection
L Ey Wu 1+R

coeffi t at th that at thi —_—= *

oefficient a 8 plane 3 such that at this plane o B, I-R

At the points where ,ta,nﬁ,} becomes zero i.e. _}= 7%.9 , 8 condition

of resonance exists and W, = W, -

2.4. Variational Expressions for Junction Admittance and Impedance.

A general plane junction between two inhomogenously filled
. rectangular waveguides supporting /om modes will mow be ‘considered.
The inhomogsnity is assumed constant for all values of 3. except at
the junction }= 0 where there is a sharp digscontinuity as in figure
2.4-1. The inhomogenous filling to be considered is a lossless
dielectric. A similar analysis would apply if the dielectric was
lossy by replacing the dielectric constant by its complex value

€(/-7tan S) where € is the real part and & is the loss angle.

i A
t'np_ct;z‘ auz"pul"
qui/ e . gul e
‘ / a..r...o )
R N
k o 5

a 50

Figo 2 Q4-1 .
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It has been shown that the reactance depends on WH-W; and also that
S[{(&.{/—&/E)Ju. =0 SO it seems reasonable to expect that a
variational expression for the junction impedance would exist.
Rather than deriving this variational expression from basic principles
it will be obtained by the usual process of direct mathematical
maniéulation on the continuity equations relating the fields at the
aperturs 3.= O and then later will be shown to be equivalent to
minimizing the volume integral of the difference between the magnetic
and e'lectric energy stored in the evanescent modes st the junction.
For the present it will be assumed that it has been possible to
solve the wave equation for the complete set of eigenfunctions existing
in the input and o‘utput guides illustrated in figure 2.4-1. Let the
eigenfunctions represent:.ng the % component of the electric field in
the input guide be Z &n e ”3’ and Z } in the output
guide. TFor the type of discontinuity being studied here it is obvious
that these functions form an orthogonal set over the guide coross
section (see section 2.1). Also it will be assumed that these
functions have been normalized so that
a a
f Frnix) Fim(x1dx = f Pn(x) Pm(x) dx = bhm.
o °

Further it will be assumed that only one mode propagates in the guides
although it would be a simple matter to consider the ocase of more than
one propagating mods.

The incident and reflected wave in the input guide is given by
( i 4 3’ R 3’) /
Es = ¢I (S + e 4

Ja}u//x—‘ F¢I(€ F} R€+l})

Je
where R is the reflection coefficient and equal to Fe At the

junction higher order modes will be exoited and are given by
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facd

é}: };_:DaneF”} i‘ 7
S Hx = 2;:[7n4f1;§pn é’fjngLA

In the output guide there will be & transmitted wave plus higher order
modes generated. These are given by
o9 _ rm } /
-
u7¢25x£ Hx = :£:/4171)171 Frn 3',
At the junotion Or plane }—o the tangential fields must be continuous.
The continuity of the transverse field components is sufficient to
ensure the continuity of the longitudinal magnetio field oomponent also.
These continuity conditions give __, .
[- -
— . ¢
5= 5= A Yo F ® "
(1-RIFQ, — 2_DOnl@n = 2_Am Im m.
Now if the total eleotric field at the junction or aperture is (G, ()
whera G., (x) is a aomplex funotion of the real variable x , it follows

by Fourier asnalysis that the coefficients Dn and Amare given by

[+ R =,]:'j3o P, dx . D, = gl;atso Pn dx |

=f°aG°F,,,d,,¢, Y

Replace the coefficients in (@) by their integral representations and
1ntroduce /+R on the left hand side, thus

/+R @, an¢nf60¢nc£x + ZymmeG Fmgbc @

As it stands this expression is an identity for the correct values of

R and Go and consequently both sides can be multiplied by an
arbitrary function and integrated over the aperture without violating
the equality. Let this arbitrary function be Go (%), then after
dividing by /7{_{60 o, dq;)z one obtains



o =Znlatu) s 50, ([0 o =
- - 2 / @
1+R ,;, (fGoﬁ,a&,\:)z

which is a variational expression for the input junction admittance

/=R 7o show that 2=
/+ R /v R

$Go of Go the first variation of the above expresgion is taken with

respect to G s thus /:R quG"#d"fs&‘p’d”‘ +/7(IG°¢"A") [—R)
':z? » J G whdgfse %, do +z}_—_ ' J6o thfss
which may be written as /7(‘[60¢/d/x)2 s /+R

szGo[§Ph¢"fGo&hdﬂ + iXmmeGOFmobx —/+Rp¢jé &d«]

is stationary for first order variations

where it has been assumed permissible to interchange the order of
integration and summation. By virtue of @ it is seen that the

coefficient of &Ge is identically zsero and hence the first variation

/I-R

of 7R

vanishes. For a first order approximation of the aperture
I-R
field Go & second order approximation to 75 1s obtained.
For numerical work it is more convenient to multiply @ by the
»*
conjugate field dlstrlbution Go , thus
- R

3 fortude [GlOnd + 5 Vo JOo Pmdn [6 ot
R 77 [6.0 dx [6.7 P, dx

This expression is easily showm to be statiomary with respect to

variations in Go and also reprasents the stored reactive ensrgy and
' »*
‘ transmitted powsr. A typical term such as /;;fG°¢JndafG:¢ndm=/7an Dn

is proportlonal to the excess magnetic ensrgy stored in an evanescant

Hon mode since 4co(Wu-We)= w.f (/“‘HH GEE*)dV' fE:y x do.

= D"D” 0u0al% | f D r
n dJ since the fields vanish as € "%for

o
lart-.;e negative values of 5, . Therefore (Ph DnDnis egqual to
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Tf':wj“ (Wu" W;), The term ¥, A, AT is proportional to the transmitted
energy. This aspeot of the problem is discussed in more detail in a
later section. |

Almosgt identical variational expressions for the junction impedance
is obtained if the coefficients in equation (@ are determined from the
aperture tangential magnetic field distribution Ho ), By a smiilar

procaess as _used before it is found that o0

‘ /
I+ R _ P f/'/o ¢na’/xfb(,'¢,,aa + 2,: ﬁfH°F”"°l”‘fHo“Fm
- R - dx
7 [ He Ord [H P ol

For the examples worked out in this thesis it turns out that the

avarage value affi%?-calculatad from the aboﬁe variational expressions
is more accurate than either one by itself. It is diffiocult to justify
this mathematically due to the complex nature of Go. and /Ao.
However if the oubtput puide is terminated in a short curcuit then the
electric and magnetic fields are everywhere either in phase or 180° out
of phase and G, and 4, are real functions. Furthermore the modulus
of R is unity and the input admittance or impedance is a pure imaginary
quantity. ‘It can.then ba shown that the stationary walue of both
variational expressions is an absolute minimum and consequently upper
and lower bounds for the input admittance or impedance can be obtained.
This absolute minimum property is proved in a following section.

7ith the output guide terminated in a short éirouit there will be
a transﬁiﬁted and a reflected wave in the output guide given by

C/F, (e-x'}+ T‘ey'}>

with a transverse magnetic component

-1 -
G €1 (T g )

where T is the reflection ocoefficient and equal %o ejo‘, For a short
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cirouit located at }:.,Q the eleotric field must vanish at }=-—? and

-%2 b4 +j'°‘
hence € + e =0
LAY

o
162+ 3 =3
transmitted and reflected wave can be taken as

AiFi eoe(12,/3 +3)

with a transversq magnetic component
o AU Frain (1713 + 5 )

At 3:0, the coefficient A, is given by

cra'3 [ G Fr

J = o
or 2C e 2ecoa( 18] 0+3)70.Thus
and fam 3 = fam(E-/%/8) . Consequently the

Since R= Jo, I=R can be replaced by — 5 ﬁv—- and hence
I+ R
T /" becomes ,B,fim. £ where y8,= /], By a similar analysis as used

before it is found that

M’fe Zr'n(_fH @hdfx)"' ZY,—,,(IHO

J‘(l

/8, (jﬁo P dox )?
(6 Pndn )t 3 Vo ([ 6o Fim ) sl 1 3(fo o )

tan & -
y ﬁr(IGeQD/d/x)z

Sinoe these expressions are both absolute minima for the correct
aperture fields it follows that the value ofﬁm% obtained from the
first will be too large and that obtained from the second will bs too
small and an estimate of the maximum error involved is readily obtained.
At a position of a field minimum R=-! so 6-2Bd =1C  am
hence 'g'=F:d+—’23_ » where o is the position of a field minimum in the
input guide measured from the junotion. Thus tan -f" and famn %( in the

above variational expressions can be replaced by the following
tan L = tan(Bid+ZT) = —cot B d
L‘.,w = -‘fa-..(/)ﬂ/.[ T): et /010

These variational expressions are now the analytical equivalent of
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Weissfloch's experimental technique for finding the equivalent oircuit

of a discontimiity.

2¢5e Approximations to the Aperture Fields.

It is logicasl to assume an aperture field distribution consisting

of a series of the proper eigenfunctions existing in the input guideo
o0
Thus take : _ {
Gocx) = 2-Dn &(x).
A\
As shown in appendix 2 the funcdchions Fm are given by ZRmfwhere
the factors R rmare given by f Dn Fr ol .

Substituting this aperture distribution into the variational expression

for the 1nggt admittance g:_ves o R = D
- R _ };ﬁnD"Dn ZXPH;,Z/ ”mDh Z ” »

I+ R - /-; Dl D/*
This is a homogenous quadratic function in the unknown coefficients

Dn. 1t is independent of the value of 0/ gince all the other On
oan be divided by D,.  To make this expression staticnary with
respact to arbitraty variationé of G: all the partial derivatives
with respect to D: for N>/ are set equal to zero. This gives the

following set of infinite eaiations to be solvede
o

o0 oD
Z{m.o,, + %YMRNM_;R"MD{ =o}

h=2

or
o0 24 .3
2 . _
Z iFnDnﬁ" :Xm/?hm Dh +ZDJ‘ZXmanRJM(/-5nJ):0}
=2 m=¢ J=/ m=t :
where /= 8 nj equals zero for n:j  and equals unity for m# 5 .

Usually the factors Anm for h# i converge to zero quite rapidly end
Rnr oconverges to unity. In the above determinant the off disgonal
terms are small in comparison 1_:_9 the diasgonal terms and the terms for N

and M large approach zero. Thus a first order approximation to the
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solution of this determinant is obtained by neglecting all terms

axcopt the diagonel ones, thus p, - !,‘E Y Rim Rvwm D,
= 2
Pn o+ ZXM Rh\m
mz=y

5 second approximation can be obtained by substituting these values

J

of D into tue first off diagonal terms and solving for the new
values DOn say Dv: . This prooess converges very rapidly and can
be reponted until any desired degree of approximstion is obtained.

To avoid an excess amount of numerical work one must be content
with an approximation to the input admittance obteined from a two or
three term approximation tothe aperture fields. Thus if Go (%) is
approximated by the following finite series i D, @,, the effect is

e
to terminate the summations over "N at n= N, This then gives the

following finite set of equations to be solved
N

o0 N o0
} 2 -
n=2 m=| J=1 =t

To take full adventage of the stationary property of the input

admittance these equations must be solved accurately for the N-)
unkmowns Dh . Although the summation over v is not termminated,

the factors Rwmusually oonvérge 50 rapidly that terms beyond TM=N can
be neglected without introducing appreciable error. This assumes that

N is of the order of % or more. If N is less than 3 a value

of m up to 3 or 4 must be vsed at any rate.

A similar set of equations to be solved is obtained for the input
impedance with all [ and T repleoced by 7"'; and ?L,_: *For the
oase Of the short circuited output guide it suffices to replace X,
vy 1% tanm % in the above equations.

It will now be shown that the variational expression obtained for

by
the input edmittance by multiplying,the conjugate electric field
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distribution is equivalent to a minimi'zation of the difference
between the magnetic and electric energies stored in the higher
order modes subject to the conditions that the tangential field
components are continuous at the junction. The difference betwesgn

the magnetic and electric energies stored is given by
0 o0 o0 Com
>
Z{PHDY\DY\ + YA ZRJ'"DJ' ,ZR:!'"DJ'} %
n=2 7= J ]
{

The conditions imposed on the coefficients D and Dy in order to

-
-

ensure continuity of the tangential magnetic field at the aperture is
obtained from equation @ section 2.4 by multiplying both sides by

CPn and integratmg over the aperture, thus
PnDn*ZY anZRmDJ '—'07 n>z2,

and similarly - o0

»w Y A
Fo D + 2 Om Bnm ;RJMDJ =0, n>2,

The continuity of the electric field is ensured since the A v have
been expanded in terms of the Dn . Now introduce 2 71 lagrange

*
multipliers /\n and A'n and the following expression is minimized
-]

» oD o0 * . ol oo
3 {FnDnDY + ¥ o Rin D S Rin D} 4+ An(RDn & B Z KR i)
»n &£ ® = *
A% (PnD o E 0T 2Tt R Rim) |

. A P
Setting all and SF“ equal to zaro gives
n

2 _
2D,
e tum e (e SN RE) O
F'aDnt = 75 tm T Rim n nT e ‘m Bnm

»
for all n>1 , with a similar expression for Dw . But from the

conditions imposed on Dh it follows that
4 ) j j i d' d‘
Dn m Nnyyy ¢ i J 3 ) > )

and consequently the value of the Lagrange multiplier >\’:\ nust be
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od
A= YiRn 2r R Dy
= z
M + ‘MZ" Xn: Rvnwm
with a similar expression for the An, Substituting this value of

* 3 L3
An  into the above equation glves

od

P Dn + &2, ¥m Rnm 2= Rim D5 =0 For n>1,
which is recognized at once to be identical with the previously given
equations. The conclusion is therefore that these variational |
expressions are equivalent to minimizing the difference between the
magnetic and electric energies stored in the evanescent modes. 4s
such it is equivalent with the variational principle discussed in
section 2.2.

For the case of the short circuited output guide Z‘am is given by
: 2
o S o + 3 Y (& RembDn)? +mm°<(ZRmDh)

-— = ey me2
B, Df

Taylor's expansion theorem for a function of several variables can be
written symbolically as (2.2-2)
axye
S F(x, —xe-y= (7 2 _ ) Fze)

vhen this expansion is applied to the above variational expression

Xyg = xo:' .

it [,’.L'Ves
Stam 2 z ,,g A"‘QDv\ Sz zA (T" DS"'ZX Rsm Z Rym Dy "‘”(Rs;fﬂmu Z J'D)

h:z

[ASA ¢ Sen + ASAh(Z ¥m Rsm Rnm + 1Yt 3 Rsan)]

o) =2 2 oo . . 2
Y:S_;;;: M, o8 + rf\"_:_z\’m ( E,A“ Rhm) + %) tan 3 (nzz A, Rm)
since the first variation is zero and where Ay is the variation in
the coefficient Dy, , An inspection of this expression shows that it

is positive if all [, Y. andz‘bn;-‘ is positive. Now /), and ¥},
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o 2
are positive and as long as /%/%%(%A"R"') is not large enough
negatively to render the whole expression ngggtive. then the wvariation
in Zan % is positive and consequently for the correct aperture
distribution it is an absolute minimume bLikeWise it can be shown that
cof'f? is also an absolute minimum. Any approximate aperture dist-
ribution will oonsequently give teolarge a value of Zam o andczi‘ﬁ? .
Taking the reciprocel of cd('g? then gives too small a value of lan g?

ard thus an upper and a lower bound to the true value is obtainsed.

2+64 Appliocation of the Ritz HMethod 3

This seoction deals with the ocase when the input guide is empty
which is the usual case in practice. To obtain the propagation
constants Xm for dielectric slabs in a rectanguler waveguide one is
led to the solution of a transcendental equation for the simplest case
of one dielectric strip and to sets of simultaneous transcendental
equations' for more complicated ceses. Also the process of determining
the normalization constants Pm » the eigenfunctions Fim (x) and the
elements A’nm becomes very tediouse However by en application of
theRitz method all this information cen be determined to a good degree
of approximation with much less labour. These approximate eigenfunct-
ions when used in the variational expression for the input admittance
then leads to an excellent approximation for _/L*_"_'_g_ e This is
reasonable since an application of the Ritz method does in fact
minimize the difference in the niagnetic and elecfrio energies. The
funotions Fm are approximated by a finite series of the Cpn' whioch
are the proper functions existing in the empty guide, thusFim= né A hm Cﬂn .

To find the propagation constants Xm and the coefficients oy .



the following energy integral is minimized (2.5-1).
f(/a//‘ﬁ—€5-5)céw.
, \"4
The transverse electric field is taken as
N
/2 i
Z"(hm o M"Lax e m}
nz=/

vith a transverse magnetic field component

N th
- . =
B R 7 e

and a longitudinal megnetic component

N
o nw —-’—1/2 _7,
\+>§ MR wu T v 22T e 'T’}

If xm is imaginary it is repleced by H(m| in the energy integral

since it involves the modulus of the field oomionents only.

Ne( hx L x|t (ﬁd Al h’t*)z -2
+(§; T o mgz_) — €(x) .~ S nm 2 e
The factor e ‘éf 06’ is common to all terms. Since this
o ©

integral is going to be minimized with respect to the coefficients

X nm & set of equations to be solved for the X will be
obtained. These equations will all contain this common fagior which
will canocel out and hence it can be deleted from the above energy

integrale This is true only for the case when the structure is uniform

in the ’} and Y4 directions. The integral to be considered is now

3

dar.

S 2 (1 28) — g [ (Ftom VE wimnzz )

‘where some of the integrations with respect to ¢ have been carried

nrx
S

F (e N
The energy integral to be minimized is now éjj f f {/u [(Zc(m" z'."_mn
o o o ! “y"



out and ,kf = w}a, €o
a v 2
Let J fo)( 2 "(hm/::g_m'lf_") dx =

©

N N
ng g °(hm°(sm Xsn

and the final result is

N o(z XZ n® x? /kz iZNdhmdsm _XSh .
Z hm( m Y TaT ® oz s=/

a* -
nel

_ 9 ,
Setting all -a'd“"mequal to zero gives the following set of simultaneous

equations to be solved,

N ' T el N
’hg_l—_{dhm(sz* % )—/koz gdmn Xsn =0 }

In order for these equations to have a solution the determinant of the
coaefficients must vanish. The N roots of Xh.z, so obtained are
approximations from above to the first N eigenvalues Yr: e For
each root a set of coefficients o nm can be obtained by solving for
all the % py in terms of one of them, say X 1m o By subjecting the
o nm  to the following nomalizetion condition
3 e 3

it oan be shown that the N approximate eigenfunctions so obtained
form an orthonormal set over the guide oross section. (See appendix 3)

An infinite number of terms ln the above series approximation for

Fw  would give a correct value for Fr and hence it follows that
o0 [ =]
- = R
Fmn = = am @ = 2 Rnm P n

Thus the coefficients Xmm oan be recognized as the approximete
factors R wnyn and oan be used as such in the variational expression

for the junction admittence. Tle above procedure has -
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the advantage that it terminates the summation over M at m=N

in the variaetional expression.

2e7e The Equiwent Cirouit :

“lhen the output guide is termineted in a short circuit located a
dista'noeffrom the junction the verietional expression gives the posit-—
ion of a field minimun in the input guide directly. Thus a position
of a field mimimum can be calculated for a series of values of j and
IX‘II*/Eld plotted against Srd . This resultant curve is then
analysed by the method discussed in appendix 1 to obtain the parameters
of the\ equivaient oirouit.

For the open cirouited output guide the value of the reflection

/-
coafficient R is caloulated from the value of -/-;7:; obtained from
the variational expression. Let this value be Pe" ® . A charact-

eristic plane in the input guide is located at a point where

6 ~2B:d = NTT, The transformation constant for the impedance between

the characteristic planes in the two guides is N*® whera N  1g
g

aqual to ———— and is greater or less than unity depending on

* e
whether 1 1is even or odde To locate the characteristic plans in the

output guide a similar analysis could be carried through with a wave
incident on the junction from the right. A check on the results
would be obteined sinoe the transformation constent for the impedance
ffom a characteristic plene in guide two to a characteristic plane in
guide one is the reciprocal of that from guide one to guide twoe Alter-'-
natively and with much less work a good approximation to the phase of

the transmitted wave can be obtained from the coefficients Dn for

od
A = >_ RniDn  and D,= /+R.
n=|
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If the value of A, 1is /A,/edo( the transmitted wave will
be [A Fe Lash . From the phage of the transmitted wave
the characteristic plane in the output guide oan be located. This is

fully discussed in appendix I.



CHAPTER 3.

Experimental Technigue

Bels Description of Apparatus :

For the measurements made on the dielectric strips and quarter wave
transformers & oconventional %cm, microwave benoh.was usede The standard
equipment such as standing wave gear, movable short—cirocuiting plunger,
oscillator, power supply end so forth were all of conventional design and
.oommercially mades For the frequenoy range from 5.00 om. to B.ZQ Ome
a CV-322 valve was used. For the range from 3.20 om. to 3.@5 Ome 8
CV=-129 valve was used. The refleotor and grid woltages were obtained
from dry cell batteries and an eleotronically stabllized l.5 K.V.
power supply was used for the anode voltage. The oscillator wavelength
was determined by a oalibratedvabsorbtion’type wave meter inserted
between the standing wave gear and a 10 Db, attenuation pad used to
isolate the osoillator from the rest of the waveguide set up. Ilo
frequency pulling of the oscillator was deteotable with this 10 Db,
attenuation pade The orystal ourrent from the standing wave gear probe
~ was read on a 0-6 microamp meter,

The measurements on the free spaoé‘lens matohing section was made
on & 10 ome s8trip transmission line which had been built by the
Electriocal Engineering Workshop staff at City and Guildg College. A full
desoription of this line will be found in a University of London PheD.
thesis by Kharadhi. (3.1-1). On this line it is possible to msasurs
reflection coeffiocients as small as .003 although the accuracy is only

about 50% for these small values of reflected power. For much larger
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values of reflection coeffioients the accuracy inoreases to sbout

1% or soe

Je2e Method of Measurement :

In all cases the iWeissfloch technique with minor modifi cations was
used to obtain the equivalent circuits or the values of the reflection
coefficients being sought. A full acoount off the basioc method is
found in appendix I.

For the asymmetrical dielectrioc strip the position of a field
minimun was determined for various lengths 6f samples varying over half
a wavelength in approximately .04 wavelength inorements, thus giving
about twelve pointse One end of the sample was kept against a short
ocirouiting plate in the waveguide. A movable short circuit was not
used since the equivalent cirouit of one discontinuity only was sought.
It is possible to find the ecuivalent circuit of one junsction by measure-
ments made on one sample only, provided the structure is symmetrical
along the longitudinal axis. This is disoussed in section 3.3;
waeﬁer it was felt that the above method was more accurate.

For measuremenfs on the quarter wave transformers a movable short-
cirouit was uséd since it was possible to datermine the effective
position of a short circuit in the dielectric when the position of a

short in the empty guide was known. This equivalént position was

obtained from the followinganalysis.
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The effect of the plane dielectric interface can be accounted for by

an ideal transformer ‘of turn ratio given by

290 Zgo - )9" = K~ (A"/za)z'
725 U.Aere /23 /A’ 1 =(2ef2a)®

where K is the dielectrio constant, )\o the free space wavelength
and & is the waveguide width. The effective short is located in
the dielectric at a position where the input impedance is zero i.e.

where the electrio f:.atd is zero, and is given by

2241,3_9} 372_9) z‘.”n/BJ“

tthen } is knovm then the equlivalent oircuit of the transformer section

is readily obtained by the usual method as detailed in eppendix I,

Z
At the matohing frequency X =% = 0  and n*= 23; so that
'tam/ej,d = - ﬁ»‘/gj(S"}) . Thus
lanfegS — tanfs 3 = _  tanfgS * ‘Zs /89"

\ and it
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follows that
Zgo ' _ ;Z—g—o -&0"/3 j
lanfged ~ Zg Yan PByod Tanffy S &“/Syo«p =—tnf9S ~Zy 9°
Zge
or ta,»§83od+,53‘5) = —"z‘z—ﬁm/?yoj = fam s F .

ne"efore
/E;} =/33oc{ f-ﬁjs at the matohing frequencye.

In all cases & position of a field minimum was determined by
averaging the two readings obtained for current readings of approximately
1/10 full soale on either side of the minimum. It was estimated that
a position of a minimum oould be determined to 1 «005 ome The posit-
ion of a short oircuit was determined to about the same degree of
acouracys The maximum error for the width \%Y of the curve /88" J+,53.2
vs Pasdwas then of the order of * .03 radians which corresponds
to approximately .0225% of reflected power, an amount which is
%6.5 Db, below the inoident power. Since the width of the ocurve is based
on the average of several points it ié reasonable tb .expect an overall
accuracy greater than thise. For the quarter wave transformers only the
magnitude of the reflection coefficient was mgasured.

The same technique was used to obtain the modulus of the reflection
coefficient for the frae space matching section with the exception that
the short cirouit was fixed emd the sampls wes moved instead. The reason

was simply that & movable short oircuit was not available.
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Je%e Equivalent Circuit of a Symmetriosl Structure.

zy Z 9 Short Circuit
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Equivalent Cirouits
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Fi.go 3.3"1

For each junction there are three parsmeters ( », x, ¥ ) to be
determined, TFor the overall struocturd two parameters (7}' ) suffice
to describe completely the effect of the structure on the propagating
modee

One method of determining the equivalent oirouit of one junction
is to measure the position of a field minimum for a series of lengths
of the structure all terminated in a short circuit. The parameters
ara thon obtained from an analysis of the \leissfloch curve so obtained.

By terminating the structure in a short cirouit one junction effect is

completely eliminateds However the proocess is tedious due to the
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continual cutting of the semple length reguired.
For a symmetrical structure the following procedure can be used.
/ith o short oirouit located at the back junction let the field mini- -

mun be at d/, measured from the front junction. Thisg corresg:cndé to
a short at the plane C in the first equivalent cirouit in figure 3.3-l.

Henoe the following relation ho:i.ds
— v ,
% 3%
d, x h:y
nzzp tam.ﬂp(y-rS) = "23 5141/83 (x+d,).

Now move the short back a distance l,-f' ’Lzz-g(where h is large enough

z,
Y T8 .
(1)

to ensure no interaotion with higher order modes) so as to keep d,
fixeds This must then correspond to a short reflected into the plane
C and the following relation holds.,

0 | I

Y h:t x 2,

oo s e gy

P2y tenfoy = = Zgtanfi(xu k). @

A check on the values of ,ﬂ, and g, is obtained by interchanging
the role of the short oircuit and £,yypposition. Thus with a field
ninimm at the firsf junction the short cirouit is located = disfanoe

d, from the back junctions In order to determine all three para-
meters one more relation is required and this can be obtained by a
consideration of the symmetriocal properties of the struoture. For
some setting of the short circuit an open or a short circvit is
reflaected into the symmetry planee. It is readily seen then that the
position of a field minimum must be the same distance in front of the

structure as the short cirouit is behind it and hence j = d =l° .
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As the short oircuit moves from a position at j, to .

£ moves from d, to ,Z, and somewhere in betwean ,f must equal o eand

the following relation holds

SR
N
v}
[
\ AN
~reey S
"(Qh' ¢

S/2 Y x A,

N2Zp tanBolyr %) =-Zytanfy(xd,)  (3)

where a short cirouit has been assumed at the symmetry plane. This is
permissible since the addition of X —)E to S changes a short |
circuit into an open circuit and is irrelevant to the problem.
,£° and al., are obtained from a plot of ,é vs d as the short cirouit
moves from j, to d, . The values of_f, and d, determine the
characteriotioc planes for the overall structure i.e. they give
the value of 7\9/3 ad in the second equivalent circuit given
in fipure 3%e.35-1.
The three parameters can now be determined by a simultanecus

~ solution of

N*zo tanfoy = = Zglanfy (x+.2,)

Nz, zs,,./é’o/}/+%) ~Zg ﬁo\—/gj[x*jo)

n"ZD thxnﬁo(g-f-S) —Zj tamﬁg(x'f'd/}

i



41

This method asgsumes & previous imowledge of /33 and ,Bp . Ir S

happened to be #? —2—” long then the above equations are not independent.
In tris case the refleotions from the front and back ends cencel and
there is in effect no discontinuity in the waveguide. These equations
are somewhat difficult to solve analytiocally but by & graphical

method a solution is quite readily obtained. Thus dividing pairs of

equations by each other gives

tamBol  _ Zan By (e+.2,) , Tan oy _ zﬁm,g_quv-j,)
ﬁ"‘/go(?/"'is‘) m/gs (7 +L,) z‘am.ﬁp[(y-fsj tamlBg (x+d,)

Now plot the right hand functions against X for a range of X of
half a wavelength. Also plot the left hand sides versus y on

another graphe By superimposing the two gt aphs so obtained and
displeting the one longitudinally with respect to the other one the
values of X and } for which both equations are satisfied is

readily obtained. From any one equation N#* is then found at onace.



CHAPTER 4.

H~Plane Dielectric Step Discontinuities

4e1e The Asymmetrioal Step.

Thg asymmetrical dielectric strip in & rectangular wave guide
exhibits a considerable inductive effect at the discontimuity and was
considered as an ideal spescimen to use for & check on the.t heory
developéd in chapter two. 1Its use as a matching section is undesira-
ble since it exoites the second mode which can propagate in the
dielectric filled guide. The stmetrioal dielectric strip does not

excite the Hoz mode due to its symmetrical position in the guides

3 S0

5 4%/# |

A

/]
Ayl
7/

0 o a_rx

|
3 3

N
E tnput guide \\>>pa\f\y‘a\z¥

SN AN

Fi * .10‘1

In the region A,  the electric field is given by

o ‘
EH = ;Anmﬁnx e"xn}A

2 A 2 ’
whare fn = /én "‘/éa and is negative for propagetion to

exist. The longitudinal magnetioc field is given by

fco/a. H}_ = Z/qn»gnm/ténx e-Yn}.
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In the region Az' filled with a lossless dielectric of relative
dielgotrioc oconstant 6/60 =K the eleotr_ié field is taken as
o0

Ey = 5 Bnaindp@-x) e

with a longitudinal magnetio field,
0 - 3’,.,}
J@uf(} = Zann,cowj”(d-Z‘)e .
In order to satisfy the boundary conditions for all } the propa-
gation constant 3’,«, must be the same in both A, and Az 5 thus
jnz“K}o? =/énz —/@oz . For some thickness of dielectric /k/
beocomas zero, since the wavelength in the guide must be continuous from
a value less than free space wavelength in air to a value greater than
free space wavelength in air, The transition region is where ,&, changes
from an imaginary quantity to a real quantity.. At this oritiocal
thiockness the field distribution is ochanged slightly from that given
above although it does not increase the junction reactanoce. These
speciel onses are discussed in appendix 4.
Tc find the conditions imposed on ln and,k,, the tangential fields

are matohed at the dielectrio-air interface X=d, thus

'.An M}nd = Bn ,d»l/njn't

An ko m}'nal = — Bn cowtnt.
Eliminating the oonstants An end B;—, by dividing the first equation

by the second gives

lan Bnd - —tan Int
K - An

This transcendental equation together with the relation

2
],.. - Kde.z "',knz'/@,z determines the eigenvalues jn and ﬁn .
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The constant B, is given by 8, = — foe' o A
) Air Dt

For large values of M it is easily seen that ,[,; and,,@,, approach
each other. Also 3”"_’!"_{; becomes increasingly closer to .

jn '/Av"-

and hence /@n (d-}-'f‘) must approach M 7C or the eigenvalues /&u

and jn both appz"oach %7-( e« This then shows that for large values
of M the field distribution approaches that for the corresponding
mode in the empty guide,

The complete solution for the fields existing in the partially
filled guide is

-~

£9= 'ZAHM,,@"J[‘ e_Tn}

Jau Hax = ’5,:/4" Yoo ain Ponx e'y"}

i

_,Z An/kn,clw/%nx e-—X”}
Eo = f: ""”"j :[,&mln (a-x) &= "%
e_%;} dexéa

J'c% Hx 'Z. /4)4 xﬁ: Ain jn [d"x)

ja.)u ﬁ{} = Z Anjnma@n an(a—x) e_b,”}

7 Ain p, t

Sinoe only the transverse field components are involved in osloulat-

ing the junction impedance it will now be shown by direct integration
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that the transverse ocomponents of two distinct modes are orthogonal

over the range O <$x £ . Thus

d

Q
,wm@ X din oz dx +f¢~’m/’@ ‘{M”@”“”/{M,fn(a—x}
MJ 't‘,unjm{' A

: = ) dim (Bn- R )d aien (R K )d
Am/m(a—x)}d/x { 2 (R 2R+ }

Mjn“é,am.j ¢ 2 (A-L,.) 2( L+ lm)

The first bracket when expanded becomes

o tin Prd coi Pool = Fonsir. Pl cows om0l
2 (ot -_#7)

The seoond bracket becomses

M/@nd/dlm-jmd { jmwjn*w[m{ "/én,d%/m{mjn{j
tin Ent tin Lot 2(,&‘2'—-}»?)

2(L0E-_0%) tam & ot toamm Lt

Now by using the relations Zfd'v‘-/@nd = ﬁlm—j’lf and

Z 2 z 2
jn"jm = /kn -,ﬁm it follows that the second bracket finally becomes

/én%jmdwxf@nd —/%MM}»'IJM%MJ .
z (kS-k2)
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This is the negative of the first bracket and hence the integral

vanishes and ths orthogonality of the transverse field components is

establishede This result could have been teken directly from chapter

2 saction 1,

The functions mex) will now be defined to be
!

—_— y o o&xx ed
W;W,&m » 2’

F (x) =
leq]
/ M,ﬂ?dmj (a-x) déx ta
where P is a normalization constant given by
1‘ mn : ,

—
—

szm 'f

d ) &
IDm»t= M%'nZh—#Mz}Md f,dx;nzjm(a-"x) M
ol
[}

Forn d tin Roond | i "o it con Bt
/20( _ 72 LoV /k;&on Mz:ﬁ: I/Zf'ZM /Zm

_ Iy i 2 A0 o i o o | o 2o
RARTES sl (o

-/ Mz/@mo[ (K- /))@
syl + P Lo t } /“/@M,é’m

The functions Fm s0 defined-satisfy the f‘olloﬁing conditions

a
meFnoé: = Snm
(o]

whera Onm = O  For nFEm, and Snm =/ For h=m.
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To the left of the discontimuity the following set of orthogonal
functions is taken to represent the incident, refleoted and higher

order components of the eleotric field.

1/2 : -7 : 2 x
/a MZEZ. e > + R “unTX e + 5 @
where (" -K) /k The corresponding transverse

magnetic field is

r
. I ) I D, 4 > "3},
/—,144,‘7faxe }’__. ,-,_'RM"T_O._"EQ }—'g """“""LE_—P

J /2
i
On the right hand side the proper functions are F:y, (x) and hence

the total electric field is given by

e

- 1
Z Am Fm e mF
=

with the following transverse magnetic field
J = Y
mz= |
As outlined in chapter two the following variational expressions

for the jungfion admittance and 1mpedanoe are obtained

/I-R _ ZPDnDn +ZYm ZanDnZthDh

nsp msi
/+ R 7 o,D* ’
P ; 00 .
L e— B B*
/[+R _ »n=2 T ™h Zr + ”_'ZH b’ ;Rhm B g Rnm B |
/- R /7
’ '/-_l-." B, 8™ ’

where an eleotfic field aperture distrib‘ut_%on of IZ Dn ﬂ, and a
magnetic field aperture distribution of Z‘: By, ‘Pn has been essumed, with

¢,—. identicel %o Z/a A RTX
a
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a
The factors Rrnm are given by Nnm = ./o‘ Do Forn e =

(k=-1) Y2/0Ron Poo

{em(x)* 1 .02 ("")—}{ ’“"1’"‘"‘»“‘”—" yup—y & JMWL}

When the output guide is terminated in a short circuit located a

distance j to the right of the junction the following varistional
expressions are obtained |
i/‘r 2 +£ B’m(i anDn)z.,./)’/ﬁ,,?_‘(f p,,,'D,,)z
ton € _ n=2 n Dn ™2 =l ! 2 V) .
¢ B DF

2 2 oo""(f/\’ ) SR :
o Z",T’,Bn +»,:sz”1 hz hm /y/ ( " n)

2 »nc | //ﬁl B’z
where Zan %‘ = ﬁ,n(ﬁ,d-f-%-r):—coi‘/?'/d and
tam & = tan(E-10/2) = e /Y14 .

|
|
N

4.2+ Humerical Vork

The various propagation constantsy the matrix elemeﬁts R m )
normalizetion constants Pm and the other data required for the
solution of the input impedance of a dieleotrioc step discontinuity in

a reotangular guide are tabulated in table 4.2-1 below. All the numerioal
work was done on a conventional 10" slide rule. The free space wave-

length is Mo g ‘the empty guide wavelength >\go and the guide
wavelength in the partially filled guide is g,
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Table 4.2-1
%°=.3./4'm, Ay=322m) A.ya:#m, k= 2.47
a.-'-’z.f“qm, b-’l/z_a,', £=.70m, di’ qum’
Y= 7195 Run= .9z25 | A= .45
Xz‘: . 565 Rz == 335 ,&,": 2.08
Yo= 2.87 Rsy,= .s90 | B=34%
Yo = 4.36 Rin= .35¢ | MK=4790
n= 7157 Raz=.920 | Ab=247 -
=145 Ry =-.166 b 320
= 3/2 Rin= 077 | b=426
F= .57¢ Raz= - 224 4£y=.5ijﬁy
< _
£ = logz 33 = /03 az -/ 235
. 2N
A= 115 Riy= .02/ & 247
37T
Py= [ 22 Raw=—. 05/ = =37/
Raw=- ors | Z2= 495
Ryy = /0O

In table 4.2-2 are given the calculated values of the coefficients
end input - impedance and admittance for a one, two and a three term
approximation to the aperture fieldse The input admittance énd impe-
dance marked by e star were caloulated from the variational expressions

obtained by multiplying by the conjugate fields.
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Table 4.2““2

=R 1+ R _
Coett. Dn //+: Reciprocal Coeff. Bnr '/—_tﬁ' Rcc:/,araca/
D, = loo |l062-50575) 937+7.0507| B, = /00 69+7 355 |l1s-g 59
Ave J26+5. 224
o =1 B, =/
Dx= 1/0-7.169 |.89%5. /37 || Bz = F25+F /43 | 1./%- 7 204
. * . [ Sar ]*
=032.+4.294 [’-’0'.7./635] ~259-7. 079 ||.925+5. /43
Ave. .856 +1. /40
D/ = / B, =/
D, = B=-. 24 -Jos4
= 038+/315|///15-5.180 | . 876 47./4) | B=. /1545 08/ | - §55e7 141 | 114-3./38
. ¥ , . %
Dy = |[tz-7191] [.g55+7./%0)
04/-4.072 Ave. | .86/+7.74/

It is seen that the degree of approximation obtained from the

variational expressions inwlving the conjugate fields is almost identiocal

with that obtained from the alternate formulation.

Multiplying

by the

conjugate of the fields has the advantage of simplifying the numerical

work to quite an extent.

For a single term approximetion the real

part of the impedance is rrect to within 7% but the reactive term

is only within an order of magnitude.

Two terms give e oonsiderably

more accurate result while three terms give a result within 2/ for both

the real end imaginary parts.

It is seen that the average of the two

calculations is oloser to the correct result than either individual

calculation.

.

the imaginary part comss out algebraically too large.

In this example the real part is always too small while’




various values of
to the sperture fields.
éﬁm— g

obtained from

is given the upper and

5le

In table 4.2~3 are given the caloulated values of Zen % for

2

ot
L‘am.?

The values of A ana /)0

relations. (see end of section 4el)e

are

by the previously given

lower bounds for it, expressed on a percentage

obtained by using a two term approximation

4
Along with each value of Zas z

bagis.
Table 4e.2-5
tm3 | 02 | B2 |mef  |(wt2)” hetnf |Bd |INilAd
20 |Lo0374|.0823 274 260 |.267* 2.5%| 1932 | .069
.50 |.p785 | = /155 .59/ .5%5 587 2 5% | =2/03 | .0678
/ 206 | — /%90 /109 L 06s to7z2+ 8% | .39/ | .035
2 429 |-.225 /93 /. 96 (3952 27, | 2656 | -.022
g | .78 |-2494 | 3.5z 300 (3262 8% | 2.344 |-053
-4 1-2.033 |~ 293 -274 -/ 65 |=969*20%)| 3242 |-./45
-2 |~799 | ~303 |-2.7% —3.32 |-3085297%| 3459 |- /97
-/ |~389 |=394 |-fzos |-/37/ |-/2885265% 380/ | ~--127
- 50 |=2/6 (=426 | -~543 | -.609 |=-57%=* 6%| 4/90 |~ o059
- 20 [~/72/ - 70% - /75 - 2/4 -, /?535?2"7. 485719 | +.003
For small values of Uan 2@ the error in ‘_ZQ is of the same
order ag the error in % Z—Q but for values of Zam 2@ very

larga the error in the angle is considerably less. Thus when ﬁmg is

equal to -969 X 207

the value of

e

z is 1,67+ 155
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and consequently the value of /Bzd"‘ _%_r is also within * 1.5‘/";.
In table 4.2~} are given the valuss of /era' and /B,al +/Z/j
as determined experimentally by measuring the position of a field minimum
with various lengths j of the dieleotric strip all terminated by a

short cirocuit.

Table 4.2-4

Lo A . B d /%14 B +/Hl-37
3.3/ /.84 2.99 6. % -, 075
2.96 2.23 3.50 $. 7% -. /45
2.77 2.50 3.93 5.40 -, 095
2.65 2.69 Y22 5,17 -.03%
2.33 3/5 495 4 55 075
2.1/ 4/ 535 4. 72 OS5
2.02 352 552 3.94 035
/.67 387 6.08 3. 26 - 085
[ 49 4 06 6.39 2. 99 - /45
/17 443 7:0;/ 2285 -./00
[717 L4 70858 2.285 . 085
/0% 463 725 2.0 -. 075

.94 484 758 / 835 -.0/0
845 497 7.8/ /. 65 *. 035
.7/ &5./6 5.7/ 1.335 +. 070
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The experimental end theoretiocal values. of/B,d-* /71/! vorsus /de
are plotted in figure 4.2-1. There is excellent agreement between the
twoe The experimentél points are within .015 of the theoretiocal values
which is within the estimated experimental accuracy of the apparatus used.

From the curve a value of 797 is obtained for N?2 and a value of
125 >‘9°/z for X and 89 >“3/;‘,_ for 4 . At a characteristic
plane ﬁ,d +/%/0 is equal to -.0%. The caloulated value of the
reflection coefficient obtained from ,861 + 4 .141 the value of ’,/‘_:‘Ri
taken from table 4.2-2 is .105 /~=(7+.873)  This is the reflection
coefficient referred to the plane } 0. The characteristic plane is
located at a point where the equivalent reflection ococefficient is a

. /+ R
negative real quantity. R is taken as negative real to make =R

less than unity so as to correspond to the characteristic planes chosen

4 7

from the analysis of the curve. Therefore o873 + bW dc = 2w
AL '
or d, = 1.7% om. with a corresponding value of +135 >\9.2, for = .

The phase of the transmitted wave is obtained from the values of the

three coefficients Dwn taken from table 4e2-2, thus
3

A = Z Dn Rnm = (Rn + R, B, + Ry, Ds)(“"R) '
sinoe the coefficients Dn have been solved for in terms of D) and D,
is equal to )+R. Carrying out the numerical work gives «89~ 7,032

!

for A| and hence of = — taw" .032 = —. 036
.29

From the relation /3, d. +/);/jc = given in appendix 1 a value

or A, equal to 16 is obtained with a corresponding value of 490 )‘3/2

forg .
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This value of g{ is. within 1% of the value obtained from the curve,

fhe value of V2 obtained from /i_—ee at the characteristio plane
is «81 with a value of 1.004 for #~, the turns ratio of the ideal
transformer, A value of o995 for N is obtained from the curve. The

parameters of the equivalent circuit as obtained by the two different

mebhods are summarized in table 4.2-5 belowe

Table 4e2-5

o — by —

. —e
Z/_‘7\3°
h:i

Output guide short circuited Output gurde matche d.

)\ o )\go
x s /35 N

A g
% . 99 —2'3 .90 S
n . 995 /. 004

The junction'.impedance departs from its ideal value of >\97}\3 mainly
by a reactive term which, although not very large, would have to be
taken into oonsideration if asymmetrical dielectric steps were to be
used for quarter-wave matching sections, The effeot is inductive

since only /7on modas are excited and they store more magnetic

energy than eleotric energy.

If it had been desired to find the approximate eigenfunctions and
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eigenvalues ¥m for the asymmetrical strip the functions Fon(x)
would have been approximated by a finite series of the funotions
‘?/a A BT x This procedurs would have led to the following
-
quadratia function
nixt gx Rt dimznn% ,T} }
Z“nm { Vo + @~ X3 (- (T - “Fn )+ £

N
- 5 EE Lrm A (k- /)(e_«;(:.-_s_)::i - dinlresind | (/- 5y,

rs=/ r+s

where K is the dielectric constant axd € is the thiokneSS of the

dielectric stripe This quadratic function would then be minimized

by setting all 2 equal to zero. Por the previously solved
example & one term ah;;;roximation of the above gave a value of §1.78
for X, . A two term approximation gave a value of 1483 which is about
67; lows ifith the two term approximation a value of .70 was obtained
for b; .

This work on thefsymnetrical strip is concluded with a set of
cufves giving the ratio of the normalized impedance of the partially
filled guide for various thiocknesses of dielectric for several fre-
quencies. From the cirves in figure 4.2-2 it is seen that as the
thickness increases the impedance falls off slowly et first and then
more rapildly as the gulde becomes sbout half fillede As the guide
becomes almost completely filled the impedance varies more slowly

again., This behaviour is caused by the concentration of the electric

field lines in the centre of the guide,
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4e3e The Symmetrioal Step ¢

The analysis for the gymmetrical dielectric strip illustrated in
figure 4e7~1 is very similar to that for the asymmetrical strip so it

will not be ocarried out in ss mu_of& detaile

~d [~
/Y,
WO e
4 —
o + % I
F=°
3 .
Fige 4431

In the region A, the fields are given by

ol

E(.y = 2 Bneoald,x e‘Y"},

!

2

- Y,
Jeom Hx = ZB"X"M xem 2

o0
J.w/u H} ; B”/n,dl'/njnx e-xn},

‘while in section /42, they are given by

o0 ) ) ' ‘ _Yn} a
EI:-CHM/@n (C-DC)E where cC=7,

’

il

£y

o0

-
Hx = Z Cn xnm%n(c’x)e }

1 b

Jﬁ)u
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(2 _),"}
j'a)u Hy = "Z Cn Hon cow Fnlc-x) e .

At X =t the tangential field components are continuous and hence
Bn cowjnl‘ = = Cn Ao'n./fen A
B jn Aon,/pz‘ = "‘Cn/?@n m»@nd

amd therefore

et ot = tand .
/gn , /kh.

2
This transcendental equation together with the relation Xn =

. 2 _
jnz _}oz = jn B K)*@o determines the transverse wave numbers/r%h

and jn and the propagation constants Xn . The constants Ch sare

given by

Cp= — cow Dt Bn .
,d«f;,q,/kn 0(

As before it ocan eassily .be seen that /%h and ,2,, both epproach (zn-/)g
aS M becomes large. It oan be shown (see ref,le and 2., at the:
‘end of appendix 3) that the propagation factor Xn for the n’th mode

in the partially filled guide lies between the corresponding propagation
factors for the empty ard completely filled guides. From this consider-
ation it follows at once that /,@n is always less than (2 ”"')g— while
,Zn is always greateri. -

The solution in section ,43 ~ is similer to that in seotion Az .

The complete solution for the electric field is now given by



o
- %
Zma,/nx e ”3' —tEax &+ ¥

1 7 ’

=0 Lt Y3 |
S 8 gy A eemee

&
0"

> Bn%mjn(c*x) e_b’n}, ~c£x £-F,
/ "

ol X
- h R
= 2} Bn Fn(x) vh, e } where 4A, is a
normalization constant determned s0 that

f Fn(x)ckc =/,
af.-g

T 55

by direot integration that the transverse components i.e. that the F;,

The transverse magnetic fn.eld is * It oan be shown
are orthogonal over the range —C £ X £C.,

The Jjunction is taken at the plane } =0, 1In the ipmput guide
only the higher order Hon - modes with n an odd integer will be
excited since the dielectric strip is symmetricelly located in the

guide, The wave inocident on the junction will be taken as
!

= P 'n'x
Ey = m“—:ﬁ Y H e Jw/u e >
at the junction. The reflected wave plus higher order waves excited are

given by
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/2
The funotions ¢n(") are defined to be a xov(zn-1) 7%2' .

The matrix elements H~ny, are by definition equal to

+C
G Frn ol |
and are given by

R 2 2(x-) bt {zn L oo Lt sin 2wt ) i g, ter 2! é}
nm= e
-~ 2 2
{,@ znwz}{km znl}}
The normalization constants Pw\ are given by

Prm = {++ ztzjml‘ (c_*)} _ (K-/);f@j,; ;zj,,,x‘ '

By carrying out the analysis outlined in chapter two the following

impedance
variational expressions are obtained for the input/and admittance, thus
-] / »* o) P i oD 2
1+ R hz-;. 7, BnBn o+ :,‘:, ™ A R, 8, =Z,P"""’ B
= 7 = s
/“'R r'—,—' 8' B'
and oo o o0 oo
S /0000 # 3 ¥ > Rupy Dn 2 Rnm Dn
/- R _  h=a mzc nzi n={ .
/+ R D D>

4efe Numerical Vork

In table 4.4e-1 are given the numér_-i.cal values of the necessary
constants for the solution of the junction impedanca for a dielectric
strip of «80 om. thickness. Table 4.4.-2 gives similar date for a

dielectric strip of .40 om. thiokness.
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Table 4efe-1
Mo = Flbem.,  Ngo= 4o, )\j = 2.49cm, QA=2.5¥crm,
K=2.47, 2¢=.80 .
r=Jl57 b= 1395 R= 95 Ru= .9%%
1= 3./2 L= 425 p,= /685 Rz = 1765
3= 5885 by 6.57 B = [ 295 Riz =~ 0224
I, = 84/ /[4: 399 Fo = )._276 Rie«=.004
Y- 7252 b 154
Y.z 2.84 | A= 349
Y, = 570 | A< 6.04
Y= 83/ = 8,53

‘E ‘ Table 4efe2

No=31%cm, Ngo= 4cm, Ng=2937cm, a=25%cm,
K=247, ¥ = .40,

7=gj157 | 4= 2305 | B= 907 Ru= .93%

= 5205 | A=7.792
Y= 290 |M:3525
)_’?: 5. 75 /A’J = 6.09
Yo" 9.36 A, - 360

i =32 Loz 4285 |P= /159 Rys ==/365
=595 |4y= 656 |pP=: /47 Riz = .0365
7 = 8.4/ L, = 9.94 B = /36 R4 =-0/35
Y,
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In table 4e4¢-3 are given the calculated values of the input admittance
and impedance obtained by using only a one term approximation to the

aperture fields.

Table 4040"3

. 2{':' . gam Zf = »40%.
I-R_ /5685 ~4.0636 IR _ [ 327 —-j.0%03
1+R l+ R
R - 606 +5.0/58 [+R . 706 +5.0/05
J
I-R /-R
Ave. ,’;: = (6/23% ~F o532+ 209 |Ave. /:: =/3723.3% -5.0306 303
Ra DS >>‘\9° - /362
Ay 9

It is seen that a one term approximation to the aperture fields
gives guite an acourate result for the resistance term. Although the

reactive term is not very acocurate the significant point is its very
1-R
1+ R
ing value of R is - 234 [ o7s The value of,x for the equiva-

small magnitude. For a value of 1.61+7 .06 for the correspond-

lent circuit i}s‘ 8.32 om. or 1% of >‘9"/2 since «075+nd. =27 or o =/ 9T,
and X = - - ol = Z—/,?j’:_ozm. Thus for normal

values of dielectric constant the H plane symmetrical step behaves like

an ideal transformer, transforming the impedance of the partially filled

guide to that of the empty guide. ’ A small junction reactance is

negligible as far as the design of % wave matohing sections are concerned.

This is due to the fact that a similar reactance at each end of a quarter-

wave transformer tends to neutralize each other. This is eassily seen to
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be so since an inductive §usceptance at one end of a quarter wave trans—
former is transformed into a capacitive susceptance at the other erd and
hence neutrslizes the effect of the inductive susceptance already
existing at the later end. [4.4.-1)e

The above theory was not checked experimentally since it was felt that
such a smll junotion effect could not be measured to any degree of
acouracy. However a series of §uarter—wava matoching transformers.where
designed on the}basis of the above theory and very good agreement was
obtained between the caloulated and measured bandwidth ourves. This is
covaraed in chapter six.

Approximations to the propagation constants x;\oan be obtained by

minimizing the following energy integral
N +C N . 2
Ix’"l (Z(’(“m ¢ )d“ +f (Z"{hm @, ,)2.-_ —.[4@:/«%)(,2#"»1 qpn)h
-c
where ¢h 1’2 Mz"'xx and ¢” = dﬁ,,.

A
Using only a one termm aspproximetion gives
2 2 ) Q z
18,2 = ;,R’, {K'l‘-f—d + (K-I)z".;“,a}n.z,vtat} - g-,_

where 2¢ is the thickness of the dielactric strip.

For ¢ = .20 ome a value of 4e%0 is obtained for /E,z and hence

Y= f 2.08 a value about 3.2% too smsll. For ¢ = .40 ‘cm.,/g,’-= 5490
and J, = 2.45 whioh is apprommately 2,6% too small.

Q
Curves for for various values of the parsmeter /)\
Z g0 p o

7\s°
and for thicknesses ranging from zero to completely filled guide are
given in figure 4e4.-1. A large scale drawing of these ocurves - were
used to obtain the design data for the dielectric step quarter-wave

transformersinvestigated in chapter six,
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Chapter 5.

E-Plane Dieleciric Step in a Rectangulur Vave Guide.

5.1¢ Thooretical Solution:

For a rectangular guide partially filled e.é in figure 5.l.-1, two
‘.independent types of modes can exist. The fields asre not simple E or H
modes but & combination of the two. For ome set Hy is zero and these
are called longitudi.r;al section ¥ waves. Tor the other set Edq is zero .

and the modes are referred to as longitudinsl section H waves.(5.l.=1).

bﬂ‘
T
e ¢ A
WS | A
3 o a Lo

FiEo 5‘10"1.

It is easily verified that the longitudinal section £ waves can be
dorived from an elec’cric type Hertzian vector ﬁl directed along
’cheb(-a.xis by means of the following vector oper..t‘ons, (1.6.)

H = Jweo K TXTT, ,

E=vv-T + kT,
vhere K is the relative dielectric constant and /v&oz = c.,)ia €o .
Similarly the leongitudinzl section H v;'.a.ves can be derived froma'.
magnetic type Hertzian vector —7'?2 directed slong the’%—axi.s by meé.ns
of the following vector operatlons -

E -J G u VX TYZ

H=vv T, +/<,ko T2 .

At the junction between the empty and partislly filledguide it is found

LY

]!

that both tyres of waves must be included in order to satisfy all bouwndary
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conditions. It has been shown by Van Bladel that these normel modes
form & complete set and any arbitrary field can be expanded in terms of
them, (5.1-2),

The various field compoﬁents are given by
afjl + 3 a 7r.2 _ . 2._-71—’ -+ 9 * 7‘-2
Ex = BXQ} Jc&a a} 5 Hx = “Joweé, K 73 23(2} )

azTrI 2 227r2 2

= Tk RET _ + K RETT

E# 33_2 o o, H} a#‘z /ko 2
2%, CRAYS _ 27, . 2% T2

E}—_-a}?}‘_]w/* Ix H;:J&)éo/‘(a—; 2}2};

where both 7T, and T\, satisfy the following wave equation
\VANUETY Ae P =0, 1=/ 2 -

If the t$ransverss field components are made continuous at the
aperture plane 3, =0, it 1s easily shown by taking the curl of the
electric field and megnetii:’:i'g the aperture plane that the normal fluxes
(i.e. K E} and H}_ Jare continuows respeetively. Since ﬁl _ and

TT}L are not continuous across the aperturs plane it is found to be
mo:e convenient to relate the fields to the ?ﬁ camponent of the total
electric and magnetic field in the aperture. This procedure is justifiable
since if Eé'- and Hb’— are knovn then 7V, 2nd 7V can be detemined
from Efg_ end Fi%_ respectively. It is shown in Avpendixz 5 tiat %o
the Tirst aspproximation thé equivalent circult of the step is 1ndependent
of H} , i.e. independent of 7% . This result is due to the fact that
the longitudinal section ff weaves are evanescent and not very strongly

excited,

If an Ho, wave is incident on the step from the left then the input



admittance referred to the junction 3 =0 1isgiven by

b oD
EBn ) Gy f,g"?odg = Ao {Z;J—Eg [6ranay [ G, Bndly +

*Wmdng W,,.,J#
(1)

where G, and Gz are complex functions of the resl variable 3{, and

) b
wkl [orray o m%*{iff@zlqm,,foém ,k" :

G, is equal %o the 'y. comronent of the electric field im the aperture

and Gz ' is equal to the '}L component 'of the magnetlc field in the
Ja)u

aperture. “(5, , and Gz are sre also related through the continuity

condition imPOSed on E i.e.

Z/&z h"x‘fG %dﬁf@%d«f+ Z#z fG Wmol?fGWmo%L

AS * ol 7/;, b = 1 3 o Wi f }
=a§ 1,,zwf6 d‘lfoGz%"‘ir‘,Zk}gafG T 4 G Wmdy §. (2)
The functions &, Vn s Fm, and Wwm are the appropriate eigenfunctions
for the Hertzian veetors 'T\" snd 7V, in the input =nd output guides
»--amd are functions of ’g\ only. The full analysis leading to the above

two relations is given in aypendix five. Equation (1) is ciearly PTO-
portional to the differenée between the electric and magnetic energy

stored in the evanescent modes at the junction since it is in fact equal

to E*xH- iz e .

a &

The longitudinal section £ waves store an excess of elactric energy while
the longitudinsl section A waves store more magnetic energy. It can be

-

showvm that l+2 is stationary with respect to arbitrary variations of

G ewna G,  tbat satisfy equation (2). From equation (2) it
2 a

can be seen that the magnetic energy stored in the H vwaves is emall
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since it is given by the difference of two quantities which are almost
identical. This is due to the functions ), =nd W), being almost
identical if the dielectric constant or t/b is not too greats IHence
sinee 'I:__R? is etationary a good approximation can be obtained by
taking Gz_ identically zero. The rest of tie discussion in this
chapter will te based on the assamption that Gz. is zerc and so a
procedure anslogous to that used in chapter four will be arplied here
also.

The incident, reflected and higher order waves excited in the in-ut

gulde will be taken as

Ey = L rrILRE D, + i D (Ko™ 137) P | i o %,

Hx =Jwe, [(/-R)G@ — i I Dn @n ]Aon,,@ x, a-t 3=0
vhere Q,:‘/'br, ¢n=1/£/;cow£b’_‘%,/kx=§, /-7,,:l nzr;z- /kz
R 1s the reflection coefficient referred to } = 0 , and variation with
X is %aken asm,klx. The transmitted plus higher order waves excited
in the output guide v-ill be %5?1;)515
Ey = 3 Am Repy gt o b, x
Hx = Jw€o ZAm Im me,ﬁz , at 3=o0,

whers the functiqns (g ) are given by
Oty et
Fm(b() =—-——: kbt m%’ bL ?
. ¥V P Mw/[mf Mﬂ'/@m (b—#)) £ éé(' &
2 2 cow Rmol
with  Yon =jm+ K,&‘ s+ R /@ and &y tam Lt =
"K/)%m ﬁ/ﬂ./’emd. ' b F'h:'('y)

= =/
Fin is 2 normalization constant determined so that o Kty) db‘

where K(y)= K for o£yst and =/ for teys
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Equating £ g and Hx at the aperture gives

. o0 Finy Cy)

(1+R).R. P, +ZDn(}xz'/'bz)§pn ZA a’ X’") K()y = G(f‘f’))
(/ R) w ZD I",,, @h %:A,.,,Xm F‘m('g) = H(?‘),

where G and /~/ are complex functions of the real variable 44. . By
means of the general orthogonal prineiple discussed in chapter 2,
section 1, tle following expressions'are obtained for the unknown

coefricients Dpn and A m .

b b
/ | / / b
/+R=-————/G;z9 D =~————~—/G¢ Am=75=z [GH
)0 s P g [P A s [l
/Rpo o df ﬁx"r.nz ° ? /%:"XM )
Tollowing the same procedure as used in chapter four the following

variational expression for the input admittance is obtained,
e S o Mf ity + Z,@ 7[5y [¢ GM#
1+R
i [0y [COcy

Alternatively the unknowm coefficiemts could be determined from A (Y)

and this procedure would lead to the following veriational expression

for the input impedance,

I e o T el L

J-R z _b
’ﬁ"fom%d?[ﬁ%agk



Tle

tThen _A_g_x_’lm_ is negative an excess of electria energy is stored in
the evanescr:nt modes In the partially fllled guide there exists a
thickness of dielectric for which the second mode will propagate. For
thicknesses slightly less than this ocutoff value ,f@zz- Xzz is positive
and more magnet’ic energy is stored in the mode.

If the output guide is terminated in a ghort circuit located a
distance ',g‘ from the junction then /o _/i_:_g._ is replaced by/B. lan TZ?_
and X, by /X/M';— whare %;‘= lan (Z-101L) ana 72/)12‘9 =
Z‘&/n[/goa('f ;—f). The position of a field minimum in the input guide is

determined by the value of 'off measured from the ;Ez)nction.

If an aperture electric field distribu‘blon ZD qﬂn is assumed,

then, ,_ g _ i}? 7 On Dy, -f'Z‘kz v Z':anpn Z:RhmD
IR (/;//&z)( D° Do*)

vhere anare given by
Rrm = f Fin P dy
Similarly 1£‘ an aperture magnatic field Z B, % is assumad then
J+R _ .Z/kx S Bn By + Z—_—lkx = Yoo ZXhmB ZXHMB
r (R, ) (Bo B
where Xnmare given by
b
Fim (y)
| 2oy,
Ko f " R F

By suitably redefining the unknown coefficients and the matrix elements

2 2 2
anand X nethe factors ’&",:'r’?’ and /'%*— X"" ocan be absorbed in

h "
them and this procedure would simplify the numeriocel work involved in

solving for the unknovn coefficients and evaluating the variational

expression. This procedure is not adopted here sinca the above
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formulation is somewhat more straightforward.
The normalization constants Pm arnd the matrix elemeh‘ts an and

Xnmare given by the following expressions

ain 2Lmt zjm'{ Al Je'mol
2 [ (e | by sl Ch “ %]

where d = .6 -t.

o = Lt L t
R e e |

R = }/Z'%,,‘ Zﬁ [{ /a:n/i{m*n?)f o tin (L= )t }

_I__M/Zm'l‘ EMMma/* ,'ZZ?L{— +,‘£on[}md" Q—bzr—* ( ,

v mol

for m2 1.

Koy = /= l,d»(}njmf K cowLmt sin sl
/!m /@mwzf@md ’
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L e A= 5
K _coa Am? ,4£45t(:/g%14{ﬂ“4%3t}) 4 A (Aéinal—-f§5f3>
-+ ot M A A@ _ hr /% , nx
m b nm b

He2+ Numerical Vork

The squivalent circuit of a dielectric step ( .é/b= .25 ) will be
oﬁtained from a "Neissflooh curve which will be calculated thebrétically
end ohecked experimentally. For this purpose the vériational expressions
appropriate to the case when the output guide is short circuited will
be used, The aperture fields are real functions and‘ each variational
gxpression is a maximum for the correct fields since the second variastion -
is negatives The second variation is negativé because Aéxz“rr'vz and /492; Xr:
are negative. Upper and lower bounds are thus obtained for Zan ie . If
some of the modes store an excess of magnetic energy then the variational

expressions are not positive definite quadrgtic forms and upper am
lower bounds cannot be obtained. The celculated values of all the
factors required for the solution of the problem are given in table 5.2.-l.
The theoretical values of /Boal for various values of /¥, /,Z are
given in table 5.2.-2. These values wefe calculated by using a two term

approximation to the apsrture fields. The values of S and D; were

found to be
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144 - et T '
! 19.23-.036 cot ?

B (053 - lan %

-234%n 3 -2/.9

D, =

Table 5.2.-1.
b=127m, 425 KP4, K=2.56, Ax*=153, Do=314em, 6.2
n=Jl572 | g -71035 | R=2785 | Ru=.269 |Xo= .902
r= 19/ B, =242 |RB=1662 |Ra=[252 |Xox="/9
roe 470 | b= 468 |R=4058 |Ra=.22% |Xes=- 045
= 725 |ABy= 700 |R=224 |Ria=.08] \Xoy==0047
Y= 788 |4 =2.275 |Resll¥ Xy == 042
o= /94 |lo=349 Ron=.0853 X,z 995
(Ya= 44/ Ls= 530 |Rea=.207 Xz ==/
Y= 6.825 |2y= 744y |Ry=.08925 Xiy=— 05/

The calculated theoretical ifeissfloch curve and the experimental points

are plotted in figure 5.2.-l.

given in chapter 3 -~ section 2.

The experimental procedure used was that

The equivalent circuit for the above example is given in figure 5.2.-2.

The equivalent circuit for a guide helf filled is also given in figure

502."20

This equivalent circuit was determined experimentally.

It is

seen that the step acts very nearly like an ideal transformer with a A

turnsgatio of

¢ _ 2 y2
For the case whan /b - ’57 /éx - );_

is positive and the s econd mode in the partially filled guide stores an

excess of magnetic energy which tends to neutralize the electric energy

stored

in the other modes.

The difference between the electric and
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magnetic energy stored is consequently very small and a very small phese

shift is produced in the reflected and. transmitted waves. From the

equivalent ¢ircuit for the case when t/b =.5

it car easily be shown

that there is an excess of magnetic energy stored at the junotion.

Thus for some thickness betwean .25& and .5be condition of resonance

exists and no phase shift is produced in the reflected amd transmitted

wavess The behaviour is analogous to that of the tuned window in a

rectangular waveguides

Tabla 5e2-2
Fwn% D B, tan £ |t 2)7|Avetan 8| Bl |BdtiNlL
25 |~o0367 =134 | .27 | .29 |1923s%|/944 | .0z23
.50 ~ 0254|0292 | 575 | .589 \59%l1%|2.099 | .p63
/ - 0024 .023 /./9 /./] 86 |l.1831.3% 2-44 L0983

2 F. 044 | 049 | 2.43 | 2.4/ |2aat.e9 2.75 | .072
-2 - /36 N0 | =2.39 | —2.26 2322249 .407+T| — 057
=/ —.093| /27 | /25| <116 |9ty .oem |~ 089
-50 |-.0705| /79| —. 63 | 589 |-607+389|/ 025+7| = 082
-.25 |-.0595| .2% | -.33 -.29 F3+69% 27+ |- 066
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% = .25 ¥ = .5
Nt N:l o
“B.x iy " B.x Wly
Bax = 3.082 Box = .09/5
9, = X, = . 9%
[Vly = 0625 / /? 2.9
N* = .34 Ne= .70
7%
Tfy = 33 = 665
Fige 5e2-2.

By image theory the gbove eguivalent cirouwits are valid for the

configurations shown in figure 5.2-3 also.

T VS S —% _ 1 N
26 oo 2;_////////4
LT////A/ 7K i
le— @ —>] F —a —=
Fig 5.2-73.

Figure 5e2-4 shows the typical ocurve for variation Of the partially
filled pguide wavelength with thickness of dielectric filling for a free
space wavelength of 3,14 cms The guide wavelength varies roughly as

the thickiess of dielectric filling.
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CHAPPER 6.

Proparties of Quarter—iave Transformers

6ele Ideal Pransformars

The fundamental properties of ideal quarter-wave transformers are
well kn@wn and are fully treated in many standard texts (6611, 6.1-2).
The ideal transformer is considered as having a characteristic impedance
and a phase velocity which does not vary with frequency and ell end
-effeots are considered as absents In praotioe'these assumpfions are
violated but nevertheless the approximation is a good one in most oases'
and the properties of the ideal model forms the basis on which any actual
transformer is designed. A single section transformer has a narrow
bandwidth (6.1-3) and consequently for wider bandwidth applications
multisection transformers must be used. To date the general opinion
seamns to be that for a maximum bandwidth the multiseétion transformer
should be designed so that the characteristic impedance of the various
sections are proportional to the coefficients of the binomial expansion.
Such a transformer is balled a binomial transformer (6ele=1). It was
supggested by J. Brown that perhaps a more suitable ohoice of the para-
meters of each quarter-wave section could result in a greater overall
usable bandwidth. This was shown to be the case for tha two section
transformer independently by J. Brorm and the author (6.1-4}. Since each
quarter-wave section introduces two new parameters i.e. a length and a
characteristic impedance, it is possible to obtain a perfect match at as
many diffarent frequancies as there are sections. This follows at onca

since at any one frequency the phase and modulus of the input impedanocas



to the transformer seotion can be adjusted to a value equal to the
characteristic impedance of the input transmission line by varying two
parameters only. Thus the reflection from the transformer is made to
vanish at 'N' different frequencies. The resulting bandwidth ocurve is
similar to that for overooupled circuits in circuit theory. As all these
zeros are made to coalesce at one freguency the resulting transformer
becomes identiocal with the binomial transformer., The bandwidth ourve
now corresponds to the case of a maximally flat filter. In the follow-
ing sections. the two and three section quarter—wave transformers are

analysed in some detail.

6e2. Single Section Quarter-iave Transformer :

The characteri“s-t'io impedance of the quarter-wave section is Z,
and the load impedance R is taken as resistive. All impedances are
normalized with respect to the charsoteristic impedance of the input

line and are taken as independent of frequsncy.

2

| \— /4 wvave

¢ Section

Fis. 6.2"’1
The input impedance at the plane C-C  in figure 6.2-1 is by

conventional transmission line theory given by

Z (R+7Z,t) ,
Z, +jR¢E

Zin =
-



‘Bl.

™ F
where t = fan z F . The matching frequency is ‘['.; and
: [+

v, ,
Z_, is chosen so that Z, =R 2 , thus  Zjj, equals unity

when F =%, , The reflection coefficient P 1is given by

p= A= Zin _ _2,(1-R)
I+ Zin — Z,(1+R)+25Rt ’

where the relation Z,2= R

z Ax
has been used. By using the relation [+ =dec z}g it is easily
o

shown that the modulus of the reflection coefficient ls given by

(Zz l_rIZ’= /

24/R )* nF
“(ﬁ?/; Aee” 3T,

values of Ap,cl-{;i 3 e is given by
o

For large

R-1 l @ f l

= = |cov 3 [ .

e 29YR 2 4, and it ls seen at once
that the bandwidth will be small sinoce ? rises rapidly on cither side

of 'Fo'

6e3. Twio Section Quarter—iave Transformers 3

The cirouit to be analysed is illustrated in figure 6e31e

3
Zin Z, Z, 2R
:—L,—)‘-‘—Lz—hl

Fige 6631

All the impedanoes are normalized with respect to the characteristio
impedance of the input line which for convenience sake is taken as

unity. The matching section consists of the two seoctions 1 and 2,



whose lengths are L, and Lz respeativelys The characteristic impedance
of the lines afe Z, ad Z, respectively. The four parameters
Ly, Ly, Z, and Z, will be determined so that the complete termin-
ation is as well matched as possible over the widest possible frequency
range. It is found to be extremely difficult to tackle the problem
in its complete generality so one restriotion will be imposed, namely
that the quarter-wave seotions are both a quarter of a wavelength long at
~at the centre frequency Jco . Further it is assumed that the
phase ve&q’oities and impedances are all independent of frequency.

In view of the above assumptions the input impedance of the
structure to the right of the plane C-C in figure 6.7-1 is found by

usual transmission line theory to be

ZR(Zy-Z, %)+ 572, Z,(Z,1Z, )¢
Z:(Zi-Z.t%) +5R (Z,+2Z2)¢
where € = ta’“_i'f_o .

Nowr Zj;, will be made equal to unity at a frequency 'FS less than 7C .

(1)

From the symmetry of the expression for Z/n it follows that Zj, will
equal unity agein at a frequenay £ = 21‘;, -1C5 . Theforresponding
value of L‘am:g-:—? will be donated by g . For Zj, %o reduce
to unity, the r;al and imaginary parts of the numerator ard derominator
in equation (1) must be equal when ¢=tg. This. condition gives the
two following relatiohs,

Z'Zz(zl“f“Zz)tS = R(Z,"’Zz)ts or

| (2)
Z,Z,= R

2
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and
2 R(2,-2,t2) = Za(2i-Z:ts ). (3)

2 ,
Substituting from (2) into (3) amd solving for &g gives

t:: 'Z,ZZ(R.—/) — R(R"/) - le (R“/) (4)
— Z l —— - ,
Z?R-2; zPR- & z* - R
: .
Alternatively solving equation (4) for zZ, gives
i
-R)%* |- R
Z, = (=R)" Rq,) +R — —— (5)
T4t 2 ¢
3
R~ Y.
~ |+ z | R™® 2
Zﬁ 'l:s since 'ts is large
if the mistmatch at the centre freguency is to be small. It is seen
Ye
that Z, is slightly lsrger than K ¥ which is the appropriate

value for the binomial transformer. The input impedance at the mid~

band frequency ‘Fo is

2 9
A Z, R z'
Zin = 2: = R ? (6)

and is purely resistives At the midband frequency )co the maxihmm

tolerable reflection coefficient = 71 will be taken as (o . Since

T = l’;;’” it follows that
n -
— 214" R )
’ﬂ,, B Z%+ R 7
]

where R has been assumed to be greater than unity. This restriction

will be applied in the remainder of this analysise. At the end of the
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analysis the slight modifications required when R is less than unity
will be given.
Solving equation (7) for 2,4 gives
Z,4= T/—_{-PF:_R = RSo v (8)
where So is the maximum tolerable value of the corresponding voltage
standing wave ratio (taken greater than unity). For any valve of t

the corresponding value of ‘02 is given by
2 2
- 2in| _ (z2-Rt*-rZ2*- z2,4¢2)

&
f | — 2
1+ 2in| ~ (22 REHRZZ- 24¢%)% 44%(2%+2,R)?
Expanding this expression and substituling for Fo from equation (7)

gves (Z—fﬁ"_) _ tz)z
02—__ z2+ R €o
28 (r+1)% 2 _2 R— | %R
ey Ml (bl o
From equation (4) zZ¥R-1)= (2* R)t* and consequently
ot - e (¢ - ¢2)* "
t*- Zpozf‘szfz-/- ZA(gRt L 1+2R +R?)
(R+2%)?

<

Replace /+2R+szy (F\’f-l)z+ 4 R  and use the relations /- @ =

2R
R+z%

2z%

Camd /4P = RZF
t R+ z#%

and the following expression for ez is obtained
Pz: ﬁz(fsz—fz)z
t%- 20245+ ot + (1-e* )(2t%1)
Wow replace 7 and {-: bY _dee ¥ £ o4 ) 8nd _getm

2 4, 2 £
respeotively and after simplifying the folluwing final result is

;s z
=2 —21‘5 —‘/

obtained,
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2 / |
P - | + |- @.* Aect 6 (%)
| € (tec?65-dec®s)?
where €= —72‘-:-;—0— and O = —f%:— . The bandwidth

limits are determined by the condition that ¢ is agein equal to F., )

From equation (9) it follows at once that .dec 6, = .dee &s  at the

. _ I _fl. vV Z
bandwidth limit, where &L = Z F, and f_ is by definition
the frequency at which 'F: Po . There is a very simple relation

between €5 and ¢, the values of € at which @ emals zero and
f. respectively. From the ssmant relation given above it is found to
be .

¢S5 =2 (t-1), (20)
A typical bandwidth curve is shown in figure 6.3%-2.

The properties of a two section binonial transformer are most
easily Obtaineé as a special oase of the previous analysis, Suppose the
two freouencies at which the reflection is zero are made to bacome
cloger togather, eventually coinciding at the design frequency :Fo o It
follows at once from equations(5) and (2) that

1 3/
z,=R%* Z,=R ™% (11)

’
The reflection coefficient has a double zero at the design freguency end
so its first derivative with respect to frequency will also be .zero.
The binomial transformer so obtained has therefore a similar behaviour to
a maximally flat band-pass filter. The bandwidth of this arrangement
1s obtained, as before, by finding the frequency for which the modulus

of the reflection coefficient equals (o .
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For the binomial transformer Z, = R and Zz2= K M s

therefors 3
Zim = RR-VRt*)+ iR(R™+R™)t
R-R¥”2¢* 4+ yR (R4 R34 )¢
ang
p* - R*(r-1)*
(R*+R-2R*4*)* +4 RYWRr (1+vr )*¢*
(R-1)* |

(1+R-24R ¢t*)* + 44k t*(1+¥R)*
Expanding this and using the relation /+f’z=,41£29 this expression
reduces to |

/

2:
IR
- 2

which differe from that for a single section transformer in that it

" invwlves _dR&C & to the fourth power instead of the second powars, For

values of f close to _,Co P ? is given by
RrR-/ 2 £
R ° and it is obvious
s
that _c_i__?_ equals zero when & = z .
e .
“hen p = ﬂ let €= fB > where {'5 defines the bard-

width limits of the binomial transformer, ard it follows that
l
et e arc?o, = (1-62)" (R-1)
8 8
Z 0o 1R
Now from equation (4) (zl"'- R)f:’ = z,z (R - /)}
' [} 1/2
2. ZAR-0)(1-0)"0+0) " (re2)_ (1-0) " (R~1)
(zf-R) (2R)"* (2z%)" 0, 2 VR

and henge
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2 2
and thereforse ta = ts -/ . It is seen that there is a

unique relation between the bandwidth of the binomial transfommer and
that based on the alternative design given aboves VWith reference to

equation (10) this relation is

£, = ta . (13)

The improvement resulting from the use of this optimum design is 1ill-
ustrated in figure 6.3.-3 in which the ratio of optimm bandwidth
to that of the binomial bandwidth is plotted against binomial bandwidth.
It is seen that a maximum improvement of about 45% is possibles In
practice an increese of 30% or more is usually obtained. Thrp bandwidth
is expressed as a fraction of the ocentre frequency fo so that for
the above transformer the bandwidth is taken as Zi'f-f*- .

A?chough the lengths of the quarter wave sections v‘:ere chosen as
a quarter wave long at the centre frequency ,;Fo it do es not seem
logical to expect any significant improvement in bandwidth by staggering
tbhe langthse. bit is possible to make ( go to zero at tfro frequencies
only since each zero requires an adjustment of two out of the total of
four parameters to meke the modulus of Zj,:. - unity and the phase of
Zin z8T0. . |

6+4+ Design Progedure and Universal Band Width Curves :

Case 4 - 'Yhen S,, the maximum tolerable voltaige standiilg wave
ratio is given, then Z, is determined by equation [8) es
Ya '
z,= (Rs,)

3/a
The corresponding value of Z, is R S Ya
o
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The bandwidth is determined from equations (4) enmd (10) which when

combined give 2 , (R—l W ,)
= 7 -

thus 2 'Fo

v -t
Fractionsl Bandwidth = 2 222%t  wheve £= T fam  {_

Case 2 - If the required bandwidth is specified then £ is fixed

and this in turn fixes ., and € .

Thus § = ﬁ‘n-’r::“ and {_sz =Zt",_z+ /.
o

From this value of ¢ the value of S, 4is determined from

So ’ R 4—
~7)2 12 § —
(So /) (R-1) and hence
("*'Za.) ;/(z.aw)" )
4a*

Since Sg must be positive only the positive root is appliocable.

Alternatively Z, may be obtained from the relation
! I
z, =B R s 1"
! 4tg 248 :
The corresponding value of Z, is R .
e ponding va 2 i /Z,

hen R 45 less than unity the only alternation required in the above

design formulas is replacing R byl"{‘i'?zahy—zt—; ’ and Zz by 2: .
In figure Ge4o-1 is plotted & family of curves givi;:g the optimum
fractional bandwidth as a function of R for four values of Se . The
performance for any particular case€ can be obtained from these curvese
In practice it is usually desirable to have an overall match that
does not produce a voltage standing wave ratio greater than 1.20. The

corresponding meximum value of e, is «10s. For values of eo’ not

exceading this maximum value a set of univerml bandwidth éurves can be



constructed that are independent of the value of R the load impedance.
From these curves the modulus of the reflection coefficient and the
bandwidth can readily be determined to within a few per cent which is
adequate for any engineering application. The value of szor the

binoniel trasnsformer is

_ FZ, - / ' .
- |+ 4R s
(R-1)*
\hen Pz does not exceed 01 +the factor 1 in the denominator
can be neglected in comparison with (: R)r. ,4u4’9. Thus to a good
-1
- 2
degree of approximation Q is given by e = R-1_ _cov’s.
2R

A plot of 2 YR e against mze then results

R-

in a universal bandwidth curve for the hinomial transformer.

For the optimum bandwidth transformer e %is given by

p*= ’
[ + -Gt  _dec% B .
ﬁ,z (.424:2'95 —dac? 9)2'
It is seen again that for el < .0/ that the factor unity in

the denominator can be neglected, thus take

Q - po (Mzes ",J-uzg l ;
(l-?:’)’/" Lec* 6

—_ eo Mzes

(1-ex)"

,m195 - mzel .

tow £ = (1-63)"* n_,
' s eo 2—7/;?_

' 2
and for values of 1’:5



2
large compared with unity ‘ts = mzes) therefore

e/’:—" __B_:_lezes_mze\.

294R

2
This value of [ is slightly too small sinoe .42¢ &5 has been
2
approximated by a smaller quantity Z‘s . However the neglect of
the factor unity in the correct expression for P tends to offset

this errors Now 6Og is not independent of K but from the relation

it is seen that &s can be approximated by &g the value of & at
the bandwidth limit of the binomial transformer. Sincees is lesvs than
6, coe 85 is gre;atar than <ew Og and this almost completely
neutralizes the error in the approximate expression for € ’ There
will of course be an error in the rnatohing frequency and the band-

width but these will be small for the range of (7 under considerat-

24R
R-1
universal bandwidth curve for the optimum bandwidth transformer. From

‘ 2
ion. A plat of e against lmzes‘ v 6‘ results in a

these ourves, il.lustrated in figure 6e4.-2 the overall performance

of any transformer is readily obtained.

645 The Three Section Transformer @

The same type of analysis as applied to the two section transformer

will now be espplied to the three section transformer 1illustrated in

figure 6e5.-1a
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The same restrioctions as applied to the two section_transformer is
applied here also, i.e. the impedance and phase velocities are taken
independent of fraequency and esch section is a quarter-wave long at
the centre frequenoy fk . It does not seem to be possible to derive
any siﬁple formulas for the bandwidth or reflection coefficient for the
three section transformer. However the analysis is complete enough
to indicate the type of performance to be expescted and to enahle.one to
quite readily produce a suitable design.
Using conventional transmission line theory the input impedance at:
the plane C-C in figure 6.5.~1. is found to be
| a+Jb
Zin = —C—:TZ— (1)

where . - Z,ZLZSR—Z,Z;sz" leZzsz__ Z,zZ3 R{_z,

b = ZiZ, 232.& + Z, ZZZZ_;t + Zizzzz_;t - Z,Z'Z3zt2;

¢ = ZZ;23- Z Zszfz‘ Z; Z32'{'2‘"- Z3 Z:ﬂ.2 fz

§ = Z,Z,Rt + Z, 3Rt +Za Z3RE - ZSRE3
s £ = tano = tan T4 -
Since there are three frequencies at which +the reflection can be
made to vanish one of thase zeros will be chosen at the centre frequency
fo .  The other two will be symmetrically located on either side at
a frequency F¢ - Thus for & match at f=% where lan 6 becomes
infinite it is seen at once from the expression for Z;, that Z;,,

reduces to unity if

Z, 23 = ZZ R . (2)
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For Z;n to be unity at a frequency £s the real and imaginsry
parts of the numerator and denominator must be equal whan t=tg

2 2
and hence Zl 22231 -+ Z,Zz 23 +ZIZZZZ3 —212232 s _

Z,Z,R +Z, 23R+ Z:ZsR—Z Rtg

b

which by virtue of equation (2) begomes

(2,+2,+2,) 2,25 2s =  R(2,2.4225*27)s)

and :
Z,Z‘ZZ3R —(21222.‘ + ZIZZL + 21223),;?{-51 =
2
Z,Z2,23 —-Cz,z37“+ 2,75 +2; Zs )fs; (4)
2
Now Z,Z3 =R =2, (5)

is a solution of equation (3) and this relation is asppropriate for the
three seotion binomial transformer also. Divide equation (4) by
2,22‘23 thus S , 2 Y/ Za z, z,

-2 (Z+E2+8) - RI-tH(F+5 + 2 ]
which by using equation (5) reduces to

VB R ) petlzr”
/_sz _2'_2-:—‘ * Z{z )—R-Rts &Z'R +Z'z). (6)

) .
Solving this equation for {'5 gives

R-1 = 212‘1'2'2//? Zl —_B_ _’Z/_R—
te zr Z,

>
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which is a fourth degree equation in the variable Z; . Although this
equation has no simple solution it is interesting to note that ‘f::

and hence ‘CS/’{, is almost independent of R for a large range

of R provided | Z, = R and the parameter X is held constamt.

Substituting R for Z, in the above equation gives

R-1 _ R*% 2R (R"*%2Rr%™)
i 1)

The parameter x will usuelly lie in the range 7% &£x £ ,/5 .

From the curves given in figure 6.5.-2 it is seen that .F‘%_; inoreases
by less than 5% as, R  varies from 1 to 12. Thus the matching
frequenay ‘/'; is determined by the parameter X . As x approaches I/g
all the zeros coalesce at the centre freguency 'Fo . Vhen all three
zeros coincide at 760 the transformer is maximally flat. For small

values of R say R=/+¢€ with € <&/

: 2x L4 -2 . 2
Rl = € . (1+€)“ " +201+€)*" "= (1+€) " " 2(1+€)i™ 7
+ t2
5 S

= (gx-—l) € if higher powers of € are
neglected. It is seen that tS becomes infinite when ¥x =/ or
x = //8 and consequently all three zeros come together at "Co
when X= /fg for values of R o¢lose to unitye When Z,= R '/8' the
binomial transformer is obtained. For large valueg of R a11 three
zeros coalesce for a value of X slightly less than %. Consequently
the binomial transformer is maximally flat only for small values of /<,

The departure from maximum flatness at large values of R is however
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small, It is obvious that a three section binomial transformer will
have a greater bandwidth than the two seoction binomial transformer
sinoe it has one more zero at the centre fraquency fo.

Dividing a, b, ¢, and d in the expression for Z;,, in equation (1)

by Z, Zy2Z; and using equations (3) erd (5) it oan be shown
that
A
b = a4 = ¢ (Zg=VR ¢ ) where Zs =2Z,7Z2+7;
2
a = RL/I-(2z,Y7R +22)t"] ,
- - (24/Rr , B
a = / (’ = + Z2 ) .
a+jb :
Thus since Zj,, = i it follows that the reflection cosfficient
+J
T is given by
T = I=Zin  _ c+ib—a-7b - c-a )
I+ Zin c+yb +a+5b c+a + 25 b

Sﬁbstituting for a, b, and ¢ in this relation gives

2
Irl*= p% (r=0)* (/- i‘%‘ )
(Rei-Wt2)? o 4¢2 (zg-y ¢7)7 @

Where. W = (zl+ﬁ)z(/+zi—z)-(R+1) and '6'52

has been introduced in the numerator by means of equation (6). For
any particular oase the bandwidth ourve can be obtained from this
gxpression. For a given value of R it can bse shown that W ana Zg
are for all practical purposes constant for a range of > from 1/8 to
1/5, the actuasl variation being of the order of 1 or 2 per cent. Thus

if a bandwidth curve for a given R and for ¢ = ’/6 say, is plotted,
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then the corresponding ourve for anmy other value of X ocan be scaled

from the first curve by multiplying by a suitable factor

£2
Vi.e' el /— /{-Szl

2
2
?Z' /= f/sz
Typical bandwidth curves which are obtainable are illustrated in

figures 6.5.~3 and 6+5.-4« It is seen that bandwidth inoreases of

50% or more are obtainable.

6+6. H-Plane Dielectric Step Transformers in a Rectanpgular Vaveguide.

The asymmetrical dieleotric step is not very suitable as a
matching transformer since it excites the second order /401 mod e
which can propagate in the dielectric filled guide. Furthermore there
exists a considerable junction reactance which compliocates the design
of a quarter-wave transformer. It was shown in chapter 4 that the
junotion reactance for a symmetrical step is very small and since it
excites only the odd order Agnnmdes it is much more suitable for use
as a matéhing seation.

The behaviour of such quarter-wave transformers departs from the
ideal oase since the impedance and phase velooity of each section
varies with the frequency. However the ratio of the impedance and phase
velocity of any one section to that of any other section remains
essentially condant and the overall behaviour is very similar to that
of an ideal transformer. The ideal transformer will be taken as a
transformer for which the normalized impedance of all sections remalns
constant at their values for the design wavelength )\o and for which

: A
the phase shift across any section ' is given by tan 7——; 753 at
3
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the wavelength A. The following notation is used 1

}‘o = free space wavelangth at the design frequency -F,,
N = free space wavelength at any frequency £ ;

>\5o= empty guide wavelength at the frequency 1’-',’

>\g = ampty guide wavelength at any fréquenoy £ s
NAno= wavelength in section 'n' at the frequenay £ )

An = wavelength in section 'n' at any frequency £,

The impedanoe of a.ny seation is taken proportional to the wavelength
"in that seotion., Thus for the ideal transformer the normelized
imped'ances are assumed to remain constant at the value ';‘:% » The
thickness of any section is debermined by a solution of the eigenvalue

equations given in chapter four, section %, once the required impedance -

and hence the wavelength has been deocided on. Thus

botdit =Dtankid oy (BT )=k Rk kD]

‘where ¢ is half the thiokness of the section and2d= @-2¢ apg
>\"° is the required wavelength.

A series of quarter wave transformers desi@ea-acoording to the abovse
principles where made to match an empty guide to a completely filled
guide filled with a lossless die‘lectric of dielactric constant 2e47.
It was fourd that the calculated values of reflection coeffioients and
the measured values agreed closely. The t-heoretical value of the
reflection coefficient was calculated using conventional transmission

line theory and the appropriate values of Z, ad An,
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In table 6.6.-1 are given the calculated values of the various

" parameters and the theoretical value of the modulus of the reflection

coefficient for a single step quarter-wave transformer.

gives the measured values of the reflection coefficient.

Tahle 6060"2

Table 6.6.~1

ng= -8, K247, .3%:?._ z, R zfmo....
Jength of step = 7\104 ﬂ;’i’f“ X

] M| Mem| R 7 | e 8SE
.6 7.59 |48/ | 422 | 635 | .23 |.204
65 6.// |4/5 466 | 679 | /5 | ./54
7 5./¢8 3.69 . 502 .T7/0 .095 | ./03
75 4.55 | 3.29 | 524 | 724 | .ov42 |.051
.8 408 |2.99 539 T34 o 0
.85 | 3.69 | 273 | 555 | 740 | .042 | .05
.9 3.40 |2.54 .565 | 746 080 | .097
95 375 | 236 575 | 750 | M2 | .14

/ 2.93 220 | .582 |.753 | -/42 | 77

 Table bu6u2
| .7 725 75 775 825 .95 7z5 7375 .7625 .3375
Ex.Q |.09 .07 .o4g .02 .02 .045 .08 .058 .03 034
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In figure 6.6.~1 are plotted the two theoretival bandwidth curves
armd the experimental points. It is seen that the behaviour is very
alose to thgt of an ideal transformere For all practical purposes a
design based on the ideal modelm is adequa’c-e, in fact it gives a rather
conservative design. The reason why an ideal transformer has a
slightly larger reflection coeffioient is that the wavelength in the
matching section tends to remain closer to a quahrter-ﬂwave length than
that given by 2, —:—2 withZ7 fixed, This is ocaused bty the wave-
length in the empty guide being more susceptible to a change of frequency
then the wavelength in a partially filled guide is. The bandwidth
curve is not symmetrical since for values of A approaching 2 @& cut-
off is approached in the empty guide and the reflection coeffiocient
rises rapidly. For small valuses of A the reflection coefficient
approaches the value due to reflection from the dielectric interfaoce

only. For small valugs of A the guide wavelength approaches free

space wavelangth and consequently the reflection ocoefficient is
-1

n+ 1|
as 1/;( . For K= 2.47  this asymptotic value is +223, The same

where '\ is the index of refraction defined

asymptotic to

type of behaviour is characteristic of the multi-section transformers.
- The effect. of higher order modes that mnay bropagate has been negleotad.
The first of these modes to propagate is the Hoaz mode in the completely
filled guide. Thus when (3%‘)2‘( (%)T“ )ZK or% >1;% = +955 the
Ho3 mode will propagate.

Table 6abe-3 gives the oalculated values of the parameters for s

two section binomial transformer, while table 6.6.~4 gives the measured

values of the modulus of the reflection coefficient., The impedances of
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~

thoe binomial transformer at the design frequency '4; were chosen to

obey the following relations
s
z,=R",

The theoretical bandwidth curves and experimental points are plotted

in figure 6.6.-2

Z,= R

3/

-

Table 6.6 -3
—g‘o-’-'-g, Q= 2.54"01.1-\., K=247 Ld'f: —f
_ 2.“, T/ Zy R aQ
L) =.875cm. L2=.642cm. 4
2"1'1=-/62m: 2€2=.76 con.
2fs | ng om.| R 2, Za p|€ident
. 6 7.59 422 | . 796 .5/5 | ./48 |./38
.65 6.1/ . 466 .826 562 .076 .078%
.7 5.18 502 .843 .597 .032 .034
.75 4.55 524 .g950 6/5 .00% .00%3
.8 408 |.539 | .59 |.630 0 0
.85 3.69 |.555 | .%262 | .643 | .007 |.008
9 340 | 565 . 866 .652 | .023 |.030
.95 3./5 575 | - 370 | .659 045 | . 062
/ 2.93 |.58z2 |.873 |.665 | .074 |.103
Table 6.6¢-4
a
/> -7 -7/ .72 .73 T4 .75
Ex. 0| .034 .026 .024 .014 .0/0 .0/0
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Tables 6.6.=5 and 6.6.~6 give the corresponding data for a two

The impedances of an 'm' section linear

Zh= /-OH’)

section linear transformer.
transformer are chosen to obey the linear relation whe're

A is a constant chosen so fhat a perfect match is obtained at f=4.
Wh = ___(’-' e h___)z.
Wi

The theoretical bandwidth curve and experimental points are given in

The input impedance Wn at amy section is then

figure 6.6. "3.

~ Table 6.6.-5
Une= .8, @=2.54 com. K=2.47 L, L; T
L,=.805 com., L22.59)crr. - z R _;'
2¢, 5. 27co. 232 [/6erm. Z,=l-dn,ol=.2/
“h | =z Z, R e
.6 706 .46 422 /97
.65 . 746 .507 .466 SIS
.7 77 544 .502 | .063
.75 .79 .563 | .524 | .028
. 8 79 .58 534 o
85 .795 .59 555 | 0278
.9 g0 | .60/ | .565 | .053
.95 .803 | 609 | 575 | .0%
/ .806 | -6/7 | .582 ./03
Table 6.6.-6
a/s | 5o 77 .72 .73 .74 .75 .76 .34 .%¥5
Ex. ¢ |.066 .052 .05 .04 .032 .03 .024 .022 .03
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In figure 6.6.-4 are plotted the bandwidth curves for the above.
thres trénsformers. The two step linear transformer is seen to offer
very little improvement over the single step transformer. The
binomial transformer has a considerably wider bandwidth and is also
maximally flat. Furthermore since the binomial transformer departs
very little from the ideal transformer it follows that the optimum
bandwidth design given in seotion 6.4. oan be applied directly to the
design of a two section matchipg transformer to match an empty guida
to a completely f£illed guide,.

The final two tables 6.6.-7 and 6.6.-8 give the calculatad:
theoretiocal reflection coefficients for a four section binomial trens-

former and a four section linear transformer. The impedance of the

: ; 1+4
binomial transformer were chosen as Z, = (l-'o{) , Zz "'(/" Of) ,

I1+4+6+4 + 1/

/I+4+6 4+
Z3= (/—a{) ) Z4:(/_.d)lv~ 6+4-) R=(i1-a) .
Table 6.6."7

L‘= . 98/ com. 2¢, = .037caw. A2 5% o, ?
L3z 665 cwm. 2¢3° .65 cmm. 2 ..3 b L3 [ _l.
Lg= .57 cme. 2242 1. 5lcrm. Mo 4

a/x Z, Z2 Zs Za R ¢ )
.6 945 75 | J8542 | . 442 | .42 | .044
.65 .749 . 783 .590 .48¢8 .H66 .022
.7 .953 .806 | .620 |.523 .502 | . 0J
.15 ‘953 .8/4 .633 _543 -524 .003
-8 . 962 924 | 654 |.560 . 539 o

-9 . 766 .834 | .673 .582 | .565 o004
95 | 9¢7 | 837 |.680 |.59/ |-575 | ,,,

{ .968 | . 340 |-685 |.599 |-532 | o024




FIG. 6.6-4

B.W. CURVES FOR QUARTER-
WAVE TRANSFORMERS,

{. ONE STEP TRANS.
2. TWO STEP LINEAR TRANS.
3. TWO STEP BINOMIAL TRANS.
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Table 6.6.,-8

Ly La

Li=.9/8erm. 2%,= Jlern, Q:2.5%u; L, T
Lz= $lbern. 2%¢,= .25, i:.z E:'Z:;E‘ R a
i3=..7/q,,,, ZE3z - 4 B, K=2.47,Z,.z/-th, d=.] -
4°.58lem. 2¢4= /. /b com. ? ’
a/) Z{ Z, Z3 Z4 K e
.6 .352 | .720 5949 | 460 | .422 Ly
.65 .870 | .75% 642 | .508 L4466 | 0825
.7 .385 | .7%0 673 | .543| .s02 | .05%
.75 . 892 . 790 .69 .562 | .524 .028
4 .90 .30 .70 .58 | .539 0
.85 .903 .306 . 708 .59/ .555 .02%
.9 905 . 810 714 .60l | 565 . 0436
.95 908 .94 7/9 609 | .575 .0855
/ .9/ . 317 .723 .617 |.532 . 062

The theoretical bandwidth curves are plotted in figure 6.6.-5e.

The binomial transformer has a very wide bandwidth the reflection

being below .01 for A rangiﬁg from 2.7 to 3.6 cme. The linsar four

saction 4ransformer is no better than the two section bincemial trans-

formere.




FIG.6.6-=

THEORETICAL B.W. CURVES
FOUR SECTION TRANS.

[. LINEAR TRANS.
2. BINOMIAL TRANS.
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CHAPTER 7.

FREE SPACE MATCHING SECTION

7ele Theoretical Solution

The reflection coefficient for a plane dieleotric interface is
n-1

n+
oonstant of 2.56, M= 1.6 sand 5.%. of the incident energy is

where N is the index of refraction. For a dielectric

reflected. By the simple procedurs of slotting the interface a
quartar—mve seotion can be produced that will matoh a dielectria
intorface %o free space. The type of matching seotion to be considered
is illustrated in figure 7.1-1. The electrio field is assumed to be

polarized parallel to the slots.

S //

¢
AN
,,/ ,r -_, / \\\\ A”\ Al :tt:::t
x| [l || §§*5* \
i 4_14/_? //;g§§-t \
Ngr ¥ TR
Fige Tel~l

For the T.Es wavaes being considered there are two possible

solutions

(1) Eﬂ antisymmetrical about X =0 with a zero average

electric field over the aperture.
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(2) E_y symmetrical about 2¢=0 with a non-zero average
electric field over the aperture.

Solution one is discarded since it cannot be related to the
incident plane T.E.¥., wave., For the seocond solution it is easy to
see that magnetic walls can be placed at X= 0, = & since H} is
zero at these points. The boundary conditions ere /—/;: Oat X=0,*tQ,

and A3 ond E, contimwous st X = F ¢ Let the incident wave be
7 pd .

- n
Eg = e o},
n
Sogu Hx = T Ey = L e” R F
H;, = 0.
In the dislectiric section A, the fields are
- f ! —Yh}
Ey = 4 Ancovlnx e ,
afy

jw/a Hx = 2} )
Tem Hy = Z’q L tin A x e_x@;
whare h = B—K/Q%:':}ﬂ —}0 -

In the seotion /42 the corresponding fields are

:C”M(%nx-/‘ en)e“yn}
P o2&, ’

Teop M= 35
Jw/u H} ZCn}nm&nx-i—eh) e_xh}

At X = ..a)H}must vanish and hence B8, = "/&n Q. The continuity

conditions at x=*+¢ gives

/4n ,cow/en‘(" = Ch m/tén (-f-a)
Al{ljn ,donjnf = ann,dd}n/r@n (t-a).



Dividng one equation by the other gives

jn Hannt = —/rén ﬁfnﬁns where S = @-T.
2 2
This transcendental equation together with the relation /’%"- —-/'%0

jnz" K/i@oz determines the wave numbers *ﬂ- 0-’70( j’b.

; - :
The constant Cj is given as Cn =(oav~/nz‘,4¢c,kn5)/qﬁi‘he solution in the

—_—

slotted section is therefore as follows :
& v .-yn} Z
lzﬂnmjnz'e 5 )x)-—-z’:)
L Ey = °0
=y r coulnt ¥
A -x)e”"¥
’Z n __-}:,—S-m/&"(a Dc)e i {f/x/é-é+2$)

atd ) Y
/ —~on
= \Z Ah‘V Pn Fnix) e } where Pn  is a
normalization constant.

o0 7 /
-/n
Jeu Hx = = 3 AnYnFr e " T uheve AnlR b,
‘At the aperture there will be a reflected T+E.Ms wave given by
- To 3 . - o33
where R is the complex reflection coefficient. The higher order

modas excited are given by
00

. r
Jou Hx = zl:Dn M ,co-wn'%?_C e "},

2 2 2
n 2
are 2= CEVbE s Rtk
The functions ¢” (x) vill be defined as
2l 0w NTX for N>0,
a

and e} ,/(i for n=0,

Carrying out a similar procedure to that used in the waveguide problems
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the following variational expression is obtained for the junction

admittance = » 0 e = >

/- R ,Z/—'nDnDn +Z)’m'§anDh%RhmDn

— — msi = = .
s Ty Do Do™

The factors an are defined by

a
an=/ﬂnrx) Frm(x)dox , hZ0, mz],
’ ]

andarc given by
2 [,&&n(ém"'g?’r)f + ,M( m""“)'é' +

The normalization constants Fm are given by

Pm= 2!. 2 ,,.,1':+,41}n.2,[,,,1‘+ m*’,@.,.-l: (a__(: + ,&}nzfﬁms
Z 2 cos®K,. S 2 4

It is desirable that all the higher order modes in the free

™

space region and 'l;.he solid dielectric region should be attemated. If
some of these modes propagate they will have a .considerable effect on
the input impedance fo the section since part of the transmitted and
reflected power will be carried by these higher order modese.

a2 snm)2 g2 . 2 (m\' 2 2
Tovr I’n=(r)—/‘(’, in the free space region and M= 'Z") -K/ko

in the solid dielectric region. The latter condition is the more

A Ao
severe of the two and hence '@' must be chosen so that &< =
a R A 2K
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for all values of A, that are being considered. For the first
propagating mode in the slotted seation ,&‘ is imaginary and,f, tvn,pz'(:=
LR tamh 1 Ris. et £ tan bt = u(t) and L tank Lol = Y,(¢) where

¢

S= a-t. Novr _‘él’f:/,iuc"j,f and é_yz - _/k/wz/*,/s .
ot £t

The two derivatives do not change signs and hence the functions y, (¢)
and yz({} are monotomically increasing functions and it follows

that if a solution for ?1 =?z exists only one such solution is
possible, Such a solution does exist and consequently for some
appropriate value of ?  the wave impedange in the slotted seotion is
the geometric mean of the free spﬁée and solid dielectric wave
impedances and a quarter-wave matohing seotion can be obtained.

Te2e Numerioal Work :

For a mid-band wavelength )\o=/0 cme and a bandwidth of + 2 cm.

the value of 'g' must be less than 2.z 54 for K=247 « A

21/
value of @ = 2 om. is chosen as being suitable. The solution for a
typiocal example will be obtained by an application of the Ritz method.

The approximate fields in the slotted section will be taken as

N
Ey‘-" z;o(nm wn
14

The following energy 1ntegra1 will be minimized,

}ff{():o(nmc?n B +(Z°(nm “”)g U Z"(nm%)zgk

+L(i°(hm4)n)zda where /an = /Zm/%
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By using & tw term approximation (N=/) the following result is
obtained, ‘

~/2 . +
/Bm (°(om +°(lm) + °‘lm az _ i("{ mo(w\-\ Tr,dMTTa-

a- ANz t
g °(|r2'n Zvr’dmz'wt)k +(°(om —E_—’Z'°(°"’°(""‘ ’“"Mz

Q
zZ  a-t X MZ?Fi)
+0(’m ‘—a" - lm 27(' .

Setting the partial derivativeswith respect to ofj,mequal to zero

gives
t Az .t a-t vz }_
ﬁ:’ Hom _/’@01 {KE Kom + K Sy Srim g +8op, 7~ —%im 5t M
| ﬂz 2 ’\/—2— + + —_ 2 i
/3": Aim + Aym g2 —/@ {K"(om AN T +KA g +RKAim 2 AN 2T o

,‘/2 a_—'é' __l- » i_ p—r
—Xom TTT dln ﬂg‘ +dim "a — FXim z“mzﬂ“] 0

which can be simplified to give
2 zt /7 [K = ,d,on-rr — ]
A om [Pm - k-8 Z '} ] 2 oAm (k=1) O

2

& : + 2 & }
A o [z (1-k) o A 4 '6.{: ] + 1/;-0(\\1\ [P':.,.g.z_/koz(i(-l)a— —}0 -—(K-I)Z-_.—K'Amhrat

Now let . 2 = 0.
X, = lc-nk + 1] k2,
X, = (K—l)’-&—°,¢m7t— ,
y L 53

K-)FR 4 27a

a(om (PV; —X,) “‘ﬁ °(|m Xz, = 0

z * - - N
_ﬁo(om -Xl, + °(\m (ﬁm"’a—h_xl X3) ©
The vanishing of the determinant of the coefficients o(yny, gives the

Xs

and then

first two values of /Bm) thus
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2

22X Xsm B 2X+Xs—ar ) e =
Bom= .23 ar_ + ( ! 23 a )+(Z_X,_'X;—X.Xa+¥.a"i) .

Table 7.2e~1 pgives the oaloulated values of /Bm , ')(J- ard the

other data for the example being worked out in detaile.

Table 7e2.-1

7\o=/0m, as=2 em, f=.69m) K=2-4’7,Aéoz=-395

Xi=.595 |B*-.6/9 |du=.995 | R= /(527
1637 ﬁ2=-—/. 819 o, = .0953| B = L//6
=.0763 |§= 7.795 |ooz==0953
I e 2467 |Yo= 1.395 |oha= .995
[o=7.629 Roy = .995

= /.44 Ry =.097
L= .599 |Ro:=-094
A=7473 |Ra= .99¢

Al
} l

These values of /Bm are within J% of the correct values as oalculated
from the traﬁsoendental equation given earlier, The /Bm are substi—
tuted back into the set of homogenous equations and tha of,,are solved
for subjeot to the conditions that

dof ‘*‘°(|2\1 =1,

°(ozz + °‘|z';. =1/,
Thesa values of °<hm arg given in table 7.2.-1 snd are seen to
be very olose to the ocorresponding values Ream o The variational
expression for the junction admlttanoe 1s now “

- R PD,,D* +Zx ZdhmD Z«hmDh

I+R I3 Do Do*
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*
The partial derivatives with respect to Dr  are set equal to zero
and the resulting equations solved for Dn Using a two term

approximation to the aperture field the following result was obtained,
I~ R .
TR = [25—-4.0065.

2,
Yow l/l’" = 1l.25 and it is seen that the slotted section acts
o

like an ideal transformer of turns ratio V IZ' and with a negligible

junction reaotance. This is to be expeoted since the first mode
in the slotted section is almost plane (see figure 7.2-1) and henos
the amplitude of the higher order modes that are excited is small

and they store a nagligible amount of reaoctive energy. .

I-—-JL“.
| T r— Ave.=.881
|——.762

Figz. 702“'1
As the period 2 a is made smaller the first mode to propagate in the
slotted section begomes closer to a plane wave and the junction rsact-

ance decreases.

73« Experimental Work 13

A matching section was constructed from polystyrene of dieleotric
"constant 2.5 and its properties measured on a 10 om. strip transmission
linees The overall length of the specimen was 50 om., the thickness

of each air slot was 2.64 cm., the thickness of each dielectric seotion
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was le%6 om., and the length was 1498 om. The wavelength in the
slotted section was 7.92 om., for a free space wavelength of 10 cm.
Table 7e.3%e~1 gives the theoretical and experimental values of the

reflection coefficient.

Table 7e5e~1

7‘%\ 77 .835 .9/ 925 944 96/ .98 /| .02 lo4s lo&2 [o87 1/ /.25 4z

N |13 12 17 108 106 104 102 1o 98 Q6 94 ¢2 9 g 7

Th. € |.035.063 .035.028.022 0/4 007 O .0/ .02/ .03/ .04/ .05/ /03 ./5¢

Ex. P .04 p37.0/8.016 .0lo 015 028 .040 .04%
Z, |.794 792 777

The theoretical bandwidth curve and experimental points are
plotted in figure 7.5-1l. The experimental points seem to indiocate
that the matching frequency is st approximately 9.9 cm., rather than
10.cm. This is probably due to the fact that the wave in the strip
transmission line is cloéer to a Wavegﬁiae mode than t0 a pure T.E.M
Wavee For instanoce with @ = 6 M, the wavelength in the line is
about %ﬁ longer than free space wavelength. This discrepanoy would
shift the theoretioal ocurve along the wavelength axis so that the
matohing wavelength would fall approximately at 9.95 cm., and a
better overall agreement with the experimental points would be ob-
taineds Such a matching seotion reduces the energy reflection coeff-
icient from 5.3 to 1% over a bandwidth of & cm. i.e. 2 from
8 to 14 cme

‘Then the elestric field is polarized perpendicular to the slots,

the following transcendental equation is obtained for determining the
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wave numbers ,ﬁ" Bndjn 5 /n Zan Lt = -—an ‘Zam}ns .

This equation does not have a simultaneous solution with ,/n m/h{=
tA%1ti4LAa$_WhiGh is the eigenvalue equation appropriate to the previous
oasas. Thus a matching section designed for onse polari;ation will
not work for the other polarizatiom. However by choosing a thickness
of slot that is the average of that reguired for the two polarizations
a matching section that gives quite good overall performance for both
polarizations can be obtaineds Thus for parallel polerization the
correct value of 24 is 1.36 om. and the length is 1.98 ome For per-
pendioular polarization Z ¢ should equal 2.14 cm. and A= 1,98 ome The
section is therefore constructed with a valus of Z¢ equal to 1.75 om.
amd a length equal to 1.98 ome The theoretioal values of (’ for tha
two polérizations are given in table 7.%2. The subsaript 'y' denotes
vertical or parallel polarization while 'y’ denmotes horizontal or
perpendicular polarization. It haé been assumed that the junction
reactance is negligible for perpendicular polarization also.

These theoretiocal bandwidth curves are plotted in figure 7,3-2.
Although a perfect match is nevef é&féined the power reflection coeff-
icient over a band from 8 to 1% cm. is still below 1.4% and the
overall performance over the total band is essentially just as good as
for the matching section designed for one polarization only. For wider
bandwidth applications multi-section quarter-swave tren sformers can be
gonstructed. Such matching sections can be used for matching a
dielectric miorowavgvlens surface to free space. The technique is the
equivalent of lens blooming used in optics. For éuch applications it

is essential that no higher order modes propagate since they would

increase the side lobe level of the radiation pattern and amy gain in
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power obtained by matching would be offset by the poorer directivity

of the main beam and loss of power in the side lobes.

Table 703’2‘

7\0/7\

A e, tan Byl | lanf L by Or

- /3 .77 3.25 2.79 L0845 LS
12.5 .30 3.92 2.49 . 076 . /02
/2 . 333 5./2 2.%9 L0677/ . 094
1.5 .87 7.54 3.49 .059 L0845
/1 .9/ /4.57 4455 | .0528 0755
/0.5 . 952 6.32 L0504 . 067
/0 / -/2.29 //.63 .0537 .059%
95 [ 052 ~5.95 /72 .0635 . 0565
q 1.7/ ~-3.67 -/2.6 0785 L0594
g5 /178 -2.53 -552 L0985 .0697
b3 /25 -/. 95 -3.386 . /2 L0859
75 /. 333 - 136 -2.306 /44 . /07
7 /.43 - .9239 - /.63 A7 . /32




FIG. 7.3-2

THEORETICAL BW CURVES
FOR LENS MATCHING SECTION

. REFLECTION FROM . PLANE FACE.
2. E .PARALLEL TO SLOTS.

3. E PERPENDICULAR TO SLOTS.
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CHAFTER 8.

A Rectangular \lave Guide Phase Changer.

Bela Theoz:z H

During this work on dielectric discontinuitieé in waveguidesit
wos noticed that the sum of the propagation constents of an empty and a
completely filled gpidé was less than the sum of the propagmtion
ovonste‘mts for a guvide with a dielsctric strip in the gentre and a guide
with two dielectric strips along the sidese It was realised that this
property could be utilized for the purpose of producing & phase shift |
throughout the guivde by displacing the central dielectric strip lonpgitud-
inally with respect to the two side strips which are kept fixed. Vith
reference to figure 8.1-1 |
line / . |/ine2 | line 3
— e~ AN
.

Bs = Bo Be ™ Pg Y
— — NN

Y

Fife 8el=1
it is found that /8c +/Bs )/90+ﬁ9 . In a 3 cm. waveguide and a
dielectric constant of 2.54 this differencs is of the order of 40
radians per om. Let this difference be called ¢ , t‘rmslec'f/B_g _IBD-IB-":
¢ . Now when the central strip is displaced longitudinally by en
amount X cm., the effect is to lengthen the lines 1 snd 3 and to
shorten the line 2 and the empty wave guide length all by this same
emount X « Thus it is readily scen that a phase shift of x¢

radiens is produced. The outstanding feature of this type of phase
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- FIG. 8.1-2
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changer is its linear characateristics, the phase shift being direotly
proportional to the displacement. Furthermore if the ends of the diel-
ectric strips can be matched at a given frequency, they are matcohed
for all settings ofbthe phase changer at this frequenoy. For valueg of
dielectric constant larger than 2.54, the phase shift produced per om.
of moveme nt is greater. Typiocal values that can be obtained are shown
in figure B8,1~2. It is essential to use a dielectric corstant less
than the value that will allow the Hoz wode to propagete. The Hoa
mode will not be excited by the structure since it is symmetrical. Also
from figure 8.1-2 it can be seen that a maximum phaese shift is produced
vhen the central dielectric strip is between a quarter and a third of
the guide width '@'s This thickness is to the first approximation
independent of the dielaectric constant of the material.

It will be shown that maximum phase shift is obtained when B =Ps.
The dielectric strips can be matched by quarter wave transformers A
designed éocording to the principles given in chapter 6. If a standing
wave ratio of less than 1405 is to be maintained over the desired
band then the maximum value of the reflection coefficient for the whole
structure must not exceed 025, Since there are four discontimuities
am the reflected waves from these four discontinuities are almost
certain to add in phase for some particular setting of the phase changer
it follows that each discontinuity must be matched so as not to produoce

.025
a reflection coefficient greater than 7 or .006 « This is

quite & severe matching conditien and it is obvious that a two or three
section transformer will be required if a large bandwidth is to be

obtained.
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It was shown at the end of chapter four that }95 and /Bc are

given to within a few per cent by the following expressions,

2 2 [ 2t 2d | KL i]_iz
ﬂc’:/'go {Ka+a+ﬂ' 2T =gt (1)

»

2 [ 2+ 2d _ K-1 . t}_lt_z
Bs =*o[ +K 7 AniTg [T (@)

where 2% is the thickness of the centre dielectric strip and dl= -2t
Although these expressions are not suitable for calculating the phasez
shift produced per cm. of displacement they ars of great value in
analysing the overall behaviour of the phase ohang_;;er. The phase shift
produced is a sscond order quantity and a small error in /Bc or ,Bs

produces a much larger error in the calculated phase shift per ome

iThen the above two equations are added it is sean that

27?
az = oonstant.

chz '*/lez =/%02(K+/) =
To maximize the phase shift per cm. it suffices to maximize Be *Bs
subject to the condition that /Bcz -I-/Bsz = Constant. By elementary
calgulus it is easily shown that the maximum value is obiained if
ﬁc =ﬂs . Substituting these values of Pc and Bs into .
equations (1} ard (2) and equating the two equetions gives

P

for the value of 2+¢ +that maximizes the phase shift. It is seen
that this rela‘bion’is independent of the dielectric constant. The

proportion of the waveguide width occupied by the centre strip is the

only parameter that fixes the maximum phase shift. The solution to the
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2t /
above equation is — = «265 which is slightly more than /ﬁ. of the
guide width. However this thickness is not oritioal and a value of
2t
a from 26 to .22 is quite suitable. Actual calculation shows

that the above theory is quite olosely approximated.

lovement of the central dielectric strip can be obtained by cutting
a longitudinal slot in the centre of the broad face of the guide and
cementing a short dielectric tongue to the centre dielectric strip, this
tongue protruding up through the slot and being fastened to some type
of mechanical drive., Although such a slot if it is centrally located
and parrow in comparison to the guide width does not ocut any current
flow lines it ocan still produce some undesirable effects in the linear
éharacteristics of the phase changer, The phase shift produced is a
second order quantity end a small perturbation of the guide wavelength
in any one section will produce a considerably larger percentage
change in the | phase shift per cme However by a proper design this

effect can be made negligibloe.

Bele Errors

If the four discontinuities are perfectly matched then the linecr
characteristics of the phase changer ocan be destroyed only by variation
in the dieleoctric constant thréﬁghout the strips, non-parallelism of
the strips or by the effect of the slots The first of these ocan be
guite safely dismissed at once since present day menufacturing technique
ensures that the dielectric constant of & given sample remeins essentially

uniform throughout the sample,
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The variation in any of the propagation factors due to variation in
the dimensions of the centre or side strips oan be determined by differ-
entiating the appropriate expressions for the propagntion constants
with respect to the transvsrse dimensions of the strips. For en example
consider a variation of 7 .01 om. in the thickness of the centre

dielectric strip. From equation (1) it is seen that

2
5Pe = g‘pi”k (1+ emzmE ) 2 5¢.
f—

For K= 2,56, //?073 3.75,‘/Bc= 2426, /8,, 2,76, @ = o265,

g - «40 rad./cm. and 2 $¢==<01 oms the change in BC is slightly
less than .01 and henoe the change in ¢ is of the order of 2-12" per cent.
If this change in thickness ococurs in the region where the centre strip
is moving between the two side strips then the effect on the linear
characteristics is very small since the deoresse in /Bc is almost
completely neutralized by the decrease in PD e The actual change

in Bp with gap thiokness 85 = «005 as illustrated in figure B.2-1 is

Bound to be
"H‘;\\\'\"Ir‘"\
NN
Sy
NN T(}z\\—i \
S AN NN N
Fige 8.2-1 |
' 3
SRy = _(0ks (1+m2_a_"{')55 =-p08g2

Bop &

by an application of the Ritz method similar %o that ueed to obtain

“equations (1) end (2). The net residual change is of the order of 3%

in the phase shift produced per cme At any rate by careful machining
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the tolerance on the transverse dimensions can bs kept to within

* 003 om., so this type of error can be made negligible.

The perturbation in the guide wavelength due to a covered slot cen
be mlculated by considering propagation along the transverse axis of
the waveguides At the cutoff frequency the problem reduces to that of
an equivalent parallel plate tramsmission line with & change in height.

Consider a slotted waveguide as in figure 8.2-2.

. f_’"jr.
M -yl

e L2
.f I — A,
1 ] yz_
b+t b Jin =y,
¢ {, L 148

a

f— % -)-I Equivalent Cirouit

Fige 8.2-2.

The equivalent cirouit consists of two lengths of transmission line
with characteristic admittance inversely proportional to the guide
height ani a capacitive susaeptance at the junction. The junction

susceptance is given by

B b /_k_-x =A% 1+ 'é'("("""—’)
v, =T 2 /Zn G - :

Y, b
where K = '9'(' T b+t and /%x is the transverse wave

number, (see section 6.16 of reference 1.5). For the usual thickness
of guide wmll the junction susceptance can be negléoted. The value

of /kx is found from the condition that the admittance at the centre
of the guide must be zero. .Neglecting fhe Jjunction susceptance this

condition is found to be

Yin = 2(-cothnls v gz tntxds )
o+ ot bl tan Rx 2,

O

b+t
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o tan Bl = i

If /ZZ <<j, this equation can be approximated by

}xj %} [ j’ b+t .. The perturbed propagation constant ‘BS is
obtained from the elgenvalue equation ﬁ%f’=ﬁggz—;1%x% Similar
teohniques may be used when the guide is partially filled with a
dielectrice In this case the transverse wave number is different in
the two sections but are related through the condition that the propa-
gation.constant along the 2} axls must be the same over the guide

cross section.

Be1-3. A Viorking Hodel.

One model was constructed withg 3/32" slot in a 9" x 4" American
guides This slot was centred longitudinally aloné the guide ard a
brass slide covered the slot on top ' along the langth of the moving
dielectric strip., The centre dislectric strip moved in the slottad
section for the first half of the rangs and in the unslotted waveguide
for the last half of the range. It was found that the phase shift
produced per om. of movement was about 5§ less when the dielsctric strip
moved in the slotted section compared to its value when it moved in the
unslotted sections A theoretical calculatlon of the perturbation of
the guide wavelength due to the covered slot ind'ioated that the effect
was dua to the slot. Consequently a slightly modified model was built,
This latter model had a 1/16" wide slot located at one end of the
guide such that the centre dielectric strip moved in the slotted section
for the whole range of movement, A further improvement can':fbtained by

cutting a longi‘f:udinal groove in the broad face of the guide and making



the slide with a projecting ;Ebngue t;:f:nich extends down into the groove.
Making the groove approximately two thi.irds the thickness of the guide
vall effectively reduces the thickness of the slot to one Ehird of its
former value. A drawing of the design followed (with the excepfion of
the tangue and groove which was not made on either model) is included in
thic thesis. This model was found to give quite good overall performance.
Tixe» standing wave ratio of the phase changer and the two choke couplings
are plotted aéé.:lnst phase changer setting for six different wavelengths
in figure 8.5-1. Although a good match was never obtained the perform-
ance remained gquite constant over a ‘band from 3.00 $0 3.50 cm. Measuro-
ments made on several choke couplings throughout the band showed that as .a
general rule they' produced s standing wave ratio of the order of 1.01

per coupling.‘ in view of this it would seem reasonable to expect that
the dielectric strips were matched to produce a voltage standing wave ratio
of less than 1.03 in the vicinity of the design wavelength., No doubt

the slot had same effect on tle motching of the center dielectric 'strip.
By making the slide with a projecting tongue as explained earlier and
taking more care with the machining of the dielec’cric strips it is felt
that a better match should be obtained. All the standing wave ratios
were obbained from the width of the Wiessfloch curves vhich were plotted
for every sgtting of the phsse changer, At each frequency eleven curves

were taken corresronding to one centimetre Increments in the phase

changer setting.
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If the phase changer and the two couplings are meplaced by an equival~
ent circuit c'ﬁnsisting, of two lengths of tranamission line and an ideal
transformer then it ris readily seen that the displacement of the mesan
centre of the Vlessfloch curve of ﬁs(,lo-d). VS'. Bgl with phase
changer setting 5ives the change in phuge of the wave tra.nsmitted pagt
the dutnut coupline, The pogition of the short ecircuit is located a
distance '1* from the refecrence plare in the output guide, vhile a field
minirnm is located a di stance 'd' from the refemnce plane in the input
guide. © It was found that the maximm departure from linearity was less
than lo over the whole band. The departure from iinearity was probably
due mainly to multiple Teflections between the ends of the dielectric
s;trips. The mean phase shift per eme is given in table 8.3-1, below.
This mean vslue was determine'% so that thebum of thé errors over the
total range was zero, i.c. Z ﬁg (V?da-d) =0
where /83 do is the mean phase shift per cm. and /5’3 is the measured
total vhase cha.nge: in the transmitted wave with referemnce to the initial
setting of the phase changer N =0 . The mean phage shift produced was
a. Tew per cent below the theoretical value and was probably due to the
effect of the slot. This model had a total range of 215°, If the
dielectric strips were made 6 cm. longer a ronge of 5600 could be
covered, Trtis would incresse the total length of the phase changer from

36 an., to 48 cm. The use of a dielectric with o dielectric constant

around & would reduce this overzll length considerasbly.



Table 8 . 3-1 .

Ao cm. 300 315 325 335 350 365
59 %‘% 417 396 378 3745 .37/ 368
7\°= 300 ——F/‘qc 8.3—/ AO = 3-,5
1.06 1.06
1.04 /] N N 1.041 D
VAW ~ |
102 '\‘./ lyj 102 \' \/X
' R
1.00 1.00
2 4 e 8 1o 12 2 4 6 8 10 12
>\o=3-25 )a=3.35
1.06 1.06
1.04 e s A 104
\ -
/ /.‘ / \ / 1.0 \/\ /’\ \
.02 / A .02 v NV,
»
1.00 1.00
2 4 6 8 10 /2 2 4 6 8 10 12
>\o=3.50 >\o=365
108 1.08 M
1.06 106 Z[ \ /.\
104 LT 104 : \J
V [ \ ]
1.02 102
J ) -
1.00 1.00 |
2 4 6 8 10 12 2 4 6 8 /0 12
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APPENDIX 1.

A Note on Weissfloch's Method for Finding Equivalent Cirouitse.

‘A general disoontinuity in a waveguide can be feprésented at a
single frequency by a four terminal network which requires no more than
three parameters to determine it uniquelye There exists a variety of |
such equivalent circuits. An ideal transformer and two seotions of
transmission line is one form of equivalent oircuit for a lossless
structure that lends itself readily to analysis and also has a physical
interpretation. Furthermore the parameters of this cirouit ocan readily
be determmined by plotting the position of a field minimum in the input
guide against the position of a movable short cirouit in the output
guide , (Al.l, Al.2, Al.3). Since positions of field minima only are
determined any error due to probe reactance, orystal oharscteristics and
so forth are eliminated.

The discontinuity abd input and output guides are replaced by an
ideal transformer of turns ratio N:!l and two lengths of transmission
line x amd Y of characteristio impedance Zx and Zg-v respect—~
ively. The impedances Zx and Z} may be freely chosen. In the
following analysis they are taken proportional to the usual impedanoces
of the input and output guides, i.e. proportional to the guide wave-
lengths. The equivalent circuit now assumes the form illustrated in
figure 1l.

~ The input impedance at seotion Q-4  is

Za = J'Z‘y ﬁ’n/gy(j*ﬂ) .

. ra
At seotion b-b - the impedance looking to the right is n<Zeg.
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' Short
25 Circuit

‘_‘d —,*Z*NC/mm Planes [*¢ l A >

b a

E rmin. . 1 | Discontinuity|

n:\

Y -
* A 4

Emm Zx-’ﬂx ] J Zy,pg

l—<—d——>4x->— -<—y+4<——,€ ]

Eguivalent Circuit,

Fige 1.

At a position of a field minimum the input impedance is zero amd

hence

b
tam/Bx(2+d)= -n* zif««ﬁg@y), a

2 25 = N? Nz
Let N° =z = and it follows at once that when equals

unity

B (x+d) + By (y+L)= G Dx=nm, (5
where G and D are integers. The plot of PB=x d against ,Byj is
a straight line of slope -ls In general the plot of ,Bxdagainst Bg!

is an oscillatory ocurve about this line. The curve is periodio of

ad Byj—_ _ _dec? B (x-fd)

period 7T, The slope of the ourve is =
| ol Bxd N%idec? By (y+d)
and is always negative. iThen Bz(x*d) =G ard By(y-rl’)'-‘ Dr
/ ju <
the slope is ~NZ . when Bax(x+d)=GT+3 .9 By (y+1)= br-3

the slops is -N* | he general typs of curve obtained is



FIG. 2




4e
shown in figure 2. With reference' to figure 2 the minimum slope is
seen to ocour at (C and the maximum slope at O o At B and £ the

slope ig -l so

N«d@cﬁg(y+j}= i—/&@CIBx (x+d). (3)

then equations (1) and (%) are solved for N the result is

’K'r = X fan By («2”'9). (4)

If the positive root is taken then ,Bg(,f-f-y) =Drn- T  atC sinoe
the tangent function is negative when the angle decreases from a multiple
of 7T and is positive when the angle decreases from a multiple of 7T
plus z‘rg « In this case the angle /Bg(l)*y) dcoreases when B (x+d)
increases. It also follows that the slope at C iz — N?% and
hence N has a value less than unity. When the negative root is

taken then PBy(l+y)= D7 with the corresponding slope "‘N{E at C

and -consequently the wvalue of N obtainad will be greater than unity.

Both roots lead to a correct squivalent oircuit so it is immateriasl

which one is chosen.
s A, Pyl=Pyls and Bxol= Pxds, 150
By (y+ls) + Bx (x+d,) = N7T,

W
At B, /Bxd=/gxdo+;‘% and /5gj=:35/,é’o ""5_1/_——;_

where W is the meak to peak width of the curve measured in radians. It

folloxs therefore that at B,

MR

By (/["'9}"' Bx (x+d) = nm+ (5)
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_ tan By (2rY) + tam B (x+d)
| = taw By(L+y) tan B (X+d)

Now fan [Pg(!w) + Bx (9-’+d)]

N* W
=t _ tan ——
X 2 = Vz

N after substituting

from equation (5). Furthermore

2."!_
m%=m(-}—%) - - (%

/
== _ . -7

Zt”"(l"{f— -~

If the positive sign is taken then p = w{[+ ?-1/—) and AN

is greater than unity. The negative sign gives py ='lfazn(5; -2—17_—) +The

two values of N obtainable are reaiprocals of each other,.
Y =
At C, By /,é’.-,+y) =Dmn or DT~ 5 and Bxé!¢+x)- GT ,p

G+

VE

+ The parameters X and Y determine the character-
istic planes which have the property that the impedance transformation
from a characteristic plane in the input guide to a characteris tic
plane in the output guide is a real quantity. If the position of the
short cirouit and E min. is measured from these characteristic

planes then the equivalent cirtuit reduces to an ideal transformer. The
new co—ordinates are o =d+x amd A ,'-‘j"‘é( .

Sinoe the input reactance is proporhionallto the difference in
the magnetic and electric energies stored at the discontinuity, X and
Y can be interpreted as the lengths of transmission lines that store
this equivalent energy. The characteristic planes are located by
moving ‘a distance back in the guide such that the energy stored in
those seations is equal to the negative of the energy stored at the
discontinuity. Short eircuits can be placed at the characteristic

planes in the two guides and the cavity so formed is resonant at the



frequency for which the equivalent cirouit was determined.

The two circuits obtainable are duals of each othere The charact-
eristic planes of one are logated a quarter of a wavelength from those
of the other and the two turns ratios are reciprocals of one another,
.The one oircuit can be derived from the other by using the properties
of quarter wava tbransformers. Thaet there ahould be two sets of charac-
teristio planes follows also from the consideration of the general
bilinear transformstion which has two inveriant points (Ale3)

‘hen the width W is very small it is more convenient to pld /Byj-f'
/Bxd against led since this removes the slope & the mean genire
of the curve. The new width W is equal to Y2 2 and hence

N= tan(Z-%)
The curve is asymmetrioal and the peaXoccurs oloser to D than to

C. Since uﬂﬁx(z*d)"' '."/V:.":zz,n(‘:_"_.%_‘f) it foliows that B=x (7"+d)=

’—‘(Z{--‘;-‘I) “'nlzT' . Take Bx(x"’d)= ;.‘T’*%_I and then sinoce Bx{?f*dc): G

at C, Bx(d"d(_):g-’-%—z . It Bx(x-f'dc): G—-r(.‘--'%

3w W
at C then take Px (x"‘d) =F v I at B and the same

W
results are obtained. The peak occours closer to D by sn amount 4 .
It is convenient to know where the peak ocours since it enables one to

fit a better curve through the experimental points.

If the outpubt guide is terminated in its characteristic impedance

then
Zin — Nz-f-Jta/nBz(x*d)
Zx I + J Nztdznﬁx(x*d) for the

imput impedance at a point ¢ in the input guide. This input impedanoe

is real whenever By (:t-rd): %—7—( or at 2 characteristio plane. At
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this point the reflection coefficient ¢ is real and hence

._{_+_(.’. = ,\’2 and P = =1

- ¢ ny
then W is small it oan easily be shown by expanding ‘C'a,n(?—t - '}\___7
that ](’) = %—7 . The characteristic plane in the ocutput

‘guide is located a distance ,fc from the terminal plane in the output
guide, where [93 (,éc+fj)= 7T . If the phase of the inocident, reflected
and transmitted waves are knovm then jc may be determined from the

following analysis.

| | a
I |
{ I
| 1 Redf | output guide
I Planes. |
" |
! ]
et Ll
!
N b ]
C.Pla ne @ C. Pla.ne
Figo 30

Let the phase of the incident wave be zero at plane b-bin figure 2.
At the 'charaoteristic plane it has inoreased to Bxdc . If the
phase of the reflected wave is @ at b-b it will he 6-B=xde
at the charaoteristic plane. Now the phase angles of the voltages on
a@ither side of the ideal transformer must be the same and hence the
phase of the transmitted wave at the characterisric plane in the output
guide must be V L { ’ 9 Px e )+ eJ Pocd } Zerzal (+?leo~2,‘3xd9
The characteristic plane in the input guide is located where &-2Bxd¢= N
and hence Y = Bxod: . At the reference plane @-Qa the phlmse of
the transmitted wave is o " and hence Bxdc + Bylde = + Since

dc and of are assumed known this relation determines the unknowvm



Be

quantity /C e« The input impedance at tho characteristic plane is
eJBx S’_ Re‘]ﬁxdg_ '/+ R e—z_, Bxde

- - = - and is real. R is the reflection
e.rﬁxalc_ R eVRxde /- Re™ %/ [ :

-2B5d
cofficient referred to the plane b-b  and Re B ‘i

s the

aquivalent reflection coefficient at the characteristic plane.
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APPENDIX II.

Some Properties of Expansions in Terms of Complet a
Sets of Orthonormal Functions,.

A pieoewise oontinuous function G(X) defined over the range
0% X &€ Xo can be expanded into a Pourier series by means of \a
complete set of orthogonal functions which are orthogonal over the
rangs 0 £X £Xo It will be assumed that two such sets of
orthogonal funoctions are available and a few important relationships
between them ‘will be derived, Let the two sets of funaotions be

o0 v
12 @ (x) and z; Fr (x) , Further it will be assumed

that these funotions are normalized so that

Xo Xo
Drr G ox” = FrnFmodx = Shm where  Snm
(o o . ,
is by definition equal to zero for N¥* m and equal to unity for
N= Yy .

Thus by conventional Fourier analysis it follows that

e0 oD
G = ’ZAMF-M = Z:Bhd)n

vhere

Xo
Am = | GFmdx , Bn= | G@nix.

£ 2

Now define the guantities R nm by the following relétionship

Roam = f.oz°¢n F—mo&fc .

o ol
Lot Fp= 2 Cnn ema @y = 2 DmFrn . Then
xO

v X, w0
PnFmdx = Ram = fo @ lZannd/x = Ch.

Similarly it is easily scen that Dm= Rnm + Therefore
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T o0
aed
Fm:,.‘;k”'"(ﬂ’ and Qy = ,%::_7 Ram frm . tmen this series expression

for fn is substituted into the series expansion for £, as follows
O oo

00 0o
Fm = ZRHmZRnJF_; = Z:F;ZRhmth
h=i J=1 I=7 h=y
. oD :
the conoclusion is that Z Rhm th =& my whera Smf is
n=yt oD
defined as above. It may also be shown that MZ Rim Rnm = &ny
=1

How sinoce

o0 ' ant 0 00
3 BnPn = 3 AmFm = o Am 3 Rum P

o0

o0
- Z ¢n Z Riunm Am . it fol:lows that
n=| n=1i

o0

similarly  Am = 2= Rnm Bn .

The transformation from one set of orthogonal functions to another
is analogous #o the transformation from one orthogonal co-ordinate system
to another oxsthOgonal co-ordinate systems The elemenis of the trens-
formation matrix are the factors Rnm . Using matrices this

transformation may be written as

Bn = Rnm Am where
N are the column matrioces

{B-}  ana {Am}

B, _ A,

B

B: . and Aax and [ Rhm ] is the

) 3 ‘

square matrix ' Ry Rz Ryy -~ --
Rz, Razx - .

Rz --.
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The inverse transformation is { A v } = [Rqu] an}

It is seen that the matrix of the transformation is an orthogonal mairix.

If the Wﬂ are solutions of the following differential equation
¥

dzw»v +);¢”:0 5 ¢r0)=¢9(go)=

ol x?
2-.
where >\h is a constant then
_ 1/_3_ diyt hTTX | .

n - Xo =, and the eigenvalues

-5 2

An are h"w .
X

If the Fums are solutions of the following Sturm=-Liouville
boundary value problem over the same range and with the same end condit-

ions

dsz i +(km+?(x)) where ? (x) is a continuous

function of ¢ over the given range with a piecewise continuous
derivative, then it is known from the theory of such systems (A2.1) that
a discrete se¢t of values n axist such that ,&n«/ﬁ, — and also

N> 0 *o
that

Aorm. Fr(x) = Pn(x).

h-> oo

For each value of jn there exists one solution and the sum of all
these solutions forms a complete orthonormal set of functions.

Since /C—y, approaches wn as W tends to infinity it follows
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APPENDIX III

Application of the Ritz Method for Finding the Approximsate

Eigenvalues and Eigenfunctionse

l. ifinimum Characterization of the Eigenvaluesg..

¥

\
NN,

K¢

%‘%
[} Sy 2C

0 a
Fig. l.

Consider a rectangular wave guide inhomogenously filled as in figure 1

b

with the inhomogenity constant along the X and 3_ axise The relative
dielectric constant K ‘.has arbitraty but constant values for any
one region y’- < y £ y,(-*, « The fields are derivable from a
Hertzian vector 7V  directed along the % axis by means of the

following vector operations
H=Jdweek Vx|, E = kKo T+ VT,
thus ‘ |
Hx = —jweok 238 Hy=0, Hz=jwek dx,
23 2x
22 2 ot 22
= o 7T+ E = *
Ex = 3x2y’ E.':/ «k 2y’ > 23 34

The Hertzian vector A} satisfies the following wave esquation

2 2_ 2
Vz7l'+K/ko 7C =0 where /'@o “& €0 M, It will now be

assuned that variation with T is of the form _<fért 7TX and

-¥m 3, a
variation with respect to } is € « By virtue of the

cont inuity conditions on E} and H} it follows that K 7T and

ERAY 2 7%

—_— are continuous for all and vanishes for =0 b.
33, ’% a% 3 ’



The equation satified by 7v can now be written as

m
d% (X ’?xz“"Ki&:)Wm: 0, (1)

2
where 7\, is now a function of 'y. only and Xm is the eigenvalue
corresponding to the eigenfunction 7Sm . HMultinly this equation by
Kt’ 7y and subtract it from the similar equation obteined by iuter-

changing the subscripts 1 and M , thus

o*n o7
2 2 — = _n m
(Xm ~¥n )Kz' T Tm =R, T2 KT L2
Now integrate over the range yt' = & y{.,./ ’

( jyﬂ,ﬂ- fi‘+l(ﬁ d* TTn -7t olzﬂ'rn)
Xm Xn) Ky T mol?‘  \tm 2 n 0(#2. df

AV

m - by integrating
Ly gl

by parts once. The integrated term is contdinuous over all y_ and

Fi+
Ky (7(‘ dmn d?M) '

vanishes on the boundary y- =0, b  and hence it follows by summing
. 2 2
over all € that if ¥, F ¥n
b

Lﬂhﬁmkd«j‘ = 0 for n#+m

Thus the functions T\"7 form an orthogonal set over the range
o &%é 6 with respect to the weight function K(}) e« These

functions can be normalized so that

foKﬁn”ma%,= ghm.

It will now be shown that a minimization of the integral

b 2 2 2
1 [ rep[ () Ch=bide)ay
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subject to the conditions that

L K"Tzd} =/, (3)

b

ndeT( 71.}qd43_=0 for nh=/2---- m-|. (4)

0.

where 7Un is the eigenfunction that satisfies
-OL—-7r—'1+(Xn Rl + Kk RE) Ty = O

2 2

glves an approximation from above to the correct eigenvalue Xm. Due to
the properties of the correct eigenfunctions it follows that 7V can be

expanded in terms of them, hende take

0 b
7C = 5'_—__—6,77'('” with C”: L'ﬂ'ﬂh Kd{?_
o ‘
end QTC _ 2_Chn 27y .
34y ' Iy (5)

The normalization condition (3) gives

JZC TG,KZCS Ts dy = Zc,,_/ 6)

while the M-/ orthogonality conditions (4) give kaCan'T(Rdy o

or Cp =0 for M=[2 - m-1. (7)

Substituting from (5} for one factor in (2) gives

I= f {dﬂ ZC,,O%L +(Ke KJ{: )KZC,,W }d"d"
- lZc,,j;:{E‘—’—‘ Ly (ho P i ;)mrh}ob}

=

ST ML)
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after integrating by parts once. #ith referenoe to the wave equation
(1) it is sean that this is equivalent to chf Xh K-’TWHO{#_
Now substitute for 7Y £rom (5) and it follows that

I= cha’,,, chfxvr,,wsou,, S iy

By virtua of equatlons (6) and (7) this last factor oan be written
2 2
as Y + Z Ci (Y= Y2) . Now it is assuned that all the

eigenvalues have been arranged in ascending order so that

2

2 2 2 2
Xl < Xz L--- 2(m < - Yn and consequently I

S

v

The approximate eigenvalues so calculated will all be too large unless
all Ch for n >m are zero, which corresponds to the correct
eigenfunction 7Um, having been chosen. It should be noted that an
application of the Euler-Lagrange equations to the integral (2)

generates the wave equation (1) as the condition imposed on 7V

2+ The Approximate Eigenvalues and Eigenfunctions.

Forogn approxinate numerical solution to a probAf}em the infinite
series IZCHWH is replaced by a finite series ,ZC” (pn e It is
convenient to choose ¢n as the proper functions existing in the
empty guide although this is not necessary. ''he only restrictions on

Qpn are that they satisfy the boundary conditions on the guide walls
and are continuous with piecewise continuous partial derlvat:.ves. The

m'th approximate elgenfunot:.on will be taken as Z Chmn (Pn

 The funotions 7Umwill be determined so that they form an orthogomal
and normalized set with respect to the weight function K(%).over the

guide oross section. ihen the m'th approximate eigenfunction amnd
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eigenvalue is being determined it is assumed that the first (m-1)
functions 7Vg have already been founds

The normallzatlon oond:.t:.on gives

fobvr Kdy = f chd)nZCsd?s K oly = i
ZC,,CSO(S,,,-/ vhere o{gp = ops = f ¢n¢’<d} (1)

n,s={

The m-1 o-thogonality conditions give

b b N N
[nnt - [ 0,3 on g0 b o

N
or z CHC*S o(hs=O 7"‘07‘ ,k:l)z,"’ﬂ"/. (2)
n,s=|

The following infegral is minimized subject to the above vonditions,

I= OK{ZC,,G[# 2% R () )ZC hc de )
Define 7;,.,:»[’( {i@ Olws-i»(Rx'K/ko)%@}dy 4)

N
and it follows that I = Z CnCs 7;’7 . (5)

ns=|

To minimize I subject to the conditions (1) and (2) introduce

2
Lagrange multipliers —'I_,Mrn and ——Z/m,k where ,k / 2,-~~ m-/.
N -
Thus z CHCS7;,—, [ m ZCnC Ang — ZVM,kZ Cn Sk °(sn
n,5=1 n,s=! - hs=l
5 - (e)
is minimized, Setting all 3Cn equwal to zero gives the

following set of N homogenous equations in the N unknovms Ch which

when solved give the corresponding Cn m

N N N - 4
r
|l Bt ot -0

n=|
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For the actual solutions of the above equations the following

results hold

N N

5=\ n=|
by virtue of the normalization and orthogonality conditions that
were imposed. ‘ |
To show that the (m-1) multipliers —Z/m vanish  (Ref A3-/)
multiply the n'th equation in (7) above by Cnf with } <M end

sum over all N , thus
N

N
chsmcnj Tgn - mm :A;: ZCS""C”J o‘.”s

ns=i S=1
m- I

2" Z Z Csk Cny Agn (9)

= n=y} S=/
where Csm are the aoctual solutions to (7).

From (3) above it is seen that this reduces to
N N I

Z Z Csm an: Tsh =_2_'.~ym; Since }'< m. _(1.0)

Nn=| S=|

Now for m=/ all VI?‘ are zeoro since the first eigenfunction is not

required to satisfy any orthogonality conditions and hence from (7)
N 2 N

ZCm7§n = F;’; ZCnlo(nS for all S ,

n=y n=i :

In (10) above let Mm=2, then £ =/ - and

N N
- st— Csz 2_ Chy Isn = Z Cs2 [} ZC”'O{SH
= h=t

N N
- [—I’l Zig\__—— ChniCse °(Sh =0 or the second multiplier
z =1
vanishes. Thus by the usual process of induction it follows that all

the multiplicrs ”Vm,k vanish sinoe the above does hold for wm=/

which in ‘turn implies that it holds for M=2 and so on ad infinitum.
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Therefore the set of equations to be solved reducs %o

N N 2 N
Z[ZCST;I’)_megCSdSn:O]' (11)

h=| S=1

In order for these squations to have a solution the following determinant

mas+ vanish’

N N
g[g(nn‘szmdsn)zo]‘ (12)

. . 2
The vanishing of thisgs determinant results in N roots for [Mmm  Let
2
me be the m'th root and assume for the time being that the Cnm have
been solved for subject to the normalization conditions (1), Multiply

the n'th equation in (11) by Cnm and sum over all N  to get
N N 2 N N 2
ZZ Cnm Csm-rSn = r_,h"cm Z: Z CnmCsm °<$n = me .
n=zy1 3=
N .

n=1 S=j

Since the approximate eigenvalue )’: is given by [ = Z Cram Csm Ton
‘ ’ S’n=l

it follows that ny%‘ sz;n . Furthermore since the determinant does
‘not depend on the index wn it must be concluded that the Nroots of f"mzm
arranged in ascgending order are the first mapproximate eigenvalues x,,: .
Thus for each root Xh?; of (12) above a set of coefficients C
are obtained from (11) abow;ve and the m'th approximete eigenfunction is

| T = ng_l_ Com Pn .

It was shown in seotion 1 that the m'th minimization of the
intégral I with respeot to those functions that are orthogonal to the
first (m-1) ocorrect eigepfunotions gives an approximation from above to
the correct eigenvalua sz o It does not follow *Ehat the same is
true for that class of functions which are orthogonal %o t‘he first (m-1)

approximate aeigenfunctions, However it can be shoim that this is the
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oase (A3.l. AZ.2),

The above procedure is identical to minimizing the volume integral of
the difference between the mean magnetic energr and mean electric
energy stored in a given mode. Jith reference to the fielt;éomponents
given at the beginning it will be seen that in the volume integral of
the difference between the magnetic and eleotrio energy the integral
with respect to 3, is common to all terms and can be deleted since it
will cancel out when the integral is minimized. Similarly the integrat-
ion with respect to X integrates out to & for all components and so

2
it will be necessary to consider the integral over y‘ orly, thus

b
Wy = T A fo W€l k2 (B + I ) 0% dy.,
Ws.o( EI' of [Ckx*ﬁr:)(?wm) (AQ +,Bm)7rm ]c&)
and hence WH We « 7 f [(K/k ’/kx"'/em) Tm (97"m) ld#

after oancelling the common factor jx -1-/5," A minimization

of th:.s integral is seen to be equivalent to a minimization of
I= [k [V (i k2 )Ty wovgoot vo [ Hioy =1
if the lagrange multiplier is identified with —/B:; .

Unce the approximate eigenfunctions 7Y, have been found, the
field components are obtained by the usval vector operations. These
field components ﬁxay be used in the variational exprossion for the
input admittance or impedance to the inhomogenouvsly filled guide, ’i‘he

component of the eleotric field may be taken as (/kx - mz)nm =

(A% - X )Z Chm ¢n . 1r (), are the correspond-

“ing eigenfunctions for the empty guide then the matrix elenerts X nm



2le

used in chapter five may be identified with Chm .
A similar procedure may be used for the H-plane discontinuity
discussed in chapter four. In this case the fields are derivable from

the scalar component Eg and it suffices to minimize the following
a‘
integral f [ 95-,)2 z -2
o (91 - Kk Ey |olx

subject to the normalization condition : ,
Q
2
f Ey o= 1
o J
and the (m~l) orthogonalization conditions

a
.L(Eg)(s-")/kd“:O for _F=1,2,---- m-I.

Apart from the absenoe of a weighting factor the same type of analysis

and results hold for this ocase also..
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APPENDIX IV

Solutions of the Waye E
Wavelength equals ¥ree Space {avelengtb.

(1) Asymmetrical Dielectric Strip:

A ket

“

N\ I
0 d a ‘
Fig. I

When the rectangular guide 1llustrated in fig. 1 is unifommely
filled with a lossless dielectric of dielectric constant K the wave-

length of the /o, mode is given by

_ A _
)‘3 - - where Ao is the

free space wavelength. If K-/ > (%:—)2 then )\3 is less than >\o_
For the empty guide 7\3 1s greater than Ao . It is obvious that
for some critical thickness ¢ of dieletric the guide wavelength
will be equal to the free space wavelength. At this thickness the -
wave-number /Q’, in the X -direction in the section A, 1s zero.
‘The corresponding wave number ,é), in the section /42 is given by
/Z ; = Y K-1 /& o.

This relation is obtained by putting Y,z equal to —-}: in the
el éenvalua equation |

X,z = /[12" K/koz .

The solution of Mazwell's equations takes the following form for the

Hol mode,
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In A ,- -

while in ,41
| %3
JeouHx =AY ain tjla-x) & 4
jw/(,( /‘/3_ =—/4/I/ M/Z/(ﬂ—x) e')/'.}

At x=g  the tangential field components must be continuous and

hence

d = A _ain /Z/f’,
/ =_/4/[l /co-a/j/'f'.

By eliminating the comstant ,4 the following transcerdental equation
is obtained, Tapy it =-4, o . This eguation together with the pre-
virusly given relation for ,Z, determines the critieal thickness for

which >\3 = 7\0 « This later equation could have been obtained by

carrying out a limiting process on the relation

/&/ ﬁfnj/l" = "/// i’am/%ld

given in chapter 4, section 1,

Thus td/n.///'[' = /&"\- %d tafn-/féld - - j/d.
/k’—*o /k/ d :
For a thickness of dielectric greater than this critical thickness /é,

is imaginary and 7\3 < 7\o « The maximum value of EJ occurs in
the dielectric sinee the electric field distribution in A, is given by
M /,,e', /.7C and 1is ccncave upwards. At the critical thickness

the electric field distribution in A, varies linsarly with 2¢ .



24

(2) Symmetrical Dielectric Strip:

Az

w1444
[ A4 oF

¢ c

(o}

Fi g- 2.
When the guide wavelength is equal to the free space wavelength

/’%I 1§ zero and j, is given by the same expression as for the

agymmetrical strip, thus /Z, = YK~/ ,ﬁ’o » In the dielectric
£i1led section A, the fields are
i f
Ey= coed x e >

jw/" Hzx = B/Imj/'x 6-7:}
T e H} = =0, din 4 x e V¥

2
while in section /42_ they are given by
_Y

E# = Alc-x) e ¥

b/

Jwu Hx =A ¥, (c-x)e” 2’:}

J'co/u H} = "/4 e—x%

Equating E&. and H} at x=z=+ glves

oo it = Ad
/ZIM/&{" A
and hence _cot 4t = 4 vhere ol = c-+_

The eritical thickness for which >\9 equals Mo 18 determined by
the solutfon of
Mm%of = d .
As before this relation could have been obtalned from the more general

result given in chapter 4, section 2, bfy' a limlting process,



25.

If two dielectric strips are placed along the side of the guide

as in fig. 3.

‘Ud\ -
§ A

0 t C
then for some critical thickness o  the guide wavelength 1s equal to

S

[\

L

#
Y
N

the free space wavelength and the wave existing in the region /4 ; 1is
a pure T.E.M. wave. This is the case when the elementary waves making
up the Ho, mode strike the dielectric~sir boundary at a grazing
angle., (Ref. 1), |

The fields in A, are given by

Eg_ = e— yl,}
Jwu Hx = ¥ e'x%
Hy = 0,

while in /41 they are

Ey = AMJ,(c—x)e'X'}

)

jw/u Hx = XAM/ZI(C—X)e—,Y'}

J'w/a H}’—' ~AL conl (c-x)e .
At Xx=4¢ , H} must equal zero and hence

m/f/d =0 or j/d = %— . After substituing

for,[, the following equation is obtained for the critical thickness a[)

2R 4

For values of ¢ greater than this the electric field distribution

d= = Ao
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reaches a maximum in the dielectric because the di stfibution in section
/4, is given by ,(,Nj, /,ﬂ?,/’x and is concave upward.

It is impossible to have the condition of a T.E.M. wave existing
in the dielectric strip placed in the centre of the guide since this
implies that /Z, is zero a.nd/k, iz imaginary anmd such a solution is
impossible, For s solution to exist at least one of the transverse

wave numbers must be real,

(3) Asymmetrical E-Plane Dielectric Strip:

1

¢ Az

NN
0 Q

Fig. 4.

It was shown in chapter 5 that the fields existing in the
partially filled guide illustrated in figure 4 are derivable from a

Hertzian vector '—ThT directed in the y. direction through the following

1)

. P
equations JWE K U XTT,

VV‘_TT—'P K*oz:’:rh.

H
E
7T

The Hertzian vector is tzken as

- - %
W"'JMW/&ylj.M/&xxe .}

In the section A, let the wave number along the # axis be ,2/
for the first propagating mode. The electric and masgnetic field

componsnts are then

Hx "y

?

Jweak ¥ sin X cou t y e

Hy—"-o

7
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N/
H}“ J'coeoK/&x M/f@;xm/&y < ,}

Ex= ’/&zzflmjzx/u)ﬂ/&f e“y'?
Ey = (x B 8?) gin o x m,!,# e’,y'}
E} = )’,,é’,,@n/&xm//% e’ Z’,}

where /éx =

Since 7\3 1s taken equal to Mo 1t follows that /kyz-r,ﬂ’: =0
in the region A, . Thus the wave mumber in the # direetion in A,
is j%—r . The fields are derivable from the following Hertzian
vector

. %3
T = Cty scntx codkh Z(b-9) e ¥

The field components are

bA
Hx —JweoC%M,r@zZ'/miw(b y) e ,3’
Hy =0, - _7,}
H; = S € Cﬁx M}ZX /Cﬂd -(b—g)e s

~% 3

Ex = CHx 5 coutax ainh X (b-9)e™"] 3
Ey = C (ﬂ’oz wz),ddm.}zx/wﬂﬁ (b—g)e-_s'
Ez ~CY T dimn rx dink T (b-y) e 4

From the continuity conditions for the tangential field components

the following transcendental equation is obtained, 7 :
z M%rdz/ll tdo‘./llé ‘ where d=6"l‘.
Now /832 =}a2 = K/k ‘—/@:’—,Z,Z and eonsequently
(K 7 A@ z _ —"i 2 « These equations can be solved for
the critieal thickness nt which the guide wavelength equals fres gpace
wavebngth, For a dielectric constant of 2.56, and a free space wave-
length of 3.14 cm., this thickness is appz;oxhnately 1/3 the guide height

for standard 1/27 Ly 1" DBritish waveguide.
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¥hen the wavelength in the partially filled guide is equal to tle
wavelength of an Hes mode in tﬁe enmpty guide the y =axis wave number
in section Az mist be zero. The fields in section /42. are then

derivable from the following Hertzian vector

- _7
= Ctly sinfxx € '?
> . -%%
thus Hx = 7co€a C Y1 ain oxX € 5
Hy = 0,
' _Y
H}-'-' ].a)ec/kx,oo‘b/&xx e ,,3/
Ex“—‘ 0, ¥
Ey= CR: aim bbaxe ¥
E3= 0

The continuity of tanger;tia.l components at 4y =t  gives
Keealdit = C,
din it =0 or At=TT.
Since/k, is zero ,8. is given by 1/7(——1-/&5 o The critical thickness is
o 27
given by 1‘=21/“‘:‘T"'- as obtained by replucing = for /k, . The
wave in the section Az or empty part is a pure Hp, mode while in
the dielectric filled section it is 2 longitudinal seetion E vave.
For a rectangular guide of dimension 2.54 Cms. by 1.27 cms. this
critical thickness is >\°/2.50 for a dielectric with a relative
permitivitty of 2,56, Thus only for wavelengths less than 3.17 cm.
can a mode propagate with a wavelength equal to the wavelength of an
Ho, mode in the empty guide. This mode is actually the second

propagating mode since one mode with an imaginary wave number in

gection A 2 exists,
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Appendix 5.

Theoreticel Solution for E~- Plene Dielectric Step.

For a rectangulsr guide partially filled as in figure 1 with a
locsless dielectrie of relative dislectric constant /  two independent
solutions of Maxwell's equations exist. For one set H} 1s zero and
the modes are called longitudinal section E waves. For the other set

E} is zer and the modes are referrsd to as longitudinal section

H waves.
A&
b R
¢ Az_ d AZ.
N N
ANAN P NIAY
i z l3=0

Fig, 1.

The 1.S.E. waves are derivable from an slectric type lertzian vector.

i

7T\, directed along the y-axis while the I,S.T. waves ere derivable from
.

a magnetic type Hertzian vector 71, directed slong the y-axis. (See

chapter 5, section 1l.) . The various field components are given by tle

following axpmsaions -

22T, : . 27r1+ 2% 11,
Ex = axag_ FIOM 5T 3} Hx = —Jweé. K 2% 2x 9y, ?
22m 2 %M p2.
= VAY = IAY
E#_ 9}2_ +K/ka 1y Hg_ = 9#2 +/</_ka 20
2%, 27T, o7, 2%,

E}: 3}9} _JC‘/)“ 5—;; ) H} Jédé Kax + a}bg_

where both TT, and 7T2 satisfy the following wave egquation



[&N]
(@]

ETT; + ke L T = 0,

with /{(#) equal to K in A ! and unity in A 2

At the junction between the empty and paprtially filled guide both
types of waves must be included in order to satisfy all boundary
conditions. It is easiiy verified by taking the curl of the transverse
electric and magnetic field in the aperture plans that H} ang KE}are
continuous respectively if the transverse field components are. The
anpropriate forms for the Hertzian vectors ﬁ and ﬁz are found by
a consideration of the boundary conditions that the fields derived from
them mus%t satisfy. In the following analysis variation of the field
components with JC will be restricted to either ,d()n/tgxx or m,kxx
where /éx = g{* .

74th an Hos wave incident on the step the appropriate forms of JAY; -

and T\_z in the input guide are =

-~ ,
™ = (% e ROCF) yn b x +2 AnPnainkx e "7

s ’h
N, = ;Bn'%mnﬁx e },

where the functions % and Vn are given by

AT, Pa= T coenmy, Vo= VE wnony,
and 4Fnz=(2b£)z+/f%xz~

In the output guide it is found by matehing the tangentisl fields at ‘g_=‘f‘

that suitable forms for 7V, and "%z are -
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- Frm () -0
T = 2 Cm g aindpx o mF
9 ’

cowjm%, 0—‘—}‘5-‘2'5,

Frn€y) !
where K(g) - VPM

K oo dmt coa o (b- .), tey<b,
o kd ¢ ¢

with Pm a normelization econestant determined so that
b

f sz(y) =/
0 K(y) # )
The propagation constants blm are given by
2 2
th; =/£m “'/kxz" K/koz =/Ié:+/kxz"/%o vhere
jm faonjm‘('="/</1%m ﬁo\.j’md and ol = b"'f,

00 -
Mg = vg Dim Wm(g) m’kxx epm}Where the

functions Wm(‘f) are given by

‘ ~ cy
Wm(}) _ / {M/ﬁ %) 0fy B
Y &m ,aénjmt‘ ,acogzmol Mgm(b—g), {'é#‘_—b}
and Qm is & nomalifation constant such that :
b
2 _ _

The propagation constants ﬁm are glven by

B A b nkis gt ek B
?m 'lj-d/n/gm'é =-/£m zzm—?—md

‘Since 7'(‘ and 77, are not continuous in the 3_ direction across the

aperture plane }: O it is Tound to be more convenient to Iélate the
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fislds to the total electric snd magnetic field in the ?- direction at
the aperture. This is equivalent to specifying 7(; and 7(z  simce
7C, and 7V, can be uniquely determined from- E#. and H# respacfive;y.
The transverse field components are derived from 7Ci and T2 by means
of the previously given expressions. Equs ting the transverse fields
a:i: the aperture glves - 00 ,

Ex=_fs fﬁA,, gff' + J eIu 3 Bnln YV, =

= -1 d Fm : 0
*x ,Z Cm [K(y)] Z;"“ —'ja}u Z,:Dm By Wi 5
FrnCy)

Ey = R0t + E ARl = 2 Cm(RE0 ) Toegy = Gy,

o0 e d
o= ol t- £ aan 8] e 580 T =

oo =0 d Wi,
ijOE;CmeFm "'/)éx ,ZDmol% ’

2

Hy = 5 Bnlh2¥, = 3 P (BB )Won = ()6, ()

where the cormon functions of xv appearing on both sides of the equations
have bsen cancelled ocut. G, and Gz are complex functions of the
real variable y‘ ax;;d all the unknown coefficients can be determined from
them by means of the orthogonality ‘rela'.tions given in chevter 2,

section 1.

b b
Thus (/+R)//@oz :‘[ G, %#, An(,{@zz- ,1”2)_—__- ./o- G, Pn %{’

b b b
Cm (}xz__ erf) = [G' F:"d;( > ja}u Bn (}x€&1)=,[61 %63', jc./mDm (ﬁ:',B;:):sz w""b"

Continuity of Eg and Hg is obvious sinee these components are equal to
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respectively at the aperture plane. Substitut-

G, and (J'a}u)_l Gz

ing the above integral expressions for the unknown coefficients and

introducing ( /+R ) 1t is seen that the continuity equations for A=

and Ex csn be written as -

b =soes [55 52.% [6 0 - Ti”:‘,’ih o] M’;”k‘f"ﬁzfsmf—

Jes€o wkzyz Mf j;f; ',k: j-G WMA#
Ex}xzkz jGwd} /k:r. FZIGVC?»

Bm Wm

/&x ;;c;}m meG ch% /k" fG Wm# (2)

where the prime () /nd/ca't‘es
The fields derived from yr, and 7v, are independent solutions of

Maxwell's equations and hence the general orthogonality relations

applicable to = lossless structure given in chapter 2 section 1, yields -

Ja [(E2-E2 My, - £ G )] da =

'LE;;H, do — Ja Ey Hx, da | (5)

. s i * )
and -/6‘1 Ex, H}da = L E} Hx, da , (4)

The sabscripts '1' and '2' refer to the partial fields derived from 7Y,

and 7T2 resvectively and the star donates the conjugate complex field.
In particular these relations hold between the field components at the
aperture. Threfore integrating the cross product of the total transverse

conjugate electric field with the total transverse msgnetic field over
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o b
the aperture gives, 1+R jG*%d#f G, Cp" d#' B
o> b b
J%.‘{ o LG'*‘?n [ty + Z 5% Gy [ 01maty

© b b - b b
A LA +,Z?:;¢£Gz*wmdyfﬁwm@}.
Thic expression clearly shows thaf the input admittance is egual 1o the
rower transmitfed past the aperture plus the difference between the mean
stored magnetic and electric energy invthe evanescent mddes.' It is
readily shown that highly evanescént L.S.E. waves store an excess of
electric energy while L.S.H. waves store an excess of magnetic energy.
For modes that are close %o propagating i.e. P"zl and sz less
than sz s this characteristic is reversed. |
Inte grating the product of the conjupate ele_ctric field in the X
direction with ( s cw )-’Gz over the aperture and using relation

(4) gives

b
S g ong + T x ot oy

462 ,-.;.fc*% fG% :442,32./2; WM%IG Wm (6)

Equation (6) shows that if the functions ) =nd Wh are almost
identical then the quadratic expression involving Gz in eguation(5)
will be mmall since it is given by the difference of two quantities which
% W
are almost idemtical. For small velues of K. or /56, %n and Wh
are indeed almost identieal and a good approximation to the input ad-

mittance can bs obtained by taking GZ identically zero., TFor the

.symmetrically positioned E-plane step this approximation is better

l
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still. The functions ’2//, and W, are plotted in figure 2 for the
particular example worked out in detail in chapter 5. Wl is seen
t0 be almost identical with '{V, for tiis case. For values of N>/,

Wn approaches % even closer.

126 4———————— JRE—
- - = \\
. %
o~ %,
/. G
’.
/- N,
77 -
/ W Vi
L N
; “i %
/ : \-i
[ ) Figo 2e ‘
) ¢ b
Tt can be showm that ,i;’-g is stationary with respect to arbit-

2% . 3
rary variations of G| and Gz that satisfy equations (4)

and {6). Consequently it follows that a first order approximation
* G x
to G: and 2 will glve a second order approximation to
I=R An approximation to G y and Gz 1s most readlly
/! +R
obtained from equations (1) 2nd (2) . Approximate G, by Z A 47”
M .
and GZ by Y?: Bn ?//n . There is no loss in generality by
=1
taking Ao equal to unity since a2ll the other coefficients can be

divided by A, .  Hultiplying equation (1) by Pn for n=1,---- N

and integrating over y gives the following set of equations to be

solved - N
N n °° Y
2 n Im
SR GER A SAE R Fafin ) -
N/, M 00 wnlyn?*f:gm)
'&x(/k:-r.hzsh —sgash% -~ Bm ) (7)
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where J, 4’n Fim oy = Frm,
J; % Wm d#. = w'nm,
b o Wi ‘
® W = o
Lw = v
Similarly miltiplying equation (2) bty Y, for n= /,2--- M eives the

following set of equations to be solved -

> f (e g, _ 3ty 5 Frm e
=1 xk;—l’" " SoAzkz Xm =

(8)
b
1 dFm /
where _LVHK(f’)%_—_d}:fhm_

The set of equations (7) and (8) together give N+ M equations which
when solved give tle N+M unknowns An smd Br ., These
approximate values for G. and Gz may then be used in equation (5)

I-R
to get a second order approximaetion to the input admittance I+ R .

Although the summations over YN sre not terminated the matrix elements

’ : / ,
f N ? -'F‘r\m y W and Wpy, converge to zero Quite

‘Tapidly for ™M >M,



Bibliography

1,14  Saxon, D. - "HNotes on lectures by J.Schwinger".
Unpublished.
1.2, Lewin, L. - "Advanced theory of waveguides".

Iliffe & Sons,Ltd., London.

1.3 Miles, J.W;. - "The equivalent circuit of a plane
discontimmity in & oylindrical
waveguide”.

Proc. I.R.E. V34, 710, pp.728-742.

lede Marouwvitz ,N. = "Waveguide Handbook".
R.L.S. 7Vole 10e HcGraw Hill.

1.5 Montgomery, Dicke,
' Purcell "principles of microwave cirguits".

R.L.S. V0108, ibid.

1.6, Stratton, J. - "Fleotromagnetic theory"
McGraw Hill.
1.7 Ramo and hinney - "Fields and aves in Modern radio”.

Yiley and Sons, Ltde.

2,1-1, Adler, R.B. -~ "PrOpertles of guided waves on inhomogenous
cylindrical structures

M.I.T. Report 102 May 1949.

"Variational principle for the electromagnetic
field".
Phil., Trans of the Roy.Soc. of

2‘2—1. Livens’ G-Ho

2.2-2, Pipes. - "Applied mathematics for engineers and
physicists"e

MeGraw Hill,

2¢5-1s Chambers,G. - "Compilation of the propagntion constants of
an inhomogenously filled waveguide".

Brite.Journe of Appl.Phys., V.,. l.
Jahe 19520

%ele-le Kharadli - "An investigation of certain types of arti-
ficial dieleatrias".

Univ. of London, PheD. Thesis, 1953,



4-.4-"1.

5ele-1.

5.1"’20

6. 1“10

Gel—2e

6;1’3.

6eldo

Al.l,

Al -20

Ale3e

-A241.

Adels

A32,

Klopfenstein,R.il.

Pincherle,L.

-2 -

Van Bladel,d.~

Sovthworth

Slater

Fubini and
Rockett

Collin and
Brown

veisfloch

Barlow and Cullen=—-

Slater

Churchill

Teinstock

Courant and
Hilbert

1

- '"Impedance matching with transformer
sections”s
R.C.A. Review and Tech.Journ, V14 1,

Har. 1953.

"Blectromagnetic waves in metal tubes filled
longitudinally with two dielectrics".

The Phys.Rev. V66, 1944, pdi8.

"Pield expandibility in normal modes for a
maltilayered rectangular or circular
waveguide",

Journ. Franklin Inst. V253, 192,
# .
4y pe3l3.

"Principles and applications of waveguide
transnission",
D. van-Kostrand, 1950.

"Microwave transmission".
MaGraw Hille.

"Bandwidth of guarter-—wave sections",
Electronics, Uct.195%2, p.1%C.

"Properties of a matching system using two
quarter-wsve transformers".

To be published in i{ireless Engineer.

Hoohfreg. ue electros Vole 60, 1942,pe67.

"}icrowave Measurements". (Section on
Feenberg's method ).

"icrovave electronics”.
D. Van-fostramdCo. Itde

"lodern Operational Mathematios in Engincering”.
Chap. 9, HMaGraw Hill,.

"Caloulus of Variations". Che9.
McGraw Hille

"lethoden der Mathematischen.Physiok".
Julius Springser, Berlin, 193l.



See Also ¢

Chambers,Go "An approximate method for the caloulation

of propagation constants for inhomogenously
filled waveguides".

. To be published.

Ael, ioodward,Alice M.~ "Wireless Engineer, July, 1947.



	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13
	Page 14
	Page 15
	Page 16
	Page 17
	Page 18
	Page 19
	Page 20
	Page 21
	Page 22
	Page 23
	Page 24
	Page 25
	Page 26
	Page 27
	Page 28
	Page 29
	Page 30
	Page 31
	Page 32
	Page 33
	Page 34
	Page 35
	Page 36
	Page 37
	Page 38
	Page 39
	Page 40
	Page 41
	Page 42
	Page 43
	Page 44
	Page 45
	Page 46
	Page 47
	Page 48
	Page 49
	Page 50
	Page 51
	Page 52
	Page 53
	Page 54
	Page 55
	Page 56
	Page 57
	Page 58
	Page 59
	Page 60
	Page 61
	Page 62
	Page 63
	Page 64
	Page 65
	Page 66
	Page 67
	Page 68
	Page 69
	Page 70
	Page 71
	Page 72
	Page 73
	Page 74
	Page 75
	Page 76
	Page 77
	Page 78
	Page 79
	Page 80
	Page 81
	Page 82
	Page 83
	Page 84
	Page 85
	Page 86
	Page 87
	Page 88
	Page 89
	Page 90
	Page 91
	Page 92
	Page 93
	Page 94
	Page 95
	Page 96
	Page 97
	Page 98
	Page 99
	Page 100
	Page 101
	Page 102
	Page 103
	Page 104
	Page 105
	Page 106
	Page 107
	Page 108
	Page 109
	Page 110
	Page 111
	Page 112
	Page 113
	Page 114
	Page 115
	Page 116
	Page 117
	Page 118
	Page 119
	Page 120
	Page 121
	Page 122
	Page 123
	Page 124
	Page 125
	Page 126
	Page 127
	Page 128
	Page 129
	Page 130
	Page 131
	Page 132
	Page 133
	Page 134
	Page 135
	Page 136
	Page 137
	Page 138
	Page 139
	Page 140
	Page 141
	Page 142
	Page 143
	Page 144
	Page 145
	Page 146
	Page 147
	Page 148
	Page 149
	Page 150
	Page 151
	Page 152
	Page 153
	Page 154
	Page 155
	Page 156
	Page 157
	Page 158
	Page 159
	Page 160
	Page 161
	Page 162
	Page 163
	Page 164
	Page 165
	Page 166
	Page 167
	Page 168
	Page 169
	Page 170
	Page 171
	Page 172
	Page 173
	Page 174
	Page 175
	Page 176
	Page 177
	Page 178
	Page 179
	Page 180
	Page 181
	Page 182

