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Abstract

The Deep Underground Neutrino Experiment (DUNE) is a next-generation long-baseline

neutrino oscillation experiment which aims to make world-leading precision measurements.

DUNE will produce an intense beam of neutrinos at the Fermi National Accelerator Laboratory

(Fermilab) directed at the Sandford Underground Research Facility (SURF) in South Dakota,

providing a 1285 km baseline. Neutrino interactions will be measured by a near detector

facility at Fermilab and a far detector facility at SURF. The neutrino beam will be primarily

composed of either muon neutrinos, νµ or antimuon neutrinos, ν̄µ. As a consequence of neutrino

oscillation, DUNE will observe the disappearance of νµ and ν̄µ, along with the appearance of

electron neutrinos, νe or antielectron neutrinos, ν̄e. The observation of these neutrino oscillation

channels provides DUNE with sensitivity to neutrino oscillation parameters, specifically θ23, θ13,

∆m2
32 and δCP , as well as the neutrino mass ordering.

To ensure that the experiment will achieve its physics goals, sensitivity studies are performed

based on predictions of the neutrino event distributions that DUNE will observe. The results of

these studies will also motivate and justify design choices that have an impact on sensitivity. In

addition, DUNE will measure an order of magnitude more neutrino events than current long-

baseline experiments. As a result, DUNE’s sensitivity will be limited by systematic uncertainty,

rather than statistical uncertainty. It is therefore imperative that these are modelled correctly in

these studies to ensure accurately predicted sensitivities. Performing a Bayesian analysis allows

for a more efficient method of studying the behaviour of systematic uncertainty parameters.

This thesis presents the first Bayesian neutrino oscillation sensitivities of DUNE. The

Markov Chain Monte Carlo methods and Bayesian techniques used in this analysis will be

described, as well as the implementation of systematic uncertainties which surpass that of pre-

vious DUNE sensitivity studies. The predicted sensitivities to the oscillation parameters will

be shown, as well as the impact of systematic uncertainties. The deficiencies in the current

systematic model are also discussed, with a demonstration of the level of complexity required

in future analyses.
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Chapter 1

Introduction

The universe as we observe it is overwhelmingly composed of matter, with only a negligible

presence of antimatter. This asymmetry between matter and antimatter is one of the most

profound mysteries in modern physics. According to the Big Bang theory, the universe should

have produced matter and antimatter in equal amounts. The standard model of physics does

not currently explain this asymmetry. Charge-parity (CP) violating processes are those which

occur at different rates for matter and antimatter and are necessary to explain the asymmetry.

CP violation has already been observed in the quark sector [1] but is orders of magnitude too

small to provide an explanation.

Neutrinos are one of the most abundant particles in the universe, but very rarely interact,

making them a challenging particle to study. A groundbreaking discovery in the late 20th

century revealed that neutrinos have mass and can oscillate between their flavours. The discov-

ery of neutrino oscillation opened a new door that could help to explain the matter-antimatter

asymmetry. The question was asked: Do neutrino oscillations violate CP symmetry? There are

some indications of CP violation in the neutrino sector from current generation experiments, but

no definitive evidence. A new generation of neutrino experiments is in development, intending

to conclusively determine whether neutrino oscillations violate CP symmetry.

The Deep Underground Neutrino Experiment (DUNE) is a long-baseline neutrino exper-

26



Introduction 27

iment which aims to precisely measure the parameters in the model that describes neutrino

oscillations. In doing so, DUNE also aims to definitively determine whether neutrino oscilla-

tions violate CP symmetry. DUNE will do this by producing the world’s most powerful neutrino

beam at Illinois and firing the neutrinos 1285 km west towards South Dakota. Using several

detectors, both close and far from the neutrino production site, neutrino interactions will be

collected and studied to determine the oscillation parameter values. At the time of writing,

DUNE is under construction and will begin to collect events from the neutrino beam at the

beginning of the next decade.

Although the experiment is not running yet, it is important to determine how well we expect

DUNE to perform in measuring the neutrino oscillation parameters. We need to confirm that

DUNE will achieve its physics goals, as well as help motivate and justify design choices for the

neutrino beam and detectors. DUNE will collect an order of magnitude more neutrino events

than current long-baseline experiments, and so DUNE’s performance will be determined by the

size of the systematic uncertainty. A frequentist sensitivity study of DUNE was performed for

the technical design report (TDR) [2]. This thesis will present the first Bayesian sensitivity

study of DUNE. It uses the same inputs, i.e. event simulation, as the TDR analysis, with

a more comprehensive implementation of the systematic uncertainty. Given that DUNE’s

sensitivity will be limited by systematic uncertainty, it is vital that these are implemented

correctly in analysis frameworks to produce accurate predictions of DUNE’s performance. In

addition, taking a Bayesian approach allows for a more efficient method to study the behaviour

of systematic uncertainty parameters, as well as new quantities that are not explicitly included

in the oscillation model.

This thesis begins with an overview of neutrino physics in Chapter 2. The discovery of

neutrinos and the history of neutrino physics are briefly reviewed. The theory of neutrino

interactions in the Standard Model is described, as well as neutrino-nucleon interactions which

are especially relevant in long-baseline experiments. Finally, the theory of neutrino oscillation

is covered, including its discovery and our current best knowledge of the parameters that
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characterise the oscillation.

Chapter 3 describes DUNE, covering each component that comprises the experiment. Ini-

tially, the production, properties and characteristics of the neutrino beam are described. Fol-

lowing this, an overview of the principal technology used in DUNE, liquid argon time projection

chambers, is provided. The near detector complex and the far detector are then described, as

well as a brief overview of DUNE’s physics potential.

The analysis described in this chapter uses Markov Chain Monte Carlo and Bayesian in-

ference to make estimations of neutrino oscillation parameters. Chapter 4 describes these

concepts, starting with the basics of Bayesian statistics. A brief description of Monte Carlo

methods is provided, followed by a more detailed overview of Markov Chain Monte Carlo. Fi-

nally, the methods for interring parameter estimates and uncertainties from the full posterior

distribution are described.

Calculating oscillation probabilities is a computationally costly component of a neutrino os-

cillation analysis. The analysis in this thesis uses an oscillation calculator designed to efficiently

parallelize the operations on CPU resources. Chapter 5 begins with a description of oscillation

probability calculation and the difficulties involved. The calculator used in this analysis is then

outlined and the performance of the calculator is presented as well as the resulting motivation

for its use in this analysis.

The techniques described in Chapter 4 are used to perform a sensitivity study of the DUNE

far detector and are presented in Chapter 6. Firstly, the event selection criteria are described,

followed by the resulting Monte Carlo prediction of the event distributions expected given an

assumed exposure. A detailed description of the systematic uncertainties considered in this

analysis is provided, as well as the effect these uncertainties have on the event distributions.

A brief description of the validations that were performed on the framework is provided. The

resulting oscillation parameter sensitivities are then presented, from studies with and without

the systematic uncertainties. The effect of the systematic uncertainties on the sensitivities is

illustrated, as well as the effect of changing the prior information, specifically introducing a
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constraint on the θ13 mixing angle from reactor neutrino experiments.

The near detector in long-baseline experiments collects neutrino events before significant

oscillations occur, allowing us to establish more stringent constraints on the systematic uncer-

tainties. Chapter 7 presents a joint far and near detector sensitivity study. Initially, the near

detector design used in this analysis and event selection criteria are described. This is followed

by the Monte Carlo predictions and the systematic uncertainties associated with the near de-

tector samples. Due to its proximity to the neutrino beam source, the near detector collects

significantly more events than the far detector. As well as this, the unprecedented intensity

of DUNE’s neutrino beam will result in the collection of far more near-detector events than

current long-baseline experiments. Although this is generally desirable, the sheer number of

events can make analyses susceptible to over-constraining systematic uncertainties. This oc-

curs if the uncertainty models implemented in the analysis do not accurately represent the real

uncertainties in the experiment. This issue is discussed, and a study is presented illustrating

the necessity of including the true degeneracy between parameters in the systematic models.

Finally, the results of the joint far and near detector sensitivity study are presented, including

comparisons with the far detector study.

The thesis concludes with Chapter 8, reiterating the key results from the sensitivity studies.

The next steps required to produce more realistic sensitivities for DUNE are also discussed.



Chapter 2

Neutrino Physics

The neutrino is thought to be the most abundant particle in the universe after the photon (i.e.

light) and yet one of the least understood in our model of particle physics. Their properties

make them extremely difficult to detect, and hence they earned the appropriate nickname the

”Ghost Particle”. In the nearly 100 years since their existence was first postulated, significant

knowledge has been gained about neutrinos. They have three distinct flavours and one known

property of theirs is their tendency to oscillate between them. Neutrino oscillation is the

phenomenon this thesis aims to investigate.

This chapter begins with a brief history lesson, outlining the discovery of the neutrino

and some of its key properties in Section 2.1. Section 2.2 will discuss neutrino interactions in

the Standard Model of particle physics, including how the interaction terms developed over

time, and introduce some relevant Standard Model theory to do so. Section 2.3 will discuss

the phenomenon of neutrino oscillation, including its discovery, the theory behind it and our

current knowledge of the parameters that govern it.
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2.1 Discovery of Neutrinos

The story of neutrinos began in 1914 when James Chadwick made accurate measurements of

electrons released in beta decay [3]. Unlike alpha or gamma decays, in which the resulting alpha

and gamma particles have very narrow energy distributions, he found that the kinetic energy

of the electrons followed a continuous spectrum, shown in Figure 2.1. Under the assumption

that, like alpha and gamma, beta decay follows a two-body problem (i.e. a nucleus decays into

another nucleus and an electron), a distribution of energies would violate the law of conservation

of energy. Some members of the physics community rejected the result, and some even agreed

with the violation of the law 1. In 1930, Wolfgang Pauli wrote an infamous letter (addressed,

in German but translating to, ”Dear Radioactive Ladies and Gentlemen”) [4], proposing a

neutral, light, particle which he called the ’neutron’ that was also emitted during beta decay.

After Chadwick discovered the actual neutron in 1932, Enrico Fermi named the mysterious

particle ’neutrino’, a term which translates literally from Italian as the ’little neutral one’.

Enrico Fermi developed a theory of beta decay in 1933, consisting of the decay of a neutron

into a proton, an electron and a neutrino [5]:

n→ p+ e− + ν̄ (2.1)

The theory solved the issue of the continuous energy spectrum of the electron since the

available energy from the decay was now shared between the electron and the neutrino. Fermi’s

theory correctly predicted almost all of the observed characteristics of beta decay, resulting in

a consensus that the neutrino did indeed exist.

Shortly after, Bethe and Peierels suggested that if a neutrino can be created from beta

decay, then it can also be captured [6]. They proposed that a neutrino could hit a nucleus,

1Niels Bohr, considered one of the founders of quantum theory, suggested that energy was only conserved

on average, but could be violated in any given decay.
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Figure 2.1: Number of β particles as a function of energy found by Chadwick. A continuous
spectrum can be seen in Curve A, which uses a Geiger counter, and Curve B, which uses an
ionization chamber [3].

producing an electron/positron and changing the charge of the nucleus by 1, e.g.

ν̄ + p→ n+ e+ (2.2)

However, using Fermi’s theory, they estimated the interaction cross-section (i.e. the prob-

ability of an interaction/process to take place) and concluded that observing the neutrino was

impractical. This statement held until 1956, 26 years after Pauli first postulated its existence

when the first observation of a neutrino was confirmed by Reines, Cowan, et al. [7]. The

development of fission reactors provided an intense source of neutrinos, counterbalancing the

unlikeliness of the interaction. By using tanks and liquid scintillators, electron antineutrinos

emitted from a nuclear reactor were detected. When the neutrinos interacted with the water

via inverse beta decay (Eq 2.2), the resulting e+ would annihilate producing two gamma rays
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that could be detected in the liquid scintillator. The emitted neutron could also be detected via

n capture on cadmium added to the water, resulting in a delayed gamma ray. The occurrence

of both signals provided a clear event signature.

The experiment was initially deployed in 1953 at the site of a nuclear reactor in Hanford,

Washington [8]. However, both cosmic and fission-induced backgrounds prevented a definitive

observation. The experiment was relocated to the Savannah River Plant, South Carolina,

allowing the detector to be placed underground which provided significant shielding from the

cosmic background [7, 9]. The experiment was also redesigned to have a larger target volume

and better signal-background separation. The neutrino interaction signal was 20 times greater

than the accidental background, allowing for a confirmation of the existence of neutrinos in

1956.

At the same time, an experiment was conducted at the Brookhaven reactor, New York, by

Davis et al., which attempted to measure antineutrinos via interactions with Chlorine:

ν̄ + Cl → e− +Ar (2.3)

Tanks filled with tetrachloromethane were placed close to the reactor, however, no signifi-

cant excess of Argon was found. This result, in conjunction with the observation of antineutrinos

from positrons by Reines and Cowan, initiated the concept of lepton number conservation i.e.

an antineutrino cannot produce an electron. The interaction in Eq 2.3 would require a neutrino,

not an antineutrino, a process called reverse electron capture.

The discovery of the muon, µ, in 1936 [10, 11] raised a new question: Are neutrinos associ-

ated with electrons identical to those produced alongside muons? In 1959, Pontecorvo argued

that they were different particles [12] and just 3 years later this was confirmed by Lederman,

Schwartz, Steinberger, et al. at Brookhaven National Laboratory [13]. A beam of protons was

fired at a Beryllium target producing secondary pions and kaons. At the time, it was known
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that the pions decayed into muons and neutrinos, π → µν, but it was not certain that these

neutrinos were different from those involved in beta decay. After observing the interactions

of the emitted neutrinos in a spark chamber, they found an excess of muons compared with

electrons. Had the neutrinos been the same, it was expected that an equal number of muons

and electrons would have been observed. Hence, the experiment simultaneously proved the

existence of the νµ and its flavour independence with the νe. Subsequent experiments at CERN

further validated the ”two-neutrino hypothesis” with a substantial increase in recorded neutrino

interactions [14, 15].

For decades following the discovery of the muon, the question lingered: Were there ad-

ditional, heavier siblings of the electron? Between 1974 and 1977, a series of experiments

conducted by Perl et al used the (at the time) new e+e− collider called SPEAR at SLAC re-

sulting in the discovery of an even heavier lepton called the tau, τ [16]. Based on the symmetry

of lepton and neutrino flavours observed thus far, there was strong speculation regarding the

existence of a corresponding third neutrino. The DONUT experiment at Fermilab, Illinois, was

built specifically to observe the postulated ντ and did so in 2000 [17]. The interactions of neu-

trinos in the detector were initially identified by the sudden appearance of tracks (as neutrinos

themselves leave no discernible trace as they travel). Of those, ντ events were identified by a

characteristic ”kink” in the track after ∼ 2 mm, which indicated the decay of a τ as shown in

Figure 2.2. The common leptonic decays of a τ− is τ− → µ−ν̄µντ or τ
− → e−ν̄eντ , of which only

the emitted lepton is observable resulting in the single kinked track. The result was made from

only four ντ events, but since the particle was expected to exist the discovery was generally

accepted.

Having found two further generations of leptons after the electron, many questioned whether

there was a fourth. Some postulated that this pattern continued indefinitely for higher masses

and energies. However, in 1989, the ALEPH detector, using the Large Electron Positron (LEP)

collider ruled out the possibility of a fourth neutrino flavour at 98% C.L. via measurements of

the Z-boson decay width [18]. A combined fit was also performed with four experiments at LEP
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Figure 2.2: A ντ event at DONUT, showing the track of a τ (red-dotted) which decays into
a lepton (green-dotted) causing a characteristic ”kink” [16].

and the SLD experiment at the e+e− colliding ring at SLAC, resulting in a Nν = 2.984± 0.008

[19]. This result is consistent with the existence of three light neutrino species. However, this

does not rule out further species of neutrinos that do not couple to the Z (i.e. sterile neutrinos)

or are too heavy to be produced in Z decay (i.e. heavy neutrinos).

2.2 Neutrino Interactions

2.2.1 Neutrino Interactions in the Standard Model

After the postulation of the neutrino by Pauli, Fermi developed a theory of weak interactions to

describe beta decays, known as Fermi’s theory. In Fermi’s theory, beta decay was a point-like

interaction of four fermions as shown Figure 2.3. The matrix element for the interaction in

Fermi’s theory was given by

MF =
GF√
2
gµν

[

ψ̄3γ
µψ1

][

ψ̄4γ
µψ2

]

(2.4)
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where GF is the Fermi constant, gµν is the diagonal Minkowski metric tensor, ψ are the

fermion fields and γµ are the gamma matrices. A description of ψ, gµν and γµ can be found

in [20]. GF denotes the coupling factor of the interaction. Fermi’s theory largely drew from

electromagnetic interactions and provides fairly reliable calculations at low energies. According

to the theory, the cross-section for the interaction increases linearly with energy (forever...),

highlighting that modifications were necessary, especially at higher energies.

Figure 2.3: Feynman diagram of a point-like Fermi interaction.

In 1957, Wu found experimental evidence that beta decay violated parity conservation [21].

Parity conservation refers to a symmetry whereby the laws of physics remain unchanged under

an inversion of the spatial coordinates (i.e. x⃗ → −x⃗). By observing the decays of Co60 in

a magnetic field, it was noticed that the direction of the emitted electron was almost always

opposite to the nuclear spin of the 60Co. If parity were conserved, the electrons would be emitted

isotropically. Parity was believed to be a fundamental symmetry in nature and holds for both

electromagnetic and strong interactions, so the discovery shocked the physics community. The

form of the interaction in Eq 2.4 does not violate parity, and hence providing further evidence

modification to the theory was necessary.

Soon after, Feynman and Gell-Mann introduced a new form of interaction which maximally

violated parity [22]. The general idea behind the new formalisation was to find a combination

of gamma matrices which contained this violation. The derived form was given by
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GF√
2
gµν

[

ψ̄3γ
µ
(
1− γ5

)
ψ1

][

ψ̄4γ
µ
(
1− γ5

)
ψ2

]

(2.5)

and is widely referred to as the ”V - A” structure, since ψγµψ̄ is a vector (occurring in

electromagnetic interactions) and ψγµγ5ψ̄ is an axial vector. It then follows that the weak

interaction only couples to left-handed chiral particles (i.e. the direction of motion is opposite

to that of the spin) since the left and right-handed chiral projection operators are defined as

PL =
1

2

(
1− γ5

)
; PR =

1

2

(
1 + γ5

)
(2.6)

When applied to particles, the chiral projection operators return the corresponding projec-

tion, i.e. PLψ = ψL. For anti-particles, they return the opposite projection, i.e. PLψ̄ = ψ̄R.

Hence, the weak force only couples to right-handed anti-particles. This suggests that, although

parity is violated, the combination of charge and parity (CP) is still conserved. A CP operation

on a left-handed neutrino returns a right-handed antineutrino. However, Cronin, Fitch, et al.

found that CP is also violated by weak interactions [23]. The topic of CP violation will be

discussed in more detail in Section 2.3.2.

As quantum electrodynamics, the theory governing electromagnetic interactions achieved

success, efforts were made to formulate an analogous theory for weak interactions. This resulted

in the development of a unified theory, called the electroweak theory, by Sheldon Glashow,

Steven Weinberg, and Abdus Salam [24, 25]. The theory predicted that massive gauge bosons

were necessary to mediate the weak force. The weak force now has two formulations: charged-

current (CC) through the exchange of W± boson and neutral-current (NC) through the ex-

change of a Z0 boson. Feynman diagrams for the two interactions can be seen in Figure 2.5.

Unlike W± bosons, Z0 bosons can couple to both left-handed and right-handed particles and
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antiparticles. The introduction of the propagator term in the weak interaction, 1
M2

W,Z
−q2

where

MW,Z is the mass of the boson and q is the momentum transfer, suppresses the total cross-

section at high energies. At low energies, M2
W,Z >> q2, we return back to Fermi’s theory.

2.2.2 Neutrino-Nucleon Interactions

Neutrino interactions on nucleons have a much larger cross-section than interactions on free

particles but their description provides more theoretical challenges. These interactions can be

further categorised. Firstly, all neutrino-nucleon interactions can be placed into two categories:

elastic and inelastic. Elastic interactions dominate at low q2 and cause the struck nucleon to

recoil. In CC interactions, there is a change of charge since a charged lepton is produced. Due

to the transfer of mass to the lepton, elastic CC interactions are referred to as quasielastic

(QE).

Figure 2.4: Total muon neutrino CC interaction cross-section on nucleon, and the three major
components: QE, resonance (RES) and DIS, as a function of neutrino energy [26]

Inelastic interactions are dominated by two further groups: resonant (RES) and deep in-

elastic scattering (DIS). RES interactions dominate inelastic interactions at low q2 and result in

the excitation of the struck nucleon into a baryonic resonance, e.g. ∆. This excited state then



Neutrino Physics 39

n p

µ−νµ

W

(a) CCQE scattering

p p

νµνµ

Z0

(b) NC elastic scattering

Figure 2.5: Example Feynman diagrams showing (a) CCQE scattering and (b) NC elastic
scattering of a νµ.

decays, emitting further particles from interaction e.g. a pion. At higher q2, DIS interactions

dominate and are when the neutrino scatters directly off of a constituent quark. This often

results in the fragmentation of the incident nucleon. Figure 2.4 shows the total muon neutrino

CC interaction cross section as a function of neutrino energy, Eν , and also the cross-section for

the major three components: QE, RES, DIS.

NC Elastic and CC Quasi-Elastic Scattering

Figure 2.5 shows example Feynman diagrams for both CCQE and NC elastic scattering of a

νµ on a neutron. At very low neutrino energies, NC elastic interactions are the only nucleon

interactions available, since a threshold of energy is required in CCQE scattering to produce

mass of the charged lepton. For a νµ with Eν ¡ 1 GeV, CCQE scattering is the dominant type

of interaction.

CCQE interactions are particularly valuable in neutrino physics. The two-body nature of

the interaction allows the kinematics to be completely reconstructed, specifically the initial

neutrino energy, assuming the initial nucleon is at rest. Accurately reconstructing the neutrino

energy is vital for neutrino oscillation measurements. In fact, for a nucleon at rest (or if Eν

is large enough such that this is a valid approximation) Eν can be calculated with just the

momentum, pl, and angle relative to the incoming neutrino, θl, of the charged lepton:
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Eν =
m2

p + 2mnEl −m2
n −m2

l

2 (mn − El + pl cos θl)
(2.7)

where mp,n,l are the masses of the proton, neutron and lepton and El is the energy of the

lepton. This can be derived directly from mass and energy conservation. For nucleons bound

within a nucleus, Eq 2.7 must be amended slightly by introducing the binding energy.

Resonance Production

νµ µ−

n
n

π+W

∆+

(a)

νµ µ−

p
p

π+
W

∆++

(b)

Figure 2.6: Example Feynman diagram showing νµ CC resonant scattering off of a (a) neutron
and (b) proton producing a single pion (CC1π).

For higher neutrino energies, where larger q2 is possible, neutrinos can undergo inelastic

interactions. The incoming neutrino ”knocks” the target nucleon into a baryonic resonance, e.g.

∆. The resonant state then decays back to a nucleon while also emitting a meson or photon.

Most often just a single pion is emitted, which is shown in Figure 2.6. The cross-section for

RES interactions peaks in the energy region between QE and DIS i.e. 0.5 ¡ Eν ¡ 10 GeV.

Deep Inelastic Scattering

As Eν increases further, q
2 becomes sufficiently large that the nucleon structure can be resolved

by the incoming neutrino. The neutrino can scatter directly off of the quarks within the nucleon,

including the ”sea” of quarks and antiquarks that are constantly being created and annihilated.

DIS interactions are the dominant process for Eν ¿ 10 GeV. The DIS cross-section increases
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d
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d
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Figure 2.7: Example Feynman diagram showing νµ CC DIS interaction.

linearly until Eν ∼MW,Z . A Feynman diagram of a CC DIS interaction is shown in Figure 2.7.

DIS interactions result in the fragmentation of the struck nucleon. In a simplistic view,

the struck quark recoils resulting in the creation of quark-antiquark pairs, a process known as

hadronization. In an experiment, a jet of hadrons is observed.

Nuclear Effects and Final-State Interactions

Neutrino interactions are significantly more complex in real experiments since the nucleon is

contained within a nucleus. The initial state of these nucleons, which are constantly moving

and changing momentum within the nuclear potential, affects the kinematics and cross-section

of neutrino interactions, especially at lower energies where Q² is smaller. Models like the rela-

tivistic Fermi-gas [27] have traditionally been used to describe these interactions, but newer ex-

periments at lower neutrino energies are exploring alternative models, such as spectral functions

[28]. Additionally, the nuclear potential limits the final-state kinematics of nucleon-producing

interactions through an effect called ”Pauli-blocking”, which requires the final-state nucleon’s

momentum to exceed the Fermi momentum. This occurs because the final-state nucleon cannot

occupy a quantum state of an existing nucleon due to the Pauli exclusion principle.

Furthermore, neutrino interactions are not confined to individual nucleons but can involve

correlated nucleon pairs, alpha particles, or other quasi-bound states. After the interaction,

final-state particles must propagate out of the nucleus, where they can undergo strong interac-

tions with other nucleons, known as final-state interactions (FSI). These FSIs can significantly

alter the momentum, direction, type, and number of particles, with pions and nucleons poten-
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tially being absorbed or generating additional particles. Consequently, the particles detected

outside the nucleus can differ greatly from those initially created at the interaction vertex.

2.3 Neutrino Oscillations

This thesis focuses on neutrino oscillation, the phenomenon whereby a neutrino created with a

given flavour (νe, νµ or ντ ) can later be observed in a different flavour. This section will first

describe the initial evidence for neutrino oscillation in Section 2.3.1. The theory of neutrino

oscillation will be described in Section 2.3.2 and a review of our current knowledge of neutrino

oscillation parameters in Section 2.3.3.

2.3.1 Evidence for Neutrino Oscillation

The Solar Neutrino Puzzle

In 1968, Davis, Harmer and Hoffman devised an experiment to measure neutrinos from the sun

at the Homestake Mine, South Dakota [29]. Specifically, the neutrinos produced by the decay of

8B: 8B → 8Be+ e++ νe. They planned to use the same method of detection as Davis’ previous

experiment roughly 10 years prior; use Cl to observe the interaction in Eq 2.3. However, since

this time they aimed to measure neutrinos and not antineutrinos, it would actually work! The

results of the experiment showed a significant deficit, roughly 7 times smaller, in the predicted

flux of neutrinos. This result became known as ”the solar neutrino puzzle”. The consensus at

the time was that this was an issue with the predicted flux of neutrinos which came from the

Standard Solar Model.

This result was validated by the Kamiokande Collaboration in 1989 [30]. The experiment

was initially intended to measure proton decay using a large water Chereknov detector. How-

ever, they produced a measurement of the flux of solar νe by observing νe - e elastic scattering

events (νe + e− → νe + e−). They similarly observed a deficit, of roughly 1
2
, compared with

the Standard Solar Model prediction, as shown in Figure 2.8. Given that this result was still
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Figure 2.8: Energy distribution of solar neutrino events seen by the Kamiokande detector.
The histogram shows the prediction by the Standard Solar Model. The dotted line shows the
best fit to the data [30].

dependent on the same solar model, this result still was not clear evidence that something was

missing from our picture of the neutrino.

The solar neutrino puzzle continued to be investigated into the early 1990s. The GALLEX

[31] and SAGE [32] experiments both made measurements of the solar νe flux using a similar

radiochemical method to Davis, except using Gallium rather than Chlorine: νe +
71Ga →

e− + 71Ge. The threshold energy for this interaction is much lower than that for Cl, allowing

lower-energy neutrinos to be observed. This allowed neutrinos produced from the proton-proton

chain, one of the nuclear fusion chain reactions that occur in the sun, to be detected, which at the

time was a more understood process. Nevertheless, both experiments saw a significant deficit

once again. Although still reliant on solar models, these results provided stronger evidence for

the disappearance of νe.

The confirmation of the disappearance of solar neutrinos came from the SNO collaboration

in 2002 [33]. Using a spherical water Cherenkov detector filled with heavy water, D2O, SNO

measured the flux of solar neutrinos, once again predominantly from the decay of 8B. However,

unlike previous experiments, SNO was able to measure both the νe flux and the total νx flux.
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The νe flux was measured via the CC interaction off of deuterium

νe + d→ p+ p+ e− (2.8)

which is not available to νµ or ντ . The total flux of neutrinos can be measured via NC

interactions

νx + d→ νx + p+ n (2.9)

νx + e− → νx + e− (2.10)

which is available to all three neutrino flavours. They found that the total neutrino flux

was consistent with Standard Solar Model predictions, however, they found the flux of νe to

be ∼ 1
3
of the total flux. Only νe are produced by the sun, and so this gave fairly conclusive

evidence that νe were changing flavour to νµ and ντ .

Atmospheric Neutrinos

In 1986, both the Irvine-Michigan-Brookhaven (IMB) [34] and Kamiokande [35] experiments

were searching for proton decay, of which atmospheric neutrinos were the largest background.

Both experiments made measurements of the rate of atmospheric neutrinos. Atmospheric

neutrinos are primarily produced by the decay of pions and muons in the atmosphere, e.g.

π± → µ± + νµ/ν̄µ

e± + νe/ν̄e + ν̄µ/νµ (2.11)

Given that Eq 2.11 is the sufficiently dominant process, this would result in an expected

ratio of (νµ/ν̄µ) : (νe/ν̄e) = 2 : 1. However, both experiments measured a lower rate of νµ than
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expected.

Figure 2.9: The ratio of the number of observed events to Monte Carlo prediction in the
absence of neutrino oscillation against the reconstructed L/Eν in Super-Kamiokande. The
dashed lines show the expected shape of the distribution when accounting for νµ ↔ ντ in a
two-flavour oscillation model at ∆m2 = 2.2x10−3eV 2 and sin2 2θ = 1 [35].

In 1998, the successor to Kamiokande, Super-Kamiokande, made a far more definitive mea-

surement of the disappearance of atmospheric νµ [36]. The Super-Kamiokande detector is a 50

kt water Cherenkov detector with good reconstruction on the angle of the incoming neutrino.

By measuring the incoming angle, the νµ events could be separated into two samples: up-going

and down-going. The down-going neutrinos will have been produced in the atmosphere directly

above the detector and will have travelled∼ 15km.Theup−goingneutrinoswillhavetravelledthewholewayth

13000km.Underthehypothesisthatthereisnooscillation, andprovidedthecosmicrayswhichproducetheneutr

goinganddown−goingneutrinoevents.Onthecontrary, Super−Kamiokandeobservedadeficitinup−

goingneutrinoscomparedwithdown−goingneutrinos, whichprovedthattheobservedatmosphericνµ
flux was dependent on the distance the neutrino propagated. The oscillation of atmospheric νµ

became evident when plotting the ratio of observed events to prediction against distance, L,

over Eν , as shown in Figure 2.9. For muon-like events, there is a clear deficit as L/Eν increases,

but not for the electron-like events. This was clear evidence of the oscillation of atmospheric

νµ.
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Reactor Neutrinos

Figure 2.10: Upper Panel: Predicted reactor ν̄e flux as a function of energy, showing back-
ground contributions e.g. geo-neutrinos (from decays in the Earth). Lower panel: Observed ν̄e
flux as a function of energy. The black histogram shows the predicted flux given no oscillation.
The blue histogram shows the best fit using two-flavour oscillation [37]

As well as solar and atmospheric neutrinos, strong evidence was found for the oscillation

of ν̄e from nuclear reactors. The KamLAND experiment measured ν̄e from 53 nuclear reactors

in Japan, with the vast majority of the flux coming from 26 reactors with a distance range of

138-214 km [37]. The relatively narrow band of distances for the majority of the flux allows

KamLAND to observe the effect of oscillation in the flux as a function of energy. The detector

consists of a balloon filled with liquid scintillator, in which ν̄e can undergo inverse beta decay,

as in Eq 2.2. The emitted positron produces scintillation light as it passes through the liquid

before it annihilates. The emitted neutron is then captured by hydrogen, ∼ 200 µs later, the

combination of which produces a unique signature. A significant deficit was observed, as shown

in Figure 2.10, consistent with the findings of the solar and atmospheric neutrino experiments.

Both the Super-Kamiokande and SNO experiments were accredited with the discovery

of neutrino oscillation and, as a result, shared the 2015 Nobel Prize for Physics [38]. Since

then, several constraints have been made on the oscillation parameters in the model (discussed
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in Section 2.3.2) from a wide range of modern neutrino experiments, including long-baseline

experiments. Their results and the current state of knowledge of neutrino oscillation parameters

will be discussed in Section 2.3.3.

2.3.2 Theory of Neutrino Oscillation

Neutrinos interact via the weak force, which couples to the flavour of the neutrino. In charged-

current weak interactions, mediated by a W boson, a neutrino of lepton flavour νl will be

coupled to the corresponding lepton l. Hence, the flavour eigenstates undergo interactions

which are detectable experimentally.

The confirmation of neutrino oscillation, outlined in Section 2.3.1, proves that neutrinos

are not massless particles. This means that as well as flavour eigenstates, mass eigenstates

also exist, each having a well-defined mass. The sets of eigenstates also cannot be equivalent,

another consequence of the observation of oscillation. We can therefore describe the flavour

eigenstates, |vα⟩ for α = e, µ, τ , as a superposition of the mass eigenstates, |vi⟩ for i = 1, 2, 3,

|vα⟩ =
∑

i

U∗
αi |vi⟩ (2.12)

where U is the unitary matrix that describes the transformations between the flavour and

mass eigenstates, known as the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix [20]. Given

three flavour eigenstates and three mass eigenstates, the PMNS matrix can be written as

U =









Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3

Uτ1 Uτ2 Uτ3









(2.13)

The PMNS matrix can be decomposed into three rotation matrices and a diagonal matrix,
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and parameterised in terms of three rotation angles and three complex phases [39]

U =









1 0 0

0 c23 s23

0 −s23 c23









︸ ︷︷ ︸

Atmospheric









c13 0 s13e
−iδCP

0 1 0

−s13eiδCP 0 c13









︸ ︷︷ ︸

Cross-mixing









c12 s12 0

−s12 c12 0

0 0 1









︸ ︷︷ ︸

Solar









eiα1/2 0 0

0 eiα2/2 0

0 0 1









︸ ︷︷ ︸

Majorana

(2.14)

where clm = cos θlm, slm = sin θlm, θlm is the rotation angle for the relevant rotation and δCP

is the charge-parity violation phase. α1 and α2 are complex phases which are necessary only if

neutrinos are Majorana particles. This decomposition separates the mixing angles appropriately

into the experiments which are most sensitive to them.

The first matrix contains only θ23 and the third matrix contains only θ12. They are often

referred to as the ‘atmospheric’ and ‘solar’ parameters respectively since they have major con-

tributions to the oscillation of those neutrinos. For this reason, both the solar and atmospheric

neutrino oscillations can be approximated to a two-flavour model with the respective flavours

involved, reducing the three-flavour model to only the relevant parameter.

The second matrix, known as the ‘cross mixing’ matrix contains the mixing angle θ13,

known as the ‘reactor’ parameter, and δCP . If δCP is non-zero, U becomes a complex matrix

which, as shown below, will lead to probability differences between υα −→ υβ and ῡα −→ ῡβ.

This result is of high interest in the scientific community as it would suggest an asymmetry

between matter and anti-matter. Accurate measurements of this parameter will determine how

much charge-parity violation is generated by neutrino oscillations which could help explain the

matter dominance in the universe.

The ‘Majorana’ matrix is only necessary if neutrinos have a Majorana mass, meaning that

they are their own antiparticle. If true, two extra complex phases need to be introduced to

redefine the phase of Majorana fields. Otherwise, the right-hand side matrix in Eq 2.14 can be
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omitted. However, the mass nature of neutrinos cannot be concluded in oscillation experiments

as the extra complex phases do not affect the oscillation probability. This requires the obser-

vation of other phenomena such as neutrino-less double beta decay, which is currently under

study (MAJORANA [40], GERDA [41], SNO+ [42], KamLAND-Zen [43] and SuperNEMO

[44], among others).

The unitarity of the PMNS matrix is a consequence of the Standard Model. In the Standard

Model, due to lepton-number conservation, a neutrino of flavour να can only interact to create

a lepton of flavour lα. This means that the flavour states |vα⟩ must be orthogonal, resulting

in the mixing matrix being unitary. If we also assume the mass eigenstates are orthogonal, we

can write

⟨να | νβ⟩ =
(∑

U∗
αi |νi⟩

)† (∑

U∗
βj |νj⟩

)

(2.15)

δαβ =
∑

i

∑

j

U∗
βjUαi ⟨νi | νj⟩ (2.16)

δαβ =
∑

i

U∗
βiUαi (2.17)

where δαβ is the Kronecker delta (δαβ = 1 if α = β, δαβ = 0 if α ̸= β). Since the PMNS

matrix is unitary, we can invert Eq 2.12 to express the mass eigenstates as a superposition of

the flavour eigenstates:

|vi⟩ =
∑

α

Uαi |vα⟩ (2.18)

The fraction of flavour α in a mass eigenstate νi is equal to |Uαi|2. This is equivalent to the

probability that a νi will interact to produce a lepton of flavour α.

We now aim to calculate the probability of a neutrino produced in flavour α being de-
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Figure 2.11: A simple diagram illustrating the oscillation of a neutrino flavour eigenstate (up-
per diagram) and the contributions of each mass eigenstate to the calculation (lower). ”Amp”
denotes the amplitude of the oscillation and ”Prop” denotes the propagator. Figure taken from
[39].

tected in flavour β after propagating some distance, L. A schematic of the problem is shown

in Figure 2.11, illustrating that a neutrino has changed flavour if it was produced alongside a

lepton of flavour α and later interacts to produce a lepton of flavour β. It also shows that the

amplitude of the oscillation is a sum of the amplitudes of each mass eigenstate:

Amp (να → νβ) =
∑

i

U∗
αi Prop (νi)Uβi (2.19)

where Amp (να → νβ) denotes the amplitude of the oscillation and Prop (νi) denotes the

propagator. We now must calculate what Prop (νi) is. We start by considering the time

evolution of a neutrino state, in its rest frame, given by the Schrödinger equation:
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i
d

dτ
|νi(τ)⟩ = H |νi⟩ (2.20)

where H is the Hamiltonian operator and τ is the propagation time. Since the neutrino

mass eigenstate is also an eigenstate of the Hamiltonian

H |νi⟩ = mi |νi⟩ (2.21)

where mi is the mass of the eigenstate i. By equating Eq 2.20 and Eq 2.21, we find that

the solution to the Schrödinger equation is a plane wave

|νi (τ)⟩ = e−imiτ |νi⟩ (2.22)

Now we must convert this into the laboratory frame. By Lorentz invariance,

miτ = Eit− piL (2.23)

where, in the laboratory frame, Ei is the energy of the mass eigenstate, t is the time, pi is

the momentum of the mass eigenstate and L is the distance propagated. The momentum of

the mass eigenstate is related to its energy and mass via

pi =
√

E2
i −m2

i ≊ Ei −
m2

i

2Ei

(2.24)
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where, since neutrinos are extremely light i.e. m2
i ≪ E2

i , we can approximate using a

binomial expansion. Placing this back into Eq 2.23, we find

miτ ≊ E (t− L) +
m2

i

2E
L (2.25)

where we have assumed that the energy of each mass eigenstate, for a given flavour state,

is equal (i.e. Ei = Ej). The term E(t − L) is the same for all eigenstates and will become

irrelevant when calculating the oscillation probability. Substituting Eq 2.25 into Eq 2.22, we

find a final expression for our propagator:

Prop (νi) = exp

[

−im
2
i

2E
L

]

(2.26)

From Eq 2.19, we can write the amplitude for a neutrino to change flavour as

Amp (να → νβ) =
∑

i

U∗
αiUβie

−im2

i
L
2E (2.27)

From the amplitude, we can calculate the probability of a να → νβ oscillation:

P (να → νβ) = |Amp (να → νβ) |2 =
∑

i

∑

j

U∗
αiUβiUαjU

∗
βje

−i∆m2

ij
L
2E (2.28)

where ∆m2
ij = m2

i −m2
j and is referred to as the mass-squared difference. This result can

be simplified by splitting Eq 2.28 into its real and imaginary components and utilising the

unitarity of U, leaving the following more convenient expression:
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P (να → νβ) = δαβ − 4ℜ
∑

i>j

U∗
αiUβiUαjU

∗
βj sin

2

(
∆m2

ij

4E
L

)

+ 2ℑ
∑

i>j

U∗
αiUβiUαjU

∗
βj sin

(
∆m2

ij

2E
L

)

(2.29)

The first term in Eq 2.29 corresponds to no oscillations. The following term corresponds

to oscillations, with the real components of the PMNS matrix controlling the amplitude of

oscillation and the terms inside the sine function controlling the phase. The final term in the

expression accounts for the impact of CP violation within the PMNS matrix.

Accelerator-based neutrino experiments, such as DUNE, generally study neutrino oscillation

by using a νµ dominated neutrino beam and measuring the νµ disappearance, P (νµ → νµ), and

the νe appearance, P (νµ → νe). These probabilities can also be approximated to

P (vµ → vµ) ≈ 1− cos4 θ13 sin
2 2θ23 sin

2

(

1.27
∆m2

32L

E

)

(2.30)

P (vµ → ve) ≈ sin2 2θ13 sin
2 θ23 sin

2

(

1.27
∆m2

31L

E

)

(2.31)

where the factor 1.27 comes when the units of L and E and the values and units of ℏ, c are

included. From Eq 2.30 and Eq 2.31, we can see that L and E are the controllable experimental

variables that must be optimised to maximise the oscillation probability. If we consider the νµ

disappearance, the important mass-squared splitting for the oscillation phase is ∆m2
32, which is

≈ 0.0025 eV2. Accelerator experiments typically produce neutrinos with energies of O(1GeV).

Since we know that

1.27
∆m2

32L

E
≈ π

2
(2.32)
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maximises the νµ disappearance, we can estimate the rough baseline needed to achieve this:

L =
π E

2.54∆m2
32

≈ 400 km (2.33)

Accelerator experiments with higher energies will require longer baselines (i.e. DUNE).

If we refer back to the atmospheric oscillation discovery, discussed in Section 2.3.1, we can

use Eq 2.30 to understand the observations. The downgoing νµ neutrinos, which only travelled

∼ 15 km, would have a disappearance probability of ∼ 0.001. Hence, the baseline is much too

short for those oscillations to have started. The up-going neutrinos, which travelled a much

longer distance, ∼ 13000 km, would have a disappearance probability of ∼ 0.5. This explains

the observed data in Figure 2.9.

Another interesting characteristic can be found in Eq 2.30. The θ23 mixing angle appears in

the disappearance probability, to leading order, in the term sin2 2θ23. Hence, maximal mixing is

defined as sin2 2θ23 = 1 and hence θ23 =
π
4
. However, if θ23 is not maximal, of which the current

data suggests it’s close but not quite (see Section 2.3.3), there is a symmetry in the values of

sin2 2θ23. Values of θ23 <
π
4
and θ23 >

π
4
(or sin2 θ23 < 0.5 and sin2 θ23 > 0.5), referred to as the

lower octant and upper octant respectively, return the same disappearance probability. This

degeneracy can be broken by appearance channels, i.e. Eq 2.31, or by the effect of higher order

terms of disappearance probability.

Anti-neutrino Oscillation

So far we’ve derived neutrino oscillation probabilities, but we haven’t explicitly checked what

happens to anti-neutrinos. To do this, we first adjust Eq 2.18

|v̄i⟩ =
∑

α

U∗
αi |v̄α⟩ (2.34)



Neutrino Physics 55

where the only change is the conjugate on the PMNS element. The same derivation can be

applied, which results in the following expression of the oscillation probability

P (ν̄α → ν̄β) = δαβ − 4ℜ
∑

i>j

U∗
αiUβiUαjU

∗
βj sin

2

(
∆m2

ij

4E
L

)

− 2ℑ
∑

i>j

U∗
αiUβiUαjU

∗
βj sin

(
∆m2

ij

2E
L

)

(2.35)

where the only major change is the sign in front of the imaginary term. This difference can

give rise to CP violation.

Charge-Parity Violation

In Section 2.2.1, parity violation was discussed and shown to occur in weak interactions. The

initial theory was that, although parity is violated in weak interactions, the combination of both

charge and parity operators would leave the interaction properties the same. In the neutrino

sector, a CP operation on a left-handed neutrino would return a right-handed antineutrino.

Hence, CP-violation in the neutrino sector would manifest as a difference between the physics

of neutrinos and antineutrinos. In the PMNS matrix, the CP violating phase factor, δCP , causes

a difference between the oscillations of neutrinos and antineutrinos (if δCP ̸= 0 or ±π).

The existence of CP violation in the neutrino sector is an exciting prospect as it may help

to explain the matter-antimatter asymmetry that is observed in the universe. The universal

matter-antimatter asymmetry observation requires there to have been some responsible process

during the evolution of the universe since equal parts of matter and antimatter were created in

the Big Bang. Sakharov proposed a set of three necessary conditions that must be satisfied to

produce a matter-antimatter asymmetry [45]:

1. Baryon number violation

2. C and CP violation
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3. Out of equilibrium interactions

CP violation has already been observed in the quark sector [1], however, the magnitude is

not enough to explain the observed asymmetry.

The Jarlskog invariant, JCP , is a quantity that indicates the magnitude of CP violation

[46]. It is invariant under changes to the parameterisation of the mixing matrix that governs

the process, i.e. the PMNS matrix. When applied to the PMNS matrix, JCP takes the form of

JCP =
1

8
cos θ13 sin (2θ13) sin (2θ12) sin (2θ23) sin δCP (2.36)

Mass Ordering

In the Standard Model, neutrinos are assumed to have no mass since, without the existence

of a right-handed chiral state, there is no way to construct the Dirac mass term. However,

as is quite evident from Eq 2.29, for neutrino oscillation to occur the mass-splittings must be

non-zero.

Given three neutrino eigenstates, there exists two independent mass splitting: ∆m32 (re-

ferred to as the atmospheric mass splitting) and ∆m21 (referred to as the solar mass splitting).

The third splitting is defined by the relationship: ∆m32 +∆m21 +∆m31 = 0. Generally, neu-

trino oscillation only has direct sensitivity to the squared mass difference, meaning there is

ambiguity in the ordering of the mass states. Solar neutrino experiments were able to deduce

that the m2
2 > m2

1 through the effect that matter in the sun has on the rate of oscillations

(this effect is discussed further in the following section). That leaves two possible hierarchies,

normal ordering (NO): m2
3 > m2

2 > m2
1 and inverted ordering (IO): m2

2 > m2
1 > m2

3, as shown

in Figure 2.12.
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Figure 2.12: Illustration of the two possible orderings of the mass eigenstates. The flavour
compositions of each mass state, given by the current best knowledge of the mixing angles
(under both sin2 θ23 = 2/3 and sin2 θ23 = 1/3 hypotheses), are denoted by the colours. Image
taken from [47].

Matter Effects

Thus far, we’ve only considered neutrino oscillations in a vacuum. In reality, the neutrinos that

are measured in experiments travel through matter. As neutrinos propagate through matter,

an additional potential is introduced from the particles within that medium causing the mass

eigenstates to change. This is mainly a result of coherent scattering (scattering which leaves

the neutrino state unchanged), which can either be CC or NC, as shown in Figure 2.13.

l− νl

l−νl

W

(a) CC coherent scattering

e, p, n e, p, n

νlνl

Z0

(b) NC coherent scattering

Figure 2.13: Example Feynman diagrams showing (a) CC and (b) NC coherent scattering in
matter.

Since NC coherent scattering is independent of the incoming neutrino flavour, it leaves the
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oscillation probability unchanged. On the contrary, the CC scattering only affects νe since

electrons are the only charged lepton present in the Earth’s matter. The contributing term

to the Hamiltonian and how this affects the neutrino oscillation is not given here but can be

found in several neutrino textbooks such as [48]. In the sun, the rapidly changing density of

matter gives rise to resonances, a phenomenon known as the Mikheyev-Smirnov-Wolfenstein

(MSW) effect [49]. In the Earth’s crust, through which neutrinos in long-baseline experiments

propagate, the density of matter can be approximated as constant.

Furthermore, the sign of the extra potential introduced by the matter effect is reversed

for antineutrinos. This is inherently CP-asymmetric and has the effect of mimicking the CP-

violation which is caused by the PMNS matrix. It is therefore vital that these effects are taken

into account when inferring the values of oscillation parameters from data.

The matter effects also allow for differentiation between the two mass hierarchies since the

effect is also dependent on the sign of ∆m2
ij. Due to the long baseline and intense neutrino beam

at DUNE, the mass hierarchy will be completely resolved within the first few years of running

[2]. This is essential for the true effects of CP violation in the PMNS matrix to be measured.

In this analysis, matter effects are fully taken into account while assuming a constant matter

density of 2.848 g/cm3 [50].

2.3.3 Current Knowledge of Oscillation Parameters

Neutrino oscillation parameters have been measured by a wide range of experiments using ac-

celerator (both long-baseline and short-baseline), reactor, atmospheric and solar neutrinos. The

current best estimates of the neutrino oscillation parameters are presented here, as published in

the 2023 update of the 2022 Review of Particle Physics by the Particle Data Group [51]. These

results were performed by NuFit which provides a global neutrino oscillation measurement [52].

Specifically, these are the NuFit 5.2 results (without Super-K Atmospheric constraints).

• θ23:

The current best-estimate of sin2 θ23:
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sin2 θ23 = 0.572+0.018
−0.023 (NO)

= 0.578+0.016
−0.021 (IO)

where, since there is dependence on the mass ordering, values are presented for both NO

and IO. The global sensitivity of θ23 comes from the disappearance channel (Eq 2.30) of

long-baseline experiments, of which the major contributors are T2K [53], NOvA [54] and

MINOS [55]. There is no significant preference for the octant of θ23. Often results are

published as a 2D contour of ∆m2
32−sin2 θ23 since both parameters significantly contribute

to the disappearance probability. Figure 2.14 shows the 90% contours for T2K, NOvA,

Super-K, MINOS and IceCube experiments superposed on each other.

Figure 2.14: The 90% confidence level region in ∆m2
32 − sin2 θ23 and the best-fit points from

T2K, NOvA, Super-K, MINOS and IceCube experiments. Figure from [56]

• ∆m2

32
:

The current best-estimate of |∆m2
32|:
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|∆m2
32| = 2.437+0.028

−0.027 × 10−3 eV2 (NO)

= 2.498+0.032
−0.025 × 10−3 eV2 (IO)

where, since there is dependence on the mass ordering, values are presented for both NO

and IO. The modulus is present since the sign of ∆m2
32 is still unknown which is equivalent

referring to the mass ordering. This global fit analysis has a slight preference for NO.

• θ12:

The current best-estimate of sin2 θ12:

sin2 θ12 = 0.303+0.012
−0.011

where a constraint on the value of θ13 has been used. The current global sensitivity is

dominated by solar neutrino experiments (e.g. SNO [33], BOREXINO [57], Super-K [58]).

• ∆m2

21
:

The current best-estimate of |∆m2
21|:

|∆m2
21| = 7.41+0.21

−0.20 × 10−5 eV2

where a constraint on the value of θ13 has been used. The current global sensitivity is

dominated by long-baseline reactor experiments, i.e. KamLAND [37, 59]. Results of

tan2 θ12 and ∆m2
21 often presented together as a 2D contour. Figure 2.15 shows the 2D

contours from KamLAND and solar neutrino experiments. It can be seen that the solar

neutrino experiments have much better precision on the θ12, whereas KamLAND has
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much better precision on ∆m2
21.

Figure 2.15: The 95%, 99%, 99.73% confidence level regions for ∆m2
21 − tan2 θ12 from Kam-

LAND (colours) and solar experiments (lines). The side panels show the 1D ∆χ2 profiles for
KamLAND (dashed), solar experiments (dotted) and the combination of both (solid). Figure
from [59]

• θ13:

The current best-estimate of sin2 θ13:

sin2 θ13 = 2.2203+0.056
−0.059 × 10−2 (NO)

= 2.2219+0.060
−0.057 × 10−2 (IO)

where the choice of mass ordering has a slight effect on the best estimate. The current

global sensitivity is dominated by the Daya Bay short-baseline reactor experiment[60],

with contributions from similar experiments (e.g. Double Chooz [61] and RENO [62]).
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θ13 is considerably smaller than the other mixing angles and, before the results of precision

reactor experiments, was thought to be zero for some time.

• δCP :

The current best-estimate of δCP :

δCP =
(
197+42

−25

)◦
or − 2.84+0.73

−0.44 rad (NO)

=
(
286+27

−32

)◦
or − 1.29+0.47

−0.56 rad (IO)

where values are given in both degrees and radians and shown for NO and IO. The choice

of NO and IO has a significant impact on the best estimate. δCP is the worst constrained

parameter in the PMNS matrix, with the dominant constraining power coming from the

appearance channels of current long-baseline accelerator experiments, specifically T2K

(although doesn’t appear in the leading term shown in Eq 2.31). The 90% confidence

level regions in δCP − sin2 θ23 from T2K, NOvA and Super-K are shown in Figure 2.16.

Since the appearance probability is significantly affected by θ13, a much stronger constraint

on δCP is obtained when an external θ13 constraint is applied. Sensitivity to δCP is also

achieved by collecting both ν and ν̄ data. However, due to the low number of events

collected for ν̄, the appearance channel for ν still contributes more to the sensitivity to

δCP .

Next-generation Neutrino Oscillation Experiments

A new era of neutrino oscillation experiments is being built to unambiguously measure neutrino

oscillation parameters. More specifically, these experiments aim to extend the measurements

of θ13, measure the value of δCP to determine whether CP is violated in the neutrino sector and

determine the mass hierarchy.

Two future long-baseline accelerator experiments, Hyper-Kamiokande (Hyper-K) [63] and
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Figure 2.16: The 90% confidence level region in δCP − sin2 θ23 and best-fit points from T2K,
NOvA and Super-K for both NO and IO. Figure from [56]

DUNE [2, 64–66], are currently in their construction phase. The Hyper-K detector is the

successor to Super-K, using the same water Cherenkov technology but with 5 times the volume

of water. DUNE will use liquid-argon technology and a neutrino beam with a wide energy

range (this experiment is the topic of this thesis and is described in detail in Chapter 3). Both

experiments will collect unprecedented numbers of neutrino events, with the aim of making 5σ

statements on neutrino oscillation parameters, importantly δCP .

Jiangmen Underground Neutrino Observatory (JUNO) [67] is a medium baseline reactor

neutrino experiment currently under construction in Southern China. Compared with Daya

Bay, JUNO is much further away from the reactors and is therefore sensitive to a much larger

peak of neutrino oscillation. This large distance also requires a much larger detector and better

background rejection. By measuring the flux of ν̄e, JUNO aims to make a high precision

measurement of θ13 and determine the mass ordering.

This thesis focuses on DUNE, and going forward the potential of Hyper-K and JUNO to

make precise oscillation measurements will not be discussed. However, given the differences

between these experiments, significant opportunities exist in the future for joint analyses.



Chapter 3

The Deep Underground Neutrino

Experiment

The Deep Underground Neutrino Experiment (DUNE) is a next-generation long-baseline neu-

trino experiment being constructed in the US [2, 64–66, 68, 69]. DUNE will be installed within

the Long-Baseline Neutrino Facility (LBNF). Fermilab, Illinois, hosts the neutrino beam pro-

duction facilities and the near detector complex. The far detector suite will be at the Sandford

Underground Research Facility (SURF), South Dakota. The two sites provide a baseline of

approximately 1300 km, as shown by the cartoon in Figure 3.1.

Figure 3.1: A cartoon representation of the DUNE experimental setup. The orange compo-
nents need to be built, while the components in blue already exist. The figure is not to scale
and is taken from [64].

This chapter will outline the components of DUNE. Section 3.1 will describe the design of

the neutrino beam, Section 3.2 will describe liquid argon technology, Section 3.3 will describe

64
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the design of the near detector, Section 3.4 will describe the design of the far detector and

Section 3.5 will discuss the physics potential of the experiment.

3.1 Beam

DUNE will use the LBNF beam, taking advantage of the Proton Improvement Plan II (PIP-

II) upgrade of the Fermilab accelerator complex [64]. The accelerator complex has several

stages [70], starting with the ionisation of hydrogen atoms using a magnetron. The ions are

incrementally accelerated to 750 keV where they enter the linear accelerator (Linac). The

Linac, composed of roughly 150 m of drift tube cavities and side-coupled cavities, accelerates

the H− ions to 400 MeV. As they leave the Linac, they pass through a carbon foil which strips

two electrons from each ion, producing H+ ions (protons). The protons then enter the Booster,

a circular accelerator measuring 468 m in circumference, and exit with 8 GeV. Magnets force

the protons into a circular trajectory, where they gain energy after each revolution. Finally,

the protons enter the 3.3 km circumference Main Injector, where they are extracted at up to

120 GeV.

By replacing the current linear accelerator, PIP-II aims to surpass the intensity of Fermilab’s

current high-energy neutrino beam, NuMI, producing the world’s most intense neutrino beam.

PIP-II plans to deliver 1.2 MW of proton beam power to the DUNE target at the start of

operations and provide a platform for extending beam power to 2 MW [64].

Once the beam’s ultimate trajectory is established, the protons strike a target, producing

secondary mesons. These mesons are focused using magnetic horns before they can decay into

muons and neutrinos. Depending on the choice of the polarity of the magnetic horns, the beam

is either dominated by neutrinos, forward horn current (FHC), or antineutrinos, reverse horn

current (RHC). After the decay pipe, muons and other decay products are stopped leaving a

beam of neutrinos or antineutrinos. The neutrinos then propagate 570 m through the near

detector and then another 1300 km to the far detector. Figure 3.2 shows a schematic of the

neutrino beam.
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Figure 3.2: Schematic of the LBNF neutrino beamline and DUNE near detector hall [64].

Figure 3.3 shows the simulated DUNE neutrino fluxes at the near detector broken down by

the initial decay particle. The vast majority of νµ and ν̄µ flux are produced via the decay of

charged pions:

π+ → µ+ + νµ (3.1)

π− → µ− + ν̄µ (3.2)

These channels account for 99.98% of charged pion decays. The decay of charged kaons,

K±, also produces a significant portion of the νµ and ν̄µ flux, especially the right-sign flux, via

the same decay products as Eq 3.1 and Eq 3.2. Right-sign and wrong-sign neutrinos refer to

whether the charge of the produced lepton is the same as the signal process i.e. in FHC, νµ

is right-sign and ν̄µ is wrong sign and vice versa for RHC. The wrong-sign νµ and ν̄µ flux is

dominated by the decay wrong sign pions, via Eq 3.3 and Eq 3.4, which escape the magnetic

horns. A small portion also occurs via muon and antimuon decay:
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Figure 3.3: Simulated DUNE near detector neutrino on-axis fluxes broken down by initial
decay particle for neutrino mode (left) and antineutrino mode (right). muon neutrino, muon
antineutrino, electron neutrino and electron antineutrino fluxes are shown from top to bottom
[2].

µ+ → e+ + νe + ν̄µ (3.3)

µ− → e− + ν̄e + νµ (3.4)

which, not unsurprisingly, dominates the right-sign νe and ν̄e flux. The νe and ν̄e flux in

the muon beam before oscillations are called the intrinsic νe and ν̄e flux and is an irreducible

background. The main component of the wrong-sign νe and ν̄e flux is produced by the decay
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of neutral kaons via:

K0 → π± + e± + ν̄e(νe) (3.5)

One might also notice from Figure 3.3 that the total flux of right-sign neutrinos is higher

in neutrino mode compared with antineutrino mode. This is a result of the nature of proton-

nucleus collisions at the target. Since these interactions involve positive initial states, positive

secondary mesons are preferred, resulting in this asymmetry. The magnetic horn is not 100%

efficient in defocusing wrong-sign secondary mesons. Hence, this asymmetry also results in a

higher intensity of wrong-sign neutrinos in antineutrino mode compared with neutrino mode.

Consequently, in neutrino (antineutrino) mode, the beams are 92% (90.4%) muon neutrinos

(antineutrinos), with wrong-sign contamination contributing 7% (8.6%) and intrinsic electron

neutrino and electron antineutrino background contributing 1% (1%) [2].

The DUNE neutrino beam will have a wide spread of energies, which is enhanced by the on-

axis nature of the detectors in Section 3.3 and Section 3.4 [71]. This design choice differs from

current and future experiments which have narrow energy beams due to off-axis detectors. The

DUNE beam flux will contain both the first and second oscillation maxima. At a baseline of

1300 km, these occur at 2.4 and 0.8 GeV respectively. Observing a spectrum of neutrino energies

provides advantages in sensitivity to oscillation parameters, as is discussed in Section 3.5.

3.2 Liquid Argon Time Projection Chamber

The liquid argon time projection chamber, LArTPC, is the principal technology used in DUNE

to detect neutrinos. Since its conception, an incredible amount of research and development

has led to the maturing and optimisation of the technology. The success of experiments such as

ICARUS [72], ArgoNeuT [73], LArIAT [74] and MicroBooNE [75] has led to LArTPCs becom-

ing a leading method in neutrino experiments, alongside Cherenkov detectors and scintillator
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detectors. This section will provide a brief history of LArTPC technology, describe the basic

operation and explain the motivation for its use in the detectors mentioned in the following

sections.

3.2.1 History of Time Projection Chambers

In the early 1970s, bubble chambers and spark chambers dominated the field of tracking detec-

tors in particle physics. However, the rapid development of semiconductor electronics allowed

digital readout, rather than photographic, to become feasible. In 1974, the use of a time

projection chamber in particle physics experiments was proposed by David Nygren [76]. The

idea would retain the qualities of bubble chamber data, such as spatial and timing resolu-

tion, but allow digital readout. A general time projection chamber consists of a volume of gas

within an electric field with an electron collection system capable of resolving position. When

a particle propagates through the gas, ionisation electrons are produced and are drifted by

the electric field towards the readout. Combining the two-dimensional readout position with

the drift time provides three-dimensional track information. A homogeneous electric field is

required to produce an undeformed projection. A magnetic field is often applied to make a

momentum measurement, but also reduces transverse diffusion which helps improve position

precision. Measuring the track ionisation along with the momentum provides accurate particle

identification. Figure 3.4 shows Nygren’s drawing of his time projection chamber concept.

Demonstrating total absorption calorimetry in liquid argon detectors [77] led to its use as

the medium in time projection chambers. Carlo Rubbia proposed one of the earliest LArTPC

designs for use at CERN for the detection of neutrinos [78]. Due to the much greater target

mass, noble liquids are used over gas in neutrino experiments which increases the probability

of neutrino interaction. Noble elements have no electronegativity, resulting in high electron

mobility and low transverse and longitudinal diffusion. Furthermore, noble elements possess

excellent dielectric properties, necessary due to the high electric field used to drift the ionisation

electrons. Of the noble elements, Argon is strikingly abundant in the Earth’s atmosphere and

hence relatively inexpensive, especially important for large volume detectors. Finally, liquid
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Figure 3.4: Original hand-drawn TPC design by David Nygren [76]. Sections are labelled
as: methane-filled region (A), screen/foil to establish electric field (B), end-cap detector (C),
superconducting solenoid (D), iron return yoke for magnetic field (E), beam vacuum pipe (F).

argon has an ionisation threshold of 23.6 ± 0.5 eV [79], meaning an LArTPC would also have

a low detection threshold. These properties led Carlo Rubbia to describe liquid argon as an

’almost ideal target material’ and Figure 3.5 shows his conceptual design.

3.2.2 LArTPC Operation

A LArTPC consists of at least one anode and cathode separated by a drift region, as shown in

Figure 3.6. A strong uniform electric field is applied across this drift region, causing ionisation

electrons produced by charged particles to drift towards the anode. Charge depositions are

collected and read out providing an ’image’ of the tracks of charged particles involved in the

interaction.

The readout of ionisation electrons is generally done via multiple anode wire planes, also

illustrated in Figure 3.6. If a detector has N anode planes, theN−1 planes closest to the cathode

are called induction planes. These wire planes are held at lower (more negative) potentials,

allowing electrons to drift past resulting in induction signals. These induction signals are bipolar

since the sign of the signal is dependent on whether the electrons are moving towards or away

from the plane. Figure 3.6 shows the induction planes labelled as U and V. The final plane is
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Figure 3.5: Carlo Rubbia’s LArTPC detector design [78].

called the collection plane. The electric field is designed such that all field lines terminate on

the collection plane. The signal caused by the collection of electrons is unipolar. A grounding

layer is often included to shield the active planes from long-range induction effects. Without

this plane, the induction signals appear asymmetrical.

We have just described a system for drifting ionisation electrons to a readout plane, however

unsurprisingly these electrons can be lost on the way. One mechanism for this is the recom-

bination of the ionisation electron with the atom before it can be fully separated. Although

this effect harms the signal, it produces scintillation light which can be collected on a timescale

of nanoseconds. This is often used to determine the interaction time, t0. Using the observed

t0 and the electron drift velocity allows the third dimension, along the drift direction, to be

resolved. In liquid argon, there are two mechanisms for the emission of scintillation light, as

illustrated in Figure 3.7. The passage of ionising radiation can either cause the argon atom

to become excited (top) or ionised (bottom). In either scenario, argon molecules are formed

before de-excitation causes the emission of scintillation light.
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Figure 3.6: Basic operation of a LArTPC [80].

The probability of re-combination heavily depends on the strength of the electric field. The

higher the voltage, the lower the probability of recombination and hence less scintillation light.

However, a higher voltage also results in a better signal-to-noise ratio, better calorimetry and

lower detection thresholds. Therefore the voltage becomes a trade-off.

Electronegative impurities in the liquid argon also prevent ionisation electrons from reaching

the anode. Oxygen and water are common electronegative impurities. This effect is quantified

by assigning an electron lifetime, τ , which is used to predict the observed charge, Q, via

Q(t) = Q0 exp−
t

τ
(3.6)

where t is the drift time and Q0 is the initial ionisation charge. The electron lifetime is

directly affected by the argon purity. The argon purity target for DUNE results in a τ of 3 ms



The Deep Underground Neutrino Experiment 73

Figure 3.7: Schematic of scintillation light production in argon from [66].

[64] which is necessary for the required signal-to-noise ratio. Nitrogen contaminants also quench

the scintillation photons via collisions with the excited argon atoms, de-exciting them without

photon emission [81]. Ionisation electrons also often undergo interactions causing electrons to

drift off of the field direction. This can change the size and apparent location of observed

signals.

The above describes the operation of the default single-phase LArTPC. An alternative dual-

phase technology exists which adds an extra step before the charge collection. After drifting

through liquid argon, ionisation electrons then pass through a volume of gaseous argon. This

amplifies the measured signal via electron avalanches, in which the ionisation electrons also

ionise the gaseous argon atoms. Dual-phase technology provides two main advantages. Firstly,

the charge amplification in the gaseous volume results in a better signal-to-noise ratio than for

a single-phase detector. This lowers the detection threshold allowing lower energy events to be

observed. Secondly, the charge amplification also allows for longer drift lengths. Hence, if both

detectors have the same dimensions, the dual-phase detector would in principle have a larger

fiducial volume due to fewer dead regions. Initially, DUNE considered both technologies for

detector modules. More recently, DUNE has moved away from dual-phase technology.
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3.3 Near Detector Complex

One of the key aims of DUNE is to extract neutrino oscillation probabilities by measuring

neutrino interaction rates. Extracting these probabilities as a function of energy will allow

DUNE to make precise measurements of the parameters of the PMNS matrix [20]. The near

detector (ND) complex will measure the neutrino interaction rate 575m downstream of the

neutrino beam source [64]. At this distance, it can be assumed no neutrino oscillations given

the three neutrino paradigm. Hence, the role of the ND is to serve as the control of the

experiment.

Table 3.1: Overarching requirements of the DUNE near detector [69]. ND-O0 represents the
ultimate goal of the DUNE near detector. ND-O1 - ND-O6 outline the ingredients needed to
achieve ND-O0.

In any long-baseline neutrino experiment, the observed rate of neutrino events in flavour β

from a neutrino beam of flavour α as a function of the reconstructed energy, E ′
ν , is given by

Nα→β(E
′
ν) =

∫

Ψα(Eν)× σβ(Eν)× ϵβ(Eν)×Mβ(E
′
ν ;Eν)× Pα→β(Eν) dEν (3.7)

where Eν is the true neutrino energy, Ψα(Eν) is the neutrino beam flux in flavour α, σ(Eν)

is the neutrino cross-section for flavour β, ϵ(Eν) is the detection efficiency for neutrino flavour

β, Mβ(E
′
ν ;Eν) is a matrix linking the true and reconstructed energy, and Pα→β(Eν) is the
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probability of neutrino oscillation from flavour α to flavour β. This is further complicated by

the numerous possible final states in a neutrino interaction, each of which has different σ(Eν),

ϵ(Eν) and Mβ(E
′
ν ;Eν). Hence, with just one detector, one would need a perfect understanding

of the flux, cross-section and detector effects to extract the oscillation probabilities. Since

there is no handle to do this in just a single far detector, an ND is used to constrain these

uncertainties. Given the ND has no oscillations, the event rate can be written as

NND
α (E ′

ν) =

∫

ΨND
α (Eν)× σα(Eν)× ϵND

α (Eν)×MND
α (E ′

ν ;Eν) dEν (3.8)

where the beam is assumed to only contain neutrinos of flavour α. This gets further

complicated by the differences in these models between the near detector and the far detector.

Generally, near detectors are designed to have similar efficiencies and responses as the far

detector. A summary of the overarching requirements of the DUNE near detector is shown in

Table 3.1.

The DUNE project will occur in two phases. The transition from Phase I to Phase II

requires the construction of a more capable near-detector complex. Figure 3.8 shows the finally

envisioned DUNE near detector complex within the detector hall, with the neutrino beam

entering from the right-hand side. The beam initially passes through ND-LAr, a modularised

LArTPC. The beam then passes through ND-GAr, a high-pressure gaseous argon TPC. ND-

LAr and ND-GAr will also move to take data in positions off the beam axis, a capability

called the DUNE Precision Reaction-Independent Spectrum Measurement (DUNE-PRISM)

[2]. Finally, the beam will pass through a magnetised beam monitor called the System for

on-Axis Neutrino Detection (SAND). ND-GAr will be added in Phase II of the experiment. In

Phase I, the Temporary Muon Spectrometer, TMS, will be adjacent to ND-LAr. Section 3.3.1

- Section 3.3.4 will discuss each of these near detector components in more detail.
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(a) On-axis

(b) Off-axis

Figure 3.8: Schematic of DUNE ND near detector complex showing composite detectors and
beam direction in both (a) on-axis configuration and (b) with ND-LAr and ND-GAr in an
off-axis configuration [69].

3.3.1 ND-LAr

As mentioned in Section 3.2, LArTPC is the principal technology used in DUNE. Since the

far detector modules discussed in Section 3.4 use liquid argon as a target material, collecting a
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sample of neutrino interactions on the same target at the near detector is vital for the reduction

of cross-section and detector systematics.

The proximity of the ND to the source results in an intense neutrino flux. In each 10µs

beam spill, ND-LAr will host O(50) neutrino interactions. Given the drift time of electrons

in liquid argon across O(m) is O(ms), this would result in a significant pile-up of events.

To remedy this, ND-LAr will use a novel technology called ArgonCube [82], which utilises

detector modularisation. ND-LAr will consist of 35 LArTPC optically isolated modules lying

within a common cryostat. With such high event rates, associating the scintillation light of an

interaction with the relevant module is crucial for reconstruction. Together, the modules form

a 5m (beam direction), 7m (width), and 3m (height) structure with a fiducial mass of 67 t.

The dimensions of ND-LAr were driven by the need for hadronic containment, essential for the

accurate reconstruction of neutrino energy. Each module consists of a cathode, field shell, light

collection system and pixelated charge readout. The ArgonCube technology uses a resistive

field shell over traditional field rings to minimise the dead regions caused by modularisation.

ND-LAr is required to measure signals from ionisation at the same spatial granularity or

better than that in the far detector. Due to the high multiplicity of events, each LArTPC

will use novel pixelated anodes capable of providing a 3D record of ionisation signals. A pixel

spacing of 4 mm is chosen, corresponding to a density of 60,000 channels/m2. Combined with

a known beam spill width, the pixel readout will deliver a position accuracy of 16mm. A

central cathode splits each module into two drift regions, with pixel tiles placed on either

side. In addition to performance, the pixel readout design is driven by manufacturability and

reliability. The latter is made important due to the difficulty of accessing the detector once the

cryostat is filled with liquid argon.

As mentioned in Section 3.2, detecting scintillation light provides an absolute interaction

time reference, t0. The ND-LAr light collection system will provide a more accurate t0 than

utilising beam spill information. In addition, the light system can tag disassociated charge

depositions, allowing all charge to be tagged to the correct neutrino event. Figure 3.9 shows
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Figure 3.9: Simulated beam spill in ND-LAr. White tracks indicate fast-neutron-induced
proton tracks (energy threshold of 10 MeV). All other deposits are shown in black [69].

energy deposits from a simulated beam spill in ND-LAr, highlighting the magnitude of charge

deposits. Fast-neutron induced proton recoiling tracks are shown in white. One can see the

difficulty of associating these with a neutrino vertex using charge alone.

For muons with momenta > 0.7 GeV, the probability of containment within ND-LAr begins

to drop. If muons escape, their energy cannot be calculated calorimeterically. Furthermore,

since ND-LAr is not magnetised, it is not able to determine the sign of the muons. By measuring

the charge of the muon, the wong-sign background of the neutrino beam can be measured. This

drives the need for a downstream spectrometer to measure these particles. In Phase I of the

experiment, ND-LAr will be accompanied by TMS. Although the design is not yet confirmed,

TMS will generally be a magnetised steel-scintillator sampling detector. The steel plates provide

the density to help contain the muons, while the scintillator allows for track reconstruction.

Magnetising the steel allows µ− tracks to be distinguished from µ+ tracks, hence distinguishing

νµ and ν̄µ interactions. In Phase II, TMS will be replaced with ND-GAr, which can measure

the escaping muons as well as provide vital information to help study neutrino interaction

kinematics
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3.3.2 ND-GAr

The success of next-generation long-baseline experiments heavily relies on the reduction of

neutrino interaction uncertainties. For DUNE, this means a better understanding of neutrino-

on-argon interactions. The inclusion of a gaseous argon detector allows DUNE to study inter-

actions at lower energies in far more detail, acting as a ”microscope” for nuclear effects. This

information can be used to probe and constrain parts of the interaction model.

Figure 3.10: Schematic of ND-GAr detector showing the HPgTPC, the ECAL, the magnet
and the return iron [69].

Figure 3.10 shows a cut-away schematic of ND-GAr. At its core, there is a high-pressure

gaseous argon TPC (HPgTPC). The cylindrical TPC measures 5.2m in diameter and 5m in

length. A central cathode will split the TPC into two drift regions. At the conceptual design

phase, the details of the HPgTPC design were based on the ALICE TPC [83], a detector

dedicated to heavy-ion physics at the Large Hadron Collider (LHC). In the ALICE TPC, the

end plates of the cylinder are instrumented with multi-wire proportional chambers (MWPCs)

which initiate avalanches at the anode wires. These avalanches induce signals on cathode pads
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behind the MWPCs which are proportional to the initial ionisation charge. For ND-GAr, more

modern amplification stages, such as gaseous electron multipliers (GEMs), are being considered.

The conceptual design target gas is an argon-CH4 mixture, 9 : 1 ratio, at a pressure of 10 bar.

High pressure is required to ensure sufficient neutrino interactions. At 10 bar with this gas

mixture, ND-GAr will have a fiducial mass of 1.8 t.

The HPgTPC will be surrounded by an electromagnetic calorimeter (ECAL). The principal

role of the ECAL is to reconstruct photons produced from neutrino interactions. This will allow

the t0 of both tracks entering the HPgTPC and interactions occurring in the HPgTPC to be

measured. Since the ECAL can measure both energy and direction of electromagnetic showers,

the vertex π0 decays within the HPgTPC can be determined. Events producing a π0 pose as a

background to νe events in ND-LAr, which the ECAL can reject. In addition, the ECAL can

tag external background events such as rock muons and neutrons.

The HPgTPC and ECAL will be surrounded by a 0.5T magnetic field. It must run per-

pendicular to the particle path to cause curvature in the tracks. This allows both the sign of

charged particles and their momenta to be measured. The sign measurement is important for

the constraint of the wrong-sign background in the neutrino beam. The return iron yoke is

required to manage the escaping field which can interact with surrounding detectors.

Since ND-GAr will have a much lower density than ND-LAr, particles will produce longer

tracks. Therefore, the threshold energy for particle reconstruction in ND-GAr will be much

lower. This is especially important for protons and charged pions. Due to complexities in

neutrino-nucleus interactions, final-state particle kinematic distributions are extremely hard to

predict. Figure 3.11 shows predictions of the low-energy proton distributions by three different

neutrino generators. One can see that at kinetic energies below the liquid argon threshold, the

predictions begin to diverge. Hence, the low-energy final states reconstructed in ND-GAr could

inform nuclear modelling choices.

The reconstruction of low-energy pions is also vital for energy reconstruction. Unlike pro-

tons which are knocked out of the nucleus, final-state pions are produced from the incoming
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Figure 3.11: Comparison of true proton energy spectra predicted in three neutrino event
generators (GENIE, NEUT and NUWRO). The vertical lines indicate the energy threshold
required to produce a 1 cm track in liquid argon (dashed) and gaseous argon at 10 atm (solid)
[69].

neutrino energy. Therefore, if a pion is missed in the ND-LAr, the reconstructed energy will be

off by at least the pion rest mass. Since events can often have multiple final-state pions, this

has a significant effect.

3.3.3 DUNE-PRISM

Neutrino-nucleus interaction modelling is the dominant systematic uncertainty in next-generation

long-baseline experiments. The mapping between the observable final state and the incoming

neutrino energy is not understood well enough to achieve DUNE’s physics goals. Since there

is currently no fully ’correct’ interaction model, simply constraining the available parameters

with the ND data could end up in biases. DUNE-PRISM takes advantage of the relationship

between neutrino energy and observation angle to reduce the dependence of an analysis on the

neutrino interaction model.
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The energy of a neutrino from a pion decay can be expressed as [71]

Eν = Eπ

(

1− m2
µ

m2
π

)
1

1 + θ2γ2
(3.9)

where Eπ is the pion energy, mπ is the pion rest mass, mµ is the muon rest mass, θ is

the angle between the pion and the neutrino and γ is the Lorentz factor of the parent pion. It

becomes clear that as θ increases, the neutrino energy decreases. For a neutrino beam produced

from a range of pion energies, increasing θ reduces both the peak and the spread in the neutrino

energy spectrum, as shown in Figure 3.12.

Figure 3.12: Predicted DUNE νµ flux at the ND for different off-axis angles. Arrows indicate
peak neutrino energy [69].

This property is already widely used in current long-baseline experiments to achieve nar-

rower energy distributions e.g. T2K (2.5◦ [84]) and NOvA (0.8◦) [54]. Since DUNE-PRISM

aims to sample the flux for a wide range of angles, ND-LAr and ND-GAr will move laterally
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within the ND hall through an off-axis angle range of 0◦ to 3.2◦. These off-axis samples can be

incorporated into an analysis in two ways. Firstly, they can be compared with MC predictions,

helping to identify potential biases within the neutrino interaction model that would not have

been visible using just the on-axis samples. Secondly, these off-axis ND samples can be linearly

combined to predict the observed FD neutrino energy spectrum. This technique, in principle,

allows you to bypass the neutrino interaction model. This would be vital in the scenario that

there is no theoretical neutrino interaction model which can predict the observed ND spectra

with sufficient precision. However, this approach relies on an accurate prediction of the flux

and any flux uncertainties snowball due to the combination of several neutrino fluxes.

3.3.4 SAND

In a long-baseline experiment, the neutrino flux must be constantly monitored so that any

possible distortions that occur in the beamline are identified. These distortions are often caused

by the horn positions and currents. These are most easily detected on-axis as there is a wider

energy distribution. Also, for DUNE-PRISM to work correctly, the relationship between the

off-axis angle and neutrino energy must be known well, which requires a stable neutrino beam.

For these reasons, DUNE needs a continuous on-axis beam monitoring system which will be

fulfilled by SAND.

The reference design for the SAND is illustrated in Figure 3.13. The active target uses a

3D scintillator tracker (3DST), made of several optically isolated plastic scintillator cubes and

read out by three orthogonal optical fibres. This will be surrounded by low-density tracking

chambers aimed at measuring the momentum and charge of outgoing particles. The design

of these trackers is not decided, but the technologies being considered are TPCs, straw tube

trackers (STT) or some combination of the two. An alternative design includes layers of carbon

and hydrocarbon as extra targets for neutrino interaction. In theory, a sample of neutrino-

hydrogen events can be extracted by taking the difference in the spectra for these two targets.

This can then be used to directly constrain the neutrino-nucleon element of the interaction

model without any complex nuclear effects. Exterior to the trackers will be a superconducting
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Figure 3.13: Drawing of the SAND reference design showing the central 3DST (light green),
low-density tracker (magenta), ECAL (green), magnet coil (gold), and return yoke (grey) [69].

magnet and ECAL reused from the KLOE experiment [85]. The magnet can produce a 0.6T

field, allowing the charge and momentum to be measured within the trackers. The KLOE ECAL

is composed of lead/scintillating fibres, offering good light transmission and O(ns) timing.

3.4 Far Detector

The DUNE far detector (FD) will be located at the Sanford Underground Research Facility

(SURF) in South Dakota. Achieving DUNE’s physics program requires the observation of rare

events with millimetre-scale spatial resolution. The FD also needs a many-kiloton fiducial mass

to host these events in sufficient numbers. As discussed in Section 3.2, the LArTPC provides

total calorimetry and high-granularity tracking and has been chosen as the principal technology
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Figure 3.14: The layout of SURF underground caverns, showing the location of two detector
modules at the east end of the north and south cavern. The central utility cavern will host
infrastructure, utilities and upstream data acquisition [68].

in the DUNE FD. The FD will consist of four independent modules, each containing roughly

17.5kt of LAr. As of now, the specific design of two out of four modules has been chosen.

The first of these modules, FD1-HD, will use horizontal drift technology, whereas the second,

FD2-VD, will use novel vertical drift technology. Both of these modules will be single-phase

as DUNE has moved away from dual-phase designs. Figure 3.14 shows FD1-HD and FD2-VD

placed in the east end of the north and south cavern respectively at SURF. Both modules

will be available in Phase I of the experiment. The third and fourth FD modules will be

added in Phase II, the designs of which have not been decided. FD3 will likely be HD or VD.

DUNE is welcoming designs for FD4, named the ”Module of Opportunity”, which can offer

new physics. This section will focus on the proposed designs of FD1-HD, Section 3.4.1, and

FD-VD2, Section 3.4.2.

3.4.1 Horizontal Drift Module

Horizontal drift technology has been used successfully in previous LArTPC detectors including

those described in [72, 75, 86]. The ionisation electrons produced by charged particles are
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Figure 3.15: A DUNE horizontal drift module showing alternating vertical anode (A) and
cathode (C) planes, as well as the field cage that surrounds the drift region. On the right-hand
cathode plane, the foremost portion of the field cage is shown in its folded state [66].

drifted horizontally by vertically orientated anode and cathode planes. Figure 3.15 shows a

schematic of FD1-HD. The module will have a 12 x 14 x 58.2 m active volume. The module

interior consists of alternating anode and cathode walls, two cathode walls and 3 anode walls.

Each of these walls is then made up of individual Anode or Cathode Plane Assemblies, APAs

or CPAs.

Each APA measures 2.3m wide and 6m tall, and hence each wall consists of two rows of

twenty-five APAs across the length of the module. As described in Section 3.2.2, LArTPC

readout generally consists of multiple anode wire planes. The APAs in FD1-HD will consist of
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Figure 3.16: An illustration of an APA, showing the wrapping of the induction wires (U, V)
in green and pink. The collection and grid wires (X, G) are shown in blue. The blue boxes on
the right-hand side are the cold electronics [66].

a collection layer (X), two induction layers (V and U) and a grounding layer (G). An FD1-HD

APA is shown in Figure 3.16. The X and G layers run parallel to the long axis of the APA, while

the U and V layers run at ±35.7◦. This angle is chosen such that each induction wire overlaps

just one collection wire, reducing ambiguity on the reconstruction, while also minimising the

dead space within the APA. The wire spacing determines the resolution of the APA, chosen to

be 4.8 mm for X and G layers and 4.7 mm for U and V. The TPC readout electronics, referred

to as ”cold-electronics”, are attached to the APAs and must function within the cryostat. Their

job is to send out digitized signals from the APA wires. The electronics are also designed to

keep the signal-to-noise ratio high, which is aided by low temperature in the cryostat.

Each cathode wall consists of three rows of fifty CPAs, held at -180 kV. Since the anode

walls are held at roughly ground, this results in a 500 V/cm uniform electric field. The drift

volume is surrounded by an aluminium field cage, which keeps the electric field uniform and

terminates any extruding field lines.

As discussed previously, LArTPCs use scintillation photons to record a t0 for each interac-

tion, allowing reconstruction in the drift direction. In FD1-HD, this is achieved using arrays of

X-Arapuca1 cells which are mounted onto each APA. An X-Arapuca cell is shown in Figure 3.17.

1An arapuca is a South American handcrafted trap used to catch birds and other small animals, used to



The Deep Underground Neutrino Experiment 88

Figure 3.17: Left: an X-Arapuca cell. Right: an exploded view of the X-Arapuca cell, where
the blue sheet is the wavelength-shifting plate and the yellow sheets are the dichroic filters [66].

Each cell consists of a wavelength-shifting (WLS) plate sandwiched between two dichroic filters,

with silicon photomultipliers, SiPMs, at the edges. The 127 nm UV scintillation photons pass

through the filter and are shifted to 430 nm photons in the visible spectrum. If the visible

photons are emitted at greater than the critical angle, they are retained in the WLS plate and

collected by the SiPMs. If they escape the WLS plate, they are reflected by the dichroic filter

back into the plate, since the filter has an optical cutoff at 400 nm. The system effectively traps

photons until they are eventually detected by the SiPMs.

3.4.2 Vertical Drift Module

The FD2-VD design emerged from the DUNE dual-phase (DP) design [87] which was tested

at the European Laboratory for Particle Physics (CERN). Although DUNE moved away from

the DP concept, the design of the cathode and the anode had its advantages. The FD2-VD

design features a horizontal cathode place mid-height module, dividing the module into two

equal drift volumes. The anodes, placed at the top and bottom of the module, are composed

of perforated printed circuit boards (PCBs) rather than the wire planes in FD1-HD. Ionisation

electrons will then drift vertically to one of the anode planes. FD2-VD will also use the same

photon detection system as FD1-HD, with the placement re-optimised to the module geometry.

name this device which traps photons.
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Figure 3.18 shows a cut-out schematic of the vertical drift concept.

Figure 3.18: Cutaway diagram of FD2-VD design, using PCB-based readout. The cryostat
wall is shown in yellow, PCB-based charge readout planes in brown at the top and bottom, the
cathode in the middle in violet (with gaps for photon detectors), field cage centrally around the
perimeter in white and photon detectors placed on the cathode and cryostat walls in vertical
planes near the anodes [68].

Each FD2-VD anode plane consists of eighty charge readout planes (CRPs), which are

composed of two double-sided perforated PCBs, connected on top of one another, and attached

to a support structure. Each side of the PCBs performs the same function as the wire planes

in FD1-HD. The innermost PCB has a copper guard plane facing the drift volume which acts

as the shielding layer. The other side is the first induction layer, engraved with strips that act

as the wires. The second PCB hosts the second induction layer on the side facing the first PCB

and collection strips on the reverse side. Similarly to FD1-HD, the PCB strips are offset at an

angle of 60◦. To ensure complete transmission of electrons through the perforations, a roughly

1 kV voltage is applied across each PCB.
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Due to the module geometry, the top and bottom drift electronics have different implemen-

tations. Since the top anode plane lies just under the LAr surface at the top of the cryostat, a

combination of both cold and warm electronics will be used. The placement of the anode was

chosen to exploit the total available vertical space of 13 m. The top drift electronics are also ac-

cessible through the cryostat roof. The bottom drift electronics will use the same components

as FD1-HD, with the system completely submerged in LAr to maximise the signal-to-noise

ratio.

Overall, the vertical drift design has a maximal active volume and extended drift distance

which will help with event reconstruction. This design also features a simplified anode structure

and increased modularity of the whole detector. Specifically, the modularity of the anode planes

allows for cold testing without the need for large cryogenic vessels.

3.5 DUNE Physics Potential

DUNE has a wide physics program but is primarily a long-baseline neutrino experiment that

aims to precisely measure the neutrino oscillation parameters. This includes the mixing angles,

the mass splitting, the mass hierarchy and the CP-violating phase factor, δCP . Long-baseline

experiments typically have good sensitivity to θ23, ∆m
2
32, θ13 and δCP . Sensitivity to θ12 and

∆m2
12 is achieved by solar neutrino experiments which are at lower energies and have much

longer baselines. Whether δCP is non-zero and the mass hierarchy are both unknown and of

high interest in the scientific community. DUNE has great sensitivity to the mass hierarchy

due to its 1300 km baseline. This can be seen from the expression for electron appearance

probability, P (νµ → νe), through matter with constant density which, to first order, is [88]
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P (νµ → νe) ≈ sin2(θ23) sin
2(2θ13)

sin2(∆31 − aL)

(∆31 − aL)2
∆2

31

+ sin(2θ23) sin(2θ13) sin(2θ12)
sin(∆31 − aL)

(∆31 − aL)
∆31

sin(aL)

(aL)
∆21 cos(∆31 + δCP )

+ cos2(θ23) sin
2(2θ12)

sin2(aL)

(aL)2
∆2

21

(3.10)

where ∆ab = ∆m2
abL/4E, a = GFNe/

√
2, GF is the Fermi constant, Ne is electron number

density in the Earth, L is the baseline and E is the neutrino energy. For the CP conjugate

process (i.e. ν̄µ → ν̄e), a → −a and δCP → −δCP . It is now noticeable that the sensitivity to

mass hierarchy comes from the matter effect since, without the matter effect, the leading term

would be unchanged upon ∆31 → −∆31. The neutrino-antineutrino asymmetry introduced by

the matter effect is due to the significant imbalance in the presence of electrons and positrons

in the Earth’s crust. Due to the 1300 km baseline, at the energy of maximum oscillation, the

asymmetry caused by the matter effect is greater than the largest possible asymmetry caused

by CP violation. This allows the hierarchy to be determined by DUNE for any value of δCP .

Figure 3.19 shows P (νµ → νe) as a function of energy at the DUNE baseline for different

values of δCP . One can see how changing δCP changes both the phase and the amplitude of the

oscillation spectrum. At lower energies, the effect on the amplitude is greater. Since DUNE is

a broadband experiment, it is possible to map out the shape of the observed spectrum.

In addition, the value θ23 is known to be near maximal-mixing, i.e. θ23 ≈ π/4. However,

given it’s not exactly maximal, the octant of θ23 is unknown, i.e. θ23 < π/4 or θ23 > π/4.

Knowing the true value of θ23 is important for a complete understanding of the mechanism

behind neutrino mixing and masses. DUNE will also measure θ13. Currently, the world-leading

measurements of θ13 are held by reactor neutrino experiments. With a long enough exposure,

DUNE will exceed the precision of these measurements.

DUNE also aims to probe physics outside of the long-baseline sector. In the event of a

rare core-collapse supernova, DUNE aims to be ready to observe the incoming neutrino flux,
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Figure 3.19: The electron (left) and anti-electron (right) neutrino appearance probability as
a function of energy, at a baseline of 1300 km and under normal ordering hypothesis. Spectra
are shown for δCP = −π/2 (blue, 0 (red), π/2 (green). The black line shows the oscillation
probability if θ13 were equal to 0 [64].

along with the rest of the neutrino community. An example of one of these events is the

famous Supernova 1987A, which occurred roughly 50 kiloparsecs (kpc) from Earth. Valuable

information on the mechanism of a core-collapse was uncovered from the tens of recorded

neutrino events [89, 90]. It is estimated that a core-collapse supernova within a few hundred

kpcs from Earth will occur every few decades. Hence, there is a reasonable chance that one

will occur during the lifetime of DUNE. For this reason, it is key that at least one DUNE

FD module is online at all times. This also adds further requirements to the data acquisition

system, such as advanced triggers and a large storage buffer to ensure that the event is not

missed.

Due to the low-energy nature of supernova neutrinos, order tens of MeV, CC interactions

are prohibited for νµ, ν̄µ, ντ , ν̄τ . Typically, supernova ν̄e have been detected via inverse beta

decay. However, since DUNE is using an argon target, it will have sensitivity to supernova

νe via νe +
40Ar → e− + 40K∗. The photon emission from the decay of the excited potassium

produces a unique signature.
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DUNE will also look for proton decays, despite current observations pointing towards their

inherently stable nature. If this process were to occur, it would violate the baryon number,

which is implicitly conserved in the Standard Model Lagrangian. However, there is no symmetry

of nature which requires its conservation. DUNE will look for proton decay via the process

p → K+ν̄. As well as proton decay, there is a wealth of Beyond-Standard-Model physics that

DUNE can probe. Among these are searches for active-sterile neutrino mixing, non-unitarity

of the PMNS matrix, nonstandard interactions, dark matter candidates, and heavy neutral

leptons.



Chapter 4

Bayesian Statistics and Markov Chain

Monte Carlo

This thesis presents an analysis using a Bayesian statistical treatment. In a Bayesian analysis,

the ultimate goal is to produce the posterior distribution, which is a function of all the parame-

ters in the model. Although there are only six oscillation parameters that are of interest, often

large numbers of systematic parameters are considered in the model which predicts the data

from a long-baseline experiment. Analytically constructing the posterior distribution is gener-

ally not possible for very high dimensions. In such cases, sampling methods are used to produce

approximate distributions. With a large number of samples, this approximate distribution can

be used to extract information about the exact posterior distribution.

This analysis uses the Markov Chain Monte Carlo (MCMC) sampling method to explore the

parameter space and extract estimations of oscillation parameter values from data. MCMC is

a family of Monte Carlo methods, which intelligently explores the parameter space by utilising

the convergence properties of a Markov chain.

This chapter will briefly explain the theory behind Bayesian inference in Section 4.1. Monte

Carlo methods in general are described in Section 4.2 and MCMC is described in Section 4.3.

Section 4.4 explains how information can be extracted from the posterior distribution.

94
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4.1 Bayesian Inference

In Bayesian statistics, probability is interpreted as the degree of belief in an event or hypothesis.

This differs from the frequentist interpretation of statistics, in which probability is the relative

frequency of an event or hypothesis upon ”infinite” repetitions. This effective difference can be

explained using the classical flip of a fair coin. A frequentist would not assign any probability

to the flip of a single coin but might state that as the number of flips increases, the proportion

of flips that land on tails tends to one-half. A Bayesian would assign a probability, i.e. their

degree of belief, of the coin landing on either side as ”fifty-fifty”.

Since in the Bayesian view, neither the observables nor the model parameters are fixed, one

must find a complete probability model of both to make inferences about model parameters.

This is known as Bayesian inference. Let’s say we’re trying to make inferences about a set of

model parameters, θ⃗, from some observed data, D. The aim is to find the probability distribution

of θ⃗ given D, written as P (θ⃗|D). This is known as the posterior probability distribution. To

obtain this, we need to first ask the opposite question: what is the likelihood of observing D

given θ⃗, written as P (D|θ⃗)? This is known as the likelihood. These are related by Bayes’

theorem

P (θ⃗|D) =
P (D|θ⃗)P (θ⃗)

∫
P (D|θ⃗)P (θ⃗)dθ⃗

(4.1)

where P (θ⃗) is our prior knowledge of the model parameters. The numerator is often called

the joint probability distribution. The denominator of Eq 4.1 is the integral of the joint prob-

ability distribution over the entire parameter space and is often very difficult to evaluate.

However, since this analysis aims to infer the probability distribution of the model parameters,

it is sufficient to construct a distribution that is proportional to the real posterior:
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P (θ⃗|D) ∝ P (D|θ⃗)P (θ⃗) (4.2)

In this analysis, the observed data is the binned neutrino event distribution. The likelihood

is calculated by comparing Monte Carlo prediction for a given set of model parameters, λ(θ⃗),

with the data, n, in a given bin and calculating the Poisson likelihood. Prior knowledge of

parameters is included by modelling them as Gaussian variables with central values µ⃗. A

covariance matrix, V, is constructed which contains all prior uncertainties and correlations of

the model parameters. The posterior distribution can then be expressed as

P (θ⃗|D) ∝
∏

LTotal =
∏

Bins

LPoisson

︸ ︷︷ ︸

P (D|θ⃗)

×
∏

θ

LGaussian

︸ ︷︷ ︸

P (θ⃗)

(4.3)

It is often far more convenient to express this in the negative logarithmic space. This

reduces the volatility in the likelihood values and computationally addition is cheaper than

multiplication. The negative allows us to minimize rather than maximise which is far more

common in statistical packages. We can then write

−log LTotal =
∑

Bins

[

λ(θ⃗)− n+ nlog
n

λ(θ⃗)

]

+
∑

θ

1

2

[

(θi − µi)V
−1
ij (θj − µj)

]

(4.4)

Although Eq 4.4 allows us to calculate the likelihood for a given set of θ⃗, it is generally

not possible to analytically describe the likelihood in the full parameter space. Instead, it is

common practice to sample from the likelihood using Monte Carlo methods.
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4.2 Monte Carlo Methods

Monte Carlo methods are a widely used class of computational algorithms, named after the

famous Monte Carlo casino1. The fundamental concept behind all Monte Carlo methods lies

in the approximation of distributions or functions through sampling, thereby enabling the

extraction of their true properties. Monte Carlo methods differ from one another based on

their chosen sampling algorithm.

Figure 4.1: A simple demonstration of Monte Carlo used to approximate the area of a circle.
Figure taken from [91]

A classic example of the application of Monte Carlo is the approximation of the area of

a circle, shown in Figure 4.1. We can randomly scatter points across the square and count

the fraction of points which lie inside the circle. The area of the circle is then equal to this

fraction multiplied by the area of the square. The more points we scatter, the more accurate

1Stanislaw Ulam, the primary developer of Monte Carlo methods, named the technique after the casino of

which his uncle was a frequent gambler.
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this approximation becomes. For this scenario, this may seem trivial, but now imagine that

rather than a circle, we are trying to evaluate the area of shape that has no analytical solution.

This same procedure can be used to numerically approximate any integral and demonstrates

the power of Monte Carlo methods.

The integration method outlined here randomly distributes points across the square. While

this approach may appear efficient in this example, it rapidly becomes impractical as the

problem’s dimensionality increases. Lots of time might be spent scattering points outside of

the regions of interest. Hence, it quickly becomes necessary to choose a more sophisticated

sampling method than pure randomness.

4.3 Markov Chain Monte Carlo

Markov Chain Monte Carlo (MCMC) is a specific branch of Monte Carlo algorithms which

uses a Markov chain to sample a distribution. MCMC is far more efficient at exploring high-

dimensional distributions than the random sampling demonstrated in Figure 4.1.

A Markov chain is a stochastic sequence of events in which the probability of a given event

is only dependent on the previous event. If we define x as a sequence of positions in a Markov

chain, the transition to any position xi, the i
th entry in x, depends only on the previous position

xi−1. For a multi-dimensional parameter space, each position in the Markov chain is a vector, x⃗i,

with the same dimensions. Hence, as opposed to random sampling, a Markov chain constructs

a ”semi-random” walk through the parameter space. By definition, steps in a Markov chain are

not independent samples, since they depend fully on the previous step plus random variation.

Convergence of a Markov chain occurs when the chain ’forgets’ about its initial distribution

and enters a stationary distribution. MCMC methods leverage this property by constructing a

Markov chain which has the desired posterior distribution as its stationary distribution. If this

is achieved, the chain will contain a set of discrete points whose density is proportional to that

of the posterior distribution. Constructing a Markov chain that converges is often not trivial
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and the theory describing convergence is extensive [92, 93]. In summary, to obtain convergence,

it is necessary and sufficient that a Markov chain satisfies the following conditions:

• Irreducibility: From any given state in the parameter space, the probability of reaching

all other states is non-zero.

• Recurrence: Once the stationary distribution has been found, all subsequent steps must

sample from the same stationary distribution

• Aperiodicity: The sequence of steps must not be periodic

Provided these conditions are met, a Markov chain will eventually converge on a stationary

distribution. It is now necessary to construct a Markov chain whose stationary distribution is

equivalent to the desired posterior distribution. Although several algorithms exist, this analysis

uses a method known as the Metropolis-Hastings algorithm [94, 95]

4.3.1 The Metropolis-Hastings Algorithm

The Metropolis-Hastings algorithm is a well-established method of constructing a Markov chain.

It was first developed by N. Metropolis et al. in 1953 [94] and later generalised byW. K. Hastings

[95]. It has become a cornerstone algorithm in the field of MCMC and Bayesian computational

methods due to its applicability and simple implementation.

Metropolis-Hastings algorithm is executed at every step in the Markov chain. Remember

that x⃗i is defined as a discrete point in the Markov chain, which corresponds to a position (or

”step”) in the parameter space θ⃗. The algorithm is the following (starting at the initial point

in the chain):

1. Initialisation: The chain starts with a random point x⃗0 in the parameter space. The

test-statistic, generally and in this analysis is the negative log-likelihood defined in Eq 4.4,

is evaluated at x⃗0.

2. Proposal step: A candidate step y⃗0 proposed using a proposal function. Importantly, the

proposal function is only dependent on the previous step as required for Markov chains.
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Any proposal function can be used, but commonly (and in this analysis) a Gaussian

distribution centred around the current step is used

y⃗n = x⃗n + c⃗ z⃗n (4.5)

z⃗n ∼ N (x⃗n,V) (4.6)

The width of the Gaussian distribution is determined by the prior uncertainty and cor-

relations, contained in the covariance matrix V and a tuneable scaling parameter, c⃗.

Tuning the proposal function can be vital in constructing a converging Markov chain and

is discussed in more detail in Section 4.3.2.

3. Acceptance Probability: The test-statistic is evaluated at the candidate step c. The

acceptance probability of the proposed step is calculated by taking the ratio of the like-

lihood

α = min

[

1 ,
Lproposed

Lcurrent

]

= min

[

1 ,
L(y⃗0)
L(x⃗0)

]

(4.7)

where the min function returns the smallest of the values.

4. Accept or Reject: A random number, r, is generated from a uniform distribution

between 0 and 1. This is compared with the acceptance probability, α, and the next step

is defined to be

x⃗1 =







y⃗0 α ≥ r

x⃗0 α < r

(4.8)
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Due to the min function in Eq 4.7, if the likelihood of the proposed step is greater than

the current step, the proposed step is always accepted.

5. Repeat: Items 2 - 4 then repeat for each step in the Markov chain.

The acceptance probability in the Metropolis-Hastings algorithm is constructed such that

regions in the parameter space are explored in the correct proportion. If point A has half the

likelihood than point B, it will only transition half of the time. An added benefit is that, since

steps with lower probability are still accepted, the chain avoids getting stuck in local minima.

4.3.2 Proposal function

As proven in [92], any form of proposal function can be used in the Metropolis-Hastings algo-

rithm and the Markov chain will still converge to the same stationary distribution. However,

the choice of proposal function has a significant effect on the speed of convergence. It is also

desirable to have a Markov chain that explores the full parameter space quickly once it has

converged. In this case, the chain is said to ’mix’ well. As mentioned in Section 4.3.1, the choice

of proposal function in this analysis (and typically used in Random Walk Metropolis-Hastings)

is a Gaussian distribution centred on the position of the current step, as stated in Eq 4.5 and

Eq 4.6. The task is then to choose values for c, often labelled the ”step size”, which optimises

the Markov chain convergence.

Figure 4.2 shows 1000 steps from three Markov chains using the Metropolis-Hastings algo-

rithm with the same stationary distribution. The sole difference between the chains is the step

size in the proposal function. We see that if the step size is too small, as in Figure 4.2a, almost

all of the proposed steps are accepted, since L(y⃗n) ≈ L(x⃗n). However, since the steps are close

to one another, convergence may be slow and, once convergence is reached, a large number

of steps are required to obtain a good sample of the entire posterior distribution. If the step

size is too large, as in Figure 4.2b, the proposed steps are often in regions of low likelihood i.e.

L(y⃗n) << L(x⃗n). This results in a very low acceptance rate, so the chain rarely moves at all.

Similarly to Figure 4.2a, a large number of steps would be required to obtain a reliable sample.
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Figure 4.2c shows a resulting Markov chain when the chosen step size is close to optimal. The

chain mixes quickly, exploring the full parameter space regularly in a small number of steps.

(a) (b)

(c)

Figure 4.2: MCMC chains with 1000 steps using Metropolis-Hastings algorithm with a Gaus-
sian proposal function where the scaling parameter is (a) too small; (b) too big, (c) optimal.
Figures taken from [93]

We can see that the choice of proposal function and step size significantly affects the per-

formance of a Markov chain. Albeit crucial, step size tuning is infamously challenging and can

be tedious upon multiple iterations. Early studies on how to determine the optimal scaling

were performed by Roberts et al. [96]. A simplistic target distribution, π(x⃗), was considered

with the form
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π(x⃗) =
d∏

i=1

f(xi) (4.9)

where f is a one-dimensional distribution and d is the number of dimensions (i.e. parame-

ters). This is an unrealistic scenario since it suggests that sampling from each of the independent

distributions f is equivalent to sampling from the distribution π. Nonetheless, under this as-

sumption and using the Random Walk Metropolis-Hastings, it was shown that as d → ∞,

the acceptance rate for optimal mixing was ≈ 0.234. Of course, one might expect different

behaviour for a non-asymptotic scenario. However, numerical studies conducted in [97] found

that the infinite-dimensional assumption approximates finite-dimensional cases well. That be-

ing said, when the target distribution π takes a more general or complex form, the exact results

may no longer hold. Each target distribution will require some unique fine-tuning. However,

the general principle that the step size should be neither too small nor too large applies to all

MCMC applications.

The final complexity not yet considered is the case where parameters in the Markov chain

contain prior correlations. In the context of a neutrino oscillation analysis, systematic param-

eters that describe the neutrino flux for neutrinos and antineutrinos are likely to be highly

correlated. This is because the underlying physics parameters that affect the neutrino flux, i.e.

horn current uncertainties, are often very similar for both neutrinos and antineutrinos. These

correlations are included in the covariance matrix, V, in Eq 4.4, and hence have an impact on

the likelihood. For example, if a proposed parameter step predicts a high neutrino flux and a

low antineutrino flux, this would have a low prior probability P (θ⃗) and hence a low likelihood.

This results in a low acceptance probability. It is therefore necessary to account for these

correlations in the proposal function to prevent wasted steps being proposed in regions of low

P (θ⃗).

In this analysis, Cholesky Decomposition is used to turn an uncorrelated proposal step into
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the correlated basis [98]. Cholesky Decomposition acts on a positive definite hermitian matrix

and decomposes it into a product of a lower triangle matrix and its conjugate transpose. Given

our covariance matrix V, the decomposition is of the form

V = LL∗ (4.10)

where L is a lower triangular matrix. This allows us to convert an uncorrelated proposal

into a correlated proposal by applying L, i.e.

θ⃗ = Lθ⃗ ′ (4.11)

where θ⃗ is a correlated step and θ⃗ ′ is an uncorrelated step. Geometrically, Cholesky De-

composition can be visualised as the transformation from some basis axis to the conjugate axis

of an ellipse, as shown in Figure 4.3. Randomly distributed points in a circle can be converted

to the equivalent point in an ellipse defined by the correlation between the axes. Cholesky

Decomposition is commonly used in numerical approximation methods such as Monte Carlo

simulation.

4.3.3 Diagnostics

As well as ensuring the acceptance probability is within a reasonable range, other diagnostic

tools are important for verifying the Markov chain is in an optimal state. As mentioned

previously, the ideal tune of the step size will result in a Markov chain that explores the

full parameter space quickly. This property can be checked quantitatively by calculating the

correlation between different steps. By definition of a Markov chain, every step θ⃗n is highly

correlated with the previous step θ⃗n−1. As a result, θ⃗n is also highly correlated with θ⃗n−2,
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Figure 4.3: Visual representation of Cholesky Decomposition as a linear transformation ap-
plied to a unit circle. Figure taken from [99]

since θ⃗n−1 is highly correlated with θ⃗n−2. The further back in the chain you go, generally, the

correlation decreases. Ideally, steps become uncorrelated quickly, as the chain will then contain

more independent samples of the target distribution. The quantity describing the correlation

between successive steps in a Markov chain is called the auto-correlation. For some parameter

Pn at step n, the auto-correlation ak after k successive steps (also referred to as the ’lag’) is

calculated by

ak =

∑N−k
n=1 (Pn − P̂ ) (Pn+k − P̂ )

∑N−k
n=1 (Pn − P̂ )2

(4.12)

where N is the number of steps in the Markov chain, P̂ is the mean of the parameter.

Often this is calculated iteratively for increasing values of the lag k, showing how long it takes

the parameter to become uncorrelated. This can be seen in Figure 4.4. The speed at which

steps become uncorrelated depends significantly on the choice of step size. If the step size is too

small, it follows that the number of steps required to reduce the correlation increases. Similarly,
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if the step size is too large, the chain often gets stuck in regions of the parameter space. It is

also worth noting that the choice of a reasonable auto-correlation is not fixed for all Markov

chains. Different target distributions and prior correlations will have different Markov chain

behaviours. In this analysis, based on similar neutrino oscillation analyses, an auto-correlation

below 0.2 after 15,000 steps is aimed for across all parameters.

Figure 4.4: Markov chain using Metropolis-Algorithm with (a) too-large step size, (b) too-
small step size (middle) and (c) appropriate step size. Trace plots (top) and autocorrelation
plots (below) are shown for each case. Figure taken from [97]

In addition to diagnosing the efficiency of a Markov chain, the auto-correlation indicates the

number of steps required to make levels of statistical statements. Intuitively, the more samples

are made from a distribution, the better the shape of the distribution is understood. However,

this relies on the samples being independent. Since each step in a Markov chain is not fully

independent, the auto-correlation must be accounted for to calculate the number of independent

steps. Simply, if a Markov chain has N steps and a lag of k provides reasonable independence,
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the Markov chain contains at least N/k independent steps. Now let’s imagine the analysis aims

to make a 3σ statement about an oscillation parameter. For a normally distributed variable,

a 3σ credible interval should contain 99.73% of the probability distribution, and hence 99.73%

of the Markov chain steps. Let’s also say we want at least 30 steps outside of our credible

region, such that we have a good idea of where the boundary should be. Finally, let’s say we

consider steps with less than 0.2 auto-correlation to be independent, and that occurs after a

lag of 15,000 steps. We can now calculate the total number of steps our Markov chain would

need to satisfy these criteria, by doing

N =
Itail × k

(1 − δ)
=

30 × 15000

1 − 0.9973
≈ 160 million (4.13)

where Itail is the number of independent steps outside the credible region δ. However, the

number of steps calculated via Eq 4.13 is only an estimate. Often the stability of the contours

produced from the Markov chain is checked to ensure enough steps have been collected to make

statistical statements.

Figure 4.5: The negative loglikelihood against step number for multiple Markov chains sam-
pling the same distribution. The negative loglikelihood begins large since the chain is initiated
in a random unlikely region. All of the Markov chains reach the stationary distribution by
100,000 steps and hence 0 - 100,000 is a valid burn-in range. Figure taken from [100]
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As mentioned previously, the Markov chain must converge to a stationary distribution that

is equivalent to the desired posterior distribution. When a Markov chain is in a stationary state,

it has ’forgotten’ about its initial state. Let’s define Pn(x⃗n|x⃗0) to be the probability distribution

of some step x⃗n given some starting point x⃗0. A chain is considered to have converged to a

stationary distribution when Pn(x⃗n|x⃗0) is independent of the step number n. However, since this

does not happen immediately, the steps in the Markov chain before convergence is achieved can

bias the sample towards the starting position of the chain. It is therefore necessary to remove

these steps before extracting any parameter values (since these steps are not sampling from the

desired posterior distribution). These steps are often called the ”burn-in”. The burn-in region

can be identified by plotting the loglikelihood against step number, as shown in Figure 4.5.

Once several Markov chains converge to the same stable loglikelihood value, this indicates that

the chains are exploring the same stationary distribution. In Figure 4.5, this occurs within the

first 100,000 steps for all of the chains. Hence, the first 100,000 steps of each chain would be

considered burn-in and should be cut off.

4.4 Inferring from the Posterior

At this stage, we’ve constructed a Markov chain with a stationary distribution that is equivalent

to the target distribution we want to explore. This means we have produced a posterior distri-

bution from which we can extract information about the distribution of any given parameter.

From a Bayesian perspective, there is one joint probability distribution for all the parameters

in the model and the data, and hence this full posterior distribution is the ’solution’. However,

if the posterior distribution has hundreds of dimensions, as in this analysis, it’s impossible to

draw any conclusions about the parameters of interest. So, we need a way of removing the

parameters we aren’t interested in.
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4.4.1 Marginalisation

In a Bayesian view of statistics, all parameters in a model are fundamentally random variables.

However, generally, we are interested in inferring information about a small subset of the

parameters. These parameters generally have physical importance to the field being studied. In

a long-baseline neutrino oscillation analysis, we want to present best-fit values and uncertainties

for the neutrino oscillation parameters that the experiment is sensitive to, i.e. sin2θ23, sin
2θ13,

∆m2
32, and δCP . However, when extracting information about these parameters from the full

posterior, the uncertainty introduced by the remaining parameters must be taken into account

properly.

The parameters of the full posterior that have no physical importance and hence need to be

removed are called ’nuisance parameters’. For example, parameters associated with the energy

resolution of the detector are not the critical physics parameters that the community wants to

read about in a paper abstract, even though they affect the observations of the experiment.

Often, the vast majority of parameters included in the full posterior are nuisance parameters,

with only a select few being parameters of interest. In this analysis, the flux, cross-section

and detector model parameters are all nuisance parameters, as well as two neutrino oscillation

parameters (sin2θ12 and ∆m2
21) that long-baseline experiments are not sensitive to.

Bayesian statistical methods contain a simple solution for removing nuisance parameters

from the full posterior distribution, called marginalisation. Depending on whether the distri-

bution is discrete or continuous, simply one integrates or sums the posterior over the nuisance

parameters leaving behind a posterior distribution as a function of only the parameters of in-

terest. Given a full posterior distribution P (θ⃗|D), over a set of parameters θ⃗ which are split

into parameters of interest θ⃗poi and θ⃗n, the marginal posterior over θ⃗poi can be written as

P (θ⃗poi|D) =

∫

P (θ⃗poi, θ⃗n|D) dθ⃗n (4.14)
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Marginalisation is an intuitive solution to the problem. To demonstrate this, let’s consider

the following probability distribution of two random variables, X and Y, which can only take

discrete values 1 and 2:

P (X, Y ) =







0.2 X = 1, Y = 1

0.3 X = 2, Y = 1

0.1 X = 1, Y = 2

0.4 X = 2, Y = 2

(4.15)

To find the marginal probability of X, P (X), it should be obvious that we simply sum over

the two possible Y values for each X value:

P (X) =
∑

y

P (X, y) =







0.3 X = 1

0.7 X = 2

(4.16)

Although simple, evaluating Eq 4.14 can be tricky if the number of nuisance parameters is

large, since each nuisance parameter adds a dimension to the integral. However, when using

MCMC, this integral becomes trivial since the posterior probability is a discrete distribution of

steps. Much like the simplified example in Eq 4.16, all that’s necessary is to add up the steps in

each bin of the dimensions of the parameters of interest ignoring the nuisance parameters. This

highlights the power of MCMC to evaluate high-dimensional integrals that cannot be solved

analytically.

Although marginalisation is a correct method for removing nuisance parameters, it can

introduce features which may not seem to agree with some of the intuitive features (like the

maximum probability point) of the full posterior. This often occurs when the nuisance param-
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eters are correlated with the parameters of interest, or if they have non-Gaussian distributions.

After marginalizing, this can cause a shift in the distribution, moving the region of the highest

probability away from where it might be expected.

This effect can become more apparent when compared with a commonly used alternative

method called profiling. When profiling a distribution to remove nuisance parameters, the value

of the highest probability for the nuisance parameter is selected i.e. P (θ⃗poi|D) = P (θ⃗poi, h⃗n|D)

where h⃗n are the highest probability points of the nuisance parameters θ⃗n. The differences in

these methods are illustrated in Figure 4.6, which shows a 2D distribution of a signal parameter

and a background parameter. The 1D distribution of the signal parameter is found using both

marginalisation and profiling.

In Figure 4.6, the profiled distribution seems more intuitive, since the distribution peaks in

the same place as the 2D distribution. The marginalised distribution seems to be shifted to the

right, such that its peak and the peak of the 2D distribution do not align. When considering the

shape of the 2D distribution, the reason for this effect becomes clear. The profiled distribution

only considers the variation in the best b value as a function of s. Marginalisation considers

both the variation in the best b value as a function of s and the uncertainty in b as a function

of s. The width of the distribution of b increases significantly as s increases. Taking this into

account, the peak of s shifts upwards. A marginalisation effect can often be confused with bias

in the fit. However, if the full posterior distribution has the correct features, then this is not

the case. Any effect in the marginalised distribution is a ’true’ effect.

4.4.2 Best-fit Points and Credible Intervals

The ultimate goal of this analysis is to present inferences of the parameters of interest. Once

the posterior has been marginalized, we need to extract parameter estimates and uncertainties.

The best-fit point is generally defined as the mode of the marginalised distribution, cor-

responding to the most probable value of the parameter. Since MCMC provides a discrete

distribution, this involves finding the bin containing the largest number of steps. This ap-
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Figure 4.6: A 2D distribution as a function of a signal parameter, s, and a background
parameter, b (top). The contours indicate the density of the distribution, showing regions of
highest density (dotted) and lowest density (bold). The marginalised distribution as a function
of only s is also shown (bottom) using marginalisation (blue) and profiling (green). Figure from
[101]

proach is commonly used in MCMC analyses due to its simple implementation and is used in

this analysis to present all best-fit points in 2D marginalised distribution of oscillation param-

eters and 1D marginalised distributions of nuisance parameters.

The one caveat to this approach is that the number of steps in each bin must be sufficient

for the statistical uncertainty to be negligible when selecting the bin with the largest number

of steps. This can become an issue when locating the mode of marginal distribution of several

parameters of interest. In these situations, Markov chains must be run for longer (i.e. contain

more steps) to ensure the statistical uncertainty in each bin is indeed negligible. An alternative

solution is to increase the width of the bins, however, this reduces the resolution of the parameter
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best-fit estimation.

Once the best-fit point has been found, we must also present the corresponding uncertainty.

In Bayesian analyses, this is typically done by constructing credible intervals from the marginal

distribution. Bayesian credible intervals are defined as parameter ranges that contain a certain

fraction of the marginal posterior density. For example, the 99% credible interval is the range

of parameter values that contain 99% of the posterior density. This can also be defined with

the integral

∫ θ2

θ1

P (θ⃗|D) dθ⃗ = α (4.17)

where P (θ⃗|D) is the marginal posterior density for the parameters θ⃗ and α is the fraction

of the posterior density contained within the interval θ1 → θ2. For a posterior obtained using

MCMC, the fraction of the posterior density is equivalent to the fraction of MCMC steps. In

this analysis, credible intervals are stated as 1σ, 2σ and 3σ, which correspond to the same

fraction of the posterior as standard deviations from the mean in a normal distribution (i.e.

68.3%, 95.5%, 99.7%).

Although credible intervals are standard practice in Bayesian statistics, there are many

ways to construct credible intervals such that they contain the correct fraction of the posterior.

This analysis uses the highest posterior density (HPD) credible intervals. These are constructed

such that all points or bins within the credible interval have a higher posterior density than

points outside the interval. To construct an HPD credible interval, initially, the bin with the

highest posterior density (i.e. the best-fit point) is located. Bins are then successively added,

following a descending order of posterior density, until the desired proportion of the posterior

is encompassed within the specified intervals.

For roughly Gaussian parameters, HPD credible intervals appear as one would intuitively

expect i.e. the 1σ interval is contained within the 2σ interval symmetrically and so on. However,
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for highly non-Gaussian parameters, the credible intervals can be non-contiguous. For example,

a distribution with two distinct peaks in different regions may each be contained by non-

contiguous 1σ intervals. This irregularity occurs in the distribution of sin2θ23 as shown in

Figure 4.7.

4.4.3 Prior Reweighting

According to Eq 4.2, the posterior distribution explored by the Markov chain is a product of the

likelihood that the model parameter choice agrees with data and prior knowledge of the model

parameters. Hence, before running a Markov chain, we must input some prior information

about the model parameters. The prior information could be a flat distribution, i.e. any value

of a model parameter is equally likely, or contain some shape, making some regions more likely

than others.

Often we want to investigate how a different choice of prior would affect the posterior

distribution. A handy feature of Markov chains is that they can be reweighted to match a

different choice of prior, without needing to run a new Markov chain. For an existing set

of steps in a Markov chain, a new choice of prior would change the probability of that step

being accepted. Hence, for each step in that chain, a weight is assigned according to the new

probability. For example, consider a Markov chain containing N steps constructed with a flat

prior in parameter θ. Now we want to look at the posterior distribution given some prior

information about θ. In this case, let’s consider a Gaussian prior, with a mean of µθ and a

standard deviation of σθ. Any given step in the Markov chain, i, would receive a weight of

wi = exp

(

−(θi − µθ)
2

2σ2
θ

)

(4.18)

where θi is the value of the parameter at each step. It should be clear that the values of θ

near the mean µθ will receive a weight close to one, and values far from the mean will receive
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weights close to 0. It is also necessary to divide by the original prior and that the integral of the

new prior is equal to 1. However, the one caveat is that the posterior distribution must cover the

parameter values which the prior prefers sufficiently. If you impose a prior that weights up (or

doesn’t weight down in the previous case) regions with very few Markov chain steps, the shape

of the distribution will be limited by sampling uncertainty. In this analysis, this technique is

used to investigate the impact of applying an external constraint on θ13 determined by reactor

neutrino experiments.

However, this tool not only allows us to apply external constraints to a Markov chain but

can also be used to help make more confident statistical statements with the same number

of Markov chain steps. As mentioned in Section 4.3.3, the number of steps required to make

statistical statements (e.g. 3σ intervals, 5σ intervals) depends on the number of independent

steps which statistically would fall outside the range. For example, for drawing a 3σ interval,

as per HPD credible intervals, we would count the highest density bins until 99.73% of the

density is contained. The larger the number of Markov chain steps outside of this range, the

more confidence we have of where the range should be. As shown in Eq 4.13, roughly 160

million steps are required to obtain 30 independent steps outside the 3σ interval. DUNE and

other next-generation long-baseline experiments aim to make 5σ statements about neutrino

oscillation parameters. According to Eq 4.13, to obtain 30 independent samples outside the

5σ range with the same auto-correlation would require roughly 780 billion Markov chain steps.

Even with significant resources, this is incredibly computationally heavy.

The ability to reweight a Markov chain under a different choice of prior allows us to perform

a trick called importance sampling. The idea is that you can add an arbitrary prior into the

fit that increases the posterior distribution in the regions of low likelihood and decreases the

posterior distribution in the regions of high likelihood. This will cause the Markov chain to

accumulate more steps in the regions outside the credible intervals. You can then reweight the

output posterior with the inverse of the prior that was imposed in the fit, bringing you back to

the original posterior. Regardless of the chosen prior, you should arrive at the same posterior
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distribution as if a more uniform prior had been used when running the chain. In theory, this

will allow statistical statements about parameters to be made more confidently with far fewer

Markov chain steps. A proof of concept of this technique is presented in this analysis for δCP .
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(a) 2D marginal distribution in sin2 θ23 - ∆m
2
32

(b) 1D marginal distribution in sin2 θ23

Figure 4.7: (a) 2D marginal distribution in sin2 θ23 - ∆m2
32 and (b) 1D marginal distribution

in sin2 θ23 from a DUNE Asimov fit (copied from Figure 7.7 and Figure 7.8 in Section 7.6).
2D credible intervals, 1D credible intervals, 2D best-fit points and 2D true Asimov point are
shown.



Chapter 5

Parallel CPU Computation of

Oscillation Probabilities

One of the most computationally demanding operations during a neutrino oscillation analysis

is the calculation of the three-flavour oscillation probabilities. In this analysis, using MCMC

as described in Chapter 4, oscillation parameters are proposed at each step, for which the

oscillation probabilities for each Monte Carlo event must be calculated. The time required to

evaluate each step within a Markov chain is crucial, as the total number of steps accumulated

directly influences the reliability of the statistical inferences that can be drawn as explained

in Section 4.3.3. In previous analyses, the oscillation probability calculation has been GPU-

accelerated, reducing the contribution to the step time. However, generally, GPU resources

are less readily available. CPU resources are relatively abundant, hence the reliance on GPUs

limits the number of resources the analysis can be performed on. This chapter describes the

adaptation of a parallelizable oscillation calculator to function for DUNE sensitivity studies.

Oscillation probability calculation is discussed in Section 5.1. The oscillation calculator used

is then described in Section 5.2 and the speed improvements are presented in Section 5.3.
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5.1 Oscillation Probability Calculation

Given the standard three-flavour formulation, neutrinos propagate through space as a super-

position of three mass eigenstates. Any given neutrino interaction is governed by its flavour.

Since the mass eigenstates propagate at different rates, a given neutrino created in flavour α

may be observed in flavour β, with a probability governed by the unitary PMNS transition

matrix, shown in Eq 2.13, and as a function of the distance propagated and the energy, shown

in Eq 2.29. Furthermore, the presence of matter introduces an extra potential that affects the

probability. A more detailed description of neutrino oscillation including the derivation of the

oscillation probabilities can be found in Section 2.3.2.

Generally, neutrino oscillation analyses are performed using large MC samples of simulated

neutrino events. These samples can be used to approximate the distribution of neutrino events

as a function of the incoming neutrino energy. The MC contains simulations of each combination

of neutrino flavours i.e. νµ → νµ, νµ → νe etc. For a given choice of neutrino oscillation

parameters, the simulated events must be reweighted according to the oscillation probability.

For example, if the mixing angles θ23, θ12 and θ13 are all set to 0 (i.e. there is no mixing between

neutrino flavours), the weights for all MC events where α = β will be 1 and the weights for all

MC events where α ̸= β will be 0.

Calculating the oscillation probability for a neutrino event is computationally costly due

to the necessity of multiple matrix calculations. Since each simulated neutrino event has a

different energy, the calculation must be repeated for each event. Generally, O(106) neutrino

events are simulated to ensure MC statistical error is negligible in the analysis. There are ∼

3 million FD MC events in this analysis. Calculating oscillation probabilities for all 3 million

events using a single core takes ∼ 13 seconds. Ignoring all other computations involved in

evaluating the total likelihood of a given step in the Markov chain, obtaining the 100 million

Markov chain steps would take ∼ 40 years. Evidently, this is unfeasible and the calculation

must be accelerated in some way.
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One method for accelerating the oscillation calculation is using a binned approach. Instead

of calculating the oscillation probability for a given event using its true energy, oscillation

probabilities are calculated at the bin centres of some pre-defined binning. During the analysis,

the bin in which an MC event falls is found and the corresponding oscillation weight is applied.

This has the advantage of being much faster since the oscillation calculation is only done N

times per Markov chain step, where N is the number of bins, rather than for each MC event.

The downside, however, is any shape information within the bin is lost. In some regions of

neutrino energy, this might be a safe assumption. However, around the oscillation maxima

where the probability changes significantly with energy, the difference can be significant. We

are therefore motivated to find a way to keep all the true properties of an MC event in an

analysis.

Given that each MC event is independent, the calculation of oscillation weights can be

performed in parallel. This opens up the possibility of utilizing GPUs. A typical modern

consumer GPU has between 100 - 10,000 cores that are used for graphical calculations. However,

using application programming interfaces such as CUDA [102], the architecture can now be

exploited for non-graphical calculations. This approach has been taken for recent oscillation

analyses, resulting in a significant speed-up in the analysis run-time. However, the downside

to this approach is the dependence on GPUs limits the available resources that the analysis

can be performed on. To illustrate this, Figure 5.1 shows the number of CPU nodes compared

to GPU nodes on the computing clusters that this analysis was able to use. Furthermore, at

national computing facilities, the cost of using GPU resources is often higher than the cost of

using CPU resources. This means that more hours can be utilised on a CPU node vs a GPU

node with the same allocation.

The final option is to accelerate the oscillation calculation on CPUs. As mentioned be-

fore, the calculation is parallelizable meaning it can also be multi-threaded on CPUs. The

following section describes CUDAProb3, an oscillation calculator with optimal multi-threading

capabilities.



Parallel CPU Computation of Oscillation Probabilities 121

Figure 5.1: Pie charts illustrating the number of CPU and GPU nodes available on computing
clusters that this analysis had access to [103–105].

5.2 CUDAProb3 Calculator

CUDAProb3 [106] is a C++ library, adapted from the Prob3++ library [107], initially designed

for the calculation of atmospheric neutrino oscillation probabilities. The transition amplitude

through a layer of matter with constant density is calculated using an analytic matrix diago-

nalization method [108]. CUDAProb3 calculates the probabilities for propagation through a

sphere with piece-wise constant density. To function for long-baseline experiments, the CPU

and GPU classes were split into atmospheric and beam classes, as shown in Figure 5.2.

Figure 5.2: Flowchart showing the structure of CUDAProb3 after generalisation to both
atmospheric and beamline neutrino oscillation calculation.
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5.2.1 Beamline Calculation

For beamline oscillation calculation, the density and neutrino path length are passed to the

calculator when initialising the class (i.e. for DUNE, ρ = 2.848 g/cm3 and L = 1284.9 km). The

density can be approximated as a constant in long-baseline accelerator experiments since the

neutrinos only pass through the uppermost layer of the Earth. Figure 5.3 shows the oscillation

probabilities for DUNE calculated by CUDAProb3 for both νµ and ν̄µ using the NuFit 4.0

parameter values. We can see that the vast majority of νµ and ν̄µ oscillate to ντ and ν̄τ . The

oscillation maxima are indicated in the grey regions and the first two, which DUNE is sensitive

to, occur at ∼ 2.5 GeV and ∼ 0.85 GeV as expected. We can also see a difference in the νe and

ν̄e appearance probability caused by a combination of the matter effects and CP-violation.

Figure 5.3: Beamline oscillation probabilities calculated by CUDAPRob3 of νµ (left) and ν̄µ
(right) to all three flavours for DUNE baseline and density using NuFit 4.0 oscillation parameter
values. The grey regions indicate where the Pνµ→νµ or Pν̄µ→ν̄µ is ≤ 0.02 indicating the oscillation
maxima.
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5.2.2 Atmospheric Calculation

For atmospheric calculation, the neutrinos may pass through multiple Earth layers and travel

along a wide range of distances. The path of the neutrino is dependent on the zenith angle,

defined as the angle between the line connecting the detector to the centre of the Earth and

the momentum of the neutrino. This is illustrated in Figure 5.4. The production height of

the neutrinos is chosen and defines the depth of the outermost ”atmosphere” layer. The Earth

model is also chosen and defined as a set of N layers (not including the atmosphere) each with

constant density ρi. Depending on the zenith angle, the neutrino may pass through anywhere

between 1 - 2N layers (maximum 2N-1 Earth layers plus additional atmosphere layer).

First, the total path length, L, of the neutrino is calculated trigonometrically via the fol-

lowing function

L =

√

(RE + h)2 − R2
E (1− cos θ2)− RE cos θ (5.1)

where RE is the radius of Earth, h is the production height (i.e. the height above the

Earth’s surface where the neutrino was produced) and θ is the zenith angle. We can see that if

θ = 0◦, in which the neutrino momentum is aligned with the line connecting the detector and

the centre of the Earth, then simply L = h. If θ = 180◦, in which they are anti-aligned, then

L = 2RE + h, referring to the case where the neutrino is produced on the other side of Earth

to the detector. The distance traversed through each layer is then found and used to calculate

each transition matrix.

As mentioned previously, the oscillation probabilities for atmospheric neutrinos depend on

both energy and zenith angle, θ. Figure 5.5 shows oscillation probabilities for atmospheric

neutrinos as a function of both energy and cosine zenith angle. We see that for higher energy

neutrinos, much larger path lengths are required, i.e. θ ∼ 180◦, for oscillations to become

significant. This also helps to demonstrate why neutrino oscillation in the atmospheric sector
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Figure 5.4: Diagram showing the path length, L, of an atmospheric neutrino (red line) through
a two-layer solid sphere with radius R. Atmospheric neutrinos are produced at height h and
enter the mantel of the earth at a certain energy E and zenith angle . Figure taken from [106].

was observed for up-going neutrinos, which travelled most of the way through Earth, and not

down-going neutrinos. Since the production height of atmospheric neutrinos can vary signifi-

cantly, oscillation probabilities can also be calculated for several heights. These probabilities

are then averaged according to some chosen height binning.

5.3 CPU Multi-threaded Performance

The performance of multi-threaded beamline oscillation calculations with CUDAProb3 was

tested by comparing against the single-threaded performance and the GPU performance. For

all comparisons in this section, the CPU used was an Intel Xeon Gold 6230 20-core 20-thread

server-grade processor. The GPU used was a NVIDIA Quadro RTX 4000. Figure 5.6 shows the

runtime of CUDAProb3 with single-threaded, multi-threaded and GPU configurations against

the number of events being computed. As expected, we see that the GPU massively outperforms

even a CPU with 20 threads. Given that GPUs can often round 1000s of computations in

parallel this is unsurprising. However, we also find that comparing the CPU configurations,

the decrease in runtime is fairly linear. Ideally, when multi-threading, 2× (number of threads)
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Figure 5.5: Atmospheric oscillation probabilities as a function of cosine zenith angle, cos θ,
and neutrino energy, E, calculated by CUDAPRob3 for νµ → νµ (left) and νµ → νe (right)
using a four-layer density model, a fixed production height of 22.0m and NuFit 4.0 oscillation
parameter values.

results in a 0.5× runtime. Often due to imperfections in implementation, doubling the threads

results in a slightly less than half runtime effect. However, comparing the performance of the

different number of threads, the multi-threading of the calculation is performing efficiently.

The performance of CPU multi-threading in CUDAProb3 was also evaluated using the

MCMC step time. The MCMC step time is dominated by the likelihood evaluation and is

comprised of two computationally expensive calculations: the oscillation probabilities and the

systematic weights. Given a single-threaded CPU configuration, both calculations contribute

significantly to the step time. Figure 5.7 shows the MCMC step time distributions using a

CPU configuration of CUDAProb with a single-thread, 5 threads and a GPU configuration.

We can see that with just 5 threads, the MCMC step-time becomes comparable to that using

a GPU for the oscillation calculation. This is because, although the GPU is still an order of

magnitude quicker, the systematic weight calculation becomes the largely dominant factor in

the step time. Unless both calculations can be moved to a GPU, it’s far more beneficial to

utilise 5 threads in a CPU than a GPU for the reasons mentioned previously.
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Figure 5.6: Runtime comparison of CUDAProb3 beamline oscillation probabilities for 5×103

- 5 × 105 events using a CPU with a single thread, 5 threads, 10 threads, 20 threads, and a
GPU.

During this analysis, since no CUDA implementation of the systematic weight calculation

was available, a CUDAProb3 multi-threaded CPU configuration was used throughout. A multi-

threaded implementation of the systematic weight calculation was also used, allowing both

processes to be multi-threaded sequentially.
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Figure 5.7: MCMC step time distributions of CUDAProb3 running a DUNE beamline FD-
only chain using a CPU with a single thread, 5 threads and a GPU (all other calculations in
the MCMC are CPU single-threaded).



Chapter 6

Far Detector Oscillation Sensitivity

This chapter uses the techniques described in Chapter 4 to perform the first-ever Bayesian FD-

only sensitivity study of DUNE. This is done by creating a ”fake” FD dataset that DUNE could

observe assuming a set of true oscillation parameters. This study aims to perform an analysis

using the same samples and MC inputs as was used in the DUNE Technical Design Report

(TDR) [2]. However, there are significant differences in the implementation of the systematic

uncertainties between the TDR-era analysis and the analysis presented in this thesis. This

analysis takes an approach to systematic uncertainties that makes fewer assumptions, resulting

in more accurate predictions of the event spectra given changes to systematic parameters. Next-

generation long-baseline neutrino experiments will collect 10x more neutrino events than the

current experiments, resulting in a far lower statistical uncertainty. The assumptions made in

the oscillation analyses of current long-baseline experiments make little difference to the results

due to the large impact of the statistical uncertainty. Since next-generation long-baseline

experiments will be limited by systematic uncertainty, these simplifications can have large

impacts. It is therefore imperative that systematics uncertainties are treated accurately to

produce accurate estimations of the sensitivity of these experiments.

Furthermore, this is the first Bayesian analysis of DUNE. The TDR-era analysis was per-

formed using a frequentist framework. Bayesian analyses allow for the in-depth study of system-

128
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atic parameters with the same fit, since each nuisance parameter is treated as a free variable.

As well as this, the posterior obtained from the Markov chain can be used to produce posteri-

ors in other variables which are of interest, without the need for running another fit. Finally,

there is an inherent benefit in validating the results of an analysis with a different statistical

framework.

As described in Chapter 3, DUNE will collect neutrino events with both the near and

far detectors. Although both FD and ND neutrino event samples will be used in the oscilla-

tion analysis, this chapter will only describe the FD samples and systematics. Many of the

systematic uncertainties and implementations described in this chapter are the same or share

similarities with ND samples. This chapter will also show the results of sensitivity studies in

which only the FD samples are included, both with and without systematic uncertainties. This

allows us to quantify the effect of the systematic uncertainty on the estimation of oscillation

parameters. As well as this, these results can be compared with the results of sensitivity studies

in which ND samples are also included, providing quantification of the impact of the DUNE

ND.

Initially, the event selection for the FD samples is described in Section 6.1. The resulting

FD MC event spectra predictions are presented in Section 6.2. The systematic uncertainty

models, including flux, cross-section and detector uncertainties, included in the sensitivity study

are discussed in Section 6.3. Prior predictive spectra are shown in Section 6.4 and the fitter

validations that were done are discussed in Section 6.5. Finally, results of the sensitivity study

are presented in Section 6.6, including both a statistics-error only sensitivity and sensitivity

including systematic uncertainties.

6.1 Event Selection

At the FD, the aim is to select only CC interactions for both muon and electron neutrinos in

both neutrino and antineutrino modes. This results in a total of four event samples: FHC νµ,

FHC νe, RHC ν̄µ, RHC ν̄e. After the MC event simulated hits in a detector are reconstructed,
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DUNE uses the Convolutional Visual Network (CVN) event selection algorithm to decipher

which sample an event belongs to.

The DUNE CVN is a Convolutional Neural Network (CNN) [109] that classifies neutrino

interactions in the DUNE FD via image recognition. The CVN was trained using approxi-

mately 3 million MC events, a sample of MC events different from those used to make physics

measurement sensitivities. The training input to the DUNE CVN contained three images for

each MC event, one for each of the readout views. Each view consists of reconstructed hits on

the wire planes, described in Section 3.4.1. An important feature of the DUNE CVN, which

differs from traditional CNNs, is the ability for a given layer in the network to access several

layers before it. For example, the nth layer in the network can access the (n− 1)th layer, as in

a traditional CNN, and also the (n − k)th layer where k ≥ 2. This allows the granular details

contained within LArTPCs to propagate further into the network. A detailed description of

the DUNE CVN architecture can be found in [110].

Figure 6.1: Probability distributions of CC νµ (left) and CC νe (right) from the DUNE CVN
for the FHC mode split by the true interaction type. The probability axis is shown in a log
scale. Figure from [2]

As mentioned previously, the primary goal of the DUNE CVN is to accurately classify

neutrino interactions by flavour (and hence identify only CC interactions). Figure 6.1 shows

the score distributions of a given MC event being CC νµ and CC νe for different true interaction

types. For both cases, there is a good separation between signal and background interactions
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at higher scores. The selection cut on the score was optimised based on sensitivity to δCP . The

lower the threshold, the more events pass which provides more sensitivity, but the efficiency is

worse which harms sensitivity. After optimisation, the following selection cuts were chosen:

• CC νµ/ν̄µ : PCVN (CCνµ/ν̄µ) ≥ 0.5

• CC νe/ν̄e : PCVN (CCνe/ν̄e) ≥ 0.85

Since the flavour classification scores are constructed so that they sum to 1, these selection

cuts contain completely independent events (i.e. if PCVN (CCνe) ≥ 0.85 then PCVN (CCνµ) < 0.5

and vice versa).

As well as selection cuts on the flavour classification, fiducial volume cuts are also applied

to the MC events. Ideally, these cuts would be applied to the reconstructed interaction vertex.

However, due to some limitations in the simulation and reconstruction at the time, these cuts

are applied to the true interaction vertex. The fiducial volume cuts were as follows:

• −3.1m < vx < 3.1m

• −5.5m < vy < 5.5m

• 0.5m < vz < 12.44m

where vx, vx and vz are the true vertex positions in the x, y and z directions. This is

measured in metres from the centre of the detector in x and y, and the front of the detector in

z.

6.2 FD MC Prediction

Using the generated FD MC and applying the selection cuts described in Section 6.1, the

predicted event spectra at the FD can be produced. The MC is generated using a full simulation

chain: beam flux → Generates Events for Neutrino Interaction Experiments (GENIE) neutrino

interaction generator [111] → Geant-4 based detector models. The beam design, neutrino

flux and associated uncertainties are described in Section 3.1. The cross-section model and
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uncertainties are described in more detail in Section 6.3.2.

The predicted event rates at the FD correspond to a 1.2 MW neutrino beam which results

in 1.1 × 1021 protons on target (POT) per year including both FHC and RHC beam modes.

This relies on an average up-time and efficiency of the Fermilab accelerator complex of 56%.

The POT is then adjusted according to the planned additions of FD modules and beam power

upgrades:

• Initial beam run: Two FD modules with a total mass of 20 kt and a 1.2 MW beam

• After 1 year: Add one FD module, total mass of 30kt

• After 3 years: Add one FD module, total mass of 40kt

• After 6 years: Upgrade to 2.4 MW beam

• Resulting 336 kt-MW-year POT per beam mode: 1.3628× 1023

All event predictions and fake datasets in this analysis use a 336 kt-MW-year exposure.

Predicted event distributions are shown given a choice of oscillation parameters. All predicted

oscillated event distributions use the choice of oscillation parameters shown in Table 6.1. Un-

oscillated event distributions are those where oscillations have not been applied. For the FD

samples, there is only one analysis variable: reconstructed neutrino energy.

The predicted unoscillated and oscillated event distributions, broken down by interaction

mode as a function of reconstructed neutrino energy for all of the four DUNE FD samples

using a 336 kt-MW-year exposure can be seen in Figure 6.2 and Figure 6.3 respectively. The

corresponding event rates can be seen in Table 6.2 and Table 6.3. As we’d expect at these

energy ranges, the largest contributions for most samples are CC DIS, CC RES, CC QE and

CC 2p-2h interaction modes. The exception to this is the unoscillated FHC νe and RHC νe

distributions. These event distributions effectively show us the intrinsic νe and ν̄e present in the

FHC and RHC beam modes respectively, which act as a background to the oscillation signal.

Since these intrinsic contributions are low, a significant portion of these are NC backgrounds

which can mimic ”νe-like” events. Since these are caused by the total ν flux, the rate of these
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Parameter Central Value Uncertainty

sin2 θ12 0.310 0.013

sin2 θ23 0.582 0.021

sin2 θ13 0.0224 0.0007

∆m2
21/ eV2 7.39× 10−5 1.8× 10−6

∆m2
32/ eV2 2.525× 10−3 3.4× 10−5

δCP/ rad -2.498 1.17

Mass Ordering: Normal

Table 6.1: Central value and uncertainty of neutrino oscillation parameters used to make
oscillated FD event spectra predictions. These oscillation parameter values correspond to NO.

backgrounds does not change from unoscillated to oscillated distributions.

6.3 Systematic Models and Uncertainties

6.3.1 Flux Uncertainties

The LBNF neutrino beam that will be used for DUNE and the resulting simulated neutrino

fluxes are described in Section 3.1. The simulation of the beam uses an accurate description

of the beam design [112], including magnetic horns and a target that has been optimised for

sensitivity to CP violation.

The uncertainty in the neutrino flux is predominantly caused by uncertainties in the hadron

production model and uncertainties in the parameters of the beam design, i.e. horn currents

and positions of the horns and targets etc. Given measurements of the hadron production

model uncertainty and LBNF design alignment uncertainties, the flux uncertainty at the first

oscillation maxima is approximately 8% and 12% at the second oscillation maxima [2].

These uncertainties are highly correlated between true neutrino flavours and energy bins.

These underlying flux uncertainties were included in the fit as bin-content normalisations un-

certainties in bins of neutrino energies. Normalisation uncertainties are those which scale events

according to the value of the systematic parameter. For example, if a normalisation param-
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FHC νµ FHC νe RHC ν̄µ RHC ν̄e

CC DIS 8692.05 148.79 4060.74 74.30

CC RES 8540.17 82.12 4234.53 48.32

CC QE 6497.34 58.97 2880.76 32.23

CC 2p-2h 1807.83 14.68 1043.02 9.98

CC Coherent 184.31 2.59 160.99 2.51

CC Nu-e Elastic 0.42 0.08 0.33 0.17

NC QE 1.67 0.25 1.16 0.12

NC DIS 180.62 69.39 88.23 32.70

NC RES 37.16 11.05 22.84 5.57

NC Coherent 0.00 1.17 0.00 1.29

NC Nu-e Elastic 0.00 1.76 0.00 1.12

Sample totals 25941.57 390.85 12492.62 208.32

Table 6.2: Unoscillated event rate predictions for the 4 samples at the DUNE FD broken
down by interaction mode and corresponding to a 336 kt-MW-year exposure.
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FHC νµ FHC νe RHC ν̄µ RHC ν̄e

CC DIS 2128.56 497.76 1685.43 145.52

CC RES 2400.70 585.59 1249.50 153.61

CC QE 2128.56 449.00 957.00 108.62

CC 2p-2h 574.40 122.71 326.03 34.87

CC Coherent 56.66 13.91 48.89 6.34

CC Nu-e Elastic 0.40 0.55 0.33 0.24

NC QE 1.67 0.25 1.16 0.12

NC DIS 180.62 69.39 88.23 32.70

NC RES 37.16 11.05 22.84 5.57

NC Coherent 0.00 1.17 0.00 1.29

NC Nu-e Elastic 0.00 1.76 0.00 1.12

Sample totals 8243.92 1753.14 4379.41 490.00

Table 6.3: Oscillated event rate predictions for the 4 samples at the DUNE FD broken down
by interaction mode using the oscillation parameter values in Table 6.1 and corresponding to a
336 kt-MW-year exposure.
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(a) FHC νµ unoscillated (b) FHC νe unoscillated

(c) RHC ν̄µ unoscillated (d) RHC ν̄e unoscillated

Figure 6.2: Event spectra predictions as a function of reconstructed neutrino energy of the
4 samples at the DUNE FD: (a) FHC νµ, (b) FHC νe, (c) RHC ν̄µ and (d) RHC ν̄e without
oscillations. The predicted event spectra are also broken down by the different interaction
modes.

eter shifts up by 20%, each event it affects is scaled by 1.2. The normalisation uncertainties

were categorised into beam mode, produced neutrino flavour, energy bin as follows (where the

number of energy bins = number of parameters per category): FHC νµ (19 parameters), FHC

ν̄µ (19 parameters), FHC νe (7 parameters), FHC ν̄e (7 parameters), RHC νµ (19 parameters),

RHC ν̄µ (19 parameters), RHC νe (7 parameters), RHC ν̄e (7 parameters). This results in a

total of 104 normalisation parameters for the FD flux and 104 normalisation parameters for

the ND. The variation and correlation of event rates in each bin were found by varying the

true underlying flux uncertainty parameters. The variation standard deviation and correlations

of each bin then define the prior uncertainty and correlations of the bin-to-bin normalisation

parameters. The central value of each normalisation parameter is 1. The flux covariance matrix
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(a) FHC νµ oscillated (b) FHC νe oscillated

(c) RHC νµ oscillated (d) RHC νe oscillated

Figure 6.3: Event spectra predictions as a function of reconstructed neutrino energy of the
4 samples at the DUNE FD: (a) FHC νµ, (b) FHC νe, (c) RHC ν̄µ and (d) RHC ν̄e with
oscillations using the parameter values shown in Table 6.1. The predicted event spectra are
also broken down by the different interaction modes.

used in this analysis is shown in Figure 6.4.

6.3.2 Cross Section Uncertainties

The neutrino interaction model used in this analysis is implemented in the GENIE generator.

More specifically, the fixed GENIE version v2.12.10 is used. As well as this, some variations

to this model were added to parameterise uncertainties currently not implemented in GENIE.

Very generally, the model of neutrino-nucleus interactions can be factorised into three compo-

nents: initial state, nucleon interaction and final state propagation. The initial state describes

the momentum and positions of the nucleons inside the nucleus, as well as effects that cause

kinematic modifications to the final state, such as binding energy. The final state interactions
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Figure 6.4: Square root of the fractional covariance matrix used for the flux systematic
parameters. The x and y axes show the 208 flux parameters corresponding to ND and FD νµ
and νe samples for neutrino and antineutrino modes and certain energy bins. The z-axis shows
the square root of the covariance matrix entry while keeping the sign unchanged.

(FSI) refer to the alteration of the momentum and energy of particles produced in the final

state or changes to the multiplicity of particles emitted. Within the nucleus, hadrons can be

absorbed, scattered or produce further hadrons. These effects can lead to missing energy that

is invisible to the detector, which can easily be on the order of hundreds of MeV. Given the

importance of neutrino energy in oscillation measurements, there must be enough freedom in

the model to prevent a bias in the result.

The interaction uncertainties implemented in this analysis can be categorised into 6 rough

groups:

• QE uncertainties The uncertainties in QE interactions stem from the axial form factor

of CCQE interactions, which is modelled as a dipole with one free parameter, the axial

mass, MA [113]. Uncertainty is also introduced corresponding to the choice of vector form

factor. As well as this, low Q2 interaction cross-sections are modified using the Random

Phase Approximation (RPA) which accounts for correlations between nucleons within the
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nucleus. The shape of the correction can be parameterised as a function of Q2 using the

Bernstein polynomials [114] and results in 3 Bernstein RPA (BeRPA) parameters (A, B,

C) which control the behaviour at increasing Q2.

• 2p2h uncertainties The underlying theoretical model for 2p2h interactions in GENIE,

the ”Valencia” model [115], is not compatible with data from the MINERvA [116] and

NOvA experiments[117]. Corrections were applied to the model and uncertainties are

included for the energy dependence of these corrections. As well as this, uncertainties

stem from the scaling of the 2p2h prediction from carbon, in which the mismatch was

found, to argon.

• Resonant uncertainties The axial and vector form factors also control the interaction

model for resonant events. As such, axial and vector mass parameters are also included

for CC and NC RES interactions. The angular distribution of pions from the decaying

∆ can be modelled as isotropic or follow predictions from the Rein-Sehgal model of

pion production [118]. An uncertainty parameter is introduced to switch between both

predictions.

• Non-resonant and DIS uncertainties More freedom is necessary in the region be-

tween single-pion production and DIS which is currently not well-modelled. Additional

parameters were added for all combinations of 1,2 or ≥ 3 pions in the final state, CC

or NC, neutrino or antineutrino and interactions on proton or neutron [117]. Except for

merging the neutron and proton parameters for CC neutrino single-pion production, this

resulted in a total of 23 dials adding freedom to these parameters. As well as this, 4

parameters are included from the Bodek-Yang DIS model [119].

• Final state interaction uncertainties There are several final state uncertainties in-

cluded which stem from the cascade model implemented in GENIE. These are associated

with probabilities of charge exchange, elastic/inelastic interactions, absorption and pion

production for both pions and nucleons.

• Neutrino flavour dependent uncertainties The neutrino cross-section also includes
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terms which are dependent on lepton mass. The form factors for these terms have large

uncertainties which results in changes in the cross-section ratio of νµ/νe as well as ν/ν̄.

Table 6.4 and Table 6.5 list all the cross-section systematic parameters included in this

analysis, showing a description of the uncertainty, their central value, prior uncertainty and

valid ranges. In total, 56 cross-section parameters were included. The units of all cross-section

parameters are relative to their generated value and prior uncertainty i.e. 0 is the value at

which the MC was generated and 1 is 1 standard deviation away. Parameters which have a

prior central value that is not 0, shown in Table 6.4 and Table 6.5, have pre-fit values different

from the generated value.

The cross-section model is a function of several event kinematics which means different

events can be affected differently given a change to the model parameters. Furthermore, model

parameter changes may often not result in linear changes and can contain complex shape charac-

teristics. As a result, all cross-section parameters, unlike the flux parameters, are implemented

with response functions. For each MC event, GENIE (including all additions to the base model)

returns weights given a shift of a single parameter at evenly spaced points i.e. MQE
A at -3σ,

-2σ, -1σ, 0, 1σ, 2σ, 3σ. A cubic spline is used to interpolate between these points, creating

a continuous response function. To reduce the computational load, events are binned in the

analysis variables (for FD this is just reconstructed energy), true neutrino energy, true interac-

tion mode and true initial and final neutrino flavour. The average weight for each parameter

shift in each of these bins is evaluated and the spline is created between these bins. When

reweighting the Monte Carlo, the spline corresponding to the kinematic bin that the event falls

into is evaluated.

6.3.3 FD Detector Uncertainties

Detector effects can impact the quality of reconstructed variables and selection efficiency. Since

our FD samples are only binned in reconstructed energy, we care only about how the uncertainty

in our detector model affects the reconstructed energy and not other reconstructed quantities.
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Group Parameter Description Central Value 1σ Uncertainty bounds

QE

MCCQE
A Axial mass for CCQE 0.99 GeV +0.25/-0.15 GeV −∞ ↔ ∞

CCQE VecFF Choice of CCQE vector form factor 0 N/A 0 ↔ 1

CCQE KF Fermi surface momentum for Pauli blocking 0 1 0 ↔ 1

BeRPA A RPA model suppression polynomial A 0.59 (*) ± 0.12 −∞ ↔ ∞
BeRPA B RPA model suppression polynomial B 1.05 (*) ± 0.21 −∞ ↔ ∞
BeRPA D RPA model suppression polynomial D 1.13 (*) ± 0.17 −∞ ↔ ∞

2p2h

E2p2h nu A neutrino 2p2h Energy dependence parameter A 0 1 −∞ ↔ ∞
E2p2h nu B neutrino 2p2h Energy dependence parameter B 0 1 −∞ ↔ ∞

E2p2h nubar A antineutrino 2p2h Energy dependence parameter A 0 1 −∞ ↔ ∞
E2p2h nubar B antineutrino 2p2h Energy dependence parameter B 0 1 −∞ ↔ ∞
ArC2p2h nu neutrino 2p2h Ar/C scaling 0 1 −∞ ↔ ∞

ArC2p2h nubar antineutrino neutrino 2p2h Ar/C scaling 0 1 −∞ ↔ ∞

RES

MCCRES
A Axial mass for CC RES 0.94 GeV ± 0.05 GeV −∞ ↔ ∞

MCCRES
V Vector mass for CC RES 0.84 GeV ± 0.084 GeV −∞ ↔ ∞

MNCRES
A Axial mass for NC RES 1.12 GeV ± 0.22 GeV −∞ ↔ ∞

MNCRES
V Vector mass for NC RES 0.84 GeV ± 0.084 GeV −∞ ↔ ∞
θ∆decay
π θπ distribution in decaying ∆ rest frame 0 1 0 ↔ 1

Non-RES

NR nu n CC 2pi Non-RES neutrino-neutron CC 2-pion production 0 1 −∞ ↔ ∞
NR nu n CC 3pi Non-RES neutrino-neutron CC ≥ 3-pion production 0 1 −∞ ↔ ∞
NR nu p CC 2pi Non-RES neutrino-proton CC 2-pion production 0 1 −∞ ↔ ∞
NR nu p CC 3pi Non-RES neutrino-proton CC ≥ 3-pion production 0 1 −∞ ↔ ∞
NR nu np CC 1pi Non-RES neutrino-proton/neutron CC 1-pion production -1.14 0.02 −∞ ↔ ∞
NR nu n NC 1pi Non-RES neutrino-neutron NC 1-pion production 0 1 −∞ ↔ ∞
NR nu n NC 2pi Non-RES neutrino-neutron NC 2-pion production 0 1 −∞ ↔ ∞
NR nu n NC 3pi Non-RES neutrino-neutron NC ≥ 3-pion production 0 1 −∞ ↔ ∞
NR nu p NC 1pi Non-RES neutrino-proton NC 1-pion production 0 1 −∞ ↔ ∞
NR nu p NC 2pi Non-RES neutrino-proton NC 2-pion production 0 1 −∞ ↔ ∞
NR nu p NC 3pi Non-RES neutrino-proton NC ≥ 3-pion production 0 1 −∞ ↔ ∞

NR nubar n CC 1pi Non-RES antineutrino-neutron CC 1-pion production 0 1 −∞ ↔ ∞
NR nubar n CC 2pi Non-RES antineutrino-neutron CC 2-pion production 0 1 −∞ ↔ ∞
NR nubar n CC 3pi Non-RES antineutrino-neutron CC ≥ 3-pion production 0 1 −∞ ↔ ∞
NR nubar p CC 1pi Non-RES antineutrino-proton CC 1-pion production 0 1 −∞ ↔ ∞
NR nubar p CC 2pi Non-RES antineutrino-proton CC 2-pion production 0 1 −∞ ↔ ∞
NR nubar p CC 3pi Non-RES antineutrino-proton CC ≥ 3-pion production 0 1 −∞ ↔ ∞
NR nubar n NC 1pi Non-RES antineutrino-neutron NC 1-pion production 0 1 −∞ ↔ ∞
NR nubar n NC 2pi Non-RES antineutrino-neutron NC 2-pion production 0 1 −∞ ↔ ∞
NR nubar n NC 3pi Non-RES antineutrino-neutron NC ≥ 3-pion production 0 1 −∞ ↔ ∞
NR nubar p NC 1pi Non-RES antineutrino-proton NC 1-pion production 0 1 −∞ ↔ ∞
NR nubar p NC 2pi Non-RES antineutrino-proton NC 2-pion production 0 1 −∞ ↔ ∞
NR nubar p NC 3pi Non-RES antineutrino-proton NC ≥ 3-pion production 0 1 −∞ ↔ ∞

Table 6.4: Neutrino interaction cross-section systematic parameters included in this analysis,
within categories of QE, 2p2h, RES and Non-res, showing the central value, prior uncertainty
and bounds of each parameter. * Weights are applied to the MC to reweight for pre-fit tuning
in the BeRPA parameters.
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Group Parameter Description Central Value 1σ Uncertainty bounds

DIS

AHT Higher-twist parameter, A, in Bodek-Yang model 0.538 ± 0.134 −∞ ↔ ∞

BHT Higher-twist parameter, B, in Bodek-Yang model 0.305 ± 0.076 −∞ ↔ ∞

CV 1u GRV98 valence quark distribution function correction to Bodek-Yang model 0.291 ± 0.087 −∞ ↔ ∞

CV 2u GRV98 valence quark distribution function correction to Bodek-Yang model 0.189 ± 0.076 −∞ ↔ ∞

FSI

xNcex Nucleon charge exchange probability 1 ± 0.50 −∞ ↔ ∞

xNel Nucleon elastic reaction probability 1 ± 0.30 −∞ ↔ ∞

xNinel Nucleon inelastic reaction probability 1 ± 0.40 −∞ ↔ ∞

xNabs Nucleon absorption probability 1 ± 0.20 −∞ ↔ ∞

xNπ Nucleon π-production probability 1 ± 0.20 −∞ ↔ ∞

xπcex π charge exchange probability 1 ± 0.50 −∞ ↔ ∞

xπel π elastic reaction probability 1 ± 0.10 −∞ ↔ ∞

xπinel π inelastic reaction probability 1 ± 0.40 −∞ ↔ ∞

xπabs π absorption probability 1 ± 0.30 −∞ ↔ ∞

xππ π π-production probability 1 ± 0.20 −∞ ↔ ∞

Flavour
σνe/ν̄e νe/ν̄e cross-section ratio 1 1 0 ↔ 1

σνe/νµ νe/νµ cross-section ratio 1 1 0 ↔ 1

Table 6.5: Neutrino interaction cross-section systematic parameters included in this analysis,
within categories of DIS, FSI and flavour-dependent, showing the central value, prior uncer-
tainty and bounds of each parameter.

We also care about how uncertainty in our event reconstruction might affect which events fall

into which samples. The FD detector systematics can be split into three subgroups: energy

scale, resolution, and selection efficiency.

Energy Scale

Uncertainty in the energy scale is separated by particle species. Total energy scale as well as

four particle species are considered: muons, charged hadrons, neutrons and electromagnetic

showers. The total energy scale effectively acts as a calibration uncertainty for calorimetric

reconstruction, while the particle species energy scale acts as a particle response uncertainty.

Both total and particle-specific uncertainties are parameterised in the same way, in which each

systematic has 3 parameters:
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Particle group p0 p1 p2 r

Total (except muons) 2% 1% 2%

Hadronic (p, π±) 5% 5% 5% 2%

µ 2% 0.5% 2% 2%

n 20% 30% 30% 10%

electromagnetic (e, γ, π0) 2.5% 2.5% 2.5% 2%

Table 6.6: Prior uncertainty on the three energy scale parameters (p0, p1 and p2) and the
resolution (r) for different particle groups.

E
′

rec = Erec ×
(

p0 + p1
√

Erec +
p2√
Erec

)

(6.1)

where E
′

rec is the shifted reconstructed energy, Erec is the nominal reconstructed energy

and p0, p1 and p2 are free systematic parameters. The p0 parameter controls the energy-

independent uncertainty, while the p1 and p2 parameters provide some freedom in the shape of

the uncertainty with respect to energy. Each of these parameters, for each uncertainty group,

has a prior uncertainty that has been derived from previous liquid argon experiments, and

previous long-baseline experiments.

Table 6.6 shows the prior uncertainty on each of the energy scale parameters for each particle

group. The total energy scale does not include muons since muon energy is reconstructed

using range or Coulomb scattering, rather than calorimetrically. Uncertainties associated with

neutrons are high due to significant reconstruction issues. The response of neutrons in LAr is

still an active area of research, aiming to understand the relationship between neutron capture

and scattering to its true kinetic energy.

Resolution

The resolution used in the detector model is also a source of uncertainty. This is also split up

by particle group. The effect of resolution on the reconstructed energy is calculated by
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E
′

rec = r × (Etrue − Erec) (6.2)

where r is a free parameter associated with the resolution for the particle group. This has

the effect of scaling the smearing of energy. The prior uncertainty caused by the resolution is

also shown for each particle group in Table 6.6. Once again, the neutron energy resolution has

a much higher prior uncertainty than the other particle groups.

Selection Efficiency

Another uncertainty that needs to be considered is the event selection uncertainty. As men-

tioned in Section 6.1, the event selection is done via the CVN which assigns each event a score

of being νµ-like or νe-like. The prior uncertainty associated with both scores was chosen to be

0.01. A fiducial volume uncertainty was also included for both νµ-like and νe-like events.

Except for the fiducial volume uncertainty, the detector uncertainties all change the value of

reconstructed variables. The energy scale and resolution uncertainties change the reconstructed

energy and the selection efficiency uncertainty changes the CVN score. In this analysis, these

have all been implemented as shift systematics. Since the reconstructed variables for each

MC event are stored during the Markov chain, they can be varied depending on the value of

the free parameter. For example, all 19 resolution and energy scale parameters will shift the

reconstructed energy for a given MC event depending on the value of the parameters at that

point in the Markov chain. Given the new reconstructed energy after shifting, the event may

have crossed an analysis bin boundary. If this is the case, the event is moved into the correct

bin. This provides an accurate method of changing the event spectra given the parameterisation

of the energy scale and resolution uncertainties. This is different from the TDR-era analysis,

which used spline functions to mimic the effect of these shifts. Similarly, for the selection

efficiencies, the CVN scores are shifted during the fit. If the CVN probability for a given event

crosses the event selection cut, the event moves in or out of the selection, changing the event
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spectra. Given the prior uncertainty for the selection efficiency, it is not possible for an event

to simultaneously pass both νµ and νe cuts, preventing double counting.

Given that there is no visible change in the spectra until events move across bins or selection

cuts, this often causes discontinuous likelihoods. Common minimisers, such as gradient descent,

use the gradient of the likelihood to find global minima and hence run into issues if the likelihood

space contains discontinuities. However, since the MCMC algorithm used here does not evaluate

the gradient this does not cause an issue.

6.4 Prior Predicitves

The nominal prediction of the event distributions for the samples change depending on the

values of the systematic parameters described in section Section 6.3. To get an idea of the effect

of the systematic uncertainty on the event distributions in different samples, prior predictive

spectra are produced. This involves randomly throwing the values of the systematic parameters

according to their prior uncertainties and correlations. The event spectra are then reweighted

according to these values and an event rate distribution is created in each bin. The prior

predictive spectra for the DUNE FD samples using 10000 throws of the systematic parameters

are shown in Figure 6.5.

Although the uncertainty bands are much wider at higher energy values, the fractional

width of the bands remains relatively constant. The largest fractional change in the event rate

occurs in the two lowest energy bins. The uncertainty on the total number of events can be

estimated by calculating the root mean square of the integral of each toy spectra. Table 6.7

shows the percentage uncertainty on the total event rate for each sample and the contributions

from each uncertainty group. The statistical uncertainty was also included where, for each bin,

a random number was drawn from a Poisson distribution with a mean of the nominal event

count in the bin. The distribution of event spectra integrals was done in the same way as

the systematic throws. The largest contribution to the prior uncertainty comes from the cross-

section for every sample, with the smallest contribution coming from the detector uncertainties.
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(a) FHC νµ (b) FHC νe

(c) RHC ν̄µ (d) RHC ν̄e

Figure 6.5: Oscillated prior predictive spectra as a function of reconstructed neutrino energy
of the 4 samples at the DUNE FD: (a) FHC νµ, (b) FHC νe, (c) RHC ν̄µ and (d) RHC ν̄e.
The z-axis shows the distribution of event rates in a given bin from 10,000 throws of the full
systematic model. The nominal prediction is shown by the red line.

The statistical error is much smaller than the systematic error, even for samples with lower

event rates (i.e. FHC νe, RHC ν̄e) It should be emphasised that these are the prior systematic

uncertainties and will become constrained during the fit.

6.5 Fitter Validation

Once the MC and systematic inputs are constructed, validations confirm that the inputs are

correct and that the framework behaves as expected. The two main ways this was done were

by comparing outputs with other analysis frameworks and performing scans of the likelihood

given changes to the oscillation parameters.
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FHC νµ FHC νe RHC ν̄µ RHC ν̄e

Flux 7.3% 7.3% 7.5% 7.3%

Cross-section 9.3% 9.2% 7.8% 7.9%

Detector 2.3% 1.7% 2.7% 2.0%

Total Systematic 11.9% 11.7% 11.1% 10.7%

Statistical 1.0% 2.2% 1.5% 4.4%

Table 6.7: Prior percentage uncertainty on the total event rate for each FD sample split by
uncertainty group.

6.5.1 Cross-check with previous Fitter

Given that the frameworks have different methods for constructing the likelihood space, we

would not expect the final results to be identical. The likelihood constructed in this analysis

uses more accurate systematic reweighting, making fewer assumptions. As well as this, here we

have made a marginalised likelihood rather than a profiled likelihood, which can also introduce

differences. However, the nominal event spectra predictions and spectra given variations to

the systematic parameters should be more or less the same, provided an identical systematic

implementation. Initially, the nominal event spectra with and without oscillations were checked.

After the systematic uncertainties were implemented, the varied spectra for each systematic

parameter were also validated and good agreement was found.

6.5.2 Log-Likelihood Scans

As mentioned in Section 4.4.1, marginalising a posterior over nuisance parameters may result in

a difference in the HPD for a 1D parameter relative to the HPD in the full posterior. However,

to ensure this is not a result of some bias in the fitting method, a log-likelihood scan can be

performed. A fake dataset is created using some chosen values of the oscillation parameters

and all systematic parameters are set to their prior values. Then one or two of the oscillation

parameters are varied and for each point, the MC is reweighted and the LLH is evaluated

for the fake dataset. All other parameters remain fixed. The LLH distribution, 1D or 2D, is
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then plotted and the point with the bin with minimum LLH is the best-fit point. If the fitter is

operating as expected, the best-fit point and the input parameters should agree almost perfectly

(very small differences can occur as a result of the binning of the oscillation parameters).

Figure 6.6 and Figure 6.7 show the result of a LLH scan in sin2 θ23−∆m2
32 and sin2 θ13−δCP

respectively. The input value is shown with the red cross and the best-fit bin is shown with the

blue triangle. In both cases, the input values and the best-fit point are in identical positions,

showing the fitter is calculating the LLH correctly for these oscillation parameters.

6.6 Oscillation Sensitivities

This section will show the sensitivity of DUNE to the oscillation parameters given a fake dataset,

specifically in this analysis an Asimov fake dataset is used. An Asimov fake dataset is an MC

prediction without the addition of any statistical fluctuation. The MC is reweighted to a given

set of oscillation and systematic parameters and the resulting event spectra for each sample are

the ”fake data”. Since no statistical fluctuation is introduced into the dataset, it is expected

that the Asimov point, the values of the oscillation parameters used to generate the Asimov

data (also referenced as the ”true value”), and the best-fit point lie in agreement. An Asimov

fit allows us to estimate the sensitivity of an analysis - the contours show us the maximum

precision with which we’d expect to be able to measure the oscillation parameters if their true

values were the values of the Asimov point.

Statistics-error only results will be presented in Section 6.6.1, in which all systematic uncer-

tainty parameters are fixed at their prior values during the Markov chain. The results including

systematic uncertainties will then be presented in Section 6.6.2.

6.6.1 Statistics-error only

This section will show the results of a statistics-error only sensitivity study of DUNE using

Asimov FD data given the DUNE 336 kt-MW-year exposure and generated with the oscillation

parameter values shown in Table 6.1. In a statistics-error only study, the values of all systematic
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Figure 6.6: 2D LLH scan in sin2 θ23 −∆m2
32 where the input data used the values sin2 θ23 =

0.582 and ∆m2
32 = 2.525× 10−3eV2.

Figure 6.7: 2D LLH scan in sin2 θ13 − δCP where the input data used the values sin2 θ13 =
0.0.0224 and δCP = −2.498.
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parameters (flux, cross-section and detector) are fixed to their prior values. This essentially

shows the maximum sensitivity to the oscillation parameters given the Asimov data, since there

is no systematic uncertainty considered in the fit. The results presented have been obtained

from a Markov chain containing 54 million steps after the burn-in was removed.

Figure 6.8: 2D posterior in sin2 θ23 −∆m2
32 from a statistics-error only sensitivity study. The

1σ and 3σ credible intervals are shown in the dashed and bold lines respectively.

Figure 6.8 shows the posterior distribution in sin2 θ23 − ∆m2
32. The posterior only shows

values of ∆m2
32 since there is almost no posterior in the IO space. This shows the power of

DUNE’s sensitivity to the mass ordering. Both octants of θ23 are being explored yet the correct

octant is preferred. The best-fit point and the Asimov point also lie in perfect agreement,

suggesting no marginalisation effects are affecting the position of the HPD when integrating

over the other oscillation parameters.

Figure 6.9 shows the 1D posterior distribution for both sin2 θ23 and ∆m2
32. It is more clear

from the 1D posterior that the correct θ23 octant is significantly preferred, with the wrong

octant being excluded at 1σ. The posterior distribution ∆m2
32 in IO, i.e. ∆m2

32 < 0, contains

very few Markov chain steps resulting in the unsmooth posterior shape. Of the 54 million steps
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(a) sin2 θ23 (b) ∆m
2
32 NO

(c) ∆m
2
32 IO

Figure 6.9: 1D posterior in (a) sin2 θ23, (b) ∆m
2
32 in NO and (c) ∆m2

32 in IO from a statistics-
error only sensitivity study. The 1σ, 2σ and 3σ credible intervals are shown in the light grey,
grey and dark grey regions respectively.

obtained post-burn-in, just 1000 steps were accepted in the IO. To get an accurate relative

probability of the two hierarchies, more steps are required since IO has not been fully explored

yet.

Figure 6.10 shows the posterior distribution in sin2 θ13 − δCP . A second region is being

explored in sin2 θ13, however, the majority of the posterior is still centred around the correct

value. The best-fit point also lies perfectly on the Asimov point. Figure 6.11 shows the 1D pos-

terior distribution for both sin2 θ13 and δCP . The existence of a second peak in sin2 θ13 becomes
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Figure 6.10: 2D posterior in sin2 θ13 − δCP from a statistics-error only sensitivity study. The
1σ and 3σ credible intervals are shown in the dashed and bold lines respectively.

(a) sin2 θ13 (b) δCP

Figure 6.11: 1D posterior in (a) sin2 θ13, (b) δCP from a statistics-error only sensitivity study.
The 1σ, 2σ and 3σ credible intervals are shown in the light grey, grey and dark grey regions
respectively.
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more clear, however, the region is still excluded at 1σ. The 1D δCP posterior shows that, given

this Asimov point, the neutrino events obtained by the 336 kt-MW-year DUNE exposure are

sufficient to exclude δCP = 0 (i.e. CP conservation) given no systematic uncertainty.

(a) Without Reactor Constraint (b) With Reactor Constraint

Figure 6.12: 2D posterior in sin2 θ13 − sin2 θ23 (a) without reactor constraint and (b)with
reactor constraint from a statistics-error only sensitivity study. The 1σ and 3σ credible intervals
are shown in the dashed and bold lines respectively.

Plotting the 2D posterior distribution in sin2 θ13−sin2 θ23, as shown in Figure 6.12, shows the

origin of the second peak in θ13 results from a correlation with the octant of θ23. As mentioned

in Section 4.4.3, a Markov chain can be reweighted based on a change of prior information

on any given parameter. Figure 6.12 also shows the effect of applying a Gaussian constraint

on θ13 (reactor constraint), using the mean and error from Table 6.1, on the sin2 θ13 − sin2 θ23

distribution. Due to the correlation between θ13 and the octant of θ23, applying the reactor

constraint suppresses the posterior in the wrong octant.

6.6.2 With Systematic Uncertainties

The previous section shows the sensitivity of DUNE to the oscillation parameters, given the

336 kt-MW-year exposure and the Asimov point being investigated, if the cross-section, flux

and detector models were understood perfectly. Of course, this is not possible, and sensitivity

will be lost when the systematic uncertainties that exist in the experiment are taken into
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consideration. This section presents the results of sensitivity results where the systematic

parameters described in Section 6.3 are allowed to vary during the fit. These results will be

referred to as FD-only since they contain the full systematic treatment but contain just FD

data. The results presented have been obtained from a Markov chain containing 218 million

steps after the burn-in was removed.

Figure 6.13: 2D posterior in sin2 θ23−∆m2
32 from an FD-only sensitivity study and comparison

of the 1σ and 3σ credible intervals with the statistics-error only study. The 1σ and 3σ credible
intervals are shown in the dashed and bold lines respectively.

Figure 6.13 shows the posterior distribution in sin2 θ23 − ∆m2
32 as well as the credible

intervals for both FD-Only and statistics-error only sensitivity studies. A significant difference

can be seen between the two posteriors, with a much larger posterior existing in the wrong

octant when compared with Figure 6.8. The 3σ contour now connects both octants, with

maximal sin2 θ23 (sin2 θ23 = 0.5) no longer being excluded. In both octants, the 1σ interval

for FD-only is roughly the same size as the 3σ interval statistics-error only. The effect of the

systematic uncertainty can also be seen in the 1D posterior, as shown in Figure 6.14. The

height of the peak in the wrong octant is now comparable to that of the correct octant. There

is also a non-zero posterior between both octant peaks. The ∆m2
32 1D posterior is visibly much

wider. However, even when including the systematic uncertainty, the number of steps in the

inverted ordering is still negligible.

Figure 6.15 shows the sin2 θ13 − δCP posterior as well as the comparison of FD-only and
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(a) sin2 θ23 (b) ∆m
2
32 NO

Figure 6.14: 1D posterior in (a) sin2 θ23 and (b) ∆m2
32 in NO from an FD-only sensitivity

study. The 1σ, 2σ and 3σ credible intervals are shown in the light grey, grey and dark grey
regions respectively.

statistics-error only credible intervals. The posterior distribution in the second peak in θ13

has increased significantly. Comparing the intervals, there is a significant enlargement in the

3σ contour which is now fully connected around both θ13 peaks. There is a more significant

shift towards 0 in δCP than across the π/− π boundary. Despite this, CP-conservation is still

excluded at 3σ

Some of the effects of the systematic uncertainty on the sensitivity of the mixing angles can

be mitigated by applying the reactor constraint. The 2D posteriors for both sin2 θ23−∆m2
32 and

sin2 θ13−δCP after the reactor constraint is applied is shown in Figure 6.16. In sin2 θ13−δCP , the

reactor constraint removes the second posterior region, significantly shrinking the both credible

intervals. In sin2 θ23 −∆m2
32, the reactor constraint suppresses the lower θ23 octant, as a result

of the correlation with θ13, excluding it from the 1σ credible interval. There is minimal effect

of the reactor constraint on ∆m2
32 and δCP .

As mentioned in subsubsection 2.3.2, the Jarlskog invariant, JCP , indicates the magnitude

of CP violation as a result of the PMNS mixing angles and δCP . Although not one of the

parameters in the Markov chain, the JCP distribution can be found by evaluating Eq 2.36

at each step in the Markov Chain. Figure 6.17 shows the JCP distribution from the FD-
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Figure 6.15: 2D posterior in sin2 θ13− δCP from an FD-only sensitivity study and comparison
of the 1σ and 3σ credible intervals with the statistics-error only study. The 1σ and 3σ credible
intervals are shown in the dashed and bold lines respectively.

only sensitivity study. The edge of the 3σ contour lies at JCP = 0 which corresponds to CP

conservation.

Although the aim of this analysis is to make estimates of the oscillation parameters, it can

also be helpful to examine how the systematic parameters are affected by the fit. The distri-

butions of the systematic parameters can affect the marginalised distribution of the oscillation

parameters.

Figure 6.18 shows the 1σ posterior uncertainties and central values from the FD-only sen-

sitivity study relative to the prior 1σ uncertainties and central values. For the vast majority

of systematics, the posterior uncertainty corresponds to the HPD 1σ credible interval, as ex-

plained in Section 4.4.2. This allows for asymmetrical error bars to be plotted. For some

parameters whose effect is significantly asymmetrical or have ranges restricted such that the 1σ

prior uncertainty covers most of the allowed values, the HPD credible intervals are not a suit-

able uncertainty estimate. In these cases, a Gaussian distribution is fitted to the marginalised

posterior and the standard deviation is extracted.

Overall, there is minimal constraint coming from the FD samples for the majority of system-

atic parameters, as expected given the limited number of neutrino events. The flux parameters
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(a) sin2 θ23 −∆m
2
32 (b) sin2 θ13 − δCP

Figure 6.16: 2D posterior in (a) sin2 θ23 − ∆m2
32 and (b) sin2 θ13 − δCP from an FD-only

sensitivity study after applying the reactor constraint. The 1σ and 3σ credible intervals are
shown in the dashed and bold lines respectively.

(i.e. ”b ”) have a more consistent level of constraint caused by the correlations between param-

eters. The constraints on the uncorrelated cross-section parameters vary widely, with the 2p2h

energy dependence parameters receiving the strongest constraint. Generally, the FD detec-

tor systematics receive very weak constraints, with the exception of the parameter controlling

1/
√
E dependence of the neutron energy scale. There is some variation in the HPD relative to

the prior central value, however, the HPD is well within the 1σ range for all parameters. For

some parameters, the posterior 1σ lies just outside the prior 1σ. Generally, this is only true in

either the positive or negative direction due to the asymmetrical errors, however, for a couple of

parameters, the total width of the posterior 1σ is slightly larger than the prior 1σ. This is due

to anti-correlations, likely between cross-section and flux parameters, that are not included in

the prior description of the parameters. This allows systematics to drift outside of their prior

ranges provided other parameters drift in the opposite direction.
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Figure 6.17: 1D posterior in JCP from a FD-only sensitivity study. The 1σ and 3σ credible
intervals are shown in the dashed and bold lines respectively.



Far Detector Oscillation Sensitivity 159

Figure 6.18: The ratio of posterior to prior 1σ uncertainties for all systematic parameters
included in the FD-only sensitivity study. The prior uncertainty is shown in magenta and
the FD-only posterior uncertainty is shown in blue. The vertical marks show the HPD point
relative to the prior central value as a fraction of the prior uncertainty.



Chapter 7

Joint Far and Near Detector Sensitivity

In the previous section, the results from a statistics-error only fit and a fit containing system-

atic uncertainties were compared, showing a significant reduction in sensitivity when including

systematic uncertainty. As mentioned in Figure 3.8, long-baseline experiments use near detec-

tors to constrain the systematic uncertainties, since the event rate at the ND is not affected by

oscillations, and is simply a product of the systematics models: flux, cross-section and detector.

Comparing the sensitivities with and without the addition of ND samples provides vital justi-

fication for the design and construction of DUNE’s ND complex. As mentioned in Chapter 3,

DUNE aims to make world-leading measurements of the oscillation parameters. This section

helps illustrate the necessity of the ND complex in achieving DUNE’s physics goals.

As with the FD-Only study, the FD + ND study uses the same MC inputs as was used in the

TDR analysis [2], with significant differences in the implementation of systematic uncertainties.

As mentioned in Chapter 6, this analysis takes a more comprehensive approach to systematic

uncertainties. However, the primary difference is that this is a Bayesian analysis, whereas the

TDR analysis was done with a Frequenist approach. As in Chapter 6, this allows us to study the

behaviour of nuisance parameters in detail without carrying out further fits. In addition, there

is great benefit in cross-validating the sensitivity results using different statistical approaches.

This section presents the results of an oscillation sensitivity study using FD and ND fake

160
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datasets simultaneously. This section also discusses some of the current difficulties in performing

a fit to future long-baseline ND data, given unprecedented numbers of neutrino events, and how

a realistic uncertainty model is required for reasonable results.

7.1 ND Design

At the time of the development of the simulation inputs used in this analysis, the final design

of the near detector was not confirmed. A simpler design was used in this simulation compared

with what is described in Figure 3.8. Only samples of neutrino interactions in LAr are explicitly

used in this analysis. The ND consists of a LAr detector, a simplified version of the detector

described in Figure 3.8 but with similar dimensions. Although a sample of events on GAr is not

included, the ND simulation includes a GAr detector downstream of the LAr detector which

we use to measure the momentum of particles exiting the LAr. The GAr detectors ECAL is

assumed to consist of 30 layers of alternating planes of CH (5mm) and Cu (2mm). The pressure

vessel is assumed to be titanium with a thickness of 3 cm. A solenoid magnet was included

with an inner radius of 320 cm, with a cut-out section facing the LAr detector to minimise the

material between them. SAND is not planned to be coupled with the LAr detector and hence

is not included in these simulations. It is worth noting that the official design of the DUNE

GAr detector has changed significantly since development of this simulation.

7.2 Event Selection

In this analysis, the aim of the ND is to produce a selection of CCνµ and CCν̄µ events that

originate in the LAr detector that can constrain the systematic models. Unlike the FD, pattern

recognition and full reconstruction software were not yet available for the ND. A parameterised

reconstruction is used based on the true energy deposits of particles in the detector.

To produce a sample of CCνµ and CCν̄µ events, a µ-like track must be identified. Both

muons and charged pions are initially evaluated as potential muon candidates. For the track
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Figure 7.1: Horizontal view of the ND design used in this analysis. Neutrinos are incident
from the left, first passing through and interacting in the LAr detector. Exiting muons are
captured by the magnetised GAr detector downstream.

to be considered a muon, the track length must be at least 1 m and the mean energy deposit

per cm must be less than 3 MeV. The track length cut essentially imposes a muon energy

threshold of 200 MeV, but significantly suppresses NC background events which contain non-

interacting charged pions. The charge of muons which exit the LAr detector and enter the GAr

detector can be determined by the curvature of the track. However, the charge of muons which

stop in the LAr detector cannot be determined. In FHC mode, the wrong-sign background is

sufficiently small such that all muons are determined to be µ−. In RHC mode, the background

is much larger due to the muon kinematic differences between νµ and ν̄µ, so the contamination

in the sample must be mitigated. The majority of µ− that stop in LAr will be captured by an

Ar nucleus, compared with µ+ which does not get captured. The Michel electron, an electron

from a µ decay, is not observed when the muon is captured in a nucleus. Hence, only events

containing a Michel electron are selected in RHC mode, which helps to suppress the wrong-sign

background contamination.

Events are also selected based on the location of the interaction in the detector. Events

are required to originate in the fiducial volume of the LAr detector, which excludes 50 cm from

the sides and upstream face and 150 cm from the downstream face. As well as this, a hadronic
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veto region is defined to be 30 cm from each side of the detector. If more than 30 MeV of

visible hadronic energy is measured in this veto region the event is excluded since it’s likely a

significant amount of energy was missed which leads to a poor reconstructed energy estimate.

The selection cuts for both FHC and RHC modes are summarised as follows:

• Event originates within the fiducial volume

• µ-like track identified

• µ track is contained in LAr or enters GAr detector

• µ track that is contained is followed by a Michel electron (RHC only)

• Visible Hadronic energy in veto region ¡ 30 MeV

7.3 ND MC Prediction

Similarly to the FD, a prediction of the ND samples can be produced by applying the cuts

described in Section 7.2 to the ND MC. The ND MC uses the same flux prediction as FD and

the interaction is simulated using the same event generator, GENIE. A description of the flux

and cross-section model can be found in Section 6.6.2. The propagation of neutrino interactions

through the detectors is simulated using a Geant-4 model.

As mentioned in Chapter 6, the predicted event rates used here correspond to an exposure

of 336 kt-MW-yrs. Unlike the FD, which is only binned in reconstructed energy, the ND

samples are binned in both reconstructed energy and reconstructed inelasticity. Inelasticity,

y, is a measure of the ratio of observed energy which is hadronic, EHad/Eν . The predicted

event distributions, broken down by interaction mode, as a function of reconstructed energy

and reconstructed inelasticity for both ND samples given a 336 kt-MW-yr exposure are shown

in Figure 7.2. Table 7.1 shows the total event rate for both samples and split by the interaction

mode. As we’d expect, CC DIS, CC RES, CC QE and CC 2p-2h make up the vast majority

of events in all distributions. The distribution in reconstructed energy is very similar to the
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(a) FHC CC νµ Erec (b) FHC CC νµ Yrec

(c) RHC CC νµ Erec (d) RHC CC νµ Yrec

Figure 7.2: Event spectra predictions as a function of reconstructed neutrino energy and
reconstructed inelasticity of the FHC CC νµ and RHC CC νµ samples at the DUNE ND. The
predicted event spectra are also broken down by the different interaction modes.

unoscillated distribution for FD. The majority of events have low reconstructed inelasticity,

and this is a result of the event selection which identifies muon tracks and minimal hadronic

energy in the outer regions of the detector. CC DIS dominates the higher inelasticity events,

in which hadronic showers are emitted from the nucleus interaction.

The shape of the distributions between FHC and RHC are considerably different, compared

with the FD spectra which are more similar. In reconstructed energy, there is a faster rise in

the distribution in FHC compared with RHC. The CC QE and CC 2p-2h distributions in FHC

at low energy have a visible ’shoulder’ which is not apparent in the RHC spectrum. This is

caused by the differences in the muon kinematics between neutrinos and antineutrinos which

in turn affects the acceptance. Muons produced in antineutrino interactions are more forward-
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FHC CC νµ RHC CC ν̄µ

CC DIS 15,173,846 4,807,865

CC RES 24,508,835 10,996,575

CC QE 20,334,032 8,128,637

CC 2p-2h 6,528,339 3,162,026

CC Coherent 564,024 469,903

NC QE 7554 883

NC DIS 626,792 115,189

NC RES 399,838 85.465

Sample totals 68,143,262 27,766,542

Table 7.1: Event rate predictions for the FHC CC νµ and RHC CC ν̄µ samples at the DUNE
ND broken down by interaction mode and corresponding to a 336 kt-MW-yr exposure.

going than those produced in neutrino interactions. At low energies, these wide-angle muons

produced neutrino interactions are contained, but at higher energies, they exit the LAr detector

but are not picked up by the GAr detector. This effect causes a dip in the CC QE and CC

2p2h distributions. This effect is also not apparent in higher Q2 processes (i.e. CC RES and

CC DIS) since the relationship between neutrino energy and muon kinematics is more smeared.

Figure 7.3 shows the predicted event distributions broken down into true signal, wrong-sign

background and intrinsic νe components. For FHC, νµ events are signal and ν̄µ are background

and vice versa for RHC. There is a larger contribution of wrong-sign νµ in the RHC relative to

the FHC, despite the Michel electron tag. The intrinsic νe contribution is roughly the same for

both FHC and RHC samples, as expected. There is an increase in flux contamination, wrong-

sign and intrinsic νe, as reconstructed inelasticity increases. The signal event rates also decrease,

resulting in a much larger flux contamination contribution. This is even more significant for

the intrinsic νe since DIS makes up a larger portion of νe interactions.
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(a) FHC CC νµ Erec (b) FHC CC νµ Yrec

(c) RHC CC νµ Erec (d) RHC CC νµ Yrec

Figure 7.3: Event spectra predictions as a function of reconstructed neutrino energy and
reconstructed inelasticity of the FHC CC νµ and RHC CC νµ samples at the DUNE ND
using log-scale. The predicted event spectra are also broken down into true signal, wrong-sign
background and intrinsic electron neutrino components.

7.4 ND Systematic Uncertainties

The systematic model used for the ND samples is largely the same as for the FD samples

described in Section 6.6.2. The flux systematics are implemented in the same way, in which

bin-content normalisation uncertainties, categorised beam mode, true neutrino flavour and

energy bin, are included. Figure 6.4 shows the flux covariance matrix used in this analysis. As

one might expect, the same cross-section model was also used for both near and far detector

samples.

As for the detector uncertainties, the energy scale uncertainties and resolution uncertainties

were implemented in the same method as for FD, with the same prior uncertainties as shown
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in Table 6.6. The FD and ND energy scale and resolution parameters were kept uncorrelated.

However, since the LAr detector is much smaller than the FD modules, the ND has a very

different acceptance. At the FD, it is assumed that the acceptance does not change significantly

as a function of the event kinematics. At the ND, there are regions of both the muon and

hadron kinematic phase space that have comparatively very poor acceptance. With muons,

low acceptance occurs generally at low lepton energies, where events are mis-reconstructed

as NC background, or at high transverse momentum, where the muon exits the sides of the

LAr detector without entering the GAr detector. Hadronic acceptance decreases with hadronic

energy, as the likelihood of events depositing ≥ 30 MeV in the veto region increases. The

uncertainty in both muon and hadronic acceptance is evaluated by considering the change in

acceptance as a function of the relevant event kinematics.

7.5 ND Constraining Power

Table 7.1 shows an extremely large number of events in both samples, ∼ 100 million in total,

across a 336 kt-MW-yr exposure. These are unprecedented numbers of neutrino events. The

T2K experiment has collected ∼ 200,000 events in all ND samples across ∼ 10 years of running

[56]. These large samples will allow significant constraints on the systematic models, improving

the sensitivity of the experiment on the oscillation parameters. Previous and current oscillation

experiments are limited by the number of neutrino events they can collect at the near and far

detectors. This means, although they can constraint their systematic uncertainties with near

detector data, the effect of these constraints are limited by the statistical uncertainties at the far

detector. For DUNE, the systematic uncertainty will dominate the statistical uncertainty. This

means the choice and implementation of systematic uncertainty models will have significant

effects on the results of oscillation analyses. Therefore, it is imperative that our systematic

models reflect the true uncertainties in the experiment as closely as possible.

One important feature which is necessary to capture in the systematic uncertainty model

is degeneracy. In this context, degeneracy refers to situations where different combinations
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Figure 7.4: Toy example of degeneracy within parameters of the systematic uncertainty model.
The top half shows two systematics which have the same effect in the observable distribution,
in this case, reconstructed energy. The bottom half shows the effect of each systematic on the
true energy distribution, which changes oscillated spectra and can mimic oscillations.

of parameter values produce the same or very similar predictions. The ’true’ experiment has

systematic uncertainties that have effects on the data which are indistinguishable (or at least

close to indistinguishable) from each other. This degeneracy between parameters must be

apparent in the systematic models that are included in the analysis.

A toy example of this concept can be seen in Figure 7.4. Let’s consider two different system-

atic uncertainties: muon energy scale and some nuclear effect. Both of these systematics cause

a shift in the observable distributions, in this case, reconstructed energy. In this toy example,

let’s imagine that shifting both these parameters have an identical effect on the reconstructed
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energy. For an ND sample, the observables are reconstructed energy and reconstructed inelas-

ticity. Since they have the same effect, there is no observable difference between a +1σ shift in

muon energy scale or nuclear effect and the same predicted spectra will be obtained. This pre-

vents any one of these systematics from becoming individually constrained, rather they become

anti-correlated. If changing these systematics also resembles a change in one of the oscillation

parameters, i.e. ∆m2
32 also shifts the energy distribution, this will result in a weaker constraint

on ∆m2
32.

Furthermore, each systematic parameter will shift different events. This might change the

true energy distribution in each bin, even though the reconstructed energy distribution is the

same. This results in different oscillation probabilities for each bin, which also mimics the effect

of oscillation parameters. This further weakens the constraint on the oscillation parameters.

Also, oscillation sensitivity can be significantly affected if two parameters which both affect the

ND samples are degenerate, but only one of them affects the FD. The parameters will become

anti-correlated to constrain the ND event rate (essentially cancelling each other out), but since

only one of them affects the FD, the FD spectrum will have a much wider distribution, reducing

the oscillation parameter constraints. For example, this might occur if a cross-section effect is

degenerate with a detector systematic that only affect the ND but not the FD.

Given a large number of events in the DUNE ND samples, and hence almost zero statistical

uncertainty, accurate modeling of the degeneracies present is vital, as missing some would lead

to significant overconstraint of parameters. The change in each systematic and oscillation pa-

rameter can be differentiated from each other, causing each parameter to become constrained.

In current neutrino experiments, the large statistical uncertainty creates ambiguity between

changes in the systematic parameters and oscillation parameters. In next-generation experi-

ments, such as DUNE, over-simplified systematic uncertainty models will result in unrealistic

measurements.

Figure 7.5 shows the posterior distribution of MQE
A after a joint FD + ND sensitivity

study. The prior uncertainty on MQE
A is 1. The posterior uncertainty can be determined via
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Figure 7.5: Posterior distribution of MQE
A after a joint FD + ND fit. A Gaussian fit is shown

along with the HPD and the input value. The prior uncertainty of MQE
A is 1.

several methods, however, using the HPD method we find a posterior 1σ range of 8.6 × 10−5.

This is clearly an unrealistic constraint on this cross-section parameter and is a result of an

oversimplified cross-section systematic model. The parameterised reconstruction at the ND

also plays a role, since complex reconstruction effects smear the relationship between true and

reconstructed energy which reduces the sensitivity of the experiment. The jaggedness in the

distribution is caused by poor mixing of the parameters in the Markov chain which occurs when

these extreme unrealistic constraints lead to some parameters having very small errors.

To test that degeneracy is missing in the systematic model, a simple study was carried

out in which ’fake’ degeneracy is introduced. This was done by including a duplicate MQE
A

parameter into the fit. The idea is that since both parameters are perfectly degenerate, they
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would become anti-correlated, preventing either parameter from becoming heavily constrained.

Also, the study is constructed so that only one of these parameters affects the FD samples.

Figure 7.6 shows the posterior distribution of MQE
A after a joint FD + ND sensitivity study in

which the fake degeneracy was introduced. We see a posterior uncertainty of 6.2× 10−3 when

using the HPD method. This is ∼ 100× larger than posterior uncertainty shown in Figure 7.5.

However, this post-fit uncertainty is still unrealistic, as we do not expect to constrain MQE
A

to 1% of its prior uncertainty. What is necessary is a complete systematic uncertainty model

which accurately reflects the true degeneracies in the experiment.

Figure 7.6: Posterior distribution of MQE
A after a joint FD + ND fit including a duplicate

parameter to introduce fake degeneracy. A Gaussian fit is shown along with the HPD and the
input value. The prior uncertainty of MQE

A is 1.

Using the current uncertainty model, a different approach is necessary to avoid overcon-
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straint. In the fits which produced the plots in Figure 7.5 and Figure 7.6, each of the systematic

uncertainties are included as free parameters which vary and change the observed spectra, in-

cluding the ND detector uncertainties. In the final sensitivity studies, the ND detector system-

atics are not included as free parameters. Instead, a bin-to-bin covariance matrix is constructed

from the ND detector systematics, including energy scale, resolution and acceptance uncertain-

ties. This is done using the many-universes technique, in which each parameter is randomly

thrown according to their prior uncertainties. The covariance matrix therefore has dimensions

equal to the total number of bins in the ND samples. Given 17 reconstructed energy bins and

6 reconstructed inelasticity bins per sample, there are 102 bins in total for each covariance

matrix. Hence, the ND detector covariance matrix is a 204 x 204 matrix.

Instead of calculating a Poisson likelihood from the observed event rate and the predicted

event rate, a χ2 is calculated using the ND covariance matrix in the same way as the Gaussian

penalty terms for the systematic parameters moving away from prior values. The statistical

uncertainty of the nominal prediction is added to the diagonal values of the ND covariance

matrix prior to the fit. In reality, the statistical uncertainty of the prediction at each step

of the Markov chain should be used. However, this would require re-inverting the matrix at

each step which is computationally costly. It was found that the statistical uncertainty of the

nominal prediction was a good approximation.

7.6 Oscillation Sensitivities

This section shows the results of a sensitivity study of DUNE using Asimov FD and ND data

given a 336 kt-MW-yr exposure and generated with the oscillation parameter values shown

in Table 6.1. These results will be referred to as FD + ND. The results presented have been

obtained from a Markov chain containing 165 million steps after the burn-in was removed.

Figure 7.7 shows the posterior distribution in sin2 θ23 − ∆m2
32. Similar to the FD-only

studies, only a negligible number of steps, 2500, were accepted in the inverted hierarchy. Hence,

the posterior here is shown only under normal hierarchy. There is a good agreement between



Joint Far and Near Detector Sensitivity 173

Figure 7.7: 2D posterior in sin2 θ23 −∆m2
32 from an FD + ND sensitivity study. The 1σ and

3σ credible intervals are shown in the dashed and bold lines respectively.

(a) sin2 θ23 (b) ∆m
2
32 NO

Figure 7.8: 1D posterior in (a) sin2 θ23 and (b) ∆m2
32 in NO from a FD + ND sensitivity

study. The 1σ, 2σ and 3σ credible intervals are shown in the light grey, grey and dark grey
regions respectively.
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the Asimov and best-fit points. Both θ23 octants are being explored, with the 1σ credible

interval still containing points in the wrong octant. This can also be seen in Figure 7.8, which

shows the 1D distributions in both sin2 θ23 and ∆m2
32. It is clear that the correct octant is still

preferred.

Figure 7.9: Comparison of the 1σ and 3σ credible intervals from the 2D posterior in sin2 θ23−
∆m2

32 between FD + ND and FD-only sensitivity studies. The 1σ and 3σ credible intervals are
shown in the dashed and bold lines respectively.

Figure 7.9 shows the comparison of FD + ND and FD-only credible intervals for sin2 θ23 −

∆m2
32, highlighting the effect of the ND samples. There is a significant reduction in the size

of both 1σ and 3σ contours. The 3σ contour is no longer fully connected, excluding maximal

sin2 θ23. The effect of the ND samples is more significant on sin2 θ23 values in between both

octants, compared with values outside. There is also a much more significant reduction in the

1σ contour in the wrong octant compared with the reduction in the correct octant. Comparing

with Figure 6.8, we see the FD + ND contours more closely resemble the statistics-error only

fit than the FD-only fit, emphasising the ND constraining power.

Figure 7.10 shows the posterior distribution in sin2 θ13 − δCP . As observed in Section 6.6,
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Figure 7.10: 2D posterior in sin2 θ13 − δCP from an FD + ND sensitivity study. The 1σ and
3σ credible intervals are shown in the dashed and bold lines respectively.

(a) sin2 θ13 (b) δCP

Figure 7.11: 1D posterior in (a) sin2 θ13 and (b) δCP in NO from a FD + ND sensitivity study.
The 1σ, 2σ and 3σ credible intervals are shown in the light grey, grey and dark grey regions
respectively.
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there is a second peak in θ13 being explored due to the θ23 θ13-octant degeneracy. The 3σ

contour remains connected around both θ13 peaks. This can also be seen in the 1D distributions

shown in Figure 7.11. There is still a significant posterior connecting both θ13 peaks, compared

with Figure 6.11 where there is a small region with almost no posterior. Both the 2D and

1D distributions show that an exposure of 336 kt-MW-yrs is enough to exclude δCP = 0 at

3σ, given this true δCP value. This has been true for all sensitivity studies. Although the

contour remains closed, we see some separation beginning to be formed. This is more evident

in Figure 7.12, which shows the comparison of FD + ND and FD-only credible intervals for

sin2 θ13 − δCP . There is a dip in the 3σ interval, concerning δCP , at roughly sin2 θ13 = 0.025,

which gets deeper when the ND samples are included. Otherwise, there is not a significant

change in the δCP sensitivity when the ND samples are included. This is expected since the

δCP measurement is statistically limited until much higher exposures are achieved. There is a

more significant constraint from the ND samples in the sin2 θ13, especially in the larger values.

Figure 7.12: Comparison of the 1σ and 3σ credible intervals from the 2D posterior in sin2 θ13−
δCP between FD + ND and FD-only sensitivity studies. The 1σ and 3σ credible intervals are
shown in the dashed and bold lines respectively.

Figure 7.13 shows the 2D posterior in both sin2 θ23−∆m2
32 and sin2 θ13−δCP after the reactor
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constraint has been applied. As mentioned in Section 6.6, the reactor constraint consists of a

Gaussian constraint on θ13, using the mean and error from Table 6.1. The wrong θ23 octant is

completely suppressed. Unlike the FD-only study, the 3σ credible interval no longer contains the

wrong octant after the reactor constraint is applied. The upper peak in sin2 θ13 is also completely

suppressed, due to the correlation between the upper peak in sin2 θ13 and the octant in wrong

θ23. This demonstrates that at this Asimov value and given an exposure of 336 kt-MW-yrs, the

wrong θ23 octant is excluded at 3σ after the reactor constraint is applied.

Figure 7.14 shows the comparison of the credible intervals between the FD + ND sensitivity

study with and without the reactor constraint. The credible interval in the correct θ23 octant

is almost identical, with a minor reduction in size after the reactor constraint is applied. In

sin2 θ13 − δCP , as we’d expect the width of the credible interval is constrained to the Gaussian

prior that is applied. There is a minimal effect on the constraint on δCP .

So far all sensitivities studies have been shown using a flat prior in δCP . This states that,

prior to the observation of data, each value of δCP is equally likely. However, when considering

other quantities, such as sin δCP or cos δCP , a flat prior in δCP results in a non-uniform prior

in these other quantities. Hence, one might instead choose a flat prior in some other quantity,

which in turn results in a non-uniform prior in δCP . Here, we consider the effect of using a flat

prior in sin δCP , since the Jarlskog invariant, shown in Eq 2.36, depends on sin δCP . Figure 7.15

shows the 2D posterior in both sin2 θ23 − ∆m2
32 and sin2 θ13 − δCP when using a flat prior

in sin δCP . There is minimal change in sin2 θ23 − ∆m2
32. This can be seen more clearly in

Figure 7.16 which shows the comparison of credible intervals between a flat δCP prior and a flat

sin δCP prior. There is almost no difference between the credible intervals in sin2 θ23 − ∆m2
32.

However, in sin2 θ13 − δCP there is a significant change in the shape of the contours. There is

a reduction in the size of the 1σ contour in the correct sin2 θ13 lobe, with regions closer to 0

being excluded. In the wrong sin2 θ13 lobe, there is a separation of the 3σ contour at values

around δCP = −π
2
. This is expected since to transform to the flat in sin δCP prior, each step is

weighted by cos δCP . The effect of this can also be seen in the 3σ contour in the correct sin2 θ13
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(a) sin2 θ23 −∆m
2
32 (b) sin2 θ13 − δCP

Figure 7.13: 2D posterior in (a) sin2 θ23 − ∆m2
32 and (b) sin2 θ13 − δCP from an FD + ND

sensitivity study after applying the reactor constraint. The 1σ and 3σ credible intervals are
shown in the dashed and bold lines respectively.

(a) sin2 θ23 −∆m
2
32 (b) sin2 θ13 − δCP

Figure 7.14: Comparison of the 1σ and 3σ credible intervals from the 2D posterior in (a)
sin2 θ23 − ∆m2

32 and (b) sin2 θ13 − δCP between the FD + ND sensitivity study without and
with the reactor constraint. The 1σ and 3σ credible intervals are shown in the dashed and bold
lines respectively.
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lobe, in which the contour becomes thinner at δCP = −π
2
.

Figure 7.17 shows the JCP posterior distribution from the FD + ND sensitivity study as

well as the credible intervals. The distribution looks almost identical to the FD-Only JCP

distribution shown in Figure 6.17. The distribution peaks at roughly JCP = −0.02 with a

smaller second peak occurring at lower values. There is also a second shoulder towards the end

of the distribution. The edge of the 3σ interval still rests at JCP = 0. Figure 7.18 shows the

JCP posterior distribution after applying the reactor constraint and changing to a flat prior in

sin δCP . After applying the reactor constraint, the width of the distribution decreases slightly.

The 3σ credible interval no longer contains JCP = 0. This suggests at this exposure and at this

Asimov point, CP-conservation can be excluded at 3σ after applying the reactor constraint. We

also see that the shoulder at low values disappears, suggesting that it is caused by the posterior

in the wrong octant of θ23.

The change in the δCP prior is especially interesting for JCP since JCP is a function of

sin δCP , not δCP . This means that when a flat prior in δCP is used, as in Figure 7.17, a non-flat

prior is introduced into JCP . Switching to a flat prior in sin δCP results in a flat prior in JCP .

As can be seen in Figure 7.18b, this change in prior results in a smoother distribution around

the peak. The second peak is eliminated, suggesting that the cause of this was the shape in the

prior in JCP . The shoulder at the end of the distribution remains since the reactor constraint

has not been applied. The distribution also widens, resulting in the 3σ interval extending past

JCP = 0.

Figure 7.19 shows the 1σ posterior uncertainties and central values from the FD-only sensi-

tivity study and the FD + ND sensitivity study relative to the prior 1σ uncertainties and central

values. Similarly to the FD-Only case in Figure 6.18, for the vast majority of systematics the

posterior uncertainty corresponds to the HPD 1σ credible interval, whereas others are obtained

from a Gaussian fit. As we’d expect, generally there is a much stronger constraint on the

systematic parameters upon inclusion of the ND samples. This is a result of the large number

of neutrino events at the ND. Although the FD detector systematics have no effect on the ND
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(a) sin2 θ23 −∆m
2
32 (b) sin2 θ13 − δCP

Figure 7.15: 2D posterior in (a) sin2 θ23 − ∆m2
32 and (b) sin2 θ13 − δCP from an FD + ND

sensitivity study after applying a flat prior in sin δCP . The 1σ and 3σ credible intervals are
shown in the dashed and bold lines respectively.

(a) sin2 θ23 −∆m
2
32 (b) sin2 θ13 − δCP

Figure 7.16: Comparison of the 1σ and 3σ credible intervals from the 2D posterior in (a)
sin2 θ23 −∆m2

32 and (b) sin2 θ13 − δCP between the FD + ND sensitivity study with a flat prior
in δCP and sin δCP . The 1σ and 3σ credible intervals are shown in the dashed and bold lines
respectively.



Joint Far and Near Detector Sensitivity 181

Figure 7.17: 1D posterior in JCP from an FD + ND sensitivity study. The 1σ and 3σ credible
intervals are shown in the dashed and bold lines respectively.

(a) reactor constraint (b) flat prior in sin δCP

Figure 7.18: 1D posterior in JCP from an FD + ND sensitivity study after (a) applying the
reactor constraint and (b) changing to a flat prior in sin δCP . The 1σ and 3σ credible intervals
are shown in the dashed and bold lines respectively.
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MC, there is a shift in the central value between the FD-Only and FD + ND sensitivity stud-

ies. This also causes a shift in the 1σ range causing the appeared one-sided constraint coming

from the ND samples. The vast majority of cross-section systematics receive a much stronger

constraint upon the addition of the ND samples. There are few cross-section systematics that

have very weak constraints from both sensitivity studies. Generally, these are systematics that

apply to only DIS interactions or only NC interactions. All of the flux systematics receive a

much tighter constraint. Here only the FD flux systematics are shown. However, the ND flux

systematics follow almost an identical trend as a result of the strong correlations between ND

and FD flux systematics which affect the same neutrino flavours and energy ranges.

7.7 Summary

The results of this sensitivity study show the importance of an LAr near detector in making

precise measurements of oscillation parameters. Figure 7.9 and Figure 7.12 show a significant

reduction in the credible intervals upon the addition of the ND samples, especially for sin2 θ23,

sin2 θ13 and ∆m2
32. The effect is not as significant for δCP since it is still expected that the

δCP measurement will be statistically limited at this exposure. However, these sensitivities do

not use the full exposure of DUNE and do not include all systematic uncertainties, hence the

effect of systematic uncertainty on δCP sensitivity is expected to increase. The effect of the ND

samples on the systematic uncertainty parameters is also highlighted, showing a much greater

constraint when compared with the FD-only sensitivities.

It should be noted that the ND model and samples included in this analysis do not reflect

the current DUNE design. This analysis, which developed on the TDR analysis, is intended

to show the benefits of ND-LAr in constraining systematic uncertainties. The ND-GAr and

SAND detectors, as well as the off-axis capabilities, in the current DUNE ND design were not

included, as well as the uncertainties that these detectors are intended to reduce. Furthermore,

the ND-LAr samples included in this analysis did not include full reconstruction. In the future,

sensitivity studies should be performed with more realistic ND-LAr samples, samples from all



Joint Far and Near Detector Sensitivity 183

components of the ND and better systematic models. This is imperative for reliable predictions

of DUNE’s sensitivity to the oscillation parameters.
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Figure 7.19: The ratio of posterior to prior 1σ uncertainties for systematic parameters FD-only
sensitivity study and FD + ND sensitivity study. The prior uncertainty is shown in magenta,
the FD-only posterior uncertainty is shown in blue and the FD + ND posterior uncertainty
is shown in orange. The vertical marks show the FD + ND HPD point relative to the prior
central value as a fraction of the prior uncertainty. The ND flux systematics, i.e. b0 - b103, have
been omitted for convenience since they have similar constraints to the FD flux systematics.



Chapter 8

Conclusions and Outlook

The purpose of this thesis was to perform the first Bayesian neutrino oscillation sensitivity

study of DUNE. DUNE is a next-generation long-baseline experiment that aims to make pre-

cise measurements of neutrino oscillation parameters, with extra significance on determining

whether CP-violation exists in the neutrino sector. We must make predictions of DUNE’s sen-

sitivity to the oscillation parameters to ensure the experiment can achieve its physics goals.

Given the large number of neutrino events DUNE will collect, the systematic uncertainty will

dominate the statistical uncertainty. As a result, the systematic uncertainties must be imple-

mented correctly in analyses to produce realistic sensitivities. The analysis presented in this

thesis uses a more comprehensive systematic model compared with previous DUNE sensitivi-

ties [2]. Furthermore, taking a Bayesian approach provides a robust validation of frequentist

results, as well as allowing a more efficient study of the behaviour of systematic uncertainty

parameters.

Chapter 6 presented the results of Asimov sensitivities considering only the predicted FD

neutrino event samples. Sensitivities were performed both excluding, i.e. statistics-only in

Section 6.6.1 and including the systematic uncertainty parameters in Section 6.6.2. At the

Asimov point chosen for these sensitivities, there is a significant degeneracy in the lower and

upper octant of sin2 θ23, as visible in Figure 6.8. This degeneracy results in a second peak

185
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in sin2 θ13, as shown in Figure 6.10. Figure 6.12 demonstrated that by applying the reactor

constraint, the second peak in sin2 θ13 is suppressed, which in turn suppresses the wrong octant

in sin2 θ23. The statistics-only sensitivity study also showed DUNE’s power in resolving the

mass ordering, with very minimal posterior distribution found in the wrong hierarchy.

As we’d expect, there is a significant drop in sensitivity to all oscillation parameters upon the

inclusion of the systematic uncertainty parameters. There is a more significant effect in sin2 θ23,

sin2 θ13 and ∆m2
32 than δCP , as illustrated by Figure 6.13 and Figure 6.15. This shows, as we’d

expect, that at this exposure the measurement of δCP is more statistically limited than the other

oscillation parameters of interest. Applying the reactor constraint suppresses the second peaks

in sin2 θ23 and sin2 θ13, but has little to no effect on ∆m2
32 and δCP . Figure 6.18 demonstrated

that the FD samples alone provide a very weak constraint, illustrating the necessity of a near

detector.

Chapter 7 built upon the results of Chapter 6, including near detector samples and pre-

senting the results of a joint FD and ND sensitivity study. The constraining power of the

near detector is discussed in Section 7.5, highlighting the issue of over-constraints which can

occur when the systematic model used for high-statistics is oversimplified. A study was per-

formed in which fake degeneracy between parameters was added into the model and resulted in

much wider posterior distributions. This helped confirm that the systematic models currently

used in next-generation long-baseline sensitivities are over-simplified which leads to unrealistic

constraints.

The result of the joint FD and ND study showed improved sensitivity across all oscillation

parameters, as shown in Figure 7.9 and Figure 7.12. There is a more significant improvement

in sin2 θ23, sin2 θ13 and ∆m2
32 than δCP , as we’d expect due to the statistical limitation of

the δCP at this exposure. With regards to CP violation, Figure 7.11 showed that δCP = 0

can be excluded at 3σ given this Asimov point and a 336 kt-MW-yr exposure. The effect of

the reactor constraint is shown in Figure 7.14, highlighting the improvement in the sensitivity

of sin2 θ23 and sin2 θ13. The effect of changing from a flat prior in δCP to a flat prior in
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sin δCP is shown in Figure 7.16, showing generally little effect on the credible intervals. The

distributions of JCP from the FD + ND sensitivity study were produced, both with and without

reactor constraint and δCP prior changes, and are shown in Figure 7.17 and Figure 7.18. This

demonstrated that the reactor constraint improves the JCP , as well as suggesting that the

sin2 θ23 octant and sin2 θ13 correlation and flat δCP prior are responsible for irregularities in the

JCP distribution. When including the reactor constraint, JCP = 0 is excluded at 3σ, which

corresponds to the exclusion of CP conservation at 3σ. The effect of the ND samples on the

systematic uncertainty parameters is shown in Figure 7.19. There is a significant reduction in

the posterior uncertainty across cross-section and flux parameters, highlighting the importance

of a capable ND in reducing systematic uncertainty.

Although these sensitivities give us some first-order indication of DUNE’s capabilities, there

are improvements that are necessary before we can produce realistic results. As mentioned in

Section 7.2, the ND samples and systematic models in this analysis are designed to show the

benefits of ND-LAr. As described in Chapter 3, ND-GAr and SAND will also be part of

the DUNE ND complex, and uncertainties that only these detectors can constrain need to be

included in the systematic model and studied in detail. Furthermore, it is important that all

detectors included in analyses have full simulation and reconstruction. Looking further into

the future, we expect more comprehensive cross-section uncertainty models to become available

and a better understanding of neutrino flux from hadron production measurements. Better

detector uncertainty models for both FD and ND will come from the analysis of prototype

data, i.e. Proto-DUNE [86] and the 2x2 Demonstrator [120]. Work is currently ongoing to

produce sensitivities including new samples and their associated uncertainties. This will lead

us to more realistic predictions of DUNE’s sensitivity, and ensure that DUNE will achieve its

goal of producing world-leading measurements of oscillation parameters.
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