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ABSTRACT

A theory has been developed to obtain a general solu-
tion for the axisymmetrical stretch forming of sheet metal
with clamped boundary. Factors included were plastic
anisotropy in the thickness direction, non-linear strain-
hardening, pre-strain, variable coefficient‘of friction,
and an approximation to the variation of thickness stress.
The effects of strain history, and the moving contact of
sheet metal on the punch surface with continued deformation
has been incorporated. The numerical solution was pro-
grammed for the Atlas computer. Three plastic instability
criteria have been studied, one of which is aA integral
part of the numerical solution and is new in concept.

The theoretical results were compared with the results
of stretch forming tests.  Agreement was very satisfactory
for all but the last few stages of deformation. Near the
occurrence of plastic 1nsta2;lity greater differences
between experiment and theory were observed, but the loca-
tion of the instability zone and instability strains in
m;st cases could be accurately predicted.

E#tensions to the theory to solve the hydraulic bulging
and deep-drawing problems have been given, but no numerical
results were obtained.

Two methods of estimating the coefficient of friction

in stretch forming and in radial drawing were used. It
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was found that coefficients of friction in stretch forming
are considerably higher than those in radial drawing.

Experimentally obtained strain hardening curves could
satisfactorily be curve~fitted to a Swift type empirical
law by a computer program.

Limiting Drawing Ratio (L.D.R.) in deep-drawing could
be predicted satisfactorily by an empirical method from
tests of three ovefsize blanks.

The effect on the Erichsen number of altering the main
variables has been investigated. Equivalent round and
striﬁ sizes were determined. Results showed that "drawing-
in" could not be completely eliminated when using serrated
surfaces on blank-holder and dies. No correlation was
found between the appearance of fracture in the Erichsen>

test and planar plaestic anisotropy.

’



ACKNOWLEDGEMENTS

Firstly I would like to express my gratitude to my
supervisor J.M.Alexander, Professor of Engineering
Plasticity, Imperial College, London, for his continued
attentive interest, encouragement and very useful dis-
cussions during the course of the reséarch so freely
offered at all times.

I would also like to acknowledge the Department of
Technical Co-operation for financing, and The British
Council for administring the Award of a CENTO Fellowship
withoﬁt which it would not have been possible to carry
out the required study anq research.

Many thanks are due to The Institute of Computer
Science, University of London for the allocation of a
large amount of computer time on the Atlas and the Mercury
computers, and for many helpful discussions,

Thanks are also due to I.C.I. Metals Division and
the Shell Interhation#i Petroleum Co,., Ltd., for donating

some of the sheet metals and lubricant.



CONTENTS

TITLE PAGE
ABSTRACT
ACKNOWLEDGEMENTS
CONTENTS
NOTATION
LIST OF FIGURES
LIST OF TABLES
INTRODUCTION
1. SURVEY AND DISCUSSION OF THE SUBJECT AND
PREVIOUS WORK
1.1. Deep~Drawing
1.1.1. Drawing over Die Surface
1.1.2. Related Investigations
1.1.2.1. Flange Wrinkling
1.1.2.2, Ironing of Cup Wall
1.1.2.3. Plastic Bending under Tension
1.1.3. Stretching over Punch Head and
between Punch and Die
1.2, Stretch Forming
1.3. Hydraulic Bulging
1.3.1. Static Bulging

1.3.2. Dynamic Bulging

Page No.

. &N =

13
21
27
29

37
37
39
b5
hs
Lo
b9

51
58
60
61
64



Page No.
1.4, On Factors Influencing Sheet Metal
Deformation 67
1.4.1. Stress-Strain Characteristics 67
1.4.2. Strain Rate Effects 68
1.4.3. Plastic Anisotropy 69
1.4.4., Lubrication and Heat-treatment 70
1.5. Plastic Instability 72
1.5.1. Uniaxial and Biaxial Stress Systems
and Hydraulic Bulging : 73
1.5.2, Stretching over Punch Head 75
1.6. Formability Tests 76
1.7. Coéfficient of Friction under Conditions
of Plastic Flow 79
2. OBJECT OF PRESENT INVESTIGATION 85
2.1. Theoretical 85
2.2. Empirical 87
2.3. Experimental 88
3. THEORY OF QUASISTATIC AXISYMMETRICAL
DEFORMATION OF SHEET METAL 92
j3.1. Basic Equations 913
3.2, Equations for Stretch Forming 117
3.2.1. Region over Punch Head » 117
3.2.2. Region between Die and Punch 121

3.2.3. Boundary Conditions 124



Page No.
3.2.3.1. At the Pole 124
3.2.3.2. At the Point of Contact with
Punch 129
3.2.3.3. At the Clamped Edge 133
3.3. Equations for Drawing over Die 134
3.3.1. Radial Drawing Region 134
3.3.2. Over the Die Profile 135
3.3.3. Boundary Conditions 136
3.3.3.1. Rim of Blank 136
3.3.3.2. At the Start of the Die Curvature 138
3.3.3.3. At the Point of Departure of
Sheet Metal from Die 140
3.4, Equations for Hydraulic Bulging 140
3.4.1. Governing Equations 141
3.4.2. Boundary Conditions 1413
4. PLASTIC INSTABILITY 144
4,1. Criteria of Plastic Instability 144
h.g. Plastic Instability of Simple Systems 149
4.3. Plastic Instability in Stretch Forming
and Hydraulic Bulging 157
5. METHOD OF SOLUTION AND NUMERICAL ANALYSIS 164
5.1. Stretch Forming 167
5.1.1. Over the Punch Head 169
5.1.2. Between Die and Punch 179



8.

Page No.
5.1.3. Matching of the Boundary Conditions 185
5.2. Drawing over the Die Surface 188
5.2.1. Radial Draving Region 188
5.2.2. Over the Die Profile 191
5.3. Deep-Drawing 193
5.4. Hydraulic Bulging 197
6. COMPUTER PROGRAM FOR STRETCH FORMING 205
6.1. General Features 206
6.2. Variable Allocations and Layout 208
6.3. Layout of Input and Output 211
6.4. General Flow Diagram 219
6.5. Discussion of Chapters and Routines 219
7. TBEQORIES FOR ESTIMATING THE COEFFICIENT OF
FRICTION 222
7.1. 9 in Drawing over Die Surface 2273
7.2, 1 in Stretch Forming 228

8. DETERMiNATION OF THE MECHANICAL PROPERTIES OF
THE MATERIALS USED AND CURVE-FITTING BY USING
THE COMPUTER 232
8.1. Equivalent Stress—Equi#alent Strain
Relationships 232
8.1.1. Theory 232

8.1.2. Specimens 238



8.1.2.1., Tensile

8.1.2.2, Plane Strain

8.1.3.

Apparatus

8.1.3.1. Tensile Testing

8.1.3.1.1, Tensile Testing Machine

8.1.3.1.2. Extensometer and Lateral

Contraction Transducer

8.1.3.2. Plane Strain Compression Testing

8.1.4,

Machine, Subpress and Thickness
Measuring Device

Experimental Procedure

8.1.4.1., Tensile Tests

8.1.4.2. Plane Strain Compression Tests

8.1.5.

Curve-Fitting of Stress-Strain Data

8.1.5.1. Method and Numerdical Analysis

8.1.5.2. Computer Program

8.2. Hardness Tests

8.3. Discussion of Results

9. APPARATUS

9.1. Sheet Metal Testing Machine and Blanking

Press

9.2, Scribing Tool

9.3. Measuring Instruments

9.3olo‘
9.3.2.

Co-ordinate Measuring Machine (U-10)

Page No.
239
240
241

241
241

243

246
247
247

2h9
249
254
257
- 257

262

262
268
270
271

Universal Measuring Machine (MU-214-pB) 273



9.3.3. Optical Projector
9.3.4, Thickness Measuring Devices
9.4, Punches, Dies, Blank-Holders and

Centring Devices

10. EXPERIMENTAL PROCEDURE
10.1. Preparation of Specimens
10.2., Testing
10.2.1. Erichsen Tests
10.2.2. Stretch Forming Tests
10.2.3. Deep-Drawing Tests

10.3. Measurements on Deformed Grid

11, EXPERIMENTAL DATA PROCESSING AND DISCUSSION

OF RESULTS

11.1. Derivation of Formulae

11.,2. Computer Program

11.3. Discussion of Results
11.3.1. Erichsen Test
11.3.2. Stretch Forming
11.3.3. Deep-Drawing

11.3.4. Coefficients of Friction

12. EMPIRICAL METHOD OF FINDING THE LIMITING
DRAWING RATIO
12.1. Formulation of the Method

12,2, Experiments, Results and Discussion

10.

Page No.

273
276

276

283
283
286
286
288
292

294

296
296
300
304
305
312
330
336

345
345
347



13. THEORETICAL RESULTS AND THEIR COMPARISON

WITH EXPERIMENT
14. CONCLUSIONS

15. APPLICATIONS, AND RECOMMENDATIONS FOR

FURTHER RESEARCH
VOLUME - II

APPENDIX -~ A. FORMULAE USED IN NUMERI&AL
ANALYSIS
A.l., Numerical Integration
A.l1.1. Runga -Kutta method
A.1.2., Lagrangian method
A.2. Numerical Differentiation
A.3. Interpolation

A.4, Maximum and Minimum

APPENDIX - B. GEOMETRICAL RELATIONSHIPS OoF

THE AXISYMMETRICAL SHELLS USED

B.1l. Principal Radii of Curvature

B.2. Ellipsoidal Shell

B.3. HemiSpherical,Shell

B.4. Equations for Bulge Depth

APPENDIX - C. COMPUTER PROGRAM FOR THE
SOLUTION OF THE STRETCH
FORMING PROBLEM WHEN USING A

HEMISPHERICAL PUNCH

11.

Page No.

352

376

384
389

390
390
390
392
395
398
399

kol
Lok
405
408
408

413



12.

Page No.

APPENDIX - D. COMPUTER PROGRAM FOR CURVE-

FITTING TO STRAIN-HARDENING

LAW BY LEAST SQUARES Les
APPENDIX - E. COMPUTER PROGRAM FOR THE ANALYSIS

OF EXPERIMENTAL RESULTS 480
APPENDIX -~ F. COMPUTER PROGRAM FOR ESTIMATING

THE LIMITING DRAWING RATIO 488
APPENDIX - G. THEORY OF PLASTIC BENDING UNDER

BIAXIAL TENSION FOR ANISOTROPIC

LINEAR STRAIN-HARDENING

MATERIALS 491
BIBLIOGRAPHY 500
FIGURES and TABLES (See LIST OF FIGURES p,21

and LIST OF TABLES p.27) 512

Copies of the author's six publications (see
references 45 to 49 in BIBLIOGRAPHY) are bound with

this thesis.



130

NOTATION

A, B, n constants in empirical strain-hardening

equation, X = A(B + sl)n.

a, b semi-axes of an ellipsoid of revolution.
Cl' 02 integration constants.
c constant in equivalent anisotropic plastic

strain-increment equation (eqn. 3.21).

E Young's modulus,

D die throat diameter.

Db diameter of undeformed blank in deep-~
drawing.

Dcr critical or limiting blank diameter in
deep~drawing.

F, G, H, L, M, N and
FO,GO,HO,LO,MO,NO' parameters of plastic anisotropy

(See eqns. 3.12 and 3.13).

Fl' F, radial frictional forces on a large
segment of sheet metal in radial drawing
(Fig.17) acting on upper and lower
surfaces of the segment.
T yield function, also a general mathematical function
F* F® general mathematical functions.
e a scalar in plastic stress-strain

relationships (eqn. 3.10).

I Erichsen number
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invariants of the stress tensor ci,.
J

invariants of the reduced or deviatoric

.

[0} = , -
stress tensor ij aij b

13°
blank~-holder load. ‘

bulge depth, and also pr;portionality
parameter for yield stresses for aniso-
tropic materials (eqn. 3.13).

K constants in equations for plastic

5
instability (eqns. 4.8 to 4.20).

stress ratio = Uj/dl'

krB intermediate quantities in Runga-

Kutta integration.

steplength in mumerical integration, also

distance between two gauge markings on a

tensile specimen.

constants in empirical equation (12.1)

used in determining L.D.R,

punch load in deep-drawing and stretch

forming.

interfacial pressure between sheet metal

and tool in stretch forming and deep-

drawing.

interfacial pressure between sheet metal

and die in deep-drawing.

interfacial pressure between sheet metal

and blank~holder in deep-drawing.
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Q total load transmitted in a direction
tangential to the mean surface of a bulgeper vadian
R parameter of plastic anisotropy in

€
tension = é! .

r, current rad:us of rim of the blank (Fig.l).

Ty radius to innermost point of flat portion
of blank (Fig.1).

T, radius to centre of cup wall at point of
departure from die (Fig.l).

Ty radius to centre of cup wall at point of
junction with punch profile (Fig.l).

r, radius of flat portion of punch head
(Fig.1).

r current radius to centre of shell wall
(Fig.j).

r' current radius to inner face of shell wall
(Fig.3).

Sl’ 82, S3 forces on a segment of sheet metal in
radial drawing (See section 7.1).

s principal stress, also degree of a poly-
nomial,

t current thickness of element of sheet metal.

T time.

u radial displacement.

Vv any mathematical variable.
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constants in equations for plastic bending
under tension (See eqns. G.4, G.5 and G.6).
one less than the hnmber of points in a
tabular set of data, also width of a
tensile specimen.

work.

yield stresses in principal directions of
plastic anisotropy.

yield stresses in shear in the principal

directions of plastic anisotropy.

z and 1, 2, 3 orthogonal co-ordinates.

stress ratio = ;f y and also independent
variable.

dependent variable, and also co-ordinate
through the thidkness direction of an element
in plastic bending under tension.
displacement between neutral and central

surfaces in plastic bending under tension.

vertical co-ordinate,

angle, that normal to element of sheet
metal makes with the vertical axis at the
point of contact with punch (Fig.2).

rate of linear strain-hardening.

angle separating two normals to the shell

wall in the plane of o, (Fig.B.1).
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general error function.

total and incremental equivalent strains.
true strains in length, width and thickness
directions in tensile test.

and

total and incremental principal plasti¢
strains also corresponding to meridional,
circunferential, thickness strains in axi-
symmetrical sheet metal deformation.
principal strains in plastic bending under
tension in meridional, circumferential,
and thickness directions.,

angle, that normal to an element‘of shell
wall makes with vertical.

scalars in plastic stress-strain relation-
ships.

coefficient of friction.

general function in integration.

Poisson's ratio.

instantaneous radius of curvature.

meridional radius of curvature of the mean

. surface of shell wall.

meridional radius of curvature of the inner
surface of shell wall.
radius of curvature in circumferential

direction. of the mean surface of the shell

wall.
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Operators:
6
ad

i

18.

radius of curvature of die profile in
deep—drawing.

radius of curvature of neutral surface in
plastic bending under tension.

equivalent stress.
meridional, circumferential, and thickness
stresses in axisymmetrical sheet metal
deformation.
hydrostatic stress ( o = % oii)'

mean stress 1n plastic bending under tension
(Fig.G.1).
angle, that normal to an element of cup

wall makes with vertical at contact with

die surface in deep-drawing (Fig.l).

angular co~ordinate in horizontal plane

(Fig.3).
shear stress.

refers to a finite increment.
total differential.

partiél differential.

1]

Kronecker delta. 1l when i = j

6ij

by ; O when i # j .

increments at a discontinuity.



Abbreviations:

L.D.R.

U.T.S.

D.R.
F.P.

H.P.

Suffices:

i, §» k, €

Subscripts:

P

19,

limiting drawing ratio in deep-drawing.
ultimate tensile strength in uniaxial
tension.

drawing ratio in deep-drawing.

flat headed punch. |

hemispherical headed punch,

summation cenvention applies over values
1, 2, and 3.

designates location of a point in space
and time respectively (summation conven-
tion does not apply).

refers to any discrete point on yield
stress curve.

refers to total number of points on yield
stress curve,

number of differential equations in a
system.

a member of a family of differential

equations.

polar values of variables in stretching

over punch,
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Superscripts:

*

initial wvalues of variables.
effective values of wvariables.
mean values of variables.

critical values of wvariables.

increments taken along a strain path

following an element.

plastic state of stress.

20.
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INTROIDUCTION

In any process of deforming sheet metal, force is
applied to the component which is initially in the form
of a plate or a shell, until the desired shape of the
final or the intermediate product is reached by the
plastic deformation. The amount of deformation is
generally limited by either the tensile plastic instability,
or.plastic buckling, in regions of dominating tensile or
compressive stress respectively.

The various processes can be classified by considera-
tion of the force transmitting media:

(1) Rigid tools are used quite extensively as dies

and punches eSpecially in mass production, and are pre-
ferred to the others because of the close tolerances and
good surface finish obtained. The main disadvantage is
the expense of tool making, and therefore this is unecono-
mic for small-lot production.
The process of "stretch forming" is one in which
the flow or drawing-in of the metal at the edges of a
blank is prevented by rigid clamping or gripping by the
use of serrated dies, or by the restraint of the undeform-
ed metal in the flange. The punch, in the shape of the
desired product, deforms the metal by moving forward.
"Deep~drawing® is different from stretch forming in

that the former allows the flow of metal inwards over the
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die, which induces circumferential compressive stresses
in the flange and over. the die profile. To prevent
"wrinkling", which is a mode of plastic buckling pro-
ducing a wavy appearance of the flange caused by such
compressive stresses, lateral pressure must be applied
on the flange by a suitably shaped blank-holder.

"Pressing® is a general term for a process which
contains elements of stretching and drawing-in to wvarious
degrees in differént parts of a component.

(i4) Fludd is used in cases where a generally
smaller number of parts with less restrictions on the
final geometrical shape is required. The sheet metal
is securely clamped around the edges and deformed against
an external die by quasistatic or dynamic pressure pro-
vided generally by an incompressible fluid such as water.
The process, in which the dynamic pressure 1is produced
by an explosion and subsequent shock waves is known as
"explosive forming". If no external die is used, then
the geometry is uncontrolled and this is termed as
"hydraulic bulging". In these processes the fluid acts
as a punch analogous to that of item (i). The "Hydro-
form" process is one in which high-pressure hydraulic

fluid contained behind a flexible diaphragm replaces a

die.
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(iii) Elastomers can be used to replace the metal

dies or punches. A development of the deep-drawing
process in which the metal die is replaced by a large
rubber pad contained within a rigid metal container is

the "Marform" process, The pad provides uniform pressure
on the deformed component as it is pushed into the rubber
by the punch. Although this is a fairly economical '
process, it requires-a careful control of the blank-hold-
ing pressure.

Such processes are commonly employed in the production
of symmetrical and asymmetrical shells, which do or do not
bear load, and find large applications in automotive,
aircraft, Spacécraft and other conventional industries.

Very useful information can be gleaned by the appli-
cation of the theory of plasticity to such metal deforming
processes, This can be done by the study of stress
systems operative in different regions of the deforming
shell. In places where the sheet metal is in contact
with the force transmitting medium, a tri-axial stress
system will exist, the magnitude of the thickness stress
being dependent upon the radius of curvature and the thick-
ness of metal, which in many cases 1is small, The effects
of the surface frictional stresses are important, and they
modify the mode of deformation significantly, especially
in stretch forming. The stresses in the plane of the

sheet metal are tensile in stretching over the punch head.
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Compressive circumferential stresses are associated with
the inward flow of the metal as in deep-drawing. In
areas where the sheet metal is exposed to the atmosphere
on both sides, the system is generally tensile bi-axial,
with meridional stress dominating.

Also bending under tension takes place at points
where there is a sudden change of curvature as at points
of departure from punch and die, which is accompanied by
further thinning.

Localized compressive stresses can occur in places
such as beneath the blank-~holder plate and at the die
throat in ironing of the cup wall in deep-drawing.

The above mentioned stress systems also interact,
which increases the complexity of the problems involved.
‘The main properties influencing the stress systems are
the initial and current geometry of the shell, funda-
mental material properties (i.e. pre-strain, strain-
hardening rate, and its variation over the range of
strains involved), and operating conditions such as the
rate of deformation, and lubrication.

An important function of an element of sheet metal
in the course of the deformation is to transmit the
load to the neighbouring element, so that the deforma-
tion can continue. Otherwise the shell will reach
plastic instability and subsequently will fracture at

this point. Hence the materials with more strain-
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hardening capacity sustain larger deformations. The
converse is true for ones having large pre-strain, This
effect can be made use of in deep-drawing if the flange
is annealed and the centre of the blank remains strain-
hardened, since due to less load being induced by the
flange and the high load carrying capacity of the stretch-
ing region even larger deformations can be achieved.

This heat-treatment process is known as “"differential
annealing". The same effect can be obtained by using
heated dies and cooled punch. Also the technique of
"differential lubrication" (i.e. having a higher coeffi-
cient of friction over the stretching region compared to
that in the drawing region) produces the same result.
Plastic anisotropy of the sheet metal has also a signifi-
cant effect in the deformation process which can be gsed
beneficially.

To understand the behaviour, and to try to predict
the performance of sheet metal in any operation, four
schools of thought have been adopted by previous investi-
gators:

(1) Theoretical studies have been conducted mainly

in deep drawing and hydraulic bulging which gave satis-
factory results for stress and strain distributions in
the deformed shell, and predicted the maximum pressure
instability in hydraulic bulging, using the basic stress-

strain characteristics of the materials., No realistic



3140

solution has been obtained for stretch forming, or for
predicting plastic instability and fracture in this process.

(ii) Fundamental tests, such as the uniaxial tension

test, with the aim of determining the basic stress-strain
characteristics of the materials, anisotropic parameters,
and other derived information, as a guide to "formability",™
yield useful information, but they are unable to predict

the behaviour of any material in a given process.

(111) Simulative tests, to the extent possible, try

to duplicate the shop-floor conditions in small-scale
laboratory experiments, Generally, the choice of the
test 1s made on the basis of the dominating stress system
in the actual part, e.g. Erichsen and Swift tests for
stretch forming and deep-drawing respectively. Although
the ranking of materials obtained this way most often
glves the right order of merit for simpler pressings, it
is still quite controversial for the more complicated

ones,

(iv) Metallurgical investigations were carried out

to try and find correlations between the basic metallur-
gical properties of metals, and their performances in

press operations. Recently, the "dislocation theory"

» The term "formability" is commonly used to mean

"ability to deform".



has been applied to study the mechanism of strain-
hardening relevant to sheet metal deformations.

It is, of course, desirable to have methods by which
one can predict the behaviour of sheet metal in any opera-
tion from its basic stress-strain characteristic, geo-
metrical, and operational conditions. This will reduce
wastage, save time, and enable one to tailor materials
for processes or change processes to suit materials.
Also, better correlation criteria between the tests and
practice can be found.

In this report, after a survey of previous work, a
theoretical and experimental study of the plastic deforma-
btion, and an investigation of instability and fracture in
the stretch forming process is presented. More refined
theoretical methods are suggested for analysing drawing
over the die surface in deep-drawing, and for hydraulic
bulging. The determination and formulation of the basic
stress-strain characteristics of the materials used (i.e.
steel, brass, copper, and aluminium), and two possible
methods of determining the coefficient of friction in
sheet metal deformation processes are given, Also, an
 empirical method of estimating L.D.,R. in deep-drawing,
an experimental investigation of the factors influencing
the Eriéhsen number, and some deep-drawing experiments

are presented.
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The Atlas and Mercury computers were extensively
used for the numerical solutions obtained for stretch
forming, curve-fitting to the tensile stress-strain
characteristics of metals, calculations of the coeffic-
ients of friction, and processing of experimental
results. The relevant methods and corresponding com-

puter programs are included.



CHAPTER 1 - SURVEY AND DISCUSSION OF THE SUBJECT AND

PREVIOUS WORK

The manufacturing methods employing sheet metal
deformation processes are of great antiquity, and have
been used by jewellers and armourers since the early
times of history. Materials were pressed into metal
dies with repeated blows from appropriately shabed
punches, mainly constituting stretch forming operations.
With the development of power presses, sheet metal fab-
rication, and automation, which led to a vast improve-
ment of such processes, they became a vital part of
today's industry. The "art®"® of deforming sheet metal
gradually gave way to better and more efficient methods
since the last century. The scientific and technological
studies of such processes really started soon after the
complete formulation and rediscovery of the theory of
plasticity, and advances in the metallurgical sciences
in the 1920's.,

The pertinent investigations after this date are

discussed under the appropriate section headings.

l.1. Deep-Drawing

Due to the complexity of the problem no complete
investigation of deep-drawing has been yet recorded.

Researches studying different aspects, mainly of the deep-
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drawing of axisymmetrical shells, are discussed below.

1.1.1. Drawing over Die Surface

This region,.sometimes referred to as the "“radial
drawing" region, although it may not be truly radial as
in the case of the dies with curved or conical profile,
is bound 5y the rim of the blank, point A, and the point
of departure of sheet metal from the die, point C, in
Fig.1l.

One of the earliest researches was by Siebel and
Pomp (75). In their theory, they used the Tresca cri-
terion, the equilibrium equation to estimate the punch
load and the stresses, They neglected the effects of
strain-hardening, variations in thickness, friction, die
profile, and blank-holding force. No attempt was made
to predict the strain distribution, ‘Sachs (72) improved
this analysis by using the modified Tresca criterion,
and ‘an average value of the yleld stress. Also an
approximation was made to the die profile friction by
using the belt formula, and he incorporated a term for
the frictional force due to the blank-holdexr load. The
calculated values of the punch loads were in fairly rea-
sonable agreement with the experimental ones. Swift
(80) proposed simplified solutions ﬁ;f flat and conical
dies in drawing and redrawing covering non-strain-

hardening and some special cases of strain-hardening



materials by also including effects of variations in
thickness. His results can be viewed as qualitative,
and show the trends of the variables involved. Hill
(38) analyzed the "pure" radial drawing process for a
non-strain-hardening material and obtained an analytical
formula for the thickness strain distribution under
plane stress conditions, but this slightly underestimates
the thickness strain near the die curvature partly owing
to the bending under tension effect, as found by Loxley
(59) in experiments made using 70/30 brass and aluminium.
A very comprehensive study of this problem was then
undertaken by Chung and Swift (18) for isotropic materials,
and it included theoretical and experimental investiga-
tions. They used the modified Tresca criterion, Levy-
Mises stress-strain relationships, strain compatibility
and equilibrium equations. Solutions were obtained by
a step-by-step successive approximation method, for
regions over flat, over curved parts of die, and between
punch and die. The thickness variations in the equili-
brium equations were neglected. A concentrated force
dué to the blank~holder was assumed to act on the rim of
the blank, and the resulting frictional force was used
in the calculations of the initial value of the radial
stress, The circumferential strain was taken as an
approximation to the equivalent strain within 3% as

pointed out by Hill (38). The effect of friction on
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the die profile was allowed for approximately by inte-
grating the friction term of the equilibrium equation
separately. The authors included the effect of thinning
and the consequent increase in the drawing stress at the
die entry and exit due to plastic bending and unbending
under tension. This was done by equating the back ten-
sion to the difference between the bending tension and
compression, neglecting the comparatively small elastic
strains, They postulated that if.bending and unbending
are instantaneous the metal elements would have no free-
dom to strain in the circumferential direction. Using
the Levy-Mises stress strain relationship, it is possible

to show that:

. 1
since de, = di(o, - 5 (ol + 03) = 0
where 03250 and therefore 02 = % Ol which makes
o, > O since 9 > 0. Everywhere else in this region

o, < 0 and is the dominating stress, Although a dis-~
continuity in 02 is expected, it seems reasonable even so
to think that o, < 0, which is also confirmed by the
occurrence of wrinkles here without the use of a blank~
holder.

Also due to the constancy of volume in plastic flow,

i.e, del + d62 + de3 = 0, and since d€2 = 0 and
de3 < 0, therefore del > 0. In Fig. 1, this would imply
that while the material is thinning at point B, it moves

the neighbouring elements on either side towards points
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A and C respectively, where the former seems to be less
likely. This reasoning indicates that bending under
tension may not take place under exactly plane strain
conditions. Although this anomaly may be resolved by
considering the variations through the thickness, a
better approximation may be obtained if an average stress
ratio is used in the calculation as outlined in Appendix-
G.

It is also found that the lower integration limit
in the equation of equilibrium obtained by Chung and
Swift (18) was not consistent with the sign convention
adopted, and it is only valid for some values of the
drawing stress. This is shown in Appendix - G and the
supplementary equation is given. Since the maximunm
equivalent strain in bending and unbending was less than
0.11,the effects of these assumptions were not readily
seen in their curves for total strains. The authors
obtained satisfactory agreement between the experimental
and theoretical strains, and punch loads, indicating
that the assumptions made on the whole were reasonable.

More simplified versions of Chung and Swift's
theory were developed by Barlow (35), and Wallace (87)
which were used later by Warwick and Alexander (89) to
find the wall stresses between a flat bottommed punch
and die for calculations of L.D.R. 'Very useful apprai-

sals of Chung and Swift's work and other related inves-
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tigations were given by Alexander (2), and also by
Johnson (43).

Fukui (28) et al and Yamada (97) studied this pro-~
blem using the Hencky-Mises theory of plastic flow.

This theory was shown to be incompatible for deformations
involving non-linear strain-paths in the deviatoric

plane by Hill (38), and Alexander (3), and therefore

the authors' results should be regarded as Being more approxi-
mate than those of Chung and Swift's (18). A limited
number of comparisons were made by Fukui for materials
obeying the Ludwik power law (i.e. o = A(€)™), which
showed agreemént within.lo% with the experimental strains.
Yamada compared the theoretical results obtained by the
incremental and the total strain theories for a non-
strain«hardening material and found negligible differénces
in the computed strains, but since the effect of strain-
hardening is important for most materials, his compari-
sons are of limited value, Furthermore, he made no
comparisons with any experimental findings.

Some of the assumptions (i.e. (1) %ﬁ = 0 in the
equilibrium equation, (ii) blank-holding force acting
only on the rim, and (iii) € = | 22| ) made by Chung and
Swift (18) were fecéntly examined by Woo (95). He con-
sidered a finite area on which the blank-holder load
acted with non-uniform pressure,rand included the effect

of variations in thickness across the flange by inte-
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grating the equiliﬁrium equation using the trapezoidal
rule, He aléo used the equivalent strain-increment
compatible with the Levy-Mises theory, instead of the
above approximation. The effects of plastic bending

and unbending under tension were neglected. He found
that (ii) had negligible effect, and (iii) showed differ-
ences of the order of 0.05 in equivalent strain over the
die profile. Assumptions (i) and (iii) should not be
made, if accuracy in calculating the strains is required.
Generally, the agreement with the experimental results

did not seem to have a marked improvement over that of
Chung and Swift's (18) partly due to anisotropy developed
in Woo's tests which was not allowed for in his theory.

Wood said, "The main object of this investigation
is to find how closely the maximum punch load can be
predicted using the present method of analysis", and
used the following vertical equilibrium equation:

P = 2=rr (clt) sin ¢, where ¢ is the angle of
contact along the die profile, but he did not explain
how ¢'<-% was calculated. His analysis will be in-
sufficient to find this ¢ without introducing a method
of matching the boundary conditions of radial drawing
and stretching regions including the moving contacts
on punch and die as shown in section 5.3. of the present
thesis. Alternatively, the approximate analysis adopted

by Chung and Swift can be used, which assumes no stretch-
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ing in regions over punch head and between punch and die,
the second region being approximated to a truncated cone.
The assumption of ¢ ="/2, which was apparently used (46),
will only apply for limiting blank diameters at final
stages with no clearance between the cup and die. For
all the other cases ¢ { /2. Wood said, in reply to
Kaftanoglu (46) that in fact for the earlier stages of
deformation,y was determined from experiments, which of

course limits the usefulness of his theory.

1.1.2. Related Investigations

There are also other types of possible deformations
quite different in character which may be eliminated, or
combined with the type discussed above. The main rela~

ted researches are briefly discussed below.

1.1.2.1. Flange Wrinkling

This is a mode of buckling initiated by the com-
pressive circumferential stresses which are induced by
the tensile radial stresses during radial drawing. Ir
they are above a critical value which depends on the
geometry of the flange, blank-holding conditions, and
material properties, waves or folds would be formed in
the flange.

The first theoretical investigation of this pheno-
menon was due to Geckler (29). Senior (74) later extend-

ed this work to cover the cases of wrinkling without a
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blank~holder, and also with constant load and spring
loaded blank-~holders, He has used an energy method in
which the flange was assumed to be fixed between the die
and the punch. This could be approximated to having a
uniform lateral pressure distribution over the flange
surface proportional to its deflection at the mean surface,
The flange was assumed to consist of initially straight,
free—-ended struts of a half wave-length long, later having
a sinusoidal deflected shape. The energy supplied by
the circumferential stresses was equated to the total of
the energy dissipated in (i) bending, (ii) against the
assumed pressure distribution, and (iii) pressure dis-

" tribution due to the blank-holder. To eliminate the un-
known in this expression, the circumferential stress was
minimised with respect to the mumber of waves, Although
the analysis was basically elastic, the concept of the
"plastic buckling modulus" was used, and upper and lower
bounds were obtained for the number of wrinkles, and the
circumferential stress. The corresponding blank-holder
loads could be computed. The theory is not exact, but
the results agree with experiments fairly well, and
therefore the mechanism of flange wrinkling could be con-

sidered as sufficiently well understood.

1.1.2.2. ZIroning of Cup Wall

When a cup is deep-drawn from a blank with a uniform
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thickness, the thickness of the material near the rim may
increase by 30 - 40%. This is even higher in the case

of re-drawing. If the radial clearance between the punch
and the die throat is not sufficient, the thicker and the
wrinkled parts of the cup will be ironed. It is desirable
to have some ironing in practice because it produces a
more uniform wall thickness, improves the surface finish,
removes small wrinkles, bell-mouth, and the associated
residual stresses. This can be achieved either by com-
bining it with the deep-drawing operation by having one

or more ironing dies placed concentricly along the axis

of punch, or separately on its own (5). Since the maxi-
mun in the ironing load occurs after the maximum of the
drawving load, it does not seriously influence the sta-
bility of the cup (18) during deep-drawing.

The most advanced theoretical study of this problem
is due to Briggs and Swift (13). They have considered
the equilibrium of an element in the wall of a thick-
walled cup in ironing. They neglected the effect of
the surface shear stresses on the directions of the
principal stresses, assumed plane strain conditions,
Tresca criterion for yield, quasi-linear strain-hardening,
and a special relation between the two operative coeffic-
ients of friction on either side of the cup wall. They

were able to get an analytical expression for the wall
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stress under the diec. Total mnch load for ironing
conld be found by the summation of (i) the load trans-
mitted to the head of the punch through the walls, (ii)
the {rictional {force between the cup wall and the punch,
snd {iii) the load for the assumed mode of the redundant
deformation coused by the shear distortion at entry and
exdit of the die, which could be calculated by finding
the work done per unit volume of the material.

Their theoreticel prediction of the ironing leoads
were satisfactory forxr thicliness ratios Lless than O.:15.
For thicker cups, the loads were overestimated particular-
ly due to the "ironing wave" which foims just at the
entry of the die, similar to the one in the case of an
indentation process, The experimental investigatien of
Freeman ond Leening (25) wos in qualitative agreemcnt
with the theorctical results of »wift and his co-voriers.

Bariow (%) modificd the above analysis by using a
von lises yield criterion and mean yiceld stresses obiadin-

ed from tie effoctive regions of the truec-stress Lruaoe-

s

strain curve of the material undergoing ironing. i
"glip-line Tield" solution of this probiem was given by
Hill (38). This allows foxr variation of stresses
through the thickness, but is limited te non-strain-
hardening materials,

Although the above analyses could be improved by
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eliminating some of the assumptions, they are adequate
for the calculations of ironing loads related to deep-

drawing for moderate reductions.

1.1.2.3. Plastic Bending under Tension

When an element of sheet metal, while under a domi-
nating tensile stress system, is forced to change its
radius of curvature, further plastic flow Yill take place
at this point causing further thinning of the material.
The extent of this thinning would be a function of the
applied stress, material properties, thickness, and the
radius of curvature in the plane of bending.

Swift investigated this phenomenon theoretically
and experimentally (78), for a linear strain-hardening
strip, under essentially plane strain conditions, i.e.
width strain being negligible. Assuming that plane
sections remained plane, it was possible to derive an
expression for the stress of each fiber across the thicke
ness. He equated the applied tension to the integral
of the bending stresses, to find the displacement of
the neutral axis from the central axis. It seems that
his lower integration limit in equation (1) of his paper
and in the related equations is not compatible with the
sign convention adopted, and also the discontinuity of

the bending stress at the neutral axis must be allowed

for. A similar incompatibility was also previously
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pointed out for his other publication (18). However,
these two errors were self-cancelling when the neutral
axis remained within the thickness of the material. A
different equation results as shown in the Appendix-G

of this report, when the neutral axis moves outside the
thickness of the material due to higher tensile forces.
Swift obtained experimental results for thinning strains
due to bending and unbending under various levels of
applied tension, which agreed with theory closely for
the smaller strains.

Using the analysis presented in Appendix-G, the
limiting values of the applied tensile stresses to
bring the neutral axis onto the inner surface of the
strip were calculated for the materials and conditions
given in Table-I and Figs. 15-17 of Swift's paper.

It was found that only in the case of brass (Fig.16),
beyond 15.%4 tons/sq.in.applied stress, was the neutral
axis outside the strip. In this case Swift got the
largest differences between his theory and experiment.
For the purpose of comparison, in this case the present
equation G.13 at 16 ?/sq.in. gave 0.08% thinning strain
if bending and unbending strains were equal, wherc
Swift's upper and lower bounds covering the possibili-
ties of pre-straining in tension were 0.12% and 0.085%

for an~0.083% experimental strain.
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Analyses of plastic bending under tension similar
to Swift's work, are given by Alexander and Brewer (4),

and also by Ford and Alexander (24).

1.1.3. Stretching over Punch Head and between Punch

and Die

This region is bound by point C, (i.e. the point of
departure of sheet metal from the die), and by point F
which is coincident with the axis of s&mmetry, sometimes
referred to as the "pole" (see Fig. 1). From F to D,
sheet metal is in contact with the punch and conforms to
its shape. Between D to C its both surfaces are free,
and they are concave looking from outside in the plane
of the paper in Fig.l. At later stages of the deforma-
tion, the material between C - D, could originally be in
B~-A or B-C or C-D. Similarly, for D-F it could be in
C-D or D-F which makes the strain history of each element
quite complicated,

In deep-drawing, the main functions of this region
are (1) to contribute to the depth of the shell by deform-
ing plastically, and (ii) to support the load induced by
the radial drawing region. Therefore it governs the limit-
ing deformation attainable.

Swift (80), and later Chung and Swift (18) obtained
experimental results for strains in this region for flat

punches with different profile radii, and a2 hemispherical
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punch for various ferrous and non~fefrous materials
under graphite and tallow lubrication. The strains
plotted for different parameters showed that, the region
near the departure of sheet metal from the punch deformed
most, later leading to fracture. They assumed plane
strain conditions and zero curvature for the region be-
tween die and punch in their simplified analysis of
stresses, which is an approximation.

swift (77)(79), in a theoretical investigation hinted
that stress-strain distribution over the punch head could
be obtained by the consideration of equilibrium, and the
laws of plastic flow, but he did not give a method of
solution. His suggestion for descriptive purposes, that
the stress ratio x may vary as a cosine function over the
punch head will be seen to be quite unrealistic (see
Chapter 13).

Yamada (97) presented an investigation for a stress-
strain analysis over flat and hemispherical punches for
isotropic materials obeying the Ludwik strain-hardening
law, based on the Hencky-Mises theory, which was previously
shown to be incompatible for non-proportional plastic
straining. He further simplified the problem by assuming
that the sheet metal completely covered the punch from
the beginning of the deformation, i.e. a = % , and there-
fore the complicated strain history was not taken into

account. Plane stress conditions were assumed, and
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bending was neglected. He has obtained power serxries
expansions of the variables and solved the differential
equations of equilibrium, compatibility and his "similarity"
equation on a differential analyzer and on a computer,

but did not clarify how the variables in the product terms
(olt) were separated. Since these variables are multi-
valued, it is important that the correct ol and t should

be chosen. It is also difficult to see how the four
unknowns in three equations can be found. Reference to
equation (6%5) of his paper, which is derived from the

power series expansion of the thickness strain gives:

dst 1l2n Eo
(5 )e—o - TR, (65 - Yamada)

where €0 is the polar circumferential strain. This is
incorrect, because the present author proved exactly for
all values of u, € and n, that (g;;)e=0 = 0 (see section
7.2.3.1. of the present thesis). Therefore the two
methods of determining %, depending on this and subsequent
related equations proposed by Yamada, seems to be in error.
His second method utilizes the slope constructed to the

€, versus r_ curve at 6= 0. Reference to Figs. 65-66 in

t
his paper shows that the experimental points were joined
by broken lines instead of smooth curves, and the tangents

constructed seem to be valid for 30° and not for 0°-

Since the same expansions are used in the theoretical
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analysis, the effect of this error might be self-cancelling.
The only comparisons made were between his theoretical
results and Coupland and Wilson's (19) experimental re-
sults for a hemiSphericél punch, for partly strained
specimens having maximum thickness strains of about L0¢%
of that at plastic instability. The agreement between
experiment and theory was within about 20% for strains up
to 8 = 550 but got worse beyond. No results of strain
distributions and their comparisons with experiments were
given at or near plastic instability or fracture, which
would have been very wvaluable,

Recently Woo (95) attempted to analyze the problem
of stretching over flat and hemispherical punches for
isotropic materials under plane stress conditions, He
made the assunmption that the sheet metal was completely
stretch formed over the entire punch surface (i.e. a = E)
for a polar thickness strain of -0.01 (-1%). This is
quite unrealistic as was found by the large disagreement
between his theoretically predicted thickness strains and
the experimental ones for partly deformed specimens with
flat and hemispherical punches. In these comparisons,
the thickness strains were less than I-O.lhl whereas those
at plastic instability as estimated in relation to the
present author's results would be about -1.0, if u=0.13
for the material (brass with n=«0.5). Also the results

from the present investipgation, as discussed in Chapters
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.11 and 13, show that his assumption will lead to serious
error. He also gives a comparison between incremental
strain theory, (i.e. Levy-Mises), total strain theory
(i.e. Hencky-Mises), and the experimental results. The
stresses calculated from the two theories differ appre-~
ciably, and the difference between the experimental and
theoretical strains get larger in the case of the total
strain theory. Although this is influenced by the
assumption that a ='%, whichwas also made by Yamada, it
is interesting that Yamada seems to have obtained a slight-
ly better correlation on a percentage basis between exper-
imental fesults and those obtained using the Hencky-
Mises theory.

Woo did not attempt to predict the plastic instabil-
ity, or the strains at large deformations. He nsed a
method of successive approximations involving the trape-
zoidal rule for integration of the equilibrium equation.
As in the case of Yamada's theory, in the integration of
the equilibrium equation, the temms in (o;t) are multi-
valued, and a cfiterion for the choice of the correct
values of 94 and t was not given. The necessary criter-
ion is given in section 5.1. of the present thesis.
Woo's suggestion for extending the solution into the region
between the punch and die, (i.e. D-C in Fig.l) in order to
find the strain history of elements before they come over

the punch head seems to be in error. Using his figure
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FIG.4. STRETCH-FORMING OVER A PUNCH HEAD. (Woo).
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i+l i o
t + t
i i+l
x (cosei - cos i+l) = (16) (Woo)

Py = (o t), T, sin 8, (17) (voo)
(ort) sin?©
r

Py = - Ty Py (18) (Woo)

where R is the initial radius of any element, and suffix
1 shows the location of an element in space. Subscripts

r, 8, and t correspond to radial, circumferential and

thickness directions. The rest of the notation is as
shown in Fig.h4. Woo said, "The method of successive
approximations is used for the solution. Computation

starts at the point of T, at which the stresses and strains
have beep determined previously. For the ﬁext point of
Ti,10 corresponding to an initial radius Ri+l’ the values
of .1 (hence st,i+l)’ P 141 and ph,i+l are assumed in
the first approximation to be the same as those at r2."

In section 3.2.3.2. of the present thesis, it is shown

that for both biaxial (ot = 0) and triaxial stress con-
ditions over the punch head, the strains and the meridional
stress are continuous at Thy but in neither case is p

3

continuous. In fact it is discontinuous, negative, and
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even has a different absolute value. Woo does not seenm
to have considered this discontinuity as seen.from the
outline of the method and Fig.4 of his paper, which
would give a completely erroneous result or no result.
Howevef, he has accepted and corrected this error in his
reply to Kaftanoglu (46).

He then says that can be determined from eqn.

%41 ;
(16), hence Tie1® %0 ,1+41° d€ from eqn.' (3), 0 from egn.
(5), 0. and 0y from eqns. (4). (gbt)'i+l is found from
eqn. (8) by integration. For the next approximation,
new values‘of t1+l' ph,1+l and 03’1+l are obtained from
eqns. (10), (17) and (18) using the value @§t)'i+1 found
from eqn. (8). It must be pointed out that in the

eqns. (8), (17) and (18) (i.e. equations of equilibrium),
only two are independent. Eqn. (17) is merely another
integral form of eqn. (8). There can be only two inde-
pendent equations of equilibrium in a three dimensional |
éystem where one equation is already satisfied by the
axial symmetry in the & direction. Woo had not prbvided

an answer on the above question in his reply to Kaftanoglu

(46).

1.2. Stretch Forming

In this process, the material is securely clamped
by a set of serrated dies, or drawing-in is prevented by

the restraint of the large undeformed material in the
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region of the die, as in the Erichsen test. Hence there
are two regions as shown in Fig.2. As the deformation
progresses, the amount of material in contact with the
punch (region F-D), increases, but at all times F-D(F-C

and a §{90° .
F
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riG.2. MAIN FEATURES OF STRETCH FORMING

The circumferential strain at point C is zexro or
very small, and therefore the deformation of material with-
in the die region does not influence the deformation in
region F-C.

Previns experimental and theoretical investigations
conducted for the stretching of metal over the punch head
in deep-drawing would apply qualitatively to stretch
forming of metal, due to there being a similar state of
stress but different boundary conditions. These prior

investigations (mainly by Yamada and Woo) in any case
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were, as discussed before, neither complete nor adequate.
Also this problem on its own, seems to have received
practically no theoretical attention for thq prediction
of stresses, strains, plastic instability, of fracture.
Recently a systematic experimental investigation
was reported by Keeler and Backofen (50) in stretch foxm-
ing by hemispherical, hemispherical-conical, and elliptical-
in-plan punches wiﬁh aluminium, brass, copper and steel.
The authors obtained distributions of three principal
strains for various stages of deformation up to fracture
for Teflon lubricated, and unlubricated specimens.
They showed the effect of friction on g??ain distribution,
and their experimental results are in general agréement
with those of the present author's. This research was
aimed at the explanation of plastic instability and frac-
ture which will be discussed in section 1.5.2. |
Distribution of strains obtained experimentally were
also given for the same materials as above, by Kaftanoélu
and Alexander (45), in the Erichsen Test which is basically
a stretch forming operation, and they showed the same

trends as those by Keeler and Backofen.

l.3. Hydraulic Bulging

Considerable research has been done in the deforma-
tion of thin sheet metal under lateral pressure. Due to

the nature and the -application of pressure this subject
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can be conveniently discussed in the following sections.

1.3.1. Static Bulging

The pressure is applied generally on one side of a
clamped diaphragm by an incompressible fluid such as water
or oil, where % = 0, and therefore the strain rate and
inertia effects are negligible. Almost all the inves-
tigations so far recorded are for circularly clamped
specimens.

Brown and Sachs (1l4) and later Brown and Thompson
(15) carried out extensive experimental investigation of
the circular bulging of metal membranes. They obtained
strain distributions, radii of curvature at the pole as
functions of the applied pressure up to fracture, which
in all cases took place in the wvicinity of the pole, at
a decreasing pressure for annealed materials and an in-
creasing pressure for strain-hardened materials.

Gleyzal (31) investigated the plastic deformation
of a circular diaphragm under pressure theoretically
and experimentally fox small strains. He used engineer-
ing strains with the Hencky-Mises theory which led to
larger differences between theory and experiment for
higher strains, The method consisted of the numerical

solution of equations derived from equilibrium and plas-

ticity laws.
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Hill (34), for a Levy-Mises material obtained 