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Abstract 

This thesis is primarily concerned with the theoretical evaluation 

of the parameters of the equivalent circuit used to represent the dis-

continuity effect existing at the junction between an empty and an.  

inhomogenously filled rectangular wave guide, followed by an applicat-

ion of the results to the design of quarter-rave matching sections. The 

input admittance and impedance at the junction are obtained from variat-

ional expressions. These variational expressions are shown to be 

equivalent to minimizing the volume integral of the difference between 

the stored magnetic and electric energy at the junction. After develo-

ping -the basic theory required it is applied to specific problems. 

Thus in chapters 4 and 5 the H-plane and E-plane dielectric step discon- 

tinuities are discussed. 	Chapter 6 begins with a discussion of the 

properties of ideal quarter-wave transformers. 	The analysis of their 

properties is carried considerably further than has been done before. 

In particular it is shown that by a suitable choice of parameters it 

is possible to make the reflection coefficient go to zero at as many 

different frequencies as there are •cuarter-::eve sections. As these 

zeros coalesce together at one frequency the resulting transformer so 

obtained is the usual binomial transformer. With the above more 

general design a considerable increase in bandwidth is obtained. A 

detailed design procedure and performance curves for the optimum 

bandwidth two section transformer are included. This is followed by an 

analysis of the H-plane dielectric step transformers in a rectangular 

wave guide. Theoretical and experimental bandwidth curves are given. 



Chapter 7 is devoted to the design of a free space to dielectric . 

matching section for matching a plane dielectric surface to free 

space. 

During this work on dielectric interface discontinuities a new 

type of phase changer was developed. The outstanding feature of this 

phase changer is its linear characteristics. This phase changer is 

fully discussed in tie concluding chapter and design data and perform-

ance curves are given. 
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CHAPTER 1. 

Introduction 

Inhomogenously filled wave guides have been used quite extensively 

both for laboratory equipment and for practical applications. However 

there seems to be little or no available published literature on the 

discontinuity effects existing at the junction between an empty guide 

and an inhomogenously filled guide. To date there is no general 

method of obtaining a rigorous solution in closed form for this type 

of boundary value problem so one must be content with approximate 

solutions. 

Variational methods have been used a great deal by mathematical 

physicists to obtain very good approximation to solutions of the 

Schr3dinger wave equation and also to nuclear and other scattering 

problems. 	During the last decade these methods have been carried over 

into the field of electromagmtic scattering and diffraction problems. 

J. Schwinger has used variational methods for the solution of a wide 

range of waveguide problems and several other workers have folloxed in 

.his footsteps (1.1, 1.2, 	1.4) 	The type of problems consider— 

ed by the above authors were usually of the metallic discontinuity type. 

For such problems the fields are expanded into a series consisting of 

the normal modes that can be excited in the empty guide. These modes 

are relatively easy to work with since they sat5zfy simple orthogon—

ality conditions and by suitable approximation can be summed in a 

closed form in several oases. For inhomogenously filled guides none 

* (The bracketed numbers refer to references collected together at 
the and of the thesis.) 
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of the field components for two distinct modes are in general ortho-

onal. However ny means of a more general orthogonality relation it 

is still possible to expand an arbitrary field into a series consist-

ing of the proper modes existing in the inhomogenously filled guide. 

The number of available modes must of course form a complete set. This 

will be discussed in greater detail in chapter two. 

Previous authors have used variational methods purely as a mathe-

matical tool for the solution of a given problem with no physical inter- 

pretation of the principles involved. 	In this thesLs it is shown 

that the variational expression set up for the junction admittance 

between an empty and an inhomogenously filled guide is equivalent to 

minimizing the volume integral of the difference between the magnetic 

and electric energy stored in the higher. order modes at the junction. 

If the magnetic energy exceeds the electric energy the junction is 

considered as inductive and as capacitive if the stored electric 

energy is the greater. 	It should be noted that evanescent H modes 

store more magnetic energy while evanescent E modes store an excess 

of electric energy. Thus a knowledge of the type of modes excited 

determines whether a junction is inductive or capacitive. 	The 

presence of stored reactive energy causes a phase change in the 

transmitted and reflected waves at the. junction. 	In general there is 

also a change in impedance level at the junction. 

The behaviour of a waveguide discontinuity is most conveniently 

expressed by means of an equivalent lumped electric circuit. The 

waveguide is replaced by transmission lines and the discontinuity by 
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a four terminal network. Although this equivalent circuit does not 

have the usual frequenoy dependence it does give all the required 

information needed about the propagating mode at any one frequency.If 

more than one mode propagates then one transmission line is introduced 

0 
for each prApagating mode. (1.5.) From a consideration of the effect 

of the higher order modes it is readily seen that a very natural 

equivalent oirouit for a lossless structure is two lengths of trans—

mission line connected together by an ideal transformer. The two 

lengths of transmission line represents the phase shift produced in 

the transmitted and reflected waves while the transformer takes care 

of any change in impedance level. 	Furthermore the parameters of 

this circuit are readily obtained experimentally. A full discussion 

of this equivalent circuit will be found in appendix 1. 

The input impedance at any point on the axis in the waveguide is 

taken as the ratio of the transverse electric field to the transverse 

magnetic field. An arbitrary load impedance in the output guide is 

transformed into an ,equivalent impedance in the input guide. This 

impedance transformation can be expressed as a bilinear transformation 

with three arbitrary constants. Thus 

zih a- Z,_ +,6  
c Zi.÷ d 

where a, b, c, and d are the parameters of the transformation and ZL  

is the load impedance. For a guide with no intervening discontinuity 

the above transprmation reduces to the usual transmission line formula 

for the input impedance of a load ZL  seen through a length of 



transmission line. By a proper choice of the constants this trans—

formation can be reduced to the form Zip)  = 	where N2  is 

a real quantity. This corresponds to a suitable choice of reference 

planes at one of which 2:b4 is measured and to the other of which 271 

is referred. These two reference planes are called the characteristic 

planes and have the property that an arbitrary impedance 27.4. located 

at one plane is transformed by a real quantity Na to an impedance 

N2  Z A. at the other plane. That these characteristic planes exist 

follows from an inspection of the equivalent circuit analysed in 

appendix 1, since referring Zfil  and Z1. to these planes reduces the 

equivalent circuit to an ideal transformer which has the above trans— 

formation property. 	If the constants c and b are zero in the above 

transformation one set of characteristic planes is obtained. Another 

set is obtained by choosing a and d to be zero since this reduces the 

transformation to 

Zin — c 

and Zip, or ZL  can be referred to a plane a quarter of a wavelength 

further along the guide since a quarter wave transformer inverts the 

impedance with respect to the characteristic impedance of the line 

ZL 

squared, thus Z? ZL  Or /3 2 
C Z2 ZL • 

In the above discussion it was assumed that the discontinuity was 

lossless. This type of equivalent circuit is used througlout this 

work on the junotinn admittanoe existing between an empty and an in—

homogenously filled guide. 
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The great utility of the variational method comes from the 

stationary nature of the junction admittance with respect to any first 

order variations of the aperture fields. The junction admittance is 

correct to the second order for an assumed aperture field distribution 

correct to only the first order. Furthermore by terminating the out—

put guide in a short circuit an analytical expression for Weissfloch's 

technique of obtaining the equivalent circuit is obtained. 	It is also 

then possible to obtain upper and lower bounds to the junction admittance 

and hence an estimate of the maximum error involved. 

The interest in the discontinuity effect existing at the junction 

between an empty and an inhomogenously filled waveguide arises because 

of the application to the design of quarter—wave matching sections. 

Such quarter-wave matching sections are used for matching dielectric 

strip phase changers, empty guides to completely or partially filled 

guides and so forth. To date these quarter—wave matching sections have 

been designed largely by trial and error methods. This latter state—

ment is based on the fact that there appears to be no published theoret—

ical design data. There seems to have been a more or less general 

assumption that the binomial transformer represented an optimum design 1 

as far as bandwidth requirements were concerned. A more thorough 

analysis of their properties disproved this claim and showed that 

considerable bandwidth increases could be obtained by a more suitable 

choice of the design parameters. This analysis and results, are con—

tained in chapter 6. 
A specific application of quarter—wave matching sections is made 

in chapter 8 where a new type of rectangular waveguide phase changer 
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is discussed. 

Although most of the theory in chapter 2 is formulated for Hon 

modes in rectangular waveguides it is still quite general and can be 

easily extended to cover any uniform cylindrical guide supporting all 

possible types of modes. The main reason for this formulation is to 

enable the direct carry over of many of the derived expressions to the 

problems that were worked out in detail. The derivation of Nexwelles 

equations and the method of solution for the modes existing in a wave—

guide are not discussed since thete are fully covered in many standard 

texts (1.5, 1.6, 1.7). Throughout this work the time factor e  
is omitted. 



7. 
CHAPTER 2. 

Basic 	Theory 

2.1. Orthogonality Conditions and Exnandibility of Fields. 

For bmpty waveguides and also for guides homogenously filled with 

a lossless dielectric the following orthogonality relations hold (1.5) 

CP-rn 491-mm cL. = c) 
A 

jjr (1)2.1,1 (1)3.n' 06 = C)  
e 

where GP-rr, and OPTrn may be the transverse electric field comp—

onents or the transverse magnetic field components of two distinct 

modes. The subscript 	3. denotes longitudinal components. The 99j 

are functions of the transverse co—ordinates only since variation 

along the axis of propagation is taken as e-)0 
	. In all cases 

the integration is over the cross section of the guide. The usual 

method of proving these relations is by an application of Green's 

theorems to the wave equation of which the Cpj are solutions. 

When a waveguide is inhomogenously filled the above orthogonality 

relations do not in general hold. 	In some cases they do hold for some 

of the field components while in other oases they do not hold for any 

of the components. For a guide inhomogenously filled as in figure 2.1-I 

where 	have a constant but arbitrary value over any cross 

sectional area /11/ 	, these orthogonality relations hold only for 

those field components that are continuous with a continuous normal 

derivative across all boundaries Gi and with either q or aCPY 
an 



vanishing on the outer perfectly conducting boundary Co . The 

proof is as follows 2 

Fig. 2.1. — 1.  

The wave equation satisfied by CPnin A Z is 

V*244re. Can 	vni: -y02  
where 	= W 2  E !:/4 	For any one mode 0 h must be the same 

in all Ati  in order to satisfy the boundary condition along the axis 

of propagation. When the above equation is multiplied by cOnlid  and 

subtracted from the similar equation obtained by interchanging the 

subscripts M and W there is obtained 

C P M V-62 714Z 	=1  (inz 	d)  (A, i 99111 
Now integrate over the cross sectional area ile , thus 

ff 
Ati 

  

jrAti n  V;Z 	 Oni 
Y 2 rt  - 

criv, 
fe.t: 	 (P m 12-(P—P7  ) 11 



by an application of Green's second theorem. Theintegral over the 

whole guide cross section is the sum of the above typical term for all /:. 

• It is readily seen that if 11/4,e and a  ,,-tare continuous across all Ci 
an 

and one or the other vanishes on Co  then the total integral vanishes 

also. This is due to the fact that by the introduction of suitable 

outs when carrying out the boundary integrals all boundaries ce are 

traversed twice but in opposite Senses and hence the line integrals all 

cancel except the integral over Co  which however is zero anyway by 

virtue of the boundary condition. Unfortunately the c9At.and a Ore an 
are not as a rule both continuous across all boundaries Cy 	However 

there is a much more general and important orthogonality relation that 

does hold for any inhomogenously filled waveguide. The dielectric 

may also have losses without violating this more general relation 

(2.1-1) , 

The following more general orthogonal principle will now be 

proved. 

II • E-rh X Hrtn  cla = 0 

and for lossless structures 
if 	x  

eta = 0 
A 

also. 

Ern and 1-4Trnrefer to the transverse components of the electric 

and magnetic fields for two distinct non—degenerate modes. Ern and 1-4-rn 
are assumed to be functions ofic and fonly. Let E51, kin and 

Enn, Hmn be two linearly independent solutions of khxwelli s equations. 
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x 	 Hm 
Scalar multiply these equations by 471  aril 41  respectively and 

subtract to get 

/VI VX En 	Hh • V X En1 =0  

Scalar multiplying Raxwell's curl equation for H,, and Ay) by 

Eh" and Eh respectively and subtracting gives a similar result but 
-to 

with the role of E and H interchanged. thus 

E rn • Vx 	- En • VXki rn =0 

By adding these equations together it is readily seen that 

—a-  )V. ( E'h x g.7-1 	ert  He)   = 0 
since /1,71 • Q X Er) 	Eh • V X Hp," = V .  Er, X Her, 

YA 
Now ET* and Hoe depend on only as e 	and hence this last 

relation reduces to 

(4 	ern X gr)) = (rn+rm); • (L--;i1 XT;;n7— E7",77 X 7777 
where all quantities are now taken as functions of Dc and 	only 

and Vf  is the transverse operator tx  Tx-  -t- 	acy  • 

By the divergence theorem it follows that 

ST'S7÷'(Ehxgrr -tnixgri) ota. fifi-  • (eh x irrn  tm x Nn ) Get 
Ai 	 Ci 

=j0; AiX E-k-n •gryn 	x 	,) =(Yri#rrs)f eir(ErnxHrm-ErmxH7-44- 
A Cl. 	 i  

Now 	h x E„ selects the tangential electric field component and 

the dot product with Hm selects only the tangential magnetic 

Then VXE-1-$=-3 CA)/(.( Hn 
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field components so the sum of all the integrals around Ci vanish by 

a similar argument as used before. The tangential field components are 

by construction continuous across all 	C. 	and the tangential 

electric field vanishes on the perfeotly conducting boundary Co 	• 

It therefores follows that 

Can+Ntryl)ift.•(ern X 7/7"frn girrn g-rh )cizz =- 0 

A 

/ 
Since (— Erm  H-rm — 4,,) is another solution the following 

result also holds 

oft, 	Jr, (ETh x -f- 	X FITI7 Cia a 

If Yin t).,156.  0 then by adding the above equations one obtains 

ff i; • ( trn  X ilrm) aCa 
A 

= 

which completes the proof. The proof for the alternate relations also 

valid for lossless structures is similar and so will not be given here. 

When the modes which can exist in an inhomogenously filled guide 

form a complete set of eigenfunotions then by means of the above 

orthogonality relations any arbitrary field configuration can be 

expanded into an infinite series consisting of these eigenfunctions. 

Thus if the total transverse 	electric field is ET 	then 

•Co 

EC n Ern where 
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Cn 	ET • E-Tr) da, 	if the following 

orthogonality relation holds 

ff • r-T-„, 	= O 
A 

If this orthogonality relation does not hold then Ch is given by 

Ch 
A 

. r  
Usually it is convenient to normalize the eigenfunotions so that 

• L--h:TI-h det, = 	S h yr) 
A 

or 

Sh mn iSA .2;- • E-Tn W7-frn 

where Shrrt is by definition equal to unity for n = hi and equal to 

zero for n 

For the H—plane dielectric strip discussed in chapter four the 

transverse electric and transverse magnetic field components are 

orthogonal over the cross sectional area of the guide. This follows 
a Ey  

at once when it is recognized that ry.) 	is proportional to the 

tangential longitudinal magnetic field which is continuous along with 

E g 	across the discontinuity interface. Since Hx  is proport—

ional to Ey it also forms an orthogonal set over the guide cross 

section. For the E—plane dielectric strip the more general orthogon—

ality relation must be used for expanding any arbitrary field into a 

series. 
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2.2. Variational Principle for the Electromagnetic Field. 

All problems of wave motion and in fact most problems in mathe-

matical physics can be formulated as an equivalent variational problem. 

The variational problem does not depend on any particular co-ordinate 

system and hence it expresses general principles. 	It also makes the 

transformation from one co-ordinate system to another relatively easy. 

When a solution to a given problem cannot be obtained by other means it 

is still possible to get a good approximation to the correct solution 

by means of the equivalent variational problem. 

For the electromagnetic field the difference between the magnetic 

and electric energy is taken as the Legranian function in the variation-

al integral (2.2-1). The electromagnetic field is characterized by 

the condition that 

f
- 6  g ) Cf/tr 	 . 

-61  V 
Now E and r-ia-  are not independent since the following condition 

must not be violated 

However in the variational problem they can be considered as independ- 
.....1. 

ent if a vector Lagranian multiplier /A is introduced. Alternatt?--

ly a scalar multiplier for each component could be introduced. The 

integral whose first variation must vanish now becomes 
fj 	

ig.t A-  • (vxp 
	at ) elt - c4, 



The modified Lagranian function is taken as 

L a ,(.< gil 	 --/  l-- 6 r• t 	 a  ) 
+ A'• (c7x/27- E at i 2 

- where A . 77X 1 	may be written in determinental form as 
A% iti A3.. 
a 2 a 
ax ay a-.. 

Hx  Hy 1-43 
When the Euler -Lagrange equationsare applied to this function it 

follows that 

	

DL a aL 	a aL 

	

x aN 	ay  a N 	-a ari 

	

DX 	a g 

a al_ 
at al

at 

gives 	
1 

Hx• 	H.L y -11-  Ai}  ) - 	(is - A 	ay (Ax— A 	(AZ A x = ° 

which can be easily recognised as 

— 7 x = o 

ie To minimize an integral such as 

   

DAL  ) ebx • axp, F(u(z, 

 

 

    

the function F must be determined so as to satisfy the following 

partial differential equations 

F 

    

F 

 

= 0 . a xi 

   

 

a xti  

 

This is the basic Euler-Lagrange equation of the variational calculus. 
(2.2-72) 
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The 	(A- 9 	etc. are the components of A that prepmultiply 

the xx  eta. in the expansion of the determinant. The condition 

imposed on E by the minimization of the above energy integral is 

found to be 
/T 

E = - at  

It is seen that A is identical to the usual vector potential intro—
duced into electromagnetic theory. 

When the ,above values of El-  and H are substituted into the above 

energy integral it becomes 

gf ILZI(VX VXA 	aA 
 • a

at  a
4)dv- = 0 

v 
Applying the Euler—Lagrange equations to this integral gives 

vaA — 0 v•A — Eitc a A = 0 

In a homogenous charge free medium V•e--: 0 and consequently P-A= 0 

also. Thus the final result is the usual homogenous wave equation 

2 	- 	492A"  = 0 
?i2 

:Chen this wave equation cannot be solved then a minimization of the 

original integral with only an approximately correct value of the 

electric and magnetic fields can give a closer approximation to the 

correct solution. This principle is used later on to obtain the 

approximate eigenfunations and eigenvalues of the wave equation. 
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2.3 Relation between Junction Admittanoe and Stored Reactive Energy. 

It is easy to show that the reactance component of the impedance 

of any network at low frequencies depends solely on the difference 

between the capacitive and inductive energy stored. When the two are 

equal a condition of resonance exists. The same principles carry over 

into the impedance or admittance representation of discontinuities 

in waveguides. 

From Itaxwell's equiatons 

v 	Fix = rzi vx - • v x = - Ga 11 e E 

where E and H are complex vector functions depending on the time 

coordinate only as et1  . The star denotes the complex conjugate. 

The volume integral of the divergence of the complex Poynting vector 

is equivalent to the surface integral of the normal component of the 

complex Poynting vector and hence 
	E x H•n 	= 

ic̀ i  iv (i4 /7/7"4. 	"49°14r 	1/.4tdv' 4/6 )(Wm -  WE.) # 2 P 

where ri is the unit inward normal to the surface S bounding the 
volume V and WH  ,VVE  and P  are the average stored magnetic energy, 

electric energy and the total dissipated power respectively. 

Consider now an Hoy wave incident on a general discontinuity 

or termination in a rectangular waveguide. The transverse eledtric 

field is 

E y 	= -42̂ % " a x 	1-7  + R e 



.41•Z•st. 	e  
`4'14 	a_ 

where R is the reflection coefficient 

H x = 

17. 

and the transverse magmatic field is 

R e 173.) 

and is equal to e e je If 

some of the energy is transmitted past the discontinuity then the 

output guide can be replaced by a resistive termination that absorbs 

the same equivalent power as far as the input impedance is concerned. 

Thus 

EXH *.h ea, = 0.1.400-R0)—  ..44:," 2  712s c4, ctx  
J 

...J. 	..b. 	....1. . 	 /3  1 
S 

	

s" 	
a 	a ...... 

at a point in the guide where in i,}=f3s.}.= arm  since E tan. 

vanishes on the guide walls. The incident energy V% is equal to 

	

"i: -L3= 	. 	2  

	

- 	41:/r1 ?la ci,y dux. 
C43a S 	a 

It then follows that (1.5) 
z.7.  co ( WH - We)  

Wu -  WE 

admittanoe respectively it is noted that at 131j. = 2, Yrix 

E5 _ 
I R 1-71  Dc I -R 

04-RV- 	= We 
1-RRP 	 ar,d 

/ To obtain expressions for + R and I R— , the input 
/4- R 

impedance and 

or 

or alternatively 
f17 	1 - R , 

I-I x  = 
 

C4-2A /t R 

Jr Eb 4 GU, - -LI12:1 1  -,' R r 
s 	— j s x H 1-71*  

r7 	1 - R 	z' 
hence 	I 1- R 

Similarly 	Ps" x  ki Ai 4'x  de. 
1— R -4gw(WN-14/E)+2P  

R 
cs Ey'd4,  It is seen that the input admittance and impedance is 

Thus 

/-R 
= 	4-f Wti - ) + 2 P  

and 

directly 

related to the stored reactive energy and absorbed power. The term 2 P 
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may be considered as being due to power transmitted past a discontinuity. 

As a simple application of these results the input impedance at 

for a short circuited guide with a short at 3.=0 will be worked 

out. The fields in the guide are gi.ven by the following expressions 
if3/ . 	 n7 

Ey 	G.46.1. 	( e  - (3- t R  /7 ) Hz  = 	 - 	4",} 
A- ayt 	"EC 	- e a 	 I 

= C 	•""I' Qx  	 R e 3 )  cly.4 a 

magnetic and electric energy is 	WH — WE = 

t6,2  
(1#(22-1- 2P xea,  2134+ e ) co> e (/4'e 2 e /coo. 213, 

471  cc*  64,e;r1. e 	213,j- 	) • 
4- co>ct 

It is seen that over half a wavelength the electric and magnetic 

energy stored is equal. If 9 is positive then for .44n.213I>-÷e < Ati"rt 9  

the stored magnetic energy exceeds the stored electric energy. 

For a short circuited guide R - I so e= / and e = 7C . 
* 

et) 
a 

Thus WH  - WE  = CC *4.- 4-7->4a 6  .441 2/g/. = CC 2 A 	ice-v/e, 

For 	< 
49 

the stored magnetic energy exceeds the electric energy 

and the input impedance is inductive. For 4 X9 <3.< -2-: the input 

impedance is capacitive since WE  > WN . The input impedance at 3... 

/- 	 * 	since P is zero for a short cj"  f 14 ea 
circuited guide. The SR.*  44,is equal to a. b 

0,2  ..e4ra. a/g),- 

and therefore 
/.*R  = 	as a. 6 	— in /- R 24,4 	el 6.4 2  z 	aft, 3.  

c.)"4„Act 
which is the usual expression for the input impedance of a short 

circuited transmission line. It should be noted that the reflection 

whereR is equal to - e j 0   The difference between the average stored 

a'sh  CC °fe-  tf-3T(  7t2-  
0 	L C4>4 

is 	R 	4 .1.  c,) 	WE)  
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coefficient R in the expression for Z in is the equivalent reflection 
Ey watt I+ R 

coefficient at the plane "3- such that at this plane A.--77 = -'g /---F? 
At the points where to„113,- becomes zero i.e. 3- r• 

-, 
i.9 , a condition 

of resonance exists and Wu  .=-- t'VE  - 

2.4. Variational Exlressions for Junction Admittance and Impedance. 

A general plane junction between two in}iomogenously filled 

rectangular waveguides supporting Hon modes will now be considered. 

The inhomogenity is assumed constant for all values of 	except at 

the junction 3.= 0 where there is a sharp discontinuity as in figure 

2.4-1. The inhomogenous filling to be considered is a lossless 

dielectric. A similar analysis would apply if the dielectric was 

lossy by replacing the dielectric constant by its complex value 

E (/ -d e4a.n. 5 ) 	where E is the real part and S is the loss angle. 

Fig. 2.4-1. 
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It has been shown that the reactance depends on Wm—WE and also that 

5iv(24 — WE) dri• = 0 	so it seems reasonable to expect that a 

variational expression for the junction impedance would exist. 

Rather than deriving this variational expression from basin principles 

it will be obtained by the usual process of direct mathematical 

manipulation on the continuity equations relating the fields at the 

aperture 3. 0 and then later will be shown to be equivalent to 

minimizing the volume integral of the difference between the magnetic 

and electric energy stored in the evanescent modes at the junction. 

For the present it will be assumed that it has been possible to 

solve the wave equation for the complete set of eigenfunctions existing 

in the input and output guides illustrated in figure 2.4-1. Let the 

eigenfunctions representing the 14 component of the electric field in 
oo 

the input guide be Z 	e71" .43-  and Z-.
00
1 Fry, e--41-  in the output 

guide. For the type of discontinuity being studied here it is obvious 

that these functions form an orthogonal set over the guide gross 

section (see section 2.1). Also it will be assumed that these 

functions have been normalized so that 

J a FrP(X) Frv)(X 	= 
0 

9n(x) r)7 (X) dx - ShYri. 

Further it will be assumed that only one mode propagates in the guides 

although it would be a simple matter to consider the case of more than 

one propagating mode. 

The incident and reflected wave in the input guide is given by 

Ey 	 41- R e = 	e- r73- 	44;73- ) 

dc:,/a Hz 	G (e- r77r—  R e4-173) ie 
where R is the reflection coefficient and equal to ee At the 

junction higher order modes will be excited and are given by 



These continuity conditions give 
00 

D n 09,7 
00 

L 	(1)r)  

00 	

0 
00 
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D o9  r'n 
eo 
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7 

In the output guide there will be a transmitted wave plus higher order 

modes generated. These are given by 
00 

 A b„ 

14?...At Aix = 	A krArCr7 gfrv, e-24" 
At the junction or plane "=c7the tangential fields must be continuous. 

The continuity of the transverse field components is sufficient to 

ensure the continuity of the longitudinal magnetic field component also. 

E c y 

Now if the total electric field at the junction or aperture is G0 (x) 

where G.,(x) is a complex function of the real variable X, it follows 

by Fourier analysis that the coefficients Dm and A.,, are given by 
a 

/ 	R.J. Go 0, ctx  , 	D P7 r. j Go 9n cloz 

r  a. 
A 1, ,, = Jo  Go FAn 	. 

Replace the coefficients in C) by their integral representations and 

introduce /4-R on the left hand side, thus oo 	 ooD 
— R 
/4.R CP 	rp, 1G, 4p,, Sx 4-- nity, F", G 	drA 

As it stands this expression is an identity for the correct values of 

R and Go and consequently both sides can be multiplied by an 

arbitrary function and integrated over the aperture without violating 

the equality. Let this arbitrary function be Go Cx), then after 

dividing by /7(160 Actx,)2  one obtains 
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	17, (J  G0 On c4c)2  4- r Oise (fGa FM  c4 
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/7 (fG. 4 d-x) z  
which is a variational expression for the input junction admittance 
- R 	 /  R • To show that /-#-A2  - is stationary for first order variations, /10-8  

SG0 of 6o  the first variation of the above expression is taken with 

respect to 	, thus 1;4 17 2  fG.,, clx PG. ox 74- /7(1-G,,y9, cQ z  ,S(V) 

= Z 024 ph ,f6. dxfsG. 0„ 	, 	FbncGA fSG. F",„ 61,x 

which may be written as 
	(f Go p,e,x) 2  g (1W-) 

[Pr, ISG*  (Ph cLx. +
00 

F),7 IGO Firs CLX LI-RR/IV/ 1G'  cpC11111)C 

where it has been assumed permissible to interchange the order of 

integration and summation. By virtue of 	it is seen that the 

coefficient of SGa is identically zero and hence the first variation 
/ - of 	R vanishes. For a first order approximation of the aperture 

/- R 
field Go a second order approximation to 14.m  is obtained. 

For numerical work it is more convenient to multiply 0 by the 

conjugate field distribution G.* , thus 

et°  Pro 1.6* cbx IG: clx. 	f fa;  66x fGo*A",,,etx 
/- R 	z  
/ 4- R 
	

fGo d-x f Ge*  5, clx 
This expression is easily shown to be stationary with respect to 

variations in Go and also represents the stored reactive energy' and 

transmitted power. A typical term such as /77 fGall,ctxfGavr Aci,x=r,-,Dn DA-7 

Hon mode since 4- c..)(WH -14/E) 

is proportional to the excess magnetic energy stored in an evanescent 

ca).1v(u/iWw- EE.E494,- = 15 ETY  1.4 42. 

9e- f  a r  6 
D fr.)  oh l;,  

o Al2 	 sincey 	the 	
r 

fields vanish as e 	- for 
n4f. large negative values of 3.. Therefore ri  h Al uhis equal to 

R 
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CO> ( A 
k vVp- 14/E-). The term Y, A, A;̀   is proportional to the transmitted 

energy. This aspect of the problem is discussed in more detail in a 

later section. 

Almost identical variational expressions for the junction impedance 

is obtained if the coefficients in equation 0 are determined from the 

aperture tangential magnetic field distribution ko(x). By a smiilar 

process as used before it is found that 00 

R 	7•;, H. On c6x.fii. *On dx 	$140  Frn  Gtz f F„, ctx  
/ R /7  P40 ot att/.. Pi.* co, Ge,, 
For the examples worked out in this thesis it turns out that the 

average value of -L=6. calculated from the above variational expressions 
/ t R 

is more accurate than either one by itself. It is difficult to justify 

this mathematically due to the complex nature of Go and Ho. 

However if the output guide is terminated in a short curcuit then the 

electric and magnetic fields are everywhere either in phase or 180° out 

of phase and Gc, and Ho  are real functions. Furthermore the modulus 

of R is unity and the input admittance or impedance is a pure imaginary 

quantity. It can then be shown that the stationary value of both 

variational expressions is an absolute minimum and consequently upper 

and lower bounds for the input admittance or impedance can be obtained. 

This absolute minimum property is proved in a following section. 

the output guide terminated in a short circuit there will be 

a transmitted and a reflected wave in the output guide given 

Gi F, (e."'"--i- e-261)  
with a transverse magnetic component 

Y , C F"," 	 ) 
77- 	

--re 

whore 1" is the reflection coefficient and equal to 

by 

Y0( e 	For a short 
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circuit located at 	the electric field must vanish at 1- 	and 

	

-111 xi „jot 	 „,„ , 	 ) „ 
hence e 	e 	= 0 	or 2C, e -,cotr( 411..0 1/=(,..ThILS 

It/1J4- s. = -27 	and 	= 	r-  WI)) Consequently the 

transmitted and reflected wave can be taken as 

Al Fi ..r,.-04, /3 	) 
with a transverse magnetic component 

c.).4  Ai ad 	 
At 3, 0 the coefficient A /  is given by 

a. 

J o  Go F; 04. . 
Since R=e o,  /_R 	can be replaced by 	 and hence /t R 
R0 /-7 becomes /3/ ta..“. — i-o•R • 

where jgz.-. /7 By a similar analysis as used 

before it is found that 	o0 	 of  cot — 
.0tri _ 	1 -1n(f/ -10 (Ph dam)  4  ÷ 	( 	rk d'x) 	n—r-,d!(1110  d.,x)2  

2 - 

tart - 
2 	

Pi (fG0 d)2 
SillOe these expressions are both absolute minima for the correct 

	

aperture fields it follows that the value of 	f obtained from the 

first will be too large and that obtained from the second will be too 

small and an estimate of the maximum error involved is readily obtained. 

At a position of a field minimum R= - I so 6 -2 /34 = 7r and 

hence T .= Pici ÷-71 where d is the position of a field minimum in the 

input guide measured from the junction. Thus tart 7 and titt"i 7 in the 

above variational expressions can be replaced by the following 

= ea.,031d-t-ir  
= 	 .mot IY/1.1)  . 

These variational expressions are now the analytical equivalent of 

zJ 

*.  r10-60 A, de x ) 2  -1- 	kr, 0.  G. Fni 4) 44-11111-1(fGor, dx) 2  and 
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Weissfloch's experimental technique for finding the equivalent circuit 
of a discontinuity. 

2.5. Approximations to the Aperture Fields. 

It is logical to assume an aperture field distribution consisting 

of a series of the proper eiganfunotions existing in the input guide. 

Thus take 	
Go c'e = 

00 D.? 	(x) 

op 41.1  

As shown in appendix 2 the functions F,,, are given by 	KhrTIrrhere 
r 

the factors R y»,1 are given by j 

Substituting this aperture distribution into the variational expression 

	

op 	es° 
for the input admittance gives 	RDn-x- 

••• R 17 1 2 n „4 	kr, h., 	P11,1 P.7 
 

R 
_ 	

D  
This is a homogenous quadratic function in the unknown coefficients 

D„ 0 It is independent of the value of DI since all the other ah 

can be divided by D/ . 	To make this expression stationary with 

respect to arbitraty variations of GO*  all the partial derivatives 
,4t 

with respect to I-in for " > are set equal to zero. This gives the 

following set of infinite eqaations to be solved. 
oa 

f 	

co 

	

E) HI- 57- 	F? 
110"mi 	

e0 

hi 	in VY1 • Rt• h., De  = 0 

or cso 	 oo 
D „ 	 D 

n=z 

	

co 	.0 
		D • 	21/tri RnwpR.1P-(/-S.4) = oi 

	

d=/ 	11=I 

where /- S ;Id equals zero for n= 41 and equals unity for V)* j 	• 

Usually the factors firm)),  for hOmi converge to zero quite rapidly and 
Rim  converges to unity. In the above determinant the off diagonal 
terms are small in comparison to the diagonal terms and the terms for '1 
and strt, large approach zero. Thus a first order approximation to the 
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solution of this determinant is obtained byaneglecting all terms 

exciTt thc diagonal ones, thus a, — r E 	Rt R VI  yr, D, 1101:1  co 
1-1 	Yr), Rrivy, 

Inei= 1  

: second approximation can be obtained by substituting these values 

of Dr, into the,. first off diagonal terms and solving for the new 

values 	Dr, say DrIl . This process converges very rapidly and can 

be reprinted until any desired degree of approximation is obtained. 

To avoid an excess amount of numerical work one must be content 

with an approximation to the input admittance obtained from a two or 

three term approximation tothe aperture fields. Thus if Go (x)  is 
N 

approximated by the following finite series 	 iph ep, the effect is 

to terminate the summations over lel 	at n= N. This then gives the 

following finite set of equations to be solved 

00 

D )1 + Z Dy Z  R), Rj3„, 1b  (I- Shi)-701 

To take full advantage of the stationary property of the input 

admittance these equations must be solved accurately for the 11.—, 

unknowns E)h . Although the summation over vylis not terminated, 

the factors Rvirmusually converge so rapidly that terms beyond wr=r4 can 

be neglected without introducing appreciable error. This assumes that 

N 	is of the order of 3 or more. If N is less than 3 a value 

of m up to 3 or 4 must be used at any rate. 
A similar set of equations to be solved is obtained for the input 

impedance with all a, and Kr, replaced by pn  and 4, 'For the 

case of the short circuited output guide it suffices to replace Yi 

by 1111 -4," 2i in the above equations. 

It will now be shown that the variational expression obtained for 
by 

the input admittance by multiplyingAthe conjugate electric field 



(49n and integrating over 
co 

r'n D h  4.• 

the aptuoture, thus 

Rylph E Rib.) D = O 2 	1') > 

o0 

S.; 
Rd 1  Dd 

multiplier >N34-y1 must be 
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distribution is equivalent to a minimization of the difference 

between the magnetic and electric energies stored in the higher 

order modes subject to the conditions that the tangential field 

components are continuous at the junction. The difference between 

the magnetic and electric energies stored is given by 
0, 

ri=Z h  " 
r D D

" 

The conditions imposed on the, coefficients Dr, and ID: in order to 

ensure continuity of the tangential magnetic field at the aperture is 

obtained from equation O section 2.4 by multiplying both sides by 

00 	 oD 

y 	Ry n D1 	Rip" pi 
.1 

00 

D n 	yr ILI) 

41- 
o 	Rn kr) 

=s 

and similarly 

R • 	D = >Z 

The continuity of the electric field is ensured since the A pr, have 

been expanded in terms of the D n . Now introduce Zvi Lagrange 

multipliers An An and i\n and the following expression is minimized co 

	

	 co co cc 
r D,,D *  +in 

	

h 	
Ri v, 	E 	+ 	(7.., Dh  + 	Rhin Rim) 

rVa = 	 rn I 
op 	e° 

Q-,.,D„ 	Di *  R„,,, Ri,„) 
1.1 

Setting all — and aDn equal to zero gives Dr, 

	

00 	GO 
rn Dr% + D 	 Yyr, R v-tyyl  Ri y„ 

D = 	2. 

for all 191>i , with a similar expression for D in".  • But from the 

oo 
+ ?% 	rn  + 	R,;;„„ = 0 hi=1 

conditions imposed on Dh it follows that 
a* 	ed3 

rim  D 	)(
m=L

hi Ryl Fr.  R vyt  Di 

and consequently the value of the Lagmnge 
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Di 
3=1  

 

with a similar 

rsrt into the 

r" p:±:. 4,* V 
expression for the >%)-% . Substituting this value of 

above equation gives 

rv„ p„ 
.0 	Do 

Rrim 	Rirn Di z  ° m1.1 	.3=1 
ov 	h > 1 , 

which is recognized at onoe to he identical with the previously given 

equations. The conclusion is therefore that these variational 

expressions are equivalent to minimizing the difference between the 

magnetic and electric energies stored in the evanescent modes. As 

such it is equivalent with the variational principle discussed in 

section 2.2. 

For the case of the short circuited output guide tzrer is given by 
.0 

vi=a 
rh Yv„( RvNynDn14  (Z Rh, D71)2. h=1 

pi De" 

Taylor's expansion theorem for a function of several variables can be 

written symbolically as (2.2-2) 

(e C axe 4x(  — 	Fix i) xi z  Xoti . 

',hen this expansion is applied to the above variational expression 

it gives 	oo 00 	 00 

Stun Z = nEs 2. in  DDt, Zs:.2, 65(1 CIS +prtZ21m R5h1 	Rah/ DI. 4411/Rota-ft Z Rii  DJ) 
3.11 

00 0. 
2: [As A n Sol 11=2. 5:1 

ao 0.0
E. 

Pri=2, 

+ bisah(E 	Rsw. R tm, + 11(.( -ta.„ El. RS1 Rn1)] 1,"=2. 

( 	R hrn hst 	 " Z Mc z 

since the first variation is zero and where Aah is the variation in 

the coefficient Dy) . An inspection of this expression shows that it 

is positive if all /7„, 	andtvrtl is positive. Now r„.7., and 41,7 
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co 	2. 
are positive and as long as iiitikitl(ZAPI R'') is not large enough 

negatively to render the whole expression negative, then the variation 

in Avn, is positive and consequently for the correct aperture 

distribution it is an absolute minimum. Likewise it can be shown that 

40-t 2. is also an absolute minimum. Any approximate aperture dist-

ribution will consequently give too large a value of al.,. I and cad`" z19- . 

Taking the reciprocal of cot 2 then gives too small a value of 	-z61 

and thus an upper and a lower bound to the true value is obtained. 

2.6. Application of the Ritz :Method  

This section deals with the ease when the input guide is empty 

which is the usual case in practice. To obtain the propagation 

constants I'm for dielectric slabs in a rectangular waveguide one is 

led to the solution of a transcendental equation for the simplest case 

of one dielectric strip and to sets of simultaneous transcendental 

equations. for more complicated oases. Also the process of determining 

the normalization constants Prn , the eigenfunctions F,,, (x)and the 

elements R »rrl becomes very tedious. 	However by an application of 

theRitz method all this information can be determined to a good degree 

of approximation with much less labour. These approximate eigenfunct-

ions when used in the variational expression for the input admittance 

then leads to an excellent approximation for 
/ R 	This is 

reasonable since an application of the Ritz method does in fact 

minimize the difference in the magnetic and electric energies. The 

functions Frn are approximated by a finite series of the °p p.,. which 

are the proper functions existing in the empty guide, thus 

To find the propagation constants ~yn and the coefficients 0( V1 ry% 



the following energy integral is minimized (2.5-1). 

f _ 	of.t,- V 
The transverse electric field is taken as 

a. 

with a transverse magnetic field component 

• 

e 
and a longitudinal magnetic component 

1.1  

	 d 	Yr% 1-1 7r.  „ce_cv  pi x - Yrr)  
h 	 . Go..../. 	 ea.. e 

If 	If rn is imaginary it is replaced by 1 41,-.1 in the energy integral 

since it involves the modulus of the field components only. 

The energy integral to be minimized is now fr.1 
b 	

E 
N 

a  

	

( ciihrro f- yL"  - 	nx 
0 0  

h 	/ 	 2. 
+(Zoe h)" 	xers. n x) 	e 	Zoc,„„ 	p).ir w)N 	 2.3e-z)v5" 

a CA...VA 	a. 	 44-  

r b r 3. _ z Y„, 
The factor 	f! 4 015„, is common to all terms. Since this 

integral is going to be minimized with respect to the coefficients 

Gin," a set of equations to be solved for the 	v% m 	will be 

obtained. These equations will all contain this common fao-',or which 

will cancel out and hence it can be deleted from the above energy 

integral. This is true only for the ease when the structure is uniform 

in the 1. and'6- directions. The integral to be considered is now 
et 

— Ro  fkrx)( 	 .441.76 hex 
   ) diX  ( 2.

v n 
m 0 07  'lg.  

0 

where some of the integrations with respect to X have been carried 



Fv., would give a correct value for 

o0 

F, = 	C'? VI 	CPY,  

Fi.„ and henoe it follois that 
oo 
ylRhrn 	. 

= Ca),C o  C 

a 
Krx) 	•>1.- c4hkv, 	n7rx) 

z IV 

01/X 

out and 

Let 
0 
N N 

E (7 )1011 c?St-r) X s )17.% 	szi 
and the final result is 

z z viz (y  + 0:: 
hti 

,k z 0 

rsi 
cp.(r)rlicisrn 	S h 

h.,/ 

-a 
Setting all ? 	 equal to zero gives the following set of simultaneous 

equations to be solved, 
N r z 

°'( 	(Y 	4:: ) 	 ock,h, x 	= o 
htl 	 s-% 
In In order for these equations to have a solution the determinant of the 

coefficients must vanish. The N roots of 	so obtained are 

approximations from above to the first N eigenvalues Y 	opyl 	For 

each root a set of coefficients c?r,w, oan be obtained by solving for 

all the cieymn  in terms of one of them, say of  Irv) a 	By subjecting the 

o( my)  to the following normalization condition 

ZN  
hcl 

it can be shown that the NI approximate eigenfunotions so obtained 

form an orthonormal set over the guide cross section. (See appendix 3) 

An infinite number of terms in the above series approximation for 

Thus the coefficients c'enm can be recognized as the approximate 

factors F? rim and oan be used as such in the variational expression 

for the junction admittanoe. TIE above procedure has 
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the advantage that it terminates the summation over Yr) at h1= /V 

in the variational expression. 

2.7. The Equivient Circuit  

;'then the output guide is terminated in a short circuit located a 

distance/from the junction the variational expression gives the posit—

ion of a field minimum in the input guide directly. Thus a position 

of a field minimum can be calculated for a series of values of 	and 

IIII)+Ad plotted against 	. 	This resultant curve is then 

analysed by the method discussed in appendix 1 to obtain the parameters 

of the equivalent circuit. 

For the open circuited output guide the value of the reflection 

/-1R coefficient R is calculated from the value of 7FR- obtained from 

the variational expression. 	Let this value be 19e- Jr 0 
	A charact— 

eristic plane in the input guide is located at a point where 

9-2/3,a = Y)7r.The transformation constant for the impedance between 

the characteristic planes in the two guides is 	Ail 	where A/Z  is 

/ 	 equal to 	and is greater or less than unity depending on 
/ e 

whether Yl is even or odd. To locate the characteristic plane in the 

output guide a similar analysis could be carried through with a wave 

incident on the junction from the right. 	A check on the results 

would be obtained since the transformation constant for the impedance 

from a characteristic plane in guide two to a characteristic plane in 

guide one is the reciprocal of that from guide one to guide two. Alter—

natively and with much less work a good approximation to the phase of 

the transmitted wave can be obtained from the coefficients Dr: for 
.0 

E Rn I Dr) alict Di = /*P • 
ri=1 

q1 = 
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If the value of A, is /Afie j°( 

	
the transmitted wave will 

be 	bail F, e - Xj. #.10( 	
From the phase of the transmitted wave 

the characteristic plane in the output guide can be located. This is 

fully discussed in appendix I. 
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CHAPTER 3. 

Experimental Technique 

3.1. Description of Apparatus : 

For the measurements made on the dielectric strips and quarter wave 

transformers a conventional 3cm.micrawave bench was used. The standard 

equipment such as standing wave gear, movable short—circuiting plunger, 

oscillator, power supply and so forth were all of conventional design and 

commercially made. For the frequency range from 3.00 om. to 3.20 cm. 

a CV-322 valve was used. For the range from 3.20 cm. to 3.65 cm. a 

CV-129 valve was used. The reflector and grid voltages were obtained 

from dry cell batteries and an electronically stabilized 1.5 K.V. 

power supply was used for the anode voltage. The oscillator wavelength 

was determined by a calibrated absorbtion type wave meter inserted 

between the standing wave gear and a 10 Db.attenuation pad used to 

isolate the oscillator from the rest of the waveguide set up. No 

frequency pulling of the oscillator was detectable with this 10 Db, 

attenuation pad. The crystal current from the standing wave gear prole 

was read on a 0-6 mioroamp meter. 

The measurements on the free space lefts matching section was made 

on a 10 cm. strip transmission line which had been built by the 

Electrical Engineering Workshop staff at City and Guilds College. A full 

description of this line will be found in a University of London Ph.D. 

thesis by Kharadhi. (3.1-1). On this line it is possible to measure 

reflection coefficients as small as .003 although the accuracy is only 

about 505  for these small values of reflected power. For much larger 
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values of reflection coefficients the accuracy increases to about 

le/J or so. 

3.2. Method of Measurement  

In all cases the aeissflooh technique with minor modifications was 

used to obtain the equivalent circuits or the values of the reflection 

coefficients being sought. A full account of the basic method is 

found in appendix I. 

For the asymmetrical dielectric strip the position of a field 

minimum was determined for various lengths of samples varying over half 

a wavelength in approximately .04 wavelength increments, thus giving 

about twelve points. One end of the sample was kept against a short 

circuiting plate in the waveguide. A movable short circuit was not 

used since the equivalent circuit of one discontinuity only was sought. 

It is possible to find the ecuivalent circuit of one function by measure—

ments made on one sample only, provided the structure is symmetrical 

along the longitudinal axis. 	This is discussed in section 3.3. 
However it was felt that the above method was more accurate. 

For measurements on the quarter wave transformers a movable short—

circuit was used since it was possible to determine the effective 

position of a short circuit in the dielectric when the position of a 

short in the empty guide was known. This equivalent position was 

obtained from the followinganalysis. 



Fig. 3.2— / 

cifelecePic \:effeclive 

The effect of the plane dielectric interface can be accounted for by 

an ideal transformer'of turn ratio given by 

N=
izg o/  

/29  wAev-e 

where k is the dielectric constant, )10 the free space wavelength 

and a is the vraveguide width. The effective short is located in 

the dielectric at a position where the input impedance is zero i.e. 

where the electric fie d is zero, and is given by 

= — 	/ Z  
2.90/ ) 

t"1/833- 	.9 j A'n/8-" 1  • 
When 43. is known then the equivalent circuit of the transformer section 

is readily obtained by the usual method as detailed in appendix I. 

At the matching frequency 1:=y = o and 	n - 21'30 	
so that 

2:3 
yegod = — tae+15 (S 	. 

z" 	S ta..130 
/ zg  

and it 

miffs S 	tilt.,.,. fig 3- 

/ 7c-  rit-s-a"9 $ tA,m78.9 

Thus 
Zgo 
2:3  
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Z90 
— zy  td-vnlOyei 

follows that 

2,. 
-te.„bed - 	b„ d tet.ygy S tx135,0) = 4,78y S 

Z9 0 
or 	-4_,1133. d le .9 s) = — -275: '6.+../F9. J = 	07- 

The,-e cfr- e 

/31; = ff3°d  7̀ .  /g s 
	

at the matching frequency. 

In all oases a position of a field minimum was determined by 

averaging the two readings obtained for current readings of approximately 

1/10 full scale on either side of the minimum. 	It was estimated that 

a position of a minimum could be determined to 1: .005 cm. The posit—

ion of a short circuit was determined to about the same degree of 

accuracy. The maximum error for the width VI of the curve /390  diP31  
ysAawas then of the order of t .03 radians 	which corresponds 

to approximately .0225% of reflected power, an amount which is 

36.5 Db.belowthe incident power. Since the width of the curve is based 

on the average of several points it is reasonable to expect an overall 

accuracy greater than this. For the quarter wave transformers only the 

magnitude of the reflection coefficient was measured. 

The same technique was used to obtain the modulus of the reflection 

coefficient for the free space matching section with the exception that 

the short circuit was fixed and the sample was moved instead. The reason 

was simply that a movable short circuit was not available. 
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7 7 Equivalent Circuit  of a Symmetrical Structure.  

Fig. 3.3-1  

For each junction there are three parameters (n,ri y ) to be 

determined. For the overall struoturd two parameters (T y-) suffice 

to describe completely the effect of the structure on the propagating 

mode. 

One method of determining the equivalent circuit of one junction 

is to measure the position of a field minimum for a series of lengths 

of the structure all terminated in a short circuit. The parameters 

are then obtained from an analysis of the ffeissflooh curve so obtained. 

By terminating the structure in a short circuit one junction effect is 

completely eliminated. However the process is tedious due to the 
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continual cutting of the sample length required. 

For a symmetrical structure the following procedure can be used. 

11th c short circuit located at the back junction let the field mini— 

mum be at c1/ 1  measured from the front junction. This corresponds to 

a short at the plane C in the first equivalent circuit in figure 3.3-1. 

Her= the following relation holds 

Z9 
	0 

• • 	 
di 	x h:1 

(1) 
nzzo ta,,,fic, y * S 	.2:51 ti141A7 br 4. ). 

Now move the short back a distance n 	9 — (where h is large enough 

to ensure no interaction with higher order modes) so as to keep 

fixed. This must then correspond to a short reflected into the plane 

C., and the following relation holds. 

Zo  

21 : z 

/7 1Z°  tallppy = 	eat#9(2c#.4). 
	(2) 

A check on the values of ,2, and 4 is obtained by interchanging 

the role of the short circuit and Emin.position. Thus with a field 

minimum at the first junction the short circuit is located a distance 

di from the back junction. In order to determine all three para—

meters one more relation is required and this can be obtained by a 

consideration of the symmetrical properties of the structure. For 

some setting of the short circuit an open or a short circuit is 

reflected into the symmetry plane. It is readily seen then that the 

position of a field minimum must be the same distance in front of the 

structure as the short circuit is behind it and hence 
	

d = J0  . 
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1 "
I 	 

s., 	 j S. C 

hdi  
E.„ 

As the short oircuit moves from a position at 	to 	cif , 

Ew, moves from d, to -4 and somewhere in between j must equal d  and 
the following relation holds 

    

1 	
20 

• 

  

  

S/2 	cY 

' zza ta.„(780(yi-S4) = - toin,9(X#2,) 	( 3 ) 

where a short oirouit has been assumed at the symmetry plane. This is 

A 
permissible since the addition of ' 

4_ 
2°  to S changes a short 

circuit into an open circuit and is irrelevant to the problem. 
.20  and 01. are obtained from a plot of vs GI as the short oirouit 

moves from .4 to 	. The values ofi. and 0eo determine the 

characterictio planes for the overall structure 	i.e. they give 

the value of 	9/2  - 	in the second equivalent circuit given 

in figure 3.3-1. 

The three parameters can now be determined by a simultaneous 

solution of 

11 2 Z tonippy = Zs ta--"i89 (2" ) 

n2 Z4, teali fic(p-6/2 ) = - Z5 ‘,,tigg (X 4lo) 

n 2- zo  tefrnf30(rs) = 	ta-mp3(x4-d1) 
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This method assumes a previous knowledge of /!, and go . If S 
3,t b  

happened to be 	7,E= long then the above equations are not independent. 

In t}- is case the reflections from the front and back ends cancel and 

there is in effect no discontinuity in the waveguide. These equations 

are somewhat difficult to solve analytically but by a graphical 

method a solution is quite readily obtained. Thus dividing pairs of 

equations by each other gives 

tr,".ffpf 	 _ td,tfig(zol,)  

&,,/30(yir 	4/.„./g5  (x 40 ) 	itz,,,,3„(y4-s) 	("zo-ci,) 

Now plot the right hand functions against X for a range of z  of 

half a wavelength. Also plot the left hand sides versus y on 

another graph. By superimposing the two graphs so obtained and 

displating the one longitudinally with respect to the other one the 

values of z and 	for which both equations are satisfied is 

z  
readily obtained. From any one equation n is then found at once. 

rtt,rtigo Y 	_ tv..199  t x # ) 
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exist. The longitudinal magnetic field is given by 
00 r) 

161,4 Ho?.  = 	 A yl "co-vkA 	
- Y 

i x e 
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CHAPTER 4. 

H—Plane Dielectric Step Discontinuities 

4.1. The Asymmetrical Step. 

The asymmetrical dielectric strip in a rectangular wave guide 

exhibits a considerable inductive effect at the discontinuity and was 

considered as an ideal specimen to use for a cheok on the t heory 

developed in chapter two. Its use as a matching section is undesira—

ble since it excites the second mode which can propagate in the 

dielectric filled guide. The symmetrical dielectric strip does not 

excite the Hoz mode due to its symmetrical position in the guide. 

4.1.-1  

In the region 	Al 	the electric field is given by 

oD 

Ey  = 	 e 
-Yn 

where 
	

XIZ  = ,Ariz 
	

and is negative for propagation to 



In the region /42 	filled with a lossless dielectric of relative 

dielectric constant = co 	the electric field is taken as 

Ey 	E  E1,74d.frty,(Q-x), 47 
with a longitudinal magnetic field, 

00 

 164.2/a 	 an-in ,co-cP,En  (a- xJ e 2'111: 

In order to satisfy the boundary conditions for all 	the propa-

cation constant 0 n must be the same in both Ar and A z , thus 

,Grt -K,koz  = 	02 	For some thickness of dielectric 

becomes zero, since the wavelength in the guide must be continuous from 

a value less than free space wavelength in air to a value greater than 

free space wavelength in air. The transition region is where)), changes 

from an imaginary 'quantity to a real quantity.. At this critical 

thickness the field distribution is changed slightly from that given 

above although it does not increase the junction reactance. These 

special oases are discussed in appendix 4. 

To find the conditions imposed on Irt  and 4, the tangential fields 

are matched at the dielectric-air interfaceX d, thus 

A n ,disc ft Cl = a n .61:-YL -de n 

	

, 	"S" 	Bnix xed,  n  lL . 
Eliminating the constants An and Bn by dividing the first equation 

by the second gives 

tct-n.  n 	= - tAtt-n. of 

.,ert 
This transcendental equation together with the relation 

n 	a_z pz 
,ff 0 =."-t...r, 7,47„ determines the eigenvalues and 	• 



-E A„,k„ .k„x e Y  " 

01 	 A  
n  Attift 

oo a. 

E y 
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41.ierl• 2frt 11.  

For large values of 	kl 	it is easily seen that ,In  andAt approach 

t4,,,int4 	 tan. ,k,  6/ 
each other. Also 	becomes increasingly closer to 

...41. 

 
Jr. 

end hence 	n 614-0 must approach 
	7t or the eigenvalues 

and den  both approach )17T 
	

This then shows that for large values 

of 	7% 	the field distribution approaches that for the corresponding 

mode in the empty guide. 

The complete solution for the fields existing in the partially 

filled 'guide is 

E y = Pt „dein. At  X e- 

if,)/u 	A 	e-4"3" 

The constant an  is given by Ate . 

gj. 
od 

-411  E An  ,1 	 n d  xe-vvikt(a-.x) e 	I 

Since only the transverse field components are involved in oalculat—

ing the junction impedance it will now be shown by direct integration 
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that the transverse components of two distinct modes are orthogonal 

over the range 0 -4: 	a.. 

d  fa ...care--As X 	 cez 

Thus 

a 
..tre;sz 4n d. ,t 	 d 	,44.„ _en  (a- z.)  

..44 jj.m.  

-<fift. -I ph ( 2 - x 	= 

_4(4:„.,/e,c1.44;n.4„,   	Mot- 29 4- 	 4..4, )Z4  
/44%rt. jot .441. 	 ( 	 ) 	2 CL*. 

The first bracket when expanded becomes 

.44.„ 	,e_A,4,),„ - 	And ,44,14,,,01  
2  (-42  

The second bracket becomes 

,L441. .A n or -.a,. ./4(?7•n — 	coe,,E„1 
Ipce 	10,, 	L 	 2 CI:.  --j.4') 

 

"At ci 	ar 
2 	- 

 

Now by using the relations 

 

And  = 	 and 

  

= je,: z  -4„, it follows that the second bracket finally becomes 

ci - 	 _e..e4„.d 
2 (ik - e fr,z 
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This is the negative of the first bracket and henoe the integral 

vanishes and the orthogonality of the transverse field components is 

established. This result could have been taken directly from chapter 

2 section 1. 

The functions ryy.,(x) will now be defined to be 

-az,- /Ile., x , 	a .4: x 4.: of  , 
) = 

03: AA:), 

 

d -4x 6.-a 

 

lahe reI 	is a normalization constant given by ffcn  

at 	 a. 

P".1  = .f4arttkm2.  ei•X -44.-'12-k,  d 	 oGx  
4 4 ‘.7 m 	at  0 

/zd 
	.coiv d A„d  ,:dttto:  frz 	 

= //2d 
d 	d  

 

'k ft  °I 	- ( 	@ * 2 	2 .der d 
It 	j z 

 

The functions Fyn  so defined-satisfy the following conditions 

a 
= 	Yr% 

O 

where SA rpt = 0 
	

lek- 	Pr, 	cz n a(  S r, Yr. = ,Co r h = 
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To the left of the discontinuity the following set of orthogonal 

functions is taken to represent the incident, reflected and higher 

order components of the electric field. 
00 

x e- 	R 	e 	' 
f73- 	pp% 	), 

a 	 a 	P7 =2 	 a 

Age_ z 
where 	

a 
= 

0,7 	
0 	The corresponding transverse ••••7   

e 

magnetic field is 

vqd 

c‘r 
On the right hand side the proper functions are 	Fn, C x) and hence 

the total electric field is given by 

oo 
YPP‘ 

mn=1 

with the following transverse magnetic field 

oc) 

	 Yhl  Ap„ F„ e  

As outlined in chapter two the following variational expressions 

for the jun4.ction0 	admittance and imped ance are obtalped  
I- R 	 Pln=i 	

44- 
— 	...,.. i.  r',, D rt D rt4e  -/- .. 	4" 	Rh", Dk, 	Rh 1,y; 

Dh 

	

lir., 	 11=1  
/ + R ) r7 4;1, I:), 4* 

.0 oo 	oo 
p: Y, E 

/ 

	

/ +- R 	 / B s *  ri., 
— Plc! 

f?"),1 BP,  ,Z.  Rh Ph B: - 
Yiri 11=  2 — h h --1.- E 

r; 	 ao 
where an electric field aperture distribution of E Oho, and a 

.4. 	r 

magnetic field aperture distribution of Ei3n(Ph has been assumed, with 

identical to /IT 

	

/a 	h 7T-2C 
a 

r7 	x e- r7,3- 
a 

r7 	e r73-  - 0. 
4),s, )1 it 7C 
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The factors 	Rr, rn = 
a 

4-- 
are given by R hrn '7 • rri c4 = 

    

(K-1 ) 1/24 ..lkoz  
(r 	 —1"P" 'C41114".141.44;v‘   

Wt 	 a 

When the output guide is terminated in a short circuit located a 

distance ,p to the right of the junction the following variational 
expressions are obtained 

	

tag" 	 co0 

D 
fea.,t 2  — 	=  

op 	 is0 	2 
O,, 	R,„ 	

2
4- 	 len; D m., 

O,  

urt  

PO 

2  — B 
n = 	n 

.0 j  o0 

h I hi :: 2. 
Rr,1,” B 

a0 	 2 

(In 
Rhi Brb) 

:1 

     

where • iizkt z = to ri, 6gi C14- 221: 	coefi, d 	and 

4.2. Numerical Work 

The various propagation constants, the matrix elements Rnr,-, 

normalization constants Prn 	and the other data required for the 

solution of the input impedance of a dieleotrio step discontinuity in 

a rectangular guide are tabulated in table 4.2-1 below. All the numerical 

work was done on a conventional 10" slide rule. The free space wave- 

length is 
	

Xo the empty guide wavelength >% go and the guide 

wavelength in the partially filled guide is X.3. 
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Table 4.2-1 

>10  = 31 4 c....ip 	)1 5, = 3.22 c...., 	se =1/t.,,., 	k:-. 2.4/7 

a. =2. 5-  l i co,. , 	b = 7z  a., 	4 =, .7o c.,.,.,,, 	d =I ir# e.m., 

Or = J./ 95 RI, = 	. 9 . 2.5-  A - 	• .(/6".  

4= . 5 65 Rzi =  -. 33C := 2. a r 

13= 	2. f7 R31 -. 	./yo A = .3.i19 

Y = 4.36 R ca= 	.33'6 A, = 4! r0 

!;= .1.  157 R22 = .920 .2= 2. 4/f 

P,= 1. 11.5 R32  = —. /66 A.. 3.20 

P3  = 3.12 Rt3r -..077 L.: 4 ! 2 6 

R = 	. 578' R2.3= • 224 h= 5.31 
7C 

Pa = t 0 i z R33 = / 03 a-  - i 23S-- 
2. 7c , 

P = 	/ . I .S R,q = . 0 2 / 72.-  - 2. 1/7 
37r  

PI = I. 2 2 Rzq= --. 0 si —a—. = 3. 7/ 

ii 7r 
= 	//' 4P-5- R.341 =- 0/5-  

f?y,,, --: 	I 0 
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In table 4.2-2 are given the calculated values of the coefficients 

and input impedance and admittance for a one, two and a three term 

approximation to the aperture fields. The input admittance and impe-

dance marked by a star were calculated from the variational expressions 

obtained by multiplying by the conjugate fields. 



Table 4.2-2 

Coeff."  Dri 11;2 fi‘cifi"cal Coefir. Bfri 
14- R 
/-R Reciprocal 

Di = 	1.0.9 1062-j:057c .9377v:0507 B, = /DO . 6 94-..i, 3.53-  //s-J; ,.,r9 

Ave. .1'26 -e-Y. 224 

Pt = / 

02.= 

-03z41: 294 

1/0-i. /69 

El 0-.1./615j 
1* 

.$97‘j. /37 

13, = / 

3. 	= 

-.258-y. 079 
' g254.-473  

{. 825-#.7: /1/31 4  
' 4  IS.  — il 204 

Ave. . fr 5-6 4- j. ge 0 

D, = / 

D2 = 

-. 03 8iLi.315 

Da = 
. 0 g / -j. 072 

I. /16-  -.I. /2,0 

[1.12-1./4 

.8'76 tf:/#1 

B/=1 

82 =  -. 2'/ -J:064 

Li= . / / 5' 1-J: 081 • 8.53+ 1 ita 

[. g5.5'1 - .1.• /*)]* 

I. /4-j . 1 .78 

Ave, . g6/4-Y./4/ 

It is seen that the degree of approximation obtained from the 

variational expressions involving the conjugate fields is almost identical 

with that obtained from the alternate formulation. Multiplying by the 

conjugate of the fields has the advantage of simplifying the numerical 

work to quite an extent. For a single term approximation the real 

part of the impedance is correct to within 7% but the reactive term 

is only within an order of magnitude. Two terms give a considerably 

more accurate result while three terms give a result within 2% for both 

the real and imaginary parts. It is seen that the average of the two 

calculations is closer to the correct result than either individual 

calculation. 	In this example the real part is always too small while' 

the imaginary part comes out algebraically too large. 
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In table 4.2-3 are given the calculated values of tit•Pt I for 

various values of 4241. ac  T obtained by using a two term approximation 

to the aperture fields. The values of fled and 1111 	are 

obtained from 	and 	 by the previously given 

relations. (see end of section 4.1). Along with each value of tg

is given the upper and lower bounds for it, expressed on a percentage 

bas is . 

Table 4.2-3 

ty.., 1 0z  1 3 2 'at' f 644.  I'  I/  Ave. tug. f A ot adi#Act 

.20 ".00374 .0823 • 274/ •260 .267-± 2.5% 1732 • 0641  

.50 .0785  -. //S.5" .59/ . 6 8".5* .511 2" .5" % 2./03 .068 

I .206 -.190 /08' t066 ion ± .SIZ, 2.39/ .035- 

2 .429 -.22.c /93  1.16 / 175 .± 2 7. 2.656 -. 02 2 

I/ .7Z -. 2 4/4 3.52 3.00 3.26 ± 147. 2.1.4/4 -.053 

-41  -2.033 -. 273 -774 -/7.. 65 - f 69 1-  20% 3.24/2 -. 14'5 

-2  -. 799 -. 303 - 2.7.5" -3.32 -3.o‘ 1-  97% .3..q6-9 '-. /4/7 

-/ -.389 7 34/4 -/ 205 -/37/ -/25,1 ie. 6.57 3.go/ -. /27 

.co -.2/6 -. l/2 6 -. 54/3 -. 609 7 576 .t.  6 % 1i/90 -. 0.59 

-.20 -.12/ -.70r -. /78.  -.2/ 41  -. /96r92% 5!579 7,-. 0.03 

4 6 	 e 
For small values of tig-K i the error in 2 	is of the same 

order as the error in 4t.,i, f 	but for values of eavi. f- 	very 

large the error in the angle is considerably less. Thus when tp.44 is 
9 

is 1.67± 1.55 equal to - 969 .2`" Z OZ 	the value of 	2 



52• 

and consequently the value of /Ric/ + 	is also within ± 1.5/. 

In table 4.2.-4 are given the values of 	d and p i d -1-/Yrd 

as determined experimentally by measuring the position of a field minimum 

with various lengths 	of the dielectric strip all terminated by a 

short circuit. 

Table 4.2-4 

2.•ci...t.. d 	. Ad a/..t .  Act -kik"- 37r 

3.31 1. if 4/ 2.19 6.q6 -. 075* 

2.96 2.23 3.50 6-.75 -. Ae / 5" 

2.77 .2.50 3.43 6.110 -. 095- 

2.65 2.69 .11.2Z S./7 -. 036" 

2.33 3.15 11. 9.5" 1-15'.5-  • 075 

2.1/ 3. 4// 5.35" '1. /2 .04/5 

2.02. 3.52 ..5. 52 3. 94 . 035 

/. 67 3.17 6.oy 3.26 -. 015 

1. 111' 06 6.39 2. s'9 -. /1/5 

1.17 1Z 1/3 704/ 2.2 85" -. 10 0 

1. 1 7 114/9 7 055 2.215 -. 02's 

/. 0s' .4/ 63 725 2.10 -. 075 

. 911 4!811 754 Z 835 -. o/o 

. 8'.q.5-  4/.97 7. V /. 65 74. 03.5" 

. 7/ 51/6 8 // 1.315" -A. 070 
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The experimental and theoretical values of ieid# ad versus 18,01 

are plotted in figure 4.2-1. There is excellent agreement between the 

two. The experimental points are within .015 of the theoretical values 

which is within the estimated experimental accuracy of the apparatus used. 

From the curve a value of . 797 is obtained for N2  and a value of 

.125 )1°A 	'X for 	and .89 )'• - a /z  for 	At a characteristic 

plane ig'id +/),LI is equal to 	The calculated value of the 
/# R 

reflection coefficient obtained from .861 # .141 the value of 

taken from table 4.2-2 is .105 z_—_(.7c,  873) 	This is the reflection 

coefficient referred to the plane 	=0. 	The characteristic plane is 

located at a point where the equivalent reflection coefficient is a 

negative real quantity. is taken as negative real to make 

less than unity so as to oorrespond to the characteristic planes chosen 
4 	2  7r  1r from the analysis of the curve. Therefore .873 4- 	sa  

or 	ci, = 1.73 cm. with a corresponding value of .135 .?‘34/z  for 7C 

The phase of the transmitted wave is obtained from the values of the 

three coefficients D v., taken from table 4.2-2, thus 

A, 	L pp, Rypen = 	R li  + Rti  D2  -I' R3) D3) (1+R 

since the coefficients Dr, have been solved for in terms of DI and Di 

is equal to I 	. Carrying out the numerical work gives .89-a.032 

for A I  and hence 	04 = 	
, 	

. 03Z = —. 036 . 

From the relation ft 	= 0( given in appendix 1 a value 
of 	equal to .16 is obtained with a corresponding value of .90 "\9/2.  

for 
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This value of 1 is,  within 	of the value obtained from the curve. 

The value of N 2  obtained from /- e at the characteristic plane 

is .81 with a value of 1.004 for et, the turns ratio of the ideal 

transformer. 	A value of .995 for /. is obtained from the curve. The 

parameters of the equivalent circuit as obtained by the two different 

methods are summarized in table 4.2-5 below. 

Table 4.2-5  

h-x-H • 
Z/_ 500 

4-11—H
• 

; 	If' 	72 Z2.  X 9  
• • 

h:I 

Out/. u t guide short c ir c u ited Oceeput 	guide 	niaecke cl. 

Ago ,X70 
x . /2 5 	2 • /35 	 27-  

Xs . X 9  

'Y 
k, 

• 9 	z 
.995" 

90 	-i- 

1.004- 

N9c/The junction impedance departs from its ideal value of 	mainly 

by a reactive term which, although not very large, would have to be 

taken into consideration if asymmetrical dielectric steps were to be 

used for quarter-wave matching sections. The effect is inductive 

since only Hon modes are excited and they store more magnetic 

energy than electric energy. 

If it had been desired to find the approximate eigenfunations and 
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eigtnvalues Yrn for the asymmetrical strip the functions Frnrx) 

would have been approximated by a finite series of the functions 

/Pr -46rt V) 71.  X 

quadratic function function 

This procedure would have led to the following 

{ 
1-Nhpri 	

Ys 
£  6 + 
n=/ 

n 2. 7r z. 
as 

444.74 z x„ 	) 

h 

N 
	 az err„ s 	fx 	)(Az...fr.-5)71-6T_  - S 

•-• S /.7 S 

-dz.& (1.4-s)7 -1-)  0- S-1-5 
1'# S 

where k is the dielectric constant ax /!: is the thickness of the 

dielectrio strip. This quadratic function would then be minimized 

by setting all A 	equal to zero. 	For the previously solved 
210(hvr. 

example a one term approximation of the above gave a value off 1.78 

for 4. A two term approximation gave a value off 1.83 which is about 

6;4 low. ath the two term approximation a value of .70 was obtained 

for z . 
a 

This work on the symmetricalstrip is concluded with a set of 

curves giving the ratio of the normalized impedance of the partially 

filled guide for various thicknesses of dielectric for several fre-

quenoies. From the curves in figure 4.2-2 it is seen that as the 

thickness increases the impedance falls off slowly at first and then 

more rapidly as the guide becomes about half filled. As the guide 

becomes almost completely filled the impedance varies more slowly 

again. This behaviour is caused by the concentration of the electric 

field lines in the centre of the guide. 
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4.3. The Symmetrical Step  

The analysis for the symmetrical dielectric strip illustrated in 

figure 4.3-1 is very similar to that for the asymmetrical strip so it 

will not be carried out in as much detail. 

Fig. 4.3-1 

In the region At  the fields are given by 
Ykl 

Px Be) 	 e- 

00 

E En in ,41411..."), 
_ 

e 

while in section AL  they are given by 

00 	
Yh ch..fut 	-x) e- '}.)  

a. 
zike re C 	, 

ao 	
- c,44 x = 	Cr) in ..4.4n. 	(c- x) e 



59. 
ja7 	= -E Cn 4n .,colt/}i'h(c-x) e 

oO 	 _ 

At 	x =i• the tangential field components are continuous and hence 

a n 	coif / int 	H .mot I7 

8h JIt -Aan A e = C 	 of 
and therefore 

This transcendental equation together with the relation 
z _ on - 

-J J 2  11 01  = 	,„ - 	ez 
determines the transverse wave numbers,')., 

and in  and the propagation constants Y11 	The constants Cr, are 

given by 
	  B  

As before it can easily be seen that A and ..„.en  both approach (2h—o -g- 

OLS YZ becomes large. 	It can be shown (see ref.l. and 2. at the 

end of appendix 3) that the propagation factor in  for the Yeth mode 

in the partially filled guide lies between the corresponding propagation 

factors for the empty and completely filled guides. From this consider—

ation it follows at once 'that An  is always less than (2- h-1) 0../S while 

in is always greater. 

The solution in section A3 is similar to that in section A z • 
The complete solution for the electric field is now given by 



r B h ir.9"de 	x e- 

13" tLx~C ; -1""e 	(c-x) e- Y" 
d 

given by 00 
E = R - .cod. 7C X 	D Xerts. (z 71.25 

3 	 Ct. 

.7 .67Hx = - R — a 

cso 
7r 7e 

/71 D 	( 2 r,-I) a 
at the 

junction, where r 2 = (2 fri-d2 z_rz 	z a2 	0 

6o. 

.0 
E B 	'`" lit. ,dx%r- 	(C -÷ e- 41' 

Az4.....Aw. 	 - 
oa 
E Eh, Fh (r) 	_ n t where 173 is a 

normalization constant deatermined so that 

Pm(x) 	= 

?}. • It oan be shown 

by direct integration that the transverse components i.e. that the 

are orthogonal over the range — c .4: X ez C 

The junction is taken at the plane 	= O . In the input guide 

only the higher order H0» modes with 	r) 	an odd integer will be 

excited since the dielectric strip is symmetrically located in the 

guide. 	The wave incident on the junction will be taken as 

Ey ,c re -7C x 1--/ 	= 	.C44. 7r vc- 
'Cr 

at the junction. The reflected wave plus higher order waves excited are 

a. 
o, 	— 	E9 

The transverse magnetic field is 
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The functions An(x) are defined to be Ya doer,-(z n--/) a  . 
The matrix elements are by definition equal to 

C 

4? F1,1 c ,  
-C 

and are given by 
/a—  2  (x....0), Z 2h--I 7r  

,
(

411,--GAnc
j
.xt&rt 	 4, 	az  2: id  • n-/ 	n 

2 	 Y1-) 
— 	

z n- 
/t/ 	if(*. 

Z 	Z 
—a—. 7r/

Z 
 I 

a P 	 o 	a 

The normalization constants 
	

Pr,., are given by 

Prn + 	zitelprit. 	(K— 1), k ez 	z 	
• 

outlined in chapter two the following 
impedance 

are obtained for the input/and admittance, thus 
oo 	00 	ecy 

ZRnpv, 8 ,, 	RI/ B: 
h=1 

By carrying out the analysis 

variational expressions 
co 

 
-1- E 

= 
I R 9 

and 

I- R 
/f R 

-L. 8 g 

00 	 oo 

	

Pi/ D.,   )4„ >7  f?"," De, E 
MI= e 	P1=1 	 n=1 

/7 D, D,4.  

4.4. Numerical Work 
In table 4.4.-1 are given the numerical values of the necessary 

constants for the solution of the junction impedance for a dielectric 

strip of .80 cm. thickness. Table 4.40-2 gives similar data far a 

dielectric strip of .40 cm. thickness. 
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Table 4.4.-3. 

A 0 = 3.14-  c,”.. ) 	>\ 3 o = + cm., 	>y --: 2. 447  c-”,, 	a = 2.5.4- c,-, 

K=2.47, 	2{- = ,go c,_.  

r .: it 57 .4 = 	I yvs- ,L 	= 	.975- fill= 	.9fr 

a = 3.12 iz z. 	#2.5- p2  = / 6 8.5" Ra  -- —.176 5- 

13 ' -3: 5'5-  2 -n• 	6.57 P3  = /. 295 R13 r'"%0Z21 

ric = 7 49 A , 	.g. If I P# :: 1. 276 RI.= . 004 

1,= y2.12 4., 	g/.51 

I z :'. 2.Sf A.,-- 	3. 2/s 

,Y3  :: 5:70 .43 :. 	6. 0.9 
4= 83/ At . 	g, 53 

Table 4.4.-2 

A.= 3./+c.,„.., 	>\go = 4-c,,,t, 	3 --: ,2.937 c m.) 	a .-- 2.54 c,,,s. 

K = 2.47, 	2th  = • 40  c-'..--, 

r = J/.57 4 = 2.305" P.. 	.907 Rii  = 	.97. 

13 = 3.12 Ai = 42 85 Pa = 	/...3-4/ RI:. =7/365 

13 = 5. g 5-  J3  = 6.56 pa  : 	4 .4/3 R13  =1  .0.365 

17- ' 	g. 41  / A = V.94 Pi. = /36 Ridt :' -: O /3 5 

11  = .12./c ,h,:. i .712 

4 =. 	2.90 A :: 3. 5-25- 

Y3 = 57.3" A = 6. 09  
Y4 = Z36 ,? = I. 60 
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In table 4.4.-3 are given the calculated values of the input admittance 
and impedance obtained by using only a one term approximation to the 

aperture fields. 

Table 4.4.-3 
2i-  = 	. g0 G,,,. Zt = . 40 c..,.... 

/-R - / 56( - f . 0636 /-R = 	1.327 —,y.  04E03 

14-1? 1,4R 

14-R - , 6 06 -V. 0/55 /4* R 	- 	706 4:7* . 0 / e; 1 .5-  
/-R I- R 

116/ ±3% 4- 20% Ave. 	= / 37.2' 	3  7 -..i.  .,.- RR 	-3. 0306 .1 • 3oT Ave. /14.—  RR r. 	-i: 0,3 

N90  Xri  --=-5- = /.362 
1'5 9 

It is seen that a one term approximation to the aperture fields 

gives quite an accurate result for the resistance term. Although the 

reactive term is not very accurate the significant point is its very 

small magnitude. For a value of 1.6141.06 for R 	the correspond- 

ing value of R is -.234/27s- 	The value of,X for the equiva- 

lent circuit is .02 cm. or l% of )\912  since •075+ndc=27.  OP Cle/511  

and 	x = .>‘ 9°  -pl c  = 	/ 9 r 	Thus for normal 

values of dielectric constant the H plane symmetrical step behaves like 
an ideal transformer, transforming the impedance of the partially filled 

guide to that of the empty guide. A small junction reactance is 

negligible as far as the design of 711- wave matching sections are concerned. 

This is due to the fact that a similar reactance at each end of a quarter- 

wave transformer tends to neutralize each other. This is easily seen to 
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be so since an inductive susceptance at one end of a quarter wave trans-

former is transformed into a capacitive susceptance at the other end and 

hence neutralizes the effect of the inductive susceptance already 

existing at the later end. (4.4.-1). 

The above theory was not oheoked experimentally since it was felt that 

such a small junction effect could not be measured to any degree of 

accuracy. However a series of quarter-wave matching transformers where 

designed on the basis of the above theory and very good agreement was 

obtained between the calculated and measured bandwidth curves. This is 

covered in chapter six. 

Approximations to the propagation constants Loan be obtained by 

minimizing the following energy integral 
r  + c 	 r 	 r  C N 

( D(lipvi 41) Cla 	Eq b„11 Ci9,0264c 	i‹r%)(E04;„, (Phi dx 
where ,cir 	.7c.x  and 19"/  = d 041  

c&x  • 
Using only a one term approximation gives 

l2 = 
	,etvoZ Kt   GI 4.  0(.. ra.-rt  .44„. 	Ix  X 

aL  

where Zi is the thickness of the dielectric strip. 

For t = .20 cm. a value of 4.30 is obtained for fi 	and hence 

= jr.  2.08 a value about 3.2% too small. For t = .40 am. Ft-- 5.90 
and 4 = y 2.43 which is approximately 306% too small. 

Zs A9 	
ah Curves for tz  = 	for various values of the parameter 	o  go P.9 

and for thicknesses ranging from zero to completely filled guide are 

given in figure 4.4.-1. A large scale drawing of these curves were 

used to obtain the design data for the dielectric step quarter-wave 

transformersinvestigated in chapter six. 
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Chapter 5. 

E-Pine Dielectric Step in a Rectangular Wave Guide. 

5.1. Theoretical Solution: 

For a rectangular guide partially filled as in figure 5.1.-1, two 

independent types of modes can exist. The fields are not simple E or H 

modes but a combination of the two. For one set/ is zero and these 

are called longitudinal section E waves. For the other set L7$ is zero 

and the modes are referred to as longitudinal section H waves.(5.1.-1). 

Fib. 5.1.-1. 

It is easily verified that the longitudinal section E waves can be 

derived from an electric type Hertzian vector 	directed along 

the y—axis by means of the following vector operations, (1.6. ) 

H = JCA.eo K 77X7Ti , 

E = 	r ÷ RA: 7yT,, 

whereK is the relative dielectric constant and ,A0 = C4)2>Z2 6 0 	• 

Similarly the longitudinal section H waves can be derived from a 

magnetic type HertZian vector 71'2 directed along they-axis by means 

of the following vector operations 

E = - wit v x -7-tz  

=rtz 	rf • 
At the junction between the empty and partially filledguide it is found 

that both types of waves must be included in order to satisfy all boundary 
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conditions. It has been shown by Van Bladel that these n7)rmal modes 

form a complete set and any arbitrary field can be expanded in terms of 

them, (5.1-2). 

The various field components are given by 

	

3  z 7ri 	
, = 

 
a 7r2 	 a 7-, 	D z  712  

Ex = J co II  A-6c 'UWE° K ? 3.  4-  537-;..i.  •D 	ay.. + 
	..."'t  D 3, ) 

	

az 7ri 	 2  7r2  
E = 	-Q Tv 	H = 4- 1. 02T12, 

	

z Tr, 	a 71-z 	 a Tri 	a 2 -712. 
= ?,} 	—ic4->" ax 	Pg = yweok x 

where both 7T-1  and TTz  satisfy the followirz wave equation 

N:72. 	14027ri = ; 	Z • 

If the transverse field components are made continuous at the 

aperture plane .74 = 0, it is easily shown by taking , the curl of the 
field 

electric field and magneticAin the aperture plane that the normal fluxes 

(i.e. KE:), and fly ),ire  continuous respectively. 	Since 	TC 	and / • 

7Tz  are not continuous across the aperture plane it is found to be 

more convenient to relate the fields to the y component of the total 

electric and magnetic field in the aperture. This procedure is justifiable 

since if ET and 	are known then 71 and 7V2. can be determined 

from Ea  and HI
_ 
respectively. It is shown in Appendix 5 that to 

the first approximation the equivalent circuit of the step is independent 

of 	, i.e. independent of 71  . This result is due to the fact that 

the longitudinal section q waves are evanescent and not very strongly 

excited. 

If an P4o, wave is incident on the step from the left then the input 
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admittance referred to the junction 3. 0 is given by 
00 	rin b f G*dl 	G 	= 	16 ptilti. f Grcp, f Gr  (Pn  01/  + 1-e -R 	0 	7° 4̀4i 0 I  ° 	."0 

102- 	
0 	0 

(1) 
where GI  and G2, are complex functions of the real variable 	and 

G, is equal to the T component of the electric field in the aperture 

and 	(72, . is equal to the y component of the magnetic field in the 
ity2 

aperture. 	GI  , and (;z  are.are' also related through the continuity 

condition imposed on Ex, i.e. 

J 
0.0 

G2.4.1ipld, Jo  Gz dy- + b- 
ppr,  
z 

?PI 

 

      

      

      

The functions On, 2147  , Fpn , and Wm are the appropriate eigenfunctions 

for the Hertzian'vectors TC, and 71.2,  in the input and output guides 

and are functions of 16  only. 	The full analysis leading to the above 

two relations is given in appendix five. Equation (1) is clearly pro—

portional to the difference between the electric and magnetic energy 

stored in the evanescent modes at the junction since it is in fact equal 
..-1* 

to 	f E'ex H • 	. 
a 

The longitudinal section E waves store an excess of eThctric energy while 

the longitudinal section H waves store more magnetic energy. It can be 

/P? -IF shown that —17-47 	is stationary with respect to arbitrary variations of 

G 
	

and G " 	that satisfy equation (2). From equation (2) it 

can be seen that the magnetic energy stored in the H waves is small 
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since it is given by the difference of two quantities Which are almost 

identical. This is due to the functions Vol  and W h  being almost 

identical if the dielectric constant or -64, is not too great.; Hence 

R 
since 	/-tl? 	is stationary a good anprotimation can be obtained by 

taking G2, identically zero. 	The rest of tl:e discussion in this 

chanter will be based on the assumption that (;2„ is zero and so a 

procedure analogous to that used in chapter four will be applied here 

also. 

The incident, reflected and higher order waves excited in the inset 

guide will be taken as 
ao 

E 	[ 	R )./A 04  00 -1° 	 Pn2.) / ),1 ....4.1:42,/kx X 

Hx = We° {0— Rw; 	c**) 	Dr7 	 cut 

	

7C 	z )12  • 7r 2' 	Z 	2. 
where sA =fir- 	= 	C071, I17r  

	

--b- 	= O. 	= hz• 1.71X 7") 

R is the reflection coefficient referred to; = 0 , and variation with 
is taken asAimAkx. The transmitted plus higher order waves excited 

in the output guide will be taken as 
r"(9)(2.  2- v ) E u_ r — Ec°  Ann  lc  ( ey  ) t..,ffx  - 0 hi 14407t. Ar X  ,  

blx  = ja)C 0  f Ay? Y rn FM . d i / n .ifx X ; ai g ,-- o , 

where the functions F,,, Cy) are given by 

..,CAro..4.1 y, , 	0 €.-.- y. 4--- -t , K 	,  

"r•-(1'1127114  .,Cack,rn  (b-  u) 0- ; 	.4/ 4..- h;  
,cork ni 

 
of 

with 412.  = jprt2  +.44: - R A 0  = _ye yrt 4-.443: — _4 02 	and .gym t..1,,tirrie = 

- k AL td,..k.,. Cl . 6 
rhnk 

2, 
 9J 
4

%  
Prn  is a normalization constant determined so that ino I-71(7 	= ' 

where 	x(0= k for o -9 4.- t and 7-,  I -For i -4 y. 4.--  b. 

7 = 0 



Equating Ey. and Hz  at the aperture gives 
00 

01-  R),k..2  A ÷ ion(k,z- ri,z),9„ 
0o

A ,Ce-w„2) :7;  ) ; - 

R) po rno — 	Dn Tin 	 =NCB), 

where G and 14 are complex functions of the real variable if. 
means of the general orthomnal principle discussed in chapter 2, 

section 1, tle following expressioni are obtained for the unknown 

coefricients Dri and A nn . 

b b 

/*R - 	 Dr?'" 	 AlGO 
Aro -  o 	 Acz.--  1172  1-  

Following the same procedure as used in chapter four the following 

variational expression for the input admittance is obtained, 

Alternatively the unknown coefficients could be determined from P(9) 

and this procedure would lead to the following variational expression 

for the input impedance, 

70. 

GC ) 
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z Nde 2 

When —  ' Y'  is negative an excess of electric energy is stored in 
Xn% 

the evanescent mode. In the partially filled guide there exists a 

thickness of dielectric for which the second mode will propagate. For 

thicknesses slightly less than this cutoff value „AV— 42  is positive 
and more magnetic energy is stored in the mode. 

If the output guide is terminated in a short circuit located a 
0 

distance 	from the junction then f; 	
R 	

is replaced try/6, 51..rt. 727 

and 1, by al tg44. c21- 

	

2 	where 7n 1 = ta-,t ,  (72:2 , — /1 Li ) and 41/n I = 

40t6R"tt 7/). The position of a field minimum in the input guide is 

determined by the value of Ic(' measured from the junotion. 
00 

OP If an aperture electric field distribution `-j 
7-

r- 
1) 
" -7 )1  is assumed, 

00 	 ,,  
then, R  
	 eo  21  	P D 

	00 	 a0 z D R„, * 

	

.1r,c2 	" " 	1,1 I 	— Y„; 0 	" 0 

(VAVE )( Do D0*) 
by k, 

=,fri-ciy- . 	00 
Similarly if an aperture magnetic field 2== BrA is assumed then 

00 	2 	00 	0 	eo 	eo 5— ..kxz— ing B * 	,--- .At'xz—Yvv; 	D  4t 
ri = X PIPn BYt E-  X- PI WI Oh  

0 	 o  
i — R 	

(A:/r, ) ( BO B0*) 

where X hyriare given by 

v,,,„1  
J. 	K ) 

By suitably redefining the unknown coefficients and the matrix elements 

A 2-- 	 ih,z  fehmand X hrNthe factors "/ 	 and 	can be absorbed in 
Wry. 

them and this procedure would simplify the numerical work involved in 

solving for the unknown coefficients and evaluating the variational 

expression. This procedure is not adopted here since the above 

R 
where &mare given 

Rh 
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formulation is somewhat more straightforward. 

The normalization constants Prn  and the matrix elements Rnm and 

Xnrnare given by the following expressions 

K r  
1.(t 	 -442'in CO} 

PYYJ 	 kn. 	 CPO 24m  d 1 /4  ci 	z 
where d 	- t. 

Ro = Ad:rt. I. .1.  

 

'Ceti/ ..irrt -6 „din  „Am  d  

 

    

efrt. ?esegv-igirr. 

 

       

Rn = 	 
lb P,„ ..1-4,t (4- q21.1.  

ft. 40 	
ir 	 flit 

Pvt. 

 

tif„, 	t, f) 
 ,44:" (ik dal 	)  11 ; 

Aqi -t- 11 Tr 

  

d 

 

TC 
""1  L 	 b 

Tor 	1. 

X 0 Vln, =  lb pm 	
ifrn f s i g;), AnZ 

J. 	d 



734 

11,<C4rt 	+ 	"LL' 
X nyn  = 172  

Pm  r 	,t9b,„ 

 

(if,t —  b'-)t  
h 7r 

 

„de;,,,.(4,-,tot-i- 

hq 

   

Ckna- 
ribit  

   

      

      

       

for h ?. 1 . 

5.2. Numerical  Work 

The equivalent circuit of a dielectric step ( 	2  ) will be 

obtained from a Weissfloch curve which will be calculated theoretically 

and checked experimentally. For this purpose the variational expressions 

appropriate to the case when the output guide is short circuited will 

be used. The aperture fields are real functions and each variational 

expression is a maximum for the correct fields since the second variation 
Z a., 2, 

is negative. The second variation is negative because "c -- h an 01  Az  

t e 
are negative. 	Upper and lower bounds are thus obtained for vrt z. . If 

some of the modes store an excess of magnetic energy then the variational 

expressions are not positive definite quadratic forms and upper and 

lower bounds cannot be obtained. 	The calculated values of all the 

factors required for the solution of the problem are given in table 5.2.-1. 

The theoretical values of 19041 for various values of 
	are 

given in table 5.2.-2. These values were calculated by using a two term 

approximation to the aperture fields. The values of al and Di were 

found to be 
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/. 0.5-3 — 4z,„ 

74. 

/9. 23 -.036 co-e pc  .234&t,”.-1, -2/.9 

 

Table 5.2.-1. 

-I- 	A 	
7 

, 	, 4-  
b = 1 . 27&”., 	4' *--) 	.4' 02  = 4 , 	K= 2.5-6 ; 	Axz  =/5"3, A . = 3./i/c.”4, 5:"6./2 

a ,4/572 ,,f, -11035  /5  '- - -2.7I5  g, =. 2 6 8.  X01=. 902 

p = 	1.9/ AK ,, 2.4,2 pz . 1662 Riz= /252 Xo2.= —. /9 

r-.2, = 470 A . .1/68 P3 =  i 051 R/3 r.  .227 X 03 Z..  7 oz/5- 

r3  .:: 	725 Ay=   700 Pq= 2.24 Rpy= .087 Xoq =70047 

X = 	ji. gg ,E, = 2. 275 Rol:: I/49  ?c, ---. 042 

Yz = 	/ Si/ ,12, = 3.4'f R°2-=  .0  2953 -X/).= . 7 95- 

I3= 	4.17/ J3= 530 R.3= .207 Xi3= -./1 

ri, = 	6. 8 2 5 ji, .--- 742/ Re,,, . . 0 6".2 5 X,,,=—. 0_5"/ 

The calculated theoretical Weissfloch curve and the experimental points 

are plotted in figure 5.2.-1. The experimental procedure used was that 

given in chapter 3 — section 2. 

The equivalent circuit for the above example is given in figure 5.2.-2. 

The equivalent circuit for a guide half filled is also given in figure 

5.2.-2. This equivalent circuit was determined experimentally. It is 

seen that the step  acts  very nearly like an ideal transformer with a 

4x2-  turnskatio of 	fa/  • 	For the case when 	Iz  

is positive and the second mode in the partially filled guide stores an 

excess of magnetic energy which tends to neutralize the electric energy 

stored in the other modes. The difference between the electric and 
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magnetic energy stored is consequently very small and a very small phase 

shift is produced ix the reflected and. transmitted waves. From the 

equivalent circuit for the case when 	= .67 	it can easily be shown 

that there is an excess of magnetic energy stored at the junction. 

Thus for some thickness between .25band .56a condition of resonance 

exists and no phase shift is produced in the reflected and transmitted 

waves. The behaviour is analogous to that of the tuned window in a 

rectangular waveguide. 

Table 5.2-2 

ta4-1,, -,-Z -C  o, B, ta''''.  P Curt 	e)' Ave. tain f go 01  go cl+ 11, I i 

. 25 --. 0367 -. /34 . 27 .2 9 .27 ± 36% I. Y4  / . 02 Y 

.SO -, 0 Z 59 -.0292 .575' . 5(9 . 51 1-1.2% 2.0917 .063 

/ -. 0024 . 023 /. /17.  /. / I6 /./g3±.3% 2.4"i . 08'3 

2 71... 0 yy . 01/9 2.1/3 2. li! 2.92,2' .1% 2.75-  . 072 

-2 -. /36 . /0 -2. 3 g -2.26 2.322.6T .g071-7r -. 057 

-1 - . 0 q3 . /27 -12/5 -/./6 -/./9±2.41 .7.0-7c —. 0T9 

-. 50 -. 07 os-  . 17g -. 63 .51 -:4071- 389.1.0254.7t -; 08'2 

-. 25 -. 0595 . 2 8' - .33 -.29 -.31d- 6.#% /.271.7t -. 066 
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Fig. 5.2-2. 

By image theory the above equivalent circuits are valid for the 

configurationsshown in figure 5.2-3 also. 

          

     

T 
1 

"////////// 

   

   

Fig. 5.2-3. 

Figure 5.2-4 shows the typical curve for variation 0.f the partially 

filled guide wavelength with thickness of dielectric filling for a free 

space wavelength of 3.14 cm. The guide wavelength varies roughly as 

the thiC1iess of dielectric filling. 



co

<, -r Fig. 5:2-4-<, 1 br-,
r-,

t ~""""""""""""""~ ±<,
"<, T~~ ?I

r-, b =1.2 7 em. a. =2.5"4- em.
r-,

i'.. 1\ a =3. /4 em. x =2.5"6

<,
r-,

'"~ ...............
-....--..... I'--.. ---r--r-- r---- r---

o .f .2 .3 .6 .7 ·8 .g / ~
(J).



79. 

CHAPTER 6. 

Properties of Quarter-qave Transformers 

6.1. Ideal Transformers : 

The fundamental properties of ideal quarter-wave transformers are 

well known and are fully treated in many standard texts (6.1-1, 6.1-2). 

The ideal transformer is considered as having a characteristic impedance 

and a phase velocity which does not vary with frequency and all end 

efeots are considered as absent. In practice these assumptions are 

violated but nevertheless the approximation is a good one in most oases 

and the properties of the ideal model forms the basis on which any actual 

transformer is designed. A single section transformer has a narrow 

bandwidth (6.1-3) and consequently for wider bandwidth applications 

multisection transformers must be used. To date the general opinion 

seems to be that for a maximum bandwidth the multisection transformer 

should be'  esigned so that the characteristic impedance of the various 

sections are proportional to the coefficients of the binomial expansion. 

Such a transformer is called a binomial transformer (6.1.-1). It was 

suggested by J. Brown that perhaps a more suitable choice of the para-

meters of each quarter-wave section could result in a greater overall 

usable bandwidth. This was shown to be the case for the two section 

transformer independently by J. Brown and the author (6.1-4). Since each 

quarter-wave section introduces two new parameters i.e. a length and a 

characteristic impedance, it is possible to obtain a perfect match at as 

many different frequencies as there are sections. This follows at once 

since at any one frequency the phase and modulus of the input impedance 
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to the transformer section can be adjusted to a value equal to the 

characteristic) impedance of the input transmission line by varying two 

parameters only. Thus the reflection from the transformer is made to 

vanish at 'IV different frequencies. The resulting bandwidth curve is 

similar to that for overcoupled circuits in circuit theory. As all these 

zeros are made to coalesce at one frequency the resulting transformer 

becomes identical with the binomial transformer. The bandwidth curve 

now corresponds to the case of a maximally flat filter. In the follow-

ing sections the two and three section quarter-wave transformers are 

analysed in some detail. 

6.2. Single Section Quarter-I:ave Transformer : 

The characteristic impedance of the quarter-wave section is Z, 
and the load impedance R is taken as resistive. All impedances are 

normalized with respect to the characteristic impedance of the input 

line and are taken as independent of frequency. 

Fig. 6.2-1  

The input impedance at the plane C-C in figure 6.2-1 is by 

conventional transmission line theory given by 

Z, (R+ Z / t)  Zip-)  - 
7/ t,j Ri 
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where -6 = tz-tt -z-  f . 	The matching frequency is 	and 

is chosen so that o Z, = R 1/2 	thus 	Zip, 	equals unity 

when 	=1.0  • The reflection coefficient D is given by 

Z in R)-t-2.1R-1- 
	where the relation Z Jz = R  

has been used. By using the relation /44zr-;41,4 21,t it is easily 

shown that the modulus of the reflection coefficient is given by 

ez
= Pr/z  

 

For large 
1. z 12  2, 

Co 
values of Agc i e 	is given by 

R - 
e = 27T 1 	2- T. 

 

and it is seen at once 

that the bandwidth will be small since e rises rapidly on either side 

of to  • 

6.3. Two Section Quarter—Awe Transformers : 

The circuit to be analysed is illustrated in figure 6.3-1. 

Fig. 6.3-1  

All the impedances are normalized with respect to the characteristic 

impedance of the input line which for convenience sake is taken as 

unity. The matching section consists of the two sections I and 2, 

/— ;Kin 	Z 	R) 
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whose lengths are L1  and Lz respectively. The characteristic impedance 

of the lines are Z, and Zz  respectively. The four parameters 

L,, L2, Z, and Z2  will be determined so that the complete termin-

ation is as well matched as possible over the widest possible frequency 

range. 	It is found to be extremely difficult to tackle the problem 

in its complete generality so one restriction will be imposed, namely 

that the quarter-wave sections are both a quarter of a wavelength long at 

at the centre frequenoy 	 Further it is assumed that the 

phase velocities and impedances are all independent of frequency. 

In view of the above assumptions the input impedance of the 

structure to the right of the plane C-C in figure 6.3-1 is found by 

usual transmission line theory to be 

Z, R (Zz  Zit 2) + J.Z; Zz  (Zifr'Zz 

Zz (Zi - Z1  iz) t,j f? (Z 1 -0.-Z z )t 
-r 

where t = tarn f • 

Now Z11, will be made equal to unity at a frequency -Fs less than fo. 
From the symmetry of the expression for Zin it follows that Z;,, will 

equal unity again at a frequency -F = o 	s • 	The/corresponding 

value of ta,n 7r — 	will be donated by -is  • 	For Z),, to reduce zs.0  

to unity, the real and imaginary parts of the numerator and denominator 

in equation (1) must be equal when -6= t5  . This condition gives the 

two following relations, 

Z i  Z2 (Zi  zz  )ts  R(Z 4-zdes  or 
(2) 

Zi Zz  = R, 

(1) 
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and 	

Z, R (z z -Z, tsz  = Zz (z, — Z2 tS2  ) . 	 (3) 

, z 
Substituting from (2) into (3) and solving for is  gives 

R (R-I) 	z,2  (R- I) 
Z12  R — Z: 	R — R z 	Z4 — R 

z2-  
Alternatively solving equation (4) for 	Z, 	gives 

s2 	z.  _ 
• (4) 

'lz 
4 = 	 ( I—R)4  + R tS 

1  /A 
R  — i 4 — { / + z ii—i. 	I R 	 -1- z 4: since 	S 	is large 

if the mistmatch at the centre frequency is to be small. It is seen 

that Z, is slightly larger than R 14 	which is the appropriate 

value for the binomial transformer. The input impedance at the mid—

band frequency "CO is 

z,4  Z, Z in  = 	
2: 	 (6) 

1t 
and is purely resistive. At the midband frequency fo  the maximum 

tolerable reflection coefficient 	r 	will be taken as ea . Since 
= 1—  4,  

it follows that 
/÷ Z. in 

to. 
Z,4  R 

(7) 
+ R 

where R has been assumed to be greater than unity. This restriction 

will be applied in the remainder of this analysis. At the end of the 

I- R 
zt,s2 (5) 



84. 

analysis the slight modifications required when R is less than unity 

will be given. 

	

Solving equation (7) for 	Z,4  gives 

Z' 4_  + e,  R SD 

	

ea 	 (6) 

where S. is the maximum tolerable value of the corresponding voltage 

standing wave ratio (taken greater than unity). For any value of -6 

the corresponding value of e2 is given by 

ez= 	1-- z
;,, 
	

(z,z_ R-{-2- Re- 2,4-6 2 ) Z  
14-  Z in 	(Z,2-  Ri z+ R 	- Z14-61 )21- 4t z (Z 3  Z I  R)Z  

Expanding this expression and substituting for Po  from equation (7) 

gives 

ez. 
From equation 

ip _ 

 

z,z(R-1) 	
tZ 

z4+ R Po )z 
Z;41R+1)1  + t4  + ZiLZIZ  (e. (z 1-  R)2.  
(4) 	e(R-l) = (z,4- R)e-sz  

R - I 4.  4- Z '12*  R 
Ri-Zt 	(Rt. Z1412) 

and consequently 

 

e.  z 	sz. - kz) z 

 

-6 4 - eo2. L,s2 	g Re-+ 	+Rz) 
( R-t- Z,#)1  

Replace /+2R-i-R2 by (R-l) z f 4 R 	and use the relations /-

Z R  and /1- 	= 	2 Zi  4" 
Z,4 	 R -t- Z ,4  

and the following expression for ez is obtained 
z (esz 	2.) z 

e z 	
t4- Z 19ziszi z 	(i- eoz )(2-t z-i-/) 

Now replace f 4  and 	is 	by -ciac.4 2.f:  - 	/ and ...4ze 4 TE -FS  - S / 

respectively and after simplifying the following final result is 

obtained, 



I 	-11-  
/  - e.,2- 	.4441 4  0 	 (9) 

e. 	(4124z es —41-C-7-9)1  
where 0 = 7r -C  and 	es  - 	I  1.' s 	• 	The bandwidth 

4i, 2-  

limits are determined by the condition that 9  is again equal to (2.. 

From equntion (9) it follows at once that -JAG 94.  = ...4/249s 	at the 
Tr ;1... 	 /(27 

bandwidth limit, where at. = 727  jc 	and fL  is by definition 

the frequency at which (7= 	• 
	There is a very simple relation 

between -65 and 	 at which (7 .11 the values of 	equals zero and 

respectively. From the meant relation given above it is found to 

, 	/E 	1 
Z ( TS

2- 	
(10) 

A typical bandwidth curve is shown in figure 6.3-2. 

The properties of a two section binoclial transformer are most 

easily obtained as a special case of the previous analysis. Suppose the 

two frequencies at which the reflection is zero are made to become 

closer together, eventually coinoiding at the design frequency fo . It 
follows at once from equations(5) and (2) that 

z1 = R ", Zz  = 34  
The reflection coefficient has a double zero at the design frequency end 

so its first derivative with respect to frequency will also be zero. 

The binomial transformer so obtained has therefore a similar behaviour to 

a maximally flat band-pass filter. The bandwidth of this arrangement 

is obtained, as before, by finding the frequency for which the modulus 

of the reflection coefficient equals 

85. 

(20  
be 
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For the binomial transformer Z, = 	 Z2  = R31 , 
therefore 

= 	R(R —i t z )l-  jR(R 4 -i-R3/4 ) t  
R - R 3/2  t 	-/-f R 	I/4  -f- R34  ) 

and 

ez R OR- /) 2  
(R 2t. R -2R 3 e) 2.  R z fr? -t i z  

(R- i) 
-t- R - 2 III -I- 2.)t  -t- 4- 	-t (i-t- 1/7-0" 

acpanding this and using the relation 
	I *t z  = „fuzz e this expression 

reduces to 

ez = 

   

I 4- (?R-1 24&  
r 

 
(12) 

which differs from that for a single section transformer in that it 

involves 2Z.& 9 	to the fourth power instead of the second power. For 

values of -P close to co   (21 	is given by 

2  Irk 	 .X4Nd 
Z f0 ' 	and it is obvious 

61 e that 	equals zero when 9 - i 
e 	

r 
of  

When 	P = 6 	let "6.7' . 6 - B ..• 	where t4B 	defines the band— 

width limits of the binomial transformer, and it follows that 

f.t...6.: = Auc  z 013  = 	(/ _ 2) liz (R  _ /) 

Z re lir 

Now from equat ion (4) (Z7 — 	= Z,2 ( R I ) 
_Lz 

= 42( R-1)  ( and hence 	I- e.) 20-fre.)1/z(R#Z:V (1- e 2)  z(R-0 

	

(714— R) (2 R)v" (2 Z14 ) Vz 	ep 2  Ifir 
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2,2 
and therefore to = is / • 	It is seen that there is a 

unique relation between the bandwidth of the binomial transformer and 

that based on the alternative design given above. nth reference to 

equation (10) this relation is 

t 

 

(13) 

    

    

The improvement improvement resulting from the use of this optimum design is ill—

ustrated in figure 6.3.-3 in which the ratio of optima bandwidth 

to -0-tat of the binomial bandwidth is plotted against binomial bandwidth. 

It is seen that a maximum improvement of about 457', is possible. In 

practice an increase of 305 or more is usually obtained. The bandwidth 

is expressed as a fraction of the centre frequency 4 so that for 

the above transformer the bandwidth is taken as 	
FL. 

to 
Although the lengths of the quarter wave sections were chosen as 

a quarter wave long at the centre frequency 4:0  it does not seem 

logical to expect any significant improvement in bandwidth by staggering 

the lengths. It is possible to make 	go to zero at two frequencies 

only since each zero requires an adjustment of two out of the total of 

four parameters to make the modulus of Z,,, 	unity and the phase of 

Zih zero. 

6.4. Design Procedure and Universal Band Vlidth Curves : 

Case 1 — When 5, , the maximum tolerable voltage standing wave 

ratio is given, then Z, is determined by equation (8) as 
Zi  = (R So)  1/4 	

3/4  
The corresponding value of 2:2„ is 

	
/ So  4 



ai 

5 
14 

O BI
N

O
M

IA
L  

1.2 

m .6 

O
P

T
IM

U
M

 

1.6 2.0 4 	.8 	1.2 
BINOMIAL B.W. 

88. 

FIG. 63-3 

1 
F I G. 6.4- —/ 

\ 

\ s.= 1.50 

So= 120 

__ 
—1.10_ 

_ Sar- 1.05 
T-- 

I 	2 	3 	4 	5 	6 	7 	R 	9 

1,0 

.8 

.2 

0 



89. 

The bandwidth is determined from equations (4) and (10) which when 

combined give 

    

R-/ 	So  

= T k 1/77? so- /  

thus 	
2 7eo 	.4 

 Where L = Fractional Bandwidth = 	ht  
1-% 

Case 2 — If the required bandwidth is specified then ft.  is fixed 

and this in turn fixes 	and fs  

Thus fi = tam A- z 0 and 	= 2 

From this value of -i-sz  the value of So  is determined from 

So 	R = 
(So -'t 	(R-1)7" $ 

CL 
and hence 

So  =(/÷ :1.79.) /(za.#02- 
44:12- 

 

  

Since So  must be positive only the positive root is applicable. 

Alternatively Zi  may be obtained from the relation 

Z = 	( 	R-4.1)2- 	 R— 1 R 
sz  

The corresponding value of Zz  is FR/z,  • 

When R is less than unity the only alternation required in the above 

design formulas is replacing R by —FpLiby Zi  t 	and Zz by Zz  • 

In figure 6.4.-1 is plotted a family of curves giving the optimum 

fractional bandwidth as a function of R for four values of S . The 

performance for any particular case can be obtained from these curves. 

In practice it is usually desirable to have an overall match that 

does not produce a voltage standing wave ratio greater than 1.20. The 

corresponding maximum value of eo  is 	.10. For values of eo  not 

exceeding this maximum value a set of univeral bandwidth curves can be 
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constructed that are independent of the value of R the load impedance. 

From these curves the modulus of the reflection coefficient and the 

bandwidth can readily be determined to within a few per cent which is 

adequate for any engineering application. The value of (7
z
for the 

binomial transformer is 

ez 	 
4 R 	AA.c.  4  e  

(R-1)2- 
"ahen 	 p 2 does not exceed .01 the factor 1 	in the denominator 

can be neglected in comparison with 4 R .414.4e. Thus to a good 
(R- As- 1 	z, 

degree of approximation e is given by (2 
Z ifirt 

A plot of 
	2 16-3 	 against dclly,29 	then results 

R - 1 

in a universal bandwidth curve for the binomial transformer. 

For the optimum bandwidth transformer e  is given by 

= 
/ 	Alt.c. 4 e 

4.ect e5 —A.124z er 
It in seen again that for 	ez 4- . 0/ 	that the factor unity in 

the denominator can be neglected, thus take 

e 4.2-  es  — 	9 1 _ 

- e) Y2. ..itcz  

(20 ..42•02.  es 

 

.c..0/2.19s - um/29 
( - e z) 1/2.  

 

 

Now 
z „_, 

Po 	z 

, z 
and for values of is 



6.5. The Three Section Transformer : 
The same type of analysis as applied to the two 

will now be applied to the three section transformer 

figure 6.5.-1, 

section transformer 

illustrated in 

R 3 1  z 
 Z 

 

0 

large compared with unity is 	...4,x 2es)  therefore 

R 
Z ti 1z 

s 	_zem z e  

z, 
This value of p is slightly too small since 	BS has been 
approximated by a smaller quantity 	. 	However the neglect of 

the factor unity in the correct expression for (2 tends to offset 

this error.Now O is not independent of Rbut from the relation 

faz  = "tsz  -/ 

it is seen that Os  can be approximated by 98  the value of 9  at 

the bandwidth limit of the binomial transformer. Since ()8  is less than 

Os, CO* Os is greater than -cow es 	and this almost completely 

neutralizes the error in the approximate expression for (2  • 	There 

will of course be an error in the matching frequency and the band-

width but these will b
y
e
-
small for the range of (7  under considerat- 

ion.
FR
21 	,, 

A plat of 	e  against jcpc.
2 
 108- 	

z 
e  I  results in a 

-I 
universal bandwidth curve for the optimum bandwidth transformer. From 

these curves, illustrated in figure 6.4.-2 the overall performance 

of any transformer is readily obtained. 

Fig. 6.5.-1  
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The same restrictions as applied to the two section transformer is 

applied here also, i.e. the impedance and phase velocities are taken 

independent 	of frequency and each section is a quarter-wave long at 

the centre frequency fo . 	It does not seem to be possible to derive 

any simple formulas for the bandwidth or reflection coefficient for the 

three section transformer. 	However the analysis is complete enough 

to indicate the type of performance to be expected and to enable one to 

quite readily produce a suitable design. 

Using conventional transmission line theory the input impedance at 

the plane C-C in figure 6.5.-1. is found to be 

Zin= c ÷ id 	 (1) 

where 	
a = Z/  Z L Z3 R — Z,Z 2,2 	Z,I Zz Rf a—  Z,zz3  Re ,  

= Z, 72, Z32i + Z1  Z2.2Z3  -4- ZI2Z2. 	— 2  Z32  t z  

= Z, z, Z3  — Z,Z32 -t-z  Zz  Z3z  —. Z3  Z, 

d 	= Zi  Z2, /1'.& 	Z ) Z3  R-t-  + Zz Z3  Rt — Z 2.2  R 3  

and 	= t:Int = tont z 470  

Since there are three frequencies at which the reflection can be 

made to vanish one of these zeros will be chosen at the centre frequency 

To . 	The other two will be symmetrically located on either side at 

a frequency J:s  • Thus for a match at f=fo  where 	8 becomes 

infinite it is seen at once from the expression for Zr, that Z, r, 
reduces to unity if 

z z 
Zi  Z3  = Z z  R . 	(2) 
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For Zin  to be unity at a frequency 	fs 
	the real and imaginary 

parts of the numerator and denominator must be equal when 't = ts 
and hence 	, Z2 Z32  Z, Zz2.  Z3  + Z/2  Zz Z3 Zi zZ32. s2  

Z72  R + "Z / 23  R + Z2 Z3 R — Zz2  R t sz  

which by virtue of equation (2) becomes 

(21  -1- Z2+ Z3 ) Z,z. Z3 = 	R(Z,Zz+Z,23 1-ZzZ31(3) 

and 

Zi Zz Z3 R — (z, z zz  Zi2  Zz Zi 2  Z3 R 

\z 
Zi Zz Z3 — (Z t  Z32.  Zz Z31  Zz  2  Z3 1LS, (4) 

Now 	Zi Z3 = R 
	

(5) 

is a solution of equation (3) and this relation is appropriate for the 

three section binomial transformer also. Divide equation (4) by 

Z -Z3  thus 

-1-52 	
-/- 

which by using equation (5) reduces to 

R 	= R_ Rtsz (2z, Rilz+ 	(6) Zlz  

Solving this equation for s gives 

R — 1 	 Z Z 	 Z 	 R _ 2 
-6 s2" 	 Ziz 	Z 

Z3 4.  Zz, 
Zi ZI = FR { / — IL  2; 

z  zz  z, Z 
Z2. 
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which is a fourth degree equation in the variable 2/ . Although this 

/ 2 
equation has no simple solution it is interesting to note that 1:s 

and hence ;sp° 	is almost independent of i? for a large range 

of R provided Zi= R x 	and the parameter X is held constant . 

Substituting R2c  for Z, in the above equation gives 

R-1- R2x-t-21?1#x-(F?1-2x+20 -7) 
is 	 (7 

The parameter x will usually lie in the range /8  -4 X fr. //5 • 

-FA  
From the curves given in figure 6.5.-2 it is seen that -4 increases 

by less than 5% as, R varies from 1 to 12. Thus the matching 

frequency 'Fs  is determined by the parameter X . As x approaches 'A 
all the zeros coalesce at the centre frequency -Co  When all three 

zeros coincide at 71::, the transformer is maximally flat, For small 

values of R say R = 	with 6 <A 

R-1 = 6 
*61. 	tZ 

= 04- 6) X  + 20+6)-±÷x- (1+6)
/- 2.PC 
 -20+6 — 7. • 

if higher powers of E are 

neglected. It is seen that is  becomes infinite when gx=1 or 

= 	and consequently all three zeros come together at Co  

when X= 96 for values of R close to unity. when Z1. R /8 the 

binomial transformer is obtained. For large values of R all three 

zeros coalesce for a value of X slightly less than. Consequently 

the binomial transformer is maximally flat only for small values of R. 

The departure from maximum flatness at large values of R is however 
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c 4-jb + a ti b 	C-1- a. -f- 	b 
Substituting for a, b, and o in this relation gives 

= - Z;,„ _ 
1 

c-a 
• 
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small. 	It is obvious that a three section binomial transformer will 

have a greater bandwidth than the two section binomial transformer 

since it has one more zero at the centre frequency 

Dividing a, b, o, and d in the expression for Ziti  in equation (1) 

by 	21  Zz  23 	and using equations (3) and (5) it can be shown 

that 

	

d = 	s 	"t z ) i4/17ere Zs = 41- 4,-*Z3 

	

R 	2.z, 	z )-Ez 
1 _ z ifir, 

	

Zr 	Zri 

-t-jb 
Thus since Z1n  = it follows   that the reflection coefficient 

c÷ id 
r is given by 

a 
• 

fr12.=  z 	(R-oz 	6)  
(R4-/ - 	z)z 	- vie? (8)  

where W = (Z1  4. Y J 0* Z-1-z 	(I? + 	'6" and 

has been introduced in the numerator by means of equation (6). For 

any particular case the bandwidth curve can be obtained from this 

expression. For a given value of I? it can be shown that W and ZS  
are for all practical purposes constant for a range of DC from 1/8 to 

1/5, the actual variation being of the order of 1 or 2 per cent. Thus 

if a bandwidth curve for a given R and for x= 	say, is plotted, 
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from the first curve by multiplying by 

-6 2 
e 	l- / sz 

a suitable factor 

i.e. 

99. 

then the corresponding curve for any other value of X can be scaled 

• 
2  z itsz  

Typical bandwidth curves which are obtainable are illustrated in 

figures 6.5.-3 and 6.5.-4. 	It is seen that bandwidth increases of 

50% or more are obtainable. 

6.6. H-Plane Dielectric  Step Transformers in a Rectangular Waveguide. 

The asymmetrical dielectric step is not very suitable as a 

matching transformer since it excites the second order ki02  mode 

which can propagate in the dielectric filled guide. Furthermore there 

exists a considerable junction reactance which complicates the design 

of a quarter-crave transformer. It was shown in chapter 4 that the 
junction reactance for a symmetrical step is very small and since it 

excites only the odd order gori modes it is much more suitable for use 

as a matching section. 

The behaviour of such quarter-wave transformers departs from the 

ideal case since the impedance and phase velocity of each section 

varies with the frequency. However the ratio of the impedance and phase 

velocity of any one section to that of any other section remains 

essentially condant and the overall behaviour is very similar to that 

of an ideal transformer. The ideal transformer will be taken as a 

transformer for which the normalized impedance of all sections remains 

constant at their values for the design wavelength 	o and for which 

the phase shift across any section t11.1  is given by 411"71- 7v  " >,9 	
at 

ez. 
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the wavelength )\ 	The following notation is used s 

	

= 	free space wavelength at the design frequency -11.0  

	

= 	free space wavelength at any frequency 

›190-= empty guide wavelength at the frequency 'Fol  

›\g = empty guide wavelength at any frequency ; 

)\no= wavelength in section Int  at the frequency 47. 7  
h = wavelength in section tn.' at any frequency •P . 

The impedanoe of any section is taken proportional to the wavelength 

in that seotion. Thus for the ideal transformer the normalized 
tio  

impedances are assumed to remain constant at the value 5,7;; . The 

thickness of any section is determined by a solution of the eigenvalue 

equations given in chapter four, section 3, once the required impedance 

and hence the wavelength has been decided on. Thus 

AfixetAt =Ji tr aGi,ki cc and 

z 4 	2 2- 	A 2. s 2 n Tr 
( 	n 	) =A% -Ae, = KA)  67.6/ 

where -t!' is half the thickness of the section and20!= 0--;lt" and 

fl() is the required wavelength. 

A series of quarter wave transformers designed according to the above 

principles where made to match an empty guide to a completely filled 

guide filled with a lossless dielectric of dielectric constant 2.47. 

It was found that the calculated values of reflection coefficients and 

the measured values agreed closely. The theoretical value of the 

reflection coefficient was calculated using conventional transmission 

line theory and the appropriate values of Z n  and X 
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In table 6.6.-1 are given the calculated values of the various 

parameters and the theoretical value of the modulus of the reflection 

coefficient for a single step quarter-wave transformer. Table 6.6.-2 

gives the measured values of the reflection coefficient. 

Table 6.6.-1 

aixo  = . 53 5 	K = 2. 471  
.3qc....,. 

_i_ T 
2:54,.,, 

1 
R z 

fertOt of ..s4ep = 	11/0/4  
T+1 

I -I - 
.72714.- 
cam 

°A >\ 9 c,,,. )\ i 	,.....,. R 7, e 
e(ideft/ 
tra,ts•) 

.6 7- 5-ci z/-  V .422 .635 • 23 . 2 041  

• 65 6- ii 41. /5" . 466 .6 79 .16-  . /51/ 

. 7 5.181  3.6? .5-02  .7/0 . 095 • /03 

.75 it 55 3.29 .5241 .72# . 0412 . 0 5/ 

6. /ADS 2.99 . 539 .731/  0 0 

. 85 3. 69 2.73 .555 .74/0 .0172 . 05 

-9 3.40 2.5# .565 .74/6 . 050 .097 

.95 3. / 5 2.36 . 575 .750 • 1/2  . /z/ 

/ 2.93 2.2 0 ..5-s2 . 753 • 1412 . /77 

Table 6.6.-2 

a /., 
/ " . 7 .725 .75 .775 . 125 .15 	.7/25 .7375 .7625 .g375 

Ex. e  . 096 .07 . 0441 . 02 . 02 . 04-5 .Of • 038 • 03 - 034 
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In figure 6.6.-1 are plotted the two theoretical bandwidth curves 

and the experimental points. It is seen that the behaviour is very 

close to that of an ideal transformer. For all practical purposes a 

design based on the ideal model is adequate, in fact it gives a rather 

conservative design. The reason why an ideal transformer has a 

slightly larger reflection coefficient is that the wavelength in the 

matching section tends to remain closer to a quarter-wave length than 

that given by Z1 49 	 withZ1fixed. This is caused by the wave-

length in the empty guide being more susceptible to a change of frequency 

than the wavelength in a partially filled guide is. The bandwidth 

curve is not symmetrical since for values of > approaching 20. out-

off is approached in the empty guide and the reflection coefficient 

rises rapidly. For small values of )\ the reflection coefficient 

approaches the value due to reflection from the dielectric interface 

only. For small values of )'‘ the guide wavelength approaches free 

space wavelength and consequently the reflection coefficient is 

atYmptotic toP1+1 	where \ is the index of refraction defined 

as 1/;i--  . For PC= 2-47 	this asymptotic value is .223. The same 

type of behaviour is characteristic of the multi-section transformers. 

The effect of higher order modes that may propagate has been neglected. 

The first of these modes to propagate is the H63 mode in the completely 
/3702. /zit 1Z 

filled guide. Thus when •71-. ) 	a ) 
H03 mode will propagate. 

Table 6.6.-3 gives the calculated values of the parameters for a 

two section binomial transformer, while table 6.0.-4 gives the measured 

values of the modulus of the reflection coefficient. The impedancesof 

a 
or -5,- - 	= .955 the 
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• 

the binomial transformer at the design frequency 40  were chosen to 
obey the following relations 

Z i = R ; Zz = R 

The theoretical bandwidth curves and experimental points are plotted 

in figure 6.6.-2 

Table 6.6 -3 

a = - 8 	a.= 2. 54- &I-rt., 	k = 2.47 3.--, 	) 
1.. 1  = . 87 5 c.,-A. . 	L i = . 6 4 Z cv,s. 
2, -4 = . /62 c..rn.. 	2 -67,. = . 76 corn. 

I. t  , 
.1 
a 
-i 

L  i 	i ' 
iii 2.-41z, 	zz  

1 

(16 >s 9 	c...,„,. R 7, Z2 V 
e( 
fp.a.r.s.) 

. 6 7.59 .1/22 .796 . 5/5 . //a . /38 

.65 6.11 .x/66 . S26 .562 .076 .07g 

.7 5./8 .502 .11/3  . 597 .032 . 034 

.75-  4.55 .524 .8 '5'0 . 6 /5 . 0 og . Do g3 

.8 140g .539 .851 . 630 0 0 
.g5 3.69 . 56-5 . 862 . 6'/3 .007 . 00 8 

. 9 .3.z/0 .565 .866 .‘5-2 .023 .030 
. 95 3./5 .575-  • 170 .659 .0'15 . 062 

1 2.93 .582 . 173 . 665-  . 074 .10 3 

Table 6.6.-4 
ah% . 7 .. 7/ . 72. . 73 . 74 . 75 
Ex. e . 034_ . 026 .024 .014 .010 .010 
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Tables 6.6.-5 and 6.6.-6 give the corresponding data for a two 

section linear transformer. The impedances of an 'IN! section linear 

transformer are chosen to obey the linear relation Zh = 	 a» where 

is a constant chosen so that a perfect match is obtained at -r= 10 - 

The input impedance Wn  at any section is then WM = 	h  

The theoretical bandwidth curve and experimental points are given in 

figure 6.6.-3. 

Table 6.6.-5 

%a =  .8, a =.2.3-4 c.m. 102.47,' T a. 
Lt 	Li  I 

R 
i 1 =, 	z2  L, = . 20.5" c..... Lz.. 59/x. i 1 1 

.2i, =.27c......... 	Zliz = 1/6c."...,.. Zvi = I-ol Yil  0( = . 2,4 
a 0% z, zZ R e 
. 6 .706 . 46 .422 . /9/ 

.6.5" .746 . 507 . 4/66 . //.5- 

.7 .77 .544 . 502 .. 063 

.75 -77 .563 .524 . 028 

. 8 .79 .58 .534- 0 

. S5 .795 . 59 . 555 . 0278 

-9 •So . 60/ . 565 . 053 

. 95 .803 • 609 .575 . 0 8 

I - 806 . 6/7 • 582 . /03 

Table 6.6.-6 
a  b% .70 .7/ . 72 .73 . 74 . 75 . 76 . 84 . 85- 

EX. ' .o66 . osz . o s . 04. .032 .03 .024 . 022 . 03 
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former and a four section linear transformer. 

Z = 0-  / binomial transformer were chosen as 

23 = 0-00 	Z4  = 0-0( 
/#4—+6 	 )/1-44-64-4 

108. 

In figure 6.6.-4 are plotted the bandwidth curves for the above 

three transformers. The two step linear transformer is seen to offer 

very little improvement over the single step transformer. The 

binomial transformer has a considerably wider bandwidth and is also 

maximally flat. Furthermore since the binomial transformer departs 

very little from the ideal transformer it follows that the optimum 

bandwidth design given in section 6.4. can be applied directly to the 

design of a two section matching transformer to match an empty guide 

to a completely filled guide. 

The final two tables 6.6.-7 and 6.6.-8 give the calculated 

theoretical reflection coefficients for a four section binomial trans- 

The impedance of the 
/4-4 

Zz = 00 

R=
1+4+6+4 + I 

Table 6.6.-7 

L i = 	. f  i g I c~i. 	2  f  r = 	• 0.31c....... 	a = 2. 54. 4., 

La= 	. 84 e".... 	2 t z = 	.2/3c.,... 	K=2.47 
L3 = .665 	..... 	2'63 = 	. 65 c•-•—. 	_ELL 	=. S LI  
1_,+  = . 571 c....... 	2 .6 4 = I. 516,4n.. 	?%° 

a. 
1 

2.1. 	R 1 z , 	zz 	Z3  

Lz I  L3  I  i Li 

a l?* Z i  Z z  Z 3  Z4  R ? 	. 
. 	e. . 94 6-  • 75 ..542 .442 . #21 .044 
.65 .94'9 .783 .590 .488 .466 . oz z 
. 7 . 953 .806 .6 2 0 . 523 .502 . 01 
.75 .95-9 . 8/4 .638 .543 .524 .003 
..8 

.96Z .724 .654 .560 • -539 o 
.35 

. 964 • 829 • '665-  .572  556-  - .col 
.946 • 834 . 673 . 522 . 565 . 004  

.95 .967 . 837 .6 80 .591 •57-5  .0/2  
/ • 968 . 3#0  • 685 .599 • 532 .025 
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Table 6.6.-8 

L,. 	.915 e.,,,„... 	214,= 	• //e........ 	a-2.54.1,...,
"
1  

Lz  = .$16c,„. 	Zi..= 	. 25-"‘ 	a  
5:. 

1  La 	L3 	L1 _ 	1 T a. 
1 

R 
1 

, 

, 2,. 	z3 	Z4  — .g 	j z, - 
L3  = 	7/ 14 c.... • 	z #3 • 4 8  c''''''. 

, 	t i —..t. . 	. 	= 
1-4. 1:  • 5-  Iti c."••••• 	24= an, 	c4=.1, K=2. ,47, Z,..,=1- 

6 c.......s. 
a4 z, zz_ z3  Z.4. F? e 

.6 . 252 .720 .591 . 1/ 6 0 .4'22 .1/5 

.65 . 8 70 .758 .61/2  .508 . 1/66 • Or25  

.7 • 885 .780 . 673 . 54'3 . 502. . 05-5" 

.75-  • 8 92 , 790 .69 . 56,2 .524 .028 

.8 .90 .go .70 .58 .539 0 
• 85 .903 .306 .7og .59/ .55'5 . 02Y 

. 9 .9 05 . F/0 .7/4  . 60/ .565 .01/36 

.95 .9 03 .8/# .7/9 . 609 .575 . 055 
1 .91 .317 . 723 . 6 /7 . 532 . 06Z 

The theoretical bandwidth curves are plotted in figure 6.6.-5. 

The binomial transformer has a very wide bandwidth the reflection 

being below .01 for )\ ranging from 2.7 to 3.6 cm. The linear four 

section transformer is no better than the two section binomial trans-

former. 
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cHAPThe 7. 

FREE SPACE MAUCH1RO SECTION : 

7.1. Theoretical Solution : 

The reflection coefficient for a plane dielectric interface is 

Y1+I where Yk is the index of refraction. For a dielectric 

constant of 2.56, )1(= 1.6 and 5.3 of the incident energy is 

reflected. 	By the simple procedure of slotting the interface a 

quarter-wave section can be produced that will match a dielectric 

interface to free space. The type of matching section to be considered 

is illustrated in figure 7.1-1. The electric field is assumed to be 

polarized parallel to the slots. 

Fig. 7.1-1 

For the T.E. waves being considered there are two possible 

solutions 

(1) Ey  antisymmetrical about X=0 with a zero average 

electric field over the aperture. 



At x = 2.- ct y must vanish ) 01. 
conditions at X= ±-4- gives 

Arc „cod, 	f = 

AL& 

and hence 

112. 

(2) EtJ 	symmetrical about X = 0 with a non-zero average 

electric field over the aperture. 

Solution one is discarded since it cannot be related to the 

incident plane T.E.M. wave. For the second solution it is easy to 

see that magnetic walls can be placed at X= 0, ± Q. since 

zero at these points. The boundary conditions are Hj= at X= 0,± 

and H3. and 	continuous at 

Ely = e- 

cAfiu Hz = - Po  Ey  

D. 
In the dielectric section 

	A r 	the fields are 

E 3 = 	y, 	z 
OF&  

= 

6), 	j, 	A nt 	-41;re...4 X e 
_ 

where linz= 	K40 = 	. 
In the section A z  the corresponding fields are 

E y 	= 	C fr.) _,co-cu 	x 	) 
.0 	

- Yr) 

Ey 

.7.  wit H = a, 	 x  91  e— r) 3.- 

64 	a The continuity 

	

C ./Cfroo 	et) 

= en 1,1,4ti-re _A, 6&-a).  

Let the incident wave be 

r;  



,c era,  n,1.  
OL. 

ro z  Z 
= 

P 

0. 
i 

and 

113. 

Dividing one equation by the other gives 

— 4,7 	n S where 5 = a-t. 
Z 

This transcendental equation together with the relation 

DD  z 	A 2. 	 pp  
AC,4To determines the wave numbers -I. c 

l  The constant Cn is given as Cr? 1-471a7e.44cAkaiyhe solution in the 

Slotted section is therefore as follows : 

c4 -) 	/ 

I  

2— A n ..cAtca 	e
_q. 
	ix) K- -6. 

ao 

= E An Pr Fh (7-) e-l" 3' where RI is a 

normalization constant. 

H 

At the aperture there will be a reflected T.E.M. wave given by 

= R e r°  , 	c.?".4 Hx = ro Re r;  

where R is the complex reflection coefficient. The higher order 

modes excited are given by 
00 

E = 
 EDn ,cara. nnx  

CL e 
co, 

where Phz= ("i)Z—A02  and 

,cAnan-e" 

xAmif" 	s  "4411.'kr, (a-4 e ° e./x/_44÷2s, 

= — ••An 	Fr, 42)'"3:/t.i.gel-e A vs--4 IF. A 1^1 

CO 

The functions q2 	will be defined as 

	

z/q .e...ent, • n x 	-PO h• 
a. 

for 	YI = 0 . 

n > 0 J  

Carrying out a similar procedure to that used in the waveguide problems 



R - 11 — 

S 

and 

R. h., 

114. 

the following variational expression is obtained for the junction 
oo 	 co 	oo 

admittance 	
00 

L Pp, DPI ph ÷ 	kr; X R Yr) > /?h," D 

I 4- R 	 r,  D D 0 0 0 

The factors Rhrel are defined by 

= 

f a. 

R )1 ni 	On rx) F;,,,rx) c f,., j h  ?.. 0, ).y. ) a 1  , 
0 

&VI are given by 

al 	SIPT  

-1),, * P71  

-ai.n. n (AS " S-7-6)  

L "ik, --- 'az' 

   

(I-  	 .drip 171I, 

   

1/a 

 

(-11P7 a"  ) -t" 4- 
+.1 tt lr  

s  4- rmia-,1: ) 

17:11).1  

The normalization constants Fi'7, are given by 

2 
2  -I)m 	.caccz.,k „,S 

It is desirable that all the higher order modes in the free 

space region and the solid dielectric region should be attenuated. If 

some of these modes propagate they will have a considerable effect on 

the input impedance to the section since part of the transmitted and 

reflected power will be carried by these higher order modes. 
2 Y1111 2  L 2' 	 z /n7r)2 

Now 1 	
r 

7 —.."X 4.— / 	o in the free space region and 1h k 	— "AK 0 

in the solid dielectric region. The latter condition is the more 
7T 	X 0 

	

severe of the two and hence tce must be chosen so that a < 	r— = z .0-Tc 



The following energy integral will be minimized, 

O 

N 
ri rn;T; U.61 ' 0(,,-cPrI)2/3,z,  

12g 
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for all values of X e, that are being considered. For the first 

propagating mode in the slotted section A t  is imaginary andji  twnJct 

	

tVItil (s, L ettelt, At -- y,(t) and  Lk, rtaAt14. 	= yza) where 

5= a.-t. 	Now 	 t. and 01 yz= -/A,/!..i.e4 4/-kds • 

	

dt 	 cit 
The tyro derivatives do not change signs and hence the functions y, (Li-) 

and y2. ) are monotomioally increasing functions and it follows 

that if a solution for 	i = yz exists only one such solution is 

possible. Such a solution does exist and consequently for some 

appropriate value of t the wave impedance in the slotted section is 

the geometric mean of the free spabe and solid dielectric wave 

impedances and a quarter-wave matching seotion can be obtained. 

7.2. Numerical Work : 

For a mid-band wavelength 11.,=/0 cm. and a bandwidth of # 2 cm. 
>t
' 
-2 

the value of 1c2 must be less than ifR- Z.5¢ for g= 2 .47 . 

value of 42.= 2 cm. is chosen as being suitable. The solution for a 

typical example will be obtained by an application of the Ritz method. 

The approximate fields in the slotted section will be taken as 

	

E z:  	n 
0 

= 	(7( h ry" On 

/V 	d 0.1 
E o(hp uCx 0 yw 1/= 

a. N 	
)Z + 	( E ywn  ;$ 1,1  ) ctx  

° 

  

where 
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By using a tea term approximation (N=1) the following result is 

obtained, 
z 	z

,a1,, 
	 ) 

ko(ohi -~ 	 j 2. 
Pri :ix 	i 	+ z cx op-, 	7r a— 

Zr) 	
Z 	 et. 

of y 	÷ 	ryi 	AA;Pt Z = fk 	c4 2 a- Q 	( orr~ 	e(orn c(irn 4-,,u;r7r± 

2 - _, 	-t 
1 hi —a— 

z, 
ry, 277r 	) 1 

Setting the partial derivativ'eswith respect to 06,1mequal to zero 

gives 
457 	 7(4. K— c<0,, + K 	. 	4-iger„ a - 0(10., 7-1-..-.441 Fa- 1= 0 

7t 	z  . 
13 • r4im qim al- 	" 	-FcAbtt Zt" ÷ e(tin et- + Ke<irn irn-44t2-71.- 

a.- 
oo rrt 7r ....az4t "rt • -f- 	en a. 	- 	m z-rc „Iti,pt. 2.7r F. a 

= 0 

which can be simplified to give 
.6 -1 

c1( 0 Yr% I. 	(M-1 0 2 -S je — 12 	 "Ir 	= 0 

1]÷ 15—°(% 	az 	2(14— a 	0 ± 	24—i) —2Atiott2 

Now let . 

X = j(K 	1.1)02 

X = 	(K - 	,di-rt. 7r 

)(3 = (K- 1) --;-ot "cri,rt. 27r 

 

0. 

2. 
and then 	4om tPrn — -Xi) 	c< )1-, -)C = 0 

 

	

P 2- 	7T z (Korn )C 	c:41111 	tyl 	I .X3 = 0. 

The vanishing of the determinant of the coefficients o(Il yn gives the 

first two values of /61 	thus 



-n-4  01 2 _ 	 -"a-/ 
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-irz 
(2Y I ÷ X3 - al  

z ) 2.42 	x + 	) 

Table 7.2.-1 gives the calculated values of /8m , 	and the 

other data for the example being worked out in detail. 

Table 7.2.-1 

?10 :: /04,14., 	a. = 2 [nit., 	't = • 69 c....n.:, 	k--= 2.4/7, jet  .39.5" 

Xi = .595 2  /3/  .6/9 d0,-.995 P= /.527 

Xz - .1631 p2  . -.1. g 19 0(11= .0953 P„ .... 1.1/6  

X3  = . 0763 it = J. 7S5 0(oz= —. 0 953 

-c7t-liz  = 2.1/67 )12,-- /. 34/5-  o(tz  = .995 

I 	-, J. 629 Rol  = . 995 

/7 = 1.41/ RI, = . 097 

17/  --:. -599 Roz= -.094 

A=../.47...? R,z .-_- 	.qq‘ 

These values of 	are within .1 of the correct values as calculated 

from the transcendental equation given earlier. The /gm are substi—

tuted back into the set of homogenous equations and the ofrmare solved 

for subject to the conditions that 

0( 01 i- 0(11  = I i  
z 

0(02 	0(11. 	1  . 
These values of a rm 

	are given in table 7.2.-1 and are seen to 

be very close to the corresponding values Rwen . The variational 

expression for the junction adrittanoe l is now 	I 
	

r, 44. 
rinDh ci„..fr  + E. Y E a h rt.% DP% 	14  vwel "rt / - R   	0 	 hi.' .„ ME 	p..0 	. 

I+ R 	 ro  Do  Do* 
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The partial derivatives with respect to 1.1  
,

r) are set equal to zero 

and the resulting equations solved for D n . Using a two term 

approximation to the aperture field the following result was obtained, 

11- R = I. 2 5" 	00 65 . 

Now 1.25 and it is seen that the slotted section acts 

like an ideal transformer of turns ratio ro  and with a negligible 

junction reactance. This is to be expected since the first mode 

in the slotted section is almost plane (see figure 7.2-1) and hence 

the amplitude of the higher order modes that are excited is small 

and they store a negligible amount of reactive energy. 

V- 

  

 

 

  

  

0 	1t 

   

Fig. 7.2-1  

As the period 2 a is made smaller the first mode to propagate in the 

slotted section becomes closer to a plane wave and the junction react—

ance decreases. 

7.3. Experimental  tlork 

A matching section was constructed from polystyrene of dielectric 

constant 2.56 and its properties measured on a 10 an. strip transmission 

line. The overall length of the specimen was 50 cm., the thickness 

of each air slot was 2.64 cm., the thickness of each dielectric section 
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was 1.36 cm., and the length was 1.98 cm. The wavelength in the 

slotted section was 7.92 cm., for a free space wavelength of 10 cm. 

Table 7.3.-1 gives the theoretical and experimental values of the 

reflection coefficient. 

Table 7.3.-1 

‘e.b% .77 .835" .9/ .92C .944 .96/ . 98 / 1.02 1.01// /062 1087 1.1/ /.25 / 1/3  

?‘ 13 	iz II 10.8 /0.6 10.4 /0.2 io 9.1 9. 6 9. 1/ 9. 2 9 ir 	7  

Th. e .0S5.063 .035 .028 .022 .0/1/ .007 0 .0/ .02/ .03/ .0"// .0S/ ./03 .154( 

Ex. e . 09 . 037 . 018 .0/6 .010 .0/5 .02? . 01/0 .04'8 

Z, .794- .792 .777 

The theoretical bandwidth curve and experimental points are 

plotted in figure 7.3-1. The experimental points seem to indicate 

that the matching frequency is at approximately 9.9 cm., rather than 
10 cm. This is probably due to the fact that the wave in the strip 

transmission line is closer to a waveguide mode than to a pure T.E.M. 

wave. 	For instance with a z 6 ?%o  the wavelength in the line is 

about / longer than free space wavelength. This discrepancy would 

shift the theoretical curve along the wavelength axis so that the 

matching wavelength would fall approximately at 9.95 cm., and a 

better overall agreement with the experimental points would be ob—

tained. Such a matching section reduces the energy reflection coeff—

icient from 5.32, to ip over a bandwidth of 6 cm. i.e. 7N from 

8 to 14 cm. 

When the eledtric field is polarized perpendicular to the slots, 

the following transcendental equation is obtained for determining the 
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wave numbers 	and 1,„ 	,1 	= — 	.t a..K s 
This equation does not have a simultaneous solution with 

7K 4.4#14 which is the eigenvalue equation appropriate to the previous 
case. Thus a matching section designed for one polarization will 

not work for the other polarization. However by choosing a thickness 

of slot that is the average of that required for the two polarizations 

a matching section that gives quite good overall performance for both 

polarizations can be obtained. Thus for parallel polarization the 

correct value of Z-6 is 1.36 cm. and the length is 1.98 cm. For per—

pendicular polarization 211. should equal 2.14 cm. andl= 1.98 cm. The 

section is therefore constructed with a value of 2.4- equal to 1.75 cm. 

and a length equal to 1.98 cm. The theoretical values of f7 for the 

trio polfirizations are given in table 7.3-2. 	The subscript '1/1  denotes 

vertical or parallel polarization while IHI  denotes horizontal or 

perpendicular polarization. It has been assumed that the junction 

reactance is negligible for perpendicular polarization also. 

These theoretical bandwidth curves are plotted in figure 7,3-2. 

Although a perfect match is never attained the power reflection coeff—

icient over a band from 8 to 13 cm. is still below 1.4% and the 

overall performance over the total band is essentially just as good as 

for the matching section designed for one polarization only. For wider 

bandwidth applications multi—section quarter—wave transformers can be 

constructed. Such matching sections can be used for matching a 

dielectric microwave lens surface to free space. The technique is the 

equivalent of lens blooming used in optics. For such applications it 

is essential that no higher order modes propagate since they would 

increase the side lobe level of the radiation pattern and any gain in 
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power obtained by matching would be offset by the poorer directivity 

of the main beam and loss of power in the side lobes. 

. Table 7.3-2. 

ev PH iN c-vv%. '7% "/T tll'"- AIII 64.11g/141 

13 .77 3.25 2. /9' . 0 Xel_1" . //I 

/.2.5 . $0  3.92 2 . 4/9 .076 . /02 

/2 . 833 5. /2 2. 2'9 .067/ . 091/ 

11.s . 8 7 7.54 3.419 .059 .081/5 

I1 .91 /4.57 zi. 4/55.  . 052S . 075.5 

10.5 .952 6.32 .0.501 .067 

10 / - /2. 29 //.63 . 0537 .0598 

9.5 1. 052 - 5. 85 /72 . 0 635 . 0565 

9 I. // -3.67 -/2.6 . 0785 . 05941 

8.5 4/78 -2.53 -5.52 . 0 9?5 .0697 

g / 2 5 -A 85 -3.386 . /2 .0859 

75 I. 333 - 1.36 - .2.306 . ///e/ . /07 

7 /. 1/3 - .929  - 1. 63 . /7 . 132 
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METER 8. 

A Rectangular aave Guide Phase Changer. 

8.1. Theory : 

During this work on dielectric discontinuities in waveguidesit 

was noticed that the sum of the propagation constants of an empty and a 

completely filled guide was less than the sum of the propagation 

constants for a guide with a dielectric strip in the centre and a guide 

with two dielectric strips along the sides. 	It was realised that this 

property could be utilized for the purpose of producing a phase shift 

throughout the guide by displacing the central dielectric strip longitud—

inally with respect to the two side strips which are kept fixed. with 

reference to figure 8.1-1 

Fig. 8.1-1  

it is found that Pc +Ps > PD  ÷189 • 
	In a 3 cm. raveguide and a 

dielectric constant of 2.54 this difference is of the order of .40 

radians per em. Let this difference be called cn thus pc +Ps -pp-A= 
$. 	Now when the central strip is displaced longitudinally by an 

amount ;c cm., the effect is to lengthen the lines 1 and 3 and to 

shorten the line 2 and the empty wave guide length all by this same 

amount 2c 	. Thus it is readily seen that a phase shift of x4 
radians is produced. The outstanding feature of this type of phase 
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changer is its linear characteristics, the phase shift being directly 

proportional to the displacement. Furthermore if the ends of the diel—

ectric strips can be matched at a given frequency, they are matched 

for all settings of the phase changer at this frequency. For values of 

dielectric constant larger than 2.54, the phase shift produced per om. 

of movement is greater. Typical values that oan be obtained are shown 

in figure 8.1-2. 	It is essential to use a dielectric constant less 

than the value that will allow the i-10,3  mode to propagate. The Hoz 

mode will not be excited by the structure since it is symmetrical. Also 

from figure 8.1-2 it can be seen that a maximum phase shift is produced 

when the central dielectric strip is between a quarter and a third of 

the guide width 'a'. This thickness is to the first approximation 

independent of the dielectric constant of the material. 

It will be shown that maximum phase shift is obtained when Pc=ps. 

The dielectric strips can be matched by quarter wave transformers 

designed according to the principles given in chapter 6. If a standing 

wave ratio of less than 1.05 is to be maintained over the desired 

band then the maximum value of the reflection coefficient for the whole 

structure must not exceed .025. Since there are four discontinuities 

and the reflected waves from these four discontinuities are almost 

certain to add in phase for some particular setting of the phase changer 

it follows that each discontinuity must be matched BO as not to produce 
. 025 

a reflection coefficient greater tlan 	4 	or . 006 	. This is 

quite a severe matching condition and it is obvious that a two or throe 

section transformer will be required if a large bandwidth is to be 

obtained. 



It was shown at the end of chapter four that ,9 s and /3  c 

given to within a few per cent by the following expressions, 

c P 2  - o  2 
	

a of 
	z ol 	K- I 	± 71* 

1 K 	 + 	4" --1--41' 2' a r (1) 

Ps  
P 

z [ 2,-i- 	2 d -a- + = 	 a  
K - I 	'K a  
7r 	.0411/11. A. it i; 	(2) 

where Z f is the thickness of the centre dielectric strip and 0/= a- 21!'.  
z 

Although these expressions are not suitable for calculating the phase 

shift produced per cm. of displacement they are of great value in 

analysing the overall behaviour of the phase changer. The phase shift 

produced is a second order quantity and a small error in pc  or Ps
produces a much larger error in the calculated phase shift per cm. 

tThen the above two equations are added it is seen that 

2  / 	2_ 7r 

	

Pc +Ps =,o 11<÷i) 	a z 	constant. 

To maximize the phase shift per cm. it suffices to maximize Pc-t.Ps 
subject to the condition that fic2+f S = Constant. By elementary 

calculus it is easily shown that the maximum value is obtained if 

#c =PS 	Substituting these values of Pc and Ps into 

equations (1) and (2) and equating the two equations gives 

	

11* 	-e- 	'T 

	

7ir ic 	2: 11-  51.7 	= 

for the value of 2 t that maximizes the phase shift. It is seen 

that this relation is independent of the dielectric constant. The 

proportion of the waveguide width occupied by the centre strip is the 

only parameter that fixes the maximum phase shift. The solution to the 

127. 

are 
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zt 
above equation is — a = .265 which is slightly more than 1/1. of the 

guide width. However this thickness is not critical and a value of 

2.1" 	
from 	.26 to .32 is quite suitable. Actual calculation shows 

that the above theory is quite closely approximated. 

Ebvement of the central dielectric strip can be obtained by cutting 

a longitudinal slot in the centre of the broad face of the guide and 

cementing a short dielectric tongue to the centre dielectric strip, this 

tongue protruding up through the slot and being fastened to some type  

of mechanical drive. Although such a slot if it is centrally located 

and narrow in comparison to the guide width does not out any current 

flow lines it can still produce some undesirable effects in the linear 

characteristics of the phase changer. 	The phase shift produced is a 

second order quantity and a small perturbation of the guide wavelength 

in any one section will produce a considerably larger percentage 

change in the phase shift per cm. However by a proper design this 

effect can be made negligible. 

8.2. Errors : 

If the four discontinuities are perfectly matched then the linear 

characteristics of the phase °hangar can be destroyed only by variation 

in the dielectric constant throughout the strips, non—parallelism of 

the strips or by the effect of the slot. The first of these can be 

quite safely dismissed at once since present day manufacturing technique 

ensures that the dielectric constant of a given sample remains essentially 

uniform throughout the sample. 
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The variation in any of the propagation factors due to variation in 

the dimensions of the centre or side strips can be determined by differ-

entiating the appropriate expressions for the propagation constants 

with respect to the transverse dimensions of the strips. For an example 

consider a variation of ± .01 cm. in the thickness of the centre 

dielectric strip. 	Prom equation (1) it is seen that 
Cl  / + ..c4fro, 71.  ) 2 Si" 

2/3c  a 
2t 

For 	= 2.56, AZ' 3.75, pc = 2.26, pp 2.76, Q = 0265, 

$= 	.40 rad./cm. 	and 2 Si =';01 cm. the change in Pc is slightly 

less than .01 and hence the change in P  is of the order of 22 per cent. 

If this change in thickness occurs in the region where the centre strip 

is moving between the two side strips then the effect on the linear 

characteristics is very small since the aecrerlse in pc  is almost 

completely neutralized by the decrease in /3 D  • The actual change 

in /3  , with gap thickness SS = .005 as illustrated in figure 8.2-1 is 

Hound to be 

f3D = 

Fig. 8.2-1  
Q2, 2 z 

(K -1 )-Mo i ÷  ,c4ne, 7r÷ )SS =70082 a. Po a 

by an application of the Ritz method similar to that used to obtain 

equations (1) and (2). The net residual change is of the order of 21 
in the phase shift produced per cm. At any rate by careful machining 
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the tolerance on the transverse dimensions can be kept to within 

II: .003 cm., so this type of error can be made negligible. 

The perturbation in the guide wavelength due to a covered slot can 

be calculated by considering propagation along the transverse axis of 

the waveguide. At the cutoff frequency the problem reduces to that of 

an equivalent parallel plate trnnsmission line with a change in height. 

Consider a slotted waveguide as in figure 8.2-2. 

Fig. 8.2-2. 

The equivalent circuit consists of two lengths of transmission line 

with characteristic admittance inversely proportional to the guide 

height and a capacitive susoeptance at the junction. The junction 

susoeptance is given by 

b x { 	1,4 2( .< (c' "( -1  
— 71. 2 	4-0( 	- 

Yz 
where and Ax 97 	b +t 	 is the transverse wtve 

number, (see section 6.16 of reference 1.5). For the usual thickness 

of guide wall the junction susoeptance can be neglected. The value 

of Az is found from the condition that the admittance at the centre 

	

of the guide must be zero. 	Neglecting the junction susoeptance this 

b 

condition is found to be 

C-0"1" 	"1" 	tot- 
b 	 t2-71 Afx Jz 



or 
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If 	12  <4.,1/ 	this equation can be approximated by 

)x201 	= z 6+t 
	

The perturbed propagntion constant /33  is 

obtained from the eigenvalue equation 13; 402.—jx2.  Similar 

techniques may be used when the guide is partially filled with a 

dielectric. In this ease the transverse wave number is different in 

the two sections but are related through the condition that the propa— 

gation constant along the 	axis must be the same over the guide 

cross section. 

8.1-3.  A Working  bbdel. 

One model was constructed witha3/32" slot in a.9" x.4" American 

guide. This slot was centred longitudinally along the guide and a 

brass slide covered the slot on top• along the length of the moving 

dielectric strip. The centre dielectric strip moved in the slotted 

section for the first half of the range and in the unslotted waveguide 

for the last half of the range. It was found that the phase shift 

produced per cm. of movement was about 55 less when the dielectric strip 

moved in the slotted section compared to its value when it moved in the 

unslotted section. A theoretical calculation of the perturbation of 

the guide wavelength due to the covered slot indicated that the effect 

was due to the slot. Consequently a slightly modified model was built. 

This latter model had a 1/16" wide slot located at one end of the 

guide such that the centre dielectric strip moved in the slotted section 
be 

for the whole range of movement. A further improvement carAobtainedby 

cutting a longitudinal groove in the broad face of the guide and making 



the slide with a projecting tongue wish extends down into the groove. 

Making the groove approximately two thirds the thickness of the guide 

wall effectively reduces the thickness of the slot to one third of its 

former value. A drawing of the design followed (with the exception of 

the tongue and groove which was not made on either model) is included in 

this thesis. This model was found to give quite good overall performance. 

The standing wave ratio of the phase changer and the two choke couplings 

are plotted against phase changer setting for six different wavelengths 

in figure 8.3-1. Although a good match was never obtained the perforn-

ance remained quite constant over a band from 3.00 to 3.50 cm. Measure-

ments made on several choke couplings throughout the band showed that as a 

general rule they produced a standing wave ratio of the order of 1.01 

per coupling. 	in view of this it would seam reasonable to expect that 

the dielectric strips were matched to produce a voltage standing wave ratio 

of less than 1.03 in the vicinity of the design wavelength. No doubt 

the slot had some effect on the matching of the center dielectric strip. 

By making the slide with a projecting tongue as explained earlier and 

taking more care with the machining of the dielectric strips it is felt 

that a better match should be obtained. All the standing wave ratios 

were obtained from the width of the Wiessfloch curves which were plotted 

for every setting of the phase changer. 	At each frequency eleven curves 

were taken corresponding to one centimetre increments in the phase 
• 

changer setting. 

132. 
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If the phase changer and the two couplings are replaced by an equival-

ent circuit Consisting of two lengths of transnission line and an ideal 

transformer then it is readily seen that the displacement of the man 

centre of the VAessfloch curve of f31(10)- v.s p.7 1 	with phase 

changer setting gives the change in pin,-.se of the wave transmitted past 

the output coupling. 	The position of the short circuit is located a 

distance '1' from the reference plane in the output guide, While a field 

minimum is located a distance 'd' from the reference plane in the input 

guide. ' It was found that the maximum departure from linearity was less 

than 1
o over the whole band. The departure from linearity was probably 

due mainly to multiple reflections between the ends of the dielectric 

strips. 	The mean phase shift per cm. is given in table 8.3-1, below. 

This mean value was determined so that thV'smn of the errors over the 

total range was zero, i.e. =go /
33 (nd°-  CI)  

where 133  do is the mean phase shift per cm. and /33 is the measured 

total phase changes in the transmitted wave with reference to the initial 

setting of the phase changer n = o 	The mean phase shift produced was 

a few per cent below the theoretical value and was probably due to the 

effect of the slot. This model had a total range of 215°. If the 

dielectric strips were made 6 cm. longer a range of 360°  could be 

covered. This would increase the total length of the phase changer from 

36 an. to 48 cm. The use of a dielectric with a dielectric constant 

around 3 would reduce this overall length considerably. 
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)\0 = 3.00 Ae= 3.15 

2 4 6 8 /0 /2 2 4- 6 8 /0 /2 

2 4 6 8 /0 /2 2 4 6 8 10 12 

Table 8.3-1.  

X0 cm. 3. 00 3.15 3.25 3.35 	3.50 3.65 

8Q mcl. • .417 .3966 .378 .3745 .37/ .368 
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No=3 65 N0 =3.50 
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APPENDIX 1. 

A Note on Weissfloch's Method for Finding Equivalent Circuits. 

A general discontinuity in a waveguide can be represented at a 

single frequency by a four terminal network which requires no more than 

three parameters to determine it uniquely. There exists a variety of 

such equivalent circuits. An ideal transformer and two sections of 

transmission line is one form of equivalent circuit for a lossless 

structure that lends itself readily to analysis and also has a physical 

interpretation. Furthermore the parameters of this circuit can readily 

be determined by plotting the position of a field minimum in the input 

guide against the position of a movable short circuit in the output 

guide ,(A1.1, A1.2, A1.3). Since positions of field minima only are 

determined any error due to probe reactance, crystal characteristics and 

so forth are eliminated. 

The discontinuity and input and output guides are replaced by an 

ideal transformer of turns ratio 11:i and two lengths of transmission 

line X and y , of characteristic impedance Zx and 27y. respect—

ively. The impedances 27:x and 4 may be freely chosen. In the 

following analysis they are taken proportional to the usual impedances 

of the input and output guides, i.e. proportional to the guide wave—

lengths. The equivalent circuit now assumes the form illustrated in 

figure 1. 

The input impedance at section et-41.. 	is 

0. = 	42')1- ley (If' y ) . 
At section b-b 	the impedance looking to the right is n Z 
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Fig. 1. 

At a position of a field minimum the input impedance is zero and 

hence 
Z , 

13,c  (z.  - a' = - n 2  --2-;tivn fiv 0-ky), (1) 

Let 	n 2  
Zy  
2; = N z  and it follows at once that when Pi2  equals 

unity 

gx (x+ci) 133  (y+4= 	Dn.= n , (2)  

where G and D are integers. The plot of 13x d against Ply/ is 

a straight line of slope —1. In general the plot of Px dagrinst 

is an oscillatory curve about this line. The curve is periodic of 
d Pyi ,Le4 z .fix 	d)  period It. 	The slope of the curve is 	 
gxcl 

and is always negative. :Then 	d) = G 7C 	and g3(y44) 

the slope is /yz . 	When 	 G 7".  7 and By (9-4)= Dom— z 
the slope is —N 4  • The general type of curve obtained is 
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shown in figure 2. Jith reference to figure 2 the minimum slope is 

seen to occur at C and the maximum slope at D . At 13 and E the 

slope is —1 so 

N-aet P (y +I) = -t,sec fi=. (x.  d). (3) 

.Ten equations (1) and (7 ) are solved for N the result is 

TIN -1 = 	(14-y). 	(4) 

If the positive root is taken then Py0t•-y) = D7r —  21 	at C since 

the tangent function is negative when the angle decreases from a multiple 

of 7T  and is positive when the angle decreases from a multiple of 71- 

plus -a- 	In this case the angle Py 04-y) decreases when p (x+d) 

increases. It also follows that the slope at C is — N 2 	and 

hence N has a value less than unity. -vihen the negative root is 

taken then igyafy)= D 7r with the corresponding slope 	a4 

and consequently the value of N obtained will be greater than unity. 

Both roots lead to a correct equivalent circuit so it is immaterial 

which one is chosen. 

At A l  Py.,= Pyio 	 and Pxd= 113-x°10  . Also 

(94%.490) 	gx (X. -11-  d e  = 1.17C 

At By PX = /excl. 4- 215- 	and /53y2 1-:  PS20  +2 

where W is the weak to peak width of the curve measured in radians. It 

follows therefore that at B, 

rkr 
P (leg) Px(x-i-ci) =- PIT ÷ 1/-2—  • (5) 



Novr tc111'[ PY (,1÷Y) Rx 	d)] 	4%rt.  gY (it 	ta,n. 	(x÷ 

— py (f+y)t2,tpx (x-i-d) 

+- 	ta„ z 	 1/27 147 

	

N 	 after substituting 

from equation (5). 	Furthermore 

ta-n l'r  = Cee( a— zr  ) — 	/ — ttz,r12.(Tr  — Z:7.z- ) _ +  / — N 2. 
711- 	z 1-7-; - 	  

2 ta,n  ( 1-7cr  - 
2. 

 Ig---- ) Z 
If  the positive sign is taken then 	= 4...0.(3 izh 	

N 
N 	 4 and N 

is L:reater than unity. The negative sign gives N=t42,7 (141: i*).The 

two values of N obtainable are reciprocals of each other. 

At C, Py0c -FY) = DTt 	or Ow— ZS: z and )6(51c#x)= Gar or 

G Tr ÷ 	 The parameters X and y 	determine the character— 

istic planes which have the property that the impedance transformation 

from a characteristic plane in the input guide to a oharacteristic 

plane in the output guide is a real quantity. If the position of the 

short circuit and E min. is measured from these characteristic 

planes then the equivalent oirCuit reduces to an ideal transformer. The 

5- 

/ 

_,/ , 
new co—ordinates are a --.a+x and 	1-= • 

Sinoe the input reactance is proportional to the difference in 

the magnetic and electric energies stored at the discontinuity, 'X and 

can be interpreted as the lengths of transmission lines that store 

this equivalent energy. The characteristic planes are located by 

moving 	distance book in the guide such that the energy stored in 

those sections is equal to the negative of the energy stored at the 

discontinuity. 	Short circuits can be placed at the characteristic 

planes in the two guides and the cavity so formed is resonant at the 
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frequency for which the equivalent circuit was determined. 

The two circuits obtainable are duals of each other° The charact—

eristic planes of one are located a quarter of a wavelength from those 

of the other and the two turns ratios are reciprocals of one another. 

The one circuit can be derived from the other by using the properties 

of quarter wave transformers. That there should be two sets of charac—

teristic planes follows also from the consideration of the general 

bilinear transformation which has two invariant points (A1.3) 

When the width 2," is very small it is more convenient to plot py-ti-

I3x d against px d since this removes the slope cf the mean centre 

of the curve. The new width VT is equal to 15: Str and hence 

N= 	(4 -  4 ) 
The curve is asymmetrical and the pealcoccurs closer to D than to 

C 	Since 	Px(2'44= ±M = 	(71 	) it follows that Sa- (x40) 

-11:4-"14) -41" n 	Take Px(r+d) q.-21 	and then since I3x (x+dc)= G-7V 

at C, fax 	:144 	. 	If 13.x (c-s-cic)= G--7T 

at C then take Px (x-4- d 	 at B and the same 
AAT 

results are obtained. The peak occurs closer to D by en amount 1- 

It is convenient to know where the peak occurs since it enables one to 

fit a better curve through the experimental points. 

If the output guide is terminated in its characteristic impedance 

then 

Z 
	

N z 	tan 
Z x 	I -1-  j N z  ta.ri. px Pct CA) 	for the 

imput impedance at a point d in the input guide. This input 'impedance 

is real whenever g& (z+d)= h  'n  or at a characteristic plane. At 



C. Pia ne C. PI a-he 

-r. 
Pictries. 

output guide 

b 	a 

this point the reflection coefficient e  is real and hence 

N 2  and 
I - P - 	N 2  -1 

N zi- 1 

V!hen 14-  is small it can easily be shown by expanding ta..-y-L( 17}T7 	2 1; 

that R'1 The characteristic plane in the output 

guide is located a distance .2c  from the terminal plane in the output 

guide, where Py Oc÷g)= 7T • If the phase of the incident, reflected 

and transmitted waves are known then Jc  may be determined from the 

following ana lysis. 

Fig. 3o 
Let the phase of the incident wave be zero at plane b-b in figure 3. 

At the characteristic plane it has increased to 13Dc (lc . 	If the 

phase of the reflected wave is 9 at b- b it vrill be e - X de 

at the characteristic plane. Now the phase angles of the voltages on 

either side of the ideal transformer must be the same and hence the 

phase of the transmitted wave at the characterisric plane in the output 

guide must be 	-Vc  = L f e e
4(0-13.0tc) 	i 13x a c. } ._ / i 13.x d cl, ifii--213„d) 

+ e 	— L. e 	(I÷ re 

The characteristic plane in the input guide is located where 9-2/3xdc  = rl IT 

and hence i. pxdc  . At the reference plane a-a the phi se of 

the transmitted wave is 00( and hence Pxdc + 13.yic  = 0( 	. Since 

do and 0( 	are assumed known this relation determines the unknovm 
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quantity Jc 
e 	el c R e 	c 

ei,exac_ R 
cofficient ref err  

The input impedance at the characteristic plane is 
/1 e 21 
- Re2,r6x alc  

ed to the plane b--  b and R e-2/3,cdc is the 
and is real. R is the reflection 

equivalent reflection coefficient at the characteristic plane. 
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APPENDIX II. 

Some Properties of Expansions in Terms of Complete 
Sets of Orthonormal Functions. 

A piecewise continuous function GOO defined over the range 

o X X o  can be expanded into a Fourier series by means of a 

complete set of orthogonal functions which are orthogonal over the 

range 0 4= X X 0 	It will be assumed that two such sets of 

orthogonal functions are available and a few important relationships 

between them will be derived. 	Let the two sets of functions be 

(x) 	and 	 X ) 
	

Further it will be assumed 

that these functions are normalized so that 

x 0 x, 
o»r 43., otx , = f r lel F-Yr1 Otle = S t 	in  yrt  

0 	 0 
where 	Sin Inn 

is by definition equal to zero for k # Pri 	and equal to unity for 

)1 = 	• 

Thus by conventional Fourier analysis it follows that 
o0 	 00 

G= 	A v,., 	•=•-• 	B h n where 

Am = 

( x 0 	 r x o  
Frr, obx 	an= J 	(Pr) d,x 

0 	 0 

Now define the quantities R n WI by the following relationship 

Or, Fre, drz 13 VI YV1 f 0 
4.0 	 cm, 

Let Fen  = 	C 	and 	IA1  = 	Drn 	. Then 

J 	0.A.7  Fre) abx  = R = 
x c, 	et) 

j 99n E cfr, 	= C,,. 

Similarly it is easily seen that 	D kr) = R yirn 	. Therefore 
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ao 

Ffrn 	and On r E 
h: ! 	 hi When this series expression 

for On is substituted into the series expansion for Fy-17  as follows 

	

GO 	00 	 DO 	00 
......- E I ? 1 ,,, wi 	R ..v. F.:;• . > 	r • 	f?,,, yr, R h j.  

Firs 	 .1  

	

h=, 	 j=/ 	 .1.  = / 	h = I 
ise 

the conclusion is that 	E. Rnm Phi.  = S Pr)" 	where Sry,i• is 
frf = i 	 oa 

defined as above. It may also be shown that 	E Rd kr) R ?I en = 	h./ — 
repr . ) 

Now since 
eo 

B 11 On 
= 1 

	

00 	 00 
= 	A 1,7,7 	 A," 

	

hi= 	 11.1 = 1 
E 	R h k).1  CP yi  
h 

00 	00 

= 	 E 
Y1=1 	Y,q.1 

F?1,1 yr) A fry' it follows that 

A ,,., 
• 0.0 

Similarly 	A vv, = E rs yr) B  

The transformation from one set of orthogonal functions to another 

is analogous to the transformation from one orthogonal co—ordinate system 
• to another orthogonal co—ordinate system. The elements of the trans— 

formation matrix are the factors R h hi • 	Using matrices this 

transformation may be written as 

tB" 	

R  Ynd A hrl 

13"i and Arr. 

where 

are the column matrices 

00 

B 	= 	h vv) 
hi=1 

111  
Ba  
B3  

square matrix 

and 	AA 2.1  
A 3 

and 

R„ 	Rya. R,3 - - • 

is the 

R2,1 

R 3 1  

_ • 

L 
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The inverse transformation is 
	

3 = IRvnyti 	} 

It is seen that the matrix of the transformation is an orthogonal matrix. 

If the 	On are solutions of the following differential equation 

d 2 fn
"
._ 4- Anz  99n = 0 

	0'1'0 = Orx.) = o 

where 	n 	is a constant then 

•=-- 	h-gx 
.x,, and the eigenvalues 

>NI  n are 

If the 

• 

are solutions of the following Sturm—Liouville 

boundary value problem over the same range and with the same end coneit—

ions 

dz 	0,2  ÷t,rirn+FxdFni = 0  where 	
Q 
(x) 	is a continuous 

0(X1  
function of X over the given range with a piecewise continuous 

derivative, then it is known from the theory of such systems (A2.1) that 

a discrete set of values ,47  exist such that = rrr At 	and also 
oo 

that 

(Pn(x). 
h co 

For each value of In there exists one solution and the sum of all 

these solutions forms a complete orthonormal set of functions. 

Sincerh  approaches VI, as VI tends to infinity it follows 



0 
co 

f   
R lofn 

that 

32. 

and 

A. le7 
0 --> 00 



0 
	 a 

b 

0 

3, 
A 

N\.\\\N\\\W 
VD 
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APPENDIX III 

Application of the Ritz Method for Finding the Approximate 

Eigenvalues and Eienfur;ictio/ifi, 

1. Minimum Characterization of the Eizenvalues. 

Fig. 1.  

Consider a rectangular wave guide inhomogenously filled as in figure 1 

with the inhomogenity constant along the x and 	axis. The relative 

dielectric constant i< 	has arbitraty but constant values for any 

one region YT. 
	

. The fields are derivable from a 

Hertzian vector Tr 	directed along the y.. axis by means of the 

following vector operations 

	

-Tr 	V7.  V. TC co k 

Hx  = 	Ca) Eo K airHy = 0 , H J. = JcoE0 K Z , 
x 

	

a 2  7r az  r 	 2  7r 

	

- 	7r * 	E
er 

 
EX = OX D.9 	E - 	a yl  

The Hertzian vector 	Tr 	satisfies the following wave equation 

\72.7t + A0 Tr = o 	.40z=  Cd z6c21-4,. It will now be 

assuned that variation with Z is of the form 	7C X 	and 

	

— Yr» 	O. 
variation with respect to 	is 	 By virtue of the 

continuity conditions on E)_ and H J., it follows that 	i< 7r 	and 

20 	
are continuous for all 	and 

a 	
vanishes for y= o, L. v-  

thus 
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The equation eatieied by 7T can now be written as 

cl Tr)",  
ct y.2" 

v 
where TVyn 	is now a function of 	only and Oh, is the eigenvalue 

corresponding to the eigenfunction 	. Multirdy this equation by 

Re  7Th and subtract it from the similar equation obtained by inter—

changing the subscripts n and )11 , thus 

(lep, — 1,12 ) kr' nnTvyn 	
a z  7C., 

= 	7Trn oisysz 	 — 1(171-n  (12.7::n  

Now integrate over the range 	 ÷/ 2 

I; (it: — rill/ i  Xi 7Crl 7Cm Cil. = 

= 
 

Ki  ( 	- 7Tpt  	by inteerating 

by parts once. The integrated term is continuous over all y. and 

vanishes on the boundary y = o, b and henoe it follows by summing 

over all i that if i 4  * Y I: 
b 

- c pi  TC ',I  K dills  = 0 	for ri #)77 
Thus the functions 	form an orthogonal set over the range 

C)151.4= 6 with respect to the weight function K(k ) . These 

functions can be normalized so that 

K 7Th  Tt 	= h rn . 
0 

It will now be shown that a minimization of the integral 
6 	I  d  Tr  \ 

0 a dl 

-+ 	47.72  — 	Kikoz)n,„:-: 0,  (1) 

so 



subject to the conditions that 

fo 6  Tc2  pia = /, 	 (3) 

and  ji< 7T  Trridir 0 for n = 	- 	(4 ) 

where 7Th is the eigenfunction that satisfies 
cl 2 7X-  n  ÷ 	÷ KA' 2 	= 0 

gives an approximation from above to the correct eigenvalue Ora . 
v  z 

Due to 

150 

0 

the properties of the correct eigenfunctions it follows that Tr can be 

expanded in terms of them, hence take 

	

Tc 
= et: 	n 71_ yl  

Go 
Tc - E1 Cn ate"  

	

kty 	 ?y_ 
(3) gives 

and 

with 
	

C = f 7i 7z n   K ciAl_ 

(5) 

The normalization condition 

b o0 	oo 	00 , 
E C 7ry.1  K 	C

s  ns  (1.. = ECh--  = 1, 
*-U o 

(6 ) 

f boo  
Ren7rn7rie d j = 0 

o while the Yn- / orthogonality conditions (4) give 

or CA, = O -C, 	4=12,----- 	(7) 

Substituting from (5) for one factor in (2) gives 

I fo b  4d  
oo 	b 

Echj0  
ao 	b 

= L C n 
0 

x•Etc_' 
1' 

d 	, 
"

ide.z.)7r 	cn  -Try, cy 
21- 	-r  

ci71 G-t2—r" + ()0:- 	
2
) 7tri  1 Cly- 

duct  2:h 	Ckxz- K.koz) Tr 71- vi 4. 
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after integrating day parts once. 	with reference to the wave equation 
00  

>"7—  C n Jo
z 7r -Tr,, 

Now substitute for 	71. et) 	from (5) and it fullows that 00 	b 
= 	 Cs J K 7T, -rrs 	Chz  

By virtue of equations (6) and (7) this last factor can be written 
00 

as y z 	C» 2X Now it is assumed that all the »14-i 

eigenvalues have been arranged in ascending order so that 

z < - - - < 	 < hn 	 and consequently 	irr/ 

The approximate eigenvalues so calculated will all be too large unless 

all Cn for 	>)71 	are zero, which corresponds to the correct 

eigenfunction 7ryn having been chosen. It should be noted that an 

application of the Euler—Lagrange equations to the integral (2) 

generates the wave equation (1) as the condition imposed on 7..C.  

2. 	The Approximate Eigenvalues and Eigenfunotions. 

For an approximate numerical solution to a problem the infinite 
eo 

It is 

N 

series 	Cn 7rn is replaced by a finite series ZC,1  (I) n  . 1 

convenient to choose 	Q9r) 	as the proper functions existing in the 

empty guide although this is not necessary. Yhe only restrictions on 

q9k, are that they satisfy the boundary conditions on the guide walls 

and are continuous with piecewise continuous partial derivatives. The 

m'th approximate eigenfunction will be taken as 7th, = 	CP11.1•N n 

The funotions Trniwill be determined so that they form an orthogonal 

and normalized set with respect to the weight function k;(t) over the 

guide cross section. Alen the m'th approximate eigen'unction and 

(1) it is seen that this is equivalent to 
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the first (m-1) 

I 

eigenvalue is being determined it is assumed that 

functions 7V 	have already been found. 

The normalization condition gives P4 
A-2.K 4 = 

r 	
C pi On 	Cs Os 1( 4 = 

or 	T" Cn CS  oesfrIzq 	where 0( s  n  = c( ns  = 10  it )  el  (Ps  II 	• 
h,S=1 

The m-1 o thogonality conditions give 
rb 	 r b N 

-rc Tck= 	Cm 	csite  cps  Ge = 0 	0 	= 1,2,-- rr,-1 )  
0 	 0 

or > 	Cn Ciksr,s = 0 -1.0 	2, -- 	. (2) 
V1 S = I 

The following integral is minimized subject to the above conditions, 

N 	N b N 
2 	

0 c(fp, ICs 	+0? —  
dOs  z T = 	Ecp, — 	— 	 ickoz ) cfr7  (Pri -c's 	 . (3) t 	04,1  

b 
Define -7;11 	ot k.w-k,e)(Pn(Psid#  (4) 1 K 	oty.  

and it follovrs that I 
N  

— >  CnCsTs-r? . (5) n,s=i 

To minimize I subject to the conditions (1) and (2) introduce W 

Lagrange multipliers — Timm and — 14 n 
N 	 z  N  

Thus > chcs  75 „ — 	 C yiC s  cirts 
PI,S=/ 

a 
is minimized. Setting all 	acr, 	equal to zero gives the 

following set of N homogenous equations in the N unknowns Ch  which 

when solved give the corresponding C n 
N 	14 

	 EGST n lr 2 mrn Sr-1 n=1 

    

0 

c7) 

EC cit s 	s n z 	}-n,k s=1 
TC Sh S=1 

(1) 

where ,*=42,-- 
hi- 	N - 

Cs,)? °es n 

(6) 

—71,71e  >  Cr) 
A=1 	n,s =1 
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For the actual solutions of the above equations the following 

results hold 
N N 

E Gel yn 
h=1 

C 3 • 0/ 	= s 	s 

by virtue of the normalization and orthogonality conditions that 

were imposed. . 

To show that the (m-1) multipliers — Ziknjk 	vanish (Ref.A*3— I) 

multiply the n'th equation in (7) above by Cyli with j < 111 and 

sum over all 11 thus 
N N 	 N N 

CE E 	C TS' — rim en C C • 010 	 sni j n Y1S 
h=1 S=1 Y1=1 S=1 

N N  

74„,k >  F>  2 ,~=r 	)1=1 S=/ 
where CSys are the actual solutions to (7). 

From (8) above it is seen that this reduces to 
N N 	 / 

)  Csh., 	= 	since 
s=r 

Csie Chi C n (9)  

< 
(10)  

Now. for 77.7= I 	all 7.4i are zero since the first eigenfunction is not 

required to satisfy any orthogonality conditions and hence from (7) 

N N 
r., Z 

. Cnt T er) = is L_ C 	ns 	for all  
M=1 	 M=1 

In (10) above let )77. 2 , 

• 4/2,   CS2. 	 
s=i 	n.1 

then = 

Chi -7;r7  

and 

	

N 	N 
r7 2 Csz 	7-- C m 	s n 

	

s=r 	n=1 

= 
 172 	 , n=1 

N  
> 	Chl Csz ash 
s =1 

= 0 or the second multiplier 

vanishes. Thus by the usual process of induction it follows that all 

the multipliers 	74nje 	vanish since the above does hold for "Yr)=/ 

which in turn implies that it holds for 111= 2 
	and so on ad infinitum. 



Therefore the 
N 

E cs Ts- 
h=1 

 

set of equations to 

Z 	4/  
PP-7m E Gs °( n 

5=1 

be solved reduce to 

0 ) _ 
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In order for these equations to have a solution the following determinant 

mumt vanish 

N 	14 

(Tsh — 
n=1 	Sr.! 

pp.pL 0(sh  = 
0 
	

( 12  ) 

2 
The vanishing of this determinant results in N roots for rimrt  . Let 

f-7 
rvl be the m'th root and assume for the time being that the Cnrn have 

been solved for subject to the normalization conditions (1). Multiply 

the n'th equation in (11) by Cnrn and sum over all )1 	to get 
N N 	 N N 

EE G >7 trt Csyn Ts n 	ri
prirri 	Chrn CSm s n = r-f  

h=1  S=I 	 h=1 5=1  

Since the approximate eigenvalue ivy,2  is given by 1= 1E Cr,,, Cs In  7n  S5n=r 

Furthermore since the determinant does 

not depend on the index 	it must be concluded that the N roots of 

arranged in ascending order are the first in approximate eigenvalues v z  

Thus for each root 	Y 2  m of (12) above a set of coefficients Chm  

are obtained from (13.) above and the m'th approximate eigenfunction is 

err, = E Cnr» On • 
Yr:A 

It was shown in section 1 that the m'th minimization of the 

integral I with respect to those functions that are orthogonal to the 

first (m-1) correct eigenfunotions gives an approximation from above to 
ki2 

the correct eigenvalue Om  . 	It does not follow that the same is 

true for that class of functions which are orthogonal to the first (m-1) 

approximate eigenfunctions. However it can be shown that this is the 

Z v 
it follows that 0 = Tway. 
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case (A3.l. A3.2). 

The above procedure is identical to minimizing the volume integral of 

the difference between the mean magnetic energy and mean electric 

energy stored in a given mode. ;Tith reference to the fielcomponents 

given at the beginning it will be seen that in the volume integral of 

the difference between the magnetic and electric energy' the integral 

with respect to 3, is common to all terms and can be deleted since it 

will cancel out when the integral is minimized. Similarly the integrat— 

ion with respect to X integrates out to 	for all components and so 

it will be necessary to consider the integral over 	only, thus 
6 

\.A.44 d  2 A  Jo W z Eoz Z (/3 14,21  to : 

W E 	
b 

6  f K RAI 	---"D 	1- 

	

z 0 	
vc44.) (D irrny i e.,_ 	‘ z  1 

J 	Ucx +P 0, )71;71 .1 P 

i b 
WH - WE 0( i: e 0 fl< 1(140-)xl-  13:I) rkIt --- ( T*941 ci4 ay 0 	 v 

after cancelling the common factor Al 	z  q-igni , 	A minimization 

of this integral is seen to be equivalent to a minimization of 
rb,. [payi,,2.  , n.  

.r= Jo  n 	 7 — t 1.9r Oz 	97'11 subject to f ic'w-z  

	

0 	
oty. = 

	

2 	
• if the Lagrange multiplier is identified with - P Yr' 

Once the approximate eigenfunctions nrn  have been found, the 

field components are obtained by the usual vector operations. These 

field components may be used in the variational expression for the 

input admittance or impedance to the inhomogenously filled guide. The 

component of the electric field may be taken 

— y 2- 	c,t„ ifp, 	If (RI  are the correspond— 

ing, eigenfunctions for the empty guide then the matrix elements Xh keyi 

and hence 

" (4Tx — dert  ) Tre„. 
2 1 
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used in chapter five may be identified with Chlr 

A similar procedure may be used for the H—plane discontinuity 

discussed in chapter four. In this ease the fields are derivable from 

the scalar component Ey and it suffices to minimize the following 

integral f a. 
o 	[ 	

LE:?.2t 7.) z i(A,02 E.yz ] 0
1,2c 

subject to the normalization condition 

et 

cqz °t`= a 

and the (m-1) orthogonalization conditions 
CL 

Jo (E9)(E-3 ),,, dux = 0 	.f 	= 1, Z, - - 	Yrt - 1. 

Apart from the absence of a weighting factor the same type of analysis 

and results hold for this case also. 
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APPRIMIK IQ 

Solutions of the Wave EQuation when Guicie 
Wavelength eQuals Free Space iies.elenEttb.. 

(1) Asymmetrical Dielectric Strip:  

A, 

	X 
o o ct a 

lbw 

Fig. I. 

When the rectangular guide illustrated in fig. 1 is unifonnely 

filled with a lossless dielectric of dielectric constant K the wave-

length of the Ho, mode is given by 

 

No  

- 
where X0 is the 

 

free space wavelength. If K--/ > (X°)2  then X0 is less than Xo. t 20. 

For the empty guide >‘ 3  is greater than 0 	It is obvious that 

for some critical thickness 	of dieletric the guide wavelength 

will be equal to the free space wavelength. At this thickness the 

wave-number ./k i  in the 'X -direction in the section A 	is zero. 

The corresponding wave number iG, in the section A z  is given by 

;"1/71-40 
\/ This relation is obtained by putting 0 )  equal to -,k02  in the 

eigenvaaue equation 

Yiz  = 	2  K)202  

The solution of Maxwell's equations takes the following form for the 

Ho, mode. 
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In A,- 
x e -)113- 

H = 	e j  (.4.1zu 

	

1- /;_ 	e  
while in )12,  

- 
E = A 	(a-x) e 	, 
jay( Hx = A I 	x J e-Y/3- 

	

yet?„u I = 	(a_ x) e- Yi 

At x=d the tangential field components must be continuous and 

hence 	
d = 	, 

= - A 2, 

By eliminating the constant A the following transcendental equation 

is obtained, 'lt,,,,t,41e.=-72 d . This equation. together with the pre-

vipusly given relation for I/  determines the critical thickness for 

which 	= ;No 	This later equation could have been obtained by 

carrying out a limiting process on the relation 

Al to re.= 	tevrt- 	d 

given in chapter 4, section 1. 

Thus &,,tjtf = 	-j/ d 	 = _ d. 

Ci 

For a thickness of dielectric greater than this critical thickness 41  

is imaginary and T9  < 7  o . The maximum value of E:y occurs in 

the dielectric since the electric field distribution in A/  is given by 

a Ix 	and is concave upwards. At the critical thickness 

the electric field distribution in A varies linearly with aC . 
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(2) Symmetrical Dielectric Strip: 

Fig. 2. 
When the guide wavelength is equal to the free space wavelength 

QQ  
IS zero and), is given by the same expression as for the 

asymmetrical strip, thus 	-1/k-/ 	• In the dielectric 

filled section A, the fields are 

	

y = "colt 	e
_ 

	

Hx = 	 e 

	

C9A Hi  = 	..44:-rt. 	e-  11 7.- 
while in section A z they are given by 

E,y= A(c--)c) e
_ 

• CJAA 	= A et, ( c-.x)e-11  
• c9A 	= -A e-Yi  

Equating Ey and /4}  at 7c= -1- gives 

.,‹...0.0,_,eff =Ad 
.4.4>rt 	-t 7-7  A 

and hence 	= d 	where d= 	. 
The critical thickness for which 719 equals No is determined by 

the solution of 

)1-(=-7.40-t. =d. 
As before this relation could have been obtained from the more general 

result given in chapter 4, section 2, by a limiting process. 
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If two dielectric strips are placed along the side of the guide 

as in fig. 3. 

Fig. 3. 
then for some critical thickness d the guide wavelength is equal to 

the free space wavelength and the wave existing in the region A /  is 

a pure T.E.M. wave. This is the case when the elementary naves making 

up the Ho, mode strike the dielectric-air boundary at a grazing 

angle. (Ref. 1). 

The fields in A, are given by 

E = e— X k 
Y. 	z  

11.X =  eml; 
1-4= 0, 

while in Az  they are 

Ey = A .4int 
1

11' 
3. 

(4)4•4 14; = -A,t, ,ca-d.,1, (c-,c)e-Y; 

At .X = 	, H. must equal zero and hence 

After substituing 

for Ii the following equation is obtained for the critical thickness d 
_ d -  " 	- X. 

z,k, 017-1 	4- 

For valuesvalues of d greater than this the electric field distribution 
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reaches a maximum in the dielectric because the distribution in section 

A, is given by ,c4i1 11;1x 	and is concave upward. 

It is impossible to have the condition of a T.E.M. wave existing 

in the dielectric strip placed in the centre of the guide since this 

implies that% is zero and, is imaginary and such a solution is 

impossible. For a solution to exist at least one of the transverse 

wave numbers must be real. 

(3) 	Asymmetrical E -Plane  Dielectric Strip: 

Fig. 

It was shown in chapter 5 that the fields existing in the 

partially filled guide illustrated in figure 4 are derivable from a 

Hertzian vector 	directed in the lf direction through the following 

equations 	H = JGJ Co  1< p X IP 
t." = v 	rr . 

The Hertzian vector 7T is taken as 

tcy .,c4rtu., 3  Ll, .dvrt .4x  x 
In the section Al let the wave number along the 	axis be _2/ 

for the first propagating mode. The electric and magnetic field 

components are then 

H2  = 	Go K 	x 	e 
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-I j. = 	K 	-ce-alikxx" 	y e 

E 	 ,coia,./kx  x 	 !**- 

E 9 = 4 0 2-2 2 ) ...41.4;rt 	x 	e 

E = 	 x 44 2fit, 

7r 
where 	— Ca. • 

Since ?%9  is taken eq,18.1  to Xo it follows that A'4. ;1  437 = 0 
in the region A z  . Thus the wave number in the y dixection in A z  

• is 	7r  . The fields are derivable from the follovring Hertzian Q 
vector 

71• = C 	x 	kr  (6 -9) e . 

The field components are 

	

Hz = jai E. C 	4x x 	le 0,-y) e 
H = 0 

HR. = J .4) e C j4jc .,C4,11,4A x ,C0114a ( b 

Ex = C )7ex 7 cATIpAP 	,rt4;pf..4 1-17 (b - y) e -1; 
E 	= 	C 402.  + 	 b 

E3 = 	Ai-vtif'2x ,44;ptit. ( y e-1.1}  
From the continuity conditions for the tangential field components 

the following transcendental equation is obtained, 

• 

	

= 	 where d  

Now 	/3; = 4,12  = K „he  Z 	 and consequently 

= 	Ac,2-  — 	 These equations can be solved for 

the critical thickness at which the guide wavelength equals free space 

ravebngth. For a dielectric constant of 2.56, and a free space wave-

length of 3.14 cm., this thickness is approximately 1/3 the guide height 

for standard 1/2" 1y 1" British 77aveguide. 
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When the wavelength in the partially filled guide is equal to the 

wavelength of an 140, mode in the empty guide the y-axis wave number 

in section Ai must be zero. The fields in section /4z are then 

derivable from the following Hertzian vector 
-  Tr' C 	 e 

thus 
_ 7f, 

= 	C.) 6o C 	e 
3. 

Hy = 
_ Y1 3- 

I-13 	j 	jix 	 c e  

= 0, 

E = 	 z e 

E.= 0. 
The continuity of tangential components at Ijr: -/- 	gives 

= C 

•(14:,,l- /el t = 0 	or 	= 	. 

Since c', is zero .2 1  is given bykiii7-1,k0 	The critical thickness is 
To 	 2.11- 

given by i= as obtained by replacing -57.  for ,k 2 fr<- 	 0 	The 

wave in the section A z  or empty part is a pure N o , mode while in 

the dielectric filled section it is a longitudinal section E wave. 

For a rectangular guide of dimension 2.54 cms. by 1.27 ems. this 
)\0 / 

/2.50 for a dielectric with a relative 

permitivitty of 2.56. Thus only for wavelengths less than 3.17 cm. 

can a mode propagate with a wavelength equal to the wavelength of an 

1-1 01 
	mode in the empty guide. This mode is actually the second 

propagating mode since one mode with an imaginary wave number in 

section /417., exists. 

critical thickness is 



Appendix 5. 

Theoretical Solution for E- Plane Dielectric _:ten. 

For a rectangular guide partially filled as in figure 1 with a 

loE,sless dielectric of relative dielectric constant /1 two independent 

solutions of naxell's equations exist. For one set Hy., is zero and 

the modes are called longitudinal section E waves. For the other set 

E q_ 
0- 

is zero and the modes are referred to as longitudinal section 

1-4 waves. 

Fie. 1. 

The L.S.E. waves are derivable from an electric type Fertzian vector 

771  directed along the y-axis while the L. S.??. waves are derivable from 

a magnetic type Hertzian vector 7-Tz  directed alone the y-axis. (See 

chapter 5, section 1.) . The various field components are given by the 

following exinesoiono - 
D2  7C 	 a 71-.2 

Ex = ax 9y_ ÷ 
zt 

D} 
an; 	D 271-2. 
5-37 	ax ay, 

"a 2- 7r,
+. 

2. 	

0_ z 	? 2  71-2. 	0... z 
EY  = . Y- 	

NA-te 7 7 't ) 	HY. 	2 '--- 	-t- IC ir  ro 71-Z 

a zn- , 	. 	a7rz 	 a 7r, 	? z  
HT  = i 4 jGe  k ----- a x  + ai}  e.y.  

Et} = as. ay. '7 67 0 X 5 	of 

where both 77/ and Trz satisfy the following wave equation 

29. 
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Tre 	(j  402  rri 0, 

with I<(y) equal to i< 	in A ? and unity in A z  • 

At the junction between the empty and partially filled guide both 

types of waves must be included in order to satisfy all boundary 

conditions. It is easily verified by taking the curl of the transverse 

electric and magnetic field in the aperture plane that k(. and KEiaxe 

continuous respectively if the transverse field components are. The 

El.propriate forms for the Hertzian vectors 71-1 and 71-2 are found by 

a consideration of the boundary conditions that the fields derived from 

them must satisfy. In the following analysis variation of the field 

components with X will be restricted to either ...dien47C or ..cotk-it.-X.  
Tr 

where 	= a • 

With an Ho/ wave incident on the step the appropriate forms of 7N, 

and 711 in the input guide are - 
00 	 17 ri ) 	 1j. 771 	( 0 	Rae °}44x4„tx 	'T:An 4),.dim,kzx e 

00 	
j-P 

Tr 2 = 	n Vin 	x e I7 
 

where the functions 4 and pn 	are given by 

     

2  31rn = 1/1: 	22, = 

 

2 
= b n Tr 

1c" 

and 
nn 

Pn  - (7 ) ÷,kx —,koz  

In the output guide it is found by matching the tangential fields at 

that suitable forms for ni  and 7z  are - 
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,fix  x e C,, 

	

rem, 	k(y) 

	

oO 	F,„ Cy) 
Tr, = 

where 

col/A.77 y. ; 

K 	--Emf  co-ry,km  (b-y), 
zolvAt,„ d 

with 	a normalization constant determined so that 

b Frriz(y) 
Jo  KCy) °C f 

= . 

The propagation constants Kr  are given by 

+A - kiz. =  2.  4 2.  .4 2.-mot 0z where 

A  m tan. .1 m't = - 	to,r% Art of 	and d= 

TTz 
	.0 

Dm Wm(y) 	 e-13'.3" where the 

functions Wyin(V) are given by 

Wrn( V) = 	
 ...:14 n 

eyzvyn_ 
/ 	. 	,ny- ) 	0 Key. K-  

_dint An  t 	oZ xu;ri yotli,  

.-- i", 

is a normaliation constant such that r  
Jo  W„z(y) = /. 

The propagation constants f3plq  are given by 

Ym 	 tn. irx KAT 0  - m g-  o 
nz A z 	ff 2 z Az , 

and 

m . n• 	=- 	,n., rn. eta/n 	Cl 

	

Since Tr(  and Trz  are not continuous in the 	direction across the 

aperture plane pQ it is found to be more convenient to relate the 

b 
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fields to the total electric and magnetic field in the ZL. direction at 

the aperture. This is equivalent to specifying 7C1  and 717i since 

7T and 7t2. can be uniquely determined from  Ey., and H .  respectively. 

The transverse field components are derived from 71-; and 7tz by means 

of the ureviously given expressions. 	Equating the transverse fields 

at the aperture gives - 

Ex = 	°t% 	 j a f/A 	Br, rh 	= 

Jr 	[Kcvi-1  2(fr—  • 	e°  
Der, 

( 9) 
= ,k,204-R)4A + 	 = 	 k' Cy ) 

gx = da) E. {o-Ry: 	A„ 	—,gox  B, 	 

cAT 

00 

Hu = 	B rax2.-  Phz) = DmCfrx2-  g )W = (16)1411  (y), 

where the common functions of x appearing on, both sides of the equations 

have been cancelled out. 	GI  and Ckz  are complex functions of the 

real variable y. and all the unknown coefficients can be determined from 

them by means of the orthogonality relations given in chapter 2, 

section 1. 

Thus 0-0-R40 =I° G, cly. A rICkx2- 1112) = Jo GI On ciy 

r  b 	b 	 rb 
CmGigx2-421)= j G  , Fra  dy.  jayz B n Cfrx.2-17h9 J„G271;?(: j ay4 	)3„2,)=.1G,t41•.*. 

Continuity of Ey and Hy.  is obvious since these components are equal to 
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(;) and (iaw)-/  L72 	respectively at the aperture plane. Substitut-

ing the above integral expressions for the unknown coefficients and 

introducing ( / R ) it is seen that the continuity equations for Af...x 

and Ex  can be written as' — 
ri—R ro r_ „b P- 61- r 74:  Hx = jcoeol (19 Ls zr-AATEll rig/fl uid  j .y, eritz_ rbz 

 G W 	(1) z Pricit Jet*, E a_ 2. Z. Fi'v) I 41r Y x-  hi 	0 

Ot 	r  b 

I 
G 

r'n 0 " 

jai/ A ' Ax- 

b r„1", r 
—27 	G ,frx —rh oz Ex  =A 

co- K1 cy) 
Ax  1 	y 

F 
rs'i 

° rvi 

o0 
— 	 j P) 	14/P1  f G(it  0  a. (its. 

M 

(2) 

indicates cr
ct
44-7 

The fields derived from x, and -71-2.  are independent solutions 

Maxwell's equations and hence the general orthogonality relations 

applicable to a lossless structure given in chapter 2 section 1, yields 

fa [(E-1,+Ez.)/-1. - E;(gx,* Hza).] 	= 

where Ole prime 
of 

E X"  2.  Hy 014, 
0. 

44. 
Es Hx , (14, ( 3 ) 

and 	fa  Ez7 Hy_ t -- fa  Ey.*  Hxz 	, 	 ( 4) 

The subscripts '1' and '2' refer to the partial fields derived from 7T1  

and Trz res-oectively and the star donates the conjugate complex field. 

In particular these relations hold between the field components at the 

aperture. Threfore integrating the cross product of the total transverse 

conjugate electric field with the total transverse magnetic field over 



r b 

the aperture gives, )1:1: 11°  JoGr (Po did. Gt $0 4 = , 6 	 r  k, 
02- 	c.' .1{+-1../1:.  1,6G,*  (Pp, cigjo  GI  (Pri  ciy... + c*.)  dil f.;  11)G, Fm., cll. jo  G , F,,,,, d4  1 

(.0 	Orr, 	b 	r  b 
c e it,*phz V  2.4(.11; dy foGA., 4  ÷ .,h)Tiz  foG:11,4,744G.z w„, 4  1. (5)  

This expression clearly shows that the input admittance is equal to the 

power transmitted past the aperture plus the difference between the mean 

stored magnetic and electric energy in the evanescent modes. It is 

readily sho,n that highly evanescent L.S.E. waves store an excess of 

electric energy while L.S.H. waves store an excess of magnetic energy. 

For modes that are close to propagating i.e. pm and  Y
v 2  in less 

L z 
than .4rx  , this characteristic is reversed. 

Integrating the product of the conjugate electric field in the 

direction with ( 	k.7z over the aperture and using relation 

(4) gives 
b 

r G OP r I IC .zr/4 Poix 0 a n 	0 G  

00 1,7 
r b 	b 

jo G2  ‘ ilm ot JG2 Wm1 

  

°`' 
j7.x 	 f44P 11/1fG dy 	fG*14114 f G2W?" n 	2 n 	812. 0  / A-11 	0 

(6 ) 

Equation (6) shows that if the functions ?ffjp, and kin are almost 

identical then the quadratic expression involving G2  in equation(5) 

will be small since it is given by the difference of two quantities which 

are almost identical. For small values of K or 
	vt1 	wfr, 

are indeed almost identical and a good. approximation to the input ad- 

mittance can be obtained by taking Gz  identically zero. For the 

_symmetrically positioned E-plane step this approximation is better 

34. 
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Fig. 2.  

  

b  

Z 6 - 

still. The functions 7.//  and W1 are plotted in figure 2 for the 

particular example worked out in detail in chapter 5. WI is seen 

to be almost identical with V/ for this case. For values of h>1)  

n approaches 	even closer. 

It can be shown that 
/*1? 

3111 
racy variations of G i 	and 	L-72 

and (6). 	Consequently it follows that a first order approximation 

to G, 	and G  z 	will give a second order approximation to 

/ — R . 	An approximation to G and G2 is most readily 
/ * R 	 l N 
obtained from equations (1) and (2) . Approximate Gi by 	A n (Ph =o nm  
and 	Gz  by 	B n  Yr) 	There is no loss in generality by ri.zi 
taking Ao equal to unity since all the other coefficients can be 

divided by A 0 	• 
	Multiplying equation (1) by (A.1  for fl = 	- - N 

and integrating over y gives the following set of equations to be 

solved - 
N 	r n 	 00 Nif )1,1  

E P c 
 
,a 2_17-An 	E A s 	a. 2. .fh WI is  rn = 	' 	S=o 	= 1 

35. 

/- R is stationary with respect to arbit- 

that satisfy equations (4) 

'1"/b 	M rs m s w,. 
.KX ;1  

2 E Bs  E. 
1 	= 	m= I Ax — yn.2.  ( 7 ) 
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b 

where 	fo  'Ph  Fin  dit  . 1?) rn 
b 

JO  4n m it dy 0 	. = 	zr-pi.", ) 
sbeini  of  W )1, = 2,7„:m:  

o 
Similarly multiplying equation (2) by Vn  for n=  / 2_ MJ  
following set of equations to be solved - 

gives the 

An  7  
M 	

r 
A  S—  2rY7 ryt  

S 4--  = 0 	11774 
mmmer 
•••••I. 

rn 

i?t z  - P 
	 B„ 

m 

M 00 pa. 
A- 	Bs E. 	r 2. 	).} 0, z 02 	tn Sr» 

S=1 	Vrt in% t"1"1 (8) 

 

, 	d F,,, 

cly 

 

where 

  

h Pr) 

The set of equations ( 7) and (8) together give N t  M 	equations which 

when solved give the N + M 	unknowns A pi and Bri . These 

approximate values for G I  and G z may then be used in equation (5) 
R 

to get a second order approximation to the input admittance 1 R  

Although the summations over Yn are not terminated-  the matrix elements 
r  

h 	$ 7  V% YT1 	, ?At yi >1,1  and 2..rmryl  converge to zero quite 

rapidly for m 	. 
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