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Abstract

This thesis investigates interpretable representations in Artificial Neural Networks, exam-
ining both engineered approaches and structure discovered within existing architectures.
Whether imposing structure on networks yields benefits over simply scaling model size
and data remains debated; our work contributes to understanding this tension between

structure and flexibility.

We first engineer interpretable representations through modular architectures. Extend-
ing Slot-Attention and combining it with spatial transformers, we build networks that
segment images into objects with disentangled representations of pose, shape, and ap-

pearance, and show these are easier to interpret than less structured counterparts.

To probe the link between interpretability and generalisation, we pair these object-
centric representations with specialised relational reasoning modules. Although this
yields sparser reasoning, combining structured approaches often underperforms both
the individual methods and standard monolithic networks. We trace this to compound-
ing rigidity: as multiple structural biases interact, they create information bottlenecks

between network stages.

Given these difficulties, we turn to emergent structure in state-of-the-art architectures,
which perform complex reasoning without strong inductive biases. Focusing on planning
as a form of reasoning, we show that foundation models solving maze navigation develop
internal world models reflecting spatial structure. These representations can be causally
perturbed to alter the model’s behaviour, revealing how the networks internally represent

and reason about spatial relationships.

Together, these complementary approaches — engineering interpretable architectures
and analysing emergent representations — advance our understanding of structure in
neural networks. While imposed structure can enhance interpretability, its relation-
ship with performance and generalisation remains complex. Our findings suggest a
promising direction: rather than imposing rigid constraints, future architectures may
achieve interpretability by leveraging and amplifying the natural emergence of structured
representations in flexible, scaled systems.
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Chapter1

Introduction

When the work presented in this thesis was started, it was commonplace for academics,
the author included, to discuss the lofty goals of Artificial Intelligence, and to bet on
how many more decades of intellectual toil would be required to achieve them. In the
half decade since, the field has seen truly rapid progress — foundation models now
demonstrate capabilities in visual reasoning, language understanding, and planning
that once seemed decades away (Brown et al. 2020; Kocijan et al. 2022; Reed et al. 2022;
Saharia et al. 2022). Whilst sceptics and naysayers still point out the shortcomings of
what has been wrought (Chomsky et al. 2023), most have been shocked by the speed of
progress (Bengio, Geoffrey Hinton, et al. 2024). The new generation of PhD students no
longer debate the possibility of general intelligence in our lifetime, but instead carry out
their work and discussions with AI systems whose capabilities draw close to those we
once dreamt of. We now find ourselves thrust into a world of dizzying progress, where
hundreds of millions of people use such systems to write for them, think for them, paint
for them and even to make them feel loved (Ebner et al. 2025; Heerden 2025; Kosmyna
et al. 2025; Liang et al. 2025).

Yet behind these capabilities lies a question as old as the field itself: should intelligent sys-
tems be carefully designed, with explicit representations of knowledge and mechanisms
for reasoning, or through the scaling of generic learning architectures? And, regardless
of how they are built, can we peer inside to understand what they have learned? These
questions, and the extent to which they are intertwined, are central to the work presented

in this thesis.

1.1 Structure vs. Scale

This tension between designing interpretable systems or relying on the scaling of generic
ones is not new (Cingillioglu 2022). Similar choices were deliberated upon even in the
field’s founding at the 1956 Dartmouth Summer Research Project (McCarthy et al. 1955).
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—— P> Interpretability

P> Structure

- Flexibility

Structured Symbolic
ANNs Methods

Figure 1.1: Interpretability Flexibility Trade-off. Existing methods mostly suffer from
shortcomings at either end of the spectrum shown, sacrificing flexibility or interpretabil-
ity. In Part I we focus on structured Artificial Neural Networks (ANNs), attempting to
find a middle-ground between interpretability and flexibility (the middle region). An-
other tack is to attempt to find ways of interpreting flexible systems (top left shortcoming).
We take this approach in Part I for , by finding ways to reverse-
engineer the representations that emerge naturally. Though not crisply delineated from
structured ANNS, approaches attempt to make interpretable symbolic
systems scalable, by combining them with neural networks; whilst promising we do not
explore such approaches in this thesis for reasons discussed in the text.

These have manifested across decades of research in different forms but with consistent
trade-offs. The early divide between symbolic Al, championed by pioneers like Newell
and Simon (Newell et al. 1976), and the connectionist revival of the 1980s (Rumelhart,
McClelland, et al. 1986) prefigured modern debates around structure vs. scale. The
trade-offs between these two approaches can be viewed in many ways, but we choose to

elucidate them along three axes, as shown in Figure 1.1:

« Interpretability: How easy is it to understand the systems behaviour? Either
from thousands of hand-written logical rules, or billions of floating point numbers.

« Structure: How much structure is imposed on the system by the designers, at the
level of input/output formats or through architectural constraints.

« Flexibility: (closely related to Scale) How easily can the system be applied to new

domains, learn from more data or leverage more compute at inference time?

Logic-based Systems During the 1970s-1990s, a significant portion of the Al research
community pursued the construction of comprehensive knowledge bases intended to
encode common-sense and practical knowledge about the world (Davis 2016).
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Proponents argued that such systems could capture human-like high-level reasoning and
provide formally verifiable behaviour across multiple domains. While these approaches
have demonstrated success in specialised domains where formal verification is critical
(Alrajeh et al. 2018; Cyras et al. 2021; Law et al. 2020), they face well-documented
challenges in flexibility and scalability — as modifying or extending, by hand or through
learning, previous rules and facts becomes increasingly difficult as such systems grow
(Brooks 1991; Dreyfus 1971; McDermott 1987). A key advantage of logic-based systems
is their interpretability: decisions can be traced through explicit inference chains (Rudin
2019). However, as rule bases grow to thousands of rules, the comprehensibility of
such traces is not self-evident, though recent work has made progress on generating
human-readable explanations from complex rule systems (Alviano et al. 2023; Fandinno
et al. 2018).

Neuro-symbolic Systems The limitations of purely logic-based approaches have mo-
tivated extensive research into hybrid neuro-symbolic architectures, as comprehensively
surveyed by Garcez et al. 2020, and discussed in section A.1. Broadly speaking, such
approaches attempt to combine the flexibility of ANNs with the strong priors and in-
terpretability provided by logic-based methods. This diverse field spans a spectrum of
integration strategies. At one end, recent work employs large language models to auto-
matically generate logical rules (Albinhassan et al. 2025; Wong et al. 2023), or leverages

LLMs to interface with existing logic-based reasoning systems (Sadowski et al. 2025).

Atthe other end, researchers have developed methods for differentiably learning symbolic
programs directly from data (Evans et al. 2018; Manhaeve et al. 2018; Minervini et al.
2020). A particularly promising direction combines these symbolic reasoning capabilities
with neural networks for perception tasks (Aspis et al. 2024; Cingillioglu and Alessandra
Russo 2022; Cunnington et al. 2023), exploiting the complementary strengths of pattern

recognition and structured reasoning.

However, these approaches face significant technical challenges: learning the highly
sparse representations required for symbolic reasoning remains difficult in gradient-
based frameworks, where credit assignment becomes problematic when only a small
subset of rules or symbols are relevant to any given input (Evans et al. 2018). Furthermore,
scaling differentiable logic-based methods beyond toy domains has proven challenging,
with computational costs growing prohibitively as the space of possible rules or predicates
expands (H. Dong et al. 2019; Zimmer et al. 2023). These hybrid approaches nonetheless
aim to preserve the interpretability benefits of logic-based systems while addressing their
shortcomings through neural components.

Structured Neural Networks All neural networks possess inherent structure through
their input-output specifications and architectural design.

16
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Beyond this baseline, researchers have developed approaches that impose explicit struc-
tural priors, including object-centric learning (Greff, van Steenkiste, et al. 2020), graph
neural networks (P. W. Battaglia et al. 2018), capsule networks (Sabour et al. 2017), to
list but a few. These approaches are sometimes characterised as “differentiable pro-
gramming” (Blondel et al. 2025), where domain-specific computational structures are
embedded within gradient-based optimisation frameworks. As illustrated in Figure 1.1,
the boundaries between neuro-symbolic systems, structured neural networks, and con-
ventional neural architectures are not formally defined and exhibit significant overlap.
Despite this taxonomic ambiguity, these research programs are distinguished by their ini-
tial design priorities along our three axes, with structured ANNs placing more weight on
scalability and flexibility over interpretability compared to neuro-symbolic approaches.

In summary, these varied approaches to combining structure with learning highlight a
fundamental challenge: how to balance the interpretability of explicit symbolic reasoning
with the flexibility and scalability of neural computation. Rather than viewing this as a
forced choice between extremes, we can seek approaches that preserve interpretability
while remaining grounded in the practical realities of modern deep learning — though
doing so present daunting scientific challenges that may take many years to resolve.

1.2 The Urgency of Interpretability

Whilst progress continues at breakneck speed, with no signs of relenting, we must face
realities that a short while ago were deemed fiction. How can we be sure that these
systems are reliable and safe, as they are handed increasing autonomy and replace ever
greater amounts of human labour? More fundamentally, how can we understand what
these systems have learned, and ensure their internal representations align with human
concepts? The challenge of interpretability, understanding the internal workings of
neural networks, has become paramount (Amodei 2025). Had we twenty years, we could
strive to understand these systems methodically — making them safer, and increasing
our understanding of intelligence in the process. But increasingly fewer researchers now
believe that we have that long to solve the technical challenges that building thoroughly
reliable and trustworthy Al systems will likely require (see Figure 1.2).

The asymmetry between our ability to build capable systems and our ability to understand
them continues to widen. Capability research scales readily with compute and data;
interpretability research, still in its infancy, as of yet does not — and models reach
hundreds of millions of users before we thoroughly understand them. We can probe,
visualise, and sometimes steer model behaviour, but we cannot yet guarantee that our
tools capture all safety-relevant phenomena, nor that our interpretations are faithful
rather than convenient.
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Figure 1.2: Expert and Community Predictions for creation of the first Artificial
General Intelligence (AGI) Green circles plot the community median for the Metaculus
question “Date of Artificial General Intelligence” (Metaculus 2025), while blue diamonds
plot Metaculus’s algorithmic aggregate prediction on the same day (data collected daily,
23 Aug 2020 — 6 Jun 2025). A downward-sloping ordinary least-squares trend (dashed)

shows that expected AGI arrival has been moving forward by ~ S% years for every year

of real time. Vertical markers highlight capability and policy inflection points — GPT-3,
DALL-E 2, ChatGPT, GPT-4, and the March 2023 “Pause Giant Al Experiments” open
letter — each followed by an abrupt left-shift in the crowd timelines. The silver star at
forecast-year 2012 indicates the 90% upper-quantile date (2075) from the expert-survey
aggregate reported by Bostrom 20141,

Beneath this practical urgency lies an even deeper problem: we lack a true theory of
interpretability itself. What does it mean to “understand” a neural network? When
is an explanation sufficient? How do we verify that our interpretations aren’t merely
compelling confabulations? These unanswered questions suggest that the challenge is
not merely technical but also epistemological—and that no single paradigm is likely to
resolve it alone.

In light of these challenges, rather than betting on a single paradigm, this thesis takes
a dual approach to understanding representations in artificial neural networks. First,
we investigate how engineering structured architectures — specifically object-centric
representations (Locatello, Weissenborn, et al. 2020) — can promote interpretable and

compositional reasoning (Part I).

IThis pools four expert surveys conducted between 2011 and 2013, from which we take the simple
unweighted mean of the 90th-percentile (p = 0.9) dates (&~ 2075) and plot it at 2012 (the approximate
midpoint of the studies) to give a single aggregate reference point.
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We demonstrate that models equipped with explicitly structured decoders learn more
disentangled representations, and show how explicit relational reasoning architectures
can leverage these structured representations for systematic generalisation.

Second, we analyse how structure emerges naturally in existing models, revealing that
even simple transformers (Vaswani et al. 2017) trained on maze-solving tasks develop
linear representations of spatial structure without explicit architectural biases (Part IT).
Through mechanistic interpretability techniques (Bereska et al. 2024), we identify specific
attention heads that respect maze topology and find that causal “world models” form
within such models and underlie their behaviour.

These approaches reflect a deep tension in modern AI research. The structured ar-
chitectures explored in Part I represent the classical vision of building interpretability
into systems by design — ensuring that internal representations decompose scenes into
objects and their relationships, as advocated by the object-centric learning community
(Greff, van Steenkiste, et al. 2020; Locatello, Weissenborn, et al. 2020). The mechanistic
analyses in Part IT acknowledge the reality that the most capable systems today leverage
scale rather than structure (Amodei et al. 2018; Sutton 2019), yet demonstrate that in-
terpretable representations can arise naturally from gradient descent on well-designed
tasks.

It remains unclear which paradigm will ultimately prevail — whether we will achieve safe
and interpretable AI through careful architectural design or through post-hoc analysis
of emergent behaviours — and whether either approach will mature quickly enough to
address the pressing challenges posed by increasingly powerful systems. However, the
greatest insights likely lie at the intersection of these approaches: understanding how
to build structure that promotes interpretability while also developing tools to analyse
the representations that emerge naturally. This thesis aims to serve as a bridge between
these research paradigms, demonstrating that they are not competing philosophies but
complementary tools in our urgent quest to build Al systems we can understand and
trust — whether by constructing them to be interpretable from the ground up, or by
developing techniques to peer inside the black boxes we have already built.

1.3 Thesis Outline

The thesis begins with shared background material (chapter 2), introducing foundational
concepts in deep learning—including neural network architectures, attention mecha-
nisms, and representation learning—that underpin both parts of the thesis. Part I then
turns to the question of whether architectural constraints can promote interpretable,
compositional representations. After reviewing the foundations of object-centric learn-
ing in chapter 3, chapter 4 examines how factorising object pose and appearance through
spatial transformer constraints yields more disentangled latent representations.
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Chapter 5 then takes a step back and investigates whether object-centric representa-
tions improve relational reasoning, finding that whilst sometimes detrimental, sparsity
constraints on relational modules can lead to simpler decision boundaries.

Having established both the value and the limitations of engineered structure, we take
a step back in the Interlude (chapter 6) to ask whether structure is needed at all, sys-
tematically evaluating multimodal foundation models on visual relational reasoning
tasks. While scale alone yields impressive capabilities, a notable gap remains between
language-mediated and visually grounded reasoning. This finding motivates the shift in
perspective that defines the second half of the thesis: rather than building structure in,

we turn to reverse-engineering the structure that emerges on its own.

Part IT begins by introducing the methodological framework for mechanistic interpretabil-
ity in chapter 7, including probing techniques, sparse autoencoders, and the maze-solving
domain that serves as a testbed throughout. Chapter 8 then shows that small transform-
ers trained on maze navigation develop linearly decodable spatial representations whose
emergence coincides with a generalisation phase transition. Building on this, chapter 9
reveals that these models construct causal world models: sparse autoencoder features
encoding maze connectivity are causally implicated in path-finding behaviour and can be
manipulated through targeted interventions. Finally, chapter 10 reflects on the comple-
mentary nature of these two approaches—building structure in and reverse-engineering
structure out—and outlines future directions for interpretable Al systems.

1.4 Publications

The following articles and publications form the basis of the work presented in this thesis.
Where contributions are not entirely the author’s own, acknowledgements are given
at the beginning of the relevant chapters, as well as for any relevant results or figures.
Chapters 4 and 6 contain work not previously published at the time of writing.

1. Sparse Relational Reasoning with Object-Centric Representations
Spies, A.F., Russo, A., Shanahan, M.
ICML 2022 DyNN Workshop (spotlight)

Citation: Spies, A. Russo, et al. 2022

The focus of chapter 5. We investigate whether object-centric representations
improve compositional relational reasoning and what role sparsity plays, finding
that whilst object-centric representations alone do not guarantee improvement,
L1 sparsity constraints on relational modules yield simpler, more interpretable
decision boundaries without sacrificing task accuracy. The techniques used to
analyse the disentanglement of the representations are introduced in chapter 4,
which itself contains mostly unpublished work.
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2. maze-dataset: Maze Generation with Algorithmic Variety and Representa-
tional Flexibility
Ivanitskiy, M.I., Sandoval, A., Spies, A.F., Riuker, T., Knutson, B., Diniz Behn, C., Wu
Fung, S.
Journal of Open Source Software, 10(114), 8633 (2025)

Citation: Ivanitskiy, Sandoval, et al. 2025

Supports chapter 8 and chapter 9. This open-source library provides configurable
maze generation for mechanistic interpretability research, underpinning the ex-
perimental infrastructure throughout Part II. The author contributed to library
design, documentation, and integration of the maze generation algorithms used in
Chapters 8 and 9.

3. Linearly Structured World Representations in Maze-Solving Transformers
Ivanitskiy, M.I., Spies, A.F., Rduker, T., Corlouer, G., Mathwin, C., Quirke, L., Rager, C.,
Shah, R., Valentine, D., Behn, C.D., Inoue, K., Fung, S.W.

NeurIPS 2023 UniReps Workshop (in proceedings)

Citation: Ivanitskiy, Spies, et al. 2024

The focus of chapter 8. We investigate whether transformers trained on maze navi-
gation develop interpretable spatial representations without explicit architectural
biases, finding that linearly decodable spatial structure emerges during training in
concert with a generalisation phase transition. The author led the probing analyses,

residual-stream geometry experiments, and training-dynamics study.

4. Transformers Use Causal World Models in Maze-Solving Tasks
Spies, A.F., Edwards, W., Ivanitskiy, M.I., Skapars, A., Rduker, T., Inoue, K., Russo, A.,
Shanahan, M.
ICLR 2025 Workshop on World Models
Citation: Spies, Edwards, et al. 2024

The focus of chapter 9. Building on the correlational evidence from Ivanitskiy,
Spies, et al. 2024, we ask whether emergent internal representations are causally
implicated in model behaviour. Using sparse autoencoders we identify features
encoding maze-wall connectivity and show, through targeted activation patch-
ing, that these features causally drive path-finding decisions—providing the first
evidence of manipulatable causal world models in maze-solving transformers
leveraging a multi-pronged analysis. The author led this work and carried out the
SAE training and experiments.
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Chapter 2

Shared Background

In this chapter we outline the key concepts central to developing our study of represen-
tations in Artificial Neural Networks (ANNs). The two central parts of our thesis are
preceded by their own, more detailed, background sections and readers familiar with
the fundamental concepts in modern “Deep Learning” may skip ahead to those.

2.1 Mathematical Notation

Symbol Category Definition

General Notation

t Time Time step

T Time Total number of time steps

U Vector Typically used for inputs or internal (latent/hidden) rep-
resentations

A Matrix/Tensor Typically used for images, sequences, or other high-
dimensional data

AT Operation The transpose of a Matrix/Tensor (note T differs from T')

Neural Networks

z Vector Latent representation

w Matrix Weight matrix

b Vector Bias vector

o Function Activation function

Y Loss Function Loss function used for training

Table 2.1: General mathematical notation used throughout this thesis. See also Ta-
ble 10.3 for a glossary of terms.
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2.2 Deep Learning

Throughout this thesis we will be working with Artificial Neural Networks (ANN5s)
consisting of multiple “layers”, in which information flows from the input layer to the
output layer, along a forward pass. When there are more than a few layers, such a neural
network is said to be “deep”, and thus the term “deep learning” is used to refer to the
study of such networks and their learning. As we shall discuss, the stacking of ever more
layers is what enables relatively simple neural networks to learn increasingly complex
and hierarchical representations.

2.2.1 Neural Networks

Many excellent treatments of ANNs and artificial intelligence more broadly exist (Bishop
2007; Goodfellow et al. 2016; Russell et al. 2020), and we will not attempt to provide a com-
prehensive overview here. Instead, we will focus on the key concepts and nomenclature
that will be built upon in later chapters.

Artificial neurons, conceived of as a simplified model of their biological equivalents, were
first introduced by McCulloch et al. 1943. In their simplest form, a single neuronal unit
computes a weighted sum of its inputs followed by a nonlinear activation: y = o(w! X +b)
where 0 is a weight vector, X is an input vector, b is a scalar bias, and ¢ is an activation
function. When multiple such neurons are arranged in parallel, they form a layer, whose
computation can be expressed as y = (WX + B) where W is now a weight matrix (each
row containing the weights for one neuron), bis a bias vector, and the activation function
o may be applied element-wise or operate on the entire vector. This model, known as
the perceptron (or a Linear Layer), can be extended to a Multi-Layer Perceptron (MLP)
by stacking multiple layers, with the output of one layer serving as the input to the next.

Some parameters in a network are learnable, and others are non-learnable. Learnable
parameters are typically called “weights”, and are learned from the data directly via
gradient descent. Non-learnable parameters are typically called “hyperparameters”, and
define the architecture of the network, such as the number of layers, the number of units
in each layer, and the activation functions used; these influence the performance of the

network, but are not learned directly via gradient descent’.

Whilst such a simple construction is not conceptually far from the state of the art, early
progress in the field was hampered by discussions around the limitations of such simple
neural networks to model certain classes of functions (Minsky et al. 1969), but as we
shall explore, modern neural network “architectures™ consist (at least conceptually) of
variations of this simple idea (Goodfellow et al. 2016).

I'Meta-learning and neural architecture search are two approaches to learning the architecture of a
network, but are beyond the scope of this thesis and in these cases one may simply consider that the set of
“hyperparameters” has changed.
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Forward Pass

> J = fo(X)
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Figure 2.1: A simple feed-forward neural network, also referred to as a Multi-Layer
Perceptron, with two hidden layers, 1"’ and h®. During the forward pass a set of inputs
are passed through the network and outputs are computed, during the backward pass
the gradient of the loss function with respect to the network parameters is computed
via backpropagation. The network is parameterised by the weights 8, which are learned
from the data via gradient descent. The loss function £ is used to compute the prediction
error. Adapted from Love 2024.

In particular, early issues around the stability of learning have been substantially im-
proved through the use of regularisation techniques such as weight decay (Krogh et al.
1991) and dropout (Srivastava et al. 2014), improved optimisers such as Adam (Diederik P
Kingma et al. 2015), techniques such as batch normalisation (Ioffe et al. 2015), and better
activation functions such as ReLU (Nair et al. 2010).

Forward Pass

We typically refer the computation of a network’s outputs as the “forward pass”, and the
computation of the gradient of the loss function with respect to its parameters by the term
“backpropagation”. During the forward pass, information flows from the input layer to the
output layer through successive transformations. The forward pass is given by y = f(X)
where y is the output of the network, X is the input to the network, and f is the network
function, parameterised by its set of weights 6. In a simple feed-forward network, this
fo may be decomposed into a purely sequential composition of transformations. Each
such “hidden layer” is a function of the previous layer’s output: A(+D = f gl)(l_z)(l)), where

h® is the output of layer I and f él) is the function of layer 1.
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The compositional nature of such networks enables complex function approximation
(Hornik et al. 1989).

Residual connections (also called “skip” connections) are an architectural trick of
note, which allow information to flow directly from the input to the output of a layer,
bypassing the intermediate layers. This is particularly useful for training deep networks,
as it allows the gradient to flow through the network without “vanishing” or “exploding”
(see Goodfellow et al. 2016, §8.2.5) (Balduzzi et al. 2017; Zaeemzadeh et al. 2020), and also
making the loss landscape more amenable to stochastic optimisation (Kawaguchi et al.
2019; H. Li et al. 2018). In such architectures, the layer-wise forward pass takes the form
n+D = f él)(ﬁ(l)) +h®. Aswe shall see in Part I1, the presence of residual connections

also strongly influences the ways in which networks form hierarchical representations.

Learning in Neural Networks

The problem of “credit assignment” — choosing which parts of a network should be
updated, and by how much, for a given provided output — has an elegant solution in
ANNS, provided by the backpropagation algorithm (Rumelhart, G. E. Hinton, et al. 1986).
This largely amounts to the automated and repeated application of the chain rule to
networks, carried out in combination with gradient descent during the backward pass.

The “prediction error” is computed by comparing the output of the network to the desired
output, and is encapsulated by a loss function, £. For example, in supervised learning,
one might use the sum of squared differences between the outputs and a known “target”.
Notably, any differentiable term which depends on the parameters of a network may
be added to provide additional regularisation, leading to significant differences in the
learned representations, and potentially generalisation (ideas we explore in chapter 5)
(Burgess, Higgins, et al. 2018). For example, a multilayer network may map an input x to
a lower dimensional, intermediate representation (a so-called “latent representation”), z;
a neural network designer may then choose to add a regularisation term, such as the L1
norm of the latent representation, £(z) = 1|z|,, where A trades-off between the sparsity

of the latent representation and the reconstruction error.

Whilst backpropagation provides a simple method for credit assignment, early ANNs
often struggled with pathological gradients which either (i) “vanished” (where the re-
peated application of the chain rule resulted in gradients close to zero, leading to no
learning) or, (ii) “exploded” (where the repeated application of the chain rule resulted in
very large, or overflowing gradients, leading to unstable learning). Another common
critique of backpropagation is that whilst efficient in ANNS, it does not appear biologi-
cally plausible, as it relies on global information propagation from the output layer to
the input layer (T. P. Lillicrap et al. 2020). There has however been much work exploring
possible analogues for credit-assignment in biological brains (Whittington et al. 2019).
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2.2.2 Neural Network Optimisation

The choice of optimisation algorithm strongly influences training dynamics and the
regions of the “loss landscape” that are explored. In a convex loss landscape, suitably
tuned gradient descent will converge to the global optimum, but in a non-convex loss
landscape, this is not guaranteed (Boyd et al. 2004). Modern optimisers, such as Adam
(Diederik P Kingma et al. 2015), employ a combination of gradient descent and momen-
tum to navigate the loss landscape. More specifically, Adam maintains exponentially
decaying estimates of both the first and second moments of the stochastic gradients to
form element-wise adaptive step sizes.

The momentum term helps to compensate for the “noise” in the gradient, which is
the variance between the optimal step and the actual step taken that arises due to the
estimate of the gradient from a batch (a subset of the full dataset). As the name suggests,
the momentum term is a weighted average of the gradient at the current step and the
gradient at the previous step, smoothing out noisy gradient steps and improving learning
in the majority of cases (Mandt et al. 2017; Polyak 1964).

In practice, the loss landscape of complex neural networks is highly non-convex but
exhibits several remarkable properties:

« Most minima are nearly global and reside in relatively flat basins—this flatness has
frequently been linked to improved generalisation (Hochreiter and Schmidhuber
1997; Izmailov et al. 2018; Keskar et al. 2017; Nguyen et al. 2017)

+ The extremely high-dimensional loss landscape (due to overparameterisation) al-
lows networks to explore many local minima, which can be thought of as connected
by “paths” of low-loss regions. This phenomenon, known as “mode connectivity”
suggests that seemingly distinct minima often lie within larger, gently sloping
basins (Garipov et al. 2018; Gotmare et al. 2018)

« Large networks frequently contain sparse “winning ticket” subnetworks that can
achieve comparable accuracy to the fully-trained network (Frankle et al. 2019),
while the relationship between model capacity and performance can follow a
“double descent” curve where increasing the capacity of the model at first leads
to overfitting, but beyond a certain point actually improves generalisation perfor-
mance (Belkin et al. 2019; Nakkiran et al. 2019).

The non-convexity of the loss landscape is strongly related to the “inductive bias" of the
network, constituting the prior knowledge about the learnable function classes encoded
into a network. The more such inductive biases are encoded into the network, the more
heavily encouraged the network is to learn a solution that satisfies these biases—this
may be beneficial when data is scarce, but may also lead to overfitting, or the learning of
suboptimal solutions (with respect to the true data generating process) (Wilson 2025).
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One particular such bias of note, which strongly influences non-convexity, is that of
sparsity—both in the information flow of the forward pass, and in the representations a
network is encouraged to learn. Overly aggressive sparsification removes the overparam-
eterised flexibility of a network and can increase the risk of getting stuck in suboptimal
solutions (Bartoldson et al. 2020; Evci et al. 2020; Gale et al. 2019). Though here again,
tricks such as gradient noise, weight decay, and dropout can help to mitigate this risk, or
alternative choices of optimiser may be necessary (D’Angelo et al. 2024; Srivastava et al.
2014).

2.2.3 Architectures of Note

Over the decades researchers have invented many clever “architectures” of neural net-
works whose parameters manipulate information through carefully selected operations
to ensure a desired inductive bias — usually resulting in a more efficient learning process
in a specific domain. Below we introduce a few commonly used inductive biases, and

the architectures which leverage them.

Types of Inductive Biases
« Spatial biases (locality, translation invariance)
« Temporal biases (recurrence, causal interactions between features across time)
« Relational biases (causal interactions between entities)

As we shall see in chapter 5, all of these inductive biases may be applied in parallel to
form a network which is strongly predisposed toward forming representations which
are sparse, hierarchical, and relational.

Convolutional Neural Networks

Convolutional Neural Networks (CNNs) apply a spatial inductive bias by encouraging
the network to learn features which are invariant to translation. This is achieved through
the use of convolution operations, which essentially “slide” a filter over an image, and
compute a dot product between the filter and the image at each position.

CNN s were the first largely successful architecture in the field of deep learning, and are
still widely used today, though other architectures, based on the transformer architecture
discussed shortly, have become more prevalent in recent years. There is some debate
around the relative merits of CNNs and transformers for image processing, with trans-
formers being more flexible yet still performant, whereas CNNs were directly designed
for the task of image recognition (Smith et al. 2023).
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(a) Convolutional neural network, modified
from Stutz 2022. Here the frontmost feature
map is shown, which is the result of convolv-
ing a learned filter across an input tensor.
The curved edge suggests that the filter is
a simple edge detector, which is a common
feature of CNNs (Olah, Cammarata, et al.
2020).
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(b) An unfolded recurrent neural network,
modified from Love 2024. The recurrent
connections are shown in yellow, and the
feed-forward connections are shown in gray.
To avoid problematic gradients, the recur-
rent connections are typically gated, such
that the gradient is not multiplied by the
weight matrix at each time step.

Figure 2.2: Two foundational neural network architectures that encode distinct inductive
biases: (a) CNNs leverage spatial locality through shared filters that detect features across
image regions, while (b) RNNs process sequential data by maintaining temporal state
through recurrent connections.

Recurrent Neural Networks

Recurrent Neural Networks (RNNs) apply a temporal inductive bias by encouraging
the network to learn features which are preserved or built-upon over time. This is
achieved through the use of recurrent connections, which allow the network to maintain
a “memory” of the previous inputs.

Simply applying the same operation repeatedly leads to the aforementioned gradient
vanishing and exploding issues which hamper learning, as y « WTx for T time steps.
To address this, the use of Gated Recurrent Units (GRUs) (Cho et al. 2014) and Long
Short-Term Memory (LSTM) (Hochreiter 1991) units was introduced, which make the
temporal updates additive rather than multiplicative, whilst still allowing the network
to maintain a “memory” of the previous inputs.

2.2.4 Attention Mechanisms and Transformers

Transformers (Vaswani et al. 2017) are a type of neural network architecture which apply
a relational inductive bias by encouraging the network to learn features between pairs of
embedded inputs through a differentiable routing mechanism known as attention.
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Dot-Product Attention

The central building block of modern attention mechanisms is scaled dot-product atten-
tion. In general, this is given by:

T

K
Attention(Q, K, V) = softmax ( Q

) V = softmax(A)V
dy

where Q € R™%, K € R™%_ and V € R™% are the queries (dimensionality d;), keys
(dimensionality d), and values (dimensionality d,,) respectively — their names alluding
to the fact that attention may be viewed as a “soft” form of dictionary retrieval. The scaling
factor \/d—k prevents the dot products from growing too large in magnitude, which would
cause the softmax to saturate. The attention matrix A € R™™ captures the similarity
between each query and key, and is used to compute the weighted sum of the values.

In practice, for a sequence of n inputs, embedded into a vector space of dimension
d,0del» the attention matrix is simply square n X n matrix, and the queries, keys and
values are typically learned as a linear projection without bias, e.g., Q = WX where
WQ & R%moderXdy |

Causal Masking For sequences with a temporal ordering, it is often desirable to mask
the attention mechanism so that the network cannot attend to future inputs. This is
achieved by setting the attention weights to —co for all future positions (after token j)
within the attention matrix, A, such that softmax(A) = 0 for all sequence positions, i > j.

Multi-Head Attention (MHA)

Multi-head attention extends this by learning multiple attention functions in parallel, al-
lowing the model to jointly attend to information from different representation subspaces

(these notions will be expanded upon in Part IT):

MHA(X) = Concat(head,, ...,head, )W°

where each head is computed as:

head; = Attention(XWiQ, XWK, XWY),

with learned projections W? € Ribmoderde, WK € Rimoderxdic, WY € Rmodeds and WO €
thUdeudel .
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The Transformer Architecture

Making extensive use of attention mechanisms, a
decoder-only transformer architecture (Vaswani et
al. 2017) consists of stacked layers (aka “blocks"),
each containing:

Multi-head self-attention,

Layer normalisation,

Position-wise feed-forward networks (MLPs),

Residual connections.

LayerNormalization (Ba et al. 2016) acts to stabilise
the learning process by both centring and scaling

neuron activations, and is given by

x — E[x]
Var[x] +¢

LayerNorm(x) =

where € is a small constant to prevent division by
zero, and the expectation (E) and variance (Var)
are computed over the last dimension of the in-
put. As opposed to other common normalisation
techniques, such as batch normalisation (Ioffe et al.
2015), layer normalisation is applied to each neu-
ron independently, and is therefore invariant to the
batch size.

It is worth noting that the transformer architec-
ture in its original conception contained both an

encoder and a decoder, and that the encoder-only

Y
LayerNorm
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—

LayerNorm
|
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Attention
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Figure 2.3: Decoder-only trans-
former architecture consisting of
N stacked blocks, in which each
“block” contains a multi-head self-
attention mechanism, layer nor-
malisation, and feed-forward net-
works with residual connections,
based on the figure of Vaswani et al.
2017. Here P denotes the position-
dependent encoding (vector) added
to each token in the input sequence.

architecture is a special case of the full transformer architecture. However, it has been ob-

served that the encoder-only architecture is sufficient for many tasks in practice (Radford

et al. 2019), whilst avoiding some complexities of using a decoder.

Input Representation and Tokenisation

For textual input, a transformer first parses a sequence, such as ‘‘The quick brown"

into a sequence of tokens [‘‘The", ‘‘qu", ‘‘ick", ‘brown"]. In standard applications,

the tokenisation scheme is determined via the computation of subword statistics to find

an optimal vocabulary that balances representation efficiency with model size.
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Common approaches include Byte-Pair Encoding (Sennrich et al. 2016), WordPiece
(Yonghui Wu et al. 2016), and SentencePiece (Kudo et al. 2018), which iteratively merge
frequent character sequences based on corpus statistics.

This procedure yields a finite vocabulary V of size | V|, which allows the mapping of
tokens to indices ¢t; € {1,...,| V|}. These indices correspond to rows in the embedding
matrix Wg € RIVXdmoaet where each row represents a learned dense vector representation
of a token. The input sequence is thus transformed into a sequence of embeddings
X = [er,,....e; |7 € RM<dmodel,

Since self-attention is permutation-invariant, transformers require explicit positional
information. This is typically achieved through positional encodings that are added to
the token embeddings:

X=X 4p

where P € R"™4model contains position-dependent vectors. The original transformer
(Vaswani et al. 2017) uses sinusoidal positional encodings, while many modern variants
learn these encodings directly (Devlin et al. 2018; Radford et al. 2019).

A similar tokenisation procedure can be applied to non-linguistic inputs. For images,
the most common approach is to divide the input into a grid of non-overlapping patches
(Dosovitskiy et al. 2021), where each patch is flattened and linearly projected to form a
token embedding. Alternative approaches include using convolutional layers to extract to-
ken representations (Xiao et al. 2021), or operating directly on pixels (T. Chen et al. 2022).
For audio signals, common tokenisation strategies include extracting fixed-length frames
from spectrograms (Gong et al. 2021), learning discrete codes via vector quantisation
(Baevski et al. 2020), or using convolutional modules to produce token sequences (Gulati
et al. 2020). These methods demonstrate the generality of the transformer, requiring
only that inputs be representable as sequences of embeddings.

As we shall see in Part I of this thesis, the core idea of attention mechanism — that of
differentiably routing information between subsets of inputs or hidden representations —
is a powerful tool for building interpretable and compositional representations. Indeed,
variants (Locatello, Weissenborn, et al. 2020) and derivatives (Z. Wu et al. 2023) of the
transformer architecture have seen considerable success in object-centric learning, which
will be our focus in the immediate chapters.

The neural architectures and learning principles outlined in this chapter provide the
foundation for both approaches explored in this thesis. While the scaling paradigm has
demonstrated that minimal architectural constraints combined with vast amounts of
data can produce remarkably capable systems, fundamental questions remain about
interpretability, systematic generalisation, and sample efficiency. These concerns moti-
vate our exploration of an alternative path in Part I: engineering interpretable structure
directly into neural architectures.
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Object-Centric Deep Learning
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Chapter 3

Object-Centric Learning

We begin our technical work by exploring the engineered-interpretability agenda dis-
cussed in chapter 1. In particular, we explore inductive biases which encourage neural
networks to represent and reason over “objects”.

3.1 Whatis an object?

To ground our discussions we must first decide on what we mean when we say that
something is an object. In order to facilitate the possibility of agreement, we shall
pragmatically do away with the level of metaphysical rigour a philosopher might demand.
This is permissible as our notion of objectness will serve only to guide the development of
agents whose reasoning resembles that of natural intelligences — these were not cleverly
designed but arose from blind evolution, developing the ability to recognise, represent
and reason about objects in order to more effectively pass on their genetic material
(Shepard 1984).

Most, but not all, entities which constitute meaningful objects for agents in the physical
world are likely to be easily agreed upon. However, the definition of object which we
adopt is more akin to that of symbols or concepts, such that an observer may distill
the task-relevant properties of some physical object into an internal symbolic repre-
sentation, which we would still consider to be an object. In particular, following van
Steenkiste, Greff, et al. 2019 and Greff, van Steenkiste, et al. 2020, we shall consider
objects to be computational primitives capturing abstract patterns on input data (or
internal representation) which are:

« Modular: Objects are sub-components of the input or representation which suf-
fice to explain most task-relevant aspects of the original input, and are largely
independent of one another.

LA process quite orthogonal to erudite philosophical enquiry.

33



PART I | Object-Centric Deep Learning Object-Centric Learning

+ Dynamic: Objects are task, goal and knowledge dependent. Part-whole hierar-
chies may constitute objects themselves. Task information is required to decide
which object-wise decomposition is appropriate at a given time.

« Consistent: Object representations are often grounded in physical reality, and
should nominally possess a stability and consistency commensurate with their
physical counterparts. Even abstract objects such as the numeral “7" must display
consistency in their representation to be useful for reasoning”.

Together these properties underline a distributed notion of objectness which captures all
aspects of a representation amenable to symbolic processing in ANNS.

The framing of the aforementioned object properties in terms of task-dependence is well
understood from the view-point of affordances introduced by Gibson 1979. With the key
idea being that agents interacting with their environment, and wishing to build useful
predictive models, will learn to associate properties of immediate relevance to recurring
perceptual themes. In particular, “The affordances of the environment are what it offers
the animal, what it provides or furnishes, either for good or ill." (Gibson 1979). As such,
affordances too are distinct from physical properties in that “they have to be measured
relative to the animal” — this includes factoring in its internal state (hungry, tired, etc.),
its mode of perception (monocular vision, sonar etc.). As such, affordances guide how
object representations will be learned by an agent — those representations which have

predictive power or facilitate beneficial cognition.

As an example, containership may be represented quite distinctly even when associated
with the same physical object: A magician seeking to stow a white rabbit may perceive a
top hat differently from a dapper groom — the hat affords different things to the magician
and the groom. Furthermore, as affordances capture utility in some sense, they can be
used to motivate the selection of salient objects across all of an agent’s percepts. The
need for this is clear even in humans, who are able to store around 3-9 objects at a
time in working memory (Fukuda et al. 2010; Miller 1956). Viewed through the lens of
affordances, we might say that attention is directed on the basis of perceived affordances,
which are by definition conditioned on current goals and knowledge. This actor-centric
view of “meaningful” representations will be particularly important in Part IT when we
attempt to reverse-engineer representations that form naturally in large ANNSs.

2In systems where representations are distributed across local populations, as in biological brains, and
plausibly in modular artificial networks, consistency can be motivated on two grounds: i) Inter-region
communication: if distinct modules must coordinate, then the encoding used by each must remain stable
over time-scales much shorter than the rate of learning, lest downstream readout become meaningless
(Gallego et al. 2020; Rule et al. 2019); ii) Learnability: if a representation drifts faster than a learning
process can track, no stable correspondence between the representation and the underlying stimulus can
be maintained.
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For a designed ANN to capture objects based on affordances, we propose that it would
minimally require:

« The ability to associate task-relevant properties to objects. In particular, salient
static properties (e.g. colour, shape) as well as dynamical properties (mass, etc.)
rather than trivial visual features (texture etc.).

« The ability to rank and filter objects by affordance for a given task. In general, this
would require both task-understanding and a capacity for internal simulation and
planning to infer potential relevance of a given object-wise decomposition.

The first of these points, the ability to associate task-relevant properties to objects, will be
particularly important for the development of object-centric models. As we shall see in
chapter 4, the ability to separate pose from appearance is crucial for the development of a
structured representation of objects — at least for the tasks we will consider in chapter 5.
The second point, the ability to rank and filter objects by affordance for a given task, will
be important for the relational reasoning tasks we will consider in chapter 5.

Beyond decomposing a scene into separate object slots, we must also consider how infor-
mation is organised within each slot—that is, the degree of representational structure. A
structured representation is one in which distinct properties of an input are encoded in
identifiable, separable components, making them amenable to downstream inspection
and manipulation. We shall ground these abstract considerations concretely in sec-
tion 3.4, after introducing the technical machinery of object slots and disentanglement,
by examining how different levels of representational structure manifest for a simple

scene of geometric objects.

3.2 Object-Centric Representations

3.2.1 Representing Objects

We are interested in Artificial Neural Networks (ANNs) whose architectures are induc-
tively biased in ways which encourage them to learn to represent objects “distinctly”. By
using ANNs for perceptual processing we ensure that gradients can be passed end-to-end
from downstream networks, for example in Deep Reinforcement Learning (RL) via policy
gradient methods Williams 1992, providing a great degree of flexibility and retaining
the ability to leverage large amounts of data. The subset of Deep Learning approaches
that attempt to acquire such representations are typically referred to as performing
Object-Centric Learning (OCL).

Though there are other ways of representing objects in ANNS, a family of approaches
known as “slot-based” have shown the most promise in meeting the representational
requirements of objects outlined in the previous section, whilst still being trainable
through gradient descent (Greff, van Steenkiste, et al. 2020; van Steenkiste, Greff, et al.
2019).
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These models utilise weight-sharing across multiple slots which are used to represent
objects, ensuring a common representational format. For example, RNNs may be viewed
as slot-based models with a single slot that is updated over time — though the resulting
slot’s representation would either capture multiple objects, or not capture all objects;
neither of which are desirable. In fact, at the level of slots there are three properties

which we wish our models to possess:

« Consistency: If superficial aspects of a model’s input are perturbed (for example,
adding homogenous noise across colours channels), then the representation of
objects captured by slots should suffer a relative perturbation no greater than that
of the inputs.

« Alignment: (For videos) slots should represent the same objects across subsequent

time steps — assuming continuous dynamics and object uniqueness.
« Exclusivity: Each slot should represent at most one object.

We will frame our discussion of such approaches in terms of the taxonomy for slot-based
models proposed by Greff, van Steenkiste, et al. 2020; van Steenkiste, Greff, et al. 2019,
which breaks down existing approaches into four categories:

« Instance Slots: All slots are generic and can represent any object. Such slots are
the most general from a representational perspective, but the symmetry between
slots must be broken — for example by allowing inter-slot interactions.

« Sequential Slots: Utilise recurrence to parse a scene one object at a time. Sym-
metry breaking may occur by imposing an order on the scene processing, and
representational capacity can potentially be increased by performing more iter-
ations. Slots may not be simultaneous accessibly at a given timestep, but this
can be addressed by conditioning downstream components on an aggregated, or
selectively routed, representation of the slots.

« Spatial Slots: Each slot is associated with a particular spatial location, thus break-
ing the symmetry. Alignment is non-trivial in such a model as an object moving
across the input will pass through the receptive fields of different slots. However,
position information is explicitly associated with every slot, which may be useful
downstream.

« Category Slots: Slots explicitly specialise to represent certain object categories
(e.g., based on shape), facilitating symmetry breaking. Such models cannot rep-
resent multiple instances of a particular object simultaneously, unless used in

conjunction with another method.
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3.2.2 Models

There have been many models proposed to learn Object-Centric representations using
a variety of approaches. Weis et al. 2020 discuss a number of these approaches and
group them by the fashion in which latents (the internal representations, i.e., vectors,
which we choose to consider interesting) are learned, and whether or not the latents
are structured (“factored”), whilst Greff, van Steenkiste, et al. 2020 provide examples of
models matching each slot type. We provide a more thorough review of such models
in section A.2, framed in terms of the considerations outlined above. Researchers have
proposed models covering each of our criteria, but at the time when our work was carried
out none of the existing models did so without various significant trade-offs.

3.2.3 Slot-attention

With an eye toward overcoming the shortcomings of existing models, we chose to extend
Slot-Attention (SA), proposed by Locatello, Weissenborn, et al. 2020. SA utilises the
attention mechanism popularised by transformers, as discussed in section 2.2.4, to

elegantly realise an instance-slot based architecture with simple inter-slot interactions.

Slot Attention Module

The Slot-Attention (SA) module, is an instance slot type model, where all slots are able
to represent any object, and there is no fixed ordering of slots. The module takes input
features (typically from a CNN) of dimension N X D;,,,; and maps these to K output
slots with dimension Dy,,;;. The slots compete with each other via an iterative softmax
attention mechanism, with more iterations, i € 1...I, resulting in increasingly refined
attention maps.

The mechanism utilises standard dot-product attention as discussed in section 2.2.4,
with learned linear transformations, k,q and v, used to map the features and slots to
a common dimension D (with D = Dg,;, in our experiments). The softmax attention
operation is then

M, k(inputs) - q(slots)”
attn; ; = " Where M= (inputs) - q( )

Zl eMu \/5

e RNxK,

Instead of computing updates directly using the attention scores, a weighted mean over

the attention scores of all slots is used to update each slot’s state, as per

attni’j

updates = W' -v(inputs) € R**?  where W;;=————.
2, attng

i,j

This helps to stabilise the mechanism. The resulting updates are then optionally passed
through a GRU which takes slots from the previous iteration as its input state.
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These updates are applied to the slots via a residually connected MLP. Locatello, Weis-
senborn, et al. 2020 also find that applying LayerNorm (Ba et al. 2016) to slots, updates,

and inputs, speeds up training (see subsection 2.2.4).

Slots are then passed through a Spatial Broadcast Decoder (described below) to produce
a full-size reconstruction and accompanying mask for every object (with weight-sharing).
The masks are then normalised and the image is reconstructed by multiplying each

reconstructed object with its corresponding mask, and adding these up.

Spatial Broadcast Decoder

The Spatial Broadcast Decoder (SB) introduced by Watters, Matthey, Burgess, et al. 2019
encourages disentanglement of latent representations, Z by tiling (copying) the latent, z,
across a 2D grid and appending x&y coordinate information (ranging from -1 to 1 for

each dimension).

The resulting grid has the same size as the desired output image, and so the decoder
does not perform any upsampling, and is not required to propagate spatial information
through multiple layers. Additionally, the rendering of objects for an ideal latent is
reduced to a local thresholding operation over a subcomponent of Z. This encourages
the learned representation to contain disentangled information about the objects present
in a scene, and in particular their position.

Watters, Matthey, Burgess, et al. 2019 show that when used in conjunction with a VAE
(Diederik P. Kingma et al. 2014) the SB decoder learns to disentangle position information
in the latent space, and that the mapping from ground truth positions to latent positions
is almost exactly affine. This inductive bias targets position alone, however; rotation
and scale are not architecturally factored from appearance. We return to this limitation
in section 3.4, and address it in chapter 4. The authors do note that there may be
tasks in which an absolute coordinate system may not be preferable, and in which
relative information about visually distinct features that co-occur could instead be more

effectively learned by a standard upsampling deconvolutional decoder.

3.3 Disentangled Representation Learning

Outside of the OCL literature much effort has gone into creating ANNs whose internal
representations are “‘disentangled"—clearly capturing environmental factors of variation
in as few distinct latent variables as possible. It is often argued that such representations
should enable superior downstream performance or sample-efficient fine-tuning (Bengio,
Courville, et al. 2014), findings which have sometimes been vindicated (van Steenkiste,
Locatello, et al. 2020) and other times failed (Locatello, Stefan Bauer, Lucic, et al. 2019).
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Another claim is that disentangled representations are more capable of achieving out-
of-distribution generalisation than their counterparts, which has been demonstrated in
some instances (Triuble et al. 2021) and failed in others (Higgins et al. 2016; Montero
et al. 2020).

Locatello, Stefan Bauer, Lucic, et al. 2019 prove that learning disentangled represen-
tations is impossible without inductive bias or weak supervision. Inductive bias can
distinguish between generative models which capture factors of variation equally well,
but may demonstrate different levels of disentanglement. However, unsupervised model
selection, e.g. on the basis of existing disentanglement metrics, has shown limited suc-
cess, and weak-supervision or post-hoc model correction with labels thus appear critical
(Locatello, Stefan Bauer, Lucic, et al. 2019; Locatello, Stefan Bauer, Lucic, et al. 2020;
Trauble et al. 2021). In practice, the role of weak-supervision may best be played by
down-stream tasks which would require generalisation and composition of objects in
order to perform well. An alternative approach is to impose strong priors on structure of
the latent space befitting a desired decomposition, as demonstrated by Kori et al. 2024 in
the context of OCL.

One particularly interesting finding of relevance to our investigations comes from Higgins
et al. 2016 and Montero et al. 2020 who find that whilst the latent representations
learned by 3-VAEs generalise to combinations of generative factors not encountered
during training, simple transpose convolutional decoders do not reconstruct well in these
regimes. Strikingly, Montero et al. 2020 demonstrate that this is true even of decoders
which are directly trained on the generative factors, and that these in fact perform worse
than their learned-latent counterparts.

From this two key insights may be gleaned. First, the flexibility of learning a latent distri-
bution seems to benefit models, in so far as downstream reconstructions are concerned,
in spite of the presence of an “information bottleneck” and regularisation terms. Second,
a disentangled latent representation may not suffice to facilitate down-stream generali-
sation, and instead, an explicitly structured representation which can be leveraged by

structured downstream networks may be needed.

Indeed, Leeb et al. 2021 demonstrate this to be the case on generative modelling tasks
when using a decoder which hierarchically reconstructs images by using different subsets
of the latent representation. We will explore similar ideas in chapter 5.

To frame our discussion of disentanglement we refer to the properties which a disentan-
gled representation should possess, motivated by Eastwood et al. 2018:

« Disentanglement (also modularity): The extent to which a factor of variation is

explained by (as few as possible) elements of the latent code.
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« Completeness (also compactness): The extent to which latents capturing factors
of variation are only correlated with a single factor.

« Explicitness: How direct the mapping between factors of variation and latent
codes is; E.g. how linear and well-normalised. This notion is particularly relevant
in Part IT where linearity of “concepts” is often assumed.

Intuitively completeness is more interesting than disentanglement, as there are scenarios
in which using more than one element of a latent code may be required to capture a factor
of variation (e.g. RGB colour). In practice however, metrics which primarily measure
disentanglement, rather than completeness, have been shown to correlate more strongly
with downstream performance van Steenkiste, Locatello, et al. 2020; this may be a mere
consequence of the fact that such metrics also benefit from more explicit representations
(owing to how they are computed), which are likely to lead to superior downstream
performance on simple tasks.

3.3.1 Measuring Disentanglement

A number of metrics have been proposed to quantify the extent of disentanglement
in models. We shall see that none of these are sufficiently complete to encapsulate
all desirable aspects of disentanglement robustly, and as such, a mixture of qualitative

evaluations and quantitative metrics is required.

Locatello, Stefan Bauer, Lucic, et al. 2019 and Zaidi et al. 2021 have performed extensive
comparisons of existing disentanglement metrics. On the basis of their findings, we chose
to apply the Disentanglement, Completeness, Informativeness Scores (DCI Scores) in our
investigations Eastwood et al. 2018. Whilst a number of other metrics perform a similar
function to the DCI Scores, Zaidi et al. 2021 show that these tend to suffer more severely
from susceptibility to noise or a change of basis in the disentangled representation (i.e.
rotating the latent space).

The DCI Scores are one of a number of metrics which use auxiliary classifiers (or re-
gressors) to determine which, if any, factors of variation are captured in the latent

"3 of the learned classi-

representation of a model. In particular, the “feature importances
fier can be used to assess which sub-components of the latent code captured variation in
generative factors present in the training distribution. It is important to note that the
choice of auxiliary model can significantly impact the behaviour of the metric, as well as

the ease with feature importances can be extracted.

The DCI Scores consider the matrix of feature importances resulting from such a fit (see
Figure 4.5 for an example), with row-wise entries indicating the contribution of each
code variable toward predicting a ground truth factor.

3The extent to which a given code variable (i.e. index of a latent vector) contributes to the classification
decisions of the auxiliary model.
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By taking (one minus) the entropy of each row, and averaging across all features, the DCI
Disentanglement score measures the extent to which any generative factor is explained
by a single latent code. Conversely, taking (one minus) the entropy of each column, and
averaging, the DCI Completeness score measures the extent to which any code variable
captures information pertaining to only one generative factor.

In addition to criticising the Mutual Information Gap (MIG), which is a popular information-
based disentanglement metric, Watters, Matthey, Burgess, et al. 2019 discuss key short-
comings of disentanglement metrics in general. They note that ‘there is a fundamen-
tal trade-off between how much information a representation contains and how well-
structured the representation is’, and that consequently a single scalar is ill-suited towards
measuring all beneficial aspects of a representation (Eastwood et al. 2018 also acknowl-
edge this) — similar ideas are relevant to superposition, as we will explore in Part II.
Nonetheless, Locatello, Stefan Bauer, Lucic, et al. 2019 observe that the modularity of
a representation is well-captured by the DCI Disentanglement Score, whilst the MIG
measures compactness well — though this latter finding is undermined by Zaidi et al.
2021.

Ultimately, these metrics are useful, but should be utilised in conjunction with qualitative
evaluations to rule out scenarios in which metric values do not reliably reflect the
information content of latent codes.

3.4 Grounding Representational Structure

To make the preceding concepts concrete, consider the simple scene of geometric primi-
tives depicted at the top of Figure 3.1, inspired by the CLEVR dataset (J. Johnson et al.
2017). Each object possesses intrinsic properties that define its identity (shape, colour, ma-
terial, size) and extrinsic or pose properties that specify its spatial configuration (position,

orientation, scale).

When the red cube is translated and rotated between the two scenes, only its pose changes;
its intrinsic properties remain invariant. If pose is entangled with identity, then a simple
translation can corrupt shape or colour information, making downstream reasoning
brittle — determining that “the red cube is to the left of the blue sphere” requires access

to relative positions that have not been conflated with other properties.

The bottom of Figure 3.1 illustrates how the red cube’s representation changes across
four levels of structure. In a symbolic encoding, only the pose dimensions change. In
a factorised SA+ST representation — the approach we introduce in section 4.1 — the
pose sub-vector 6 updates while the appearance sub-vector 0 is preserved. In a partially
disentangled representation, such as those produced by 5-VAEs (Higgins et al. 2016)
or SA with a Spatial Broadcast Decoder decoder, several non-pose dimensions are also
affected. And in a fully entangled, monolithic representation the entire vector shifts.
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Figure 3.1: Top: Two configurations of a CLEVR-style scene in which a red cube changes
position and orientation. Each object possesses intrinsic properties (shape, colour, ma-
terial, size) and extrinsic pose properties (position, orientation, scale). Bottom: How
the red cube’s representation changes across four levels of representational structure.
Dimensions that changed between scenes are highlighted with a cyan border. In more
structured representations, only the pose-related dimensions change; in entangled rep-
resentations, the entire vector is affected. Of course, this is a caricature of what actually
happens inside of neural networks, and presupposes that in all cases our network has
managed to capture the red cube exclusively in the vector, or slot, we are focusing on.

This spectrum — from rigid symbolic encodings to fully entangled ones — mirrors
the interpretability—flexibility trade-off introduced in Figure 1.1, and will guide the
remainder of Part I.
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Chapter 4

Enforcing Structure in Latent
Representations

Having argued in Part I's background that interpretable representations should decom-
pose visual scenes into objects to support downstream reasoning, we now address the
representational foundation underpinning such decompositions. This chapter asks to
what extent architectural constraints—specifically, factorising pose from appearance
via spatial transformers—can promote disentangled object representations within a flex-
ible slot-based framework. We find that our SA+ST architecture successfully separates
pose information into dedicated transformation vectors, improving disentanglement

without sacrificing reconstruction or segmentation quality’

Object-Centric Learning (OCL) methods can be used to decompose visual scenes into
distinct object representations or “slots.” While these methods successfully discover
objects in scenes, most such approaches entangle object properties—shape, colour, scale—
with spatial pose information. This entanglement undermines interpretability, and may
hamper downstream reasoning modules by making compositional computations more
challenging to implement. Though the true test of this limitation lies in performing such
tasks (which we explore in the next chapter), we must first address the representational

foundation.

We propose combining Slot-Attention (SA), a flexible object discovery mechanism, with
Spatial Transformer (ST) networks that explicitly separate pose from appearance. Our
SA+ST architecture enforces a structured factorisation: object properties reside in dedi-
cated latent vectors while spatial transformations are captured in separate vectors.

IThe experiments presented here are mostly unpublished, with some of the disentanglement analyses
appearing in Spies, A. Russo, et al. 2022.
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This architectural bias reflects our hope that carefully engineered structure can enhance
interpretability without sacrificing the flexibility needed for real-world applications, set-
ting the stage for the end-to-end reasoning experiments in chapter 5. We probe this claim
on a modified Spriteworld benchmark—chosen as it exposes per-object ground-truth
generative factors alongside segmentation masks and temporal episodes, as motivated
in subsection 4.1.2, whilst being of a level of visual complexity commensurate with the

literature.

Related Work

OCL models differ not only in how they discover slots, but in how they decode them—
and decoder choice directly shapes the structure latents acquire. The Spatial Broadcast
Decoder (Watters, Matthey, Burgess, et al. 2019) encourages position information to
separate from appearance but imposes no hard factorisation (see section 3.2.3); structured-
latent models instead pair slots with decoders that explicitly consume pose (surveyed in
section A.2). We situate SA+ST between these extremes.

A family of structured-latent models—SPACE (Lin et al. 2020), SPAIR (Crawford et
al. 2019), SQAIR (Kosiorek et al. 2018), SCALOR (Jiang et al. 2019), and TBA (Zhen
He et al. 2019)—prescribe a decomposition into dedicated position, scale, depth, and
appearance latents that are then composed through a spatial transformer (section A.2).
By contrast, vanilla SA (Locatello, Weissenborn, et al. 2020) uses unstructured instance
slots decoded by a Spatial Broadcast Decoder, gaining flexibility at the cost of any explicit

pose factorisation.

The disentanglement literature (reviewed in section 3.3) clarifies why decoder archi-
tecture matters: Watters, Matthey, Burgess, et al. 2019 show that the Spatial Broadcast
Decoder induces an approximately affine latent-to-pixel map in position only, while
Montero et al. 2020 demonstrate that deconvolutional decoders can block factor general-
isation even when latents are disentangled. Architectural structure in the decoder, not

just the latent space, plays a decisive role.

SA+ST explores the middle ground, retaining SA’s flexible, attention-based instance-slot
discovery (section 3.2.3) while replacing the Spatial Broadcast Decoder with a spatial
transformer decoder (Jaderberg et al. 2016) that architecturally factorises pose from
appearance. Unlike the structured-latent models above, SA+ST does not prescribe
a separate latent variable for each spatial attribute; a learned MLP head maps each
slot to transformation parameters, letting the model decide which pose dimensions to
exploit (see the spectrum in section 3.4). The experiments that follow test whether this
architectural factorisation improves disentanglement relative to the Spatial Broadcast
Decoder baseline, without sacrificing the ease of learning that makes SA attractive.
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4.1 Methodology

4.1.1 Slot Attention with Spatial Transformers

As discussed in section 3.2.3, SA encodes objects in images into slots, which ideally
capture the full-information required for a SB decoder to reconstruct the original image
(in an auto-encoding setup). In order to impose structure on the learned representation
of the Slot-Attention module, we use a different decoder which renders small object
“glimpses” and then upsamples and transforms these. To this end we utilise Spatial

Transformer (ST)* (Jaderberg et al. 2016) to decode masks and glimpses, which are

combined similarly to the SB decoder used by Locatello, Weissenborn, et al. 2020.

Position Slot
Encoding Attention

Figure 4.1: The SA+ST architecture. The outputs of the SA module, Z; are transformed
with two separate MLPs to obtain: i) transformation vectors, 5i, applied by the ST (across
channels); ii) object representations, 6;. These are combined by the decoder to reconstruct
the input image.

ST layers consist of two differentiable components. First, a localisation net (MLP) which
produces a six-element vector, 6e R®, parameterising an affine transformation in 2D.
Second, a sampling stage (across channels) which can be used to up- or down-sample
feature embeddings. This stage generates a grid with dimensions matching the desired
output and distorts the grid by applying the transformation produced by the localisation
net. As per the implementation from Jaderberg et al. 2016, we use bilinear sampling to
map the input features to the transformed grid.

The ST layer is used to upsample and transform the outputs, or “glimpses” of a simple
decoder, as in Zhen He et al. 2019; Kosiorek et al. 2018; Lin et al. 2020. However, we do
not presently rely on a depth variable to perform reconstructions and handle occlusions;
instead we also apply the transformations to alpha masks produced by the decoder, and
then perform a weighted sum over objects and their masks — exactly as in the original
SA+SB architecture. The resulting model is shown in Figure 4.1. A forward pass of the
model is also sketched in algorithm 1.

In order to prevent the collapse of the slot attention mechanism early on in training, two
separate MLP “heads" are used to obtain the transformation vectors, 6 —

2Transformer in the sense of applying a transformation — not the recent stacked self-attention architec-
tures popular in NLP.
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as well as the object representations, 0@ e R?, which are combined (for testing) into the
vector z/ O _ [6®,607, with dimensionality equaling that of the slots. Here the index
i highlights the fact that the two MLP heads are applied across slots individually. To
further stabilise early training, we also add gaussian noise to the model’s inputs®.

Although we do not constrain the form of 5 which the model may learn, it is worth
noting that the form of a skew-free 2D transformation is given by

s,cos¢p —s,.sing Ox
=] s,sing s,cosp 6yl, (4.1)
0 0 1

where s,,s, parameterise scale transformations, ¢ dictates the rotation, and éx,5y are
translations. As our datasets do not contain skewed objects, we may expect the learned

transformations to approximately take this form.

Algorithm 1: Forward pass of SA+ST

Data: Images, x € REXWxC
6 = Encoder(x)

2 slots = SlotAttention(gd)

3 0= MLP(slots)

4 0= MLP;(slots)

[

5 g,m= Decoder(a) // Glimpses and masks for each slot
6 g, m = SpatialTransformer(g, m, 0) // Upsample
7 g=(g—0.5)%x2 // Transform to (—1,1)
8 m = softmax(m) // Normalise across slots
9 k=Y gOm // Combine for reconstruction

4.1.2 Datasets and Training

Our choice of benchmark deserves brief justification in the context of the literature. Eval-
uations of SA and its predecessors typically rely on the Multi-Object Datasets suite—Multi-
dSprites, Tetrominoes, ObjectsRoom and CLEVRG6 (Kabra et al. 2019)—each optimising
for a different axis.

Namely, scene clutter (CLEVR6), large object counts (Tetrominoes), texture and lighting
(ObjectsRoom) or factor-of-variation coverage (Multi-dSprites). The hypothesis under
test here, however, is specifically that ST-based decoding disentangles pose (5) from
appearance (0); probing this claim requires four properties simultaneously: (i) per-
object ground-truth generative factors, so that slot-wise disentanglement metrics can be
computed (subsection 4.1.3) (ii) ground-truth segmentation masks, so that ARI remains
directly comparable with SA (Locatello, Weissenborn, et al. 2020) baselines;

3With mean 0 and standard deviation 0.05. Inputs are scaled to [—1,1].
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(iii) a small, controlled object count (1-4), so that representation-level conclusions are
not confounded by segmentation failure modes that dominate in higher-clutter scenes;
and (iv) temporal episodes, for experiments with aligning slots over time. Among widely-
used object-centric simulators, Spriteworld (Watters, Matthey, Bosnjak, et al. 2019) is
the only one to supply all four simultaneously, though supporting ARI mask generation
required some modifications. The relational-reasoning benchmarks adopted in chapter 5

are chosen under a complementary rubric, which we motivate there.

As such, all experiments were carried out on datasets generated from the RL Spriteworld
simulator (Watters, Matthey, Bosnjak, et al. 2019), modified to include ground-truth
object masks and generative factors in a format matching the Multi-Object Datasets
from Kabra et al. (2019). All episodes in the resulting dataset are 20 steps long, and are
selected to feature no empty frames (as the simulator allows objects to go out of frame).
Every episode consists of between 1 to 4 objects, which may be either triangles, circles or
squares. The angle, scale and colour of these objects was initialised randomly within
a constrained continuous range. It is worth noting that due to rotational symmetries,
different angles (from the perspective of the simulator, and thus labels in the dataset)
can give rise to identical frames — circles provide the clearest example. More details on

the dataset are given in section B.1.

All models were trained for 250,000 steps* on single GPUs” with batch sizes of 64. We
utilise the MSE loss, L = ||x—ZX||, in conjunction with the Adam (Diederik P Kingma et al.
2015) optimiser, using the same hyperparameters and schedule as Locatello, Weissenborn,
et al. 2020. Models were implemented in Python (Van Rossum et al. 1995), with extensive
use of Jax (Bradbury et al. 2018). The Haiku (Hennigan et al. 2020) and Optax (Hessel

et al. 2020) libraries provided neural network abstractions and optimisers respectively.

4.1.3 Evaluating our Approach

In line with previous work we utilise the reconstruction MSE, as well as the Adjusted
Rand Index (ARI) over masks (ignoring background) (Hubert et al. 1985; Rand 1971), to
assess the performance of our models. The ARI is a clustering metric with values ranging
from 0 (random assignment) to 1 (perfect clustering). In our case, the ARI measures
the quality of instance segmentation provided by the model’s masks, by treating every
pixel as a point, with its cluster assignment given by the mask with the highest value
at that point. Assuming that the decoder masks are contiguous, this largely ensures
that individual decoder masks attend only to individual objects. Whilst this assumption
holds strongly in practice, the ARI itself is agnostic as to which decoder mask attends
to an object’s ground truth mask, so long as the entire object is attended to by the same
mask. ARIs were calculated using an implementation modified from Kabra et al. 2019.

#Locatello, Weissenborn, et al. 2020 trained for 500,000 steps, but also observed significant diminishing
returns after the first 100,000 steps or so.
SNVIDIA Quadro GTX6000 GPUs with 24GB of VRAM.
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Disentangled Representations

Metrics for evaluating how well latent representations reflect ground truth factors of
variation were introduced in Section 3.3.1, but these were discussed in the context of
models such as VAEs where a single latent code contains all information about an image.

When utilising slot-based representations, multiple latent vectors encode information
about the image, and it is not always known which latent corresponds to which feature.
Racah et al. 2020 were able to apply the DCI Scores by concatenating all latent vectors

their auxiliary classifiers. Such an approach relies on the specialisation of specific slots
to certain objects classes — this ensures fixed ordering of latents corresponding to the
ground truth factors they encode. More concretely, the difficulty arises from the need to
extract feature importances from auxiliary models (as these are used to calculate the DCI
Scores). A typical auxiliary classifier €(Z), will not be invariant to permutations over
slots, such that @(Z01--0)) = @(2(1:%-K)), and so we cannot expect it to classify well, nor

to learn meaningful feature importances.

This requisite slot specialisation does not occur in instance-slot based architectures,
and as such, recent papers in the area have avoided the application of disentanglement
metrics entirely. The same issue holds in SA, as the module ensures that all slots are
initialised using the same distribution (or learned embeddings in Lowe et al. 2020).

Broadly speaking, there are there two ways of addressing this:

1. Permutation Invariant Classifier: Applying a permutation invariant model such
as DeepSets (Zaheer et al. 2018) addresses the point above but introduces a new
issue. Namely, that the extraction of feature importances for specific components
z; € zU) € Z becomes non-trivial.

2. Perform Classification Over Slots: If instead of concatenating all slots for a given
image, we pass each slot individually to the auxiliary model, then permutations
are no longer an issue. However, we need a way of associating ground truth labels
with specific slots; i.e. a way of knowing which object a given slot is representing.

There are two ways of achieving this.

First, as proposed by Dang-Nhu et al. 2021, one can attempt to find sensible
assignments by permuting slot-factor pairs to maximise the metric of interest
through an EM procedure. This is computationally intensive and requires access
to the simulator at test time in order to initialise effectively. Second, attention
maps or decoder masks can be used to match slots to ground truth objects. Such an
approach will only work if ground truth masks are available, and attention maps
are not diffuse; these criteria are met in our case, and as such we use the attention
maps to perform the slot-object pairing.
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In order to ensure that our approach is applicable in both reconstruction and contrastive
training regimes, we do not rely on the existence of a decoder, and instead use the
attention maps to perform the slot-object pairing. In particular, we use openCV (Bradski
2000) to find contours in the normalised attention masks, and then apply an adaptive
threshold to establish whether there is: i) exactly one contour in the map, and ii) whether
the contour area is less than a fixed fraction of the total image (a heuristic for discarding
background slots).

t=0 t=1 t=2 t=3

Object

Object Object

Object

*

“n Object Object Object
{ . :

Figure 4.2: An example of the cv2-contour based slot-assignment procedure (here for
SA+ST). Columns correspond to consecutive time-steps t =0, ...,9 of a single rollout. Slot
rows display the attention map; a slot is tagged Object when a single contiguous contour
below the background-area threshold is found, and the contour centroid is matched to
the nearest ground-truth object to inherit its factor labels. This automated slot-object
matching procedure allows us analyze disentanglement of the slots by comparing against
the ground truth factors of the objects they capture.

The centre position of the resulting contour is then used to match the slot to a ground
truth object®, the properties of which are assigned as labels to the corresponding slot.
Figure 4.2 shows an example of this assignment procedure.

Owing to the asynchronous and one-time execution of the procedure, as well as its being
easily parallelisable, computational concerns are not pertinent. However, malformed
contours may result in erroneous slot-object pairings which provide incorrect signals
to the auxiliary models. This failure mode is particularly notable early on in training
when attention maps may be quite diffuse; however, qualitative evaluations of the la-
belled latents (such as the latent manifolds shown in Figure 4.6) provide a clear way of
identifying when this occurs.

6This assignment can be toggled to be exclusive, either on the basis of the dominant attention saliency
associated with the contour, or on the distance to the nearest object. All results presented here do not
enforce exclusivity of assignment.
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4.2 Disentanglement in Slot-Attention

We present results comparing the reconstruction performance and learned representa-
tions of the proposed SA+ST architecture presented in section 4.1, against the SA+SB
model from Locatello, Weissenborn, et al. 2020. All experiments were performed on
the modified SpriteWorld dataset with five-seeds for each model, trained for 250,000
iterations.

4.2.1 Model Performance

Though the focus of our efforts is to create a model which learns structured representa-
tions in conjunction with the SA module, we first confirm that the replacement of the SB
decoder with a ST does not hamper performance. The qualitative reconstructions shown
in Figure 4.3 as well as the quantitative results in Table 4.1 confirm this to be the case.

Note that both models struggle to effectively capture colour information when colours
are allowed to vary continuously, which is a known issue with slot attention (Lowe
et al. 2020). SA’s difficulty with colour does not only affect decoding quality, but also
its ability to represent nearby objects. In particular, when objects of similar colour are
close to each other SA may struggle to effectively distinguish between these, even if
they belong to distinct shape classes. This can be observed for examples 5 (adjoining
triangle and circle) and 7 (adjoining squares) where the corresponding attention masks
are degraded. Notably, the spatial proximity of the two smaller squares in example 7 is
similar to those of the larger squares, but the masks and reconstructions of the smaller

squares are superior, which we attribute primarily to the more distinct colours.

An interesting, and undesirable, observation can also be made from Figure 4.4 of the
glimpses generated by the SA+ST model. Whilst we do not expect a strong bias towards
any canonical pose for the glimpses, we may have expected a consistent pose to be
learned. For example, triangle glimpses may always have been rendered at some arbitrary
but consistent angle, such that the transformation, 5, would capture all of the relative
pose information. As this does not appear to be the case, we cannot reasonably expect
meaningful information about object orientation to be encoded in 5, which must be kept
in mind, or remedied, when designing downstream components relying solely on 5;

Model MSE (1073) ARI

SA+SB  8.5+0.9 0.82+£0.02
SA+ST 9.2+1.2 0.80+£0.02

Table 4.1: Quantitative performance measures (means + st.dev.) of the two models on
the SpriteWorld dataset. We observe no statistically significant (< 30) degradation in
model performance, either in reconstruction or object-wise segmentation (via mask
ARIs).
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Figure 4.3: Slot attention with Spatial Broadcast decoder. The top row shows the input
image (source) and reconstruction (reco). Each of the seven column-groups is a different
held-out test scene. For each of the model’s four slots (rows), the two sub-columns display
the SA attention map and the SB decoder’s alpha-weighted reconstruction respectively.
We see that the attention masks (what a SA slot captures) match well with what is
decoded (what the ST outputs for that slot).

for example, imposing dynamics models for rotation as well as linear motion. As neither
model was found to capture angles in a disentangled fashion, and may not be expected
to do so in a single latent, even in principle (Zaidi et al. 2021), we omit angles from the
following results.

4.2.2 Learned Latent Representations

In order to discern the extent to which the SA+ST model learns suitably disentangled and
structured latent representations, a mixture of quantitative and qualitative techniques

were applied.

Table 4.2 shows the fit goodness measures, on testing data, for auxiliary models trained
to predict ground truth factor values from latent vectors. For each latent, 20,000 labelled
embeddings were collected, of which 80% were used for training the auxiliary models,
and 20% for testing. The extent to which specific elements of the latent vector contributed
towards auxiliary model decisions (“feature importances”) is shown in Figure 4.5. These
were used to calculate the DCI Disentanglement and Completeness scores which are
shown in Table 4.3

Note that in the case of SA+ST, Z’ refers to the concatenation of the object representation
vector, 5, and the transformation vector, 5 (as shown in Fig. 4.5). It would have been
possible to achieve even better scores by directly utilising knowledge of the structure of
Z' to train auxiliary models only on relevant parts of the latent vector. However, as the
models automatically exploited this structure, and the resulting scores were satisfactory,
this was deemed unnecessary.
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Figure 4.4: Slot attention with Spatial Transformer. The top row shows the input image
before (source) and after (input) the addition of noise, alongside the reconstruction
(reco). The following rows show, for each slot, the attention maps as well as the decoder
glimpses (“objects”, at the decoder’s native glimpse resolution, prior to transformation)
and the alpha masks after the ST has upsampled and translated them onto the scene. As
in Figure 4.3, each column-group corresponds to a different held-out test scene and rows
to the four slots. Note that there is no canonical angle of representation for the objects
even with ST — as the glimpses of triangles and squares occur at different orientations.

The feature importances for the auxiliary models’, on the relevant latent vectors, are
shown (normalised by row) in Figure 4.5. The structure we expect in Z’ is largely present,
with shape and pose encoded in O and 6 respectively. In particular, the x,y position
information corresponds to the final column of 6 given the skew-free transformation
form discussed in subsection 4.1.1 (elements 3 and 6, for the flattened matrix).

Note that the y position is also strongly encoded in O for reasons that are not well
understood; one may hypothesise that the glimpse decoder needs to be able to render
(or mask) clipped objects at the edges of the scene, but this does not explain why the
x offset information is not encoded in O (as the dataset is symmetric in x and y object
trajectories).

The DCI Disentanglement and Completeness scores, shown in Table 4.3, were calculated
from these feature importances. By these metrics, the structured latents from the SA+ST
model are significantly more disentangled and complete.

Table 4.2: Accuracy for classifiers (shape) and regressors (scale, X, Y), on a held out subset
of labelled latents collected on the test set (using procedure outlined in subsection 4.1.3).
We see that intrinsic object properties (shape and scale) are substantially more easily
decoded from slots in our SA+ST model.

Model Shape Scale X Y Angle

SA+SB: Slots  0.67+0.13 0.80+0.02 0.948+0.005 0.949+0.006 —
SA+ST: Slots  0.47+0.01 0.82+0.02 0.950+0.008 0.943+0.016 —

SA+ST: z/ 0.87+0.01 086+0.01 0.945+0.007 0.940+0.015 —

7For figures concerning SA+ST/SB, models were handpicked on the basis of latent manifold structure
(discussed shortly).
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Latent Feature Importances Factors

shape
X

y
scale

SA+SB: 7
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SA+ST: 7'
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Figure 4.5: Hinton diagrams showing the feature importances for auxiliary models
trained to predict ground truth factors of variation from latent values for: Top: Slot
Attention output slots. Bottom: Spatial Transformer Latents. Rows correspond to
ground-truth factors (shape, x, y, scale) and columns to individual latent elements; each
square’s area encodes the row-normalised feature importance assigned by the auxiliary
model for that factor. For SA+ST, the latent is the concatenation z' = [5, 5], with the O
block (blue) on the left and the 8 block (orange) on the right of the divider.

This is due to the significant difference in the degree of disentanglement of scale and
shape encodings, rather than positions. This is not surprising as the spatial broadcast
decoder also strongly encourages disentanglement of object position information, as
discussed by Watters, Matthey, Burgess, et al. 2019. Following their methodology, we
also investigate the latent manifolds corresponding to x,y position, which are shown
in Figure 4.6. Latents taken to correspond to x,y were those with the greatest feature

8

. o1 - =3
importance for the auxiliary regressor® on z or z’.

There are two primary findings here. First, the linearity of the mapping learned by
SA+SB varied substantially across our 5 runs, with only the best run shown. Second, the
mapping learned by SA+ST is more homogenous across the domain of x,y values, but
also less precise. We attribute this to the variation in object positions within the glimpses,
which are compensated for by corresponding offsets in the transformation vector 6.

However, further investigation is needed as the object representation vectors occupy a
high-dimensional space, and t-SNE is a non-linear clustering method, such that applying
a simple distance measure as suggested may prove insufficient.

Table 4.3: DCI Disentanglement measures for the SA+SB compared with SA+ST.

Latent Completeness Disentanglement
SA+SB: Slots  0.49+0.04 0.72+0.04
SA+ST: Slots  0.45+0.01 0.67+0.03

SA+ST: 2/ 0.62+0.06 0.84+0.05

8This method of determining the most salient latent can fail as in some circumstances the y feature
importance contribution is dominated by O, as discussed above. In these cases, the manifolds shape is
dramatically warped as the y information captured in O does not map as explicitly as that in 6.
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Figure 4.6: Latent manifolds obtained by i) taking the two elements of a latent which had
the highest associated feature importance on regressors for ground truth position, and
ii) finding the values of those latent elements when encoding objects whose positions
corresponded to the x,y grid shown in the upper left. From the learned mapping we
can qualitatively gauge the explicitness of the representation for position — In this case,
both SB and ST do well, though ST more consistently learned a highly explicit mapping
across our runs.

54



Component 2

100

75

50

PART I | Object-Centric Deep Learning Enforcing Structure in Latent Representations

Step 250000 Step 250000
100

®  square

circle 75 circle
A triangle .
s 50

Component 2
o

=75 -50 -25 0 25 50 75 100 -100 =75 -50 =25 0 25 50 75
Component 1 Component 1

Figure 4.7: We perform dimensionality reduction using t-SNE on the latents learned
by the both models. Left: SA+SB output slots, Z. Right: SA+ST object representation
latents, O. We see that the object representations acquired by the SA+ST model cluster
more readily, with object separation by class. Marker shape and colour encode the
ground-truth class of the object assigned to each latent (square: cyan, circle: yellow,
triangle: magenta).

The final desired property of object-centric representations which we have not discussed
is that of consistency over time. To this end, Appendix subsection B.2.2 shows that,
at least in simple settings, re-initialising slots to their previous (temporal) state in a

dynamical setting provides a simple and effective way of tackling the consistency issue.

4.3 Limitations and Related Directions

While SA+ST successfully disentangles pose from object representation, as seen in
Table 4.3 and Figure 4.7, several architectural limitations suggest directions for future
work.

Exclusivity SA’s attention mechanism only loosely enforces exclusivity, where a single
slots exclusively captures a single object. Other methods suffer less from this issue, for
example by using contrastive objectives Lowe et al. 2020 or performing explicit matching
(Kipfetal. 2020). More recent work makes fewer assumptions about observations, and
leverages implicit gradients to improve the training of SA (Chang et al. 2023) — a method
directly applicable to SA+ST.

Alignment In the dynamical setting, aligning representations is not naively supported
by SA. While our recurrent extension shows promise, its robustness needs to be compared
to methods that learn to account for dynamics Lowe et al. (2020); Z. Wu et al. (2023), a
particularly applicable approach is that of (Creswell, Nikiforou, et al. 2020) which need
not make assumptions about the details of the encoder and should thus be compatible
with SA+ST.
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Background Representation. Our model inherits SAs limitations in distinguishing
objects from backgrounds. As shown in Figure 4.4, slots sometimes produce overlapping
attention masks that complicate scene decomposition. Recent work exploring privileged
background slots (Qi et al. 2024) or explicit mask regularisation similar to MONet’s KL
terms (Burgess, Matthey, et al. 2019) suggests promising directions for improvement.

Continuous Property Encoding. The diffuse encoding of continuous properties
like colour highlights a deeper challenge: some visual attributes may inherently resist
localised representation. This is particularly problematic for RL applications where
colour often signals reward structure. While discrete colour spaces (as in Tetrominoes)
sidestep this issue, real-world applications demand better solutions for continuous 3D
colour spaces.

4.4 Conclusion

We have shown that the SA+ST model learns a structured latent representation, effec-
tively disentangling object pose information from object representation whilst preserving
the architectural simplicity of SA’s self-attention backbone, without notably sacrificing
reconstruction or segmentation performance. While this demonstrates the feasibility
of learning structured representations through architectural design, our evaluation has
been confined to a 2D setting without backgrounds, and challenges like the diffuse
encoding of continuous properties hint at inherent limits in how much structure we
can impose — limits that richer scenes with backgrounds and 3D variation would only
sharpen.

Such difficulties aside, our improved representations bring us back to the central issue:
even when we successfully engineer more interpretable features, do they actually improve
reasoning performance? The true test of SA+ST’s disentangled representations lies not
only in their interpretability, but also in whether downstream architectures can exploit
this structure for better compositional generalisation. In the next Chapter, we will
systematically investigate this, examining how different architectures may leverage
structured representations for reasoning task, and to what effect.
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Chapter 5

Reasoning over Structured
Representations

The previous chapter showed that structured, disentangled representations can be
learned through architectural constraints; we now stress-test whether such represen-
tations actually improve compositional reasoning, setting aside pose factorisation to
isolate the reasoning question. This chapter investigates whether object-centric repre-
sentations benefit relational reasoning architectures, and what role sparsity plays in
encouraging simpler, more interpretable rules. We find that object-centric representa-
tions alone do not guarantee improved reasoning—indeed, imperfect segmentation can
be actively detrimental—but that feature-level sparsity on relational modules yields
simpler relations that are more faithfully approximated by symbolic models.'

Whether structured representations actually benefit compositional reasoning depends
on the architecture operating over them and the constraints under which it learns. We
situate this question within the relevant literature before presenting our experimental

framework.

5.1 Background

Compositional reasoning—the ability to understand complex scenes and concepts by
combining simpler parts—requires neural architectures that are capable, and ideally
predisposed, toward modelling relationships between entities. As discussed in previ-
ous chapters, disentangled representations provide a foundation for such reasoning by

separating independent factors of variation.

IThis work was published as Spies, A. Russo, et al. 2022.
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However, disentanglement alone is insufficient; downstream models should leverage
inductive biases for combining these factors through relational computation. Whilst
there are many architectures, not least the transformer, capable of capturing relations,
we shall turn our attention to those which are explicitly designed to do so.

5.1.1 Relational Neural Networks

Relational reasoning architectures share a common principle: they explicitly compute in-
teractions between discrete entities or feature groups, implementing what P. W. Battaglia
etal. 2018 term a “relational inductive bias.” This bias manifests as structured computa-
tion over entity pairs or higher-order tuples, often with permutation-invariant aggrega-
tion to ensure consistent outputs regardless of input ordering.

Thus far we have supposed that such architectures naturally complement disentangled
representations, as clearly separated factors facilitate meaningful relational computation

and interpretability at multiple levels.

The RelationNet (Santoro et al. 2017) implements perhaps the simplest direct instan-
tiation of this principle. It ensures that relational reasoning is performed by applying
a shared MLP, gy, across all possible permutations of feature pairs and summing the

outputs, ensuring that the model is invariant to the order of the features.

RN(O) = f3| >780(6:,6)) |, (5.1)
i,j

where O = {0,,0,,...,0,,} represents a set of object representations, go : RIxR? — R¥isa
learned relation function (implemented as a 4-layer MLP), and fy : Rk — R™ processes
the aggregated relations to produce the final output. This architecture’s O(n?) complexity
in the number of objects reflects its exhaustive consideration of all pairwise interactions,
trading computational efficiency for representational completeness.

The PrediNet (Shanahan et al. 2020) addresses the quadratic scaling through selective
attention, learning to focus on relevant entity pairs. Unlike RelationNet’s exhaustive ap-
proach, PrediNet employs H attention heads, each selecting two weighted combinations
of input features to compare:

D" = E'W — EI/ W (5.2)

where E, E" € RP*4 are attention-weighted entity representations for head h, computed
as E’f = softmax(Qi’KT / \/E)V (and similarly for Eg‘), with learned query projections
Qh,Qg. The shared projection Wy € R¥" maps entities to a common relational space
where subtraction computes directed relations.
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Each element of the resulting difference vector D" € RP*" represents a specific binary
relation between the selected entity groups. In our experiments we allow each head
to maintain its own relational projection Wg € R%J, allowing specialisation across
different relation types, and making a fairer comparison with our slot-based variant.

We introduce a Slot PrediNet variant for slot-based representations, where attention
queries are generated per slot rather than across all features. This modification aligns
with the discrete object-centric structure of slot representations, ensuring that relational
computation respects object boundaries. Given slots S € RF*k*d_yye first project to a
shared key space K = SWy. For each attention head h, queries are computed by aggre-
gating across all slots: Qi‘ = ZZ;I s:,i,:wgl (and similarly for Qé‘). The attention weights
A? = softmaX(Qi‘KT) select weighted combinations of slots Ei‘ = A?S, with the final re-
lational representation computed as D" = E?Wg - E’;Wé‘ Unlike the original PrediNet,
each head maintains its own relational projection Wg € R¥J, allowing specialisation
across different relation types while preserving the object-centric inductive bias of slot

representations.

Related Architectures: The relational reasoning paradigm extends beyond these
specific implementations. Graph Neural Networks (GNNs) (P. W. Battaglia et al. 2018)
generalise relational computation to arbitrary graph structures through iterative mes-
sage passing. Transformers (Vaswani et al. 2017), while not explicitly designed for
relational reasoning, implement it through self-attention’s all-to-all comparison mecha-
nism—essentially a learnable, context-dependent RelationNet. Numerous other works
(Andreas et al. 2017; A. Goyal et al. 2021; Hudson et al. 2018) exist which take a more
structured approach, composing specialised modules for different relational operations,
though these are often designed with specific tasks, such as question-answering, in mind
tasks. Akin to the plethora of approaches toward OCL, these diverse architectures again
demonstrate that simple inductive biases can be implemented with varying levels of
flexibility-structure trade-offs.

5.2 Datasets

The research question now differs from that of chapter 4: rather than asking whether
structure can be learned, we ask whether downstream architectures can exploit it. This
reframing drives a different dataset rubric. We require benchmarks that (i) expose
explicit relational labels so that compositional generalisation can be measured, (ii) follow
evaluation protocols already adopted by the relational architectures under test, so that
our results remain directly comparable with prior work, and (iii) isolate relational from
non-relational computation within the same scene. The Relations Game (Shanahan et al.
2020) is canonical for PrediNet-style evaluation and explicitly probes rule composition
through its two-stage curriculum.
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Sort-of-CLEVR (Santoro et al. 2017; Tripathi 2020) is paired with RelationNet’s original
evaluation protocol and contrasts relational with non-relational queries on identical
scenes. The Spriteworld benchmark used in chapter 4 carries no such task labels, and
re-using it here would require synthetic task construction that weakens comparability
with the published baselines.

Relations Game (Row Matching) Sort-of-CLEVR

Figure 5.1: Examples of the datasets. On the left, a “Row Matching” task from the
Relations Game, in which the patterns in both rows (AAA) match, and the label is True.
On the right, a Sort-of-CLEVR configuration, which has a set of 20 associated questions.
These include non-relational “What colour is the circle"), and relational (“What is the
colour of the square closest to the circle") questions.

The Relations Game (Shanahan et al. 2020), provides a simple set of relational reason-
ing problems in a low-dimensional image setting. As shown in Figure 5.1, these problems
test various aspects of pattern recognition and relational understanding through five
distinct tasks:

« Between Columns/Rows (BC/BR): Does a distinct object appear between two
identical (to each other) objects?

« Occurs: Does the object in the top row occur in the bottom row?
« Same: Are both objects in the scene identical?

« Row Matching / Column Matching (RM / CM): Is the pattern of distinct objects
within a row (resp. column) identical to that of the other row (resp. column)?

« Row Patterns / Column Patterns (RP / CP): (Multi-task) Task specified by an index
that determines which pattern should be matched (e.g. “is AAB the pattern present
in the row?”)

Following Shanahan et al. 2020, we employ a two-stage curriculum learning setup:

1. Stage 1: Train the entire architecture (Encoder + Rule Learner + Task Network)
on a simple task, such as Between Columns.

2. Stage 2: Train a new Task Network with frozen Encoder and Rule Learner on
more complex tasks, such as the multi-pattern tasks.
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For the PrediNet variant, the CNN encoder is jointly trained in the first stage. For the
Slot PrediNet, the encoder is pre-trained using slot attention (see section C.4). Unlike
Shanahan et al. 2020, we maintain consistent shape representations (e.g., pentominos)
throughout both stages, as we are not interested in assessing encoder generalisation.

Sort-of-CLEVR (Tripathi 2020), is a simplified version of the CLEVR dataset (J. John-
son et al. 2017) designed for evaluating relational reasoning. The dataset consists of
75%75 pixel images containing six 2D objects (circles and squares) with various colours.
Each image is associated with 20 questions divided into two categories:

« Non-relational questions: Query properties of individual objects (e.g., “What colour
is the circle?")

+ Relational questions: Query relationships between objects (e.g., “What is the
colour of the square closest to the circle?")

Our implementation builds upon the original Sort-of-CLEVR dataset with modifications
to the question encoding format and removal of the white background which was found
to improve segmentation with Slot-Attention (SA). For experiments using slot-based

representations, we pre-train the SA module as detailed in section C.4.

These datasets provide complementary evaluation scenarios: the Relations Game focuses
on explicit pattern matching and rule learning, while Sort-of-CLEVR tests relational
reasoning at multiple arities, including direct object property queries.

5.3 Methodology

There are two key aspects to our investigation. Firstly, we vary the structure of models’
encoder outputs, using either slot-based representations or CNN feature maps. Secondly,
we vary the kinds of sparsity priors present in a subset of the models; both at the level of
feature-vector selection, and relations’ feature dependencies.

5.3.1 Models

An overview of the relational-slot architecture is shown in Figure 5.2. For learning
object-centric representations in the form of slots we use Slot-Attention (SA) (Locatello,
Weissenborn, et al. 2020). The outputs of SA or a simple CNN are then fed into one
of two explicitly relational architectures: i) the RelationNet from Santoro et al. 2017,
or ii) the PrediNet from Shanahan et al. 2020. Task-relevant information (such as the
question type) is then appended to the outputs of the “relational reasoners” before a
small task-dependent MLP is applied. These architectures are chosen due to the relative
simplicity with which they realise explicitly relational learning.
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Object Feature )
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Figure 5.2: Schematic overview of a sparse relational reasoning architecture which
leverages Slot-Attention (SA). We impose two kinds of sparsity: i) Object sparsity is
applied on the attention mechanism which selects objects (encoded in slots), and ii)
Feature Sparsity is applied on the relations through regularisation, encouraging sparse
dependence on object-features for each learned relation.

Slot Attention: We use Slot-Attention (SA) as our encoder for generating slot-based
representations, as discussed in section 3.2.3. SA maps input features from a CNN
(dimension N x D) to K slots (vectors € RP). For pretraining, we employ the same
autoencoding setup as Locatello, Weissenborn, et al. 2020, using the baseline Spatial
Broadcast Decoder (SB) decoder with L2 reconstruction loss. Given that the tetrominoes
in the relations game are arranged on a regular grid, we created a pretraining dataset
where tetromino positions vary continuously and sizes are sampled from three discrete
values (see section C.4). This results in SA learning smooth, contiguous attention masks,
rather than crudely dividing up the grid; this allows us to perform the slot-object matching
procedure required for disentanglement analysis.

5.3.2 Sparsity

We experiment with two kinds of sparsity on the PrediNet and Slot PrediNet. These are
object sparsity (relations specialise to few objects) and feature sparsity (relations use few
features per object).

Inducing Sparsity

Object Sparsity is applied at the level of the attention mechanism of the PrediNet,
which is responsible for selecting the sets of features (or slots) over which each head
applies relations. To encourage sparsity we replace the softmax attention with sparsemax
(Martins et al. 2016) or gumbel-softmax (Jang et al. 2017).

Feature Sparsity is applied at the level of the learned relation weights, which are applied
to the (transformed) input features of each head. Pushing these weights to be sparse
forces each head’s relations to rely on as few elements in the input feature vectors (or
slots) as possible. To this end, we apply L1 and Entropy regularisation.

62



PART I | Object-Centric Deep Learning Reasoning over Structured Representations

I Deviation from Binary Relation
Initial DT

Pruned DT

Figure 5.3: Visualisation of sparsity measures on rule vectors, relying upon the sweep
of Decision Tree (DT) pruning complexities. In particular, the “Deviation from Binary
Relation”, ABR, captures the drop in accuracy on a reasoning task when a model’s
relations (mappings to the elements of the R vector) are replaced with decision trees
which map inputs to the same outputs in an explicitly pair-wise, binary, fashion. The
sparsity gap then measures the effect of pruning these decision trees to rely on as few
dimensions of their input vector pair as possible.

Measuring Sparsity

For each dimension of the output rule
vector we fit a simple auxiliary model
which learns to map two input feature vec-
tors to a scalar. This procedure assumes
that (i.e. confirms whether) the relational
component can be well-approximated as
a set of binary relations, RO = £(6;,00),
where the set of input feature-vectors

is denoted as O = [0y,...]. We quantify

Figure 5.4: The number of nodes in the aux-
iliary trees decreases as pruning is increased
(which trades off performance). The average
the deviation from binary relation (ABR), number of nodes in the range a € [0,0.15]

which is shown in Figure 5.3. The ABR is used as a measure of relation sparsity.

the extent to which a relational mod-
ule can be modelled in this fashion as

is calculated as the drop in performance of the end-to-end model when its relational
reasoning module is replaced by a set of auxiliary models.

In particular, we chose to use Decision Trees owing to their simplicity and ease of
pruning, which allow robustness to sparsity to be easily assessed, as shown in Figure 5.4.
Additionally, the dependence of a given decision tree on its inputs (“feature importances"”)
can be used to quantify feature sparsity on the learned relations, by computing the entropy
of these feature importances.
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It is worth being precise about what “binary” does and does not refer to in our study.
The primitive relation computed by both the RelationNet and the PrediNet is pairwise by
construction: gg operates on two entities at a time, and each PrediNet head compares two
attention-weighted entity groups. This is a constraint on the module’s vocabulary, not on
the tasks we evaluate — the Relations Game “Between Columns” task requires reasoning
over at least three objects, “Row Matching” over all six, and Sort-of-CLEVR relational
questions such as “how many objects share a shape with X?” aggregate over the entire
scene. Nor is it a constraint on what the composite architecture can express: because
the rule vector R concatenates many such pairwise primitives in parallel (across heads
for PrediNet, summed across pairs for RelationNet) and a downstream MLP consumes
the whole vector, any n-ary property that decomposes as a conjunction or aggregation of
pairwise facts remains representable.

Our evaluation metric ABR (section 5.3.2) inherits this framing: it tests per dimension of
R whether the corresponding primitive can be recovered by a two-argument auxiliary
model, not whether the task as a whole reduces to a binary relation. What lies outside this
scope is multi-step relational reasoning, in which the argument of one relation is itself
the output of another — a single forward pass of a one-layer RelationNet or PrediNet

cannot feed a relational output back in as an input.

5.4 Experiments

Table 5.1: Test Accuracies (%), across four seeds, for all model variants on both datasets
(without sparsity priors). Relations Game task abbreviations (BC, CP, RM, RP) are
defined in section 5.2. In each AB column, A is the Stage 1 pre-training task (on which
the full architecture is trained jointly) and B is the Stage 2 transfer task (on which only
the task network is re-trained, with the encoder and rule learner frozen).

MODEL RELATIONS GAME SORT-OF-CLEVR

ENCODER RELATIONAL BCCP BCRM RMRP NON-RELATIONAL RELATIONAL
SA MHA + MLP 56+9 50+2 50+1 85+3 77+3

CNN PREDINET 87+3 66+0 74+8 95+1 79+0

GT SLOT PREDINET 86+2 58+2 85+2 85+2 81+1

SA SLOT PREDINET 73+2 53+1 59+3 95+2 77+2

CNN RELATIONNET 53+1 52+1 52+1 100+0 80+1

GT RELATIONNET 75+12 63+7 55+8 100+0 100+0

SA RELATIONNET 70+1 49+1 49+1 100+0 90+1

5.4.1 Do object-centric representations improve performance?

We first investigate whether object-centric representations are beneficial when used
in conjunction with relational reasoning architectures, as well as a simple multi-head
attention baseline (MHA + MLP).
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To this end, we apply the PrediNet and RelationNet with i) learned CNN encoders, ii)
ground-truth (GT) “slots”, and iii) pre-trained SA encoders.

The results of these experiments are summarised in Table 5.1 and further discussion is
provided in Section C.3.1. Focussing on the questions outlined above, we find that object-
centric representations are not necessarily beneficial. Indeed, when used in conjunction
with the PrediNet on the Relations Game, SA is detrimental. There are two likely reasons
for this. Firstly, SA often fails to capture all objects present in a scene (see section C.2),
which is fatal for tasks in which knowledge of all objects is necessary; this explains why
the Slot PrediNet does especially poorly on the RMRP tasks, in which information about
all six objects is required. Secondly, the CNN used with the PrediNet can learn relational

representations directly, whereas SA encodes information about objects individually.

For the RelationNet we do observe a significant improvement in performance on rela-
tional tasks when using SA instead of a CNN. However, we attribute this primarily to
the fact that the RelationNet struggles with tasks requiring simultaneous reasoning over
more than two objects, and so is unable to learn useful CNN encodings.

5.4.2 Does sparsity improve performance?
Assessing the degree of sparsity

We first establish the degree to which the various sparsity biases discussed in section 5.3.2

lead to sparser relations.

Test Performance 1 A Binary Relation ! Feature Dependence ! Tree Complexity ¢

« Lo loss o s [17.52 10,3 Jz0.3]
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Figure 5.5: Sparsity and performance metrics for the PrediNet and Slot PrediNet on the
Relations Game BC—CP task. Columns show, from left to right: (i) test accuracy with
the neural relational module, (ii) the ABR when this module is replaced by Decision
Trees, (iii) the entropy of feature importances (lower = sparser feature dependence) and
(iv) mean tree complexity (node count) across pruning levels. All values correspond to
averages on the generalisation test set, taken over four seeds. The Feature Dependence
and Tree Complexity metrics are averaged across all Decision Trees fitted to a given
model’s relational reasoning component.
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In Fig. 5.5 we show the average feature dependence entropy for auxiliary models (column
three), as well as the average tree complexity across all levels of pruning (column four).
For clarity, we show results only for the PrediNet with CNN and SA inputs, and only
on the BC—CP Relations Game tasks. The complete suite of results is provided in
Section C.3, along with further discussion in Section C.3.1.

The key finding here is that regularising the relations to rely on few features does indeed
lead to simpler relations; in that, they may be faithfully modelled with Decision Trees
consisting of fewer nodes, and relying upon fewer of the input features. To this end, L1

regularisation appears considerably more effective than entropy regularisation.

This effect also holds for the Slot PrediNet, and it appears that the auxiliary models are
much simpler when slots are used. Whilst we might expect this result given that the
slots’ features are disentangled (see Table 4.3), most of the effect is likely due to the task
performance difference between the models; that is to say, as the Slot PrediNet performs

worse, its relations may be modelled more simply.

Assessing the impact of sparsity

Having confirmed that our sparsity priors successfully induce the intended structural
biases, we now examine whether these biases translate into improved performance and
interpretability. To this end, we are interested in the first two columns of Fig. 5.5 which
show the performance on the test set for models whose relational modules have been
i) left unchanged (i.e. remain neural) and ii) replaced by a collection of Decision Trees

(shown as the difference from column 1).

Again there are two primary findings. Firstly, increasing sparsity improves the perfor-
mance of the models on the RelationNet generalisation tasks, however, this effect is
more pronounced for the PrediNet than the Slot PrediNet. This is not surprising, as the
PrediNet can easily mix information from all features of all objects, and thus benefits

most from being biased towards increased sparsity.

Secondly, looking at the ABR we see that L1 regularisation leads to relations more closely
approximating independent binary rules. However, the different forms of object sparsity
have little systematic impact. We primarily attribute this to the similarity of soft and
hard-attention values by the end of training. It is worth noting that hard attention appears
to be beneficial when used in conjunction with the PrediNet; likely as this prevents the
CNN from learning relational features which overfit to the pretraining task.
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5.5 Conclusions

Part I of this thesis began with the premise that carefully engineered inductive biases—
particularly structured, object-centric representations—would enable more interpretable
and compositional reasoning in neural networks. Chapter 4 demonstrated that we
could successfully engineer such structure through the SA+ST architecture, achieving
improved disentanglement of object properties. This chapter tested whether structured
representations would naturally lead to better relational reasoning when paired with

architectures explicitly designed for compositional computation.

Our findings tell a more nuanced story. While we confirmed that increasing feature
sparsity improves both performance and interpretability of learned relations, we
also discovered that relational reasoning modules are highly sensitive to the quality
of their input representations. Most strikingly, the object-centric representations from
SA, despite their theoretical advantages, often underperformed simple CNN features.
This sensitivity manifests as a trade-off: architectures with strong relational inductive
biases sacrifice the flexibility to adapt when their structural assumptions are violated,

such as when SA fails to capture all objects in a scene.

Our decision tree analysis further illustrates this tension between structure and flexibility.
Even with aggressive sparsity regularisation, the learned relations remain complex,
requiring trees with many nodes to faithfully approximate their behaviour. This suggests
that while we can engineer structure into our representations and encourage sparsity in
our relations, the resulting models still lack the transparent compositionality we initially
sought. The RelationNet’s struggles with tasks requiring reasoning over more than
two objects, and the PrediNet’s heavy dependence on its encoder learning task-specific

features, both point to brittleness in these carefully crafted architectures.

These limitations prompt us to consider an alternative paradigm. While we have been
engineering specific structural biases into specialised architectures, the field has si-
multaneously witnessed the emergence of foundation models that achieve remarkable
capabilities predominantly through scale. These models appear to sidestep the brittleness
of engineered structure by learning flexible representations from vast amounts of data.
Yet, as we shall see in the following interlude, they are not without their own failings
—particularly in visual reasoning tasks that require extracting and binding information
from images. Understanding these complementary failure modes will motivate Part II’s
investigation into the representations that emerge naturally through learning, rather

than those we explicitly engineer.
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Chapter 6

Assessing Reasoning in
Multimodal Foundation Models

Part I explored engineering structure into neural networks through object-centric repre-
sentations and relational reasoning modules, with mixed results: architectural biases
improved disentanglement but proved brittle when assumptions were violated. We now
ask whether scaling monolithic foundation models can address structured visual reason-
ing without such explicit priors. Evaluating eighteen multimodal models on controlled
reasoning tasks, we find a persistent gap between textual and visual reasoning—models
reason competently from textual scene descriptions but cannot reliably extract spatial
structure from images, suggesting that scale alone does not resolve the binding challenges
identified in Part I. These findings motivate the shift in Part II toward reverse-engineering

the structure that does emerge in trained models.'

If hand-crafted structure proves brittle, a natural question is whether sufficient scale
can compensate. The scaling paradigm (Sutton 2019), which has celebrated numerous
successes in recent years, advocates taking general-purpose models (which are usually
“simpler” from the perspective of inductive bias) and scaling them up. This scaling, both
in terms of data and model size, can require many orders of magnitude more compute
but is often justified by the supposed generality of the resulting models. This paradigm
of scaling has seen the release of ever larger and more powerful models (Achiam et al.
2023; Brown et al. 2020; Chowdhery et al. 2022; Google et al. 2023; Touvron et al. 2023),
accompanied by ever more challenging capability evaluations (Chollet et al. 2025; Phan
et al. 2025) that highlight both general and domain-specific abilities.

IThis work is unpublished.
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Based on the Transformer architecture introduced in Vaswani et al. (2017), these pur-
portedly “general-purpose” models are commonly referred to as “Foundation Models"
(Bommasani et al. 2022). While such models were originally purely text-based, modern
foundation models have evolved to process multiple modalities through various archi-
tectural innovations. These include clever tokenisation schemes that treat images as
sequences of patches (Dosovitskiy et al. 2021; Radford et al. 2021), cross-modal alignment
techniques (Alayrac et al. 2022; J. Li et al. 2023), and unified architectures that process
different modalities through shared representations (J. Lu, Clark, et al. 2023). Recent
releases including GPT-4V (OpenAl 2023), Gemini (Google et al. 2023), and Claude 3
(Anthropic 2024c) demonstrate impressive capabilities across vision and language tasks,
often rivalling or exceeding human performance on established benchmarks (Bubeck
et al. 2023).

To assess whether scaling addresses the structured reasoning challenges identified in
Part I, we evaluate a variety of foundation models on similar reasoning tasks. Not only do
we test whether they can reason in these domains, but we also isolate the performance
of both the visual and textual modalities to identify whether difficulties with binding
information between modalities bottleneck performance. This decomposition allows
us to disentangle perceptual failures from reasoning failures—a critical distinction for

understanding the capabilities of current multimodal systems.

6.1 Methodology

6.1.1 Prompting

Eliciting capabilities from foundation models is a notoriously finicky process, as the
extent to which a model can perform a task is highly sensitive to the way in which the task
is presented (P. Liu et al. 2023; L. Reynolds et al. 2021). Small variations in formatting,
example selection, or even phrasing can lead to substantial performance differences
(Yifan Li et al. 2023). To address this sensitivity, we perform various ablations of both
the prompt and image formats provided to the models. The prompt configurations deter-
mined from these ablations are summarised in Table D.4, with full results in section D.3.
We characterise this sensitivity empirically for a subset of models in Figure 6.2.

In particular, we vary aspects of the images such as scale and background colour, as
well as varying the prompts (see below). Ablations are carried out with 60 examples per
configuration on CLEVR tasks (with images), and 20 examples per task and configuration

on Relations game (with images).
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Our “prompt engineering” strategy consists of varying three key components:

1. In-context examples: Providing examples of a task and its solutions is a common
practice for improving the performance and format-adherence of models (Y. Lu
etal. 2022; Min et al. 2022). This is typically referred to as In-Context Learning
(ICL), as a model "learns” the task provided in its context window—though the
learning here is fleeting, as no weights are updated (Q. Dong et al. 2024). In our
experiments, we always provide at least one example to inform the model of the
input and output format, and then optionally provide an additional three examples.

2. Reasoning prompts: Another technique to improve models’ performance is to
instruct them to explicitly analyse a task, explicate their reasoning, and then reflect
upon this before providing their answer. This Chain-of-Thought (CoT) prompting
has been shown to substantially improve performance on reasoning tasks (Kojima
et al. 2022; Wei et al. 2022). In recent models, more structured versions of such
prompting may form part of their training (Yao et al. 2025). While early work
suggested that CoT primarily helped by allowing models to decompose complex
problems, recent evidence indicates that the benefits may also arise from effectively
increasing the compute expended per answer generated (Pfau et al. 2024; Yangzhen
Wu et al. 2025).

3. Format specifications: Models show sensitivity to output and input formats
across tasks (Sclar et al. 2023). In our ablations, we provide two possible scene-
representation formats for every task considered; for example, ASCII or list rep-
resentations of the 3 x 3 grids in the Relations Game. This allows us to assess
whether reasoning capabilities are robust to superficial changes in presentation.

We provide an example of a prompt below, with the full set of final prompts for each task
given in section D.1, and a summary of the ablations given in section D.2. Note that we
choose to use the same “best” system prompt for all models based on the results of the
ablations, based on average performance across the tasks; as such, the prompts may be

suboptimal for some of the models’.

2Qur central claim in this chapter will focus on the fragility of these models, and as such, this choice is
not a strong limitation, as it more directly reflects the practical use of such models in deployment, and is
more comparable to the assays in Part I — where models were not extensively optimised for each-subtask.

71



Interlude Assessing Reasoning in Multimodal Foundation Models

System Prompt Example (Scene Descriptions for the Relations Game)

You are an AI agent tasked with describing a scene from the relations
game, as presented in the PrediNet paper by Shanahan. You will be provided
with an image containing objects arranged in a 3x3 grid. Your goal is to
accurately describe the image provided.

An ASCII Grid representation of the form shown below, with the answer
provided between <answer> tags. You should assign a unique character

to each object (factoring in its color and potential rotation); for
example, in the example below ~“A" refers to identical tetriminoes whose
color and rotation matched exactly.

To be clear, the grid is formatted as follows:

a. Create a 3x3 grid using '+', '-', and '|' characters

b. Represent empty cells with a '.'

c. Represent objects with their corresponding labels (A, B, C, etc.)
d. Ensure the grid is properly aligned and formatted

And here is an example answer:

<answer>

S S —
| Al B A
S ——
| [
S S —
| J o [ o |
S S —
</answer>
<example>

S . —
| | | Al
S S —
| | . 1B
R S —
| [
S S —
</example>

[we provide three examples in totall

1. Carefully analyse the image description, noting the position, type, and
orientation of each object in the 3x3 grid.

2. For each object, identify:
a. The object's label (e.g., Object A, Object B)
b. The object's type (e.g., 15 2, 15 5)
c. The object's rotation (e.g., rotated 180, rotated 90 clockwise)
d. The object's position in the grid (e.g., top row, third column;

middle row, second column)

3. Maintain consistency in terminology and structure throughout your
description.

4. Produce an output consistent with the format outlined above.

5. Double-check your output for accuracy and completeness before
submitting.

The example above is shown in the ASCII grid output format for clarity of exposition.
See subsection D.2.2 for the alternative format and Table D.4 for the full set of optimal
configurations used in the main results.
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6.1.2 Experimental Design

To isolate the extent to which multimodality is the cause of any observed failures, we
decompose each task into three conditions:

1. Textual Reasoning: Models receive ground-truth textual descriptions of scenes
and must answer questions based solely on these descriptions. This condition tests
pure reasoning capabilities without any visual processing requirements.

2. Scene Description: Models must describe images without answering any reason-
ing questions. This condition isolates visual perception and scene understanding
capabilities.

3. End-to-End Visual Reasoning: Models receive images and must answer reason-
ing questions about them. This condition requires both accurate visual perception
and subsequent reasoning, though partial task-conditioned scene understanding
would suffice.

This decomposition allows us to identify whether failures stem from perceptual limi-
tations, reasoning deficits, or difficulties in integrating information across modalities.
For instance, a model that performs well on textual reasoning but poorly on end-to-end
visual reasoning likely struggles with visual perception rather than logical reasoning.
Similar ideas have been explored in other works on multimodal failure, though on tasks
requiring less complex reasoning (Thrush et al. 2022).

6.1.3 Datasets

Similar to the reasoning tasks in chapter 5, we evaluate models on two complementary
tasks that span abstract and naturalistic visual reasoning:

« Abstract visual reasoning: We evaluate simple spatial reasoning in a visually
abstract domain using the RelationsGame tasks from Shanahan et al. 2020 (in-
troduced in section 5.2). These tasks require understanding spatial relationships
between coloured objects in a 3 x 3 grid, testing compositional visual reasoning
without the confounds of natural images.

« Naturalistic visual reasoning: To assess more complex reasoning and visual
understanding on naturalistic images, we use the CLEVR dataset from J. Johnson
et al. 2017. CLEVR scenes are 3D, with multiple objects varying in shape, size,
colour, and material. Questions vary by arity—the number of object dependencies
that must be resolved—providing a curriculum for assessing reasoning complexity.
As shown in Table 6.1, questions range from simple counting (arity 1) to complex
relational queries (arity 3) that require tracking multiple object relationships.

CLEVR acts as a naturalistic complement to the Relations Game.
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Scene Question Answer Arity

What number of gray matte blocks are there? 1 1

Is there a big brown object of the same shape yes 2
as the green thing?

How many metallic objects are big blue 2 3
cubes or blue objects?

Table 6.1: Examples of questions with different arities from the CLEVR dataset. The
arity roughly corresponds to the dependencies between objects which must be resolved
to answer the question. In the full dataset, questions may go up to an arity of five.

Because the vision components of these models descend from paradigms trained pre-
dominantly on naturalistic web imagery (Radford et al. 2021), evaluating only on an
abstract grid risks conflating reasoning failure with distribution shift; CLEVR’s rendered
3D scenes let us probe whether visual understanding and reasoning survive a shift away
from the naturalistic regime these models were tuned for. We prefer both over naturalis-
tic alternatives such as GQA (Hudson et al. 2019) or VQAV2 (Y. Goyal et al. 2017) because
their procedurally generated scene graphs give us an exact ground truth for every object
and answer. This is what makes the three-condition decomposition above attributable
to perception versus reasoning rather than to annotator disagreement.

The two datasets also exercise different reasoning primitives — spatial-relational binding
in the Relations Game, multi-hop attribute queries in CLEVR — and both were evaluated
on the structured architectures of chapter 4 in chapter 5, with CLEVR represented
there by its simpler 2D Sort-of-CLEVR variant. Since Sort-of-CLEVR preserves the
reasoning structure but not the visual complexity, reusing these benchmarks here licences
a direct comparison between engineered structural priors and scale chiefly at the level

of reasoning rather than scene understanding.

6.1.4 Models

We evaluate 18 multimodal models released by various organisations between Febru-
ary 2024 and June 2025 (see Figure 6.1). This timeframe captures rapid progress in
multimodal capabilities while ensuring API availability for reproducible evaluation.
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The models provide a comprehensive view of the current landscape, but as many are
closed-source, we cannot make precise claims about their internal architecture, though
they are likely to vary. In particular, the visual components of these models may employ
diverse architectural strategies, such as:

« Vision Transformer (ViT) tokenisation: Models like GPT-4V and Claude 3 likely
use ViT architectures (Dosovitskiy et al. 2021) to directly tokenise image patches
into sequences processable by transformer architectures.

« Dual-encoder architectures: Some models may employ CLIP-style dual encoders
(Radford et al. 2021) that learn aligned representations for text and images through
contrastive learning.

+ Cross-modal fusion: Models like Flamingo (Alayrac et al. 2022) and BLIP-2 (J. Li
et al. 2023) use specialised cross-attention mechanisms to fuse visual features into
language model representations.

While implementations for proprietary models remain undisclosed, the diversity of
approaches suggests that architectural choices may significantly impact reasoning capa-
bilities. However, as we will see in our results, scale and training data may compensate for
these differences. Newer models, which are likely both larger and more architecturally

integrated, tend to show more robust performance across visual reasoning tasks.

. qwen-2.5-vl-7b
Provider

Google
Anthropic gpt-4o gpt-4o0-mini gpt-4.1-mini
OpenAl
Amazon
mistral-small-3.1-24b
Alibaba
Mistral Al
Meta llama-4-scout
gemma-3-27b
g-1.5-pro g-1.5-flash
g-2.0-flash g-2.5-flash-preview
c-3-haiku c-3.5-haiku
c-3.5-sonnet-06-20 c-sonnet-4
c-3-sonnet c-3.5-sonnet-10-22
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Figure 6.1: We consider a range of models capable of processing both text and images,
released between February 2024 and June 2025 and, at the time of writing, still available
on public APIs. Whilst there are older notable multimodal models such as CLIP, VilBert
etc., these are not tested as they are not available on public APIs. We do not consider this
a substantial limitation, as even the time-span considered saw a significant variation in
model performance for the tasks we consider. Note the dates here correspond roughly
to API release dates, not model announcements. We have truncated “claude” to “c"
and “gemini” to “g" for brevity. Full references for each model’s announcement post or
technical report are provided in section D.5.
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We note that while there are many older multimodal models such as CLIP (Radford et al.
2021), ViLBERT (J. Lu, Batra, et al. 2019), and LXMERT (Tan et al. 2019), these were
not considered as they either lack the generative capabilities required for our tasks or
are not available through public APIs. We do not consider this a substantial limitation,
as even the models from the last 14 months show significant performance variation
on our tasks, providing sufficient signal to understand the current state of multimodal
reasoning capabilities.

6.2 Results

6.2.1 Prompt Sensitivity

Before reporting our main accuracy results, we first characterise how much prompt
choice alone affects measured performance. Each (model, task) pair in our ablation
sweep was evaluated under multiple prompt configurations, such as varying grid format
(colloquial vs. properties-list), position format (absolute coordinates vs. grid cells), scale
factor, inclusion of in-context examples, and whether chain-of-thought reasoning was
elicited (see section D.3 for details); Figure 6.2 summarises the resulting distribution of
accuracies for four illustrative models spanning the capability range”.

Relations Game CLEVR
s
Claude 3.5 Haiku ——
T
_—
Llama 4 Scout =
. .
o
(=]
Gemini 2.5 Flash Preview Task s
[ Scene description =
I -
[ Textual reasoning
ini
GPT-4.1 Mini == End-to-end -
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Mean accuracy (per prompt configuration) Mean accuracy (per prompt configuration)

Figure 6.2: Prompt sensitivity across datasets and tasks for four illustrative models. Each
violin shows the distribution of per-configuration mean accuracies for a given (model,
task) pair, with overlaid strip marks indicating individual prompt configurations; wider
or more vertically stretched violins indicate greater sensitivity to prompt choice. The left
panel reports results on the Relations Game and the right panel on CLEVR; models are
ordered from weakest (top) to strongest (bottom) by overall mean accuracy across the six
tasks shown. CLEVR scene description is scored here with a lenient mean per-property
match metric; all other cells use “perfect match” correctness. The number of points
per violin varies as each ablation sweep altered a different subset of prompt and image
dimensions (see section D.3 for details and results with a stricter metric).

3The samples underlying Figure 6.2 come from a dedicated prompt-ablation sweep (roughly ten samples
per configuration) and are distinct from those used in the main per-model accuracy plots elsewhere in this
chapter, which use a larger fixed-prompt evaluation. Absolute accuracy values are therefore not directly
comparable across figures—the goal here is to characterise the spread of performance induced by prompt
variation, rather than to estimate a model’s overall accuracy.
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Two patterns stand out. First, sensitivity is strongly task- and cell-dependent rather
than a simple function of overall model capability. CLEVR scene description is tight
across all four models, while the widest single-cell swings come from two of the strongest
models: GPT-4.1 Mini on CLEVR textual reasoning (accuracy spanning 0.60-0.94 across
configurations) and Gemini 2.5 Flash Preview on Relations Game end-to-end (0.50-
0.91). Second, within-model prompt variability remains small relative to between-model
capability gaps: on Relations Game scene description, for instance, models differ by
more than fifty percentage points in mean accuracy (Llama 4 Scout around 0.24 versus
GPT-4.1 Mini around 0.85), while the spread induced by prompt choice within any
single model stays within roughly a ten-point band. These observations motivate our
subsequent reporting strategy: all accuracy numbers in the rest of this chapter are
collected under a single fixed prompt configuration chosen for best average performance
across models and tasks. The absolute values we report are therefore partly dependent
on this choice, but the qualitative picture—and in particular the gap between textual

and visual reasoning—appears robust to it.

6.2.2 Textual Reasoning: Can Models Reason?

Figure 6.3 shows the performance of all models when provided with accurate textual
representations of scenes and task descriptions. We see that most models perform
strongly (> 95%) on the Relations Game, whilst performance on CLEVR lags behind for
older models, closing only recently. The differences in performance may be attributed to
a mixture of the task difficulties themselves, as well as the models’ potential difficulties
performing spatial reasoning over many objects with 3d coordinates; though we observed
little improvement between relative and absolute coordinates on CLEVR.

To illustrate typical textual reasoning behaviour, Figure 6.4 shows Claude 3.5 Sonnet
correctly decomposing a Relations Game “between” task via chain-of-thought analysis.
Additional model output traces, including failure modes, are provided in section D.4.

6.2.3 Visual Description: Can Models See?

While we have seen that models are able to perform simple textual reasoning very well,
we find that their scene description capabilities are much more variable (and sensitive to
image formatting, as shown in section D.3). Interestingly, Figure 6.5 shows that models
are considerably worse at providing accurate descriptions of the Relations Game scenes
than those in CLEVR, even though these feature fewer objects in regular configurations.

This performance gap may reflect the fact that Relations Game scenes are less naturalistic,
and thus less familiar to the models. Additionally, the Relations Game description task
is somewhat more challenging: models must assign unique characters to each tetrimino
shape and rotation (as there are no meaningful textual labels), requiring relational
binding during scene description.
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Figure 6.3: Textual reasoning accuracy across models, ordered by release date. While
newer models generally show improved performance, it is not publicly known how many
parameters all of these models have, so we cannot deduce a direct relationship between
model size and performance from these results. As we might expect, almost all models
perform much better on the Relations Game than on CLEVR, achieving near-perfect
accuracy on the former, whilst CLEVR accuracies are around 60% for many models.
Again “Gemini” has been shortened to “g", and “Claude” to “c” for brevity.

However, this factor alone does not explain why many models achieve worse than 50%
performance, as the same models were perfectly able to perform relational reasoning
tasks when provided with textual descriptions.

For CLEVR scenes, parsing model outputs presents different challenges. While we use
comprehensive regexes to account for potential variations in output formats, position

information cannot be expected to be particularly meaningful.

Input Claude 3.5 Sonnet’s Reasoning

R e n e & 1. I can see: 'A' in top-left, 'B' in middle-left,

[ S I | another 'A' in bottom-left.

Fo— oo+ 2. For "between": we need two identical objects with
I'B I .| .1 a different object between them.

Foo oo+ 3. We have two 'A' objects with a 'B' between them

[ I | vertically. The 'A's are in top-left and
T bottom-left; 'B' is in middle-left, directly

between them.
This matches the "between" criteria.

. . . 4.
Are two identical shapes on either <answer>True</answer>
side of a distinct shape?

GT answer: True

Figure 6.4: A (truncated) representative textual reasoning trace from Claude 3.5 Sonnet
on the Relations Game “between” task. The model identifies the A-B-A pattern and
answers correctly.
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Figure 6.5: We see that on the Relations Game, models are able to perform the reasoning tasks well
more consistently, but often struggle to describe the scene. Conversely, on the CLEVR dataset, where
scenes are more naturalistic, models are able to describe the scene well, but sometimes struggle with
the (relatively) reasoning tasks.

We therefore perform greedy matching based on proximity and number of matching
object properties when deciding upon assignments. To better understand specific failure
modes, we perform a fine-grained analysis of description errors in Figure 6.6a, where
different generative factors can be easily isolated. Models are fairly consistent across
generative factors, though they often miss objects when describing scenes. We consider
a “perfect” scene description to be one that contains all objects in the scene with all
properties correctly assigned — this explains why most models are able to accurately
describe individual object properties with high-accuracy, but fail to accurately describe

entire multi-object scenes.

Despite these parsing challenges, the results in both Figure 6.5 and Figure 6.6a show
that some models are able to almost perfectly describe the majority of scenes, suggesting
that our parsing approach works well enough to allow for meaningful comparisons, at

least for capable models.

6.2.4 End-to-End Visual Reasoning

Lastly we evaluate the models on end-to-end reasoning tasks, which are both more
comparable to the tasks in Part I, and more similar to the tasks such models are typically

trained on.

79



Interlude Assessing Reasoning in Multimodal Foundation Models

Anthropic Google OpenAl Amazon Meta-Llama
O c-3-haiku > g-2.0-flash A gpt-4.1-mini O nova-pro-1 O llama-4-scout
A c-3-sonnet < g-2.5-flash-preview < gpt-4o Mistral Al Qwen
< c¢-3.5-haiku © g-1.5-flash & gpt-4o-mini O mistral-small-3.1-24b & qgwen-2.5-vl-7b
% c-3.5-sonnet-10-22 * g-1.5-pro
# c-3.5-sonnet-06-20 ® gemma-3-27b
V c-sonnet-4
101 ¢ § @ g o 1.01 & g
E D
g 3 (6] % é
>~0'8 o Q o g Q >.O 8 8 O
(@] o) O (%] Y
g * % d . P
3 0.6 hat 0.6
S 8 3 * ] ¢ '
< | < O
c c O
0.4 & 0.4
[J] O & A 1 A
= 8 A <& = A
0.2 - a 9 0.2{ & i
0.0 g 0.0 K
color material object count shape size 1[9] 2 [97] 3[64] 4[29] 5[1]
Property Question Arity [Number of Examples]
(a) CLEVR object-property identification (b) CLEVR end-to-end reasoning by arity

Figure 6.6: CLEVR results broken down by object-property identification on scene-description and
end-to-end reasoning by arity. We see that on the Relations Game, models are able to perform the
reasoning tasks well more consistently, but often struggle to describe the scene. Conversely, on the
CLEVR dataset, where scenes are more naturalistic, models are able to describe the scene well, but
sometimes struggle with the (relatively) more challenging reasoning tasks.

The results for these analyses are also displayed in Figure 6.5, allowing us to see that
models perform much better at end-to-end reasoning in the Relations Game, than they
do at describing the abstract scenes. Conversely, in CLEVR, where scenes are more
natural, but reasoning tasks require more steps of relational reasoning, models typically
perform better at describing the scenes than performing end-to-end reasoning.

As shown in Figure 6.6b, CLEVR results show an interesting arity-dependent pattern.

While models maintain > 80% accuracy on arity-1 questions (simple property queries),
performance degrades consistently with question complexity — with results for arity-5
being statistically insignificant with only a single example. We see that even the most
capable models show declining performance with increasing arity, even though some of
these models almost aced the textual reasoning. This suggests that failure to completely
understand a scene underlies this behaviour. The arity-dependent degradation mirrors
the challenges we saw with relational reasoning in chapter 5, where imperfect scene
representations compounded and hampered downstream reasoning; the reoccurance of
this pattern in foundation models suggests a lack of structured internal representations
necessary for complex visual reasoning.

To illustrate the qualitative nature of these failures, Figure 6.7 shows Gemini 2.0 Flash
attempting a compositional CLEVR question. The model partially decomposes the
question but makes an unjustified assumption when it cannot satisfy all constraints,
arriving at an incorrect answer. We provide additional model output traces—including
successful reasoning examples and further failure modes—in section D.4.
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Gemini 2.0 Flash Response
Q: The big rubber object in front of the big matte object left of
the large cylinder on the right side of the shiny object is
what shape?

. Identify the shiny object: the cyan cylinder on the left.

. The large cylinder on the right: the cyan cylinder on the right.

. The big matte object left of it: the gray cube.

. The big rubber object in front of the gray cube: not visible.
However, the small purple cube is in front. Since there is no
rubber object, I will assume the small purple cube.

<answer>cube</answer>

VI R

GT answer: cylinder

Figure 6.7: Gemini 2.0 Flash on a CLEVR compositional question. The model answers
“cube” (incorrect; ground truth: “cylinder”). It correctly decomposes parts of the ques-
tion but makes an unjustified assumption when it cannot find an object satisfying all
constraints (Step 4) — Here the trick is that the big rubber object is also the large cylinder
itself used to identify the cube which it is infront of. Response lightly condensed.

6.3 Related Work

Our findings contribute to a growing body of work documenting systematic failures in
multimodal foundation models, particularly in tasks requiring compositional under-
standing and object-centric reasoning. These failures connect directly to the challenges
addressed by the structured representations in Part I of this thesis.

Compositional reasoning failures. Recent work has identified pervasive composi-
tional understanding failures in vision-language models. Yuksekgonul et al. 2023 showed
that models struggle with compositional image-text matching, often relying on spurious
correlations rather than systematic binding. Thrush et al. 2022 demonstrated similar fail-
ures on Winoground, where even CLIP-based models fail to distinguish between images
that differ only in object-attribute bindings. These findings align with our observation
that models can achieve high end-to-end accuracy while failing at scene description,
suggesting reliance on shortcuts rather than compositional understanding.

Fragile Visual Understanding. The sensitivity to visual presentation formats and
tasks we observe corroborates findings on visual-modality fragility. For example, [zadi
et al. 2025 showed that adding simple visual structures like grid lines can dramatically
improve object binding in vision models. This suggests that current models may not have
learned robust object-centric representations despite their scale. This connects to our
finding that models perform worse on abstract Relations Game scenes than naturalistic
CLEVR scenes, despite the former being conceptually simpler. This seeming lack of
robust object-centric representations in foundation models vindicates the approaches
explored Part I, although such architectures are, of course, far more specialised.
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6.4 Conclusions

Our experiments reveal that the scaling paradigm has yielded multimodal foundation
models capable of achieving accuracies rivalling those of the specialised modules we
investigated in Part I; but also that such models are both sensitive to their inputs and
brittle when tasked with performing conceptually related aspects of their reasoning tasks.
This reveals a gap between the reasoning capabilities of multimodal foundation models
when operating on text versus images . While these models possess the abstract reasoning
skills needed for our tasks, they may struggle to ground this reasoning in visual perception.
More problematically, they may be able to perform end-to-end reasoning tasks well, even
when they are unable to describe the scene accurately, suggesting that their binding
mechanisms are not robust — going against the compositional generalisation aspirations
of Part I.

In-spite of these limitations, it is still important to note that these models are able to
perform a great variety of tasks whilst the most capable models were able to almost
perfectly perform all subtasks on each dataset — more than rivalling the performance
of the specialised modules we investigated in Part I. We also see a clear trend towards
more robust performance on end-to-end reasoning tasks and scene understanding as
a function of release date, suggesting that the current paradigm will continue to yield
more capable models.

These findings consolidate the trade-offs between flexibility, scalability and robustness
we saw throughout Part I. The specialised architectures we explored explicitly encode
structural biases for compositional reasoning but can fail dramatically outside of con-
trolled domains. Meanwhile, foundation models achieve impressive scale and generality
but appear to lack the internal structured representations necessary for robust visual
reasoning. The fact that models can perform end-to-end reasoning tasks well even when
unable to accurately describe scenes suggests their binding mechanisms operate through
shortcuts rather than genuine compositional understanding.

The shortcomings of both approaches beg the question: rather than choosing between
engineered structure and emergent scale, can we understand if, and how, interpretable
representations arise naturally in foundation models? If such models do develop some
internal structure through training, can we interpret, and potentially guide these repre-
sentations, to be more akin to the robustness of engineered approaches?

Part IT of this thesis takes up this challenge through the lens of mechanistic interpretabil-
ity, which seeks to reverse-engineer emergent structure in unstructured models. To
begin on such a difficult journey however, we will step back from complex multimodal
reasoning and set our sights more humbly — focussing on spatial reasoning in toy tasks,
and seeing which insights can be gleaned there.
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Chapter 7

Mechanistic Interpretability

7.1 The Case for Mechanistic Interpretability

In Part I we investigated engineered approaches to interpretable neural networks with
a two-fold motivation. Firstly, we sought to create models capable of reasoning and
systematically generalising in ways that seemed thoroughly out of reach at the time.
Secondly, we wanted to create scrutable models whose behaviour we could understand,
and perhaps even guarantee, for the sake of safe deployment.

However, as predicted by the “Bitter Lesson” (Sutton 2019) and demonstrated in chap-
ter 6, the approach of vastly scaling up simpler architectures has led to models capable of
achieving much of what we had sought with the first of our motivations. These founda-
tion models (Bommasani et al. 2022) demonstrate impressive capabilities across diverse
domains, from language understanding to code generation. Simultaneously though,
these same models are often surprisingly brittle (Sclar et al. 2023), and owing to their

large scale, far from being naively interpretable.

This presents us with a troubling reality: the most capable models are also the least
understood. While Part T explored how to build structure into models—a “forward
engineering” approach—we now turn to the complementary question: what structures
do these scaled-up models discover on their own? When transformers learn to perform
complex reasoning tasks, what representations emerge internally, and are they at all

comparable to those we humans would choose to engineer?

Taking a pragmatic stance, we thus shift our focus to the relatively nascent field of Mech-
anistic Interpretability, which aims to achieve an understanding of the computations
performed by artificial neural networks in-silico. Unlike traditional interpretability
methods that focus on feature importance or input-output correlations, mechanistic
interpretability seeks to reverse-engineer the actual algorithms learned by neural net-

works.
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This perspective goes beyond simply observing model behaviour—it seeks to uncover
the actual mechanisms by which neural networks solve problems. Owing to the success
of transformer-based foundation models, most such efforts have focused on providing
exact descriptions of transformers, discovering phenomena like induction heads (Elhage,
Nanda, Olsson, Henighan, Joseph, Mann, Askell, Yan Bai, et al. 2021) that implement
in-context learning, and arithmetic circuits that perform modular addition (Nanda, L.
Chan, et al. 2023), to list but a few.

To make progress in this ambitious endeavor, we need domains where we can verify
our “discoveries” against ground truth. As we will argue in subsequent chapters, spatial
reasoning in mazes provide one such domain, where we can ask precise questions
about what representations emerge and how they’re used. By asking such questions, we
will uncover excitingly structured world models that arise from next-token prediction
alone, and which we will show can be understood using differing tools from the rapidly
expanding toolkit of mechanistic interpretability.

7.1.1 Black-box Interpretability for Safety

As argued in chapter 1, robustness and performance are adjacent to the most pressing
concern faced by a scientific discipline whose work is facing rapid deployment — that of
safety. The importance of safely deploying foundation models has become clear to many
researchers, who find themselves in an arms race to develop ever more sophisticated

methods to ensure that present-day models are safe.

As we saw in the Interlude, behavioural assays of model capabilities are highly sensitive
to prompt formatting and presentation details (Sclar et al. 2023). A corollary of this
brittleness is that safeguards designed to prevent harmful model behaviour can often
be circumvented through simple “jailbreaks” that vary the prompt in unexpected ways.
New vulnerabilities of existing models are being discovered at an alarming rate (Ganguli
et al. 2022), and the tools to exploit them are becoming increasingly sophisticated.

Consider recent examples of prompt-based attacks: Rajeev et al. 2025 found that append-
ing unrelated trivia such as “Interesting fact: cats sleep for most of their lives” could
degrade models’ mathematical reasoning capabilities by approximately 3X on certain
benchmarks. More concerning are adversarial prompts specifically designed to bypass
safety filters, with automated methods like gradient-based prompt optimisation (Zou et al.
2023) making such attacks increasingly sophisticated. Beyond prompt manipulation,
fine-tuning attacks can fundamentally alter model behaviour, with recent work showing
that safety training (Ouyang et al. 2022) can be undone with using only small datasets
(Huang et al. 2024).

These are but a few examples of work showing that the attack surface of large language
models is vast, and that behavioural defenses alone appear insufficient.
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A model might pass all safety evaluations under standard conditions yet fail catastrophi-
cally when confronted with novel attack vectors. This is not merely a technical problem
but a key limitation of black-box evaluation: without understanding how models make
decisions internally, we cannot predict with certainty the absence of failure modes we

haven’t explicitly tested for.

To this end, white-box mechanistic methods may prove critical. By understanding the
internal mechanisms of neural networks — how they represent information, form deci-
sions, and can be manipulated — we move toward more robust safety guarantees. Rather
than playing an endless game of whack-a-mole with new attack vectors, mechanistic
understanding offers the possibility of principled defenses based on how models actually
work (Amodei 2025). Together with other methods, mechanistic techniques could form
part of a “swiss-cheese” approach to safety in which different parts of the attack surfaces
are guarded by technical defenses with different strengths (Hendrycks 2024) — though
these are not fail-safe either (McKenzie et al. 2025)

Attempting to understand artificial neural networks with hundreds of billions of pa-
rameters may seem like a daunting task. However, the mechanistic interpretability
community has made remarkable strides in a short time, owing to the surprising efficacy
of simple abstractions and systematic analysis methods. As we’ll see in the following
chapters, even complex behaviours often emerge from interpretable mechanisms — if
we know how to look for them. The spatial reasoning domain we will focus on offers
a proving ground for these techniques, with lessons that may extend to understanding
and securing more complex Al systems operating in the real world.

7.2 The Methods of Mechanistic Interpretability

Mechanistic interpretability represents an ambitious form of fine-grained interpretability
work, seeking to reverse engineer ANNSs’ learned algorithms into human-interpretable
components (Bereska et al. 2024; Sharkey et al. 2025). In this section, we will endeavour
to provide the reader with the necessary intuitions and background to understand the
technical contributions in subsequent chapters.

In recent years, a certain way of thinking about the internal workings of ANNs has
emerged; one which requires forming intuitions about features in high-dimensional
vector spaces — how they are constructed, interact and interfere. We will attempt to
convey these ideas at a conceptual level, before grounding and validating them through
the lens of recent methodological innovations and findings in the field.

7.2.1 Representation in Artificial Neural Networks

A priori, one might not expect to find structure in ANNs — after all, they are constructed
from simple components, randomly initialised, and trained with gradient descent.
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Figure 7.1: We attempt to visualise how high-dimensional vectors can exist in multiple
structured sub-spaces simultaneously. In this example, the sentence ‘The quick brown
fox’ has been tokenised into ‘The’, ‘quick’, ‘brown’, , and we attempt to
show the local substructure that may emerge in the embeddings of these tokens based on
their semantic contents. In practice, a single token is likely to span many such subspaces,
with varying magnitudes capturing the degree of importance and saliency of a given
concept; whilst here these concepts are direct reflections of the original tokens, most
interesting structure in a models’ representations will exist in computational subspaces
learned by the model to perform tasks.

Indeed, the idea that such architectures should perform computations that could be
understood by humans has gained significant substantial traction only relatively recently
(Elhage, Nanda, Olsson, Henighan, Joseph, Mann, Askell, Yan Bai, et al. 2021; Olah,
Cammarata, et al. 2020). To a neuroscientist however, such a claim might not seem
surprising at all — whilst the human brain is undoubtedly more complex than typical
ANNeS, there are still many levels of structure in the computations it performs which one
might not have predicted from a mere dissection of its anatomy; that is to say, it harbors
immense emergent structure (Bowers 2009; Kanwisher et al. 1997; Lettvin et al. 1959).

The Residual Stream View and Superposition

Though the tools and insights of mechanistic interpretability are generally applicable to
ANNSs, we will focus on transformers, as these are the most well-studied architectures
in the field. To this end, a key framework for understanding transformer computations
is the residual stream view, proposed by Elhage, Nanda, Olsson, Henighan, Joseph,
Mann, Askell, Yan Bai, et al. 2021. In this view, the skip connections between transformer
layers provide a computational substrate upon which each layer operates.
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Starting from the initial token embeddings (as discussed in section 2.2.4), each trans-
former layer reads from and writes to this residual stream, enabling distributed and
sequential computations to be performed on the high-dimensional representations.

The representations upon which layers act may be complex and rich, consisting of
many sub-component features that co-exist within the token embeddings. Different
sets of features occupy different "subspaces” that exhibit local structure, as illustrated
in Figure 7.1. For instance, a single token representation might simultaneously encode
syntactic role, semantic content, positional information, and numerous other properties.

The co-existence of such features is referred to as superposition — a phenomenon
whereby networks represent many more features than they have explicit dimensions for
by storing them non-orthogonally (Elhage, Hume, Olsson, Schiefer, et al. 2022). Rather
than dedicating one dimension per feature (which would quickly exhaust the available
dimensionality), the network learns to pack features together in overlapping directions,
accepting some interference in exchange for greatly increased representational capacity.

The degree of superposition depends on feature importance and co-occurrence patterns.
Features that are important for many computations and co-occur frequently (e.g., colours
and fruits in natural language) will have their corresponding subspaces span a greater
proportion of the vector space, with basis elements pushed further apart (more orthogo-
nal) to reduce interference (Elhage, Hume, Olsson, Schiefer, et al. 2022). Harking back
to the trade-offs that formed the basis of Part I, Elhage, Hume, Olsson, Nanda, et al. 2022
found that attempting to suppress superposition (i.e., to sparsify the representations)
led networks to instead place less-important features in even stronger superposition —
suggesting that there is “no free lunch.”

Probing the Residual Stream

To understand what information is encoded at different depths of a transformer, we
can examine how intermediate representations would be decoded by the unembedding
matrix U € RémoaerXIVl (the transpose of the embedding matrix in weight-tied models). If
one assumes that feature directions for unembedding are similar at intermediate layers,
then one can use this unembedding matrix to probe the representations at different
depths, an approach referred to as the “logit lens" (nostalgebraist 2020). This technique
has revealed that sub-components of the transformer can be understood directly in terms
of the model’s vocabulary, albeit imprecisely (Dar et al. 2022).

The assumption that feature directions for unembedding are similar at intermediate
layers is not always valid, especially as for most present-day models, the unembedding
matrix is not tied to the embedding matrix. To address the resulting residual drift,
(Belrose et al. 2023) propose the “tuned lens” which applied layer-wise corrections when
probing.
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This tuning is done by learning, for every block (layer) ¢, a lightweight affine translator:
TL¢(h¢) = Wehg + b, (7.1)

where ﬁf € R is the residual-stream activation after block ¢, W, € R%*¢ and Bf € R4
are trainable, and the frozen unembedding U is applied afterwards to obtain vocabulary
logits. Each such translator is trained on a frozen pretrained model by minimising a
distillation-style loss:

Ly =KL(f50(h) || UT(Wehe +by)), (72)

where f >€(ﬁg) denotes the logits produced by forwarding the same hidden state through
the remaining layers of the original model. Because both the “student” (the affine
translator) and the “teacher” (later blocks) operate on the same token stream, no external
labels are required — the tuned lens simply compresses the computation performed by
layers ¢ +1,..., L into a single affine map; i.e. averaging out across vocabulary tokens and

context-dependent features leaves only the residual drift.

Once fitted, the tuned lens provides a much more faithful window into the model’s
layer-by-layer predictions than the untuned logit lens: perplexity is dramatically reduced,
residual-stream drift is corrected, and the revealed token trajectories align closely with

the model’s reasoning process, even in models with tens of billions of parameters.

Validation Through Activation Steering

The existence of meaningful directions in the residual stream has been empirically
validated many times; the simplest way of doing so is through activation steering — the
practice of adding or subtracting vectors to intermediate representations to influence
model behaviour (Jorgensen et al. 2023; Turner et al. 2024). For instance, adding a
“truthfulness” vector derived from contrast pairs (input examples which are similar
except that they differ in their truthfulness) can make models more honest (T. Wang
et al. 2025), and control many types of behaviour (Panickssery et al. 2024).

The success of activation steering provides strong evidence that the residual stream
contains interpretable, causally relevant features and that in many instances these are
linearly separable. This well-supported claim is typically referred to as the linear repre-
sentation hypothesis (Park et al. 2024).

Though surprisingly effective, activation steering requires the construction of examples
that clearly vary only in the feature of interest — while it demonstrates that known
directions have causal effects, it does not help identify what directions exist or how they
are computed by the model’s mechanisms.
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7.2.2 Feature-based Analysis

While decoding intermediate computations into vocabulary space can be surprisingly
informative, such methods are not rich enough to provide a comprehensive understand-
ing of complex behaviours. Many features are best understood in terms of their effects
across vocabulary instances or through the model’s hierarchical abstractions. To this
end, feature-based analysis techniques have been developed to discover and understand
the latent variables that networks use to represent information.

Supervised Methods

The most straightforward approach to searching for features is training classifiers to
predict specific properties from model representations. Linear probing—training linear
classifiers on frozen activations—has become a popular technique in mechanistic inter-
pretability (Alain et al. 2018; Belinkov 2022). This simple method identifies directions
in activation space corresponding to interpretable properties. For instance, Gurnee
et al. 2023 discovered that language models encode linear representations of space and
time, while K. Li et al. 2022; Nanda 2023 found linear representations of board states in
models trained on Othello. Our work in chapter 8 applies this approach to maze-solving

transformers, revealing structured spatial representations.

However, linear probing has well-documented limitations (Belinkov 2022). Probes
may decode properties which can be claimed as “features”, but which are not used by
the model.Additionally, human-interpretable concepts may not align with the model’s
learned representations due to feature entanglement, and probes can latch onto spurious

statistical regularities rather than meaningful features.

More sophisticated supervised approaches attempt to address these limitations. Concept
Activation Vectors (B. Kim et al. 2018) go beyond merely identifying directions by using
gradient-based sensitivity analysis to measure how much a concept influences model pre-
dictions, providing evidence for causal relevance beyond mere presence. Gradient-based
attribution methods (Kramar et al. 2024; Sundararajan et al. 2017) trace the influence of
features through backpropagation, identifying which representations contribute most to
specific outputs. A recent approach, Distributed Alignment Search (Geiger et al. 2024),
searches for distributed representations by optimising interventions across multiple

model components simultaneously, addressing limitations of single-direction methods.

Despite these limitations, linear probing remains widely used due to its simplicity and
effectiveness. The ongoing popularity of such a basic method testifies to how well-
structured transformer internals can be, with interpretable features often emerging as

simple linear components in activation space.
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Unsupervised Methods: Sparse Autoencoders

When the features of interest are unknown or we seek features that are computationally
relevant to the model, unsupervised methods become essential. In the context of feature
superposition, these approaches are often called "dictionary learning,” as they attempt to
learn a dictionary of features that can reconstruct representations despite interference
from superposition (Cunningham et al. 2023; Elhage, Hume, Olsson, Schiefer, et al.
2022).

The dominant class of approaches for unsupervised dictionary learning utilise Sparse
Autoencoders (SAEs) (Bricken et al. 2023; Cunningham et al. 2023). SAEs learn to
decompose activations into sparse combinations of interpretable features through an

encoding-decoding process:

h= Wenc)_c) + bencs (7.3)
N - -
X = W4eco(h) + byec, (7.4)

where o is typically ReLU, and training minimises reconstruction error plus sparsity:

£ = [|Z=X|2+2l|All;. (7.5)

SAE development has seen rapid iteration to address various challenges. Architecture
variants include Gated SAEs (Rajamanoharan, Conmy, et al. 2024), which separate
gating and magnitude computations for better sparsity-reconstruction trade-offs; TopK
SAEs (Bussmann et al. 2024), which control the number of active features directly
rather than relying solely on sparsity penalties; and Jump ReLU SAEs (Rajamanoharan,
Lieberum, et al. 2024), which use discontinuous activation functions.

Training improvements have addressed early challenges such as “dead features” that
arose from aggressive sparsity penalties. Ghost gradients (Jermyn et al. 2024) provided
one solution, though Templeton et al. 2024 showed that proper learning rate scheduling
may suffice. Transcoders (Dunefsky et al. 2024) represent another innovation, training
SAEs to reconstruct representations at later layers and potentially capturing more causally
relevant features than traditional single-layer reconstruction.

The effectiveness of SAEs has been demonstrated at scale. Templeton et al. 2024 success-
fully applied SAEs to Claude 3 Sonnet, extracting millions of potentially interpretable
features. These features ranged from concrete concepts like the Golden Gate Bridge to
abstract behaviours such as deception and high-quality code-generation; Furthermore,
they could be modulated to alter Claude’s behaviour to e.g. always redirect its answers
toward referencing the Golden Gate Bridge. Likewise, Marks et al. 2024 demonstrated
that SAE features enable precise causal interventions, validating their computational
relevance rather than mere statistical correlation.
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Alternative unsupervised approaches exist but have seen less adoption in mechanis-
tic interpretability. The simplest of these are tensor decomposition methods such as
Independent Component Analysis (Musil et al. 2024; Yamagiwa et al. 2023), Singular
Vector Decomposition (beren et al. 2022; Merullo et al. 2025) and Non-negative Matrix
Factorisation (Olah, Satyanarayan, et al. 2018), have also been used by the mechanistic
interpretability community. Notably, these tensor methods apply equally to parameter
analysis (subsection 7.2.3). Though these methods have delivered considerable insights,
SAEs learn overcomplete, more effectively capturing the often highly non-orthogonal

features that are present in transformer activations.

Despite ongoing debates about their limitations (Karvonen et al. 2025), SAEs remain
the predominant method for unsupervised feature discovery in transformer activations,
offering a simple approach for disentangling superimposed representations.

7.2.3 Parameter-based Analysis

Feature-level methods tell us what is represented; parameter-based methods reveal how
these representations are implemented. Importantly, many techniques apply to both
domains — the tensor decomposition methods discussed above work equally well for
parameter matrices as for activation tensors, suggesting deep structural parallels between

how information is encoded and processed.

Attribution-based Parameter Decomposition (APD) exemplifies the parameter-centric
approach by decomposing a model’s weights into components (“mechanisms”) whose
sum reconstructs the original parameters (Braun et al. 2025). Using gradient-based
attribution to estimate which components matter for each input, APD’s training objective
ensures that only a small subset of mechanisms are active for each example; under this
scheme, mechanisms are assumed to combine linearly in parameter space, not as a linear
mixture of forward-pass outputs. APD is not without shortcomings, including sensitivity
to hyperparameters and relying on gradient attribution to identify components, but
recent work has made strides in addressing these issues (Bushnaq et al. 2025).

While APD offers one path to weight-level interpretability, complementary approaches
attack the problem from different angles. Replacing standard MLPs with bilinear ar-
chitectures enables direct reading of feature interactions from weight tensors (Pearce
et al. 2025), while edge pruning isolates minimal parameter subgraphs that preserve task
performance (Zhang et al. 2024).

A key strength of parameter-decomposition methods lies in their evaluation framework:
by ablating candidate mechanisms and verifying that sparse subsets reconstruct model
outputs, they provide behaviour-level tests of faithfulness stronger than most feature
attribution maps. This makes their interpretations more credible, provided the attribution
methods and hyperparameters are well-chosen.
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Ultimately, the most promising directions combine insights from both feature and param-
eter analysis—SAE features can provide interpretable bases for parameter decomposition,
while weight-level components can be decoded back into feature space, enabling inter-
vention at whichever level of abstraction proves most illuminating.

7.2.4 Circuit Discovery

While individual features and layer-wise analyses reveal local computational properties,
fully understanding model behaviour requires tracing entire computational subgraphs,
often referred to as “Circuits”". Whether defined over parameters, neurons, or learned
features — circuits aim to capture end-to-end provide end-to-end explanations for model
behaviour. Early mechanistic studies manually traced simple circuits like induction
heads and the IOI circuit, establishing that transformer computations decompose into
modular subgraphs with specialised roles (Olsson, Elhage, Nanda, et al. 2022a; K. Wang
et al. 2022). However, manual analysis quickly becomes intractable for larger models

and more complex behaviours.

Automated Circuit Discovery (ACDC) reframed circuit finding as computational graph
pruning, allowing many of the aforementioned methods to be applied across components
and layers (Conmy et al. 2023). ACDC can rediscover known circuits in minutes and
uncover novel mechanisms without human guidance. However, verifying the extent
to which a circuit provides a sufficient and complete explanation for a given model
behaviour is challenging, but even partial explanations can be useful. Work to improve
scaling and reliability of circuit discovery has continued to see promising developments.

Scale studies demonstrate that circuit motifs persist across model sizes: induction heads
in Chinchilla-70B implement the same algorithm as in GPT-2, just with different compo-
nents (Lieberum et al. 2023); though they found that many hundreds or thousands of
model components could be implicated in replicating behaviours that appeared far more
sparsely in smaller models.

Most significantly, sparse feature circuits built from SAE-discovered features rather than
raw neurons yield human-readable computational graphs (Marks et al. 2024). By com-
bining unsupervised feature discovery, parameter-based understanding, and automated
circuit finding, these methods construct interpretable, editable representations of model
behaviour. Feature circuits can be modified to remove spurious correlations or enhance
desired behaviours, demonstrating the practical value of mechanistic understanding.

The convergence of parameter decomposition and circuit discovery, particularly when
grounded in interpretable features, moves us toward a unified account of neural compu-
tation that is simultaneously global (parameters), local (features), and causal (circuits);
though we are far from being able to construct a comprehensive understanding of even
small models in such terms.
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7.3 Maze-Solving Transformers

Motivated by the limitations of current mechanistic interpretability methods, including
the lack of robustness across models, poor understanding of emergent capabilities, and
incomplete mechanistic pictures, we turn to our attention to the toy problem of maze-
solving. This domain offers verifiable ground truth, controllable complexity, and clear
spatial structure, providing an ideal testbed for developing more complete mechanistic
understanding. Moreover, maze-solving requires multi-step planning and spatial reason-
ing, capabilities central to generally capable agents and key to understanding Al safety,
while remaining simple enough for complete analysis (Carlsmith 2022).

7.3.1 The Maze-Dataset

<ADJLIST_START> (0,0) <-> (1,0) (2,00 <> (3,0) (4,1) <> (4,0

(2,00 <> (2,1) (1,0) <> (1,1) (3,4) <> (2,4 (3,1) <> 0 r_t |
(3,2) (1,3) <> (1,4 <ADJLIST_END>  <ORIGIN_START> (1,3) L ;IJ
<ORIGIN_END>  <TARGET_START>  (2,3)  <TARGET_END> | <PATH_START>  (1,3) 0,3) 52 l‘_
(0,2) (1,2) (2,2) (2,1) (2,0) (3,0) (4,0) (4,1) (4,2) (4,3) 3
(4,4) (3,4) (2,4) (2,3) <PATH_END> 4 L,_,_,_,T

(a) An example of a tokenised maze. 1: The adjacency list describes o 1 cf)l 3 4
the connectivity of the maze, with the semicolon token ; delimiting

consecutive connections. The order of connections is randomised, el-
lipses represent omitted connection pairs. 2,3: The origin and target
specify where the path should begin and end, respectively. 4: The
itself a sequence of coordinate tokens representing the short-
est path from the origin to the target. For a “rollout,” we provide

everything up to (and including) the (KPATH_START>) token and

autoregressively sample with argmax until a KRPATHZEND>) token is
produced.

(b) Visual representa-
tion of the same maze
as in the tokenised rep-
resentation on the left.
The origin is indicated
in green, the target in
red, and the path in
blue.

Figure 7.2: Tokenisation scheme and visualisation of a shortest-path maze task generated
using the MazeDataset library (Ivanitskiy, Sandoval, et al. 2025).

We create a new dataset of maze-solving tasks along with the necessary tooling to allow
for the training of transformers to solve them (Ivanitskiy, Sandoval, et al. 2025). We
focus on shortest-path problems in 2D maze grids, where an agent must navigate from a
designated origin to a target location. This task captures essential planning and spatial
reasoning capabilities while remaining tractable for complete analysis. Navigating a
maze requires respecting walls as well as finding optimal paths, such that successful
models may be expected to develop structured internal representations of space and

connectivity.

Our mazes are generated using three methods of increasing complexity: forkless (single-
path) mazes, Randomised Depth-First Search (RDFS) mazes which produce acyclic
spanning trees with unique shortest paths, and percolation Randomised Depth-First
Search (pRDFS) mazes which introduce cycles and multiple valid paths.
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We primarily train on RDFS mazes, producing diverse maze configurations while ensur-
ing each problem has a well-defined answer. We also generate mazes with sizes ranging
from 5X 5 to 7 X 7 grids, a scale that provides sufficient complexity for interesting emer-
gent behaviours while remaining computationally feasible for detailed mechanistic anal-
ysis. In section 8.1, we vary both maze type and maze size, to assess out-of-distribution

generalisation.

7.3.2 Tokenising mazes

When introducing transformers in subsection 2.2.4, we gave examples of their gen-
eral applicability across domains, provided that a way could be found to break their
inputs up into meaningful and ordered subcomponents (tokens). To this end, the maze-
dataset library provides multiple tokenisation schemes for representing maze structure
as sequences. These include coordinate-based tokens (where each position maps to a
unique vocabulary element), relative direction tokens (encoding paths as sequences of
left/right/forward movements), and other spatial encoding strategies. For our primary
investigations, we employ the coordinate tokenisation scheme illustrated in Figure 7.2.

This tokenisation design establishes a direct correspondence between vocabulary tokens
and spatial locations, with each lattice position receiving a unique token. The full maze

representation consists of:

« An adjacency list describing maze connectivity, with randomised ordering to
prevent memorisation of fixed patterns

« Special tokens delineating different components (adjacency markers, origin/target

indicators, path delimiters)
« The solution path as a sequence of coordinate tokens

The resulting vocabulary includes tokens for all possible grid positions plus the necessary
special tokens, creating a relatively small (9(10) vs O(10°) or greater for LLMs (Radford
et al. 2019)) vocabulary that scales predictably with maze dimensions.

7.3.3 Training Methodology

Decoder-only transformer models which underpin many modern foundation models,
and which form the basis of our investigations, are typically trained through next-token
prediction. Likewise for our maze-solving transformers, they will be presented with
complete maze structures followed by solution paths during training, and tested on

unseen mazes with the task of generating the solution path.

An optional but useful training strategy involves masking gradients to flow only through
path tokens rather than the full sequence.
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While not strictly necessary, this focused gradient signal can accelerate learning and
simplify debugging by concentrating the training signal on the actual navigation deci-
sions rather than maze structure tokens. As the distribution of maze connections is
approximately uniformly random, the task of predicting the connections primarily adds

noise to the training signal.

Furthermore, any knowledge of neighbour structure is then learned solely through the
path, and not through the neighbourwise encoding of connections in the maze specifica-
tion. This design choice enables us to study how structured spatial representations arise
naturally from task demands.

7.3.4 Evaluating Our Models

During inference, models receive the maze structure (adjacency list, origin, and target)
but must generate the solution path autoregressively. Starting from the <PATH_START>
token, the model predicts each subsequent position until producing <PATH_END>. It is
worth remembering that the transformer may predict any token in its vocabulary at
each stage — it is not constrained to provide valid path tokens. As such, We evaluate

performance using two primary metrics:

« Valid navigation: Whether the path respects maze walls and reaches the target,
even if suboptimal

« Exact path accuracy: Whether the generated path matches the optimal solution

exactly

For testing generalisation to larger mazes, there is a further important consideration:
models must encounter all coordinate tokens during training to use them meaningfully
during inference. Simply training on smaller mazes would leave tokens for outer positions
unseen—akin to the “anomalous tokens” problem where models encounter tokens
specified in their vocabularies for the first time during inference, and behave incoherently
(Rumbelow et al. 2023). We address this by embedding smaller training mazes within
larger grids at randomly shifted positions, ensuring all coordinate tokens appear in

training contexts allowing valid out-of-distribution generalisation testing.

Armed with an understanding of mechanistic interpretability tools and a controlled
domain where we can study planning, spatial reasoning, and emergent representations
with verifiable ground truth, we are ready to begin our technical investigations. In
the following chapters we will explore how transformers develop and utilise internal
representations when trained on these spatial navigation tasks, and how we can perform
mechanistic interventions to modify their behaviour.
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Chapter 8

Mazes and Structured
Representations

Equipped with the mechanistic interpretability toolkit introduced in the Part II back-
ground, and motivated by the Interlude’s finding that foundation models struggle to
ground reasoning in visual perception, we now apply these methods to a controlled spa-
tial domain. This chapter asks whether transformers trained on maze-solving develop
interpretable internal representations of space without explicit structural biases, and
when such representations emerge during training. We find that linearly decodable
spatial structure emerges in concert with a grokking-like generalisation phase transi-
tion, and that specific attention heads learn to encode grid adjacency—evidence that

structured representations can arise naturally from gradient descent."

To search for naturally emerging structure in large ANNs, we need a domain with
unambiguous ground truth and clear predictions about what representations should
form. To this end, we chose to investigate maze-solving (introduced in section 7.3),
which represents an ideal testbed for mechanistic analysis for several reasons. First,
unlike natural language where ground truth is often ambiguous, mazes have a single
correct solution. Second, successful navigation requires multi-step planning and spatial
reasoning—capabilities that whilst seemingly present in large foundation models, remain
fragile, as highlighted in chapter 6. Third, the spatial structure of mazes provides clear
hypotheses about what representations should emerge: we expect models to encode
connectivity, distance relationships, and path-finding algorithms.

IThis work was published as Ivanitskiy, Spies, et al. 2024, using the maze-dataset library (Ivanitskiy,
Sandoval, et al. 2025). The research direction was originally proposed by M. Ivanitskiy, who carried out the
behavioural analyses and Direct Logit Attribution experiments; the author led the probing, geometry, and
training-dynamics analyses. The TunedLens experiments were carried out in part by T. Ratiiker.
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This expectation is grounded in previous work that found evidence for structured world
models in simple game-playing transformers (Zhengfu He et al. 2024; Karvonen 2024;
K. Lietal 2022; Nanda 2023), suggesting that similar structured representations may
emerge in our maze-solving transformers. Having such clear expectations of what to

look for will allow us to leverage the supervised methods discussed in section 7.2.2.
In particular, we will attempt to answer questions of

 Representation: when transformers learn to solve mazes through next-token pre-

diction alone, do they develop interpretable internal representations of space?

« Training dynamics: If so, how are these representations structured, and when do
they emerge during training?

These questions are similar to those from Part I, but with a notable difference—rather
than engineering structure representations into models whose learning we carefully

control, we seek to discover what structures emerge naturally in naively trained models.

8.1 Models and training

As detailed in section 7.3, we use the maze-dataset library to generate mazes of varying
complexity. We then tokenise these mazes, including shortest paths between randomly
selected start and target positions, and train transformers on the resulting sequences.

We detail here the specific models and maze setups used in this chapter.

8.1.1 Model Selection and Architecture

We train two transformer models that are trained to perform tasks of differing complexity,
but with a fixed maze-size:

« hallway — A minimal model trained exclusively on forkless mazes
« jirpy — A larger model trained exclusively on forking mazes

This dual-model approach allows us to disentangle the mechanisms for basic spatial
representation (present in both) from those specific to “decision-making” in the path-
selection sense (unique to jirpy). We detail the architectural and training details of
both models in Table 8.1.

It is worth being explicit about the sense in which a transformer model, predicting one
token of the path per forward pass, can be said to “make decisions”. The notion of
decision-making is most relevant when a model’s current path position (that is, the final
token in its partially-completed predicted path) is at a forking-point. In such cases the
transformer may choose as its next token:
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« Any connected neighbour. In most cases (a two-way fork), these will be i) the
previous token in the path ii) the wrong turn and iii) the correct turn

« Any other token. It is worth remembering that the transformer is not constrained
to output sensible tokens, but must learn to do so. In principle, it can produce
nonsensical sequences of tokens; indeed, randomly initialised transformers will
do this.

This is to say, when faced with forks in the path, the transformer must correctly choose

the one which is the next step in the shortest path if it wishes to minimise loss.

Both models use TransformerLens (Nanda and Bloom 2022) implementations with
standard architectural components: multi-head attention, MLP blocks, and layer nor-
malisation. Jirpy was one of many models selected on the basis of performance from a
sweep over models of varying size; details are shown in Figure E.2.

8.1.2 Training Procedures

Both models were trained to predict the next token in tokenised maze sequences, with
the objective of minimising cross-entropy loss. While the hallway model was trained
on forkless mazes, the jirpy model was trained only on RDFS mazes (see section 7.3).
We also evaluate on percolation Randomised Depth-First Search (pRDFS) mazes, which
combine an RDFS maze with a random percolation mask where adjacent connections
occur with probability p = 0.1, introducing cycles and potentially multiple valid paths.
Furthermore, jirpy was trained with gradient masking, so that only the path tokens
receive gradients, as we found this slightly improved performance on generalising to
larger mazes.

This training process mirrors that of LLMs, though our models are trained with vastly
smaller specialised vocabularies on a single kind of task. These substantial differences
in scale are a frequent concern when studying toy problems and attempting to make
general claims about the internal workings of LLMs, but, as we argued in section 7.3,
such concerns are outweighed by the benefits of studying a small controlled task.

Model dnoder  dnead  Miayers total parameters —maze types  training dataset size epochs
hallway 128 32 6 9.6 X 10° 7% 7 forkless 3x10° 1
jirpy 256 16 12 1.2x107 6 % 6 forked 5x10° 6

Table 8.1: Hyperparameters for the two models we investigate. d; .41 iS the model
dimension (embedding size), dyeaq is the dimension per attention head, and 1y ,yers
is the number of transformer layers (or blocks); see subsection 2.2.4 for transformer
architecture details. Both models are trained via the AdamW optimiser with a learning
rate of 10~* and batch size of 32 (Loshchilov et al. 2019).
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Figure 8.1: Example generations of hallway model (top row) and jirpy model (bottom
row) on held-out forked mazes, which are out-of-distribution for the hallway model.
The correct path is marked as a red dashed line, with « at the starting position and x at
the target position. For clarity, generated paths fade from blue to green. Note that both
models often violate constraints, such as by passing through walls, allowing them to
eventually reach the target despite first arriving at a dead end. This plot was generated
by M.Ivanitskiy using our codebase, and is reproduced with permission.

8.2 Experiments

Before analysing their internals, we first confirm that the models we trained are capable
of solving mazes through a variety of measures.

8.2.1 Behavioral Experiments

While quantitative metrics allow robust model comparison, qualitative examination of
generated trajectories provides valuable insights into model behaviour. Representative
path generation examples are shown in Figure 8.1.

It is interesting to note that many “failed” rollouts would see a model take a wrong turn
for multiple steps until reaching a dead-end, at which point it would “jump” to a different
part of the maze, from where the correct path could be found.

To help diagnose the failures mentioned above, and to isolate different behaviours in our
models, we measure performance on “sub-tasks” consisting of predicting a single token,
as shown in Figure 8.2. For each such task the model is provided with all tokens up to and
not including the targeted token. The results from this analysis are shown in Table 8.2.
From this a few things may be observed: i) on in-distribution tasks, both models have a
high accuracy on outputting, i.e. repeating, the correct start and end tokens, even if their
intermediate paths are incorrect, ii) jirpy is able to solve over 80% of the tasks that are
in-distribution, but fails to follow-paths in the simpler, yet out-of-distribution, forkless
mazes, iii) the hallway model, which was trained on larger mazes, does not generalise
well to smaller mazes.

The complementary results for 7 X 7 mazes are shown in Table E.1, which are in-
distribution for the hallway model, but out-of-distribution for the jirpy model.
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dataset: forkless RDFS pRDFS

model: hallway  jirpy hallway jirpy hallway jirpy
exactly correct rollouts 38.3%  38.7% 24.2% 82.4% 24.2% 70.7%
valid rollouts 54.3% 53.5% 37.5% 84.0% 49.6% 87.1%
rollouts with target reached 87.1%  64.5% 94.5%  99.2% 92.6%  100.0%
path_start 100.0% 100.0% 100.0% 100.0% 100.0% 100.0%
origin_after_path_start 91.0% 86.7% 100.0%  100.0% 100.0%  100.0%
first_path_choice 71.5% 66.4% 67.2% 86.7% 66.4% 84.4%
rand_path_token 97.3% 89.8% 92.2% 99.2% 84.4% 97.3%
final_before_path_end 95.7% 85.9% 93.4%  100.0% 84.4%  100.0%
path_end 86.7% 71.5% 100.0% 99.6% 100.0% 100.0%

Table 8.2: Performance of the hallway and jirpy models assessed on held-out 6 X 6
forkless, RDFS, and pRDFS mazes. pRDFS mazes may not have a unique shortest path,
and thus the provided values are a lower bound). The first group of metrics concerns
properties of entire path rollouts, where: “exactly correct” means no deviations from the
shortest path occur, and “valid” means backtracking is permitted, but wall-jumps are
not. Reproduced from Ivanitskiy, Spies, et al. 2024 with permission from M. Ivanitskiy.

We also show their performance as a function of path length in Figure E.1. Ultimately,
we find that whilst capable in-distribution, our models generalise poorly to mazes of
different sizes, an issue which we will return to in chapter 9. For our current purposes,
we deem the models sufficiently capable at solving in-distribution mazes to mechanistic

analysis.

<PATH_START> (1,3 (0,3) (0,2) [...1 (2,4 (2,3) <PATH_END>

Figure 8.2: Tasks used to assess model performance and their relative locations within a path prediction.
From left to right, the target tokens are: path_start, origin_after_path_start, first_path_choice,
rand_path_token, final_before_path_end, path_end.

8.2.2 Emergent Structure in the Embedding Space

Having confirmed that our models are solving mazes, we now turn to investigating the
internal representations they have learned. We start with the simplest possible such
representation: the embedding space. At the first layer of the transformer, each token is
mapped to a vector in the embedding space by applying a learned linear transformation.
These transformations are randomly initialised and so any structure observed in them is a
result of the training process. It is a well-known observation that such simple embeddings
often have surprisingly rich structure (Ethayarajh et al. 2019).

To assess whether the embedding space reflects the spatial structure of the underlying
maze, we measure the manhattan distances between pairs of embeddings corresponding
to embedding tokens, with the results for hallway shown in Figure 8.3. For the hallway
model, we are able to clearly see that the distances between tokens in the embedding
space are correlated with the distances the coordinates of those tokens in the maze.
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Figure 8.3: Structure of coordinate token embeddings for the hallway model. Given
two coordinates a,b and the embeddings of their corresponding tokens E(a), E(b) we
measure their similarity using the Manhattan (1-norm) distance. Note that all the
embeddings are learned. Left: Correlation between coordinate distance and embedding
distance. Right: Given the embedding of the coordinate at x, Manhattan distance to the
other tokens on the grid is displayed. Complete results for both models are shown in
Fig. E.3. Reproduced with permission from Ivanitskiy, Spies, et al. 2024.

This simple observation suggests the existence of down-stream computations which
factor in coordinate distances in the process of predicting future tokens. For the jirpy
model (see Figure E.3), this analysis yields less clear results, though that may be due
to the fact that other structure is present in the embedding space of the jirpy model,

which also has twice the embedding dimension of the hallway model.

8.2.3 Investigating Neighbor information through Tuned Lens

Whilst the embedding space’s structure is interesting, the extent to which these repre-
sentations are implicated in down-stream computations is not clear from such a simple
analysis alone. This leads us to more thoroughly investigate how the representation of
neighbouring coordinates evolves throughout our model’s layers.

To do so, we leverage the embeddings, but correct for potential drift in coordinate
representations throughout the model’s layers. This is accomplished by training a set of
Tuned Lenses, as discussed in section 7.2.1. Briefly—we learn layer-specific translators
L, : R%oer — R%oser that approximate the final layer transformation, allowing us to
decode intermediate representations and trace the development of spatial understanding
through the network’s depth.

In particular, we use these lenses to see at which layers jirpy writes information about
neighbours onto coordinate tokens; this includes connected neighbours (those not
blocked by walls) and all neighbours (all adjacent coordinates). The resulting anal-
ysis for the jirpy model is shown in Figure 8.4.
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Figure 8.4: Results from the 10
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After the first layer, the residual stream already contains significant information con-
cerning whether the next token in a path will be a coordinate, coinciding with the layer
in the model where a linear representation of the maze is captured most clearly (see
subsection 8.2.4). This information is then refined gradually throughout the model, such
that at later layers, the validity of the next token is enforced more strongly, perhaps owing
to the effect of the heads identified in subsection 8.2.6.

8.2.4 Learned internal representations

To assess whether the models learn to internally represent mazes, we follow the simplest
approach discussed in section 7.2.2 and train a set of linear probes to predict the ground-
truth maze structure from a single latent vector. In particular, for a maze with mxm
positions, we train n,,ye,s X m X m X 4 probes p on residual stream activations ﬁl(t)
collected across many rollouts, such that

[ﬁl(t) : ﬁl(x,y,dir)] > 0.5 = wall(x,y,dir),

where the token, ¢, is fixed and all layers, [, are considered. In essence, if the dot product
between a particular direction dir probe with ﬁl(t) exceeds 0.5, then this should reflect
the presence of a wall in the input maze at that particular probing location. For all
experiments, we take the token, ¢, to be <PATH_START>, as it is the final token presented
in each sequence at test time and will have seen all previous tokens.

We focus on jirpy as it was the most performant model (see the sweep results in Fig-
ure E.2), evaluating probes on 15,000 mazes. As shown in Figure 8.5, the jirpy model
learns a highly linearly decodable representation of the maze at layer 2; consolidating
the entire maze into a single token’s latent representation (the <PATH_START> token). By
looking at the variation in probing accuracy across layers and throughout training, we
can understand how the formation of the world model occurs and potentially contributes
to the model’s performance (see Figure E.4 for results on all layers).
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(a) Accuracy of all probes across (b) Four random examples of mazes reconstructed using
positions for the most decod- the probes. Reconstructions are made from a set of probes
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Figure 8.5: Analysis of Linear Probes applied to the <PATH_START> token for jirpy.

In Figure 8.5 we show the examples of mazes decoded at layer 2 with a set of probes
that achieved the highest accuracy. Figure 8.6 shows that the maze representation was
already learned by the second layer. In Table E.2, we show that across models capable
of solving mazes at least ~ 30% of the time, linearly decodable representation tend to
emerge within the first two layers. Based on the decrease in decodability after the second
layer, we hypothesise that the model forms more abstract representations at deeper
layers, causing the lower-level wall representations to be gradually overwritten. Lastly
we attempted to steer the behaviour of jirpy by using the probes to guide the model’s
behaviour, as demonstrated by Nanda 2023. These experiments involved subtracting or
adding the direction corresponding to a specific wall’s probe in order to try and alter the
path of the model. However, these experiments succeeded less than 1% of the time, even
when accounting for effects such as non-centred representations (Jorgensen et al. 2023),
and trying to enforce sparsity on the learned probes with an L1 regulariser (similar to
chapter 5). These results suggest that the model may also utilise information at other
tokens, or encode some information non-linearly, to facilitate its behaviour.
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Figure 8.7: Layerwise analysis of maze structure captured by the model. Note that the
distribution of paths for hallway mazes is shorter than those for forking mazes.

8.2.5 When Do Models Learn to Represent the Maze?

The phenomenon of grokking—where test accuracy suddenly improves during training—
offers a unique window into representation learning dynamics Z. Liu et al. 2022; Nanda,
L. Chan, et al. 2023. This abrupt generalisation has been linked to the emergence of
structured internal representations Z. Liu et al. 2022. Having demonstrated that our
models develop linearly decodable maze representations (subsection 8.2.4), we now
investigate the relationship between representations and task performance. This analysis
echoes our attempts to link structured representations to compositional generalisation

in Part I.

To this end, we trained probe sets across checkpoints for both the hallway and jirpy
models, with results shown in Figure 8.7. Firstly, we find that the hallway model does
not learn a clear linear representation of the maze, while jirpy does. This should
not surprise us, as we argued in the introduction to Part T that agents will acquire
representations that are useful for the task at hand (those that delineate affordances).

More interestingly, we see that for jirpy, representations decodable beyond those found
even in the hallway models arise in conjunction with the model learning to solve mazes
more robustly—a somewhat more gradual analogue of grokking. These findings suggest
that the representations found by our probes are at least partially aligned with causally
relevant features, though our failure to intervene on them suggests that they are not
the only features that the model uses to solve mazes. This may also explain why the
decodability does not rise as steeply as the model’s own performance.

8.2.6 Analysing Attention Heads

Our representation analyses revealed that models develop structured encodings of maze
topology, but have not yet tied these to the models outputs.
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To bridge this gap, we employ direct logit attribution’ (DLA) (Liecberum et al. 2023; K.
Wang et al. 2022). DLA quantifies each attention head’s direct influence on output prob-
abilities (logits) by measuring how much the head’s output increases the probability of
correct tokens relative to incorrect ones. For our maze-solving models, this reveals which
heads actively participate in path-following decisions. We compute these contributions
using the behavioural tasks introduced in subsection 8.2.1, focusing on scenarios that

isolate path-following.

For an attention head h at layer I, we score its direct logit attribution as
Cin= [E(x,y)w[LayefNOfmfinal(al,h(f)) -dy/lld, |l ], (8.1)

where the correct direction is c?y = é’y —ey, gy is the embedding of the correct next token,
and é.,, is the mean incorrect vector, i.e., the average embedding of all tokens other than the
correct one, computed once over the entire dataset of correct-incorrect pairs. Intuitively,
C; , measures how strongly the head’s (layer-normalised) output aligns with the direction
that moves logits toward the correct token and away from the average incorrect tokens.
In practice, we compute estimations using 200 examples pairs of examples from an
additional held-out dataset. We use the model’s final layer normalisation on the head’s
outputs, as this is used for unembedding logits during a typical forward pass.

For simplicity’s sake, we perform DLA across the heads of the much smaller hallway
model. Our analysis reveals that that Head 3 in Layer 5 is highly specialized — thus
dubbed the Adjacency Head. Asshown in Figure 8.8 and Figure 8.9, this head consistently
attends to tokens at path length 1 from the current position, effectively learning to respect
the maze’s connectivity structure. This differs from the embedding-based representations
in subsection 8.2.2 which captured proximity of coordinate tokens, irrespective of the
actual maze connectivity.

We also identify two other specialised heads with distinct roles. Layer 5, Head 0 tracks
recent occurrences of the current coordinate token, whilst we posit that Layer 1, Head
2 functions as a reverse induction head—consistently attending to the <TARGET _END>
token. See section E.4 for more detailed analyses of these heads.

These findings suggest that maze-solving emerges through a division of labour among
specialised components, with different heads tracking position history, target informa-
tion, and local connectivity. We now have two parallel views of how models solve mazes:
linearly decodable representations of maze structure that emerge during training, and
specialised attention heads that implement navigation computation. In the next chapter
we will attempt to achieve a deeper understanding of how such representations and
attentional circuits interact.

2This analysis was carried out by M. Ivanitskiy, and is reproduced here with permission.
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Figure 8.8: Attention of Layer 5, Head 3, on the rand_path_token_nonend task. Atten-
tion is displayed over the maze positions for five random held-out mazes. Blue shading
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Figure 8.9: Attention of Layer 5, Head 3, on the rand_path_token_nonend task: violin
plots of attention as a function of the distance between the current node and the node
being attended to. x-axis on the left is the pure manhattan distance between the notes,
while x-axis on the right is the path length between the nodes. Sample size n = 200. Note
that while on the right, attention is overwhelmingly applied to nodes path length 1 away,
some attention is applied to nodes at odd path lengths away because a node adjacent to
the lattice will always be an odd path length away. Reproduced from Ivanitskiy, Spies,

et al. 2024 with permission from M. Ivanitskiy.
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8.3 Conclusion

This chapter demonstrates that transformers spontaneously develop structured spatial
representations when trained on maze navigation. Our analyses reveal two parallel views
of this capability: linearly decodable representations of maze structure that emerge dur-
ing training, and specialised attention mechanisms, notably adjacency heads that respect
maze topology. These findings show that interpretable structure can arise naturally
through gradient descent, complementing engineered approaches.

The correlation between representation quality and task performance during training
reinforces prior claims that structured representations enable robust reasoning. However,
our analysis also highlights shortcomings of supervised interpretability methods. While
linear probes successfully decode maze structure from residual streams, attempts to
use these probes for interventions failed. This gap between decodability and causal
influence suggests that the representations identified by supervised methods may not
always capture the actual features the model uses for decision-making.

This limitation, combined with our aspirations to link the discovered representations
to the specialised attention mechanisms, motivates exploring unsupervised approaches
that can discover causally relevant features without imposing predefined ontologies.
These ideas will form the basis of chapter 9.
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Chapter 9

Causal World Models

The previous chapter established that maze-solving transformers develop linearly decod-
able spatial representations that emerge alongside task performance—nbut correlational
evidence alone cannot tell us whether these representations actually drive behaviour.
This chapter asks the causal question: are the emergent structured representations gen-
uinely implicated in the model’s decision-making, or are they merely epiphenomenal?
Using sparse autoencoders to isolate individual connectivity features, we demonstrate
that targeted interventions on these features predictably redirect path-finding behaviour,
establishing them as causally efficacious components of a world model.

The causally relevant representations we are after here are colloquially referred to as
world models; before making our empirical case, we first clarify what we mean by the
term. In lieu of an agreed upon definition of world models, we adopt that of (Millicre
et al. 2024), considering world models to be “structure-preserving [...] causally effica-
cious representations”—that is, representations that preserve the causal structure of an
environment to the extent required by an agent’s tasks. Such a notion of world-model
captures both the agent-centric nature discussed in section 3.1, and the more grounded
aspects that make such representations a faithful model of the world.

9.1 Methodology

9.1.1 Model Specifications

In the previous chapter we trained two models, varying in terms of size and the tasks
they solved. In this chapter, we focus on slightly larger models which vary primarily in
the way that they add position information to tokens when embedding them.

IThis work was published as Spies, Edwards, et al. 2024.
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Model Nickname ‘ Maze Solving Accuracy Positional Embeddings dmodel  Miayers Mheads Num. Params (M)

Stan 96.6% standard learned 512 6 8 19.2
Terry 94.3% rotary 512 6 4 19.0

Table 9.1: Models chosen for mechanistic investigation (most performant in the sweep,
given their respective position embedding schemes). Stan has more parameters as it
learns position encodings (W o € R>'#12), whereas Terry does not.

Recall from section 2.2.4 that position information here does not refer to position in
the sense of maze-coordinates, but purely as a way of specifying the relative ordering of

tokens in the sequence, regardless of their identity.

In particular, we compare learned position embeddings with Rotary Position Embeddings
(RoOPE) (Su et al. 2024). Learned position embeddings add trainable vectors to token
embeddings based on absolute position (see subsection 2.2.4). In contrast, RoPE encodes
position information by rotating query and key vectors in the complex plane, such that
attention scores between token positions m and n depends only on their relative offset
(m —n), not the absolute positions. This property ensures that the model learns relative
position patterns (e.g., “two tokens apart”) rather than memorising absolute positions,
enhacing the generalisation performance to unseen sequence lengths.

This finding is validated by the sweeps performed in Figure F.1, which assess the gener-
alisation performance of models with different position encoding schemes.

All models were trained for 6 epochs on 5x 10 fully connected 5x 5 mazes and sparse 6 X 6
mazes, embedded inside of larger 7 X 7 mazes. This not only yielded more performant
models than those in chapter 8, but also allowed us to assess performance on unseen
sequence lengths. On the basis of our sweep results, we select the best-performing models
for each position encoding scheme as the targets of our analysis. These are shown in
Table 9.1, and we dub these models Stan and Terry, as shorthands for the standard and
rotary position encodings respectively.

9.1.2 Analysis Framework

Our methodology leverages Sparse Autoencoders (SAEs) to overcome the limitations
of linear probes in detecting world model features. As discussed in section 7.2.2, SAEs
enable us to identify interpretable features directly from activations without predefined
ontological commitments, as well as allowing us to perform targeted interventions by
manipulating specific features to observe causal impact on behaviour.

With an emphasis on understanding the causal construction and role of interpretable

features, we will employ two complementary approaches:

« Circuit-level analysis (subsection 9.2.1): Direct examination of attention patterns

and outputs.
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« Feature-level analysis (subsection 9.2.2): Training SAEs on the residual stream

to identify disentangled maze representations

Through systematic feature manipulation (section 9.3), we will establish that these
representations are causally involved in maze-solving decisions, and can be understood
as arising from identified attention circuits. This analysis pipeline is summarised in

Figure 9.1.

9.2 Discovering World Model Representations

Before endeavouring to understand which features, if any, are implicated in the model’s
behaviour, we first need to identify them. To this end we will perform two open-ended
explorations of the model’s internals, and then use these to guide our investigation of
the causal role of the world models.

In particular, we begin in subsection 9.2.1 by investigating attention heads in the earliest
layer of our models and find heads specialising in the construction of representations
akin to a world model. On the basis of this, we use SAEs alongside supervised classifiers
reminiscent of chapter 4 to identify which features correspond to a world model. Finally,
we use patching experiments and interventions to show that both investigations yield
consistent features, and that these play a causal role in the model’s behaviour, whilst

also demonstrating some unexpected properties.

(A) Attention Analysis (B) Residual SAEs (C) Methodology Comparison
| | H2 | | H4 | 4 I: ,# ] Patching "Connection
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Figure 9.1: Overview of our methodology for discovering and validating world models
in transformer-based maze solvers. (A) We analyse attention patterns in early layers,
finding heads that consolidate maze connectivity information at semicolon tokens. (B)
We train sparse autoencoders on the residual stream immediately following the first block,
identifying interpretable features that encode maze connectivity. (C) We demonstrate
the causal role of the world models in our transformers by comparing features extracted
through both methods and validating them through causal interventions.
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9.2.1 World Model Construction: Connectivity Attention Heads

Informed by the emergence of “adjacency heads” observed in chapter 8, we examined
the attention patterns of Stan and Terry to understand how these models might construct
internal representations of maze structure. Our analysis reveals that both models use
specialised attention heads in their first layer to consolidate information about maze

connections.

We began by visually inspecting the attention patterns of all heads in the first layer of
our models across a small number of mazes. In so doing, we discovered that whilst not
all heads showed clear patterns, a subset of those at layer 0 appeared to systematically
process the adjacency list by focusing on connection information. These heads exhibit a
consistent pattern at every 4th context position (corresponding to semicolon separation
tokens) by attending either 1 or 3 tokens back, capturing one of the two coordinates in
each maze connection. This pattern manifests in 3 out of 8 heads for Stan (Figure 9.2)
and all 4 heads for Terry (Figure F.5).

To understand whether these heads are constructing meaningful world model represen-
tations, we analyse the outputs of these heads using their “OV-circuits" (Elhage, Nanda,
Olsson, Henighan, Joseph, Mann, Askell, Yuntao Bai, et al. 2021) (see the details of atten-
tion in section 2.2.4). By examining the W, matrices per-head and computing cosine
distances with coordinate token embeddings, we can characterise what information each

head extracts and propagates forward.

This OV-circuit analysis reveals surprising patterns, particularly for Stan (Figure 9.3).
Stan’s three noteworthy heads (LOH3, LOHS5, and LOH7) show clear complementary spe-
cialisation: LOH3’s outputs activate strongly for even-parity maze cells, while LOH7 and
LOHS5 show complementary activation for odd-parity cells. This systematic partitioning
suggests that Stan has developed a structured way to divide and process maze topology
information across its attention heads, with each head responsible for specific subsets of
the maze structure. For the other heads (those with less structured attention patterns)
we observed that these were also not particularly sensitive to positional information (see
Figure F.12).

Terry’s OV-circuit patterns are less pronounced but still show some structure (Figure 9.4).
While Terry lacks Stan’s clear global even/odd specialisation, its heads show localised
specialisation patterns in specific maze regions; this difference is most likely a result
of the different positional encoding schemes used by the two models; Stan’s need to
compute relative offsets to form meaningful representations of connections might favour
learning sharply varying position encodings.

The prevalence and systematic behaviour of these connectivity attention heads strongly

implicate them in world model construction.
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By consolidating connection information at semicolon positions in both models, these
heads appear to be constructing the lowest levels of meaningful representations—though
with notably different organisational strategies between Stan and Terry.

Head 3
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Figure 9.2: Attention patterns for Stan’s “connectivity heads” (LOH3, LOH5, LOH7)
showing where semicolon tokens attend to in the sequence. The x-axis shows semicolon
positions; the y-axis indicates lookback distance (1 = previous token, 3 = three tokens
back). Color intensity represents attention strength. Note the shift from attending 1-3
tokens back to 5-7 tokens back after position 100. Complete attention patterns for both
Terry and Stan are shown in section F.3.
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Figure 9.3: Magnitude heatmaps of Stan’s L0 head outputs (W, applied to token em-
beddings) projected onto the maze grid. Heads show clear specialisation: LOH3 focuses
on even-parity cells (lighter pattern), while LOH7 and LOHS5 focus on odd-parity cells.
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Figure 9.4: Magnitudes of vectors resulting from applying the W, matrices of layer-0
heads of Terry to maze-cell token embeddings, projected onto the maze grid. The pattern
here is much less striking than that for Stan (shown in Figure 9.3) although it does
suggest that the heads specialise in even/odd-parity cells in localised regions of the maze.
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9.2.2 World Model Representation: Sparse Autoencoders

Having identified connectivity attention heads that appear to construct world model
representations, we now turn to understanding the features in our model, with the goal of
linking both investigations. To this end, we train SAEs on the residual stream immediately
after the first layer (where we found connectivity heads aggregating information at
semicolon tokens) of both models. The trained SAEs faithfully reconstruct activations
at all token positions, and we find that replacing model activations with their SAE
reconstructions does not affect maze-solving performance that confirming they capture
all behaviourally relevant information. Full training and sweeping details are provided
in section F.2.

To identify which SAE features encode maze connectivity, we initially attempted to com-
pare feature activations between mazes with and without specific connections. However,
this approach proved unreliable: feature magnitudes varied inconsistently, and multiple
features often co-activated for a single connection—particularly those involved in path
representations that changed when connections were modified. We therefore adopted a
more systematic approach, training decision trees to predict connection presence from
SAE feature activations at the relevant semicolon positions (akin to our methods for
identify salient latents in chapter 4). In Figure 9.5 we show the decision tree decod-
ing accuracies and relevant features (in parentheses) for each connection in the maze,
demonstrating that these features provide a near perfect prediction of the presence of a
given connection.
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Figure 9.5: Decision tree decoding accuracies and relevant features (in parentheses) for
each connection in the maze. Upper right triangles correspond to right connections, and
lower left triangles correspond to down connections. The decision trees were trained
to predict the presence, or absence, of a connection from the SAE feature vector at the
semicolon immediately following the definition of that connection. See Figure F.6 for
more details.
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Decision Tree Feature Importances for (4, 4, 'right') in Stan
Decision Tree Feature Importances for (4, 4, 'right') in Terry

feature_1999 <= 4.972
samples = 1600

feature_1773 <= 1.42 value = [803, 797]
samBIes = 1600 class = Connection absent
value = [803, 797] /
class = Connection absent

feature_1422 <= 0.346
samples = 1052
value = [803, 249]
class = Connection absent
samples = 834
value = [795, 39]
class = Connection absent

(a) Terry model: A single feature almost per-  (b) Stan model: Two features (Feature 1422 and
fectly encodes the existence of a specific con-  another) work together to encode maze con-
nection in the maze. This demonstrates the  nectivity. Feature 1422 appears consistently
direct encoding of maze connectivity in Terry’s  across all connections, aligning with the deci-
SAE latent space. sion tree decoding results presented Figure 9.5.

Figure 9.6: Decision trees trained on SAE latents for Terry and Stan models, predicting
the existence of specific connections in the maze. These examples illustrate how maze
connectivity is encoded in the residual stream at layer 0 on the corresponding semicolon
position. The decision trees were trained as supervised classifiers whose target was
to predict the presence of a given connection, given an SAE feature vector from the
corresponding semicolon position. These SAEs were trained with 10,000 examples per
connection (equally balanced between the presence / non-presence of a connection).

This analysis revealed a notable difference between our two models. Stan employs
a compositional encoding scheme in which each connection is represented by two
features—a generic “semicolon” feature that activates for all semicolons, paired with a
connection-specific feature (Figure 9.6b). In contrast, Terry encodes each connection
cleanly in a single dedicated feature (Figure 9.6a). Highly activating examples of these
features are visualised in Figure F.6, with Stan’s representation remaining stable across

multiple independently trained SAEs (Figure F.8).

We hypothesise that Stan’s compositional code arises from an imperfect separation of
learned positional and semantic information. This entanglement of information was
suggested in chapter 8 as an explanation for the failure to intervene on similar models
with linear probes—now we see that intervening on a single direction would inadvertently
affect the shared semicolon feature. Terry’s cleaner single-feature encoding, despite its
more entangled attention patterns, likely benefits from RoPE’s explicit separation of

positional information from token content.

9.2.3 Comparing SAEs and Circuits

In subsection 9.2.1 we advanced the claim that certain LO heads construct features
representing maze edges at the ; context positions, specifically by attending to earlier
positions containing maze-cell token embeddings, and rewriting those embeddings by
application of their W, matrices. subsection 9.2.2 identified features representing maze
connections via an independent line of reasoning, by training SAEs, and identifying
which of their features were indicative of the presence of a connection.

115



PART II | Mechanistic Interpretability Causal World Models

To verify whether these approaches yielded consistent features for the world model, we
first calculated the cosine similarity between the features written by isolated attention
heads, and those encoded in the SAE (Figure 9.7a). These showed excellent agreement
for Stan, where the attention patterns were clear, but only once the compositional code

was taken into account (see section F.7 for details).

Though these results were promising, we carried out a further comparison (Figure 9.7b)
to minimise the assumptions required, and to account for two potential effects: 1) There
may be “wiggle room” between feature directions in the model’s residual stream, and
the circuits that construct them (which would lead to low cosine similarities, even for
the same features), 2) As our SAEs are trained after an entire block of computation,
it is possible that the MLPs, applied after attention, also played a role in forming the
representations. In this second experiment we patched attention head values in the
presence of a connection to the mean of a maze set without that connection (reminiscent
of the Direct Logit Attribution described in chapter 8). By looking at the effect of patching
the attention heads on the resulting SAE latent vectors, we were able to observe that the
features considered relevant for any given connection were indeed sensitive to the heads
implicated in constructing those features.

In particular, we consider the effect on the SAE features identified in subsection 9.2.2
when each attention head is patched at the semicolon position with its average non-
connection value across 500 examples (i.e. removing the contribution a given head
toward encoding that connection). This captures the extent to which a given head
contributes towards the “creation” of a maze-connection’s representation in the residual
stream. The results show a strong agreement — when we ablate a connection-specific
head, we see that the feature for that connection is ablated too.

These plots not only confirm the link between the attention circuits and the SAE features,
but even show the same spatial partitioning of different parts of the maze across heads.
The same plots for Terry, and Stan’s down connection, are shown in section F.6. This
agreement between unsupervised methods begins to tell a more complete story of how
the parameters, embeddings and latent features interact to form the world model. This
brings us to the next section, where we will use interventions to show that the features
we have come to understand are indeed causally implicated in the model’s behaviour.

9.3 Intervening on World Models

Having identified structured representations through both circuit analysis and SAE
decomposition, we now turn to the critical question: are these representations causally
implicated in the model’s decision-making; are they “causally efficacious"? In Figure 9.8,
we give an example of perturbing a feature to “fool” the model into behaving as though
itis in a different maze.
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Figure 9.7: Comparison of SAE features and attention head analysis.

When patching in the SAE-reconstructed residual stream without perturbations we still
see the same behaviour as in the original model; when patching in with a modified
feature, we see a change in the path. These successful interventions provide the strongest
evidence yet that our models develop causal world models, not merely correlational
representations.

We perform our interventions across 200 examples for each connection feature, and show
the resulting intervention efficacies in Figure 9.9. The intervention process involves
toggling a feature on (to the maximal value observed for that feature in a small dataset)
or turning it off (setting it to 0) at all semicolon positions—for the case of adding a
connection, this is necessary as there is no semicolon in the sequence which “belongs”
to the connection that doesn’t exist’.

We measure the impact of these interventions on the model’s maze-solving accuracy, with
a particular focus on how activating versus removing features affects performance. Our
results reveal an intriguing asymmetry that constitutes our second finding: interventions
that activate features tend to be more effective in altering the model’s behaviour compared
to those that remove features.

2We also experimented with toggling to a fixed maximal value in Figure F.9, but this was generally less
effective. In the case of removal, it made little difference if the feature was disabled everywhere, as it is
almost always exactly 0 for a non-matching connection semicolon
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Figure 9.8: An example of an intervention on Terry where a connection is added by

enabling the relevant feature in the SAE’s latent space (in this case, feature 250 for

(1,2) <-> (1,3) ). From left to right: 1) input maze with ground truth 2) model’s

prediction with the unperturbed SAE reconstruction patched in 3) perturbed ground

truth 4) model’s prediction with the perturbed SAE reconstruction patched into its
residual stream after the first layer.
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Figure 9.9: Aggregated accuracy of interventions for examples on which the original
prediction was correct. An accurate intervention is one in which the toggling of a
connection feature in the SAE leads the model to act accordingly. Note that Stan removal
interventions fail as the inputs in these cases have more connections than the model is
able to handle (see length generalisation failure in Figure F.1).

This asymmetry suggests that transformer world models may be more robust to fea-
ture suppression than enhancement, with implications for both understanding model
behaviour and developing intervention strategies.

Our final finding relates to the toggling of features in Stan. Though Stan utilised a compo-
sitional code, activating the connection-specific features at unrelated semicolons worked
in 35% of cases. Conversely, we saw that all removal interventions failed, for the simple
reason that Stan was unable to generalise to sequences containing more connections
than it had seen during training — thus failing when shown examples containing the ad-
ditional connection to be removed (a result of Stan using learned positional embeddings,
as shown in Figure F.1). This failure connects to broader challenges in transformer
generalisation and brittleness seen in chapter 6.
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The fact that activating connections in the space of the SAE worked at all means that
Stan’s maze-solving behaviour was at least partially able to generalise in the latent
space, where it was decoupled from the positional embeddings. This, albeit simple,
demonstration shows how models can perform behaviours that they cannot achieve
through their standard input interface. It is possible that similar techniques, applied at
higher levels, could allow us to exploit other capabilities of existing models to greater
extent.

9.4 Related Work

World Models in Game-Playing Systems We demonstrated that transformers develop
causal world models in maze-solving tasks and validated these through SAE-based
interventions. Works highlighted in the previous chapter often relied on linear probes
to identify spatial representations (Jenner et al. 2024; McGrath et al. 2022). While
Zhengfu He et al. 2024 attempted to use SAEs to re-identify Othello world models,
they encountered difficulties with feature identification. We went further by painting a
complete picture of how these features arise—from attention-based construction to SAE
isolation to causal validation through intervention—demonstrating that maze world
models are not only identifiable but causally efficacious.

Mechanistic Interpretability and Causal Interventions Our work establishes genuinely
causal world models in maze-solving transformers by using SAE features as the units of
causal intervention. This contrasts with previous maze-solving analyses that achieved
only linear decodability or identified attention motifs: Ivanitskiy, Spies, et al. 2024
found no isolatable causal features despite mechanistic analysis, while Mini et al. 2023
manipulated representations in RL contexts using different methods. By combining
attention pattern analysis with SAE feature isolation and systematic intervention, we
move beyond correlational decoding to demonstrate causal efficacy. Our finding that
interventions can push models beyond their training distribution—succeeding where
equivalent token inputs would fail—reveals a flexibility in internal world models not

previously documented.

While recent work has explored world models in large language models trained on
diverse datasets (Belrose et al. 2023; Lieberum et al. 2023; Olsson, Elhage, Nanda, et al.
2022a), we maintain our focus on the controlled environment of maze-solving to enable

more rigorous causal analysis.
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9.5 Conclusions

This chapter completes our mechanistic interpretability investigation of transformer
world models, establishing not merely their presence (Chapter 1) but their causal role in
model behaviour. Through our analysis of attention patterns and SAE-based interven-
tions, we have moved from correlation to causation—demonstrating that the structured
representations in maze-solving transformers are genuine, causally efficacious world
models.

9.5.1 Key Contributions
Our investigation yielded two primary contributions:

Empirical Findings: We demonstrated that transformers acquire causally relevant
world models by showing that SAE feature interventions predictably alter maze-solving
behaviour. Most surprisingly, we discovered a consistent asymmetry—activating connec-
tion features proved far more effective than suppressing them, suggesting transformers
rely more heavily on positive evidence in their computations.

Additionally, we found that SAE interventions can unlock capabilities beyond the model’s
standard interface: models that failed on longer sequences due to positional embedding
limitations could successfully navigate when appropriate features were activated directly

in latent space.

Methodological Insights: We showed that different architectural choices lead to funda-
mentally different world model encodings. Models with learned positional embeddings
developed compositional codes requiring multiple SAE features per connection, while
those with rotary embeddings encoded connections more directly. This architectural
dependence has profound implications for interpretability—techniques successful on
one model may fail on another. Our decision tree approach for analysing SAE features
provides a systematic method for identifying these varying representational strategies.

We have only scratched the surface of the potential of mechanistic interpretability. There
are many exciting directions for future work, which we will reflect upon in the following
chapter.
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Chapter 10

Reflections and Future Directions

Nearly five years ago, we set out to answer a seemingly simple question: how can we
design neural networks which are both more interpretable and more robust? The promise
of interpretable neural networks seemed within reach through careful architectural
design, yet the emerging power of scale-driven approaches was already reshaping the
landscape. We positioned ourselves at the crossroads between these two paradigms:
engineering structure for interpretability versus embracing scale for capability. Now, as
we write these final words, the field has largely chosen its path—with foundation models

racing down the highway of scale while our understanding struggles to keep pace.

This work has explored interpretability in both paradigms: engineering structure into neu-
ral architectures (Part I) and reverse-engineering representations that emerge through
scale (Part IT). Our journey yielded neither a victory for structure nor a vindication of
scale, but rather shone a light on the trade-offs that arise when seeking interpretable
systems. What follows is a detailed account of our contributions, their limitations, and
the road ahead.

10.1 Summary of Contributions

10.1.1 Engineering Structured Representations

Our first contribution lies in demonstrating how spatial transformers can enhance slot-
based architectures to achieve more interpretable object-centric representations. By
augmenting Slot Attention with learnable geometric transformations, we showed that
models could not only segment scenes into objects but also capture their pose in an
explicit, interpretable form. Investigating this latent structure was a challenge in itself,
requiring us to leverage the internal masks from SA to determine the identity of slots,

before training auxiliary models to inspect their representations.

Building on this foundation, we explored how structured perception could enable sys-
tematic reasoning.
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By adapting the PrediNet’s relational architecture to operate on slot-based representations,
we created a sparse, hierarchical system where structured representations were leveraged
for compositional reasoning. Our experiments on both the RelationsGame and Sort-of-
CLEVR tasks revealed that sparse connectivity at the reasoning layer was more beneficial
than sparsity in object-property bindings. This finding suggested that disentanglement
aided generalisation most at higher levels of the representational hierarchy — an idea

echoed later in our analysis of transformer representations.

However, our investigations also uncovered the dangers of over-specification. On tasks
requiring perfect object-level knowledge of a scene, our highly structured models under-
performed their unstructured counterparts by significant margins. When we constrain
too tightly, we risk sacrificing the very flexibility that makes neural networks power-
ful. This trade-off crystallised a key lesson: inductive biases are double-edged swords,
and their utility depends critically on alignment with task structure; particularly when
information bottlenecks in structured architectures can lead to cascading errors that
compound throughout a model.

10.1.2 Understanding Emergent Representations

The interlude between our two main investigations revealed a key issue at the heart
of modern AI: while foundation models demonstrate remarkable reasoning capabili-
ties across diverse domains despite their relatively simple structure, they exhibit great
fragility. Even minor perturbations to visual input format, task specification, or textual
prompts can cause catastrophic performance degradation in systems that otherwise ap-
pear robust. This unpredictable generalisation behaviour in models that are now being
used by hundreds of millions of people every day, motivated our shift from engineering
interpretability to understanding how structure emerges naturally and whether such
emergent representations might offer clues to building more robust systems.

To this end we trained and investigated transformers in a simple domain which required
planning in its simplest form — solving mazes. Our mechanistic analysis revealed a
wonderful phenomenon: structure emerges even without explicit architectural pressure.
Using simple linear probes, we discovered that these models develop rich internal rep-
resentations of maze topology, which arise rapidly as the models learn to solve mazes.
Downstream of these, specific attention heads emerged as “adjacency detectors," respect-
ing the connective structure of mazes with near-perfect fidelity.

While these investigations revealed tantalising correlations, they did not establish causal
relationships between representations and behaviour. To move beyond mere observation,
we employed Sparse Autoencoders (SAEs), which leverage unsupervised learning to
avoid imposing our expectations about what features the model should learn. This
approach discovered the models’ internal “world models” — coherent representations of
the maze environment that we could causally intervene upon to alter behaviour.
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10.2 Limitations

Our structured approaches in Part I, while achieving interpretable object-centric repre-
sentations, encountered limitations that reveal the challenges of imposing architectural
constraints. The slot-based architectures we developed in chapter 4 and chapter 5 re-
quired pre-specifying the number of object slots, often failing to capture objects or
splitting them into multiple slots. As such, while our model achieved strong disen-
tanglement metrics on toy datasets, they would be unlikely to generalise beyond these
controlled environments.

Subsequent work has addressed many of these constraints through dynamic slot allo-
cation, learnable object queries, and hierarchical decomposition (Elsayed et al. 2022;
Engelcke, Parker Jones, et al. 2021; Fan et al. 2024), while scalable detection architectures

demonstrate that ANNs can handle real-world scenes — though rarely interpretably.

Our findings in chapter 5 revealed that the same inductive biases that promote inter-
pretability can hamper model flexibility. When we forced our models to factor rep-
resentations into discrete objects and explicit relations, they underperformed generic
architectures by significant margins on tasks that required complete scene understand-
ing or violated our structural assumptions. Recalling the flexibility-scale spectrum of
chapter 1, transformers have since emerged as a more flexible middle ground — im-
plementing implicit relational reasoning through attention without hard-coded object
structure (Vaswani et al. 2017) — with slot- and sparsity-based variants (Faulkner et al.

2022; Shazeer et al. 2017) offering ways to reincorporate these priors when needed.

Yet while these architectural innovations have made models more capable due to scale,
they have done less to make them robust and interpretable. The same models that excel
at complex reasoning tasks can fail catastrophically when faced with seemingly minor
perturbations — a limitation that architectural improvements alone are unlikely to
address. This brittleness motivated our shift in Part IT: if we cannot engineer robustness
through architecture, perhaps we can understand and control it through mechanistic

analysis.

Our mechanistic interpretability investigations in chapter 8 and chapter 9, while revealing
rich internal structure, faced severe practical constraints. The computational cost of
training and analysing SAEs scales poorly with model size, making these techniques
challenging to apply beyond small models in most academic contexts. Our SAEs required
hundreds of GPU-hours to train, and analysing the thousands of resulting features is
a daunting task. More limiting still was our choice of maze-solving as a test domain,
which while enabling precise causal interventions and a known ground truth, raised
pertinent questions about generalisability. Can insights from path-finding in discrete
grids really inform our understanding of language models processing natural text or
multimodal systems reasoning about the physical world?
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Efficient SAE variants using gated architectures and top-k sparsity have since reduced
these computational costs, and automated circuit discovery tools (Conmy et al. 2023)
extend similar analyses to billion-parameter models. The extent to which our findings
generalise beyond maze-solving is bolstered by convergent results elsewhere — the linear
representations we identified echo those found in language models (Mikolov et al. 2013),
and our adjacency heads parallel induction heads in GPT-style models (Olsson, Elhage,
Nanda, et al. 2022b) — although the reality at scale remains considerably more complex
(Lieberum et al. 2023).

In-aggregate, the field has made remarkable progress across both architectural design
and interpretability methods in a remarkably short time. Yet despite this progress, funda-
mental challenges persist: we still lack principled frameworks for ensuring robustness,
preventing deceptive alignment, or guaranteeing that our interpretability tools capture all
safety-relevant behaviours. These open problems frame the concrete research directions
we turn to next.

10.3 Future Directions

The remaining technical challenges are formidable, and our own work exemplified them:
even with explicit architectural constraints in Part I, we did not disentangle all generative
factors, and downstream reasoning with crisper representations was far from perfect;
even with successful causal interventions in Part IT, many discovered features remain
uninterpreted. The directions below aim squarely at such gaps.

Advancing Object-Centric Architectures. The structured representations explored
in Part I suggest several immediate research directions. The exclusivity problem — where
multiple slots attend to the same object or a single object is split across slots — could be
addressed through contrastive objectives (Lowe et al. 2020) or implicit gradient meth-
ods (Chang et al. 2023), both directly applicable to our SA+ST framework. Temporal
alignment, which our recurrent extension handled only coarsely, would benefit from
integration with dedicated alignment methods such as AlignNet (Creswell, Nikiforou,
et al. 2020) or the dynamics-aware SlotFormer (Z. Wu et al. 2023). Background han-
dling through privileged slots (Qi et al. 2024) and explicit mask regularisation (Burgess,
Matthey, et al. 2019) would address a persistent limitation of slot-based architectures.
Taken together, these directions target the specific failure modes exposed in Part I, and
would strengthen the disentanglement properties on which any downstream use of
slot-based representations ultimately depends.

Scaling Mechanistic Analysis. The causal world models uncovered in Part II raise
two complementary questions. The first concerns how such world models are used.
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Our interventions established that SAE features encoding maze connectivity causally
shape single-step behaviour. Whether these representations also underpin multi-step
planning remains open, as does whether the intervention asymmetry we observed —
where enabling features was more effective than suppressing them — reflects a general

principle of how transformers accumulate evidence.

The second question concerns how world models form and remain intervenable across
domains. Convergent results in Othello-GPT (K. Li et al. 2022; Nanda 2023) and chess-
playing transformers (Karvonen 2024) suggest linear world representations are a general
phenomenon in sequence models trained on structured tasks. Yet systematic comparison
of how these representations emerge during training, what features they expose, and how
robustly they can be manipulated has yet to be carried out. Extending our probing and
SAE analyses across these planning-oriented toy domains—and ultimately to natural
language and multimodal reasoning—would test whether mechanistic understanding
can scale alongside capability. The parallels between our adjacency-detecting heads
and induction heads in language models (Olsson, Elhage, Nanda, et al. 2022b) offer a

concrete starting point.

Bridging Perception, Reasoning, and Interpretability. The most promising future
directions lie at the intersection of this thesis’s two parts. The Interlude (chapter 6)
revealed a substantial gap between language-mediated reasoning and visually grounded
perception in foundation models—a gap that may be more efficiently closed with in-
ductive bias than with scale. Bridging this divide may require combining the explicit
object-centric representations of Part I with the mechanistic understanding developed
in Part II: building models whose internal representations are structured enough to be
steerable, yet flexible enough to handle real-world complexity. A concrete convergence
point is sparsity: mixture-of-experts architectures simultaneously improve scalability
and interpretability (X. Yang et al. 2025), suggesting that the apparent trade-off between

structure and flexibility may be less fundamental than it appears.

Concluding Remarks

Whilst the interpretability we’ve sought is essential, it is also but one facet of Al alignment.
This broader challenge extends beyond building systems that follow our instructions
correctly to ensuring those instructions themselves promote human flourishing. This
demands grappling with questions of values, governance, and long-term societal impact.
Today’s economic incentives overwhelmingly favour capability over comprehension,
automation over augmentation—a trajectory that should give us pause. Building a
beneficial future with Al requires diverse expertise: policymakers versed in both oppor-
tunities and risks, researchers who refuse to sacrifice understanding for capability, and
institutions designed to reward comprehension as much as advancement.
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Within that broader project, the contributions of this thesis represent small steps on a
longer journey—from toy problems to the real world, from small ANNSs to vast LLMs,
and from academic insights to aligned Al. Yet they demonstrate that progress is possible
on multiple fronts simultaneously. We need not choose wholly between capability and
comprehension, between engineering and analysis. Indeed, the universe has gifted us
minds that arise from simple rules, both artificial and biological, and understanding
these minds is not merely an academic luxury but an existential necessity for navigating

the future we are rapidly creating.

And in pursuing this understanding, we may discover something profound. Writing of
artificial neural networks decades before they showed their true promise, Rosenblatt
1958 mused that through their study "those fundamental laws of organisation which
are common to all information handling systems, machines and men included, may
eventually be understood.” The ancient mysteries—nous, psyche, logos—-may finally yield
their secrets in silicon rather than flesh. In seeking to comprehend artificial minds, we
may finally understand our own.

We may well be the first generation capable of building minds and the last with a chance
to align them with human values, whatever those may be. History has given us this

moment; let us give history an answer.
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LSTM
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MSE
OCL
pPRDFS
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RNN
SA

SAE
SB
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VAE
ViT

Artificial General Intelligence. Definitions of what consistute AGI are numerous and
contested. For the purposes of Figure 1.2 we defer to the resolution criteria of the
Metaculus question "Date of Artificial General Intelligence” (accomplishment of certain

scores on various existing benchmarks). 18
Artificial Neural Network 4,15-17, 22, 23, 25, 34, 35, 38, 86, 87, 97, 124, 127
Adjusted Rand Index 46, 47, 50, 160
Convolutional Neural Network 10, 27, 28, 37, 61, 62, 65-67, 157, 166, 170
Chain-of-Thought 71
Disentanglement, Completeness, Informativeness Scores (Eastwood et al. 2018) 40, 48
Gated Recurrent Unit 28,37
In-Context Learning 71
Large Language Model 95,127, 203
Long Short-Term Memory 28
Multi-Head Attention (Vaswani et al. 2017) 29
Mutual Information Gap (R. T. Q. Chen et al. 2019) — subsection 3.3.1 41
Multi-Layer Perceptron 23, 24, 30, 44-46, 58, 157
Mean Squared Error 47
Object-Centric Learning 35, 38, 39, 43, 44, 59, 156, 158

percolation Randomised Depth-First Search, an RDFS maze combined (via OR) with a
random percolation maze where adjacent connections occur with probability p, thus

introducing cycles and multiple valid paths 94,99, 101, 195
Randomised Depth-First Search, a maze generation algorithm producing acyclic span-
ning trees with unique shortest paths 94,95, 99, 101,
195

Reinforcement Learning 35,158
Recurrent Neural Network 10, 28, 36

Slot-Attention Module (Locatello, Weissenborn, et al. 2020) 37, 41, 43-46, 48-53, 55, 56,
61, 62, 65-67,122,157, 162, 166, 167,170

Sparse Autoencoders (Cunningham et al. 2023)  9,12,21,91-93, 110, 111, 114-120,
123-126, 202-209, 214-216

Spatial Broadcast Decoder (Watters, Matthey, Burgess, et al. 2019) 38, 41, 44, 45, 50-55,
62,157

Spatial Transformer (Jaderberg et al. 2016) 41, 43, 45, 46, 49-55, 156, 157
Variational Autoencoder 41, 48,158
Vision Transformer 75
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Appendix A

Extended Part I Background

A.1 Neuro-symbolic Approaches

It bears mentioning that there is much research presently being carried out on the
synthesis of neural networks with formal logic', with such work generally referred to
as “Neuro-symbolic” (De Raedt et al. 2020; Garcez et al. 2020). Of particular interest
are those approaches which carry out differentiable Inductive Logic Programming in
conjunction with neural networks, to achieve end-to-end learning of both sub-symbolic
representations for perception and logic programs for reasoning. Notable examples of
these include DeepProbLog (Manhaeve et al. 2018), NeurASP (Z. Yang et al. 2020) and
§-ILP (Evans et al. 2018), to list but a few.

The appeal of these approaches is two fold. First, researchers can impose structure on the
learned logic programs, or explicitly add prior knowledge to the background knowledge
of the induction problem, providing an ideal means for knowledge injection — notions
of object permanence could be directly encoded. Second, the logic programs learned
by such approaches are, whilst not completely transparent, much more amenable to
interpretation than latent embeddings in neural network approaches. One may also
make arguments concerning the robustness and generalisability of logic programs, but
these may not hold for the perception network feeding into the program.

Unfortunately, most existing methods which achieve non-monotonic program induction
fail to scale to more complex problems. Whilst this may be partially due to the complexity
class of the induction task, the more pertinent issue relates to the highly non-convex
structure of the loss landscape when learning discrete programs (Gaunt et al. 2016) —
the learning of certain rules may present an irrecoverable error, and it is not clear that
gradient descent is well suited to tackle such problems by itself. Whilst work is being
done, for example on increasingly “neuralizing” aspects of the logic program, such as

IThe language of e.g. first-order logic directly expresses the existence of objects and the relationships
they obey.
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rules (Cingillioglu and Alessandra Russo 2022; Riegel et al. 2020), and on non-committal
learning strategies” (Ellis et al. 2020; Hewitt et al. 2020), we do not consider the existing
techniques sufficiently capable to utilise in our own work.

A.2 Object-Centric Learning Models

Below we highlight notable examples of OCL models, implementing different kinds of
slot-based architectures, which inform our own work.

Note first that there is an important distinction to be made between models which are
designed to operate on static images versus those that operate on videos. The latter typi-
cally leverage a dynamics model at the level of object representations, which introduces a
number of challenges regarding object interactions. However, assumptions about object
permanence can also be leveraged to aid the process of learning good representations.
In the case of RL, an agent interacting with its environment could perform causal inter-
ventions serving to disentangle its representation, without weak supervision needing to
be provided by the engineer (Scholkopf et al. 2021).

Spatial Slots One group of approaches which have excelled at tackling both images and
videos where many objects are simultaneously present are those which level structured
representations in conjunction with spatial slots. Lin et al. 2020 propose SPACE which
breaks up an image into a grid, with each grid cell processed by a number of networks
which parameterise the various terms of a factored joint distribution. These terms
associate, with each slot, latents: Zg, pin; Zgcates Zpositions Zwhae- 10e€Se are used to decode
and transform slot-wise “glimpses” of individual objects via a Spatial Transformer (ST)
Network (Jaderberg et al. 2016). A very similar approach is taken by Crawford et al. 2019
with SPAIR, though their model suffers more severely from “box-splitting”, whereby
the prior on bounding box sizes leads to single objects taking up multiple spatial slots —
SPACE partly addresses this through the addition of a “boundary loss” term.

SCALOR presents another spatial slot architecture, extending SQAIR to handle videos
with many tens of (simple) objects (Jiang et al. 2019). SQAIR (Kosiorek et al. 2018) is
very similar to SPACE and SPAIR, except that it does not model the background, but is
able to process videos by instantiating a dynamics model for every slot. SCALOR scales
up SQAIR by parallelising object propagation through a mask-similarity based “propose-
reject” model, as well as a module for handling dynamic backgrounds. What interests
us about these approaches is that they leverage a very highly structured representation
for every object, which may prove useful for generalisation, as argued in section 3.3.

2By which we mean, for example: i) wake-sleep as a form of iterative refinement capable of backing
out of local optima (G. Hinton et al. 1995), ii) Distributional approaches, either on model output, or by
maintaining an ensemble of models, iii) Evolutionary approaches.
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Instance Slots  Still leveraging a structured representation, but making use of instance
slots rather than spatial slots, TBA (Zhen He et al. 2019) is an architecture most similar
to the one we investigate. They extract slot representations from an image by passing
feature maps from a CNN through a “Tracker Array”.

The tracker array consists of a GRU which takes the previous hidden state as well as
a weighted combination of feature maps at the current time step. This weighting is
performed via a cosine similarity between the previous hidden state® and the feature
maps, helping to achieve slot alignment. Similarly to the spatial slot methods discussed
above, a structured latent representation is then learned on top of the slots by using an
MLP to parameterise various distributions, values of which are sampled* and used to
reconstruct the final image via a ST.

Most generic of all are those approaches which utilise both an unstructured repre-
sentation and instance slots. Amongst these IODINE (Greff, Kaufman, et al. 2020),
Slot-Attention (SA) (detailed in section 3.2.3) and GENESIS-V2 (Engelcke, Jones, et al.
2021) are the key examples. IODINE uses iterative variational inference (IVI) to infer
latent variables for each object in an image, with multiple encode-decode steps required
to arrive at the final representation (similar to GENESIS and MONet, discussed below).
The primary issue of IODINE is that the IVI procedure is computationally expensive,
which has been addressed very recently by Emami et al. 2021. IODINE, MONet and SA
use a Spatial Broadcast Decoder (SB) (Watters, Matthey, Burgess, et al. 2019) (detailed in
section 3.2.3) across slots. SA is simpler, faster to train and more performant than both
MONet and IODINE, however the recently released GENESIS-V2 outperforms all three
approaches.

GENESIS-V2 attempts to address two key shortcomings of some previous works. Firstly,
all approaches using a form of iterative refinement have thus far required an a priori
choice on the number of slots to be initialised’. Second, they argue that methods using
sequential slots are prone to imposing meaningless ordering over objects which also
affects the gradient signal each object receives (the first object detected gets the weakest
signal). To address these issues they combine GENESIS (Engelcke, Kosiorek, et al.
2020) (which performs sequential processing in latent space rather than at the level of
CNNs like MONet) with Slot Attention — formalising the problem as a VAE with an
autoregressive prior, and using an attention mechanism to retrieve unordered object
representations. Instead of performing iterative attention, they propose a differentiable
clustering mechanism which allows an arbitrary number of objects to be captured and
does not require multiple steps. Their method outperforms MONet and Slot Attention,

3with a linear transformation applied.

4in spite of sampling, gradients can be propagated using the Straight-Through Gumbel-Softmax estimator
from Jang et al. 2017.

SThough, as outlined at the beginning of this section, we believe this is not an issue if top-down informa-
tion can be used to select which objects are represented.
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but is also limited to images.

Sequential Slots MONet provides an example of a sequential slot model with unstruc-
tured representations (Burgess, Matthey, et al. 2019). MONet has two key components:
i) an “Attention Network” which produces a mask determining which remaining sub-
region of an image will be processed at a given step, ii) a “Component VAE" which is
tasked with reconstructing the masked image (i.e. object) — its latent vector is the “slot”
for that object. The number of steps performed by the model determine the number of
slots. Unlike many other OCL papers, the authors perform latent traversals to show that
their learned representations are somewhat disentangled, as expected from the direct
use of VAEs.

MONet has been extended to work on videos by both Weis et al. 2020 and Creswell,
Kabra, et al. 2021, though Creswell’s approach may be applicable to any slot-based model.
Weis et al. 2020 introduce VIMON which adds a recurrent component on top of MONet’s
encoder, as well as a loss term pushing slot representations at subsequent timesteps
to be linearly predictable from their immediate predecessors (encouraging alignment).
Creswell, Kabra, et al. 2021 propose OAT which utilises a module known as AlignNet
(Creswell, Nikiforou, et al. 2020) on top of the slots produced by MONet. The module
uses a transformer to permute slots from the current time-step such as to match slots
from the previous time-step which have been passed through a dynamics module. They
also add a slot-wise memory component to handle occluded objects in their “Memory
AlignNet".

It is worth noting that an aligned slot representation enables one to train dynamics
models in an RL setting with relative ease. There are other approaches such as contrastive
learning over representations which have been aligned through a matching procedure
(Kipfetal. 2020), such as a Hungarian Algorithm, or using permutation invariant models
such as DeepSets (Zaheer et al. 2018) to aggregate slots (Lowe et al. 2020). However,
contrastive learning approaches are typically costly to train and have shown only limited
success in slot based models so far.

CategorySlots The primary example of category slots is provided by Capsule Networks
(G. E. Hinton et al. 2011). In Capsule Networks slots (“capsules”) specialise to represent
specific object categories. Part-whole hierarchies are then modelled (in principle) through
a “routing by agreement" procedure, whereby capsules at a low level in the hierarchy
predict the potential activations of capsules at the next level (Sabour et al. 2017). Each
such predicted activation corresponds to an object which the lower level capsule believes
it could be representing part of. The maximally agreed upon prediction of neighbouring
capsules will then correspond to the actual object which is modelled at the next level,
and thus the signal passed on is determined by the extent of agreement between lower
level capsules. Unfortunately, training capsule networks is computationally expensive
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which has hampered their uptake, however, recent work has begun to address these
issues (Mazzia et al. 2021).
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B.1 Data

B.1.1 Spriteworld

To facilitate the calculation of the ARI, binary masks were added to the SpriteWorld
dataset, as shown in Figure B.1. Empty masks were provided up to some maximum
number of entities specified when the datasets were generated (in our case 1-4 objects).

Source Mask 1 Mask 2 Mask 3 Mask 4

Figure B.1: Binary object masks for SpriteWorld dataset. To facilitate ARI calculation,
mask generation functionality was added to the Spriteworld dataset generator. Each
mask corresponds to a single object in the scene, with entries containing empty masks
to pad up to the maximum number of objects (1-4 in our experiments).

Note that in SpriteWorld there are no interactions between objects.
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B.2 Slot-Attention Encoder

B.2.1 Object property encoding in slots

We investigate the extent to which ground truth factors of variations are well captured
by the Slot Attention latents. This is challenging, as when utilising slot-based repre-
sentations, multiple latent vectors encode information about the image, and it is not
always known which latent corresponds to which feature. To address this we use the
model’s attention maps to perform slot-object pairing. In particular, we use openCV to
find contours in the normalised attention masks, and then apply an adaptive threshold
to establish whether there is: i) exactly one contour in the map, and ii) whether the
contour area is less than a fixed fraction of the total image (a heuristic for discarding
background slots). The centre position of the resulting contour is then used to match
the slot to a ground truth object, the properties of which are assigned as labels to the
corresponding slot.

After this labelling procedure has been performed, we collect 20,000 slots with associated
object labels. Following Watters, Matthey, Burgess, et al. (2019), we then train auxiliary
models (Gradient Boosted Regressors) to predict ground truth factors of variation, such
as position, from these slots. By querying the feature importances of the resulting models,
and assessing their prediction accuracies on held-out slots, we are able to assess the
representation of objects within slots.

The feature importances for multiple generative factors are then combined into a matrix,
as shown in Fig. B.2. Using this matrix, we compute the completeness and disentan-
glement of the slot representations, shown in Table B.1. These are defined as: Com-
pleteness — the extent to which a single latent encodes information about only a single
factor of variation, and Disentanglement — the extent to which all information about
a single factor of variation is captured in only one latent.

Table B.1: Latent properties obtained using the slot-object matching procedure outlined
in subsection B.2.1. The completeness and disentanglement metrics are computed
following the definitions of Eastwood et al. (2018), and the Gradient-boosted Regressors
were used as auxiliary models. Random performance on Size prediction on Relations
Game would equal 33%.

LATENT STRUCTURE MEASURES AUXILIARY MODEL ACCURACY
MODEL DATASET COMPLETENESS DISENTANGLEMENT X Y SHAPE COLOR SIZE
SMALL SA RELATIONS GAME 0.33 0.55 77 75 - - 51
SORT-OF-CLEVR 0.40 0.62 93 92 90 92 -
BIG SA RELATIONS GAME 0.43 0.62 84 86 - - 69
SORT-OF-CLEVR 0.49 0.82 95 95 96 91 -
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Feature Importances of Regressors Trained to Predict Factors from Slots Factors
X

Relations
Game

y
angle
size

X

y
color
shape

Sort-of-CLEVR

Figure B.2: Hinton diagram showing disentanglement properties of the Slot Attention
latents. The matrix shows feature importances where each row corresponds to a latent
dimension and each column to a factor of variation. Completeness corresponds to the
average one-hotness of the columns (each factor captured by few latents), and disen-
tanglement corresponds to the average one-hotness of the rows (each latent captures
few factors). Position information is strongly disentangled, as expected when using a
spatial-broadcast decoder for pre-training Slot Attention Watters, Matthey, Burgess, et al.
20109.
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Figure B.3: Learned vs. ground-truth position manifolds for the small Slot Attention
model. The dimensions deemed to most saliently encode x and y position are compared
to their ground-truth equivalents, revealing that SA learns an approximately linear
mapping for position information (up to a rotation and scaling). The apparent noisiness
of the latent manifolds is primarily due to imperfections in the slot-object matching
procedure. Missing points correspond to cases where no matching slot was found in the
subset of the test-set considered.
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B.2.2 Temporal Slot Alignment

We conducted a preliminary experiment to assess whether slot-object assignments could
be maintained consistently across time steps without explicit temporal modelling. This
investigation used the Bouncing Balls dataset, where objects undergo simple translational
motion.

Method

We trained a standard Slot Attention model Locatello, Weissenborn, et al. 2020 on
individual frames (non-sequential training), then evaluated temporal consistency by
propagating slot representations across consecutive frames. Specifically, slot initialisation
at time t was modified as:

z(t) _ N(ﬂ, dlag(O'Z)), lft =0

k), -1
Zk .

(B.1)
ift>0

where z(kt) denotes the k-th slot at time ¢, and u,o are learned parameters.

Figure B.4 illustrates this recurrent initialisation scheme, where slot representations

from the previous time step serve as initialisation for the current step.

A~

X¢-1
r—) ST
01 O
MLP Heads
A
Zi1 A
Slot Attention E
> Module >
X Xt+1

Figure B.4: Recurrent slot attention architecture. Slot representations z,_; from the
previous time step initialise the slot attention module at time ¢, enabling temporal
consistency in slot-object assignments.

Evaluation Metric

To quantify alignment stability, we measured the fraction of slots that maintained con-
sistent object assignments across consecutive frames:
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T-1

K
: 1 ® _ (=1
Al t(T) = ——— 1 = B.2
ignment(T) = z7— kZl [0 =0, "] (B.2)

t=1

where ol(f) denotes the object assigned to slot k at time ¢, K is the number of slots, and
1[-] is the indicator function. Note that random assignment would yield an expected
alignment of > 0.

To detect failure modes, we relaxed the exclusive matching constraint, allowing multiple
slots to bind to the same object. This helps identify when the slot attention mechanism
destabilises.

Results

The slot-object assignment procedure maintained consistent mappings in 98.4% of con-
secutive frame pairs. Figure B.5 demonstrates successful tracking across 8 time steps.
Limitations

This approach has clear limitations:

« Simple motion patterns in Bouncing Balls may not generalise to complex real-world
scenarios

« Occlusions and rapid motion could disrupt slot continuity

« The method lacks explicit temporal modelling present in dedicated video architec-
tures

Despite these limitations, the high alignment rate (98.4%) suggests that slot represen-
tations capture sufficient object-centric information to enable tracking through simple
propagation, at least in controlled settings.
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Time Step
0 1 2 3 4 5 6 7

Slot

(a) Slot attention masks across 8 consecutive time steps. Each row represents a slot, consistently
tracking the same object (indicated by colour) throughout the sequence.

0 1 2 3 4 5 6 7
Time Step

(b) Abstract representation of slot-object assignments over time, showing consistency.

Figure B.5: Temporal consistency of slot-object assignments using recurrent initialisation.
The slot attention mechanism maintains stable object tracking without explicit temporal
supervision.
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C.1 Comparison between low and high dimensional Slot-

Attention

To fairly compare the slot-attention based models against ones with a CNN encoder,
it was necessary to train a version of the model with a latent feature space of lower
resolution than the input images. This comparison helps isolate the effect of represen-
tation dimensionality from architectural differences. Figure C.1 shows the qualitative
difference in model behaviour. Essentially, both models capture relevant information,
and differences in quantitative measures likely reflect shortcomings of the slot-object

assignment procedure.

It is worth noting that the inaccuracy of the assignment procedure can be seen both
in the manifolds in Figure B.3 as well as the mask fitting examples in Figure C.1. This
inaccuracy is more dramatic for the small SA model on the relations game, as contours
may be very crude, and thus nearby objects may be matched to incorrect slots. We suspect
this accounts for the majority of the difference in measured disentanglement between

the two models’ latent spaces.
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Relations Game Sort of Clevr

[ Object
Fobject
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Object Object
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Object

Slot Attention Masks

Object
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)
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Figure C.1: Comparison of large and small Slot Attention models across different datasets.
The top row shows the input images, and the remaining rows show the attention masks
of the SA module for different slots. The first two columns for each dataset correspond
to the full-size (latent resolution matching image resolution) SA models, while the latter
columns show the reduced-resolution versions. The slot-object matching procedure is
visualised: masks with detected contiguous contours are labelled with “object”, and the
red numbers and positions show the centroids of the mask contours with corresponding
slot indices. Blue points denote ground-truth object positions for comparison

C.2 Failure to Capture Objects

We observe that slot attention may fail to capture objects separately when they are close,
and have similar colours. This under-segmentation can make it impossible for the
downstream networks to successfully perform tasks.

Relations Game Sort of Clevr

% Objects Missed 13 24

Table C.1: We approximated the frequency with which Slot Attention fails to capture an
object in any of its slots. This was done by using the slot-object assignment procedure
used in all experiments, and comparing against ground-truth labels.
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C.3 Additional Results

Here we provide complete results for the sparsity sweeps carried out on the relations
game curricula, as shown in Figs. C.2 to C.4. We also report the “Sparsity Gap” — defined
as the average drop in performance across pruning.
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Figure C.2: Sparsity sweeps on the Between Columns Column Patterns curriculum.
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C.3.1 Additional Discussion

Whilst we have seen that there are few general conclusions which can be drawn about
the properties of the relational reasoning architectures we tested, there are points to be
made which apply to the PrediNet, Slot PrediNet and RelationNet individually.

First we note that the sparsity gap metric mostly correlates with the test performance —
a model which performs very poorly prior to pruning or auxiliary model replacement
will show little drop in performance during pruning. As such, we omitted discussion of
the sparsity gap in the main paper. In fact, the same is true to some extent of all sparsity
metrics considered. As such, we focussed our discussion on the BCCP curriculum, in

which all models performed well.

Limitations of one-step relation application: Both the PrediNet and RelationNet
are unable to re-apply the same rule multiple times (i.e. recursion), and so cannot
straightforwardly handle cases where the same relationship is required many times. The
PrediNet is able to re-learn the same relationship across heads, but will only be inclined
to do so if it is trained on a task demanding this in the first instance. This explains why
the PrediNet is able to perform reasonably well on the RMRP curriculum, but performs
poorly on BCRM.

Lacking spatial inductive bias: A downside of using Slot Attention rather than CNNs
is that, whilst the latent representation disentangles x and y position, models will not
learn relations which are translation or rotation invariant unless trained to do so. It is
primarily® for this reason that the Slot PrediNet, even when provided with ground-truth
object representations, performs worse than the PrediNet on the BCRM curriculum.

Lack of a null slot in the PrediNet: We also observed that the PrediNet performs
worse than the RelationNet on the non-relational Sort-of-CLEVR tasks. The simplest
explanation for this is that the PrediNet’s relation learning mechanism has two steps
which can discard salient information about objects; namely, the attention mechanism,
and the subtraction-based comparator. As each relation head applies the same set of
weights to both of its aggregated input slots, it is not trivial for a single head to implement
the identity operation. This could be resolved most easily by adding a null slot” to the
PrediNet’s inputs (similar to A. Goyal et al. 2021).

C.4 Pretraining Slot Attention

To pretrain Slot Attention we used the same autoencoding setup as Kipf et al. (2020),
performing unsupervised reconstruction with an L2 loss.

IThe fact that the CNN in the PrediNet is able to learn relational encodings directly also contributes, but
based on differences in BCCP, it is unlikely that this is the leading order cause of differences on BCRM.

2As there are six slots in our SA model, and six objects in all Sort-of-CLEVR scenes, there were no
consistently free slots by default.
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C.5 Implementation Details

Architectural details are provided in Table C.2. When ground truth inputs are provided

to the Slot PrediNet and RelationNet, these are constructed into vectors by:
1. Mapping all object properties to the interval [—1, 1]

2. Concatenating (in some fixed order) these properties for a given object, to form a
slot

3. Stacking the set of slots for all objects present in the scene

4. Appending empty slots (zeros), so that there are six slots in total (never needed for
Sort-of-CLEVR)

Additionally, a learned linear layer with 34 units is applied across these slots, and con-
sidered part of the “Encoder”.

Table C.2: Architectural Details for the architectures used. The spatial-broadcast de-
coder architecture used for slot-attention pre-training was identical to that of Locatello,
Weissenborn, et al. (2020).

Model Component(s) Architectural Details
Conv2D 32 Channels, (12,12) Kernel Size, (6,6) Stride,
Enconder (1,1) Padding, ReLU
Learned Position Embedding Linear Layers: [32]
Linear Layers LayerNorm, Linear Layers: [32,ReLU,32]
Slots 6
. Latent Sizes 32 (X,Q,V Projections do not use bias)
Slot Attention Latent Resolution Relations Game (5,5); Sort-of-CLEVR (12,12)
Attention Iterations 3 at train and test
. Number of Heads 16
PrediNet Relations per Head 8

Linear Layers: [2000, ReLU, 2000, ReLU, 2000,
ReLU, 2000, ReLU]

fmlp Linear Layers: [2000, ReLU, 1000, ReLU, 500,
ReLU, 100, ReLU]

RelationNet Smip

Relations Game Linear Layers: [8, ReLU, 2, Softmax]

Task MLP Sort-of-CLEVR Linear Layers: [16, ReLU, 10, Softmax]

C.5.1 Libraries

Decision Trees were implemented using Scikit-learn Pedregosa et al. 2011. For neural
network training and experimentation we used Jax Bradbury et al. 2018, Haiku Hennigan
et al. 2020, Optax Hessel et al. 2020 and Tensorflow Martin Abadi et al. 2015. Decision
trees were pruned using Minimal Cost-Complexity Breiman et al. 1984.
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C.6 Models

C.6.1 Architectures

Table C.3: CNN encoder for all experiments.

Type Size/Channels  Activation Comment
Conv 5%5 32 ReLU stride: 1
Conv 5%5 32 ReLU stride: 1
Conv 5X5 32 ReLU stride: 1
Conv 5x5 32 ReLU stride: 1
Position Embedding — — See Section E.2
Flatten axis: [B,WxH,32] — flatten x, y pos.
Layer Norm — — —
MLP (per location) 32 ReLU —
MLP (per location) 32 — —

Table C.4: Spatial Broadcast Decoder used with Slot Attention.

Type Size/Channels Activation Comment
Spatial Broadcast width X height — —
Position Embedding — — See Section E.2
Conv 5X5 32 ReLU stride: 1
Conv 5X5 32 ReLU stride: 1
Conv 5X5 32 ReLU stride: 1
Conv 3x%3 4 — stride: 1

Split Channels RGB (3), alpha mask (1)  Softmax (on alpha masks) —
Recombine Slots — — —

Table C.5: Latent transformation MLPs used with Spatial Transformer.

Type Size/Channels Activation Comment
Linear 64 ReLU Dropout
Linear 32 ReLU —
Linear 6 — 6 (to ST)
Linear 64 ReLU —
Linear 26 ReLU O (to Decoder)
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Table C.6: Decoder used with Spatial Transformer.

Type Size/Channels Activation Comment
MLP — — See Table C.5
Flatten axis: [BXK,W, H, C] — Combine batch and slot dim
Conv 5X%5 64 ReLU & BatchNorm stride: 1, kernel: 4
Conv 55 32 ReLU & BatchNorm stride: 1, kernel: 4
Conv 5x5 16 ReLU & BatchNorm stride: 2, kernel: 3
Conv 3X3 4 — stride: 2, kernel: 4

Spatial Transformer — — —
Split Channels RGB (3), alpha mask (1) Softmax (on alpha masks) —
Recombine Slots — — —
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Interlude Appendices

D.1 Final Prompts

Below we present the full prompts used for each experimental condition in their optimal
configurations, as determined by the ablation studies summarised in Table D.4. For the
Relations Game visual reasoning task, we show the “between” task as an exemplar; the
other three tasks (same, occurs, xoccurs) follow an identical template structure with the
task description and examples substituted accordingly.
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D.1.1 Textual Reasoning

Relations Game

RelationsGame Textual Question Answering Prompt Example

You are an AI agent tasked with performing a reasoning task in the "relations
game", as presented in the PrediNet paper by Shanahan. You will be provided
with the description of a partially filled 3x3 grid containing objects. Your
goal will be to perform the reasoning task described below.

All objects have been pre-labelled with character assignments, which capture

whether they have identical shape and color. For example, two objects
labelled

A and A have the same shape and color, whereas two objects labelled A and B

may differ in color, shape or both.

You will be performing the "same" task --- Identify whether all shapes are
identical in color and shape.

Provide your answer between <answer>...</answer> tags.

The grid is formatted as follows:

a. A 3x3 grid using '+', '-', and '|' characters

b. Empty cells are represented with '.'

c. Objects are represented with their corresponding labels (A, B, C, etc.)
d. Objects with the same label have identical shape and color

Answer format:
<answer>True</answer> or <answer>False</answer>

<example>
Object Grid:
S SR —
l ol ol ol
RSP S -
[ S
| S —
[ S P B

<question>Are all shapes identical in color and shape?</question>
<answer>True</answer>

</example>

...[we provide 3 examples]

Now complete this task for the grid provided below, and provide your answer
between <answer>...</answer> tags.

Object Grid:
+

&
| Al .|
PO ———
| | | B |
R ———

| | .

<question>Are all shapes identical in color and shape?</question>
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CLEVR

CLEVR Textual Question Answering Prompt Example

You are an AI agent tasked with providing a question answering task from the
CLEVR dataset. You will be provided with an accurate textual description of

an image that contains various simple shapes arranged on a table. Your goal

is to accurately answer the question with the scene description provided.

You will be provided with a description and task in the format:

A list of object details, formatted as follows:

a. Each object on one line in the form "Object [unique number]: A [shape]
[color] [material] [shape]. Positioned at Row [row]/20, Column [column

1/20,

Z-order: [z-order]/[num_objects]"

b. Assume Row 1 is the first row, and Column 1 is the first column (i.e.
top-left of the image).

c. The object with Z-order 1/N is at the "front" of the scene, whilst the
one with Z-order N/N is at the back.

Provide your final answer between <answer> tags.

Here is an example of a scene obeying the correct formatting rules for a
valid CLEVR scene, along with a question and answer:

<scene>

Object 1: A Small Red Rubber Sphere. Located at Row 9/20, Column 4/20, Z-
order: 2/3

Object 2: A Large Brown Rubber Sphere. Located at Row 11/20, Column 5/20, Z-
order: 1/3

Object 3: A Small Purple Rubber Cylinder. Located at Row 6/20, Column 10/20,
Z-order: 3/6

</scene>

<question>What is the shape of the small purple object?</question>

<answer>cylinder</answer>

Now proceed to answer the question for the scene provided, making sure you
provide your final answer between <answer> tags.

<scene>

Object 1: A Large Brown Rubber Cylinder. Located at Row 8/20, Column 4/20, Z-
order: 3/5

Object 2: A Large Gray Rubber Cube. Located at Row 11/20, Column 8/20, Z-
order: 1/5

Object 3: A Small Green Rubber Cylinder. Located at Row 7/20, Column 6/20, Z-
order: 4/5

Object 4: A Large Purple Metal Sphere. Located at Row 6/20, Column 11/20, Z-
order: 5/5

Object 5: A Small Gray Metal Cube. Located at Row 12/20, Column 14/20, Z-
order: 2/5

</scene>

<question>Is there a big brown object of the same shape as the green thing?</
question>
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D.1.2 Scene Description

Relations Game

The Relations Game scene description prompt is shown in the main chapter (chapter 6).
It uses the same format as the textual reasoning prompt, but with the image provided
instead of the textual grid, and with the output format specified as an object list. We
reproduce it in subsection D.2.2 below.

CLEVR

CLEVR Scene Description Prompt (Optimal Configuration)

You are an AI agent tasked with describing a scene from the CLEVR dataset.
You will be provided with an image containing various simple shapes
arranged on a table. Your goal is to accurately describe the image
provided.

You are required to describe the scene in the following output format:
A list of object details, as shown below, with your answer provided
between <answer> tags. You should assign a unique number to each object.

To be clear, the list should be formatted as follows:

a. Describe each object on one line in the form
"Object [unique number]: A [size] [color] [materiall] [shapel].
Positioned at (x=[x], y=[yl, z=[z])"

b. Assume x=0, y=0 is the centre of the scene, with the positive x, y
quadrant at the bottom right of the image, and the negative x, y
quadrant at the top left.

c. Assume the z coordinate is relative to the centre of the object
along the axis normal to the surface of the table, which is at z=0.

Here is an example of an answer obeying the correct formatting rules
for a valid CLEVR scene:
<answer>
Object 1: A Small Red Rubber Sphere.
Positioned at (x=-1.37, y=-2.16, z=0.35)
Object 2: A Large Brown Rubber Sphere.
Positioned at (x=0.47, y=-2.67, z=0.70)
Object 3: A Small Purple Rubber Cylinder.
Positioned at (x=-1.67, y=1.53, z=0.35)
</answer>

Now proceed to describe the scene provided.
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D.1.3 End-to-End Visual Reasoning

CLEVR

CLEVR End-to-End Visual Reasoning Prompt (Optimal Configuration)

You are an AI agent tasked with answering questions about images from the
CLEVR dataset. You will be provided with an image containing various simple
shapes arranged on a table and a question about the scene. Your goal is to
accurately analyze the visual information and answer the question.

In particular, you will be provided with an image and a question about the
scene, formatted as follows:
a. An image containing various simple shapes (spheres, cubes, cylinders)
arranged on a table
b. Each object has properties: color (red, blue, green, yellow, gray,
purple, cyan, brown), material (metal, rubber), size (small, large),
and shape (sphere, cube, cylinder)
c. A question asking about the objects in the scene

<examples>

<example>

[An image showing 5 objects: a large brown rubber cylinder, a large gray
rubber cube, a small green rubber cylinder, a large purple metal sphere,
and a small gray metal cube arranged on a table]

<question>How many rubber objects are there?</question>

Analysis: Let me identify each object and its material:

- Object 1: Large brown rubber cylinder (rubber material)
- Object 2: Large gray rubber cube (rubber material)

- Object 3: Small green rubber cylinder (rubber material)
- Object 4: Large purple metal sphere (metal material)

- Object 5: Small gray metal cube (metal material)

Now counting rubber objects: Objects 1, 2, and 3 are made of rubber.

<answer>3</answer>
</example>

. [we provide 3 examples with worked reasoning in totall
</examples>

Please follow these detailed instructions to solve the task:

1. Carefully analyze the image, noting the position, shape, material,
color, and size of each object in the scene.

2. Identify the objects that are relevant to the question being asked.

3. Based on the visual information and relevant objects, perform the
reasoning task outlined in the question.

4. Double-check your visual analysis and reasoning before providing
your final answer.

Now proceed to answer the question for the scene provided, making sure
you provide your final answer between <answer> tags.
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Relations Game

Relations Game End-to-End Visual Reasoning Prompt (Optimal Configuration, “between”
task)

You are an AI agent tasked with performing a reasoning task in the
"relations game", as presented in the PrediNet paper by Shanahan. You
will be provided with an image of a partially filled 3x3 grid containing
objects. Your goal will be to perform the reasoning task described below
by analyzing the visual information.

An object is considered identical to another if its shape, rotation and
color are the same; if any of these differ, you may consider the objects
distinct. All objects will be tetrominoes which are not particularly
amenable to linguistic explanation --- as such, you will benefit from
assigning labels to objects when reasoning.

You will be performing the "between" task --- Identify whether two
identical shapes are on either side of a distinct shape.

<examples>

<example>

[An image showing a 3x3 grid with tetromino pieces: a red L-shaped
tetromino [A] in row 1 column 1; a blue T-shaped tetromino [B] in
row 1 column 2; and another red L-shaped tetromino [A] in row 1
column 3]

<question>Are two identical shapes on either side of a distinct
shape?</question>

<answer>True</answer>

</example>

<example>

[An image showing a 3x3 grid with tetromino pieces: a green Z-shaped
tetromino [A] in row 1 column 1; a yellow I-shaped tetromino [B] in
row 2 column 2; and a purple S-shaped tetromino [C] in row 3 column 3]
<question>Are two identical shapes on either side of a distinct
shape?</question>

<answer>False</answer>

</example>

<example>

[An image showing a 3x3 grid with tetromino pieces: a blue T-shaped
tetromino [A] in row 1 column 2; another blue T-shaped tetromino [A]
in row 2 column 2; and a red L-shaped tetromino [B] in row 3 column 2]
<question>Are two identical shapes on either side of a distinct
shape?</question>

<answer>False</answer>

</example>

</examples>

Now complete this task for the image provided below, and provide your
answer between <answer>...</answer> tags.

D.2 Prompt Variants

Our ablation studies vary several dimensions of the prompt design. Rather than repro-
ducing the full prompts for every configuration, we summarise the key dimensions of
variation below.
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D.2.1 Ablation Dimensions

Table D.1 summarises the dimensions varied across our ablation experiments. Each
experiment type varies a subset of these dimensions, resulting in a combinatorial grid of
configurations tested per model.

Dimension Options Applies To
Output format Object list vs. ASCII grid (RG) Scene description, textual
Properties vs. Colloquial (CLEVR) reasoning

Coordinate format Absolute (x,y,2) VS. grid Scene description (CLEVR)
(Row/20,Col/20)

In-context examples With (3 examples) vs. without All experiments

Reasoning prompt With step-by-step instructions vs. with- ~ All experiments
out

Example style Direct (answer only) vs. Descriptive End-to-end

(worked reasoning)

Image scale {1x,2x} (CLEVR); {1x,4X,8%,16x} (Re- Scene description
lations Game)

Grid lines Present vs. absent on Relations Game Scene description
images

Background colour  Original vs. flipped on Relations Game Scene description
images

Table D.1: Summary of prompt and image configuration dimensions varied in our
ablation experiments.

D.2.2 Output Format Variants

For the Relations Game scene description task, we test two output formats. The ASCII
grid format asks the model to produce a 3x3 character grid:

<answer>

+ — + — + — 4+

</answer>

The object list format asks for a structured enumeration:

<answer>
- Object [A] in Row [1], Column [2]
- Object [A] in Row [3], Column [1]
- Object [B] in Row [3], Column [3]
</answer>

For CLEVR, the two description formats (Properties and Colloquial) are shown in Fig-
ure D.4.
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D.2.3 Relations Game Task Descriptions

The Relations Game comprises four relational reasoning tasks, each requiring a True/-
False response:

Task Description

same Identify whether all shapes are identical in colour and shape

between Identify whether two identical shapes are on either side of a distinct shape

occurs Identify whether the shape on the top row is identical to a shape on the bottom row,

both in colour and shape
xoccurs  Holds iff the object in the top row occurs in the bottom row and the other two objects
in the bottom row are different

Table D.2: The four Relations Game reasoning tasks. Each task is presented with the
same prompt template; only the task description and question text are substituted.

D.2.4 Example Style Comparison

In end-to-end visual reasoning, we test two styles of in-context examples:
« Direct examples provide only the question and answer, e.g.:

<question>Are two identical shapes on either side of a distinct shape?</question>

<answer>True</answer>

» Descriptive examples include worked reasoning before the answer, e.g.:

Analysis: Let me identify each object and its material:
- Object 1: Large brown rubber cylinder (rubber)

- Object 2: Large gray rubber cube (rubber)

- Object 3: Small green rubber cylinder (rubber)

Now counting rubber objects: 3 are rubber.

<answer>3</answer>

Asnoted in Table D.4, descriptive examples were optimal for CLEVR and direct examples
for the Relations Game.

D.3 Ablations

Two notes on the figures in this section before the per-task results. First, the number of
prompt configurations (and hence the number of points per box or cell in the heatmaps
and boxplots below) differs across (dataset, task) cells because each ablation sweep varied
a different subset of the dimensions listed in Table D.1. Per model, the CLEVR scene
description sweep yields 32 configurations, the Relations Game scene description and
both textual-reasoning sweeps yield 8, and the two end-to-end sweeps yield 6. Second,
CLEVR scene description is scored in this appendix (both heatmap and boxplot) with
the strict perfect property match criterion, under which a prediction counts as correct
only if every property of every ground-truth object is named exactly right. This is a more
demanding metric than the lenient mean per-property match used in the main-body
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violin (Figure 6.2), so absolute accuracies for CLEVR scene description are lower here
than in the main body. All other cells — Relations Game scene description, and the
CLEVR and Relations Game textual-reasoning and end-to-end cells — use binary per-
sample correctness in both the main body and the appendix, and are therefore directly

comparable across figures.

D.3.1 Scene Description

x1 | grid v | flip v x1|grid v | flip X x1 | grid X | flip v x1 | grid X | flip X

x4 | grid v | flip v x4 | grid v | flip X x4 | grid X | flip v x4 | grid X | flip X

s s

x8 | grid v | flip v x8 | grid v | flip X x8 | grid X | flip v

.

Figure D.1: We vary the image inputted to the models, with the most complete prompt,
to find those which models are best able to describe. In particular, we vary the image
size (upscale), add or omit a grid, and flip the background colour of the image.

x8 | grid X | flip X

Model Position Format ~ Perfect Position Match Rate

claude-3.5-haiku absolute 0.00
claude-3.5-haiku grid 0.01
claude-3.5-sonnet absolute 0.00
claude-3.5-sonnet grid 0.01
gemini-2.5-flash-preview absolute 0.00
gemini-2.5-flash-preview grid 0.09
gemini-2.5-flash-preview:thinking  absolute 0.00
gemini-2.5-flash-preview:thinking  grid 0.06
llama-4-scout absolute 0.00
llama-4-scout grid 0.00
gpt-4.1-mini-2025-04-14 absolute 0.00
gpt-4.1-mini-2025-04-14 grid 0.03

Table D.3: Perfect position match rates for various models and position formats on the
CLEVR dataset. This table shows the proportion of examples where the model correctly
identified the exact position of all objects. We specify an acceptable error margin of 1
for z-index (per object), 2 for grid position (manhattan distance), and 0.3 for absolute
coordinates (euclidean distance).

182



Appendices Interlude Appendices

Effect of Prompt Variations on Scene Description Accuracy (Relations Game)

gpt-4.1-mini-2025-04-14

gemini-2.0-flash-001

gemini-2.5-flash-preview

claude-3.5-sonnet

gemini-2.5-flash-preview:thinking

Success Rate

-0.4

claude-3.5-haiku

mistral-small-3.1-24b-instruct 0.28 0.36 0.22 0.32 0.12 0.22 0.32 0.28
-0.2
gemma-3-27b-it 0.44 0.28 0.42 0.40 0.02 0.04 0.18 0.20
llama-4-scout 0.20 0.16 0.10 0.18 0.26 0.32 0.32 0.34
format: ascii ascii ascii ascii object_list object_list object_list object_list
examp|es: F F T T F F T T
reasoning: F T F T F T F T

Figure D.2: We vary the contents of the prompt fed to the models, along with relations
game images. Here the results are less clear cut, though we first observe that the stronger
models tend to perform better on object-list output representations than ASCII represen-
tations. As these are also more compatible with the CLEVR dataset, we opt to utilise the
object-list format for remaining experiments. Focussing in on the relevant variations to
the prompt in the object-list setting, we do not observe a consistent impact from either
the addition of in-context examples nor the reasoning, though adding both is sometimes
more beneficial for stronger models (which also tend to have larger context windows).
As such, our final default prompt uses the object-list format, with in-context examples
and reasoning added, but the reader is encouraged to take note of the high variance in
performance across the board.

183



Appendices Interlude Appendices

Effect of Prompt Variations on Scene Description Accuracy (CLEVR)

gemini-2.5-flash-preview (NEIEORS

gemini-2 5-flash-preview:thinking (XY
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Figure D.3: The percentage of examples (out of ~60) on which the model correctly
describes the properties of all of the objects in the scene. We vary the contents of
the prompt fed to the models, as well as attempting to experiment with upscaling the
inputted image (by 1x or 2x). For CLEVR we consistently observe that modifying
the prompt contents does not considerably impact the performance, but upscaling the
image is often beneficial (particularly for weaker models). Additionally, the ‘properties’
format is beneficial for some, but not all models. Strangely, we see that for Gemini-
2.5-flash specifically, requesting the model to provide absolute position coordinates
leads to considerably better description of the properties. In Table D.3 we see that the
actual positions are far from accurate though, meaning downstream reasoning would be
significantly detrimentally affected. As such, we opt to use the grid position format for
our primary experiments nonetheless.

Properties Format (with absolute co- Colloquial Format (with grid coordi-

ordinates) nates)
Object 1: Object 1: A Small Purple Metal Cube.
- Position: Located at Row 7/20, Column Positioned at (x=-1.12, y=0.38,
9/20, Z-order: 4/5 z=0.35)
- Color: Purple Object 2: A Large Green Metal Cube.
- Shape: Cube Positioned at (x=2.49, y=2.92,
- Size: Small z=0.70)
- Material: Metal Object 3: A Large Green Metal Cube.
Object 2: Positioned at (x=-1.62, y=-2.83,
- Position: Located at Row 8/20, Column z=0.70)
17/20, Z-order: 3/5 Object 4: A Small Purple Rubber Cylinder.
- Color: Green Positioned at (x=1.48, y=-0.29,
- Shape: Cube 2z=0.35)
- Size: Large Object 5: A Large Green Metal Cube.
- Material: Metal Positioned at (x=-0.17, y=2.24,
Object 3: z=0.70)

- Position: Located at Row 8/20, Column
3/20, Z-order: 2/5

- Color: Green

- Shape: Cube

- Size: Large

- Material: Metal

Figure D.4: The two scene description formats used in our CLEVR experiments. Left: The
structured properties format lists each attribute on a separate line. Right: The colloquial
format provides a more natural language description with Cartesian coordinates. In our
ablations we experiment with both positional representations for each grid representation.
The newlines on the Colloquial format are for readability, and are not included in the
prompt.
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Figure D.5 shows the distribution of per-configuration accuracy across models for the
scene description task. Each point represents the accuracy achieved by a model under a
particular prompt/image configuration, with the boxplot summarising the spread. This
complements the heatmaps above by showing the aggregate sensitivity of each model to
prompt and format variations.

Scene description

Relations Game CLEVR
Gemini 2.5 Flash Preview ‘—E‘ JEE
Gemini 2.0 Flash l—'—‘:EH
GPT-4.1 Mini 3—@.—& v un "
Llama 4 Scout 1—,@ o ...
Claude 3.5 Sonnet Fﬂj“—i HE 5

Mistral Small 3.1 24B I—EB%

Claude 3.5 Haiku = H HE
0.0 0.2 04 06 038 10 00 0.2 04 06 08 1.0
Mean accuracy (per prompt configuration) Mean accuracy (per prompt configuration)

Figure D.5: Distribution of scene description accuracy across prompt and image configu-
rations for each model. Each data point represents the accuracy of a single configuration.
The boxplots show the median, interquartile range, and outliers, illustrating how sensi-
tive each model is to prompt and format choices. CLEVR scene description is scored
with the strict perfect-property-match metric; Relations Game scene description uses
binary per-sample correctness (an object list is correct only if it matches the ground truth
exactly).

D.3.2 Textual Reasoning

Effect of Prompt Variations on Textual Reasoning Accuracy (CLEVR)

grok-3-mini-betal

llama-4-scout|

claude-3.5-haikul

gemma-3-27b-it

gpt-4.1-mini-2025-04-14

Success Rate

gemini-2.0-flash-001|

mistral-small-3.1-24b-instruct|

gemini-2.5-flash-preview

gpt-3.5-turbo-0125
-0.3

format: c < c c P P P P
examples: F F T T F F T T
reasoning: F T F T F T F T

Figure D.6: On the textual reasoning tasks we perform a similar ablation to the prompt
formats as for the Relations Game. Here we find that the Colloquial list format con-
siderably outperforms the Properties format across most models, and that both adding
examples and prompting for reasoning have little effect.
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Figure D.7 shows the distribution of textual reasoning accuracy across prompt config-
urations for each model. The relatively tight distributions for most models confirm
that textual reasoning performance is less sensitive to prompt variations than scene

description.
Textual reasoning
Relations Game CLEVR
Claude 3.5 Sonnet HB}
GPT-4.1 i 4 —~
Claude 3.5 Haiku %@—* Y—m—f
Gemini 2.0 Flash ﬂ l—.E‘}—#
Llama 4 Scout @'—T ?—DE'—T
Gemma 3 27B P*—['D—f @
Gemini 2.5 Flash Preview }—ﬂ }D}—Y
Mistral Small 3.1 24B @ 1—‘(’ ‘ +I
GPT-3.5 Turbo ﬂ ‘_Hj_(
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Mean accuracy (per prompt configuration) Mean accuracy (per prompt configuration)

Figure D.7: Distribution of textual reasoning accuracy across prompt configurations for
each model. Compared to scene description (Figure D.5), the distributions are generally
tighter, indicating lower sensitivity to prompt format choices when models reason from
text. Scored with binary per-sample correctness on the final True/False (Relations Game)
or short-answer (CLEVR) labels.

D.3.3 End-to-End Reasoning

Figure D.8 shows the results of our end-to-end ablation on the CLEVR dataset, varying

in-context example style, reasoning prompts, and image scale.

llama-4-scout| 84 ¥

: ..
c\aude—3.5'haikun 0.44 H

gemini-2.0-flash-001 0.16 0.12 0.15

Prompt Ablations | End to End Reasoning | CLEVR

1.0

gpt-4.1-mini-2025-04-14

°
>

Success Rate

°
=

type: None None  describe describe describe describe describe describe  direct direct direct direct direct direct
examples: n n F F T T n n F F T T n n
reasoning: F T F T F T F T F T F T F T

Figure D.8: End-to-end visual reasoning ablation results on CLEVR, varying example
style (descriptive vs. direct), reasoning prompts, and image scaling. Descriptive examples
and 2x upscaling were found to be optimal.
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Figure D.9 shows the distribution of end-to-end reasoning accuracy across configurations.
On CLEVR the spread is driven by a handful of weaker models—most notably Gemini
2.0 Flash, whose per-configuration accuracies span 0.15-0.85—while on Relations Game
the majority of models cluster tightly in the 0.7-0.9 band. The prompt-sensitivity contrast
between concrete and abstract scenes is thus subtler at the end-to-end stage than the
scene-description results above might suggest.

End-to-end reasoning

Relations Game CLEVR
GPT-4.1 Mini m—V T_'D]"
Mistral Small 3.1 24B D} j_ﬂ}
Gemini 2.5 Flash Preview . m‘l D:H
Llama 4 Scout ?_":EH D
Claude 3.5 Haiku 1—-1]1—? ‘_'B]._i
Gemini 2.0 Flash ¢ D} @

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Mean accuracy (per prompt configuration) Mean accuracy (per prompt configuration)

Figure D.9: Distribution of end-to-end reasoning accuracy across prompt and image
configurations for each model. On CLEVR the spread is driven by a small number
of weaker models, while on Relations Game most models cluster tightly—end-to-end
reasoning is less prompt-sensitive here than scene description. Scored with binary per-
sample correctness on the final True/False (Relations Game) or short-answer (CLEVR)
labels.

D.3.4 Optimal Configuration Summary

Based on our systematic ablations across prompt design and image representation factors,
we identify the following optimal configurations for each experimental condition:

We attempt to robustly parse the output formats to account for various formatting choices
by the models, below we provide some examples of model outputs which would be
correctly classified as correct after parsing’.

IWe are more interested in the model’s ability to reason about the relations between objects, than we are
in prompt adherence.
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Task Dataset Configuration Type Optimal Setting
Output Format Colloquial
Textual Reasoning CLEVR Examples Without
Reasoning Without
Output Format ASCII Grid
Textual Reasoning Relations Game Examples With
Reasoning Without
Output Format Colloquial
L Examples Without
Scene Description CLEVR Reasoning Without
Image Scale X2
Output Format Object List
Examples With
Scene Description Relations Game Reasoning With
Image Scale X8
Grid Lines Yes
End-to-End CLEVR Exampl'e Style De?scrlptlve
Reasoning With
End-to-End Relations Game Exampl.e Style Dl'rect
Reasoning Without

Table D.4: Summary of optimal prompt and image configurations identified through
systematic ablations for each experimental condition. Image-representation settings
(image scale, grid lines) were ablated at the scene description stage and then reused
unchanged for the end-to-end task within each dataset; only the scene description rows
list them. These settings were used for the main results reported in the paper.

Structured Text Format

Target:
--- Object [A] in Row [2], Column [1]
--- Object [B] in Row [3], Column [3]

Model Answer:

1) object [F] (Yellow Tetromino) in Row 2, Column 1
2) object [G] (Pink Tetromino) in Row 3, Column 3

ASCII Grid Format

+ =+ =+ =+ °°

Model Answer:
z

Figure D.10: Whilst we cannot catch all possible output format deviations, our parsing
method is able to robustly handle the majority of cases which we observed. Above are
two extreme (modified from observed) examples of deviations which our parsing method
is able to handle. In these cases, we would correctly classify the model’s answers as

correct.
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D.4 Model Output Examples

To provide concrete illustrations of model behaviour across different tasks and capability
levels, we present representative output traces from our experiments. These examples
are drawn from the final (optimal configuration) experiment runs. Traces are presented
verbatim except where [...] indicates content condensed for space; responses have been
lightly reformatted for readability but not otherwise altered.

D.4.1 Textual Reasoning

Figure D.11 shows Claude 3.5 Sonnet performing textual reasoning on the Relations
Game “between” task. The model produces a clear chain-of-thought analysis, correctly
identifying the spatial relationship between the labelled objects.

Input Grid Claude 3.5 Sonnet Response

R et Let me analyse this grid:

| Al | |

Foo—to—t-— -+ 1. Looking at the grid, I can see:

| B | [ - An 'A' object in the top-left corner

R ek S - A 'B' object in the middle-left position

| A [ - Another 'A' object in the bottom-left corner
S

2. For the "between" relationship to be true:

Question. Are two identi- - We need two identical objects (same letter)
: - A different object (different letter) must be

cal shapes on either side of between them

a distinct shape?
3. In this case:

- We have two 'A' objects with a 'B' object
between them vertically

- The 'A's are in the top-left and bottom-left

- The 'B' is in the middle-left, directly
between the two 'A's

4. This matches the criteria for the "between"
relationship.

<answer>True</answer>

Figure D.11: A representative textual reasoning trace from Claude 3.5 Sonnet on the
Relations Game “between” task. The model correctly identifies the A-B-A pattern in the
left column and produces a well-structured chain-of-thought analysis. Answer: True
(correct).

D.4.2 Scene Description

Figure D.12 shows a typical scene description failure from GPT-40 Mini on CLEVR.
The model identifies only 6 of the 9 ground-truth objects, hallucinating properties (e.g.,
“Medium” sizes, which do not exist in CLEVR) and providing incorrect positions (most
easily seen by looking at the z coordinates). This example illustrates how descriptions
which are mostly accurate (per-property) can still be sufficiently wrong overall to make
performing tasks difficult (if using the textual scene descriptions).
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GPT-40 Mini (6 objects) Ground Truth (9 objects)
<answer> 1: Small Green Rubber Sphere
Obj 1: A Small Cyan Metal Cylinder. 2: Small Red Rubber Sphere

at (x=-1.00, y=-1.50, z=0.25) 3: Small Brown Metal Cylinder
Obj 2: A Medium Brown Metal Cylinder. 4: Large Brown Rubber Cylinder
at (x=0.00, y=0.00, z=0.50) 5: Large Gray Metal Cylinder
Obj 3: A Large Green Metal Cylinder. 6: Small Purple Rubber Cylinder
at (x=1.00, y=0.50, z=0.50) 7: Small Red Metal Sphere
Obj 4: A Small Purple Metal Cylinder. 8: Large Green Rubber Sphere
at (x=-0.50, y=1.00, z=0.25) 9: Large Purple Metal Cylinder

Obj 5: A Large Red Metal Cube.
at (x=0.50, y=1.50, z=0.75)
Obj 6: A Medium Red Metal Cube.
at (x=0.50, y=-1.00, z=0.75)

</answer>

Figure D.12: A scene description from GPT-40 Mini on CLEVR (scene index 140, shown
left). The model identifies only 6 of the 9 ground-truth objects, hallucinating “Medium”
sizes (not a valid CLEVR attribute) and misidentifying shapes. This type of partial failure
is common among mid-tier models.

D.4.3 End-to-End Visual Reasoning: Successful Traces

Figure D.13 shows Claude Sonnet 4 performing complex compositional reasoning on
CLEVR. The model correctly decomposes a multi-clause question into a series of referent-
resolution steps and arrives at the correct answer.

Claude Sonnet 4 Response
Q: Is there a metallic object left of the gray object that is behind
the large cylinder that is in front of the green matte object?

First, I need to identify all the objects in the scene:

Large green rubber cylinder (on the left)

Small red object (a small sphere, behind/left of the brown sphere)
Large brown rubber sphere (in the center-left)

Small purple rubber cylinder (in the center-back)

Large gray metal sphere (on the right side)

Large gray rubber cylinder (on the far right)

GT answer: no

o O WN -

Now I need to parse the question:

1. "the large cylinder in front of the green matte object" - The large
gray rubber cylinder on the right, in front of the green cylinder.

2. "the gray object behind [it]" - The gray metal sphere.

3. "Is there a metallic object left of [that gray object]" - To the
left I see: the purple cylinder, the brown sphere, the small red
object, the green cylinder. The red object appears matte (rubber).

<answer>no</answer>

Figure D.13: Claude Sonnet 4 performing complex multi-step compositional reasoning
on CLEVR (scene index 4). The model correctly decomposes the nested spatial question,
resolves each referent, and arrives at the correct answer. Compare with the failure modes
shown in Figure D.14 and Figure D.15.

D.4.4 End-to-End Visual Reasoning: Failure Modes

Figure D.14 shows Gemini 2.0 Flash producing an incorrect answer with confused
reasoning. The model correctly decomposes part of the question but makes an unjustified
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assumption when it cannot find an object satisfying all constraints.

Gemini 2.0 Flash Response
Q: The big rubber object in front of the big matte object left of the
large cylinder on the right side of the shiny object is what shape?

1. Identify the shiny object: the cyan cylinder on the left.

2. The large cylinder on the right side of the shiny object: the cyan
cylinder on the right.

3. The big matte object left of [it]: the gray cube.

4. The big rubber object in front of the gray cube: not visible.
However, the small purple cube is in front of the gray cube. Since
the question asks for a big rubber object, and there is no rubber
object in the scene, I will assume the question is asking about
the small purple cube.

5. The shape of the small purple object is a cube.

GT answer: cylinder

<answer>cube</answer>

Figure D.14: Gemini 2.0 Flash on a CLEVR compositional question (scene index 27).
The model answers “cube” (incorrect; ground truth: “cylinder”). In Step 4 it explicitly
notes that no rubber object satisfies the constraints, but rather than re-examining earlier
steps, it makes an unjustified assumption and defaults to a different object. This failure
mode—premature commitment followed by ad-hoc rationalisation—is common across
models.

Figure D.15 shows a more subtle failure: the model arrives at the correct answer despite

self-contradictory reasoning.

Gemini 2.0 Flash Response
Q: What is the size of the rubber object that is behind the tiny red
rubber ball and on the right side of the tiny brown rubber object?

First, I need to identify the tiny red rubber ball and the tiny brown

rubber object.

- There is a small red sphere (assumed to be rubber).

- There is a small brown sphere (assumed to be rubber).

The question asks about the rubber object behind the tiny red rubber

ball and on the right side of the tiny brown rubber object.

- The blue cube is behind the small red sphere and to the right of
the small brown sphere.

- The blue cube is not rubber.

GT answer: large

There is no rubber object that satisfies the conditions.

I made a mistake in assuming the objects are rubber. Let me re-analyse.
[...]
- The blue cube is behind the small red sphere and to the right of

the small brown sphere. The blue cube is large.

<answer>large</answer>
Figure D.15: Gemini 2.0 Flash on CLEVR scene index 56. The model answers “large”
(correct) but arrives there despite explicitly noting “there is no rubber object that satisfies
the conditions,” then silently dropping the rubber constraint in its second attempt ([... ]
indicates condensed content). While the final answer happens to be correct, the reasoning
process is unreliable—the model reaches the right conclusion for partially wrong reasons.
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D.4.5 Relations Game Visual Reasoning

Figure D.16 shows Gemini 2.0 Flash performing visual reasoning on the Relations Game
“between” task. The model systematically checks rows and columns but does not consider
diagonal arrangements.

Gemini 2.0 Flash Response
Q: Are two identical shapes on either side of a distinct shape?

Let's analyse the image.

- The object in row 1, column 3 is a green cross shape, let's call it [A].
- The object in row 2, column 1 is a blue L shape, let's call it [B].

- The object in row 3, column 3 is a light green L shape, let's call it [C].

(8% upscaled)

Now, let's check for the "BETWEEN" condition:
GT answer: - Row 1: [Empty]l [Emptyl [A] - No
- Row 2: [B] [Empty] [Empty] - No
- Row 3: [Empty] [Empty] [C] - No
- Column 1: [Empty]l [B] [Empty] - No
- Column 2: [Empty] [Empty] [Empty] - No
- Column 3: [A] [Empty] [C] - No
Therefore, there are no two identical shapes on either side of a
distinct shape.

False

<answer>False</answer>

Figure D.16: Gemini 2.0 Flash performing end-to-end visual reasoning on the Relations
Game (BETWEEN task, index 26; the original 36x36 image is shown at 8x upscale
as fed to the model). The model answers correctly (“False”), systematically assigning
labels and checking rows and columns. However, the model omits checking diagonal
arrangements, a potential failure mode.

D.5 Models

We list below the eighteen multimodal foundation models evaluated in chapter 6, together
with their providers, public release dates, and the announcement posts or technical
reports from which we source these dates. Release dates correspond to API availability
rather than model announcements where these differ. Models are grouped by provider
and ordered chronologically within each group.

« Anthropic
- Claude 3 Sonnet — released 4 March 2024 (Anthropic 2024c)
- Claude 3 Haiku — released 13 March 2024 (Anthropic 2024c)

- Claude 3.5 Sonnet (June checkpoint, claude-3-5-sonnet-20240620) — re-
leased 20 June 2024 (Anthropic 2024a)

- Claude 3.5 Sonnet (October checkpoint, claude-3-5-sonnet-20241022) —
released 22 October 2024 (Anthropic 2024b)

- Claude 3.5 Haiku — released 4 November 2024 (Anthropic 2024b)
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- Claude Sonnet 4 — released 22 May 2025 (Anthropic 2025)
« OpenAl

- GPT-40 — released 13 May 2024 (OpenAl 2024b)

- GPT-40 Mini — released 18 July 2024 (OpenAl 2024a)

- GPT-4.1 Mini — released 14 April 2025 (OpenAl 2025)

+ Google

Gemini 1.5 Pro — released 8 February 2024 (Google DeepMind et al. 2024)

Gemini 1.5 Flash — released 14 May 2024 (Google DeepMind 2024)

Gemini 2.0 Flash — released 5 February 2025 (Google DeepMind 2025a)

Gemma 3 27B — released 12 March 2025 (Google DeepMind 2025c¢)

Gemini 2.5 Flash Preview — released 20 May 2025 (Google DeepMind 2025b)
+ Meta
- Llama 4 Scout — released 5 April 2025 (Meta AT 2025)

Alibaba (Qwen)

- Qwen2.5-VL 7B Instruct — announced 26 January 2025 (Qwen Team 2025);
technical report (S. Bai et al. 2025)

« Amazon
- Nova Pro 1.0 — released 5 December 2024 (Amazon AGI 2024)

Mistral AI

- Mistral Small 3.1 24B — released 17 March 2025 (Mistral AT 2025)

D.6 Datasets

In our ablations we attempt to robustly extract answers, accounting for minor deviations
in the model’s output format, such as using incorrect delimiters, varying punctuation
etc. If we are unable to extract an answer, we mark the example as incorrect.
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Co-occurrence of properties in questions

Question arity vs. answer type é
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(a) Histogram of question ar- (b) Distribution of answer (c) Co-occurrence of proper-
ities types across question arities ties in the contents of a ques-
tion

Figure D.17: We perform a crude analysis of the distribution of CLEVR question arities
and answer types in our dataset. Arity roughly corresponds to the number of objects in a
question.
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E.1 Performance Statistics

dataset: forkless RDFS pRDFS

model: hallway  jirpy hallway jirpy hallway jirpy
exactly correct rollouts 36.3% 52.7% 36.7% 29.3% 17.6% 21.1%
valid rollouts 50.8% 59.8% 41.4% 29.7% 74.2% 26.6%
rollouts with target reached 87.1%  80.5% 76.6%  98.4% 289%  98.4%
path_start 100.0%  100.0% 100.0% 100.0% 100.0% 100.0%
origin_after_path_start 94.5% 95.3% 100.0% 100.0% 97.3%  100.0%
first_path_choice 70.3% 70.3% 65.6% 60.2% 66.8% 54.3%
rand_path_token 96.9% 93.8% 97.3% 88.7% 83.6% 79.7%
final_before_path_end 98.8% 87.5% 94.5% 95.7% 82.8% 90.6%
path_end 88.3%  81.6% 100.0% 100.0% 99.6%  100.0%

Table E.1: Results on both models on 7 x 7 forkless, pRDFS, and RDFS mazes (See
subsection 7.3.1), also with n = 256 samples. Note that the jirpy model was trained
only mazes that were only dense in 6 X 6 subgrids, and generalises relatively poorly to
these larger mazes. Conversely, the hallway model was trained on only sparse mazes to

start with, and performs similarly.
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Mazes Solved - jirpy Mazes Solved - hallway Mazes Solved - Random Baseline
s Solved s Solved mmm Solved
mmm Not Solved 300 mmm Not Solved 300 mmm Not Solved
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100 4 100 4
504 504
o y= 0l e
5 10 15 20 25 30 35 0 5 10 15 20 25 30 35 0 5 10 15 20 25 30
Path Length of Maze Path Length of Maze Path Length of Maze
(a) jirpy (b) hallway (c) Random Baseline

Figure E.1: Performance of our models on a held-out test set of RDFS mazes. Noticeably,
the performance appears roughly consistent over path length for jirpy which was
trained to solve mazes, and similarly for the random baseline (which follows corridors
and chooses a random continuation of its path when reaching a fork). The hallway
model, on the other hand, is able to “solve” some of the very short mazes but struggles
with longer mazes (where it is likely to encounter forking points).
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Figure E.2: Results of sweeps carried out across a variety of models which were trained for
varying lengths. We find that 1) Models can do well even if they don’t have a linear maze
representation, which we can decode, but the very best models also have a linear maze
representation. 2) d,,,q4.; and training time are the only hyperparameters that seemed
to correlate with performance in the regimes we considered, but any such correlations
are too weak to draw strong conclusions. The model with the highest test accuracy and
probe accuracy is jirpy.
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E.2 Embedding Structure

The randomly initialised token-embedding layer acquires structure such that Manhattan
distances between coordinate-token embeddings correlate with spatial distances between
the corresponding cells in the maze grid. This parallels the main-chapter observation
that both models learn embeddings whose geometry reflects the underlying coordinate
system, providing a substrate on which down-stream computations can factor in coor-
dinate proximity when predicting path tokens. The grids in Figure E.3 visualise this

correspondence for a single reference coordinate in each model.
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n [ .l L
| a 6.5
- 15 6.0
L [ ] l- | ]
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[ ] ] <] <] 1 ] x| ]

Figure E.3: Manhattan distance visualisation for coordinate token embeddings. Given
the coordinate at the x, we view the Manhattan distance to the other tokens on the grid.
Left: hallway model. Right: jirpy model. Both models show similar spatial structure
in their embedding spaces, with nearby coordinates having smaller embedding distances.
Reproduced from Ivanitskiy, Spies, et al. 2024 with permission from M. Ivanitskiy.

°

E.3 Additional Probing Results

Across the training sweep, linearly decodable maze representations emerge most clearly
at layer 2 of the jirpy model, where per-position probe accuracies peak before declining
at deeper layers (Figure E.4). Table E.2 ranks checkpoints by maze-solving accuracy
alongside the best-probe layer and its accuracy, making it clear that the best-performing
models also admit the most linearly decodable world models. The apparent saturation of
edge-cell accuracies reflects an artefact of outer-wall priors—roughly 1/4 of probes on
edge cells and 2/4 on corners predict a wall correctly by default—rather than additional
spatial information being present at those positions.
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Figure E.4: Accuracy of linear probes trained on the residual stream at all layers of the
jirpy model. We see that on Layer 2 the highest average probing accuracy is achieved,
and the accuracy decreases with later layers. Note that the edges have very high accuracy
as outer walls are always present, meaning that 1/4 of the probes on edges (and 2/4 on

corners) will achieve 100% accuracy by always predicting a wall.
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Maze-solving Best-probe  Training Steps  Average Probe

Acc (%) Model Layer M) Acc (%)
29 begldy45s 4 29 76
31 gvz6wkes 1 29 77
64 2fl2nstp 8 14 76
67 pepyeckt 12 14 77
68 1pfu6pok 1 29 80
70 9hz4sg8x 10 12 73
73 tjqgo9js 13 29 77
76 badteylo 9 29 82
78 fbjfutxq 2 8 92
80 jwzmO08kc 3 24 95
81 b8l1p5yz 13 29 80
84 7j5u30hx 12 16 77
86 sa973hyn 2 29 91
86 spb2yilg 2 29 90
90 jirpy 2 29 95

Table E.2: Best probe accuracies (across layers) for best performing model checkpoints
(on the test-set). The jirpy model was the most performant model, both in terms of
solving mazes and yielding the best set of probes (see the sweep results in Figure E.2).

E.4 Direct Logit Attribution

Direct Logit Attribution (DLA) quantifies the contribution of each attention head’s
output to the correct-token direction in the residual stream, indicating which heads
actively participate in producing the next-token prediction. Figure E.5 reports DLA for
the hallway model across a subset of tasks taken from held-out samples of its training
distribution. The per-task contrast is informative: only first_path_choice requires
computation beyond simple path-following, and the corresponding shift in per-head
contributions aligns with the failure modes visible in Table E.1, where hallway performs
well on corridor-like mazes but poorly when forking choices must be resolved.
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origin_after_path_start first_path_choice rand_path_token_non_endpoint path_end

< 10
o o o o 5
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Figure E.5: DLA of the hallway model across a subset of tasks, on held-out samples
from the training distribution. The numerical value is the contribution of a given
attention head to the “correct” direction in the residual stream. Note that only for
first_path_choice must the model do anything besides path-following, as reflected in
e.g. Table E.1. Reproduced from Ivanitskiy, Spies, et al. 2024 with permission from M.
Ivanitskiy.
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F.1 Generalisation as a function of input sequence length

Model Performance Comparison

(d_model, n_heads, n_layers, pos_emb_type)
—e— (512, 4, 6, 'rotary')
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0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

Performance on Full 7x7 Mazes (DFS Generalization)

Figure F.1: Generalisation performance across different hyperparameters. “Train Val”
shows the accuracy on held-out in-length-distribution mazes from training time, while
“Full Maze” features mazes with more connections (longer input sequences) than those
seen at training time. The results demonstrate that only models with rotary positional
embeddings are able to generalise effectively to longer sequences, highlighting the
importance of appropriate positional encoding schemes for length generalisation.

F.2 SAE Training Details

To choose optimal hyperparameters for our SAEs we ran a sweep over SAEs at layers 2 to
4 on Terry, finding consistent trends across layers. The results of this sweep are shown
in Figure F.2, and the final details of the SAEs analysed in the main paper are given in
Table F.1. We also provide feature density histograms for the SAEs analysed in the main
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paper in Figure F.3 noting that these look good, in that many features are sparse, but
also rather distinct from is typically observed in LLMs. This is not surprising, as our
token and features distributions will be very distinct from those of natural language, as
most mazes have many active connections, and connections are similarly likely to be

present in any given maze.

To prevent “neuron death” in the SAE latent space, resulting from high sparsity penalties,
we apply the method of “Ghost Gradients” proposed by Jermyn et al. 2024—these provide
explicit gradients to features that have been inactive for a long time in the direction of
the (so-far) un-captured parts of the SAE’s reconstruction of the residual stream.

Sparsity ‘ Dataset ‘ Optimizer

Expansion Factor Ghost Threshold (L0) Sparsity Weight ‘ Batch Size Training Steps ‘ Learning Rate  Linear Warm Up Steps

4 100 0.01 | 1024 ~10° | 107* 1000

Table F.1: Hyperparameter values for the final SAEs analysed in the main paper.

‘ SAE Feature Metrics ‘ Average Token Reconstruction Errors

‘ Residual Reconstruction Error (L2) ‘ Sparsity (L1) LO ‘ Unperturbed Zero Patched SAE Patched
Terry | 2.87X 1074 10.7 20.9 8.18 8.52 8.18
Stan | 6.35x107* 9.53 28.4 6.35 8.61 6.35

Table F.2: SAE Metrics for the final SAEs trained on Stan and Terry. We see that replacing
the residual stream with the SAE reconstructions has very little impact on the sequence
produced by the model, providing confidence that the SAEs are encoding all the relevant
information in the model’s residual stream.
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Figure F.2: Results of an SAE sweep carried out on Terry.
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Figure F.3: Feature density histograms for the SAEs analysed in the main paper.
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F.3 Further Attention Visualisations

o Stan head LOH3 0 Terry head LOH3
£l * [ s 1
20 ) 20
i 0.8
40 " 40
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80 iy 80
. 0.4
100 T 100
120 S 120 02
140 i 140 o
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Figure F.4: Attention patterns for head LOH3 in Stan and Terry, for a specific example
maze. At every fourth context position from 4 through to 140 (the ; positions in the
adjacency-list) attention is directed very strongly back to one or two positions, typically
1 or 3 positions earlier in the context (though for Stan, after context position 100, this
shifts to 5 or 7 positions earlier in the context). This pattern is qualitatively repeated
across all examples examined, for heads LOH3, LOH5 and LOH7 in Stan, and for all four
L0 heads in Terry. Reproduced with permission from W. Edwards.
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Figure F.5: Attention values for layer 0 heads in Terry, from positions holding the ; token
(shown along the x-axis) to positions 1 and 3 earlier in the context (shown along the
y-axis), for an example maze input. This pattern is typical across all inputs examined.
The pattern is less clear-cut than for Stan (Figure 9.2), but note that at every fourth
context position, there is at least one head attending strongly to positions 1 and 3 earlier
in the context. Reproduced with permission from W. Edwards.

F.4 How SAE Representations Differ

The three panels of Figure F.6 illustrate the encoding-strategy contrast developed in
the main chapter: Terry encodes each connection cleanly in a single dedicated feature,
whereas Stan employs a compositional code in which each connection is represented
jointly by a generic “semicolon” feature and a connection-specific feature. We hypoth-
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esise that Stan’s compositional code arises from an imperfect separation of learned

positional and semantic information, while Terry’s cleaner single-feature encoding ben-

efits from RoPE’s explicit separation of positional information from token content.

TOP ACTIVATIONS
MAX = 4.665

(5,3); (4,4)<-—>(4,5)[3(3,0) <=—>(3,1) ; (4,1)
(5,1); (4,4) <==>(4,5) [ (3,2) <==>(3,3) ; (2,5)
(2,1);(4,4) <-—>(4,5)[(5,4) <=—>(5,3) ; (2,2)
(0,1); (4,4)<-—>(4,5)[3(5,2) <=—>(5,1) ; (1,2)
(4,4);(4,4)<——>(4,5)[(3,3)<-—>(4,3); (2,0)

(a) Terry model: A sin-
gle SAE feature directly en-
codes a specific maze connec-
tion, demonstrating Terry’s
straightforward representa-
tion of maze connectivity.

TOP ACTIVATIONS
MAX =12.012

(4,2);(4,4) <——>(4,5)[}|(4,2) <-—>(4,3) ; (3,3)
(5,2); (4,4) <——>(4,5)[}|(1,2) <-—>(0,2) ; (3,5)
(1,5); (4,5) <——>(4,4)}|(2,4) <-——>(3,4) ; (0,5)
(2,4) ; (4,4) <-—>(4,5)[}(2,0) <-->(3,0) ; (3,5)
(0,5); (4,5)<——>(4,4)|(1,5) <-——>(0,5) ; (4,3)

(b) Stan model: The
connection-specific feature
activates at the semicolon
corresponding to the en-
coded connection, similar
to Terry’s encoding strategy
(see Figure F.62).

TOP ACTIVATIONS
MAX =1.518

(5,1)5(3,1) <==>(3,2) [l (2,0) <-=>(3,0) ; (3,5)

(5,1); (4,5) <-->(3,5) ;M<->>(4,B) :M

(5,1)5(1,3) <=->(2,3) [ (3,3) <-=>(3,4) ; (4,1)

(3,3)5(5,1) <——>(5,2) ;M<ORIGIN7$TART>

(1,1)[(5,3) <=—>(5,2) EM<ORIGIN_START>
(c) Stan model: Feature 1422,
in conjunction with another
feature, encodes maze con-
nectivity. This feature ap-
pears consistently across all
connections, corroborating

the decision tree decoding re-

sults in Figure 9.5.

Figure F.6: Maximally activating examples, displayed using a modified version of Mc-
Dougall 2024 for SAE features encoding the connection (4,4) <-> (4,5) ,as
identified by decision tree decoding. Underlines correspond to loss contribution (blue for
positive, red for negative) and highlighting indicates feature activation at a given token
position. Connection-specific features in both models (Figure F.6a and Figure F.6b) show
clear activation patterns, while Stan’s generic semicolon feature (Figure F.6c) exhibits a
less obvious trend. Produced using a modified version of McDougall 2024
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Figure F.7: We provide examples for the types of features observed in Stan and Terry,
beyond the connection features which form the primary focus of the main paper. We
observe the same kinds of features between both transformers, and in both cases the
predominant features are of the form observed in the top-left (Feature 32 in Terry and 2
in Stan) — These features are more distributed and harder to interpret than the others,
and may be suppressed by higher sparsity penalties.
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Decision Tree Decoding - Stan 1.00

Maze X

Figure F.8: Another SAE trained on Stan gives rise to the same compositional code
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F.4.1 Magnitude of interventions

To complement the intervention results presented in the main text, we also conducted
fixed-value interventions on both the Stan and Terry models. In these interventions,
instead of calculating new activations based on the modified input, we directly set
the activations of the targeted features to fixed values. This approach allows us to
examine how the models respond to more controlled manipulations of their internal

representations.
Add Connection, Right Remove Connection, Right 100 Add Connection, Right Remove Connection, Right 100
0{73 65 61 63 77 7 f78| 1 2 38 ' 0455 53 40 55 28 o 0o 0 0 o0
1{76 53 59 58 66 52 40 11 45 7 1456 55 49 45 60 o 0o 0 0 0
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- - T T T ~Lo T T T T T T ~o
0 2 4 0 2 4 0 2 4 0 2 4
(a) Terry model (b) Stan model

Figure F.9: Aggregated accuracy of fixed-value interventions for examples on which the
original prediction was correct. As opposed to Figure 9.9, the addition interventions were
performed with a fixed value of 10 (removal interventions were the same, with a fixed
value of 0). Here we see that the fixed-value interventions are mostly less effective than
the calculated interventions, suggesting magnitude sensitivity for feature magnitudes in
the transformer’s use of the World Model.

The fixed-value intervention results shown in Figure F.9 reveal interesting patterns that
both complement and contrast with the calculated intervention results presented in
the main text. Consistent with the main-chapter observation that fixed-value toggles
were generally less effective than calculated interventions, the reduced accuracy here
indicates magnitude sensitivity in how features participate in the world model: down-
stream circuits do not simply read feature presence but are tuned to the distribution of
activation strengths seen during training. The same asymmetry reported in the main
text—activating features alters behaviour more reliably than suppressing them—is vis-
ible here as well, suggesting that the transformers’ world models are more robust to
feature suppression than to feature enhancement.

F.5 Investigation of QK-circuit in Stan model

This section complements the OV analysis of the main chapter by inspecting the query-
key side of the same three heads. The main chapter reports that LOH3, LOH5 and LOH7
attend, at every fourth context position (the ; separator tokens), either 1 or 3 tokens
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back—each time picking up one of the two coordinates that define a maze connection—
and that the heads specialise complementarily by maze-cell parity (LOH3 on even-parity
cells; LOH5 and LOH7 on odd-parity cells). The figures that follow show that these
patterns are visible not only in the OV circuit but already in the QK overlaps for the
token embeddings, suggesting that the attention-pattern selection itself is implemented

through structured query/key geometry.
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Figure F.10: Scalar products of Stan LHO3 of query (rows) and key (columns) vectors
for token embeddings. Note that the most pronounced pattern is found on the row
corresponding to the query vector of the ; token, reflecting the importance of this head
in establishing the attention pattern from context positions containing the ; token.
This figure was produced in collaboration with W. Edwards.

In an effort to better understand the notable “1- and 3-back” attention patterns appearing
in heads LOH3, LOH5 and LOH7 of Stan, described in subsection 9.2.1, we investigated the
query and key vectors for token and positional embeddings, and their overlaps. The scalar
products between queries and keys of token embeddings for LOH3 are shown in figure
F.10. The most striking feature of this plot is the row corresponding to the query vector
of the ; token, and in particular its overlap with the maze cell tokens. Plotting these
scalar products on the maze cell grid (figure F.11) a clear pattern emerges, analogous to
that shown in figure 9.3, accounting for LH03’s tendency to attend to even-parity cells,
and LHO5’s and LHO7’s tendencies to attend to odd-parity cells.
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Head 0.3 Head 0.5 Head 0.7

0 2 4 6 0 2 4 6 2 4

Figure F.11: Stan scalar products of query vector for ; token and key vectors for
maze-cell tokens, arranged on maze grid. Note the clear correspondence with Figure 9.3.
These patterns account for why LHO3 directs its attention to even-parity cells, while
odd-parity cells are attended to by LHO7 or LHOS5.

Head 0.0 Head 0.1 Head 0.2 Head 0.3
0 o ol o
2 2 2l || X |
|
4 4 4 ] 4
6 6 6 sl
0 2 4 6 0 2 4 6 0 2 4 6 0 2 4 6
Head 0.4 Head 0.5 Head 0.6 Head 0.7
0 0 0 B o | I
0.1
2 B 2 2 2 I
_ L 0.05
i “w ' mm w ™ ' |
|
6 6 [ | 6 [ 6 || ||
0 2 4 6 0 2 4 6 0 2 4 6 0 2 4 6

Figure F.12: Stan OV projections across position embeddings for all heads.
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SAE-derived edge features
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Figure F.13: Cosine similarities between edge features derived from the SAE and edge
features derived by direct application of the W, matrices of the heads discussed in
subsection 9.2.1 to token embeddings for Stan, showing both right- and down-directed
edge features. This extends Figure 9.7a, which shows only right-directed features. This
figure was produced in collaboration with W. Edwards.
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F.6 Comparing SAE features and Connectivity Attention
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Figure F.14: Effect of patching attention heads on SAE features for each down-connection
Stan. These again provide agreement with the OV analyses performed in the main text.
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Figure F.15: Effect of patching attention heads on SAE features for Terry. Whilst we
observe notable effects, it is difficult to see a clear pattern — as revealed by the attention
analyses, the role of each head in constructing a single connection feature in Terry is
harder to understand.

215



Appendices Chapter 9 Appendices

F.7 Computing SAE and OV edge feature similarity

In Figure 9.7a we compute the cosine similarity between SAE edge features and OV

circuit edge features.

SAE edge features are formed from a linear combination of the specific edge feature and
a “generic edge” feature, with the generic feature coefficient of —0.6 being chosen to

maximise cosine similarity.

OV edge features are formed from a weighted sum:
hyh
Z acWo,te
h,c

Here, h indexes heads LOH3, LOHS and LOH7, with W§%*®, for example, giving the OV
matrix of LOH3. c indexes the two cells present in the edge of interest, and ¢, is the token
embedding of a cell c. The coefficients a” are given by the attention directed by head h
to cell c from the ; context position following the specification of the edge of interest.

Data was averaged over 100 examples (see Figure 9.2 for one such example).
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