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ABSTRACT

In this thesis, is presented a novel development of the current boundary integral 

equation method of two dimensional potential and elasticity theory governed by 

harmonic and biharmonic equations, respectively. This new technique is based on either 

Taylor or Fourier series expansions of the direct 'Boundary Integral Equations (BIEs)'. 

Zero-order integral equations (conventional BIEs) are repeatedly differentiated up to 

some order (hence, their names are higher-order BIEs) with respect to the position of a 

suitably located point within the solution domain. The main objective of this work is to 

devise a solution method which provides detailed information in a local area of 

particular interest (such as where stress concentrations and cracks occur) without the 

need to evaluate the solution over the rest of the domain. Consequently, the method is 

very economic in the use of computing resources, especially if three-dimensional 

problems are amenable to this new technique. The method is particularly useful in 

providing an efficient way of refining already existing approximate solutions obtained 

by other means.

Throughout, the solution domain is assumed to be isotropic and homogeneous 

and free of body forces (such as weight, charge, etc.). In the case of elastostatic 

problems, applied forces are such that they introduce small strains (i.e., they do not 

invalidate the small strain assumption of classical elastic theory) under the condition of 

either the plane strain or plane stress. Integrals are accurately evaluated by using 

Gaussian quadrature formulae. Elements with either quadratic or cubic variation of 

geometry are employed to interpolate Cartesian-global coordinates of those elements at 

the Gauss points. A computer program called 'LBIE2PE' has been developed capable 

of treating both harmonic and biharmonic problems. Numerical results from some test 

cases are provided to show the applicability of 'Local Boundary Integral Equation 

(LBIE)' technique to potential and stress problems.
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Wherever necessary, classical theories are concisely explained and, for 

compactness, tensor notation is used with implied summation on repeated indices, and 

partial derivatives being denoted by comma-index notation.

3



ACKNOWLEDGEMENTS

The author thanks Dr. R.T. Fenner for his helpful suggestions, comments, and 

criticisms throughout the course of this work. Special thanks are also due to Dr. J.O. 

Watson who first suggested the use of Fourier series for local boundary integral 

equation analysis.

It is a pleasure to acknowledge that this work was made possible with the 

financial support of Turkish Railways.

4



CONTENTS

Title page................................................................................................................... 1

A bstract........................................................................................................................2

Acknowledgements....................................................................................................4

Contents........................................................................................................................5

C H A P T E R  1.................................................................................................. 8

1. INTRODUCTION............................................................................................... .9

1.1. Historical Development............................................................................14

C H A P T E R  2.................................................................................................. 16

2. TWO-DIMENSIONAL POTENTIAL THEORY........................................... 17

2.1. Formulation..................................................................................................18

2.1.1. The Integral Equation for an Internal Point p................................. 19

2.1.2. Higher-Order BIEs.......................................................................... 23

2.1.3. Derivatives of Kernel Functions................................................... 25

2.1.4. Taylor Series................................ .....................................................34

2.1.5. Fourier Series...................................................................................38

2.1.6. Transformation of Coordinates, Functions and their Derivatives........ 41

2.2. Numerical Solution...................................................................................43

2.2.1. Approximate Series Solution..........................................................45

2.2.2. Discretisation of Geometry.............................................................48

2.2.3. Numerical Integration Using Gaussian Quadrature..........................52

2.3. Summary......................................................................................................53

2.4. Test Cases .............................................................. ................................ 54

2.4.1. Square Domain ............................................................................... 55

2.4.1.1. Linear Variation of Potential............................................. 56

2.4.1.2. Quadratic Variation of Potential.........................................61

2.4.1.3. Cubic Variation of Potential.............................................. 64

2.4.1.4. Quartic Variation of Potential............................................ 65

2.4.1.5. Quintic Variation of Potential............................................ 67

5



2.4.1.6. Hyperbolic Variation of Potential.......................................69

2.4.1.7. Logarithmic Variation of Potential..................................... 70

2.4.2. Thick-Walled Cylinder Domain.......................................................72

2.4.2.1. Linear Variation of Potential..............................................73

2.4.2.2. Quadratic Variation of Potential..........................................74

2.4.2.3. Cubic Variation of Potential............................................... 76

2.4.2.4. Quartic Variation of Potential.............................................77

2.4.2.5. Quintic Variation of Potential.............................................79

2.4.2.6. Hyperbolic Variation of Potential........................................81

2.4.2.7. Logarithmic Variation of Potential...................................... 82

2.4.2.8. Radial Variation in Temperature..........................................84

2.4.3. Local Refinement of a Solution...................................................... 87

2.5. D iscussion.................................................................................................... 89

C H A P T E R  3................................................................................................... 92

3. TWO-DIMENSIONAL ELASTICITY THEORY........................................... 93

3.1. Form ulation................................................................................................. 93

3.1.1. Review of The Governing Equations of Elasticity............................93

3.1.2. Derivation of Kernel Functions (the Fundamental Solutions)............. 98

3.1.3. Betti's Reciprocal Work Theorem..................................................101

3.1.4. The Integral Equation for an Internal Point p.................................105

3.1.5. Higher-Order BIEs..........................................................................I l l

3.1.6. Derivatives of Kernel Functions................................................... I l l

3.2. Numerical Solution..................................................................................112

3.2.1. Airy’s Stress Function Approach...................................................112

3.2.1.1. Plane Strain Case..............................................................113

3.2.1.2. Plane Stress Case..............................................................115

3.2.1.3. Determination of Displacements....................................... 117

3.2.1.4. Determination of the Functions px and py ....................... 119

3.2.1.5. Approximate Series Solution........................................... 131

3.2.2. Neuber-Papkovich Approach..........................................................136

6



3.2.2.1. Approximate Series Solution.............................................138

3.2.3. Direct Expansion of the Integral Equations.................................. 144

3.3. Summary..................................................................................................... 147

3.4. Test Cases................................................................................................. 149

3.4.1. Square Flat Plate under Simple Tension....................................... 149

3.4.2. Cantilever Beam with a Shear Force at the End.............................. 156

3.4.3. Stress Concentration at a Hole in a Square Plate under Tension........ 161

3.4.4. Cracked Beam in Three-Point Bending..........................................166

3.5. D iscussion..................................................................................................171

C H A P T E R  4.................................................................................................177

4. CONCLUSIONS.............................................................................................. 178

4.1. Further Suggestions................................................................................ 179

A P P E N D I C E S ............................................................................................181

A. Transformation Formulae............................................................................. 182

B. Numerical Results of the Potential Problems in a Square Domain.................. 194

C. Numerical Results of the Potential Problems in a Thick-Walled Cylinder

Domain............................................................................................................. 211

D. Numerical Results of a Local Refinement of the Solution of a Heat Conduction

Problem ............................................................................................................244

E. Derivatives of the Displacement and Traction Kernel Functions....................249

F. Numerical Results of the Square Plate Problem..........................................271

G. Numerical Results of the Cantilever Beam Problem....................................278

H. Numerical Results of the Stress Concentration Problem.............................. 283

R E F E R E N C E S ...........................................................................................289

7



C H A P T E R  1

8



1. INTRODUCTION

A central position in mathematical physics is occupied by a class of problems 

known as 'Boundary Value Problems (BVP)', which are the mathematical models of 

many important practical problems in science and engineering. A differential equation 

(generally partial differential equation, if there are more than one independent variable 

due to multidimensionality, friction, air resistance, etc.) models the physics of the 

problem in the domain, R. To find a solution to this given differential equation is not so 

difficult (in fact, there can be found an infinity of solutions to the equations), but the 

major difficulty is to find that solution which fits the prescribed boundary v a lu e s^  

(certain constraints or conditions on the boundary, S). Analytical solutions to BVPs 

may be possible to derive if the region, R, has a homogeneous structure, a simple 

geometry and relatively straightforward boundary conditions (i.e., not difficult to 

describe by simple mathematical functions), and if the governing differential equation is 

linear^. Otherwise, an approximate solution must be found. Usually, most of the ’real- 

world’ problems cannot be solved by analytical methods, in which exact mathematical 

expressions of the functions are obtained in terms of independent variables. 

Approximate solutions have only become feasible with the advent of high-speed digital 

computers, and subsequently numerical analysis methods have been developed to be 

more accurate and versatile. Here, it is impossible to give a systematic development of 

the entire subject within the scope of this thesis, we shall therefore confine ourselves to 

the discussion of a newly-developed local BEE numerical analysis method for solving 

the BVPs of two-dimensional potential and elasticity theory. Nevertheless, a short 

background is given below for comparison purposes.

Numerical methods for solving BVPs can be classified by two major groups;

i) domain type,

ii) boundary type.
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In the former, approximations are made throughout the region, R, whereas the latter 

implies that the approximations are made only on the boundary, S. Thus, it is evident 

that the second class, namely, boundary integral techniques, have the important 

advantage over the domain type numerical methods, such as finite element or finite 

difference ones, that the discretisation of the domain, except the boundary, is not 

necessary for the solution, which means the reduction of the dimensionality of the 

problem by one. The mesh design and data preparation become much easier processes, 

in contrast to domain type methods where the mesh design and data preparation can be 

very tedious and expensive. The user of the program does not have to take into 

consideration how well the mesh approximates the governing differential equation since 

there is no need for the equation to be approximated in the interior because each of the 

fundamental (singular) solutions satisfies it exactly in R, neither does he have to 

consider mesh spacing inside the domain. He need only know if the mesh is detailed 

enough along the boundary. Therefore, the user convenience is outstanding. Again, 

since no approximation is made in R, but only on the boundary, the accuracy of the 

results is potentially enhanced. Also, an outstanding computational advantage of BIE 

methods, as frequently claimed, is that they lead to much smaller numbers of 

simultaneous linear equations than those in domain methods for the same problem with 

the same accuracy^ 15\  Therefore, the computer storage requirements and program 

execution times, and hence the cost involved, are reduced. However, the coefficient 

matrix associated with the set of linear algebraic equations formed from the integral 

equations is not sparse and symmetric due to the fact that each singularity (fundamental 

solution) plays a role in every equation^. Generally, to overcome this, a banded matrix 

is obtained by dividing the problem domain under consideration into subregions, for 

each of which an integral equation is established^. Although this may be an additional 

benefit, that different material properties can be allowed at each subregion, another 

problem arises that some integration over the subregions inside the domain must now be 

carried out. This means the loss of one of the advantages of the BIE methods. This is 

marked especially in that when the BIE methods are applied to non-linear problems in 

which the differential equations are no longer fully transformable to the boundary,
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consequently wherever there is non-linear behaviour, then there is a need for internal 

integration over these regions*15*. However, if the whole body is homogeneous, or each 

distinct zone in the body is homogeneous, and if the body forces are to be included, or 

the governing differential equation is quasi-linear as in elasto-plasticity, then the internal 

subdivisions of the body do not cause any increase in the order of the final set of 

algebraic equations, since the BIEs are augmented by a volume integral involving 

interior subdivisions*2*. Also the cases where information is wanted at many internal 

points and large surface-to-volume ratios detract from the attractiveness of the BIE 

methods (e.g., in the case of shells, narrow thin strips, etc.*2*). Additionally, the 

advantage of BIE methods is less clear in plasticity. A boundary integral approach can 

be formulated due to the property of plasticity as a linear incremental theory. However, 

the need for the evaluation of a set of integral equations, numerically, for each increment 

makes it difficult in practice*45*.

It should be noted there are many BIE formulations some having advantages 

over others for particular problems. However, they can be divided into three main 

categories as follows*2,7,9*.

The first alternative is the so-called indirect method which implies that the 

functions used to find the unknown boundary values have no direct physical meaning 

with respect to the boundary value problem. The integral equations are expressed in 

terms of those fictitious density functions which satisfy (or more correctly, are adjusted 

to satisfy) prescribed boundary conditions. Once they have been obtained from a 

numerical solution of the integral equations the values of the solution unknowns can be 

calculated from them by numerical integrations. This approach was developed for 

elasticity by Kupradze (1963) and has recently been applied to potential and elasticity 

problems by Banerjee, Butterfield, Hess, Jaswon, Massonnet, Oliviera, Symm, 

Tomplin, Watson, Rieder, Heise, Antes, Christiansen, Friemann and others*2*.

The second alternative is the semi-direct method in which the integral equations 

are formulated in terms of unknown functions which are related to stress functions in
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elasticity or stream functions in potential theory. The solution of these terms is obtained 

from the integral equations. The required values, e.g., stresses, can then be determined 

by simple differentiation of the solution. This approach has been developed by Henry, 

Jaswon, Ponter, Rim and Symm^.

Finally, the third approach of the BIE methods is the direct formulation where 

the unknown functions in the integral equations are the actual physical variables, such 

as stresses and displacements. Hence, the solution of the integral equations gives the 

required values on the boundary directly, and those anywhere within the domain can be 

found from the boundary values by numerical integration. From the engineering point 

of view, Rizzo was the first one who applied the direct formulation to elasticity 

problems. Although it can be found in Kupradze's method of functional equations, it 

differs from Rizzo’s approach by its solution procedure. This approach has been carried 

out by Cruse, Lachat, Shaw, Watson, and others^.

Although the BIE methods compared to other domain type numerical ones, such 

as finite element and finite difference, are superior for a great variety of practical 

problems in terms of labour in data preparation and computer execution time, it can still 

be expensive in some cases, especially for three-dimensional problems (if, e.g., a fine 

mesh is required using many elements). Furthermore, if the information is required only 

over a small part of the domain (such as, in a region where stress concentration occurs), 

then over the whole boundary of the domain evaluation of the solution will not be 

needed. This therefore opens up the possibility of minimizing the use of computer 

resources, and of getting more accurate results if a technique is developed such that 

attention can be focused on a particular area of interest in the problem domain. This is 

the objective of the work presented in this thesis.

In the following chapters a further development of the current BIE method, 

namely, the Local Boundary Integral Equation (LBIE) method is presented for two- 

dimensional potential and elasticity theory governed by harmonic and biharmonic 

equations, respectively. This new technique is essentially based on the work ’A Local
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Boundary Integral Equation Method For Potential Problems' by Fenner & Watson 

(1988).

In Chapter 2, the mathematical basis of the boundary integral equation method of 

two-dimensional potential theory is briefly outlined and the integral equation for an 

internal point, say p, is derived. This integral equation is then differentiated repeatedly 

to obtain higher-order boundary integral equations which are used as a basis for the 

LBIE formulation. This is followed by the differentiation of kernel functions (the 

derivative forms of the fundamental (singular) solution to Laplace's equation) up to 

some order. These derivatives are the parts of the integrands of higher-order BIEs. A 

concise review of the two series, namely, Taylor and Fourier ones is also provided, 

since these series are the trial functions used to approximate the unknown boundary 

values, in the place of shape functions of conventional BIEs which are used to 

interpolate those unknown boundary values. In section 2.2 of the same chapter a full 

description of the numerical treatment of the higher-order BIEs is given. To assess the 

accuracy of the method presented here the results of some test problems are provided. It 

was useful to consider problems for which the exact solutions are known, to be able to 

compare the solutions with those exact ones. The potential functions considered involve 

polynomial, hyperbolic, and logarithmic variations within and over the boundary, S. 

The solution domains are such that their boundaries consist of straight-line segments 

and a mixture of curved and straight-line segments in order to demonstrate the ability of 

the method to deal with awkward regions.

In Chapter 3, the application of local boundary integral equation method to stress 

problems is studied. First, the basic equations of elasticity are reviewed, and the 

necessary tools for formulating the boundary integral equations, namely, reciprocal 

relationship (Betti's theorem) and fundamental solutions are given. After the derivation 

of the integral equation for an internal point, p, (Somigliana's identity) higher-order 

boundary integral equations of two-dimensional elastostatics are obtained by simple 

differentiation of it at the point p. The derivatives of the kernel functions in the 

integrands of the higher-order BIEs are given in appendix E since they are rather
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lengthy to be inserted in the main text. In the numerical implementation of the LBIE 

method for stress problems, three possible approaches (formulations) are discussed. 

These are as follows;

i) Airy’s stress function,

ii) Neuber-Papkovich representation,

iii) Direct expansion of higher-order BIEs, 

each having some possible advantages over the others.

In order to illustrate the applicability of the technique to stress problems, four 

test cases are considered. These are, namely, a square flat plate under simple tension, a 

simple cantilever beam with a shear force at the free end, a square flat plate subject to a 

uniform tensile stress with a small circular hole at its centre, and a cracked beam of 

rectangular cross-section simply supported at its ends. The latter two problems provide 

a severe test to the method since the stresses vary rapidly.

1.1. Historical Development

The modem BIE methods have their origins in classical potential theory. Until 

the development of modem digital computers they were considered to be different types 

of analytical methods and worked on by the famous 19th century mathematicians 

Green, Betti (1872), Somigliana (1885), and in the early 20th century by Fredholm 

(1905), Lauricella (1909), Kellog (1929), and more recently Courant and Hilbert 

(1953), Muskhelishvili (1954), Mikhlin (1957), Volterra (1959), Simimov (1964), and 

Kupradze (1965)^34l  However, with the advent of fast electronic digital computers 

solving the equations numerically has become possible. The first numerical treatment of 

potential theory was formulated by Jaswon (1963) and Symm (1963). Rizzo (1967) and 

Cruse (1969) applied the method to elastostatics. In their formulation, the boundary of 

the problem was represented by straight-line segments and the unknowns were assumed 

to be constant over each of these elements. Riccardella (1973) and Cruse (1974) 

improved on the earlier formulations by allowing the unknown functions to vary 

linearly over each boundary element. Lachat and Watson (1975) produced another
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significant improvement by introducing the idea of using general curved boundary 

elements taken from the finite elements of Zienkiewicz and Ergatoudis. In their 

representation, curved boundary elements were allowed to vary quadratically, and 

unknown functions (displacements or tractions) to vary either linearly, quadratically, or 

cubically. A further development was made by Watson (1982) who suggested 

employing boundary elements with Hermitian cubic shape functions instead of those 

with more conventional polynomial forms.

To the above-mentioned references we can add many more names who 

published papers relevant to their more specialized topics.
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2. TWO-DIMENSIONAL POTENTIAL THEORY

Integral equations provide a powerful means of attacking the BVPs of potential 

theory (and elasticity). Solving the integral equations analytically, for practical problems 

is generally speaking almost impossible. Some Russian mathematicians especially 

Muskhelishvili and his school gave some analytical solutions by utilizing complex 

functions. But not until 1960s was much attempt made to implement BIEs numerically. 

The reasons for this can be given as follows(20). Singular or weakly singular kernels 

involved in most integral equations were hampering the numerical procedures. 

Existence and uniqueness of a solution to any given integral equation was another 

difficulty of an analytical nature. Also, the effective numerical solution of an integral 

equation was not feasible before the advent of high-capacity and high-speed digital 

electronic computers.

In 1963, Jaswon and Symm, and Jaswon & Ponter presented the first numerical 

results for two-dimensional potential problems. They attacked the problems by 

representing the boundary by straight-line elements. Hess and Smith in 1967 calculated 

the potential-flow around arbitrary bodies, numerically. The report by Cruse (1977) 

was a good introduction to the topic. But his approach was essentially the same as 

Jaswon and Symm's. After the introduction of curved boundary elements by Lachat

(1975) and Lachat and Watson in elasticity, potential theory was also formulated in 

terms of this higher-order parametric representation of geometry and unknowns. These 

can be followed in the books by Brebbia (1978), Brebbia & Walker (1980), and 

Baneijee and Butterfield (1981).

Here, we confine ourselves to two-dimensional potential problems. It is, 

however, clear that the method presented here can be extended to three-dimensional 

potential problems without any difficulty.
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2.1. Formulation

Laplace's equation, which is harmonic, is fundamental for potential theory, and 

can be defined by V2(j)=0. It can be interpreted as a measure of the deviation of the value 

of (j) at a given point from its average or equilibrium value^27\  This interpretation is 

especially helpful in understanding the nature of the heat conduction equation. Since 

Laplace's equation is fundamental for potential theory, <{> then represents the potential 

produced by gravitational masses or electrostatic charges or steady-state heat 

distributions.

In order to derive the formulation of an integral equation for such a problem, 

two properties are required;

i) fundamental (singular) solution to the given differential equation,

ii) an appropriate reciprocal relationship between two functions.

Without considering in detail the mathematical requirements the fundamental solution 

for Laplace's equation in two dimensions may be stated as (Fenner, 1986)

V(p,q) = ln[—i —], r(p,q) * 0 (2.1)

where r(p,q) is the distance between two points p and q within the region of interest. 

The point 'q' will be replaced with 'Q' if it is on the boundary. Since the Laplace's 

equation we are dealing with is a second-order elliptic partial differential equation, then 

the functions to be used in the reciprocal relationship are continuous and possess 

continuous first partial derivatives. For such functions the divergence theorem

JdivF dR = J F.n dS
R S

(2.2)
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can be applied to derive the following Green's second theorem

|(4> v V  -  V v2<W dR = -  V |£ )  dS (2.3)
R S

In equation (2.2) above F is a vector field and n is the direction of the local outward 

normal to the surface S, of the region R. In equation (2.3), \j/ is the fundamental 

solution, and <j> is an unknown function satisfying Laplace's equation everywhere. 

Here, the region R is an area and its boundary S a line.

Figure 2.1: A two-dimensional solution domain, R, with the boundary, S.

2.1.1. The Integral Equation for an Internal Point p

Now, suppose that a point denoted as p serves as the origin for r(p,q) in 

equation (2.1) in the region, R. \}/(p,q), then, satisfies V2\j/=0 everywhere except at the 

origin, p. If a small circle of radius e, surrounding p, is extracted from the region, R, 

Green's theorem may be applied to the region 'R-Re' bounded by the circle Ss and 

curve S by integrating along the boundaries in the directions as shown in Fig. 2.2.
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Figure 2.2: The solution domain with a small circular region of radius e 
surrounding the point p with the circular boundary Sc.

In Fig. 2.2 above, Re is the small circular region extracted from the solution domain, R. 

Equation (2.3) can then be rewritten as

J  (<j> V y - y V 2<t>) d R = J(< t> !^ -V | i )  dS
R-R„ S+S.

(2.4)

Now, within R-Re V2\|/=V2<j>=0 everywhere, therefore equation (2.4) reduces to

s+s„
(2.5)

Note that on the surface Se
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d_
dz

then (2.6)
d_
dn

_ dy ^
9n 9e _ +  e

also

dS = £ d0 (2.7)

therefore, the first integral of equation (2.5) on the boundary S e in the limit as q — »p (or 

e— >0) becomes

lim f4>(p) — e d0 = 27t<j)(p) (2.8)
q-*psJc 6

in the s a m e  manner, the second integral o n  S e as q — >p is

-In e) e d0 = 0 (2.9)

Therefore, as the radius £ tends to zero, equation (2.5) yields

J(<KQ)|^(p,Q) -  V(P,Q) !£(Q)) dS(Q) + 2 n m  = 0 (2.10)
s

where p is an arbitrary point within the solution domain, R, and Q is the variable point 

on its boundary, S. This is an integral equation for an interior point p, which can be 

used to determine the value of the unknown function <j> at p, provided the boundary 

values of <{> and its normal derivative are known.

In a conventional BIE treatment equation (2.10) is developed into a form which 

involves integrations over only the boundary of the region of interest and allows these
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boundary values to be determined. This boundary integral equation is given in equation 

(2.11) below, without considering mathematical details (Fenner, 1986),

(2.11)
s s

where P is now a boundary point.

On the other hand, in a local BIE method equation (2.10) is the one which is to 

be treated numerically in the present form to obtain the unknown boundary values.

can be determined from a set of linear equations by the use of polynomial shape 

functions of the type used in finite element techniques, in conventional BIE methods. 

However, in the local BEE technique the variations of the unknowns on the boundary 

are expressed by the series such as Taylor or Fourier ones. The variation of the surface 

geometry is defined by the same shape functions of intrinsic coordinates as in 

conventional BIE methods.

Note that in equation (2.10) the constant term 271 (or denoted as C(p)) is always 

valid even though we derived it from a circle of radius e. In fact, it can also be found 

indirectly by applying a uniform potential over the entire boundary, then the normal 

derivative of potential must be zero. The same procedure applies to equation (2.11) for 

calculating the value '71', which can be attained only on a smooth part of the boundary. 

Hence, equation (2.10) and (2.11) both become

Since in a properly posed 'BVP' half of the boundary values are known, the other half

( 2 . 12 )

s

where p is replaced with P if it is the BIE (2.11).
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2.1.2. Higher-Order BIEs

Let us recall the zero-order boundary integral equation (2.10)

( 2. 10)

s

This equation is expanded in series (Taylor and general four-term Fourier ones), which 

satisfy or are adjusted to satisfy the harmonic equation. Doing this, satisfactorily- 

accurate values of functions and their derivatives in a local area of interest can be 

obtained. Thus, zero-order integral equation (2.10) is differentiated repeatedly up to 

some order. Hence, they are called higher-order integral equations. Provided the point p 

is within the solution domain and not on the boundary, higher-order BIEs can be 

obtained by differentiating equation (2.10) with respect to directions Xpj and xp2 at p. 

Otherwise, that is if p is a point P on a part of the boundary which is not smooth, 

higher-order integrals do not converge to finite limits (Watson, 1982).

After differentiating equation (2.10), we have

(2.13)
s s

where

(2.14)

and
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(k+1) ,(k+l)
Bu(p>Q) =

3x* 9x!
Pl P2

M p ,Q ) ] , AjjCp.Q) =

3xd 3xLPl P2

r V̂( P,Q)n 
1 3n(Q) J

(2.15)

Note that during the differentiation both $(Q) and (3<})/c)n)Q behave as constants, since 

they are independent of the position of p. The integrals in (2.13) always converge to 

finite limits as e—>0 (see Fig. 2.2). Although equation (2.10) was directly differentiated 

to get equations (2.13), the previous limiting argument could have been used in order to 

obtain eqns (2.13) from eqn (2.5) as e-»0. Equations (2.13) will be used as a basis for 

a local BLE technique. Also note that there are only two independent equations at each 

step of differentiation, since V2\|r=V2<j>=0. In other words, while there is only one zero- 

order BIE (k=l=0 in eqns (2.13) which gives eqn (2.10)), there are two first-order 

equations, and two second-order equations, and so on. Table 2.1 shows the Pascal 

triangle form of the derivatives of <|), together with those chosen as the independent ones 

at each level.

Table 2.1: Pascal triangle of differentiation in two dimensions with submatrices 
A, B, C, and D which consist of the independent derivatives.
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In Table 2.1 above subscripts mean differentiation with respect to coordinate 

directions xpl and xp2 at p and those superscripts in italics show the independent 

derivatives in the order used to form a set of integral equations. As can be seen from 

Table 2.1, if nd is the highest order of differentiation, then the total number of 

independent higher-order equations is

N = 2 nd +1 (2.16)

2.1.3. Derivatives of Kernel Functions

The derivatives of the kernels in the integrands in equations (2.13) are required. 

One way of differentiating them is to make use of finite difference approximations. In 

order to get high accuracy in differencing the kernels Watson (1982) suggested 

multiplying the distance between field point and source point by 0.0002 to determine the 

distance between the two points at which the kernel functions are computed. He did this 

for two-dimensional elasticity problems, but there is no reason not to apply it here. 

However, finite difference approximation introduces an error additional to discretisation 

and numerical integration error, no matter how small it is. Since the analytical 

differentiation of kernel functions of potential theory is not so difficult, they are 

differentiated analytically here as follows in order to avoid the error incurred by 

differencing.

In Fig. (2.3) below, 1 I  and I n2 1 denoted as n  ̂and n2 , respectively, are the 

magnitudes of the components of the unit outward vector normal to the boundary, S. 

From the figure, the magnitude of the displacement vector | r(p,Q) I s  r(p,Q) is

r(p,Q) = (xpi -  xQj) Cos0 + (xp2 -  xQ2) SinG (2.17)

note that in (2.17) the direction cosines are
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(2.18)Cos0 =
dr

\ = \  =

(xp, ~ XQ,)

and

Figure 2.3 : A global reference coordinate system with a point Q on the 
boundary, S, and a point p internal to S.

by using the summation convention, r can be rewritten as 

r = i (xP , - v > 1/2 (2.20)

and since
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3r
(2.21)dx,Qi

=  r ’ x =  xQi
(xQi“ V =  - r „

and

3r
3 —  = r, = ---------------  = — r,dxn xQj r XP2 ( 2.22)

then the normal derivative of r at Q is

dr(p,Q)
3n(Q)

11,(0) +
dr

9xQ2
"2(0) (2.23)

or by the summation convention again,

dr(p,Q)
dn(Q) = ( ^ " , ( 0 ) (2.24)

Now, let us recall the first equation in (2.15)

Bki(P’Q)
,(k+i)

3x* dx1 
Pi P2

[¥(P ,Q)] (2.15a)

where

v(p,q) = ln^r(p,Q)l (see equation (2.1))
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Therefore ,

Boo(P’Q ):= V(p,Q) = -  ln[r(p,Q)] (2.25)

a „ , ar i dr (yp- y 0)
= - ¥ (ln r(p ,Q )}^- = -  = -  2 (2.26)

Jp Jp r

B10(P.Q) =
d ( dr 1 dr (xp xq)

= - a r flwCp.Q)) 9Xp= - r 9Xp= -  V  (2.27)

Bn (p,Q) =
C 2 1 )

r

b 20(p ,Q) =
(xp ~ xq) 1

- 2 —-p— —------ J (2.29)
r r

B2j(p ,Q) =
„ (y„ -  yQ) „ (XP -  xq) (yp -  yQ)

= 2 -  p-4 -■ -  8 — — ■ 6 r— )L (2.30) 
r r

B30(P,Q)=, 6 < S - V _ , l v V  c.31)
r r

+
From now on, for the sake of convenience, the first coordinate direction will be denoted as x and the 

second coordinate direction as y.

28



(2.32)B3l(P’Q)

b 22(p ,Q)

B ^ P jQ)

B32(p ,Q)

B33(P>Q)

B42(p ,Q)

1 o (v ~  xq)3 (yP ~ yo> (xp - xq)(yP-yQ)

1? (xp ~ xq)2 (yP- y Q)2

r8

6_
4

r
(2.33)

2 4 0 , - > Q ) t 9 (, (’s , - » Q > > - y Q ) - 3 . 4

(,tp " xQ) 0 'p- ) ,Q'
10

r
(2.34)

!-Vp- yQ) *q)!
10 (2.35)

3 3
( ^ - ^ ( y ^ - y o )  (x - x 0) (yp- y 0)

-  720 ^  + 3840 —£----- ^  (2.36)8 12

2 2 2 
24 . . . ( X p -X Q) n * (yP- y Q) - - - ( xn ~ xn)
“ - 144 8 
r  r

+ 96 ^---- 1920o
p _ Q ; 

10

(yp- y Q) +38402 ___ ( X p - V  (yP- y Q)
12 (2.37)
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2
(y„-yo) (xd~ xo) (y0-y o )

- - 7 2 0  p y  + 5 7 6 0  p , p y +11520
o 10

r r

2 3 4 3
(xD — xn) (yB- y 0) (xD- xo) (yD- y 0)

12 -4 6 0 8 0  p y  J4 p y  (2.38) 
r r

b 52 (p »Q) :. - 4 3 2 ^ ; ^  + n 5 2 <X' “y - 4 6 0 8
r r r

<,11- yq,! 4 3 4 « 0 <̂ - ^ , ' - ,,<=) ,-4 6 0 80
r

( ^ - ^ ( y p - y Q ) 2 (2 3 9 )  

r

b53(p >Q) =■ 172*0<X- '  ^  -  57600 <X> ■ ^  * 
r r

23040 V ? ,  V _ K2560 <>*-V s ( 2 , - V 3
12 14 

r r

+ 645120 <2.40> 
r
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B^Cp.Q) ^ - I 6 I 2 S 0  ^ > > - ^ 6 4 5 1 2 0
o  12

( \ - x Q) \ y P - y Q)4
16

r

B45(P ,Q )= -40320
(yP- y Q)

10r
322560 (xp ~ xq )2 (yP- y Q)

------------- 12------------ +
r

1935360 (xP- x Q)2(yP_ y Q>
14

r
+ 2580480 (Xp ■ X'

16
r

(yp- y Q)3-  10321920
Otp-xq) (yp - yQ)

18
r

B54(p,Q)=-40320 (xn_ x o)
“  322560

(yP- y Q)2 (xp ~ x q)
12 +  

r

1935360
(yP -  yQ)2 ( ^ - xq)3

14
r

+ 2580480 (Xp *' 
16 

r

4 (yD- y 0)4 (xn_ x oy(yp - y Q) - 10321920 p Q p Q

Also by remembering the second equation in (2.15), that is,

vCk+l)

^Xd ^XnPi Pz

a^(p,Q)
1 3n(Q)

(2.41)

(2.42)

(2.43)

(2.15b)
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Now,

3y(p,Q)
dn(Q) -  ni(Q) + n2(Q)

where

3V _ 3y
^ 3 x  ■ 'Q 3 x q

1 3r 
r 3xQ r2- = - B 10(p,Q)

and

3y _ 3y
oy Q 3yQ

1 3r
r 9yQ

yP-yQ
r 2 = -  B0i(p,Q)

hence equation (2.15b) for k=l=0 becomes

Aoo(p,Q) = -  B10(p,Q) n,(Q) -  B01(p,Q) n2(Q)

then,

Aoi(P»Q) = ~ Bn(P>Q) ni(Q) + B20(p,Q) n2(Q)

a i0(p»Q) = ~ b2ô P’Q) ni(Q) -  Bn(p*Q) n2(0)

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)

(2.49)
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An (p,Q) = -  B21(p,Q) n^Q) + B30(p,Q) n2(Q) (2.50)

A2o(P’Q) = “  B3o(P’Q) nl(Q) “  B2l(P>Q) n2(Q) (2.51)

A21(p,Q) = -  B3i(p,Q) nj(Q) -  B22(p,Q) n2(0) (2.52)

A3o(P>Q) = + B22(P’Q) ni(Q) ~ B3i(P»Q) n2(Q) (2.53)

A3l(P.Q) = + B23(P»Q) nl(Q) “  B32(P*Q) n2(Q) (2-54)

A22(p,Q) = -  B32(p ,Q) nj(Q) -  B23(p,Q) n^Q) (2.55)

A23(P*Q) = “  B33(P»Q) ni(Q) + B42(P»Q) n2(Q) (2.56)

A32̂ P’Q) = “  B42(P’Q) nl(Q) “  B33(P>Q) n2(Q) (2.57)

A33(p,Q) = -  B43(P»Q) nx(Q) + B52(p ,Q) n2(0) (2.58)

A42(P>Q) = -  b52(p»Q) ni(Q> -  B43(P’Q) n2(Q) (2-59)

a43(p>Q)= -  b 53(p >Q) ni(Q) -  b 44(p>Q) n2(Q) (2-6°)

a 52(p ,Q)= + B44(P>Q) nl(Q) -  B53<P’Q) n2(Q) (2-6i)

A53(p,Q) = + B45(p,Q) n^Q) -  B54(P,Q) n^Q) (2.62)
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Here, we differentiated the kernels up to the 8th order. As the order of 

differentiation increases, the derivatives of the kernel functions become more and more 

highly singular. Therefore, there is a limit to the order of differentiation (i.e., to the 

number of terms/equations). The accuracy in numerical integration of highly singular 

kernel derivatives is the criteria for this limit. This is to be discussed in sections (2.4) 

and (2.5).

2.1.4. Taylor Series

If a function § is continuous in an interval [x-a, y-b] and if it has subsequent 

partial derivatives of any order, the following equation can then be written to 

approximate the function, (j), about x=a and y=b

2 m
<!>(x,y) = <t>(a,b) + D<j)+ —  + ................ + (2.63)

where the operator D is defined by

(2.64)

Equation (2.63) provides very accurate polynomial approximations for a large class of 

functions which have derivatives of all orders (of order'm', at least).

For convenience, Taylor series will be expanded at the origin of local 

coordinates, x=y=0, which is chosen at the point of particular interest. This gives the 

Maclaurin series for <j)(x,y). Then, equation (2.63) and the operator D (eqn (2.64)) can 

be written as follows,
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(2.65)
d2<d<Kx»y) = <l>o + D(j)+ +

_  m
D <b

+“mr

where

D = { y ± )
dy (2.66)

Since V2<(>=0, not all the derivatives in (2.65) are independent. Defining those 

chosen as the independent ones in the order implied by Table 2.1 as the coefficients of 

Taylor series in (2.65), and denoting them as shown below

a i = ôo » «2 = <fy)i» a 3 = ^ 1 0  .......... * and so on* (2.67)

we then have

3 3

(XV — xy \------ -----) (Xg + .... (2.68)

or representing the functions in eqn (2.68) as f^f2,............... equation (2.68)

becomes

<Kx,y) = f1 cq + f2 04 + ̂ (* 3  + ^ 0 4 + ....... + fmam (2.69)

By simple differentiation of equation (2.69), the derivatives of the polynomial functions

(f1,...... ,£") required for obtaining the linear algebraic equations from the higher-order

BIEs in eqns (2.13) can be determined. The functions and their first fifteen independent
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Table 2.2 : The polynomial functions of the Taylor series, eqn (2.69), and their derivatives.

m 1 2 3 4 5 6 7 8 9 10 li

^>00 = 1 y X xy (x2- y 2)/2 (3x2y -  y3 )/6 (x3 -  3xy2 )/6 (x3y -  xy3)/6 (6x2y2 -  x4 -  y4)/24 (10x2y3 -  5x4y -  ŷ )/120 (10x3y2 -  Sxy4 -  x5)/120

*“ *1= 0 1 0 X -y (x2 -  y2)/2 -xy (x3 -  3xy2 )/6 (3x2y -  y3 )/6 (6x2y2 -  x4 -  y4)/24 (x3y -  xy3)/6

^>10 = 0 0 1 y X xy (x2 -  y2)/2 (3x2y -  y3 )/6 (3xy2 -  x3 ye (xy3 -  x3y )/6 (6x2y2 -  x4 -  y4)/24

^ 1 1 = 0 0 0 i 0 X -y (x2 -  y2)/2 xy (3xy2 -  x3)/6 (3x2y -  y3 )/6

^20  = 0 0 0 0 1 y X xy (y2 -  x2)/2 (y3 -  3x2y)/6 (3xy2 -  x3 )/6

^>21 = 0 0 0 0 0 i 0 X y (y2 -  x2)/2 xy

*“ >30 = 0 0 0 0 0 0 1 y -  X -xy (y2 x2)/2

^>31 = 0 0 0 0 0 0 0 i 0 -  X y

^>22 = 0 0 0 0 0 0 0 0 1 y X

^>23 = 0 0 0 0 0 0 0 0 0 i 0

^ 3 2  = 0 0 0 0 0 0 0 0 0 0 1

^ 3 3  = 0 0 0 0 0 0 0 0 0 0 0

^>42 = 0 0 0 0 0 0 0 0 0 0 0

^ 4 3  = 0 0 0 0 0 0 0 0 0 0 0

*“ >52 = 0 0 0 0 0 0 0 0 0 0 0

*“ >53 = 0 0 0 0 0 0 0 0 0 0 0



Table 2.2 : Continued.
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derivatives selected in an order based on the Pascal triangle of differentiation (see Table 

2.1) are given in Table 2.2.

Now, in a typical BIE problem half of the boundary conditions are prescribed, 

and in a local BIE method non-prescribed values of the function are approximated by 

the series and they contribute to the coefficient matrix. If the unknown value is the 

gradient of the function it can then be determined from the equation

( S ) Q = (l ! ) Q n>(Q) + (f ) Q n2(Q) (2'70)

where nj(Q) and n2(Q) are the components in the x and y directions of the unit outward 

normal vector at Q, and the derivatives of <() are found by differentiating eqn (2.69).

2.1.5. Fourier Series

The general four-term Fourier series with truncated terms, which satisfies 

harmonic equation V2<J)=0, is the second trial function given here as

N

<j)(x,y) = [am00 Cos(mfx) Cosh(mfy) + am01 Cos(mfx) Sinh(mfy) +
m=l

amio Sin(mfx) Cosh(mfy) + aml j Sin(mfx) Sinfomfy)J (2.71)

where aTn00, a ^ ,  a^g, and a ^  are constants and f is the frequency.

Now, for any piecewise continuous function of period p* (i.e., if 

<|)(x+p, y+p)** = <))(x,y)) the Fourier series (2.71) will converge to <|>(x,y) at all points 

of continuity, and to V2M>(x+,y+) + <j>(x",y")] at all points of discontinuity. Here, 

(J)(x+,y+) and <|>(x",y) are the limits approached from the right and left, respectively.

* p now stands for the period and should not be confused with interior point p.
** Here, the function 4» is assumed to have the same periods in both directions.
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The relation between the frequency f and the period p, for a whole range (-P/2 to

+P/2), is

f =
2k

P
(2.72)

If the frequency f is taken as 1, which means, from (2.72), p=2n (i.e., -7t<x,y<+7t), 

then the Fourier series representation (2.71) of the piecewise continuous function <{)(x,y) 

can be written as^

N

<Kx»y) = X  b
m=l

mOO

lmlO

Cos(mx) Cosh(my) + am01 Cos(mx) Sinh(my) + 

Sin(mx) Cosh(my) + amll Sin(mx) Sinh(my)] (2.73)

Even if the function <J>(x,y) is not periodic of period p the Fourier series (2.73) 

would still represent it, if we are interested only in representing the function on 

-7i<x,y<+7t, since then it is unimportant to what values the series might converge 

outside this interval. Moreover, it should also be ensured that the first derivatives of (j)

are piecewise continuous in the interval and satisfy the Cauchy-Riemann conditions (see 

section 3.2.1.3) in order for the Fourier series representation to be differentiable at each 

point, since the function is differentiated repeatedly.

These conditions are certainly satisfied by choosing the local origin of 

coordinates x and y to be at the internal point p and by scaling the dimensions of the 

solution domain such that the maximum distance between any two points is unity :

r 2 2-y/x + y <1
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The value of the function at p and the first fifteen of its independent derivatives 

(selected in an order based on the Pascal triangle of derivatives in Table 2.1) are then 

given by Table 2.3 below,

N N N N

*00(P)=+X ^00
m=l

<i>20(P)=-Xm2 SmOO
m=l

<l>22(p)=-£m4 amOO
m=l

<f>42(P)=+Sm6
m=l

N N N N

<t>oi(p)=+Zm antfj
m=l

<t>2i(p)=-£m3 ^ o ,
m=l

<t>23(P)=-Xm5
m=l

<t>43(P)=+Sm7 ajnOl
m=l

N N N N

<t>io(P)=f 2 m a inIO
m=l

({)3o(P)=“ X m3 ^mlO 
m=l

<t>32(P)=-2m5 aml0
m=l

<I>52(P)=+S m7 amio
m=l

N N N N

i)>ii(p)=+Xm2amll
m=l

<t>3i(p)=-Zm4 a ^ ,
m=l

<i>33(P)=-£m6 aml 1
m=l

<t>53(P)=+2m8 Smll
m=l

A B c D

Table 2.3 : The Fourier series representation of the unknown function <p(x,y) 
and its derivatives atp in the order implied by Table 2.1.

These expressions are used to define the terms on the left hand sides of 

equations (2.13) in terms of the Fourier constants. On the right hand sides, (J)(Q) is 

defined in terms of the same constants by (2.73) (with x and y the coordinates of Q 

relative to the origin at p), (^/B iOq is similarly defined with the aid of (2.70). At any 

point on the boundary, however, either <j> or its normal derivative (or a linear 

relationship between them) is known from the boundary conditions of the problem, so 

that the only one which is unknown has to be approximated by the Fourier series(2.73).
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2.1.6. Transformation of Coordinates, Functions and their Derivatives

Series expansion is about the local origin of coordinates. Since, for the sake of 

convenience, the local origin need not be taken as the origin of global coordinates, then 

a transformation has to be made from global coordinates to local coordinates (and vice 

versa). Considering first the transformation formulae for coordinates one can see, using 

the geometric relations as indicated in Fig. 2.4 below, that

From the global to local coordinate system :

xi = (xg -  xG) Cosa + (yg -  yD) Sina (2.74)

y\ = -  (xg -  x0) Sina + (yg -  yQ) Cosa (2.75)

From the local to global coordinate system :

xg = x0 + Xj Cosa -  yj Sina (2.76)

yg = y0 + Xj Sina + y! Cosa (2.77)

where xg, yg are the cartesian coordinates of global coordinate system, xh yj are those of 

local coordinate system, and xQ, y0 are the global coordinates of the origin of the local 

coordinate system.
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Y,

O

X]

<>
Og xo xg

Figure 2.4 : Local and global coordinate system, a is the orientation of the local 
coordinate system with respect to the global coordinate system.

Transformation formulae for the derivatives of the function can be found with 

the aid of differential operators derived from Fig. 2.4 above. Thus,

(2.78)

and

(2.79)

where
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(2.80)

Hence, higher-order operators are simply the operation of the operators on each other 

and it only remains to operate with them on the functions. They are given (up to the 

fifth-order) in appendix A.

2.2. Numerical Solution

Having formulated the BEE, the integrals can be performed either analytically (if 

possible) or numerically. Although numerical integration introduces some errors, in 

analytical integration the shape of the boundary of the solution domain should be 

assumed 'a priori' in a simple form, e.g., a sum of straight-line segments for the 

simplest representation. But even for such a simple case, analytical expressions of the 

integrands may be so complicated that analytical integration may turn out to be 

impossible, or rather involve a great amount of human effort in determining the 

integrals. Some solutions to singular integral equations for simple problems in plane 

elasticity were evaluated by using the complex variable method by Muskhelishvili 

(1954) and Mikhlin (1957). Since no general analytical method exists for integral 

equations to solve practical problems with complex geometries, numerical methods are 

employed to evaluate those integral equations.

In a conventional BEE method, the boundary of the solution domain is modelled 

by discretising it into elements. Each of these elements has a certain number of nodal 

points relevant to the order of shape functions associated with the element. Unknowns
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over the boundary are expressed in terms of these functions. Approximating the surface 

and the unknown boundary values, in piecewise form, and defining them by suitable 

algebraic functions reduces the integral equations to a set of linear algebraic equations 

for unknowns at the nodal points of the elements. However, in the early numerical 

implementations of BIEs by Jaswon (1963), Symm (1963), and Jaswon & Ponter 

(1963) for potential theory, and by Rizzo (1967) and Cruse (1969) for elasticity, the 

introduced shape functions were only stepwise constant in order to express either the 

boundary unknowns or the boundary geometry. The surface was represented by 

straight-line elements, over each of which the unknowns were assumed to be constant. 

The integral equations were then written for the mid-point of each element or at the 

centroid of each triangular element, in two dimensions and three dimensions, 

respectively. The constant term C(P) in equation (2.12) was then taken to be '7t' for 

potential problems (see eqn (2.11)) and '1/2 §ij' for elasticity problems (see eqn 

(3.59)). Simpson's rule was employed to integrate the kernels by Jaswon&Ponter and 

Symm. Over these straight-line segments integration was performed analytically by 

Rizzo and Cruse to avoid the error produced by numerical integration due to rapid 

variation of the kernels as one argument approaches the other. This formulation was 

improved by Riccardella (1973) and Cruse (1974) by allowing the unknown functions 

to vary linearly over each element. The difference from the earlier formulation was that 

the integral equations were written for the end points of the elements (extremities in two 

dimensions, vertices in three dimensions), and unknowns were associated with these 

nodal points. But, if the source point P is not on a smooth part of the boundary (i.e., P 

is at an edge or a comer), then the constant of the free term, C(P), is no longer '1/2 '
3

(for elasticity) and rigid body translation was considered (see equation (3.56)) by Cruse 

to compute this constant term implicitly.

This formulation was more efficient than the previous one. However, if the 

variation of the functions was rapid, then the required number of elements was still 

large compared to domain type methods. To overcome this problem Lachat (1975) and 

Lachat & Watson (1975) introduced the idea of using general curved boundary elements
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defined by quadratic shape functions taken from the finite element formulation of 

Zienkiewicz and Ergatoudis. In their representation, the unknown functions were 

allowed to vary linearly, quadratically or cubically. Integrals were accurately evaluated 

by using Gaussian quadrature formulae. The coefficient of the free term of the integral 

equation was again computed considering rigid body translation. By the use of 

isoparametric formulations, it become more evident that BEE methods have the 

advantage over the domain type methods in accuracy. A further development was made 

by Watson (1982) who suggested employing boundary elements with Hermitian cubic 

shape functions instead of those with more conventional polynomial forms.

In the above formulations, the system of equations is scaled to obtain a 

numerically stable coefficient matrix, since the coefficients of the matrix are, in general, 

not of the same order of magnitude.

In the local BIE method, here, integrals are evaluated by using Gaussian 

quadrature formulae, as in the isoparametric BIE formulation of Lachat & Watson. 

Again, the boundary surface is discretised into elements with either quadratic or cubic 

variation to interpolate cartesian global coordinates of those elements at the Gauss 

points. However, the unknown functions are approximated by series (Taylor or 

Fourier) unlike the conventional BIE methods where they are expressed by the 

isoparametric shape functions of intrinsic coordinates. Consequently, the final set of 

linear algebraic equations is not formed from the integral equations written for the nodal 

points of the elements, instead it is obtained from the differentiation of the integral 

equations (higher-order BEEs). The coefficient matrix is scaled to ensure the numerical 

stability.

2.2.1. Approximate Series Solution

Now, assume that the unknown function <{)(x,y) is represented by an appropriate 

series with a finite number of terms. Hence, this approximation of the function, <J), is 

written in the form of

45



(2.81)

N

<Kx-y) = X  am ̂  (x-y)
m=l

where the are the constants to be determined from the solution of BIEs. Since the 

function 4>(x,y) satisfies V2({)=0, so should the functions P11 satisfy V^P^M), as shown 

in Table 2.2 and 2.3. In equation (2.81) the coordinates x and y are the cartesian 

coordinates of the point 'p' within the domain or those of the point 'Q' on the 

boundary. Therefore, equation (2.81) may explicitly be written as

N

<t»[p(x>y)] = X  “ m A p ( x>y)] (2.82)
m=l

or

N

<t>[Q(x,y)] = X a mfm[Q(x,y)]
m=l

(2.83)

and the normal derivative of <|) on the boundary is

(2.84)

where

gm(Q) = $ ) q ni(Q) + C ) q n2(Q) (2.85)
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n^Q) and n2(Q) being the components, in the coordinate directions x and y, of the unit 

outward normal vector n at Q.

Now, in a typical BIE problem, over every part of the boundary of the solution 

domain either <))(Q) (Dirichlet-Problem) or its normal gradient (<%dn)Q (Neumann- 

Problem) is specified (or there may exist a linear relationship between them). The one 

which is not specified can be obtained by approximating with either equation (2.83) or 

(2.84). By substitution of equations (2.82), (2.83), and (2.84) in equations (2.13), we 

have

N N

2"  X  “ m £<P> =  X  “ m h£ (Q ) +  V Q )
m=l m=l

(2.86)

where, if <j)(Q) is prescribed

hu(Q ) = + J g” (Q ) Bu(p,Q) dS(Q)
s

(2.87)

V Q )  = -J <KQ) Akl(p,Q) dS(Q)
S

(2.88)

and if (dtydn)q is prescribed

hy(Q) = -J f” (Q) Au(p,Q) dS(Q) 
s

(2.89)

bk,(Q) =  + }  ( | J ) q  B u Cp,Q) d S (Q )
s

(2 .90)
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equation (2.86) can therefore be rearranged as

N

X  «m [ 2*Op) " h£(®] = MO) (2.91)
m = l

This is the final set of linear algebraic equations in the unknown which can 

be found from the solution of it.

2.2.2. Discretisation of Geometry

In the formulation presented here, the boundary is defined using the quadratic 

(three-point) and cubic (four-point) shape functions of intrinsic local coordinates.

The cartesian coordinates Xj(^) of an arbitrary point of an element of the 

boundary are given in terms of the nodal coordinates x f  by

where c ranges from 1 to 3 for a quadratic element, and 1 to 4 for a cubic element, and

xj©  = NC©  Xi (2.92)

associated shape functions are(6,13,49̂

for quadratic variation:

(2.93)
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for cubic variation:

N' ®  = 7 6 (1- y  ( - 10 + 9(1+^2))

N2©  = ^ (1 - ^ 2) ( 1 - 3 ^

3 9 2 (2-94)
N ©  = 1g ( l - ^ ) ( l  + 3̂ )

n4© = 1^ (i + ^ ) ( - io + 9(i + 6 )

where % varies from — 1 to + 1.

F igure 2 5  : B oundary elem ent definition, a) A quadratic elem ent, 

b) a  cubic elem ent

Since the cartesian coordinates of an element are expressed in terms of the 

intrinsic local coordinates, there is then a need to transform from cartesian to curvilinear 

coordinates to be able to evaluate the integrals.
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The components of the tangential vector, s, are proportional to the rates of 

change with the intrinsic coordinate, ^ 16,34\

s =
dx

d£

dy
e i +  —  e 2 =  s i e i +  s2 e 2 (2.95)

where ej and e2 are the unit vectors in the coordinate directions x and y, respectively. 

Substitution of equation (2.92) in equation (2.95) yields

dx:
S: =

dN @  

d$ d$
X; (2.96)

If e3 is the unit vector outward from the paper-plane (i.e., e3 is the normal to the 

plane formed by the normal vector, n, and the tangential vector, s) the vector , n, 

normal to the boundary is

n = sxe3 =

e l e2 e 3

dx dy
0

d£ d£

0 0 1

(2.97)

-  Ji + J2 e2 (2.98)

and the Jacobian of transformation from S to £ is the modulus of equation (2.98),

dS

d$

2 2
J l+ J 2 (2.99)
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Hence, the components (equivalent to direction cosines) of the unit outward normal to 

the boundary are

n- =
m

(2. 100)

After defining the boundary geometry by using the quadratic and cubic shape 

functions of intrinsic local coordinates, both

the integral and the boundary point Q(x,y)

can now be replaced with

a=l Sa
and Q ©  respectively,

where a is the element being considered, and q is the total number of elements over the 

boundary. Then, equations (2.87), (2.88), (2.89), and (2.90) can be written as

If <{>(Q) is prescribed,

hki(Q) = + £  f gm(Q©) Bu(p ,Q ® )IJ©  ld§
a=lSa=-l

( 2. 101)
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(2. 102)
3=1 Sa= -1

m^/dn>Q is prescribed,

(2.103)

(2.104)

In equations (2.102) and (2.104) note that the prescribed values (j)(Q) and 

(^VOn)Q over the element(s) were written as <J)(Q(̂ )) and (<%3n)Q(£) to imply that they 

are not necessarily constant, and they may (are allowed to) vary from point to point over 

the element(s).

2.2.3. Numerical Integration Using Gaussian Quadrature

Since the integrations cannot generally be evaluated analytically (as mentioned 

before), a numerical integration technique must be adopted. The one which is used here 

to evaluate the integrals as accurately as possible is Gaussian quadrature.

Let us denote the integrands in equations (2.101), (2.102), (2.103), and (2.104) 

as F © . These integrals can then be expressed as

+i

(2.103)
-l
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which may be approximated by polynomial functions, and may be written in the form of

fF © d ^  = X w r F( 0  (2.106)
-1 r=l

with weight factors 'cor'. In equation (2.106) the values of weight factors, cor, at the 

corresponding points of Gaussian quadrature abscissae, have been tabulated for a 

range of s. See, for example, Stroud and Secrest (1966).

Note that the source point and the field point never coincide over one element 

unlike the conventional BIE methods, and it is not necessary to use a Gaussian 

quadrature formulae with a logarithmic weight factor, log(l/£).

Therefore, the integrands always vary smoothly over the element(s), and never 

tend to infinity. Also, the existence of edges or sharp comers, where there is no unique 

tangent, along the boundary never causes any problem, because each element is 

considered separately and integrated one by one.

In order to obtain a numerically-stable coefficient matrix, the coordinates x and y 

are divided by the maximum dimension of the domain. The values obtained from the 

solution of the equations are of course rescaled accordingly.

2.3. Summary

The LBDE method developed herein has some common and different points from 

conventional BIE methods. It is therefore worthwhile to summarize the main points of 

the technique.

i) We begin with the zero-order integral equation (2.10) as the basis of the LB IE 

method.

ii) Equation (2.10) is then differentiated repeatedly at a point, p, in the x and y 

coordinate directions within the solution domain to obtain higher-order BIEs (see eqns

(2.13)).
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iii) In a typical 'BVP' at any point on the boundary either the potential function <j) 

or its normal derivative (or a linear relationship between them) is known from the 

boundary conditions of the problem, so that only the one which is unknown, in eqns

(2.13) , has to be approximated. The variations of these unknowns on the boundary 

together with the potential and its subsequent derivatives at the internal point p, the 

terms on the left hand sides of eqns (2.13), are approximated by either Taylor series, 

eqn (2.69), or the Fourier series, eqn (2.73).

iv) The derivative forms of the kernel functions, parts of the integrands in eqns

(2.13) , are obtained by simple analytical differentiation (see section 2.1.3).

v) The integrations over the boundary are carried out by dividing the boundary 

into quadratic (three node) or cubic (four node) boundary elements, and applying 

gaussian quadrature to each one.

vi) The final set of linear algebraic equations is formed from the higher-order 

BIEs, eqns (2.13). It thus becomes a relatively small set of linear equations (16 

equations are implied by Table 2.2 and 2.3) which are straightforward to solve by 

gaussian elimination.

vii) The coefficient matrix is scaled to overcome the possible numerical 

instability of a mixed dimensional matrix system.

viii) Having solved the linear equations the values of the coefficients of the 

series are known, and by rescaling them the required solution is obtained.

2.4. Test Cases

The accuracy of the numerical implementation of the LB IE method is assessed 

by reference to some test problems for which exact analytical solutions are known (for 

comparison purposes). For this reason a computer program called 'LBIE2PE' has been 

developed capable of evaluating both harmonic and biharmonic problems. The solution 

domains considered here are those of problems used previously to test the Taylor series
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formulation of the Local BIE method by Fenner & Watson, namely, a square domain 

and a thick-walled cylinder. The latter provides an example of the use of curved 

boundary elements so that the ability of the technique to deal with awkward regions can 

be demonstrated. The potential functions considered involve the polynomial, 

hyperbolic, and logarithmic variations. The method is also used to locally refine the 

solution of a heat conduction problem. To avoid any interference from inaccuracies in 

the remote field solution, however, and to illustrate the capabilities of the method in 

such a local refinement procedure, the exact solution to the problem is applied outside 

the local area. Full ranges of solutions are given in Tables in appendices B, C, and D.

2.4.1. Square Domain

Figure 2.6 shows a square domain with sides of unit length, the local origin of 

expansion at the bottom left hand comer, the global coordinates of which are x=y=l.

3<j>
IK

Figure 2.6. Square domain with mixed boundary conditions.
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2.4.1.1. Linear Variation of Potential :

Let us first consider the boundary conditions which give rise to the following 

linear potential variation

(j) = 1 -  x and
3<j)
3x ( 2 . 1 0 7 )

with all other derivatives zero. The first solution scheme for this simple problem used 

eight quadratic boundary elements of equal length (two per side of the domain, see Fig. 

2 .6).

Tables 2.4 to 2.8 show the results obtained for the function <}) and its first and 

second derivatives (i.e., the coefficients a! to a 5) using different numbers of terms 

and positions for internal point p in equations (2.13). Because of the simplicity of the 

problem one of the internal points was chosen at the mid point of the domain, and two 

others being progressively closer to the local point of expansion^, that is, (1.5, 1.5), 

(1.25, 1.25), and (1.1, 1.1)*.

Table 2.4 : Square domain with linear potential variation 
Function and derivatives at node 1 (Fig. 2.6) from Taylor series 
with different numbers o f terms and the internal point at (1.5,1.5) 

using eight boundary elements.

Internal
point

No. of 
terms

4>.y <t>,x 4>.xy <t>,x X

E xact: 0. 0. - 1. 0. 0.

(1.5, 1.5) 5 +2.63xl0*15 - 4 .27x l0 ’14 - 1.00000 +5.15xl0*14 - 3.95xl0’14

(1.5, 1.5) 7 - 2 .12x l0 '14 +4.26xlO*10 - 1.00000 - 1.25xlO’09 +1.25xlO"09

(1.5, 1.5) 11 - 9.34xlO'U - 1.98xl0*09 - 1.00000 - 1.44xlO’09 - 1.59x1 O’08
(1.5, 1.5) 15 - 1.59x10*10 +1.15xlO*09 - 1.00000 - 7.59xlO*06 +7.56x1 O’06

* These are the coordinates with respect to the global coordinate system, see Fig. 2.6.
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In Table 2.4 above with the internal point at (1.5, 1.5) and five terms in the 

series (Taylor ) the results are perfect, being slightly less accurate as the number of 

terms retained in the series increases, though still in very good agreement with the exact 

values, confirming those results given by Fenner & Watson.

In more practical problems, where geometry and potential variations are more 

complex, the internal point should be taken closer to the local point of interest to obtain 

satisfactory results. With the internal point at (1.25, 1.25), however, the results 

deteriorate, while with the internal point at (1.1, 1.1) the results are far from accurate, 

as the number of terms increases. This is because the internal internal point is now too 

close to the boundary of the solution domain in relation to the size of the boundary 

elements used, and it is impossible to maintain adequate integration accuracy (even 

though ten gaussian quadrature points per element were used throughout*)

Table 2.5 : Square domain with linear potential variation 
Function and derivatives at node 1 (Fig. 2.6) from Taylor series 

with different numbers of terms and the internal point at (1.25,1.25) 
using eight boundary elements.

Internal
point

No. of 
terms

♦ <>»y (j),X <J),xy <J),XX

Exact: 0. 0. - 1. 0. 0.

(1.25, 1.25) 5 +1.01X10'07 - 8.46x1 O'06 - 1.00000 +1.53xlO*05 - 1.29xlO*05
(1.25, 1.25) 7 - 1.71xlO*05 - 9.24xl0*°6 - 0.99981 - 1.12X10'04 - 4.06X10'04
(1.25, 1.25) 11 +1.20xl0*03 +6.42x10"04 - 1.00078 - 4.96x10*02 - 3.39xlO*02
(1.25, 1.25) 15 +8.22X10*02 - 2.27xl0*01 - 0.92014 - 1.17 -3 .3 0

* Unless stated, ten gaussian quadrature points per element are used for all the problems in this thesis.
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Tabic 2.6 : Square domain with linear potential variation 
Function and derivatives at node 1 (Fig. 2.6) from Taylor scries 
with different numbers of terms and the internal point at (1.1, 1.1) 

using eight boundary elements.

Internal No. of <J) <J),y <J),x <J),xy .̂xx
point terms

E xact: O 0 1 0. 0.

(1.1, U ) 5 +1.03X10'02 -6.01X10*02 - 1.07523 +6.59xl0’02 - 2.23xl0’01
(1.1, 1.1) 7 - 6.31xl0"02 +6.81xlO'02 - 0.99542 - 8.22xlO'01 + 1.15
(1.1, 1.1) 11 - 1.07xl0*02 +5.55xlO'01 +0.13346 - 7.42xlO*01 -2.47xlO'01
(1.1, 1.1) 15 - 1.38xl0’03 + 9.30xl0'°2 +0.02942 +9.94xl0’03 - 4.91xl0*01

As can be seen from Tables 2.4-2.6, the best results at all internal points are obtained

when only five terms are used. See Table 2.7 below.

Table 2.7 : Square domain with linear potential variation
Function and derivatives at node 1 (Fig. 2.6) from Taylor series
with optimum numbers of terms and different positions for internal point

using eight boundary elements.

Internal No. of <J> <J>,y <}>,x <My $,xx
point terms

E xact: © p i 0. 0.

(1.5, 1.5) 5 +2.63xl0 '15 - 4 .27xl0'14 - 1.00000 +5.15xl0'14 -3 .9 5 x l0 '14
(1.25, 1.25) 5 +1.01xl0*07 - 8.46xlO'06 - 1.00000 +1.53x1 O’05 - 1.29xlO'05
(1.1, U ) 5 +1.03X10'02 - 6.01xl0'02 - 1.07523 +6.59x1 O'02 - 2.23xlO‘01

The values of the function and derivatives obtained using the Fourier series are also 

satisfactory (see Table 2.8 below), although they are not as good as those obtained 

using Taylor series^. This is to be expected in view of the simplicity of the problem,
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whose solution should be perfectly represented by a two term Taylor series(I). As the 

number of terms increases the results do improve, unlike with Taylor series, and it 

becomes necessary to retain relatively more terms to attain satisfactory accuracy (see 

Table B.2 in appendix B, for the full range of the results).

Tabic 2.8* : Square domain with linear potential variation 
Function and derivatives at node 1 (Fig. 2.6) from Fourier series 
with optimum numbers of terms and different positions for internal point 

using eight boundary elements.

Internal
point

No. of 
terms

<!>>y <|>,x <j),xy <J),XX

Exact: 0. 0. - 1. 0. 0.

(1.5, 1.5) 15 +0.00002 - 0.00023 - 1.00013 +0.00253 - 0.00082
(1.25, 1.25) 9 +0.00060 - 0.00158 - 1.00027 - 0.00107 - 0.00859
(1.1, 1.1) 5 -0.01140 +0.01803 - 0.90447 +0.09267 +0.00862

In order to improve the accuracy, particularly of the Fourier series method^, the 

two elements adjacent to the local point of interest were each subdivided into ten 

elements, making 26 in all^17\  The ratio between the lengths of the successive 

subelements moving away from the local point of expansion was 1.5, which gave 

elements immediately adjacent to the local point of length 0.0044. The purpose of this 

element refinement was to permit much more accurate integrations, allowing the internal 

point to be placed much closer to the local point of interest. Table 9 and 10 show some 

of the results obtained from Taylor and the Fourier series with the internal points at 

(1.1, 1.1), (1.05, 1.05), and (1.01, 1.01) (see Table B.3 and B.4 in appendix B for the 

full range of the results).

* From now on, after five decimal places the results are rounded-off.
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Tabic 2.9 : Square domain with linear potential variation 
Function and derivatives at node 1 (Fig. 2.6) from Taylor series 
with different numbers o f terms and positions for internal point 

using refined boundary elements in the region of interest.

Internal
point

No. of 
terms

4 4>,y <j),X 4>,xy <J),XX

Exact: 0. 0. -1 . 0. 0.

(1.1, 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

5
+0.00000
+0.00000
+0.00000

+0.00000
+0.00000
+0.00000

- 1.00000 
- 1.00000 
- 1.00000

+0.00000
+0.00000
+0.00000

+0.00000
+0.00000
+0.00000

(1.1, 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

10
-0 .00000
-0.00000
+0.00000

+0.00000
+0.00000
+0.00002

- 1.00000 
- 1.00000 
- 0.99993

-0.00000
-0.00000
+0.00002

+0.00000 
- 0.00000 
- 0.00000

(1.1, 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

14
+0.00000
+0.00000
+0.00000

-0.00000
+0.00000
+0.02847

- 1.00000 
- 1.00000 
- 1.29386

+0.00000
+0.00000
+0.00260

+0.00000
+0.00000
+0.00016

(1.1, U ) 
(1.05, 1.05) 
(1.01, 1.01)

16
+0.00000
+0.00000
+0.00000

+0.00000 
+0.00000 
- 0.05478

- 1.00000 
- 1.00000 
+0.004

+0.00000
+0.00000
+0.00001

+0.00000 
- 0.00000 
+0.00006

Table 2.9 shows that the results obtained using Taylor series are still very good. 

There is, however, deterioration in accuracy with the internal point at (1.01, 1.01) as 

the number of terms in the series increases. With 14 terms the deterioration becomes 

significant, and particularly with 16 terms the results are bad, though the value of the 

potential function is still very good (at least up to five decimal places). This loss of 

accuracy is associated with the numerical integration of high-order kernel function 

derivatives^17̂ , which are increasingly singular as the number of terms in the series is 

increased.
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Tabic 2.10 : Square domain with linear potential variation 
Function and derivatives at node 1 (Fig. 2.6) from Fourier series 
with different numbers of terms and positions for internal point 

using refined boundary elements in the region of interest.

Internal
point

No. of 
terms

<i> 4>»y <J),XX

E xact: 0. 0. -1 . 0. 0.

( U ,  1.1) +0.00000 - 0.00100 - 1.00105 +0.00050 +0.00265
(1.05, 1.05) 8 +0.00000 - 0.00077 - 1.00050 +0.00152 +0.00056
(1.01, 1.01) +0.00000 - 0.00025 - 0.99908 +0.00106 +0.00041

( U ,  1.1) +0.00000 -0.00003 - 0.99953 - 0.00038 -0.00041
(1.05, 1.05) 12 -0 .00000 - 0.00012 - 0.99952 - 0.00022 -0.00004
(1.01, 1.01) -0 .00000 +0.00031 - 1.00511 - 0.00051 -0.00004

( U ,  1.1) -0 .00000 -0.00001 - 0.99999 -0.00000 +0.00001
(1.05, 1.05) 16 +0.00000 -0.00000 - 0.99998 +0.00000 -0.00000
(1.01, 1.01) +0.00000 - 0.04946 +0.005 +0.00002 +0.00006

Note that although the Fourier series method is still not as good as the Taylor 

series one, it gives much better accuracy than in Table 2.8, and as the number of terms 

increases it converges rapidly and the results with 16 terms become almost identical 

with those from Taylor series. The behaviour of the results from the Fourier series with 

the internal point at (1.01, 1.01) is like that of the results from Taylor series, as one 

may expect since the internal point is now too close to the boundary.

Based on the experience of this first problem, a number of higher-order potential 

functions can now be tested for the same square domain, with the same discretisation 

(i.e., 26 elements with local length ratio of 1.5 and smallest elements of length 0.0044).

2.4.1.2. Quadratic Variation of Potential:

The potential function to be applied over the domain is
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(2.108)
2 20 = x -  y + 2xy

and its first and second order derivatives with respect to x and y coordinate directions 

are

0<|)
8x = 2x + 2y ,

3(f)
3y = -  2y + 2x (2.109)

a2(f> _ 7 a2(f>

ax2 "  ’ ^
(2.110)

with all other derivatives zero. At x=y=l (node 1), these become

({> = 2 (2.111)

3<))
3x

= 4 , (2.112)

and

a2<i> _ ,  a2<t>

ax2 "  ’ 3x3y
(2.110)

Table 2.11 shows the optimum results obtained from Taylor series.
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Tabic 2.11: Square domain with quadratic potential variation 
Function and derivatives at node 1 (Fig. 2.6) from Taylor series 

with optimum numbers of terms and different positions for internal point 
using refined boundary elements in the region of interest.

Internal
point

No. of 
terms

<t».y <t>,X <t>,xy <{),XX

Exact: +2. 0. +4. +2. +2.

(1.1, 1.1) 5 +2.00000 +0.00000 +4.00000 +2.00000 +2.00000
(1.05, 1.05) 5 +2.00000 -0.00000 +4.00000 +2.00000 +2.00000
(1.01, 1.01) 5 +2.00000 +0.00000 +4.00000 +2.00000 +2.00000

As can be seen from Table 2.11 above, the results obtained are excellent (although after 

twelve terms there is a slight loss of accuracy, see Table B.5 in appendix B). Five terms 

still give very good results because five-term Taylor series can perfectly represent 

second order polynomial functions (see the Pascal triangle of differentiation, Table 2.1). 

At the distance (1.01, 1.01), however, with the increment of the number of terms the 

results become unreliable as is the case in the first problem (see Table B.5 and B.6).

Table 2.12 shows the optimum results obtained from the Fourier series 

representation. Although Fourier series is not comparable with Taylor series with 

relatively small number of terms, the results, however, converge very well as the 

number of terms increases, and with 16 terms they are very good. The value of the 

potential function can be obtained even with smaller numbers of terms, and this is true 

for all the potential problems which follow (see Tables in appendices B, C, and D).

63



Tabic 2.12 : Square domain with quadratic potential variation 
Function and derivatives at node 1 (Fig. 2.6) from Fourier series 

with optimum numbers of terms and different positions for internal point 
using refined boundary elements in the region of interest

Internal
point

No. of 
terms

4> 4>»y <Jw <{>,xx

E xact: +2. 0. +4. +2. +2.

( U ,  1.1) 15 +2.00000 +0.00028 +3.99964 +2.00002 +1.99971
(1.05, 1.05) 16 +2.00000 +0.00007 +3.99877 +1.99993 +2.00000
(1.01, 1.01) 10 +2.00000 - 0.00048 +3.96953 +1.99822 +2.00126

2.4.1.3. Cubic Variation of Potential:

The potential function considered and its derivatives as follows

3 2 2 3<}> = x + 3x y -  3xy — y (2.113)

and

+ 6xy -  3y2 3<j)
dy 3x2 -  6xy -  3y2 (2.114)

32<f> a a —  = 6x + 6y ,
3x2

d%
dxdy = 6x -  6y (2.115)
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It is clear that the five-term Taylor series is now incapable of representing the 

function and it is necessary to retain at least 7 terms in the series. Table 2.13 shows the 

optimum results obtained from Taylor series and Table 2.14 those from Fourier series.

Tabic 2.13 : Square domain with cubic potential variation 
Function and derivatives at node 1 (Fig. 2.6) from Taylor series 

with optimum numbers of terms and different positions for internal point 
using refined boundary elements in the region of interest.

Internal
point

No. of 
terms

<{> 4>.y 4>,x <j>,xy <Mx

E xact: 0. - 6. +6. 0. + 12.

( U ,  1.1) 7 -0 .00000 -6 .00000 +6.00000 +0.00000 +12.00000
(1.05, 1.05) 7 -0 .00000 - 6.00000 +6.00000 +0.00000 +12.00000
(1.01, 1.01) 7 +0.00000 -6.00000 +6.00000 -0.00000 +12.00000

Table 2.14 : Square domain with cubic potential variation 
Function and derivatives at node 1 (Fig. 2.6) from Fourier series 

with optimum numbers of terms and different positions for internal point 
using refined boundary elements in the region of interest.

Internal
point

No. of 
terms

<}> <!>.y <j>,x <My 4>,XX

E xact: 0. -6. +6. 0. + 12.

(1.1, 1.1) 16 -0.00000 - 5.99838 +6.00041 - 0.00053 +11.99783
(1.05, 1.05) 13 +0.00000 - 5.99855 +6.00188 +0.00339 +12.00053
(1.01, 1.01) 13 -0.00000 - 6.00185 +6.03763 - 0.00233 +11.99993

2.4.1.4. Ouartic Variation of Potential:

The potential function considered and its derivatives as follows

<!>
4 “X 2 2 3 4

= — x + x y + 6x y - x y  -  y (2.116)
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(2 .117 )
3(j)
3x = -4x + 3x2y+  12xy2

3
- y

O0 3 2 2 3- I  = -4 y  + 3yx+12yx 4-x (2.118)

3 6 2 2 
—  = -12x  +6xy+12y
3x2

a2(i>
3x3y 3x2 + 24xy -  3y2 (2.119)

It is obvious that the nine-term Taylor series is able to reproduce the function. 

Table 2.15 and 2.16 show the optimum results obtained from Taylor and Fourier series, 

respectively.

Table 2.15 : Square domain with quartic potential variation 
Function and derivatives at node 1 (Fig. 2.6) from Taylor series 

with optimum numbers o f terms and different positions for internal point 
using refined boundary elements in the region of interest.

Internal
point

No. of 
terms

<J>»y <}>,x <)>,xy (j),XX

E xact: +4. +6. +10. +24. +6.

(1.1, 1.1) 9 +4.00000 +6.00000 +10.00000 +24.00000 +6.00000
(1.05, 1.05) 9 +4.00000 +6.00000 +10.00000 +24.00000 +6.00000
(1.01, 1.01) 9 +4.00000 +5.99976 + 9.99971 +23.99906 +5.99958
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Tabic 2.16 : Square domain with quartic potential variation 
Function and derivatives at node 1 (Fig. 2.6) from Fourier series 

with optimum numbers of terms and different positions for internal point 
using refined boundary elements in the region of interest.

Internal
point

No. of 
terms

4> 4>.y 4>»xy (J),X X

E xact: +4. +6. +10. +24. +6.

(1.1, 1.1) 16 +4.00000 +5.99965 +10.00146 +23.99959 +6.00000
(1.05, 1.05) 16 +4.00000 +5.99988 +10.00035 +23.99995 +6.00002
(1.01, 1.01) 10 +4.00000 +5.99294 +10.05727 +23.99996 +6.00173

2.4.1,5. Ouintic Variation of Potential:

The potential function considered and its derivatives as follows

<j) = -  x5 -  5x4y + 10x3y2 + 10x2y3 -  5xy4 -  y5 (2.120)

-  5x4 -  20x3y + 30x2y2 + 20xy3 -  5y4 (2.121)

= -  5x4 + 20x3y + 30x2y2 -  20xy3 -  5y4 (2.122)

-.2
— “ = -  20x3 -  60x2y + 60xy2 + 20y3 (2.123)
3x

67



(2.124)
d (S 3 2 2 3

r f r f  - = -  20x + 60x y + 60xy -  20y 
dxdy

It is now necessary to employ at least 11 terms for a satisfactory Taylor series 

representation of the function. For the Fourier series again the larger the number of 

terms the better function representation is. Table 2.17 and 2.18 show the optimum 

results obtained.

Table 2.17 : Square domain with quintic potential variation 
Function and derivatives at node 1 (Fig. 2.6) from Taylor series 

with optimum numbers of terms and different positions for internal point 
using refined boundary elements in the region of interest.

Internal
point

No. of 
terms

4> <t>,y < j ) , X <J>,xy 4>,xx

E xact: +8. +20. +20. +80. 0.

(1.1. l.D 11 +8.00000 +20.00000 +20.00000 +80.00000 +0.00000
(1.05, 1.05) 11 +8.00000 +20.00000 +20.00000 +80.00000 - 0.00000
(1.01, 1.01) 10 +8.00000 +19.97971 +20.35543 +80.00894 - 0.00568

Table 2.18 : Square domain with quintic potential variation 
Function and derivatives at node 1 (Fig. 2.6) from Fourier series 

with optimum numbers o f terms and different positions for internal point 
using refined boundary elements in the region of interest.

Internal
point

No. of 
terms

♦ 4>.y <t>,x <My <j),XX

Exact: +8. +20. +20. +80. 0.

( U .  1.1) 16 +8.00000 +19.97998 +20.00278 +80.00354 +0.02410
(1.05, 1.05) 16 +8.00000 +19.99574 +20.05714 +80.00291 +0.00040
(1.01, 1.01) 10 +8.00000 +19.92838 +21.75752 +80.01879 - 0.04852
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2,4.1.6. Hyperbolic Variation of Potential:

The potential function considered and its derivatives are as follows

<{> = Cosx Coshy (2.125)

■g- = -  Sinx Coshy ,
9d>
tt— = Cosx Sinhy
o y

(2.126)

a2ct>

3x2
= -  Cosx Coshy , 3 2 <t>

dxdy = — Sinx Sinhy (2.127)

Table 2.19 and 2.20 show the optimum results obtained. Note that Fourier 

series representation is able to give slightly better results than the Taylor series one with 

relatively less numbers of terms since the potential function, eqn (2.125), is a part of 

the Fourier series (see eqn (2.73)).

Table 2.19 : Square domain with hyperbolic potential variation 
Function and derivatives at node 1 (Fig. 2.6) from Taylor series 

with optimum numbers o f  terms and different positions for internal point 
using refined boundary elements in the region o f interest

Internal
point

No. of 
terms

* <J>»y <lw <j),XX

E xact: +0.83373 +0.63496 - 1.29846 - 0.98890 - 0.83373

(U. 1-1) 16 +0.83373 +0.63497 - 1.29846 - 0.98890 - 0.83373
(1.05, 1.05) 16 +0.83373 +0.63496 - 1.29850 - 0.98890 - 0.83373
(1.01, 1.01) 10 +0.83373 +0.63426 - 1.29478 - 0.98934 - 0.83376
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Tabic 2.20 : Square domain with hyperbolic potential variation 
Function and derivatives at node 1 (Fig. 2.6) from Fourier scries 

with optimum numbers o f terms and different positions for internal point 
using refined boundary elements in the region of interest

Internal
point

No. of 
terms

4>.y < J ) , X <My < j ) , X X

Exact: +0.83373 +0.63496 - 1.29846 - 0.98890 - 0.83373

(1.1, 1.1) 15 +0.83373 +0.63496 - 1.29846 - 0.98890 - 0.83372
(1.05, 1.05) 14 +0.83373 +0.63496 - 1.29844 - 0.98890 - 0.83373
(1.01, 1.01) 9 +0.83373 +0.63525 - 1.29869 - 0.98896 - 0.83394

2.4.1.7. Logarithmic Variation of Potential:

The potential function considered and its derivatives as follows

<J) = In r (2.128)

where

2 2 
x + y

3(j> _ x 3ct>_y
^ r = 7 ’

J!j L = - 2 —
dxdy r4

-*2. 1 2 o <}> __ 1 2 x
-. 2 2 4 ’dx r r

(2.129)

(2.130)
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Table 2.21 and 2.22 show the optimum results obtained. Both series converged 
well, although for logarithmic functions it is generally necessary to retain relatively 
many terms to be able to represent the variations well.

Table 2.21 : Square domain with logarithmic potential variation 
Function and derivatives at node 1 (Fig. 2.6) from Taylor series 

with optimum numbers o f  terms and different positions for internal point 
using refined boundary elements in the region of interest

Internal
point

No. of 
terms

* 4>,y <t>,x <{>,xy < j ) , X X

Exact: +0.34657 +0.5 +0.5 -0 .5 0.

(1.1. 1.1) 15 +0.34657 +0.49992 +0.50000 - 0.49996 +0.00011
(1.05, 1.05) 12 +0.34657 +0.49996 +0.49994 - 0.49999 +0.00005
(1.01, 1.01) 10 +0.34657 +0.49955 +0.50309 - 0.50013 +0.00013

Table 2.22 : Square domain with logarithmic potential variation 
Function and derivatives at node 1 (Fig. 2.6) from Fourier series 

with optimum numbers of terms and different positions for internal point 
using refined boundary elements in the region of interest

Internal
point

No. of 
terms

♦ <)>.y 4>,x y ( f > , X X

Exact: +0.34657 +0.5 +0.5 -0 .5 0.

(1.1. 1.1) 16 +0.34657 +0.49999 +0.49992 - 0.49995 +0.00005
(1.05, 1.05) 16 +0.34657 +0.50000 +0.50010 - 0.49999 +0.00000
(1.01, 1.01) 10 +0.34657 +0.49965 +0.49898 - 0.49989 +0.00037

71



2.4.2. Thick-Walled Cylinder

Having solved several problems and obtained quite satisfactory results for a 

square domain we can now apply the same potential variations to a domain consisting of 

curved boundary segments, namely, a thick-walled cylinder in order to see whether or 

not the LBIE method is also applicable to problems with somewhat awkward regions.

Figure 2.7 shows one quadrant of the cross section of a thick-walled cylinder 

with inner and outer radii and R2, and prescribed values of potential, (ĵ  and (j)2, at the

inner and outer surfaces. Due to symmetry only one quadrant is considered.

Figure 2.7: One quadrant of a thick-walled cylinder with mixed boundary 
conditions.

Based on the experience of the first square domain problems the solution domain 

was discretised into 46 elements, 40 of which were in the vicinity of the local point of

7 2



interest which was selected to be at node 1 (see Fig. 2.7 above). The ratio between the 

length of successive elements in this region moving away from node 1 was 1.2, so that 

the elements immediately adjacent to this point of interest were of length 0.0013 along 

the x axis and 0.0021 along the inner surface of the cylinder^17̂

2.4.2.1. Linear Variation of Potential :

Let us recall the function and its derivative with respect to x direction

(j) = 1 -  x and
3<j)
3x (2.107)

with all other derivatives zero. Table 2.23 shows the optimum results obtained using 

Taylor series for the function and its first and second derivatives (i.e., the parameters 

c*! to a 5), using different numbers of terms and positions for internal point p in 

equations (2.13). Table 2.24 shows the optimum results obtained using the Fourier 

series. The results from both series are as good as those obtained for a square domain, 

and this is true for all the problems which follow (see Table C.l and C.2 in appendix C 

for the full range of the results).

Table 2.23 : Cylinder domain with linear potential variation 
Function and derivatives at node 1 (Fig. 2.7) from Taylor series 

with optimum numbers of terms and different positions for internal point 
using fine boundary elements in the region of interest.

Internal
point

No. of 
terms

♦ 4>.y <My <Mx

Exact: +0.5 0. -1 . 0. 0.

(0.52, 0.02) 5 +0.50000 +0.00000 - 1.00000 +0.00000 +0.00000
(0.51, 0.01) 5 +0.50000 -0.00000 - 1.00000 -0.00000 -0.00000
(0.509, 0.009) 5 +0.50000 -0.00000 - 1.00000 -0.00000 -0.00000
(0.508, 0.008) 5 +0.50000 -0.00000 - 1.00000 -0.00000 -0.00000
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Tabic 2.24 : Cylinder domain with linear potential variation 
Function and derivatives at node 1 (Fig. 2.7) from Fourier scries 

with optimum numbers of terms and different positions for internal point 
using fine boundary elements in the region of interest.

Internal
point

No. of 
terms

<t> <l>.y 4>,x <My <t>,X X

E xact: +0.5 0. -1 . 0. 0.

(0.52, 0.02) 15 +0.50000 +0.00000 - 1.00000 -0.00000 - 0.00001
(0.51,0.01) 13 +0.50000 -0.00000 - 0.99998 +0.00001 -0.00003
(0.509, 0.009) 13 +0.50000 -0.00001 - 0.99998 +0.00001 -0.00003
(0.508, 0.008) 11 +0.50000 -0.00000 - 1.00001 +0.00002 +0.00002

2.42.2. Quadratic Variation of Potential:

Let us recall the potential function

2 2<j) = x -  y + 2xy (2.108)

and its first and second order derivatives with respect to x and y coordinate directions

Bx = 2x + 2y
5<j)
By

= -  2y + 2x (2.109)

a2<i
3xdy

(2. 110)

with all other derivatives zero. At x=0.5 and y=0 (node 1), these become
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<{> = 0.25 (2 .1 3 1 )

3cf> d<{)
a ^ “ 1 * a7 (2 .1 3 2 )

and

32<()

0X
2

2 ,
a2<ti
8x8y

(2. 110)

Table 2.25 and 2.26 show the optimum results obtained from Taylor and Fourier series. 

Since five term Taylor series can perfectly represent second order polynomial functions 

the results obtained using five terms are perfect, like those obtained for the square 

domain (see section 2.4.1.2). Although the results from Fourier series is less accurate 

than those from Taylor series with relatively small numbers of terms, they, however, 

converge well as the number of terms increases, and with 13-16 terms they are almost 

identical with those from Taylor series.

Table 2.25 : Cylinder domain with quadratic potential variation 
Function and derivatives at node 1 (Fig. 2.7) from Taylor series 

with optimum numbers of terms and different positions for internal point 
using fine boundary elements in the region of interest.

Internal
point

No. of 
terms

4> <t>,x <j),xy <J),XX

Exact: +0.25 +1. +1. +2. +2.

(0.52, 0.02) 5 +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.51, 0.01) 5 +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.509, 0.009) 5 +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.508, 0.008) 5 +0.25000 +1.00000 + 1.00000 +2.00000 +2.00000
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Tabic 2.26 : Cylinder domain with quadratic potential variation 
Function and derivatives at node 1 (Fig. 2.7) from Fourier series 

with optimum numbers of terms and different positions for internal point 
using fine boundary elements in the region of interest.

Internal
point

No. of 
terms

<t>.y 4>,x <My <}),XX

E xact: +0.25 +1. +1. +2. +2.

(0.52, 0.02) 16 +0.25000 +1.00000 +1.00002 +2.00001 +1.99997
(0.51,0.01) 13 +0.25000 +1.00000 +1.00002 +2.00001 + 1.99996
(0.509, 0.009) 13 +0.25000 +1.00000 +1.00002 +2.00001 +1.99996
(0.508, 0.008) 14 +0.25000 +1.00000 +1.00000 +2.00001 +2.00001

2.4.2.3. Cubic Variation of Potential:

Let us recall the potential function

<J) = x3 + 3x2y -  3xy2 -  y3 (2.113)

and its first and second order derivatives with respect to x and y coordinate directions

= 3x2 + 6xy -  3y2 
ox

= 3x2 -  6xy 
dy 3y (2.114)

d2(j)

dx2
= 6x + 6y ,

a24>
dxdy

= 6 x -  6y (2.115)

Table 2.27 and 2.28 show the optimum results obtained from Taylor and Fourier series. 

The results from both series are very good. Note that seven terms in Taylor series are 

now required in order to be able to get satisfactory results.
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Tabic 2.27 : Cylinder domain with cubic potential variation 
Function and derivatives at node 1 (Fig. 2.7) from Taylor series 

with optimum numbers of terms and different positions for internal point 
using Fine boundary elements in the region of interest.

Internal
point

No. of 
terms

0 0.y 4>,x 0,xy 0,XX

E xact: +0.125 +0.75 +0.75 +3. +3.

(0.52, 0.02) 7 +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.51,0.01) 7 +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.509, 0.009) 7 +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.508, 0.008) 7 +0.12500 +0.75000 +0.75000 +3.00000 +3.00000

Table 2.28 : Cylinder domain with cubic potential variation
Function and derivatives at node 1 (Fig. 2.7) from Fourier series

with optimum numbers of terms and different positions for internal point
using fine boundary elements in the region of interest.

Internal No. of 0 4>.y • 0,X <My <}>,xx
point terms

E xact: +0.125 +0.75 +0.75 +3. +3.

(0.52, 0.02) 16 +0.12500 +0.74999 +0.75003 +3.00002 +2.99994
(0.51,0.01) 13 +0.12500 +0.75000 +0.74998 +2.99999 +3.00005
(0.509, 0.009) 13 +0.12500 +0.75000 +0.74997 +2.99999 +3.00007
(0.508, 0.008) 13 +0.12500 +0.75000 +0.74996 +2.99999 +3.00009

2.4.2.4. Ouartic Variation of Potential:

Let us recall the potential function

4 3 2 2 3 4({) = — x + x y + 6x y - x y  —y (2.116)
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and its first and second order derivatives with respect to x and y coordinate directions

3({)
3x

= —4x“ + 3x2y + 12xy2
3

- y (2 .1 1 7 )

3 d) 3 2 2 3= -  4y + 3y x + 12yx + x (2.118)

3d) 2 2 3 <b 2 2---- = -12x  +6xy+12y , -  3x +24xy-3y  (2.119)
dx2

It is necessary to retain at least nine terms in Taylor series since less terms are 

not enough to reproduce the function. Table 2.29 and 2.30 show the optimum results 

obtained from Taylor and Fourier series. Both series give very good results.

Table 2.29 : Cylinder domain with quartic potential variation 
Function and derivatives at node 1 (Fig. 2.7) from Taylor series 

with optimum numbers o f terms and different positions for internal point 
using fine boundary elements in the region of interest.

Internal
point

No. o f  
terms

4>.y <j),X 4>,xy <J),XX

Exact: - 0.0625 +0.125 -0 .5 +0.75 -3 .

(0.52, 0.02) 9 - 0.06250 +0.12500 -0.50000 +0.75000 - 3.00000
(0.51,0.01) 9 - 0.06250 +0.12500 -0.50000 +0.75000 - 3.00000
(0.509, 0.009) 9 - 0.06250 +0.12500 -0.50000 +0.75000 - 3.00000
(0.508, 0.008) 9 - 0.06250 +0.12500 -0.50000 +0.75000 - 3.00000
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Tabic 2.30 : Cylinder domain with quartic potential variation 
Function and derivatives at node 1 (Fig. 2.7) from Fourier scries 

with optimum numbers o f terms and different positions for internal point 
using fine boundary elements in the region of interest.

Internal
point

No. of 
terms

0 4>.y <My <Mx

Exact: - 0.0625 +0.125 -0 .5 +0.75 -3.

(0.52, 0.02) 14 - 0.06250 +0.12497 - 0.50001 +0.75007 - 2.99997
(0.51, 0.01) 14 - 0.06250 +0.12499 -0.50000 +0.75001 -3.00001
(0.509, 0.009) 14 - 0.06250 +0.12500 - 0.49999 +0.75000 -3.00002
(0.508, 0.008) 14 - 0.06250 +0.12500 - 0.49994 +0.75001 - 3.00013

2.4,2.5. Ouintic Variation of Potential:

Let us recall the potential function

♦ 5 c 4 ^= -  x — 5x y + 3 2 2 3 4 5lOx y + lOx y -5 x y  - y (2. 120)

and its first and second order derivatives with respect to x and y coordinate directions

3<})
dx

-  5x4 -  20x3y + 30x2y2 4- 20xy3 (2. 121)

~  = -  5x4 + 20x3y + 30x2y2 -  20xy3 -  5y4 (2.122)
dy
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(2.123)
3 d )  3 2 2 3
—- = -  20x -  60x y + 60xy + 20y 
0x

3d) 3 2 2 3
•=r—■ ■ = -  20x + 60x y + 60xy -  20y 
dxdy (2 .1 2 4 )

Table 2.31 and 2.32 show the optimum results obtained from Taylor and

Fourier series.

Tabic 2.31 : Cylinder domain with quintic potential variation 
Function and derivatives at node 1 (Fig. 2.7) from Taylor series 

with optimum numbers o f terms and different positions for internal point 
using fine boundary elements in the region of interest.

Internal
point

No. of  
terms

4> <J>.y <My <}>,xx

E xact: - 0.03125 -0.31250 -0.31250 - 2.50000 - 2.50000

(0.52, 0.02) 11 - 0.03125 - 0.31250 -0.31250 - 2.50000 - 2.50000
(0.51,0.01) 11 -0.03125 -0.31250 - 0.31250 - 2.50000 - 2.50000
(0.509, 0.009) 11 - 0.03125 - 0.31250 -0.31250 - 2.50000 - 2.50000
(0.508, 0.008) 11 - 0.03125 -0.31250 -0.31250 - 2.50000 - 2.50000

Table 2.32 : Cylinder domain with quintic potential variation 
Function and derivatives at node 1 (Fig. 2.7) from Fourier series 

with optimum numbers of terms and different positions for internal point 
using fine boundary elements in the region of interest.

Internal
point

No. of 
terms

<>.y <|>,x <t>»xy < j ) , X X

E xact: -0.03125 -0.31250 -0.31250 -2.50000 - 2.50000

(0.52, 0.02) 16 - 0.03125 -0.31234 -0.31297 - 2.50033 - 2.49906
(0.51,0.01) 16 -0.03125 -0.31239 - 0.31289 - 2.50021 - 2.49922
(0.509, 0.009) 16 - 0.03125 -0.31289 - 0.31420 - 2.50042 - 2.49660
(0.508, 0.008) 13 -0.03125 -0.31254 -0.31146 - 2.49981 - 2.50207
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2.4.2,6. Hyperbolic Variation of Potential:

Let us recall the potential function

It is now obvious that eleven-term Taylor series is capable of representing the

function. Although the Fourier series cannot produce the same accuracy the results are

very much satisfactory.

(j) = Cosx Coshy (2.125)

and its first and second order derivatives with respect to x and y coordinate directions

3(h
tt— = -  Sinx Coshy , 
ox ay

= Cosx Sinhy (2.126)

a2<t>
---- -- -  Cosx Coshy ,
9x2

a2<i)
dxdy = — Sinx Sinhy (2.127)

Due to the fact that the hyperbolic function (2.125) is a part of the Fourier series 

representation it is not surprising that it can be reproduced with relatively less number of 

terms retained in the Fourier series, eqn (2.73). Table 2.33 and 2.34 show the optimum 

results obtained from Taylor and Fourier series. The results from both series are very 

good, and the same accuracy can be attained with almost the same numbers of terms in 

both series.
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Tabic 2.33 : Cylinder domain with hyperbolic potential variation 
Function and derivatives at node 1 (Fig. 2.7) from Taylor series 

with optimum numbers of terms and different positions for internal point 
using fine boundary elements in the region of interest.

Internal
point

No. of 
terms

4> 4>.y <My <Mx

Exact: +0.87758 0. - 0.47943 0. - 0.87758

(0.52, 0.02) 13 +0.87758 -0.00000 - 0.47943 -0.00000 - 0.87758
(0.51,0.01) 13 +0.87758 -0.00001 - 0.47943 +0.00002 - 0.87757
(0.509, 0.009) 13 +0.87758 -0.00001 - 0.47943 +0.00002 - 0.87757
(0.508.0.008) 13 +0.87758 -0.00000 - 0.47943 +0.00001 - 0.87757

Table 2.34 : Cylinder domain with hyperbolic potential variation 
Function and derivatives at node 1 (Fig. 2.7) from Fourier series 

with optimum numbers of terms and different positions for internal point 
using fine boundary elements in the region of interest.

Internal
point

No. of 
terms

<J>,y ( J ) , X <My <Mx

Exact: +0.87758 0. - 0.47943 0. - 0.87758

(0.52, 0.02) 13 +0.87758 -0.00000 - 0.47943 +0.00000 - 0.87757
(0.51,0.01) 13 +0.87758 -0.00001 . 0.47944 +0.00002 - 0.87756
(0.509, 0.009) 13 +0.87758 -0.00001 - 0.47944 +0.00002 - 0.87756
(0.508.0.008) 13 +0.87758 -0.00000 - 0.47943 +0.00001 - 0.87757

2.4.2.7. Logarithmic Variation of Potential:

Let us recall the potential function

<}) = In r (2.128)

where
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f l  2 
r = ^/x + y

and its first and second order derivatives with respect to x and y coordinate directions

9(j) _ x __y_
dx j.2 ’ dy r2

(2.129)

a2(|)

ax2

_a^_ = __ xy
9x3y r4

(2.130)

Table 2.35 and 2.36 show the optimum results obtained from Taylor and 

Fourier series. Since logarithmic variations are more complex than those polynomial 

and hyperbolic ones the accuracy attained from both series is comparably less, but 

satisfactory. Note that the results for the square domain are better than those for the 

cylinder because of somewhat awkward boundary. It is also of interest that the Fourier 

series is able to represent the function slightly better than the Taylor one, as is the case 

for the square domain but it can be more clearly seen here.

Table 2.35 : Cylinder domain with logarithmic potential variation 
Function and derivatives at node 1 (Fig. 2.7) from Taylor series 

with optimum numbers o f terms and different positions for internal point 
using fine boundary elements in the region of interest.

Internal
point

No. of  
terms

♦ 4>.y <j),X <My <{>,xx

Exact: - 0.69315 0 . +2. 0 . - 4.

(0.52, 0.02) 14 - 0.69315 +0.00298 +2.01818 +0.00132 - 4.03467
(0.51, 0.01) 15 - 0.69315 +0.00255 +2.02929 -0.00481 - 4.05861
(0.509, 0.009) 15 - 0.69315 +0.00290 +1.97956 - 0.00544 - 3.95916
(0.508, 0.008) 14 - 0.69315 +0.00227 +2.04806 - 0.00448 - 4.09615

83



Tabic 2.36 : Cylinder domain with logarithmic potential variation 
Function and derivatives at node 1 (Fig. 2.7) from Fourier series 

with optimum numbers of terms and different positions for internal point 
using fine boundary elements in the region of interest.

Internal
point

No. of 
terms

4> 4>,y <My <J>,xx

(0.52, 0.02) 14 -0.69315 +0.00382 +2.03942 - 0.00296 - 4.07786
(0.51, 0.01) 15 -0.69315 +0.00335 +2.02021 - 0.00639 - 4.04046
(0.509, 0.009) 15 -0.69315 +0.00360 +1.99068 - 0.00690 - 3.98140
(0.508, 0.008) 14 -0.69315 +0.00283 +2.05466 - 0.00565 - 4.10937

2.4.2.8. Radial Variation in Temperature :

Let us now apply the method to a practical problem where potential variation is 

more complicated. The steady state radial heat transfer at a rate Q per unit length of a 

cylinder from the inner surface to the outer surface is defined by*16̂

d(j)
Q = - 2 7 tk ^ R (2.133)

where k is the thermal conductivity of the material, R is the radial coordinate measured 

from the centre of the cylinder, and <() is the temperature through the wall having the 

values ({>! at Rj and (j)2 at R2 (see Fig.2.7).

Integrating the equation above and applying the boundary conditions results in
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ln(R/Rj)
<> = 4>i + (4>2 “  ^1) lnCR /̂Rj) (2.134)

Hence, the first two nonzero derivatives of <}) with respect to R are

d(J> _ ($2 “  ^1) d2<(> _ ^
dR “ R ln(R2/R1) ’ and dR2 R2 in(R2/R1)

(2.135)

with the values given as Rj = 0.5, R2 = 1, <j>i = 6, and <j)2 = 3 we then have

<(> = 6 -  3
ln(2R) d<j>_ - 3  

dR ”  R ln(2) ’
d2<j) _ +3

dR2 R2 ln(2)

(2.136)

and at R=Ri (node 1) they become

<J> = 6 , d({>
dR

= -8.65617, = + 17.31234 (2.137)
dR

Table 2.37 and 2.38 show the optimum results obtained from both series (see Table 

C.15 and C.16 in appendix C for the full range of the results).

85



Tabic 2.37 : Cylinder domain with radial potential variation 
Function and derivatives at node 1 (Fig. 2.7) from Taylor series 

with optimum numbers of terms and different positions for internal point 
using fine boundary elements in the region of interest.

Internal
point

No. of 
terms

4) <t>.y <}),X <My <}),XX

E xact: +6. 0. - 8.65617 0. +17.31234

(0.52, 0.02) 14 +6.00000 - 0.01247 - 8.75397 -0.00441 +17.50113
(0.51, 0.01) 15 +6.00000 - 0.01066 - 8.80508 +0.02019 +17.61029
(0.509, 0.009) 15 +6.00000 - 0.01228 - 8.57711 +0.02304 +17.15437
(0.508.0.008) 14 +6.00000 - 0.00948 - 8.87669 +0.01883 +17.75354

Table 2.38 : Cylinder domain with radial potential variation 
Function and derivatives at node 1 (Fig. 2.7) from Fourier series 

with optimum numbers of terms and different positions for internal point 
using Fine boundary elements in the region of interest.

Internal
point

No. of 
terms

4> <l>.y <{>,xy <{>,xx

(0.52, 0.02) 14 +6.00000 - 0.01605 - 8.84254 +0.01369 +17.68125
(0.51, 0.01) 15 +6.00000 -0.01411 - 8.76541 +0.02699 +17.53100
(0.509, 0.009) 15 +6.00000 - 0.01533 - 8.62453 +0.02939 +17.24924
(0.508.0.008) 14 +6.00000 -0 .01192 - 8.90437 +0.02390 +17.80891

As can be seen from both Tables, when the number of terms retained in the 

series is fifteen the optimum point location is at about (0.509, 0.009), when the 

maximum error in the nonzero derivatives from Taylor series is about 0.9% and the 

maximum error in those from the Fourier one is about 0.4%. For all internal points the 

exact value of temperature (up to at least five decimal places) is obtained.

Based on the experience of the problems tested so far, it will be wise to increase 

the number of terms in order to improve the accuracy. But there should be a careful 

balance between the number of terms and the location of internal point. When the
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number of terms is increased the internal point should be taken closer to the local point 

of interest. It is, however, necessary not to position the internal point so close to the 

local point in order to avoid the inaccuracies in numerical integration of high-order 

kernel function derivatives.

With the present mesh, when more than fifteen terms are used the accuracy of 

the results deteriorates. In order to use more terms it is necessary to select an internal 

point closer to the local point of interest on the boundary, which can only be done, in 

view of the foregoing discussion, if finer discretisation is used on the boundary in the 

region of this point*.

2.4.3. Local Refinement of a Solution

The examples considered so far show that in each case the LBIE method (with 

either series expansion) described here can be used to obtain a solution in its own right. 

It can also be used to locally refine the already existing approximate solutions obtained 

by other methods (analytical or numerical).

The same cylinder problem of a radial potential (temperature) variation with the 

same discretisation (46 elements with local length ratio of 1.2 and smallest elements of 

length 0.0013 and 0.0021 along the x direction and the inner surface of the cylinder, 

respectively) was solved. This time, a remote field function was applied outside the 

local area**. The exact analytical solution to the problem, eqn (2.134), was used as the 

remote field function to be able to focus on the capabilities of the method in the local 

solution procedure and to avoid any interference from inaccuracies in the remote field 

solution(17).

The results obtained were perfectly in agreement with the exact solution. Both 

series converged rapidly when the number of terms was increased, and the results were

* There are two ways of refining the mesh. One is to use more elements in the local region of interest, 
and the other is to reduce the local area (a different length ratio may also be considered).

* By local area, we mean the area inside a circle of radius r, which is three times the distance between 
the internal point and the quadrature point on the boundary, although this is not necessarily precise 
depending on the type of the problem under consideration.
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almost insensitive to changes in the position of the internal point. Table 2.39 and 2.40

show the optimum results obtained (see Table D.l and D.2 in appendix D for the full

range of the results).

Table 2.39 : Cylinder domain with radial potential variation 
Function and derivatives at node 1 (Fig. 2.7) from Taylor series 

with optimum numbers of terms and different positions for internal point 
using fine boundary elements in the region of interest, 

and remote field solution outside this region.

Internal
point

No. of 
terms

<i> 4>.y <j>,x 4>,xy (J ) ,X X

Exact: +6. 0. - 8.65617 0. + 17.31234

(0.55, 0.05) 15 +6.00000 -0.00000 - 8.65613 - 0.00082 +17.31082
(0.54, 0.04) 15 +6.00000 +0.00000 - 8.65617 - 0.00016 +17.31227
(0.53, 0.03) 15 +6.00000 -0.00000 - 8.65617 -0.00004 +17.31231
(0.52, 0.02) 15 +6.00000 +0.00000 - 8.65617 -0.00000 +17.31234
(0.51,0.01) 15 +6.00000 +0.00000 - 8.65617 -0.00000 +17.31234
(0.509, 0.009) 13 +6.00000 +0.00000 - 8.65617 +0.00000 +17.31235
(0.508, 0.008) 14 +6.00000 -0.00000 - 8.65617 -0.00000 +17.31234

Table 2.40 : Cylinder domain with radial potential variation 
Function and derivatives at node 1 (Fig. 2.7) from Fourier series 

with optimum numbers of terms and different positions for internal point 
using fine boundary elements in the region of interest, 

and remote field solution outside this region.

Internal
point

No. of 
terms

<t> <fr.y ( j) ,X <My <J),XX

Exact: +6. 0. - 8.65617 0. +17.31234

(0.55, 0.05) 16 +6.00000 +0.00000 - 8.65617 -0.00045 +17.31234
(0.54, 0.04) 16 +6.00000 +0.00000 - 8.65617 - 0.00014 +17.31234
(0.53, 0.03) 16 +6.00000 +0.00000 - 8.65617 -0.00003 + 17.31234
(0.52, 0.02) 15 +6.00000 +0.00000 - 8.65617 -0.00000 +17.31234
(0.51, 0.01) 15 +6.00000 -0.00000 - 8.65617 -0.00000 + 17.31234
(0.509, 0.009) 15 +6.00000 -0.00000 - 8.65617 +0.00000 +17.31234
(0.508.0.008) 13 +6.00000 -0.00000 - 8.65617 -0.00000 +17.31234
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2.5. Discussion

A local boundary integral equation method using series expansion techniques 

has been developed for two-dimensional potential problems governed by Laplace's 

equation. The method is essentially based on the work carried out by Fenner & Watson 

(1988) using the Taylor series expansion. Fourier and Taylor series have been re­

examined and it has been found that both series methods produce very satisfactory 

results in regions of particular interest and they can be used in their own rights.

An important application for the LBIE technique is to problems where 

approximate solutions already exist and more detailed information is required at 

particular geometric features. It provides a way of locally refining approximate 

numerical solutions obtained by other means.

In order to successfully apply the method to problems of interest attention 

should be given to the choice of three parameters. They are as follows:

i) number of terms retained in the series,

ii) location of the internal point within the region of interest,

iii) the ratio between the element lengths in the local area (particularly two 

elements immediately adjacent to the local point of interest) and the distance, from the 

internal point to these elements (more correctly, to the local point of interest).

There should be kept a careful balance between these three parameters. To be able to 

represent the potential function well the number of terms in the series should, in 

general, be large (the larger this number the better the function representation is). There 

is, however, a limit to this number. The limit is provided by the accuracy with which 

the highly-singular kernel functions can be integrated. It is observed that the results are 

quite satisfactory, when the numbers of terms are approximately 15-16. Although for 

relatively simple problems fewer can be used it is, however, much better to choose to 

retain 15-16 terms in the series, since in a practical problem not the function but only the
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boundary conditions are known. Also, when the number of terms is increased the 

internal point chosen should be closer to the local point of interest. The ratio between 

the position of internal point and the element lengths adjacent to the local point of 

interest should, however, be kept in due proportion. Based on the experience of the test 

problems the accuracy is generally enhanced until the distance of the internal point from 

the local point on the boundary are approximately of the order of twice as the length of 

the local elements there (the two elements adjacent to the local point of interest). As the 

internal point moves closer to the local origin, the results (especially the derivatives) 

become unreliable, because the point is now too close to the boundary. The resulting 

integrals over the elements there will be difficult to evaluate numerically, because the 

high-order kernel functions within the integrands will have a large fluctuation across 

these elements. In such a case a finer discretisation of the local area becomes necessary.

Elements over the boundaries were defined by either quadratic (three point) or 

cubic (four point) shape functions for all the test problems considered in this chapter. In 

either case the results obtained were almost identical. Hence, the results obtained using 

cubic boundary elements are not given and in the next chapter only quadratic elements 

will be employed to represent boundary geometries.

Note that the number of algebraic equations does not increase with increasing 

number of elements in a mesh refinement, and is fixed for a given number of terms in 

the series, whereas in conventional BDE methods the number of equations increases as 

the number of nodes(elements) increases, which makes it an expensive process to refine 

the mesh(17). Because of the small number of linear equations that have to be solved, 

the LB IE method is computationally very efficient compared to conventional numerical 

techniques.

All these make the LBIE method very attractive to use, particularly (due to the 

high level of accuracy) to locally refine existing approximate solutions, where detailed 

information in a small region of particular interest is needed.
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It is therefore of interest to apply the method to some stress problems governed 

by biharmonic equations.
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C H A P T E R  3

92



3. TWO-DIMENSIONAL ELASTICITY THEORY

Having formulated the local BIE method for problems of the harmonic type, the 

approach can now be extended to two-dimensional plane stress and plane strain 

biharmonic problems of elasticity theory.

Boundary integral (Somigliana's identity) equations of elastostatics are derived 

by the direct formulation, as was done for potential theory.

3.1. Formulation

In this section we will briefly discuss and give the fundamental equations of the 

classical theory of elasticity, which are necessary in formulating the LBIEs. The 

fundamental (singular) solutions are derived using two functions, namely, the Galerkin 

vector and Dirac delta function^. The reciprocal relationship is Betti's theorem. As in 

the case of potential theory, these two items (the fundamental solutions and reciprocal 

relationship) are required to establish an integral equation for a point, p, within the 

domain, R. The higher-order BIEs are then obtained by simple differentiation of that 

integral equation, repeatedly, at the internal point, p. The kernel functions (fundamental 

solutions) are differentiated in the same way, and they are given in appendix E. For 

compactness, wherever necessary, tensor notation will be used with implied summation 

on repeated indices, and partial derivatives being denoted by the comma-index notation.

3.1.1. Review of the Governing Equations of Elasticity

The partial differential equations of equilibrium in tensor form are given by^18,43)

°ij,j +  Xj = 0 (3.1)

where X  ̂are the components of the body force vector in the Xj coordinate directions, 

and Cy is the stress tensor. The Hooke's law constitutive equation for a homogeneous
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isotropic and linearly elastic material undergoing small strains in the absence of thermal 

strain effects is given by

a i j = H j ekk+ 2^  £ij (3.2)

or

E e ^ C l + v J O y - v S j j a , * (3.3)

where is the strain tensor and the Lame elastic constants |i and X are given in terms of 

Young's modulus, E, and Poisson's ratio, v, by

E
^ = ---------- .

2(1+v)
and X = 2|iv 

(1 — 2v)
(3.4)

In equation (3.2) and (3.3) Sy is the Kronecker delta defined by

1, if i= j  

0, if i * j
(3.5)

Since the strain-displacement relations are

£•• = — (u- • + u- •) ij 2 v 1J J’1'
(3.6)

eqn (3.2) may then be expressed in terms of displacements as
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(3.7)° ij  =  ^ 8 i j uk.k +  ^ ( u ij +  uj.i)

Substitution of eqn (3.7) to the stress equilibrium eqn (3.1) yields the well-known 

Navier's equations of equilibrium for linear elasticity for a homogeneous isotropic body 

in terms of displacements :

L i u . . H— ) u... + X. = 0 
p mj i_ 2 v  J,J1 1

(3.8)

This can be written in the form (see pp 154-156, Fung, 1965)

\L v \  + (— &— ) e,j + Xj = 0 
1 - 2 v

(3.9)

where

e = ujj (3.10)

and

(3.11)

The quantity e called dilatation is the divergence of the displacement vector ui} and in 

expanded form,

3u dv 
dx + dy

( 3. 12)
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which represents, in the infinitesimal strain theory, the change of area per unit area of 

the surface under strain.

If the body force vanishes, Xj= 0, then by taking the divergence of eqn. (3.8), 

we have

^ ui.jji+ (T aLr ) ujjii= 0  (3-I3)jj j _ 2v

and by interchanging these indices, since they are dummy indices, results in

Ujjii= 0 (3.14)

which can be written as

V2e = 0 (3.15)

Hence, the dilatation e is a harmonic function when the body force Xj = 0. 

Now, operating on eqn. (3.9) with the laplacian V2, we obtain

n V4U; + (— H— )  V2e,j 
1 -  2v

what amounts to the same thing is

v 4Ui = 0

= 0 (3.16)

(3.17)
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Thus, the displacement components, ui? are biharmonic. It follows that the strain

components and the stress components, which are the linear combination of the first

derivatives of the displacement components, are also biharmonic functions

V Oy = 0 (3.18)

and

(3.19)

The solution to eqn (3.8) for a given problem should fit the prescribed boundary 

conditions of that problem.

The boundary conditions are such that over every part of the boundary either 

displacements

ui00 = gjOO (3-20)

or tractions

^(x) = <*ij(x) nj(x) = g.(x) (3.21)

are specified (or there exists a linear relationship between them). The traction vector on 

the surface, S, in eqn (3.21) can be found from the substitution of Hooke's law (3.7) 

into eqn (3.21) as
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‘iW  = 8j(x ) =  { x  8jj ukik +  |J. (Uj j +  Uj;)}  nj (3.22)

The displacements and stresses are always continuous since the Navier's equations of 

elasticity, eqns (3.8), are elliptic for -1 < v < 0.5 (see pp 73-74 Cruse, 1977).

3.1.2. Derivation of Kernel Functions (the Fundamental Solutions)

The fundamental solution of Laplace's equation, eqn (2.1), depends only on the 

distance r(p,q). It is clear that at infinity the fundamental solution is zero and when two 

points p and q coincide it becomes singular. This solution is produced by a unit source 

at an arbitrary point q subject to the condition that the solution at infinity is zero. 

Similarly, the fundamental solutions of equations (3.8) are the displacement fields due 

to unit concentrated forces at q in the cartesian coordinate directions, and singular at this 

point and zero at infinity. Because the unit force is a vector, pointing in some particular 

direction, the fundamental solution is not a function of r alone, and can be obtained by 

using a potential displacement function, Gi? called the Galerkin vector. It is assumed 

that the Galerkin vector has continuous derivatives through the fourth order. The basic 

equations (3.8) of elasticity, namely, Navier's equations are satisfied w h en ^

2|iui = 2 ( l - v ) G . ij- G j .j (3.23)

and if the Gt satisfy the inhomogeneous biharmonic equations

^ijjkk “ (3.24)

If the body forces X* = 0 , eqns (3.24) are then biharmonic and their solutions are called 

biharmonic functions. Thus, to solve a problem in static equilibrium is to determine
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these biharmonic functions. The solutions of (3.24) are closely related to solutions of 

Laplace’s equations* (see p. 75 Cruse, 1977).

In order to find the fundamental solution to Navier's equations, the body forces 

are replaced by the Dirac delta function D(p,q) and using eqns (3.24) to define new 

vector functions Fj such that^12̂

V2Fj = - 1 -  D(p,q) ej (3.25)

where the Dirac vector function D(p,q) ex replaces Xj in eqns (3.24). The singular 

solution for each component of eqns (3.24) in two dimensions is given b y ^

Fi = ^ _ e ; ln[—i _ ]
2fl7C r(p,q)

(3.26)

such that the appropriate Galerkin vector function in the absence of body forces may be 

given (see Remzi, 1981) by

Gj(p.q)
l

8(1k
[ l + ln ( i) J 2

r e; (3.27)

where is a set of unit vectors in the Xj directions, and r(p,q) is defined as the distance 

between field point q and the load point p with coordinates x and y. This function 

satisfies the conditions that the stresses vanish at infinity and are singular at origin, p.

Differentiation of equation (3.27) and substitution into eqn (3.23) yields the 

fundamental solution in terms of displacements as

* The relation between Neuber-Papkovich formulation (harmonic functions) and Galerkin vector 
(biharmonic functions) was pointed out by R.D. Mindlin, 1936 and 1953.
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1
(3.28)Ui(p.q) = -------------{ (3 -  4v) 8.. ln ( i)  + r,j r.j} ̂

8}i7r(l- V)

and the fundamental solution in terms of tractions is obtained by differentiating (3.28) 

and substituting them into eqn (3.22) as

ti(p.q) = ------—  (7 ) { £  [a -  2v) Sjj + 2 r,; r ] -
4 ji(1 - v )  r d n  J 1

(1 -  2v)[nj r,j -  n ; r;j]

K r  d r

(3.29)

In eqns (3.28) and (3.29) all the implied differentiations of r(p,q) are with respect to the 

coordinates of the field point, q (see section 2.1.3), that is to say :

= — = l(x - )=-—
r , i  5 x q i  r  X q i  X p i  a x p i

(3.30)

in eqn (3.29) the normal, n^ is taken at the field point q, and the normal derivative is

dr dr r \
s r s - " 1™

(3.31)

In tensor notation, since

ui(p,q) = Uji(p,q)ej (3.32)

and
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ti(P,q) = Tji(p,q) ej (3.33)

then,

1
{ (3 -4 v )5 ijln ( i ) + r , j r,j } (3.34)

8|_L7C(1 -  v)

and

Tjj(p»q) =

(1 -  2v) [a, r,j -  n. r j  } (3.35)

where the second index, j, refers to the direction of the concentrated point load at p and 

the first index, i, corresponds to the directions of the respective displacements and 

tractions at q.

3.1.3. Betti’s Reciprocal Work Theorem

After deriving the fundamental solutions (3.34) and (3.35) due to unit point 

loads we can now establish the reciprocal relationship which is also required to form the 

integral equations. This is provided by Betti's theorem and may be stated in terms of 

point forces as(16*

where the dj are displacements in the directions of the forces Fj, the point j ranging from 

1 to n at which the forces act on the body, R. In another words, eqn (3.36) states that in

(3.36)
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a linear elastic solid, the work done by a set of forces acting through the corresponding 

displacements produced by a second set of forces is equal to the work done by the 

second set of forces acting through the corresponding displacements produced by the 

first set of forces^18̂ . In eqn (3.36) body forces were ignored , but if required they can 

also be considered. By taking into consideration that a force F in reality acts over a finite 

area and assuming the applied forces act only on the boundary of the solution domain, 

eqn (3.36) can be expressed in terms of displacements Uj and tractions q, which are 

equivalent to the displacement vector d and force vector F, respectively, in the form of

J t i u'i dS= ftjujdS (3.37)
s s

where the integrations are carried out over the boundary, S. In eqn (3.37) the two 

independent sets, namely, unprimed displacements Uj and tractions q, and primed ones 

u'i and t'i form the two sets we require in order to establish the integral identity.

Eqn (3.37) is in fact a direct extension of the divergence theorem (see eqn (2.2)) 

and can be proved by it. Let us recall eqn (2.2)

JdivF dR = Jf.ii dS (2.2)
R S

and rewrite it in the form of

J Fj j dR = J Fj iij dS (3.38)
R S

where, as indicated before, F is a vector field with continuous first partial derivatives in 

the domain, R.
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Again, consider two equilibrium states of the elastic body. One with 

displacements Uj due to the body forces Xj and surface tractions tv and the other with 

displacements u'j due to the body forces X'j and surface tractions t\ . Now, we included 

the body forces (although not necessary here). Hence, eqn (3.37) can be written as

X. ujdR = J  tj Uj dS + J  Xj Uj dR
s R

Consider the left-hand side of this equation : 

Since

(3.39)

ti = oa nj (3.21)

and

GijJ =  “ X ; (3.1)

then

J ti u'i dS + J X; u'i dR = J Ojj tij u’j dS -  J  oyj U; dR (3.40)
S R S R

and apply the divergence theorem (3.38) to the first integral on the right-hand side
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(3.41)

j °a = J«TijUp,j dR

= I a*. • u- dR + [ a •• u- dR J d.j i J d >.j

Substitution of eqn (3.41) into eqn (3.40) results in

J t i ui d S + J x i u;dR = J a . u ijdR
S R  R

(3.42)

and similarly performing the same operations as above on the right-hand side of eqn 

(3.39), we have

J tj Uj dS + J Xj Uj dR = J Uj j  dR
S R  R

(3.43)

Now if we can show that

[ a ij u'ijdR = J CTy Uj j dR
R R

(3.44)

then the proof will be completed. Let us apply Hooke's law (3.2) on the right-hand side 

of (3.44)

J °ij uijdR = J(X 5ijekk + 2 M- eij) u'i.jdR
R R

=  j U uU ufck +  M- (u i,j +  uj,i) u i,j ]  dR
R
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and since

(3.46)

then, the integral (3.45) is symmetric with respect to the primed and unprimed states. 

Therefore, eqn (3.44) and hence eqn (3.39) are true. And in the absence of body forces

only eqn (3.37) will be treated.

3.1.4. The Integral Equation for an Internal Point p

In equation (3.37), let the unprimed set be the required solutions to the problem 

under consideration, and primed set be the fundamental solutions (3.34) and (3.35). 

Navier's equation (3.8), which is the governing partial differential equation, is satisfied 

by the fundamental solutions (3.34) and (3.35) everywhere except at the origin, p. If a 

small circle of radius e,surrounding p, is extracted from the region, R, Betti's theorem 

may be applied to the region, R -R £, bounded by the circle Se and the curve S by 

integrating along the boundaries in the directions as shown in Fig. 2.2. Equation (3.37) 

may then be rewritten as

we have eqn (3.37). Since it is assumed that the solution domain is free of body forces,

(3.47)
s+s, s+s,c

unless the point p is on the boundary of the solution domain, the integrals over the 

boundary surface vary smoothly and present no difficulties, since there are no 

singularities. The same limiting argument as £-»0 as in potential theory (see section



2.1.1) is used. Note that both the functions q and Uj are continuous in R, and take the 

values

tj — tj(q) and u^UjCq) on S£

and as q—>p (or e-»0)

tj = tj($ and Uj = u{(p).

Hence, the first integral on Se in eqn (3.47) in the limit as e—>0 is

lim f tj Uj dS = lim {q(p) [Cj ln ( i)  + C2] 2 n e } = 0
£—>0 g £—>0 £

since the displacement fundamental solution can be written as

where Cj and C2 are constants, and dS = e d0.

The second integral on Ss in eqn (3.47) may then be written as

lim I q Uj dS = Uj(p) lim I q dS
E—>0 g £—>0 g

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)
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but, since by definition the traction fundamental solution components t', are the 

components of concentrated point load of unity in each of the coordinate directions, then

lim f tj dS = 5if e. (3.53)
e -> 0  J

and eqn (3.52) becomes

lira I t| U; dS = Uj(p) 8y ^  = Uj(p) (3.54)
e->° £

Therefore, substitution of these results, eqns (3.50) and (3.54), into eqn (3.47) in the 

limit as E—>0 yields

J tj u- dS = Uj
s

(3.55)

Let us recall the fundamental solutions (3.32) and (3.33)

Uj(p,q) = u[(p,q) = Uji(p,q) e- (3.32)

ti(p,q) = tj(p,q) = Tjj(p,q) e. (3.33)

Now, if Q is a point on the boundary of the solution domain eqn (3.55) (by 

interchanging the indices) can be expressed by

107



(3.56)u/p) = J t/Q) UjjCp.Q) dS(Q) -  J Uj(Q) T/p,Q) dS(Q) 
s s

This is the integral equation which is used in a local BIE treatment as the basis of the 

method, and it is known as Somigliana's identity for displacements. If the boundary 

values uj(Q) and tj(Q) are known, the value of u; at p can be determined with the aid of 

eqn (3.56). In a conventional BIE treatment eqn (3.56) is developed into a form which 

involves integrations over only the boundary of the region of interest and allows those 

boundary values to be determined from the solution of it. It is given here without 

considering mathematical details (Remzi, 1981)

Cj/P) u/P) = J t/Q) U /P.Q) dS(Q) 
s

(3.57)

where P is now a boundary point, and Cy(P) is

C..(P) = lim w Tj-(P,Q) dS(Q) (3.58)
e->o y•*e

SE being the boundary of a region Re, which is the part of R contained within a circle of 

radius £ centered at P (see Fig. 3.1, below).

If the tangent plane at P is unique

Cij(P) = 2 5U (3.59)

and if the tangent plane is not unique, Qj(p) can be calculated indirectly by considering 

the rigid body translation (see section 2.1.1).
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Figure 3.1: The domain Re isolating P.

In order to obtain stresses within the solution domain, in conventional BIE 

methods, eqn (3.56) is differentiated at p and substituted into Hooke's law, eqn (3.7), 

which gives

° i / p )= J  «k Sij t w + n  (U fcj+ U * .) ]  a s  -
S

J “k l> 8̂ Tmtm + n (T ^  + Tjlu)] dS (3.60)
s

which may be written in the abbreviated form as

CFjj(p) = J tk(Q) Dkij(p,Q) dS(Q) -  Juk(Q) Skij(p,Q) dS(Q) 
s s

(3.61)

where the third-order tensors D^j and S^j are given by

109



1
Dki/P>Q) = „ ,! '  (7 )  t '(:1 -  2v) [ ^  r>j + 5kj r , -  % r j4rc(l-v)  r

-f 2 r.j r,j r,k } (3.62)

and

Ski/P’Q) = ~ ~ ~ —7 (“2̂  ( 2 3T [ (1 “ 2v) 8ij r’k + v (5ik r’j +
4rc(l-v)  r  dn

5jk r’i) “  4  r>i r»j r’k ]  +  2 v  (n i r>j r*  +  nj r’i r»k) +  (1 -  2 v )

[  2  n >k r’i r>j +  nj 5 ik +  n i Sjk 1 “  0  "  4 v ) nk 5 ij )  (3 -6 3 )

and the surface stresses may be evaluated by taking the limiting form of Somigliana's 

identity for stresses, eqn (3.61), as p —> P, being a boundary point, and applying the 

discretisation procedures. This gives high resolution of stresses, but is costly due to the 

need to carry out integrations (see Remzi, 1981).

Therefore, after the equations have been solved, the stresses at surface points 

may be obtained by substitution of the already calculated values of tangential strains and 

tractions into Hooke's law, eqn (3.7).

In an isoparametric formulation the tangential strains are found from the 

differentiation of the equation^34)

Ui© = Nc©  u‘ (3.64)

which, by using Hooke's law, gives the surface stresses in the local coordinate system 

and a simple transformation then yields the stresses in the global coordinate directions.
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3.1.5. H igher-O rder BIEs

Somigliana's identity for displacements, eqn (3.56), is differentiated with 

respect to the position of a suitably located point in the interior of the solution domain in 

order to obtain higher-order integral equations which are used in the series expansions, 

as was done in section 2.1.2 for potential theory. By adopting a different notation from 

the one used previously in section 2.1.2, for the sake of convenience, the differentiation 

of eqn (3.56) results in

where d implies the partial differentiation of any order in the coordinate directions x and 

y at p, and can be expressed by

where the indices k, 1, m,....= x, y (or 1, 2) in two dimensions.

It is obvious that during the differentiation of eqn (3.56) Uj(Q) and tj(Q) behave 

as constants since they are independent of the position of p (see section 2.1.2).

3.1.6. Derivatives of Kernel Functions

The derivatives of the kernels in the integrands in equations (3.65) are required. 

As mentioned in section 2.1.3, one way of differentiating is to make use of finite 

difference approximations. Since the expressions of the kernels, eqns. (3.34) and 

(3.35), are complicated and lengthy, unlike eqn. (2.1) of potential theory, finite 

difference approximations seem quite attractive. The other way is to differentiate them 

analytically. Analytical differentiation is rather tedious and time-consuming. The choice 

of course depends on the accuracy of high-order function differencing. In order to get

(3.65)
s s

d = k 1 m (3.66)
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high accuracy in differencing the kernels Watson (1982) suggested, see section 2.1.3, 

multiplying the distance between field point and source point by 0.0002 to determine the 

distance between the two points at which the kernel functions are computed. Finite 

difference approximation, however, introduces an error additional to discretisation and 

numerical integration error, no matter how small it is. Also, in order to best assess the 

accuracy of the method, avoiding the error of numerical approximations as much as 

possible, analytical differentiation is performed. Since derivatives consist of very large 

expressions they are given in appendix E.

3.2. Numerical Solution

Detailed information about the solutions of conventional BIE methods, their 

historical development, and general implementation of the local BIE method numerically 

has been given in section 2.2, therefore no further explanation is given here. The same 

procedures necessarily apply to solve stress problems numerically. However, the 

formulation of LBIEs is now possible by three approaches, each having some 

advantages over each other. They are as follows.

3.2.1. Airy's Stress Function Approach

The differential equation of equilibrium in the absence of body forces is, in 

expanded form (see eqn (3.1)),

9 °x x  . 9 °x y

3x dy =  0

9 °x y  . 9 °y y
dx dy =  0

(3.1a)

The usual method of solving these equations is by introducing a new function (j>, 

called stress function or Airy's stress function, which satisfies the above equations and
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also the strain compatibility equation. It is evident that equations (3.1a) are satisfied if 

the stresses are expressed as

a
X X

and gyv
a2(j>

dxdy (3.67)

If these expressions are substituted into the strain compatibility equation

2 2 "l
(— 2 + — )(°xx + °yy) = V «*xx + V  = 0 (3-68)
dx dy

we see that stress function <{) must satisfy the biharmonic equation

<̂{)
2

4 4
a <j> t a <j>
2 2 4ax ay ay

(3.69)

Thus, if the stress function, <|), can be found for a two-dimensional elastostatics problem 

such that it satisfies both the biharmonic equation V4<|)=0 and given boundary 

conditions, then the solution to the problem has been obtained.

3.2.1.1, Plane Strain Case :

If a body, the dimension of which is very large in the third coordinate direction z 

e.g. a long cylindrical or prismatic body, is loaded by forces which are perpendicular to 

the longitudinal elements and do not vary along the length, it may be assumed that all 

cross sections are in the same condition, and the displacements* are such that w=0 and 

hence u and v are functions of x and y only. Then, from the strain-displacement 

relations (3.6) we have

* The displacements in the coordinate directions x, y, z are denoted as u, v, w, respectively.
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e
x z

du dw 
dz + dx

£yz
dv dw 

dz + dy
(3.70)

e
z z

dw
dz

and the sh ear stresses which act over the cross sections and at the fixed ends can be 

found from Hooke's law (3.2) and (3.3) as

®xz ®yz 0» g = 2  u ex y  r -  ^ x y (3.71)

and

^  dx ^ xx ^  ^a yy

E’ ^ ~ a y y ~ v ' ( ° x X +  a z z )  <3 -7 2 )

0 = oZ2- v '( a xx + ayy)

from the last equation of (3.72) finding oZ2 as

z z
(3.73)

Thus, the plane strain problem reduces to the determination of G**, Gyy, and Gxy as 

functions of x and y only.
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Substitution of eqn (3.73) into the first two equations of (3.72) and dividing 

them by (1 + v ') results in

„ 5u ,. ,
2 ^ = ( 1 ""v

(3.74)

2 ^ t r (1_ v ' )CTyy- v ' ° XX

Let us write

P = V2(J) (3.75)

which is a harmonic function since V2P = V4<j) = 0 and represents (oxx + Gyy), see 

compatibility equations (3.68). Now, if we insert the stress function, eqns (3.67), in 

equations (3.74), and use the definition (3.75), we then have

5u 9 0
2 i i S i  = ( l - v ' ) P - - 4

3x ax2

d v  , dd>
2M"5— = ( l - v ) P ----- ?

ay ay2

(3.76)

3.2.1.2. Plane Stress Case :

It is assumed here that the stress components a xx, a ^ , and Gxy are independent 

of the third coordinate direction z , i.e., they do not vary through the third dimension 

(e.g., the thickness of a plate). Although variation of stress does occur, this assumption 

is valid for sufficiently thin plates. Then,
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and from Hooke’s law (3.3)

e = e = 0 , e =—1— a
x z  y z  ’ xy XY (3.78)

and

E = axx ” v ayy

d v
E  -  ° y y  “  V  ° x x

3w
E -37 = - V(° xx + V

(3.79)

Again, by introducing the stress function <j), in (3.79) and using (3.75) we have

P - ( l + v )

P - ( l  + v)

(3.80)

Now, comparing equations (3.76) with equations (3.80) we see that plane stress and 

plane strain cases can be represented by the same equation provided



v' = ——  and E' = E ( l - v ' 2)
1 +  V

(3.81)

are substituted into equations (3.76) to get the plane stress case, equations (3.80).

3.2.1.3. Determination of Displacements :

The derivative forms of displacements (strains) were obtained above for both the 

plane strain and plane stress cases. But if the displacements are of interest to us, and 

they are indeed required in BIEs, we then must integrate the strains exx in the x and £yy 

in the y coordinate directions to obtain the displacements.

Let us introduce an analytic function f(z), of which P is the real part and Q 

imaginary (indeed, since P is harmonic it will have a conjugate harmonic function, Q, 

see pp 170-171 Timoshenko & Goodier, 1984). It is known that the integral (or 

derivative) of an analytic function is another analytic function, say cp(z).

Hence,

(3.82)

and differentiating this, we also have

5px dpy ^ 3cp(z) _ d(p(z) dz
dx dx dx dz dx (3.83)

but

—  = 1 since z = x + iy 
dx

(3.84)
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then obviously

3Px
dx

. 3Py ,+ 1_  = ,p(z) = 1
(P + iQ) (3.85)

by comparing the real and imaginary parts of both sides we obtain

^ i - i p
dx 4

(3.86)

because the real and imaginary parts of an analytic function satisfy Cauchy-Riemann 

conditions (i.e., they are conjugate to each other), we also have

dx dy 4
(3.87)

and

dp» _ 9Py _ 1
3y dx 4

(3.88)

By substituting these into equations (3.76) and integrating them, u and v are obtained as
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(3.89)

2pv = -  + 4(1 — v ') py

where, from now on, v' will be written as v. Hence, in tensor notation

2M-Uj = -  (J),j + 4 (1 -  v ) ^ (3.90)

3.2,1.4. Determination of the Functions and p„ :

In determining the displacements u and v in equations (3.90) we need to know 

the values of px and py . They can easily be found by noting the relation between P and 

<j>, hence between pi and <j). Once P and Q are known, then px and py can be determined 

with the aid of equations (3.87) and (3.88).

Now, let us recall the relation (3.75),

and expand the stress function, <|), in series (either Taylor or Fourier ones) with a finite 

number of terms, which satisfy biharmonic equation (3.69). Equation (2.81) may then 

be recalled

P = V2<t> (3.75)

N

(2.81)
m=l
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It is easy to show that one may determine for any harmonic function P a function 

Q, conjugate to it, by

3Q _ 3P 
dy dx

(3.91)

3 Q _ _  3P 
dx dy

where a a) are the constants to be determined from the solution of BIEs, and since

V4({)=0, the functions P11 must now satisfy V4̂ ^ .  These functions from Taylor series

are given in Table 3.1

these are the Cauchy-Riemann conditions which relate the real and imaginary parts of an 

analytic function, say f(z) (see equation (3.82)). It is straightforward to prove (3.91), 

and hence eqns. (3.87) and (3.88), by differentiating f(z) with respect to the coordinate 

directions x and y as follows,

3f(z) df(z) dz
— = — a 7 =f(z)

(3.92)

and

3f(z)
3y

df(z) dz 
dz dy = if(z) (3.93)

and since



Table 3.1 : The polynomial functions of Taylor series, eqn (2.69), and their 
derivatives, which satisfy the biharmonic equation (3.69).

m 1 2 3 4 5 6 7 8 9 10 11 12 13

fmKK) = 1 X y x 2/2 xy y2/2 x 3/ 6 x2y/2 xy2/2 y3/6 (x^ -  3x2y2)/24 x3y/6 xy3/6

^ 1 0  = 0 1 0 X y 0 x 2 /2 xy y2/2 0 (4x3 -  6xy2)/24 x2y/2 y3/6

^ 0 1  = 0 0 1 0 X y 0 x 2/ 2 xy y2/2 -  x2y/4 x 3/6 xy2/2

^>20 = 0 0 0 1 0 0 X y 0 0 (12x2 -  6y2)/24 xy 0

^ 1 1  = 0 0 0 0 1 0 0 X y 0 - x y /2 x 2/2 y2/2

^ 0 2  = 0 0 0 0 0 1 0 0 X y -  x 2 / 4 0 xy

^ 3 0  = 0 0 0 0 0 0 1 0 0 0 X y 0

^ .2 1  = 0 0 0 0 0 0 0 1 0 0 - y /2 X 0

f™.12 = 0 0 0 0 0 0 0 0 1 0 -  x/2 0 y
^ 0 3  = 0 0 0 0 0 0 0 0 0 1 0 0 X

* % < >  = 0 0 0 0 0 0 0 0 0 0 1 0 0

^ 3 1  = 0 0 0 0 0 0 0 0 0 0 0 1 0

P " . 1 3  = 0 0 0 0 0 0 0 0 0 0 0 0 1

^ 0 4  = 0 0 0 0 0 0 0 0 0 0 0 0 0

^ .5 0  = 0 0 0 0 0 0 0 0 0 0 0 0 0

^ 4 1  = 0 0 0 0 0 0 0 0 0 0 0 0 0

^ 1 4  = 0 0 0 0 0 0 0 0 0 0 0 0 0

^ .0 5  = 0 0 0 0 0 0 0 0 0 0 0 0 0

^>60 = 0 0 0 0 0 0 0 0 0 0 0 0 0

^>51 = 0 0 0 0 0 0 0 0 0 0 0 0 0

^ 1 5  = 0 0 0 0 0 0 0 0 0 0 0 0 0

^ 0 6  = 0 0 0 0 0 0 0 0 0 0 0 0 0
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Table 3.1: Continued.

m 14 15 16 17 18

f m K K )  = ( y 4 -  3x 2y 2)/24 ( x 5 -  5x 3y 2)/120 ( x 4 y  -  5x 2y 3)/24 ( y 4x  -  y 2x 3)/24 ( y 5 -  5y 3x 2)/120

^>10  = -  x y 2/4 ( x 4 -  3x 2y 2)/24 ( 2x 3y - x y 3)/12 ( y 4 -  3x 2y 2)/24 -  x y 3/12

^ 0 1  = ( 6y 3 -  6x 2y )/24 -  y x 3/12 ( x 4  -  3x 2y 2)/24 ( 2x y 3 -  x 3y )/12 ( y 4 -  3x 2y 2)/24

^ 2 0  = -  x 2/4 ( 4x 3 -  6y 2x )/24 ( 6 x 2 y  -  y 3)/12 -  x y 2/4 -  y 3/12

^ 1 1  = - x y /2 -  x 2y /4 ( 4 x 3 -  6y 2x )/24 ( 2y 3 -  3x 2y )/12 -  x y 2/4

^>02  = ( 12y 2 - 6x 2)/24 -  x 3/12 —  x 2y /4 ( 6x y 2 -  x 3)/12 ( 4y 3 -  6x 2y )/24

^ .3 0  = 0 ( 2x 2 -  y 2)/4 xy _ y 2/4 0

^ 2 1  = - y /2 - x y /2 ( 2x 2 -  y 2)/4 - x y /2 - y 2/4

^ 1 2  = -  x /2 -  x 2/4 - x y /2 ( 2y 2 -  x 2)/4 - x y /2

^>03  = y 0 -  x 2/4 xy ( 2y 2 -  x 2)/4

^ 4 0  = 0 X y 0 0

^ 3 1  = 0 - y /2 X - y /2 0

^ 1 3  = 0 0 - x /2 y - x /2

^.04 = 1 0 0 X y

^50 = 0 1 0 0 0

^41 = 0 0 1 0 0

^•14 = 0 0 0 1 0

^05 = 0 0 0 0 1

^60 = 0 0 0 0 0

>̂51 = 0 0 0 0 0

^15 = 0 0 0 0 0

^4)6 = 0 0 0 0 0
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Table 3.1 : Continued.

m 19 20 21 22

^ 0 0  = (x® -10x4y2+5x2y4)/720 (6x5y -10x3y3)/720 (6xy5 -10x3y3)/72C (y6 -10x2y4+5x4y2)/720

^ 1 0  = (6x^-40x-5y2+ 10xy4)/72( (x4y -  x2y3)/24 (y5 -  5x2y3)/120 (x3y2 -  xy4)/36

^ 0 1  = (X2y3 _  yX4)/36 (x^ -  5x3y2)/120 (xy4 -  x3y2)/24 (6y5-40x2y3+10yx4)/720

^ 2 0  = (3x4 -  12x2y2 + y4)/72 (2yx3 -  y3x)/12 -  xy3/12 (3x2y2 -  ^1/36

^>11 = (xy3 - 2 x 3y)/18 (x4 -  3x2y2)/24 (y4 -  3x2y2)/24 (yx3 -  2xy3)/18

^ 0 2  = (3x2y2 -  x4)/36 -  x3y/12 (2xy3 -  x3y)/12

^ 3 0  = (x3 -  2xy3)/6 (6x2y -  y3)/12 - y 3/l2 xy2/6

^ 2 1  = (y3 -  6yx2)/18 (2x3 -  3xy2)/12 -  xy2/4 (6x2y -  4y3)/36

^>12 = (6xy2 -  4 x 3 ) / 3 6 -  yx2/4 (2y3 -  3yx2)/12 (x3 -  6xy2)/18

*=1 S ii y x2/6 -  x3/12 (6xy2 -  x3)/12 (y3 -  2yx2)/6

^-40 = (3x2 -  2y2)/6 xy 0 y2/6

^ 3 1  = -  4xy/6 (2x2 -  y2)/4 y2/4 xy/3

^ 1 3  = xy/3 - x 2/4 (2y2 -  x2)/4 -  4xy/6

^ 0 4  = x2/6 0 xy (3y2 -  2 x 2 ) / 6

^ 5 0  = X y 0 0

^ 4 1  = -4 y /6 x 0 y/3

^>14 = x/3 0 y -  4x/6

^ 0 5  = 0 0 x y

^>60 = 1 0 0 0

^>51 = 0 1 0 0

^ 1 5  = 0 0 1 0

^ 6  = 0 0 0 1
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Table 3.2 : Pascal triangle of differentiation in two dimensions with the 

independent derivatives which satisfy the biharmonic equation (3.69).
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then, by comparing (3.92) with (3.93), we arrive at equations (3.91). If the same 

procedure is applied to (p(z), see eqn. (3.82), we then obtain equations (3.87) and 

(3.88). In order to ensure the displacements u and v are single-valued in a simply 

connected domain, R, the functions px and py must be single-valued. Assume that the 

function f(z) is single-valued and its differential is therefore exact

df . 8fdf(z) = df(x,y) = -=r— dx + 1 -=r— dy dx dy (3.95)

where

| i  =  M (x ,y ) and
8f
8y = N(x,y) (3.96)

It is of interest that on the basis of Green's formula in two dimensions(31)

J(M dx + Ndy) = J ( | S - | ^ ) d R  (3.97)
S R y

the integral on the right-hand side vanishes for every part of the region R, if we have, 

throughout R,

3N _ 0M 
3x dy

(3.98)

which is the case here, when the differential, eqn (3.95), is exact. Note that if the first 

part of eqn (3.96) is differentiated with respect to direction y and the second part with 

respect to x we then arrive at eqn (3.98). Thus eqn (3.98) is the necessary and sufficient
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condition for the existence of the function f(x,y). In fact, if the condition (3.98) is 

satisfied the line integral on the left-hand side of eqn (3.97)

J(M dx + N dy) (3.97a)
s

does not depend on the path of integration, but on the starting and end points of this 

path. This can directly be shown as follows.

Consider any closed contour S within the region R as shown below.

Figure 32 : Arbitrary paths of integration, within R.

The integral (3.97a) taken along S must then be equal to zero. One may write, by 

supposition,
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(3.99)dx + N dy) = 0
ABCB'A

or

J d f  + J d f  = 0 (3.100)
ABC CB'A

and by reversing the direction of integration in the second integral, that is to say, since

J df = — J df (3.101)
CB'A AB'C 

then , one must have

f df = J df (3.102)
ABC AB'C 

as was to be proved.

Therefore, if the integrand in (3.97a) is an exact differential the function f(z) is 

then single valued. In fact, it follows from the representation (3.67) itself that f(z) is 

always single-valued. Note that since the second derivatives of the biharmonic function 

<() are related to stresses by (3.67), the function P=V2<|> (eqn. 3.75) is necessarily 

single-valued (see p. 262, Sokolnikoff, 1956). If P is known its conjugate Q is 

determined by the relations (3.91) to within an arbitrary constant C, and hence 

f(z)=P+iQ, to within an imaginary constant Q. If the region R is simply connected P, 

and hence f(z), is single-valued. Furthermore, in a multiply connected region f(z) is also
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single-valued, if we guarantee that the integrals taken over each boundary of the 

solution domain is zero (see pp 697-707, Muskhelishvili, 1954). This can be managed 

by introducing some imaginary cuts to make the multiply connected region simply 

connected one. On the other words, the integration is carried out along the boundaries 

such that the solution domain always lies on the left of the direction of integration.

In the same way px and py, which are also harmonic (analytic) functions, are 

single-valued.

Hence, the displacements û  should be continuous and single-valued.

In the light of what has been said above, the conditions (3.87), (3.88), and 

(3.91) can now be conveniently used to form Table 3.3, where the values of P, Q, px, 

and py from Taylor series are represented.

If the trial function used to approximate the stress function <j> is Fourier series, 

then the sim Fourier series (in x) may be employed in the form of (see p. 53 

Timoshenko & Goodier, 1984)

N

<t>(x,y) = X  ShK™*) [ami Sinh(my) + Cosh(my) +
m=l

a m3 y Sinh(my) + am4 y Cosh(my)J (3.103)

where a ^ ,  a ^ ,  a ^ ,  and 0^4 are the constants, and m is an integer.

Equation (3.103) satisfies the biharmonic eqn (3.69) V4<|)=0, and can be 

obtained by taking the function <|> to be of

<j)(x,y) = Sin(mx) f(y) (3.104)



Table 3.3 : The real functions P"'. pxn and their conjugates <T, pymfrom the Taylor series, 
which satisfy the biharmonic function (3.69).

m 1 2 3 4 5 6 7

pm _ 0 0 0 1 0 1 X

Q™ = 0 0 0 1 0 1 y

Pxm = 0 0 0 x/4 0 x/4 (x2 -  y2)/8

Pym = 0 0 0 y/4 0 y/4 xy/4
K)

9 10 11 12

X y (x2 -  y2)/4 xy

y - X xy/2 (y2 - x2)/2

(x2 -  y2)/8 xy/4 (x3 -  3xy2)/48 (3x2y -  y3)/24

xy/4 (y2 - x2)/8 (3x2y -  y3 )/48 (3xy2 -  x3)/24

13 14 15

xy (y2 - x 2)/4 (x3 -  3xy2)/12

(y2 -  x2)/2 -  xy/2 (3x2y -  y3 )/12

(3x2y -  y3 )/24 (3xy2 -  x3)/48 (x4 - 6 x 2y2 + y4)/192

(3xy2 - x 3)/24 (y3 -  3x2y)/48 (x3y -  xy3 )/48

m 16 17 18 19 20 21 22
pm _ (3x2y -  y3 )/12 (3xy2 - x 3 )/12 (y3 -  3x2y)/12 (x4 -  6x2y2 + y4)/72 (x3y -  xy3)/12 (xy3 -  x3y)/12 (x4 - 6 x 2y2 + y4)/72

= (3xy2 -  x3 )/12 (y3 -  3x2y)/12 (x3 -  3xy2)/12 (x3y - xy3)/18 (6x2y2 -  x4 -  y4 )/48 (x4 + y4 -  6x2y2)/48 (x3y -  xy3)/18
Pxm = (x3y -  xy3)/48 (6x2y2 -x 4 -y 4)/192 (xy3 -  x3y )/48 (x5 -10x3y2 +5x^ /1440 (5x4y -10x2y3 +y5)/960 (10x2y3 -5x4y -y 5)/960 (x  ̂-10x3y2 +5xy4)/1440
Pym = (6x^2 -x 4 -y 4)/192 (xy3 -  x3y )/48 (x4 -6x2y2 +y4)/192 (5x4y -10x2y3 +y^)/1440 (10x3y2 -Sxy4 -x 5)/960 (x5 -10x3y2 +5xy4)/960 (5x4y-10x2y3 +y5)/1440



in which f(y) is a function of y only. Substituting (3.104) into (3.69) we find the 

following equation for determining f(y)

The general solution of this linear differential equation with constant coefficients is

Hence, eqn (3.104) takes the form of (3.103) as m is a finite number ranging from 1 to

N. The required derivatives can be obtained by differentiating (3.103) with respect to 

the coordinate directions x and y of the point p, or Q (see eqns (2.82) and (2.83)).

In order to determine the functions px and py in eqn (3.90), we need to find first 

the functions P and Q. Since , eqn (3.75), then

(3.105)

f(y) = [ a ml Sinh(my) + Cosh(my) + a m3 y Sinh(my) +

a m4 y Cosh(my)] (3.106)

(3.107)
m=l

and its conjugate Q can be found with the aid of eqns (3.91) as

N

Q(x,y) = ^  2mCos(mx)[am3 Sinh(my) + a m4 Cosh(my) ] (3.108)
m=l
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Substituting eqns (3.107) and (3.108) into eqns (3.87) and (3.88), respectively, and 

carrying out the indicated operations results in

N

px(x,y) = -  a m3  Cosh(my) + a m4 Sinh(my) ] (3 .109)
m=l

and

N

Py (X ,y) =  + X 2 Sin m̂x^[ a m3 Sinh(my) + <*m4 Cosh(my) ]
m —1

(3 .110)

3.2.1.5. Approximate Series Solution :

In the light of what has been done in section 2.2.1, let us recall eqn (3.65)

Uj3(p) = J t/Q) Uij3(p,Q) dS(Q) -  J Uj(Q) T;. a(p,Q) dS(Q) (3.65)
s s

where over every part of the boundary of the solution domain either the displacements 

Uj(Q) or the tractions tj(Q) are prescribed (or there may exist a linear relationship 

between them). The one which is not specified can be obtained by approximating the 

stress function (j). If the tractions are not specified they can be determined with the aid of 

eqn (3.21), into which the stress function <|) approximated with eqn (2.81) is 

substituted. Equation (3.21) may then be rewritten as
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(3.111

or in tensor notation

ti(Q)= ( ®ij “ ^’ij 1Q nj(Q) (3.112)

If the displacements are not specified they can be obtained from eqns (3.90), where in 

addition to the stress function <() the two new functions dependent on <{), are used. These 

two functions (px and py) can be either approximated with eqns (3.109) and (3.110), if 

Fourier series is the trial function, or with the tabulated values given in Table 3.3 , if the 

trial function is Taylor series.

Now, let us redefine eqns (3.90) and (3.112), respectively, as

N

(3.113)
m=l

where

(3.14)

and
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(3.115)
N

m=l

where

m m m
EX ~ f»yy “  *>xy n2

m . m - m
Ey = - f -xy n l +  f ’xx n2

(3.116)

eqn (3.65) may then be re-expressed by

N N

X “m e”a(P) = X “m C(Q) + bi.aCQ)
jn=l m=l

(3.117)

where, if the displacements Uj(Q) are prescribed

h”a(Q) = + J e ” (Q) UjjgCp.Q) dS(Q) (3.118)

bu (Q) = -J Uj(Q) Tij3(p,Q) dS(Q) (3.119)

and, if the tractions tj(Q) are prescribed

O Q )  = - J  e"(Q) Tij>a(p,Q) dS(Q) (3.120)
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(3.121)M Q ) =+J  'j(Q) u ij,s(p.Q) dS(Q)
S

Equation (3.117) can therefore be rearranged as

N

X  l » )  -  O Q ) ]  = M Q )
m=l

(3.122)

This is the final set of linear algebraic equations in the unknowns a m which can be 

found from the solution of it.

In order to have independent derivatives in finding the stress function <{) the set 

of equations (3.122) is arranged in the order given below.

1) u = -<j),xc + d p x

2) v = -  <|>,y c + d py

3) u,x — — <|),xx c + d pxx

4) (u,y + v,x)/2 = -  <j),xy c

5) v,y = “  ^yy c + d pyy

^  U’xx — ^ ’xxx ^ ^ Px,xx

2 )  (u ,Xy +  V , J / 2  — $»Xxy ^

8 ) (U>yy +  V,xy) /2  =  -  <j),xyy C

9) V>yy -  -  ^yyy C + d Py yy
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10 )  U , x x x  ^ ’ X X X X  C  ^  P x , x x x

11)  (U’xxy +  V’xxxV2 = - ^ x x x y C

12) K y y  +  v ’xyy)/2 = _ ( { ) ’xyyyc

13) V>yyy -  -  (j),yyyy C +  (1 Py>yyy

14)  U , x x x x  —  $ > X X X X X  ^  ^  P x , x x x x

15) (Ujxxxy *!■ v » x x x x ^  ^ ’ x x x x y  ^

15) (u>yyyy ^  v,xyyy^ ^’xyyyy c

17) v, = — (h, c + dp  ' ’yyyy Y,yyyyy Ky.yyyy

18) u, = — d), c + dp
'  ’ X X X X X  T ’ X X X X X X  r  X . X X X X X

19) (U,xxxxv + V>vXxxx)/^

20) (u,vvvvv + v,xwvv)/2 = -<{>,

21)v,yyyyy ^ ’ y y y y y y  c  +  ^  P y . y y y y y

where

1 .  .  2(1 - v )c = —  and d  -----------
2[i P

The boundary discretisation and numerical integration procedures are carried out 

exactly as was done for potential problems in sections (2.2.2) and (2.2.3).
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3.2.2. Neuber-Papkovich Approach

The advantage of what is to be introduced here is that the determination of 

displacements can be achieved successfully without integration^.

The starting point is the general solution of Navier's equations in terms of three 

arbitrary independent harmonic functions, namely, (J)0, <j)l5and <j>2.

2pu = 4( 1 -  v) (x ({q + y <{>2 + <j)0)

2|iv = 4( 1 -  v) <J>2 -  (x <(>! + y (})2 + <|>0)
(3.123)

It has been shown (Neuber, 1958) that any one of the functions above may be 

set equal to zero without affecting the generality of the solution. If we, here, set <J)0 equal

to zero, then we have

2|iu = (3 -  4v) <t>j -  (x <()u  + y <^x)

2|iv = (3 -  4v) (j)2 -  (x + y ^ y )
(3.124)

or more compactly

2|iU; = (3 -  4v) (J); -  Xj (Jjj ; (3.125)

where if the relations (3.81) are substituted the plane-stress case is obtained.

The stresses (and the tractions) can be found by differentiating eqns (3.125) and 

by substituting them into Hooke's law (3.7) as
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2 2
, 9<t>, 9<l>2\ /  a <>2̂

"n  = 2(d -  V)-TT+ V T r )  -  (x —  + y — )
dx ' ' dy '  3x2 '  3x2

2 2
9<f2 , 9 ^  9 §2

®yy = 2 ( (1- v) —  + v —  ) - C9y
+ y )

dx dx
(3.126)

2 2
d<l>2\ r 5 9 02X

Substitution of these equations into (3.21) gives the components of the traction vector in 

the coordinate directions.

By noting the following relations

x
a

=  0 since V <b
a
=  0

and

xa,k = 5ka

equations (3.126) may compactly be rewritten as

0ij = 2V 5ij <l>k,k + (1 -  2V) ((fry + -  Xk <)k ij

and the traction components are

(3.127)
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' i = 2v  <t>k,k ni + ( 1 ~ 2 v ) nj -  xk ‘t’k.ij nj (3.128)

3.2.2.1. Approximate Series Solution :

The displacement components are expressed by two independent harmonic 

functions, namely, t}̂  and <j)2. These functions can now be determined by expanding 

them in series form with unknown constant terms,

N

<3-i29>
m=l

and

(L
N

= 2 a
m=l

(3.130)

where the functions f*11 and gm could be taken as the same function, and V2fhl=V2gm=0.

Although the components of displacements satify the biharmonic equation (see 

eqn (3.17)), and at each step of differentiation there are only up to four independent 

terms,there are two independent terms at each stage of differentiation of harmonic 

functions (see section 2.1.2) which are used to express the displacement components. 

Therefore, to avoid possible duplication, a proper arrangement of the simultaneous 

equations must be made, as was done in the previous section.

Equations (3.125) and (3.128) can now be redefined as
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which is in expanded form

N N

I m
e ll + x «2m

m
e12

m=l m=l

N N

I a lm
m

e21+ I «2m
m

e22
m=l m=l

where

and

e™j = —  [(3 -  4v) f"1 — x f,”  ]
2n

m 1 . m
ei2 = ~ — y f>x2\i

m 1 m
e2i = x f, 

2\l y

m
'22 =± . [ 0 - ^ r - y C ]

2[i

N

m=l

(3.132)

(3.133)

(3.134)

which is in expanded form



(3.135)
m=l m=l

ty =  X a l m E21+ X <X2mE 22
m=I m=l

where

E" = [ 2 ( l - v ) f ” - x  

En  = C2v f ™ ~ y f’yy 1

C x ] n i  + [ d - 2 v ) f ,ym- x f >xmy ] 

n1 + [ ( l - 2 v ) f ,^ - y f ,™ ] n 2

= [(1 -  2v) f,ym -  x f,™ ] n, + [2v f,™ + x f,™ ] n2 

= [(1 -  2v) f "  -  y f,™ ]  n, + [2(1 -  v) f + y f,™ ] n2

Equation (3.65) may then be written as

N N

S  “ km eikiP> = X  “ km O ®  + bi,3(®
m=l m=l

where, if the displacements Uj(Q) are prescribed

O ®  = + j  E* {®  U ij.3(P’®  dS ( ®  
s

(3.136)

(3.137)

(3.138)
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(3 .1 3 9 )bu (Q) = -  J u/Q) Tij3(p,Q) dS(Q)
s

and, if the tractions tj(Q) are prescribed

h"'a(Q) = -J ejk(Q) Tij3(p,Q) dS(Q) (3.140)
s

bu (Q) = + J tj(Q) Ujj3(p,Q) dS(Q) (3.141)
s

Equation (3.137) can therefore be rearranged as 

N

X  “km K i p )  -  C (Q )] = bi,a(Q) (3.142)
m=l

This is the final set of linear algebraic equations in the unknowns which can be 

found from the solution of it.

In order to avoid possible duplications of linear algebraic equations eqns (3.142) 

may be arranged in the order given below.

1) u = c [a <!>! -  (x <t>, x + y <f>2 x)]

2) v = c [a <j>2 -  (x <j>lty + y <t>iy )]

3) U , y  =  C  [a <t>l,y  -  <t>2.x -  ( x  < l> l.xy  +  y < t > lx y ) ]

4) v ,y  = c [(a -  1) <|>2 y + (x ((>1>xx + y <|)2 xx)]
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5) u,x = c [(a -1) <j>u  -  (x <S>j xx + y <|>2 xx)]

6) v>x = c [a <j>2 x -  <{>! y -  (x <l>liXy + y <|>2,xy)]

2 )  U ,xy —  C  [ ( a  ” 1 )  4 * iiXy  ”  ^ 2 ,xx —  ^ l . x x y  *1* y  ^ 2 ,xxy^-J

8) v 'xy = C [(a -  1) <$>Zxy +  <h,xx + (X <t>, ,xxx + y ♦ * » > ]

9) (U,xx + U Iy y ) / 2  = -  C [<(>1>xx + <t*2,xy] 

i°) (v,xx + vlyy)/2 = c [<t>2,xx -  <t>i,xx]

11) (U,xxy + u,xyy)/2 = 0.5 c [(a -  2) 4>liXxy- ( a  -  1) <|>liXXX -  <|>2iXXX

“  2  ^ 2 ,x x y  “  ( X  * N ,x x x y  y  ^ 2 , x x x y l  — ( X  $ l >XXy y  

+  y  ' t ' l . x x y y ) ]

12) (v,xxy + v,xyy)/2 = 0.5 c [(a -  1) <t>2xxy -  (a -  2) <j>2 xxx + <t>1-xxy

"1" ^  ^ l . x x x  —  ( X  ^ l . x x y y  "l” y  ^ 2 ,x x y y ^  ^ l . x x x y  

+  y <t'2.xxxy)]

13) (u,xxx + u»yyy)/2 = 0.5 c [(a -  3) <>j_xxx -  a <(>, xxy + 3 <t>2 xxx +

(X ^ l. x x y y  "1" y ^ 2 ,x x y y )  *1" ( x  ^ ] )Xx x y  *1" y ^ 2 ,x x x y ^ 3

1 4 )  ( V , x x x  +  V .y y y ) / 2  =  0 . 5  C [ a  <t>2>XXX —  ( a  _ 3 )  4 t2 ,xxy _  3  ^ l . x x y  —

(X ^ l. x x x y  y ^ 2 .x x x y ^  *1" ( x  ^ l . x x y y  y ^ 2 , x x y y ^

15) (U>XXXy U’xyyy^ C t^l.xxxy 2̂,xxyy-l
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1 6 )  ( v »X X X y  V ’ x y y y ) ^  ^  l - ^ l . x x x y  *** ^ 2 ,x x y y - l

17) — (u,xxxx +  u>yyyyV  ̂— u>xxyy “  C £^a — ^  ^l.xxyy ^ ^2,xxxy

— (X ^l.xxxyy "** y ^2,xxxyy^-l

1 8 ) “  (V ,xxxx +  V ,yyyy^^ — V ,xxyy — C E^a — ^  ^2,xxyy "** ^ ^l.xxxy

—  ( X  ^ l . x x y y y  "** ^  ^ 2 ,x x y y y ) - l

19) ~  (u >xxxxy **" U,yyyyy^  “  U,xxyyy — C ~  ^  ^l.xxyyy  ̂^2,xxxyy

(x ^l.xxxyyy ^ ^2,xxxyyy^

2 0 )  —  ( v , x x x x y  +  v > y y y y y ) / 2  —  v >x x y y y  “  c  [ ( a  “  3 )  ^ . x x y y y  ^  ^ l . x x x y y

( x  ^ l . x x x x y y  ^  ^ 2 ,x x x x y y ) - l

2 1 )  “  ( u >x x x x x  ^  U , x y y y y ^  ~  U ’ x x x y y  “  C  f ^ a  —  ^  ^ l . x x x y y  ^  ^ 2 ,x x y y y

— (x $ i>XXXXyy +  y 2̂,xxxxyy -̂l

2 2 ) “  (v »xxxxx +  V,xyyyy^  ~  V’xxxyy “  C [ ( a “  ^) ^.xxxyy "  ^ ^l.xxyyy

”  (X ^l.xxxyyy **" ^ ^2,xxxyyy^

where

_ _ 1 _  

C _ 2|i
and



a = 3 -  4 v , if plane strain

a = ------- , if plane stress
1 + v

3.2.3. Direct Expansion of the Integral Equations

The Somigliana identity for displacements for an internal point p and its 

subsequent derivatives with respect to the coordinate directions, eqns (3.65), can be 

expanded directly in series without the need to express displacements (and tractions) in 

terms of potential functions.

The components of the displacement vector are approximated as follows.

N

u = X « m f”1 (3.143)
m=l

and

v =
N

m=l
(3.144)

where the functions f177 and gm satisfy the biharmonic eqn (3.69) and can be represented 

by the same series, hence they are identical (f777 = g177).

Then, more compactly 

N

»i = Z  «!»*’" <3' 145)
m=l
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Differentiating (3.145) and substituting into Hooke's law (3.7) results in

N

°ij = X  Sij “ km C  + ^ a „n C  + H ajm C  1
m=l

(3.146)

and using equation (3.21) the tractions are

N

ti = X [ ^ ni « km ’kf,v + (I nk ®im f,k + fi n. ^km ’̂i J
m=l

(3.147)

which may be redefined as

t- =
m=l

(3.148)

and in expanded form

N N*.-2“ lm Gn + Z«2m r mG 12
m=l m=l

N N

v-2« lm G21 +  2 «2m r mG 22
m=l m=l

(3.149)

where



A v „ m  ̂m
Gjj = (2|i + X) f,x n , + n f , y n 2

m . m m
Gi2 = Af, n , + j a f  n2

y (3.150)
m m . m

G2i = ^ f,y n{ + Xf,x n2

__ m m » _ . _ m
G 2 2  =  M- f»x î i +  (X 4* 2p) f,y n 2

Equation (3.65) may then be written as

N

Mp) = X *0Q) + WQ)
m=l

(3.151)

or by substitution of eqn (3.145) into (3.151) we have

N

X
m=l

a-im

N

C ( P )  =  X H w « 2 )+
m=l

(3.152)

where, if the displacements Uj(Q) are prescribed

h £ (Q >  =  +  J «km G ^ (Q ) U ij,a(P'Q) d S (Q )
s

(3.153)

bi,a(Q) = -  J  Uj(Q) Tij3(p,Q) dS(Q) 
s

(3.154)

and, if the tractions tj(Q) are prescribed
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(3.155)H-a(Q) = - J a jm f"(Q) Tij8(p,Q) dS(Q)
s

bii3(Q) = + J t/Q) Uj. j(p.Q) d S(Q) 
s

(3.156)

Equation (3.152) can therefore be rearranged as

N

s
m=l

[ a t a f ” (p)-H ™ (Q )]= bji3(Q) (3.157)

This is the final set of linear algebraic equations in the unknowns which can be 

found from the solution of it.

3.3. Summary

Although the LBIE method developed in Chapter 2 for potential theory 

essentially applies here there are now three alternative ways of formulating LBIEs for 

stress problems. Hence, the LBIE techniques for stress problems are summarized as 

follows.

i) We begin with the zero-order integral equation (3.56) as the basis of the LBIE 

methods.

ii) Equation (3.56) is then differentiated repeatedly at a point, p, in the x and y 

coordinate directions within the solution domain to obtain higher-order BIEs (see eqns

(3.65)).

iii) In a typical ’BVP' of elasticity at any point on the boundary either 

displacements, eqn (3.20), or tractions, eqn (3.21), (or a linear combination of them) 

are known from the boundary conditions of the problem, so that only those which are
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unknown, in eqns (3.65), have to be approximated. Note, however, that these 

unknowns (displacements or tractions) are now expressed in three different ways. They 

are, namely, Airy's stress function approach (ASFA), direct expansion approach 

(DEA), and Neuber-Papkovich approach (NPA). While the former two are biharmonic 

the latter one is harmonic in nature. Hence, depending on the type of formulation used, 

the variations of those unknowns on the boundary together with the displacements and 

their subsequent derivatives at the internal point p, the terms on the left hand sides of 

eqns (3.65), are approximated by either harmonic or biharmonic series (Taylor or 

Fourier ones).

iv) The derivative forms of the kernel functions, parts of the integrands in eqns

(3.65), are obtained by simple analytical differentiation (see section 3.1.6).

v) The integrations over the boundary are carried out by dividing the boundary 

into quadratic (three node) boundary elements, and applying gaussian quadrature to each 

one.

vi) The final set of linear algebraic equations is formed from the higher-order 

BIEs, eqns (3.65). It thus becomes a relatively small set of linear equations, which is 

straightforward to solve by gaussian elimination. In order to avoid duplications in 

forming the set of equations when ASFA or NPA is used, however, the proper 

arrangements of the linear equations, eqns (3.65), should be made, as shown in 

sections (3.2.1.5) and (3.2.2.1).

vii) The coefficient matrix is scaled to overcome the possible numerical instability 

of a mixed dimensional matrix system.

viii) Having solved the linear equations the values of the coefficients of the series 

are known, and by rescaling them the required solution is obtained.
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3.4. Test Cases

The accuracy of the numerical implementation of the LBEE methods are assessed 

by reference to four test problems, namely, a square flat plate under uniform tension, a 

cantilever beam with shear force at the end, a square flat plate subject to a uniform 

tensile stress with a small circular hole at its centre, and a cracked beam of rectangular 

cross-section simply supported at its ends. Due to high stress variations the latter two 

problems, especially the last one, provide a severe test of, not only the LBIE methods 

developed here, but any numerical method of solution. The LBIE methods are also used 

to locally refine the solutions of the last two problems, because of having unsatisfactory 

results for them when the LBIE methods are employed on their own. The analytical 

solution to the stress concentration problem is applied as the remote field solution, 

whereas for the crack problem numerical results obtained from a conventional BEE 

program called BEETS* are applied outside the local area of interest. The full range of 

the solutions are given in Tables in appendices F, G, and H.

3.4.1. Square Flat Plate under Simple Tension

Let us consider a square flat plate with sides of length 2L loaded at the upper and 

lower edges by a uniform tensile stress o= l in the y coordinate direction. Due to the 

symmetry only one quadrant is modelled. Figure 3.3 shows the quadrant with sides of 

unit length, the local origin of expansion being at the bottom left hand comer, which is 

arbitrarily chosen to coincide with the global coordinate origin at node 1. For this very 

simple problem, with the experience based on the potential problems for a square 

domain (section 2.4.1), the mesh of eight quadratic boundary elements of equal length 

is used (two per side of the domain).

* BEETS was developed in 1987 by Dr. A. A. Becker, one of the staff in Mech. Eng. Dept., Imperial 
College.
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o =  1

Figure 33 : One quadrant of a square flat plate under simple tension.

Poisson's ratio for the material of the plate is taken to be v=0.3, and elasticity 

modulus to be E=l. Plane strain conditions are assumed.

The analytical solution for this simple problem is given by(3)

u  =  - g v ( 1  +  v )  —  
E

(3.158)

2 y
v = + o ( l - v  ) | (3.159)

a x x =  °* » a yy =  a ’ Grzz =  V G (3.160)
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Tables 3.4 to 3.9 show the results obtained from Taylor series for the 

displacements u, v, and the stresses a xx, Oyy, a xy using different numbers of terms and 

two positions for internal point p in equations (3.65). Due to the simplicity of the 

problem one of the internal points was chosen at the mid point of the domain, and the 

other being closer to the local point of interest, Node 1 (see section 2.4.1.1).

Table 3.4 shows the results obtained using the DEA. With the internal point at 

(0.5, 0.5) and five terms in the series (Taylor) the results are perfect, being 

progressively less accurate as the number of terms retained in the series increases, 

though still very close to the exact values. In fact, the three term series solution of the 

DEA could have been more accurate for this very simple problem, because all three 

stress components should be perfectly represented by a three term Taylor series, since 

the stress components are constants throughout the domain.

As the internal point moves to position (0.25, 0.25) the results start 

deteriorating, and as the numbers of terms increases with the internal point at (0.25,

0.25) the accuracy is reduced, like with the point at (0.5,0.5).

Table 3.4 : Square plate under simple tension 
Displacements and stresses at node 1 (Fig. 3.3) from Taylor series 
with different numbers o f terms and the internal point at (0 .5 ,0 .5) 

using DEA and eight boundary elements.

Internal
point

No. of  
terms

u V axx axy ayy

E xact: 0. 0. 0. 0. 1.

(0.5, 0.5) 5 - 3.76xlO'10 - 3 .8 7 x l0 ’10 +7.70xl0’10 +2.11xl0’10 +1.00000
(0.5, 0.5) 10 - 1.06X10'09 +1.07x10"09 +1.66x1 O'09 - 5.12xlO‘10 +1.00000
(0.5, 0.5) 14 +1.42X10'09 - 1.87X10’09 - 2.39x1 O'09 - 2 .97xl0'09 +1.00000
(0.5, 0.5) 18 +5.37xlO'08 - 5.35xl0*08 - 1.83x1 O'07 +1.78X10'09 +1.00000
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Table 3.5 : Square plate under simple tension 
Displacements and stresses at node 1 (Fig. 3.3) from Taylor series 

with different numbers o f terms and the internal point at (0.25, 0.25) 
using DEA and eight boundary elements.

Internal No. of u V Gxx G xy a y y
point terms

E xact: 0. 0. 0. 0. 1.

(0.25, 0.25) 5 - 1.96X10'06 + 2 .7 2 x l0 ’° 5 - 5.99x10‘° 5 - 2 .27x l0 ’05 + 1.00000
(0.25, 0.25) 10 - 2.27X10'04 +2.75X10'04 +7.01X10'04 - 6.66x10*05 +0.99943
(0.25, 0.25) 14 +2.71xl0'03 - 2.66x1 O’03 - 1.16xl0’°2 +6.23x1 O*04 +1.01048
(0.25, 0.25) 18 - 6 .89xl0 '03 - 1.32xlO’02 - 8.96x1 O*02 - 1.34xl0*°3 +0.86916

Tables 3.6 and 3.7 show the results obtained using NPA with internal points at 

(0.5, 0.5) and (0.25, 0.25) and using different numbers of terms.

Table 3.6 : Square plate under simple tension 
Displacements and stresses at node 1 (Fig. 3.3) from Taylor series 
with different numbers o f terms and the internal point at (0.5, 0.5) 

using NPA and eight boundary elements.

Internal
point

No. of 
terms

u V Gxx G xy G yy

E xact: 0. 0. 0. 0. 1.

(0.5, 0.5) 5 - 3 .1 5 x l0 ’10 + 2 .8 7 x 1 0 ’*° +5.55xlO ’10 + 1 .0 6 x l0 ’10 +1.00000

(0.5, 0.5) 7 - 1.06X10'09 + 1 .0 7 x l0 '° 9 +1.66X10*09 - 5 .1 2 x l0 ’10 +1.00000

(0 .5 , 0.5) 9 +1.42X10*09 - 1.87X10’09 - 2.39X10'09 -2 .9 7 x l0 ’° 9 +1.00000

(0 .5 , 0.5) 11 +5.37X10’08 - 5 .35x10’°** - 1.83x1 O’07 +1.78X10'09 +1.00000
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Tabic 3.7 : Square plate under simple tension 
Displacements and stresses at node 1 (Fig. 3.3) from Taylor series 

with different numbers o f terms and the internal point at (0.25,0.25) 
using NPA and eight boundary elements.

Internal
point

No. of 
terms

u V <Jxx Cxy ayy

E xact: 0. 0. 0. 0. 1.

(0.25, 0.25) 5 - 2.55xl0*06 - 7.39X10'06 - 3.72x1 O'05 - 3 .29xl0‘05 +0.99999
(0.25, 0.25) 7 - 2.27x10'(M +2.75X10*04 +7.01X10'04 - 6.66xlO*05 +0.99943
(0.25, 0.25) 9 +2.71 xlO*03 - 2.66x1 O'03 - 1.16x1 O’02 +6.23X10*04 +1.01048
(0.25, 0.25) 11 - 6.89x1 O'03 - 1.32x1 O’02 - 8.96x1 O’02 - 1.34xlO*03 +0.86916

It is of interest that some of the results obtained using NPA are exactly the same 

as those obtained using DEA (compare Tables 3.4 and 3.5 with 3.6 and 3.7 above, or 

Tables F.l with F.2 in appendix F). The results are identical, when the numbers of 

terms used are: 5, 7, 9, 11 (for NPA) and 6, 10, 14, 18 (for DEA), respectively (see 

Pascal triangles, Table 2.1 and Table 3.2).

Tables 3.8 and 3.9 show the results obtained using ASFA with internal points at 

(0.5, 0.5) and (0.25, 0.25) and using different numbers of terms.

Table 3.8 : Square plate under simple tension 
Displacements and stresses at node 1 (Fig. 3.3) from Taylor series 
with different numbers o f terms and the internal point at (0.5 ,0 .5) 

using ASFA and eight boundary elements.

Internal No. o f u V Gxx G xy a y y
point terms

E xact: 0. 0. 0. 0. 1.

(0.5, 0.5) 5 +2.55xl0-11 - 2.66xlO 'U -2.65X10'11 - 4 .00xl0‘15 +1.00000
(0.5, 0.5) 9 - 4.76xlO‘10 +4.49xlO ‘10 - 1.66X10*09 +1.07xl0"10 +1.00000
(0.5, 0.5) 13 - 6 .69xl0‘10 +6.82xlO ‘10 +1.91xl0'08 - 5.12xlO‘10 +1.00000
(0.5, 0.5) 17 - 4.61xlO‘10 + 1 .2 5 x l0 'U - 9.39x10‘09 - 2.97X10'09 +1.00000
(0.5, 0.5) 21 +2.98X10'08 - 2.96x10*08 - 1.86x1 O'07 +1.78X10'09 +1.00000
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Tabic 3.9 : Square plate under simple tension 
Displacements and stresses at node 1 (Fig. 3.3) from Taylor series 
with different numbers of terms and the internal point at (0.25, 0.25) 

using ASFA and eight boundary elements.

Internal No. of u V Gxx <Jxy ayy
point terms

E xact: 0. 0. 0. 0. 1.

(0.25, 0.25) 5 - 1.37xl0'06 + 1 .54x l0 ’06 +2.34xl0’06 - 5 .96xl0'07 + 1.00000
(0.25, 0.25) 9 +9.70xl0"07 - 1 .09xl0‘05 - 1.47x1 O’04 - 3.29xlO'05 +1.00010
(0.25, 0.25) 13 - 1.42x1 O'04 +1.90x1 O'04 +1.23xlO*03 - 6.66xl0*05 +0.99891
(0.25, 0.25) 17 +2.00xl0*°3 - 1.94x1 O’03 - 2.94x1 O*02 +6.23X10'04 +1.02826
(0.25, 0.25) 21 - 7.16xlO*03 - 1.29xlO*02 - 9 .69xl0’02 - 1.34xl0’03 +0.87649

Comparison of these results with those obtained using the other two methods 

show that almost the same accuracy is achieved with ASFA. The difference comes from 

the error in integrating the two harmonic functions px and py, numerically, see section

3.5.

The cosine Fourier series in x in the form of (3.103) gave bad results, and a 

combination of cosine and sine Fourier series in x was necessary to obtain satisfactory 

results. For this reason the Fourier series (2.73), which consists of both sine and cosine 

terms in x, was used to solve the problem. Since this series, eqn (2.73), satisfies the
A

harmonic equation V <j>=0 it is obvious that it can be used only with NPA. The results 

obtained are quite satisfactory (see Table 3.10), although they are not as good as those 

obtained using Taylor series. As the number of terms increases the results do improve, 

unlike with Taylor series (see also section 2.4 in chapter 2).
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Tabic 3.10 : Square plate under simple tension 
Displacements and stresses at node 1 (Fig. 3.3) from Fourier scries (2.73) 

with different numbers o f terms and the internal point at (0.5, 0.5) and (0.25, 0.25) 
using NPA and eight boundary elements.

Internal No. of u V <7xx (Jxy a y y
point terms

E xact: 0. 0. 0. 0. 1.

(0.5, 0.5) 7 - 0.01449 +0.01410 +0.03329 +0.00184 +0.96420
(0.25, 0.25) +0.00129 -0.00149 - 0.00820 -0.00182 +1.01176

(0.5, 0.5) 9 - 0.00791 +0.00631 +0.00301 - 0.00639 +0.98073
(0.25, 0.25) +0.00274 - 0.00243 - 0.00146 +0.00033 +1.01617

(0.5, 0.5) 11 - 0.00027 +0.00016 +0.00205 - 0.00167 +1.00390
(0.25, 0.25) - 0.00731 - 0.01412 - 0.10142 - 0.00245 +0.85824

In order to improve the accuracy of the Fourier series method, the same refined 

mesh of the square domain in section 2.4.1 (i.e., 26 elements with local length ratio of

1.5 and smallest elements of length 0.0044 along both coordinate directions) was used 

so that the internal point could be placed much closer to the local point of interest. This 

gave some improvement, although the results are still not as accurate as those from 

Taylor series, see Table 3.11.

To improve the accuracy even further a much more refined mesh is necessary in 

order to allow the positions of internal points to move much closer to the local point.

* From now on, after five decimal places the results are rounded-off.
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Tabic 3.11 : Square plate under simple tension 
Displacements and stresses at node 1 (Fig. 3.3) from Fourier series (2.73) 

with different numbers o f  terms and the internal point at (0.1 ,0 .1) and (0.05, 0.05) 
using NPA and refined mesh in the region of interest.

Internal
point

No. of 
terms

u V G x x G x y CTyy

E xact: 0. 0. 0. 0. 1.

(0.1, 0.1) 7 - 0.00195 +0.00023 - 0.05056 - 0.00262 +1.07776
(0.05, 0.05) - 0.00023 +0.00010 - 0.08556 - 0.00087 +1.12406

(0.1, 0.1) 9 +0.00004 - 0.00005 - 0.00073 +0.00024 +1.00904
(0.05, 0.05) -0.00001 -0.00001 - 0.00081 - 0.00083 +0.99581

(0.1, 0.1) 11 +0.00000 -0 .00000 - 0.00020 +0.00022 +0.99809
(0.05, 0.05) -0.00000 -0 .00000 -0.00041 +0.00062 +0.99641

3.4.2. Cantilever Beam with a Shear Force at the End

Consider a rectangular beam having length L, width w, and depth d, built in a 

vertical wall at one end and bent by a shearing force S applied at the other end, as shown 

in Fig. 3.4.

Figure 3.4 : Cantilever beam with a shear force at the end.
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The analytical solution for stresses is given by(16)

CTyy = 0

My
a XX J (3.161)

where M=S(L-x) is the bending moment at a beam cross-section at a distance x from the 

built-in end and I=^/3(^/2)3 is the second moment of the cross-section of the cantilever.

The analytical solution for displacements is given by^16̂

u =
S(2+v) 3 
“ 6El

(3.162)

v = - ^ [ L  
2EI L

3 T 2Lx1 2 _ a r xOy + c 1x + M [T -  2 ] (3.163)

where

S(4+5v) ^  „  _ S(2+v) ^d^2
6EI V2 2 ’ 2 6EI ' 2 '

(3.164)

The constants Cj and C2 given above are found by considering the conditions at 

the built-in end as

u=0 at x=0 and y=± d/2
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In practice, the displacement conditions at the built-in end may be different, 

hence, eqns (3.162) and (3.163) do not provide exact solutions nor do the stress 

distributions (3.161). Although for comparatively long cantilevers at a considerable 

distance away from the support itself the solutions (3.161), (3.162), and (3.163), by 

means of Saint-Venant's principle, give satisfactory results we will here investigate the 

behaviour of the comer point at the built-in end (node 1, see Fig 3.4) and compare the 

results obtained from the LBIE methods with those obtained from the above analytical 

solutions.

For our purposes numerical values used are as follows:

L=8, d=2, w=l, S=l, v=0.3, and E=l.

and assuming a plane stress case, we have at node 1,

a xx=12, oxy=0, CJyy=0

and u=0, v= — 1.4625

The boundary element mesh shown in Fig. 3.4 consists of twenty quadratic 

elements of equal size.

Tables (3.12) to (3.14) show the results obtained from the three techniques using 

different numbers of terms with the internal point at (4., 0.) and (2., 0.). For the full 

range of the results see Tables G.l, G.2, and G.3 in appendix G.
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Table 3.12* : Cantilever beam loaded at the end with shearing stress 
Displacements and stresses at node 1 (Fig. 3.4) from Taylor series 

with optimum numbers of terms and with the internal point at (4., 0.) and (2.,0.) 
using DEA and twenty quadratic elements

Internal
point

No. of  
terms

u V CTxx CTxy ffyy

Analytic: 0. - 1.4625 - 12. 0. 0.

(4, 0.) 10 +0.004 - 1.200 - 11.982 -0.001 +0.001
(4, 0.) 14 +0.049 - 1.213 - 12.050 +0.000 +0.001
(4, 0.) 18 +0.092 - 1.215 - 11.983 +0.004 +0.003

(2, 0.) 10 +0.150 - 1.045 -10.115 +0.013 +0.001
(2, 0.) 11 +0.186 - 1.270 - 12.174 +0.009 +0.004

Table 3.13 : Cantilever beam loaded at the end with shearing stress 
Displacements and stresses at node 1 (Fig. 3.4) from Taylor series 

with optimum numbers o f terms and with the internal point at (4., 0.) and (2.,0.) 
using NPA and twenty quadratic elements

Internal
point

No. of  
terms

u V axx CTxy CTyy

Analytic: 0. - 1.4625 -1 2 . 0. 0.

(4 ,0 .) 7 +0.004 -1 .2 0 0 -11.982 -0.001 +0.001
(4, 0.) 9 +0.049 -1 .2 1 3 - 12.050 +0.000 +0.001
(4, 0.) 11 +0.092 - 1.215 -11.983 +0.004 +0.003

(2, 0.) 7 +0.150 - 1.045 - 10.115 +0.013 +0.001

* From now on, after three decimal places the results are rounded-off.
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Tabic 3.14 : Cantilever beam loaded at the end with shearing stress 
Displacements and stresses at node 1 (Fig. 3.4) from Taylor series 

with optimum numbers of terms and with the internal point at (4., 0.) and (2.,0.) 
using ASFA and twenty quadratic elements

Internal
point

No. of 
terms

u V CTxx (Txy CTyy

Analytic: 0. - 1.4625 - 12. 0. 0.

(4, 0.) 13 + 1. - 1.505 - 14.523 +0.130 - 0.055
(4, 0.) 17 +1. - 1.436 - 14.504 +0.153 - 0.074

(2, 0.) 17 +0.468 - 1.445 - 11.430 - 0.083 +0.131

With the internal point at (4., 0.) using the third and higher order terms in Taylor 

series, the stresses obtained from DEA and NPA are in good agreement with the 

analytical results, whereas the results for the displacement in the y direction differ from 

that of the analytical solution by about 10%. The results from ASFA are, however, not 

encouraging, and moreover with some numbers of terms they are identical (see Table 

G.3 in appendix G).

With the present mesh the best results are obtained when the internal point is 

placed at (4., 0.), i.e., in the middle of the cantilever. As the internal point moves closer 

to the local point of interest, i.e., to (2., 0.), the results become inaccurate.

It is necessary to refine the mesh and use smaller elements in the local area in 

order to position the internal point much closer to the local point of interest. Hence, 

elements 1 and 20 were each subdivided into ten elements having the length ratio of 1.5. 

Although the mesh refinement gave just a little improvement (but not very much despite 

the increasing cost) in the results from ASFA the accuracy achieved with the other two 

methods (DEA and NPA) remained almost the same, hence none of these results are 

reported here.
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With the experience based on the previous problem the Fourier series (2.73) was 

also applied as a trial function to solve this problem. The results obtained were very 

inaccurate. The reason for this is perhaps that the stress distributions are more complex 

than those in the previous simple problem, and the Fourier series in x only is not capable 

of representing the solution. Therefore, Fourier series in x and y should be superposed 

in order to be able to obtain satisfactory results (see p. 53, Timoshenko & Goodier, 

1984). Since the results obtained using the Fourier series in the present form, eqn 

(2.73), did not give good results they are not given here.

If Tables (G.l) and (G.2) are compared it can be seen that the best results are 

obtained using the following numbers of terms: 7, 9, 11 (for NPA) and 10, 14, and 18 

(for DEA), and other intermediate numbers of terms give slightly less accurate results, 

though they are still close to the values obtained for above numbers.

3.4.3. Stress Concentration at a Hole in a Square Plate under Tension

Consider that the square flat plate in section 3.4.1 has now a hole of radius a in 

the middle free of external forces as shown in Fig. 3.5. The existence of the hole 

produces stress distributions which have local peaks due to the discontinuity there.

Because of symmetry about both coordinate directions only one quadrant needs 

to be discretised. The ratio of the radius of the hole to the half width of the plate is taken 

to be a/L=0.05, and the other dimensions and the material properties being the same as

given in the first problem (see section 3.4.1).

The first solution scheme for this problem used 26 quadratic boundary elements 

with the length ratio R=1.4 for the constrained elements along the x and y coordinate 

directions as shown in Fig. 3.5. Due to rapid stress variations attempts to apply the local 

solution techniques on their own were not successful. Hence, the LBIE methods 

(namely, DEA, NPA, and ASFA) were used to locally refine the solution of the 

problem.
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0̂ =1

N=4
R=1

=0

=0

Figure 3J : One quadrant of a square flat plate subject to uniform tension 

with a hole in the middle. N stands for the number of elements 

andR for the length ratio.

For this reason, a mesh refinement was made in order to let the internal point p 

be positioned close to the local point of interest at node 1. The segment constrained in 

the y coordinate direction was divided into two parts, the first adjacent to the local point 

having the length of 0.05 and the second 0.9. Then, this first part and the element 26 

were each subdivided into ten elements, making 44 elements in all. The ratio between 

the lengths of the successive subelements moving away from the local point of 

expansion was taken as 1.1. This gave elements immediately adjacent to the local point 

of length 0.003 along the x axis and 0.0025 along the surface of the hole. On the 

remainder of the boundary the same length ratios and numbers of elements of the mesh 

shown in Fig. 3.5 were used.
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The analytical solution for an infinite plate, in polar coordinates, is given

= ?  [ 0  -  ( ~ f )  ~ 0  -  + 3 ( f )4)  Cos(20)]

^ee = f [ ( l  + ( f ) V ( l  + 3 ( f ) 4)Cos(2e)]

a r t = 2 l 1 + 2( f ) 2- 3( f ) 4] Sin(20)

(3.165)

(3.166)

(3.167)

and

4
Ur = - 2 -  [(x -  l)r2 + 2a2 -  2(a2(x + 1) + /  - 1 . )  Cos(20)] (3.168)

8nr r

4

U = - 2 -  [a2(x -  1) + r2 + \ ]  Sin(26) 
9 4nr r

(3.169)

where r and 0 are the polar coordinates, a is the radius of the hole, a  is the applied stress 

(see Fig. 3.5), and

% = 3 -  4v , if plane strain 

3—v% =----- , if plane stress (3.170)
1+v

We note that the greatest local concentration of stress occurs at node 1 in the 

hoop direction, and has the value 3. This solution does, however, not represent the 

exact solution, because the plate has finite dimensions. A correction of the solution for a
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finite width becomes necessary, and it is given as 3.008 for a plate with above 

dimensions (see Remzi, 1981). In the local refinement procedure the above analytical 

solution, eqns (3.165) to (3.169), was applied as the remote field function outside the 

local area.

Table 3.15 shows the optimum results obtained using DEA. The results are very 

good, when the numbers of terms used are between 10 to 18. The accuracy obtained for 

less than 10 terms is very poor (see Table H.l in appendix H). It is also of interest that 

the best results are obtained when only 10, 14, and 18 terms are used, which was the 

case for the cantilever beam, and other intermediate numbers of terms give less accurate 

results. This is especially marked with the internal points at (0.06, 0.01) and (0.057, 

0.007). When the internal point is positioned at (0.055, 0.005) and the number of terms 

used is 18 the highest accuracy is attained. This gives the stress concentration as 3.009, 

which is within 0.03% of the above quoted value. The other two components of the 

stress are also accurate up to the third decimal place. The values of the displacements are 

correct to three decimal places (see Table H.1 in appendix H for the full range of the 

results).

Table 3.15 : Plate with a hole in the middle subject to uniform stresses at the ends 
Displacements and stresses at node 1 (Fig. 3.5) from Taylor series 
using DEA and refined boundary elements in the region of interest 

and remote field solution outside the local area 
with optimum numbers o f terms and different positions for internal point

Internal No. o f u v axx  axy ayy
point terms

Analytic: -0 .05 0. 0. 0. 3.008

(0.060, 0.010) 14 -0 .049 -0 .0 0 2 - 0.070 -0 .046 +2.988
(0.057, 0.007) 14 - 0.050 -0 .0 0 0 - 0.029 - 0.018 +2.995
(0.055, 0.005) 18 - 0.050 +0.000 -0 .001 -0 .000 +3.009
(0.054, 0.004) 18 - 0.050 +0.000 +0.002 -0.001 +3.010
(0.053, 0.003) 14 - 0.050 -0 .0 0 0 -0 .004 -0 .002 +2.998
(0.0525,0.0025) 10 - 0.050 +0.000 -0.001 -0 .005 +3.013
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Table 3.16 shows the optimum results obtained using NPA. Note they are 

identical with those in Table 3.15. This is to be expected after having obtained the 

results for the previous two problems.

Table 3.16 : Plate with a hole in the middle subject to uniform stresses at the ends 
Displacements and stresses at node 1 (Fig. 3.5) from Taylor series 
using NPA and refined boundary elements in the region o f interest 

and remote field solution outside the local area 
with optimum numbers of terms and different positions for internal point

Internal
point

No. of 
terms

u V Cxx CTxy Cyy

Analytic: -0 .05 0. 0. 0. 3.008

(0.060, 0.010) 9 -0 .049 -0 .0 0 2 - 0.070 -0 .046 +2.988
(0.057, 0.007) 9 - 0.050 -0 .0 0 0 - 0.029 - 0.018 +2.995
(0.055, 0.005) 11 - 0.050 +0.000 -0.001 -0 .000 +3.009
(0.054, 0.004) 11 - 0.050 +0.000 +0.002 -0.001 +3.010
(0.053, 0.003) 9 - 0.050 -0 .0 0 0 -0 .004 -0 .002 +2.998
(0.0525,0.0025) 7 - 0.050 +0.000 -0.001 -0.005 +3.013

Table 3.17 shows the results obtained for ASFA. Although some of the results 

are encouraging ASFA is still not as good as DEA and NPA, and moreover depending 

on the number of terms and locations of the internal point the results suddenly change, 

hence they are not reliable (see also Table H.3 in appendix H).
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Tabic 3.17 : Plate with a hole in the middle subject to uniform stresses at the ends 
Displacements and stresses at node 1 (Fig. 3.5) from Taylor series 

using ASFA and refined boundary elements in the region of interest 
and remote field solution outside the local area 

with optimum numbers o f  terms and different positions for internal point.

Internal
point

No. of 
terms

u V CTxx CTxy CTyy

Analytic: -0 .05 0. 0. 0. 3.008

(0.060, 0.010) 17 - 0.050 +0.014 +0.049 - 0.141 +2.989
(0.057, 0.007) 13 -0 .042 +0.016 +0.236 -0 .005 +2.980
(0.055, 0.005) 9 - 0.050 +0.001 +0.049 - 0.141 +2.979
(0.054, 0.004) 21 - 0.050 - 0.014 - 0.023 +0.342 +2.984
(0.053, 0.003) 21 -0 .048 -0 .0 0 6 - 0.325 +0.123 +2.937
(0.0525,0.0025) 13 - 0.050 +0.007 +0.075 - 0.329 +2.994

3.4.4. Cracked Beam in Three-Point Bending

The last problem shows that the presence of a geometric discontinuity causes 

local stress concentrations. When this discontinuity is a sharp re-entrant comer (e.g., a 

notch), not smooth like the one in the previous case, the stress variations become even 

more severe around that notch, and as the notch becomes a crack (where the radius of 

the notch is now zero) the stresses at the crack tip give rise to infinity.

Figure 3.6 : A sharp crack with the coordinate system employed by Williams.
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The severity of the stresses at the crack is determined by the stress intensity 

factor denoted as KN, where N=l, 2, 3 indicates the three modes of fracture which can 

occur. Here, attention is confined only to mode I ( Kj ), sometimes called as the opening 

mode involving stresses which are symmetrical about 0=0, since it is the most common 

type of fracture (for detailed information the reader is referred to fracture mechanics 

books, see also references 16, 23, and 34).

Fig. 3.7 shows a beam of rectangular cross section simply supported at its ends, 

having the dimensions of length L, width w, and depth d. At the lower side in the 

middle of the beam a crack with a length of a is introduced. On the opposite side a line 

load of magnitude S is applied.

S

11
l {

d

i *

t '
i _ ----
a 1

i

1/2S t
L

<--------------------------------------------------------------------------------- ►

Figure 3.7: Cracked beam subject to three-point bending.

For present purposes the numerical values and material properties are taken as 

L=8, d=l, a=0.2, w=l, S=2, E=l, v=0.3 

and a state of plane stress is assumed.
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With the beam dimensions and load given above the quoted value for the stress 

intensity factor is 19.36, or in non-dimensional form^16)

Kj w d 
M

3/2

= 4.84

where the bending moment at the mid-section of the beam is M=SL/4

Only one half of the beam need be modelled, taking the advantage of symmetry 

with respect to the x coordinate direction. Since for a crack problem stress variations are 

very severe a fine mesh is used so that accurate integrations can be performed. Fig. 3.8 

shows the mesh of quadratic line elements used to represent that half of the beam, 

together with the boundary conditions^16) (58 elements in all, having the smallest 

elements immediately adjacent to the local point, which is now at the crack tip, of length 

0.0094).

Figure 3.8 : Mesh of the one half of the cracked beam together with the boundary 

conditions. N stands for the numbers of elements and R for the length 

ratios of these elements.

168



Attempts to apply the LBIE methods* on their own to obtain reasonable values 

for the stress intensity factor were not successful, at all. This was to be expected after 

the experience based on the previous stress concentration problem solved. Therefore, 

the LBIE techniques (DEA and NPA) were also applied to locally refine the solution 

obtained by other means. This time, numerical values of displacements and stresses 

obtained from BEETS were used outside the local area as the remote field solution. The 

LBIE methods in the form already described were still not successful, unlike with the 

stress concentration problem. It was first thought that the reason for this was that the 

Taylor series was not capable of representing the rapid stress variations around the crack 

tip. Therefore, there was a need for a different type of series which could represent the 

solution well in the local area of interest, in the place of special crack tip elements of 

conventional BEE methods. The series considered was the polynomial one initially used 

by Williams. It is given b y ^

N

m=l
<Kr,'t/) =  X r<m/2+1) { a m [ Sin( ?  -  O v  -  zrrk Sin(™ +  O v ]m + 2

+ Pm [ a > s ( y -  l ) v - C o s ( f  + l ) y ]  } (3.171)

which satisfies V4<|)=0, eqn (3.69). By writing this equation in terms of the bisector 

angle 0 = \|/ -  k , and retaining only the first terms, we have

<Kr,6) = T 12 [ttj ( -  Cos(0/2) -  I  Cos(30/2)) +

p, ( -  Sin(0/2) -  Sin(30/2))] (3.172)

* ASFA has now been abandoned, since it was, in general, unsuccessful.
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where the first part in represents the symmetrical solution and the second part in pj 

the antisymmetrical solution^. Since we are interested only in mode I the second part 

can be omitted.

The associated stresses, in polar coordinates, are then given b y ^

a (r,0) = — —  a. [ -  5 Cos(0/2) + Cos(36/2)] (3.173)
4r

a0e(r,e) = - L  a t [ -  3 Cos(9/2) -  Cos(30/2)] (3.174)
4r

a  (r,6) = — —  a, [ -  Sin(0/2) -  Sin(30/2)] (3.175)rf> 4rlB

and the displacements b y ^

1/2

U (r.O) = —  oc. [(2x -  1) Cos(6/2) -  Cos(36/2)] (3.176)
4h

1/2

ue(r,0) = — ttj [ -  (2% + 1) Sin(0/2) + Sin(30/2)] (3.177)
4n

where % is given by the relations (3.170).
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Equations (3.176) and (3.177) both can be used with DEA. Note that the first 

parts of eqns (3.176) and (3.177) (i.e., r1/2Cos(0/2) and r1/2Sin(0/2)) are harmonic, 

hence they can be used with NPA.

The same cracked beam with the same fine discretisation (58 elements with local 

length ratio of 1.1 and smallest elements of length 0.0094 immediately adjacent to the 

crack tip) was solved. This time, the size of the local area was gradually decreased 

starting from the crack face end at the comer to the crack tip. Outside the local area the 

same numerical solution from BEETS was again used as the remote field solution. Since 

the first terms in eqn (3.172), or eqns (3.173) to (3.177), dominates the solution in the 

vicinity of the crack tip it was expected to obtain more satisfactory results as the local 

area was reduced in size. Although there was a significant improvement in the results 

they were still not reasonably accurate, especially stresses.

Finally, the local area was reduced to zero, which meant that no series 

approximation made along the boundary except at the internal point, and the results were 

still far from satisfactory. Moreover, in all the results obtained for this crack problem it 

was observed that the results were very sensitive to changes in the position of the 

internal point and the numbers of terms used.

3.5. Discussion

In this chapter, the LBIE method developed for two-dimensional potential problems has 

now been extended to two-dimensional elasticity problems. Although the LBIE methods 

for stress problems essentially used the same principles as that for potential problems 

they are now formulated in three different ways. They are as follows;

i) Airy's stress function approach (ASFA),

ii) Neuber-Papkovich approach (NPA),

iii) Direct expansion approach (DEA).
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These three formulations use either harmonic functions or biharmonic ones. 

Accordingly, the functions in the series (Taylor, Fourier, or crack polynomial series) 

are chosen to satisfy either the harmonic equation or the biharmonic equation.

In the first simple problem, namely, a square flat plate under simple tension the 

three LB IE methods produced very accurate results, while for the second problem, of a 

cantilever beam, the ASFA was found to be unsuccessful. This was perhaps due to the 

error incurred by numerical integration of the conjugate functions px and py. Note that 

these two functions are determined from the harmonic functions P and Q using relations 

(3.87) and (3.88), and during their calculations the integration constants in the indefinite 

integrals were assumed to be zero. This is here a valid assumption since those constants 

vanish when the integrals become definite, in other words, when the integration limits 

are known. However, since the integrals are evaluated numerically the assumption of 

zero constants in the analytical expressions cease to be valid, and the additional error is 

produced. This is especially marked when stress variations are relatively complicated, 

and where there is a need for a fine mesh to obtain reasonable integration accuracy. The 

results of the stress concentration problem tend to confirm this explanation, because in 

this case the LBIE methods were used to locally refine the solution. The results from the 

ASFA were not as good as those from the DEA and NPA, both of which gave very 

accurate results. It is noticeable, however, that the ASFA now gave much better 

accuracy than that for the cantilever. This was because no approximation in px and py 

was made in the remote field, where the analytical solution was applied, and in the 

region of interest a fine mesh was used so that the integration accuracy was enhanced. 

Nevertheless, since the ASFA was, in general, comparatively unsatisfactory and 

unreliable it has been abandoned until a way can be found to determine the constants in 

px and py, indirectly (or may be directly). Note that the ASFA method would be the 

most efficient one, if it worked as well as the other two, because of using a smaller 

number of terms. In the other two, for a given number of terms in the series, the 

number of unknowns is doubled because the displacements (and the tractions) are 

expressed by two different undetermined coefficients (akm, where k=l, 2 in two
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dimensions and m is the number of terms): compare eqns (3.131), (3.134) for NPA and 

(3.145), (3.148) for DEA with eqns (3.113), (3.115) for ASFA.

Also, note that some of the results from the DEA and NPA for the problems 

solved here are identical. This is to be expected because these two formulations involve 

the analytical expressions of displacements (or stresses) in two different ways, and 

hence the functions (harmonic or biharmonic) used to represent the displacement field 

are obviously related (see the footnote on p. 99). In view of the foregoing discussion, 

the ASFA, which uses the biharmonic function (j) and the harmonic ones pj to represent 

the displacement field (see eqn (3.90)), is also expected to produce the same results as 

those from the other two (DEA and NPA). But it did not give the same results because 

of the existence of the integration constants in px and py, as mentioned before. The 

results from the DEA and NPA are identical only when the following numbers of terms 

are used: 6, 10, 14, 18 for DEA and 5, 7, 9, 11 for NPA, respectively (the 

corresponding numbers for ASFA would be 9, 13, 17, and 21, see Pascal triangles of 

differentiation, Table 2.1 and 3.2). Other intermediate numbers do not produce the same 

results because they do not provide corresponding analytical expressions. For this 

reason the above numbers are here referred to as the corresponding numbers of terms, 

and the remainder as intermediate numbers of terms. It is also of interest that in general, 

the best results are obtained for the corresponding numbers of terms. Hence, it is 

reasonable to retain only the corresponding numbers of terms in the series (Taylor) 

except for very simple problems where only few terms are enough to produce their 

analytical solutions. It is, therefore, clear that the NPA is superior to the DEA in that it 

uses a smaller number of terms for the same problem with the same accuracy, also in 

that it is easier to handle, since it uses harmonic functions, unlike the DEA which uses 

biharmonic functions.

Having obtained satisfactory results for the potential problems in chapter 2 with 

the Fourier series method, it was also considered for stress problems. For this reason, 

the sine Fourier series in x satisfying the biharmonic equation (3.69), eqn (3.103), was 

employed for the DEA (and ASFA) method, since they use biharmonic functions. Due
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to inaccurate results, a combination of cosine and sine Fourier series in x became 

necessary. Since this form of Fourier series (eqn (2.73)) had already been developed in 

chapter 2 to solve the potential problems, it was used with the NPA. For the square 

plate under simple tension, quite satisfactory results were obtained. It did not, however, 

give accurate results for the cantilever where the stress distributions were more 

complicated. Therefore, a Fourier series in x and y should be superposed in order to 

obtain satisfactory results.

For the last problem, namely, the cracked beam in three-point bending, where 

the variations of stresses are very rapid and tend to infinity at the crack tip, Taylor series 

was also unable to represent the solution, even in the local refinement procedure. 

Hence, in the vicinity of the crack tip the polynomial stress function of Williams, eqn 

(3.171), with the first term retained was employed. With the DEA the displacements, 

eqns (3.176) and (3.177), derived from eqn (3.172) were used, while the harmonic 

parts of them were used with the NPA. Although the results dramatically improved 

when the number of terms was between 14-18, they were still not reasonably accurate, 

especially stresses. It was found that the results were very sensitive to changes in the 

position of the internal point and the number of terms used. Finally, to see whether the 

error was introduced by the series approximation on the boundary or the LBIEs were 

not able to produce the solution of rapid stress variations, no series approximation on 

the boundary was made, except at the internal point, and the results were still not 

satisfactory. There could be two reasons for this: i) The LB IE methods are not capable 

of representing the rapid stress variations due to highly ill-conditioned linear equations 

with increasing order of singularity in the higher-order BIEs. Note that with the 

experience based on the problems (either potential or stress) solved so far the number of 

terms should be increased as the function variations increase, and for a crack problem 

the larger this number the better the function representation is. ii) A human error was 

involved in coding the program during the modification to employ the crack tip series 

solution*.

* The program LBE^PE' was checked twice, and no error was found.
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The failure to obtain satisfactory results for the cracked beam does not, 

however, detract from the value of the LBIE methods presented here. They should be 

successfully used to locally refine the solutions of stress concentration problems, 

provided the stress variations are not as severe as at a sharp crack, and also other 

relatively simple problems can be solved very accurately with reduced costs.

In order to successfully apply the LBIE methods to problems of interest attention 

should be given to the choice of three parameters, as is the case for potential problems. 

Although these are mentioned at the end of chapter 2 in section 2.5 they are repeated 

here for completeness.

i) Number of terms retained in the series,

ii) location of the internal point within the region of interest,

iii) the ratio between the element lengths in the local area (particularly two 

elements immediately adjacent to the local point of interest) and the distance from the 

internal point to these elements (more correctly, to the local point of interest).

A careful balance should be kept between these three parameters. To be able to represent 

the stress variations well the number of terms in the series should, in general, be large 

(the larger this number the better the function representation is). There is, however, a 

limit to this number. The limit is provided by the accuracy with which the highly- 

singular kernel functions can be integrated (this can be best seen in the crack problem, 

as explained before). It is observed that the results are quite satisfactory when the 

numbers of terms are approximately 7-11 for NPA (or 10-18 forDEA). Although for 

relatively simple problems fewer can be used it is, however, much better to choose to 

retain 7-11 terms in the series, since in a practical problem not its analytical solution but 

only the boundary conditions are known. The results can be improved by positioning 

the internal point at distances from the local point of the same order as the length of the 

local elements there (the two elements adjacent to the local point of interest), provided 

the aforementioned three parameters are kept in due proportion. By observing these
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three parameters it is possible to use more and more refined meshes in the local area to 

enhance the accuracy as required. This, however, does not increase the number of 

algebraic equations, unlike with conventional BIE methods. Therefore, the costs of the 

mesh refinement are much less compared to conventional BIE methods.
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177



4. CONCLUSIONS

In this thesis, local boundary integral equation methods based on series 

expansions have been developed for both potential and stress problems. The series 

considered are Taylor and Fourier ones using either harmonic or biharmonic functions. 

The LBIE techniques presented here make it possible to determine the variables of 

interest in a small particular region of a solution domain, without the need to evaluate 

the solution over the rest of the boundary.

For potential problems, it has been found that both series methods produce very 

accurate results in regions of particular interest and they can be used in their own rights, 

whereas for stress problems the Fourier series method in the form described here cannot 

represent the solution, if the function variations are relatively complicated.

The major application for the technique is to problems where detailed 

information is required at particular geometric features of the domain for which 

approximate solutions already exist. This is because attention can be focused on a small 

pre-selected region, and therefore it provides a way of locally refining approximate 

solutions obtained by other means. Although the LBIE methods as described in chapter 

3 did not represent the crack tip solutions it should not discredit them to be applicable to 

many stress problems having less severe variations like the stress concentration problem 

solved in section 3.4.3.

Because the number of linear equations to be solved is fixed for a given number 

of terms in the series and is very small, the technique is computationally very efficient 

compared to conventional numerical techniques, and consequently it is probably most 

beneficial for three-dimensional problems.
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4.1. Further Suggestions

Although the LBIE methods developed here were, in general, successful they 

are not completely free of drawbacks. Firstly, in order to be able to apply the technique 

to problems of interest successfully a careful balance between the three parameters 

should be kept (see sections 2.5 and 3.5), otherwise the results obtained could be 

inaccurate. This makes it relatively difficult for an inexperienced user of the technique to 

apply. Secondly, when the variations of the variables of interest are very rapid, then the 

number of terms to be used should be large to represent the solution well, but this 

necessitates the use of highly singular kernel functions. If the variations are very severe, 

like those in the crack problem, it becomes impossible to maintain high accuracy in 

numerical integrations to obtain reasonable values for the unknowns. To overcome 

these problems, the zero and higher-order equations can be transformed to the 

boundary, as in the form described by J.O. Watson (1982), and expanded in the series 

about a point of interest on the boundary. Doing this, the need to consider the three 

parameters may be eliminated, and it may also be possible to use a relatively small 

number of terms, which implies relatively less singular kernel functions have to be 

employed. Watson did this using only up to (and including) the second order integral 

equations, but essentially in a conventional way using Hermitian cubic boundary 

elements (with additional singular shape functions at notch and crack tips), and he 

obtained quite satisfactory results.

Let us now recall the functions px and py in eqn (3.90). As we mentioned in the 

previous section, 3.5, the integration constants may be determined indirectly from 

certain boundary constraints (if possible), or they may be determined by comparing the 

known boundary condition values with the calculated values from the solution of 

integral equations. The difference between them is the relative error which has to be 

either added to or subtracted from eqn (3.90) and re-run the program again. This, of 

course, means that now the program should be run successively until the error is 

reduced to the required accuracy, which means an increase in computing costs (the 

possibility of this should also be investigated). Those constants may also be calculated

179



directly by the analytical integration outside the local area, e.g., by using constant 

elements there to simplify the procedure.

This analytical integration may be carried out not only for determining those 

integration constants but also it would be possible to perform the integrations 

analytically for the LBIE methods as a whole. The problem arose is that the boundary 

conditions in the remote field must now be written in the form of analytical expressions. 

This may be managed by a curve fitting process applied to the boundary conditions. The 

accuracy should be enhanced substantially. The displacement and traction kernel 

functions, eqns (3.34) and (3.35), can also be differentiated analytically, since their 

derivatives are lengthy and very tedious to derive manually. All these integrations and 

differentiations can be performed using a suitable symbolic programming language, 

e.g., ALTRAN*.

Finally, in the LBIE methods, besides Taylor and Fourier series other types of 

series can be employed provided they satisfy the required conditions. That is, they 

should satisfy either the harmonic or the biharmonic equation, and they should converge 

with finite number of terms. One example is the general stress function series (see p. 

133, eqn (80), Timoshenko & Goodier, 1984). Also, a combination of Taylor and 

Fourier series could be used.

* ALTRAN stands for ALgebra TRANslator and can perform symbolic computations on algebraic data. 
It can be called within a FORTRAN program.
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A P P E N D I X  A

Transformation Formulae
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Transformation formulae for the derivatives of a function, say (j), can be found

with the aid of differential operators given in section 2.1.6 as,

where

(2.78)

(2.79)

(2.80)

Hence, higher-order operators are simply the operation of the operators on each other 

and it only remains to operate with them on the functions. They are given (up to the 

fifth-order) as follows:
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From the local to global coordinate system,

a2 2 d 2 a2 2
L x ,x , = f —-  Cos a  + 2 _ Cosa Sina + —- Sin a }

11 3x2 d^ y  dy2

d2 _  d2 _ _ d2
L x ,y , = f ----- - Cosa Sina + _ _ Cos2a + —- Cosa Sina } „

11 1 ax2 ^  ay2 g

a2 2 a2 a2 2
L y ,y , = {—-  Sin a  -  2  ̂ _ Sina Cosa + —- Cos a  ) „

11 ax2 ay2 g

r a 3 a 2 a 2L xjXjXj = {—-  Cos a  + 3 —-— Cos a  Sina + 3 ------- Cosa Sin c
dx~ d x % dxdy

-> 3

+ —r Sin3a  }
ay g

LxjXjyj = { ---- r Cos a  Sina + —-—  (Cos a  -  2 Cosa Sin a) +
ax dx2dy

-.3 -.3
------— (2 Cos a  Sina -  Sin a) + —-  Sin a  Cosa j
dxdy dy

3 3a 2 a 3 2Lxjy^j = { + —-  Sin a  Cosa + —-— (Sin a  -  2 Sina Cos a) -
dx~ dx2dy

-.3 -.3a 2 3 a 2 i
------- (2 Sin a  Cosa -  Cos a) + — -  Cos a  Sina j
dxdy dy

(A.l)

(A.2)

(A.3)

(A.4)

(A.5)

(A. 6)
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3 3 3
t r a-’ 3 „ a’ 0. 2 „ a ^ 2 0.J L y ^  = ( ----- -  Sin a  + 3 — -—  Cosa Sin a  -  3 ------ -  Cos a  Sina

ax ax ay axay

a 3 \+ —— Cos a )
ay3

(A.7)

-.4 _4 -v4
t f o  _ 4 . a _ 3 , a 2l̂ XjXjXjXj = (—-  Cos a  + 4 —-—  Cos a  Sina + 6 —-—r Cos a

dx dxdy
2 2 dxy

4 42 a 3 a 4 •»
Sin a  + 4 ------ -  Cosa Sin a  + —j  Sin a  }

dxdy dy g
(A.8)

-A -Aa „ 3 a 4 2 2
LxjXjXjyj = { ------ Cos a  Sina H— ^— (Cos a  -  3 C osa  Sin_a) +

dx dx dy

a4 3 3 a^ 2
(3 Cos a  Sina -  3 Cosa Sin a) + ------- (3 Cos a2 2 

3x 3y dxdy'

Sin2a  -  Sin4a) + Sin3a  Cosa }
dy

(A.9)

a4 2 2 a4 3 3
L x ^ y ^  = {— z Cos a  Sin a  H--- -— 2 (Cosa Sin a  -  Sina Cos a)

ax ax ay

4 4a 4 A ^ 2 0.2 4 x a
+ — -—r (Cos a  -  4 Cos a  Sin a  + Sm a) H---------  22 2ax ay ax3y'

->4
3 3 a 2 2 i

(Cos a  Sina -  Cosa Sin a) + —-  Cos a  Sin a )  (A. 10)
dy g
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4 4
t I’ d 3 d  2 2 4JL^yiYiyi = ( ----- j  Cosa Sin a  + —-— (3 Cos a  Sm a  -  Sin a) +

dx dxdy

4 4
3 3 3 3 43 (Cosa Sin a  -  Cos a  Sina) H--------- (Cos a
2 2 

3x 3y dxdy'

-  3 Cos2a  Sin2a) + Cos3a  Sina ]
ay4

(A. 11)

->4 -v4 -.4
T r o 4 . 3  3 _  „ 3 _ , 2
L ^ y ^  = (—r  ^in a  —=—  Sm a  Cosa + 6 —-—r Cos a

3x dx3dy 2 2 dxdy

4 4
n. 2 a4 . _ 3 a4 4 -i
Sin a  - 4 ------- Sina Cos a  + —-  Cos a ;

dxdy dy g
(A. 12)

a** _ s .  a ^ 4 _  _  a“L xjXjXjXjXj = ( h----- Cos a  + 5 —-— Cos a  Sina + 10
dx dxdy 3 2dxdy

a5 2 3 a5
Cos a  Sin a  + 10 —-—r Cos a  Sin a  + 5 -----

dx2dy dxdy

„  o. 4 3  o. 5 1Cosa Sm a  + — - Sm a  j
ay

(A.13)

J5 -5
T f 3 4 a , _ 5  . _ -3 2
JLxjXjXjXjyj = ( ----- -  Cos a  Sina H---- -— (Cos a  -  4 Cos a  Sin a)

dx~ dx dy

.5  -s5a 4 2 3 a
+ — r—r (4 Cos a  Sina -  6 Cos a  Sin a) +3 2

ax'dy
2 3

3x 3y
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(6 Cos3 a  Sin2a  -  4 Cosa Sin4a) H— — -  (4 Cos2a
3x3y

_. 3 5 N d „ 4 iSin a -S m  a)H------ Cosa Sin a )
3y g

(A.14)

->5
T f d  ^  3 n. 2 3 2 3 _ _ 4
.LxjXjXjyjyj = \— - Cos a  Sin a  + —-— (3 Cos a  Sin a  -  2 Cos a

dx dx dy

5 3 2
Sina) + —-—-  (Cos a  -  6 Cos a  Sin a  + 3 Cosa 

3x3y

4 v 3 5 „ ^  2 3  ̂ _ 4
Sm a) h-----—r (Sm a  -  6 Cos a  Sin a  + 3 Cos a

dxdy3

3 _ 3 2 _ _ 4 x
Sina) + ------- (3 Cos a  Sm a  -  2 Cosa Sin a) +

3x3y

3 ^ 2 3 1  
— 7 Cos a  Sin a  J
3y

(A.15)

LxjXjy^jyj = {----- - Cos2a  Sin3a  + —-— (3 Cos3a  Sin2a  -  2 Cosa
3x 3x 3y

->54 . d , _ _ 2 3 _ _ 4
Sin a) + —-—-  (6 Cos a  Sm a  -  3 Cos a  Sina -  

3x 3y

-.5
5 3 5 2 3 4

Sin a) + —“—-  (Cos a  -  6 S in a  Cos a  + 3S in  a
dxdy

35 3 2 4
C o s a ) ----------(3  Sin a  Cos a - 2 S ina Cos a) +

dxdy
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(A. 16)
d  2 3

— -Sin a  Cos a )
ay

L
r 9  _ 4 3 5 . _ 2 3 .xiyiyiy,yi = (— - Cosa Sin a  + —-— (Sin a  -  4 Cos a  Sin a) +
0x 0x 0y

a5 3 2 4 a5
(6 Cos a  Sin a  -  4 Cosa Sin a) +3 2

0x 0y
2 3

0x 0y

3 2 4 0 2
(6 Sin a  Cos a  -  4 Sina Cos a ) --------j  (4 Sin a

0x0y

_  3 _  5 0 ' .  ^ 4 1
Cos a  -  Cos a) + — - Sina Cos a )

3y
(A. 17)

5
Lyiy^iy^j = {----- 7 Sin a  + 5 —^ — Sin a  Cosa — 10 —^—r Sin a

0x 0x 0y
3 2 

0x0y

_5 -.5
2 0  2 3 0  4

Cos a  + 10 — -—— Sin a  Cos a  -  5 ------ r Sina Cos a
2 3 

0x 0y 0x0y

0 5 ,
+ —-  Cos a  j

By
g

(A . 18)

From the global to local coordinate system,

'g"g 2 
0X

0“ 2 02 0Z 2 
Lx„x_ = {—-  Cos a - 2 - = _ Cosa Sina + —-Sin a ) ,

g g 1 -  2 0 x0 y  -  2 J 10y
(A. 19)
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L x y = { + —-  Cosa Sina + Cos2a------- Cosa Sina },
8 8 3x dxdy By

L r o  2 d  d  2 i
y y = ( —-  Sin a  + 2  ̂ Sina Cosa + —-  Cos a  ) ,
8 8 3x dxdy By

a3 3 a3 2 a3 2
L x  x x = { —-  Cos a  -3  — -—  Cos a  Sina + 3 ------ -  Cosa Sin

dx d x  dy dxdy

B _n. 3
3

ay
Sin3a }  y

L x „ x „y„ = f  + Cos2a  Sina +g g^g 1 _ 3Bx Bx2By

3 2(Cos a -  2 Cosa Sin a) -

.3 -«3
j  2 3 d 2 l

(2 Cos a  Sina -  Sin a) H------  Sin a  Cosa j
BxBy' By

3 3a 2 a 3 2
L x  y y = { + —-  Sin a  Cosa-----— (Sin a  -  2 Sina Cos a)

dx dx dy

3 3
a 2 3 a 2

------ -  (2 Sin a  Cosa -  Cos a ) ------  Cos a  Sina },
BxBy By

(A.20)

(A.21)

a

(A.22)

(A.23)

(A.24)
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3 3 3
t r a 0. 3 „ a „  n. 2 „ a „  2 0.L,y y y = ( + —-  Sin a  + 3 — -— Cosa Sin a  + 3 ------ -  Cos a  Sina

dx dx dy dxdy

3 _ 3 I+ —— Cos a )
ay

(A.25)

4 4 4
t r 0 4  ̂ a ^ 3 0.  ̂ a 2
i^x x x x = [ —t Cos a - 4 —-— Cos a  Sina + 6 —-—-Cos a

O O O O » 4  J  x. Z »  Z
dx dx dy dx dy

4 42 a 3 a . 4 i
Sin a  - 4 ------ - Cosa Sin a  + —-  Sin a  ),

dxd y  dy

(A.26)

_4 -.4j  3 j   ̂ 2 2
L x  x x y = ( h-----j  Cos a  Sina H-----— (Cos a  -  3 Cos a  Sin a) —

O  O  ©  ©  x i. *T  *s  J x .

dx dx dy

a4 3  3 a4 2
(3 Cos a  Sina -  3 Cosa Sin a) + ------- (3 Cos a

2 2 
dx dy dxdy'

2 4 d 3 1
Sin a  -  Sin a ) ------  Sin a  Cosa j  j

dy
(A.27)

a4 2 2 a4 3 3
L x  x y y = { —j  Cos a  Sin a -----—  2 (Cosa Sin a  -  Sina Cos a)S S o S ~  4 3 x .

dx dx dy

4 4a 4 , ̂  2 2 4 s a
+ —-—- (Cos a  -  4 Cos a  Sm a  + Sin a ) -------- -  2

dx dy dxdy

x.4
3 3 d 2 2 i

(Cos a  Sina — Cosa Sin a) h------  Cos a  Sin a )  1 (A.28)
5y
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4 4
L f 3 3 3 _ 2 2 4 vx y y y = {+ — j  Cosa Sin a  + —-— (3 Cos a  Sin a  -  Sin a)

o o o o 4
ax ax ay

34 3 3 34 4
3 (Cosa Sin a  -  Cos a  Sina) H------ - (Cos a

2 2 
3x 3y 3x3y~

2 2 3 3 i
3 Cos a  Sin a ) --- - Cos a  Sina )

dy
(A.29)

34 4 34 3

L y gygygyg = { —-  Sin a  +4 — -— Sin a  Cosa + 6 —^—r Cos a
3x 3x33y

2 2
3x 3y

-.4 -n4
2 3 3 3 4 i

Sin a  + 4-------  Sina Cos a  + — j  Cos a ),
3x3y 3y

(A. 30)

/xgxgxg?|xg = Cos5a  —5——— Cos a  Sina +10
3x~ 3x 3y

3 2
3x 3y

.5 -.5
3 2 3 2 3 a

Cos a  Sin a - 1 0 — -—rCos a  Sin a  + 52 3
3 x 3 y 3x3y

„  o. 4 3 0 . 5 iCosa Sin a ----- -Sin a h
3y5

(A.31)

_5 J 5
0 - 4  o 5 3 2

LxgX̂ CgXgYg -= {h— -  Cos a  Sina + —-— (Cos a  -  4 Cos a  Sin a)
dx 3x 3y

-.5 -v5
3 4 2 3 3

(4 Cos a  Sina -  6 Cos a  Sin a) +3 2
3x 3y

2 3
3x3y
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3 2  ̂ ^ ^
(6 Cos a  Sin a  -  4 Cosa Sin a ) ---------  (4 Cos a

dxdy

n. 3 5 . d  ̂ 4 iSin a —Sin a) + — - Cosa Sin a h
0y5

(A.32)

-,5 -.5
L r d _  3 2 a 3  ̂ ^ 4

x x x y y = l — - Cos a  Sin a ---- -—  (3 Cos a  Sm a  -  2 Cos a
o o o o o  J  4*.

ox ox dy

d 5 3 2
Sina) + — -—-  (Cos a  -  6 Cos a  Sin a  + 3 Cosa 

dxdy

4 d 5 2 3 4
Sin a ) ------—- (Sin a  -  6 Cos a  Sin a  + 3 Cos a

dx dy

d 3 2 4
Sina) H------- j  (3 Cos a  Sin a  -  2 Cosa Sin a) -

dxdy

Cos2a  Sin3a } j
dy

(A.33)

d5 2 3 d5 3 2
L x  x y y y = {h------  Cos a  Sin a  H-----—  (3 Cos a  Sin a  -  2 Cosa

o o o o o  » j 4»
dx dx dy

4 d 2 3 4
Sin a ) ----- -—-  (6 Cos a  Sin a  -  3 Cos a  Sina

dx dy2

5 x d 5 „ _ . 2 _  3 4
Sin a) + —-—-  (Cos a  -  6 S in a  Cos a  + 3 S in a

dxdy

_   ̂ d‘ . .  3 _  2 o c . ^ 4 xCosa)H------- -(3  Sin a  Cos a - 2 S ina Cos a) +
dxdy
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(A.34)— - Sin a  Cos a } ,
ay

_5 J 5
I  r o  _  _ , 4  O 5 . _  2 3
i^xgygygygyg = I —-C osa  Sin a ------— (Sin a - 4 Cos a  Sin a ) +

3x 3x 3y

3 2 4 d5
(6 Cos a  Sin a  — 4 Cosa Sin a) -3 2

3x 3y
2 3

3x 3y

(6 Sin3a  Cos2a  -  4 Sina Cos4a) — (4 Sin2a
3x3y

3 _ 5 . 3” _ 4 1
Cos a  -  Cos a ) ------  Sina Cos a  / ,

ay
(A.35)

a5 5 a5 4 a5 3
L y-y^y^y ,, = {h------  Sin a  + 5 — ;—  Sin a  Cosa + 10 —r—r Sin a

3x 3x43y
3 2dxdy

5 -5
Cos a  + 10 —-—r Sin a  Cos a  + 5 ------ 7 Sina Cos a

2 3dxdy5 dxdy

3 _  5

3y
Cos a } j (A.36)
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Table B.l : Square domain with linear potential variation.
Function and derivatives at node 1 (Fig. 2.6) from Taylor series

using eigth quadratic boundary elements.

Internal
point

No. of 
terms

<t> 4>,y <{>,x <Mx

Exact: 0. 0. - 1. 0. 0.

(1.5, 1.5) 
(1.25, 1.25) 

(1.1, 1.1)

5

+ 2 .6 3 x l0 '15

+ 1 .0 1 x l0 '°7

+ 1 .0 3 x l0 -°2

- 4.27x10"14
- 8.46X10'06

- 6.01X10'02

- 1.00000 

- 1.00000 

- 1.07523

+ 5.15xl0*14
+ 1 .53x l0 -°5
+ 6 .59x l0 -°2

- 3 .9 5 x l0 '14
- 1 .2 9 x l0 '°5
- 2 .23x10'°!

(1.5, 1.5) 
(1.25, 1.25) 

(1.1, 1.1)

7
- 2 .1 2 x l0 -14
- 1 .7 1 x l0 '05
- 6.31X10*02

+4.26xlO -10 
- 9.24X10-06 
+ 6 .8 1 x l0 -°2

- 1.00000
- 0.99981
- 0.99542

- 1.25x10-°°
- 1.12X10*04 
-8 .2 2 x 1 0 -°!

+ 1.25x10'°°  
-4 .06x1  O'04 
+1.15

(1.5, 1.5) 
(1 .25, 1.25) 

(1.1, 1.1)

8
- 1.40x10'14 
+2.06X10'04
- 7.72X10'03

+ 6 .25x10 '!°  
- 7.62X10'04 
-2 .54X 10'02

- 1.00000
- 1.00031
- 0.68128

- 1.25x10'°°
- 2.87X10'04 
-6 .05x10-°!

+ 1.25x10'°°  
-7 .0 5 x l0 '03 
- 1.39

(1.5, 1.5) 

(1.25, 1.25) 

(1.1, 1.1)

9
+ 8 .0 5 x l0 '10
- 9 .3 4 x l0 '05
- 1.08X10'02

-2 .8 7 x 1 0 '°°  

- 4 .1 0 x l0 '° 5 
+ 4.89x10 '°!

- 1.00000 
- 0.99954  

+0.23752

+ 1 .9 1 x l0 '08
-4 .0 1 x l0 '03
+3.85x10'°!

+ 1.03x10'°°
-2 .3 6 x l0 '° 3
+2.06x10*°!

(1.5, 1.5) 

(1.25, 1.25) 

( U ,  l .D

10
+8.05x10'*°  

+2.56x10"®3 

- 8.32X10'03

-2 .87X 10'09 
- 3.68X10'03 

+ 2.97x10 '°!

- 1.00000 

- 1.00261 

+0.07003

+1.9 l x l  O'08 
-2 .40x1  O'02 
-5 .3 1 x 1 0 '°!

+1.03x10-°°  
- 3 .6 0 x l0 -°2 

+2.16x10-°!

(1.5, 1.5) 
(1.25, 1.25) 

(1.1, 1.1)

11
-9 .3 4 x 1 0 '!!  
+ 1 .2 0 x l0 -°3 

- 1.07X10'02

- 1.98X10'09 
+ 6 .4 2 x l0 ‘° 4 

+ 5 .55x10 '°!

- 1.00000 
- 1.00078 

+0.13346

- 1.44x10'°° 
-4 .96X 10'02 

-7 .4 2 x 1 0 '°!

- 1.59X10*08 
-3 .3 9 x lO -°2
- 2 .47x10'°!

(1.5, 1.5) 
(1.25, 1.25) 

(1.1, U )
l 2

- 9 .3 4 x l0 'n  
+5.43x1 O'®4 
- 1 .79x l0 '°2

- 1.98X10*09 
+1.25xl0"°2 
+ 6.72x10-°!

- 1.00000  
- 0.98744  

+0.25368

- 1.44x10'°°
- 1 .88x10'°! 

-3 .2 8

- 1 .5 9 x l0 '°8
- 3 .5 7 x l0 '°2
- 5 .72x10'°!

(1.5, 1.5) 
(1.25, 1.25) 

(1.1, 1.1)
14

- 1 .5 9 x l0 '10 
+ 7 .7 0 x l0 '02 
-3 .32X 10'03

-2 .36x10"°°
-2 .01x10*°!
-2 .51x10*°!

- 1.00000  
- 0.91619  
+0.06221

- 1 .85x10'°°
- 1.02
-3 .4 1 x 1 0 '°!

- 2 .1 0 x l0 '° 8
-3 .1 1
- 6.82x10'°!

(1.5, 1.5) 
(1.25, 1.25) 

(1.1, U )

15
- 1 .5 9 x l0 '10 
+8.22x1 O'02
- 1 .3 8 x l0 '03

+1.15x10"°°
-2 .2 7 x 1 0 -° !
+9.30xl0*02

- 1.00000  
- 0.92014  

+0.02942

-7.59X 10'06 

- 1.17
+ 9 .9 4 x l0 '°3

+7.56X10'06
-3 .3 0
-4 .9 1 x 1 0 '° !

(1.5, 1.5) 
(1.25, 1.25) 

( U ,  U )

16
- 1 .6 1 x l0 '10 

+9.97x1 O'02

- 3 .3 4 x l0 '03

+ 1.15x10-°°
+1.99x10-°!
+1.18x10"°!

- 1.00000 

- 0.05560  

+0.00491

-7.59X 10'06
-4 .7 1
- 3.88x10'°!

+7.56x10"°^
-3 .4 0
- 3.29x10'°!

195



Table B.2 : Square domain with linear potential variation.
Function and derivatives at node 1 (Fig. 2.6) from Fourier series

using eigth quadratic boundary elements.

Internal
point

N o. o f  
terms

$ <t>,y 4>,x 4>,xy 4>,xx

E x a ct: 0. 0 . - 1. 0. 0.

(1.5, 1.5) 
(1.25, 1.25) 
(1.1, 1.1)

5
- 5.27x1 O'03 

-7 .3 3 x lO '03
- 1.14xl0'®2

-9 .75x1  O'02 
- 1.26x1 O'02 
+1.80x1 O'02

- 0.93818  

-0 .9 3 1 9 9
- 0.90447

+1.06x10'°!
+ 7 .1 4 x l0 “02
+ 9 .2 7 x l0 “02

- 2 .36x10'°!
- 1.14x10'°! 
+8.62xlO '°3

(1.5, 1.5) 
(1.25, 1.25) 

(1.1, 1.1)

7
- 2 .8 3 x l0 '03 
- 6.71X10'04 
-4.51X10*02

+2.0 l x l  O'02 
+ 1 .4 7 x l0 '03 
+6.29x1 O'®2

- 0.99252
- 0.99756  
-0 .8 1 7 3 0

-7 .6 6 x l0 “02 
- 1.02X10-02 
-7 .2 6 x 1 0 '° !

+ 4 .8 4 x l0 '°2
+1.41xlO '02
+4.98x10'°!

(1.5, 1.5) 
(1.25, 1.25) 

(1.1, 1.1)

8
- 2.83x1 O'03
- 5.49x1 O'04
- 7.78X10'03

+2.01xlO -°2
+ 1 .0 6 x l0 '03
+2.92xlO -°3

- 0.99252
- 0.99782
- 0.61720

-7.66X 10'02
- 1.04X10*02
- 6 .05x10'°!

+4.84x1 O'02 
+ 1 .0 5 x l0 '°2 
- 1.25

(1.5, 1.5) 

(1.25, 1.25) 

(1.1, U )

9

+ 1 .6 5 x l0 '03
+5.98X10'04
+7.75xl0'®3

- 3.83X10-03
- 1.58X10'03 

+2.97xlO '01

- 1.00892

- 1.00027 

+0.11456

+4.27xl0*°2

- 1.07x1 O'03
- 1.77x10'°!

+1.23x1 O'02 

- 8 .5 9 x l0 '°3 

+1.15x10'°!

(1.5, 1.5) 
(1.25, 1.25) 

(1.1, 1.1)

10
+1.65xlO '03
+ 2 .9 4 x l0 '03
-7 .9 2 x lO '03

- 3 .83xlO -°3 
-4 .74X 10-03 

+ 2 .8 2 x l0 -01

- 1.00892
- 1.00322 

+0.06727

+4.27xl0*°2 

- 1.90X10'02 
-5 .1 8 x 1 0 '° !

+ 1 .2 3 x l0 '°2 
- 3 .8 4 x l0 '°2 

+1.77x10'°!

(1.5, 1.5) 
(1.25, 1.25) 

(1.1, U )

11
+3.08X10-04 
+ 1 .58x l0 -°3 

- 9 .0 6 x l0 '03

- 8 .18xlO -04
- 4.70X10*04 

+4.80x10'®!

- 0.99765
- 1.00247 

+0.11989

- 8 .58xl0*°3
- 5.19X10'02 

-7 .1 5 x 1 0 '° !

- 1 .7 3 x l0 '°2
- 4 .1 4 x l0 '02
- 3 .84x10'°!

(1.5, 1.5) 
(1.25, 1.25) 

(1.1, U )

12
+3.08X10'04
-7.28X 10-04

-9.77X 10'03

-8 .18X 10'04 
+1.68x1 O'02 

+3.78xlO -01

- 0.99765
- 0.97793  

+0.14206

- 8.58X10'03
- 1.80x10'°!

- 1.85

- 1.73xl0"°2 

+ 2 .6 7 x l0 '05

- 4 .26x10 '°!

(1.5, 1.5) 
(1.25, 1.25) 

(1.1, l .D

14
+ 2 .9 4 x l0 '05
+ 7 .6 3 x l0 ‘02
-2 .77X 10'03

+4.31X10-04 
- 1.91x10'®! 
+2.12x10“®1

- 1.00032
- 0.90537  
+0.05327

- 1.02X10'03
- 1.09
-2 .9 0 x 1 0 '° !

+ 4 .3 7 x l0 '°3
-3 .0 6
- 6 .08x10'°!

(1.5, 1.5) 
(1.25, 1.25) 

(1 .1 , 1.1)

15
+ 1 .8 6 x l0 '°5
+ 8 .1 8 x l0 -°2
-8.16X 10-04

- 2.30X10-04
- 2 .16xl0"01 
+ 5 .3 7 x l0 “02

- 1.00013 
-0 .9 1 1 9 9  
+0.02086

+ 2 .5 3 x l0 '°3 
- 1.23
-6 .58X 10'02

- 8.16X10'04 
-3 .2 8
- 3 .58x10'°!

(1.5, 1.5) 

(1.25, 1.25) 

(1.1, U )

16

+ 1 .8 6 x l0 '°5 

- 2 .62x10"01 

+ 7 .2 6 x l0 -°3

-2 .30X 10-04

+ 1 .16

- 4 .2 6 x l0 '01

- 1.00013 

+0.11105

- 0.10831

+2.53xlO '°3

+3.96

-4 .3 6 x 1 0 '° !

-8 .16X 10'04 

+1.48x10+°! 

+ 1.68
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Tabic B.3 : Square domain with linear potential variation.
Function and derivatives at node 1 (Fig. 2.6) from Taylor series

using refined boundary elements in the region of interest.

Internal
point

No. of 
terms

4> <l>.y <My <{),XX

E xact: 0. 0. -1 . 0. 0.

(1.1, 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

5
+0.00000
+0.00000
+0.00000

+0.00000
+0.00000
+0.00000

- 1.00000 
- 1.00000 
- 1.00000

+0.00000
+0.00000
+0.00000

+0.00000
+0.00000
+0.00000

(1.1, 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

6
+0.00000
+0.00000
-0.00000

-0 .00000
-0 .00000
-0 .00000

- 1.00000 
- 1.00000 
- 1.00000

- 0.00000 
- 0.00000 
+0.00000

- 0.00000 
- 0.00000 
+0.00000

(1.1, 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

7
+0.00000
+0.00000
-0.00000

-0 .00000
+0.00000
+0.00000

- 1.00000 
- 1.00000 
- 1.00000

-0.00000  
+0.00000 
- 0.00000

-0.00000  
- 0.00000 
- 0.00000

(1.1, 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

8
-0.00000
-0.00000
-0.00000

-0 .00000
+0.00000
-0 .00000

- 1.00000 
- 1.00000 
- 1.00000

- 0.00000 
+0.00000 
- 0.00000

+0.00000
+0.00000
+0.00000

(1.1, 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

9
-0.00000
-0.00000
+0.00000

+0.00000
+0.00000
+0.00000

- 1.00000 
- 1.00000 
- 1.00000

+0.00000 
- 0.00000 
+0.00000

+0.00000 
- 0.00000 
+0.00000

(1.1, 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

10
-0.00000
-0.00000
+0.00000

+0.00000
+0.00000
+0.00002

- 1.00000 
- 1.00000 
- 0.99993

- 0.00000 
-0.00000  
+0.00002

+0.00000 
-0 .00000  
- 0.00000

( U ,  1.1) 
(1.05, 1.05) 
(1.01, 1.01)

11
-0.00000
-0.00000
-0.00000

+0.00000
-0 .00000
+0.00005

- 1.00000 
- 1.00000 
- 1.00076

- 0.00000 
+0.00000 
-0.00002

- 0.00000 
+0.00000 
+0.00001

(1.1, U )  
(1.05, 1.05) 
(1.01, 1.01)

12
-0.00000
+0.00000
-0.00000

-0 .00000
-0 .00000
+0.00037

- 1.00000 
- 1.00000 
- 1.00721

+0.00000 
+0.00000 
- 0.00027

+0.00000 
+0.00000 
- 0.00003

(1.1, 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

13
-0.00000
+0.00000
+0.00000

-0 .00000
-0 .00000
+0.00058

- 1.00000 
- 1.00000 
- 1.01184

+0.00000
+0.00000
+0.00020

+0.00000
+0.00000
-0.00001

(1.1, 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

14
+0.00000
+0.00000
+0.00000

-0 .00000
+0.00000
+0.02847

- 1.00000 
- 1.00000 
- 1.29386

+0.00000
+0.00000
+0.00260

+0.00000
+0.00000
+0.00016

( U ,  U )  
(1.05, 1.05) 
(1.01, 1.01)

15
+0.00000
+0.00000
+0.00000

+0.00000 
+0.00000  
- 0.02102

- 1.00000 
- 1.00000 
-0 .24

+0.00000
+0.00000
+0.00068

+0.00000 
+0.00000 
- 0.00021

(1.1, U )  
(1.05, 1.05) 
(1.01, 1.01)

16
+0.00000
+0.00000
+0.00000

+0.00000 
+0.00000 
- 0.05478

- 1.00000 
- 1.00000 
+0.004

+0.00000
+0.00000
+0.00001

+0.00000
-0.00000
+0.00006
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Table B.4 : Square domain with linear potential variation.
Function and derivatives at node 1 (Fig. 2.6) from Fourier series

using refined boundary elements in the region of interest.

Internal
point

No. of 
terms

4> <}>.y 4>,xy <J),XX

E xact: 0. 0. - 1. 0. 0.

(1.1. 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

5
-0.01611
+0.00074
-0.00007

+0.05828
+0.01116
+0.02166

- 0.86507
- 0.94914
- 0.94013

+0.03455
- 0.00542
- 0.02984

+0.15852 
-0.11121  
- 0.06567

(1.1. 1.1) 
(1.05, 1.05) 
(1.01, 1.01) 6

- 0.00193
- 0.00024 
-0.00001

+0.01301
+0.01585
+0.02212

- 0.96831
- 0.96199
- 0.93471

+0.08301
+0.03360
-0.04112

+0.01041
- 0.02697
- 0.08001

(1.1. l .D
(1.05, 1.05) 
(1.01, 1.01)

7
+0.00008
+0.00001
+0.00000

-0.00119
- 0.00076
- 0.00016

- 1.00045
- 0.99985
- 0.99906

- 0.00058 
+0.00091 
+0.00227

-0.00214  
- 0.00056 
+0.00041

(1.1. 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

8
+0.00000
+0.00000
+0.00000

-0 .00100
- 0.00077
- 0.00025

- 1.00105
- 1.00050 
-0.99908

+0.00050
+0.00152
+0.00106

+0.00265
+0.00056
+0.00041

(1.1. 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

9
-0.00004
-0.00000
+0.00000

+0.00005
- 0.00036
- 0.00038

- 0.99713
- 0.99808
- 0.99805

-0.00007  
- 0.00020 
- 0.00013

+0.00365
+0.00077
+0.00007

(1.1. l .D
(1.05, 1.05) 
(1.01, 1.01)

10
+0.00000
-0.00000
+0.00000

- 0.00101 
- 0.00081 
-0 .00008

- 1.00093
- 0.99998
- 0.99770

+0.00151
+0.00093
+0.00016

+0.00219 
+0.00180 
- 0.00003

(1.1. 1.1)
(1.05, 1.05) 
(1.01, 1.01)

11
+0.00001
+0.00000
-0.00000

+0.00113 
- 0.00016 
+0.00030

- 0.99829
- 0.99958
- 1.00491

- 0.00221 
-0 .00002  
-0.00049

- 0.00398 
+0.00014 
-0.00003

( U .  1-1) 
(1.05, 1.05) 
(1.01, 1.01)

12
+0.00000
-0.00000
-0.00000

-0.00003  
- 0.00012 
+0.00031

- 0.99953
- 0.99952
- 1.00511

- 0.00038
- 0.00022 
- 0.00051

-0.00041
-0.00004
-0.00004

(1.1, 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

13
-0.00000
-0.00000
+0.00000

-0 .00000  
- 0.00012 
+0.00066

- 1.00040
- 0.99950
- 1.01304

+0.00018 
- 0.00023 
+0.00021

+0.00021
-0.00004
-0.00001

(1.1. l .D
(1.05, 1.05) 
(1.01, 1.01)

14
-0 .00000
+0.00000
+0.00000

+0.00004
+0.00003
+0.02177

- 0.99666
- 1.00025
- 1.18921

- 0.00194 
+0.00004 
+0.00238

-0.00110
+0.00000
+0.00016

(1.1. l .D
(1.05, 1.05) 
(1.01, 1.01)

15
-0 .00000
-0.00000
-0.00000

-0 .00000  
-0 .00002  
- 0.07941

- 0.99997
- 0.99989 
+0.5

-0.00001  
-0.00001  
- 0.00163

-0.00000
-0.00000
+0.00059

(1.1. l .D
(1.05, 1.05) 
(1.01, 1.01)

16
-0.00000
+0.00000
+0.00000

-0.00001  
-0 .00000  
- 0.04946

- 0.99999
- 0.99998 
+0.005

-0.00000
+0.00000
+0.00002

+0.00001
-0.00000
+0.00006
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Table B.5 : Square domain with quadratic potential variation.
Function and derivatives at node 1 (Fig. 2.6) from Taylor series

using refined boundary elements in the region of interest.

Internal
point

No. of 
terms

4> <My <tj,xx

E xact: +2. 0. +4. +2. +2.

(1.1, 1.1) +2.00000 +0.00000 +4.00000 +2.00000 +2.00000
(1.05, 1.05) 5 +2.00000 -0.00000 +4.00000 +2.00000 +2.00000
(1.01, 1.01) +2.00000 +0.00000 +4.00000 +2.00000 +2.00000

(1.1, 1.1) +2.00000 +0.00000 +4.00000 +2.00000 +2.00000
(1.05, 1.05) 6 +2.00000 -0.00000 +4.00000 +2.00000 +2.00000
(1.01, 1.01) +2.00000 +0.00000 +4.00000 +2.00000 +2.00000

( U ,  1.1) +2.00000 -0.00000 +4.00000 +2.00000 +2.00000
(1.05, 1.05) 7 +2.00000 -0.00000 +4.00000 +2.00000 +2.00000
(1.01, 1.01) +2.00000 +0.00000 +4.00000 +2.00000 +2.00000

(1.1, 1.1) +2.00000 -0.00000 +4.00000 +2.00000 +2.00000
(1.05, 1.05) 8 +2.00000 -0 .00000 +4.00000 +2.00000 +2.00000
(1.01, 1.01) +2.00000 +0.00000 +4.00000 +2.00000 +2.00000

(1.1, 1.1) +2.00000 -0 .00000 +4.00000 +2.00000 +2.00000
(1.05, 1.05) 9 +2.00000 -0 .00000 +4.00000 +2.00000 +2.00000
(1.01, 1.01) +2.00000 - 0.00012 +3.99986 +1.99954 +1.99979

(1.1, 1.1) +2.00000 +0.00000 +4.00000 +2.00000 +2.00000
(1.05, 1.05) 10 +2.00000 +0.00000 +4.00000 +2.00000 +2.00000
(1.01, 1.01) +2.00000 - 0.00133 +3.99530 +1.99838 +2.00033

(1.1, 1.1) +2.00000 -0 .00000 +4.00000 +2.00000 +2.00000
(1.05, 1.05) 11 +2.00000 +0.00000 +4.00000 +2.00000 +2.00000
(1.01, 1.01) +2.00000 -0.00511 +4.09063 +2.00234 +1.99854

(1.1, 1.1) +2.00000 +0.00000 +4.00000 +2.00000 +2.00000
(1.05, 1.05) 12 +2.00000 +0.00000 +4.00000 +2.00000 +2.00000
(1.01, 1.01) +2.00000 -0.31933 +10.4 +2.25243 +2.03503

(1.1, U ) +2.00000 +0.00000 +4.00000 +2.00000 +2.00000
(1.05, 1.05) 13 +2.00000 -0.00000 +4.00000 +1.99999 +2.00000
(1.01, 1.01) +2.00000 - 0.43436 +13. +1.99236 +2.02690

(1.1, U ) +2.00000 +0.00000 +4.00000 +2.00000 +2.00000
(1.05, 1.05) 14 +2.00000 -0.00002 +4.00006 +1.99997 +1.99999
(1.01, 1.01) +1.99999 -9 .2 +102. +1.23883 +1.97107

(1.1, 1.1) +2.00000 +0.00000 +4.00000 +2.00000 +2.00000
(1.05, 1.05) 15 +2.00000 -0.00003 +4.00008 +1.99997 +2.00001
(1.01, 1.01) +2.00000 +5. -201 . +1.78460 +2.07649

(1.1, 1.1) +2.00000 -0 .00000 +4.00000 +2.00000 +2.00000
(1.05, 1.05) 16 +2.00000 -0.00000 +3.99989 +2.00000 +2.00001
(1.01, 1.01) +2.00000 - 19. -30. +1.30374 +2.26398
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Table B.6 : Square domain with quadratic potential variation.
Function and derivatives at node 1 (Fig. 2.6) from Fourier series

using refined boundary elements in the region of interest.

Internal
point

No. o f 
term s

<> <l>,y <My <Mx

E x a c t : +2. 0. +4. +2. +2 .

(1.1, 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

5
+2.19105
+1.99040
+2.00002

- 0.62561 
-0 .0 2 1 0 9  
-0 .1 0 9 6 6

+2.75
+3.77776
+3.69230

+1.76758
+2.11942
+2.24961

- 0 .5
+2.84607
+2.43716

( U ,  U )  
(1.05, 1.05) 
(1.01, 1.01)

6
+2.02488
+2.00250
+2.00005

- 0 .09502
- 0.07905
- 0.10549

+3.95967
+3.93654
+3.74197

+1.19953
+1.63733
+2.14608

+1.23421
+1.80534
+2.30558

(1.1, 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

7
+2.00923
+2.00091
+2.00000

+0.01553 
+0.02553 
- 0.00743

+4.20979
+4.17482
+4.02526

+1.85002
+1.84308
+1.95504

+1.33189
+1.63914
+1.95153

(1.1, 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

8
+1.99859
+1.99985
+2.00000

+0.04321 
+0.02487 
- 0.00924

+4.12499
+4.11046
+4.02491

+2.00295
+1.90321
+1.93108

+2.00807
+1.91267
+1.95968

(1.1, U )  
(1.05, 1.05) 
(1.01, 1.01)

9
+2.00125
+2.00005
+2.00000

-0 .0 2 1 0 1
- 0 .00576
- 0 .00190

+3.88517
+3.93040
+3.96790

+2.03798
+2.03173
+1.99691

+1.94674
+2.02099
+2.00170

(1.1, 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

10
+1.99991
+2.00000
+2.00000

+0.01118
+0.00732
-0 .0 0 0 4 8

+4.00013
+3.98510
+3.96953

+1.99025
+1.99908
+1.99822

+1.99074
+1.99116
+2.00126

( U ,  U )  
(1.05, 1.05) 
(1.01, 1.01)

11
+1.99986
+2.00000
+2.00000

- 0 .02843 
+0.00504
- 0 .02174

+3.95124
+3.98373
+4.37872

+2.05885
+2.00240
+2.03467

+2.10470
+1.99694
+2.00149

(1.1, U )  
(1.05, 1.05) 
(1.01, 1.01)

12
+1.99996
+2.00000
+2.00001

+0.00122  
+0 .00407 
- 0.26871

+3.98298
+3.98230
+8.8

+2.01252
+2.00701
+2.42359

+2.01388
+2.00128
+2.04034

(1.1, U )  
(1.05, 1.05) 
(1.01, 1.01)

13
+2.00000
+2.00000
+2.00000

+0.00026  
- 0 .00012 
- 0.48565

+4.00869
+4.00243
+14.

+1.99567
+1.99997
+1.98469

+1.99560
+1.99999
+2.02638

(1.1, 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

14
+2.00004
+2.00000
+1.99999

- 0.00034
- 0 .00059 
-7 .1

+3.94795
+4.00471
+69.

+2.03022
+1.99916
+1.30599

+2.01689
+1.99986
+1.97162

(1.1, U )  
(1.05, 1.05) 
(1.01, 1.01)

15
+2.00000
+2.00000
+2.00000

+0.00028
+0.00291
+21.

+3.99964
+3.97936
-4 0 9 .

+2.00002
+2.00294
+2.43980

+1.99971
+2.00007
+1.84955

(1.1, U )  
(1.05, 1.05) 
(1.01, 1.01)

16
+2.00000
+2.00000
+2.00000

+0.00034 
+0.00007 
- 1.2

+4.00008
+3.99877
-3 9 .

+1.99989
+1.99993
+1.20879

+1.99955
+2.00000
+2.25011

2 0 0



Table B.7 : Square domain with cubic potential variation.
Function and derivatives at node 1 (Fig. 2.6) from Taylor series

using refined boundary elements in the region of interest.

Internal
point

No. o f 
terms

4> <My <{),XX

E x a c t : 0 . - 6 . +6. 0. + 12.

(1.1. 1.1) + 1.6 - 11.19 - 4 . - 0.35195 - 9 .
(1.05, 1.05) 5 - 0.03839 - 5 .99832 +4.98432 +1.2 +15.9
(1.01, 1.01) - 0.00017 - 6.33431 +4.63109 +1.7 +14.48067

(1.1. 1.1) +0.01453 -6 .1 3 8 5 8 +5.53727 - 0.75389 +12.27787
(1.05, 1.05) 6 +0.00219 -6 .1 8 8 5 7 +5.47165 - 0.29673 +12.48504
(1.01, 1.01) +0.00014 - 6 .27167 +5.18232 +0.51503 +13.00346

(1.1. 1.1) - 0.00000 -6 .0 0 0 0 0 +6.00000 +0.00000 +12.00000
(1.05, 1.05) 7 - 0.00000 -6 .0 0 0 0 0 +6.00000 +0.00000 +12.00000
(1.01, 1.01) +0.00000 -6 .0 0 0 0 0 +6.00000 - 0.00000 +12.00000

( U .  1.1) +0.00000 -6 .0 0 0 0 0 +6.00000 - 0.00000 +12.00000
(1.05, 1.05) 8 +0.00000 -6 .0 0 0 0 0 +6.00000 - 0.00000 +12.00000
(1.01, 1.01) +0.00000 -6 .0 0 0 0 0 +6.00000 +0.00000 +12.00000

(1.1. 1.1) +0.00000 -6 .0 0 0 0 0 +6.00000 - 0.00000 +12.00000
(1.05, 1.05) 9 +0.00000 -6 .0 0 0 0 0 +6.00000 - 0.00000 +12.00000
(1.01, 1.01) +0.00000 -6 .0 0 0 0 0 +6.00000 +0.00000 +12.00000

(1.1. U ) +0.00000 -6 .0 0 0 0 0 +6.00000 +0.00000 +12.00000
(1.05, 1.05) 10 +0.00000 -6 .0 0 0 0 0 +6.00000 +0.00000 +12.00000
(1.01, 1.01) - 0.00000 - 6 .00010 +5.99963 -0 .0 0 0 0 9 +12.00004

(1.1. 1.1) +0.00000 -6 .0 0 0 0 0 +6.00000 +0.00000 +12.00000
(1.05, 1.05) 11 +0.00000 -6 .0 0 0 0 0 +6.00000 +0.00000 +12.00000
(1.01, 1.01) - 0.00000 - 6 .00018 +6.00155 - 0.00001 +12.00000

(1.1. U ) +0.00000 -6 .0 0 0 0 0 +6.00000 +0.00000 +12.00000
(1.05, 1.05) 12 +0.00000 -6 .0 0 0 0 0 +6.00000 +0.00000 +12.00000
(1.01, 1.01) - 0.00000 -6 .0 0 0 1 1 +6.00029 -0 .0 0 0 0 6 +12.00000

(1.1, 1-1) +0.00000 -6 .0 0 0 0 0 +6.00000 - 0.00000 +12.00000
(1.05, 1.05) 13 +0.00000 -6 .0 0 0 0 0 +6.00000 +0.00000 +12.00000
(1.01, 1.01) - 0.00000 - 6 .00108 +6.02207 - 0.00225 +11.99993

(1.1. 1.1) - 0.00000 -6 .0 0 0 0 0 +6.00000 - 0.00000 +12.00000
(1.05, 1.05) 14 - 0.00000 -6 .0 0 0 0 1 +6.00002 - 0.00000 +12.00000
(1.01, 1.01) +0.00000 - 5.94725 +5.47784 +0.00239 +12.00028

( U .  l .D - 0.00000 -6 .0 0 0 0 0 +6.00000 - 0.00000 +12.00000
(1.05, 1.05) 15 - 0.00000 -6 .0 0 0 0 1 +6.00002 - 0.00001 +12.00000
(1.01, 1.01) - 0.00000 -5 .9 7 1 1 4 +5.98965 +0.00146 +12.00010

(1.1. 1.1) - 0.00000 -6 .0 0 0 0 0 +6.00001 - 0.00000 +12.00000
(1.05, 1.05) 16 - 0.00000 -6 .0 0 0 0 0 +6.00000 - 0.00001 +12.00000
(1.01, 1.01) +0.00000 -4 .4 4 - 5 . +0.03183 +11.98826
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Table B.8 : Square domain with cubic potential variation.
Function and derivatives at node 1 (Fig. 2.6) from Fourier series

using refined boundary elements in the region of interest.

Internal
point

No. o f 
term s

$ <J>,y <J),X <My $ ,x x

E x a c t : 0. - 6 . +6. 0. + 12.

(1.1, 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

5
+0.90703 
- 0.05175 
-0 .0 0 0 0 9

- 8 .93817
- 6 .01069
- 6 .45309

+0.07
+5.00385
+4.56718

-0 .6 6 0 9 6
+0.89901
+1.5

+0.4
+16.48181
+14.40578

(1.1, 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

6
+0.10456
+0.01019
+0.00020

- 6.37593
- 6 .30742
- 6 .41322

+5.91027
+5.81669
+5.04180

-3 .4  
- 1.6
+0.46530

+8.8
+11.15396
+13.14855

(1.1, 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

7
+0.03855
+0.00357
-0 .0 0 0 0 0

- 5 .90964
- 5.87271
- 6.03378

+6.96511
+6.80717
+6.13794

-0 .6 6 0 9 3  
-0 .7 1 3 7 0  
- 0.27392

+ 9 .2
+10.46307
+11.77860

(1.1, 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

8
- 0.00687
- 0.00074 
-0 .00001

-5 .7 9 1 4 8
- 5 .87539
- 6 .03824

+6.60316
+6.54543
+6.13709

- 0.00822
- 0.46917
- 0.33276

+12.05112
+11.57550
+11.79861

( U ,  U )  
(1.05, 1.05) 
(1.01, 1.01)

9
+0.00505
+0.00018
-0 .0 0 0 0 0

- 6.07841
- 6 .01654
- 6 .00182

+5.53159
+5.71567
+5.85442

+0.14833 
+0.12308 
- 0.00637

+11.77708
+12.07463
+12.00699

( U ,  1.1) 
(1.05, 1.05) 
(1.01, 1.01)

10
-0 .0 0 0 4 5
+0.00000
-0 .0 0 0 0 0

- 5.94706
- 5.96542
- 5 .99556

+6.00075
+5.92953
+5.86163

- 0.04651 
-0 .0 0 4 6 0
- 0.00059

+11.95664
+11.95804
+12.00502

(1.1, 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

11
-0 .0 0 0 6 5
-0 .0 0 0 0 0
+0.00000

-6 .1 3 8 3 5
- 5 .97597
- 6 .03015

+5.76467
+5.92318
+6.52743

+0.28479
+0.01074
+0.05872

+12.50696
+11.98474
+12.00540

(1.1, U )  
(1.05, 1.05) 
(1.01, 1.01)

12
- 0.00017 
+0.00001 
+0.00000

- 5 .99424
- 5.98071
- 5 .99727

+5.91891
+5.91620
+5.93412

+0.05963
+0.03338
+0.00694

+12.06561
+12.00600
+12.00022

( U ,  U )  
(1.05, 1.05) 
(1.01, 1.01)

13
+0.00001
+0.00000
-0 .0 0 0 0 0

- 5 .99876
- 5 .99855 
-6 .0 0 1 8 5

+6.04023
+6.00188
+6.03763

- 0.01988 
+0.00339
- 0.00233

+11.97935
+12.00053
+11.99993

( U ,  1.1) 
(1.05, 1.05) 
(1.01, 1.01)

14
+0.00020
-0 .0 0 0 0 0
+0.00000

-6 .0 0 1 7 0  
- 6 .00280 
- 5 .96033

+5.74639
+6.02252
+5.69108

+0.14727 
- 0.00393 
+0.00195

+12.08235
+11.99937
+12.00027

(1.1, 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

15
+0.00000
+0.00000
-0 .0 0 0 0 0

- 5.99868
- 5.98807
- 5.99653

+5.99834
+5.91583
+6.29214

+0.00010
+0.01199
40.00052

+11.99859
+12.00025
+12.00043

(1.1, 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

16
-0 .0 0 0 0 0
-0 .0 0 0 0 0
+0.00000

- 5 .99838 
-5 .9 9 9 6 7
- 5.32723

+6.00041
+5.99505
- 4 .

- 0.00053
- 0.00029 
+0.03608

+11.99783
+11.99996
+11.98889
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Table B.9 : Square domain with quartic potential variation.
Function and derivatives at node 1 (Fig. 2.6) from Taylor series

using refined boundary elements in the region of interest.

Internal
point

No. o f 
term s

<J>.y <j),X <My <j),XX

E x a c t : +4. +6. +10. +24. + 6 .

(1.1. l .D +8.08 - 7 . - 15. +27.66918 - 4 9 .
(1.05, 1.05) 5 +3.86146 +7.12161 +9.73396 +30.00136 + 16.
(1.01, 1.01) +3.99775 +6.33840 +8.74274 +29.89478 +13.

(1.1. 1.1) +3.93903 +6.40357 +11.15130 +26.63154 +6.07983
(1.05, 1.05) 6 +3.99305 +6.50463 +11.31435 +25.09047 +4.99925
(1.01, 1.01) +3.99966 +6.71977 +12.09882 +22.88703 +3.51315

(1.1. 1.1) +3.98713 +5.94487 + 9.61961 +24.13606 +6.99961
(1.05, 1.05) 7 +3.99939 +5.95981 + 9.78786 +24.23316 +6.40061
(1.01, 1.01) +4.00002 +6.03605 +10.04097 +24.18321 +6.03858

(1.1. 1.1) +4.00349 +5.89337 + 9.72185 +23.92769 +5.97572
(1.05, 1.05) 8 +4.00035 +5.95622 + 9.83006 +24.19190 +6.16844
(1.01, 1.01) +4.00001 +6.03187 +10.03928 +24.12467 +6.05528

(1.1. 1.1) +4.00000 +6.00000 +10.00000 +24.00000 +6.00000
(1.05, 1.05) 9 +4.00000 +6.00000 +10.00000 +24.00000 +6.00000
(1.01, 1.01) +4.00000 +5.99976 + 9.99971 +23.99906 +5.99958

( U .  l .D +4.00000 +6.00000 +10.00000 +24.00000 +6.00000
(1.05, 1.05) 10 +4.00000 +6.00000 +10.00000 +24.00000 +6.00000
(1.01, 1.01) +4.00000 +5.99730 + 9.99042 +23.99671 +6.00068

(1.1. 1.1) +4.00000 +6.00000 +10.00000 +24.00000 +6.00000
(1.05, 1.05) 11 +4.00000 +6.00000 +10.00000 +24.00000 +6.00000
(1.01, 1.01) +4.00000 +5.98955 +10.18576 +24.00481 +5.99701

(1.1. 1.1) +4.00000 +6.00000 +10.00000 +24.00000 +6.00000
(1.05, 1.05) 12 +4.00000 +6.00000 +10.00000 +24.00000 +6.00000
(1.01, 1.01) +4.00001 +5.35848 +23. +24.50709 +6.07029

(1.1, 1.1) +4.00000 +6.00000 +10.00000 +24.00000 +6.00000
(1.05, 1.05) 13 +4.00000 +6.00000 +10.00002 +23.99999 +6.00000
(1.01, 1.01) +4.00000 +5.12772 +28. +23.98537 +6.05398

( U .  1.1) +4.00000 +6.00000 +10.00000 +24.00000 +6.00000
(1.05, 1.05) 14 +4.00000 +6.00000 +10.00013 +23.99994 +5.99999
(1.01, 1.01) +3.99999 - 13. +208. +22.45429 +5.94055

( U .  1.1) +4.00000 +6.00000 +10.00000 +24.00000 +6.00000
(1.05, 1.05) 15 +4.00000 +5.99994 +10.00017 +23.99995 +6.00002
(1.01, 1.01) +4.00000 +16. -4 0 5 . +23.56208 +6.15452

(1.1. 1.1) +4.00000 +6.00000 +10.00000 +24.00000 +6.00000
(1.05, 1.05) 16 +4.00000 +5.99999 + 9.99978 +24.00000 +6.00002
(1.01, 1.01) +3.99999 - 3 4 . -5 5 . +22.57576 +6.53910
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Table B.10 : Square domain with quartic potential variation.
Function and derivatives at node 1 (Fig. 2.6) from Fourier series

using refined boundary elements in the region of interest.

Internal
point

No. o f 
term s

* <t>,y <j),X <My <j),XX

E x a c t : +4. +6 . +10. +24. +6 .

( U ,  1.1) +6.57694 -2. -6. +29.54010 - 2 7 .
(1.05, 1.05) 5 +3.77506 +7.26780 +8.56077 +31.87078 + 23 .
(1.01, 1.01) +3.99751 +5.85607 +7.00617 +32.21986 + 16 .

(1.1, 1.1) +4.12120 +5.82110 +11.55747 +21.14504 -0 .8 0
(1.05, 1.05) 6 +4.01233 +6.13113 +11.67448 +22.41671 +2.41554
(1.01, 1.01) +4.00000 +6.19848 +11.08284 +23.72288 +4.89270

(1.1, 1.1) +4.10002 +5.97070 +11.89588 +22.02515 -0 .6 7
(1.05, 1.05) 7 +4.01095 +6.22134 +11.88002 +22.59419 +2.27218
(1.01, 1.01) +4.00008 +6.04624 +10.64303 +24.01948 +5.44236

(1.1, 1.1) +3.98792 +6.26237 +11.00240 +23.63633 +6.45763
(1.05, 1.05) 8 +3.99888 +6.21383 +11.14575 +23.28015 +5.39282
(1.01, 1.01) +3.99998 +6.00744 +10.63561 +23.50671 +5.61673

(1.1, 1.1) +3.98838 +6.25 .133 +10.96118 +23.64235 +6.44709
(1.05, 1.05) 9 +3.99953 +6.11407 +10.55937 +23.69870 +5.74556
(1.01, 1.01) +4.00000 +6.07045 +10.14647 +24.07150 +5.97731

(1.1, 1.1) +4.00019 +5.96951 + 9.95457 +24.06038 +6.06182
(1.05, 1.05) 10 +4.00000 +5.97903 + 9.99446 +24.03595 +6.05353
(1.01, 1.01) +4.00000 +5.99294 +10.05727 +23.99996 +6.00173

(1.1, U ) +4.00030 +6.07617 +10.08621 +23.87564 +5.75495
(1.05, 1.05) 11 +4.00001 +5.99490 +10.00401 +24.01288 +6.01337
(1.01, 1.01) +4.00000 + 5 .95836 +10.72270 +24.05923 +6.00211

(1.1, 1.1) +4.00004 +5.99897 +10.00358 +23.99627 +5.99141
(1.05, 1.05) 12 +4.00000 +5.99816 +10.00882 +23.99730 +5.99874
(1.01, 1.01) +4.00001 +5.45780 +19.8 +24.84750 +6.08085

(1.1, 1.1) +4.00001 +5.99986 +  9.97960 +24.01199 +6.00845
(1.05, 1.05) 13 +4.00001 +6.01451 + 9.93031 +24.02478 +6.00376
(1.01, 1.01) +4.00000 +5.02399 +29.6 +23.96992 +6.05295

(1.1, 1.1) +3.99996 +6.00057 +10.04996 +23.97196 +5.98379
(1.05, 1.05) 14 +4.00000 +6.00261 + 9.99948 +24.00026 +5.99988
(1.01, 1.01) +3.99999 - 8 .4 +141. +22.59078 +5.94166

(1.1, 1.1) +4.00000 +6.00001 +10.00399 +23.99881 +5.99907
(1.05, 1.05) 15 +4.00000 +6.00447 + 9.96900 +24.00480 +6.00013
(1.01, 1.01) +4 .00001 +50. -8 2 9 . +24.89191 +5.69392

(1.1, U ) +4.00000 +5.99965 +10.00146 +23.99959 +6.00000
(1.05, 1.05) 16 +4.00000 +5.99988 +10.00035 +23.99995 +6.00002
(1.01, 1.01) +3.99999 + 3 .32212 -7 3 . +22.38161 +6.51074
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Table B.l 1 : Square domain with quintic potential variation.
Function and derivatives at node 1 (Fig. 2.6) from Taylor series

using refined boundary elements in the region of interest.

Internal
point

No. o f 
term s

<f> 4>>y 4>,x <My (J>,XX

E x a c t : +8. +20. +20. +80. 0 .

(1.1. 1.1) + 12.01 +8.58 -2.2 +105.44 -5 0 .
(1.05, 1.05) 5 +7.63638 +24.86801 +24.22408 +101.41 +23.
(1.01, 1.01) +7.99056 +23.57735 +22.13273 +97.97245 +16.4

(1.1. l.D +7.33064 +23.28684 +26.77823 +104.27 + 12.
(1.05, 1.05) 6 +7.92930 +23.49467 +27.74193 +90.47384 - 1.6
(1.01, 1.01) +7.99753 +24.96864 +34.37623 +72.40710 - 16.

(1.1. U) +7.72733 +19.50431 +14.14770 +83.68698 +20.
(1.05, 1.05) 7 +7.97754 +19.34691 +16.12067 +83.94710 +9.
(1.01, 1.01) +7.99999 +20.23893 +20.14081 +81.37360 +1.1

(1.1. 1.1) +8.04712 +18.49728 +16.14691 +79.61231 - 0 .26820
(1.05, 1.05) 8 +8.00463 + 19.24552 +17.31271 +82.78158 +2.6
(1.01, 1.01) +8.00001 +20.26886 +20.15291 +81.79302 +0.97704

(1.1. 1.1) +8.00775 +19.70094 +19.28683 +80.42856 +0.00595
(1.05, 1.05) 9 +8.00046 +19.77449 +19.36597 +80.46305 +0.52576
(1.01, 1.01) +7.99999 +19.75892 +19.52437 +79.79819 +0.09241

(1.1. l.D +8.00032 +19.87965 +19.89130 +80.17507 +0.26091
(1.05, 1.05) 10 +7.99996 +19.90394 +19.99340 +80.11057 +0.21665
(1.01, 1.01) +8.00000 +19.97971 +20.35543 +80.00894 - 0.00568

(1.1. 1.1) +8.00000 +20.00000 +20.00000 +80.00000 +0.00000
(1.05, 1.05) 11 +8.00000 +20.00000 +20.00000 +80.00000 - 0.00000
(1.01, 1.01) +8.00000 + 19.97892 +20.37551 +80.00977 - 0.00606

(1.1. l.D +8.00000 +20.00000 +20.00000 +80.00000 - 0.00000
(1.05, 1.05) 12 +8.00000 +20.00000 +20.00000 +79.99999 - 0.00001
(1.01, 1.01) +8.00002 +18.71413 +46. +81.01644 +0.14081

(U. l.D +8.00000 +20.00000 +20.00000 +80.00000 - 0.00000
(1.05, 1.05) 13 +8.00000 +19.99999 +20.00005 +79.99997 - 0.00001
(1.01, 1.01) +8.00000 +18.25225 +56. +79.97217 +0.10817

(1.1. 1.1) +8.00000 +20.00000 +20.00000 +80.00000 - 0.00000
(1.05, 1.05) 14 +8.00000 +19.99994 +20.00024 +79.99989 -0.00002
(1.01, 1.01) +7.99997 - 18. +418. +76.88463 - 0.12058

(1.1. l.D +8.00000 +20.00000 +20.00000 +80.00000 - 0.00000
(1.05, 1.05) 15 +8.00000 +19.99988 +20.00032 +79.99990 -0 .00004
(1.01, 1.01) +8.00000 +40. -8 1 7 . +79.11670 - 0.31055

(1.1. 1.1) +8.00000 +20.00000 +20.00000 +80.00000 - 0.00000
(1.05, 1.05) 16 +8.00000 +19.99999 +19.99954 +80.00000 +0.00005
(1.01, 1.01) +7.99998 -6 0 . - 104. +77.10910 +1.09334
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Table B.12 : Square domain with quintic potential variation.
Function and derivatives at node 1 (Fig. 2.6) from Fourier series

using refined boundary elements in the region of interest.

Internal
point

No. o f 
term s

<t>.y < J ) ,X <My < } ) , X X

E x a c t : +8. +20. +20. +80. 0.

(1.1, 1.1) +12.452 +7. -7 .5 +10.83 - 5 2 .
(1.05, 1.05) 5 +7.40340 +25.20544 +20.42943 +10.72759 +42.
(1.01, 1.01) +7.98994 +22.20000 +16.80597 +10.51779 +26.

(1.1, U) +7.73250 +21.82975 +26.90462 +92.17745 -2.
(1.05, 1.05) 6 +7.97538 +22.46522 +27.93585 +84.48439 - 7 .
(1.01, 1.01) +7.99863 +23.39608 +31.04610 +75.49724 - 12.

(1.1, 1.1) +8.09952 +19.23739 +21.04018 +76.92592 - 5 .
(1.05, 1.05) 7 +8.01399 +19.92991 +22.15913 +79.49626 - 3 .
(1.01, 1.01) +8.00025 +20.32269 +22.16763 +81.48473 - 0.59222

(1.1, U) +7.99542 +19.50821 +20.21055 +78.42197 +2.
(1.05, 1.05) 8 +8.00039 +19.92145 +21.33192 +80.26905 +0.58611
(1.01, 1.01) +8.00001 +20.22971 +22.14984 +80.25581 -0 .1 7 4 3 2

(1.1, 1.1) +7.90577 +21.66614 +28.26955 +77.24461 +4.
(1.05, 1.05) 9 +7.99638 +20.53697 +24.95008 +77.68652 - 1.6
(1.01, 1.01) +8.00001 +20.23482 +22.11016 +80.30163 -0 .1 4 5 0 7

(1.1, 1.1) +8.00545 +19.28787 +19.77481 +80.77232 +0.79378
(1.05, 1.05) 10 +7.99993 +19.52136 +20.70164 +80.22287 +0.72576
(1.01, 1.01) +8.00000 +19.92838 +21.75752 +80.01879 - 0.04852

(1.1, U) +8.00799 +21.73612 +22.79632 +76.53212 -6.
(1.05, 1.05) 11 +8.00003 +19.72588 +20.82480 +79.92547 +0.20824
(1.01, 1.01) +7.99999 +20.22691 +16.01258 +79.50707 - 0.05179

(1.1, 1.1) +8.00196 +19.93319 +20.86661 +79.34922 - 0.72777
(1.05, 1.05) 12 +8.99993 +19.78760 +20.91562 +79.63100 - 0.06846
(1.01, 1.01) +8.00003 +18.88316 +40. +81.62314 +0.15958

(1.1, 1.1) +7.99992 +19.98561 +19.45762 +80.27258 +0.27395
(1.05, 1.05) 13 +8.00000 +20.01132 +19.84109 +80.00710 +0.00021
(1.01, 1.01) +8.00000 +18.05213 +59. +79.94193 +0.10613

(1.1, 1.1) +7.99746 +20.02424 +23.31385 +78.07894 -  1.
(1 .05, 1.05) 14 +8.00001 +20.03502 +19.72600 +80.04791 +0.00667
(1.01, 1.01) +7.99997 - 9 . +284. +77.16013 -0 .11835

(1.1, U) +7.99999 +19.98489 +20.03681 +79.99310 +0.01171
(1.05, 1.05) 15 +7.99998 +19.88380 +20.82162 +79.88440 - 0.00234
(1.01, 1.01) +8.00001 +108. - 1670. +81.79598 +0.61744

(1.1, 1.1) +8.00000 +19.97998 +20.00278 +80.00354 +0.02410
(1.05, 1.05) 16 +8.00000 +19.99574 +20.05714 +80.00291 +0.00040
(1.01, 1.01) +7.99998 +13.71386 - 140. +76.71511 +1.03581
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Table B.13 : Square domain with hyperbolic potential variation.
Function and derivatives at node 1 (Fig. 2.6) from Taylor series

using refined boundary elements in the region of interest.

Internal
point

No. o f 
terms

<t> <i>,y <My <{),XX

E x a c t : +0.83373 +0.63496 - 1.29846 - 0.98890 - 0.83373

( U .  1.1)
(1.05, 1.05) 
(1.01, 1.01)

5
+0.96855
+0.83293
+0.83381

+0.18561
+0.58887
+0.56500

- 2.2
- 144496
- 1.46354

- 1.22905
- 1.03467
- 0.95632

- 2 .6
- 0 .62950
- 0 .72072

(1.1, 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

6
+0.84091
+0.83467
+0.83377

+0.58693
+0.58074
+0.55819

- 1.40897
- 1.42414
- 1.52347

- 1.26102 
- 1.09938 
-0 .8 3 1 1 8

-0 .9 1 6 7 5  
- 0.77664 
-0 .56011

(1.1. 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

7
+0.83636
+0.83403
+0.83373

+0.63036
+0.63569
+0.63472

- 1.26397
- 1.27018
- 1.29314

- 1.02478
- 1.01292
- 0.97626

- 1.00382
- 0.91798
- 0.84278

( U .  l .D
(1.05, 1.05) 
(1.01, 1.01)

8
+0.83351
+0.83371
+0.83373

+0.63932
+0.63687
+0.63334

-1 .2 8 1 7 6
- 1.28414
- 1.29370

- 0.98853
- 0.99926
- 0.99555

- 0.82568 
-0 .8 4 1 1 7
- 0.83728

( U .  1.1)
(1.05, 1.05) 
(1.01, 1.01)

9
+0.83362
+0.83372
+0.83373

+0.63608
+0.63519
+0.63514

- 1.29021
- 1.29068
- 1.29147

- 0.99072 
-0 .9 9 1 8 8
- 0.98850

- 0.82641
- 0.83469
- 0.83415

(1.1. U )
(1.05, 1.05) 
(1.01, 1.01)

10
+0.83373
+0.83373
+0.83373

+0.63330
+0.63364
+0.63426

- 1.29961
- 1.29819
- 1.29478

- 0.98678
- 0.98766
- 0.98934

- 0.83038
- 0.83098
- 0.83376

(1.1. 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

11
+0.83373

+0.83373
+0.83373

+0.63481
+0.63490
+0.63305

- 1.29824
- 1.29811
- 1.26417

- 0.98898 
-0 .98911
- 0.98807

- 0.83366
- 0.83382
- 0.83433

( U .  1.1) 
(1.05, 1.05) 
(1.01, 1.01)

12
+0.83373
+0.83373
+0.83373

+0.63494
+0.63488
+0.50271

- 1.29816
- 1.29810 
+1.4

-0 .98911
- 0.98905
- 0.88432

- 0.83397
- 0.83376
- 0.81920

(1.1. U )
(1.05, 1.05) 
(1.01, 1.01)

13
+0.83373
+0.83373
+0.83373

+0.63496
+0.63500
+0.45535

- 1.29842
- 1.29860 
+2.4

- 0.98891
- 0.98883 
-0 .9 9 1 3 9

- 0.83375
- 0.83372
- 0.82255

(1.1. 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

14
+0.83373
+0.83373
+0.83373

+0.63496
+0.63496
- 3 .

- 1.29840
- 1.29842 
+39.

- 0.98894
- 0.98891
- 1.3

- 0.83375
- 0.83373
- 0.84544

(1.1. l .D  
(1.05, 1.05) 
(1.01, 1.01)

15
+0.83373
+0.83373
+0.83373

+0.63497
+0.63495
+2.6

- 1.29845
- 1.29842
- 85.

- 0.98890
- 0.98891
- 1.07725

- 0.83373
- 0.83373
- 0.80234

( U .  U )
(1.05, 1.05) 
(1.01, 1.01)

16
+0.83373
+0.83373
+0.83373

+0.63497
+0.63496
- 8 .

- 1.29846
- 1.29850
- 12.

- 0.98890
- 0.98890
- 1.3

- 0.83373
- 0.83373
- 0.72231
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Table B.14 : Square domain with hyperbolic potential variation.
Function and derivatives at node 1 (Fig. 2.6) from Fourier series

using refined boundary elements in the region of interest.

Internal
point

No. o f 
term s

<j>.y <j>,x <My <}>,xx

E x a c t : +0.83373 +0.63496 - 1.29846 - 0 .98890 - 0.83373

( U .  1.1) +0.84740 +0.57803 - 1.43526 - 1.06574 - 0 .95649
(1.05, 1.05) 5 +0.83373 +0.61036 - 1.37074 - 1.01550 - 0 .75553
(1.01, 1.01) +0.83377 +0.60137 - 1.37676 - 0.97942 - 0 .78933

(1.1, 1.1) +0.83648 +0.61291 - 1.35571 - 1.10308 - 0 .84235
(1.05, 1.05) 6 +0.83413 +0.60846 - 1.36553 -1 .0 3 1 3 0 - 0 .78964
(1.01, 1.01) +0.83375 +0.59841 -1 .4 1 2 0 0 - 0.90598 - 0 .69599

( U ,  U ) +0.83364 +0.63294 -1 .31041 - 0.98527 - 0 .82466
(1.05, 1.05) 7 +0.83375 +0.63349 - 1.30851 - 0.98207 - 0 .82942
(1.01, 1.01) +0.83373 +0.63614 - 1.30301 - 0.97948 - 0.83221

(1.1, 1.1) +0.83386 +0.63238 - 1.30871 - 0.98834 - 0 .83823
(1.05, 1.05) 8 +0.83374 +0.63348 - 1.30876 - 0.98184 - 0 .82837
(1.01, 1.01) +0.83373 +0.63581 - 1.30307 - 0.98390 - 0.83071

(1.1, 1.1) +0.83373 +0.63552 - 1.29700 - 0.99005 - 0 .83524
(1.05, 1.05) 9 +0.83373 +0.63535 - 1.29781 - 0.98965 - 0 .83496
(1.01, 1.01) +0.83373 +0.63525 - 1.29869 - 0.98896 - 0.83394

(1.1, U ) +0.83373 +0.63536 - 1.29758 -0 .98981 - 0 .83545
(1.05, 1.05) 10 +0.83373 +0.63538 - 1.29766 - 0.98974 - 0 .83503
(1.01, 1.01) +0.83373 +0.63446 - 1.29959 - 0.98968 - 0.83369

(1.1, 1.1) +0.83373 +0.63577 - 1.29707 - 0.99052 - 0.83664
(1.05, 1.05) 11 +0.83373 +0.63483 - 1.29800 - 0.98893 - 0 .83363
(1.01, 1.01) +0.83373 +0.62905 - 1.19533 - 0.98039 - 0 .83363

(1.1, U ) +0.83373 +0.63493 - 1.29796 - 0.98922 - 0 .83409
(1.05, 1.05) 12 +0.83373 +0.63486 - 1.29795 - 0.98907 - 0 .83376
(1.01, 1.01) +0.83373 +0.52341 + 0 .7 -0 .8 1 4 0 4 - 0 .81702

( U ,  U ) +0.83373 +0.63495 - 1.29849 - 0.98887 - 0.83371
(1.05, 1.05) 13 +0.83373 +0.63502 - 1.29876 - 0.98879 - 0.83371
(1.01, 1.01) +0.83373 + 0 .43418 +2.7 - 0.99455 - 0 .82276

( U ,  U ) +0.83373 +0.63495 -1 .2 9 8 7 8 -0 .98871 - 0.83361
(1.05, 1.05) 14 +0.83373 +0.63496 - 1.29844 - 0 .98890 - 0 .83373
(1.01, 1.01) + 0 .83373 -  2.3 +25. - 1.27 - 0.84521

(1.1, U ) +0.83373 + 0 .63496 - 1.29846 - 0 .98890 - 0.83372
(1.05, 1.05) 15 +0.83373 +0.63503 -1 .29898 - 0 .98882 - 0 .83372
(1.01, 1.01) +0.83373 + 9 .5 - 170. - 0.80940 -0 .89511

(1.1, 1.1) +0.83373 +0.63495 - 1.29847 - 0.98889 - 0.83371
(1.05, 1.05) 16 +0 .83373 + 0 .63496 - 1.29850 - 0 .98890 - 0.83373
(1.01, 1.01) +0.83373 -0 .1 - 16. - 1.3 -0 .7 3
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Table B.15 : Square domain with logarithmic potential variation.
Function and derivatives at node 1 (Fig. 2.6) from Taylor series

using refined boundary elements in the region of interest.

Internal
point

No. o f 
term s

<t> <t>,y <t>,x <My <j),XX

E x a c t : +0.34657 +0.5 +0.5 -0 .5 0.

(1.1, 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

5
+0.40070
+0.34472
+0.34653

+0.33634
+0.52115
+0.51386

+0.19568
+0.51944
+0.50828

- 0.43944 
-0 .4 1 5 8 3
- 0.42988

- 0 .76462 
+0.10086 
+0.06372

(1.1, U )  
(1.05, 1.05) 
(1.01, 1.01)

6
+0.34613
+0.34644
+0.34656

+0.50794
+0.51311
+0.51997

+0.53430
+0.54004
+0.56199

- 0.45310
- 0.45310
- 0.54203

- 0 .04536
- 0 .04536
- 0.08021

(1.1, 1.1) 
(1 .05, 1.05) 
(1.01, 1.01)

7
+0.34699
+0.34660
+0.34657

+0.49967
+0.49889
+0.49779

+0.50669
+0.50021
+0.49525

- 0.49808
- 0.50223
- 0.49999

- 0.02878 
-0 .0 0 8 1 7  
+0.00169

(1.1, 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

8
+0.34652
+0.34657
+0.34657

+0.50117
+0.49902
+0.49775

+0.50371
+0.49866
+0.49524

- 0.49200
- 0.50071
- 0.50058

+0.00107
+0.00037
+0.00186

(1.1, 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

9
+0.34665
+0.34658
+0.34657

+0.49695
+0.49757
+0.49732

+0.49269
+0.49302
+0.49471

- 0.49867
- 0.49434
- 0.50225

+0.00011
+0.00597
+0.00112

(1.1, U )  
(1.05, 1.05) 
(1 .01, 1.01)

10
+0.34659
+0.34657
+0.34657

+0.49859
+0.49901
+0.49955

+0.49825
+0.50004
+0.50309

- 0.49720
- 0.49829
- 0.50013

+0.00245
+0.00251
+0.00013

(1.1, U )  
(1.05, 1.05) 
(1.01, 1.01)

11
+0.34658

+0.34657
+0.34657

+0.50194
+0.49965
+0.49881

+0.50128
+0.50008
+0.52164

- 0.50207
- 0.49902
- 0.49936

- 0.00481 
+0.00107
- 0 .00022

(1.1, 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

12
+0.34657
+0.34657
+0.34657

+0.49992
+0.49996
+0.44456

+0.50000
+0.49994
+1.6

- 0.49991
- 0.49999
- 0.45618

+0.00022
+0.00005
+0.00609

(1.1, U )  
(1.05, 1.05) 
(1.01, 1.01)

13
+0.34657
+0.34657
+0.34657

+0.49989
+0.49981
+0.42465

+0.50023
+0.50058
+2.

- 0.50010
- 0.50026

- 0 .50120

+0.00002
+0.00000
+0.00467

(1.1, 1.1) 
(1.05, 1.05) 
(1 .01, 1.01)

14
+0.34657
+0.34657
+0.34657

+0.49990 
+0.49998 
- 1.1

+0.50032
+0.49989
+18.

- 0.50022
- 0.49995
- 0.63291

+0.00003
+0.00005
+0.00509

(1.1, 1.1) 
(1 .05, 1.05) 
(1.01, 1.01)

15
+0.34657
+0.34657
+0.34657

+0.49992
+0.50003
+1.4

+0.50000
+0.49984
-3 5 .

- 0.49996
- 0.49995
- 0.53767

+0.00011
+0.00000
+0.01331

(1.1, 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

16
+0.34657
+0.34657
+0.34657

+0.49993
+0.49998
- 3 .

+0.49996
+0.50015
- 5 .

- 0.49995 
-0 .5 0 0 0 0
- 0.62330

+0.00012
+0.00000
+0.04670
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Table B.16 : Square domain with logarithmic potential variation.
Function and derivatives at node 1 (Fig. 2.6) from Fourier series

using refined boundary elements in the region of interest.

Internal
point

No. o f 
terms

<J>>y <My <{),XX

E x a c t : +0.34657 +0.5 +0.5 -0 .5 0.

(1.1. 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

5
+0.37638
+0.34282
+0.34652

+0.41414
+0.52424
+0.50244

+0.33420
+0.48739
+0.46264

- 0.39748
- 0.36832
- 0.36969

- 0.38653 
+0.26927 
+0.15688

(1.1. 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

6
+0.34451
+0.34669
+0.34657

+0.49634
+0.50569
+0.50896

+0.50642
+0.53820
+0.54033

- 0.64323
- 0.52260 
-0 .5 3 1 6 2

+0.00170 
- 0.06378 
-0 .04891

(1.1. 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

7
+0.34437
+0.34673
+0.34657

+0.49361
+0.50347
+0.49736

+0.49734
+0.53315
+0.50683

- 0.66894
- 0.52696
- 0.50902

+0.01423
- 0.06025
- 0.00704

( U .  l .D  
(1.05, 1.05) 
(1.01, 1.01)

8
+0.34627
+0.34654
+0.34657

+0.50698
+0.50336
+0.49715

+0.52420
+0.52198
+0.50679

- 0.49642 
-0 .5 1 6 5 2  
-0 .5 1 1 8 4

+0.00895 
- 0 .01279 
-0 .0 0 6 0 8

(1.1. U )  
(1.05, 1.05) 
(1.01, 1.01)

9
+0.34732
+0.34658
+0.34657

+0.50162
+0.49738
+0.49835

+0.54751
+0.48684
+0.49748

- 0.43557
- 0.49145 
-0 .5 0 1 1 0

- 0.20354 
+0.00835 
+0.00078

( U .  1.1)
(1.05, 1.05) 
(1.01, 1.01)

10
+0.34656
+0.34657
+0.34657

+0.49980
+0.49953
+0.49965

+0.49657
+0.49585
+0.49898

- 0.49713
- 0.49682
- 0.49989

+0.00412
+0.00343
+0.00037

(1.1. 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

11
+0.34656
+0.34657
+0.34657

+0.49941
+0.50070
+0.49526

+0.49610
+0.49656
+0.58359

- 0.49646
- 0.49852
- 0.49236

+0.00523
+0.00048
-0 .0 0 0 4 2

(1.1. 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

12
+0.34657
+0.34657
+0.34657

+0.50019
+0.50074
+0.45340

+0.49693
+0.49662
+1.3

- 0.49767
- 0.49872
- 0.42645

+0.00285
+0.00029
+0.00700

(1.1. 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

13
+0.34670
+0.34657
+0.34657

+0.49340
+0.49906
+0.41580

+0.57125
+0.50468
+2.2

- 0.43231
- 0.50155
- 0.50252

- 0 .05886
- 0.00023
- 0.00458

(1.1. 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

14
+0.34658
+0.34657
+0.34657

+0.49989
+0.49993
- 0 .7

+0.49167
+0.50049
+12.

- 0.49514 
-0 .5 0 0 0 6  
-0 .6 2 1 1 7

+0.00279 
+0.00001 
- 0.00499

( U .  1.1)
(1.05, 1.05) 
(1.01, 1.01)

15
+0.34656
+0.34657
+0.34657

+0.51145
+0.49972
+0.43222

+0.75271
+0.50200
-7 1 .

- 0.46418
- 0.50028
- 0.42334

- 0.06974 
-0 .0 0 0 0 0
- 0.02629

(1.1. 1.1) 
(1.05, 1.05) 
(1.01, 1.01)

16
+0.34657
+0.34657
+0.34657

+0.49999
+0.50000
+0.22769

+0.49992
+0.50010
- 6 .

- 0.49995
- 0.49999
- 0.64019

+0.00005
+0.00000
+0.04424
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Table C.l : Cylinder domain with linear potential variation.
Function and derivatives at node 1 (Fig. 2.7) from Taylor series

using fine boundary elements in the region of interest.

Internal
point

No. o f  <}> 
term s

<l>,y <J>,xy <(>,xx

E x a c t : +0.5 0. - 1 . 0. 0.

(0.52, 0.02) +0.50000 +0.00000 - 1.00000 +0.00000 +0.00000
(0.51, 0.01) 5 +0.50000 -0 .0 0 0 0 0 - 1.00000 -0 .0 0 0 0 0 -0 .0 0 0 0 0
(0.509, 0.009) +0.50000 -0 .0 0 0 0 0 - 1.00000 -0 .0 0 0 0 0 -0 .0 0 0 0 0
(0.508, 0.008) +0.50000 -0 .0 0 0 0 0 - 1.00000 -0 .00000 -0 .0 0 0 0 0

(0.52, 0.02) +0.50000 +0.00000 - 1.00000 +0.00000 +0.00000
(0 .5 1 ,0 .0 1 ) 6 +0.50000 -0 .0 0 0 0 0 - 1.00000 -0 .0 0 0 0 0 -0 .0 0 0 0 0
(0.509, 0.009) +0.50000 -0 .0 0 0 0 0 - 1.00000 +0.00000 -0 .0 0 0 0 0
(0.508, 0.008) +0.50000 +0.00000 - 1.00000 +0.00000 -0 .0 0 0 0 0

(0.52, 0.02) +0.50000 +0.00000 - 1.00000 +0.00000 +0.00000
(0 .5 1 ,0 .0 1 ) 7 +0.50000 +0.00000 - 1.00000 +0.00000 +0.00000
(0.509, 0.009) +0.50000 +0.00000 -1 .0 0 0 0 0 +0.00000 +0.00000
(0.508, 0.008) +0.50000 +0.00000 - 1.00000 +0.00000 +0.00000

(0.52, 0.02) +0.50000 -0 .0 0 0 0 0 - 1.00000 -0 .0 0 0 0 0 -0 .0 0 0 0 0
(0 .5 1 ,0 .0 1 ) 8 +0.50000 +0.00000 - 1.00000 +0.00000 +0.00000
(0.509, 0.009) +0.50000 -0 .0 0 0 0 0 - 1.00000 +0.00000 +0.00000
(0.508, 0.008) +0.50000 -0 .0 0 0 0 0 - 1.00000 -0 .0 0 0 0 0 -0 .0 0 0 0 0

(0.52, 0.02) +0.50000 -0 .0 0 0 0 0 - 1.00000 -0 .0 0 0 0 0 -0 .0 0 0 0 0
(0.51, 0.01) 9 +0.50000 -0 .0 0 0 0 0 - 1.00000 -0 .0 0 0 0 0 -0 .0 0 0 0 0
(0.509, 0.009) +0.50000 + 0 .00000 - 1.00000 +0.00000 +0.00000
(0.508, 0.008) +0.50000 +0.00000 - 1.00000 +0.00000 +0.00000

(0.52, 0.02) +0.50000 +0.00000 - 1.00000 -0 .0 0 0 0 0 +0.00000
(0 .5 1 ,0 .0 1 ) 10 +0.50000 -0 .0 0 0 0 0 - 1.00000 +0.00000 +0.00000
(0.509, 0.009) +0.50000 +0.00000 - 1.00000 -0 .0 0 0 0 0 -0 .0 0 0 0 0
(0.508, 0.008) +0.50000 +0.00000 - 1.00000 -0 .0 0 0 0 0 -0 .0 0 0 0 0
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Table C.l : Continued.

Internal
po in t

No. o f <J) 
term s

<t>»xy (}>,XX

E x a c t : +0.5 0 . - 1. 0 . 0 .

(0 .52, 0.02) +0.50000 +0.00000 - 1.00000 +0.00000 +0.00000
(0.51, 0.01) 11 +0.50000 -0 .0 0 0 0 0 - 1.00000 -tO.OOOOO -0 .0 0 0 0 0
(0.509, 0.009) +0.50000 -0 .0 0 0 0 0 - 1.00000 +0.00000 -0 .0 0 0 0 0
(0.508, 0.008) +0.50000 -0 .0 0 0 0 0 - 1.00000 +0.00000 -0 .0 0 0 0 0

(0.52, 0.02) +0.50000 +0.00000 - 1.00000 +0.00000 +0.00000
(0.51, 0.01) 12 +0.50000 -0 .0 0 0 0 1 - 1.00000 +0.00002 -0 .00001
(0.509, 0.009) +0.50000 -0 .0 0 0 0 1 -1 .0 0 0 0 0 +0.00002 -0 .0 0 0 0 1
(0.508, 0.008) +0.50000 -0 .0 0 0 0 1 - 1.00000 +0.00001 -0 .0 0 0 0 0

(0.52, 0.02) +0.50000 -0 .0 0 0 0 0 - 1.00000 +0.00000 -0 .0 0 0 0 0
(0.51, 0.01) 13 +0.50000 -0 .0 0 0 0 0 - 1.00000 +0.00001 +0.00000
(0.509, 0.009) +0.50000 -0 .0 0 0 0 1 - 1.00000 +0.00001 +0.00001
(0.508, 0.008) +0.50000 -0 .0 0 0 0 0 - 1.00000 +0.00001 +0.00000

(0.52, 0.02) +0.50000 +0.00000 - 1.00000 +0.00000 +0.00001
(0.51, 0.01) 14 +0.50000 -0 .0 0 0 0 1 - 0.99993 +0.00001 -0 .0 0 0 1 5
(0.509, 0.009) +0 .50000 -0 .0 0 0 0 1 - 0.99996 +0.00001 -0 .0 0 0 0 7
(0.508, 0.008) +0.50000 -0 .0 0 0 0 0 - 1.00018 +0.00001 +0.00037

(0.52, 0.02) +0.50000 +0.00000 - 0.99999 -0 .0 0 0 0 0 -0 .0 0 0 0 2
(0.51, 0.01) 15 +0.50000 +0.00000 -1 .0 0 1 2 8 -0 .0 0 0 0 0 +0.00255
(0.509, 0.009) +0.50000 +0.00000 - 1.00114 -0 .0 0 0 0 0 +0.00227
(0.508, 0.008) +0.50000 - 0 .00025 - 0.97103 +0.00044 - 0.05794

(0.52, 0.02) +0.50000 +0.00000 - 1.00000 -0 .0 0 0 0 0 +0.00000
(0.51, 0.01) 16 +0.50000 -0 .0 0 0 0 5 - 0.99999 +0.00009 -0 .00001
(0.509, 0.009) +0 .50000 +0.00003 - 1.00225 -0 .0 0 0 0 6 +0.00450
(0.508, 0.008) +0.50000 +0.00026 - 1.00757 - 0.00051 +0.01514
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Table C.2 : Cylinder domain with linear potential variation.
Function and derivatives at node 1 (Fig. 2.7) from Fourier series

using fine boundary elements in the region of interest.

Internal
point

No. o f  <j> 
term s

<J>.y <j),X <My <J) ,xx

E x a c t : +0.5 0. - 1. 0. 0.

(0.52, 0.02) +0.49623 + 0 .02290 - 0.75614 +0.09454 +0.86278
(0 .5 1 ,0 .0 1 ) 5 +0.50057 - 0.01925 - 1.32882 - 0.27315 -0 .2 5 1 2 0
(0.509, 0.009) +0.50037 - 0 .01688 - 1.29505 - 0.25722 -0 .1 6 9 8 1
(0.508, 0.008) +0.50024 - 0 .01522 - 1.27092 - 0.24750 -0 .1 0 7 4 2

(0.52, 0.02) +0.49999 +0.00614 - 1.02502 +0.06641 +0.06163
(0.51, 0.01) 6 +0.50000 +0.00582 - 1.02892 +0.05596 +0.06969
(0.509, 0.009) +0.50000 +0.00579 - 1.02915 +0.05514 +0.07051
(0.508, 0.008) +0.50000 +0.00577 - 1.02928 +0.05449 +0.07131

(0.52, 0.02) +0.50000 - 0.00143 - 0.99991 +0.00008 +0.00206
(0.51, 0.01) 7 +0.50000 - 0 .00229 - 0.99737 - 0.00674 - 0 .00562
(0.509, 0.009) +0.50000 - 0 .00254 - 0.99658 - 0.00864 - 0 .00789
(0.508, 0.008) +0.50000 - 0 .00294 - 0.99522 -0 .0 1 1 8 0 -0 .0 1 1 6 9

(0.52, 0.02) +0.50000 + 0 .00250 - 1.00049 +0.00794 +0.00753
(0.51, 0.01) 8 +0.50000 +0.00073 - 1.00028 +0.00415 +0.00478
(0.509, 0.009) +0.50000 +0.00059 - 1.00031 +0.00384 +0.00458
(0.508, 0.008) +0.50000 +0.00045 - 1.00038 +0.00354 +0.00444

(0.52, 0.02) +0.50000 + 0 .00286 - 1.00067 +0.00903 +0.00876
(0.51, 0.01) 9 +0.50000 - 0 .00038 - 0.99917 - 0.00086 - 0 .00273
(0.509, 0.009) +0.50000 - 0 .00029 - 0.99926 -0 .0 0 0 4 9 - 0.00221
(0.508, 0.008) +0.50000 - 0 .00024 - 0.99933 - 0.00024 - 0 .00184

(0.52, 0.02) +0.50000 - 0 .00077 - 0.99933 -0 .00041 - 0 .00212
(0.51, 0.01) 10 +0.50000 -0 .0 0 0 4 6 - 0.99948 +0.00048 -0 .0 0 0 9 4
(0.509, 0.009) +0.50000 -0 .0 0 0 4 9 - 0.99950 +0.00056 - 0.00085
(0.508, 0.008) +0.50000 - 0 .00055 - 0.99953 +0.00069 - 0.00073
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Table C .2 : Continued.

Internal
point

No. o f <J) 
term s

<j>,x <My <j),XX

E x a c t : +0.5 0. - 1. 0. 0.

(0.52, 0.02) +0.50000 -0 .0 0 0 0 1 - 0.99999 +0.00003 -0 .0 0 0 0 0
(0 .5 1 ,0 .0 1 ) 11 +0.50000 +0.00001 - 1.00002 +0.00001 +0.00004
(0.509, 0.009) +0.50000 -0 .0 0 0 0 0 - 1.00001 +0.00002 +0.00003
(0.508, 0.008) +0.50000 -0 .0 0 0 0 0 - 1.00001 +0.00002 +0.00002

(0.52, 0.02) +0.50000 -0 .0 0 0 0 3 - 0.99996 +0.00000 -0 .0 0 0 0 8
(0 .5 1 ,0 .0 1 ) 12 +0.50000 +0.00004 -1 .00003 -0 .0 0 0 0 5 +0.00006
(0.509, 0.009) +0.50000 +0.00002 - 1.00001 -0 .0 0 0 0 3 +0.00003
(0.508, 0.008) +0.50000 +0.00002 - 1.00001 -0 .00003 +0.00001

(0.52, 0.02) +0.50000 +0.00000 - 0.99999 +0.00000 -0 .0 0 0 0 3
(0.51, 0.01) 13 +0.50000 -0 .0 0 0 0 0 - 0.99998 +0.00001 -0 .0 0 0 0 3
(0.509, 0.009) +0.50000 -0 .0 0 0 0 1 - 0.99998 +0.00001 -0 .0 0 0 0 3
(0.508, 0.008) +0.50000 -0 .0 0 0 0 0 - 0.99998 +0.00001 -0 .0 0 0 0 4

(0.52, 0.02) +0.50000 -0 .0 0 0 0 0 - 0.99996 -0 .0 0 0 0 0 -0 .0 0 0 0 9
(0.51, 0.01) 14 +0.50000 -0 .0 0 0 0 1 - 0.99993 +0.00001 - 0 .00015
(0.509, 0.009) +0 .50000 -0 .0 0 0 0 1 - 0.99995 +0.00001 - 0 .00010
(0.508, 0.008) +0.50000 -0 .0 0 0 0 0 - 1.00007 +0.00001 - 0 .00015

(0.52, 0.02) +0.50000 +0.00000 - 1.00000 -0 .0 0 0 0 0 -0 .00001
(0.51, 0.01) 15 +0.50000 +0.00001 -1 .0 0 1 2 9 - 0.00001 +0.00257
(0.509, 0.009) +0 .50000 +0.00000 -1 .0 0 1 1 7 - 0.00001 +0.00234
(0.508, 0.008) +0 .50000 +0.00038 -1 .0 4 1 2 4 -0 .0 0 0 6 7 +0.08247

(0.52, 0.02) +0.50000 +0.00000 - 1.00001 - 0.00000 +0.00001
(0.51, 0.01) 16 +0.50000 -0 .0 0 0 0 5 - 0.99992 +0.00010 - 0.00016
(0.509, 0.009) +0 .50000 +0.00004 -1 .0 0 2 2 2 - 0.00001 +0.00443
(0.508, 0.008) +0.50000 +0.00018 - 1.00644 - 0.00034 +0.01287

215



Table C.3 : Cylinder domain with quadratic potential variation.
Function and derivatives at node 1 (Fig. 2.7) from Taylor series

using fine boundary elements in the region of interest.

Internal
point

No. o f  <}) 
term s

<t>.y <j),XX

E x a c t : +0.25 +1. +1. +2. + 2 .

(0.52, 0.02) +0.25000 +1 .00000 +1.00000 +2.00000 +2.00000
(0.51, 0.01) 5 +0.25000 + 1 .00000 +1.00000 +2.00000 +2.00000
(0.509, 0.009) +0.25000 + 1 .00000 +1.00000 +2.00000 +2.00000
(0.508, 0.008) +0.25000 +1.00000 +1.00000 +2.00000 +2.00000

(0.52, 0.02) +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.51, 0.01) 6 +0.25000 +1 .00000 +1.00000 +2.00000 +2.00000
(0.509, 0.009) +0.25000 + 1 .00000 +1.00000 +2.00000 +2.00000
(0.508, 0.008) +0.25000 + 1 .00000 +1.00000 +2.00000 + 2.00000

(0.52, 0.02) +0.25000 + 1 .00000 +1.00000 +2.00000 +2.00000
(0.51, 0.01) 7 +0.25000 + 1 .00000 +1.00000 +2.00000 + 2 .00000
(0.509, 0.009) +0.25000 + 1 .00000 +1.00000 +2.00000 +2.00000
(0.508, 0.008) +0.25000 +1.00000 +1.00000 +2.00000 +2.00000

(0.52, 0.02) +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.51, 0.01) 8 +0.25000 +1 .00000 +1.00000 +2.00000 +2.00000
(0.509, 0.009) +0.25000 +1 .00000 +1.00000 +2.00000 +2.00000
(0.508, 0.008) +0.25000 + 1 .00000 +1.00000 +2.00000 +2.00000

(0.52, 0.02) +0.25000 +1 .00000 +1.00000 +2.00000 +2.00000
(0.51, 0.01) 9 +0.25000 +1 .00000 +1.00000 +2.00000 +2.00000
(0.509, 0.009) +0.25000 +1 .00000 +1.00000 +2.00000 +2.00000
(0.508, 0.008) +0.25000 + 1 .00000 +1.00000 +2.00000 +2.00000

(0.52, 0.02) +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.51, 0.01) 10 +0.25000 + 1 .00000 +1.00000 +2.00000 +2.00000
(0.509, 0.009) +0.25000 +1 .00000 +1.00000 +2.00000 +2.00000
(0.508, 0.008) +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
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Table C.3 : Continued.

Internal
point

No. o f <J) 
term s

<t>.y <My <j),XX

E x a c t : +0.25 +1. +1. +2. + 2 .

(0.52, 0.02) +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.51, 0.01) 11 +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.509, 0.009) +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.508, 0.008) +0.25000 +1.00000 +1.00000 +2.00000 +2.00000

(0.52, 0.02) +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.51, 0.01) 12 +0.25000 +0.99999 +1.00000 +2.00001 +2.00000
(0.509, 0.009) +0.25000 +0.99999 +1.00000 +2.00001 +2.00000
(0.508, 0.008) +0.25000 +1.00000 +1.00000 +2.00000 +2.00000

(0.52, 0.02) +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.51, 0.01) 13 +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.509, 0.009) +0.25000 +1.00000 +1.00000 +2.00001 +2.00000
(0.508, 0.008) +0.25000 +1.00000 +1.00000 +2.00000 +2.00000

(0.52, 0.02) +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.51, 0.01) 14 +0.25000 +1.00000 +1.00004 +2.00000 +1.99992
(0.509, 0.009) +0.25000 + 1.00000 +1.00002 +2.00001 +1.99996
(0.508, 0.008) +0.25000 +1.00000 +0.99990 +2.00001 +2.00019

(0.52, 0.02) +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.51, 0.01) 15 +0.25000 +1.00000 +0.99932 +2.00000 +2.00136
(0.509, 0.009) +0.25000 +1.00000 +0.99936 +2.00000 +2.00127
(0.508, 0.008) +0.25000 +0.99987 +1.01506 +2.00023 +1.96989

(0.52, 0.02) +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0 .5 1 ,0 .0 1 ) 16 +0.25000 +0.99998 +1.00000 +2.00005 +1.99999
(0.509, 0.009) +0.25000 +1.00002 +0.99881 +1.99997 +2.00237
(0.508, 0.008) +0.25000 +1.00014 +0.99602 +1.99974 +2.00796
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Table C.4 : Cylinder domain with quadratic potential variation.
Function and derivatives at node 1 (Fig. 2.7) from Fourier series

using fine boundary elements in the region of interest.

Internal
point

No. o f <j) 
term s

<l>.y <j>,x <My <}>,xx

E x a c t : +0.25 +1. + 1. +2. +2.

(0.52, 0.02) +0.24289 +1.03317 +1.44884 +2.17918 +3.64878
(0 .5 1 ,0 .0 1 ) 5 +0.25106 +0.95304 +0.36648 +1.47605 +1.54793
(0.509, 0.009) +0.25069 +0.95745 +0.42997 +1.50492 +1.70199
(0.508, 0.008) +0.25044 +0.96050 +0.47521 +1.52200 +1.82026

(0.52, 0.02) +0.24997 +1.00164 +0.94327 +2.12629 +2.14240
(0.51, 0.01) 6 +0.25000 +1.00039 +0.93304 +2.09778 +2.15413
(0.509, 0.009) +0.25000 +1.00022 +0.93179 +2.09444 +2.15554
(0.508, 0.008) +0.25000 +1.00005 +0.93050 +2.09101 +2.15700

(0.52, 0 .02) +0.24997 + 0.98636 +0.99400 +1.99230 +2.02209
(0.51, 0.01) 7 +0.24999 +0.97791 +1.02050 +1.92401 + 1.94540
(0.509, 0.009) +0.24999 +0.97535 +1.02913 +1.90387 +1.92132
(0.508, 0.008) +0.24999 +0.97105 +1.04391 +1.87031 +1.88069

(0.52, 0.02) +0.25001 +1.01972 +0.98906 +2.05900 +2.06849
(0.51, 0.01) 8 +0.25000 +1.00689 +0.99262 +2.02832 +2.04494
(0.509, 0.009) +0.25000 + 1 .00586 +0.99261 +2.02584 +2.04321
(0.508, 0.008) +0.25000 +1.00489 +0.99238 +2.02355 +2.04183

(0.52, 0 .02) +0.25000 +0.99943 +0.99955 +1.99692 +1.99876
(0.51, 0.01) 9 +0.25000 +1.00057 +0.99894 +1.99986 +2.00234
(0.509, 0.009) +0.25000 + 1.00056 +0.99894 +1.99980 +2.00230
(0.508, 0.008) +0.25000 + 1.00056 +0.99894 +1.99973 +2.00226

(0.52, 0.02) +0.25000 + 1.00100 +0.99897 +2.00102 +2.00348
(0.51, 0.01) 10 +0.25000 +1.00058 +0.99900 +1.99957 +2.00196
(0.509, 0.009) +0.25000 +1.00063 +0.99902 +1.99944 +2.00183
(0 .50 8 ,0 .0 0 8 ) +0.25000 +1.00073 +0.99905 +1.99922 +2.00166
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Table C .4 : Continued.

Internal
po in t

No. o f 
terms

<!>.y <My <}),XX

E x a c t : +0.25 +1. +1. +2. +2 .

(0.52, 0.02) +0.25000 +0.99969 +1.00013 +2.00025 +1.99979
(0 .5 1 ,0 .0 1 ) 11 +0.25000 +1.00024 +0.99941 +1.99992 +2.00122
(0.509, 0.009) +0.25000 +1.00013 +0.99955 +1.99999 +2.00094
(0.508, 0.008) +0.25000 +1.00007 +0.99963 +2.00004 +2.00076

(0.52, 0.02) +0.25000 +0.99959 +1.00041 +2.00005 +1.99915
(0 .5 1 ,0 .0 1 ) 12 +0.25000 +1.00079 +0.99925 +1.99902 +2.00151
(0.509, 0.009) +0.25000 +1.00051 +0.99951 +1.99931 +2.00098
(0.508, 0.008) +0.25000 +1.00037 +0.99965 +1.99946 +2.00071

(0.52, 0.02) +0.25000 +1.00001 +1.00003 +1.99999 +1.99995
(0 .5 1 ,0 .0 1 ) 13 +0.25000 +1.00000 +1.00002 +2.00001 +1.99996
(0.509, 0.009) +0.25000 +1.00000 +1.00002 +2.00001 +1.99996
(0.508, 0.008) +0.25000 +1.00000 +1.00002 +2.00001 +1.99996

(0.52, 0.02) +0.25000 +1.00000 +1.00008 +1.99999 +1.99983
(0.51, 0.01) 14 +0.25000 +1.00000 +1.00008 +2.00000 +1.99984
(0.509, 0.009) +0.25000 +1.00000 +1.00007 +2.00001 +1.99986
(0.508, 0.008) +0.25000 +1.00000 +1.00000 +2.00001 +2.00001

(0.52, 0.02) +0.25000 +1.00000 +0.99995 +2.00000 +2.00010
(0.51, 0.01) 15 +0.25000 +1.00000 +0.99927 +2.00000 +2.00146
(0.509, 0.009) +0.25000 +1.00001 +0.99896 +1.99999 +2.00208
(0.508, 0.008) +0.25000 +1.00028 +0.97037 +1.99952 +2.05926

(0.52, 0.02) +0.25000 +1.00000 +1.00002 +2.00001 +1.99997
(0.51, 0.01) 16 +0.25000 +0.99997 +1.00007 +2.00006 +1.99985
(0.509, 0.009) +0.25000 +1.00001 +0.99897 +1.99999 +2.00206
(0 .508 ,0 .008 ) +0 .25000 +1.00013 +0.99616 +1.99976 +2.00769
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Table C.5 : Cylinder domain with cubic potential variation.
Function and derivatives at node 1 (Fig. 2.7) from Taylor series

using fine boundary elements in the region of interest.

Internal
po in t

No. o f 
term s

<f> 4>>y <My (J),XX

E x a c t : +0.125 +0.75 +0.75 +3. + 3 .

(0.52, 0.02) +0.15452 +0.57739 - 1.4 +2.70061 - 3 .
(0.51, 0.01) 5 +0.11323 +1.24 +7. +9. + 9 .
(0.509, 0.009) +0.11820 +1.14 +6. +8. + 7 .
(0.508, 0.008) +0.12099 +1.07 +5. +8. + 6 .

(0.52, 0.02) +0.12505 +0.68207 +0.98743 +2.34098 +2.41833
(0.51, 0.01) 6 +0.12497 +0.68530 +1.02 +2.44264 +2.34512
(0.509, 0.009) +0.12497 +0.68550 +1.02 +2.44931 +2.33782
(0.508, 0.008) +0.12497 +0.68558 +1.02 +2.45374 +2.33060

(0.52, 0.02) +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0 .5 1 ,0 .0 1 ) 7 +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.509, 0.009) +0.12500 + 0.75000 +0.75000 +3.00000 +3.00000
(0.508, 0.008) +0.12500 +0.75000 +0.75000 +3.00000 +3.00000

(0.52, 0.02) +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.51, 0.01) 8 +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.509, 0.009) +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.508, 0.008) +0.12500 +0.75000 +0.75000 +3.00000 +3.00000

(0.52, 0.02) +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.51, 0.01) 9 +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.509, 0.009) +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.508, 0.008) +0.12500 +0.75000 +0.75000 +3.00000 +3.00000

(0.52, 0.02) +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.51, 0.01) 10 +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.509, 0.009) +0.12500 + 0 .75000 +0.75000 +3.00000 +3.00000
(0.508, 0.008) +0 .12500 +0.75000 +0.75000 +3.00000 +3.00000

2 2 0



Table C .5: Continued.

Internal
point

No. o f 
term s

<!>>y <j>,x <My (j),XX

E x a c t : +0.125 +0.75 +0.75 +3. + 3 .

(0.52, 0.02) +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.51, 0.01) 11 +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.509, 0.009) +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.508, 0.008) +0.12500 +0.75000 +0.75000 +3.00000 +3.00000

(0.52, 0.02) +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0 .5 1 ,0 .0 1 ) 12 +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.509, 0.009) +0.12500 +0.75000 +0.75000 +3.00001 +3.00000
(0.508, 0.008) +0.12500 +0.75000 +0.75000 +3.00000 +3.00000

(0.52, 0.02) +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0 .5 1 ,0 .0 1 ) 13 +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.509, 0.009) +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.508, 0.008) +0.12500 +0.75000 +0.75000 +3.00000 +3.00000

(0.52, 0.02) +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0 .5 1 ,0 .0 1 ) 14 +0.12500 +0.75000 +0.75002 +3.00000 +2.99996
(0.509, 0.009) +0.12500 +0.75000 +0.75001 +3.00000 +2.99998
(0.508, 0.008) +0.12500 +0.75000 +0.74995 +3.00000 +3.00010

(0.52, 0 .02) +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.51, 0.01) 15 +0.12500 +0.75000 +0.74966 +3.00000 +3.00067
(0.509, 0.009) +0.12500 +0.75000 +0.74969 +3.00000 +3.00063
(0.508, 0.008) +0.12500 +0.74994 +0.75762 +3.00012 +2.98476

(0.52, 0.02) +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0 .5 1 ,0 .0 1 ) 16 +0.12500 +0.74999 +0.75000 +3.00002 +3.00000
(0.509, 0.009) +0.12500 +0.75001 +0.74940 +2.99999 +3.00121
(0.508, 0.008) +0.12500 +0.75007 +0.74798 +2.99987 +3.00405
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Table C.6 : Cylinder domain with cubic potential variation.
Function and derivatives at node 1 (Fig. 2.7) from Fourier series

using fine boundary elements in the region of interest.

Internal
point

No. o f 
term s

<)>>y <j),X <My <J>,xx

E x a c t : +0.125 +0.75 +0.75 +3. +3.

(0.52, 0.02) +0.17264 +0.48799 - 3 . +2.36827 -7.
(0 .5 1 ,0 .0 1 ) 5 +0.11783 +1.02 +5. +7. +7.
(0.509, 0.009) +0.12032 +0.98779 +4. +7. +6.
(0.508, 0.008) +0.12200 +0.96642 +4. +7. +5 .

(0.52, 0.02) +0.12498 +0.70017 +0.83087 +2.72430 +2.80834
(0.51, 0.01) 6 +0.12498 +0.69979 +0.84159 +2.74884 +2.76520
(0.509, 0.009) +0.12498 +0.69962 +0.84075 +2.74814 +2.76138
(0.508, 0.008) +0.12498 +0.69935 +0.83891 +2.74577 +2.75781

(0.52, 0.02) +0.12497 +0.73114 +0.72811 +2.99573 +3.05206
(0.51, 0.01) 7 +0.12498 +0.71799 +0.77077 +2.88957 +2.93423
(0.509, 0.009) +0.12498 +0.71411 +0.78405 +2.85917 +2.89783
(0.508, 0.008) +0.12498 +0.70764 +0.80652 +2.80882 +2.83674

(0.52, 0.02) +0.12502 +0.77502 +0.72161 +3.08347 +3.11309
(0.51, 0.01) 8 +0.12500 +0.75802 +0.73225 +3.03369 +3.07178
(0.509, 0.009) +0.12500 +0.75694 +0.73279 +3.03037 +3.06892
(0.508, 0.008) +0.12500 +0.75592 +0.73300 +3.02742 +3.06663

(0.52, 0.02) +0.12496 +0.68514 +0.76811 +2.80840 +2.80414
(0.51, 0.01) 9 +0.12500 +0.75525 +0.73503 +3.02118 +3.05305
(0.509, 0.009) +0 .12500 +0.75343 +0.73698 +3.01313 +3.04184
(0.508, 0.008) +0.12500 +0.75234 +0.73844 +3.00770 +3.03387

(0.52, 0.02) +0.12500 +0.76155 +0.73975 +3.00752 +3.03346
(0.51, 0.01) 10 +0.12500 +0.75682 +0.74147 +2.99328 +3.01581
(0.509, 0.009) +0.12500 +0.75727 +0.74174 +2.99197 +3.01446
(0.508, 0.008) +0.12500 +0.75830 +0.74212 +2.98993 +3.01257
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Table C .6 : Continued.

Internal
point

No. o f 
term s

<J>.y <My 4>,XX

E x a c t : +0.125 +0.75 +0.75 +3. +3.

(0.52, 0.02) +0.12500 +0.74908 +0.75077 +3.00021 +2.99842
(0 .5 1 ,0 .0 1 ) 11 +0.12500 +0.75082 +0.74851 +2.99935 +3.00305
(0.509, 0.009) +0.12500 +0.75053 +0.74888 +2.99955 +3.00229
(0.508, 0.008) +0.12500 + 0.75036 +0.74910 +2.99967 +3.00183

(0.52, 0.02) +0.12500 +0.74901 +0.75095 +3.00008 +2.99798
(0.51, 0.01) 12 +0.12500 +0.75179 +0.74823 +2.99775 +3.00356
(0.509, 0.009) +0.12500 + 0.75116 +0.74883 +2.99841 +3.00236
(0.508, 0.008) +0.12500 +0.75083 +0.74912 +2.99877 +3.00177

(0.52, 0.02) +0 .12500 +0.74997 +0.75009 +2.99995 +2.99981
(0.51, 0.01) 13 +0.12500 +0.75000 +0.74998 +2.99999 +3.00005
(0.509, 0.009) +0 .12500 +0.75000 +0.74997 +2.99999 +3.00007
(0.508, 0.008) +0.12500 +0.75000 +0.74996 +2.99999 +3.00009

(0.52, 0.02) +0.12500 +0.75001 +0.74976 +3.00000 +3.00049
(0 .5 1 ,0 .0 1 ) 14 +0.12500 +0.75000 +0.74981 +2.99999 +3.00038
(0.509, 0.009) +0 .12500 +0.75000 +0.74981 +3.00000 +3.00039
(0.508, 0.008) +0.12500 + 0.75000 +0.74977 +2.99999 +3.00047

(0.52, 0.02) +0 .12500 +0.75001 +0.74984 +2.99999 +3.00032
(0.51, 0.01) 15 +0.12500 +0.75000 +0.74942 +2.99999 +3.00116
(0.509, 0.009) +0 .12500 +0.75000 +0.74885 +2.99998 +3.00231
(0.508, 0.008) +0 .12500 +0.75021 +0.72763 +2.99963 +3.04474

(0.52, 0.02) +0 .12500 +0.74999 +0.75003 +3.00002 +2.99994
(0.51, 0.01) 16 +0.12500 +0.74998 +0.75008 +3.00004 +2.99984
(0.509, 0.009) +0 .12500 +0.74999 +0.74964 +3.00003 +3.00073
(0.508, 0.008) +0 .12500 +0.75010 +0.74757 +2.99982 +3.00487
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Table C.7 : Cylinder domain with quartic potential variation.
Function and derivatives at node 1 (Fig. 2.7) from Taylor series

using fine boundary elements in the region of interest.

Internal
point

No. o f 
term s

♦ 4>»y <j),X <My <j),XX

E x a c t : - 0.0625 + 0.125 -0 .5 +0.75 - 3 .

(0.52, 0.02) - 0.05583 +0.18097 -1 .1 6 +1.28 -4 .0 1
(0.51, 0.01) 5 - 0.06525 +0.33552 +0.86 +2.80 - 1.09
(0.509, 0.009) - 0.06407 +0.31101 +0.54 +2.56 - 1.59
(0.508, 0.008) - 0.06341 +0.29620 +0.34 +2.42 - 1.90

(0.52, 0.02) - 0.06245 +0.20446 - 0.63059 +1.20 - 2.72928
(0.51, 0.01) 6 - 0.06245 +0.20345 - 0.63767 +1.15 - 2.67067
(0.509, 0.009) - 0.06246 +0.20366 - 0.63498 +1.15 - 2.66552
(0.508, 0.008) - 0.06247 +0.20405 - 0.63063 +1.16 - 2.66059

(0.52, 0.02) - 0.06242 +0.15638 - 0.46254 +0.73341 -3 .1 4 0 9 9
(0.51, 0 .01) 7 - 0.06247 +0.18108 - 0.54477 +0.95627 - 2.89712
(0.509, 0.009) - 0.06247 +0.18777 - 0.56853 +1.02 - 2.82864
(0.508, 0.008) - 0.06247 +0.19872 - 0.60834 +1.11 - 2.71594

(0.52, 0.02) - 0.06257 + 0 .022 - 0.45378 +0.41 - 3.35702
(0.51, 0.01) 8 - 0.06251 + 0.095 - 0.46823 +0.61200 - 3.20914
(0.509, 0.009) - 0.06250 +0.10012 - 0.46783 +0.62538 - 3.20016
(0.508, 0.008) - 0.06250 +0.10453 - 0.46642 +0.63749 -3 .1 9 3 1 2

(0.52, 0 .02) - 0.06250 +0.12500 -0 .5 0 0 0 0 +0.75000 -3 .0 0 0 0 0
(0.51, 0.01) 9 - 0.06250 +0.12500 -0 .5 0 0 0 0 +0.75000 -3 .0 0 0 0 0
(0.509, 0.009) - 0.06250 +0.12500 -0 .5 0 0 0 0 +0.75000 -3 .0 0 0 0 0
(0.508, 0.008) - 0.06250 +0.12500 -0 .5 0 0 0 0 +0.75000 -3 .0 0 0 0 0

(0.52, 0.02) - 0.06250 +0.12500 -0 .5 0 0 0 0 +0.75000 -3 .0 0 0 0 0
(0.51, 0.01) 10 - 0.06250 +0.12500 -0 .5 0 0 0 0 +0.75000 -3 .0 0 0 0 0
(0.509, 0.009) - 0.06250 +0.12500 -0 .5 0 0 0 0 +0.75000 -3 .0 0 0 0 0
(0.508, 0.008) - 0.06250 +0.12500 -0 .5 0 0 0 0 +0.75000 -3 .0 0 0 0 0
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Table C.7 : Continued.

Internal
po in t

No. o f 
term s

4> 4>.y < j ) ,X <My ( J ) , X X

E x a c t : - 0.625 + 0.125 -0 .5 +0.75 - 3 .

(0.52, 0.02) - 0.06250 +0.12500 -0 .5 0 0 0 0 +0.75000 -3 .0 0 0 0 0
(0.51, 0.01) 11 - 0.06250 +0.12500 -0 .50000 +0.75000 -3 .0 0 0 0 0
(0.509, 0.009) - 0.06250 +0.12500 -0 .50000 +0.75000 -3 .0 0 0 0 0
(0.508, 0.008) - 0.06250 +0.12500 -0 .50000 +0.75000 -3 .0 0 0 0 0

(0.52, 0.02) - 0.06250 + 0 .12500 -0 .5 0 0 0 0 +0.75000 -3 .0 0 0 0 0
(0.51, 0.01) 12 - 0.06250 +0.12500 -0 .5 0 0 0 0 +0.75000 -3 .0 0 0 0 0
(0.509, 0.009) - 0.06250 +0.12500 -0 .5 0 0 0 0 +0.75000 -3 .0 0 0 0 0
(0.508, 0.008) - 0.06250 +0.12500 -0 .5 0 0 0 0 +0.75000 -3 .0 0 0 0 0

(0.52, 0.02) - 0.06250 +0.12500 -0 .5 0 0 0 0 +0.75000 -3 .0 0 0 0 0
(0.51, 0.01) 13 - 0.06250 +0.12500 -0 .5 0 0 0 0 +0.75000 -3 .0 0 0 0 0
(0.509, 0.009) - 0.06250 +0.12500 -0 .5 0 0 0 0 +0.75000 -3 .0 0 0 0 0
(0.508, 0.008) - 0.06250 +0.12500 -0 .5 0 0 0 0 +0.75000 -3 .0 0 0 0 0

(0.52, 0.02) - 0.06250 +0.12500 -0 .5 0 0 0 0 +0.75000 -3 .0 0 0 0 0
(0 .5 1 ,0 .0 1 ) 14 - 0.06250 +0.12500 - 0.50001 +0.75000 - 2.99998
(0.509, 0.009) - 0.06250 +0.12500 - 0.50001 +0.75000 - 2.99999
(0.508, 0.008) - 0.06250 +0.12500 - 0.49998 +0.75000 -3 .00005

(0.52, 0.02) - 0.06250 +0.12500 -0 .5 0 0 0 0 +0.75000 -3 .0 0 0 0 0
(0.51, 0.01) 15 - 0.06250 +0.12500 - 0.49983 +0.75000 - 3.00035
(0.509, 0.009) - 0.06250 +0.12500 - 0.49978 +0.75000 -3 .00044
(0.508, 0.008) - 0.06250 +0.12503 - 0.50333 +0.74995 - 2.99334

(0.52, 0.02) - 0.06250 +0.12500 -0 .5 0 0 0 0 +0.75000 -3 .0 0 0 0 0
(0.51, 0.01) 16 - 0.06250 +0.12501 -0 .5 0 0 0 0 +0.74999 -3 .0 0 0 0 0
(0.509, 0.009) - 0 .06250 +0.12500 - 0.49971 +0.75001 - 3.00058
(0.508, 0.008) - 0.06250 +0.12497 - 0.49907 +0.75006 - 3.00187
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Table C.8 : Cylinder domain with quartic potential variation.
Function and derivatives at node 1 (Fig. 2.7) from Fourier series

using fine boundary elements in the region of interest.

Internal
point

No. o f 
term s

♦ 4>.y <My <}>,xx

E x a c t : - 0.0625 + 0.125 -0 .5 +0.75 - 3 .

(0.52, 0.02) - 0.03357 +0.07 - 2 .6 +0.83976 - 9 .
(0 .5 1 ,0 .0 1 ) 5 - 0.06682 +0.39405 +1.7 +3.6 -0 .3 4
(0.509, 0.009) - 0.06530 +0.37567 +1.5 +3.5 -0 .9 6
(0.508, 0.008) - 0.06428 +0.36283 +1.3 +3.4 - 1.44

(0.52, 0.02) - 0.06241 +0.19855 - 0.56866 +1.05525 - 2 .89092
(0 .5 1 ,0 .0 1 ) 6 - 0.06245 +0.19928 - 0.56846 +1.04228 - 2.83605
(0.509, 0.009) - 0.06246 +0.19966 - 0.56472 +1.04734 -2 .83191
(0.508, 0.008) - 0.06247 +0.20019 - 0.55923 +1.05539 - 2 .82830

(0.52, 0.02) - 0.06239 +0.16386 - 0.45354 +0.75118 -3 .1 6 3 9 4
(0 .5 1 ,0 .0 1 ) 7 - 0.06245 +0.19724 - 0.56050 +1.02647 - 2.85504
(0.509, 0.009) - 0.06246 +0.20682 - 0.59274 +1.10220 - 2.76449
(0.508, 0.008) - 0.06246 +0.22270 - 0.64724 +1.22664 - 2 .61389

(0.52, 0.02) - 0.06255 +0.02255 - 0.43260 +0.46866 - 3.36048
(0.51, 0.01) 8 - 0.06251 +0.08372 - 0.45128 +0.61780 - 3.24506
(0.509, 0.009) - 0.06251 +0.08877 - 0.45147 +0.63038 - 3.23601
(0.508, 0.008) - 0.06250 +0.09360 - 0.45066 +0.64211 - 3.22859

(0.52, 0.02) - 0.06248 +0.14318 - 0.49501 +0.83781 - 2.94584
(0.51, 0.01) 9 - 0.06250 +0.11327 - 0.48083 +0.75090 - 3.04580
(0.509, 0.009) - 0.06250 +0.11380 - 0.48138 +0.75338 - 3.04280
(0.508, 0.008) - 0.06250 +0.11418 - 0.48189 +0.75537 - 3 .04042

(0.52, 0.02) - 0.06250 +0.10362 - 0.48032 +0.73473 - 3 .06456
(0.51, 0.01) 10 - 0.06250 +0.11266 - 0.48331 +0.76162 - 3.03149
(0.509, 0.009) - 0.06250 +0.11187 - 0.48379 +0.76404 - 3.02899
(0.508, 0.008) - 0.06250 +0.11001 - 0.48446 +0.76781 - 3.02551
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Table C.8 : Continued.

Internal
point

No. o f 
term s

0 <J>,y <f>,xy <j),xx

E x a c t : - 0.0625 + 0 .125  -0 .5 +0.75 - 3.

(0.52, 0.02) - 0.06250 +0.12778 - 0.50166 +0.74888 - 2.99669
(0.51, 0.01) 11 - 0.06250 +0.12253 - 0.49487 +0.75166 - 3.01054
(0.509, 0.009) - 0.06250 +0.12344 - 0.49604 +0.75104 - 3.00809
(0 .508 ,0 .008 ) - 0.06250 +0.12401 - 0.49677 +0.75063 - 3.00659

(0.52, 0.02) - 0.06250 +0.12815 - 0.50269 +0.74962 -2 .99431
(0.51, 0.01) 12 - 0.06250 +0.11889 - 0.49383 +0.75761 - 3.01244
(0.509, 0.009) - 0.06250 +0.12102 - 0.49584 +0.75543 - 3.00837
(0.508, 0.008) - 0.06250 +0.12214 - 0.49685 +0.75422 - 3.00633

(0.52, 0.02) - 0.06250 +0.12494 - 0.49979 +0.75004 -3 .0 0 0 4 2
(0.51, 0.01) 13 - 0.06250 +0.12499 - 0.49974 +0.75001 - 3.00052
(0.509, 0.009) - 0.06250 +0.12499 - 0.49974 +0.75000 - 3.00052
(0.508, 0.008) - 0.06250 +0.12499 - 0.49974 +0.75000 - 3.00052

(0.52, 0.02) - 0.06250 +0.12497 - 0.50001 +0.75007 - 2.99997
(0.51, 0.01) 14 - 0.06250 +0.12499 -0 .5 0 0 0 0 +0.75001 - 3.00001
(0.509, 0.009) - 0.06250 +0.12500 - 0.49999 +0.75000 -3 .0 0 0 0 2
(0.508, 0.008) - 0.06250 +0.12500 - 0.49994 +0.75001 - 3.00013

(0.52, 0.02) - 0.06250 +0.12497 - 0.49948 +0.75002 - 3.00105
(0.51, 0.01) 15 - 0.06250 +0.12499 - 0.49891 +0.75003 - 3.00217
(0.509, 0.009) - 0.06250 +0.12497 - 0.49687 +0.75005 - 3.00626
(0.508, 0.008) - 0.06250 +0.12464 - 0.46144 +0.75064 - 3.07713

(0.52, 0.02) - 0.06250 +0.12501 - 0.50015 +0.74991 - 2.99969
(0.51, 0.01) 16 - 0.06250 +0.12503 - 0.50010 +0.74994 - 2.99980
(0.509, 0.009) - 0.06250 +0.12508 - 0.50045 +0.74985 -2 .99911
(0.508, 0.008) - 0.06250 +0.12484 - 0.49705 +0.75031 - 3.00589
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Table C.9 : Cylinder domain with quintic potential variation.
Function and derivatives at node 1 (Fig. 2.7) from Taylor series

using fine boundary elements in the region of interest.

Internal
point

No. o f 
terms

<t>,y <My <J),XX

E x a c t : - 0.03125 -0 .3 1 2 5 0 -0 .3 1 2 5 0 -2 .5 0 0 0 0 -2 .5 0 0 0 0

(0.52, 0.02) - 0.04328 -0 .1 0 9 7 9 +1.19 -3 .1 9 - 1.09613
(0 .5 1 ,0 .0 1 ) 5 - 0.02573 - 0 .40068 -2 .6 2 - 6 .0 - 6 .7
(0.509, 0.009) - 0.02799 - 0 .35415 -2 .0 0 - 5 .6 - 5 .7
(0.508, 0.008) - 0.02927 - 0 .32585 - 1.62 -5 .3 -5 .1

(0.52, 0.02) - 0.03083 -0 .1 5 4 0 1 +0.19 - 3.03567 - 3.49826
(0.51, 0.01) 6 -0 .0 3 1 1 5 -0 .1 4 4 5 5 +0.29 -2 .8 1 0 0 8 - 3.57830
(0.509, 0.009) -0 .0 3 1 1 7 - 0.14258 +0.31 - 2.77084 - 3.58936
(0.508, 0.008) -0 .0 3 1 1 8 - 0 .14020 +0.33 - 2.72477 - 3.60136

(0.52, 0.02) - 0.03089 -0 .0 6 6 -0 .11750 - 2.17708 - 2.74045
(0.51, 0.01) 7 - 0 .03106 - 0 .059 - 0.55366 -1 .1 - 1.5
(0.509, 0.009) - 0.03106 +0 .100 - 0.70488 - 0 .7 - 1.1
(0.508, 0.008) - 0.03106 + 0 .170 - 0.96426 -0 .1 - 0 .4

(0.52, 0.02) - 0.03141 - 0 .52947 -0 .0 9 - 3.30329 - 3.48758
(0.51, 0.01) 8 - 0.03126 - 0 .36820 - 0.17174 -2 .7 7 1 9 0 - 3.07190
(0.509, 0.009) - 0.03126 - 0 .36012 - 0.17593 - 2.74284 - 3.04757
(0.508, 0.008) - 0.03126 - 0 .35265 - 0.17752 -2 .71751 - 3.02826

(0.52, 0.02) - 0.03095 +0.19 - 0.41204 -0 .9 0 -0 .9 8
(0.51, 0.01) 9 - 0.03126 - 0 .35248 - 0.18861 - 2.69863 - 2.96086
(0.509, 0.009) - 0.03125 - 0 .33612 - 0.20696 - 2.62264 - 2.85451
(0.508, 0.008) - 0.03125 - 0 .32629 - 0.22075 - 2.57269 - 2.77968

(0.52, 0.02) - 0.03126 - 0 .38842 - 0.24253 - 2.54553 - 2.72210
(0.51, 0.01) 10 - 0.03125 - 0.35861 - 0.25373 - 2.45318 - 2.60807
(0.509, 0.009) - 0.03125 - 0 .36100 - 0.25605 - 2.44529 - 2.59830
(0 .508 ,0 .008 ) - 0.03125 - 0.36657 - 0.25933 - 2.43351 - 2.58476
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Table C .9 : Continued.

Internal
point

No. o f 
term s

<t> $>y <|>,x <My (j),XX

E x a c t : - 0.03125 -0 .3 1 2 5 0 - 0.31250 -2 .5 0 0 0 0 -2 .5 0 0 0 0

(0.52, 0.02) - 0.03125 -0 .3 1 2 5 0 - 0.31250 -2 .5 0 0 0 0 -2 .5 0 0 0 0
(0.51, 0.01) 11 - 0.03125 -0 .3 1 2 5 0 -0 .3 1 2 5 0 -2 .5 0 0 0 0 -2 .5 0 0 0 0
(0.509, 0.009) - 0.03125 - 0 .31250 -0 .3 1 2 5 0 -2 .5 0 0 0 0 -2 .5 0 0 0 0
(0.508, 0.008) -0 .0 3 1 2 5 - 0 .31250 -0 .3 1 2 5 0 -2 .5 0 0 0 0 -2 .5 0 0 0 0

(0.52, 0.02) - 0.03125 - 0 .31250 -0 .3 1 2 5 0 -2 .5 0 0 0 0 - 2.50000
(0 .5 1 ,0 .0 1 ) 12 - 0.03125 - 0 .31250 - 0.31250 -2 .5 0 0 0 0 -2 .5 0 0 0 0
(0.509, 0.009) - 0.03125 - 0 .31250 - 0.31250 -2 .5 0 0 0 0 - 2.50000
(0.508, 0.008) - 0.03125 -0 .3 1 2 5 0 -0 .3 1 2 5 0 -2 .5 0 0 0 0 - 2.50000

(0.52, 0.02) - 0.03125 -0 .3 1 2 5 0 -0 .3 1 2 5 0 -2 .5 0 0 0 0 - 2.50000
(0.51, 0.01) 13 - 0.03125 - 0 .31250 - 0.31250 -2 .5 0 0 0 0 -2 .5 0 0 0 0
(0.509, 0.009) - 0.03125 - 0 .31250 -0 .3 1 2 5 0 -2 .5 0 0 0 0 - 2.50000
(0.508, 0.008) - 0.03125 - 0 .31250 - 0.31250 -2 .5 0 0 0 0 -2 .5 0 0 0 0

(0.52, 0.02) - 0.03125 - 0 .31250 - 0.31250 -2 .5 0 0 0 0 - 2.50000
(0 .5 1 ,0 .0 1 ) 14 - 0.03125 - 0 .31250 -0 .31251 -2 .5 0 0 0 0 -2 .5 0 0 0 0
(0.509, 0.009) - 0.03125 - 0 .31250 - 0.31250 -2 .5 0 0 0 0 -2 .5 0 0 0 0
(0.508, 0.008) - 0.03125 - 0 .31250 -0 .3 1 2 4 9 -2 .5 0 0 0 0 - 2.50003

(0.52, 0.02) - 0.03125 - 0 .31250 -0 .3 1 2 5 0 -2 .5 0 0 0 0 -2 .5 0 0 0 0
(0.51, 0.01) 15 - 0.03125 -0 .3 1 2 5 0 -0 .31241 -2 .5 0 0 0 0 - 2.50018
(0.509, 0.009) - 0.03125 - 0 .31250 -0 .31241 -2 .5 0 0 0 0 - 2.50017
(0.508, 0.008) - 0.03125 -0 .3 1 2 4 8 -0 .3 1 4 4 7 - 2.50003 - 2.49605

(0.52, 0.02) - 0.03125 - 0 .31250 - 0.31250 -2 .5 0 0 0 0 -2 .50000
(0.51, 0.01) 16 - 0.03125 - 0 .31250 - 0.31250 - 2.50001 -2 .5 0 0 0 0
(0.509, 0.009) - 0.03125 - 0 .31250 - 0.31234 -2 .5 0 0 0 0 -2 .50031
(0.508, 0.008) - 0.03125 - 0 .31252 -0 .3 1 1 9 8 - 2.49997 - 2.50104
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Table C.10 : Cylinder domain with quintic potential variation.
Function and derivatives at node 1 (Fig. 2.7) from Fourier series

using fine boundary elements in the region of interest.

Internal
point

No. o f 
term s

4> <J>.y <j>,x <My <J),XX

E x a c t : - 0.03125 -0 .3 1 2 5 0 -0 .31250 -2 .5 0 0 0 0 -2 .5 0 0 0 0

(0.52, 0.02) - 0.03451 -0 .1 5 5 9 3 +0.62 -3 .4 0 -3 .1 0
(0.51, 0.01) 5 - 0.03041 - 0 .19476 +0.10 -3 .5 8 -4 .4 7
(0.509, 0.009) - 0.03066 -0 .1 9 1 4 9 +0.14 -3 .5 4 -4 .4 0
(0.508, 0.008) - 0.03084 -0 .1 8 8 9 3 +0.17 -3 .5 0 -4 .3 5

(0.52, 0.02) - 0.03076 -0 .1 7 2 6 2 +0.35 -3 .4 3 -3 .9 0
(0 .5 1 ,0 .0 1 ) 6 -0 .0 3 1 1 5 -0 .1 6 1 7 5 +0.49 -3 .1 4 -4 .0 4
(0.509, 0.009) -0 .0 3 1 1 7 -0 .1 5 9 7 0 +0.51 -3 .1 0 -4 .0 6
(0.508, 0.008) -0 .0 3 1 1 9 -0 .1 5 7 3 0 +0.54 -3 .0 5 -4 .0 8

(0.52, 0.02) - 0.03083 -0 .0 3 -0 .1 1 2 2 6 - 2.19624 - 2.79624
(0.51, 0.01) 7 - 0.03103 -0 .1 2 4 5 2 - 0.62435 -0 .9 3 - 1.38
(0.509, 0.009) - 0.03103 +0.18 - 0.80025 -0 .5 3 -0 .9 1
(0.508, 0.008) - 0.03103 +0.26 -1 .1 0 +1.42 -0 .0 9

(0.52, 0.02) - 0.03138 - 0 .50797 -0 .0 4 2 -3 .1 5 -3 .4 6
(0.51, 0.01) 8 - 0.03126 - 0 .37969 - 0.13922 - 2.74448 -3 .1 2
(0.509, 0.009) - 0.03126 -0 .3 7 1 9 8 - 0.14500 - 2.71837 -3 .0 9
(0 .50 8 ,0 .0 0 8 ) - 0.03126 - 0 .36470 - 0.14831 - 2.69525 -3 .0 7

(0.52, 0.02) - 0.03087 +0.36 - 0.49072 -0 .4 9 -0 .4 8
(0.51, 0.01) 9 - 0.03126 - 0 .37359 - 0.14532 - 2.71703 -3 .0 8
(0.509, 0.009) - 0.03126 - 0 .35467 - 0.16569 - 2.63333 -2 .9 6
(0.508, 0.008) - 0.03125 - 0 .34314 - 0.18103 - 2.57661 - 2.87548

(0.52, 0.02) - 0.03127 -0 .4 4 5 1 2 - 0.19199 - 2.58873 - 2.89038
(0.51, 0.01) 10 - 0.03125 -0 .3 9 0 1 1 - 0.21281 - 2.42490 - 2.68510
(0.509, 0.009) - 0.03125 -0 .3 9 5 1 8 - 0.21600 - 2.40991 - 2.66938
(0.508, 0.008) - 0.03125 - 0 .40697 - 0.22043 - 2.38642 - 2.64747
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Table C.10 .‘ Continued.

Internal
po in t

No. o f 
term s

4> <J>.y <M y < J),X X

E x a c t : -0 .0 3 1 2 5 -0 .3 1 2 5 0 - 0.31250 -2 .5 0 0 0 0 - 2.50000

(0.52, 0.02) - 0.03125 - 0 .30232 - 0.31813 - 2.50508 - 2.48917
(0.51, 0.01) 11 - 0.03125 - 0 .32072 - 0.29413 - 2.49500 - 2 .53776
(0.509, 0.009) - 0.03125 - 0 .31750 - 0.29826 - 2.49717 -2 .5 2 9 1 6
(0.508, 0.008) - 0.03125 -0 .3 1 5 5 3 - 0.30078 - 2.49859 - 2.52390

(0.52, 0.02) -0 .0 3 1 2 5 - 0.30021 - 0.32390 - 2.50092 - 2.47583
(0 .5 1 ,0 .0 1 ) 12 - 0.03125 - 0 .33474 - 0.29013 - 2.47207 - 2.54506
(0.509, 0.009) - 0.03125 - 0 .32687 - 0.29745 - 2.48017 - 2.53023
(0.508, 0.008) - 0.03125 - 0 .32276 - 0.30109 - 2.48469 - 2.52286

(0.52, 0.02) - 0.03125 -0 .3 1 2 1 1 -0 .31315 - 2.49936 - 2.49846
(0.51, 0.01) 13 - 0.03125 - 0.31248 -0 .31171 - 2.49982 - 2.50155
(0.509, 0.009) - 0.03125 - 0 .31250 -0 .31158 - 2.49983 - 2.50182
(0.508, 0.008) - 0.03125 - 0.31254 -0 .31146 - 2.49981 - 2.50207

(0.52, 0.02) - 0.03125 -0 .3 1 2 6 7 - 0.30847 - 2.50005 -2 .50814
(0 .5 1 ,0 .0 1 ) 14 - 0.03125 -0 .3 1 2 5 7 - 0.30926 - 2.49988 - 2.50648
(0.509, 0.009) - 0.03125 - 0 .31256 - 0.30929 - 2.49989 -2.50641
(0.508, 0.008) - 0.03125 -0 .3 1 2 5 6 - 0.30926 - 2.49988 - 2.50648

(0.52, 0.02) - 0.03125 - 0.31265 -0 .31038 - 2.49988 - 2.50425
(0.51, 0.01) 15 - 0.03125 -0 .3 1 2 5 8 - 0.30825 - 2.49987 - 2.50849
(0.509, 0.009) - 0.03125 - 0.31261 - 0.30336 - 2.49980 - 2.51828
(0.508, 0.008) - 0.03125 -0 .3 1 3 0 6 - 0.25603 - 2.49901 - 2.61293

(0.52, 0.02) - 0.03125 -0 .3 1 2 3 4 - 0.31297 - 2.50033 - 2.49906
(0.51, 0.01) 16 - 0.03125 - 0 .31239 - 0.31289 - 2.50021 - 2.49922
(0.509, 0.009) - 0.03125 -0 .3 1 2 8 9 - 0.31420 - 2.50042 - 2.49660
(0 .5 0 8 ,0 .0 0 8 ) - 0.03125 - 0 .31276 - 0.30769 - 2.49949 - 2.50962
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T ab le  C .l  1 : C ylin d er d om ain  w ith  h yperbolic  potentia l variation.

F u n ction  and d er iv a tiv es  at node 1 (F ig . 2 .7 )  from  T aylor  series

u sin g  fin e  b o u n d a iy  e lem en ts  in  the reg ion  o f  interest.

Internal
point

No. o f 
term s

<t> $.y <J),X <My <Mx

E x a c t : +0.87758 0. - 0.47943 0. - 0.87758

(0.52, 0.02) +0.87768 - 0 .00413 - 0.48152 - 0.01809 - 0.90863
(0.51, 0.01) 5 +0.87756 -0 .0 0 2 1 1 - 0.45490 +0.00315 - 0 .87265
(0.509, 0.009) +0.87756 - 0 .00242 - 0.45907 +0.00018 - 0.87905
(0.508, 0.008) +0.87757 - 0.00261 - 0.46161 - 0.00158 - 0.88305

(0.52, 0.02) +0.87758 - 0 .00379 - 0.47377 - 0.01927 - 0.88989
(0 .5 1 ,0 .0 1 ) 6 +0.87758 - 0.00375 - 0.47357 - 0.01732 - 0 .89232
(0.509, 0.009) +0.87758 - 0 .00376 - 0.47370 - 0.01742 - 0.89253
(0.508, 0.008) +0.87758 - 0 .00378 - 0.47391 - 0.01767 - 0.89273

(0.52, 0.02) +0.87759 - 0 .00185 - 0.48054 -0 .00047 - 0 .87330
(0 .5 1 ,0 .0 1 ) 7 +0.87758 - 0 .00298 - 0.47679 - 0.01064 - 0.88447
(0.509, 0.009) +0.87758 -0 .0 0 3 3 1 - 0.47562 - 0.01350 - 0.88782
(0.508, 0.008) +0.87758 - 0 .00385 - 0.47364 - 0.01822 - 0.89341

(0.52, 0.02) +0.87759 +0.00410 - 0.48093 +0.01397 - 0.86372
(0.51, 0.01) 8 +0.87758 +0.00110 - 0.48043 +0.00573 - 0.86963
(0.509, 0.009) +0.87758 + 0.00090 - 0.48046 +0.00520 - 0.86998
(0.508, 0.008) +0.87758 +0.00072 - 0.48052 +0.00471 - 0.87025

(0.52, 0.02) +0.87758 +0.00081 - 0.47945 +0.00301 -0 .8 7 5 1 5
(0.51, 0.01) 9 +0.87758 - 0 .00019 - 0.47905 - 0.00025 - 0.87869
(0.509, 0.009) +0.87758 - 0 .00016 - 0.47908 - 0.00012 - 0.87852
(0.508, 0.008) +0.87758 - 0 .00014 -0 .47911 -0 .00003 - 0.87839

(0.52, 0.02) +0.87758 - 0.00033 - 0.47912 - 0.00021 - 0.87856
(0.51, 0.01) 10 +0.87758 - 0 .00020 - 0.47917 +0.00019 - 0.87806
(0.509, 0.009) +0.87758 - 0.00021 - 0.47918 +0.00023 - 0.87802
(0.508, 0.008) +0.87758 - 0 .00023 - 0.47919 +0.00028 - 0.87796
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T a b le  C . 11 : C ontinued .

Internal
point

No. o f 
term s

4> <J>.y <My <J>,xx

E x a c t : +0.87758 0. - 0.47943 0. - 0 .87758

(0.52, 0.02) +0.87758 +0.00001 - 0.47943 -0 .00001 - 0 .87758
(0 .5 1 ,0 .0 1 ) 11 +0.87758 -0 .0 0 0 0 1 - 0.47941 -0 .0 0 0 0 0 - 0.87761
(0.509, 0.009) +0.87758 -0 .0 0 0 0 0 - 0.47942 -0 .0 0 0 0 0 - 0.87761
(0.508.0.008) +0.87758 -0 .0 0 0 0 0 - 0.47942 -0 .0 0 0 0 0 - 0 .87760

(0.52, 0 .02) +0.87758 +0.00001 - 0.47944 -0 .0 0 0 0 0 - 0.87755
(0.51, 0.01) 12 +0.87758 -0 .0 0 0 0 5 - 0.47939 +0.00007 - 0 .87765
(0.509, 0.009) +0.87758 -0 .0 0 0 0 4 - 0.47941 +0.00006 - 0 .87762
(0.508.0.008) +0.87758 -0 .0 0 0 0 2 - 0.47942 +0.00003 - 0 .87760

(0.52, 0.02) +0.87758 -0 .0 0 0 0 0 - 0.47943 -0 .0 0 0 0 0 - 0 .87758
(0.51, 0.01) 13 +0.87758 -0 .0 0 0 0 1 - 0.47943 +0.00002 - 0 .87757
(0.509, 0.009) +0.87758 -0 .0 0 0 0 1 - 0.47943 +0.00002 - 0.87757
(0.508.0.008) +0.87758 -0 .0 0 0 0 0 - 0.47943 +0.00001 - 0.87757

(0.52, 0 .02) +0.87758 +0.00000 - 0.47944 +0.00000 - 0 .87756
(0.51, 0.01) 14 +0.87758 -0 .0 0 0 0 1 - 0.47930 +0.00001 - 0.87783
(0.509, 0.009) +0.87758 -0 .0 0 0 0 1 - 0.47936 +0.00002 - 0.87771
(0.508.0.008) +0.87758 -0 .0 0 0 0 0 - 0.47975 +0.00002 - 0.87693

(0.52, 0 .02) +0.87758 +0.00000 - 0.47941 -0 .0 0 0 0 0 - 0.87761
(0.51, 0.01) 15 +0.87758 +0.00001 - 0.48168 -0 .00001 - 0.87307
(0.509, 0.009) +0.87758 +0.00000 - 0.48150 -0 .0 0 0 0 0 - 0.87343
(0.508.0.008) +0.87758 -0 .0 0 0 4 3 - 0.42899 +0.00077 - 0.97845

(0.52, 0.02) +0.87758 +0.00000 - 0.47943 -0 .0 0 0 0 0 - 0.87758
(0.51, 0 .01) 16 +0.87758 -0 .0 0 0 0 8 - 0.47942 +0.00016 - 0.87759
(0.509, 0.009) +0 .87758 +0.00006 - 0.48338 - 0.00010 - 0.86968
(0.508.0.008) +0.87758 +0.00046 - 0.49278 - 0.00089 - 0.85088

2 3 3



T ab le C .1 2  : C ylin d er dom ain  w ith  h yp erb olic  potential variation.

F u n ction  and d er iv a tiv es  at n od e 1 (F ig . 2 .7 )  from  Fourier series

u sin g  f in e  boundary e lem en ts  in  the reg ion  o f  interest.

Internal
point

No. o f 
terms

♦ 4>.y <J),xy <j),XX

E x a c t : +0.87758 0. - 0.47943 0. - 0.87758

(0.52, 0.02) +0.87981 - 0.01327 - 0.62298 - 0.05522 - 1.39
(0.51, 0.01) 5 +0.87725 +0.01171 - 0.28468 +0.16300 - 0.72841
(0.509, 0.009) +0.87736 +0.01032 - 0.30463 +0.15371 - 0 .77650
(0.508, 0.008) +0.87744 +0.00935 -0 .3 1 8 8 8 +0.14809 - 0.81338

(0.52, 0.02) +0.87759 - 0 .00339 - 0.46448 - 0.03864 -0 .9 1 4 3 7
(0.51, 0.01) 6 +0.87758 -0 .0 0 3 1 4 - 0.46235 - 0.03197 -0 .91851
(0.509, 0.009) +0.87758 -0 .0 0 3 1 1 - 0.46222 - 0.03142 - 0.91893
(0.508, 0.008) +0.87758 - 0 .00309 - 0.46214 - 0.03095 - 0 .91934

(0.52, 0.02) +0.87759 +0.00103 - 0.47912 +0.00004 - 0.87964
(0.51, 0.01) 7 +0.87758 +0.00170 -0 .4 8 1 1 6 +0.00054 - 0.87361
(0.509, 0.009) +0.87758 +0.00189 - 0.48180 +0.00692 -0 .87181
(0.508, 0.008) +0.87758 +0.00221 - 0.48288 +0.00942 - 0.86879

(0.52, 0.02) +0.87758 - 0 .00185 - 0.47870 - 0.00571 - 0.88364
(0.51, 0.01) 8 +0.87758 -0 .0 0 0 6 0 - 0.47896 - 0.00285 - 0.88149
(0.509, 0.009) +0.87758 - 0 .00050 - 0.47894 - 0.00261 - 0.88134
(0.508, 0.008) +0.87758 -0 .0 0 0 4 0 - 0.47891 - 0.00240 - 0.88122

(0.52, 0.02) +0.87758 - 0 .00088 - 0 .47920 - 0.00273 - 0.88029
(0 .5 1 ,0 .0 1 ) 9 +0.87758 +0.00010 - 0.47965 +0.00028 -0 .87681
(0.509, 0.009) +0.87758 +0.00007 - 0.47962 +0.00017 - 0.87697
(0.508, 0.008) +0.87758 +0.00005 - 0.47960 +0.00009 - 0.87709

(0.52, 0.02) +0.87758 +0.00021 - 0 .47960 +0.00010 - 0.87704
(0.51, 0.01) 10 +0.87758 +0.00012 - 0.47955 - 0.00013 - 0.87736
(0.509, 0.009) +0.87758 +0.00013 - 0.47955 - 0.00015 - 0.87738
(0.508, 0 .008) +0.87758 +0.00015 - 0.47954 - 0.00019 - 0.87742

2 3 4



T a b le  C .1 2  : C ontinued .

Internal
point

No. o f 
term s

♦ <j),xy <{),XX

E x a c t : +0.87758 0 . - 0.47943 0 . - 0.87758

(0.52, 0.02) +0.87758 +0.00002 .  0.47944 -0 .00001 - 0.87757
(0.51, 0.01) 11 +0.87758 -0 .0 0 0 0 1 - 0.47940 +0.00000 - 0.87764
(0.509, 0.009) +0.87758 -0 .0 0 0 0 1 - 0.47940 +0.00000 - 0.87763
(0.508.0.008) +0.87758 -0 .0 0 0 0 0 - 0.47941 -0 .0 0 0 0 0 - 0 .87762

(0.52, 0.02) +0.87758 +0.00002 - 0.47945 -0 .0 0 0 0 0 - 0.87753
(0 .5 1 ,0 .0 1 ) 12 +0.87758 -0 .0 0 0 0 6 - 0.47938 +0.00008 - 0.87767
(0.509, 0.009) +0.87758 -0 .0 0 0 0 5 - 0.47940 +0.00008 - 0.87763
(0.508.0.008) +0.87758 -0 .0 0 0 0 3 - 0.47941 +0.00004 - 0.87761

(0.52, 0.02) +0.87758 -0 .0 0 0 0 0 - 0.47943 +0.00000 - 0 .87757
(0.51, 0.01) 13 +0.87758 -0 .0 0 0 0 1 . 0.47944 +0.00002 - 0.87756
(0.509, 0.009) +0.87758 -0 .0 0 0 0 1 .  0.47944 +0.00002 - 0.87756
(0.508.0.008) +0.87758 -0 .0 0 0 0 0 - 0.47943 +0.00001 -0 .8 7 7 5 7

(0.52, 0.02) +0.87758 +0.00000 .  0.47944 +0.00000 - 0.87755
(0 .5 1 ,0 .0 1 ) 14 +0.87758 -0 .0 0 0 0 1 - 0.47937 +0.00001 - 0.87770
(0.509, 0.009) +0.87758 -0 .0 0 0 0 1 - 0.47940 +0.00002 - 0.87763
(0.508.0.008) +0.87758 -0 .0 0 0 0 0 - 0.47962 +0.00001 - 0.87719

(0.52, 0.02) +0.87758 +0.00000 - 0.47941 -0 .0 0 0 0 0 - 0.87761
(0 .5 1 ,0 .0 1 ) 15 +0.87758 +0.00001 - 0.48172 -0 .00001 -0 .8 7 3 0 0
(0.509, 0.009) +0.87758 +0.00001 - 0.48147 -0 .00001 - 0.87350
(0.508.0.008) +0.87758 +0.00064 - 0.54842 -0 .0 0 1 1 2 - 0.73960

(0.52, 0.02) +0.87758 + 0.00000 - 0.47944 -0 .00001 - 0.87755
(0.51, 0.01) 16 +0.87758 -0 .0 0 0 0 9 - 0.47931 +0.00017 - 0.87781
(0.509, 0.009) +0.87758 +0.00006 - 0.48336 - 0.00012 - 0.86972
(0.508.0.008) +0.87758 +0.00030 - 0.49064 - 0.00058 -0 .8 5 5 1 6

2 3 5



T ab le C. 13 : C y lin d er  dom ain  w ith  logarithm ic potentia l variation.

F u n ction  and d er iv a tiv es  at n o d e  1 (F ig . 2 .7 ) from  T ay lor  series

u sin g  fin e  boundary e le m en ts  in  the reg ion  o f  interest.

Internal
po in t

No. o f 
term s

0 <t>.y <J>,x <My <Mx

E x a c t : - 0.69315 0 . +2. 0 . - 4 .

(0.52, 0.02) - 0.68369 +0.05456 +1.58708 - 0.01270 -6 .3 6
(0.51, 0.01) 5 - 0.69636 +0.25327 +4.19 +2.0 -2 .7 7
(0.509, 0.009) - 0.69493 +0.22293 +3.79 +1.8 - 3.40269
(0.508, 0.008) - 0.69415 +0.20479 +3.55 +1.6 - 3.80089

(0.52, 0.02) - 0.69263 +0.08631 +2.30025 - 0.12177 - 4 .63045
(0.51, 0.01) 6 - 0.69303 +0.09585 +2.40900 +0.07966 - 4.65598
(0.509, 0.009) - 0.69305 +0.09778 +2.42730 +0.11524 -4 .6 6 0 1 4
(0.508, 0.008) - 0.69307 +0.10012 +2.44901 +0.15784 - 4 .66520

(0.52, 0.02) - 0.69268 +0.17285 +1.99779 +0.71777 - 3.88944
(0 .5 1 ,0 .0 1 ) 7 - 0.69296 +0.25343 +1.75465 +1.44 -3 .0 6 1 1 2
(0.509, 0.009) - 0.69297 +0.28698 +1.63610 +1.73 - 2.71788
(0.508, 0.008) - 0.69297 +0.34549 +1.42218 +2.24 -2 .11571

(0.52, 0.02) - 0.69320 - 0 .28844 +2.02791 - 0.40196 - 4.63228
(0.51, 0.01) 8 - 0.69317 - 0 .18030 +2.14210 - 0.30592 - 4.64079
(0.509, 0.009) - 0.69316 - 0 .16390 +2.15409 - 0.27264 - 4 .62896
(0.508, 0.008) - 0.69316 -0 .1 4 8 1 2 +2.16587 - 0.23739 -4 .6 1 6 1 9

(0.52, 0.02) - 0.69389 - 1.37 +2.51301 - 4 . - 8 .
(0 .5 1 ,0 .0 1 ) 9 - 0.69313 +0.00254 +1.94587 +0.54660 - 3.34885
(0.509, 0.009) - 0.69314 - 0 .03950 +1.99327 +0.35034 - 3.62833
(0.508, 0.008) - 0.69315 - 0 .63834 +2.02764 +0.22573 - 3.82124

(0.52, 0.02) - 0.69315 +0.02613 +2.10670 - 0.04485 -4 .19973
(0.51, 0.01) 10 - 0.69315 +0.01753 +2.10527 - 0.05417 - 4.21235
(0.509, 0.009) - 0.69315 +0.01694 +2.10463 - 0.05197 - 4.20954
(0.508, 0.008) - 0.69315 +0.01552 +2.10366 - 0.04847 - 4.20527

2 3 6



T a b le  C .1 3  : C ontinued .

Internal
point

No. o f 
term s

<l>.y <My (j),XX

E x a c t : -0.69315 0 . +2. 0 . -4.

(0.52, 0.02) - 0.69315 - 0 .00755 +2.13775 - 0.06505 - 4 .29828
(0.51, 0.01) 11 - 0.69315 +0.02910 +2.09052 - 0.06592 -4 .18521
(0.509, 0.009) - 0.69315 +0.02764 +2.09218 - 0.06403 -4 .1 8 7 8 6
(0.508, 0.008) - 0.69315 +0.02766 +2.09171 - 0.06341 -4 .1 8 6 2 3

(0.52, 0.02) - 0.69314 +0.01911 +2.05866 - 0.01019 -4 .1 1 6 8 5
(0.51, 0.01) 12 - 0.69315 - 0 .04915 +2.12338 +0.05812 - 4 .24776
(0.509, 0.009) - 0.69315 - 0 .03063 +2.10394 +0.03920 - 4 .20839
(0.508, 0.008) - 0.69315 - 0.02158 +2.09440 +0.02975 -4 .1 8 9 0 7

(0.52, 0.02) - 0.69315 - 0 .00126 +2.08490 - 0.00835 -4 .1 7 1 4 4
(0.51, 0.01) 13 - 0.69315 +0.00188 +2.07636 - 0.00550 -4 .1 5 2 9 4
(0.509, 0.009) - 0.69315 +0.00206 +2.07569 - 0.00540 -4 .1 5 1 5 4
(0.508, 0.008) - 0.69315 +0.00217 +2.07505 - 0.00524 -4 .1 5 0 2 3

(0.52, 0.02) - 0.69315 +0.00298 +2.01818 +0.00132 - 4.03467
(0.51, 0.01) 14 - 0.69315 +0.00245 +2.04392 - 0.00470 - 4.08787
(0.509, 0.009) - 0.69315 +0.00238 +2.04588 -0 .00464 - 4 .09180
(0.508, 0.008) - 0.69315 +0.00227 +2.04806 -0 .0 0 4 4 8 -4 .0 9 6 1 5

(0.52, 0.02) - 0.69315 +0.00283 +2.08155 - 0.00495 -4 .1 6 3 1 6
(0.51, 0.01) 15 - 0.69315 +0.00255 +2.02929 -0 .00481 - 4.05861
(0.509, 0.009) - 0.69315 +0.00290 +1.97956 - 0.00544 - 3.95916
(0.508, 0.008) - 0.69315 +0.00579 +1.63300 - 0.01062 -3 .2 6 6 0 6

(0.52, 0.02) - 0.69315 +0.00179 +2.08765 - 0.00356 -4 .17541
(0.51, 0.01) 16 - 0.69315 -0 .0 0 0 0 7 +2.09708 +0.00016 -4 .1 9 4 1 8
(0.509, 0.009) - 0.69315 -0 .0 0 0 4 3 +2.10353 +0.00087 - 4.20706
(0.508, 0.008) - 0.69315 -0 .0 0 0 9 3 +2.11415 +0.00185 - 4 .22829

2 3 7



T ab le  C .1 4  : C ylinder d om ain  w ith  logarithm ic potentia l variation.

F u n ction  and d er iv a tiv es  at n od e 1 (F ig . 2 .7 )  from  Fourier series

u sin g  fin e  boundary e lem en ts  in  the reg ion  o f  interest.

Internal
point

N o. o f 
term s

<t> <t>.y <My (J),XX

E x a c t : - 0.69315 0. + 2 . 0. - 4 .

(0.52, 0.02) - 0.63925 - 0.17863 - 1.32 -0 .96711 - 16.
(0.51, 0.01) 5 - 0.70091 +0.42103 +7.8 +4.3 - 0 .7
(0.509, 0.009) - 0.69816 +0.38788 +6.4 +4.1 - 1.8
(0.508, 0.008) - 0.69632 +0.36489 +6.0 +4.0 - 2 .7

(0.52, 0.02) - 0.69254 +0.05868 +2.48222 - 0.56891 - 5 .0 8
(0 .5 1 ,0 .0 1 ) 6 - 0.69304 +0.07015 +2.62714 - 0.29375 -5 .1 8
(0.509, 0.009) - 0.69306 +0.07221 +2.64948 - 0.25192 -5 .1 9
(0.508, 0.008) - 0.69308 + 0 .07462 +2.67515 - 0.20409 - 5 .2 0

(0.52, 0.02) - 0.69262 +0.20443 +1.99859 +0.70858 - 3.94240
(0 .5 1 ,0 .0 1 ) 7 - 0.69293 +0.31165 +1.68747 +1.57 -2 .9 3
(0.509, 0.009) - 0.69294 +0.35425 +1.54590 +1.91 -2 .5 3
(0.508, 0.008) - 0.69294 +0.42847 +1.29150 +2.49 -1 .8 3

(0.52, 0.02) - 0.69317 - 0 .27566 +2.06975 -2 .5 -4 .6 1 0 1 2
(0.51, 0.01) 8 - 0.69317 -0 .1 9 9 6 1 +2.17939 -2 .7 -4 .6 8 9 6 2
(0.509, 0.009) -0 .6 9 3 1 6 -0 .1 8 3 4 1 +2.18933 -2 .4 -4 .6 7 9 9 8
(0.508, 0.008) - 0.69316 - 0 .16745 +2.19892 -2 .1 - 4.66825

(0.52, 0.02) - 0.69389 - 1.49 +2.69991 - 4 . - 9 .
(0.51, 0.01) 9 - 0.69313 - 0 .02588 +2.00562 +0.51527 -3 .5 1 7 9 9
(0.509, 0.009) - 0.69314 - 0 .06526 +2.04813 +0.34038 - 3.76802
(0.508, 0.008) - 0.69315 - 0 .08790 +2.07821 +0.22805 - 3 .94102

(0.52, 0.02) - 0.69315 +0.01029 +2.14171 - 0.05983 -4 .28341
(0.51, 0.01) 10 - 0.69315 +0.00593 +2.13564 - 0.04747 -4 .2 6 9 1 2
(0.509, 0.009) - 0.69315 + 0 .00410 +2.13426 - 0.04214 -4 .2 6 3 1 7
(0.508, 0.008) - 0.69315 - 0 .00015 +2.13237 - 0.03340 -4 .2 5 4 4 6

2 3 8



T a b le  C . 1 4 : C ontinued.

Internal
point

No. o f 
term s

0 <l>.y <My <J),XX

E x a c t : - 0.69315 0. +2. 0. - 4 .

(0.52, 0.02) - 0.69315 -0 .0 1 6 1 1 +2.16502 - 0.07530 - 4.35758
(0.51, 0.01) 11 - 0.69315 +0.03649 +2.09982 - 0.07835 - 4 .20422
(0.509, 0.009) - 0.69315 +0.03367 +2.10296 - 0.07535 -4 .20981
(0.508, 0.008) - 0.69315 +0.03294 +2.10330 - 0.07399 - 4 .20974

(0.52, 0.02) - 0.69315 +0.01522 +2.07933 - 0.01362 -4 .1 5 9 4 8
(0.51, 0.01) 12 -0 .6 9 3 1 5 - 0 .03676 +2.12072 +0.04149 - 4 .24237
(0.509, 0.009) - 0.69315 - 0 .02409 +2.10795 +0.02933 -4 .2 1 6 4 1
(0.508, 0.008) - 0.69315 - 0 .01747 +2.10109 +0.02295 - 4 .20249

(0.52, 0.02) - 0.69315 - 0 .00282 +2.09561 -0 .01125 -4 .1 9 3 8 0
(0 .5 1 ,0 .0 1 ) 13 - 0.69315 +0.00193 +2.08321 - 0.00675 -4 .1 6 6 7 5
(0.509, 0.009) -0 .6 9 3 1 5 +0.00227 +2.08204 - 0.00671 -4 .1 6 4 3 3
(0.508, 0.008) - 0.69315 +0.00251 +2.08084 - 0.00659 -4 .1 6 1 8 6

(0.52, 0.02) - 0.69315 +0.00382 +2.03942 - 0.00296 - 4 .07786
(0.51, 0.01) 14 - 0.69315 +0.00308 +2.05248 -0 .00604 -4 .1 0 5 0 0
(0.509, 0.009) - 0.69315 + 0 .00302 +2.05329 - 0.00597 -4 .1 0 6 6 4
(0.508, 0.008) - 0.69315 +0.00283 +2.05466 - 0.00565 -4 .1 0 9 3 7

(0.52, 0.02) - 0.69315 +0.00355 +2.07770 -0 .00641 -4 .1 5 5 4 7
(0.51, 0.01) 15 - 0.69315 +0.00335 +2.02021 - 0.00639 - 4 .04046
(0.509, 0.009) - 0.69315 +0.00360 +1.99068 - 0.00690 - 3.98140
(0.508, 0.008) - 0.69315 - 0.00719 +3.13162 +0.01210 -6 .2 6

(0.52, 0.02) - 0.69315 +0.00221 +2.08896 -0 .0 0 4 4 6 -4 .1 7 8 0 3
(0.51, 0.01) 16 - 0.69315 +0.00030 +2.09743 - 0.00059 -4 .1 9 4 8 8
(0.509, 0.009) - 0.69315 +0.00039 +2.09707 - 0.00078 -4 .1 9 4 1 4
(0.508, 0.008) - 0.69315 - 0.00135 +2.12508 +0.00267 -4 .2 5 0 1 5

239



T ab le  C .1 5  : C ylin d er d om ain  w ith  radial potentia l variation.

F u n ction  and d er iv a tiv es  at n od e  1 (F ig . 2 .7 )  from  T ay lor  series

u sin g  fin e  boundary e le m en ts  in the reg ion  o f  interest.

Internal
point

No. o f  <j> 
term s

<l>.y (J),X <My <}>,xx

E x a c t : +6. 0. - 8.65617 0. +17.31234

(0.52, 0.02) +5.95917 - 0.23775 - 6.88372 +0.05059 +27 .50
(0 .5 1 ,0 .0 1 ) 5 +6.01386 - 1.1 -1 8 . - 9 . +12.03
(0.509, 0.009) +6.00770 -0 .9 6 -1 6 . - 8 . +14 .76
(0.508, 0.008) +6.00431 -0 .8 9 -1 5 . - 7 . +16.47438

(0.52, 0.02) +5.99775 - 0 .37477 -9 .96151 +0.52133 +20.05380
(0 .5 1 ,0 .0 1 ) 6 +5.99949 - 0 .41608 - 10.43250 - 0.35040 +20.16329
(0.509, 0.009) +5.99958 - 0 .42443 -10.51181 - 0.50450 +20.18121
(0.508, 0.008) +5.99966 - 0 .43460 - 10.60588 - 0.68897 +20.20305

(0.52, 0.02) +5.99799 - 0 .74904 - 8.65332 -3 .1 +16.84888
(0.51, 0.01) 7 +5.99918 - 1.1 -7 .6 0 - 6 .2 +13.26
(0.509, 0.009) +5.99922 - 1.2 -7 .0 9 -7 .5 +11.78
(0.508, 0.008) +5.99923 - 1.5 -6 .1 6 -9 .7 + 9.17

(0.52, 0.02) +6.00023 +1.3 - 8.78392 +1.8 +20.06978
(0.51, 0.01) 8 +6.00009 +0.78135 - 9.27975 +1.3 +20.10651
(0.509, 0.009) +6.00006 + 0 .71020 -9 .3 3 1 8 2 +1.2 +20.05524
(0.508, 0.008) +6.00005 +0.64171 - 9.38299 +1.0 +19.99991

(0.52, 0.02) +6.00320 + 5 .9 -1 0 .8 9 +17. +36 .
(0.51, 0.01) 9 +5.99993 - 0 .01226 - 8.42799 -2 .4 +14.50
(0.509, 0.009) +5.99997 +0.17028 - 8.63379 -1 .5 +15.71222
(0.508, 0.008) +5.99999 +0.27592 - 8.78302 -0 .9 8 +16.54982

(0.52, 0.02) +6.00000 -0 .1 1 6 1 9 - 9.12602 +0.19204 +18.18866
(0.51, 0.01) 10 +6.00000 - 0 .07734 - 9.12010 +0.23605 +18.24800
(0.509, 0.009) +6.00000 - 0 .07484 -9 .11739 +0.22674 +18.23615
(0.508, 0.008) +6.00000 - 0 .06877 -9 .11325 +0.21189 +18.21804

2 4 0



T a b le  C .1 5  : C ontinued .

Internal
point

No. o f 
term s

<J>.y <J),X <j>,xy <{>,xx

E x a c t : +6. 0. - 8.65617 0. +17.31234

(0.52, 0.02) +6.00002 +0.03390 - 9.26433 +0.28204 +18.62773
(0.51, 0.01) 11 +6.00000 - 0 .12736 - 9.05635 +0.28684 +18.13078
(0.509, 0.009) +6.00000 -0 .1 2 0 5 8 - 9.06416 +0.27833 +18.14346
(0.508.0.008) +6.00000 - 0 .12044 - 9.06245 +0.27542 +18.13706

(0.52, 0.02) +5.99988 -0 .0 8 1 8 0 -8 .92113 +0.04395 +17.84038
(0 .5 1 ,0 .0 1 ) 12 +6.00000 +0.21138 - 9.19859 - 0.25006 +18.40153
(0.509, 0.009) +6.00000 +0.13178 -9 .1 1 5 0 9 - 0.16873 +18.23236
(0.508.0.008) +6.00000 +0.09299 - 9.07409 -0 .1 2 8 2 9 +18.14939

(0.52, 0.02) +6.00000 +0.00530 - 9.03331 +0.03608 +18.07375
(0.51, 0.01) 13 +6.00000 - 0 .00787 - 8.99660 +0.02325 +17.99417
(0.509, 0.009) +6.00000 - 0 .00864 - 8.99372 +0.02283 +17.98818
(0.508.0.008) +6.00000 -0 .0 0 9 0 6 - 8.99098 +0.02204 +17.98249

(0.52, 0.02) +6.00000 - 0.01247 - 8.75397 -0 .00441 +17.50113
(0.51, 0.01) 14 +6.00000 -0 .0 1 0 3 1 - 8.85734 +0.01978 +17.71484
(0.509, 0.009) +6.00000 - 0.01002 - 8.86563 +0.01958 +17.73143
(0.508.0.008) +6.00000 - 0 .00948 - 8.87669 +0.01883 +17.75354

(0.52, 0.02) +6.00000 -0 .0 1 1 8 7 -9 .0 0 9 0 9 +0.02083 +18.01846
(0.51, 0.01) 15 +6.00000 - 0 .01066 - 8.80508 +0.02019 +17.61029
(0.509, 0.009) +6.00000 - 0 .01228 -8 .57711 +0.02304 +17.15437
(0.508.0.008) +6.00000 - 0 .02675 -6 .8 4 +0.04890 +13.69

(0.52, 0 .02) +6.00000 - 0 .00759 -9 .03413 +0.01516 +18.06876
(0.51, 0.01) 16 +6.00000 - 0 .00070 - 9.06294 +0.00129 +18.12594
(0.509, 0.009) +6.00000 +0.00235 -9 .1 2 1 6 0 - 0.00465 +18.24323
(0.508.0.008) +6.00000 +0.00640 - 9.21547 - 0.01255 +18.43090
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T ab le C .1 6  : C y lin d er  d om ain  w ith radial potentia l variation.

F u n ction  and d er iv a tiv es  at n ode 1 (F ig . 2 .7 )  from  Fourier series

u sin g  fin e  boundary e lem en ts  in the reg ion  o f  interest.

Internal
po in t

No. o f 
term s

<!>>y <My <Mx

E x a c t : +6. 0. - 8.65617 0. +17.31234

(0.52, 0.02) +5.75950 +0.81 +6. +4. +73.
(0 .5 1 ,0 .0 1 ) 5 +6.03467 - 1.87 -3 0 . -1 9 . + 3.
(0.509, 0.009) +6.02239 - 1.72 -2 8 . - 18.3 + 8.
(0.508, 0.008) +6.01419 - 1.62 -2 7 . - 17.7 + 12.

(0.52, 0.02) +5.99736 - 0.24988 -10 .79158 +2.6 +22.15
(0.51, 0.01) 6 +5.99952 - 0 .30039 - 11.42600 +1.4 +22.53
(0.509, 0.009) +5.99962 - 0 .30940 - 11.52344 +1.2 +22.58
(0.508, 0.008) +5.99970 -0 .3 1 9 9 4 - 11.63528 +1.0 +22.65

(0.52, 0.02) +5.99769 - 0 .89228 - 8.65986 -3 .1 +17.09234
(0 .5 1 ,0 .0 1 ) 7 +5.99905 - 1.36 -7 .3 0 -6 .9 +12.68
(0.509, 0.009) +5.99910 - 1.55 -6 .6 8 -8 .3 +10.94
(0.508, 0.008) +5.99911 - 1.87 -5 .5 7 -1 1 . + 7.88

(0.52, 0.02) +6.00012 +1.21 - 8.97101 +1.1 +20.01204
(0.51, 0.01) 8 +6.00009 +0.87 - 9.44519 +1.2 +20.34353
(0.509, 0.009) +6.00006 +0.80 - 9.48839 +1.1 +20.30079
(0.508, 0.008) +6.00005 +0.73 - 9.53020 +0.9 +20.24919

(0.52, 0.02) +6.00322 + 6 .5 - 11.70375 +17. +38.17
(0.51, 0.01) 9 +5.99994 +0.11100 - 8.68702 - 2 .2 +15.23148
(0.509, 0.009) +5.99998 +0.28203 - 8.87165 -1 .5 +16.31748
(0.508, 0.008) +6.00000 +0.38039 - 9.00235 -1 .0 +17.06893

(0.52, 0.02) +6.00001 - 0 .04784 - 9.27758 +0.25698 +18.55086
(0.51, 0.01) 10 +6.00000 - 0.02719 - 9.25179 +0.20721 +18.49428
(0.509, 0.009) +6.00000 - 0 .01932 - 9.24590 +0.18437 +18.46882
(0.508, 0.008) +6.00000 - 0 .00106 - 9.23779 +0.14685 +18.43145

2 4 2



T ab le  C . 1 6 : C on tinued .

Internal
po in t

No. o f <J> 
terms

4>.y <t»*xy <{>,xx

E x a c t : +6. 0 . - 8.65617 0 . +17.31234

(0.52, 0.02) +6.00003 +0.07104 - 9.38259 +0.32662 +18.88488
(0.51, 0.01) 11 +6.00000 -0 .1 5 9 3 0 - 9.09696 +0.34068 +18.21375
(0.509, 0.009) +6.00000 -0 .1 4 6 6 8 -9 .11104 +0.32742 +18.23893
(0.508.0.008) +6.00000 -0 .1 4 3 3 3 -9 .11278 +0.32137 +18.23920

(0.52, 0.02) +5.99999 - 0 .06496 - 9.01053 +0.05884 +18.02484
(0.51, 0.01) 12 +6.00000 -0 .1 5 8 0 3 -9 .1 8 7 5 2 -0 .17848 +18.37901
(0.509, 0.009) +6.00000 +0.10361 - 9.13266 - 0.12626 +18.26754
(0.508.0.008) +6.00000 +0.07529 - 9.10321 - 0.09903 +18.20774

(0.52, 0.02) +6.00000 +0.01200 - 9.08003 +0.04872 +18.17124
(0.51, 0.01) 13 +6.00000 - 0.00809 - 9.02641 +0.02865 +18.05429
(0.509, 0.009) +6.00000 - 0 .00956 - 9.02138 +0.02852 +18.04388
(0.508.0.008) +6 .00000 - 0 .01056 - 9.01619 +0.02790 +18.03319

(0.52, 0.02) +6 .00000 - 0.01605 - 8.84254 +0.01369 +17.68125
(0.51, 0.01) 14 +6.00000 - 0 .01304 - 8.89410 +0.02560 +17.78843
(0.509, 0.009) +6 .00000 - 0.01281 - 8.89754 +0.02535 +17.79531
(0.508.0.008) +6 .00000 -0 .0 1 1 9 2 - 8.90437 +0.02390 +17.80891

(0.52, 0.02) +6.00000 - 0.01501 - 8.99231 +0.02720 +17.98491
(0.51, 0.01) 15 +6.00000 -0 .0 1 4 1 1 - 8.76541 +0.02699 +17.53100
(0.509, 0.009) +6 .00000 - 0 .01533 - 8.62453 +0.02939 +17.24924
(0.508.0.008) +6.00000 +0.03446 -13.89 - 0.05826 +27.78

(0.52, 0.02) +6 .00000 -0 .0 0 9 4 4 - 9.03921 +0.01906 +18.07891
(0.51, 0.01) 16 +6.00000 - 0.00231 -9 .0 6 4 1 8 +0.00456 +18.12842
(0.509, 0.009) +6 .00000 -0 .0 0 1 1 7 - 9.09379 +0.00240 +18.18763
(0.508.0.008) +6 .00000 +0.00758 - 9.25387 - 0.01484 +18.50767
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Table D.l : Cylinder domain with radial potential variation. 
Function and derivatives at node 1 (Fig. 2.7) from Taylor series 

using fine boundary elements in the region of interest, 
and remote field solution outside this region.

Internal
point

No. o f  <{> 
term s

4>.y <My <j),XX

E x a c t : +6. 0 . - 8.65617 0 . +17.31234

(0.55, 0.05) +6.00641 - 0 .04838 - 8.58636 +0.41277 +15.71305
(0.54, 0.04) +6.00368 - 0 .03285 - 8.60251 +0.19450 +15.94252
(0.53, 0.03) +6.00077 - 0 .01062 - 8.64220 +0.21110 +16.78958
(0.52, 0.02) 7 +6.00018 - 0 .00367 - 8.65107 +0.09478 +17.04773
(0 .5 1 ,0 .0 1 ) +6.00002 - 0.00071 - 8.65499 +0.01473 +17.20710
(0.509, 0.009) +6.00001 - 0 .00030 - 8.65584 +0.02544 +17.27160
(0.508, 0.008) +6.00001 - 0 .00037 - 8.65557 +0.00999 +17.24558

(0.55, 0.05) +6.06479 - 0 .49677 - 7.56023 -4 .3 3 - 10.44
(0.54, 0.04) +6.02800 - 0 .27528 - 8.04898 -2 .7 0 - 1.38
(0.53, 0.03) +6.00117 - 0 .01830 - 8.62575 +0.10773 +15.97391
(0.52, 0.02) 8 +6.00023 - 0 .00549 - 8.64739 +0.06810 +16.73835
(0.51, 0.01) +6.00002 - 0 .00085 - 8.65477 +0.01774 +17.13648
(0.509, 0.009) +6.00001 - 0 .00038 - 8.65569 +0.02386 +17.23680
(0.508, 0.008) +6.00001 -0 .0 0 0 4 2 - 8.65550 +0.01296 +17.20569

(0.55, 0.05) +6.00573 - 0 .04244 - 8.55849 - 0.42799 +14.90629
(0.54, 0.04) +6.00133 - 0 .01269 - 8.62752 - 0.12554 +16.45982
(0.53, 0.03) +6.00009 - 0 .00127 - 8.65394 +0.01045 +17.22810
(0.52, 0.02) 9 +6.00001 - 0 .00020 - 8.65585 +0.00510 +17.29566
(0.51, 0.01) +6.00000 -0 .0 0 0 0 1 - 8.65616 +0.00086 +17.31125
(0.509, 0.009) +6.00000 -0 .0 0 0 0 1 - 8.65616 +0.00063 +17.31158
(0.508, 0.008) +6.00000 -0 .0 0 0 0 0 - 8.65617 +0.00046 +17.31187

(0.55, 0.05) +6.00216 - 0.02061 - 8.62163 +0.08928 +16.29050
(0.54, 0.04) +6.00040 - 0 .00485 - 8.64876 +0.05601 +17.05207
(0.53, 0.03) +6.00006 -0 .0 0 0 9 8 - 8.65492 +0.02723 +17.25800
(0.52, 0.02) 10 +6.00001 - 0 .00015 - 8.65602 +0.00910 +17.30321
(0.51, 0.01) +6 .00000 -0 .0 0 0 0 1 - 8.65617 +0.00128 +17.31217
(0.509, 0.009) +6.00000 -0 .0 0 0 0 1 -8 .65617 +0.00094 +17.31196
(0.508, 0.008) +6.00000 -0 .0 0 0 0 0 - 8.65617 +0.00067 +17.31232

(0.55, 0.05) +5.99993 +0.00083 - 8.65830 +0.02687 +17.38810
(0.54, 0.04) +5.99997 +0.00038 - 8.65710 +0.01272 +17.35221
(0.53, 0.03) +6.00000 +0.00007 - 8.65635 +0.00322 +17.32295
(0.52, 0.02) 11 +6.00000 +0.00001 - 8.65620 +0.00068 +17.31485
(0.51, 0.01) +6.00000 + 0 .00000 - 8.65617 +0.00006 +17.31257
(0.509, 0.009) +6.00000 +0.00000 - 8.65617 +0.00002 +17.31243
(0.508, 0.008) +6.00000 +0.00000 - 8.65617 +0.00002 +17.31243

2 4 5



T a b le  D . l  : C ontinued

Internal
point

No. o f <{> 
terms

4>.y <My (J),XX

E x a c t : +6. 0. - 8.65617 0. +17.31234

(0.55, 0.05) +5.99999 +0.00032 - 8.65671 +0.00452 +17.34267
(0.54, 0.04) +5.99999 +0.00025 - 8.65671 +0.00603 +17.33868
(0.53, 0.03) +6.00000 +0.00006 - 8.65629 +0.00174 +17.32049
(0.52, 0.02) 12 +6.00000 +0.00001 - 8.65620 +0.00057 +17.31469
(0.51, 0.01) +6.00000 +0.00000 - 8.65617 +0.00007 +17.31258
(0.509, 0.009) +6.00000 +0.00000 - 8.65617 +0.00002 +17.31244
(0.508, 0.008) +6.00000 +0.00000 - 8.65617 +0.00003 +17.31244

(0.55, 0.05) +5.99997 +0.00042 - 8.65710 +0.00808 +17.34935
(0.54, 0.04) +5.99999 +0.00023 - 8.65668 +0.00564 +17.33653
(0.53, 0.03) +6.00000 +0.00004 - 8.65625 +0.00106 +17.31726
(0.52, 0.02) 13 +6.00000 +0.00001 - 8.65619 +0.00037 +17.31391
(0 .5 1 ,0 .0 1 ) +6.00000 -0 .0 0 0 0 0 - 8.65617 -0 .00001 +17.31231
(0.509, 0.009) +6.00000 +0.00000 - 8.65617 +0.00000 +17.31235
(0.508, 0.008) +6.00000 -0 .0 0 0 0 0 - 8.65619 -0 .0 0 0 0 0 +17.31233

(0.55, 0.05) +6.00001 - 0.00017 - 8.65562 -0 .0 1 1 3 3 +17.29248
(0.54, 0.04) +6.00001 - 0 .00010 - 8.65586 - 0.00699 +17.29824
(0.53, 0.03) +6.00001 - 0 .00016 - 8.65572 -0 .0 1 1 9 6 +17.28390
(0.52, 0.02) 14 +6.00000 +0.00001 - 8.65619 +0.00058 +17.31389
(0.51, 0.01) +6.00000 +0.00000 - 8.65617 +0.00001 +17.31237
(0.509, 0.009) +6.00000 +0.00000 - 8.65617 +0.00000 +17.31235
(0.508, 0.008) +6.00000 -0 .0 0 0 0 0 - 8.65617 -0 .0 0 0 0 0 +17.31234

(0.55, 0.05) +6.00000 -0 .0 0 0 0 1 - 8.65613 - 0.00082 +17.31082
(0.54, 0.04) +6.00000 +0.00000 - 8.65617 - 0.00016 +17.31227
(0.53, 0.03) +6.00000 -0 .0 0 0 0 0 - 8.65617 -0 .0 0 0 0 4 +17.31231
(0.52, 0.02) 15 +6.00000 +0.00000 - 8.65617 -0 .0 0 0 0 0 +17.31234
(0.51, 0.01) +6.00000 +0.00000 - 8.65617 -0 .0 0 0 0 0 +17.31234
(0.509, 0.009) +6.00000 +0.00000 - 8.65617 +0.00000 +17.31235
(0.508, 0.008) +6.00000 +0.00000 - 8.65617 +0.00001 +17.31236

(0.55, 0.05) +6.00000 +0.00011 - 8.65621 - 0.00305 +17.31812
(0.54, 0.04) +6.00000 +0.00001 - 8.65618 - 0.00035 +17.31317
(0.53, 0.03) +6.00000 +0.00000 - 8.65617 -0 .0 0 0 0 5 +17.31246
(0.52, 0.02) 16 +6.00000 +0.00000 - 8.65617 -0 .0 0 0 0 0 +17.31235
(0.51, 0.01) +6.00000 +0.00000 - 8.65617 +0.00000 +17.31235
(0.509, 0.009) +6.00000 -0 .0 0 0 0 0 - 8.65617 +0.00000 +17.31233
(0.508, 0.008) +6.00000 -0 .0 0 0 0 0 - 8.65617 -0 .0 0 0 0 0 +17.31231
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Table D.2 : Cylinder domain with radial potential variation. 
Function and derivatives at node 1 (Fig. 2.7) from Fourier series 

using fine boundary elements in the region of interest, 
and remote field solution outside this region.

Internal
point

No. o f  <t> 
term s

<t>.y <My < J ) , X X

E x a c t : +6. 0 . - 8.65617 0 . +17.31234

(0.55, 0.05) +6.00035 - 0 .01760 - 8.66686 +0.88227 +17.12383
(0.54, 0.04) +6.00015 - 0 .00928 - 8.66238 +0.59839 +17.20831
(0.53, 0.03) +6.00005 - 0.00401 - 8.65913 +0.35628 +17.26503
(0.52, 0.02) 7 +6.00001 - 0 .00121 - 8.65716 +0.16737 +17.29724
(0.51, 0.01) +6.00000 - 0 .00015 - 8.65631 +0.04415 +17.31031
(0.509, 0.009) +6.00000 -0 .0 0 0 1 1 - 8.65627 +0.03595 +17.31085
(0.508, 0.008) +6.00000 -0 .0 0 0 0 8 - 8.65624 +0.02855 +17.31128

(0.55, 0.05) +6.00035 - 0 .01343 - 8.67105 - 0.88254 +17.37460
(0.54, 0.04) +6.00015 - 0 .00738 - 8.66428 +0.59849 +17.35092
(0.53, 0.03) +6.00005 - 0 .00335 - 8.65980 +0.35631 +17.33181
(0.52, 0.02) 8 +6.00001 - 0 .00107 - 8.65730 +0.16737 +17.31918
(0.51, 0.01) +6.00000 - 0 .00014 - 8.65632 +0.04415 +17.31334
(0.509, 0.009) +6.00000 -0 .0 0 0 1 1 - 8.65628 +0.03595 +17.31308
(0.508, 0.008) +6.00000 -0 .0 0 0 0 8 - 8.65625 40.02855 +17.31287

(0.55, 0.05) +6.00003 -0 .0 0 0 8 4 - 8.65851 +0.12887 +17.37680
(0.54, 0.04) +6.00001 - 0 .00031 - 8.65723 +0.06870 +17.35191
(0.53, 0.03) +6.00000 -0 .0 0 0 0 8 - 8.65654 +0.02999 +17.33216
(0.52, 0.02) 9 +6.00000 -0 .0 0 0 0 1 - 8.65625 +0.00913 +17.31925
(0.51, 0.01) +6.00000 -0 .0 0 0 0 0 - 8.65618 +0.00116 +17.31335
(0.509, 0.009) +6.00000 -0 .0 0 0 0 0 - 8.65617 +0.00085 +17.31309
(0.508, 0.008) +6.00000 -0 .0 0 0 0 0 -8 .65617 +0.00060 +17.31287

(0.55, 0.05) +6.00002 + 0 .00012 - 8.65851 +0.09058 +17.41523
(0.54, 0.04) +6.00001 + 0.00005 - 8.65723 +0.05087 +17.36978
(0.53, 0.03) +6.00000 +0.00002 - 8.65654 +0.02358 +17.33857
(0.52, 0.02) 10 +6.00000 + 0 .00000 - 8.65625 +0.00769 +17.32069
(0.51, 0.01) +6.00000 +0.00000 - 8.65618 +0.00106 +17.31345
(0.509, 0.009) +6.00000 + 0 .00000 - 8.65617 +0.00078 +17.31315
(0.508, 0.008) +6.00000 +0.00000 - 8.65617 +0.00055 +17.31292

(0.55, 0.05) +6.00000 +0.00012 - 8.65648 +0.00922 +17.33415
(0.54, 0.04) +6 .00000 +0.00005 - 8.65628 +0.00342 +17.32244
(0.53, 0.03) +6.00000 +0 .00002 - 8.65620 +0.00092 +17.31593
(0.52, 0.02) 11 +6.00000 + 0 .00000 - 8.65617 +0.00014 +17.31313
(0.51, 0.01) +6.00000 +0.00000 - 8.65617 +0.00001 +17.31240
(0.509, 0.009) +6.00000 +0.00000 - 8.65617 +0.00000 +17.31238
(0 .508 ,0 .008 ) +6.00000 + 0 .00000 - 8.65617 +0.00000 +17.31236

2 4 7
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cô
jv 

Ol
oo

 \
o

to

■g
.
3 o 3 3

tn X 3 O
o
 
Z
 

g
 
o

Vi 
o

Ov
 O
v 
ON

 O
N 
ON

 O
v 
Ov

o
 o

 o
 o

 o
 o

 o

Ov
 O
v 
Ov

 O
v 
Ov

 C
tv
 O
N

o
 o

 o
 o

 o
 o

 o

+ ON
+ ON

+
 
+
 
+
 

Ov
 O
v 
Ov

+ Ov
+ Ov

o
 o

 o
 o

 o
 o

 o

+ 
+ 

+
Ov

 O
v 
Ov

+ Ov
+ 

+ 
+

Ov
 O
v 
Ov

o
 o

 o
 o

 o
 o

 o

+ 
+ 

+
Ov

 O
v 
Ov

+ 
+ 

+
Ov

 O
v 
Ov

+ Ov

o
 o

 o
 o

 o
 o

 o

+ Ov

-©
-

to oo

o
 b

b 
o

o
 o

+ o o
o

 o
 o

+ © o

+ o o

• 
+
 
+
 
+
 
+
 
+
 
+
 

o
 o

 o
 o

 o
 o

 o
 

o
 o

 o
 o

 o
 o

b
o

o

+ 
+ 

+ 
o

 o
 o

o
 o

 o

+ o o 8 to to

p

00
i 00

■ 00
i OO

■ oo
1 00

i OO
i 00

■ 00
1 oo

1 oo
00

■ 00
i OO

1 00
00

1 00
i 00

1 00
1 00

1 00
1 00

1 00
i 00

1 00
1 00

1 00
1 00

i 00
i 00

■ 00
i OO

1 00
i 00

1 00
1 00

bv
bv

bv
bv

bv
bv

bv
bv

bv
bv

bv
bv

bv
bv

bv
bv

bv
bv

bv
bv

bv
bv

bv
bv

bv
bv

bv
bv

bv
bv

bv
bv

bv
bv

bv
bv

oi
oi

Oi
oi

oi
Ol

OV
Ov

OV
Ov

OV
OV

OV
Ov

OV
Ol

Ov
OV

OV
OV

OV
OV

OV
OV

Ol
OV

Ov
OV

OV
Ol

Ol
Ol

Ol
Ol

Ol
Ol

Ov
Ov

Ov
Ov

Ov
Ov

Ov
Ov

Ov
Ov

OV
Ov

Ov
Ov

Ov
Ov

Ov
Ov

Ov
Ov

Ov
Ov

Ov
Ov

Ov
Ov

Ov
Ov

Ov
ov

ov
Ov

Ov
Ov

ov
Ov

I—
*
►—
*
i—
*
►—
»
p—
•

►—
»
1—
*
I—
»
1—
*
►—
*

1—
*

t—
•
P—
»
i—
*
p—
»
(—
*
>—
*
p—
»

I—
*
1—
*
1—
*

p—
*

p—
»
>—
*
•—
*
p—
»
I—
*
to

14
i—
*

4
4

4
4

4
4

4
4

-J
-J

4
4

->
4
-J

'J
-J

4
-J

4
-J

-J
4

>■
4
—
)
—
]
—
)
OO

VO
-4

-4
-4

—
)
VO

Ol
OO

-4

+
+

+
+

+
+

+
+

+
+

+
+

+
+

+
+

+
+

+
+

+
+

+
+

+
+

+
+

+
+

+
+

+
+

+
+

I—
*
1—
*
►—
*

I—
*

I—
*

t—
‘
i—
>
1-̂

p—
*
p—
*
p—
»

1—
*
p—
<

1—
*
1—
»
p—
»
p—
p

1—
*
p—
»
p—
*
p—
p
p—
»
1—
*
p—
•

p—
>

)—
>

p—
*
p—
■
I—
*

*—
*

4
4

4
4

4
4

4
4

4
4

~4
4

4
4

4
4

4
4

4
4

4
4

4
4

4
4

4
4

4
4

4
-J

4
4

4
4

CO
CO

CO
CO

CO
CO

CO
CO

CO
CO

CO
CO

CO
CO

CO
CO

CO
CO

CO
CO

CO
CO

CO
CO

CO
CO

CO
CO

CO
CO

CO
CO

CO
Lo

CO
i—
»

p—
•

p—
*

p—
*

p—
*

p—
•

p—
•
p—
»
1—
*

p—
»

p—
»
p—
»

p—
•
to

CO
p—
•

to
to

to
to

to
to

to
to

to
to

to
to

to
to

to
to

to
to

to
CO

5
to

to
to

to
to

CO
Ol

to
to

 t
o
U)

Ol
to

-t
v

to
CO

CO
CO

CO
CO

CO
CO

CO
CO

CO
CO

CO
-t
v
£

CO
CO

CO
CO

Ol
p—
p

CO
CO

CO
CO

Ov
Ol

4
CO

CO
■t
v

VO
-t
v
k-_
p

CO
Ol

-t
v
-t
v
-t
v
-t
v
-t
v
-t
v

-t
v
-t
v
-t
v
-t
v
Ol

p—
*

-t
v
-t
v
-t
v
4

Ov
Ol

U
\

-t
v
-t
v
-t
v
oo

Ov
Ol

-t
v

Ov
oo

 o
LO

CO
Jv

Ov
-t
v

Table D .2: Continued



A P P E N D I X  E

Derivatives of the Displacement and Traction Kernels

249



The derivatives of the kernels Ujj and Tjj, eqns (3 .34) and (3 .3 5 ), can be 

obtained with the aid of the operations (3 .30) and (3.31). Let us recall these equations,

U i j  ( p .  ( ? )  = i _

&Hpi (<-*) (_

and

-  1 -  / ! )

where

( i-2 ? )[  o j a - m r j ] j

and

a  = 2 L  ^ M x c a - X p i )  = - 2 L ,
9Z Q , ' Q X p .

( 3 . 3 U )

( 3 . 3 5 )

( 3 . 3 0 )

3 r  _  _ 3 £  n ;  (Q)  , 3  / j o  p o i n l  tn  ih e. boundary ( 3 . 3  0
3/7 3Za J

Then,

L [ U - r „ a ]  (£ - ,]
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( w j v h . U & i  -t- S p f  r ,t Tt k - t  S i  f  J 7 i 'f j  -  S f r C f n i w ]  ( £ ’ * )

(h//7f/7kTtjjjv ~ JL[S/fn/Tj-'PkCf + cl̂ >?? HiHkQt i7> 17~!7( -t-

S lm C t/jQ  -  ^  r,ironic ftc*?]  (£> 4 )

o n d  Sc on .

Hence, using these identities we have (up to the fifth-order),
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2 5 0



j j i r . - n  -2 c S /f- i7,T,j -  ( '3-4i)4 'y-civ

■SftSit
»J (E.e)

U ii,h im fn ,Q )^ -__/—  / / )  j  4& r,u:-rlkr;tf;m +  8 (3-4 )) £,f a
efr/ i « - i r r J L J  J

E i Em  — 8 S ti E jE lE m  — 8  Sjk En'Ei Em — 8 S/'f E j EkEm  

— 8 S jl  E iE i Em "  8  Si l EiEjE/r? — SS/m fTj EkE( — 6 Sjm  

ElEkEl - 8 8 km EE7j-E( -  8  Sim E iE jE k  - 2 ( 3 - 4 l ) S i j

Shi? f7{ — 2 ( 3-A)) S j jcfIm Ek -  8  (3~4)) S j  Sk i Em -f- 

2 8 il S jt  17/77 f  2  SjJr Sit Em ~t~ 2  Sit Sjm E l + 2  S/l Sim 

E j -f- 2  S jk  S>)7) /7i - t2  SSjkStm E i  -+■ 2  S ilS jm Ek  -+2S/1 

8km Ej- + 2  S jl  Sirr? Ek  + 2  S jt  Skm Ei •+ 2 Sk i Sim E j  

+ 2 S itS jm  r,i ^  (£\ 7)

Lilftjcl/77/7 (p,Q) -= — ------- ( — — ) / 384 /'(iHr'r,k Hi !7/T) 8/7 e  4-8(3 -2))
J  p  B i r ^ O - V ^ i  J

S j  // k i t L E m  E/? — 4 8  S M  E j  E lE m E /7  — 4 8  S j k  E i  11 £ J,/7? 

!7n — 4 8 S i l / j ' E k E m E / 7  — 4 8 S j l  E >  E k  E m E n  — 4 8  

S i ' l  f i t  ' j  E m  f7/? — 4 6  S im  f j E k  6 ( E n  —4 8  S jp ?  E i'8 k  

E 07/7 — 4 -8  S k m  / ,  i /^ j f 7 l j ,p  4 8 S im  H i E j  E k E r?  — 

4 8 S i r ) E f E k E i  E m  — 4 8  S f j i E i E f l i E m  — 4 6 S i n  E l  

a  EZ///T7 4  S OZ/? r.t Aj  ! it?//07 — 4 S 4/770 //"' / X 4/ C ~—

8/3-41) S j - S i  m E iE f f  -  8 (3-42) S jS l /7 7  E k E /7  — 6 

(  3 - 4 ) ) S j ' S k l  E m E /7  E  8  S r4 S j l  E m E /?  +  S j k S t l E m  

? -h 8 S ik  S jJ71 E tE r?  ~t~ 8  S/'Jc S l/77 jjE /?  6  S jk  S im  E l
^ KJ

Ep + 8  S jl Sl/77 E i Hr? -t~ 6  SilSjp? EkE/? + 8 S i  Sirr? E j

251



8n ~t~ <5 3jiS//?7 8k  Hr? ~t ^ S jt Sk r?? 8i/,/7 ~f~ 8 Ski S/'n? 8 j  

8/7 -t B S k tS j/n  8 i8n  — 6  (3~42)SijSkn 8,i8n? -  6 (3 -8 ) )  

Sfj-S/,? h i - r , ,„ - B ( 3 - u - } ) S j  S/77/7 8 k  8 1 ~t SS/Jc Sjtf J~l

r,m -t 8  S/kSin r<jn>v -t QS/kSn?/? 8j-8( -t- 8  S jk  Sin 8 i

8.77 - t  8  Srk Si/? 8c8fV -t-8&rkc$/77/?/7l8( - t  8  S itS f /? 8 k
^ 0  J

8.77 —f~ 8  (Sit Skn 8 j  8 /77 ~f~ 8  S ti S/7?/7/^j8k 8  S ji S//? 8 k

8/77 -f~ 8  SjtSk,? r , i8,77 ~t~ 88jtS)7]/7 8 i8k  -t 6  Ski Si/7 /y -

8/77 +  8  Ski Sj/7 ni8>r? ~f-86ki Sm/? /7<Vjr +  SSin?Sj)7 8 k

8 i  8  S/j?7 3kn 8 r  8 i ~f~ 8  Sin? Sir? f i f  8k  ~t 8  S d n  Sir? 8k
vy u d

8( 8 Sj p ? Skr? 8i i d  ~k 6  Sjn? St/7 8 i8 k  -t BSkm S in  8 j

8 i  ~k 8<Sk/77<Sj~'/?/li 8  C~k- 8  S'k/7? S i/?8 i 8 j~ t  8  Si'T/SinJjj

8ki~ 8  S im S j/7  8 ’t'8k-h &St/77<Sk/7 / 7 / / y  ~t 8 ( 3  - 4 2 ) S i j

Skn?S/n - t  2  ( 3 - 4 ) ) S jjSIny S k n  -+ 2 ( 3 - 4 ) )  S jS k ( S m

— 2 S/Jr S jt Srrp/7 — 2  Sjk SriSn?n — 2  S/lS jn? Sin  —2 S/'Jr

S/n? S jn  — 2  Sjk Sin? Sin — 2  S jk  Sim S/P — 2  S i t  Sjn?

Sk/7 — 2  SitSkn/Sr'n — 2 S f (  S/'mSb?  -  2 $ ftS k /? ? S in  —
J  J  u

2  S k i rS/nn rSj'/? — 2  Sk(Sj/r?S/'n (  (66-8)

U jj, kb 77/70 (pyQ)~ -  /

B i i j j .( i S )
3840 808f  8k 8 i8m 8n 8o dr 384 u

(3-in) $88+ r+c 8m8n 8c -  3>&USik/,8(8,/?8/>8c —  364
■J J

Srk 8 i8 (8/7? 8 ,o8o —3b4r$/i 8 -8+. 8 /r>j~,?r,c — 384 *3V 8t i 8+8 md U o
8/78o — nS48j-i hi / > ,s>->/,,7/,c 38kS//??8,r/,+ /, 1 8 ;/ 8 c ~ 3S4

J d

6/J/77 8,i /t+- 7, i //S) 8c ~~ 3&k'S>km 8, 8j  7 / i /,// 8§ -—3h4 Sim 8,t CTj- 

Ok8/7 8 c -  3*4  c j/?  7j 8+ 8 /8/7780 -  38k Sjn 8,ink 8/8 /7,8c ~

3 £ 4  S i n  8 18 ~  8 l  8/7780 -  3 6 4 * § 8  8 /  8 j  8 k  8 m / 7 C -  - 3 6 4  
J 0

252



ntr^/tk/^iCc - o64 4 c. 3/ 343/ 3m /7x? - '3£4<Src
u d  V

3i /, 4 3, ( 3/?, 3/1 — OSBSA'C 3l 3“ 3 i 3/7,3/) '— 0 <?Af Ofo 3.' 3t r
'J <J

3k 3m 3,, — 364 4mc 36Hr 3431 33/7 - 364- 4/?c 3, 3,-3 ( 3 (
4 u

3m 4 8 ( 3 ~4'))4/j'6Ac 3 (3m 3/i ~~ 4 8 [ 3 - 3 ) )  4 ij8  (c (,/■

3m 3/7 —4 b [3 —3) ) 6/j~8mc 433c 3/) — 4  6{ 3-■4))4>J 6/)c 34 

3( 3m —4 6 {3 -48)  83 44m 3c 3s> 3 c — 48 f3—4 ))4/rS/m 33Kj V
3/7 3c — 46 f3-£l)$3<SJr/3/>? 3/73t ~ 46 (3-4)) 6j  S3 ? 3 ( 

3/7? 3c 48 (3 ~4 /)St'6iSJ/> 34 3/r>3c — 48 (3-4)) 84-4 m/> 34 

34 3c -6 4BS>Jc<Sj c  343m3/7 + 48&/'4Sto3j  3m3/> 3 4844 

4mo 3t63( /7/? 3  46S/l'4>;?c3r3{3/)n -h 48SfkSb 3c3 //,3 n 3J  u O
43SjJrdie n !'3,r>73/7 ■+- 4S4j 8<8/77c3c'3 13/? 4-466j 4d/>c 3i'Si 

rl/7} -h 48 6/4 4jo  3a 3r>73n 4~ 48Si( 4Ao fifCm 3/? -t~ 484/1 

S/r/o fy3t 3/} -h 484i4/?c 3jS k 3 m ■ -̂484j(S h 343m3/> 3 

46<Sj {<$'a c 3 13/>,3/? 3 484j c 4mc 3/ 34 3/7 -4 46 S ji ci/?c 3/

3,4 /1/77 448  SataS/c 3j  3/713/0 3  UB44t£jc 3C3m3s> -4 48

4kt4mc 31 48448 4no / a 3j ' 3/r> ~b 46 4/3? 4j'o 3331

3/7 + 484/3?44o 3/ 3(3/) -4 4B4/'/y?4 fc 3/343,n 3  4 84/3,4)0U ’"A
3{343 i 4  484 f/7? 4/c 343(3/7 -h 48Sfm dk>/,V3 (3n 3484-3<J <J d O

4(o 3(343/7 4  48 6f/7?4/7c3 i343e ~44844m? 4/b363(3n 446o u
44m 3 1 3(3/1 3  4344,v4 (c 3 / '3j 3o 484km 8nt 3, iHjOc

4  488km 4/c 3j 3k 3/7 A~~ 484/m6jc  3/ 34 3/7 +- 4B4im4ko 3(3/

3/73 48Sim 6 no 3 /3-34 -h 484/0 4f0 34343/71 +  464/,iS4t
u U

3-3(3//? 4  46 dmSic 3.63k3m +  484h4mc 3 r3A3( 3  46
V U O'

8j/)4'/o 3k3( 3m 4  48 6j /i 44o 3/3 ( 3/v 4  46Sjn 86c 3/'343m

7u 4 B4//?4mo 3 /343C 4  4864/16/c 3j-3 ( 3m ~t46i)4/iSjo 3 /

3 ( 3m 3  4844/1 4/c 3 /3 / 3m 4  486A/i4mo 3 ,3  A 3( 34843
J d

253
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ty S ti S'mn /Jo / 8[d~d̂  ŷ  rPy 'Sjr/?; S'B /7o B- 813~3i ̂ JSjdl-r>?Snc 

Bi ■/* 8(3-4)) S/j SS/tj63c Bn -7 8 (3 -3)))BrS/zr?3no B3

Si)4/iSme Bn 7- 8 (3 -4 /)r)jrS)r/SneB/?p ■+■ 9( 3-41)  Sy- cD-/vcSic

B/P7 7  8 (3-3 rSn?o Bi 7  8(3  -B ~)) 8/jdo? S)o Bsv 7 8 (3-4 )

8/jS)oSp/c BJ ~7 8 (3-4 /) S jd»7,? dire Bi 7  B(3 -4)) (ySn/ncUc

Bi -  8 Sz/Se) rSmo Bu — 8S//S'SW di/i Be ~~ 8&iic£/snSjnBc —U d  d
b S fiS (  d/T7/?Bc —8  dr Jr S'/?? Sis) Be —Bari'S’/7? SnBe ~~ 8 St l d  ‘ o <j
Sr/n Sin Be —  8 S>(Sin? <S~n Be ~~ BSr'lS/rr? S in  Be —  8  S /icSi», 
d 0 d 0

254



c3//7 i (C — B &J-( Sn; 6 r /7 /7c — 6 Sl ( S'/V S,'7 f?C — BrS/JcBS :t

///,? ^  SJ?i ̂ Jj~C (~S/?C / tr// BSjlSitSn?c rin -  S S j i S f t

Snc fT'>? — 8cS/k (Sr/?? Sf H/) — 8 CS/i <£ nibnc ff( — 6 bile (S'/?/;

i/y?
X)*

b r C  f f n  —  B b > 0  8 ) 7 0 7  8 f C  f f f  ■—  8 S r i 'S / / ? ?  d i e  H n  —  8  S ? i  S )

°  ( J  d  U

Sne f it  — 8 bfi bin? Sic Hn — S  Sfi Sin?Snc /If — 8  Sft S imO d 0
S k e  H r?  — 8 8 ? 8 S f / n  S n e  J f l  —  8 S / 't  S i n ?  S r i  /?/?  —  8  b / l S i r r ?

V <J
Sic Hr — 68?t Sim Sko fin — 8 8ftSin? (Sine Hi — 8 8 ft Sin? 

U O <J d

S/c fin — 8 Sff Sin? S/?c fit ~~ 8 8 let S/'n? S[C fin — 6  Slcl S/'/>?

Sne Hi —8  Si l Sfn? Sic /In ~~ 8<b itS fm  Sne Hi ~~ B b?Jr bj-tl 
( J O  d  o

JVo fl>n — 6  SO  On? Sme ff( -  8  8 0  Sin Sf '0 / <m — 8  S o  S i
o U

8  me f f  6 S O  Sn?n S ic  f it  — 8 Stic Sm n (Sic r ,r - 8 S r i Si/?
0  d  d t j

n

S i c  f i n /  —  8 8 r k  ( S l f S / t p o  f i t  B S f l c  S i n  S i c  f i n ?  — 8 S r i  S i n

O (J O'

Sme fh" — 8 ^ jl  Sn?c S/d f i t  — 8  SjiSm n Sic n t  -  8 S 0  Sjn 

Sko flm — 8  S O S 'n  Smo fflc — 6 SO S in  Sr'Cffn/ — SSO  S in
VJ

Sn/c f l f  — B SO Smn SfC /li ~ S M S  n/n S ic f lf~  B 8f t  S?h 
J  o  J  <J

Sic Jim — 8  8 Jt  Sin Sme f f i — 8 8 f t  S in  Sc fl/77 — 8  S ri S in
\J 0 d

c)n?c fff — 8> SOSn?nr)/c f i t  ~ 8  Sr l  Smn S ic ff t -  6  S i t  Sin 
V O

SrC Jin? ~~ 8  S i t  Sfn Sme /If -  6 S i t oV ? S/o /In? -  8  S i t  S?n 
d  (J U <J

8me fit — 8 S i t  Snw Sic flf 8 S i t  Sn/nS'fc /7 i  ~~8 Sfm/Sjn
d 0  <y

Sic f f i  " 8  S/>>? Sjn  Sic /fie — 8  Sf>? Si/? SrC /I t  ~~ SSin.'SS? 
0  0

Sic flf — 8  S/tn S /n S fc  ffk ~~ 8  S fn  Sir? S ic  C f  — 8 S''n?Sfn <J " ■ ' '(J
S ic  f i t — 8 Sin? Sn Sic r , i — 8 Sm/ Sin Sic f f i  ~~ BSr/nbin O <J o
Sic fid ~~ 8  Bin/ 8 in SfJ i  — 8 Sr no Sin Sio J7i ~~ 6  Sin? <f/n

SrC fit ~ 8 S i n>? S/n Sic fir -  8 Si 'n S/n Sic ffL ~~ 8  Sir>? Sf)? 
d  (J d  (J

Sic f/i —8 S i nr? Sfn Slo/lj ~ 8 SirnS in bjo ffi — 8 Sim S//7 

Sfc Hi —8 Sim S/n Sic flf — 8 Sim Sfn S/0 Hi -  6Sir? Sfn
O d 0  (J

255



rS}c r , —  Sr.I tmrSkn Si. / <■ —  & hO'c) In Sfc P, L' (£.9)

u/:u ,: ~/)c i'?u'f
kJ

rt' ’ =  S  I flit -  f t  E l
dnJ,k r  t- 9 r  J

(e. ic)

//?e .S>  t

S c f  £ r , n  a  t- 2 (  f- 2 ))$ ?,: i  -2 -S l
?n L o b

L 2;7:Ti-  - r j f l  \ - f 7 k v r?  +
u

fEi1)

Tu-t’l/p 7) = J lJ .__(1 ) 1 2c. j U  ftftft ft -tSU-DWctlcCl -
; 4,-ff. ■>) l 'y / 3/’ L c 0

-  2-S4- !.,ft - B&lank - tSdnfft
\J C O U

Or — P-0-2■)) -i' PS-12'l  -h 2.6J l  S: ( I  -t- Hi (f ~P?)

K - a a t  ~ 2 & i  r ,i  -  2 .9 9 -/ f t  -  Z i u n f l - ^ j (

f t  n  -  2 -9 1  m  -  2 S d f t  -  2-S it f t  i - n t

2S<j ( i - 2v)ft -  2-Sin  -  2Sp.nl J -  f t  IShin-Ci +
2 ( f - 2 ) ) f c f t  -  2  S .l-r- -  2 1 1  f t  1 ( (E. 12)

2 5 6



2£C /'( 'r, / r l  C/ Co; 7" 2/8 ( i -2?) S )'
u ' cy

h * Cc — b S b b  r c c / Co? ~ 4-6-St/c Ci/flCo?  —4 8  8 '( Ct Cj*{i O U '
Co; -2 /8 8 /( / '  Tl r„> -  CfStC/Tt Co; - C 68/,??/-///£ C<! —4 8

v (7 <1
S-/o ;~c/?£■/c  — C88>Lj> ) C l — C 6 Sc? si:CJ 62 — 6U—2.8){J v V
S'- 'c)/'t r,/?> — B[l-Z >)8if8LvCC -  8(1-2-7) Sir 6(mCk ~b £ 8/4
o' \J

r\-/ /Ts7? y- BSf/S'CCro +■ 88/4 6/o; r;/ ~h 8 C 4 8/n r,f 4~6 SC
(J \i o o o

r)/.o?Ct ~b 8 C'lr 8//n f j2  -h 8^ ' 28/07 C4 -b 8 p i ? 8 I m  /7l -+~ 8 S  f
0 1

S-'mcc -t- 8SC<Sko?nf t- 8Ski8/mrr -hSrSlt8frori /  v- 
f ■ (j i! cJ I

r c ( / - 2 l )  4 8  c r c / C / C m  -  t S f h c c C m  -  8 6 ? / e t c * ?  - 8

u 'j rj

S i- /r -c m  — 8S'/r?cuni — SSkm n / C( -  SSon n fTC -t-SSfL
<J O 7  d  r  <J V

(\ ir> -b 2  :) 2 2 2 m  -b 2 r )C  Sfrr? ( — /?f ( 6 2  ))Jj 4 8  f//C4 C/Cm

-eSM'OCrr? ~ SS/int- Cm -  88L( r;< Cm -  eS/mC!C(- 2

SB,? fti. >;y — 8 &'?; o,/ Y;l- -f '2 Sfk Sir;? ~b 2 8 //Sk 07 +2-SkS,>,.

nk I r ;  c;/,r CrCm ~r 8 [ c ? >) Si; nt /tv>? — 8  S>tcr r/m> ~~8 St/ 
L J  'J (J (J

Ct ho? ~ 62/07 / >/C/ — Ccrf/v;It a  — 62/m  C /n r  — 2. [ ( -2  8) d ;
O 2 7  r  'J 'J

?/.v b  2 8 /2 -n ?  + 2  o f(S h ?  -  c / J  4 6  r>:r^cL-Co?-b-8(t-28)
u

zj// n, c,o — BSCcCr?; 6 8 'f/7t ftf,-] 88/07Cr//ir 68/ti;,c11 k
C o '/ o'

— 8SU/7-> C/Cf — 2.(l-2\J 8 f  8///p 4~ 2 8//r( f/>7 -h 2 S -JrS/'/y? J—
0  b  o  jo

2 5 7



I 4 c /7i/Tji/̂ /Tc1 B(f~Zy)S.:bJ/,c — 3Si6brf]( — 6 h> rt b<-
L d  J  d «

r.c -  Sbf(r,cCk -  B S tr -n t -S S O /r tc / -
Li -jdj (J

L A.J. A :/ -b 2. h -J cV'/

A r SI (
\J

^  -k/,0,7 (py (\) -  dt—L
4/rtf-?)

<J

£.13)

isui' ni d ■■ d 'i-$nsnnn ~f~ 3t4 ( i-21)

S:-^/7i o>?o? -  zsdS .tcr'f?<c™Cn -  3846-in <4 tC/nCo
o 0 0

-  ASA$■/ o a - r /?,/d -  3 BA Sir/r/rC ^o?  -  88/SJ<:ntc -
u  ci

0 * 0 ,  -  364 S ^ r . r O c n t f -  364 S ^o V kO H /?  -364
0 (j

0i~ C: T.-TtH'/' -  3648 fa r?tr-r;unr -  364&r/ 
v d 0

~~ dbA 8 4  ?~< di-/TV/T/?7 — 71A c d l dr fat b/̂ ? — 3b4bfafa: 
U (J

— 364 8rr>o /~bi fa- faJ fa( — 4S/ / -2)J  Str Ski fa/r?dn -
V V

48t i-28)SfaSh>7facdb -480-Z))S;;SAnrJr:» -480-21)
v 0 (j

SlSlndid/^ -  480-22) farSfafa-d/v -48(f-27)^46̂ 0 
V U (J

fajd? -b 48S/4A4rtf}/*?/b/) -8 48SfJrS/(d/rifj/j -h 4&S44:/>:/ji H/i
O a 0

-h 4 8 S/J-S//?:- fa'fan -b 4 8  rj> S/2 ? far4?  ~t~ 4 8  SfL’ d f a  far 2 b  -b
o ■ 5  c;

4b d 8 S/b'fa fab) ~b 48 6 r̂ cffa7 far fan -b 4t 8; t 6 fa fafan -hit
o <; (J

AdS/■/?.>/7jfan -f- 48Sj(8/sr} r̂ -fan -b 46 dJt Ajn? fa/ fan -b 4BS,i

Ar'/7 fa ifa07 ~b 46 8/fa fa; bTr /Irr? ~b 4t tsi'k S'/no CrCt -fa 4 6 A :J
<J d _  0 c

S'nHiHm -4-46 A4<4//?fat/̂ /v -t~ 4c d"'kcW v?r,L/b( -b46 A~tC' Cj
:%/7b/?s>?b 46 4-iAbo /Tz/T/r. y- 4t'S-4S4s? nb/7k + 46 84

dir/.’ f~tk /?/> ? b 46 A/( Sin/'. /7/>> i 46 Sr/Sri/? Hr fi Jr -b 48 S'Jl
o A 0
S/r> r,bbf H/->) "i~ 4  (

‘7
A-'p /UCc

AS-S/fd4rt/?r r,f b 46 S//>?

-)bs? Hrb7i' ~h 48 S/>? 0 In rtfibk b 48 Sr/??
(J <J 0

A//? r;i/,y /  48 Sr̂  8b? /;(v? / 1 46 &T'„. 8o? y, y;J -b SB Abo-,c U b

2 5 8



A//?/, ,/7y -r 48 <Si'/-r> Sf,? 3< 7,Y -h4-£S/c,■>>£{/) 373: -f'4 8 Sum
o (J

6„> fir a  -f-48 Skm O' ~f~ 46 SPrv Sts?/;<•/;: -f~ £(/-2J) 
J  o

S :: S / S ^  .+ £ eO' 2?) t W?, v SS‘,
' -' 'J v
— 0 a'O -ftiYn?/? — 8S-'k 6/(! Sm/1 — 8S>kS-'m? Sfa —

•7 cy
rj//;.; Sr,> —- 8 Sri S//,, St,? — 8'Sfl. 4 Or, Sin — & b̂ dSk.U o  v a 'ST> r-Jf'O ~~

884 S/mSi/? — 8 Sul S'/r> Skn — 8 dilSkm Sip - 88kd
^  -i (7 /" •-/

cW? — f'-T //rjrjv^  ! + /? ,{ PS")J1384 c / c O  fi/uCs? —

4t'(Srk 3 7 0 / >,0n — 4£S>3O IO '^Sp —4 8 SktJ GfO/nO/i —4£. ( j d  v7
r5p>/ O  Oi Cp — 4 8  Si-m 3/Ol Op — 48<88/7? rjjCLOn ~~ 4S£jn

r / t~i11/>! y l •)//', f7~Cir,/vv 4 1 ' i /? r~ rt Ur, —■ *4̂i£ 6*/rv9/TV
<-' O' C/

o  o  ^  5 S-kStn? /?/? +- 8  S i  Sin 3m ■+ 84j l  Sms? 3 {-/• 6c$)'r

Skn>3/1 -h 8Skt Spm rj/> -h8 6ft 8kr> 3  n, ~h £8 j( rj />v> /J^ ~j- BSktSfC1

},/>? ~/~ £<SJt (S4?r>Or ~h $ 6fm Skr?3t ~h 8- 8 fm S ir 3k  ~p 83k n? S ^ Q
J  d  ^ -j ^  /-

~f~86 km k>‘2n /T«-* -f- £. 6 tmSr'p f~}k ~t 88/m  J km Of | Pr t !~2>
d  "  j  J o.

3o4 C  0kr(,f7m0n -  4bS,4 OCOmOn -  4 £8/ 3 1 3^3  ̂ _48 

Sit n, t>> o  -  4£d,m oionOk -  38 Si,„ 3370,? - 4SSc,>s/7t'Ok 

/,/j — 48 8„? fjj</, //>; 4£3k/7 r, i rrt/im — 48 31/? /11*,■ td r,>? —

O S  /7 (  ' / 7 k f 7 i  ~t~ £ 4 ik < 7 j t ' , ) ? O p  - 3 8  S i t 6 k , 7 / r j / i  -J -  B B k i B s i m C p - h

8 S,k Sup 0/>’ 3  8 r3/l3/)i„ 3d ~f~ BS/B'Sdv, 3,„ -f- £ S  8S/zu^r^ -j-

8 4 0  Sm 3,7, -f- 8  Sk (' S/77,7 3 l  -& 8  rSk,) 3(' -7L8  8>f7r7>(S(,.f 3 k  i  

8 S i 7,; rj 7/ > 3 t 3  8 S i,}, Sc,! 3c i~ 8 Si„: S/„ 3k ~k 8  S 1,7/ S l  / i 3,(. I

- O k  3 8 4  3 ' 0 , 0(0,77Os, -f
V

-23)SjO-ltJ,->:3,-, — 4 8 S 'l /J

259



— 48  87/4 c4 m 4p —48<d<p? n-ni4n — 4 8 8 ->? r,cTtt
° a o

/>  - 4  8$ 8” 4(424/? -  88 i/?  4'4t4p? -48S-/? 4,4(0*  -
^ c/ 0'

88 $&>/7<4 -4  m -  4 £■<$**/>/- /■;■-/?<* - 5 7 42}) £)1S)7/p4 p  - £
u u ^

[ 42}) <Sr'r$4? /,/p — 8 ( 4 2)>)cS/'S/PP4 /  4  8 Sct$-/v 4p 48  c)'8
u 8 o' ’ 0'

d / , V  / C ?  4  8  & > t 8  r n  4 p ?  4  8  £ . 2 8 / p p  4 f  4  8  $ £  d / / ?  r ; / *  4  8 8  84  f  C 8
2  pi/?4 t  4  6 8 f/y?SlP> 4 /  4  8 $;p?cSi/?4 r 4  8 S r /V  (S't'n 4t ( 

d  (J -7 (j r
8) is? 4c 4~ 8 c) (/>/ £ / * 4/ 4  8 £  hi? cSr/? 4c

o  d

~b 88>v>;
(J

2 8 4  4 , , 4 : £ L -

d

4 > > 0 >  4  4 2 ( 8 - 2 8 )  & f  4 4 ? p ? 0 ?  ~  4 2 M c r 4 p c 4 ^  -  4 S S j &

4 i  4 p ’ 4 ?  — 4 8  d p ?  4 r 4 8  4 p ?  —  4 8 8 , 4 ’ 4 c 4 8 4 o  —  4 8 r 8 l : / r ? 4 8 4 V  i f  d cJ
4 o  ~~ 4 8 8 / 2 ? / ^ j 4 k 8 n ?  ~~ 4 8 S j v ? 4 f 4 / [ r 4 / J? —  4 8 £ / ■ / ? 4 c ' 4 j 4 p i  ~~ 

4 8 6 / p p  4 c  ' 4 ( j 4 J c  ~~ 8 ( / ' 2 > ) 2 c j 4 > 8 n ? 4 n  ~~ & C i - 2 . 4 )  d j r S w > 4 ^  " 2  

[ 1- 2 1) 8)4Sd?4>/’ 4  88 /ir8jp4s>? 4  8 8d 8/>>/?4j  4  8 Sj8£/>?4/r>

4 8 8 -kc£/>?/?4 c' 4  8 S/pp S r 'p  41/ 4 -8 S / p ? -3 d 4 - 4  8 S /  8 8 f t v  4 pc i : J \J Ci
4 1 4 4  2 /p ?4 p  4  8 8 r7p£)p>4 k  4  8  SrPP8) !?n4 l 4 4 8 2/sp  <S/p Cf  o c c~ o 0

4  B S j ' r r ’ 2 ) 4 4 1 I —  4 / r ? j  2 8 4  4 c 4 , ' 4 k  r . i 4 p  4 4 & 1 4 2 B )  S ; j 4 k

4 C4 p  -  4 b 8/4 4 / 4 1  4 p  -  4 B d d 4 , 4 t n p  -  4 6 $ 4 4 (41: 4, n -
d  O d

4842//4j-4k4p -  48-$44'4<4p -  4BStr?4f'4k4l-4B£js?484 0 d  d
/ck 4l — 40 Skr? 7/ 4  -41 4 t  2ip 424, ~4k ~~ 8(42)) 8>r dJ[4/>

0 (1 O '
-8(1-2')) Sd/dp4 /  -  8 0 -2 )J \/'(fpr.k 4  8 8 4 644/? 4 £

/ (j  L V  4

drkB-'i 4/i 4 8  £ 4 8 / , (  4  884 4/1//~r -t-B<8-r((i)vi4t 4 8 <£d
d o cj O J

£ 2?/7c' 4 8 S)i6 4 4 k ~t~8$71 Sd?4 /  -t- 8688-/14u -t- 8Sit£4 ?4 -
d -■> -  /■ u (j

4

4 4 / 4 8S;t'3th/,A -i-BrS'rt Sk/74;  -h BSddrpfjk -t- 8Sit £4 ?t
- , - - ' 7 f  u {

8 r S M d ) h 4 - 4 8 $ k ( 8 r p r l i  - 4 ?  3 8 k , / 7 ' 4 ' 4 k 4 < ’ 2 p ?  4 d t

d  J  /  0u-

(42)) dy'r,/'4 ;4pi -  48 Sd 4-'4{4p> -  4884 48414/* -
n u

2 6 0



/rc-^tr.m cm  -  -,r -ntrrm -4 iS n t- ,r ,-r „ , -  4£.
J  0

S;Gc-OiO( - 4 8  S ^o iC kO t -48cSh„c/r,T'Ct -4 8 -8 0
G G 7

G tc /a  ~ SC/-21) 81/488G,r? -  8((-21’) — 8J  ' U o
( ( -2  8) 8 'r <J8/>? G l ~h 8 4 1  S?8 Gn: -h 8 4 i lS 4  Go? ~h 8 S/Gc[ ^>7

d  J  d  0

G(-/- 8cS/J;S t/T? rr~ v 8 S d  S//?-? gi —f~ 8 Sri Sin? /tv -t- 8 S? (S//??
0 o o' J

hi? d  8  Sr/Si/??Ge d~ 8 &/icj~'/> 1 Gk - jS S / i  Sin? 7 7 :  -f- 8
u -7 7 G <J

(7/ + 8Sh/S/m C / / j

IV://>?

(£ . M)

/ y i - £*>?'? o ip,Q )~
_  /

u 4//(t-8)
S S L  /4 8 6 8 0  h iO r O iO (G ,vG ,?C c9 -8 6 4 6  
90  /  u

t(~~2.)) S</1? 4 o 6 GmGnGo ~~ oSOL'jS?8 go OlOn? CnGc 9-8j4
G * U d

G G lG m G nG c o S j /  O iG 0 /T 57On Go <Si8 Gj G h On?On Gc 

~f~ 8  46 Gc G(h Gp?G/?Gq -t~ S/G? O fG b G l On Gc ~h Sin? Gt Ok Cl
U (J o

Or?Go -hSimGt G-OtCrOc 9-Sim GcC-OkGnGo 9-SinGf
0 0 iI

Cl? Of G/r? Gc 9 - S f/i G iO l GlGmGc G  S in  0< 0,;G i GmGc 9-Sin
v

Gt Or O h  /TV? Go ~2~ Sr??/? /, t G; h iG ( Go 9  S i0 Of G i G11/A? Gr) 9~ 
0 9 u

Sf'c OcCkCiGm On -hSic Gt'Gj OiGn?C/> ~hSlo Cl j7j it iGr>?Gn

9~Sm c / ( c O fh l  Gc Of? -hSnc h<OrG<Gi Gn?)  —■ h t 9 (1  S ) ) 4 ~
d ‘J / d

^Skl'Cn?G/?Oc -hShn? OlGrthc i~ S /ny Jil h/?Gc ~h Siv? /, tG/?>Gc

■9 St/? Oh Gn? Gc ~f~ Sr? v? /,lrO t G c 9  Sire G  ( Gm Gn g S/~ OJe Gm

On 9  rSne- Ok G{ Gn 9  Sne / 9  Oi Gm  J  G- 3  8 4  ^S;48fC GmGn Gc
(?

9  Sri? Si/G m G nC c -h S r  3-V? C l G n Go + S/8 //or?  GO On Go 9
h (J 7

d 'idsneC /G nO e  7" 8> rkdl/y?/, 1 0/7Gc -h&ftS/r>?Gl-GnCc ~t~Sr/Si?r,\O ' O U (J
Gt G/} Gc i~ S f / 6  t/v  G i Or? Gc 2~S; 8Sbt? GfG/? G t ~h S l8  Sin? Gj Gc

G d  d

Gc -i-/?Ll} 8>/n? G* O n Go 7- S/8 Sr/? G  l Gn?Oc -h S t!? tr? GrG/r?Gc
(J d  J

-h S d 'S n v ;  G r G l  Gc V S r^S i/?  G(G/??Gc ~ t S r i  S in  G t G rnG c ~d
u  a

261



- \ o'
O

C;
N

V.
.

\
:-

l
;1

£
 

Q
-">

 
O

-S rv
.

"\ C' A
-S O

-V
-\-

1?
J?

-S
0

-,
to

O •
ON to

Vr̂ r.s
A r5

<
o

' \. A* G
o

g Qv r*̂ 0
 

C

S
'

\ 
.

•>> •f
cv

.
CO

» *- A- /*> r t>
-

^1 '( -~
i

•v- A- g

A- *v> *s> 5i 5 N> SJ A

QT
l A s?

C
G

^V O
'

s 'J GV ?) a fe
?

•s»
j 0^ 0s
-

N 'J ? A g?

a
-. -V ct 5? ro Cl iJ i- t O—

.

5 s S? -u

A
 ^

r

~>
-> .i «N I . S5 A 'N •v -C
~, c
:

r» A
£

>
 

C
^-

 '1

it -t- V

Qr
o

O
"

-?
? a t* -v C— 3
^

N

9o
 Q

.9
o

cA
'

C
i

A
-

$p O
"

A- «“N
. 4 r* v

3 ?i N
i -v '■'l I7

o
 

VI

Q
o

 
S 3 A

C"
)

S v-

,
 

t
*

 -
f §
> o s 1 •S' V
 

$
 

+ £
?

5N
-, go O
'

>>

rs>

P
r-

O
'

S- *>

O
^o A
’

n
3

P
 

*
I 

C

A-
 

A-

cr P
o

s
^

: fc
>

s i

->» a
C

C
o c_ ?o
-‘

r o
_ o

j 
O

'!

r> v Ni C> N
i a Q

-) 
So

>
A>

- 
^

f

A— A

>i §
S

i

N
 1

A
 

A-

<■
>* +
 

5* Q
o

-A
 

o
>

O
 

' 
-

i' 7*
0

s*
.V

-

s
i

+

-0 o
. + 5!>
-

O
. 

^ 
J

c
,̂ $ £ -v C

 ̂
v

.y
a

l

S
?

o
C

i

°
s

?
 •

-V 2
? ?o
-

$ * s'

o s s
1

L
^

§
?

r

2
r

5
-'

c.
-'<

■5
^ r

S- -C
'

s

$ +

I5 s> S-

C
o

r
 

^ 
)

5 f +

C
.,

c
^

 
5o

 
po.

C
o

<v cy si si V

1°
n r

Co y
s? V-

■O
y

•>A
N

Po V N NJ
r

P
7l

Si
 

■o
!

:-l
■~ 

'i
o' "

 >
 

r>
-

o0
S i

S
’

\' 35̂
CS

V>
)

S?
ii S>

S)
p c.

Si
S5

>
s

+
i-

i- Po 5) 6 V Sj -W Co o\

t° Ai C A-
°-

5
? I" £ o A

C-, >o- \'
§

o
N

o'
;'.

V  ̂\
N V

s
cC

Vv o ̂
A-

1' —V 
p *̂“4 

*-



(! -2.S) S;j [ Aid S'/)}/?/ (c ~h Sk/>? Ain f~io -4 S  //??bi-,? Cc 4 -A lt

t / tn -/-S l( S/?c Cm 4  <% / ? •' rj (c C/? ■4‘<Slr/)?(bne n  ( 4'St/>? S  ic

Cn 4  A)/?) Ahc 177 4  Sk/? St o no? 4  S In  S'me 17(■ 4  Sin S'7c Cn? 4  

(Stn An?c/7d 4-S/??/?6lc C7 7-Sr? ?/? J) 0 C lJ  — S t  cS ilS - l  Am/)

Cc 4  S - l vj -'('A/nr?/7_• 4  S ild-m S lnC c -7- S / l  d in?S~nCo -h S 4c
^ <7 <J <J

Sin? Sin /7c 4  S f l  cTim Sin /70 Sinn Sin/7c + 6  r i  Sim? Sin
<J (J a

fie 4  SiiSrmSkn Cc 4  ASSdrr? Sin 77o 4- Ski Sm Sin Cc 4~Skl d  (J u

CiJ§?n? Sin Co ~hSil r j V  Sm cC n 4~Sil Sne Cn? 4  S r l S i l  
'J u  u d

Snne C/p 4- fS r /S  /  Sne Cm 4- S i A S j C  S h C n  4  S,J Sjnp S n  c r,t 
d  0  O

A/lSimS^c Cn> 4-S/ Jr Sin?Sne Cj- -h S jk  Sim Sic Cin ~h Sj-l

Sin? A nc C i 4- Sr Jr Sim S/C C/j ~f~ SrlS(m  She Cc 4  Ski S im A lo Cn
u (J U

4~SjiS/m&nc C l 4- S ji  S i  o? Sit Cn 4  S jlS lm  SffC C t ' + S C  A i-n?

<)jo Cn 4~ S iS j/p r in c  JJi 4  ScSinpSjC Co SSS'lnAnoC' 4d  d  J
rSri < )im A rC Cn 4  S liS im S r.c  C ' 4  ShfSin? Stb Cn ~hSjiS-y??

(J d  V  (j

Sne C  4 S, JS 'P  Sfa Cn? 4- A /iSm Sm e C i d~ & J Sin Sfc Cn? 4~(J ,'J u
r)’jS f/? S /rc  C i  4- S i i  S/n/p Sic C ( 4-S/JSnn>A tc C r 4~ S r J Ain? 

J  _ d  (J  ^
S t‘c f. m  4  6  me C4 4  S r i St/? cSic Cm  4  SrlSt/jSnir. Cc

a  V 1 ‘U
4 S  - l  S m . ?  S / o d  4  S S S s m n  A l o C  1 4 ~  S - 'A A / n A  7 c  C m  4 "  d  f ' i /7

d  ‘ o <;J U

A me CT- ~h A rf A kn Aic ?~im 4  A /■{A 4n Amo Cc 4~ d C  A mnS/b Ck
o j  d

~r A i /  SmnAjro C i 4- S /fS jn S lc  Cn? 4~ S (d fn  dn?c C7< 4  S  (

■Arn -) -c Cm  4  A i r  \kr? A me C r 4~ Aii-imn S-oCk 4  OifSmnbkc
d  d  . i

C : 4  Ail1 A in A -£ C m  4-Ajel Ai/rSme C- 4- S k i  A m  Air.-Cm 4  
■> ' ‘ J
A re d m <7 me C  ■ 4  A n i  Sm/p Ar- / C  c A /c i A/y?/?A-~o Ct 4  Aim

rj
An? Ado Ct 4- Aim SrpA ic rjk +. Ai'mSln Arc C i 4~ A>'m S JnAit
J   ̂ . g ^
C- 4  Aim Sin ArC Ck 4  Aim Ain Ale Cr 4  Sim  A in Sic Cc ~kSfn
d  :J f d d  d

S/i) Aided4r Sr/vSin  1), 6 Cl 4  d '/r?Sln A ic Ci ~d Sim A if7 6/c
d d d

2 6 3



Ck -t- SrO? S d  Skc /,( -ti Skn:ti/ti S tC- r  ( -f-dkn?S/n Stic C'-~k
d d d

ti kn? <S / / nS)0 Cc Skr>? Sj/1 d tc Cc -ti cJ'k/>'> S S  S 1C r,r  -h S'kn? J ti,
tiu O

t i:c hi -hd S/v ti/'n Src /,k -ti cS in? 6/hSh Cti -ti ti Si d '->? Stic 
< ’ d d 0 \
/Jk -y- Sln?ti j/lti/L  H i' -ti-Stn? tikn ti/cC(e. -f-c S tin? r.\ kn d fo Clj

a  ‘ d  V J

~t~/^l t f " rkkd))j dSCG Cj CkC (Cn? CnCc ~~ 364^S-ki7iCmCn

/7c - t  h i t  C /C m  Cr> Co -t- d kti C JCm )7rtf?c ~tiS/n? CkClS^Co
u a

~hSkrr> C J C ‘ C  n Co ~f~ Stim CpCUCnCc i- Sin Ck Cd Cm Cc "h
J  U d

tik/? C- C/ Cm Co S S  Cr Ck Cm Co ~t~ Smnrrr cu Ct Cc ciro 
1 j  <J <J ■ !

?,U Ci CmC/? -/- Skc Hr Hi Cm Cn  V-cP/i? CrCk Cm Cn -tiSmc
O Kj

CiCUCtCn -tiSncCickCcCm)'/-4 8  (SrkStimCnCo c S d■j <J / o  o
. J ’J / I __^  x_ rY>/rXL.̂ . ’- - f(QS in  C/r?/,c -h dd-k &/>?r?Cc Co +- S'j/Sk/>7/s/i Co tiSktiSpry? Cn Cc'/ u(J

o/n/7~t SStikn Cm Co +- S d  SmnCUCc ~ti hid S krt Cm Co -ti f i t -5
U  d  <J

C- Cc tiCn dies? d C c  ~f~ S'T’vdV/? CkCc "ti Skrr? SpH /1 iCtc tiSkrrij J d U
StinC-'Cc ~f~ Stir? Sry? /, /c /7c -h cTk/r> 8>ks) C  r CC ~/~ $ -k  dtic C/v Cfl~t

o  d u d
Sjk GnioCiCn -hSjddkc C-^Cn ~h hjkdnc Cr>iC( d-SjCS/vcCkC^

~h hr/Sno CkC/v-t dkiS tQCsnCr? -/-Ski! Sme C~/r/7 ~f~ dkl S/?c
d  (

Cr Cn? -hhCrr^kc Ci C'o h CUCr? ~tSrf>7 Sr>cC,kCi ~/Sk/r>
U

SpC Ci Cfl ^  ̂ ^ 8 tie / 1 ~Ce> ~h Sk/r? hoc CfCt ~f~ Stir? SrC > ,/< Id
J  d  d  O'

~h 6 tirdkc CtiC/7 -h Stiw Stic Cr'Ck ~h  ̂in dkc CC Cn? ~ /S  tin St
u o ec

Cti Ctim -titirn time e k e 7 -h S kn d  C ClC/V -/SknSlc C-'C/V -+-
 ̂ v.

Sknti.mo C -C (  ’ts? S c  CkC/r> til/) tike C 'C /d i~ tilnd/vcC-'
d  ' o' ' J  J

CK +l\ S ti  CUC,: C ti/vn Sr: Cr'Cl ~+- S/>v?S?C CrCk J —
rJ U

£ I S d  Stim Sno ~h S S  Stir? time f- tirk Srr?nti tic -f~ Sti-fdkr?

tine ~hti klti c/r, tine -h SSSUndn?? -h(Sf dimntikc -r S k i S-'r? '}n?c

264



T S b i r  S m o S  f o  '/~  A S y m C k o ' S i c  ~ k  S> / m S i n  A b e  -f~  S b m  £ m S / c

~f~~AbmCio A -o -/- cS to? SnAkc -/- -J 'im S in 'S -',) / -  /Ir(l-z))

0  1

304-C1 i C /  Cc Cm Co Cc — oSb  ' S/b f]V/7’/r? CnCc -b A-Scb 

tto? Cn Cc -/"Ale7 Ci/7m/7o Cl -t Sim Ci Co CkCc ~b Skm f7: C  i Co 

Cc /-  'J /"/'r? /T/ Co Cl Sfn Ck C?C/n Co "b Skn CtCi Cm Co /~ 

Sin Ci Ck /t/7?Cc -f- Smn r,<Cb Cc Cc -f~ SfO CJ<C( CmC/? & c  

11<C iC m C o  Sic Cc Cb CmCo Smo C7C7C/Cn -hSs>c},iCk 

C l Co?)  -C S ibS /m  CoCo ~k S c  Sbm C o Co / - S k i  S im

Co Co -h S k  A h  Cm Co -i~ S/hCmn ClCo -{S c S k o  CmCo ~t 

S i  Sion C kC o -h S k l Sin CmCc -/S k iS o ? n C iC c  ~h S o n  Sbn 

CtCc -+~ 8//?;&//.-> CkCc ~b Sk/mSf'r? C l  Cc~b S kn jS in C iC c ~b 

Sfo?Sin Ck Cc ~/~Sin? Sbo Cc'Cc~h Sib Sid Cm Co 7‘-S 'b  Sm cCl

Co -hAibSoo C l Cm ~/~ d>/&  C Cm C/7 ~f~ S  7Smc /CCn ~/~ J ’/Aoc  

Ck Cm /S b i S?C C/n C/7 '/ SUSmcCtCs? S o S k l  C iC /rob £/>>; 

SioCoCk /-  S sc S n c C k  C t-cS m iC c  Cc Cn -f~ Sko?SicC tCn  

7~ S Im  Sic Cc 'Co C  Sk m <S/ic>CcCt ~bSin?£idCkCn -/-Sim  

Sbe He 'Cn ■+- SZm Anc Cc C k  /• S/'/'tSko Cl Cm - / S o  S  ic CkCm -k 

SinSme Cl-Cl ■/* A koi/c Cl Cm ~r SkfiSloC Cm ~r Abo A me- Co 

C{ -/- S in  S b  CkCo? -kS'foSkc C< C m  -f~ S in  Sroo d C k  -tS m , 

lW CkC( ~i~ Sn?n eSke Ci 'Ci ~k Smn SCc Cc'Ck ^ — 8 ^ S ib  S im  

kne -r ' S i 7 k m  S c  -h -t~ Atb JinAmc -b S/JeAmo

A ic -/-A fiSb/7 Sme ~k At'(Son/? Ske ~h Sb i  Sin Sine iS 'b i  Jm n  

Sic-/- S7m Abo A ic SimS//? S ic  -kcj kmSkpA'/c -k S  bo; Sin

Sic /- S im  A in Sbo -h A S S b n A io   ̂^  — C7 j  3£kC CiilJ-Cl

2 6 5



/p>;Cs?Cc ~f~ d S 4  (l- 2^) / / /  Cp ?C//?7c CS / ?7j /7p ??7p

Cc ■+ Sj-'r C, 't?s»/7/i/7c ~t Sd>’ /7/C(Cn Cc -hdr'/>? r,( Cd farra y *

S/p? C/i,f J trf /7c S ip /.< '•"/T/yy/T. t S '/1 // < 7/d H/v He i~S/p //<• C~ 
U U c/ v/

C  d i n  >p?.. /?'y / i1" Cr/7/ C/t?Cp y  cfy /7-/T<yy y.V n ~f~

S/c C/'C r‘ C/?’C? S???c riiCr/7/Cp -tS>r?c C iC iC /C p ? ) — 4<i?c£>
(7 (7 d  d

[  /-71 ^S//P /7/? /Pc y -  S//? ///?? /7c ~t~ S/? '/? C(Co "i~ S/c Cs>?Cs? ~/~ 

Sp -'c C C o  -/S r? c C C n )  -h SB CnCc -b S jS //vC nC c~h

S / i  <§r/?/,/»/?c ~tS[S/>?/? Cr'Cc y  ScS?/)J'P?Cc d~S-ySp?p / 7<'/7cu  d  <J u
y  S / d S c  /7cCc ~h $//>■> S//?//fC cy  S //v  S/>? CtCc  y  Sf/v Si/-> J7t <J <J <J YJ

he /- S/p?S?h y  S/p?Sfs?CYCc-f-SfSro f7mf?n -hSitS/nc
d  V  d

/7jC? t  S iS n e  JIj /Tp? Y-Sj~iSb/7/??C? y ^/-/S C c  Ci 77n y  S fl See 

hiCjn  y  Sirr? d^c C/Cp y  S /n  Sic /y'v//? +■ Sjf>S/o CiC/?i~ S/>?S/?c

dj'Cc -t Sj'n?dro C/Cp  y  SjykSpc C- C( + StcS/oCj-Co i-SC?Spo

J7tCs? -hd/p?&tc C'Cp + S/cdfi C/Op?y S/Srb  /TpCn?yet;? dmc

/y7/V  ■/" Sj't S/C CtCp?~f~ Sj/)dtc C(Y/~n>y SppS/Pb C('C/ ~f~S/P S/C

C ' /7m / S o  d ie  J7('/7s>? -tS i'pSm cC //7f /S 'P p S/c HrCt -tS/>?p
(j d  d  d

Sjc /7i 0 /  y  d/r?s?di' /?('//-)  y  &( f -2  Pj cfy  (Sip? S/?c y-Si?Sp7c y

S/77,7 Sic J — s(S d S fP ? S ? C  y  cS-'/S/>? (Sp C c S d rS/f?Srr?C -y  "J! /
d

Smr? S q ~h d> ri Sy>6 t'r’c y* c[VSm/? S/'o y  M  -h S/c -hStu -r ■-'IU d T
>p?

d/pSrc  y  S r /p S i/lS ic  ~t Srp? S//7 S c  y  Sip? <S/h dr'c hSip? Srn
</ d r~ d U 0

S i c )  -  m J  3 9 4 0 /7tY7jr/7£S7,pC,?/?c - t  3 64(f-2j)$ tj-/X -/Z v

/7p/7c — '3S4 (SS/Tjr 'Crii/pdc y  Sj/c ni/?n?/?nOc -hS/P?Cy hk

/7p Cc y  S.rp? c/i?/cn Co y  Si/?? /7< 'CfCp Co y  S/s? c / c /  C/>?
'J d d

Cc y  <Srs? ' p  C/c Cp ? Cc y  S /  /7 /  / f /7r ' >p?Cc y  SS??/l Ct C, r Ck
J  a  d

Cc *h S 't  C rC lrC p?C /7 y  S re  C t'C k Cp ?C/) y  S i c  C /'C r hp?//s?
d  d d

266



H /i'/c -/-<Sm/? J >k 7o  -k '£ k /? 7 m 7 c  Skc7,sr? 7 n  ~7 Sm c / > k

0/7 f~ S n c  7 k 7 r » )  T  (^S ikSm  7 m  7 c  ~h &'/cS/r>,'> 7 7'00  ~C~

^ k & in  7 m T o  ~h cI’-OSrr>/7 /7c 7c 7  Sir>?£7 ? 7 k  7c T

7 r  77c ~h £/'kk)-r>? 7 /?7o  ~7 o flS /m  7 n  7c •/- S-'m  £/r> 7k7c -h 
rJ (J U 7/

<§f/r? Sk/i 77777c -f-£k/i?£//?  7 r 7 c  ^  &kr>? S/v? ? /i7 c T  S'/rC> x  
(J <7 <J J

77sr?f7r> -^ S /k S m c  7 ^ 7 /?  -k S ikS /ic  7^: 7 s>? - k £ jk £ /c  7 /» 7 o

77777/1 -h S fk & rc  7i/7r>? -bS/'/T? d rO 7k7 /?7~ £)//v£ k-,
d u O
i ' 777,o ~T S^rr?Sr?o 7 7 7 7  7  S^P°£/o 7k7r) T  S frr?S l c 7 t 7c?

c/  u v
7 § ~ n ?  Sr)C 7 i 7 k  v- Skn? S 'c  7 7 7 /?  7ucSks>?6rC 77i'7r> -7<Sbv

o  7  j

dnc 7 7 7 f  7  S /h i^ c  7Jk7r>? ~k cl//? rPkc ?y-/7>?/ -tS f'/?£r? i 7 ^  7 k

- h S r h S / t  777m  ~ kSv? 6ko 7 / 7 m  7^ cT-/7 clo?c 7 7 7 1 -7  S kn S 'o  
c/ ' O' C/

7r7/>? 7  C?k/> £ 7  7 /  7/*? ”0 £ k ^  £ '7?C f <17,- 7  Sm r) £ / 0 7,r 
d  C/ (7 <J

7 !c 7  <S / nr? S^rc 7 '  7 7  ~k £/??/? S ‘k c n 77j  )  + £ (7 2 7 )

S n c  k  £//?/? rJkc 7- <Sk/?<Sr.’c )  — $  fd /k S jr  >?cJ rrc ~ tS / k$mr?

SrC 'f-SrJr S /v/? £ d 7  S //n 3 -/? d k c  -h&im £ k /j
d  d  U '-J

<S70 &/■ d S n o  -f-& kS7rr> £rc 7  Afrr? £ ,'n  £ k c  7  cP-;
d  (J   ̂ d  o  . d r

£k.O  S 'i'c  7 £lcn?£f/? cSfo 7~ c$r/7?z.?f/?£/0
(J U

S/??c 7 1 H j7 k 7/? ~t~ S/?o r,r 77̂  7 C 7/>>^.— 7 l’( f5j"̂c/V̂77

-m

— f?r>?

0 S 7 O 7 i /TV 7 i  7 r? 7 7 7 io  ~7 oSk- [ { —7  y j £ jr  7 k 7 ( / / / ? 7 c

— & /k r ^ 7 ( 7 n 7 c  7  S j-k  7 /7 /7 /7 /?  7 c  ~t~ k ) '(  7 7 7 k

7 /> 7 c  k>''(r T7,r 7 k  7 /? 7 c  - /  S i  f 7 7 7 7 7 /? 7 c  7  £//? 7 r
v </ v/

/1 k' 7 /  7c  7  k>7/? /  <■ 7 /d  f (£7 c  7  ok/? 7 t  7C 7 7 7 c i~ £ 7 ?  /  < c d U
/ f ~ 7 k 7 c  7  ci/c  / i< ■ '7 7 f  / -n r0 7 i7 k  7 l 7 /? 7 S k o  1 u
•J d  ' 0
7 7 7/777? -k£>Cc / / 7 7 r 7 k 7 / ?  -/~£/?c 7 1 7 - 7 7 7 C)  — S 7d . , J U

(  / - 2 £  S / j ' ^ S k i7 n 7 ~  -kcsk/) 7 177c -hSds? 7 k 7 o  - f - £ k o 7 t

267



On V- S  7c Ok Or? y  Snc Ok Or )  h St), cfV On Oc

-f r\'/  Off Of?Op ■& S/l'cSd? Of he ~t Oil S//? Hr/7c d~Srk
°  d (I 0

S''-’ OfOo ~tSrlr S'n O/Oc -f- Sr'/S/'/'OkOo + cTYSknO 7
(J (J d

he ~f~ d  f t  S//7 hkOc  7t~Sf'/Sir? f (7 0 c -hSUS/f? r,-'01 -h
J o  (J

cSi/ S'/?Ol Oc -f- S'ISo O(tin -tS lS/c O-On -hS li
V  O i /

Snc O/Oc -h S fk S/c rjr;,?  +  Sri'Stc / i 7O'? ~t~ Sr k
(/ (/  d  d

Snc ft''*?! ~f~ S '/S /c  OlOn  y  S  - / S ic  f,} '0/7 ~h St7 Snc
(J du

f) cSr'o Ok h /7 ~t~ d f/lskc  O /O n ~t~ O/tSne / O Ok

~7 Sir f S/C
d ' ........  ~" <j  d

/c /s '///u ? •/- Ski S/c O'- '7/? -f-S ll One O/O - y  ~S/, 
0 0

//?

//kOf 'h cS/b fSlo Spj 'dt '/'Sr? S(C / r/Ok S'dS/O 01

/7c h  S/nS'C O' /'It Sr/?St'C O/Ck -t-Sk/?SfC O-Tt? y  dkn
(J d  u

Oje C7hi d- Sin See 0 /0^ H~0(/?Sic CjCk -tSd? S/c n lru  

-kStfiOkc f ld lj )  d~ 8 ( l "2 -?) S fj [  Sk/Sn c •fSkn :l 7c -h 

S/nS lo )  — ft ( S 'lS f'/S nc  y  S jl St/SnC y  S/'k^jrn

S/c -h Sik Sin $ re- ~k S fl S i? S/c y  S fl rj 7? So <S?/
•J 0 V 0

S/r/Skc -y  S-fSknS/'c f-Sl/SrnSke y  SWSk'S/c +(J V \J
S kiS oS fc Si/Sj'/7 S t )̂ /  — /?/?J  3S40 ft//V f  ic Of /?/>?

Cc ~h 3 S d ( S i  OkC( JT/y/Cc —  3&U ( S/k O ' O lfl/nC i

-t Sjk C S i /O'/'/7c y- Sr/ (?/>//fq ~7~Sri/if'/k/t///? 'tC'

Sk/Ot O'/ h/»Oc y  S/?? / t'Ok O//7c ~f~ S~n7 /,/ Ok O/Ot> ~0
J  c/

l)lr>7 /(tOrO/Oc So? 0 / 0  - Ok Oo y  So  Of ?;l O/ Otr? y\J U
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Note that the derivatives of the traction kernels can also be obtained by 

differentiating the following equation (obtained from eqns (3.22), (3.32) and (3.33)) 

and substituting the derivatives of the displacement kernels into it,

(E.16)

2 7 0



A P P E N D I X  F

Numerical Results of the Square Plate Problem

2 7 1



Table F.l : Square plate under uniform tension.
Displacements and stresses at node 1 (Fig. 3.3) from Taylor series
using direct expansion approach and eight quadratic elements.

Internal
point

No. o f  
term s

u V CTXX a x y a y y

E x a c t : 0. 0. 0. 0. 1.

(0.5, 0.5) 5 - 3.76x10-10 -3 .87x10-10 +7.70x10-10 +2.11x10-10 +1.00000
(0.25, 0.25) - 1.96x10-06 +2.72x10-05 - 5.99x10-05 - 2.27x10-05 +1.00000

(0.5, 0.5) 6 -3 .15x10-10 +2.87x10-10 +5.55x10-10 +1.06x10-10 +1.00000
(0.25, 0.25) - 2.55x10-06 -7 .39x10-06 - 3.72x10-05 - 3.29x10-05 +0.99999

(0.5, 0.5) 7 - 1.04x10-09 +2.91x10-10 +1.20x10-09 +1.82x10-10 +1.00000
(0.25, 0.25) - 5.67x10-05 - 1.18x10-04 - 5.37x10-04 - 1.23x10-04 +1.00013

(0.5, 0.5) 8 - 5.59x10-10 +1.26x10-09 +8.93x10-10 -7 .78x10-10 +1.00000
(0.25, 0.25) +3.68x10-03 - 9.53x10-04 +3.73x10-03 +1.48x10-03 +1.02648

(0.5, 0.5) 9 - 1.04x10-09 +1.02x10-09 +1.70x10-09 -5 .48x10-10 +1.00000
(0.25, 0.25) - 2.13x10-04 +7.59x10-04 +2.19x10-03 -2 .57x10-04 +0.99741

(0.5, 0.5) 10 - 1.06x10-09 +1.07x10-09 +1.66x10-09 -5 .12x10-10 +1.00000
(0.25, 0.25) - 2.27x10-04 +2.75x10-04 +7.01x10-04 - 6.66x10-05 +0.99943

(0.5, 0.5) 11 -3 .11x10-09 -2 .45x10-09 +8.64x10-09 +2.27x10-09 +1.00000
(0.25, 0.25) +3.15x10-03 -4 .25x10-03 - 1.17x10-03 +2.92x10-03 +1.00306
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Table F.l : Continued

Internal
po in t

No. o f  
term s

u V CTXX CTxy a y y

E x a c t: 0. 0. 0. 0. 1.

(0.5, 0.5) 12 - 1.53x10-09 -2 .22x10-09 +3.38x10-09 +1.38x10-09 +1.00000
(0.25, 0.25) +3.82x10-03 - 4 .92x10-03 - 6.99x10-05 +5.14x10-03 +1.00502

(0.5, 0.5) 13 -4 .50x10-10 - 1.97x10-09 +4.12x10-09 - 1.15x10-09 +1.00000
(0.25, 0.25) +2.14x10-03 -2 .06x10-03 - 6.07x10-03 +3.49x10-04 +1.00870

(0.5, 0.5) 14 +1.42x10-09 - 1.87x10-09 -2 .39x10-09 -2 .97x10-09 +1.00000
(0.25, 0.25) +2.71x10-03 -2 .66x10-03 - 1.16x10-02 +6.23x10-04 +1.01048

(0.5, 0.5) 15 +1.72x10-08 +4.71x10-09 - 1.19x10-07 - 1.12x10-07 +1.00000
(0.25, 0.25) - 1.02x10-01 - 1.04x10-01 - 1.21 - 2.02x10-01 +0.36978

(0.5, 0.5) 16 +3.06x10-08 - 2.95x10-08 - 1.02x10-07 - 1.31x10-07 +1.00000
(0.25, 0.25) +3.57x10-03 -4 .59x10-04 +3.18x10-02 - 4.78x10-03 +0.98042

(0.5, 0.5) 17 +1.92x10-07 +1.20x10-07 -7 .58x10-07 - 1.01x10-07 +1.00000
(0.25, 0.25) +1.25x10-02 +2.15x10-02 +2.69x10-01 +1.49x10-02 +1.16357

(0.5, 0.5) 18 +5.37x10-08 -5 .35x10-08 - 1.83x10-07 +1.78x10-09 +1.00000
(0.25, 0.25) - 6.89x10-03 - 1.32x10-02 - 8.96x10-02 - 1.34x10-03 +0.86916
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Table F.2 : Square plate under uniform tension.
Displacements and stresses at node 1 (Fig. 3.3) from Taylor series
using Neuber-Papkovich approach and eight quadratic elements.

Internal
point

No. o f 
terms

u V CTXX CTxy a y y

E x a c t : 0. 0. 0. 0. 1.

(0.5, 0.5) 5 -3 .15x10-10 +2.87x10-10 +5.55x10-10 +1.06x10-10 +1.00000
(0.25, 0.25) - 2.55x10-06 - 7 .39x10-06 - 3.72x10-05 -3 .29x10-05 +0.99999

(0.5, 0.5) 6 +4.48x10-11 +1.64x10-10 - 1.19x10-09 +3.92x10-10 +1.00000
(0.25, 0.25) -9 .20x10-06 +4.33x10-04 +2.33x10-03 - 1.23x10-03 +1.00115

(0.5, 0.5) 7 - 1.06x10-09 +1.07x10-09 +1.66x10-09 -5 .12x10-10 +1.00000
(0.25, 0.25) - 2.27x10-04 +2.75x10-04 +7.01x10-04 - 6.66x10-05 +0.99943

(0.5, 0.5) 8 +4.51x10-09 -5 .75x10-09 - 1.26x10-08 - 9.07x10-10 +1.00000
(0.25, 0.25) +6.11x10-04 - 3 .97x10-04 - 1.99x10-03 +2.78x10-05 +1.00271

(0.5, 0.5) 9 +1.42x10-09 - 1.87x10-09 -2 .39x10-09 -2 .97x10-09 +1.00000
(0.25, 0.25) +2.71x10-03 - 2.66x10-03 - 1.16x10-02 +6.23x10-04 +1.01048

(0.5, 0.5) 10 +7.11x10-08 - 2 .43x10-08 -2 .89x10-07 +2.34x10-07 +1.00000
(0.25, 0.25) - 2.23x10-03 - 9 .59x10-04 +5.37x10-02 +2.67x10-02 +0.96029

(0.5, 0.5) 11 +5.37x10-08 - 5.35x10-08 - 1.83x10-07 +1.78x10-09 +1.00000
(0.25, 0.25) - 6.89x10-03 - 1.32x10-02 -8 .96x10-02 - 1.34x10-03 +0.86916
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Table F.3 : Square plate under uniform tension.
Displacements and stresses at node 1 (Fig. 3.3) from Taylor series
using Airy's stress function approach and eight quadratic elements.

Internal
point

No. o f  
term s

u V CTXX c x y a y y

E x a c t : 0. 0. 0. 0. 1.

(0.5, 0.5) 5 +2.55x10-11 -2 .66x10-11 -2.65x10-11 -4 .00x10-15 +1.00000
(0.25, 0.25) - 1.37x10-06 +1.54x10-06 +2.34x10-06 - 5.96x10-07 +1.00000

(0.5, 0.5) 6 +2.48x10-10 -3 .65x10-11 - 4.49x10-10 -6 .51x10-12 +1.00000
(0.25, 0.25) +8.36x10-06 - 9 .75x10-07 -5 .45x10-05 +3.23x10-06 +1.00046

(0.5, 0.5) 7 -5 .73x10-11 +2.45x10-10 -5.39x10-11 +2.91x10-10 +1.00000
(0.25, 0.25) +1.09x10-05 - 3.41x10-06 - 5.97x10-05 - 5.05x10-08 +1.00053

(0.5, 0.5) 8 - 1.92x10-10 +2.40x10-10 +4.16x10-11 +1.58x10-10 +1.00000
(0.25, 0.25) - 6.30x10-06 - 1.73x10-06 +2.79x10-05 - 2.82x10-05 +0.99996

(0.5, 0.5) 9 - 4.76x10-10 +4.49x10-10 - 1.66x10-09 +1.07x10-10 +1.00000
(0.25, 0.25) +9.70x10-07 - 1.09x10-05 - 1.47x10-04 - 3.29x10-05 +1.00010

(0.5, 0.5) 10 - 1.58x10-09 +1.61x10-09 - 1.04x10-08 - 1.30x10-09 +1.00000
(0.25, 0.25) - 2.90x10-06 +3.34x10-05 +2.37x10-04 -6 .74x10-05 +0.99987

(0.5, 0.5) 11 - 6.16x10-10 +5.43x10-11 - 5.30x10-09 -2 .76x10-09 +1.00000
(0.25, 0.25) - 3.69x10-04 +3.68x10-04 +4.33x10-03 -4 .56x10-04 +0.99664

(0.5, 0.5) 12 +6.78x10-11 -3 .36x10-11 -9 .31x10-09 -9 .87x10-10 +1.00000
(0.25, 0.25) - 8.31x10-03 +5.76x10-03 +7.00x10-02 +2.03x10-03 +0.92082

(0.5, 0.5) 13 -6 .69x10-10 +6.82x10-10 +1.91x10-08 -5 .12x10-10 +1.00000
(0.25, 0.25) - 1.42x10-04 +1.90x10-04 +1.23x10-03 - 6.66x10-05 +0.99891
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Table F.3 : Continued

Internal
point

No. of 
terms

u V CTXX a x  y a y y

E xact: 0. 0. 0. 0. 1.

(0.5, 0.5) 14 - 1.74x10-09 +1.12x10-09 +8.80x10-08 - 1.20x10-08 +1.00000
(0.25, 0.25) +1.54x10-04 - 1.40x10-03 - 5.73x10-03 - 3.06x10-03 +1.00505

(0.5, 0.5) 15 - 1.69x10-10 -5.51x10-10 +1.99x10-09 +2.66x10-10 +1.00000
(0.25, 0.25) +4.52x10-04 - 2.24x10-03 - 1.82x10-02 -2.09x10-03 +1.01361

(0.5, 0.5) 16 +4.10x10-11 -2.22x10-10 - 7.58x10-09 +1.79x10-09 +1.00000
(0.25, 0.25) +1.81x10-03 - 1.90x10-03 -2.92x10-02 +8.36x10-05 +1.02844

(0.5, 0.5) 17 -4.61x10-10 +1.25x10-11 -9.39x10-09 -2.97x10-09 +1.00000
(0.25, 0.25) +2.00x10-03 - 1.94x10-03 -2.94x10-02 +6.23x10-04 +1.02826

(0.5, 0.5) 18 +1.20x10-08 -2.73x10-08 - 1.71x10-07 -9.50x10-08 +1.00000
(0.25, 0.25) +4.15x10-03 - 1.67x10-03 +1.17x10-02 - 3.65x10-03 +1.00503

(0.5, 0.5) 19 +1.37x10-08 - 2.77x10-08 - 1.43x10-07 - 1.05x10-07 +1.00000
(0.25, 0.25) +6.50x10-03 +1.23x10-02 +1.84x10-01 +1.03x10-02 +1.03489

(0.5, 0.5) 20 +1.41x10-08 - 3.03x10-08 - 9.74x10-08 - 8.65x10-08 +1.00000
(0.25, 0.25) +1.02x10-01 +9.26x10-02 +1.55 +2.16x10-01 +1.95062

(0.5, 0.5) 21 +2.98x10-08 - 2.96x10-08 - 1.86x10-07 +1.78x10-09 +1.00000
(0.25, 0.25) -7.16x10-03 - 1.29x10-02 - 9.69x10-02 - 1.34x10-03 +0.87649
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Table F.4 : Square plate under uniform tension.
Displacements and stresses at node 1 (Fig. 3.3) from Fourier series (2.73)

using Neuber-Papkovich approach and eight quadratic elements.

Internal
point

N o. o f 
term s

u V a x x CTxy a y y

E x a c t : 0. 0. 0. 0. 1.

(0.5, 0.5) 7 - 0.01449 +0.01410 +0.03329 +0.00184 +0.96420
(0.25, 0.25) +0.00129 - 0 .00149 - 0.00820 - 0.00182 +1.01176

(0.5, 0.5) 9 - 0.00791 +0.00631 +0.00301 - 0.00639 +0.98073
(0.25, 0.25) +0.00274 - 0.00243 - 0.00146 +0.00033 +1.01617

(0.5, 0.5) 11 - 0.00027 +0.00016 +0.00205 - 0.00167 +1.00390
(0.25, 0.25) - 0.00731 - 0 .01412 - 0.10142 - 0.00245 +0.85824

Table F.5 : Square plate under uniform tension. 
Displacements and stresses at node 1 (Fig. 3.3) from Fourier series (2.73) 

using Neuber-Papkovich approach and refined mesh in the region of interest.

Internal
point

No. o f 
term s

u V a x x a x y a y y

E x a c t : 0. 0. 0. 0. 1.

(0.1, 0.1) 7 - 0.00195 +0.00023 - 0.05056 - 0.00262 + 1.07776
(0.05, 0.05) - 0.00023 +0.00010 - 0.08556 - 0.00087 +1.12406

(0.1, 0.1) 9 +0.00004 -0 .0 0 0 0 5 - 0.00073 +0.00024 +1.00904
(0.05, 0.05) -0 .00001 -0 .0 0 0 0 1 - 0.00081 - 0.00083 +0.99581

(0.1, 0.1) 11 +0.00000 -0 .0 0 0 0 0 - 0.00020 +0.00022 +0.99809
(0.05, 0.05) -0 .0 0 0 0 0 -0 .0 0 0 0 0 -0 .00041 +0.00062 +0.99641
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A P P E N D I X  G

Numerical Results of the Cantilever Beam Problem

278



Table G.l : Cantilever beam loaded at the end with shearing stress.
Displacements and stresses at node 1 (Fig. 3.4) from Taylor series
using direct expansion approach and twenty quadratic elements.

Internal
point

No. o f 
term s

u V GXX axy a y y

Analytic : 0. - 1.4625 - 12. 0. 0.

(4., 0.) 7 +10. - 3 .7 +12. +0.322 + 0.007
(2., 0.) +0.205 +1.346 +15. +0.163 - 0 .020

(4., 0.) 8 +10. - 1.882 - 10.550 - 0.285 - 2 .5
(2., 0.) +1 . -0 .1 0 6 - 4.4 -0 .3 4 4 - 0 .679

(4., 0.) 9 + 1 .6 - 0 .914 - 7.804 - 0.451 - 0 .022
(2., 0.) +0.785 - 0 .954 - 9.792 - 0.473 - 0 .036

(4., 0.) 10 +0.004 -1 .2 0 0 -1 1 .9 8 2 -0 .0 0 1 +0.001
(2., 0.) + 0 .150 - 1.045 -1 0 .1 1 5 +0.013 +0.001

(4., 0.) 11 +0.017 -1 .1 8 6 - 11.945 -0 .0 0 1 +0 .002
(2., 0.) + 0 .186 -1 .2 7 0 - 12.174 +0.009 +0.004

(4., 0.) 12 + 0.090 -1 .2 0 8 - 12.046 -0 .0 0 1 - 0.015
(2., 0.) - 6 . +9. +94. +0.645 + 1 .

(4., 0.) 13 +0.379 -1 .1 4 5 - 11.892 +0.032 -0 .1 6 4
(2., 0.) - 0.461 +0.05 +  2. - 0.024 +0.385

(4., 0.) 14 +0.049 - 1.213 - 12.050 +0.000 +0.001
(2., 0.) +2 . - 7 . -6 8 . +0.086 +0.176

(4., 0.) 15 +0.057 - 1.205 - 12.078 -0 .0 0 1 +0.004
(2., 0.) + 0 .570 - 1.968 - 18.436 +0.039 +0.019

(4., 0.) 16 + 0.130 - 1.207 - 12.011 +0.001 - 0.017
(2., 0.) - 0.073 -0 .0 0 5 - 0.4 +0.028 -0 .001

(4., 0.) 17 +0.097 - 1.213 - 11.975 +0.001 +0.002
(2., 0.) - 0.073 +0.1 +  0.4 +0.013 -0 .0 4 0

(4., 0.) 18 + 0.092 - 1.215 - 11.983 +0.004 +0.003
(2., 0.) -0 .0 4 4 + 0 .09 +  0.1 -0 .0 0 3 -0 .0 4 9
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Table G.2 : Cantilever beam loaded at the end with shearing stress.
Displacements and stresses at node 1 (Fig. 3.4) from Taylor series
using Neuber-Papkovich approach and twenty quadratic elements.

Internal
point

No. o f 
term s

u V CTXX a x y a y y

Analytic : 0. - 1.4625 - 12. 0. 0.

(4., 0.) 5 +16. - 3 .9 +14. +0.347 -0 .0 0 9
(2., 0.) +0.190 + 1.315 +14. +0.158 - 0.019

(4., 0.) 6 -6 5 . - 8 . -2 0 .3 -0 .5 6 4 + 5 .
(2., 0.) -0 .0 9 2 +1. +10. +0.156 -0 .1 5 8

(4., 0.) 7 +0.004 - 1.200 - 11.982 -0 .0 0 1 +0.001
(2., 0.) +0.150 - 1.045 -1 0 .1 1 5 +0.013 +0.001

(4., 0.) 8 -0 .0 9 1 - 1.275 - 12.167 +0.004 -0 .0 0 4
(2., 0.) +0.044 - 0 .268 - 3.025 +0.024 - 0.013

(4., 0.) 9 +0.049 - 1.213 - 12.050 +0.000 +0.001
(2., 0.) +2. - 7 . -6 8 . +0.086 +0.176

(4., 0.) 10 +1.030 - 0 .698 -1 3 .3 2 0 - 0.074 +0.094
(2., 0.) - 0.023 - 0 .976 - 2.229 +0.024 - 0.029

(4., 0.) 11 +0.092 -1 .2 1 5 -1 1 .9 8 3 +0.004 +0.003
(2., 0.) -0 .0 4 4 + 0 .09 + 0.1 -0 .0 0 3 -0 .0 4 9
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Table G.3 : Cantilever beam loaded at the end with shearing stress.
Displacements and stresses at node 1 (Fig. 3.4) from Taylor series

using Airy's stress function approach and twenty quadratic elements.

Internal
point

No. o f 
term s

u V a x x c x y a y y

Analytic : 0. - 1.4625 - 12. 0. 0.

(4., 0.) 5 - 0.083 - 8 . -0 .0 0 0 +0.064 -0 .0 0 0
(2., 0.) - 0.036 - 1.549 -0 .0 0 0 +0.027 -0 .0 0 0

(4., 0.) 6 - 0.083 - 8 . -0 .0 0 0 +0.064 -0 .0 0 0
(2., 0.) - 0.036 -1 .5 4 9 +0.000 +0.027 +0.000

(4., 0.) 7 - 2 . -4 9 . -0 .0 0 0 +2. - 0.273
(2., 0.) - 0.453 - 7. +0.000 +0.348 - 0.073

(4., 0.) 8 - 2 . -4 9 . -0 .0 0 0 +2. - 0.273
(2., 0.) - 0.453 - 7 . +0.000 +0.348 - 0.073

(4., 0.) 9 - 0.020 - 2 .279 +5. +0.015 +0.014
(2., 0.) -0 .0 6 0 +0.580 +7. +0.047 -0 .0 0 1

(4., 0.) 10 - 0 .020 - 2 .279 +5. +0.015 +0.014
(2., 0.) -0 .0 6 0 + 0.580 +7. +0.047 -0 .0 0 1

(4., 0.) 11 - 1.036 -5 .7 +11. +0.823 - 0.375
(2., 0.) - 0.140 +0.9 +8. +0.117 - 0.089

(4., 0.) 12 +1. - 1.505 - 14.523 +0.130 - 0.055
(2., 0.) +0.341 +2. +9. +0.590 -0 .4 4 4

(4., 0.) 13 +1. -1 .5 0 5 -1 4 .5 2 3 +0.130 - 0.055
(2., 0.) +0.341 +2. +9. +0.590 -0 .4 4 4
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Table G.3 : Continued.

Internal
point

No. o f 
term s

u V o x x a x y a y y

A nalytic : 0. - 1.4625 - 12. 0. 0.

(4., 0.) 14 +1. - 1.505 -1 4 .5 2 3 +0.130 - 0.055
(2., 0.) +0.341 +2. +9. +0.590 -0 .4 4 4

(4., 0.) 15 +1. - 2.271 - 17.662 +0.258 -0 .1 3 0
(2., 0.) - 1.326 + 0 .256 +4. -0 .0 6 9 +0.053

(4., 0.) 16 +1. -2 .2 7 1 -1 7 .6 6 2 +0.258 -0 .1 3 0
(2., 0.) - 1.326 +0 .256 +4. -0 .0 6 9 +0.053

(4., 0.) 17 +1. - 1.436 - 14.504 +0.153 - 0 .074
(2., 0.) +0.468 - 1.445 - 11.430 - 0.083 +0.131

(4., 0.) 18 +1. - 1.436 - 14.504 +0.153 - 0 .074
(2., 0.) +0.468 - 1.445 - 11.430 - 0.083 +0.131

(4., 0.) 19 +0.371 - 10. -2 3 . +3. - 2 .
(2., 0.) - 0.176 +0.393 +5. - 0.055 +0.032

(4., 0.) 20 +2. - 1.699 -3 3 . +0.317 - 0 .426
(2., 0.) -0 .0 4 9 +0.3 +13. -0 .0 0 9 - 0 .852

(4., 0.) 21 +2. -1 .6 9 9 -3 3 . +0.317 - 0 .426
(2., 0.) -0 .0 4 9 +0.3 +13. -0 .0 0 9 - 0 .852
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A P P E N D I X  H

Numerical Results of the Stress Concentration Problem
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Table H.l : Plate with a hole in the middle subject to uniform stresses at the ends.
Displacements and stresses at node 1 (Fig. 3.5) from Taylor series 

using direct expansion approach and fine boundary elements in the region of interest, 
and remote field solution outside the local area.

Internal No. o f 
po in t term s

u V e x x a x y a y y

Analytic : - 0.05 0. 0. 0. +3.008

(0.060, 0.010) - 0.054 +0 .006 +0.203 - 0.363 +2.795
(0.057, 0.007) - 0.053 +0.004 +0.100 - 0.275 +2.951
(0.055, 0.005) - 0.051 +0.001 +0.023 - 0.162 +3.094
(0 .0 5 4 ,0 .0 0 4 ) 7 - 0.052 + 0.002 +0.047 - 0.150 + 3.252
(0.053, 0.003) - 0.051 +0 .002 +0.041 - 0.128 +3.235
(0.0525, 0.0025) - 0.050 +0 .000 +0.002 -0 .0 6 2 +3.064

(0.060, 0.010) -0 .0 4 0 -0 .0 1 1 - 0.020 -  0.135 + 2.316
(0.057, 0.007) -0 .0 4 4 -0 .0 0 6 - 0.024 -  0.071 +2.605
(0.055, 0.005) -0 .0 4 8 -0 .0 0 2 -  0.020 -0 .041 + 2 .832
(0 .0 5 4 ,0 .0 0 4 ) 8 -0 .0 4 8 -0 .0 0 2 -0 .0 0 5 -  0.018 +2.818
(0.053, 0.003) -0 .0 4 9 -0 .0 0 1 -0 .0 0 3 -  0.010 +2.904
(0.0525, 0.0025) -  0.050 -0 .0 0 1 -0 .0 0 5 -  0.010 +2 .957

(0.060, 0.010) - 0.021 -  0.024 -  0.537 -  0.475 +0.869
(0.057, 0.007) -0 .1 1 1 +0.048 +1.764 +0.718 + 9 .550
(0.055, 0.005) -0 .0 4 1 -0 .0 0 7 - 0.334 - 0.185 +1.839
(0 .0 5 4 ,0 .0 0 4 ) 9 - 0.052 + 0.014 +0.101 +0.021 +3.424
(0.053, 0.003) - 0.051 +0.001 +0.077 +0.015 + 3.340
(0.0525, 0.0025) - 0.053 +0.003 +0.265 +0.097 + 4.052

(0.060, 0.010) -0 .0 4 6 -0 .0 0 4 -0 .0 4 3 - 0.182 + 2.742
(0.057, 0.007) - 0.050 -0 .0 0 0 - 0.014 - 0.074 +2.974
(0.055, 0.005) - 0.050 + 0 .000 -0 .0 0 5 - 0.028 +3.016
(0 .0 5 4 ,0 .0 0 4 ) 10 - 0.050 + 0 .000 +0.001 - 0.014 +3.029
(0.053, 0.003) - 0.050 + 0 .000 +0.000 -0 .0 0 8 +3.022
(0.0525, 0.0025) - 0.050 + 0 .000 -0 .0 0 1 -0 .0 0 5 +3.013
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Table H.l : Continued.

Internal No. o f 
po in t term s

u V a x x a x y a y y

Analytic : - 0.05 0. 0. 0. +3.008

(0.060, 0.010) -0 .0 4 5 -0 .0 0 5 - 0.071 - 0.143 +2 .622
(0.057, 0.007) -0 .0 4 8 -0 .0 0 2 - 0.050 -0 .0 6 1 +2.838
(0.055, 0.005) - 0.050 -0 .0 0 0 - 0.022 - 0.023 + 2 .946
(0 .0 5 4 ,0 .0 0 4 ) 11 - 0.050 -0 .0 0 0 - 0.026 - 0.014 +2.933
(0.053, 0.003) - 0.050 -0 .0 0 0 - 0.015 -0 .0 0 8 +2.969
(0.0525, 0.0025) - 0.050 -0 .0 0 0 -0 .0 1 1 -0 .0 0 6 +2.987

(0.060, 0.010) - 0.051 +0 .002 -0 .0 4 6 -0 .1 1 9 +3 .142
(0.057, 0.007) -0 .0 5 1 +0.001 - 0.028 -0 .0 6 1 +3 .132
(0.055, 0.005) - 0.050 + 0 .000 - 0.014 - 0.022 +3.063
(0 .0 5 4 ,0 .0 0 4 ) 12 - 0.050 + 0 .000 -0 .011 - 0.016 +3.047
(0.053, 0.003) - 0.050 + 0 .000 -0 .0 0 6 -0 .0 0 8 +3.031
(0.0525, 0.0025) - 0.050 +0 .000 -0 .0 0 5 -0 .0 0 5 +3.015

(0.060, 0.010) - 0.051 + 0 .002 - 0.017 - 0.082 +3.067
(0.057, 0.007) - 0.051 +0.001 - 0.015 - 0.037 +3.113
(0.055, 0.005) - 0.050 + 0 .000 -0 .0 1 1 - 0.010 +3.027
(0 .0 5 4 ,0 .0 0 4 ) 13 - 0.051 +0 .000 -0 .0 0 3 -0 .0 0 9 +3.194
(0.053, 0.003) - 0.050 +0 .000 -0 .0 0 6 -0 .0 0 5 +3.066
(0.0525, 0.0025) - 0.050 +0 .000 -0 .0 0 4 -0 .0 0 2 +3.015

(0.060, 0.010) -0 .0 4 9 -0 .0 0 2 - 0.070 -0 .0 4 6 +2.988
(0.057, 0.007) - 0.050 -0 .0 0 0 - 0.029 - 0.018 +2.995
(0.055, 0.005) - 0.050 -0 .0 0 0 - 0.016 -0 .0 0 7 +2.996
(0 .0 5 4 ,0 .0 0 4 ) 14 - 0.050 -0 .0 0 0 -0 .0 0 8 -0 .0 0 4 +2.996
(0.053, 0.003) - 0.050 -0 .0 0 0 -0 .0 0 4 -0 .0 0 2 +2.998
(0.0525, 0.0025) - 0.050 -0 .0 0 0 -0 .0 0 4 -0 .0 0 1 +2.998
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Table H.l : Continued.

Internal No. o f 
point term s

u V CTXX CTxy a y y

Analytic : -0 .0 5 0. 0. 0. + 3 .008

(0.060, 0.010) - 0.052 +0.003 +0.066 -0 .0 9 9 +3.461
(0.057, 0.007) - 0.050 +0.001 +0.011 - 0.023 +3 .142
(0.055, 0.005) - 0.050 +0 .000 -0 .0 0 0 -0 .0 0 6 +3.034
(0 .0 5 4 ,0 .0 0 4 ) 15 - 0.050 + 0.000 -0 .0 0 3 -0 .0 0 3 +3.027
(0.053, 0.003) - 0.050 +0 .000 -0 .0 0 3 -0 .0 0 1 +3 .020
(0.0525, 0.0025) - 0.050 + 0.000 -0 .0 0 4 -0 .0 0 1 + 2 .996

(0.060, 0.010) -0 .0 4 9 -0 .0 0 0 - 0.029 -0 .0 4 1 +3.027
(0.057, 0.007) - 0.050 -0 .0 0 0 - 0.016 -0 .0 0 8 +2.994
(0.055, 0.005) - 0.050 -0 .0 0 0 - 0 .010 -0 .0 0 3 +2.995
(0 .0 5 4 ,0 .0 0 4 ) 16 - 0.050 -0 .0 0 0 -0 .0 0 7 -0 .0 0 0 +2.981
(0.053, 0.003) - 0.050 -0 .0 0 0 -0 .0 0 4 -0 .0 0 0 + 2.992
(0.0525, 0.0025) - 0.050 -0 .0 0 0 -0 .0 0 4 -0 .0 0 1 +2.995

(0.060, 0.010) - 0.054 +0.007 - 0.032 -0 .1 1 3 +3.673
(0.057, 0.007) - 0.050 +0 .000 -0 .0 0 9 -0 .0 0 7 +3.046
(0.055, 0.005) - 0.050 -0 .0 0 0 -0 .0 0 5 -0 .0 0 1 +2.996
(0 .0 5 4 ,0 .0 0 4 ) 17 - 0.050 + 0 .000 +0.004 -0 .0 0 1 +3.046
(0.053, 0.003) - 0.050 + 0 .000 +0.001 -0 .0 0 4 +3.040
(0.0525, 0.0025) - 0.050 -0 .0 0 0 -0 .0 0 4 -0 .0 0 1 +2.992

(0.060, 0.010) - 0.052 + 0 .002 +0.039 -0 .0 0 6 +3.245
(0.057, 0.007) - 0.050 + 0 .000 +0.009 +0.002 +3.058
(0.055, 0.005) - 0.050 + 0 .000 -0 .0 0 1 -0 .0 0 0 +3.009
(0 .0 5 4 ,0 .0 0 4 ) 18 - 0.050 + 0 .000 +0.002 -0 .0 0 1 +3.010
(0.053, 0.003) - 0.050 + 0 .000 -0 .0 0 3 -0 .0 0 1 +2.998
(0.0525, 0.0025) - 0.050 + 0 .000 -0 .0 0 4 -0 .001 +2.998
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Table H.2 : Plate with a hole in the middle subject to uniform stresses at the ends. 
Displacements and stresses at node 1 (Fig. 3.5) from Taylor series 

using Neuber-Papkovich approach and fine boundary elements in the region of interest,
and remote field solution outside the local area.

Internal No. o f 
point term s

u V CTXX a x y a y y

Analytic : -0 .0 5 0. 0. 0. +3.008

(0.060, 0.010) -0 .0 4 6 -0 .0 0 4 -0 .0 4 3 - 0.182 +2.742
(0.057, 0.007) - 0.050 -0 .0 0 0 - 0.014 - 0.074 +2.974
(0.055, 0.005) - 0.050 + 0 .000 -0 .0 0 5 - 0.028 +3.016
(0 .0 5 4 ,0 .0 0 4 ) 7 - 0.050 +0 .000 +0.001 - 0.014 +3.029
(0.053, 0.003) - 0.050 + 0 .000 +0.000 -0 .0 0 8 + 3.022
(0.0525, 0.0025) - 0.050 +0 .000 -0 .0 0 1 -0 .0 0 5 +3.013

(0.060, 0.010) -0 .0 4 9 -0 .0 0 2 - 0.070 -0 .0 4 6 +2.988
(0.057, 0.007) - 0.050 -0 .0 0 0 - 0.029 -0 .0 1 8 +2.995
(0.055, 0.005) - 0.050 -0 .0 0 0 - 0.016 -0 .0 0 7 +2.996
(0 .0 5 4 ,0 .0 0 4 ) 9 - 0.050 -0 .0 0 0 -0 .0 0 8 -0 .0 0 4 +2.996
(0.053, 0.003) - 0.050 -0 .0 0 0 -0 .0 0 4 -0 .0 0 2 +2.998
(0.0525, 0.0025) - 0.050 -0 .0 0 0 -0 .0 0 4 -0 .0 0 1 +2.998

(0.060, 0.010) - 0.052 + 0.002 +0.039 -0 .0 0 6 +3.245
(0.057, 0.007) - 0.050 +0 .000 +0.009 +0.002 +3.058
(0.055, 0.005) - 0.050 + 0 .000 -0 .0 0 1 -0 .0 0 0 +3.009
(0 .0 5 4 ,0 .0 0 4 ) 11 - 0.050 +0 .000 +0.002 -0 .0 0 1 + 3.010
(0.053, 0.003) - 0.050 + 0 .000 -0 .0 0 3 -0 .0 0 1 +2.998
(0.0525, 0.0025) - 0.050 + 0 .000 -0 .0 0 4 -0 .0 0 1 +2.998
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Table H.3 : Plate with a hole in the middle subject to uniform stresses at the ends. 
Displacements and stresses at node 1 (Fig. 3.5) from Taylor series 

using Airy's stress function approach and fine boundary elements in the region of interest
and remote field solution outside the local area.

Internal No. o f 
point term s

u V a x x a x y a y y

Analytic : -0 .0 5 0. 0. 0. +3.008

(0.060, 0.010) - 0.035 + 0.076 +0.534 +0.163 +2 .796
(0.057, 0.007) -0 .0 4 1 + 0.009 +0.111 - 0.056 +2.834
(0.055, 0.005) - 0.050 +0.001 +0.049 -0 .1 4 1 +2.979
(0 .0 5 4 ,0 .0 0 4 ) 9 - 0.038 -0 .0 0 5 - 0.498 - 0.305 +3.071
(0.053, 0.003) -0 .0 4 0 -0 .0 0 4 - 0.505 - 0.338 +3.329
(0.0525, 0.0025) - 0.050 +0.001 +0.013 - 0.050 +3.059

(0.060, 0.010) -0 .0 4 7 +0.043 +0.323 +0.027 +2.983
(0.057, 0.007) -0 .0 4 2 + 0 .016 +0.236 -0 .0 0 5 + 2.980
(0.055, 0.005) - 0.050 -0 .0 0 1 +0.024 - 0.033 +2.858
(0 .0 5 4 ,0 .0 0 4 ) 13 - 0.038 -0 .0 0 6 - 0.488 - 0.239 +2.966
(0.053, 0.003) -0 .0 4 1 -0 .0 0 5 - 0.491 - 0.243 +3.153
(0.0525, 0.0025) - 0 .050 -0 .0 0 0 +0.005 -0 .0 0 6 +2.997

(0.060, 0.010) - 0.050 + 0.014 +0.049 - 0.141 +2.989
(0.057, 0.007) -0 .0 4 8 +0.001 +0.130 -0 .0 4 4 +2.954
(0.055, 0.005) - 0.050 -0 .0 0 7 - 0.101 +0.095 +2.755
(0 .0 5 4 ,0 .0 0 4 ) 17 - 0.050 -0 .0 1 1 - 0.433 +0.466 +2.567
(0.053, 0.003) -0 .0 4 8 -0 .0 0 7 - 0.519 +0.414 +2.928
(0 .0525 ,0 .0025 ) - 0.050 +0.001 +0.049 - 0.141 +2.979

(0.060, 0.010) - 0.051 + 0.099 +0.108 - 0.023 +3.564
(0.057, 0.007) -0 .0 4 9 + 0 .076 +0.152 - 0.033 +3.143
(0.055, 0.005) - 0.050 -0 .0 0 7 -0 .0 9 1 +0.100 +3.056
(0 .0 5 4 ,0 .0 0 4 ) 21 - 0.050 - 0 .014 - 0.023 +0.342 +2.984
(0.053, 0.003) -0 .0 4 8 -0 .0 0 6 - 0.325 +0.123 +2.937
(0.0525, 0.0025) - 0.050 + 0.007 +0.075 - 0.329 +2.994
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