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ABSTRACT

In this thesis, is presented a novel development of the current boundary integral
equation method of two dimensional potential and elasticity theory governed by
harmonic and biharmonic equations, respectively. This new technique is based on either
Taylor or Fourier series expansions of the direct '‘Boundary Integral Equations (BIEs)'.
Zero-order integral equations (conventional BIEs) are repeatedly differentiated up to
some order (hence, their names are higher-order BIEs) with respect to the position of a
suitably located point within the solution domain. The main objective of this work is to
devise a solution method which provides detailed information in a local area of
particular interest (such as where stress concentrations and cracks occur) without the
need to evaluate the solution over the rest of the domain. Consequently, the method is
very economic in the use of computing resources, especially if three-dimensional
problems are amenable to this new technique. The method is particularly useful in
providing an efficient way of refining already existing approximate solutions obtained

by other means.

Throughout, the solution domain is assumed to be isotropic and homogeneous
and free of body forces (such as weight, charge, etc.). In the case of elastostatic
problems, applied forces are such that they introduce small strains (i.e., they do not
invalidate the small strain assumption of classical elastic theory) under the condition of
either the plane strain or plane stress. Integrals are accurately evaluated by using
Gaussian quadrature formulae. Elements with either quadratic or cubic variation of
geometry are employed to interpolate Cartesian-global coordinates of those elements at
the Gauss points. A computer program called 'LBIE2PE' has been developed capable
of treating both harmonic and biharmonic problems. Numerical results from some test
cases are provided to show the applicability of 'Local Boundary Integral Equation

(LBIE)' technique to potential and stress problems.



Wherever necessary, classical theories are concisely explained and, for
compactness, tensor notation is used with implied summation on repeated indices, and

partial derivatives being denoted by comma-index notation.
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CHAPTER 1



1. INTRODUCTION

A central position in mathematical physics is occupied by a class of problems
known as ‘Boundary Valuc Problems (BVP)', which are the mathematical models of
many important practical problems in science and engineering. A differential equation
(generally partial differential equation, if there are more than one independent variable
due to multidimensionality, friction, air resistance, etc.) models the physics of the
problem in the domain, R. To find a solution to this given differential equation is not so
difficult (in fact, there can be found an infinity of solutions to the equations), but the
major difficulty is to find that solution which fits the prescribed boundary values®”
(certain constraints or conditions on the boundary, S). Analytical solutions to BVPs
may be possible to derive if the region, R, has a homogeneous structure, a simple
geometry and relatively straightforward boundary conditions (i.e., not difficult to
describe by simple mathematical functions), and if the governing differential equation is
linear®, Otherwise, an approximate solution must be found. Usually, most of the 'real-
world' problems cannot be solved by analytical methods, in which exact mathematical
expressions of the functions are obtained in terms of independent variables.
Approximate solutions have only become feasible with the advent of high-speed digital
computers, and subsequently numerical analysis methods have been developed to be
more accurate and versatile. Here, it is impossible to give a systematic development of
the entire subject within the scope of this thesis, we shall therefore confine ourselves to
the discussion of a newly-developed local BIE numerical analysis method for solving

the BVPs of two-dimensional potential and elasticity theory. Nevertheless, a short

background is given below for comparison purposes.
Numerical methods for solving BVPs can be classified by two major groups;

i) domain type,

ii) boundary type.



In the former, approximations are made throughout the region, R, whereas the latter
implies that the approximations are made only on the boundary, S. Thus, it is evident
that the second class, namely, boundary integral techniques, have the important
advantage over the domain type numerical methods, such as finite element or finite
difference ones, that the discretisation of the domain, except the boundary, is not
necessary for the solution, which means the reduction of the dimensionality of the
problem by one. The mesh design and data preparation become much easier processes,
in contrast to domain type methods where the mesh design and data preparation can be
very tedious and expensive. The user of the program does not have to take into
consideration how well the mesh approximates the governing differential equation since
there is no need for the equation to be approximated in the interior because each of the
fundamental (singular) solutions satisfies it exactly in R, neither does he have to
consider mesh spacing inside the domain. He need only know if the mesh is detailed
enough along the boundary. Therefore, the user convenience is outstanding. Again,
since no approximation is made in R, but only on the boundary, the accuracy of the
results is potentially enhanced. Also, an outstanding computational advantage of BIE
methods, as frequently claimed, is that they lead to much smaller numbers of
simultaneous linear equations than those in domain methods for the same problem with
the same accuracy(l5). Therefore, the computer storage requirements and program
execution times, and hence the cost involved, are reduced. However, the coefficient
matrix associated with the set of linear algebraic equations formed from the integral
equations is not sparse and symmetric due to the fact that each singularity (fundamental
solution) plays a role in every equation(g). Generally, to overcome this, a banded matrix
is obtained by dividing the problem domain under consideration into subregions, for
each of which an integral equation is established®?. Although this may be an additional
benefit, that different material properties can be allowed at each subregion, another
problem arises that some integration over the subregions inside the domain must now be
carried out. This means the loss of one of the advantages of the BIE methods. This is
marked especially in that when the BIE methods are applied to non-linear problems in

which the differential equations are no longer fully transformable to the boundary,
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conscquently wherever there is non-linear behaviour, then there is a need for internal
integration over these rcgions“s). However, if the whole body is homogencous, or cach
distinct zone in the body is homogeneous, and if the body forces are to be included, or
the governing differential equation is quasi-linear as in elasto-plasticity, then the internal
subdivisions of the body do not cause any increase in the order of the final set of
algebraic equations, since the BIEs are augmented by a volume integral involving
interior subdivisions®. Also the cases where information is wanted at many internal
points and large surface-to-volume ratios detract from the attractiveness of the BIE
methods (e.g., in the case of shells, narrow thin strips, etc.?). Additionally, the
advantage of BIE methods is less clear in plasticity. A boundary integral approach can
be formulated due to the property of plasticity as a linear incremental theory. However,
the need for the evaluation of a set of integral equations, numerically, for each increment

makes it difficult in practicc(45 ),

It should be noted there are many BIE formulations some having advantages
over others for particular problems. However, they can be divided into three main

categories as follows®7),

The first alternative is the so-called indirect method which implies that the
functions used to find the unknown boundary values have no direct physical meaning
with respect to the boundary value problem. The integral equations are expressed in
terms of those fictitious density functions which satisfy (or more correctly, are adjusted
to satisfy) prescribed boundary conditions. Once they have been obtained from a
numerical solution of the integral equations the values of the solution unknowns can be
calculated from them by numerical integrations. This approach was developed for
elasticity by Kupradze (1963) and has recently been applied to potential and elasticity
problems by Banerjee, Butterfield, Hess, Jaswon, Massonnet, Oliviera, Symm,

Tomplin, Watson, Rieder, Heise, Antes, Christiansen, Friemann and others®@,

The second alternative is the semi-direct method in which the integfal equations

are formulated in terms of unknown functions which are related to stress functions in
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clasticity or stream functions in potential theory. The solution of these terms is obtained
from the integral equations. The required values, e.g., stresses, can then be determined
by simple differentiation of the solution. This approach has been developed by Henry,

Jaswon, Ponter, Rim and Symm(z).

Finally, the third approach of the BIE methods is the direct formulation where
the unknown functions in the integral equations are the actual physical variables, such
as stresses and displéicemcnts. Hence, the solution of the integral equations gives the
required values on the boundary directly, and those anywhere within the domain can be
found from the boundary values by numerical integration. From the engineering point
of view, Rizzo was the first one who applied the direct formulation to elasticity
problems. Although it can be found in Kupradze's method of functional equations, it
differs from Rizzo's approach by its solution procedure. This approach has been carried

out by Cruse, Lachat, Shaw, Watson, and others®.

Although the BIE methods compared to other domain type numerical ones, such
as finite element and finite difference, are superior for a great variety of practical
problems in terms of labour in data preparation and computer execution time, it can still
be expensive in some cases, especially for three-dimensional problems (if, e.g., a fine
mesh is required using many elements). Furthermore, if the information is required only
over a small part of the domain (such as, in a region where stress concentration occurs),
then over the whole boundary of the domain evaluation of the solution will not be
needed. This therefore opens up the possibility of minimizing the use of computer
resources, and of getting more accurate results if a technique is developed such that
attention can be focused on a particular area of interest in the problem domain. This is

the objective of the work presented in this thesis.

In the following chapters a further development of the current BIE method,
namely, the Local Boundary Integral Equation (LBIE) method is presented for two-
dimensional potential and elasticity theory governed by harmonic and biharmonic

equations, respectively. This new technique is essentially based on the work 'A Local
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Boundary Integral Equation Method For Potential Problems' by Fenner & Watson

(1988).

In Chapter 2, the mathematical basis of the boundary integral equation method of
two-dimensional potential theory is briefly outlined and the integral equation for an
internal point, say p, is derived. This integral equation is then differentiated repeatedly
to obtain higher-order boundary integral equations which are used as a basis for the
LBIE formulation. This is followed by the differentiation of kernel functions (the
derivative forms of the fundamental (singular) solution to Laplace's equation) up to
some order. These derivatives are the parts of the integrands of higher-order BIEs. A
concise review of the two series, namely, Taylor and Fourier ones is also provided,
since these series are the trial functions used to approximate the unknown boundary
values, in the place of shape functions of conventional BIEs which are used to
interpolate those unknown boundary values. In section 2.2 of the same chapter a full
description of the numerical treatment of the higher-order BIEs is given. To assess the
accuracy of the method presented here the results of some test problems are provided. It
was useful to consider problems for which the exact solutions are known, to be able to
compare the solutions with those exact ones. The potential functions considered involve
polynomial, hyperbolic, and logarithmic variations within and over the boundary, S.
The solution domains are such that their boundaries consist of straight-line segments
and a mixture of curved and straight-line segments in order to demonstrate the ability of

the method to deal with awkward regions.

In Chapter 3, the application of local boundary integral equation method to stress
problems is studied. First, the basic equations of elasticity are reviewed, and the
necessary tools for formulating the boundary integral equations, namely, reciprocal
relationship (Betti's theorem) and fundamental solutions are given. After the derivation
of the integral equation for an internal point, p, (Somigliana's identity) higher-order
boundary integral equations of two-dimensional elastostatics are obtained by simple
differentiation of it at the point p. The derivatives of the kernel functions in the

integrands of the higher-order BIEs are given in appendix E since they are rather
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lengthy to be inserted in the main text. In the numerical implementation of the LBIE
method for stress problems, three possible approaches (formulations) are discussed.
These are as follows;
i) Airy's stress function,
ii) Neuber-Papkovich representation,
iii) Direct expansion of higher-order BIEs,

each having some possible advantages over the others.

In order to illustrate the applicability of the technique to stress problems, four
test cases are considered. These are, namely, a square flat plate under simple tension, a
simple cantilever beam with a shear force at the free end, a square flat plate subject to a
uniform tensile stress with a small circular hole at its centre, and a cracked beam of
rectangular cross-section simply supported at its ends. The latter two problems provide

a severe test to the method since the stresses vary rapidly.
1.1. Historical Development

The modern BIE methods have their origins in classical potential theory. Until
the development of modern digital computers they were considered to be different types
of analytical methods and worked on by the famous 19th century mathematicians
Green, Betti (1872), Somigliana (1885), and in the early 20th century by Fredholm
(1905), Lauricella (1909), Kellog (1929), and more recently Courant and Hilbert
(1953), Muskhelishvili (1954), Mikhlin (1957), Volterra (1959), Simirnov (1964), and
Kupradze (1965)(34). However, with the advent of fast electronic digital computers
solving the equations numerically has become possible. The first numerical treatment of
potential theory was formulated by Jaswon (1963) and Symm (1963). Rizzo (1967) and
Cruse (1969) applied the method to elastostatics. In their formulation, the boundary of
the problem was represented by straight-line segments and the unknowns were assumed
to be constant over each of these elements. Riccardella (1973) and Cruse (1974)
improved on the earlier formulations by allowing the unknown functions to vary

linearly over each boundary element. Lachat and Watson (1975) produced another
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significant improvement by introducing the idea of using general curved boundary
elements taken from the finite elements of Zienkiewicz and Ergatoudis. In their
representation, curved boundary elements were allowed to vary quadratically, and
unknown functions (displacements or tractions) to vary cither linearly, quadratically, or
cubically. A further development was made by Watson (1982) who suggested
employing boundary elements with Hermitian cubic shape functions instead of those

with more conventional polynomial forms.

To the above-mentioned references we can add many more names who

published papers relevant to their more specialized topics.
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CHAPTETR 2
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2. TWO-DIMENSIONAL POTENTIAL THEORY

Integral equations provide a powerful means of attacking the BVPs of potential
theory (and elasticity). Solving the integral equations analytically, for practical problems
is generally speaking almost impossible. Some Russian mathematicians especially
Muskhelishvili and his school gave some analytical solutions by utilizing complex
functions. But not until 1960s was much attempt made to implement BIEs numerically.
The reasons for this can be given as follows®®. Singular or weakly singular kernels
involved in most integral equations were hampering the numerical procedures.
Existence and uniqueness of a solution to any given integral equation was another
difficulty of an analytical nature. Also, the effective numerical solution of an integral
equation was not feasible before the advent of high-capacity and high-speed digital

electronic computers.

In 1963, Jaswon and Symm, and Jaswon & Ponter presented the first numerical
results for two-dimensional potential problems. They attacked the problems by
representing the boundary by straight-line elements. Hess and Smith in 1967 calculated
the potential-flow around arbitrary bodies, numerically. The report by Cruse (1977)
was a good introduction to the topic. But his approach was essentially the same as
Jaswon and Symm's. After the introduction of curved boundary elements by Lachat
(1975) and Lachat and Watson in elasticity, potential theory was also formulated in
terms of this higher-order parametric representation of geometry and unknowns. These
can be followed in the books by Brebbia (1978), Brebbia & Walker (1980), and
Banerjee and Butterfield (1981).

Here, we confine ourselves to two-dimensional potential problems. It is,
however, clear that the method presented here can be extended to three-dimensional

potential problems without any difficulty.
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2.1. Formulation

Laplace's equation, which is harmonic, is fundamental for potential theory, and
can be defined by V2¢=0. It can be interpreted as a measure of the deviation of the value

of ¢ at a given point from its average or equilibrium value®”), This interpretation is

especially helpful in understanding the nature of the heat conduction equation. Since

Laplace's equation is fundamental for potential theory, ¢ then represents the potential
produced by gravitational masses or electrostatic charges or steady-state heat

distributions.

In order to derive the formulation of an integral equation for such a problem,

two properties are required;
i) fundamental (singular) solution to the given differential equation,
ii) an appropriate reciprocal relationship between two functions.

Without considering in detail the mathematical requirements the fundamental solution

for Laplace's equation in two dimensions may be stated as (Fenner, 1986)

1
v(p,Q) =1n[m], 1(p,q) %0 @.1)

where r(p,q) is the distance between two points p and q within the region of interest.
The point 'q’ will be replaced with 'Q' if it is on the boundary. Since the Laplace's
equation we are dealing with is a second-order elliptic partial differential equation, then
the functions to be used in the reciprocal relationship are continuous and possess

continuous first partial derivatives. For such functions the divergence theorem

jdivF dR = J.F.n dS _ (2.2)
R S
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can be applied to derive the following Green's second theorem

d d
Jovv-yVoar= [0S -y 2% as .3
R S

In equation (2.2) above F is a vector field and n is the direction of the local outward
normal to the surface S, of the region R. In equation (2.3), y is the fundamental
solution, and ¢ is an unknown function satisfying Laplace's equation everywhere.

Here, the region R is an area and its boundary S a line.

Figure 2.1: A two-dimensional solution domain, R, with the boundary, S.
2.1.1. The Integral Equation for an Internal Point p

Now, suppose that a point denoted as p serves as the origin for r(p,q) in
equation (2.1) in the region, R. y(p,q), then, satisfies V2y=0 everywhere except at the
origin, p. If a small circle of radius €, surrounding p, is extracted from the region, R,
Green's theorem may be applied to the region 'R-Re' bounded by the circle St and

curve S by integrating along the boundaries in the directions as shown in Fig. 2.2.
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(FPy

(R-R)

Figure 2.2: The solution domain with a small circular region of radius €
surrounding the point p with the circular boundary Se.

In Fig. 2.2 above, Re is the small circular region extracted from the solution domain, R.

Equation (2.3) can then be rewritten as

2 2 _f.0¢ 00
Rl@w qu»)dR—Js@g; v ds .4

Now, within R-Re V2y=V2¢=0 everywhere, therefore equation (2.4) reduces to

_[(n oW _,, 99

Note that on the surface S¢
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9 2 dy 3y _ 1 |

-ng—- g, then —a-n———g—’*'e (26)
also

dS=¢ed6 (2.7)

therefore, the first integral of equation (2.5) on the boundary Se in the limit as q—p (or

€—0) becomes

im  [o(p)Lede =2ro() 2.8)
Q")Pse €

in the same manner, the second integral on Se as q—p is

. 3
im | (dne)edd=0 Q9
qﬁsz: on’?

Therefore, as the radius € tends to zero, equation (2.5) yields

[0~ v 2210 s+ 2mo) =0 @10
S

where p is an arbitrary point within the solution domain, R, and Q is the variable point
on its boundary, S. This is an integral equation for an interior point p, which can be

used to determine the value of the unknown function ¢ at p, provided the boundary

values of ¢ and its normal derivative are known.

In a conventional BIE treatment equation (2.10) is developed into a form which

involves integrations over only the boundary of the region of interest and allows these

21



boundary values to be determined. This boundary integral equation is given in equation

(2.11) below, without considering mathematical details (Fenner, 1986),
ay _ 9
no(P) + JS-¢(Q) E]-(P,Q) dS(Q) = ! y(P,Q) (a_n)Q dS(Q) (2.11)

where P is now a boundary point.

On the other hand, in a local BIE method equation (2.10) is the one which is to
be treated numerically in the present form to obtain the unknown boundary values.
Since in a properly posed 'BVP" half of the boundary values are known, the other half
can be determined from a set of linear equations by the use of polynomial shape
functions of the type used in finite element techniques, in conventional BIE methods.
However, in the local BIE technique the variations of the unknowns on the boundary
are expressed by the series such as Taylor or Fourier ones. The variation of the surface
geometry is defined by the same shape functions of intrinsic coordinates as in

conventional BIE methods.

Note that in equation (2.10) the constant term 27 (or denoted as C(p)) is always
valid even though we derived it from a circle of radius €. In fact, it can also be found
indirectly by applying a uniform potential over the entire boundary, then the normal

derivative of potential must be zero. The same procedure applies to equation (2.11) for

calculating the value 'nt', which can be attained only on a smooth part of the boundary.

Hence, equation (2.10) and (2.11) both become
Cp) = -I%(p,Q) ds(Q (2.12)
S

where p is replaced with P if it is the BIE (2.11).
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2.1.2. Higher-Order BIEs

Let us recall the zero-order boundary integral equation (2.10)

Jo@ 300~ w0 S 5@+ 20 =0 @.10
S

n

This equation is expanded in series (Taylor and general four-term Fourier ones), which
satisfy or are adjusted to satisfy the harmonic equation. Doing this, satisfactorily-
accurate values of functions and their derivatives in a local area of interest can be
obtained. Thus, zero-order integral equation (2.10) is differentiated repeatedly up to
some order. Hence, they are called higher-order integral equations. Provided the point p
is within the solution domain and not on the boundary, higher-order BIEs can be
obtained by differentiating equation (2.10) with respect to directions x; and x;, at p.
Otherwise, that is if p is a point P on a part of the boundary which is not smooth,

higher-order integrals do not converge to finite limits (Watson, 1982).

After differentiating equation (2.10), we have

20,0 =~ [0 A 0.Q 5@+ [DeBoasQ@ @)
S S
where
(k+l)
0,(P) =§k;?(,—pz , (2.14)
ox, 9x,
and
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(k+1) (k+])
0 ‘ Oy(p Q)
’ - ’ ’ A ] = L
B, (p,Q) = [W(P Q] uPQ) = axk axl n (Q)

Bxpl axp2

(2.15)

Note that during the differentiation both $(Q) and (d¢/0n)Q behave as constants, since
they are independent of the position of p. The integrals in (2.13) always converge to
finite limits as €0 (see Fig. 2.2). Although equation (2.10) was directly differentiated
to get equations (2.13), the previous limiting argument could have been used in order to
obtain eqns (2.13) from eqn (2.5) as é—0. Equations (2.13) will be used as a basis for

a local BIE technique. Also note that there are only two independent equations at each
step of differentiation, since V2y=V2¢=0. In other words, while there is only one zero-
order BIE (k=1=0 in eqns (2.13) which gives eqn (2.10)), there are two first-order
equations, and two second-order equations, and so on. Table 2.1 shows the Pascal
triangle form of the derivatives of ¢, together with those chosen as the independent ones

at each level.

Table 2.1 : Pascal triangle of differentiation in two dimensions with submatrices
A, B, C, and D which consist of the independent derivatives.
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In Table 2.1 above subscripts mean differentiation with respect to coordinate

directions Xp; and x5 at p and those superscripts in italics show the independent

derivatives in the order used to form a set of integral equations. As can be seen from

Table 2.1, if ngq is the highest order of differentiation, then the total number of

independent higher-order equations is

N=2ny +1 (2.16)

2.1.3. Derivatives of Kernel Functions

The derivatives of the kernels in the integrands in equations (2.13) are required.
One way of differentiating them is to make use of finite difference approximations. In
order to get high accuracy in differencing the kernels Watson (1982) suggested
multiplying the distance between field point and source point by 0.0002 to determine the
distance between the two points at which the kernel functions are computed. He did this
for two-dimensional elasticity problems, but there is no reason not to apply it here.
However, finite difference approximation introduces an error additional to discretisation
and numerical integration error, no matter how small it is. Since the analytical
differentiation of kernel functions of potential theory is not so difficult, they are
differentiated analytically here as follows in order to avoid the error incurred by

differencing.

In Fig. (2.3) below, | n, | and |n,| denoted as n, and n, , respectively, are the
magnitudes of the components of the unit outward vector normal to the boundary, S.

From the figure, the magnitude of the displacement vector | r(p,Q) |= 1(p,Q) is

r(p,Q) = (xPl - le) CosO + (xp2 - xQz) Sin@ (2.17)

note that in (2.17) the direction cosines are
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Cosf = -a;(—pl- =Ty . (2.18)
and
or (xp —XQ )
Sin@ = -a—,;p—z =T, = —Z—r-i (2.19)

"2

d » X
g vy

Figure 2.3 : A global reference coordinate system with a point Q on the
boundary, S, and a point p internal to S.

by using the summation convention, r can be rewritten as
2 112
r= [(xpi - in)} (2.20)

and since
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ale *Q r o
and

_.a..r_ =T = _(f_(ﬁ_—_iz_) = -

axQ2 Qs T "Xpa

then the normal derivative of r at Q is

or(p.Q) _ or
on(Q) ax

or
1(Q)+ xQ nz(Q)

or by the summation convention again,

ar(p.Q

aﬂ(Q) —(a )Q 1(Q)

Now, let us recall the first equation in (2.15)

(k+D)

xpl axpz

where

1
y(p,q) = lﬂ[rq)—Q)],
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(see equation (2.1))

(2.21)

(2.22)

(2.23)

(2.24)

(2.15a)



Therefore”

Bgo(P.Q) = w(p,Q) = - In[r(p,Q)}

o 1o _ -y

d
BOl(p’Q) = -'a—r' {lnr(P,Q)} ay == '1'_' ay = 2
P p T

1 or B (XP—XQ)

0 or
B,o(p,Q) = ~5 (Inr(p,Q)} > =~= . = -

r

B, -2 2 LYY
T

(xp - XQ)Z 1
B,o(p,Q) =2 — "
T T

2
OVp—=Yg) . (X,—Xg) (¥,~ Yo
Bz;(P’Q)=2 P - Q -8 Xp xQ 6yp yQ

T T

(xp=%Q) . Xp=%g)
By pQ =622 g 20
T T

(2.25)

(2.26)

2.27)

(2.28)

(2.29)

(2.30)

(2.31)

* From now on, for the sake of convenience, the first coordinate direction will be denoted as x and the

second coordinate direction as y.
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3
By (p.Q) = 482 2 B(Y" YY)y S~ XQ)é(yp ~¥Q)

T T

2 2

X, =%Q) (¥p,~Y¥Q) 6

B22(pvQ) =48 - _ -_4-
T T

2
~YQ) . —xn) Y.—¥Yn)
By (p,Q) =24 s . Y L gg_p "Q : Yo~ Yo 384
J T

(xp - XQ)2 (yp - }’Q)3

10
)y

2

(x, — Xg) =Yg %,—Xg)

B32(pr) =24 = +96 - 384
T T

(yp - YQ)2 (Xp - XQ)3

10
T

0579 0539 0 5= %0) Gp=¥e)

B3;(p.Q) =- 1720 , 3840 L
r T

2 2 )

By(p.Q) == — 144 ————+ 96 ——— - 1920 ——

T r K -

(Xp — XQ)4 (yp - yQ)2
12
T

2
(yp - yQ) + 3840
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(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

2.37)



(
B;3(p,Q) =— 720._yp_y&) 5760 (XP XQ)]()(yp Q) +11520

r r

2 3 4 3
(x —X ) ( - Yo (x -Xq) (v.—
p~*Q 12yp YO _ 46080 270 14yp ¥Q)
I r

(2.38)

( ( (x,—Xxg)
Bsy(p.Q) =—432 2 —+1152 2= 3 Q
r T r

~x) Uy Yo — 46080

12
T

(y,,-yQ) + 34560 %

5 2
e “fyp— = (2.39)
T

- X)) (¥p Yo (x,— xQ)3 (¥, —YQ) .

(
Bsy(p,Q) = 17280 2 = ~ 57600 —

T T

3 3 3
G~ Yo (X, =%Q) (¥p=¥Q)
23040 XQ)x(sz Y 329560 20 14yp YQ
T r

5 3
(XP xQ) 16(yp yQ) 040
r

+ 645120
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5040 (xp=%Q) ¥p=¥Q)"
B,(p.Q) = 2—— - 161280 %0 Rl ML

r T

+ 645120

(xp = xQ)4 (¥Yp— yQ)4

16
T

(2.41)

2
x,~%Q) (¥,—Yo) .
12

(¥p—¥Q)
B,s(p,Q) =— 40320 ~2— 322560
T r

2 3
(x,~ %) (¥, = ¥Q)
14
T T

(x,—xq)
+2580480 -"—I-Q—

1935360 2

4 5
xQ) (Vp—YgQ)
18
T

(p = yQ)3 — 10321920 % (2.42)

(yp - yQ)2 (xp - XQ)
12 +

(x, - xgQ)
B 4 (p,Q) =— 40320 _BT;-Q— ~ 322560
r r

2 3 3

0, =Yg X,—xg) (X —Xn)

AN . *Q +2580480—2-76£-
by T

1935360

(yp - yQ)4 (Xp - XQ)S

18
T

Op— yQ)4 ~ 10321920 (2.43)

Also by remembering the second equation in (2.15), that is,

(k+1)
d y(p,Q
Ay(p,Q) = [
. axk axl on(Q

P P2

] (2.15b)
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Now,

y(p,Q) (aw

o= G0 @+ &Y D m(@

where
_oy 1o Xp~Xq _
(-&-)Q - BxQ T 0% =t—= B1®Q
and
(ay )Q ayQ r ayQ =+ rz - B()](p’Q)

hence equation (2.15b) for k=1=0 becomes

Ago(P,Q) =— B,((p,Q) n;(Q) — By, (p,Q) n,(Q)

then,

Ay (P, Q =-B,(p,Q nl(Q) + B,y(p.Q) n,(Q)

Alo(p’Q) == Bzo(p,Q) nl(Q) - Bll(p’Q) nz(Q)
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(2.44)

(2.45)

(2.46)

(2.47)

(2.48)

(2.49)



A1(0,Q) == By (p,Q) n;(Q) + B;(p.Q) ny(Q)

Azo(PsQ) == B30(P,Q) nl(Q) - B21(P»Q) nz(Q)

A,,(p,Q) = - B;,(p,Q) n,(Q) ~ B,,(0,Q) n,(Q)

Azp(p,Q =+ Bzz(pvQ) n,(Q) — B4, (p,Q) n(Q)

A31(p$Q) =+ BB(paQ) nl(Q) - B32(P,Q) nZ(Q)

Ap(P,Q) =-B3,(p,Q) n)(Q) —B;(p,.Q) ny(Q)

Ay(p,Q) =- B33(PvQ) nl(Q) + B42(P,Q) nz(Q)

A3(0,Q == B,(p,Q) 1n,(Q) - B13(p,Q) n(Q

A33(p,Q) == 43(p’Q) nl(Q) + B52(P,Q) nz(Q)

A42(p,Q) == B52(P,Q) n, Q- B43(P’Q) n2(Q)

A4(P,Q) =~ Bg3(p,Q) n,(Q) — B4(p,Q) ny(Q)

A (0,Q) =+ B(p.Q) n(Q) — B53(p.Q) ny(Q)

As3(,Q =+ B5(p,Q) n)(Q) — B (p,Q) n(Q)
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(2.50)

(2.51)

(2.52)

(2.53)

(2.54)

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

(2.61)

(2.62)



Here, we differentiated the kernels up to the 8th order. As the order of
differentiation increases, the derivatives of the kernel functions become more and more
highly singular. Therefore, there is a limit to the order of differentiation (i.e., to the
number of terms/equations). The accuracy in numerical integration of highly singular
kernel derivatives is the criteria for this limit. This is to be discussed in sections (2.4)

and (2.5).
2.1.4. Taylor Series

If a function ¢ is continuous in an interval [x—a, y-b] and if it has subsequent
partial derivatives of any order, the following equation can then be written to

approximate the function, ¢, about x=a and y=b

2 m

D D
o(x,y) = 0(a,b) + Do + -2—,"1 F e + —m-ff (2.63)
where the operator D is defined by
0 d
D={(x-—a)§;+(y—b)§;},;; (2.64)

Equation (2.63) provides very accurate polynomial approximations for a large class of

functions which have derivatives of all orders (of order ‘'m/, at least).

For convenience, Taylor series will be expanded at the origin of local
coordinates, x=y=0, which is chosen at the point of particular interest. This gives the

Maclaurin series for ¢(x,y). Then, equation (2.63) and the operator D (eqn (2.64)) can

be written as follows,
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2

D D"
¢(X,y) = ¢0 + Dq) + -—2—‘q—) S OO +-—n—1'—¢' (2,65)
where
0 0
D= {x$+y§;}0 (2.66)

Since V2¢=0, not all the derivatives in (2.65) are independent. Defining those
chosen as the independent ones in the order implied by Table 2.1 as the coefficients of

Taylor series in (2.65), and denoting them as shown below

0 =0 » =0, 0=y e , and 5o on. (2.67)

we then have

3
- X
O(xy) =0, +y 0y +X 0y +Xy 0y + ... +(-’-(-y—6-l-)a8+.... (2.68)
or representing the functions in eqn (2.68) as f1,f2,............... ,fm, equation (2.68)
becomes
q)(x,y)=f1 a1+f2a2+f3a3+f4a4+ .......... +tmam (2.69)

By simple differentiation of equation (2.69), the derivatives of the polynomial functions
(fl,........fm) required for obtaining the linear algebraic equations from the higher-order

BIEs in eqns (2.13) can be determined. The functions and their first fifteen independent
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9¢

Xy

Table 2.2 : The polynomial functions of the Taylor series, eqn (2.69), and their derivatives.

5
x2-y2)2

6
(Bx%y-y> )6
2 - y212

Xy

X

7
(x3 - 3xy2 )6
~ xy
x2-y%2
~y

X

8
3y - xy3y6
(x3 - Smy2 )6
B3x2%y-y3)/6
x2-y?2
Xy

X

9
(6x2y2 x4~ yhy24
(3x2y-y3 Y6
(3xy2 -x3 Y6
Xy
(y2 - x3)2

y

10
(10x2y3 — 5x%y — y9)/120
(6x2y2 — x4 — y*)124
(xy? - x3y)/6
(3xy2 - x3)/6
(3~ 3x2y)i6
(2= x2y2
~ xy

- X

11
(10x3y2 — 5xy* - x5)/120
3y - xy3y6
(6x2y2 — x* — y%y24
3x2y-y3 )6
(3xy2-x3)/6
xy
(y2—x2)2
y

X




LE

fM00 =
M =
f™,10=
1=
0=
1=
0=
sy =
ffos=
i,y =
39 =
flaq=
i 4 =
fy3=
g =

fM53=

12
(20x3y3-6xy5-6x5y)/720
(10x3y2-5xy*-x3)/120
(10x2y3-5yx4-y>)/120
(6x2y2-x3—yAy24
(xy>-yx3)/6
(Z’n&yz—x3 )6
(y>-3yx?)/6
(y2-x2)12
xy

X

13
(15x4y2-15x2y4+y0-x6)/720
(5x%y—10x2y3+y%)/120
(10x3y2-5xy4—x5)/120
(3y-xy?)/5
(6x2y2—x4—y4)/24
(3x%y-y3)/6
(3xy2—x3)/6
xy
(2-y2)2
-y

X

Table 2.2 : Continued.

14

(35x4y3—-7x6y—21x2y5+y7)/5040

(15x4y2-15x2yA+y6—x6)/720
(20x3y3-6xy5—6x5y)/720
(10x3y2-5xy*—x5)/120
(10x2y3-5yx4—y5)/120
(6x2y2—x3-yHy24
(xy3-yx3)/6
(3xy2-x3)/6
(3x2y-y’)6
(x2-y?)2
xy

X

15

(21x3y2-x7-35x3y4+7xy0)/5040

(6x3y-20x3y3+6xy5)/720
(15x4y2-15x2y4+y6-x6)/720
(5x4y—-10x2y3+y5)/ 120
(10x3y2-5xy*-x3)/120

(x3y-xy3)/6
(6x2yz—x4-y4)/24
(3x2y-y3)/6
(x3-3xy2)/6
—xy
(x2=y2)2
-y

X

16
(56x3y3-8x7y-56x3y5+8xy7)/40320
(21x5 y2—x7—35 x3 y4+7xy6)/5 040
(35x4y3-7x6y—21x2y5+y7)/5040
(15x%y2-15x2y4+y6-x€;/720
(20x3y3-6xy3-6x3y)/720
(10x3y2-5xy4—x3)/120
(10x2y3—5yx4—y5)/ 120
(6x2y2—x4—y4)/ 24
(y—xy3)/6
(x3-3xy2)/6
(3x2y-y3)/6
(x2-y2y2
Xy

X




derivatives selected in an order based on the Pascal triangle of differentiation (see Table

2.1) are given in Table 2.2.

Now, in a typical BIE problem half of the boundary conditions are prescribed,
and in a local BIE method non-prescribed values of the function are approximated by
the series and they contribute to the coefficient matrix. If the unknown value is the

gradient of the function it can then be determined from the equation

99 99 99
(a—n)Q = (a—x)Q n, Q) + (3;)Q n(Q) (2.70)

where n;(Q) and n,(Q) are the components in the x and y directions of the unit outward

normal vector at Q, and the derivatives of ¢ are found by differentiating eqn (2.69).

2.1.5. Fourier Series

The general four-term Fourier series with truncated terms, which satisfies

harmonic equation V2¢=0, is the second trial function given here as

N
o(x,y) = Z [amOO Cos(mfx) Cosh(mfy) + a_,, Cos(mfx) Sinh(mfy) +
m=1
a0 Sin(mfx) Cosh(mfy) + a_;; Sin(mfx) Sidw(mfy)] 2.71)

where a,69, 8mo1> 8m10> and a1 are constants and f is the frequency.

Now, for any piecewise continuous function of period p  (.e., if
O(x+p, y+p)" = d(x,y)) the Fourier series (2.71) will converge to ¢(x,y) at all points
of continuity, and to 1/2[¢(x+,y*) + ¢(x-,y7)] at all points of discontinuity. Here,

o(x*,y+) and ¢(x",y") are the limits approached from the right and left, respectively.

) p now stands for the period and should not be confused with interior point p.
" Here, the function ¢ is assumed to have the same periods in both directions.
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The relation between the frequency f and the period p, for a whole range (-P/2 to

+P/2), is
f=2_ 2.72)

If the frequency f is taken as 1, which means, from (2.72), p=2r (i.e., -T<x,y<+7),

then the Fourier series representation (2.71) of the piecewise continuous function ¢(x,y)

can be written as‘?

N
o(xy) = 2 [amOO Cos(mx) Cosh(my) + a_, Cos(mx) Sinh(my) +
m=1

a_, Sin(mx) Cosh(my) +a_,, Sin(mx) Sinh(my)] ~ (2.73)

Even if the function ¢(x,y) is not periodic of period p the Fourier series (2.73)
would still represent it, if we are interested only in representing the function on
-n<X,y<+T, since then it is unimportant to what values the series might converge
outside this interval. Moreover, it should also be ensured that the first derivatives of ¢
are piecewise continuous in the interval and satisfy the Cauchy-Riemann conditions (see
section 3.2.1.3) in order for the Fourier series representation to be differentiable at each

point, since the function is differentiated repeatedly.

These conditions are certainly satisfied by choosing the local origin of
coordinates x and y to be at the internal point p and by scaling the dimensions of the

solution domain such that the maximum distance between any two points is unity :
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The value of the function at p and the first fifteen of its independent derivatives

(selected in an order based on the Pascal triangle of derivatives in Table 2.1) are then

given by Table 2.3 below,

N N N N
¢00(P)=+2 am00 ¢20(p)=~2m2 amoo ¢’22(P)=-2m4 amo0 ¢42(P)=+2m6 00
m=1 m=1 m=1 m=1
N N N N
¢01(P)=+Zm amot ¢21(P)="Zm3 amo1 ¢23(P)=‘2m5 amo1 ¢43(P)=+2m7 amo1
m=1 m=1 m=] m=1
N N , N N
10+ 2many  dso(P)= 2 g Pap@) =2 gy G5 (P)=+2um” Byig
m=1 m=1 m=1 m=1
N N N N
4)11(p)=+2m2 am1 ¢31(p)=—2m4 am11 ¢33(p)=—2m5 a1l ¢53(P)=+zm8 amil
m=1 m=1 m=1 m=]

A B C D

Table 2.3 : The Fourier series representation of the unknown function ¢(x;y)

and its derivatives at p in the order implied by Table 2.1.

These expressions are used to define the terms on the left hand sides of

equations (2.13) in terms of the Fourier constants. On the right hand sides, ¢(Q) is
defined in terms of the same constants by (2.73) (with x and y the coordinates of Q
relative to the origin at p), (a¢/8n)Q is similarly defined with the aid of (2.70). At any
point on the boundary, however, either ¢ or its normal derivative (or a linear
relationship between them) is known from the boundary conditions of the problem, so

that the only one which is unknown has to be approximated by the Fourier series(2.73).
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2.1.6. Transformation of Coordinates, Functions and their Derivatives

Series expansion is about the local origin of coordinates. Since, for the sake of
convenience, the local origin need not be taken as the origin of global coordinates, then
a transformation has to be made from global coordinates to local coordinates (and vice
versa). Considering first the transformation formulae for coordinates one can see, using

the geometric relations as indicated in Fig. 2.4 below, that

From the global to local coordinate system :
X1 = (xg — Xo) Cosat + (yg — ¥,) Sina. (2.74)
¥1=—(Xg — Xo) Sinat + (yg = ¥o) Cosa (2.75)
From the local to global coordinate system :

X, = X, + X; Cosat — y; Sino (2.76)

8

Ye=YotX Sina + y; Cosa _ .77

where x,, y, are the cartesian coordinates of global coordinate system, x;, y; are those of

local coordinate system, and x,, y, are the global coordinates of the origin of the local

coordinate system.
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Y X/‘
Y1 X1
Yo N N o
0,
6 > X,
o) Xo Xg

Figure 2.4 : Local and global coordinate system. a is the orientation of the local
coordinate system with respect to the global coordinate system.

Transformation formulae for the derivatives of the function can be found with

the aid of differential operators derived from Fig. 2.4 above. Thus,

@, -Lxfo}.  (GDi-Lule) @79

and

(;-Lrfo}.  (GD,=Ly{o) @)

where
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d Jd ..
Lxg = {-é;l- Cosa —-871 Sma}

J .. d
Lyg = {—aTl Sina + -a-y—l COS(X}

(2.80)

d 9 .. :
Lx1 = {F)Z; Cosa+a—y;Sm0t }

0 d
Lyl = {— = Sing + —— Cosa}
axg E)yg

Hence, higher-order operators are simply the operation of the operators on each other
and it only remains to operate with them on the functions. They are given (up to the

fifth-order) in appendix A.
2.2. Numerical Solution

Having formulated the BIE, the integrals can be performed either analytically (if
possible) or numerically. Although numerical integration introduces some errors, in
analytical integration the shape of the boundary of the solution domain should be
assumed 'a priori' in a simple form, e.g., a sum of straight-line segments for the
simplest representation. But even for such a simple case, analytical expressions of the
integrands may be so complicated that analytical integration may turn out to be
impossible, or rather involve a great amount of human effort in determining the
integrals. Some solutions to singular integral equations for simple problems in plane
elasticity were evaluated by using the complex variable method by Muskhelishvili
(1954) and Mikhlin (1957). Since no general analytical method exists for integral
equations to solve practical problems with complex geometries, numerical methods are

employed to evaluate those integral equations.

In a conventional BIE method, the boundary of the solution domain is modelled
by discretising it into elements. Each of these elements has a certain number of nodal

points relevant to the order of shape functions associated with the element. Unknowns

43



over the boundary are expressed in terms of these functions. Approximating the surface
and the unknown boundary values, in piecewise form, and defining them by suitable
algebraic functions reduces the integral equations to a set of linear algebraic equations
for unknowns at the nodal points of the elements. However, in the early numerical
implementations of BIEs by Jaswon (1963), Symm (1963), and Jaswon & Ponter
(1963) for potential theory, and by Rizzo (1967) and Cruse (1969) for elasticity, the
introduced shape functions were only stepwise constant in order to express either the
boundary unknowns or the boundary geometry. The surface was represented by
straight-line elements, over each of which the unknowns were assumed to be constant.
The integral equations were then written for the mid-point of each element or at the
centroid of each triangular element, in two dimensions and three dimensions,
respectively. The constant term C(P) in equation (2.12) was then taken to be 'nt' for
potential problems (see eqn (2.11)) and '1/2 Bij' for elasticity problems (see eqn
(3.59)). Simpson's rule was employed to integrate the kernels by Jaswon&Ponter and
Symm. Over these straight-line segments integration was performed analytically by
Rizzo and Cruse to avoid the error produced by numerical integration due to rapid
variation of the kernels as one argument approaches the other. This formulation was
improved by Riccardella (1973) and Cruse (1974) by allowing the unknown functions
to vary linearly over each element. The difference from the earlier formulation was that
the integral equations were written for the end points of the elements (extremities in two
dimensions, vertices in three dimensions), and unknowns were associated with these
nodal points. But, if the source point P is not on a smooth part of the boundary (i.e., P
is at an edge or a corner), then the constant of the free term, (;,(P), is no longer '1/2 Bij'
(for elasticity) and rigid body translation was considered (see equation (3.58)) by Cruse

to compute this constant term implicitly.

This formulation was more efficient than the previous one. However, if the
variation of the functions was rapid, then the required number of elements was still
large compared to domain type methods. To overcome this problem Lachat (1975) and

Lachat & Watson (1975) introduced the idea of using general curved boundary elements
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defined by quadratic shape functions taken from the finite element formulation of
Zienkiewicz and Ergatoudis. In their representation, the unknown functions were
allowed to vary linearly, quadratically or cubically. Integrals were accurately evaluated
by using Gaussian quadrature formulae. The coefficient of the free term of the integral
equation was again computed considering rigid body translation. By the use of
isoparametric formulations, it become more evident that BIE methods have the
advantage over the domain type methods in accuracy. A further development was made
by Watson (1982) who suggested employing boundary elements with Hermitian cubic

shape functions instead of those with more conventional polynomial forms.

In the above formulations, the system of equations is scaled to obtain a
numerically stable coefficient matrix, since the coefficients of the matrix are, in general,

not of the same order of magnitude.

In the local BIE method, here, integrals are evaluated by using Gaussian
quadrature formulae, as in the isoparametric BIE formulation of Lachat & Watson.
Again, the boundary surface is discretised into elements with either quadratic or cubic
variation to interpolate cartesian global coordinates of those elements at the Gauss
points. However, the unknown functions are approximated by series. (Taylor or
Fourier) unlike the conventional BIE methods where they are expressed by the
isoparametric shape functions of intrinsic coordinates. Consequently, the final set of
linear algebraic equations is not formed from the integral equations written for the nodal
points of the elements, instead it is obtained from the differentiation of the integral
equations (higher-order BIEs). The coefficient matrix is scaled to ensure the numerical

stability.
2.2.1. Approximate Series Solution

Now, assume that the unknown function ¢(x,y) is represented by an appropriate

series with a finite number of terms. Hence, this approximation of the function, ¢, is

written in the form of
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N
o0xy) = D, o £(x,y) (2.81)
m=1

where the o, are the constants to be determined from the solution of BIEs. Since the
function ¢(x,y) satisfies V2¢=0, so should the functions fm satisfy V2fm=0, as shown
in Table 2.2 and 2.3. In equation (2.81) the coordinates x and y are the cartesian
coordinates of the point 'p' within the domain or those of the point 'Q' on the

boundary. Therefore, equation (2.81) may explicitly be written as

N
Sy = D, o, £ Ipx,y)] (2.82)
m=1
or
N
SIQEYT = Y, 0 £ IQEY)] 2.83)
m=1

and the normal derivative of ¢ on the boundary is

N
o0 m
(55 Q= ; o, 8 (Q (2.84)
where
m o of of" .
g'(Q=(Gr)em@+ (5)em@ 2.85)
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n;(Q) and n,(Q) being the components, in the coordinate dircctions x and y, of the unit

outward normal vector n at Q.

Now, in a typical BIE problem, over every part of the boundary of the solution
domain either ¢(Q) (Dirichlet-Problem) or its normal gradient (a¢/an)Q (Neumann-
Problem) is specified (or there may exist a linear relationship between them). The one
which is not specified can be obtained by approximating with either equation (2.83) or
(2.84). By substitution of equations (2.82), (2.83), and (2.84) in equations (2.13), we

have

N N
2 Y o () = Y, 0ty (@) + by(Q) (2.86)
m=]

m=1

where, if $(Q) is prescribed

HQ =+ [ £"Q By 45Q 2.87)
S

b (Q) =~| ®(Q) Ayy(p.Q) dS(Q) (2.88)

S

and if (99/gn)q is prescribed

(@ =-{ (@ AP, 65Q | 289
) .

b (Q) = +f (%)Q Byy(p.Q) dS(Q (2.90)
S
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equation (2.86) can therefore be rearranged as

N
Y o, [20650) - h(@] = by(@ 291)
m=]

This is the final set of linear algebraic equations in the unknown ¢, which can

be found from the solution of it.
2.2.2. Discretisation of Geometry

In the formulation presented here, the boundary is defined using the quadratic

(three-point) and cubic (four-point) shape functions of intrinsic local coordinates.

The cartesian coordinates x;(§) of an arbitrary point of an element of the

boundary are given in terms of the nodal coordinates x;¢ by
x(8) =N') x; (2.92)

where c ranges from 1 to 3 for a quadratic element, and 1 to 4 for a cubic element, and

associated shape functions are(5:1>4%

for quadratic variation :

N'@=7EE-D)
N'E)=1 —§2 (2.93)

NE=58E+D

48



for cubic variation :

N'®) = (1= &) (=10 +9(1 +£7)
N@)= (18 (1-39)

(2.94)
N == (1-8) (1430

N'@© = (1+8) (-10+90 +£)

where € varies from— 1 to + 1.

(a) (b)

Figure 2.5 : Boundary element definition. a) A quadratic element,

b) a cubic element

Since the cartesian coordinates of an element are expressed in terms of the
intrinsic local coordinates, there is then a need to transform from cartesian to curvilinear

coordinates to be able to evaluate the integrals.
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The components of the tangential vector, s, are proportional to the rates of

change with the intrinsic coordinate, &“6'34).

d d
s=—£el+—ye2=s]e1+s2e2 (2.95)

de ' dg

where e; and e, are the unit vectors in the coordinate directions x and y, respectively.

Substitution of equation (2.92) in equation (2.95) yields

5= — = 2 (2.96)

If e5 is the unit vector outward from the paper-plane (i.e., € is the normal to the

plane formed by the normal vector, n, and the tangential vector, s) the vector , n,

normal to the boundary is

[ e, e &
dx dy
n=sxe;=| /& T 0 =2)ie1—ix-e2 (2.97)
d¢  df ¢ ag
0 0 1
= Jl e + JZ €, (298)

and the Jacobian of transformation from S to & is the modulus of equation (2.98),
@)= / P+l (2.99)
dg
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Hence, the components (equivalent to direction cosines) of the unit outward normal to

the boundary are
g
n; =-— (2.100)
1) ‘

After defining the boundary geometry by using the quadratic and cubic shape

functions of intrinsic local coordinates, both

the integral IdS(Q) and the boundary point Q(x,y)
S

can now be replaced with

i J. |3(&) |dg and Q&) ,respectively,

a=1g,

where a is the element being considered, and q is the total number of elements over the

boundary. Then, equations (2.87), (2.88), (2.89), and (2.90) can be written as

If $(Q) is prescribed,

+1

h(Q) =+ 5: f g (QE) B,(p,Q®) 1) ldg (2.101)

a=1ga= .1
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+1

b,d(Q)=—i f Q) Ay(p.QE) 13®) ldg (2.102)

a=lga= 1
If (a¢/an)Q is prescribed,
+1
h:]l(Q) = -i J‘ £ (QE)) AL(P.QE) 13E) [dE (2.103)
a=1ga~ 1
+1
by(Q) = +i [ 2,5 B0 16 et (2.104)
a=lgy- 1

In equations (2.102) and (2.104) note that the prescribed values ¢(Q) and
(a¢/an)Q over the element(s) were written as ¢(Q()) and (a¢/an)Q(§) to imply that they

are not necessarily constant, and they may (are allowed to) vary from point to point over

the element(s).
2.2.3. Numerical Integration Using Gaussian Quadrature

Since the integrations cannot generally be evaluated analytically (as mentioned
before), a numerical integration technique must be adopted. The one which is used here

to evaluate the integrals as accurately as possible is Gaussian quadrature.

Let us denote the integrands in equations (2.101), (2.102), (2.103), and (2.104)
as F(E). These integrals can then be expressed as

+1
J F(€) d§ (2.105)
1
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which may be approximated by polynomial functions, and may be written in the form of

+1 S
f F& de= Y o, FE) (2.106)
-1 r=1

with weight factors '®,. In equation (2.106) the values of weight factors, @, at the

corresponding points of Gaussian quadrature abscissae, £, have been tabulated for a

range of s. See, for example, Stroud and Secrest (1966).

Note that the source point and the field point never coincide over one element
unlike the conventional BIE methods, and it is not necessary to use a Gaussian

quadrature formulae with a logarithmic weight factor, log(1/Z).

Therefore , the integrands always vary smoothly over the element(s), and never
tend to infinity. Also, the existence of edges or sharp corners, where there is no unique
tangent, along the boundary never causesany problem, because each element is

considered separately and integrated one by one.

In order to obtain a numerically-stable coefficient matrix, the coordinates x and y
are divided by the maximum dimension of the domain. The values obtained from the

solution of the equations are of course rescaled accordingly.
2.3. Summary

The LBIE method developed herein has some common and different points from
conventional BIE methods. It is therefore worthwhile to summarize the main points of

the technique.

i) We begin with the zero-order integral equation (2.10) as the basis of the LBIE
method.

ii) Equation (2.10) is then differentiated repeatedly at a point, p, in the x and y
coordinate directions within the solution domain to obtain higher-order BIEs (see eqns

2.13)).
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iii) In a typical 'BVP' at any point on the boundary cither the potential function ¢
or its normal derivative (or a linear relationship between them) is known from the
boundary conditions of the problem, so that only the one which is unknown, in eqns
(2.13), has to be approximated. The variations of these unknowns on the boundary
together with the potential and its subsequent derivatives at the internal point p, the
terms on the left hand sides of eqns (2.13), are approximated by either Taylor series,

eqn (2.69), or the Fourier series, eqn (2.73).

iv) The derivative forms of the kernel functions, parts of the integrands in eqns

(2.13), are obtained by simple analytical differentiation (see section 2.1.3).

v) The integrations over the boundary are carried out by dividing the boundary
into quadratic (three node) or cubic (four node) boundary elements, and applying

gaussian quadrature to each one.

vi) The final set of linear algebraic equations is formed from the higher-order
BIEs, eqns (2.13). It thus becomes a relatively small set of linear equations (16
equations are implied by Table 2.2 and 2.3) which are straightforward to solve by

gaussian elimination.

vii) The coefficient matrix is scaled to overcome the possible numerical

instability of a mixed dimensional matrix system.

viii) Having solved the linear equations the values of the coefficients of the

series are known, and by rescaling them the required solution is obtained.
2.4. Test Cases

The accuracy of the numerical implementation of the LBIE method is assessed
by reference to some test problems for which exact analytical solutions are known (for
comparison purposes). For this reason a computer program called 'LBIE2PE' has been
developed capable of evaluating both harmonic and biharmonic problems. The solution

domains considered here are those of problems used previously to test the Taylor series
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formulation of the Local BIE method by Fenner & Watson, namely, a square domain
and a thick-walled cylinder. The latter provides an example of the use of curved
boundary clements so that the ability of the technique to deal with awkward regions can
be demonstrated. The potential functions considered involve the polynomial,
hyperbolic, and logarithmic variations. The method is also used to locally refine the
solution of a heat conduction problem. To avoid any interference from inaccuracies in
the remote field solution, however, and to illustrate the capabilities of the method in
such a local refinement procedure, the exact solution to the problem is applied outside

the local area. Full ranges of solutions are given in Tables in appendices B, C, and D.
2.4.1. Square Domain

Figure 2.6 shows a square domain with sides of unit length, the local origin of

expansion at the bottom left hand corner, the global coordinates of which are x=y=1.

d
on
(1,2) ' 2, 2)

~

NS o
® O
1

-+ 0

8 y - ——,
4 aJan A * 2, 1)
Node 1 a9
on
Q ’Xg

Figure 2.6. Square domain with mixed boundary conditions.
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2.4.1.1. Linear Variation of Potential :

Let us first consider the boundary conditions which give rise to the following

linear potential variation

=1-x and =—=-1

(2.107)

with all other derivatives zero. The first solution scheme for this simple problem used

eight quadratic boundary elements of equal length (two per side of the domain, see Fig.

2.6).

Tables 2.4 to 2.8 show the results obtained for the function ¢ and its first and

second derivatives (i.e., the coefficients o; to 0s) using different numbers of terms

and positions for internal point p in equations (2.13). Because of the simplicity of the

problem one of the internal points was chosen at the mid point of the domain, and two

others being progressively closer to the local point of expansionm), that is, (1.5, L.5),

(1.25, 1.25), and (1.1, 1.1)*.

Table 2.4 : Square domain with linear potential variation
Function and derivatives at node 1 (Fig. 2.6) from Taylor series
with different numbers of terms and the internal point at (1.5, 1.5)

using eight boundary elements,

Internal No. of ¢ ¢,y o,x ¢,xy dxx
point terms

Exact : 0. 0. -1. 0. 0.
(1.5, 1.5) 5 +2.63x10°  _427x101*  _100000  +5.15x101%  -3.95107*
(1.5, 1.5) 7 -212x10%  4426x1010  S1.00000 -125x10%° 412510
(1.5, 1.5) 1 -934x1010 - 198x10% 100000 - 1.44x10%7 - 1.5%108
(1.5, 1.5) 15 -159x1010  41.15x10%°  -1.00000  -7.59x10%0  +7.56c1006

* These are the coordinates with respect to the global coordinate system, see Fig. 2.6.
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In Table 2.4 above with the internal point at (1.5, 1.5) and five terms in the

series (Taylor ) the results are perfect, being slightly less accurate as the number of

terms retained in the series increases, though still in very good agreement with the exact

values, confirming those results given by Fenner & Watson.

In more practical problems, where geometry and potential variations are more

complex, the internal point should be taken closer to the local point of interest to obtain

satisfactory results. With the internal point at (1.25, 1.25), however, the results

deteriorate, while with the internal point at (1.1, 1.1) the results are far from accurate,

as the number of terms increases. This is because the internal internal point is now too

close to the boundary of the solution domain in relation to the size of the boundary

elements used, and it is impossible to maintain adequate integration accuracy (even

though ten gaussian quadrature points per element were used throughout)

Table 2.5 : Square domain with linear potential variation
Function and derivatives at node 1 (Fig. 2.6) from Taylor series
with different numbers of terms and the internal point at (1.25, 1.25)
using eight boundary elements.

amn

Interal No. of ¢ oy ¢ d,xy ¢,xx
point terms

Exact : 0. 0. - 1. 0. 0.
(125,125 5 +1.01x10%7  -846x10%  -1.00000  +1.53x10%° - 1.20x10°%
(1.25, 1.25) 17110 -924x10%  -099981 - 1.12x10% - 4.06x10%
(1.25, 1.25) +120x10%  +642x10% - 1.00078  -4.96x10%% - 3.39x10°%2
(125,125 15  +822x10%2  -227x10%"  -092014  -117 -3.30

" Unless stated, ten gaussian quadrature points per element are used for all the problems in this thesis.
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Table 2.6 : Squarc domain with lincar potential variation
Function and derivatives at node 1 (Fig. 2.6) from Taylor scrics
with different numbers of terms and the intcrnal point at (1.1, 1.1)

using cight boundary clements.

Int(j,mal No. of ¢ oy - ¢,x o, xy d,xx
point terms

Exact : 0. 0. - 1. 0. 0.
(1.1, 1.1) 5 +1.03x10%  _601x10%%  -1.07523  +6.59x10°F - 22310}
(.1, 1.1) 7 -631x102  +681x10%% 099542 -822x109' 4115
(L1, 1.1) 11 -1.07x10%%  4555x10°" 4013346 -742x1000 - 2.47x10°%
(1.1, 1.1) 15 -138x10%7  4930x1092 4002942  +9.94x10% . 4.91x10°"!

As can be seen from Tables 2.4-2.6, the best results at all internal points are obtained

when only five terms are used. See Table 2.7 below.

Table 2.7 : Square domain with linear potential variation
Function and derivatives at node 1 (Fig. 2.6) from Taylor series
with optimum numbers of terms and different positions for internal point
using eight boundary elements.

Intf;mal No. of ¢ b,y O.x ¢,xy ¢ ,xx
point terms

Exact : 0. 0. - 1. 0. 0.
(L5, 1.5) 5 +263x10°°  -427x101% 100000  +5.15x101% - 3.95x10°14
(125,125 5  +101x10%7  -846x10%  -1.00000  +153x10% - 120x10°°
(1.1, 1.1) 5 +103x10%  -601x1092  -1.07523  +6.59x10°%% - 2.23x10%!

The values of the function and derivatives obtained using the Fourier series are also
satisfactory (see Table 2.8 below), although they are not as good as those obtained

using Taylor series). This is to be expected in view of the simplicity of the problem,
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whose solution should be perfectly represented by a two term Taylor series(!). As the
number of terms increases the results do improve, unlike with Taylor series, and it
becomes necessary to retain relatively more terms to attain satisfactory accuracy (see

Table B.2 in appendix B, for the full range of the results).

Tablc 2.8 : Square domain with linear potential variation
Function and derivatives at node 1 (Fig. 2.6) from Fourier serics
with optimum numbers of terms and different positions for internal point
using eight boundary elements.

Internal No. of o] o,y ¢.x ¢,xy d,xx
point terms

Exact : 0. 0. - L 0. 0.
(1.5, 1.5) 15 +0.00002 - 0.00023 - 1.00013 +0.00253 - 0.00082
(1.25, 1.25) 9 +0.00060 - 0.00158 - 1.00027 - 0.00107 - 0.00859
(1.1, 1.1) 5 -0.01140 +0.01803 - 0.90447 +0.09267 +0.00862

In order to improve the accuracy, particularly of the Fourier series method™®, the
two elements adjacent to the local point of interest were each subdivided into ten
elements, making 26 in alll”). The ratio between the lengths of the successive
subelements moving away from the local point of expansion was 1.5, which gave
elements immediately adjacent to the local point of length 0.0044. The purpose of this
element refinement was to permit much more accurate integrations, allowing the internal
point to be placed much closer to the local point of interest. Table 9 and 10 show some
of the results obtained from Taylor and the Fourier series with the internal points at
(1.1, 1.1), (1.05, 1.05), and (1.01, 1.01) (see Table B.3 and B.4 in appendix B for the

full range of the results).

* From now on, after five decimal places the results are rounded-off.
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Table 2.9 : Square domain with linear potential variation
Function and derivatives at node 1 (Fig. 2.6) from Taylor scrics
with differcnt numbers of terms and positions for internal point

using refined boundary elements in the region of interest.

Internal No. of ¢ b,y 0. b, xy ¢,xx
point terms

Exact : 0. 0. - 1. 0. 0.
(1.1, L.1) +0.00000 +0.00000 - 1.00000 +0.00000 +0.00000
(1.05, 1.05) 5 +0.00000 +0.00000 - 1.00000 +0.00000 +0.00000
(1.01, 1.01) +0.00000 +0.00000 - 1.00000 +0.00000 +0.00000
(1.1, 1.1) - 0.00000 +0.00000 - 1,00000 - 0.00000 +0.00000
(1.05, 1.05) 10 - 0.00000 +0.00000 - 1.00000 - 0.00000 - 0.00000
(1.01, 1.01) +0.00000 +0.00002 - 0.99993 +0.00002 - 0.00000
(1.1, 1.1) +0.00000 - 0.00000 - 1.00000 +0.00000 +0.00000
(1.05, 1.05) 14 +0.00000 +0.00000 - 1.00000 +0.00000 +0.00000
(1.01, 1.01) +0.00000 +0.02847 - 1.29386 +0.00260 +0.00016
(1.1, 1.1) +0.00000 +0.00000 - 1.00000 +0.00000 +0.00000
(1.05, 1.05) 16 +0.00000 +0.00000 - 1.00000 +0.00000 - 0.00000
(1.01, 1.01) +0.00000 - 0.05478 +0.004 +0.00001 +0.00006

Table 2.9 shows that the results obtained using Taylor series are still very good.
There is, however, deterioration in accuracy with the internal point at (1.01, 1.01) as
the number of terms in the series increases. With 14 terms the deterioration becomes
significant, and particularly with 16 terms the results are bad, though the value of the
potential function is still very good (at least up to five decimal places). This loss of
accuracy is associated with the numerical integration of high-order kernel function
derivatives(m, which are increasingly singular as the number of terms in the seriesis

increased.
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Table 2.10 : Square domain with lincar potential variation
Function and derivatives at node 1 (Fig. 2.6) from Fourier series
with different numbers of terms and positions for internal point

using refined boundary elements in the region of interest.

Internal No. of (0] ¢,y 0,x ¢,xy d,xx
point terms
Exact : 0. 0. - 1. 0. 0.

1.1, 1.1) +0.00000 - 0.00100 - 1.00105 +0.00050 +0.00265
(1.05, 1.05) 8 +0.00000 - 0.00077 - 1.00050 +0.00152 +0.00056
(1.01, 1.01) +0.00000 - 0.00025 - 0.99908 +0.00106 +0.00041
(1.1, 1.1) +0.00000 - 0.00003 - 0.99953 - 0.00038 -0.00041
(1.05, 1.05) 12 - 0.00000 - 0.00012 - 0.99952 - 0.00022 - 0.00004
(1.01, 1.01) - 0.00000 +0.00031 - 1.00511 - 0.00051 - 0.00004
(1.1, 1.1) - 0.00000 - 0.00001 - 0.99999 - 0.00000 +0.00001
(1.05, 1.05) 16 +0.00000 - 0.00000 - 0.99998 +0.00000 - 0.00000
(1.01, 1.01) +0.00000 - 0.04946 +0.005 +0.00002 +0.00006

Note that although the Fourier series method is still not as good as the Taylor
series one, it gives much better accuracy than in Table 2.8, and as the number of terms
increases it converges rapidly and the results with 16 terms become almost identical
with those from Taylor series. The behaviour of the results from the Fourier series with
the internal point at (1.01, 1.01) is like that of the results from Taylor series, as one

may expect since the internal point is now too close to the boundary.

Based on the experience of this first problem, a number of higher-order potential
functions can now be tested for the same square domain, with the same discretisation

(i.e., 26 elements with local length ratio of 1.5 and smallest elements of length 0.0044).
24.1.2 drati iation of Potential ;

The potential function to be applied over the domain is

61



2 2
O=x -y +2xy (2.108)

and its first and second order derivatives with respect to x and y coordinate directions

arc

o9 96 _

5;_.2x+2y, 3 2y +2x (2.109)
2 2

a_‘g=2, ;a‘" =2 (2.110)
ox X0y

with all other derivatives zero. At x=y=1 (node 1), these become

6=2 @.111)
00 _ 9 _
b 52=0 (2.112)
and
2 2
99 _,. 99 _, 2.110)
3 axdy

Table 2.11 shows the optimum results obtained from Taylor series.
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Table 2.11 : Square domain with quadratic potential variation
Function and derivatives at node 1 (Fig. 2.6) from Taylor series
with optimum numbers of terms and different positions for internal point
using refined boundary elements in the region of interest.

Internal No. of ¢ b,y d,x ¢,xy ¢,xx
point terms

Exact: +2. 0. +4, +2. +2.
(1.1, 1.1) 5 +2.00000 +0.00000 +4.00000 +2.00000 +2.00000
(1.05, 1.05) 5 +2.00000 - 0.00000 +4.00000 +2.00000 +2.00000
(1.01, 1.01) 5 +2.00000 +0.00000 +4.00000 +2.00000 +2.00000

As can be seen from Table 2.11 above, the results obtained are excellent (although after
twelve terms there is a slight loss of accuracy, see Table B.5 in appendix B). Five terms
still give very good results because five-term Taylor series can perfectly represent
second order polynomial functions (see the Pascal triangle of differentiation, Table 2.1).
At the distance (1.01, 1.01), however, with the increment of the number of terms the

results become unreliable as is the case in the first problem (see Table B.5 and B.6).

Table 2.12 shows the optimum results obtained from the Fourier series
representation. Although Fourier series is not comparable with Taylor series with
relatively small number of terms, the results, however, converge very well as the
number of terms increases, and with 16 terms they are very good. The value of the
potential function can be obtained even with smaller numbers of terms, and this is true

for all the potential problems which follow (see Tables in appendices B, C, and D).
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Table 2.12 : Square domain with quadratic potential variation
Function and derivatives at node 1 (Fig. 2.6) from Fourier serics
with optimum numbers of terms and different positions for internal point
using refined boundary elements in the region of interest.

Internal No. of ¢ ¢,y ¢,x o, xy ¢ ,xx
point terms

Exact: +2. 0. +4, +2. +2.
(1.1, 1.1) 15 +2.00000 +0.00028 +3.99964 +2.00002 +1.99971
(1.05, 1.05) 16 +2.00000 +0.00007 +3.99877 +1.99993 +2.00000
(1.01, 1.01) 10 +2.00000 - 0.00048 +3.96953 +1.99822 +2.00126

2.4.1.3. Cubic Variation of Potential :

The potential function considered and its derivatives as follows

o= X+ 3x2y - E}xy2 - y3 (2.113)
and
a0 2 2 9 2 2
— — — — bt . 14
= 3x"+6xy -3y, 3y 3x" — 6xy — 3y (2.114)
2 2
K ¢
— = =6x — 2.115
2 6x + 6y, X9y 6x — 6y ( )



It is clear that the five-term Taylor series is now incapable of representing the

function and it is necessary to retain at least 7 terms in the series. Table 2.13 shows the

optimum results obtained from Taylor series and Table 2.14 those from Fourier series.

Table 2.13 : Square domain with cubic potential variation
Function and derivatives at node 1 (Fig. 2.6) from Taylor serics
with optimum numbers of terms and different positions for internal point
using refined boundary elements in the region of interest.

Internal No. of 0] o,y ¢,x ¢,xy d,xx
point terms
Exact : 0. - 6. +6. 0. +12.
(1.1, 1.1) 7 - 0.00000 - 6.00000 +6.00000 +0.00000 +12.00000
(1.05, 1.05) 7 - 0.00000 - 6.00000 +6.00000 +0.00000 +12.00000
(1.01, 1.01) 7 +0.00000 - 6.00000 +6.00000 - 0.00000 +12.00000
Table 2.14 : Square domain with cubic potential variation
Function and derivatives at node 1 (Fig. 2.6) from Fourier series
with optimum numbers of terms and different positions for internal point
using refined boundary elements in the region of interest.
Internal No. of ¢ b,y ,x ¢, xy 0, xx
point terms
Exact : 0. -6. +6. 0. +12.
(1.1, 1.1) 16 - 0.00000 - 5.99838 +6.00041 - 0.00053 +11.99783
(1.0s5, 1.05) 13 +0.00000 - 5.99855 +6.00188 +0.00339 +12.00053
(1.01, 1.01) 13 - 0.00000 - 6.00185 +6.03763 -0.00233 +11.99993
2.4.1.4. Quartic Variation of Potential ;
The potential function considered and its derivatives as follows
4 2 4
O=—-x +x3y+6x2y —xys-y (2.116)
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-gg- =—dx + 3x2y+ L’ny2 - y3 (2.117)

-giz =4y’ + 3y x+ 12y%% 4% @.118)
2 2

0

90 1ol s bxy+12y%, 99 402 +2xy—3y  (2.119)
ax2 axay

It is obvious that the nine-term Taylor series is able to reproduce the function.

Table 2.15 and 2.16 show the optimum results obtained from Taylor and Fourier series,

respectively.

Table 2.15 : Square domain with quartic potential variation

Function and derivatives at node 1 (Fig. 2.6) from Taylor series

with optimum numbers of terms and different positions for internal point
using refined boundary elements in the region of interest.
Internal No. of ¢ 0.y 0,x o.xy ¢,xx
point terms
Exact: +4. +6. +10. +24, +6.

(1.1, 1.1) 9 +4.00000 +6.00000 +10.00000 +24.00000 +6.00000
(1.05, 1.05) 9 +4.00000 +6.00000 +10.00000 +24.00000 +6.00000

(1.01, 1.01) 9 +4:00000 +5.99976 + 9.99971 +23.99906 +5.99958
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Table 2.16 : Square domain with quartic potential variation
Function and derivatives at node 1 (Fig. 2.6) from Fouricr serics
with optimum numbers of terms and different positions for internal point
using refined boundary elements in the region of interest.

Intcrnal No. of o] b,y d,x ¢,xy ¢, xx
point terms

Exact: +4. +6. +10. +24. +6.
(1.1, 1.1) 16 +4.00000 +5.99965 +10.00146 +23.99959 +6.00000
(1.05, 1.05) 16 +4.00000 +5.99988 +10.00035 +23.99995 +6.00002
(1.01, 1.01) 10 +4.00000 +5.99294 +10.05727 +23.99996 +6.00173

2.4.1.5. Quintic Variation of Potential :

The potential function considered and its derivatives as follows

6 =-x"=5x'y +10x°y" + 1087y’ - 5xy* -y’ (2.120)
_g.g:. = - 5x* ~ 2063y + 30x%y7 + 20xy” - 5y 2.121)
-g-%- = — 5x* + 20y + 30x°y? — 20xy° — 5y (2.122)
82¢ 3 2 2 3

—a:? =-20x"— 60x’y + 60xy + 20y (2.123)
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20

3 2 2 3
=2 + + —
%9y 0x™ + 60x y + 60xy — 20y (2.124)

It is now necessary to employ at least 11 terms for a satisfactory Taylor series
representation of the function. For the Fourier series again the larger the number of
terms the better function representation is. Table 2.17 and 2.18 show the optimum

results obtained.

Table 2.17 : Square domain with quintic potential variation
Function and derivatives at node 1 (Fig. 2.6) from Taylor series
with optimum numbers of terms and different positions for internal point
using refined boundary elements in the region of interest.

Internal No. of o Y ¢.x o,xy ,xx
point terms

Exact: +8. +20. +20. +80. 0.
(1.1, 1.1) 11 +8.00000 +20.00000 +20.00000 +80.00000 +0.00000
(1.05, 1.05) 11 +8.00000 +20.00000 +20.00000 +80.00000 - 0.00000
(1.01, 1.01) 10 +8.00000 +19.97971 +20.35543 +80.00894 - 0.00568

Table 2.18 : Square domain with quintic potential variation
Function and derivatives at node 1 (Fig. 2.6) from Fourier series
with optimum numbers of terms and different positions for internal point
using refined boundary elements in the region of interest.

Internal No. of ¢ oy o ¢o,xy ¢,xx
point terms

Exact: +8. +20. +20. +80. 0.
(1.1, 1.1) 16 +8.00000 +19.97998 +20.00278 +80.00354 +0.02410
(1.05, 1.05) 16 +8.00000 +19.99574 +20.05714 +80.00291 +0.00040
(1.01, 1.01) 10 +8.00000 +19.92838 +21.75752 +80.01879 - 0.04852
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2.4.1.6, Hyperbolic Variation of Potential :

The potential function considered and its derivatives are as follows

¢ = Cosx Coshy : (2.125)

. 3 .

i Sinx Coshy , 5}- = Cosx Sinhy (2.126)
2 2

_a_dl =— Cosx Coshy , A =— Sinx Sinhy (2.127)

axz axay

Table 2.19 and 2.20 show the optimum results obtained. Note that Fourier
series representation is able to give slightly better results than the Taylor series one with
relatively less numbers of terms since the potential function, eqn (2.125), is a part of

the Fourier series (see eqn (2.73)).

Table 2.19 : Square domain with hyperbolic potential variation
Function and derivatives at node 1 (Fig. 2.6) from Taylor series
with optimum numbers of terms and different positions for internal point
using refined boundary clements in the region of interest.

Internal No. of ¢ ¢,y ¢,x o,xy o xx
point terms

Exact: +0.83373 +0.63496 - 1.29846 - 0.98890 - 083373
(1.1, L.1) 16 +0.83373 +0.63497 - 1.29846 - 0.98890 - 083373
(1.05, 1.05) 16 +0.83373 +0.63496 - 1.29850 - 0.98890 - 083373
(1.01, 1.01) 10 +0.83373 +0.63426 - 1.29478 - 0.98934 - 083376
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Table 2.20 : Squarc domain with hyperbolic potential variation
Function and derivatives at node 1 (Fig. 2.6) from Fourier scries
with optimum numbers of terms and different positions for internal point
using refined boundary elements in the region of interest.

Internal No. of o o,y ¢,x ¢,xy o xx
point terms
Exact: +0.83373 +0.63496 - 1.29846 - 0.98890 -0.83373
(1.1, 1.1) 15 +0.83373 +0.63496 - 1.29846 - 0.98890 -0.83372
(1.05, 1.05) 14 +0.83373 +0.63496 - 1.29844 - 0.98890 - 083373
(1.01, 1.01) 9 +0.83373 +0.63525 - 1.29869 - 0.98896 -0.83394
2.4.1.7. Logarithmic Variation of Potential ;
The potential function considered and its derivatives as follows
¢=Inr (2.128)
where
2
I=x/{X +Y
9 _x 9 _¥ 2.129)
ax 2’ ay r2
T
2 2 2
96 _1 ,x o0 __,X (2.130)
nt r dxdy r

70



Table 2.21 and 2.22 show the optimum results obtained. Both series converged

well, although for logarithmic functions it is generally necessary to retain relatively

many terms to be able to represent the variations well.

Table 2.21 : Square domain with logarithmic potential variation
Function and derivatives at node 1 (Fig. 2.6) from Taylor series
with optimum numbers of terms and different positions for internal point
using refined boundary elements in the region of interest.

Internal No. of ¢ b,y o.x d.xy ¢,xx
point terms

Exact: +0.34657 +0.5 +0.5 -0.5 0.
(1.1, 1.1) 15 +0.34657 +0.49992 +0.50000 - 049996 +0.00011
(1.05, 1.05) 12 +0.34657 +0.49996 +0.49994 - 0.49999 +0.00005
(1.01, 1.01) 10 +0.34657 +0.49955 +0.50309 - 0.50013 +0.00013

Table 2.22 : Square domain with logarithmic potential variation
Function and derivatives at node 1 (Fig. 2.6) from Fourier series
with optimum numbers of terms and different positions for internal point
using refined boundary elements in the region of interest.

Internal No. of ¢ b,y ¢x o,xy o,xx
point terms

Exact: +0.34657 +0.5 +0.5 -0.5 0.
(1.1, 1.1) 16 +0.34657 +0.49999 +0.49992 - 0.49995 +0.00005
(1.05, 1.05) 16 +0.34657 +0.50000 +0.50010 - 0.49999 +0.00000
(1.01, 1.01) 10 +0.34657 +0.49965 +0.49898 - 0.49989 +0.00037
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2.4.2. Thick-Walled Cylinder

Having solved several problems and obtained quite satisfactory results for a
square domain we can now apply the same potential variations to a domain consisting of
curved boundary segments, namely, a thick-walled cylinder in order to see whether or

not the LBIE method is also applicable to problems with somewhat awkward regions.

Figure 2.7 shows one quadrant of the cross section of a thick-walled cylinder
with inner and outer radii R, and R,, and prescribed values of potential, ¢; and ¢, at the

inner and outer surfaces. Due to symmetry only one quadrant is considered.

Figure 2.7 : One quadrant of a thick-walled cylinder with mixed boundary
conditions.

Based on the experience of the first square domain problems the solution domain
was discretised into 46 elements, 40 of which were in the vicinity of the local point of
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interest which was sclected to be at node 1 (see Fig. 2.7 above). The ratio between the
length of successive clements in this region moving away from node 1 was 1.2, so that
the elements immediately adjacent to this point of interest were of length 0.0013 along

the x axis and 0.0021 along the inner surface of the cy]inder(m.

2.4.2.1, Linear Variation of Potential :

Let us recall the function and its derivative with respect to x direction

¢=1-x and -S%:-l (2.107)

with all other derivatives zero. Table 2.23 shows the optimum results obtained using
Taylor series for the function ¢ and its first and second derivatives (i.e., the parameters
o, to as), using different numbers of terms and positions for internal point p in
equations (2.13). Table 2.24 shows the optimum results obtained using the Fourier
series. The results from both series are as good as those obtained for a square domain,
and this is true for all the problems which follow (see Table C.1 and C.2 in appendix C

for the full range of the results).

Table 2.23 : Cylinder domain with linear potential variation
Function and derivatives at node 1 (Fig. 2.7) from Taylor series
with optimum numbers of terms and different positions for internal point
using fine boundary elements in the region of interest.

Internal No. of ¢ o,y ¢,x o, Xy d,xx
point terms ‘

Exact: +0.5 0. -1 0. 0.
(0.52, 0.02) 5 +0.50000 +0.00000 - 1.00000 +0.00000 +0.00000
(0.51, 0.01) 5 +0.50000 - 0.00000 - 1.00000 - 0.00000 - 0.00000
(0.509, 0.009) S +0.50000 - 0.00000 - 1.00000 - 0.00000 - 0.00000
(0.508, 0.008) 5 +0.50000 - 0.00000 - 1.00000 - 0.00000 - 0.00000
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Table 2.24 : Cylinder domain with linear potential variation
Function and derivatives at node 1 (Fig. 2.7) from Fouricr serics
with optimum numbers of terms and different positions for internal point
using finc boundary clements in the region of interest.

Internal No. of ¢ o,y ,x Xy ,xx
point terms
Exact: +0.5 0. - 1. 0. 0.

(0.52, 0.02) 15 +0.50000 +0.00000 - 1.00000 - 0.00000 - 0.00001
(0.51, 0.01) 13 +0.50000 - 0.00000 - 0.99998 +0.00001 - 0.00003
(0.509, 0.009) 13 +0.50000 - 0.00001 - 0.99998 +0.00001 - 0.00003
(0.508, 0.008) 11 +0.50000 - 0.00000 - 1.00001 +0.00002 +0.00002
2.4.2.2. Quadratic Variation of Potential ;

Let us recall the potential function

2 2
O=x —y +2xy (2.108)

and its first and second order derivatives with respect to x and y coordinate directions

9 _ 9 _
?a;—2x+2y, i 2y + 2x
2 2

do, B,

ox X0y

with all other derivatives zero. At x=0.5 and y=0 (node 1), these become

74

(2.109)

(2.110)



¢ =025 (2.131)

dd _ 9o _

==1, -a—i—l (2.132)
and

9% %0

.—-..:2 , =2 2.110

I oxay ( )

Table 2.25 and 2.26 show the optimum results obtained from Taylor and Fourier series.
Since five term Taylor series can perfectly represent second order polynomial functions
the results obtained using five terms are perfect, like those obtained for the square
domain (see section 2.4.1.2). Although the results from Fourier series is less accurate
than those from Taylor series with relatively small numbers of terms, they, however,
converge well as the number of terms increases, and with 13-16 terms they are almost

identical with those from Taylor series.

Table 2.25 : Cylinder domain with quadratic potential variation
Function and derivatives at node 1 (Fig. 2.7) from Taylor series
with optimum numbers of terms and different positions for internal point

using fine boundary elements in the region of interest.

Internal No. of ¢ 0.y 0,x 6,xy b,xx
point terms

Exact: +0.25 +1. +1. +2, +2.
(0.52, 0.02) 5 +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.51, 0.01) 5 +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.509,0.009) 5 +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.508,0.008) S +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
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Table 2.26 : Cylinder domain with quadratic potential variation
Function and derivatives at node 1 (Fig. 2.7) from Fourier serics
with optimum numbers of terms and different positions for internal point

using fine boundary clements in the region of interest.

Internal No. of 0} oy ¢,x . xy ¢,xx
point terms

Exact: +0.25 +1. . +1. +2. +2.
(0.52, 0.02) 16 +0.25000 +1.00000 +1.00002 +2.00001 +1.99997
(0.51, 0.01) 13 +0.25000 +1.00000 +1.00002 +2.00001 +1.99996
(0.509, 0.009) 13 +0.25000 +1.00000 +1.00002 +2.00001 +1.99996
(0.508, 0.008) 14 +0.25000 +1.00000 +1.00000 +2.00001 +2.00001

2.4.2.3. Cubic Variation of Potential ;

Let us recall the potential function

o= X+ 3x2y - 3xy2 - y3 (2.113)

and its first and second order derivatives with respect to x and y coordinate directions

99 — 2,2 —3y2 99 = 3xZ— —3y2

Pl 3x"+ 6xy -3y, W =3x" — 6xy — 3y (2.114)
82¢ 324) _

—---ax2 =6x + 6y, oy 6x — 6y (2.115)

Table 2.27 and 2.28 show the optimum results obtained from Taylor and Fourier series.
The results from both series are very good. Note that seven terms in Taylor series are

now required in order to be able to get satisfactory results.
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Table 2.27 : Cylinder domain with cubic potential variation
Function and derivatives at node 1 (Fig. 2.7) from Taylor scrics
with optimum numbers of terms and different positions for internal point
using finc boundary elements in the region of interest.

Internal No. of ¢ o,y 0,x d,xy d,xx
point terms
Exact: +0.125 +0.75 +0.75 +3. +3.
(0.52, 0.02) 7 +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.51, 0.01) 7 +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.509, 0.009) 7 +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.508, 0.008) 7 +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
Table 2.28 : Cylinder domain with cubic potential variation
Function and derivatives at node 1 (Fig. 2.7) from Fourier series
with optimum numbers of terms and different positions for internal point
using fine boundary elements in the region of interest.
Internal No. of ¢ [RY - d.x ¢ .xy ¢, xx
point terms
Exact: +0.125 +0.75 +0.75 +3. +3.
(0.52, 0.02) 16 +0.12500 +0.74999 +0.75003 +3.00002 +2.99994
(0.51, 0.01) 13 +0.12500 +0.75000 +0.74998 +2.99999 +3.00005
(0.509, 0.009) 13 +0.12500 +0.75000 +0.74997 +2.99999 +3.00007
(0.508, 0.008) 13 +0.12500 +0.75000 +0.74996 +2.99999 +3.00009
2.4.2.4. Quartic Variation of Potential :
Let us recall the potential function
4
¢=—x4+x3y+6x2y2—xy3—y (2.116)
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and its first and sccond order derivatives with respect to x and y coordinate directions

S |
et + 30y 41207 -y (2.117)

a—3=—4y3 +3y2x+ 12yx2+x3 (2.118)

2o %
dxdy

’ =3 +24xy-3y.  (2.119)
ox

=—12x* + 6xy + 12y2 ,

It is necessary to retain at least nine terms in Taylor series since less terms are
not enough to reproduce the function. Table 2.29 and 2.30 show the optimum results

obtained from Taylor and Fourier series. Both series give very good results.

Table 2.29 : Cylinder domain with quartic potential variation
Function and derivatives at node 1 (Fig. 2.7) from Taylor series
with optimum numbers of terms and different positions for internal point
using fine boundary elements in the region of interest.

Internal No. of ¢ o,y ,x O, Xy ¢,xx
point terms

Exact: -0.0625 +0.125 -0.5 +0.75 - 3.
(0.52, 0.02) 9 - 0.06250 +0.12500 - 0.50000 +0.75000 - 3.00000
(0.51, 0.01) 9 - 0.06250 +0.12500 - 0.50000 +0.75000 - 3.00000
(0.509, 0.009) 9 - 0.06250 +0.12500 - 0.50000 +0.75000 - 3.00000
(0.508, 0.008) 9 - 0.06250 +0.12500 - 0.50000 +0.75000 - 3.00000
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Table 2.30 : Cylinder domain with quartic potential variation
Function and derivatives at node 1 (Fig. 2.7) from Fouricr scrics
with optimum numbers of terms and different positions for internal point

using finc boundary elements in the region of intcrest.

Internal No. of o oy o dxy .xx
point terms
Exact: -0.0625 +0.125 -05 +0.75 - 3.
(0.52, 0.02) 14 - 0.06250 +0.12497 - 0.50001 +0.75007 - 299997
(0.51, 0.01) 14 - 0.06250 +0.12499 - 0.50000 +0.75001 - 3.00001
(0.509, 0.009) 14 - 0.06250 +0.12500 - 0.49999 +0.75000 - 3.00002
(0.508, 0.008) 14 - 0.06250 +0.12500 - 0.49994 +0.75001 - 3.00013
2.4.2.5. Quintic Variation of Potential :
Let us recall the potential function
5
o=- X — 5x4y + 10x3y2 + 10x2y3 -~ 5xy4 -y (2.120)

and its first and second order derivatives with respect to x and y coordinate directions

mlm
*|-&

99

dy

= — 5x* — 20y + 30x%y? + 20xy” - 5y

4
—sxt 20x3y + 30x2y2 - 20xy3 - Sy
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0
-12’ =~ 20x" ~ 60x’y + 60xy" + 20y° (2.123)
ox
ach 3 2 2 3
S5y = 20x” + 60X’y + 60xy — 20y (2.124)

Table 2.31 and 2.32 show the optimum results obtained from Taylor and

Fourier series.

Table 2.31 : Cylinder domain with quintic potential variation
Function and derivatives at node 1 (Fig. 2.7) from Taylor series
with optimum numbers of terms and different positions for internal point
using fine boundary elements in the region of interest.

Internal No. of ¢ .y b,x ,xy ¢.xx
point terms

Exact: -0.03125 - 0.31250 - 0.31250 - 2.50000 - 2.50000
0.52, 0.02) 11 - 0.03125 -0.31250 - 031250 - 2.50000 - 2.50000
(0.51, 0.01) 11 - 0.03125 -0.31250 -0.31250 - 2.50000 - 2.50000
(0.509, 0.009) 11 - 0.03125 -0.31250 -0.31250 - 2.50000 - 2.50000
(0.508, 0.008) 11 - 0.03125 - 0.31250 - 0.31250 - 2.50000 - 2.50000

Table 2.32 : Cylinder domain with quintic potential variation
Function and derivatives at node 1 (Fig. 2.7) from Fourier series
with optimum numbers of terms and different positions for internal point

using fine boundary elements in the region of interest.

Internal No. of ¢ o,y ¢.x ¢.xy ¢,xx
point terms

Exact: -0.03125 -0.31250 - 0.31250 - 2.50000 - 2.50000
(0.52, 0.02) 16 - 0.03125 -0.31234 -0.31297 -2.50033 - 2.49906
(0.51, 0.01) 16 - 0.03125 -0.31239 -0.31289 - 2,50021 - 2.49922
(0.509, 0.009) 16 - 0.03125 -0.31289 -0.31420 - 2.50042 - 2.49660
(0.508, 0.008) 13 - 0.03125 -0.31254 -0.31146 - 2.49981 - 2.50207
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It is now obvious that eleven-term Taylor series is capable of representing the
function. Although the Fourier series cannot produce the same accuracy the results are

very much satisfactory.

2.4,2.6. Hyperbolic Variation of Potential ;

Let us recall the potential function

¢ = Cosx Coshy (2.125)

and its first and second order derivatives with respect to x and y coordinate directions

b _ .. a¢ _ .

W Sinx Coshy , '537 = Cosx Sinhy (2.126)
2 2

-8—9- =— Cosx Coshy , A =~ Sinx Sinhy 2.127)

Ix2 oxdy

Due to the fact that the hyperbolic function (2.125) is a part of the Fourier series
representation it is not surprising that it can be reproduced with relatively less number of
terms retained in the Fourier series, eqn (2.73). Table 2.33 and 2.34 show the optimum
results obtained from Taylor and Fourier series. The results from both series are very
good, and the same accuracy can be attained with almost the same numbers of terms in

both series.
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Tablc 2.33 : Cylindcr domain with hyperbolic potential variation
Function and derivatives at node 1 (Fig. 2.7) from Taylor scrics
with optimum numbers of terms and different positions for internal point
using fine boundary elements in the region of interest.

Internal No. of ¢ ¢,y ¢,x d,xy ¢, xx
point terms

Exact: +0.87758 0. -0.47943 0. - 0.87758
(0.52, 0.02) 13 +0.87758 - 0.00000 -0.47943 - 0.00000 -0.87758
(0.51, 0.01) 13 +0.87758 - 0.00001 -0.47943 +0.00002 - 0.87757
(0.509, 0.009) 13 +0.87758 - 0.00001 -0.47943 +0.00002 - 0.87757
(0.508.0.008) 13 +0.87758 - 0.00000 - 047943 +0.00001 - 0.87757

Table 2.34 : Cylinder domain with hyperbolic potential variation
Function and derivatives at node 1 (Fig. 2.7) from Fourier series
with optimum numbers of terms and different positions for internal point
using fine boundary elements in the region of interest,

Internal No. of Lo} ¢,y ¢,x 0,xy 0, Xx
point terms

Exact: +0.87758 0. - 047943 0. - 0.87758
(0.52, 0.02) 13 +0.87758 - 0.00000 - 047943 +0.00000 - 0.87757
(0.51, 0.01) 13 +0.87758 - 0.00001 -0.47944 +0.00002 - 0.87756
(0.509, 0.009) 13 +0.87758 - 0.00001 - 047944 +0.00002 - 0.87756
(0.508.0.008) 13 +0.87758 - 0.00000 - 047943 +0.00001 -0.87757

42.7. ithmic Variation of Potential :
Let us recall the potential function
¢=Inr (2.128)

where
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and its first and second order derivatives with respect to x and y coordinate directions

9 _x % _X

ox 2’ oy

7o 1 ) x> 9% S5
—— . w— — s -— 4
x> r Oxdy r

(2.129)

(2.130)

Table 2.35 and 2.36 show the optimum results obtained from Taylor and

Fourier series. Since logarithmic variations are more complex than those polynomial

and hyperbolic ones the accuracy attained from both series is comparably less, but

satisfactory. Note that the results for the square domain are better than those for the

cylinder because of somewhat awkward boundary. It is also of interest that the Fourier

series is able to represent the function slightly better than the Taylor one, as is the case

for the square domain but it can be more clearly seen here.

Table 2.35 : Cylinder domain with logarithmic potential variation
Function and derivatives at node 1 (Fig. 2.7) from Taylor series
with optimum numbers of terms and different positions for internal point

using fine boundary elements in the region of interest.

Intemnal No. of ¢ ¢,y 0,x o.,xy 0,xx
point terms

Exact: -0.69315 0. +2. 0. - 4.
(0.52, 0.02) 14 - 0.69315 +0.00298 +2.01818 +0.00132 - 4.03467
(0.51, 0.01) 15 - 0.69315 +0.00255 +2.02929 - 0.00481 - 4.05861
(0.509, 0.009) 15 - 0.69315 +0.00290 +1.97956 - 0.00544 - 3.95916
(0.508, 0.008) 14 - 0.69315 +0.00227 +2.04806 - 0.00448 - 4.09615
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Table 2.36 : Cylinder domain with logarithmic potential variation
Function and derivatives at node 1 (Fig. 2.7) from Fouricr scrics
with optimum numbers of terms and diffcrent positions for internal point

using fine boundary clements in the region of interest.

Internal No. of ¢ ¢,y ¢,x o, xy ¢,xx
point terms

(0.52, 0.02) 14 - 0.69315 +0.00382 +2.03942 - 0.00296 -4.07786
(0.51, 0.01) 15 - 0.69315 +0.00335 +2.02021 - 0.00639 -4.04046
(0.509, 0.009) 15 - 0.69315 +0.00360 +1.99068 - 0.00690 - 398140
(0.508, 0.008) 14 - 0.69315 +0.00283 +2.05466 - 0.00565 - 4.10937

2.4.2 8. Radial Variation in Tem T

Let us now apply the method to a practical problem where potential variation is

more complicated. The steady state radial heat transfer at a rate Q per unit length of a

cylinder from the inner surface to the outer surface is defined by

d¢
Q=-2nk ggR

(16)

(2.133)

where k is the thermal conductivity of the material, R is the radial coordinate measured

from the centre of the cylinder, and ¢ is the temperature through the wall having the

values ¢; at Ry and ¢, at R, (see Fig.2.7).

Integrating the equation above and applying the boundary conditions results in
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In(R/R, ) -
=9, +(¢2_¢l)ln(R2/R1) (2.134)

Hence, the first two nonzero derivatives of ¢ with respect to R are

do _ (9= do_ 9% @.135)
—_—— an —_—=T .
dR  RIn(R,R,) dr® R InR,R)
with the values givenas R;=0.5, Ry =1, ¢;=6, and ¢,=3 we then have
b_G_30CR)  do_ -3 o +3 (2.136)
In2) ° dR RInQ)’ R R:In@)
and at R=R, (node 1) they become
do a0
=6, <5 =~ 865617, — =+17.31234  (2.137)
dR

Table 2.37 and 2.38 show the optimum results obtained from both series (see Table

C.15 and C.16 in appendix C for the full range of the results).
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Table 2.37 : Cylinder domain with radial potential variation
Function and dcrivatives at node 1 (Fig. 2.7) from Taylor scrics
with optimum numbers of terms and different positions for internal point
using finc boundary clements in the region of interest.

Internal No. of ¢ b,y d,x ¢o,xy ¢,xx
point terms

Exact: +6. 0. - 8.65617 0. +17.31234
(0.52, 0.02) 14 +6.00000 - 0.01247 - 8.75397 - 0.00441 +17.50113
(0.51, 0.01) 15 +6.00000 - 0.01066 - 8.80508 +0.02019 +17.61029
(0.509, 0.009) 15 +6.00000 - 0.01228 - 8.57711 +0.02304 +17.15437
(0.508.0.008) 14 +6.00000 - 0.00948 - 8.87669 +0.01883 +17.15354

Table 2.38 : Cylinder domain with radial potential variation
Function and derivatives at node 1 (Fig. 2.7) from Fourier series
with optimum numbers of terms and different positions for internal point
using finc boundary elements in the region of interest.

Internal No. of ¢ by 0,x ¢.xy 0,xx
point terms
(0.52, 0.02) 14 +6.00000 - 0.01605 - 8.84254 +0.01369 +17.68125
(0.51, 0.01) 15 +6.00000 - 0.01411 - 8.76541 +0.02699 +17.53100
(0.509, 0.009) 15 +6.00000 - 0.01533 - 8.62453 +0.02939 +17.24924
(0.508.0.008) 14 +6.00000 - 0.01192 - 8.90437 +0.02390 +17.80891

As can be seen from both Tables, when the number of terms retained in the

series is fifteen the optimum point location is at about (0.509, 0.009), when the

maximum error in the nonzero derivatives from Taylor series is about 0.9% and the

maximum error in those from the Fourier one is about 0.4%. For all internal points the

exact value of temperature (up to at least five decimal places) is obtained.

Based on the experience of the problems tested so far, it will be wise to increase

the number of terms in order to improve the accuracy. But there should be a careful

balance between the number of terms and the location of internal point. When the
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number of terms is increased the internal point should be taken closer to the local point
of interest. It is, however, necessary not to position the internal point so close to the
local point in order to avoid the inaccuracies in numerical integration of high-order

kermnel function derivatives.

With the present mesh, when more than fifteen terms are used the accuracy of
the results deteriorates. In order to use more terms it is necessary to select an internal
point closer to the local point of interest on the boundary, which can only be done, in
view of the foregoing discussion, if finer discretisation is used on the boundary in the

region of this point*.
2.4.3. Local Refinement of a Solution

The examples considered so far show that in each case the LBIE method (with
either series expansion) described here can be used to obtain a solution in its own right.
It can also be used to locally refine the already existing approximate solutions obtained

by other methods (analytical or numerical).

The same cylinder problem of a radial potential (temperature) variation with the
same discretisation (46 elements with local length ratio of 1.2 and smallest elements of
length 0.0013 and 0.0021 along the x direction and the inner surface of the cylinder,
respectively) was solved. This time, a remote field function was applied outside the
local area**. The exact analytical solution to the problem, eqn (2.134), was used as the
remote field function to be able to focus on the capabilities of the method in the local
solution procedure and to avoid any interference from inaccuracies in the remote field

solution!?,

The results obtained were perfectly in agreement with the exact solution. Both

series converged rapidly when the number of terms was increased, and the results were

* There are two ways of refining the mesh. One is to use more elements in the local region of interest,
and the other is to reduce the local area (a different length ratio may also be considered).

** By local area, we mean the area inside a circle of radius r, which is three times the distance between
the internal point and the quadrature point on the boundary, although this is not necessarily precise
depending on the type of the problem under consideration.
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almost insensitive to changes in the position of the internal point. Table 2.39 and 2.40

show the optimum results obtained (see Table D.1 and D.2 in appendix D for the full

range of the results).

Table 2.39 : Cylinder domain with radial potential variation
Function and derivatives at node 1 (Fig. 2.7) from Taylor serics
with optimum numbers of terms and different positions for intcrnal point
using fine boundary elements in the region of interest,

and remote field solution outside this region.

Internal No. of ¢ oy d,x o, xy d,xx
point terms

Exact: +6. 0. - 8.65617 0. +17.31234
(0.55, 0.05) 15 +6.00000 - 0.00000 - 8.65613 - 0.00082 +17.31082
(0.54, 0.04) 15 +6.00000 +0.00000 - 8.65617 - 0.00016 +17.31227
(0.53, 0.03) 15 +6.00000 - 0.00000 - 8.65617 - 0.00004 +17.31231
(0.52, 0.02) 15 +6.00000 +0.00000 - 8.65617 - 0.00000 +17.31234
(0.51, 0.01) 15 +6.00000 +0.00000 - 8.65617 - 0.00000 +17.31234
(0.509, 0.009) 13 +6.00000 +0.00000 - 8.65617 +0.00000 +17.31235
(0.508, 0.008) 14 +6.00000 - 0.00000 - 8.65617 - 0.00000 +17.31234

Table 2.40 : Cylinder domain with radial potential variation
Function and derivatives at node 1 (Fig. 2.7) from Fourier series
with optimum numbers of terms and different positions for internal point
using fine boundary elements in the region of interest,
and remote field solution outside this region.

Internal No. of ¢ Y ¢.x ¢,xy d,xx
point terms

Exact: +6. 0. - 8.65617 0. +17.31234
(0.55, 0.05) 16 +6.00000 +0.00000 - 8.65617 - 0.00045 +17.31234
(0.54, 0.04) 16 +6.00000 +0.00000 - 8.65617 - 0.00014 +17.31234
(0.53, 0.03) 16 +6.00000 +0.00000 - 8.65617 - 0.00003 +17.31234
(0.52, 0.02) 15 +6.00000 +0.00000 - 8.65617 - 0.00000 +17.31234
(0.51, 0.01) 15 +6.00000 - 0.00000 - 8.65617 - 0.00000 +17.31234
(0.509, 0.009) 15 +6.00000 - 0.00000 - 8.65617 +0.00000 +17.31234
(0.508.0.008) 13 +6.00000 - 0.00000 - 8.65617 - 0.00000 +17.31234
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2.5. Discussion

A local boundary integral equation method using series expansion techniques
has been developed for two-dimensional potential problems governed by Laplace's
equation. The method is essentially based on the work carried out by Fenner & Watson
(1988) using the Taylor series expansion. Fourier and Taylor series have been re-
examined and it has been found that both series methods produce very satisfactory

results in regions of particular interest and they can be used in their own rights.

An important application for the LBIE technique is to problems where
approximate solutions already exist and more detailed information is required at
particular geometric features. It provides a way of locally refining approximate

numerical solutions obtained by other means.

In order to successfully apply the method to problems of interest attention

should be given to the choice of three parameters. They are as follows:
i) number of terms retained in the series,
ii) location of the internal point within the region of interest,

iii) the ratio between the element lengths in the local area (particularly two
elements immediately adjacent to the local point of interest) and the distance, from the

internal point to these elements (more correctly, to the local point of interest).

There should be kept a careful balance between these three parameters. To be able to
represent the potential function well the number of terms in the series should, in
general, be large (the larger this number the better the function representation is). There
is, however, a limit to this number. The limit is provided by the accuracy with which
the highly-singular kernel functions can be integrated. It is observed that the resultsare
quite satisfactory, when the numbers of terms are approximately 15-16. Although for
relatively simple problems fewer can be used it is, however, much better to choose to

retain 15-16 terms in the series, since in a practical problem not the function but onlythe
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boundary conditions are known. Also, when the number of terms is increased the
internal point chosen should be closer to the local point of interest. The ratio between
the position of internal point and the element lengths adjacent to the local point of
interest should, however, be kept in due proportion. Based on the experience of the test
problems the accuracy is generally enhanced until the distance of the internal point from
the local point on the boundary are approximately of the order of twice as the length of
the local elements there (the two elements adjacent to the local point of interest). As the
internal point moves closer to the local origin, the results (especially the derivatives)
become unreliable, because the point is now too close to the boundary. The resulting
integrals over the elements there will be difficult to evaluate numerically, because the
high-order kernel functions within the integrands will have a large fluctuation across

these elements. In such a case a finer discretisation of the local area becomes necessary.

Elements over the boundaries were defined by either quadratic (three point) or
cubic (four point) shape functions for all the test problems considered in this chapter. In
either case the results obtained were almost identical. Hence, the results obtained using
cubic boundary elements are not given and in the next chapter only quadratic elements

will be employed to represent boundary geometries.

Note that the number of algebraic equations does not increase with increasing
number of elements in a mesh refinement, and is fixed for a given number of terms in
the series, whereas in conventional BIE methods the number of equations increases as
the number of nodes(elements) increases, which makes it an expensive process to refine
‘the mesh{!”, Because of the small number of linear equations that have to be solved,
the LBIE method is computationally very efficient compared to conventional numerical

techniques.

All these make the LBIE method very attractive to use, particularly (due to the
high level of accuracy) to locally refine existing approximate solutions, where detailed

information in a small region of particular interest is needed.
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It is therefore of interest to apply the method to some stress problems governed

by biharmonic equations.
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CHAPTER 3
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3. TWO-DIMENSIONAL ELASTICITY THEORY

Having formulated the local BIE method for problems of the harmonic type, the
approach can now be extended to two-dimensional plane stress and plane strain

biharmonic problems of elasticity theory.

Boundary integral (Somigliana's identity) equations of elastostatics are derived

by the direct formulation, as was done for potential theory.
3.1. Formulation

In this section we will briefly discuss and give the fundamental equations of the
classical theory of elasticity, which are necessary in formulating the LBIEs. The
fundamental (singular) solutions are derived using two functions, namely, the Galerkin
vector and Dirac delta function!®. The reciprocal relationship is Betti's theorem. As in
the case of potential theory, these two items (the fundamental solutions and reciprocal
relationship) are required to establish an integral equation for a point, p, within the
domain, R. The higher-order BIEs are then obtained by simple differentiation of that
integral equation, repeatedly, at the internal point, p. The kernel functions (fundamental
solutions) are differentiated in the same way, and they are given in appendix E. For
compactness, wherever necessary, tensor notation will be used with implied summation

on repeated indices, and partial derivatives being denoted by the comma-index notation.

3.1.1. Review of the Governing Equations of Elasticity

The partial differential equations of equilibrium in tensor form are given by(18'43)

where X; are the components of the body force vector in the x; coordinate directions,

and oj; is the stress tensor. The Hooke's law constitutive equation for a homogeneous

93



isotropic and linearly elastic material undergoing small strains in the absence of thermal

strain cffects is given by

O = A Sij Eyy + 21 E; (3.2)

or

Eg;=(1+v)0;~-Vd;0y (3.3)

where €;; is the strain tensor and the Lame elastic constants L and A are given in terms of

Young's modulus, E, and Poisson's ratio, v, by

E and A= 2wy (3.4)

21 +v) (1-2v)

In equation (3.2) and (3.3) Bij is the Kronecker delta defined by

L if i=j
0, if i#]

Since the strain-displacement relations are

(u.', + u.’.) (3.6)

eqn (3.2) may then be expressed in terms of displacements as
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=& 8 up o + 1 (U5 +u5) (3.7)

Substitution of eqn (3.7) to the stress equilibrium eqn (3.1) yields the well-known
Navier's equations of equilibrium for linear elasticity for a homogeneous isotropic body

in terms of displacements :

This can be written in the form (see pp 154-156, Fung, 1965)

LV o+ (L) e, + X, =0 (3.9)
1-2v
where
e=u, (3.10)
and
Vi =u, (3.11)

The quantity e called dilatation is the divergence of the displacement vector u;, and in

expanded form,

du ov
e==—

. + 3 (3.12)
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which represents, in the infinitesimal strain theory, the change of area per unit area of

the surface under strain.

If the body force vanishes, X;= 0, then by taking the divergence of eqn. (3.8),

we have

B+ (=) v, =0 (3.13)

12y B
and by interchanging these indices, since they are dummy indices, results in
;=0 (3.14)
which can be written as

Ve=0 (3.15)

Hence, the dilatation e is a harmonic function when the body force X; = 0.

Now, operating on eqn. (3.9) with the laplacian V2, we obtain

bV + (L) Ve, =0 (3.16)
1-2v

what amounts to the same thing is

Vu=0 3.17)
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Thus, the displacement components, u;, are biharmonic. It follows that the strain

components and the stress components, which are the linear combination of the first

derivatives of the displacement components, are also biharmonic functions
Vo.=0 (3.18)
and

Ve.=0 (3.19)

The solution to eqn (3.8) for a given problem should fit the prescribed boundary

conditions of that problem.

The boundary conditions are such that over every part of the boundary either

displacements

u;(x) = g;(x) (3.20)
or tractions

t(x) = 6;;(x) nj(x) = g;(x) (3.21)

are specified (or there exists a linear relationship between them). The traction vector on
the surface, S, in eqn (3.21) can be found from the substitution of Hooke's law (3.7)

into eqn (3.21) as
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) = g0 = (A8 uy + 1 (o +u) Iy (3.22)

The displacements and stresses are always continuous since the Navier's equations of

elasticity, eqns (3.8), are elliptic for —1 <v <0.5 (see pp 73-74 Cruse, 1977).
3.1.2. Derivation of Kernel Functions (the Fundamental Solutions)

The fundamental solution of Laplace's equation, eqn (2.1), depends only on the
distance r(p,q). It is clear that at infinity the fundamental solution is zero and when two
points p and q coincide it becomes singular. This solution is produced by a unit source
at an arbitrary point q subject to the condition that the solution at infinity is zero.
Similarly, the fundamental solutions of equations (3.8) are the displacement fields due
to unit concentrated forces at q in the cartesian coordinate directions, and singular at this
point and zero at infinity. Because the unit force is a vector, pointing in some particular
direction, the fundamental solution is not a function of r alone, and can be obtained by
using a potential displacement function, G;, called the Galerkin vector. It is assumed
that the Galerkin vector has continuous derivatives through the fourth order. The basic

equations (3.8) of elasticity, namely, Navier's equations are satisfied when(!?

and if the G; satisfy the inhomogeneous biharmonic equations
Xi
(}i’jjkk =—— (3.24)
1!

If the body forces X; =0, eqns (3.24) are then biharmonic and their solutions are called

biharmonic functions. Thus, to solve a problem in static equilibrium is to determine
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these biharmonic functions. The solutions of (3.24) are closely related to solutions of

Laplace's equations’ (see p. 75 Cruse, 1977).

In order to find the fundamental solution to Navier's equations, the body forces
are replaced by the Dirac delta function D(p,q) and using eqns (3.24) to define new

vector functions F; such that!?

2 1
VF,=-—D(p,9) ¢ (3.25)
7]

where the Dirac vector function D(p,q) e; replaces X; in eqns (3.24). The singular

solution for each component of eqns (3.24) in two dimensions is given by(lz)

F,=——¢;In[-——] (3.26)
2“71: T(P,Q)

such that the appropriate Galerkin vector function in the absence of body forces may be

given (see Remazi, 1981) by

G0 =—[1+m(@D)] Fe, (3.27)
8um r

where e is a set of unit vectors in the x; directions, and r(p,q) is defined as the distance
between field point q and the load point p with coordinates x and y. This function

satisfies the conditions that the stresses vanish at infinity and are singular at origin, p.

Differentiation of equation (3.27) and substitution into eqn (3.23) yields the

fundamental solution in terms of displacements as

* The relation between Neuber-Papkovich formulation (harmonic functions) and Galerkin vector
(biharmonic functions) was pointed out by R.D. Mindlin, 1936 and 1953.
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up.q) =——— {3 -4v) 5 () +1, r, e, (3.28)
8un(l-v) r

and the fundamental solution in terms of tractions is obtained by differentiating (3.28)

and substituting them into eqn (3.22) as

-1 1\gor
t(p.q) = m (;) {B_n [(1-2v) O, +2r1, r,]-

(1-2)[nr;—nr,] e (3.29)

In eqns (3.28) and (3.29) all the implied differentiations of r(p,q) are with respect to the

coordinates of the field point, q (see section 2.1.3), that is to say :

(3.30)

in eqn (3.29) the normal, n;, is taken at the field point q, and the normal derivative is

or or
.a._n. = BT ni(q) (3.31)

qi

In tensor notation, since

u;(P.q) = U(p.9) € (3.32)

and
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t.(p,q) = Tji(P’Q) ¢ (3.33)

then,

1 1
U(p.q) = ———— {(3 —4v) Sij ln(—) +1, T, (3.34)
8urn(l —v) r

and

-1 1\for
T;(p.@) = m (?) { = [a-2v) O +2r;r,) -

(1 -2v) [yr;—n;1, ]} (3.35)

where the second index, j, refers to the direction of the concentrated point load at p and
the first index, i, corresponds to the directions of the respective displacements and

tractions at q.
3.1.3. Betti's Reciprocal Work Theorem

After deriving the fundamental solutions (3.34) and (3.35) due to unit point
loads we can now establish the reciprocal relationship which is also required to form the

integral equations. This is provided by Betti's theorem and may be stated in terms of

point forces as(1®

Z F,d = Z Fd (3.36)
J J

where the d; are displacements in the directions of the forces F;, the point j ranging from

1 to n at which the forces act on the body, R. In another words, eqn (3.36) states that in
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a linear elastic solid, the work done by a set of forces acting through the corresponding
displacements produced by a second set of forces is equal to the work done by the
second set of forces acting through the corresponding displacements produced by the
first sct of forces'®. In eqn (3.36) body forces were ignored , but if required they can
also be considered. By taking into consideration that a force F in reality acts over a finite

area and assuming the applied forces act only on the boundary of the solution domain,

eqn (3.36) can be expressed in terms of displacements u; and tractions t;, which are

equivalent to the displacement vector d and force vector F, respectively, in the form of

fti u; dS =Jt; u; dS (3.37)
S S

where the integrations are carried out over the boundary, S. In eqn (3.37) the two

independent sets, namely, unprimed displacements u; and tractions t;, and primed ones

u’; and t; form the two sets we require in order to establish the integral identity.

Eqn (3.37) is in fact a direct extension of the divergence theorem (see eqn (2.2))

and can be proved by it. Let us recall eqn (2.2)

J‘divF dR = JF.n dS 2.2)
R S

and rewrite it in the form of

R S ~

where, as indicated before, F is a vector field with continuous first partial derivatives in

the domain, R.
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Again, consider two equilibrium states of the elastic body. One with
displacements u; due to the body forces X and surface tractions t;, and the other with

displacements u’; due to the body forces X'; and surface tractions t; . Now, we included

the body forces (although not necessary here). Hence, eqn (3.37) can be written as

friu;ds+J.xiu'idR=.|.t;uids+'fx;uidR (3.39)
R S R

Consider the left-hand side of this equation :

Since

=0y, (3.21)
and

o =—X; 3.1)
then

U)'-—'

t,u;dS + _[ X; u;dR = f o, n; u;dS - f c,;;u;dR (3.40)
R S R

and apply the divergence theorem (3.38) to the first integral on the right-hand side
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_[ G n;u;dS = _[(cuu,) dR

S

J. 1],“1dR+_[oxjunde (341
R R

Substitution of eqn (3.41) into eqn (3.40) results in

j t,u; dS +J X; u;dR =_[ o, u;;dR (3.42)
R

7]

and similarly performing the same operations as above on the right-hand side of eqn

(3.39), we have

u dS +JX u; dR = jcuuu dR (3.43)
Now if we can show that
j o, u;;dR = J o, u;;dR (3.44)

R R

then the proof will be completed. Let us apply Hooke's law (3.2) on the right-hand side
of (3.44)

J O;; “;,j dR = (7» O, +2H eij) u'i‘de
R

e

=[x u;’i Uy +H () 0 ]drR
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= J. [ A u;('k U HHU u;'j R u;'j ] dR (3.45)
R

and since
Hu g =Hou s (3.46)

then, the integral (3.45) is symmetric with respect to the primed and unprimed states.
Therefore, eqn (3.44) and hence eqn (3.39) are true. And in the absence of body forces
we have eqn (3.37). Since it is assumed that the solution domain is free of body forces,

only eqn (3.37) will be treated.
3.1.4. The Integral Equation for an Internal Point p

In equation (3.37), let the unprimed set be the required solutions to the problem
under consideration, and primed set be the fundamental solutions (3.34) and (3.35).
Navier's equation (3.8), which is the governing partial differential equation, is satisfied
by the fundamental solutions (3.34) and (3.35) everywhere except at the origin, p. If a
small circle of radius €,surrounding p, is extracted from the region, R, Betti's theorem
may be applied to the region, R—Rg, bounded by the circle S; and the curve S by
integrating along the boundaries in the directions as shown in Fig. 2.2. Equation (3.37)

may then be rewritten as

f t,u;dS = J' t u, dS (3.47)
S+S S+S

€ £

unless the point p is on the boundary of the solution domain, the integrals over the
boundary surface vary smoothly and present no difficulties, since there are no

singularities. The same limiting argument as €—0 as in potential theory (see section
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2.1.1) is used. Note that both the functions ¢t; and u; are continuous in R, and take the

values

t=t(q@ and u =ulq) onS (3.48)

€

and as q—p (or e-0)

t=t(P and u,=u(p. (3.49)
Hence, the first integral on Sg in eqn (3.47) in the limit as €0 is

lim J‘ti udS=lim {t(p)[C,In 1+ Cl2re}=0 (3.50)
€

£—-0 e-0
s€

since the displacement fundamental solution can be written as

u=C, ln(é) +C, (3.51)

where C; and C, are constants, and dS = € d6.

The second integral on S€ in eqn (3.47) may then be written as

lim j t u; dS = u,(p) lim J t; dS (3.52)
€0 g -0 S,

€
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but, since by definition the traction fundamental solution components t; arc the

components of concentrated point load of unity in each of the coordinate directions, then

lim J\; ds =§; e; (3.53)
£-0 S, :

and eqn (3.52) becomes

lim ft; u; dS = u;(p) &; ¢; = uy(p) ¢; (3.54)

£—0 S,

Therefore, substitution of these results, eqns (3.50) and (3.54), into eqn (3.47) in the

limit as e—0 yields

J' t; u; dS = u(p) ¢; +J u; £, dS (3.55)
S S

Let us recall the fundamental solutions (3.32) and (3.33)
u(P.0) = y;(P.9) = U(p.0) ¢ (3.32)
4.9 = 50.) = Ty(p.Q) ¢; (3.33)

Now, if Q is a point on the boundary of the solution domain eqn (3.55) (by

interchanging the indices) can be expressed by
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5 = [ 4@ U0 85@ - [4(@ Ty 0.0 45 (3:56)

S S

This is the integral equation which is used in a local BIE treatment as the basis of the
method, and it is known as Somigliana's identity for displacements. If the boundary
values u;(Q) and t;(Q) are known, the value of u; at p can be determined with the aid of
eqn (3.56). In a conventional BIE treatment eqn (3.56) is developed into a form which
involves integrations over only the boundary of the region of interest and allows those
boundary values to be determined from the solution of it. It is given here without

considering mathematical details (Remzi, 1981)

C;(P) u(P) = f 1(Q) U;(P,Q) dS(Q) - juj(@ T;(P.Q) dS(Q) (3.57)

S S

where P is now a boundary point, and C;;(P) is

C,;(P) =lim (-)J' T,(P,Q) dS(Q) (3.58)
£-0 $

€

S being the boundary of a region R, which is the part of R contained within a circle of

radius € centered at P (see Fig. 3.1, below).

If the tangent plane at P is unique

1

Cy(P) =55 (3.59)

and if the tangent plane is not unique, C;;(p) can be calculated indirectly by considering

the rigid body translation (see section 2.1.1).

108



Figure 3.1 : The domain R isolating P.

In order to obtain stresses within the solution domain, in conventional BIE
methods, eqn (3.56) is differentiated at p and substituted into Hooke's law, eqn (3.7),

which gives

0;;(p) = j " [» Oy Upien + 1 (Uik,j + Ujk,i)] ds -
§

_[ e [A 8y T+ 1 (T + Ty ;)] dS (3.60)
S

which may be written in the abbreviated form as

0, = [ 4Q D .Y 4@ - [ (@ 8,V dSQ (3.61)

S S

where the third-order tensors Dy;; and Sy;; are given by
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1 1
Dy;i(p,.Q) =m ('r') {a-2vm[s, ry o 8y = 85

+21, T 1y ) (3.62)

and

2p 1 or
Si(P,.Q) “mi-v (—r-z-) {2 = [-2v)8;m+v Byry+

[ 2n,1, T+ Oy + 1y Sjk ] —(1=4v)n, Bij } (3.63)

and the surface stresses may be evaluated by taking the limiting form of Somigliana's
identity for stresses, eqn (3.61), as p — P, being a boundary point, and applying the
discretisation procedures. This gives high resolution of stresses, but is costly due to the

need to carry out integrations (see Remzi, 1981).

Therefore, after the equations have been solved, the stresses at surface points
may be obtained by substitution of the already calculated values of tangential strains and

tractions into Hooke's law, eqn (3.7).

In an isoparametric formulation the tangential strains are found from the

differentiation of the equation®®
c [
ui(é) =N (é) u; (3.64)

which, by using Hooke's law, gives the surface stresses in the local coordinate system

and a simple transformation then yields the stresses in the global coordinate directions.
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3.1.5. Higher-Order BIEs

Somigliana's identity for displacements, eqn (3.56), is differentiated with
respect to the position of a suitably located point in the interior of the solution domain in
order to obtain higher-order integral equations which are used in the series expansions,
as was done in section 2.1.2 for potential theofy. By adopting a different notation from

the one used previously in section 2.1.2, for the sake of convenience, the differentiation

of eqn (3.56) results in
3,50 = [ 4Q) Uy5(0.Q 4@ - [ 5@ Ty0.0 4@ (3.65)
S S

where 0 implies the partial differentiation of any order in the coordinate directions x and

y at p, and can be expressed by

d=klm..... (3.66)

where the indices k, 1, m,....=x, y (or 1, 2) in two dimensions.

It is obvious that during the differentiation of eqn (3.56) uj(Q) and t;(Q) behave

as constants since they are independent of the position of p (see section 2.1.2).
3.1.6. Derivatives of Kernel Functions

The derivatives of the kemels in the integrands in equations (3.65) are required.
As mentioned in section 2.1.3, one way of differentiating is to make use of finite
difference approximations. Since the expressions of the kernels, eqns. (3.34) and
(3.35), are complicated and lengthy, unlike eqn. (2.1) of potential theory, finite
difference approximations seem quite attractive. The other way is to differentiate them
analytically. Analytical differentiation is rather tedious and time-consuming. The choice

of course depends on the accuracy of high-order function differencing. In order to get
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high accuracy in differencing the kernels Watson (1982) suggested, see section 2.1.3,
multiplying the distance between field point and source point by 0.0002 to determine the
distance between the two points at which the kernel functions are computed. Finite
difference approximation, however, introduces an error additional to discretisation and
numerical integration error, no matter how srﬁall it is. Also, in order to best assess the
accuracy of the method, avoiding the error of numerical approximations as much as
possible, analytical differentiation is performed. Since derivatives consist of very large

expressions they are given in appendix E.
3.2. Numerical Solution

Detailed information about the solutions of conventional BIE methods, their
historical development, and general implementation of the local BIE method numerically
has been given in section 2.2, therefore no further explanation is given here. The same
procedures necessarily apply to solve stress problems numerically. However, the
formulation of LBIEs is now possible by three approaches, each having some

advantages over each other. They are as follows.
3.2.1. Airy's Stress Function Approach

The differential equation of equilibrium in the absence of body forces is, in

expanded form (see eqn (3.1)),

XX Xy _
> Ty 0
s (3.12)
6")’ ny
— = 0
ox dy

The usual method of solving these equations is by introducing a new function ¢,

called stress function or Airy's stress function, which satisfies the above equations and
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also the strain compatibility equation. It is evident that equations (3.1a) are satisfied if

the stresses are expressed as

2 2 2
¢ J 0 d ¢
C, =——, o, =—, and ¢ =-— (3.67
xx ay2 o’ xy oxdy )
If these expressions are substituted into the strain compatibility equation
2 2
) 0 2
(5+=—)(0+0,,) =V (0, +0,)=0 (3.68)
ox oy
we see that stress function ¢ must satisfy the biharmonic equation
4 4 4
00,, 9% 9% g (3.69)

' alay oy

Thus, if the stress function, ¢, can be found for a two-dimensional elastostatics problem
such that it satisfies both the biharmonic equation V4¢=0 and given boundary

conditions, then the solution to the problem has been obtained.

3.2.1.1. Plane Strain Case :

If a body, the dimension of which is very large in the third coordinate direction z
e.g. a long cylindrical or prismatic body, is loaded by forces which are perpendicular to
the longitudinal elements and do not vary along the length, it may be assumed that all
cross sections are in the same condition, and the displacements” are such that w=0 and
hence u and v are functions of x and y only. Then, from the strain-displacement

relations (3.6) we have

" The displacements in the coordinate directions x, y, z are denoted as u, v, w, respectively.
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Ju ow

=z ok D

ov ow
Eyz—éz-"l‘-é-};-—o (370)
ezz=-a_:’=0

and the shear stresses which act over the cross sections and at the fixed ends can be

found from Hooke's law (3.2) and (3.3) as

Gy, =0y, =0, §xy=2uexy (3.71)
and

E’ -g% =0~V (Oyy + 0,,)

E’ g—; =0, - V' (O, +0,,) (3.72)

from the last equation of (3.72) finding ©,, as

c,, =V (O, + o) (3.73)

Thus, the plane strain problem reduces to the determination of Gy, Oy, and Oy, as
functions of x and y only.
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Substitution of eqn (3.73) into the first two equations of (3.72) and dividing

them by (1 + v’) results in

Ju , ,
2ua-=(1—-v )O,,—V Oyy
(3.74)
ov , ,
Zua—y-;—(l—v )oyy—v Oy
Let us write
2
P=V (3.75)

which is a harmonic function since V2P = V4¢ = 0 and represents (0,4 + Oy, ), see
compatibility equations (3.68). Now, if we insert the stress function, eqns (3.67), in

equations (3.74), and use the definition (3.75), we then have

2
ou 20
2p=(1-v)P- 23
ox 2
)
: (3.76)
av , d¢

3.2.1.2. Plane Stress Case :

It is assumed here that the stress components Gy, Oy, and Oy, are independent

of the third coordinate direction z , i.e., they do not vary through the third dimension
(e.g., the thickness of a plate). Although variation of stress does occur, this assumption

is valid for sufficiently thin plates. Then,
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c.,=0,,=0,=0 3.77)

and from Hooke's law (3.3)

1
exz = Eyz =0, Exy =-2—; ny (3.78)
and
du
E a— = Cxx \Y (}‘yy
0
E-a—;'-= Gyy =V Gy (3.79)
ow

Again, by introducing the stress function ¢, in (3.79) and using (3.75) we have

2
g—i=P—(1+v)9i2’
)
: (3.80)
E§1=P-(1+v)§i2’

Now, comparing equations (3.76) with equations (3.80) we see that plane stress and

plane strain cases can be represented by the same equation provided
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V=—— and E'=E(-V) (3.81)
1+v

are substituted into equations (3.76) to get the plane stress case, equations (3.80).

3.2.1.3. Determination of Displacements :

The derivative forms of displacements (strains) were obtained above for both the

plane strain and plane stress cases. But if the displacements are of interest to us, and

they are indeed required in BIEs, we then must integrate the strains €, in the x and g,

in the y coordinate directions to obtain the displacements.

Let us introduce an analytic function f(z), of which P is the real part and Q
imaginary (indeed, since P is harmonic it will have a conjugate harmonic function, Q,
see pp 170-171 Timoshenko & Goodier, 1984). It is known that the integral (or

derivative) of an analytic function is another analytic function, say ¢(z).

Hence,
1 1 .
o(z)=p, + ipy = T J f(z)dz = Z-J. (P+i1Q) dz (3.82)

and differentiating this, we also have

9P, .9y o) _ do(2) az

% Tox T ox | dz ox (3.83)
but

0z

—_— 1 = i .84

= 1 since z=x+iy (3.84)
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then obviously

o, oy 1
P +x—ax—=(p(z)=z(P+1Q) (3.85)
by comparing the real and imaginary parts of both sides we obtain
Py 1
ox 4 P
(3.86)
3%_1Q
ox 4

because the real and imaginary parts of an analytic function satisfy Cauchy-Riemann

conditions (i.e., they are conjugate to each other), we also have

ap, dp, 1

x oy 4 (3.87)
and

p, 9, 1

ady T =_ZQ G85)

By substituting these into equations (3.76) and integrating them, u and v are obtained as
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99

2uu=—-a—x-+4(1 -v')p,
(3.89)
d9 ,
2“V=—W+4(1 =V py
where, from now on, v’ will be written as v. Hence, in tensor notation

3.2.1.4. Determination of the Functions p, and p, :

In determining the displacements u and v in equations (3.90) we need to know
the values of p, and p,, . They can easily be found by noting the relation between P and

¢, hence between p; and ¢. Once P and Q are known, then p, and py can be determined

with the aid of equations (3.87) and (3.88).

Now, let us recall the relation (3.75),

P=V0 (3.75)

and expand the stress function, ¢, in series (either Taylor or Fourier ones) with a finite
number of terms, which satisfy biharmonic equation (3.69). Equation (2.81) may then

be recalled

N
d(x,y) = Z o f (xy) (2.81)
m=1
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where o, are the constants to be determined from the solution of BIEs, and since

V4¢=0, the functions fm must now satisfy V4fm=(. These functions from Taylor series

are given in Table 3.1

It is easy to show that one may determine for any harmonic function P a function

Q, conjugate to it, by

3Q P
dy ox

9Q P
ox oy

(3.91)

these are the Cauchy-Riemann conditions which relate the real and imaginary parts of an

analytic function, say f(z) (see equation (3.82)). It is straightforward to prove (3.91),

and hence eqns. (3.87) and (3.88), by differentiating f(z) with respect to the coordinate

directions x and y as follows,

ox  dz ox f@
and
of(z) df(z) oz _.
E
and since
of(z) oP  .dQ of(z) _oP
ox _a_x-H.a—x and dy oy
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Table 3.1 : The polynomial functions of Taylor series, eqn (2.69), and their
derivatives, which satisfy the biharmonic equation (3.69).
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14
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Table 3.1 : Continued.

15
(x5~ 5x3y2)/120
(x4 - 3x2y2)/24
- yx3/12
(4x3 — 6y2x)/24
- x2y/4
-x3/12
(2x2 - y2)/4
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- x2/4

|
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16
(x4y — 5x2y3)/24
(2x3y - xy3)/ 12
(x* - 3x2y2)124
(6x2y — y3)/12
(4x3 - 6y2x)/24
- x2y/4
Xy
2x2-y2)/4
- xy/2
—x2/4
y
X

-x/2
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17
(v*x - y2x3)/24
(vt - 3x2y2)24
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~ xyZ2/4
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(y3 - 5y3x2)/120
—xy3/12
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= §6x5-40x3y2+10xy%)/72(

= | (3x4 - 12x2y2 + yH/12

19
(x6 —10x4y2+5x2y4)/720

(x2y3 — yxH/36

(xy3 - 2x3y)/18
(3x2y2 — xH/36
(x3 - 2xy3)/6
(y3 - 6yx2)/18
(6xy2 - 4x3)/36
yx2/6
(3x2-2y2)/6
-~ 4xy/6
xy/3
x2/6
X
- 4y/6
x/3

o O o = O

Table 3.1 : Continued.

20
(6x3y —10x3y3)/720
(x4y - x2y3)124
(x5 - 5x3y2)/120
(2yx3 - y3x)/12
(x4 - 3x2y2)/24
- x3y/ 12
(6x2y — y3)/12
(2x3 - 3xy2)/12
- yx2/4
-x3/12
xy
(2x2 - y2)/4
—-x2/4

S O = O O o »® < O

123

21
(6xy5 ~10x3y3)/720
(y3 - 5x2y3)/120
(xy4 - x3y2)/24
- xy312
(v - 3x%yd)/24
(2xy3 - x3y)/12
- y3 /12
- xy2/4
(2y3 - 3yx2)/12
(6xy2 - x3)/12
0
—y2/4
@y2-x2/4

>
~<

S = O O ¥ <K O O

22
(8 —10x2y*+5x4y2)/720
(3y? - xy*)136
(6y3-40x2y3+10yx4)/720
3x2y2-yH136
(yx3 - 2xy3)/18
By4 - 12x2y2 + x%)/72
xy2/6
(6x2y — 4y*)/36
(x3 - 6xy2)/18
(y3 - 2yx2)/6
y/6
xy/3
— 4xy/6
(3y2 - 2x2)/6
0
y/3
- 4x/6
y

0
0
0
1




Table 3.2 : Pascal triangle of differentiation in two dimensions with the

independent derivatives which satisfy the biharmonic equation (3.69).
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then, by comparing (3.92) with (3.93), we arrive at equations (3.91). If the same

procedure is applied to @(z), see eqn. (3.82), we then obtain equations (3.87) and
(3.88). In order to ensure the displacements u and v are single-valued in a simply

connected domain, R, the functions p, and p, must be single-valued. Assume that the

function f(z) is single-valued and its differential is therefore exact

df(z) = df(x,y) = af dx +1i g; dy (3.95)
where

of of

Fria M(x,y) and o = N(,y) (3.96)

It is of interest that on the basis of Green's formula in two dimensions®?

aN aM
%)

J.(M dx + N dy) = j( dr (3.97)

the integral on the right-hand side vanishes for every part of the region R, if we have,

throughout R,
oN oM
onN_oV¥ 3.98
3 ~Jy (3.98)

which is the case here, when the differential, eqn (3.95), is exact. Note that if the first
part of eqn (3.96) is differentiated with respect to direction y and the second part with

respect to x we then arrive at eqn (3.98). Thus eqn (3.98) is the necessary and sufficient
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condition for the existence of the function f(x,y). In fact, if the condition (3.98) is

satisfied the linc integral on the left-hand side of eqn (3.97)

J(M dx + N dy) . (3.97a)
S

does not depend on the path of integration, but on the starting and end points of this

path. This can directly be shown as follows.

Consider any closed contour S within the region R as shown below.

Figure 3.2 : Arbitrary paths of integration, within R.

The integral (3.97a) taken along S must then be equal to zero. One may write, by

supposition,
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f Mdx+Ndy)=0 (3.99)
ABCB’'A

or

J-df+de=O (3.100)
ABC CB'A

and by reversing the direction of integration in the second integral, that is to say, since

de=—de (3.101)

CB’A ABC

then , one must have

de=.[ df (3.102)
ABC ABTC

as was to be proved.

Therefore, if the integrand in (3.97a) is an exact differential the function f(z) is
then single valued. In fact, it follows from the representation (3.67) itself that f(z) is
always single-valued. Note that since the second derivatives of the biharmonic function
¢ are related to stresses by (3.67), the function P=V2¢ (eqn. 3.75) is necessarily
single-valued (see p. 262, Sokolnikoff, 1956). If P is known its conjugate Q is
determined by the relations (3.91) to within an arbitrary constant C, and hence
f(z)=P+iQ, to within an imaginary constant C;. If the region R is simply connected P,

and hence f(z), is single-valued. Furthermore, in a multiply connected region f(z) is also
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single-valued, if we guarantee that the integrals taken over each boundary of the
solution domain is zero (see pp 697-707, Muskhelishvili, 1954). This can be managed
by introducing some imaginary cuts to make the multiply connected region simply
connected one. On the other words, the integration is carried out along the boundaries

such that the solution domain always lies on the left of the direction of integration.

In the same way p, and p,, which are also harmonic (analytic) functions, are

single-valued.

Hence, the displacements u; should be continuous and single-valued.

In the light of what has been said above, the conditions (3.87), (3.88), and

(3.91) can now be conveniently used to form Table 3.3, where the values of P, Q, p,,

and p, from Taylor series are represented.

If the trial function used to approximate the stress function ¢ is Fourier series,
then the sineFourier series (in x) may be employed in the form of (see p. 53

Timoshenko & Goodier, 1984)

N
o(y) = D Sin(mx) [0, Sinh(my) + o, Cosh(my) +
™ @, y Sinh(my) + o, y Cosh(my)] (3.103)

where oy, 0o, O3, and 044 are the constants, and m is an integer.
Equation (3.103) satisfies the biharmonic eqn (3.69) V4¢=0, and can be

obtained by taking the function ¢ to be of

o(x,y) = Sin(mx) f(y) (3.104)
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6¢1

x4 10

yf 4 |0

16
(3x2y - y3 )12
(3xy2 -x3 ¥12
(x3y - xy3)/48

=] (6x2y% —x4 —y#4)/192

Table 3.3 :

which satisfy the biharmonic function (3.69).

The real functions P™, p," and their conjugates O™, py” from the Taylor series,

6 7 8 9
1 X y X
1 y - X y
x4 [2-y2/8)  xyi4 | (x2-y2y8
v | xyd | 2-xDB8]  xym4
17 18

10 11 12 13 14
y (2 - y2)/4 xy Xy (v - x2)/4
- X xy/2 62-x)2 | (y2-x2)n -xy/2
xy/d | (3~ 3xy2)/a8 | (3x2y - y3)/24 | 3x2y - y3 )24 | (Bxy2 - x3)a8
(2= x2)8| 3x2y - y3 148 | 3xy2~ x3)24 | Bxy2- x3)24 | (53- 3x2y)a8

19

15
(x3 - 3xy2y12
(3x2y—y3)/12

(x* - 6x2y2 + yH/192

(x3y ~ xy3)/48

(3xy2 -x3 )12
(y3 - 3x2y)12

(6x2y2 —x4 —y4)/192
(xy3 - x3y )/48

(y3 - 3x2yy12
(x3 - 3xy2)/12

(xy3 ~ x3y )48

(x* —6x2y2 +y4y/192

(x4 - 6x2y2 + y4)/72
(x3y- xy3)/18

(x5 -10x3y2 +5xy4)/1440
(5x%y ~10x2y3 +y5)1440

20
3y - xy3)/12
(6x2y2 -xd- y4 )/48

(5x%y —10x2y3 +y)/960
(10x3y2 —5xy* —x5)/960

21
(xy3 - x3y)12
(x4 +y4 - 6x2y2)/48

(10x2y3 —5x%y —y5)/960
(x> -10x3y2 +5xy*)960

22
(x4 - 6x2y2 +yHm2
=3y - xy3)/18

(3 ~10x3y2 +5xy*)/1440
(5x%y —10x2y3 +y9)/1440




in which f(y) is a function of y only. Substituting (3.104) into (3.69) we find the

following equation for determining f(y)

m i) -2m f () +f () =0 | (3.105)

The general solution of this linear differential equation with constant coefficients is

f(y) = [, , Sinh(my) + a_, Cosh(my) + 0,5 y Sinh(my) +
o, y Cosh(my)] (3.106)

Hence, eqn (3.104) takes the form of (3.103) as m is a finite number ranging from 1 to
N. The required derivatives can be obtained by differentiating (3.103) with respect to
the coordinate directions x and y of the point p, or Q (see eqns (2.82) and (2.83)).

In order to determine the functions p, and py in eqn (3.90), we need to find first

the functions P and Q. Since P=V2¢ , eqn (3.75), then

N
P(x,y) = Z 2mSin(mx)[am3 Cosh(my) + o, Sinh(my) ] (3.107)

m=1

and its conjugate Q can be found with the aid of eqns (3.91) as

N
Qx.y) = z 2mCos(mx)[ o, ; Sinh(my) + o._, Cosh(my) ] (3.108)

m=1
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Substituting eqns (3.107) and (3.108) into eqns (3.87) and (3.88), respectively, and

carrying out the indicated operations results in

N
pxy) ==, % Cos(mx)[ o._; Cosh(my) + at,_, Sinh(my) | (3.109)
m=1
and
S
py(xy) =+ D, 5 Sin(mx)[ 0 Sinh(ny) + t,, Cosh(my) | (3.110)
m=1

3.2.1.5. Approximate Series Solution :

In the light of what has been done in section 2.2.1, let us recall eqn (3.65)

5,50 = [ 4@ Uy,0.0 83 - [ Ty0.Q 45 @ (3.65)

S S

where over every part of the boundary of the solution domain either the displacements

uj(Q) or the tractions tj(Q) are prescribed (or there may exist a linear relationship

between them). The one which is not specified can be obtained by approximating the

stress function ¢. If the tractions are not specified they can be determined with the aid of
eqn (3.21), into which the stress function ¢ approximated with eqn (2.81) is

substituted. Equation (3.21) may then be rewritten as
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2 2
d 0
L@ = Dam(@- Gom@
y

) ) 3.111
0 d
t,(Q =~ (ﬁ%)q n,(Q+ (a—";-)Q n,(Q)
X
or in tensor notation
4Q = {3; Doy~ Do Jon@ (3.112)

If the displacements are not specified they can be obtained from eqns (3.90), where in

addition to the stress function ¢ the two new functions dependent on ¢, are used. These
two functions (p, and p,) can be either approximated with eqns (3.109) and (3.110), if
Fourier series is the trial function, or with the tabulated values given in Table 3.3 , if the

trial function is Taylor series.

Now, let us redefine eqns (3.90) and (3.112), respectively, as

N
=Y o e (3.113)
m=1
where
= L[5+ a0 -v)p ]
2u
(3.14)
m 1 m m
e = [~ £, +4(1-V)p. ]
y 2” ’y y
and
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m=1
where
m m m
EX = f,yy nl - f,xy n2

m m m
Ey =_f’xy n1+f’xx n,

eqn (3.65) may then be re-expressed by

N N
0 ey(P) = ., O BS(Q) + by 5(Q)
1 m=1

in=

where, if the displacements u;(Q) are prescribed

W@ =+ [ EN(Q Uy (0.9 4@
S

by5(@ =~ 1(Q Ty,(p.Q 45

S

and, if the tractions tj(Q) are prescribed

(@ =~ (@ T;,0.Q d8(Q
S
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(3.118)
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b,2(Q =+ 4(Q Uy5(0.Q) 45(Q (3.121)
S
Equation (3.117) can thercfore be rearranged as

N
Zam [e5m) - h 5] =b;5(Q (3.122)
m=1

This is the final set of linear algebraic equations in the unknowns o, which can be

found from the solution of it.

In order to have independent derivatives in finding the stress function ¢ the set
of equations (3.122) is arranged in the order given below.

Du=-¢,, c+dp,

2)v=—0, c+dp,

Dy ==y cHdpy,

4) (u,y +V, 2=~ ¢,xy c

5) Vo == ¢,yy c+d Py.y

6)u,,=—0,,Ct d Pxxx

T) (g + V)2 == oy ©

7xy
8) (g + Vi )2==0, . cC

9) Voyy == By CHA Py

134



10) Uxx =~ ¢’xxxx c+d Px,xxx
11) (u’xxy Vo2 == ¢’xxx)’ ¢
12) (u

yyy T Voxyy)/2 =7 gy ©

13) Vigyy == ryyyy C+d Py yry

14) Uigxxx =~ q)’xxxxx c+d P xxxx
15) (u’xxxy Va2 == <l)’xxxxy C

16) (u W2==¢

yyyy T Voxyyy xyyyy ©

17) Vayyyy =~ Oryyyyy € + A Pyyyyy
18) Wngxxxx = q)’xxxxxx c+d Px xxxxx
19) (u’xxxxy F Va2 == ¢’xxxxxy ¢

20) (Wyyyyy + Varyyyyl/2 == Oy €

21 Vayyvyy =~ Py €+ Py iy

where

The boundary discretisation and numerical integration procedures are carried out

exactly as was done for potential problems in sections (2.2.2) and (2.2.3).
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3.2.2. Neuber-Papkovich Approach

The advantage of what is to be introduced here is that the determination of

displacements can be achieved successfully without integration(32).

The starting point is the general solution of Navier's equations in terms of three

arbitrary independent harmonic functions, namely, ¢, ¢;,and ¢,.

0
2uu =4(1-v) ¢1—§;(X¢1+Y¢2+¢0)

5 (3.123)
2uv = 4(1 —v)(bz—w(x(bl +y 0, +¢p)

It has been shown (Neuber, 1958) that any one of the functions above may be

set equal to zero without affecting the generality of the solution. If we, here, set ¢g equal

to zero, then we have

2pu=(3-4v) 6, = (x 0, +y &)

(3.124)
va = (3 - 4V) ¢2 - (X ¢]'y +y ¢2,y)
or more compactly
2uu; =(3-4v) ¢, — x; ¢, G129

where if the relations (3.81) are substituted the plane-stress case is obtained.

The stresses (and the tractions) can be found by differentiating eqns (3.125) and

by substituting them into Hooke's law (3.7) as
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2 2
ad ¢ a0
v—>) - (x—+y—5)

ox

d
o, =2(1 -v)-a—¢l+

Wy (20, a%)

ox

)
oy=2((1—v)-%2+v (3.126)

29, a%) (x aq>1 az¢2)

—2v) ( axay axay

Substitution of these equations into (3.21) gives the components of the traction vector in
the coordinate directions.
By noting the following relations

x ¢ =0 since qu)a =0

and

equations (3.126) may compactly be rewritten as

Gy =2v 8 0y + (1= 2v) (0,5 + 9;.) — %, Oy (3.127)

and the traction components are
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=2V @y + (1-2v) (0;;+ ;) =X, Oy, (3.128)

3.2.2.1. Approximate Series Solution :

The displacement components are expressed by two independent harmonic

functions, namely, ¢, and ¢,. These functions can now be determined by expanding

them in series form with unknown constant terms,

N
0, =2amfm (3.129)
m=1
and
N
0= 0, Bng" | (3.130)
m=1

where the functions f™ and g™ could be taken as the same function, and V2fm=V2gm=(),

Although the components of displacements satify the biharmonic equation (see
eqn (3.17)), and at each step of differentiation there are only up to four independent
terms,there are two independent terms at each stage of differentiation of harmonic
functions (see section 2.1.2) which are used to express the displacement components.
Therefore, to avoid possible duplication, a proper arrangement of the simultaneous

equations must be made, as was done in the previous section.

Equations (3.125) and (3.128) can now be redefined as
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N
b= o e (3.131)
m=1

which is in expanded form

N N

m z m

u= /g 0y et ®m €12
m=] m=1

(3.132)
N N
m m
v= 2 Oy €t z Oom €22
m=1 m=1
where
=l [G-av-x£" ]
2u
m 1 m
€p=——Y f’x
2u
(3.133)
1
er2nl =-— -2; X f,;,n
e"2‘2=—1- [G-avf -yf, ]
2
and
N
= Z%Ei’i (3.134)
m=

which is in expanded form
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N N

m m

L, = z T 2 on Ejp
m=1 m=1

(3.135)
N N
m m
ty= 2 Oy Egp t Z O Exp
m=1 m=1
where
En=[20-v-xfg In+[a-2m8] -x£0 n,
Bl =[2vel -y £ ] n, + [(1-2v £ —yE ]n
12 y yy 1 X Xy 2 3. 136)
Ey=[a-2vf, —xtg In+[2vE] +xt In,
Bp=[-2vf, ~yfg In+[20-w1 +yig In
Equation (3.65) may then be written as
N N
m
D i S8 = D, Oy B+ b,5(Q) (3.137)
m=1 m=1
where, if the displacements u;(Q) are prescribed
hy(Q =+ [ Ej(Q) Ug,0.0 45Q (3.138)
S
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b,4(Q =~ [ 1@ Ty, 6SQ (3.139)

S

and, if the tractions tj(Q) are prescribed

Q) = [ (@ Ty0.Q) 45(Q (3.140)
S

b,4(@ =+ [ §(Q Uyp0.Q) 4@ (3.141)
S

Equation (3.137) can therefore be rearranged as

N
D oy Len 4p) - s (@] = b5Q (3.142)
m=1

This is the final set of linear algebraic equations in the unknowns o, which can be

found from the solution of it.

In order to avoid possible duplications of linear algebraic equations eqns (3.142)

may be arranged in the order given below.

Du=c[a O — (x4 +Y ¢2,x)]
v=clag, - (x0;,+y0,,)]
3wy =c[a =0, X0,y +y 0]

B,y =c[@=1) 0y, + K0y 4+ 05,0]
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Sy, =cl@=1)0,, — (x 0+ ¥ bp,0]

6) v = [0y, — 01— (0 +Y 03]

Dty =6 [@=1) 01y = Gp = X 0y +Y 05,
8) Vi, = [ = 1) 0y + 0y e+ K Oy 1 +¥ 0,00]
9) (Upyy + Wy W2 == [0 1 + 05, ]

10) (Vi + Vg V2 =€ [0, 1, = 0110

11) (Upgyy + Uy W2 =0.5¢ [@=2) 0 1= @= 1) 0y = 000
=20 xxy = K O xxxy F Y D2 xxy) = (X Oy

+y ¢2xxyy)]

12) (Vogyy + Vigyy 2 = 05 ¢ [(@ = 1) 0 1y = (= 2) g + 01y
+2 01 xx — X Bpxxyy T Y Poxxyy) + X Dt xxny
+Y O 00my)]

13) (U450 + Uy )2 =05¢ [@-3) Opx ~ 201 xay T3 Pox +
(X 01 xxyy T Y P2onyy) T KOy uny TY ¢2,xxxy)]

14) (Vi + Vagyy 2 = 0.5¢ [2. 05 1 = (83) 0y =3 Gy —

X O ey + Y D20 + K O eyy + Y 0300

15) (Uyygqy + Usgyyy)/2 =—C [¢1,xxxy + q)2.)0&)'3!]
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where

16) Waey * Vonyyy)2 = € [0) ey + P2eyy]
I7) = U+ Wy )2 = Uy = C [(a = 2) Pt xayy = 2 Daxxny
= (X O xayy Y P2 xuayy)]
18) = (Vo + VoyyyyV2 = Voeyy =€ [@=2) 0y 10 + 20y
= (X0 yyyyy T ¢2,xxyyy)]
19) = (Unesery *+ g2 = Uy =€ [@=2) 0y s =3 05 1000
= (% O exeyyy Y Paccnyyy))
20) = (Vagexey & Vogyyyy 2 = Vonxgyy =€ L@=3) 0 0 #20)
+ (% Oy oy + Y P2 eenyy)]
21) = (W *+ Bryyyy?2 = Bnnyy =€ [@=3) Oy irn #2050

- q)l,xxxxyy Yy ¢2,xxxxyy)]

22) - (V’xxxxx + V’xy}’yy)/z = V’xxxyy =c [(a -2) ¢2'XXX)’Y -3 q)l,xxyyy

-(x O xxxyyy TY ¢2.xxxyyy)]
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a=3-4v, ifplane strain

a= ,  if plane stress

3.2.3. Direct Expansion of the Integral Equations

The Somigliana identity for displacements for an internal point p and its
subsequent derivatives with respect to the coordinate directions, eqns (3.65), can be
expanded directly in series without the need to express displacements (and tractions) in

terms of potential functions.

The components of the displacement vector are approximated as follows.

u=2amf‘" (3.143)

and

v=D B, 1" (3.144)

where the functions f™ and g™ satisfy the biharmonic eqn (3.69) and can be represented

by the same series, hence they are identical (f™ = g™).

Then, more compactly
N
I (3.145)
m=1

144



Differentiating (3.145) and substituting into Hooke's law (3.7) results in
N
Oy = Z [ By Oty f + M 0t f’jm U0, £ ] (3.146)
m=1

and using equation (3.21) the tractions are

N
‘i=Z[“i“kmf’;“*'#nkamffwnkamf,{"] (3.147)
m=1
which may be redefined as
N
6= 2%03 (3.148)
m=1

and in expanded form

N N

m m

L= 2 %ym Gn*Z 0, Gz
m=1 m=1

(3.149)
N N
m m
ty = 21 o, Gy + Z %, Goy
m= m=

where
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Gy=Qu+A)f n +pf n,
Gpp=MAfy, n+pfy n,
Gy =nfy, n+Af] 0

Gp=Hfy, n+(A+20)f) n,
Equation (3.65) may then be written as
N
05 = D HIHQ) +b,5Q)
m=1
or by substitution of eqn (3.145) into (3.151) we have
N N
D o 50 = D HINQ +b,5Q
m=1 m=1
where, if the displacements uj(Q) are prescribed

HIMQ =+ [ 04, GRQ Uyp.Q) 4@
S

b,5(@ =~ [ 4(Q T;,0.Q 45

S

and, if the tractions t]-(Q) are prescribed
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(3.151)

(3.152)

(3.153)
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HIYQ =~ | o, Q) Ty5(6.Q) dS(Q (3.155)

S

b2(@ =+ [ §(Q) Uy 10,9 dS@ (3.156)
S .
Equation (3.152) can therefore be rearranged as

N
D [0 5@ - H(@] = b ;@ (3.157)
m=1

This is the final set of linear algebraic equations in the unknowns o, which can be

found from the solution of it.
3.3. Summary

Although the LBIE method developed in Chapter 2 for potential theory
essentially applies here there are now three alternative ways of formulating LBIEs for
stress problems. Hence, the LBIE techniques for stress problems are summarized as

follows.

i) We begin with the zero-order integral equation (3.56) as the basis of the LBIE

methods.

ii) Equation (3.56) is then differentiated repeatedly at a point, p, in the x and y
coordinate directions within the solution domain to obtain higher-order BIEs (see eqns

(3.65)).

iii) In a typical 'BVP' of elasticity at any point on the boundary either
displacements, eqn (3.20), or tractions, eqn (3.21), (or a linear combination of them)

are known from the boundary conditions of the problem, so that only those which are
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unknown, in eqns (3.65), have to be approximated. Note, however, that these
unknowns (displacements or tractions) are now expressed in three different ways. They
are, namely, Airy's stress function approach (ASFA), direct expansion approach
(DEA), and Neuber-Papkovich approach (NPA). While the former two are biharmonic
the latter one is harmonic in nature. Hence, depending on the type of formulation used,
the variations of those unknowns on the boundary together with the displacements and
their subsequent derivatives at the internal point p, the terms on the left hand sides of
eqns (3.65), are approximated by either harmonic or biharmonic series (Taylor or

Fourier ones).

iv) The derivative forms of the kernel functions, parts of the integrands in eqns

(3.65), are obtained by simple analytical differentiation (see section 3.1.6).

v) The integrations over the boundary are carried out by dividing the boundary
into quadratic (three node) boundary elements, and applying gaussian quadrature to each

one.

vi) The final set of linear algebraic equations is formed from the higher-order
BIEs, eqns (3.65). It thus becomes a relatively small set of linear equations, which is
straightforward to solve by gaussian elimination. In order to avoid duplications in
forming the set of equations when ASFA or NPA is used, however, the proper
arrangements of the linear equations, eqns (3.65), should be made, as shown in

sections (3.2.1.5) and (3.2.2.1).

vii) The coefficient matrix is scaled to overcome the possible numerical instability

of a mixed dimensional matrix system.

viii) Having solved the linear equations the values of the coefficients of the series

are known, and by rescaling them the required solution is obtained.
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3.4. Test Cases

The accuracy of the numerical implementation of the LBIE methods are assessed
by reference to four test problems, namely, a square flat plate under uniform tension, a
cantilever beam with shear force at the end, a square flat plate subject to a uniform
tensile stress with a small circular hole at its centre, and a cracked beam of rectangular
cross-section simply supported at its ends. Due to high stress variations the latter two
problems, especially the last one, provide a severe test of, not only the LBIE methods
developed here, but any numerical method of solution. The LBIE methods are also used
to locally refine the solutions of the last two problems, because of having unsatisfactory
results for them when the LBIE methods are employed on their own. The analytical
solution to the stress concentration problem is applied as the remote field solution,
whereas for the crack problem numerical results obtained from a conventional BIE
program called BEETS" are applied outside the local area of interest. The full range of

the solutions are given in Tables in appendices F, G, and H.
3.4.1. Square Flat Plate under Simple Tension

Let us consider a square flat plate with sides of length 2L loaded at the upper and
lower edges by a uniform tensile stress 6=1 in the y coordinate direction. Due to the
symmetry only one quadrant is modelled. Figure 3.3 shows the quadrant with sides of
unit length, the local origin of expansion being at the bottom left hand corner, which is
arbitrarily chosen to coincide with the global coordinate origin at node 1. For this very
simple problem, with the experience based on the potential problems for a square
domain (section 2.4.1), the mesh of eight quadratic boundary elements of equal length

is used (two per side of the domain).

" BEETS was developed in 1987 by Dr. A. A. Becker, one of the staff in Mech. Eng. Dept., Imperial
College.
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Figure 3.3 : One quadrant of a square flat plate under simple tension.

Poisson's ratio for the material of the plate is taken to be v=0.3, and elasticity

modulus to be E=1. Plane strain conditions are assumed.

The analytical solution for this simple problem is given by(3)

u=—6v(l+v)% (3.158)
2y

v=+o(1—v)i (3.159)

o, =0., oy, =0, 0,=VO (3.160)
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Tables 3.4 to 3.9 show the results obtained from Taylor series for the
displacements u, v, and the stresses Gy, Oy, Oyxy using different numbers of terms and
two positions for internal point p in equations (3.65). Due to the simplicity of the
problem one of the internal points was chosen at the mid point of the domain, and the

other being closer to the local point of interest, Node 1 (see section 2.4.1.1).

Table 3.4 shows the results obtained using the DEA. With the internal point at
(0.5, 0.5) and five terms in the series (Taylor) the results are perfect, being
progressively less accurate as the number of terms retained in the series increases,
though still very close to the exact values. In fact, the three term series solution of the
DEA could have been more accurate for this very simple problem, because all three
stress components should be perfectly represented by a three term Taylor series, since

the stress components are constants throughout the domain.

As the internal point moves to position (0.25, 0.25) the results start
deteriorating, and as the numbers of terms increases with the internal point at (0.25,

0.25) the accuracy is reduced, like with the point at (0.5, 0.5).

Table 3.4 : Square plate under simple tension
Displacements and stresses at node 1 (Fig. 3.3) from Taylor series
with different numbers of terms and the internal point at (0.5, 0.5)

using DEA and eight boundary elements.

Internal No. of u v Oxx oxy oyy
point terms

Exact : 0. 0. 0. 0. 1.
(0.5, 0.5) 5 -3.76x10°10 - 3.87x1071%  4770x1010  +2.11x10°10  +1.00000
(0.5, 0.5) 10 -1.06x10%  41.07x10%  +1.66x10%°  -5.12x1010  +1.00000
(0.5, 0.5) 14 +142x10%° - 187x10%  -239x10%  -297x10%  +1.00000
(0.5, 0.5) 18 +537x10%  -535x10%  -183x10%7  +1.78x10%°  +1.00000
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Table 3.5 : Square plate under simple tension
Displacements and stresses at node 1 (Fig. 3.3) from Taylor series
with different numbers of terms and the internal point at (0.25, 0.25)

using DEA and cight boundary elements.

Internal No. of u v Oxx oxy oyy
point terms

Exact : 0. 0. 0. 0. 1.
025,025 5 -1.96x10%  42.72x10%  -599x10%  -227x10%  +1.00000
0.25,025 10 -227x10%  4275x10%  +7.01x10% . 6.66x10%°  +0.99943
(025,025 14 +271x10%3 - 266x109% - 1.16x10%%  +623x10%  +1.01048
025,025 18  -68%x10 - 1.32x10%% -896x10%% - 1.34x10%% 4086916

Tables 3.6 and 3.7 show the results obtained using NPA with internal points at

(0.5, 0.5) and (0.25, 0.25) and using different numbers of terms.

Table 3.6 : Square plate under simple tension
Displacements and stresses at node 1 (Fig. 3.3) from Taylor series
with different numbers of terms and the internal point at (0.5, 0.5)

using NPA and eight boundary elements.

Internal No. of u v Ooxx oxy oyy
point terms

Exact : 0. 0. 0. 0. 1.
(0.5, 0.5) 5 -3.15x1010  42.87x10710  4555%1010  41.06x1010  +1.00000
(0.5, 0.5) 7 -1.06x10%  41.07x10%°  +1.66x10°  -5.12x1010  +1.00000
(0.5, 0.5) 9 +142x10%° - 187x10% .230x10%  -297x10%  +1.00000
(0.5, 0.5) 1 +537x10% - 535x10% - 183x1007  +1.78x10%°  +1.00000
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Table 3.7 : Square plate under simple tension
Displacements and stresses at node 1 (Fig. 3.3) from Taylor serics
with different numbers of terms and the internal point at (0.25, 0.25)

using NPA and cight boundary clements.

Internal No. of u v oxx oxy oyy
point terms ‘

Exact: 0. 0. 0. 0. {.
025,025 5 -2.55x10%6 - 7.39x10%6  -372x10%°  .320x10%° 4099999
025,025 7 2227x10%  42.75x10%  47.01x10% - 6.66x10%°  +0.99943
025,025 9  +271x10%2 - 266x10° - 1.16x109%  +623x10*%  +1.01048
(025,025 11 -689x10% - 1.32x10%%  .896x10%% .1.34x10%  +0.86916

It is of interest that some of the results obtained using NPA are exactly the same
as those obtained using DEA (compare Tables 3.4 and 3.5 with 3.6 and 3.7 above, or
Tables F.1 with . F.2 in appendix F). The results are identical, when the numbers of
terms used are: 5, 7, 9, 11 (for NPA) and 6, 10, 14, 18 (for DEA), respectively (see
Pascal triangles, Table 2.1 and Table 3.2). |

Tables 3.8 and 3.9 show the results obtained using ASFA with internal points at
(0.5, 0.5) and (0.25, 0.25) and using different numbers of terms.

Table 3.8 : Square plate under simple tension
Displacements and stresses at node 1 (Fig. 3.3) from Taylor series
with different numbers of terms and the internal point at (0.5, 0.5)

using ASFA and eight boundary elements.

Internal No. of u v oxx oxy Cyy
point terms

Exact : 0. 0. 0. 0. 1.
(0.5, 0.5) 5 +255x0  -2.66x101  .265x1011  -4.00x1010  +1.00000
(0.5, 0.5) 9 -476x1010  44.49x1010 . 166x10%°  +1.07x1010  +1.00000
(0.5, 0.5) 13 -669x1010  +6.82x1010  41.91x10%% - 5.12x1010  +1.00000
(0.5, 0.5) 17 -461x1010  4125x101)  939x10%7  -297x10%°  +1.00000
(0.5, 0.5) 21 +298x10%® . 296x10% . 186x1077  +1.78x10%  +1.00000

153



Table 3.9 : Square plate under simple tension
Displaccments and stresses at node 1 (Fig. 3.3) from Taylor series
with differcnt numbers of terms and the internal point at (0.25, 0.25)

using ASFA and eight boundary elements.

Internal No. of u v . oxx oxy oyy
point terms

Exact : 0. 0. 0. 0. 1.
0.25,025) 5 2137x10%  £1.54x1000  4234x10% - 5.96x10%7  +1.00000
025,025 9  +9.70x10%7 - 1.09x10% - 147x10%*  -320x10%°  +1.00010
025,025 13 -142x10%  +1.90x10%  +1.23x10%  -6.66x10%  +0.99891
025,025 17 +200x10%2 - 194x10%  .294x10%%  +623x10%  +1.02826
025,025 21 -716x10%% - 129x10%%  -9.69x109% - 134x10%  +0.87649

Comparison of these results with those obtained using the other two methods
show that almost the same accuracy is achieved with ASFA. The difference comes from

the error in integrating the two harmonic functions p, and py, numerically, see section

3.5.

The cosine Fourier series in x in the form of (3.103) gave bad results, and a
combination of cosine and sine Fourier series in x was necessary to obtain satisfactory
results. For this reason the Fourier series (2.73), which consists of both sine and cosine
terms in x, was used to solve the problem. Since this series, eqn (2.73), satisfies the
harmonic equation VZ¢=0 it is obvious that it can be used only with NPA. The results
obtained are quite satisfactory (see Table 3.10), although they are not as good as those
obtained using Taylor series. As the number of terms increases the results do improve,

unlike with Taylor series (see also section 2.4 in chapter 2).
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Table 3.10" : Square plate under simple tension
Displacements and stresses at node 1 (Fig. 3.3) from Fouricer serics (2.73)
with different numbers of terms and the internal point at (0.5, 0.5) and (0.25, 0.25)
using NPA and eight boundary clements.

Internal No. of u v oxx oxy oyy
point terms

Exact : 0. 0. 0. 0. 1.
(0.5, 0.5) 7 - 0.01449 +0.01410 +0.03329 +0.00184 +0.96420
(0.25, 0.25) +0.00129 -0.00149 - 0.00820 - 0.00182 +1.01176
0.5, 0.5) 9 - 0.00791 +0.00631 +0.00301 - 0.00639 +0.98073
0.25, 0.25) +0.00274 - 0.00243 - 0.00146 +0.00033 +1.01617
(0.5, 0.5) 11 - 0.00027 +0.00016 +0.00205 - 0.00167 +1.00390
(0.25, 0.25) - 0.00731 - 0.01412 -0.10142 - 0.00245 +0.85824

In order to improve the accuracy of the Fourier series method, the same refined
mesh of the square domain in section 2.4.1 (i.e., 26 elements with local length ratio of
1.5 and smallesf elements of length 0.0044 along both coordinate directions) was used
so that the internal point could be placed much closer to the local point of interest. This
gave some improvement, although the results are still not as accurate as those from

Taylor series, see Table 3.11.

To improve the accuracy even further a much more refined mesh is necessary in

order to allow the positions of internal points to move much closer to the local point.

* From now on, after five decimal places the results are rounded-off.
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Table 3.11 : Square platc under simple tension
Displacements and stresses at node 1 (Fig. 3.3) from Fourier series (2.73)
with different numbers of terms and the internal point at (0.1, 0.1) and (0.05, 0.05)
using NPA and rcfined mesh in the region of interest,

Internal No. of u v Oxx oxy oyy
point terms '

Exact : 0. 0. 0. 0. 1.
(0.1, 0.1) 7 - 0.00195 +0.00023 - 0.05056 - 0.00262 +1.07776
(0.05, 0.05) - 0.00023 +0.00010 - 0.08556 - 0.00087 +1.12406
(0.1, 0.1) 9 +0.00004 - 0.00005 - 0.00073 +0.00024 +1.00904
(0.05, 0.05) - 0.00001 - 0.00001 - 0.00081 - 0.00083 +0.99581
(0.1, 0.1) 11 +0.00000 - 0.00000 - 0.00020 +0.00022 +0.99809
(0.05, 0.05) - 0.00000 - 0.00000 - 0.00041 +0.00062 +0.99641

3.4.2. Cantilever Beam with a Shear Force at the End

Consider a rectangular beam having length L, width w, and depth d, built in a
vertical wall at one end and bent by a shearing force S applied at the other end, as shown

in Fig. 3.4.

t =t =0
X

1e >

Figure 34 : Cantilever beam with a shear force at the end.
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The analytical solution for stresses is given by(16)

O,y =0

M S rrdy?
Oxx _IZ' ’ ny':—'if[(_z')- __y2] (3.161)

where M=S(L—x) is the bending moment at a beam cross-section at a distance x from the

built-in end and I=2/3(d/2)3 is the second moment of the cross-section of the cantilever.

The analytical solution for displacements is given by(16

_ S2+v) 3

== [Lx __] +Cy+ =y (3.162)

3 2

S Lx
v——-z-ﬁ[L x]y” +C X+ = 6 -5-] (3.163)

where

S(4+5v) ,d\2 S(2+v

c, =- M Ay o (GEI)() (3.164)

The constants C,; and C, given above are found by considering the conditions at

the built-in end as

u=0 at x=0 and y=+9/,
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In practice, the displacement conditions at the built-in end may be different,
hence, eqns (3.162) and (3.163) do not provide exact solutions nor do the stress
distributions (3.161). Although for comparatively long cantilevers at a considerable
distance away from the support itself the solﬁtions (3.161), (3.162), and (3.163), by
means of Saint-Venant's principle, give satisfactory results we will here investigate the
behaviour of the corner point at the built-in end (node 1, see Fig 3.4) and compare the
results obtained from the LBIE methods with those obtained from the above analytical

solutions.

For our purposes numerical values used are as follows:

L=8, d=2, w=1, S=1, v=0.3, and E=1.

and assuming a plane stress case, we have at node 1,

Oxx=12, Oxy=0, 0y,=0

yy

and u=0, v=— 1.4625

The boundary element mesh shown in Fig. 3.4 consists of twenty quadratic

elements of equal size.

Tables (3.12) to (3.14) show the results obtained from the three techniques using
different numbers of terms with the internal point at (4., 0.) and (2., 0.). For the full

range of the results see Tables G.1, G.2, and G.3 in appendix G.
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Table 3.12° : Cantilever beam loaded at the end with shearing stress
Displacements and stresses at node 1 (Fig. 3.4) from Taylor series
with optimum numbers of terms and with the internal point at (4., 0.) and (2.,0.)
using DEA and twenty quadratic elements

Internal No. of u v oxx oxy oyy
point terms
Analytic: 0. - 1.4625 - 12, 0. 0.
4,0) 10 +0.004 - 1.200 - 11.982 - 0.001 +0.001
4,0.) 14 +0.049 -1.213 - 12.050 +0.000 +0.001
4,0.) 18 +0.092 - 1.215 - 11.983 +0.004 +0.003
2,0) 10 +0.150 - 1.045 - 10.115 +0.013 +0.001
2,0.) 11 +0.186 - 1.270 -12.174 +0.009 +0.004
Table 3.13 : Cantilever beam loaded at the end with shearing stress
Displacements and stresses at node 1 (Fig. 3.4) from Taylor series
with optimum numbers of terms and with the internal point at (4., 0.) and (2.,0.)
using NPA and twenty quadratic elements
Internal No. of u v oxx oxy oyy
point terms
Analytic: 0. - 1.4625 - 12, 0. 0.
4,0.) 7 +0.004 - 1.200 -11.982 -0.001 +0.001
4,0) 9 +0.049 -1.213 - 12,050 +0.000 +0.001
“4,0) 11 +0.092 -1.215 - 11.983 +0.004 +0.003
2,0) 7 +0.150 - 1.045 - 10.115 +0.013 +0.001

" From now on, after three decimal places the results are rounded-off.
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Table 3.14 : Cantilever beam loaded at the end with shearing stress
Displacements and stresses at node 1 (Fig. 3.4) from Taylor serics
with optimum numbers of tcrms and with the internal point at (4., 0.) and (2.,0.)
using ASFA and twenty quadratic elements

Intcrnal No. of u v ‘ Oxx axy oyy
point terms

Analytic: 0. - 1.4625 - 12, 0. 0.
4,0) 13 +1. - 1.505 - 14.523 +0.130 - 0.055
@“4,0.) 17 +1, - 1436 - 14,504 +0.153 - 0.074
2,0.) 17 +0.468 - 1.445 - 11.430 - 0.083 +0.131

With the internal point at (4., 0.) using the third and higher order terms in Taylor
series, the stresses obtained from DEA and NPA are in good agreement with the
analytical results, whereas the results for the displacement in the y direction differ from
that of the analytical solution by about 10%. The results from ASFA are, however, not
encouraging, and moreover with some numbers of terms they are identical (see Table

G.3 in appendix G).

With the present mesh the best results are obtained when the internal point is
placed at (4., 0.), i.e., in the middle of the cantilever. As the internal point moves closer

to the local point of interest, i.e., to (2., 0.), the results become inaccurate.

It is necessary to refine the mesh and use smaller elements in the local area in
order to position the internal point much closer to the local point of interest. Hence,
elements 1 and 20 were each subdivided into ten elements having the length ratio of 1.5.
Although the mesh refinement gave just a little improvement (but not very much despite
the increasing cost) in the results from ASFA the accuracy achieved with the other two
methods (DEA and NPA) remained almost the same, hence none of these results are

reported here.
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With the experience based on the previous problem the Fourier series (2.73) was
also applied as a trial function to solve this problem. The results obtained were very
inaccurate. The reason for this is perhaps that the stress distributions are more complex
than those in the previous simple problem, and the Fourier series in x only is not capable
of representing the solution. Therefore, Fourier series in x and y should be superposed
in order to be able to obtain satisfactory results (see p. 53, Timoshenko & Goodier,
1984). Since the results obtained using the Fourier series in the present form, eqn

(2.73), did not give good results they are not given here.

If Tables (G.1) and (G.2) are compared it can be seen that the best results are
obtained using the following numbers of terms: 7, 9, 11 (for NPA) and 10, 14, and 18
(for DEA), and other intermediate numbers of terms give slightly less accurate results,

though they are still close to the values obtained for above numbers.
3.4.3. Stress Concentration at a Hole in a Square Plate under Tension

Consider that the square flat plate in section 3.4.1 has now a hole of radius a in
the middle free of external forces as shown in Fig. 3.5. The existence of the hole

produces stress distributions which have local peaks due to the discontinuity there.

Because of symmetry about both coordinate directions only one quadrant needs
to be discretised. The ratio of the radius of the hole to the half width of the plate is taken

to be &/1 =0.05, and the other dimensions and the material properties being the same as

given in the first problem (see section 3.4.1).

The first solution scheme for this problem used 26 quadratic boundary elements
with the length ratio R=1.4 for the constrained elements along the x and y coordinate
directions as shown in Fig. 3.5. Due to rapid stress variations attempts to apply the local
solution techniques on their own were not successful. Hence, the LBIE methods
(namely, DEA, NPA, and ASFA) were used to locally refine the solution of the

problem.
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N=4 R=l

Figure 3.5 : One quadrant of a square flat plate subject to uniform tension
with a hole in the middle. N stands for the number of elements

and R for the length ratio.

For this reason, a mesh refinement was made in order to let the internal point p
be positioned close to the local point of interest at node 1. The segment constrained in
the y coordinate direction was divided into two parts, the first adjacent to the local point
having the length of 0.05 and the second 0.9. Then, this first part and the element 26
were each subdivided into ten elements, making 44 elements in all. The ratio between
the lengths of the successive subelements moving away from the local point of
expansion was taken as 1.1. This gave elements immediately adjacent to the local point
of length 0.003 along the x axis and 0.0025 along the surface of the hole. On the
remainder of the boundary the same length ratios and numbers of elements of the mesh

shown in Fig. 3.5 were used.
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The analytical solution for an infinite plate, in polar coordinates, is given

by(37)
ay2 ay2 ay?
0, =2[(1-(2) )~ (1-4(2) +3(5) ) Cos20)] (3.165)
2 4
ogo = [(1+ (.‘r‘-) )+ (1+ 3(;3) ) Cos(26)] (3.166)
G a\2 avty .
Gr6=§-[l +2(}') —3(}.) ] sin(26) (3.167)
and
2 2 2 2 4
u == [(r-r +2a -2(a G+ 1)+1 - =) Cos(26)] (3.168)
8ur r
2 2 ¢
u =S [a'(~1)+1 +] Sin(26) (3.169)
9 4}.11' T

where r and 0 are the polar coordinates, a is the radius of the hole, o is the applied stress

(see Fig. 3.5), and

x=3—-4v, if plane strain

xX= —-!- , if plane stress (3.170)

We note that the greatest local concentration of stress occurs at node 1 in the
hoop direction, and has the value 3. This solution does, however, not represent the

exact solution, because the plate has finite dimensions. A correction of the solution for a
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finite width becomes necessary, and it is given as 3.008 for a plate with above
dimensions (sce Remzi, 1981). In the local refinement procedure the above analytical
solution, eqns (3.165) to (3.169), was applied as the remote field function outside the

local area.

Table 3.15 shows the optimum results ébtained using DEA. The results are very
good, when the numbers of terms used are between 10 to 18. The accuracy obtained for
less than 10 terms is very poor (see Table H.1 in appendix H). It is also of interest that
the best results are obtained when only 10, 14, and 18 terms ,are used, which was the
case for the cantilever beam, and other intermediate numbers of terms give less accurate
results. This is especially marked with the internal points at (0.06, 0.01) and (0.057,
0.007). When the internal point is positioned at (0.055, 0.005) and the number of terms
used is 18 the highest accuracy is attained. This gives the stress concentration as 3.009,
which is within 0.03% of the above quoted value. The other two components of the
stress are also accurate up to the third decimal place. The values of the displacements are

correct to three decimal places (see Table H.1 in appendix H for the full range of the

results).
Table 3.15 : Plate with a hole in the middle subject to uniform stresses at the ends
Displacements and stresses at node 1 (Fig. 3.5) from Taylor series
using DEA and refined boundary elements in the region of interest
and remote field solution outside the local area
with optimum numbers of terms and different positions for internal point.
Internal No. of u v oxx oxy oyy
point terms
Analytic: - 0.05 0. 0. 0. 3.008
(0.060, 0.010) 14 - 0.049 - 0.002 -0.070 - 0.046 +2.988
(0.057,0.007) 14 - 0.050 - 0.000 - 0.029 -0.018 +2.995
(0.055, 0.005) 18 - 0.050 +0.000 -0.001 - 0.000 +3.009
(0.054,0.004) 18 - 0.050 +0.000 +0.002 - 0.001 +3.010
(0.053, 0.003) 14 - 0.050 - 0.000 - 0.004 - 0.002 +2.998
(0.0525, 0.0025) 10 - 0.050 +0.000 - 0.001 - 0.005 +3.013
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Table 3.16 shows the optimum results obtained using NPA. Note they are
identical with those in Table 3.15. This is to be expected after having obtained the

results for the previous two problems.

Table 3.16 : Plate with a hole in the middle subject to uniform stresses at the ends
Displacements and stresses at node 1 (Fig. 3.5) from Taylor serics
using NPA and refined boundary elements in the region of interest
and remote field solution outside the local area
with optimum numbers of terms and different positions for internal point.

Internal No. of u v Oxx oxy oyy
point terms

Analytic: - 0.05 0. 0. 0. 3.008
(0.060,0.010) 9 - 0.049 - 0.002 - 0.070 - 0.046 +2.988
(0.057,0.007) 9 - 0.050 - 0.000 -0.029 -0.018 +2.995
(0.055, 0.005) 11 - 0.050 +0.000 -0.001 - 0.000 +3.009
(0.054, 0.004) 11 - 0.050 +0.000 +0.002 -0.001 +3.010
(0.053,0.003) 9 - 0.050 - 0.000 - 0.004 -0.002 +2.998
(0.0525, 0.0025) 7 - 0.050 +0.000 - 0.001 - 0.005 +3.013

Table 3.17 shows the results obtained for ASFA. Although some of the results
are encouraging ASFA is still not as good as DEA and NPA, and moreover depending
on the number of terms and locations of the internal point the results suddenly change,

hence they are not reliable (see also Table H.3 in appendix H).
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Table 3.17 : Plate with a holce in the middle subject to uniform stresses at the ends
Displacements and stresses at node 1 (Fig. 3.5) from Taylor scrics
using ASFA and refined boundary elements in the region of interest
and remote ficld solution outside the local arca
with optimum numbers of terms and different positions for internal point.

Internal No. of u v oxx oxy oyy
point terms

Analytic: - 0.05 0. 0. 0. 3.008
(0.060, 0.010) 17 - 0.050 +0.014 +0.049 -0.141 +2.989
(0.057,0.007) 13 -0.042 +0.016 +0.236 - 0.005 +2.980
(0.055,0.005) 9 - 0.050 +0.001 +0.049 - 0.141 +2.979
(0.054, 0.004) 21 - 0.050 -0.014 - 0.023 +0.342 +2.984
(0.053, 0.003) 21 - 0.048 - 0.006 -0.325 +0.123 +2.937
(0.0525, 0.0025) 13 - 0.050 +0.007 +0.075 - 0.329 +2.994

3.4.4. Cracked Beam in Three-Point Bending

The last problem shows that the presence of a geometric discontinuity causes
local stress concentrations. When this discontinuity is a sharp re-entrant corner (e.g., a
notch), not smooth like the one in the previous case, the stress variations become even
more severe around that notch, and as the notch becomes a crack (where the radius of

the notch is now zero) the stresses at the crack tip give rise to infinity.

Crack face

]

Figure 3.6 : A sharp crack with the coordinate system employed by Williams.
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The severity of the stresses at the crack is determined by the stress intensity
factor denoted as Ky, where N=1, 2, 3 indicates the three modes of fracture which can
occur. Here, attention is confined only to mode I ( K; ), sometimes called as the opening
mode involving stresses which are symmetrical about 6=0, since it is the most common
type of fracture (for detailed information the reader is referred to fracture mechanics

books, see also references 16, 23, and 34).

Fig. 3.7 shows a beam of rectangular cross section simply supported at its ends,
having the dimensions of length L, width w, and depth d. At the lower side in the
middle of the beam a crack with a length of a is introduced. On the opposite side a line

load of magnitude S is applied.

S
y
A y
d |,
a
128 L 1/28
d

Figure 3.7 : Cracked beam subject to three-point bending.

For present purposes the numerical values and material properties are taken as
L=8, d=1, a=0.2, w=1, S=2, E=1, v=0.3

and a state of plane stress is assumed.
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With the beam dimensions and load given above the quoted value for the stress

intensity factor is 19.36, or in non-dimensional form(19)

3
Kywd"

=4.84
Vi 8

where the bending moment at the mid-section of the beam is M=SLy/4

Only one half of the beam need be modelled, taking the advantage of symmetry
with respect to the x coordinate direction. Since for a crack problem stress variations are
very severe a fine mesh is used so that accurate integrations can be performed. Fig. 3.8
shows the mesh of quadratic line elements used to represent that half of the beam,
together with the boundary conditions{!® (58 elements in all, having the smallest

elements immediately adjacent to the local point, which is now at the crack tip, of length

0.0094).
v=0 _
0,05 Neb ReL3 fx =ty =0 @ @. 0.5)
(0.123, 0.5) —+ ¢ j]l
N
u=0 R=1.3

ly=0 X -é- VZS=1
Crack tip (0., - 0.3) @ @

N=12 =

R=1.1 ~

—4 ¢ N
©., - 0.5) N=12, R=13 { =

=0 @., - 0.5)
Node 1 x=ly

Figure 3.8 : Mesh of the one half of the cracked beam together with the boundary
conditions. N stands for the numbers of elements and R for the length

ratios of these elements.
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Attempts to apply the LBIE methods’ on their own to obtain reasonable values
for the stress intensity factor were not successful, at all. This was to be expected after
the experience based on the previous stress concentration problem solved. Therefore,
the LBIE techniques (DEA and NPA) were also applied to locally refine the solution
obtained by other means. This time, numerical values of displacements and stresses
obtained from BEETS were used outside the local area as the remote field solution. The
LBIE methods in the form already described were still not successful, unlike with the
stress concentration problem. It was first thought that the reason for this was that the
Taylor series was not capable of representing the rapid stress variations around the crack
tip. Therefore, there was a need for a different type of series which could represent the
solution well in the local area of interest, in the place of special crack tip elements of
conventional BIE methods. The series considered was the polynomial one initially used

by Williams. It is given by“®)

N
. -2 ..
o(ry) = ; R {am [Sm(%— l)w— ::+ 5 Sm(—rz2 + l)qf]

+B,, [Cos(-g—l— Dy — Cos(r—zn-+ 1)\11]} (3.171)

which satisfies V4¢=0, eqn (3.69). By writing this equation in terms of the bisector

angle 0 = y — 1, and retaining only the first terms, we have

o(r,0) = r3/‘2 [(11 (— Cos(6/2) — -%- Cos(39/2)) +

B, (- sin(8/2) - Sin(36/2)) ] (3.172)

" ASFA has now been abandoned, since it was, in general, unsuccessful.
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where the first part in o} represents the symmetrical solution and the second part in 3,

the antisymmetrical solution™®). Since we are interested only in mode I the second part

can be omitted.

The associated stresses, in polar coordinates, are then given by

o, (r,0) = —11—/2 o, [~ 5 Cos(8/2) + Cos(36/2) ]
4r
1
0, (10) = P [- 3 Cos(B/2) ~ Cos(3612)]

1 : :
o (1,6) = Pk [ sin(6/2) - Sin(36/2)]

(48)

and the displacements by

12
u(r,0) = :— o, [(2x - 1) Cos(6/2) - Cos(36/2)]
M

12
uy(r,8) = :— o, [~ @x + 1) Sin(6/2) + Sin(36/2)]
i

where 7 is given by the relations (3.170).

170

(3.173)

(3.174)

(3.175)

(3.176)
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Equations (3.176) and (3.177) both can be used with DEA. Note that the first
parts of eqns (3.176) and (3.177) (i.e., r*"*Cos(6/2) and r'/28in(6/2)) are harmonic,

hence they can be used with NPA.

The same cracked beam with the same fine discretisation (58 elements with local
length ratio of 1.1 and smallest elements of length 0.0094 immediately adjacent to the
crack tip) was solved. This time, the size of the local area was gradually decreased
starting from the crack face end at the corner to the crack tip. Outside the local area the
same numerical solution from BEETS was again used as the remote field solution. Since
the first terms in eqn (3.172), or eqns (3.173) to (3.177), dominates the solution in the
vicinity of the crack tip it was expected to obtain more satisfactory results as the local
area was reduced in size. Although there was a significant improvement in the results

they were still not reasonably accurate, especially stresses.

Finally, the local area was reduced to zero, which meant that no series
approximation made along the boundary except at the internal point, and the results were
still far from satisfactory. Moreover, in all the results obtained for this crack problem it
was observed that the results were very sensitive to changes in the position of the

internal point and the numbers of terms used.
3.5. Discussion

In this chapter, the LBIE method developed for two-dimensional potential problems has
now been extended to two-dimensional elasticity problems. Although the LBIE methods
for stress problems essentially used the same principles as that for potential problems

they are now formulated in three different ways. They are as follows;
1) Airy's stress function approach (ASFA),
ii) Neuber-Papkovich approach (NPA),

iii) Direct expansion approach (DEA).
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These three formulations use either harmonic functions or biharmonic ones.
Accordingly, the functions in the series (Taylor, Fourier, or crack polynomial serics)

are chosen to satisfy either the harmonic equation or the biharmonic equation.

In the first simple problem, namely, a square flat plate under éimple tension the
three LBIE methods produced very accurate results, while for the second problem, of a
cantilever beam, the ASFA was found to be unsuccessful. This was perhaps due to the
error incurred by numerical integration of the conjugate functions p, and p,. Note that
these two functions are determined from the harmonic functions P and Q using relations
(3.87) and (3.88), and during their calculations the integration constants in the indefinite
integrals were assumed to be zero. This is here a valid assumption since those constants
vanish when the integrals become definite, in other words, when the integration limits
are known. However, since the integrals are evaluated numerically the assumption of
zero constants in the analytical expressions cease to be valid, and the additional error is
produced. This is especially marked when stress variations are relatively complicated,
and where there is a need for a fine mesh to obtain reasonable integration accuracy. The
results of the stress concentration problem tend to confirm this explanation, because in
this case the LBIE methods were used to locally refine the solution. The results from the
ASFA were not as good as those from the DEA and NPA, both of which gave very
accurate results. It is noticeable, however, that the ASFA now gave much better
accuracy than that for the cantilever. This was because no approximation in p, and p,
was made in the remote field, where the analytical solution was applied, and in the
region of interest a fine mesh was used so that the integration accuracy was enhanced.
Nevertheless, since the ASFA was, in general, comparatively unsatisfactory and
unreliable it has been abandoned until a way can be found to determine the constants in
Py and py, indirectly (or may be directly). Note that the ASFA method would be the
most efficient one, if it worked as well as the other two, because of using a smaller
number of terms. In the other two, for a given number of terms in the series, the

number of unknowns is doubled because the displacements (and the tractions) are

expressed by two different undetermined coefficients (o, where k=1, 2 in two
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dimensions and m is the number of terms): compare eqns (3.131), (3.134) for NPA and
(3.145), (3.148) for DEA with eqns (3.113), (3.115) for ASFA.

Also, note that some of the results from the DEA and NPA for the problems
solved here are identical. This is to be expected because these two formulations involve
the analytical expressions of displacements (or stresses) in two different ways, and
hence the functions (harmonic or biharmonic) used to represent the displacement field
are obviously related (see the footnote on p. 99). In view of the foregoing discussion,
the ASFA, which uses the biharmonic function ¢ and the harmonic ones p; to represent
the displacement field (see eqn (3.90)), is also expected to produce the same results as
those from the other two (DEA and NPA). But it did not give the same results because
of the existence of the integration constants in p, and py, as mentioned before. The
results from the DEA and NPA are identical only when the following numbers of terms
are used: 6, 10, 14, 18 for DEA and 5, 7, 9, 11 for NPA, respectively (the
corresponding numbers for ASFA would be 9, 13, 17, and 21, see Pascal triangles of
differentiation, Table 2.1 and 3.2). Other intermediate numbers do not produce the same
results because they do not provide corresponding analytical expressions. For this
reason the above numbers are here referred to as the corresponding numbers of terms,
and the remainder as intermediate numbers of terms. It is also of interest that in general,
the best results are obtained for the corresponding numbers of terms. Hence, it is
reasonable to retain only the corresponding numbers of terms in the series (Taylor)
except for very simple problems where only few terms are enough to produce their
analytical solutions. It is, therefore, clear that the NPA is superior to the DEA in that it
uses a smaller number of terms for the same problem with the same accuracy, also in
that it is easier to handle, since it uses harmonic functions, unlike the DEA which uses

biharmonic functions.

Having obtained satisfactory results for the potential problems in chapter 2 with
the Fourier series method, it was also considered for stress problems. For this reason,
the sine Fourier series in x satisfying the biharmonic equation (3.69), eqn (3.103), was

employed for the DEA (and ASFA) method, since they use biharmonic functions. Due
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to inaccurate results, a combination of cosine and sine Fourier series in x became
necessary. Since this form of Fourier series (eqn (2.73)) had already been developed in
chapter 2 to solve the potential problems, it was used with the NPA. For the square
plate under simple tension, quite satisfactory results were obtained. It did not, however,
give accurate results for the cantilever where the stress distributions were more
complicated. Therefore, a Fourier series in x and y should be superposed in order to

obtain satisfactory results.

For the last problem, namely, the cracked beam in three-point bending, where
the variations of stresses are very rapid and tend to infinity at the crack tip, Taylor series
was also unable to represent the solution, even in the local refinement procedure.
Hence, in the vicinity of the crack tip the polynomial stress function of Williams, eqn
(3.171), with the first term retained was employed. With the DEA the displacements,
eqns (3.176) and (3.177), derived from eqn (3.172) were used, while the harmonic
parts of them were used with the NPA. Although the results dramatically improved
when the number of terms was between 14-18, they were still not reasonably accurate,
especially stresses. It was found that the results were very sensitive to changes in the
position of the internal point and the number of terms used. Finally, to see whether the
error was introduced by the series approximation on the boundary or the LBIEs were
not able to produce the solution of rapid stress variations, no series approximation on
the boundary was made, except at the internal point, and the results were still not
satisfactory. There could be two reasons for this: i) The LBIE methods are not capable
of representing the rapid stress variations due to highly ill-conditioned linear equations
with increasing order of singularity in the higher-order BIEs. Note that with the
experience based on the problems (either potential or stress) solved so far the number of
terms should be increased as the function variations increase, and for a crack problem
the larger this number the better the function representation is. ii) A human error was
involved in coding the program during the modification to employ the crack tip series

solution”,

" The program 'LBIE2PE' was checked twice, and no error was found.
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The failure to obtain satisfactory results for the cracked beam does not,
however, detract from the value of the LBIE methods presented here. They should be
successfully used to locally refine the solutions of stress concentration problems,
provided the stress variations are not as severe as at a sharp crack, and also other

relatively simple problems can be solved very accurately with reduced costs.

In order to successfully apply the LBIE methods to problems of interest attention
should be given to the choice of three parameters, as is the case for potential problems.
Although these are mentioned at the end of chapter 2 in section 2.5 they are repeated

here for completeness.
i) Number of terms retained in the series,
ii) location of the internal point within the region of interest,

iii) the ratio between the element lengths in the local area (particularly two
elements immediately adjacent to the local point of interest) and the distance from the

internal point to these elements (more correctly, to the local point of interest).

A careful balance should be kept between these three parameters. To be able to represent
the stress variations well the number of terms in the series should, in general, be large
(the larger this number the better the function representation is). There is, however, a
limit to this number. The limit is provided by the accuracy with which the highly-
singular kernel functions can be integrated (this can be best seen in the crack problem,
as explained before). It is observed that the results are quite satisfactory when the
numbers of terms are approximately 7-11 for NPA (or 10-18 for DEA). Although for
relatively simple problems fewer can be used it is, however, much better to choose to
retain 7-11 terms in the series, since in a practical problem not its analytical solution but
only the boundary conditions are known. The results can be improved by positioning
the internal point at distances from the local point of the same order as the length of the
local elements there (the two elements adjacent to the local point of interest), provided

the aforementioned three parameters are kept in due proportion. By observing these
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three parameters it is possible to use more and more refined meshes in the local area to
enhance the accuracy as required. This, however, does not increase the number of
algebraic equations, unlike with conventional BIE methods. Therefore, the costs of the

mesh refinement are much less compared to conventional BIE methods.
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CHAPTER 4
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4. CONCLUSIONS

In this thesis, local boundary integral equation methods based on series
expansions have been developed for both pdtential and stress problems. The series
considered are Taylor and Fourier ones using either harmonic or biharmonic functions.
The LBIE techniques presented here make it possible to determine the variables of
interest in a small particular region of a solution domain, without the need to evaluate

the solution over the rest of the boundary.

For potential problems, it has been found that both series methods produce very
accurate results in regions of particular interest and they can be used in their own rights,
whereas for stress problems the Fourier series method in the form described here cannot

represent the solution, if the function variations are relatively complicated.

The major application for the technique is to problems where detailed
information is required at particular geometric features of the domain for which
approximate solutions already exist. This is because attention can be focused on a small
pre-selected region, and therefore it provides a way of locally refining approximate
solutions obtained by other means. Although the LBIE methods as described in chapter
3 did not represent the crack tip solutions it should not discredit them to be applicable to
many stress problems having less severe variations like the stress concentration problem

solved in section 3.4.3.

Because the number of linear equations to be solved is fixed for a given number
of terms in the series and is very small, the technique is computationally very efficient
compared to conventional numerical techniques, and consequently it is probably most

beneficial for three-dimensional problems.

178



4.1. Further Suggestions

Although the LBIE methods developed here were, in general, successful they
are not completely free of drawbacks. Firstly, in order to be able to apply the technique
to problems of interest successfully a careful balance between the three parameters
should be kept (see sections 2.5 and 3.5), dtherwise the results obtained could be
inaccurate. This makes it relatively difficult for an inexperienced user of the technique to
apply. Secondly, when the variations of the variables of interest are very rapid, then the
number of terms to be used should be large to represent the solution well, but this
necessitates the use of highly singular kernel functions. If the variations are very severe,
like those in the crack problem, it becomes impossible to maintain high accuracy in
numerical integrations to obtain reasonable values for the unknowns. To overcome
these problems, the zero and higher-order equations can be transformed to the
boundary, as in the form described by J.O. Watson (1982), and expanded in the series
about a point of interest on the boundary. Doing this, the need to consider the three
parameters may be eliminated, and it may also be possible to use a relatively small
number of terms, which implies relatively less singular kernel functions have to be
employed. Watson did this using only up to (and including) the second order integral
equations, but essentially in a conventional way using Hermitian cubic boundary
elements (with additional singular shape functions at notch and crack tips), and he

obtained quite satisfactory results.

Let us now recall the functions p, and py in eqn (3.90). As we mentioned in the
previous section, 3.5, the integration constants may be determined indirectly from
certain boundary constraints (if poSsible), or they may be determined by comparing the
known boundary condition values with the calculated values from the solution of
integral equations. The difference between them is the relative error which has to be
either added to or subtracted from eqn (3.90) and re-run the program again. This, of
course, means that now the program should be run successively until the error is
reduced to the required accuracy, which means an increase in computing costs (the

possibility of this should also be investigated). Those constants may also be calculated
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directly by the analytical integration outside the local area, e.g., by using constant

elements there to simplify the procedure.

This analytical integration may be carried out not only for determining those
integration constants but also it would be possible to perform the integrations
analytically for the LBIE methods as a who]e.’ The problem arose is that the boundary
conditions in the remote field must now be written in the form of analytical expressions.
This may be managed by a curve fitting process applied to the boundary conditions. The
accuracy should be enhanced substantially. The displacement and traction kernel
functions, eqns (3.34) and (3.35), can also be differentiated analytically, since their
derivatives are lengthy and very tedious to derive manually. All these integrations and
differentiations can be performed using a suitable symbolic programming language,

e.g., ALTRAN'.

Finally, in the LBIE methods, besides Taylor and Fourier series other types of
series can be employed provided they satisfy the required conditions. That is, they
should satisfy either the harmonic or the biharmonic equation, and they should converge
with finite number of terms. One example is the general stress function series (see p.
133, eqn (80), Timoshenko & Goodier, 1984). Also, a combination of Taylor and

Fourier series could be used.

* ALTRAN stands for ALgebra TRANSslator and can perform symbolic computations on algebraic data.
It can be called within a FORTRAN program.
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Transformation formulae for the derivatives of a function, say ¢, can be found

with the aid of differential operators given in section 2.1.6 as,

Eh=Lrlol.  @GDi-Lule)
and

D=L, o). (GD,-Ly, (o)
where

0 2 ..
Lxg = {a_xl Cosa—gy—lSma}

J .. d
Lyg = {Fx—l Sino + —871 Cosa}

d d
Lx = {— Cosa + =— Sino }
b tox, dy,

0 0
Ly, = {- = Sinat+ =— Coso. }
1 ox,, dy,

(2.78)

(2.79)

(2.80)

Hence, higher-order operators are simply the operation of the operators on each other

and it only remains to operate with them on the functions. They are given (up to the

fifth-order) as follows:
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From the local to global coordinate system,

82 2 62 82 2
LX1X1 = {——2 Cos o+ 2 Frem Cosa Sina + -—-ay2 Sin a} g (A.1)
a2 82 82
Lx Y, = {— — Cosa Sino. + Cos2a + — Cosa Sinoc} (A.2)
e 35 0xdy ay2 g

2 2 2

Ly y, = _8_ Sin2(x -2 9 Sina Coso + i— Cosza (A.3)
M 3 %0 2 g
ox y dy
83 3 3 2 ? 2
Lxlxlxl = {-—-3- Cos” o + 3 —5— Cos o Sino + 3 Cosa Sin o
ox ox dy oxady
3
+ .93 sino } . (Ad)
dy
y 2 ’ 3 2
Lxxy = {——= Cos a Sina + (Cos o —2 Cosa Sin o) +
i 3 2
ox 0x dy
’ 2 3 3 2
~ (2 Cos  Sina — Sin” ) + — Sin '@ Cosa } ;g A9
oxdy dy
> 2 ? 3 2
Lxyyy, = {+—5 Sin"& Cosot + —— (Sin" ot — 2 Sinat Cos ) —
ox ox dy
i 2 3 9 2
- (2 Sin’ & Coso. — Cos &) + — Cos @ Sina } ;. (A6
oxdy dy
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3 3 3

0
Lyyy, = {5 Sin’a+3 —2— Coso: Sin"a. ~ 3 —— Cos @ Sin
0x 0x dy oxdy
3
0
+— C0330c } g (A7)
dy
o 4 ¢ 3 o' 2
Lxlxlxlxl = {—-—4 Cos o +4 —— Cos o Sino + 6 —— Cos o
ox dx dy ox dy
2 ¢ 3 ot 4
Sin” .+ 4 —— Cosa. Sin” & + — Sin a}g (A.8)
oxdy dy
o 3 ¥ 4 2 2
LX1X1X1y1 = {——4 Cos o Sina. + —— (Cos . — 3 Cos « Sin @) +
X 0x dy
¢ 3 3 ¥ 2
— (3 Cos a Sina — 3 Cosa Sin o) + 3 (3 Cos o
0x dy , oxdy
2 4 a3
Sin“o.— Sin @) + — Sin @ Cosat} (A9)
g
dy
o 2 2 X 3 3
Lxxyy, = {— Cos"o: Sin"o + —— 2 (Cosat Sin” 0 — Sinox Cos @)
ox ox dy
ot 4 2 2 4 ¥
+ﬁ(Cosa—4CosaSina+Sina)+ 32
ox dy oxdy
3 3 o 2 2
(Cos” Sinat — Cosax Sin o) + — Cos @ Sin a}g (A.10)
dy
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a4 3 4
LxlylylyI = {——7 Cosa Sin o + 3
ox ox dy

(3 Cos ot Sin ot — Sin" o) +

84 3 3 !
———— 3 (Cosa. Sin"a — Cos™ o Sina) +

ax’oy” xdy

4
3 (Cos o

4
—3 Cos ot Sin"00) + 3_4 Cos ot Sinat } g (A11)
dy

ot 4 ' 3 o 2
Lylylyly1 = {—4 Sin o —4 — Sin o Cosot + 6 —— Cos o
ox ox dy 0x dy

4 4

~ Sinot Cos’ar + 14- Cos o} (A.12)
dy &

2
Sin o —4

oxdy

85 5 ¥ 4 5
Lxlxlxlxlxl = {+—5 Cos o+ 5 —— Cos o Sino. + 10 —
ox ox oy 0x dy

5 5
Cos a Sin o + 10 —2-—3 Cos ot Sin0.+ 5
ox dy

axay4

5
Cosa Sin'o + _a_g Sin’ot} (A.13)
dy &

5 5
0 4
Lxlxlxlxlyl = {-——-? Cos o Sino + 7
ox ox dy

3 2
(Cos o.— 4 Cos 0. Sin"ct)

5 5
2
2 5 “4 Cos4oc Sina — 6 Cos « Sin3a) +——
0x dy ox dy

“+
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5

(6 Cos o Sin’c — 4 Cost Sin“) + (4 Cos’o.

4

oxady

5
Sin’o— Sin’or) + ig Coso Sin'a} (A.14)
ay &

5 5
LX1X1X1Y1Y1 = {-ig Cos30L Sinzoc +—
ox ox dy

(3 Cos o Sin"a — 2 Cos o

5
Sinoy) + —— (Cos o.— 6 Cos o Sin’ct + 3 Coso.
ox dy

5

— (Sin 0. — 6 Cos 0. Sin"ct + 3 Cos 0
ox dy

Sin"o) +

5
Sina) +

-3 Cos 0. Sin’c — 2 Coso. Sin'o) +

oxady

5
3—5 Cos o Sino.} (A.15)
dy g

5 5
.3
Lxlxlylyly, = {—ig Cosza Sin o+ —
ox ox dy

@3 CosBa Sinza -2 Cosa

5

Sin'o) + — 6 Cos’a Sin"ot — 3 Cos 0. Sinot —
dx dy

5

Sinsa)+ (Cos 5a—6 Sinza Cos 3oc+3 Sin4a

8x28y3

5

Cos o) — (3 Sin"a Cos 0. — 2 Sinat Cos o) +

axay4
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5

8_5 Sin“o Cos o } (A.16)
dy &

5 5

0 . 4
Lxlyly]ylyl = {——5' Coso. Sin 0. + -

. (Sin’ot — 4 Cos 0. Sinor) +
ox ox dy

85 3 2 4 85
3 2(6Cos o Sin o — 4 Cosa Sin o) + 3
ox dy ox dy

5

(6 Sin’cr Cos?oc — 4 Sinot Cos'o) ——2 -4 Sin’o.
oxdy

5

Cos3oc - Cossoc) + .2? Sina Cos4a} g (A.17)
dy
85 5 3 4 85 3
Lylylylyly1 = {———5 Sin & + 5 —— Sin o Coso. ~ 10 —— Sin o
ox ox dy ox dy
2 85 2 3 ’ 4
Cos a+10—2—38in aCoso—35 Sina Cos o
ox dy oxdy
5 .
0
+— Cossa} (A.18)
dy &

From the global to local coordinate system,

I o 3 . 2

Lix,x, = { = Cos’0.~2 =~ Cosat Sino.+ — Sin'0:} (A.19)
oxdy 2 1

ox dy
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2 2 2
Lx,y, ={+ _a—z Coso. Sina, + Cos20. —3-2- CosaSina};  (A.20)

ox axay ay
2 2 2
9 .2 J .. 0 2
Lygyg = {S-X—z-Sln (x+2m5ma Cosa. + a—yzCOS (X}l (A21)

3 3 3
Lxg XgX, = {ié- Cos 0.3 5 Cos . Sinot + 3 Cosat Sin’ct
ox ox dy oxdy
3
- _8_3 Sin’a}, (A22)
dy
Y 2 i 3 2
Lxgx y, = {+——C0s o Sino + (Cos o — 2 Cosa Sin o) —
8”8 3 2
ox ox dy
i 2 3 83 2
> (2 Cos o Sino.— Sin'@) + — Sin@ Cosa },  (A23)
oxdy dy
y 2 ? 3 2
Lx,y,y, = {+ — Sin"a Cosa. ——— (Sin"a.— 2 Sino: Cos @) -
ox ox dy
? 2 3 5 2
- (2 Sin’ 0 Cosoi— Cos @) ——5 Cos & Sinat},  (A24)
oxdy dy
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3 3 3

Lyg Yg¥g = {+ 8_3 Sin3a +3 Cosa Sinzoc +3 5 Coszot Sina
ox 0x oy oxay
3
+ 2 codal, (A.25)
dy
o* 4 ¥ 3 ¢ 2
Lx x x,x, = {—; Cos @ -4 —— Cos a Sino.+ 6 —— Cos «
ox dx dy dx dy
2 ¢ 3 o a4
Sin” 0t ~4 ——— Coso. Sin o+ — Sin a }| (A.26)
oxady dy
d* 3 X 4 2 2
Lxgxgxgyg = {+ — Cos o Sino + 3 (Cos o.—3 Cos o Sin o) —
ox ox dy
4 4
0 3 . .3 2
> (3 Cos o Sina. — 3 Cosa Sin o) + (3 Cos o
2 3
ox dy oxdy
2 4 N
Sin"0~ Sin o) —— Sin & Cosat} (A27)
dy
d* 2 2 ¢ 3 3
Lx_ x y.y ={— Cos o Sin'a 2 (Cosat Sin”o. — Sina Cos” )
g 8878 4 3
ox ox dy
¢ 4 2 2 4 ¥
+— (Cos v —4 Cos o Sin o + Sin o) — 2
2 3
Jx dy oxdy
3 3 84 2 2
(Cos at Sinc — Cosar Sin') + —; Cos a Sin'a};  (A28)
dy
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4 4

Lxgygygyg = {+ -E-)—Z Cosa Sin3a + € Cosza Sinza - Sinda) -
dx

ax3ay

4 4

? 3 (Cosa Sin3a - COS3OL Sina) +
9x dy Oxdy

(Cos4oc

3

4
—3 Cos’at Sin’ o) -—3—4 Cos’a Sinat}, (A.29)
dy

o' 4 ¢ 3 o' 2
Lygygygyg = {—4 Sin o +4 3 Sin aCosa+6——2——2Cos o
ox ox dy ox dy

4 4
- Sinat Cos 0 + a_4 Cos'a}, (A.30)
dxdy dy

2
Sin o +4

5 5 5

Lxgxgxgygxg = {+-§-—5- Cos’a =5 7 Cos o Sina. + 10 2
ox dx dy ox dy

2

5 5
Cos’o: SinZo 10 —2— Cosot Sino + 5

ax’dy axdy’

5

Cosor Sin"0—— Sin"at}, (A31)

5

dy

5 5

d 4 o
Lxgxgxgxgyg= {-*—S-Cos o Sina + —
ox ox dy

5 2
(Cos -4 Cos3a Sin o)

5 5
9 (4 Cos’o'Sina — 6 Cos 0. Sin’ar) + —9—

8x38y2 axzay3
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5
(4 Cos’a
oxdy

(6 Cos o Sin’c — 4 Cosa Sin"o) —

5
Sin30c - Sinsa) + _8_5 Cosa Sindot}l (A.32)
dy

5 5
Lx XgX,Y, Yy = { Cos o Sin“o - y
ax ox dy

A3 Coszoz Sin3(x -2 Cos4oc

5
Sindt) + —g— (Cos e~ 6 Cos ot Sin" + 3 Cosar
ox dy

5

3 4

Sin'0)) — —— (Sin’ o — 6 Cos at Sin" o+ 3 Cos @
ox dy

5

Sina) + 7 @3 Cos3a Sin2a —2 Cosa Sin4a) -

oxay

5
8_5 Cos’ot Sin’at}, (A.33)
dy

5 5
Lx RRAA {+ Cos aSm o+
ax o dy

3 Cos o Sm o —2 Cosa

5
Sin'0r) — —s— (6 Cos 0t Sin’ct— 3 Cos ‘@ Sinat -
ox dy

5

Sin” o) + —— (Cos e~ 6 Sin“a Cos o+ 3 Sin'a
3
dx dy

5

(3 Sin’ Cos 20— 2 Sino Cos "0r) +
4
0xdy

Coso) +
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5
2_sina Cos’al, (A34)

dy
Y 4 i 5 2 3
I_ngygygygyg = {—S-CosaSin o —— (Sin ot —4 Cos a Sin o) +
ox ox dy
9 3 2 4 °
—3 3 (6 Cos a. Sin o — 4 Cosa. Sin ) -3
ox ady ox dy
3 2 4 > 2
(6 Sin o Cos o — 4 Sina Cos o) — 7 (4 Sin o
0xay
3 5 85 4
Cos’ o — Cos @) —— Sino: Cos @ }; (A.35)
oy
3y s > 4 i 3
Lygygygygyg = {+ — Sin ot + 5 ) Sin a Coso + 10 ) Sin
ox ox dy ox dy
5 5
2 .2 3 . 4
Cos a+ 10 Sin . Cos o+ 5 Sina Cos o
2. 3 4
ox dy dxay
5
5 .
+2 Cos o} (A.36)
5 1
dy
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APPENDIX B

Numerical Results of the Potential Problems in a Square Domain
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Table B.1 : Square domain with linear potential variation.

Function and derivatives at node 1 (Fig. 2.6) from Taylor series

using eigth quadratic boundary elements.

Internal No. of ¢ by b,x ¢,xy d,xx
point terms

Exact : 0. 0. -1. 0. 0.
(1.5, 1.5) +2.63x10°15  -427x10'14 . 100000 +5.15x10°14  -395x10-14
(1.25, 1.25) 5 +1.01x1007  -846x10-06 - 1.00000 +1.53x1005  -1.29x10°05
1.1, 1.1) +1.03x1002  .6.01x10-02  .107523  +6.59x1002  .223x10°01
1.5, 1.5) -2.12x10°14  4426x10°10 - 100000 -1.25x1009°  4+1.25x10°09
(1.25, 1.25) 7 -1.71x10°05  .924x10-06  .0.99981  -1.12x10004 - 4.06x10-04
(1.1, 1.1) -6.31x10°02  46.81x10°02 . 099542 -8.22x1001  41.15
1.5, 1.5) -1.40x10°14  4+625x10°10 . 100000 -1.25x10°%%  +1.25x10°09
(1.25, 1.25) 8 +2.06x10004  -7.62x10-04  -100031 -2.87x100%  -7.05x10°03
(1.1, 1.1) -7.72x10°03  .254x1002  .068128 -6.05x1001  .139
(1.5, 1.5) +8.05x10°10 . 287x100% - 1.00000 +1.91x10°08  41.03x10°09
(1.25, 1.25) 9 -9.34x10°05  .4.10x1005 . 099954  -4.01x1003  .-2.36x10°03
(1.1, 1.1) -1.08x10°02  44.89x10-01 4023752  43.85x1001  4+2.06x10°01
1.5, 1.5) +8.05x10°10  _.287x10009  -1.00000 +1.91x1008  +1.03x10°09
(1.25, 1.25) 10 +2.56x1003  -3,68x10°03  .100261 -2.40x10-02  -3.60x10-02
(1.1, 1.1) -8.32x10003  4297x100!  40.07003  -5.31x1001  42.16x10-01
1.5, 1.5) -9.34x10-11 . 198x1009  -1.00000 -1.44x10099 - 1.59x1008
(1.25, 1.25) 11 +1.20x10°03  4+642x1004  -100078  -4.96x1002  -3.39x10°02
(1.1, 1.1) -1.07x10002  4+555x1001  40.13346  -7.42x1001  .2.47x10°01
1.5, 1.5) -9.34x10°11 - 198x109°  -1.00000 -1.44x1009  -1.59x10°08
(1.25, 1.25) 12 +543x10°04  4+125x10°02  .098744  -1.88x100!  -3.57x10°02
(1.1, 1.1) -1.79x10°02  46.72x10°01  40.25368 - 3.28 - 5.72x10°01
(1.5, 1.5) -1.59x10°10  _.236x100°9 - 1.00000 -1.85x10"°  -2.10x10°08
(1.25, 1.25) 14 +1.70x1002  .201x1001  .091619 -1.02 -3.11
(1.1, L.1) -3.32x10003° -251x1000 4006221  -341x1000 - 6.82x10°01
(1.5, 1.5) -1.59x10°10  4+1.15x1009 - 100000 -7.59x10°%  4+7.56x10°06
(1.25, 1.25) 15 +8.22x10°02  _227x1001  .092014 -1.17 -3.30
(1.1, 1.1) -1.38x10°03  49.30x10°02  40.02942  +0.94x10°03 - 4.91x10°0!
(1.5, 1.5) -1.61x10°10  41.15x10°09 - 1.00000 -7.59x10°%  +7.56x10°06
(1.25, 1.25) 16 +9.97x10°02  +1.99x1001  .0.05560 -4.71 - 3.40
(1.1, 1.1) -3.34x10°03  4+1.18x100!  40.00491  -3.88x10°0!  -3.29x100!
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Table B.2 : Square domain with linear potential variation.

Function and derivatives at node 1 (Fig. 2.6) from Fourier series
using eigth quadratic boundary elements.

Internal No. of ¢ b,y ,x ¢,xy ,xx
point terms
Exact : 0. Q. - 1. 0. 0.

(1.5, 1.5) -527x10°03  .9.75x10°02 . 093818  +1.06x1001  .236x10°0!
(1.25, 1.25) 5 -7.33x10003 - 1.26x10°02  -093199  +7.14x1002 . 1,14x10-01
(1.1, 1.1 -1.14x10°02  11.80x1002 - 090447  +9.27x1092  48.62x10-03
(1.5, 1.5) -2.83x1003  4201x1002  .099252  -7.66x10°02  4+4.84x10°02
(1.25, 1.25) 7 -6.71x10004  4+1.47x10°03 - 099756  -1.02x10-02  +1.41x10702
(1.1, 1.1) -451x10°02  4629x10°02  .081730 -7.26x10°01  4+4.98x10°01
(1.5, 1.5) -2.83x10003  42.01x1002  .099252  -7.66x1002  4+4.84x10°02
(1.25, 1.25) 8 -5.49x100%4  4+1.06x1003  -099782  -1.04x10°02  +1,05x10°02
(1.1, 1.1) -7.78x10°03  42.92x10°03  .061720 -6.05x1001 . 125

(1.5, 1.5) +1.65x10-03  _3.83x10°03  .1.00892 +4.27x10°02  4+123x10°02
(1.25, 1.25) 9 +5.98x10°04  _1.58x1003  .1.00027 -1.07x1003  .8.59x10°03
(1.1, 1.1) +1.75x10°03  4297x1001  40.11456  -1.77x1001  41.15x10-01
(1.5, 1.5) +1.65x1003  -383x10°03  -100892 +4.27x10°02  4123x10-02
(1.25, 1.25) 10 +2.94x10°03  -474x10°03  .100322 -1.90x10°02  -3.84x10-02
(1.1, 1.1) -7.92x10°03  42.82x1001  40.06727  -5.18x1001  4+1.77x10°0!
(1.5, 1.5) +3.08x10-04  -8.18x100%4  -099765  -8.58x1003 . 1.73x10-02
(1.25, 1.25) 11 +1.58x10°03  -470x10°%4  -1.00247 -5.19x1002 . 4,14x10-02
(1.1, 1.1) -9.06x1003  4+4.80x1001  40.11989  -7.15x10°01 . 3.84x10-0!
(1.5, 1.5) +3.08x100%4  .8.18x1004  .099765 -8.58x10°03 - 1.73x10-02
(1.25, 1.25) 12 -7.28x10°4  +1.68x10192  -097793  -1.80x1001  +2,67x1005
(1.1, 1.1) -9.77x1003  4+3.78x10°01  40.14206 - 1.85 - 426x10-01
(1.5, 1.5) +4294x10°05  4431x100%4 - 100032 -1.02x1003  4+4.37x10°03
(1.25, 1.25) 14 +7.63x10102  _191x10°01  .090537 -1.09 -3.06

(L1, L.1) -277x10°03 42.12x1001 4005327  -2.90x10-01 - 6.08x10°0!
(1.5, 1.5) +1.86x10°05  -230x1004  -.1.00013  +2.53x10°03  -8.16x10°04
(1.25, 1.25) 15 +8.18x10°02  .216x10°01  -091199 -1.23 -3.28

(1.1, 1.1) -8.16x100%  4+537x10°02  40.02086 - 6.58x10°02  -3.58x10°01
(1.5, 1.5) +1.86x1005  -230x10-%  -1.00013  +2.53x1003  .8.16x10°04
(1.25, 1.25) 16 -2.62x1001  41.16 +0.11105  +3.96 +1.48x10%0!
(1.1, 1.1) +7.26x10003 - 426x1001  -0.10831 -4.36x1001 4168
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Table B.3 : Square domain with linear potential variation.

Function and derivatives at node 1 (Fig. 2.6) from Taylor series

using refined boundary elements in the region of interest.

Internal No. of o] oy 0,x d,xy ¢,xx
point terms
Exact : 0. 0. -1 0. 0.

(1.1, 1.1) +0.00000 +0.00000 - 1.00000 +0.00000 +0.00000
(1.05, 1.05) 5 +0.00000 +0.00000 - 1.00000 +0.00000 +0.00000
(1.01, 1.01) +0.00000 +0.00000 - 1.00000 +0.00000 +0.00000
(1.1, 1.1) +0.00000 - 0.00000 - 1.00000 - 0.00000 - 0.00000
(1.05, 1.05) 6 +0.00000 - 0.00000 - 1.00000 - 0.00000 - 0.00000
(1.01, 1.01) - 0.00000 - 0.00000 - 1.00000 +0.00000 +0.00000
(1.1, 1.1) +0.00000 - 0.00000 - 1.00000 - 0.00000 - 0.00000
(1.05, 1.05) 7 +0.00000 +0.00000 - 1.00000 +0.00000 - 0.00000
(1.01, 1.01) - 0.00000 +0.00000 - 1.00000 - 0.00000 - 0.00000
(1.1, 1.1) - 0.00000 - 0.00000 - 1.00000 - 0.00000 +0.00000
(1.05, 1.05) 8 - 0.00000 +0.00000 - 1.00000 +0.00000 +0.00000
(1.01, 1.01) - 0.00000 - 0.00000 - 1.00000 - 0.00000 +0.00000
(1.1, 1.1) - 0.00000 +0.00000 - 1.00000 +0.00000 +0.00000
(1.05, 1.05) 9 - 0.00000 +0.00000 - 1.00000 - 0.00000 - 0.00000
(1.01, 1.01) +0.00000 +0.00000 - 1.00000 +0.00000 +0.00000
(1.1, 1.1) - 0.00000 +0.00000 - 1.00000 - 0.00000 +0.00000
(1.05, 1.05) 10 - 0.00000 +0.00000 - 1.00000 - 0.00000 - 0.00000
(1.01, 1.01) +0.00000 +0.00002 - 0.99993 +0.00002 - 0.00000
11,11 - 0.00000 +0.00000 - 1.00000 - 0.00000 - 0.00000
(1.05, 1.05) 11 - 0.00000 - 0.00000 - 1.00000 +0.00000 +0.00000
(1.01, 1.01) - 0.00000 +0.00005 - 1.00076 - 0.00002 +0.00001
(1.1, 1.1) - 0.00000 - 0.00000 - 1.00000 +0.00000 +0.00000
(1.05, 1.05) 12 +0.00000 - 0.00000 - 1.00000 +0.00000 +0.00000
(1.01, 1.01) - 0.00000 +0.00037 - 1.00721 - 0.00027 - 0.00003
(1.1, 1.1) - 0.00000 - 0.00000 - 1.00000 +0.00000 +0.00000
(1.05, 1.05) 13 +0.00000 - 0.00000 - 1.00000 +0.00000 +0.00000
(1.01, 1.01) +0.00000 +0.00058 - 101184 +0.00020 -0.00001
(1.1, 1.1) +0.00000 - 0.00000 - 1.00000 +0.00000 +0.00000
(1.05, 1.05) 14 +0.00000 +0.00000 - 1.00000 +0.00000 +0.00000
(1.01, 1.01) +0.00000 +0.02847 - 1.29386 +0.00260 +0.00016
(1.1, 1.1) +0.00000 +0.00000 - 1.00000 +0.00000 +0.00000
(1.05, 1.05) 15 +0.00000 +0.00000 - 1.00000 +0.00000 +0.00000
(1.01, 1.01) +0.00000 - 0.02102 -0.24 +0.00068 - 0.00021
(1.1, 1.1) +0.00000 +0.00000 - 1.00000 +0.00000 +0.00000
(1.05, 1.05) 16 +0.00000 +0.00000 - 1.00000 +0.00000 - 0.00000
(1.01, 1.01) +0.00000 -0.05478 +0.004 +0.00001 +0.00006
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Table B.4 : Square domain with linear potential variation.

Function and derivatives at node 1 (Fig. 2.6) from Fourier series

using refined boundary elements in the region of interest.

Intcrnal No. of o oy ¢,x ¢, xy ¢,xx
point terms
Exact : 0. 0. - L 0. 0.

(1.1, 1.1) - 0.01611 +0.05828 - 0.86507 +0.03455 +0.15852
(1.05, 1.05) 5 +0.00074 +0.01116 - 0.94914 - 0.00542 -0.11121
(1.01, 1.01) - 0.00007 +0.02166 - 0.94013 - 0.02984 - 0.06567
(1.1, 1.1) - 0.00193 +0.01301 - 0.96831 +0.08301 +0.01041
(1.05, 1.05) - 0.00024 +0.01585 - 0.96199 +0.03360 - 0.02697
(1.01, 1.01) 6 - 0.00001 +0.02212 - 0.93471 -0.04112 - 0.08001
(1.1, 1.1) +0.00008 -0.00119 - 1.00045 - 0.00058 -0.00214
(1.05, 1.05) 7 +0.00001 - 0.00076 - 0.99985 +0.00091 - 0.00056
(1.01, 1.01) +0.00000 - 0.00016 - 0.99906 +0.00227 +0.00041
(1.1, 1.1) +0.00000 - 0.00100 - 1.00105 +0.00050 +0.00265
(1.05, 1.05) 8 +0.00000 - 0.00077 - 1.00050 +0.00152 +0.00056
(1.01, 1.01) +0.00000 - 0.00025 - 0.99908 +0.00106 +0.00041
(1.1, 1.1) - 0.00004 +0.00005 - 0.99713 - 0.00007 +0.00365
(1.05, 1.05) 9 - 0.00000 - 0.00036 - 0.99808 - 0.00020 +0.00077
(1.01, 1.01) +0.00000 - 0.00038 - 0.99805 - 0.00013 +0.00007
(1.1, 1.1) +0.00000 - 0.00101 - 1.00093 +0.00151 +0.00219
(1.05, 1.05) 10 - 0.00000 - 0.00081 - 0.99998 +0.00093 +0.00180
(1.01, 1.01) +0.00000 - 0.00008 -0.99770 +0.00016 - 0.00003
(1.1, 1.1) +0.00001 +0.00113 - 0.99829 - 0.00221 - 0.00398
(1.05, 1.05) 11 +0.00000 - 0.00016 - 0.99958 - 0.00002 +0.00014
(1.01, 1.01) - 0.00000 +0.00030 - 1.00491 - 0.00049 - 0.00003
(1.1, 1.1) +0.00000 - 0.00003 - 0.99953 - 0.00038 - 0.00041
(1.05, 1.05) 12 - 0.00000 - 0.00012 - 0.99952 - 0.00022 - 0.00004
(1.01, 1.01) - 0.00000 +0.00031 - 1.00511 - 0.00051 - 0.00004
(1.1, 1.1) - 0.00000 - 0.00000 - 1.00040 +0.00018 +0.00021
(1.05, 1.05) 13 - 0.00000 - 0.00012 - 0.99950 - 0.00023 - 0.00004
(1.01, 1.01) +0.00000 +0.00066 - 1.01304 +0.00021 - 0.00001
(1.1, 1.1) - 0.00000 +0.00004 - 0.99666 - 0.00194 -0.00110
(1.05, 1.05) 14 +0.00000 +0.00003 - 1.00025 +0.00004 +0.00000
(1.01, 1.01) +0.00000 +0.02177 - 1.18921 +0.00238 +0.00016
(1.1, 1.1) - 0.00000 - 0.00000 - 0.99997 - 0.00001 - 0.00000
(1.05, 1.05) 15 - 0.00000 - 0.00002 - 0.99989 - 0.00001 - 0.00000
(1.01, 1.01) - 0.00000 - 0.07941 +0.5 - 0.00163 +0.00059
(1.1, 1.1) - 0.00000 - 0.00001 - 0.99999 - 0.00000 +0.00001
(1.05, 1.05) 16 +0.00000 - 0.00000 - 0.99998 +0.00000 - 0.00000
(1.01, 1.01) +0.00000 - 0.04946 +0.005 +0.00002 +0.00006
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Table B.5 : Square domain with quadratic potential variation.
Function and derivatives at node 1 (Fig. 2.6) from Taylor series
using refined boundary elements in the region of interest.

Intcrnal No. of ) oy d.x d,xy d,xx
point terms
Exact: +2. 0. +4. +2. +2.

(1.1, 1.1) +2.00000 +0.00000 +4.00000 +2.00000 +2.00000
(1.05, 1.05) 5 +2.00000 - 0.00000 +4.00000 +2.00000 +2.00000
(1.01, 1.01) +2.00000 +0.00000 +4.00000 +2.00000 +2.00000
(1.1, 1.1) +2.00000 +0.00000 +4.00000 +2.00000 +2.00000
(1.05, 1.05) 6 +2.00000 - 0.00000 +4.00000 +2.00000 +2.00000
(1.01, 1.01) +2.00000 +0.00000 +4.00000 +2.00000 +2.00000
(1.1, 1.1) +2.00000 - 0.00000 +4,00000 +2.00000 +2.00000
(1.05, 1.05) 7 +2.00000 - 0.00000 +4.00000 +2.00000 +2.00000
(1.01, 1.01) +2.00000 +0.00000 +4.00000 +2.00000 +2.00000
(1.1, 1.1) +2.00000 - 0.00000 +4.,00000 +2.00000 +2.00000
(1.05, 1.05) 8 +2.00000 - 0.00000 +4.00000 +2.00000 +2.00000
(1.01, 1.01) +2.00000 +0.00000 +4.00000 +2.00000 +2.00000
(1.1, 1.1) +2.00000 - 0.00000 +4.00000 +2.00000 +2.00000
(1.05, 1.05) 9 +2.00000 - 0.00000 +4.00000 +2.00000 +2.00000
(1.01, 1.01) +2.00000 - 0.00012 +3.99986 +1.99954 +1.99979
(1.1, 1.1) +2.00000 +0.00000 +4.00000 +2.00000 +2.00000
(1.05, 1.05) 10 +2.00000 +0.00000 +4.00000 +2.00000 +2.00000
(1.01, 1.01) +2.00000 - 0.00133 +3.99530 +1.99838 +2.00033
(1.1, 1.1) +2.00000 - 0.00000 +4.00000 +2.00000 +2.00000
(1.05, 1.05) 11 +2.00000 +0.00000 +4.00000 +2.00000 +2.00000
(1.01, 1.01) +2.00000 - 0.00511 +4.09063 +2.00234 +1.99854
(1.1, 1.1) +2.00000 +0.00000 +4.00000 +2.00000 +2.00000
(1.05, 1.05) 12 +2.00000 +0.00000 +4.00000 +2.00000 +2.00000
(1.01, 1.01) +2.00000 -0.31933 +10.4 +2.25243 +2.03503
(1.1, 1.1) +2.00000 +0.00000 +4.00000 +2.00000 +2.00000
(1.05, 1.05) 13 +2.00000 - 0.00000 +4.00000 +1.99999 +2.00000
(1.01, 1.01) +2.00000 - 0.43436 +13. +1.99236 +2.02690
(1.1, 1.1) +2.00000 +0.00000 +4.00000 +2.00000 +2.00000
(1.05, 1.05) 14 +2.00000 - 0.00002 +4.00006 +1.99997 +1.99999
(1.01, 1.01) +1.99999 -92 +102. +1.23883 +1.97107
(1.1, 1.1) +2.00000 +0.00000 +4.00000 +2.00000 +2.00000
(1.05, 1.05) 15 +2.00000 - 0.00003 +4.00008 +1.99997 +2.00001
(1.01, 1.01) +2.00000 +5. - 201. +1.78460 +2.07649
(1.1, 1.1) +2.00000 - 0.00000 +4.00000 +2.00000 +2.00000
(1.05, 1.05) 16 +2.00000 - 0.00000 +3.99989 +2.00000 +2.00001
(1.01, 1.01) +2.00000 - 19. - 30. +1.30374 +2.26398
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Table B.6 : Square domain with quadratic potential variation.

Function and derivatives at node 1 (Fig. 2.6) from Fourier series

using refined boundary elements in the region of interest.

Internal No. of ¢ oy ¢,x ¢.xy d,xx
point terms

Exact: +2. 0. +4. +2. +2.
(1.1, 1.1) +2.19105 - 0.62561 +2.75 +1.76758 -05
(1.05, 1.05) 5 +1.99040 -0.02109 +3.77776 +2.11942 +2.84607
(1.01, 1.01) +2.00002 - 0.10966 +3.69230 +2.24961 +2.43716
(1.1, ..1) +2.02488 - 0.09502 +3.95967 +1.19953 +1.23421
(1.05, 1.05) 6 +2.00250 - 0.07905 +3.93654 +1.63733 +1.80534
(1.01, 1.01) +2.00005 - 0.10549 +3.74197 +2.14608 +2.30558
(1.1, 1.1) +2.00923 +0.01553 +4.20979 +1.85002 +1.33189
(1.05, 1.05) 7 +2.00091 +0.02553 +4.17482 +1.84308 +1.63914
(1.01, 1.01) +2.00000 - 0.00743 +4.02526 +1.95504 +1.95153
(1.1, 1.1) +1.99859 +0.04321 +4.12499 +2.00295 +2.00807
(1.05, 1.05) 8 +1.99985 +0.02487 +4.11046 +1.90321 +1.91267
(1.01, 1.01) +2.00000 - 0.00924 +4.02491 +1.93108 +1.95968
(1.1, 1.1) +2.00125 -0.02101 +3.88517 +2.03798 +1.94674
(1.05, 1.05) 9 +2.00005 - 0.00576 +3.93040 +2.03173 +2.02099
(1.01, 1.01) +2.00000 -0.00190 +3.96790 +1.99691 +2.00170
(1.1, 1.1) +1.99991 +0.01118 +4.00013 +1.99025 +1.99074
(1.05, 1.05) 10 +2.00000 +0.00732 +3.98510 +1.99908 +1.99116
(1.01, 1.0D) +2.00000 - 0.00048 +3.96953 +1.99822 +2.00126
(1.1, 1.1) +1.99986 -0.02843 +3.95124 +2.05885 +2.10470
(1.05, 1.05) 11 +2.00000 +0.00504 +3.98373 +2.00240 +1.99694
(1.01, 1.01) +2.00000 -0.02174 +4.37872 +2.03467 +2.00149
(1.1, 1.1) +1.99996 +0.00122 +3.98298 +2.01252 +2.01388
(1.05, 1.05) 12 +2.00000 +0.00407 +3.98230 +2.00701 +2.00128
(1.01, 1.01) +2.00001 - 0.26871 +8.8 +2.42359 +2.04034
(1.1, 1.1) +2.00000 +0.00026 +4.00869 +1.99567 +1.99560
(1.05, 1.05) 13 +2.00000 - 0.00012 +4.00243 +1.99997 +1.99999
(1.01, 1.01) +2.00000 - 0.48565 +14. +1.98469 +2.02638
(1.1, 1.1) +2.00004 - 0.00034 +3.94795 +2.03022 +2.01689
(1.05, 1.05) 14 +2.00000 - 0.00059 +4.00471 +1.99916 +1.99986
(1.01, 1.01) +1.99999 -71 +69. +1.30599 +1.97162
(1.1, 1.1) +2.00000 +0.00028 +3.99964 +2.00002 +1.99971
(1.05, 1.05) 15 +2.00000 +0.00291 +3.97936 +2.00294 +2.00007
(1.01, 1.01) +2.00000 +21. - 409. +2.43980 +1.84955
(1.1, 1.1) +2.00000 +0.00034 +4.00008 +1.99989 +1.99955
(1.05, 1.05) 16 +2.00000 +0.00007 +3.99877 +1.99993 +2.00000
(1.01, 1.01) +2.00000 -1.2 - 39. +1.20879 +2.25011
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Table B.7 : Square domain with cubic potential variation.

Function and derivatives at node 1 (Fig. 2.6) from Taylor series

using refined boundary elements in the region of interest.

Intcrnal No. of ¢ b,y ¢,x ¢,xy d,xx
point terms

Exact : 0. - 6. +6. 0. +12.
(1.1, 1.1) +1.6 -11.19 -4, - 0.35195 -9.
(1.05, 1.05) 5 - 0.03839 - 5.99832 +4.98432 +1.2 +15.9
(1.01, 1.01) - 0.00017 - 6.33431 +4.63109 +1.7 +14.48067
(1.1, 1.1) +0.01453 - 6.13858 +5.53727 - 0.75389 +12,27787
(1.05, 1.05) 6 +0.00219 - 6.18857 +5.47165 - 0.29673 +12.48504
(1.01, 1.01) +0.00014 -6.27167 +5.18232 +0.51503 +13.00346
(1.1, 1.1) - 0.00000 - 6.00000 +6.00000 +0.00000 +12.00000
(1.05, 1.05) 7 - 0.00000 - 6.00000 +6.00000 +0.00000 +12.00000
(1.01, 1.01) +0.00000 - 6.00000 +6.00000 - 0.00000 +12.00000
(1.1, 1.1) +0.00000 - 6.00000 +6.00000 - 0.00000 +12.00000
(1.05, 1.05) 8 +0.00000 - 6.00000 +6.00000 - 0.00000 +12.00000
(1.01, 1.01) +0.00000 - 6.00000 +6.00000 +0.00000 +12.00000
(1.1, 1.1) +0.00000 - 6.00000 +6.00000 - 0.00000 +12.00000
(1.05, 1.05) 9 +0.00000 - 6.00000 +6.00000 - 0.00000 +12.00000
(1.01, 1.01) +0.00000 - 6.00000 +6.00000 +0.00000 +12.00000
(1.1, L.1) +0.00000 - 6.00000 +6.00000 +0.00000 +12.00000
(1.05, 1.05) 10 +0.00000 - 6.00000 +6.00000 +0.00000 +12.00000
(1.01, 1.01) - 0.00000 - 6.00010 +5.99963 - 0.00009 +12.00004
(1.1, 1.1) +0.00000 - 6.00000 +6.00000 +0.00000 +12.00000
(1.05, 1.05) 11 +0.00000 - 6.00000 +6.00000 +0.00000 +12.00000
(1.01, 1.01) - 0.00000 - 6.00018 +6.00155 - 0.00001 +12.00000
(1.1, 1.1) +0.00000 - 6.00000 +6.00000 +0.00000 +12.00000
(1.05, 1.05) 12 +0.00000 - 6.00000 +6.00000 +0.00000 +12.00000
(1.01, 1.01) - 0.00000 - 6.00011 +6.00029 - 0.00006 +12.00000
(1.1, L.1) +0.00000 - 6.00000 +6.00000 - 0.00000 +12.00000
(1.05, 1.05) 13 +0.00000 - 6.00000 +6.00000 +0.00000 +12.00000
(1.01, 1.01) - 0.00000 - 6.00108 +6.02207 - 0.00225 +11.99993
(1.1, 1.1) - 0.00000 - 6.00000 +6.00000 - 0.00000 +12.00000
(1.05, 1.05) 14 - 0.00000 - 6.00001 +6.00002 - 0.00000 +12.00000
(1.01, 1.01) +0.00000 - 5.94725 +5.47784 +0.00239 +12.00028
(1.1, L.1) - 0.00000 - 6.00000 +6.00000 - 0.00000 +12.00000
(1.05, 1.05) 15 - 0.00000 - 6.00001 +6.00002 - 0.00001 +12.00000
(1.01, 1.01) - 0.00000 -5.97114 +5.98965 +0.00146 +12.00010
(1.1, 1.1) - 0.00000 - 6.00000 +6.00001 - 0.00000 +12.00000
(1.05, 1.05) 16 - 0.00000 - 6.00000 +6.00000 - 0.00001 +12.00000
(1.01, 1.01) +0.00000 -4.44 - 5. +0.03183 +11.98826
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Table B.8 : Square domain with cubic potential variation.

Function and derivatives at node 1 (Fig. 2.6) from Fourier series

using refined boundary elements in the region of interest.

Intcrnal No. of ¢ by ¢,x ¢, xy d,xx
point terms

Exact : 0. - 6. +6. 0. +12,
(1.1, 1.1) +0.90703 - 8.93817 +0.07 - 0.66096 +0.4
(1.05, 1.05) 5 - 0.05175 - 6.01069 +5.00385 +0.89901 +16.48181
(1.01, 1.01) - 0.00009 - 6.45309 +4.56718 +1.5 +14.40578
(1.1, 1.1) +0.10456 - 6.37593 +5.91027 -34 +8.8
(1.05, 1.05) 6 +0.01019 - 6.30742 +5.81669 -1.6 +11.15396
(1.01, 1.01) +0.00020 -6.41322 +5.04180 +0.46530 +13.14855
(1.1, 1.1) +0.03855 - 5.90964 +6.96511 - 0.66093 +9.2
(1.05, 1.05) 7 +0.00357 - 5.87271 +6.80717 - 0.71370 +10.46307
(1.01, 1.01) - 0.00000 - 6.03378 +6.13794 -0.27392 +11.77860
(1.1, 1.1) - 0.00687 -5.79148 +6.60316 - 0.00822 +12.05112
(1.05, 1.05) 8 - 0.00074 - 5.87539 +6.54543 - 046917 +11.57550
(1.01, 1.01) - 0.00001 - 6.03824 +6.13709 -0.33276 +11.79861
(1.1, 1.1) +0.00505 - 6.07841 +5.53159 +0.14833 +11.77708
(1.05, 1.05) 9 +0.00018 - 6.01654 +5.71567 +0.12308 +12.07463
(1.01, 1.01) - 0.00000 - 6.00182 +5.85442 - 0.00637 +12.00699
(1.1, L.1) - 0.00045 - 5.94706 +6.00075 - 0.04651 +11.95664
(1.05, 1.05) 10 +0.00000 - 5.96542 +5.92953 - 0.00460 +11.95804
(1.01, 1.01) - 0.00000 - 5.99556 +5.86163 - 0.00059 +12.00502
(1.1, 1.1) - 0.00065 - 6.13835 +5.76467 +0.28479 +12.50696
(1.05, 1.05) 11 - 0.00000 - 5.97597 +5.92318 +0.01074 +11.98474
(1.01, 1.01) +0.00000 - 6.03015 +6.52743 +0.05872 +12.00540
(1.1, 1.1) - 0.00017 - 5.99424 +5.91891 +0.05963 +12.06561
(1.05, 1.05) 12 +0.00001 - 5.98071 +5.91620 +0.03338 +12.00600
(1.01, 1.01) +0.00000 -5.99727 +5.93412 +0.00694 +12.00022
(1.1, 1.1) +0.00001 - 5.99876 +6.04023 -0.01988 +11.97935
(1.05, 1.05) 13 +0.00000 - 5.99855 +6.00188 +0.00339 +12.00053
(1.01, 1.01) - 0.00000 - 6.00185 +6.03763 - 0.00233 +11.99993
(1.1, 1.1) ‘+0.00020 -6.00170 +5.74639 +0.14727 +12.08235
(1.05, 1.05) 14 - 0.00000 - 6.00280 +6.02252 - 0.00393 +11.99937
(1.01, 1.01) +0.00000 - 5.96033 +5.69108 +0.00195 +12.00027
(1.1, 1.1) +0.00000 - 5.99868 +5.99834 +0.00010 +11.99859
(1.05, 1.05) 15 +0.00000 - 5.98807 +5.91583 +0.01199 +12.00025
(1.01, 1.01) - 0.00000 - 5.99653 +6.29214 +0.00052 +12.00043
(1.1, 1.1) - 0.00000 - 5.99838 +6.00041 - 0.00053 +11.99783
(1.05, 1.05) 16 - 0.00000 - 5.99967 +5.99505 - 0.00029 +11.99996
(1.01, 1.01) +0.00000 -5.32723 -4, +0.03608 +11.98889

202



Table B.9 : Square domain with quartic potential variation.
Function and derivatives at node 1 (Fig. 2.6) from Taylor series
using refined boundary elements in the region of interest.

Internal No. of ¢ ¢y : ¢,x ¢,xy ,xx
point terms

Exact: +4. +6. +10. +24. +6.
(1.1, 1.1) +8.08 -7 - 15. +27.66918 - 49,
(1.05, 1.05) 5 +3.86146 +7.12161 +9.73396 +30.00136 +16.
(1.01, 1.01) +3.99775 +6.33840 +8.74274 +29.89478 +13.
(1.1, 1.1) +3.93903 +6.40357 +11.15130 +26.63154 +6.07983
(1.05, 1.05) 6 +3.99305 +6.50463 +11.31435 +25.09047 +4.99925
(1.01, 1.01) +3.99966 +6.71977 +12.09882 +22.88703 +3.51315
(1.1, 1.1) +3.98713 +5.94487 +9.61961 +24.13606 +6.99961
(1.05, 1.05) 7 +3.99939 +5.95981 + 9.78786 +24.23316 +6.40061
(1.01, 1.01) +4.00002 +6.03605 +10.04097 +24.18321 +6.03858
(1.1, 1.1) +4.00349 +5.89337 + 9.72185 +23.92769 +5.97572
(1.05, 1.05) 8 +4.00035 +5.95622 + 9.83006 +24.19190 +6.16844
(1.01, 1.01) +4.00001 +6.03187 +10.03928 +24.12467 +6.05528
(1.1, 1.1) +4.00000 +6.00000 +10.00000 +24.00000 +6.00000
(1.05, 1.05) 9 +4.00000 +6.00000 +10.00000 +24.00000 +6.00000
(1.01, 1.01) +4.00000 +5.99976 + 9.99971 +23.99906 +5.99958
(1.1, 1.1) +4.00000 +6.00000 +10.00000 +24.00000 +6.00000
(1.05, 1.05) 10 +4.00000 +6.00000 +10.00000 +24.00000 +6.00000
(1.01, 1.01) +4.00000 +5.99730 + 9.99042 +23.99671 +6.00068
(1.1, 1.1) +4.00000 +6.00000 +10.00000 +24.00000 +6.00000
(1.05, 1.05) 11 +4.00000 +6.00000 +10.00000 +24.00000 +6.00000
(1.01, 1.01) +4.00000 +5.98955 +10.18576 +24.00481 +5.99701
(1.1, 1.1) +4.00000 +6.00000 +10.00000 +24.00000 +6.00000
(1.05, 1.05) 12 +4.00000 +6.00000 +10.00000 +24.00000 +6.00000
(1.01, 1.01) +4.00001 +5.35848 +23. +24.50709 +6.07029
(1.1, 1.1) +4.00000 +6.00000 +10.00000 +24.00000 +6.00000
(1.05, 1.05) 13 +4.00000 +6.00000 +10.00002 +23.99999 +6.00000
(1.01, 1.01) +4.00000 +5.12772 +28. +23.98537 +6.05398
(1.1, 1.1) +4.00000 +6.00000 +10.00000 +24.00000 +6.00000
(1.05, 1.05) 14 +4.00000 +6.00000 +10.00013 +23.99994 +5.99999
(1.01, 1.01) +3.99999 - 13, +208. +22.45429 +5.94055
(1.1, 1.1) +4.00000 +6.00000 +10.00000 +24.00000 +6.00000
(1.05, 1.05) 15 +4.00000 +5.99994 +10.00017 +23.99995 +6.00002
(1.01, 1.01) +4.00000 +16. - 405. +23.56208 +6.15452
(1.1, 1.1) +4.00000 +6.00000 +10.00000 +24.00000 +6.00000
(1.05, 1.05) 16 +4.00000 +5.99999 + 9.99978 +24.00000 +6.00002
(1.01, 1.01) +3.99999 - 34. - 55. +22.57576 +6.53910
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Table B.10 : Square domain with quartic potential variation.

Function and derivatives at node 1 (Fig. 2.6) from Fourier series

using refined boundary elements in the region of interest.

Internal No. of ¢ b,y b, x 0,xy 0,xx
point terms

Exact: +4. +6. +10. +24, +6.
(1.1, 1.1) +6.57694 -2 - 6. +29.54010 -27.
(1.05, 1.05) 5 +3.77506 +7.26780 +8.56077 +31.87078 +23,
(1.01, 1.01) +3.99751 +5.85607 +7.00617 +32.21986 +16.
(1.1, 1.1) +4.12120 +5.82110 +11.55747 +21.14504 -0.80
(1.05, 1.05) 6 +4.01233 +6.13113 +11.67448 +22.41671 +2.41554
(1.01, 1.01) +4.00000 +6.19848 +11.08284 +23.72288 +4.89270
(1.1, 1.1) +4.10002 +5.97070 +11.89588 +22.02515 -0.67
(1.05, 1.05) 7 +4.01095 +6.22134 +11.88002 +22.59419 +2.27218
(1.01, 1.0 +4.00008 +6.04624 +10.64303 +24.01948 +5.44236
(1.1, 1..1) +3.98792 +6.26237 +11.00240 +23.63633 +6.45763
(1.05, 1.05) 8 +3.99888 +6.21383 +11.14575 +23.28015 +5.39282
(1.01, 1.01) +3.99998 +6.00744 +10.63561 +23.50671 +5.61673
(1.1, 1.1) +3.98838 +6.25.133 +10.96118 +23.64235 +6.44709
(1.05, 1.05) 9 +3.99953 +6.11407 +10.55937 +23.69870 +5.74556
(1.01, 1.01) +4.00000 +6.07045 +10.14647 +24.07150 +5.97731
(1.1, 1.1) +4.00019 +5.96951 + 9.95457 +24.06038 +6.06182
(1.05, 1.05) 10 +4.00000 +5.97903 + 9.99446 +24.03595 +6.05353
(1.01, 1.01) +4.00000 +5.99294 +10.05727 +23.99996 +6.00173
(1.1, 1.1) +4.00030 +6.07617 +10.08621 +23.87564 +5.75495
(1.05, 1.05) 11 +4.00001 +5.99490 +10.00401 +24.01288 +6.01337
(1.01, 1.01) +4.00000 +5.95836 +10.72270 +24.05923 +6.00211
(1.1, 1.1) +4.00004 +5.99897 +10.00358 +23.99627 +5.99141
(1.05, 1.05) 12 +4.00000 +5.99816 +10.00882 +23.99730 +5.99874
(1.01, 1.01) +4.00001 +5.45780 +19.8 +24.84750 +6.08085
(1.1, 1.1) +4.00001 +5.99986 + 9.97960 +24.01199 +6.00845
(1.05, 1.05) 13 +4.00001 +6.01451 + 9.93031 +24.02478 +6.00376
(1.01, 1.01) +4.00000 +5.02399 +29.6 +23.96992 +6.05295
(1.1, 1.1) +3.99996 +6.00057 +10.04996 +23.97196 +5.98379
(1.05, 1.05) 14 +4.00000 +6.00261 + 9.99948 +24.00026 +5.99988
(1.01, 1.01) +3.99999 -84 +141. +22.59078 +5.94166
(1.1, 1.1) +4.00000 +6.00001 +10.00399 +23.99881 +5.99907
(1.05, 1.05) 15 +4.00000 +6.00447 + 9.96900 +24.00480 +6.00013
(1.01, 1.01) +4.00001 +50. - 829. +24.89191 +5.69392
(1.1, 1.1) +4.00000 +5.99965 +10.00146 +23.99959 +6.00000
(1.05, 1.05) 16 +4.00000 +5.99988 +10.00035 +23.99995 +6.00002
(1.01, 1.01) +3.99999 +3.32212 -73. +22.38161 +6.51074
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Table B.11 : Square domain with quintic potential variation.

Function and derivatives at node 1 (Fig. 2.6) from Taylor series

using refined boundary elements in the region of interest.

Internal No. of ¢ ¢y ¢.x ¢,xy $,xx
point terms

Exact: +8. +20. +20. +80. 0.
(1.1, 1.1) +12.01 +8.58 -22 +105.44 - 50.
(1.05, 1.05) 5 +7.63638 +24.86801 +24.22408 +101.41 +23,
(1.01, 1.01) +7.99056 +23.57735 +22.13273 +97.97245 +16.4
(1.1, 1.1) +7.33064 +23.28684 +26.77823 +104.27 +12.
(1.05, 1.05) 6 +7.92930 +23.49467 +27.74193 +90.47384 -1.6
(1.01, 1.01) +7.99753 +24.96864 +34.37623 +72.40710 - 16.
(1.1, 1.1) +7.72733 +19.50431 +14.14770 +83.68698 +20.
(1.05, 1.05) 7 +7.97754 +19.34691 +16.12067 +83.94710 +9.
(1.01, 1.01) +7.99999 +20.23893 +20.14081 +81.37360 +1.1
(1.1, 1.1) +8.04712 +18.49728 +16.14691 +79.61231 - 0.26820
(1.05, 1.05) 8 +8.00463 +19.24552 +17.31271 +82.78158 +2.6
(1.01, 1.01) +8.00001 +20.26886 +20.15291 +81.79302 +0.97704
(1.1, 1.1) +8.00775 +19.70094 +19.28683 +80.42856 +0.00595
(1.05, 1.05) 9 +8.00046 +19.77449 +19.36597 +80.46305 +0.52576
(1.01, 1.01) +7.99999 +19.75892 +19.52437 +79.79819 +0.09241
(1.1, ..1) +8.00032 +19.87965 +19.89130 +80.17507 +0.26091
(1.05, 1.05) 10 +7.99996 +19.90394 +19.99340 +80.11057 +0.21665
(1.01, 1.01) +8.00000 +19.97971 +20.35543 +80.00894 - 0.00568
(1.1, 1.1) +8.00000 +20.00000 +20.00000 +80.00000 +0.00000
(1.05, 1.05) 11 +8.00000 +20.00000 +20.00000 +80.00000 - 0.00000
(1.01, 1.01) +8.00000 +19.97892 +20.37551 +80.00977 - 0.00606
(1.1, 1.1) +8.00000 +20.00000 +20.00000 +80.00000 - 0.00000
(1.05, 1.05) 12 +8.00000 +20.00000 +20.00000 +79.99999 - 0.00001
(1.01, 1.01) +8.00002 +18.71413 +46. +81.01644 +0.14081
(1.1, 1.1) +8.00000 +20.00000 +20.00000 +80.00000 - 0.00000
(1.05, 1.05) 13 +8.00000 +19.99999 +20.00005 +79.99997 - 0.00001
(1.01, 1.01) +8.00000 +18.25225 +56. +79.97217 +0.10817
(1.1, 1.1) +8.00000 +20.00000 +20.00000 +80.00000 - 0.00000
(1.05, 1.05) 14 +8.00000 +19.99994 +20.00024 +79.99989 - 0.00002
(1.01, 1.01) +7.99997 - 18. +418. +76.88463 - 0.12058
(1.1, 1.1) +8.00000 +20.00000 +20.00000 +80.00000 - 0.00000
(1.05, 1.05) 15 +8.00000 +19.99988 +20.00032 +79.99990 - 0.00004
(1.01, 1.01) +8.00000 +40. - 817. +79.11670 - 0.31055
(1.1, 1.1) +8.00000 +20.00000 +20.00000 +80.00000 - 0.00000
(1.05, 1.05) 16 +8.00000 +19.99999 +19.99954 +80.00000 +0.00005
(1.01, 1.01) +7.99998 - 60. - 104, +77.10910 +1.09334
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Table B.12 : Square domain with quintic potential variation.

Function and derivatives at node 1 (Fig. 2.6) from Fourier series

using refined boundary elements in the region of interest.

Internal No. of ¢ oy ¢,x ¢,xy ,xX
point terms

Exact: +8. +20. +20. +80. 0.
(1.1, 1.1) +12.452 +7. -15 +10.83 - 52.
(1.05, 1.05) 5 +7.40340 +25.20544 +20.42943 +10.72759 +42,
(1.01, 1.01) +7.98994 +22.20000 +16.80597 +10.51779 +26.
(1.1, 1.1) +7.73250 +21.82975 +26.90462 +92.17745 -2,
(1.05, 1.05) 6 +7.97538 +22.46522 +27.93585 +84.48439 -17.
(1.01, 1.01) +7.99863 +23.39608 +31.04610 +75.49724 -12.
(1.1, 1.1) +8.09952 +19.23739 +21.04018 +76.92592 - 5.
(1.05, 1.05) 7 +8.01399 +19.92991 +22.15913 +79.49626 -3.
(1.01, 1.01) +8.00025 +20.32269 +22.16763 +81.48473 -0.59222
(1.1, 1.1) +7.99542 +19.50821 +20.21055 +78.42197 +2.
(1.05, 1.05) 8 +8.00039 +19.92145 +21.33192 +80.26905 +0.58611
(1.01, 1.01) +8.00001 +20.22971 +22.14984 +80.25581 -0.17432
(1.1, 1.1) +7.90577 +21.66614 +28.26955 +77.24461 +4,
(1.05, 1.05) 9 +7.99638 +20.53697 +24.95008 +77.68652 -16
(1.01, 1.01) +8.00001 +20.23482 +22.11016 +80.30163 - 0.14507
(1.1, 1.1) +8.00545 +19.28787 +19.77481 +80.77232 +0.79378
(1.05, 1.05) 10 +7.99993 +19.52136 +20.70164 +80.22287 +0.72576
(1.01, 1.01) +8.00000 +19.92838 +21.75752 +80.01879 - 0.04852
(1.1, 1.1) +8.00799 +21.73612 +22.79632 +76.53212 - 6.
(1.05, 1.05) 11 +8.00003 +19.72588 +20.82480 +79.92547 +0.20824
(1.01, 1.01) +7.99999 +20.22691 +16.01258 +79.50707 -0.05179
(1.1, 1.1) +8.00196 +19.93319 +20.86661 +79.34922 -0.72777
(1.05, 1.05) 12 +8.99993 +19.78760 +20.91562 +79.63100 - 0.06846
(1.01, 1.01) +8.00003 +18.88316 +40. +81.62314 +0.15958
(1.1, 1.1) +7.99992 +19.98561 +19.45762 +80.27258 +0.27395
(1.05, 1.05) 13 +8.00000 +20.01132 +19.84109 +80.00710 +0.00021
(1.01, 1.01) +8.00000 +18.05213 +59. +79.94193 +0.10613
(1.1, 1.1) +7.99746 +20.02424 +23.31385 +78.07894 - 1.
(1.05, 1.05) 14 +8.00001 +20.03502 +19.72600 +80.04791 +0.00667
(1.01, 1.01) +7.99997 -9. +284. +77.16013 -0.11835
(1.1, 1.1) +7.99999 +19.98489 +20.03681 +79.99310 +0.01171
(1.05, 1.05) 15 +7.99998 +19.88380 +20.82162 +79.88440 - 0.00234
(1.01, 1.01) +8.00001 +108. - 1670. +81.79598 +0.61744
(1.1, 1.1) +8.00000 +19.97998 +20.00278 +80.00354 +0.02410
(1.05, 1.05) 16 +8.00000 +19.99574 +20.05714 +80.00291 +0.00040
(1.01, 1.01) +7.99998 +13.71386 - 140. +76.71511 +1.03581

206



Table B.13 : Square domain with hyperbolic potential variation.

Function and derivatives at node 1 (Fig. 2.6) from Taylor series

using refined boundary elements in the region of interest.

Internal No. of ¢ W RY ¢,x ¢,xy d,xx
point terms

Exact: +0.83373 +0.63496 - 1.29846 - 0.98890 - 0.83373
(1.1, 1.1) +0.96855 +0.18561 -22 - 1.22905 -26
(1.05, 1.05) 5 +0.83293 +0.58887 - 1.44496 - 1.03467 - 0.62950
(1.01, 1.01) +0.83381 +0.56500 - 1.46354 - 0.95632 -0.72072
(1.1, 1.1) +0.84091 +0.58693 - 1.40897 - 1.26102 - 0.91675
(1.05, 1.05) 6 +0.83467 +0.58074 - 142414 - 1.09938 - 0.77664
(1.01, 1.01) +0.83377 +0.55819 - 1.52347 -0.83118 - 0.56011
(1.1, 1.1) +0.83636 +0.63036 - 1.26397 - 1.02478 - 1.00382
(1.05, 1.05) 7 +0.83403 +0.63569 - 127018 - 1.01292 -0.91798
(1.01, 1.01) +0.83373 +0.63472 - 129314 - 0.97626 - 0.84278
(1.1, 1.1) +0.83351 +0.63932 - 1.28176 - 0.98853 - 0.82568
(1.05, 1.05) 8 +0.83371 +0.63687 -1.28414 - 0.99926 - 0.84117
(1.01, 1.01) +0.83373 +0.63334 -1.29370 - 0.99555 - 0.83728
(1.1, 1.1) +0.83362 +0.63608 - 1.29021 - 0.99072 - 0.82641
(1.05, 1.05) 9 +0.83372 +0.63519 - 1.29068 -0.99188 - 0.83469
(1.01, 1.01) +0.83373 +0.63514 - 1.29147 - 0.98850 - 0.83415
(1.1, 1.1) +0.83373 +0.63330 - 1.29961 -0.98678 - 0.83038
(1.05, 1.05) 10 +0.83373 +0.63364 - 1.29819 - 0.98766 - 0.83098
(1.01, 1.01) +0.83373 +0.63426 - 1.29478 - 0.98934 - 0.83376
(1.1, 1.1) +0.83373 +0.63481 - 1.29824 - 0.98898 - 0.83366
(1.05, 1.05) 11 +0.83373 +0.63490 - 1.29811 - 0.98911 - 0.83382
(1.01, 1.01) +0.83373 +0.63305 - 1.26417 - 0.98807 - 0.83433
(1.1, 1.1) +0.83373 +0.63494 - 1.29816 - 0.98911 - 0.83397
(1.05, 1.05) 12 +0.83373 +0.63488 - 1.29810 - 0.98905 - 0.83376
(1.01, 1.01) +0.83373 +0.50271 +1.4 -0.88432 - 0.81920
(1.1, 1.1) +0.83373 +0.63496 - 1.29842 - 0.98891 - 0.83375
(1.05, 1.05) 13 +0.83373 +0.63500 - 1.29860 - 0.98883 - 0.83372
(1.01, 1.01) +0.83373 +0.45535 +2.4 -0.99139 - 0.82255
(1.1, 1.1) +0.83373 +0.63496 - 1.29840 - 0.98894 - 0.83375
(1.05, 1.05) 14 +0.83373 +0.63496 - 1.29842 - 0.98891 - 0.83373
(1.01, 1.01) +0.83373 -3 +39. -1.3 - 0.84544
(1.1, 1.1) +0.83373 +0.63497 - 1.29845 - 0.98890 -0.83373
(1.05, 1.05) 15 +0.83373 +0.63495 - 1.29842 -0.98891 - 0.83373
(1.01, 1.01) +0.83373 +2.6 - 85. - 1.07725 - 0.80234
(1.1, 1.1 +0.83373 +0.63497 - 1.29846 - 0.98890 -0.83373
(1.05, 1.05) 16 +0.83373 +0.63496 - 1.29850 - 0.98890 -0.83373
(1.01, 1.01) +0.83373 - 8. - 12, -1.3 - 0.72231

207



Table B.14 : Square domain with hyperbolic potential variation.

Function and derivatives at node 1 (Fig. 2.6) from Fourier series

using refined boundary elements in the region of interest.

Intcmal No. of ¢ oy d.x o, xy ¢,xx
point terms

Exact: +0.83373 +0.63496 - 1.29846 - 0.98890 -0.83373
(1.1, 1.1) +0.84740 +0.57803 - 143526 - 1.06574 - 0.95649
(1.05, 1.05) 5 +0.83373 +0.61036 - 1.37074 - 1.01550 - 0.75553
(1.01, 1.01) +0.83377 +0.60137 - 1.37676 - 0.97942 -0.78933
(1.1, 1.1) +0.83648 +0.61291 - 1.35571 - 1.10308 - 0.84235
(1.05, 1.05) 6 +0.83413 +0.60846 - 1.36553 - 1.03130 - 0.78964
(1.01, 1.01) +0.83375 +0.59841 - 1.41200 - 0.90598 - 0.69599
(1.1, 1.1) +0.83364 +0.63294 - 1.31041 - 0.98527 - 0.82466
(1.05, 1.05) 7 +0.83375 +0.63349 - 1.30851 - 0.98207 - 0.82942
(1.01, 1.01) +0.83373 +0.63614 - 1.30301 -0.97948 -0.83221
(1.1, 1.1) +0.83386 +0.63238 - 1.30871 - 0.98834 -0.83823
(1.05, 1.05) 8 +0.83374 +0.63348 - 1.30876 - 0.98184 -0.82837
(1.01, 1.01) +0.83373 +0.63581 - 1.30307 - 0.98390 - 0.83071
(1.1, 1.1) +0.83373 +0.63552 - 1.29700 - 0.99005 -0.83524
(1.05, 1.05) 9 +0.83373 +0.63535 - 1.29781 - 0.98965 - 0.83496
(1.01, 1.01) +0.83373 +0.63525 - 1.29869 - 0.98896 - 0.83394
(1.1, 1.1) +0.83373 +0.63536 - 1.29758 - 0.98981 -0.83545
(1.05, 1.05) 10 +0.83373 +0.63538 - 1.29766 - 0.98974 - 0.83503
(1.01, 1.01) +0.83373 +0.63446 - 1.29959 - 0.98968 - 0.83369
(1.1, 1.1) +0.83373 +0.63577 - 1.29707 - 0.99052 - 0.83664
(1.05, 1.05) 11 +0.83373 +0.63483 - 1.29800 -0.98893 - 0.83363
(1.01, 1.01) +0.83373 +0.62905 - 1.19533 - 0.98039 -0.83363
(1.1, 1.1) +0.83373 +0.63493 - 1.29796 - 0.98922 - 0.83409
(1.05, 1.05) 12 +0.83373 +0.63486 - 1.29795 - 0.98907 - 0.83376
(1.01, 1.01) +0.83373 +0.52341 +0.7 - 0.81404 - 0.81702
(1.1, 1.1) +0.83373 +0.63495 - 1.29849 - 0.98887 -0.83371
(1.05, 1.05) 13 +0.83373 +0.63502 - 1.29876 - 0.98879 - 0.83371
(1.01, 1.01) +0.83373 +0.43418 +2.7 - 0.99455 - 0.82276
(1.1, 1.1 .+0.83373 +0.63395 -1.29878 - 0.98871 - 0.83361
(1.05, 1.05) 14 +0.83373 +0.63496 - 1.29844 -0.98890 -0.83373
(1.01, 1.01) +0.83373 -23 +25. -1.27 - 0.84521
(1.1, 1.1) +0.83373 +0.63496 - 1.29846 -0.98890 -0.83372
(1.05, 1.05) 15 +0.83373 -3#0.63503 - 1.29898 - 0.98882 -0.83372
(1.01, 1.01) +0.83373 +9.5 - 170. - 0.80940 - 0.89511
(1.1, 1.1) +0.83373 +0.63495 - 1.29847 - 0.98889 - 0.83371
(1.05, 1.05) 16 +0.83373 +0.63496 - 1.29850 - 0.98890 -0.83373
(1.01, 1.01) +0.83373 -0.1 - 16. -13 -0.73

208



Table B.15 : Square domain with logarithmic potential variation.
Function and derivatives at node 1 (Fig. 2.6) from Taylor series
using refined boundary elements in the region of interest.

Internal No. of u] by ' ¢, ¢, xy ¢,xx
point terms
Exact: +0.34657 +0.5 +0.5 -0.5 0.

(1.1, 1.1) +0.40070 +0.33634 +0.19568 - 043944 - 0.76462
(1.05, 1.05) 5 +0.34472 +0.52115 +0.51944 -0.41583 +0.10086
(1.01, 1.01) +0.34653 +0.51386 +0.50828 - 0.42988 +0.06372
(1.1, 1.1) +0.34613 +0.50794 +0.53430 - 045310 -0.04536
(1.05, 1.05) 6 +0.34644 +0.51311 +0.54004 - 045310 -0.04536
(1.01, 1.01) +0.34656 +0.51997 +0.56199 - 0.54203 - 0.08021
(1.1, 1.1) +0.34699 +0.49967 +0.50669 - 0.49808 -0.02878
(1.05, 1.05) 7 +0.34660 +0.49889 +0.50021 - 0.50223 - 0.00817
(1.01, 1.01) +0.34657 +0.49779 +0.49525 - 0.49999 +0.00169
(1.1, 1.1) +0.34652 +0.50117 +0.50371 - 0.49200 +0.00107
(1.05, 1.05) 8 +0.34657 +0.49902 +0.49866 - 0.50071 +0.00037
(1.01, 1.01) +0.34657 +0.49775 +0.49524 - 0.50058 +0.00186
(1.1, 1.1) +0.34665 +0.49695 +0.49269 - 0.49867 +0.00011
(1.05, 1.05) 9 +0.34658 +0.49757 +0.49302 - 0.49434 +0.00597
(1.01, 1.01) +0.34657 +0.49732 +0.49471 - 0.50225 +0.00112
(1.1, 1.1) +0.34659 +0.49859 +0.49825 - 0.49720 - +0.00245
(1.05, 1.05) 10 +0.34657 +0.49901 +0.50004 - 0.49829 +0.00251
(1.01, 1.01) +0.34657 +0.49955 +0.50309 - 0.50013 +0.00013
(1.1, 1.1) +0.34658 +0.50194 +0.50128 - 0.50207 -0.00481
(1.05, 1.05) 11 +0.34657 +0.49965 +0.50008 - 0.49902 +0.00107
(1.01, 1.01) +0.34657 +0.49881 +0.52164 - 0.49936 - 0.00022
(1.1, 1.1) +0.34657 +0.49992 +0.50000 - 049991 +0.00022
(1.05, 1.05) 12 +0.34657 +0.49996 +0.49994 - 0.49999 +0.00005
(1.01, 1.01) +0.34657 +0.44456 +1.6 -0.45618 +0.00609
(1.1, 1.1) +0.34657 +0.49989 +0.50023 -0.50010 +0.00002
(1.05, 1.05) 13 +0.34657 +0.49981 +0.50058 - 0.50026 +0.00000
(1.01, 1.01) +0.34657 +0.42465 +2. - 0.50120 +0.00467
(1.1, 1.1) +0.34657 +0.49990 +0.50032 - 0.50022 +0.00003
(1.05, 1.05) 14 +0.34657 +0.49998 +0.49989 - 0.49995 +0.00005
(1.01, 1.01) +0.34657 -1.1 +18. - 0.63291 +0.00509
(1.1, 1.1 +0.34657 +0.49992 +0.50000 - 0.49996 +0.00011
(1.05, 1.05) 15 +0.34657 +0.50003 +0.49984 - 0.49995 +0.00000
(1.01, 1.01) +0.34657 +1.4 - 35. - 0.53767 +0.01331
(1.1, 1.1) +0.34657 +0.49993 +0.49996 - 0.49995 +0.00012
(1.05, 1.05) 16 +0.34657 +0.49998 +0.50015 - 0.50000 +0.00000
(1.01, 1.01) +0.34657 - 3. - 5. - 0.62330 +0.04670
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Table B.16 : Square domain with logarithmic potential variation.

Function and derivatives at node 1 (Fig. 2.6) from Fourier series

using refined boundary elements in the region of interest.

Internal No. of o] W RY d,x ¢,xy ¢, xx
point terms
Exact: +0.34657 +0.5 +0.5 -0.5 0.

(1.1, 1.1 +0.37638 +0.41414 +0.33420 - 0.39748 - 0.38653
(1.05, 1.05) 5 +0.34282 +0.52424 +0.48739 - 0.36832 +0.26927
(1.01, 1.01) +0.34652 +0.50244 +0.46264 - 0.36969 +0.15688
(1.1, 1.1) +0.34451 +0.49634 +0.50642 - 0.64323 +0.00170
(1.05, 1.05) 6 +0.34669 +0.50569 +0.53820 - 0.52260 - 0.06378
(1.01, 1.01) +0.34657 +0.50896 +0.54033 -0.53162 - 0.04891
(1.1, 1.1) +0.34437 +0.49361 +0.49734 - 0.66894 +0.01423
(1.05, 1.05) 7 +0.34673 +0.50347 +0.53315 - 0.52696 - 0.06025
(1.01, 1.01) +0.34657 +0.49736 +0.50683 - 0.50902 - 0.00704
(1.1, L.1) +0.34627 +0.50698 +0.52420 - 049642 +0.00895
(1.05, 1.05) 8 +0.34654 +0.50336 +0.52198 -0.51652 - 0.01279
(1.01, 1.01) +0.34657 +0.49715 +0.50679 -0.51184 - 0.00608
(1.1, 1.1) +0.34732 +0.50162 +0.54751 - 043557 - 0.20354
(1.05, 1.05) 9 +0.34658 +0.49738 +0.48684 -0.49145 +0.00835
(1.01, 1.01) +0.34657 +0.49835 +0.49748 -0.50110 +0.00078
(1.1, 1.1) +0.34656 +0.49980 +0.49657 - 049713 +0.00412
(1.05, 1.05) 10 +0.34657 +0.49953 +0.49585 - 0.49682 +0.00343
(1.01, 1.01) +0.34657 +0.49965 +0.49898 - 0.49989 +0.00037
(1.1, 1.1) +0.34656 +0.49941 +0.49610 - 0.49646 +0.00523
(1.05, 1.05) 11 +0.34657 +0.50070 +0.49656 - 0.49852 +0.00048
(1.01, 1.01) +0.34657 +0.49526 +0.58359 - 0.49236 - 0.00042
(1.1, 1.1) +0.34657 +0.50019 +0.49693 - 049767 +0.00285
(1.05, 1.05) 12 +0.34657 +0.50074 +0.49662 - 0.49872 +0.00029
(1.01, 1.01) +0.34657 +0.45340 +1.3 - 0.42645 +0.00700
(1.1, 1.1) +0.34670 +0.49340 +0.57125 - 043231 - 0.05886
(1.05, 1.05) 13 +0.34657 +0.49906 +0.50468 -0.50155 - 0.00023
(1.01, 1.01) +0.34657 +0.41580 +2.2 - 0.50252 - 0.00458
(1.1, 1.1) +0.34658 +0.49989 +0.49167 - 049514 +0.00279
(1.05, 1.05) 14 +0.34657 +0.49993 +0.50049 - 0.50006 +0.00001
(1.01, 1.01) +0.34657 -07 +12, -0.62117 - 0.00499
(1.1, 1.1) +0.34656 +0.51145 +0.75271 - 046418 - 0.06974
(1.05, 1.05) 15 +0.34657 +0.49972 +0.50200 - 0.50028 - 0.00000
(1.01, 1.01) +0.34657 +0.43222 - 7L - 042334 - 0.02629
(1.1, 1.1) +0.34657 +0.49999 +0.49992 - 0.49995 +0.00005
(1.05, 1.05) 16 +0.34657 +0.50000 +0.50010 - 0.49999 +0.00000
(1.01, 1.01) +0.34657 +0.22769 - 6. - 0.64019 +0.04424
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Table C.1: Cylinder domain with linear potential variation.
Function and derivatives at node 1 (Fig. 2.7) from Taylor series
using fine boundary elements in the region of interest.

Internal No. of ¢ oy o,x ¢,xy o,xx
point terms
Exact: +0.5 0. -1 0. 0.

(0.52, 0.02) +0.50000 +0.00000 - 1.00000 +0.00000 +0.00000
(0.51, 0.01) 5 +0.50000 - 0.00000 - 1.00000 - 0.00000 - 0.00000
(0.509, 0.009) +0.50000 - 0.00000 - 1.00000 - 0.00000 - 0.00000
(0.508, 0.008) +0.50000 - 0.00000 - 1.00000 - 0.00000 - 0.00000
(0.52, 0.02) +0.50000 +0.00000 - 1.00000 +0.00000 +0.00000
(0.51, 0.01) 6 +0.50000 - 0.00000 - 1.00000 - 0.00000 - 0.00000
(0.509, 0.009) +0.50000 - 0.00000 - 1.00000 +0.00000 - 0.00000
(0.508, 0.008) +0.50000 +0.00000 - 1.00000 +0.00000 - 0.00000
(0.52, 0.02) +0.50000 +0.00000 - 1.00000 +0.00000 +0.00000
(0.51, 0.01) 7 +0.50000 +0.00000 - 1.00000 +0.00000 +0.00000
(0.509, 0.009) +0.50000 +0.00000 - 1.00000 +0.00000 +0.00000
(0.508, 0.008) +0.50000 +0.00000 - 1.00000 +0.00000 +0.00000
(0.52, 0.02) +0.50000 - 0.00000 - 1.00000 - 0.00000 - 0.00000
(0.51, 0.01) 8 +0.50000 +0.00000 - 1.00000 +0.00000 +0.00000
(0.509, 0.009) +0.50000 - 0.00000 - 1.00000 +0.00000 +0.00000
(0.508, 0.008) +0.50000 - 0.00000 - 1.00000 - 0.00000 - 0.00000
(0.52, 0.02) +0.50000 - 0.00000 - 1.00000 - 0.00000 - 0.00000
(0.51, 0.01) 9 +0.50000 - 0.00000 - 1.00000 - 0.00000 - 0.00000
(0.509, 0.009) +0.50000 +0.00000 - 1.00000 +0.00000 +0.00000
(0.508, 0.008) +0.50000 +0.00000 - 1.00000 +0.00000 +0.00000
(0.52, 0.02) +0.50000 +0.00000 - 1.00000 - 0.00000 +0.00000
(0.51, 0.01) 10 +0.50000 - 0.00000 - 1.00000 +0.00000 +0.00000
(0.509, 0.009) +0.50000 +0.00000 - 1.00000 - 0.00000 - 0.00000
(0.508, 0.008) +0.50000 +0.00000 - 1.00000 - 0.00000 - 0.00000
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Table C.1 : Continued.

Internal No. of ¢ ¢,y ¢,x d,xy ¢,XX
point terms
Exact: +0.5 0. - 1. 0. 0.

(0.52, 0.02) +0.50000 +0.00000 - 1.00000 +0.00000 +0.00000
(0.51, 0.01) 11 +0.50000 - 0.00000 - 1.00000 +0.00000 - 0.00000
(0.509, 0.009) +0.50000 - 0.00000 - 1.00000 +0.00000 - 0.00000
(0.508, 0.008) +0.50000 - 0.00000 - 1.00000 +0.00000 - 0.00000
(0.52, 0.02) +0.50000 +0.00000 - 1.00000 +0.00000 +0.00000
(0.51, 0.01) 12 +0.50000 - 0.00001 - 1.00000 +0.00002 - 0.00001
(0.509, 0.009) +0.50000 - 0.00001 - 1.00000 +0.00002 - 0.00001
(0.508, 0.008) +0.50000 - 0.00001 - 1.00000 +0.00001 - 0.00000
(0.52, 0.02) +0.50000 - 0.00000 - 1.00000 +0.00000 - 0.00000
(0.51, 0.01) 13 +0.50000 - 0.00000 - 1.00000 +0.00001 +0.00000
(0.509, 0.009) +0.50000 - 0.00001 - 1.00000 +0.00001 +0.00001
(0.508, 0.008) +0.50000 - 0.00000 - 1.00000 +0.00001 +0.00000
(0.52, 0.02) +0.50000 +0.00000 - 1.00000 +0.00000 +0.00001
(0.51, 0.01) 14 +0.50000 - 0.00001 - 0.99993 +0.00001 -0.00015
(0.509, 0.009) +0.50000 - 0.00001 - 0.99996 +0.00001 - 0.00007
(0.508, 0.008) +0.50000 - 0.00000 - 1.00018 +0.00001 +0.00037
(0.52, 0.02) +0.50000 +0.00000 - 0.99999 - 0.00000 - 0.00002
(0.51, 0.01) 15 +0.50000 +0.00000 - 1.00128 - 0.00000 +0.00255
(0.509, 0.009) +0.50000 +0.00000 - 1.00114 - 0.00000 +0.00227
(0.508, 0.008) +0.50000 - 0.00025 - 097103 +0.00044 - 0.05794
(0.52, 0.02) +0.50000 +0.00000 - 1.00000 - 0.00000 +0.00000
(0.51, 0.01) 16 +0.50000 - 0.00005 - 0.99999 +0.00009 - 0.00001
(0.509, 0.009) +0.50000 +0.00003 - 1.00225 - 0.00006 +0.00450
(0.508, 0.008) +0.50000 +0.00026 - 1.00757 - 0.00051 +0.01514
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Table C.2 : Cylinder domain with linear potential variation.

Function and derivatives at node 1 (Fig. 2.7) from Fourier series

using fine boundary elements in the region of interest.

Internal No. of ¢ kY ¢,x ,xy ¢,xx
point terms
Exact: +0.5 0. -1 0. 0.

(0.52, 0.02) +0.49623 +0.02290 - 0.75614 +0.09454 +0.86278
(0.51, 0.01) 5 +0.50057 - 0.01925 - 1.32882 - 0.27315 -0.25120
(0.509, 0.009) +0.50037 - 0.01688 - 1.29505 -0.25722 -0.16981
(0.508, 0.008) +0.50024 -0.01522 - 1.27092 -0.24750 -0.10742
(0.52, 0.02) +0.49999 +0.00614 - 1.02502 +0.06641 +0.06163
(0.51, 0.01) 6 +0.50000 +0.00582 - 1.02892 +0.05596 +0.06969
(0.509, 0.009) +0.50000 +0.00579 - 1.02915 +0.05514 +0.07051
(0.508, 0.008) +0.50000 +0.00577 - 1.02928 +0.05449 +0.07131
(0.52, 0.02) +0.50000 -0.00143 - 0.99991 +0.00008 +0.00206
(0.51, 0.01) 7 +0.50000 - 0.00229 - 099737 - 0.00674 < 0.00562
(0.509, 0.009) +0.50000 - 0.00254 - 0.99658 - 0.00864 -0.00789
(0.508, 0.008) +0.50000 - 0.00294 -0.99522 -0.01180 - 0.01169
(0.52, 0.02) +0.50000 +0.00250 - 1.00049 +0.00794 +0.00753
(0.51, 0.01) 8 +0.50000 +0.00073 - 1.00028 +0.00415 +0.00478
(0.509, 0.009) +0.50000 +0.00059 - 1.00031 +0.00384 +0.00458
(0.508, 0.008) +0.50000 +0.00045 - 1.00038 +0.00354 +0.00444
(0.52, 0.02) +0.50000 +0.00286 - 1.00067 +0.00903 +0.00876
(0.51, 0.01) 9 +0.50000 - 0.00038 -0.99917 - 0.00086 -0.00273
(0.509, 0.009) +0.50000 - 0.00029 - 0.99926 - 0.00049 - 0.00221
(0.508, 0.008) +0.50000 - 0.00024 - 0.99933 - 0.00024 -0.00184
(0.52, 0.02) +0.50000 - 0.00077 - 0.99933 - 0.00041 -0.00212
(0.51, 0.01) 10 +0.50000 - 0.00046 - 0.99948 +0.00048 - 0.00094
(0.509, 0.009) +0.50000 - 0.00049 - 0.99950 +0.00056 - 0.00085
(0.508, 0.008) +0.50000 - 0.00055 - 0.99953 +0.00069 - 0.00073
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Table C.2 : Continued.

Internal No. of ¢ by ¢,x ,xy 0,Xx
point terms
Exact: +0.5 0. -1 0. 0.

(0.52, 0.02) +0.50000 - 0.00001 - 0.99999 +0.00003 - 0.00000
(0.51, 0.01) 11 +0.50000 +0.00001 - 1.00002 +0.00001 +0.00004
(0.509, 0.009) +0.50000 - 0.00000 - 1.00001 +0.00002 +0.00003
(0.508, 0.008) +0.50000 - 0.00000 - 1.00001 +0.00002 +0.00002
(0.52, 0.02) +0.50000 - 0.00003 - 0.99996 +0.00000 - 0.00008
(0.51, 0.01) 12 +0.50000 +0.00004 - 1.00003 - 0.00005 +0.00006
(0.509, 0.009) +0.50000 +0.00002 - 1.00001 - 0.00003 +0.00003
(0.508, 0.008) +0.50000 +0.00002 - 1.00001 - 0.00003 +0.00001
(0.52, 0.02) +0.50000 +0.00000 - 0.99999 +0.00000 - 0.00003
(0.51, 0.01) 13 +0.50000 - 0.00000 - 0.99998 +0.00001 - 0.00003
(0.509, 0.009) +0.50000 - 0.00001 - 0.99998 +0.00001 - 0.00003
(0.508, 0.008) +0.50000 - 0.00000 - 0.99998 +0.00001 - 0.00004
(0.52, 0.02) +0.50000 - 0.00000 - 0.99996 - 0.00000 - 0.00009
(0.51, 0.01) 14 +0.50000 - 0.00001 - 0.99993 +0.00001 - 0.00015
(0.509, 0.009) +0.50000 - 0.00001 - 0.99995 +0.00001 - 0.00010
(0.508, 0.008) +0.50000 - 0.00000 - 1.00007 +0.00001 - 0.00015
(0.52, 0.02) +0.50000 +0.00000 - 1.00000 - 0.00000 - 0.00001
(0.51, 0.01) 15 +0.50000 +0.00001 - 1.00129 - 0.00001 +0.00257
(0.509, 0.009) +0.50000 +0.00000 - 1.00117 - 0.00001 +0.00234
(0.508, 0.008) +0.50000 +0.00038 -1.04124 - 0.00067 +0.08247
(0.52, 0.02) ~+0.50000 +0.00000 - 1.00001 - 0.00000 +0.00001
(0.51, 0.01) 16 +0.50000 - 0.00005 - 0.99992 +0.00010 - 0.00016
(0.509, 0.009) +0.50000 +0.00004 - 1.00222 - 0.00001 +0.00443
(0.508, 0.008) +0.50000 +0.00018 - 1.00644 - 0.00034 +0.01287
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Table C.3 : Cylinder domain with quadratic potential variation.
Function and derivatives at node 1 (Fig. 2.7) from Taylor series
using fine boundary elements in the region of interest.

Internal No. of ¢ oy o,x o,xy o,xX
point terms
Exact: +0.25 +1. +1. +2. +2.

(0.52, 0.02) +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.51, 0.01) 5 +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.509, 0.009) +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.508, 0.008) +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.52, 0.02) +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.51, 0.01) 6 +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.509, 0.009) +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.508, 0.008) +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.52, 0.02) +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.51, 0.01) 7 +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.509, 0.009) +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.508, 0.008) +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.52, 0.02) +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.51, 0.01) 8 +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.509, 0.009) +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.508, 0.008) +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.52, 0.02) +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.51, 0.01) 9 +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.509, 0.009) +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.508, 0.008) +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.52, 0.02) +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.51, 0.01) 10 +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.509, 0.009) +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.508, 0.008) +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
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Table C.3 : Continued.

Internal No. of (0] o,y 0, ¢, xy b,xx
point terms
Exact: +0.25 +1. +1. +2, +2.

(0.52, 0.02) +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.51, 0.01) 11 +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.509, 0.009) +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.508, 0.008) +0.25000 +1.00000 +1,00000 +2.00000 +2.00000
(0.52, 0.02) +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.51, 0.01) 12 +0.25000 +0.99999 +1.00000 +2.00001 +2.00000
(0.509, 0.009) +0.25000 +0.99999 +1.00000 +2.00001 +2.00000
(0.508, 0.008) +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.52, 0.02) +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.51, 0.01) 13 +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.509, 0.009) +0.25000 +1.00000 +1.00000 +2.00001 +2.00000
(0.508, 0.008) +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.52, 0.02) +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.51, 0.01) 14 +0.25000 +1.00000 +1.00004 +2.00000 +1.99992
(0.509, 0.009) +0.25000 +1.00000 +1.00002 +2.00001 +1.99996
(0.508, 0.008) +0.25000 +1.00000 +0.99990 +2.00001 +2.00019
(0.52, 0.02) +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.51, 0.01) 15 +0.25000 +1.00000 +0.99932 +2.00000 +2.00136
(0.509, 0.009) +0.25000 +1.00000 +0.99936 +2.00000 +2.00127
(0.508, 0.008) +0.25000 +0.99987 +1.01506 +2.00023 +1.96989
(0.52, 0.02) +0.25000 +1.00000 +1.00000 +2.00000 +2.00000
(0.51, 0.01) 16 +0.25000 +0.99998 +1.00000 +2.00005 +1.99999
(0.509, 0.009) +0.25000 +1.00002 +0.99881 +1.99997 +2.00237
(0.508, 0.008) +0.25000 +1.00014 +0.99602 +1.99974 +2.00796
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Table C.4 : Cylinder domain with quadratic potential variation.

Function and derivatives at node 1 (Fig. 2.7) from Fourier series

using fine boundary elements in the region of interest.

Internal No. of o oy b, x o,xy ¢,xX
point terms
Exact: +0.25 +1. +1. +2. +2.

(0.52, 0.02) +0.24289 +1.03317 +1.44884 +2.17918 +3.64878
(0.51, 0.01) 5 +0.25106 +0.95304 +0.36648 +1.47605 +1.54793
(0.509, 0.009) +0.25069 +0.95745 +0.42997 +1.50492 +1.70199
(0.508, 0.008) +0.25044 +0.96050 +0.47521 +1.52200 +1.82026
(0.52, 0.02) +0.24997 +1.00164 +0.94327 +2.12629 +2.14240
(0.51, 0.01) 6 +0.25000 +1.00039 +0.93304 +2.09778 +2.15413
(0.509, 0.009) +0.25000 +1.00022 +0.93179 +2.09444 +2.15554
(0.508, 0.008) +0.25000 +1.00005 +0.93050 +2.09101 +2.15700
(0.52, 0.02) +0.24997 +0.98636 +0.99400 +1.99230 +2.02209
(0.51, 0.01) 7 +0.24999 +0.97791 +1.02050 +1.92401 +1.94540
(0.509, 0.009) +0.24999 +0.97535 +1.02913 +1.90387 +1.92132
(0.508, 0.008) +0.24999 +0.97105 +1.04391 +1.87031 +1.88069
(0.52, 0.02) +0.25001 +1.01972 +0.98906 +2.05900 +2,06849
(0.51, 0.01) 8 +0.25000 +1.00689 +0.99262 +2.02832 +2.04494
(0.509, 0.009) +0.25000 +1.00586 +0.99261 +2.02584 +2.04321
(0.508, 0.008) +0.25000 +1.00489 +0.99238 +2.02355 +2.04183
(0.52, 0.02) +0.25000 +0.99943 +0.99955 +1.99692 +1.99876
(0.51, 0.01) 9 +0.25000 +1.00057 +0.99894 +1.99986 +2.00234
(0.509, 0.009) +0.25000 +1.00056 +0.99894 +1.99980 +2.00230
(0.508, 0.008) +0.25000 +1.00056 +0.99894 +1.99973 +2.00226
(0.52, 0.02) +0.25000 +1.00100 +0.99897 +2.00102 +2.00348
(0.51, 0.01) 10 +0.25000 +1.00058 +0.99900 +1.99957 +2.00196
(0.509, 0.009) +0.25000 +1.00063 +0.99902 +1.99944 +2.00183
(0.508, 0.008) +0.25000 +1.00073 +0.99905 +1.99922 +2.00166
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Table C.4 : Continued.

Internal No. of o] o,y d.x ¢,xy $,xx
point terms
Exact: +0.25 +1. +1. +2, +2.

(0.52, 0.02) +0.25000 +0.99969 +1.00013 +2.00025 +1.99979
(0.51, 0.01) 11 +0.25000 +1.00024 +0.99941 +1.99992 +2.00122
(0.509, 0.009) +0.25000 +1.00013 +0.99955 +1.99999 +2.00094
(0.508, 0.008) +0.25000 +1.00007 +0.99963 +2.00004 +2.00076
(0.52, 0.02) +0.25000 +0.99959 +1.00041 +2.00005 +1.99915
(0.51, 0.01) 12 +0.25000 +1.00079 +0.99925 +1.99902 +2.00151
(0.509, 0.009) +0.25000 +1.00051 +0.99951 +1.99931 +2.00098
(0.508, 0.008) +0.25000 +1.00037 +0.99965 +1.99946 +2.00071
(0.52, 0.02) +0.25000 +1.00001 +1.00003 +1.99999 +1.99995
(0.51, 0.01) 13 +0.25000 +1.00000 +1.00002 +2.00001 +1.99996
(0.509, 0.009) +0.25000 +1.00000 +1.00002 +2.00001 +1.99996
(0.508, 0.008) +0.25000 +1.00000 +1.00002 +2.00001 +1.99996
(0.52, 0.02) +0.25000 +1.00000 +1.00008 +1.99999 +1.99983
(0.51, 0.01) 14 +0.25000 +1.00000 +1.00008 +2.00000 +1.99984
(0.509, 0.009) +0.25000 +1.00000 +1.00007 +2.00001 +1.99986
(0.508, 0.008) +0.25000 +1.00000 +1.00000 +2.00001 +2.00001
(0.52, 0.02) +0.25000 +1.00000 +0.99995 +2.00000 +2.00010
(0.51, 0.01) 15 +0.25000 +1.00000 +0.99927 +2.00000 +2.00146
(0.509, 0.009) +0.25000 +1.00001 +0.99896 +1.99999 +2.00208
(0.508, 0.008) +0.25000 +1.00028 +0.97037 +1.99952 +2.05926
(0.52, 0.02) +0.25000 +1.00000 +1.00002 +2.00001 +1.99997
(0.51, 0.01) 16 +0.25000 +0.99997 +1.00007 +2.00006 +1.99985
(0.509, 0.009) +0.25000 +1.00001 +0.99897 +1.99999 +2.00206
(0.508, 0.008) +0.25000 +1.00013 +0.99616 +1.99976 +2.00769
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Table C.5 : Cylinder domain with cubic potential variation.
Function and derivatives at node 1 (Fig. 2.7) from Taylor series
using fine boundary elements in the region of interest.

Intcrnal No. of ¢ by o,x o, xy ¢,xx
point terms

Exact: +0.125 +0.75 +0.75 +3. +3.
(0.52, 0.02) +0.15452 +0.57739 -14 +2.70061 -3.
(0.51, 0.01) 5 +0.11323 +1.24 +7. +9. +9.
(0.509, 0.009) +0.11820 +1.14 +6. +8. +7.
(0.508, 0.008) +0.12099 +1.07 +5. +8. +6.
(0.52, 0.02) +0.12505 +0.68207 +0.98743 +2.34098 +2.41833
(0.51, 0.01) 6 +0.12497 +0.68530 +1.02 +2.44264 +2.34512
(0.509, 0.009) +0.12497 +0.68550 +1.02 +2.44931 +2.33782
(0.508, 0.008) +0.12497 +0.68558 +1.02 +2.45374 +2.33060
(0.52, 0.02) +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.51, 0.01) 7 +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.509, 0.009) +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.508, 0.008) +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.52, 0.02) +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.51, 0.01) 8 +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.509, 0.009) +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.508, 0.008) +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.52, 0.02) +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.51, 0.01) 9 +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.509, 0.009) +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.508, 0.008) +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.52, 0.02) +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.51, 0.01) 10 +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.509, 0.009) +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.508, 0.008) +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
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Table C.5 : Continued.

Inteal No. of ¢ by o.x o, xy 0,xx
point terms
Exact: +0.125 +0.75 +0.75 +3. +3.

(0.52, 0.02) +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.51, 0.01) 11 +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.509, 0.009) +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.508, 0.008) +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.52, 0.02) +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.51, 0.01) 12 +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.509, 0.009) +0.12500 +0.75000 +0.75000 +3.00001 +3.00000
(0.508, 0.008) +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.52, 0.02) +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.51, 0.01) 13 +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.509, 0.009) +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.508, 0.008) +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.52, 0.02) +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.51, 0.01) 14 +0.12500 +0.75000 +0.75002 +3.00000 +2.99996
(0.509, 0.009) +0.12500 +0.75000 +0.75001 +3.00000 +2.99998
(0.508, 0.008) +0.12500 +0.75000 +0.74995 +3.00000 +3.00010
(0.52, 0.02) +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.51, 0.01) 15 +0.12500 +0.75000 +0.74966 +3.00000 +3.00067
(0.509, 0.009) +0.12500 +0.75000 +0.74969 +3.00000 +3.00063
(0.508, 0.008) .+0.12500 +0.7499%4 +0.75762 +3.00012 +2.98476
(0.52, 0.02) +0.12500 +0.75000 +0.75000 +3.00000 +3.00000
(0.51, 0.01) 16 +0.12500 +0.74999 +0.75000 +3.00002 +3.00000
(0.509, 0.009) +0.12500 +0.75001 +0.74940 +2.99999 +3.00121
(0.508, 0.008) +0.12500 +0.75007 +0.74798 +2.99987 +3.00405
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Table C.6 : Cylinder domain with cubic potential variation.
Function and derivatives at node 1 (Fig. 2.7) from Fourier series
using fine boundary elements in the region of interest.

Internal No. of ¢ by ¢.x ¢,xy ¢, xx
point terms

Exact: +0.125 +0.75 +0.75 +3. +3.
(0.52, 0.02) +0.17264 +0.48799 - 3. +2.36827 -7.
(0.51, 0.01) 5 +0.11783 +1.02 +5. +7. +7.
(0.509, 0.009) +0.12032 +0.98779 +4, +7. +6.
(0.508, 0.008) +0.12200 +0.96642 +4. +7. +5.
(0.52, 0.02) +0.12498 +0.70017 +0.83087 +2.72430 +2.80834
(0.51, 0.01) 6 +0.12498 +0.69979 +0.84159 +2.74884 +2.76520
(0.509, 0.009) +0.12498 +0.69962 +0.84075 +2.74814 +2.76138
(0.508, 0.008) +0.12498 +0.69935 +0.83891 +2.74577 +2.75781
(0.52, 0.02) +0.12497 +0.73114 +0.72811 +2.99573 +3.05206
(0.51, 0.01) 7 +0.12498 +0.71799 +0.77077 +2.88957 +2.93423
(0.509, 0.009) +0.12498 +0.71411 +0.78405 +2.85917 +2.89783
(0.508, 0.008) +0.12498 +0.70764 +0.80652 +2.80882 +2.83674
(0.52, 0.02) +0.12502 +0.77502 +0.72161 +3.08347 +3.11309
(0.51, 0.01) 8 +0.12500 +0.75802 +0.73225 +3.03369 +3.07178
(0.509, 0.009) +0.12500 +0.75694 +0.73279 +3.03037 +3.06892
(0.508, 0.008) +0.12500 +0.75592 +0.73300 +3.02742 +3.06663
(0.52, 0.02) +0.12496 +0.68514 +0.76811 +2.80840 +2.80414
(0.51, 0.01) 9 +0.12500 +0.75525 +0.73503 +3.02118 +3.05305
(0.509, 0.009) +0.12500 +0.75343 +0.73698 +3.01313 +3.04184
(0.508, 0.008) +0.12500 +0.75234 +0.73844 +3.00770 +3.03387
(0.52, 0.02) +0.12500 +0.76155 +0.73975 +3.00752 +3.03346
(0.51, 0.01) 10 +0.12500 +0.75682 +0.74147 +2.99328 +3.01581
(0.509, 0.009) +0.12500 +0.75727 +0.74174 +2.99197 +3.01446
(0.508, 0.008) +0.12500 +0.75830 +0.74212 +2.98993 +3.01257
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Table C.6 : Continued.

Internal No. of ¢ oy ¢,x ¢,xy 0,xx
point terms
Exact: +0.125 +0.75 +0.75 +3. +3.

(0.52, 0.02) +0.12500 +0.74908 +0.75077 +3.00021 +2.99842
(0.51, 0.01) 11 +0.12500 +0.75082 +0.74851 +2.99935 +3.00305
(0.509, 0.009) +0.12500 +0.75053 +0.74888 +2.99955 +3.00229
(0.508, 0.008) +0.12500 +0.75036 +0.74910 +2.99967 +3.00183
(0.52, 0.02) +0.12500 +0.74901 +0.75095 +3.00008 +2.99798
(0.51, 0.01) 12 +0.12500 +0.75179 +0.74823 +2.99775 +3.00356
(0.509, 0.009) +0.12500 +0.75116 +0.74883 +2.99841 +3.00236
(0.508, 0.008) +0.12500 +0.75083 +0.74912 +2.99877 +3.00177
(0.52, 0.02) +0.12500 +0.74997 +0.75009 +2.99995 +2.99981
(0.51, 0.01) 13 +0.12500 +0.75000 +0.74998 +2.99999 +3.00005
(0.509, 0.009) +0.12500 +0.75000 +0.74997 +2.99999 +3.00007
(0.508, 0.008) +0.12500 +0.75000 +0.74996 +2.99999 +3.00009
(0.52, 0.02) +0.12500 +0.75001 +0.74976 +3.00000 +3.00049
(0.51, 0.01) 14 +0.12500 +0.75000 +0.74981 +2.99999 +3.00038
(0.509, 0.009) +0.12500 +0.75000 +0.74981 +3.00000 +3.00039
(0.508, 0.008) +0.12500 +0.75000 +0.74977 +2.99999 +3.00047
(0.52, 0.02) +0.12500 +0.75001 +0.74984 +2.99999 +3.00032
(0.51, 0.01) 15 +0.12500 +0.75000 +0.74942 +2.99999 +3.00116
(0.509, 0.009) +0.12500 +0.75000 +0.74885 +2.99998 +3.00231
(0.508, 0.008) +0.12500 +0.75021 +0.72763 +2.99963 +3.04474
(0.52, 0.02) +0.12500 +0.74999 +0.75003 +3.00002 +2.99994
(0.51, 0.01) 16 +0.12500 +0.74998 +0.75008 +3.00004 +2.99984
(0.509, 0.009) +0.12500 +0.74999 +0.74964 +3.00003 +3.00073
(0.508, 0.008) +0.12500 +0.75010 +0.74757 +2.99982 +3.00487
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Table C.7 : Cylinder domain with quartic potential variation.
Function and derivatives at node 1 (Fig. 2.7) from Taylor series

using fine boundary elements in the region of interest.

Internal No. of o] oy . x d,xy ,xx
point terms

Exact: -0.0625 +0.125 -0.5 +0.75 - 3.
(0.52, 0.02) - 0.05583 +0.18097 - 1.16 +1.28 -4.01
(0.51, 0.01) 5 - 0.06525 +0.33552 +0.86 +2.80 - 1.09
(0.509, 0.009) - 0.06407 +0.31101 +0.54 +2.56 -1.59
(0.508, 0.008) - 0.06341 +0.29620 +0.34 +2.42 - 1.90
(0.52, 0.02) - 0.06245 +0.20446 - 0.63059 +1.20 -2.72928
(0.51, 0.01) 6 - 0.06245 +0.20345 - 0.63767 +1.15 - 2.67067
(0.509, 0.009) - 0.06246 +0.20366 - 0.63498 +1.15 - 2.66552
(0.508, 0.008) - 0.06247 +0.20405 - 0.63063 +1.16 - 2.66059
(0.52, 0.02) - 0.06242 +0.15638 - 046254 +0.73341 - 3.14099
(0.51, 0.01) 7 - 0.06247 +0.18108 -0.54477 +0.95627 -2.89712
(0.509, 0.009) - 0.06247 +0.18777 - 0.56853 +1.02 -2.82864
(0.508, 0.008) - 0.06247 +0.19872 - 0.60834 +1.11 -2.71594
(0.52, 0.02) - 0.06257 +0.022 - 0.45378 +0.41 - 3.35702
(0.51, 0.01) 8 - 0.06251 +0.095 - 0.46823 +0.61200 - 3.20914
(0.509, 0.009) - 0.06250 +0.10012 -0.46783 +0.62538 -3.20016
(0.508, 0.008) - 0.06250 +0.10453 - 0.46642 +0.63749 - 3.19312
(0.52, 0.02) - 0.06250 +0.12500 - 0.50000 +0.75000 - 3.00000
(0.51, 0.01) 9 - 0.06250 +0.12500 - 0.50000 +0.75000 - 3.00000
(0.509, 0.009) - 0.06250 +0.12500 - 0.50000 +0.75000 - 3.00000
(0.508, 0.008) - 0.06250 +0.12500 - 0.50000 +0.75000 - 3.00000
(0.52, 0.02) - 0.06250 +0.12500 - 0.50000 +0.75000 - 3.00000
(0.51, 0.01) 10 - 0.06250 +0.12500 - 0.50000 +0.75000 - 3.00000
(0.509, 0.009) - 0.06250 +0.12500 - 0.50000 +0.75000 - 3.00000
(0.508, 0.008) - 0.06250 +0.12500 - 0.50000 +0.75000 - 3.00000
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Table C.7 : Continued.

Internal No. of ¢ RY ¢,x o,xy ¢,xx
point terms
Exact: - 0.625 +0.125 -0.5 +0.75 -3.

0.52, 0.02) - 0.06250 +0.12500 - 0.50000 +0.75000 - 3.00000
(0.51, 0.01) 11 - 0.06250 +0.12500 - 0.50000 +0.75000 - 3.00000
(0.509, 0.009) - 0.06250 +0.12500 - 0.50000 +0.75000 - 3.00000
(0.508, 0.008) - 0.06250 +0.12500 - 0.50000 +0.75000 - 3.00000
(0.52, 0.02) - 0.06250 +0.12500 - 0.50000 +0.75000 - 3.00000
(0.51, 0.01) 12 - 0.06250 +0.12500 - 0.50000 +0.75000 - 3.00000
(0.509, 0.009) - 0.06250 +0.12500 - 0.50000 +0.75000 - 3.00000
(0.508, 0.008) - 0.06250 +0.12500 - 0.50000 +0.75000 - 3.00000
(0.52, 0.02) - 0.06250 +0.12500 - 0.50000 +0.75000 - 3.00000
(0.51, 0.01) 13 - 0.06250 +0.12500 - 0.50000 +0.75000 - 3.00000
(0.509, 0.009) - 0.06250 +0.12500 - 0.50000 +0.75000 - 3.00000
(0.508, 0.008) - 0.06250 +0.12500 - 0.50000 +0.75000 - 3.00000
(0.52, 0.02) - 0.06250 +0.12500 - 0.50000 +0.75000 - 3.00000
(0.51, 0.01) 14 - 0.06250 +0.12500 - 0.50001 +0.75000 - 2.99998
(0.509, 0.009) - 0.06250 +0.12500 - 0.50001 +0.75000 - 2.99999
(0.508, 0.008) - 0.06250 +0.12500 - 0.49998 +0.75000 - 3.00005
(0.52, 0.02) - 0.06250 +0.12500 - 0.50000 +0.75000 - 3.00000
(0.51, 0.01) 15 - 0.06250 +0.12500 - 049983 +0.75000 - 3.00035
(0.509, 0.009) - 0.06250 +0.12500 - 049978 +0.75000 - 3.00044
(0.508, 0.008) - 0.06250 +0.12503 - 0.50333 +0.74995 -2.99334
(0.52, 0.02) - 0.06250 +0.12500 - 0.50000 +0.75000 - 3.00000
(0.51, 0.01) 16 - 0.06250 +0.12501 - 0.50000 +0.74999 - 3.00000
(0.509, 0.009) - 0.06250 +0.12500 -0.49971 +0.75001 - 3.00058
(0.508, 0.008) - 0.06250 +0.12497 - 049907 +0.75006 - 3.00187
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Table C.8 : Cylinder domain with quartic potential variation.
Function and derivatives at node 1 (Fig. 2.7) from Fourier series

using fine boundary elements in the region of interest.

Internal No. of ¢ oy o, x ¢,xy ,xx
point terms

Exact: -0.0625 +0.125 -05 +0.75 -3.
(0.52, 0.02) - 0.03357 +0.07 -26 +0.83976 -9.
(0.51, 0.01) 5 - 0.06682 +0.39405 +1.7 +3.6 -0.34
(0.509, 0.009) - 0.06530 +0.37567 +1.5 +3.5 -0.96
(0.508, 0.008) - 0.06428 +0.36283 +1.3 +34 -1.44
(0.52, 0.02) - 0.06241 +0.19855 - 0.56866 +1.05525 - 2.89092
(0.51, 0.01) 6 - 0.06245 +0.19928 - 0.56846 +1.04228 - 2.83605
(0.509, 0.009) - 0.06246 +0.19966 - 0.56472 +1.04734 - 2.83191
(0.508, 0.008) - 0.06247 +0.20019 - 0.55923 +1.05539 - 2.82830
(0.52, 0.02) - 0.06239 +0.16386 - 045354 +0.75118 - 3.16394
(0.51, 0.01) 7 - 0.06245 +0.19724 - 0.56050 +1.02647 - 2.85504
(0.509, 0.009) - 0.06246 +0.20682 - 0.59274 +1.10220 - 2.76449
(0.508, 0.008) - 0.06246 +0.22270 -0.64724 +1.22664 -2.61389
(0.52, 0.02) - 0.06255 +0.02255 -0.43260 +0.46866 - 3.36048
(0.51, 0.01) 8 - 0.06251 +0.08372 - 045128 +0.61780 - 3.24506
(0.509, 0.009) - 0.06251 +0.08877 - 045147 +0.63038 - 3.23601
(0.508, 0.008) - 0.06250 +0.09360 - 045066 +0.64211 - 3.22859
(0.52, 0.02) - 0.06248 +0.14318 - 0.49501 +0.83781 - 2.94584
(0.51, 0.01) 9 - 0.06250 +0.11327 - 0.48083 +0.75090 - 3.04580
(0.509, 0.009) - 0.06250 +0.11380 - 0.48138 +0.75338 - 3.04280
(0.508, 0.008) - 0.06250 +0.11418 - 0.48189 +0.75537 - 3.04042
(0.52, 0.02) - 0.06250 +0.10362 -0.48032 +0.73473 - 3.06456
(0.51, 0.01) 10 - 0.06250 +0.11266 -0.48331 +0.76162 - 3.03149
(0.509, 0.009) - 0.06250 +0.11187 - 0.48379 +0.76404 - 3.02899
(0.508, 0.008) - 0.06250 +0.11001 - 0.48446 +0.76781 - 3.02551
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Table C.8 : Continued.

Internal No. of ¢ oy ,x d,xy ¢,xx
point terms
Exact: -0.0625 +0.125 -05 +0.75 -3.

(0.52, 0.02) - 0.06250 +0.12778 - 0.50166 +0.74888 - 2.99669
(0.51, 0.01) 11 - 0.06250 +0.12253 - 049487 +0.75166 - 3.01054
(0.509, 0.009) - 0.06250 +0.12344 - 0.49604 +0.75104 - 3.00809
(0.508, 0.008) - 0.06250 +0.12401 - 049677 +0.75063 - 3.00659
(0.52, 0.02) - 0.06250 +0.12815 - 0.50269 +0.74962 -2.99431
(0.51, 0.01) 12 - 0.06250 +0.11889 - 049383 +0.75761 - 3.01244
(0.509, 0.009) - 0.06250 +0.12102 - 049584 +0.75543 - 3.00837
(0.508, 0.008) - 0.06250 +0.12214 - 049685 +0.75422 - 3.00633
(0.52, 0.02) - 0.06250 +0.12494 - 049979 +0.75004 - 3.00042
(0.51, 0.01) 13 - 0.06250 +0.12499 - 0.49974 +0.75001 - 3.00052
(0.509, 0.009) - 0.06250 +0.12499 - 0.49974 +0.75000 - 3.00052
(0.508, 0.008) - 0.06250 +0.12499 - 049974 +0.,75000 - 3.00052
(0.52, 0.02) - 0.06250 +0.12497 - 0.50001 +0.75007 - 2.99997
(0.51, 0.01) 14 - 0.06250 +0.12499 - 0.50000 +0.75001 - 3.00001
(0.509, 0.009) - 0.06250 +0.12500 - 0.49999 +0.75000 - 3.00002
(0.508, 0.008) - 0.06250 +0.12500 - 0.49994 +0.75001 - 3.00013
(0.52, 0.02) - 0.06250 +0.12497 - 049948 +0.75002 - 3.00105
(0.51, 0.01) 15 - 0.06250 +0.12499 - 0.49891 +0.75003 -3.00217
(0.509, 0.009) - 0.06250 +0.12497 - 0.49687 +0.75005 - 3.00626
(0.508, 0.008) - 0.06250 +0.12464 - 046144 +0.75064 -3.0713
(0.52, 0.02) - 0.06250 +0.12501 - 0.50015 +0.74991 - 2.99969
(0.51, 0.01) 16 - 0.06250 +0.12503 - 0.50010 +0.74994 - 2.99980
(0.509, 0.009) - 0.06250 +0.12508 - 0.50045 +0.74985 - 2.99911
(0.508, 0.008) - 0.06250 +0.12484 - 049705 +0.75031 - 3.00589
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Table C.9 : Cylinder domain with quintic potential variation.
Function and derivatives at node 1 (Fig. 2.7) from Taylor series

using fine boundary elements in the region of interest.

Internal No. of ¢ (W AY d,x o.xy ¢,xx
point terms

Exact: -0.03125 - 0.31250 - 0.31250 - 2.50000 - 2.50000
(0.52, 0.02) - 0.04328 - 0.10979 +1.19 -3.19 - 1.09613
(0.51, 0.01) 5 - 0.02573 - 0.40068 -2.62 -6.0 -6.7
(0.509, 0.009) - 0.02799 - 0.35415 -2.00 -5.6 -5.7
(0.508, 0.008) - 0.02927 - 0.32585 -1.62 -53 -5.1
(0.52, 0.02) - 0.03083 - 0.15401 +0.19 - 3.03567 - 3.49826
(0.51, 0.01) 6 - 0.03115 - 0.14455 +0.29 -2.81008 - 3.57830
(0.509, 0.009) -0.03117 - 0.14258 +0.31 - 2.77084 - 3.58936
(0.508, 0.008) -0.03118 - 0.14020 +0.33 - 2.72477 - 3.60136
(0.52, 0.02) - 0.03089 - 0.066 -0.11750 -2.17708 - 2.74045
(0.51, 0.01) 7 - 0.03106 - 0.059 - 0.55366 - 1.1 -15
(0.509, 0.009) - 0.03106 +0.100 - 0.70488 -0.7 -1.1
(0.508, 0.008) - 0.03106 +0.170 - 0.96426 -0.1 -04
(0.52, 0.02) -0.03141 -0.52047 -0.09 - 3.30329 - 3.48758
(0.51, 0.01) 8 - 0.03126 - 0.36820 -0.17174 -2.77190 - 3.07190
(0.509, 0.009) - 0.03126 - 0.36012 - 0.17593 -2.74284 - 3.04757
(0.508, 0.008) - 0.03126 - 0.35265 -0.17752 -2.71751 - 3.02826
(0.52, 0.02) - 0.03095 +0.19 - 041204 -0.90 -098
(0.51, 0.01) 9 - 0.03126 - 0.35248 - 0.18861 - 2.69863 - 2.96086
(0.509, 0.009) -0.03125 - 0.33612 - 0.20696 - 2.62264 - 2.85451
(0.508, 0.008) -0.03125 - 0.32629 -0.22075 - 2.57269 - 2.77968
(0.52, 0.02) - 0.03126 - 0.38842 - 0.24253 - 2.54553 - 2.72210
(0.51, 0.01) 10 - 0.03125 - 0.35861 - 0.25373 -2.45318 - 2.60807
(0.509, 0.009) -0.03125 -0.36100 - 0.25605 - 244529 - 2.59830
(0.508, 0.008) - 0.03125 - 0.36657 - 0.25933 -243351 -2.58476
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Table C.9 : Continued.

Internal No. of ¢ ¢,y d,x d,xy ,xX
point terms

Exact: -0.03125 -0.31250 - 0.31250 - 2.50000 - 2.50000
(0.52, 0.02) - 0.03125 - 0.31250 - 0.31250 - 2.50000 - 2.50000
(0.51, 0.01) 11 - 0.03125 - 0.31250 - 0.31250 - 2.50000 - 2.50000
(0.509, 0.009) - 0.03125 - 0.31250 - 031250 - 2.50000 - 2.50000
(0.508, 0.008) - 0.03125 - 0.31250 - 0.31250 - 2.50000 - 2.50000
(0.52, 0.02) - 0.03125 - 0.31250 - 0.31250 - 2.50000 - 2.50000
(0.51, 0.01) 12 - 0.03125 - 0.31250 - 0.31250 - 2.50000 - 2.50000
(0.509, 0.009) - 0.03125 - 0.31250 - 031250 - 2.50000 - 2.50000
(0.508, 0.008) - 0.03125 -0.31250 - 031250 - 2.50000 - 2.50000
(0.52, 0.02) - 0.03125 -0.31250 - 0.31250 - 2.50000 - 2.50000
(0.51, 0.01) 13 - 0.03125 - 0.31250 -0.31250 - 2.50000 - 2.50000
(0.509, 0.009) - 0.03125 - 0.31250 - 0.31250 - 2.50000 - 2.50000
(0.508, 0.008) - 0.03125 - 0.31250 - 0.31250 - 2.50000 - 2,50000
(0.52, 0.02) - 0.03125 -0.31250 - 0.31250 - 2.50000 - 2.50000
(0.51, 0.01) 14 - 0.03125 - 0.31250 - 0.31251 - 2.50000 - 2.50000
(0.509, 0.009) - 0.03125 - 0.31250 - 0.31250 - 2.50000 - 2.50000
(0.508, 0.008) - 0.03125 - 0.31250 -0.31249 - 2.50000 - 2.50003
(0.52, 0.02) - 0.03125 - 0.31250 - 0.31250 - 2.50000 - 2.50000
(0.51, 0.01) 15 - 0.03125 -0.31250 - 031241 - 2.50000 -2.50018
(0.509, 0.009) - 0.03125 - 0.31250 -0.31241 - 2.50000 -2.50017
(0.508, 0.008) - 0.03125 -0.31248 -0.31447 - 2.50003 - 2.49605
(0.52, 0.02) - 0.03125 -0.31250 -0.31250 - 2.50000 - 2.50000
(0.51, 0.01) 16 - 0.03125 - 0.31250 - 0.31250 - 2.50001 - 2.50000
(0.509, 0.009) - 0.03125 - 0.31250 -0.31234 - 2.50000 -2.50031
(0.508, 0.008) - 0.03125 - 0.31252 -0.31198 - 249997 - 2.50104
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Table C.10 : Cylinder domain with quintic potential variation.
Function and derivatives at node 1 (Fig. 2.7) from Fourier series
using fine boundary elements in the region of interest.

Internal No. of ¢ 0.y ¢.x ¢.xy ¢,xx
point terms

Exact: -0.03125 -0.31250 - 0.31250 - 2.50000 - 2.50000
0.52, 0.02) - 0.03451 - 0.15593 +0.62 -340 -3.10
(0.51, 0.01) 5 - 0.03041 - 0.19476 +0.10 - 3.58 -447
(0.509, 0.009) - 0.03066 -0.19149 +0.14 -3.54 -440
(0.508, 0.008) - 0.03084 - 0.18893 +0.17 -3.50 -4.35
(0.52, 0.02) - 0.03076 - 0.17262 +0.35 -343 -3.90
(0.51, 0.01) 6 - 0.03115 -0.16175 +0.49 -3.14 -4.04
(0.509, 0.009) - 0.03117 -0.15970 +0.51 -3.10 -4.06
(0.508, 0.008) - 0.03119 -0.15730 +0.54 -3.05 -4.08
(0.52, 0.02) - 0.03083 -0.03 -0.11226 - 2.19624 -2.79624
(0.51, 0.01) 7 - 0.03103 - 0.12452 - 0.62435 -093 -1.38
(0.509, 0.009) - 0.03103 +0.18 - 0.80025 -0.53 -091
(0.508, 0.008) - 0.03103 +0.26 - 1.10 +1.42 -0.09
(0.52, 0.02) - 0.03138 - 0.50797 -0.042 -3.15 -346
(0.51, 0.01) 8 - 0.03126 - 0.37969 - 0.13922 - 2.74448 -3.12
(0.509, 0.009) - 0.03126 -0.37198 - 0.14500 -2.71837 -3.09
(0.508, 0.008) - 0.03126 -0.36470 -0.14831 - 2.69525 -3.07
(0.52, 0.02) - 0.03087 +0.36 - 049072 - 049 -0.48
(0.51, 0.01) 9 - 0.03126 -0.37359 - 0.14532 -2.71703 -3.08
(0.509, 0.009) - 0.03126 - 0.35467 - 0.16569 - 2.63333 -296
(0.508, 0.008) - 0.03125 -0.34314 -0.18103 - 2.57661 - 2.87548
0.52, 0.02) - 0.03127 - 0.44512 - 0.19199 -2.58873 -2.89038
(0.51, 0.01) 10 - 0.03125 - 0.39011 - 0.21281 -2.42490 - 2.68510
(0.509, 0.009) - 0.03125 - 0.39518 - 0.21600 - 240991 - 2.66938
(0.508, 0.008) - 0.03125 - 0.40697 - 0.22043 - 2.38642 -2.64747
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Table C.10 : Continued.

Internal No. of ¢ oy ¢,x ¢, xy o,xx
point terms

Exact: -0.03125 - 0.31250 -0.31250 - 2.50000 - 2.50000
(0.52, 0.02) - 0.03125 - 0.30232 -0.31813 - 2.50508 -2.48917
(0.51, 0.01) 11 - 0.03125 -0.32072 -0.29413 - 2.49500 -2.53776
(0.509, 0.009) - 0.03125 -0.31750 - 0.29826 -249717 -2.52916
(0.508, 0.008) - 0.03125 - 0.31553 - 030078 - 2.49859 -2.52390
(0.52, 0.02) - 0.03125 - 0.30021 - 0.32390 -2.50092 - 2.47583
(0.51, 0.01) 12 - 0.03125 -0.33474 -0.29013 - 247207 - 2.54506
(0.509, 0.009) -0.03125 - 0.32687 - 0.29745 - 248017 - 2.53023
(0.508, 0.008) - 0.03125 - 0.32276 - 0.30109 - 248469 - 2.52286
(0.52, 0.02) - 0.03125 -0.31211 - 031315 - 2.49936 - 2.49846
(0.51, 0.01) 13 - 0.03125 - 0.31248 -0.31171 - 2.49982 -2.50155
(0.509, 0.009) - 0.03125 - 0.31250 -0.31158 - 249983 -2.50182
(0.508, 0.008) - 0.03125 -0.31254 -0.31146 - 2.49981 - 2.50207
(0.52, 0.02) -0.03125 - 0.31267 - 0.30847 - 2.50005 -2.50814
(0.51, 0.01) 14 - 0.03125 -0.31257 - 0.30926 - 249988 - 2.50648
(0.509, 0.009) - 0.03125 - 0.31256 - 0.30929 - 2.49989 - 2.50641
(0.508, 0.008) - 0.03125 -0.31256 - 0.30926 - 249988 - 2.50648
(0.52, 0.02) - 0.03125 - 0.31265 - 0.31038 -2.49988 - 2.50425
(0.51, 0.01) 15 - 0.03125 -0.31258 - 0.30825 - 249987 - 2.50849
(0.509, 0.009) - 0.03125 -0.31261 - 0.30336 - 2.49980 -2.51828
(0.508, 0.008) - 0.03125 -0.31306 - 0.25603 - 249901 - 2.61293
(0.52, 0.02) - 0.03125 -0.31234 - 0.31297 -2.50033 - 2.49906
(0.51, 0.01) 16 - 0.03125 -0.31239 -0.31289 - 2.50021 - 2.49922
(0.509, 0.009) - 0.03125 -0.31289 - 0.31420 - 2.50042 - 2.49660
(0.508, 0.008) - 0.03125 -0.31276 - 0.30769 - 249949 - 2.50962
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Table C.11 : Cylinder domain with hyperbolic potential variation.

using fine boundary elements in the region of interest.

Function and derivatives at node 1 (Fig. 2.7) from Taylor series

Internal No. of ¢ oy 0. x ¢,xy ¢,xx
point terms

Exact: +0.87758 0. - 047943 0. - 0.87758
(0.52, 0.02) +0.87768 - 0.00413 - 048152 - 0.01809 - 0.90863
(0.51, 0.01) 5 +0.87756 - 0.00211 - 045490 +0.00315 - 0.87265
(0.509, 0.009) +0.87756 - 0.00242 - 045907 +0.00018 - 0.87905
(0.508, 0.008) +0.87757 - 0.00261 - 046161 - 0.00158 - 0.88305
(0.52, 0.02) +0.87758 - 0.00379 - 047377 - 0.01927 - 0.88989
(0.51, 0.01) 6 +0.87758 - 0.00375 - 047357 -0.01732 - 0.89232
(0.509, 0.009) +0.87758 - 0.00376 - 047370 -0.01742 - 0.89253
(0.508, 0.008) +0.87758 - 0.00378 - 047391 - 0.01767 -0.89273
(0.52, 0.02) +0.87759 - 0.00185 - 048054 - 0.00047 -0.87330
(0.51, 0.01) 7 +0.87758 - 0.00298 - 047679 -0.01064 - 0.88447
(0.509, 0.009) +0.87758 - 0.00331 - 047562 - 0.01350 - 0.88782
(0.508, 0.008) +0.87758 - 0.00385 - 047364 -0.01822 - 0.89341
(0.52, 0.02) +0.87759 +0.00410 - 0.48093 +0.01397 - 0.86372
0.51, 0.01) 8 +0.87758 +0.00110 -0.48043 +0.00573 - 0.86963
(0.509, 0.009) +0.87758 +0.00090 - 048046 +0.00520 - 0.86998
(0.508, 0.008) +0.87758 +0.00072 - 048052 +0.00471 - 0.87025
(0.52, 0.02) +0.87758 +0.00081 - 047945 +0.00301 - 0.87515
(0.51, 0.01) 9 +0.87758 - 0.00019 - 047905 - 0.00025 - 0.87869
(0.509, 0.009) +0.87758 - 0.00016 - 047908 - 0.00012 - 0.87852
(0.508, 0.008) +0.87758 - 0.00014 - 047911 - 0.00003 - 0.87839
(0.52, 0.02) +0.87758 - 0.00033 - 047912 - 0.00021 - 0.87856
(0.51, 0.01) 10 +0.87758 - 0.00020 - 047917 +0.00019 - 0.87806
(0.509, 0.009) +0.87758 - 0.00021 -047918 +0.00023 - 0.87802
(0.508, 0.008) +0.87758 - 0.00023 - 047919 +0.00028 - 0.87796
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Table C.11 : Continued.

Internal No. of ¢ b,y ¢,x ¢,xy ¢,xx
point terms

Exact: +0.87758 0. - 047943 0. - 0.87758
(0.52, 0.02) +0.87758 +0.00001 - 047943 - 0.00001 - 0.87758
(0.51, 0.01) 11 +0.87758 - 0.00001 - 047941 - 0.00000 - 0.87761
(0.509, 0.009) +0.87758 - 0.00000 - 047942 - 0.00000 - 0.87761
(0.508.0.008) +0.87758 - 0.00000 - 047942 - 0.00000 - 0.87760
(0.52, 0.02) +0.87758 +0.00001 - 047944 - 0.00000 - 0.87755
(0.51, 0.01) 12 +0.87758 - 0.00005 - 047939 +0.00007 - 0.87765
(0.509, 0.009) +0.87758 - 0.00004 - 047941 +0.00006 - 0.87762
(0.508.0.008) +0.87758 - 0.00002 -0.47942 +0.00003 - 0.87760
(0.52, 0.02) +0.87758 - 0.00000 -0.47943 - 0.00000 - 0.87758
(0.51, 0.01) 13 +0.87758 - 0.00001 - 047943 +0.00002 - 0.87757
(0.509, 0.009) +0.87758 - 0.00001 -0.47943 +0.00002 - 0.87757
(0.508.0.008) +0.87758 - 0.00000 -0.47943 +0.00001 - 0.87757
(0.52, 0.02) +0.87758 +0.00000 -0.47944 +0.00000 - 0.87756
(0.51, 0.01) 14 +0.87758 - 0.00001 -0.47930 +0.00001 - 0.87783
(0.509, 0.009) +0.87758 - 0.00001 - 047936 +0.00002 - 0.87771
(0.508.0.008) +0.87758 - 0.00000 - 047975 +0.00002 - 0.87693
(0.52, 0.02) +0.87758 +0.00000 - 047941 - 0.00000 - 0.87761
(0.51, 0.01) 15 +0.87758 +0.00001 - 0.48168 - 0.00001 - 0.87307
(0.509, 0.009) +0.87758 +0.00000 - 048150 - 0.00000 - 0.87343
(0.508.0.008) +0.87758 - 0.00043 - 0.42899 +0.00077 - 0.97845
(0.52, 0.02) +0.87758 +0.00000 - 047943 - 0.00000 - 0.87758
(0.51, 0.01) 16 +0.87758 - 0.00008 -0.47942 +0.00016 - 0.87759
(0.509, 0.009) +0.87758 +0.00006 - 0.48338 - 0.00010 - 0.86968
(0.508.0.008) +0.87758 +0.00046 - 049278 - 0.00089 - 0.85088
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Table C.12 : Cylinder domain with hyperbolic potential variation.

Function and derivatives at node 1 (Fig. 2.7) from Fourier series

using fine boundary elements in the region of interest.

Internal No. of ¢ o,y ¢, x ,xy o,xx
point terms

Exact: +0.87758 0. - 047943 0. -0.87758
(0.52, 0.02) +0.87981 - 0.01327 - 0.62298 - 0.05522 -1.39
(0.51, 0.01) 5 +0.87725 +0.01171 - 0.28468 +0.16300 - 0.72841
(0.509, 0.009) +0.87736 +0.01032 - 0.30463 +0.15371 - 0.77650
(0.508, 0.008) +0.87744 +0.00935 - 0.31888 +0.14809 - 0.81338
(0.52, 0.02) +0.87759 - 0.00339 - 046448 - 0.03864 -0.91437
(0.51, 0.01) 6 +0.87758 -0.00314 - 046235 -0.03197 -0.91851
(0.509, 0.009) +0.87758 - 0.00311 - 046222 -0.03142 - 0.91893
(0.508, 0.008) +0.87758 - 0.00309 - 046214 - 0.03095 -0.91934
(0.52, 0.02) +0.87759 +0.00103 - 047912 +0.00004 - 0.87964
(0.51, 0.01) 7 +0.87758 +0.00170 - 048116 +0.00054 - 0.87361
(0.509, 0.009) +0.87758 +0.00189 - 048180 +0.00692 - 0.87181
(0.508, 0.008) +0.87758 +0.00221 -0.48288 +0.00942 - 0.86879
(0.52, 0.02) +0.87758 - 0.00185 - 047870 - 0.00571 - 0.88364
(0.51, 0.01) 8 +0.87758 - 0.00060 - 0.47896 - 0.00285 - 0.88149
(0.509, 0.009) +0.87758 - 0.00050 - 047894 - 0.00261 -0.88134
(0.508, 0.008) +0.87758 - 0.00040 - 0.47891 - 0.00240 - 0.88122
(0.52, 0.02) +0.87758 - 0.00088 - 0.47920 - 0.00273 - 0.88029
(0.51, 0.01) 9 +0.87758 +0.00010 - 047965 +0.00028 - 0.87681
(0.509, 0.009) +0.87758 +0.00007 - 047962 +0.00017 - 0.87697
(0.508, 0.008) +0.87758 +0.00005 - 047960 +0.00009 - 0.87709
(0.52, 0.02) +0.87758 +0.00021 - 047960 +0.00010 - 0.87704
(0.51, 0.01) 10 +0.87758 +0.00012 - 0.47955 - 0.00013 -0.87736
(0.509, 0.009) +0.87758 +0.00013 - 0.47955 - 0.00015 -0.87738
(0.508, 0.008) +0.87758 +0.00015 -0.47954 - 0.00019 -0.87742
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Table C.12 : Continued.

Internal No. of (0] oy 0,x o, xy d,xx
point terms

Exact: +0.87758 0. - 047943 0. - 0.87758
(0.52, 0.02) +0.87758 +0.00002 - 047944 - 0.00001 - 0.87757
(0.51, 0.01) 11 +0.87758 - 0.00001 - 047940 +0.00000 -0.87764
(0.509, 0.009) +0.87758 - 0.00001 - 047940 +0.00000 - 0.87763
(0.508.0.008) +0.87758 - 0.00000 - 047941 - 0.00000 - 0.87762
(0.52, 0.02) +0.87758 +0.00002 - 047945 - 0.00000 - 0.87753
(0.51, 0.01) 12 +0.87758 - 0.00006 - 047938 +0.00008 - 0.87767
(0.509, 0.009) +0.87758 - 0.00005 - 047940 +0.00008 - 0.87763
(0.508.0.008) +0.87758 - 0.00003 - 047941 +0.00004 - 0.87761
(0.52, 0.02) +0.87758 - 0.00000 - 047943 +0.00000 - 0.87757
(0.51, 0.01) 13 +0.87758 - 0.00001 - 047944 +0.00002 - 0.87756
(0.509, 0.009) +0.87758 - 0.00001 - 047944 +0.00002 -0.87756
(0.508.0.008) +0.87758 - 0.00000 - 047943 +0.00001 - 0.87757
(0.52, 0.02) +0.87758 +0.00000 - 047944 +0.00000 - 0.87755
(0.51, 0.01) 14 +0.87758 - 0.00001 - 047937 +0.00001 -0.87770
(0.509, 0.009) +0.87758 - 0.00001 - 047940 +0.00002 -0.87763
(0.508.0.008) +0.87758 - 0.00000 - 047962 +0.00001 -0.87719
(0.52, 0.02) +0.87758 +0.00000 - 047941 - 0.00000 -0.87761
(0.51, 0.01) 15 +0.87758 +0.00001 - 048172 - 0.00001 - 0.87300
(0.509, 0.009) +0.87758 +0.00001 - 048147 - 0.00001 - 0.87350
(0.508.0.008) +0.87758 +0.00064 - 0.54842 -0.00112 -0.73960
(0.52, 0.02) +0.87758 +0.00000 - 047944 - 0.00001 - 0.87755
(0.51, 0.01) 16 +0.87758 - 0.00009 - 047931 +0.00017 - 0.87781
(0.509, 0.009) +0.87758 +0.00006 - 048336 - 0.00012 -0.86972
(0.508.0.008) +0.87758 +0.00030 - 049064 - 0.00058 -0.85516
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Table C.13 : Cylinder domain with logarithmic potential variation.

Function and derivatives at node 1 (Fig. 2.7) from Taylor series

using fine boundary elements in the region of interest.

Internal No. of o oy o.x o,xy $,xx
point terms

Exact: - 0.69315 0. +2. 0. -4,
(0.52, 0.02) - 0.68369 +0.05456 +1.58708 - 0.01270 - 6.36
(0.51, 0.01) 5 - 0.69636 +0.25327 +4.19 +2.0 -2.7
(0.509, 0.009) - 0.69493 +0.22293 +3.79 +1.8 - 3.40269
(0.508, 0.008) - 0.69415 +0.20479 +3.55 +1.6 - 3.80089
(0.52, 0.02) - 0.69263 +0.08631 +2.30025 -0.12177 -4.63045
(0.51, 0.01) 6 - 0.69303 +0.09585 +2.40900 +0.07966 - 4.65598
(0.509, 0.009) - 0.69305 +0.09778 +2.42730 +0.11524 -4.66014
(0.508, 0.008) - 0.69307 +0.10012 +2.44901 +0.15784 - 4.66520
(0.52, 0.02) - 0.69268 +0.17285 +1.99779 +0.71777 - 3.88944
(0.51, 0.01) 7 - 0.69296 +0.25343 +1.75465 +1.44 -3.06112
(0.509, 0.009) - 0.69297 +0.28698 +1.63610 +1.73 -2.71788
(0.508, 0.008) - 0.69297 +0.34549 +1.42218 +2.24 -2.11571
(0.52, 0.02) - 0.69320 -0.28844 +2.02791 - 040196 -4.63228
(0.51, 0.01) 8 - 0.69317 -0.18030 +2.14210 - 0.30592 - 4.64079
(0.509, 0.009) - 0.69316 - 0.16390 +2.15409 - 0.27264 - 4.62896
(0.508, 0.008) - 0.69316 -0.14812 +2.16587 - 0.23739 -4.61619
(0.52, 0.02) - 0.69389 - 137 +2.51301 -4, - 8.
(0.51, 0.01) 9 - 0.69313 +0.00254 +1.94587 +0.54660 - 3.34885
(0.509, 0.009) - 0.69314 - 0.03950 +1.99327 +0.35034 - 3.62833
(0.508, 0.008) - 0.69315 - 0.63834 +2.02764 +0.22573 - 3.82124
(0.52, 0.02) - 0.69315 +0.02613 +2.10670 - 0.04485 -4.19973
(0.51, 0.01) 10 - 0.69315 +0.01753 +2.10527 - 0.05417 -4.21235
(0.509, 0.009) - 0.69315 +0.01694 +2.10463 - 0.05197 - 4.20954
(0.508, 0.008) - 0.69315 +0.01552 +2.10366 - 0.04847 - 4.20527
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Table C.13 :"Continued.

Internal No. of ¢ WY ¢,x ¢,xy ¢,xx
point terms
Exact: - 0.69315 0. +2, 0. -4,

(0.52, 0.02) - 0.69315 - 0.00755 +2.13775 - 0.06505 - 4.29828
(0.51, 0.01) 11 - 0.69315 +0.02910 +2.09052 - 0.06592 -4.18521
(0.509, 0.009) - 0.69315 +0.02764 +2.09218 - 0.06403 -4.18786
(0.508, 0.008) - 0.69315 +0.02766 +2.09171 - 0.06341 -4.18623
(0.52, 0.02) - 0.69314 +0.01911 +2.05866 -0.01019 -4.11685
(0.51, 0.01) 12 - 0.69315 - 0.04915 +2.12338 +0.05812 -4.24776
(0.509, 0.009) - 0.69315 - 0.03063 +2.10394 +0.03920 - 4.20839
(0.508, 0.008) - 0.69315 - 0.02158 +2.09440 +0.02975 - 4.18907
(0.52, 0.02) - 0.69315 - 0.00126 +2.08490 - 0.00835 -4.17144
(0.51, 0.01) 13 - 0.69315 +0.00188 +2.07636 - 0.00550 - 4,15294
(0.509, 0.009) - 0.69315 +0.00206 +2.07569 - 0.00540 -4,15154
(0.508, 0.008) - 0.69315 +0.00217 +2.07505 - 0.00524 -4.15023
(0.52, 0.02) - 0.69315 +0.00298 +2.01818 +0.00132 - 4.03467
(0.51, 0.01) 14 - 0.69315 +0.00245 +2.04392 - 0.00470 -4.08787
(0.509, 0.009) - 0.69315 +0.00238 +2.04588 - 0.00464 -4.09180
(0.508, 0.008) - 0.69315 +0.00227 +2.04806 - 0.00448 -4.09615
(0.52, 0.02) - 0.69315 +0.00283 +2.08155 - 0.00495 -4.16316
(0.51, 0.01) 15 - 0.69315 +0.00255 +2.02929 - 0.00481 - 4,05861
(0.509, 0.009) - 0.69315 +0.00290 +1.97956 - 0.00544 - 3.95916
(0.508, 0.008) - 0.69315 +0.00579 +1.63300 - 0.01062 - 3.26606
(0.52, 0.02) - 0.69315 +0.00179 +2.08765 - 0.00356 -4.17541
(0.51, 0.01) 16 - 0.69315 - 0.00007 +2.09708 +0.00016 -4.19418
(0.509, 0.009) - 0.69315 - 0.00043 +2.10353 +0.00087 - 4.20706
(0.508, 0.008) - 0.69315 - 0.00093 +2.11415 +0.00185 -4.22829
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Table C.14 : Cylinder domain with logarithmic potential variation.

Function and derivatives at node 1 (Fig. 2.7) from Fourier series
using fine boundary elements in the region of interest.

Internal No. of ¢ oy ¢,x o,xy d,xx
point terms

Exact: -0.69315 0. +2, 0. -4,
(0.52, 0.02) - 0.63925 -0.17863 -1.32 - 0.96711 - 16.
(0.51, 0.01) 5 - 0.70091 +0.42103 +7.8 +4.3 -0.7
(0.509, 0.009) - 0.69816 +0.38788 +6.4 +4.1 -1.8
(0.508, 0.008) - 0.69632 +0.36489 +6.0 +4.0 -2.7
(0.52, 0.02) - 0.69254 +0.05868 +2.48222 - 0.56891 -5.08
(0.51, 0.01) 6 - 0.69304 +0.07015 +2.62714 - 029375 -5.18
(0.509, 0.009) - 0.69306 +0.07221 +2.64948 - 025192 -5.19
(0.508, 0.008) - 0.69308 +0.07462 +2.67515 - 0.20409 -5.20
(0.52, 0.02) - 0.69262 +0.20443 +1.99859 +0.70858 - 3.94240
(0.51, 0.01) 7 - 0.69293 +0.31165 +1.68747 +1.57 -293
(0.509, 0.009) - 0.69294 +0.35425 +1.54590 +1.91 -2.53
(0.508, 0.008) - 0.69294 +0.42847 +1.29150 +2.49 -1.83
(0.52, 0.02) - 0.69317 - 0.27566 +2.06975 -25 -4.61012
(0.51, 0.01) 8 - 0.69317 - 0.19961 +2.17939 -2.7 -4.68962
(0.509, 0.009) - 0.69316 - 0.18341 +2.18933 -24 - 4.67998
(0.508, 0.008) - 0.69316 - 0.16745 +2.19892 -2.1 - 4.66825
(0.52, 0.02) - 0.69389 -1.49 +2.69991 -4, -9.
(0.51, 0.01) 9 - 0.69313 - 0.02588 +2.00562 +0.51527 - 3.51799
(0.509, 0.009) - 0.69314 - 0.06526 +2.04813 +0.34038 - 3.76802
(0.508, 0.008) - 0.69315 - 0.08790 +2.07821 +0.22805 -3.94102
(0.52, 0.02) - 0.69315 +0.01029 +2.14171 - 0.05983 -4.28341
(0.51, 0.01) 10 - 0.69315 +0.00593 +2.13564 - 0.04747 -4.26912
(0.509, 0.009) - 0.69315 +0.00410 +2.13426 - 0.04214 -4.26317
(0.508, 0.008) - 0.69315 - 0.00015 +2.13237 - 0.03340 -4.25446
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Table C.14 : Continued.

Internal No. of ¢ oy ¢.x ¢,xy o,xx
point terms

Exact: -0.69315 0. +2. 0. -4,
(0.52, 0.02) - 0.69315 -0.01611 +2.16502 - 0.07530 -4.35758
(0.51, 0.01) 11 - 0.69315 +0.03649 +2.09982 - 0.07835 -4.20422
(0.509, 0.009) - 0.69315 +0.03367 +2.10296 - 0.07535 -4.20981
(0.508, 0.008) - 0.69315 +0.03294 +2.10330 - 0.07399 -4.20974
(0.52, 0.02) - 0.69315 +0.01522 +2.07933 -0.01362 -4.15948
(0.51, 0.01) 12 - 0.69315 - 0.03676 +2.12072 +0.04149 -4.24237
(0.509, 0.009) - 0.69315 - 0.02409 +2.10795 +0.02933 -4.21641
(0.508, 0.008) - 0.69315 - 0.01747 +2.10109 +0.02295 - 4.20249
(0.52, 0.02) - 0.69315 - 0.00282 +2.09561 - 0.01125 -4.19380
(0.51, 0.01) 13 - 0.69315 +0.00193 +2.08321 - 0.00675 -4.16675
(0.509, 0.009) - 0.69315 +0.00227 +2.08204 - 0.00671 -4.16433
(0.508, 0.008) - 0.69315 +0.00251 +2.08084 - 0.00659 -4.16186
(0.52, 0.02) - 0.69315 +0.00382 +2.03942 - 0.00296 -4.07786
(0.51, 0.01) 14 - 0.69315 +0.00308 +2.05248 - 0.00604 -4.10500
(0.509, 0.009) - 0.69315 +0.00302 +2.05329 - 0.00597 - 4.10664
(0.508, 0.008) - 0.69315 +0.00283 +2.05466 - 0.00565 -4.10937
(0.52, 0.02) - 0.69315 +0.00355 +2.07770 - 0.00641 -4.15547
(0.51, 0.01) 15 - 0.69315 +0.00335 +2.02021 - 0.00639 -4.04046
(0.509, 0.009) - 0.69315 +0.00360 +1.99068 - 0.00690 -3.98140
(0.508, 0.008) ~0.69315 - 0.00719 +3.13162 +0.01210 -6.26
(0.52, 0.02) - 0.69315 +0.00221 +2.08896 - 0.00446 -4.17803
(0.51, 0.01) 16 - 0.69315 +0.00030 +2.09743 - 0.00059 -4.19488
(0.509, 0.009) - 0.69315 +0.00039 +2.09707 - 0.00078 -4.19414
(0.508, 0.008) - 0.69315 - 0.00135 +2.12508 +0.00267 -4.25015
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Table C.15: Cylinder domain with radial potential variation.
Function and derivatives at node 1 (Fig. 2.7) from Taylor series
using fine boundary elements in the region of interest.

Internal No. of ¢ b,y o, x é,xy b,xx
point terms

Exact: +6. 0. - 8.65617 0. +17.31234
(0.52, 0.02) +5.95917 - 0.23775 - 6.88372 +0.05059 +27.50
(0.51, 0.01) 5 +6.01386 - 1.1 - 18. - 9. +12.03
(0.509, 0.009) +6.00770 - 0.96 - 16. - 8. +14.76
(0.508, 0.008) +6.00431 -0.89 - 15. -7, +16.47438
(0.52, 0.02) +5.99775 -0.37477 -9.96151 +0.52133 +20.05380
(0.51, 0.01) 6 +5.99949 - 0.41608 - 10.43250 - 0.35040 +20.16329
(0.509, 0.009) +5.99958 - 0.42443 - 10.51181 - 0.50450 +20.18121
(0.508, 0.008) +5.99966 - 0.43460 - 10.60588 - 0.68897 +20.20305
(0.52, 0.02) +5.99799 - 0.74904 - 8.65332 -3.1 +16.84888
(0.51, 0.01) 7 +5.99918 - 11 -7.60 -6.2 +13.26
(0.509, 0.009) +5.99922 -12 -7.09 -1.5 +11.78
(0.508, 0.008) +5.99923 -15 -6.16 -9.7 +9.17
(0.52, 0.02) +6.00023 +1.3 - 8.78392 +1.8 +20.06978
(0.51, 0.01) 8 +6.00009 +0.78135 -9.27975 +1.3 +20.10651
(0.509, 0.009) +6.00006 +0.71020 -9.33182 +1.2 +20.05524
(0.508, 0.008) +6.00005 +0.64171 - 9.38299 +1.0 +19.99991
(0.52, 0.02) +6.00320 +5.9 -10.89 +17. +36.
(0.51, 0.01) 9 +5.99993 - 0.01226 - 8.42799 -24 +14.50
(0.509, 0.009) +5.99997 +0.17028 - 8.63379 -15 +15.71222
(0.508, 0.008) +5.99999 +0.27592 - 8.78302 -0.98 +16.54982
(0.52, 0.02) +6.00000 -0.11619 -9.12602 +0.19204 +18.18866
(0.51, 0.01) 10 +6.00000 -0.07734 -9.12010 +0.23605 +18.24800
(0.509, 0.009) +6.00000 -0.07484 -9.11739 +0.22674 +18.23615
(0.508, 0.008) +6.00000 - 0.06877 -9.11325 +0.21189 +18.21804
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Table C.15 : Continued.

Internal No. of ¢ 0.y b, x o, xy ¢,xx
point terms

Exact: +6. 0. - 8.65617 0. +17.31234
(0.52, 0.02) +6.00002 +0.03390 - 9.26433 +0.28204 +18.62773
(0.51, 0.01) 11 +6.00000 - 0.12736 -9.05635 +0.28684 +18.13078
(0.509, 0.009) +6.00000 - 0.12058 -9.06416 +0.27833 +18.14346
(0.508.0.008) +6.00000 - 0.12044 - 9.06245 +0.27542 +18.13706
(0.52, 0.02) +5.99988 - 0.08180 - 8.92113 +0.04395 +17.84038
(0.51, 0.01) 12 +6.00000 +0.21138 - 9.19859 - 0.25006 +18.40153
(0.509, 0.009) +6.00000 +0.13178 -9.11509 -0.16873 +18.23236
(0.508.0.008) +6.00000 +0.09299 -9.07409 -0.12829 +18.14939
(0.52, 0.02) +6.00000 +0.00530 - 9.03331 +0.03608 +18.07375
(0.51, 0.01) 13 +6.00000 - 0.00787 - 8.99660 +0.02325 +17.99417
(0.509, 0.009) +6.00000 - 0.00864 - 8.99372 +0.02283 +17.98818
(0.508.0.008) +6.00000 - 0.00906 - 8.99098 +0.02204 +17.98249
(0.52, 0.02) +6.00000 - 0.01247 - 8.75397 - 0.00441 +17.50113
(0.51, 0.01) 14 +6.00000 -0.01031 - 8.85734 +0.01978 +17.71484
(0.509, 0.009) +6.00000 - 0.01002 - 8.86563 +0.01958 +17.73143
(0.508.0.008) +6.00000 - 0.00948 - 8.87669 +0.01883 +17.75354
(0.52, 0.02) +6.00000 -0.01187 - 9.00909 +0.02083 +18.01846
(0.51, 0.01) 15 +6.00000 - 0.01066 - 8.80508 +0.02019 +17.61029
(0.509, 0.009) +6.00000 -0.01228 - 8.57711 +0.02304 +17.15437
(0.508.0.008) +6.00000 - 0.02675 -6.84 +0.04890 +13.69
(0.52, 0.02) +6.00000 - 0.00759 - 9.03413 +0.01516 +18.06876
(0.51, 0.01) 16 +6.00000 - 0.00070 - 9.06294 +0.00129 +18.12594
(0.509, 0.009) +6.00000 +0.00235 -9.12160 - 0.00465 +18.24323
(0.508.0.008) +6.00000 +0.00640 - 9.21547 - 0.01255 +18.43090
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Table C.16 : Cylinder domain with radial potential variation.
Function and derivatives at node 1 (Fig. 2.7) from Fourier series

using fine boundary elements in the region of interest.

Internal No. of o oy 6.x ¢,xy ¢,xx
point terms

Exact: +6. 0. - 8.65617 0. +17.31234
(0.52, 0.02) +5.75950 +0.81 +6. +4. +73.
(0.51, 0.01) 5 +6.03467 - 1.87 - 30. - 19. + 3.
(0.509, 0.009) +6.02239 -1.72 - 28. - 183 + 8.
(0.508, 0.008) +6.01419 - 1.62 -27. -17.7 +12.
(0.52, 0.02) +5.99736 - 0.24988 - 10.79158 +2.6 +22.15
(0.51, 0.01) 6 +5.99952 - 0.30039 - 11.42600 +1.4 +22.53
(0.509, 0.009) +5.99962 - 0.30940 - 11.52344 +1.2 +22.58
(0.508, 0.008) +5.99970 - 0.31994 - 11.63528 +1.0 +22.65
(0.52, 0.02) +5.99769 - 0.89228 - 8.65986 -3.1 +17.09234
(0.51, 0.01) 7 +5.99905 - 136 -7.30 -6.9 +12.68
(0.509, 0.009) +5.99910 - 1.55 -6.68 -83 +10.94
(0.508, 0.008) +5.99911 - 1.87 -5.57 - 11, + 7.88
(0.52, 0.02) +6.00012 +1.21 - 897101 +1.1 +20.01204
(0.51, 0.01) 8 +6.00009 +0.87 - 944519 +1.2 +20.34353
(0.509, 0.009) +6.00006 +0.80 - 9.48839 +1.1 +20.30079
(0.508, 0.008) +6.00005 +0.73 -9.53020 +0.9 +20.24919
(0.52, 0.02) +6.00322 +6.5 - 11.70375 +17. +38.17
(0.51, 0.01) 9 +5.99994 +0.11100 - 8.68702 -22 +15.23148
(0.509, 0.009) +5.99998 +0.28203 - 8.87165 -15 +16.31748
(0.508, 0.008) +6.00000 +0.38039 - 9.00235 -1.0 +17.06893
0.52, 0.02) +6.00001 -0.04784 -9.27758 +0.25698 +18.55086
(0.51, 0.01) 10 +6.00000 -0.02719 -9.25179 +0.20721 +18.49428
(0.509, 0.009) +6.00000 - 0.01932 -9.24590 +0.18437 +18.46882
(0.508, 0.008) +6.00000 - 0.00106 -9.23779 +0.14685 +18.43145
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Table C.16 : Continued.

Internal No. of ¢ o,y ¢,x ¢,xy ¢,xx
point terms

Exact: +6. 0. - 8.65617 0. +17.31234
(0.52, 0.02) +6.00003 +0.07104 - 9.38259 +0.32662 +18.88488
(0.51, 0.01) 11 +6.00000 - 0.15930 - 9.09696 +0.34068 +18.21375
(0.509, 0.009) +6.00000 - 0.14668 -9.11104 +0.32742 +18.23893
(0.508.0.008) +6.00000 -0.14333 -9.11278 +0.32137 +18.23920
(0.52, 0.02) +5.99999 - 0.06496 - 9.01053 +0.05884 +18.02484
(0.51, 0.01) 12 +6.00000 -0.15803 -9.18752 -0.17848 +18.37901
(0.509, 0.009) +6.00000 +0.10361 - 9.13266 - 0.12626 +18.26754
(0.508.0.008) +6.00000 +0.07529 - 9.10321 - 0.09903 +18.20774
(0.52, 0.02) +6.00000 +0.01200 - 9.08003 +0.04872 +18.17124
(0.51, 0.01) 13 +6.00000 - 0.00809 - 9.02641 +0.02865 +18.05429
(0.509, 0.009) +6.00000 - 0.00956 -9.02138 +0.02852 +18.04388
(0.508.0.008) +6.00000 - 0.01056 -9.01619 +0.02790 +18.03319
(0.52, 0.02) +6.00000 - 0.01605 - 8.84254 +0.01369 +17.68125
(0.51, 0.01) 14 +6.00000 -0.01304 - 8.89410 +0.02560 +17.78843
(0.509, 0.009) +6.00000 -0.01281 - 8.89754 +0.02535 +17.79531
(0.508.0.008) +6.00000 -0.01192 - 8.90437 +0.02390 +17.80891
(0.52, 0.02) +6.00000 - 0.01501 - 8.99231 +0.02720 +17.98491
(0.51, 0.01) 15 +6.00000 -0.01411 - 8.76541 +0.02699 +17.53100
(0.509, 0.009) +6.00000 - 0.01533 - 8.62453 +0.02939 +17.24924
(0.508.0.008) +6.00000 +0.03446 -13.89 - 0.05826 +27.78
(0.52, 0.02) +6.00000 - 0.00944 - 9.03921 +0.01906 +18.07891
(0.51, 0.01) 16 +6.00000 -0.00231 -9.06418 +0.00456 +18.12842
(0.509, 0.009) +6.00000 -0.00117 -9.09379 +0.00240 +18.18763
(0.508.0.008) +6.00000 +0.00758 - 9.25387 -0.01484 +18.50767
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APPENDIX D
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Table D.1: Cylinder domain with radial potential variation.
Function and derivatives at node 1 (Fig. 2.7) from Taylor series
using fine boundary elements in the region of interest,
and remote field solution outside this region.

Internal No. of ¢ o,y ¢,x o,xy $,xx
point terms

Exact: +6. 0. - 8.65617 0. +17.31234
(0.55, 0.05) +6.00641 - 0.04838 - 8.58636 +0.41277 +15.71305
(0.54, 0.04) +6.00368 -0.03285 - 8.60251 +0.19450 +15.94252
(0.53, 0.03) +6.00077 - 0.01062 - 8.64220 +0.21110 +16.78958
(0.52, 0.02) 7 +6.00018 - 0.00367 - 8.65107 +0.09478 +17.04773
(0.51, 0.01) +6.00002 - 0.00071 - 8.65499 +0.01473 +17.20710
(0.509, 0.009) +6.00001 - 0.00030 - 8.65584 +0.02544 +17.27160
(0.508, 0.008) +6.00001 - 0.00037 - 8.65557 +0.00999 +17.24558
(0.55, 0.05) +6.06479 - 0.49677 - 7.56023 -4.33 - 1044
(0.54, 0.04) +6.02800 - 0.27528 - 8.04898 -2.70 - 1.38
(0.53, 0.03) +6.00117 - 0.01830 - 8.62575 +0.10773 +15.97391
(0.52, 0.02) 8 +6.00023 - 0.00549 - 8.64739 +0.06810 +16.73835
(0.51, 0.01) +6.00002 - 0.00085 - 8.65477 +0.01774 +17.13648
(0.509, 0.009) +6.00001 - 0.00038 - 8.65569 +0.02386 +17.23680
(0.508, 0.008) +6.00001 - 0.00042 - 8.65550 +0.01296 +17.20569
(0.55, 0.05) +6.00573 - 0.04244 - 8.55849 - 042799 +14.90629
(0.54, 0.04) +6.00133 - 0.01269 - 8.62752 - 0.12554 +16.45982
(0.53, 0.03) +6.00009 - 0.00127 - 8.65394 +0.01045 +17.22810
(0.52, 0.02) 9 +6.00001 - 0.00020 - 8.65585 +0.00510 +17.29566
(0.51, 0.01) +6.00000 - 0.00001 - 8.65616 +0.00086 +17.31125
(0.509, 0.009) +6.00000 - 0.00001 - 8.65616 +0.00063 +17.31158
(0.508, 0.008) +6.00000 - 0.00000 - 8.65617 +0.00046 +17.31187
(0.55, 0.05) +6.00216 - 0.02061 - 8.62163 +0.08928 +16.29050
(0.54, 0.04) +6.00040 - 0.00485 - 8.64876 +0.05601 +17.05207
(0.53, 0.03) +6.00006 - 0.00098 - 8.65492 +0.02723 +17.25800
(0.52, 0.02) 10 +6.00001 - 0.00015 - 8.65602 +0.00910 +17.30321
(0.51, 0.01) +6.00000 - 0.00001 - 8.65617 +0.00128 +17.31217
(0.509, 0.009) +6.00000 - 0.00001 - 8.65617 +0.00094 +17.31196
(0.508, 0.008) +6.00000 - 0.00000 - 8.65617 +0.00067 +17.31232
(0.55, 0.05) +5.99993 +0.00083 - 8.65830 +0.02687 +17.38810
(0.54, 0.04) +5.99997 +0.00038 - 8.65710 +0.01272 +17.35221
(0.53, 0.03) +6.00000 +0.00007 - 8.65635 +0.00322 +17.32295
(0.52, 0.02) 11 +6.00000 +0.00001 - 8.65620 +0.00068 +17.31485
(0.51, 0.01) +6.00000 +0.00000 - 8.65617 +0.00006 +17.31257
(0.509, 0.009) +6.00000 +0.00000 - 8.65617 +0.00002 +17.31243
(0.508, 0.008) +6.00000 +0.00000 - 8.65617 +0.00002 +17.31243
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Table D.1 : Continued

Internal No. of ¢ by o.x ¢,xy ,xx
point terms

Exact: +6. 0. - 8.65617 0. +17.31234
(0.55, 0.05) +5.99999 +0.00032 - 8.65671 +0.00452 +17.34267
(0.54, 0.04) +5.99999 +0.00025 - 8.65671 +0.00603 +17.33868
(0.53, 0.03) +6.00000 +0.00006 - 8.65629 +0.00174 +17.32049
(0.52, 0.02) 12 +6.00000 +0.00001 - 8.65620 +0.00057 +17.31469
(0.51, 0.01) +6.00000 +0.00000 - 8.65617 +0.00007 +17.31258
(0.509, 0.009) +6.00000 +0.00000 - 8.65617 +0.00002 +17.31244
(0.508, 0.008) +6.00000 +0.00000 - 8.65617 +0.00003 +17.31244
(0.55, 0.05) +5.99997 +0.00042 - 8.65710 +0.00808 +17.34935
(0.54, 0.04) +5.99999 +0.00023 - 8.65668 +0.00564 +17.33653
(0.53, 0.03) +6.00000 +0.00004 - 8.65625 +0.00106 +17.31726
(0.52, 0.02) 13 +6.00000 +0.00001 - 8.65619 +0.00037 +17.31391
(0.51, 0.01) +6.00000 - 0.00000 - 8.65617 - 0.00001 +17.31231
(0.509, 0.009) +6.00000 +0.00000 - 8.65617 +0.00000 +17.31235
(0.508, 0.008) +6.00000 - 0.00000 - 8.65619 - 0.00000 +17.31233
(0.55, 0.05) +6.00001 - 0.00017 - 8.65562 -0.01133 +17.29248
(0.54, 0.04) +6.00001 - 0.00010 - 8.65586 - 0.00699 +17.29824
(0.53, 0.03) +6.00001 - 0.00016 - 8.65572 - 0.01196 +17.28390
(0.52, 0.02) 14 +6.00000 +0.00001 - 8.65619 +0.00058 +17.31389
(0.51, 0.01) +6.00000 +0.00000 - 8.65617 +0.00001 +17.31237
(0.509, 0.009) +6.00000 +0.00000 - 8.65617 +0.00000 +17.31235
(0.508, 0.008) +6.00000 - 0.00000 - 8.65617 - 0.00000 +17.31234
(0.55, 0.05) +6.00000 - 0.00001 - 8.65613 - 0.00082 +17.31082
(0.54, 0.04) +6.00000 +0.00000 - 8.65617 - 0.00016 +17.31227
(0.53, 0.03) +6.00000 - 0.00000 - 8.65617 - 0.00004 +17.31231
(0.52, 0.02) 15 +6.00000 +0.00000 - 8.65617 - 0.00000 +17.31234
(0.51, 0.01) +6.00000 +0.00000 - 8.65617 - 0.00000 +17.31234
(0.509, 0.009) +6.00000 +0.00000 - 8.65617 +0.00000 +17.31235
(0.508, 0.008) +6.00000 +0.00000 - 8.65617 +0.00001 +17.31236
(0.55, 0.05) +6.00000 +0.00011 - 8.65621 - 0.00305 +17.31812
(0.54, 0.04) +6.00000 +0.00001 - 8.65618 - 0.00035 +17.31317
(0.53, 0.03) +6.00000 +0.00000 - 8.65617 - 0.00005 +17.31246
(0.52, 0.02) 16 +6.00000 +0.00000 - 8.65617 - 0.00000 +17.31235
(0.51, 0.01) +6.00000 +0.00000 - 8.65617 +0.00000 +17.31235
(0.509, 0.009) +6.00000 - 0.00000 - 8.65617 +0.00000 +17.31233
(0.508, 0.008) +6.00000 - 0.00000 - 8.65617 - 0.00000 +17.31231
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Table D.2 : Cylinder domain with radial potential variation.

Function and derivatives at node 1 (Fig. 2.7) from Fourier series

using fine boundary elements in the region of interest,

and remote field solution outside this region.

Internal No. of ¢ b,y ¢,x o, xy ¢,xx
point terms

Exact: +6. 0. - 8.65617 0. +17.31234
(0.55, 0.05) +6.00035 - 0.01760 - 8.66686 +0.88227 +17.12383
(0.54, 0.04) +6.00015 - 0.00928 - 8.66238 +0.59839 +17.20831
(0.53, 0.03) +6.00005 - 0.00401 - 8.65913 +0.35628 +17.26503
(0.52, 0.02) 7 +6.00001 -0.00121 - 8.65716 +0.16737 +17.29724
(0.51, 0.01) +6.00000 - 0.00015 - 8.65631 +0.04415 +17.31031
(0.509, 0.009) +6.00000 - 0.00011 - 8.65627 +0.03595 +17.31085
(0.508, 0.008) +6.00000 - 0.00008 - 8.65624 +0.02855 +17.31128
(0.55, 0.05) +6.00035 - 0.01343 - 8.67105 - 0.88254 +17.37460
(0.54, 0.04) +6.00015 - 0.00738 - 8.66428 +0.59849 +17.35092
(0.53, 0.03) +6.00005 - 0.00335 - 8.65980 +0.35631 +17.33181
(0.52, 0.02) 8 +6.00001 - 0.00107 - 8.65730 +0.16737 +17.31918
(0.51, 0.01) +6.00000 - 0.00014 - 8.65632 +0.04415 +17.31334
(0.509, 0.009) +6.00000 - 0.00011 - 8.65628 +0.03595 +17.31308
(0.508, 0.008) +6.00000 - 0.00008 - 8.65625 +0.02855 +17.31287
(0.55, 0.05) +6.00003 - 0.00084 - 8.65851 +0.12887 +17.37680
(0.54, 0.04) +6.00001 - 0.00031 - 8.65723 +0.06870 +17.35191
(0.53, 0.03) +6.00000 - 0.00008 - 8.65654 +0.02999 +17.33216
(0.52, 0.02) 9 +6.00000 - 0.00001 - 8.65625 +0.00913 +17.31925
(0.51, 0.01) +6.00000 - 0.00000 - 8.65618 +0.00116 +17.31335
(0.509, 0.009) +6.00000 - 0.00000 - 8.65617 +0.00085 +17.31309
(0.508, 0.008) +6.00000 - 0.00000 --8.65617 +0.00060 +17.31287
(0.55, 0.05) +6.00002 +0.00012 - 8.65851 +0.09058 +17.41523
(0.54, 0.04) +6.00001 +0.00005 - 8.65723 +0.05087 +17.36978
(0.53, 0.03) +6.00000 +0.00002 - 8.65654 +0.02358 +17.33857
(0.52, 0.02) 10 +6.00000 +0.00000 - 8.65625 +0.00769 +17.32069
(0.51, 0.01) +6.00000 +0.00000 - 8.65618 +0.00106 +17.31345
(0.509, 0.009) +6.00000 +0.00000 - 8.65617 +0.00078 +17.31315
(0.508, 0.008) +6.00000 +0.00000 - 8.65617 +0.00055 +17.31292
(0.55, 0.05) +6.00000 +0.00012 - 8.65648 +0.00922 +17.33415
(0.54, 0.04) +6.00000 +0.00005 - 8.65628 +0.00342 +17.32244
(0.53, 0.03) +6.00000 +0.00002 - 8.65620 +0.00092 +17.31593
(0.52, 0.02) 11 +6.00000 +0.00000 - 8.65617 +0.00014 +17.31313
(0.51, 0.01) +6.00000 +0.00000 - 8.65617 +0.00001 +17.31240
(0.509, 0.009) +6.00000 +0.00000 - 8.65617 +0.00000 +17.31238
(0.508, 0.008) +6.00000 +0.00000 - 8.65617 +0.00000 +17.31236
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Table D.2 : Continued

Intcrnal No. of ¢ oy ¢,x ¢, xy ¢,XX
point terms

Exact: +6. 0. - 8.65617 0. +17.31234
(0.55, 0.05) +6.00000 +0.00022 - 8.65638 - 0.00091 +17.33416
(0.54, 0.04) +6.00000 +0.00008 - 8.65625 - 0.00045 +17.32244
(0.53, 0.03) +6.00000 +0.00002 - 8.65619 - 0.00015 +17.31593
(0.52, 0.02) 12 +6.00000 +0.00000 - 8.65617 - 0.00003 +17.31313
(0.51, 0.01) +6.00000 +0.00000 - 8.65617 - 0.00000 +17.31240
(0.509, 0.009) +6.00000 +0.00000 - 8.65617 - 0.00000 +17.31238
(0.508, 0.008) +6.00000 +0.00000 - 8.65617 - 0.00000 +17.31236
(0.55, 0.05) +6.00000 +0.00004 - 8.65619 - 0.00096 +17.31574
(0.54, 0.04) +6.00000 +0.00001 - 8.65618 - 0.00047 +17.31355
(0.53, 0.03) +6.00000 +0.00000 - 8.65617 - 0.00016 +17.31265
(0.52, 0.02) 13 +6.00000 +0.00000 - 8.65617 - 0.00003 +17.31238
(0.51, 0.01) +6.00000 +0.00000 - 8.65617 - 0.00000 +17.31234
(0.509, 0.009) +6.00000 +0.00000 - 8.65617 - 0.00000 +17.31234
(0.508, 0.008) +6.00000 - 0.00000 - 8.65617 - 0.00000 +17.31234
(0.55, 0.05) +6.00000 +0.00004 - 8.65617 - 0.00225 +17.31445
(0.54, 0.04) +6.00000 +0.00001 - 8.65617 - 0.00087 +17.31315
(0.53, 0.03) +6.00000 +0.00000 - 8.65617 - 0.00024 +17.31256
(0.52, 0.02) 14 +6.00000 +0.00000 - 8.65617 - 0.00004 +17.31237
(0.51, 0.01) +6.00000 +0.00000 - 8.65617 - 0.00000 +17.31234
(0.509, 0.009) +6.00000 +0.00000 - 8.65617 - 0.00000 +17.31234
(0.508, 0.008) +6.00000 - 0.00000 - 8.65617 +0.00000 +17.31234
(0.55, 0.05) +6.00000 +0.00001 - 8.65617 - 0.00045 +17.31264
(0.54, 0.04) +6.00000 +0.00000 - 8.65617 - 0.00014 +17.31241
(0.53, 0.03) +6.00000 +0.00000 - 8.65617 - 0.00003 +17.31235
(0.52, 0.02) 15 +6.00000 +0.00000 - 8.65617 - 0.00000 +17.31234
(0.51, 0.01) +6.00000 - 0.00000 - 8.65617 - 0.00000 +17.31234
(0.509, 0.009) +6.00000 - 0.00000 - 8.65617 +0.00000 +17.31234
(0.508, 0.008) +6.00000 - 0.00000 - 8.65617 +0.00000 +17.31234
(0.55, 0.05) +6.00000 +0.00000 - 8.65617 - 0.00045 +17.31234
(0.54, 0.04) +6.00000 +0.00000 - 8.65617 - 0.00014 +17.31234
(0.53, 0.03) +6.00000 +0.00000 - 8.65617 - 0.00003 +17.31234
(0.52, 0.02) 16 +6.00000 +0.00000 - 8.65617 - 0.00000 +17.31234
(0.51, 0.01) +6.00000 - 0.00000 - 8.65617 - 0.00000 +17.31234
(0.509, 0.009) +6.00000 - 0.00000 - 8.65617 +0.00000 +17.31234
(0.508, 0.008) +6.00000 +0.00000 - 8.65617 +0.00000 +17.31235
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The derivatives of the kernels U and T,J, eqns (3.34) and (3.35), can be

obtained with the aid of the operations (3.30) and (3.31). Let us recall these equations,
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Hence, using these identities we have (up to the fifth-order),
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Note that the derivatives of the traction kernels can also be obtained by
differentiating the following equation (obtained from eqns (3.22), (3.32) and (3.33))

and substituting the derivatives of the displacement kernels into it,

Ty Q) =A Uy mj+ B Uy + Uy pmy (E.16)
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APPENDIX F

Numerical Results of the Square Plate Problem
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Displacements and stresses at node 1 (Fig. 3.3) from Taylor series

Table F.1 : Square plate under uniform tension.

using direct expansion approach and eight quadratic elements.

Internal No. of u v oXX oXy oyy
point terms

Exact : 0. 0. 0. 0. 1.
0.5, 0.5) 5 -3.76x10-10  -3.87x10-10  +7.70x10-10  +2.11x10-10  +1.00000
(0.25, 0.25) -1.96x10-06  +2.72x10-05  -5.99x10-05 -2.27x10-05  +1.00000
0.5, 0.5) 6 -3.15x10-10  +2.87x10-10  +5.55x10-10  +1.06x10-10  +1.00000
(0.25, 0.25) -2.55x10-06 - 7.39x10-06  -3.72x10-05  -3.29x10-05  +0.99999
(0.5, 0.5) 7 - 1.04x10-09  +2.91x10-10  +1.20x10-09  +1.82x10-10  +1.00000
(0.25, 0.25) -5.67x10-05 - 1.18x10-04  -537x10-04 -123x10-04  +1.00013
(0.5, 0.5) 8 -5.59x10-10  +1.26x10-09  +893x10-10  -7.78x10-10  +1.00000
(0.25, 0.25) +3.68x10-03  -9.53x10-04  +3.73x10-03  +1.48x10-03  +1.02648
0.5, 0.5) 9 - 1.04x10-09  +1.02x10-09  +1.70x10-09  -5.48x10-10  +1.00000
(0.25, 0.25) -2.13x10-04  +7.59x10-04  +2.19x10-03  -2.57x10-04  +0.99741
(0.5, 0.5) 10 -1.06x10-09  +1.07x10-09  +1.66x10-09  -5.12x10-10  +1.00000
(0.25, 0.25) -2.27x10-04  +2.75x10-04  +7.01x10-04  -6.66x10-05  +0.99943
0.5, 0.5) 11 -3.11x10-09  -2.45x10-09  +8.64x10-09  +2.27x10-09  +1.00000
(0.25, 0.25) +3.15x10-03  -4.25x10-03 - 1.17x10-03  +2.92x10-03  +1.00306
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Table F.1 ;: Continued

Internal No. of u v axx oxy oyy
point terms
Exact : 0. 0. 0. 0. 1.

0.5, 0.5) 12 - 1.53x10-09  -2.22x10-09  +3.38x10-09  +1.38x10-09  +1.00000
(0.25, 0.25) +3.82x10-03  -4.92x10-03  -6.99x10-05  +5.14x10-03  +1.00502
0.5, 0.5) 13 -450x10-10  -1.97x10-09  +4.12x10-09 - 1.15x10-09  +1.00000
(0.25, 0.25) +2.14x10-03  -2.06x10-03  -6.07x10-03  +3.49x10-04  +1.00870
(0.5, 0.5) 14 +1.42x10-09  -1.87x10-09  -2.39x10-09  -297x10-09  +1.00000
(0.25, 0.25) +2.71x10-03  -2.66x10-03  -1.16x10-02  +6.23x10-04  +1.01048
(0.5, 0.5) 15 +1.72x10-08  +4.71x10-09  -1.19x10-07 - 1.12x10-07  +1.00000
(0.25, 0.25) - 1.02x10-01 - 1.04x10-01 -1.21 -2.02x10-01  +0.36978
0.5, 0.5) 16 +3.06x10-08  -2.95x10-08  -1.02x10-07  -1.31x10-07  +1.00000
(0.25, 0.25) +3.57x10-03  -4.59x10-04  +3.18x10-02  -4.78x10-03  +0.98042
0.5, 0.5) 17 +1.92x10-07  +1.20x10-07  -7.58x10-07  -1.01x10-07  +1.00000
(0.25, 0.25) +1.25x10-02  +2.15x10-02  +2.69x10-01  +1.49x10-02  +1.16357
(0.5, 0.5) 18 +5.37x10-08  -5.35x10-08  -1.83x10-07  +1.78x10-09  +1.00000
(0.25, 0.25) -6.89x10-03  -1.32x10-02  -896x10-02  -1.34x10-03  +0.86916
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Table F.2 : Square plate under uniform tension.
Displacements and stresses at node 1 (Fig. 3.3) from Taylor series
using Neuber-Papkovich approach and eight quadratic elements.

Internal No. of u v OXX oxy oyy
point terms

Exact : 0. 0. 0. 0. 1.
0.5, 0.5) 5 -3.15x10-10  +2.87x10-10  +5.55x10-10  +1.06x10-10  +1.00000
(0.25, 0.25) -2.55x10-06  -7.39x10-06  -3.72x10-05  -3.29x10-05  +0.99999
0.5, 0.5) 6 +4.48x10-11  +1.64x10-10  -1.19x10-09  +3.92x10-10  +1.00000
(0.25, 0.25) -9.20x10-06  +4.33x10-04  +2.33x10-03  -1.23x10-03  +1.00115
0.5, 0.5) 7 -1.06x10-09  +1.07x10-09  +1.66x10-09  -5.12x10-10  +1.00000
(0.25, 0.25) -2.27x10-04  +2.75x10-04  +7.01x10-04  -6.66x10-05  +0.99943
(0.5, 0.5) 8 +4.51x10-09  -5.75x10-09  -1.26x10-08  -9.07x10-10  +1.00000
(0.25, 0.25) +6.11x10-04  -3.97x10-04  -1.99x10-03  +2.78x10-05  +1.00271
0.5, 0.5) 9 +1.42x10-09  -1.87x10-09  -2.39x10-09 -297x10-09  +1.00000
(0.25, 0.25) +2.71x10-03  -2.66x10-03  -1.16x10-02  +6.23x10-04  +1.01048
(0.5, 0.5) 10 +7.11x10-08  -2.43x10-08  -2.89x10-07  +2.34x10-07  +1.00000
(0.25, 0.25) -2.23x10-03  -9.59x10-04  +5.37x10-02  +2.67x10-02  +0.96029
0.5, 0.5) 11 +5.37x10-08  -5.35x10-08  -1.83x10-07  +1.78x10-09  +1.00000
(0.25, 0.25) -6.89x10-03  -1.32x10-02  -896x10-02  -1.34x10-03  +0.86916
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Table F.3 : Square plate under uniform tension.

Displacements and stresses at node 1 (Fig. 3.3) from Taylor series

using Airy's stress function approach and eight quadratic elements.

Internal No. of u v OXX oxy ayy
point terms
Exact : 0. 0. 0. 0. 1.

(0.5, 0.5) 5 +2.55x10-11 - 2.66x10-11 -2.65x10-11 -4.00x10-15  +1.00000
(0.25, 0.25) - 1.37x10-06  +1.54x10-06  +2.34x10-06  -5.96x10-07  +1.00000
0.5, 0.5) 6 +2.48x10-10 - 3.65x10-11 -449x10-10 -6.51x10-12  +1.00000
(0.25, 0.25) +8.36x10-06  -9.75x10-07  -545x10-05  +3.23x10-06  +1.00046
0.5, 0.5) 7 - 5.73x10-11 +2.45x10-10 - 5.39x10-11 +2.91x10-10  +1.00000
(0.25, 0.25) +1.09x10-05 -3.41x10-06 - 5.97x10-05 -5.05x10-08  +1.00053
(0.5, 0.5) 8 -1.92x10-10  +2.40x10-10  +4.16x10-11 +1.58x10-10  +1.00000
(0.25, 0.25) -6.30x10-06 - 1.73x10-06  +2.79x10-05 -2.82x10-05  +0.99996
0.5, 0.5) 9 -4.76x10-10  +4.49x10-10 - 1.66x10-09 +1.07x10-10  +1.00000
(0.25, 0.25) +9.70x10-07  -1.09x10-05 - 147x10-04 -3.29x10-05  +1.00010
(0.5, 0.5) 10 - 1.58x10-09  +1.61x10-09 - 1.04x10-08 - 1.30x10-09  +1.00000
(0.25, 0.25) -290x10-06  +3.34x10-05  +2.37x10-04  -6.74x10-05  +0.99987
0.5, 0.5) 11 -6.16x10-10  +5.43x10-11 - 5.30x10-09 -2.76x10-09  +1.00000
(0.25, 0.25) -3.69x10-04  +3.68x10-04  +4.33x10-03  -4.56x10-04  +0.99664
0.5, 0.5) 12 +6.78x10-11 -3.36x10-11 -9.31x10-09 -9.87x10-10  +1.,00000
(0.25, 0.25) - 8.31x10-03 +5.76x10-03  +7.00x10-02  +2.03x10-03  +0.92082
0.5, 0.5) 13 -6.69x10-10  +6.82x10-10  +191x10-08  -5.12x10-10  +1.00000
(0.25, 0.25) - 1.42x10-04 +1.90x10-04  +1.23x10-03 - 6.66x10-05 +0.99891
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Table F.3 : Continued

Internal No. of u v axx GXxy oyy
point terms

Exact : 0. 0. 0. 0. 1.
0.5, 0.5) 14 - 1.74x10-09  +1.12x10-09  +8.80x10-08  -1.20x10-08  +1.00000
(0.25, 0.25) +1.54x10-04  -1.40x10-03  -5.73x10-03  -3.06x10-03  +1.00505
0.5, 0.5) 15 - 1.69x10-10  -5.51x10-10  +1.99x10-09  +2.66x10-10  +1.00000
(0.25, 0.25) +4.52x10-04  -2.24x10-03  -1.82x10-02 -2,09x10-03  +1.01361
©.5, 0.5) 16 +4,10x10-11  -2.22x10-10 - 7.58x10-09  +1.79x10-09  +1.00000
(0.25, 0.25) +1.81x10-03  -1.90x10-03  -292x10-02  +8.36x10-05  +1.02844
(0.5, 0.5) 17 -461x10-10  +1.25x10-11  -9.39x10-09  -297x10-09  +1.00000
(0.25, 0.25) +2.00x10-03 - 1.94x10-03  -294x10-02  +6.23x10-04  +1.02826
(0.5, 0.5) 18 +1.20x10-08  -2.73x10-08  -1.71x10-07  -9.50x10-08  +1.00000
(0.25, 0.25) +4.15x10-03 - 1.67x10-03  +1.17x10-02  -3.65x10-03  +1.00503
0.5, 0.5) 19 +1.37x10-08  -2.77x10-08  -143x10-07 - 1.05x10-07  +1.00000
(0.25, 0.25) +6.50x10-03  +1.23x10-02  +1.84x10-01  +1.03x10-02  +1.03489
0.5, 0.5) 20 +1.41x10-08  -3.03x10-08  -9.74x10-08  -8.65x10-08  +1.00000
(0.25, 0.25) +1.02x10-01  +9.26x10-02  +1.55 +2,16x10-01  +1.95062
0.5, 0.5) 21 +2.98x10-08  -2.96x10-08  -1.86x10-07  +1.78x10-09  +1.00000
(0.25, 0.25) -7.16x10-03  -1.29x10-02  -9.69x10-02  -1.34x10-03  +0.87649
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Table F.4 : Square plate under uniform tension.
Displacements and stresses at node 1 (Fig. 3.3) from Fourier series (2.73)
using Neuber-Papkovich approach and eight quadratic elements.

Internal No. of u v _ (02,94 oxy oyy
point terms

Exact : 0. 0. 0. 0. 1.
0.5, 0.5) 7 - 0.01449 +0.01410 +0.03329 +0.00184 +0.96420
(0.25, 0.25) +0.00129 - 0.00149 - 0.00820 - 0.00182 +1.01176
(0.5, 0.5) 9 - 0.00791 +0.00631 +0.00301 - 0.00639 +0.98073
(0.25, 0.25) +0.00274 - 0.00243 - 0.00146 +0.00033 +1.01617
0.5, 0.5) 11 - 0.00027 +0.00016 +0.00205 - 0.00167 +1.00390
(0.25, 0.25) - 0.00731 -0.01412 -0.10142 - 0.00245 +0.85824

Table F.5 : Square plate under uniform tension.

Displacements and stresses at node 1 (Fig. 3.3) from Fourier series (2.73)
using Neuber-Papkovich approach and refined mesh in the region of interest.

Internal No. of u v OXX oXy oyy
point terms

Exact ; 0. 0. 0. 0. 1.
(0.1, 0.1) 7 - 0.00195 +0.00023 - 0.05056 - 0.00262 +1.07776
(0.05, 0.05) - 0.00023 +0.00010 - 0.08556 - 0.00087 +1.12406
0.1, 0.1) 9 +0.00004 - 0.00005 - 0.00073 +0.00024 +1.00904
(0.05, 0.05) - 0.00001 - 0.00001 - 0.00081 - 0.00083 +0.99581
0.1,0.1) 11 +0.00000 - 0.00000 - 0.00020 +0.00022 +0.99809
(0.05, 0.05) - 0.00000 - 0.00000 - 0.00041 +0.00062 +0.99641
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APPENDIX G

Numerical Results of the Cantilever Beam Problem
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Table G.1: Cantilever beam loaded at the end with shearing stress.

Displacements and stresses at node 1 (Fig. 3.4) from Taylor series

using direct expansion approach and twenty quadratic elements.

Internal No. of u v axx oxy oyy
point terms

Analytic: 0. - 1.4625 - 12, 0. 0.
4., 0.) 7 +10. -37 +12, +0.322 +0.007
2.,0.) +0.205 +1.346 +15. +0.163 -0.020
“4.,0) 8 +10. - 1.882 - 10.550 -0.285 -25
2.,0) +1. - 0.106 - 44 -0344 - 0.679
4.,0) 9 +1.6 -0.914 - 7.804 - 0451 - 0.022
2.,0) +0.785 - 0954 - 9.792 -0473 - 0.036
“4.,0) 10 +0.004 - 1.200 - 11.982 -0.001 +0.001
2.,0) +0.150 - 1.045 - 10.115 +0.013 +0.001
@.,0) 11 +0.017 - 1.186 - 11.945 - 0.001 +0.002
2.,0) +0.186 - 1.270 -12.174 +0.009 +0.004
., 0) 12 +0.090 - 1.208 - 12.046 - 0.001 -0.015
2.,0) - 6. +9. +94. +0.645 +1.
4.,0.) 13 +0.379 - 1.145 - 11.892 +0.032 -0.164
2.,0.) - 0461 +0.05 + 2, -0.024 +0.385
“4.,0) 14 +0.049 - 1.213 - 12.050 +0.000 +0.001
2.,0) +2. -7 - 68. +0.086 +0.176
@“.,0) 15 +0.057 - 1.205 - 12,078 - 0.001 +0.004
2.,0) +0.570 - 1.968 - 18.436 +0.039 +0.019
4.,0) 16 +0.130 - 1.207 - 12.011 +0.001 -0.017
2.,0) -0.073 - 0.005 - 04 +0.028 - 0.001
@“.,0) 17 +0.097 -1.213 - 11,975 +0.001 +0.002
.,0) -0.073 +0.1 + 04 +0.013 - 0.040
“4.,0) 18 +0.092 -1.215 - 11.983 +0.004 +0.003
2.,0) - 0.044 +0.09 + 0.1 - 0.003 - 0.049
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Table G.2 : Cantilever beam loaded at the end with shearing stress.

Displacements and stresses at node 1 (Fig. 3.4) from Taylor series

using Neuber-Papkovich approach and twenty quadratic elements.

Internal No. of u v OXxXx oxy oyy
point terms

Analytic: 0. - 1.4625 -12, 0. 0.
@“.,0) 5 +16. -39 +14. +0.347 - 0.009
2.,0) +0.190 +1.315 +14. +0.158 -0.019
“.,0) 6 - 65. - 8. -20.3 - 0.564 +5.
2.,0) - 0.092 +1. +10. +0.156 -0.158
“.,0) 7 +0.004 -1.200 -11.982 - 0.001 +0.001
2.,0) +0.150 - 1.045 - 10.115 +0.013 +0.001
“4.,0.) 8 - 0.091 - 1.275 - 12.167 +0.004 - 0.004
2.,0) +0.044 -0.268 - 3.025 +0.024 -0.013
“.,0.) 9 +0.049 -1.213 -12.050 +0.000 +0.001
2.,0) +2. -7 - 68. +0.086 +0.176
@“.,0) 10 +1.030 - 0.698 - 13.320 -0.074 +0.094
2.,0) - 0.023 -0.976 - 2229 +0.024 - 0.029
“.,0.) 11 +0.092 - 1.215 - 11,983 +0.004 +0.003
2.,0) - 0.044 +0.09 + 0.1 - 0.003 - 0.049
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Table G.3 : Cantilever beam loaded at the end with shearing stress.

Displacements and stresses at node 1 (Fig. 3.4) from Taylor series

using Airy's stress function approach and twenty quadratic elements.

Internal No. of u v OXX OXy oyy
point terms
Analytic: 0. - 1.4625 - 12, 0. 0.

4.,0) 5 -0.083 - 8. - 0.000 +0.064 - 0.000
2.,0.) - 0.036 - 1.549 - 0.000 +0.027 - 0.000
“4.,0) 6 - 0.083 -8. - 0.000 +0.064 - 0.000
2.,0) - 0.036 - 1.549 +0.000 +0.027 +0.000
4.,0) 7 -2 - 49, - 0.000 +2. -0.273
2.,0) - 0453 -7 +0.000 +0.348 -0.073
“.,0) 8 -2, - 49. - 0.000 +2, -0.273
2.,0) - 0453 -7 +0.000 +0.348 -0.073
@.,0) 9 - 0.020 -2.279 +5. +0.015 +0.014
2.,0) - 0.060 +0.580 +7. +0.047 - 0.001
“4.,0) 10 - 0.020 -2279 +5. +0.015 +0.014
2., 0) - 0.060 +0.580 +7. +0.047 - 0.001
“4.,0) 11 - 1.036 -5.7 +11. +0.823 -0.375
2.,0) - 0.140 +0.9 +8. +0.117 - 0.089
“4.,0) 12 +1. - 1.505 - 14,523 +0.130 - 0.055
.,0) +0.341 +2. +9. +0.590 -0.444
“.,0) 13 +1. - 1.505 - 14.523 +0.130 - 0.055
2.,0) +0.341 +2. +9. +0.590 - 0.444
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Table G.3 : Continued.

Internal No. of u v OXX oxy oyy
point terms

Analytic: 0. - 1.4625 -12. 0. 0.
“4.,0.) 14 +1. - 1.505 -14.523 +0.130 - 0.055
2..0) +0.341 +2. +9. +0.590 -0.444
@“.,0.) 15 +1. -2.271 - 17.662 +0.258 -0.130
2.,0) - 1.326 +0.256 +4, - 0.069 +0.053
“4.,0.) 16 +1. -2.271 - 17.662 +0.258 -0.130
2.,0) - 1.326 +0.256 +4. - 0.069 +0.053
“4.,0) 17 +1. - 1.436 - 14.504 +0.153 -0.074
2., 0) +0.468 - 1.445 - 11.430 - 0.083 +0.131
4.,0.) 18 +1. - 1.436 - 14.504 +0.153 -0.074
2.,0) +0.468 - 1.445 - 11.430 - 0.083 +0.131
“4.,0) 19 +0.371 - 10. -23, +3. -2,
2.,0) - 0.176 +0.393 +5. - 0.055 +0.032
4., 0) 20 +2. - 1.699 -33. +0.317 - 0.426
2.,0) - 0.049 +0.3 +13. - 0.009 - 0.852
“4.,0) 21 +2, - 1.699 -33. +0.317 - 0.426
2.,0) - 0.049 +0.3 +13. - 0.009 - 0.852
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APPENDIX H

Numerical Results of the Stress Concentration Problem
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Table H.1 : Plate with a hole in the middle subject to uniform stresses at the ends.
Displacements and stresses at node 1 (Fig. 3.5) from Taylor series
using direct expansion approach and fine boundary elements in the region of interest,
and remote field solution outside the local area.

Internal No. of u v oXxx oXxy oyy
point terms

Analytic : - 0.05 0. 0. 0. +3.008
(0.060, 0.010) -0.054 +0.006 +0.203 -0.363 +2.795
(0.057, 0.007) -0.053 +0.004 +0.100 -0.275 +2.951
(0.055, 0.005) - 0.051 +0.001 +0.023 -0.162 +3.094
(0.054,0.004) 7 - 0.052 +0.002 +0.047 -0.150 +3.252
(0.053, 0.003) - 0.051 +0.002 +0.041 -0.128 +3.235
(0.0525, 0.0025) - 0.050 +0.000 +0.002 -0.062 +3.064
(0.060, 0.010) - 0.040 -0.011 - 0.020 -0.135 +2.316
(0.057, 0.007) -0.044 - 0.006 -0.024 -0.071 +2.605
(0.055, 0.005) - 0.048 - 0.002 - 0.020 -0.041 +2.832
(0.054,0.004) 8 - 0.048 - 0.002 - 0.005 -0.018 +2.818
(0.053, 0.003) - 0.049 - 0.001 -0.003 -0.010 +2.904
(0.0525, 0.0025) - 0.050 -0.001 - 0.005 -0.010 +2.957
(0.060, 0.010) - 0.021 -0.024 -0.537 - 0475 +0.869
(0.057, 0.007) - 0.111 +0.048 +1.764 +0.718 +9.550
(0.055, 0.005) - 0.041 -0.007 -0.334 -0.185 +1.839
(0.054,0.004) 9 - 0.052 +0.014 +0.101 +0.021 +3.424
(0.053, 0.003) - 0.051 +0.001 +0.077 +0.015 +3.340
(0.0525, 0.0025) -0.053 +0.003 +0.265 +0.097 +4.052
(0.060, 0.010) - 0.046 - 0.004 -0.043 -0.182 +2.742
(0.057, 0.007) - 0.050 - 0.000 -0.014 -0.074 +2.974
(0.055, 0.005) - 0.050 +0.000 - 0.005 -0.028 +3.016
(0.054, 0.004) 10 - 0.050 +0.000 +0.001 - 0.014 +3.029
(0.053, 0.003) - 0.050 +0.000 +0.000 - 0.008 +3.022
0.0525, 0.0025) - 0.050 +0.000 -0.001 - 0.005 +3.013
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Table H.1 : Continued.

Internal No. of u v OXxx oxy oyy
point terms

Analytic : - 0.05 0. 0. 0. +3.008
(0.060, 0.010) - 0.045 - 0.005 -0.071 -0.143 +2.622
(0.057, 0.007) - 0.048 -0.002 - 0.050 - 0.061 +2.838
(0.055, 0.005) - 0.050 - 0.000 -0.022 -0.023 +2.946
(0.054, 0.004) 11 - 0.050 - 0.000 - 0.026 -0.014 +2.933
(0.053, 0.003) - 0.050 - 0.000 -0.015 - 0.008 +2.969
(0.0525, 0.0025) - 0.050 - 0.000 -0.011 - 0.006 +2.987
(0.060, 0.010) - 0.051 +0.002 - 0.046 -0.119 +3.142
(0.057, 0.007) - 0.051 +0.001 -0.028 - 0.061 +3.132
(0.055, 0.005) - 0.050 +0.000 -0.014 -0.022 +3.063
(0.054, 0.004) 12 - 0.050 +0.000 -0.011 -0.016 +3.047
(0.053, 0.003) - 0.050 +0.000 - 0.006 - 0.008 +3.031
(0.0525, 0.0025) - 0.050 +0.000 - 0.005 - 0.005 +3.015
(0.060, 0.010) - 0.051 +0.002 -0.017 - 0.082 +3.067
(0.057, 0.007) - 0.051 +0.001 - 0.015 -0.037 +3.113
(0.055, 0.005) - 0.050 +0.000 -0.011 -0.010 +3.027
(0.054, 0.004) 13 - 0.051 +0.000 - 0.003 -0.009 +3.194
(0.053, 0.003) - 0.050 +0.000 - 0.006 - 0.005 +3.066
(0.0525, 0.0025) - 0.050 +0.000 - 0.004 - 0.002 +3.015
(0.060, 0.010) - 0.049 - 0.002 -0.070 - 0.046 +2.988
(0.057, 0.007) - 0.050 - 0.000 -0.029 -0.018 +2.995
(0.055, 0.005) - 0.050 - 0.000 -0.016 - 0.007 +2.996
(0.054, 0.004) 14 - 0.050 - 0.000 - 0.008 - 0.004 +2.996
(0.053, 0.003) - 0.050 - 0.000 - 0.004 -0.002 +2.998
(0.0525, 0.0025) - 0.050 - 0.000 - 0.004 - 0.001 +2.998
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Table H.1 : Continued.

Internal No. of u v Oxx oxy oyy
point terms

Analytic : - 0.05 0. 0. 0. +3.008
(0.060, 0.010) - 0.052 +0.003 +0.066 - 0.099 +3.461
(0.057, 0.007) - 0.050 +0.001 +0.011 -0.023 +3.142
(0.055, 0.005) - 0.050 +0.000 - 0.000 - 0.006 +3.034
(0.054, 0.004) 15 - 0.050 +0.000 -0.003 -0.003 +3.027
(0.053, 0.003) - 0.050 +0.000 - 0.003 -0.001 +3.020
(0.0525, 0.0025) - 0.050 +0.000 - 0.004 -0.001 +2.996
(0.060, 0.010) - 0.049 - 0.000 - 0.029 -0.041 +3.027
(0.057, 0.007) - 0.050 - 0.000 -0.016 - 0.008 +2.994
(0.055, 0.005) - 0.050 - 0.000 - 0.010 - 0.003 +2.995
(0.054, 0.004) 16 - 0.050 - 0.000 - 0.007 - 0.000 +2.981
(0.053, 0.003) - 0.050 - 0.000 - 0.004 - 0.000 +2.992
(0.0525, 0.0025) - 0.050 - 0.000 - 0.004 - 0.001 +2.995
(0.060, 0.010) - 0.054 +0.007 -0.032 -0.113 +3.673
(0.057, 0.007) - 0.050 +0.000 - 0.009 - 0.007 +3.046
(0.055, 0.005) - 0.050 - 0.000 - 0.005 - 0.001 +2.996
(0.054, 0.004) 17 - 0.050 +0.000 +0.004 - 0.001 +3.046
(0.053, 0.003) - 0.050 +0.000 +0.001 - 0.004 +3.040
(0.0525, 0.0025) - 0.050 - 0.000 -0.004 - 0.001 +2.992
(0.060, 0.010) - 0.052 +0.002 +0.039 - 0.006 +3.245
(0.057, 0.007) - 0.050 +0.000 +0.009 +0.002 +3.058
(0.055, 0.005) - 0.050 +0.000 - 0.001 - 0.000 +3.009
(0.054, 0.004) 18 - 0.050 +0.000 +0.002 - 0.001 +3.010
(0.053, 0.003) - 0.050 +0.000 - 0.003 - 0.001 +2.998
(0.0525, 0.0025) - 0.050 +0.000 - 0.004 -0.001 +2.998
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Table H.2 : Plate with a hole in the middle subject to uniform stresses at the ends.
Displacements and stresses at node 1 (Fig. 3.5) from Taylor series
using Neuber-Papkovich approach and fine boundary elements in the region of interest,
and remote field solution outside the local area.

Internal No. of u v GXxX oXy oyy
point terms

Analytic : - 0.05 0. 0. 0. +3.008
(0.060, 0.010) - 0.046 - 0.004 -0.043 -0.182 +2.742
(0.057, 0.007) - 0.050 - 0.000 -0.014 -0.074 +2.974
(0.055, 0.005) - 0.050 +0.000 - 0.005 -0.028 +3.016
(0.054,0.004) 7 - 0.050 +0.000 +0.001 -0.014 +3.029
(0.053, 0.003) - 0.050 +0.000 +0.000 - 0.008 +3.022
(0.0525, 0.0025) - 0.050 +0.000 -0.001 - 0.005 +3.013
(0.060, 0.010) - 0.049 - 0.002 -0.070 -0.046 +2.988
(0.057, 0.007) - 0.050 - 0.000 -0.029 -0.018 +2.995
(0.055, 0.005) - 0.050 - 0.000 -0.016 - 0.007 +2.996
(0.054,0.004) 9 - 0.050 - 0.000 -0.008 - 0.004 +2.996
(0.053, 0.003) - 0.050 - 0.000 - 0.004 -0.002 +2.998
(0.0525, 0.0025) - 0.050 - 0.000 - 0.004 - 0.001 +2.998
(0.060, 0.010) - 0.052 +0.002 +0.039 - 0.006 +3.245
(0.057, 0.007) - 0.050 +0.000 +0.009 +0.002 +3.058
(0.055, 0.005) - 0.050 +0.000 - 0.001 - 0.000 +3.009
(0.054, 0.004) 11 - 0.050 +0.000 +0.002 - 0.001 +3.010
(0.053, 0.003) - 0.050 +0.000 - 0.003 - 0.001 +2.998
(0.0525, 0.0025) - 0.050 +0.000 - 0.004 - 0.001 +2.998
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Table H.3 : Plate with a hole in the middle subject to uniform stresses at the ends.
Displacements and stresses at node 1 (Fig. 3.5) from Taylor series
using Airy's stress function approach and fine boundary elements in the region of interest
and remote field solution outside the local area.

Internal No. of u v oxXx oxy oyy
point terms

Analytic : - 0.05 0. 0. 0. +3.008
(0.060, 0.010) - 0.035 +0.076 +0.534 +0.163 +2.796
(0.057, 0.007) - 0.041 +0.009 +0.111 - 0.056 +2.834
(0.055, 0.005) - 0.050 +0.001 +0.049 -0.141 +2.979
(0.054,0.004) 9 - 0.038 - 0.005 -0.498 - 0305 +3.071
(0.053, 0.003) - 0.040 - 0.004 - 0.505 -0.338 +3.329
(0.0525, 0.0025) - 0.050 +0.001 +0.013 - 0.050 +3.059
(0.060, 0.010) - 0.047 +0.043 +0.323 +0.027 +2.983
(0.057, 0.007) - 0.042 +0.016 +0.236 - 0.005 +2.980
(0.055, 0.005) - 0.050 - 0.001 +0.024 -0.033 +2.858
(0.054,0.004) 13 - 0.038 - 0.006 - 0.488 - 0.239 +2.966
(0.053, 0.003) - 0.041 - 0.005 - 0.491 -0.243 +3.153
(0.0525, 0.0025) - 0.050 - 0.000 +0.005 - 0.006 +2.997
(0.060, 0.010) - 0.050 +0.014 +0.049 - 0.141 +2.989
(0.057, 0.007) - 0.048 +0.001 +0.130 -0.044 +2.954
(0.055, 0.005) - 0.050 - 0.007 -0.101 +0.095 +2.755
(0.054, 0.004) 17 - 0.050 -0.011 -0.433 +0.466 +2.567
(0.053, 0.003) - 0.048 - 0.007 -0.519 +0.414 +2.928
(0.0525, 0.0025) - 0.050 +0.001 +0.049 -0.141 +2.979
(0.060, 0.010) - 0.051 +0.099 +0.108 -0.023 +3.564
(0.057, 0.007) - 0.049 +0.076 +0.152 -0.033 +3.143
(0.055, 0.005) - 0.050 - 0.007 -0.091 +0.100 +3.056
(0.054, 0.004) 21 -0.050 -0.014 -0.023 +0.342 +2.984
(0.053, 0.003) - 0.048 - 0.006 -0.325 +0.123 +2.937
(0.0525, 0.0025) - 0.050 +0.007 +0.075 - 0.329 +2.994
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