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Abstract

This thesis is concerned with the Robust Model Predictive Control (RMPC) of linear
discrete-time systems subject to norm-bounded model-uncertainty, additive disturbances
and hard constraints on the input and state. The aim is to design tractable, feedback
RMPC algorithms that are based on linear matrix inequality (LMI) optimizations.

The notion of feedback is very important in the RMPC control parameterization
since it enables effective disturbance/uncertainty rejection and robust constraint sat-
isfaction. However, treating the state-feedback gain as an optimization variable leads
to non-convexity and nonlinearity in the RMPC scheme for norm-bounded uncertain
systems. To address this problem, we propose three distinct state-feedback RMPC al-
gorithms which are all based on (convex) LMI optimizations. In the first scheme, the
aforementioned non-convexity is avoided by adopting a sequential approach based on
the principles of Dynamic Programming. In particular, the feedback RMPC controller
minimizes an upper-bound on the cost-to-go at each prediction step and incorporates
the state/input constraints in a non-conservative manner. In the second RMPC algo-
rithm, new results, based on slack variables, are proposed which help to obtain convexity
at the expense of only minor conservatism. In the third and final approach, convexity
is achieved by re-parameterizing, online, the norm-bounded uncertainty as a polytopic
(additive) disturbance. All three RMPC schemes drive the uncertain-system state to a
terminal invariant set which helps to establish Lyapunov stability and recursive feasibility.

Low-complexity robust control invariant (LC-RCI) sets, when used as target sets,
yield computational advantages for the associated RMPC schemes. A convex algorithm
for the simultaneous computation of LC-RCI sets and the corresponding controller for
norm-bounded uncertain systems is also presented. In this regard, two novel results to
separate bilinear terms without conservatism are proposed. The results being general in
nature also have application in other control areas. The computed LC-RCI sets are shown
to have substantially improved volume as compared to other schemes in the literature.

Finally, an output-feedback RMPC algorithm is also derived for norm-bounded uncer-
tain systems. The proposed formulation uses a moving window of the past input/output
data to generate (tight) bounds on the current state. These bounds are then used to
compute an output-feedback RMPC control law using LMI optimizations. An output-

feedback LC-RCI set is also designed, and serves as the terminal set in the algorithm.
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Chapter 1

Introduction

1.1 Motivation

This thesis is concerned with the robust control of linear systems subject to model-
uncertainty, additive disturbances/noise and constraints on the input and state. Such a
problem is motivated by the fact that most real-life processes involve constraints as well
as uncertain dynamics, both of which need to be taken into account within the control
system design.

It is well known that, in most cases, optimal performance of a process generally
requires its operation to be closer to the constraint boundaries [64]. Such constraints
arise naturally within most processes. For example, actuators are subject to saturation
which therefore limits the amount of force that they can apply; valves are restricted by
their maximum opening area which limits the flow rates; and key system parameters
(such as temperature and pressure etc) are often required to remain within their critical
limits. These constraints usually define a safe region of operation for the process and
their violation can often result in plant instability. On the other hand, some additional
process constraints may also be imposed by the designers/operators to obtain a desirable
level of performance. For example, the system states such as displacement and velocity
might be restricted between certain levels and motor actuator movements may be subject
to rate constraints to avoid excessive mechanical wear and tear. Any prospective control
system is therefore required to satisfy all the aforementioned process constraints whilst
delivering optimal performance. In this regard, a particularly suitable control algorithm
is known as Model Predictive Control [22].

Model Predictive Control (MPC), also known as Receding Horizon Control, refers to

a family of control schemes in which the current control action is obtained by solving

11
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Figure 1.1: Structure of MPC scheme.

online, a constrained finite horizon optimal control problem [64, 66]. This optimization
problem yields an optimal control sequence. Then, the first control in this sequence is
applied to the plant and the optimization is repeated at the next time step in a receding
horizon fashion. Figure 1.1 shows the basic structure of an MPC scheme [22].

MPC has been widely implemented as an advanced control technique within the pro-
cess industry [28, 73, 82]. This is primarily due to the fact that, unlike many traditional
control scheme (such as PID control), it explicitly takes account of process constraints
within its formulation. This enables the MPC algorithm to operate the plants closer
to their constraint boundaries (without violation) which, as mentioned above, results in
optimal performance and therefore increased profits. Other advantages of MPC include
its ability to handle multivariable, non-minimal phase and unstable processes, as well as
the relatively easy tuning of the controller.

In addition to constraint handling, another important consideration in the design of
any control system is robustness against any model-uncertainty and noise that maybe
present within the dynamics. In particular, a control algorithm is said to be robust if it
guarantees stability and maintains a prescribed level of system performance despite the
presence of model-uncertainty and disturbances [9]. To highlight the detrimental effects
of model-uncertainty that may be present within the system dynamics, let us investigate

a simple example from [5].

12
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Figure 1.2: Open-loop response (left) and closed-loop response of P;(s) and Ps(s).

Consider a system P»(s) and its model representation denoted by P;(s), where

100 Pu(s) = 100
(s +1)(0.025s + 1)2 R PINEE

Py(s) = (L.1)

In (1.1), both system and the model representing it are stable, with the model ap-
propriately capturing the dominant system pole. Furthermore, the open-loop responses
of both P;(s) and P»(s) are almost identical (left plot in Figure 1.2), which can further
make the case for using P;(s) as an appropriate model for P»(s) in the control design.
However, when we look at the closed-loop response (right plot in Figure 1.2), we see
that the model’s output converges to a reference value while the actual system becomes
unstable. This shows the effect of ignoring the uncertainty (unmodeled dynamics) within
model P (s) and thus emphasizes the importance of explicitly handling the same within
a robust control framework.

In the context of predictive control, it is important to note that MPC uses a mathe-
matical model to predict and optimize the plant’s future behaviour (see Figure 1.1). This,
coupled with the fact that MPC operates the process closer to the constraint boundaries,
means that any neglected disturbances/uncertainties can easily drive the system into an
infeasible or unstable region. This motivates research into a class of predictive control
algorithms known as Robust Model Predictive Control (RMPC) schemes [57].

RMPC schemes have received considerable amount of attention within the literature.
However, as we discuss in Section 1.2 below, there is a dearth of convex feedback RMPC
algorithms for systems that are subject to both ‘norm-bounded’ model-uncertainties and
additive disturbances within their dynamics, as well as constraints on their states and
input. In the light of the above discussion, this is clearly an important problem for

efficient process control and hence forms the subject of research in this thesis.

13



1.2 Literature Review

1.2 Literature Review

In this section, we present a review of the literature on state-feedback and output-

feedback RMPC schemes as well as robust control invariant sets.

1.2.1 State-feedback RMPC

RMPC schemes generally consider the control problem in a worst-case setting. That is,
the control design guards against the most detrimental realization of uncertainty and
disturbances in order to guarantee robust constraint satisfaction and stability.

Most of the robust predictive control schemes proposed in the literature can broadly
be classified into the following two categories (or their suitable combinations/variations):
open-loop MPC and feedback MPC. Open-loop schemes consider future control input
profile as a function of the current state only which, though computationally efficient,
is generally too conservative and often causes infeasibility [66]. On the other hand,
feedback RMPC schemes consider future control inputs as linear/nonlinear function of
future predicted states and have the advantage of mitigating the effect of disturbances.

To demonstrate the advantages of feedback in RMPC, we consider the following first

order system example from [91]:
Tyl = Tk + Ug + Wy (1.2)

where disturbance wy, € W := {w ER: -1 <w< 1}. The state constraints are given

by zr € X := {;13 eER:-12<z< 2}, Vk, and the control input wu; is unconstrained.
The prediction horizon is taken to be N = 3. At time k, the min-max open-loop MPC
scheme considers a control sequence U} := {uj, uj , uj,,} based (only) on the current
state xj, which is required to satisfy the state constraints whilst guarding against the
worst possible disturbance. By considering the two extreme disturbance profiles, w = +1
and w = —1, throughout the horizon, the terminal predicted state at time k, denoted by

Tjy 3|k, can either be given by
+1 — * * * —1 o * * *
mk+3|k—xk+uk+uk+1+uk+2+3 or xk+3|k—xk+uk+uk+l+uk+2—3

Note that since mﬁgw =6 > 2 > —1.2, therefore there cannot exist a single

-1

Ly 3lk
control sequence U;; such that both x;i:%' p € X and :E,;:,)' r € X. Hence, the open-loop
MPC problem becomes infeasible for the example in (1.2).

Let us now consider a feedback RMPC scheme where the future control inputs are

14



1.2 Literature Review

functions of future states such that the sequence U} := {uj,(wx), ujp, | (Trr1), U, o(Tri2)}
Then, it can be verified that by simply setting up = —zj, we obtain xy 3 = w42 € X.
Therefore, an admissible control sequence does exist in this case and hence the feedback
RMPC problem is feasible. This example serves to show that disturbances/uncertainties
can only be effectively taken into account, in a minimally conservative manner, by opti-
mizing over feedback control policies within the so-called feedback RMPC' schemes.

In the literature, a large number of feedback RMPC schemes deal with the control of

constrained linear, discrete time system that are subject (only) to disturbances. That is:

Trt1 = Az + Byug + Bywy
(1.3)

rp,€X, up €U, wpeW
It is clear that within this class of RMPC algorithms, nonlinear feedback control remains
the least conservative choice due to its generality. In particular, the control law is con-
sidered as up = fx(xo,--- ,xx), where fi is potentially a nonlinear function of all the
available states. However, computation of these nonlinear feedback policies is often very
difficult as there is no tractable method of parameterizing such a control law in the online
optimization problem [47]. To remedy this, several contributions in the literature employ
Dynamic Programming techniques [13] to obtain an algorithm which results in a piece-
wise affine state-feedback control law, see e.g [10, 32, 52, 69, 85]. However, in most cases,
the algorithm complexity grows exponentially with the problem data. This, therefore,
restricts the applicability of such schemes to problems of a smaller size. An alternative
approach is based on the computation of extreme disturbance profiles and assigning a
different control sequence to each of these profile with a certain causality constraint im-
posed, see e.g. [91]. Though this results in minimal conservatism, however, the resulting
RMPC scheme generally has a prohibitively high computational burden stemming from
the combinatorial nature of the online optimization. Due to these reasons, many RMPC

schemes are based on a linear feedback control law, which we discuss next.

In the literature, RMPC algorithms with linear feedback have been considered both
in the finite as well as infinite horizon context. Typically, infinite horizon MPC schemes,
such as [55, 77], have desirable stability properties associated with them. However, the
control law is generally restricted to a constant state-feedback throughout the horizon,
i.e. up = Kxp, which can render the control algorithm conservative. On the other hand,

in the context of finite horizon (linear) state-feedback RMPC schemes, the aim is to

15



1.2 Literature Review

parameterize the control law as

k
up=vp+ Y Kpizi, Vke{0,1,--- N-1} (1.4)
i=0
where N > 0 is the prediction horizon, and matrices K}, ; and vy, are both considered as
decision variables in the online optimization. However, it is easy to verify that this leads
to sequences of predicted states and inputs which are nonlinear, non-convex functions of
the control gains (K} ;, vy) [46].

To make the linear feedback RMPC problem tractable, many scheme in the literature
fix the feedback gain K offline and optimize online with respect to control-perturbations
vk, see e.g. [7, 27, 51, 59]. However, there is no optimal method for computing the
feedback gain offline and hence the resulting scheme can be conservative depending upon
this choice of K.

More recently, algorithms based on Youla parameterization (sometimes also called
Q-parameterization) [108], to obtain convexity in feedback RMPC schemes with control
law (1.4) have also been proposed. For example, the scheme in [92] considers the use
of such methods for RMPC control of systems with stochastic disturbances. A special
case of Youla parameterization is the disturbance-feedback control structure, which was
first proposed in the context of RMPC in [61, 103]. These results were extended in [46],
where the authors showed that for systems of the form given in (1.3), under suitable as-
sumptions, linear state-feedback (1.4) is equivalent to the following disturbance-feedback
control parameterization:

k—1
up =mg+ Y Frywi, Vke{0,1,--- ,N—1} (1.5)

i=0
where the disturbance w; € W, Vi, and where matrices Fj, ;, my, are treated as variables.
Here note that, since full state feedback is assumed, the past disturbances can simply
be computed by taking the difference between the predicted state and actual state. For

instance, assuming B,, as identity in (1.3) gives:
wk:xk_s_lfokauuk , Vke {0,1,"' ,N*l} (1.6)

In [46], it is shown that for systems (1.3) with polytopic disturbance sets W and certain
assumptions on the cost function, the equivalence between (1.4) and (1.5) implies that the

optimal linear feedback RMPC control law can be computed through convex optimization

16
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- Reachable sets Nominal system

State constraints

Y A\

" local control (K) Prediction horizon

Figure 1.3: Basic structure of Tube-based MPC schemes [43]

problems. These results were extended in [45] to take account of more general convex
disturbances sets, e.g. ellipsoidal sets.

Another important approach for linear feedback RMPC control of system (1.3) is the
so-called tube-based MPC [58, 67]. Figure 1.3 shows the basic idea behind such schemes.
Tube-based MPC typically considers a control law of the form

U = K(xk — fk) + gk (1.7)

where Z;, and g respectively denote that state and control input for the corresponding
nominal system of (1.3), which is given by:

Tr1 :_Awk + Bu._Qk (1.8)

T € X, g € Uy

As shown in Figure 1.3, a key element of the tube-based MPC algorithm is the so-called
reachable sets. These sets represent the (smallest) region which contains the state of
the closed-loop uncertain system for any trajectory emanating from the origin [27]. In
the context of tube-based MPC, reachable sets - along with the corresponding (local)
control law K - are used to take account of the mismatch between the actual system
state and nominal system state (i.e. z; — Tj), which arises due to the disturbances.
These sets and the control law K may be computed online, at each prediction step, to

take account of the disturbance, see e.g. [42]. Alternatively, a so-called robust invariant
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1.2 Literature Review

set, containing the sequence of reachable sets, maybe computed offline, see e.g. [58, 70].
The decision on which approach to adopt is based on the trade-off between conservatism
and computational complexity. For example, the advantage of computing the sets offline
lies in the reduced online computational burden. However, this comes at the cost of
an increased level of conservatism within the tube-based MPC scheme since the feasible
region is excessively reduced.

Once the reachable/invariant sets, call them R;, and local controller K have been
computed, the original state constraint set X in (1.3) is tightened down the prediction

horizon for the nominal system (1.8), as shown in Figure 1.3. That is:
j:k-i-zzx@jzk-‘rl? Vi e {Oa]-a aN} (19)

where © denotes the Pontryagin set difference (see Section 1.5). A similar procedure can
be adopted for the input constraints U,. Then, for the nominal system with tightened
constraints (1.8), the tube-based MPC scheme solves a Quadratic Program (QP) online
to compute gx. The resulting control law (1.7) is then applied to system (1.3) and the
cycle is repeated at the next time step.

The merit of tube-based MPC schemes such as [43, 58, 67] is the low computational
complexity since only a simple QP is solved online for the nominal system and feasibility
of the uncertain system (1.3) is guaranteed through constraint tightening procedure (1.9).

Despite their many advantages, the aforementioned feedback RMPC schemes cannot
easily be extended to systems that are subject to both (norm-bounded) model-uncertainty

and additive disturbances, which we consider in this thesis. That is, systems of the form:

Tpy1 = (A+ Bp,ACy)xy + (By + BpADgy)uy, + Bywy

Tp € Xp, up € Up, wp €W, A€ A = {diag(Ay,--- ,A,) : Ay € RIZC A < 1}
(1.10)
For instance, in the control parameterization (1.5), the past disturbances can no longer
be computed using (1.6) due to model-uncertainty in A and B,, matrices. Furthermore,
despite some recent results on tube-based MPC approaches for time-varying systems [42],
the computation of reachable sets, along with the local control law, becomes particularly
complex for norm-bounded uncertain system (1.10). This in turn is likely to add a degree

of conservatism and computational complexity to the resulting tube-based algorithm.
In the literature, RMPC schemes specifically for systems with model-uncertainty have

traditionally focused on linear dynamics with polytopic uncertainties. This is partly
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1.2 Literature Review

due to the fact that such a multi-model uncertainty structure fits well within the MPC
framework. Having said that, however, there are a few classes of feedback RMPC schemes
in the literature which deal with norm-bounded uncertain systems. For example, an
infinite-horizon RMPC scheme for systems of the form given in (1.10) - but without
the additive disturbances - is proposed in [55]. This algorithm has desirable stability
properties but, as mentioned above, the proposed control law u, = Kx; with K fixed
for the entire horizon can lead to excessive conservatism. An extension to this work was
presented in [24], where the control law is considered as uy = Kz + cx. The feedback
gain K is computed offline and online optimization yields the control perturbation cg
which minimizes an upper bound on the worst-case (infinite horizon) quadratic cost.
The advantage of this scheme is that the number of inequality constraints grow only
linearly with the control horizon N. However, non-convexity is avoided at the expense of
conservatism through the offline choice of K. It is this non-convexity - associated with a

variable K formulation - within RMPC schemes which will be investigated in the thesis.

1.2.2 Output-feedback RMPC

As discussed above, MPC algorithms typically require full state information to com-
pute the control law. However, in many processes, only noisy output measurement are
available. The predictive control algorithms for uncertain systems which use only these
measured outputs within their formulation are called output-feedback RMPC schemes.

Traditionally, many output-feedback control schemes have been based on the concept
of certainty equivalence [71]. In particular, an estimate of the state is computed through
an observer, the dynamics of which are sufficiently faster than those of the control loop.
This state estimate is then used within the feedback control law. Similar ideas, with
consideration of the stability properties, have been employed in the context of output-
feedback RMPC, see e.g. [38], [82] and the references therein. In order to enlarge the
region of attraction and reduce the conservatism associated with such predictive control
schemes while still satisfying the constraints, it is important to characterize, and explicitly
take account of, the estimation error. In this regard, output-feedback MPC algorithms
based on (error) set-membership estimation [15, 89] have been proposed in [8] and [25].

A substantial body of output-feedback predictive control literature deals with linear
systems subject to process disturbances and measurement noise. That is:

Tpt1 = Az + Bug +wg, yr = Cxp + vg

(1.11)
zre€X, upelU, wrxeW, v €V
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where the pair (A, B) is assumed to be stabilizable and (A, C') detectable. For instance,
the output-feedback RMPC scheme for (1.11) given in [60] employs a Luenberger-type
observer:

Tpy1 = Ay + Buy, + Ly, — Ciy,) (1.12)

where Z denotes the state-estimate and L is the observer-gain. The control law is then

considered to be of the form:
up = Fip+c,, Vke{0,1,---,N—1} (1.13)

The stabilizing feedback gain F' and observer gain L are both computed offline, whereas
the control perturbation ¢ is optimized online. The bounds on the state-estimation error
(ex, = z — 1) are computed through an invariant set for the augmented state-vector,
which is composed of estimated state & and error e. It is these invariant sets which
guarantee stability of the augmented system. Other variations of the above approach have
been proposed in, for example [87] and [25]. Note that all these schemes can essentially
be considered as the output-feedback versions of the (state-feedback) algorithms given in
[7, 27, 59] - which we have discussed in Section 1.2.1 above.

For system (1.11), an output-feedback extension of the aforementioned tube-based
MPC algorithm has also been proposed in [68]. The control law is similar to (1.7) with
the state replaced by its estimate & from observer (1.12). That is:

up = KT + gx (1.14)

with Zp := 2, — T and where Z; and g; represent the state and control input of the
nominal system (1.8). The estimation error e, and vector Zj are bounded by their
respective invariant sets, namely X and X, which are computed with the control law K.
Much the same way as in the state-feedback case, the idea is to solve the nominal MPC

problem with tightened state/input constraints:
X=Xo(XaX), U=USKX (1.15)

where @ denotes the Minkowski sum (see Section 1.5). Robust stability of the tube-based
scheme [68] is ensured and the online computational burden remains almost the same as
that associated with the nominal MPC problem.

Extension of the ‘disturbance-feedback’ control parameterization (1.5) to the output-

feedback case has also been proposed in [44]. Within this work, it is first shown that the
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control law

k—1

up=ge+ Y Kpivi, Vke{0,1,--- N—1} (1.16)
=0

yields non-convexity in the output-feedback RMPC algorithm for system (1.11). Then,
to remedy this, the following control parameterization based on the output error feedback

is considered

k—1 k—1
U :Ck‘i‘ZMk:,i(yi_Ci’i) :Ck+ZMk,i(C€i+Uz‘) (1.17)
1=0 =0

where Z; is the state-estimate computed from the observer (1.12). Such a control law,
based on the difference between measurement and predicted output, yields convexity in
the RMPC algorithm [44] and is in fact shown to be equivalent to the control paramter-
ization given in (1.16).

The aforementioned algorithms all consider systems of the form in (1.11). However,
some contributions on output-feedback RMPC control of norm-bounded uncertain sys-
tems (1.10) have also been recently proposed. For instance, the scheme in [62] extends
the results of [60] to linear systems with unstructured norm-bounded uncertainties (but
without disturbances). The algorithm considers suitable robust stability conditions and
computes online, the control perturbations c¢; which minimize an upper-bound on the
nominal cost. Similarly, the scheme in [36] extends the state-feedback algorithm of [24]
to uncertain systems (1.10). Here the feedback gain and observer are designed offline,
using bilinear matrix inequalities, to stabilize the augmented system. Then, the control
perturbation ¢ is computed online as a solution to linear matrix inequalities.

With the exception of [44], all the above mentioned schemes choose the control feed-
back gain K offline (to avoid non-convexity) and the disadvantage of doing so, namely
potential conservatism, has already been discussed in Section 1.2.1. Another particularly
important design parameter in the output-feedback RMPC schemes is the observer gain
L. Tt is clear that the level of (state) estimation error is directly dependent on the ob-
server dynamics (and hence on gain L). Therefore, the fact that all the above schemes
choose a stabilizing gain L offline is a potential source of algorithm infeasibilty /instability
since the control performance is heavily dependent on the estimated state. A possible
solution to these issues in the context of norm-bounded uncertain systems will also be

proposed within this thesis.
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1.2.3 Robust Control Invariant Sets

Robust Control Invariant (RCI) sets define a bounded state-space region to which the
system state can be confined, for all possible disturbances/uncertainties, through the
application of a (state-feedback) control law K. For system (1.3), RCI sets can formally
be defined as follows [16]:

Definition 1.1. Z C R" is a Robust Control Invariant set for system (1.3) if there exists
a control law uw = Kx € U, such that (A + B,K)Z & B,WCZ.

Thus, if the initial state xg belongs to the set Z, then all subsequent states will be
kept within this set by the control law v = Kz [91]. It follows that the set Z characterizes
the evolution of system (1.3) for all possible disturbances wy, € W [54].

RCI sets are of great significance in the robustness analysis and synthesis of controllers
for uncertain systems. These sets play a fundamental role in establishing the stability
and recursive feasibility of RMPC schemes, see e.g. [66, 100] and the references therein.
As discussed in the previous sections, invariant sets form an important part of tube-
based MPC scheme [58, 70], as well as various output-feedback RMPC schemes [60,
68]. Furthermore, they also serve as suitable target sets in robust time-optimal control
schemes [14, 41, 65].

Invariant set computation has been the subject of extensive research over the past few
decades [16, 17]. The two invariant set structures most often considered in the literature
are ellipsoidal and polytopic [54]. For these set structures, the problem of computing
both the maximal and the minimal invariant set (or their suitable approximations) is
important.

Ellipsoidal RCI sets are generally given in the form [95]:
7 = {x eR": 2TQu < 1} (1.18)

where the matrix variable @ = Q7 = 0. As discussed in [80], the incorporation of
ellipsoidal invariant terminal sets (1.18) within linear MPC scheme transforms the opti-
mization problem into a Semidefinite program (as opposed to the standard QP). This,
in turn results in an increased online computational burden. Therefore, in the context
of MPC, polytopic RCI target sets generally represent a more viable option. These are
typically characterized as:

Z = {x eER": Gz < p} (1.19)

where G is a matrix of appropriate dimensions and vector p > 0.
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For sets of the form (1.19), important results have been reported in [104], including
necessary and sufficient conditions for invariance using Farkas Lemma [50]. With regards
to optimality, the minimal robust invariant set for system (1.3), call it 2, under the

given control law u = Kz is characterized by [54]:
Zoo = B20(A + B K)'B,W

Since Z involves Minkowski’s sum of infinite many terms, it is generally intractable to
compute unless the system dynamics are nilpotent [65], i.e. (A + B,K)" =0, Vi > a. As
a result much of the research has been focused on computing (outer) invariant approx-
imations of Zo, (and similarly the inner approximations of the maximal invariant set).
We briefly discuss these next.

Many schemes in the literature consider the problem of computing robust invariant
sets for a fixed control law [40, 80]. An algorithm to compute arbitrarily close (outer)
invariant approximations to Z, for a fixed K, has been proposed in [83]. While in
[34, 49], methods are derived to compute the (linear) control laws which render a fixed
set invariant. Clearly, a better approach for optimizing the size of the invariant set
is to simultaneously consider both the control law K and RCI set Z as variables of
optimization. In this regard, [84] proposes an optimization problem which yields both
RCI set and the (set-valued) feedback control law for systems with additive disturbances.
However, as the authors point out in their conclusion [84], it is not straightforward to
extend these results to the case of systems which are subject to both model uncertainty
and disturbances, such as (1.10).

RCI set computation algorithms for linear systems with ‘polytopic’ uncertainty have
been proposed in [6, 18]. In these contributions, the idea is to compute an initial RCI
set and then iteratively enlarge its volume to yield an (inner) approximation to the
maximal robust invariant set, along with the corresponding control law. In [23], a scheme
is presented for computing the maximal feasible invariant low-complexity polytope for
nonlinear systems.

It is worth mentioning here that none of the aforementioned invariant set algorithms
can be directly applied to systems which contain both norm-bounded model-uncertainty
and additive disturbances. Clearly, the efficient computation of an RCI set, and the
corresponding control law, for systems (1.10) is an important problem in the context of
robust predictive control. Therefore, this problem will be considered within the thesis.

Set invariance for systems (1.10) under output-feedback will also be investigated.
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1.3 Thesis Organization and Highlights

In this section, we provide a brief description as well as contributions of each of the

following chapters.

Chapter 2: Theoretical Background

Convex optimization problems are of great significance in the design and synthesis of
robust predictive control laws. Therefore, in this chapter, we present some basic concepts
from optimization theory including convex sets and functions, linear matrix inequalities
(LMI), semidefinite programs and relaxations. We also discuss the S-procedure which
is an effective technique to re-formulate non-convex optimizations into (convex) LMI

problems, and is of key importance to the developments of the following chapters.

Chapter 3: Robust Feedback MPC for Systems with Parametric Uncertainty

In this chapter, feedback RMPC control of linear systems subject to parametric model-
uncertainties, polytopic (additive) disturbances and constraints is considered. In par-
ticular, a dual-mode control scheme that consists of an outer as well as an inner con-
troller is presented. The outer (RMPC) controller consists of a state-feedback gain and
a control-perturbation, both of which are explicitly considered as decision variables in
the online optimization. The non-convexity associated with such a parameterization (see
Section 1.2.1) is avoided by adopting a sequential approach based on the principles of
Dynamic Programming. The RMPC controller minimizes an upper-bound on the cost-
to-go at each prediction step and is responsible for steering the uncertain system-state
to a designed terminal invariant set. The (hyper-rectangle) terminal RCI set and corre-
sponding (inner) controller are both simultaneously computed in one step as solutions to
an LMI optimization. To improve robustness, the disturbance is negatively weighted in
the cost function (as in Hoo-MPC). Furthermore, conditions are derived on the terminal
cost so as to guarantee Lyapunov stability of the closed-loop system. Effectiveness of the
proposed RMPC scheme is illustrated through numerical examples from the literature,

including a paper making process. The work in this chapter is mostly based on [100].
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Chapter 4: Low-complexity Invariant Sets for Uncertain Systems

RCT terminal sets play an important role in establishing stability and recursive feasibility
of RMPC algorithms. As discussed in [18], low-complexity RCI (LC-RCI) sets hold
several computational advantages (for the associated RMPC scheme) as compared to
ellipsoidal and more general polytopic invariant sets. Therefore, in this chapter, we derive
an algorithm for the efficient computation of LC-RCI sets, along with the corresponding
control law, for systems (1.10), which are subject to (general) norm-bounded model-
uncertainty and additive disturbances. We first show that this problem is nonlinear and
non-convex (including bilinear and triple product terms in the formulation) due to the
presence of model-uncertainty as well as the fact the both the set and controller are being
considered as decision variables. To remedy this, we propose two new results to separate
the bilinear terms in the diagonal and non-diagonal matrix entries, respectively, without
introducing extra conservatism. Both results are general in nature and thus have potential
application in other important control problems, such as Lyapunov stability. The volume
of the invariant set is maximized/minimized through iteratively solving a convex/LMI
optimization. The volume enlargement/reduction (for maximal/minimal RCI sets) and
recursive feasibility properties of the iterative procedure are also guaranteed. Numerical
examples show improvement over the results obtained in [18] and [98]. The formulation

in this chapter is mostly based on [101].

Chapter 5: State-feedback Parameterizations in RMPC of Uncertain Systems

Two state-feedback RMPC schemes for norm-bounded uncertain systems (1.10) are pre-
sented in this chapter. The RMPC control law is of the form (1.4), consisting of a
lower-triangular feedback matrix (to ensure causality) and control-perturbation, both to
which are considered as optimization variables. Unlike the formulation in Chapter 3,
in which non-convexity is circumvented by adopting a sequential approach, this chap-
ter considers a ‘stacked’ formulation (as in standard MPC) and presents new results to
remove the associated non-convexity.

An initial formulation for uncertain systems shows that the RMPC problem is highly
nonlinear and non-convex in the feedback gains (though it is convex for systems with
only disturbances). Therefore, in the first approach, we re-cast the disturbance as an
uncertainty to concentrate the nonlinearities. Then, we extend the results in [35] to

propose a new theorem, using slack-variables, which enables the convexification of the
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RMPC problem at the expense of only minor conservatism in the formulation.

In the second approach, uncertainty is re-parameterized as a disturbance, through
the online computation of polytopic bounds. Then, the S-procedure is used to derive an
LMI problem for the computation of RMPC control law.

Stability and recursive feasibility of both schemes is ensured through the incorpora-
tion of a suitable RCI terminal set (Chapter 4). Finally, numerical examples from the
literature are used to demonstrate the advantages of the RMPC schemes. The algorithms

in this chapter are based on [99].

Chapter 6: Output-feedback RMPC for Norm-bounded Uncertain Systems

In this chapter, we extend the results of Chapter 5 to propose an output-feedback RMPC
scheme for norm-bounded uncertain systems (1.10) with only noisy output measurements
available. The algorithm considers two sub-problems, namely the estimation of the cur-
rent state, and computation of the output-feedback RMPC control law.

Unlike most schemes in the predictive control literature which employ a fixed gain
observer (see Section 1.2.2), we use a moving window of the past input/output data, in a
manner reminiscent of moving horizon estimation, to compute upper- and lower-bounds
on the current state. For systems with uncertainty, these bounds are computed (online)
through LMI optimization, and are shown to be tight under certain conditions. It is also
shown that for systems with only disturbances (and no uncertainty), tight bounds can
be computed by solving a linear program.

The (current) state bounds are subsequently used within the RMPC control scheme
to compute the output-feedback gain and perturbation online through LMI optimiza-
tions. We also propose a convex problem for the computation of an ‘output-feedback’
RCI terminal set, and corresponding control law, by extending the results of Chapter 4.
Numerical examples from the literature highlight the output-feedback control perfor-
mance as well as the accuracy of the computed state-bounds. The work in this chapter

is mostly based on [96].

Chapter 7: Conclusions

This chapter provides a summary of the main contributions of the thesis and suggests

some future research directions.
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1.5 Notation

The notation we use in this thesis is fairly standard. R denotes the set of real numbers,
R™ denotes the space of n-dimensional (column) vectors whose entries are in R, R™"*™
denotes the space of all n X m matrices whose entries are in R and D"*"™ denotes the
space of diagonal matrices in R™*". For A € R"*™_ AT denotes the transpose of A. If
A € R™" is symmetric, A(A) denotes the smallest eigenvalue of A and we write A > 0
if A(A) > 0 and A = 0 if A(A) > 0. Analogous definitions apply to A\(4), 4 < 0
and A < 0. We define the (spectral) norm of A € R™™ as ||A| = y/A\(AAT). For
z,y € R", z < y (and similarly <, > and >) is interpreted element-wise. Given two sets
M and V, such that M C R™ and V C R", the Minkowski (vector) sum is defined by
M@ V= {m+vlm e M,v €V} and the Pontryagin difference is defined by M ~ V:=
{mIm+veM,Yv eV} If U € R"™™™ is a set, then BU denotes the unit ball of U.
Notation I, denotes a ¢ x ¢ identity matrix; the subscript is omitted when it can be
inferred from the context. Furthermore, e; denotes the ith column of an appropriate
identity matrix. Let z € R™ and denote the i-th element of z by z;. Then, diag(z) is the
diagonal matrix whose (i, %) entry is z;. For square matrices Ay,..., Ay, diag(41,...,4y)
denotes a block diagonal matrix whose i-th diagonal block is A;. Finally, for matrices A

and B, A ® B denotes the Kronecker product.
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Chapter 2

Theoretical Background

In this chapter, we present some background material that is relevant in the context of
Robust MPC formulations. In particular, a few basic concepts from optimization theory
are briefly discussed, including convex optimization problems, semidefinite programming,

linear matrix inequalities and the S-procedure.

2.1 Convex Optimization Problems

As discussed in Chapter 1, MPC is an optimization-based control technique. In par-
ticular, an optimization problem is solved online, at each sampling instant, to compute
the optimal control sequence. Therefore, it is essential that the formulated optimization
problem is such that it can be solved in an efficient manner - within the sampling interval.
One such class of problems are the convex optimization problems [20].

Recall that convex optimization problems are of the general form:

minimize f(z)

subject to gi(x) <d;,i=1,---,m (2.1)

where g;(z) < d; represents convex constraints and f(z) is the convex cost function to
be minimized. These two components of optimization (2.1) are quite significant and we
briefly discuss each of them below.

Convex sets can be defined as follows [20]:

Definition 2.1. A set C is convex if, for any x1, x2 € C, and a such that 0 < a < 1,

the following relation holds
ary + (1 —a)xe € C (2.2)
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Similarly, a convex function can be defined as follows.

Definition 2.2. A function f : R™ — R is convex if the domain of f is a convex set and
if for every pair of points x1, xo in the domain of f, and o such that 0 < o < 1, the

following inequality is satisfied:
flazr + (1 —a)zz) < af(zr) + (1 — o) f(22) (2.3)

Recall that in the context of (2.1), the advantage of minimizing a convex function
subject to convex constraints is that any local minimum of the problem is also a global
minimum. Furthermore, for strictly convex functions (i.e. functions for which inequality
(2.3) is strict), the minimum (if it exists) is unique. Algorithms, such as interior point
methods [11], exploit these properties and are thus able to solve convex problems in an
efficient, fast and reliable manner.

Convex optimization methods also play an important role in solving non-convex prob-
lems. Algorithms for solving non-convex and nonlinear optimization problems are gener-
ally inefficient. One approach to solving such problems is to consider local optimization
methods which yield a locally optimal solution. However, these methods require an ini-
tial solution of the decision variables as a starting point, which is a critical factor in
the algorithm convergence. In such cases, an approximate convex formulation can be
obtained for the original non-convex problem (see Section 2.3). Then, the solution of
the (approximate) convex problem, which is easily computed, can be used as the initial
condition for the local optimization.

Convex optimization subsumes a large class of problems. For example, an important

type of problems are the so-called Linear Programs (LP). These are of the form:

minimize L

subject to alz<b;,i=1,---,m (2.4)

where the vectors ¢, a; € R™ and scalars b; € R™. Note that the cost function and con-
straints in (2.4) are both linear and, therefore, convex. Another key class of optimization

problems are the convex Quadratic Programs (QP), which can be written as [20]:

1
minimize §wTQx +clz+d
subject to Gr<f
Px=r (2.5)

30



2.2 Semidefinite Programs

where @ € R™ " is a symmetric, positive semidefinite matrix and G, P, which represent
affine problem constraints, are matrices of appropriate dimensions.

In the context of robust optimization and RMPC formulations, a particularly impor-
tant class of convex optimization problems are the so-called semidefinite programs, which

we discuss next.

2.2 Semidefinite Programs

Semidefinite programming has attracted substantial research interest over the past few
decades [30]. This is because semidefinite programs (SDPs) have extensive application
in system and control theory as well as other fields such as combinatorial and robust op-
timization. Also, importantly, there exist efficient algorithms to solve SDPs, for instance
interior point methods [2].

SDPs are convex optimization problems which involve the minimization of a linear
function subject to a constraint that requires a symmetric matrix - which is affine in the

decision variables - to be positive semidefinite. In particular, an SDP can be written as:

T

minimize cx
subject to  F(x) = 0, (2.6)
with
n
F(z):=Fo+ Y xF; (2.7)
i=1

where z € R” is the decision variable, with z; denoting the ith entry of the vector, and
symmetric matrices Fy , F; € R™*™ Vi, are given. Note that for the case when all the
matrices Fy--- F, are diagonal, the constraint in (2.6) becomes equivalent to m linear
inequalities. Hence, in this case, the SDP problem simply reduces to a linear program of
the form given in (2.4).

The constraint in (2.6) is more generally known as a Linear Matrix Inequality and

we briefly discuss these next.

2.2.1 Linear Matrix Inequalities

Linear Matrix Inequality (LMI) techniques play an important role in the formulation of
various problems within system and control theory [19]. For instance, one of the most

widely used LMI conditions is the Lyapunov inequality for establishing stability of linear
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continuous-time systems, which is given by:
ATP+PA<0

and for discrete-time systems, it becomes
ATPA+P <0

The robust predictive control algorithms proposed in this thesis are also mostly based on

LMI constraints, which are formally defined as:

n
F(z):=F+Y xiF=0 (2.8)
i=1
Note that the symmetric matrix F'(x) is affine in variable x € R™ and is required to
be positive semidefinite, i.e. y? F(z)y = 0, Vy. Furthermore, (2.8) represents a convex
constraint on x. Strict inequalities (i.e. positive definite or negative definite) or negative
semidefinite inequalities can also be defined analogously.

In certain cases, optimization problems involve multiple LMI constraints, for instance:

minimize '
subject to  F¥(z) =0, k=1,---,p (2.9)
with
n
FHa):=Fy+ Y xFf, i=1,---,n (2.10)
i=1

Such problems can be readily transformed to an SDP of standard form (2.6), as follows:

minimize '
subject to  L(z) := diag(F'(x), F?*(z),---, FP(x)) >0 (2.11)
Finally, an important LMI result, which will be used extensively in the development
throughout this thesis is known as the Schur complement [21]. This is a result to represent

convex nonlinear matrix inequalities in the form of LMIs without any conservatism, and

is given by the following lemma [21]:
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Lemma 2.1. Define matrices A = AT, C = CT and B of appropriate dimensions and

let
A B

L=
BT ¢

Then, for C = 0, the matriz £ >= 0 if and only if A — BC~'BT = 0. Similarly, for
A = 0, the matriz £ = 0 if and only if C — BTA™'B = 0. Furthermore, the following

three statements are also equivalent
(i) L =0,
(ii)) A= 0 and C — BTA7'B = 0
(ii) C =0 and A— BC~'BT =0

Analogous results hold for the case when £(x) is negative definite or semidefinite.

2.3 Semidefinite Relaxations

In various fields of engineering, such as robust control design, communications and sig-
nal processing, one often encounters many important optimization problems that are
computationally intractable (for example nonlinear non-convex problems). For such op-
timizations, it is generally very difficult to compute the (global) solution, that is if one
even exists [74]. In these cases, semidefinite relaxation provides a useful technique to
obtain an (approximate) convex formulation for the original non-convex optimization
problem, in the form of an SDP (2.6), see e.g. [63, 102]. The solution of the SDP gen-
erally serves as a good approximation to the actual optimal solution for the non-convex
problem. In fact, under certain conditions, semidefinite relaxation does not introduce any
conservatism and hence, the SDP solution corresponds exactly to the optimal solution.
As we will show in this thesis, feedback RMPC formulations for uncertain systems of
the form (1.10) also result in optimization problems which are nonlinear and non-convex
in the decision variables (the control gain K). Therefore, we propose to obtain convexity
through the application of semidefinite relaxation techniques to derive RMPC algorithms
based on SDP problems. Such an approach has the advantage that the resulting SDPs
are solved very efficiently using interior point methods [19]. This, therefore means that

the proposed RMPC control law can easily be computed online in polynomial time [55].
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2.3.1 The S-Procedure

The S-procedure is a technique that is used to relax nonlinear, non-convex optimizations
and obtain their SDP approximations [21, 37]. It has found great application in many
problem areas within control theory. The S-procedure can formally be defined as follows

[21, Page 23].

Lemma 2.2. Let Fy,--- , F}, be quadratic functions of the variable x € R"™ such that:
F; = xTTix—i—QulTaz—f—vi, i=0,---,p, (2.12)

where T; = TiT. Then, the following condition

Fo(z) > 0 for all x such that Fj(z) >0, ¢=1,---,p (2.13)
holds if there exist 1 > 0,--- ,7, > 0 such that
To o zp: Liowl g (2.14)
— T > 0. .
ug Vo i—1 ! ulT (o

Furthermore, when p = 1, the converse also holds provided that there exists an x1 such

that Fl(l’l) > 0.

Remark 2.1. If the functions F;, i =0,--- ,p, are convez in x, then (2.13) and (2.14)
become equivalent. This is the so-called Farkas’ Theorem [81]. Furthermore, if the func-
tion F; are affine, then the equivalence of (2.13) and (2.14) is known as the Farkas’
Lemma [50].

2.3.2 An Example Problem

In this section, let us consider an example problem so as to clarify the application of the
S-procedure.

Let us first define the objective function J := el [(A + B,K)z + B,w], where z € X :=
{r eR": —d<z<d},weW:={weR"™:—v<w< v}, e; denotes the first column
of an n X n identity matrix and d, v are known vectors. Suppose we wish to compute a

matrix K, if it exists, such that
el[(A+ BuK)z + Byw] —y <0, Ve eX, weW (2.15)

Note that the feasibility problem would require finding a K for a given 7, whereas the
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optimization problem consists of computing a K that minimizes v. However, in both
cases, it is clear that (2.15) requires nonlinear optimization techniques. To remedy this,
we now use the S-procedure to obtain an equivalent SDP formulation for the above

problem (see also Remark 2.2).

Theorem 2.1. There exists K and v such that (2.15) is satisfied if and only if there
exist diagonal positive semidefinite matrices D, € R™" and D,, € R™*™ qs solutions
to the following SDP:

minimize ¥
D, 0 —YA+BK) e

subject to  L(v,K, Dy, Dy) = | * Du —3Ble >0 (2.16)
* x* y—d'Dyd — v Dy

Proof. As given in (2.15), we consider a variable v € R such that
el [(A+ B,K)z + Byw] —v <0 (2.17)

Then, for any D, € R"*" and D,, € R™*" the left hand side of inequality (2.17) can

be written as

el [(A+ BuK)z + Byw] — vy = —(d — 2)TDy(z 4+ d) — (v — w)T Dy(v + w)
—[~(d—2)"Dy(z+d) — (v —w) ' Dy(v+w) — el (A + B,K)z — el Byw + 7]

Representing the square-bracket terms of the above equation in a matrix form yields:

Jz Juw

el [(A+ BuK)z + Byw] — vy =—(d — 2) T Dy(z 4 d) —(v — w)T Dy (v + w)

x
— [T wT 1L(y, K, Dy, Dy) |w (2.18)
1

where £(v, K, Dy, D,,) is the LMI defined in (2.16).

Notice that J, < 0 and J,, < 0 for any diagonal, positive semidefinite matrices D, and
D,,. Then, using the S-procedure (Farkas’ Theorem) [81], it follows that the existence of
such D, and D,, such that L(~, K, D, D,,) = 0, is a necessary and sufficient condition
for (2.17). Therefore, the SDP problem in (2.16) follows. O
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2.3 Semidefinite Relaxations

Remark 2.2. It is worth mentioning here that in order to simplify the presentation, we
skipped a step, in Theorem 2.1, of defining the functions Fy and F; to represent (2.15) in
the form (2.13), which allows the use of Lemma 2.2, along with Remark 2.1, to arrive at
(2.16) that corresponds to (2.14). Note that the diagonal entries of D, and D,, simply
correspond to the T; in (2.14).

The S-procedure (Farkas’ Theorem) used in Theorem 2.1 does not introduce any
gap/conservatism within the formulation. However note that, in comparison to (2.15),
the SDP (2.16) can be solved much more efficiently. We would like to mention that
throughout the thesis, SDP problems such as (2.16), will be referred to as LMI (opti-
mization) problems.

Similar or appropriately modified versions of the procedure given in Theorem 2.1, in
conjunction with other techniques such as slack-variable identities, will be employed in the
thesis to help overcome non-convexity associated with robust optimization formulations.
In addition, we will also be making use of the following version of the Farkas’ Lemma
[50] (see also Remark 2.1).

Lemma 2.3. Let c € R", d € R, A € R™" and b € R™. Suppose there exists § such
that Ay < b. Then the following two statements are equivalent:

(1) "y < d Yy such that Ay < b.

(2) 3p € R™ such that >0, ATy =c and b"p < d.
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Chapter 3

Robust Feedback MPC for
Systems with Parametric

Uncertainty

3.1 Introduction

In this chapter, we consider the RMPC control of linear, discrete-time systems subject
to (scalar) parametric model-uncertainties and bounded disturbances along with hard
constraints on the input and state. The proposed algorithm consists of an outer (RMPC)
controller which is responsible for steering the uncertain system state to a designed
terminal invariant set. Once the state is in this set, the inner (terminal) controller takes
over and maintains it within the set despite the action of persistent uncertainty and
disturbances.

As discussed in Section 1.2, the notion of feedback within the RMPC control law
is important since it provides an effective method of mitigating the effect of uncer-
tainty /disturbances whilst maintaining control feasibility. However, in order to avoid
nonlinearity and non-convexity in the formulation, many RMPC schemes from the liter-
ature design the feedback gain offline and perform online optimization with respect to the
control-perturbations [7, 27, 59]. Such an approach can be conservative depending upon
the offline feedback design. Therefore, in this chapter, we propose an RMPC controller
that consists of a state-feedback component as well as a control-perturbation, both of
which are explicitly considered as decision variables in the online optimization at each
time step. The nonlinearity and non-convexity associated with such a control structure

is circumvented by adopting a sequential approach in the formulation which is based, in
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3.2 RMPC Problem

part, on the principles of Dynamic Programming [13].

This chapter extends the preliminary results of [97] to design a unified RMPC frame-
work which handles both additive disturbances and (parametric) model-uncertainties si-
multaneously. In order to improve disturbance rejection in the formulation, we consider
an Ha/Hoo-based cost function, which is minimized by the outer (RMPC) controller.
The overall algorithm is based on a sequence of low-dimensional LMI optimizations which
helps to reduce the online computational burden as compared to nonlinear feedback MPC
schemes such as [91] and [106].

Recursive feasibility of the proposed RMPC algorithm is ensured through the incor-
poration of a terminal invariant set, which - along with its corresponding control law
- is computed in one step as solution to an LMI optimization problem. Furthermore,
conditions to guarantee Lyapunov stability of the closed-loop system are also derived
[66]. Finally, the applicability of the algorithm is illustrated through numerical examples

taken from the literature. The results in this chapter are primarily based on [100].

3.2 RMPC Problem

In this section, we provide a description of the system and constraints followed by the
cost function. We also derive an upper bound on the cost function which is minimized
by the RMPC controller.

3.2.1 System Description and Constraints

We consider a linear, discrete-time uncertain system of the form:
1 = (A+ 0aA5)xk + (Buy + 5/335)1% + B,wg (3.1)

where . € R"™, up € R™, wy € R™ are the state, input and bounded disturbance
vectors at prediction step k; A is the system matrix and B, and B,, are the input and
disturbance distribution matrices, respectively. Here d,, and é3, together with As and Bs,
represent the (parametric) model-uncertainty in the system. We assume that the pair
(A, B,) is stabilizable and the state zj is measured. The prediction step k belongs to
the time set Ty = {0,1,--- , N — 1}, where N > 0 is the prediction horizon. We consider

polytopic disturbance is of the form

wk€W::{w€R”W:—v§w§v}
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3.2 RMPC Problem

where v > 0. The model-uncertainty is characterized by:
b € Doi= {0 ER: |6 <0}, d5eDyi={seR: o <5}

Remark 3.1. In the context of process control, an uncertainty description of the form
given in (3.1) frequently arises as a result of imprecise system-parameter values or various
simplifying approximations, for example model-order reduction. For practical examples

of such systems, see [56, 78] and the references therein.

Due to the presence of uncertainty and disturbances, the system (3.1) cannot be
controlled to the origin. The uncertain-system state can, at best, be confined to an RCI
set Z [16]. To promote such convergence as well as to establish stability of the proposed
scheme, we include in our formulation, the terminal state constraint xy € Z together

with other hard constraints on the input and state. All these are summarized below:

T € Xpp = {xeangkgch@}, VEeT = {1,2,--- ,N—-1}  (3.2)

xNEZ::{mGR”:—ngfxgz} (3.3)

up € Uy := {ueR’"‘“:gkgugﬂk},VkeTN (3.4)

where RCI set polytope z > 0 and the matrices Cy, C' € R™*" - assumed to have a full
row rank - can be chosen to represent polytopic constraints on individual states and/or
their linear combinations (e.g. outputs).

The RMPC controller we consider in this chapter has the form: w, = Frpxp + my.
Note that the control structure consists of both a state-feedback component (Fj) as well

as an open-loop component (my).

Remark 3.2. Similar to tube-based MPC [58], a constraint tightening approach can also
be adopted in this algorithm to enhance robustness and convergence, see e.g. [88]. One

possible method of selecting a tightening set is also given in Remark 3.12.

Remark 3.3. Many RMPC schemes incorporate the idea of a terminal invariant set
[59, 91]. However, it is often difficult to compute suitable invariant sets as it generally
requires iterative computations [12, 18, 83]. Furthermore, as discussed in Section 1.2.3,
many existing algorithms compute invariant sets for a fized control law, see e.g. [40, 80].

In our scheme, despite being a conservative structure, we have chosen the RCI set (3.3)
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3.2 RMPC Problem

to be a hyper-rectangle. This is because, as shown in Section 3.3, such a structure enables
us to efficiently compute the optimal invariant set and the corresponding inner controller
(simultaneously) in one step by solving a single LMI optimization problem. A formulation

for more general RCI set structures is also presented in Chapter 4.

3.2.2 Cost Function

We consider the following cost function:

N-1
J(x0, u, w, 80, 05) ;=N PNy + Zl’{vak + ul Ruy — vawf wy, — €2 (3.5)
k=0

where x( is the given current state, Py = P§ ~=0,Q=Q" - 0and R= RT ~ 0 are

known matrices and where

U wo
Ui w1
_ N _ N
U = e R™Y  w= € R™»
UN-1 WN -1

Here, 72 and €2 are known positive constants used to regulate/constrain the effect of
disturbances and open-loop control component my, (see Remarks 3.5 and 3.6 below).
By inserting the outer controller structure uy = Fyxy + my into (3.5), we obtain:
N-1

J(z0, F,m,w,84,05) := 2N Pyay + Z g(zk, Fi, my, wy) (3.6)
k=0

where g(x, F,, mg, wy) is the stage cost at each prediction step and is defined as:
9(xg, Fiymy, wy) == x}‘f(@%— F,;‘FRFk)xk—i—ngmk—i—Qm;‘gRFkxk — ’wagwk —€2;

and F = [F] F{ - Fg_l]T e RN and m = [mf m? --- m%_I]T € RN are the

stacked feedback gain matrix and the control-perturbation vector, respectively.

Remark 3.4. A number of RMPC schemes in the literature consider a stage cost which
is positive outside Z and zero within it (see e.g. [26, 90, 91]). This approach renders
the cost function discontinuous. The proposed scheme, on the other hand, penalizes the
terminal state xn which keeps the cost function continuous with respect to the state. Also,
importantly, this enables us to derive conditions (in Section 3.4.4) under which terminal

weighting matriz Py can be chosen to guarantee stability of the RMPC scheme [66].

40



3.2 RMPC Problem

Remark 3.5. Note that in the cost function (3.6), the disturbance is negatively weighted
through the introduction of the constant v%. Predictive control schemes involving such
a term in their cost are known as Hoo-MPC' algorithms, see e.g. [53, 66, 69] and the
references therein. In this framework, v? represents a prescribed Hoo disturbance rejection
measure to improve the robustness of the algorithm. The impact of 4> will be further

clarified through numerical examples in Section 3.5.

Bearing in mind that the system response is due to x¢ and wy, the design specifications
can be summarized as follows:
For a prescribed disturbance rejection measure v > 0, find an admissible F' and m (i.e.

ones that satisfy the constraints (3.2)-(3.4) which achieve the following requirements:
(S1) J(0,F,0,w,00,85) <0, Yaw,¥6n,d5.
(S2) J*(x0) := minF7m max, § . 53 J(zo, Fym,w,0q,08).

In view of the above specifications, we will assume (and, in Section 3.4.2, derive sufficient

conditions for) the existence of matrices P, = Pl = 0 such that Vk € Ty [55]:
g(:ck,Fk,mk,wk) < .%'%Pk.%'k — x£+1pk+1.%'k+1, Ywy, € W, Oa € Da, 55 € @5 (3.7)

Summing the inequality in (3.7) for all k¥ € T and subsequently adding the terminal

cost to both sides yields the following upper bound on the cost function:
J(zo, Fym,w,0q,08) < xt Pyxg , Vw, Vo, Vog. (3.8)

It follows immediately that the requirement in (3.7) is sufficient for design specification
(S1). In view of design specification (S2), the proposed outer controller is chosen so as

to minimize the upper bound (3.8) on the cost function.

Remark 3.6. Note that (3.8) can be written as: x5 Pyzy +Zi\;—()1$£@$k + u} Ruy, <
Né? + 7v2wTw + CBE";P()JT(). From this, we see that the conventional MPC cost (left hand
side of the inequality) has three upper-bound components, namely: nggxo due to the

2 s used

initial state, Y2wTw due to the disturbance and Ne* due to my. In particular, e
to regulate the influence of the open-loop component my, in the overall control input (uy,).
So, for example, choosing a small € will nullify the effect of my. This relationship will

be further clarified in Section 3.4.2.

Remark 3.7. The design specification (S1), i.e. energy of the system driven only by the

disturbance should be less or equal to zero, is a typical requirement in Hoo design. On the
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3.3 RCI Set Formulation

other hand, design specification (S2) and the minimization of the cost upper bound :L'(:)FPO:L‘O
represent the Ho component of the problem and emphasizes performance. Therefore, cost

function (3.6) shapes the considered RMPC' problem into a mized Ho/Hoo framework.

3.3 RCI Set Formulation

As discussed in Section 1.2.3, RCI sets play a fundamental role in the RMPC control of
uncertain systems [79]. An RCI set for system (3.1) can be defined as follows [16]:

Definition 3.1. Z C R" is a Robust Control Invariant (RCI) set of system (3.1) if there
exists a control law v = Kz, such that (A+ DyAs)Z & (By + DgBs)KZ & B,WCZ.

We will now derive an LMI optimization problem to compute the largest /smallest perime-
ter hyper-rectangle invariant set (3.3) - which is a subset of the maximal/minimal RCI
set [79, 95] - along with the corresponding inner controller K, subject to the following

state and input constraints
ze€X;i={2€R™:E2< f}, u=Kzely:={uecR™ :@fgugﬂf} (3.9)
where £ € R"=>*" Xt C Xj, Vk, and Uy C Uy, Yk.

Theorem 3.1. There exists a constraint admissible RCI set Z and controller K if there
exist K € R diagonal matriz Zy > 0 and vectors ﬁgc,gg;, 7 ,u}i, € R, Mf; eR™ and
pi, € R, i€ Ny = {1, ,ny}, j € Ny := {1, ,ny,}, such that the following linear

inequality constraints are satisfied:

ﬁ;;ZQ p]x_‘_KTeu]ZOa

egjﬂf —2¢T9 — eTKTe,; >0, (3.10a)
8'23207 B]];,_IA(Teuj 207
—epjuy—2e"p) +e"KTe,; >0, (3.10b)

phy, >0, ik, + BECTe; >0,
ph >0, il + (ACT Zg+ ByK) ' Cle; > 0,
Hp 20, i, + (AsCL Za) CF ei > 0,
ph >0, i+ (BsK)'Cle; >0,
el Zye — vt (2ul, + B;F,C?ei) — el (2ul + (ACT Z4 + BuIA()TC}FeZ-) -
— ae” (2p], + (AsCT Za)" CTes) — Be™ (2ui, + (BsK)'CFe;) > 0, (3.10c)

EZge— <0 (3.10d)
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3.3 RCI Set Formulation

where Cp, := (Cfcf)—lcf, e; denotes the ith column of the ny X n, identity matriz,
eyj denotes the jth column of the n, X n, identity matriz and e is the n,-dimensional
vector of ones. If the inequalities (3.10) are satisfied, then RCI set polytope z = Zze and

controller K is a solution to K = KCgZd.

Proof. The input constraints in (3.9) can be written as:

erKx < egjﬁf , (3.11)
engx > egjyf , (3.12)

for all x € Z, where j € N,.
By applying Lemma 2.3, it can be shown that (3.11) is satisfied if and only if there exist
pgc, ﬁfg € R™ such that

ph>0, 7, >0, (3.13a)
Cipl=Cipl+K"ey; | (3.13b)
egjﬂf — 215 —2Tpl > 0. (3.13¢)

Pre-multiplying (3.13b) by Cf, := (C’fC’JT)_le and subsequently eliminating ch from
(3.13), yields the following equivalent conditions

ﬁgs >0, ﬁf;—i—CLKTeuj >0,
eniliy — 227 pl — 2" CLK ey; > 0. (3.14)

Note that (3.14) is nonlinear in z and K. By defining Z; := diag(z) > 0 so that z = Zze,
pre-multiplying the first and second inequality by Z; and introducing the re-definitions
ﬁzc = deg; and K := K CgZd results in the inequalities (3.10a), which are linear in all
the variables.

Analogous to the above procedure, using Lemma 2.3 on (3.12) followed by the lin-
earization results in (3.10b).

Now, since the sets Z, D,, Dg and W are symmetric, the invariance constraint in

Definition 3.1 can be written as:
el Ct[(A+ BuK)z + As p+ BsK q + Byw] < e 2, (3.15)

forallz € Z, weW, pe P, ¢€Q, i € Ny, where p := 6,2, ¢ := dgx and P and Q are
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3.3 RCI Set Formulation

defined by

ﬂ’::{peR":—angfpgaz},
Q:

Z{qGR":—BZSCfQSBz}.

It follows from Lemma 2.3 that (3.15) is satisfied if and only if there exist nl,, ji, € R™w
and ﬁi,ué,ﬁé,u]ig,ﬁz,uf] € R™ such that

Ho =0, Ty 20, py, >0, T, >0, g 20, iy 20 (3.16a)
CloL, = CTul + (A+ BuK) ' Cle; (3.16b)
Cim, = Cfuy+ (As)"Cle; (3.16¢)
Cim, = CFul + (BsK)TCle; (3.16d)
pey >0, Ty >0, [, = iy, + BuCes, (3.16e)
el z =T (uy + 1) — 27w + 1) — a2’ (p, + 1) — B2 (uf +71y) > 0. (3.16f)

Pre-multiplying (3.16b)-(3.16d) by Cr, and subsequently eliminating ¢, ﬁ;, ﬁf], i, from

the above inequalities yields:

ph >0, pl 4+ Cr(A+ BuK)TC’JT&' >0,
ph >0, b+ CL(As)"Cle; >0,
pg >0, pg+ CL(BsK) Cfe; > 0.,
>0, ,uiv—kBgC’}FeiZO,
ez — T (24, + BICTe;) — 27(2u} + Cu(A + By)TCTe) -
- azT(Qu; + C’L(A(;)TC?ei) - ﬁzT(2uf1 + C’L(B(;K)TC?ei) > 0. (3.17)

Pre-multiplying the first six inequalities in (3.17) by Z; and using the re-definitions
pl = Zgul, ,u; = Zd,u;, ,ué = Zd#é and K := KC’EZd yields the nine inequalities in
(3.10c). Finally, using z = Zge, state constraint in (3.9) can be rewritten as (3.10d). O

Let us define the following linear inequalities:

Ty

¢— Z e Zaei <0 (3.18a)
1=1
Ty

¢—> el Zge; > 0. (3.18b)
=1
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3.4 RMPC Controller

Then, using Theorem 3.1, it can be verified that an inner approximation to the largest
hyper-rectangle RCI set Z (perimeter-wise) and corresponding K can be obtained by

solving the following LMI optimization problem:

(o = max{ ¢ : (3.10a, 3.10b, 3.10c, 3.10d, 3.18a) are satisfied for some
Dy 01 eyt g € R™, pl, € R™ and i € Ny, j € Ny} (3.19)

Similarly, an outer approximation to the smallest hyper-rectangle RCI set Z (perimeter-

wise) and corresponding K can be obtained by solving the following LMI problem:

Co = min{ ¢ : (3.10a, 3.10b, 3.10¢, 3.10d, 3.18b) are satisfied for some
Doy 01ty i, g € R™, pi, € R™ and i € Ny, j € Ny} (3.20)

Remark 3.8. For systems subject to only disturbances without model-uncertainty (i.e.
do = 63 = 0), the conditions in Theorem 3.1 become both necessary and sufficient for
the existence of set Z and K. This is because for such systems, (3.15) is equivalent to
the invariance constraint in Definition 3.1. Therefore, (,, the optimal Z and K can be

computed exactly.

Remark 3.9. Solving LMI problems (3.19) and (3.20) yields the optimal Zg (:= diag(z))
and K. Note that all possible solutions (K ) to equation K = KCTZ, ensure control

invariance. For instance, one possible choice of the control law is: K = IA(Zd_IC’f.

Remark 3.10. For a given K, the RCI set Z can be computed through a Linear Program.

T T_ —

and define a column vector ¢ whose first n, elements are 1 while the rest are 0 i.e.

c:=[1,...,1,0,...,0]". Now, for the case with a fived K, all the conditions in The-

yT yT

orem 3.1 can be linearized (e.g. by re-defining Bl := Zqph in (3.14) and similarly in
other conditions). Hence, the optimization in (3.19) and (3.20) can be transformed into

a simple Linear Program with cost function ¢!y subject to constraints of the form Ty < g.

3.4 RMPC Controller

In this section, we derive the (outer) RMPC controller which is responsible for steering
the system state towards the terminal invariant set Z.
Recall that the proposed outer controller structure (ur = Fpxr + my) results in

nonlinearities and non-convexity if the problem is formulated in the standard way [46].
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3.4 RMPC Controller

Therefore, in order to avoid such issues, we formulate the RMPC problem in a more
sequential manner. In some sense, the proposed approach is reminiscent of our RCI
set formulation since the state constraints (3.2 — 3.3) and input constraints (3.4) can

respectively be written as (with a slight abuse of notation):
[A+ Dy As ® (By + DpBs)Fi] Xy, @ (By + DgBs)my, + ByuyW C Xjiq (3.21)
Fp X 4+ my, € Uy, (3.22)
for all k£ € T, where Xy is simply the initial state x¢p and Xy is the RCI set Z.

3.4.1 LMI Conditions for the Constraints

Our approach is to derive necessary and sufficient LMI conditions for the robust satis-
faction of state and input constraints, (3.21) and (3.22) respectively. Subsequently, we

will incorporate the cost function in the algorithm.

Theorem 3.2. Let all definitions and variables be as defined above. Then, there exists
an admissible feedback-gain matriz (F) and a perturbation vector (m), satisfying (3.21
- 8.22), if and only if there exist positive-definite matrices ﬁ;,Qﬁc € D"y *"y EZ;U,QZJ €
D™, Dy, Diy, Dy, Dl € R, T, i, € R™, T 11 il ) € R, 0 € Ny 1= {1,0++ ,my
Dlwr Prw €ER™, j € Ny :={1,-- ,ny}, as solutions to the following LMIs:

[CTDL,C 0 —1ATCTe; —L1FTBICTe; —1CTDL(T) +1y) — LATCTe,]
* D, 0 0 —3BLCTe;
* * EZM 0 0 =0
* * * 5; —%mZB(;TCTei
| * * * L(EkH,ﬁ;,ﬁ;,m,ﬁ@,ei) i
(3.23)
[CTDiC 0 LATCTe; LFTBICTe; —LCTDL(zi+zp) + ATCTe,]
x D 0 0 BLCTe,
* * D!, 0 0 -0
* * * Q% %mgB:ngTei
L x * * * L(zg 1, Dy, Dy, Dig, Dy, —e€5) |
(3.24)
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3.4 RMPC Controller

A ~ A

where L(Z, Dy, Do, Dg, Dy, ;) == e;fp(i — CBymy) —I—E;‘gﬁxgk —aD,a — 6ﬁ56 — 0T Dyo.

Pre 2 0, Dl + CrE{ €4 > 0,

el (ar — mi) — @ — 2) Bl — TL CrREFY €4 > 0, (3.25)
pl >0, pl —CrFley >0,
- efj(gk —my) — (T — Qk)TB;m + 7L CrF e, > 0, (3.26)

Vi€ Ny, Vj € Ny, Vk € T,

>0, a4+ a2l ATCTe; >0,

Tip >0, T+ (Fowo +mo)" Bf CTe; >0,

fL, >0, @, + BLCTe; >0,

6?(?1 — CAopxg — CBuTTLQ) — UT(QﬂiU + BZ;CTGZ) R

— a2, + 2T ATCTe;) — 5(2@"3 + (Fozo +mo)TBICTe;) >0 (3.27)
H; >0, Hza - acOTA(;TCTeZ' >0,

ng >0, H; — (Fyzo + mo)TB(;TCTeZ- >0,

HZU > 0 ) H,Zw - B'Z:CTei > 07

— el (z; — CApzg — CBymg) — UT(2HL — BICTe;)---

- a(QHL — 2l ATCTe;) - 5(232 — (Fozo +mo)'BECTe;) > 0 (3.28)
efj(FofEO +mo —up) <0,
exi (Fomo +mo — ug) > 0, (3.29)

Vj €Ny, Vi€ Ny, k=0,
where Cp := (CCT)™1C, Ay :== A+ By Fy, Ay := A+ B,Fy and where Ty = —x5 = 2 .

Proof. The state constraints in (3.21) can be written as:

e} (Cpi1 — Tpy1) <0
0

IN

T
—€; (Crpq1 — £k+1)
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3.4 RMPC Controller

Vk € Tr,Vx € Xi, Ywr € W, Yo, € Dy, V5ﬁ S '_Dﬁ, where:

Tpt1 = (A~ 00 ds)zy + (By + 03Bs) (Frai + my)+ Bywy, . (3.32)

Tk (@, Freomp,wi,00,68)

It can be verified that:

e (Cpp1—Tp1) =— (v —wp) Dy (wy+v) — (B=85)TDs(35 + B) — (a—64) " Dy (5t )
—(Tk—Cxp)" D, (Cxp—zy) — yf Li(Dy, Dy, Dy, Dig, Fie, my )y

for all i« € Ny, where Ei,ﬁfu,ﬁ;,bg are positive-definite diagonal matrices, vector
g = [2f wl 6L 5T 17 and fi(ﬁ;,ﬁfmﬁg,ﬂc,mk) is the matrix given in LMI (3.23).
Then, through an application of the S-Procedure (Farkas’ Theorem) [81], it follows that
(3.23) is necessary and sufficient for (3.30), (see also Section 2.3). Analogous to the
above method, it can be verified that LMI (3.24) is a necessary and sufficient condition
for (3.31).

Now for k = 0, with z¢p known, the state constraints become:

0[5 Asxo + 5535(}701’0 + ’I’)’Lo) + waO] <e ( — CAoxg — CBumo)

T
ef (zy — CAgzg — CBymy) (3.33)

e] C[6aAswo + 05 Bs(Foxo + mo) + Bywo) >

Using Lemma 2.3 on the first inequality in (3.33) yields:

:ula > 0 ) ﬁla > 0 ) /’La /’La +1’0 ATCTe'“
ph >0, [ >0, py = s+ (Foxg +mo) B CTe;,
MZJ >0, ny >0, MLZEZ,—FBZZCTGZ’,

e; (T1 — CAozo — CBumo) — v (1, + fiey) — oy, + Tg) — Blufs + lg) > 0

Eliminating pf,, pf, and /‘,iB from the above yields the inequalities (3.27). A similar
treatment on the second inequality in (3.33) yields the conditions in (3.28). Therefore,
inequalities (3.27), (3.28) both become necessary and sufficient for the satisfaction of the
state constraints at £ = 0.

Now, for k € T7, the input constraints in (3.22) can be written as:

egj(kak +my) < efjﬂk , V7 €Ny, Vi € Xy, (3.35)
evi(Frae +mi) > el , Vi € Ny, Vay, € Xj. (3.36)
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By applying Lemma 2.3, it can be shown that (3.35) is satisfied if and only if there exist
pix, ﬁiw € R™ such that

phe >0, 7. >0, (3.37a)
cTol, = CTp, + Fleu, (3.37b)
el (@ — my) + 21 B}, — Thpl, > 0. (3.37¢)

Pre-multiplying (3.37b) by Cr := (CCT)~'C and subsequently eliminating p{;x from
(3.37) yields the inequalities (3.25). Analogous to the above procedure, using Lemma 2.3,
it can be shown that (3.36) is satisfied if and only if there exist a solution Bix e R™ to
the inequalities (3.26). Finally, for £ = 0, with 29 known, it can easily be verified that
inequalities (3.35) and (3.36) reduce to (3.29). O

Remark 3.11. It is worth mentioning here that the LMIs in Theorem 3.2 do not in-
troduce any gap (conservatism) in the formulation. Therefore, the state and input con-
straints are incorporated in a non-conservative manner (see also Section 3.5). Further-

more, these LMIs have a low dimension which makes the online optimization tractable.

Remark 3.12. Note that, in Theorem 3.2, both Tyy1 and xy, 1 appear linearly and thus
can be treated as variables. This suggests another method of tightening the constraints
- in an a-priori manner - to yield a feasible control policy. For example, the LMIs
in Theorem 3.2 can be solved (sequentially) to minimize the objective ||Tgpi1 — £k+1”2;

resulting in an optimal constraint-tightening procedure.

3.4.2 Incorporation of the Cost Function

To compute an upper-bound on cost (3.6), we first derive a sufficient condition for (3.7).

Theorem 3.3. Given the matriz Pyy; = P,;‘FH >~ 0 and a (constant) user-specified bound-
ing on my, call it €2, there exists a P, = PkT = 0 satisfying (3.7) if the LMI:

(X2 0 As 0 0 0 0 0
0 NI BsF; 0 Bsmy 0 0 0
*x * P,—-Q 0 0 F'rR AlP.y O
* * * 27 0 0 BTPp 0
7 At =0 (3.39)
* * * * € mp R mp B, Pry1 0
* * * * * R 0 0
* * * * * * Pri XPkH
* * * * * * * PV

49



3.4 RMPC Controller

has a feasible solution, where Ay := (A + ByFy), and X := \?(a® + 3?).

Furthermore, with Py, obtained as above, the quadratic function J(zy, Fy, my) = x{kak

represents an upper bound on the cost-to-go at each prediction step k.

Proof. Recall that the cost function we propose is:

=2

-1
J(x()avaawa(saaéﬁ) = ‘T]’Z\}PN'%N—’_ g(xkaFkvmk7wk)
0

e
Il

where g(z, Fi, mg, wy) = xZ(Q + F,?RFk)xk + mZRmk + mfRFkxk + x%FERmk —
’wagwk —€2. Here €2 > 0 is a designer-specified upper bound on control-perturbation my,.

2

In particular, mmek < €2, so that a non-zero € corresponds to a control-perturbation

component in ug.

Then, by using system dynamics (3.1), inequality (3.7) can be written as:
st Li(Fimp, P)sg >0, Yy, Yo, Vog

for all k € Ty, where s, = [z] w] 1]T € R*Tmwtl and Ly (Fy, my, Pr) =

7’1" J— 7T A
P, —Q— FI'RF, — Aj, Po1 A —A, Py 1By Ly
* 721 — BI' P, 1B, ~BLP,. 1B,
* * €2 — EZPkHEk — mmek

where Zk = (Ak + 0o A5 + 55B5Fk), Ek = (Bu + 55B5)mk, and [A/Lg = _ZZP]CJ’,lEk -
FI'Rmy,.

It follows that a sufficient condition for (3.7) is:

~

L (Fy,my, Pg) = 0 (3.39)

Application of the Schur complement on I:k(Fk,mk,Pk), followed by a pre- and post-
multiplication with the matrix diag(l,I,I, R, Py+1) and a subsequent rearrangement

shows that (3.39) is equivalent to:

L+ESVT +VsTET =0, Vs,
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where § := [0, 6], V:=[0 0 0 0 Pyq]” and

[(P,—Q 0 0 F'R APy | (AT FI'BT]
* 21 0 0 BL P 0 0

L= * * € m;‘:R m{BngH JE:=10 m;‘:Bg
* * * R 0 0 0

| x *  x % Pet1 | | 0 0 |

Using the S-procedure [94] on above inequality yields:

=0

L+ ESVT +VOTET = v( A2 (a? + %) = N26T6)VT +pT Li(Fi, my, P, N)p =0

where p := [V6T I]T, 0 < A € R is a variable and:

_ )\2[ ET
Lk(Fk,mk,Pk,)\) = « I — )\2(a2 +ﬁ2)VVT

It follows that Ly (F}), my, Py, A) = 0 is sufficient for inequality (3.7). Applying the Schur
complement argument on Ly (Fy, my, Py, A) yields LMI (3.38).

To prove the second part of Theorem 3.3, let gx(xg, F, my, wi) and Ji(zk, Fi, mg)
denote the stage cost and the cost-to-go (respectively) at each prediction step k. Fur-
thermore, let J}(x)) denote the optimal cost-to-go. Then, for our algorithm, at a given
(absolute) time, initially at prediction step & = N — 1 with Py known, we have the

following:

JX(zn) = In(zn) = gy (oN) = 2N Pyan.

Then, iterating backwards, at each k, with P41 known, we have

Ji(xp, Fipymy) == max  g(ag, Fy, my, wi) + T (fe(@r, Fr, mi, Wi, 00, 08)).
wk75a755

where fi(2g, Fi, mk, Wk, 0a, 0g) is defined in (3.32).
Finally, using (3.7) - which is ensured by (3.38) - shows that:

Je(@p, Fiymi) < @ Py, =t Ji(zp, Fipymy,). O

It follows from the proof of Theorem 3.3 that an upper bound on the optimal cost function
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is given by:
Tolxo) = min zd Pyxg (3.40)
P, =0, Vk
G =0, Vk

where Py is given and Gy > 0 represents all the (applicable) necessary and sufficient
conditions derived above for the state/input constraints (3.23)-(3.29), as well as inequality
(3.38). Note that optimization problem (3.40) requires the constraint (3.38) to be satisfied
for all k and this renders the problem nonlinear and non-convex due to the (3,7) and (5,7)
entries of (3.38). In order to avoid such non-convexity, we minimize an upper bound on

the cost-to-go Ji(xk, Fl, my) in a sequential manner, as given in the following theorem.

Theorem 3.4. An upper bound on the optimal cost-to-go jg(xk), call it j,:, can be

computed, for all k € Ty, as follows:
i = min - fog
subject to:

Pk‘>-07 Gk’toa Dk‘tov

CTDLC — Py,  —iCTDy(mg + )

Ly (Py, D) = = 0. (3.41)

T
* pok + Ty Dyxy,

Furthermore, for k = 0, Tg(xo) can be computed by minimizing x Pozo subject to the
tnequality constraints:

Py >0, Gog=0. (3.42)

Proof. We consider the following min-max problem as the main optimization in the

proposed algorithm, for all & € 17:

Ti(zp) < Pmin0 max i Ppxy. (3.43)
Gk : 0 T € Xp
k =

Using the S-Procedure, it can be verified that:

<0

a:;;FPka:k = —(fk — C:Ck)TDk(ka — ﬁk) — CTLk(Pk, Dk)c + Lok

for all k € T, where the diagonal matrix Dy = 0, ¢ := [:c{ 1)7 and Ly (Py, Dy) is as
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defined in (3.41). Therefore, we have:
Dy = 0, Li(Py, Di) = 0=zl Poay, < pop. (3.44)

Using (3.44) in the maximization of (3.43) yields the required minimization problem for
the computation of J#(z;). Furthermore, for k = 0, with o known, Jg(zo) can be

computed by minimizing x Pyzo subject to (3.42). O

3.4.3 Overall RMPC Scheme

The optimizations for the computation of the feedback gain matrix F' and perturbation
vector m can be summarized as follows:

At each absolute time step, call it ¢, iterating backwards starting from prediction step
k = N — 1 all the way down to k = 1, for each k, we solve the following problem to

compute Fj, my and Pj:

j,: = min{ pox : (3.23, 3.24, 3.25, 3.26, 3.38, 3.41) are satisfied for some diagonal
positive definite matrices Dk,ﬁi,gg,ﬁfl,gg,ﬁ;,ig,ﬁfﬂ,gg, and
Pe=Pl =0, pl,.pl €R™ ieN, jeN,} (3.45)

Then, for kK = 0, with P; computed in the previous step, the following problem is solved

to compute Fy, mg and Fy:

Jo(zo) = min{ xl Pyzo : (3.27, 3.28, 3.29, 3.38, 3.42) are satisfied for
some Py = Pl ~ 0, ﬁfu,ﬁiu € R”w,ﬁé,ﬁfx,ﬁg,ﬁ; € R,
i € Ny, j € Ny} (3.46)

Therefore, the overall RMPC algorithm can be summarized as follows.

Algorithm 3.1. Robust Feedback MPC.

Data: Ti.

Algorithm: If x, € Z, set uy = Kxy. Otherwise, compute F' and m by solving (3.45) and
(3.46) sequentially and set uy = Foxy + my.

Remark 3.13. Algorithm 3.1 is based, in part, on the principles of Dynamic Program-
ming [13] since it involves computing Fy,, my by minimizing the worst-case upper bound
on the cost-to-go at each k. Note also that (3.45) and (3.46) are (low-dimensional) LMI

optimization problems and thus the control law can be computed in polynomial time [55].
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3.4 RMPC Controller

3.4.4 Conditions for Stability of the RMPC Scheme

The stability of MPC schemes has been widely investigated over the past few decades
(see e.g. [66] for an excellent survey). In the literature, a number of techniques have
been employed to establish stability. However, the most common one involves the use of
terminal (invariant) sets and a suitable terminal cost. In particular, the conditions for

stability of the RMPC scheme can be summarized as follows [66]:

C1: The stage cost g(x,u,w) > &(||z||) for all feasible states x, for all w and for some

6> 0.

C2: The terminal set Z is robust positively invariant for the system under the control
law k. (z), ie. f(z,k.(x),w) €Z, Vo € Z, Vw € W, Vo, € Dy, Vog € Dg, where
f(z, ko(2),w):=(A+0aAs)x+ (By+08Bs) k. () +Byw

C3: The terminal control law () is such that x.(r) € Uy C Uy, VK, Yo € Z. Further-

more Z C X, Vk, and the sets Uy and Z contain the origin in their interior.

C4: The terminal cost function gy (z) is such that gy (0) = 0, gn(z) > 0 ,Vx € Z and

satisfies:
g (f (2, k2(2), w)) — gy (7) < —g(@, K2 (2), W) (3.47)

Vo € 2, Voo € Dqy, Vog € Dy , and for all admissible w.

We now present a theorem to ensure conditions C1-C4 for the proposed RMPC scheme.
For simplicity, as well as the fact that above conditions assume state-feedback, we will

consider €2 (and therefore my) to be zero.

Theorem 3.5. Assume that all admissible disturbances (i.e. w € W) also belong to the

set W where (see Remark 3.14):
Wi={we R [lu]? < o*(a7Qx + u” Ru)} (3.48)

and where o < % Furthermore, suppose the terminal weighting Py = P]z; is chosen as

the solution to the LMI:

(210 0 Py —Py B,
* A3 0 Py —Pn By,
x x L3z ALPy —ALPyB, |>0 (3.49)
* % * Py 0
x x x x  ¥2I — BIPyB,
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where L33 := Py —Q— KTRK — BzA%KTBngK — a2)\3A5TA5, with K as the computed
inner controller (i.e. k,(x) = Kx) and Ag := (A+ B, K).
Then, the conditions C1-C}4 are satisfied.

Proof. Using the definition of set W, the proposed stage-cost can be written as:

g(z,u,w) = 27 Qx + vl Ru — v*wlw
> (1 +20%) (7 Qx + u Ru)
= pu(x? Qz + u” Ru)
> 5(:UTQx)

where ¢ > 0 and § > 0 if 0 < % It follows that the assumption w € W is sufficient to
guarantee condition C1.
Now with the inner controller and RCI set already computed (using Theorem 3.1), in-

serting the system dynamics (3.1) into inequality (3.47) yields:
W Ly(Py,0a,05)h > 0
where h = [z w!]T € R and

Py —Q— KT'RK — AL, PnAsie — AL PnB,

La(Phi. 80, 09) = * ~2I — BT Py B,

where Asi 1= (A+ ByK) + (00 As + 0gBsK). Therefore, fLS(PN,5a,55) = 0,Vdq,0p is
sufficient for (3.47). In order to obtain convexity in Py, we will first deal with dg followed
by d~. An application of the Schur complement argument on ﬁs(PN, da,08) = 0 and a

subsequent rearrangement yields the following sufficient condition:
L+ EgF" + FSFE" =0, Vi (3.50)
where E:=[0 Py —PyBy|t, F:=[BsK 0 0], and

Py—Q-KTRK (AL +0, APy — (AL +6,AT)Py B,
L:= * Py 0
* * 721 — B Py B,

Much the same way as in the proof of Theorem 3.3, applying the S-procedure on inequality
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(3.50), and a subsequent rearrangement yields the following condition:
L+ ESoFT + FSTET =0, V6, (3.51)

where E:=[0 0 Py —PyxBy|', F:=[0 As; 0 0] and

(\2T 0 Py —PnBy,
| Loy ALPy  —ALPyB,
* * Py 0
| x x *x I — BLPNBy|

where Ly := Py — Q — KTRK — f?2A3K" Bf B;K. Finally, applying the S-procedure
on (3.51) yields (3.49).

Thus, a Py satisfying LMI (3.49) guarantees that the corresponding terminal cost
satisfies C4. Finally, we note that C2 and C3 hold due to the RCI set formulation of
Section 3.3. 0

It follows from [66] that satisfaction of conditions C1-C4, by the proposed scheme, is

sufficient to ensure the Lyapunov stability of the closed-loop uncertain system.

Remark 3.14. The condition (3.48), though restrictive, has been used in a number
of publications, e.g. in the context of Hoo-MPC [66, sec. 4.7]. A similar condition
( |lwi]|? < ||wx||?) has been used in [55] as well as for the proofs given in [105]. An
alternative, less restrictive, assumption which may instead be used to guarantee condition

C1 is also given in [100, App. AJ.

Remark 3.15. Recursive feasibility of the proposed scheme is ensured through the incor-
poration of the (constraint admissible) invariant terminal set Z. In particular note that,
under the conditions given in C1-C4, the optimal control sequence computed at time t
can be shifted and subsequently appended with the terminal control law k.(x) to yield the
sequence: {u(t+1|t), -+ ,u(t+N|t), K, (x)} which remains feasible at next time step t+1.
See [66] for further details.

3.5 Numerical Examples

In this section, we present three examples to demonstrate the effectiveness of the proposed

algorithm.
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—2— Proposed algorithm

nsk | # - Algorithen from [97]

0
" s
B N
15 I I 1 |
0 1 2 3 4 5 B 7 g 9
Time ()
Figure 3.1: Simulation results for Example 1 with wy = — cos(¢/2).

3.5.1 Example 1

Firstly, we consider an example taken from [91]:
Tyl = Tk + Uk + W (3.52)

The disturbance is constrained as: —1 < wy, < 1. The state constraints are defined
by Zr = 2 and z;, = —1.2. No input constraints are imposed. The initial state xg = z
and the horizon N = 3. For the cost, we have Q = 1, R = 0.1, Py = I, €2 = 0.5 and
disturbance rejection parameter v2 = 10. The optimal RCI set and controller, computed
using the algorithm in Section 3.3, are given by Z := {x eR:-1<z< 1} and K = —1,
respectively. Figure 3.1 shows the results using the proposed RMPC scheme as well as
the algorithm from [97]. Note that both algorithms are able to steer the disturbed
system state to the invariant set (shown by black dashed lines). Once in the set, the
computed inner controller keep the system state within Z for all possible disturbances.
Note, however, that the proposed scheme controls the state to the RCI set in one step as
compared to two online iterations required by the algorithm in [97]. This improvement
can be attributed to the introduction of the control-perturbation mj which provides an
extra degree of freedom in the proposed scheme. This results in fewer number of online
iterations and a less conservative algorithm.

As explained in Section 1.2, Example 1 is found to be infeasible with open-loop min-
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Scheme Iterations required for convergence to Z | Average computational time per iteration (s)
Open-loop min-max MPC Infeasible -
Min-max feedback MPC [91] 1 0.70
Algorithm from [97] 2 0.36
Proposed Algorithm 1 0.37

Table 3.1: Comparison of various RMPC schemes for Example 1

max MPC scheme due to its conservative nature. The min-max feedback MPC scheme in
[91] does yield feasibility though at the expense of large online computational burden (due
to its combinatorial nature of optimization). Table 3.1 compares the computational load
and RCI set convergence of all the above schemes (running on an Intel® 2.4GHz PC with
MATLAB® version 7.12). We can see that the proposed scheme approximately halves
the computational time whilst still providing the fastest possible RCI set convergence,

i.e. in one step.

3.5.2 Example 2

We now consider an uncertain version of the unstable process from [97]. In particular,
we have:

Tyl = (A + 5O¢A5)$k + (Bu + 5/335)1% + B,wg

1 038 1
]7 Bu:

1

1
1

with A= , By

0.5 1

Furthermore, As = A and Bs = B,. For the uncertainty, we have polytopes a =
0.15, 8 = 0.10 (which corresponds to 15% uncertainty in each entry of A and 10% for
B,). The constraints on disturbance, input and state are given by: —0.3 < wp <
0.3, Up =—u; =12Vk, and T, = —z;, = [8 8]T, respectively. We adopt a constraint
tightening approach. Moreover, we set the initial state xy = T}, and the prediction horizon
N = 6. For the cost, we have v2 = 6, €2 = 0 and penalties Q = ¢I, R = rI, with the ratio
g/r = 0.2. Computing the RCI set and the inner controller with the input constraint
Uy = —uy = 1.5 and state constraints: z < [1.6 0.9]", yields the the following Z and K:

1.596 1.596
2 =dzecR?: <z< : K:—[0.499 0.798] .
—0.881 0.881

Moreover, computing the stabilizing terminal weight through LMI (3.49) yields:

[ 12545 —0.4484
N7 04484 2.0977
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Figure 3.2: State trajectories for Example 2 with 42 = 6 (left) and 72 = 1 respectively

Figure 3.2 shows the state trajectory for 42 = 6 (left) and 72 = 1 respectively, both
with worst-case oscillating uncertainties 5, = (—1)"a, §5 = (—1)!"'3 and disturbance
wy = (—1)tv, Vt. We see that even with initial state on the constraint boundary (black
dotted line) and worst case uncertainty and disturbances, the RMPC controller is able
to steer the system state towards the RCI set (red dashed set) in both cases. However,
as expected with 42 = 1, the controller offers improved disturbance rejection and steers
the state to RCI set in fewer steps such that x4 € Z. The computed input sequences
for v2 = 6 and 1 are respectively given in Figure 3.3 (left) with the control constraint
clearly active at t = 0 (this illustrates the non-conservative manner in which constraints
have been incorporated within the formulation, see Remark 3.11). Finally, Figure 3.3
also shows the decreasing cost upper-bound To(xo) which is approaching zero with each

iteration.

3.5.3 Example 3

We consider the problem of controlling the composition (amount of pulp fibers in aqueous
suspension) and liquid level in a Paper-Making process [107]. Figure 3.4 shows the
schematic of a Paper machine headbox. The process states are z! = [Hy Hy N1 Ny,
where Hy and Hs are the liquid levels in feed tank and headbox, respectively, and N; and
Ny are the compositions in the feed tank and headbox, respectively. The control input
is given by ul' =[G, G|, where G, is the flowrate of stock entering the feed tank and

Gy is the recycled white water flow rate. All variables are normalized such that they are
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Contral input (ut 1

Figure 3.3: Control input trajectory (left) and cost upper-bound graphs, respectively, at
each iteration for Example 2

zero at nominal steady state.

We consider both model-uncertainty and additive disturbance in the process-dynamics,
due, for example, to the consistency /composition of white water. Moreover, we assume all
states as measured. The control objective is to regulate the liquid levels and compositions
despite the presence of persistent uncertainties/disturbances. The process dynamics, dis-

cretized using a sampling time of 2 minutes [107], are given by (3.1) where:

0.0211 0 0 0 0.6462 0.6462 1

_ 0.1062  0.4266 0 0 . B, = 0.2800  0.2800 B, 1 7
0 0 0.2837 0 1.5237 —0.7391 1
0.1012 —-0.6688 0.2893 0.4266 0.9929  0.1507 1

with As = |A|, Bs = |By| and uncertainty polytopes are given by o = 0.20 and 5 = 0.10.
The disturbance is represented by the set: —0.1 < wy < 0.1.

There are constraints on liquid levels so that headboxes never run dry or overfill.
These are given by: —3 < Hj, Ho < 3 and the compositions are constrained such that:
—5 < Ny, No < 5. We consider restrictive input constraints given by: —1.5 < uj,us < 1.5
and the initial state to be on the constraint boundary i.e. xg =3, 3, 5, 5].

The cost parameters are Q = 0.11, R = 0.011, Py = 0.11, €2 = 0.5 and the prediction
horizon N = 10. Since we require to regulate the states tightly around zero (despite
uncertainty), we impose the following constraints on the target RCI set: The absolute

liquid levels |H;|, |Hz| should be less or equal to 0.6 and the absolute composition levels
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G
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Hy Ny
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2 2 W Wet Paper
EE White Water
=
G,

Figure 3.4: Schematic of Paper Machine Headbox Control Problem.

|N1|, |N2| should be less or equal to 0.7. We also impose (inner) controller constraints:

iy = —u; = [0.5, 0.5]7. The resulting RCI set and controller are given by:

—0.536 0.536

) —0.279 < o< 0.279 K= 0.078 —0.335 0.180 0.142
—0.70 0.70 0.160 0.335 —0.180 —0.142
—0.70 0.70

The simulation results (including state-trajectory, control input and cost upper-bound)
with persistent (worst-case) uncertainties 6, = +a, dg = + and disturbance w; = +v
(for 42 = 10 and 3) are given in Table 3.2. We note that despite persistent uncertainty, the
proposed RMPC controller is able to steer the process-states from the upper constraint
boundary to the invariant set Z. Note that, with v = 3, the state converges to the RCI
set in three iterations as opposed to five iterations required with v? = 10. However, as
can be seen from the table, the improved disturbance rejection for ¥ = 3 comes at a
cost of larger control requirement with the input constraint active at ¢ = 0. Table 3.2

also shows the corresponding cost upper-bound reducing at each iteration.
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Time (t)
0 I 2 3 i 5
3] [—1.344] | [—=0.016] | [ 0.06 ] | [ 0.067 || [ 0.062 |
o 3 1.36 0.589 0.382 0.288 0.239
210 5 ~0.104 0.267 0.237 0.198 0.168
5] 1484 | | [-0.037] | [~0.149] | |-0.105] | |-0.055]
w | [LA21 0.054 0.004 ~0.006] | [—0.016 ]
|—0.716] | |-0.169] | |-0.060] | |-0.042] | [~0.040]
Ty | 11223 0.973 0.155 0.076 0.044 -
3] [—1.6117 | [—0.209T | [ 0.068 ]
B 3 1.244 0.415 0.275
g o 5 ~0.038 0.173 0.216 i i
5] | 1348 | | [—0.212] | [—0.189]
w | [F1B0T ] 0070 0.014 ] ] ]
~1.013] | |-0.307| | |—0.051
To | 21451 1.275 0.146 - - -

Table 3.2: Simulation results for Example 3, including state-trajectory, control input and
cost upper-bound at each time step

3.6 Summary

In this chapter, we have proposed a new algorithm for the Robust Model Predictive
Control of linear discrete-time systems subject to bounded disturbances, (parametric)
model-uncertainties and hard constraints on the input and state.

The proposed scheme consists of an outer controller, incorporating a state-feedback
structure, which is responsible for steering the system state to a designed invariant set.
Once in the set, the inner controller takes over and maintains the state within the RCI
set despite persistent uncertainties and disturbances.

The novel features of the algorithm can be summarized as follows: 1) The outer con-
troller consists of a state-feedback part (Fy) and a control-perturbation (myg), where both
these components are explicitly considered as decision variables in the online optimiza-
tion. The nonlinearities typically associated with such a feedback parameterization have
been avoided by adopting a sequential approach in the formulation based, in-part, on the
principles of Dynamic Programming; 2) There is no requirement for any initial/offline
computation of a feasible feedback control law; 3) The state/input constraints are incor-
porated within the formulation in a non-conservative manner; 4) The (terminal) RCI set
and corresponding controller are both computed in one step by solving a single LMI prob-
lem; 5) The algorithm consists of a series of low-dimensional LMI optimization problems,
which makes the scheme suitable for online implementation.

As is typical in Hoo-MPC, the disturbance is negatively weighted in the proposed cost

function through the incorporation of ¥2. This, as has been illustrated through numerical
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examples, improves the robustness against disturbances. Finally, conditions have been
provided under which the RMPC algorithm is recursively feasible and ensures Lyapunov
stability of the closed-loop uncertain system.

In this chapter, a hyper-rectangle RCI set structure has been considered due to
its computational advantages (see Remark 3.3). However, depending on the distur-
bance/uncertainty, this remains a conservative choice. Therefore, in the next chapter,
we investigate the efficient computation of more general polytopic RCI sets, along with

their corresponding control law, for uncertain systems.
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Chapter 4

Low-complexity Invariant Sets for

Uncertain Systems

4.1 Introduction

In this chapter, we propose an algorithm to compute low complexity RCI (LC-RCI) sets,
along with the corresponding state-feedback gain, for linear discrete-time systems subject
to norm-bounded uncertainty, additive disturbances and state/input constraints.

As discussed in Section 1.2, RCI sets form an essential part of most RMPC schemes.
With that in mind, the main motivation of this chapter is to compute, for uncertain
systems, such simple polytopic RCI sets (along with the corresponding feedback gain)
which can readily be incorporated within robust predictive control schemes without sig-
nificantly increasing their online computational complexity. In this regard, LC-RCI sets
hold several (computational) advantages over ellipsoidal and more general polytopic in-
variant sets. As mentioned in [18], use of ellipsoidal target sets for (linear) MPC leads to
an online algorithm based on Semidefinite program (as opposed to traditional Quadratic
Program) which in turn results in a significant increase in the online complexity. As a re-
sult, polytopic invariant target sets are generally preferred. However, general (maximal)
polytopic RCI sets are usually described by a large number of inequalities which again
leads to an increase in the computational complexity of online QP problem for MPC -
particularly for higher order systems. On the other hand, LC-RCI sets are defined by
only 2n inequalities - where n is the order of the system - which makes them particularly
suitable for incorporation within the overall control scheme.

In order to obtain the largest/smallest volume RCI set, an obvious approach is to

consider both the set and control law K as decision variables of optimization (see Sec-
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tion 1.2.3). However, this leads to non-convexity and nonlinearity in the formulation.
Furthermore, many of the existing schemes from the literature cannot directly be applied
to norm-bounded uncertain systems. An exception to this is the algorithm in [98] which
proposes a method to compute hyper-rectangle RCI sets, and K for system (1.10). How-
ever, hyper-rectangle set structure is generally a conservative choice for most systems.
Here, we propose an efficient algorithm based on convex/LMI optimizations, for the
computation of LC-RCI sets and K for systems of the form in (1.10). Using a slack
variable approach [3, 31], we give general results to convexify the original nonlinear and
non-convex problem whilst introducing only minor conservatism within the formulation.
The algorithm can compute approximations to both the maximal as well as minimal
volume polytopic invariant sets. An initial, constraint admissible LC-RCI set and corre-
sponding K are computed through a convex/LMI problem. Then, the volume of this set
is iteratively optimized. Through numerical examples from the literature, we show that
the initial and final maximal RCI sets computed by the proposed algorithm are larger
than those obtained using the scheme in [18]. Furthermore, we show that for the special
case when the RCI set is characterized as a hyper-rectangle, the proposed algorithm can
yield, in one step, invariant sets which are larger/smaller than those computed using the
scheme in [98]. Formulation of this chapter is mostly based on the results given in [101].

To deal with uncertainty in this work, we will use the following lemma [35].

Lemma 4.1. Let R = RT,F, E, H be real matrices of appropriate dimensions and define

A = {diag(éllql, s a5l1q17 Al+1, s 7Al+7") .
S eR, |0 <1,A; e RE*% A <1} (4.1)

where BA represents the unit ball of A.
Then, we have the inequality R+ FA(I — HA)'E + ET(I — ATHT)IATFT » 0
and det(I — HA) # 0 for all A € BA, if there exist (S,G) € U such that

R ET + FGT FS
E +GFT S+ HGT+GHT HS|-0
SFT SHT S

We also employ the S-procedure [81]. As discussed in Section 2.3.1, this is a family of
procedures used to derive sufficient (occasionally necessary and sufficient) LMI conditions
for the non-negativity or non-positivity of a quadratic function on a set described by

quadratic inequality constraints.
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4.2 LC-RCI Set Problem

4.2 LC-RCI Set Problem

In this section, we first give a description of the system and constraints. Subsequently, we
derive the conditions for invariance and highlight the inherent nonlinearities associated
with the problem.

4.2.1 System Description and Constraints

We consider the following linear, discrete-time uncertain system, see e.g. [55]

Te+1 = Az, + Byuy, + Bywi, + Bppka (4'23)
pr = Agy, (4.2b)
Qk - quk + unuk, (42C)

where x, up, wg, pr are the state, input, bounded disturbance and uncertainty vectors
(respectively) at step k; A is the system matrix and B,, B, and B, are the input,
disturbance and uncertainty distribution matrices, respectively. We assume that the pair
(A, B,) is stabilizable and the state zj is measured. The polytopic disturbance is of the
form:

wkEWZZ{’wERnw:—US’U)SU}~ (4.3)
Furthermore, norm-bounded model uncertainty A € BA, where A is defined in (4.1).

Remark 4.1. We consider only symmetric disturbances here simply for the sake of clar-
ity of exposition. The formulation below can also easily accommodate mon-symmetric
disturbances. Furthermore, note that we allow uncertainty (block diagonal, with repeated
and/or full blocks) in all parts of the system dynamics since (4.2) can be re-written in the

same form as in (1.10). That is: xp41 = (A + BpAC,)xy, + (By + BpADgy,)uy, + Bywy.

We consider the polytopic LC-RCI set of the form [18]:
7= {xeRn:—dgcxgd} (4.4)

where d € R" is a vector of ones and C € R™*" is a square matrix of full rank. The RCI

set (4.4) is required to satisfy the following polyhedral state and input constraints:

xéx::{xeR”:T:rgf} (4.5)

ueu::{ueR"“:Nugﬂ} (4.6)
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4.2 LC-RCI Set Problem

with given matrices T' € R"=*" N € R"*" and vectors 0 < T € R", 0 < u € R,
An RCI set for system (4.2) can be defined as follows [16]:

Definition 4.1. The set Z C R"™ is an RCI set for system (4.2) if there exists a control
law v = Kx € U such that:

(A+ B,AC)Z @ (By + ByADg) K2 ® B,WC2. (4.7)

where @ denotes the Minkowski sum.

Remark 4.2. As discussed in [29], a nonlinear control law is generally the least conser-
vative choice for optimizing the size of corresponding RCI sets. Howewver, in addition to
the computational intractabilities associated with formulating the RCI set problem in this
way, such a choice is also likely to add complexity to the associated RMPC scheme. This

is the reason why we focus on invariance under a linear control law, see also [18, 83].

4.2.2 RCI Set Formulation

In this section, we will first derive sufficient conditions for the existence of an admissible
invariant set of the form in (4.4). Subsequently, we analyze these conditions and discuss

the associated nonlinearities.

Theorem 4.1. Let all variables be as defined above. Then, there exists an admis-
sible RCI set Z and controller K, i.e. ones satisfying the constraints (4.5)-(4.7), if
there exist (S;, G;) € \il, and diagonal, positive semidefinite matrices D™, m € N, :=

{1,-+ ,ng}, Dl jeN, = {1,---,n.}, and D., D% i €N, :={1,--- n} as solutions

w
to following matriz inequalities, Ym € Ny, Vj € Ny, Vi € Ny,:

cTpic * * * K

0 Di, * * ok

—2elC(A+ B,K) —ielCB, eld—d'Did—v'Div * *| =0 (4.8)

(Cy + DyuK) 0 —3GiBICTe; S;  *

0 0 —3S:BLICTe; 0 S

cTplc —3IKTNTe;

) =0 4.9
* e?ﬂ —dT'Dld (49)
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4.2 LC-RCI Set Problem

ctpmc  —3T7e,

-0 4.10
* el T —d'D™d (4.10)

Proof. The invariance constraint in (4.7) can simply be written as:
el C|(Ag + ByAC,r)x + Byw] < el'd, Vi € Nyy:={1,---,n} (4.11)

Vo e Z,Yw € W,VA € BA, where Ag:=A+B,K, Cyx := Cy+ Dy, K. Here note that
(4.11) automatically guarantees the corresponding lower inequality due to the symmetric
nature of the sets Z and 'W.

It can be verified that, for any D% and D! :

el C[(Ax+ByAC,x)x+ Bywl—eld=—(d—Cx)'Di (Cx+d)
- (U - ’LU)TDZ}(U} + 1)) - yT'C’i(Cv Ka D;a D”Z))y

where y” := [zT w” 1], and

CTDLC 0 —3(Ag + By,ACyk)TCTe;
Li(C,K,Di, Dl A):=| * D —3BLCTe; (4.12)

* * el'd—d"'Did —vT'Diw

Using the S-procedure (Farkas’ Theorem) [81], it follows that the existence of diagonal,
positive semidefinite matrices D and D! such that £;(C, K, D% D A) = 0, Vi € Ny,
VA€ BA, is necessary and sufficient for invariance. It is easy to verify that this condition

can be re-written in the form, VieN,,:

Ri+ FiANI — HA)'E+ ET(I — ATHT)7'ATEF -0, (4.13)
where
[ ¢TpiC 0 —LATCTe, 0 ]
0 D —1BICTe,

R; | F;
F | H

Finally, an application of Lemma 4.1 on (4.13) yields the invariance condition in (4.8).

—1elCAx —1el'CB,, eld— d"™Did—+TDip | —1elCB,

Cyx 0 0 0
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4.2 LC-RCI Set Problem

Now the input constraints in (4.6) are given by:
T T .
e; NKz <eju, VeeZ, VjeN,
It can be verified that, for any Di, JENy,

e NKz —e]u=—(d— Cx)" D} (Cx +d) —y"L](K,C,Dl)y

where yT:=[2T 1] and £J,(K, C, D},) is the matrix defined in the inequality (4.9). Using
the S-procedure, it follows that the existence of diagonal, positive semidefinite matrices
D? such that L%(K, C, Dju) > 0, Vj € Ny, is necessary and sufficient for the satisfaction of
input constraints and this is given in (4.9). Analogously, using the S-procedure on (4.5),
it can be verified that the inequality in (4.10) is a necessary and sufficient condition for

state constraints (4.5). O

Note that the problem of computing a feasible RCI set and control law is highly
nonlinear in variables C' and K - it is in fact not even bilinear. From Theorem 4.1,
we see that the main source of nonlinearity is due to terms of the form CTD'C and
%eZTCBZX where z stands for p or v and X stands for K, GG; or S;. The problem is further
complicated by the fact that decision variable matrix C'is not ‘exposed’ from either side in
the %e?C’BZX terms which prevents the use of any congruence transformation techniques
for linearization. We remedy this situation in the next section and propose an algorithm

to compute C' and K through a convex/LMI optimization problem.

Remark 4.3. Note that the conditions in Theorem 4.1 become linear when the RCI set
(4.4) is considered to be a hyper-rectangle, i.e. C = A := diag(\,---,\,) = 0. To see
this, apply congruence transformation diag(C~T,I,1,1,1) on (4.8), followed by multi-
plication with )\Z-_l. Then, noting that eZTC = /\ieZT, applying the congruence transfor-
mation diag(I, I, 1, \;I, ;1) and subsequently introducing the re-definitions K = KC 1,
Di = \'Di, Di := \'Di, G; := NGy, and S; := \;S; renders (4.8) linear in variables
K and C~Y(= A~Y). Constraint conditions in (4.9) and (4.10) can similarly be linearized
by respectively applying the congruence diag(C~7T,I) and using the above re-definitions.

Remark 4.4. It is worth mentioning here that the Farkas’ theorem (S-procedure) used
in Theorem 4.1 is lossless. Furthermore, there is no gap in Lemma 4.1 for the case of
unstructured uncertainties [35]. Therefore, conditions (4.8)-(4.10) become both necessary

and sufficient for the existence of (constraint admissible) LC-RCI sets for systems subject
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to additive disturbances and unstructured uncertainties. Note that for such systems,
(4.8)-(4.10) become necessary and sufficient LMI conditions to compute a K that renders

a given set C' invariant, which is also a problem treated in literature (see e.g. [49]).

4.3 The Proposed Algorithm

In this section, we first propose general results - based on slack-variables - which allow
us to remove the aforementioned nonlinearities in the RCI set problem. A cost function
is then incorporated in the formulation to optimize the set volume through convex/LMI

problems.

4.3.1 Linearization Procedure for the RCI Set Problem

As part of our main result, we now propose the following two theorems. Theorem 4.2
enables us to ‘expose’ C' and separate it from the other variables K, S; and G; (in the ma-
trix inequalities of Theorem 4.1) without introducing any conservatism/approximations.
Theorem 4.3 uses slack-variables to give necessary and sufficient conditions for separat-
ing bilinear terms of the form XY + Y7X7T. These results allow to linearize the RCI set

problem in Theorem 4.4.
Theorem 4.2. Let R=R",7Z = Z7, A and B denote matriz variables of appropriate
dimensions. Then, the following three statements are equivalent:

R AB

*

(i) L=

(ii) Z =0, £o:=R— ABZ 'BTAT » 0.
(iii) 3 X = X7 such that

R A

L1 :=
! * Xt

> 0, Lo :=

Proof. Note first that (i)<(ii) follows from a Schur complement argument. Therefore,

we now prove (ii)<>(iii) below.

e (ii)=-(iii): Suppose (ii) is satisfied. Then, there exist scalars p >0 and € >0 such
that Lo > pl and ul — eAAT =0. Let X=BZ 'BT+4€l. Then

X-BZB'=eI =0 = Ly+0.
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Furthermore, for this choice of X, e and u, we have
R—AXAT=R—ABZ 'BTAT — AcAT = uI —eAAT -0

and therefore £1 0.

e (iii)=-(ii): Assume (iii) is satisfied for some X. Then, using Schur complement

argument, we have
R—-AXAT -0, X-BzZ'BT»o. (4.14)
It follows from (4.14) that
Lo=(R—AXAT)+A(X-BZ'BT)AT -0

and therefore (ii) is satisfied.

Theorem 4.3. The Bilinear Matriz Inequality (BMI)
L=Z+XY+YTXxT»0 (4.15)

1s satisfied if and only if there exist matriz variables, of appropriate dimensions, Q =

QT =0, P=Pl =0, Gy, G, F, and H as solutions to the following inequalities:

PY

. Q =0 (4.16)

Z+Q+XPXT F-XGy H— XGy
* Gi+GF—P FT+Gy-Y| >0 (4.17)
* * HT+H—Q

Proof. Denote the matrix in (4.16) by M. Then, a manipulation shows that:
XY +YT'XT =Q+ xPXT —vipmy

where VT := [-X I]. Replacing the above expression in (4.15), subsequently taking

a Schur complement and then performing congruence transformation with diag(Z, M7,
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G
where M, := !

Ga
, yields:
e

Z+Q+XPXT vTM,

. MTa-ag,| 0 (4.18)

Now, to deal with terms of the form MIM~'M,, we use the following slack-variable
identity:
MIM~*M, = M, + M> — M + (M, — M)T M~ (M, — M) (4.19)

Replacing, without loss of generality, the (2,2) entry of (4.18) by the first three terms on
the right hand side in (4.19) yields inequality (4.17). O

Remark 4.5. Theorem 4.2 allows us to separate the variables A and B, in the (1,2)
entry, without any approrimation. Similarly, Theorem 4.3 provides a result to separate
the wvariables X and Y in the (1,1) entry without any conservatism. Note that both
these results are quite general in nature and hence have potential applications in other

important control problems, for instance Lyapunov stability.

Remark 4.6. Results to separate X and Y have also been proposed in [3, 76]. However,
they yield terms of the form TZ, where Z is defined in (4.15) and T is a variable. Such
terms become problematic in the considered RCI set formulation. Therefore, Theorem 4.3

ensures that Z is kept separate in order to obtain linearity.
We now propose a theorem to compute a feasible RCI set Z and K through LMIs.

Theorem 4.4. Let all variables be as above. Then, there exists an initial feasible Z of
the form in (4.4) and K, i.e. satisfying (4.5)-(4.7), if, for a given positive p € R, there
exist matriz variables (S;, G;) € \il, X, = XTI, P, =PI, A := diag(\1, -+, \n) = 0,

Q; = iT, H;, F;, and Z; of appropriate dimensions and diagonal, positive semidefinite
matrices D™, m € Ny, D%, j € Ny, and DL, D!, i € N,, as solutions to the following
LMIs, Vi € Ny:
P Z
M -0 (4.20)
* Qi
Qi — Xi_l F; — c-1 H; — c-1 ZzTez
* 2A— P A+Fl'-Z 0
‘ T+ : ‘ =0 (4.21)
* * H +Hi—Qi 0
* l;
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*x D pBL 0
. . . =0, (4.22)
* *«  X;'—B,S;B! B,G]
* S;
D}, —L1KTNTe,; (423)
* elu—d'Did ‘
Dm lc—TTT
2 c (4.24)
*x elz—d'Dmd

where 1; == 4(phiel d —v" Div — d'Did), and K := KC.

Proof. By applying a congruence transformation and subsequently taking a Schur com-

plement, the (nonlinear) invariance condition (4.8) can be written as:
R — AiCTeir7 el CAT =0, VieN, (4.25)

where 7; := 4(el'd — d' Did — vT Di v) and

S; 0 Cy+DgK O GiB]

[R ) } a 0 Si 0 0 SiB}
LT (Cu+ DpK)T 0 CTDLC 0 | (A4 B,K)T

0 0 0 D, BE

Applying Theorem 4.2 on (4.25) verifies that (4.8) is satisfied if and only if, Vi € N,,
there exist X; = XZ-T such that

Si 0 Cy+DypK 0 GiBg
. BT
* SZ 0 ‘ 0 SzBp Xz CTCZ'
x x CTDiC 0 (A+B,K)T| >0, >0 (4.26)
i T * T
* % * D:, B,
* Kk * * XZ._1

Using Schur complement argument on the first inequality in (4.26), followed by the

congruence transformation diag(I,C~7, 1,1 ) and a subsequent rearrangement yields the
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LMI (with K := KC~1):

Di 0 CTAT+KTBLI c-Tcl+ KTDI,
A * Dt BT 0
L= w IR . =0 (4.27)
x  x  X; —BySiB, B,G;
* * * S;

Similarly, using the congruence transformation diag(C~7,I) on the second inequality in
(4.26) yields, Vi € Ny,:
CcTx C -1 e;

L= . , =0 4.28
2 * 4(eTd — d" Did — vT Di v) (4.28)

It follows that the sufficient conditions (necessary and sufficient in the case of unstruc-

tured uncertainty) for the invariance constraint (4.7) can now be given by:
LY=0, Ly=0, VieN,. (4.29)

where £¢, and £} are defined above. Note here that (4.29)<(4.8).
First we deal with £3. Multiplying (4.28) by A\;p~!, for a given p (see Section 4.4.1)

and where \; = el Ae;, followed by a congruence transformation with diag(I, pI) yields

)\Z‘p_IC_TXZ‘C_l Aie;

. . =0, VieN, 4.30
* ANip(eTd — dT Did — T Div) " (4.30)
Using the redefinitions X; ' := pA\;'X; !, DI = p\;Di, D := pA\;D% in (4.30), rec-
ognizing that \;e; = Ae; in the (1,2) entry and subsequently performing a congruence

transformation diag(ZI A=, I) yields

ZIATICTTX,C7 A1 7, ZTle;

7

A A =0 4.31
* 4(phiel'd — dP' Did — vT Div) (4.31)

Now using slack-variable identity (4.19) on the (1,1) entry of (4.31) gives the following

condition, which is equivalent to (4.28):

CA"'Z; + ZFA e T — X! ZTe;

7

. . =0 4.32
* 4(phiel'd — dP' Did — T Div) (4.32)
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A A
F;, H;
subsequently ignoring the positive term C~'A=!P,A=1C~7 yields the LMIs in (4.20) and
(4.21).

Now we consider £i. Multiplying (4.27) by p)\i_l, followed by a congruence trans-
formation with diag(\;I, \;I,I,1), Vi € N,, and using the redefinitions S; := pA{lSi,
Gi := p\; 'G; along with those for X;, D} and D (above) yields LMI (4.22).

Finally, for the input and state constraints, LMIs (4.23) and (4.24) are obtained by

Then, applying Theorem 4.3 on (1,1) entry of (4.32) with matrix M, :=

9

applying the congruence transformation diag(C~7,I) on (4.9) and (4.10), respectively.
0

Remark 4.7. Note that the use of Theorem 4.2 on (4.25) has removed most of the
nonlinearites highlighted in the last paragraph of Section 4.2.2. In particular, C has
been ‘exposed’ from one side, and separated from wvariables K, S; and G; in (4.29).
Furthermore, no additional conservatism has been introduced in (4.29) in comparison
with (4.8). Finally, note that the nonlinearity in the (1,1) entry of (4.28) has been
overcome by using Theorem 4.3 and incorporating extra degrees of freedom \; to obtain

an improved initial solution through LMI optimization.

Remark 4.8. The parameter p has been introduced in Theorem 4.4 to provide a further
degree of freedom in the algorithm for computing the initial RCI set. Here an obvious
choice could be to simply set p = 1. However, as we show in Section 4.4.1, other values

of p can result in a significantly improved initial set.

Remark 4.9. It is worth mentioning that the conditions in Theorem 4.1 remain valid
even for non-square C. However, a convex re-reformulation of these conditions for the
general (non-square) case is likely to be considerably different from that presented in

Theorem 4.4, and thus forms part of the future work.

4.3.2 Cost Function Incorporation

We now incorporate a cost function into the proposed algorithm to optimize the set-
volume. The aim is to compute the largest/smallest volume constraint-admissible RCI
set (herein known as maximal/minimal volume RCI set approximations). The volume
of 2 in (4.4) is proportional to |det(C~1)| [23]. Therefore, in the theorem below, we
now derive upper/lower bounds on this determinant without making any assumptions

regarding its sign (i.e. positivity or negativity).
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Theorem 4.5. Consider matriz variables W = WL = 0 and W = WT > 0 such that
(without loss of generality):
w=c et <w (4.33)

Then, a necessary and sufficient LMI condition for inequality C~1C~T < W is given by:

=0 (4.34)

w c!
* I

Furthermore, W < C~tC~T if there exists a A > 0 such that:

Vi Vi 0
cTyco-! wi|l=0 (4.35)
* * N

Proof. Note first that applying a Schur complement argument on the matrix inequality
W —C7tCT =0, yields (4.34).

Let us now consider the other inequality in (4.33), namely:
clc T -w=o (4.36)

Pre- and post-multiplying (4.36) by C and C7', respectively, followed by a Schur comple-

ment argument and a subsequent multiplication of the matrix by the scalar A>0 yields:

=0 (4.37)

pV pV
x A Tw-1lc-!

To deal with the nonlinearity in (4.37), we consider the following identity

~ ~

AeTwlot = T ot - AW (e - AT TAW e - AT ) (4.38)

Replacing the (2,2) entry of (4.37) by the first three terms on the right hand side in (4.38)
followed by a Schur complement yields (4.35) as a sufficient condition for (4.36). O

Remark 4.10. Note that unlike the scheme in [18], we do not require det(C~1) to be
positive since (4.33) implies that det(W) < det(C~1)% < det(W).

It follows that the computation of initial (inner) approximation of the maximal volume

RCI set Z and corresponding gain K can now be given by the convex optimization
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problem:

¢ = max{ log(det(w%) :(4.20 — 4.24), (4.35) are satisfied for
all variables defined in Theorems 4.4 and 4.5}. (4.39)

Now for the minimal volume case, note that the function S,, = log(det(W)) is concave.
Therefore, to compute initial (outer) approximation of the minimal volume RCI set and

K, we minimize an upper-bound on S, by choosing trace(W) as the cost (arithmetic

mean-geometric mean inequality, see e.g. [39]). The LMI problem then becomes:

¢ = min{ trace(W) : (4.20 — 4.24), (4.34) are satisfied for all
variables defined in Theorems 4.4 and 4.5}. (4.40)

We now propose the following theorem to update the (computed) initial solution to the

RCI set as well as controller K.

Theorem 4.6. Let C = C,, W = W, W =W, and X; = X7, Vi, be solutions to
the optimization problem in (4.39) or (4.40). Then, these solutions (along with K ) can
be updated iteratively by solving (4.39) or (4.40), with p = 1, where (4.20)-(4.21) are

replaced by LMI
Ln eiNi

. . =0 4.41
*x  4A(Nel'd—vT Dijv—d? Did) (4.41)

with £11 := C7TXPO; 40X~ - C X9 X, 'X?C . Furthermore, (2,2) and (2,3)
entries of (4.35) are respectively replaced by

cwilcstvoywolet, o Tw W (4.42)

o O

Proof. In the proof of Theorem 4.4, (4.20)-(4.21) are used to ensure (4.28). Once the
initial/previous solutions C, and X? are available, we proceed as follows.
Consider the following identity based on a slack-variable approach (see Remark 4.11):
crx;Cct =(C - NIXTIXeC )T X (CT - X xee
et xeest aTtey X CT - NPO T XX XY (4.43)

Replacing the (1,1) entry of £} in (4.28) by the last three terms on the right hand
side in (4.43) and subsequently multiplying the resulting matrix by A;, followed by the
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redefinitions X; *:= A\, 1 X!, DI := \;Di,, and D := \; D% yields (4.41). Furthermore,

in the proof of Theorem 4.5, using

AeTTwleT =TT W + o T o - T AT W e
+(CT =AW wSte ) AW e - AT et (4.44)

in place of (4.38), gives (4.35) with its (2,2) and (2,3) entries respectively replaced by the
terms in (4.42). O

The overall algorithm can now be summarized as follows.
Algorithm 4.1: Computation of mazimal/minimal volume RCI set approzimations

(1) Initial solution: Compute initial approximations C, K, W, W and X; Vi, to the
maximal /minimal volume RCI set by solving (4.39) or (4.40).

(2) Update solution: Set C, =C, W, =W, W, = W and X? = X;,Vi, and com-
pute C, K, W, W, X; by solving modified versions of (4.39)/(4.40) as given in
Theorem 4.6.

(3) Iterate: Loop back to step (2) until there is no further improvement in the volume

of the computed RCI set.

Remark 4.11. The identity (4.43) has been designed specifically to ensure recursive
feasibility and iteratively optimize Z since setting X; and C' equal to X7, and C, shows
that the previous iteration solutions are feasible for the next one. Therefore, volume of
RCI set C would be greater or equal (less or equal for the case of minimal RCI set) to
that of previous set Cl.

4.3.3 Set Inclusion Conditions

Set inclusion is of fundamental importance in the algorithms for the computation of
invariant sets. Let Zj (defined by Cy) denote the RCI set computed at iteration k. Then,
set inclusion requires that 2y C Zyy1 for maximal volume RCI sets and 2y C 2y for

minimal sets. We now derive the conditions for these inclusions in the following theorem.

Theorem 4.7. Let all variables be as defined above. Then, at iteration k + 1, we have

21 € Zy if and only if there exist diagonal matrices D' = 0, Vi € N,,, such that

Di —ic T T,
[s 2“1V G (4.45)

x el'd—d'Did
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Furthermore, 2y C Zy11 if there exist diagonal matrices D% = 0, Vi € Ny, such that

=T -1 —1 1
Co1 T 0 G —36i
* Di 0 =0 (4.46)
* x eld—d'Did

Proof. Let us first consider Z;11 C 2. At iteration k+ 1 with Cy known, this inclusion
can be written as:

el (Crr —d) <0 Vo st. —d<Crpz<d (4.47)

Using the S-procedure (Farkas’ Theorem), we have, Vi € N,,:

el (Crx — d) =—(d—Cr12)" DL(Crpr1z+d) — y" £;(Cry1, DY)y

where y? := [z 1] and

; CkT+1Q§Ck+1 - % C/? €i
éZ‘(CY]C-‘y-lv Qs) =

x elfd—d'Did

It follows that £,(Cyy1,D%) > 0 is a necessary and sufficient condition for (4.47). Finally,
using the congruence transformation diag(C,

vi1> 1) on L;(Crqr, DY) yields (4.45).
Next we consider the inclusion Zy C Zg41 which can be written as:

el (Cry10—d) <0 Vo st. —d < Crr <d (4.48)

Using the S-procedure (Farkas’ Theorem), we have Vi € N,;:

¢f (Crp1z —d) =—(d—Cyx)" Dy(Cra+d) — y" Li(Cri1, DY)y
where y7 := [z 1] and
CIDIC,  —1CT, e

* el'd—d'Did

Li(Cry1, DY) =

It follows that £;(Cki1, DY) = 0 is a necessary and sufficient condition for (4.48).

Since we require C}_ jl in Algorithm 4.1, therefore, effecting congruence transformation
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diag(C,;}l, I) on the £;(Cyy1, DY) yields:

—T AT i -1 1
C 10k DsCrCy —26i

'Z:i(ck+17Dé) = « BTd*dTDZd

=0, VieN,

Now let us consider the identity:
coholDicerl =(Crl — e (D)t T el Dick(C ), — e (D)~ ey )
+o i+ ot - o D)
Substituting the last three terms on the right hand side of above identity into the (1,1)

entry of ﬁZ(Ck_ jl, D?) followed by a Schur complement yields LMI (4.46). O

4.4 Numerical Examples

We now consider two examples from the literature to highlight the effectiveness of the

algorithm.

4.4.1 Example 1

This example illustrates that the proposed algorithm can result in a larger volume ap-
proximation to the maximal RCI set Z as compared to the algorithm in [18]. We deal
with the constrained, uncertain DC electric motor system (with independent excitation)

considered in [18]. In particular, the continuous-time system is given by:

1007 —0.86(1 + ¢ 1
A= o)) (4.49)
0.06(1 + q1) g 0

where the uncertainty in parameters ¢; and go is given by:
Q=A@ -0 <a<q q<¢<p} (4.50)

where 1 = 0.2, ¢, = 0.0085 and g = 0.5. System is discretized by Fuler discretization

method using a sampling time of Ts = 0.1s, and then re-cast into the form (4.2) with

0 .
0.993  —0.086 0.1 008 0 0 con

A = 0 s u = s Bp = s Cq = |q1 0
0.006 1—0.1¢3 0 0.006 —0.1 _

a3
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\

Figure 4.1: Maximal volume RCI set for Example 1

where ¢ = 0.5(q2 —|—g2), g5 = 0.5(q2 —gz) and A := {diag(d112,92) : &; € R, |6;] < 1}.
Note that Dy, = 0 in this example. The state and input constraints are respectively
given by:
T T
<10 10| <@e<[10 10, 10 <w <10 (4.51)

In order to obtain the initial (constraint-admissible) RCI set, we solve problem (4.39).
Figure 4.1 shows the simulation results. The computed initial RCI set (with p = 1),

shown in purple, and the corresponding controller are given by:

[o.9359 ~0.0632
C _

_ K= [—9.3586 0.6315].
0.0013  0.2054

Following the iterative procedure specified in Algorithm 4.1, the final RCI set, shown in

pink, and the computed controller are given by:

_ [0.1000 0.0000
~ 10.0032 0.1032

] . K =[-0.9898 —~0.0109] (4.52)

For comparison, Figure 4.1 also shows the initial RCI set (in black/dark blue) as well as
the final RCI set (in green) computed using the iterative scheme in [18]. Note that our
proposed algorithm is able to yield substantially larger-volumes for both initial as well
as the final (constraint-admissible) RCI sets. The figure also shows the state-trajectory

of the system (black curved line) converging around the origin, despite persistent uncer-
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tainty, through the application of computed control law K.

To highlight the effect of p, Figure 4.1 also shows, in yellow, the initial RCI set com-
puted using p = 0.08. Note that even with this (different) initial condition, the algorithm
still converges to the same final RCI set above (pink) - though in fewer iterations.

Finally, note that maximal RCI set must be a subset of the hyper-rectangle Cg =
diag(0.1,0.1), defined by the state constraints in (4.51). We would like to mention that
a computation using Theorem 4.1 verifies that the hyper-rectangle Cg is in fact not a
feasible set for this example. This therefore shows that the computed final RCI set given
in (4.52) must indeed be very close to the actual maximal LC-RCI set.

4.4.2 Example 2

This example illustrates that the proposed algorithm can compute improved approxi-
mations to both the maximal as well as the minimal hyper-rectangle sets, in one-step,
as compared to the algorithm in [98]. We consider the uncertain version of the double-
integrator system (see e.g. [83]) which is known to naturally have a hyper-rectangle RCI

set structure. In particular the dynamics are as follows [98]:

1 1 2
B, — 0 B, — 0 0
1 01 0 0.2

with Cy = A and Dy, = B,. The disturbance satisfies:

11
0 1

A= . By =

[—0.5 —0.5}T <y < [0.5 0.5}T

and model-uncertainty A := {diag(01,02) : 0; € R, |;] < 1}. Moreover, we consider
input constraints ux € U := {u ceR:-3<u< 3}. Using Remark 4.3 and Theorem 4.5,

the minimal volume RCI set approximation and controller are obtained (in one step) as
C~! = diag(0.5,1.1), K =[-1 —1]
Similarly the maximal volume RCI set and controller are given by
C~ = diag(4.32,1.87), K =[-0.26 — 1]

The minimal and maximal invariant sets computed using the algorithm in [98] are respec-
tively given by C~1 = diag(0.5,1.3) and C~! = diag(3.27,2.03). Hence, the proposed

algorithm yields better volume approximations to minimal/maximal RCI sets.
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4.5 Summary

We have proposed an algorithm - based on convex/LMI optimizations - for the compu-
tation of low-complexity polyhedral RCI sets, along with the corresponding controller,
for linear, discrete-time systems subject to bounded disturbances, norm-bounded model
uncertainties and hard constraints on the input and state.

The main contribution of the chapter is that the proposed formulation removes the
inherent problem-nonlinearities, including BMIs and triple product terms of the form
CTX;C, at the expense of only minor conservatism. To this end, new results have been
proposed in Theorems 4.2 and 4.3 which, being general in nature, also have applications
in other important problem areas [3], e.g. Lyapunov stability of continuous-time systems.

The effectiveness of the scheme has been illustrated by numerical examples which show
that the algorithm yields an initial as well as final approximation to the maximal LC-RCI
set, which improve the results obtained using the scheme in [18]. We have also shown
that the algorithm can compute hyper-rectangle RCI sets along with the corresponding
controller in ‘one-step’. Through a numerical example, it has been demonstrated that
the formulation results in better approximations to the minimal as well as the maximal
hyper-rectangle RCI sets in comparison to the scheme in [98].

The main reason for our study of LC-RCI sets is their particular suitability for incor-
poration within RMPC schemes. In the next chapter, we propose such a state-feedback
RMPC algorithm for the type of norm-bounded uncertain systems considered in this
chapter. While an extension of this scheme to the output-feedback case will be presented

in Chapter 6.
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Chapter 5

State-feedback RMPC for

Norm-bounded Uncertain

Systems

5.1 Introduction

In this chapter, we address the problem of nonlinearity and non-convexity typically as-
sociated with state-feedback parameterizations in the Robust Model Predictive Control
(RMPC) of uncertain systems.

A state-feedback RMPC scheme for linear systems with (scalar) parametric uncer-
tainties was presented in Chapter 3. In that algorithm, an approach based on Dynamic
Programming [13] was adopted to avoid non-convexity in the formulation. In particular,
an upper bound on the cost-to-go at each prediction step was minimized to compute the
corresponding control gains in a sequential manner. We now focus our attention on a
‘stacked’ formulation of RMPC for norm-bounded uncertain systems, where the control
gains throughout the prediction horizon are computed all at once in a non-sequential
manner. As discussed in Section 1.2.1, such parameterizations lead to sequences of pre-
dicted states and inputs which are nonlinear, non-convex functions of the control gains.
Therefore, many schemes in the literature compute the feedback gain offline, see e.g.
[7, 24, 27, 51, 59], which can potentially be conservative.

In this chapter, the aim is to explicitly consider both feedback gain and control
perturbation as decision variables in the online optimization and obtain convexity at the
expense of only minor conservatism within the formulation. Moreover, a general (non-

square matrix) norm-bounded uncertainty structure is considered within the dynamic

84
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model to capture a large class of uncertain systems. These type of model-uncertainties
may arise, for example, due to imprecise system parameters that lie in a given interval
(such as anywhere within a circle of radius r).

We propose two tractable methods of computing, online, an RMPC controller - that
consists of both a causal, state-feedback gain and a perturbation component - for lin-
ear, discrete-time systems involving bounded disturbances and (norm-bounded) model-
uncertainties along with hard constraints on the input and state. The first approach
consists of re-casting the additive disturbance as an uncertainty, followed by use of the
S-procedure and slack variable identities to obtain convexity. In the second approach
- which can be considered to be a ‘dual’ of the first - we propose to re-parameterize
the model-uncertainty such that it can be treated in a manner similar to the additive
disturbance, which in turn helps to obtain convexity. Both approaches enable the online
computation of optimal state-feedback gain and perturbation sequence through an LMI
optimization problem. The aim of the RMPC controller is to steer the uncertain system
state to an RCI terminal set (which can be designed using, for example, the algorithm
in Chapter 4). The formulation in this chapter is based on the results given in [99].

To handle non-square A, we consider a modified version of Lemma 4.1 as follows:

Lemma 5.1. Let A C RP*? pe a linear subspace and define

U={(S,T,G)eRP*PxR*IxRI*P : §=8T 0, T=T7 0,
SA=AT,AG+GTAT =0, YAcBA}

where BA represents the unit ball of A.

Let R= RT F,E, H be matrices of appropriate dimensions. Then, det(I — HA) # 0
and the matriz inequality R+ FA(I — HA)'E + ET(I — ATHT)'ATFT = 0 for ev-
ery A € BA if there exists a triple (S,T,G) € ¥ such that

R ET + FGT FS
x T+HG'+GHY HS| >0 (5.1)
* * S

Remark 5.1. Although our development will be for general morm-bounded structured

sets, an example is

A = {diag(équl, <. ;5l~[ql7Al+17 e ,Al+r) :0; € R, ‘51‘ <1,A;€ RY¢¥4! ,HA” < 1}
(5.2)
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where ny, = ng = Ziz qi- This includes both repeated scalar and full diagonal blocks. In

this particular case

T = {(S,T,G) ER™ ™ x R ™ x R" ™ : § =T = 0,S € X, GeTI}
= {diag(S1, -, S, MIg,ys s Aslg,) 1 Ay ER,S; = 5] € R4}
I = {diag(G1, -+ ,G1,04,,, ,0q,;): Gi= —G;TF € R%X4}

1417 °

5.2 Robust MPC Problem

In this section, we give a description of the system and constraints followed by the cost
function. We also derive an algebraic formulation of the causal RMPC problem and
discuss the nature of nonlinearities.

5.2.1 System Description

We consider the following linear discrete-time uncertain system [55]:

n Ny Ny np
Tkt n A B, By, B, Tk

gk _ Ngq Cq un qu 0 Uk pe=Aqe, A€BA
Tk ny Cf Dfu wa Dfp Wk
Zk i e C. D., Dy sz Pk (5.3)
an | C'q 0 .

S N
In| = | Cr Dy [ ] ; PN =Aqn

A ~ 2
ZN | z sz

where x, ug, wg, pr are the state, input, bounded disturbance and uncertainty vectors
(respectively) at prediction step k; A is the state matrix and B, B,, and B, are the
input, disturbance and uncertainty distribution matrices, respectively. We assume that
the pair (A,B,) is stabilizable. The state xj is assumed measured and prediction step k
belongs to the time set Ty = {0,1,--- ;N — 1}, where N > 0 is the prediction horizon.
The polytopic disturbance is of the form

wp € Wy = {weR”w:—dkgwgdk}. (5.4)

Furthermore, we consider a norm-bounded structured uncertainty A € BA where A C
R™*Ma ig a structured subspace. Note that we allow uncertainties in all the problem
data in (5.3).
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5.2 Robust MPC Problem

It is required to find ug, k € Ty, such that the future constrained outputs and terminal
constrained output satisfy fi < fr, fv < fn, Vk € T, and minimize the cost function
given by
N
J = Z(Zk — Ek)T(zk — Zk) (5.5)
=0
where Zj, which may represent a reference trajectory, is given. Note that f; may be

chosen to represent polytopic constraints on the state, output and input.

5.2.2 Algebraic Formulation
Let & stand for f, f, p, ¢, z or Z, and ¢ stand for u, w, w or w and define

T T T
v=|2T .. 2T | eRM, g=|el ... L] eRNe, ¢=| (T ... Cva_l] e RN
W={weRM : w<w<w}, A={diag(A,...,A): AcA}

where N,, = N xn, Ne =ng x (N +1) and Ne = n¢ x N. Then, by iterating the system
dynamics (5.3), it can be verified that:

x Azg By B, By 1
q | _ Csto Dgw Dgp Dgu w (5.6)
f Crro Dpw Dyp Diu D
z szo Dzw sz :Dzu u
where p = Aq, with A € BA and
_ c. -
A By 0 0
. CaA .
A= : ) ea = ) ‘Bﬁ - ' ' )
ANfl ANfZB ANfSB 0
Cp AN g g
AN C' AN AN_lBB AN_2B[3 Bg
_ Daﬂ 0 _
B, 0 0 0
: CaBg Dag
= : : ’ : @ = . .
D ) af : : . : )
AN ANZS3pR ... 0
= P > P CQAN_2Bﬁ CQAN_SBB v Daﬁ
ANTB, ANZB, , 0 . . R
_CQANle/B CaAN72B5 R CaBﬂ_
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Doy 0 0 0
Co By Doy
Dozp: . : :
CoAN2B, C,ANZB, - Dy, 0
| CoANTIB, CoAN?B, -+ CoBp, Doy |

where « stands for ¢, f or z, while 3 stands for v or w and where Dy, = 0.

As mentioned above, we consider a causal state-feedback structure on the RMPC
controller (that is, input u; depends only on z;,5 =0,...,17), see e.g. [92]. Therefore, we
set

u=Koro+Kzx+v (5.7)

where, with K; ; € R™*" v; € R™ V 4, j,

[ Koo ] [0 0o - 0 0 [ v |
KLQ K171 0 ce 0 0 (%1
Ko= : , K= : , U= . (5 8)
Kn-2,0 Kno1 Kyaogo - 0 0 UN_9
L KN—I,O ] i KN—1,1 KN—1,2 T KN_1,N_1 0 | | UN—1 |

The causality is captured by the lower block triangular structure of [Ky K| and v
represents the control-perturbation sequence. We denote the structure of Ky, K, and v

in (5.8) as Ko, X and v, respectively.

Remark 5.2. The separation of the control law (5.7) into three terms is convenient
since the first term depends on the (known) initial state xq, the third term is free while
the second term depends on the predicted states x, and represents the feedback compo-
nent of the RMPC control law. As we shall see below, it is this term that causes the
nonlinearity and affords potential extra degrees of freedom to satisfy the constraints for
all possible disturbances and uncertainties. The control division in (5.7) also makes the
design problem flexible, in that the designer may choose to use any combination of these
terms. Note that if it is decided to use the open-loop control v, then we can simply absorb

the first term into v, since xg is known.

Substituting the equation for z in (5.6) into (5.7) yields the following expression for
u, which is affine in (R’O, K, D).

u = Kozo+ K (Boyw+B,p) +0, [KO K @] = (I—KB,) 'Ky K v+KAzo] (5.9)
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Note that there is a one-to-one mapping between K and K. Furthermore, the new
variables K, K and ¢ have the same structure as Ko, K and v in (5.8), which in turn

can be recovered as

A A~ A

Ko K v |=(0+KB,)'| Ky, K o-KAx

By using (5.9), eliminating v from (5.6), gives

q [ Dyw + Du KBy Dyp + Dyu KB, Dyt + (€4 + DyuKo)zo | [w
f = | D +DpuKBy Dsp+ D KB,  Dp,o+ (Cp+DsuKo)ro | | p
z—Z | Do+ Dou KBy Doy + Do KBy Doy + (€, + Doy Ko)zo — 2| | 1
[ DK DK @jgfo
= @fw :Df{; DY P (5.10)
| DE, DE DY 1

Finally, using p = Agq to eliminate p from (5.10) yields the following constraint and cost
function signals

; C AV-L1K K : C AY-1pyKod | qyKosd
f DEAI = DA 'DE,+DE,  DEAUI = DEA) D" + Do |[w
- ; C AV=LK K ;  AY-1yKod Ko

z-Z | DEAI - DEA) DL, +DE,  DEAT —DEA) D" +D " |11
[~ K,A Ko,K,9,A
Cwa Dﬂ? w

= (5.11)

Di}A pf)o,k,ﬁ,A 1

5.2.3 An Initial RMPC Formulation

In order to formulate the RMPC problem, we use (5.11) to respectively write the con-

straint and cost function as
F(Ko, K, p,w,A) = D Bw+ DERons (5.12)

DEAT , _—
( ) {DZ&A D%O,K,U,A] [/lf] (513)

fO(Kﬂakulf)vwvA) = [wT 1i| 2% 5
(DT

It follows from (5.12) that the constraint set can be written as

U = {(Ko, K, 0) : €] (DR:Aw + DEIFP) < If, VieN;, vwe W, VA€ BAY.  (5.14)
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We now use Lemmas 2.3 and 5.1 to derive sufficient conditions (necessary and sufficient

in some cases, see Remark 5.4) for (Ko, K, %) €W and an upper bound f,, on cost (5.13).

Theorem 5.1. Let D™ denote the set of all real m x m diagonal matrices and let

DT :={D D™ : D > 0}. Furthermore, define

T — {(S8,T,G) € RNexNp o RNaXNa y RNaxNp . g — 6T . 7 =77 »
SA = AT,AG + GTAT =0, VA € BA}

Then, (f(o,K,’O) € U and fo(f(o,f(,@,w,A) < fo, for all A € B&, if there exist
solutions (S,T,G) € \/I\J, (S5, Tij, Gij) € l/I\l, (Si,T;,G;) € ‘/I\’, pi € RNw, and D, € DY,
Vj € Ny :={1,--- , Ny}, Vi € Ny, to the following matriz inequalities:

I ok pHo DEGT DK 5

*x Dy  —iDy,(W+w) (D)™ 0

x  x  forw' Dyw (DT 0 | =0 (515)
* * * T+ DEGT +G(DE)T DS

* * * * S

e?ufu + ejT(D?w)Tei e?(@éfu)T + %e?@ﬁ(}g %e?@ﬁsij
oy > 0, * T + @ﬁ)@% + Gij(Dg,)T 'Dg;sij =0
* * Sij

(5.16)

I (F-DIe " —DE w)+ (w—w)Ti, —(DET+DEm)T 1l DEGT LI DE s,
* T,+DEGT +G;(DE)T DES; |0
* * S;
(5.17)
where e; (e;) denotes the jth (ith) column of the Ny x Ny (Ny x Ny) identity matriz.

Proof. First, we consider the constraints. By applying Lemma 2.3, it can be shown that,
for a given A, the constraint in (5.14) is satisfied if and only if there exist fif,, ui, € RNw
such that, Vi € Ny,

y - G A iy ~ < kekaA
flap 20, iy >0, iy =ty + (D) es, @, —w'pf, —ef (f = Dy ™%) <.
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By eliminating fi%, from above, we obtain the following equivalent conditions:

Hy >0, DA e>0, @ (DfA) et (@—w) pl,—e] (F-DJF ") <0 (5.18)
Now the second inequality in (5.18) can be rearranged into the form:

Rij+ FEAI — HA)'Ej+ EN (I - ATHT)'ATE -0, Vj € Ny, Vie Ny, (5.19)

with

Rij Fi
E;, H

. kg 1 g

_ [ T, + el (DE)Te;  LeTDE

: K K
quej qu

Finally, applying Lemma 5.1 on (5.19) yields the inequalities in (5.16). Analogously, it
is easy to verify that the third inequality in (5.18) can be re-arranged into the form:

Ri+FA(I—HA)'E+ ET(I - ATH"Y'ATE =0 , Vie Ny, (5.20)
with F; and H are defined below (5.19) and

R;
E

el (f = Dy — DE, @) + (w —w)7 4,
—(DIY? + DE )

Using Lemma 5.1 on (5.20) yields (5.17).

Next, we consider the cost function. Using the S-procedure, it can be shown that

fo(f{o,K,ﬁ,w,A)—foz—(wfw)TDw(w—y)—[wT 1 }LO(Dw,fo,Ko,f(,@,A)[ 11“]
(5.21)

where D, € Di\_f"’ and

Dy —3Dy(w + w)

Lo(Du, fo, Ko, K,9,A) = _
0( fO 0 ) « f0+wTwa

_[:

Dy =0, Lo(Dy, fo, Ko, K,0,A) = 0= fo(Ko, K,0,w,A) < fo, YweW. (5.22)

Therefore, we have
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By effecting a Schur complement, £o(Dy, fo, Ko, K, 0, A) > 0 if and only if

I Dﬁi}A Q%O,K,ﬁ,A
Z
LO(DwameOva@vA) = x D, _%Dw(E‘FQ) = 0.
* * fo+ @ Dyw

The matrix inequality ﬁo(Dw, fo, K'o, K ,0,A) = 0 can be re-arranged in the form

Ro+ FoA(I — HA) 'Eg + EX (1 — ATHT)IATEL - 0, (5.23)
I DK, DKot DK
Ry| Fo | | (DE)T Dy, —3Dy(@+w) | 0
Ey| H DI —l@+w) Dy fo+w  Dyw 0
0 of, ot |0
An application of Lemma 5.1 on inequality (5.23) yields (5.15). O

Remark 5.3. The linear subspace A can be defined in terms of A as

T = {(5,7,G) € RN*No o RNoxNp o RNoxNp . 56— 6T T =TT 5,
SZ{SZ‘]‘ N+1 ., SijeRnpxnp7T:{Ej N+1 . TijGR”qan,SijAZAﬂ‘j,SgA:ATT

i,j=1" i,j=1 ij>
G={Gi; N} : G R ™ AG;+GLAT=0, VA€ BA}

It follows from Theorem 5.1 that the RMPC problem can now be given by:
¢ = min{f, : (5.15 — 5.17) are satisfied for all variables defined in Theorem 5.1} (5.24)

Note that the RMPC problem (5.24) is nonlinear and non-convex. In particular, con-
ditions (5.15)-(5.17) are nonlinear in K while being linear in Ky and ©. Furthermore,
the terms involving K are diffused throughout these matrix inequalities. This, therefore,
make the RMPC problem intractable, unless K is fixed /computed offline. We now pro-
pose the first of our two approaches to remedy this non-convexity and hence transform

the causal RMPC problem into an LMI optimization.

Remark 5.4. Note that Lemma 5.1 introduces no gap in the case of unstructured A.
Moreover, the two statements in Lemma 2.8 are equivalent. Therefore, the conditions

in (5.16)-(5.17) become both necessary and sufficient for systems (5.3) with unstructured

uncertainties.
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Remark 5.5. It is worth mentioning that problem (5.24) becomes convex when the system
is subject only to disturbances (but no uncertainties). In this case, R;j; < 0 in (5.19) and
R; < 0in (5.20), Vi,j, become necessary and sufficient linear conditions for constraint
(5.14). Similarly Ry = 0 in (5.23) gives an upper-bound on the cost. Hence, for such
systems, the RMPC control law can be computed through LMI optimizations.

5.3 A Convexification Procedure for the RMPC Problem
- Approach 1

The terms that include K in optimization (5.24) have the form KB,, and KBPX where
X stands for S;;, Si, Gij, Gi, © € Ny, j € Ny,. Thus any linearization procedure must

deal with the following issues:

1. As mentioned above, the fact that K occurs in the two forms KB,, and KBPX is a
complication. In order to deal with such nonlinearity as well as to concentrate the
terms involving K in one place, we first re-cast the disturbance as an uncertainty
in Section 5.3.1. This enables us to handle all the disturbances/uncertainties in a

unified framework.

2. The resulting problem will still have terms of the form K B,X. One way of dealing
with thisis toset X = S35 = 5; = S and 0 = G;; = G; = G, i € Ny, j € Ny,
While this has the merit of simplicity, it may be prohibitively conservative since
we forego many degrees of freedom. This issue is dealt with in Section 5.3.2 where
we generalize Lemma 5.1 by introducing slack variables that will allow us to keep
only one term in the form K B,So, for a free Sy and for all the matrix inequalities,

without excessive loss of the degrees of freedom.

3. Even with one nonlinearity in the form K BpSo, we have a double complication in
that K has a lower block-triangular structure and B,, “separates” K and Sy. These
issues will be dealt with in Section 5.3.3 where, at the expense of introducing minor
conservatism, we propose general restrictions on the structure of Sy that will allow
us to treat K(:= KB,Sp) as a decision variable of optimization, thus linearizing
the problem, and at the same time allowing us to extract the desired variable K

from K.
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5.3.1 Combining the Disturbance and Uncertainty Models

In this section, we embed the disturbance and uncertainty into a unified framework by re-
parameterizing the disturbance set W. Thus far, we have kept the the disturbances and
model-uncertainties separate in order to emphasize the linearity of the RMPC problem
(5.24) for systems with only (additive) disturbances and to exploit the tight necessary
and sufficient conditions afforded by Farkas’ lemma (Remark 5.5).

Note that the disturbance set in (5.4) can be written as:
wy € Wy, i= {w — A¥dy,: AY € AY C R”wXﬁw} (5.25)

where A" is a structured set with ||AY|| <1, VA" € A".

Remark 5.6. [t is worth mentioning that the disturbance structure in (5.25) can handle
norm-bounded disturbances as well (by choosing A" to be non-square). The structure
can also readily handle non-symmetric disturbances through the introduction of an offset

term, although for simplicity this is not carried out here.

The state dynamics can now be written as:

Pk
A 0
Tpy1 = Az + Byuy + [Bp By L (5.26)
—— |0 AV dk
Byp —_———— —
A QK

Using the re-definitions for By, ¢i, A and py, we can re-write the stacked system dynamics

as

_ 0 -
ez oz ] B
Tl Parote Pa Pae o] (5.27)
f ef.fv() 'Dfp Dfu u 0
z C.xo sz Do

| [ AN

with all other matrices appropriately re-defined. Eliminating v and p as before gives the

constraint and cost signals

BAE

2 X AN_1MKo, 0, ~NKo,d
DEAI = DEA) D™ + Dy |
DEA(I — DEA)1DI "+ DI

@f(o,f(,ﬁ,A
10 ] (5.28)

~ Ko, K ,0,A
DzO
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where
~ K ’A ~ >
fquO v Cqzo + d + Dgu (0 + Kozo)
.D;(;]o,v — efﬂfo + Df’u,(/ﬁ + KD/:/EO) (529)
oo C.x0 — Z + Dy (0 + Komo)

For this unified case, the conditions in (5.15)-(5.17) can now be given as follows.

Theorem 5.2. With everything as defined above, (Ko, K,0) € W and fo(Ko, K,9,A) <
fo, for all A € BA, if there exist solutions (S, T,G), (S;,T;,G;) € U for alli € Ny to

the following matrix inequalities

FE-DEY OO+ ARG Dk,

* T, + DEGT + Gi(DE)T  DEs; | =0 (5.30)
* * S
o ke DEGT DE g
* o DT A (5.31)
* * T+ DEGT + G(DE)T  DES
* * * S

Proof. The proof is similar to the one for Theorem 5.1 with the modified system and

re-definitions above. O

Remark 5.7. A simple procedure for linearizing the inequalities (5.30),(5.31) is to set
S =258 =AM, T =T, = Ay, and G = G; = 0, Vi, for a variable A\ > 0, since
(Mn,, Mn,,0) € T for all types of uncertainty, and subsequently take AK as the variable.
Though this may be attractive from a computational point of view, however, the main issue
1s the excessive conservatism associated with such a solution which, in turn, is likely to

render the problem infeasible (See also Section 5.5.1).

5.3.2 An Extended S-procedure

In this section, we propose an extended version of Lemma 5.1 using an approach similar
to that used in e.g. [31]. This will enable us to give equivalent necessary and sufficient
conditions for (5.1) in a form that allows us to separate the terms multiplying K (thereby

obtaining linearity with the introduction of only minor conservatism).
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Theorem 5.3. Let R = RT, F, E, H be matrices of appropriate dimensions and let U C

RP*P x RI*T x RI*P be a linear subspace. The following two statements are equivalent:
(i) There exist (S,T,G) € ¥ such that (5.1) is satisfied.

(ii) There exist (S,T,G) € ¥, Y = YT € R4, Sy € RP*P, Gy € R*P such that
(S0, T,Gp) € Vo 2V and

R ET FS, ~FGY
s _qT x T+Y HSy—Ry —HGE+Yo
Pi= -0, 0 =0 (5.32)
-G Y * * So+SI-5 —-GT-RI +GT
x  * * Yo+Y-Y

Furthermore, if Sy, Go, Ry or Yy are constrained then (i) — (7).

Proof. Note first that, for any Y = Y7 € R?%4, we have:

s -GT
-G Y

ET
E T+4+Y

F 0
H I

(5.1) < - (5.33)

0 1

FT HT
= 0.

e (ii1) — (i): Taking a Schur complement on (5.33) implies that

R ET F 0
(5.1) & L£1(S,T,G,Y) := x T+Y H I ~0. (5.34)
* ‘ p1

Denote the second matrix in (5.32) by £4(S,T,G,Y, Sy, Go, Ro, Yo) and let

PO — SO _Gg c R2m><2m
—Ry Yo
Now the following identity can be verified:
PIP'Py=P +P— P+ (P{ —P)PY(Py—P) (5.35)

Effecting the congruence transformation Q7L (S,T,G,Y)Q with Q = diag(I, Pp),
followed by the use of identity (5.35) shows that

L9(S,T,G,Y, Sy, Go, R, Yo) + ? (PT — P)PY(P, — P) [o 1} = 0= (5.1)

(5.36)
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since the last term in (5.35) is nonnegative. This implies statement (i) from (5.32).

e (i) — (i7): Since S > 0, there exists Y such that P > 0, e.g. we can take any Y >
GS!GT. Therefore, (5.34) is satisfied. Now let Py = P so that (Sp,T,Gg) € ¥y.
Then, (5.32) is satisfied from (5.34).

O]

Remark 5.8. In a manner similar to identity (4.19), Theorem 5.8 introduces slack
variables which provide extra degrees of freedom. As we show below, this will allow for
a less conservative change of variables to overcome nonlinearity/non-convezity in the
proposed Causal RMPC scheme. Moreover, since Theorem 5.8 is also general in nature, it

has potential applications in other problem areas which use Lemma 5.1 (see e.g. [35, 94]).

5.3.3 Extraction of K and Final Linearized RMPC Problem

Following the application of Theorem 5.3 on the inequalities in Theorem 5.2, there would
still remain nonlinear terms of the form K BpSo and K prGg. Therefore, the question
is how to restrict Sy and Gy so that the resulting inequalities are linear and we can
extract K (since it is structured) without introducing excessive conservatism. While the
best choice will depend on the detailed structure and properties of B,, in this section we
propose a general procedure.

Recall from the proof of Theorem 5.3 that necessity (i — i) requires setting Sy = S
and Gy = G. This suggests keeping the structures of Sy and Gy as close as possible to
those of S and G, respectively.

Using the fine structure of B, and K in (5.6) and (5.8), respectively, we can write

KBP Onu X (N=1)np On, X2np
KoA(IN-1®@Bp)  O(N—1)nyx(N-1)n,

where ® denotes the Kronecker product and

KLI 0 0 In 0
. Ky Koy - 0 _ A I,
K2: . . . . ’ A= . X
KN71,1 IA{J\HQ IA{Nfl,N—l AN2Z pAN-L T
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This suggests the following structures for Sy and Gg respectively:

— A® 1y, O(N=1)n, x2n,
SO(A) T R2npx(N—1)np R2npX2np ’ (5'37)
Gy = | JOV-Dmx(N-Dmy ROYHmam (5.38)
o - 0 R2np X2np ’
2np X (N—1)np
where A € RNV-Dx(N-1) ig Jower triangular. Note that
Ka
- ~—

KQ.A(IN_l &® Bp)(A®Inp) = KQ.A(A@In)(IN_l & Bp). (539)

The other blocks in Sp (i.e. S and S9) and Gy (i.e. GY5 and GY,) are free. With

this choice, it can be verified that

. . . ~ 0 _ 0
KB,S = K(Iy®B,), KB,Gl =0  K=| m>®bn M X (5.40)
Ky O(N—1)nuxn
where K has exactly the same structure as K since A and A are lower block triangular.

Furthermore, K can be recovered from K and A using (5.39) and (5.40).

Theorem 5.4. Let everything be as defined above. Then, fo(Ko, K,0,A) < f, and
(Ko, K, 0) € W, for all A € BB, if there exists a lower triangular Ag € RIN-DX(N=1) gnq
solutions (S,T,Q), (S;,T;,Gi) € ¥, Y =YT, ¥, = YT, Yy € RNo*Na, Gy € So(Ao),
Go € Gg, Ry € RNaxNo v ¢ Ny, to the following LMIs:

lf {;T - 0, i {;T =0 (5.41)
[ DE? g D.pSo + D2 KB, DT ]
x  fo (@é%o’ﬁ)T 0 0
x  * T+Y DgpSo+DukB,—Ry —Dg,GT+Y, | =0 (542)
*x % * ST+ Sy — S ~Gt — RE +GT
| * * * * Yo + YOT -Y
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- ~NKo,d ~ Ko,d Y
e;fp(f—DfOO ) —(quo )T %e?(DfpSO—kDquBp) —%e;fp@prai

. Ti+Yi  DypSo+DukBy— R DG +70 | (5 4o)
x ST+ 80— Si ~Gf — R{ +GT
. X Yo + Y -

where @ggﬂ’ﬁ, @?00’{} and @foo’ﬁ are defined in (5.29), B, := (IN®B,), and where K can
be recovered from K and A using (5.39) and (5.40).

Proof. The LMIs (5.43) and (5.42) along with (5.41) result from the application of
Theorem 5.3 on inequalities (5.30) and (5.31), respectively, and the use of the definitions

given above. O

It follows that the optimal RMPC control law (KO, K ,0) can now be computed by
solving the (convex) problem of minimizing f, subject to the LMI constraints of The-
orem 5.4. Note that the conservatism introduced due to the use of Sy, Gy, Rg and Yj
for all the matrix inequalities is potentially much less than that introduced for the case
when the same set of variables is used for all i € Ny, i.e. (5;,T;,Gi) = (Mn,, An,,0)

(see Remark 5.7). This is also illustrated through a numerical example (Section 5.5).

5.3.4 Minimally Violating the Constraints When No Feasible Solution
Exists

Suppose that no feasible solution (KO,K ,0) € U exists. Then, as an alternative to not
supplying a control signal, we propose a simple procedure for minimally relaxing the
constraints to obtain feasibility. Let f: denote upper bounds on the constraints for which

no control is preferable to their breach. Denote the LMI (5.43) by £(f) and let

U={(Ko, K,0)eKoxKxuv: el f(Ko, K,d,w,A)<el f,VieN;,YweW,VAcBA}
(5.44)

Then a possible alternative is given by the following result.

Theorem 5.5. With everything as defined above, (KO,K,@) e U for all A € BA if
there ezists a lower triangular Ay € RIN-V*WN-D gnd solutions (S, T;,G;) € \il, Y, =
YZ-T, Yy € RNoNa Gy € Sy(Ag), Go,€ Gg, Ry € RNoxNe ¢ Ny to the following

matrix inequalities:

[Si ~Gi =0, L(f)=0 (5.45)

* Y
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It follows that to minimize the constraint relaxation while obtaining feasibility, we can

solve the following LMI optimization problem

min_ il
f<7
(5.45) are satisfied

5.4 Causal RMPC - Approach 2

In this section, we formulate our second, computationally less demanding, solution to
overcome the non-convexity in the Causal RMPC problem. This scheme can be consid-
ered as a ‘dual’ of Approach 1 (Section 5.3) in that it involves the re-parameterization
of the uncertainty set as a polytopic set similar to the (additive) disturbance. It is moti-
vated by the fact that, as discussed in Remark 5.5, the RMPC problem becomes linear
and convex when the system is subject only to polytopic disturbances. It is also inspired
from some of the Stochastic MPC schemes which, in the interest of tractability, compute
bounds on stochastic disturbances and therefore approximate chance constraints with
hard constraints (see e.g. [75] and the references therein). In particular, we propose to
compute hard bounds on uncertainty which helps to convexify the RMPC problem and
enables the computation of optimal KO, K and 9 through an LMI optimization.

Throughout this section, in the interest of clarity of exposition, we will make the
following notational simplifications. Instead of f, we will consider the constraints on
state and the input separately. Moreover, a conventional combination of state/input
penalty will be considered in the cost function and, without loss of generality, only the
regulation problem will be formulated [55]. Finally, we will consider the disturbance
model to be uncertainty-free, i.e. Dg,, = 0 (see Remark 5.10).

In order to ensure stability and recursive feasibility of the RMPC algorithm, we
consider terminal state constraint zy € Z, where Z is an RCI set, together with other

hard constraints on the input and state. All these are summarized below.

oy € Xp = {xGangk§0xSIk}, Vk € Tri={1,2,--- ,N —1} (5.46)
in € 7 = {x ER": 2y < Cya ng} (5.47)
ug € U 1= {u e R™ :uy < ugﬂk},Vk eTyn. (5.48)

Remark 5.9. The algorithm proposed in Chapter 4 can be used to compute a low com-
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plexity RCI set for system (5.3).

5.4.1 Uncertainty Re-parameterization

We first propose to re-parameterize the norm-bounded uncertainty in the form of a poly-
topic set (theorem below). Subsequently, in Section 5.4.2; the re-parameterized uncer-

tainty is combined with the disturbance and the RMPC scheme is formulated.

Theorem 5.6. Let everything be as defined above and consider uncertainty A € BA
where A := {diag(d1,--- ,0,):0; € R,|6;| < 1}. Then, the uncertainty vector py - in (5.3)
- is such that el pr < el Dy, for alli € Ny := {1, ,n,} and k € Ty if and only if there
exist Eik e D7, EZk e D and EiAk € Dy such that, VieN,

LZ(E;kvﬁZkvﬁlAmﬁka ei) =

CTDLC 0 —iCTe —1CTD (T + )
* Dy, —3DLe — 5 Do (U + )
— =0 ,VkeTy
* * DAk‘ 0
* * x eIy + fﬁikﬁk + U;‘Cbzmﬂk - biAk
(5.49)
L?v(ﬁikaﬁma?k,ei) =
CﬁbikCN _%éqT €i _%CTﬁik (T + 24
* Dy, 0 =0, k=N
* * ele?k + f{ﬁ;kgk - ﬁgk
(5.50)
L%(ElukvEZAkvﬁk’ 61') =
Dy —%Dunei _%E;k (g + uy)
* EZAk —%eiTC’qxo =0, k=
* * el D + U£E;kﬂk - EZAI@
(5.51)

where e; denotes the ith column of the n, x n, identity matriz.
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Similarly, e;fppk > eiTQk, Vi € N, and k € Ty if and only if there exist Q;k € DT,
D!, € D, Dy, € Dy such that

LZ(iékagikvgiAkvﬂka *61') t 07 Vk S TI (552)
Li(Diy,Diay,p,.—€i) =0, k=N (5.53)

Proof. Using the definition of py in (5.3) (with Dy, = 0) and the S-procedure, it can
be shown that for all £ € T}

el e = € Pp — (T, — Cx) Dy (Cwy, — 23) — Wk — wp)” Do (ur — wy,)
i =i

- (1 - 5%)Tﬁ2k(62 + 1) - ygﬁ}c(ﬁxka DukvﬁAkvﬁ;f)yk

where y/ == [ 2] ] & 1], E;k e D7, ﬁik € D, Dy, € Dy and the matrix

7

L};(Eik,ﬁzk,ﬁzk,ﬁz, e;) is given in (5.49). Thus, we have Vi € N, Vk € T

Dy, = 0, Dy = 0, Dy = 0, Li(Dyy, Do, Dag ) = 0 el i < el

The LMIs (5.50) and (5.51) can analogously be derived for k = N and k = 0 (respec-
tively). Finally, to compute the lower bounds on uncertainty (i.e. —elp; < —e;fpgk),
we repeat the above procedure with e; replaced by —e; which yields the LMIs (5.52)-

(5.54). O

Now let us define the vectors

o g

, pi 2

p=". | p=1" (5.55)
PN Py

Then, it follows from Theorem 5.6 that the model uncertainty can be re-parameterized
as:

pEfP::{pGRszggpg;T?} (5.56)

where, for each k € Ty, we can compute the bounds through the following optimizations:

eI pr := min{ e Py : (5.49)/(5.50)/(5.51), is satisfied for corresponding k,

for a Doy, € D7, DLy € D™, Dy, € Dyyi € Ny} (5.57)

u

102



5.4 Causal RMPC - Approach 2

—e;fpgz := min{ — eiTBk :(5.52)/(5.53)/(5.54), is satisfied for corresponding k,
for a D', € D", D!, € D™, D%, € Dy,i € N,} (5.58)

Remark 5.10. The above formulation can be modified to cater to the case of Dy, # 0 by
relazing over wy, (along with the relazations for xy and uy in Theorem 5.6). Furthermore,
a diagonal structure on A has been assumed only for the sake of clarity of exposition.
The re-parameterization can also be achieved for the case of general uncertainty given in
(5.2). In particular, for full block elements, we have: p}’;Tpi; < q,iTq/,i€ where (.)* denotes
the ith element of the vector. Hence, the polytopic bounds can be computed, in a manner
stmilar to Theorem 5.6, by relaxing the following optimization problems:

i < min Tt < max T < P, VieN,,Vke{0,1,--- N
P S, oin o degr < max o gpgp < Pio P {0,1,---, N}

5.4.2 Control Law Computation

In this subsection, we first combine the re-parameterized uncertainty with the distur-
bance and then derive conditions (on Ko, K, 0) for the satisfaction of constraints and
minimization of the cost function.

Using (5.56), let us introduce the re-definitions:

wy wi oy,
T T T T T =T
By :=[By By, [—d; Qk] < [wi pil < [di Dl

Therefore, it can be verified that the stacked state-dynamics in (5.27) can now be written
as:

= Azxg + Byu + Byw (5.59)

where w € W := {w € RN¥» : w < w < w} and all matrices/vectors are appropriately
re-defined.
Theorem 5.7. Define the cost function

N-1
J(zo,u, w): =2y Pyayn + Zx%@xk + ul Ruy, (5.60)

k=0
and let AK0 = A+B,Ko,w:= %(@—1—@), C = diag(Iy—1 ® C,Ch), Ri=Iy® R, Kg:=
(I+B,K), Q := diag(Ixng ® Q,Py), T=[zF - z5)T, u= [} --- @&_,]7 (and

analogously for x, w). Then, there exist feasible Ko, K and o satisfying constraints
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(5.46)-(5.48) and such that J(xq,u,w) < f., for allw €W, if there exist diagonal matrices
D, D  ieN,:={1,--- ,mN}, D), D)  jeN,={1,---,N,} as solutions to

Dquwx77wx; wu?

the following LMIs

I Dw * * * i
Dy foAwDyw—zfQro  * *
5 . i, ~ =0 (5.61)
KgBy Buo+A"0x Q- *
KB, Koo+ 0 R!
'C’,:Lr(ﬁwmkv Ko,’[),f, ez) -
Ezuw _E'sz@_ %BgffgéTel
~ = ~ . 5.62
*  el(@-CAKozy—CB,i)+w! Dyyw| — (5.62)
Li(ﬁi}u,f(,f(o,ﬁ,ﬂ,ej)::
EZUU _Eguuﬁ_%‘BEf(Tej
T(—  I¢ ~ 17 EO, (563)
* ej (U—Kozo—10)+w" Dyw
Li(g;z,K,Ko,{},l,*ei)to, (564)
L?L(Q‘Zuuﬂkvk()aﬁaﬂa _EJ)EO (565)

Proof. Using (5.59) and (5.9), the upper state constraints (5.46)-(5.47) can be written
as, Yw € W:
el CKyByw < el (T— C(A + By Ko)zo— CB,D).

Using the S-procedure, it can be shown that

el CKyByw — el (T— C(A + ByKo)zg— CB,b) =
- (@ - w)Tﬁwx(w - w) - yTL;‘(ﬁwgm K? Kﬁa ’lA),T, ei)y

where y” := [ w” 1], D, D\, D

was P> Dpws D2, are diagonal, positive semidefinite matrices
. i i
and the matrix L% (D

r o K, Ko, 0, T, ¢;) is defined in (5.62). It follows that (5.62) is a

necessary and sufficient condition for upper state constraints.
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Similarly, through application of the S-procedure, it can be shown that (5.64), (5.63)
and (5.65) are necessary and sufficient for lower state and upper/lower input constraints,

respectively. Now, the cost function (5.60) can be written as:
J(z0, u,w) = y" XTQX .y + y U RUy + 28 Qg (5.66)

where matrix X, := [ KBy, (Bu0+(A+ ByKo)zo) |, Ue := [KB,, Koxo+0 ] and
yT ;= [w” 1]. In a manner similar to above, using the S-procedure on (5.66) followed

by a Schur complement argument yields LMI (5.61). O

It follows from Theorem 5.7 that the problem for computing an RMPC controller (i.e.
KO, K , 0) which satisfies state and input constraints and minimizes the cost function can

be summarized as follows

¢=min{ f,.:(5.61) — (5.65) are satisfied for diagonal

Dy, Dy, Dl D) DI GeN, ieN,}. (5.67)
Note that problem (5.67) is linear in the variables (Ko, K,9) due to the uncertainty
re-parameterization of Section 5.4.1. We can now summarize the Approach 2 RMPC
algorithm as follows:

Algorithm 5.1: Causal RMPC controller - Approach 2

(1) Read the current state x:.

(2) Compute polytopic bounds on the uncertainty through LMI problems (5.57) and
(5.58).

(3) Compute Ky, K, v by solving the LMI problem (5.67).
(4) Apply the first control.

(5) If the new state x;y1 € Z, apply the terminal control law kz(z) for all time, else
loop back to (1).

Remark 5.11. The incorporation of an RCI terminal set helps ensure recursive feasibility
of the above RMPC' algorithms under certain conditions (see Remark 3.15). Stability
of the proposed schemes can also be guaranteed in the same way as in Chapter 3. In
particular, using the S-procedure, conditions on matriz Py can readily be derived to ensure
that the terminal cost m%PNxN is a Lyapunov function over the invariant set Z. The

formulation is very similar to that in Section 3.4.4, and is therefore not included here.
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Figure 5.1: Results for Approach 1 (left) and Approach 2 with w; = wcos(t) and A =
diag(1,1), Vt

5.5 Numerical Examples

We now give two examples from the literature to illustrate the effectiveness of the pro-

posed algorithms.

5.5.1 Example 1

We consider an uncertain version of the unstable process from [97, 100]. In particular,

we have the system in (5.3) with:

1 0.8
A = 7Bu =
05 1

Furthermore, system has uncertainty of the form: A:={diag(d1,d2) : §; €R,|d;| <1}, and
the disturbance set is taken to be W:={we&R" : —1<w<1}. The prediction horizon
N =4 and the parameters in the cost function (5.60) are @Q=1, R=1, and Py=1. The
constraints on the input and state are given by: Ty = —u; =3.8 Vk, and T=—z =3 3]7,
respectively. Moreover, we set the initial state xo=7%. Computing a hyper-rectangle RCI
set and the corresponding controller with input constraints —0.95 <wu; <0.95 and state
constraints |zy| < [1.6 17, yields (5.47) with Ty =—zy =[1.55 0.89]", Cy = I along
with the terminal control law kz(z)=—[0.34 0.46]x.

First of all, applying the proposed algorithm in the open-loop mode (by setting the
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5.5 Numerical Examples

feedback gain K to zero in (5.7)) results in problem infeasibility. Moreover, the feedback
RMPC problem given by Theorem 5.2, with convexity obtained using the procedure in
Remark 5.7, on the above example also gives infeasibility due to the conservative nature
of linearization. Now applying the two proposed schemes - as given by Theorem 5.4 and
problem (5.67), respectively - give the simulation results shown in Figure 5.1. We note
that even with the initial state on the constraint boundary and persistent worst-case
uncertainty and disturbances, both the algorithms are able to steer the system state to

RCI set (shown by red rectangle).

5.5.2 Example 2

We consider the coupled spring-mass system example from [55]. The mechanical system,
shown in Figure 5.2, is unstable and has uncertainty in the spring constant value k such
that kpin < k < kpaz. The system has four states: x1 and xo are the positions of mass
1 and 2 respectively, and x3 and x4 are their respective velocities. The discrete-time

dynamics, sampled at 0.1s, are [55]:

1 0 01 0 0 0
0 1 0 01 0 0
A: s Bu: s Bp:
—0.1k, 0.1k, 1 0 0.1 —0.1
0.1k, —0.1%k, O 1 0 0.1

Cq= |kjev —kaew 0 0|, Dgu=0

where § = kk;f:, ky, = %(k‘max + kmin), and kge, = %(k:max — kmin). The spring constant
is known to vary anywhere between k,,;;, = 0.5 and k4., = 10. For the cost, we have
@@ =5, R =1 and prediction horizon N = 6.

The control objective is to make the output (state z2) track a unit step whilst provid-
ing robustness against persistent variation in spring constant k£ and respecting the input

constraint: —1 < ug < 1. Figure 5.3 shows the simulation results when the system is

il -z,
U —— P ™y /W'\/\ my

OO i U O

Figure 5.2: Coupled spring-mass system
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Algarithm fram Kathare et al.
Proposed Algarithm

time (sec)

Figure 5.3: Output step-tracking results for Example 2

subjected to a sinusoidal uncertainty in the spring constant. We see that the proposed
RMPC controller is able to first steer, and then maintain the system-output at the de-
sired set-point despite the presence of a persistent uncertainty. The 5% settling time for
the output, with the proposed algorithm, is approximately 6.3 sec. For comparison, Fig-
ure 5.3 also shows the response of the infinite horizon RMPC controller, proposed in [55],
for the same example (red line). Although this algorithm also yields output tracking,
however, the response is considerably slower with a 5% settling time of approximately
16.1 sec. Figure 5.4 also shows a comparitively faster response in control input for the

proposed algorithm.

0s

Proposed Algarithrm

0.4r Algorithr from Kothare et al b

0z R

oir B

Control input (u)

0 AUMUUVUVVV

01 R

0z . . . . .
] 5 10 18 20 25 30
tirne (sec)

Figure 5.4: Control input for Example 2
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5.6 Summary

5.6 Summary

In this chapter, we have presented two algorithms for the feedback Robust Model Pre-
dictive Control of linear, discrete-time systems subject to bounded disturbances, norm-
bounded model-uncertainties and hard constraints on the input and state. The proposed
schemes design a predictive control law - consisting of a (causal) state-feedback gain as
well as a control perturbation - which is responsible for steering the uncertain system
state to a terminal invariant set.

As shown in Section 5.2, despite the use of ()-parameterization-like methods, the
RMPC problem remains nonlinear and non-convex in feedback gain K due to the presence
of model-uncertainty. To obtain tractability, we have proposed two methods. In the first
method, the disturbance is re-cast as an uncertainty and a slack variable approach is
employed which helps to remove the nonlinearity through a ‘less-conservative’ change of
variables. In this regard, a new result to separate matrix variables F' and H from S and
G in inequality (5.1) has been presented (Theorem 5.3). Being general in nature, this
results also has potential applications in other problem areas (see e.g. [35, 94]).

The second method involves the online re-parameterization of the uncertainty (in a
manner reminiscent of a few stochastic MPC schemes) as an additive (polytopic) distur-
bance which subsequently leads to convexity. Both schemes allow for the online com-
putation - through LMI problems - of an optimal control law (Ky,K,v) which satisfies
constraints and minimizes a cost function. Moreover, the presented algorithms do not
require any offline computation or initial estimates of the feedback gain K. Finally, the
effectiveness of the proposed schemes, including the reduced conservatism of the final al-
gorithm (Theorem 5.4) in comparison with the approach given in Remark 5.7, has been
demonstrated through numerical examples from the literature.

So far we have considered control design under full-state availability. In many pro-
cesses, however, only a noisy output measurement is available. Therefore, in the next
chapter, we consider the output-feedback RMPC control of norm-bounded uncertain
systems. In particular, we extend the results of this chapter as well as Chapter 4, to
formulate a robust predictive control algorithm based only on the input/output data

measurements.
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Chapter 6

Output-feedback RMPC for
Norm-bounded Uncertain

Systems

6.1 Introduction

In this chapter, we consider the output-feedback RMPC control of constrained, linear
discrete-time systems subject to norm-bounded model uncertainties, additive distur-
bances and measurement noise.

In the literature, most output-feedback MPC algorithms for linear systems - with ad-
ditive disturbances - employ a fixed stable linear observer, such as Luenberger observer, to
compute an estimate of the state which is subsequently used within the control scheme
(see e.g. [87], [25], [60] [68], [44]). The (state) estimation error is generally bounded
by an invariant set and is considered as an additional source of disturbance within the
system. One of the major advantages of schemes such as [68] and [44] is that their on-
line computational complexity is similar to that of (full-state) nominal MPC schemes.
Output-feedback algorithms which employ observers, and are based on LMI/BMI opti-
mization, have been proposed for systems that are subject to norm-bounded/polytopic
uncertainty (see e.g. [105], [36]).

As discussed in Section 1.2.2; the choice of observer gain has a clear impact on the
estimation error bounds and, therefore, on the overall control algorithm. However, in
most of the aforementioned schemes, the observer is simply designed offline (to ensure
stability). Moreover, the control feedback gain K is also fixed. Both of these factors can

potentially add to the conservatism of the corresponding predictive control algorithm.
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6.2 Output-feedback RMPC Problem

An alternative approach to the use of observers is known as Moving Horizon Esti-
mation (MHE) [72]. MHE techniques consider a moving - but fixed size - input/output
data window, and compute state-estimates by solving an optimization problem that min-
imizes the difference between actual measurements and predicted outputs [86]. The fact
that the estimation problem uses recent input/output data makes MHE schemes suitable
for uncertain systems [1]. MHE has also recently been used in the context of output-
feedback RMPC. For example, in [93], a MHE approach is combined with a tube-based
RMPC scheme for system with disturbances and measurement noise. However, no such
algorithms for the case of norm-bounded uncertain systems are given in the literature.

In this work, we extend the results of Chapter 5 by designing an output-feedback
RMPC scheme for systems with both state/output disturbance as well as norm-bounded
uncertainty. Instead of employing an observer with a fixed gain, we use the past in-
put/output data window, in a manner similar to MHE, to compute (tight) bounds on
the current state which are then used within the output-feedback control algorithm. Fur-
thermore, to reduce conservatism, the feedback gain (K) and control perturbation (v)
are both explicitly considered as decision variables in the online optimization. The asso-
ciated nonlinearity is removed by using Theorem 5.3 to yield an algorithm based on LMI
optimizations.

A novel feature of this algorithm is that we also extend the results of Chapter 4 to
the output-feedback case. In particular, a convex problem is derived for the computation
of an output-feedback RCI set, along with the corresponding control law, for norm-
bounded uncertain systems. This set serves as the terminal constraint set and, under
certain conditions, helps to ensure the recursive feasibility and stability of the overall
control scheme.

The results in this chapter are based on the algorithm in [96].

6.2 Output-feedback RMPC Problem

In this section, we first provide a system description including control dynamics, con-
straints and cost function. Then, we derive the output-feedback RMPC problem. Note
that the formulation in this section mirrors that for the state-feedback case in Sections 5.2

and 5.3.
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6.2 Output-feedback RMPC Problem

6.2.1 System Description

We consider the same system as in (5.3), with the addition of an output signal y. In

particular, we have

[ Tpy1 A Bu Bu By
k
Ak Cq Dgu 0 0
U
Yk = | Cy 0 Dy, 0 y , Pe=Aqy,
k
C; D D D
i s Pru Dyw Dpp || 6.1)
L Rk _Cz Dzu Dzw sz_
gnN Cq 0 .
~ - N
IN| = | C; Dy [ ]7 pN = Aqn
A A PN
ZN | L Lz sz

with A € BA and k € N := {0,1,--- , N — 1}, where N denotes the control horizon.
Furthermore, z € R”, up € R™ y € R™, wy € R™, f, € R", 2, € R™ are the
state, input, output, disturbance, constrained signal, and cost signal, respectively, at
prediction step k. Here pi, € R™ and ¢ € R™ represent the uncertainty vectors and all
other symbols denote the appropriate distribution matrices. Only the noisy output yy
is measured and we assume that the pair (A, Cy) is detectable and (A, B,) stabilizable.

Furthermore, bounds on the initial state are given a-priori such that (see also Section 6.3):

xg € Xp := {:EER”:QOSISE()} (6.2)

Finally, the (unmeasured) additive disturbances belong to the set:
kaW::{weRW:—TSwgr} (6.3)

It is required to find wug, for all £k € N, such that the future constrained outputs satisfy
fr < fu, fv < f for all w, € Wand A € BA | and the cost function
N

J = max > (2k = Z0) " Qulzk — %) (6.4)

wreEWE, AeBA =0
is minimized, where Z represents a given reference trajectory.

Remark 6.1. As in Chapter 5, the terminal constraint fy < fxn will involve an invariant
set to help ensure the recursive feasibility and stability of the control scheme, under certain

conditions. However, in this chapter, the set will be invariant under an output-feedback
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6.2 Output-feedback RMPC Problem

control law (see Section 6.4).

Remark 6.2. For the sake of clarity of exposition, we have combined both the state-

disturbance (ny;) and measurement noise (vy) into a single vector in (6.1), namely wy, =

i vE".

6.2.2 Algebraic Formulation

Iterating the system dynamics in (6.1), we obtain

q Cqy Dgw Dgp Dy o
o| | e D B D | -
f Cy Dpw Dpp Dpu || P
z 2 Do sz D, U
where u = [u%ﬂ...ugil]T7 w = [wg"'w%,l]T, y = [yg—‘...y}]\}il]T7 f = [fg‘fg]T’

q=1lat - d)", p=[pF - pL)T with p=Aq, z=[zL---2L]T and all matrices in (6.5)

can easily be derived through iteration.

By defining a vector d = [z w?]? such that

[%]::dgdgd:: [xo] (6.6)

—re re

where e is a vector of ones, equation (6.5) can be written as:

q Dyq qu un
D D D
vyl _ yd  Fyp Pyu » (6.7)
f Dya Dgp Dpu ||
z Dzd sz Dzu

with Dgq := [C’g Dgw], where ¢ stands for ¢, y, f and z above.

A manipulation shows that d can be re-written as:
d=A%+d, (6.8)
where A? := diag(A*, A%) with ||A?|| < 1, and

d = F(xo - l’o)] ’ d, =

%(To + &0)

re
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6.2 Output-feedback RMPC Problem

6.2.3 Output-feedback RMPC

We consider an output-feedback RMPC control law of the form:
u=Ky+v (6.9)

where, to ensure causality (i.e. u; dependsonly ony;, j =0,...,7), we impose that K € X
where K is the set of real lower block triangular matrices of appropriate dimensions.

Substituting the equation for y in (6.7) into (6.9) yields the following expression for u
u = KDygd + KDyyp + 0 (6.10)

where K := K (I — Dy, K)™' € X and v := (I — KD,,) 'v. Note that u is affine in the
new variables (K,7) and K € X since K € K. As in Section 5.2.2, the original control

variables (K, v) can easily be recovered from the new variables as follows:
[K v]:= I+ KDy,) 'K 9]

The aim of the rest of this section is to obtain a representation of vectors y, f and z in
terms of the (new) decision variables K and ©. To this end, by using the control structure

in (6.10), we can eliminate u from (6.7) to yield

v | [U+DwkIDy  U+DK)Dy | Dy Tr 4 [P D | D))
q — PQP—*—{)qulf?yp qu‘i_?qulnyd l?qu@ d |= Dé; Dé{i D; d
f l?fp+l_)fuffl_)yp Dfd_i_‘?fu{{Dyd _Dqu T D‘Z) D‘)I”A(d D%} T
z—Z D.,+D.wKDy, D.q+D.KDyq | D,,v—%2 DZ D,ﬁz D?
K _
Dyp D;
= D(g Pyl 2 (6.11)
~|DE DU 1 '
Ip f
DE DY

with p := [pT, d’]T such that
p=A¢+q (6.12)

where, using (6.8), A := diag(A, A%) € BA, ¢, := [0, dX]7 and

e _ P8 DE].|D;

= | = + . 6.13

q H [0 o 1Pt (6.13)
DE Dy
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6.2 Output-feedback RMPC Problem

For convenience, we also define

DE = D, + D, KC, (6.14)
D}% = bf + Dfuf%éy (6.15)
DY =D.+ D.,KC, (6.16)

where Df = [Dfp Dfd], éy = [Dyp Dyd], ﬁz = [sz Dzd] and

. Dy, D _ D
Dy:= "% 79 Dg =" 6.17
= [oo 2] o P o)

Inserting ¢ from (6.13) into (6.12) and simplifying yields:
p= (I — AD?) 'A(DY + quqo) + o (6.18)

Then, using (6.18) to eliminate p from (6.11) gives

Y Dé}é([ - Dgng) YDy + quqo) + Dypqo + Dy
f | =| DEAU- Dq{;A) LD + Dqu) +DRgo+ DY (6.19)

z—Z DEA(I — DEA)=Y(DY + quqo) + szqo + DY
Now define 0 := v + KDyddo and let o denote y, f, z. Then, it can be verified that
Dapqo + DZ = Doado + Dau@ — 0= Dg (6.20)

where the @ term in (6.20) is only included in the definition for a = z, i.e. D?, and this

reference trajectory z := [zl ,- -+, zX]T is given. Furthermore, we define
Dyado + Dy ® X
D” + quqo = [ J =Dy (6.21)

Finally, using the redefinitions in (6.20) and (6.21), we can re-write (6.19) as

Yy DKA(I - DgA)—lpg + D piaa
/ DKA(I DEA)'Dy+ Dj | = | DS (6.22)
z—Z DKA( qu) 1p? 4 po pkd
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6.2.4 Sufficient Conditions for the Constraints and Cost

In this section, we derive sufficient conditions for the satisfaction of the constraints as
well as an upper bound on the cost function. Note that using (6.22), the cost function

in (6.4) can be written as

J(K,9,A) = (DEA(I = DEA)™'DE + DYTQ(DEA(I — DEA)™'DE + DY) (6.23)
where @ := diag(Qo, ..., Qn). Similarly, the constraint set can be written as:
U={(K,d): el (D}, A(I — DEA)TIDY + DY) < e f,Vi € Ny, VA}. (6.24)

with Nf:{l, oy (N4 1)7”Lf}.
The following theorem uses Lemma 4.1 to derive sufficient conditions for (K ,0)eU
(necessary and sufficient in the case of unstructured uncertainties) and an upper bound,

call it 42, on the cost function in (6.23).

Theorem 6.1. Let all variables be as defined above. Then, J(K,0,A) <~% and (K,9) €
U for all A€ BA, if there exist solutions (S,G), (S, G;) € U, Vie Ny, to the following

matriz inequalities

(DY (03" 0
! DEGT DES
e Pt P (6.25)
* * S+DgG"+G(Dg;)"  DgS
* * * S
el (F-Dp)  (DT=3elDREGT —gel DS,
* SiJng,G;prrGi(Dég)T Dgasi =0 (6.26)
* * Si
Proof. The constraints in (6.24) can be written as, Vi € Ny,
elf—elf=elf— eiTD]I%A(I — Dq{gA)_ng’ — e;-erc >0 (6.27)
Through re-arrangement, (6.27) can be written in the form:
Ri+FA(I-HA)'E+ET(I-ATHT)TIATET =0, Vie Ny (6.28)
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R | F
E| H

_ [ f(f D) | ~yel DF,
T b K
o, | of

Using Lemma 4.1 on (6.28) yields the matrix inequality (6.26).

Next, we consider the cost function. Let ¥? be an upper bound on the cost such that

J(K,5,A) = (z—2)TQ(z — 2) <2 (6.29)

Taking the Schur complement in inequality (6.29) yields

[72 (- Z)T] -0 (6.30)

* -1

Using the definitions in (6.22), it is easy to verify that (6.30) can be re-arranged into the

form
Ro+FoA(I-HA) ‘Ey+EL (I1-ATHT)IATET -0, (6.31)
2 Df) T 0

Ry | Fo r ( Z_)l i

= | D7 Q D

ko | H B Kp

p; 0 [Df
Finally, an application of Lemma 4.1 on (6.31) yields (6.25). O

It follows from Theorem 6.1 that the output-feedback RMPC problem can be given by:

gZ_):min{'yQ : (Ka 0) € (jCa U)7 (Sa G)a (Sza Gz) € {I\ly
i€Ny s.t. (6.25), (6.26) are satisfied}. (6.32)

By considering the definitions (6.14)-(6.16), it can be verified that problem (6.32) is
highly nonlinear and non-convex in K due to terms of the form DCUK C'yX where (
stands for f, ¢ and z and X stands for S, S;, G, G;, i € Ny. Here, note that optimization
(6.32) becomes convex for a fixed K. However, as discussed already, this introduces a
degree of conservatism depending on the offline choice of K. To remedy this, we now
use Theorem 5.3 to convexify problem (6.32) at the expense of only minor conservatism

within the formulation.

Remark 6.3. When the system is subject only to additive disturbance (and no model-
uncertainty), the matrix inequalities (6.25), (6.26) become linear. To see this, note that

in such a case, Cy, Dy, become zero and therefore, Dgﬁ and D7 no longer remain func-
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tions of variables (K,f}) In addition, the variables G, G; become zero since A is now
purely diagonal. Then, effecting the congruence transformation diag(I,I,S~',S~1) on
(6.25), and considering S~' as a variable, renders (6.25) linear in (K,0). A similar
procedure can be adopted to linearize (6.26). Therefore, the output-feedback RMPC' prob-
lem for systems with additive disturbances becomes convex. Furthermore, the formulation

incorporates the constraints in a non-conservative manner.

Theorem 6.2. Let everything be as defined above. Then, J(K,9,A) < ~? and (K,7) € U
for all AeBA if there exist solutions (S,G), (S;,G;) € \Tl, M= MY M; =MF, Mo,
So € Sp, Ry, Vi € Ny to following LMIs:

S Si
* 1o, =0 (6.33)
-G M -G} M;
22 (D) (D))" 0 0
* Q_l 0 DZSO + Dzuk
* x  S+M DySo+ DuK — Ry My =0 (6.34)
* * * So+ S5 — S GT — Rt
| * * * * My + Mg - M |
ej (f=D%) (DY —1el(DySo + Dy K) 0
* S; + M; qu() + f)quk — Ry My
>0 (6.35)
* * So+ 5S¢ —S; GI — RrY
i * * * My + M(}F — M,-_

where K := KC’ySO.

Proof. The LMIs (6.33)-(6.35) follow from the application of Theorem 5.3 on (6.25) and
(6.26), respectively, with G = 0 O

It follows that the output-feedback RMPC problem can now be given by the following
LMI optimization:

g:min{ 7%:(6.33) — (6.35) are satisfied for (K,9) € (X, v),
(S0, Go) € W, (S,Q), (Si, Gi) €W, ieNs}. (6.36)

Remark 6.4. In Theorem 6.2, we have chosen Gog = 0 purely for the sake of clarity of

exposition. By studying the finer structure of K and C'y, extra degrees of freedom can be
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6.3 Updation of the State Bounds

incorporated within the structure of matriz Go such that KéyGo = 0 with Gg # 0. The
analysis is similar to that in the state-feedback case (Section 5.3.3) and therefore we do

not go into the details here.

6.3 Updation of the State Bounds

The basic idea in the proposed output-feedback RMPC algorithm is to apply the first
control in the sequence computed through LMI problem (6.36) and then, at the next
step, obtain bounds on the current state (by considering the past input/output data in a
moving window framework) before solving (6.36) again. The control scheme thus requires
lower and upper bounds on the current state at time k, namely z; and Zj. Therefore,
in this section, we formulate an optimization problem which uses the past N inputs and
outputs (as well as the current output yi) to compute z;, and Ty, where N > 0 denotes
a given estimation horizon.

We start by iterating the process dynamics in (6.1) to obtain:

< - . x
i A B, B, B, PN
- - N 0
¢ | =|C Dgu Dguw Dygp o | (6.37)
y v Dyu Dyw Dyp -
p
where the input/output data vectors o = [uz_ EEE ul )7 and § = [y’::_ PEEE ylT are
known, and w = [wg—N . wg]T’ qg= [qZ—N ql{—l]T’ p = Z—]\? .. P;;F_l]T with
p = Ag. All the matrices in (6.37) can also easily be computed through iteration.
Using the definition of ¢ in (6.37), the vector  (:= A§) can be re-arranged as:
p=AI - DgpA) " (Cyz)._ 5 + Dguti + Dygyyh) (6.38)

Then, using (6.38) to eliminate p from (6.37) gives:

Bk

where A := A(I — Dy A)™Y, Ay :=[A By), Cya = [Cy Dyul, Cq :=[Cy Dgy) and
T
k—

— =TT
d:=[z, o w']" such that

Ag+ BpZéd Bu
C'yd + DypZéd Dyu

[x’fﬁ] —d<d<d:= [ka] : (6.40)
—Tre re
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6.3 Updation of the State Bounds

By using (6.39) and (6.40), we now derive (tight) upper- and lower-bounds on zj, in the

following theorem (see also Remark 6.5).

Theorem 6.3. Let all variables be as defined above. Then, an upper-bound on the ith
element of xy, i.e. e;fpsck, Vi € Ny :={1,--- ,n}, can be computed by minimizing eiTEk

subject to the LMI:

D, —iDL(d+d)—1ATe cr cr 0 ]
« T +d Dyd—eIBya aTDL, —§" @ DL, - 3eTB,G; 1T B,S;
X * v, ! D,,G; DyyS;  |-0
* * * Si+ DG, + éiDg;, Dy,S;
B * * * ?i |
(6.41)

Sitmilarly, a lower-bound on e;-rxk, Vi € Ny, can be obtained by maximizing eiTgk subject

to the LMI:

(D, —iDi(d+d)+3ATe T, ey 0
« =Tz +d Did+eBya a'DL, -7 a'DL, +1eTB,GT  1eTB,S,
* * Yt Dy, GY Dy,S; |-0
* * * S;+ DGl + G, DL, DypS;

| * * * * S J

Proof. In order to take account of the available past input/output data (@,7) in our

formulation, we consider the following equality constraint, based on the expression for ¢
in (6.39):
YA —C2d=0 (6.43)
where yA := § — (Dyy + DypADg,)t and CdA i= (Cya + DypACy).

Now considering Ty, as an upper-bound on zj, in (6.39), with (6.43) incorporated, we

require, Vi € N,

Ly, — Tz, = el (ADd + BRa) — ez, + (™ — CR)TY(y> — C2d) <0 (6.44)

where Ag = Ag+ BpZC’d, Bé =B, + BPZDW, and Y; = YZ-T = 0, Vi.
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6.4 Output-feedback RCI Set

It can then be verified that

elay, — el = —(d— d)Tﬁ;(d —d) —mT LY, E;,

Aym <0, Vi e N, (6.45)

where m := [d" 1]7 and

Zi (?zv D:cv A) = Dm 2Dz (d ' d)~ ’ (A’Zfl)z ) o (Cd~) ?Z |:CdA _yA:|
«  lm—eIBRa+d Dod | |-
(6.46)

By using the S-procedure (Farkas’ Theorem) [81], it follows that Zi(Yi,E;,A) = 0,
Vi € Ny, is a necessary and sufficient condition for (6.44). Applying a Schur complement

argument followed by a re-arrangement shows that this condition can be written as:

Ri+FANI—HA) 'E+ET(I-ATHT)'ATFT »0, VieN, (6.47)
D, ADld+d-jafe O, 0
R, | F; o * €ZTT1C + d E;,d — ezTBuﬁ ﬁTDgul— gT —%f?Bp
E| H * * Y, Dyp
Cy Dt 0 Dy

Using Lemma 4.1 on (6.47) yields the LMI (6.41). A similar procedure can be used to
derive LMI (6.42) for the lower-bound i.e. —eiTack < —eiTgk,W e N,,. O

Remark 6.5. Note that the S-procedure (Farkas’ Theorem) used in Theorem 6.3 does
not introduce any gap (conservatism) [81]. Therefore, the LMIs in (6.41) and (6.42)
have no conservatism for systems with unstructured (norm-bounded) uncertainties and

thus the computed state-bounds are tight.

Remark 6.6. For systems with only disturbances (i.e. no uncertainty), tight lower/upper
bounds on xy, can easily be computed through a simple Linear Program (LP) given by mini-
mizing/mazimizing el (Agd + Byiil) subject to the constraints d < d < d and
Cyad = § — Dyyii (see also Section 6.6.1).

6.4 Output-feedback RCI Set

The significance of RCI terminal sets, particularly in the context of RMPC, has already

been discussed in the previous chapters. There exists a vast amount of literature for the
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6.4 Output-feedback RCI Set

computation of such sets in the case when all states are measured (see e.g. [18], [98]
and the references therein). However, relatively few contributions have been made for
the case when only noisy output measurements are available (see e.g. [33], [4], [48]). To
the best of our knowledge, there are no algorithms in the literature for the computation
of these so called output-feedback RCI sets for systems subject to both norm-bounded
uncertainty and disturbances. Therefore, in this section, we extend the (state-feedback
based) results of Chapter 4 to derive an algorithm for computation of low-complexity
output-feedback RCI (OF-RCI) sets, along with the feedback gain F', for system (6.1).
We focus on low-complexity invariant sets since, as highlighted in [18], they hold sig-
nificant advantages over ellipsoidal and more general polytopic sets with regards to the
computational complexity of the overall predictive control scheme. These sets are given
by:

Z = {:17 ER": —d < Cx < d} (6.48)

where C' € R™*" is a square matrix such that det(C) # 0. The RCI set (6.48) is required

to satisfy polyhedral state and input constraints of the form:
xeX = {xeR”:T:ch} (6.49)

uel:= {u e R™ : Gu < E} (6.50)

with given matrices T € R"=*" G € R"*™ and vectors 0 < T € R™, 0 <1 € R"e.
An OF-RCI set can be defined as follows [33]:

Definition 6.1. The set Z € X is an OF-RCI set for system (6.1) if there exists a control
law v = Fy € U such that:

(A+ B,AC,)Z @ (By + ByAD,)FCy2 @ (By + ByADy,)FDyyW & B,WC 2. (6.51)

where output y = Cyx + Dy, w and @ denotes the Minkowski sum.
We now propose the following theorem to compute the OF-RCI set Z and controller

F' using convex optimizations.

Theorem 6.4. Let us define variables A € R, (S;,G;) € \/I\l, C = \C, [ := \F,
X, =XI' =0, My, = MT = 0, Ny :={1,---,n}, Ny, :={1,--,nc}, N, :={1,--,nz},
and diagonal, positive definite matrices D™, quu DZJ, D:, Di . Then, given initial con-
ditions Ao, Co, Xoi, Muo, DI, Dio, Dio, Di.

volume constraint admissible OF-RCI set approximation can be computed by mazimizing

, and D} (see Remark 6.8), a mazimal-
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6.4 Output-feedback RCI Set

log(det (M, 1)) subject to the LMIs

AMuodo + AoMuoh — AoMuoM T Myod,  CT

=0, 6.52
* I ( )
[Si 0 ACy+ DgFC, DyFD,y, G;BY
* Sz 0 0 SZBIJ;
*x  * Li(3,3) 0 AT+ CTFBL | =0, VieN,,  (6.53)
*x % * Li(4,4) ABL+ DI FBT
B * * X;l i
AXoido + AoXoid = Mo Xoi X, ' Xpido CTe; 0 0
4eld  2d" 2rT
* “ A " =0, Viée Ny,
*x (D)™t 0
* * * (D)t
(6.54)
[L;(1,1) 0 —1CTFTG ey 0 0 |
*  Lj(2,2) —iDL FTGTe,; 0 0
* egjﬂ d’ r =0, VjeN,, (6.55)
* * (D)~ 0
| x * * (D{;)*l_

CTprC, +CrprcC — CIpr(D™)'DrC,  —IxTTe,,

=0, VmeN, 6.56
* el T " - )

where

Li(3,3) := C" D3, Co + CF D4, C = CF Do (Dy) ™' D3, Co
Li(4,4) := AD. Ao + AoDi N — N\oD: (DE)TIDE N,
Lj(1,1) := C"D},Co + CF D},C = CF D4, (D}) ™' D} Co
Lj(2,2) := ADo A0 + Ao DijoA — oD, (D3) ™ Dijp Ao

Proof. Since Z and W are both symmetric, therefore the invariance constraint (6.51)
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6.4 Output-feedback RCI Set

can simply be written as:
el C[(Aa + BAFCy)x + (BAF Dy + By)w] < eld, VieN,, Yoz €2 (6.57)

where Ap := A+ B,AC, and Ba := B, + B,ADy,.
Now it can be verified that

el C[(Aa + BAFCy)x + (BAF Dy + By)w] — ef d = —(d—Cxz)'D%(Cax+d)
- (T - ’IU)TDZ'U(IU + T) - yTLi(Cy F7 D:an Dfm A)y

where y7 := [z7 w™ 1], and £;(C, F, D, D, A) :=

CTDIC 0 —L(A+ ByAC, + B,FC,y + B,ADg, FC,)TCTe;
. Di —2(BuFDyy + BpADgF Dy, + By)TCTe; (6.58)

w

* * el'd—d'Did —rTDir

Using the S-procedure (Farkas’ Theorem), it follows that £;(C, F, D., Di A) = 0, Vi €
Ny, is a necessary and sufficient condition for invariance (6.51). This condition can be

re-arranged into the form:

Ri+FANI—HA)'E+ET(I-ATHT)IATET »0, VieN, (6.59)
cTpic 0 —3(A+ B,FC,)TCTe, 0
Ri| Fi | * Di, —3(BuFDyy + By)"CTe; 0
E| H| * * ef'd—d'Did —r"Dir | -3elCB,
Cy+ DuFCy DgFDy, 0 0

0 I
Using Lemma 4.1 on (6.59) followed by the congruence transformation [I ()] yields the

following invariance condition:

[Si 0 Cy+ DgFCy DgF Dy —5GBI CTe; 1
* S 0 0 —185:BICTe;
x ok cTDiC 0 —3(A+ B,FC,)TCTe; | =0, VieN, (6.60)
- * DY —2(Bw + ByFDy,,)TCTe;

R * * eld—d'Did—rTDir |

Inequality (6.60) is highly nonlinear and non-convex due to terms of the form CTD!C
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6.4 Output-feedback RCI Set

and %e;prBZX where z stands for p or u and X stands for F', G; or S;. To separate C
from F', S; and G;, we first re-write (6.60) in the form:

R — AiCTeir; el CAT =0, VieN, (6.61)
where r;:=4(eld— d'Did—rTDi r) and [RZ' AZ}::
[ S; 0 C,+ D@WFCy DgFDy, G;BY
0 Si 0 0 S; BT
cr+cIFTDL, o CTDiC 0 (A+ B,FCy)T
I DL, FT'DL, 0 0 Di, (Bw + BuFDyy)T |

Then, by using Theorem 4.2 on (6.61), it can be verified that (6.60) is satisfied if and

only if
[ S; * * * x |
0 S; * * *
CI+CIF™DI, 0 c'pic * % [=0 (6.62a)
DL FT'DL 0 0 Di, *
| B)G/ BySi A+B,FCy Buy+BuFDy, X'
Xz' *
=0 (6.62D)

elC  A(eld— d*Did—rTDir)

Now to deal with triple product terms of the form CTD!C, we propose the following

identity based on slack-variables:

VIMV = VI M Vy4+VIM,V =V MM MV, +(V - MM, V,) T M(V — M~ M,V,)

(6.63)
where M = MT > 0 and matrices M, and V, are known. It follows that VI MV = 0
can be replaced by the first three terms on the right hand side in (6.63) without loss of
generality (since the last positive term simply becomes zero by setting V = M~'M,V,).
Then, applying congruence transformation diag(Z, I, \I, A\, I) on (6.62a), using the re-
definitions C' := AC, F := AF, and subsequently using identity (6.63) in the (3,3) and
(4,4) entries of the resulting matrix, respectively, yields LMI (6.53). Similarly, congruence
transformation diag(AI,I) on the inequality in (6.62b), followed by the use of identity
(6.63) on the (1,1) entry and a Schur complement argument gives LMI (6.54).
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6.4 Output-feedback RCI Set

We now consider input constraint (6.50) which can be written in the form:

er;GF(Cyz + Dyyw) < efu, Vo e, YweW, VjeN,,

It can be verified that, Vj € N,,_,

engF(ny + Dypw) — egjﬂ =— (d—Cx)'DI(Cz +d) — (r —w)T D (w+7)
+y"LL(F,C, D}, D}y

where y7:=[27 wT 1] and LJ,(F,C, D}, :=

cTDiC 0 —3CTFTG e,
* D, —épgwET GTey; ‘ (6.64)
* * ezjﬂ —dT'Dld — T Dlr

It follows from Farkas’ Theorem that L{L(F ,C, Dﬂ) = 0, Vj € Np_, is a necessary and
sufficient condition for the input constraint (6.50). Applying congruence transformation
diag(AI, A1, I) on the above condition, followed by the respective use of identity (6.63)
on the (1,1) and (2, 2) entries of the resulting matrix and a Schur complement argument
yields LMI (6.55). Following a similar procedure to above, we can obtain LMI (6.56) for
the state constraints in (6.49).

Having derived the conditions for invariance and state/input constraints, we now
incorporate a cost function in the formulation. As discussed in Section 4.3.2, the volume
of Z is inversely proportional to |det(C)|. Therefore, in order to maximize the OF-RCI
set volume, we need to minimize |det(C)| which is a non-convex problem. To remedy
this, we consider a matrix variable M, = MI = 0 such that det(C)? < det(M,). In
particular,

M, —CTC =0 (6.65)

Then, using a Schur complement argument on (6.65), followed by the congruence trans-
formation diag(Al,I) and a subsequent use of identity (6.63) on the (1,1) entry of
the resulting matrix yields the LMI (6.52). Hence, maximizing the (convex) objective

log(det(M,; 1)) optimizes the set-volume. O

The algorithm to compute OF-RCI set and corresponding controller ' can now be

summarized as follows.
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6.5 Overall Output-feedback RMPC Algorithm

Algorithm 6.1: Maximal volume OF-RCI set computation

(1) Set the initial conditions A, Co, Xoiy Myo, D™ Di,, Di,, D:, and D!, equal to
identity in Theorem 6.4 and compute an initial OF-RCI set (C,d) and controller
F (see Remark 6.8).

(2) Update all the initial conditions with the optimization problem solutions obtained

from the previous step.

(3) Solve the convex optimization problem in Theorem 6.4 to compute OF-RCI set

(C,d) and controller F' as well as all the other matrix variables.
(4) Loop back to step (2) until there is no further improvement in the volume of Z

Remark 6.7. Similar to the formulation in Section 4.3, the identity (6.63) ensures
recursive feasibility of the iterative Algorithm 6.1. In particular, by setting V =V, and
M = M, in (6.63), it can be verified that previous solution of Theorem 6.4 remains
feasible at the next iteration. Therefore, volume of the new invariant set Z is greater

than or equal to that of the set from previous iteration.

Remark 6.8. The fact that C, d and F are all simultaneously considered as decision
variables as well as the introduction of X\ in Theorem 6.4 helps to minimize the conser-
vatism in Algorithm 6.1 (the formulation in Chapter 4 considers vector d to be fized). It
s also worth mentioning here that instead of setting all initial conditions to identity at
the beginning, a more elaborate formulation to compute the initial RCI set can be readily
derived (as was the case in Chapter 4). However, for the sake of brevity, we do not

include it here.

6.5 Overall Output-feedback RMPC Algorithm

In this section, we describe the implementation of the algorithm and give a summary of
the overall output-feedback RMPC scheme.

The proposed scheme relies on the availability of the past input/output data, at
current time step t, to compute bounds on the state x;, which are then used in output-
feedback RMPC problem (6.36). However, no past data is available at the beginning (i.e.
t = 0). In this case, we proceed as follows. We use the a-priori bounds on zy at ¢t = 0
to compute ug. Then, as more data comes in, estimation horizon N is incremented until

it reaches the designer prescribed value (call it Np) - during this period all (available)
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6.6 Numerical Examples

past input/output data is used to compute the current state bounds. Once the desired
amount of past data (corresponding to NO) has been gathered, N is fixed at Ny and a
moving window framework is used as discussed in Section 6.3. The overall scheme can

therefore be summarized as follows.

Algorithm 6.2: Output-feedback RMPC scheme

(1) Initially at ¢ = 0, given yo and a-priori bounds on zg, solve (6.36) to compute uy.

(2) Update the vectors @, § with the newly available input/output data from the pre-

vious step.

(3) If N < Ny, increment N, else fix N = Ny. Then, using vectors @& and § solve the
LMI/LP problem in Theorem 6.3 to compute bounds on the current state x;.

(4) Using the state bounds from step (3), check if the state is inside the OF-RCI set Z.
If so, apply terminal (invariant set) control law F' forever. Otherwise, solve (6.36)

to compute u; and loop back to step (2).

Remark 6.9. Note that whilst a large value of Ny means a more accurate computation
of the state-bounds (due to greater amount of data being considered in the fized-size
moving window), it can be computationally expensive (particularly in the presence of
model-uncertainty which leads to an LMI problem instead of an LP) since the estimation
problem is solved online at every time step. Hence, the choice of Ny is problem-dependent
and should be made in a way so as to find a balance between the conflicting requirements

of computational complezity versus state-bound accuracy.

Remark 6.10. By imposing that the terminal control law is constraint admissible, re-
cursive feasibility of the overall output-feedback RMPC algorithm can be ensured in the
usual way. In this case, it can be shown that the control sequence computed at time
t can be shifted and appended with the terminal control law F to yield the sequence
{u(t+1)t), -+ ,u(t + N — 1|t), F'} which remains feasible at the next time step t + 1.
Moreover, under certain conditions, it should be possible to establish stability of the pro-
posed scheme in a manner similar to the state-feedback case (Section 3.4.4). Though this

requires careful further consideration.

6.6 Numerical Examples

We now apply the proposed algorithm to two examples from the literature in order to

illustrate its effectiveness.
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6.6 Numerical Examples

6.6.1 Example 1
We first consider the double integrator example from [68]. In particular, we have

X -

1

10

T +
¥ 01

U +
1 k

]ﬁk, Yk = {1 1} Tk + Vg
The state-disturbance and measurement noise respectively belong to the sets:
e € € = {neR2:—o.1gngo.1}, e €V = {yeR:—0.05§1/§0.05}

The input constraints are given by: —3 < uy, < 3, and we consider (tightened) state
constraints given by [-12 —12]7 <z < [3 3]7. We have the cost signal z, := [z} ug]”
and cost weighting Q) = diag(0.3,0.3,0.01), Vk. The OF-RCI set and the corresponding

controller, computed through a single iteration of Algorithm 6.1, are given by:
—0.3802 42 .01 .3802
D R 0.380 < 0.4269 0098x< 0.380 P = 07200
—0.4177 —0.0368 0.2954
(6.66)

— 104177
and this Z is used as the terminal constraint set. We consider the control and estimation

horizons to be N = 10 and Ny = 3. Finally, to remain consistent with [68] which considers

xo = [—3; —8], we set initial state bounds as: [—3.02; —8.02] < z( < [—2.98; —7.98].

State-trajectory and bounds

-12 -10 -8 B -4 -2 0 2

Figure 6.1: State bounds trajectory for Example 1, with 7, and v, uniformly distributed
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Control input

time ()

Figure 6.2: Control input for Example 1, with 7, and 1, uniformly distributed

Since the system is subject to disturbances only, we use the LMI conditions given in
Remark 6.3. Figure 6.1 shows the simulation results with random process disturbance
7; as well as measurement noise v; (both uniformly distributed). The red rectangles
represent the state-bounds which, for this uncertainty-free system, are computed through
the Linear Program given in Remark 6.6. Furthermore, the yellow polytope represents
OF-RCI set in (6.66). The state, which of course is unavailable in the algorithm, is
shown in Figure 6.1 (blue line) simply for reference purposes. We see that, despite
the action of persistent disturbance and noise, the proposed output-feedback RMPC
algorithm yields convergence to the RCI set - at which point the terminal control law
F takes over. The figure also shows that the state estimation bounds, computed using
the results in Section 6.3, are accurate (they are in fact tight in this case) and produce
good regulation performance. The computed control input, shown in Figure 6.2 is also
constraint admissible. Note here that the control input is in fact on the constraint
boundary at t = 1, which verifies that constraints have indeed been incorporated in the

formulation in a non-conservative manner.

6.6.2 Example 2

We re-consider the control of a paper-making process from Chapter 3 [107]. The system,
shown in Figure 6.3, consists of process states © = [Hy Ha Ny NQ]T, where Hy, and N;
denote liquid level and composition of the feed tank, respectively, and Hs and Ny denote

liquid level and composition of the headbox, respectively. The control input vector is
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N P
Lw_ Stock
Feed
Ny Tank
Hi Ny

T Headbox

7

Hy N
2 2 \ Wire /— et Paper
” White Water

Figure 6.3: Schematic of Paper Machine Headbox

given by u = [G) Gw]T, where G, is the flow rate of stock entering the feed tank and G,

is the recycled white water flow rate. All variables are normalized (i.e. they are zero in

steady state) and only noisy measurements of Hy and Ny are available.

The consistency and composition of white water is a source of uncertainty within the

dynamics, particularly in the state N1 and input G,,. Moreover, disturbance 7, affects all

four states and 14 denotes the output measurement noise. The discrete-time dynamics,

sampled at 2 minutes [107], are given by (6.1) with:

0.0211 0 0 0 0.6462
4| 01062 0.4266 0 0 | 0.2800
| o0 0 02837 0 |'% |1.5237

0.1012 —-0.6688 0.2893 0.4266 0.9929

Co=1[0 0 02 0], Du =0 0.2],Cy=[0 (1) 8 ?_’Dywzlo 1]

Output 2 regulation

Figure 6.4: Output-regulation results for Example 2 with 7; and 14 uniformly distributed

and worst-case uncertainty
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¥, and its estimate bounds ¥y and its estimate bounds

Figure 6.5: States x1 and x3, with the computed upper- and lower-bounds

The process disturbance and output measurement noise are respectively characterized by

the sets:
nkGE::{neR:—O.lgngo.l}, ukEV::{yeR:—O.O5§V§O.O5}

The control objective is to regulate both outputs subject to physical system constraints:
—3< Hi{,Hy <3, =5 < N1,Ny <5, and —1.5 < uq,us < 1.5. For the cost, we consider
the parameters: N = 3, Ny = 4, and Q = 21I.

Figures 6.4, 6.5 and 6.6 show the simulation results. From Figure 6.4, we see that the
proposed algorithm is able to produce good output-regulation in both y; and yy despite
persist worst-case uncertainty and randomly distributed disturbances.

Figure 6.5 shows the upper- and lower-bounds for the unmeasured states x; and x3.
For comparison, the actual states are also included in these figures (solid blue lines). We

note that the computed bounds in fact touch the state 1 at some places which verifies

Control input

_DB 1 L 1 1 1
1] 2 4 B g 10 12 14 16 18 20

time ()

Figure 6.6: Computed control input for Example 2
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their accuracy. The control inputs, shown in Figure 6.6, also satisfy the constraints and

oscillate around the origin due to persistent random disturbances and uncertainty.

6.7 Summary

In this chapter, we have extended the results of Chapters 4 and 5 to the output-feedback
case. In particular, an algorithm for the output-feedback RMPC Control of constrained,
linear discrete-time systems subject to norm-bounded model-uncertainties, disturbances
and measurement noise has been proposed.

The novelty lies in the fact that the algorithm computes, online, both the output-
feedback gain and a control perturbation through an LMI optimization. Moreover, unlike
most output-feedback MPC schemes from the literature which use a fixed (linear) state
observer, the proposed algorithm uses a past input/output data window - in a manner
similar to Moving Horizon Estimation - to compute (tight) bounds on the current state.
These bounds are then used within the output-feedback control scheme in place of the
actual (unmeasured) state.

A new algorithm to simultaneously compute, offline, an output-feedback RCI set and
terminal control law has also been presented. The volume of the RCI set is enlarged
iteratively through convex optimizations. Incorporation of such an RCI set as a target
set helps to ensure recursive feasibility of the RMPC algorithm. Finally, the effectiveness
of the proposed scheme has been demonstrated through numerical examples taken from

the literature.
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Chapter 7

Conclusions

In this chapter, we summarize the main contributions of the thesis and also suggest some

future research directions.

7.1 Main Contributions

The focus of this research has been on the development of efficient algorithms - based on
convex/LMI optimizations - for robust control of constrained, norm-bounded uncertain

systems (6.1). In this regard, the main contributions of the thesis are summarized below:

Robust Control Invariant Sets

e An algorithm for the computation of (hyper-rectangle) RCI sets, and the corre-
sponding control law, for linear systems subject to parametric uncertainties and
disturbances has been presented in Chapter 3. The algorithm computes both the
RCI set and controller K in one step through LMI optimizations. Furthermore, for
a given K, the invariant set can be computed through a simple linear program. It is
also shown that for systems with only disturbances, the conditions in Theorem 3.1
are necessary and sufficient and hence, in this case, the optimal invariant set and

K can be computed ezactly.

e Computation of low complexity RCI (LC-RCI) sets, which - as target sets - hold
significant advantages for the associated RMPC schemes, has been investigated in
Chapter 4. Due to the presence of (norm-bounded) model uncertainty as well as the
fact that both the invariant set and K are being considered as decision variables, the

problem becomes non-convex with nonlinear terms of the form C7XC and X AY
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(where X, Y and C' are variables). To deal with this, we have proposed new results
in Theorems 4.2 and 4.3 which separate bilinear terms in the diagonal /non-diagonal
matrix entries without introducing any conservatism. Furthermore, these results
being general in nature have potential applications in other problem areas such
as Lyapunov stability. Application of these theorems yields an algorithm based
of convex/LMI optimizations. To deal with triple product terms, identity (4.43) is
proposed which also ensures set-volume optimization and recursive feasibility of the
iterative algorithm. It is also shown that for uncertain systems, maximal /minimal

volume hyper-rectangle RCI sets can be computed in one-step.

e A relatively new area of set-invariance under output-feedback has been studied
in Chapter 6. In particular, results from Chapter 4 have been extended for the
simultaneous computation of an output-feedback LC-RCI set and the corresponding
control law for uncertain systems using convex optimization. To incorporate extra
degrees of freedom, the algorithm in Theorem 6.4 also considers vector d (in (6.48))
as a variable, whilst still retaining key algorithm properties from Chapter 4, such

as recursive feasibility and volume enlargement.

State-feedback RMPC

e A feedback RMPC algorithm for constrained systems with parametric uncertainty
and disturbances has been proposed in Chapter 3. The scheme considers both the
state-feedback gain and control perturbation as decision variables in the online op-
timization. The non-convexity associated with such a parameterization is avoided
by adopting a sequential approach based on Dynamic Programming. The RMPC
controller minimizes an upper-bound on the cost-to-go at each prediction step and
incorporates state/input constraints in a non-conservative manner. The proposed
cost function includes a negatively weighted disturbance term which helps to im-
proves robustness (as in Ho, control). Furthermore, conditions for the Lyapunov

stability of the closed-loop uncertain system have also been derived.

e Two novel methods to obtain convexity in the state-feedback RMPC problem for
norm-bounded uncertain systems (5.3) have been proposed in Chapter 5. Unlike the
sequential approach of Chapter 3, here the state-feedback gain matrix - which has

a lower block triangular structure for causality - and control perturbation sequence
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are computed simultaneously in one-step. It is shown through initial formulation
that the problem is convex for disturbed systems but becomes nonlinear and non-
convex (in K) in the presence of model-uncertainty. Then, in the first approach,
a new result that uses slack-variables to extend Lemma 5.1 is proposed in Theo-
rem 5.3. This result is quite general in nature and enables the RMPC control law

to be computed through LMI optimizations.

e The second RMPC approach in Chapter 5 re-parameterizes, online, the norm-
bounded uncertainty as a polytopic disturbance without introducing extra conser-
vatism. This again results in a tractable RMPC scheme based on LMI optimiza-
tions. An RCI set - which can be designed using the results from Chapter 4 - is
considered as a target set with the corresponding terminal control law. This helps
to ensure recursive feasibility and stability of both the algorithms in the standard

way.

Output-feedback RMPC

e An output-feedback RMPC scheme has been formulated in Chapter 6 for norm-
bounded uncertain systems (6.1) for which only noisy output measurements are
available. The formulation consists of first computing the current state bounds and
then using this information to generate an output-feedback predictive control law.
The novelty lies in the fact that unlike most schemes in the literature which employ
a fized linear observer, we use a moving window of the past input/output data, in
a manner reminiscent of moving horizon estimation. Upper and lower-bounds on
the current state are computed online through LMI optimizations, with the bounds
being tight in the case of unstructured uncertainties. Moreover, it is also shown
that for systems with only disturbances, tight bounds on the current state can be

computed using simple linear programs.

e The current-state bounds are subsequently used to compute an output-feedback
RMPC control law for system (6.1). The control formulation - which is originally
nonlinear and non-convex in output-feedback gain K - is rendered convex through
the use of Theorem 5.3. The RMPC control law minimizes a cost function and is
responsible for driving the (unmeasured) state to a designed output-feedback LC-
RCI set. Finally, in the case that the current-state bounds belong to this invariant

set, then the (corresponding) terminal control law is applied for all times.
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7.2 Future Research Directions

7.2 Future Research Directions

We now outline a few potential future research directions.

e The focus of this research has been on the computation of LC-RCI sets since
they hold computational advantages - as terminal sets - for the associated RMPC
schemes. However, it would be useful to extend the results of Chapter 4 to more
general RCI sets (i.e. considering a non-square C' in (4.4)). In this regard, note
that conditions (4.8)-(4.10) also hold for a non-square C'. However, the challenge

is to convexify these conditions in a minimally conservative manner.

e Throughout this thesis, we have considered A as a norm-bounded model-uncertainty.
In theory, it should be possible to extend the results to formulate fault-tolerant
RMPC schemes. In that case A can be considered as a binary variable. So A =0
could correspond to system faults such as an actuator failure or loss of signals.

Research in this direction could yield some interesting results.

e The estimation procedure in Section 6.3 computes bounds (on the current state )
which are of the form:

z <7 < T

However, improved results can potentially be obtained if we parameterize the
bounds in the form:

—d < Cyzp <d

where d is a vector of ones and matrix variable C;, € R™ "™ is of full rank. In
principle, the formulation should follow the same path as in Chapter 4 for LC-RCI
sets. However, the computational complexity of the estimation problem will require
careful consideration since the bounds need to be computed online at each time step
for output-feedback RMPC (Chapter 6).
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