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ABSTRACT

In this thesis we develop an algebraic approach to the problems

of formal semantics of programming languages and program equivalence.
Taking Wesselkamper's work [41] on a Mathematical Model of the
Computing Process in a High Level Language in terms of the S and x
operators of Nixon and Wesselkamper [31, 32] as a starting point, we
show that it is possible to model the various forms which occur in

programming languages.

Algebraic theorems for the transformation and reduction of these forms

are derived and a canonical representation of a program is defined.

Notions of eguivalence in terms of these '" canonical forms" are briefly

investigated.
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CHAPTER |

INTRODUCTION



During the past few years, investigations have been made into the possible
utilization of a Markov-like substitution operator $ as a basis for a

theory of computation.

Vlesselkamper [41], in his doctoral thesis, constructed a mathematical model
of the computing vrocess using S as a primitive operator. He also showed
that any computer, together with its stored programs, can be completely

described in terms of this single operator.

Maile [26], in her study of the use of S as a basis for logic design,
pointed out that for each lcgic, arithmetic or control operation the number

of S pgates required is always less than or equal to the number of NANL gates.

In none of this previcus werk, however, was any attempt made to reduce the

complicated expressions which resulted to a mcore manageable form.

In Wesselkamper's model, the expressions arising from even a simple program
are quite formidable. If such a model is to serve as a basis for the
investigation of program equivalence, then one essential process is tec decide
vhether two expressions, which have different forms, are equivalent. For
such a decision procedure to be possible, some form of calculus must be
devised to facilitate the necessary manipulations and possible reductions of

the S forms.

The work presented herein is an attempt to formulate such a calculus.



We begin in Chapter II by giving the definition of S over a general
finite-valued space of disjoint elements. From this definition it is found

that, over a simple two-valued space, S has the following properties:-

1. S 1is commutative
2a S 1is associative

3. S is distributive.

From these properties, a set of reduction rules for S is obtained. Then,
by considering the space ({T,F} as a particular twec-valued space, the

propositional calculus is shown to be embedded within the S system.

»

Next we examine how far these properties and reduction rules apply over
a general n-valued space. It is found that the commutativity and some
of the distributive laws no longer, in gener=l, hold. Nevertkeless, the

same set of reduction rules is still applicable.

- An obvious generalisation of the results of Chapter II is to consider the
properties of S over a space in which the elements are not necessarily
disjoint. In Chapter III, it is shown that over such a space the
associativity of S still holds unconditionally, whilst the other basic
properties apply only under certain conditions. On the basis of these
results, we give a set of reduction rules for S acting over a generalised
spacej some of these rulesappear in slightly different forms from those

derived for the disjoint space.

Further, by considering S in connection with the basic operators cf
set theory, it is found that the operator S and set-union and set-

intersection are distributive over each other.



As an aprplication of the thecrems obtained, we derive the axioms of

a Boolean algebra from the properties of S. It then follows from the
isomorphism of Boolean algebras and the algebra of seté that this also
can be completely represented in terms of S. Hence, we conclude that

Lattice Theory can also be formulated within the framework of S.

Having formulated the algebraic rules for manipulating expressionsinvolving
the S operator, we next investigate the possibility of applying these
rules in the study of program equivalence. This is carried out in the

following chapters.

Firstly, we introduce the notion of name and value in a program. An

evaluation operator y 1is defined acting upon a name to give the corresponding

value. We thus represent each statement in a program rs a successive
alteration of values, using the operator x +to yleld the values which act

as opsrands for the operator S.

In this work, we model a program in terms of a composite S-expression which
represents the sequential and control properties of that program. The
details of operations are suppressed so as not to obscure the approach by
detail. Our primary concern is to show that the approach is feasible

rather than to concentrate on elegance or completeness.

In our model, we regard each statement of a program as a modification of
a 'variable space' 1y , containing all the variables of the program. Ve
start, in Chapter IV, by settiné up a model of a simple program, ie. a
prégram consisting purely of assignment statements, in the form of a
composite S-expression. This expression‘is then reduced to a canonical

form to facilitate comparison with other programs.

Coye ey



As the effect of the evaluation of a given S-expression is, in general,

to modify the variable space | , any following S-expression must be
considered relative to the new (modified) variable space. From this, it ‘
is obvious that the variable as used in programming languages differs from
that in Mathematics, being dyﬁamic in nature whilst that of conventional

Mathematics is static.

For this reason, we call an S-sequence which is obtained directly from the
S-expression representing a program a 'dynamic' S-sequence. Such a sequence
has to be transformed into a 'static' one before any algébraic rule can be
applied to it. Some of the properties of S derived for general set operands
in Chapter III are found to be useful for the reduction of the static
sequence. Further results which are directly applicable to the particular
case of this chapter are also develcped. This enables us to show how a
simple program may be transformed to the canonical form and thus a simple
decision procedure for determining the equivalence of simple programs is

obtained.

In order to construct a model of a more realistic program, control structures
have to be considered. Among these, conditional statements play an important
part. We devote Chapter V to investigations concerned with conditional
statements. TFirstly, we model conditional statements in terms of S-expressions,
then derive two theorems which may be applied.to reduce any such model to

a qanonical conditional form. Turther theorems are then developed for the

transformation of a canonical conditional S-sequence into its minimal form.

The results of Chapter V and the transformations and reductions of Chapter IV
are then used, in Chapter VI, as a basis for the consideration of more

realistic programs.
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Any program may, in general, be considered as sequences of assignment
statements separated by control statements. If we regard the whole progran
as a single sequence of statements, each part of the program which consists
purely of assignment statements may be regarded as a subsequence of the
entire sequence. Therefore, if the control statements can be modelied in
terms of the operator S , the whole program-can then be represented as a
dynamic sequence consisting of a number of subsequences each of which may

be transformed and reduced to canonical form by the results of Chapter IV.
When a program is executed, the values of the variables goncerned are changed
by a series of assignments with control statements acting as an indication

of the order in which éhe operations are to be carried out. Thus, to obtain
the canonical form of the dynamic Eaquence representing a general program,

we consider the whole sequence as a concatenation ¢f a number of subsequences,
the order of these subsequences being governed by the control statements,

and perform the transformation by the reduction of thesc subsequences. Such

a transformation is considered in the first section of Chapter VI.

Next, we consider the most basic form of control statement, ie. the GOTO
statement. Despite current efforts to eliminate the GOTO statement from
programs written in high-level languages, its effect is still present in
other control statements albeit in a concealed form. As our investigation
concerns the actual effect of control statements, the GOTO statement bezcomes
an essential part. Together with GOTO statements, labels have to be
considered; we specify an interpretation of the 'value of a label' and

construct a model of the GOTO statement.

Then, we set up a model of a conditional statement. This leads us to the

consideration of generalised assignments and loops.
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So far, we have modelled the types of statement which are common features

of all programming languages. At this point, we illustrate the transformation

of a program containing control statements utilising the transformation
rules for conditional forms which have been considered in detail in

Chapter V.

In the next section we consider the concept of block structure. Our
treatment involves augmentation and deletion of variables to represent the
effects-of variables being declared at the beginning of the block and thzir
ceasing to exist upon block exit. The scope of variables is aliso character-
ised in the model and -the question of irregular exit from the block is
discussed briefly. At the end of the section, a procedure for the

transformation of dynamic sequences containing blocks is given.
q

Two types of irnitialisation, namely initialisation by value and
initialisation by substitution, are then investigated. This necessitates
the consideration of name and value transformation, the range of such a

transformation and the reduction of the transformed sequence.

Finally, a model of a procedure is established. Problems arising in the
transformation of programs containing procedure calls are discussed and
solutions are proposed. Using the model given, recursive procedures do

not present any further problems. Examples to illustrate the transformation

of programs containing procedures are given in appendices D,H,F.



CHAPTER 2

THE OPERATOR S
_OVER
FIN:TE DISJOINT SPACES
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§2.4 Introduction and Definitions

Markov [28] defined the substitution operator 2. as a triadic operatsr

acting upon strings.

If P,Q,R are strings and Q occurs in P, then 2 (P,Q,R) is
defined as the result of replacing the leading occurrence of @
in P by R. If Q does not occur in P, 2 (P,Q,R) is

undefined.

The substitution operator S is a generalisation of 2 . Its

operands may be structures and it is always definea.
In general terms, Sabc means "in a , substitute ¢ for ©b".

For a,b,c belonging to an n-valued space [v1, ceny vn}, 5 is

defined by:

4

C if a=>=»
Sabc =
a if afZb.

The terms S-expression, truth-table and equivalence used in this

work are defined as follows:

Definition An S-expression is an expression of the form

Sabc where a,b,c are either single variables

or S-expressions.

Definition The truth-table for an S-expression is a table
giving the values of the expression for all
possible assignments of values to the operands

occurring in the expression.



§2.B.

Definition

Twc S-expressions Sabc and Sxyz

12

are said to be

equivalent, written Sabc = Sxyz, if they have

the same truth table.

The Operator S over

a Two-Valued Space

Consider the operator
From the definition
c

Sabc =
a

S over a simple two-valued space {v1, V2}°

if a="»m»

if aZb ,

it is clear that for all a, b € [v1, v2} » S has the following

basic properties:

Saba = a 1
Saab = b '!?
Sabb = a

From the above properties, it follows that over any two-valued space,

S is commutative, associative and distributive.

Theorem 2.1

For a,b,c,d,f € {V1,

P1. Sabc =

2.  S(abe)ed =
-t

Pz, Sd(Sabc)f =

PL. 5fa(Sabec) =

Proof

P1. Sabc = Scha

If a £%b, then either

v2} s the following equations are identities:

Scbha
Sab(Scbd)

S(sdaf) (Sdbf) (Sdct)

3(8fda) (57db) (Sfac)

HS



a ;_[ b, cC = a= LHS = a = RHS
a 7.( b, Cc = b = LHS = a = RHS
P2. S(Sabc)bd = Sab(Scbd)

a #£b = LHS = Sabd

P3.

e
]

b = LHS = Scbd

RHS

a = RHS

Sa(Sabe)f = S(daf)(8dbf)(Sdcf)

b =» LHS = Sdcf

RHS = S(Sdaf)(Sdaf)(Sdef) = Sdcf

If a#Zb, then c=a or c = b.

a#fZb,c=a

= LHS = Sdaf
RHS = S(Sdaf)(Sdbf)(Sdaf) = Sdaf '
a,J.b, c=D5
= LHS = Sdaf
RHS = S(Sdaf)(Sdbf)(Sdbf) = Sdaf
Ph4. Sfd(Sabc) = S(Sfda) (Sfdb)(Sfdc)
f:d:LHS:Sabc:RHS
f#£d=1LHS = f
RHS = Sfff = f.
~Note From the properties P' and Ph, we can deduce the other
distributive property of S, namely
PS. S(Sabc)df = S(Sadf)(Sbdf)(Scdf)
Proof By the application of P1 to the identity Ph.



Reduction Rules for S-Expresszions

From the properties PO to P5, a set of reduction rules for S

can be derived.

Theorem 2.2

For a,b,c € {vq, v2}, the

Proof

R1.

R3.

RL.

R1.

.S(8Sabc)ab

S(Sabc)cb

S(Sabc)be

S(Sabc)ba

S(Sabc)ca

S(Sabc)ac

Sb(Sabe)a

Sb(Sabe)c

S(Sabc)ab

S(Sabc)cb

S(Sabc)be

S(Sabe)ba

following statements are valid:

Shac

Sachb

Sabc

Sabc

a

c

b

b

Sba(Sabce) by P1
5(Sbaa) (Sbab) (Sbac) by Pk
Sbh(Sbac) by FO
Sbac by PO
S(Scba)cb by P4
Sbea from the above result
Sacb by P1
Sab(Scbe) by P2
Sabe by FO
S(Scka)ba ' by P1
Scba from the above result

Sabc by P1

expressions



R3. S(Sabc)ca = Sac(Sabe) by P1
= S(Saca)(Sacb)(Sécc) by P4
= Sa(8acb)a - by PO
‘= a by PO

S{Sabc)ac = S{Scba)ac by P1
=cC from the above result

Rt. Sb(Sabc)a = S8(Sbaa)(Sbba)(Sbca) by P3
= Sba(Sbea) | by PO
= S(Sbca)ab by P1
=b by B3

Sb(Sabc)c = Sb(Scha)c | by P1
=D from the above result

Remark

Any complex expression which we may be required to manipulate

neccessarily has one of the following structures:

‘(i) S(Sabc)df
(ii) Sd(Sabc)f

(iii) Ssfd(Sabc)

where a,b,c,d and f may themselves be S expressions.

§2.C. The Substitution Operator 'S and the Propositional Calculus

Consider the space {T,F} as a special case of the two-valued
- space {vq, va}. Over such a space, the relation of S to the

propositional calculus may be considered.
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Notation

Throughout this section, we employ the foilowing symbols for logical

cornectives:

~ for Y"not"
A for "and"
v for "or"

D for "implies"

[t

for "equivalent!"

From the definition of S, i.e.

o4 if a=">%
Sabec =
a if- a£b

where a,b,c € {T,F}, the complete two-valued propositirnal calculus may

be formulated in terms of S and the constants T and T , since

~a may be written as STaF M\

- aAb may be written as 8aTh

aVb may be written as SaFb E,(*)
a>b may be written as STab E
a=b may be written as S(STab)T(STka) %
' . i
and a b may be written as S(SFab)F(8abF) /

The above set of correspondents is fully justified, for the the trutn
table of each S-expression is the same as the truth table of its
corresponding logical connective. (The sssociated truth tables are

given in Appendix A.)
Remark

In formulating the above logical connectives, we aim to express them

in the simplest possible way, ie. to use the shoritest possitle
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S-expressions corresponding to the connectives. Except for equivalence
and non-cquivalence, all the cennectives considered may be expressed
using only one S operator. Note that the given representations of
the connectives are ﬁot unique, eg. STaF is given as a representation
of ~ a but the commutability of S on the two-valued space implies

that SFaT also has the required truth table.

The case of a =b gives a more complicated example of several
S-expressions corresponding to the same logical connective. As

1llustrated in Appendix A, the expressions

5(SaTb)a(STba)

3(SaTb) (SaFb)T

may also be used to represent a = b . The expression S(STab)T(STha)
is adopted as the canonical representation of a = b because it can

be directly constructed from the S equivalent of (a2 b)A(b D a).

Under the above formulation of the logical connectives, we can prove
that the complete propositional calculus is embedded within the

definition of S.

To substantiate this claim, we show that the axioms and rules of
inference for an axiom system of the propositional calculus can be

obtained from S.

We adopt the axiom system for the propositional calculus given by

Mendelson [27].

A formal axiomatic theory 1 for the propositional calculus is

defined by the folleowing conditions:
y g

(1) The symbols of L are ~, D, {, ), =and the letters A,

with positive integers i as subscripts:



(2)

(3)

()
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A, A

1 Ao A3, cess The symbols —~ and = are called
primitive connectives, and the letters Ai are called

statement letters.

a. All statement letters are well formed formulae (wffs).
b: If a and b are wffs, so are (~a) and (a > b).
Thus a wff of L 1is just a statement form built up from

the statement letters Ai by the connectives ~ and O .

If a, b and c¢ are wifs of L, then the folloﬁing are
a#ioms of L

(1) (a> (b>a))

(42) (@2 (®>2c))> ((a>b) 2 (a>c)))

(A3) (b2 ~a)D>{(~b>Da)>db))

The only rule of inference of L is modus ponens:

b is a direct consequence of a and a > b.

Other comnnectives are introduced by the following definitions

(1) (aAb) for ~ (a>D~0b)

(D2) (avb) for (~a)odb

(D3) (a=b) for (aD2b) A (bDa)

Modus ponens can then be written as

Note

((a A (a2 b)) 20b).

Each of Axiom Schemas (A1) - (A3) is independent as is proved

in Mendelson [27].

In order to show that (A1), (42), (A3) and modus ponens follow directly

from the prcperties of S, we first write them as S-expressicns

according to the formulation (*), and then prove that the expressions

obtained are equivalent to the constant T .



We first prove the following lemmas: : 19

Lemma 1 SaF(STaF) T

Preoef SaF(STaF)

STFa by ‘P1 and R

Lemma 2 ST(STaF)F

a

Preef ST(STaF)F = S{SaF(8TaF) }(STaF)F from Lemma 1
= Sa(STaF)F by R1
= a ' by R4
Theorem 2.3 The fellowing statements are valid
(i) STa(STba) = T (A1)
(1i) ST{STa(STbc) }{ST(STab)(STac) } = T (A2)

(iii) ST{ST(STbF)(STaF) }{ST(ST(STbF)a)b} = T (A3)
(iv) ST(SaT(STab))b = T (Modus ponens)
Proof

(i) STa(STba) = S(STba)aT by P1

(ii) ST{STa(STbc) }{ST(STab)(STac) }

ST{S(STaT) (STab) (STac) }{ST(STab)(STac) } by P4

ST{ST(STab) (STac) }{ST(STab)(STac) } by PO

=T by PO

(i1i) ST{ST(STbF)(STaF) }{ST{(ST(STbF)a)b}

ST{S(ST(STbF)T) (ST(STbF)a) (ST(STbF)F) }{ST(ST(STbF)a)b} by
P4

1}

ST{ST(ST(STbF)a)b} {ST(ST(STbF)a)b} by PO and iemma 2

=7 ) by PO

(iv) S8T(SaT(STab))b

ST(5(SaTT) (SaTa) (SaTb) )b by Ph

ST(Saa(SaTb) )b by PO
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1

ST(SaTb)b by PO

=T by RL}-

From the formulation (*) of the logical connectives and the definitions

(D1) and (D2), we obtain the following identities:

SaTb = ST(STa(STbF))F

and SaFb

ST(STaF)b

which could be used to simplify S-expressions.

Note that in the process of proving (iii) in theorem 2.3, we have also

obtained two more reduction rules, namely

(a) SaF(STaF)

T (Lemma 1)

and (b) ST(STaF)F

a (Lemma 2)

The list below gives further additions to the collection of reduction

rules for S-expressions:

(¢) SaT(STaF) = F
(d) SaF(saTb) = a
(e) SaT(8aFb) = a
(£)  ST(SaFb)F = S(STaF)T(STLF)
(g) ST(SaTb)F = S(STaF)F(STLF)

Written in terms of logical connectives, the above results are:

(¢) an(~a)=F

(8 av(aAb) =a it T
Abscrption Laws

() aA(avd)=a

(f) ~(avb) = (~a)A (~.b5

De Morgan's Laws

(g) ~f(@Ab)=(a)v(~b)

These laws are among the theorems of L , and hence derivable from the

axioms (A1) - (&3).
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They are, however, more casily obtained from the properties of S as

shiown in the following examples.

Examples

Prove that the following equations hold:

(i) ST(SaFb)F = S(STaF)T(STbF)
(ii) Saf(SaTb) =a
Proof

(i) ST(SaFb)F = S(STaF)(STFF) (STLbF) by P3
= S(STaF)T(STbF) by PO

(ii) Sar(SaTb) = S(SaTb)Fa by P1
= S(SaTb)F(SaTT) by PO
= S(2aTb)F{SaT(SbF(STbF))} by (a)

= S(SaTb)F{S(SaTb) (SaTF) (SaT(STbF)) } by P4

= S(SaTb)F{S(SaTb)F(SaT(STbF) } by P1and defn.
= 5{S(SaTb)F(SaTb) }F{SaT(STbF) } by P2

= S(SaTb) (SaTF)(SaT(STHF)) ty PO

= SaT{SbF(STbF)} by P4

= SaT(STFb) by P1 & R1

= SaTT by definition
= a by PO

(i) and (ii) give the proofs of (f) and (d); the proofs of (g) and (e)
follow by interchanging T and ¥ in (i) and (ii) respectively.

(c) follows from (a) in a similar manner.



§2.D The Extension of S to a Generalised Finite-Valued Space

Now consider the more general case in which the operands of S

belong to a finite n-valued space{vq, ceany vn}.

Under such a generalisation, some of the properties stated in 2.B

are no longer valid.

For example, let a,b,c € {T,F,0} for some o & {T,F}. For a =T,

b=F and c¢c =® , we have

Sabc = STFp = T and
Scba = SwFT = w

ie. Sabc £ Scba.

»

We now examine the conditions for validity of the properties PO to F4.
Theorem 2.4

For a,b € {v1, cree, vn}, the following properties are valid:

b>aba = a
Sazab = b
and Sabb = a
Proof Obvious from the definition of S .

Theorem 2.5
For a,b,c € {V1, cerey Vn}7
Sabc = Scba

unless a&a,b,c are all different.

Proof a=5b= 1HS

1]
O

= a if b= c¢ but then a =b = ¢

:

ie« a = b = LHS = RIS.
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So a # b is a necessary condition for Sabc # Scba.
Similarly, b = ¢ = LHS = RKHS = a.

So b#£ec is a necessary conditicn for Sabe # Scba.
a = ¢ = Sabc = Saba = Scba

So LHS # RAS iff a # c.

Hence Sabc £ Scba iff a,b,c are all different.
Theorem 2.6

8(Sabec)bd = Sab(Scbd) for all

a,b,c,d € {v1, ceen, vn} .

Proof a = b = LHS = Scbd = RHS

a # b.= LHS = Sabd

a = RHS.

Theorem 2.7

Sd(Sabe)f = S(Sdaf)(Sdbf)(Sdef) unless the following conditions

hold simultaneously:

(i) a,b,c are all differcnt
(i1) c=4d

(iii) a £ 1.

Proof a b = LHS Sdcf

RHS

S(5daf) (5daf)(Sdef)

Sdef

.- a#b is a necessary condition for inequality

¢ = LHS Sdaf

Ry
i

2

S(sdaf) (8db1) (3daf)
= Sdaf

.« a#c 1is a necessary condition for inequality



on
it
¢}

= LHS Sdaf

RHS = S(Sdaf)(Sdbt) (Sdbf)

I
¢

= Sdaf

.« b #£c is a necessary condition for inequality

d=f =1HS = d = RIS

.« d#f is a necessary condition for inequality.

If a,b,c are all different and d # f, then

LHS

Sdaf

RHS = S(Sdaf)(Sdbf)(Sdcf).

Now LHS # RHS iff

-

(a) Sdaf = Sdbf
je. iff da# a, d#Db
and
(b)  Sdcf # Sdaf
ie. Sd.l £ 4 (because d £ a)

ie. 1iff d = c.

Thus LHS = RHS unless

(1) a,b,c are all different
(ii) c=d
(iii) a £ f

Note that (i) and (ii) implies d #a, d #b .

Theorem 2.8
Sfd(Sabe) = S(Sfda)(8fdb)(Sfdc) for all

a‘,b,c,d,f E {V,I, ose Vn}

[x8)
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Proof £ =4 = LBS = Gabc = RHS

f#ds=1HS = £ = RHS

Hence LHS = RHS V a,b,C,d,f G {V,.I, *3eay Vn}. )

Since Sabc # Scba in general, the expressions Sfd(Sabc) and
S(Sabc)df are no longer equivalent. Theorem 2.9 gives the
distributive property of expressions of the form S(Sabc)df ard

the conditions under which this property holds.
Theorem 2.9

S(Sabc)df = S(Sadf)(Sbdf)(Scdf} except when

(i) a,b,c are all different
and either (iia) a=d and b= T

or (iib) a =f 2nd b =4

Proof 4

f = LHS = Sabc = RHS.

.“. d #f is a necessary coadition for LHS £ RHS.

Ay
I
o
U
=
for
0
I

Scdf = RHS.

.« a #b is necessary.

Ay
il
o
U
=
foe
n
I

Sadf = RHS.

."« a £ c 1is necessary.

o
]
o
U
=
b
1t

Sadf = RHS.

.. b #c is necessary.

Under the above conditions,'LHS = Sadf
RHS = S(Sadf)(Sbdf)(Scdf)
"« LHS # RHS iff Sadf = Sbdf - (M

and Sadf # Scdf - (2).



(iia)

]
o
o’
]
'—b

(1) is satisfied iff either a

(iib)

h
o'
]
[oF

or a = i1,

(iia) = Sadf = f

Scdf = ¢ # f because a,b,c are different.

(iib) = Sadf = f

Scdf = ¢ £ f because a,b,c are different.

Hence (iia) and (iib) satisfy (2).

Note that the conditions Ya,b,c are all different" and either
"a =d, b= 1" or "a =1, b = d" already include the necessary

condition d # f .

Hence the property above holds except when

(i) a,b,~ are all different

d, b = f

and (iia) a

or (iib) a=f, b=4d

Remark  The condition "a,b,c are all different'", which is necessary

for the properties in theorems 2.5, 2.7, and 2.9 to be invalid, canrot
hold in an operand space cf fewer than three values. Hence those

properties are unconditionally valid in any two-valued operand space.

We next examine the validity of the reduction rules R1 to R4 in 2.B.

Theorem 2.10

For o,b,c € {vq, cene, vn}; the following statements are valid:

R1. S(Sabclab = Shac
S(Sabc)cb = Sacb
R2. S(Sabc)be = Sabe
S(Sabc)ba = Sabe



R3.

RL],.

Proof R1.

R3.

RL|' .

S(Sabc)cea

S(Sabc)ac

Sb(Sabe)c

Sb(Sabe)a

S(Sabc)ab
a=b = LHS

a#b = LHS

S(Sabc)chb
a=b = LHS

aZb = LHS

S(Sabc)be

S(Sabc)ba
a=b = LHS

a#b = LHS

S(Sabc)ca
a=t = LHS

a#b = LHS

S(Sabc)ac
a=b = LHS

afb = LHS

Sb{Sabe)c

a=b = LHS

afb = LHS

Sb(Sabc)a
a=b = LHS

afb = LHS

a

c

b

b

Sbac

Scab = C = RHS
Saab = b = RHS.
Sachb

Scch = b = RHS
Sacb = RHS.
Sab(Scbe)

Sabc

Sabc

Scba = C = RHS
Saba = a = RHS.
a

Scca = a = RES
Saca = a = RHS.
c

Scac = ¢ = RHS
'Saac = ¢ = RHS.
b

Sbec = b = RHS

Sbac = b =RHS.

b
Sbca = b = RHS
Shaa = b = RHS.

by theorem 2.6

27



23

Again, as Sabc £ Scba in general, we require ancther set of
reduction rules for expressions of the forms 8fd(Sabc) and

Sf(Sabc)d. This is given in the following theorem.

Theorem 2.1

For a,b,c € {vq, coaay, vn}, the following statements are valid:

R5. Sba(Sabc) = Sbac
Sbc(Sabe) = Sbea
R6. Scb(Sabe) = Scba
Sab(Sabc) = Sabe
R7. Sac(Sabe) = a
Sca(Sasz) = ¢
k3. Sa(Sabc)b = b

Proof Using the same argument as in the proof of theorem 2.10.

We can also examine the reduction rules (a)-{g) which appear
immediately after theorem 2.3 to see how far they may generalise

to a space of n values.

These rules are fundamentally different from those previously
derived as they imply that two values (here denoted by T and F)
in the n-valued space are signalled as having preferential

treatment. However, in n-valued logics, this is normally the case:

(a) TFor a € {T,F}

Sai‘(STaF)

]
H

a € {T,F} = Sar(STaF)

a



(b)

. (e)

(e)

(£)

(g)

Tor a € {T,F)}

29

ST(STaF)F = a
a ¢ {T,F} = ST{STaF)F = SITF = F
For a € {T,F}
SaT(STaF) = F
a f {T,F} » SaT(STaF) = a
a,b € {T,F} = SaF(SaTb) = a
a g {1,F} » SaF(SaTb) = SaFa = a
.". SaF(SaTh) =a V¥ a,b
a,b € {T,F} = SaT(SaFb) = a
a g {T,F} = SaT(SaFb) = SaTa = a
"+ SaT(SaFb) = a V¥ a,b
Tor a,b € {T,F}
ST(SaTh)F = S(STaF)F(STbF)
ag {1,F} = LHS = STaF = T
RHS = STF(STb®) = 7
a f [TsF)a b g {TaF)
v STbF = T lf a = T
= LHS =
STFF =T if a = F
SFF(STbF) =T if a =T
RHS =
STF(STbF) =T if a =F
.. ST(SaTb)F = S(STaF)F(STbF) Y a,b

For a,b € {T,F}

ST(SaFb)F = S{STaF)T(STLF)

a;{{T,F)::a ‘ IHS = STaF = T

RHS = STT(3ToF) = STbF

(F if b=
= T jf bZF
T if b & {T,F}

4



a € (TaF}, b g [TaF}

SITF =F if a ="T
= LHS =
STbF = T if a = F
SFIT=F if a=T"T
RHS =
SITIT =T if a=F

So (g) holds except when b =T, a ¢ {T,F}.

But, as in a two-valued space Sabc = Scba, (g) can then be written as
SF(SaFb)T = S(SFaT)T(SFbT) for a,b € {T,F}.

We now show that the rule, written in this form, holds for all a,b.

a g {T,F} = LHS

SFaT = F

RS = SFT(SFbT) = F

a € {T,F}, v ¢ {T,F)

SFIT = F if a =T
= LHS =
SFbT = F if a =7F
SFTF = F if a=1T
RHS =
STTF = F if a=TF

.*. SF(8aFb)T

S(SFaT)T(SFbT) ¥ a,b

So in a space of n values, the following laws hold

(d) saF(SaTb)

a

(e) SaT(SaFb)

} Absorption laws
a

(£)  ST(SaTb)F = S(STaF)F(STbF)
De Morgan's laws

(g) SF(SaFb)T = S(SFaT)T(STbT)

(a), (b), (c) however take a slightly different form.

(a) . T | a ¢ {TaF}
SaF(STaF) =

a a2 g {TsF}



(b) a a ¢ [TsF}
ST(STaF)F =

F a ¢ (T,r}

(c) F a ¢ {T,F}
SaT(STaF) =

a ag {1,F} .

We illustrate these by giving S-expressions for Kleene's extension

of the two-valued case to a three-valued space.

Kleene [20] defined the connectives —~; A, V, 2 and = in a

three-valued space {T,F,»n} as follows:

a ~ a
T F
F 7
w w
b
aAb|TFuw
T TFw
a F FFF
W wFowo
b
avb|TFuw
T TTT
a F TF w
w Tww
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b
adDbiTFw
T T Fuw
a F TTT
w T w w
b
a=b|TFuw
T TFuw
a F FTuyw
w w e w

For a,b € {T,F,u} , we may write

b
i
o

as

as

as

as

5(5aFT)a(SalF)
S(5(SFaT)Fb)Ta
5(5(STaF)Tb)Fa
S(STab) (STbF) (SaFT)

(acbv) A (b2 a) .

To justify our representation we show that each S-expression yields

the same truth table as that of its corresponding logicali connective.

1)

S(SaFT)a(SaTF)

a=T = S(SaFT)a(SaTF)

a=F = S(SaFT)a(SaTF)

I

for ~ a
S(STFT)T(STTF)
STTF
F
S(SFFT)F(SFTF)

STFF



(ii)

(iii)

a=w = S(SaFT)a(SaTF)

S(S(SFaT)Fb)Ta

a=T = S(S(SFaT)Fb)Ta

a=F = S(S(SFaT)¥b)Ts

a=w = S(S(SFaT)Fb)Ta

5(S(STaF)Tb)Fa

a=T = S(S(STaF)Tb)Fa

a=F = S(S(8TaF)Th)Fa

i\
S{SwFT)w (SwTF)
S

w

for aAb
S(S(SFTT)Fb)TT
S(SFFb)TT

SbTT

b
S(S(SFFT)Fb)TF
S(STFh)TF

STTF

F
S(S(SFuT)Fb)Tw
S(SFFb)Tw

SbTw

i) if b=F

w otherwise.

for avb
S{S(STTF)Tb)FT
S(SFTb)FT

SFFT

T
S(S(STFF)Tb)FF
S(STTL)FF

SbFF

b .



a=w = S(S(STaF)Tb)Fa = S(S(STwF)Tb)Fu
= S(SITb)Fy
= SbFw
T if  b=T
) W otherwise.
(iv) S(STab) (STbF) (SaFT) for adb
a=T = S(STab) (STbF) (SaFT) = S(STTb)(STbF)(STFT)
| - Sb(STLF)T
= b
a=F =» S(8Tab) (STbF) (SaFT) = S{STFb)(STLF) (SFFT)
= ST(STbF)T
= T
a=w = S(STab) (SIbF) (SaFT) = S(STwb)(STbF) (SwFT)
= ST(STbF)w
_Jr if b=T
w otherwise.
(v) (a>b) A (bDa) for (a =Db)
a=b a b a>b bDa (a>b) A (b a)
T T T T T T
F T F F T F
W T W 0] T w
F F | T F F F
T F | F T T T
w F w T w )
0] w T T. w w
w 0] F w T w
w [{}] o w [{}] w

3k

by Rhi.



CHAPTER 3

THE OPERATOR S
OVER
FINITE NON-DISJOINT SPACES



§3.4

Deficition and Basic Properties of S

Consider an arbitrary, finite set TU.

For any subsets a, b, ¢ of the set U, Sabec is defined by

(andluc if bca

Sabec =

a if b =4 a

In the case of p~-valued disjoint space, this reduces to the

definition of Chapter IT.

Assumption

-In many of the theorems in this chapter, one of the conditions

of validity is that b € a in the expression Sabc. Though this
may appear to be restrictive, it will be seen later that the
condition always bolds in practice, therefore there is no loss

of generality.

The basic properties of S

In Chapter II, we found that the operator S, acting upon a
finite space of disjoint elements, has certain basic properties
which serve as a valuable means of simplifying S-expressiomns.
Only some of these properties hcld unconditionally, the others

are subject to restrictionms.

In the following theorems, we investigate the validity of 'such

properties, when a,b,c,d,f are subsets of U.

Theorem 3.4

Saba

1l
A

i
o'

Saab =

Sabb = 2 for all a,b



b g a=1HS = a = RHS
b ¢ a=1H = (andlua
= a :BHS
(ii) Saab = b
1HS = (ana)ubd
=% = EHS
(iii) Sabb = a
b? a = IHS = a = RHS
b € a=218S = (ant)u b
=(aub)f\(€ub)
= anl
= a = RHS

“Theorem 3.2
Given b € a, ther
Sabc = Schba

iff either b cor a € buc

Proot
IHS = Sabc
= (anbluc
(cad)ya
RHS =

c
b Sec: LHS = (auc)n_ﬁ;uc)
= auvce

RS = (cAd)ua
(cva)an (tua)

=  cua

if v cc

if bi_.gc

36
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b¢c: ILHS = (anbluc
RHS = ¢ & ILHS
...IIHS::

RHS iff IHS c RHS
ie.iff (andb)uc € 'c
iff (anb) < ¢

iff a € buc

Theorem 3.3
Given that b S a and b ¢ Sabc, ‘then

S(Sabc)bd = Sab(Schd)

Proof b

In

a and b < Sabc

= b = (an‘-ﬁ)uc

In
o

ie. bn(avd)

(bna)u (bnb)

n
o

b

n

o

-+« bca, bcc implies

IHS = [{(anB)uctnblud
= [{(avc)n (Buc)Inblud
= {(avc)nb}ua
and
RHS = (anb)u(cablud
= {(avc)nblud
Remark

In the above theorem, ‘the conditions b S a and b & Sabc are given in
accordance with our assumption. But in fact, the statement is valid even

when such conditions are removed. This can be proved as follows:



\N
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Theorem 3.35*

S(Sabc)bd = Sab(S8cbd) for all a,b,c,d.

Proof
b¢a:

1HS = S(Sabc)bd
= Sabd

= Qe

RHS = Sab(Scbd)

4
bSa, b ec:

18S = S{(anb)uc}bd

= (anb)uc b ¥ (anbluc
RHS = Sabc ."bgec
= {(anb)vc

bc a; bs c = LHS = RHS as proved in theorem 3.3

Hence LHS

RHS for ail a,b,c,d.

To help clarify the proof of the next theorem, we first prove the following

lemmas:

Lemma 3.4.1

If bp& a and Sabc © 4, then

acd iff b E d.



Proof
ag d:
bSa and acd trivially implies b £ d.
b e d:
Now bc a and Sabc & d
= (anb)uccd
ie. {(anbluclind =¢d
(anbnid)uvlcnd) = ¢
< anbnd = ¢ ie. ac bwud
and cnd = ¢ ie. c < d.

Hence b€ a and Sabccd 2SS bud and c&d

But bc d=523d=bnd =4d -
So anbnd = ¢
= and =@

ie. a < d.

Lemma 3.4.2

Given a €d, then (dAb)uf < (@na)uf

iff agcbuf

Proof

(dnb)uf € Ana)uf

iff {(dnb) = (dnaluf

ie. (dnB)n(dna)c f
(dnb)n (Qua) c f
(dnSn_c-l)u (dnbna) c f

anb

n
Fh
W
n
a

ie. ac bhuf.



Le
Theorem 3.4

Given b & a and Sabc £ 4, then
8d(Sabe)f = S(Sdaf)(Sdbf)(Sdcf)

iff either (i) a &£ d, acbuf
or (ii) a<cd, bcscuf, c € auf

or (iii) a ¥ d, a S bucuf.

Proof

From proof of lemma 3.k4.1
bSa and Sabc S d=bcSatbud and ccSd )

. "« There are two possibilities to be considered:

(a) ag a
(b) acad
(a) a ¢ a:

Under the given conditions (1), a¥ d=b¢ d by lemma 3.L.1

So - LHS

= 8d{(anb)u c}f ."bca
- [dn{(anB)uc)]uf °." Sabc € d
= {dn(@Evb)ncluf
= {(@nc)n(@ub)}uf
RHS = Sdd{(dnc)u £} " a,bgd, ced

(dnc)ut

.. LHS & RHS

So _ 1HS = RHS iff RHS c LHS
ie. (Aan)urf € {(dne)n (Bub)}uf
(anc) € {(anc)n (ub)}u T
(anc)n{@nc)n(zub)} c £
(dnE)n-(an’B) cf @)



L4
But aS bud=anbS ds= (anb)nd = anb

Ol

S (2) o anbnzcc f

[\
It
o
C
[¢]
C
[

ie.

Thus for a ¥ d, LHS = RHS iff a € bucuvf.

(b) aca:
Under the given conditions, acd=bcd by lemea 3.4.1
Again, IHS = dn{(anb)uc}uf

{an(aub)nc) uf (3)

[{(dna)u (dnd)}ncluf

[((dnd)ublndluf . bSd (4)

RHS

s{(@na)u f}{@anb)uf}{(dnc)v f}

For ac d, (dnblufc (drna)uf iff ac uvuf by lemma 3.4.2
Hence,we consider the twc cases:

(b1) a g buft

(b2) acbuf.

(1) afbuf:

then RHS = (dna)uf
and LHS = RHS iff

[((dna)ub}lnc]uf = (dna)uf from (4)

je. iff [{(dna)ub}ncluf

N

(dna)u f (%)

in

and .(dna)uf [{ana)ub}ncluf (6)

(5) is equivalent to

{(dana)udlnc

n

(@dna)uf

ie. {((dnza)ub}n(dna)

n

cuf
bn(dva) € cuf
(band)u (bna) c cuf

bgccuf "."bEd, bsa



(6) is equivalent to

d na

ie.{d na)n[{{(dna)udb}tncl

(dana)n[{{dna)nb}uc]
dnanc
anc

C

n

n

n

n

L2

[{(@na)ub}ncluf

f
f
f . ¢c€Ea

avuf.

Hence when a & 4, ai;[buf, LHS = RHS iff b € ¢cuvwf and c¢ & avuf

(b2) aS buf:

Then RHS

From (3), LES

[}

1

But aS buf, so auvbuf

Hence LHS

Theorem 3.5

Given b &S a and d4d¢ f,

i

[{(dna)uf}m {(anB)u f}lu{{dnt)u }
[{(dna)uf}n(@ub)nTlu(dnclurt
{@na)n(@ub)nTlufuldnc)
{andn(@udb)u fuldnc)
(andnb)ufuldnt)

fuldnc) . bSa=sbna=4¢g

{an(avb)nc)uf

{@anc)ufln{(@aub)uf}
= U

(anc)uf

RHS.

then

Sfd(Sabc) = S(Sfda)(Sfdb)(Sfdc)
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Proof
IHS = Sfd[(anb)uc] " bea
= (fad)u(anb)uc ' dacft
BEHS = S{(trad)va}{(fnd)ub}ifnd)uc} . dcrt
C[{(EnDualn{(TnDubllu{(tad)uc] °.° beca
- [{(EnDvatn EndD) nblu (End)uc
=[@anb)n(tAad)lu(ftnd)uc
= (anb)u(fnduc
= LHS.
Remark

In the foregoing theorem, it is clear that 4 ¢ f is a sufficient

condition for IHS = RHS.
Because d ¢ f = RHS = Sfff = f = LHS. -

In order to find the conditions of validity for PS5, we first prove

the following lermmas:

Lemma 3.6.1

Given bS a, then bec (and)uf

iff bndgc f

Proof

bec (and)uf

In
‘—b

iff bvpn(and)

bn (Bud) ¢

\ﬂ
[

(bna)u (bnd) ¢

bnd

n
s

»
.

.
=
in
%)

U
o
J
&



~F

Lemma 3.6.2
Given b < a, 4 € a,b,c then

S(Sabc)df = S(Sadf)(Sbdf)(Scdf)

Proof

1HS = S{(anD)u c}df

[{anD)uctn Ejuf

(an-ﬁ.na)u (CnE)u f

3

S{an @D ufH(baDu fHecand) v )

[{an@u fIn Puvd)nTluv(cndu T

{(and)n Gud)nTlufulcnd)

(andnbrTufulcnd)

(andnb)ufulcnd)

Lgs

Lemma 3.6.3
Given b S a, d<Sa, d<Sc, d % b then
S(8abc)df = S(Sadf)(Sbdf) (Scdf)

iff either (i) bmnd & f

or (ii) S cuf and c & auf.
Proof bSa and 4 € ¢
= LAS = [{{anD)uctand]urf

and RHS

s{landu £}6{(ca@) v £}

From lemma 3.6.1, b S (and)uf iff bndc f.

So we consider the two possibilities:
(a) bnd ¢ 1

and (b) ©bnd € f.

{anDuIn((brnDo }1v (cndu £

.S b

In
)

dca



(a) bna ¢ f£:

(and)u f.

= RHS

.« 1HS

RHS iff

[{(anD)uc}ndlvf = (and)uf i.e.
iff (a1) [{anD)uctndJuf
and (a2) (and)uf

(a1) is equivalent to

{anb)uc}nd

i.e. [{@and)ndlulcnd)]n(and)

cnd n (Qud)

cndna
cna
l.e. c
(a2) is equivalent to
(and)

j.e. (@and)nl{(an@)ub}n (cud)
ananbn(gud)
anbnEnE

bnc

j.ee b

in

[}

in

n

(]

N

N

in

In

N

in

n

in

(and)u £

[{(anD)uctadluf

(and)u f.
T

£

[{(anB)uc}ndiuf
f
i

£

f " bS&Saand 4 &

cuf

.« Vhen bmnd ¢ f, LHS = RHS iff b S cuf and c € avf.

(b) bnd & f:

= RHS

[{(and)v f}InDdlu {(cnd)u T}

= (@andnbd)u daf)ufulcnd)

= (andnb)ufulcnd)

= [{(anbd)uclndluf

LHS

1N

Hence bnd f = LHS = RHS.

I
|

C

(ii)

(1)
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Lemma 3.6.4

Given bca, dc a, .dgb,c then
S(Sabe)af = S(Sadf)(Sbdf}(Scdf)

iff one of the following sets of conciitions hoid

(1) b(\d;(c, bndgf, beduf, cg'auf, d€bvyf, fcauc,
" bnfSc and cndS f

(ii) bmdgc, badsf, dsbucuf, fSave

(iiidbndcc, bndg f, ccavf, beccuduf

(iv) badcc, bndcf, banfcc, cndcf.

Proof

1HS = S{(an®)vcldf o .’ bEa

Now dca =dg(anbluc iff badgc by lemma 3.6.1

Hence
(anbluc if bnd¥Zc
1HS = ) _
[{(anBlucindlur if brdSc
RHS = 5{(and)u flbe *.* d<Sa, dgb,c

By lemma 3.6.1, bca= bcland)uf iff bndcf.

Hence

(amd)uf if bNdFf

({tandDutindluc if bnact.
So we consider the following Apbvssibilities:-
(a) bndge, bndgf
(b) bAd £c, bNdgf
(c) bAdSc, bng#f

(da) bndcc, brdcf .



(a) tndfc, bAdg £

LHS = RHS

itf  (anBluc = (andut

itf (a1) {(anBlucln {tanBiurl
and (22) {(ambluc} n{anDur}

(a1) is equivalent to

{aaBluctn (Gua)nt -

{anB)nGua)nFYulen Gualn I’}

(anbndnT)ulcananmTlulcndn

ie. andn(bnt) =
and
and cndnt =

Similarly, (a2) is equivalent to
bcdvf, fcavc and £fnbgc.

Hence when bndgc, bndg f, s =

RHS

b7

g
g
=g
] - dSbyf
=g = ccauf

@ = cndcf

iff

b duf, ccavf, dsbuf, fSauvc, bnfSc and cNd=Tf .

(b) bAd¥c, bAd¥ T

LHS = RHS

iff (anbluc

iff (1) (anBluc

and (b2) [{land)uflnbluc

(b1) is equivalent to

(anb)

ie. (anb)n[{(and)nT}ub]

(anb)n [{(Rud)nTiub]

N

In

N n

(3]

(anb)n(avd)nt ¢

[{land)uflm bluc

[{(and)v f}nbJuc

(anbluc

[{(and)uf}nbluc

C



iff

iff

fnbna
fna
f
«". When bnd%c, badecf, IHS = RHS
(¢) bndcc, bndgf
LHS
[{(anb)uc}ndluf
(c1) [(lanB)uc}nd]uf
(c2) (and)uf

and

o

3
ST
> 2
ol o
> 2
ol

[o))

(b2) is equivalent to
{(andduflnt

[{(and)nbu (fnd)In (anbd)
(fnb)n (aub)

cavuc .

iff dgbucyf and {fcawvec .

RHS

(ana)uf.

€ (and)wf

c [{(andduc}ndluf

‘From the proof of lemma 3.6.3, (¢1) holds iff ¢ cauf ,

and (c2) is equivalent to

anbndnc

bndnc

b

Sf
g f -

c cvdyf .

.". When bndcc, bnd gf, IHS = RHS iff ccauf and bccwduf .



() bndSc, b dcf

= RS = [{{anduflnbluc
= (andnb)u(fnbd)uc
and LHS = (énfna)u(c Ad)uf
< e LHS = RHS iff

(1) (@anbAnd)ulcAad)uf € (anbndu(fndbluc
and (82) (amnbnd)ucu(fnd) € (anbadulcnd) ut.
(d1) is equivalent tc

f€ (anbndu(fabd)uc

n

i.ee. fn{fub)a(@ubud) € ¢

N

(fAb)n(aubud) S ¢
fnb c ¢
and (&) is equivalent to

c € (anbnd)u (cnd)uf
i.e. c¢nlcud)n(@ubud) € f
cndn{aubud) € f

cnd & f

"« When bnd;.c, bnd S f, IHS = RHS iff bAf S c and cnd S f.

Lemma 3.6.5
Given bSa, d<c, d¢ a,b then
S(Sabc)df = S(Sadf) (Sbdf) (Scdf)

iff and € hvut

Proof

It

1HS = S{(anD)u c}df *."bca

[{(ang)uc}n-é-]uf *. 4d¢€e

(anbrd)u (cnd)uf



RHS

Sab{(c Ad) v £} ' "ot d

(anb)ulcnd)uf . bca
- IHS € RHS and so LHS = RHS iff

RHS < 1HS

N

iee. (anb)u(cnA)UF c (anbAd)u(cnd)uf

N

ant € (anbnd)uv (cnd)u f

In

ice.(anb)n {(anb)udln(cud) = f

| anbndn(cud) € f

i.e. anbnd s f
and € buf

Lemma 3.6.6

Given b & a, then Sabc = a iff

Proof
bS a=Sbc = (anb)uc=a
iff a= (andluc
i.e. [an{m}]u[:{(ani)u clnal = ¢
{anG@Eu D) nSlullantadu(cnd)} = &
(anbnc)ulcna) = ¢
(bnc)u(cna) = ¢

i.e«. bS cEa

Lemma 3.6.7
Given b S a, d ¢ a,b,c, 4 € Sabc then
S(Sabc)df = S(Sadf){(3bdrf)(Scdf)

iff d= fSauvc and fAbS ¢

50



Proof dda, b, c = RHS = Sabc .
d ¢ Sabc, so LHS = RHS iff S(Sabc)df = Sabe
ije. iff d ¢ f s Sabe by lemma 3.6.6
f @ Sabc and b;na-}fg(anﬁ)uc
ie. fa(aublac = ¢
@

..« fgave and fnbgc .

(fAazac)ul(fabnc)

Theorem 3.6
Given bga and d gSébc, then
S(Sabc)df = S(Sadf)(Sbar)(Seaf)
iff one of the foilpwing sets of conditions is satisfied:
(1) daeb
(ii) dea,degc and either bndc f or begcuf, cg awvf
(iii) d€a, d¢c and

(a) bnd gc, bnd df, bgduf, cgauf, dgbuf,
fgavc, bnf ¢c and cndgf
or (b) bﬂd#c, bnd ¢ f, d ¢ bucuf, fgavc
or (¢) bmd gc, bad 4 f, c cavuf, bg cuduf
or (d) bmadgc, bndg f, baf gc, cndgf

(iv) d#a,dgc,andgbuf’

(v) dia,d¢c,dgfgauc,bnfgc.

Proof

bga and d ¢ Sabc

= d ¢ (anbluc
ie- dn(an)nE = ¢
(anancluldnbnc) = ¢

ie. d € avc and dabgc.
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If 4Sb, then bSa=dca
and dnbSc=dcec
Hence, given b & a, d & éth and dnb & ¢, we have to consider the
following possibilities:
(1) d<b
(i1) d$¢b,dca, dSc
(iii) da$b,dca, dfec
(iv) d$b,dda, dcec
and (v) d$¢$a, d$bv, d¢ec.
The conditions under which IHS = RHS for each of the above possibilities
are given in lemma 3.6.2 to lemma 3.6.5 and lemma 3.6.7 respectively.

Hence, the theorem is proved.

Reduction rules for S-expressions

In a finite space of disjoint elements considered in Chapter II, we found
that expressions of the forms
S(Sabe)xy
Sx(Sabe)y
and Sxy(Sabc) where x,y € ({a,b,c}, (*)

can be simplified.

Here we consider the simplication of this type of S-expression when

a,b,c are subsets of U.

It is found that, under our assumption, most of the expressions under

consideraticn can be reduced to single variables.

The following is the list of expressions of the forms (*) and their

sinplified versions, together with the assumption made in each case.
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R1. Given b € a, b S c then
S(8abc)ab = Scab
iff either a & ¢ or anmc € b.
R2. Given b S a then
S(8abc)cb = Sach

iff either ¢S a or anc S b.

R3. Given b S a, b S ¢ then S(Sabc)bc = Sabe .
Rb. Given bS a, b S ¢ then S(Sabc)ba = Sabe
R5. Given b € a then S(Sabc)eca = a
R6. Given b S a, bS ¢ then 8(Sabclac = ¢

R7a Given b S a, cSa then Sa(Sabec)b = b

R8. Given b S a, ¢ Sa then Sa(Sabc)c = buc
R9. Given ¢S a=>=% then Sb(Sabc)e = b
R10. GiTen cSa=>» then Sb(Sabc)a = b
R11. Given b€ a & buc then Sc(Sabcla = a
R12. Given b S a S buc then Sc(Sabe)b = b
R13. Given b E a then Sab(Sabc) = Sabe
R14. Given b < a, cSa then Sac(Sabc) = a
R15. Given ¢S b <Sa then Sbc(Sabe) = a
R16.7 Given a = b then Sba(Sabc) = ¢
R17. Given b S aSc then Sca(8abc) = ¢
R18. Given b S a, b Sc then Scb(Sabc) = Sabc.

Thus, whenever the given conditions are satisfied, the above equalities

can be used as reduction rules.

The proofs of these rules are given as follows:

R1. S(Sabc)ab = Scab iff either a S ¢ or anmc S b.



in

Assumption: b € a and a € Sabc

n

i.e. Y (anDuc

an(aub) <S¢

anb & c i.e«. b Ec
S(Sabc)ab = [{{anb)uc}nalub
= (cna)ub
Scab = [(cAza)ub if acSec
c if a ¢ c

When a ¢ ¢, IHS = RHS  iff

(cmra)ub = ¢

ice. [{(cna)ub}lnclulcn(cua)nd] =
(bln_c_)u (chnanb) =

(cna f\i)-) =

S S U S EEE

N

ieee anc
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B2, S(Sabc)ch = Sachb iff either ¢S a or amc S b

Assumption: bsa

So 8(Sabc)chb S{(anb)uc)chb

[{(ang)uc}l\-c-]\lb

(anbnc)ub

= (anc)ub
Sacb = [(anc)ud  if
a if
When c¢ ¢ a, LHS = RHS
iff anc<bh

by the same argument as in R1.

R3. S(Sabc)bc = Sabe

Assumption: bca and b & Sabe

"« 8(Sabc)bec

[{(anbluckndluc
= (and)ulcnbdluc

= (anb)uc

= Sabc .,

by assumption



R4.

R5.

R6.

~ Ba(Sabc)b

S(Sabc)ba = Sabe
Assumption: b € a, b E Sabc
iee. b€ {anbluc
bn (@ub) € ¢
i.e. b&c

e S(Sabc)ba [{(ar\t)uc]n—b_]ua

= (anb)u (cndlua

= (cAb)ua
= Scba *
S(Sabc)ca = a
Asswnptioq: bEa
So S(sabc)eca = S{(amP)uclca
= [{(anD)uc}nclua
= (anbac)ua
= a A
S(8abc)ac = ¢
Assumption: b € a, a € Sabe
S(Sabclac = [{(ambd)uclnaluc
= (cAra)uc
= ¢
Sa(Sabec)b = b
Assumption: b € a, Sabc € a
i.e. (anb)uc € a
{anb)uclna = ¢
cna = @
. c € a

[an{(anD)uc}lub

{an(@ub)aTlub

(ambAac)ubd

b

..'an=br\;=¢

by assumption

by assumption



R8. Sa(Sabc)e = buc
Assumption: b & a, Sabc € a
i.e. bSa, cSa from {(R?)

<"« Saf(Sabc)c (ambnAc)uc

= (bac)uc .S bEa
= buc
R9. Sh(Sabc)c = b
| Assumption: b & a, Sabc € b ' *

i.e. (anb)uccp

{anD)uc}nd

(anb)u (cnb)

So the assumption is c S a=>

.« Sb(Sabc)c = Sbcc

I

=b
R10. Sb(Sabc)a = b
Assumption: b & a, Sabc € b.
i.ee. cSa="h from (R9)
."« Sb(Sabc)a = Sbeb
=d

R11. Sc(Sabcla = a

Assumption: b € a, Sabc & ¢

i.e. (anb)uc S c
ioe- a c bUC
Sc(Sabc)a = [en{(anb)uc}lua by assumption

{cn (Eub)ng}u a

]

= a
RrR12. Sc(Sabc)b = b
Assumption: b & a, Sabec € ¢

« . 8c(Sabc)b {cn(;ub)f‘—g}ub

=D



R13.

Rik.

-R15.

R16

R17-;

Sab(Sabc) =

Assumption:

Sab (Sabe)

Sabc

b

Sac(Sabe) = a

Assumption:

.« Sac(Sabe)

b

Sbe(Sabe) = a

Assumption:

Sbe(Sabe)

Sba(Sabe) = ¢

Assumption:

Sba(Sabe) = ¢

Sca(Sabe) = ¢

Assumption:

Sca{Sabe)

b

b

b

1}

1l

a
(anb)ulandluc
(amdluc

Sabce *." be&

a, ¢c& a
(anc)uland)uc
(an (Cub)}uc

a

a, ¢c&b
(bacd)u (antduc
(bue)uland)

cubua

a&ec
(cna)uvlandluc
(anD)uc

c . atec
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R18.

Assumption: b & a,

§3.B

Scb(Sabe) =

Sahc

b&c

Scb(Sabe)

(and)uc

Sabc

Further ‘properties of 85

In this section, we focus our

a,b,c

are of the form xuy or =xny,

attention on expressions
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(cnd)uwlanbluc

Sabc in which

where

In what follows, we show that, under certain conditions, the operator

S and the set operations n,u are distributive over each other.

Theorem 3.7
Given ¢ € anb, then
S{anb)cd = Sacdn Sbed.

Proof
LHS
c
. RHS
Theorem 3.8

Given c¢ &

avub,

{(anb)nc}ua
anb=cSa and cSb
{((anc)vwd}n{(bnc)ua}
{tanc)n (bnc)}ud

(anbnc)ud

1LHS

then

S(aub)cd = Sacd vSbed

iff one of the following holds:

.- €S anb

x,y are subsets of- U. -



N

(1) c

anb

n

(i1) cSa, cdtb, bAcsd
(iii) c¢%a, cSb, anc<d

(iv) c$a,ctb, cSEdES auvd

Proof

{(aub)nctud . ¢c &€ aub

2

(anc)ulbnc)ud

" For RHS, we consider the four possibilities:
(i) c&a, c &b

"= RHS (ah?)udu(bn?)ud

(anc)u (bAac)ud

= LHS
(i1) cSa, ¢c$ b:
= RHS = {(anc)udub
2 LHS
.". LHS = RHS iff RHS & LHS
j.e. (amc)udub € (anc)ulbnclud

b € (anc)ulbac)ud

bn(@uc)n (buc) €4

n

(Auc)n (bnc) d
bne & 4d
Hence if ¢ € a and ¢ ¢ b, then LHS = RHS iff bnc € d
(iii) ct a, c<h:
= RHS = avu(bAac)ud
2 LHS

.". LHS = RHS iff RHS & LHS



n

ice. av{bacluds (anc)u(bnclud

n

a (ar\g)u(bng)uci
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By interchanging a and b in (ii), we see that for ¢ ¢ a and

¢ &b, LHS = RHS iff anc & d.

C(iv) c $a, c¢ b:

= RHS = aub

.. LHS = RHS
{avu B) N TIud = aub
iee. iff [{(aub)nc}udlin(aub) = ¢
dnanh=¢g
d< aub
and (aub)a[{(avb)Nciud =
(avb)n[{(aub)uc}nd] =
(aub)ncnd = ¢
cnd=¢ PR
csd

e’ For c¢a and c¢ b, LHS = RHS iff ¢

Theorem 3.9

Sab{cnd) = Sabcn Sabd

iff

n

(aub)

d & avub.



bda = IHS = a and RHS = ana = a

bSa =
1IHS = (anmrb)ulcad)
RS = {(anBluclin{(and)ud}

(anb)u (cnd)

=I|HS.

Theorem 3%.10

Sab(cud) = Sabcu Sabd.

Proof

b¢a=°RHS=aua=a = LHS
bSa =

LHS

(anb)u (cud)

RHS (anbluculandlud

(anbd)u(cud)

1HS.

Theorem 3.11

Given bnc € a, then
Sa(bnc)d = SabduSacd

iff cne of the following holds:

(1) b-Sa, cEa

n
o

(ii) b Sa, c$a, bnc

n

(iii) b ¢ a, cSa, bnc s d

In

o
in
f

a, bnc

S

(iv) b ¢ a, c
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Proof

= RHS = (anbl)udva

2 LHS
. . IHS = RHS 4iff RHS
(and)udua
a
an(aub)n{auc)
anbntguc)
anbnc

i.e. bnc

«'« Vhen b<ca, ¢c$a, LHS = RHS

(iii)

(iv)

]

bia,c a:

> RHS = au(anclud

n o n

n
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IHS = (an(bnc)}ud
= {an(uc)lua
= (anb)vu(ancluad
Given bnc S a, there are four possible cases to be
considered:
(1) bSa, ¢S a: '
= RHS = {(anb)udlu{lanc)ud} -
= {anb)ulanc)ud
= LHS
(ii) bSa, ¢c% a:

LHS

(and)u (anc)ud
(anb)uanc)ud
a

a

a

d . bnc & a

iff bmc € d.

So by the same argument as in (ii), LHS = RHS iff

bnc & d.
b$a,c¢a
= RHS = ava

= a



Note:

LHS = RHS
iff Sa(bnc)d = a
i.e. iff bnc S dca by lemma 3.6.6.

The condition bnc $ a is sufficient for the above

. result to hold.

~+. bne $ a= b$a andc ¢a

. o LHS

Sa(bne)d = a

and RHS

I

Sabd U Sacd = ava = a

Hence Theorem 3.11 may be stated as follows:

Theorem 3.11

Sa(bnc)d = Sabd u Sacd

iff one of the following holds.

(L) bne $ a

(ii) buc S a

(iii) b € a, ¢ $a, bnec €4

(iv) b $ a, ¢ €a, bnec

n
o

n
o

n
o

(v) b ¢ a, ¢ $a, bnec

Theorem 3.12

Proof

Given buc € a, then

Sa(bue)d = Sabdn Sacd

2

{an(buc)}ud

(anbac)ud

bucEa=bSSa and ¢

"IN
W



. RES = {(anD)udln((and)ud)

]

(anbnclud

= LHS.

Theorem 3.13

Given c¢ S b, then

anSbcd = S(anb)(anc)(and)
Proof
1HS = an {(bnc)uvd} T cE€ho
= (anbnc)u (and)
‘Now c&Sb=anc€ anb
. . RHS = {(anb)n(anc)lu(and)

{(anb)n (Auc)}u (and)

(anbnc)u(and)

= LHS.

Theorem 3.1L4

Given c £ b, then

auSbed = S(aub)(avuc)(auid)

Proof
1HS = au(bnc)ud . cS€b
Now ¢S b=avuc < avubdb
. EES = {(aub)n{auc)lu(aud)

{aub)n (@nc)}u (aud)

]

(bnancluavd

(bnc)uaud

LHS.
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§:7a;€ The application of S +to Boolean Algebras

Formulation of set operations by S-expressions

Let a,b be subsets of the universal set TU. Then the operations
2, aub and anb may be written in terms of the operator S
as follows:
: is represented by SUag@ (3.15)
aub 1s represented by Sag@gb (3.16)
anb 1is represented by SU{S(SUa@)F(SULEIZ  (3.17)

or SU{SUa(SUbY)}d (3.18)

This we verify by referring to the definition of S given in 3.4

i.e.  Sabc = (anbd)uc if bSa
a if bda
where a,b,c € U.
That is,
Slag = (Una)uf *.° asvU
= a
Sagb = (an@ub .U gea
= (anU)ubd
; = avb
SU{S(sUa@)P(SUbP)}P = SU{sagd}y by (3.15)
= su(aud)d by (3.16)
= (avd) by (3.15)
= anb
and SU{SUa(SUb@)}F = SU{SUab}P by (3.15)-
= SU{(Tna)ub}g ‘. ac€ U
= SU(aub)g

= anb from above



Note

1.
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Two representations, (3.17) and (3.18), are given fer anb.

The S-expression in (3.18) has the advantage of being shorter;
but in several cases, the formulation given by (3.17) lends

itself more readily to manipulation.

In what follows, the two representations will be treated as

interchangeable.

The S-expression given in (3.15) - (3.18) have the following

properties:

Either a) The first operand is the universal set U,

or b) The second operand is the empty set &.

This means that every S-expression under consideraticn, being
a composition of the expression in (3.15) - (3.18) conforms

to the assumption made in 3.A that in every expression Sabc, bSa.



A formulation of the theory of Boolean algébras

In this work, we adopt a natural formulation of the theory of

Boolean algebras as given in Stoll [38 ] Chapter 6, which is quoted below:

A Boolean algebra is a 6-tuple <B,V,A,',0,1> where
B is a set,
V and A are binary operations,
! is a binary relation in B having B as its dowmain,
O and 1 are distinct elements of B,
and the following axioms are satisfied for all a,b,c € B.
(i) Each operation is associative:

aV (Ve =(aVp Ve

and alN (b Ac) (aNbp) A

(ii) Each operation is commutative:

aVb=DbVa

and aMNb=DbAa

(iii) BEBach operation distributes over the other:

aV(mAc)=(aVDb)A (aVc)

and aA(Ve)=(aAb)V(aAc)
(iV) aVO=a
" and alA1=a

(v) For each a € B, 3 a related element a' such that

aVa'=1
and afhNha' =0
By identifying
B with P(U), the power set of U

Vand A with set-union (V) and set-intersection (n)

Oand 1 with ¢ and U,

the abcve set of axioms may be derived from the theorems of S as

shown in the next section.



Derivation of the axioms from the properties of S

Each axiom (i) - (v) consists of a pair of statements. We show that
the axioms can be derived from the properties of S in ten separate

theorems as follows:

Theorem 3.19 avu(buc) = (aubluc
Proof au(buc) = Sag(buc) by (3.16) -
=  Sa@(Sb@e) by (3.16)
= S(Sagb)gc by theorem 3.3;‘
= S(avb)ge by (3.16)
= (aub)uc by (3.16)
Theorem 3.20 an(bne) = (anb)nc
Proof ' an(bnc) = SULS(SUa@P(SU(bNcIZ)IE by (3.17)

= SULS(SUag)@{SUbFusSUc@}]Z¥ by theorem 3.11
= SULS(sUa@)@{s(sUpd)@(sUc)}IF by (3.16)
=  SULS{s(SUa@)g(SUp@)}F(SUc@)]¥ by theorem 3.3*

= SU[s{SUag v SU@}@(SUcd)ig by (3.16)

= SULS(SU(anb))@(SUcg)1g by theorem 3.11
= (anb)nc by (3.17)
Theorem 3.21 aub = bua
Proof avb = Sagh by (3.16)
= Sbffa by theorem 3.2
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Theorem 3.22 anbdb = bna

Proof anb = su[s(SUa¢)¢(SUb¢)J¢ by (3.17)

= SU[S(SUbﬁ)ﬁ(SUag)]Q ' by theorem 3.2

= bna by (3.17)
Theorem 3.23 avulbnc) = (aub) n (avuec)
Proof av(bnc) = Sag(bnc) by (3.16)
= (Sagh)n (Sadc) by theorem 3.9
= (auvb)n(avec) by (3.16)
Theorem 3.24 an(buc) = (amb)lulanc)
. Proof an(buc) = SU[S(SUa@P(SU(buwe)IF by (3.17)

=  SULS(Sua@)@{ (Subg) N (SUcP)}]IZ by theorem 3.72
= SUL{S(SUa@)@(SUb@)} n {5(SUa@)@(SUc)}1d
by theorem 3.9

= [SU{s(SUa@)Z(SUb@}@] u [SU{S(SUa®) @

(suc?)}&] by theorem 3.1
= (anb)ulanc) by (3.17)
Theorem 3.25 avuf = a
Proof auf = Sa@gg by (3.16)

= a by theorem 3.1
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Theorem 3.26 anU = a
Proof anU =  SU[SUa(sUUR)1d by (3.18)
| =  SULSUagld by theorem 3.1
= avud by R8
= a by theorem 3.25
Theorem 3.27 ava = U
Proof ava = av(SUad) by (3.15)
=  Sa@(SUag) by (3.16)
= U by R15
Theorem 3.28 ana = §
Proof ana = an(SUag) by (3.15)

=  SULSUa(SU(SUa@)@}1g by (3.18)

= SU[SUaald as in theorem 3.26
= suug . by theorem 3.1
= ¢

Conclusion

We have shown that the set of axioms of a Boolean algebra car be

derived from the properties of S.

Hence, from the isomorphism of Boolean algebras and the algebra of sets,

we can conclude the following:

That the theory of Boolean algebras and the algebra of sets can be

completely represented within the framework of 8.
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Moreover, by virtue of theorems 3.19 to 3.23% and theorem 3.24

following, we observe that the algebra of § is also a lattice [33].

Theorem 3.2k ana = ava = a
Proof ana = SULS(SUa@)P(sUad)1g by (3.17)
= SU(SUa@)g by theorem 3.1
= Sagyg by RS )
= a by theorem 3.1
ava = Safa by (3.16)

= a by theorem 3.1



CHAPTER 4

SIMPLE PROGRAMS

AND
THEIR SPECIFICATIONS
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§L.A Names, Values and the Evaluation Operator u

ILet N be a set.of names and V be a set of values which includes

the boolean values T,F and the unassigned value -

~Then define 4 , a function with domain NwW V and range RC v,

as follows:

Definition 4.1

The function 4: NUV o4V is such that -
wX = o

where o € V 1s the value corresponding to x € N, and
wB=B VBEV.

Intuitively, 'wx' may be regarded as 'the value of x' and the paﬁe

of a constant 1s the constant itself.

Let X denote a set whose elements are an alternate sequence of

corresponding names and values.
X is formally defined by

Definition 4.2

Let pi be a pair

P = {ni,vi} n, € N;)V,,viE v

such that un. = v. .
i i

Then

X = \?}»Pi’ i€ I
i

which, fcr simplicity, we shall always write as

X = {n,],V_i,nz,Vz,.-...}
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where n; € Nuv, Vi,é V for i=1,2, ses -

Definition 4.3

Let P(X) denote the power set of X .

Then P*X) ¢ P()

is such that Y ¢ P*(X)
iff n, €EY & vi €Y.
Examples

Let a,b,c &€ N, then

(i) {a,2,b,5,¢,7} € P*(X)

with ya = 2, Kb = 5, $e = 7e

(ii) {e,2,b,5,¢,2} € P*(X)

with ua = 2, ub = 5, $e = 2.
(iii) {a,2,3,3,¢,5} € P*(X)

with ya—-= 2, n3 = 3, $yeC = 5.

(iv) {312sb13:51017} g P*(X).

Note-
In the set X , although n, 2 ny for i # j, the vi's are
not necessarily distinct.

It should be observed here that the ordering relationship in the set
X 1is such as to preserve the relationship u between a name and..
its value. No restriction is imposed upon the order of appearance

of the name-value pairs.
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Thus, if A and B are elements of P*(X) where '

A

1
{n1,v1,n2,v2, ..... ,nr,vr} n; € N, v. € \'

w .
!

= {m1,u1,m2,u2,.....,ms,us} m; € N, u, € v,

the relations of inclusion and equality of subsets of X are

defined as follows:

Definition 4.4

A 1is included in B , writtemn A ¢ B,

iff

(i) {n1,n2,...,,nr} c {m1,m2,....,ms}

ie. the set of names in A is included in

the set of names in B,

and

(ii) if n., = m. then v. = u. .
i 3 i

J

Definition 4.5

The sets A and B are said to be equal, A =B iff A < B and

B g A'

ege. 7 If A= {aa1ab12ac;3}
B= {a,3,b,2,c,1}
C = {C, 31a11p4b$2}
D= {a131c11}

then DC B, A=C but A #B.

Moreover, we need to define more precisely what is meant by the empty

- set of X and the operations union and intersection on X .
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The intersection of A and B, AN B., 1is the set

An B = {x11y1ax2ay2a'°"’xt1yt}
such that

(1) Ix1,....,xt} = {n1,....,nr} r\{mq,....,ms}

(ii) For each i, 3 j,1 such that

<
n

5 Uy if vj =y

) otherwise.
Tt follows that AN B = ¢
iff {n1,n2,....,nr}f\ {mq,ma,....,ms} = 4.

eg. If

A= {aaBaszscsh}
B = {ba2s035adaL"}
then

ANnB-= {b,2,c,w}.

Definition 4.7

The union of A and B, Awvw B, is the set

—

AUB-= {x1,y1,x2,yé;....,xt,yt}
such that
(i) {x1,....,xt} = {n1,....,nr}\J ﬂn1,....,ms}

(ii) If X, € {n1,....,nr}r\ {m1,....,ms}
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then either x. =n. and Y.
i J i

or X ml and s

vj for some J

[k}

u1 for some 1

(iii) 1If X3 € {n1,...,,nr}/\ ﬁn1,....,ms},

let Xi = nj = ml Y then
g vj = ul if vj = u1
1 w otherwise

eg. From the previous example,

AAU B = {3!35b12!01w:d14}

Having defined the sets of our particular interest. we now examine
the operation of the substitution operator S on the set P*{X)

and set up a model of a sequence of assignments in terms of 8§ .

§4.B A Model of a Sequence of Simple Assignment Statements

An assignment statement
X =y
causes the value of the variable y to be assigned as the value

of the variable x.

The same effect may be achieved by the action of the substitution

operator S upon suitable operands.

For any subsets a,b,c of an arbitrary, finite set U , Sabc is

defined in Chapter 11T by

(aanb)uc if bca
Sabc =

a . if b ¢ a.
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For the purpose of modelling an assignment statement, we shall from

now on consider the first operand a as an element of P*(X) and

b,c as members of the value set.
Let a € P*(X) be the set
a= {nq,vq,na,va,....,nl,vl}
where n, € N, \ €V forall i = 1,..;.,1 .

Consider the following two cases:-

(i) If b

wo, n, €N

c

unj . nj € N, then

Sabc = S{nq,vq,na,va,....,nq,vq} WDy D

J
_ {nq,vq,na,va,....,ni,vj,....,nj,vj,....,nl,vl} if n; 0y € a
a otherwisec
(ii) If b = oy n; € N
C = yo o €V then

OO e 4

Sabc = S{nq,v1,n2,v2,-.-.,gL,vi} wn;

{n1,v1,n2,v2,....,ni,a,....,nl,vi} if n; €a
a : _ otherwise
eg.

(i) a-= {xaan13$Za5}a b =ux, ¢ =unz

then

Sabc

S{x,1,y,3,z,5}‘nx nZ

{xasaY$3aZa5}



(ii) a = {x,71,¥1312:5}s b = 5y, ¢ = 48

then

Sabc = S{xs1sy133235} ny K8

{x113y181215}

(iii) a = {x,1,¥,3,2,5}, b = »4t, ¢ = 42
then

Sabc

S{x,1,y,3,z,5} wt uz

{x’1sy13s215}'

Remark

If the first operand of S is a set in which some names have the
same value, the above definition can still be used without
ambiguity. As even though two values uX, 2z arc the same, the
symbols ux and y2z refer to different elements of the set,

ie. ux refers to the value immediately following the name x
and iz to the value immediately following the name =z. This

is illustrated in the following example:

a = {x,1,y’2,z,1}’ b =. nx’ Cc = H.y .
then
Sabc = 8{x,1,y,2,2,1} ux ny

{x,2,y,2,z,1}‘

From the definition of § given above, a simple assignment

statement of the form
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may be represented by the S-expression
5{x,0} ux uy

where @ denotes any value inciuding the unassigned value w

and x, y € N.

Sequence of assignment statements

To establish a model of a sequence of assignment statements, we

first define what is meant by the 'variable space' of a program.

Definition 4.8

The variable space u of a program is a set € P*(X) consisting

of all the variables in the program together with their values.

At the beginning of each program, all the variables in | are

defined to have an unassigned value

ie. W= {n11m’n21m’°°°'1n1$m}

where S ] € N are the variables contained in the prdgram.

Given a program with variable space w » each step in the program

may be regarded as an alteration of y .

Thus, for x,y € y , the model of

Pt

X::y
is defined to be

Spuxuy (4.9)
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Though, according to definition 4.1, ux € V means that x could

belong to either N or V , the validity of the assignment

implies that

Now consider

- According to

Sy

Spny;(,z

x must be an elemeht of N .

two successive assignment statements

(4.9), these are modelled by two S-expressions

(4. 10)

. (4.11)

It is important to note here that y in the expressions {(4.10) and

(£.11) refers

to different states of the variable space.

For suppose that in (4.710)

W= = (K0 y02,8) xy,2 €N

'd,B,w '

then, after the execution of (4.10), p takes the value Mo where

P:z = Su,‘ X uy = {xsaa.‘faﬂ’wzas} .

Therefore, in (4.11), p 1is in the state

from u1 .

o which is different
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Thus, strictly speaking, the expression 4.11) is
S(SyuxnyInynz -
In general, each line in a sequence

wa;l)(.y;l

Sunxznyz - (’-}.12)

Sy x
WX Ty
represents a successive alteration of the variable space | -

Furthermore, y in an expression refers to the new state of

W Dpertaining after the operation of the previous line.

Therefore, the sequence(ﬂ.12)is in fact a sequence of nested

S-expressions:

Sx py

S (SWX1KY1 )Kxau.ya

where the last expression

s(.. .S(Sunx,]ny,] )nxzu.ya- .- )nxnuyn

_—

represents the final state of the variable space 1y .

This expression corresponds to the effect of a sequence of assignment

statements
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X,‘ = y1
X2 = ya
xn = yn

L4
acting upon the variables XqreveasX oy Yyreoensy -

§4.C A Dynamic Property of the Variables

Consider the following pair of statements:

4
0
d

(L.13)

N
v
4

From the last section, these are modelled by

Sy

Sy zu X
which, as we have seen, leads to the expression
S(SpnxuyIuzux : (L. 1h)

représenting the sequence of assignments of (4113).

The expression (4.14)is of the form
S(Sabc)db.
In previous treatments of S-expressions in Chapter 1I and 111,

all occurences of the same variable were regarded as exactly the

same, ie. having the same value. Such is not the case in computations.
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This is due to a conceptual difference between variables as vused
in mathematics and those used in a programming language. The
différence being that in mathematics the variables have values
which are fixed throughout any mathematical argument whereas the
value of a variable in a program varies at different stages of

its execution.

Thus in an exnression arising from statements of a program such
as (f214) the two occurences of ux need not, in general, refer

to the same value.

For example, suppose that the variable space |y just before the

execution of (4.13)1is
w = {X131Y1212,5}'
Then, X = 3, HyYy = 2, na = 5 and

S{X131y323225} Xy

Sy xny

{xsZsY12szv5}

ie. just after the execution of Spuxuy ,

W= {x,2,7,2,2,5} giving ux = 2 .

Therefore, in the expression

S(Spuxnynzux

the operand ux in the inner S-expression refers to the value 3,

while the other occurence of yx refers to the value 2.



In order to differentiate between the two types of cperand, the

following notation willi ve employed:

as Su[a1b1,a2b2,....,anbn]

if the operands a,, b, have fixed values, and
as Su[a1b1;a2b2;...;anbn]

if the operands ass bi do not have fixed values.

The first kind of notation will be called a static S-sequence and

the second one a dynamic S-sequence.

Bach pair aibi in the sequence is called a term »f the seyuence

with a; Aas the first component and bi as the second component

of the term.

From the above definition, any S-sequence obtained as the model of

a set of assignment statements is a dynamic one.

Given a set.of assignment statements, such a sequence can be

obtained directly.

eg. a::=b
b:=c¢c .
c iz a
b:=d
d :=c

is equivalent fo the dynamic S-sequence
Sulnanb; ubne; wonas ubud; ndecl

where € P*(X) is the corresponding variable space.
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84.D Transformation c¢f a Dynamic into a Static Seguence 5

'Now algebraic manipulation can only ﬁe periormed on an S-sequence

of static type as shown in Chapter II and III.Therefore, a dynamic
S-sequence obtained to model a sequence of assignments must be
ransformed into a corresponding static sequence before any reduction

is attempted. :
Consider the following sequences:

(a) | T

4 = Suluanbs nancl

(b) T

5> = Suluanb; uonal -

In both cases, the operand xa 1in the second term appears as the

first component of the first term.

Let = {a,a,b,B:Cyyy---} Dbe the variable space with a.h,c € N,

By € V, then

SUKaMb = S{aadabaB3caYi"'} nau b
= {aasvbvsvcha"'}
So T, = S{a,B,b,8,Cy ¥y} nauc (4157
= {a$Y1bvﬁ$CaYa"'}
and T2 = S{a,B-b,B:¢,¥s--} ncua ' (4. 16)

{ays’baﬁacvﬁs°°'} .
There is a difference between wa in (4.15) and in (4.16)

In the first case, ya merely refers to the element immediately
following the name a . The actual value of that element makes
no difference to the resulting set. ya here indicates the

position of the element to be replaced by jc.
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In the second case, however, the situation is quite different.
The contents of the final set very much depends on the actual

value of yxa . In this particular example, ya has changed

from ¢ to B as the result of the first step.
Thus, the term yaxc 1in the dynamic sequence
Spuleses yancy ool

may be interpreted as:

"In |, , replace the element immediately following a by the

current value of c¢c "

Therefore, in the conversion of a dynamic S-sequence into the

corresponding static sequence, it is the current value of each

variable that has to be considered.

That is, in the transformation of sequences, only the second

. component of each term is subject to alteration.

The above observation leads to the following general rule of

transformation:

Consider the sequence term by term.

If the second component, xa , of the jth term appears in the

L

sequence as the first compoﬁent, say as suaub , in the ith term

where i < j , then replace xa in tne jth term by ub.

Otherwise, the term remains unchanged.



Note

Having considered the jth term for any necessary change, the
separator ';' preceding this term is replaced by ',' to indicate
how far the dynamic sequence has been‘partially transformed to

static.

Example

The term-by-term transformation of
Spluanb; uwond; uena; mancl

Suluand; nouds wena; uancl

= Suluayub, nond; wenas; wancl

Splnaxb, uond, uenb; nancl

Subianb, neoud, nenbyg yaydl

The above rule of transformation, however, does not take into
account cases in which the second component of a term appears as

the first component in more than one earliex term.
For instance, in the sequence
Suluanbs nancs wdyal,

wa appears as the first component of both the first and the

second term.
What. then, is the change to be made on ya in the third term?

With reference to the intuitive meaning of the terms yayd and

waC , it 1s clear that the effect of the first term is overridden

by that of the second term. Hence the transformation of the above

expression yields

Suluaxb, wawc, wdncl.
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Thus, the rule of transformation is:

Consider the sequence term by term.

If the second component, xa , of the jth term appears in the
sequence as the first component in terms iq, i2, ceny in where
i1 < i2 C eee & in < j , then replace ya by the second component

of the inth term.

Otherwise, .the term remains unchanged. (4.17)

Once a dynamic sequence which is a representation of a set of
assignment statements has been transformed to static, it can be
manipulated by thé rules of algebra. In particular, it can be
considered for transformation and reductién by the algebrais

rules developed for S-expressions in Chapter III.

Apart from the rules mentioned above which apply to S-expressions
with general set operands, there are further results which are
particularly relevant to the case of our present interest, ie. the
case in which the first operand of S is an element of P*(X)

and the second and third operands are values. These results will

be developed in the theorems of the next section.

Reduction of Static S-Sequences

A static S-sequence
Sulnamb,suagbsyeeesua ub 1

may be reduceable with the help of the following theorems:



Theorem .18

(1)  Spluaxal =
and
(ii) Su[uaub] = u iff ®na = nb .

Proof

Obvious from the definition of S .

Theorem 4.19

Splnanb,yanc] = Sulyanc]
except when a € u, b€ W, cfyp .

Proof

If either a=b or ua =yxb then theorem4.18 applies and

the equality trivially holds.
So assume yua £ yb -

In which case, the possibilities are:-

@) ady = LHS = RHS =

(ii)raep,bfp, = LHS = RHS

Suluancl

"

(iii) a € py b € pyy ¢ € p = IHS = Suluanbl, RHS = y

—

But uxa £ ub , so LHS £ RHS by theorem 4 18

(iv) a,b,c € y , suppose

W= {aadab131c1Ya"'}$ then

a9
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Suluaubyuancl

s{aaa’abasica‘{s .. -}Inanbaua%C]

s{a!B!bisic?Y! '°'} Cnaxc]

{a,y,b,B,c,y, cee}

RHS

Sulxaxcl

S{a,a,b,B,C,Y, eae} EKéH.C]

{aiY'lb!B'c!Y’ . '°}

.. 1HS

RHS by definition 4.5.

Theorem 4.20

Given a,b,c,d € p, s then
Suluanb, nondl = Splycud, anbl

if either agc or a=c and xb=xd .

Proof

By the same argument as in theorem 4.19,assume a £ b, ¢ # d,

na #£ yb and uc £ ud -

Let

W= {aiuibisic!YidiSi"'}

S0 Kaza,ub:B,KC=Y,ud=6._

L

(i) Suppose a=c ,
then ub = yd leads to triviality

assume yub £ 3 d

.". LHS

Suluaub,nand]

Sulyand] , by theorem 4.19



RHS

Sulnand,nanbl

Splnaxbl by theorem 4.19

ub £ ud = LHS £ RHS .

Hence LHS = RHS = a £ c .
(ii) Given a £ c , so

LHS

Suluanb,ucnd]

RHS

Sp,[n Cnd,naub] .

In ILHS , @ is replaced by b

then vy 1is replaced by xd -

In RHS , vy is replaced by ud

then @ 1is replaced by ub .

In both cases, the two elements « and vy are replaced by
the same values. Even though the replacements are in

reversed order, the final results are the same.

"« afc=LHS = RHS .

Note

Whether a = d or not makes no difference to the result of this

theorem. If b = d then the theorem always holds.

—

The results proved in Theorem L.18 to Theorem 4 can be used in

the reduction of static S-sequences.
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Example
Reduce Sulnanbubucincub,uanc]
Suluanb,xbrc,ucub,nancl
= Sphranb,mbuc,nanc,uonbl by theorem 4.20
= Spluanb,uanc,ubuc,ycubl by theorem k4.20
= Spluauc,ubuc,ucubl . by theorem 4.19-
Remark

From the theorems, it is clear that the minimal form of a static

sequence is
| Su[na,lub1 MAHD s e e e manubn]

where the ai's are all different and n is always less than or

.equal to the number of variables in .

Now theorem 4.20 impliesthat in a static sequence containing terms
with distinct first components, the order of the terms is immaterial.

Therefore in a sequence
Spleeyecyenaasl

with such a property, the terms in [...] can be regarded as the
elements of a set.

-

The equivalence of minimal S—sequences can, thus, be defined from

the equality of sets.



Definition L.21

Two minimal static S-sequences

3
|

— b
Su[a1b1,a2 2,...,anbn]

H
I

= Sﬂ[x1y1,xzy2,...,xmym]
are said to be equivalent, denoted T1 = T2 , iff

(1) w="
(ii) {a1,a2,...,an} = {x1,x2,...,xm}

(iii) a; = Xy = b, = yj Vi,

eg.  Spluxma,nyubuzncl = Spluzuc,uxwia,nybl

from definition E.5

The conditions of equivalence in the above definition may be slightly

relaxed to give the equivalence of minimal static sequences over a

particular set of variables.

Definition 4.22

Two minimal static S-sequences

=]
|

- Su[a,lb,l,azbz, ese ,anbn]

]
!

= Sﬂ[x1y1,x2y2,...,xnyn]

are said to be equivalent over the set {n1,n2,...,nl} of names,

written as

T T

1 {nzli'-'-:"nl} 2

iff the following conditions hold:
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(i) unM=VZZ

Let V

{n1,v1,n2,v2,...,ni,vl} 1 VqreeeaVq €V

(ii) If 6 = {nn1,nn2,...,nn1} , then
= {a1,...,an} , say 0 = {ar,...,as}
and 6 ¢ {x1a'°'axm} y say 6 = {xp,"°1xq}

where {r ...,s} € {1,...,n} and {p,...,q} & {1,...,m}

(iii) a. = x5 b. = y. Vi€ {ryeees,s}

je {P)°°°:q} .

ege Ir T, S{a,o,b,B,¢,v} [nanb,ubya,ucnal

]
"

2 S{a,d,b,B} [uaub,ubua]

then T = T

1 - 2
{aab}

§4.F Equivalence of Sequences of Simple Assignment Statements

Given two sequences of assignment statements, it is possibhle to show,
using the results of the previous section, whether or not they are

equivalent.

Firstly, the concept of equivalence is defined.

L

Definition k.23

If ® and § are two sequences of assignment statements involving
the variables XqseeerX, s then ® and & are said to be

equivalent
=3

iff the final values of XqreweyX, are the' same.



@ and § are equivalent over the set {xr,...,xs}<: {x1,...,xn}

C) =
{xr,...,xs}

iff the final values of {xr,...,xs} are the same for any valid
initial values.
eg.

(i) If x=3, y=5, z =2 as the result of both ® and 3 ,
then

8>3

(ii) If @ yields

then @ = @
{Xaz}

To consider the equivalence of two sequences of assignment statements

® and § , the following procedure is used:

1. Obtain the dynamic S-sequence corresponding to ® and & [§4.C].

2. Transform the dynamic sequences into -static sequences [S4.D].

3. Reduce the static sequences to their minimal forms by the

application of theorems 4.18 to 4.20 [§4.E].

L. Compare the minimal sequences according to the definition of

equivalences [Definitions L.271 and L.z22].
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~ In what follows we shall assume that all the programs are valid in
the sense that a variable cannot appear as the right-hand side of
an assignment statement unless it has been initialized before the

execution of that statement.

Example

Consider the following sets of assignment statements:

@: d:=0Db $ + d:=a
b i=a a::==Db
a :=d b i=c
d := Db, c = a
b := ¢ a = d
c = a
a =d

1. Dynamic S-sequences corresponding to @ and § are:-
T = Suludubs ubna; uwand; ndub; nbycs; nonas yandl

and TQ = Sulnduas wanb; nbrcs wonas nandl

2. Transform T, and T, into static sequences

¢ ¢
Ty = Suludb,ubua,napxbndua,ubycrucnb,nanal
Ty = Sulnduasnaubymbreiucyd,yanal
3. Reduce the sequences to minimal forms

Te=%ﬂmhhn%ammammcm%bm%amwm]

by repeated application of theorem 4.20.

= Sulndua,ubxc,uana,ucnbl

by theorem L4.149.
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e Ty = Sulidiasnbecinonb] " -~ by theorem 4.18
T@ = Suluda,manb,nananbucucnbl by theorem 4.20
= Spludua,uana,ubic,ucybl by theorem 4.19
ie. T@ = Suludua,ubrciucybl by theorem L.18
4. T, = T, by -definition 4.2
Hence
® =38
Note

The concept of equivalence given here is the same as that used by
de Bakker [1 ] and Igarashi [16], both of whom adopi=zd an axiomatic
approach for their consideration of an equivalence theory of

programs.

Assignment Statements with Expressions on the Right-Hand Sides

So far, only simple assignments of the form

have been considered.

In this section, we extend our consideration to include cases in
which the right-hand side of an assignment statement involves

operaticns upon the variables such as

X 1=y + 2



In general, consider

(4.24)

b
(1]
Ii
I3
o]

and X @

8

where op denotes an arithmetic or a boolean operator.

As before, statements (4.24) are modeiled by

Su wxu (y op z)

and Sy wxu(op ¥)

vwhere 1 1is the variable space.

Now ux , where x 1is a single variable, has been defined in
§4.A. In order to consider cases in vhich the operand of yx is

an expression, we first define a new function » op -

Definition 4.25

The function 4 op : V=V -V is such that if Vv, € V  then

V. EB (v»‘ ’VZ)

is the result of applying a process correspording to the operation

hl s - .
op to the value Va and v2
ege If a,b € V , then L
%+ (a,b) !

gives the value obtained from a,b by the process corresponding

to addition.
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When gp: is a monadic operation, x-op is similarly defined to

be the function 4 op ¢ V- V such that
# op(v) for vev
is the result of applying a process corresponding to the operation

op to the value v .

Definition 4.26

For x,y € N, u(x opy) is defined to be
P op (uxyuy)

Similarly, in the case of monadic operator
H (9_13_ x) = ® 0op (nx)

eg- u(X'*y) = nx(uxau:\-’)
n-(nx)

wVGxamy)

u (=x)

H (xvy)

In what follows, the usual laws of arithmetic and boolean algebra

will be assumed.

Thus, the function j with more complicated forms of operand may

be considered in terms of 4 op .

—

€g- K(yxz"x) = K"(H.X(Hy.ﬂ(z),ux)

1w (v(ynz)) = wv Gt Al~Gy) ,1z))

Suppose the dynamic sequence obtained from a program is of the form

T = Syl-..3 KO MO ..i; unsn(ni op nj); cee]
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where the subsequence between the two terms does not contain any

term with un; as the first component.

From definition 4.26, T can be written as
T = Sp,lr_-o..; nninnr; ses} nns;{ ER (nni,unj); ...] -
Tc transform T into a static sequence, the transformation rule

(4.17) applies. Suppose xn. appear as a first component for

the first time in the term woun then

T = Su["f’nni”nr""’nns”'92 Ga&dnnj),...] .
That is,

T = Sp[...,nninnr,...,nngn(nr,gg_nj),...]
by definition 4.26.

Hence, we have Jjust proved the following:

Lemma 4.27

Let T be a dynamic sequence

T = Sylee.; AILUN 5 »ee) nnsn(ni QE.nj); eee]
where Hnpn, is the only term in the subsequence up to the term
“ng‘(ni gg.ni) which contains un, as the first component.

Then, the transformation of T into a static sequence gives

T ='Su[...,uninnr,...,nnsn(nr op nj),...]
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The same argument applies where op is a monadic operator anc

we have
Lemma k.28
Let T be a dynamic sequence

. T = s“'[.-.; ;{_ni;{_nr; coe) unsu(gg ni); ...]

where A H0, is the only term in the subsegquence up to the term

Knéu(gg ni) which contains un, as the first component.

Then, the transformation of T into a static sequence gives
T = Su[...,uniunr,...,ung((gR nr), ...]

Thus, a dynamic S-sequence obtained from a program involving
cperations on the variables can be simplified as in the case of

simple assignments.

For this purpose, the procedure of SWF is slightly extended as

follows:

1. Obtain the dynamic S-sequence corresponding to the given

set of assignments.

2. Transform the dynamic into static seguence using the

transformation rule 4.17 and lemmas 4.27 and 4.28.

3. Perform all possible simplification of the expressions in

the second components.

L. Reduce the sequence to its minimal form.
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Example L1.29

Reduction of the sequence

a := a+b
b := a-b
a := a-b

1. The dynamic sequence corresponding to the above program is

T = Spluan (a+b); nby(a-b); yau (a-b)l

2. Transform T into a static sequence

T = Spluan (a+b) by (a+b-b) ,yay (a+b-a-b+b)]

2. Simplify the expressions in the second components

T = Spluan (a+b),ybua,yaubl

L. Reduce T to its minimal form

T = Spluanb,ubyal -

S4.H Transformation of a Static into a Dynamic Sequence

We have shown that, given a dynamic S-sequence corresponding to
a program, it can be transformed into a static sequence and then

reduced to its minimal form.

The minimal static sequence obtained gives the final values of
the variables involved and may, therefore, be regarded as a set

of parallel assignments.
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For instance, a minimal sequence such as

Sulnbndynanciuda,ucnal
may be written as a multiple assignment statement

b,a,d,c = d,c,a,a

in a programming language which allows parallel assignments

such as CPL [ 2 ].

In a sequential programming language, however, the sequence of

assignments
b = d
a = ¢
d := a
cC = a

obtained directly from the minimal S-sequence does not yield

the final values as required.

Thus, in order to obtain a set of assignments corresponding to
a given static sequence, the sequence must be transformed into
a dynamic sequence which is a direct representation of a valid

program.

B

There are three main points to be considered in the conversion:-

1. The order of assignments
2. The current values of the variables involved

3. The information lost during the reduction process.

We shall now consider the above problems in detail.
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P1. The order of assigrnments

It is clear that, in a sequentizl programming langauge, the order

of assignments plays a very important part. Thus, in the transformation

of a static into a dynamic sequence, attention must be paid to the

order of the terms in the dynamic sequence.

The first question is, given a minimal static sequence, how to
choose the first term of what is to be the corresponding dynamic

sequence.
The solution lies in the following observation:

In a program, the first assignment statement is such that either

(a) the expression on the RHS of the assignment does not contain

the variable on the LHS

ege. X =y, a = btc
or
(b) the expression on the RHS of the assignment contains the
variable on the LHS
eg- X = X+Yy
If a program contains the first statement of type (a), then the
value of the variable on the LHS of the first statement cannot
appear in the final stage, ?g. from the above examples ux, na

cannot appear as a second component in the minimal static sequences.

A program with the first statement of type (b), however, may retain
the value of the variable on the LHS of its first assignment in the

final stage.
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Thus, the procedure for selecting the first term of the dynamic

sequence from a given static sequence
T = S”[“x1”y1’“x2"y2’""“xn"yn]
is as follows:

P1.1 If 3 a term AXUY 5 such that mX does not appear in
the second component of a term in T , then choose X MY, as the
first term of the dynamic sequence.

P1.2 Otherwise, choose the first term to be nxiuyi such that

¥y is a function of X, .

eg. From the minimzl static sequence

(i) Suluaub,nbna,ucyal , the first term is chosen to be yona .
(1)  Spluanc,ubu(b+c),ncyal , the Tirst term is wuby(b+c) .

(1ii) Spluay (a+b) by (c+a) ,uoubyudycl , the first term is ydyc .

If a minimal static sequence under consideration contains more then
one term with such properties, then a term with the shortest second
component is chosen on the grounds that it normally leads to a

simpler dynamic sequence.

Note -

The case in which neither Pis«1 nor P1.2 nolds will be treated

later [P3].

P2. The current values of the variables

Suppose the first term of the dynamic sequence corresponding to

T is chosen to be HXMY; -
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Such a dynamic sequence is a representation of a set of assignments

starting with the statement

Therefore, from now on, whenever the value ny; is required it is
accessible through the variable xi.. Thus, a change is made on
the rest of the terms in the static sequence to adjust the current

values of the variables as follows:

P2.1

if HE MY is the first term, then whenever wy; appears as a

second component in the remaining terms,»it is replaced by HX .
eg- Suluanb,ubya,ncnal
with ycya as the first term becomes
Sulucyas nanbubycl .
Note that this process is the reverse of the transformation (4.17).

For cases in which the second components are expressions, the
updating of the current values is performed by the application

of the following lemmas:

Lemma 4.730 e

if ”ni”nj ig chosen to be the first term of the dynamic sequence

corresponding to

T = Su[---mniunj,---mnln(nj ERns)a-~-] ’
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then the updated sequence is

T=%hﬁ%ﬁ-um%M%32%LuJ-

Proof

T = Sp[...,uninnj,...,unrh(nj op ns),...]

Su[...,nninnj,...,unrn 22_(Knj,uns),...] by definition 4.26.

With uniunj as the first term,

T

Sulnniun .

J; -+ssun % OP G4ni,uns),...] by P2.1

Su[uniunj; oo-,unrﬂ(ni gﬁ,ns),---] .

Lemma 4.31

if Kninnj is chosen to be the first term of the dynamic sequence

corresponding to
T = Su[..-,nninnj,..-,unrn(gﬂ nj),...] )
then the updated =zzquence is

T = Sp[nninnj; ...,nnru(gg ni),...] .

Proof as in the previous lemma.

eg. | SuEubxc,uan(a+55;;Eu(b+a+0)]

with yay (a+b) as the firsﬁ term is updated to
%deﬁm;nmcmmﬁud].

Now, from the given static sequence

T = Sufnxquyq,nxz,uyz,---,nxngyn] )
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the updating of T with respect to the First term RXHY yields

the sequence
T = SU,[Kxinyi; ;{any:] ,nx2%}'éa s anxnuyr'l]

vwhere y%,yé,;..,yﬁ denote the updated second components. Note that

y%,...,yﬁ do not contain Yy but y; may be among e SPETTRE S

Thelabove sequence could be written as

H
11

S(SWKxiKyi)["any%""’”xnnyﬂ]

Su'Tuxuy e e canx nyy 1 -

Thus, the remaining n-1 terms [nx1ny%,}..,uxnuy£] can now be
regarded as a minimal static sequence on its own. This implies
that the second term of the dynamic sequence can be seiected and
the subsequence upilated by the method used for the first term.-
This process is repeated until the terms in the original static
sequence are exhausted and hence the required dynamic sequence

is ohtained.

eg. Suluduc; uand,ucu (d-c),ubyal

Sulnbra; wdcinand,ncy (d-c)]

Sulubnas; nwand; nduc,ycx (a-c)l

Sulubua; nand; xducy youla-dd]

Hence, a dynamic sequence can be derived from any given static
sequence. That the sequence obtained does correspond to the
given one may be checked by applying the transformation (4.17)

to the final result to obtain the original static sequence.
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P3 The information lost during the reduction process

in P1 a procedure is given by which a next term in the dynamic
sequence is selected from a given minimal sequence. Two alternatives
P1.1 and P1.2 are considered. It is, however, possible that neither

of the cases holds.
For example, the minimal sequence might be
T = Suluanbyubual

which could have emerged from the program

a 1= a+b
b := a-b , (4.32)
a := a-b

with the variable space containing only a and b . (Example 4.29)

Due to the information lost during the reduction process, a program
such as (4.32) cannot be derived from the given sequence T by any

process.

In such cases, we introduce more variables into the program as

follows:

P3.1

If neither P.1.1 nor P.1.2.Hdids, then introduce a new variable
xj Z w into the sequence. The variable space is augmented to
become ug){xj,w) and the first term is chosen to be ”xj”xi

where x; € {x1,...,xn} .

The choice of x; among the x gereaX could be made, strictly

1

speaking, at random. But for the same reason as bhefore, x5 is

chosen such that the .term HEMT has the shortest second comgcnent.
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eg. From T = Su[nanb,nbua] , a new variable c¢ 1is introduced
into the sequence - and the first term of the dynamic sequence

is ucya .

The variable space y is augmented by {c,w} .

Let » u' = u\,{c,w}
The sequence obtained is, then

Sp'[ucuas wanbyubuc]

3
it

Su'lncua; wanbs wbucl -

Note that the dyﬁamic sequence T1 obtained after augmentation is
equivalent to the given sequence T over the original set of

variables

ie. T T .

1 =
{asb}
Now consider the adjustment for the current values of variables

discussed in P2.

If no structural information is lost during the reduction process,
each replacement of a second component mYs by its corresronding

first component nX; should yield a sequence with the following

properties: e

(a) ny; does not appear in any of the remaining second
components.

(b) wX; appears in a second cemponent only as a replacement of

nyj ¢



Property (a) always holds as it is a direct consequence of the
adjustment. It is, however, possible that the updated sequence

does not have the second property.

eg. The sequence

Sulncubyyan (a+c) 3 byal

with yay(atc) chosen as its first term [P1.2] is updated to
Suluaw (a+c); noub,ubxal .

Here the value of (a+c) has been assigned to the variable a

and yet ya appears in one of the remaining second components.

This is caused by the loss of information during the reduction.
It indicates that the value of a has tc be stored elsewhere

before the assignment

is made.

Thus, a new variable is augmented to the sequence, the value of

a 1s assigned to it and the sequence is updated accordingly.

Note that the violation of (b) could only happen when the next

term is to be MY 5 where s is a function of X; - Hence,
before such a term is selected, a check must be made as to

vhether an augmentation is necessary.

This implies that P1.2 of the selection procedure has to be

extended as follows:

AN
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P3.2

Else, if 3 a term nXNUY such that ¥y; is a function of x5

then

(1) if X; appears in the remaining second components, then
augment the variable space by {xj,w} vhere X £ u and

choose the first term to be nxjnxi .
(iij Otherwise choose ux;uy; as the first terﬁ.
eg. From the sequence
T = Spluoub,nay (atc) ,umal ,

introduce a new varieble, say d .

The augm.rted variable space is ' = u\;{d,w} and the resuliing
sequence T1 where
T1 = T
{a,b,c}

is such that

H
I

4 = Su'Iuduas noubyuan (a+c) nbydl

Sy'uduas naw (d+c)y uoubmbudl

i

Sut[udna; uaw (d+c); wouby nindl .

-

Remark

In this section, more variables are added to the original variable
space | Dbecause of the structural information lost during the
reduction process. The number of extra variables can be kept to

the minimum by checking for
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(i) a variable originally in y which retains its owm value
in the final stage

(ii) a variable already introduced which is not going to be
required later

and make use of such a variable whenever possible.

Summary

The transformation of an n-term minimal static sequence

SR SRR SN SPRPRITE SN AN

into a dynamic sequence may be summarised in the following

algorithm

Te

The number of terms in the static sequence is n .
Let 1 be the number of terms in the dynamic sequence.
t1 denotes the 1lth term of the dynamic sequence.

At the beginning of the transformation, 1 = O.

1= 1+1-

Consider the n-term static sequence.

If 3 at least one term KX MY, such that nx, does not
appear in any of the second component then choose the one
with the shortest second component énd let t1 = "xi"yi .

Goto 6.

If 3 at least oie HEMY such that ¥v; is a function

of x5 then select the cne with the shortest sescond

component.
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Check whether x; appears among the second components of the

remaining n-1 terms.

If so, introduce e £y

W =uw {stm}

tl= ”xjnxi
and goto 7.
Otherwise

tl=:nxiﬂ.y]‘_
and goto 6.
Introduce x5 £u -

po= u\J{Xj,m]

t1= uxjn Xi

where x; € {xq,...,xn} is such that ux.;uy; has the shortest

second component. Goto 7.

Remove tl from the static sequence,

n = n-1

If tl = 2 then repldEe all Y in the second components
of the n-term static sequence by X, 0 assuming the usual laws of

algebras when Yy is an expression.

If n=1, then 1 = 141
tl= the last term of the static sequence
and stop

else goto 2.
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§4.I The Simplification of Programs

In the last section, an algorithm for transforming a minimal

static sequence into a dynamic sequence is developed.

This implies that it is possible to construct a valid prdgram
which would produce the specified final values for a given set

of variables.

Moreover, given a simple program consisting of assignment
statements, if there exists an equivalent program which is
simpler then it can be obtained. The process of obtaining

such a program is represented diagrammatically below:

frogram ©

Dynamic Sequence

Static Sequence

Y

Minimal Static Sequence

Y

Dynamic Sequence

{

Y

Program §
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Program § thus derived is a simplification of program ® in the
sense that it contains Tewer statements and the assignments are

less complicated.

Example

Let the initial variable space yp, be
= {aadabaBaCaYada 6}
and @ consist of the following statements:

® : 4 := atb+c

c = p+c
a := c-b
b.:1= d-c
c = c-a
d := d-a

The dynamic sequence corresponding to ® is
T = Spludu (at+b+c); wou(bre)s nay (c=b); wby (d-c); uen(c-a); udy (d-a)]

which is transformed into a static sequence and then reduced to its

minimal form as follows:

T = Suludy (a+b+c) you (bre) yuay (bec=b) ;1 by (atb+c-b-c) ,y oy (b+c—b-c+b),

wdy {a+btc-b-c+b)]

= Suludy (a+b+c) yyon (bec) ,uancynbra,yonb,udy (a+b)]

Sulx dy (a+b) yuonbyuan conbral



m

The transfornmation of T into a dynamic sequence gives

H
1t

Splndn (24b) 5 wenbiuayc,ubnal -

Now let A be the set {a,b,c,d} , then

H
!

=T, = Su,:l[ud-u(a+b); wincs uonbynanf,ubyal

where p,1= uu{f,w} = {a,w,b,a,c,-{,d,é,f,w} .

So T1=~~Su1[ndu(a+b); winc; ueubsy manlynbyal

= Suqfudn(a+b)§ wfncs uonbs ubna; yanfl -

The sequence T, represents program ¢ which is

% : d := a+b

f :=c¢c
c :=b
b := a
a:=°f
Hence @& = ®
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CHAPTER 5

MODEL OF
A CONDITIONAL STATEMENT



§5.4 Model of a Conditional Statement

Any conditional statement of the form

118

if p then 8 else o (5.1)

where p is a propositional expression taking the
value T or F
and 6 , @ are unconditional statements

may be modelled by the S-expression

S (STpd) To

since p=T =S (STps) Tp = S (STTE) T

ST
— e .o.A e%T

F =S (STpe) 5 (STF9) Ty

g
]
]

S
Il

ST Tep

=0

Note that the azbove exprescion corresponds to the conditional

statement (5.1) under the assumption that @ is an unconditional

statement and is, therefore, not a boolean value.

If 6 1is allowed to have a boolean value, then the S-expression
S (STpe) T (SpFop)

will give the desired effect for

p=T=5 (STpe) T (SpFo)

8 (STTe) T (STFop)

SeTT

= 0

{5.2)



whilst

p=F=S (STpe) T (SpFp) = S (STFe) T (SFFo)

STTq

=0

By allowing ¢ to be a dummy stétement, denoted by A , an if

statement of the form
if p then o
may be represented by the expression
S (STpe) TA .
For convenience, we shall write the S-expression representing a
conditionel statement in a sequence form eg. we write
S (STpe) T as ST { po : Top }

and S (STpe) TA as ST { pg : TA }

Such a sequence is called a conditional S-sequence and has the

general form

ST { P8, F Pofs ¢ oees d pnen }
The above sequence, is a shbf%hand notation for the S-expression
el

s (... 8 (STp1G1) P8, .- ) P9 .

Obviously such a sequence will deliver the value of the 6

corresponding to the first p that has the value T .
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it is thus an analogiie ofthe ALGOL-60 expression

es. else if P, then

if P, then e1 else if P, then 62

and of McCarthy's conditional form [29]

(p =0, Py =85 =ex s P = 0)

Formal Properties of Conditional S-sequences

Consider the nested S-expression

s (... S.(STp,]e,]) PO, - ) po -

Here, with the except-on of STp1e1 s the first orerand for each
S-expression is the result of evaluating the S-expression at its

next inner level of nesting.

The expression STp.6, yields the value 6, or T according as
171 i

= T .
P, = or F

Thus, the first opzrand of each S~expression may be either the

boolean value T or an unconditional statement represented by 6, .

Under such circumstances, we are clearly dealing with a special

class of S~-expressions ie. with expressions Sabc in which

b € {T,F}
c € E such that Er\{T)F} =g

and a € Bu{T} .
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To emphasise this, different sets of letters will be used for the

operands of S ie.

a, by, €y eos € Eu (T} for the first operands
Py Qy Ty ee- ¢ {T7,F} for the second operands
By @y Yy oo €E . for the third operands.

Hence, a general conditional statement corresponds to a nested

S-expression of the form

written as a conditional S-sequence

Sa {p,]e1 N I pnen} .

Such sequences have properties which lead to the following theorems:

Theorem 5.3%

Sa {Te : pp} = Sa {(Te}

Proof

a € E=LHS = S (SaT§) pp = Sapo = a
RHS = SaTg = a
a=T=IHS = 5 (SITB) p = SBRo = .
RHS = STT§ . =8

Theorem 5.4

Sa {Fe} =-a

Proof

Obvious since a € BEw (T} .



Theorem 5.5

Sa {p9 : T} = Sa (T}

Proof

a€F = LHS = 5 (Saph) T
= RHS

a="Ts=ILHS = S (STpg) To
RHS = STT@

=8

Theorem 5.6

11

Sa {~p9 : Top} = Sa {pp : TO}

Proof
p="Ts= LHS = Sa {F§ : Tu}
RHS = Sa {To : Te}
p:F:}LHS:Sa{TB:Tcp}

RHS = Sa {Fo : To}

Theorem 5.7

sa {p0 ro} = Sa {p8}

Proof
p="Tg=IHS = Sa {T6 : po}

RBS = Sa {_Te}

F = LHS = Sa {Fo : Fo}

L)
1l

RHS = Sa {Fe}

1]

I

SaTe

Sa
Sa
Sa

Sa

{Teo}
{Tep}
{Te}
{Te}

by R3 [Chapter II]

by theorem 5.4
by theorem 5.3
by theorem 5.3

by theorem 5.4

Sa {Te} by theorem 5.3

by theorem 5.h

by theorem 5..4
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Theorem 5.8

Sa {pe : q8} = Sa {(pvq)e}

Proof
p=Tx=THS = Sa {T6 : g0} = Sa {T8} by theorem 5.3
RHS = Sa {(Tvq) 6} = Sa {T6}
p=F= LHS = Sa {Fp : q6} =-Sa {qe} by theorem 5.4
RHS = Sa {(Fvq) 6} = Sa {q6}
f
Corollary

Sa {pe : q8} = Sa {q6 : pO}

Proof

Follows directly from the above theorem since (pvq) = (avp).

Theorem 5.9

Sa {pe : ~po} = Sa {ps : To}

Proof
"RHS = Sa {p6 : (pv~p) o}
= Sa {p8 : po : ~Po} by theorem 5.8
= Sa {p8 : ~po} _ by theorem 5.7
= 1HS

»

Theorem 5.10

sa {(pAq)83: pp : 1@ : To} = Sa {(pAQ)v(~pATIE : To}



124

Proof

RHS = Sa {(pAq) 8 : (~pATr)e : To} by theorem 5.8

Sa {(pAq) 8 ¢ ~ (~pArdo : Te} by theorem 5.6

Sa {(pAg) 8 : (pv~r)o : T6}

= Sa {(pAa) © : po & ~xvp : TO} by theorem 5.8
= Sa {(pAq) € : po ¢ B : T} by theorem 5.6
= LHS

Theorem 5.11

Sa {(pAq) @ : P8 : qo} = Sa {(pAd) @ : ap : p6}

Sa {p6 : au}

Proof

Sa {(pAP) 6 : PO : Do}

= Sa {p8}
by theorem 5.7

p=gq=5 {(pAg) 8 : P8 : qo}

Sa {{(pAqd) 8 : qo : 0} = Sa {(pAD) 8 ¢ To : D6}

= Sa {p8}
by theorem 5.7

and Sa {p® : qp} = Sa {pe : po}

= Sa {pe}
by theorem 5.7

Pp#Zq ie. p=~qg and qg=~D
= Sa {(pAq) © : 6 : qo} = Sa {(pA~D) © : pp : ~Dp }
= Sa {Fo : pe : ~po}

= Sa {pg : Tw}
by theorems 5.4 and 5.9

Sa {(pAg) 6 : qo : pe} = Sa {(pA~p) @ @ aqo : ~qb}

= Sa {Fg : qu : ~q@}

= Sa {qov : To}
by thecrems 5.4 and 5.9
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Sa {~po : T8}

1

Sa {p8 : Top}
by theorem 5.6

Sa {p8 : ~pw}

T¢}
by theorem 5.9

and Sa {p8 : qo}

= Sa {pd

Hence

qo : pe} = Sa {p8 : qo} -

Sa {(pAq) 6 : P8 : ap} = Sa {(pAg) ®

Theorem 5.12

Sa {(pAq) 6 : po : qy} = Sa {(pAq) 8 : qy : pw}
Proof
IHS = Sa {(pAq) 6 : (pAQ) © : o : qi} by thecrem 5.7
= Sa {(pAq) 8 : (pAQ) o : qy : Do} by theorem 5.11
= Sa {(pAg) 8 & a¥ : PO} by theorem 5.7
= RHS

§5.C Canonical Form of Conditional S-sequences

So far, we have expressed the ALGOL-60 expression

> es. else if P then en

ii_p1 then 9, else if ?awthen 8
as a conditional S-sequence of the form
ST {p1e1 : p292 T eee 3 pnen} (5.13)

and derived some results soncerning the equivalence of sequences of

this form.
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Henceforth, we shail regard the above form of S-sequences as a
canonical form and attempt to express other conditional S-sequence

in this manner.

In general, we need to consider the following cases of conditional

statements:-~

a) if p, then begin if P, then 8, else 6, end

else begin if p3 then 93 else 94 end

with its corresponding McCarthy conditional form
(b= (=875 8,) 5 (Pg =65, 6,))

and

b) a series of conditional statements

if P, then e1 else 62

if P, then 6, else 94

3

which may be represented by

The semi-colon used here will be taken simply to mean "followed by'".

Written as conditional S-sequences, the statements in a) and b) are

respectively

ST {p1 ST {pee1 : Tea} : T ST{p393 : Teh} }

and ST {p161 : TBZ} ; ST {pZB : Teq} .

3



-
N
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Such sequences may be transformed into the canonical form by the

following theorems:-

Theorem 5.14

Sa {p ST {p191 2P0, toees d pnen}} = Sa {(p/\p1)e1 : (pApz)ez: .es :(pApn)en}

Proof

(i) a € E = LHS = RHS

I
o

= LHS = ST {T ST [p191 P8, eee pnen} }
="ST {p6, : P8, 3 «++ : P8 }
RHS = ST {(TAp,)6, : (TAD,)8, & -.. & (TAp )8 }

= 8T {p,]e1 : p992 ! eee pnen}

1ii)a=T, p=F

(F sT{p,6, : P06, ¢ +-+ : P8 }}

= LHS = ST
nn

=T

RHS = ST

{(FAp, e, : (FAp, )6, 2 --- ¢ (Fap_Je }

= SP {Fo, : Fo, : ... : Fo }

Theorem 5.75

ST {p191 2P0, f e pnen} 7y ST {q,lcp,l Pagp, b oees qm(pm}
st {(p,naq) [0, 5 0, 2 (piagy) L8y ¢ @pd & oeee (pAq,) L6, 5 opl):

(P2/\q1 ) [92 H

-
a8
-
-
.
.
.
L]

: (pAg ) D8, 5 0 1t

S
-
—
.
.

: (pnAqm) Ce, :o 1 3.
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Proof

Let p; be the first p among {p1, nee pn} which has the value T

and ay be the first q among {q1, cer qm} which has the value T .

Hence 1HS

ST {Fe1 JETPRER P pnen} ; ST {Em1:...: iji...: qmmm}
0. :wp,

1393
Now p, = FYr«i and qg = FV¥s<]

= (prAqS) =F Vr<i, a<j ’
so the first (pAq) which has the value T 1is (piA qj) .

Hence RHS

ST {F [91 : ¢1] ! eee ¢ F [91 ; o 1

F Ee. 3 ¢1] P eee 2 T téi ; 0.1 ¢ vee )

Thus, any conditional expression may be transformed inte a canonical

Sisequence by

1. Applying theorem 5.14 repeatedly until all the nested conditions

are represented by a canonical S-sequence.

2. The expression now contains a series of canonical forms which
may be transformed into a single canonical sequence by repeated

applications of theorem 5:{5.
eg. the conditional forms
(- (q = By 85) » (r— (t =85 8,),05)) 5 (py ~ 64 6,)

written as conditional S-sequences
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ST {p ST {qe1 : Tez} : T ST {r ST{te3 : Teq} : Te5} } 5 ST {p196 : Te7}
may be transformed into a canonical sequence as follows:-

ST {p ST {qe1 : Tea} : T ST {r ST {te3 : Teq} : Te5} } ;3 ST {p1e6 : Te7}

ST {(p)\q)e1 :(pAT)e, : T ST {(rAt)es : (rAt)eq : Te5} } s ST {p,8g : Te7}

ST {(pAq)e1 : P, (TArAt)e3 : (TArAT)Gu : (TAT)G5} 3 ST £p1e6 : Te7}

= ST {(paq)e, @ PO, : (r/\t)e3 LT Te5} ;5 ST {p,6¢ * Te7}

= ST {(paarp,) [8; ; 8¢) ¢ (paaAT)IB, 5 6,1 = (AR L6, 5 8] -

(eAT) 6, 5 8,1 : (rAtAp,) [0 5 651 : (rataTIlB; 5 6,1 =

(rap,) Ce,, 3 96j : (rAT) [o), s 971 : (TAP1)[G5 2 9] (TAT)IZG5 : 971}

= ST {(pAanp,)00, 5 8] : (madle, 5 8,1 : (pAp,)D8, 5 6¢] ¢ plB, 5 8] ¢
(rAthp, I[85 5 8] = (rAt)Le5 5 68,1 @ (A )8, 5 661 @ xl6, 5 8] :

Note

To avoid confusing the issue at hand, we did not mention the possible
effect of the unconditional statements 911 ey en on the propositional

expressions Qqs eeey in theorem 5.15.

In effect, the theorem seems to be applicable only when the qj's are

-

not functions of the ei's.

In fact, it can also be used even if qj's are dependent on Gi's
provided it is applied after the transformation from the dynamic into

the static state.
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§5.D Conditional S-sequences with Undefined Value

In the previous sections, we have considered conditional statements

if p then & else o

in which the propositional expression p takes only the toolean

values T and F .

it is, however, possible that the test condition p may be undefined
iee p may take the value w and hence the statement yields an
undefined value. In which case, the S-expression representing the

conditional statement is

S (STpg) T (SpFp) .

This is the expression given in (5.2) and has been shown to yield

@ and ¢ according to whether p is T or F .

If p=w then

5 (STpg) T (SpFp) = S (STws) T (SwFp)

STTw = w

Hence the expression models the above conditional statement when

p.€ {T,F,LQ}-

To make provision for the possibility that some of the p's and
8's 1in a conditional form may be undefined, McCarthy [29]

applies the following rule for the evaluation of

(P1 - 911 Pa" 921 cee Pn"en) ‘-
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"If an undefined p occurs before a true p or if all the p's are
false or if the @ corresponding to the first true p is undefined,
then the form is undefined. Otherwise, the value of the form is the

value of the 6 corresponding to the first true p ."
In the two-valued case we have considered earlier, the conditional
form

(py =830 B = 65 «or 5 By = 8 (5.16)
corresponds to a simple S-expression

S (... s (sTp,6,) P,6, «++ ) PO,

which, in a sequence notation, is

ST {P191 : p292 P eee ¢ pnen} .

To derive the S-expression representing (5.16) in the three valued
case, we first consider an S-expression which mirrors the effect of
{qg = o) .

Thaf is
S-(Squ) T (SqFw)

which gives the value o if q =T and w otherwise. B T
P )

+ See Appendix B for verification
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Having shown that
8 (sTps) T (SpFo)

yields the same result as

(p -6, ®» ,
it is now easy to deduce that

(»p -6, q =0
should be represented by

(s (sTpe) T (SpF {S (STqp) T (SqFw) } )

4 . 1-
as is substantiated iu the Appendix B. (B2)

Thus, for p € {T,F,w } ,

(P,] - 61, pz—. 62) s pn_"en)

correéponds to the S-expression

S (Squsq) T (Squ (s (Sszez) T (szF eee S (STpnen) T (sPnFm) ese )))e

This expression in three-valued logic is much too cumbersome to
work with. We shall therefore employ the notation used in the two-

-

valued case ie.

ST {p,le1 : p292 S eee § pnen}

with the added condition that if either an undefined p occurs
before a true p or all the ©p's are false, then the sequence is

undefined. - (5.17)

T See Appendix B for verification.
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The next step is to investigate the validity of the theorems which
‘hold in the two-valued case. In order to do so, we first define

an extension of the propositional connectives in three-valued logic.

In McCarthy's conditional forms, these are

PAQ = (p-oq,T-»F)
pVQ = (p>T, T-aq)

Pq (p-+q,T~T)

which yield the following truth tables

a a
PAQ T F ow PVa T P w
T T F w T T T T
P F F F F p F T F w
W wooww W w W w

q
~7P >q T F w
T F T T F w
P F T R p F T T T
W w w W W oW
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In terms of S , the connectives are’

PAq = S (STpg) Tp

pvVq = SpFq

~p =5 (STpF) T (SpFT)

mq = S8 (STpq) T (SpFT) A (}33)Jr

This system of defining the logical connectives is unsymmetrical,

but it is most appropriate to the theory of computation eg.
Faw = F but wAF = o

indicating that if p = ¥ then q need not be caliculated to
evaluate pAq , but if p is undefined ie. the calculation of

p does not terminate, then we never get round to computing q .

Under this system of three-valued logic, it is found that ali the
theorems proved for the two-valued case hold with the exception
of theorem 5.5, the last part of theorem 5.11 and the corollary

to theorem 5.8. (See Appendix C for verifcation of results.)

In conclusion, we shall present the theorems under the notions of

streng and weak equivalence which are defined as follows:—

Two conditional S-sequences containing the propositional variables

—

Pys Py =+ 4 P are said to be strongly equivalent if they have

the same value for all combinations of P,y - , P, € {T, F, w}.

t See Appendix B fer verification.
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They are weakly equivalent if they yield the same result for all

values of Dys eee 3 B € {T, F} only

Let = denote strong equivalence and = denote weak equivalence,

then the theorems are

1. Sa {Te : po} =, Sa {To}
2. Sa {Fe} == a

3. Sa{pp :To} =, Sa {To}

4. Sa {~ p8:Tn} =, $a {pp : T6}

5. S

Y

{6 : pp} =_ Sa {pe}
6. Sa {po : qo} =, S5a {(pva)e}
Corollary : Sa {ps : g8} =, Sa {q8 : 16}

7. Sa {p6 : ~ po} =, Sa {po : T}

8. Sa {(pna)8 : ap :re : To} =_  Sa {(prg) v (~pAr) 8 : To}
9. Sa {(pAg)e : PO : qu} =, 5a {(prq) 6 : qo : po}

=, ©Sa {r8 : qo}
10. Sa {(pAq)e : po : q¢}7_, =, Sa {(png) 8 = qf : po}

11. Sa {p ST {p181 : p282 teeal pnen}} = Sa {(pAp1)91 teeel (pApn)en}

12. 8T {p,]e1 : p262 tenel pnen} s ST {q1¢1 2as0, Peesd qmmm}

-e
-6
—_
[

=_ {(pynray) Lo, (p,na,) (9, 5 0] teeeilping) [0, 5 o]

(phaz) L6, 5 940 ¢+ (pAG,) L8, 5 o] teeei(png ) [6;5 5 o]

(pAqq) [o, 5 040 ¢ (pAay) [8) 5 0] <eenilpng ) [6)

S

- B
(]
s
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Note

Since in this extension to three-valued logic pAq # gApP and
VP # qQvp in general, it is important to observe the order of

the variables in the propositional expression in the given results.

Conclusion

We have developed a canonical form for modelling conditional
statements in terms of S-expressions. Theorems 5.14 and 5.15
enable us to transform any type of conditional statement into
the canonical form and any possible reduction of such a form

follows from the results of theorems 5.3 - 5.12.

Thus, if each element of the set E is considered as a dynamic
sequenceﬂrepresenting a set of assignment statements and the
‘propositional expressions p; are expressed as functions of
some input data, the canonical S-~sequence will delineate the
result of a program under all possible conditions depending on

the input data.



CHAPTER 6

ON CONTROL STRUCTURES



Preamble

In Chapter IV we investigated the problems of representing a program
consisting purely of assignment statements, in terms of the
substitution operator S . A model was given in the form of

dynamic S-sequences. These sequences may be transformed and reduced
to their canonical forms known as minimal static sequences, thus
presenting a method for considering the equivalence of two such

simple programs.

In this Chapter, we extend ocur consideration to include control

structures.

In general, a dynami~ S-sequence is of the form:
Sp,[na,lub,l; uaznba; cee 3 nanu,bn]

consisting of the three components

1. the substitution operator S
2. the variable space of the program

and

3. the body of the sequence [naqubq; uazuba; cee 3 uangbn] .

As the body of the sequence plays the major part in our consideration
of S-sequences, it would be'coﬁvenient to be able to refer to it in
a more compact form. Henceforth, we shall denote the body of a
dynamic sequence correspondigg to a section of program X by X

eg. if X consists of a sequence of assignments



a:=>b
b := ¢
C 1= a

then the dynamic S-sequence representing X is

Sulueands wbucs noual

and thus

BX = [uaub; ubucs ncyal .

Note that it is possible for a section of program to contain dummy
statements or undefined statements. In such cases, if A is a

dummy statement and B an undefined statement, we denote

BA by A , a dummy body

and BE by w , an undefined body.

Furthermore, we shall use the end marker - to indicate the end of

a program, eg. a complete program is of the form

The end marker will be represented in the dynamic sequence in the

same forme.

Concatenation of Programs

Consider a section of program C which is a concatenation of

programs A and B, ie.
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In terms of dynamic S-sequences, the above sectioﬂs of program are

represented by

SupA
SuBC

SupgB

S(SupA)pB

SulpA ;5 BBI .

Hence the body of a dynamic sequence representing a concatenation

of two sections of a program is the concatenation of the bodies

of the corresponding dynamic sequences, ie.

Bl A ; Bl =[ gA 5 pB ]

The two special types of body, A and w® , have the following

trivial properties:-

(1) BX ;A = A;BX = pBX
(ii) BX ;0 = wj; pX = ® .

It is also clear that for any sections of program A and B ,

Transformation and Reduction of a Dynamic S-Sequence in

Terms of its Subsequences

In the previous section, we indicated that the body of a dynamic

sequence may be composed of two or more other bodies. In other

words, a dynamic sequence may contain a number of subsequences.
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To derive the canonical form of such a seguence, we may apply the
transformation and reduction rules as described in Cahpter IV to
the entire seQuence, or perform the transition in terms of its

subsequences.

That is, if a dynamic sequence T consists of a number of

subsequences, ege.

H
]

Sul BA 5 BB ;5 BC ]

[nc1uz1; cee ;uckgzk]]

then the canonical form of T may be obtained by

(a) transforming and reducing the sequence

T = Su[na1nx1;---;uainxi;ub1ny1;---;nbjnyj;uc1nz1;---;nckgzk]
or
(b) transforming and reducing each subsequence 8A, BB and BC to
its canonical form separately and then considering each one

relative to its predecessors.
The alternative process (b) can be stated more precisely as follows:

If the body BX of the dynamic sequence representing a program X
consists of subsequences 5X1, BXZ’ oo BXh y then BX may be

reduced to its minimal static form by

(i) reducing each BX; independently to its minimal static form

by the procedure described in §4.D and §4.E of Chapter IV.

(ii) starting with i=1 , transform the dynamic sequence BX, 4

to its static form with respect to the sequence aXi ’
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perform any possible reduction within the two subsequences

and regard the result as 5Xi+1 . Increase 1 and repeat
the process until all subsequences have been considered.

The canonical form of BX is then given by BX, -

Example

(a)

(v)

T = Splluduasuanblslubudsudycinendsudual ;inonbinandsuenall

Transforming T as one sequence:

T

Sulndnasuanbiubedsudciuendsuduasucubiuon diuenal

Sulndna,nanbubua,uduc uenc udebycrananb,yenbl

= Su[ndnbmaubmbnamenbmcna]

Transformation of T in terms of its subsequences:

[udnasuaybl

BX,

BX, = [nbudgnducinendsndnal

BX3 Cucubsuandsuenal

Reduce each BX; to its minimal form giving

BX, = [udya,uanbl

Bxa = [%bndmducauencmdua]
= [nb&daudnasnencl

BX; = [ucub,yand,uexnd]

Transform BXZ with respect to BX1 s reduce the two

subsequences to give
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BX,

BX, 5 BX,

[ndia,nanbl jInbud,ndia,yencl

[uduagnanbj,[nbuaandub,uencj

Dudub,uanb,ubua nencl
Transform 5X3 with respect to 5X2 and reduce

[udubmanbmbuameud;[:tcnbmandmend]

Endubmaubmb,tamenczl ) [uCuamanbmean

[udubmanbmbnamenb ywenal

The minimal foirm of T 1is

T = Spludub,uabyubua,uexbyycnal .

The transformation of dynamic sequences to the canonical form in
terms of their subsequences is more suitable for programs which
are more complicated than the one given in the example. Its real
value is in the transformation of more gencral programs, eg. those
containing control statements, blocks, etc.. Such programs are

considered in the investigation which follows.

In our discussion of high-level languages, we shall base our models
on a high-level language with the essential features of Algol-60
with occasional reference to other programming languages whenzver

appropriate.

Moreover, we shall assume that all the programs under consideration

are syntactically correct.
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§6.B The 'Value' of a Label

Before constructing the S-models for control statements, we first

consider the notion of the 'value' of a label.

The evaluation operator yu has been defined in'Chapter IV as a
function with domain NuwV and fange RC V , where N denotes-

a set of names and V denotes a set of values such that

1]
]

nX

where o € V is the value corresponding to x € N , and

no VaeV.

N
Q

We now extend the domain of 4 to include a set ol labels such
that the operation of y upon a label yields what may be simply

understood as the 'value' of the labzl.

Definition

Let L Dbe a set of labels, then
ul V1eLn

is defined to be all the staiements of the program following the
label 1 up to and including the first unconditional goto

statement, if one exists, otherwise to the end of the program.

Examgles

In the following examples the upper-case letters denote sections

of program which do not contain control statements.



12:

11:

ig.p then goto 12
C »11

goto 11
D

bt

if q then E else goto 11

F ' w12
-l

A

B

if p then goto 12
else if q then C

else goto 13

w12

nl

11

144
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L. A
1: if p then (B

goto 1)
ul

else C

In modelling a program containing labels, we shall make use of
this notation of the value of a label to present the dynamic
sequence in the simplest possible form. That is, a statement
X will be represented in the S~form on its own only if it is
not included in the range of any label, otherwise it will

appear in a dynamic sequence as part of the value of a label.

In the given examples, the programs will be visualized as follows:

1e A
w11

ul2

nl
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Now, for 1 €L, xl gives a section of program, say X
ie« 4l = X hence, the body of the dynamic sequence corresponding

to the value of 1 is given by

BX = Bnl

For example, the dynamic sequence representing the program in

example 2 is

Sp,[ BA 5 Bnl1 3 BE 5 ... ]

GOTO Statement

Consider a program

(6.1)

The statement goto 1 causes the piece of program following 1 to

be executed after A to give

A
c

D

ie. the result is simply the concatenation of A and x4l .



Thus

eg.

where

gcoto 1

wl

may be modelled simply by

(6.1) corresponds to

SugA
wl

SuBB

SpBC
SHBD
_L

That is, the dynamic sequence for (6.1) is

where

wl

Thus,

il

The above example also illustrates the need for the end marker.

Su[ BA

Sul 8C

substituting for gyl

Sul A

Sul BA ;

Su[ BA

-

?

fn 3 BB 5 Bul ]

D5 4 1.

gives

Pl 5 BB 3 Bxl ]
BC 53D 5 - 3 BB

BC; D 4 1.

I

gC

gD

41

147
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§6.D Conditional Statements

In Chapter V, we consider conditional S-sequences of the form
ST{P191:P262: aee :pnen} pi E {T‘)F!w}

which yield the value 6 corresponding to the first p which has
the value true. If either an undefined p occurs before a true
p or all p's are false, then the sequence yields an undefined

value.

If q 1is a propositional expression, then the evaluation operator
w acting upon q will give a value belonging to the set {T,F,w}

[Chapter IV] .

ie. nqg € {T,F,w}

Thus, a conditional statement of the form
if q then & else o

where q is a propositional expression

6 and ¢ are simple variables or values
may be modelled by the conditional S-sequence

ST{ xq6 : Tp} (6.2)

Similarly, if & and @ represent sections of program X
and Y say, then the model of. a conditional statement of the
form

if q then X else Y

is ST{ ®q SLLBX : T Sp,BY } (6-3)
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Now a program such as

7
(6.4)
if q then X else Y
is represented line-by-line by
SupZ
(6.5)

ST{ uq SuBX ¢ T Sps¥Y }

The above conditional S~sequence represents

SuBX
or SupY
or w

according as 4q =T, Forw -

That is, (6.5) has three alternatives, ie.

SuBZ 567 5,87
or or
Su,BX SuBY w

which are

S.[pZ ; pX J or Sﬁ[ BZ ;3 Y 1 or SrE BZ 5 w ]

in terms of dynamic S-sequences.

Thus, the representation of (6.5) as a dynamic sequence is

Sul BZ ; ST{ xq [gX] : TLRY] } ]
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To simplify such a represeniation, we denote a conditional
Sequence
ST{p161:p292: cos :pnen}

by {p191:p292: cee :pnen}

hence the program (6.4) is represented by the dynamic S-sequence

SpL BZ 5 { wq [pX] : T [pY] } ]
e X = a
Yy i= b

if x>y then z i= x gise z = ¥
is modelled by

Sul wxagnyub; in (>y) [uznx] : T [uznyl} 1

which gives Sul wxuasmuyubiuzux 1 if »(y) = T

Il

and Sul wxiasuynbiuzny 1 if x(xy) = F .

Following the models given in (6.2) and (6.3), it is clear that

simple conditional statements such as

if q then 8

and if q then X

where O is a simple variable or a value

X is a secticn of program
are represented by the conditional S-sequences

{wa 8 :TAY

and {nq SpsX : TA )} .
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Generalized Assignments

For a simple assignment

X =Yy

the S-model is Sy Xy

The same structure may be used in the case of generalized assignments.
Consider the statements

(if p then x else y) := a
(6.6)

and x i= (if p then a else b)

Combining the assignment model with the model of a conditional
statement (6.2), we obtain the following representations for the

above statements:

Suln{np x:Ty} nal

and Sulux w{up a:Tb}]

The conditional {up x:Ty} gives x if xp =T and y otherwise,

thus
Sy Xy, a if yp="T
Sulu{up x:Ty} nal = .

Spywa  if up

From the discussion of the last section, the situation on the RHS

may also be represented by:

Su[{nP[nXua]=T[nyka]}]-,

we thus deduce the following transformation:

Sulu{up x:Ty} xal = Sulluplumal:Thiyal}d .
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Similarly, it can be shown that

Sulux uiup a:To}] = Spl{npluxnal :Thyxbl}] .

Hence a program containing a conditional form, either as part of
a generalized assignment or as a transfer of control, may be

represented by a dynamic S-sequence of the form
SPOE o.o; {M’pe :Ttp} ; see ]

where 6 and ¢ are of the forms BX, BY for some sections

of program X and Y .

Loops

The main function of a loop in a programming language is to enable
a section of a program to be executed repeatedly. The various
constructions for writing a loop consist basically of the same
operations although the order of operation may vary from language
to language. Here we shall consider Algol-60 for-statement as

an example of a loop.

According to the Algol-60 Report [ 30]

"Aigol—GO for-clause causes statement S which it precedes to be
repeatedly executed zero or more times. In addition it performs
a sequence of assignments to its control variables. The process

may be visualized as follows:

initialized ; test j; statement S ; advance ; successor

i}

for list exhausted
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Thus, a for-statement of the form

for i:=l step m until n do § (€.7)
may be described in terms of the following statements:

i :=1
L: if isn then ( S
i 2= i4m

goto L ) (6.8)

Note

The open and closed brackets are used here to indicate the range
of control of if ... then ... instead of begin and end which

will be considered in due course.

It can be seen that the construction of a loop is based upon a
conditional statement and a goto statement which have already
been discussed. Thus in the light of (6.8), we model the

for-statement (6.7) by

Sul ninl 3 Bnl 1]

wherre wl = Sp,[{z{ (iSn)[BS;nin (i+m);BnL] : TA}] -

The Algol-60 while-statement may be considerd in a similar manner,
ie:

while p do S

is equivalent to

L: if p then (s

goto L)



which is represented by

Sul gl ]

where wL = Sul{xp[BS;pxLI:TA}] -

Transformation of Programs with Control Statements

Consider the program

X = a
y::b

if x>y then z := x else z := ¥

Z = Z+4+Z

-| (6.9)
which is of the form

A

if p then B else C

D

-l
The dynamic sequence corresponding to the above form is

Sul A 5 { wp[pBl : T(pC] } gD 5 {1 - (6.10)

To transform this sequence.into a static sequence we shall use
the subsequence method described in §6.A. The first step is
the transformation of pBA, gB, BC, gD rindependently into their
minimal forms. The next step is slightly more complicated.

Not only have @B, BC and gD to be transformed according to
their preceding subsequences, but xp must also be adjusted

with respect to the preceding subsequence . BA [Chapter IV].
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Let up' represent the transformation of up relative to gA ,

then the sequence (6.10) becomes

Sul{ up'[pA;pB] : T[gA;8C] } 5 8D 5 -]
= Syl{ »p'[pA;BB;8D;-1 : T[RA;BC;8D;-1}]

That is, a program represented by the flow diagram

-

is transformed into one of the form

p'
A A
B c
D D

(6.11)

From (6.11), the sequences [ gA; 8B; gD ] and [ gAj gC; gD ]

are then reduced to the minimal forms. The resulting static

sequence delineates the final values of the variables involved

according to the truth of p' .
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Example 6.12

The dynamic sequence corresponding to the program (6.9) is

Suluxnasuyuds {n oy Duznx] 1T zuyl} suzn (z+2)5 4 ]

which is transformed and reduced as follows:

SuDexnasuyubs {n oy Deznxd :Thiznyl} suzn (z+2)5 4 1
= Sul{x (@>b)Iuxmasnyubinzuxd :Tluxnasuyubinznyl} suzn (z+2) 54 1
= Sul{n (a>b) D masu b znal 2T xna s Jubanznl} suzn (z+2)5 4 ]
= SuL 00 (D) D mbsnznagnzu (z+2)5 41:Tluxa, uynb,uzubsuzy (z+2) 41}
= Sl (@) Iuxuasyubinznasuzn (a+a)y A1:Thumasugubuzubsuzy (o+b), 4131

= Sul{n (@>b)Duxnamynbinzn (a+a), 11 :Thx@mmbiuzn (b+d), 4131

The minimal sequence obtained shows that x and y have the values
a and b respeétively but the final value of z is either (a+a)

or (b+b) depending on whether a>b or not.

The program given in the example contains only one conditional
statement which leads to the minimal sequence consisting of two
possible sets of final values. Programs containing n conditionals
may be reduced in the same manner with the conditionals transformed
to the canonical form as discussgd in theorems 5.14 and 5.15 of
Chapter V. Some reduction may be possible as shown in theorems

5.3 to 5.12 of the same chapter, but for a large n the number of

possibilities can still be quite large.

In the case of programs containing backward goto's, it is not as
simple to produce the final static sequence as in the case of the

last example.
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The S-sequence of a non-terminating iprogram will display the same
behaviour as is shown in Example 6.73 to follow. Some sequences
involving loops may ke reduced to their minimal forms with the

help of induction as in Example 6.15.

Example 6.13%

The dynamic sequence for the above program is

T = Spluxmaspul; 41  where guL = [y (x+1) ;B L]

3
i

Sulnxmasyxu (x+1) 381 Ly -]

Suluxasn, (a+1) 38uL; 4]

Sulnsma, i (a1 ) jun (0+1) 38 Ls 4]

Splumiayuxm (a+1) ux (a+1+1) ;8L 4]

Sulusa,ux (@r141) sz (x+1) 380 L5 4]

Sulnxua,nxu (ad14+14+1) su300 {x41) 3B L3 ]

Clearly, the sequence T does not terminate.

Example 6.14

X = a

¥y i=Db
L: if x>0 then ( y := y+1
X = X~1

goto L )
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The dynamic sequence corresponding to the above piece of program is

=3
n

Suluxmasuynbssul] where

BnL

{0 Go0) Duym (y+1) su 300 (x-1) 5B LI :TA}

Hence T = Syluxnazuynb;{n (0)Dnyn (y+1) 50300 (x-1) 581 L1 :TA}]

Suluxa,nynb, { (@>0)uyn (0+1) yuxn (a=1) ;8¢ L] :TAY]

Sul{n (a>0) Duxe (a~1) yuuyu (b+1) 5B L] :Thexna,nyn b1} ]

If a>0 , then x(a>0)=T and y(a-i>0) will have the value T
for i=1,2,...,a-1 « Hence the first subsequence in the above

sequence gives

[nxu(é—1);nyn(b+1);{n(X>O)Enyu(y+1);nxu(X-1);BnL]2TA}]

Dot (a=1) sy (041) 4 {1 (=150 Dy (042) yye3% (a=2) 384 L] s TA}]

Dot (a=1) yu3se (041D g3 (0+2) 4y 3 (a-2) 58 L]

Duxn (a-2) s ym (b+2) 5 (n (x>0 Dy (y+1) 53300 (x=1) 81 L] : TAY]

EKXn(a-a),nyu(b+a);{n(X>O)[nyn(y+1);an(X—1);enL]:TA)]

by induction

D30 0anyn (b+a) {1 (0>0) Dnyn (b+a+1) sy (1) 383 L] :TA}]

Dux0yn yn (ba) , Al

[}(,XH.OM,W (b+a)]

Hence the minimal static form of T is

T = Sul{x (a>0)Dixu 0,y yu (b+a) 1 :Thuxua,nynbl}]

indicating that if a>0 , then the final values of x and y are

O and b+a respectively, otherwise x=a, y=b .
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Example 6.15
X = a
¥y :==Db
z = cC
L: if x<z then (¢t := x5 x 1= ¥3 ¥ 1= t )
if y<z then ( t := y; y = z; z := t; geto L )

For the above program, the dynamic sequence is

T = Spluxuasuyubiuzncisull where

Bl = {n (x<y) Dutuxnexnyinyn t1 i TAY 5 G0 (3<z) Dty suynz s zn £ 81 L] 1 TAY

Perform the transformation on gyl :-

B L

11

{n ey ) Dt om0 Yo uynx1 2 TAY 3 G Cy<z) It Yo zsnzn y 3 B L] s TAY

{n (x<y I (<2 ) Dot 2 X Ty I s b Vs e 2zt y 3 Bu L]

1}

1 (x<y) A ThubuXouxny smyux; Al
T A n (<2 IAu Y s ynzomZuy; Bl ¢

TATLI MAT ) by theorem 5.15

{3 Geey ) (<2 ) Do B Xa s X ¥ o1 Yt 2 9 1 20X 3 Bue L

u (x<y ) D tuxouze Youyuxd 2 u(y<z)lnbysuyuzouzny; Pl @ TA}

The first subsequence [ituX,uxu Y muynzZ uzux;pul] leads to

WX X Ty u o0 Zam Zn X3 (o (XY IN (<2 ) Do e Xam 3o Y s P Z o ZnX 3B L] @
w X<y Intuxouxu yonyux] ¢

w (y<2)utuyuynzonzy;8ull s TA )
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which is reduced to

U (y<z)nm (r<) Dty s 2o X onzn Y3 pe L]
n(y<2)utuymsnzimznxd : 4 (2<x)Dutnz xuy e yux;Bul] @

Tht tuXouXu Yan 2 uzuxl  }

Similarly, the third subsequence [ytu¥,uyuz.muzuy;pul]l sgives:-

B (k<2 ) (x<y ) D EnXon X 2 oz X3 B L] ¢
it (%<2 ) I tuxonxnz o uynXanzuyl : u(z<y)intuz;pr L]

Tl tuyiumznzuyl }

Hence, after one stage Pyl 1is

Bl = {n (x<ydnoe (x<z )M (y<z ) nn (<) Dty suxuz  umnxanzny s Bl ¢
w (x<y I (x<z I (<2 ) Dty sz ymznx] ¢
1 (x<y I (x<z )M (<) Dtz nsaey o ks B L] ¢
1 (x<yImn (<2 ) D b Ko X Y ou Iz ux] 2

n (x<Y) It X onxnyonyux]l

w (y<z ) (<2 ) (< ) Dt X xmz o zn s B L] ¢
 (y<z)ne (3<2) Dt X o 30 2 s I XomZuyl ¢

w (y<zIng (z<y)Dntuz B l] @ (y<z)utuyouynzmznyl ¢ TA }

At this stage, we observe that some of the subsequences contain the
term BuL and thus require further substitution and it seems as if
the process might go on indefiflitely. However, a closer inspection
reveals that some of the conditions always have the value F ,

eg. the expression u (x<y)An (x<z)A (z<x) . Thus, the subsequences
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following such conditions may be discarded according to theorem S.hL.

Hence, we cbtain a reduced sequence

Brl = {0 (x<ydInm (x<z)M (y<z ) Dty suxuzonzux] 2
n (x<y Ine (<2 ) Do b X, n o0 Y > Y 2 o0 20X ]
w (<Y D ey suynx] ¢
wn (y<z N, (<2 )N (x<y ) I tuXau sz 2ne 3B L] ¢
w (y<z ) (x<2 ) [y i Xy u X 2o I Xonznyl ¢

# (y<z ) IntuYsnynzsuznyl + TA }

The only subsequence which requires further attention is
Cutuxauxuzuzux;ful] « On further substitution of the subsequence
and reduction of th: terms with the value F as before, the term

under consideration is found to be simply

w (y<z I (ecz ) A (ey ) D Xy 21 2 s 2 %

Hence, we obtain the minimal form of 8xL to be

eul = {n (x<y I Gz ) (y<z ) Dty o0z znx] :
u (x<y o (<2 ) D tu Xy X Y s u Y 2 anZux] 2
w (k<Y I b Xy X Yase yux] 2
g(Y<Z)Au(X<Z)Au(X<y)[ntux,uxuz,uzux] :
n (y<z o (<2 ) D o 3 2o u X anzmyl 2

w (y<z ) Intuysnyuzanznyl + TA }

Therefore, the minimal static sequence corresponding to the

above program is

T =- Spluxa,nyubiuzncipyll



§6.F

1Gé
je«. T = Su[{n(a<b)An(a<C)An(b<c)[n£ub,nxucsnyub,nzna] :
" (a<b)ﬁu (a<c) D tua,uxubsuyuconzual :
u (a<b) Iutua,uxub,uynamzncl @
w (b<e ) (ace ) (a<h) Tn tna, ux cyuyu b nznal
n (b<e I (a<e ) In tuay 3 C s uasuzub]
# (b<e) Dy tubynxuasuynconzubl :

Thuxuamyubonzucl 1}

That is, the program sorts three numbers in descending order. The
minimal sequence indicates the final values of x, y, z with respect

to all the possible values of the data a, b, c.

From what we have scen so far, it is apparent that although it is
theoretically possible to transform a dynamic sequence representing
a program with transfers of control into its minimal form, the task

is by no means trivial.

Blocks

In our discussion so far, in order not to confuse the issue at hand,
we have avoided the concept of block structures completely. Our

3 4
programs consist of sequence§éf statemenﬁ[only. Therefore, we

require statement brackets merely to indicate the range of if ...

then ... else ... constructs. These statement brackets are

represented by ( and ) .

We now turn our attention to the concepts involved in setting up

the S-model of a blocke.
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Augmentaticn and Deletion

In Chapter IV, X is defined to be a sel whose elements are an

alternate sequence of corresponding names and values, ie.

X = {n,I,V,I,nz,Vz, s0 0 }

where n, €N, v, €V and ung=v, -

Let i be a subset of X .

Definition 6.16

An augmentation of a, possibly empty, set of names M = {m1,m2,...,mn}

to p © X denoted by

p(@< Myslyy eee g >

is defined to be a concatenation of y with the set

{m1,m,m2,w,...,mn,w}, w € V, which will be written as
{LL / mq:wsmzswa cv. smnaw }
eg. if g = {a,1,b,2} , then

u@(C,d> = {a,1,b,2 / c,0,d,w}

Definition 6.17

A deletion of a set M = {mq,ma,...,mn} from | denoted by

u.@< m1,m2,~... 2T >

is defined as

TN {m1,v1,m2,v2, cee ,mn,vn}
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where \\ denotes relative complement and um. = v, Y¥i=12,...,n .
L

p,@< MMy eee oM > is not defined if {m,],mz,...,mn} Zu -

eg. if p = {a,1,0,2,¢,3,d,4} , then

p.®<aac> = {b12adal+}

Definition 6.18

|1C) represents the deletion in  of all names (and their

corresponding values) following the last marker / .

eg. for p = {a,1,b,2 / c,» / a,k,d,5,¢c,w}

u@ =,{a’1abs2 / c,w} .

Definition 6.19

An n-level deletion in 1y , u(:y , denotes the deletion in y of
all names (and their corresponding values) following the last n

markers.

eg. for yu = {a, 10,2 / c,0 / a,4,4,5,¢c,w /bawad16}
w@ = {21,0,2} .

In the sequel, a block will be regarded as consisting of the
keyword begin, a list of variables declared preceded by the word

dec, a sequence of statements and the keyword end , ie.

begin dec a,b,Cy...
X

end

We model the above block by the following sequence of S-expressions
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Suup.c>< a,D3C 000 >
Sp,sx

Supp © (6.20) |

A compound statement of the form

begin
X

end

“

is considered as a block with an empty set of variables being

declared, and is thus modelled by

Supp @
SugX
Spup @ (6.21)

The dynamic sequences for (6.20) and (6.21) are

Sp,[uu®<a,b,c,--->; BX 3 u.u.@]
and Sulpn @ 8X 5 @1

For conveniéence we denote the terms

@ <>, @ and W

simply by

<>y @, and @ respectively.

Thus (6.20) and (6.21) will be represented as

su[®<aabaca°°'> ; BX 3 @]
and SWl®; L5017 -
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Example

begin dec X,Y¥,2

X i= a
y =D
if %<y then
Z = X
X =y
y =2
end-‘

end

The corresponding dynamic sequence is

Sul @ <x, ¥y z>snxuasnynb; (n <y @ suzmXsuxnysnmzs @1 : TAY; O

Scope of Variables

The effect of augmentation as defined in definition 6.16 is to add
a new set of variables to the existing variable space. This
closely models the allocation of storage space as a result of a
deciaration. Similarly, deletion removes all variables in a block
from the variable space and thus causes the variables to loose
their values as on exit from a block through end. The scope of
variables may be characterized by a more precise specification of

names in the assignment model as follows:

At any stage in a program, the names X and y in an expression
Suuxgy , representing an assignment statement, always refer to the

x and Yy first encountered in the right-to-left search of the
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current state of y eg. if yu = {a,1,0,2 / c,w,2,w} , the effect
of Suxaub is the assignment of the value 2 to the name a

appearing after the marker / ie. Synaub yields {a,1,b,2 / c,w,a,2} .

To illustrate the working of the S-model of a block we shall look
at the line-by-line model of a program and observe the change in’

the variable space at each stage.

begin dec X,y,z
6

X 3

Yy o= X-2
bepin dec x

X = y—2

begin dec y

¥y = x-2
Z =y
end
x := z+h
2 =y
end
X = zibh
end (6.22)

Assuming that the above example constitutes the whole program,

then the variable space |, at the start is empty.



S—-sequence model

Spup @ <, ¥, 2>
Sy 6
Spayn (x-2)
Sppp @ <>
Spszn (y-2)
Bupp @ <v>
Sy (x-2)
Spnzny
Sppu ©

Sya xy, (z+4)
Sumzny
Suup O

Spnxw (z+4)
Supr O

Irregular Exit from a Block

168

Variable space

g
{x,0,y,0,2,w}
{x,6,¥,0,2,0}
{x,6,y,4,2,0}
{x,6,¥ 4,20 / x,w}
{x,6,7,44,2,0 / x,2}
{x,6,7,4y2z,0 / x,2 / y,0}

{Xa6’Yalhzaw / X,2 / yso}

'{X:6aY$th!O / X,2 /yao}

{x,6,y,4,2,0 / x,2}
{x,6,7,4,2,0 / x,4}
{x,6,57, 4,2, / x,4}
{x,6,y,4,z,4}
{x,8,y,4,2,4}

g

As stated earlier, our model of a high-level language is based upon

feafures of Algol-60. The restriction imposed upon inter-block

transfers of control in Algol-60 are such that it is possible to

leave a biock before the end but not to jump into the middle of a

block from outside that block, eg.

A
B

goto 1
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end ' 4

Vie shall therefore briefly include irregular exit from a block in

our discussion of the S-model. This is not entirely essential since
a method has been outlined [6 ] by which multiple entry/exit blocks
may be transforméd into single entry/exit blocks. However, it would
be more convenient to have an S-model of an irregular exit especially

when it involves only a slight modification of the model of the goto

statement.

Normally, a statement gotc 1 is modelled by xl . In the case of
an irregular exit, such a statement causes the control to leave a
block thus causing the release of storage for all the variables
declared in that block. That is, the result is the same as passing

through end tefore the statement labelled 1 is executed.

Therefore, a goto statement which causes an irregular exit from a
block will be marked by * to differentiate it from a normal goto.
That is, a goto which effects an exit through n levels of nesting

will be written as

goto g

and modelled by @75 ul
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where C)n denotes the n-level deletion as defined in 6.19.

This implies that a check must be made to detect the irregular
exits. In simple cases the successor to the statement goto 1 is
found by first searching the block iﬁ which the statement occurs,
and then the outer block until a étatement with label 1 is
found, keeping count of the depth to give n . Techniques have
beeﬁ devised for more complicated cases such as for‘blocks
imbedding in recursive procedures, these are given elsevhere

eg. [17].
Note goto *11 will be written as goto* 1

eg. begin
A
11: B
if p then goto*l2
c

goto 11

end

1l2: E

end

Here, goto 11 is modelled normally as 411 but goto*l2 causes an
irregular exit from the inside .block and thus the conditional

statement corresponds to the sequence

{uP.E@; Bxl2] : TA }
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Transformation of Dynamic¢ Sequence with Blocks

The transformation of dynamic sequences containing blocks is basically
the same as that discussed earlier. The presence of augmentation and
deletion merely helps to exhibit the scope of the variables and does

not affect the actual transformation and reduction in any way.

Broadly speaking, we view such a sequence as a series of subseguences
separated by either ®<..> or (O . Each subsequence is first
transformed and reduced independently, then the effect of the
preceding subsequences is taken into consideration as explained in
§6.A. The only difference is that at the secénd stage, transformation
of.dynamic terms to static depends largely on the scope of variables
which is indicated by the list of variables following augmentation,
eg. TFrom the program given in (6.22), the corresponding dynamic

sequence is

Sul @ <x,y,2>1 wxnby uyn (x-2)3
@ <o (y-2)3 '

@ <r>5 nyn (x=2)5 uzuy; O ;

wxn (z+4) 5 uzmy; O 3

nwxy (z+4) 5 O ]

s . .
This sequence consists of 5 subsequences. By convention, we shall
regard (¥ as the beginning of a subsequence snd (® as marking the
end of a subsequence. Hence, a subsequence may have any of the

following forms:-

- ®<>y
®< >; terms 5
@< >; terms ;O
terms 3

terms § © 3



eg. a program of the form

begin -

end

begin
begin

corresponds to a dynamic sequence of the form

Sul B < >3

®< >;

3 < >3
®< >

terms j

terms ;CD;

terms 3

terms ;O ;3

Rl

terms ; ©

]
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Note that a subsequence which contains both @® and (® represents

a complete block.
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Each subsequence is now transformed and reduced whenever possible

to give

SWL @ <xy7:2> 2 wwbyuynlis
@ <>, uxm(y-2);
®<y>  nyn(x=2) mzn (x-2), © ; (6.23)
nxa (z+h) uzny, @ 3

nwt (z+h), © ]

The next stage is to transform each subsequence with respect to its

. predecessors. The process is carried out as follows:

Starting with the second subsequence, i=2

a. For each uy which is subject to alteration 1in subsequence i ,
if there exists a term uyuz for some z in the preceding
subsequences then replace uy in subsequence i by nz. If

there exists several such terms, then the replacement is made

tt
according to the term in the ""closest"  predecessor.
b. Reduce subsequence i to the minimal possible form.

c. If subsequence i contains neither # nor (O, then incorporate

subsequence 1 1into its immediate predecessor.

d. If subsequence 1 ends with (), then find the corresponding
augmentation ® < > which will be at the beginning of either
subsequence i itself or-its current immediate predecessor.
Suppose (&) <A> , where A is a set of names, is found at the

beginning of subsequence j , say, then

T i.e. being the second component of a term or part of the
propositional expression in a conditional sequence.

tt i.e. the term such that no other term satisfying these conditions
intervenes
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d1. Consider the terms between (P <A> and () as a single

subsequence and reduce it to the minimal form.

d2. If 3 a term u¥uy between @<A> and @ such that
x £ A , then transfer the term to the end of subsequence
j-1 and reduce subsequence j-1 whenever possible. If
such a term is part of a conditional sequence, then
together with the corresponding propositional eipression

it is incorporated intc subsequence j-1 [(6.24)].

d%. Remove what remains between @®<A> and © inclusive from

the sequence.

e. Consider the next subsequence ie. increase i by 1 and

repeat a to @ until the sequence is exhausted.

From (6.23),

Sp‘[ ®<XaY1Z>,uXu6,;(’yul+;
®<X>1H.XK (y—2);
@ <Y> I (x-2) 2y (x-2), @ ;

win (z+4) suzny, © 3

win (z+4), © ]
i=2: Sul @<X,Y,Z>m><u6mﬁml+;
@ <> 2;
i=3: S\.l[ @(X, Y Z>aH.XH.6sK:r'V.l+;
@ <o auxu2;

@ <> uyn0mzu0, O 3
=p> Sp[ @(X,Y, 2> X 64 ks
@ <> uxu2,mzu0;

@ <y>wmm0, @O ;
| ]

remove




i:h:

i=5:

Note

SUL @ <Xy, 256 ouu s
@ <> xn2o1 203
wxuliauznlt, @ ;
SuL @ <x, 7, 2> 3B ks
@ <oswxmlauzks © 3
SuL @ <, 5,25 b sunlanznlts
®<owmxuk, O3

remove

SUE @ Ky Ty 2036 ou T b nzults

KXH.81 @ ]
SUJ: @Gayaz>’nxu8au3nbr,;czn4a @j
[ ]
remove

1. The scope of variables is taken into account in (a) by making

a replacement of terms according to the term in the ciosest

preceding subsequence whenever there is a choice. This ensures

that the scope of a variable does not include an inner block

in which the same name is declared again.

2. From d2 , as an example for the case of conditional sequences,

we might have the following:-

Sl @ <Xy eee>y one 3
® <>, (>0 Dnanasuxpl @ Thuxy (~a)1}s
cee ]

which, after the transfer, becomes
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S @ <Ky vo>yeens (u (>0 Duwpl ¢ Thuow (-0)1}5
@ <e>y W(e>0)lnanad = TL A 1}
(6.24)

3. In d3 , we remove each minimal subsequence which constitutes
a complete block from the sequence. This is beacuase once we
exit from a block, all the variables declared in it are lost

and hence have no further effect on the rest of the sequence.

§6.G Initialization

So far we have considered only one form of initialization ie. as
used in an assignment statement of the form a := b . This
corresponds to what is known as initialization by value in

CPL [2]. Another type of initialization which we need to consider
is initialization by substitution characterized by the 'E=' sign.
According to [ 2]

"Initialization by substitution denotes that a variable is equivalent
to the right-hand side expression, which must be evaluated afresh

each time the variable is used."

To produce the required effect in terms of S-expressions, initialization

by substitution of the form"A

[
)]
o

is represented by the expression

Spab .
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In contrast with the medel Syyayb for initialization by wvalue

in which the value of a and b are involved in the operation,

Syab causes the name a to be replaced by the name b . Thus,

the effect of an expressicn Suabi on its successors is different

to that of Syayb which we consider in Chapter IV. We shall,
therefore, discuss the transformation associated with name

replacement (which, from now on, shall be known as 'name transformation'
as opposed to 'value transformation' described in Chapter IV) and
develop a process by which we may obtain the minimal form cf a

dynamic sequence involving both types of replacement.

Name Transformation

Consider a dynamic sequence

Sl eees @b § e HIUA § coe 3 HAHY 3 oo ] {6.25)

where the intermediate terms between ab and payy do not

contain the name a .

Initialization by substitution denotes that a variable is
equivalent to the right-hand side implying that both the names and
the values are involved. Hence in a dynamic sequence containing

a name replacement, say ab , all occurences of a must be
replaced by b ie. the transformation affects both the first and

the second component of the terms.

That is, in a dynamic sequence of n terms, if =xy appears as the

ith term, then all occurences of x in the terms (i+1)th to nth

are replaced by y . : (6.26)
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eg. the sequence (7.1.1) after the name transformation gives

S‘_]Ll-o ; ab ;o--; Hmb ;.oo; ub‘,{y ;-.. ]

In effect, name transformation of a sequence such as (6.25) is

as though a subsequence headed by the term ab is detached from
the whole sequence and the transformation (6.26) is applied to it;
In the simple example given, the subsequence concerned consists of
all the terms following ab up to the end of the sequence. 1In a
sequence with block structure, the range of transformation may not

extend so far. The subject will now be discussed in detail.

Range of Name Transformation

The range of name transformation in a segquence with block structure

is indicated by the scope of variables in the program.

Consider a program with the following block structure:-

A a,byee.
;Eb
B —-
C a
D[a (6.27)
_
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where A,B,C,D,E and F denote the blocks and the variable a is=s
declared at the beginning of blocks A, C and D. The scope of the
variable a in block A is the whole of block A except block C.

Note that block D is part of btlock C.

Thus the name transformation following as=b has the effect on all
the terms up to the end of block A except those in block C. The

range indicated as such may be identified as follows:

In terms of an S-sequence, a program with block structure as shown

in (6.27) has the following form:-

A .
Syl @<aybyeee> ; s

3
o2
.

B
®< veoe >; e e ;

C
O<ayere >3 ven

Y}

D
@<aseee >i5 000 3 50O 3

.

.

.
-e
-
-

&.)

®
A
v
® 0

F
®< .ee >

é

with the beginning and the end 6f each block being indicated by () and

(® respectively.

The term ab appears in the sequence indicating that name replacement

must be carried out. The range of replacement is found by setting up
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two counters r and 8 which are initialized to 1 and O respectively.
Consider the sequence term-by-term starting from the term ab .

1. If the next term is an augmentation #<...> then
1.1 If 550, then set s=5+1 .

1.2 If <...> contains a , then set B5=5+1 else set r=r+i .

2. If the next term is a deletion (@, then

2.1 If s>0, set s=5-1 else r=r-1.

3. If the next term contains a and 5=0, r>0 then replace a by

b else no change is made.
L. r<O indicates the end of the range.

For example, from‘(6.27), the changes in r and S are:-

r 5
A a,byee.
:a-—_‘b 1 0]
B__. 2 s=0, r>0
Cc a 1
D a 2
| 1
| %9
- 1
E__ B 2 > 5=0, 10
1
| 0 J
i
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thus the subsequence to be considered for name replacement contains
the terms appearing in the range $=0, r#0 ie. from the term ab up

to the end of block A excluding block C.

Note

If the sequence contains n-level deletion (j% then (2) is

modified to read:-

2* If the next term is a deletion (j% then
2.1* If 8>0, then
a) set s=sn. If s<O then set r=r+s ands=0
else

b) r=r-n .

o a,b
asb 1 0
[ 2
— a 1
2
3
-1 &=8 =2-3
— r=2+(-1) => 1 0 <=8 =0
[ S
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Reduction of Static Sequence with Name Replacement

- A static sequence containing a term of the form ab indicating
name replacement may be reduced to its minimal form according to

the following rules:-
6.28 A sequence of the form

Sp_[ see ,;(,Xn(y, e s e ’-,Xy, eae ]

in which the terms between uxoy and xy do not include

@ and (@ 1is reduced to
Sp_[ cos g xy [l o.o].
6.29 A sequence of the form

Su[ cee 3 XY 3y oo 3 HYUB ces ]

where () and (O do not appear between xy and uyuB

is replaced by

Sp[ see 3 HXHB 3 e 5 HYUB S

These rules are justified by the fact that once a variable x has
been identified with a variable y , these two variables share the

same value.

Name and Value Transformation

The transformation to static of a dynamic sequence containing both

name and value replacement closely resembles the process described for
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the transformation of dynamic ssquences with blocks with a few

modifications.

Te

Consider the sequence as consisting of subsequences separated
by ® and (@ as described in the case of blocks except, in
addition,each term of the form ab also marks the beginning

of a subsequence eg. a sequence

Sul ® <a, b>suanainbuB; @ <a, c>iucnazabsuay (a+c); @ 5 O I

consists of the following subsequences

SuL @ <a,b> snanaiububs
‘- ®<a,c> juoua;
abjuay (a+c); © 3

© 1

Apply the value transformation to each subsequence independently

and reduce using theorems 4.18 and 4.19.

For each subsequence starting with a term of the form ab , find
its range of transformation and apply the name transformation
[6.26] within that range. Apply theorems 4.18 and 4.19 to reduce

the subsequences affected by the transformation whenever possible.

Starting with 1=2 , apply the value transformation to subsequence

i relative to its predecessors [(a), page 173].
Reduce subsequence 1 using theorems 4.18 and 4.19.

If subsequence i contains neither @ nor (© ,then incorporate

it into its immediate predecessor.
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7. If subsequence i ends with O ; then find the corresponding
augmentation @) <...> which wili-be at the beginning of 1
itself or its current immediate predecessor. Suppose @) <A> ,
where A is a set of names, is found at the beginning of

subsequence j , say, then

7a. Consider the terms between @ <A> and (O as a single
subsequence. Apply value transformation and reduce it to
the minimal form using theorems 4.18 and 4.19, rules 6.28 and

6.29 respectively.

7b. Remove all the terms containing variables which are global

to the block to the next outer block [(d2), page 174].
7c. Remove what remains in the block between @<A> and ©©

inclusive from the sequence.

8. Consider the next subsequence ie. increase i by 1 and

repeat steps 4 to 7 until the sequence is exhausted.

Example Syl @<a,b>nana;nbup;
® <x,y¥,2>3
Xay
ybs

@ suznxiuxayiumz; @ ;
Q;
e 1
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Step 2 =>
Syl @ <2, > uanamuBs
B <X, ¥12>3
xXa;
) yb3
@ nmX XY uInx: Q3
O3
©; 1
Step 3 =>
Syl @ <a,b>ynananbuBs
® <xy¥.2>3
.xa;
ybs3
@ mznananbpna; © 3
Q;
o 1
Step 4 > 7: i=2
=> Sul @ <a,b>  , uananbuds
® <7123
i=3: = Sl @<a,b> .2 nauasubups
®<x,y,2> » Xa3
i=li: = Syl @ <a,b> |y uanasubub;

®O<xyy,2> , Xa,¥bs
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i=5: = SuL B <ayb> 5 naaubuBs
® <5 y,2> , xa,yb,
@ snzuosnauBnbuay © ;
OF
e 1

= S @<a,b> , wanonbuBs

@ KLy YyZ> 3 XA, YD uZuasnanB ubnos

i=6 => Sp[ ®<aab> ’ H.aitaﬂ{b?{ﬁ;

®<x,y,z> y Xa&,Yb,uzZucrsnanBinbuo, @ H

= Syl ®<a,b> , wananbuBs

C)<X,Yaz> y UWXUB M YU U 20 n 3. Banbue, O 3

=> Su[ ®<aab> s nandsnkul nauBinbuos

<K ¥ 2> WXUB  uInamzna, @ 3

=> Syl ®<a,b> , uaua;ubuﬁ mauBaubuas
i=7 => Su[ @<a, b> y nanosubuBanauBiubua, @ ]
=> su[ ®<a,b> ’ Ma}taﬂib}(a! C_)]

§6.H Procedures

In establishing a model for an Algol-60 procedure, we ares concerned
with two aspects ie. procedure declaration and procedure statementS.
Procedure declaration specifies, only partially, a sequence of

statements to be executed at the time when the procedure is called.

This specification is incomplete because

(1) the procedure declaration contains formal parameters not the

actual ones
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(2) it may contain some identifiers which are global to the
procedures. Such identifiers have no.meaning unless the
corresponding procedure statement appears in the range

in which these identifiers are defined.

On the other hand, a procedure statement has the effect of assigning
values to the formal parameters quoted in the value part of the
procedure declaration, replacing all other parameters by the
corresponding actual parameters, inserting the modified procedure

body in place of the procedure statement and executing.

In modelling procedures, we shall consider procedure declarations and
procedure statements in parallel. Moreover we maintain that a
procedure definition onlyvhas meaning through its 'potential for
incarnation'. Thus our model will be no: an exact‘translation of the
procedure definiticn, but rather that definition suitably modified by
the need for the passing of actual parameters at the time of call

ie. it is a specification of what has to be inserted in a procedure
statement. This does not, of course, preclude the fact that the body
of a procedure can be reduced to minimal form prior to any of its

incarnations.

Consider an Algol-60 procedure of the form

Erocedure name(a,],o-’o,a..m,b,l,ooa ,bn)

value Byyeess@p

specification a1,...,am,b1,...,bn

body (6.30)
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Algol-60 Report [3Q states that a procedure body always acts like a

block whether it has the form of one or not ie. (6.30) behaves as:

pirocedure name(aq,...,am,bq,...,bn)

value a,yeesya
—— r]) )m

specification a1,...,am,b1,...,b

n

end (6.31)

In our model, we regard a procedure declaration as a block labelled
by the procedure identifier with all the formal parameters being

declared at the beginning of the block ie. (6.31) is regarded as

name: hegin dec a1""’am’b1""’bn

value Bqyecer@y

begin
body
end

end

When a procedure is called, all formal parameters called by value
are assigned the values of the corresponding actual parzmeters,
these assignments being considered as being pe£formed explicitly
before entering the précedure body. Parameters called by name
are replaced throughout the procedure body by the corresponding

actual parameters.
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Now, value assignment corresponds to initialization by value and
name replacement is the sameas initialization by substitution
[§6.G], thus at the time of call the above block has the modified

form:

name begin dec a,l,...,am,b,],...,bn

a1:=( )
am:;( )
b1 =()
bn =( )
begin

body
end

where the right-hand side are filled with the corresponding actual

parameters.

eg- U procedure update(x,y)
value y

specification x,y

X = X+y

is modified to give the following block:-

update: begin dec x,y
y :=()
x =(()

X iz X+y

end

end
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The modification for a type proceduré is similaf to that already
described for the non-type procedure as far as the block structure,
the value assignment and the name replacemeﬁt are concerned.
However, as the body of a type procedure must contain at least

one explicit assignment statement with the procedure identifier

in a left part, we must add the procedure identifier to the list

of variables being declared at the beginning cf the procedure block

in our model.

eg. dec procedure add(x,y)

value X,y

specification x,y

add := Xty
corresponds to the following block:-

add: begin dec x,y,add

x 1= ()
y = ()
begin
add := x+y
end
end | (6.33)

Now, suppose a call of the. type procedure occurs in the following

program:

begin dec a,b,c
a = 1
b := 2

¢ := add(a,b)

end . (6-34)
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This has the effect of inserting block (6.33) in place of statement
‘¢ := add(a,b)'. Bearing in mind that the value of 'add(a,b)' is
the last value assigned to the procedure identifier 'add', the

result of (6.34) is the following sequence:-

begin dec a,b,c
a =1

b :

2

begin dec x,y,add

X = a
¥y =
add = x+y
end
c.:= add

end

end

That is, the block inserted in place of 'c := add(a,b)' is

add: begin dec x,y,add

X = a
y :=b
begin
add = x+y
end
¢ = add
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Thus, the type procedure of the form

dec procedure name(a1,...,am,b1,...,bn)

value a,,eee,a
e 11 18y

specification aq,...,am,b1,...,bn

body . (6.35)

has the modified form

name: begin dec a1,...,am,b1,...,bn,name

a,I::()
a °; ()
b, ? ()
bn = ()
begin

body
end

() := name

where the right-hand sides are filled with the corresponding
actual parameters and the lefit-hand side of '( ) := name' is
completed with the identifier on the left-hand side of the procedure

statement.

Procedures without parameters are considered in the same manner

with the parameter list being empty.
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Having thus specified the modification of a procedure declarationm,

we model.procedure statements as follows:

A call to a non-type procedure of the form
name(x1, ces ,xi)
is modelled by the expression

K name(x1, LR ,Xi)

where yname, being the value of a label, is given by the following

dynamic sequence representing (6.32):

Kna.rne = Su[ @<a1,o-n’am’b1’o-l’bn>;na1n();oln;nal‘r{(();

b1();...;bn();
®:; X 5093
e 1

where X denotes the body of the dynamic S-sequence representing

the procedure body-
Thus, the call ' Kname(x1, ces ;xi) ' refers to the sequence

Sm:C)<a1,..;,am,b1,...,bn>-;ua1ux1;...;namuxm;

b b x.:

x TR
1" m+1? 7t

®; X ;O3
© 1 (6.37)

where i=m+n and the correspondence between the actual and formal
parameters is obtained by taking the entries of the two lists in
the same order. (The formal parameter list appears as the

augmentation list in our modified block).
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Similarly, a call to a type procedur.e of the form

¥y = name(x,], cen xi)
is modelled by the expression

S\u yuname (x,] y see ,xi)'

which is, from (6.36), the dynamic sequence

S L @<a1, ...am,b,], ...bn,name>;ua1;¢x1;..;narr{cxm;
b1xm+1;"';bnxi;

®; X303
nwyuname; O ] (6.38)

A more general case in which the right-hand side of a call to a
type procedure is an expression follows the same pattern ie. a

call of the form

y i= agp_name(x1, cee ,xi) ,

where a is a name or a value and op denotes an arithmetic or a

boolean operator, is modelled [84.G] by

which corresponds to the dynamic sequence

Syl @<a1, ...,am,b,],...,bn,name>;na,];¢x1;... Ma UK 3

b1xm+1;...;bnxi;

®; X303

uyx (a op name) ;@ ]
(6.329)



Example

Suppose a procedure 'update' is defined as

procedure update(x,y)
value y

specification x,¥y

X = X+Y

and a call to update occurs in the following program

begin dec a,x

a ::—_a
x 1= O
update(a,x)

end

Then, .the S-sequence for the procedure declaration is

wupdate = Syl @<, v> 5 uyn O3 xO) ;
®; nwaulx+y) 503
©) ]

and the dynamic sequence representing the program is

S @<a,x> 5 nanaiuxn djuupdate(a,x); O]
which, on substitution of jupdate(a,x) , gives

Spl @ <asx> 5 naninxydy
GO <> 5 nyuX;
xa 3
®@; wanlxry) 503
O;
e 1

195

e m————— AL e
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This sequence can then be transformed and reduced by the procedure
specified in $6.G as shown in Appendix D. Note that the name x in
uynx refers toAthe variable % in the outer block while the name
X in xa and uxx (x+y) refers to x declared in the inner block.
As seen in fhe Appendix, this causes no problem in the transformation
process. This is because only the value of x is passed from the
program to the procedure body. However, confusion does arise if the

parameter is called by name.

To avoid the conflict between the actual parameter and other variables
already present in the procedure body, we make the actual parameters
corresponding to the parameters called by name unigue by marking the
names with star (*). Thus, Xpgqr oo 1%y in the sequences (6.37)

and (6.38) become x* ,x; . The effect of this on the

m+1’ LR N ]
transformation process is that x;+1, cee ,x; become global to the
procedure and hence remain in the outer block wlen the procedure
block is removed [(7b & 7c), page '-.L] together with its local

variables which may have the names x

cas X. o
m+1’ !

1

As a consequence of marking thé actual parameters with * to
differentiate them from the local variables of the same names in
the procedure, they are treated as unique names in the value
transformation in step 4 [§6.G]. We allow for this by modifying

the process slightly ie. (7b) now reads:-

7b. If there exists a term yxyy between @<A> and © such
that x € A , then transfer the term to the end of subsequence
j-1. If the term carries starred names, then remove a star from

each name and apply the value transformation on this term relative
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to the terms already present in subsequence j-1', Reduce
subsequence j-1 whenever possible. If the term to be transferred
is part of a conditional sequence then it, together with its
corresponding propositional expression, is incorporated into

subsequence j-1 .

An example is given in Appendix E to illustrate this process.

A similar problem of conflict occurs in recursive type procedure
between the names of the variables on the left-hand side of the
procedure statement at various levels of call. This is avoided

in the same way ie. by marking the name of the variable on the
left-hand side with star (*) to make it unique. That is, the name
y in 'wyuname' of the sequence (6.38) becomes y*. The
transformation as modified in this section still applies in this
case. An example of a program containing a recursive procedure is

given in Appendix F.



CHAPTER 7

CONCLUSION
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Investigators in the field of program modelling and program
equivalence have adopted various approaches to the problem, some of

these approaches and their relationship with our work is given below:-

1. Church's M\ - calculus approach

Landin [21,22,23,2L] uses the A ~ calculus for modelling expressions
(as opposed to statements) occuring in programming languages, taking into

account the imperative features of 1anguages with particular reference

to ALGOL-60.

Burge [3] considers similar problems of evaluation and interpretation of

expressions.

Strachey's work [39] on semantics is baseé on mapping the construcis of
CPL into pure A-notation. bHis work is developed in parallel with the
design of CPL [2,40] and thus centralised on the concept of the "left-
hand value" and "right-hand value "of an expression.‘ Some of Strachey's
work have been extended by Burstall [4,5] who also makes a detailed study

of assignment based on Landin's work [25].

As the formal equivalence of the substitution properties of A and S
has been established by Nixon and Wesselkamper [31,32], we observe that
any result which is obtained by the A-calculus approach can also be derived

within the framework of 8.

Another approach to the theory of computation in this direction is
developed by Scott [35,36,37] based upon lattice theoric models of the
A-calculus. This approach is built on the premiss that the data spaces

manipulated by a computation are complete lattices whose partial ordering
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represents a notion of approximation. The presentation is oriented
towards potential applications to the formal definition of programming

languages.

Having observed that Lattice theory can be included within the structure of
S, we bglieve that the theorems of S can be extended to include results

obtained through the lattice theoric consideration.

2 Program Schemata Approach

A1l the works in this direction stem from Yanov's idea of "program

schemata' which are abstract algorithms or programs. Yanov's work on
equivalence of programs [42,43,44] is based on the observation that the
application of an algorithm to one of its arguments determines uniquely a
sequence of elementary action resulting iu Jdifferent sequences for different
arguments in general. However, it is always possible to find a finite

set of predicates, representing properties of the arguments, such that thel
sequence of elementary actions to be performed for a given argument may

be considered as a function of the values of these predicates for that

argument.

This approach is similar to our treatment of the conditional statement.
Another similarity between our approach and Yanov's is the concept of a
canonical form, but the canonical forms introduced in these two works are

very different.

Further, Yanov shows that the equivalence problem for program schemata
is decidable and bases the decision on the canonical forms. However, his
notion of equivalence is a very strong one i.e., two schemata are defined
to be equivalent if and 6nly if they result in exactly the same sequence

of cperations for all inputs. Our decision on program equivalence is also -



200

based upon the canonical forms, but we adopt a weaker notion of
equivalence namely that two programs are equivalent if they produce the

same output for any given input.re¢ardless of their sequences of operations.

Yanov's approach which may be classed as the study of the properties of
flow diagrams is adopted by a number of other people, mainly those in the
‘Russian group doing research on semantics. Some of their works are presented

in [8,9,10,11,12,18,19,34].

3. The Axiomatic Approach

The merit of an axiomatic treatment of concepts in programming is discussed
by Hoare [13]. The main representative of this approach is Igarashi in his

papers [ 14, 15,16].

Igarashi constructs an axiom system for assignment and shows that it is
complete. De Bakker [1] gives a further analysis of the axiomatics of
simple assignment statements, the type we consider in the first part of
Chapter IV. We note that the theorems of S given in Chapter IV cover

de Bakker's axioms and rules of inference for simple assignment statements.

Axiom systems for conditional expressions have been given by McCarthy [29]
and Igarashi [14,15,16]. It turns out that McCarthy's axioms can be derived
from Igarashi's system and vice versa. From our consideration of conditional
statements in Chapter V, it is épﬁarent that McCarthy's axioms are alsc

derivable from the conditional theorems of S and vice versa.

Igarashi also develops axioms for goto statements which include the label
concept. He shows that equivalence of programs can be derived from nis
axioms and inference rules. We approach the equivalence problem by treating

the goto statement and the label concept in a simpler manner in Chapter VI.
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Conclusion

This thesis presents an algebraic approach toc the problem of program

egquivalence. The use of algebraic expressions in modelling programs has the

following advantages:~

1. Algebraic expressions give a precise interpretation of the

result of a program statement.

2. An algebraic representation of a program can be communicated
easily.
3. Algebraic expressions can be simplified, some operations can

be combined and unnecessary ones eliminated.

The canonical form derived from the algebraic model of a program is
eésentially a problem statement of the program. It defines the program output
directly in terms of the program input. In this sense, producing the canonical
form generates a statement of the program outvut independent of the process

or algorithm used to create that output. In fact, it is not only algorithm
independent, but also machine independent. However, unlike most pgoblem
statements, our canonical form is highly symbolic and mathematical. Even

so, we believe that it makes the program more transparent and the comparison

of canonical forms does not require a great effort.

This work, together with that of Wesselkamper [41] and Maile [26],
demonstrates the versatility of the operator S which, in itself, is a
simple cperator. Wesselkamper shows that the compufer can be described in
terms of S and the programs in terms of § and #u. Our interest is in
the use of S and # to represent a program. Although ocur model of a
program differs from that of Wesselkamper, we come to the same conclusion
that 8 and x are sufficient as basic operators to represent any program.

Furthermore, we show that’the model so defined is feasible as a basis for

considering program equivalence.
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Closely related to our field of studies.is the investigation intc the
setting up of a formal (pragnatic) system for describing the semantics

of computing systems based on the operators S and u carried out by
Coocke [ 7]. While we are only interested in the concept of name and value
in a program, Coocke is also concerned with representation. To cope with
this notion, he has found it necessary to introduce another operator, e,
to represent activation. Using the three operators S, u and e, he
gives a procedure for specifying the semantics of high-level programping

languages in terms of these fundamental operations.

As a further development, it may perhaps be desirable to investigate the
use of S-operations to express optimisation formulae and hence to develop

a uniform theory of optimisation.

So fér as ihe algebra of S 1is concerned, it would be intercsting to
investigate the feasibility of using the computer to perform the
transformations and reduction of S-expressions as specified by the theorems
developed in this work. This would give us a tool for the automatic

investigation of program equivalence and related problems.

Thus we feel that we have demonstrated that in the operators S5 and »u
we have a valid means of expressing the semantics of a program in such
a way that the problems of program equivalence, transportability and

compiler validation can now be tackled more meaningfully.
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~.a " a TaF " STaF
F T . TTF F
T F TFF T
aAb alb aThb SaTb
T 7|7 TTT T
F TlF TTF F
F FlT FTT F
F FlF FTF F
aVhb alb alFb SaFb
T | T TFT T
T | F TFF T
T FlT FFT T
F F|F FFF F
a>b alb Tahb STab
T Tl T T P T T
F | F TTF F
T F|T TFT T
T F| F TFF T
a = b a b
T N
F T F
F F T
T F F
a b STab T STha S(STab)T(STba)
T T T T T T
T F F T T F
F T T P F F
F F T iy T T
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H BB R

H BH A

S(SFab )F(SabF)

S(SaTb)a(STba)

=

5(5aTb) (SaFp )T

SbF(STaF)

STaF

SabF

STba

b

a

BHEH B &

F

=

a

Safb

SFab

" SaTb

SaTb

b

b

b

STab
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B1. S (STqp) T (Sqfw) = ( @ if g =
.{ w otherwise
Proof g =T ;.LHS = S (STTp) T (STFw)
= SpIT |
=9

q=TF o LHS = S (STRp) T (SFFw)

STTW

=

W = LHS

S (STwp) T (SwFw)

Mol
"

STTW = w

B2. R =S5 (STp) T (spF{s(qum) T (SqFw)}) corresponds to (p~8, gp)
Proof p=T=R =S (STT8) T (STF{S (STqp) T (Sq™w) } )

SeTT

=0

p=F=R

S (STF) T (SFF {S (STqp) T (SqFw) } )

STT {S (STqp) T (SqFw) }

S (STqp) T (SqFw)

:{(p ifq:T

w otherwise from above

k<]
&
4
=
]

S (STw) T (SwF {S (STqp) T (SqFw} )

STTw

=W

B3.  From A2, we have

tn

(p—86, g—¢) =8 (STpe) T (SpF (S (STqp) T (SqFw) } )



Vg

P>q

(p~q, T -F)

S (5Tpq) T (SpF (S (STIF) T (STFw) } )
S (STpg) T (SpF {SFIT} )

S (STpg) T (SprFF)

S (STpq) Tp

(p =T, T~ q)
S (STpT) T (SpF {S(STTq) T (STFw) } )
STT (SpF {SqTT} )

SpFq

(p-F, T->T)
S (STpF) T (SpF {S(STTT) T (STFw) } )
S (STpF) T (SpF {STTT} )

S (STrT) T (SpFT)

(P_’ch T-T)
S (STpg) T (SpF {S (STIT) T (STFw) } )

S (STpq) T (SpFT).
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In tliree-valued logic, the sequence
is used to denote an S-expression which gives the value 8
corresponding to the first p with the value T except when

an undefined p occurs before a true p then the expression

is undefined.

Following the two-valued case, we arc therefore considering a

general sequence

Sa {p191 : p292 D eee @ pnen}

in which

a€ Ev (T, w}
p; € (T, F, 0}

and 6i€ Evu{w}.

In investigating the validity of the theorems, we have to add to

the given proofs the possibility of a and Py being undefined.

‘The case of a = w 1is trivial as the sequence will yield the value
w by definition.

a

It then remains toc be shown whether the theorems hold for

a€EV (T} and p; = 0.



Theb;ém-5.6

Proof

Theorem 5.7

. Proof

Theoreri 5.8

Proof

Sa {TB : po}

Obvious

Sa {FS} =

Obvious

= Sa {76}

Sa {p® : T8}= Sa {T6}

P=®=o=IHS = Sa {wd : T8} = w
RHS = Sa {T6} £ w
LHS # RHS

Sa { ~p8 : To} = Sa {pp : TE}

Pp=wWw=2~07

= LHS

RHS

Sa {p® : pp} = Sa {p6}

p:(!.):bLHS

RHS

=Ww

= Sa {08 : Ty} = w
= Sa {wp : T8} = 0
= Sa {wd : Wp} = w
= Sa {w8} = w

Sa {p6 : q8} = Sa {(pvq) 6}

w = pVq

g
I

p=T, q =w = 1LHS

:U.):?LHS'=RHS=UJ

Sa {T6 : we}

!

Sa {T8}

RHS

Sa {(Tvw) 6}

Sa {T6}

by Theorem 5.3.
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p=F, q =w= LHES

I}

Sa {F& : wé}

=W
RHS = Sa {(Pw) 6}
= Sa {w8}
=W
Corollary Sa {pb : q8} = Sa {qb : p6}

This result does not hold since (pVq) # (q¥p)
Theorem 5.9 Sa {p® : ~ pp} = Sa {pd : Tw}

Proof D = w = LHS

Sa {wd : wp} = w

RHS = Sa {wd : Ty}

I}
I}

w

- Theorem 5.10 Sa {(pAq)® : o : r6 : Ty}

Sa {(p/\q) \ (~p'\r)6

Proof p:U:)(p/\q) =W
= LHS = Sa {wd : wp : r6 : Tp} = w
and W (~ pAr) =

= RHS = Sa {wd : Top} = w

Theorem 5.11 Sa {(pAg) © @ p® : qu}

Sa {(pAq)® : go : p6}

Sa {p6 : qu}
Proof

(i) p:w:&l)/\?q:w

= Sa {(p/\q)e : pe H QCP} Sa {U)e D wd qcp}

I

Sa {(pAq)® : qo : pb} Sa {w® : qp : ws}

Sa {pd : qo} = Sa {w0 : qp)

: Ty

21%
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(ii) p=F, qg=uw
= Sa {(pag)® : p8 : g} = Sa {(Faw)e : FO : wy}

= Sa {Fe:Fe:pr}

= ¥
Sa {(pAg)® : g : P8} = Sa {{(FAw)6: wp : FO}
=
Sa {p8 : qu} = Sa {F6 : wp}
= W
(iii) p=T, qg=w
= Sa {(pAg)® : PO : q@} = Sa {(TAw)® : TO : wo}

= Sa {w6 : TO : uwop}

= W
Sa {(pAg)® : ap : PO} = Sa {w6 : wp : TOY
= W
Sa { p8 : qp} = Sa {T6 : uwp}
= Sa {Te}

Hencé when p,q are allowed to take the value ®
Sa {(pAg)® : PO : qp} = Sa {(pag)® : qp : p6}
# Sa {p® : oy}

(LY

Theorem 5.12 Sa {(pAq)® : pp : qy} = Sa {(prg)e : q¥ : pp}

Proof (i) p

w = p/\q =w -7
= ILHS = RHS = w
(ii) p=T, g=w=pAq. =W

= IHS = RHS = w
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i
€
g

(iii) p=TF, g pAq = F

U
z

"Sa {F8 : Rp : w¥}
= W
RHS =- Sa {F® : oV : Fyp)

= O

Theorem 5.14 Sa {p ST {p,le1 : p292 teeal pnen}}= Sa {(p\p1)61:...:(pApn)9n}

Proof
() P=®=pAp; =w Vp € {T, 7, w}
. _ . . )
- - IJHS = Sa {m ST {:p/'e/' . e ee ® pnen_r }
=
FHS = Sa {U:O1 D oeee 3 wen}
=W

Now if a € E then the result is trivially true so consider a = T.

Suppose P is the first p which has the value T and pj =W

(ii) P = T

= LHS = ST {TT {p,0, : p,8, ¢ --» : D0} )

A I
= ST {p,'e1 : p262 Peee B pnen}
= '{ 0, if i<j
w if i3>

RHS = ST {(TAp1)91 : (T@a)e2 Doeee .l (TApn)Gn}

T = & = RHS Gi if i<
W if 1> ]
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(iii) p=TF
= LHS = ST {F ST {p131 Doeee t pnen} }
=W - by (5'17)
p=F=p\p; =F -V i€ {T, F, w}
=W : by (5.17)
Theorem 5.15 ST {p191 2P0, 1 oaal s pnen} ; ST {q,]cp1 Pagp,t ene :qm¢m}

~
S
-
Lt
.
.
[
.

(p1Aqm) ICH R

S
-
[

(ppnay) [0 (pna) T8 59,13

Proof Suppose 1] is the first p that has the value T

qj is the first Q that has the value T
and P.=qg = w , then
)r<ci
= LHS = ST {F91: een WO ... :Tei:...:pnen} ; ST {q1¢1:'°':qd?m}
={”’;<Pj if j<s
w; w if j> s

FAp=F VY p€ {T, F, o} and (TAp) = T only if p=T
= (pAagy) =T Yk<i and Y1

and (piqu) is the first expression with the value T.

P, == (pquj) = W

and r < i= (pquj) occurs before (piqu)

Hence BRHS = w



(ii) r>i, 8>

J
and r>i, s> j = (piqu) = T occurs before any undefined

expression,

hence RHS

I
@
-8

(iii) r>i, s<j

= LHS:Gi;UJ=UJ
and s<j = (piAqs) = ® occurs before (piqu) =T.

Hence RHS = w.
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may be transformed by the method

)

Step 2

Step 3

Step 4-7

i=2:

i=3:

i=L:

my

sl @<a, x>
@<,

@i uwoulxy) 3 O

3

=

The dynamic sequence

AN Ju X O
WYUK .

Xa

©
C]

e

C) <X, ,y>, uUMX3

Xaj

D nxlxty) , ©

©
©

described in [§6.G] as

<a,X> 5 AAMA,nXH O}

sk ®<a, x> , naua,nand;

C)<X,y> 1 ATUXS

xa

®; naulaty) , O

syl @<a,x>
O <, 7>

SM:C)<31X>

O <>

SN:C><?4X>
@ < y>

k]

k)

?

?

©
©

Hana,nxnd;
nyno ;3
nano s uxuo;
nynd,xa;
gana,nxna;

nynd,xaj

@, nanend) , O3

e

e
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i=5:

i:6:

Sl @<z, x>
®<x,y}

Syl ®<a, x>
O,
Sul @ <, x>
® <>

Syl <, >

Sp[ @ <a,x>
S}l[ @ <a, x>

k]

k]
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HANT 41 XY O

uyn Oy xaman (+0);

PEVIPPE R}
1wy d,xa,nan (0+3), é;
HENA s 1IN O
wpndsuxn (43) yuam (@49), O 3

naud uxud,nan (a+d);

nane,uxn dyuan (+3), O]

HXH aaﬂ.aﬂ. (Q"f‘a)a @ ]
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Consider the following program:

begin dec x
procedure halve (x)

specification x

xi=x/2
=2
halve (x)

The procedure declaration has the model
# halve = SyL @ < 3
x( ) 3
D axmx2) 3 O
e 1

and the program corresponds to the sequence

SuL® < § wxn2 3 xhalve (x) ;O]
which, on substitution of xhalve(x) gives:-
SuL @< 5 w2 ;
@< ;
xx* 3

@; wo(x/2) 5 O ;

®

- O 1

The transformation [§6.a] vgives
SpL @< 5 w2
@< 3
- x=x* 3 .
@, nx'ux*/2) , @ ;
C)
o 1
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sl @ <

H

X

xx* ux*% (x*/2), @ ;

nxue

.
H

©

wxn (x*/2) ux*n (x*/2), O 3

wrm23nx*y (x*/2);

, ©

UXH (x*/E)

©

w2, uxu (2/2)

¥ 1

©
» @1

]

O 1]
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begirn dec x

dec procedure fact(n)

value n

specification n

if n = 1 then fact := 1
else fact := n x fact(n-1)
x := fact(3)

end

w fact = Sy @ <n, facty ;3 um( )

® ; (n(n=1)[xfacty1]

Tlufacty (nxfact(n-1))1}; © ;

w( Iufact ; @ ]

e,

(1

and the program corresponds to the sequence

Sl ® <> ;3 wxnfact(3) )]

@

Now, from (1),
wxufact(3) = SuyL @ <n,fact> junu3;

®; (n=1)[ufactu1] : Tlufacty (m<fact(n-1))1}; ®

nx*yfact 5 © ]'

Sy @ <n,fact>,unu3;
®, WG=NIufactu1] : Tufactu (3sfact(3-1))1}, ©

yx*4fact , © ]

= SP[ ®<nafaCt> a%n-KB;

@ , nfdcty (3xfact(2)) , © ;

ux*ufact , @ ] (3

Again from (1),
nfacty (Bxfact(2))

= Sy @ <n,fact>,unu2;
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® 3 (n(n=)lufactn1] : Tnfactx(metact(a=-1)1}; © 3
ufact®y (3xfact) 3 © 1] from (6.39)
= Spl @ <n,fact>,umu2;
@ , ufactu(2xfact(1)) , @ ;
ufact*y (3<fact) , @ ] (%)

Similarly, ufactu(2<fact(1))

Syl @ <n,fact> , unxl ;
@, ufactul, © 3

wfact*y (2<fact) , @ 1

SuWL @ <n,facty> , unu1,ufactu;

nfact* (2<1) , S ]

SyL @ <n,fact>, wuml1,ufactyl,ufact*»2, @ I (5)

Substituting (5) in (4) gives
nfactu (3>fact(2))
= Sy @<n,fact> , nm2 j
@ ;

@ <n,fact> , unnl,ufactnl,ufact*s2, @

©
ufact™ (Z<fact) , @ ]

SpL @® <n,fact> , unu2 ;
@, nfactn2z , © c;
ufact*y (3>fact) , © 1]
= Sy @ <n,lfa'ét> ) unu.2,u'factu2 H

nfact*u (3sfact) , © 1

Syl @ <n,fact> , unu2,ufactu,ufact™n(>2), O 1

(6)
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Substituting (6) in (3) to give
nfactufact(2) = Sy @® <n,fact> , ym3;
@ 5

’@ <n, fact>, umZ,chactn2,ufact*u6, ©

© 3
nx*sfact , © ]
= Sy ® <n,fact>, unn3;
@ , nfactub , @ 3
nx*ufact , © ]
= Sy ® <n,fact> , wnm3,nfactud,ux*xb, @ 1 (7)

And thus, the substitution of (7) in (2) gives
SuLk @ <
@ <n,facty> , unu3,ufactyb,ux*6, @ i

Qo 1]
= Sl @ <>, b, © 1



