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Abstract

The bulk crystallization kinetics of polymethylene,
polystyrene, poly-(ethylene oxide), polypropylene and polybutene
have been studied dilatometrically. Extensive use of computers
has made possible improvements in the statistical analysis.

The kinetics of polymethylene crystallization in the
absence of the usual secondary crystallization have been fitted
to variants of a single-crystal folded-chain platelet model.
Non-coherent, secondary nucleation leading to spherulitic growth
is rejecteds The detalled morphology of crystalline polymers
is notoriously complex, but certain broad features of the
crystallization process are supported by this work. Thus, there
appear to be two kinds of coherent, secondary two-dimensional
nucleation acts, one associated with the corner sites and another
with the face sites on the groving platelets A single rate
equation covering both the primary and secondary crystallization
has been deduced and amply verified. The secondary process,
which can be kinetically isolated is fitted to an equation by
Eyring, which generalizes lfaxwell's treatment for the relaxation
of matter. Electron microscopy supports the cxistence of
lamellze in polymethylenc.

This single crystal platelst model which can also

describe spherulitic crystallization is further shovm to fit the



crystallization of polystyrene, and poly-(ethylenec oxide).

When the crystallization kinetics of these pelymers, and
polymethylene are analysed according to this model, a number

of similarities become apparent. The temperaturce depcendence

of the rate constants associated with the medel is very similar
for all three polymers, and the residual deviations from the
model are strikingly similar for polymethylene and poly-(ethylene
oxide).

The crystallizafion Kinetics of polybutene and poly-
propylene are described by the simple Avrami picture of the
radial growth of spherulites. This radial growth rate is constant
for polybutene, and diffusion controlled for polypropylenc.

By iterative methods of solving difference equations
(or by a Monte Carlo mothod) statistical parameters are calculated
for a number of models concerned with the progressive random
occupation of sites on a linear lattice subject to specified
restrictions. Examples of applications arc cited from the field
of crystallization or chemical reactioné of chain polymers,
sorption in graphite, and the close packing of hard spheres in

one dimensione.
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INTRODUCTION

The kinctic crystallization process which occurs when a
riolten polymer is cooled belovw its melting temperaturc is rate

detormined by the mucleation and growth of the crystallinc bodies,

and their subsequent imvinzement to £ill part or whole of the
available space. The zrowth rate must be related to the shape,
and growth mechanism of the crystalline rezions.

Crystallization kinetics of polymers have been
traditionally intervreted (Mandelkern 1956, 1958) although with
limited success, in terms of the mucleation and growth of spherulites.
These arc spherical crystzlline bodies, which arc observed by optical
nicroscopy in most bulk polymers. A typical structure of this type
might have a dianeter of ~~ 0.1 mm. On 2 molccular level, the
spherulite structure is usually described in terms of the 'fringed
micolle' model (Flory 1953, Fige1). The crystallites are indicated
by a parallel array of portions of polymer chains. The ordered
regions are randomly arranged relative to one another, and are
commectod by portions of the chains passinz through amorphous or
disordered regions.

When obscrved under the polarizing microscope; betwoen
crossed Nicolé, spherulites cxhibit a ranze of birefringent
structures. Apart from the usual Maltese cross, zig-zaz and
ring-shaped cxtinction linos arc found (Keller 1955a, 1955b, 1955¢ ).

These arc intorproted in torms of particular orientations of the







crystallites. The common feature of all arrangements is that
rolecular chains are perpendicular to the radii of the spherulite.

One of the most important discoveries in polymor science

during the last decade is the existonce of single polymer crystals
(Keller 1962). In these, a polymer chain does not pass through a
number of separate crystalline and anorphous rozions, but is
completely contained in a single crystalline entity. The structure
of these single crystals, their occurence in the bulk, and their
relationship to spherulites, will be used to intervret kinetic data,

and forme a central themc of this thesis.
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CHAPTER T

The Experimrental Determination
of the Crystallization Rate

The crystallization rate is measured by followinz the
contraction of the samplc at a constant temperature below its
melting point, as a function of time. In this work, the dilatometer
has been designed for smaller samples than are normally used. This
has the advantage that rapid temperature equilibration takes place
(less than 1 min.) when the sample is transferred from one thermo-
stat bath to another. This is cspecially important when 'seeded'
runs (section 2.6) are being carried out. The various aspects of

the dilatometer construction will now be described.

1.1 Sample Preparation

The samples used in this work were obtained from various
commercial sources in the form of powders or 'shavinzs', and were
used without any further purification. The polymer was c&mpressed
into a cylinder, approximately 3 rm.diameter, and 1 - 1.5 cme.long,
weighing less than 100 m3 in a spring~loaded stcel vacuum press

(see Fige1d). The press was then heated to 20 °C above tho
4

melting temperature of the polymer in vacuo ( € 107" memercury)
for 15 minutes and allowed to cool in vacuo. The furnace used
consisted of a glass tube, slightly larger then the press, the
outside being wound with nichrome wirc, and covered with asbestos

cement. The moulded cylinder of polymer, thus freed from any air,

was weighed, and sealed in the dilatometer.
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12 Dilatometer Construction

The measuring capillaries ( ™~ 20 cm.long) in all the
dilatometers constructced consisted of 'Veridia' procision bore
tubing. A samplec was checked for uniformity of bore by measuring
a length of mercury thread. Tt was found that the variations
élong its length was only ip.1%. The glass system from which the
dilatometor is finally constructed is shown in Fig.1.2. The sample
is .to be contained in the tubec a, the diameter of which is only
s8lightly greater than that of the polymer sample. This tube is
ineclined at about 450, to prevont the molten polymer from blocking
tho measuring capillary. The by-pass tube b, connecting the
sample holder to the top of the measuring capillary is neccessary
for evacuation of thec dilatometer, owing to the small bore of the
capillary used (approximately 0.38 mm). The glass system, after
cleaning with nitric acid, and sealinz at ¢, is ovacuated (less than
10-4 mm. mercury) and 'flamsd' to remove sorbed gasces from the walls
of the capillary and sample holder. It is then opened at ¢, the
polymer sample inscrted into a and resealed. After re-evacuation,
the dilatometer is sezled at 4 and o, thus removing the by-pass link.
The dilatometer ig then filled with mercury. It was found necossary
to distil the mercury twice in the same vacuun system to provent
gas bubbles forminz later during tho heatingz znd cooling cycles

associated with the kinetic mcasuremonts. The second distillation



. f
Fig.1l.2- Schematic representation ”/::::::/’///

of dilatometer construction.~'




condensed the mercury above the dilatometer in f, which filled the
space surrounding the polymer sample via the capillary. When

the dilatometer was full of mercury to the top of the capillary
the dead space above the mercury was filled with 1/2 atmosphere

of dry, oxygen-free nitrogen and the dilatometer finally sealed

at g During the subscequent kinetic runs, the mercury height was
adjusted by using the side-arm which remaincd after sealinz at d
asS a mercury roservoir. The nitrogen pressure above the capillary
was designed to minimize varistions in the meniscus height caused
by the pressure fluctuations of any small gas bubbles which misht
form during kinetic runs, dusc t§ incompletc degassing of sample,

mercury or dilatometer.

1.3 Teuperature Stability during Isothermal Runs

The cxtreme sensitivity of the crystallization rate to
crystallization temperature (section 2.5) necessitates a high dogreec
of temperature stability being maintained during the isothermal
crystallization runs. Large (13 f) Dewiar vessels, completely
silvercd except for two vertical observation slits oppositc one
another, and containing polyethylcene glycol, with
2-ricrcapto-benzolthiazole added as an anti-oxidant, werce used for
all runs bolow 180 °C.  In the casc of the crystallization of
polystyrene (Chaptér 4) some runs were carried out asbove this

temperature. A thermostated aluminiwm block (constructed by



Mr.G.R.Scantlebury) was used for this purposc. The bath heaters
were made from Thermocoax heating wire consisting of nichrome wire
contained in z stainlese steel sheeth; insulation is by a layer of
megnesiunm oxide between these. The wattage necessery to maintain
a bath at a given temperaturc was shared between two such heaters.
One was permenently on, giving approximately 8074 of the power
nceded, the secondary heatcr being switched by means of a mercury
contact regulator. The Dewars were covered with asbestos lids
containing holes for the heaters, stirrcer, thermomoter and
temperature regulator. An asbestos pluz with a vertical stainless
steel rod attached to it, fittcd into a further hole. The
dilatometer, attachcd to this rod with stainless stcel clipé

could b¢ rapidly transferred betwcen thermostated tanks at
diffcrent tomperaturcse The bath tomperaturc was measurcd by
Boeckmann thermormcters calibrated ageinst National Physical
Laboratory calibrated thermometers. Tempcrature stability of
+0.01 °C was achieved in the thermostat baths. Variations of
meniscus height due to thermal fluctuations can be neglected under

these conditions.

1+4 Exccution of Kinetic Runs

The dilatometer, attached to a stainless steel rod is
irmersed in a bath maintained at approximately 20 °c above the

melting temperaturc of the polymer for 15 minutes to melt the
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sample completely. It has been shown (Banks, Gordon, Roe and
Sharples 1963a)for polyethylene, that a melt temperature ranging
fronm 0.9o to 70o above the melting temperaturc has no effeet on
the subscquent kinctic behaviour. Conscquently, the persistence
of nuclei above the melting point can be oxcluded.  After the
sample has been méltod, the dilatometer is rapidly transferred to
a bath, regulated at a temperature below its melting point, where
the subsequent isothermal crystallization is followed, by -
observing the maroury meniscus heizht as a function of time through
a cathetometer. A micromecter attachment allowed the height to
be measured to +0.001 cme The total contraction obtained with
50 ~ 100 mg. of samplc was 3 - 10 cms, depending on the polymer
studied. The dilatometric data obtained arc of sufficient
accuracy to allow a critical assessment of the validity of the
various models tested. To this end, the statistical analysis of
the data has been improved by fitting various rate cquations to
the data using computcrs (scction 2.7).

tSeeded' runs (scction 2.6) are carried out by holding
the crystallized sample at a2 temperaturc below the melting point
to leave a (metastablo) equilibrium degrec of 'seed' crystallinity.
The dilatometor is then transferred to a bath at a lower temperature

whore further isothormal crystallization is observed.
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1.5 Melting Point Determination

The analysis of the tcomperature dependenco of the
crystallization rate constants requires a knowledze of the
melting temperature of the polymer (scetion 2.5). Tﬁe nain
features of melting in polymers, which differs from that for low
rolecular woight solids ig the wide teomperaturc ranze over which
molting occurs. This effect is usually (Gubler and Kovacs 1959)
attributed to the differcnce in stability of the crystals, arising
from their size varistion, znd hence surface to volume ratio.
Furthermore, at a given tomperaturce, the expansion which accompanics
the melting is not instantaneous, beinz much slower than the rate
of heat transfer to the bulk material.

The mechanism of melting will be further discussed in
section 3.5. At this point, the offecct that the wide melting
range and non~-instantancous cxpansion has on the melting-point
determination is discussecde The melting point was found by
prozgressively reising the temperature of a crystallized sample,
until its volume was lincorly depondent upon temperature. At
this stapge, the polymer will have completely mclted. The
ternporature at which the volume vs. termperaturce curve departs from
lincarity gives the melbtinz point. In the initial stages, the
heating rate must be sufficicntly high to avoid any recrystallization
(scction 3.4) while in the latter stages it rmust be slow enouzgh to

allow the volume relaxation to occur. Fize13 shows such an
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equilibrium melting curve for polymethylenc. The heating rate
varied from 4 X 1O—Zldeg.soc.—1 at the lower temperaturcs to

5 x ‘10_5de,g.sec.—1 noar the melting point.

1.6 MicroscopicInvestigations

Examination of thin films of polymer was carried out
using o Cook Troughton and Simms polarizing microscope fitted with
long workinz distance objectives. The sample between glass cover
- 8lips, was contained in a well in a copper hot-stage attached to
the microscope. Temperaturc stability of +0.02 °C was maintoined
using a proportional temperaturc controller, with a platinum
resistance thermometer as the sensing element.

Dispersed sarples (section 3.1) were investigated using
a Phillips 100 desk model clectron microscopc, thao sample boing

deposited {rom agueous suspension upon formver supports.
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CHAPTER IT

Interpretation of Dilatometric Data

2.1 Dorivation of Generz)l Retc Equation (Gordon 1963)

When a bulk polymer is cooled to below its melting
point, the ratc cquation describing the crystallization is
derived assuming that all the crystalline bodies zrowing in thet
relt arcs-

1. randomly placed:; and

2. grow with identical growth laws.
We define an entity as a crystalline body which has not impinged
with any other. The crystalline bodies are taken as having a
higher density than the amorphous polymer. The problem is to
relate the overall volume contraction of the sample at time t
which is proportionzl to the total volumc of the crystalline bodies
(growing with impingenent) to the volume of an cntity which has
been in oxistence for this time. At timc t, thc overall degree

of crystallinity ( X () is
Xe= X, [1-p] 2.

whero 7(b>is the fractional crystzllinity of a body, and (1 - p)
is tho fraction of the total volume occupied by the bodies. If
the total volume is V, and the volume of the individual n entities
is V19 V2, e e e s ey Vn, then the chance Py that @ chosen point

is not in the cntity i is -

v

i
pi = 1 -—._V—' 2'2
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The chanee p, that the voint is not in any of the n entitics is
thercfore:

p=Tp = TT(1-Vilv) | 2.

t=]

n b = E‘ZEL(I‘VL/V) 2.4

If all the entities arc small OG_ & V) compared to the total
v V.

volume, In(1 - T%J nay be expunded asi—éa, when ¢g.24 becomes:

@QF = ‘EZ;](.\/L/\/) = - e(t) \7(6) 2.5

wherc Q(t) is the nuober per unit volume and V(%), the mean size
of the entities at time +t.

Eq.2.5 #ives
b= exp [-pl) V()] 2.6

The quantity p, the chance that a chosen point is not in any
entity, is taken to be the chance p' that it is not in any body.
This is cexact for spheres growing linearly in radius with time,
since a point which belongs to a given entity then lices either in
the corresponding body, or in one of the bodiecs with which the
cntity overlaps. In cases involving discs or rods, identifying
p and p' is an approximation as fragmentation of the growing

entities may occur owing to impingemont (scction 3e3). Assuming



16

p and p' to be equal, equztion 2.6 rives the chance that the
chosen point is not in any body, which i also the amorphous

fraction (1 - X t/ X, )+ Eauctions 2.1 and 2.6 zives

Xy KO- em - p(4) T(s)] 2.7
If 211 the bodies cre born instantaneously, then ?(t) is
constant ( = ¢) and

T(t) = v(t) 2.8

then Xt = ‘)(CD L1 - exp = eV (tY] 2.9
where V(t) is the volure of an envity that has been in existence
for time t. If nucleation iz not instantaneous, then VIt) is
given bys

t \
V(t) = fj v(t - u)lap(z)/ar ]dr]/ (j lap (0)/ax ] dt) 2.10

o} 0
This expression is the chance that an entity was born at time T,
maltiplied by ite volume at time t, when it has been in
existence for time (t -T ) intesrated from time zero to t.

+
As J [dg)(t)/dt Jd= =P (+) 2411

o]

equation 2.10 becomes
%

JOUCIE j V(s -7 )lap (v)/ac ] a 2.12

and substituting this in e3.2.7, the general rate squation

+ :
X + =Xm% - 2xp - U V(% —t)[dp(‘c)/d‘c ] dtw 2.13

)

ig obtained. Using this cquation, dilatometric data can be
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fitted to various forms of the nucleation [ ?(t)] and srovth
[v(+)] rate laws. Spocial cases of egs.2.9 and 2.13 which

arise when the entities are of simple shape will now be considercd.

2,2 Particular Cases of the General Ratc Eouation

The svocial Fforms of the rate equations (2.9 and 2.13)
when tho entities arc rods, discs and spheres, will now be derived.
In all these cases it i assumed that the growth rate (kg) (radial
for discs and spheres) is constant. This iwmplies that the rate
of inclusion of new metcrial in the growins entity is proportional
to the area of the growth front.e Thus, for instantaneous
nucleation, 0g.2.8 becomes (Gordon 1963):

1. TFor rods of constant cross-sectional arca A

V(t) = kgAt 2.14
2. Tor dises of constant thicknecse d

V($) = ndkg2t2 2.15
3+ For sphercs

V(t) = 4nké3t3/3 2.16
For sporadic nucleation, when the number of mucleil ((t)
increases lincarly with time

pt) = %, ¢ 2417

where k. is the mucloation ratc.  The quantity P(t)?(t)

rust be evaluated using ¢aeZ+10. Thus for sporadically
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nucleated spheres

% : ‘
p ()7 (%) =J 4n[kg(t—'c)]3 ko/3 dt 2.18
\ o]

= ﬂlcg31cn t4/3 2.19

For sporadically nucleated rods and discs, the corresponding

equations arec:

F(tﬁ(t) = Hc X, g 2/2 2.20
F(t)?(t) = dnk, kn, t3/3 2.21

4 second possible growth rete arises for diffusion controlled
growth, when the radial growth rate is proportional to 1/tVz

Tt can be readily shown that for spheres, eqs.2.16 and 2.19

become:
V() = 4,;1: /2/3 2.22
and
(+)W(t) = Bnk 3 t5/2/15 2.2‘3
e g'n

Corresnonding cquations may be derived for rods and discs,. For
all these czamples, eg.2.7 can be written

X, = X[t -em- 5t" ] 2.24

when n is an integer boetween 1 and 4 (or multiples of 1/2 between
1/2 and 5/2) and z is & constant depending upon the nucleation '
and growth rates. ssuriing that ths orystallinity ot time $ is

proportional to the dilatomstric contraction chserved [h(o) - h(t)]

eq.2+24 becomea
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o) = hit

| N '
Sy = 1 - exp( - st) 2.25

= =

where h{o) and ho ) arc tho initial and final dilatometric
heights respectivelys In terms of these medsurements, the more

general cauation (2.7) becomes

= {1 = exp~{ ?(t)-\-f-(t)] 2.26

A novol sraphical representation of the variation of E>(tﬁ7(t)
with timc can be obtainod by using cq.2.26 and plotting

Lo hlo) - hit -
-1 - z= M 90
B U h(o) - hiee ] ?(t)f(t) 2.27

against time. This often provides useful guidance am to the
Torm of the rate equation nceded to fit the dilatometric data

(Chapter 3).

2+3 The Avrami Equation

In the majority of cxamples found in the literature,
dilatomotric results arc interpreted in terne of eg.2.25, which
was first used by Avrani (1939) (by whose name it is generally
known) to describe crystzllization in metals. In the majority
of polymors, odptically resolveable spherulites are found,
leading to an expected veluc of the Avrami oxponent n (oq.2.25)
of 3 or 4. Althouszh no detailed fittine of this egquation to
gxperimental datz was attonpted, values of n of 4 for polycthylenc
(Tung and Buckser 1959) and polybutene (Boor and Iiitchell 1963)

and 3 for polypropylene (Griffith and Ramby 1959), have been
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claimed. Recent work on polycthylenc (Banks et al. 1963a) and
poly~-(decemethylenc terevhthalate) (Sharples and Swinton 1963),
hes cast doubt as to whether intesral vslues of nare in fact
found; and cmphasizes the need for rizorous statistical analysis

of the dilatometric dats (cection 2.7).

2¢4 Deviations from the General Rate Zquation

The derivation of the gencral Avrami squation (2.25)
using ege.2.1 and 2.5 assumes that the total volume V of the
system is constant throughout the crystallization. However,
owing to the difforence in density between the liquid phass,
and the crystalline bodiles, this volume will decrease as
crystallization proceceds, owing to the higher density of the
crystalline rcgiongi* A further approximation is introduced
by equating the volume fraction of amorphous matsrial
(1 - :X%/;(;O ) to the dilatometric measurcments

1 - [n(o) - h(t)]/ih(o) - h(oo)] (cae2e%5) This letter
approximation will be discussced first. Lat
C]_ be the density of the liquid vhase
FC be the density of the crystalline bodiss
Vl(tj be the volume of the liguid phese at time t
Vc(t) be the volume of the crystalline bodice at time +
VO be the volume of the system at zero tine
V be the volume of the system at infinite time

Vt be the volume of the system at time t

% Professor F.C. Frank has pointed out that this derivation due to Price
is incorrect as the positions of the bodies will no longer be uncorr-
elated when the sample contractse

— - i
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The volume fraction of amorphous polymer ( 6) is given as
g = Vl(t)/vt 2.28
Also,
v, = vl(t)u - (’1/€c] + Vo€l/€c 2.29
giving
vy (8) = (v, -V e 1/(’c)/(1 - (’J(’J 2.30
Substitution of eq.2.30 into eq.2.28 gives
6 =1 -(/v)e /e 1/ (0= £1/00) 2.31
It can be readily shown that the experimentally measured quantity
[h(t) - n(es )] / [h(o) - h(e0)] is related to 6 by the expression
(a(t) - n(e)] / [b(o) = n(e)) (W V) = 6  2.32
The cffect of the first approximation, that of agsuming the

volume (Vt) of the polymer to be constant, for use in
n .

(1 -6 )=1-exp- (z vi/vt) (eqs. 2.1, 2.5) 2,33
— |

may be seen by inserting Vt from ¢q.2.31 into e€q.2.33; ziving
n ‘1

(1 -6)=1-exp _{( Z"i/vo)/ (61/60)[1 -6(1 - Gl/(’c)] J
1= 2.34

Tor the simple Avrami model,

n
(S V) = kt" (section 2.2) 2,35
i=1

when eq.2.34 becomss

(1 -9)=1-cxp -~ {(ktn)/ (Gl/(-'c)h -9(1 - el/(Jc)fJ 2.'36

which cah be compared to the simple Avrami equation (2.24).
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This equation (2.36) cannot be solved analytically fér Q9 ,

but Price (1964) has estimated the error which will be incurred
by using eq.2.25 in place of eq.2.36. He estimates that for
O.95>&m20.85, n will be increased by less than O.1 over 80%

of the crystallization. This change is so small that in the
analysis of our kinectic data we use the approximate Avrami
equation (2.25). In two further cases, the general rato
equation (2.7 ) is approximate. The first, which arises owing
to the vpossible fragmentation when the entities are rods or
discs is discussed fully when a single crystal platelet model

is fitted to the crystallization of polymethylenc (section 3.3).
A sccond approximation is introduced ﬁhcn nucleation is not
instantaneous, a3 eq. 2,7 implies that a fictitious entity
nucleated and growing inside another can never outzrow the
bounds of its host, and cannot therefore encroach on the amorphous
SpaCae This is geometrically exact for spheres with a constant
radial growth rate, but never oxact for discs and rods. BEq.2. 7%
therefore ovcrestimates the crystallinity at 211 times in these
two cases. Thesc two approximations will be discussed further
when the kinetics of polycthylene crystallization are

interpretcd (Chapter 3).

2+5 Temperature Dependence of Growth Rate

The crystallization rate of all polymers is extremely

sensitive to the crystallization temperature.  Thus for
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polyethylene (Tung and Buckser 1959, Banks et al. 196l33)z
(eq.2.25) changes by a factor of 10° for a temperature change

of only 3 °c. This sensitivity to crystallization temperature
has becn explained on the assumption that growth of the
crystalline bodies procecds by a process of sccondary mucleation
at the growth front (Mandelkern 1958). The nucleation theory of
Purnbull (1949) gives the steady state nucleation rate (I) for a

condensed system as

. * - AL¥ N
v N= KNET exp([‘\ks ) exp( ﬁTH ) exp(—%?—) 2.37

where A H* is the heat of activation of the elementary jump rate
process at the supercooled liquid -Anucleus interface;
A S¥% is the corresponding entropy of activation; and
é&ﬁ* is the free energy of formetion of a nucleus of
eritical sizc.

[S¢* is determined by tho balance between the surface free
energies (0 ) associated with tbec particular model, and the bulk
free energy of fusion ( Af). At this stage, we shall discuss
only the simple three-dimensional bundle-like nucleus (Fig.2.1),
a two-dimensional chain-folded nucleus, applicable to single
crystals, will be discusscd in relation to polyethylene in
Chapter 3. For the threc dimensional nucleus, the free energy
of formation (AP) is:

Ap = 2abo, + 2alo- + 2blom - abl( AT 2.38



i
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T

Fige2ele= | Bundlelike nucleus.

Ordinary symbols are used to denote the
dimensions a,b, and 1, and the lateral and
the end surface free energies, o andg;.
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A ¢* corresponds to the saddle point of the free energy surface

and is found by putting

Dag 2ab

( ) EA@)
da b, 1l 2b ay 1l ol

and ( equal to zero.

ay b
The dimensions of the critical nucleus, (a¥, b*, 1*) and the froe

energy of formation ( A @*) are then found to bo:

a*¥ = 46/ of 2.39
v = 4o/ Af 2.40
> . b/ pE | 2.41
A = 2olo /(AL 2.42

At the melting-point (‘I’I-n),

AS AHp o /T 2.43

fusion n' "o
With the assumption that D S does not vary with temperature near
the melting-point, the frce cnergy of fusion at temperature T,

may be approximated by

. L
Af = AHf‘uzs:’.on 1 - Tm] 2.44
= AH, .o (A'I‘)/'I‘m 2.45
where AT = Tm -7 2.46
Bgs.2.42 and 2.45 give
2 2 2 2 "
¥ -
ABr =320 52 °/ AHL .o (AT) 2.47
Eqse2.47 and 2.37 give
. 2 2 2 2
Noexp - (3207 o T, )/EAHmsion(AT) YT ] 2.48

i In(N) of - 1/( A T)? 2.49
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Eqg.2+48 assumes that the temperaturo dependence of ¥

is determined predominantly by the variation of the quantity
ﬁkﬁ*/T with temporaturoc. This will be true near the molting

point, when the value of 1/£§T will change more rapidly than
1/T. At low temperatures, the 1/’I‘ value may become ithe most
important. This can result in a maximum iﬂ the crystallization
rate vs temperature plot, which is found in the case of polystyrenec
(Chapter 4). However, for polyothylene, the crystallization rate
i3 only measurable within about 10 °C of the melting point, where
the predominant term is 1/(AT)Q.

The temperature dependence of the Avrami rate constant
Z (eg.2.25) has been interpreted in terms of such a threo-
dimensional bundle-like nucleus, as this leads to a 'fringed-
micelle' structure, which is used to describe the intra-spherulitic
structure. Polyethylene (Banks ¢t al.1963a) poly-
(decamethylenc sebacate) (Flory and McIntyre 1955) and poly-
decamethylene texephthalate (Sharples et al.1963) are examples
of polymers whose Avrami rate constant (z) fit this 1/( AsT)z

relationship.

' 2.6 Crystallization after Pertial Melting

The overall rate of crystzllization (eg.2.13) depends
upon the nucleation [e (+)] and growth [(V(t)] rates. The

determination of the appropriatc growth law is facilitated if
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these two steps can be scparated. This is attempted by
incompletely melting the sample to leave 'sceds', and following
the subsequent crystallization when the temperature is lowered.
Hoffman, Weeks, and Murphy (1959) using poly (chlorotrifluorethylenec)
suggestoed that on »artial melting, the growth from primary nuclei
is reversed until at least some of the original nuclei remain.
These were assumed to be capable of acting as 'secds' when the
polymsr is again crystallizcd at a lower temperature. If the
crystallization in the absence of 'seeds! is described by the
Avrami equation (2.24), then the Avrami exponent n, on crystall-
ization from 'seeds', would be expected to remain constant, or
decrease by unity, depending on whether the nucleation in the
unsecded crystallization was instantaneous, or sporadic.

Hoffman et al.(1959) found that for poly (chlorotriflucrethylenc)
a decrcase in n from 2 to 1 was found on ‘'secding'se This result
was interprcted in terme of onc-dimensional growth of rods,
sporadically nucleated in the unsecded experiments. It will be
scen that in the polymcrs investigated herc, a decrease inn

is gencrally found on sceding, but in no cace does a decrcase by

unity occur.

2.7 Statistical Analysis of Dilatometric Data

The kinctic data are traditionally intervreted in terms

of the Avrami equation (2.25).
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(o) = n(t)] / [n{o) = n(e0)] =1 - cxp - 2 . 2.50

ct

by plotting (c.g. Parrini and Corricri 1963)

1 - [1n (1 - (2(0) - n(6)}/[n(o) - h(oo)])] vs. (%)
The glope of thig double logarithmic plot gives the value of the
Avrami cxponent ne This plot does not give o truc indication of
the soodness of fit of ©342.50 mainly owing to the extreome
gensitivity of the wointe zt high valuces of £ “o the value of
h(t)- k(o). An improved mcthod (Banks ct 21.1563a) involvos
the differentiation of ©qe2.50 with recpset to time to give

n = —sLdn(t)/as]/(n(s) - n(e)Jin k(o) = 2(e))/
n(t) - h()]) 251

As dh(t)/dt cas be calculated from succeszive paimzs of results,
n can be obtained for every stase of the crystallization as a
function of the crystallinity [taken sz proportional to

(o) - 1(t)J]s The rate constant B can then be calculated from

the half-lifec t1/29 and the average valuc of n,

3

- 1n(2)/t?/2 2.52

In the work prescnted herc models are fitted hickh lead to more
complex forms of the gencral rate equation (2.13) than the simple
hvremi equetion (2.24). 4 method of anelysing the data iz uscd
which is not dependent upon the nucleation ie(t)] or srowth
[V(t)] rates havinzg a zimple Torm. Extensive uge is made of

electronic computere, all programs being written in Mercury



Autocodc, and run on the

or the Atlac Computor of

The general problem of curve fitting is

functional relationshin b
erystallinity X ), which

x (in this casc tho time)

a functional relationship
I

.A = -rl(-».g 'e

.

o

ciees O from
b4 n?

uged nethod for the
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¥(s,) - ZIA"bS - 4, (=,

Thig equation can only bo
619 LN ] eni

thn casc 9

which influene: tho choicu

Y(eh), and henee to find €,

(2) The rmecthod should converze

which may be a

casos,

&
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is assumed, the probler is
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and iterative nethods must be uscd.

considerable distance from the ninirum.

it has been found to be di

29.

of London Univorsity

Manchcoter University.

to find the

oL

en a quantity L (in thic case the
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from & mamber of cimirical data. It

criee, en) 2.53
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of a startinz valuc for Gh, esvocially when thsrs arc a larze
numbor of paramcters.

(b) The optimum value of 9, should be found with the minimum
nurioer of itcrations or cycles. This is particulzrly important
if Y(Gh) contains functions rcquiring lenothy machine computbation,
such as integrals which have to be evaluetsd nunerically.

(¢) A minimun nusber of auxiliary functions azsociatcd with
Y(Gh) ghould bc necdod. Soms methods require the derivatives
of Y(eh) with rospect to @

Thrce methods of minimization have boen cxardined and
arc nov discussed very briefly.

1. Tho Fewton-Ravhson method (Strand, Kohl and Bonhen 1963) is

an extension to many variables of the well-knowmn Nowton rmethod used
for a sinzls variable. It ic used to find thc zero of a function
F (91, en), which in this casc is the derivative of Y(en) with

rcspect to Qn
Fk(e", sen en) = DY('919 t.c.gn)/ éek = O 2!55

k = 19 ®aesvy n 2.56
This mothod expands €q.2.55 in a first-order Taylor scries.
The correction vector zxeh is then #iven in matriz notation ass

AQ,
J

It

-1
=L dF, (en)/ éej] Fk(Gn) 2.57

k = 1, secsse I

j = 19 eesce Il
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This mcethod has the disacvantaszc that it only converges if the
starting vector Gh it a good avproximation. It =lso requircs
the derivatives of tho function with resnpect to eh.

2. TFletcher and Powell's mothod (1963) usez the method of

steepest doscent when the function is far from the minimunm.
In this rexion the corrsction vector is

A8 oo [-D(8)/ D81/ 5 L dw(s)/ 6. 258
k=1

the rmagnitude of g;ek being found by a nrocess of trizl and crror.
In the vicinity of the minirum, tho function is exmpanded in a
Taylor scries and truncatcd after the second derivative wvhich
rcsults in quadratic convergence in this roesion. This method is
very powerful as it converges with a sterting voctor eh, vhich is

far from the minimume.

3. Rogcnbrock's mothod (1960) uses the method of steevcst

deacent, modified to take account of the intcraction between the
variables. It also converges from a starting vector some distance
from the minimum and docs not use analyticsal cxpressions for the
derivatives of the function, althouzh they ere numerically
eotimated.

There is 1ittle to choosc between the mothoeds 2 and 3,
Rosenbrock's method i used for 211 the curve Titting presented
heree  In Chapter 3, czemples arc given showing the convergence

of this method.
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Tumcrical Intevration

If the birth of nuclei is taken ac neithor sporadic

nor ingtantancoug, but follows some other rate law, then in

many cascs the integral which occurs in the zeneral rate equation
(2.13) cannot be cveluated onaolytically, but rmet be cstimated
numerically.e In this work, the Gause integration formulae
(Hildebrand 1956) have boon used, which ere cuvecially suitable
Tor machinc computation. Their superiority over the well-lmown
Simpson's rule arises a5 an n-point Gauss forrmla iz cquivelent
to approvimating the function by 2 2n - 1 polynomial, while
Simpson's rule is only cxact if the expreszion is cubic within

the step length.

Prosentation of Results

The computer was programmed to prosent rcsults in the
form of optimum paramoters, with the associated standerd
deviation, betwecn the calculated and cxperimental dilatometer
heights.  The experimental and calculated heights, and the
difference between these quentities were also tabulated for cach
oxperirental point. The results arc oprescnted graphically
in the form of diffcrence »lots, i.e., percentags diffcerence,
calculated on the total rangce of shrinkage coverasd by a given
run, between calculated and obscrved shrinknge at the exporimental
times.  The regions in which the model fitr the data welly; cen

be readily scen fron cuch a graph.



To establish a critcrion for the goodncss of fit of

any model to tho data, sprceentative run (run C, polymethylenc,

I
H

Chapter 3) was fitted to the cmpirical 16-psramcter equations

h{o) - hi{w

15
ol = B8y /by oy —(2 x 107%%0)] = 2 o7, (1nt) -8 2.59
i=0

whers Ti(x) is the 1°® Tchobichev polynomial. The best values
of the sixteen ay werc found by a least-square method to give a
standard deviation o= = 0.25%, The plot of O versus b(0) - h(t)
is shown in Fig.2.2. Better agresment than a standard deviation
of 0.2 per coent is not to be sought from any model, since cven
'swemping! the measurcmente with sixteen adjustable paramcters
produces a 'scatter'! of this order. Thie must be regarded as
the epproximate magnitudc of the experimental scatter, though the
difference plot roveals that this is not ontirely random scatter.
(It may contein some short-range systematic errors,; ¢.3., due to
Sticking of the mercury thread in the dilatomcter stem).

It scems doubtful if models with more than Tive
paramcters could be convineingly Fitted, and a three perameter

fit to about 1-2 per cent standard deviation is worth considering .
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CHAPTER TIT

The Kinctics of Bullk Cryctallization of Polymcthylenc

3¢1 Horpholozy of Solution and Bulk Cryztallized Polvethylene

Recent work on the morvpholosy of solution and bulk
crystallized polyethylene indicatesn that o striking similerity
exizte between the structural unit present in both cases. The
main features of this work are now revisved, and in latsr sections
uged to forrulate a new model which satisfactorily deccribes the

Kinetics of bulk crystallization of volymethylenec.

torpholozy of Solution Crystallized Polyethylene

When polyethylenc is crystallized from an orzanic

solvent cuch as xylene, single crystels arve formed. They congist
o
of lamellze of uniform thickness in the ranse 100 A« The
crystals thicken viz 2 screw dislocstion growth rmechanism which
leads to a spiral terraced structurs. Electron diffraction shows
that the polymer chains are avproximetely normal to the face of
the platelet. As the length of the wolymar noleculc is nany
times greator than the lamellar thiclmess, it rust fold back on
itself to be accommoizted (Ksller 1962). The fold lenzth is
found to be characterictic of the temperature at which
o]
crystallization occurcd, ranging from 9C - 155 A for temperatures
0 0 -

betvesn 50 “C and 90 C. If crystals formcd at one teupsrature
are heated to a higher temperaturs, the layer thickmeso is found

to increace.
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The degree of sharpness of the folds gt the lamellae
face is at present the subject of some controversy. Kawai
and Keller (1963) find that the density of solution grown
crystals is close to the ideal crystalloszraphic donsity, and
argue thet the molecular folds are sharps and that there is no
avpreciable gmorphous content. Jackson, Flory and Chaing (1963)
on the other hand, find a disparity betivveen the specific volume
for single crystals, and the crystallogranhic value, lcadinsg to
about 20% amorphous polymer, which is essumed to be situated at
the lamellar faces. Roneated passaze of the same molecule
through the lamella requircs the amorvhous laycr to consist of
chain loops connectin: successive crystallins sequcnces formed
frowm the same molecule. The 20% amorshous fraction requircs the
loop to be about 20 carbon ztoms in lengthe. Tlory argsues that
theroe are thus no grounds for supwvosing that successive
crystalline sequences fron the same molecule are juxtaposed and
connected by a regular fold in the srowth plone. A more random
array of interconnections between crystallinc ssquonces is more
plaugible, and lcads to a 'switch-board'! wnicture at the facc of

the platelet (Flory 1962).

Horphologzy of Bulk Crystallized Polyethylcne

The problem of cexamining the submicroscopic morphology
of the interior of thc bulk polymer presents formidable

difficulties. However, lamellar structures have bcen observed
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along fracture surfaces (Gecil 1960, Fischer 1957). It has been
shoin thet the lor angle X-ray spacing of approximately 100 E
found for solution growth polyethylene reflects the lamellar
thiclmess (Geil 1962).  Similar low anzle swmacings are well
establizhed in the bulk nolymer and provide additional grounds -
for suspectinz that the morpholozical wnit in the bulk rcesembles
single crystals (Keller 1962).

A poyerful technique has becn developed by Palmer and
Cobbiold (1964) which allowe the rmorpholozy of the bulk sample to
be directly investizated. Digestion of polyethylenc with
concentrated nitric acid at approximately 7O °C ic found to
result in the complete fragmentation of the sample. Examination
of the debris under the electron microscope roveals the presence
of lamellae of thicknecs 100 - 200 X. Dencity measurements of
nolyethylene crystallized within about 10O of the melting
temperature shovs that there is an anorphous content of up to
60%. It is supposed thet the nitric acid »referentially attacks
the amorphous polymer which iz taken to be situstcd at the
lamellar faces, resulting in frasmentation. In the formation
of gingle crystals from dilute zolution, s given molecule can
participate in only one crysitallitc. In the melt, hovever, a
nolecule can involve itzelf in ceveral different, or in the same
crystallite, represcnted by the Flory (1962) switch-board modele

Kellor and Sawade (1964) have further shown the analogy betveen
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solution grown single crystals and the lamellee found in the
bull, by showing that in the latter, the chains arc also normal

to the facec of the platelot.

Tramination of Sarmles used for Kinotic Measurements

A hish molecular weisht polymethylone (Pv = 26 000
from Dist.Anal.Inc.; Baton Rouze, Louisiana) ves usod in the
Kinetic investizations. Dr+R.Palmer kindly subniticd a sample
of this polymecthylene +o his nitric acid otchilng technique.
T'ize3e1a shows lamoller structurss of thickness epproximately
200 X- (The scale correspond$  to 1/L o The sarmdle had
originally been crystalliszed at 126.92 °Cc e zive a final
crystallinity of 43.7% at that temperaturc, the crystellization
being well into the post-ivrami stase (section 3.4) at this
point. However, on cooling to room tempcraturc more
crystéllization ococurcd since the crystallinity (found by
liss A.Turner-Jones) using the X-ray method, was 65 — 68%.

We have uscd Palmer's etching tochnigque with ozone a5 the
oxidising agent. This hasg the =zdvantaze that attack occurs

at room tcmperaturs, thus renovins any danger of recrystallization
or melting. After 2 days' treatment with ozone (vroduced by a
silent discharpge from an induction coil) a film of Philips
polycthylene (Me7e = 6 800) bocame brittlc. The film was
disnersed in water using uldraconics (Mr.Paroft of the Physics

Devertment of this College kindly allowed his anparatus to be used)
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Figure 3.1

Photomicrozraphs

(a): Top - Photomicrograph of polymethylene. The sample was
digested in nitric acid. The scale represents

1/L . Note the lamellar structure.

(b): Bottom - Photomicrograph of polyethylene degraded by
ozone, shoving typical rhomb-like structurs with
steps near the bottom left edge. (Original

negative X 12,000)
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and the resultiny suspension cxemined using the electron
wicroscope. Fige3.1b shows an object after chadowing with gold
: -1 . .
and pelladiun at tan 3.  (Original ncgative X 12 000.) It has
a rhomb-like structurc with stevs ncar botton left edsge, of
. O . - . 3
height (100 - 200 4) which is furthsr ovidence for a lamellar

structure. A sample of polypropylene hes zlso been examined

using this technique, the results being discussed in Chapter 4.

Single Crystals and Spherulites

A major problern in present morphological studies is
the relationship betwesn these lamellaze andi the microscopically
observed spherulitecs. Koller and Sawada (1964) have cbserved
lamellas in the form of ‘air-screws! and cquatc the pitch of
these with thoe distance between successive concentric bands seen
in polyethylenc spherulitces. The detailed manner in which
these lamellas are arranged within the spherulite is undecided
but a 'splayinsg book' arrangemcnt has bcen sussestod (Hoffran
end Lauritzon 1961). This space-filling problem is naturally
inmportant in the formlstion of modele to interpret the

Yinetic bceheviour.

3.2 Provious Kinetic Studies

It is well cstabliched (Banks et 2l.1963a,Potorlin
and Rocckl 1963) that the rate curve for tho crystallization of
polyethylene from the bulk chows two distincet portions. The

carlier ('primary') crystallization has usually been analyscd
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in torms of the Avrari equation (2.24)
7(_,0 = X (1 - exp - zt™] 31
)

The latter ('secondary') crystallization spproximately obeys a
X vs.loa(t) rolationship, and has not been interpreted in
deteil, meinly ovinz to the uncertzinty in scparating it from
the primary process. It has boen surzested (Banks et al.1963a)
that this secondary crystallization can bo described by the
Hirei and Eyrinz (1958) cquation, for the bulk relaxation in
glasscs, fibres and mctals. Thiz cquation approximatcs to the
log (timc)relationship, but no dedeiled fitting of experimental
data was attempted. In »articular, zny ovarall ratc equation
must acecurately f£it the transition region between these two

rate processes,

| Tung and Buckcer (1959) found that the best intesral
value of the Avrami exponent (n) to £it the primary crystallization
vias 4. The temperature dcpendence of the Avreri rate constants
z, Obtained using this value of n was internreied in terms of
tho 1/£;T2 rglationship (eq.2.48) corraspondinz to three
dinmcnsional secondary nuclcation. Banks ot al. (1963a) have investigated
panples of Phillips polycthylenc of varyins molecular welghis.
The critcerion used for the scparation of the prinary and
secondary crystallization vas that thc.exponent n should be
conztant throuzhout the primary process. This method of

analysis (using cq.2.51) yielded valuos of n which were
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non-integral, and were tempsrature and molccular weight
dependent. The value of n varied frow 2.70 (?; = 18 500,
T_ = 128.60 °) to 3.87 (F_ = 1800, T_ = 130.00 °C).  These
razulte cannot be explainzd by the simple Avrand model. The
Avreri rate constente also fittcd the 1/23T2 relationshin,
copecially when allowance was mede for the variation of n with
tompersture, by plotting

loz () wve. n/AT2 3.2
Using the double lozarithmic plot to evaluate n, Banks, Gordon
and Sharples (1963b) found thet it was reduced to 1.2 - 1.6 on
'seeding's its value agein varied with molecular weight, but not
with the deszree of 'seed' crystallinity, provided this excceded
about 4%.  Althouzh optically resolvable spherulites are not
norrally found in polyethyléno thermal treatment (hsating to
300 °C in vacuuri) is found to produce spherulites about
10—2 cra in diemeter (Banks, Hay, Sharples and Thomson 1962).
Banks et al.(1963b) have followed a ‘mceded' run under the
polarizins microscope with a specimen treated in tﬁis waye
They find that the birefringence disappcars unifornly, on
partizl melting, and comes back uniformly within the outline of
the orizinal spherulite, on coolinf. However, the originel
structure ic not reformed, the new structurc being srenulsr in

form. The process  of pertial melting followed by

recrystallization is thus not completcly rovercible. However,
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a cerfain dezree of reversibility was indicated by the equality
of the temporazture dependence of the Avrami rate constants for

the 'seeded' and 'unszeeded' experirents.

33 A Single Crystal Model for the Primery
Crystallization of Polymethylene

Introduction

In the intorpretation of the dilatometric data, the
digcovery that apecific thermel treatrmont of & sammle of high
molecular weisht polymethylone can destroy the cecondary or
post-Avrari process has enabled a dotailed interpretation of both
thesc processes to be carried out. A ¥inetic run was carried
out at 127.18 °C until no further crystallization occurred,
which,took s1x weeks., On subsequent melting, and a3ain
crystallizing at the same tempersture, it was found +that the
secondary crystallization had been completcly suppressed (Fige3e2)s
Bvidence confirminy the supposition that this thermel treatment
has romoved tho secondary crystallization will be discussed in
cection 3.4, wherc the pout-Avrari crystallization is interpreted.
That this kinetic isolation of the primary crystallization is not

.
fortuitous is attested by a sinilar independont obscrvation on o
fraction of Phillins polyethylene (Sharples 1963 ). To the
Avrami process thus isolated, variants of a now nodel zre fitted
whose basic featurcs (includinz chain-foldins) zre inspired by
nrevious work on crystallization of polyethylene from dilute

solutions To this ond, the ztatistical methods of fitting and
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Fig3.2- Crystallization of polymethylene (127,18°C),

(A) Secondary crystallization present,

(B) Secondary crystallization absent,
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presenting experimental curves has been improvad (see

section 2.7.) A1l the oxperimental runs arc tabulated in

;r)

vpendix . .

The Avrami Model

Tor apovlication to dilatomctry, the Avrami equation

(¢qe2.24) becomes

n(0) - h(t n '
B0) —hleo) = 1 T O (-2t7) 33
This cequation does not assumc that the desree (X ) of
o0

crystellinity at infinite time is unity. It is, indeed, found
to be approximetely only 0.3 (Table 3.1) for polymethylene
deprived of ite vost-Avrani shrinkaze. The conversion formulaec
of dilatonetric shrinkege to degree of crystallinity used were
those of Swan (1960) and Chianz and Tlory (1961) respectivelys

~-6,2

3% 0,443 x 10°%2% 3.4

Vi - V; 041420 4+ 0.6434 % 10
0.159 + 0.58 x 10-3’0 3.5

<
i
=
]

where t is the temperature in degress C, and vi and VE are the
gsnecific volumes of the licuid and crystalline phases
resnectively. Ba.3.3 does assunc (sce section on 'cingle
crystels and sphcrulites') thot the degrec of crystallinity of
the groving bodies hag the constant value ;(bo at all times
(Banks ot 21.19632).

Al1 experimenteal runc are now analyscd (Table 3.2) in

rclzation to various models. A1l the fits woere based on
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Final Crystallinities as Function of Temperature

Percentage Crystallinity (X )
Run (see Temp. G i
Fige3.4) Swan's  forrmla Flory's formule
Eq.3.4 Eg.3.5
A 125.79 34.7 32.3
B 125.92 38.4 35.8
C 127.18 35.2 32.8
D 127.61 32.9 30.6
E 128.26 32.8 30.5
F 129.12 33.3 31.0




Table 3.2/

Analysis of Polymethylene runs

Avremi model Fo}ded cbain + ?olded chain.+
(5:2 Temp.oc Nofoi inst.birth first-order birth
Fig.3.4) PR e oy kymin " k, |9 ke min ™t ky | 1<:"1‘min'l A
A 125.79) 69 1.81 | 1.04,-3 | 2.73 [3.39,-3 | 212 2:44.14.97,-3 | 106 |[1.22, O 2,35
i 125.92| 64 1.81 [ 8.27,~4 | 3.48 }3.71,-3 | 132 3.43 |5.84,-3 | T76.9|1.87, O 2.33
c 127.18 76 1.99 1 5.34,-5 | 2.64 {1.29,-3 129 2,70 {2.95,-3 32.719.57,-2 1.96
D 127.61 58 2.28 | 6.28,-6 | 2,06 }9.93,-4 120 3.24 11.03,-3 151 | 3.47,-2 1.52
E 128.26| 54 2.29 11.37,~6 } 1.75 {7.78,~4 | 46.8 | 3.34 [8.47,-4 | 80.3]1.09,-2 1.10
F 129.12) 23 2.55 | 2.85,-8 1.72. 4.27,~4 | 23.0 | 1.38 [3.81,~4 | 36.2 - 0.77

# In Tables, 1.04,-3 means 1.04 x 10~

3

etc.

*OF



'measured! valucs of h(ee). If, instead,; h(eo) is made an
adjustable paramctor, the fittings arc not sisnificently
irproved (Table 3.3). The least-square fit of the general
(2-perameter) Avremi cquabion zives standard devitations in

the rangs 1.7 - 3 ro ant o repregentetive AifYcerence zlot

(run D 3 Piz.3.3, vlot ¢) shoss that the devistions arc highly
ayztematics  there arve only three changes of £isn in the sequence
of devistionz, whils for rando: doviations the cipected number

of chanzes is 29. he reaconably low standard deviestions

sugaest that there way be cnoush truth in the model underlying

the Avraml cquation to refine it by adding o further paramcter.
The value of n avpears to incrcase with incrcasing temperature,

and zenerally does not £it the simple variante of the Avrami
nodel normally considered. The embarrassment of fractional n
values has revcatedly been corrmentod on (Banks ot al.1963a,
Sharples and Swinton 1963). The kernel of truth in the Avraml
Picture is probably the essentially randon spaciny and constan%
density of the sroring bodics, while other zisumptions,
especially the lincer growth rate arce mors suspoct. If this

is correcct ¢qe2.26 may be used:

h(0C) - h{t =
h(0) - hlen) - 1 - ¢xp - e\f 3.6
here G = e (t) designates the nuber mer unit volume of growing

. - r - PRSI
bodies, and V {= V(t)] the volume of the groving cntities.
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Effect on the fit of the three models of allowing h{(o) — h{eo)

to be an adjustable perameter (Run D).

Avrami model (eq.3.3)

n z h(o)-h{eo ) o~ (%)
2.28 6.28,-6 3.495 2.06 Lh(o)-h(eo ) constant]
é:§9 6.2%,-6 3.427 1.88 (h(o)-h(e0) allowed _
to vary)
Folded model + inst.birth (eg.3.16)
ke, (min™") k,  |B(o)-h(e) o~ (%)
9.93,-~4 120 3.495 3.24 [h(o)-h(ee ) constant)
9.66,~4 118 3.608 2.99 (h(o)-h(o0) allowed
to vary)

Folded model with first order birth (eq.3.21)

k1(min”1) k, kf(min-1) h(o)-h( o) « (%)
1.03,=3 | 151 | 3.47,-2 34495 1.52 [h(o)-h(es ) constant]
1.04,=3 | 152 | 3.47,-2 3.458 1.45 [h(o)-h(cv) allowed
. to vary
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If the centitios are born instantaneously, then f) is constant;
if sporadically, then € is proportional to time
e = ¢t 3.7

Assuming further that 21l the entities bLave the same growth law
(once they arc nuclcated), then, for instantancous birth, one
nlots azainst time the gquantity Pglgiven by '

7 = -Ilh(t) - n(w0)]/In(o) - n()] 3.8
Again, for sporadic birith, onc nlotc ageinst time the quantity
eV, given formally by the derivative with respcet to t of the

Tight hand side of ¢q.3.8:

oV o= - %; [1n[h(t) - h(e0 )1/(h(0) = h(oo)]] 3.9

Hoere V is the volume of any entity which has been growing for
time t, and obviously in eq.3.8 we have for instantaneous

births

-\7_ = V 3010
For any other birth law, V is required in ¢a.3.6 and is given
by 6G.2412 %
(ff - j V(t—v)(de (1)/at ) at 311

(o)

The plots in Mz.3.4 arc bascd on co.3.8 for instantaneous birth.
Plots according to 2g.3.9 were not nromising because they led to
V approaching a limit with timo; which militates strongly against
the notion of sporadic bvirth. Mze3+4 roefers to one sample at

various temperatures and suzyeste that tho voluwne V of an
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isolated entity increases lineerly with time after an initial
non-lincar scceleratory period. The later wortions of the
plots, being linecar; correspond to the ordinary Avrami cquation

with n = 1.

Sinzle Crystals and Svoherulites

Each of thess plots (Fig.3.4) when conventionally

w

analysoed, would correspond to an Avrami cxponent n which
decreases with time towards a Tinal value n = 1 (final linear
portion). This behaviour can be shown to fit the type of
model proviously used by other workers (Koller 1962) for
crystallization from dilutc solutions, rather than in the

bulk, and the data is now fitted to the folded-chain model of
Hoffman and Lewritzen (1961).  This finding exbtends the work of
other teams in the field of morphologzy and physical propertics
who have recently concluded (Keller 1962; Epps, Fischer and
Stuart 1959; Mischor 19573 Stuart 1959) that the basic
morphological unit in bulk polycthylenc rescmbles single
crystals grovn from solution, especially with resard to chain
folding and even the fold-lengths observed. The two main
radical changes implied in using this type of model for bulk
cryatellization arcs

(2) non-cohcrent sccondary nucleation on tho surface of the
groving bodice is abolished. In other words, wc turn from the

notion of a spherulite to that of o 'single crystal’.
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Microscopic examination of the polymethylene does not, in fact,
reveel resolvable svheruliteos, excevt aifter thermal degradation
(heating in air to about 350 °C). This agrees with findings
of (Banks et 2l.1962) on samples of volyetnylene. It is

concluded that under normal conditions, the number of primary

miclel per unit volume iz so hizh, that secondary non-coherent

nuclei do not grow on the surfaces of the small faees of these
nuclei.

(b) Inside a cpherulite, the. existonce of a substantial constant
amorphous fraction has been accepted on the basis of the fringed-
micellc model for the local intrasvherulitic structure. The
single crystal models similarly involve conctant amorphous
fraction associated with sach single crystal, in terms of Flory's
(1962) concopt of an amorphous 'interfacial layer'. This layer,
vhich occurs on the surfaces containing the chein folds, must
have o constant thiclmess, here about equal tc that of the
thicinaess of the central crystalline part of the platelet,
(Fig.3.5) cince the overall crystallinity of the platelet is

only about 1/3 (Teblc 3.1). In the present worlk, it is
postulated thet neither nucleation nor growth occurs in the
interfacial layers; but ovidence will be preuented (mection 3.4)
thet the secondary or poot-Avrami stags, which ic ebsent in the
present experiments, does consist of ordering processes occurring

within this layer. Palmer (1964) has shovmn by his etching



Interfacial layer

o , R,

Fig.3.5-Schematic representation of growing platelet mth interfacial layers:left,regular pleating;

right,Flory's "svwitchboard " model.
A,corner micleus; B,face nucleus; C, growth front.

Interfacial layer

99
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technique using nitric acid, that thc amorvhous frgction in
bulk-crystallized linesr polycthylenc can be accounted for by

an amorphous layer lying between crystallitos.
T ¥ ying 3

Tvro-parametor folded~chain model

Bssentially similar models have becn examined
theoretically by = nunber of workers (Hoffman and Lauritzen
19613 Flory 1962; TFrank znd Tosi 19613 Price 1961) in which
crystallization is treated as a sequential process. Each
individual stzze in the scquonce comprises the sttachment of
several 'successive pleat segmonts of one long-chain molecule to

th

(o]

side surface of a plate~like crystal whon the molecule has

(3]

T

just turned a corncr of the plate and is starting a new side
Tacce The trensition from one stage to the noxt occurs when
the chain bends back on itsclf and begins to attach the next
pleat segment in an adjacent psrallzl position to the vrovious
onc' (Frank and Tozi 1961). Figz.3.5 illustrates this model.
It is basod on Fige! of Hoffman and Lauritvzen, and like theirs,
it must not be considered necescerily restricted to rcctangular
cross section of the platesy; which could be 'a perallelogram,
hozagon or other polygon! (Hoffman and Lauritzen 1961).

Flory (1962) has generalizcd this picture with special
reference to passing from solution to bulk crystallizationg

thus he zbandons the rogular folding in favour of the

'guitchboard' model (rizht of Fig.3.5).

)
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The main point of previous thseories has heen the
rersistence or otherivice of +the pleat length duringz the growth
Process . From thc point of viocw of kinstics, and acouming the
pleat length to bo constabt, onz discerns two rezions of the
rate curve to be expected for an isolated plate: initially the
rate will be controlled by the process of transition from one

stage to the next, i.c., when the chain is at a corner of the

platce Later, when the plate is large, the waiting period at

a corner plays a subordinate part, and the rate is controlled by
the ettachment of z large number of succossive pleat cogments
across the large faco. Ir ﬁ) of these plates are placed at
random in unit volume, growing until they impinge, it is readily
seen that the Avrami analysis will lead to en apparent n value
falling from a two in the initisl rcgion of the rate curve; to
unity at the end. Thic is shown quantitatively below.

V = V(t), and e - <>(t), are now computed (for insertion in

For cenvy Q“'.QHC(‘_,
ec.3.6), for various versions of the folded chain model. [ the

wiﬂxoul-a%{;ec('ngj He kineheg
sequential model describsed above is zeneralizedf by introducing a
second nucleation stap or waiting period (Fig.3.5). Thus each
individual stage of adding vleat scaments across a face of the
platelet ig sub-divided into a mamber of bursts of zctivity
alternating wivh a period of waiting for rcmucleation. It is

thousht that this procezs ariscs from certain faults occasionally

preventing the immediste doposition of a pleat. Such a fault
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may stom from a chain-ecnd, or from a failure of supply of
cuitebls chain cegmonts cmanating from the local 'switchboard'
arrangement. When the chain currently being pleated reaches
guch a fault; a waiting poriod intervenes, until an end or
suitable scgment belonging to another chain arrives, and a
critical coherent tvo-dimonsional nucleus consisting of a few
pleats of the new chain is built up. The chanco of a chain
running out just whon it has reached the corner of the platelet
may be neglocted, and there arc therefors just two kinds of
micleation acts (or waiting periods):

(a) a2 walting period 'rc for rcrmuclaztion when a chain turns

the corner of the platelet;

(p) a waiting period 'l:f, the mean waiting time for laying down a
‘plcat on the growing face of the platelet.

ﬁowever, any rata cquatipn bzsed on the Avrami model, which is
'space filling', in the scnse that any point is eventually
engulfed by the growing crystazlline bodies, is only approximate
for rods gnd discs. The discussion is restricted to
instantancous birth. For rods and dises groving with any
growth lav, this model impliecs that a body that has growm out
from one conirc, occurs in soveral unconnscted picces (sce
Fig.3.6). It is not roalistic to expect that in a real polymer
system any but the central frasment (4 in Tig.3.6) of a formally

fragmented body would be actually precsent. The other fragments
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Fig.3.6-Schematic representation of fragmentation of growing
body. - '
N A ~actual body present.

B =fragmented pieces of body which are considered present:
by the Avrami model,but which may not be present in
reality. '

T TS e e e e T T e g T T T T gy T vt o yre T pe— 3 T . — o,
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(B in Fig.3.6) would not form in practicc, so that ths sample
would retain amorphous rezions in their place. Thus, in
thesc cases, a space filling model is not realistic, but nay
scrve as an apnroximation. For spheres growing lincarly in
rediuvs with fime, frasmcntation dozs not occur; and the Avrami

model is quite realistic.

The single crystzl model attributce all the finzl

amorphous contont of the samplc to the grovth of amorphous
interlaycrz on both faces the dise-likc bodizs. The model
is essentially space f£illing in discountins the presence of
amorphous regions arising form the formel fragmentation of the
discs during growth. In fitting kinetic data the trus amorphous
content of the sample is undercstimatsd at all ftimes. However,
mich of this error will be !corrected' by the implied adjustment
of the thickneses of the interlayer. (In the real crystal, the
amorphous regions due to fragmentation arc complctely enclosed
by amorvhous interla yeru).

will be seen in Chepbcer 4 that the rate law to be
derived for the growtn of individual platelets applies under
certain conditions if these platelete are zrouped ftogether to
form spherulites; as iz sugrested by morphologicel investigations
(section 3+1). In this casc, the undersstimation of the
amorphous contcnt mey be more scrious as the degree of

fregmentation may be increasced.



62.

Computation of V(1)

Let W be the number of chaiﬁ loops contained in a single
platelet at time t. Then the model leads to the following rate

equation in terms of the two parameters just defined:
-1
tc 1 -Cf(l\l /2 - 1) 1
& = [ 1/ =+ 1/omv=— =] at 3.12
THW/ e-1)T, Ty T+ /277 T, T,

The number dN of pleats laid dowvn in time dt consists of two
terms: one term representc the ratio of dt to the waiting time
at a corner-site multiplied by the chance of finding the chain
at a corner-site; +the other term arises analogously from the
renucleation sites on the face of the platelet. Ea.3.12 uses

1/2

along the face for each corner pleat. Cancelling redundant

the fact that for a square »latelet there are N - 1 pleats

factors in eq.3.12 and integrating, one finds:

' T~ Te2 L 1
;N=(J.E"P) [2+Ii——--2(1+£f£. /2]

2 2 3-13
[-cc ‘73 Crc ‘fﬁ
The volume vp of one pleat is given by
v = 2s°1
D

where a2 is the cross sectional area associated with one chain-
strand in the crystal (about 202 in polymethylene), and 1 is the
pleat length (which is a function of'temperature). Hence the
volume of the platelot is

VvV = 2Na21 l.14
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with N given by eq.3.13. The dilatometric rate law is then
derived as follows for instantaneous birth of platelets, using

eq303-69 33109 3-14-y 3-133

s 1/2
héo%-h%tz (.2
Blo)—ha(o0 = 1-elnp(—2<a 1( ) EQY(TC_®12(1T(CC \j) ]g 3.15

FPor computational purposes this becomes the two-parameter equations

4

1
—h(%
hlo)-h = 1—exp—k2[2+k1t—2(1+k1t) /2] 3.16

h{o)-h{eo

On physical grounds it is expected that T §>'ff, on this

assumption
L - ~ ‘ 3.17
k1k2 = a \/Zel/(‘cc T.f) a 2(71 o
_ 2 3.18
Kk, = 2€a /T _ _

Table 3.2 shows least-square fittings of the runs at six

' different temperatures to eq.3.16; standard deviations are seen

to vary between 1.38 and 3.43 per cent. The run at 127.61 %

with standard deviation 3.24 per cent was chosen as rcepresentative
for further investigation, and Fig.3.3 shows the corresponding
difference plot A. By far the most scrious deviations of the
data from the model equation arc seen to occur during the first
third or so of the process, where the cbserved rate of
crystallization lags behind the calculated. Two different
attempts were made 2t altering the model to slor down the initial

crystallization. Thus plot B presents the optimum it
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(o = 1.84%) of the five-parametcr equation in which the fold
longth is allowed to increase towards a limiting value as
number N of pleats in the platelet increases; and plot D
represents the optimum fit (oo = 1.52) for the threec-parameter
equation when the birth process of the platelét is changed from
the instantaneous regine (plot 4) to a first—order process.

These fittings are now discussed further.

Foldinz—chain model with variable fold length

It was deduced by Price (1961) that when a platelet
groys, the pleat length would initially vary monotonically but
level off as the platelet grows larger. This leads to various
possible single-crystal profiles shown as his Fig.4. It is
clear that to improve the fit of our kinetic data, we rcaouire
an increasing fold-length as in his curve C. The shape of this
curve may be simulated by the equation (with three parameters

o? 1, , and IDE

1 N
/2

1= 1+ (r, - 10)(1 - oxp - B ) 3419

1
where N /2 is the number of pleats per crystal edge (more exactly
1/
Iy 2 -1). Using ¥ from eq.3.13, and substituting for 1
from eg.3.19 in 3.159, a2 fivo-parameter dilatometric rate law is

obtained. The optimum parameters for the least-square fit
(Fig.3.3, plot B) were:
"-CC—-Cf:]Q 3

1m = 3.4, 1':2 = 8.9 X 10—4 |_ = 8-4 X 10 9

b = 00187 -
Lo Lr
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k1 = 49.9. The ratio 4;/’60 is thus 3.4 which is

approximagtely the value suggested in Price's plot.

Iolding—chain model with first order birth of nuclei

It was observed experimentally by Banks et al.(1962)
that samples of & polyethylene fraction after thermal pre-—
treatment could produce microscopically resolvable spherulites.
The thermal pre-trestment is deemed to destroy most of the primery
nuclei. (It is postulated that platelets grow from these muclei
when they are present in large concentration, while they develop
into spherulites by secondary nucleation when present in small
concentration, i.e., when the platelets develop large surfaces).
Banks et al (1964) observed, as shown in their Fig.4, that the
birth of the primary muclei was intermediate between instantancous
and sporadic, increasing from zero to a fixed value rapidly at
the beginning of each Tun. This behaviour can be incorporated
into this model by assuming the nuclei to be born in random
pcositions at a rate governed by the law of mass action. Rate
equations governing this type of behaviour arc well known
(Tacobs and Tompkins 1955) for the conventional tvpc of simple
Avrami proceszses. The unimolecular rate law for the birth of
the nuclei is given by

Q(ﬂ = ()(oo) [1 - cxp (-1, %4)] 3.20

Substituting this in eq.311, and substituting the result in

eg.3+6 and using eq.3.16, yields
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1/
h(o)-h(t) _ (s /- N 2 g
o B = 1-exp—(k1k2(uxp—k1t)J[2+k1u—2(1+k1u) Jexp k¥udu 3.21

0

This is a three-parameter equation depending on kf, k1 and k2.
The least-squarc fit of the data, was programmed on the basis of
approximeting to the integral on the right of eq.3.21 with the
elght-point Gauss formula; this procedurc is amply accurate
onough, as no significant change was noticed on passing to the
twelve~point formula. A least-squarc fit of eq.3.21 to 70
experimental pointse takes about one minute on the Atlas computer.
Ege3.21 elightly overestimates the crystallinity at all times
becausze of an avproximation. The derivation implies (Gordon 1963)
that a fictitious entity nucleated and growving inside another

can never outgrow the bounds of its host and cannoty therefore,
encroach on the amorphous space. This is geometrically exact

for cpheres with a constant radial growth rate, but never exact

for discs. The approximation is adequate here, however,

because the calculated first—order birth process is more than

half completed (half-life = 20 min for Tun D) before the first

experimental point ic Tcached.

Critical evaluation for various models tested

The information on the four models tested in Fig.3.3

and Table 3.2 is nov discussed. Of the tvo-parameter models
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tested in Fig.3.3, the standard Avrami equation (3.3) gives
comparable standard deviations to the folded-chain model with
instantaneous birth of nuclei (Table 3.2). The latter is the
better model for further refinement, since the standard Avrami
model has known physical meaning only for sclected values of n,
i.e., multiplez (Morgan 1954) of 1/2 or in the range 1.1 = 1.2
(Ham 1958; Jaycock and Parfitt 1961). On the other hand, the
folded~-chain model incorporstes only features which have
specifically arisen from morphological studics of the
crystallization of polyethylene. Most of these admittedly
refer to crystallization from dilute solutions rather than the
bulk state, but there is increasing evidencz (section 3.1)
that similar features are present here.

Of the two refinements of the chain-folding model,
the first-order birth of nuclei (Fig.3.3, vlot D) is somewhat
more attractive because it only involves three parameters,
while the varying-fold-lengzth model (plot B) contains five
parameters. Inspection of the plots shows that discrimination
between such refincment on the basis of dilatometry is not
conclusive. In fact the residual deviations in all four plots
are similar and follov thc same pattern in the =ix runs
analysed, which might indicate a small departure from an
assumption common to all four modecls. This departure might,

for example, arise from slight variations of Te close to a
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region of impingement of two bodies. Effects of this kind have
not been included in our models. Barnes, Luetzel and Price
(1961) bave observed visually a deceleration of the growth of
spherulites of polyethylene oxide in regions of impingement.,
Plot A of Fig.3.3 might be explained in terms of acceleration
of growth of single crystals near regions of impingement.  All
four plotc of this figurc may possibly be explained in terms of
non-random placement of the muclei, in the sense of a slight
clustering together. The fit of these four models to run (D)
is tabulated in tables 3.4, 3.5, 3.6 and 3.7. These tables
corregpond to the difference plots of FMg.3.3. The rapid
convergence of the method of curve fitting used is well
demonstrated by the small number of cycles neecded. The
iterative procedure was terminated when the standard deviations

of two successive cycles differed by less than 0.1%.

Temperature Dependence of Rate Constants

The single crystal model assumes that the rate
determining step is the formation of a coherent surface nucleus
of monomolecular thickness a, length 8 s and width by, on the
substrate crystal (Fig.3.7). This model postulates that therc
are two types of nuclei, one formed at the face of the growing
platelst, the other at the corner. The end surface free energy
of such nuclei is O‘e, and the lateral surface free snergy is 0.
The free energy of formation is [k¢c for the corner nucleus, and

Aff‘f for the face nuclcus. It readily follows that
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Table 3.4

Fit of run (D) to Avrami equation (3.3).
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Table 5.5¢ :
Fit of run (D) to folded chain model + inst. birth.(eq.3.14
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Pit of run (D) to folded chain model with Iirst

(eqes.21)
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Fig 3¢7= Schematic representation of face (B) and corner(A)
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T4+

A¢c 2ba o=, + 2 Lag -avdl (af) 3.22
ag,

where A f is the bulk free encrgy of fucion, and € is a

l

e o + elas- -av il (af) 3,23

pzrameter which depends uvon the fraction of new face which has
to be formed when the fault occurs, and a ncw face nucleus is
built up. At the saddle-points, which corrcsvond to the
critical free energics of nucleation (Aﬁa, A ,@5_‘;), the
dimonsions of the critical nuclei can be easily shown to be

6* = 2 o—O/A £ 3.24

For the corncr nucleus:

{l

by
Ag

For the face nuclcus:

2o /AT 3.25

i}

42 oo/ o T 3.26

b;:c‘:o—/af 3.27
A - 2eaoc o /AT 3.28

We usc the approximation (cq.2.44)

af = dE(BT)/T 3+29

giving
A,QSC* = 4a c-reTm/ A Hf(AT) 3.30
Apr = 2ea oo/ AH(AT) 3031

1
Hence, plots of 1n(1/'c0) and 11‘1(1/7::,{‘) V. /AT should be

linear. Following eqe3+17, 3.18, Fiz.3.8 shows plots of 1n

1/

1
k1k2 and of lmnk; k, against /A T. The egquilibrium

melting point determined by melting at a rate of about
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0,108,k Kk, (eqe3.17)
6,1og10k1k2% (eqe3.18) =]
102910k Ko
2.0 —
0.08 009 0.10 ONK!
1M (TqT)

Fig.3.8-Temperature dependence of growth and nucleation
parameters with instantaneous birth.
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1 X% 10—4 OC/sec wag 138.3 °C.  Tho lincerity of the plots
supports the postulate of two-dimensional nuclcation in the
basic ratc-determining steps. Previous investigetors have
obtained good linear plots of 1 n(z) against 1/( AT)2

(cf. ©q.2.48) when anelysing their data according to the
unrcfined Avrami model (Tung and Buckser 1952, 3Banks et al.
1563a) especially when allowance (Banks ct 21.19632) was made
for the variations of n with tcmperaturc (cf. Table 3.2).

The more detailed chain-foiding model splits the overall
temperature devendence (1/ ATZ) corresponding to a single three-
dimentional act into two two-dimcnsional acts (1/ AT) exactly
as postulated (Fig.3.5). The slopes of the plote in Fig.3.8
throw some light on the encrgetics of the nrocess, but a detailed
discussion is not justified. Thus the slopes of the plots in
Fig.3.8 include (cqs.3.17, 3.18) conbributions from the temperaturc
dependence of the density G of primery nuclei and the fold
lenzth z . The linearity of the plot implies that over the
temperature range tested neither 111(6 ) nor ]_n(e ) vary with
temperature more sharply than 1/<3T. M the assumption that
‘l/ln(’/ can be eipandcd as a, AT + 2y AT2 «coey then ncar the
melting point, In g will vary az 1/ AT. The tomperaturc
dependence of 1n(€’) just deduced implicd that the birth of
primery nuclei does not involve spontaneous nucleation in more

than two dimensions. In fact, applying the analysis of



TTe

temperature dependence to the model involving first order birth
of yrimary miclei (Fig.3.9), the logarithm of this first order
rate constant again appears to vary linearly with 1/43T
(corresponding to two-dimensional nuclei) though the experimental
scatter of the three rclevant plots in this figure is somewhat

increesed in this more refined model.

3.4 The Secondary (Post-Avrami) Crystallization of Polymethylenc

In this section it will be shown that a general equation
for the bulk relaxation of matter derived by Hirai and Eyring
(1958) satisfactorily describes the sccondary crysitallization of
polymethylene. The secondary and primary crystallizations are
combined to give an overall rate cquation which gives a good fit
over ‘the whole of the crystalliization procsss.

To gain the maximum informztion on the secondary
process, a run was carried out until no further contraction
occurred (Fig.3.24) which ook six weeks.  This thermal
treatment was found to suppress the secondary process, allowing
the isolated primsry proccss to be interpreted (Fig.3.2R)

(Section 3.3).

The Hirai-Byring Rate Equation

Hirai and Eyring (1958) have derived a rate equation
for the bulk relaxation of matter which considers that the

activation energy of the relaxation process varics linearly with
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o,1og10k.1k2 (eq.3.17)
1
9,108, ok ko* (eQe3418)
% -
G,loglokl (eq_.3.20)

u,ﬂl—

12
Log, kK,
tog gyky| 1o8gky \ o 20
1.0 fee =) ®
1,0 e O
\ O
©
o 3.0
. (=) 0O
L0
7.0}— '
0.08 0.08 0.10 041
HTT)

Fig.3.9-Temperature dependence of growth and nucleation
parameters with first-order birth of nuclei.
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the distance from equilibrium. This is in contrast to
Naxwell's treatment for the rclaxation of matter which assumes
a constant activation energy. The differcential equation

describing the volume contraction is given as

Lo V.' V—v '
1 aV _ kKT~ , ;Zst il . a i o 1P
LA L - (- ) 2 ginh (& ._______) 3.32
T @w-x - (g G

where V_, 18 the volume at t = e , and a is a constant,
related to the molar volume Vm of the kinetic unit, and the
difference between the compressibilitics Ag of the liquid and
the glass by the equation
- T .
a = V_/6RTag 3.33

N

is the energy of activation of the forward and backward
reactions at equilibrium, where they are taken as equal.

The solution of e¢qg.3.32 is

V-1 Vo~ |
a o0 a 0 (=] .
tanh 5 ( T ) = tanh-E ( T ) exp - t/t 3.34

where T is a relaxation time. This treatment has been shown
to describe relaxation processes in a varicty of materials, such
as glasses fibres and metals (Ree, Hahn and Eyring 1955).

In terms of crystallinity, cq.3.34 becomes

Yo = X, Yo = %s. 0 o
M- X, T, dexp - t/T 3435

where M is related to the specific volumes of the crystalline and

L ) = tanh & (

a
tanh'§ ( 5

amorphous phases Vc, Vq, by the expression
M = va/(va - vc)

and where >C st is the degrec of crystallinity of a volume
’



clement which has been in existonce

being 7(40 0 at t = 0. It can bes
=3

equation approximates to the lincar

which the secondary crystallization

80.

for time %, its crystallinity
gsecn a8 follows that this
)1 VS

also approximates.

1n(t) plot to

Bxpanding the left hand side of eq.3.35 for large valucs of the

argument, retaining the first two terms, and cxpanding exp - t/-y

for T » t, gives

X oo "X:s t a, X :xs 0 L
1 - 2exp - a( —Fog ) = tenh oy Y1 - /T ) 3.36
X1 -t/ 3.37
giving
' '
in(t/2tv ) = -af X""M_Xi’ L) 3.38
1eCoe Xoo_‘xS, s o 1n(t) 3.39

This approximation fails as t >o0

to o Mexwellian (first-order) rclaxation law.

X, - Xe,

, whon eqe3.35 approximates

Thus, cxpanding

a ty a . b [ i
tanh 5 ( -, ) Io;' ‘gmall arguments (i.c., as
Xs’ > Xco ), equation 3.35 becomes
Xgo - g8, % X - X" 0
2 2 2 ) Sy - .
2( s ) = tanh 5 e ) exp - /< 3.40
iece, xX - X 5,4 oC exp - t/T 3.41
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Derivation of Overall Rate Equation

The proposcd model combining the two rate processes is
now described. Crystalline entitics grow in the supercooled melt
according to a rate cquation describing the primary (Avrami)
crystallization, the total crystallinity at time t-duo to this
procesg alone is given by 7(a,t' Thus, when a volumc clement
is incorperated in the growing entity, its crystallinity 'jumps'
from zero to )Ca“” s the final degrec of crystallinity
approached by the Avrami process alone. Immcdiately after a
volume cloment has attaincd this degree of crystallinity, a
further process begire in it, whercby its crystallinity
increases from j(a9a) to ’)CS’ e Here T is the time
measured from the moment the element was incorporated in the
growing entity. The oxact form of these two rate cquations
need not be specified for the prescnt, but that for the Avrami
process has beon discussed fully in section 3.3.

The combined crystallinity X09 . ot time t duc to

the Avrami proccss ( )La) and thc secondary process (:X.s) is

given by
d
o Kas o o -
Xc,t_f SC——L AR GRMPNC 300
o) 800 'x'a,t

The first two terms give the probability that a volumc element had

been incorporatced in a growing entity at time €, the final term

giving the crystallinity of this element which has been in
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existence for time (t - ©) at time t. When suitable rate laws

for 7(3 £ and ‘7<s,T arc substituted in eq.3.42, :X:c,t can be

b
comparcd with that measured dilatometrically.

Integrating 3.42 by parts gives

j ()ia e )(V

1 |
K ost—I%X X 5,(-0)%° 3.3

c, % Xa,ao 2,8 s(t-Je

+ = = O
At e =0, Xa,e

5, X - X

s, (t-8) 2,00

It

At ©

Eq.}.A} becomes

'7(09t jk( 7<::fi Eﬁé[:7(

s,(t—e)J e 344

Evaluation of dilatometric data

The two runs, with and without thc secondary
crystallization process prescnt are now used to test various
forme of the overall ratc equation 3.44. As bofore (section 3.3)
equations heving & number of adjustable parameters arc fitted to
the exvmorimensal rate curves (using a lcast squares procedure)
on the lercury Computcr.. Results of such fittings are presented
in the form of 'diffcrence'! plots, and standard deviations.
This presentation allows critical evaluation of the merit of the
various rate cquations used. The overall ratc cquations
corresponding to various forms of the primary and sccondary rate

processes arc now derived and fitted to the dilatometric
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measurements.  The secondary crystallinity ( X ) is given

s,t

by the Hirai-Eyring cquation (3.35) as:-

(=]

e

X . " 'Xoo _[é M- X, )] tanh"[(tanhc)o;;p -t/t ] 3445

where C = a )(S w 3,46
200 - PN )

X is the total additional crystallinity addcd during the

S, e0

secondary crystallization process; i.c., the diffcerence betwecn

the final crystallinity X, and that of X due to the
o0 ‘ a0

primary crystallization alone. Using eqs.3.44 and 3.45 the

integrated rate equation becomes
1

Koo=2X . Koo | Laso Lotl  au 3.47
Cs 2y v (a,00  4-u“tanhC
cxp-t
where .
€ = Tln(a) + ¢ 3.48

This equation (3.47) is insensitive to the value of T cxcept
at high times. Thus T is best found by applying the first
order decay law (eqe3.41)

(X, - 7(0, oG exp - /T 3449

s
to tho final oxperimental points (Fig.3.10) giving a valuce of
of 4,300 mins. The value of "X;Owas taken, when no further
contraction occurred after 4 days.

Bqe3¢47 will have various forms depending on the rate

cquation used to describe the primary crystallization processe
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Two examples will now be examined.

(1) In the absence of the secondary crystallization, the isolated
primary process can be fitted to the Avrami equation with the
following parameters: n = 1.99, z = 5.34 X 107 with standard
deviation 2.64% (Table 3.2). The small standard deviation
suggests that an overall rate equation with the Avrami equation
representing the primsry process may give a zood fit o the
experimental rate curve. The overzll rate equation now becomes
in terms of dilatometric measurcments:

[n(o) = n(c,t)] = [b(o) - n(a,e0 )] (1 - exp - zt") +

tanhC du

3.50
(1 - u2tanh2C)

o jro

(M- X, ] ‘[ (1 - exp - 2z8")
exp—t/%»

with the six adjustable paramcters

[h(0) - h(ase )15 [hfo) - h(s,e0)}]); 25 nj R 2 i

2(M - X

The integral in equation 3.50 could not be cvaluated analytically,
and was approximatcd by the 12 point Gauss formula. The best

fit to the experimental data (76 points) wag obtained with the
parameters h{o) - h(a,o0 ) = 1.833 cm, k(o) - h(s,c0) = 3.631 cm,

- a -1 .

5 = 6.3 x 10 5, n=2.12,m =1.05¢cm ; T = 4,200 mins,
giving o = 1.17% (difference plot Fig.3114). This fit, apparently
cxcellent, is not considerced valid, but ariscs from a compensation

of errorsy the calculatcd value (1.833 om) of the total

contraction in tho Avrami stage of the combined process is much
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smaller than that measured (3.757 cm) on the isolated Avrami
process. The best analytical fit for the primary crystallization
process slone was still greater than 1% (folded chain model +
first-order birth, section 3.3, Table 3.2).

(2) To provide a sensitive test of the post-Avrami rate equations,
an empirical cquation was fitted to the limit of the experimental

accuracy to X measured in the absence of the sccondary

a2yt
process (Fig.3.2B). Thus, a lcast squares fit of a Chebychev
polynomial of order 15 gave a standard deviation of approximately
062% (eq.2.59). This empirical expression was then substituted
into eq.3.47 which was modificd to take account of the slight
lateral displacemcnt of Fig.j.ZA with respect to Fig.3.2B.

This displacement may be due to a slight lowering of Tm because
of a change in the molecular weight after the prolonged thermal
treatment, or to uncertainty in the tomperature setting. The
displacement in the rate curve corresponds- to a change in

(T - T) of only 0.06 °C. It ic allowed for by an additional
parameter, k, i.e. by replacing t by kt. A least sqguarcs fit

( o = 0.67%, difference plot Fig.3.11B) gave thc two paramcters

_ . a _ -1
k=1.17 3 syl 1.19 cm
This gives a value of thc dimensionless parameter a = 136.
The value of T was kept constant, at 4,200 mins as only the

final points are at all sensitive to its value.
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(3) The secondary crystallization process is frequently taken
to be linear with log(t), and this is seen to be approximately
true (Fig.3.2A) for a substantial part of this process. With
the primary process described by the empirical expression
[cefe(2)] and the sccondary one by this log(t) relationship,

the overall rate equation becomes:

_ ‘ )(a R 1
Xc,t_ +€ ~ oy T3 3.51

Here, we havec assumed that the sccondary crystallization is
given by the expression
X, -0) = eln(1 +t -8)+ Xa,m 3.52
The unit added to (t - ©) on the right serves to give the proper
boundary condition at zero time. The least squares fit to this
equation gave the paramcters
g = 0.118 3 k=116

with o = 2.5% (difference plot Fig.3.11C).

Dimcussion of fit of dilatometric data

The differcnce plot (Fiz.3.11) showing the fit of the
various special cases of the general ratc equation 3.42 demonstrates
that the most satisfactory equation is the one combining the
empirical equation fitted to the kinestically isolated primary
process, with the secondary process described by the Hirai-
Eyring cquation. This result supports the basic concept

underlying all of the rate equations tested: that there are
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two consccutive rate processcs occurring in the crystallization
of polyethylenc, viz., thc primary one which occurs instant-
ancously at any point in space, and immediatcly triggers off the
slow secondary one. The contention that the spccific thermal
treatment has resultcd in the completc suppression of the
secondary crystallization is also supported. Thesc plots also
show that the Hirai-Eyring cquation successfully describes the
sccondary crystallization, the superiority over the usual

X vs. loz(t) relationship being especially evident in the
transition region between the two processes, and at the end of

the secondary process.

Chain folding and the post-Avrami crystallization

It has becn shown that a model incorporating the growth
of gingle crystals by a chain-folding mcchanism can be
satisfactorily fitted to the kinetics of thc isolated primary
crystallization process (Section 3.3). The substantial
amorphous fraction (approximately 60 — 70%) remaining after
completion of the primary crystallization is accounted for on
this model by a disordercd region between the crystals containing
chain segments emanating from the crystal face. Thesc segments
may form loops projecting from onc crystal or commcct two
crystals.  Fischer end Schmidt (1962) have shomn:by X-ray measure-
nents that in polycthylene “crystallized both’ Fron-the bulk, and from
dilute:raolution, ‘the long shacing verics linedarlyiwith -log (t) and

is here equated with the secondary crystallization observed dila-
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tometrically which varies nearly linearly with log (t) (Fig.3.24).
Fischer (1962), deduced that this increase in the long period (which
may double in 24 hours) cannot be due to the growth of crystallites
at the expense of the interstitial amorphous regions. He postulated
that the micro-structure hresks down when the long period increases
which will require a complete refolding of the chains on the single
crystal mechanism. Fitting dilatometric data alone to the Hirai-
Eyring eg.3.45, cannot give detailed mechanistic information, because
of its great generality, apart from the sizc of the relaxing unit
"(see below). lany investigators (Fisher and Schmidt 1962; Stratton
and Geil 19603 Ranby, lMoorhead and Walter 1960) have found that

when single crystals grown at a low tomperature are annealed

2t a higher one, an increase in the long pericd is also found.
Fischer et ale.(1962) and Stratton et al.(1962) have noted a similar
result for bulk crystallized polyethylenc. Geil (1962) has further
shown that the low angle spacings correspond to the actual lamellar
thickness as measured by clectron microscopy. These results suggested
that the analecgy between solution and bulk crystallized polyethylene
could be further investigated dilatometrically by bulk
crystallization at a low temperature at which the primary

process is completed within a fow minutes, followed by

amnealing at z higher temperaturc. A sample of the polymethylene

in which the sccondary process was still prcscht was crystallized
from the melt at 58.23 °C until all crystallization had finished.

The temperature was then raised to 127.60 °C when further



9.

crystallization was observed (Fig.3.12. Note departure

from linearity). The lcast squeres fit to the Eyring cquation

was extremcly close ( o = 0.33% with the two parameters
ifﬁ'%'3§:'7 = 1.88 cm s h(o) - h(s,® ) = 2,366 cm

giving a = 275.

The very low standard deviation indicates that this
fit is approaching the limit of the experimental crror. The
good agreement to the Eyring cquation, and the similarities of
the degree of crystallinity added during the secondary
crystallization (0.166, 0.181) support the contention that this
process, and the one occurring concurrently with the primary
process when polymethylene is crystallized at a high femperaturc
are the same. The value of the paramcter a, is rclated to
the number of units involved in the relaxation (eq.3.33).

For the sample rapidly quenched, and then amnealed, it is
approximately twice that found for the sample isothermally
crystallized at 127.18 0C. This behaviour is expected since
the crystallites formed at the low tomperaturc will be less
perfect than those formed at the high temperaturc, and hence
the subsequent relaxation will involve a greater number of
repeat units.  The value of the parameter 2, calculated from
¢q«3.33 for a single ethylenc rcpeat unit -CH2—0H2- is found
to bc about 4. (The valuc of [&g used was that for poly-

11

styrene 4 x 10~ cm2 dyne—1, due to the scanty information



Fig,3.12, ~Experimental plot of secondary crystallization rate curve after a sudden increment:
in temperature from 58.23°C to 127.6°C.
(Note the non-linearity of the plot).
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available on polyethylenc.) Agreement with Byring's scheme
therefore demands a relaxing unit of approximately 70 repeat
units in the case of the quenched sample, and 35 for the
isothermally crystallized one. The thickness of the lamellae
was found to be of the order 100 - 200 X which corresponds to
about 50 ethylene repeat units (sece section 3.1).

The two techniques of thermal pretreatment and changing
the crystallization temperature allow the kinetic isolation of
the two consecutive crystallization processcs which occur in
polyethylene. (High pressures also allow some separation of
the two processes — Matsuoka 1960).  The mechanism whereby the
thermal pretreatment suppresses the occurrence of secondary
crystallization in subsequent rune is not known. It may
result from a small degree of cross-linking which decreases
the chain mobility in the amorphous layer to such an cxtent
that the rearrangement nccessary for the further increase in

the lamellar thickness may bo unable to take place.

The Effect of Radiation on the Secondary Crystallization

To determine if the secondary crystallization can be
suppressed by cross-linking, crystalline samples have been
irradiatedeith X—¢adiation from a Co60 SOUTCC, Irradiation
was carried out with the sample in the dilatometer, a measure
of the degrece of cross-linking being obtained by measuring the

mercury displacoement in the dilatometer stem due to the evolved
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hydrogen. Any estimate of dose, derived from the distance

of the dilatometer from the source must be approximate due to

the shielding of the sample by the glass and mercury. The
effect of radiation on the crystallization of a fraction of
Philips polycthylene (M a =6 800) is shown in Fig.3.13.

The sample was crystallized (Curve A) to give 67% crystallinity,
and then irradiated (approximately 30 megarads) the volume of
hydrogen evolved corresponding to approximately 1 cross-link

per polymer chain. On subsequent crystallization (Curve B),

the final degree of crystallinity was reduced to 44% but there

is no evidence for the suppression of the secondary crystallizations
When a sample of crystallized polymethylene was irradiated with
approximately the same dose, the subscquent crystallization after
melting was initially too fast o be measured, cven at 130 °C,
when the rate would be expected to be very slow. After this
initial rapid crystallization, thec slow secondary crystallization
was still prcsent. This initially rapid crystallization may be
duc to parallel chein segments in a primery or sccondary nucleus
being cross-linked so that on melting, the nuclei cannot be
destroyed without chemical degradation, the subsequent
crystallization resembling the 'secded' experiments. In the

low molecular weight sample, a critical nucleus may consist of
more than one polymer chain, and hence on melting, the critical

micleus can be destroyed. This explanation recceives suppord



A~ non-irradiated (126,17°C). :
B- irradited (30Mrad,) (124,00°C).
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from the obscrvation of a number of workers (Koncally, Gard and
Alder 1964; Mandelkern, Roberts and Halpin 1960; Hammor,

Brandt and Peticolas 1957) that the birefringence of polyethylene
which has been irradiated in the crystalline siatc can persist
above the melting point.

Keller (1964) has shown that the long spacing of single
polyethylenc crystals, crystallized from solution, is still
increased by anncaling, ceven after boing cross-linked by
irradiation. He interprots this as being due to the cross-

linking occurring preferentially necar the fold.

3.5 Crystallization after Partial Melting ('Secding')

Fig.3.14 shows plots of the volume of an isolated
entity against time, for thc sample of polymcthylone deprived
of its post-Avrami crystallization, crystallized from various
dogrees of seed crystallinity ( ><s/jx;° = 0.2% —> 33.3%) the
unseeded run D also boing shown. The secded runs A, B and C
when conventionally analysed in terms of the Avrami equation
correspond to values of n near unity. Its value will vary
from below unity for A, to above unity for C. The unsceded

run (D) corrcsponds o an Avrami exponent of 2,28 (Table 3.2).

Sceding and reversibility

Fige3.14 shows that, between O and 30% seced crystallinity

the final linear growth rate is practically independent of the
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amount of sced crystallinitys. This could be achieved by
cancellation of changes in o and dv/dt with verying sced
crystallinity, but it is more reasonable to assume that both
quantities are constant at high times. The constancy of the
final slopes of the plots A t0 D in Fige3+14 cuggests that there
ie an clemont of reversibility in the cycle of partial melting
and subscquent crystal growih, and thc constancy of o would
show that the partial melting process does not lead to the

total loss of any crystal entities (by shrinking them below
their critical size). The initial incrcasc in growth rate of
plot A, when compared to D, suggests thc following picturc of
partial meltinge Ordered chain segménts arec lost by
disordering at the surface of a partially melted crystal, which
thus shrinks (but not below its critical size). However, the
disordcred chain scgments which lie near the surface retain some
memory of their state of order, leading to rapid initial crystal
growth on subsequent isothermzl crystallization at a lower

temporaturc.
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CHAPTER IV

The Crystallization of Polypropylene, Polybutene,
Poly—(cthylenc oxide) and Polystyrene

Introduction

In this chapter, the results of studies of the kinetics
of crystallization of four further pvolymers will be described.
The secondary crystallization which complicates the interpretation
of the crystallization of polyethylene is absent, or only present
to a slight extent in these four polymers. In addition, thesc
polymers with the cxception of polystyrene readily show spherulites
under the polarizing microscope, Polypropylene, polybutene and
poly-(ethylenc oxide) are thus good systems for investigating the
validity of the Avrami equation, as all three polymers would be
expected to give values of the Avrami exponcnt of 3 or 4 (eqs.
2.16;, 2419, 2.25) corresponding to the censtant radial growth of

instantaneously or sporadically nucleated spheres (section 2.2).

441 Morphology
Unlike polycthylene, the morphology of these polymers,

both when crystallized from dilute solution and from the bulk,
has not been intensively studied.  However, single crystals of
polypropylene (Ranby, Horehead and Walter 1960), polystyrene
(Kargin, Bakeer, Li and Ochapovskaya 1960) and poly-(ethylene
oxide) (Keller 196%2) have been detected when crystallization

occurs from dilute solution.
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The bulk morphology of polypropylene has been
investigated using Palmer's ctching technique (section 3.1).
Treatment of a film of polypropylenc with ozone for threc days
rendcred it brittle. Mge.dela and b show such a film of
polypropylene under the pclarizing microscope before and after
treatment with ozone. Fig.4.1b shows that after slight
scratching, radial cracks huve developed in the film.  When the
film was dispersed in water using ultrasonics, and the resulting
suspension examined by the electron microscope, rhcemb-like
structures werce secn. Fig.4.1c shows such an object after
shadowing with gold and palladium, which has apparently split
down the middle. Terraces can also be seen on the face of this
object which may indicatc z lamellar structure. Similar treatment
of a film of poly-(ethylene oxide) with ozone was fruitless since
it rendercd the material soluble in water, owing to excessive

degradation.

4e2 The Crystallization of Polypropylene

Previous workers studying the crystazllization of this
polymer (Griffith and Ranby 1959; Harker, Hay, Tilley, Early and
Sweeting 1959) quote the best integral value of the Avrami
exponent as 3, although the data of Griffith and Ranby show
deviations from the theoretical curve towards the end of the
crystallization (sec their Fig.2). Parrini and Corrieri (1963)

found that the value of n depends upon molecular weight and
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crystallization temperature, verying from 2.8 to 4.1« These
values werc obtained by the conventional double logarithmic plot
(section 2.7) and so little measurs of the goodness of the fit is
available. The polypropylene (Pv = 9,8 x 103) used in the
present investigation was obtained from Shell Research Ltd.
Fig.4.2 shovs scven crystallization isothorms covering a
temperature range of 15 °c. The almost total absence of any
sccondary crystallization facilitctes the analysis of these runs.
However, owing to the slight degrec of secondary crystallization,
the value of [h(o) - h(e0)] was made a further adjustable
parametor when fitting the Avrami equation (2.25) to the data.
Table 4.1 shows the result of the least-squarcs fits. In only
one run is the difference between the final oxperimental
measurement taken, and the optimum value of [h(o) = h(eeo)]
greater than 3% of [h(o) ~ h(ee)]. The remarksbly low

standard deviations (0.34 - 1.26%) show that the crystellization
is well fitted by the Avrami cquation. The differcnce plot of
a rcpregentative run (Fig.4.32) shows that the deviations are
st111 highly systematic, although it is found that the pattern
varics in different runs. This indicates that the residual
deviations may in some vart be due to experimental scattcr.

- In all the rums, the valuc of the Avrami cxponent is 2.5 + O.1
(Tablo 4.1) and is constant over a temperature rangec which

4

varios the Avremi rate constant (z) by a factor of 2 x 107,
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Table 4.1
Fit of Avrami equation (2.25) to Polyprovylens

105.

0 . [h(o) - h(==)]
SmDe No.of . . cm o
(o¢) |points| © (tlme 1 oot optimum 7 (%)
mins.
value valuc
134.08 44 2.48 144, =4 | 5.88 6.12 1.00
135.50 62 2,52 Hedd, =5 | 5.77 5.86 0.81
137.04 77 2.54 2.52, =5 | B5.77 5.60 0.34
138.98 71 2.00 5e64, -6 | 6423 6.24 1.26
140420 71 2.48 3.38, -6 | 6.71 K 0.47
143.54 33 2.46 5.07, =7 6.94 6.88 0.45
149.30 20 | 2.40 |3.74, -8 | 6.97 6.88 1.15
Analysis of 'sceded' runs
X%
0.14 {147.94 61 3,00 8.03, -7 5.60 - 4.01
0.09 |143.54 55 2+95 4,00, =5 | 5.59 - 1.82
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In other polymers, the temperature depcndencc of n has made
interpretation difficult (Sharples and Swinten 19633 Banks et
2l.1963a). Although n is non-integral, the Avrami equation

doecs allow it to be a multiple of 1/2 (Scction 2.2). The value
of 2.5, corresponds to sporadically muicleatcd spheres, whose

radii varies as t1/2 (i.c. diffusion controlled growth).
lfiicroscopically, in thin films of the polymery spherulites growing
with constant radial rate arc observed (Marker et al.1959).

This was also found to be the case for the sample of polypropylene
investigated in this work. However, there nced be no correlation
between the growth rate observed in 2 thin film and in the bulk
state. The total contraction observed incrcases (Table 4.1) by
about 20% when the tompérature of crystallizaotion is greater

than 140 °c but the constancy of the value of n indicates that
therc is no change in mechanism when this change in contraction
OCZUrS, (This effcct cannot be due to any irreversible
systomatic degradation of the polymer since the results remained
reproducible throughout the imvestigation.) Although this

effect has bcen observed in the casc of poly—(decamethylene
terephthalate) (Sharples and Swinton 1963) no complete
explanation of it has been given. It is probably duc to a change
in cryztal modification at 140 °c. It has been roeported

(Padden and Keith 1959) that polyprovylenc spherulites exhibit

positive birefringence below 134 OC, and negative birefringence
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above 138 OC, the form observed between these two temperatures
being a fibrilar mixburec. The transition observed
dilatometrically at approximately 140 °c may be due to this
change from the fibrilar mixture to negativcly birefringent
spherulites.

The results of two 'sccded! runs, analysed zccording
to the Avrami cquation, the velue of [h(o) - h(ee)] corresponding
to the final experimental point, is shown in Table 4.1. The
close proximity of the Avrami cxponent to 3 indicates that
instantaneously nucleated sphercs ('sceds') arc growing with
constant radial velocity. This changc in the radial growth
ratey, from a dependence upon 1/t1/2, to a constant value on
'gecding' may originate from some order (or tmemory! ) remaining
in the amorphous regions after partial melting, so thet
subsequent growth is no longer diffusion controlloed. A similar
acccloration of growth has gecn dbserved when polymethylenc is
crystallized from 'sceds' (scction 3.5, Fig.3.14). It is
noteworthy that polypropylenc is the only polymcr studicd to
dete which shows an incrcesc in the Avremi oxponent when
crystallization occurs from ‘'sccds’'. The diffcrence plod
(Fig.4.3b) shows that the greatcst deviations occur towards the
end of the crystallization where the oxperimental contraction
lags far behind the calculatced valuc. This is to bo cxpoected
as the 'memory'! effoct will be smallor, the greater the

distance from the 'sced! muclcus.
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Temperature dependence of rate constants

The temperature dcpendence of the Avrami rate constants
. . 1/ 2
is shown in Fig.4.4 where log(z) is plotted ageinst (Tm - T)5,
corresponding to three dimensional secondary rucleation.

tithough thew me,»:-\l& e painlé on ene F"rh'on)
[The velue of T was found to be 173.0 °c (Fig.4.5).]<’t‘his plot
[:rababl.o indicolzs '

awmms two straight portions; and although the discontinuity
canmnot be oxactly located, it occurs in the region where the
contraction changes sharply. (Also shown on Figededs) It has
been shown (eq.2.48) that the slove of this plot depends upon
the free surface encrgiecs of the critical sccondary nucleus.
The change in slopec observed here probably represents a
difference in the surfacc frec energiecs involved in forming the
critical sccondary nucleus of the two different crystal
modifications. The sign of the effect agrees with this

interprctation, since the modification of higher surface

cnergy should always be formed at high degrees of supcrcooling.

4.3 The Crystallization of Polybutenc

Previous workers (Boor and Mitchell 1963) report that
the crystallization kinctics of polybutene is describved by the
Avrami cquation with the best integral valuc of n of 4. The
fit (their Pig.5) is not good after 50% of the process has been
completed; and no standard deviations indicating the goodness
of the fit arc given. The sample investigated here was

obtained from Cabot Corporation, in thc form of polletse
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Table 4.2 shows the fit of eight runs to the Avrami cguation
(2.25).  Again [(h(o) = h(ee)] was made an adjustable parameter
owing to the slight degree of secondary crystallization presente.
In tvo runs only did the final experimental point taken differ
from the adjusted value of [h(o) - h{<o0)] by more than 3%. The
very low standard deviaetion (0.83 - 1.42%) show the good fit

of the data to the Avrami egquation. The residual deviations are
again systcomatic, but do not follow thc same pattern in 2ll the
runss The value of n in 2ll the runs is vory close to 3

(Table 4.2) corresponding on the simple Avrami picture to linear
radial growth of spontancously nucleated spheres. Therc is
however a definitc ftcndency for n to be slightly greater than 3,
which is possibly due to some degrec of sporadic nucleation.

As for polypropylene, the total contraction obscrved changes
sharply as the crystallization temperaturc is varied. (In

this casedt approximabely 100 C.)  Again, this has no cffect
on the value of the Avrami exponent, imdioating that no change

in the crystzllization mechanism occurse

Temperzture depcndence of ratc constants

The tcemperature dependence of the Avrami rate constants
(Table 4.2) is shown in Fige4.6. The plot of loz(z) vs
1/(T _ T)2 (Tm = 117.7 °C, melting curve Tig.4.7) corresponding
to tifce dimensional sccondary nucleation shows two distinct

straight portions. Although the discontinuity cammot be



Fit of Avrami equation (2.25) to Polybutene

Table 4.2
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Z

[h(o0) - h(ee)]

?ggg. ;E?;ﬁ; : (t;?is%? expte N optimun =
value value
9731 33 ;,06 3.47, =6 1.95 1.96 0.94
98.47 47 3.09 19.84, -7 1.82 1.86 0.83
98.88 47 3.19  {3.93, -7 1.94 1.93 0.95
100,62 | 32 3,00 1.38, -7 2.36 2.27 1,42
101.54 35 | 3.00 |6.27, -8 2.48 2,46 0.64
103.10 32 3.23 2.15, -8 2,07 1.95 1.10
105.81 34 3.15 15.97,-10 2.53 2.49 0.96
107.08 17 313 }5.31,-11 2469 2.63 0.91
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exactly located, it again occurs in the region where the sharp
chenge in the total contraction (also shown in Fig.4.6) is found.
This changc in slope occurs ‘in the same dircction as was found

for polypropylenc (section 4.2) wherc it has beon discusscd.

4.4 'The Crystallization of Poly-(cthylenc oxide)

Poly-(ethylene orxide) rcadily crystallizes in the form
of large (up t0 1 mm dia.) spherulites both in thin films and
in bulk (Banks and Sharplcs 1963). When tho crystallization
Xinetics arc analysed according to the Avrami cquation, the
value of n is found tc be 2 (Banks and Sharples 1963; Barnes,
Luctzel and Price 1961) or 3 or 4 (Barnos ot 21.1961) depending
on molccular weight. The value n = 2 is ipccmpetible with the
simple Avrami picturc of spherulitecs growing with a constant
radial velocity (Barnes ot 2l.1961).

For the investigations reported here, a sample of poly-
(ethylene oxide) (Polyo: WSR35) obtained from Union Carbide
Ltd. was used. Tablc 4.3 shows the date fittcd to the Avrami
cquation, the veluc of [h(o) -~ h(ee)] used corresponded to the
final cxpcrimental point falken. The optimum values of the
Avrami cxponent are very closc to 2, and the low standard
deviations show that the Avrami equation wecll represcnts the
datae The value of the cuponent is decrcased on sceding

(Table 4.3) to approximatcly 1.4. These values of n are seen



Table 4.3

Analysis of Poly-(ethylene oxide) kinetics

Fit of Avrami equation (2.25)

116.

Temp. No.of z(time in | h(o)-h(e0) o
(oc) points n mins. (cm o (%)
51414 95 1.91 0,82,-4 7.05 1.13
53.77 66 1.99 1.39,-4 6.96 1451
tSeeded’ ( X/X_ = 0.14)
58.23 46 | 1.39 | 1.70,-4 6.03 1.38
Fit of Sincle Crystal Model (eq.4.1)
Tempe L= h - h{eo
(%rél)) k‘l (min™") k) () cm (=) o (%)
51.14 3.98,-3 190 7.05 1.05
53'77 2-03,"3 142 6-96 1071
Fit of Superposed Avrami processes (2gefe5)
Temp. k K k K o (%)
(°c) o 1 2 3 /
51014 3-16,—2 —70999 _3 1015"'3 '—60529—6 0073
53,77 | 5¢64,=3 [=3425, =3 | 2.21,-4 |~5.20,=T 0.37
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to be very similar to those found for polymcthylcne (sectionl3.3,
table 3.2). The added similarity of the differcence plot
(Fig.4.8a) for the run at 51.14 °C (the deviations follow the
same pettern for the run at 53.77 OC) when compared to that for
polymethylene (Fig.3.3C) further shows the cimilar dilatometric
behaviour of these two polymer:z.

The lack of corrclation between the dilatometric
results,; and the microscopic observations suggest that the
spherulite is composed of some sub-unit of structure whose
growth law leads to the obsorved kinetic behaviour. The
dilatometric results are very similar to thosc found for poly-
methylenc, which have been fitted to a singlc crystal model
(Chapter 3). Poly-(ethylonec oxide) is kmomm to crystallize
from dilute solution in the form of single crystals (Keller 1962)
and it is sugzestcd that the anomalous kinetics may be explained
by extending this observation to the bulk.

In Chapter 3, a model which postulztcs the growth of
randomly placed single crystal platelets by a chain folding
mechanism was described, and led to thc rate cquation (0q.3.16)

in terms of the measured dilatometric heightz [h(t)].

o) — h(t 1/2
) = 1 - emp L2 + ket - 2(1 4 k1) /7] 41

where k1 and k, are related to the waiting times T,f and T c
for renucleation at the face and corner sites of thc growing

platclet (egs.3.17, 3.18). This ratc equation, which is
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Fig.4.8.- Difference plots showing the fit of two
models to poly-~(ethylene oxide) at 51.14°C.
(Only a representative number of the 95 points are

Ah ‘= h(-t,)exp h(t)cal E v plotted).
a=- o0 Avrami equation (2. 25) | |
b- e Folded chain model (eqe 4.1).
.1%-
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applicable to the growth of individual lamellae has to be
reconciled in the case of poly-(ethylene oxide), with the
observation of macroscopic spherulites. Keller and Sawada (1964)
have shown that spherulifdlc polyethylene is composed of lamellae.
The actual space-filling problem is unresolved at present, although
it has been suggested thot the lamellae are arranged in a ‘splaying
book! fashion (Hoffman and Lauritzen 1961). This splaying
geometry endures that any two lamellae within one 'book! do not
collide during their growth. The rate of growth of a book of
N lamellae is then N times the rate for one lamella. Provided
the centres of the 'books' are randomly placed, the formal rate
law is thus unchanged by grouping the lamellar entities of the
single crystal model into 'splaying books!'. This grouping
together mey increase the degree of fragmenvation (section 3.3)
and thus the amorphous content of the crystallized specimen,
because the space between the leaves of each book are rather
well screened from direct access by lamellae belonging to other
"books'. Thiz is merely re-stating the 'space-filling problem’
confronting the authors of morphological studies (Keller and
Sawada 1964).

Table 4.3 shows the fit of this single crystal rate
equation (4.1) to the two poly-ethylene oxide runs. The low
standard deviations are comparable with those obtained for the

fit of the Avrami equation. However, since the Avrami equation



120.

leads to anomalous values of tha exponent n, the fit to the rate
cquation (4.1) based on a definite model is considered to be of
greater validity. The difference plot (IMg.4.8b) showing the
fit of the single crystal rate equation to the run at 51.14 °c
showa that the deviations are still highly systematic, and follow
the same pattern found when the crystallization of polymethylene
is similarly analysed (Fig.3.3A). Furthermore, the rate

1/2

1 1 .
constants k,ko(o¢ ?f) and kky (e —f-c) vary with temperature
similarly to those of polymethylene.  Fer the.two'runs which
were performoed, the ratio
1/2
d(1nk, k) dink, ke, ")
a—(fr—l-y H d.(']} = 1 018
/o AT)

compares with the corresponding value of 1.36 for polymethylene
(Fig.3+8). The possibility thet the anomalous value of the
Avrami exponent found in the case of poly-(cthylene oxide) may
arise through the simultaneous occurrence of a number of Avrami
processes has also been invostigated. If the number of such
processes is N, each described by the number of bodies ( e i)

growing with growth law Vi(t) then

i
?V(t) = Z ini(t) 4e?

1=1
If cach growth law can be written (section 2.2)
. .
ﬁivi(t) = kt 443
where 1 is the Avrami cxponent, then substituting eg.4.3 into

eqe4.2 and using the result in eq.2.7, the rate equation in
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terms of dilatometric measurements becomes

E((:?% . E&)) = tmem - (> Y 4.4
i =1

or,

JnLE((t)) = ]ﬁg“’ Z kb 4.5

Bq.4.H was tested by fitting —ln[%gog — h(oo)J to a polynomial

in t;, up to i = 3, the results being given in Table 4.3. The
negative values of some of the coefficients, and the small
improvement in standard deviations over the single Avraﬁi process
considering the increased number of parameters, shows that this is

not a possible explanation of the anomalous kinetic results.

4.5 The Crystallization of Polystyrenc

No dilatometric measurements on the crystallization of
this polymer have been reported in the literature. The kinetics
of spherulite growth has been measured microscopically (Kenyon,
Gross and Wurstner 1959), the lincar growth rate showing a
maximum at approximately 175 °c. This is because the rate of
secondary nucleation (ﬁ) is controlled at low temperatures by
the energy of activation for viscous flow (,/_\H*) and a¥ high
temperatures by the free energy of formation of a critical

nucleus ( AP¥) (section 2.5). This leads to ¢q.2.37

in (E

=) = logC - [HX/RT - AP /RT 4.6
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The sample of polystyrene uscd in this investigation was kindly
given by Professor Burnett. The polymer was refluxed with
methyl-ethyl ketone to remove atactic polymer. The analysis
of the runs was complicated by the observation that towards the
end of the run, an increase in volumc of the sample occurred.
Tablc 4.4 shows the data fittcd to the Avraml cguation. The
least squarcs fit was carricd out with the total contraction
{h(o) ~ h(e0)] made an adjustable paramcter. Only those
experimental mcasurements which were taken before any

expansion occurred werc fitted. The value of the maximum
contraction which was observed before any contraction ococurred
is also given in Table 4.4. The optimum value of [h(o) - h(co)]
is larger than the maximum contraction obscrved in all the runs,
the differcnce being most pronounced at the lower temperatures.
That this cxpansion is not due to any irrcversible degradation
of the polymer is indicated by the fact that although the runs
were performed in random order, the total observed contraction
increases fairly rcgularly with tempersturc. (Only one run
does not follow this trend.) The low standard deviations
(0.52% ~ 2.30%) given in Table 4.4 show that the Avrami
equation is a good fit to the data. The value of the exponent
n is however non~-integral, and also varies with crystallization
temperature, from about 2.5 at 150 °C o0 1.6 at 210 °C.  This
behaviour cannot bc accounted for by any of thc simpie

variants of the Avrami model, but mey be accommodated by the



Table 4.4

Fit of Avrami equation (2.25) to Polystyrene

123.

[h(o) - h(eo)]

?ggg- n (ti@g in (cm | o (%)
: mins.) | expt. ovtimum
value value
149,06 2.36 3.51,-6 | 1.53 1.52 2.30
159,30 2.50 4:04,-6 | 1.58 1. 61 0.88
171.18 1.74 204444 1.73 1.94 1.23
175.0 2.08 6450,=5 | 1.63 173 0,52
180.0 2.26 2.23,-5 1.67 1.67 0.86
186.8 2.50 6.65,-6 | 1.66 1.67 1.28
200. 4 2.19 3.00,-6 | 1.85 1.85 1.25
203.4 1.70 1.80,=5 | 2.06 2,07 1.10
209.7 1+64 6.83,-4 2.32 2446 0.88
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single crystal platelet model deacribed proviously (section 3.3).
Single crystals have been observed when polystyrcene is
crystallized from dilute solution (Kargin et al.1960), and

Fatta (1957) has observed shoaves when it is crystallized from
the melt. The sample used dooes not show resolvable spherulites
under the polarizing microscopc. Bven if spherulites are
present, the single crystal model may be fitted to the data, but
as with poly-(ethylene oxide), the error in the theory due to
fragmentation may be incrcased. Table 4.5 shows the fit of

the nine runs to the single crystal modecl rate equation (eq.4.1).
The value of [h(o) - h(eo)] was again treated as an adjustablc
paramcter, the optimum vélues being larger than the maximum
total contraction observed (Table 4.5). However, even in the
run in which there is thce greatest difference between the
optimum value of [h(o) - h(e)] and the experimental value, the
valucs of the two paramcters k

1
appreciably by malking [h(o) - h(ee)] an adjustable paramcter.

and k2 are not changed

Thus, in thc run at 159.30 OC, where the optimum valuec of
[h(o) - h(e0)] is 1.83 cm compared with the ewperimontal value

of 1.58 cm the parameters %k, and k¢ are only changcd from

1
4425 - 4 and 1116,t0 3.95 - 4 and 985.6 when the total
contraction is allowed to vary. The standard deviations

(0.96% - 2.74%) are generally slightly larger than those

obtained for the fit of the Avrami equation. The residual
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Fit of Single

Table 4.5

Crystal Model (eq.4.1) to Polystyrene

[h(o) - h(=*)]

Tem -1 /s o ' .
{°c | kl(Inln ) k2 klk2 klk2 ‘ expt. optimum | a’(é)
value value

149.06 2.87,-4 105 9 0.304 9.34,-3 1.53 1.62 1.75
159. 30 3.95,-4 385.6 0.390 1.24,-2 1.53 1.83 1.86
171.18 5.67,-4 101 2 0.574 1.80,-2 1.73 1.81 1.16
175.0 1.77,-3 | 116.6 0.264 1.91,-2 1.63 1.82 0.96
180.0 1.58,-3 | 132.2 | 0.210 1.82,-2 1.67 1.79 2.40
186.8 1.41,-3 134.2 0.182 1.63,-2 1.66 1.78 2.74
200.4 8.79,-4 48.3 0.0424 6.11,-3 1.85 1.93 2.38
203.4 5.58,-4 43.2 0.0241 3.67,-3 2.06 2.07 2.06
209.7 3.79,-4 | 18.8 0.00713 | 1.64,-3 2.32 2.39 1.35
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deviations were highly systematic, but their pattern varied in

different runs.

Temperature Dependence of Rate Constants

Table 4.5 giving k1, k2 and the related quantities

k1k21 = 2 e azl/ T £ (eq.3.17) 4.7
k1k2 /2 = a2 e 1/t o (cq-3.18) 4.8
1/2

shows that both 1k2 and L k pass through a maximum in the

-

temperature range 170 - 175 . Although the values of TZC
and T p Camnot be isolated, thc maxime in the values of k1k2
and k1k21/2 demonstrate that both thesc characteristic waiting
times cxhibit 2 maximum, as the fold length 1.and the number of
nuclei e are expected to vary monotonically with temperaturc.

1
/2

The detailed temperaturc dependence of k1k2 and k1»2 is now
analysed in terms of cq.4.6. The melting point of the poly-
styrene was taken to be 230 °¢ (Kenyon ot al.1959). Since
kinetic measuremcnts were performed cver a wide tomperaturce rangc,
tho subscquent analyscis of the tomperature dependence of the

rate constants will be relstively inscnsitive to the value of

Tm- For computational purposes, eq.4.6 bocomes

K, k |
Log, (._1@.?_) - &, -B/T-c/(Tar) 4.9

and 1/2

k¥
log,g () =4, - B,/T - C,/(TaT) 4.10
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The least squares fit of k1 and k2 t0 eqe.4.9 and 4.10 give the

paramcters _

A, = 20145 B = 1.79 x 103 C, = 3.29 x 104 with & = 1.9%
and :

Ay, = 0.39;5 B, = 1.80 x 103; C, = 2.07 x 104 with O = 3.3%

The good fit supports the picture underlying ©q.4.6 namely that at
low tempcratures, the rate of secondary nucleation is governed

by the cenergy of activation for viscous flow, and at high
temperatures by the free cnergy of formation of the critical

nucleus.  The parameters B, and B, lcad to values of 8.2kcal./

1
mole. and 8.3 kcal./mole. respectively for the energy of

activation for viscous flow. The equality of thesc values

is supported by the model since the cnergy of activetion should
not depend on the secondary mucleus being at a face or corner
site on the growing platelet. This intcrpretation assumes that
any variation with temperature of ? and 1 is contained in the

paramctcrs C1 and 02. The behaviour of the values of C1 and

02, which depend upon the rrec cenergy of formation of the
critical nuclcus, bears z striking resemblance to that found in
the case of polymethylenc. It is again found that
k1k2(acf%;) is more temperature dependent than kﬁk21/2 (qcﬁézﬁ-
This does not imply that 7}; varics more strongly with
temperature than i}: owving to the tcmperaturc dependence of Q

and 1 also contained in C1 and 02. This similarity further
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exﬁcnds to the ratio 01/02. It is 1.59 for polystyrcne and
1.36 for polymcthylene (Fige3.8).

This temperaturc dependence shows qualitatively why
the apparcnt Avrami exponent decrcases with increasing
tcmperature (Table 4.4). Tt will be recalled (scction 3.3)
that an Avrami exponent near 2 corrcsponds to the situation
vhere the rate ie dominated by nucleation at a corner site,
whilst a lower velue (decrcaging to unity) ariscs when the
rate is dotermined by nucleation at face sitcs on the groving
platelet. his can occur when geometric factors determine
which nucleation step dominates. In addition, if the tcmperature

1/?
dependence of k1k2 and. k1k2

changes, then the overall best
value of the Avrami exponent may also changs. At low
temperatures, where both k1k2(q71%;) and kﬁk21/2 (a31%20 have
the samc temperature dependencc, and where an Avrami

cxponent near 2 is found (Tablc 4.4), it iz inforred that the
overall rate is detcrmincd by nucloation =t the corner sites.
At high te;peratures, k1k2 becpmo; more temperaturce dependont
1/2

than k1k2

sites will have a greater effcct on the overall rate, giving

80 that for the same vlatelct sivze, the face

a lower value of n.

Eqs.4.9 and 4.10 assume that thc activation cnergy of
viscous flow ( @ B) is temperaturc indepecndent. However, this
is not compatible with viscosity data on simple liquids, and

also fails for supercooled liquids and polymcrs as the glass
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transition temperature (Tg) is approached (approximatoly 100 °C

for polystyrenc)e The rolationship (Ferry 1961)
o g 82/ 8 . m_m)2
AH_ = 2.303 Re, %0, T /(c2 + T Tg) 411

where c1g and c2g arc characteristic of the matcrial, gives the
sharp incrcasc in the activation energy of viscous flow (A;Ha)
with decreasing tomperaturce This arises from fhe scvere
deecrceasce in froe volume as the gless transition temperature

is approached. To fit the temperature dependence of the rate

1
constants (k1k2, k Xk, /2) taking this variztion of AH_ into

1

account, it was assumed

T = 100 % .12
< 1 4o1
c2g = 50° 4413
when ¢qe4.9 becomes, using 4411, 4.12, 4.13
5 2
1og1o(-T-Q =4 - D1T/(5O + T - 100)° - 01/(Tst) 4e14

where D1 = c1gczg. The corresponding equation for

1og10(k1k21/2/’1‘) follows similarly. The lcast-squares fit

of thesc cquations gave

A4, = -1.38, D = 18.2, € =3.12x 10% with o= 1.8% 4.15
and .
By = =234y D= 3T.T, C, = 2.43 % 10% with o= 1.7%  4.16

1g02g which arc too small [values in

the region of 1000 are quoted by Ferry (1961) for a range of

This leeds to valuecs of ¢

matcerials]. Morcover, the calculated valucs of c1g02g differ
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for face and corncr nuclsation.  Nevertheless, the decrcase in
standard deviation with no further adjustable paramctcrs docs
indicate the expected deereasc of ZkHé with temperature. The
data are not cufficiently accuratc to determiha the magnitude
of this changec rcliably. Figs.4.9 and 4.10 show thesce least-

1
squarcs fits of the valucs of k1k2 and k1k2 /2 (Table 4.5).

Discusgion of Kinetic Results

The ratc equation (Gq.3.16) derived for the growth of
single crystal lamellae has been shown to satisfactorily
describe the crystallization kinetics of polymethylene,
polystyrenc and poly-(cthylenc oxide)s  Although both the
Avrami equation and the single crystal cquation fit the data
equally well, the anomalous values of thc Avrami exponent
render the lattor model more valide. In the casc of
polymethylence, the supprcssion of the secondary crystallization
has allowed both the primery and the secondary crystallization
processes to be more cxtensively analysed than has previously
been possible. When the crystallization kinctics of these
three polymers are analysed according to this modecl, a number
of similaritics in their behaviour become apperent. Both
polymethylene and poly-(cthylenc oxide) which give Avrami
cxpononts near 2 (Tables 3.2, 4.3) fit the single crystal
modol with standard deviations of about 2%. The residual

doviations in both casces follow the same pattern remarkably



Fig.4,9- Tempirature dependence of growth and nucleation parameters
o) for polystyrene. :

o~ mcperimental values (table 4.5) '
full line— best fit of rate parameters to eq.l.llh.
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Fig.4, 10—Temperé.t1ti‘e dependence of growth and nucleation parameters
(klkz)_ for polystyrene,

o = experimental values (table l«-.5).- -
full line- bestJit of rate parameters to egelkelh,
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clesely (Figs.3.3, 4.8). This implies that the experimental
rcsults on the two polymers can be empirically supcrposed

to a much higher dogree of concordance than can be achieved

by fitting either of them to a two-parameter modcl. The
pattern of the residual deviations is not the same in all the
polystyrcence runs, and may in some measurc bc duc to the
uncertainty in the value of the total contrzction. The
temperaturc variation of the ratc constants which depond on

the two secondary mucleation steps postulatced in the model, is
also veory similar for all threc polymers. The two characteristic
waiting times T o and T g5 Cannot be absolutely determined
owing to the inclusion of the number of nuclei (Q ) and thg
fold length (1) in thc ratc constants k, and k; (eas.3.17, 3.18)
cvaluated from the dilatometric data.  However, in all threc
polymcrs k1k2(q51%;) varies more strongly with temperature than
k1k21/ 2 (oc—_f—), this similerity also cxtending to the
magnitude of zhis diffcrence.

As it is well cstablished that volycthylene crystallizes
from the bulk in the form of lamellac, the simileritics in the
behaviour of thesc polymers (summarized in table 4.6) lends
suvport to the contention that this is the crystallization habit
of polystyrcne and poly-(ethylene oxide). Thic similarity is
not immediately oxpectced as these three polymers crysvallize

with different structurcs. Polyethylene being a planar zigzag,



Comparison of Kinetic Behaviour of Polymethylene,

Table 4.6

Poly-(ethylene oxide) and Polystyrene
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Polyethylene

D 3
Polymethylene oxide Polystyrene
Value of Avrami| 1.81 - 2.55 1.91 = 1.99 1.64 - 2.50
oy 1
;;ngl’insz"“m (o=1.72 2| (o=1.13 = | (0= 0.52 -
Fit of single o= 1.38 - o= 1.05 - o~= 0,96 -
crystal 3.43% 1.71% 2.74%
model (eq.3.16)
Residual devi- '
ations after Very similar (Figs.3.3, 4.8)3] Pattern
fit of single the -g8amo -pattern is varies in
crystal model followed in all the runs different
(eqe3.16) runs
Temperature 1436 1.18 1.59 (energy’

dependence of
single crystal
model rate
constants

(eq'3o16)

d(1nk1k2)

d(1/aT /
. 2
d(lnl\1k2 )
a(1/ aT)

of activation
of viscous

flow assumed
constant egs.

4.9, 4.10,)

1.28 (activa~-
tion energy
taken to be
temperature
dependent
eqs.4.11,
44144)
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whilst polystyrene and polyethylene oxide have helical structures
(Bunn and Holies 1958). The relationship of the single crystal
lamclleae to the spherulites observed microscopically is unresolved
at present. The inaccuracy introduced into eg.3.16 owing to
fragmentation of the growing lamellae (scction 3.3) may be
larger when the lamellaze are grouved together in a splaying book
fashion to form spherulites. However, the systematic residual
deviations (Difference plots 3.3, 4.8) esvecially those at low
values of the total crystallinity, are not expected to be solely
due to fragmentation. They do, however, indicate a departure
from some assumption of the single crystal model; or the basic
Lvrami picture (section 2.1, eqe2.7).

The remaining volymers studied, polybutene, and
polypropylene give good fits to the conventional Avrami
equetion (€q.2.25). The fractional values of the exponent n,
which are found for many other polymers, and which are not
allowed by the simple Avrami model, arec not zncountered here.
The values of n, which are close to 3 for polybutene, and 2.5
for polypropylene can be simply explaincd in terms of the

growth of spherical crystalline bodics.
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CHAPTER V

Statistics of Random Placement,
Subject to Restrictions, on a Linear Lattice

In the discussion which follows, the 'fringed
micelle' picture for a polymer crystallite is considered, in
which a single polymer molecule occurs.in a number of separate
crystalline and amorphous regions (Flory 1953). It follows that
the condition of the amorphous phase will vary as the degree of
crystallinity increases. This variation may arise from
restrictions on the mobility of chain segments attached to
crystallites, and the formation of irresolvable chain
entanglements (Roe, Smith and Krigbaum 1961). Only onc aspect
of this problem will be treated herc, namely the amorphous
fraction which may aiise by the isolation of seguences whose
length is less than a desired minimum. Without considering
the precise mechanism of nucleation amd growth, it is assumed
that crystallization occurs by the random selection of a
sequence of repeat units, such that the probability that any
segment 1s selected depends solely on the length of the
unerystallized sequence to which it is attached. This
consideration precludes crystallization mechanisms entailing
chain folding (Chapter 3). It is further assumed that
crystallization consists of the selection of a definite number

of chain segments, that number being the minimum required for
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thermodynamic stability. The crystallization process is
pictured to occur by the random occupation of a number of
adjacent sites on a linear lattice (Fig.5.1a), (a site
corresponding to a repeat unit of the polymer molecule). This
results in an increasing subdivision of the uncrystallized length
into progressively shorter sequences, some of which may be
shorter than the minimum length required for crystallization.
When no sequences of the minimum length are left, a degrec of
'wasted space' remains which corresponds to the amorphous
fraction of the polymer. This problem is mathematically similar
to that of parking cars of the same length alongz a road. If the
distance between two adjacent cars is less than the car length
then the space is not available for further occupation.

The amorphous fraction of a crystallized polymer is
calculated using this model, and then further problems of
occupation of sites on a linear lattice at random, subject to
epecified restrictions are exzamined and applicd to sorption on
graphite, and the close pazcking of spheres in one dimension.

These statistical problems arice in connection with
linear lattices with sites which may be in one of two states
(empty or occupied), and when occupation of sites is arranged

to occur at random subject to specified restrictions. The

following are typicals
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Problem I

A linear lattice (Fig.5.1a) of i sites is progressively
covered by treating it to successive occupation of blocks of n
adjacent sites at a time; each block being placed at a random
position on the latiice subject to avoidance of overlap with all
previously placed blocks. This process nccessarily reaches
completion when no further blocks of n adjacont vacant sites

remain avallable for occupation.

Problem Ia

Find the statistical mean number of sites Si n
3

remaining unoccupied at this stage of completion, and

especially

lim S17 n/i

i\
=

y n 51
i

(Clecarly 1 - T, n is the averagc final density of occupation
J

while T_o o 1aY be called the statistical wastage of sites.)
?

Problem Ib

Find the distribution of the lengths n' of blocks of
unoccupied sites at the stage of completion (Pig.5.1b)s  This
distribution ranges over

0 < n < n-1 5.2

where the case n' = O rofers to the absence of a gap between
two continuous blocks of occupied sites. The mean of this
distribution is clearly given by:

n' = nl /(-1 ) 5.3

soy I Oy
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FigeSele Schematic representation of occupation of linear

lattice subject to avoidance of overlap.

(a) Occupation of blocks of n adjacent sites
subject to avoidance of overlap.

(b) Occupation by line segments of length {,
subject to avoidance of overlap.

(c¢) Occupation by spheres, subject to avoidance
of overlap.

(d) Occupation of individual sites, subject to
minimum number of intervening sites.
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Problem IT
To find the quantities corrcsponding to thoss in Ia
and Ib for the case that i ->.0, and (thereafter) n—seo »
This is the important case when the lattice goces over to a
continuous line of infinite length, and the covering process
goes over into placing line segments of constant length 1 on
the line successively in random positions subject to the avoidance
of overlap until no further vacant linc segments of length 1 |

remain available.

Problem IIa
To find
l. = T -
1m Toosn oD 3 20 54
n-—o¢

i.e., the statistical wastage of the line segment at completion.

Problém ITb
To find the distribution of vacant line scgments
(Fig.5.1b) of lengths
0 <1'<C 1 5¢5
about their mean

. /(1 - T, ,oo) 5.6

Note the correspondence between equations 5.1 — 5¢3 and 5.4 - 5.6,
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Problem ITT

A problem which turns out to be closzly related
mathematically to the prcceding ones arises as follows. 4
linear lattice of i sites is treated to the occupation of
single sites one after another, each chosen at random cxcept
for the restriction that no site may be occupied within a

distance of n sites of one prsviously occupicd (Fig.5.1d).

Problem IIIa

For i = 00 , find the statistical proportion o 0
: 2

of sites remaining vacant at the end of the process, and also
the statistical wastage Yo o n of sites which here requires
9
speeial definition (sce below).
Problem IV
Find

lim % and lim w
D, n 0, N

n —co n — oo

Solution of Problem Ie

The simplest case concerns blocks of n = 2 sitcs,
and ariscs, for instancc, when couples fill up a rov of i scats
in a cinema by sitting down sucesssively in randomly chosen
pairs of adjacent vacant seats. Here the final number of

'etranded' (vacant) secats is given by:

j -1

1
s, = E E oF ey 5.7
j =1 k=0
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which for increasing i rapidly converges to yield
2]
lim S.l/i = 1/e" 5.8
i‘-—)oo

for the fraction of stranded scats.

Application

These results werc found by Flory (1939) in conncction
with the statistical situwation in ceriain cyclization reactions
of polymers, and were used by Gordon (1951) to verify the
mechanism of cyclization of rubber.

By generalizing Flory's treatment to the case where
n > 2 one obtains the difference equation:

(1 -n+ 1)Si, n - @ - n)Si -1, n" 25 _ n, n 53

with the following boundary conditions for small i valuess

i1 €1 < n-1) 5.10

(9]
f

S = 0 5.11
More generally onc can show thgt for all i, n and k
[+ xE™ - 18" - 2] Ai1“‘1519 L= 0 5.12
The operators arc defined as follows (Levy and Lessman 1959)3
B.£(1) = £(i +1) 5'1.3.
At(E) = £(1 + 1) - £(1) 5.14

and raising an operator to the power k denotes k successive

applications of the operator. It is consistent (see below)
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with our notation to denote 4.8, (i.c. S,
iiy, n i+ 1;n

- Hy . S WS . ?_ = H
s.l, n) by L It thus follows from 5.12 for k = 2

Ti,n=[(i-n)Ti_1’n+2Ti_n9 J/G - n+2) 5415

and the initial conditions are

Tig n = 1 (1 €ig n-2) 5.16
Tn - 1, n = 1 = n 5-17
Tn, n = 1 518

It can be shown from e€q.5.9 that

lim Si, n- lim (i + n)’l‘19 " 5.19

i—>oo i —>ec0

which justifies the notation defined in eq.5.1. In particular
(cf. above):

0 = lim 2, L) = 1/ef 5.20

e, ol
i"‘>oo ?

’

It has not been possible to find analytical solutions for T, n
H

with n >2, but thosc shown in Table 5.1 have been calculated to
a satisfactory approximation, using iterstion with respect to i
upon equations 5.15 - 5.18. The "approximation consisted in

identifying T with T, , where j was the lowest integer for
Coe2y 1 Jy

whieh T, and T, - agreed to five significant figures. In this
Jy 0 J+1ymn

way, column 2 of Table 5.1 was prodiced_on the Mercury Computer in

a foew minutes. The - speed of convergence is such that i % 6n.
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Table 5.1

Statistical Wastage Tm9 n (eq.5.1)

n qu, " TLO’CO T"dD,oo

2 1/62 = 0.135335

3 0.17634

4 0.19610

5 0.20772

6 0.21537

20 0.24150

40 0.24697 0.24969

60 0.24878 | o.25059 0.25150
80 0.24970 0.25104 0.25176
100 0.25025 0.25132 0.2518%
120 0425060 0.25150 0.25193
140 0.25086 0.25163 0.25202
160 0.25105 0.25173 0.25206
180 0.25120 0.25180
100 0.25025
200 0.25132 0.25186
300 0.25168 0,25204
400 0.25186
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Solution of Problem II

Tho limit of T _, ndsn tends to infinity can be
9

egtimated by extrapolation from Table 5.1. As convergence is
slow, the following formal procedures of extrapolation were

used.  Altken's S 2—process, based on the formula

(v e

T! =T

~ - - 2T
@ 4 o0 co, n+h oo, h+h co coy N+h coy T

Too, nth) 5.21

led to the estimates of T

0, o0 in column 3 of Table 5.1. Here h

is the interval of tabulation in n-values, i.e. 20 or 100.

Solution of Problem IIa

Extrapolation of the values in this columm to n = <o was
carried out by applying the ‘Sz—process to them also, lcading to
the more rapidly converging values (denoted by T'Ln,a:) in
column 4. Further repetition of this process is foiled by
rounding-off errors. There is close agreement between the
apparent limit of convergence of column 4 and the independent

T and T a2t the bottom of

e, 300 °, 400

column 2 which refer to n values much higher than those used in

caleulation of Tc”, 500°
columm 4.  The three dircctly calculated values just mentioned
furnish, of course, lower bounds for T  _ and employing the

b4 .
‘ég-process to them leads to the final figure in colwm 3 which
agrees to better than 0.01% with the final figure in column 4.

It is thought safe to conclude that the correct value of the limit:

T = 0.25216 + 0.0003 He22
00 400 b
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The density of coverago of an infinite line with line segments
of constant length, placed at random subject to avoidance of
overlap is given by,

1-T_ = 0.74784 % 0.0003 5.23

H
and the mean length of the unoccupied segments (eq.5.6) by
1' = (0.33719 + 0.00054)3 5.24
After this work had been completed it was found that
this result had previously been derived by Renyi (1958), who
obtained an analytical solution in the form:

co t y -u
1-T_ = fe:s:p - [2/ (-——:—f———)du] dt ¥ 0.748

’oo

[¢] Q

Application

Bquation 5.23 furnishes a maximum estimate for the
degrec of crystallinity attainable according to the 'fringed
micelle! modcl used for the crystallization in bulk of high
polymers. Here the individual polymer chain constitutes the
individual lincar 'lattice' approximating to a continuous line
of infinite length. The covering of the line with segments of
constant length here corresponds to the inclusion of randomly
chosen stretches of the polymer chain in three-dimensional
crystallites, while the amorphous regions of the bulk polymer
contain the 'unoccupied! segments of the line. The underlying
assumption that all the crystallites have the same length

(n or 1) in the chain direction is probably approximately true.
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It must, however, be recognised that the 'fringed micelle!
models oversimplify the situation in a number of respccts,
S+gey by neglecting chain folding, ctc. Experimental
measurcments of the final degrec of crystallinity attained

by bulk polymers after primary and secondary crystallization
procesges have come to an eond, often approach 0.75 (eq.523)
(Banks et a1.1963a) and rarely exceed this figure. This
suggests that statistical wastage due to the random placing

of crystallites along a chain may be an important contributory

factore.

Solution ¢f Problems Ib and IIb

Having found the mean length n' or 1' of the unoccupied
parts of the lattice or line; the distribution of these lengths
about the mean can be found by standard variational methods,
iseey by maximizing the entropy of the assembly subject to this
mean value, and to the alternation of occupied and unoccupied
sequences. (This rule of alternation is locally infringed
only in the particular casc n' = 0, eg.5.2, and is automotically
allowed for in what follows). Thus each unoccupied scquence
of length n' (0 €n' € n - 1) is imagined to bc' coupled (Fig.5.1b)
to its left-hand neighbouring occupied sequence of length n, to
produce a composite sequence of length

m=n+n" (nm<2n-1) 5¢25
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The mean length of the coupled sequences is

m=n+n'=n/(1 - T, ) 5.26
Lot P be the probability of finding a composite sequence of
length m.  Then the following three equations ensurc
(Tribus 1962) that the entropy of the systcm is
nmaximised (eq.5.27), subject to normaligation of the 1
(¢q.5.28) 2nd the constancy of the mcan length m (2q.5.29):

2n — 1

\
S 1npmdpm = 0 5.27

————)

m=n

2n - 1

X g ' -
(o) d.pm = 0 5 . 28
m=n

/\1 ‘mdp = 0 5.29

Trom those equations the pfoba‘bility distribution is found to be

D = exp (- /\0 - )\1m) n &mL2n - 1 5.30

The two Lagrangian multiplicrs /\o and )\1 are found

respectively from the normalization condition:

2n - 1
)ﬁo = 1n >\: exp —~ >\1m 531
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and from the cauation giving the mean (cf. eq. 5.26):

2n - 1 en -~ 1 .
m om o .
z mx [/ 2 = = n/(1 Doo, n) 5.32
n n
" where we have put
exp — >\1 = X 533

For exemple, the corrcet root of x (i.¢. 0< x < 1) in eq.5.32

has been found for thc case n = 4, by succassive approximations

to be given bys

x = 0.6426 (n=4) 5434

[}

By eliminating )\O, A 1 and x between eqs.5.30, 5.31, 5.33 and

534, one finzlly obtains

AN 5.35

The distribution thus calculated was compared with that
obtained experimentally by = Monte Carlo mcthod on the Mercury
Computer, and satisfactory agreement was obtained (Table 5.2).

In this Monte Carlo experiment & bank of i = 400 counters was
treated as a lincar latticc, and blocks of n = 4 adjacent counters
had their contents changed (from O to unity) at a time.  The
blocks were located on the linear lattice by the machine choosing
a random number for location of the first counter of the block

of four and verifying that the block in question was available,

(i.es all four counters showed ZETO). If the block was not



Table 5.2

Distribution of longths m (eg.5.25)

n=4

m P P

m m

(From maximization (From Monte Carlo
of entropy) calculation)

4 0.4309 0.45
5 0.2769 0,25
6 0.1779 0.18
T 0.1143 .12

150.
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available, the random number was rejscted and another chosen.
The machine stopped whencver no further blocks of four adjacent
counters in the bank of 40C remained 2t zero. This always
reguired fewer than 2000 trials (random numbers). The valucs
of Pm’ obtained from two successive runs, cach run giving the
average distribution from twenty such 'exzperimonte' differed by
less than 3%. Satisfactory agreement between the distributions
derived from the Monte Carlo calculation, and from maximizing the
entropy is shown in Table 5.2,
The limiting distribution obtained from cq.5.30 by letting
n tend to infinity is of importance since this again refers to
the case of a contimuous line (instcad of a lincar lattice).
As n = oo 3 One must lat )\1 = 0 while
A1n = ¢ 5.36
with ¢ finite. The probability p,, goes over into a probability
density pjdj that 2 givcn composite scgment (consisting of an
unoccupied segment of length O < 1' < 1 coupled with its left
neighbouring occupicd sogment of longth 1) has a length between
j and j + dj (whore 1 € § € 21). The distribution (eq.5.30)
becomcs in the limit
pjdj = c(exp - cr)dr/[(exp - ¢) - (exp = 2¢)] 5¢37
where we have put

i/l =1 (1<r<2) 5.38
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Tho umoccupiad scgments on their own (not coupled with their ieft
aeighbours) ars clearly distributed according to the truncated

gxponential distribution:

q,,d1' = c(exp - cu)du/(1 - exp ~ c) 0 <u< 1 5439
with u = 1'/1
and mean 1' = (1 - 2exp - c)/(1 - exp - c) 5.40

Thus, by comparison with eg.5.6, c can be found:

¢c=-ln (1 - 2T . )/(2 - 37 oo’m) = 0.9198 5.41

’

Application

Problem IIby, just solved, provides an interesting special
case anzalogous to a well-known model for the liguid state, viz.,
the packing of hard spheres in one dimension (Taylor and Glasstone
1952). Thue, the line segments of constant length arc interpreted
(Fig.5.1 ¢) as diameters of spheres placed at random along a line.
In the genseral model the mean packing density is lefit as a parameter,
and no restriction is placed on the lengths of individual unoccupied
segments.  Our model, however, is strictly 'close-packed'; i.e.,
no gap larger than a spherc diamcter can occur (Bernal 1960).
Furthermore, our model fixes the mean density of occupation of
the line by spheres at the value:

1T, = 074784

vhich arises from imagining the spherces placed on the linec
successively at random points (avoiding overlap). The threc—

dimensional close-packed-sphere model of Bernal (1960) leads to
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a mean density of occupation of 0461.

Solution of Problem IIT

Denoting the total number of sites on the linear lattice

by 1 as before, we obtain the difference equation for the

statistical fraction ti n of the sites loft erpty:
?

b g [(i-1 )ti_1, n* 2 0y A/ =n+2) 5,42

which should be compared to eq+5.9.
The initial conditions are:

t = 0 543

ct
ft

1 (0<ign) 5.44

For even values of n, a simple correspondence cxists between

problem I1Ia and problem Ia:

1 =T =(1+n)(1 -3 ) 5445

0o, n+1 oy N
(Tuis is readily secn by flanking each occupied site in problem IIIa
by n/2 fictitious occupants on each side as in Fig.5.1d. These
merely block the corresponding sitec against further occupation.)
The values of tco, n tabulated ir Table 5.3 were compiled

as Tollows:

n odd: by solving equations 5.42 -~ 5.44 by iteration
on the ilercury Computer by the method for the

previous problem.
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Table 203

Bmpty Fraction t_ ., and Statistical
2
Wastage WOO’ n (245.5.42 and 5.46)

n LI Voo, n
2 C.72545 0.21410

3 0.79903 0.24394

4 0.84154 0.26218

5 0.86923 0.27443
10 0.93022 0.30283
15 0.95242 0.31362
20 0.96390 0.31927
30 0.97567 0.32516
40 0.98164 0.32817
50 0.98526 0.32999
60 0.98769 0.33121
100 0.99258 0.33361
150 0.99504 0.33466
200 0.99627 0.33508
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n even: from equation 5.45 using values of
Too’ —_ from Table 5.1,
For the present problem, the statistical wastage of accommodation

is calculated as the proper fraction

Ho=(n+1) (1 -1t n)“1 -1 5¢46

s

which is also tabulated in Table 5.3. he definition of Wao n
?
iz based on the fact that the maximum fraction of sites occupied

is (n + 1)—1, (when the placing of these occupied sites occurs

regularly at intervals at n + 1 sites), while the fraction occupied

by random placing is 1 - tao’ "

Solution of Problem IV

As n tends to infinity, the fraction of sites wasted
owing to the randormess of placement is given by (2q.5.45, 5.46)

Moo, n = Teo,o0 /(1 =Ty ) = 0233718 5.67

Application

The solution of problems IIT and IV arc applicable to Hooley's
model (1961) for the sorption of foreign molecules in graphite.
Here the thrce dimensional gravhite lattice is formally reduced
to the linear spacing (3.352) of the graphitic lattice plancs.
Penetration of foreign molecules into one such spacing is imagined
to block occupation of n adjacent spacings on cach side.  The

results in Table 5.3 could be evaluated in terme of the maximum

amount of sorbate found experimentally.
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APPENDIX A

The ‘examihers of, this thesis have suggested a further
discussion of the "approximation" introduced on page 15 because of its
serious effects on this work. This fragmentation problem appears first
in the literature when Morgan (1954) discusses it in the case of
fibrillar growth from predetermined nuclei. He states that the Avrami
equation "is nearly correct however for the case where the growing end
of the cylinder does not stop on meeting a crystallized locality but
deviates from its straight-line growth into the surrounding amorphous
regions and Proceeds on a fresh course". Lauritzen, in private
discussion at thé Bristol Conference on High Polymers (1961), claimed
to have obtained a first order approximation to the correct model for

discs as well as rods.

Fragmentation,

The Avrami equation represents exactly a well-defined
theoretical model, a space-~filling one in which all the fragments
 (Fig.3.6) of the bodies are formed. 'fhis is unrealistic in the ebsence
of forces causing re-nucleation over large distances. Some, but by no
means all, of the space occupied by fragments of a given body, other
then the original fragment (uonteining the primary nucleus), must in
reality remain permenently amorphous. A volume element in any othér
fragment of the given body will permanently fail to crystallize only
if an infinity of other bodies competing for this element fail to reach
it without prior fragmentation. The successive bids by these bodies
for this element of volume become less and less likely to succeed,

because their primary nuclei are placed at successively greater
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distances from the element (lee.djng to an increasing chance of
fragmentation) .

Quantitative estimatés of the effect of fragmenta‘l;,ion are
not available. This means that all the curve-fitting of experimental
data to non-spherulitic Avrami mddels, both in this thesis and the
literature, has to be viewed with cauntion. Fragmentation is likely to
become serious at the point where the sum of the volume of the entities
is equal to the volume of the sample. This oécurs when (eq. 2.26)

Q7 = 1, i.e, when X/X_ = 1-1/e = 0.6}, which means when the crystalli-
zgation experiment has reached 64% conversion. However, tuming to
practical applications, since generally only the ratio X/Xm is fitted,
with )X c‘o‘l:altcen from the measured total contraction, the experimental and
theoretical curves are forced to agree again at infinite time. In
effect this means that the result of fragmentation at infinite time has
been eliminated by scaling X, to the observed value. It follows that
if the fraction of the current czystallinity which (in the real sample)
is lost owing to fragmentation is a constent (independent ofY) then it
is correct to apply Avrami-type theories as exemplified in this theais.
The replacement of the time-variable fractional wastage due to
fragmentation by its final value at infinite time constitutes the
approximation mentioned in the text (p. 15).

The situation is further improved by the following
consideration. The rate curves (X/x,ovs time) predicted on the Avrami
model overestimate X at all times, which thus at least provides an
upper bound. Since fragmentation is asymptotically eliminated as the
time origin is approached, the curves calculated from Avrami models

are asymptotically correct.
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iii.

More can be said about the severity in various cases of
fragmentation effects in fitting Avrami-type models to experimental
results. First, an experimentel value of X _ near unity would indicate

that there can be little fragmentation. Accordingly, the closer the

experimental values of tho unity, the better the approximation will
evidently be. The overriding factor is due to geometrical shape:

the thinner the rods or discs (in relation to their dimensions in the
directions of grow‘bh) the more serious the fragmentation to be expected.
Although X,_for polymethylene is much less than unity, being about 30%,
(Table 3.1), when the secondary crystallization is present the limiting

value of the crystallinity is increased to 55%. Some of the remaining

amorphous material mey be due to amorphous folds at the lamellar faces,

rather than to fragmentation, although the existence of extensive
amorphous folds in the case of solution grown lamellae is the subject
of controversy af, present, (p. 36). The "wafer-like" appearance
(approximately 1x long, 100-400% thick) of polyethylene lemellae
obtained from disintegration of bulk samples implies that serious

fragmentation mey result from the impingement of such lamellae.

The number of growing points per platelet.

Throughout the discussion of the single-crystal model in
this thesis i.t is implicitly assumed that each growing body has only
one growth front, but nothing is significantly changed provided the
number of growth fronts remains at any other constant value during
the whole process. It would seem likely that as the growing faces

grow larger, additional growing fronts would inevitebly be nucleated,
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thereby changing the growth law. Theoretically, the additional growth
fronts nucleated at random points on the growing faces are less likely
to be in exact register (i.e. to be coherent) than is the case for the
re-nucleation of growth fronts dealt with in our model. Thus we would
expect bﬁn&hg and spherulitic growth when the faces get large enough.
This is, in fact, observable outside the range of our experiments, as
explained on p. 54-55. Therefore, the assumptions of the model seem

acceptable in this respect.

Interference with growth due to. impingement.

Apart from the fragmentation problem just discussed, there is
a further related source of error, viz. due to interference of impingement
with growth, which is inherent in the fitting of our folding~chain models.
This differs from fragmentation in that it concerns the original (F(3 34 A)
fragment of a body containing the primary nucleus. Growth has been
assumed to depend on continuous deposition at one or more growth fronts.
Impingement of the body under consideration with any other body may
necessitate reflection of the growth front at the point of impingement.
This would lead to 2 small but progressive acceleration of the growth.
If there is no growth front between the regions of impingement of one
body with el two others . further deposition of chain pleats on
this part of the surface is prevented. On the other hand a growth
front situated between two such points of impingement will merely be
reflected back and forth between these points. Geometrically, there
are two types of contacts which arise with finite probability when two
lemellar-like bodies impinge. These are the result of the impingement

of the growing edges of two bodies (edge-edge contact) and the
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impingement of a corner of ‘one body with the face of another (face-comer
contact). Although the relative occurence of these two contacts cannot
be assessed, an edge-edge contact may affect the subsequent growth of
both bodies, whilst the growth of only one body will be affected by the
most common face-edge contact, i.e. one in which the face concemed is
not a growing face. The interference by impingement with growth may be
sumed up as follows: while the Avrami model postulates that all bodies
have, with finite probability at infinite time, only face-face contacts,
all such contacts will in reality be arrested at or near an edge-edge or
face-cormer contact. This will again leave amorphous regions in the
final structure not accounted for by the model, excep‘t". through the
averaging process implied in forcing the final degree of crystallinity

to agree with experiment.



160.

APPENDIX

In this appendix, all of the dilatomefric runs

analysed and discussed in this thesis are tabulated.

Polymethylene (cf.Table 3.2; Figs.3.2, 3.4, 5.14) 161
Polypropylene (cf.Table 4.1; Fig.4.2) 170
Polybutene (cf.Table 4.2) | 177
Poly-(ethylene oxide) (cf.Table 4.3) 181

Polystyrene (cf.Tables ded, 4.5) 184



| ) 161

77 Polymethylene (127.61°C}-.S=6'9%'
H(o)=n(TH(TM.) THIE(MING)  H(o)=H(T)(CH.) TIME(MIN.)

0,060 3 2,125 61
0,134 5 2,166 613
0,174 7 . 206 ' 68
De 244 a 24246 67
04315 I: 24287 . 6o
0,308 173 24 319 71
0e 478 15 2 355 73
0e550 17 24388 75
0.638 19 © 2,467 " 8o
0e727 D3 ¢ 2,548 . 86
0c.817 23 2,600 ' 90
0.004 25 2,659 o5
0.904 27 24711 100
1.074 20 2,762 10§
1,160 31 . 2.802 110
Te244 ' 33 2.843 : 11§
Is322° 35 2.881 . 120
I.403 37 2,918 12§
Te 477 .39 24948 130
I.552 AT 2.981 138
1,618 A3 3.062 rso
I1.682 45 a j¢110 160
14747 . A7 3152 170
I.809 49 3187 ' 180
1.869 51 30221 190
I.924 53 " 3¢ 400 260
1.9075 | 5SS 34458 ‘ 300
2,028 57 3+476 ‘ 315

24074 . 59 34476 405

e = e
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B

Polymethylene (127.61°C) S=33, %),

H(o)=H(T)(CM.) TIME(MIN,)

0,176
0,250
04325
0¢ 309
04472
0.536
0e505
0.654
0.709
0,762
0,812
0.860
0e004
0.950
0901
' Ie 030
T.064
I.I103
IeI39
1.167
I.205
Ie236
I.206
Ie327
1,352

O o\ v >

Io

2,188

H(o)=H(T)(CM.

Ie 4535
1.505
Ie549
1,586
I1.641
1.695
I1.728
1.798
1.860
I.918
Te073-
2,012
24054
2,096
2,124
2157

24219
2e 243
2,263
2,284
2e 325
2¢392
24543
2,563
2¢577

" TIME(MIN.)

31
33
35
37
40
" 43
4S5
50
55
6o
66
70
75
o
85
90
25
100
105
IIO
115
125
146
210
220
240

162



NDe 032
0. 0790
0e148

0e234

0. 339
C.400
0o 447
0.502
O.I'l")
O (II
0.666
0.717
0,766
0.83£
0,836
04045
0.903
1.044
I,I00
I.156
14204
1,265
T.313
1.362
I,417
1,462
T.§511

1,561

Polymethylene
H( o)~ H(T)(CM.) TIPF(JTM.)
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Polymethylene (125.79°C) Run . A. 164

H(o)=H(T) (oM. ) TIME(MIN.) H(o)=H(T)(cH.) TIME(MIN.)

0,024 c 2,107 40
0,041 6 %, 247 +1
0,056 7 2,206 42
0,074 8 24343 43
04003 ‘ o 24395 L4
0,113 10 24432 45
0,141 11 24477 -6
0.173 L 2e522 47
0e 211X I3 2,556 . .8
0.255 L 2590 49
04307 15 2.633 50
0. 424 17 2.670 31
0. 405 1€ 2,704 2
0.575 19 2.738 53
n.650 20 2,775 54
Ne734% 21 2. 807 55
0,821 22 24037 56
0,710 25 2.009 57
1,000 , 24 2. 204 58
1,007 25 2.9%5 59
1,176 . .26 24949 6o
1,270 27 2.50C 61
I.354 28 2.958 Aa
Iei35 29 30017 63
I.524% 30 3+039 G4
Ie603 31 34061 65
1,667 32 3.164 70
1755 33 3e254 75
T.825 34 3 327 8o
1.892 35 50 447 90
1.067% 36 3e507 100
2,026 37 3¢608 120
2.084 38 54657 140
20141 39 346753 180
2¢197 40 3.6173 1620



H(o)=H(T)(CM.) TIME(MING)

Polymethylene (125,92 C) Run B.

0,036

0.065
0e095
0,149
04 226
04323
0e 435
0503
0.573
0.648
0.724

0e804 -

04878
O 965
I1,050
T.136
1,222
1,303
1,288
I.460
1.540
I.614
I.692
I.756
1.827
1,884
Ie95I
2,008
20062
2,117

24173

24217

c
10
I2
14
16
18
20
21
22

23
>

24

25
26
27
28

”

30
31
32
33
34
35
36

37

38
39
40

.4t

42
43
44

45

H(o)=H(T)(CM.)

2,261
2e 307
26353
24598
20 443
2,512
2+590
2,660
24728
7.784
26844
2. 895
2e945
24903
« 034
. 145
232
314
581
440
.« 489
3¢573
30642
5602
3«717
34738
34761
3.782
3.808
4e032
4e047
44069
4,069

-

3
3
3
3
3
3

165
TIME(MIN,)

46
47
~8
w9



Polymethylene (127.18 C) Run C.

0,008
oc.018
0,030
O0eNAY]
04055
0,068
0.086
0,102
0.124
0.139
0.I55
0.170
0s195
0.215
0,238
0,262
0¢293
041325
0.357
e 394
O0e435
0. 171
05T 4
0.560
0,609
0.658
0e 704
0.755
0.809
0,863

0e919

00972
-Te0355
1.090
I,I40
I.208
14265
1.316

H(0)=H(T)(em. ) TIME(HING)

10
14
17
20
23
26
29
32
35
37
39
41
43
A5
47
49
51
53
55

H(o)=H(T)(CM.) TIME(MIN.)

1,572
1.429
1,486

I.53%

533
1,588

I.640

I.704
1.755
1.802
1.855

I.893

T«930
1.084
2,042
2,066

20143

2.186

2,214
2,284

24314

2,550
24496
24571
2,635
2,696
2,866
2.965%
34054
3¢134
3e 207
30272
3¢329
3¢ 384

3.490'

54620
50680
34720
50737
3.737

95

27

29
101
10%
105§
108
110
112
IIA
t16
118
120
123
124
128
130
132
136
138
I40
150
I55
160
165
t8o
190
200
210
220
230
240
250
500
400

500

700
00
13%0

166
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Polymethylene (127.61°C) Run D.
H(o)=H(T)(oM,.) TIME(MIN.)

0404
0.053
0. 100
0,152
00184.
0,225
0.268
0e¢ 334
(21 408
04484
0.550
0.655
0745
n.8138
Oe 047
I.XI03
I.I40
1.181

14237
1,281

T.340.
240T4
2.130
2.165%
2,204
2330
2275
3. 303
2. 327

25
A0
5o
60
65
70
75
8o

85

0o.

95
I00
10§
110
115
121
2§
127
I30
132
I35
172

180 ..

182
18%

187

Igo

192

195

Ze 400
Ze /;60

24517
2.556

H(o)=H(T)(cM.) TINE(MIN.)

201
206
PR &
21§
220
22§
235
240
245
250

255

260
265
270
285
295

305 .

310
320
330
340
347
560
385
295

405

415
435
450

549

167



Polymethylene (128.26°C). Run E.
H(o)=H(T)(CHM. ) TIME(MIN.)

0,005
0.017
0,040
0.052
0,066
0,117
0,148
0-175

0,206

0.380
e 55
0407
Ce532
0,578
0,619
0,678
0,715
0.762
0.817
0,867
I.018
1,076
TeIRd4
1.I181
1.258
I.295
I.590

1.587
1.628
I.645
I.739
1.778
1,814
I.856
1.871
I.9I1I
1947
1.982
30013

23
51
62
70
76
100

III

120
128
160
170
176
130
136
190
196
200
205§
210
218
230
235
240
245
252
260
28y

730
740
745
770
780
790

795
‘8os

ers
825
€35
845

H(o)—H(T)(qM.) TIME(MIN.)

1,661
1.722
I.762
2,110
2,146
2.179
24218

2.252 .

124319

2,422
24485
2,515

Polymethylene (129.12°C) Run F.

H(o)=H(T)(CM.) TIME(MIN.) HEo)=H(T)(CM.) TIME(HIN.)

2,013
2.100
2, 362
2¢ 407
2« 437
2,465
2,489
2,552
2.776
2,804
2.857
3.851

200
266
300
540
345
3jso

~r
o

360
370
385
355
400
405§
410
420
445
455

. 480

545
555
575§
585
590
612
625
635
1425
1675

Eas
870
955
970
980
@90
1000
102§

"IIZ20

113§
1160

2170

168



Polymethylene (127.18°C) (Fig 3.2A).
H(o)=H(T)(CM.) TIME(MIN..) H(o)-H(T)(CM.) TIME (MIN.)

06074
0.096
0.1230
OeI37 !
O.I6I
0.19§
0.232

© 0e376 :

' 0e338

0.363‘ )
0.435
0477 -
De549 : '
~0.600
0.657
0.712
0«775
0.838
00895
0.957
024
10085
I.155
1230
.Te280
10380
ITe4ql
Ie§53

Le648
I.734
1.822
1975
.20051 ,
26121
2210
"2e297

"¢ 408

. 34482

. I9
23
- 36
- 28
31
34
37
40

95

IOI .

104
107
II1I
IIs
ia1
12§

ethylene

e ~Polyi
- H(o)-H(T)(CM.XmTIME(MlN.
"0e396 S
0e423 10"
06564 "20
0.657 , 30
0.791 ' 50
0.888 70
0e9041I 90
1023 120
" IeIOI, 165
Tel1q7 ‘215§
1+350 . ’

"280 .

)

2.§70
2.646
2.735
2.820
24922
Re036
v 3131
" 30216
3296
33732
3434
3495
3e551
3640
30803
30943
44030 -
4;468
4515
4e551
40585
4629
40734
4781
4.826
44881
4977
5049
5.104
54153
50190
5237
50298
5359
5395
5414
5422
S5e4223

12%1%?:ﬁ%§3 éﬁi%f%%&t(ntn.)"

I.350
10418
I.455
I.601
Ie741X
10870
1959
'20036
2137
53.159~

130
I35
141
148
155
I1C§
175
185
195
265§
‘2158
225

235§

355
300
360
420
1170
1265
1412
15§92
1807
2702
3042
3307
4147
5587
7057
8677
10207
11797
14257
17137

121457
25777
30097

35857

41617

410
520
615

1450
1820

2900
4340

5810
86 g0

10130 -

169



Polypropylene (134.08°C). 170
H(o)=H(T)(CMs) 'TIME(MIN) H(o)-H(T)(CM.) TIME(MIN.) .

0e¢029 , . ‘ 6 3009 . 30
0e087 : oo 8 3e160 31X
0eI79 . I { 3e324 32
0e241 o 1§ T 3e521 33
©e317 : ta 3694 34
0e405 . 13 Be861 35
0493 / 14 4.015 36
Os.601 , 15 " 44167 ' 27
Oe7I11 o 16 4¢307 ; 38
©.835 17 4449 T 39
0968 18 T #e5092 40
I.105 . - 19 46722 ‘ 41
Te2855 SR " 30 44848 42
I.409 . -3 ¢ 44965 , 41
1557 v 33 5079 44
Le745 '33 - 5183 s 45
1927 : . 24 5382 46 A
"2e105 : '35 - 54853 48
'20283 ( © 26 ' 5e602 : 50
‘2463 ‘a7 50713 ' I 52
234647 " a8 . 5819 55 .
'83e827 , "39 50882 S 70

‘ Polypropylene (143.54°C). |
H(o)-H(T)(cM.) TIME(MIN.) H(o)=H(T)(CM.) TIME(MIN.)

06038 45  4e081 . 345
0eé433 ' © 13§ . 4+308 : © 355§

- 00486 ‘ 130 - 4284 . - 360
0e546 ) I35 4359 - 365
00594 . 140 . 44435 - , 370
0+650 . . 145 Re669. - © 385%
0e707 - 150 T 4745 ' - 390
0e772 , 155 4,888 ' 400
0.847 - ) ‘160 5038 410
0.900 . 165 Se.X7x - 420
0.967 - 170 5311 ‘ 430
Ie044 ’ ... 175 59432 ‘ 440
SXexrxr . 180 - ' §.604 ‘ 455
T.189 - 185 = 5.788 . 475
re270 - . 190 - .- 6.870 L. 1435

Ted39 . - '300 . 64946 S 2875
V- 1e§I0 ‘ - 205, o :



0e¢023
0.096
0.118

[T & Xo]
0180

Oel3232

Oe264
0¢309
00363
Oe417
0e477

© 0e537
. 0608

0.681

0.769 -

0e 846
0933
I.030
fela1
Ie224
.1e334
" Y e426
- Ie530
10653
30765

‘18790 .

14999

"BeX16

"3e331
"2e364
S 3e479

Oe0IQ

- 0s035§
v°.°57
-0e080

Oellz
" 0161
" 0e216
04386

0.362'
00437

Polypropylene (135.50°C).
H(0)=H(T) (CM.) TIME(MIN.) H(o)-H(T)(CM.) TIME(MIN.)

5
10
I1I
b §-!
I3
14
15
16

. 17
18
19
20

21
33
23
24
Y
26
‘27
‘28
‘39
30
31

. 33

- 33
34

35,

36
37
38

39

N Polypropylene (149.30°C).
“H(o)-H(T)(cM.) TIME(MIN.) H(o)-H(T)(CM.) TIME(MIN.)

\,

120
155
185

' 31§
245
‘378

305

335

365

395

"2.607
3727
"2.859
2.985
3¢I10
322§
3355
3e470
3581
3717
32946
4051
4154

44373

4375
4473
- 4568
4648
4734
40816
: 4c889
4963
50037
5.109
54236
5¢339
5¢418
5554
5e706

Se751
5-768

- 5e021
S5e154
54370
, 5+378
50498

50865.

6166

6.909»‘

60939
6.970

40
41
42
43
44
435
46

47

48
49
51
52
53
54
55
56
- 57
58
59
60
61
62
63
64
. 66
68

70

75
97
120

135

1355
1385
1415

1445
1475

1695
1815

"2895

3075
4335

171



Polypropylenc (137.04 °C)

172,

H(°2CM>H(T) TIME (KIN.) H(°2CM)H(T) TINE (1IN )
0.018 7T 2.603 54
0. 034 9 2.691 55
0.063 11 2.786 56
0.097 13 2.871 57
0.141 15 2.956 58
0.193 17 3.047 59
0.250 19 3.141 60
0.323 21 3,227 61
0.360 22 34311 62
0.407 23 34400 63
0.453 24 3.482 64
0.501 25 3.575 65
0.551 26 3.658 66
0.603 27 3.738 67
0.656 28 3.812 68
0.710 29 3.887 69
0.767 30 3.966 70
0.825 31 4.047 T1
0.890 32 44125 T2
0.951 33 4.195 73
1.017 34 4.271 T4
1.081 35 44349 75
1.151 36 4.410 76
1.215 37 44483 17
1.283 38 4.595 79
1357 39 4705 81
1435 40 4.789 83
1.506 41 4.373 85
1.591 42 44946 87
1.665 43 5.028 89
1737 44 5.095 91
1.831 45 5.192 94
14991 47 5.252 97
2.078 48 5.343 102
2.161 49 5.421 107
2.251 50 5.502 117
2.338 51 5.576 127
2,427 52 5.582 157
2.521 53 5.617 187

5.771 1027
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Polypropylene (138.98 °¢)

H(o) - H(T) o e Y| H(o) - H(T)

( (cir) TIVE (MIN.) (o) TIVE (MIN.)
0.011 10 2.632 82
0.025 13 2.738 , .84
0.077 19 2.868 86
0.120 22 2.978 88
0.216 26 3.107 90
0.253 28 3.217 92
0.304 30 34344 94
* N -

'4 »

0.530 38 3.694 100
0.598 40 3.810 102
0.743 44 3.924 104
0.817 46 3.996 106
0.981 50 4.101 108
1.117 52 44217 110
1.163 53 44323 112
1.201 54 44434 114
14251 55 4.531 116
1.332 57 44635 118
1.386 58 4+720 120
R
1 '5 5 1 .

14573 62 5.046 | 126
1.674 64 5141 128
1.723 65 5,219 130
1+831 67 5.299 132
1.882 69 5.367 134
1.943 70 5.446 136
2.000 71 5.514 138
2.042 T2 5.578 140
2.111 73 5.676 143
2.167 T4 5.821 148
2.221 75 5.966 153
24335 T 6.043 158
2.395 78 6.232 203
2.506 80




0e014
Oe 039
00074
DelIXl4
0.158
0e225
0e2094
0334
0s371
0407
0e 441
Oe 486
0v534
00580
06 30
.00675
- De?581
00831

0.916 -

1004
1100
1190
10387
10383
“10486
14596
1.699
1.813
.10922

;20045

1320151
‘"Be369
-2;390

C TBeSIT

'50631

' .2.753 - .

\

Polypropylene (140.20°C).
H( )=H(T)(CM.) TIME(MIN.)

I0

20 .

25
30
35
40
45
47
' : 49
' L SI
53
55
57
59
61
63
66
69
43
75
78
81

84

87
90
93
96
99
102

105

108
III
114

117

‘%320

123

H(o)=-H(T)(CM.) TIME(MIN. )

'30885

"24908
3.!26.

30346
30362
34485
3.613
34733
3.850
34969

4.080

4« 196
4303
4419
Le533
4.629
4730
4953
5.084
5-143
50338

Se4II

Se514
5773
5877
5985

64078

6.176
6.358
6‘317

- 6ed44
60543"
6.6062

6.693

. 6,708

126

129
132
135

138
141

144
147
150
I53
156
I59
162
165
168
171
174
181
184
187
193

196
200
210
‘2158
‘220
‘2258
330
335
‘240
‘aso

a6o

270

300
330

174
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Polypropylene (143 54 °C) S=9%.
(0)-H(T)(CM. TIME(MIN. H(o)-H(T)(CM ) TIME(MIN,)

0,013 10 1903 50
0e036 15 3,005 . 5z
04063 18 3,099 53
0e 090 320 2,195 53
OeI 33 : 323 36393 54
0eX73 . a4 34389 o 55
Oe 335 ’ 26 3,481 56
0303 28 2.585 $7
06384 30 2,684 . 58
0.438 3 2,786 59
0e 478 33 2,885 60
0e533 33 3.982 61
0,588 34 34075 63
0.651 . 35 34359 64
0719 36 34439 66
04784 37 3.6I1 68
00856 38 3767 70
0e934 39 3¢924 : 73
14010 40 4.051 74

10093 41 40174 76
1173 43 4¢399 8o
I.359 43 4679 85
Te341 44 4+906 90
Is+439 . 45 , 5133 ‘ 9s
Te532 46 5317 . 100
1,617 . 47 54463 . 10§

Teoz 49



176

- Polypropylene (147.94°C) S=l4%.
H(o)=H(T)(CMe) TIME(MIN.) H(0)=H({T)(CMe) TIME(MIN.)

0,008 : 10 2,562 90
0e 03§ 20 2,687 92
0. 051 35 3.813 94
04091 30 3,943 - 96
0e138 ‘ 34 3073 } 98
0.1x88 38 3eXg6 C 100
0e 3323 40 3e 309 103
0e 363 43 30433 104
Oe 310 44 3¢5312 . 106
Oe¢ 350 46 . 3e630 108
' 0e 409 48 3737 110
Oe 469 50 3¢ 839 113
Oe 530 53 30931 114
0e 592 ‘ 54 4¢ 008 116
0.665 56 44096 118
0e743 58 40176 130
00831 6o 40351 133
0.917 62 40336 135
I,018 - 64 4481 130
I.118 66 4e607 ' 135
Ie.319 68 4e7 35 140
1.339 70 4e¢ 829 145
Ie44I 73 - 4e907 150
I1.554 74 Se017 . 160
1677 76 5e101 170
1795 : 78 5164 180
I.919 - 8o 5e315 . , . 190
3.045 83 ~ 5e355 300
3.180 ‘ 84 50386 310
N 3,310 86 50598 700

2.424 88



' Polybutene 3105.10°c).
H(o)=H(T)(CM.) TIME(MINe) H(o)=H(T)(CM.) TIME(MIN.) 177

0e016 35 I.3I0 245
e 031 : 33 1357 ' 250 .
0e 059 ! 70 I1e391 ‘ 255
0el133 90 . Te436 260
00,183 100 1.481 "~ a6g
0588 . 165  Xe533 370
0766 ' . 185 I1.584 280
0,818 190 24656 295§
0,871 202 I.709 310
0e943 320§ 1.760 . 335
0.984 210 1.853 365§
I.031 315 I.875 375
14074 azo I.893 385
I.116 : 233 3,003 495
I1e3209 235 32,018 555§
1359 ' 240 24066 1395

97.31°C).
H(o)-H(T)(CM.)P%%gE%g?ﬁ?)( 3(3 -ﬁzr)(cm.) TIME(MIN.)

0e 024 S 0e 894 : 53
c.058 . 30 0.973 54
0,083 23 I1.063 56
c.I0IZ 24 1149 58
Oe 13§ ‘ 36 I.235 6o N
0c.160 - 28 I.333 62
. 06197 30 1¢399 64
Oe 247 33 I1.476 66
0¢384 ' 34 1.533 68
0¢333 36 1.583 70
0,288 38 1.691 75
Oe 444 . 40 1763 : 8o
Oe 507 43 1«855 90
00576 : 44 I.8g90 100
0.653 46 - 1938 135
0e 731 48 2946 170

0. 809 5o



P -

' Polybutene (98.47°C).
H(o)-H(T)(CM ) TIME(MIN-) H(o)-H(T)(CM.) TIME(MIN ) 178

0,008 10 0.816 P 74
0s034 30 0e864 76
0,056 - 30 0eQIfS . 78
0. 073 T 33 0e974 8o
0,088 34 I«033 82
o.I08 36 1,093 84
Oe 127 38 I1sI40 86
OeIS54 40 I.207 88
Cal74 42 I.366 90
0e195 , 44 14311 93
0,218 46 I.371 94
Oe 347 48 10416 : 96
0s 284 50 I.465 98
O« 331 ' . 53 Ie499 ' 100
Oe 353 54 Ie575 L)
Oe 391 56 I.635 IIo
Oe 4323 . 58V 1.678 11§
Oe 471 6o 1.716 130
Oe5IS 62 1750 135
0+.560 64 1.776 - I30
0e 607 66 I1.785 I35
0e653 - 68 1.795 . 140
0e703" 70 . Is819 150
0.761 72
Polybutene (98.88°C).

H{o)-H(T)(CM.) TIHE MIN.}I H(o)-H(T)(cM.) TIME(MIN.)
OeOII 10 0e939 90
0. 019 20 0e993 ~ 93
0e 053 30 14032 _ 94
0e071 ' 35 I1.08¢9 96
0e086 40 I1.136 ‘ 08
OeI45 ' 45 1,189 100
QCel77 50 Ie340 103
Oe 314 53 1,288 104
Oe 246 56 I.356 - 107
Oe 273 58 Ie439 110
Oe 303 ‘60 14467 113
Oe 330 63 I1.504 ‘ 114
0e 375 64 I.540 - 116
O 418 66 Te571 118
0e 463 68 1,603 130
0e494 70 I.673 136
Oe 526 7a 1,710 . 130
Ce574 74 1.784 140
06137 77 1.858 155%
0.695§ 8o I.891 ’ 165
0e748 83 I.908 180
0e791I 84 1.928 _ 3205

04847 86 1937 350
04886 88 ’ . 5



HOo)=H(T) (e ) TiE( ) Hlo)-u(T)(eM.) TIME(HMIN.) 499

4

Ne0O3] 55 I.384 : 150
De027 ) 1,464 In

0.061 35 I.598 ek
DeI11 75 1.667 210
0.136 Lo 1,742 215
0,161 &z 1.786 220
NeIN2 00 I.841 20
04227 25 1.883 ' 270
0,265 100 1.014 225
0. 5300 : 10§ 1,048 240
04356 110 1,979 a5
0e /00 11§ ‘ 2. 000 250
Ne 50 , I20 2,021 2¢5§
0,506 125 24058 265
04578 130 2,156 360
0,631 155 2,225 . 410
0,684 140 2,270 4905
1e245 180 2.285 , £5s
I.315 185 2, 361 1275

| " Polybutene (101.54°C)e.
Hlo)=H{T)(m1. ) Tine(min,) Hlo)-H(T)(CM.) TIME(MIN,)

0.027 45 T4521 230
035 I35 1,387 235
Ne 70 150 1.438 240
0.501 140 1,065 260
De504 . : ‘ 155 I.721 ‘ 265
n.604 163 1.768 270
04667 ‘ . 170 I.820 275
0704 : 175 1.868 280
0e756 180 T.QIlI 285
n. 807 185 I.060 ' 290
2.853 150 I1.993 203
0.015 © 195 26032 500
0e0732 200 2,058 505
1,050 . 205 2,102 315
I.099 210 2.150 325
1.I55 : 21§ 2.180 355
I.220 : 220 2.476 1385

1,266 225



180

H(o)-H(T)(CM ) %?ﬁg?ﬁﬁrfﬁp5if?bfﬁh(r)(cu.) TIME(MIN. )

0e 009 6o 0684 585
0e0I§ 90 0e735 600
0e 023 130 06771 630
0e0312 150 0.804 630
0s 078 : 340 0e 845 645
0. 109 : 370 0.865 _ 650
0e137 . 300 0e 894 €60
0e169 330 . 0e9I19 670
0e197 350 0e954 68o
0e318 370 0e984 690
0e357 390 I.033 703
0. 306 _ 430 14045 7t0
oe 369 453 1075 730
% 397 470 Terz4 735
- 00506 516 3.435 . 1450
0e§ 35 " 53§ 34505 ISIo
0e554 540 3¢539 1570

Polybutene (107.08°¢).

H(o)~ h(T (ona) TLECL)  wle)=(T) (i) Tins(nn)
Ne022 53 1.100 1565

Den3y 2Cs I.1.42 1z2c

04052 139 T or.17% 1545 .
0,088 595  ‘2.512 29 35

0.IXI . 653 2.567 3095

0e 863 143 . 2.595 3213

0. 897 1465 2,614 3298

0eD 44 . 1495 2.690 4285

0.983 . 1525




Poly-(ethyl xid 58.23°C) S=14%.
H(o)—H(T)(c?a.y) ('ﬁmh&ﬁﬁ)oxn(eo))-(ﬂ(r)(cn.)) TIME(MIN.) 181

0,056 - ' 2 2156 54
0e107 4 34360 ) 56
0.184 7 34355 58
Oe 357 Io 2457 -60
Oe 345 . I3 2.553. ‘ 62
Oe 431 16 2,641 64
e 530 ‘19 24736 66
06642 22 2.817 68
0e71I0 - a4 2,900 70
0.784 . 26 36061 ~ 74
0,868 , 28 30437 84
0e950 v 30 - 3e593 89
1,048 33 3710 93
Tel4o0 34 34796 96
. Ie2336 36 30895 100
Ie334 38 40043 106
Ie430 40 4133 Iro
1533 43 44353 116
I.631 44 4e337 1320
Ie738 46 40471 Iag
I.844 48 4e560 , 138
14949 5o 4¢639 I40

34054 . 53 6034 1580



‘00017
00036
0.064
Oe128
0.184
De 3612
06353
00466
0e 604
Oe 703
0. 804

00933'

1049
I.I80
I+ 309
Te447
I.584
1.734
1,883
2,043
2,199
3¢ 347
3.508
3,663

2¢7 41
3,823

. ' 3.968 .

30048
30136
30309
30384
30363
30430

thyl id 53.77°C
H(o)-H(T) CM(e) T%M%I%%!ONX-)G) (

H(o)-H(T)()CM.) TIME(MIN.)

34587
30733
3874
30953
40017
40148
40375
40 400
40513
40634
40738
4.885
40983
54071

, 5.316
5306

Se 434
S5e507
5e609
54678
5773
58623

5997
6,066

60159
6,281
6.350
6o 433
6.798
6,867

64899

66944 -

6.963

73

.74

76
77
78
8o

24
88

90
93
935

97
100

102
105§
107
I10
112
11§
118
133
126
130
136
140
145
Ig90

‘3210

330
a6s
3z0

182



oly-(eth o14°C). . .
H(o)-H(TPio(;g'I. e'rlllc'xlize(%'(elr?.x)ide}i)(o()s—lﬂ(11‘4) (CC)M.) TIME(MIN.) 183

" De02§ 3 44657 _ 39
OeII4 6 4e722 . 40
04164 7 44779 - 40
0e3373 . 8 44831 ' 41
0e2906 o] 4808 41
0e474 II 440954 42
0583 iz Se0I0 . 42
0699 13 5059 43
0.822 S 14 SeI1b © 43
I.122 E ' 16 §¢172 . . 44
Tea72 o 17 5e215§ T 44
Ie425 18 5265 : 45
I.505 I9 Se31o 45
r.s590 ' , 19 5¢357 : 46
1.670 ' 20 5485 47
Te75I - 20 ' 5561 - 48
10828 . 23 ‘ 5.719' . . ' 50
I.920 . 31 5¢793 st
r.998 . 22 54858 ‘ 52
'2.086 - T az 5032 ' _ 53
. 2e433 B . 24 59081 : 54
"2eS51I 25 . 64038 55
"2e595 ' ‘, 25 . 6087 ‘ 56
"2e677 ‘36 2.132 5g
307 6 v . ‘26 «ICQ : 5
'z.gig : ' a7 2.234’ . gg
"hel2 . -] 032 . ' i [o)
3e010 - : 'zg _ 6.413‘ 61
30095 . 28 6e453 . 62
30174 S 20 . 64481 T 63
3¢339 . ' . 30 6es1s - €4
3487 . 31 6e546 65
3642 S 32 . 6575 . 66
3717 : 33 6e508 . . 67
3788 . "33 - 6643 S 69
... 3e8s7 . 33 6e713 Y 72
13929 . _ 34 6e.758 C 75
32993 - . . 34 . 6.815 - - 79
. 4e065 35 "42-358 | | 85
4el40 .. . 38 ) «8903 . go
4e206. .. . 36 6917 05
he277. : .36 6+964 115
4e474 - 38 64985 140 .
- 4e527 -~ . . 38 74007 o . 18§

A‘4f594 - . . 39 . 7e046 . 300



- f.”,‘-f' H(o)~H(T)(

0.026
0.056
00098
0148
0eI03
0e241
0299
0.368
De433
0« 499
0579
0e651
Of884

1
Ty

H{o)=H(T)(

0077
0+X06
0.138
0168
00185
0e234
1 0.285
‘00310
'0-409.
0439
.0e488

e e T m e T T C

0.905
“Ie081
Iel2r~

1.265

Ie322
. I.503:
. 14537

Poly tyrene (180,0

cn ) TIME(MING)
23
a8
33

48

H(o)=H

0.936 .
J«OII .

I.OQQ

I.139
1,188

10240

1.287
10384
I.431
I1.464
I.491
1674

Polystyrene (203.4°C

CM.) TIME(MIN)

6o

175

: 100
" 115§
©o125%

165

195

210

255

270

“290

" Oe551

00634
0.6%2
0757

©0.7903
00834

0-859'
‘00881

0.9tz
24061 .

ystyrene (209. 7° )e

—PoL
H(o)-H(T)(CM ) TIME(MIN.)

885
990
1025
CIT45
1a3s
1385,
1415

(o
IoSBO

2.171°
'20255

2.259‘
‘24262 .

2.399

“3e315 i

3Zcm,) TINE(MIN.)

98
103 .
110
113

- 118
123
- 128
133
138
143
148
153
893

H(og H(T)(CM ) TINE(NIP )

315
347
360
393

. 406
420
. 430
440
450
189c

' 184

(I)(éM-)‘TINE(MIN.) |

1445
2315
2375
2435
T 2528
2630
3705



'
e e b ——

‘ H(o)=H(T)(CM.) Tfhgﬂ?ﬁf?f gﬁ?%'ku1%(cm ) TIME(MIn.) 185

00025 25 0.944 : II0
0+.053 : 30 I1.008 11§
0.084 .35 I.063 , 120
0.116 ' 40 Ie3I4 145
00148 , 45 1.356 ) 150
0.188 50" I.403 IS5
'03236 55 I¢574 ' 183
04703 92 1,626 . 195
0e741 o 95 1.643 -~ . 205
v.809" 100 1645 210
) 0.879 - . . 10§ 1656 1030
‘ N ystyréne
H(o)=-H(T) (CM. ) ( i) (fz) H(%s(cm ) TIME(MIN.)
0.022. I 40 0.787 ‘ C 245
0003‘9 ) 6o 0.807 . 255
0.064 75 ¢ 0.800 . , 275§
0.086 ‘ 85 0.968° 290
0eI17 . 100 I.042 . 305
0.158 115 o Ier2q .. 32§
" 06203 ‘ - 136 I1.199, . 342
. 0.2339 o 140 1.234 . 360
05288’ . 155 1‘275‘ ) 370
0351 170 Ie313 380
0.413 185 Te448 . 400
0.458 195 1849 1160
0+ 504 305 ‘ ‘
VIR U ‘
T

~T T T Polystyrene (175.0 )
H(o)-H(T)(cn ) TIME MIN.) R(o)-H(T) (CM. ) TIME(MIN.)

o 0.030 T § 0.884 Y

:  0.0673 L I5 T 0.963 o 95

L ©0.008 . . o '20 I.030 " 100

. 0e133 ... 25 . I.100 . 10§

- 0176 , . - 30 IeI7I: ' 110

; ©0.218 35 1.229 R & &1

B 0e25I ‘ .+ 40 " I1.283 - I20

0e292 . ' 45 . . . I.334 . 125

06322 o . 47 . 1.378 : ‘ 130

‘ 04355 : 50 1.414 135§

; . Oe§46 65 I¢449 i S 140

AR 0.606 . 7o I.534 ‘ 150 -

‘ 0.684. ‘ 75 1.583 . - 160 v

"0e762 , . 80 . 1.632 175

0+824 T - £



e et

0.018
Oe043
0+I00
0eI28

OeIS5S

0.189
0e429
Oe4d b2
0e550

00040

0.088

OeI4l
00198
00285
04357
'00448
Oe 540

0+.589

0+643
Oe 700

ot 00755
0s801

0.629
'0.073
Y
0eX70
0214
Qe292
" 0e323

0.362

Oed4lI2
W~°.462
Oe529

0e582

0650

0.705

. 0773
0.841

‘00908

.0+969

'

olystyrene (149.06°C
H(o)=H(T)(CM.) TIME(MIN-)

20
30
40
50
60
70
12§
I35
145

r01yatyreﬁé'(159 3 C)
H(o)-H(T)(CM.) TIME(MIN )

30
40
50
60

' s
8o

,90

100

- I05
110
I15§
120

125

Polyatyrene_(171.18 c).

H(o) H(T)(CM ) TIME(HIN ) H(o)-H(T)(CM ) TIME(MIN )

15
20
‘26

31
35

40
45

50
55
65
70
75
8o
85

. 90

95
100

60,'

H(o)-H(T)%CM ) TlME(MlN )

o.614,\

0e971
I1.627
1.089
1.264
Ie319
1.371
1.494

.1.536

H(o)~- H(T)(CM ) TIME(MIN )

0.861
Oe072
I.075

I.164

Ie243
Ie320
I.391I
l1e440

lIo483

I¢5I9

- Ie553

1575

I1.034

" 1e101

1.155

"1-219‘ 
. ‘1286

I.333

I.379
-10425
10468'
ITeSIT7

I.546
I«570

‘14619
1.677 .

1.695

o 10720'.
"Te729

155

"20%

215§

‘2258

260

275

300
360
390

130"
140 .

150
160
170

180

190
200
210
220

‘230
‘260

105
110
115
I20
12§

I30

I35
140

145

150

IS5
160

1170

180
160
200

210

186
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(Reprinied from Nature, Vol. 198, No. 4871, pp. 2—758
Aprll 20, ]963)

QUANTUM EFFECTS IN DILUTE
_ SOLUTIONS
By IAN H. HILLIER and Dr. JOHN WALKLEY

Department of Chemistry, Imperia!l College of Science and
Technology, London, S.W.7

TTYHE possibility that quantum effocts aro obsorved in

the thermodynamic solubility properties of hydrogen
and deuterium is suggested by two recent investigations.
The first of these! is tho examination of tho saturation
solubility properties of tho two gases in a wido range of
non-polar solvonts. Tho socond?® is the measuroment of
their partial molar volumes, but in a more restricted
solvent range. The data portinent to thoese investigations
are given in Table 1, and it may be seen that oven at
room temperaturcs a measurable difference in propertics
"is found for the two gasecs in a given solvent.

Table 1. MoLE FRACTION SATURATION SOLUBILITY (ry) AND PARTIAL
MOLAR VOLUME (1}’ C.C./MOLE)

Hydrogen Deuterium
Solvent Ty X 10* Vs e x 100 Vs
C: 16 14-007 544 14-427 52-9
CCly 3103 — 3-280 —
C,ell, 2578 353 2-G55 32-7

Tn the fluorocarbon solvent the two solutes exhibit a
rolatively high solubility and a large partial molar volume
wheroas in benzene solvent the lower saturation solubility
is accompanicd by a smaller partial molar volume. Such
differences are in accord with tho concept that the gas
moloculo sits in a ‘cavity’ in solution, such a model having
beon oxploited recently in the application of a classical
froo volume® or cecll theory* to the prediction of tho
solubility properties of a wide rango of solutes in non-
polar solvents. The theorics wore nocessarily restricted
to classical systomns as tho prediction of tho prepertics of
a solute molecule of sufficiently small mass as to oxhibit
quantum behaviour awaits the evaluation of a cell model
for a system oboymg quantum statistical mechanics.
The evaluation of the approximate uniformm potential
model for a single component quantum system shows
this to be possible’ and the oxtension to the full Lonnard-
Jones coll modoel is now in hand. It is usoful, however,
to investigato tho theoretical likelthood of quantum
behaviour in dilute solutions, and the recent investigation
of tho cell model for a system of quantum hard spheres®
allows this to bo done.



I a recont paper, Smith and Walkley® have con-
sidorod the mixing process for a diluto solution to tako
placo through tho formation of a hypothetical soluto
liquid of internal pressuro identical to that of the solvent.
The analogy to tho Hildobrand regular solution process®
for dilute solutions is obvious and will bo discussed in a
subsoquont paper.  Tho advantage of tho proposed
‘equivalent internal pressure’ theory is that the formation
of the solution. the mixing of the hypothotical lquid
soluto with tho solvent, requires no further volumeo
change of tho systom. It follows, then. that the molal
volume of the soluto in tho hypothetical liquid state must
bo identical with that of the partial molar volumo of the
soluto in tho final solution, and this equivalence acts as a
good eriterion for the validity of the model. An oxcep-
tionally good agrcomont botwoeen the theoretical molal
volume and the oxperimentally measured partial molar
volume was observed for a wide range of (clasuca])
soluto-solvent systein®.

Tho equation of state for this hypothetical ‘equivalont.
intornal pressuro’ liquid solute was developod from a
uniform potontial model and may bo writton:

p = NEIP@InVjov)p — [1' (OpjoT)y — p]
where the internal pressure of the solvent is dofined as:
(8B[2V)p = [T(@p[dT): ~ p]

The full derivation of tho classical oquation of stata s
discussed olsowhere?, tho free volume mtogral (17) roduces
to that for a sy thlIl of moleculos of hard sphoere diameter
¢ confined to a cell by neighbouring molecules cqui-
librium distance a apart:

(rl — o)

Vy= _|' 4nridr = 4n(e —06)%/3

The tinal equation of stato may bo written:

-3

(VT = [1 - 1;; (a},/ai').-*“:i

where the definitions Ve = Ne3 and 1" = Na® are usod.
It is obvious that as 17, and (9p/01"). are uniquely defincd
by the chosen soluto-solvent systom then the molad
volume (1) may bo calculatoed.

The forogoing equation of state may be obtained by
balancing T'(0p/0T), against tho pressure gonerated by a
systot of hard sphero molecules”.  If this is dono for a
systom of hard spheres bohaving quantum mechanically
the free volume intogral must bo replaced by tho Slater
HUI

Qou = L gi exp [ — EijkT]
1)



where Hyy = By, Hi being the total Hamiltonian for the
givon molecule confined to its cell, and E; the total energy
of tho molecule in the #th pigen-state. The equation of
state for the system becomes?:

[(@p/oT)u/NE] = , :
{Z2[.4n42/T(V*§ — DI (V*)3 [exp — An2/T(T *} — 1)3]
l Zexp — Ang[T(V* — 1) |‘
‘ p : )

The derivation of this equation of state was given in a
recent paper®, where it was shown that it was a valid
approximation to replace the spherical cell by a cubical
cell of equivalent free volume, that is, of side-length L
where:

L® = (4r[3) (V% — V.bp
allowing the quantum partition function to be writton:
Qqu = [T oxp [ — Ane/TL]?
)

whore A = (h%/8 mk) and ny = 1, 2,3 ... 0.

The equation of state given hero for a hypothetical
liquid (quantum) solute may be solved for V, (V* =
V| V), for givon values of (9p/0T)» and V, at any required
tomperature.  Assuming the hard sphere diameter of
hydrogen and deuterium to bo 6 = 2:92 A the classical
oquation of state may be solved to give the molal volume
(Ver) at 25° C as 39-7 c.e./mole in the fluorocarbon and
30-5 c.c./mole in benzenoe solvent. It is possible to regard
T, as the volume of the solid at a low temperature, given
as 23 e.c./mole for hydrogen and 20 c.c./mole for deu-
torium. From the classical equation of state using theso
values of V,, that is to introduce a quantum differenco
through Vg, the molal volume values (¥y,) for hydrogen
and douterium are predicted as 51 and 48 c.c./mole,
in the fluorocarbon and 40 and 37 c.c./moles in benzene,
respectively. From the quantum equation of state,
assuming V, = No® = 15-11 c.c.fmole for both hydrogen
and deuterium, the molal volumes are 457 and 44-3
c.c./mole in tho fluorocarbon and 35-8 and 33-4 c.c./mole
in benzene solvent. . The foregoing results are given in
Table 2 together with the oxperimental partial molar
volume data.

The good agrecement between the predicted molal
volume ( Vi) and the experimental partial molar volume
- (P,) for solutes behaving according to classical statistics?

Table 2. MOLAL VOLUME AND PARTIAL MOLAR VOLUME DATA FOR HYDRO-
GEN AND DEUTERIUM AT 25° C

System - Vo Veo Vou Va (exp)
Hy-CiFye 39-7 51 457 544
Dy~CoFys 30-7 48 44-3 52.9
H,-CH, 305 40 35-8 353

D,-CH, 305 37 33-4 32-7



contrasts sharply with tho complete lack of agroomont
botween Ty and 7, (exp) for tho solutes hydrogen and
dentorium.  The possibility of quantum behaviour is
emphasizod by the comparison of both V., and Ve, with

.. Tho agreemont of Vg, with the oxperimental partial
molar volume for the two gases in benzone solvent lios
within the experimental orror and in tho fluorocarbon
solvont tho somowhat lower gy values rofleet a tondoncy
notod for classical systems that in this solvent the pro-
dicted molal volume is obsorved to bo somowhat suialler
than the experimental partial molar volume.

It is to bo expectod that quantumn effocts of this naturoe
are moroe likely to occur at lower tomperatures, and in
investigation of the thermodynamic proportics of hydro-
gon and deuterinm in liquid argon, Halsey has again
showed possible quantum  differences to exist?.  An
accurato valuo of the internal prossure of liquid argon is
not available, but an estimate of this may bo obtained
from tho onorgy of vaporization®. Assuning thoe onorgy
of vaporization to bo 1-39 kecal at 87° K a value for
T{op/oT) of 49 calfc.c. is obtained at this temperaturo.
Using tho quantunt equation of state, the predictod molal
volumnes of tho hiypothetical ligmid solnde are 31-2 c.c./mole
for hydrogen and 294 c.c./molo for douterium. Theso
-alues  comparo most favourably with the reportod
oxperimental partial molar volumo value of 30 c.c./molo
for both hydrogen and douterium, as it is unlikoly that
the difficulties of the experimontal measurement at theso
low tomperatures would allow the predicted quuntuin
difforoncos to bo obsorved.

Wo thank the University of London Computer Unit
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the quantun equation of state caleulations were mado.

1 Coo(kh_ll). W., Tanson, . N, and Alder, B, J., J. Chein. Phys., 26, 748
1957},

* Hildebrand, J. H., and Walkley, J.. J. Adwmer. Cheni. Soe., 81, 4439 (1050),

? Kobatake, Y., and Alder, B. J., J. Chein, Phys., 66, 720 (1062).

S Walkley, J. (to be submitted to Z'rans. Faraday Soc.).

¢ Hillier, I. H., and Walkley, J. (unpublished results),

¢ Hillier, I. H., and Walkley, J., Trans. Furaday Soc. (in the press).

?8mith, E. B., and Walkley, J., J. I'hys. Chen., 66, 597 (1962).

* Hildebrand, J. I, and Scott, R. L., Regular Solutions (Prentice Hall,
Iuc,, 1962).

*Valk, H., and Halsey, G, D., J. Chein. Phys., 83, 1132 (1060).

l’riﬁtc;i in Er}at ii:ilul:u 6}'—I:isllc-r, Knight ‘&’66.. Lid., St Albans.



]:. H{u\'c-:—.

A QUANTUM HARD-SPHERE EQUATION
OF STATE

By
I. HILLIER AND J. WALKLEY

Oftprinted from the Transactions of The Faraday Society,
No. 485, Vol. 59, Part 5, May, 1963



A Quantum Hard-Sphere Equation of State

By IAN HILLIER AND JOHN WALKLEY
Dept. of Chemistry, Imperial College, London, S.W.7
Received 16th August, 1962

Compressibility data for hydrogen, deuterium, ncon and argon have been computed using a
quantum hard-sphere cell model over a wide range of temperature and density. Values for the
exact spherical cell model and for the more easily computed, though approximate, cubical ccll model
have been obtained and compared. A comparison is also made with the classical hard-sphere cell
model.

The investigation of a cell-model quantum equation of state for a system of
hard-sphere molecules arises as part of a more general study of the P—V—T and
thermodynamic behaviour of molecules obeying quantum-statistical mechanics.
Previous investigations have been confined to the development of a quantum virial
equation of state ! and are thus limited to a region of low density. Recently, Levelt
and Hurst 2 have investigated the possibility of developing a quantum-mechanical
cell model for particles interacting with a Lennard-Jones 6: 12 potential. Hillier
and Walkley 3 have examined both a uniform potential model and a similar model
but with a perturbation term, both models through their simplicity allowing thermo-
dynamic data to be obtained over a wide range of temperature and density.

The imposition of a formal interaction potential and the limitation to pair-wise
interactions greatly restricts the value of equation-of-state data developed from a
cell model. Smith and Alder 4 have shown that such models may be improved by
the use of a perturbation theory which relates the equilibrium properties of one
system to those of a system whose molecules interact with a slightly different potential.
For the high density region it is pertinent to use a free volume theory and apply
some appropriate perturbation potential to this. The free-volume theory for a
system of hard spheres is exact under conditions of high density 5 and so acts as a
good basis potential for a perturbation calculation. The present calculations are
concerned only with the evaluation of the free-volume theory for a system of quantum
hard spheres as this allows an examination of the assumptions to be used in the
extension of the model and indicates the range of conditions over which it is necessary
to use quantum-statistical mechanics.

The solution for the energy levels from the wave equation describing a particle
moving in a potential field in a spherical cell can be complicated and it is often not
possible to obtain an analytical solution. A simplification by Hamann 6 is to replace
the spherical cavity by a square-potential box of equivalent volume thus simpli-
fying the evaluation of the energy levels. For any realistic potential it is difficult
to assess the validity of this approximation as superimposed upon the difficulty of
determining the effective spherical potential cell size is the use of a different expression
for energy eigenvalues and the possibility that the use of a cubic box limits the
accessible volume giving rise to a higher pressure term. The hard-sphere model
allows not only an exact solution of both the spherical and cubical approximations
but also the same free volume can be used in both cases and a comparison over a
wide range of temperature and density can be made.
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FUNDAMENTAL THEORY

For a classical system of molecules the kinetic energy 21)%/2111 and the potential

energy ¢(r™) contributions to the overall Hamiltonian may be considered separately,
only the latter term depending upon the configuration of all the particles of the system.
Integrating over the momenta, the configurational partition function becomes

Oy = (N!)'ljexp [—¢(™)/kT]d:",

allowing the complete partition function for a system of classical particles to be written
Zey = QCumkT[#*)*N2Q,.

The theory fundamental to the development of the quantum partition function is
discussed in the study of the uniform potential model;3 only the necessary outlines
will be mentioned here. For a system obeying quantum-statistical mechanics, it is
not possible to separate the total Hamiltonian for the system into a kinetic and poten-
tial energy term. The system can only be represented by a wave function ¥(r%, 1)
defined by the appropriate Schroedinger equation, and the partition function must
be formulated in terms of the total Hamiltonian operator. If, however, the energy
eigenfunctions are so chosen that Hy; = Epjy, where E; is the total energy of the
ith eigen state, then the partition function can be written as the simple * sum-over-
states ”,

Zgy = zgi exp (—L;/kT),

where g; is the degeneracy factor.?

The equation of state for the system can be developed from the volume derivative
of the partition function,

Pa=kT(CIn Qy/0V)r.
The quantum pressure term, evaluated similarly, is
PQu = kT(aZQu/a V)T/ZQU'
the volume derivative, for the present quantum model, being evaluated from the
functional expression for the energy levels.
FREE-VOLUME EQUATION OF STATE

For a system of hard sphere molecules of diameter o, the interaction potential
energy ¢(r) of a molecule within a spherical cell with its cnvironment is given by

¢(r)=0, O<r<(a—o),

¢(r) = oo, r>(a—o),
where r is the distance of the molecule from the centre of the cell. « is the equilib-
rium distance between neighbours, related to the volume per molecule by v = a3,
and vy = 63,

With the usual assumptions of a cell theory 8 the partition function for a system
of classical particles is

Oy = (dn3)(v* —v3)*
and the hard-sphere equation of state may be written as
pVINET = 14+ (¥4 —1)" 1,

where v* is the reduced volume defined for a system of hard spheres, viz., v* = vfvg.11
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In the above development the configurational integral is considered as the product
of one-particle integrals, evaluated for one particle per cell. For the development
of the quantum equation of state, a similar one-particle theory will be assumed and
the Schroedinger equation for one particle restricted to a spherical cell solved for
the necessary expression for the energy levels. For the hard-sphere model, by
transforming the wave function to appropriate polar co-ordinates, the solutions
to the equation may be written = AP,™ (cos 0) exp (imd)(1/r)Ji44 (K(r), where
K = (2mE)}[h, Pj™'is an associated Legendre function and Ji,, 4 is a Bessel function.
The further condition that at the walls of the cell y = 0 (when r = R) imposes
the restriction upon K that Ji,.1,(KR) = 0. The energy levels are thus given by

E = (h’C,[8mR?),

where R is the radius of the effective cavity and C, is obtained numerically from the
zeros of the half-integral order Bessel function.12 The degeneracy of each level is
(2p+1), each value of p giving rise to an infinite number of energy levels. In
practice, it was sufficient to include only 10 secondary quantum levels for any given
p value, the convergence in these levels being extremely rapid.

The quantum partition function for a hard-sphere molecule in a spherical cavity
can thus be written as

Zou= Y, 2p+1)exp (—h*C,/8mkTR?),
p=1

where the radius of the effective quantum cell is given by
R = (v} =v}).

Rewriting the partition function in the form

w0

Zou= Y, @p+1)exp [-AC,/T(V}-V§)],

p=1
the compressibility term becomes
oV Y23)2p+ YACITYV =V (V) exp [~ AC,/T(V*—V §)*]
p .

N&T Y(2p+1)exp[—AC,/T(V -V )]

This expression is most easily evaluated in terins of the reduced parameters 7% = k7Js
and V* = V/[V;;

oy TP+ DO C TV =173+ exp [~ D*C,I TV ~1)']

NKT Y (2p+1) exp [— D*Cp/T*(V*$—1)?]

where D* is a dimensionless parameter defined as D* = (h2/8me)(Vo)~%, where & is
an energy reduction parameter, not strictly applicable to a hard-sphere system, but
used to give a suitable temperature scale for computational purposes. This equation
of state refers to a particle restricted to a spherical cavity but the model does not
lend itself easily to mathematical manipulation.3 A considerable simplification is
obtained by replacing the free-volume spherical cavity by an equivalent cubical
cavity, that is, to assume the particle is restricted to a cubhical box of volume L3,
where L is defined as

L* =4n(a—0)*3 = 4a(V¥-V3)[3.
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For a hard-sphere particle in a cubical box, again assuming that y; = 0 at the walls
of the box, the energy levels of the system are

E=E+E+E_ = (ni+ni+n2)4/L?,
where
A=(?8m), and nyop o =1,2,3,4,. .. 0.

Assuming symmetry within the box the quantum partition function can be written in
a form analogous to that for a spherical cavity and is given in reduced parameters as

Z¥ou = {Xgiexp [—Conf[ TV = 1)"])3,
where
C* = (h2/8m) (4nVy/3)3.
The equation of state for a particle in a square cavity thus becomes

oV 220 [CHnf | TV =17 J(V¥)¥exp [ — C*nf [T*(V** — 1)7]

NEkT Zg,. exp [— Cin2[T*(V*3—1)?]

The difference between this and the similar expression for a particle in a spherical
cavity lies, essentially, in the degeneracy factory and the spacing of the encrgy levels.

RESULTS

The difference in the compressibility factor evaluated for the two models is illus-
trated in fig. 1, where a series of isotherms are plotted against I/V* for a quantum
gas of mass 2 (hydrogen). In the evaluation of all data the force constant (g/k)
for a 6:12 Lennard-Jones intermolecular potential and the molecular diameter ¢
values are those listed by Hirschfelder, Curtiss and Bird.? In particular, the values
used for hydrogen and deuterium are ¢/k = 37°K, and ¥y = No3 = 15:12 cm3/mole.

To evaluate the compressibility term, it is necessary to include sufficient energy
levels in the ““ sum-over-states ” that the addition of further terms does not appreci-
ably alter the resulting value of pV/NET. For the cubical cell model the formulation
of the cnergy levels allows an accurate valuc of this term to be obtained over the
whole temperature and density range studied. For computation, terms up to
n = 100 were used, and all values of the compressibility factor arc thus accurate
to the fourth decimal place.

The difficulty in obtaining the zero-order values for the half-integral Bessel
functions restricted the use of the spherical cavity model to a more limited tem-
perature range. All data were evaluated for this model up to and including encrgy
levels p = 14, n = 10, this limit being chosen such that convergence of the PV/NAT
factor correct to four places of decimal for a particle of mass 2 was obtained for
V*<2-0 for temperatures 7%< 10, that is, for densities appropriate to the region in
which the cell theory can itself be considered valid. For a particle of mass 4
(deuterium), an accurate evaluation to four decimal places can be claimed only for
V*<2:0 at temperatures 7% <5, For values outside this range, the convergence
becomes worse for increasing temperature and volume, and for the higher values
of T# and V* studied, because of the lack of convergence, the compressibility factor
for the spherical cavity model is too small by approximately 4 9%,

The approach to classical behaviour with increase of temperature can also be
seen from fig. (1) as the temperature-independent classical compressibility factor is
also included. A plot of the compressibility factor against the reduced temperature
for three values of the reduced volume (fig. 2), again illustrates the approach to
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F1G. 1.—Quantum hard-sphere

cell model. pV/NAT isotherm

as a function of the rccipro-

cal reduced volume. Cubical

cavity approximation: full

curve ; spherical cavity : dash-
dot curve.

Curve (a) hydrogen, 100°K ;
(b) hydrogen, 300°K;
(¢) hydrogen, 600°K ;
(¢) deuterium, 300°K;
(d) deuterium, 1000°K ;

(e) classical hard-sphere
cell model.
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2 F16. 2.—Comparison of quantum and
classical hard-sphere cell model.
z o \ ) pViNET (constant volume) as function
2z ﬂz b of the reduced temperature.
— s |
E cl Curve (a) V*, 1:398; (b) V*, 1-701;
sl ¥ () V*, 2:970.
H
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classical behaviour with increase of temperature. This plot also shows the * quantum
difference > apparently existing between hydrogen and deuterium as evaluated for
the spherical cavity model.

The slow convergence to classical behaviour (for a particle of mass 4 a con-
siderable deviation from the classical term exists even at 1000°K for densities of
about V* = 1-6) suggested an investigation of the quantum cquation of state for a
particle of mass sufficiently large as to be normally considered classical in its behaviour.
The quantum-mechanical compressibility factor was evaluated for both a particle
of mass 14 (neon) and of mass 40 (argon), and a plot of this term against 1/i"* over
a small range of temperature and density is given in fig. 3 and 4 respectively. The

PVIENT

0] ! | 1
C-4 [O}:) (X )
1/v*
FiG6. 3.—Quantum hard-sphere compressibility isotherms as functions of the reciprocal reduced
volume ; neon; {cubical cavity).
Curve (@) 50°K; (b) 100°K; (c) 200°K ; (d)classical hard-sphere cell model.

density range covered for the argon data (1:2<F*<2-0) is higher than for ncon.
The mass term for these gases was sufficiently large so that the equation-of-state
data were evaluated for only the equivalent cubical cavity model, using energy levels
to n = 200. For neon, a convergence for the pV/NET term was obtained for the
spherical cavity model at 7% = {-5; thc agrcement between this isotherm and the
onc derived from the cubical cavity model was better than for the lighter gases,
suggesting that the use of the cubical cavity model was justified for the hecavier
gases at the higher temperatures.

DISCUSSION

From the comparison of the cubical and spherical cavity models in fig. 1, agree-
nient between the two models is best at high temperature and low density and
it is only where the low cnergy levels are heavily populated that a restrictive differ-
ence between the two models occurs. The close agreement between the two models
coupled with the far greater ease of cvaluation particularly under conditions of high
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temperature (since the low density conditions are not suited to the use of a cell model)
suggests that the cubical cell model may be regarded as a valid, and useful, ap-
proximation.

The distinction between the quantum and the classical expressions for the com-
pressibility factor is that whereas the former is temperature dependent, through
the construction of the energy levels, the latter is not. It is expected for an ideal
gas that the quantum-mechanical “ sum-over-states’ approaches the classical
integral at high temperatures. In the density region suitable to the use of a cell

PVINKT

I l 1
06 o7 o8

1/V*
FiG. 4.—Quantum hard-sphere compressibility isotherm as a function of the reciprocal reduced
volume; argon; (cubical cavity).
Curve (@) 50°K ; (b) 100°K; () 150°K ; (d) 200°K ; (e) classical hard-sphere cell model.

model (roughly, liquid densities and greater) the compressibility factor for both hydro-
gen and deuterium does not fall to the classical value at temperatures even as high as
1000°K. The equation of state for a quantum system has been developed through
the use of the Slater sum but no account has been taken of quantum statistics, that
is, a Boltzmann distribution of energy has been assumed. At high density where
the distance between the centres of molecules is of the order of a de Broglie wave-
length the effect of the symmetry of the wave functions could be appreciable at even
moderate temperatures (e.g., 100°K). At the temperatures considered here, the
effect of quantum statistics is negligible and in no way invalidates the differences
observed at high densities between the quantum and classical models. No com-
parison to experimental data has been made as it is not expected that the hard-sphere
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model is sufficiently realistic over the temperature and density range covered by the
experimental data at present available.

Quantum deviations for molecules of mass far greater than hydrogen and
deuterium are usually ignored. The compressibility isotherms presented for neon
and argon in fig. 3 and 4, respectively, show that a deviation from classical behaviour
becomes significant even at liquid densities. For neon a considerable excess quantum
pressure appears at temperatures as high as 200°K. This is not unexpected as the
recent study by Bernardes 10 of the zero-point energics for the rare gases, based on
a quantum-mechanical variational calculation using a Lennard-Jones 6: 12 potential,
suggests that appreciable quantum effects should be found in the equation-of-state
data for these gases. Such effects have not previously been tested by an adequate
theory or by experimental data, but the application of new high-pressure techniques,
particularly shock-wave studies at low temperatures, should produce P—FV—T data
in the high-density region where deviations from classical behaviour should, ap-
parently, become appreciable,

In the present use of a cell theory to obtain a quantum equation of state, the
convergence to classical behaviour is less rapid than is predicted by the traditional
expansion of the Slater sum as a power series in 2. The data quoted in the present
communication must be regarded as exact only for the model considered, that is,
a system of hard-sphere molecules in which any given molecule is restricted to a
cell formed by its neighbours. The general problem of the convergence to classical
behaviour will be considered in a further communication, both for hard-sphere
molecules and for molecules interacting with a more realistic potential.

The calculations were performed on the Mercury Computer of the University
of London Computer Unit.
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