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Page 3 	line 13 should read 
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Page 196 line 16 should read 
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ABSTRACT 

In this thesis we develop an algebraic approach to the problems 

of formal semantics of programming languages and program equivalence. 

Taking Wesselkamper's work [41] on a Mathematical Model of the 

Computing Process in a High Level Language in terms of the S and n 

operators of Nixon and Wesselkamper [31, 32] as a starting point, we 

show that it is possible to model the various forms which occur in 

programming languages. 

Algebraic theorems for the transformation and reduction of these forms 

are derived and a canonical  representation of a program is defined. 

Notions of equivalence in terms of these "canonical forms" are briefly 

investigated. 
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During the past few years, investigations have been made into the possible 

utilisation of a Markov-like substitution operator S as a basis for a 

theory of computation. 

Wesselkamper [41], in his doctoral thesis, constructed a mathematical model 

of the computing process using S as a primitive operator. He also showed 

that any computer, together with its stored programs, can be completely 

described in terms of this single operator. 

Haile [26], in her study of the use of S as a basis for logic design, 

pointed out that for each logic, arithmetic or control operation the number 

of S gates required is always less than or equal to the number of I'AND gates. 

In none of this previous work, however, was any attempt made to reduce the 

complicated expressions which resulted to a more manageable form. 

In 'esselkamper's model, the expressions arising from even a simple program 

are quite formidable. If such a model is to serve as a basis for the 

investigation of program equivalence, then one essential process is to decide 

whether two expressions, which have different forms, are equivalent. For 

such a decision Procedure to be possible, some form of calculus must be 

devised to facilitate the necessary manipulations and possible reductions of 

the S forms. 

The work presented herein is an attempt to formulate such a calculus. 
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We begin in Chapter II by giving the definition of S over a general 

finite-valued space of disjoint elements. From this definition it is found 

that, over a simple two-valued space, S has the following properties:- 

1. S is commutative 

2. S is associative 

3. S is distributive. 

From these properties, a set of reduction rules for S is obtained. Then, 

by considering the space (T,F) as a particular two-valued space, the 

propositional calculus is shown to be embedded within the S system. 

Next we examine how far these properties and reduction rules apply over 

a general n-valued space. It is found that the commutativity and some 

of the distributive laws no longer, in general, hold. Nevertheless, the 

same set of reduction rules is still applicable. 

An obvious generalisation of the results of Chapter II is to consider the 

properties of S over a space in which the elements are not necessarily 

disjoint. In Chapter III, it is shown that over such a space the 

associativity of S still holds unconditionally, whilst the other basic 

properties apply only under certain conditions. On the basis of these 

results, we give a set of reduction rules for S acting over a generalised 

space; some of these rules appear in slightly different forms from those 

derived for the disjoint space. 

Further, by considering S in connection with the basic operators cf 

set theory, it is found that the operator S and set-union and set-

intersection are distributive over each other. 
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As an application of the theorems obtained, we derive the axioms of 

a Boolean algebra from the properties of S. It then follows from the 

isomorphism of Boolean algebras and the algebra of sets that this also 

can be completely represented in terms of S. Hence, we conclude that 

Lattice Theory can also be formulated within the framework of S. 

Having formulated the algebraic rules for manipulating expressions involving 

the S operator, we next investigate the possibility of applying these 

rules in the study of program equivalence. This is carried out in the 

following chapters. 

Firstly, we introduce the notion of name and value in a program. An 

evaluation operator K  is defined acting upon a name to give the corresponding 

value. We thus represent each statement in a program r,s a successive 

alteration of values, using the operator x to yield the values which act 

as operands for the operator S. 

In this work, we model a program in terms of a composite S-expression which 

represents the sequential and control properties of that program. The 

details of operations are suppressed so as not to obscure the approach by 

detail. Our primary concern is to show that the approach is feasible 

rather than to concentrate on elegance or completeness. 

In our model, we regard each statement of a program as a modification of 

a 'variable space' 11 , containing all the variables of the program. We 

start, in Chapter IV, by setting up a model of a simple program, ie. a 

program consisting purely of assignment statements, in the form of a 

composite S-expression. This expression is then reduced to a canonical 

form to facilitate comparison with other programs. 
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As the effect of the evaluation of a given S-expression is, in general, 

to modify the variable space 11 , any following S-expression must be 

considered relative to the new (modified) variable space. From this, it 

is obvious that the variable as used in programming languages differs from 

that in Mathematics, being dynamic in nature whilst that of conventional 

Mathematics is static. 

For this reason, we call an S-sequence which is obtained directly from the 

S-expression representing a program a 'dynamic' S-sequence. Such a sequence 

has to be transformed into a 'static' one before any algebraic rule can be 

applied to it. Some of the properties of S derived for general set operands 

in Chapter III are found to be useful for the reduction of the static 

sequence. Further results which are directly applicable to the particular 

case of this chapter are also developed. This enables us to show how a 

simple program may be transformed to the canonical form and thus a simple 

decision procedure for determining the equivalence of simple programs is 

obtained. 

In order to construct a model of a more realistic program, control structures 

have to be considered. Among these, conditional statements play an important 

part. We devote Chapter V to investigations concerned with conditional 

statements. Firstly, we model conditional statements in terms of S-expressions, 

then derive two theorems which may be applied to reduce any such model to 

a canonical conditional form. Further theorems are then developed for the 

transformation of a canonical conditional S-sequence into its minimal form. 

The results of Chapter. V and the transformations and reductions of Chapter IV 

are then used, in Chapter VI, as a basis for the consideration of more 

realistic programs. 



Any program may, in general, be considered as sequences of assignment 

statements separated by control statements. If we regard the whole program 

as a single sequence of statements, each part of the program which consists 

purely of assignment statements may be regarded as a subsequence of the 

entire sequence. Therefore, if the control statements can be modelled in 

terms of the operator S , the whole program can then be represented as a 

dynamic sequence consisting of a number of subsequences each of which may 

be transformed and reduced to canonical form by the results of Chapter IV. 

When a program is executed, the values of the variables concerned are changed 

by a series of assignments with control statements acting as an indication 

of the order in which the operations are to be carried out. Thus, to obtain 

the canonical form of the dynamic sequence representing a general program, 

we consider the whole sequence as a concatenation of a number of subsequences, 

the order of these subsequences being governed by the control statements, 

and perform the transformation by the reduction of these subsequences. Such 

a transformation is considered in the first section of Chapter VI. 

Next, we consider the most basic form of control statement, ie. the GOTO 

statement. Despite current efforts to eliminate the GOTO statement from 

programs written in high-level languages, its effect is still present in 

other control statements albeit in a concealed form. As our investigation 

concerns the actual effect of control statements, the GOTO statement becomes 

an essential part. Together with GOTO statements, labels have to be 

considered; we specify an interpretation of the 'value of a label' and 

construct a model of the GOTO statement. 

Then, we set up a model of a conditional statement. This leads us to the 

consideration of generalised assignments and loops. 
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So far, we have modelled the types of statement which are common features 

of all programming languages. At this point, we illustrate the transformation 

of a program containing control statements utilising the transformation 

rules for conditional forms which have been considered in detail in 

Chapter V. 

In the next section we consider the concept of- block structure. Our 

treatment involves augmentation and deletion of variables to represent the 

effects of variables being declared at the beginning of the block and their 

ceasing to exist upon block exit. The scope of variables is also character-

ised in the model and the question of irregular exit from the block is 

discussed briefly. At the end of the section, a procedure for the 

transformation of dynamic sequences containing blocks is given. 

Two types of initialisation, namely initialisation by value and 

initialisation by substitution, are then investigated. This necessitates 

the consideration of name and value transformation, the range of such a 

transformation and the reduction of the transformed sequence. 

Finally, a model of a procedure is established. Problems arising in the 

transformation of programs containing procedure calls are discussed and 

solutions are proposed. Using the model given, recursive procedures do 

not present any further problems. Examples to illustrate the transformation 

of programs containing procedures are given in appendices D,E,F. 

• r- 



CHAPTER 2 

THE OPERATOR S 

OVER 

FINITE DISJOINT SPACES 
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§2.A Introduction and Definitions  

Markov [28]  defined the substitution operator 	as a triadic operator 

acting upon strings. 

If P,Q,R are strings and Q occurs in P , then 27 (P,Q,R) is 

defined as the result of replacing the leading occurrence of Q 

in P by R . If Q does not occur in P , 27 (P,Q,R) is 

undefined. 

The substitution operator S is a generalisation of 7 . Its 

operands may be structures and it is always defined. 

In general terms, Sabc means "in a , substitute c for b". 

For a,b,c belonging to an n-valued space (v1, . ' v 
n) , S is 

defined by: 

{..c if a = b 
Sabc = 

a if a / b . 

The terms S-expression, truth-table and equivalence used in this 

work are defined as follows: 

Definition 	An S-expression is an expression of the form 

Sabc where a,b,c are either single variables 

or S-expressiOns. 

Definition 	The truth-table for an S-expression is a table 

giving the values of the expression for all 

possible assignments of values to the operands 

occurring in the expression. 



IP 

Definition 
	

Two S-expressions Sabc and Sxyz are said to be 

equivalent, written Sabc = Sxyz, if they have 

the same truth table. 

§2.B. The Operator S over a Two-Valued Space  

Consider the operator S over a simple two-valued space {v v2}. 2}.  

From the definition 

c 	if a = b 
Sabc = 

	

a 	if a b , 

it is clear that for all a, b E (v1,  v2} , S has the following 

basic properties; 

Saba = a 1 

	

Saab = b 
	

PO 

Sabb = a 

From the above properties, it follows that over any two-valued space, 

S is commutative, associative and distributive. 

Theorem 2.1  

For a,b,c,d,f E 	(v1'  v2 	, ) 	the following equations are identities: 

P1.  Sabc = Scba 

P2.  S(abc)bd = Sab(Scbd) 
4. 

P3.  Sd(Sabc)f = S(Sdaf)(Sdbf)(Sdcf) 

Sfd(Sabc) = S(Sfda)(Sfdb)(Sfdc) 

Proof  

P1. 	Sabc = Saba 

a = b LHS = c = RHS 

If a / b, then either c=a or c=b. 



13 
a b, c = a LHS = a = RHS 

a / b, c = b = LHS = a = RHS 

P2. S(Sabc)bd = Sab(Scbd) 

a = b LHS Scbd RHS 

a / b LHS = Sabd = a = RHS 

P3. Sd(Sabc)f = S(daf)(Sdbf)(Sdcf) 

a=b =LHS= Sdcf 

RHS = S(Sdaf)(Sdaf)(Sdcf) = Sdcf 

If a / b, then c = a or c = b. 

alb,  c=a 

LHS Sdaf 

RHS = S(Sdaf)(Sdbf)(Sdaf) = Sdaf 

alb,  c = b 

LHS = Sdaf 

RHS = S(Sdaf)(Sdbf)(Sdbf) = Sdaf 

P4. Sfd(Sabc) = S(Sfda)(Sfdb)(Sfdc) 

f = d LHS = Sabc = RHS 

f d LHS = f 

RHS = Sfff = f. 

Note From the properties P1  and P4, we can deduce the other 

distributive property of S, namely 

P5. S(Sabc)df = S(Sadf)(Sbdf)(Scdf) 

Proof By the application of P1 to the identity P4. 



Reduction Rules for 5-Expressions  

From the properties PO to P5, a set of reduction rules for S expressions 

can be derived. 

Theorem 2.2  

For a,b,c E (v1,  v2), the following statements are valid: 

S(Sabc)ab = Sbac 

S(Sabc)cb = Sacb 

R2. S(Sabc)bc = Sabc 

S(Sabc)ba = Sabc 

R3. S(Sabc)ca = a 

S(Sabc)ac = c 

R4. Sb(Sabc)a = b 

Sb(Sabc)c = b 

Proof 	R1. 	S(Sabc)ab = Sba(Sabc) 	by P1 

= S(Sbaa)(Sbab)(Sbac) 	by P4 

= Sbb(Sbac) 	by PO 

= Sbac 	by PO 

S(Sabc)cb = S(Scba)cb 	by P1 

= Sbca 	from the above result 

= Sacb 	by P1 

R2. 	S(Sabc)bc = Sab(Scbc) 	by P2 

= Sabc 	by PO 

S(Sabc)ba = S(Scba)ba 	by P1 

= Scba 	from the above result 

Sabc 	by P1 



R3. S(Sabc)ca = Sac(Sabc) 	by P1 
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= S(Saca)(Sacb)(Sacc) 	by Pk 

	

Sa(Sacb)a 	by PO 

	

a 	 by PO 

	

S(Sabc)ac = S(Scba)ac 	by P1 

c 	from the above result 

R4. Sb(Sabc)a = S(Sbaa)(Sbba)(Sbca) 	by P3 

	

= Sba(Sbca) 	by PO 

	

S(Sbca)ab 	by P1 

	

=b 	 by R3 

Sb(Sabc)c = Sb(Scba)c 	by P1 

	

= b 	from the above result 

Remark 

Any complex expression which we may be required to manipulate 

neccessarily has one of the following structures: 

(1) 	S(Sabc)df 

(ii) Sd(Sabc)f 

(iii) Sfd(Sabc) 

where a,b,c,d and f may themselves be S expressions. 

§2.C. The Substitution Operator - S and the Prrpositional Calculus  

Consider the space (T,F) as a special case of the two-valued 

space (v1, v2). Over such a space, the relation of S to the 

propositional calculus may be considered. 
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Throughout this section, we employ the following symbols for logical 

connectives: 

— for "not" 

A for "and" 

V for "or" 

for "implies" 

s.  for "equivalent" 

From the definition of S , i.e. 

{Lc if a = b 
Sabc = 

a if. a / b 

where a,b,c E (T,F), the complete two-valued propositional calculus may 

be formulated in terms of S and the constants T and F , since 

a may be written as STaF 	
,\ 

 

a A b may be written as SaTb 

a V b may be written as SaFb 	(*) 

a b may be written as STab 

a a b may be written as S(STab)T(STba) 

and 	a / b may be written as S(SFab)F(SabF),) 

The above set of correspondents is fully justified, for the the truth 

table of each S-expression is the same as the truth table of its 

corresponding logical connective: (The associated truth tables are 

given in Appendix A.) 

Remark 

In formulating the above logical connectives, we aim to express them 

in the simplest possible way, ie. to use the shortest possible 
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S-expressions corresponding to the connectives. Except for equivalence 

and non-equivalence, all the connectives considered may be expressed 

using only one S operator. Note that the given representations of 

the connectives are not unique, eg. STaF is given as a representation 

of — a but the commutability of S on the two-valued space implies 

that SFaT also has the required truth table. 

The case of a a b gives a more complicated example of several 

S-expressions corresponding to the same logical connective. As 

illustrated in Appendix A, the expressions 

S(SaTb)a(STba) 

S(SaTb)(SaFb)T 

may also be used to represent a m- b . The expression S(STab)T(STba) 

is adopted as the canonical representation of a m b because it can 

be directly constructed from the S equivalent of (a D b)A(b D a). 

Under the above formulation of the logical connectives, we can prove 

that the complete propositional calculus is embedded within the 

definition of S. 

To substantiate this claim, we show that the axioms and rules of 

inference for an axiom system of the propositional calculus can be 

obtained from S. 

We adopt the axiom system for the propositional calculus given by 

Mendelson [27]. 

A formal axiomatic theory L for the propositional calculus is 

defined by the following conditions: 

(1) The symbols of L are — , D, (, ), and the letters Ai  

with positive integers i as subscripts: 
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Al, A2, A3, .... 	The symbols — and D are called 

primitiveconnectives,amithelettersA.are called 

statement letters. 

(2) a. All statement letters are well formed formulae (wffs). 

1): If a and b are wffs, so are 	a) and (a D b). 

Thus a wff of L is just a statement form built up from 

thestatementlettersA.by the connectives — and D . 

(3) If a, b and c are wffs of L, then the following are 

axioms of L 

(A1) (a D (b D a)) 

(A2) ((a D (b D C)) D ((a D b) 	(a -7:1  c))) 

(A3) b D -- a) 	((— b a) D b)) 

(4) The only rule of inference of L is modus ponens: 

b is a direct consequence of a and a D b. 

Other connectives are introduced by the following definitions 

(D1) (a A b) for — (a D b) 

(D2) (a V b) for (— a) D b 

(D3) (a = b) for (a D b) A (b n a) 

Modus ponens can then be written as 

((a A (a. D b)) D b). 

Note Each of Axiom Schemas (A1) - (A3) is independent as is proved 

in Mendelson [27]. 

In. order to show that (A1), (A2), (A3) and modus ponens follow directly 

from the properties of S , we first write them as S-expressicns 

according to the formulation (*), and then prove that the expressions 

obtained are equivalent to the constant T . 
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Lemma 1 SaF(STaF) = T 

SaF(STaF) = STFa 

 

Proof 

 

by 'Pl and Ri 

   

= T 

Lemma 2 	ST(STaF)F = a 

Proof 	ST(STaF)F = S(SaF(STaF) )(STaF)F 	from Lemma 1 

= Sa(STaF)F 	by R1 

=a 	 by R4 

Theorem 2.3 	The following statements are valid 

(i) STa(STba) = T 	 (Al) 

(ii) ST{STa(STbc) )(ST(STab)(STac) ) = T 	(A2) 

(iii) ST(ST(STbF)(STaF) )(ST(ST(STbF)a)b) = T 	(A3) 

(iv) ST(SaT(STab))b = T 	 (Modus ponens) 

Proof 

(i) STa(STba) = S(STba)aT 	 by P1 

= T 	 by R3 

(ii) ST(STa(STbc) )(ST(STab)(STac) 

= ST[S(STaT)(STab)(STac). 1(ST(STab)(STac) ) 	by P4 

= ST(ST(STab)(STac) )(ST(STab)(STac) } 	by PO 

=T 	 by PO 

(iii) ST(ST(STbF)(STaF) )(ST(ST(STbF)a)b) 

= ST[S(ST(STbF)T)(ST(STbF)a)(ST(STbF)F) )(ST(ST(STbF)a)b) by 

P4 

= STIST(ST(STbF)a)b)(ST(ST(STbF)a)b) 	by PO and Lemma 2 

=T 	 by PO 

(iv) ST(SaT(STab))b 

= ST(S(SaTT)(SaTa)(SaTb))b 
	

by P4 

= ST(Saa(SaTb))b 
	

by PO 
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= ST(SaTb)b 	 by PO 

= T 	 by R4 

From the formulation (*) of the logical connectives and the definitions 

(D1) and (D2), we obtain the following identities: 

SaTb = ST(STa(STbF))F 

and 	SaFb = ST(STaF)b 

which could be used to simplify S-expressions. 

Note that in the process of proving (iii) in theorem 2.3, we have also 

obtained two more reduction rules, namely 

(a) 	SaF(STaF) = T 	(Lemma 1) 

and (b) ST(STaF)F = a 	(Lemma 2) 

The list belov gives further additions to the collection of reduction 

rules for S-expressions: 

(c) SaT(STaF) = F 

(d) SaF(SaTb) = a 

(e) SaT(SaFb) = a 

(f) ST(SaFb)F = S(STaF)T(STbF) 

(g) ST(SaTb)F = S(STaF)F(STbF) 

Written in terms of logical connectives, the above results are: 

(c) a A 	a) = F 

(d) a V (a A b) = a 

(e) a A (a V b) =a 

— (a V b) = (- a) A (- b) 

(g) — (a A b) = 	a) V c- 

Absorption Laws 

De Morgan's Laws 

These laws are among the theorems of L , and hence derivable from the 

axioms (A1) - (A3). 
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They are, however, more easily obtained from the properties of S as 

shown in the following examples. 

amples  

Prove that the following equations hold: 

(i) ST(SaFb)F = S(STaF)T(STbF) 

(ii) SaF(SaTb) = a 

Proof 

(i) 	ST(SaFb)F = S(STaF)(STFF)(STbF) 	by P3 

= S(STaF)T(STbF) 	by PO 

(ii) 	SaF(SaTb) = S(SaTb)Fa 

= S(SaTb)F(SaTT) 

= S(SaTb)F(SaT(SbF(STbl))3 

S(SaTb)F(S(SaTb)(SaTF)(SaT(STbF)) ) 

= S(SaTb)F(S(SaTb)F(SaT(STbF) 

= S(S(SaTb)F(SaTb) )F(SaT(STbF) 

= S(SaTb)(SaTF)(SaT(STbF)) 

= SaT(SbF(STbF)) 

= SaT(STFb) 

= SaTT 

= a  

by P1 

by PO 

by (a) 

by P4 

by P1 and defn. 

by P2 

by PO 

by P4 

by P1 & R1 

by definition 

by PO 

(i) and (ii) give the proofs of (f) and (d); the proofs of (g) and (e) 

follow by interchanging T and F in (i) and (ii) respectively. 

(c) follows from (a) in a similar manner. 
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. §2.1) The Extension of S to a Generalised Finite-Valued Space 

Now consider the more general case in which the operands of S 

belong to a finite n-valued space(v1, 	v
n
). 

Under such a generalisation, some of the properties stated in 2.B 

are no longer valid. 

For example, let a,b,c E (T,F,w) for some w 	(T,F). For a = T, 

b = F and c = w , we have 

Sabo = STFw = T and 

• Scba = SwFT = w 

ie. Sabc Scba. 

We now examine the conditions for validity of the properties PO to P4. 

Theorem 2.4  

For a,b E (v1, 	v
n
), the following properties are valid: 

baba = a 

Saab = b 

and 	Sabb = a 

Proof 	Obvious from the definition of S . 

Theorem 2.5  

For a,b,c E {v 	v 

Sabc = Scba 

unless a,b,c are all different. 

Proof 
	

a = b LHS = c 

	

RHS = c 	if b c 

	

=a 	if b = c 	but then a = b = c 

. . RHS = c 

ie. a = b LES = RES. 
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So a / b is a necessary condition for Sabc Scba. 

Similarly, b = c LHS = MIS = a. 

So b L  c is a necessary conditicn for Sabc / Scba. 

a = c a Sabc = Saba = Scba 

So LHS RHS iff a / c. 

Hence Sabc L  Scba iff a,b,c are all different. 

Theorem 2.6  

S(Sabc)bd = Sab(Scbd) for all 

a,b,c,d E (v1, 	vn) • 

Proof 	a = b LHS = Scbd = RHS 

a / b. LHS = Sabd = a = RHS. 

Theorem 2.7  

Sd(Sabc)f = S(Sdaf)(Sdbf)(Sdcf) unless t;le following conditions 

hold simultaneously: 

(i) a,b,c are all different 

(ii) c = d 

(iii) d / f. 

Proof  a = b LHS = Sdcf 

RHS = S(Sdaf)(Sdaf)(Sdcf) 

= Sdcf 

. a L b is a necessary condition for inequality 

a=c  LHS = Sdaf 

RHS = S(Sdaf)(Sdbf)(Sdaf) 

= Sdaf 

. 	a / c is a necessary condition for inequality 
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b= c LHS = Sdaf 

RHS = S(Sdaf)(Sdbf)(Sdbf) 

= Sdaf 

b L  c is a necessary condition for inequality 

d= f LHS = d = RES 

d t  f is a necessary condition for inequality. 

If a,b,c are all different and 	f, then 

LHS = Sdaf 

RHS = S(Sdaf)(Sdbf)(Sdcf). 

Now LEES / RHS iff 

(a) Sdaf = S.dbf 

ie. iff d / a, d b 

and 

(b) Sdcf Sdaf 

ie. Sd,f 1  d 	(because d 11 a) 

ie. iff d = c. 

Thus LHS = RHS unless 

(i) a,b,c are all different 

(ii) c = d 

(iii) d f 

Note that (i) and (ii) implies d L  a, d L  b . 

Theorem 2.8  

Sfd(Sabc) = S(Sfda)(Sfdb)(Sfdc) for all 

a,b,c,d,f E (v1, 	vn) 
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Proof 	f = d => .LHS = Sabo = RHS 

f d LHS = f = RHS 

Hence 	LHS = RHS 	a,b,c,d,f E (vi, 

Since Sabc t Scba in general, the expressions Sfd(Sabc) and 

S(Sabc)df are no longer equivalent. Theorem 2.9 gives the 

distributive property of expressions of the form S(Sabc)df and . 

the conditions under which this property holds. 

Theorem 2.9 

S(Sabc)df = S(Sadf)(Sbdf)(Scdf) except when 

(i) 	a,b,c are all different 

and either (iia) a = d and b = f 

or 	(iib) a = f and b = d 

Proof 	d = f = LHS = Sabc = RHS. 

▪ 	

d / f is a necessary condition for LHS RHS. 

a = b a LHS = Scdf = RHS. 

• 	

a t  b is necessary. 

a = c LHS = Sadf = RHS. 

a / c is necessary. 

b= c LHS = Sadf = RHS. 

t b c • • 	- 	is necessary. 

Under the above conditions, LHS = Sadf 

RHS = S(Sadf)(Sbdf)(Scdf) 

	

LHS ( RHS iff Sadf = .Sbdf 	- (1) 

	

and Sadf / Scdf 	- (2). 



26 
(1) is satisfied iff either a = d, b = f 	(iia) 

or a = f, .b = d 	(iib) 

(iia) 	Sadf = f 

Scdf = c t  f because a,b,c are different. 

(iib) 	Sadf = f 

Scdf = c 	f because a,b,c are different. 

Hence (iia) and (iib) satisfy (2). 

Note that the conditions "a,b,c are all different" and either 

"a = d, b = f" or "a = f, b = d" already include the necessary 

condition d f . 

Hence the property above holds except when 

(i) 	a,b,r are all different 

and 	(iia) a = d, b = f 

or 	(iib) a = f, b = d 

Remark The condition "a,b,c are all different", which is necessary 

for the properties in theorems 2.5, 2.7, and 2.9 to be invalid, cannot 

hold in an operand space cf fewer than three values. Hence those 

properties are unconditionally valid in any two-valued operand space. 

We next examine the validity of the reduction rules R1 to R4 in 2.B. 

Theorem 2.10  

For a,b,c E (v1, 	vn), the following statements are valid: 

R1. 	S(Sabc)ab = Sbac 

S(Sabc)cb = Sacb 

P2. 	S(Sabc)bc = Sabc 

S(Sabc)ba = Sabc 
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R3. S(Sabc)ca = a 

S(Sabc)ac = c 

R4. Sb(Sabc)c = b 

Sb(Sabc)a = b 

Proof 	Rl. 	S(Sabc)ab = Sbac 

a=b LHS = Scab = c = RHS 

a/b LHS = Saab = b = RHS. 

S(Sabc)cb = Sacb 

a=b LHS = Sccb = b = RHS 

a/b LHS = Sacb = RHS. 

R2. S(Sabc)bc = Sab(Scbc) 	by theorem 2.6 

= Sabc 

S(Sabc)ba = Sabc 

a=b LHS = Scba = c = RHS 

a/b a LHS = Saba = a = RHS. 

R3. S(Sabc)ca = a 

a=1. LHS = Scca = a = RHS 

a/b LHS = Saca = a = RHS. 

S(Sabc)ac = c 

a=b = LHS = Scac = c = RHS 

a/b LHS = Saac = c = RHS. 

R4. Sb(Sabc)c = b 

a=b LHS = Sbcc = b = RHS 

a/b LHS = Sbac = b =RHS. 

Sb(Sabc)a = b 

a=b LHS = Sbca = b = RHS 

a/b LHS = Sbaa = b = RHS. 
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Again, as Sabc Scba in general, we require another set of 

reduction rules for expressions of the forms Sfd(Sabc) and 

Sf(Sabc)d. This is given in the following theorem. 

Theorem 2.11  

For a,b,c E (vi, 	vn), the following statements are valid: 

R5. Sba(Sabc) = Sbac 

Sbc(Sabc) = Sbca 

R6. Sob(Sabc) = Scba 

Sab(Sabc) = Sabc 

R7. Sac(Sabc) = a 

Sca(Sal,;) = c 

R3. 	Sa(Sabc)b = b 

Proof Using the same argument as in the proof of theorem 2.10. 

We can also examine the reduction rules (a)-(g) which appear 

immediately after theorem 2.3 to see how far they may generalise 

to a space of n values. 

These rules are fundamentally different from those previously 

derived as they imply that two values (here denoted by T and F) 

in the n-valued space are signalled as having preferential 

treatment. However, in n-valued logics, this is normally the case: 

(a) 	For a E (T,F} 

SaF(STaF) = 

a 0 {T, F} = SaF(STaF) = a 



29 

(b) For a E (T,F) 

ST (STaF)F = a 

a (T,F) 	ST (STaF)F = STTF = F 

(c) For a E (T,F) 

SaT(STaF) = F 

a / (T,F) 	SaT(STaF) = a 

(d) a,b E (T,F) 	SaF(SaTb) = a 

a / (T,F} SaF(SaTb) = SaFa = a 

SaF(SaTb) = a V a,b 

(e) a,b E (T,F) 	SaT(SaFb) = a 

a ' (T,F) 	SaT(SaFb) = SaTa = a 

SaT(SaFb) = a V a,b 

(f) For a,b E (T,F) 

ST(SaTb)F = S(STaF)F(STbF) 

a g' (T,F} 	LHS = STaF = T 

RES = STF(STbF) = T 

a / (T,F), b 	(T,F} 

STbF = T if a = T 
LES = 

STFF = T if a F 

(STbF) = T if a = T 
RHS = 

STF(STbF) = T if a = F 

ST(SaTb)F = S(STaF)F(STbF) V a,b 

(g) For a,b E (T,F) 

ST (SaFb)F = S(STaF)T(STbF) 

a (T,F) 	LES = STaF = T 

RHS = STT(STbF) = STbF 

if b = T 

if b = F 

if b 9  (T,F) 

1 
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a E (T,F), b 	(T,F) 

STTF = F if a = T 
LHS = 

STbF = T if a=F 

SFTT = F if a = T 
RES = 

STTT = T if a = F 

So (g) holds except when b = T, a ft (T,F). 

But, as in a two-valued space Sabc = Scba, (g) can then be written as 

SF(SaFb)T = S(SFaT)T(SFbT) 	for a,b E (T,F). 

We now show that the rule, written in this form, holds for all a,b. 

a ' (T,F) 	LBS = SFaT = F 

RUS = SFT(SMT) = F 

a E (T,F), b V (T,F) 

SETT = F if a = T 
LHS = 

SFbT = F if a = F 

SFTF = F if a = T 
RHS = 

STTF = F if a = F 

SF(SaFb)T = S(SFaT)T(SFbT) 	V a,b 

So in a space of n values, the following laws hold 

(d) SaF(SaTb) = a 

(e) SaT(SaFb) = a 
Absorption laws 

(f) ST(SaTb)F = S(STaF)F(STbF) 
De Morgan's laws 

(g) SF(SaFb)T = S(SFaT)T(SFbT) 

(a), (b), (c) however take a slightly different form. 

(a) 
	

T 	a E (T,F} 
SaF(STaF) = 

a 	a t  (T,F) 



(b)  

(c)  

ST(STaF)F 

SaT(STaF) 

	

a 	a E (T,F) 

a gr  (T, F} 

	

[

F 	a E (T,F) 

	

a 	a 	(T, F} . 
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We illustrate these by giving S-expressions for Kleene's extension 

of the two-valued case to a three-valued space. 

Kleene [20] defined the connectives -4 A, V, 	and m in a 

three-valued space (T,F,w) as follows: 

a 

a 

a 

T 

F 

a A b 

T 

F 

a V b 

T 

F 

— a 

F 

b 

T F w 

T F w 

F F F 

w F w 

b 

T F w 

T T T 

T F w 

T w w 



32 

b - • 

apt) TFw 

T 	T F w 

a 	F 	T T T 

T w w 

a7;13 TFw 

T TFw 

a 	F 	FT()) 

w w w 

For a,b E (T,F,w) , we may write 

	

— a 	as 	S(SaFT)a(SaTF) 

	

a A b 	as 	S(S(SFaT)Fb)Ta 

	

a V b 	as 	S(S(STaF)Tb)Fa 

	

a D b 	as 	S(STab)(STbF)(SaFT) 

	

a ab 	as 	(a c b) A (b D a ) . 

To justify our representation we show that each S-expression yields 

the same truth table as that of its corresponding logical connective. 

(i) 	S(SaFT)a(SaTF) 	for 	— a 

a=T S(SaFT)a(SaTF) = S(STFT)T(STTF) 

= STTF 

= F 

a=F S(SaFT)a(SaTF) = S(Sth)F(SFTF) 

= STFF 
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= T 

a.--w S(SaFT)a(SaTF) = S(SwFT)w(SwTF) 

= Swww 

= w 

(ii) S(S(SFaT)Fb)Ta 	for 	a A b 

a=T S(S(SFaT)Fb)Ta = S(S(SFTT)Fb)TT 

= S(SFM)TT 

= SbTT 

= b 

a=F S(S(SFaT)Fb)Ts = S(S(S.WT)Fb)TF 

S(STFb)TF 

STTF 

= F 

a=w S(S(SFaT)Fb)Ta = S(S(SFwT)Fb)Tw 

S(SFFb)Tw 

= SbTw 

F 	if b=F 

otherwise. 

(iii) S(S(STaF)Tb)Fa = for 	a V b 

a=T S(S(STaF)Tb)Fa = S(S(STTF)Tb)FT 

S(SFTb)FT 

= SYYT 

= T 

a=F S(S(STaF)Tb)Fa = S(S(STFF)Tb)FF 

S(STTb)FF 

= SbFF 

= b- 



a=w S(S(STaF)Tb)Fa = S(S(STwF)Tb)FW 

S(STTb)FW 

= SbFW 

T if b=T 

3I 

w 	otherwise. 

(iv) S(STab)(STbF)(SaFT) 

	

	for 	an b 

a7=T' S(STab)(STbF)(SaFT) = S(STTb)(STbF)(STFT) 

Sb(STbF)T 

= b 

a=F .4 S(STab)(STbF)(SaFT) = S(STFb)(STbF)(aki) 

ST(STbF)T 

= T 

a=w a S(STab)(STbF)(SaFT) = S(STwb)(STbF)(SmFT) 

ST(STbF)w 

if b=T 

otherwise. 

(v) (a = b) A (b a) for (a s b) 

a sb a b aDb bDa a n b) A (b o a) 

- 	T T T T T T 

F T F F T F 

w T w w T w 

F F T F F F 

T. F F T T T 

w w T w w 

w w T T. w w 

w w F w T w 

W W W W W W 

by RI+. 
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P-7 1 	Definition and Basic Properties of S  

Consider an arbitrary, finite set U. 

For any subsets a, b, c of the set U, Sabc is defined by 

(a n ID u c 	if b c a 

Sabc 

a 	 if b v a 

In the case of n-valued disjoint space, this reduces to the 

definition of Chapter II. 

Assumption  

In many of the theorems in this chapter, one of the conditions 

of validity is that b g a in the expression Sabc. Though this 

may appear to be restrictive, it will be seen later that the 

condition always bolds in practice, therefore there is no loss 

of generality. 

The basic properties of S  

In Chapter II, we found that the operator S, acting upon a 

finite space of disjoint elements, has certain basic properties 

which serve as a valuable means of simplifying S-expressions. 

Only some of these properties hold unconditionally, the others 

are subject to restrictions. 

In the following theorems, we investigate the validity of such 

properties, when a,b,c,d,f are subsets of U. 

Theorem 3.1  

Saba = a 

Saab = b 

Sabb = a 	for all a,b 
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Proof 

(i) Saba = a 

b g a 	 - a = RHS 

b y a LHS = (a nri) u a 
= a 	= BHS 

(ii) Saab = b 

	 = (a na)u 

=b 	= EIS 

(iii) Sabb = a 

b 	a a LAS - a = RHS 
b 	a T:R'S = (a nT) u b 

= (avb)n (1ub) 
an II  

a = RHS 

Theorem 3.2  

Given b c- a, ther 
Sabc = Scba 

iff either b c c or a c buc 

b c a 

Proof 

LHS = Sabc 

(arai)ti c 

(cn17)u a if b g c 

b 'g c: 

RHS = 

LHS = 

= 

(avc)rt (vc) 

a u c 

if b c 

b g c o vc = II 

RHS = 	(c^7)u a 
(cva)n (bva) 

= • cu a b g a 1-3'v a = U 

• • LHS = 	RHS 
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b c: LHS = (a n 	c 

RHS = c c LHS 

T. = RHS 	iff LHS c RHS 

ie. iff (arjo)vc c 	c 

iff (anE) c c 

iff a c b t.) c 

Theorem 3.3  

Given that b c a and b g Sabc, then 

S(Sabc)bd = Sab(Scbd) 

Proof 	b g a and b e Sabc 

b c (a n E)t..1 c 

ie. 	bn(avb) c c 

(bn 	(b n b) 	c 

b g c 
b g a, b g c implies 

LHS = E((an E)t_icln Blvd 

= a(avc)n (15vc))/11.6]ud 

= ((ay c)(117}u d 

and 
RHS = (an17)t.i(cnri)u d 

= {(auc)nE}vd 

LAS = RHS. 

Remark 

In the above theorem, the conditions b c a and b c  Sabc are given in 

accordance with our assumption. But in fact, the statement is valid even 

when such conditions are removed. This can be proved as follows: 
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Theorem 3.3* 

S(Sabc)bd = Sab(Scbd) for all a,b,c,d. 

Proof 

b V a: 

T•AS = S(Sabc)bd 

= Sabd 

= a. 

RHS = Sab(Scbd) 

a 

b g a, b c: 

LHS = S{(anE)u c}bd 

= (an 17)v c 	

• 

b t  (artio)uc 

RHS = Sabc 	

▪ 

b c 

= (anro)vc 

b g.a; b g c LHS = RHS as proved in theorem 3.3 

Hence LHS = RHS for all a,b,c,d. 

To help clarify the proof of the next theorem, we first prove the following 

lemmas: 

Lemma 3.4.1 

If b g a and Sabc g d, then 

a g d iff b g d. 
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Proof 

a s d: 

b s a and a g d trivially implies b= d. 

b g d: 

Now b g a and Sabc g d 

(arsli)vc g d 

ie. ((aniDu c)rt d = 0 

(aAbra) (c rt 	= 0 

	

anEna= rd 	ie. a g bvd 

and 	cnd = O 	ie. c g_ d. 

Hence b g a and Sabc s d 	a g bud and c s d 

But b g d b d=bnd= d  

So 	anEna = 

a A = 

ie. 	a g d. 

Lemma 3.4.2  

Given a g d, then (d tlE) u f g (d na)v f 

iff 	a g bvf 

Proof 

(dniS)v f 	(cina)v f 

iff (drai) r (dn R)v f 

ie. (cinE)n (d na) g f 

(cinE)n (ava) g f 

(drtEnTi)u(dnEna) c f 
. . art g f 	 ad 

ie. 	 a g b v f. 



. • 
. bga 

• • Sabc d 

a,b 	d, c cd 

too  
Theorem 3.4  

Given b c a and Sabc g d, then 

Sd(Sabc)f = S(Sdaf)(Sdbf)(Sdcf) 

iff either (i) a g d, agbUf 

or 	(ii) a g d, b s cuf, c c auf 

or (iii) a' d, a g bu c Uf. 

Proof  

From proof of lemma 3.4.1 

bga and Sabcgdbgagbud and cgd 	(1) 

There are two possibilities to be considered: 

(a) aft d 

(b) a g d 

(a) a % d: 

Under the given conditions (1), a% c1.137'd by lemma 3.4.1 

So 	 LHS = SdC(anE).) c}f 

= [dr% ((artE)u c).]v f 

= (dn(avb)rIZ)■) f 

= c(dr,;)n caubnu f 
BITS = Sdc1((df1Z) k) f) 

= (dnc)vf  

LHS g RES 

So 	LHS = PHS iff RHS 	g LYS 

ie. 	 (d^Z)u f 	((dt-Nc)n (avb)}u f 

	

(dic) 	((dnZ)^ (ub)lu f 

(cInZ)n ((drIZ)n (ak,b)) c f 

(cInZ)n(arlE) c f 	(2) 
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But a g bud anE g d (anE)nd = ani; 

(2) 	 anT6r17,-  c f 

ie. 	 a g by c vf 

Thus for a d, LHS = RHS iff a g bucv f. 

(b) a g d: 

Under the given conditions, 	a c d b c d by lemma 3.4.1 

Again, 	 LHS dn ( (an E) u 	f 

= {cin(aub)nC} of 	 (3) 

= [((dna)v (d.nb)}nC]u f 

= E{(dna)u b}rs v f 	b g d (4) 

RHS = S((dng.)u fl{(dn To) t.,) f}((dn a)v 

For a g d, (dnElv f c (dr% 	f iff a g :Jul' by lemma 3.4.2 

Hence,we consider the two cases: 

(31) a buf 

(b2) a g buf. 

(b1) a Fi buf: 

then 	RHS = (dn3)u f 

and 	LHS = RHS 	iff 

EC(dna)u 	E]u f = (dna)u f 	 from (4) 

ie. iff Et(dna)u 	6]u f g (dra)u f 	 (5) 

and 	(dAa)uf E{(dra.)ub}nC]uf 	 (6) 

(5) is equivalent to 

((dna)vb)n6 g (dna)uf 

ie. 	((dna)ubln (dna) g cuf 

• bn(dva) c  cuf 

(bnZi.)u(bna) c cuf 

b g cuf 	 . bad,  b g a 
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(6) is equivalent to 

drG. EC(dna)vb)nc]vf 

ie.(dna)n[t(dna)vb)nZ] s f 

(dna)(1[C(dna)nElvc] g f 

drtanc s  f 

anc g f 

c ay f- 

. . . 	c g d 

Hence when a g d, a c/ b y f, LHS = RHS if f b g- cv f and c g avf 

(b2) 	a g bVf: 

Then 	RHS = Mcirla)uf)rtUdniOufilVf(drIC)uf) 

Mdrig.)uf}n(CITub)nTlv(driZ)uf 

= f(dna)n(avb)nYlvfv(drIZ) 

= tarldn(aub)ufv(driZ) 

= (;.ndnb)u fv(dnC) 

= fu(dnZ) 	 . b g a = brCa. = 

From (3), 	 LHS = (dn(avb)nZ)u- f 

= ((drIZ)vf)n((aub)vf) 

But a g buf, so aubuf = U 

Hence 	 LHS = (dt-)Z)v f 

= RHS. 

Theorem 3.5  

Given b g a and d s f, then 

Sfd(Sabc) = S(Sfda)(Sfdb)(Sfdc) 
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LHS = Sfd[ n 	c] 
	

• • b g a 

Proof 

= (fna)v(anE)vc 	 d g f 

RHS= SUfna)u aMfn 73.)v b)(fn 71)u c) 	d g f 

= E((fna)v a}n tunzoubnu curl  . b c a 

= it(fna)valn(fna)nlii]u (fna)vc 

= [(anE)n (fna)]u (fna)u c 

= (anE)u (fna)uc 

= LHS. 

Remark 

In the foregoing theorem, it is clear that d f is a sufficient 

condition for LHS = RHS. 

Because d f RHS = Sfff = f = LHS. 

In order to find the conditions of validity for P5, we first prove 

the following lemmas: 

Lemma  3.6.1  

Given b g a, then b g. (a n u f 

iff bnd s f 

Proof 

bg (an a)o f 

iff b n (ana) g f 

bn (avid) g f 

(bn a1)u (bncl) g f 

brid f •.- b g a 	bna = 0 
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Lemma 3.6.2  

Given b g a, d g a,b,c then 

S(Sabc)df = S(Sadf)(Sbdf)(Scdf) 

Proof 

LHS = St(an1;)v c}df 

= Mart17)v 	7i]v f 	 d g- c 

= (ani7n71)v (cr,71)u f 

RHS = SUand.)v f)((bricDu 	r171) 

= [{(anDu f}n ((bn71)v fnv (cnd)v f 

= [((an(1.)Ls fin (13-vd)(17].) (cnd)v 

= ((anci)n(rovd)n -f-}ufv(crtd.) 

= (ancinTnT)vfv (cnCi) 

= (a (NIT Kg) u f (c (171) 

b g a 

= LHS 

   

Lemma 3. 6. 3  

Given b g a, d g a, d -g c, d 1 b then 

S(Sabc)df = S(Sadf)(Sbdf)(Scdf) 

iff either (1) bnd g- 

or 	(ii) b g cu f and cgauf. 

Proof 	b g a and d g c 

LHS = [((anb)vc}nd]uf  

and RHS = S{(and)v f}b((cn7) f} 

	

From lemma 3.6.1, b 	(and)L, f 	iff bnd g f. 

So we consider the two possibilities: 

	

(a) bn d 	f 

and (b) bn d g f. 

dsa 
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(a) bnd f: 

RHS = (a nd)v f. 

. • LHS = RHS 	iff 

[{ (a n 17) v ncijv f = (a nd) v f i.e. 

iff (al) [{ (a n 17) v nd] f g- (a n d) v f 

	

and (a2) 	 (a n 71)vf c [{ (a n .7:) c}n 7:1] f 

(al) is equivalent to 

{(an1:7) c} 	(a n 71) u f. 

	

i.e. [{ (a n ))r 	u (c n71.)] n (a nd) 

c11 ,71. n (aud) 

c n d

- 

na 
• • cn a g f 	. dgadna = a 

i.e. 	cg au f. 

(a2) is equivalent to 

(and) c ((a AT) c} n7:1 f 

i.e. (an71)n C{(an71)vb}n (Cud) 

andnbn(7ud) 

i•e• 

anbnd

- 

nc c  f 

b n-c g f 

b g c vf 

. . bgaanddgc 

• When bnd 	f, LHS = RHS iff bg cvf and c -g a v f. 	(ii) 

(b) bnd f: 

RHS = EC(anTI)v OnT]u{(crid)vf} 

(a ncT. /NT) v (17n f)vfu (cnd) 

r•dnr)) f (c nd) 

= C{(anT)v c}n7.] of 

- T,ITS 

Hence bnd g- f LHS = RHS. 	 (i) 
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Lemma 3.6.4  

Given bga, dc a, dFb,c then 

S(Sabc)df = S(Sadf)(Sbdf)(Scdf) 

iff one of the following sets of conditions hold 

(i) bnc4c, bndFf, bgduf, cgauf, dgbuf, fgauc, 

bnfcc and cndgf 

(ii) bnd7c, bndgf, dgbucuf, fcauc 

(iii)bndc c, bnd%f, ccauf, bccudvf 

(iv) bndcc, bndcf, bnfcc, cndgf. 

Proof 

LHS = Wan 	4:1f 

Now d ca d r- (an IDU c iff b nd c c by lemma 3.6.1 

Hence 

(aniDvc 	 if bndic 
LHS 	

r{(anE)vc}rdluf if bndgc 

..• bga 

RHS = S{(art a) u fhc 	 dca, dFb,c 

By lemma 3.6.1, b ga b (a n a) u f iff bndg f. 

Hence 

(anci)uf 	 if bndFf 
RHS 	

[t(am)ufiasbioc if bndgf. 

So we consider the following possibilities:- 

(a) bnd F,c, lond%f 

(b) bndVc, bndgf 

(c) bridgc, bndVf 

(d) bndgc, brvdcf . 
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(a) bnad c, bt-Nd f 

LHS = RHS 

iff 	(artS)v c = (an Du f 

iff (al) {(aniDucl n VanClAJ f = QI 

and (a2) {(an 17))v 	n {(an a) u f 	= 

(al) is equivalent to 

1(anE)o 	(aud)nT =cif 

i(an 13)n (avd)n Tiuten (aud)nn 0 

(aniiindnflte (cA .enT)k) (cA d AT) = Qf 

ie. 	andn(EnT) = 0 	dcbuf 

and 	cnan? = 0 	cc auf 

and 	cell:1AT = QI 	cn dg f 

Similarly, (a2) is equivalent to 

be dvf, fc avc and fnbg c. 

Hence when b n d c, b A d f, LHS = RHS iff 

bg dvf, cg avf, dgbvf, fgavc, bnfg c and crld r- 	. 

(b) bndFc, bnd5( f 

LHS = RHS 

iff 	(an iDt.) c = C[(anc1)u fl et 17)] vc 

iff (1:0) 	 (araE)v c c 	[((ana)v f}nE]uc 

and (b2) 	C((ana)uf/nE]vc g (anE)vc 

(1:0) is equivalent to 

(aniS) c Et(and)v finE]vc 
ie. 	(aniDA Mart T3)n 1)vb] c c 

(anE)n E((aud)rtnub] c c 

(aniDn(3vd)AT cc 
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an -SndrIT 	sc 

	

cinEAT 	cc 	• • . dga 

d cbvcuf 

(b2) is equivalent to 

[(arta)vflelE g(anDuc 

	

[[(ana)n9u (fnE)]n (anii) 	cc 

	

(fnE)n Gub) 	cc 

fni5n3 cc 

	

fn3 	cc 	-.* b ca 

f cauc 

When bndFc, bndcf, LHS = RHS iff dcbucvf and f cavc . 

(c) bndcc, bndFif 

LHS = RHS 

iff 	 [((anS)vc)na]uf = (ana)vf 

iff (c1) 	EC(anS)vcinEnuf c (anci)v f 

and (c2) 	 (ana)vf c Et(anS)wc)nci]uf 

From the proof of lemma 3.6.3, (c1) holds iff c gauf , 

and (c2) is equivalent to 

	

anbnanC 
	f 

• • 

	

bATInZ c f 	 . bga 

b c cvduf 

When bird cc, bnd 5/f, LHS = RHS iff cg au f and bc c yd../ f . 



bnd c, b dg f 

RHS = Et(an71)Li n 17] c 

= 	nci 1-11;) 	(-11;) c 

and 	TES  = (a nrinCT.) (c 	f 

LHS = RHS 	iff 

(di) (a ni;n71) v (c 	f g (at- 7/-171)v (fni;)vc 

and (d2) (a nb d)..) c u(f nb) g (a nb n —d) (cn 	f. 

( di ) is equivalent tc 

f (ani;n7.) (f 1:) C 

i.e. 	f (Tub) (aub Lid.) 	c 

(in b)r% (aub ud) c  c 

fnb c 

and ( 	is equivalent to 

c 	(an;n13.)t.) (cnc7)u f 

i.e. cn(cud) (—ay b v d) g f 

c n dn(aubvd) g f 

cnd c  f 
• 

• • When bndsc, bnd f, LHS = RHS iff bnf g c and en d c  f. 

Lemma 3.6.5  

Given b a, d c, d a,b then 

S(Sabc)df = S(Sadf) (Sbdf) (Scdf) 

iff and g huf 

Proof 

LHS = SC(a /IT) u c)df 

= C((anTD)v clna]uf • • . 	d g c 

b g a 

, 
= tanb nd)u (cnd.)uf 



RHS = Sab{(c (ICI) u • • . 	d s c 

= (ancT)u (c n73) v f 	. . ▪ b a 

. ▪ • T,TIS g RHS and so LHS = RHS iff 

RHS g LHS 

i.e. (a niT) (cn71)Uf c  (an .r.Ad)u (cnc1)v f 

	

atja 	n1)nd) v (cn71.)L, f 

	

i.e. (an17)n {(anri)v d}r‘ (Cud) 	f 

anbn dn (cud) g f 

i.e. anbnd g f 

and g bvf 

LHS = RHS iff a n d bv f. 

Lemma 3.6.6  

Given b g a, then Sabc = a iff 

bgcga 

Proof 

b g- a Sabc = 	r‘b)U c = a 

iff 	a = (an17)v c 

i.e. [a n { (a ni;) 	[{(an17) v n 

{a n (a v b) rt."-c}v { nr::na) 	n a)) 

5o 

= 0  

= 0  

= 0  

= 0  

(an b n c- ) (c n a) 

(b c- ) u (c n a) 

i.e. b c g a 

Lemma 3.6.7  
Given b g a, d a,b,c, d g Sabc then 

S(Sabc)df = S(Sadf) (Sbdf) (Scdf) 

iff dg f gave and fnb g c 

. • . 	b g a 
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d s Sabc, so LHS = RHS iff S(Sabc)df = Sabc 

ie. iff d S f c Sabc 	 by lemma 3.6.6 

f Sabc and b s a 	f (anE)vc 

ie. fn(Zub)nc = 

(fnan-at.0(fnbn) = 

f G a vc and fnb G c 

Theorem 3.6  

Given b s a and d c Sabc, then 

S(Sabc)df = S(Sadf)(Sbdf)(Scdf) 

iff one of the following sets of conditions is satisfied: 

(1) 	d s b 

(ii) d c a, d c c and either bnd c f or b C cuf, c c avf 

(iii) d o  a, d 4 c and 

(a) bndc, bnd 	f, b C dvf, c g auf, d C buf, 

f c auc, bnf c c and cndg f 
or (b) bnd c, bnd S  f, d C bvcuf, f avc 

or (c) bnd Cc, bnd 4 f, c g auf, b G cvduf 
or (d) bnd g c, bnd c  f, bnf 5 c, cnd s f 

(iv) d a, d c c, and c bvf 

(v) d a, d4c, dcfcauc,bnfcc. 

Proof 

b s a and d G Sabc 

d c (aniDuc 

i.e. drt(avb)nZ = QI 

(dnan)o(dnbn) = of 

ie. 	 d g auc and dnb c c 
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If dab, then bgadga 

and dtlbgcdgc 

Hence, given b c a, d g avc and drlb g c, we have to consider the 

following possibilities: 

(1) 	d g b 

(ii) d b, dg a, dg c 

(iii) d b, d g a, d c 

(iv) ddb, d; a, dg c 

and 	(v) 	d ; a, d b, d c. 

The conditions under which LES = RHS for each of the above possibilities 

are given in lemma 3.6.2 to lemma 3.6.5 and lemma 3.6.7 respectively. 

Hence, the theorem is proved. 

Reduction rules for S-expressions  

In a finite space of disjoint elements considered in Chapter II, we found 

that expressions of the forms 

S(Sabc)xy 

Sx(Sabc)y 

and 	Sxy(Sabc) where x,y E (a,b,c), 	(*) 

can be simplified. 

Here we consider the simplication of this type of S-expression when 

a,b,c are subsets of U. 

It is found that, under our assumption, most of the expressions under 

consideration can be reduced to single variables. 

The following is the list of expressions of the forms (*) and their 

simplified versions, together with the assumption made in each case. 
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R1. 	Given b g a, b g c then 

S(Sabc)ab = Scab 

iff either a g c or amc g b. 

Given b g a then 

S(Sabc)cb = Sacb 

iff either c g a or anc g b. 

R3. Given b g a, b g c 

R4. Given b g a, b g c 

R5. Given b g a 

R6. Given b g a, b g c 

R7. Given b g a, c g a 

R8. Given b g a, c g a 

R9. Given cga= b 

R10. Gi7en cga=b 

R11. Given bgagbuc 

R12. Given bgagbuc 

R13. Given b g a 

R14. Given b g a, c g a 

R15. Given cgbga 

R16. Given a = b 

R17. Given bgagc 

R18. Given b g a, b c 

Thus, whenever the given conditions are satisfied, the above equalities 

can be used as reduction rules. 

The proofs of these rules are given as follows: 

then S(Sabc)bc = Sabc 

then S(Sabc)ba = Sabc 

then S(Sabc)ca = a 

then S(Sabc)ac = c 

then Sa(Sabc)b = b 

then Sa(Sabc)c = buc 

then Sb(Sabc)c = b 

then Sb(Sabc)a = b 

then Sc(Sabc)a = a 

then Sc(Sabc)b = b 

then Sab(Sabc) = Sabc 

then Sac(Sabc) = a 

then Sbc(Sabc) = a 

then Sba(Sabc) = 

then Sca(Sabc) = c 

then Scb(Sabc) = Sabc. 

R1. 	S(Sabc)ab = Scab iff either a g c or anc g b. 
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Assumption: b g a and a g Sabc 

i.e. 	a g (an3)v c 

	

an(aub) 	c 

	

anb 	c 	i.e. b g c 

S(Sabc)ab = [((an7)uc}na]%.1b 

= (c n a) v b 

Scab =(c WET) v b t 

	

c 	

if a g c 

if a 4 c 

When a ; c, LHS = RHS 	iff 

(c na) ub = c 

i.e. C((cnT)ub}nau[cn(cva)n17] = a I- 

(bnc)v(cnani3) = 0 

(cnanb) = °( 

	

V 	
• • 

	

. 	b g c 

	

i•e• 	anc g b 

P2. 	S(Sabc)cb = Sacb iff either c c a or a nc g b 

Assumption: 	b g a 

So S(Sabc)cb 	= S{ (a n17) l.) C}Cb 

= Cf(anT))vc)nC]vb 

= (anbnc)ub 

= (a c) b 

	

Sacb 	= (an c) v b 	if c a 

a 	if c l  a 

When c 4 a, LHS = RES 

iff 	anc gb 

by the same argument as in Rl. 

R3. 	S(Sabc)bc = Sabc 

Assumption: 	b g a and b Sabc 
• 

• • S(Sabc)bc = E{ (a niT) c} n u c 	by assumption 

= (anb)v(cnb)vc 

= (a n b) c 

= Sabc 	 b a 
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R4. S(Sabc)ba = Sabc 

Assumption: 	b g a, b g Sabc 

i.e. 	b g (a r117) u c 

b n (aub) g c 

i.e. 	b g c 	 gaobna = cif 

S(Sabc)ba = { (a n:7) v c} n u a 	by assumption 

= (ani;)v (c rb)u a 

= (crjb)u a 

	

= Scba 	 b c 

R5. S(Sabc)ca = a 

Assumption: b g a 

So S(Sabc)ca = SC (a n7) u cica 

= E{(a€N17)vc}^cIva 

= (a"b nc) u a 

= a 

R6. S(Sabc)ac = c 

Assumption: 	b g a, a g Sabc 

S(Sabc)ac = [{(a rjb-)v c} ra] uc 

= (c a) c 

Sa(Sabc)b = b 

Assumption: b g a, Sabc g a 

i.e. 	(anb)vc g a 

((a "To) c}na = 0 

cna = 0 

Sa(Sabc)b = 	rt ((a ^17) u c}] b 

= Can (a ub)nc-}1..0b 

= (anbnc)ub 

by assumption 

= b 
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R8. Sa(Sabc)c = b vc 

Assumption: b g a, Sabc g a 

i.e. 	b g a, c g a from (k7) 

. . Sa(Sabc)c = (anbnc)uc 

= (b^c)vc 	b g a 

= buc 

R9. Sb(Sabc)c = b 

Assumption: b g a, Sabc c b 

i.e. (anb)vc c  b 

((anl) u (N17 

(a nr)) (c (NT)) = 0 
	

i.e. a g b and c g b 

So the assumption is cga= b 

. . Sb(Sabc)c = Sbcc 

= b 

R10. Sb(Sabc)a = b 

Assumption: b g a, Sabc c  b 

i.e. 
	cga= b 	from (R9) 

Sb(Sabc)a = Sbcb 

= b 

R11. Sc(Sabc)a = a 

Assumption: b g a, Sabc g c 

i.e. 	(anb)u C g- c 

i.e. 	as buc 

Sc(Sabc)a = [c n ((afl b) u C ) 	a 	by assumption 

= Cc n (a b) nc) a 

= a 

R12. Sc(Sabc)b = b 

Assumption: b g a, Sabc c  c 

. Sc(Sabc)b = (c n (a ub) nj) ub 

= b 
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R13. 	Sab(Sabc) = Sabc 

Assumption: b g a 

Sab(Sabc) = (a n171) u (a n 17) u 

= (a ri17) u c 

= Sabc b g a 

R14. 	Sac(Sabc) = a 

Assumption: 

.*. Sac(Sabc) 

a, c g a 

= 	r% kj (a n17) c 

= (a n 	c 

= a 

R15. 	Sbc(Sabc) = a 

Assumption: b g a, c c b 

. Sbc(Sabc) 	= (b 	u (a nb) C 

= (b C) L.0 (a n 

= cvbua 

= a 

R16 	Sba(Sabc) = c 

Assumption: b g a, a g b i.e. a= b 

Sba(Sabc) = c 

R17. 	Sca(Sabc) = c 

Assumption: b c  a 

Sca(Sabc) = (c n a) (a nT) c 

= (a nip) u c 

= c 	 • . a g c 
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R18. 	Scb(Sabc) = Sabc 

Assumption : b g a, b = c 

• Scb(Sabc) = (c n17) Li (a n17) u c 

= (a n17) 1J C 

= Sabc 

§3.B 	Further properties of S  

In 'this section, we focus our attention on expressions Sabc in which 

a, b,c are of the form x u y or xn y, where x, y are sub sets of U. 

In what follows, we show that, under certain conditions, the operator 

S and the set operations n,u are distributive over each other. 

Theorem 3.7  

Given c g a nb, then 

S (a n b)cd = Sacd n Sbcd. 

Proof 

LHS = (a n b ) C} ti d 

cg arlb 	a and cgb 

RHS = (a n7) 	r%) u 

= ((a n7) n (1 (17)) d 

(a nb n c) d 

= LHS 

Theorem 3.8  

Given c g a ub , then 

S (a u b ) cd = Sacd u Sbcd 

iff one of the following holds : 

c g anb 
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(i) c c anb 

(ii) c c a, c ; b, bnc 	d 

(iii) c 4 a, c g- b, anc 	d 

(iv) cc a, c4b, cgdgaub 

L'FIS - ((a ub) 'C) u d 	 • 	c g- a ub 

= (anc)u(bnc)Lid 

For RHS, we consider the four possibilities: 

(i) c g a, c g- b: 

RHS = (a nc) d (b n7) u d 

= (an c)v (bnc)ud 

= LHS 

(ii) cc a, c ; b: 

RHS = (a n u d ub 

2 LHS 

LHS = RHS iff RHS LHS 

i.e. (anc)u dub -c (anc)u(bnc)u d 

b -c- (an c) u (b c) u d 

bn(avc)n (I.Duc) g d 

(uc)n (bnc) 	d 

b c d 

Hence if c g- a and c ; b, then LHS = RHS iff b nc d 

(iii) c 	a, c g b: 

RHS = a u (b n7) u d 

D LHS 

LHS  = RHS iff RHS g LHS 

Proof 
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i.e. au (bn c)o d c (anc)u (bnc)ud 

a -g (a nc) (b nc) u d 

By interchanging a and b in (ii), we see that for c 4 a and 

c b, LHS = RHS iff anc g d. 

	

(iv) 	c It a, c 	b: 

RHS = a ub 

LHS = RHS 	 iff 

((au 13) n u d = aub 

	

i.e. iff 	EC(aub)(17)ud]n(aub) = 0 

d n a n1-7 = 

d g aub 

and 	(aub)n[((aub)nj)ud3 = 0 

(aub)na(aub)uc)(1713 = 0 

(avb)ncng., 

	

cnd=gl 	c g (aub) 

c d 

For c a and c c  b, LHS = RHS iff c d -g aub. 

Theorem 3.9  

Sab(cnd) = Sabc n Sabd 
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Proof 

b ; a 	LHS = a and RHS =ana= a 

b g a 

LHS = (a nT) ( c n d) 

RHS = { (a nip) c}t1 {(a nI;) 

= (an17)u (c ("Id) 

TRS. 

Theorem 3.10 

Sab(c u d) = Sabcu Sabd. 

Proof 

b a RHS = a u a = a = LHS 

b g a 

LHS = (anT)u (cvd) 

PHS = (a n17) c u (a nip) d 

= (a nIT) v (c u d) 

= LHS. 

Theorem 3.11  

Given bnc g a, then 

Sa(b n c)d = SabduSacd 

iff one of the following holds: 

(1) 	b - g a, ca 

(ii) b g a, c f a, bnc 	d 

(iii) b 4 a, c a, b n c 	d 

(iv) b 	a, c a, bnc g dg a 
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Proof 

LHS = Ca (b env d 

= (a n (17 u7)) u d 

= (an17) U (a n7) u d 

Given bnc g a, there are four possible cases to be 

considered: 

(i) b g a, c g a: 

RHS = C (a nip) u d} u ( (a nc) u 

= (a nT)) 1.J (a nc) d 

= LHS 

(ii) b g• a, c 4 a: 

RHS = (a nT)udua 

LHS 

LHS = RHS iff RHS g LIES 

i.e. 	(an17)u dva g (anr)v (anc)vd 

a g (a rIT) (a nc) 'J d 

an(avb)n1/4cuc) g  d 

a nb 	u c) d 

anbnc d 
• • 

	

i.e• 	bnc d 	. bnc a 

When b g a, c f a, LHS = RHS iff bnc g d. 

(iii) b 4 a, c g a: 

RHS = a u (a n) d 

So by the same argument as in (ii), LHS = RHS iff 

bnc g d. 

(iv) b a, c 	a 

RHS = a v a 

• 

= a 
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LHS = RAS 

iff Sa(bnc)d = a 

i.e. iff 
	

bncgdg-a 	by lemma 3.6.6. 

Note: 	The condition bnc $ a is sufficient for the above 

result to hold. 

bnc $ 	bca andc ;a 

. . 	LITS  = Sa(bn c)d = a  

and RHS = Sabd U Sacd = a u a = a 

Hence Theorem 3.11 may be stated as follows: 

Theorem 3.11  

Sa(b n c)d = Sabd v Sacd 

iff one of the following holds. 

(1) 	bnc 4 a 

(ii) buc a 

(iii) b g- a, c 4 a, bnc g d 

(iv) b 	a, c g a, bnc g d 

(v) b$ a, c $ a, bnc 	d ga 

Theorem 3.12  

Given buc g a, then 

Sa (b c)d = Sabdn S.Eicd 

Proof 

TRS  = (an (bUc)} ud 

= 	d 

bucgabga and cga 
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RHS = {(an7)vd}n{(an7:)y 

= (anbnC)v d 

= LAS. 

Theorem 3.13  

Given c b, then 

an Sbcd = S(an b) (an c) (and) d) 

 

Proof 

  

 

LAS = an C (b nc) v 

= (anbnc)v (and) 

Now c b an c g a nb 

RHS = f(ar■b)(1  (anc)} v (and) 

= Gan b) (auc)) v (an d) 

= (anbnc) v (and) 

= LEIS. 

• • 
c g b 

Theorem 3.14  

Given c b, then 

au Sbcd = S(a. b) (a u c) (a u d) 

Proof 

LHS = au (bric) d 	 c g b 

Now c g b avc avb 

RHS = “aub)n(avc),tv (avd) 

= {(aub)n(7.ric)1v (aud) 

= (bnanC)vavd 

= (bnc)vaud 

- 	 
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§Z`e 	The application of S to Boolean Algebras  

Formulation of set operations by S-expressions  

Let a,b be subsets of the universal set U. Then the operations 

a, aub and anb may be written in terms of the operator S 

as follows: 

a is represented by SUa0 (3.15) 

a v b is represented by Salt (3.16) 

anb is represented by SU(S(SUa0)0(SUb0)10 (3.17) 

or SUCSUa(SUb0))0 (3.18) 

This we verify by referring to the definition of S given in 3.A 

i.e. 	Sabc 	(a rIT:) c 	if b g a 

a 	if b 4 a 

where a,b,c g U. 

That is, 

	

SUaig = (U n 7) 0 0 	a g U 

a 

Salt = (arr7)%rb • 1 0 

• g a 

= (anU)kib 

= a vb 

	

SUCS(SUa0)0(SUb0)}0= SUCSEPS)-0 	by (3.15) 

	

SU(3.017)0 	by (3.16) 

(u17) 	by (3.15) 

= anb 

	

and SU[SUa(SUb0)10 = SU{SUar}0 	by (3.10' 

= su{ (unT) u3}0 	a c U 

= SU(7u17)0 

= anb 	from above 
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Vote 

1. Two representations, (3.17) and (3.18), are given for anb. 

The S-expression in (3.18) has the advantage of being shorter; 

but in several cases, the formulation given by (3.17) lends 

itself more readily to manipulation. 

In what follows, the two representations will be treated as 

interchangeable. 

2. The S-expression given in(3.15) - (3.18) have the following 

properties: 

Either 	a) The first operand is the universal set U, 

or 	b) The second operand is the empty set 0. 

This means that every S-expression under consideration, being 

a composition of the expression in (3.15) - (3.18) 	conforms 

to the assumption made in 3.A that in every expression Sabc, bga. 
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A formulation of the theory of Boolean al ebras 

In this work, we adopt a natural formulation of the theory of 

Boolean algebras as given in Stoll Ni] Chapter 6, which is quoted below: 

A Boolean algebra is a 6-tuple <B,V,A,',0,1> where 

B is a set, 

✓ and A are binary operations, 

is a binary relation in B having B as its domain, 

O and 1 are distinct elements of B, 

and the following axioms are satisfied for all a,b,c E B. 

(i) Each operation is associative: 

a V (b V c) = (a V b) V c 

and 	a A (b A c) = (a A b) A c 

(ii) Each operation is commutative: 

aVb=bVa 

and 	aAb=bAa 

(iii) Each operation distributes over the other: 

a V (b A c) = (a V b) A (a V c) 

and 	a A (b V c) = (a A b) V (a A c) 

(iv) aVO= a 

a A 1 = a 

(v) For each a E B, 3 a related element a' such that 

a V a' = 1 

and 	a A a' = 0 

By identifying 

B 	with P(U), the power set of U 

✓ and A with set-union (u) and set-intersection (1) 

O and 1 with fg and U, 

the above set of axioms may be derived from the theorems of S as 

Shown in the next section. 
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Derivation of the axioms from the properties of S 

Each axiom (i) - (v) consists of a pair of statements. We show that 

the axioms can be derived from the properties of S in ten separate 

theorems as follows: 

Theorem 3.19 	av(buc) = (aub)uc 

Proof 	 au(bvc) = Sagbvc) 	 by (3.16) 

= 	Sa95(Sb0c) 	 by (3.16) 

= S(Sa0b)0c 	by theorem 3.3* 

= S(avb)0c 	 by (3.16) 

(aub)uc 	 by (3.16) 

Theorem 3.20 	an(bnc) = 	(anb)nc 

Proof 	 an(bnc) 	= SUES(SUa95)0(SU(bnc)0)30 by (3.17) 

= SU[S(SUar6)0(SUbP'uSUcg}i0 by theorem 3.11 

= 	SUES(SUa(6)0{S(SUb0)0(SlicO)}]O by (3.16) 

= SUESCS(SUa0)0(SII100))0(SUc0)70 by theorem 3.3* 

= 	SUE S(SUa0 v SU'orSIO(SUccif)j0 	by (3.16) 

= SITS (SU (a nb)0)0(SUcig)]0 	by theorem 3.11 

= 	(a nb) n c 	 by (3.17) 

Theorem 3.21 	a ub 	= bua 

Proof a v b 	= Sac& 

= Sbrifa 

= bua 

by (3.16) 

by theorem 3.2 

by (3.16) 
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Theorem 3.22 a n b 

a n b 

= 

= 

= 

b n a 

SUCS (SUa0)0(SUb0) J0 

SUES (SUb0)0(SUa0)30 

by (3.17) 

by theorem 3.2 

Proof 

= b n a by (3.17) 

Theorem 3.23 a v(bnc) = (a ub) n (a uc) 

Proof au (bnc) = Sa0(bnc) by (3.16) 

= (Sa0b)n (Sa0c) by theorem 3.9 

= (aub)n(auc) by (3.16) 

Theorem 3.24 a n (buo) = (a nb) u (an c) 

Proof a n (b u c) = SU[S(SUa0)91(SU(b uc)9070 	by (3.17) 

SUES (SUa0)0( (SUlocif) n (SUc0)1]0 by theorem 3.12 

= SIVS(SUa0)0(SUb0)) (N (S(SUa0)0(SUc0)}]0 

by theorem 3.9 

= ESUCS (sUard)0(SUb00] u ESU(S (SUa0)0 

(SUccS)}0] 	 by theorem 3.11 

= 	(anb)u (anc) 	 by (3.17) 

Theorem 3.25 	a u0 	= a 

Proof 	 a u9S 	= Sa00 	 by (3.16) 

= a 	 by theorem 3.1 
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Theorem 3.26 	a n U = a 

Proof a n U = SUESUa(SUU0)]0 	by (3.18) 

= SU[SUaO]O 	by theorem 3.1 

a u 0 	by R8 

= a 	by theorem 3.25 

 

Theorem 3.27  a u a 

Proof 

 

	

a u a 

- 

= a u (SUa0) 	by (3.15) 

▪ Sa0(Slja.0) 	by (3.16) 

by R15 

  

Theorem 3.28 	an a 	0 

Proof an a 

- 

= an(SUa0) 	by(3.15) 

= SUESUaCSU(SUa0)0130 	by (3.18) 

= -SU[SUaa]0 	as in theorem 3.26 

= SUU0 	by theorem 3.1 

= d r 

 

Conclusion  

We have shown that the set of axioms of a Boolean algebra car. be 

derived from the properties of S. 

Hence, from the isomorphism of Boolean algebras and the algebra of sets, 

we can conclude the following: 

That the theory of Boolean algebras and the algebra of sets can be 

completely represented within the framework of S. 
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Moreover, by virtue of theorems 3.19 to 3.23 and theorem 3.24 

following, we observe that the algebra of S is also a lattice C33]. 

Theorem 3.24 	ana = ava = a 

Proof a n a = SU[S(SUa0)0(SUa9)V 

= SU(SUa0)0 

= SAX 

= a 

ava  = Sacfa 

a 

by (3.17) 

by theorem 3.1 

by R8 

by theorem 3.1 

by (3.16) 

by theorem 3.1 

 



CHAPTER 4 

' SIMPLE PROGRAMS 

AND 

THEIR SPECIFICATIONS 
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. §4.A NaMe3, Values and the Evaluation 0 erator 

Let N be a set.of names and V be a set of values which includes 

the boolean values T,F and the unassigned value w • 

Then define yt a function with domain N u V and range R G V , 

as follows: 

Definition 4.1  

The function x,:- NUV-4V is such that 

ytx = a 

where a E V is the value corresponding to x E N, and 

K0 =0 V0E V. 

Intuitively, 'ax' may be regarded as 'the value of x' and the name 

of a constant is the constant itself. 

Let X denote a set whose elements are an alternate sequence of 

corresponding names and values. 

X is formally defined by 

Definition 4.2  

Let pi  be a pair 

pi  = (ni,vi) ni  E NvV,.viE V 

such that Kni  = vi  . 

Then 

X= 	p., i E 

which, for simplicity, we shall always write as 

X = 
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'where n E UV v.E V for i=1 , 2, • . 

Definition 4.3  

Let P(X) denote the power set of X . 

Then 	P*(X) c P(X) 

is such that 	Y E P*(X) 

iff 	ni EY ay. E Y . 

Examples  

Let a,b,c E N, then 

(i) (a,2,b,5,c17) E P*(X) 

with Ka = 2, Kb = 5, Kc = 7. 

(ii) (a,2,b,5,c,2) E P*(X) 

with Ka = 2, Kb = 5, 	= 2. 

(iii) (a,2,3,3,c,5) F P*(X) 

with Ka-= 2, x3 = 3, ptc = 5. 

(iv) (a,2,b,3,5,c,7) P*(X). 

Note 

InthesetX,althoughni /n.for i j, the v.'s are 

not necessarily distinct. 

. It should be observed here that the ordering relationship in the set 

X is such as to preserve the relationship K between a name and... 

its value. No restriction is imposed lawn the order of appearance 

of the name-value pairs. 
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Thus, if A and B are elements of P*(X) where 

A = {n1,v1,n2,v2, 	0.1 0 r /r} 11-EITIV-Elf 

B = Cm u m 
l' 2 u' 2' 

the relations of inclusion and equality of subsets of X are 

defined as follows: 

Definition 4.4  

A is included in B , written A c B, 

iff 

(i) (n n 2''''''nr) c {m11m2"--"ms
} 

 

ie. the set of names in A is included in 

the set of names in B, 

and 

(ii) if 3a. = m. then v. = u. 
3 

Definition 4.5  

The sets A and B are said to be equal, A = B iff A Q B and 

B g A. 

eg. 	If A = {a,1,b,2,c,3} 

B = {a,3,b,2,c,1} 

C = (c,3,a,1tb,2) 

D = (a,3,c,1) 

then 	D G B, A= C but A/ B. 

Moreover, we need to define more precisely what is meant by the empty 

set of X and the operations union and intersection on X . 

01 00 131 . 	E 	, s us  



Definition 4.6  

The intersection of A and B , A A B,, is the set 

A /1 B = 

such that 

(i) {x1,....,xt} = 	(mi ,....,ms ) 

(ii) For each i, 3 j,1 such that 

x.=n. = m1 

Iv.  = u

l 	if v. = u1 

It follows that A n B = 

iff 	(n1,n2,....,nr}n (in1,m2,....,m ) = 0. 

eg. If 

A = (a,3,b,2,c,4} 

B = (1),2,c,5,d,4) 

then 

An B = (13,2,c,w). 

Definition 4.7  

The union of A and B, AV B , is the set 

A v B =,y x y 	x, 1 	2' 2' 	-G y  t 

such that 

(i) 	,xt} = (ni,....,n
r} u {mi,....,ms} 

{mi,----Ims} 
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and yi  = 
otherwise. 
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theneitherx

1  .=n and 1 d y. = v. for some j 

or 	x. = m
1 

and y.
1 
 = u

1 
for some 1 

(iii) If x. E (n - ••. r} 	(m1's1, 

let x.1 	
n. = m1 , then 

v
j 
= u

1 
if v. = u

1 
Yi  

w 	otherwise 

eg. From the previous example, 

A u B 

Having defined the sets of our particular interest. we now examine 

the operation of the substitution operator S on the set P*(X) 

and set up a model of a sequence of assignments in terms of S . 

§4.B A Model of a Sequence of Simple Assignment Statements  

An assignment statement 

x := y 

causes the value of the variable y to be assigned as the value 

of the variable x. 

The same effect may be achieved by the action of the substitution 

operator S upon suitable operands. 

For any subsets a,b,c of an arbitrary, finite set U , Sabc is 

defined in Chapter III by 

(a n tS)v c 	if b = a 
Sabc = 

a 	if b V a. 
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For the purpose of modelling an assignment statement, we shall from 

now on consider the first operand a as an element of P*(X) and 

b,c as members of the value set. 

Let a E P*(X) be the set 

a = {n1,v1,n2,v2,....,n1,v1  

wheren.EN,v.EV for all i = 1,....,1 . 

Consider the following two cases:- 

(i) If b = Kni 	ni  E N 

c = Kn. 	
J 

n. E N, then 

Sabc = S(n1,v1,n2,v2,....,n1,v1) Kn. Kn. 

(n1,v1,n2,v2,....,ni,vi,....,nj,vj,....,n,,v1) if n.,n. e a 

a 	 otherwise 

(ii) If b = Kni 	n1  . E 14 

c = Ku 	u E V then 

{

Sabc = S(n1,v1,n2,v2,....,n1,1) Kni  Ka 

n , 	, 	, 	,,.,,....,i,v } 1 v 1 n 2v 2....n3.u 	n 
1 	

if ini  E a 

a 	 otherwise 

eg. 

(i) a = {x,1,y,3,z,5}, 	= KX , C = K Z 

then 

Sabc = S(x,1,y,3,z,5} Kx Kz 

= (x,5,Y,31z,5) 
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(ii) a = (x,1,y,3,z,5), b = sty, c = n8 

then 

Sabc = S(x,1,Y,3,z,5) Ky K8 

= (x,1,y,8,z,5) 

(iii) a = (x,1,y,3,z,5), b = Kt, c = Kz 

then 

Sabc = S{x,1,y,3,z,5} Kt Kz 

= (x,1,y,3,z,5). 

Remark  

If the first operand of S is a set in which some names have the 

same value, the above definition can still be used without 

ambiguity. As even though two values Kx, Kz are the same, the 

symbols Kx and Kz refer to different elements of the set, 

ie. Kx refers to the value immediately following the name x 

and Kz to the value immediately following the name z. This 

is illustrated in the following example: 

a = (x,1,y,2,z,1), b = Kx, c = 

then 

Sabc = S{x,1,y,2,z,1}Kx Ky 

= (x,2,y,2,z,1} 

From the definition of S given above, a simple assignment 

statement of the form 

x := y 



79 

may be represented by the S-expression 

S(x,e) hx hy 

where 0 denotes any value including the unassigned value w 

and x, y E N. 

Sequence of assignment statements  

To establish a model of a sequence of assignment statements, we 

first define what is meant by the 'variable space' of a program. 

Definition 4.8  

The variable space  p of a program is a set E P*(X) consisting 

of all the variables in the program together with their values. 

At the beginning of each program, all the variables in 4 are 

defined to have an unassigned value 

ie. 	p = {n1,w,n2,w,....,n,,w} 

where n1 	n1  E N are the variables contained in the program. "  

Given a program with variable space p , each step in the program 

may be regarded as an alteration of p . 

Thus, for x,y E 4 , the model of 

x := y 

is defined to be 

Sµ xxxy 
	 (4.9) 
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Note 

Though, according to definition 4.1, nx E V means that x could 

belong to either N or V , the validity of the assignment 

x := y 

implies that x must be an element of N . 

Now consider two successive assignment statements 

x := y 

y := z . 

• According to (4.9.), these are modelled by two S-expressions 

S40.0411. 	 (4.10) 

Spit ykZ . 
	 (4.11) 

It is important to note here that g in the expressions (4.10) and 

(4..11) refers to different states of the variable space. 

For suppose that in (4.10) 

= 	= (x,wa,a,z,$) x,y,z E N 

cy,o,w E V 

then, after the execution of (4.10), p takes the value 112  where 

42  = S41  ptx ny = bc,u,y,u,z,51 . 

Therefore, in (4.11), µ is in the state 112  which is different 

from µ1 . 



Thus, strictly speaking, the expression (4.11) is 

S(Sphxhy)hyhz • 

In general, each line in a sequence 

SlAxinYi 

SWAX2ty2  

SIAX2iyn  
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(4.12) 

represents a successive alteration of the variable space µ . 

Furthermore, p in an expression refers to the new state of 

p pertaining after the operation of the previous line. 

Therefore, the sequence (4. 12) is in fact a sequence of nested 

S-expressions: 

Spxxihyl  

S (Sphxihyi  )hx2tY2  

_hy )hx 	...)hx xihyl 
	2 	n

hy 
 n 

where the last expression 

S(...S(Swocinyi  )roc2ny2- • • )nxnnYn  

represents the final state of the variable space p, . 

This expression corresponds to the effect of a sequence of assignment 

statements 



82 

x1  := yi  

x2  := y2 -2 

xn  v 
'n 

acting upon the variables x 1". x  n' Y1'—'27n • 

§4.0 A Dynamic Property of the Variables  

Consider the following pair of statements: 

x := y 

:= x 

From the last section, these are modelled by 

Sppooky 

SwgzKx 

which, as we have seen, leads to the expression 

S(SpO4ty);tznX 

(4.13) 

(4.14) 

representing the sequence of assignments of (4.13). 

The expression (4.14)is of the form 

S(Sabc)db. 

In previous treatments of S-expressions in Chapter II and III, 

all occurences of the same variable were regarded as exactly the 

same, ie. having the same value. Such is not the case in computations. 



83 

This is due to a conceptual difference between variables as used 

in mathematics and those used in a programming language. The 

difference being that in mathematics the variables have values 

which are fixed throughout any mathematical argument whereas the 

value of a variable in a program varies at different stages of 

its execution. 

Thus in an expression arising from statements of a program such 

as (4;14) the two occurences of tx need not, in general, refer 

to the same value. 

For example, suppose that the variable space p just before the 

execution of (4.13) is 

= (x,31Y,2,z,5)- 

Then, nx = 3, ny = 2, nz = 5 and 

Spnxny = S(x,3,y,2,z,5) nxny 

= {x,2,y,2,z,5) 

ie. just after the execution of SlinxnY 

= (x,2,y,2,z,5) giving nx = 2 . 

Therefore, in the expression 

S(Splixny)nznx 

the operand nx in the inner S-expression refers to the value 3, 

while the other occurence of nx refers to the value 2. 
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In order to differentiate between the two types of operand, the 

following notation will be employed: 

Write 	S(...S(Sila1b1)a2b2...)anbn  

as 	Sga1b1,a2b2,....,anbn] 

if the operands ai, of  have fixed values, and 

as 	Sp[a1b1;a2b2;...;anbn] 

if the operands ai, bi  do not have fixed values. 

The first kind of notation will be called a static S-sequence and 

the second one a dynamic S-sequence. 

Each pair aibi  in the sequence is called a term of the sequence 

withai asthefirstoomponentandb.as the second component  

of the term. 

From the above definition, any S-sequence obtained as the model of 

a set of assignment statements is a dynamic one. 

Given a set.of assignment statements, such a sequence can be 

obtained directly. 

eg. 	a := b 

b := c 

c := a 

b := d 

d := c 

is equivalent to the dynamic S-sequence 

Sp,[K.AKb; pcbxe; Kcyta; Kbytd; ;Ono] 

where p C P*(X) is.the corresponding variable space. 
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Now algebraic manipulation can only be performed on an S-sequence 

of static type as shown in Chapter II and III.Therefore, a dynamic 

S-sequence obtained to model a sequence of assignments must be 

transformed into a corresponding static sequence before any reduction 

• 
is attempted.  

Consider the following sequences: 

(a) T1  = SpEhahb; hahc] 

(b) T2  = Sp[hahb; hcha] . 

In both cases, the operand ha in the second term appears as the 

first component of the first term. 

Let 	pi 	{a,a,b,p,c,y,...} be the variable space with a,b,c E N , 

(7,0,y E V , then 

Sphahb = S(a,u,b,0,c,y,...) hahb 

= 

So 	T1 	Kano 
1 

(a,y,b,p,c,y,...) 

T2  = 	hcha 

= {a,p,b,,c,$,...} • 

There is a difference between ha in (4.15) and in (4.16) 

In the first case, ha merely refers to the element immediately 

following the name a . The actual value of that element makes 

no difference to the resulting set, ha here indicates the 

position of the element to be replaced by hc. 

(4.15) 

(4.16) 
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In the second case, however, the situation is quite different. 

The contents of the final set very much depends on the actual 

value of Ka . In this particular example, Ka has changed 

from a to p as the result of the first step. 

Thus, the term Kano in the dynamic sequence 

Sg...; Kahc; ...] 

may be interpreted as: 

"In µ , replace the element immediately following a by the 

current value of c " 

Therefore, in the conversion of a dynamic S-sequence into the 

corresponding static sequence, it is the current value of each. 

variable that has to be considered. 

That is, in the transformation of sequences, only the second 

component of each term is subject to alteration. 

The above observation leads to the following general rule of 

transformation: 

Consider the sequence term by term. 

If the second component, Ka , of the jth term appears in the 

sequence as the first component, say as Kaltb , in the ith term 

where i < j , then replace na in the jth term by Kb. 

Otherwise, the term remains unchanged. 



Note 

Having considered the jth term for any necessary change, the 

separator ';' preceding this term is replaced by ',' to indicate 

how far the dynamic sequence has been partially transformed to 

static. 

Example  

The term-by-term transformation of 

SpInaltb; cit cl; eit a; 	C] 

SgKaKb; KoKd; KeKa; KaKc] 

= SgKaKb, Kcy.d; KeKa; KaKc] 

= Sp[KaKb, KoKd, KeKb; Kahc] 

= SW,CKath, ;4 d, Kerb1  X,ax,C1] 

The above rule of transformation, however, does not take into 

account cases in which the second component of a term appears as 

the first component in more than one earlier term. 

For instance, in the sequence 

SII[KaKb; KaKc; KOKa], 

Ka appears as the first component of both the first and the 

second term. 

What. then, is the change to be made on Ka in the third term? 

With reference to the intuitive meaning of the terms KaKb and 

KaAc it is clear that the effect of the first term is overridden 

by that of the second term. Hence the transformation of the above 

expression yields 

sp[Kanb, Kan c, 'KdKc]. 
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Thus, the rule of transformation is: 

Consider the sequence term by term. 

If the second component, Ka , of the jth term appears in the 

sequence as the first component in terms 	i2, ..., in  where 

i
1 
< i

2 
< 	< i

n 
< j , then replace Ka by the second component 

of the i
n
th term. 

Otherwise,.the term remains unchanged. 	 (4.17) 

Once a dynamic sequence which is a representation of a set of 

assignment statements has been transformed to static, it can be 

manipulated by the rules of algebra. In particular, it can be 

considered for transformation and reduction by the algebraic 

rules developed for S-expressions in Chapter III. 

Apart from the rules mentioned above which apply to S-expressions 

with general set operands, there are further results which are 

particularly relevant to the case of our present interest, ie. the 

case in which the first operand of S is an element of P*(X) 

and the second and third operands are values. These results will 

be developed in the theorems of the next section. 

§4.E Deduction of Static S-Sequences  

A static S-sequence 

Sp[Kainbi lna20)21 .....00en] 

may be reduceable with the help of the following theorems: 



Theorem 4.18 

(i) sp[naKa] = 

and 

(ii) Sp[x40:1] = 
	iff Ka = Kb . 

Proof 

Obvious from the definition of S . 

Theorem /+.19 

Sp[KaKb,KaKc] = Sp[Kanc] 

except when a E 	b E 	c OP - 

Proof 

If either a = b or Ka = Kb then theorem 4.18 applies and 

the equality trivially holds. 

So assume Ka /Kb . 

In which case, the possibilities are:- 

(i) a p 	LHS = RHS = p 

(ii) a E p, b t p 	LHS = RHS = S4[KaKc] 

(iii) a E 11, b E 	c w LHS = SolKanb], RHS = 

But Ka /Kb , so LHS RHS by theorem 4.18  

(iv) a,b,c E w  , suppose 

p = Ca,u,b,p,c,y,...1, then 
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LHS = SLI[KaKb,KaKc] 

= S(a,u,b,0,c,y, ...}I[KaK b,K aKc] 

= S(a,0,b,0,c,y, ..) [naKc] 

= (a,y,b,0,c,y,. --) 

RHS = Sp[KaKc] 

= Sta,u,b,O,c,y,...1 [xaltc] 

= (a,y,b,0,c,y,...) 

LHS = RHS 	by definition 4.5. 

Theorem 4.20 

Given a,b,c,d E µ , then 

Sp[KaKb, KcKd] = Sp[.Kcgd, KaKb] 

if either a/c or a=c and Kb=Kd . 

Proof 

By the same argument as in theorem 4.19,assume a / b, c d, 

Ka / Kb and Kc hd . 

Let 

= (a,a,b,O,C,y,d,5,...1 

so 	Ka = u , Kb = 0 , Kc = y yid = 

(i) 	Suppose a = c 

then Kb = Kd leads to triviality 

assume Kb / Kd 

. . LHS = SgKaKb,KaKd] 

= Sp[Kmid] 
	

by theorem 4.19 



RHS = SgKaKd,KaKb] 

= Sp[KaKb] 
	

by theorem 4.19 

Kb / Kd LHS / RES . 

Hence LHS = RHS = a / c . 

(ii) Given a / c , so 

LHS = Sp[naKb,Kond] 

RHS = SgKcycd.,KaKb] • 

In LHS , a is replaced by Kb 

then y is replaced by Kd . 

In RES , y iF replaced by Kd 

then a is replaced by Kb . 

In both cases, the two elements a and y are replaced by 

the same values. Even though the replacements are in 

reversed order, the final results are the same. 

a / c aLHS = RHS . 

Note 

Whether a = d or not makes no difference to the result of this 

theorem. If b = d then the theorem always holds. 

• The results proved in Theorem /-.18 to Theorem 4.2D can be used in 

the reduction of static S-sequences. 
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Example  

Reduce 	S4[xanb,Kbp,CoiCKbotaptC] 

Sp[maKbotbx,c,Kcitbotax.c] 

S45tanb,nbxc,stancotcKb] 
	

by theorem 4.20 

= Sp[x,a,KbotaKC,Kb14,C,xCHb] 
	

by theorem 4.20 

= S4[KaKcotbKcotpx.b] 
	

by theorem 4.19- 

Remark 

From the theorems, it is clear that the minimal form of a static 

sequence is 

Sp[staistbl oia2Kb2,...,Kanstbn] 

where the a-'s are all different and n is always less than or 

,equal to the number of variables in 4 . 

Now theorem 4.20 implies that in a static sequence containing terms 

with distinct first components, the order of the terms is immaterial. 

Therefore in a sequence 

S4C..,.., 	 ] 

with such a property, the terms in [...] can be regarded as the 

elements of a set. 

The equivalence of minimal S-sequences can, thus, be defined from 

the equality of sets. 
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Definition 4.21 

Two minimal static S-sequences 

T1  = Sga1b1,a2b2, ""anbn3  

T2  = Sl[x1y1,x2y2,...,xmym] 

are said to be equivalent, denoted T1  = T2  , iff 

(i) P = 1 

(ii) = (x1,x2,...,xml 

(iii) a. = x. 	b. = y. 	Vi,j 
3. 	3 

from definition 4.5 

eg. 	Sp[xxpta,Hyxbo.tzKc] = Sp[Kzncotxh.a,Kyxh] 

The conditions of equivalence in the above definition may be slightly 

relaxed to give the equivalence of minimal static sequences over a 

particular set of variables. 

Definition 4.22 

Two minimal static S-sequences 

T1  = 

T2  = 

are said to be equivalent over the set {n1,n2,...,ni} of names, 

written as 

T1 
 (n1"'"nll T

2 

iff the following conditions hold: 
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(i) p,1-1=v/0 

Let 2) = 	, vi,...,vi  E V 

(ii) If 	8 = {Rn1,xn2,...,Kni} , then 

8 c {al,...,an} , say e = (ar,...,as) 

and 8 c (x1,...0cm) , say 8 = {xp,...,x } 

where (r,...,$) g (1,...,n) and {p,...,q} c {1,...,m} 

(iii) a. = 	 j xj 	b. = y 	V i E (r,...,$) 

j E (p,...,q) • 

eg. 	If T1  = 	[KaKb,nbna,KcKa] 

T2 = S{a'a'b0} [na,KbotbKa] 

then 	T2 
(a,b) 

§4.F Equivalence of Sequences of Simple Assignment Statements  

Given two sequences of assignment statements, it is possible to show, 

using the results of the previous section, whether or not they are 

equivalent. 

Firstly, the concept of equivalence is defined. 

Definition 4.23 

If 8 and 	are two sequences of assignment statements involving 

the variables xl,...,xn  , then 8 and 1. are said to be 

equivalent 

iff the final values of x n 
are the same. 
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9 and 0 are equivalent over the set {xrs} e (x1'...,x 

8 
r' 	s1  

iff the final values of 1xrs}  are the same for any valid 

initial values. 

eg. 

(i) If x = 3, y = 5, z = 2 as the result of both 9 and 0 , 

then 

8 

(ii) If 9 yields 

y = 5, z = 2 

and 0 yields 

x . 3, y = 7, z = 2 

then 	9 	§ 
(x,z} 

To consider the equivalence of two sequences of assignment statements 

8 and 0 , the following procedure is used: 

1. Obtain the dynamic S-sequence corresponding to 8 and 0 [§4.C]. 

2. Transform the dynamic sequences into static sequences ME-DJ. 

3. Reduce the static sequences to their minimal forms by the 

application of theorems 4.18 to 4.20 [§4.E]. 

4. Compare the minimal sequences according to the definition of 

equivalences [Definitions .4.21 and 4.22]. 
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In what follows we shall assume that all the programs are valid in 

the sense that a variable cannot appear as the right-hand side of 

an assignment statement unless it has been initialized before the 

execution of that statement. 

Example  

Consider the following sets of assignment statements: 

p: d := b 

b := a 

a := d 

d := b. 

b := c 

c := a 

a := d 

§ : d := a 

a := b 

b := c 

c := a 

a := d 

1. Dynamic S-sequences corresponding to 8 and 0 are:- 

T
0 
 = Sp[ndx,b; Kbxa; naxd; hdAb; Kionc; Kcyta; naKcl] 

and 	T = S4[ndKa; Kahb; Kbc; mcKa; KaKd] 

2. Transform T
0 
 and T

0 
 into static sequences 

T
0 

= Sp[xdKbotbKaotaRboidna,Kbp,cotcnboona] 

T
0 
 = Sp[stoina,KaKbotbx,cotcKbotaKa] 

3. Reduce the sequences to minimal forms 

T, = Sp[ndKboi3 Optaotbyta,hbxcoianb,%aKaotcytb] 

by repeated application of theorem 4.20. 

= SpLta.taotbncotax,aotcnb] 

by theorem 4.19. 
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Su[ytdna,pcbxc,xchb] 	 by theorem 4.18 

T 	Sp[xdKaoiaKbotaKaotbnc,xcnb] 	by theorem 4.20 

= Sp[ptdnaotaKaotbncotcKb] 	by theorem 4.19 

ie. 	T
0  = Su[ndna,hbncoicnb] 	 by theorem 4.18 
 • 

4. 	T = T0 	by definition 4.21 

Hence 

Note 

The concept of equivalence given here is the same as that used by 

de Bakker [1 ] and Igarashi [16], both of whom adopvA an axiomatic 

approach for their consideration of an equivalence theory of 

programs. 

§4.G Assignment Statements with Expressions on the Right-Hand Sides  

So far, only simple assignments of the form 

x y 

have been considered. 

In this section, we extend our consideration to include cases in 

which the right-hand side of an assignment statement involves 

operations upon the variables such as 

x := y z 
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In general, consider 

x := y OD Z 
	 (4.24) 

and x := ay 

where oz denotes an arithmetic or a boolean operator. 

As before, statements (4.24) are modelled by 

Sp nx.k, (y 	z) 

and 	Sp nxn(oP y) 

where p is the variable space. 

Now nx , where x is a single variable, has been defined in 

§4.A. In order to consider cases in which the operand of g is 

an expression, we first define a new function g op . 

Definition 4.25  

The function K oz:VxV.V is such that if v1,v2  E V then 

n 	(vi ,v2) 

is the result of applying a process corresponding to the operation 

22  to the values v, and v2. 

eg. If a,b E V , then 

(a,b) 

gives the value obtained from a,b by the process corresponding 

to addition. 
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i When 22.  is a monadic operation, g •22 is similarly defined to 

be the function K op : V -. V such that 

22(V) for v E V 

is the result of applying a process corresponding to the operation 

op to the value v . 

Definition 4.26  

For x,y E N , x(x 	y) is defined to be 

(xxotY) 

Similarly, in the case of monadic operator 

(22. x) = K 	x ) 

eg. 	n(xxy) = xx(nx,Ky) 

x(-x) = n- (Kx) 

x(xVy) = xV(Vcoa) 

In what follows, the usual laws of arithmetic and boolean algebra 

will be assumed. 

Thus, the function K with more complicated forms of operand may 

be considered in terms of x og . 

eg. 	 = 

n (xv(-...yAz)) = hVG.tx,x,A(x---(stY),%z)) 

Suppose the dynamic sequence obtained from a program is of the form 

T = S4C...; Knpnr; ...; Kn2t(ni 	nj); ...] 



100 

where the subsequence between the two terms does not contain any 

term with Kni  as the first component. 

From definition 4.26, T can be written as 

T = Sp[...; KniKnr; ...; Knstt  ok (10.00.); ...] 

To transform T into a static sequence, the transformation rule 

(4.17) applies. Suppose Kni  appear as a first component for 

the first time in the term KniKnr  , then 

T = 	 of 	n. ,Kn.),...] . 

That is, 

T = Sp[...,KniKnr,...,Knsx(nr 	n.),...] 

by definition 4.26. 

Hence, we have just proved the following: 

Lemma 4.27  

Let T be a dynamic sequence 

T = Sp[...; KniKnr; ...; Kryt(ni 	nj); ...] 

where KniKnr  is the only term in the subsequence up to the term 

KnsK(ni  op.  n,) which contains Kn. as the first component. 

Then, the transformation of T into a static sequence gives 

T = 	 nj),...] 
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The same argument applies where op_ is a monadic operator and 

we have 

Lemma 4.23  

Let T be a dynamic sequence 

T = Sp[...; KniKnr; ...; KnsK(2E ni); ...] 

where KniKnr  is the only term in the subsequence up to the term 

Kne<(o2n-) which contains Kni  as the first component. 

Then, the transformation of T into a static sequence gives 

T = Sp" • • • otnix,nr , • . • 04,ngt 	nr), • . .] 

Thus, a dynamic S-sequence obtained from a program involving 

operations on the variables can be simplified as in the case of 

simple assignments. 

For this purpose, the procedure of §1+.F. is slightly extended as 

follows: 

1. Obtain the dynamic S-sequence corresponding to the given 

set of assignments. 

2. Transform the dynamic into static sequence using the 

transformation rule 4.17 and lemmas 4.27 and 4.28. 

3. Perform all possible simplification of the expressions in 

the second components. 

4. Reduce the sequence to its minimal form. 



102 

Example 4.29  

ReduCtion of the sequence 

a := a+b 

b := a-b 

a := a-b 

1. The dynamic sequence corresponding to the above program is 

T = SpInam(a+b); xbyt(a-b);  KaK(a-b)] 

2. Transform T into a static sequence 

T = S45taK(a+b),x4t(a+b-b),Kan(a+b-a-b+b)] 

3. Simplify the expressions in the second components 

T = Sp[xaK(a+b),Kbp.aotahb] 

4. Reduce T to its minimal form 

T = Sil[xanb,Kblia] . 

§4.H Transformation of a Static into a Dynamic Sequence  

We have shown that, given a dynamic S-sequence corresponding to 

a program, it can be transformed into a static sequence and then 

reduced to its minimal form. 

The minimal static sequence obtained gives the final values of 

the variables involved and may, therefore, be regarded as a set 

of parallel assignments. 
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For instance, a minimal sequence such as 

Sp[nN d,nanc0.0Ka,ncKa] 

may be written as a multiple assignment statement 

b,a,d,c := d,c,a,a 

in a programming language which allows parallel assignments 

such as CPL [ 2 ]. 

In a sequential programming language, however, the sequence of 

assignments 

b := d 

a := c 

d 	a 

c := a 

obtained directly from the minimal S-sequence does not yield 

the final values as required. 

Thus, in order to obtain a set of assignments corresponding to 

a given static sequence, the sequence must be transformed into 

a dynamic sequence which is a direct representation of a valid 

program. 

There are three main points to be considered in the conversion:- 

1. The order of assignments 

2. The current values of the variables involved 

3. The information lost during the reduction process. 

We shall now consider the above problems in detail. 
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P1. The order of assignments  

It is clear that, in a sequential programming langauge, the order 

of assignments plays a very important part. Thus, in the transformation 

of a static into a dynamic sequence, attention must be paid to the 

order of the terms in the dynamic sequence. 

The first question is, given a minimal static sequence, how to 

choose the first term of what is to be the corresponding dynamic 

sequence. 

The solution lies in the following observation: 

In a program, the first assignment statement is such that either 

(a) the expression on the RHS of the assignment does not contain 

the variable on the LHS 

eg. 	x := y , a := bfc  

or 

(b) the expression on the RHS of the assignment contains the 

variable on the LHS 

eg. 	x := 

If a program contains the first statement of type (a), then the 

value of the variable on the LHS of the first statement cannot 

appear in the final stage, ie. from the above examples nx, %a 

cannot appear as a second component in the minimal static sequences. 

A program with the first statement of type CO, however, may retain 

the value of the variable on the LHS of its first assignment in the 

final stage. 
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Thus, the procedure for selecting the first term of the dynamic 

sequence from a given static sequence 

T = SpExxim,yi  ptx2x y2, • ..,nxnnyn] 

is as follows: 

P1.1 If 3 a term nxinyi  such that nxi  does not appear in 

the second component of a term in T , then choose nxinyi  as the 

first term of the dynamic sequence. 

P1.2 Otherwise, choose the first term to be nxinyi  such that 

y. is a function of x.. 

eg. From the minimal static sequence 

(i) Sp[nanb,nbKa,ncna] , the first term is chosen to be Kona . 

(ii) SIffnanc,nbn(b+c),xcna] , the first term is nbn(b+c) . 

(iii) SgEhan(a+b),nbn(c+a),ncnboOnc] , the first term is ndxc . 

If a minimal static sequence under consideration contains more then 

one term with such properties, then a term with the shortest second 

component is chosen on the grounds that it normally leads to a 

simpler dynamic sequence. 

Note 

The case in which neither P1-1 nor P1.2 holds will be treated 

later [P3]. 

P2. The current values of the variables  

Suppose the first term of the dynamic sequence corresponding to 

T is chosen to be 	. 
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Such a dynamic sequence is a representation of a set of assignments 

starting with the statement 

Xi  := yi  . 

Therefore, from now on, whenever the value nyi  is required it is 

accessible through the variable xi  . Thus, a change is made on 

the rest of the terms in the static sequence to adjust the current 

values of the variables as follows: 

P2.1 

If nxinyi  is the first term, then whenever nyi  appears as a 

second component in the remaining terms, it is replaced by nxi. 

eg. 	SpEnanb,nbna,ncna] 

with ncna as the first term becomes 

Sp[ncna; nanb,nbnc] . 

Note that this process is the reverse of the transformation (4.17). 

For cases in which the second components are expressions, the 

updating of the current values is performed by the application 

of the following lemmas: 

Lemma 4.30  

If nn.nnj  is chosen to be the first term of the dynamic sequence 

corresponding to 

T = 	 ns),...] , 
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then the updated sequence is 

T = Sp[nn.x.n.j; ...,K nrK (ni  2E ns),...] . 

Proof  

= 	 2E (An.0.0 S),...] by definition 4.26. 

With nn.xn.j  as the first term, 

T = SpInniKni; ...0orn  2E (Kniotns),...] 	by P2.1 

= SuEnniKni; ...001x(ni  2E 	. 

Lemma 4.31  

If 7040j  is chosen to be the first term of the dynamic sequence 

corresponding to 

T = Sul. • • otniptnj  , . • ostnrIt  (22 ni),."] 

then the updated sequence is 

T = SgHniKnj; 	ni),...] . 

Proof as in the previous lemma. 

eg. 	Spixbx,cotaK(a+b),neK(b+a+c)j 

with x4K(a+ ) as the first term is updated to 

Sµ5tah(a+b); Kbx,c oicx(a+c)] . 

Now, from the given static sequence 

T = SpInxinyi,xx2ot3'2,...,xxnKyn] , 
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the updating of T with respect to the first term xxiKyi  yields 

the sequence 

T = Su[KxinYi; Kx1nY.filstx0Y,---OtxriK41] 

where y!1 ,*,...,y111  denote the updated second components. Note that 

y!1,...,4 do not contain yi, but yi  may be among xl,...,xn  . 

The above sequence could be written as 

T = S(SIAxiyori  )[xxistyl - • • ,Kxrix,Yni  

SW[Kx1KY;1---,Kxnx,47 

Thus, the remaining n-1 terms [x.xlly!1 ,...,nxe4] can now be 

regarded as a minimal static sequence on its own. This implies 

that the second term of the dynamic sequence can be selected and 

the subsequence updated by the method used for the first term., 

This process is repeated until the terms in the original static 

sequence are exhausted and hence the required dynamic sequence 

is ohtained. 

eg. 	Sp[Kdx,c; KaKdo.tcK(d-c),KhKa] 

Sp[ytbna; KdKcotandotcx,(d-c)] 

= Sp[KbKa; Kax,d; xdx,c,ncx,(a-c)] 

Sp[ytbKa; Kand; 'One- KcK(a-d)] 

Hence, a dynamic sequence can be derived from any given static 

sequence. That the sequence obtained does correspond to the 

given one may be checked by applying the transformation (4.17) 

to the final result to obtain the original static sequence. 
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P3 The information lost during the reduction process  

In P1 a procedure is given by which a next term in the dynamic 

sequence is selected from a given minimal sequence. Two alternatives 

P1.1 and P1.2 are considered. It is, however, possible that neither 

of the cases holds. 

For example, the minimal sequence might be 

T = SgKanbotbna] 

which could have emerged from the program 

a := a+b 

b := a-b 
	

(4.32) 

a := a-b 

with the variable space containing only a and b . (Example 4.29) 

Due to the information lost during the reduction process, a program 

such as (4.32) cannot be derived from the given sequence T by any 

process. 

In such cases, we introduce more variables into the program as 

follows: 

P3.1 

If neither P.1.1 nor P.1.2 holds, then introduce a new variable 

x.
J 
 fu into the sequence. The variable space is augmented to 

become 140(x.,(n)  and the first term is chosen to be Kx.hxi  

where x. E...,xn) . 

Thechoiceofx.among the xl,...,xn could be made, strictly 

speaking, at random. But for the same reason as before, xi  is 

chosen such that the term x.xiKyi  has the shortest second component. 
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eg. From T = Sp[yiaptbotbsia] , a new. variable c is introduced 

into the sequence - and the first term of the dynamic sequence 

is Kcyta . 

The variable space t,, is augmented by (c,(1)) . 

Let 	pi t  = µ <J (c, W} 

The sequence obtained is, then 

Tl  = SW[KcKa; nahbotbptc] 

= W[ytcy,a; Kaltb; Kbnc] . 

Note that the dynamic sequence T1  obtained after augmentation is 

equivalent to the g.ven sequence T over the original set of 

variables 

ie. 	T1 = 	T . 
fa,b) 

Now consider the adjustment for the current values of variables 

discussed in P2. 

If no structural information is lost during the reduction process, 

each replacement of a second component xyi  by its corresponding 

first component xxi  should yield a sequence with the following 

properties: 

(a) Kyi  does not appear in any of the remaining second 

components. 

(b) poci  appears in a second component only as a replacement of 

tyi • 
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Property (a) always holds as it is a direct consequence of the 

adjustment. It is, however, possible that the updated sequence 

does not have the second property. 

eg. The sequence 

Vytcytb,KaK(a+c),Kbna] 

with Kapt(a+c) chosen as its first term [P1.2] is updated to 

S4[K4K(a+c); p,cxbotbma] 

Here the value of (a+c) has been assigned to the variable a 

and yet na appears in one of the remaining second components. 

This is caused by the loss of information during the reduction. 

It indicates that the value of a has to be stored elsewhere 

before the assignment 

a := a+c 

is made. 

Thus, a new variable is augmented to the sequence, the value of 

a is assigned to it and the sequence is updated accordingly. 

Note that the violation of (b) could only happen when the next 

term is to be nxiKyi  where yi  is a function of xi  . Hence, 

before such a term is selected, a check must be made as to 

whether an augmentation is necessary. 

This implies that P1.2 of the selection procedure has to be 

extended as follows: 
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P3.2 

Else, if 3 a term pcxixyi  such that yi  is a function of xi  

then 

(1) 
	

Ifx.appears in the remaining second components, then 

augment the variable space by (x.,w} where xj  yt 4 and 

choose the first term to be Kx.
J
xx.
I 
 . 

(ii) Otherwise choose hxpyi  as the first term. 

eg. From the sequence 

T = S4[xpKb,nan(a+c),KbRa] , 

introduce a new variErble, say d . 

The augm:2rted variable space is p' = ilv(d,w) and the resulting 

sequence T1  where 

T1 = T 
(a,b,c) 

is such that 

T1 =  SWEKOKa; ncKbotax.(d+c),Kbxd] 

Sp'50x,a; KaK(d+c); Kcytbotbxd] 

= Sp'ExdRa; KaK(d+c);  Kcnb; Ki40] 

Remark 

In this section, more variables are added to the original variable 

space p because of the structural information lost during the 

reduction process. The number of extra variables can be kept to 

the minimum by checking for 
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a variable originally in j, which retains its own value 

in the final stage 

(ii) a variable already introduced which is not going to be 

required later 

and make use of such a variable whenever possible. 

Summary  

The transformation of an n-term minimal static sequence 

Spborixylotx0y2,...,Kxnytyn] 

into a dynamic sequence may be summarised in the following 

algorithm 

1. The number of terms in the static sequence is n . 

Let 1 be the number of terms in the dynamic sequence. 

t1 denotes the lth term of the dynamic sequence. 

At the beginning of the transformation, 1 = 0. 

2. 1 = 1+1. 

3. Consider the n-term static sequence. 

If 3 at least one term nxiKyi  such that Kxi  does not 

appear in any of the second component then choose the one 

with the shortest second- component and let t1  = Kxinyi  

Goto 6. 

11.11.3atleastone Kx-KY-sualthat Yi  is a function 

ofxl  . then select the one with the shortest second 

component. 
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Check whether xi  appears among the second components of the 

remaining n-1 terms. 

If so,  introduce x.4 1.1,  

b" 

t1=   KxjKxi  

and goto 7. 

Otherwise 

t1==stxist y. 

and goto 6. 

5. Introduce 	x• 	0, • 

= t.) [Xi D) 

t1= 1xxjxxi  

where x. E (xl,...,xn) is such that Kx.IKyi  has the shortest 

second component. Goto 7. 

6. Remove t
1 from the static sequence, 

n = n-1 

7. If t1  = xxmptym  , then replace all y
m 

in the second components 

of the n-term static sequence by xm  , assuming the usual laws of 

algebras when ym  is an expression. 

8. If n=1 , then 1 = 1+1 

t1= the last term of the static sequence 

and stop 

else goto 2. 
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The Simplification of Programs  

In the last section, an algorithm for transforming a minimal 

static sequence into a dynamic sequence is developed. 

This implies that it is possible to construct a valid program 

which would produce the specified final values for a given set 

of variables. 

Moreover, given a simple program consisting of assignment 

statements, if there exists an equivalent program which is 

simpler then it can be obtained. The process of obtaining 

such a program is. represented diagrammatically below: 

[------ 

Program 8 

Dynamic Sequence 

Static Sequence 

Minimal Static Sequence 

Dynamic Sequence 

[ Program 
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Program 	thus derived is a simplification of program n  in the 

sense that it contains fewer statements and the assignments are 

less complicated. 

Example 

Let the initial variable space p be 

4 = (a,u,b,0,c,y,d,81 

and 8 consist of the following statements: 

0 : d := a-03+c 

c := b+c 

a := c-b 

b := d-c 

c := c-a 

d := d-a 

The dynamic sequence corresponding to 8 is 

T = SpIxdpc(a+b+c); Kcyt(b+c); Kax(c-b); Kbpt(d-c); Kcpc(c-a); KolK(d-a)] 

which is transformed into a static sequence and then reduced to its 

minimal form as follows: 

T = S45001K(a+b+c),ncx(b+c),K4K(b+c-b),KbK(a+b+c-b-c),Kcpc(b+c-b-c+b), 

Kat(a+b+c-b-c+b)] 

=Ltat (a-r-b+c),K cx  (b+c),%aptcotbnaoicy.b,ptclx, (a-r-b)] 

= SIIIKA(a+b),KCKbOtaKCOOOKa] 
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The transformation of T into a dynamic sequence gives 

T = Sp[KdK(a+b); ncKboiaKcotbyta] . 

Now let A be the set Ca,b,c,d) , then 

T = Ti  = Sp-i[win(a+b); Kfnc; KcnbotaKfotbyta] 
A 

where pi= ptj(f,w) = (a,0,,b,g1,c,y,d,6,f,w) • 

So 	T1=.,S41[hOK(a+b); Kfnc; Kcx,b; KaKfotbna] 

= SpiCnOK(a+b); nfy.c; ncKb; Kbyta; Hanf] . 

The sequence Ti  represents program 	which is 

d := a+b 

f := c 

c := b 

b := a 

a := f 

Hence 1, 	9 
(a,b,c,d) 



CHAPTER 5 

MODEL OF 

A CONDITIONAL STATEMENT 
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§5.A Model of a Conditional Statement  

Any conditional statement of the form 

if p then 0 else co 	 (5.1) 

where p is a propositional expression taking the 

value T or F 

and e , T are unconditional statements 

may be modelled by the S-expression 

S (STp0) TT 

since p = T S (STp0) TT = S (STTO) TT 

= SOTT 

= 

p = F S (STp0) TT = S (STFO) TT 

STTT 

= cp  

8 T 

Note that the above expression corresponds to the conditional 

statement (5.1) under the assumption that e is an unconditional 

statement and is, therefore, not a boolean value. 

If e is allowed to have a boolean value, then the S-expression 

S (STpo) T (SpFT) 
	

(5.2) 

will give the desired effect for 

p= T S (STp0) T (SpFcj) = S (STTO) T (STFT) 

= SGTT 

= 6 
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whilst 

p= F S (STp0) T (SpBm) = S (STFO) T (SFF0) 

= STTp 

By allowing m  to be a dummy statement, denoted by A , an if 

statement of the form 

if p then 9 

may be represented by the expression 

S (STp0) TA 

For convenience, we shall write the S-expression representing a 

conditional statement in a sequence form eg. we write 

S (STpe) TT as ST ( pe : T9 

and 	S (STpe) TA as ST { p9 : TA 

Such a sequence ic called a conditional S-sequence and has the 

general form 

ST { 1)101  : p202  : 	: pnen  

The above sequence, is a shoi--thand notation for the S-expression 

S ( 	S (STp1e1) p292 	) pnen  

Obviously such a sequence will deliver the value of the 0 

corresponding to the first p that has the value T . 



120 

It is thus an analogixe of the ALGOL-60 expression 

if p1  then 01 else if p2  then 02  ... else if pn  the On 

and of McCarthy's conditional form [29] 

(p 	E A, p2 	e2, 	pn 	0n) 

§5.B Formal Properties of Conditional S-sequences  

Consider the nested S-expression 

S ( 	S.(STplei) p202  . 	) pnen  

Here, with the exceptIon of STp101 , the first operand for each 

S-expression is the result of evaluating the S-expression at its 

next inner level of nesting. 

The expression STp101  yields the value 0 1 or T according as 

p
1 

= T or F . 

Thus, the first operand of each S-expression may be either the 

boolean value T or an unconditional statement represented by 04  

Under such circumstances, we are clearly dealing with a special 

class of S-expressions ie. with expressions Sabc in which 

b E {T,F} 

c E E such that E n (T }F 

and 	a E Ev (T) . 
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To emphasise this, different sets of letters will be used for the 

operands of S ie. 

E E (T) 

E (T,F} 

E E 

for the first operands 

for the second operands 

for the third operands. 

Hence, a general conditional statement corresponds to a nested 

S-expression of the form 

S 	S (Sap191) p2O2 	) pnOn  

written as a conditional S-sequence 

Sa (piel  : p202  : 	: PnOn) • 

Such sequences have properties which lead to the following theorems: 

Theorem 5.3  

Sa TO : pm = Sa (TO) 

Proof  

- a E E LHS = S (SaTO) pcp = Sapcp = a 

RHS = SaTO 	= a 

a = T = LHS = S (STTO) Pro= SOR0 = a 

RHS = STT0 	= 

Theorem 5.4  

(FO) =.a 

Proof 

Obvious since a E EtJ (T) • 
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Theorem 5.5  

Sa 	: TO} = Sa {TO} 

Proof 

  

 

a E E LHS = S (SapO) TO = SaTO 

= RHS 

a = T = LHS = S (STO) TO = O.  

RHS = STTO 

= 9 

by R3 [Chapter II] 

Theorem 5.6  

Sa (-100 : Tm) = Sa (ispl : TO) 

Proof  

p = T LHS = Sa (Fe : TT) = Sa (Tm} by theorem 5.4 

RHS = Sa (Tm : To) = Sa (Tm) by theorem 5.3 

p = F LHS = Sa (TO : Tml = Sa (To) by theorem 5.3 

RHS = Sa (Fm : TO) = Sa (TO) by theorem 5.4 

Theorem 5.7  

Sa (p0 : pm) = Sa (01 

Proof 

p = T LHS = Sa (TO : 	= Sa (TO) by theorem 5.3 

RHS = Sa (TO) 

p = F LHS = Sa (F0 : 	= a 	by theorem 5.4 

RHS = Sa (Fe) 	= a 	by theorem 5.4 
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Theorem 5.8  

Sa 	: gel = Sa ((pvq)0) 

Proof 

p = T LHS = Sa (TO : gel = Sa (TO) by theorem 5.3 

RHS = Sa C(TVg) el = Sa (TO} 
p = F a LHS = Sa {Fe : gel = Sa (ge} by theorem 5.4 

RHS = Sa UFVg) el = Sa (g0) 

Corollary 

Sa {pe : (10) = Sa (ge : 1)0} 

Proof 

Follows directly from the above theorem since (pvq) = (qVp). 

Theorem 5.9  

Sa {pe : —To} = Sa {pet : To} 

Proof 

  

 

RHS = Sa (p0 : (PV-10) 0) 

= Sa 	: po : —pm} 

= Sa (100 : —1301 

= LHS 

by theorem 5.8 

by theorem 5.7 

Theorem 5.10  

Sa ((pAq)0.:J: pp : re : To} = Sa ((pAq)V(—PAr)0 : T0) 
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RHS = Sa t(pAq) 0 : (--pAr)0 : Tm) 

= Sa ((pAq) 0 : 	(pAr)y : TO) 

= Sa ((pAq) 0 : (pV—r)m : TO) 

= Sa ((pAq) 0 : pm : —Ty : TO) 

= Sa ((pAq) e : py : re : Tm) 

= LHS 

by theorem 5.8 

by theorem 5.6 

by theorem 5.8 

by theorem 5.6 

Proof 

Theorem 5.11  

Sa ((pAq) 0 : pO : qm) = Sa ((pAq) 0 : qm : p0) 

= Sa (1)0 : qm) 

Proof 

p = q Sa ((pAq) e : pe : qm) = Sa ((pAp) 6 : p0 

= Sa (0) 
by theorem 5.7 

Sa ((pAq) 0 : 

and Sa (130 : qy) 

: pa) = Sa ((pAp) 0 : p:9 : PO) 

= Sa (01 
by theorem 5.7 

= Sa (p0 : pm) 

= Sa (p0) 
by theorem 5.7 

p q ie. p = q 	d'q = p 

Sa ((pAq) 0 : p0 : qm) = Sa ((pA—p) 0 : p0 	—104,  ) 

= Sa (F0 : po : —100 

= Sa (p0 : Tm) 

by theorems 5.4 and 5.9 

Sa ((pAq) 0 : qm : p0) = Sa ((pA—p) 0 : qm : —0) 

= Sa (F0 : qm : _go 

= Sa (qm : TO) 

by theorems 5.4 and 5.9 



 

= Sa (—pm : TO) 

= Sa (p0 : TT) 
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and Sa (1)0 qT) 

by theorem 5.6 

= Sa (p8 : 

= Sa (p0 : TT) 

by theorem 5.9 

 

Hence 

Sa {(pAq) 8 : p8 : TO = Sa {(pAq) 8 : q0 : p8} = Sa (p0 : qT) . 

Theorem 5.12  

Sa ((pAq) 8 : 	: 0) = Sa ((pAq) 8 : 	: pT) 

Proof 

LHS = Sa ((pAq) 0 : (pAq) 	= Pm : 
	by theorem 5.7 

= Sa ((pAq) 8 : (pAq) cp : q4 : p0) 
	

by theorem 5.11 

= Sa ((pAq) 0 : 	: Pm) 
	

by theorem 5.7 

= RHS 

§5.0 Canonical Form of Conditional S-sequences  

So far, we have expressed the ALGOL-60 expression 

if p1  then 01  else if pa.  then 82  ... else if pn  then 0n 

as a conditional S-sequence of the form 

ST{p181 : 
p282  : 	: piled (5.13) 

and derived some results soncerning the equivalence of sequences of 

this form. 
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Henceforth, we shall regard the above form of S-sequences as a 

canonical form and attempt to express other conditional S-sequence 

in this manner. 

In general, we need to consider the following cases of conditional 

statements:- 

a) if pl  then begin if p2  then 01  else 02  end 

else begin if p3  then 03  else 04  end 

with its corresponding McCarthy conditional form 

(p1 -4 (P2 -4  01 , 82)  , (p3 ' 03 ' 84))  

and 

b) a series of conditional statements 

if p1 then 0, else 02  

if p2  then 03  else 04  

which may be represented by 

(p1 -4 el ' 02)  ; (p2 
- 3 ' 04) 

The semi-colon used here will be taken simply to mean "followed by". 

Written as conditional S-sequences, the statements in a) and b) are 

respectively 

ST (pi  ST [p201  : T021 : T ST(p303  : T04) ) 

and ST (1)101  : Te?) ; ST {13203  : T04} . 



(P2Aqm ) [02 ; min]: 

• • • (PnAq ) COn  mm] 

127 

Such sequences may be transformed into the canonical form by the 

following theorems:- 

Theorem 5.14  

Sa (p ST (p101  : p2O2  : 	pn8n1) = Sa ((pApi)e : (pAp2)62: 	:(pAPn)0n) 

Proof 

(i) a E E LHS = a = RHS 

(ii) a = T = p 

LHS = ST (T ST (pit)/  : P202  : --• 

='ST (p191 	p202 : 	Piled 

RHS = ST {(TAp1)01  : (TAp2)92  : 

= ST (p-0 	0 1 1 	P  2 2 : 	: Pried 

preen
}  

: (TApn )en) 

(iii) a = T. p = F 

* LHS = ST (F ST(plei  : p202  : 	: D 6 )1 -n n 

= T 

RHS = ST ((FAp1)01  : (FAp2)02  : 	: (FApn)en) 

ST (F01  : F02  : 	: Fen) 

= T 

Theorem 5.15  

ST (piel  : p282  : 	: pried ; ST(a1cD1 : q2p2  : 	: %pm) 

] 	(P1Ag2) [el : T2]  : 	: (131Agm)  Eel ; -= ST ((plAqi) £81  I 

(P2Aq1) CO2 ; c-P1i  

(Pre c11)E8n = Pi]  : 
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Let pi  be the first p among (p1, 	, p
n
} which has the value T 

and qj  be the first q among (qi, 	, qml which has the value T . 

qmmm) Hence LHS = ST (Fe1  : 	: Tei: 	: pned ; ST (1.191• 	• T9 	 

= Oi;9i  

Now 	n r
-FIrr<i and qs  =FVs< j 

- 

(PrAcis)  = F 	V r < i, a < j 

so the first (pAq) which has the value T is (pin qj) • 

Hence RHS = ST (F [el  ; 91] : 	: F [el  ; 9m]: 

• .• 
F [ei  ; 91] : 	: T [0i  ; cpi] : 	} 

= O. ; T
j  

	

1 	.  

LHS = RHS 

Thus, any conditional expression may be transformed into a canonical 

S;sequence by 

1. Applying theorem 5.14 repeatedly until all the nested conditions 

are represented by a canonical S-sequence. 

2. The expression now contains a series of canonical forms which 

may be transformed into a single canonical sequence by repeated 

applications of theorem 5.15. 

eg. the conditional forms 

(p 	(q 	el, 02) , (r 	(t 	03, 04) , 85)) ; (pi  . 06, 87) 

written as conditional S-sequences 
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ST (p ST (q81  : T82) : T ST (r sT(te3  : Ty : Te5) ) ; ST (P1 06 : T87) 

may be transformed into a canonical sequence as follows:- 

ST (p ST (q81  : T82) : T ST (r ST (t03  : T04) : TO5) 	ST (p196  TO7) 

= ST ((pAq)01  :(pAT)02  T ST ((rAt)83  : (rAt)04  : TO5) } ; ST (p106 T87) 

= ST ((pAq)01  : p82  : (TArAt)83  : (TArAT)04  : (TAT)85} ; ST (p/06  : T07) 

= ST ((pAq)01 	p02  : (rAt)83  : r84
: T05) ; ST (13106 : T07) 

= ST ((pAqApi) Eel 	; 	: 	(PAqAT)E01 	; 

(pAT) CO2  ; 07] 	: 	(rAtAp1) CO3  ; 

87] : 	(pAp1)[02  ; 

: 	(rAtAT)[03  ; 

86] 

07] 

: 

: 

(rAp1) [04  ; 86] : (rAT) [04  ; 07] : (TAp1 )C05  : 06] : (TAT)CO5  87]) 

= ST ((pAqAp1)E81 	; 86] : (pAc0[01  ; 07] : (pAp1 )[02  ; 86] : p[92  ; 07] : 

(rAtAp1 )[03  ; 06] : (rAt)[83  ; 07] : (rApi)[04  ; 06] : r[04  ; 07] : 

p1  [05 ; 06] : T C85  ; 87] } 

Note 

To avoid confusing the issue at hand, we did not mention the possible 

effect of the unconditional statements el, ..., n 
on the propositional 

expressions q1 , 	qm  in theorem 5.15. 

In effect, the theorem seems to be applicable only when the qt's are re 
 

not functions of the Oi's. 

In fact, it can also be used even if qt's are dependent on Ai's 

provided it is applied after the transformation from the dynamic into 

the static state. • 
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§5.D Conditional S-sequences with Undefined Value  

In the previous sections, we have considered conditional statements 

if p then 8 else cp 

in which the propositional expression p takes only the boolean 

values T and F . 

It is, however, possible that the test condition p may be undefined 

ie. p may take the value w and hence the statement yields an 

undefined value. In which case, the S-expression representing the 

conditional statement is 

S (S40) T (SpEp) • 

This is the expression given in (5.2) and has been shown to yield 

e and cp according to whether p is T or F . 

If p = w then 

S (STp0) T (SpFcp) = S (STA) T (SwF0) 

= STTw = w 

Hence the expression models the above conditional statement when 

P E (T,F,w). 

To make provision for the possibility that some of the p's and 

0's in a conditional form may be undefined, McCarthy [29] 

applies the following rule for the evaluation of 

pl 	el,  p2 	821 ... 	Pnn
) 
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"If an undefined p occurs before a true p or if all the p's are 

false or if the 8 corresponding to the first true p is undefined, 

then the form is undefined. Otherwise, the value of the form is the 

value of the 8 corresponding to the first true p ." 

In the two-valued case we have considered earlier, the conditional 

form 

(p1 	81, p2 -4 82' 	pn -4 en) 
	

(5.16) 

corresponds to a simple S-expression 

S ( 	S (STplei) p282 	) pnen  

which, in a sequence notation, is 

ST {p181  : p202  : 	: pod . 

To derive the S-expression representing (5.16) in the three valued 

case, we first consider an S-expression which mirrors the effect of 

That is 

S (STcyp) T (SciEw) 

which gives the value cp if q = T and w otherwise. 

See Appendix B for verification 
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Having shown that 

S (STpe) T (SpEn) 

yields the same result as 

(I) — GI cp) 

it is now easy to deduce that 

(p --• e,  q 	co) 

should be represented by 

(S (STp0).T (SpF {S (STqcp) T (SqFw) } ) 

as is substantiated ill the Appendix B. (B2)
t 

Thus, for p E {T,Flw } 

(p1 	el,  p2 	e2, ... 	pn -4 en)  

corresponds to the S-expression 

S (STplei) T (Sp1F  (S (STp2e2) T (Sp2F 	S (STpnen) T (SpnFw) 	))). 

This expression in three-valued logic is much too cumbersome to 

work with. We shall therefore employ the notation used in the two-

valued case ie. 

ST {peel  : p2e2  : ... 	piled 
with the added condition that if either an undefined p occurs 

before a true p or all the p's are false, then the sequence is 

undefined. 
	 (5.17) 

t See Appendix B for verification. 



133 

The next step is to investigate the validity of the theorems which 

hold in the two-valued case. In order to do so, we first define 

an extension of the propositional connectives in three-valued logic. 

In McCarthy's conditional forms, these are 

pAq = (p -4 q T F) 

pVq = (p 	, 	q) 

p = (p F , T T) 

ppq = (p 	T) 

which yield the following truth tables 

q 

pAq T F w pVq T F 

T T F w T T T T 

p F F F F p 	F T F 

CO CO w w (1.1 

q 

p 	 pDg T F 

	

T F 	 T T F 

	

p F T 	p F T T T 

0) 	w 	 CU 	CU 	CU 	UJ 
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In terms of S , the connectives are 

PAq = S (STpq) Tp 

pVq = SpFq 

p = S (STpF) T (SpFT) 

Tog = S (STpq) T (SpFT) t 
(B3) 

This system of defining the logical connectives is unsymmetrical, 

but it is most appropriate to the theory of computation eg. 

FAw = F but wAF = w 

indicating that if p = F then q need not be calculated to 

evaluate pAq , but if p is undefined ie. the calculation of 

p does not terminate, then we never get round to computing q . 

Under this system of three-valued logic, it is found that all the 

theorems proved for the two-valued case hold with the exception 

of theorem 5.5, the last part of theorem 5.11 and the corollary 

to theorem 5.8. (See Appendix C for verifcation of results.) 

In conclusion, we shall present the theorems under the notions of 

strong and weak equivalence which are defined as follows:- 

Two conditional S-sequences containing the propositional variables 

pi, p2, 	, pn  are said to be strongly equivalent if they have 

the same value for all combinations of p1, 	pn  E (T F, w} 

t See Appendix B for verification. 
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135 

They are weakly equivalent  if they yield the same result for all 

values of p1, 	, pr  E CT, F) only 

Let =
s 

denote strong equivalence and = denote weak equivalence, 

then the theorems are 

1. Sa {TO : pp} =s 	Sa (Tel 

2. Sa (Fe} 	==
s 

a 

3. Sa 	: To) =w  Sa (TO 

4. Sa 	PO:Tto) =s 	Sa (pm : TO) 

5. Sa (pe : pm) =s  Sa (p9) 

6. Sa {pe : q0} =s  Sa C(pVq)01 

Corollary : Sa Cpe : gel =w  Sa Cqe : p9) 

7. Sa 	: 	pm) =s  Sa 	: T0} 

8. Sa {(pAq)0 : ipT : re : Tml =s 	Sa {(pAq) v 	pAr) 0 : TT) 

9. Ss. ((pAq)0 	p9 : qm) 

10. Sa C(pAq)0': Pm : (1111) 

=s 	Sa ((pAq) 8 : qm : PO) 

=w Sa {p0 : (10} 

s Sa UpAq) 9 : 	: Pm) 

11. Sa fp ST (P101  : p202 • 	' Plied) -s  Sa UPAP1)01  • 	' (PAPn)011) 

12. ST Cpiel  : p2e2 	' preen) ; ST Ccilmi : q2(02 	• qmmm)  

=
s {(p1Aq1) C91 ; Y1]  : (P1Aq2) [91 ; 

e 	
.(PlAqm) [61 

(p2A0,;i ) E02  ; pi] : (p2A0,2) CO2  ; m2] • 	
(P2Aqm) [62 

(PnAqi) [611.; 'C)13  : (PnAq2) [6/1 ; m-)] ....:(PnAcim) [en 
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Note 

Since in this extension to three-valued logic pAq qAp and 

pVp qvp in general, it is important to observe the order of 

the variables in the propositional expression in the given results. 

§5.E Conclusion  

We have developed a canonical form for modelling conditional 

statements in terms of S-expressions. Theorems 5.14 and 5.15 

enable us to transform any type of conditional statement into 

the canonical form and any possible reduction of such a form 

follows from the results of theorems 5.3 - 5.12. 

Thus, if each element of the set E is considered as a dynamic 

sequence representing a set of assignment statements and the 

propositional expressions pi  are expressed as functions of 

some input data, the canonical S-sequence will delineate the 

result of a program under all possible conditions depending on 

the input data. 



CHAPTER 6 

ON CONTROL STRUCTURES 
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%.A Preamble  

In Chapter IV we investigated the problems of representing a program 

consisting purely of assignment statements, in terms of the 

substitution operator S . A model was given in the form of 

dynamic S-sequences. These sequences may be transformed and reduced 

to their canonical forms known as minimal static sequences, thus 

presenting a method for considering the equivalence of two such 

simple programs. 

In this Chapter, we extend our consideration to include control 

structures. 

In general, a dynamin S-sequence is of the form: 

Sp[ytaiKbi; ha2=tb2; 	nanKbn] 

consisting of the three components . 

1. the substitution operator S 

2. the variable space of the program p 

and 

3. the body of the sequence Enalhb ; ha 2 nb2' • 	; nannbn 

As the body of the sequence plays the major part in our consideration 

of S-sequences, it would be convenient to be able to refer to it in 

a more compact form. Henceforth, we shall denote the body of a 

dynamic sequence corresponding to a section of program X by 0X 

eg. if X consists of a sequence of assignments 
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a :. b 

b := c 

c := a 

then the dynamic S-sequence representing X is 

Sp[ptaKb; Klonc; KcKa] 

and thus 

OX = [nanb; ptionc; Kcxa] 

Note that it is possible for a section of program to contain dummy 

statements or undefined statements. In such cases, if A is a 

dummy statement and B an undefined statement, we denote 

0A by A , a dummy body 

and 	OD by w , an undefined body. 

Furthermore, we shall use the end marker 	to indicate the end of 

a program, eg. a complete program is of the form 

A 

B 

C 

The end marker will be represented in the dynamic sequence in the 

same form. 

Concatenation of Programs  

Consider a section of program C which is a concatenation of 

programs A and B , ie. 
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= 
{ A = A ; B 

B 

In terms of dynamic S-sequences, the above sections of program are 

represented by 

SOC = 
SwilB 

= S(SW)OB 

= SpEOA ; OB] 

Hence the body of a dynamic sequence representing a concatenation 

of two sections of a program is the concatenation of the bodies 

of the corresponding dynamic sequences, ie. 

p[ A ; B] 	; pB ] 

The two special types of body, A and w , have the following 

trivial properties:- 

(i) pX ; A = A ; pX = pX 

(ii) pX ; w = w ; pX = • 

It is also clear that for any sections of program A and B , 

0A ; 	; OB = pA ; 

Transformation and Reduction of a Dynamic S-Sequence in  

Terms of its Subsequences  

In the previous section, we indicated that the body of a dynamic 

sequence may be composed of two or more other bodies. In other 

words, a dynamic sequence may contain a number of subsequences. 
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To derive the canonical form of such a sequence, we may apply the 

transformation and reduction rules as described in Cahpter IV to 

the entire sequence, or perform the transition in terms of its 

subsequences. 

That is, if a dynamic sequence T consists of a number of 

subsequences, eg. 

T 	SpE DA ; B; DC ] 

4talKx1; 	Nainxi];[Kbi,tyl; 	0.1,b]ny.]; 

Dtc,etzl; 	otcozk]] 

then the canonical form of T may be obtained by 

(a) transforming and reducing the sequence 

T = Spptainxi;...;KaiKxotblyal;...;Kbpyi;Kcpzi;...0(cozk] 

or 

(b) transforMing and reducing each subsequence DA, DB and DC to 

its canonical form separately and then considering each one 

relative to its predecessors. 

The alternative process (b) can be stated more precisely as follows: 

If the body $X of the dynamic sequence representing a program X 

consists of subsequences DX1, DX2, 	, DXn  , then DX may be 

reduced to its minimal static form by 

(i) reducing each OXi  independently to its minimal static form 

by the procedure described in §4.D and §4.E of Chapter IV. 

(ii) starting with i=1 , transform the dynamic sequence DX3.+1  

to its static form with respect to the sequence OX. 
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perform any possible reduction within the two subsequences 

and regard the result as 0X1.4.1  . Increase i and repeat 

the process until all subsequences have been considered. 

The canonical form of 0X is then given by pXn  . 

Mcample, 

T = Spancista;KaKb3;Cubm,d04,dx,cix,ertd;KdKaJ;Excxbo.tax,d;Keyta]] 

(a) Transforming T as one sequence: 

T = SpIxdRa;Kanb;Kbytdotdx,c;nend;KdKa;Kchbptaptdo.tena] 

= SpEndKaoianbotbna,ndacotexcot4tbolcKa,KaKb,Kenb] 

= SpEndKbotanbotbKa,Kenbotcna] 

(b) Transformation of T in terms of its subsequences: 

OX1  = EndKa;Kanb] 

0X2  = [KbKdoisinc;KeKdp.tdna] 

pX
3 =  EtcKb;Kano;xeta] 

ReduceeachpX.to its minimal form giving 

0X1  = [0Kaotaxb] 

OX2  = EnbKdoidKc,ptenc,KdKa] 

= EstbstdotokaoteKcj 

0)(3 = EXCKbotaKdotend] 

Transform pX2  with respect to 0X1  , reduce the two 

subsequences to give 
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RX2  = RX1  ; RX2  

= DoolKaoxaK10];EptbKdo,cdKa,ptenb] 

NdKaotaKb],C7,00Ka,x43,Kenc] 

= 50KbotaKb,KbKaotex,c] 

Transform pX3  with respect to f3X2  and reduce 

ox3  = $x2  ; ox3  

EK41,13 00,410 0.00xa,Ken c];[n cK botaK doteo] 

= 5.0;.tbotanboilakta,otenC],EKCyta lganb,;teKb] 

= EK OKID,Kag b,Kbga,Kegb ,g,Cna] 

The minimal form of T is 

T = SpLiAbotaAbotbKa,KeKbotcyta] . 

The transformation of dynamic sequences to the canonical form in 

terms of their subsequences is more suitable for programs which 

are more complicated than the one given in the example. Its real 

value is in the transformation of more general programs, eg. those 

containing control statements, blocks, etc.. Such programs are 

considered in the investigation which follows. 

In our discussion of high-level languages, we shall base our models 

on a high-level language with the essential features of Algol-60 

with occasional reference to other programming languages whenever 

appropriate. 

Moreover, we shall assume that all the programs under consideration 

are syntactically correct. 
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§6.B The 'Value' of a Label  

Before constructing the S-models for control statements, we first 

consider the notion of the 'value' of a label. 

The evaluation operator K has been defined in Chapter IV as a 

function with domain Nvii and range Rc V, where N denotes.  

a set of names and V denotes a set of values such that 

a 

where as E V is the value corresponding to x e N , and 

rca = CY 	VaE V . 

We now extend the domain of K to include a set of labels such 

that the operation of rt  upon a label yields what may be simply 

understood as the 'value' of the label. 

Definition  

Let L be a set of labels, then 

1 E L 

is defined to be all the statements of the program following the 

label 1 up to and including the first unconditional goto  

statement, if one exists, otherwise to the end of the program. 

Examples  

In the following examples the upper-case letters denote sections 

of program which do not contain control statements. 



1. A 

11: B 

if p then goto  12 

C 

goto  11 
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K11 

 

      

12: D 

if q then E else goto 11 

K12 

2. A 

11: B 

if p then goto 12 

else if q then C 
K11 

else goto 13 

12: D 

goto 14 
st12 

E 

3- 	A 

goto  1 

B 

1: 	C 
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4. 	A 

1: if p then ( B 

goto 1 ) 

else C 

D 

In modelling a program containing labels, we shall make use of 

this notation of the value of a label to present the dynamic 

sequence in the simplest possible form. That is, a statement 

X will be represented in the S-form on its own only if it is 

not included in the range of any label, otherwise it will 

appear in a dynamic sequence as part of the value of a label. 

In the given examples, the programs will be visualized as follows: 

1. 	A 

K11 

K12 

2. 	A 

n11 

E 

3- 	A 

Eon 1 
B 

H1 

4. 	A 

xl 
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Now, for 1 E L , n1 gives a section of program, say X 

ie. nl = X hence, the body of the dynamic sequence corresponding 

to the value of 1 is given by 

OX= Onl 

For example, the dynamic sequence representing the program in 

example 2 is 

pA ; pn11 ; SE ; 	] 

§6.0 GOTO Statement  

Consider a program 

A 

goto 1 

B 	 (6.1) 
1: 	C 

D 

The statement goto 1 causes the piece of program following 1 to 

be executed after A to give 

A 

C 

-I 

ie. the result is simply the concatenation of A and Kl . 
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Thus 	soto  1 	may be modelled simply by 

K1 

eg. (6.1) corresponds to 

SWEIA 

Sp,oB 

;i1 

where 

K1 = sppc 

SOD 

That is, the dynamic sequence for (6.1) is 

Sp[ SA ; pnl ; pB 	074,1 ] 
where 

hl = Sg f3C ; 	; 	] 

Thus, substituting for [3;0 gives 

spE pA ; Sxl ; pB 	[3;0- ] 

sp[ pA ; oc ;:op ; -I ; oB ; pc ; op ; .4 ] 

Sp[ SA ; pc ; RD ; 4 ] 

The above example also illustrates the need for the end marker. 
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§6.D Conditional Statements  

In Chapter V, we consider conditional S-sequences of the form 

ST{13101:p202: ... 	pi 	(T,F,w) 

which yield the value e corresponding to the first p which has 

the value true. If either an undefined p occurs before a true 

p or all p's are false, then the sequence yields an undefined 

value. 

If q is a propositional expression, then the evaluation operator 

n acting upon q will give a value belonging to the set (T,F,m) 

[Chapter IV] . 

ie. 	nq E (T,F,m) 

Thus, a conditional statement of the form 

if q then 0 else m 

where q is a propositional expression 

8 and m are simple variables or values 

may be modelled by the conditional S-sequence 

ST( nqe : Ty) (6.2) 

Similarly, if 0 and cp represent sections of program X 

and Y say, then the model of. a conditional statement of the 

form 

if q then X else Y 

is 	ST{ nq SoX : T Spin' } 
	 (6.3) 
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Now a program such as 

if q then X else Y 

is represented line-by-line by 

St Z 

ST{ nq Sp DX : T SOY } 

(6.1+) 

(6.5) 

The above conditional S-sequence represents 

SpOx 

or 	SpOY 

or 

according as nq = T, F or w . 

That is, (6.5) has three alternatives, ie. 

SpOZ 	SpeZ 	SpOZ 
or 	or 

SpDX 	StIDY 

which are 

S,C pZ ; pX ] or Si.[ pZ ; pY ] or Ski OZ ; w ] 
1 

in terms of dynamic S-sequences. 

Thus, the representation of (6.5) as a dynamic sequence is 

Spi pz 	ST( Kci [px] : TEpi] } ] 
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To simplify such a representation, we denote a conditional 

sequence 

STCp101:p202: 	:pried 

by 	{131131:P2°2: 	:Pnen
} 

 

hence the program (6.4) is represented by the dynamic S-sequence 

Sp" DZ ; 	[DX] : T [RY] ) ] 

eg. 	x := a 

y := b 

if x>y then z := x else z := y 

is modelled by 

SpE octaplyptb;Mx>y) [%znx] : T [1.40r]} ] 

which gives 	Sy" Kxha;KyKb;Kzytx ] if K(x>y) = T 

and 	Kxnap.tyx,b;Kzny 	if K(x>y) = F . 

Following the models given in (6.2) and (6.3), it is clear that 

simple conditional statements such as 

if q then 0 

and 	if q then X 

where 0 is a simple variable or a value 

X is a section of program 

are represented by the conditional S-sequences 

Kci 0 : TA 

and 	( nq SpDX : TA ) . 
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Generalized Assignments 

For a simple assignment 

x := y 

the S-model is 	Spnxx.Y 

The same structure may be used in the case of generalized assignments. 

Consider the statements 

(if p then x else y) := a 

and 	x := (if p then a else b) 
(6.6) 

Combining the assignment model with the model of a conditional 

statement (6.2), we obtain the following representations for the 

above statements: 

Sgn(np x:Ty) Ka] 

and 	SpInx n(xl)  a:Tb)] 

The conditional b.tp x:Ty) gives x if np = T and y otherwise, 

thus 

SpEn(np x:Ty} nal = 

	

{S
pnxna 	if hp = T 

	

Spnyna 	if Kp = F 

From the discussion of the last section, the situation on the RHS 

may also be represented by: 

SpEngxxna]:T5akan] 

we thus deduce the following transformation: 

Sp[n(np x:Ty) Ka] = Sg(hglixna]:T[nyna])] 
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Similarly, it can be shown that 

Spinx n{ytp a:Tb}] = Spl(nP[RxKa]:T[xXkb])] . 

Hence a program containing a conditional form, either as part of 

a generalized assignment or as a transfer of control, may be 

represented by a dynamic S-sequence of the form 

SIA[ ...; 	Kp e : Ty } 	] 

where 8 and m are of the forms 5X, 5Y for some sections 

of program X and Y . 

Loops,  

The main function of a loop in a programming language is to enable 

a section of a program to be executed repeatedly. The various 

constructions for writing a loop consist basically of the same 

operations although the order of operation may vary from language 

to language. Here we shall consider Algol-60 for-statement as 

an example of a loop. 

According to the Algol-60 Report [30] 

"Algol-60 for-clause causes statement S which it precedes to be 

repeatedly executed zero or more times. In addition it performs 

a sequence of assignments to its control variables. The process 

may be visualized as follows: 

I 
initialized ; test ; statement S ; advance ; successor " 

for list exhausted 
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Thus, a for-statement of the form 

for i:=1 step m until n do S 
	

(6.7) 

may be described in terms of the following statements: 

i 	1 

L: if isn then ( S 

i 	i+m 

goto L ) 	 (6.8) 

Note 

The open and closed brackets are used here to indicate the range 

of control of if ... then ... instead of begin and end which 

will be considered in due course. 

It can be seen that the construction of a loop is based upon a 

conditional statement and a goto statement which have already 

been discussed. Thus in the light of (6.8), we model the 

for-statement (6.7) by 

spE 	; poi ] 

where 	ALL = Sp[MiSnHoSoiin(i+m);iKL] : TA)] • 

The Algol-60 while-statement may be considerd in a similar manner, 

ie. 

while p do S 

is equivalent to 

L: if p then ( S 

goto L ) 
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which is represented by 

] 

where 	KL = SpECKPEP.SOKIJ:TAl] • 

§6.E Transformation of Programs with Control Statements  

Consider the program 

x := a 

y := b 

if x>y then z := x else z := y 

z := z+z 

(6.9) 

which is of the form 

A 

if p then B else C 

D 

The dynamic sequence corresponding to the above form is 

4.4[ DA ; 	np[p] : T[DC] } SD ; 	] 	• 	(6.10) 

To transform this sequence into a static sequence we shall use 

the subsequence method described in §6.A. The first step is 

the transformation of pA, pB, pC, pD independently into their 

minimal forms. The next step is slightly more complicated. 

Not only have pB, pC and pD to be transformed according to 

their preceding subsequences, but np must also be adjusted 

with respect to the preceding subsequence .SA [Chapter IV]. 
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Let yip' represent the transformation of ,p relative to $A 

then the sequence (6.10) becomes 

Sp[( KP'E[iA;$B] : T[$A;$C] 	; $D 

= Sp[( xp'[$A;BB;13D;--1] : T[BAOCOD;4])] 	(6.11) 

That is, a program represented by the flow diagram 

is transformed into one of the form 

From (6.11), the sequences [ $A; $B; $D ] and [ BA; $C; $D ] 

are then reduced to the minimal forms. The resulting static 

sequence delineates the final values of the variables involved 

according to the truth of p' . 
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Example 6.12  

The dynamic sequence corresponding to the program (6.9) is 

SpEnxka;KYkb;(x(x>y)Gtznx]:T5tzKYThxzn(z+z);4 

which is transformed and reduced as follows: 

spLoc,,,a;ny,,b;(n (x>y)En z,,,x]:TEg z,,t y]);,,,z,,,(z+z);-1] 

= sp,CCK (a>b)Exxx,a;KYKb;Hzxx] :TEK)cna;nyxb;KzKy]i ;Kz;{ (z+z); 4 ] 

= st[& (a>b )5,04ta oi.3)4..b 'Pt zna] :TEKY4talnYnb otznbn ;s1,zn (z+z ) ; 

= SilECK(a>b)5txit ao.tyytb,KzKa;Kzn(z+z); 4]:TEnxitaluYnbo,tzKbp4,z%(z+z); .4])] 

= SlAni(a>b)50:ka,Kykb,KzKa,Kzyt(a+a), -1):T[xxx,a,nykb,Kzxb,K4c(b+b), 4])] 

= Sp[in(a>b)EptxnalKYkbotzn(a+a), -1]:TNxnatnYkb,nzx.(b+b), -I])] 

The minimal sequence obtained shows that x and y have the values 

a and b respectively but the final value of z is either (a+a) 

or (h+b) depending on whether a>b or not. 

The program given in the example contains only one conditional 

statement which leads to the minimal sequence consisting of two 

possible sets of final values. Programs containing n conditionals 

may be reduced in the same manner with the conditionals transformed 

to the canonical form as discussed in theorems 5.14 and 5.15 of 

Chapter V. Some reduction may be possible as shown in theorems 

5.3 to 5.12 of the same chapter, but for a large n the number of 

possibilities can still be quite large. 

In the case of programs containing backward goto's, it is not as 

simple to produce the final static sequence as in the case of the 

last example. 
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The S-sequence of a non-terminating program will display the same 

behaviour as is shown in Example 6.13 to follow. Some sequences 

involving loops may be reduced to their minimal forms with the 

help of induction as in Example 6.15. 

Example 6.13  

x := a 

L: x := x-t-1 

goto L 

The dynamic sequence for the above program is 

T = SpbtxkaoptL; d] 	where 0KL = [ock(x+1);OKL] 

T = SpInxyta;n4t(x+1);$KL; 

= Sp[Kxkaotxk (a+1);BnL; 4 ] 

= SpEKxptaoixn(a+1);Kxh(x+1);0KL; -1] 

= Sp[mAtainx:74(a+1),Kxk(a+14-1);OKL; 

= SIAKNKaotxx(a+14-1);Kxk(x4-1);0%L; 

= SpEKxka,nx,n(a4-1+1+1);Kxn(x+1);OKL; HD 

• • • 

Clearly, the sequence T does not terminate. 

Example 6.14  

x := a 

y := b 

L: if x>0 then ( y := y+1 

X := x-1 

goto L ) 
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The dynamic sequence corresponding to the above piece of program is 

T = Sp[Kxnaisi.330);${1,] where 

BxL = Mx>0)Gan(y+1);Kxx(x-1)0PLICI:TA} 

Hence T = SpEnxnaNYR13 ;(n(x>0)bak(y+1 );Kxn(x-1);OKL]:TA)] 

= Sp[KxKaotYkb,(K(a>0)EnYk(b+1 ),xxx(a-1);Oxla:TAn 

= Sp,M, (a>0)5t4t (a-1  ) otYx, (b+1);BxL] :TE;txnaotYPtb])] 

If a>0 , then m(a>0)=T and K(a-i>0) will have the value T 

for i=1,2,...,a-1 . Hence the first subsequence in the above 

sequence gives 

Exxn(a-1);Kya(b+1);(x.(x>0)EnYk(y+1);Kxn(x-1);PnL]:TA)] 

= DIAK(a-1 ) ,K yn(b4-1 ) ,{x(a-1>0 )[K Yk(b+2 ) , (a-2);px,LJ:TA)] 

= 5ock(a-1),,,ak(b+1)oak(b+2),Kxx,(a-2);BKL] 

= [nxk(a-2),nYst(10+2);(n(x>0)5tYit(y+1);Kxit(x-1)0xL]:TA)] 

• • • 

= EK4t(a-a),Kypt(b+a);(K(X>0)5.an(Y+1);xx,,t(x-1)0KL]:TA)] 

by induction 

= Exx0,Kyk(b+a)47,t(0>0)EnYn(b+a+1),KxR(-1);f3KL]:TA)] 

= Ex.x0,KYK(104-a.),AJ 

= [xxn0,KYx(b+a)] 

Hence the minimal static form of T is 

T = Spl{n(a>0)[txn0,KYK(b+a)]:TEnxKa,KDO0J}] 

indicating that if a>0 , then the final values of x and y are 

0 and b+a respectively, otherwise x=a, y=b . 
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Example 6.15  

x := a 

y := b 

z := c 

L: if x<z then ( t := x; x := yi y := t ) 

if y<z then ( t := y; y := z; z := t; geto L ) 

For the above program, the dynamic sequence is 

T = SpEnx-pt a;Kykb;nznc;g2i,L] 	where 

pnL = Gt(x<y)EyttKx;Kxny;nyKt]:TAl ; My<z)Esttx,Y;x1hz;nzntOnL]:TA) 

Perform the transformation on fhtli 

pKL = bi(x<y)EKtxx,KxKYookx]:TA) ; (pc(y<z)EntnYotYkzotzKY;KL]:TA) 

= b4(x<y)An(x<z)Entnxotxnyoiykx;Ktx,y,KykzotzKy;f3KL] : 

K(x<Y) A T5itytx,Kxya lKykx;A] 

T A K(y<z)CA;ntnY,nYxzotznYOKL] : 

TATEA;A 	) 	by theorem 5.15 

= bi(x<Y)Ax(x<z)[ntKx0ockyotykzotznx;OKL] : 

K(x<Y)Cutx,xotxstY,KYkx] x(y<z)intnYoilkz,KzKYOnLi : TA) 

The first subsequence Ent;tx,-Axi,ty,x,DtzotzKx;13%L] leads to 

Kty,X,KXn y,KynZigZnX;MX<y)AK(X<Z)EntnX ,KXKy,Kyk Z,KZKX;$1,L] : 

x(x<Y)[ntxx,nxkYlxYkx] 

x(y<z)E%-txY0orkzotznY;$0,] : TA 
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which is reduced to 

tit(y<Z)Nt(y<X)EntKY,KXkZ,PakX,KZKYL] : 

x(Y<z)[KtKYIstxnzotznx] n(z<x)EKtxzwx,aoartx;OKL] : 

TEntKX2 nXitYIKYk z otZnx] 	} 

Similarly, the third subsequence [ntnyotyytz,Kzny;f3KL] gives:- 

fx(x<z)AK (x<y)5t tnxotxnz ot zKx0KL] : 

n(x<z)NtnxIxxkzlnYkx,xznyi K(z<Y)Nthz;OnL] 

TEK tK Y IKYkz InzKY] 	} 

Hence, after one stage 00, is 

SKL = CIK(x<Y)AK(x<z)Arc(y<z)AK(y<x)EntnY,xxnz,Kyix,KznY;OKL] : 

n(x<Y)An(x<z)AK(y<z)Entnyoixnzo.tzKx] : 

71,(x<Y)AK(x<z)An(z<x)[Ktnz,nxkYlnYkx;OKL] 

PC(X<Y)AK(X<Z)EntnX,KXKYIKYK Z InZKX] : 

K(X<Y)EntxXotXptylnygX] 

K(Y<Z)AK(X<Z)Ax(X<y)EyttnXIKXKZ,KZKX;PKL] 

x(y<z)AK(x<z)ExtKxotxnzollkxotzKy] 

n(y<z)Apt(z<y)5ttnzOKL] : x(y<z)NtKYInYkzoizny] : TA } 

At this stage, we observe that some of the subsequences contain the 

term I3KL and thus require further substitution and it seems as if 

the process might go on indefinitely. However, a closer inspection 

reveals that some of the conditions always have the value F , 

eg. the expression x(x<Y)AK(x<z)AK(z<x) . Thus, the subsequences 
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following such conditions may be discarded according to theorem 5.t1. 

Hence, we obtain a reduced sequence 

= Gt(x<y)Ax(x<z)An(Y<z)EKtnYolxnz,KzKx] 

x(x<Y)Aa(x<z)Entxx,KxkY,KYkzotzKx] : 

st(x<Y)Epttxx,KxxY,Kykx] : 

H(Y<z)AK(x<z)Ax(x<y)5,ttocooritz;nznx;finL] : 

g(y<Z)Ni,(X<Z)EyttxX,K4(ZotyAX,KZyty] 

x(y<z)EntptY,hykzotzny] : TA 

The only subsequence which requires further attention is 

54.txxotxx,z,Kzytx;0KLJ . On further substitution of the subsequence 

and reduction of thA terms with the value F as before, the term 

under consideration is found to be simply 

x(y<Z )AK(X<Z)AK(X<y)5i tKX,y0CliZ,KZKX] 

Hence, we obtain the minimal form of fiiKL to be 

== CH (x<Y)Apt (x<z)Apt (Y<z)Esttxy,stxkz,nzxx] 

K(x<y)Art(x<z)5t4tx,xxxY,KntzotzKx] : 

x(x<Y)Entxx,xxnYoaKx] : 

n(y<z)AK(x<z)AK(x<y)Entnx,KxKz,hzytx] : 

n(y<z)AK(x<z)EKtptx,nxkz,nYkxotzhY] 

K(Y<z)[ntxy,KynzotzKy] : TA 

Therefore, the minimal static sequence corresponding to the 

above program is 

=- SpExXkaotybotZnO;f3;11J] 
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ie. 	T = SpEtK(a<b)AK(a<c)Apt(b<c)[xtKbotxkcotynbotzyca] 

n(a<b)Ax(a<c)[yttnaoixnb,Kync,nzyta] : 

n (a<b)[KtKa,nxkbot yKa,Kzytc] : 

x(b<c)AK(a<c)Apt(a<b)Ntxaoixkc,KykbotzKa] : 

x(b<c)An(a<c)[pttyta,Kxncotyka,nznb] : 

K(b<c)[ntKbotxx,a,Kykcotznb] : 

T[Kackaotyx,botznc] 	} 

That is, the program sorts three numbers in descending order. The 

minimal sequence indicates the final values of x, y, z with respect 

to all the possible values of the data a, b, c. 

From what we have seen so far, it is apparent that although it is 

theoretically possible to transform a dynamic sequence representing 

a program with transfers of control into its min'_mal form, the task 

is by no means trivial. 

§6.F Blocks  

In our discussion so far, in order not to confuse the issue at hand, 

we have avoided the concept of block structures completely. Our 

programs consist of sequencesbf statementionly. Therefore, we 
L. 

require statement brackets merely to indicate the range of if ... 

then ... else ... constructs. These statement brackets are 

represented by ( and ) . 

We now turn our attention to the concepts involved in setting up 

the S-model of a block. 
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Augmentation and Deletion  

In Chapter IV, X is defined to be a set whose elements are an 

alternate sequence of corresponding names and values, ie. 

X = (n1,v1,n2,v2, ... 

where n. E N, v. E V and xn.1 I =v. . 

Let p be a subset of X . 

Definition 6.16  

An augmentation of a, possibly empty, set of names M = 

to p C X denoted by 

gE)< m1'm2' ▪ 'mn 

is defined to be a concatenation of p with the set 

{m1,w,m2,w,...,mn,w}, w E V , which will be written as 

m1,w,m2,w, 

▪ 

,mn,w 

eg. if u = {a,1,b,2} , then 

pa<c,d> = {a,1,b,2 / c,w,d,w} 

Definition 6.17  

A deletion of a set M = {m1,m2,...,m21} from p denoted by 

P(E)< 1111'm2' 	'mn 

is defined as 

11‘\{Mi ,V1 ,M2 ,V2 , 	,mn,vn} 
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whereNdenotesrelativecomplementandwri.=v. 	V i=1,2,...,n . 

pe< m1,m2, 	,mn > is not defined if 
{m

11  m2"'" m n} V! 

eg. if µ= (a,1,b,2,c,3,d,4) , then 

p(E)<a,c> = (b,2,d,4) 

Definition 6.18  

pC) represents the deletion in p of all names (and their 

corresponding values) following the last marker / . 

eg. for p = {a,1,b,2 / c,w 	a,4,d,5,c,w) 

p() =,(a,1,b,2 / c,w) • 

Definition 6.19  

An n-level deletion in 4 , 401  , denotes the deletion in p of 

all names (and their corresponding values) follvdng the last n 

markers. 

eg. for p = (a,1,b,2 / c,w / a,4,d,5,c,w / b,w,d,6} 

p(g = (a,1,b,2) . 

In the sequel, a block will be regarded as consisting of the 

keyword begin, a list of variables declared preceded by the word 

dec, a sequence of statements and the keyword end , ie. 

begin dec a,b,c,... 

X 

end 

We model the above block by the following sequence of S-expressions 
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Sp,p,p,C)< a,b,c,... 

SI15X 

(6.20) 

A compound statement of the form 

begin 

X 

end 

is considered as a block with an empty set of variables being  

declared, and is thus modelled by 

(6.21 ) 

The dynamic sequences for (6.20) and (6.21) are 

Sp,[p,p,0<a,b,c,...>;  5X ; Lw,C)] 

and 
	

SPC1111 0 ; 13X i µµ 0 I . 

For convenience we denote the terms 

<• • .> , µµ 9 and 

simply by 

()<(...> , 0, and () respectively. 

Thus (6.20) and (6.21) will be represented as 

Sµ[ ®+ 	; 5X ; C)] 

and 
	

suE 	; RX ; 9] - 
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Example  

begin dec x,y,z 

x := a 

y := b 

if x<y then 

begin  

z := x 

x := y 

y := z 

end- 

end 

The corresponding dynamic sequence is 

spc ® 	y, z>ptxnap.tyytb; (x<y)r. 0 P-tznx;;OcnY;x.Dtz; C)] : TA}; 

Scope of Variables  

The effect of augmentation as defined in definition 6.16 is to add 

a new set of variables to the existing variable space. This 

closely models the allocation of storage space as a result of a 

declaration. Similarly, deletion removes all variables in a block 

from the variable space and thus causes the variables to loose 

their values as on exit from a block through end. The scope of 

variables may be characterized by a more precise specification of 

names in the assignment model as follows: 

At any stage in a program, the names x and y in an expression 

Spaxky , representing an assignment statement, always refer to the 

x and y first encountered in the right-to-left search of the 
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current state of a  eg. if p = (a,1,b,2 / c,w,a,w) , the effect 

of Swohb is the assignment of the value 2 to the name a 

appearing after the marker / ie. SpnaKb yields {a,1,b,2 	c,w,a,2} . 

To illustrate the working of the S-model of a block we shall look 

at the line-by-line model of a program and observe the change in 

the variable space at each stage. 

begin dec x,y,z 

x := 6 

y := x-2 

begin dec x 

x 	y-2 

beta dec y 

y := x-2 

z := y 

end 

x := z+4 

z := y 

end 

x := 

 

end 

 

(6.22) 

   

Assuming that the above example constitutes the whole program, 

then the variable space 	at at the start is empty. 
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S-sequence model 	Variable space p 

0 

Sp,p,p,0<x,y,z> 	 (x,w,y,w,z,w) 

SpAtxpc6 	 (x,6,y,w,z,w) 

Spitax,(x-2) 	 (x,6,y,4,z,w) 

SI11111  ® <x> 	 / x,w) 

Sphxk(y-2) 	 / x2 2} 

4,411  0 <Y> 

SporK(x-2) 

SpRzny 

/ x22 / y,w} 

/ x,2 / y,0} 

/ x,2 / y,0} 

O (x,62y,4,z,0 / x,2) 

SI.JApc.(z+4) / x,4} 

Siinzyty (x26,y,4,z,4 / x,41 

swop,  G (x,6,y24,z24) 

Spixn(z+4) (x,8,y,4,z,4) 

sti,1111  C) 

Irregular Exit from a Block  

As stated earlier, our model of a high-level language is based upon 

features of Algol-60. The restriction imposed upon inter-block 

transfers of control in Algol-GO are such that it is possible to 

leave a block before the end but not to jump into the middle of a 

block from outside that block, eg. 

begin  

A 

begin  

B 

goto 1 



169 

end 

D 

1: E 

F 

end 

We shall therefore briefly include irregular exit from a block in 

our discussion of the S-model. This is not entirely essential since 

a method has been outlined [6 ] by which multiple entry/exit blocks 

may be transformed into single entry/exit blocks. However, it would 

be more convenient to have an S-model of an irregular exit especially 

when it involves only a slight modification of the model of the goto  

statement. 

Normally, a statement goto 1 is modelled by K1 . In the case of 

an irregular exit, such a statement causes the control to leave a 

block thus causing the release of storage for all the variables 

declared in that block. That is, the result is the same as passing 

through end before the statement labelled 1 is executed. 

Therefore, a goto statement which causes an irregular exit from a 

block will be marked by * to differentiate it from a normal goto. 

That is, a goto which effects an exit through n levels of nesting 

will be written as 

goto *n  1 

and modelled by 4 n 



170 

where 
0  n denotes the n-level deletion as defined in 6.19. 

This implies that a check must be made to detect the irregular 

exits. In simple cases the successor to the statement goto 1 is 

found by first searching the block in which the statement occurs, 

and then the outer block until a statement with label 1 is 

found, keeping count of the depth to give n . Techniques have 

been devised for more complicated cases such as for blocks 

imbedding in recursive procedures, these are given elsewhere 

eg. [17]. 

Note goto *11 will be written as goto* 1 

eg. 	begin  

A 

begin  

11: B 

if p then goto*12 

C 

goto 11 

end 

12: E 

end 

Here, goto 11 is modelled normally as K11 but goto*12 causes an 

irregular exit from the inside block and thus the conditional 

statement corresponds to the sequence 

Flx, 12] : TA } 
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Transformation of Dynamic Sequence with Blocks  

The transformation of dynamic seauences containing blocks is basically 

the same as that discussed earlier. The presence of augmentation and 

deletion merely helps to exhibit the scope of the variables and does 

not affect the actual transformation and reduction in any way. 

Broadly speaking, we view such a sequence as a series of subsequences 

separated by either 9,..> or () . Each subsequence is first 

transformed and reduced independently, then the effect of the 

preceding subsequences is taken into consideration as explained in 

§6.A. The only difference is that at the second stage, transformation 

of dynamic terms to static depends largely on the scope of variables 

which is indicated by the list of variables following augmentation, 

eg. From the program given in (6.22), the corresponding dynamic 

sequence is 

Sp,[0<x,y,z>: Kx.n6; Kyk(x -2); 

0 <X>: KXK (Y-2); 

<Y>; DI, (X-2) ; zn y;Q ; 

K.,,, (z+4); 	9;  
7,041, 

(z+4) ; (D 

This sequence consists of 5 subsequences. By convention, we shall 

regard ED as the beginning of a subsequence and () as marking the 

end of a subsequence. Hence, a subsequence may have any of the • 

following forms:- •- 

G< >; - 

e< >; terms ; 

0 < 	terms ; 0 ; 

terms ; 

terms ;() ; 

; 
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eg. a program of the form 

begin  

begin  

end. 

• 

begin  

begin  

end 

end 

end 

corresponds to a dynamic sequence of the form 

0< >; 
e<  >; 

terms ; 

terms ;() ; 

terms ; 

0<>; 
e<>; terms 

terms 

Note that a subsequence which contains both ED and () represents 

a complete block. 
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Each subsequence is now transformed and reduced whenever possible 

to give 

, nxn6,nyx4; 

E)<x> , uxx(y-2); 

+e <y> Kyn(x-2),nzn(x-2),0; 

stxx.(z+/+),Rzx.y, 0 ; 

xxx,(z+/+), 0 

(6.23) 

The next stage is to transform each subsequence with respect to its 

predecessors. The process is carried out as follows: 

Starting with the second subsequence, i=2 

a. For each ny which is subject to alteration in subsequence i , 

if there exists a term nynz for some z in the preceding 

subsequences then replace ny in subsequence i by nz. If 

there exists several such terms, then the replacement is made 

according to the term in the "closest"
tt 
 predecessor. 

b. Reduce subsequence i to the minimal possible form. 

c. If subsequence i contains neither (1) nor () , then incorporate 

subsequence i into its immediate predecessor. 

d. If subsequence i ends with (), then find the corresponding 

augmentation 0+ > which will be at the beginning of either 

subsequence i itself omits current immediate predecessor. 

Suppose (.1) <A> , where A is a set of names, is found at the 

beginning of subsequence j , say, then 

t 	i.e. being the second component of a term or part of the 
propositional expression in a conditiOnal sequence. 

tt i.e. the term such that no other term satisfying these conditions 
intervenes 
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d1. Consider the terms between G<A> and E) as a single 

subsequence and reduce it to the minimal form. 

d2. If 3 a term hxKy between Q+ <A> and C) such that 

x / A , then transfer the term to the end of subsequence 

j-1 and reduce subsequence j-1 whenever possible. If 

such a term is part of a conditional sequence, then 

together with the corresponding propositional expression 

it is incorporated into subsequence j-1 [(6.24)]. 

d3. Remove what remains between C)<A> and 0 inclusive from 

the sequence. 

e. Consider the next subsequence ie. increase i by 1 and 

repeat a to d until the sequence is exhausted. 

From (6.23), 

Sp,[ (:)<xa,z>iptxx,6,KYrt 4; 

C)<>,,-txx,(Y -2); 

0 <y>,;.tym, (x-2),Kzyt (x-2), O ; 

	

K344,(Z-41-)3KZKY, 	; 

xxit (z+4 ) , () 

i=2: 0<x,37 ,z>otxP(.60.0rx,k; 

0<x>lx,x4t2; 

i=3: SvE ® 	z>,xxv,61xYx,1+; 

0 <x>oocx.2; 

(:)<y>,KYKootzno, E); 

Spr C)<x,Y,z>ooc;t6,x,Y0+; 

()<x>,;041.2,nzno; 

C)<Y>,KYKO, 0; 
L 	  

remove 
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i=4: sv[ <x,y, z>oocg,60tyK 

G <X>, PC X74.2 04, 741,0 ; 

)0001,z,44,0; 

=> SvE 0 , y, z>04,xx6osy0+; 

G <x>,KxKLE,x,zni+, 	; 

=> SviC e<x,y,z>00t6,x.yo+otz).t4; 

0 <x>,x,x0+, 0 ; 
remove 

i=5: silt 0 <x,y,z>0.04{.60tyx.4,K4t4; 

poco, G 

.> s ®Gx, y z> t xts 8 YK4- 'pc zn 	] 

remove 

Note 

1. The scope of variables is taken into account in (a) by making 

a replacement of terms according to the term in the closest 

preceding subsequence whenever there is a choice. This ensures 

that the scope of a variable does not include an inner block 

in which the same name is declared again. 

2. From d2 , as an example for the case of conditional sequences, 

we might have the following:- 

0 <a>, Cit(Y>0)5taPtalstxn0] 	TE;txx,(--a)]); 

which, after the transfer, becomes 
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SPE 0<xl•••>?•••; Ma>0)507R0] • T[nNk(-a)]); 

C)<a>, (x(cy>0)[nemsy] : T[ A ]}; 

(6.24 ) 

3. In d3 , we remove each minimal subsequence which constitutes 

a complete block from the sequence. This is beacuase once we 

' exit from a block, all the variables declared in it are lost 

and hence have no further effect on the rest of the sequence. 

§6.G Initialization  

So far we have considered only one form of initialization ie. as 

used in an assignment statement of the form a :. b . This 

corresponds to what is known as initialization by value in 

CPL [2]. Another type of initialization which we need to consider 

is initialization by substitution characterized by the 1=1  sign. 

According to [2] 

"Initialization by substitution' denotes that a variable is equivalent 

to the right-hand side expression, which must be evaluated afresh 

each time the variable is used." 

To produce the required effect in terms of S-expressions, initialization 

by substitution of the form 

a - b 

is represented by the expression 

Swab . 
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In contrast with the model Sp.taKb for initialization by value 

in which the value of a and b are involved in the operation, 

Spab causes the name a to be replaced by the name b . Thus, 

the effect of an expression Spab 4  on its successors is different 

to that of Sptanb which we consider in Chapter IV. We shall, 

therefore, discuss the transformation associated with name 

replacement (which, from now on, shall be known as 'name transformation' 

as opposed to 'value transformation' described in Chapter IV)and 

develop a process by which we may obtain the minimal form of a 

dynamic sequence involving both types of replacement. 

Name Transformation  

Consider a dynamic sequence 

SpE ...; ab ; ...; Kxna ; 	; naKy 	-(6.25) 

where the intermediate terms between ab and Raxy do not 

contain the name a . 

Initialization by substitution denotes that a variable is 

equivalent to the right-hand side implying that both the names and 

the values are involved. Hence in a dynamic sequence containing 

a name replacement, say ab , all occurences of a must be 

replaced by b ie. the transformation affects both the first and 

the second component of the terms. 

That is, in a dynamic sequence of n terms, if xy appears as the 

ith  term, then all occurences of x in the terms (i+l)th  to n
th 

are replaced by y . 	 (6.26) 
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eg. the sequence (7-1-1  ).after the name transformation gives 

Sit... ; ab ;...; ptxxb ;...; Kbxy ;... ] 

In effect, name transformation of a sequence such as (6.25) is 

as though a subsequence headed by the term ab is detached from 

the whole sequence and the transformation (6.26) is applied to it. 

In the simple example given, the subsequence concerned consists of 

all the terms following ab up to the end of the sequence. In a 

sequence with block structure, the range of transformation may not 

extend so far. The subject will now be discussed in detail. 

Range of Name Transformation  

The range of name transformation in a sequence with block structure 

is indicated by the scope of variables in the program. 

Consider a program with the following block structure:- 

a,b,... 

a--Eb 

a 

D 

C 

(6.27) 

   

F 



D 
0<al 	>>;; ... 

• • • ; 

• • • ; 

• • • 

E 
Q+ < 	> 

• • • 

••• 

F 
e< ... > ; ■ • • 

0 ; 

; 0 ; 
G ; 

; 	; 

; 0 ; 

; 0 
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where A,B,C,D,E and F denote the blocks and the variable a is 

declared at the beginning of blocks A, C and D. The scope of the 

variable a in block A is the whole of block A except block C. 

Note that block D is part of block C. 

Thus the name transformation following a-mb has the effect on all 

the terms up to the end of block A except those in block C. The 

range indicated as such may be identified as follows: 

In terms of an S-sequence, a program with block structure as shown 

in (6.27) has the following form:- 

A 	• 
0<a,b , ••.> ; ... ; ab ; • • ; 

B 
E)< 	> ; 	; 

C 

with the beginning and the end Of each block being indicated by ED and 

E) respectively. 

The term ab appears in the sequence indicating that name replacement 

must be carried out. The range of replacement is found by setting up 
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two counters r and S which are initialized to 1 and 0 respectively. 

Consider the sequence term-by-term starting from the term ab . 

1. If the next term is an augmentation 0<...> then 

1.1 If >0, then set s=s+1 . 

1.2 If <...> contains a , then set 8=8+1 else set r=r+1 . 

2. If the next term is a deletion 0, then 

2.1 If s>0, set s=s-1 else r=r-1 . 

3. If the next term contains a and 8= r>0 then J7eplace a by 

b else no change is made. 

4. rs0 indicates the end of the range. 

For example, from (6.27), the changes :in r and s are:- 

r 

B 
	

2 	s=0, r>0 

a 	 1 

D 	a 	 2 

[ 	 1 

0 

A 

C 

8=0, r>0 



a, b 

• 
aF_b 

a 
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thus the subsequence to be considered for name replacement contains 

the terms appearing in the range a =0, rAO ie. from the term ab up 

to the end of block A excluding block C. 

Note 

If the sequence contains n-level deletion (jr, then (2) is 

modified to read:- 

2t If the next term is a deletion On, then 

2.1* If a>0, then 

a) set 6 	If s.<0 then set r=r-F6 and 6 =0 

else 

b) r=r-n . 

eg. 

1 0 

2 

1 

2 

-1 <=s•=2-3 

r=2+(-1) => 1 0 <=6 =0 
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Reduction of Static Sequence with Name Replacement  

• A static sequence containing a term of the form ab indicating 

name replacement may be reduced to its minimal form according to 

the following rules:- 

6.28 A sequence of the form 

Svf 	, nxnu , 	1 ,xy , 	] 

in which the terms between Kxna and xy do not include 

0) and C)  is reduced to 

Sp[ 	, xy , ...] 

6.29 A sequence of the form 

Sof 	, xy , SOO 	Ky4) , SOO ] 

where 0 and 0 do not appear between xy and hy4 

is replaced by 

SpE too. 	XXK13 
	

KY105 	.0•] 

These rules are justified by the fact that once a variable x has 

been identified with a variable y , these two variables share the 

same value. 

Name and Value Transformation  

The transformation to static of a dynamic sequence containing both 

name and value replacement closely resembles the process described for 
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the transformation of dynamic sequences with blocks with a few 

modifications. 

1. Consider the sequence as consisting of subsequences separated 

by (1) and E) as described in the case of blocks except, in 

addition,each term of the form ab also marks the beginning 

of a subsequence eg. a sequence 

Sa 0 <a, b>;Kaytoto.cb;4,0; 0<a, c>;;.tcyca; ab ;halt (a±c); 0; 0]  

consists of the following subsequences 

C)<a,b> ptance;Kbyt0; 

0<a, c> ;Kcna; 

ab;nax (a+c) ; 0;  
0] 

2. Apply the value transformation to each subsequence independently 

and reduce using theorems 4.18 and 4.19. 

3. For each subsequence starting with a term of the form ab , find 

its range of transformation and apply the name transformation 

[6.26] within that range. Apply theorems 4.18 and 4.19 to reduce 

the subsequences affected by the transformation whenever possible. 

4. Starting with 1=2 , apply the value transformation to subsequence 

i relative to its predecessors [(a), page 173]. 

5. Reduce subsequence i using theorems 4.18 and 4.19. 

6. If subsequence i contains neither ED nor 0 ,then incorporate 

it into its immediate predecessor. 
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7. If subsequence i ends with E), then find the corresponding 

augmentation 0<...> which will be at the beginning of i 

itself or its current immediate predecessor. Suppose e<A> , 

where A is a set of names, is found at the beginning of 

subsequence j , say, then 

7a. Consider the terms between e<A> and e as a single 

subsequence. Apply value transformation and reduce it to 

the minimal form using theorems 4.18 and 4.19, rules 6.28 and 

6.29 respectively. 

7b. Remove all the terms containing variables which are global 

to the block to the next outer block [(d2), page 174]. 

7c. Remove what remains in the block between O<A> and 0 

inclusive from the sequence. 

8. Consider the next subsequence ie. increase i by 1 and 

repeat steps 4 to 7 until the sequence is exhausted. 

Example 	Sof E)<0,10>1xance;h40; 

C)<XIYIz>i 

xa; 

yb; 

E);Kzhx;kxx,y;Kystz; o; 

] 
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Step 2 => 

Svir 0 <a, b>otanaio,tbx.0 

0 <x, z>; 

xa; 

yb; 

x.znx,pocny,nynx, 0 ; 

0; 

Step 3 => 

.s,LE 

® <x, z>i 

xa; 

yb; 

+Q ,stzxa,xaztb,hbxa: 0  , 

0; 
0 

Step 4 -> 7: 1=2 

=> 
	SpC 0<a,b> 	xaxciotbs01 

0<x, y, z>i 

1=3: 	=> 	SQL C)<a,b> 	.1 Kance,pcb4; 

0<x,y,z> xa; 

i=4: 	=> 	SviE 0<a-,b> 	KancxotbK5; 

Cl<x,y,z> , xa,yb; 
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i=5: => 	Sp.[0<a,b> Kaxce,H1043; 

0<x,y,z> , xa,yb, 

0 In znciirtax.0 lstbrta, 0 ; 
; 

0 

	

.> 
	 Sg0<a,b> , Kance,0024.0; 

0<x,y,z> , xa,yboczKa,Han p,xbKal 

	

i=6 => 	Si[ 0<a,b> , K anuotb70; 

0<x,Y,z> 2 xalYbo.tzttoe,KanD,nbKce, 0 ; 

	

=> 
	 SvEe<a,b> , Kanu,nbn p; 

0<x2Y2z> KX4 Oaka04.27,KCY,KaVD 01.1ta, O ; 

	

=> 	Spf 0<a,b> , Hanciotb40.04,%bnce; 

0<x,Y,z> 	nxnfilx.Yncleolzrtce, 0 ; 

	

=> 
	

SvIL e<a,b> nanaollox,0,ha%001,bna; 

	

i=7 .> 	Slit 0 <a-213> , nance2Kbn 	aK ot.bnce, 0 

	

.> 	S vi[ e<a,b> , Kanfa,Kbhu, e] 

§6.H Procedures  

In establishing a model for an Algol-60 procedure, we are concerned 

with two aspects ie. procedure declaration and procedure statements. 

Procedure declaration specifies, only partially, a sequence of 

statements to be executed at the time when the procedure is called. 

This specification is incomplete because 

(1) the procedure declaration contains formal parameters not the 

actual ones 
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(2) it may contain some identifiers which are global to the 

procedures. Such identifiers have no meaning unless the 

corresponding procedure statement appears in the range 

in which these identifiers are defined. 

On the other hand, a procedure statement has the effect of assigning 

values to the formal parameters quoted in the value part of the 

procedure declaration, replacing all other parameters by the 

corresponding actual parameters, inserting the modified procedure 

body in place of the procedure statement and executing. 

In modelling procedures, we shall consider procedure declarations and 

procedure statements in parallel. Moreover we maintain that a 

procedure definition only has meaning through its 'potential for 

incarnation'. Thus our model will be not an exact translation of the 

procedure definition, but rather that definition suitably modified by 

the need for the passing of actual parameters at the time of call 

ie. it is a specification of what has to be inserted in a procedure 

statement. This does not, of course, preclude the fact that the body 

of a procedure can be reduced to minimal form prior to any of its 

incarnations. 

Consider an Algol-60 procedure of the form 

procedure name(a1,...,am,b1,...,bn) 

value a1,...,am 

specification al,...,a
m 
 ,b,,...,b

n 

body 
	 (6.30) 
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Algol-60 Report [25(2 states that a procedure body always acts like a 

block whether it has the form of one or not ie. (6.30) behaves as: 

procedure name(a1,...,am,b1,...,bn) 

value al,...,am  

specification a... a
m' 
 b ...,b

n 

begin 

body 

end 
	

(6.31) 

In our model, we regard a procedure declaration as a block labelled 

by the procedure identifier with all the formal parameters being 

declared at the beginning of the block ie. (6.31) is regarded as 

name: begin dec al,.. 	, a
m 
b
l 	n 

value a 1"'"am 

begin 

body 

end 

end 

When a procedure is called, all formal parameters called by value 

are assigned the values of the corresponding actual parameters, 

these assignments being considered as being performed explicitly 

before entering the procedure body. Parameters called by name 

are replaced throughout the procedure body by the corresponding 

actual parameters. 
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Now, value assignment corresponds to initialization by value and 

name replacement is the sameas initialization by substitution 

[§6.G], thus at the time of call the above block has the modified 

form: 

name: 	begin dec al,...,am,b1,...,bn  

a1:=( ) 

am:=( ) 

b1 E( ) 

b
n 
E( ) 

begin  

body 

end 

enc.; 	 (6.32) 

where the right-hand side are filled with the corresponding actual 

parameters. 

eg. 	procedure update(x,y) 

value y 

specification x,y 

x := x-Ey 

is modified to give the following block:- 

update: begin dec x,y 

Y :=( ) 

x _EC( ) 

begin 

x := x-Fy 

end 

end 
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The modification for a type procedure is similar to that already 

described for the non-type procedure as far as the block structure, 

the value assignment and the name replacement are concerned. 

However, as the body of a type procedure must contain at least 

one explicit assignment statement with the procedure identifier 

in a left part, we must add the procedure identifier to the list 

of variables being declared at the beginning of the procedure block 

in our model. 

eg. 	dec procedure add(x,y) 

value x,y 

specification x,y 

add := x-Fy 

corresponds to the following block:- 

add: 	begin dec x,y,add 

x := ( ) 

y •= ( ) 

begin  

add := x-Fy 

end 

end 	 (6.33) 

Now, suppose a call of the type procedure occurs in the following 

program: 

begin dec a,b,c 

a := 1 

b := 2 

c := add(a,b) 

end (6.34 ) 
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This has the effect of inserting block (6.33) in place of statement 

'c 	add(a,b)'. Bearing in mind that the value of 'add(a,b)' is 

the last value assigned to the procedure identifier 'add', the 

result of (6.34) is the following sequence:- 

begin dec a,b,c 

a := 1 

b 	2 

begin dec x,y,add 

x := a 

y := b 

begin  

add := x+y 

end 

c::. add 

end 

end 

That is, the block inserted in place of 'c := add(a,b)' is 

add: begin dec x,y,add 

x := a 

y := b 

begin 

add := x+y 

end 

c := add 

end 
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Thus, the type procedure of the form 

dec procedure name(a1'... a m ,b1' ...,bn
) 

value a1'...,am 

specification al,...,am,b1,...,bn  

body 	 (6.35) 

has the modified form 

name: begin dec al,...,am,b1,...,bn,name 

a1  
:= ( 	) 

am  := ( 	) 

b1  ( 	) 
• • 

b ) 

begin  

body 

end 

( ) := name 

end (6.36) 

  

where the right-hand sides are filled with the corresponding 

actual parameters and the left-hand side of '( ) := name' is 

completed with the identifier on the left-hand side of the procedure 

statement. 

Procedures without parameters are considered in the same manner 

with the parameter list being empty. 
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Having thus specified the modification of a procedure declaration, 

we model procedure statements as follows: 

A call to a non-type procedure of the form 

name(x
1
, ... .x.) , 

is modelled by the expression 

K name(x1, 	,xi) 

where xname, being the value of a label, is given by the following 

dynamic sequence representing (6.32): 

name = s„E e<a1, ...,am,bi,...,bn>ptaiK ; . . . ;R,antt ; 

bI n 
" ()- 

' 

13X ;o; 

E) ] 

where X denotes the body of the dynamic S-sequence representing 

the procedure body. 

Thus,thecall'Kname(xl,....,x.)' refers to the sequence 

pla1ptx1;...;Kadtxm; 

b x 	x.; 
1 m+1" n I 

0;  sX ; 

(6.37) 

where i=m+n and the correspondence between the actual and formal 

parameters is obtained by taking the entries of the two lists in 

the same order. (The formal parameter list appears as the 

augmentation list in our modified block). 
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Similarly, a call to a type procedure of the form 

y 	name(xl, 	, xi) 

is modelled by the expression 

Swykname(xl, 

which is, from (6.36), the dynamic sequence 

S 0<ai, ...a 	...b
n
,name>;%alx,x1;..;nalriKxm; 

b1 xm+1'  ....;b nx.; 

; 13X ; 	; 

	

,{3riiname; 	 (6.38) 

A more general case in which the right-hand side of a call to a 

type procedure is an expression follows the same pattern ie. a 

call of the form 

y 	a 22  name(xl, 	,x.) 

where a is a name or a value and 22  denotes an arithmetic or a 

boolean operator, is modelled [§4.G] by 

sp,Dja oP  name(xl,...,xi)) 

which corresponds to the dynamic sequence 

SpE C) <ai  , 	, am, b 	, bn, name>; nalytx ; 	;Kamytxm; 

b x
4-' 

 x.. 
1 m1' 	n 

; BX ; 0 ; 

yx, (a a.  name) ; 0 

(6.39) 
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Example  

Suppose a procedure 'update' is defined as 

procedure update(x,y) 

value y 

specification x,y 

x := x+y 

and a call to update occurs in the following program 

begin dec a,x 

a := a 

x := a 

undate(a,x) 

end 

Then, the S-sequence for the procedure declaration is 

Kupdate = SpE 0<x,y> ; yak(); x() ; 

0 ; Kx.n (x+y) ; () ; 

0 

and the dynamic sequence representing the program is 

sg ED <a,x> ; xaRals-txx.6;Kupdate(a,x); 0] 

which, on substitution of Kupdate(a,x) , gives 

Spre<a,x> ; xana;xxxal 

. 	Ci<xlY> ; KYKx; 

xa ; 

; K 341. (X-Fy) ; Q ;  

; 

0 ] 
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This sequence can then be transformed and reduced by the procedure 

specified in §6.G as shown in Appendix D. Note that the name x in 

xy)tx refers to the variable x in the outer block while the name 

x in xa and 0((x+y) refers to x declared in the inner block. 

As seen in the Appendix, this causes no problem in the transformation 

process. This is because only the value of x is passed from the 

program to the procedure body. However, confusion does arise if the 

parameter is called by name. 

To avoid the conflict between the actual parameter and other variables 

already present in the procedure body, we make the actual parameters 

corresponding to the parameters called by name unique by marking the 

immeswithstar(*).Thus,x11141,—,:c.in the sequences (6.37) 

and (6.38) become x*m_o, 	,xi . The effect of this on the 

transformation process is that x1141, ... ,xi  become global to the 

procedure and hence remain in the outer block wlen the procedure 

block is removed [(7b & 7c), page 	together with its local 

variables which may have the names xm+1,  - 

As a consequence of marking the actual parameters with * to 

differentiate them from the local variables of the same names in 

the procedure, they are treated as unique names in the value 

transformation in step 4 [§6.G]. We allow for this by modifying 

the process slightly ie. (7h) now reads:- 

7h. If there exists a term yocky between +Q <A>  and E) such 

that x /A , then transfer the term to the end of subsequence 

j-1. If the term carries starred names, then remove a star from 

each name and apply the value transformation on this term relative 
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to the terms already present in subsequence j-1 . Reduce 

subsequence j-1 whenever possible. If the term to be transferred 

is part of a conditional sequence then it, together with its 

corresponding propositional expression, is incorporated into 

subsequence j-1 . 

An example is given in Appendix E to illustrate this process. 

A similar problem of conflict occurs in recursive type procedure 

between the names of the variables on the left-hand side of the 

procedure statement at various levels of call. This is avoided 

in the same way ie. by marking the name of the variable on the 

left-hand side with star (*) to make it unique. That is, the name 

y in Tytyytnamee of the sequence (6.38) becomes r. The 

transformation as modified in this section still applies in this 

case. An example of a program containing a recursive procedure is 

given in Appendix F. 



CHAPTER 7 

CONCLUSION 
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Investigators in the field of program modelling and program 

equivalence have adopted various approaches to the problem, some of 

these approaches and their relationship with our work is given below:- 

1. Church's X - calculus approach  

Landin [21,22,23,24] uses the X - calculus for modelling expressions 

(as opposed to statements) occuring in programming languages, taking into 

account the imperative features of languages with particular reference 

to ALGOL-60. 

Burge [3] considers similar problems of evaluation and interpretation of 

expressions. 

Strachey's work [39] on semantics is base6 on mapping the constructs of 

CPL into pure X-notation. His work is developed in parallel with the 

design of CPL [2,40] and thus centralised on the concept of the "left-

hand value" and "right-hand value "of an expression. Some of Strachey's 

work have been extended by Burstall [4,5] who also makes a detailed study 

of assignment based on Landin's work [25]. 

As the formal equivalence of the substitution properties of X and S 

has been established by Nixon and Wesselkamper [31,32], we observe that 

any result which is obtained by the X-calculus approach can also be derived 

within the framework of S. 

Another approach to the theory of computation in this direction is 

developed by Scott [35,36,37J based upon lattice theoric models of the 

X-calculus. This approach is built on the premiss that the data spaces 

manipulated by a computation are complete lattices whose partial ordering 
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represents a notion of approximation. The presentation is oriented 

towards potential applications to the formal definition of programming 

languages. 

Having observed that Lattice theory can be included within the structure of 

S, we believe that the theorems of S can be extended to include results 

obtained through the lattice theoric consideration. 

2. 	Program Schemata Approach  

All the works in this direction stem from Yanov's idea of "program 

schemata" which are abstract algorithms or programs. Yanov's work on 

equivalence of programs [42,43,44] is based on the observation that the 

application of an algorithm to one of its arguments determines uniquely a 

sequence of elementary action resulting in different sequences for different 

arguments in general. However, it is always possible to find a finite 

set of predicates, representing properties of the arguments, such that the 

sequence of elementary actions to be performed for a given argument may 

be considered as a function of the values of these predicates for that 

argument. 

This approach is similar to our treatment of the conditional statement. 

Another similarity between our approach and Yanov's is the concept of a 

canonical form, but the canonical forms introduced in these two works are 

very different. 

Further, Yanov shows that the equivalence problem for program schemata 

is decidable and bases the decision on the canonical forms. However, his 

notion of equivalence is a very strong one i.e., two schemata are defined 

to be equivalent if and only if they result in exactly the same sequence 

of operations for all inputs. Our decision on program equivalence is also 
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based upon the canonical forms, but we adopt a weaker notion of 

equivalence namely that two programs are equivalent if they produce the 

same output for any given input regardless of their sequences of operations. 

Yanov's approach which may be classed as the study of the properties of 

flow diagrams is adopted by a number of other people, mainly those in the 

Russian group doing research on semantics. Some of their works are presented 

in [8,9,10,11,12,18,19,31+]. 

3. 	The Axiomatic Approach  

The merit of an axiomatic treatment of concepts in programming is discussed 

by Hoare [13]. The main representative of this approach is Igarashi in his 

papers [14,15,16]. 

Igarashi constructs an axiom system for assignment and shows that it is 

complete. De Bakker [1] gives a further analysis of the axiomatics of 

simple assignment statements, the type we consider in the first part of 

Chapter IV. We note that the theorems of S given in Chapter IV cover 

de Bakker's axioms and rules of inference for simple assignment statements. 

Axiom systems for conditional expressions have been given by McCarthy [29] 

and Igarashi [14,15,16]. It turns out that McCarthy's axioms can be derived 

from Igarashi's system and vice versa. From our consideration of conditional 

statements in Chapter V, it is apparent that McCarthy's axioms are also 

derivable from the conditional theorems of S and vice versa. 

Igarashi also develops axioms for goto statements which include the label 

concept. He shows that equivalence of programs can be derived from his 

axioms and inference rules. We approach the equivalence problem by treating 

the goto statement and the label concept in a simpler manner in Chapter VI. 
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Conclusion  

This thesis presents an algebraic approach to the problem of program 

equivalence. The use of algebraic expressions in modelling programs has the 

following advantages:- 

1. Algebraic expressions give a precise interpretation of the 

result of a program statement. 

2. An algebraic representation of a program can be communicated 

easily. 

3. Algebraic expressions can be simplified, some operations can 

be combined and unnecessary ones eliminated. 

The canonical form derived from the algebraic model of a program is 

essentially a problem statement of the program. It defines the program output 

directly in terms of the program input. In this sense, producing the canonical 

form generates a statement of the program output independent of the process 

or algorithm used to create that output. In fact, it is not only algorithm 

independent, but also machine independent. However, unlike most problem 

statements, our canonical form is highly symbolic and mathematical. Even 

so, we believe that it makes the program more transparent and the comparison 

of canonical forms does not require a great effort. 

This work, together with that of Wesselkamper [41] and Maile [26], 

demonstrates the versatility of the operator S which, in itself, is a 

simple operator. Wesselkamper shows that the computer can be described in 

terms of. S and the programs in terms of S and n. Our interest is in 

the use of S and 111,  to represent a program. Although our model of a 

program differs from that of Wesselkamper, we come to the same conclusion 

that S and x are sufficient as basic operators to represent any program. 

Furthermore, we show that the model so defined is feasible as a basis for 

considering program equivalence. 
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Closely related to our field of studies is the investigation into the 

setting up of a formal (pragmatic) system for describing the semantics 

of computing systems based on the operators S and K carried out by 

Cooke [7]. While we are only interested in the concept of name and value 

in a program, Cooke is also concerned with representation. To cope with 

this notion, he has found it necessary to introduce another operator, 

to represent activation. Using the three operators S, n and e, he 

gives a procedure for specifying the semantics of high-level programming 

languages in terms of these fundamental operations. 

As a further development, it may perhaps be desirable to investigate the 

use of S-operations to express optimisation formulae and hence to develop 

a uniform theory of optimisation. 

So far as the algebra of S is concerned, it would be interesting to 

investigate the feasibility of using the computer to perform the 

transformations and reduction of S-expressions as specified by the theorems 

developed in this work. This would give us a tool for the automatic 

investigation of program equivalence and related problems. 

Thus we feel that we have demonstrated that in the operators S and K 

we have a valid means of expressing the semantics of a program in such 

a way that the problems of program equivalence, transportability and 

compiler validation can now be tackled more meaningfully. 
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Bi. 
	S (STqcp) T (SqFW) = cp 

	if q = T 

otherwise 

Proof q = T LHS = S (STTT) T (STFW) 

= STTT 

= cp 

q = F ,,1BB = S (STET) T (SFFW) 

= STTw 

= w 

q= 

	

	LHS = S (STwT) T (SwFW) 

= STTw = w 

B2. R = S (STp0) T (SpF(B(STqcp)T (SqFW))) corresponds to (10,4, cry) 

Proof p = T R = S (STTO) T (STF(S (STqT) T (Sq7W) 	) 

= SOTT 

= 

p = F R = S (STFO) T (SFF (S (STqT) T (SqFw) 	) 

STT (S (STqy) T (SqFW) 

= S (STqT) T (SqFw) 

if q = T 

w 	otherwise 	from above 

p =w R = S (STwe) T (SwF (S (STqT) T (SqFw) ) 

= STTw 

= W 

B3. From A2, we have 

(p 	0, q (p) = S (STp0) T (SpF (S (STqT) T (SqFW) ) ) 
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pAq 	 T 

S (STpq) T (SpF CS (STTF) T (STFw) 	) 

S (STpq) T (SpF CSFITI ) 

S (STpq) T (SpFF) 

S (STpq) Tp 

pVq = (p T q) 

S (STpT) T (SpF (S(STTq) T (STFW) 	) 

STT (SpF (SqTT) ) 

SpFq 

(p 	F, T --) T) 

S (STpF) T (SpF (S (STTT) T (STEW) ) ) 

S (STpF) T (SpF (STTT) ) 

S (STrF) T (SpFT) 

pm' 	= 	(p q, T T) 

S (STpq) T (SpF (S (STTT) T (STFW) } ) 

S (STpq) T (SpFT). 
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In three-valued logic, the sequence 

ST (piel  : p2e2 	pried 

is used to denote an S-expression which gives the value 8 

corresponding to the first p with the value T except when 

an undefined p occurs before a true p then the expression 

is undefined. 

Following the two-valued case, we are therefore considering a 

general sequence 

Sa (piel  : p282  : 	: pried 

in which 

aE Ey{T, 

pi  E {T, F, 

and Ee.E u{w}. 

In investigating the validity of the theorems, we have to add to 

the given proofs the possibility of a and pi  being undefined. 

The case of a = w is trivial as the sequence will yield the value 

w by definition. 

\ 

It then remains to be shown whether the theorems hold for 

a E E U (T1 and pi  = w. 
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Theorem 5.3 	Sa (TO : pcp) = Sa {TO} 

Proof 	Obvious 

Theorem 5.4 	Sa (F0) = a 

Proof 	Obvious 

Theorem 5.5 	Sa (pe : TO)= Sa {TO} 

p = w LHS = Sa (w0 : TO) = w 

RHS = Sa (TO) 	w 

LHS / RHS 

Theorem 5.6 	Sa 	pe : Ty} = Sa (pp : TO) 

Proof 	p=w*—p=w 

LHS = Sa (w8 : TT) = w 

RHS = Sa {wy : Tel = w 

Theorem 5.7 	Sa (p0 : pT) = Sa (01 

Proof 	p = w LHS = Sa (0)0 : Wy) = w 

RHS = Sa (we} = w 

Theorem 5.8 	Sa (p0 : 	= Sa ((pVq) 0) 

Proof 	p = w a pVq = w LHS = RHS = w 

p = T, q = w LES = Sa {TO : we} 

= Sa (Tel 

RHS = Sa ((TVw) el 

= Sa (Tel 

by Theorem 5.3. 
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p = 	q = w = LES = Sa (Fe : w8) 

= 

RHS = Sa ((FVw) 0) 

= Sa (we) 

= CU 

Corollary  Sa (pe : qe} 	= Sa (qe : 

This result does not hold since (pVq) L  (qVp) 

Theorem 5.9  Sa (pO : 	= Sa (pe : TO 

Proof 	p = w LHS = Sa (we : wyl = w 

RHS = Sa (we : TO = w 

Theorem 5.10 Sa ((pAq)e : x : re : TO = Sa ((pAq) V (--)e\r)e : TT] 

Proof 	p = CJ 	(pAq 

LHS = Sa (we : wy : re : TO = w 

and wV 	pAr) = w 

RHS = Sa (we : TO = w 

Theorem  5.11  Sa ((pAq) 0 7 pe : q0 = Sa ((pAq)0  : qcp : p0) 

= Sa (pa : qcp} 

Proof 

(i) p = w pAct = W 

Sa ((pt cI) A 	p8 : qcp} . ~ So (we : we : 

= w 

Sa ((pAq )0 : qcp : pO) = Sa (we : qcp : we) 

= w 

Sa (p8 : qcp} 	= Sa (we : 
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(ii) p = F, q = w 

* Sa ((pAq)0 : p0 	qcp} = Sa {(FAw)0 : FO : wy} 

= Sa (Fp : FO : wep) 

= w 

Sa ((pAq)8 : qcp : p0) = Sa {(FAw)O: wy : FO} 

= w 

	

Sa (p0 : qcp) 	= Sa (Fe : wo 

= w 

(iii) p = T, q = w 

	

* Sa ((pAq)0 : pe : qcp} 	= Sa { (TAw)0 : T0  : wY} 

= Sa 	: TO : wy) 

= w 

	

Sa ((pAci)0 : qcp : p0) 	= Sa (w0 : wy : TO) 

= w 

Sa 	pe : qcp} 	= Sa (TO : uxp} 

= Sa (TO) 

Hence when p,q are allowed to take the value w 

	

Sa ((pAq)8 : p8 : qcp} 	= Sa ((pAc )e : qcp : p8) 

Sa (p8 : qcp} 

Theorem 5.12 	Sa ((pr■q)8 : pcp : 	= Sa ((pAq)0 : q* : pep) 

Proof (i)  p = w 	p\q = w  

LHS = RHS = w 

(ii) p = T, q = w pAq, = w 

* LHS = RHS = w 
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(iii) p = F, q = w 	pAq = F 

LHS = Sa (F6 : Ftp, : w*) 

= w 

RHS =. Sa (F6 : w : RID) 

= w 

Theorem 5.14  Sa (p ST (p161 	p2
8
2  • 	•  pnen))- Sa ((p\pi)e/' 	*(pApn)01.1) 

Proof 

(i) p = w * pApi  = w v.  pi  E (T, F, w) 

.". LHS = Sa (w ST (1)161 	pnen) I 

= w 

PHS = Sa 0:01  : 	: wen) 

= w 

Now if a E E then the result is trivially true so consider a = T. 

Suppose pi  is the first p which has the value T and p. = w 

(ii) p = T 

LHS = ST (TST (13101  : p282  : 	pnen) ) 

= ST (p181 : p282 : 	pnen)  

t

0. 	if i < j 
1 

w 	 if i > j 

	

RHS = ST ((TAp1)01  : (TAp2  )92 	
(TApn)On) 

TAw = w 	RHS = 	6. 	if i < j 

w 	 if i > j 



p = F 

LHS = ST CF ST (p191  : 	: pried 

=w 

p = F pApi  = F 	V iE {T, F, 

RHS . ST (F01  : F02  : 	: Fed 

by (5.17) 
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= 	 by (5.17) 

Theorem 5.15  ST (13101  : p202  : 	: 	; ST {cliTi  : q2y2: 	:qmcpm} 

= ST C(PlAqi) [el  ; Ti] : 	(plAcim) [el  ; pm] : 

(PAqi) [en : cp1] : 	(PnAgm) [en ; 'Pm]  

Proof Suppose pi  is the first p that has the value T 

qJ 
• is the first q that has the value 

and 	p
r 
 = q

s 
 = W , then 

(i) r< i  

LHS = ST {F91: 	:w0r: ... :T01. 	*pn0n ; ST (clicly 	'cimcpml 

	

= w cp 	if j < s 

	

w; w 	if j > s 

= 

ENp = F V pE (T, F, wi and (TAp) =T only if p = T 

	

* (PkAc11)  = F 
	

V k < i and V 1 

and (p.Acij) is the first expression with the value T. 

Pr = w 	(PrAcij) =
w  

and r < i 	(pimp occurs before (ping]  

Hence RHS = w 
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(ii) r > i, s > j 

LHS . 8. ; T. 1 	j 

and r > i, s > j 	(piAqi) = T occurs before any undefined 

expression, 

hence RHS . ei  ; T. 

(iii) r > i , s < j 

UM =. 0 .
1  ; w = w 

and 
	s < j 	(piAqs) = W occurs before (piAcii) = T . 

Hence RHS = .w. 
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CI<x,Y> ; 

nxx (xiy ) 
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The dynamic sequence 

may be transformed by the method described in [66.G] as follows: 

Step 2 	spE 	<a,x> xancy,pcxxa; 

® 	I 	Pt X ; 

xa; 

Step 3 

E) ; nxx (x+Y) 	E) 

0 

e 3  

* SpE C)<a,x> , Kanuotaa; 

E)<X,Y> KYXx; 

xa ; 

(1); Kax(a+y) , E) ; 

0 ; 

Step 4-7 

i=2: Sig -P.L,<a,x> ;-";taKci,xxKo; 

e<x,3r> xPta; 

i=3: e<a,x> nanu000ta; 

C)<x,Y> nYta,xa; 

i=4; 	= SW: ®+ <a,x> , ;t aKci,nxga; 

0 <x,y>  , K ypta,xa;  

0, X. a34, (ci+a) , 0; 



G (e +73) Rot uxu 	
‘-e> ® g 

(Q +JO) Welt i2 "Xxli iX)Ite I <xi.e> p vs 	:9=t 

(e+n) Itoi,vontixaex 

,(e±xolteui(e+xo woe wsli 

(2+10) ROI 'ex 401,E11 

lq 

<.x-e>c) 3ris 
.x.> 

<x `e> 	= 

<S4 X> 0 

<.X i'e> 0 yiS 	a 	:S=t 

(2 -fx)p-rels‘vx le Id 

:e xxx'x!xex 

IZZ 
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Consider the following program: 

begin dec x 

procedure halve (x) 

specification x 

x:=x/2 

x:=2 

halve (x) 

end 

The procedure declaration has the model 

K halve = 	ED <x> 

x() ) ; 

; xxx,(x/2) ; 0 

e ] 
and the program corresponds to the sequence 

S.L[ 0 <x> ; xxx2 ; Khalve (x) ;0] 

which, on substitution of nhalve(x) gives: - 

Sp,[ <x> ; nxx2 ; 

e<x> ; 
xx* ; 

G ; ;0% (x/2) ; e 

E) ; 

c) ] 
The transformation [§6.G] gives 

SpE 0 <x> ; soot2 ; 

0 <X> ; 

XX ; 

c), xx*K(x*/2) , c) 

; 
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= 	SPE E) <x> Kxn2 ; 

0 <x> , xx*,nxiMx*/2), 0 ; 

0 

SVE E) <X> , xxn2 ; 

E) <x> nxn(x*/2),nx*n(x*/2), E) 

0 

SpE E) <X> , xxx2;xx*n(x*/4; 

E) <x> xxx(x*/2) 	() 

] 

SpE E) <x> nxx2,xxn(272); 

.0 

spE 0 <-x> 	, 0]  



APPENDIX F 



224 

begin dec x 

dec procedure fact(n) 

value n 

specification n 

if n = 1 then fact := 1 

else fact := n x fact(n-1) 

x := fact(3) 

end 

K fact 	= 	spE ED <fl, fact> ; nnn( ) ; 

; (11. (n=1 )[nfactx,1] : TEnfactn(nxract(n-1))]); E) 

n( )nfact 	] 

(1) 

and the program corresponds to the sequence 

Sp[ ® <x> ; nxnfact(3) ; E) ] 	(2) 

Now, from (1), 

nxnfact(3) = SpE Q) <n,fact> ;strut 3; 

; (v. (n=1)[ptfactn1] : TEnfactn(n>zfact(n-1))]}; 0 ; 

mx*Kfact ; 

= 	0 <n,fact>oinn3; 

0, (x,(3=1)[ytfactK1] : TChfactn,(3xfact(3-1))]}, 0 ; 

nx*Afact , E) 

= Si[ C)<n,fact> 00;0; 

O , KfactK(3Nfact(2)) , E) 

nx*xfact , E) 	(3) 

Again from (1), 

nfact1K(3fact(2)) 

= SpE ED .0,fact>0.0A2; 
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0 ; 	(n=1 )[Kfactpt,1] : TD,tfactn ( nfact(n-1  ) )]} ; 0 ; 

„fact*;,(3xfact) ; 	 from (6.39) 

= 	<n, fact>osnst2; 

	

, (factst (2xfact(1 )) 	; 

	

,,,,fact*,,(3,:fact) , 	 (4) 

Similarly, Kfactx ( 2xfac t (1 ) ) 

Svit Q <n, fact> , xn,14,1 ; 

, xfact„i, Q ; 

.fact*„(2xfact) , e 

sp.( <n, fact> , Knx 1 otfactx1; 

stfact*K ( 2><1) , 0 ] 

svit e <n, fact>, xnx,1 factst 1 otfact*x2, 	(5) 

Substituting (5) in (4) gives 

eacti,(3NTact(2)) 

Sµ( 	<n, fact> , xnn2 ; 

; 

<n, fact> , nnyt1 olfact;4,1,Kfact*K2, 

8 ; 

fac t *pc ( 	act) , e  

spC 0 <n, fact> , xnn2 ; 

C) , Kfactx2 , e ; 

Kfact*y,(3xfact) , 

S 	c'n, fa-ct> , rtnx2,xfactx2 ; 

Kfact*R, (3>eact) , O ] 

C) <n, fact> , Knx,20-tfactx2,xfact*st(3,(2), 0 

(6) 



Substituting (6) in (3) to give 

xfactx fact (3) = 	e <n, fact> nn't 3; 

O ;.  

<n, fact>, xrut2otfactx,20{fact*n6, • ; 
• ; 

226 

nx*st fact , 0 

Si( e <n, fact>, nnti.3; 

O , x,factn6 , 0 ; 

xx*x fact , 0 ] 

sg 0 <n, fact> , anyt3,nfactx,6,hx*st6, Q 	(7) 

And thus, the substitution of (7) in (2) gives 

S 	0 <x'> ; 

• <n, fact> , KnK3,x. fac t;i6 x*x, 6 , e ; 

= 	0 <x> xxx6 , e 


