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ABSTRACT

Existing studies [1] have proposed similarities between the continuous Matrix Prod-
uct States (cMPS) which describes low energy states of quantum field theories, and the
input-output formalism which describes the quantum state of electromagnetic field leak-
ing out of an optical cavity. This research investigates the above relationship in greater
detail, to understand and develop new tools to simulate exotic quantum field systems,
focusing on bosonic gases in one dimension.

Using the formalism developed by [2, 1] we analysed the Lieb-Liniger model which
describes a bosonic one-dimensional gas subject to a delta potential interaction. We
produced a simpler algorithm to find the ground state energy of the Lieb-Liniger model.
We demonstrated that its expectation value in terms of matrix products states can be
rewritten as the expectation value of an effective closed Jaynes-Cummings Hamiltonian
when we use a cavity-atom system as a simulator. The Hamiltonian of this simulator
corresponds to a laser-driven atom in the Jaynes-Cummings model with a lossy cavity.
This analytical approach makes two contributions to existing knowledge. First, it cor-
rects an intrinsic error in the numerical simulation of [3] due to the normal order of the
annihilation operators. Second, it gives us a better understanding of why the simulator
used in [3], is so effective in reproducing the correlation properties of the Lieb-Liniger
model. Furthermore, we also find that depending on the Hamiltonian used as a simu-
lator, the form of the effective Hamiltonian that would describe the Lieb-Liniger model
will reflect the dynamical properties of said simulator. Finally, we derived the trans-
formation rules that relate the Hamiltonian of the simulator with the analytical form
of the effective Hamiltonian, concluding with the analysis for the case of a mixture of
gases. Thus, our findings could help in the selection of appropriate simulators for any
given field theory.
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INTRODUCTION

The ability to simulate physical systems is essential to understanding the basic rules

governing natural phenomena, particularly once we go beyond analysing very simple

scenarios and try to understand the complex and continuous interaction of millions of

particles. Moreover as technology advances, the sizes of the systems we can control,

manipulate, and quantum effects become increasingly important. Unfortunately quan-

tum many-body systems are notoriously difficult to simulate on a classical computer [7].

Absent a fully digital, fault-tolerant quantum computer, an alternative approach is to

use a quantum system whose properties are well understood and controllable to simu-

late the physics of a completely different quantum system. Such quantum simulations

(possibly better termed emulation [8]) are beginning to come online already. One way

in which this could work is to find a direct mapping between the Hamiltonians of the

two systems involved [9] . Such simulators should be expected to be limited in the class

of problems they can tackle. A different, potentially more widely applicable, approach

is to try to use the quantum simulator to perform a variational calculation over some

class of quantum states. Methods to calculate the properties of quantum physical sys-

tems based on the renormalization group [10] and the density matrix renormalization

group (DMRG) [11] have proven to be successful in certain simplified scenarios, and re-

cently have inspired new classical algorithms based upon matrix product states (MPS)

[12] to calculate properties of a wide variety of strongly correlated quantum systems.

It is natural, therefore, to investigate whether quantum simulators could perform such

calculations, potentially going beyond simply “mapping between Hamiltonians” would

imply.

A proposal for simulating the Lieb-Liniger model [4] along these latter lines by Bar-

rett et al [3], and extended in [6], has recently been experimentally implemented using

a Jaynes-Cummings type interaction within a superconducting cavity-QED system [13].
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The results of these papers are intriguing because a very small number of variational

parameters yields a quantum simulation capturing qualitatively many of the intricate

physical features one might expect only from a much larger calculation/simulation. In

this thesis we will delve deeper into these quantum simulations investigated in these

papers. We will show several ways in which it can be significantly improved, and dis-

cover a surprising connection wherein the main quantity of interest can be re-written as

the expectation value of a completely different, somewhat fictitious, Jaynes-Cummings

interacting system, unrelated to the actual Jaynes-Cummings interaction describing the

physics of the simulator.

In the chapter 1, we give the background needed field theory needed to understand

the bosonic systems of many particles and we will proceed to define the continuous ma-

trix product states (cMPS). It is shown that they are the continuous limit of the already

known MPS used in spins systems. We will also introduce the Input-Output formalism

and the correlation functions in open systems. They will allow us to make the connec-

tions between cavity quantum electrodynamics (cavity QED) and the cMPS. Finally

we define the Lieb-Liniger model. The chapter 2 describes a toy model of an empty

driven cavity that allowed us to have the needed intuition to understand the physical

variables at play. In chapter 3 we propose a simpler algorithm used to find the energy

density of the ground state for the Lieb-Liniger model using the cMPS as variational

states allowing us to calculate the second correlation function. We compare those results

with [1]. We also compare our method with [3] and provide a few advantages in our

approach. Chapter 4 discusses how to find the energy density of the Lieb-Liniger model

but using a driven two level atom inside lossy cavity as a simulator. Our main result

will demonstrate that the expectation value of the ground state energy density of the

Lieb-Liniger model in terms of matrix products states can be written as the expectation

value of an effective closed Hamiltonian of a Jaynes-Cummings model when we use a

cavity-atom system as a simulator, the Hamiltonian of this simulator corresponds to a

laser driven atom in the Jaynes-Cummings model with a lossy cavity. This analytical

approach corrects an intrinsic error in the numerical simulation process previously done

by the works of [3] due to the normal order of the annihilation operators. Finally we

attempt to answer, why this two level atom simulator works so well and what could

3



be the physical reasons to that. We also discuss the case of a simulator being a three

level atom in a lambda configuration inside a cavity. Finally we left in the appendix

A, some mathematical relations of the cMPS and in appendix B we derived the rules

for generalising the Hamiltonian of the simulator to more general Hamiltonians,there

we establish the connections between the Hamiltonian of the simulator and the effective

Hamiltonian that describes the Lieb-Liniger model. We hope that those mathematical

relations would give a clue for what type of Hamiltonians we should use to simulate

more complicated filed theories. The appendix C gives an overview of how the mixed

gases would look in these analytical approach that we derived.
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CHAPTER 1

BACKGROUND THEORY

1.1 Background on quantum fields

In some cases in a physical system, the number of particles contained in it can vary

during the reactions taking place, for example by absorption and emission in a photonic

gas, collision processes in high energetic particles, or interactions that modify the ex-

cited quanta of phonons. Furthermore, the number of atoms or molecules constituting

a macroscopic system may not be known with precision, consequently it is useful to use

grand canonical statistical ensembles where the number of particles is allowed to fluc-

tuate. Furthermore, it is convenient to have a description of states with undetermined

number of particles and of interactions that does not conserve the number of particles.

In the next section, we will be following [14] to review a few concepts on first and second

quantization to conclude with the expressions for field operators used through out the

rest of the thesis. We recall that we can describe a wave function in the one particle

Hilbert space ψ(r) ∈ H in terms of Dirac notation as 〈r|ψ〉 and in particular for set of

eigenfunctions φν(r) as:

φν(r) := 〈r|ν〉, (1.1)

where the label ν describes a complete set of quantum numbers that describe the state |ν〉

and 〈r| is the vector representing the configuration space in which the state is projected.

Furthermore, the wave functions must obey the normalization and completeness. The

first one guarantees that a particle in a quantum state φν(r) has the probability equal

to 1 of being somewhere in the configuration space. That is to say
∫
drφ∗(r)φ(r) = 1

5



which in turn, using Eq. 1.1 leads to

〈ν|
(∫

dr|r〉〈r|
)
|ν〉 =1. (1.2)

On the other hand, using Dirac notation on a normalized state |ν〉 and the identity

operator 1 to represent the norm of the state, we can write the norm as 〈ν|1|ν〉 = 1

which allow us to derive the useful relation:

∫
dr|r〉〈r| = 1. (1.3)

In a similar way, the concept of completeness says that a set of states φn(r) form a

complete basis if
∑

ν〈φ|ν〉〈ν|φ〉 = 1 which means that all the possible states ν that the

particle can take, are considered and the summation of the probability of being in any

of those states is equal to one. This leads us to the expression

〈r|
(∑

dr|ν〉〈ν|
)
|r〉 = 1, (1.4)

and using again the identity operator 〈φ|1|φ〉 = 1 we arrive at:

∑
ν

|ν〉〈ν| = 1. (1.5)

Finally, using Eqs. (1.1, 1.3, 1.5), the wave function ψ(r) written in terms of a basis of

states φν(r) can be written in terms of the configuration space

ψ(r) =
∑
ν

φν(r)

∫
dr′φ∗ν(r′)ψ(r′), (1.6)

or in the Dirac notation as:

〈r|ψ〉 =
∑
ν

〈r|ν〉〈ν|ψ〉. (1.7)

1.1.1 N-particle systems

When dealing with N -particle systems, the complex wave function φ(r) defined in the

three dimensional space for a single particle, is naturally extended to the N particle
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state complex wave function φ(r1, r2, . . . , rN ) but now defined in a 3N dimensional

configuration space. The concept of probability is still related to the modulus squared

as

|φ(r1, r2, . . . , rN )|2
N∏
j=1

drj , (1.8)

which is understood as the probability of findingN particles in the 3N dimensional

volume
∏N
j=1 drj surrounding the point (r1, r2, . . . , rN ). The construction of N -particle

states that span the space H⊗N from the one particle states can be better explained

without using any particular representation. Consider the set |φi〉, i = 1, ..., N of the

single particle states in H, one associates the state of N independent particles, denoted

by |φ1〉 ⊗ ... ⊗ |φN 〉 = |φ1 ⊗ ...⊗ φN 〉. So the i-particle will be in the state φi for all

i = 1, ..., N . In that case, we define the total wave function as the product of the

individual wave functions φi(x) as [15]:

〈r1, ..., rN |φ1 ⊗ ...⊗ φN 〉 = φ1(r1)...φN (rN ). (1.9)

The vector space generated by all of the linear combination of vectors |φ1 ⊗ ...⊗ φN 〉

and completed by the scalar product defined as

〈φ1 ⊗ ...⊗ φN |ψ1 ⊗ ...⊗ ψN 〉 = 〈φ1|ψ1〉〈φ2|ψ2〉...〈φN |ψN 〉, (1.10)

forms a Hilbert space denoted by the tensor product H ⊗ ... ⊗ H = H⊗N which is by

definition, the tensor product of N copies of the single particle space H. That is to say, if

the set of vectors |φν〉, ν = 1, 2, ... form a basis of H, then one can obtain a basis of H⊗N

by considering all of the vector products |φν1 ⊗ ...⊗ φνN 〉, ν1, ν2, ... = 1, 2, .... Thus, any

N -particle wave function φ(r1, r2, . . . , rN ), even those which are not factorized, can be

expanded in the basis formed from the product of one particle states |φν〉, resulting in

the expansion:

φ(r1, r2, . . . , rN ) =
∑

ν1,ν2,...,νN

Aν1,ν2,...,νNφν1(r1)φν2(r2) · · ·φνN (rN ), (1.11)

where Aν1,ν2,...,νN are just complex coefficients. Another important ingredient is the

concept of indistinguishably. We recall that if we deal with identical particles, in clas-
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sical mechanics it is possible to distinguish them just by assigning a label to each one

of the particles. In that way, we can follow its individual trajectory in phase space.

This is not the case in quantum mechanics as any form of labelling will disturb the

system. Moreover we have regimes in which particles with identical quantum numbers

are fundamentally indistinguishable (such as for electrons or photons), which implies

that under any interchange of coordinates the state that describe the N -particle system,

will behave in two of the following ways:

φ(r1, r2, ..., ri, ..., rj .., rN ) =− φ(r1, r2, ..., rj , .., ri, ..., rN ), (1.12)

φ(r1, r2, ..., ri, ..., rj .., rN ) = + φ(r1, r2, ..., rj , .., ri, ..., rN ), (1.13)

where Eq. (1.12) describes fermionic particles like protons and electrons and Eq. (1.13)

refers to the bosonic particles like the photons or atoms of He−4. Since we are interested

in the bosonic particle case, we need to incorporate this symmetry to each element of

the basis, through the operator S defined as:

S
N∏
j=1

φνj (rj) =
∑
p∈SN

 N∏
j=1

φνj (rpj )

 (1.14)

with SN the group of N ! permutations p for the set of N coordinates.As an example con-

sider a system of two particles that can be in three possible states such that νi ∈ 1, 2, 3,

Thus for a particular element of the basis of the N -particle system φν1(r1)φν2(r2)φν3(r3),

if we select ν1 = 1; ν2 = 2; ν3 = 3 we have,

Ŝφ1(r1)φ2(r2)φ3(r3) =φ1(r1)φ2(r2)φ3(r3) + φ1(r1)φ2(r3)φ3(r2) (1.15)

+φ1(r2)φ2(r1)φ3(r3) + φ1(r2)φ2(r3)φ3(r2)

+φ1(r3)φ2(r1)φ3(r2) + φ1(r3)φ2(r2)φ3(r1).

It is obvious that for a large number of particles, the process of symmetrization becomes

cumbersome as N !− 1 terms need to be added for each element of the N particle basis.
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1.1.2 Operators in first quantization

We can construct the N -particles operators from individual operators originally defined

for one particle. This is possible since they keep their form whenever they operate

on N -particle states. For our case of interest we consider the one particle operator

Tj = T (rj ,∇rj ) defined to act on a particle with position observable rj . If we project it

on the singe particle basis, it takes the form:

Tj =
∑
νa,νb

Tνa,νb |φνb(rj)〉〈φνa(rj)|, (1.16)

with Tνa,νb expressed as:

Tνa,νb =〈φνb(rj)|Tj |φνa(rj)〉 =

∫
drjφ

∗
νb

(rj)Tjφνa(rj), (1.17)

where we used Eq. (1.3) to obtain the right hand side. The corresponding symmetric

extensive observable for the N -particle systems corresponds to:

Ttot =
N∑
j=1

Tj . (1.18)

For the case of a two body operator acting on a two particle space H ⊗ H, like the

interaction potential which depends on the distance between two particles as V (rj − rk)

we define Vjk acting on H⊗N as the operator which acts on the jth and kth factors of

H⊗N and trivially on the others. In the particle representation, and using the basis

|φνa(rj)〉|φνb(rk)〉

Vjk =
∑

νaνbνcνd

Vνcνd,νaνb |φνc(rj)〉|φνd(rk)〉〈φνa(rj)|〈φνb(rk)|, (1.19)

where Vνcνd,νaνb is expressed as:

Vνcνd,νaνb =

∫
drjdrkφ

∗
νc(rj)φ

∗
νd

(rk)V (rj − rk)φνa(rj)φνb(rk), (1.20)

9



and the corresponding observable for the N -particle system

Vtot =
N∑
j>k

Vjk =
1

2

N∑
j 6=k

Vjk, (1.21)

where the sum is made over the N(N − 1)/2 pairs of particles. Notice that since Vtot is

acting on two identical particles, then it must be invariant under the exchange of pairs

of particles, thus Vi,j = Vj,i so the second expression is obtained.

1.1.3 Operators in second quantization and field operators

When we first introduced the N -particle systems, we explained that a if proper basis is

able to describe the bosons, it needs to be symmetric under particle interchange. This

was achieved with the symmetrization operator S defined in Eq. (1.14). This creates a

potential problem since it adds N !− 1 extra terms. The way around this is to introduce

the second quantization formalism, in other words, we reformulate the problem in terms

of occupation numbers of single particle states, which will allow us to count the number

of particles that are in each state |ν〉. Therefore the basis states for an N -particle system

in terms of the occupation number representation is defined as follows:

|nν1 , nν2 , nν3 , . . .〉 ∈ F ,
∑
j

nj = N, (1.22)

where each nνj represents the number of particles occupying the state νj . We define the

Fock space F as the space spanned by all the vectors contained in the direct sum of spaces

FN as F = F0⊕F1⊕F2⊕· · · where each FN = span
{
|nν1,, nν2 , . . .〉|

∑
nνj = N

}
, that is

to say, for each value of N , FN is spanned by states with finite particle number N . Thus

any state |Φ〉 ∈ F might have an unbounded number of particles but 〈Φ|N̂ |Φ〉 < ∞.

Furthermore, each occupation number nνj is naturally related to the occupation number

operators n̂νj as

n̂νj |nνj 〉 = nνj |nνj 〉 with nνj = {0, 1, 2...} , (1.23)

where |nνj 〉 and nνj are its eigenvectors and eigenvalues respectively. In the same way as

for the quantum harmonic oscillator, the creation and annihilation operators are defined
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as:

[bνj , b
†
νk

] = δνj ,νk bν |nν〉 =
√
nν |nν − 1〉 b†ν |nν〉 =

√
nν + 1|nν + 1〉, (1.24)

which imply, n̂ν = b†νbν . These relations allow us to identify:

S|φν1(r1)φν2(r2) · · ·φνN (rN )〉 = b†ν1b
†
ν2 · · · b

†
νN
|0〉, (1.25)

where in both cases we are describing a completely symmetric N -particle state. Thus

representing a state is much simpler and natural in the particle occupation state basis

with the further advantage that this representation takes intrinsically into account the

symmetrization. Eq. (1.25) will allow us to show that all operators can be expressed

in terms of the fundamental creation b†ν and annihilation operators bν . For instance let

us see how the one particle operator Ttot acts on an element of the particle occupation

state basis

Ttotb
†
ν1b
†
ν2 · · · b

†
νnj
· · · b†νN |0〉 =

∑
νaνb

Tνaνb

N∑
j=1

δνa,νnj b
†
νn1
...b†νb ...b

†
νnN
|0〉, (1.26)

where we used Eq. (1.25) and the fact that [S, Ttot] = 0. Notice how the operator bνb

took the place of bνnj . In order to make both kets equal and find an identity between

the operators we need to reinsert b†νnj on the right hand side. Without loss of generality

let us suppose that in the left hand side, there are p > 0 particles in the same state

ν = νnj . That means a contribution of the form, (b†ν)p|0〉 but on the right hand side the

corresponding contribution became (b†νb)(b
†
ν)p−1|0〉. However, using the relations on Eq.

(1.24) we get the identity:

(b†ν)p−1|0〉 =
bν
p

(b†ν)p|0〉, (1.27)

then we have (b†νb)(bν
†
nj )

p−1|0〉 = 1
p(b†νb)bνnj (bν

†
nj )

p|0〉 so substituting in Eq. (1.26) and

summing over all the particles we find that the term
∑N

j=1 δνa,νj will produce p terms

different from zero for the case that νa = ν thus cancelling the p in the denominator of

Eq.(1.27). This will lead to:

Ttot

[
b†ν1b

†
ν2 · · · b

†
νN
|0〉
]

=
∑
νaνb

Tνaνbb
†
νb
bνa

[
b†ν1b

†
ν2 · · · b

†
νN
|0〉
]
. (1.28)
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Since this is valid for any element of the particle occupation state basis, it implies:

Ttot =
∑
νa,νb

Tνa,νbb
†
νabνb . (1.29)

A similar process can be done for two body operators such giving the expression:

Vtot =
1

2

∑
νiνjνkνl

Vνiνj ,νkνlb
†
νib
†
νjbνlbνk . (1.30)

Thus we arrive to the interesting result that operators in second quantization can be

written in terms of creation and annihilation operators multiplied by the matrix elements

of the same operator calculated in the first quantization approach. Let us recall that

for different operators, there are basis that are more suitable than others to study the

different properties of the observables. So changes of basis are needed. Let us consider

two different ordered single particle basis states {|φν1〉, |φν2〉, · · · } and {|ψµ1〉, |ψµ2〉, · · · }.

From the completeness condition Eq. (1.5) we have the basic transformation law for

single-particle states:

|φν〉 =
∑
µ

|ψµ〉〈ψµ|φν〉 =
∑
µ

〈φν |ψµ〉∗|ψµ〉. (1.31)

We can define annihilation operators a†ν and ã†µ for both basis sets which satisfy |φν〉 =

a†ν |0〉 and |ψµ〉 = ã†µ|0〉 respectively and comparing with Eq. (1.31) we get to the

transformation between annihilation operators:

ã†ν =
∑
µ

〈φν |ψµ〉∗a†µ, (1.32)

which can be generalized for the N particle systems. It is worth to point out that this

transformation preserves the commutation relations established in Eq. (1.24) and the

total number of particles Ntotal =
∑

ν a
†
νaν . Eq. (1.32) will allow us to focus on a

particular second quantization representation, the real space representation, that leads

to the definition of quantum field operators used throughout the rest of the work. From

Eq. (1.32), if we consider the continuous position basis set such that |φν〉 = |x〉, with x

the continuous index describing the position in real space, and denoting ã†µ as Ψ†(x) we
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obtain the relation:

Ψ†(x) = a†(|x〉) =
∑
n

φ∗n(x)a†n, Ψ(x) = a(|x〉) =
∑
n

φn(x)an. (1.33)

Thus the quantization operators Ψ†(x) andΨ(x) can be understood as a summation of

all the ways a particle can be created at the position x weighted by the first quantization

wave functions φn(x). It can be shown that this operators follow the usual commutation

relations for bosonic particles
[
Ψ(x1),Ψ(x2)†

]
= δ(x1 − x2)]. With the definition of the

field operators, we can express any other operator in the real space representation. For

instance for the operator Ttot in Eq. (1.29) if we express Tνa,νb in the configuration space

as depicted in the right hand side of Eq. (1.17) we get to:

Ttot =
∑
i,j

[∫
dxφ∗νi(x)T (x,∇x)φ∗νj (x)

]
b†νibνj (1.34)

=

∫
dx

(∑
νi

φ∗νia
†
νi

)
T (x,∇x)

(∑
νi

φνiaνi

)
=

∫
dxΨ†(x)T (x,∇x)Ψ(x),

so for the particular case of the kinetic energy operator T (x,∇x) = −∇2

Ttot =

∫
dx
dΨ̂†(x)

dx

dΨ̂(x)

dx
. (1.35)

In a similar way for the two point operator for the delta potential V (x− y) = δ(x− y)

and writing Vνcνd,νaνb in the configuration space:

Vtot =
1

2

∑
νcνdνaνb

∫
drjdrkφ

∗
νc(rj)φ

∗
νd

(rk)V (rj − rk)φνa(rj)φνb(rk)b
†
νcb
†
νd
bνbbνa (1.36)

=
1

2

∫
dxdyΨ†(x)Ψ†(y)δ(x− y)Ψ(x)Ψ(y) =

1

2

∫
Ψ†(x)Ψ†(x)Ψ(x)Ψ(x),

where we just renamed the variables as rj = x and rk = y.
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1.2 Continuous Matrix Product States

1.2.1 Motivation

The study of strongly correlated quantum spin systems and many body quantum sys-

tems has led to the development of different simulation techniques like Wilson’s nu-

merical renormalization group (NRG) [10], or White’s density matrix renormalization

group (DMRG) [11]. Those have proven to be useful describing spin systems in terms

of matrix product states (MPS)[16]. This formalism has shown to be very valuable as it

portrays the correlations and entanglement that appear in ground states of one dimen-

sional quantum systems of interacting spins.[17] Furthermore, the numerical techniques

developed can be understood as variational methods where the ground state of quantum

spin systems can be parametrized in terms of these MPS. Due to these characteristics,

the MPS can be generalized to study non relativistic quantum field theories in one spa-

tial dimension. Thus, quantum fields, with infinite degrees of freedom, in principle, can

be described by defining their continuous matrix product states (cMPS) [2, 1, 18]. It

is proven in [2, 1] that cMPS can be understood as the continuous limit of MPS. In

addition, among their properties, the parametrization allows to use cMPS as variational

states for finding the ground state of quantum field theories. According to [1], we define

a cMPS by considering a one dimensional ring of bosons (fermions) on a ring of length

L, mathematically that is achieved by imposing periodic boundary conditions to the

system. The respective position dependent field operators, ψ̂(x) obey the commutation

(anticommutation) relations
[
ψ̂(x), ψ†(y)

]
±

= δ(x − y) where x, y ∈ [0, L]. Then the

cMPS is given by

|χ〉 = Traux

[
Pe
∫ L
0 dx[Q(x)⊗1+R(x)⊗ψ̂†(x)]

]
|Ω〉, (1.37)

here Q(x), R(x) are finite dimensional D ×D matrices that in general will depend on

position coordinates. These matrices are defined in an auxiliary system, the meaning

of which will become apparent in subsequent paragraphs. |Ω〉 is the vacuum state such

that ψ̂(x)|Ω〉 = 0. PeO stands for a path ordered exponential of the operator O and

Traux is the partial trace over the auxiliary system.
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1.2.2 Core theory of cMPS states

Using the theory of continuous measurements, in which a quantum system is subjected to

a sequence of weak measurements of a POVM (positive operator valued measurement),

we explain a core method to produce cMPS [2]. The discrete case is described to obtain

an insight about cMPS and at the end of the discussion, we will outline the continuous

limit of MPS as cMPS. Consider a family of DxD complex matrices R(x) with x ∈ [0, L],

and as depicted in Fig. (1.1) we can imagine an atom with their levels truncated as an

auxiliary system B, which interacts instantaneously just at the times ε, 2ε, . . . nε through

the matrices R(x) with a collection of n quantum harmonic oscillators, which we will

call the system A. At other times, B evolves according to some free Hamiltonian K(t).

Then, following [19], the total Hamiltonian is:

H(t) = K(t)⊗ 1 +HI(t), (1.38)

with the interaction given by:

HI(t) =
√
ε

n∑
r=1

δ(t− rε)
(
iR(rε)⊗ a†rε − iR†(rε)⊗ arε

)
, (1.39)

where the operator a†rε and arε are the creation and annihilation operators describing

the oscillators at discrete sites separated by a distance ε. The explicit dependence of

time reflects the fact that the system is not closed.The parameter
√
ε is chosen to avoid

trivial dynamics for example the system and the auxiliary system not interacting [19].

As we take the limit n → ∞, the number of oscillators increase to infinity, and ε → 0

where the total length L = nε is left constant. At this point, the evolution operator is

just given by:

U(L) = Pe−i
∫ L
0 H(s)ds, (1.40)

where P denotes the path ordered exponential. Now, if we use the definition of a

discretized field operator as: ψ(rε) = arε/
√
ε, the evolution operator of the total system

A and B is:

|χ〉 = Traux

[
Pe
∫ L
0 dx[K(x)⊗1+iR(x)⊗ψ̂†(x)−iR†(x)⊗ψ̂(x)]

]
|Ω〉, (1.41)
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Figure 1.1: Intuitive construction of a cMPS. An auxiliary system B, (the atom), in-
teracts with a group of quantum mechanical harmonic oscillators one at a time, system
A.

where Traux denotes de trace over the auxiliary system B. In the continuous limit,

the discrete creation operator becomes the continuous one dimensional field operator

ψ(x). If instead of taking directly the limit, we re-express (1.40) by using the definition

(A.3), we will end up with products of terms of the form: V (b, a) = τe−
∫ b
a K(s)ds and

W (rε) = e
√
ε
(
R(rε)⊗a†rε−R†(rε)⊗arε

)
. Rewriting the terms W (rε) as:

e
√
ε
(
R(rε)⊗a†rε−R†(rε)⊗arε

)
1B ⊗ |0〉A = e−

ε
2
R†(rε)R(rε)e

√
εR(rε)⊗a†rε1B ⊗ |0〉A, (1.42)

where the Baker-Hausdorff formula was used up to first order in ε. Reinserting this

expression into the evolution operator, we have:

U(L) = Pe
∫ L
0 dx[Q(x)⊗1+R(x)⊗ψ̂†(x)], (1.43)

where:

Q = −1

2
R†R− iK. (1.44)

Finally, by taking the trace over the auxiliary system, we recover the original definition

(1.37). This argument suggest that the cMPS can actually be constructed under a

sequential preparation prescription in the same way as the MPS thus appearing in

a natural way as proved in [20]. We should highlight that the form of Eq. (1.44)

arises because the state |χ〉 is invariant under the gauge transformation Q→ XQX−1,

R → XRX−1 for any invertible matrix X [1, 21]. Thus in order to fix the gauge, the
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relation Q + Q† + R†R = 0 is imposed which allows Q to be written as in Eq. (1.44)

where K = K† and R†R is a diagonal matrix. Note that in this discussion there is an

implicit correspondence between the time and the position, which will be used later. If

we follow A.1 we can have an alternative description of the cMPS states, through the

expression:

|χ〉 =
∞∑
n=0

∫
0<x1<...<xn<L

dx1...dxnφnψ̂
†(x1)...ψ̂†(xn)|Ω〉, (1.45)

where

φn = Traux [uQ(x1, 0)RuQ(x2, x1)R...RuQ(L, xn)] , (1.46)

and uQ(y, x) = P exp[
∫ y
x Q(x)dx]. We can think of (1.45) as the expansion of the

state |χ〉 in the basis A = {|Ω〉, |y1〉, |y1, y2〉 · · · } where |yi, . . . yk〉 = ψ†(yi) · · ·ψ†(yj)|Ω〉

is the state of the bosonic system with k particles at the positions yi, . . . , yk. Here,

φn represent the amplitude given to each member of the basis. In addition, for the

operators inside φn, we know that R is responsible of the interaction of the system (the

field) with the auxiliary system (the atom), furthermore it is related to the creation

of a particle. The term uQ(y, x) can be reinterpreted as an evolution operator with

an effective Hamiltonian given by Eq. (1.44) where R†R takes into account the loss of

bosons due to the leaking throughout the cavity. Then φn has information about the

probable positions where the bosons where created. By interacting the system A and

the auxiliary system B according to the operator U(L), starting the auxiliary system

(the atom) in a state ρB, the system (the field) in a quantum state ωA = |Ω〉〈Ω| and

taking the partial trace of the auxiliary system it is possible to obtain information about

the quantum state of the system as:

σA = TrB

[
U(L)(ωA ⊗ ρB)U†(L)

]
, (1.47)

or instead if we take the partial trace of the system, we have the information of the

auxiliary system which we must remind, for our particular case is the cavity plus the

atom. Then we have in the discrete case:

ρ(rε) = TrA

[
U(rε) (ωA ⊗ ρ(0)B) U† (rε)

]
. (1.48)
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If we expand up to second order and attempt to calculate the derivative respect to the

position, we can see that the density matrix describing the state of the auxiliary system,

obeys a master equation in the Lindblad form.

d

dx
ρ(x) = Lρ(x), (1.49)

where the Liouvillian L is defined via

Lρ(x) := −i [K, ρ(x)] +Rρ(x)R† − 1

2
R†Rρ(x)− 1

2
ρ(x)R†R. (1.50)

This equation will allow us to have only one solution for the steady state, lim
x→∞

ρ̇ss(x) = 0,

we therefore have

Lρss(x) = 0. (1.51)

With the previous discussion and the expansion outlined in Appendix (A.1) and pro-

posed in [1] for the expectation values in the steady state, we have the following relations:

〈ψ̂†(x)ψ̂(x)〉 = Tr[R†Rρss], (1.52)

〈ψ̂†(0)ψ̂†(x)ψ̂(x)ψ̂(0)〉 = Tr
[
ReT̃x(RρssR

†)R†
]
, (1.53)

〈ψ̂†(x)

[
− d2

dx2

]
ψ̂(x)〉 = Tr

[
([Q,R])† [Q,R] ρss

]
, (1.54)

〈ψ̂†(x)ψ̂(0)〉 = Tr[R†eT̃x(Rρss)], (1.55)

〈ψ̂†(x)ψ̂†(x)ψ̂(x)ψ̂(x)〉 = Tr
[
R(RρssR

†)R†
]
, (1.56)

with T̃ the superoperator satisfying the master equation Eq. (1.49) and Tr the trace

over the auxiliary system. These expressions will be of importance when we establish

the correspondence between the field that describes a bosonic model and the optical

field leaking out of the cavity described in quantum optics.
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1.3 Cavity QED, open system approach

1.3.1 Input-Output theory

Our system under consideration will be a cavity with one of the mirrors semi-transparent.

Inside the cavity will be placed an atom. We will be looking at the leaking field that goes

through one of the mirrors, with the goal being, to control the cavity in such a way that

the effect of the intracavity dynamics reflected in the quantum statistics of the output

field has the behaviour that we want [22]. In order to analyse our particular system,

Figure 1.2: Input-Output description provides information of the incoming and outgoing
fields in terms of operators âin and âout respectively in the Heisenberg picture. The
operator ĉ is a system operator involved in the interaction.

the Input-Output approach turns out to be very convenient. Unlike using a master

equation, this approach makes distinction between the the input field, (i.e. the light

sent to the cavity throughout the mirror), and the output field, (the light leaking out

of the cavity) as depicted in Fig. (1.2). This treatment is done via Heisenberg picture

operators. To that end, and following [23, 24, 25], we consider a system interacting with

a bosonic bath which yields the Hamiltonian:

H = Hsys +HB +Hint, (1.57)

HB = ~
∫ ∞
−∞

dωωb̂†(ω)b̂(ω), (1.58)

Hint = i~
∫ ∞
−∞

dωκ̃(ω)
[
b̂†(ω)ĉ− ĉ†b̂(ω)

]
, (1.59)

where Hsys is the Hamiltonian of the system, which we leave at the moment unspecified.

For our particular problem, it should contain information of the intracavity field mode

and any interactions with matter that may be present inside. In addition, b̂(ω) are the

boson annihilation operators for the bath, that obey:

[
b̂(ω), b̂†(ω)

]
= δ(ω − ω′), (1.60)
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κ̃(ω) is the coupling constant and ĉ represents one of the system operators that is in-

volved in the interaction in Hint. We should point out that although this Hamiltonian

comes from many simplifications, provides an accurate model for a range of experimen-

tally accessible regimes. Furthermore, it can be shown that the resultant dynamics is

Markovian [23]. The idealization lies in the use of the rotating wave approximation

(RWA) and the fact that the limits of integration are from (−∞,∞), instead of (0,∞).

The approximation eliminates the rapidly oscillating terms of the complete Hamiltonian,

which would be of the form Hint ∝
[
b̂†(ω) + b̂(ω)

] [
ĉ− ĉ†

]
. Terms like ĉ†b̂†(ω) and ĉb̂(ω)

are always fast oscillating so contribute weakly to the interaction. On the other hand,

the oscillation in the remaining terms is almost constant. This allows to shift the lower

limit to −∞ as those extra frequencies will contribute very little to the integral. From

the Heisenberg equation of motion we have that any general operator evolve according

to:

Ȯ = − i
~

[O,H] . (1.61)

The equations of motion for b̂(ω) and any arbitrary system operator â are derived using

the Hamiltonian given in Eq. (1.57) as:

˙̂
b(ω) = − i

~
[O,HB]− i

~
[O,Hint]

= −iωb̂(ω) + κ̃(ω)ĉ, (1.62)

˙̂a = − i
~

[O,Hsys]−
i

~
[O,Hint]

= − i
~

[â,Hsys] +

∫
dωκ̃(ω)

{
b̂†(ω) [â, ĉ]−

[
â, ĉ†

]
b̂(ω)

}
, (1.63)

where it is assumed that â and b̂(ω) commute as they act on different Hilbert spaces.

Solving Eq. (1.63) and defining b̂0(ω) = b̂(ω)|t=t01 we end up with:

b̂(ω) = e−iω(t−t0)b̂0(ω) + κ(ω)

∫ t

t0

e−iω(t−t′)ĉ(t′)dt′, (1.64)

1Note: This operators also obey:
[
b̂0(ω), b̂†0(ω′)

]
= δ(ω − ω′).
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where the initial condition is such that, t0 < t. If we substitute in Eq. (1.63), we obtain:

˙̂a =− i

~
[â,Hsys]

+

∫
dωκ̃(ω)

{
eiω(t−t0)b̂†0(ω) [â, ĉ]−

[
â, ĉ†

]
e−iω(t−t0)b̂0(ω)

}
+

∫
dω [κ̃(ω)]2

∫ t

t0

dt′
{
eiω(t−t′)ĉ†(t′) [â, ĉ]−

[
â, ĉ†

]
e−iw(t−t′)ĉ(t′)

}
,

(1.65)

where the time argument was dropped in the terms inside the commutator for sake of

simplicity. The next step is to make the Markov approximation by assuming that the

coupling constant κ independent of the frequency. This is a good approximation within

the frequency range of interest like the resonant frequency in a cavity.

κ̃(ω) =
√
κ/2π. (1.66)

Now, the in-field is defined as:

b̂in(t) =
1√
2π

∫
dωe−iω(t−t0)b̂0(ω), (1.67)

which also satisfies their own commutation relations,
[
b̂in(t), b̂†in(t′)

]
= δ(t − t′). Using

Eq. (1.67) with the properties:

∫ ∞
−∞

dωe−iω(t−t′) = 2πδ(t− t′), (1.68)∫ t

t0

ĉ(t′)δ(t− t′)dt′ = 1

2
ĉ(t), (1.69)

the quantum Langevin equation is obtained as:

˙̂a = − i
~

[â,Hsys]−
[
â, ĉ†

] [γ
2
ĉ+
√
γb̂in

]
+
[γ

2
ĉ† +

√
γb̂†in

]
[â, ĉ] . (1.70)

For the simpler case of the system being a cavity see [25], the term γ
2 ĉ is interpreted as

damping while b̂in is understood as quantum noise. If we note that the terms κ
2 ĉ+
√
κb̂in

and κ
2 ĉ
† +
√
κb̂†in commute with all system operators, then integrating b̂(ω):

1√
2π

∫
dωb̂(ω) = b̂in +

√
κ

2
ĉ(t). (1.71)
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Now by a similar process, if we take the time such that t1 > t, that is to say, the final

conditions in analogy to (1.64), it is obtained:

b̂(ω) = e−iω(t−t1)b̂1(ω) + κ̃(ω)

∫ t1

t
e−iω(t−t′)ĉ(t′)dt′, (1.72)

where similarly it can be defined the output field as:

b̂out(t) =
1√
2π

∫
dωe−iω(t−t′)b̂1(ω), (1.73)

And in the same way as with (1.70), we can arrive to a Langevin equation in terms of

the output field as:

˙̂a = − i
~

[â,Hsys]−
[
â, ĉ†

] [κ
2
ĉ+
√
κb̂out

]
+
[κ

2
ĉ† +

√
κb̂†out

]
[â, ĉ] . (1.74)

and after integrating b̂(ω) a similar expression as (1.71) is derived:

1√
2π

∫
dωb̂(ω) = b̂out +

√
κ

2
ĉ(t). (1.75)

Then, subtracting (1.71) and (1.75) we arrive to the input output relation:

b̂out − b̂in =
√
κĉ(t). (1.76)

Then all the information of the leaking field is quite intuitive in terms of the input field

sent towards the cavity plus the behaviour of the system operator that interacts with

the fields. We expect that this operator would be of the form of a lowering operator in

order to describe the photons leaking out of the cavity.

1.3.2 Correlation functions in open systems

In an abstract way, a general system obeys a master equation that can be written as:

ρ̇(t) = L(t)ρ(t), (1.77)
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where L is a linear superoperator, (that is, transform operators to operators) and may

depend explicitly of the time. The formal solution to that equation can be written as:

ρ(t) = P exp

{∫ t

t0

dt′L(t′)

}
ρ(t0) = V (t, t0)ρ(t0), (1.78)

where P stands for time ordered exponential and V (t, t0) is the evolution operator which

satisfies the same equation (1.77) as ρ(t). On the other hand, it is usual that we need

to calculate the correlation functions from system operators in order to measure certain

quantities as:

〈A(t+ τ)B(t)〉 = Trsys {TrB {A(t+ τ)B(t)ρs ⊗ ρB}} , (1.79)

where the operators are in the Heisenberg picture. One way to calculate this is by

writing explicitly the evolution operator as:

〈A(t+ τ)B(t)〉 = Trsys

{
TrB

{
eiH(t+τ)Ae−iH(t+τ)eiH(t)Be−iH(t)ρs ⊗ ρB

}}
. (1.80)

Now, by using the properties of commutation of the trace, and assuming that A and B

are operators of the system, then we can rewrite the last expression to obtain:

〈A(t+ τ)B(t)〉 = Trsys

{
ATrB

{
e−iH(τ)Bρtot(t)e

iH(τ)
}}

. (1.81)

The trace of the term in brackets is the evolution of the total density matrix. The

equation of motion for this expression is:

X(τ, t) = e−iH(τ)Bρtote
iH(τ), (1.82)

and in terms of τ is:

i~
∂

∂τ
X(τ, t) = [H,X(τ, t)] , (1.83)
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then it can be deduced that Tr {X(τ, t)} obeys the master equation as a function of τ ,

where

TrB {X(τ, t)} =V (t+ τ, t)TrB {X(0, t)}

=V (t+ τ, t) {Bρ(t)} .
(1.84)

Then the correlation function in terms of just operators and density matrix of the system

is:

〈A(t+ τ)B(t)〉 = Trsys {AV (t+ τ, t) {Bρ(t)}} . (1.85)

In a similar way the following relations can be obtained:

〈A(t0)B(t1)C(t1)D(t0)〉 = Trsys {BCV (t1, t0)Dρ(t0)A} , (1.86)

〈A(t)B(t+ τ)〉 = Trsys {BV (t+ τ, t)ρ(t)A} , (1.87)

〈B(t+ τ)A(t)〉 = Trsys {BV (t+ τ, t)Aρ(t)} . (1.88)

This expressions will be useful when we try to calculate the correlation functions for the

leaking field of the cavity.

1.3.3 The interaction picture

In quantum theory, when considering electromagnetic fields it is necessary to consider

the interaction between light and matter. Therefore a Hilbert space that describes the

quantized electromagnetic field and the charged particles needs to be constructed. In

addition, in the experiments we are interested in, the interaction energy between the

charged particles and the radiation field is smaller than the energy of individual photons

thus, it is useful to rewrite the Hamiltonian as

H(S) = H
(S)
0 +H

(S)
int , (1.89)

where H(S) is the Schrodinger picture Hamiltonian of the total system. H
(S)
0 , the unper-

turbed Hamiltonian, represents the non- interacting terms as it describes the particles

and fields without interaction and the terms describing the radiation-matter interaction

are contained in the interaction Hamiltonian H
(S)
int . In the cases where the Schrodinger
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equation with the full Hamiltonian H(S) can not be solved exactly, because the in-

teracting term is too complicated, if the interaction is weak, it is possible to find an

approximate solution by perturbative methods and when this is not possible, if we add

the the resonant wave approximation [26] we still can find useful approximations. For

this purpose, it is useful to separate the fast (hight energy) evolution due to H
(S)
0 from

the slow (low energy) evolution due to H
(S)
int . To this end, the interaction picture state

vector is defined by the unitary transformation

|ψ(I)〉 = U †0(t)|ψ(S)〉, (1.90)

where

U0(t) = exp

[
− i(t− t0)

~
H

(S)
0

]
, (1.91)

which is a unitary operator that evolves according to

i~
∂

∂t
U0(t) = H

(S)
0 U0(t), U0(t0) = 1. (1.92)

This picture possesses states and operators which all vary with time. In the interaction

picture, the state |ψ(I)〉 will evolve at a slower rate then the state vector does not change

appreciably over an optical period as it can be proved by taking the partial derivative

in time of the interaction picture

i~
∂

∂t
|ψ(I)〉 = H

(I)
int (t)|ψ(I)〉. (1.93)

The operators are transformed according to:

X(I)(t) = U †0(t)X(S)U0(t), (1.94)

in order to preserve the norm

〈Ψ(I)|X(I)(t)|Φ(I)〉 = 〈Ψ(S)|X(S)(t)|Φ(S)〉. (1.95)
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Moreover, they evolve in time according to

i~
∂

∂t
X(I)(t) =

[
X(I), H0

]
, (1.96)

with the obvious exception of the free Hamiltonian

H
(I)
0 (t) = U †0(t)H

(S)
0 U0(t) = H

(S)
0 . (1.97)

1.3.4 Lieb-Liniger model

We introduce the model of study known as the Lieb-Liniger. This, describes a non

relativistic gas of bosonic particles constrained in a one dimensional container. These

particles are interacting under a delta function potential. In the original paper published

in 1963 [4], they showed that this model can be solved exactly using the Bethe Ansat

approach. Originally it was just a toy model that allowed to study if the Bogoliubov

perturbation theory was in agreement with his model. Which turned out to be valid only

for small values of the coupling constant. The reason to introduce such model was to

find a two body potential that was local, time and velocity independent were one could

derive without any approximations, the energy levels and wave functions of the system

[27]. It is a realistic model although in the experiments, the potentials used to trap

the particles generally break the translational invariance. It is a perfect model complex

enough but exactly solvable, continuous and integrable using techniques like the Bethe

Ansatz approach. [4], since then, there has been more developments on this model [28].

Following [4] and [28], the system in the first quantized form, obeys a Hamiltonian of

the form:

H = −
N∑
i=1

∂2

∂x2
i

+ 2c
N∑
i<j

δ(xi − xj), (1.98)

which represents N particles in one dimension interacting through a delta function

potential, where each of the variables xi are defined in the region [0, L] and the wave

function that satisfies Hψ = Eψ has imposed periodic boundary conditions. We are

interested in the repulsive case, c ≥ 0, which represents the interaction strength of the

potential. If we transform the Hamiltonian into the second quantization form, and using
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Eq. (1.35)

H =

∫ +∞

−∞
dx

[
dψ̂†(x)

dx

dψ̂(x)

dx
+ cψ̂†(x)ψ̂†(x)ψ̂(x)ψ̂(x)

]
, (1.99)

where the quantum Bose fields ψ̂(x) satisfy the commutation relations

[ψ̂(x), ψ̂†(x)] =δ(x− y), [ψ̂(x), ψ̂(x)] = [ψ̂†(x), ψ̂†(x)] = 0. (1.100)

Also following [4], it is possible to define the particle number operator N̂ and the mo-

mentum operator P̂

N̂ =

∫ L

0
ψ̂†ψ̂dx, P̂ = − i

2

∫ L

0

[
∂ψ̂†

∂x

]
ψ̂dx, (1.101)

which commute with the Hamiltonain H Eq. (1.99) i.e. [H, P̂ ] = [H, N̂ ] = 0. Thus these

operators represent conserved quantities. In the limit of infinite interaction strength,

c → ∞ the model reduces the one of impenetrable bosons discussed by Girardeau [5].

This is an important characteristic that our simulation will recover. At this limit, all

the bosons confined to the one dimensional line cannot pass each other and will not

be able to exchange places, the motion of the bosons will become strongly correlated

given the infinite value of c and in [5] it is demonstrated that the case of impenetrable

bosons is equivalent fermions with no interactions. since the Fermi wave functions will

vanish as soon as two bosons come together. Nowadays it is possible to create such a

system and developed techniques to measure its properties like the energy density [29]

For example by measuring the correlation function g2, it is possible to determine the

local pair correlation function over a wide range of coupling strengths.[30] In the case

of [29] done by Toshiya Kinoshita, Trevor Wenger, and David Weiss, they created a

system of freely moving 1D Bose gases of cold rubidium-87 atoms are confined in an

ensemble of long cigar-shaped tubes made by a combination of two light traps. The

atomic interaction strength can be varied by changing the trap depths.
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CHAPTER 2

TOY MODEL: EMPTY DRIVEN CAVITY

As a reminder of the intentions of this work, our ultimate goal will be to use a cavity

QED system as a quantum simulator and show that we can reproduce the physical

properties of 1-dimensional gases. Furthermore, we hope to understand why that is the

case. That knowledge will help us to propose more interesting simulators. However

although the complex interactions between a simple cavity, and an atom are widely

understood in the Jaynes-Cummings model, the introduction of a driving laser coupled

to the atom and a field leaking from an open cavity not only will enrich the properties

of the simulator but also it will make more difficult to create an intuitive picture. The

simplest solution to this obstacle is to simplify our problem by first analysing the output

field of an empty driven cavity system and build up our intuition from there.

2.1 Correlations of a cavity using Input-Output fields

If we want to describe a simple driven cavity with a leaking field, in other words an open

system, we will require to deal separately with the leaking field that we are interested

in measuring and the intra-cavity field, the field that occurs inside the cavity, which

affects the leaking field. From section ( 1.3.1) , it was discussed that this kind of open

systems are best treated using the input-output theory as in principle this treatment

will allow us to determine the effect of the intra-cavity fields on the statistics of the

leaking field . Thus if we define the intra-cavity field operator â, the leaking rate as

κ and the input and output operators describing the incoming and outgoing fields as

âin(t) and â0(t) then from Eq. (1.76) the following relation holds: â0(t) = âin(t) +

√
κâ(t). This expression describes the leaking field in terms of the input field and the
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intracavity operator. Furthermore, by using causality arguments and the commutation

relations of the input fields
[
âin(t), â†in(t′)

]
= δ(t−t′) described in section (1.3.1), we can

establish a connection between the correlation functions of the output operators with

those describing the intracavity field according to [23, 24] as:

〈â†0(t)â0(t′)〉 = κ〈â†(t)â(t′)〉, (2.1)

〈â0(t)â0(t′)〉 = κ〈â(tmax)â(tmin)〉, (2.2)

〈â†0(t)â†0(t′)〉 = κ〈â†(tmin)â†(tmax)〉, (2.3)

〈â0(t)â†0(t′)〉 = κ〈â†(t′)â(t)〉+ δ(t′ − t), (2.4)

provided that there is no input field i.e. âin(t)|0〉 = 0 where tmin < tmax. Eqs. (2.1, 2.2,

2.3) show us that we can focus exclusively on correlation functions of the intra-cavity

operator since the only difference with the correlation functions of the output field

operator is a constant of proportionality κ. The Dirac delta in the case of the fourth

expression comes from the fact that we need to reorder the operators in normal order.

Thus there is a direct relationship between both correlation functions furthermore, the

photon statistics of the output field will be the same as the intra-cavity field.

2.2 Empty driven cavity

We will start our analysis with an empty cavity driven by a single mode laser. The walls

of the cavity are considered to be mirrors but one of them is totally reflective and the

other semitransparent. The leaking rate will be described by the constant κ. Our task

at hand will be to find the corresponding Hamiltonian to characterize this system and

from it to find the master equation that will describe its dynamics. Let us consider for

this particular case, that the cavity is driven by a classical laser at a frequency ωD,

amplitude E0 and arbitrary phase φ, also the natural frequency of the cavity is ω. The

Hamiltonian H describing the system in the Schrödinger picture is given by

H = ωâ†â+ E0 cos(ωDt+ φ)(â+ â†), (2.5)
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where â is the intra-cavity annihilation operator. The first term describes the free field

energy while the second term describes the energy interaction of the driving field with

the cavity. We now use that Hamiltonian to characterize the state of this system, given

by the density matrix ρ(t). The dynamics that it obeys, is given by the master equation

in the Lindblad form as:

ρ̇(t) = −i [H, ρ] + 2κâρâ† − κâ†âρ− κρâ†â, (2.6)

where the last three terms describe the losses of the cavity at the rate κ. Given the

strength of the optical fields, we can use the standard rotating wave approximation

approach to get rid of the fast rotating terms, and rewrite H as:

H = ωâ†â+
E0

2

{
âeiωDt+iφ + â†e−iωDt−iφ

}
. (2.7)

The solution of Eq. (2.6) for the density matrix ρ(t), will allow us to calculate the

temporal evolution of observables . However, as we will show in the next section, we

only need to know the differential equation Eq. (2.6) to calculate the evolution of

expectation values and other correlation functions of interest such as g1 and g2. This

will be used in the next chapters to characterize our cavity QED simulator so it will be

a good idea to get familiar with them for this simple model.

2.2.1 Expectation value of the annihilation operator 〈â(t)〉

As we mentioned in the previous section, in order to obtain the evolution of the ex-

pectation value for different operators, we only need to know the differential equation

that obeys ρ(t) and the Hamiltonian of the system we are interested in. To illustrate

the idea, we will calculate the expectation value of the annihilation operator â(t) as

well as the creation operator â†(t). One way to calculate them is using the fact that

〈 ˙̂a(t)〉 = Tr[âρ̇(t)], where Tr represents the trace. That means that to calculate the

temporal variation of the expectation value of the annihilation operator, we just need to

calculate the trace of the the temporal variation of the density matrix times the annihi-

lation operator at at time zero. In our particular example, if we substitute Eq. (2.6) on

the right hand side and define A(t) as the expectation value of the annihilation operator
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A(t) = 〈â(t)〉, we obtain:

Ȧ(t) + (κ+ iω)A(t) = −iE0

2
e−iωDt−iφ, (2.8)

where (2.7) was the Hamiltonian used to calculate the commutator in (2.6). This new

differential equation, is similar to the one of a driven damped oscillator given by the

function A(t) subject to the oscillatory driving force −iE0
2 e
−iωDt−iφ given by the laser

and a friction term κA(t) due to the leaking of photons from the cavity. If we assume

that the cavity is initially empty, then the corresponding initial condition 〈â(0)〉 = 0

gives a solution of the form:

〈â(t)〉 =
E0e

−κt−iωt−iφ

2 (−iκ− ωD + ω)
+

E0e
−iωDt−iφ

2 (iκ+ ωD − ω)
, (2.9)

where the first expression is a transient term that oscillates at the natural frequency of

the cavity ω and tends exponentially to zero for larger times. The second expression

represents the steady state solution which survives for larger times and and represents

a sinusoidal oscillation at the frequency of the laser ωD. This behaviour is showcased

in Fig. (2.1) where the real part of 〈â(t)〉 is shown. Note how the transient term is

the responsible of the variation of the amplitude at the beginning of the oscillation as it

tends to a constant value approximately for times t > 80. Furthermore, similarly to its

classical counterpart, the amplitude now depends on the inverse of the decay rate κ and

the inverse of the off-resonant term ω − ωD this result makes sense since larger values

of κ means a large flux of photons leaking of the cavity and the bigger the off-resonant

term the less likely that an excitation is produced inside the cavity. Both of these cases

will result in a decrease in the amplitude. This features will be inherited when we

include the atom into the system. As a final remark, note that in the non RWA case,

we just need to add the hermitian conjugate expressions of Eq. (2.9). The next step

will be to calculate expectation values that involve more than one operator such as the

expectation value of the number of photons. This will provide us with information of the

dependence of the number of photons inside the cavity respect to the diverse parameters

of the system. More over it will allow us to generalize our method to find differential

equations of expectation values of products of operators and ultimately calculate the
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Figure 2.1: Temporal evolution of the real part of the expectation value of the annihi-
lation operator a for arbitrary values κ = 0.05, ω−ωD = 0.1, E0 = 0.5, φ = 0. For small
values of t, we can appreciate the effect of the transient term as a variation in the am-
plitude but for longer times, approximately t > 80 the oscillator reach the steady state
where the expectation value oscillates at the frequency of the laser ωD at a constant
amplitude.

correlation functions g1 and g2 used to describe the performance of our simulator.

2.2.2 Expectation value of the number operator 〈n̂(t)〉

Let us recall that the number density operator, is defined as n̂(t) = â†(t)â(t). Thus,

in a similar way to the previous section, the expectation value of the number density

operator 〈n̂(t)〉 = 〈â†(t)â(t)〉 can be rewritten as 〈n̂(t)〉 = Tr[â†âρ(t)]. If we define

n(t) = 〈n̂(t)〉 and using again Eq. (2.6) inside the trace, we can obtain the differential

equation for n(t) as:

ṅ(t) + 2κn(t) = i
E0

2
e−iωDt−iφ ∗A(t) + h.c. (2.10)

=
iE2

0

(
1− e−κt+it(ωD−ω)

)
4 (iκ+ ωD − ω)

+ h.c. (2.11)

Note how Eq. (2.10) depends on our previous solution, the expectation value of the

annihilation operator A(t), Eq. (2.9). The homogeneous differential equation will be

only an exponentially decaying function at the decaying rate 2κ. However, the full

equation, corresponds to the differential equation of an exponentially decaying function
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driven by a constant force and an oscillatory decaying force. Solving for the initial

condition of no photons in the cavity at time t = 0, corresponds to define n(0) = 0 then

the expectation value n(t) = 〈n̂(t)〉 takes the form:

〈n̂(t)〉 =
E2

0

(
−et(−κ−iωD+iω) − et(−κ+iωD−iω) + e−2κt + 1

)
4 (κ2 + (ωD − ω) 2)

(2.12)

=
E2

0e
−tκ (cosh(κt)− cos (t (ωD − ω)))

2 (κ2 + (ωD − ω) 2)
, (2.13)

which is independent of any phase φ of the laser. The second term of Eq. (2.13) corre-

sponds to oscillations depending on the off-resonant term (ωD − ω). This dependence

is a reflection of the interaction of the laser and the cavity. Note that the more the

difference between the frequency of the laser and the frequency of the cavity, the faster

the oscillations for the mean number of photons. The oscillation is modulated by an ex-

ponentially decaying function so for larger times it will tend to zero. On the other hand

the first term e−tκ cosh(κt) will tend to the constant value 1/2. Fig. (2.2) (blue line)

shows that is the case for the off-resonant case where starting with no photos at time

zero, the laser start to increase that number and after a damped oscillation it tends to

a constant value. The resonant case Fig. (2.2) (red line) lack of any oscillation and just

limits to grow to a constant value after its initial condition of zero photons according

to the relation
E2

0
4κ (1 − exp(κt))2 obtained from Eq. (2.13) after the condition ω = ωD.

The constant value obtained in both cases comes from the limit for larger times for Eq.

(2.13), where we arrive to a simple expression for the steady state:

〈n̂(t)〉s =
E2

0

4(κ2 + (ωD − ω)2)
, (2.14)

which simply indicates that the expectation value of the density of photons will tend to

a constant value in terms of the decay rate κ and the off-resonant term ωD − ω. This

means that the number of photons will naturally increase if the leaking rate diminishes,

thus leaving most of the photons inside the cavity. In addition, the closer to resonance

the more photons will be produced inside the cavity. Finally, from Eq. (2.13) it is

interesting to note that as κ → 0, n(t) → E2
0 t

2 sinc2((ω−ωD)t)
4 which goes as a quadratic

function of t for the resonant case ω = ωD, shown in Fig. (2.2) (green line). This only

reflects that the number of photons grows infinitely as time increases since all of them
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Figure 2.2: Expectation value of the number of photons 〈n̂(t)〉 in a leaking empty
cavity. At t = 0 its value is zero as per the initial conditions. All graphs are increasing
functions of t for its initial values since the laser is starting to produce photons. a) In
blue, the off-resonant case, κ = 0.05, ω − ωD = 0.1, E0 = 0.5. b) In red, the resonant
case κ = 0.05, ω − ωD = 0, E0 = 0.3.c) In green the limit case of κ close to zero that
approximates to the case of a lossless cavity where the behaviour is quadratic in time
κ = 0.001, ω − ωD = 0, E0 = 0.04. We reduced the intensity by an order of 10 since
〈n̂(t)〉 grows faster in this case.

will remain in the cavity.

As a final remark, If we decide to calculate 〈â(t)â†(t)〉, we will discover that it obeys

the same differential equation (2.10) apart from an additive constant and the initial

condition 〈â(0)â†(0)〉 = 1 since at t = 0 the commutation relation holds. Thus we find

that

〈â(t)â†(t)〉 = 1 + 〈n(t)〉. (2.15)

This tells us that the expectation value of the commutation relations over time is equal

to:

〈[â(t), â†(t)]〉 = 1. (2.16)

2.2.3 Two point correlation functions

In the following section, we will just generalize our method of obtaining differential

equations of expectations values now for an arbitrary product of creation and annihi-

lation operators of order n + m such as: 〈â†n(t)âm(t)〉. This will be useful later on to,
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calculate the differential equations of correlation functions which depend on 2 different

values of time. In order to achieve that generalization, let us remember again that

〈â†n(t)âm(t)〉 = Tr
[
â†nâmρ̇

]
, where ρ̇ is given by Eq. (2.6) with the Hamiltonian given

by (2.7). After substitution of those equations and applying mathematical induction

over n and m, we derived the following expression:

Tr
[
â†nâmρ̇

]
=− (iω(m− n) + κ(m+ n)) Tr

[
â†nâmρ

]
(2.17)

+iαnTr
[
â†n−1âmρ

]
− iα∗mTr

[
â†nâm−1ρ

]
,

where α = E0
2 e

iωDt+iφ. This is a recurrence relationship where the differential equation

of the expectation value will depend on expectation values of lower order. Finally,

notice that the operators are in normal order. Thus for other cases, it is necessary first

to reorder the operators by using the usual commutation relation [â, â†] = 1.

Quantum Regression Theorem

Moving on to calculating the two point correlation functions, that is expectation values

of operators that depend on different times, we make use of the quantum regression

theorem. According to [25, 31], if there exist a complete set of system operators Âµ,

with µ = 1, 2, ..., such that

〈 ˙̂
Aµ〉 =

∑
λ

Mµλ〈Âλ〉, (2.18)

then for arbitrary operators Ô1, Ô2 and time τ ≥ 0 it is true that

d

dτ
〈Ô1(t)Âµ(t+ τ)Ô2(t)〉 =

∑
λ

Mµλ〈Ô1(t)Âλ(t+ τ)Ô2(t)〉. (2.19)

This means that the temporal variation in τ for the term in the left of Eq. (2.19) is

equal to the same linear combination of constant values Mµν from Eq. (2.18) with the

substitution of 〈Âλ〉 → 〈Ô1(t)Âλ(t+ τ)Ô2(t)〉.

2.2.4 First order correlation function g1(τ)

Classically the first-order correlation function is related to the interferometry experi-

ments on the electromagnetic fields to measure the degree of coherence of two signals.
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In our particular case, the degree of coherence of a signal measured at two points in

time. The nature of the field correlation function and hence of the interference fringes

depends on the light incident on the interferometer. If the statistical properties of the

light source are stationary, namely the influences that dictate the fluctuations do not

change with time then we can define the quantum equivalent of the two-point first

correlation function as [32]

g1(t, τ) =
〈â†(t)â(t+ τ)〉
〈â†(t)â(t)〉

. (2.20)

For our particular toy model, we will be able to deduce the analytical value of 〈â†(t)â(t+ τ)〉

defined Eq. (2.20) using the quantum regression theorem. First we note that Eq. (2.8)

can be rewritten in the form of Eq. (2.18) as:

〈 ˙̂a(t)〉 = −(κ+ iω)〈â(t)〉 − iE0

2
e−iωDt−iφ〈1(t)〉, (2.21)

for Âλ = {â(t), 1(t)}, where the average of the identity operator 1 is 1 for all t. Note

that the coefficients Mµν = {−(κ+ iω),−iE0
2 e
−iωDt−iφ} can depend on t. Now following

Eq. (2.19) for Ô1(t) = â†(t) and Ô2(t) = 1(t) we obtain the differential equation for

Âµ = 〈â†(t)â(t+ τ)〉

d〈â†(t)â(t+ τ)〉
dτ

= −(κ+ iω)〈â†(t)â(t+ τ)〉 − iE0

2
e−iωDt−iφ〈â†(t)〉, (2.22)

where 1(t+ τ) = 1 so it doesn’t affect 〈â†(t)〉. Note that we need to know a lower order

expectation value, the creation operator 〈â†(t)〉, which reflect a recursive relation that

will come across as we use the quantum regression theorem Eq. (2.19). The solution is

of the form:

〈â†(t)â(t+ τ)〉 =
E2

0

(
−e−i(τωD+t(−iκ+ωD−ω)) − e−i(−tωD+(ω−iκ)(t+τ))

)
4 ((ωD − ω) 2 + κ2)

(2.23)

+
E2

0

(
e−iτωD + e−κ(2t+τ)−iτω)
4 ((ωD − ω) 2 + κ2)

,

with this expression and 〈â†(t)â(t)〉 Eq. (2.13) we finally have g1(t, τ) which depends

inversely on the detuning ωD−ω and the decay rate κ and proportional to the intensity
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E2
0 . In a more illustrative case, if we take the limit where t→∞

lim
t→∞
〈â†(t)â(t+ τ)〉 =

E2
0e
−iωDτ

4 ((ωD − ω) 2 + κ2)
, (2.24)

note that the terms that multiply the exponential are the same as the steady state of

〈 ˆn(t)〉 = 〈â†(t)â(t)〉 shown in Eq. (2.14) and if we define g1(τ) = g1(t → ∞, τ) we get

to the simple expression in the steady state:

g1(τ) = e−iωDτ , (2.25)

which is the corresponding expression that describes coherent light [32].

2.2.5 Second order correlation function g2(τ)

The second correlation function is classically understood as an interference of intensities

occurring in phenomena such as Hanbury Brown and Twiss effect. In quantum mechan-

ics we follow [32] to define the quantum version of second correlation function g2(t, τ)

as:

g2(t, τ) =
〈â†(t)â†(t+ τ)â(t+ τ)â(t)〉

〈â†(t)â(t)〉2
. (2.26)

This second correlation function in the steady-state will characterize our simulator, so

understanding its properties and dependency with the variables of the system will be

useful to develop our intuition. To find an analytical form we first define

G2(t, τ) = 〈â†(t)â†(t+ τ)â(t+ τ)â(t)〉, (2.27)

and noticing that the two central terms represent the density of particles operator n̂(t+

τ) = â†(t+τ)â(t+τ), we make use of the quantum regression theorem Eq. (2.19) to find

the differential equation of the two point correlation function G2(t, τ). First note that

differential equation for the number density operator 〈n̂(t)〉 Eq. (2.10) can be rewritten

as the sum of expectation values of linear operators given in Eq. (2.18) as:

〈 ˙̂n(t)〉 = −2κ〈n̂(t)〉 − iE0

2
e−iωDt−iφ〈â(t)〉+ i

E0

2
eiωDt+iφ〈â†(t)〉, (2.28)
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where Âλ = {n̂(t), â(t), â†(t)} is the corresponding complete set of operators describing

〈 ˙̂n(t)〉 and Mµν = {−2κ,−iE0
2 e
−iωDt−iφ, iE0

2 e
iωDt+iφ} the respective time dependent

coefficients. Thus, following the quantum regression theorem Eq. (2.19) for the operators

Ô1 = â†(t) and Ô2 = â(t) the differential equation for G2(t, τ) in the variable τ takes

the form:

dG2(t, τ)

dτ
+ 2κG2(t, τ) = i

E0

2
eiωD(t+τ)〈â†(t)â(t+ τ)â(t)〉+ h.c. (2.29)

with G2(t, 0) = 〈â†(t)â†(t)â(t)â(t)〉 as initial condition. Note that Eq. (2.29) is a re-

cursive differential equation that require us to know the time evolution of a two point

correlation function that involves the product of a reduced number of annihilation oper-

ators, in this case a product of 3 operators, 〈â†(t)â(t+ τ)â(t)〉. This can be calculated in

a similar way using the quantum regression theorem Eq. (2.19), whilst the function that

represents the initial condition G2(t, 0) = 〈â†(t)â†(t)â(t)â(t)〉 is an equal time product

of operators â†, â that can be calculated using the recursive relation Eq. (2.17). After

solving a series of repetitive recursive differential equations, the final result becomes:

G2(t, τ) =
E4

0e
−κ(2t+τ)(cos(t(ωD−ω))−cosh(κt))(cos((ωD−ω)(t+τ))−cosh(κ(t+τ)))

4((ωD−ω)2+κ2)2
,

(2.30)

thus g2(t, τ) takes the form:

g2(t, τ) =
G2(t, τ)

〈n̂(t)〉2
. (2.31)

We can get some insight into this complicated expression if we plot g2(t, τ) versus τ ,

taking t as a parameter that needs to be taken to infinity in the steady-state Fig. (2.3).

For small values of the parameter t = 5 we appreciate oscillations at a frequency given

by the detuning ωD−ω, and exponential decay to a constant value, also note the inverse

dependency of the detuning ωD−ω and the decay rate κ which also occurred in g1(t, τ).

As the time t increases the amplitude of the oscillations decreases, t = 8.5, and for larger

values of t � 1 our correlation g2(t, τ) seems to reduce to a constant of unity value.

This can be demonstrated analytically since in the steady-state, namely in the limit for
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t 7−→ ∞, G2(t, τ) becomes a familiar expression:

G2s(τ) =
E4

0

16 ((ωD − ω) 2 + κ2) 2
= 〈n̂(t)〉2s, (2.32)

which is the square of 〈n̂(t)〉 in the steady state Eq. (2.14). Thus the two point corre-

lation function g2(t, τ) in the steady state becomes the unity which is the signature of

the coherent light.

g2s(τ) = g2(∞, τ) = 1. (2.33)

This result only confirms the idea that we need to introduce a non-linearity in our
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Figure 2.3: Two time second order correlation function g2(t, τ) with t as a parameter.
Notice that as the time increases, t 7−→ ∞ the second correlation function g2(t, τ) tends
to the 1 ∀ τ , which is a signature of coherent light. The decay rate κ = 0.05, the
detuning ω − ωD = 0.1, and the amplitude of the electric field is E0 = 0.5, for values of
time t = 5 blue graph, t = 8.5 yellow graph , t = 40 green and t = 400 orange .

cavity if we want to use it as a simulator of bosonic gases. This non-linearity as we will

study in the next sections will come in the form of a driven two-level atom inside the

cavity. As a final remark, this simple model shows us that oscillations and in particular,

the second order correlation function oscillations will appear whenever we have detuning

and that the amplitude will decrease inversely to the power of (ωD − w) and κ. It is

natural to think that these general features will keep appearing somehow as we add the

non-linearity into the cavity.
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CHAPTER 3

OPTIMIZATION OF THE ENERGY DENSITY

OF THE GROUND STATE FOR THE

LIEB-LINIGER MODEL USING CMPS AS

VARIATIONAL STATES.

In the following chapter, we shift our attention to the continuous Matrix Product States

(cMPS) defined in section (1.2). Our goal is to explain the method that uses the cMPS

to find the ground state energy of complex continuous systems much in the same way

as their discrete counterpart (MPS) were used to describe the ground state of one-

dimensional spin systems [16]. The cMPS were first proposed in [1] and used as varia-

tional states, trial states dependent of many adjustable parameters, to find the ground

state energy of a one-dimensional bosonic gas system known as the Lieb-Liniger model

defined in section (1.3.4). Once the parameters that described the ground state were

found, they were used to calculate the density-density correlation function of the model.

Comparison of their results with other numerical models such as Monte Carlo simula-

tions and the Bethe ansatz proved their description to be successful and paved the way

for exploring more complex systems like [33] for a Lieb-Liniger model with exponentially

decaying interactions, or [34] for tomography of quantum transport experiments, also

the works of [35] reformulating one-dimensional cMPS as path integrals opened the pos-

sibility to study higher dimensional cMPS such as [36] where they extended the concept

of cMPS to interacting fields. In the next section, we will explain the steps behind the

method that will allow us to find the critical values of the cMPS which minimize the

expectation value of the energy density of a Hamiltonian for a particular field theory.
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Naturally, this minimum value will correspond to the expectation value of the ground

state energy of the particular field theory studied in our case the Lieb-Liniger model.

The critical values obtained will correspond to the matrix elements of the matrices K

and R of the cMPS defined in section (1.2). We will proceed to compare our results with

those of [1] and show that by relaxing some of the constraints, we can still reproduce

the same plots for the energy density. Moreover, we will be able to use smaller dimen-

sions (D = 4) and still reproduce accurately the second correlation functions of [1] where

D = 14. Besides, we will show that our minimization method is more general and avoids

rescaling the parameters involved in the minimization as done in [3] which may lead to

some errors at the moment of calculating other correlation functions. Finally, we will

explore the use of these optimal parameters to calculate other quantities of interest like

the Luttinger parameters. In the next chapters, we will give a physical meaning to the

cMPS formalism. This will be done by recalling that cMPS can be understood as the

states resulting from the interaction of the field studied and an auxiliary system. Thus

we will describe diverse configurations of cavity QED systems that will serve as physical

candidates for the “auxiliary system” needed in the cMPS. Furthermore, by studying

the properties of these physical systems we will be in better shape to comprehend the

inner workings of this formalism that include the cMPS as its main ingredient.

3.1 Algorithm for minimization

We now proceed to explain how to apply the cMPS formalism to the Hamiltonian density

of the Lieb-Liniger model Eq. (1.99). First of all, remember that the expectation value

of the energy density for that particular Hamiltonian and any arbitrary state |φ〉 ∈ H,

where H is the Hilbert space of the bosonic system, is expressed as:

e(c) = 〈φ|

[
dψ̂†(x)

dx

dψ̂(x)

dx
+ cψ̂†(x)ψ̂†(x)ψ̂(x)ψ̂(x)

]
|φ〉, (3.1)

with the field operators ψ̂(x) acting on the state |φ〉 and c is a measure of the strength

of the contact interaction. Note that Eq. (3.1) can be rewritten as the sum of the

expectation value of the kinetic energy and the interaction energy for the state |φ〉 . In

particular we can select |φ〉 = |χ〉, the cMPS defined in Eq. (1.37) whose parameters
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are the values of the matrices K and R such as:

e(c) = 〈χ|

[
dψ̂†(x)

dx

dψ̂(x)

dx

]
|χ〉+ c〈χ|

[
ψ̂†(x)ψ̂†(x)ψ̂(x)ψ̂(x)

]
|χ〉, (3.2)

we want to point out that all the possible values that can take K and R in |χ〉 describe

a subset ScMPS of all the possible states in H such as ScMPS ⊂ H. What we want in

the end is to use the state |χ〉 as a variational state, and rewrite the expectation value

of the energy of the Lieb-Liniger Hamiltonian in terms of parameters we can adjust.

Furthermore, from section (1.2.2) those are exactly the properties that the cMPS have

at the moment of calculating expectation values, where those parameters will be the

matrices K and R that parametrize |χ〉. Thus from the relations between expectation

values of the fields and cMPS, Eq. (1.54) and Eq. (1.56), we can rewrite the expectation

value of the kinetic energy and the interaction energy respectively as:

e(c) = Tr
(
ρss [Q,R]† [Q,R]

)
+ cTr

(
ρss(R

†)2R2
)
, (3.3)

where Tr is the trace over the auxiliary system, Q = −iK − 1
2R
†R, for K,R matrices of

arbitrary dimension D , [∗, ∗] is the usual commutation relation and ρss is the density

matrix in the steady state of the auxiliary system previously discussed in section (1.2.2).

Let us pause for a moment to understand what we have achieved. Originally, we

had the expectation value of a system described by infinite-dimensional operators ψ̂(x),

ψ̂†(x) however, this was transformed into expectation values of a second system, that we

have coined as auxiliary system, which is described by finite-dimensional operators in

the form of the matrices K and R. That was thanks to the definition of the cMPS which,

according to section (1.2.2) can be generated as a result of two interacting systems, in

this case, the Lieb-Liniger system and an auxiliary system. That ultimately means

that we have managed to map the expectation values from the bosonic Lieb-Liniger

system into the expectation values of the auxiliary system.1 Also, note that given that

this auxiliary system is of finite dimension, then we are only describing a subset of the

infinite-dimensional states that live in H, the Hilbert space of the bosonic system.

Returning to Eq. (3.3), note that to obtain ρss, we need to look at the variation in

1Note from Eq. (3.3) that the traces are of the form Tr (ρssO) = 〈O〉 where O is a general finite-
dimensional operator.
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position of the density matrix in the steady state, which should obey:

lim
x→∞

ρ̇ss(x) = 0, (3.4)

and given that the evolution of the density matrix ρ(x) is determined by the master

equation in the Lindblad form Eq. (1.49), thus ρss(x) should follow the equation:

− i [K, ρss] +RρssR
† − 1

2
R†Rρss −

1

2
ρssR

†R = 0, (3.5)

thus every time we adjust the parameters in Eq. (3.3) we need to ensure Eq. (3.5)

still holds. Finally, we believe it is important to stress that Eq. (3.3) is describing the

expectation value of the energy density of a system given by the bosonic gas in terms of

the expectation value of a quantity, at the moment an unknown operator, that lives in

the same space where the auxiliary system is defined. Thus the energy of the system is

exclusively described by quantities belonging to the auxiliary system. This will be very

important to understand our results in the next chapter.

3.2 Energy density and correlation functions

In order to find the expectation value of the energy density e(c) in Eq. (3.3), we first

need to obtain the density matrix ρss(K,R) in terms of K and R from Eq. (3.5). Thus,

the expectation value of the energy density for any cMPS |χ〉 of the form of Eq. (1.37),

depends solely on the finite-dimensional matrices K, R and the interaction parameter c,

as e(c,K,R). We still need to specify the optimal values of K and R to obtain the ground

state energy. To find those values, we make use of the variational method. Succinctly,

it states that the expectation value of a Hamiltonian has a lower bound equal to the

energy E0 of the ground state. As an example, and for the sake of simplicity consider

a discrete system in the non-degenerate case, with a complete set of eigenfunctions

ψn of the corresponding Hamiltonian H, whose eigenvalues are λn, or in ket notation,

H|ψn〉 = λn|ψn〉. Thus, an arbitrary state |φ〉 admits an expansion of the form:

|φ〉 =
∑
n

(〈ψn|φ〉) |φn〉, (3.6)
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this implies that the expectation value of the energy for the state φ satisfies:

〈φ|H|φ〉 =
∑
n

λn |〈ψn|φ〉|2 ≥
∑
n

E0 |〈ψn|φ〉|2 = E0, (3.7)

where we used λn ≥ E0 and the completeness property of the set {|ψn〉}. In consequence,

finding e(K, R, c) defined in Eq. (3.3) becomes a variational minimization problem with

respect to the 2D2 real entries of K and R.2 However, if we were to decrease the energy

density, we need to avoid decreasing the density of particles in the system as this would

lead to a trivial result (zero energy due to zero particles in the system). To save this

situation, we need to minimize under the constraint of a constant density of particles,

in other words, the expectation value of the number of bosonic particles for the cMPS

should follow 〈N̂〉 = 〈χ|ψ†(x)ψ(x)|χ〉 = 1 in accordance with [1]. Using the cMPS

relation given by Eq. (1.52) in the first equality we can rewrite the expectation value in

terms of quantities of the auxiliary system as follows:

〈N̂〉 = Tr
[
ρssR

†R
]

= 1, (3.8)

an important remark is that since we are parametrizing the ground state with 2D2

variables, it is to be expected that as we increase D, the dimension of the matrices K and

R, the results obtained should increase its accuracy. The minimization was performed

using MATLAB Global Optimization Toolbox, this solver is designed to search through

more than one basin of attraction, the set of initial vectors that lead to the same local

minimum. Then it analyses and rejects those vectors that are unlikely to provide a

better local minimum than the one already found, thus increasing the probability of

finding an actual global minimum. The process consisted of providing a random start

vector X0 of dimension 2D2 that represented the entries of K and R. Then the code

ran a local optimization algorithm (fmincon interior-point algorithm) using that vector

as a starting point for the energy density function, Eq. (3.3) under the constraints of

a fixed density of particles given in Eq. (3.8). After that, it used the scatter search

algorithm [37] to generate a set of trial points selecting those that are most likely to

get a minimum. Finally, it used a local optimization for the selected points given

2Here we stress that R is a real matrix and K is a hermitian matrix at all times of the minimization
procedure and K,R ∈ DxD
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the tolerance and number of chosen iterations. The output was the optimal values

for the entries of the matrices K and R. Those optimal entries, substituted in Eq.

(3.3) will give the minimum expectation value of the energy. As a test of our method,

Figure 3.1: Energy density e(c) for one dimensional bosonic particles in the ground state
as a function of the parameter c, the interaction strength, for values of D=2, 3, 4, 5,
6. Note as D increases, e(c) becomes bounded by π2/3 which according to [4] is the
limit value of the energy density as c → ∞. Furthermore, in this limit we are in the
Tonks-Girardeau regime of impenetrable bosons and according to [5] the ground state
energy is the same as the ground state of the free Fermi gas. For c = 0 we recover the
ideal gas where no interaction occurs and e(c) = 0.

Fig. (3.1) shows the optimization done for the energy density e(c) as a function of the

interaction parameter c. We used the optimal values found for the matrices K and R

for each dimension D = 2, 4, 6, 8 and substituted them in the expression for the energy

density Eq. (3.3). Note that for D ≥ 4, the graphs become indistinguishable and as

a consequence for relative small dimensions we can obtain accurate results saving us

computational time. A more quantitative comparison will show the accuracy of our

results respect to [1] proving that our method is capable of replicating those results. In

Table (3.1) we compare a few selected values that we obtained with the ones in Cirac et.al

[1]. Our calculated values match those of [1] up to orders of 10−4 in most cases. While

D increases, e(c = 2) is decreasing, improving the accuracy to the value reported in the

Bethe ansatz of e(c = 2) = 1.0504 except D = 12 were the value suddenly increases.

This discrepancy is possibly due to the precision of the minimization algorithm used.

Although it would be possible to increase the number of iterations and the precision

to improve our results, it would be at the cost of increasing time in the optimization
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D Values reported by [1] Our values

2 1.1241 1.12407

4 1.0618 1.06182

6 1.0531 1.05311

8 1.0515 1.05183

10 1.0512 1.05117

12 1.0508 1.05122

Table 3.1: Values for the energy density for the interaction parameter c = 2. The Bethe
ansatz reported in [1] gives 1.0504, while the Monte Carlo used by them, was reported as
e = 1.0518. In both cases, we report an increase in accuracy with increasing dimensions
except in our values for D = 12 due to lack of computational power.

process. Finally, we show in Fig. (3.2)3 a plot comparison between our results for the
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Figure 3.2: Comparison of our results for the energy e(c) density versus the interaction
constant c with those of Cirac et al[1] and the Bethe ansatz. For D = 2 in red, D = 4
in green and D = 6 in yellow. Notice that for D ≥ 4 there is little difference with
the Bethe ansatz approach meaning that our optimizations are increasing accuracy with
increasing dimension D.
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energy density e(c) with those obtained by [1] for D = 2, 4, 6. We obtained these data

points directly from their paper using a program to extract them. We included the Bethe

ansatz approximation reported in [1] as a reference using the same program to obtain

the data points. We observe that in all three values of D, the extracted data points from

Cirac et al. are consistent with our plots. The small discrepancies in Fig. (3.2) between

our results (continuous lines) and those of Cirac et al [1] (isolated points) are due to the

accuracy of the computer program and the manual calibration performed to extract the

data points from the original paper. Up to this point, we have only justified the accuracy

Figure 3.3: Energy density, Kinetic energy (T = Tr
(
ρss [Q,R]† [Q,R]

)
) and Interaction

potential energy (V = cTr
(
ρss(R

†)2R2
)
) of the Lieb Liniger model as as function of the

interaction strength c for D = 4 in black, red and blue respectively. According to [4]

T → π2

3 , V → 0 when c→∞. This implies that for higher values of c, the contributions
of the interaction energy will be negligible and only the kinetic energy will contribute
to the total energy. For instance for c = 60.2 we have T = 2.95 and V = 0.2067 thus V
contributes a 6.54% and c = 625.95 T = 3.331 V = 0.0218, V contributes a 0.65% This
will have important effects when we use a cavity QED as a simulators

of our results by comparing them with [1]. However, we can extract more information

from our results if we analyse the contributions towards the total energy density e(c) of

the terms corresponding to the kinetic energy T and the potential interaction energy V .

Figure (3.3) shows that for c� 1, the main contribution to the energy comes from the

3“Reprinted figure with permission from F Verstraete and J. I. Cirac, Continuous Matrix Product
States for Quantum Fields, Volume 104, Issue 19, pages 1-4, 2010 Copyright (2010) by the American
Physical Society.”
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interaction potential e(c) ∼ V while for c → ∞ the kinetic energy becomes the main

contributor to the energy density e(c) ∼ T . Furthermore, T tends to the constant value

of π2

3 according to [4]. This results will be more interesting when in the next chapter

we relate e(c) to cavity QED terms and in particular V = cg2(0) thus predicting that

g2(0), the second correlation function of the cavity QED system will tend to zero when

c→∞ and that the remaining cavity QED term associated with T will be the only term

responsible for describing the particle interactions of the gas in the limit of c→∞.

Moving on, the optimal parameteres K and R are useful not only to calculate the

energy density e(c), they will also allow us to evaluate different expectation values of

products of field operators ψ̂(x) and ψ̂†(x). For instance in [1] is defined the density-

density correlation function as the expectation value of 〈ψ̂†(0)ψ̂†(x)ψ̂(x)ψ̂(0)〉 and since

we know now the optimal parameters for the cMPS |χ〉 that corresponds to the ground

state, we can use the relation given in Eq. (1.54) to rewrite this expectation value as

the trace of products of finite dimensional matrices in the auxiliary space as:

〈ψ̂†(0)ψ̂†(x)ψ̂(x)ψ̂(0)〉 = Tr
[
ReLx(RρssR

†)R†
]
, (3.9)

with L, the Liouvillian superoperator defined in Eq. (1.50). In order to find the density

matrix in the steady state ρss, we used a code in Matlab that vectorizes a density matrix

ρ through a linear transformation of the form:

ρ =
∑
i,j

ρij |i〉〈j| 7−→ |ρ〉 =
∑
i,j

ρij |i〉 ⊗ |j〉, (3.10)

with ρij the matrix elements of ρ and ⊗ the outer vector product. In the same way it

can transform the matrices that act on the left hand side and the right hand side of ρ

as:

Aρ =
∑
i,j

ρij(A|i〉)〈j| 7−→
∑
ij

ρijA|i〉 ⊗ |j〉 = (A⊗ 1)|ρ〉, (3.11)

ρA =
∑
i,j

ρij |i〉(〈j|A) 7−→
∑
ij

ρij |i〉 ⊗ (A>|j〉) = (1⊗A>)|ρ〉,

with A> denoting the transpose of A and A ⊗ 1 is the generalization of the outer

product to matrices. Notice how this operation simplify all the left and right products
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of matrices mapping them into left hand side products of the vector |ρ〉. These allows

us to transform the equation for the steady state in the Lindblad form Eq. (3.5) into:

Lρss = (Q⊗ 1 + 1⊗ Q̄+R⊗ R̄)|ρss〉 = 0, (3.12)

with Q = −iK− 1
2R
†R, and the bar on top of the operators represents complex conjuga-

tion. This transformation re-expresses L as a superoperator in a matrix form acting on

the vector |ρss〉. Thus finding the density matrix in the steady-state is reduced to find-

ing the vector |ρss〉 that lives in the kernel of the matrix defined in Eq. (3.12). Finally,

note that the exponential term defined in Eq. (3.9) is just the exponential operator of

the matrix defined in Eq. (3.12). With those elements, we can plot the density-density

correlation function Eq. (3.9) which, in the future will be denoted as second correlation

function g2. The plots obtained are shown in Fig. (3.4), notice that as c → 0, the

Figure 3.4: Two body density-density correlation function as a function of position x for
the values of c=0.2,2,20,2000 (blue, red, light blue and green respectively) for matrices
K,R of dimension D = 4. In the limit of x→∞ all correlation functions tend to 1.

second correlation function g2(0) → 1. This is consistent with the ideal gas limit since

for non interacting particles the probability of finding two of them in the same point

will tend to 1 [38]. Conversely, for c → ∞, the probability of of finding two particles

in the same position decreases g2(0)→ 0, consistent with the strong interacting regime.

However note that for weaker interactions there is still a finite probability that two par-
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ticles are in the same position. Finally, for high values of c & 60, we have oscillations as

expected from the Tonks Girardeau gas [39], the limit of strongly correlated gases. In

our case that correspond to the region x ∈ [1, 2] for c = 2000. In Fig.(3.5)4 we compared

Figure 3.5: Comparison of our plots with those of Cirac et al [1] for the second corre-
lation function g2(x) = 〈n(x)n(0)〉 versus x. From top to bottom c = 0.2, 2, 20, 2000.
Despite we only used dimension D = 4, continuous lines, we are able to get an excellent
agreement with their results, where they used a dimension D = 14, data points.

our results for the second correlation function g2(x) with those of [1]. In their work,

they calculated the second correlation functions for D = 14 but we are getting the same

results for D = 4. One possibility for this is that we relaxed the condition that R†R is a

diagonal matrix given in [1] for R being just a real matrix. The other possibility is that

in the same way as for the plots of the energy density e(c) becoming indistinguishable

for values of D ≥ 4, Fig. (3.1) then g2(x) will behave the same way and the correlation

functions for higher dimensions D will become indistinguishable.

Let us now focus our discussion on the limit for c� 1, the strongly correlated Tonks-

Girardeau (TG) regime describing a gas of impenetrable bosons. It will be interesting to

understand this regime and the physics describing the particles so we can compare those

mechanisms at play with our results in the next chapter which, use the physics of photon

interactions to describe the impenetrable bosons. In the TG regime, the bosons are not

only still confined to a one-dimension but also, their energy is not enough to tunnel

4“Reprinted figure with permission from F Verstraete and J. I. Cirac, Continuous Matrix Product
States for Quantum Fields, Volume 104, Issue 19, pages 1-4, 2010 Copyright (2010) by the American
Physical Society.”
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through the strong repulsive potential thus they will not be able to pass each other,

exchange places nor be in the same position in space. We can think of this behaviour

as an effective Fermi exclusion principle [38]. A formal demonstration of this fermionic

behaviour comes from Girardeau [5] establishing a direct mapping of the wave function

of hard-core impenetrable interacting bosons and the wave function of spinless fermions

where their probability distributions and energy spectra turn out to be identical. In

our particular case where the core is reduced to a point, defined as a delta interaction,

the fermionic wave function for point interactions is equivalent to a non-interacting one

since the fermion wave functions vanish when two particles get together. In that case,

the energy eigenfunctions will correspond to the ones of a free Fermi gas and, according

to the theorem developed in [5], so does the boson energy eigenfunctions. In particular,

for a density of particles n = 1, the free Fermi energy corresponds to the value π2/3

which corresponds to the bound limit shown in Fig. (3.1). Finally, in this regime, an

approximation for their second-order correlation function where the boundaries are far

from the position of the particles is of the form:

g2(z) = 1− sin2(πnz)

(πnz)2
, (3.13)

where n is the density of particles. These oscillations are a signature of strong correla-

tions present in the gas where the motion of the particles will be strongly correlated with

the motion of its two neighbours. Note how these oscillations are the ones described in

our results from Fig. (3.4) for the cases of c = 20, 2000. The take away of this analysis is

that the bosonic gas we are simulating, in the limit of c� 1 behaves as non-interacting

Fermi particles. Moreover, in this limit, the energy density of the ground state is given

only by the kinetic term. It will be interesting to see what is that kinetic term once

we rewrite our matrices K and R in terms of cavity QED terms and how this fermionic

behaviour could be recovered.

3.3 Alternative method

We want to compare our method with the procedure followed by [3, 6] to pinpoint

some key differences at the moment of finding the energy of the ground state for the
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Lieb-Liniger model. Although their method solves the problem, it may generate some

confusion if we are not careful at the time of using the optimized variables to calculate

the correlation functions. First of all, the expectation value they proposed to minimize

is of the form:

E(c, µ) = 〈φ|

[
dψ̂†(x)

dx

dψ̂(x)

dx
+ cψ̂†(x)ψ̂†(x)ψ̂(x)ψ̂(x)− µψ̂†(x)ψ̂(x)

]
|φ〉, (3.14)

this looks like the expectation value of the Lieb-Liniger Hamiltonian presented in Eq.

(3.3) except for the last term that corresponds to the number of particle operator times

the chemical potential µ. Thus using the same transformations for the expectation value

respect to the cMPS |χ〉 shown in section 1.2.2, in particular Eq. (1.52, 1.54 ,1.56) we

obtain the expression:

E(c,Q,R, µ) =Tr
(
ρss [Q,R]† [Q,R]

)
+ cTr

(
ρss(R

†)2R2
)
− µTr(ρssR

†R) (3.15)

=ELL(c,Q,R)− µd, (3.16)

where Q = −1
2R
†R − iK. For the following discussion in this section and to follow the

notation on [3, 6] we will consider Q and R as our parameters so we denote ELL(c,Q,R)

as the energy density of the Lieb-Liniger model as in Eq. (3.3), and without loss of

generality, the chemical potential can be fixed to µ = 1 and d = Tr(ρssR
†R) = 〈N̂〉 is

the density of particles as derived from Eq. (3.8). We will use the symbol d to keep with

the notation used in [6]. Next, they proceeded to minimize the function E(c,Q,R, µ)

respect to the entries of the matrices Q and R without the use of any constraint. Once

that is achieved, the energy density ELL(c,Q,R) with the optimal parameters Q and R

can be expressed as:

ELL(c,Q,R) = E(c,Q,R, µ = 1) + d. (3.17)

Here we need to point out that in [3, 6] it is implicitly assumed that the optimal pa-

rameters that minimize the function E(c,Q,R, µ = 1) are the same parameters that

simultaneously optimize the expressions ELL(c,Q,R) and d = Tr(ρssR
†R) separately

which is not immediately obvious but can be shown to be the case for this problem.

The reasoning to propose the expression E(c, µ) in [6], was to maintain the density of

particles constant and equal to unity. In the following we explain how it is done. Firstly,
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since Eq. (3.17) is valid for all values of the parameter c, then it also applies for the

particular value cd, so we have:

ELL(cd,Q,R) = E(cd,Q,R, µ = 1) + d, (3.18)

this change will make sense below, and it will simplify the final result. The next step

will be to introduce the following scaling transformation for the energy density of the

Lieb-Liniger model ELL(c,Q,R):

ELL(c,Qx,R
√
x) = x3ELL

( c
x
,Q,R

)
. (3.19)

This is valid for any value of x and comes due to the functional dependency of ELL(c,Q,R)

on Q and R. Replacing this expression back into Eq. (3.18) with the value x = 1
d we

can rewrite the energy density as:

ELL

(
c,
Q

d
,
R√
d

)
=
E(cd,Q,R, 1) + d

d3
. (3.20)

This relationship means that the optimal parameters that optimize the energy density of

the Lieb-Liniger model, will be redefined such as Q→ Q
d and R→ R√

d
. The whole point

of using this rescaling is to ensure that the density of particles 〈N〉 remains a constant.

This can be seen by transforming 〈N〉 = 〈ψ̂†(x)ψ̂(x)〉 into its cMPS counterpart and

using the rescaled values Q
d and R√

d
as follows:

〈N〉 = Tr

[
ρss

R†√
d

R√
d

]
=

Tr
[
ρssR

†R
]

d
=
d

d
= 1. (3.21)

Note that from the equation of the density matrix in the steady state Eq. (3.5), ρss(K,R)

is invariant under the rescaling. This procedure will ensure that the energy density ELL

will not go to zero for the trivial case 〈N〉 = 0. The resulting Eq. (3.20) shows that

the minimum value of the energy density ELL

(
c, Qc ,

R√
d

)
for a particular value of c now

depends on the parameters Q
d and R√

d
and that minimum value will be obtained by

minimizing E(cd,Q,R, 1) for the parameter cd instead of c. This will ensure that the

density of particles 〈N〉 remains a constant equal to one. Regarding the correlation

functions, and in particular to plot the second correlation function g2(x), one just needs
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(a) Second correlation function g2(x) ex-
tracted from [3] using cMPS with matri-
ces of dimension D = 14 (392 variables)
for the values of c = 0.07, 3.95, 60.2 and
625.95 in red, orange, blue and green re-
spectively.
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 c=0.07      min. value: 0.06257

 c=3.95      min. value: 1.59622

 c=60.2      min. value: 3.1568

 c=625.95  min. value: 3.3529

(b) Our method for g2(x), with D = 4, (32 vari-
ables ) for c = 0.07, 3.95, 60.2 and 625.95 in
the same colours. Although D = 4, most of the
minimum values of the energy density shown are
bounded by π2/3 ∼ 3.2898, corresponding to the
energy of free fermions as predicted by [4]

Figure 3.6: Comparison of g2(x) functions. Our method discused in 3.2 has proven to re-
produce the g2(x) plots of [1] but it shows a discrepancy with [3]. This is explained when
we note that they should have used the rescaled values: Q

d and R√
d

we just discussed.

to replace the rescaled parameters Q
d and R√

d
corresponding to the parameter c of interest,

into the expression for the second correlation function g2(x) = 〈ψ̂†(0)ψ̂†(x)ψ̂(x)ψ̂(0)〉

depicted in Eq. (3.9). In the following discussion, we want to raise awareness of some

complications that may occur with this method so we proceed to compare in Fig. (3.6)5

the function g2(x) for the bosonic system of the Lieb-Liniger model extracted from [3]

with our own version. In Fig. (3.6a) Barrett et al [3], use cMPS, with matrices Q

and R of dimensions D = 14. Both plots are normalized functions where g2(x) → 1

for large values of x, showing the usual oscillations for large values of the interaction

strength parameter c for c = 60.2 (in blue) and c = 625.95 (in green) as discussed in

the previous section. However the oscillations occur for x ∈ (2, 6) while in our method,

Fig.(3.6b) they occur for x ∈ (0, 2). Furthermore g2(x) for the cases of c = 007 (in red)

and c = 3.95 (in orange) for Fig. (3.6b) intersect at a point ∈ (0, 2) while in Fig. (3.6a)

there is no intersection in that region. Finally in the same figure, note that g2(x) for

the value c = 0.07 is always above the other plots which does not happen in Fig. (3.6b).

These discrepancies with both figures, are due to a small omission made in [3], where

5 “Reprinted figure with permission from Sean Barrett et al., Simulating Quantum Fields with Cavity
QED, Volume 110, Issue 9, pags. 1-7, 2013 Copyright (2013) by the American Physical Society.
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(a) Second correlation function g2(x) ex-
tracted from [3] using cMPS with matri-
ces of dimension D = 14 (392 variables)
for the values of c = 0.07, 3.95, 60.2 and
625.95 in red, orange, blue and green re-
spectively.

(b) Second correlation function g2(x) using cMPS
with matrices Q and R of dimension D = 4, (32
variables ). We are able to reproduce the same
graphs profiles as [3] using only the optimized
values Q and R without rescaling. Note that the
energy values match those of Fig. (3.6b).

Figure 3.7: Reproducing g2(x) extracted from [3] using the alternate method described
in section(3.3).

they should have used the rescaled values of Q
d and R√

d
instead of the bare optimized

values Q and R. On the other hand, the plots shown in Fig. (3.6b) were created using

the same technique that reproduced the work of Cirac et.al. [1] as illustrated in Fig.

(3.5) so we are confident that our method is correct. To understand what is happening,

we optimized the expression E(c,Q,R, µ) shown in Eq. (3.16) for the parameter c→ cd

respect to the variables contained in the entries of Q and R. If the minima obtained is

substituted in Eq. (3.20), the result should provide us with the minima of the energy

density for the Lieb Liniger model ELL

(
c, Qd ,

R√
d

)
for the parameter c respect to the

rescaled variables Q
d and R√

d
. The values obtained are shown in the label of Fig. (3.7b)

and they correspond to the values of energy shown in the label of Fig. (3.6b) where

we used our own method. However, if we substitute not the rescaled variables but Q

and R in the expression g2(x) for the second correlation function, Eq. (3.9) and plot

respect to the position x we manage to reproduce [3] as shown in Fig. (3.7b). We want

to stress that this alternative method works perfectly well. If we take into account the

rescaled variables Q
d , R√

d
and substitute into the second correlation function, Eq. (3.9)

we can reproduce the plots of our method. However, this shows the inconvenience of

keeping track of the optimized variables for rescaling every time we need to calculate a
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different correlation function. In contrast, our method to find the ground state energy

is straightforward since we just use the expression for the energy density of the Lieb

Liniger model in terms of the cMPS, Eq. (3.3) and minimize it under the constraint of

the density of particles equal to a constant, Eq. (3.8). Moreover, the method does not

depend on any scaling property of the field theory Hamiltonian such as Eq. (3.20) thus

the minimization can be applied to even more complicated models.

3.4 Luttinger parameters

In this section we want to show some applications of the cMPS beyond the calculation of

correlation functions, this will show the versatility and predictive power of the method.

One-dimensional models have been used to get intuition into more complex systems.

These solvable models are usually more tractable with solutions that provide of valuable

insight like the Lieb-Liniger model[4]. Furthermore, when they became feasible exper-

imentally in the late 60’s and 70’s and after experimental developments that allowed

the possibility of engineering almost any desired interaction and geometry, the research

focused on understanding their correlation properties to characterize this models exper-

imentally. In particular, we direct our attention to the concept of Luttinger liquids,

an effective theory that study low energy one-dimensional systems. The approach de-

veloped by Haldane [40] as he realised that many one-dimensional models exhibiting

gapless excitations with a linear spectrum can be described within the same frame-

work which defined a universality class of systems coined Luttinger liquids in analogy to

higher dimensional fermionic systems. The Bosonization (or Luttinger liquids approach

or harmonic-fluid approach) technique consists of expressing the original degrees of free-

dom of one-dimensional models in terms of new fields that describe the dynamics of the

system in terms of the collective behaviour that characterizes the low-energy regime[41].

This is possible since the effect of long wave-length thermal and quantum fluctuations is

enhanced by reduced dimensionality since scattering is unavoidable and thus excitations

acquire a collective nature [27]. Thus to derive a low-temperature description, we need

to identify a set of variables that describe the low-energy fluctuations of the system. For

a bosonic system ψ̂, these are the density and the phase. These variables can be defined
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by introducing the density-phase representation [41]

ψ̂(x) =
√
ρ̂(x)e−iθ̂(x), (3.22)

where ρ̂(x) = ψ̂†(x)ψ̂(x) is the particle density field and θ̂(x) is the phase field. Fur-

thermore the density operator when close to the ground state can be approximated

by

ρ̂(x) ∼ ρ0 −
1

π
∂xφ̂(x), (3.23)

where ρ0 is the ground state density and φ̂ describes the fluctuations over the ground

state. From the usual commutation relations for bosonic fields
[
ψ(x), ψ†(x′)

]
= δ(x−x′)

we have he commutation relations for the fields θ̂ and φ̂:

[
1

π
∂xφ̂(x), θ̂(x′)

]
= −iδ(x− x′). (3.24)

With these definitions, the effective Hamiltonian describing low energy behaviour for

the Lieb Liniger model Eq. (1.99) becomes [28, 41]:

Ĥeff =
vs

2π

∫ L

0
dxK

[
∂xφ̂(x)

]2
+

1

K

[
∂xθ̂(x)

]2
, (3.25)

where the Luttinger parameters vs
vF

and K completely characterize the Hamiltonian. vs

refers to the phase velocity of the low-energy excitations, vF is the Fermi velocity of a

gas of free spinless fermions of density ρ0 and the dimensionless parameter K is related

to the strenght of the quantum fluctuations [41]. These parameters can be related to

the ground state energy density of the Lieb-Liniger model e(ρ, c) for a fixed parameter

c as:

(
vs

vF

)2

=
M

π2ρ0

(
∂2e(ρ, c)

∂2ρ

∣∣∣∣
ρ0=1

)
and K2 =

π2ρ0

M

(
∂2e(ρ, c)

∂2ρ

∣∣∣∣
ρ0=1

)−1

, (3.26)

with ρ the density of particles, and M is the mass of the bosons which for simplicity

will be taken to be equal to 1. These expressions have analytical approximations for
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extremes values of c [41], for instance for small c:

vs

vF
=

√
c

π

(
1−
√
c

2π

)1/2

and K =
π√
c

(
1−
√
c

2π

)−1/2

, (3.27)

and the corresponding approximations for big c� 1:

vs

vF
=

(
1− 4

c

)
and K =

(
1 +

4

c

)
. (3.28)

In Fig. (3.8) we compare the Luttinger parameters we calculated with our cMPS for

Figure 3.8: Luttinger parameters K and vs/vF as a function of the interaction strength
c of the Lieb-Liniger model. The isolated asterisks and circles represent our own calcu-
lation of Eq. (3.26) using cMPS to find the energy density e(ρ, c) at different density of
particles ρ for each selected value of the parameter c. The continuous and dashed lines
represent the asymptotic approximations for small and large c.

matrices of dimensions D = 4 and D = 6 where both reproduce very well the the

assypmtotic cases for K and vs/vF as reported by [36]. As c increases from 0 to larger

values, the parameter K varies from infinity to 1, where K →∞, (c→ 0) corresponds to

free bosons, which are not stable in one-dimension [27], for the cases where K has a finite

value it represents repulsive bosons where in particular for the limit K = 1, (c → ∞)

is the Tonks-Girardeau limit of perfectly repulsive bosons which also corresponds to

the value for K for non interacting fermions. While also for vs/vF = 1 for the case

c→∞ tells us that the phase velocity vs is the same as the velocity vF of free fermions
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[27]. Up to this stage we have only considered the parameters that minimize the energy

density as the entries of the matrices K and R that describe the auxiliary system. It was

proposed in [3] to promote the matrix K to represent the Hamiltonian that describes a

Jaynes-Cummings Hamiltonian and R the intracavity annihilation operator â. Although

they managed to describe some features of the Lieb-Liniger gas, it is still not clear why

this particular Hamiltonian works with so little parameters. That is why in the next

sections we will analyse deeply some characteristics of some cavity QED systems and

try to improve the previous results obtained and try to, to uncover the physics behind

this successful numerical simulation.
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CHAPTER 4

OPTIMIZATION OF THE ENERGY DENSITY

OF THE GROUND STATE OF THE

LIEB-LINIGER MODEL USING A CAVITY

QED

In the previous chapter, we introduced the concept of continuous matrix product states

(cMPS) as a numerical tool to calculate the minimum of the expectation value of the

energy density of the Lieb-Liniger model. Furthermore, we calculated the second correla-

tion function and the Luttinger parameters of the system. The whole process depended

on finding the optimal parameters that minimized the expectation value of the Hamil-

tonian of the Lieb-Liniger model. These parameters correspond to the entries of the

matrices K and R. Currently, the only restriction of K is to be hermitian and R is to

be real valued. Based on [3] Barrett et al. we argue that these matrices can be related

to operators that describe physical systems. In particular, the matrix K can be related

to a Hamiltonian and R to an operator involved in the loss of particles in a physical

system. One possible candidate could be the Hamiltonian describing a cavity QED sys-

tem. Thus in the following sections, we will familiarize with the dynamical properties

of a laser-driven two-level atom and its interaction with a cavity. This understanding

will enable us to establish a connection between the matrices K, R and the operators

describing the cavity QED system. Finally, we will try to generalize to a three-level

atom and discuss the results.
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4.1 Atom inside the cavity

4.1.1 Two level atom

As a starting point we consider a driving classical laser of the form:

~E(t) = ε̂E0 cos(ωlt) =
ε̂E0

2

(
e−iωlt + eiωlt

)
, (4.1)

where E0 is the laser amplitude, ωl the frequency of the laser and ε̂ the polarization

vector. We assume it drives a two-level atom with an atomic transition frequency ω0

such that ~ω0 = E2 − E1 with E1 is the energy of the ground state |g〉 and E2 is the

energy of the excited state |e〉. Although an atom has many energetic levels, assuming

a model with only two levels is a good approximation when the frequency of the light

beam ωl is comparable with the energy difference of the two energy levels in question

such as:

~ωl ∼ E2 − E1, (4.2)

in that case, we can ignore other optical transitions since their occurrence is lower than

in the resonant case. Following [25], the total Hamiltonian will be the sum of the free

Hamiltonian HA of the atom plus the Hamiltonian describing the atom-field interaction

HAF:

H = HA +HAF, (4.3)

where the Hamiltonian of the free atom is given by:

HA = ~ω0|e〉〈e|, (4.4)

on the other hand, for the conditions where the wavelength of the laser is much larger

than the size of an atom, λ � 1Å, we can make use of the dipole approximation that

allows us to use Eq. (4.1) for the atom-field interaction Hamiltonian which up to a

constant is given by:

HAF = −~d · ~E, (4.5)

where ~d = −e~r0 with e the electric charge of the electron and ~r0 the atomic electron

vector position. If we apply the identity on the right and left of ~d given by 1 = |e〉〈e|+
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|g〉〈g| we can rewrite the dipole operator as:

~d = 〈g|d|e〉{σ̂† + σ̂}, (4.6)

where the diagonal terms are zero due to the parity of r0 and since ~d is a physical quan-

tity, it can be measured thus 〈g|d|e〉 = 〈g|d|e〉∗. Also we define the atomic annihilation

operator as σ̂ = |g〉〈e|. Finally, combining equations Eq. (4.1) and Eq. (4.6) into the

atom-field interaction Hamiltonian Eq. (4.5) we obtain:

HAF =
~ΩR

2

(
σ̂† + σ̂

) (
e−iωlt + eiωlt

)
, (4.7)

where ΩR = −E0〈g|ε̂·~d|e〉
~ is the Rabi frequency where the phase of the dipole matrix

element is generally chosen to be positive. Finally, if we change H to the rotating frame

by means of the unitary transformation U = exp
(
i~ω0σ̂

†σ̂t
)

the temporal evolution of

the annihilation operators are of the form σ̂ ∼ e−iω0t and σ̂† ∼ eiω0t so the time evolution

of the cross terms in Eq. (4.7) of the form e±i(ωl+ω0)t oscillate rapidly while the terms

e±i(ωl−ω0)t oscillate slowly, so assuming |ω − ω0| � ω + ω0 we make use of the rotating

wave approximation, and eliminate the fast rotating terms leaving us with a simpler

expression for the Hamiltonian of the atomic two level system driven by a laser:

H = ω0σ̂
†σ̂ +

ΩR

2
(σ̂†e−iωlt + σ̂eiωlt), (4.8)

from now on ~ = 1 for convenience, and as a reminder, ωl is the frequency of the laser, ω0

is the atomic transition frequency related to the energy difference of the atomic energy

levels in the two-level atom ω0 = E2 − E1, ωl is the frequency of the laser, ΩR is the

Rabi frequency and σ̂ the annihilation operator of the atom. This Hamiltonian, allow

us to calculate the state of the system at any time. In particular, we are interested in

the time evolution of the probabilities of the atom being in the ground and excited state

since they will help us to understand the dynamics of the system and as we will see in

the Jaynes-Cummings model, they will give us information of the amount each mode

contributes to the dynamics of the system. This will help us to argue that we don’t

need all the information on each mode but only the ones that contribute the most to the

dynamics of the system. That will justify the truncation of some operators to compute

62



them numerically. Following [42] we solve the time-dependent Schrödinger equation

H|Ψ〉 = i~
∂|Ψ〉
∂t

. (4.9)

Using a state which is a general solution of Eq. (4.9) of the form:

|Ψ(r, t)〉 = cg(t)|g〉e−iE1t + ce(t)|e〉e−iE2t, (4.10)

where the |g〉 and |e〉 are the eigenstates of HA

HA|g〉 = E1|g〉, (4.11)

HA|e〉 = E2|e〉, (4.12)

which contain information of the ground and excited stated of the atom respectively.

Using the general solution Eq. (4.10) in the time dependent Schrödinger equation with

the Hamiltonian of Eq. (4.8) we arrive to the relations:

ċg(t) =
i

2
ΩRe

i(ωl−ω0)tce(t), (4.13)

ċe(t) =
i

2
ΩRe

−i(ωl−ω0)tcg(t), (4.14)

which describe the limit where the light-atom interaction is strong such as in the case

of laser beams. Note that these expressions already take into account the rotating wave

approximation performed on the Hamiltonian Eq. (4.7) which simplifies the equations.

Furthermore, if we choose the resonant case (ωl − ω0 = 0), and assuming the initial

conditions cg(0) = 1 and ce(0) = 0, for the probability amplitudes, the solution for the

probabilities of the atom being in the ground and excited state yields:

Pg = |cg(t)|2 = cos2(ΩRt/2), (4.15)

Pe = |ce(t)|2 = sin2(ΩRt/2). (4.16)

The temporal evolution of the probabilities is shown in Fig. (4.1) where their values

oscillate at the Rabi frequency ΩR, a phenomenon known as Rabi oscillations. The

maximum and minimum values alternate in the range Pe, Pg ∈ [0, 1] where for instance,
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Figure 4.1: Probabilities for the ground state and excited state for the driven two level
atom system in the resonant case ωl−ω0 = 0. The zeros in ground state are in: 2πn/ΩR

for n ∈ Z

for the excited state probability, the minimum value Pe = 0 occur for integer multiples

of 2π/ΩR while for the ground state, the minimum value Pg = 0 occur for odd integer

multiples of π/ΩR. Note that the total probability is conserved at all times as we have

explicitly Pg + Pe = 1. For the off-resonant case (ωl − ω0 6= 0), and using Eq. (4.14)
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Figure 4.2: Probabilities for the ground state and excited state for the driven two level
atom system in the off-resonant case δω = ωl − ω0 6= 0. The zeros in ground state are
in: 2πn/Ω for n ∈ Z where ΩR = 1, δω = 2, Ω =

√
5.

and Eq. (4.13), the differential equation for ce will be:

c̈e(t) + iδω ċe +
Ω2

R

4
ce = 0, (4.17)
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where δω = ω0 − ωl is the detuning. Solving for the initial conditions cg(0) = 1, and

ce(0) = 0 the probability of the excited state Pe becomes:

Pe = |ce(t)|2 =
Ω2

R

Ω2
sin2(Ωt/2), (4.18)

where Ω2 = Ω2
R + δ2

ω and Pg can be obtained from the conservation of the probability

Pe+Pg = 1. Depicted in Fig. (4.2), the probabilities do not cross and in our example, the

maximum amplitude for the probability in the excited state Pe is given by Ω2
R/Ω

2 = 0.2.

In general, given the definition of Ω, as the laser increases the detuning δω, the amplitude

of the probability will decrease while the frequency of oscillation Ω will increase above

the Rabi frequency defined in the resonant case. Physically this means that as the laser

goes away from resonance, the frequency needed to stimulate the emission of a photon

is less likely to occur. Thus in our example, with the initial condition that the atom

is in the ground state, it will remain there with a probability oscillating, between 0.8

and 1. For the case where we include decay in the two-level atom system in the form

Figure 4.3: Probabilities for the ground state and excited state for the driven two level
atom system that includes decay in the form of spontaneous emission in the resonance
case. ΩR = 1, ω0 − ωl = 0 and γ = 0.5. The total probability is conserved for all times
even in the steady state. We still have an oscillatory behaviour but damped by γ.

of spontaneous emission, we follow [32, 43]. We focus on the equations for the matrix

elements of the density matrix ρ for a two-level atom since they contain information of

the probabilities. These relations are derived from the Bloch equations studied in [32]
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Figure 4.4: Probabilities for the ground state and excited state for the driven two level
atom system that includes decay in the form of spontaneous emission in the off resonance
case. ΩR = 1 ω0 − ωl = 1, γ = 0.5. The total probability is conserved at all times as
shown for the points near the steady state.

but we only need to analyse the final results as follows:

dρee

dt
= −dρgg

dt
= −1

2
iΩR(ρeg − ρge)− 2γρee, (4.19)

dρge

dt
=

dρ∗eg

dt
=

1

2
iΩR(ρgg − ρee) + [i(ω0 − ωl)− γ] ρge, (4.20)

where ρij are the matrix elements of the density matrix and γ represents the spontaneous

emission decay. Notice from Eq. (4.19) and Eq. (4.20) there are still oscillatory terms

involved but with a term proportional to γ that involves an exponential decay. On the

other hand from Eq. (4.19) since ρee and ρgg represent the probability of excited and

ground state respectively, then
d(ρee+ρgg)

dt = 0 implies that the total probability is still

conserved. Finally, if we solve for the steady state, dρee
dt = −dρge

dt = 0, Eq. (4.19) and

Eq. (4.20) yield:

ρee(∞) =
1

2 + ξ2 + 4(ω0 − ωl)2/Ω2
R

, (4.21)

where ξ = γ/ΩR. In Fig. (4.3) we can appreciate the previous discussion where despite

the damping there are a few oscillations where the plots cross before taking a fixed

value for the steady state. In our case for the values of ΩR = 1, ω0 − ωl = 0 and

γ = 0.5 Eq. (4.21) give us the probability of the excited state in the steady state to

be ρee(∞) ∼ 0.4444 as can be seen in Fig. (4.3) to be the case for even small values
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such as t = 19 whereas for Fig. (4.4) the steady state gives a probability of the excited

state of ρee(∞) ∼ 0.16, this is a smaller value than in the resonant case, which makes

sense given the inverse dependence of the detuning ω0−ωl = 1 in Eq. (4.21). In general

the amplitudes of oscillation will be reduced which again is a consequence of a non zero

detuning just as in the non decaying case. With these simple examples we have learnt

more about the roles each physical variable such as the decay rate γ, the Rabi frequency

ΩR and the detuning δω play in the dynamics of a laser interacting with a 2-level atom.

Now we are ready to increase the complexity by introducing into the mix a cavity that

will contain this 2-level atom.

Jaynes-Cummings model

Proceeding in a similar way as in the previous section, and following [25] the total

Hamiltonian for a atom interacting with a cavity mode is of the form:

H = HA +HF +HAF, (4.22)

where the uncoupled Hamiltonian for a two-level atom and cavity with a single mode is

of the form:

HA +HF = ~ω0σ̂
†σ̂ + ~ωc

(
â†â+

1

2

)
, (4.23)

like in the previous section, ω0 is the atomic transition frequency, σ̂ is the atomic anni-

hilation operator and ωc is the cavity resonance frequency of the field mode. The atom

field interaction Hamiltonian is the same as in Eq. (4.5) HAF = −~d · ~E with the atomic

dipole operator as previously defined in Eq. (4.6) as ~d = 〈g|d|e〉{σ̂† + σ̂}. However in

this case the electric field ~E is of the form:

~E(r, t) = −
√

~ωc
2ε0

[
~f(r)â+ ~f∗(r)â†

]
, (4.24)

where ~f(r) is the normalized spatial mode profile, a is the annihilation operator of the

cavity mode and ε0 is the electric permittivity in the vacuum. This means that the

interaction Hamiltonian takes the form:

HAF = ~
(
σ̂† + σ̂

) [
g(r)â+ g(r)∗(r)â†

]
, (4.25)
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where we define the atom-field coupling energy as:

~g(r) = −
√

~ωc
2ε0

~d · ~f(r), (4.26)

with g(r) as the cavity QED coupling constant. Similarly, as with the driven two-level

atom, we will use the dipole approximation which is valid since the shortest wavelengths

of interest for quantum optics are in the extreme ultraviolet so we are assuming λ >

100nm, whereas typical atoms have diameters a ≈ 0.1nm we can conclude that is safe

to use due to the large disparity between atomic diameters and optical wavelengths

[26]. Furthermore, we are using the rotating wave approximation to get rid of fast-

rotating terms, dropping the constant vacuum-field energy and g(r) = g/2 for a fixed

position ~r due to the dipole approximation, and for simplicity assuming ~ = 1. Thus

the Jaynes-Cummings Hamiltonian takes the final form:

H = ω0σ̂
†σ̂ + ωcâ

†â+
g

2
(â†σ̂ + âσ̂†). (4.27)

In the next section, we will consider losses of photons due to a lossy cavity thus to

compensate for the loss of photons inside the cavity through the semitransparent wall

and to avoid that the number of photons goes to zero, we drive the atom with a coherent

source, a laser of frequency ωl. Following [25] the Hamiltonian of the driving atom under

the Jaynes-Cummings model is depicted as follows:

H = ω0σ̂
†σ̂ + ωcâ

†â+
g

2
(â†σ̂ + âσ̂†) +

Ω

2
(σ̂†e−iωlt + σ̂eiωlt), (4.28)

where Ω is the Rabi frequency of the laser. Our goal is to obtain the probabilities in the

ground and excited state to understand how the different modes affect the dynamics of

the system and with that in mind, if we express a general state as a summation of the

states |g, n〉 and |e, n〉

|Ψ〉 =
∞∑
n=0

[Cg,n|g, n〉+ Ce,n|e, n〉] , (4.29)

and rewrite Eq. (4.28) in the rotating frame of U = exp(iωlσ̂
†σ̂t) exp(iωlâ

†ât)

H = (ω0 − ωl)σ̂†σ̂ + (ωc − ωl)â†â+
g

2
(â†σ̂ + âσ̂†) +

Ω

2
(σ̂† + σ̂), (4.30)
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then we can solve the time dependent Schrödinger equation in that rotating frame

HR|Ψ〉R = i~
∂|Ψ〉R
∂t

, (4.31)

which gives the coupled equations:

Ċe,n = −i(ω0 − ωl)Ce,n − i(ωc − ωl)nCe,n − i
g

2

√
n+ 1Cg,n+1 − i

Ω

2
Cg,n,(4.32)

Ċg,n+1 = −i(ωc − ωl)(n+ 1)Cg,n+1 − i
g

2

√
n+ 1Ce,n − i

Ω

2
Ce,n+1. (4.33)

If we turn off the driving we just end up with the usual coupled differential equations

between Ce,n and Cg,n+1 that define a 2 dimensional Hilbert space for each n value in

the Jaynes-Cummings model as:

Ċe,n = −i(ω0 + nωc)Ce,n − i
g

2

√
n+ 1Cg,n+1, (4.34)

Ċg,n+1 = −iωc(n+ 1)Cg,n+1 − i
g

2

√
n+ 1Ce,n. (4.35)

Following [25], a closer look into Eq. (4.32) and Eq. (4.33) for the case of Ω = 0 and

ωl = 0 shows that the differential equations Eq. (4.34) and Eq. (4.35) are formally

equivalent to the semiclassical equations of motion for the atom-field interaction that

we previously solved. If we had obtained them in the interaction frame, we would have

found exactly the same equations as in Eq. (4.13) and Eq. (4.14) thus the equivalent

Rabi frequency is of the form: g
√
n+ 1 and if we include the detuning ωc − ω0 the

generalised Rabi frequency reads:

Ωn =
√
g2(n+ 1) + (ωc − ω0)2. (4.36)

Fig. (4.5) illustrates these equivalences since the temporal evolution of the probabilities

is exactly the same as the driven 2 level atom counterpart Fig (4.1) however the zeros for

the ground state are in terms of the equivalent Rabi frequency g
√
n+ 1 as multiples of

2π
(g
√
n+1)

. Similarly, for the off-resonant case, Fig. (4.6) has the same behaviour as in the

off-resonant case in the absence of a cavity Eq. (4.2). The range of the probabilities for

the ground state and excited state are reduced due to the increase of the detuning now

between the frequency of the cavity and the natural frequency of the atom ωc − ω0 6= 0
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Figure 4.5: Cavity with 2 level atom, zeros in ground state are of the form 2π
(g
√
n+1)

k

for k ∈ Z for our values: g = 1, ω0 − ωl = 0 and Initial state |n = 0, e〉 this means
multiple integers of 2π/g similarly the zeros for the excited state are in the multiples of
odd integers of π/g.

where the zeros for the probability in the ground state are for the multiples of 2π
Ωn

Finally,

Figure 4.6: Cavity with 2 level atom, zeros in ground state are of the form: 2π
Ωn
k =

2π√
g2(n+1)+(ω0−ωl)2

k for k ∈ Z for our values: g = 1, ω0 − ωl = 2 and initial state

|n = 0, e〉.

let us note that in the Jaynes-Cummings model, not all the states are coupled in pairs.

The state for |n = 0, g〉 is not coupled. That is to say, the vacuum amplitude Cg,0 is not

coupled to any other amplitude, since no absorption can occur in the absence of light

quanta as illustrated in Fig. (4.7) (left) where for the state |0, g〉 and any state |n, e〉 if

the atom is initially in the ground state and the cavity has no photons it will remain that
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way for all times unlike the pair of states |1, g〉 and |0, e〉 Fig. (4.7) (right). So far we have

Figure 4.7: Cavity with 2 level atom . Left: Initial state |n = 0, g〉 is uncoupled as no
absorption can occur in absence of light quanta. Right: Initial state is |n = 1, g〉 and
zeros in ground state are in the multiple integers of: 2π

(g
√
n+1)

= 2π for our values: g = 1,

ω0 = 13, ωl = 13, γ = 0 and initial state |n = 0, e〉.

learned how similar a driven atom-cavity system is to a driven atom. However, a few

differences appear when the Jaynes-Cummings model reveals a more complex structure

that couples pairs of eigenstates in a reduced subspace of its Hamiltonian. Physically

this means that an excited atom can emit a photon into the cavity and reabsorb it but

that is the extent of the energy transfer. A more interesting case will present when we

start driving the atom so more modes will be involved in the dynamics.

Driving atom in cavity

We return our focus to the driving atom where Ω 6= 0 in Eq. (4.32) and Eq. (4.33),

as we start driving the atom, the separation into well-defined subspaces is not possible

anymore. In that case, the probabilities from each of the cavity modes contribute to the

total probability of the atom to be either in the ground or the excited state as shown in

Fig. (4.8). The probabilities exhibit a behaviour much more complex due to the coupling

of all the modes by the Rabi frequency of the laser. We want to show that not all modes

contribute to the total probability in the same amount. As the number n of modes

increase, the probability of that particular mode to be in the ground or the excited state

will decrease. In Fig. (4.9) we obtained the temporal evolution of the probabilities for

the ground and excited state for the first three modes n = 0, 1, 2 separately. While most
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Figure 4.8: Driven 2 level atom in a cavity with Ω = 1 g=1 ω0 − ωl = 0, ωc − ωl = 2,
and initial state is |n = 0, e〉.

Figure 4.9: Driven 2 level atom in a cavity with Ω = 1, g=1, ω0 − ωl = 0, ω0 − ωc = 2
and initial state |n = 0, e〉. Contribution of each mode. a) Probabilities for the mode
n=0. b) Probabilities for the mode n=1. c) Probabilities for the mode n=2.

of the probability contribution comes from the mode n = 0, where Pe,0(0) = 1 and ,

Pg,0(0) = 0 and its maximum values are around ∼ 0.85 for n = 1 there is a drop and the

maximum probabilities are ∼ 0.076 and ∼ 0.24 for the excited state and the ground state

respectively. Finally for n = 2 the maximum probabilities are ∼ 0.0097 and ∼ 0.0015
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for the ground state and the excited state respectively. This means that for higher

values of n the contribution to the total probability and the dynamics of the system

will be negligible. This fact will allow us to truncate the space of an otherwise infinite-

dimensional intracavity annihilation operator a. Up to now, we have considered a closed

system however, in a more realistic cavity system, the environment will cause loss of

information through spontaneous emission and cavity loss of photons. Assuming that

the dimensions of the cavity allow us to ignore spontaneous emission, we can describe

the cavity loss using the master equation in the Lindblad form.

4.2 CMPS and cavity QED corrrespondence

In the following the formal relationship between the cMPS matrices K,R as well as

the cavity-QED operators will be presented. First we will discuss their similarities,

which will introduce an intuition for the formalisms proposed previously in [3]. These

similarities can be made apparent by relating the measurable leaking field correlation

functions to intra-cavity field correlations by use of the input-output theory described

in section (2.1), following which these expectation values can be re-written to mimic

the structure of the expectation values of the bosonic fields in terms of the cMPS Eq.

(1.52 -1.54). Taking ~ as unity, the Langevin equation Eq. (1.70), describing the time

evolution of the intra-cavity annihilation operator â can be written as:

˙̂a = − i
~

[â,Hsys]−
[
â, â†

] [κ
2
â+
√
κâin

]
+
[κ

2
â† +

√
κâ†in

]
[â, â] , (4.37)

where âin is the cavity input operator describing fields entering the cavity, κ is the

decay rate and Hsys is the cavity-atom Hamiltonian describing the system. If we use

the properties of the commutators, we can simplify the previous expressions to,

˙̂a =
[
â, Q′

]
−
[
â, â†

]√
κâin =

[
â, Q′

]
−
√
κâin, (4.38)

where Q′ = −iHsys − κ
2 â
†â. In a similar procedure we obtain an equivalent expression

for ˙̂a†. It then follows from the input-output relation Eq. (1.76) that an expression for

the expectation values in Eq. (4.42) can be obtained, with the assumption of vanishing

input fields i.e. ∀ t, âin(t)|0〉 = 0 . The first equality just links the correlation function
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of the output field âo with the intracavity field â as discussed in Eq. (2.1). For the

remaining equations, Eqs. (4.39 to 4.41), we simply used the relationships between the

correlation functions of the output fields with the intra-cavity fields derived in Eq. (2.1)

and the two-time averages derived for open quantum systems Eq. (1.86) and Eq. (1.88)

to express the expectation values as the trace of the system:

〈â†o(t)âo(t)〉 = κ〈â†(t)â(t)〉 = κTrsys

{
â†âρss

}
, (4.39)

〈â†0(0)â†o(t)âo(t)âo(0)〉 = κ2〈â†(0)â†(t)â(t)â(0)〉

= κ2Trsys

{
âV (t, 0)(âρssâ

†)â†)
}
, (4.40)

〈â†o(t)âo(0)〉 = κ〈â†(t)â(0)〉 = κTrsys

{
â†V (t, 0)âρss

}
, (4.41)

〈 ˙̂a†o(t) ˙̂ao(t)〉 = κ〈 ˙̂a†(t) ˙̂a(t)〉 = κTrsys

{[
Q′, â

]† [
Q′, â

]
ρss

}
. (4.42)

We need to point out that for the equal time expectation values Eq. (4.39) and Eq.

(4.42) we are implicitly assuming that t→∞ to achieve the steady state. However, for

the different time expectation values Eq. (4.40) and Eq. (4.41) we imposed as an initial

condition that the density matrix at the beginning of the measurement is already in

the steady state ρ(0) = ρss. In all the derivations, the input-output relation Eq. (1.76)

was used with the assumption of vanishing input fields, â†in(t)|0〉 = 0. This means that

all the information about the leaking field will come from the annihilation operator â.

Comparing these equations with the expectation values of the bosonic fields in terms

of cMPS, Eqs. (1.52 to1.55) we notice that they have the same structure Table (4.1).

Moreover, it is apparent that the matrix R, will be somehow related to the operator

〈â†o(t)âo(t)〉 = κTrsys

{
â†âρss

}
〈ψ̂†(x)ψ̂(x)〉 = Tr[R†Rρss]

〈â†o(0)â†o(t)âo(t)âo(0)〉 = κ2Trsys

{
âV (t, 0)(âρssâ

†)â†)
}
〈ψ̂†(0)ψ̂†(x)ψ̂(x)ψ̂(0)〉 = Tr

[
ReT̃ x(RρssR

†)R†
]

〈â†o(t)âo(0)〉 = κTrsys

{
â†V (t, 0)âρss

}
〈ψ̂†(x)ψ̂(0)〉 = Tr[R†eT̃ x(Rρss)]

〈 ˙̂a†o(t) ˙̂ao(t)〉 = κTrsys

{
[Q′, â]† [Q′, â] ρss

}
〈dψ̂

†(x)
dx

dψ̂(x)
dx 〉 = Tr

[
([Q,R])† [Q,R] ρss

]
Q′ = −iHsys − κ

2 â
†â Q = −1

2R
†R− iK

Table 4.1: Comparison between the correlation functions of the cavity QED output
field and the correlation functions of the bosonic fields in terms of the cMPS, with

Q = −1
2R
†R − iK, Q′ = −iHsys − κ

2 â
†â and V (t, 0) = T exp

{∫ t
0 dt

′L(t′)
}

satisfies the

master equation Eq. (1.77) for the superoperator L, in the same way for eT̃ x satisfying
a similar master equation.
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√
κâ and K will be as discussed previously, related to the Hamiltonian of the system.

Note also that, the density matrix in the steady state ρss for the cavity QED system,

obeys the same kind of master equation as the density matrix of the auxiliary system

for the cMPS case deduced in Eq. (1.49). Now that we have two sets of equations, we

can discern the correspondence between the finite dimensional matrices Q,R, in which

the bosonic field operators are expressed, with the cavity QED operators involved in

the dynamics of the cavity system. Table (4.1) lists the correlation functions in the

cavity-QED formalism on the left and on the right the equivalent functions in the cMPS

model. The equivalence between cMPS and cavity-QED is now apparent, we summarize

the equivalent operators from both formalisms in Table (4.2).

cQED cMPS

âo(t) ψ̂(x)

â R

Hsys K

t x

V (t, 0) = T exp
{∫ t

0 dt
′L(t′)

}
eT̃ x

Table 4.2: Relationship between operators that describe the cavity QED system and
the operators involved in the description of a field theory by means of the cMPS

4.3 Simulation with a cavity and a 2 level atom

We now consider the correspondence established in [3] between the finite dimensional

matrices (K, R), the single-mode cavity annihilation operator a and the Hamiltonian

ĤJC of an externally driven atom coupled to that cavity are expressed as:

K =
ĤJC

s
, (4.43)

R =

√
κ

s
â. (4.44)

Here κ is the cavity decay rate while s is a scaling parameter that maps the distance

x in the Lieb-Liniger model with the time t in the atom-cavity system. Its role will be

discussed in detail later. The Jaynes-Cummings Hamiltonian ĤJC is that of a driven 2
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level atom interacting with a cavity and has the following form:

ĤJC = ω0σ̂
†σ̂ + ωcâ

†â+
g

2
(â†σ̂ + âσ̂†) +

Ω

2
(σ̂†e−iωlt + σ̂eiωlt). (4.45)

However, using the rotating frame U = exp(iωlσ̂
†σ̂t) exp(iωlâ

†ât) to eliminate temporal

dependencies we obtain:

ĤJC = (ω0 − ωl)σ̂†σ̂ + (ωc − ωl)â†â+
g

2
(â†σ̂ + âσ̂†) +

Ω

2
(σ̂† + σ̂), (4.46)

where g, σ̂ and Ω are respectively the atom-cavity coupling strength, the atomic lowering

operator, and the Rabi frequency of the driving field. The frequency ω0 is related to

the energy necessary to excite the two-level atom, ωl is the frequency of the excitation

laser and ωc the quantized cavity mode. When the cavity, atom and driving field are all

resonant, and in a suitable rotating frame the Hamiltonian takes the form

ĤJC =
g

2
(â†σ̂ + âσ̂†) +

Ω

2
(σ̂† + σ̂). (4.47)

We remark that we have checked whether allowing extra variational parameters of non-

zero detunings would improve the simulations but it does not appear to be the case.

In order to find the density-density correlation function of our field theory in terms of

the measurable quantities of the cavity system, we first notice that if we substitute the

definitions of the matrices K,R Eq. (4.43) and Eq. (4.44) into the Liouvillian Eq. (1.50)

we obtain

Lρ(x) :=
−i
[
ĤJC, ρ(x)

]
+ κâρ(x)â† − 1

2κâ
†âρ(x)− 1

2κρ(x)â†â

s
. (4.48)

From this expression we can see that ρss will not depend on the parameter s since in

the steady state Lρss(x) = 0 . Moreover the expression in the numerator corresponds to

the Liouvillian for the cavity-atom system. Substituting the definition of R Eq. (4.44)

into the density-density correlation function for bosonic operators defined in Eq. (3.9)

and compare with the second correlation function of annihilation operators Eq. (4.40)

we end up with an expression proportional to the second order correlation function for
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the intra-cavity annihilation operators

〈ψ̂†(0)ψ̂†(x)ψ̂(x)ψ̂(0)〉 =
4κ2

s2
〈â†(0)â†

(x
s

)
â
(x
s

)
â(0)〉, (4.49)

where the parameter s introduced in Eq. (4.43) and Eq. (4.44) acts as an scaling

constant for the dimension x. Furthermore, since the evolution of the annihilation

operators describing the cavity-atom system depends on the time t, we can make the

connection that t = x/s. Finally, substituting the definition of R Eq. (4.44) into the

constrain for constant density of particles expressed in terms of cMPS, Eq. (3.8) we find

that:

Tr
[
ρssâ

†â
]

=
s

2κ
. (4.50)

Including this expression back into Eq. (4.49) we end up with the definition of the

normalized second order correlation function for photons:

〈â†(0)â†(xs )â(xs )â(0)〉
Tr [ρssâ†â]

2 = g2

(x
s

)
, (4.51)

thus

〈ψ̂†(0)ψ̂†(x)ψ̂(x)ψ̂(0)〉 = g2

(x
s

)
, (4.52)

which means that to obtain the relation of 〈ψ̂†(0)ψ̂†(x)ψ̂(x)ψ̂(0)〉 versus x we simply

quantify g2(x/s) as a function of x. Moreover, in the previous paragraph we made use

of the scaling factor s to define the time as t = x/s. Thus we have g2(x/s) versus the

re-scaled ”time” x = st.

4.3.1 Improved cQED/cMPS correspondence, analytical derivations

Truncation of the annihilation operators inevitably lead to uncertainties. From Eqs. (4.43)

and (4.44), we see that cavity-QED equivalent of K and R are infinite dimensional op-

erators, due to their dependence on the cavity creation and annihilation a, a†. However,

in all previous simulations [3, 6] these operators were truncated to only four dimensions.

In general, a d−dimensional truncation leads to a change in the commutation relation,
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such that,

[â, â†] =



1 0 0 0

0 1 0 0

...
...

. . .
...

0 0 0 1− d


=: 1̃, (4.53)

where the ‘tilde’ emphasizes that this is only approximately the identity matrix. In try-

ing to find a way to mitigate the truncation error in simulations of the cavity-QED/cMPS

correspondence, we discovered that the energy density for the cavity-QED/cMPS states

under the correspondence given by Eqs. (4.43) and (4.44) can be rewritten as

e(c) = Tr[ρssĤ
∗
JC], (4.54)

where Ĥ∗JC is given by

Ĥ∗JC =
κg2

2s3
1c ⊗ σ̂†σ̂ +

2κ3

s3
N̂ ⊗ 1a

− iκ
2g

s3
(âσ̂† − â†σ̂)

+
4κ2

s2
cN̂(N̂ − 1)⊗ 1a,

(4.55)

with 1a the identity of the Hilbert space describing the atom and 1c the identity of

the Hilbert space describing the cavity, we refer the reader to Appendix 5.1 for the

full derivation. This form shows that, somewhat remarkably, the energy density of our

simulated Lieb-Liniger model is given by the energy expectation value of a new, un-

driven, “Jaynes-Cummings-like” Hamiltonian, which we have denoted Ĥ∗JC. This new

Hamiltonian is non-trivially related to the original ĤJC as evidenced by the fact that the

atom-cavity coupling and cavity decay rates enter even into the first two “free Hamil-

tonian” terms of Ĥ∗JC. More over as shown in Appendix 5.1, this effective Hamiltonian,

doesn’t depend on Ω, the Rabi frequency. It is the last term of Ĥ∗JC as written above

which is non-standard for a Jaynes-Cummings model. This term is normally encoun-

tered in Bose-Hubbard models, where it corresponds to an “on-site repulsion”. Here

there is only one site, and this term corresponds to an energy penalty as the number

of photons in the cavity grows. Note that it is only this term which depends on the

Lieb-Liniger interaction energy c. We can obtain an alternative interpretation if we use
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the second correlation function for photons Eq. (4.51) and the constraint Eq. (4.50),

where we will notice that this term is none other than cg2(0). It will be apparent in

the next sections, from Fig. (4.14) that for strongly interacting particles c � 1 the

second correlation function g2(0) → 0 thus the probability of finding 2 particles close

to each other tends to zero meaning that for high values of c the interaction potential

will be negligible and the kinetic energy will be given by the remainder terms of this

”effective Jaynes-Cummings Hamiltonian”. This effect was illustrated in Fig. (3.3) by

the plot of energies obtained using cMPS in section 3.2. It should be emphasized that

the minimum for e(c) is not the expectation value of the ground state energy Ĥ∗JC, since

ρss in Eq. (4.54) is the steady state density matrix of the atom-cavity system for the

original Hamiltonian ĤJC. As we mentioned at the end of section 3.1, the use of the

cMPS, allow us to describe the expectation value of the density Hamiltonian describing

the Lieb-Liniger model in terms of the expectation value of an auxiliary system, in this

case the driven two level atom contained in a lossy cavity, where the unknown operator

turned out to be Ĥ∗JC.

With the following analogy, we attempt to explain the above phenomenon where an

open system represented by the bosonic gas, is described by an open system given by

the cavity-atom. Consider a driven damped harmonic oscillator, this represents an open

system since it is losing energy through friction but at the same time is gaining energy

through a sinusoidal driving force. This means that for t → ∞ this open system will

tend to a steady-state and effectively will behave like a simple harmonic oscillator. Thus

in principle, we could use the open system in the steady-state to “describe” a simple

harmonic oscillator, a closed system. We only need to select the right values of the force

F0 and driving frequency ωd for F (t) = F0 cos(ωdt) to adjust to the amplitude A and

natural frequency ω0 of the simple harmonic oscillator A cos(ω0t). In the same sense, the

cMPS formalism allows us to describe an uni-dimensional bosonic gas constrained to a

ring (a closed system) by using an open system, the driven atom inside the lossy cavity.

Thus the density matrix of the cavity in the steady state seeks to behave as a closed

system and the effective Hamiltonian would represent the non-trivial transformation

that its parameters need to fulfil to describe the bosonic gas efficiently. Using this new

form of e(c) automatically corrects the truncation error mentioned above. Specifically,
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the term κg2

2s3
1c ⊗ σ̂†σ̂ corrects for the originally approximated term κg2

2s3
1̃2 ⊗ σ̂†σ̂. If

we subtract the corrected expression for the expectation value of the energy density

Eq. (4.54) to the uncorrected expression for the energy density, the difference would

correspond to an error in the simulated energy of:

∆e(c) =
κg2

2s3
Tr[ρss((1̃

2 − 1c)⊗ σ̂†σ̂]. (4.56)

Although this effect will be somehow noticeable in the calculation of the energy density

Fig. (4.12), it will prove to be important for determining the values of the physical

variables that we will use as parameters (g,Ω, s) Fig. (4.13). It is worth mentioning

that Ĥ∗JC depends on the form of the cavity-QED Hamiltonian used for K, thus it is

possible to derive different forms of Ĥ∗JC for different initial energy structures of the

system e.g. two levels or three levels systems, chapter 5 will explore this further.

4.3.2 Improved simulation results: Energy density

So far we have a simplified expression for the energy density, in terms of the interaction

parameter of the delta potential c, shown in Eq. (4.54). Without further calculations

this is the most meaningful expression of the gas energy one could obtain. In order to

improve this, hence obtaining a better understanding of the energy density, numerical

optimization is now required, specifically we must minimize Eq. (4.54) (over g,Ω and

s). To begin with, the energy density has two terms, the first of which relates to the

steady state of the cavity ρss, while the second refers to the effective Hamiltonian H∗JC.

Treating this problem by parts we first calculate the steady state of the density matrix

ρss, which is given by the Lindblad equation Eq. (1.50). On substitution of the matrices

K Eq. (4.43) and R Eq. (4.44) into the Lindblad equation Eq. (1.50) we immediately

realise that ρss is independent of s. In other words, s is constant as far as the density

matrix is concerned. Next, we fix the Boson number Eq. (3.8) and proceed to minimize

Eq. (4.54). It is worth nothing that upon writing the Boson number in terms of the

cavity operators, Eq. (4.50) we can obtain the following expression for s consistent for

all given ρss

s = 2κTr[ρssâ
†â]. (4.57)
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This could reduce the amount of minimization we need to do (although the value of s

still needs to be found numerically). In Refs. [3, 44] the minimizations were performed

incorporating a symmetry of the Lieb-Liniger model, namely as explained in Section

3.3. In addition to reducing the truncation error, we performed our simulations without

incorporating this symmetry, which, not only seemed to have improved the quality of the

simulation but allowed a general, symmetry-free method to take shape. The results for

the minimum value of energy for each c from 0 to 200, obtained by [3] as well as our values

obtained in our simulations are shown in Fig. (4.10). As a reminder, c describes the delta

Figure 4.10: Minimum value for the energy density in the Lieb-Liniger Hamiltonian
using a 2 level atom inside a cavity as simulator. In blue, extracted values from Barrett
et al [3, 6] using a two level atom. In green our take on the simulation also using a 2
level atom showing the ground state energy density for values of c = 0.07, 3.95, 60.2, 120
and 180. On red same simulation but correcting for normal ordering of the annihilation
operators. The small corrections for c < 2 will prove to be of importance at the moment
of simulating second order correlation functions since will describe g2 for smaller values
of c much better than previous research. All plots use the same dimension for the
truncated annihilation operator. N = 4

potential bosonic interaction. It can be seen that as c increases, the energy minimum

increases and saturates at high c. This behaviour is largely reproducible regardless of

the method used to calculate the cMPS. Our results are qualitatively similar to the

ones obtained by [3] however for c = 0 we notice our simulation is closer to zero (green
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cross) and even closer by a small margin our fixed simulation that avoids the truncation

problem. (red diamonds). These and other yet, subtle differences do appear if we look

closely, in particular for c : [0, 4] Fig. (4.11). At this stage it should be emphasized that

in a genuine quantum simulation that is, if we are using an actual cavity QED system

to do the optimization, there is no truncation error, the “effective d” is d =∞.

We want to discuss the consequences of the seemingly small variations that appear for

small values of c between the simulation that fix the truncation error and the simulation

that ignore this error. On correcting the truncation error, we see that the minimization

yields as much as 20% lower values (c = 0) compared to the model without error

correction. This shift reduces for increasing values of c and vanishes near c = 1.5, Fig.

(4.11). For larger values of c, the shift between the error corrected and uncorrected

models is negligible. With cMPS of dimension D = 2, only 8 variables were allowed in

the simulation and clearly, had been insufficient as we recall from Fig. (3.1), where it

crosses the Tonks-Girardeau gas limit of the Lieb-Liniger model at π2/3, hence when

simulating a large system we should expect, for a given parameter space, the energy

density in the limit of c → ∞ to be bounded by that value.. How quickly the energy

density reaches the limit determines the accuracy of the simulation. Clearly we should

configure the simulation to consider as higher dimension as possible, but we have shown,

improvement to the simulation is negligible for D > 4. The results from our simulations,

subsequently refereed as physical cMPS, the mathematical cMPS and the extracted data

points from Barrett et al, are plotted together in Fig.(4.11). Immediately we see that

the mathematical cMPS curves crosses the origin for c = 0. However the physical cMPS

as well as Barrett et al data points fail to reproduce that behaviour. This could be

explained If we recall that the energy density that we are minimizing Eq. (4.54) is the

expectation value of an effective Jaynes-Cummings Hamiltonian Eq. (4.55) not of its

ground state but a steady state ρss. As the mathematical cMPS shows the expected

behaviour at c = 0, physical models, such as the simulations from this work and from

Barrett et al should approach the mathematical cMPS as much as possible maybe by

increasing the dimension of the truncated operators. Clearly, from this perspective, the

minimization from this work shows improved accuracy compared to the methods used

by Barrett et al. The improvement may be attributed to the fact that the method
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Figure 4.11: Comparing energy densities, in blue, the values obtained by Barrett et.al
[3, 6], in green and red our minimization using a 2 level atom for the uncorrected and
corrected values of the energy. In black and pink simulations done with the mathematical
cMPS for K and R matrices of dimensions D = 2, 6 respectively.

used here does not assume symmetry, nor does it apply re-scaling to variables in the

minimization, as this may cause unintended mistakes. However note, that as the data

points for Barrett et al were not the original data produced by the authors but extracted

from the figure, the argument made here only compares the qualitative difference, not

the quantitative difference. The first impression from the results shown in Fig.(4.11), is

that the relative changes observed on correcting the truncation error is small. However if

we delve deeper and investigate the impact this has on the variables s, g,Ω, we will find

the true significance of this error correction. Another factor that affects the simulation

accuracy is the dimension of the truncated annihilation operator. For larger dimensions,

more modes will be involved in the simulation, leading to a richer description of the

reality. From the perspective of the cMPS, the higher the dimensions of the matrices

K and R, the more accurate we can describe the energy of a bosonic field. In the

physical cMPS simulation, the matrix R is proportional to the annihilation operator

a, hence more accurate descriptions of the bosonic field will result from R with higher

dimensionality. In Fig.(4.12) we show the energy density for c ∈ [0 : 2], with both

corrected and uncorrected cases of N = 4, 6, 8. To interpret this figure we consider now
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Figure 4.12: Comparing energy densities with and without corrections on the annihi-
lation operators. Increasing the dimension of the annihilation operators while keeping
the number of parameters constant, also proves to improve the simulations. The major
change comes from using a dimension of N = 6 while no significant change seems to be
produced is we calculate for N = 8.

the energy density “shift between corrected and uncorrected cases as a possible source

of simulation inaccuracy for the uncorrected cases. We can see that the shift is the

most significant for 0 ≤ c ≤ 1.5, in particular the energy density offset increases for

smaller dimensions. For larger values of N > 4, the shift improves with diminishing

returns. Ideally we would choose N = 6 or above to maximize the simulation accuracy,

but for computational simplicity, we will take N = 4, corresponding to the largest shift,

to illustrate the effects of the correction on variables s, g and Ω. Since the energy

density depends on c, s,Ω and g, minimizing Eq. (4.54) with respect to g, s,Ω allows us

to extract a set of optimal values g, s and Ω, for each value of the parameter c. We plot

the resulting curves in a)-c) Fig. 4.13. We notice that as c increases, all the variables,

c, s,Ω and g decrease. We can provide an explanation of this behaviour if we notice that

the second correlation function associated with the cavity-atom system g2(0) → 0 as c

increases Fig.(4.14).That means that the probability of finding 2 photons leaking out of

the cavity at the same time should decrease. That can be attained if the Rabi frequency

Ω and the coupling g decrease to reduce the number of available photons inside the
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Figure 4.13: a)-c) Values of the three parameters used in the optimization of the en-
ergy density of the L.L. model tend to decrease as the interaction strength increases.
In this optimization we implemented the corrections for the annihilation operators of
dimension N = 4. d)-f) Effect of the corrections made on the three variables used in the
optimization of the energy density for a truncated annihilation operator of dimension
N = 4. Notice that these corrections affect mainly the sector of weak gas interactions,
that is to say, values of c� 2. Increasing the dimension of the truncated operators will
improve even more the results but as we have shown, only up to dimension of the order
of 6 there will be noticeable changes.

cavity. Finally, the behaviour of s is related to the constraint that the Boson number

density should be a constant at all times and equal to unity. It follows that s should

be equal to the mean number of photons leaking out of the cavity Eq. (4.57), but as

the number of photons leaking out of the cavity decreases hence s decreases. Similar

arguments may be made for the increase of all three variables (s, g and Ω) as c tends

to zero. Moving our attention now to d)-f) Fig(4.13) we are comparing the optimized

variables (Ω, s, g) for the the corrected and the error case. While the corrections to

the energy of the one-dimensional bosons, e(c) are small, the values of s,Ω, g that yield

the optimum values are significantly different . We see the bigger discrepancies for the

regions of the c between 0 and 2 and no difference for c > 2. This suggest that the
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optimal variables will increase faster than originally thought. For example, at c = 0.2,

we find using our improved methods that the optimal values of s,Ω, g are 21%, 20%,

12% larger than those obtained without using them.

4.3.3 Improved simulation results: Second order correlation function

After exploring the effect of our corrections on the optimal variables (g, s,Ω) we want

to move our attention to understand how this changes will affect the measurable quan-

tities that we can extract from of our cavity-atom simulator, for instance the second

correlation function g2(t). In section 4.3, we managed to mathematically relate the

density-density correlation function that describes the bosonic particles used in [1] with

the second order correlation function that describes photons leaking out of our cavity

simulator Eq. (4.52) . Thus a good understanding of g2(t) will provide us with valuable

insights in the description of the one dimensional bosonic gas. To calculate the plots in

Fig.(4.14), we focused on equation Eq. (4.51) that relates g2(t), for t = x/s with the

annihilation operators. First, for each value of c we use the optimal parameters (g, s,Ω)

to calculate the steady state ρss using the vectorization procedure discussed in section

3 Eq. (3.12) that transforms the Lindblad operator Eq. (4.48) into a superoperator of

the form Lρss = 0 in that way we calculate the evolution operator V (t, 0) = exp (Lt)

that describes the temporal evolution of the correlation function Eq. (4.40) as:

〈â†(0)â†(t)â(t)â(0)〉 = Trsys

{
âV (t, 0)(âρssâ

†)â†)
}
, (4.58)

with that expression and knowledge of Tr
[
ρssâ

†â
]

we obtained g2(x/s) for each value of

c. Fig. (4.14)1 shows our different attempts to improve the second correlation function

g2(t). We note that the four plots have similar values for g2(0) for c = 3.95, 60.2, 625.95.

However the most significant improvements are in the region for weakly interacting

Bosons, c < 1 where g2(0) tends to 1. In particular from the cMPS simulations Fig.

(3.6)b g2(0) = 0.8431 for c = 0.07 so any simulation that properly describes this bosonic

system should get closer to that value. In that regard, Fig. (4.14)b already shows and

improvement with g2(0) = 0.6393 respect to the plot obtained by Barrett et al. Fig.

1 “Reprinted figure with permission from Sean Barrett et al., Simulating Quantum Fields with Cavity
QED, Volume 110, Issue 9, pags. 1-7, 2013 Copyright (2013) by the American Physical Society.
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Figure 4.14: Second order correlation functions obtained from the physical cMPS where
the matrices K and R are proportional to the Hamiltonian of a driven cavity-QED
system and the intracavity annihilation operator a respectively. All the plots describe
the values c = 0.07, 3.95, 60.2, 625.95. a) Plot extracted from [3] where the dimension
of the annihilation operator is N = 4 b) Our simulation for g2(t) with the truncation
error for N = 4. c) g2(t) for N = 4 using the energy density that fixes the truncation
error Eq. (4.54). d) g2(t) with no truncation error and dimension of the annihilation
operator N = 6

(4.14)a for the same value of c where g2(0) < 0.6. In both cases the the truncation

error is present, the discrepancy maybe due to the optimization method they used

that included taking advantage of the Lieb-Liniger model symmetry or due to problems

with the rescaling as discussed in section 3.3. Once the truncation is fixed and for

N = 4 g2(0) = .6996 Fig.(3.6)c and finally for the case where we also increase the

dimension of the intracavity annihilation operator to N = 6 we see a major improvement

with g2(0) = 0.8724 Fig.(3.6)d. The fact that we are slightly above the cMPS value

only reflects that these simulations are only using three variables (g, s,Ω) versus the 32

variables that the cMPS can access Fig.(3.6)b.

.
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4.4 Discussion of results

One question we want to answer is, why the chosen quantum electrodynamic system,

a driven two-level atom inside a lossy cavity, surprisingly acts as a good simulator for

the one-dimensional bosonic gas Fig. (4.15). This could allow us to understand the

limitations and potential improvements for future simulations. As a first step, we need

to understand the physics behind each system so we can find the similarities that both

systems share. On the one hand, Fig. (4.15a) describes the second order correlation
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g
2
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(x

)n
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 c=3.95      min. value: 1.59622

 c=60.2      min. value: 3.1568
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(a) Simulation of the Lieb-Liniger model using
cMPS. The dimension of the matrices K and
R given by dim(K)=dim(R)=4 for a total of 32
variables.
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CMPS  c=625.95 min. value: 3.9715

(b) Density-density correlation functions of
the Lieb-Liniger model using a 2 level atom.
The dimension of the anihilation operator is
dim(a)=6.

Figure 4.15: The g2 functions a) bosonic gas simulated using the cMPS and b) simulation
of the bosonic gas using a cavity QED system.

function of bosonic particles for the Lieb-Liniger model in the one-dimensional position

space for different values of the interaction strength c. According to chapter 3, this was

an accurate description obtained using the cMPS as variational states with 32 variables.

On the other hand, Fig. (4.15b) showcases the most improved simulation of the same

bosonic unidimensional gas but using a driven atom in a lossy cavity as a simulator. This

simulation is characterised by the second order correlation function g2 rescaled by the

parameter s. If for a moment we ignore the simulation and focus on the physics that it

describes, Fig. (4.15b) only represents the second correlation function g2(t) of a driven 2

level atom inside a lossy cavity, only rescaled in the time dimension by the parameter s.

What we would like to argue in the following analysis is that the physics that describes

the dynamics of the photons produced by a driving atom in a cavity already possesses
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Interaction c g2(0) cMPS g2(0) cavity simulation optimized cavity variables [MHz]

0.07 0.8431 0.8724 Ω = .349288, g = 0.347690

3.95 0.2129 0.2332 Ω = 0.041179, g = 0.083865

60.2 0.003434 0.004217 Ω = 0.003427, g = 0.022154

625.95 0.0000349 0.0000467 Ω = 0.000344, g = 0.006975

Table 4.3: g2(0) of the one dimensional bosonic gas using cMPS with 32 variables and
using the Jaynes Cummings model as a simulator of the bosonic gas. We see that
for each interaction value c, in the Lieb-Liniger model, there is a corresponding set of
variables Ω, g in the cavity model. Moreover the value of g2(0) are very close to each
other

characteristics that mimic the corresponding physics of unidimensional gases. In other

words, we are using a simulator with equivalent physical traits to the system we want

to simulate. For starters, the delta-potential interaction in the Lieb-Liniger model is

responsible for the free particle-like behaviour for long distances, thus the probability

of finding another particle within an infinite distance is naturally 1. Similarly, for the

cavity-atom, the probability of emitting a second photon after one was emitted within

an infinity time is 1. Thus for all values of c, both correlation functions will behave

similarly as

g2(x→∞) = g2(τ →∞) = 1. (4.59)

If we focus on g2(0) as the repulsive interaction strength c decreases, then the probability

of finding two bosons in the same place increases towards 1, which is the limit of the

ideal gas for non-interacting particles. Meanwhile, in the cavity QED case, g2(0) → 1

occurs when the couplings Ω and g are bigger than the decay rate κ thus the production

of photons inside the cavity increases making more likely to encounter a pair of them at

the same time. Thus for both cases, in the limit of c→ 0:

g2(x→ 0) = g2(t→ 0) ∼ 1. (4.60)

On the other hand for c → ∞ we are close to the Tonks-Girardeau limit where the

one-dimensional bosons separate from each other as much as possible furthermore, they

can not cross each other nor be in the same place at the same time, behaving as non-

interacting fermions [5]. In that limit, the probability of finding two bosons at the same

point in space (i.e. at a distance zero) is zero creating an antibunching effect. Similarly,

a two-level atom is only capable of absorbing a photon from the driving electromagnetic

89



field after a certain time even though the atom is ready to be excited as soon as it

releases its previous photon. However, the electromagnetic field induced by the laser

requires time to excite the atom. Thus in those conditions, the probability for the cavity

to emit two photons simultaneously reduces to zero producing the antibunching effect.

Thus for both cases, in the limit c→∞

g2(x→ 0) = g2(t→ 0) ∼ 0. (4.61)

Furthermore, not only for the extreme values but for intermediate values of c, there is

good agreement in both correlation functions. For instance for g2(0) we can see from

the second and third column in Table (4.3) they are very similar where the percentage

errors in g2(0) for the cavity simulation are: 3.4%, 9.53%, 22.8%, and 33.8% for c =

0.07, 3.95, 60.2 and 625.95 respectively which still is surprising considering we only used

3 variables for the cavity simulation versus 32 variables with the cMPS thus confirming

that there is a certain equivalence between both systems. These similarities tells us that

by themselves that the cavity atom system, has an inherent structure similar to the

bosonic gas. Furthermore, from the effective Hamiltonian derived analytically using the

physical cMPS Eq. (4.55) we can also compare the Hamiltonian of the one-dimensional

gas with the equivalent effective Hamiltonian that describes a cavity QED system. As

we previously mentioned, we are modelling a closed system (the bosonic gas) and using

an open system (a driven atom inside a cavity with leaking photons) to describe it.

We already tried to argue why it makes sense using an analogy with the harmonic

oscillator. However, we need to understand succinctly the underlying mechanism that

makes it possible. For instance, looking at the effective Hamiltonian, we can relate

the contact interaction potential of the Lieb-Liniger model with a term proportional

to the second correlation function g2 meanwhile the dynamics of a Jaynes-Cummings

type-Hamiltonian mimics the kinetic energy of the gas.
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CHAPTER 5

GENERALIZATION FOR DIFFERENT

HAMILTONIANS

5.1 Jaynes-Cummings Hamiltonian in a two level atom

We will explore how different Hamiltonians modify the final expression for the energy

density e(c) in terms of the cMPS. And will show that the terms of the form [Q,R]†[Q,R]

that represent the kinetic energy in the cMPS description of a field theory, will produce

an effective Hamiltonian that has the same structure as the physical cavity q.e.d. Hamil-

tonian used to parametrize the cMPS. Departing from the expression for the energy

density of the Lieb-Liniger model in terms of the cMPS:

e(c) = Tr
(
ρss [Q,R]† [Q,R]

)
+ cTr

(
ρss(R

†)2R2
)
, (5.1)

with Q = −iK − R†R
2 and c the interaction strength. The second term describes in the

cMPS representation the interaction between the atoms in the gas. Parametrizing the

matrices K and R with operators that describe a physical system, we have the following

identifications:

K =
Ĥsys

s
, (5.2)

R =

√
2κ

s
â. (5.3)
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Ĥsys corresponds to the Hamiltonian of a suitable system, which variables we can control.

For the case of Ĥsys being the Jaynes-Cummings Hamiltonian we have:

Ĥsys =
g

2
(â†σ̂ + âσ̂†) +

Ω

2
(σ̂† + σ̂), (5.4)

where â and σ̂ represent the annihilation operators of the cavity and the atom respec-

tively. The constants g and Ω are the coupling interaction and the Rabi frequency

respectively. We can separate the terms that describe the interaction with the cavity

from the ones only referring to the atom

Ĥsys = Ĥatom + Ĥca, (5.5)

where

Ĥatom =

(
Ω

2
(σ̂† + σ̂)

)
, (5.6)

Ĥca =
g

2
(â†σ̂ + σ̂†â). (5.7)

For simplicity we are omitting the exterior product symbol between the annihilation

operator a and the atomic annihilation operator σ̂ . Then we can rewrite Q as:

Q = −iĤatom

s
− iĤca

s
− 1

2
R†R = −iĤatom

s
+Qca, (5.8)

but note that [σ̂, R] = 0 since both operators act on different spaces, thus [Hatom, R] = 0.

This implies

[Q,R] = [Qca, R], (5.9)

with Qca = −iHca
s −

1
2R
†R. Reducing the energy density to:

e(c) = Tr
(
ρss [Qca, R]† [Qca, R]

)
+ cTr

(
ρss(R

†)2R2
)

(5.10)

= Tr[ρssM ], (5.11)

where the first term corresponds to the representation of the kinetic energy of a field

theory. In the following calculations we will show how this term will provide us with

an effective Hamiltonian that in some cases will reflect the structure of the Hamiltonian

92



Ĥca used. Also note that M does not depend on the parameter Ω which is multiplying

only operators acting on the atom. That is to say, even for a more complex atom with

more energy levels, the new added terms that describe them, won’t affect the value of M

as long as those new terms don’t interact with the cavity. Analysing the commutator,

[Qca, R] = [− ig
2s

(â†σ̂ + âσ̂†)− 1

2
R†R,R], (5.12)

where [R,R†] = 2κ
s [â, â†] we can see that the second term is reduced to,

[−1

2
RR†, R] = −1

2

(
2κ

s

)3/2

[â†, â]â (5.13)

= −1

2

(
2κ

s

)3/2

â. (5.14)

Note however that in the truncated space [â†, â] = Id where, Id is a matrix of dimension d

resulting from the commutation relation between the truncated annihilation and creation

operators of the cavity. It contains ones in the main diagonal except for the last line

that contains the matrix element 1− d as follows:

Id =
[
â, â†

]
t

=



1 0 0 ... 0 0

0 1 0 ... 0 0

0 0 1 ... 0 0

...
...

0 0 0 ... 0 (1− d)


, (5.15)

but Idâ = â, thus the Eq. (5.14) still stands. Meanwhile for the first term in Eq. (5.12),

− ig

2s
[â†σ̂ + âσ̂†, R] = − ig

2s

√
2κ

s
σ̂[â†, â]. (5.16)

Thus Eq. (5.12) yields,

[Qca, R] = − ig
2s

√
2κ

s
σ̂[â†, â]− 1

2

(
2κ

s

)3/2

â, (5.17)
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giving for the kinetic energy in the cMPS representation,

[Qca, R]†[Qca, R] =
g2κ

2s3
σ̂†σ̂[â†, â]2 +

2κ3

s3
â†â

− igκ
2

s3
σ̂†[â†, â]â+

igκ2

s3
â†σ̂[â†, â].

(5.18)

Again, if we consider the truncated space, we realise the inclusion of Id won’t affect the

last two terms of Eq. (5.18) thus

[Qca, R]†[Qca, R] =
g2κ

2s3
σ̂†σ̂I2

d +
2κ3

s3
â†â+

igκ2

s3
(â†σ̂ − σ̂†â), (5.19)

and for the last term of Eq. (5.10)

R†
2
R2 =

4κ

s2
â†2â2 =

4κ2

s2
N(N − 1), (5.20)

where the last equality is still valid even for the truncated case and N = â†â. Finally,

making the correction Id → I that accounts for the implicit error that the truncated

operators produce in the commutation relations. The expression for the energy density

in the cMPS representation parametrised with the Jaynes-Cummings Hamiltonian, takes

the form:

e(c) = Tr

[
ρss

(
g2κ

2s3
σ̂†σ̂ +

2κ3

s3
N +

igκ2

s3
(â†σ̂ − σ̂†â) + c

4κ2

s2
N(N − 1)

)]
, (5.21)

where as the first three terms correspond to the description of an effective Jaynes-

Cummings Hamiltonian.

5.2 General case

From the Eq. (5.9) it is more evident that only terms that are coupled with the anni-

hilation/creation operators of the cavity, will intervene in the operator M of Eq. (5.11)

and ultimately, in the form of the effective resulting Hamiltonian. We now consider a

Hamiltonian of the form

Ĥca = g′(â†nB + ânB†), (5.22)
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for B an operator that acts only on the atomic space, i.e. [B, â] = 0. We start our

analysis with the commutator:

[Q,R] = [Qca, R] = − i
s

√
2κ

s
[Ĥca, â]− 1

2

(
2κ

s

)3/2

â, (5.23)

and working out the terms in the commutator involving the Hamiltonian Ĥca and as-

suming we are dealing with the truncated case, we have

[Ĥca, â] = g′[â†nB + ânB†, â] = g′[â†n, â]B = −g′ ((n− 1)I + Id) â
†n−1B, (5.24)

where we used the relation

[â†n, â] = − [(n− 1)I + Id] â
†n−1, (5.25)

which can be proved using mathematical induction. This gives us:

[Q,R] = [Qca, R] = − i
s

√
2κ

s

(
−g′ [(n− 1)I + Id] â

†n−1B
)
− 1

2

(
2κ

s

)3/2

â, (5.26)

which results for the kinetic energy representation of the field theory in terms of the

cMPS in:

[Q,R]†[Q,R] =
2κ

s3
g′2B†Bân−1 [(n− 1)I + Id]

2 â†n−1 +
2κ3

s3
N

+
2κ2

s3
ig′n

(
B†ân −Bâ†n

)
.

(5.27)

Correcting the above relation by substituting Id with the identity I of the cavity space,

we have for the energy density:

e(c) =Tr

[
ρss

(
2κ

s3
g′2n2B†Bân−1â†n−1 +

2κ3

s3
N +

2κ2

s3
ig′n

(
B†ân −Bâ†n

))]
+cTr

[
ρss

(
4κ2

s2
N(N − 1)

)]
,

(5.28)

and using the relation valid even for the truncated case

ânâ†n = (N + 1)(N + 2) · · · (N + n), (5.29)
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we end up with

e(c) =Tr

[
ρss

(
2κ

s3
g′2n2B†B(N + 1)(N + 2) · · · (N + n− 1)

)]
+Tr

[
ρss

(
2κ3

s3
N +

2κ2

s3
ig′n

(
B†ân −Bâ†n

)
+ c

4κ2

s2
N(N − 1)

)]
.

(5.30)

We can see that the second line contains a term proportional to the number operator

N describing the free cavity and a term proportional to the Hamiltonian Ĥca initially

introduced. In particular for n = 2 we have the double photon absorption Hamiltonian

Ĥca = â2†B + â2B which gives for the minimum value energy:

e(c) =Tr

[
ρss

(
8κ

s3
g′2B†B(N + 1) +

2κ3

s3
N

)]
+Tr

[
ρss

(
4κ2

s3
ig′
(
B†â2 −Bâ†2

)
+ c

4κ2

s2
N(N − 1)

)]
,

(5.31)

where we obtain an term similar to the double photon absorption Hamiltonian Ĥca.

5.2.1 Other cases with no interaction with the atom

Other general cases can be worked out that involve only annihilation/creation operators

like:

Ĥca = g′â†mâm. (5.32)

Thus substituting Eq. (5.32) in the commutator of relation Eq. (5.23) we have for the

truncated case:

[Ĥca, a] = −g′ ((m− 1)I + Id) â
†m−1âm. (5.33)

In this situation, Eq. (5.23) takes the form

[Q,R] = i
g′

s

√
2κ

s
((m− 1)I + Id) â

†m−1âm − 1

2

(
2κ

s

)3/2

â, (5.34)

and the product of commutators simplifies to

[Q,R]†[Q,R] =
2κg′2m2

s3
â†mâm−1 ((m− 1)I + Id)

2 â†m−1âm +
2κ3

s3
â†â, (5.35)
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finally we have:

e(c) = Tr

[
ρss

(
2κg′2m2

s3
â†mâm−1 ((m− 1)I + Id)

2 â†m−1âm +
2κ3

s3
N + c

4κ2

s2
N(N − 1)

)]
,

(5.36)

with an error of the form:

E =
2κg′2

s3
Tr
[
ρss

(
â†mâm−1

(
2m(I − Id)− (I − Id)2

)
â†m−1âm

)]
. (5.37)

Correcting the previous equation by substituting Id with the identity I we have:

e(c) = Tr
[
ρss

(
2κg′2m2

s3

[
N [(N − 1)(N − 2) · · · (N −m+ 1)]2

]
+ 2κ3

s3
N + c4κ2

s2
N(N − 1)

)]
,

(5.38)

valid for m ≥ 2. For instance for the case m = 1 we have Ĥca = g′â†â = g′N and

e(c) = Tr

[
ρss

(
2κg′2

s3
N +

2κ3

s3
N + c

4κ2

s2
N(N − 1)

)]
, (5.39)

where the first term is again an effective Hamiltonian proportional to Ĥca. However

for values of m ≥ 2 there doesn’t seem to be an obvious relation between Ĥca and the

resulting effective Hamiltonian. As a final example we look at the particular case:

Ĥca = g′
(
â†â
)m

= g′Nm, (5.40)

thus

[Ĥca, â] = −g′ [(N + 1)m −Nm] â, (5.41)

valid even for the truncated case. Which implies that

[Q,R] =
ig′

s

√
2κ

s
[(N + I)m −Nm] â− 1

2

(
2κ

s

)3/2

â, (5.42)

thus we obtain for the energy density

e(c) = Tr

[
ρss

(
2κg′2

s3

(
N(Nm − (N − 1)m)2 +

2κ3

s3
N + c

4κ2

s2
N(N − 1)

))]
. (5.43)
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With this last example we can conclude that Hamiltonians Ĥca of the form of Eq. (5.22)

or Hamiltonians proportional to the operator N are more suited to give us effective

Hamiltonians that have a similar structure to the initial Hamiltonians Ĥca used to

parametrize the cMPS.
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CONCLUSIONS

We constructed our own code in order to calculate the energy density and other corre-

lation functions for a given model of a quantum field theory. This was achieved thanks

to the formalism of the cMPS which in the spirit of the variational method, offered

a parametrization of the state of the field. This allowed a minimization procedure to

obtain the ground state energy of the field. The code was set in action by applying it to

the Lieb-Liniger model.The results agreed with the work done by Cirac and Verstraete

[1]. On the other hand we outlined the connections that lead us to believe that mea-

surements from a field theory model has correspondent measurements in the context of

cavity QED. Borrowing mathematical terms, this isomorphism between the two systems

would help us to investigate properties of the fields by studying the behaviour of the

cavities. Still work need to be done in that matter in order to establish this isomorphism

more consistently, as this mapping is more like an injection as we are trying to repre-

sent the dynamics of infinite degrees of freedom by using finite dimensions. The next

step will be using the relations deduced in chapter 5 and come up with a cavity model

that actually reproduce the behaviour of the Lieb-Liniger model. Another directions to

achieve that goal could be to constrict the entries of the matrices K and R in order to

be able to relate them with a Hamiltonian and a lowering operator (or any other general

dissipation operator) that have a meaning in the cavity QED context. Moreover, our

analytical approach not only corrected an intrinsic error in the numerical simulation

process previously done by the works of [3] due to the normal order of the annihilation

operators but gives us a better understanding of why the simulator used in [3], works so

well to reproduce the correlation properties of the Lieb-Liniger model. Moreover, with

the analysis performed, we demonstrated that depending on what Hamiltonian we use as

a simulator, the form of the effective Hamiltonian that would describe the Lieb-Liniger

model will reflect the dynamical properties of that simulator. Furthermore, we derived
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the transformation rules that will relate the Hamiltonian of the simulator used with

the analytical forms that the effective Hamiltonian can have depending on the choice

of the simulator used. We believe that this will ease in future works the selection of

what simulator we need depending of the field theory that we want to simulate. A logic

continuation of this work is on the line of mixed gases as we already established some

relations that we can give more intuition to the physically implemented proposals. [36]
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APPENDIX A

CMPS

A.1 Structure

Departing from the expression:

|χ〉 = Traux

[
P exp

(∫ L

0
dx(Q(x)⊗ 1 +R(x)⊗ ψ̂†(x))

)]
|Ω〉, (A.1)

and labelling the expression inside the square brackets as:

O = P exp

(∫ L

0
dx(Q(x)⊗ 1 +R(x)⊗ ψ̂†(x))

)
, (A.2)

and using the time (or path) ordered exponential definition

Pe
∫ L
0 A(x)dx =1 +

∫ L

0
dxA(x) +

∫ ∫
0<x1<x2<L

dx1dx2A(x2)A(x1) + · · ·

+

∫
· · ·
∫

0<x1<···<xn<L

dx1 · · · dxnA(xn) · · ·A(x1) + · · · ,
(A.3)

in the next part, we will be suppressing the differentials for the sake of clarity, thus we
can express (A.2) term by term as:

O = 1 +

∫ L

0

[
Q(x)⊗ 1 +R(x)⊗ ψ̂†(x)

]
+

∫ ∫
0<x1<x2<L

[
Q(x2)⊗ 1 +R(x2)⊗ ψ̂†(x2)

] [
Q(x1)⊗ 1 +R(x1)⊗ ψ̂†(x1)

]
+ · · ·

+

∫ ∫
0<x1<···<xn<L

[
Q(xn)⊗ 1 +R(xn)⊗ ψ̂†(xn)

]
· · ·
[
Q(x1)⊗ 1 +R(x1)⊗ ψ̂†(x1)

]
+ · · ·

(A.4)
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Now, regrouping terms with the same number of R operators in them, we can have:

O =

1 +

∫
0<x<L

Q(x) +

∫ ∫
0<x1<x2<L

Q(x2)Q(x1) + · · ·+
∫
· · ·
∫

0<x1<···<xn<L

Q(xn) · · ·Q(x1) + · · ·


+


∞∑
n=2

∫
· · ·
∫

0<x1<···<xn<L

(
R(xn)Q(xn−1) · · ·Q(x1)⊗ ψ†(xn) + · · ·+Q(xn) · · ·Q(x2)R(x1)⊗ ψ†(x1)

)
+


∞∑
n=3

∫
· · ·
∫

0<x1<···<xn<L

∑
i,j∈{1,2,...,n}

i<j

(Q(xn) · · ·R(xj) · · ·R(xi) · · ·Q(x1))⊗ ψ†(xj)ψ†(xi)

+ · · · ,

(A.5)
which simplifies to give:

TrauxO =Traux

[
Pe

∫ L
0 dxQ(x)

]
+ Traux

[∫ L

0
dx1Pe

∫ x1
0 dxQ(x)R(x1)Pe

∫ L
x1
dxQ(x)

]
ψ†(x1)

+Traux

 ∫
0<x1<x2<L

dx1dx2Pe
∫ x1
0 dxQ(x)R(x1)Pe

∫ x2
x1

dxQ(x)
R(x2)Pe

∫ L
x2
dxQ(x)

ψ†(x1)ψ†(x2) + · · · ,

(A.6)
where the trace over the auxiliary system was taken. Then, by using the definitions
uQ(y, x) = P exp[

∫ y
x Q(x)dx] and the relation:

φn = Traux [uQ(x1, 0)RuQ(x2, x1)R...RuQ(L, xn)] , (A.7)

we finally have after reinserting TrauxO into (A.1):

|χ〉 =φ0|Ω〉+

∫ L

0
φ1ψ

†(x1)|Ω〉+

∫
0<x1<x2<L

φ2ψ
†(x1)ψ†(x2)|Ω〉

+ · · ·+
∫

0<x1···<xn<L

φnψ
†(x1) · · ·ψ†(xn)|Ω〉+ · · · ,

(A.8)

which is:

|χ〉 =
∞∑
n=0

∫
0<x1<...<xn<L

dx1...dxnφnψ̂
†(x1)...ψ̂†(xn)|Ω〉.

A.2 〈χ|χ〉 = Tr(eTL)

We will just give a brief outline to show this relation, further steps are calculated in a
similar way. First, taking the inner product of the expression:

|χ〉 =
∞∑
n=0

∫
0<x1<...<xn<L

dx1...dxnφnψ̂
†(x1)...ψ̂†(xn)|Ω〉. (A.9)

and using the basis A = {|Ω〉, |y1〉, |y1, y2〉 · · · } where |yi, . . . yk〉 = |k〉 represents the
state of the bosonic system with k particles at the positions yi, . . . , yk, yields:

〈χ|χ〉 =
∑′

k∈A

∑
n,n′

∫ ∫
0<x1<···<xn<L
0<x′1<···<xn′<L

dx1 · · · dxndx′1 · · · dx′n′φnφ∗n′〈k|ψ†(x′1) · · ·ψ†(x′n′)|Ω〉〈Ω|ψ(x1) · · ·ψ(xn)|k〉,

(A.10)

105



here the
∑′ actually represents integrals over positions for each element of A. On the

other hand, note that the inner products will be zero unless n=n’ and n=k, (the number
of particles annihilated by ψ(x1) · · ·ψ(xn) be the same as the number of particles in the
ket |y1 . . . yk〉). For example for |k〉 = |Ω〉, we conclude that n=0=k then, we have the
term:

〈Ω|ψ̂(x1) · · · ψ̂(xn)|Ω〉 = φ0φ
∗
0. (A.11)

Following the same reasoning and using, |y1 . . . y2〉 = ψ̂†(y1) . . . ψ̂†(yn)|Ω〉 as well as the
commutation relations

[
ψ(x), ψ†(y)

]
= δ(x− y), we have for n=1:∫

dy1〈y1|ψ†(x′1)|Ω〉〈Ω|ψ(x1)|y1〉 =

∫
dy1〈Ω|ψ(y1)ψ†(x′1)|Ω〉〈Ω|ψ(x1)ψ†(y1)|Ω〉

=

∫
dy1φ1(y1)φ∗1(y1),

(A.12)

and for n=2 ∫ ∫
dy1dy2〈y1, y2|ψ†(x′1)ψ†(x′2)|Ω〉〈Ω|ψ(x2)ψ(x1)|y1, y2〉 =

=

∫ ∫
dy1dy2φ2(y1, y2)φ∗2(y1, y2) +

∫ ∫
dy1dy2φ2(y1, y2)φ∗2(y2, y1)

+

∫ ∫
dy1dy2φ2(y2, y1)φ∗2(y1, y2) +

∫ ∫
dy1dy2φ2(y2, y1)φ∗2(y2, y1)

=

∫ ∫
dy1dy2 [φ2(y1, y2) + φ2(y2, y1)] [φ∗2(y1, y2) + φ∗2(y2, y1)] .

(A.13)

Note in the first equality of (A.13) that the arguments y1 and y2 are permuted in each
function giving a total of 2! × 2! = 4 terms. So in general, for each n, we will have the
sum of the integral of the different φnφ

∗
n where each φn is evaluated in one of the possible

n permutations of the set {y1, y2, . . . , yn}, given a total of (n!)2 terms. This integrals
have a natural resemblance as should be expected with the usual modulus squared of
the probability amplitudes. Defining the following quantities: A = Q⊗ 1 + 1⊗Q∗ and
B = R⊗R∗ and using the definition (1.46), φ0φ

∗
0 can be expressed as:

φ0φ
∗
0 = Traux

[
P exp

(∫ L

0
Q(x)dx

)]
Traux’

[
P exp

(∫ L

0
Q∗(x′)dx′

)]
= Tr

[
e(Q⊗1+1⊗Q∗)L

]
= Tr

[
eAL

]
. (A.14)

In the last two expressions, Tr stands for the trace of both systems, aux and aux’ while we
wrote both operators acting on different spaces as a tensor product. Finally, by assuming
translational invariance Q(x)=Q, R(x)=R, the path order exponential becomes the usual
exponential for operators. In a similar way, for φ1:∫ L

0
dy1φ1(y1)φ∗1(y1) =

∫ L

0
Tr

[
Pe

∫ y1
0 dxQ(x)⊗1+1⊗Q∗(x)R(y1)⊗R∗(y1)Pe

∫ L
y1
dx′Q(x′)⊗1+1⊗Q∗(x′)

]
=

∫ L

0
Tr

[
P exp

(∫ y1

0
dxA(x)

)
)B(y1)P exp

(∫ L

y1

dx′A(x)

)]
=

∫ L

0
Tr
[
eAy1BeA(L−y1)

]
=

∫ L

0
Tr

[ ∞∑
n=1

n−1∑
i=0

(Ay1)n−1−iB (A(L− y1))i

(n− 1− i)!i!

]
.

(A.15)
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Where we assumed translational invariance in the last line. Now using the formula:∫ L

0
yk(L− y)ndy =

n!k!

(k + n+ 1)!
Ln+k+1, (A.16)

we easily can find:∫ L

0
dy1φ1(y1)φ∗1(y1) = Tr

[ ∞∑
n=1

n−1∑
i=0

An−1−iBAi

n!
Ln

]
= Tr

[ ∞∑
n=0

n∑
i=0

An−iBAi

(n+ 1)!
L(n+1)

]
.

(A.17)
Where the last equality was just a shift in the index n. On the other hand, analysing
the expression Tr(eTL):

eTL =
∞∑
n=0

(Q⊗ 1 + 1⊗Q∗ +R⊗R∗)nLn

n!
, (A.18)

we end up, respecting the order of the operators, with the familiar Newton binomial
expansion:

eTL =

∞∑
n=0

Ln

n!

[
An +

(
An−1B + · · ·+BAn−1

)
+
(
An−2B2 + · · ·+B2An−2

)
+ · · ·

]
=

∞∑
n=0

An

n!
Ln +

∞∑
n=0

n∑
i=0

An−iBAi

(n+ 1)!
Ln+1 +

∞∑
n=0

n∑
i=0

i∑
j=0

An−iBAjBAi−j

(n+ 2)!
Ln+2 + · · · ,

(A.19)

we readily realize that when taking the trace, the first two terms of (A.19), will corre-
spond to (A.14) and (A.17). By a similar procedure with the remaining integrals of the
basis, we can obtain in a general way the remaining terms of the trace of Tr

[
eTL

]
.
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APPENDIX B

JAYNES-CUMMINGS HAMILTONIAN FOR

A THREE LEVEL ATOM

Consider a three-level atom in a lambda configuration trapped in a cavity of frequency
ωc as depicted in the Fig. (B.1). The ground state |g1〉 is coupled to the excited state
|e〉 by a laser of frequency ωl and Rabi frequency Ω and the ground state |g2〉 is coupled
to |e〉 via the cavity with an interaction strength of g. Furthermore, a second laser of
frequency ω2 and Rabi frequency Ω2 couples |g1〉 and |2〉. If our reference system is
placed such that the energy of the excited state |e〉 is zero, then the Hamiltonian in the
Schrödinger picture is:

Figure B.1: Three level atom system with states |g1〉 and |e〉 coupled by a laser of
frequency ωl, the states |g2〉 and |e〉 by a cavity of frequency ωc and the states |g1〉 and
|g2〉 coupled by a laser of frequency ω2 . The detunings are given by ∆1 and ∆2

H =ωcâ
†â− ω01σ̂1σ̂

†
1 − ω02σ̂2σ̂

†
2 +

g

2
(σ̂2â

† + σ̂†2â)

+
Ω

2
(σ̂1e

iω1t + σ̂†1e
−iω1t) +

Ω2

2
(σ̂3e

iω2t + σ̂†3e
−iω2t),

(B.1)

where σ̂1 = |g1〉〈e|, σ̂2 = |g2〉〈e| and σ̂3 = |g2〉〈g1|. Using a suitable rotating frame where
the Hamiltonian does not depends explicitly on time:

H =(ωl − ω01)σ̂1σ̂
†
1 + (ωl − ω2 − ω02)σ̂2σ̂

†
2 + (ωc − ωl + ω2)â†â

+
g

2
(â†σ̂2 + σ̂†2â) +

Ω

2
(σ̂†1 + σ̂1) +

Ω2

2
(σ̂†3 + σ̂3).

(B.2)

108



From the definitions of K and R given by (4.43) and (4.44) and using as the Hamiltonian
the three level atom coupled to the driving cavity (B.2), we have:

K =
1

s

(
δ1σ̂1σ̂

†
1 + δ2σ̂2σ̂

†
2 + ∆â†â+

g

2
(â†σ̂2 + σ̂†2â) +

Ω

2
(σ̂†1 + σ̂1) +

Ω2

2
(σ̂†3 + σ̂3)

)
,

(B.3)

R =

√
2κ

s
â, (B.4)

where δ1 = (ωl − ω01), δ2 = (ωl − ω2 − ω02) and ∆ = (ωc − ωl + ω2). These expressions
can be substituted in (3.3) and although the density matrix ρss needs to be calculated
numerically. We can still derive a few results analytically. For instance, if we separate
the Hamiltonian K into the atomic part on one side and, the interaction and cavity part
as:

K = Ĥatom + Ĥca, (B.5)

where

Ĥatom =
1

s

(
δ1σ̂1σ̂

†
1 + δ2σ̂2σ̂

†
2 +

Ω

2
(σ̂†1 + σ̂1) +

Ω2

2
(σ̂†3 + σ̂3)

)
, (B.6)

Ĥca = ∆â†â+
g

2
(â†σ̂2 + σ̂†2â), (B.7)

we can rewrite the matrix Q as:

Q = −iĤatom − iĤca −
1

2
R†R = −iĤatom +Qca. (B.8)

If we recall that the operators describing the atom σ̂i for i = 1, 2, 3 and the operator

describing the cavity R =
√

2κ
s â commute, then the expectation value for the energy

density (3.3) takes the form:

e(c) =Tr[ρss[Qca, R]−1[Qca, R]† + cρssR
†2R2]

=Tr[ρssM ],
(B.9)

where M does not depend on the description of the non interacting part of the atom.
Now, assuming the annihilation operator â is a truncated matrix of dimension k, we
obtain the following results. For instance for k = 2, the six dimensional matrices are:

[Q,R]† [Q,R] =



g2κ
2s3

0 0 0 0 gκ(∆−iκ)
s3

0 0 0 0 0 0
0 0 0 0 0 0

0 0 0
κ(g2+4(κ2+∆2))

2s3
0 0

0 0 0 0
2κ(κ2+∆2)

s3
0

gκ(∆+iκ)
s3

0 0 0 0
2κ(κ2+∆2)

s3


,

c(R†)2R2 =



0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

 ,

(B.10)
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and assuming that the density matrix in the steady state has components of the form
ρi,j then the energy density has the form of:

e(c) =
g2κ

2s3
ρ1,1 +

(
g2κ

2s3
+

2κ
(
∆2 + κ2

)
s3

)
ρ4,4 +

2κ
(
∆2 + κ2

)
s3

ρ5,5 +
2κ
(
∆2 + κ2

)
s3

ρ6,6

+
gκ(∆ + iκ)

s3
ρ1,6 +

gκ(∆− iκ)

s3
ρ6,1.

(B.11)

For k = 3, [Q,R]† [Q,R]we have:



g2κ
2s3

0 0 0 0 gκ(∆−iκ)
s3

0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

0 0 0
κ(g2+4(∆2+κ2))

2s3
0 0 0 0

√
2gκ(∆−iκ)

s3

0 0 0 0
2κ(∆2+κ2)

s3
0 0 0 0

gκ(∆+iκ)
s3

0 0 0 0
2κ(∆2+κ2)

s3
0 0 0

0 0 0 0 0 0
2κ(g2+2(∆2+κ2))

s3
0 0

0 0 0 0 0 0 0
4κ(∆2+κ2)

s3
0

0 0 0
√

2gκ(∆+iκ)
s3

0 0 0 0
4κ(∆2+κ2)

s3


and

c(R†)2R2 =



0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 8cκ2

s2
0 0

0 0 0 0 0 0 0 8cκ2

s2
0

0 0 0 0 0 0 0 0 8cκ2

s2


, (B.12)

thus in a similar way, the energy density e(c) will take the form:

e(c) = +
g2κ

2s3
ρ1,1 +

(
g2κ

2s3
+

2κ
(
∆2 + κ2

)
s3

)
ρ4,4 +

2κ
(
∆2 + κ2

)
s3

ρ5,5 +
2κ
(
∆2 + κ2

)
s3

ρ6,6

+

(
2κg2

s3
+

4κ
(
∆2 + κ2

)
s3

+
8cκ2

s2

)
ρ7,7 +

(
4κ
(
∆2 + κ2

)
s3

+
8cκ2

s2

)
ρ8,8 +

(
4κ
(
∆2 + κ2

)
s3

+
8cκ2

s2

)
ρ9,9

+
gκ(∆ + iκ)

s3
ρ1,6 +

gκ(∆− iκ)

s3
ρ6,1 +

√
2gκ(∆ + iκ)

s3
ρ4,9 +

√
2gκ(∆− iκ)

s3
ρ9,4.

(B.13)
In its most general form, the matrix elements, ofKn,m and Vn,m, whereK = [Q,R]† [Q,R]
and V = c(R†)2R2 are:

V3n,3n = V3n+1,3n+1 = V3n+2,3n+2 =
4n(n− 1)cκ2

s2
, (B.14)

K3n,3n =
kg2

2s3
+

4nk(∆2 + κ2)

2s3
+ c

4n(n− 1)κ2

s2
,

K3n+1,3n+1 = K3n+2,3n+2 =
4nk(∆2 + κ2)

2s3
+ c

4n(n− 1)κ2

s2
.
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While the off-diagonal elements are:

H1+3n,6+3n =
κg

s3
(∆− iκ)

√
n+ 1, (B.15)

H6+3n,1+3n =
κg

s3
(∆ + iκ)

√
n+ 1, (B.16)

for n = 0, 1, 2, ... and zero for other cases. Notice that the interaction part is zero for
the values of n = 0, 1 and appears only after n = 2, which is natural since it reflects the
fact that the minimum number of particles needed to have an interaction is 2. It is also
telling that the interaction strength is proportional to the number of modes present.
Thus it can be shown that

e(c) = Tr[ρssH] =
κg2

2s3

∞∑
n=0

ρ3n,3n +
4κ(∆2 + κ2)

2s3
〈N〉+

4κ2

s2
c〈N(N − 1)〉

+
κg

s3

∞∑
n=0

√
n+ 1

{
(∆− iκ)ρ1+3n,6+3n + (∆ + iκ)ρ†1+3n,6+3n

}
,

, (B.17)

where the first term correspond to the probability of being in the excited state for each
mode. Given the conditions of our problem, we are engineering it so that there is no
population in the excited state thus the expectation value of this term will be negligible.
Another way of expressing this result in terms of known operators is:

e(c) =Tr[ρss(
κg2

2s3
1c ⊗ σ̂e +

4κ

2s3
(∆2 + κ2)N ⊗ 1a +

4κ2

s2
cN(N − 1)⊗ 1a

+
κg(∆− iκ)

s3
âσ̂†2 +

κg(∆ + iκ)

s3
â†σ̂2)],

(B.18)

where 1c,1a are the identity operators in the cavity and the atom space respectively, σ̂e is
the operator describing the excited state of the atom and σ̂2 describes the annihilation
operator of the second ground state |gs2〉 coupled to the cavity. This is telling us
that when we calculate the expectation value of the energy density for the particular
class of cMPS in the Lieb-Liniger density Hamiltonian, the resulting calculation makes
equivalent the Lieb-Liniger expectation value Hamiltonian to an effective expectation
value of a Jaynes Cummings Hamiltonian. In other words, we are selecting a cMPS in a
subset of the Fock space, that obey the dynamics of a Jaynes Cummings Hamiltonian,
and surprisingly they are close to the ground state of the Lieb-Liniger Hamiltonian.
These relationship is not as simple as it looks since the expectation value of this effective
Jaynes-Cummings Hamiltonian is over the steady state of the atom-cavity system, which
in turn evolved from the Hamiltonian given in (B.2).
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APPENDIX C

MIXTURE OF GASES

Following [36], the Hamiltonian corresponding to two Lieb-Liniger gases interacting
through a density density coupling is described by:

H =

2∑
α=1

∫ +∞

−∞
dx
dψ̂α

†
(x)

dx

dψ̂α(x)

dx

+c

2∑
α=1

∫ +∞

−∞
dxψ̂α

†
(x)ψ̂α

†
(x)ψ̂α(x)ψ̂α(x) +G

∫ +∞

−∞
dxρ̂1(x)ρ̂2(x),

(C.1)

with c still the interaction strength of between the particles of the same species, G the

coupling between the gases of different species and ρ̂α(x) = ψ̂α
†
(x)ψ̂α(x). Thus using

the same kind of analytical analysis as in Eq. (5.10) we have that for a mixture of two
gases, the corresponding energy density in terms of the cMPS looks like:

e(c) =
∑2

α=1 Tr

(
ρss

[
Q̃, R̃α

]† [
Q̃, R̃α

])
+ c

∑2
α=1 Tr

(
ρss(R̃

†
α)2R̃2

α

)
+GTr

(
ρssR̃

†
1R̃1 ⊗ R̃†2R̃2

)
,

(C.2)
where the first two terms correspond to the Lieb-Liniger model in terms of the cMPS
for each gas and the last term describes the coupling between the gases. In a similar
way as to the one type of gas, the matrices Q̃, R̃2 and R̃1 describe the multicomponent
mixture of gases which, are given by:

Q̃ = −iK̃ − 1

2
R̃1
†
R̃1 −

1

2
R̃2
†
R̃2, (C.3)

K̃ = K1 ⊗ I + I ⊗K2 +
N∑
n=0

Z
(n)
1 ⊗ Z(n)

2 , (C.4)

R̃1 = R1 ⊗ I, (C.5)

R̃2 = I ⊗R2. (C.6)

The operators Z
(n)
1 and Z

(n)
1 describe the coupling between the gases. Also note that

[R̃1, R̃2] = 0 as they act on different spaces. For the case proposed in [36] describing two
superconducting cavities interacting each one with a superconducting qubit we have the
Hamiltonian of the system as

Ĥsys = gâ†1σ̂1 + Ωσ̂†1 + gâ†2σ̂2 + Ωσ̂†2 + Jâ†1 ⊗ â2 + λσ̂†1 ⊗ σ̂2 + h.c. (C.7)

= Ĥcav + Ĥatom, (C.8)
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where we have divided the Hamiltonian in the terms describing only the atoms and
terms describing atom cavity interactions as:

Ĥcav = gâ†1σ̂1 + gâ†2σ̂2 + Jâ†1 ⊗ â2 + h.c., (C.9)

Ĥatom = Ωσ̂†1 + Ωσ̂†2 + λσ̂†1 ⊗ σ̂2 + h.c., (C.10)

and g is the coupling strength between a cavity and a qubit, J and λ are the coupling
strengths for cavities and qubits and Ω is the amplitude of the driving laser. In the
following we will show that the variables involved in Ĥatom won’t take part in the final
expression of the effective Hamiltonian and only the variables involved in Ĥcav will be
present. On the other hand, Eq. (C.7) give us the following identifications:

K̃ = K1 ⊗ I + I ⊗K2 +
J

s
â†1 ⊗ â2 +

J

s
â1 ⊗ â†2 +

λ

s
σ̂†1 ⊗ σ̂2 +

λ

s
σ̂1 ⊗ σ̂†2, (C.11)

K1 =
g

s
(â†1σ̂1 + â1σ̂

†
1) +

Ω

s
(σ̂†1 + σ̂1), (C.12)

K2 =
g

s
(â†2σ̂2 + â2σ̂

†
2) +

Ω

s
(σ̂†2 + σ̂2), (C.13)

Ri =

√
κ

s
âi. (C.14)

Thus for the commutator [Q̃, R̃1] we have:

[Q̃, R̃1] = [−iK̃1, R̃1]− 1

2
[R̃1
†
, R̃1]R̃1 (C.15)

=

(
−i[K1, R1]− 1

2
[R†1, R1]R1

)
⊗ I

+

[
J

s
â†1 ⊗ â2 +

J

s
â1 ⊗ â†2 +

λ

s
σ̂†1 ⊗ σ̂2 +

λ

s
σ̂1 ⊗ σ̂†2, R1

]
. (C.16)

The first term in Eq. (C.16) is the same as in the uncoupled case for the 1-dimensional
Lieb-Liniger in terms of the cMPS, thus it will give us the same analytical expression
as in that case, but if we analyse the second commutator and recalling that [σ̂1, R1] = 0
we will get:

[
J

s
â†1 ⊗ â2 +

J

s
â1 ⊗ â†2 +

λ

s
σ̂†1 ⊗ σ̂2 +

λ

s
σ̂1 ⊗ σ̂†2, R1 ⊗ I

]
=
J

s

√
κ

s
[â†1, â1]⊗ â2. (C.17)

Thus Eq. (C.16) simplifies to:

[Q̃, R̃1] =

(
−i
√
κ

s

g

s
[â†1, â1]σ̂1 −

1

2

(κ
s

)3/2
[â†1, â1]â1

)
⊗ I +

J

s

√
κ

s
[â†1, â1]⊗ â2. (C.18)

Calculating the product of commutators which are the responsible of producing an
effective Hamiltonian similar to Ĥcav we have:

[Q̃, R̃1]†[Q̃, R̃1] =

(
κg2

s3
σ̂†1σ̂1I

2
d +

κ3

4s3
â†1â1 +

igκ2

2s3
(â†1σ̂1 − â1σ̂

†
1)

)
⊗ I − Jκ2

2s3

(
â†1 ⊗ â2 + â1 ⊗ â†2

)
+

(
κJ2

s3
I ⊗ â†2â2 +

iκJg

s3
(σ̂†1 ⊗ â2 − σ̂1 ⊗ â†2)

)
(I2
d ⊗ I).

(C.19)
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In a similar way for the second gas:

[Q̃, R̃2]†[Q̃, R̃2] =I ⊗
(
κg2

s3
σ̂†2σ̂2I

2
d +

κ3

4s3
â†2â2 +

igκ2

2s3
(â†2σ̂2 − â2σ̂

†
2)

)
− Jκ2

2s3

(
â†1 ⊗ â2 + â1 ⊗ â†2

)
+

(
κJ2

s3
â†1â1 ⊗ I +

iκJg

s3
(â1 ⊗ σ̂†2 − â

†
1 ⊗ σ̂2)

)
(I ⊗ I2

d).

(C.20)
Note how this two expressions produce an effective Hamiltonian that describes a cavity
interacting non only with a qubit but with a neighbouring second cavity as in Eq. (C.9)
but also we have a term proportional to iκJg

s3
that describes the interaction of one cavity

over the atom contained in the second cavity. Finally, Eq. C.2 takes the form:

e(c) =e1(c) + e2(c) + Tr

[
ρss

(
−Jκ

2

s3

(
â†1 ⊗ â2 + â1 ⊗ â†2

)
+
gκ

s

(
â†1â1 ⊗ â†2â2

))]
+Tr

[
ρss

((
κJ2

s3
I ⊗ â†2â2 +

iκJg

s3
(σ̂†1 ⊗ â2 − σ̂1 ⊗ â†2)

)
(I2
d ⊗ I)

)]
+Tr

[
ρss

((
κJ2

s3
â†1â1 ⊗ I +

iκJg

s3
(â1 ⊗ σ̂†2 − â

†
1 ⊗ σ̂2)

)
(I ⊗ I2

d)

)]
,

(C.21)

where ei(c) corresponds to the expression of the energy density for the non interacting
gases case expressed as:

ei(c) = Tr

[
ρss

(
κg2

s3
σ̂†i σ̂iI

2
d +

κ3

4s3
â†i âi +

igκ2

2s3
(â†i σ̂i − âiσ̂

†
i ) +

cκ2

s2
â†2i â

2
i

)]
, (C.22)

but ρss now describes the density matrix in the steady state results from the interaction
between the coupled gases. Correcting the error coming from the truncated space of the
annihilation operators, (i.e. Id → I) we end up with the final form of the energy density
for a mixture of gases as:

e(c) =e1(c) + e2(c) + Tr

[
ρss

(
−Jκ

2

s3

(
â†1 ⊗ â2 + â1 ⊗ â†2

)
+
gκ

s

(
â†1â1 ⊗ â†2â2

))]
+Tr

[
ρss

((
κJ2

s3
I ⊗ â†2â2 +

iκJg

s3
(σ̂†1 ⊗ â2 − σ̂1 ⊗ â†2)

))]
+Tr

[
ρss

((
κJ2

s3
â†1â1 ⊗ I +

iκJg

s3
(â1 ⊗ σ̂†2 − â

†
1 ⊗ σ̂2)

))]
,

(C.23)

this is the expression for the expectation value of an effective Hamiltonian that has
terms that describe two cavities interacting with one qubit and between themselves as
in Eq. (C.9) but as mentioned before it also contains cross terms describing interactions
between a cavity and the atom contained in the second cavity. Note once again that the
terms describing only the atomic part related to the variables λ and Ω are not present
in this effective Hamiltonian in the same way as the simple case of just one gas studied
above.
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APPENDIX D

LOOKING FOR EXTRA VARIABLES IN THE

CAVITY QED HAMILTONIAN

D.1 Reestructuring cmps

The basic question we tried to answer with this idea was, what parameters we need to
add and where do we need to add them in the cavity QED Hamiltonian that describes
the Lieb-Liniger model? In other words, f we compare the number of variables in the
simulation of the model using a cavity QED Hamiltonian (3 variables) against the (128
variables ) for the cMPS with D = 8, what would be amount of extra variables we need
to add? There are two approaches.

• Add tunable variables times interaction terms, in the form of creation annihilation
operators and Pauli matrices representing the 2 level atom, to the cavity QED
Hamiltonian.

• Constrain/reduce the mathematical cMPS, that is to say, reduce the 2D2 variables
needed to reproduce the Lieb-Liniger model.

What we did was to reduce the mathematical cMPS variables (2D2) and provide the
matrices K and R with the structure of a cavity and a 2 level atom. I.e. K = K† and
R = γâ⊗1. With â the truncated annihilation operator and 1 the 2 level atom identity
operator. With those constrains, we managed to reduce the amount of variables needed,
and we showed in Fig. (D.1a) that still with D2+1 you can still reproduce the correlation
functions from Cirac [1]. Hinting that if we want a better description using a 2 level atom.
One must include terms in the off diagonal matrix of the effective Jaynes-Cummings
Hamiltonian that describes the ground state energy of the Lieb-Liniger Hamiltonian.
The reason for that conclusion is that in the simulation of the mathematical cMPS, the
off-diagonal elements of K where populated thus helping to populate the offdiagonal
elements of [Q,R]† [Q,R], while for a simulation using a cavity like in appendix B we
can see that mostly the diagonal is the one affected by the parameters. For instance in

115



the case k = 3, [Q,R]† [Q,R]we have:

g2κ
2s3

0 0 0 0 gκ(∆−iκ)
s3

0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

0 0 0
κ(g2+4(∆2+κ2))

2s3
0 0 0 0

√
2gκ(∆−iκ)

s3

0 0 0 0
2κ(∆2+κ2)

s3
0 0 0 0

gκ(∆+iκ)
s3

0 0 0 0
2κ(∆2+κ2)

s3
0 0 0

0 0 0 0 0 0
2κ(g2+2(∆2+κ2))

s3
0 0

0 0 0 0 0 0 0
4κ(∆2+κ2)

s3
0

0 0 0
√

2gκ(∆+iκ)
s3

0 0 0 0
4κ(∆2+κ2)

s3


(D.1)

and

c(R†)2R2 =



0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 8cκ2

s2
0 0

0 0 0 0 0 0 0 8cκ2

s2
0

0 0 0 0 0 0 0 0 8cκ2

s2


. (D.2)

It is interesting to note that we are not able to reproduce quite well the oscillations for
c = 20 and c = 200 which probably means that the constraint imposed on the matrix R
may be erasing the information on the Friedel-like oscillations for the bosonic gas.
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Figure D.1: Density-density correlation functions (a) cMPS with the structure of the two
level atom and cavity system defining R as the tensor product of a truncated annihilation
operator â of dimension 4 and the identity of a 2 level atom. K = K† and R = γâ⊗ 1.
Number of total variables is D2 + 1 = 65 (b) Results predicted by Cirac from [1].

117



APPENDIX E

COMPUTATION OF DENSITY MATRIX

AND PROBABILITY AMPLITUDES

Assuming ~ = 1, consider a two level atom with energy separation ω0, which is placed
inside a semitransparent cavity of natural frequency ωc that allows photons to leak at a
rate κ. The atom is addressed by a continuous laser at frequency ωl and Rabi frequency
Ω. For this system, the density matrix obeys the following equation in the Linblad form:

ρ̇(t) = −i [H, ρ] + F [ρ] , (E.1)

where F [ρ] is given by
F [ρ] = 2κρâ† − κâ†âρ− κρâ†â. (E.2)

The Hamiltonian in the Schrödinger picture describes the typical Jaynes-Cummings
interaction model between the cavity and the atom, which is also interacting with the
laser in a classical fashion as follows:

H = ω0σ̂
†σ̂ + ωcâ

†â+
g

2
(â†σ̂ + âσ̂†) +

Ω

2
(σ̂†e−iωlt + σ̂eiωlt). (E.3)

In order to make the numerical calculations of the density matrix is better to solve this
particular Hamiltonian numerically. In the steady state is better to work in a frame
where the Hamiltonian does not depend explicitly on time. Thus, through out the notes
we will be transforming to more suitable rotating frames. It is easy to proof that under
a unitary transformation U(t) behaves as:

ρ̃(t) = Uρ(t)U †, (E.4)

thus
˙̃ρ(t) = −i

[
H̃, ρ

]
+ F̃ [ρ̃] = L̃ρ̃, (E.5)

where the Hamiltonian and Lindblad operator take the form: H̃ = iU̇U † + UHU † and
F̃ = UFU †. If we use the rotating frame on the previous Hamiltonian to eliminate
explicit time dependencies:

U = exp(iωlσ̂
†σ̂t) exp(iωlâ

†ât), (E.6)

the Hamiltonian is reduced to:

H = (ω0 − ωl)σ̂†σ̂ + (ωc − ωl)â†â+
g

2
(â†σ̂ + âσ̂†) +

Ω

2
(σ̂† + σ̂). (E.7)
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In this particular frame the time evolution is given by

ρ(t) = eL̃tρ0. (E.8)

Thus calculating the total probabilities for the ground and excited state over all the
available modes:

Pg(t) =
∑
n

(〈n| ⊗ 〈g|) ρ(t) (|n〉 ⊗ |g〉) =
∑
n

Pne, (E.9)

Pe(t) =
∑
n

(〈n| ⊗ 〈g|) ρ(t) (|n〉 ⊗ |g〉) =
∑
n

Png, (E.10)

where |n〉 are the state representing the cavity modes, |e〉 and |g〉 the excited and ground
state of the atom and Pne, Png are the probabilities for the excited and ground state for
a specific mode n.
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