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Abstract

Gene expression varies significantly from cell to cell and over time, giving rise to phenotypic
diversity within populations of genetically identical cells. This variation has a crucial role
in gene regulatory networks and cell fate decisions. The recent rise in single-cell genomics
technologies promises to exploit cellular variability to elucidate mechanisms of gene regula-
tion. However, little emphasis is given on developing stochastic models that can effectively
harness single-cell data to make sense of this variability. Moreover, single-cell sequencing data
only reveals static snapshots of gene expression and is corrupted by technical noise, hindering
biologically meaningful variation and posing challenges in uncovering gene regulatory mecha-
nisms. The first part of this thesis introduces a stochastic modelling framework that leverages
time-resolved single-cell transcriptomics data to tackle these challenges. The method delin-
eates biological and technical noise sources and employs Bayesian inference to reveal global
mechanisms of transcriptional regulation. The second part extends the framework to analyse
gene co-expression relationships in time-resolved single-cell data, using stochastic models of
gene co-regulation. The approach quantifies biological and technical contributions to transcrip-
tional covariation and utilises machine learning techniques to identify modes of gene interaction.
The final part attempts to address challenges arising from the complexity of modelling gene
regulatory networks. It presents a rigorous theoretical method for approximating stochastic
biochemical networks under timescale separation conditions, with applications to models of

gene regulation.
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Chapter 1

Introduction

Biological functions inside living cells are precisely controlled by genes that are expressed and
interact through complex regulatory networks. According to the central dogma of molecular
biology, genetic information encoded in DNA is translated into cellular function via gene ex-
pression, a complex process involving transcription (RNA synthesis) and translation (protein
synthesis) [1]. The molecular components responsible for this process, such as RNA polymerases
for transcription and ribosomes for translation [2], are typically present at low copy numbers,
giving rise to stochastic fluctuations in genetic activity and interaction [3—6]. As a consequence
of stochasticity, clonal populations of cells that share the same genetic content can exhibit sub-
stantial variability in behaviours and phenotypes [7, 8]. Yet, despite the presence of noise, cells
make decisions in a highly robust and coordinated way [9]. This remarkable phenomenon is of
central interest in biological research. Importantly, noise is not merely a perturbative force that
cells attempt to suppress in order to achieve precise biological function. Evidence suggests that
cells exploit noise to diversify their phenotypes and respond to environmental signals, thereby
optimising their behaviour [10-14]. This makes stochasticity a crucial factor in gene regulation

and cellular decision making [15-18].

The standard approach for studying cellular noise involves distinguishing between intrinsic and
extrinsic contributions to the overall gene expression variation [19, 20]. Intrinsic noise origi-
nates from the random timing of biochemical interactions that occur during gene expression,
causing temporal fluctuations in the activity of a gene in a single cell [21]. Eztrinsic noise arises

from variation in cellular states, such as cell cycle stage, cell size and levels of transcription



factors, or differences in the cellular environment, causing fluctuations in the expression of a
gene from cell to cell [11, 22]. The development of dual-reporter assays provided the first ex-
perimental evidence of intrinsic and extrinsic noise effects, by measuring the fluorescence of two
protein reporters controlled by identical gene promoters, in clonal populations of prokaryotic
and eukaryotic cells [3, 8, 23, 24]. These experiments demonstrated that extrinsic noise causes
cell-to-cell variation in the expression of a single gene, but also leads to correlated fluctuations
in the expression of two gene copies in the same cell. Intrinsic noise is observed when two gene
copies in the same intracellular environment exhibit uncorrelated expression fluctuations. These
observations made it apparent that detecting and quantifying noise is key for understanding
gene regulation [21, 25-30]. Importantly, they pioneered a new research direction towards a

quantitative characterisation of gene expression stochasticity and its consequences.

A step along this direction came with novel technologies that have enabled precise and high-
throughput measurement of gene expression and cell-to-cell variability. Various methods enable
real-time monitoring of gene expression dynamics in single cells with the use of live fluorescent
microscopy and time-lapse imaging [31-34]. Visualising and tracking temporal expression pat-
terns has offered fundamental insights into gene regulation at single-molecule resolution [35-38].
An important example is the observation that transcription occurs in short-lived, intermittent
pulses of activity followed by periods of inactivity, a phenomenon known as transcriptional
bursting (3, 39, 40]. Nonetheless, a limitation of these methods is that they can track the
fluorescence of only a few genes at a time, thus prohibiting genome-wide analyses of gene

expression.

Genome-wide quantification of transcription in individual cells has been made possible with
single-cell RNA sequencing (scRNA-seq) [41], that enables whole-transcriptome profiling across
thousands to millions of cells simultaneously [42, 43]. This method has provided unprecedented
insights into cell-to-cell transcriptional heterogeneity and its role in gene regulation, with nu-
merous applications including developmental and cancer biology, neuroscience and biomedicine
[44-50]. A major limitation of single-cell sequencing is that it disrupts cellular physiology
and only reveals a snapshot of transcriptome profiles in time, obscuring information about the

underlying transcription dynamics [51].

The advent of single-cell technologies has boosted the development of mathematical and compu-

tational methods for modelling and analysing gene regulation. These methods utilise biochem-



ical reaction network descriptions to capture key steps in the gene expression process, such as
transcriptional activation, mRNA synthesis, processing and degradation, and regulatory events
such as protein-DNA interactions [52]. These networks can be mathematically formulated in
a deterministic manner using ordinary differential equations (ODEs) to describe the average
dynamics of gene expression in a cell population. Alternatively, stochastic formulations ac-
count for cell-to-cell variability by characterising the probability distribution of gene expression
across cells [52-59]. In stochastic analyses, gene expression dynamics is typically modelled as a
discrete-state, continuous-time Markov process, that tracks the abundance of molecular species
comprising the reaction network [60-62]. The time-evolution of the probability mass function
of this process is governed by the chemical master equation (CME), that describes the prob-
ability fluxes among all possible states [63]. As the CME is analytically intractable for most
detailed models of gene regulation, modelling often relies on the Gillespie stochastic simulation
algorithm (SSA) to sample trajectories of the stochastic process and approximate the exact
probability distribution [64—66]. Various approximations of the CME [67-70] and approximate
stochastic simulation algorithms [66, 71, 72| provide alternative means for computing proba-
bility distributions or statistics of gene expression. Consequently, the CME, the SSA and their

approximations are the standard tools for modelling stochastic gene expression.

The rise in single-cell genomics technologies [73] has also prompted advances in computational
methods for single-cell data analysis [74, 75]. A wide range of computational tools has been
developed, with applications including the discovery of novel cell types [45, 76-78], the recon-
struction of gene regulatory networks [79-82] and the prediction of cell state transitions and
developmental fate decisions [83-85] from single-cell data. Yet, most existing methods pri-
marily focus on descriptive statistical analyses to explain gene expression patterns, while little

emphasis is given on identifying mechanisms of gene regulation.

The intersection of single-cell technologies and advanced mathematical models presents a unique
opportunity for the mechanistic investigation of gene expression through data-driven modelling.
Weighing quantitative models of gene expression against single-cell data with statistical infer-
ence [71, 86] allows to approximate the true generative processes underlying observed expression
profiles and gain insights into regulatory mechanisms [80, 87-91]. For instance, fitting models
of transcription dynamics to scRNA-seq data enables the estimation of kinetic parameters that

govern the mRNA life cycle, thereby shedding light on mechanisms of transcriptional regu-



lation [92-97]. A wide variety of inference methods are available for estimating parameters
of biochemical reaction network models. Commonly used methods are maximum likelihood
estimation approaches [98], moment-based inference [99-101], likelihood-based Bayesian infer-
ence [102] and simulation-based Bayesian inference [103], including Markov chain Monte Carlo
(MCMC) [104, 105], approximate Bayesian computation (ABC) [106, 107] and machine learning

approaches [108].

Despite the unprecedented access to large-scale, high-resolution biological measurements and
advanced computational methods, several challenges remain for modelling gene regulation using
single-cell data. One of the most critical challenges is that standard single-cell RNA sequencing
only provides an instantaneous snapshot of gene expression, posing constraints on dynamic
modelling and inference [51, 109]. Quantitative models are typically restricted to steady-state
descriptions, as it is hard to identify transient gene expression changes in the data. Also, since
kinetic parameters driving gene expression are measured in units of time, it is only possible to
infer their relative values across genes [88]. Inference of gene regulatory networks from snapshot
data is particularly challenging, as it is hard to detect time-shifted expression changes caused

by direct gene interaction from simultaneous transcriptomic profiles [82, 91, 110].

Attempts to address these challenges include the development of trajectory inference methods,
that aim to computationally map cells along pseudotemporal trajectories [83, 111, 112]. How-
ever, these methods rely on arbitrary metrics of gene expression similarity and have known lim-
itations [113, 114]. An alternative approach to dynamically resolving snapshot data is through
RNA velocity methods, that leverage bimodal measurements available from RNA sequencing
(nascent and mature mRNA) to infer the directionality of gene expression states [115-118].
Although widely applied to investigate gene regulation dynamics with scRNA-seq [119-125],
these methods depend on arbitrary data preprocessing assumptions [126] and lack a rigorous
mechanistic foundation [127, 128]. An alternative experimental approach for temporally re-
solving single-cell sequencing is through metabolic RNA labelling [129]. This technique enables
tracking the timescales of mRNA production and degradation by chemically modifying mRNA
and separately measuring pre-existing and newly synthesised transcripts [130-134]. As a re-
sult, it provides a natural means of experimentally accessing genome-wide expression dynamics

without relying on computational predictions.

Another important challenge for quantitative modelling is the introduction of confounding



factors of technical variation by single-cell sequencing protocols. Transcriptomic measurements
are corrupted by technical noise due to the low detection efficiency of mRNA transcripts in
each cell [51, 135]. This noise complicates the accurate quantification of expression patterns
and makes it difficult to distinguish between technical errors and true biological variation
[136, 137]. To address these issues, several studies have proposed normalisation methods to
account for technical biases [137-142], and others have integrated measurement noise models
with mechanistic models of gene expression to deconvolute technical and biological sources of
stochasticity [94, 136, 143-148]. Another technical source of noise in single-cell sequencing
data is batch effects, that arise from measuring cells under multiple experimental conditions
[51, 149]. Accounting for such effects typically involves statistical integration approaches that

rely on arbitrary distributional assumptions [140, 150, 151].

1.1 Aims and Outline

The primary aim of this PhD thesis is to develop rigorous methodologies for the mechanistic
interrogation of gene regulation, and address some of the challenges associated with modelling
single-cell gene expression data. We employ mathematical descriptions of biochemical reaction
networks, using the chemical master equation and its approximations, to construct mechanistic
models of stochastic gene expression and characterise its properties. Building on this mathemat-
ical framework, we integrate information from single-cell RNA sequencing data, and account for
sources of technical variability. We utilise statistical inference and machine learning techniques
to inform our models and gain insights into gene regulation from the data. Additionally, we
focus on the complexity associated with models of stochastic reaction networks and develop
a method that reduces this complexity. Overall, the methods presented in this thesis can be
utilised and further extended to study stochastic gene regulation in a data-driven manner that

harnesses the power and scale of single-cell genomics technologies.

The Chapter 2 of this thesis focuses on modelling gene expression dynamics using time-resolved
scRNA-seq data. It is known that the global control of gene expression is closely linked to the
cell cycle [152, 153], a fundamental biological process during which cells grow, replicate their
genome and divide [154]. Yet, it is unclear how noisy transcription dynamics is coordinated

throughout the cell cycle. In this chapter, we develop a model of gene expression in growing



and dividing cells to investigate properties of cell cycle-dependent transcription regulation. To
inform our model, we leverage data from a time-resolved scRNA-seq protocol, scEU-seq [155],
that enriches single-cell transcriptomes with metabolic RNA labelling and cell cycle ordering
information. In section 2.2, we describe the scEU-seq dataset and present a model of gene
expression that integrates its temporal features, including RNA labelling timepoints and cell
cycle stages. We develop a methodology to estimate and account for technical noise effects in
the data, enabling reliable quantification of biological contributions to transcriptional noise. In
section 2.3, we introduce a Bayesian inference framework, that allows testing multiple hypothe-
ses describing the dependence of bursty transcription and mRNA degradation on the cell cycle
and cell size. This involves inference of individual model parameters and model selection to
weigh the competing models against the data. Additionally, we present an approach for test-
ing the robustness of our inference using synthetic data. In section 2.4, we apply our method
to reveal global patterns of transcriptional regulation from scEU-seq data. We demonstrate
how our model exploits dynamical patterns in time-resolved data to identify distinct regulatory
mechanisms. This allows us to pinpoint groups of genes associated with different modes of cell

cycle- and cell size-dependent regulation and analyse their properties.

Chapter 3 expands beyond the gene-specific modelling approach of Chapter 2, focusing on mod-
elling gene regulatory interactions. Genes are functional units encoding cellular functions and
operate as part of regulatory networks to orchestrate these functions [1, 156]. Gene regulatory
networks are core determinants of cell fate decisions and cellular diversity [157, 158], and de-
coding these networks is a fundamental question in biological research. It is a well-established
belief that gene interactions contribute significantly to gene expression stochasticity [4, 6] and
this stochasticity has been proposed as a tool to investigate gene regulation [27, 91, 159]. In this
chapter, we utilise cell-to-cell transcriptional variation revealed by single-cell RNA sequencing
data to explore pairwise gene relationships. In section 3.2, we develop a stochastic model to
describe dynamics of gene co-expression arising from different modes of regulatory interaction.
Similar to Chapter 2, we leverage the time-resolved scEU-seq dataset [155] to distinguish tem-
poral components of gene-gene covariation. This allows us to define dynamical correlations of
gene pairs across RNA labelling timepoints. In section 3.3, we introduce a machine learning
framework that exploits these correlations to identify links between observed statistics and
underlying regulatory models. This framework effectively combines generative modelling with

supervised learning using synthetic data, to associate gene pairs with potential regulatory re-



lationships. In section 3.4, we demonstrate that our framework can identify modes of gene
regulation in synthetic data. We provide interpretability results to explain the model’s predic-
tions and highlight conditions under which the different modes of regulation are distinguishable.
Finally, we apply our model to scEU-seq data and predict gene regulatory relationships from

observed gene-pair statistics.

Chapter 4 shifts the focus from modelling gene regulation to more broadly modelling stochastic
biochemical networks. At the molecular level, all cellular processes, including gene regulation,
are governed by biochemical reactions that are inherently stochastic [21]. Formulating and
simulating stochastic models to describe the dynamics of these networks relies on the chemical
master equation (CME) and the Gillespie simulation algorithm (SSA) [63, 66]. The analytical
intractability of the CME and the computational inefficiency of the SSA for complex biochem-
ical networks, have motivated the development of approximation methods aimed at reducing
model complexity and increasing efficiency [86, 160]. Some of these methods involve continu-
ous approximations of the CME, such as the linear noise approximation (LNA) [161] and the
chemical Langevin equation (CLE) [68], that enable tractability of biochemical network statis-
tics. Other approximation methods exploit timescale separation conditions to reduce model
dimensionality and derive approximate simulation algorithms [162, 163]. In this chapter, we
develop a novel approximation method based on the chemical Langevin equation, for stochastic
reaction networks characterised by well-separated timescales. In section 4.2, we provide the full
derivation of this method. We show that the resulting reduced descriptions can reliably cap-
ture the stochasticity revealed by the exact CME description, improving upon existing heuristic
stochastic approximations that exhibit limitations. In section 4.3, we apply our method to a
reaction network of enzyme kinetics. We demonstrate errors between the exact SSA statistics
and statistics obtained with a heuristic approximation, and highlight that our method corrects

for these errors, increasing approximation accuracy.

Chapter 5 summarises the main findings of this thesis and highlights the most important
contributions. It provides links between the different chapters and discusses how the presented
methodologies can be combined for studying gene regulation through a mathematical and data-
driven modelling approach. Finally, it discusses ongoing work and points to future research

directions.



Chapter 2

Bayesian inference of transcription
regulation from time-resolved

single-cell transcriptomics

2.1 Introduction

Transcription occurs in episodic bursts of activity, causing fluctuations in the level of transcripts
produced by a single gene [3, 40, 164]. The frequency and size of these bursts lead to diverse
temporal patterns of gene activity [165, 166], often referred to as cellular noise, that can have
a functional role in gene regulatory networks and cell fate decisions [10, 13-16, 18, 21, 167,
168]. The cell cycle has been shown to contribute significantly to transcript variability [169-
173], either through random partitioning of molecules at cell division [174-176], modulation of
transcription rates [58, 93, 155, 177, 178] or through coupling to cell size as a mechanism of
transcript homeostasis [179-182]. Yet, it remains elusive what the global drivers of transcription

dynamics are on a transcriptome-wide scale.

Single-cell RNA sequencing (scRNA-seq) has become the de facto standard in profiling tran-
scription patterns [44]. The method allows quantifying distributions of transcript levels across
cells that can be harnessed to learn about gene regulation [47]. A few studies have started to in-
vestigate how transcriptional processes are regulated through synergising stochastic modelling

and inference [88, 92, 94, 96, 183]. To this end, stochastic models of reaction kinetics inside

8



living cells are simulated using the Gillespie algorithm or solved analytically and matched with
experimental mRNA counts using statistical inference [54, 57, 58, 99, 184, 185]. However, a
challenge is that not one model fits it all at a genome-wide scale, and identifying transcrip-
tional patterns requires weighing competing model hypotheses against each other that need to

be tested against experiments.

In principle, this aim can be achieved using Bayesian inference by computing the posterior
distribution over models and their corresponding parameters. The posterior model probability
weighs the model likelihood by its prior distribution. Several problems with this approach
appear in practice: (i) the likelihood of mechanistic models is intractable or is computationally
expensive to optimise [99], (ii) scRNA-seq data is heavily corrupted by technical noise including

dropout [141], (iii) absolute kinetic rates are experimentally inaccessible from static snapshots

[51).

In the literature, these problems are typically dealt with separately. The first issue is addressed
by replacing likelihoods with moment- or simulation-based methods [92, 94, 96, 183, 186].
As an example, the authors of [96] present an approximate Bayesian computation framework
to infer transcriptional burst kinetics from scRNA-seq data. Yet, the above methods either
neglect technical noise of sequencing protocols or remain computationally challenging as they
need to be performed for several competing models and many genes. The second issue has
been addressed by rescaling transcript counts [94, 137, 141, 183], but Bayesian normalisation
has been shown to capture distributions more truthfully [145, 146]. To this end, a recent study
[94] demonstrated that modelling technical noise can improve inference of transcriptional burst
kinetics, yet it does not explore multiple modelling hypotheses. The third issue remains a major
obstacle for single-cell analysis, as traditional sequencing protocols can only capture a static
snapshot of cells in time, thus prohibiting absolute quantification of transcription and mRNA

turnover rates.

Recently, metabolic RNA labelling has become available to temporally resolve conventional
single-cell transcriptomics [129]. These protocols allow monitoring of mRNA synthesis and
degradation in single cells, thus capturing temporal transcription dynamics [155, 178, 187—
193]. This provides new possibilities for modelling as it enables absolute rate quantification,
as demonstrated recently for the inference of transcriptional burst kinetics through maximum

likelihood methods [194] or MCMC sampling from the posterior distribution [95]. These ap-



proaches have either neglected technical noise or have been limited to relatively simple models
and have not explored the landscape of the model posterior. It thus remains elusive which

models describe gene expression on a transcriptome-wide scale.

In this chapter, we develop a scalable approach to Bayesian inference, normalisation and model
selection of bursty gene expression dynamics along the cell cycle. A stochastic model enables
absolute quantification of transcription dynamics along the cell cycle, resolving mRNA syn-
thesis, bursting and degradation processes from scRNA-seq data with metabolic labelling and
cell cycle reporters [155]. We demonstrate that correlations between unlabelled and labelled
mRNA levels can delineate different modes of transcriptional regulation and quantify the con-
tributions from the cell cycle and mRNA synthesis, bursting, and degradation kinetics to the
overall cell-to-cell variation. The framework allows us to discover which of these processes
are modulated by the cell cycle and identify genes with distinct transcription regulation. Our
study thus reveals, for the first time, how genome-wide single-cell transcriptional dynamics is
orchestrated with global factors such as cell size and cell cycle. The findings of this chapter are

also reported in a jointly-authored publication [195].
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2.2 Stochastic modelling of time-resolved single-cell RN A

sequencing

Our first aim is to develop a stochastic model of gene expression that harnesses the rich infor-
mation of time-resolved scRNA-seq data. We start with a detailed description of the scEU-seq
dataset [155] and its temporal features, as well as we specify data pre-processing steps and
summary statistics extracted from the data. We then define a stochastic model that effectively
integrates the data features and provides a versatile framework for quantifying transcriptional

variation.

2.2.1 Time-resolved scRNA-seq data
Unlabelled and labelled mRNA count matrices

A standard scRNA-seq dataset can be summarised in a single matrix X € N"*¢ that contains
the mRNA counts of d genes in n cells. Time-resolved scRNA-seq protocols with metabolic
RNA labelling are multi-modal, providing with at least 2 mRNA count measurements for each
gene in each single cell. Specifically, we are focusing on the scEU-seq dataset that includes
4 mRNA count matrices for d = 11848 genes across n = 5422 cells: unlabelled unspliced
(UU), unlabelled spliced (US), labelled unspliced (LU) and labelled spliced (LS) mRNA
counts. Unspliced mRNA refers to nascent or pre-mature transcripts that include both exons
and introns, while spliced mRNA refers to mature transcripts that have been processed, with
all introns removed - a process that typically occurs on the timescale of minutes [115]. It is
important to note that here we use the count matrices reported in the original study and that
the scEU-seq protocol for transcript quantification only distinguishes between unspliced and
spliced reads and does not account for ambiguous reads (see for example [196]) . Additionally,
as our study is focused on unlabelled and labelled mRNA and does not account for RNA
splicing, we aggregate the unspliced and spliced count matrices. This aggregation gives us an
estimate of the total unlabelled and total labelled mRNA counts, summarised in the matrices

U=UU+US and L = LU + LS, respectively.

11



& Labelling pulse Chase
IQ ZREELEEEETE » Sequencing
15min- 3h 0-6h

N
\

) \‘/ \
y \, //‘

cell papulation

labelled §
mRNA ;

unlabelled
mRNA

transcript levels

Labelling pulse | Chase

time i

Figure 2.1: Time-resolved single-cell RN A sequencing. Illustration of the single-cell EU
RNA sequencing (scEU-seq) protocol, developed by [155]. A heterogeneous cell population is
pulse-chase labelled prior to sequencing. An example of stochastic transcription of a gene in a
single cell is shown below, where labelled mRNA is produced and degraded following the timing
of pulse-chase labelling. Varying the duration of the pulse period (15 minutes to 3 hours) and
the chase period (0 to 6 hours) is informative of the timescales of mRNA turnover.

Pulse-chase metabolic labelling

The scEU-seq protocol labels transcripts with a pulse of a certain duration, in which cells are
exposed to a chemical analogue of uridine (EU) that is incorporated into nascent RNA causing
nucleotide conversion [129, 155]. Pulse labelling is followed by a chase period, in which cells
are treated with uridine (U) to chemically "invert" the labelling process. After the pulse-chase
experiment, transcripts are sequenced (Figure 2.1). This procedure is performed several times,
by varying the durations of pulse and chase treatment. The different combinations of pulse and

chase labelling allow to investigate diverse timescales of mRNA synthesis and degradation.

The overall protocol results in a dataset of distinct subpopulations of cells that were treated
with different metabolic labelling conditions. These include the pulse conditions (c¢puse) that
involve pulse labelling for time t,,,. and zero chase period, as well as the chase conditions
(Cehase) that involve pulse labelling for ¢,,.5. = 22 hours followed by a chase experiment for time

tehase- The different combinations of (f,uise; tenase) are outlined in the following tables (time in
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hours):

tyuse: 025 0.5 075 1 2 3
Cpulse = (21&)
tchase: 0 0 0 0 0 O

tpuise 22 22 22 22 22
Cehase — (21]1))

toase: 0 1 2 4 6

Note that the above conditions are ordered with respect to the total pulse-chase treatment
time tpuse + tenase- By denoting with ¢ the particular labelling condition (fyuise, tchase), We
can define temporal trajectories indexed by ¢, which we will refer to as "labelling time", for
simplicity. Temporal trajectories across labelling time are the key feature distinguishing the
scEU-seq protocol [155] from other metabolic labelling protocols and conventional scRNA-seq

technologies, and enable a fully dynamical analysis of gene expression.

Cell cycle progression information

The original scEU-seq study provides an estimated cell cycle ordering that assigns each cell
to a relative cell cycle position along the interval (0, 1] based on the fluorescence of cell cycle
reporters. We rely on these estimates and divide the 5422 cells into 5 groups by partitioning
this ordering trajectory into 5 sub-intervals (0,1/5],(1/5,2/5],...,(4/5,1]. According to the
fluorescence of cell cycle reporters (Figure 2.2), we assume that the first two intervals correspond
to G1-G1/S phase, the next two intervals correspond to S-S/G2 phase and the last interval
corresponds to G2/M phase. We then use the proportion of cells across cell cycle phases to

define an empirical age distribution:
N Ny
age distribution = {N 1 0=G1,G1/S,8,5/G2, GQ/M} (2.2)

where Ny denotes the number of cells in cell cycle phase § and N = 5422. Additionally, each

cell cycle phase includes cells from different labelling conditions (as described in the previous

N,

paragraph) and therefore we define age distributions per labelling time, { ]\?’t}, where N, is
t

the number of cells in condition ¢t and Ny, is the number of cells in condition ¢ and cell cycle

phase 6.
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Figure 2.2: Definition of cell cycle phases and observed scaling of total count with
cell size. (A) Scatter plot of log-fluorescence of the cell cycle markers Geminin-GFP and
Cdt1-RFP as reported in the original scEU-seq study [155]. The colours show the assignment
of cells to different cell cycle phases. (B) Observed cell-specific total mRNA counts along cell
cycle progression, with respect to the cell cycle trajectory reported in [155]. The purple line
shows a linear regression fit and the almost 2-fold increase indicates the scaling of total count
with cell size.

Gene filtering

We impose certain criteria to select genes for our downstream analyses. Starting from 11848
genes of the scEU-seq dataset, we first select genes with at least 500 labelled mRNA counts
across all cells (similarly to the original study [155]), which gives us a subset of 6087 genes.
Then, we impose an additional criterion to filter out genes with very low expression. We
require that each gene has at least 1 count on average in at least one cell cycle phase. That is,
if X = (x;;) = U+ L is the total (unlabelled + labelled) mRNA count matrix (where cells are

indexed with 7 and genes are indexed with j), then the gene-specific condition is that

1
— Y x;; > 1 for at least one cell cycle phase 0 € {G1,G1/S,S,S/G2,G2/M 2.3
N, Z J y p { ) /7 ) / ) / } ( )
0 ico

This criterion gives us the final set of 3419 genes used for further analysis.
Summary statistics

We now describe how we compute summary statistics from the data. We consider the count
matrices U = (u;;), L = (I;;) of unlabelled and labelled mRNA, as well as the count matrix

X = (z;;) = U + L of total mRNA. The summary statistics of a gene j in the data depend
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on the cell cycle phase 8 € {G1, G1/S, S, S/G2, G2/M} or on the labelling condition ¢ €
{Cputse, Cehase ;- The definitions of gene-specific summary statistics are outlined in Table 2.1.
In these definitions, the notation ¢ € c¢ refers to either all pulse-treated cells or all chase-
treated cells, while the notation i € t refers to a specific labelling condition (f,uise, tehase), Where

t = tpuise + tehase denotes the total duration of an experiment (see paragraph 2.2.1).

Standard errors of summary statistics

Aside from computing summary statistics from data, we also estimate standard errors for each
statistic to quantify the measurement bias. If sgps = Sops(Yy) is a summary statistic of the data

y, we estimate the standard error of s.,s with

1 1 & ’

N b j

Se(sobs) = | 57 2 (Sc()b)s -5 Sfﬁs) (2.4)
j=1

b=1

(0)

obs 15 the value of the summary statistic that we obtain from each bootstrapped dataset

where s
y®. b =1,...,B = 100. These standard errors are used during parameter inference to nor-

malise the magnitudes of different summary statistics, as it will be described later in 2.3.1.
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Table 2.1:

Definitions of summary statistics.

(A) Theoretical model-based definitions.

Dependence on the cell cycle is denoted by 7 and dependence on labelling condition is denoted
by t. Unlabelled, labelled and total mRNA levels of a single gene are denoted by wu, [ and
x = u+ [, respectively. (B) Data-based definitions. Notation is explained in paragraph 2.2.1.

A. Model B. Data
(1) E(x | 7) z(0,c > wy
Ng € 1e0nc
@) Var(x | 7) ﬁ Sicone(wij — (0, ¢))?
E(z | 1) z;(0,c)

E (E(]71))
E.(E(ul|r.t)+E(I|71t))

E,(Cov(u,l | 7,t))
V/Var(u | t) Var(l | t)

Cov,(E(u | 7,t),E(l| 7,1))

>0

ot ((0,1) — o ptu

1
N; 2iet lij

1
~, et Tij

220 Ntt Yicort (Ui — u;(0,1)) (s

—1;(6,1))

(% Sieeluss — ()3 Tiealliy

) (0

- (t))2)1/2

— X0 el (0,1))

\/Var(u | t) Var(l | t)

>
(% Sie(uiy — <>> el

Table 2.2: Interpretation of summary statistics.

Interpretation

()2 )”2

cell cycle-dependent mean of mRNA levels

cell cycle-dependent Fano factor of mRNA levels

ratio of mean labelled vs total mRNA levels over labelling time

cell cycle-averaged correlation of labelled-unlabelled mRNA levels over labelling time

correlation of cell cycle-dependent labelled & unlabelled means over labelling time
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2.2.2 Stochastic modelling framework

In this section, we develop a stochastic model of cell cycle-dependent transcription dynamics in
growing and dividing cells, that additionally captures the effects of metabolic RNA labelling.
This provides with an effective description of the underlying generative process of mRNA
count data under the scEU-seq protocol. We assume reaction kinetics based on a two-stage
telegraph model of bursty synthesis and degradation of labelled and unlabelled mRNA, with cell
cycle and cell size-dependent rates. Our model postulates labelling occurs on nascent mRNA
[197] and that labelled and unlabelled mRNA are produced with rates proportional to a gene-
specific labelling efficiency. We then formulate moment equations that describe the temporal
dependence of mean and covariance of labelled and unlabelled mRNA on cell cycle progression
and cell division dynamics, as well as on pulse-chase labelling conditions. As we will describe
in detail in paragraph 2.2.2, these equations track mRNA statistics over time, capturing the
random partitioning of molecules at cell division as well as the effect of pulse-chase labelling.
The cell cycle-dependent changes of mRNA statistics and kinetic rates are described in five

distinct cell cycle phases (as shown in Figure 2.2 and paragraph 2.2.1).

Model of bursty transcription of unlabelled and labelled mRNA

We assume that mRNA molecules are produced according to a telegraph model of gene expres-
sion [60], capturing random switching of the gene promoter between active and inactive states
with rates ko, and k.g respectively, mRNA synthesis with rate @ and mRNA decay with rate
~. During pulse-chase labelling, labelled and unlabelled mRNA molecules are synthesised with
rates A and (1 — \) v respectively, where A\ denotes the gene-specific labelling efficiency. These

reaction events are encoded in the following scheme and illustrated in Figure 2.3:

kon

Goﬁ ;_\ Gon
koff
Gon (1-No GOH—I—U ’ Gon >\_0é> GOH+L (25)
ULe |, LLo
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Figure 2.3: Telegraph model of transcription with cell cycle- and cell size-dependent
rates. [llustration of the reaction kinetics model (equation (2.5)) describing bursty transcrip-
tion of unlabelled and labelled mRNA with cell cycle-dependent kinetic rates. The promoter
activation rate (burst frequency), synthesis rate and decay rate are cell cycle-dependent.
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Cell cycle and cell size-dependent kinetic rates

We further allow for three of the reaction rates to vary over the cell cycle (Figure 2.3). As
a result, they are time-dependent periodic functions ko, = kon(t),cc = a(t),y = ~(t), for
t](o?r)th <t< t((ﬁv)ision, n = 1,2,... (with n representing the n'" cell generation in a single-cell

lineage). As they are periodic functions, their value does not depend on n and their cell cycle-

dependence can be equivalently written as

kon = kon(T), 0 = a(1),y =7(1), 0<7 <1y, (2.6)
where 7 is the cell age (time along cell cycle progression) and Ty = té?v)ision - t,g?gth is the
interdivision time (cell cycle length). The rate kog is always assumed to be constant. Another
assumption on the kinetics is that the synthesis rate « can scale linearly with cell size [179, 198,

199] (Figure 2.3). This is in accordance with observations from the data (Figure 2.2), which

allows us to assume that cells follow linear growth. This implies that the cell size s at age 7 is:

s(1) = s (1 + ,}:1) (2.7)

where sq is the cell size at birth. Accordingly, we model the dependence of synthesis rate on

cell size as:

o(s(7),7) = a(7) (1 + T) (2.8)

Ty
where a(7) describes the dependence of the synthesis rate on cell cycle progression without

size-scaling. Additionally, we define the burst kinetics as follows:

burst frequency = ko,
(2.9)

burst size =

koff

As a consequence, both burst frequency and burst size can be cell cycle-dependent and addi-
tionally the burst size could be size-dependent (except for the constant non-scaling model), in
accordance to the synthesis rate. The unit of all kinetic parameters is h~!, apart from burst

size which is unitless. Finally, we define the mRNA half-life ¢,/, (measured in hours) that
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Figure 2.4: Cartoon overview of the different model - gene classes. Constant models
(blue box) assume that synthesis rate either scales with cell size (scaling genes) or stays constant
(non-scaling genes), while all other kinetic rates stay constant along the cell cycle. Non-constant
models (yellow box) assume that synthesis rate scales with cell size and additionally one kinetic
rate varies with cell cycle progression, while the rest of the kinetic rates stay constant. The
cartoon plots illustrate that varying kinetic rates are piece-wise constant over the five cell cycle
stages (see paragraph 2.2.1).

corresponds to a constant degradation rate v as:

In(2)

tij2 = (2.10)

Defining multiple modes of transcriptional regulation

Using our model of transcription with time-dependent rates, we define five distinct model classes
representing hypotheses about specific cell size- and cell cycle-dependent regulation of kinetic
rates (Figure 2.4). Two of the model classes, which we refer to as constant models, assume
that the synthesis rate either scales linearly with cell size or stays constant, while the rest
of the kinetic rates are assumed to be constant along the cell cycle. The other three model
classes, which we refer to as non-constant models, assume scaling of the synthesis rate with
cell size and additionally that one of the kinetic rates, either burst frequency or synthesis rate
or decay rate, varies with cell cycle progression. We refer to the three non-constant models as
the burst frequency model, the burst size model and the decay rate model, respectively. The
two constant models identify genes for which the kinetics are conserved through the cell cycle
and distinguish between size-scaling and size-independent expression. The three non-constant
models identify genes for which there is a kinetic rate being dominantly modulated through the
cell cycle. As we will see in following sections, our inference and downstream analyses aim to
highlight distinctive biological properties of the five different models and the groups of genes

that we will associate with those models.
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Moment equations with time-dependent kinetic rates

The time-dependent joint probability distribution P(x,t) of molecule numbers x = (x1, x5, z3)T
of the respective species {G°", U, L} in the reaction scheme (2.5) obeys the Chemical Master
Equation (CME):

d 6

Fren=% (wr(x _ 8, 1) P(x =S, 1) — wn(x, 1) P(x, t)) (2.11)

where S, = (Si,,Sa,, S3,)T denotes the r-th column of the stoichiometric matrix

1 =100 0 0
S=[0o 0 10 -1 0 (2.12)
00 01 0 -1

of the reaction system (with S;. being the change in molecule number of species i by reaction
r) and w,(x,t) denotes the propensity of reaction r, which is the probability per unit time for

the r-th reaction to occur. The propensities of the network are

wy(x,t) = kon(t)(1 — 1), wa(x,t) = kog(t)z1, wa(x,t) = (1 — A(t))a(t)zy,

wa(x,t) = At)a(t)zy, ws(x,t) = y(t)xe, we(x,t) = y(t)z3

(2.13)

Note that the gene promoter state x; is either 0 or 1 so it is sufficient to only describe the state
of G°" in the equations. In our model, we are interested in the time-evolution of the 1%* and 274

order central moments of the molecule abundances, which can be derived from the CME [99]:

L) = > S 1) (2.14)

d a T 7t a r ’t :
e = % (sﬂ W 1)+ s, 20t )zm<t>)+zswsjrw7«<u,t> (2.15)
6 Opu, Opuy,

r=1

where p; = E(x;) is the mean molecule number of species ¢ and X = (3;;) is the covariance
matrix with ¥;; = E((Q:Z — pi)(x; — uj)> being the covariance of molecule numbers of species
i and j and the diagonal elements ¥;; = Var(x;) being the variance of molecule number of
species i. Note that since the reactions in (2.5) are linear, the propensities are linear functions

of the abundances z;, that is E(w,(x,t)) = w,(E(x),t) = w,(p,t), and therefore the system of
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moment equations is closed (does not depend on higher order moments). Given our assumption
about cell cycle-dependence of the reaction rate constants, the propensities are periodic func-
tions of time. As a consequence, the moment equations are constrained by periodic boundary

conditions.

Coupling to cell division dynamics

To determine the boundary conditions, we model the random partitioning of molecules at cell
division as a binomial process, which gives us the following conditions for the mean, variance

and covariance of unlabelled and labelled mRNA at the n-th cell division:

(D)
m(té’féh)zw , i=23 (2.16)
(D) (1)
Eij(té?ﬁth)zwjlm‘m)wijw Cij=23 (2.17)
(birth)

The gene promoter state g in a daughter cell at birth is identical to the promoter state
g(dvision) in the mother cell at division, and therefore the mean and variance of the promoter

state remain constant before and after division:
n n—1 n n—1
H1 (tl(air)th) =M (téivisizm) ;X (tl(oir)th) =X (t((iivisiz)n) (2.18)

However, the covariance of the promoter state with the mRNA decreases due to partitioning

of mRNA molecules:

(n—1) (n—1)
12 (Hmn) ZZIQ(t;) L S (th) :E”’(t;) (2.19)

To prove the above, for notation simplicity, m denotes mRNA (unlabelled or labelled) and ¢
denotes the gene promoter state. Also, mg, go denote the mRNA and gene states in a daughter
cell at birth and mr, gr denote the mRNA and gene states in the mother cell at cell division.

At birth, a daughter cell inherits mg mRNA molecules out of total my molecules of the mother
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cell according to a Binomial distribution:

Plmy | mr) = (Zﬁ )pmou _ pymr-m (2.20)

with p = 1/2. Also, the gene promoter state is not altered at cell division and therefore:

9o | gr ~ (gr) (2.21)

Using the law of total expectation, the expected number of mRNA at cell birth is:

E(m
E(mo) = E(E(mg | mr)) = <2 r) (2.22)
Using the law of total variance, the variance of mRNA molecules at birth is:

Var(mg) = E(Var(mg | mr)) + Var(E(mg | mr)) (2.23a)

~E <mT> + Var (mT> (2.23b)

4 2
1
= —(E(mr) + Var(mr)) (2.23¢)

4

Denoting with u, [ the unlabelled and labelled mRNA and using the law of total covariance, we

have that the covariance of unlabelled and labelled mRNA at birth is:

Cov(ug, lo) = E(Cov(ug,lo | ur,lr)) + Cov(E(ug | ur,lr), E(ly | ur,lr)) (2.24a)
_Cov (M I
= Cov ( 5 2) (2.24¢)
_ iCOV(“T’ ) (2.24d)

where in (2.24b) we use that the conditional variables ug | ur and [y | I7 are independent.
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The covariance of the mRNA and gene states at birth is given by:

Cov(myg, go) = E(Cov(mo, go | mr, gr)) + Cov(E(mo | mr, g7), E(go | mr, 97)) (2.25a)

— 0-+ Cov(B(mo | mr),Elgo | gr) (2:251)
= Cov (”;T gT> (2.25¢)
_E (”;TgT) _E (”;T) E(gr) (2.25d)
_ ;Cov(mT, ar) (2.25¢)

where in (2.25b) we use that the conditional variables mg | mr and go | gr are independent.

Partitioning of 3rd order moments

In the case where we want to extend the moment equations of the model up to 3rd order, we
need additional formulas for partitioning the 3rd order central moments. Starting from the 3rd

central moment of the mRNA, we use the law of total cumulance to get:

ps(mo) = E(us(mo | mr)) + ps(E(mg | me)) + 3 Cov(E(mg | mr), Var(mg | mr))  (2.26a)

=0+ s ("g) +3Cov (";T T) (2.26b)
= U3 (n;T) + :Var(mT) (2.26¢)
_ ; (jis(mz) + 3 Var(mz)) (2.264)

Similarly, for the 3rd central moment of the gene promoter:

13(90) = E(us(go | g7)) + u3(BE(go | 97)) + 3 Cov(E(go | g97), Var(go | 7)) (2.27a)
=0+ u3(gr) + 3Cov(gr,0) (2.27b)
= p3(9r) (2.27¢)

Finally, we derive the partitioning for the mixed 3rd central moments of the gene promoter and

the mRNA. We get that:

(E ((9r — E(gr))(mz — E(ma))?) + Cov(gr, mr))
(2.28)

o

K ((90 — E(g0))(mo — E(mo))Q) —
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Figure 2.5: Example realisation of the stochastic model. The mean (blue and orange
lines) and noise (shaded blue and orange regions) of unlabelled and labelled mRNA levels
are tracked over time along a single-cell lineage, following consecutive cell divisions, until the
sequencing time point.

and

E ((g0 — E(g0))*(mo — E(mo))) = ;E ((gr = E(gr))*(mr — E(mr))) (2.29)

where we are using the following formulas:

E(gom?) = E(E(go | gr)E(m3 | mr)) = {E (gr(mr + ) (2.300)
E(gimo) = E(E(s} | 9r)E(mo | mr)) = 5E (g3mr) (2.30b)
E(gomo) = E(E(go | gr)E(mo | mr)) = ;E (grmr) (2.30c)

Description of a single realisation of the model

A single model realisation depends on a gene-specific parameter set {ko, kon(t), a(t), v(t), A}, a
cell age 7 and a labelling condition (¢yuise, tehase). We solve the moment equations numerically
over time for multiple consecutive cell divisions, following a single-cell lineage up until the

sequencing time point tg, (Figure 2.5). We additionally assume that cells have a deterministic
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cell cycle length, T; = 20 hours. First, the equations are solved for multiple cell cycles until
convergence to a steady state. The convergence criterion is that the relative change of all
trajectories at the end of two consecutive cell cycles needs to be smaller than 0.01%. After
reaching convergence, we solve the model for additional time equal to 37, + 7, up until the
final time point ¢, (where sequencing occurs). To model the effect of pulse labelling on mRNA

synthesis, the labelling efficiency A(t) is set to its constant parameter value A for time s

)\ if tse —1 ulse tchase S t < tse - tchase
At) = v ! (2.31)

0 otherwise

The endpoints E(u), E(l), Var(u), Var(l), Cov(u, ) of the trajectories at time ¢4, comprise the

model estimates, which are conditional on cell age 7 and pulse-chase labelling time (f,uise; tehase)-

2.2.3 Capture efficiency estimation and downsampling of moments

To take into account technical effects of sequencing in our modelling framework, we correct the
model outputs using estimates of cell-specific capture efficiencies. Consider the count matrices
U = (u;;) and L = (;;) of unlabelled and labelled mRNA, as well as the total mRNA count
matrix X = (x;;) = U + L, where the indices ¢ = 1,...,n represent cells and the indices
j =1,...,d represent genes. If u = u,;; and [ = [;; are a pair of observations for a cell 7 and gene
j, then due to low transcript capture of the sequencing protocol, these observations are random
samples drawn from Binomial distributions, u ~ Binomial(i, 8;) and I ~ Binomial(l, £;), where
@, 1 are the mRNA counts we would observe in a sequencing experiment with 100% capture
efficiency and [; is the capture efficiency of cell i. Below, we outline the method for estimating
the capture efficiency distribution directly from the data and provide formulas for the corrected

(downsampled) moments of v and .

Estimation of cell-specific capture efficiencies from scEU-seq data

The estimation of [3; is based on the assumption that cells in the same cell cycle phase have

d
on average the same cell size. We use the total mRNA abundance s; = Z x;; of cell 7 of as a
j=1
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proxy for its size, while the average total mRNA count sy = — Z x;; of cells in cell cycle

phase 6 represents the characteristic cell size in 6 (Vg is the number of cells in ). Based on

the above, we can estimate:
N — S
Bi=p0— (2.32)
S
where 3 is an estimate of the average capture efficiency of the sequencing experiment.

An additional factor that we take into account in the above estimation is that pulse-treated and
chase-treated cells can overall exhibit different total mRNA count profiles (as we will show in
the next section). For that reason, we consider different average capture efficiencies Bpulse, Bchase
for pulse-treated and chase-treated cells, and the normalising factors sy for each cell cycle phase
are evaluated independently for pulse and chase cells. The estimated capture efficiency @z of

cell 7 is then given by:

Bi = Be (2.33)
Sec,0
_ 0.1 if ¢ = cpuse
where (£, = is the average capture efficiency of pulse/chase experiments
0.2 if ¢ = cohase
1
and s.g = Z x;; is the average total count of cells in condition ¢ € {cpuise, Cohase } cell
&9 iccno
j=1,...,d

cycle phase 6. The ratio of the values we have assumed for £, (capture efficiency of chase being
twice the capture efficiency of pulse) is inferred from the data, while the absolute scale of 10%
capture efficiency is an estimate that is reasonable for scRNA-seq protocols [145], but it is not

typically directly measured.

Downsampling the mean, variance and covariance

We can now use the estimated capture efficiencies to incorporate the effect of Binomial down-
sampling of data in the moments. For a cell with capture efficiency 3, the downsampled mean
mRNA level is given by:

E(z) = E(3)E(7) (2:34)
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where 7 is the mRNA levels in the absence of technical noise. The downsampled variance is
given by:
Var(z) = E(8(1 — 8)) E(Z) + Var(8) E(i*) + E(3)? Var(z) (2.35)

The formulas (2.34),(2.35) hold for both unlabelled and labelled mRNA.

Finally, the downsampled covariance of unlabelled and labelled mRNA is given by:

Cov(u,l) = Var(B)E(al) + E(B)*Cov(a,l) (2.36)

To prove the above, we use that an observed mRNA count z;; = z is a random variable
x ~ Binomial(Z, 8) where 8 = f3; is the capture efficiency of cell i and Z is the observation in

the absence of technical errors. The downsampled mean is given by:

E(z) =E(E (x| z,0)) = E(87) = E(B) E(7) (2.37)

Var(z) = E (Var (z | #, 8)) + Var (E (z | #, 3)) (2.38a)
= E(B(1 - B) &) +E(8%*) - E(B2)* (2.38)
=E(B(1 - ) E(2) + E(6*) E(z°) — E(8)* E(7) (2.38¢)
= E(3(1 — B)E(z) + E(*) E(z?) — E(3)?E(2)? — E(8)*E(z?) + E(3)? E(z?) (2.38d)
=E(8(1 — B))E(#) + Var(B) E(z*) + E(B)? Var(z) (2.38e¢)

Finally, the downsampled covariance of unlabelled and labelled mRNA is given by:

Cov(u,l) = E (Cov(u,1 | @,1,8)) + Cov (E(u | @, 8), E(1| I, 8)) (2.39a)
=0+ Cov (814, B1) (2.39D)
= Var(B)E(al) + E(8)*Cov(i,1) (2.39¢)
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Downsampling the 3rd central moment

As we will show in the next section, we are also considering the 3rd order moments to evaluate
the predictive capacity of our model. Following similar principles as above, we derive the
binomial downsampling of the 3rd order central moment. We will only consider the 3rd moment
of the total mRNA count z = u + [ and not the mixed 3rd order moments. Using the law of

total cumulance, we get:

pala) = Blpiaw | B,)) + pa(E(w | B,)) +3Cov(Blz | 5,3 Var(x | £,3) (2400
—E(8(1 - B)(1 —28)%) + ps(BE) +3Cov(8Z, (1 — §)3) (2.40b)
gene expression downsampling mixed effects
where
13(5%) = E(8°)E(+) — 3E(B)E(8*)E(2)E(&) + 2E(B)°E()’ (2.41)
and

Cov(Bz, B(1 — B)F) = (Var() — E(5%) — E(B)E(8%)) E(¥)* + (E(5%) — (%)) Var(z) (2.42)

2.2.4 Time-dependent summary statistics of gene expression

We have demonstrated how our model generates moments, dependent on cell age 7 and la-
belling time t (paragraph 2.2.2), as well as how we correct them to account for technical noise
(paragraph 2.2.3). Below, we describe how we further use these moments to construct a col-
lection of summary statistics and extract interpretable information about bursty transcription

dynamics.

Cell cycle-dependent mean and noise statistics

First, we construct summary statistics that describe cell cycle-dependence of mean and noise
in transcript levels. Given the means of unlabelled and labelled mRNA E(u | 7,t),E(l | 7,1),

we compute the mean of total transcript levels x = u + [:

E(z|7)=E(u|rt)+E(l|7t) (2.43)
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Note that this mean does not depend on labelling condition ¢. Similarly, we compute the

variance of total transcripts 2 order moments of unlabelled and labelled mRNA:
Var(z | 7) = Var(u | 7,t) + Var(l | 7,t) + 2 Cov(u,l | 7,t) (2.44)

as well as the Fano factor:
Var(zx | 7)

FF(z | 1) = E(z]7)

(2.45)

These summary statistics describe temporal changes of transcription dynamics along the cell

cycle that are independent of variations due to labelling.

Labelled vs total mRINA ratios capture the timescales of RNA kinetics

Next, we generate summary statistics that aim to extract information about the timescales of
bursty transcription and degradation from the various pulse and chase labelling conditions. We
first construct a statistic that describes how the proportion of labelled mRNA changes with

labelling time:
E(1t)

Ratio(t) = Eatl]D)

(2.46)

To integrate out the cell cycle dependence, we use empirical age distributions from the data

that depend on the labelling condition (paragraph 2.2.1):

E(u|t)=E (E(u|rt) , E(|t)=E(E(l|rt) (2.47)

Labelled-unlabelled mRNA correlations capture sources of transcriptional noise

Further, we construct summary statistics that describe the covariation of labelled and unlabelled

mRNA. The law of total covariance gives:

Cov(u,l) =  E;(Cov(u,l| 7)) +Cov, (E(u]|7),E(l]|T)) (2.48)
————
total noise upstream bursty promoter noise cell cycle variation

which shows that the unlabelled-labelled RNA modalities and the cell cycle reporter provided

by the scEU-seq protocol can be used to decompose the overall noise into two contributions:
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upstream noise induced by the bursty gene promoter and noise due to dependence on the
cell cycle. To exploit this information, our summary statistics include two correlation coeffi-
cients - corresponding to the two noise components - that contribute to the total correlation of

unlabelled-labelled mRNA:

E.(Cov(u,) | r.t)  Cov, (E(u]|r,t),E(|T,¢)

~ NVar(u [ Var(t[ 1) /Var(u | £) Var(i] 1) (249)

pu,l(t)

total correlation

correlation coefficient 1 correlation coefficient 2

Similarly to the ratios, we compute labelling-specific variances and covariances by integrating
over the labelling-specific age distributions. Note that the total variances in the denominators

of (2.49) are given by the law of total variance:

Var(z | t) = E,(Var(z | 7,t)) + Var.(E(z | 7,1)) (2.50)

2.2.5 Model-based noise decomposition

Now, we describe how we can use the moments generated from the model to perform transcrip-
tional noise decomposition. Let x be the mRNA count of a gene and u, [ the corresponding
unlabelled and labelled modalities, so that = u + . Also, let 7 denote the cell age and ¢ the
labelling time (based on experimental condition). Then, we compute the total mean transcript

levels as:

E(z) = E +(E(x | 7,1)) (2.51)

The total variance of x can be decomposed as follows:

Var(z) =  E.,(Var(z | 7,t)) + Var, (E(z | 7,t)) (2.52)

intrinsic - reaction kinetics noise  extrinsic - temporal dependence noise

The intrinsic noise component can be further decomposed as follows:

E,:(Var(z | 7,t)) = E.;(Var(u | 7,t)) + E,«(Var(l | 7,t)) +2E, (Cov(u,l | 7,t)) (2.53)

intrinsic noise transcription and decay noise bursty promoter noise

We also note here that the transcription and decay term also includes noise due to random

partitioning at cell division.
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The extrinsic noise component is explained by variations due to cell cycle-dependence and

labelling time:

Var,¢(E(z | 7,t)) = Var, (E(E(z | 7,t) | 7)) + E..(Var(E(z | 7,t) | 7)) (2.54a)
extrinsic noise
= Var,(E(z | 7)) + E;.(Var(E(z | 7,t) | 7)) (2.54b)
cell cycle variation  labelling time-dependence noise

Computing the labelling time-dependence component from the model yields a negligible, prac-

tically zero contribution and therefore we can neglect it from the formulas.

We finally obtain the total variance decomposition:

Var(z) =E, (Var(u | 7,t) + Var(l | 7,t)) + 2E,(Cov(u,l | 7,t)) + Var,(E(z | 7))  (2.55)

transcription and decay noise bursty promoter noise cell cycle variation

Dividing the whole expression in (2.55) by the squared total mean E(z)?, we can obtain the

formula for decomposing the total noise CVZ . (x).

Noise decomposition in the presence of technical noise

We now want to include the effect of technical noise due to cell-specific downsampling in the
above decomposition (2.55). For each individual term in (2.55), we obtain a correction that
includes the effects of technical noise. To correct the transcription and decay noise term, we

use the variance downsampling formula (2.35) to get (for both x € {u,(}):

Var(z | 7,t) =E(B(1 — 8) | 7,t) E(Z | 7,t) + E(8° | 7,t) Var(z | 7,1) (2.56)
+ Var(B | 7,t) E(z | 7,t)?

and hence

E,.(Var(z | 7,t)) =E (E(B(1 — 5) | 7,1)) E.(E(Z | 7,1)) +1ET¢(IE(52 | 7,t)) E ¢ (Var(z | 7,t))
+E(Var(8 | 7,)) By (E(Z | 7,1)°)
(2.57)
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Similarly, to correct the bursty promoter noise term, we use the covariance downsampling

formula (2.36) to get:
Cov(u,l | 7,t) =E(B* | 7,t) Cov(a,l | 7,t) + Var(B | 7,t)E(a | 7,t)E( | 7,1) (2.58)

and hence

E,(Cov(u,l | 7,t)) =E.(E(8? | 7,1)) E,,(Cov(a,l | 7,t)) 250
+ Eri(Var(8 | 7,4)) Ery(E(a | 7 t) E(I | 7,1))

Finally, in the case of the cell cycle variation we use the downsampling of the mean (2.34):

Var, (E(z | 7)) = Var, (E(8 | 7)) Var,(E(& | 7)) + E. (E(8 | 7))? Var, (E(Z | 7))
(2.60)

+ Var(E(8 | 7)) E-(E(z | 7))*

Putting it all together, we get the total variance decomposition formula in the presence of

technical noise:

Var(z) =  E(8(1—B))E(z) + E(?) E(Var(a | 7,t) + Var(l | 7,t))

+E(Var(f | 7,t)) E(E(a | 7,t) + E(1 | 7,t)?)

transcription and decay noise

+ 2E(BHE(Cov(a,l | 1,t) +2E(Var(8 | 7,t)) E(E(a | 7,t) E(1 | 7, 1))

bursty promoter noise

+  E(E(3| 7)) Var(E(z | 7)) + Var(E(3 | 7)) E(1)

cell cycle variation

(2.61)

where we have dropped the indices 7, ¢ from the total expectations and covariances to simplify

notation.
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2.3 Bayesian inference methodology

In the previous section, we described a data-driven stochastic modelling framework for analysing
cell cycle-dependent transcription dynamics. In this section, we present a Bayesian inference
framework, that we use to weigh our model against data. This will allow us to extract mecha-
nistic insights into transcription regulation from the scEU-seq dataset. As we explained in the
previous section, we consider different modelling hypotheses that relate the model parameters
with different modes of cell size- and cell cycle-dependent regulation. Therefore, our inference
framework includes both a parameter estimation step and a model selection scheme for in-
vestigating the full posterior distribution over models and parameters. The Julia code [200]
produced to develop our Bayesian inference framework is available in the Github repository

https://github.com/pthomaslab/abc_inference_transcription.

2.3.1 Approximate Bayesian Computation framework

As our model relies on moments and does not provide with a full probability distribution of
transcript levels, we cannot utilise an analytical likelihood to perform exact Bayesian inference.
Instead, we employ approximate Bayesian computation (ABC), a popular method for likelihood-
free parameter inference in dynamical systems [107, 201]. In particular, we use ABC rejection
sampling [106] that can be described in short as follows: To estimate the true parameters 6y, a
parameter set  is sampled from a prior distribution 7(#), followed by a numerical simulation
of a model f(7 | 0) to generate synthetic data § = (). The data g is then compared against
the real data y to accept or reject # based on whether their distance satisfies an acceptance
threshold, i.e. d(y,y(f)) < e, for some given metric d. Repeating this process a large number
of times allows to approximate the true posterior distribution 7(6y | y) by the distribution
of accepted particles w(0 | d(y,g(f)) < €). In addition, a common approach is to compare
summary statistics of the data s(y) with generated summary statistics s(f) from the model,
to obtain the approximate posterior distribution. In the following paragraph, we outline the

details of the ABC scheme that we employ for inference.
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https://github.com/pthomaslab/abc_inference_transcription

ABC rejection sampling for parameter inference

()

obs (as

For each gene j in the data, we consider its associated collection of summary statistics s

described in 2.2.1). The scheme for estimating gene-specific parameters is the following:

For each model index m =1,...,5and fori=1,..., M,

Sample a parameter set %) = @ (m) from the prior 7(8).

Generate synthetic summary statistics s = 5@ (9®)) using the model.

Compute distances d(s®, Obs) forall j=1,...,N.

Accept parameter set 0¢) for all j = 1,..., N that satisfy d(s?, s )) < g, where ¢ is a

obs

predetermined acceptance threshold.

For each j = 1,..., N, the collection of accepted parameter sets {0 (m) : m = 1,...,5}
comprises an approximate (joint) posterior distribution over parameters and models for gene
j. After model selection (as we explain in more detail below), we choose the best model
m* = m*(j) for each gene j and we use the particle 8% (m*(5)) that achieved the minimum
distance d(s( ,Sgbs) between model and data as the gene-specific point estimate to inform

the model for downstream analyses. Figure 2.6 shows an intuitive illustration of the above

algorithm.

To determine the prior distribution 7(6), we sample parameters from the following log-uniform
distributions: logyy(kon) ~ U(—3,3),logo(kor) ~ U(—3,3),logo() ~ U(—3,3),logy(7) ~
U(—3,2) and log;y(\) ~ U(—0.7,0). We sample M = 10° parameter sets for each model
m so we run in total 5 - 10° simulations. This is the computationally expensive step of our
method, but is independent of the specific data for individual genes hence making our method
scalable. For each sampled parameter set 8% = ) (m), we generate summary statistics s (6®))
from the model m (as described in 2.2.4) which we then compare to all N = 3419 gene-
specific sets of summary statistics. The distance between a synthetic and an observed collection
of summary statistics, s = {s1,...,5,} and Sops = {Sobs1;---sSobsn}, is determined by the

following objective function:

1 & -
d(s, 5o0ps) = — 3 (5% = Sobs.r)” (2.62)

L 2
n k=1 s€ SObS + o obs
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ABC rejection sampling realisation of the model
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Figure 2.6: Approximate Bayesian inference framework. Overview of the ABC-based
inference scheme: At each step, a sampled prior parameter set yields a model realisation. The
parameter set is accepted /rejected by comparing the model-generated summary statistics with
observed summary statistics, for all genes in the data. The relative frequency of accepted
parameter sets per model provides an estimate of the posterior model probability.
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where n = 53 is the total number of summary statistics. Our choice for normalisation of
the squared distances is based on the assumption that the effect of measurement noise on a

summary statistic y is of the form
ynoisy =Y + 51 + y£2 ) 51 ~ N(07 SAe(y)2> ) 52 ~ N(O, 02) (263>

where se(sqps) is the standard error of the summary statistic y due to sampling noise (see 2.2.1)

and o = 0.1 models other technical variations [202].

ABC-based model selection

As we are testing multiple modelling hypotheses against all genes in the data, we wish to assign
probabilities to these hypotheses and decide which model is most likely to describe each gene.
To do that, we use an ABC-based model selection approach [203], which involves two decision
steps. The first one is to select whether a gene is constant or non-constant (Figure 2.4). Given
this decision, the second step is to select a specific constant model (scaling, non-scaling) or
a specific non-constant model (varying burst frequency, varying burst size or varying decay
rate). Let Hp, Hy denote the constant and non-constant model hypotheses and let D denote

the data. As we have in total two constant models and three non-constant models, we set the

H 2
prior probabilities of the two hypotheses to be WEHI; =3 The posterior probability of model
({12
H; is approximated by:
N,
H; | D)= == 2.64
p(H: | D) = 5 (2.64)

where NV;. is the number of particles accepted for model H; and [V, is the total number of
particles accepted for all models, given the acceptance threshold e. In this case, N; . includes
the number of particles accepted for both constant models, while N, . includes the number of
particles accepted for all three non-constant models. Model comparison is then based on the

(approximate) Bayes factor

B, p(H | D) w(Hy)

2= J(H, | D) n () (2.65)

We then need a criterion for thresholding this Bayes factor to decide whether we have sufficient
evidence in favour of H; over H,, to a certain level of confidence. To do that we use bootstrap-

ping of the accepted particles for each model, and estimate confidence intervals (L, p, Up,p)
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for each posterior probability, so that

P (LHi\D <p(H;|D) < UHi|D) =1l-«

with a = 0.05. For model H; to be selected versus model Hs it is required that

m(H,)

3

or equivalently, since p(Hy | D) = 1 — p(H, | D), we need

m(H1)
m(H2)

p(Hy | D) >

1+ w(H2)
To strengthen this criterion, we require

m(H1)

w(H2)
m(Hy)
)

LH1|D >

Equivalently, model M, is selected if

m(Hy)

m(Hz)
w(H1)
L+ 2w

Umpp <

p(Hy | D)

m(Hy)

(2.66)

(2.67)

(2.68)

(2.69)

(2.70)

After selecting between the constant and non-constant hypotheses, we proceed to the second

step of model selection, where we follow a similar approach. If the constant hypothesis is se-

lected, we now decide between the scaling H; and non-scaling Hs hypotheses, with probabilities

given by (2.64), where now Nj., Ny are the number of accepted particles of the scaling and

the non-scaling model respectively and N, = N;. + Ny.. If the non-constant hypothesis is

selected, we decide between the varying burst frequency H;, varying burst size Hs and varying

decay rate Hs hypotheses. In that case, the choice criterion is formed as follows. The model

probabilities p(H; | D) are given by (2.64), where now N;. is the number of accepted particles

of each non-constant model and N, = Ny .+ No.+ N3.. If (L, p, Un,p) are the corresponding

confidence intervals from bootstrapping, we select the non-constant model i € {1,2,3} if

LH¢|D > UHj\D y for all j #Z
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2.3.2 Testing the model performance on synthetic data

In addition to applying inference on the scEU-seq dataset, we generated synthetic data to test
the robustness of our inference and model selection schemes. Here we describe the procedure for
synthetic data generation, while the results are presented in the next section. Using the Gillespie
algorithm [64], we performed stochastic simulations of the gene expression model (2.5) with
reaction propensities (2.13). For each single cell and each gene, we generated unlabelled and
labelled transcript counts by sampling from the respective stochastic trajectories of transcript
levels at steady state. Using ground truth parameters sampled from the posterior distributions
we inferred from the real data, we simulated 15 genes from each of the 5 model classes (75 genes
in total). For each gene, we simulated a total of 2463 cells, across the 11 pulse-chase labelling
conditions and the 5 cell cycle stages. The distribution of cells across labelling conditions and
cell cycle stages corresponded to the one observed in the real scEU-seq data. Additionally,
we added technical noise to the simulated count data using Binomial downsampling and cell-
specific capture efficiencies that were sampled from Beta distributions. These Beta distributions
were chosen by fitting the empirical capture efficiency distributions of pulse and chase cells that

we previously estimated from the real data (paragraph 2.2.3).

We perform inference on the simulated data, followed by model selection, using the framework
presented in 2.3.1. We also performed inference on 3 additional scenarios, as described below,

and we refer to the initial scenario as the full model for comparison purposes:
« Small number of cells: We used half of the samples in the synthetic data (N = 1232 cells)
to compute summary statistics.

o Small number of prior samples: We used 2 * 10° prior parameter sets from each model to

fit the data (1/5 of the parameters used for the full model).

o Narrow priors: The prior parameters used for inference where sampled from the following
log-uniform distributions: log;y(kon) ~ U(—2.5,2.5),1log;o (ko) ~ U(—2.5,2.5),logy(a) ~
U(—2.5,2.5),1og,,(7) ~ U(—2.75,1.75) and log,q(A) ~ U(—0.6,—0.1).

The results of these robustness tests will be shown in the next section.
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2.4 Applications: Revealing global properties of tran-

scriptional regulation

2.4.1 Stochastic modelling captures distinct patterns of bursty tran-

scription dynamics along the cell cycle

We have developed a stochastic model to describe the dependence of bursty transcription dy-
namics on the cell cycle as well as the effects of metabolic RNA labelling, according to the
scEU-seq protocol. We described in detail how our model enables testing multiple hypotheses
on the cell cycle-dependence of kinetic rate parameters and identify genes characterised by
distinct underlying kinetics. This allows us to utilise an approximate Bayesian computation
framework to infer the mode of regulation that best describes each gene in the data, as we will

demonstrate in the next paragraph (Figure 2.6).

We find that our five models yield diverse summary statistics and can identify distinct dy-
namic features of transcription. Example model realisations (Figure 2.7) suggest that noise
statistics have a crucial role in model identifiability. For instance, even though the varying
burst frequency and burst size models can give rise to overall similar summary statistics, the
cell cycle-dependent Fano factor can be used to distinguish between the two models. We also
find that the varying decay rate model yields very different patterns compared to the other
two non-constant models, suggesting that our model can distinguish regulatory mechanisms
of transcription from mechanisms regulating mRNA degradation. The constant scaling and
non-scaling models can be distinguished by the cell cycle-dependent mean and noise statistics.
Swapping linear for exponential growth did not affect our results as exponential and linear
growth are nearly indistinguishable over one cell size doubling (Figure 2.2). Additionally, we
observe that correlation coefficients have an essential role in distinguishing constant versus cell
cycle-modulated kinetics. In particular, the correlation of cell cycle-dependent means, that
measures noise due to cell cycle variation, is higher in non-constant compared to constant mod-
els. On the other hand, the mean (cell cycle-averaged) correlation, that measures upstream

noise due to the bursty gene promoter, is higher in constant compared to non-constant models.
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Figure 2.7: Comparison of summary statistics arising from the different models. (A)
Labels of the different models and associated regulation of kinetics (see also Figure 2.4). (B)
Model realisations for each parameter setup: Mean unlabelled and labelled transcript levels
across a single-cell lineage over time, where the shaded region corresponds to the standard
deviation of transcript levels. The 1st realisation (row 1) assumes that all kinetic rates are
constant along the cell cycle, while the synthesis rate scales linearly with cell size. The 2nd
realisation (row 2) assumes identical parameters with the 1st realisation, with the only difference
being that the synthesis rate does not depend on cell size. The next 3 realisations (rows 3-
5) assume time-varying burst frequency, synthesis rate or decay rate and scaling of synthesis
rate with cell size, while the rest of the kinetic rates are constant. The chosen parameter sets
in rows 3-5 are such that we obtain almost identical patterns of cell cycle-dependent mean
expression (column (C)). (C-G) Summary statistics generated by each model using the cell
cycle-dependent and labelling time-dependent moments of unlabelled and labelled mRNA (see
paragraph 2.2.4 and Tables 2.1 and 2.2). Columns (C-E) show statistics that can be computed
from mean measurements and are defined in rows (1),(3) and (5) of Table 2.1. Columns (F-G)

show statistics that can be computed from noise measurements and are defined in rows (2) and
(4) of Table 2.1.
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2.4.2 Approximate Bayesian Computation reveals global patterns

of transcriptional regulation

Motivated by the ability of the model to produce distinct summary statistics between differ-
ent underlying modes of kinetics regulation, we develop an inference framework to infer these
modes of regulation along with gene-specific kinetic parameters from scEU-seq data. A main
challenge here is that inference requires optimising over a large parameter space across all
five modelling hypotheses for each gene in the data separately. Therefore, using a maximum
likelihood, optimisation-based or Markov Chain Monte Carlo approach would be computation-
ally inefficient. For that reason, we develop a simulation-based inference framework based on
ABC rejection sampling, which allows to test multiple modelling hypotheses and millions of
parameter sets against the entire set of genes in a highly parallel manner (Figure 2.6). Given a
parameter set sampled from a prior distribution and a realisation of the model, we generate a
collection of summary statistics and simultaneously compare them to summary statistics of all
genes in the data (see 2.3.1). Additionally, using an approximate Bayesian framework allows
to perform model selection across several models with different levels of complexity (number
of parameters) [203], i.e. to assign probabilities to the various hypotheses, and decide which
kinetic model is most likely to describe each gene. A crucial challenge for inference is that
scEU-seq data are characterised by low mRNA capture efficiency [155], meaning that summary
statistics of the data and the model are not directly comparable. We address this issue by
modelling cell-specific capture efficiencies and downsampling the moments to enable reliable

inference [94, 145, 204], as we describe in detail in the following paragraphs.

In Figure 2.8 we show example posterior fits over the different summary statistics for a constant
and a non-constant model. We observe that the mean expression of the gene RNH1 shows a
monotonous, approximately linear increase, while its Fano Factor stays relatively constant over
the cell cycle (Figures 2.8 (i-ii)). Even though the constant model shows a linear increase in
both mean expression and Fano factor, the posterior model fit agrees well with the data. The
ratio of mean labelled vs total expression of RNHI increases with pulse labelling time and
decreases along chase conditions as the chase duration increases (Figure 2.8 (iii)). The model
behaves similarly and we see that the data lies well within the posterior model fit. The mean
(cell cycle-averaged) correlation of labelled-unlabelled expression follows a similar pattern with

the ratios and even though the data exhibits a more noisy behaviour, its error bars lie within
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Figure 2.8: Example posterior model fits across summary statistics. We show fits for
all summary statistics used for comparing models and data for an example constant gene (top
row) and an example non-constant gene (bottom row), as well as point estimates of each gene’s
kinetic rate parameters.

the posterior model fit (Figure 2.8 (iv)). The correlation of cell cycle-dependent means is almost

zero across labelling conditions for both model and data (Figure 2.8 (v)).

The gene KIF22 shows a large variation in mean and Fano factor of expression over the cell cycle
(Figures 2.8 (vii-viii)) as we see a strong increase towards the late cell cycle stages. The non-
constant decay rate model explains these patterns well as the error bars of the data lie within
the posterior fit. The ratio of mean labelled vs total expression and the mean correlation of
labelled-unlabelled expression of KIF22 show similar behaviour with the respective statistics
of RNH1, and even though they appear more noisy than the model, we obtain a good overall
posterior fit (Figures 2.8 (ix-x)). The correlation of means is significantly higher compared to
the RNHI case, and even though it is also very noisy, it is captured well by the non-constant
posterior fit (Figure 2.8 (xi)). These model fits show that RNHI is explained by constant
kinetics along the cell cycle and its synthesis rate scales linearly with cell size (Figure 2.8 (vi)).
On the other hand, the gene KIF22 is explained by non-constant kinetics as its decay rate
varies with cell cycle progression (Figure 2.8 (xii)). Overall, our inference framework provides
us with approximate posterior distributions of gene-specific kinetic parameters (Figure 2.9).
From this example we see that synthesis and decay rate are better identified compared to burst
size and burst frequency. Interestingly, we observe that burst size and frequency are negatively

correlated as well as that decay rate estimates are independent from the rest of the parameters.

After performing parameter inference over all 3419 genes that we selected for the analysis
(paragraph 2.2.1), we find that the majority (87%) are explained by constant models, and
about 7% of genes are assigned to non-constant models (Figure 2.10 (A i)). Within the subset
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Figure 2.9: Approximate posterior distributions of parameters for an example gene
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off-diagonal plots show kernel density estimates of the joint posterior distributions of pairs of
parameters. All parameters are measured in A~!, apart from burst size which is unitless.
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Figure 2.10: Gene classification with respect to models of kinetics regulation (A)
Overall statistics of gene classification obtained from the ABC model selection. (B-D) Com-
parison of mean expression and kinetic rate magnitudes across different classes of genes. For
each model class (constant and non-constant), proportions of specific sub-classes are shown.
For constant, varying burst frequency, varying burst size and varying decay rate genes, we show
distributions of (B) mean expression, (C) burst frequency , (D) burst size and (E) decay rate.

of genes that are assigned to constant models (constant genes), we find that the majority (62%)
are assigned to the size-scaling synthesis rate model (scaling genes) and a smaller fraction of
genes (16%) are assigned to the non-scaling synthesis rate model (non-scaling genes), while
for the rest of constant genes we get an uncertain model choice outcome (Figure 2.10 (A ii)).
Among the subset of genes assigned to non-constant models (non-constant genes), we find two
major groups assigned to the burst frequency model (41%) and the decay rate model (27%),
respectively, while a small fraction of genes are assigned to the burst size model (Figure 2.10
(A iii)). For the rest of non-constant genes, we find two noteworthy groups of genes, one that is
described well by both the burst frequency and the burst size model and one that is described
well by both the burst frequency and the decay rate model. For the remaining genes (6%) we

either get an uncertain model selection outcome or all the models performed poorly.

Furthermore, our inference reveals general patterns of mRNA kinetics across the different groups
of genes. We observe that genes in all groups span a wide range of mean expression levels, while
we observe that constant genes have a slightly higher median expression level compared to non-
constant genes (Figure 2.10 (B)). We find that burst frequency is highly variable across all
constant and non-constant genes, while burst frequency genes exhibit the strongest variation
(Figure 2.10 (C)). Additionally, cell cycle-regulated burst size shows the largest variation, reach-

ing very low levels compared to genes with constant burst size (Figure 2.10 (D)). We similarly
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Figure 2.11: mRNA half-life distributions and comparison with previously reported
estimates. (A) Estimated mRNA half-lives of constant scaling and non-scaling genes (in
hours), as defined by (2.10) using the point estimates of decay rate. (B-C) Comparison of
half-lives of constant genes with n = 2209 common genes in A549 cells as measured in the
sci-fate study [190] and with n = 1565 common genes in NIH-3T3 cells as measured in the
scSLAM-seq study [187]. These comparisons exclude half-lives that are larger than 100 hours
(less than 2% of constant genes). The orange dashed lines are identity lines. (D) Estimated
mRNA half-lives of non-constant genes. To compute the half-lives of varying decay rate genes,
we use the average decay rate over the cell cycle. (E-F) Comparison of half-lives of non-constant
genes with n = 177 common genes in A549 cells as measured in the sci-fate study and with n =
119 common genes in NIH-3T3 cells as measured in the scSLAM-seq study. These comparisons
exclude half-lives that are larger than 40 hours (1% of non-constant genes). The orange dashed
lines are identity lines.

see large variation in decay rate among decay rate genes, while for the rest of the genes the

decay rate is constrained in similar levels (Figure 2.10 (E)).

We also find that cell cycle-dependent regulation of decay rate impacts mRNA half-life. The
majority of genes have median half-lives of approximately 4-5 hours, while the median mRNA
half-life of genes with cell cycle-dependent decay rate is longer than 10 hours (Figure 2.11 (A)
and (D)). The predicted half-lives are thus shorter than the cell cycle duration (see 2.2.2). After
comparing our estimates of mRNA half-life with two other metabolic labelling studies (sci-fate
[190] and scSLAM-seq [187]), we find that the estimated half-lives of constant genes agree well
with the sci-fate predictions (Spearman’s p ~ 0.9, Figure 2.11 (B)), however a lower correlation

is observed in the case of non-constant genes (Figure 2.11 (E)). We find good agreement between
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selection. (A) 2-fold increase in the number of particles - simulations (M = 5 % 10%) does
not influence model selection and gene classification. (B) Including an additional model of
regulation (varying burst frequency & decay rate) increases uncertainty in selecting between
non-constant models.

our constant gene half-lives and the scSLAM-seq predictions (Spearman’s p ~ 0.7, Figure 2.11
(C)), while there is a poor agreement in the case of non-constant genes (Figure 2.11 (F)). These
discrepancies in the case of non-constant genes indicate that modelling cell cycle-dependence
improves the estimation of mRNA half-life. The overall discrepancies could in addition be
attributed to differences between the scEU-seq, sci-fate and scSLAM-seq metabolic labelling

protocols [129] or to the fact that these estimations are based on different cell lines.

2.4.3 The inference method robustly identifies modes of regulation

Next, we validated the correctness and robustness of our inference and model selection frame-
work. We found that doubling the number of simulations does not change our overall conclusions
on model classification (Figure 2.12 (A)). We also found that when including more complex non-
constant models (where more than one parameter varies with the cell cycle), our inference still
robustly selects constant versus non-constant models, but there is uncertainty in distinguishing
between non-constant models (Figure 2.12 (B)). This suggests that richer data are necessary to
identify more complex mechanisms. Moreover, we show that our model accurately quantifies
3rd order central moments of gene expression, reflecting the predictive capacity of our model
(Figure 2.13 (A-B)). We also show that these predictions capture both biological and technical
noise contributions to the 3rd moments (Figure 2.13 (C-D)). These findings are indicative of
sufficiency of our summary statistics, suggesting that adding higher-order moments in our infer-

ence would not improve our inference accuracy further. Additionally, we tested the statistical
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Figure 2.13: Predictive capacity of the model and sufficiency of summary statistics.
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estimates. (C-D) Relative contributions of biological and technical components to the 3rd
central moments for pulse-treated and chase-treated cells, computed using equation (2.40). The
"mixed-effects" component of the 3rd moment is a covariance that can take negative values.

independence of our summary statistics and overall found zero or negligible pairwise correla-
tions (Figure 2.14). We only found a few exceptions of small positive pairwise correlations, that

might be due to sample size bias.

We next performed inference on synthetic mRNA count data and found that the model ac-
curately recovers models and their parameters (Figure 2.15). The data was generated using
Gillespie stochastic simulations, as we describe in 2.3.2. After comparing model estimates
against ground truth parameter values across the 5 gene groups, we found Spearman corre-
lations of 0.7 in the cases of burst frequency and size (Figure 2.15 (A i-ii)) and correlations
higher than 0.9 in the cases of synthesis and decay rate (Figure 2.15 (A iii-iv)). Additionally,

we tested the robustness of our inference method in model selection, in 4 different scenarios (as
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Figure 2.14: Independence of summary statistics. For each gene, we bootstrapped the data
100 times, we computed the summary statistics across all bootstraps and computed correlations
between all different pairs of summary statistics. We then plot the distributions of these pairwise
correlations across genes.
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Figure 2.15: Inference on synthetic data and model robustness. (A) Comparison of
MAP estimates vs ground truth values of (i) burst frequency, (ii) burst size, (iii) synthesis rate
and (iv) decay rate across all 5 model classes. We plot all parameters corresponding to genes
that were classified correctly to the ground truth model class. (B) Our method’s robustness in
model selection was tested in 4 different scenarios: (i) Default modelling set up (full model),
(ii) small number of samples (cells), (iii) limited prior sampling, and (iv) narrow priors.

explained in 2.3.2). In the full modelling set up, the model recovers the ground truth classifica-
tion with high accuracy (Figure 2.15 (B i)). In the limits of small sample size (small number of
cells) and limited parameter sampling (small number of prior samples), the majority of ground
truth model classes are recovered successfully, while for a fraction of genes there is significant
uncertainty in model selection (Figure 2.15 (B ii-iii)). The burst frequency genes tend to be
classified as constant scaling, which is reasonable as the two models are a special case of each
other and can yield similar dynamics. In the case of narrow priors we observe higher uncer-
tainty in model selection, and many genes are classified as constant scaling, indicating that

simpler models are favoured. This result suggests that using a sufficiently wide prior support

is essential for accurate model selection.

2.4.4 Modelling capture and labelling efficiency allows to uncouple

technical and biological noise

The technical biases associated with sequencing protocols make the task of modelling scRNA-
seq data challenging. Building a stochastic model that accurately explains the observed vari-
ability in the data, requires that the various biological and technical contributions to the total
noise are carefully accounted for. We here demonstrate that the relationship between unla-

belled and labelled mRNA levels of a single gene can reveal how different noise components
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Figure 2.16: Biological and technical effects on transcriptional noise and biological
noise decomposition. (A) Cartoon scatter plot of unlabelled-labelled mRNA, where the
observed transcript levels (green ellipses) is a noisy version of the true transcript levels (blue
ellipses) due to cell-specific downsampling. The vectors describe different noise components
that contribute to the total transcript variability by correlating or decorrelating the unlabelled-
labelled mRNA levels, illustrated by lengthening or widening the ellipses, respectively. Bursty
promoter noise, cell cycle variation (biological) and capture efficiency variability (technical) con-
tribute to correlating unlabelled and labelled transcript levels, while transcription & mRNA
degradation noise, partitioning noise due to cell division (biological), and cell-specific downsam-
pling (technical) contribute to decorrelating transcript levels. (B - C) Uncoupling biological
and technical effects on transcript variability: (B) Total mRNA count distributions per cell
cycle phase and age distribution contribute to biological variability. The average total count
is shown to approximately double over the course of the cell cycle. Calculation of the empir-
ical age distribution is described in 2.2.1. (C) Estimated capture efficiency distributions per
cell cycle phase. The distributions are shown to be independent of cell cycle progression. (D)
Dependence of inferred gene-specific labelling efficiency on gene length. (E-F) Observed and
recovered noise-mean relationships: (E) shows the total CV? as observed in the data (inset
scatter plot in grey) and as recovered by the different models. (F) shows the recovered total
Fano factor as given by the model after removing technical noise. (G-I) Model-based biological
noise decomposition: proportional contributions of the different biological noise sources to the

total noise (see 2.2.5). .



contribute to the total transcript variability. In the absence of technical noise, the total variance
in transcript levels = u + [ of a gene (u: unlabelled, I: labelled) in a time-resolved single-cell

snapshot can be partitioned as follows (see details in 2.2.5):

Var(z) = E(Var(u | 7,t) + Var(l | 7,t)) + 2E(Cov(u,!l | 7,t)) + Var(E(x | 7))

transcription and decay noise bursty promoter noise cell cycle variation

where 7 denotes the cell cycle phase and ¢ the pulse-chase labelling time (condition). Averaging
the cell cycle- and labelling time-dependent transcript variances gives a measure of the noise due
to mRNA synthesis and degradation kinetics (1st term). This term includes variation due to
both active degradation and dilution, where the latter stems from stochastic partitioning at cell
division. The upstream noise due to bursty gene promoter can be measured by averaging the
cell cycle- and labelling time-dependent covariances of unlabelled and labelled transcripts (2nd
term). The extrinsic noise due to cell cycle variation can be measured by the variance of the cell
cycle-dependent mean transcript levels (3rd term). The bursty promoter noise and the cell cycle
variation contribute to correlating the unlabelled-labelled transcript levels, while transcription
and degradation kinetics noise reduces these correlations (Figure 2.16 (A)). This decomposition
is challenging to quantify directly from the data as each component would be corrupted by

multiplicative technical noise effects distorting their relative proportions (paragraph 2.2.5).

We therefore devise an approach to account for technical noise in our modelling framework. This
allows us to construct reliable summary statistics that are directly comparable with the noisy
data. Quantifying what part of transcript variation comes from technical noise requires access
to the capture efficiency of the sequencing experiment, however this information is not provided
by the scEU-seq protocol. In principle, actual and observed mRNA counts can be connected
via a binomial downsampling model that depends on a cell-specific capture efficiency, but in
our case, the dependence on cell size and cell cycle needs to be considered (Figure 2.16 (B)).
We estimate the capture efficiencies directly from the data . The idea is that the total mRNA
count of a cell is proportional to cell size and it increases along the cell cycle so it provides
an estimate of the relative capture efficiency of the cell within its cell cycle phase (paragraph
2.2.3). Also, this estimate differs between pulse and chase conditions. We show that capture
efficiency distributions per cell cycle phase do not scale with cell cycle progression (Figure 2.16
(C)). Our approach hence decouples cell size and age variability from technical noise effects on

total mRNA count. Moreover, it normalises the total count and sample size differences between
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pulse and chase conditions. Having obtained the capture efficiency estimates, we can correct

the model outputs by computing downsampled versions of moments (paragraph 2.2.3).

An additional technical noise source at the single-gene level is the labelling efficiency of the
pulse-chase experiments, as RNA labelling might not impact genes uniformly. To address this,
we model labelling efficiency as a gene-specific parameter that is fitted simultaneously with the
kinetic rates. We find that the inferred labelling efficiency shows significant variation across
genes as well as that it correlates with gene length, demonstrating the importance of estimating
it as a gene-specific parameter (Figure 2.16 (D)). It is also evident that this trend is independent

of the selected gene-specific models, thus validating that it does not influence model selection.

2.4.5 Bayesian inference reconstructs the transcriptional noise land-

scape

Our approach of uncoupling technical and biological noise makes it possible to estimate the true
mean expression levels and the true levels of transcriptional noise. The observed total noise
(CV?) for all 3419 genes decreases with mean expression but stays above the Poisson limit
(Figure 2.16 (E) inset), and deviates from the inverse mean scaling for highly expressed genes.
This deviation at high expression levels reflects extrinsic noise attributed to both biological
and technical effects. Informing the model with the point estimates from the inferred kinetics
posteriors, we recover and visualise the true noise-mean relationship (Figure 2.16 (E)). The
dependence of noise on the mean recovered by the model follows a similar pattern to the
data, but the noise is an order of magnitude lower and deviates less from the inverse mean
scaling law as these deviations are purely due to biological noise. We observe distinct noise
patterns among groups of genes explained by different models, with cell cycle-dependent genes
commonly displaying higher noise levels than constant genes. Furthermore, using the Fano
factor to quantify the noise-mean relationship, we observe that the increase in the mean is

associated with increasing deviation from the Poisson limit due to extrinsic noise (Figure 2.16

(F))-

Next, we use the noise decomposition formula to quantify how the different biological noise
sources contribute to the total transcript variability (Figure 2.16 (G-I)). We find that tran-

scription and decay kinetics and cell cycle variation are the most prominent sources of noise.
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Figure 2.17: Absolute levels of biological noise sources. Absolute levels of noise depen-
dence on the mean across the different gene classes, for each noise component: (A) transcription
and decay noise, (B) bursty promoter noise and (C) cell cycle variation.

Interestingly, for most constant genes the largest proportion of noise is explained by mRNA
synthesis and decay kinetics (Figure 2.16 (G)) that contribute to more than 50% of the total
noise. On the other hand, cell cycle variation is the dominant source of noise for most non-
constant genes (Figure 2.16 (I)). The bursty promoter noise is less prominent across genes,
however not negligible as in a considerable number of genes it explains more than 20% of the
noise. Constant and non-constant genes can be distinguished by their absolute levels of cell

cycle variation (Figure 2.17).

To gain mechanistic insights into the determinants of transcriptional noise, we illustrate how
the different noise sources depend on the kinetic rates. We find that the decay rate is a key
determinant of all noise components. Transcription and decay noise and bursty promoter noise
increase with decay rate (Figure 2.18 (A-B)). The cell cycle variation of constant scaling genes
is constant and hence does not depend on the decay rate, however the cell cycle variation of
non-scaling genes decreases with decay rate (Figure 2.18 (C)). These observations agree with
model predictions reported in [175] and [180]. We find that transcription and decay noise
is relatively independent of burst size (Figure 2.19 (A)). Additionally, bursty promoter noise
increases with burst size for large decay rates (Figure 2.19 (B)), while it decreases with burst
frequency for small decay rates (Figure 2.19 (C)). These findings highlight that quantifying
absolute kinetic rates in combination with model-based noise decomposition reveals the sources

of transcriptional variation.
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Figure 2.18: Dependence of noise decomposition on decay rate. CV? against mean
expression coloured by decay rate, plotted for all three noise components (2.4.4). We only plot
decay rates of constant (scaling and non-scaling) genes. Decay rate is measured in h™L.
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Figure 2.19: Dependence of noise decomposition on burst size and frequency. CV?
of expression against burst size coloured by decay rate or burst frequency, plotted for the two
intrinsic noise components. We only plot kinetic rates associated to constant (scaling and non-
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2.4.6 The model identifies scaling properties of gene expression with

cell size

We next focus on genes with constant kinetics and we find that the model reveals key differ-
ences between size-dependent and size-independent gene expression. As an example, RAB7A, a
gene that is involved in intracellular vesicle trafficking and growth-factor-mediated signalling, is
explained by a constant scaling model and MGST1, a gene responsible for protecting endoplas-
mic membranes from oxidative stress, is explained by a non-scaling model (Figure 2.20 (A)).
RAB7A shows an increase in the mean and Fano factor of transcript levels along the cell cycle
(Figure 2.20 (A i-ii)), which is explained by a size-scaling mRNA synthesis rate (Figure 2.20
(A iii)), while the mean transcript levels and Fano factor of MGST1 stay relatively constant
during cell cycle progression (Figure 2.20 (A iv-v)), which is explained by a constant synthesis

rate (Figure 2.20 (A vi)).

We investigate global size-scaling properties of gene expression. We find that the mean expres-
sion of scaling genes increases monotonically during the cell cycle, while the mean expression
of non-scaling genes reaches a steady state towards the end of cell cycle progression. This
can be observed in clustered heatmaps of both observed and recovered (after technical noise
removal) mean expression of all constant genes (Figure 2.20 (B)). To validate this observation,
we quantify changes in mean expression of constant genes along the cell cycle. We find that
both the fold change of expression between early and late cell cycle and the mean rate of change
of expression along cell cycle progression are higher for scaling compared to non-scaling genes
(Figures 2.20 (C-D)). Additionally, we quantify variation due to cell cycle-dependence, includ-
ing variation observed in the data and variation recovered from the model after technical noise
correction (see 2.2.5). We find that in both cases, cell cycle variation of size-scaling expression
is higher compared to non-scaling (Figure 2.20 (E)). This suggests that the combined signatures

of mean expression and noise levels identify the scaling with cell size.

We analysed which gene functions were associated with non-scaling gene expression using the
enrichment analysis provided by the DAVID bioinformatics database [205]. We find that the
majority of non-scaling genes are involved in cell surface receptor signalling. Other enriched
sets include protein metabolic processes, regulation of cell proliferation, tissue and system

development and proteolysis. Finally, we asked how scaling of transcription with cell size relates
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to mRNA degradation. We find that scaling genes have overall higher decay rates compared
to non-scaling genes (Figure 2.20 (G)). As a consequence, scaling genes are characterised by
shorter mRNA half-life, with their median mRNA half-life being shorter by more than one hour

compared to non-scaling genes (Figure 2.11 (A)).

2.4.7 The model predicts patterns of cell cycle-dependent kinetics

regulation

Next, we focus on genes with non-constant kinetics and we find that the model identifies three
groups of genes, each characterised by a distinct mode of kinetics regulation during the cell
cycle. For these groups of genes, either burst frequency, burst size or degradation rate are
primarily modulated over the cell cycle, while the rest of kinetic rates stay constant. Posterior
model fits for CDK4, PCNA and CDK1, which are genes with key functional roles in cell cycle
control, display good agreement with the data (Figure 2.21 (A)). The variations in mean and
Fano factor of CDK/, PCNA and CDK1 transcript levels along the cell cycle (Figure 2.21 (A
i-ii, iv-v, vii-vii)) are explained by a particular modulation of their kinetic rates (Figure 2.21
(A iii, vi, ix)). Interestingly, in all three cases the predicted kinetics show a peak in a particular
cell cycle phase. The increase in mean and noise of expression of these genes in the late part
of the cell cycle is achieved by a sharp increase in burst frequency or burst size about S phase,

or by a sharp decrease in decay rate after G1 phase, respectively.

To obtain comprehensive insights into the global regulation of kinetics during the cell cycle, we
perform hierarchical clustering of each set of varying kinetic rates based on cosine similarity
(Figure 2.21 (B)). Strikingly, all emerging clusters are characterised by a unique peak in a
particular cell cycle phase. Combining all clusters together, we observe a wave-like pattern in
the overall kinetics regulation throughout the cell cycle. We find that varying decay rate shows
peaks in the early stages of the cell cycle, while varying burst size and frequency show peaks in S,
G2 and M phase. This suggests distinct regulatory strategies of transcription and degradation
during the cell cycle. This non-trivial clustering of genes based on their kinetics would not be
possible to extract from mean expression dynamics alone, as the different gene groups show

similar expression profiles, with an increase towards the late cell cycle stages (Figure 2.22).

We also find, using gene enrichment analysis, that each mode of kinetics regulation is associ-
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Figure 2.21: Non-constant genes and cell cycle-dependent regulation of kinetic rates.
(A) Posterior model fits for three example non-constant genes. Panels (i)-(ii),(iv)-(v) and (vii)-
(viii) show cell cycle-dependent mean and Fano factor of transcript levels, and panels (iii), (vi)
and (ix) show posterior estimates of cell cycle-modulated kinetic rates. (B) Clustered heatmap
of cell cycle-modulated kinetic rates: the different sections of the heatmap correspond to decay
rate genes, burst size genes and burst frequency genes. (C-E) Enriched GO terms associated
with non-constant genes: (C) shows GO terms linked with decay rate regulation, (D) shows GO
terms linked with burst size regulation and (E) shows GO terms linked with burst frequency
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ordering of the genes corresponds exactly to the ordering of kinetic rates in the heatmap of
Figure 2.21 (B).

ated with a particular set of functions related to cell cycle control and cell division (Figures
2.21 (C-E)). Genes with varying decay rate are found to be involved in the regulation of G2/M
phase transition and cell division, including chromosome segregation, spindle assembly and
cytokinesis (Figure 2.21 (C)). Genes with varying burst size are primarily involved in S phase
regulation and DNA replication, including DNA repair and damage checkpoint control (Fig-
ure 2.21 (D)). Varying burst frequency genes are associated with a variety of cell cycle control
functions, including DNA replication, DNA repair and nuclear division (Figure 2.21 (E)). In-
terestingly, burst frequency regulation is also associated with other cellular functions such as
protein complex assembly, chromatin organisation and DNA conformation changes, suggest-
ing a potential link of these processes with the cell cycle. Overall, these results indicate that
biological functions responsible for cell cycle regulation could be achieved by the coordinated

activation of kinetic rates in particular cell cycle phases.
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2.5 Discussion

In this chapter, we developed a comprehensive modelling framework to reveal global regulatory
mechanisms of mRNA transcription and degradation during the cell cycle from time-resolved
transcriptomics data. Our stochastic model integrates cell cycle progression and pulse-chase
labelling to reveal different modes of dynamic regulation in mRNA control. Modelling capture
and labelling efficiency allowed us to deconvolve technical and biological noise of the data and
reveal the true sources of cellular variation that stem from distinct mechanisms of transcription

regulation.

A central result of our analysis is that patterns of cell cycle- and cell size-dependent regulation
of transcription dynamics are distinguished through dynamic correlations of metabolic labels.
In particular, we showed that correlations between unlabelled and labelled mRNAs quantify
transcriptional bursting, while transcript noise statistics quantify mRNA synthesis and degra-
dation kinetics (Figure 2.7). Hence, these summary statistics distinguish different regulatory
mechanisms. Existing models of metabolic labelling protocols are limited to averages across
cells as they employ deterministic approaches [121, 155, 178, 187-191] or they are restricted to

labelled transcripts [95, 194] and hence cannot make use of dynamic correlations.

Our approach, which is based on the ABC rejection method, effectively samples from the full
posterior distribution across parameters and models by comparing millions of candidate simu-
lations to any number of genes in parallel. This is equivalent to recycling all particles for each
gene. The method results in an amortised inference using data-independent simulations that is
more efficient than data-specific approaches such as sequential Monte Carlo [107]. Amortised
simulation-based inference incurs an up-front computational cost, but is applicable to new data
points efficiently [103]. Our method is thus ideally suited for the analysis of genome-wide data
[102].

A distinctive feature of our approach is that it simultaneously corrects for technical variation
through cell-specific capture efficiency and gene-specific metabolic labelling efficiency. Previous
inference methods utilising metabolic labelling data relied on specific distribution assumptions
[95, 155] or on RNA spike-ins [95] for modelling capture efficiency, while other studies modelled
labelling efficiency using either a global rescaling or mixture models [121, 178, 187-189, 193,
206]. We verified that capture efficiency was cell cycle-independent, thus validating that we
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can distinguish the effects of cell cycle and size. We also showed that labelling efficiency varied
dramatically and correlated well with gene length but did not bias our model selection, thus
demonstrating that one needs to calibrate labelling efficiency for parameter estimation. The
observed correlation between labelling efficiency and gene length may provide insights into the

mechanistic basis of metabolic labelling.

By removing technical noise effects, we were able to dissect sources of biological noise contribut-
ing to the total transcript variability. By quantifying absolute kinetic rates, we revealed how
these sources of transcriptional variation depend on decay rate. We found that mRNA synthe-
sis and degradation kinetics and cell cycle-dependent variation are the primary genome-wide
sources of noise, while only a small fraction of the total noise stems from transcriptional burst-
ing. The low levels of bursting noise were explained by overall low burst sizes and relatively
high burst frequencies. These observations indicate that transcript abundance is characterised

by minimal intrinsic stochasticity, as demonstrated in [167].

We found that most genes scale transcription with cell size. Genes that did not scale were either
involved in growth-independent processes, such as cell surface receptor signalling, or in other
processes such as proliferation and development. Cell surface and DNA binding proteins do not
scale with cell volume and have been previously identified as potential non-scaling genes [207—
209]. Size-scaling genes typically rise more rapidly during the cell cycle, have higher degradation
rates, and have higher cell cycle variation than non-scaling genes. This suggests that increased
synthesis rate with cell size requires higher degradation for cells to achieve homeostasis [181,

210].

Our model predicts waves of regulation across the cell cycle-dependent transcriptome, with
kinetic rates peaking at specific cell cycle phases. We observed no step-wise transcriptional
changes, suggesting that gene dosage effects mattered less than specific cell cycle regulation of
kinetic rates. Genes with kinetics modulating decay rate peaked first in G1, then burst size
peaked in S and S/G2, then burst frequency peaked in S phase and the later stages of the
cell cycle. A possible explanation of our findings is that global transcription and degradation
regulators act in different cell cycle phases and that burst size and frequency modulation is
mediated by different transcription factors. Our predictions agree qualitatively with a similar
sharp decrease in burst frequency following S phase observed using smFISH [199], and the in-

creased synthesis rates and decreased decay rates following G1 reported in the original scEU-seq
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study [155]. A mechanistic understanding of this phenomenon would require a gene regulatory

network-based approach that is beyond the scope of our study.

Although we expect our inference method to generalise to more complex models and parametric
assumptions, it also has several limitations. One limitation is that ABC rejection sampling can
lead to weaker accuracy in parameter estimation and broader posterior distributions compared
to optimisation-based schemes (see e.g. Figure 2.9). A hybrid method that uses ABC rejection
sampling as a first step, followed by an SMC step where the particles for each gene are optimised,
would offer a better tradeoff between parallelisation and accuracy [102, 107]. An alternative
approach would be to use a synthetic likelihood or integrate ABC with a machine learning
method that allows for surrogate modelling [108]. Another limitation is that we assumed
deterministic cell cycles across cells, thus a potential improvement would be to account for cell

cycle length variability in our moment estimates.

An important challenge for our study was that gene filtering was required as a preprocessing
step due to the high sparsity of the data - a common issue in single-cell analyses [211, 212].
Even though this gene selection posed a limitation to applying our inference at full genome-wide
scale, it did not limit the ability of our method to extract global patterns. Future advances
in single-cell sequencing technologies with enhanced transcript detection, deeper sequencing
and increased cell capture, will be essential for improving data quality and overcoming these

limitations [46, 73].

Other studies use modelling to better understand transcription dynamics through mRNA splic-
ing [115-117, 121, 127] including cell cycle-dependent effects [119] and during development
[116, 193]. Therefore, splicing data could be used instead of cell cycle reporters in our infer-
ence method. Similarly, splicing kinetics could extend our analysis to understand transcription
variation along developmental trajectories [115, 116, 193] or identify hidden sources of cellular

variation [184].

Our study illustrates how mechanistic modelling and amortised inference can efficiently inte-
grate data across labelled, unlabelled transcripts and cell cycle reporters and also across differ-
ent pulse and chase protocols. We have demonstrated that mechanistic models can be used to
overcome the challenge of technical noise across modalities commonly suffered by multi-view
statistical methods [213, 214]. Data integration across conditions, time and modalities is an

important challenge for single-cell multi-omics, including epigenome and proteome [215-217],
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and mechanistic models like ours could provide a versatile tool for integrating these data [97].

In summary, our study reveals global mechanisms of transcription regulation through stochastic
modelling of time-resolved single-cell data. Our inference methodology is highly scalable and
translates seemingly to complex models of gene regulation. It is thus well suited to uncover
complex mechanisms of gene expression control from single-cell transcriptomics. We expect
that our framework could contribute to uncover regulatory mechanisms that drive cell fate

decisions or their dysregulation in disease.
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Chapter 3

Identifying modes of gene regulation in
time-resolved single-cell

transcriptomics

3.1 Introduction

In Chapter 2, we developed a modelling framework to quantify transcription dynamics from
time-resolved single-cell RNA sequencing data. A limitation of this framework is that the dy-
namics of each gene is modelled independently, neglecting pairwise gene interactions. However,
genes operate within regulatory networks, and their interactions significantly influence gene
expression dynamics [6, 156, 218]. The precise coordination of gene-gene interactions enables
cells to perform diverse functions and adapt to environmental stress [12, 25]. Consequently,
gene regulatory networks (GRNs) are essential determinants of cellular decision making [14, 17,
18]. Detecting pairwise gene relationships and reconstructing GRNs is therefore of fundamental
importance in biology [157, 158, 218-220]. Investigating network-level gene regulation requires
computational methods that describe regulatory relationships between genes, extending beyond

gene-specific modelling approaches [221, 222].

A wide range of experimental technologies have been developed for discovering genome-wide
regulatory interactions [223]. As an example, methods such as ChIP-seq [224] and CUT&Tag
[225] have enabled the analysis of protein-DNA interactions by identifying genome-wide binding
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sites for any protein of interest. Other methods rely on genetic perturbations, to track expres-
sion changes caused by e.g. gene knockouts or mutations and detect putative gene relationships
[222, 226, 227]. Recently, large-scale perturbation experiments have become possible at single-
cell resolution, with technologies that combine pooled CRISPR screens with single-cell RNA
sequencing [228-231]. However, all these methods require targeting and analysing a particular
set of proteins or transcription factors, and thus do not enable a fully unbiased discovery of

regulatory interactions.

It has been argued that cell-to-cell variability in gene expression can be viewed as a natural
perturbation, providing a means to systematically identify gene regulatory relationships without
requiring large-scale perturbation experiments [6, 25, 27, 87, 91, 159, 232-236]. Single-cell
genomics technologies have created new opportunities for exploiting cellular heterogeneity to
infer gene regulatory networks from data [222, 237, 238]. Numerous computational methods
utilise statistical dependencies between genes across single cells to predict putative regulatory
relationships [79-82, 235, 239-245]. These dependencies, typically captured by correlations
or information-theoretic measures, are used to reconstruct co-expression or causal regulatory
networks. A few studies have employed stochastic modelling approaches to reconstruct GRNs
from single-cell transcriptomics [91, 245-247]. Yet, little emphasis is given in obtaining a

mechanistic understanding of observed gene-gene covariation in single-cell data.

Detecting regulatory relationships from gene-gene correlations in scRNA-seq data is particu-
larly challenging due to several inherent limitations. First, gene-gene interaction can cause
time-shifted covariation that is hard to capture using simultaneous transcriptomic correlations
[91, 232]. Transcriptional covariation can also arise from various biological sources of stochas-
ticity, such as variation in global cellular states (e.g. cell cycle stage and cell size) or other
upstream noise sources. Furthermore, technical noise, including cell-to-cell variability in cap-
ture efficiency [141] and transcript detection biases due to gene length [248, 249], can obscure
true biological correlations or create spurious ones [142; 245]. The difficulty to distinguish
these sources of covariation in noise-corrupted snapshot data poses a significant constraint in
identifying gene regulatory interactions. Many existing gene network inference approaches lack
a mechanistic framework to delineate sources of covariation, thus potentially failing to explain

which correlations stem from true gene interaction [91].

Even when biologically meaningful correlations can be detected, it remains challenging to dis-
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cern whether these correlations arise from direct gene interaction or gene-gene co-regulation,
e.g. through a common upstream factor [250]. In principle, this problem can be addressed using
a model selection approach [251], where multiple mechanistic models are tested against the data
to infer possible modes of regulation underlying the observed correlations. Given the difficulty
to obtain analytical likelihoods for complex models of gene regulation, one viable option would
be to use approximate Bayesian computation (ABC) for comparing a large number of simulated
model outputs with the data. As demonstrated in Chapter 2, ABC enables Bayesian model
selection [203, 252], and provides an amortised method [103] to test candidate models against
any number of unseen datapoints. Yet, this approach would suffer from high computational
costs and the difficulty to select informative summary statistics, a common challenge for ABC
methods [253]. An alternative approach would be to combine a simulation-based method with
machine learning [103] to discover informative data features distinguishing different regulatory
models [108]. This approach would effectively integrate generative mechanistic models with a

discriminative method for model selection [254].

Here, we develop a method that combines mechanistic modelling with deep learning to iden-
tify modes of gene regulation in time-resolved scRNA-seq data. We extend the gene-specific
modelling approach of Chapter 2 by building stochastic models of gene regulatory interaction
driven by direct regulation and co-regulation. Our framework accounts for distinct sources of
biological and technical covariation, enabling the detection of correlations arising from either
gene interaction or extrinsic noise sources. The models incorporate RNA labelling and cell cycle
phase information of scEU-seq data [155] to define temporal statistics of gene co-expression.
Leveraging inferred kinetic rates of individual genes (Chapter 2), we generate synthetic data to
train neural networks for classifying different regulatory models. This results in a generative-
discriminative modelling method capable of predicting whether any two genes have a potential
regulatory relationship and whether they directly interact or are co-regulated by a shared up-
stream factor. We demonstrate that distinct modes of gene regulation can be identified from
non-linear combinations of dynamical correlations across RNA labelling timepoints. Our find-
ings reveal that a large proportion of observed gene-gene correlations stem from co-regulation,
including upstream noise sources. Additionally, we validate that gene pairs predicted to interact
correspond to known regulatory relationships. Our study provides a mechanistic approach to
interpreting transcriptional covariation and highlights possibilities of inferring gene regulatory

interactions from time-resolved single-cell transcriptomics.
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3.2 Stochastic modelling of gene regulatory interactions

We start by presenting stochastic reaction network descriptions for different modes of gene
regulation. Importantly, our framework considers regulatory relationships in a broad sense that
is not restricted to transcription factor-mediated interactions. Our models capture biological
and technical noise sources, enabling the analysis of gene-gene relationships arising from both
gene interaction and other sources of transcriptional covariation. We develop reaction kinetics
models capturing the intrinsic dynamics of gene pairs, the extrinsic dependence of reaction rates
on the cell cycle, as well as the experimental effects of metabolic labelling, effectively integrating
information from time-resolved scRNA-seq data. Additionally, we formulate moment equations
that govern the dynamics of 1st and 2nd order moments of the networks’ molecular states. Next,
we present a theory for quantifying pairwise gene relationships through their transcriptional

covariation, that accounts for different biological and technical noise sources.

3.2.1 Stochastic reaction kinetics of interacting genes

Gene-gene interactions can be direct, for instance when a transcription factor upregulates or
downregulates the expression of a downstream gene, or indirect, occuring through intermediate
factors [218]. Here we consider 3 different basic models of gene interaction that can give rise
to transcriptional covariation: positive regulation (or upregulation), negative regulation (or

downregulation) and co-regulation.

Models of gene (co-)regulation

We here outline the reaction schemes encoding the different modes of gene regulation. The
kinetic rates driving the reactions below include the promoter activation rate (or burst fre-
quency) kon, the promoter repression rate ko, the transcription rate a, the mRNA degradation
rate 7, the translation rate k, and the protein degradation rate §. As we want our models to
capture the effects of the metabolic labelling experiments, we use A to denote the gene-specific
metabolic labelling efficiency, that controls the fraction of the mRNA molecule that is chemi-
cally labelled by the experiment. We also assume that both the unlabelled and labelled parts

of an mRNA molecule contribute to protein synthesis.
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Positive regulation model. The following reaction scheme encodes the transcription ki-
netics of a gene (G; encoding e.g. a regulator or transcription factor (TF), that upregulates
a target gene Go. To model the direct interaction of the TF with the target gene we postu-
late that the target gene’s burst frequency explicitly depends on the protein levels of the TF,
i.€. kono = kona(P). In particular, we assume that the burst frequency of the target gene is

proportional to the protein levels koy2(P) = kono - P.

kon 1

Gcl)ff Gon (31&)

koﬁ' 1

on (1=A1)a on on A1l ~von
G —> G"+U , G — G+ Ly (3.1b)
Lhe , Lo (8.1¢)
Uy % U +P , L %L +P (8.1d)
Py (3.1e)
kon2P

Goff 2P GOH (31f)

koff,Q
Gy U oo Uy L G 2 G Ly (3.1g)
UQ 12—> 1] , L2 12_> a9 (3 1h)

Negative regulation model. Similarly to the previous model, the following reaction scheme
describes a gene (7 encoding a regulator or TF, that downregulates a target gene GG5. The inter-

action is modelled by assuming that the repression rate k.g o of the target gene is proportional
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to the protein levels of the TF, i.e. kog2(P) = koo - P.

Goff Kon 1 Gon

koff,l
e e N A U N LU
u%e L1 S o
U 5 0+P , L Li+P
P o
Gy o _Kon2 ay
koggp
G U g Uy LGP Gyt Ly
Uy o | Ly Do

Co-regulation model. We also consider a more general model where two genes do not

interact directly, but are co-regulated by a common upstream factor.

The following reaction

scheme encodes the upregulation of two target genes GG; and Gs by the factor Gg. It is important

to note here that Gy is either a common regulator, or more broadly represents an upstream

source of cellular noise that influences the activity of both target genes. In the reaction scheme,

GGy encodes a protein P that upregulates both genes G; and G5 by acting on their promoter

activation rates, i.e. kon1(P) = kon1 - P.

Gon (1-X)a

Gon (1 )‘2

G kon 0 on
0
koH,O

G I agr e p
P o

fFf on 1P
GO \ GOH

koff,l

C;on_i_(]1 ’ th)n At Gon+L1

u%e , L1 S o
Goff ko“ 2P Gon
/foff,z

GOH+U2 ’ ng Az ng+L2

Uy 2o | Lo
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Figure 3.1: Models of intracellular reaction kinetics of regulatory gene pairs. (A)
Models of direct regulation: A regulator gene (e.g. transcription factor) encodes a protein that
upregulates or downregulates the expression of a downstream target gene by acting on its pro-
moter. (B) Model of co-regulation: A common regulatory factor simultaneously upregulates the
expression of two target genes through protein feedback at their promoters. The co-regulation
model also broadly represents a shared upstream noise source influencing both genes.

regulation
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Independent gene model. For completeness, in our analysis we also consider gene pairs
that are independent, in the sense that they have no regulatory interaction. In this case, we
model each gene’s dynamics separately using the gene-specific model (2.5) of Chapter 2 and
we will refer to this case as the independent model. As we will show in the next paragraph,
characterising two genes as independent does not imply they are uncorrelated, as they can be

influenced by extrinsic biological and technical noise sources.

Cell cycle-dependent and cell size-dependent kinetic rates

To capture extrinsic noise effects induced by the cell cycle and cell size, we allow for explicit
dependence of kinetic rates on cell cycle progression, as in Chapter 2. The details are explained
in 2.2.2. We here note that the scaling of both mRNA and protein expression with cell size is
mediated by a cell size-dependent mRNA synthesis rate o, while the protein synthesis rate k,

stays constant.

Moment equations with time-dependent kinetic rates

We proceed with modelling the stochastic dynamics of the above gene networks using the
chemical master equation and its associated moment equations. As all three networks involve
the same type of unimolecular and bimolecular reactions, we will only formulate equations
for the 3-gene network case (3.3), and the formulation for the simpler 2-gene network cases
(3.1),(3.2) follows similarly. The network (3.3) consists of R = 16 reactions and n = 8 species
(Go, P,G1,Uy, L1,Go, Uy, Ly), where G; denotes the active state of the i-th gene’s promoter,
and the inactive states are neglected as they have complementary stoichiometry to the active
states. The time-dependent joint probability distribution P(x,t) of the species’ abundances
x = (z1,...,2,)" obeys the CME:

jtP(x, n=3 (wr(x — 8, 1) P(x — Sy, ) — wn(x, 1) P(x, t)) (3.4)
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where S, = (Sy,,...,Su )" denotes the r-th column of the stoichiometric matrix of the reaction

system, that is:

1 -10 0 0 0 OO O O O O OO O O
o 01 -1ro o0 o0 0 0 0 0 0O0 0 O
o 0o 060 01 -1000 0O0O0 O0OO0O 0O O
S o 60 oo o o0 10-1 000 00 0 0 (3.5)
o 06 oo o o0 o010 -10 0 000 0
o 0o 60 o0 0 0 00 0 O0O1-100 0 0
o 06 oo o o o0 0 00 0 1O0-1 0
o 0 o0 o o o0 00 0 000 01 0 -1

The propensities w,.(x,t) of the network are:

w1 (%, 1) = kono(£)(1 = 1), wa(x, 1) = kogro()21, ws(x, £) = s(8)r, wa(x, 1) = 5(t)z

w5 (X, 1) = Kon,1 (t)z2(1 — 23), we(x, ) = ko1 (D)as, wr(x,1) = (1 = M) (t)s,

ws(x,1) = Mo (t)xs, wo(x, 1) = n(t)zs, wio(x,t) = n(t)ws (3.6)
w1 (X, 1) = kona(t)ra(l — z6), wia(X, 1) = ko a(t)zs, wiz(x,t) = (1 — Xa)a(t) s,

wia(X,t) = Ao (t)ws, wi5(X,t) = 71 (t)z7, wis(X,t) = Y2(t)xs

We now proceed to derive moment equations of the CME. We note that the propensities
ws(x,t),w1(x,t), that correspond to the interaction of the regulatory protein with the target
genes, are non-linear. As a result, certain moment equations of 1st and 2nd order depend on
higher-order moments and hence the system of moment equations is not closed [67]. In order
to derive a closed system of equations we rely on the system size expansion (SSE) of the CME
[69, 161] and in particular the leading order of the SSE, that is the linear noise approximation
(LNA) [255]. Under the LNA, the 1st order moment equations correspond to the deterministic
rate equations for the macroscopic concentrations of the species, while the 2nd order moment

equations describe Gaussian fluctuations about the concentrations [99], and are given by:

c(litMi(t) = Zl Sirw, (e, t) (3.7)

d ow,(p,t ow, (g, t &
Lyt) - ZR(SW%)zmwsﬁaif:)zm<t>)+zlswsﬁwr<u,t> (35)
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where R = 16,n = 8, ; = E(z;) and X;; = IE((xZ — pi)(x; — w)). In the case of non-linear
propensities, w,(+) denotes the approximated propensity after applying the LNA. Note that this
allows us to use the linearity of the expanded propensities to write E(w,(x,t)) = w,(E(x),t) =
w,(p,t). Also, since the kinetic rates are cell cycle-dependent, all propensities are periodic
functions of time and the moment equations are constrained by periodic boundary conditions,

corresponding to cell division events.

Coupling to cell division dynamics

As our models assume cell cycle-dependent kinetic rates, which are periodic functions of time,
we define boundary conditions for the moment equations. Similarly to Chapter 2, we use the
noise partitioning formulas for the moments that we presented in paragraph 2.2.2. In addition,
here we assume that the stochastic partitioning of protein molecules at cell division follows the

same probabilistic rules as for the mRNA molecules.

3.2.2 Decomposition of gene-gene transcriptional covariation

In this section, we present a noise decomposition framework to analyse biological and technical
contributions to the overall transcriptional covariation of gene pairs. Let y1 = w1+, y2 = us+Is
be the observed mRNA levels of two genes Gy, Ga, that includes the unlabelled (u) and labelled
(1) modalities, as given by the scEU-seq protocol [155]. Also, from the data, we can obtain
cell cycle-dependent and labelling time-dependent measurements of y; and y,, as shown in

paragraph 2.2.1 of Chapter 2.

Gene covariation decomposition in the absence of technical noise
The total transcript covariation between the genes G, G5 is given by

Cov(yi, y2) = Cov(u,us) + Cov(ug,ls) + Cov(ly, uz) + Cov(ly, ) (3.9)
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In the absence of technical noise effects, each one of the terms in equation (3.9) can be decom-
posed as:

Cov(zy,22) = E-(Cov(zy,z2 | 7)) + Cov (E(zy | 7),E(x2 | 7)) (3.10)

gene interaction cell cycle-induced covariation

where z denotes either unlabelled (u) or labelled (I) mRNA. The first term explains intrinsic
covariance arising from gene interaction, while the second term explains extrinsic covariance
arising from cell cycle dependence. This suggests that, under the assumptions of determin-
istic cell cycle length and negligible technical noise, conditioning on cell cycle stage can be

informative of gene interaction.

These covariances can also be normalised to obtain gene-gene correlations across the four indi-

vidual unlabelled-labelled modalities:

Cov(zy,x2)

- \/Var(ccl) Var(z5)

p(x1, T2) (3.11)

where z € {u, [} and Var(z,), Var(x,) are gene-specific variances. Alternatively, we can compute

the total gene-gene correlation:

Cov(y1,y2) B Cov(zq,x2)

p(y1,y2) = (3.12)

\/VM(%) Var(yz)  wiefudi) \/Val"(yl) Var(y2)
i=1,2

where Var(y; ), Var(y2) are the total transcript variances of the two genes. This gene-specific

total transcript variance is decomposed as
Var(y) = Var(u) + Var(l) + 2 Cov(u, 1) (3.13)
and for each modality = € {u, [}, we have that:

Var(z) = E,(Var(z | 7)) + Var.(E(z | 7)) (3.14)

intrinsic variation cell cycle variation

Also, the u — [ covariance is decomposed as:

Cov(u,1) = E, (Cov(u, | 7)) + Cov, (E(u | 7),E(l | 7)) (3.15)

All the formulas presented above can be used to decompose the total covariance or the to-
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tal correlation coefficient of genes G; and Gy, into individual components, in the absence of

technical noise.

Gene covariation decomposition in the presence of technical noise

We now want to extend the above formulas to include technical effects due to transcript down-
sampling of sequencing experiments. To do that, the different components of the total covari-
ance need to be expressed as a function of the true mRNA levels Z1, 2> of genes G, G5 and
the cell-specific transcript capture efficiency 5. As explained in paragraph 2.2.3 of Chapter 2,
we assume downsampling to be a Binomial process, meaning that for each gene we observe
a Binomial sample of transcripts x out of the true total transcripts & with probability 3, i.e.
x ~ Binomial(z, 3). We show that the total transcript covariance of genes Gy, G, including

technical effects, is decomposed as:

Cov(yi,y2) = Y Cov(zy,z2) (3.16)

x€{ug,ls}
i=1,2

where

Cov(wy,m9) = E, [E(B| 7)? Cov( &y, dy | 7)+ Var(B8 | 7)E(Z; | 7) E(Zy | 7) + Var(B | 7) Cov( iy, s | 7)

gene interaction capture efficiency variation mixed effects
+ Cov, (BB | 1) E(@1 | 1), E(3| 7)E(: | 7))

cell cycle-induced covariation

(3.17)

In the above equation, we have two main components, where the first summarises cell cycle-
independent contributions to the total covariance: Covariation arising from gene interaction,
covariation due to cell-to-cell variability in capture efficiency and covariation attributed to both
capture efficiency and gene interaction. The second component explains covariation due to cell

cycle dependence.

Interestingly, in the special case where two genes are independent, in the sense that there is no
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gene interaction, equation (3.17) reduces to:

Cov(ar,a2) = E. (Var(3 | 1) E(# | 1) E(2 | 7)) +Cov, (E(8| 1) E(: | 7). B8 | 7)E@2 | 7))

capture efficiency variation cell cycle-induced covariation

(3.18)
This shows that even though we account for extrinsic cell cycle-dependent effects, we have
additional covariation arising purely from technical noise. This poses a significant challenge
in distinguishing whether the observed covariance arises from technical variability or potential

gene interaction.

To prove the above, we express the cell cycle-independent covariance in equation (3.16) as

follows:

E.(Cov(zy, 25 | 7)) = ET(E(COV(:UI,@ | 1,3, 8,7)) +Cov(E(zy | 71, 8,7), E(xs | Fa, W)))

=0

(3.19a)

_E, (cov 518,708 | T)> (3.19b)
_E. (E (8% | 7)E#ads | 7) — B(8 | 1) E(#: | 7) E( | 7)) (3.19¢)

- T(IE B 7)2 Cov(#1, % | 7) + Var(8 | 7) E(d: s | T>) (3.194)

=&, (E(8 | 7)’ Cov( iy, &> | 7) + Var(8 | 7) B(&1 | 7)E(is | 7) + Var( | 7) Cov( iy, | 7))
(3.19¢)

Similarly, the cell cycle-dependent covariance of equation (3.16) is

Cov.(E(zy | 7),E(zs | 7)) = Cov, (E(ﬂ |V E(# | 7),E(8 | 7)E(d | T)) (3.20)

This concludes our gene-gene covariation decomposition. In our downstream analyses, we will
apply this decomposition to quantify covariances (3.17) between unlabelled and labelled mRNA

of the two genes, across labelling conditions.
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3.2.3 Time-dependent summary statistics of gene co-expression

Our models allow us to define time-dependent summary statistics describing co-expression
dynamics of gene pairs to characterise the different gene regulatory models presented in 3.2.1.
These statistics capture information about the mean and noise of gene expression, including

both gene-specific and pair-wise gene dynamics.

To generate summary statistics from the models, we numerically solve the moment ODEs
(3.7) following the same procedure as for the gene-specific transcription models of Chapter 2.
As described in paragraph 2.2.2, we simulate the models across consecutive cell divisions un-
til convergence to steady state, capturing both cell cycle-dependent dynamics and the time-
dependent effects of pulse-chase labelling. These model realisations yield cell cycle- and labelling
time-dependent outputs, that we utilise to compute summary statistics. Prior to computing
statistics, we update the model outputs to account for binomial downsampling effects. The
downsampling of moments follows the probabilistic rules that we presented in paragraph 2.2.3
of Chapter 2 and are summarised in Table 3.1. The formula for downsampling the covariance
Cov(z,y) applies to both the gene-specific covariance between modalities, i.e. Cov(u,l), as well

as the cross-gene covariances, i.e. Cov(u,us), Cov(us,ls), etc.

Table 3.1: Effect of binomial downsampling on 1st and 2nd order moments.

Exact moment Downsampled moment
(1) E(x) E(8)E(%)
(2) Var(z) E(B(1 — B)) E(x) + Var(B) E(2?) + E(5)* Var(z)
(3) Cov(z,y) E(8)? Cov(x,y) + Var(8) E(z)E(y) + Var(8) Cov(, y)

We therefore generate labelling time-dependent statistics that integrate the dependence on the

cell cycle and also capture technical noise effects. These statistics include gene-specific mean
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unlabelled and labelled transcripts, E(u; | t), E(l; | t), E(us | t), E(ly | t), gene-specific variance-
covariance of unlabelled and labelled transcripts, Var(u; | t), Var(l; | t), Cov(uq,y | t), Var(us |
t), Var(ly | t), Cov(us,ly | t), and gene-gene cross-correlations between unlabelled and labelled
transcripts, p(uy, us | t), p(ui,ly | t), p(l,uz | 1), p(l1, 1o | t). To compute gene-gene correlations,

we normalise the covariance of equation (3.17), as we show in (3.11).

3.3 Synergising machine learning and mechanistic mod-

elling

In the previous section, we defined a stochastic framework to model transcription dynamics of
gene pairs driven by various modes of regulatory interaction. By conditioning on cell cycle stage
information, we distinguished between intrinsic and extrinsic components of transcriptional co-
variation and demonstrated how these components are affected by technical noise. Additionally,
we defined summary statistics that characterise gene-pair transcription dynamics. Our goal is
to develop a method that leverages this information to classify gene pairs with respect to
four hypotheses: independence, positive regulation, negative requlation and co-requlation. To
achieve this, we employ a machine learning approach to address this model selection problem
as a classification task. In the rest of the chapter, we will show how combining mechanistic
modelling with a supervised learning approach allows to classify modes of gene regulation in
an interpretable manner. In this section, we outline the classification task, and describe our

methodology for integrating our stochastic models with a deep learning model for classification.

3.3.1 Generative-discriminative modelling for classification

The main idea of our approach is to use the mechanistic models to generate synthetic data,
which can be then utilised as a training dataset for discriminative classification across the
different models [254]. The aim of the classification is to discover distinctive features associated
with modes of regulation. An important challenge is that many sets of gene co-expression
statistics could arise from several candidate generative mechanisms. As we will show in the next

section, the different models of gene regulation can give rise to similar statistics. Nonetheless,
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they also exhibit key differences that can be used as signatures to identify them. Discovering

such signatures necessitates an exhaustive search over many different model outputs.

We here outline the details of the classification problem. Assume we are given a set of ob-
servations x = (z;;) with ¢ = 1,...,n samples, which are outputs from different generative
models of gene regulation g(x | ¢, ), where c is the particular model class and 6 are the model
parameters. Each model output x;. is a vector of 7 = 1,...,d features, comprising summary
statistics of gene co-expression. The observations are assigned to ground-truth labels y = (v;),
that encode the underlying generative model class c¢. The classification task is to learn a (po-
tentially non-linear) mapping y = f(x;6) that assigns synthetic data x (gene-pair summary
statistics) to modes of regulation y, or more generally to learn the probability distribution over

model classes p(y = ¢ | x;6), given synthetic data x.

Our approach is to break the classification problem into two decision steps. The first step is
to classify a gene pair into the independent class or the regulation class, where in the latter
it is hypothesised that there is a gene regulatory relationship that cannot be explained by the
independent models. Therefore, for the first decision step, we solve a simpler binary classifi-
cation task. In the second step, given that the first decision outcome is regulation, the gene
pair is classified into a particular regulatory class: positive regulation, negative regulation or

co-regulation. Therefore, for the second decision step, we solve a multi-class classification task.

In principle, these classification tasks can be approached using standard machine learning al-
gorithms, such as deterministic classifiers (e.g. support vector machines [256]) or probabilistic
classifiers (e.g. random forests [257]). Alternatively, deep learning models such as feed-forward
and convolutional neural networks [258], are popular choices due to their capacity of approxi-
mating arbitrary non-linear functions [259, 260]. For our purposes, we are utilising feed-forward
neural networks, aiming to learn complex non-linear relationships between different summary
statistics, and map these relationships to potential generative models. In the rest of the chap-
ter, we will use the symbols Cy,Cy to refer to the first and the second classifier, respectively,

that are trained for the two classification tasks.
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3.3.2 Synthetic data generation

To train our classifiers, we generate a synthetic dataset {x,y}, wherex = {z;; :i=1,...,n, j =
1,...,d} comprises summary statistics generated from the 4 stochastic models of gene interac-
tion, and y = {y; : ¢ = 1,..., N} are the ground-truth class labels of the generative models,
with y; € {0 : independent, 1 : positive regulation, 2 : negative regulation, 3 : co-regulation}.
We generate in total n = 4 - 10* training samples from each model, and each sample involves
d = 88 features - summary statistics, that include gene-specific mean expression and gene-gene

correlations across labelling timepoints, as described in paragraph 3.2.3.

To generate data, we use prior parameter sets that we sample from the gene-specific posterior
distributions, obtained from our inference in Chapter 2. In particular, we focus on the set of
constant scaling genes (Figure 2.10 (A ii)), from which we randomly sample 10* gene pairs. For
each gene pair, we sample 2 parameter sets from the individual gene posterior distributions,
giving us 4 pairs of parameter sets. Moreover, we sample additional latent parameters describing
protein kinetics, required to simulate the 3 regulation models. For each simulated gene pair,
we sample protein synthesis and degradation rates from log-normal densities that we fitted on
empirical distributions reported in [131]. Additionally, for the co-regulation model (3.3), we
sampled additional latent parameters for the gene promoter of the common regulator, from
log-uniform distributions: log,o(kon) ~ U(—3,3),1og,o(kogr) ~ U(—3,3). These procedure gave
us in total n = 4 - 10* prior parameter sets that we used to produce training examples from

each generative model.

A critical step in the synthetic data generation is to ensure that, for each sampled parameter
set, all regulatory models produce identical gene-specific mean expression dynamics. This is
essential for eliminating biases associated with mean expression differences that could arise
from the different modes of regulation: for instance, the positive regulation model could give
rise to higher expression levels of the target gene, compared to the negative regulation model.
By standardising mean expression levels, we ensure that the classifier uses gene-specific mean
expression solely as background information, and relies on gene correlations to differentiate
between regulatory models. To achieve this, we adjust the parameters of the target genes in

each regulation model, to match the effective transcription of the independent gene model. As
kon,2

kon,Z + koff,2

model, then the corresponding effective transcription rate under the positive regulation model

an example, if &Sﬁ = ap is the effective transcription rate under the independent
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is given by

SS kOH + kO
aeff = Poofon2 T Pofl2 et (3.21)
Dss kon,Q

where pg, is the steady-state mean protein level, that is estimated as:

kon 1 651 kp
ss — : 3.22
P Kont + ko1 Y1 + Yan 0 + Yai (3:22)
In(2) . L :
where vg; = is the dilution rate due to cell growth [180], and 7, = 20 (hours) is the cell
d

cycle duration. Recall that we are only simulating constant size-scaling genes, and thus the

protein steady state does not dependent on cell cycle variation of kinetic rates.

We recall that the classifier C; is trained to solve a binary classification task between indepen-
dence and regulation, while the classifier Cy is trained to solve a multi-class classification task
between positive requlation, negative requlation and co-requlation. To train the classifier C;, we
use 3 - 10* samples from the independent model and 10* samples from each of the 3 regulation
models, to create a balanced training between independence and regulation, with n; = 6 - 104
training examples in total. The rest of the samples are used as our test dataset to evaluate the
out-of-sample performance of our classifier. For the classifier Cy, we use 3 - 10* samples from
each of the 3 regulation models to get n, = 9 - 10* training examples in total, while the rest of

the samples are used as test data.

3.3.3 Neural network classifiers

We now present the deep learning model that we utilise for classification. The type of classifier
we use for both classification tasks is a feed-forward neural network, or multi-layer perceptron
(MLP). Each classifier receives sets of summary statistics of gene co-expression as input, and is

trained to map these statistics to underlying modes of regulation (Figure 3.2). The architecture
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Figure 3.2: A neural classifier of gene regulation models. Cartoon illustration of our
model classification task: A feed-forward neural network is trained with summary statistics
generated from the four models of gene interaction (3.2.1) to learn the underlying model class:
independence, positive requlation, negative requlation or co-requlation.

of the neural network is defined as:

Fx;w,b) = o (b 4 w1 (b 4wl Dgy o+ gy (b +wlx)---)))  (3.23a)

Np_1
L =0 bL)+ WPV k=10, (3.23b)
b<’+z ]kh(”) k=1,...,N,,1=2... . L—1 (3.23¢)
hy = ( 1)+Zw3k %) , k=1,....M (3.23d)

where the definitions of all the above symbols are summarised in Table 3.2. The softmax

Us

e
22621 evk
of the L-th layer to transform it into a probability vector y = {yx : k = 1,...,n.} across the

function o(u;) = € (0,1) is applied on the output h*) = {h,(f) ck=1,...,Np, =n.}

n. classes.

Neural network training

The neural networks are trained using synthetic data that are generated as described in para-
graph 3.3.2. Here, we specify the details of the training procedure and our choices for the neural

networks’ hyperparameters.

First, to evaluate the distance between the neural network outputs and the ground-truth labels
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Table 3.2: Definition of feed-forward neural network.

Definition

Ny

l
il — ul})

b = {1}

di

o:R™ — (0,1)"

input data point with d features

output of neural network: probability distribution across n. classes

k-th neuron (computational unit) in the [-th hidden layer

number of neurons in the [-th layer (Ng = d, N, = n,)

weights on the edges connecting the (I — 1)-th with the [-th layer

biases on the edges connecting the (I — 1)-th with the [-th layer

non-linear activation function acting point-wise on the [-th layer

softmax function acting on the L-th (output) layer

during training, we use the cross-entropy loss function L(y,y) = — Zgjj log(y,), where y; is

=1

the probability of class j € 1,...,n. as predicted by the neural network and g; = e; is a one-hot

vector encoding of the ground-truth class j, e.g. 7o = es = (0,1,0) is the one-hot encoding of

the negative regulation class in the second classification task.

Our choice of hyperparameters for the classifiers are as follows. The classifier C; has L = 5

hidden layers with decreasing widths, proportional to the input size: N; = 704, Ny = 528, N3 =

352, Ny = 176, N5 = 88, resulting in L + 1 = 6 layers in total, including the input layer. The
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classifier Co has L = 4 hidden layers: N; = 880, Ny = 528, N3 = 264, Ny = 44, resulting
in L +1 = 5 layers. These architecture choices were made after multiple training sessions
using various combinations of network depth and layer width. For both classifiers, we used
the ReLu function h(u) = max(0,u) [258] as a point-wise non-linear activation on each layer.
The neural network weights were initialised using the Glorot uniform initialisation [261] and
optimised using the AdaMax optimiser (a variant of the Adam algorithm based on the infinity
norm [262]), with learning rate n = 0.001. For the final training, we trained both classifiers
over a maximum of 150 epochs, using batch sizes of b = 1024 samples per epoch. We imposed
an early-stopping criterion so that the training is terminated if the test loss does not improve

after 30 epochs.

Evaluating the neural network performance

To evaluate the performance of classifiers C; and Cy, we utilise standard metrics for classification

algorithms. During training, we compute the mean accuracy across train and test examples, by

comparing the true class labels with the predicted class, that is the argmax(y;) of the output
7j=1,...,nc

class probabilities y;. We evaluate the classifier’s performance on the test set after training,

using the confusion matrix CM, with elements

_ #{predicted class = j} N {true class = i}
B #{true class = i}

CM;; (3.24)
i.e. the relative frequency of predicting class j, given true class 7. Its diagonal elements CM;;
correspond to the recall, or true positive rate of class i. We also quantify the precision of

predicting class ¢ to be

#{predicted class = i} N {true class = i}
> i—1.. n. #ipredicted class = i} N {true class = j}

(3.25)

precision; =

The precision, or alternatively the false discovery rate, FDR = 1—precision, are common metrics

for controlling the false positives in classification problems and hypothesis testing [263].

To account for uncertainty in the classifier’s outputs, we compute these metrics as functions
of a varying decision threshold ppui,, that is the minimum predicted class probability required
for a decision outcome. Given a test sample, we get an uncertain outcome if all classifier

outputs y;, j = 1,...,n., are below pnin. The total uncertainty rate is the relative frequency of
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uncertain outcomes across all test samples. For each decision threshold p.;,, we compute the
confusion matrix, recall and precision across all test samples for which we get a certain outcome
(i.e. the threshold pp, is satisfied). As we will show in the next section, we set pyi, = 0.6 for

classifier C; and pu;, = 0.5 for classifier C,.

Applying the neural network models to real data

After training on synthetic data, we apply our classification model to real scEU-seq data.
We randomly sample 10° gene pairs from the constant scaling class, inferred in Chapter 2, and
compute gene-specific mean unlabelled and labelled transcript levels and gene-gene correlations
between unlabelled and labelled transcripts, across cells in each metabolic labelling condition.
To test for both potential directions of regulation, we consider both gene orders for each pair,
resulting in a test dataset of 2 - 10° samples. Additionally, we compute the summary statistics
of each gene pair for 100 bootstrap samples of the data, to account for sampling noise of

estimators.

We impose a strict condition for gene-pair classification, that accounts for both sampling noise
in the data and uncertainty in the classifiers’ output. Specifically, for a given gene pair, we
count the number of bootstrap samples nqe.(7) for which the classifier’s outputs satisfy the
decision threshold pp,, for each class i. We classify the gene pair in class 4, if ngec(7) > Tmin,
where n,;, = 80 for classifier C; and ny,;,, = 60 for classifier Co. We choose a lower bootstrap
threshold for the second classification, as classifier Cy is only presented with gene pairs that are

already assigned to the regulation class by classifier C;.
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3.4 Applications: Identifying modes of gene regulatory

interaction

3.4.1 Independent gene models produce gene-gene correlations com-

parable to data

As an initial exploratory step, we asked whether observed gene-gene correlations in scEU-seq
data [155] can be explained by individual gene expression models. To test this, we compute
Pearson correlation coefficients for 750 randomly sampled gene pairs in the data and compare
them with model estimates, using the inferred gene-specific kinetic parameters of Chapter 2.
The model-based correlations are derived using the formulas presented in 3.2.2, which include
the total correlation coefficient (3.12) and the contributions from unlabelled and labelled tran-
script levels, to the total correlation (equations (3.16),(3.17)). These formulas account for
technical noise due to cell-to-cell capture efficiency variation, making the model estimates di-
rectly comparable to the observed data correlations. The sampled gene pairs include genes that
from the same class (e.g. constant scaling, varying burst frequency etc., Figure 2.10) as well as

from different classes.

Interestingly, we find strong overall agreement in the total correlation coefficient between model
predictions and data across gene pairs (Spearman’s correlation p = 0.82, Figure 3.3 (A)). The
model similarly predicts the correlations between unlabelled and labelled mRNA modalities
accurately (Spearman’s correlations from p = 0.67 to p = 0.74, Figures 3.3 (B-E)). This
predictive accuracy is observed regardless of the model classes to which the gene pairs belong.
Additionally, we observe that correlations between cell cycle-regulated genes are notably higher
compared to the majority of gene pairs, and are equally well predicted by the models (Figure
3.3 (A)). These findings suggest that, for many gene pairs, pairwise correlations can be largely
explained by cell-to-cell variation in capture efficiency and cell cycle-induced covariation, the

only two sources of covariance captured by the independent gene models (equation (3.18)).

Nonetheless, we observe discrepancies between observed and predicted correlations for several
gene pairs, that are particularly large for certain components of the correlation (Figures 3.3 (C)
and (E)). These discrepancies might suggest the presence of additional sources of covariation

stemming from either gene interaction or other sources of cellular noise, that are not captured by
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Figure 3.3: Gene-gene correlations of independent gene model pairs. Comparison
of model-based correlations and observed correlations across gene pairs explained by different
kinetic regulation models (grey points) and gene pairs explained by the same model (coloured
points). All correlations are computed across cells treated with the Chase 0 labelling condition
(see paragraph 2.2.1). (A) Shows total correlation coefficients (equation (3.12)) and (B-E) show
distinct components of the correlation coefficient corresponding to different pairs of unlabelled-
labelled mRNA measurements (equation (3.17)).

the independent gene models. To further explore the disagreement between model and data, we
scored the gene pairs based on the deviation of the predicted from the observed total correlation.
Using bootstrap sampling, we compute confidence intervals for each correlation coefficient to
account for sampling noise in the data, allowing us to detect statistically significant deviations.
We find that approximately 70% of the predicted correlations lie within the confidence intervals
of the data. This indicates that 30% of gene-gene correlations may arise from additional
sources of covariation, including regulatory interactions, not explained by the independent
models. Among the correlations that the model fails to predict, we detect gene pairs with known
regulatory links reported in BioGRID, a genetic interaction database [264]. As an example,
we find that PPIB, a gene involved in protein folding, cell proliferation and immune response,
interacts with CDKZ2, a cell cycle regulator gene responsible for the G1/S phase transition. We
also find that CDK?2 interacts with MCM2, a gene involved in DNA replication initiation, which
in turn interacts with BRCAI, a tumour suppressor gene with a role in maintaining genome

stability.
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3.4.2 Mechanistic modelling and machine learning distinguish reg-

ulation from independent models

These observations motivate us to explore gene-gene correlations in a systematic way. Our
primary goal is to address two key questions: First, given a set of gene co-expression statistics,
can we discern whether a gene pair is independent or has a potential regulatory relationship?
Second, if a regulatory relationship exists, can we distinguish whether there is direct gene
interaction or if the two genes are co-regulated by a shared upstream factor? To tackle these
questions, we develop a framework that integrates mechanistic models of gene regulation with
machine learning, aiming to uncover connections between gene-gene correlations and underlying

modes of regulatory interaction.

Our mechanistic models describe gene-pair transcription dynamics, driven by positive regula-
tion, negative regulation and co-regulation (paragraph 3.2.1 and Figure 3.1), with cell cycle-
and cell size-dependent kinetic rates. The models are numerically solved in steady state using
moment equations, that additionally capture the temporal dependence on metabolic labelling
and the effects of stochastic partitioning at cell division (paragraph 3.2.1). The model outputs,
consisting of cell cycle- and labelling time-dependent moments of gene co-expression, are up-
dated to correct for technical noise, and utilised to compute time-dependent summary statistics
(paragraph 3.2.3 and Table 3.1). This framework allows us to generate synthetic data (as de-
scribed in 3.3.2), comprising summary statistics of gene co-expression, that is leveraged as a
training dataset for discriminative classification (Figure 3.2). Therefore, we first train and test
the performance of the classifier on the synthetic data, before we proceed with applying our

framework to scEU-seq data.

After training the binary classifier C; (as described in 3.3.3), we find that gene-gene correlations
can effectively distinguish models of gene (co-)regulation from independent gene models in
synthetic data. We first verify that gene-specific mean expression alone is insufficient for this
task, as training using only mean statistics results in no improvement in the mean cross entropy
loss (Figure 3.4 (A i)) and mean accuracy, which remains as the random chance level (Figure
3.4 (A ii)). The classifier assigns nearly all gene pairs in the test data to the regulation model,
resulting in a false positive rate of ~ 1 for the regulation class (Figure 3.4 (A iii)). In contrast,

training with correlation statistics alone improves the performance, reducing the mean cross
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Figure 3.4: Training the binary classifier. Comparison of the binary classifier’s performance
after training using (A) only mean statistics, (B) only gene-gene correlation statistics and (C)
both mean and correlation statistics. For all three cases, we plot (i) the mean cross entropy
loss across epochs for train and test data, (ii) the mean accuracy across epochs for train and
test data and (iii) the confusion matrix, that quantifies the performance of the classifier in test
data (as described in 3.3.3). For this comparison, the decision threshold in all three cases is set
at the minimum level, that is 50%.
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Figure 3.5: Training the multiclass classifier. (A) Mean cross entropy loss across epochs
for train and test data. (B) Mean accuracy across epochs for train and test data.

entropy loss (Figure 3.4 (B i)) and achieving a mean accuracy of about 60% (Figure 3.4 (B ii)).
In this case, the classifier correctly predicts 58% of the independent gene pairs and 64% of the
regulation pairs of the test data (Figure 3.4 (B iii)). When both mean and correlation statistics
are used for training, the classifier’s overall performance is further enhanced, as we observe
improved training curves (Figure 3.4 (C 1)) and increased mean accuracy of nearly 65% (Figure
3.4 (Cii)). In this case, the classifier successfully recovers 56% of the independent pairs and
71% of the regulation pairs (Figure 3.4 (C iii)). These findings confirm that mean expression
statistics do not bias the classifier’s decisions, as we discuss in paragraph 3.3.2. Importantly,
the combination of mean expression with gene-gene correlations provides the most informative

set of statistics for identifying the regulation class.

Building on the insights gained from training classifier C;, we proceed to train the multiclass
classifier Co, using synthetic data generated from the three gene (co-)regulation models (as
described in 3.3.2). The mean cross entropy loss converges to approximately 0.8 (Figure 3.5
(A)), resulting in mean accuracy of nearly 60%, that represents a 1.8-fold increase over the
random chance level (Figure 3.5 (B)). To evaluate the overall classification model’s performance,
we quantify the individual performances of classifiers C; and C, separately, as well as the
performance of Cy conditional on C; predicting regulation. This evaluation depends on the
chosen decision threshold (as explained in 3.3.3). We find that the uncertainty rate in classifier
C: predictions for the test set becomes higher than 60% when the decision threshold is 0.6 and
exceeds 75% for thresholds above 0.7 (Figure 3.6 (A i)). For decision thresholds above 0.6, the
classifier consistently recovers more than 75% of both independent and regulation pairs, with

over 75% precision for both cases (Figure 3.6 (A i-ii)). Selecting a 0.6 decision threshold gives
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Figure 3.6: Classification performance on synthetic test data. Performance metrics are
shown for (A) the classifier C;, (B) the classifier Co and (C) the classifier Cs, given that C;
predicts regulation. For each case, we plot (i) the recall of each class across decision thresholds,
(ii) the precision of each class across decision thresholds and (iii) the confusion matrix for a
fixed decision threshold, that is 0.6 in (A) and 0.5 in (B) and (C). The recall and precision plots
also show uncertainty rates across thresholds. For all plots, the recall, precision and confusion
matrix are evaluated among the test set examples for which the decision threshold is satisfied
(as explained in 3.3.3).
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a good trade-off between accuracy and uncertainty, resulting in 88% recall for the independent

class and 74% recall for the regulation class (Figure 3.6 (A iii)).

The multiclass classifier C; demonstrates overall good performance in identifying the three (co-
Jregulation models. For decision thresholds above 0.5, although the uncertainty rate exceeds
60%, both recall and precision exceed 90% for negative regulation and co-regulation pairs
(Figure 3.6 (B i-ii)). The classifier correctly recovers around 55% of positive regulation pairs
for thresholds between 0.5 and 0.6, with nearly 60% precision. Selecting the 0.5 decision
threshold results in low false negative rates, that are below 10% for negative and co-regulation
and close to 25% for positive regulation (Figure 3.6 (B iii)). Conditioning on test samples
where classifier C; predicts regulation, significantly reduces uncertainty, that is now below 25%,
and increases recall and precision rates (Figure 3.6 (C i-ii)). In this case, classifier Cy recovers
nearly all negative and co-regulation pairs. Relatively lower performance is observed for positive
regulation, where 50% of the samples are correctly identified, whereas the remaining 50% are

misclassified as co-regulation (Figure 3.6 (C iii)).

3.4.3 Dynamical gene-gene correlations identify regulatory modes

of gene interaction

Analysis of the classification results reveals that dynamical gene-gene correlations of metabolic
labels offer rich information for distinguishing modes of gene regulation. To better understand
the role of correlations in the classification, we examine how various combinations of summary
statistics influence classification outcomes. Leveraging the one-to-one correspondence in sum-
mary statistics across different regulatory models (since they were generated from the same
parameters) we pinpoint different patterns of these statistics between models that can be cru-
cial for classification decisions. Our observations overall suggest that the classifiers often require

non-linear combinations of means and correlations to effectively distinguish between models.

We first observe that the classifier C; successfully identifies regulation models in cases where
summary statistics occupy regions of the mean-correlation space that are not captured by
the independent model (Figures 3.7,3.8,3.9). For example, when the classifier is presented
with co-regulation data, it correctly predicts regulation in instances where correlations extend

beyond the region defined by the independent model, for given mean expression (Figure 3.7).
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Notably, we also have correct classification in cases where correlations lie within the independent
model region at particular labelling timepoints, yet they exceed this region at other timepoints
(highlighted example, Figure 3.7). This is particularly evident in the joint distribution of the
correlations p(us,l2) and p(ly,lz). Conversely, the classifier fails to identify regulation in cases
where both models produce highly overlapping distributions across all combinations of summary

statistics.

In another example, we observe a strong overlap between the distributions of positive regula-
tion and independent model statistics (Figure 3.8). Although the two models exhibit subtle
differences in correlations for given mean expression, the joint distributions of correlations (e.g.
p(uy,us) with p(ly,us)) can be informative for correctly predicting regulation (highlighted ex-
ample, Figure 3.8). However, the classifier can fail to predict regulation in cases where both
models yield identical summary statistics. Similar overlap is observed between the statistics of
the independent and negative regulation models (Figure 3.9). In this case, when classifier C; is
presented with negative regulation data, it can correctly identify regulation when correlation

trajectories exceed the independent model regions (highlighted example, Figure 3.9).

Furthermore, we find that dynamical correlations are crucial for distinguishing modes of reg-
ulatory interaction. Classifier Cy correctly identifies co-regulation samples when correlations
generated by the co-regulation model extend beyond the regions captured by the positive reg-
ulation (Figure 3.10) or negative regulation models (Figure 3.11). Importantly, accurate pre-
dictions can be made even when only specific pairs of statistics exceed the regions of positive
(or negative) regulation, for at least some of the labelling timepoints (highlighted examples,
Figures 3.10 and 3.11). We observe that while positive and negative regulation models produce
highly overlapping distributions, identifying negative regulation can depend on particular com-
binations of correlations that lie outside the positive regulation regions (Figure 3.12). Similar
to classifier Cy, classifier Cy tends to misclassify (Figure 3.10) or return uncertain outcomes
(Figures 3.11 and 3.12) when all pairs of statistics are nearly identical. Overall, our observa-
tions suggest that joint distributions of gene-gene correlations across labelling timepoints are

critical for accurately identifying distinct modes of regulation.
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Figure 3.7: Independent vs co-regulation statistics. Pairplot of summary statistics of
the independent model (light blue) and the co-regulation model (orange), showing empirical
densities of the different statistics (diagonal) and scatter plots of statistics pairs (off-diagonal).
Above and including the diagonal, we show all test samples for which classifier C; correctly
predicts regulation, when given co-regulation data. Below the diagonal, we show all test samples
for which the classifier incorrectly predicts independence, when given co-regulation data. The
independent data correspond one-to-one with the regulation data, as both were generated
from the same parameter sets. Red stars mark features of a correctly classified regulation
example, and blue stars mark features of the corresponding independent example. Triangles
mark features of a misclassified example from both models. The increasing opacity of stars and
triangles indicates progression through RNA labelling time.
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Figure 3.8: Independent vs positive regulation statistics. Pairplot of summary statistics
of the independent model (light blue) and the positive regulation model (dark blue), showing
empirical densities of the different statistics (diagonal) and scatter plots of statistics pairs (off-
diagonal). Above and including the diagonal, we show all test samples for which classifier C
correctly predicts regulation, when given positive regulation data. Below the diagonal, we show
all test samples for which the classifier incorrectly predicts independence, when given positive
regulation data. The independent data correspond one-to-one with the regulation data, as both
were generated from the same parameter sets. Red stars mark features of a correctly classified
regulation example, and orange stars mark features of the corresponding independent example.
Triangles mark features of a misclassified example from both models. The increasing opacity
of stars and triangles indicates progression through RNA labelling time.
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Figure 3.9: Independent vs negative regulation statistics. Pairplot of summary statistics
independent model (light blue) and the negative regulation model (green), showing
empirical densities of the different statistics (diagonal) and scatter plots of statistics pairs (off-
diagonal). Above and including the diagonal, we show all test samples for which classifier C
correctly predicts regulation, when given negative regulation data. Below the diagonal, we show
all test samples for which the classifier incorrectly predicts independence, when given negative
regulation data. The independent data correspond one-to-one with the regulation data, as both
were generated from the same parameter sets. Red stars mark features of a correctly classified
regulation example, and orange stars mark features of the corresponding independent example.
Triangles mark features of a misclassified example from both models. The increasing opacity
of stars and triangles indicates progression through RNA labelling time.
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Figure 3.10: Positive vs co-regulation statistics. Pairplot of summary statistics of the pos-
itive regulation (dark blue) and the co-regulation model (orange), showing empirical densities
of the different statistics (diagonal) and scatter plots of statistics pairs (off-diagonal). Above
and including the diagonal, we show all test samples for which classifier Cy correctly predicts
co-regulation, when given co-regulation data. Below the diagonal, we show all test samples
for which the classifier incorrectly predicts positive regulation, when given co-regulation data.
The positive regulation data correspond one-to-one with the co-regulation data, as both were
generated from the same parameter sets. Red stars mark features of a correctly classified co-
regulation example, and light blue stars mark features of the corresponding positive regulation
example. Triangles mark features of a misclassified example from both models. The increasing
opacity of stars and triangles indicates progression through RNA labelling time.
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Figure 3.11: Negative vs co-regulation statistics. Pairplot of summary statistics of the
negative regulation (green) and the co-regulation model (orange), showing empirical densities
of the different statistics (diagonal) and scatter plots of statistics pairs (off-diagonal). Above
and including the diagonal, we show all test samples for which classifier Cy correctly predicts
co-regulation, when given co-regulation data. Below the diagonal, we show all test samples for
which the classifier returns an uncertain outcome, when given co-regulation data. The negative
regulation data correspond one-to-one with the co-regulation data, as both were generated
from the same parameter sets. Red stars mark features of a correctly classified co-regulation
example, and light blue stars mark features of the corresponding negative regulation example.
Triangles mark features of an uncertain example from both models. The increasing opacity of
stars and triangles indicates progression through RNA labelling time.
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Figure 3.12: Positive vs negative regulation statistics. Pairplot of summary statistics of
the positive regulation (dark blue) and the negative regulation model (green), showing empirical
densities of the different statistics (diagonal) and scatter plots of statistics pairs (off-diagonal).
Above and including the diagonal, we show all test samples for which classifier C5 correctly pre-
dicts negative regulation, when given negative regulation data. Below the diagonal, we show
all test samples for which the classifier returns an uncertain outcome, when given negative reg-
ulation data. The negative regulation data correspond one-to-one with the co-regulation data,
as both were generated from the same parameter sets. Red stars mark features of a correctly
classified negative regulation example, and light blue stars mark features of the corresponding
positive regulation example. Triangles mark features of an uncertain example from both mod-
els. The increasing opacity of stars and triangles indicates progression through RNA labelling
time.
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Figure 3.13: Classification of sampled gene pairs across modes of regulation. Frequen-
cies of the classified gene pairs across models of gene regulation. (A) Predictions of classifier
C; for all gene pairs. (B) Predictions of classifier Cy for gene pairs that were assigned to the
regulation class by classifier C;.

3.4.4 The model predicts modes of regulation from time-resolved

scRINA-seq data

Applying the trained classifiers to scEU-seq data allows us to associate gene pairs with underly-
ing models of gene regulation. We generate a test set comprising gene-specific mean unlabelled
and labelled expression and pairwise gene correlations between unlabelled and labelled modal-
ities, across metabolic labelling conditions, for 2 - 10° sampled gene pairs (as described in
paragraph 3.3.3). Strikingly, our classifiers assign the vast majority of gene pairs to the regula-
tion class, specifically to the co-regulation model. Approximately 80% of all pairs are classified
as regulation, with only 3 pairs classified as independent, whereas around 20% of pairs yield
an uncertain outcome (Figure 3.13 (A)). Among the regulation pairs, over 85% are classified as
co-regulation, less than 10% as negative regulation and only 1 pair as positive regulation, with
an uncertain outcome for about 6% of gene pairs (Figure 3.13 (B)). The overall low percentage
of uncertain outcomes, despite the strict decision thresholds imposed for real data classification

(paragraph 3.3.3), demonstrates high confidence in our predictions.

Next, we find that our model successfully identifies known gene regulatory relationships. After
querying the BioGRID database [264], we verify the known direct interaction between RPS25
and RPL19 (genes encoding ribosomal proteins) which our model classifies as positive regula-
tion. Similarly, our model recovers known interactions of gene pairs assigned to the negative
regulation class. Within a subset of 200 pairs that are classified with high certainty (consis-
tent predictions across all 100 bootstrapped samples), we confirm gene-gene interactions that
are either direct or indirect, mediated by an intermediate gene. Example gene pairs with

direct interaction are AK2 - NEK7 (genes involved in kinase and transferase activity), VAPB-
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Figure 3.14: Functional annotation of identified negative regulator genes. Enriched
biological processes and molecular functions associated with negative regulator genes, along
with their frequencies and p-values.

NDUFA12 (genes encoding intracellular membrane proteins) and ARFI1-SLC38A3 (genes in-
volved in transmembrane transporter activity). Example gene pairs with indirect interaction
are CIC - PSMD1/ (a transcriptional repressor and a gene involved in ATP-dependent pro-
tein degradation, respectively) and MRPL22 - OCIAD1 (a mitochondrial ribosomal protein
and a membrane protein involved in stem cell homeostasis, respectively). Additionally, we
explore the functional annotation of the regulators within the 200 negative regulation pairs,
using the DAVID bioinformatics database [205, 265]. We find enrichment in functions that are
highly relevant to negative gene regulation, such as transcription regulation, nucleotide-binding,

RNA-binding, repression and chromatin regulation (Figure 3.14).

To gain further insights into the classification results, we examine the distributions of the
observed gene-pair summary statistics and their dependence on labelling time. Overall, we
find that the distributions of correlation coefficients are comparable to the ones predicted by
our models (diagonal panels, Figure 3.15). Additionally, we observe the presence of negative
correlations, which are exclusively predicted by our negative regulation model. Notably, the
joint distributions of all statistics pairs exhibit strong dependence on labelling conditions, with
generally higher correlations observed during chase compared to pulse timepoints (off-diagonal
panels, Figure 3.15). Moreover, for certain labelling timepoints, correlation coefficients can
occupy regions that are not captured by the independent, positive and negative regulation
models. This indicates the presence of additional correlations that can only be explained by

the co-regulation model.
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Figure 3.15: Time-resolved gene co-expression statistics in scEU-seq data. Pairplot
of gene co-expression summary statistics for 10° sampled gene pairs in scEU-seq data, showing
empirical densities of the different statistics (diagonal) and scatter plots of statistics pairs
(off-diagonal). The data shown include labelled mean expression of the individual genes and
gene-gene correlations between unlabelled and labelled transcripts, across labelling time. The
red-to-blue colour gradient indicates the different RNA labelling timepoints.
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Figure 3.16: Gene-gene correlations at particular labelling timepoints. Comparison of
independent model correlation estimates against observed correlations for 10° sampled pairs of
constant scaling genes. (A-B) show correlations in a short pulse labelling condition, and (C-D)
show correlations in a long chase condition (see paragraph 2.2.1). (A) and (C) show p(ly,(2)
coefficients, while (B) and (D) show p(ly, uy) coefficients.

We further confirm that independent models fail to capture correlations in particular labelling
timepoints. Specifically, the data reveals high correlation coefficients at early pulse timepoints,
that are not captured by the independent models (Figure 3.16 (A-B)). In contrast, correla-
tion coefficients are more accurately predicted at chase timepoints, which involve long pulse
labelling (Figure 3.16 (C-D)). Similar predictions can be expected from the positive regulation
model, since it produces statistics very similar to those of the independent model (as shown
in Figure 3.8). These observations help explain why independent models and positive regula-
tion models are penalised in gene-pair classification and highlight the importance of temporal

correlations in identifying modes of regulation.
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3.5 Discussion

In this chapter, we developed a modelling framework to systematically investigate pairwise gene
relationships through correlations in time-resolved single-cell transcriptomics. The framework
integrates different models of gene regulation along with distinct biological and technical noise
sources, to enable a mechanistic understanding of gene-gene transcriptional covariation. Our
method effectively combines generative modelling with machine learning to leverage temporal

statistics of gene co-expression and identify modes of gene regulatory interaction.

Our method addresses a model selection problem through a deep learning-enhanced simulation-
based approach [103, 203], which has multiple advantages. First, it overcomes the challenge
of selecting informative summary statistics, by leveraging neural networks to learn the most
informative data features. Second, it reduces computational costs associated with purely gen-
erative approaches (e.g. ABC), due to the generalisation power of neural networks [266], that
can uncover links between generative models and their outputs with a reasonable amount of
training data. Additionally, our approach bypasses the challenging step of inferring the indi-
vidual parameters of the regulatory models, as it harnesses prior knowledge inferred from the
gene-specific transcription models (Chapter 2). These priors capture rich information about
observed genome-wide expression distributions, allowing us to generate synthetic data that re-
capitulate these distributions. This makes our method amortised, in the sense that it can be

applied, in a scalable manner, to unseen genome-wide co-expression data.

Our study highlights that dynamical gene-gene correlations across labelling timepoints are
critical for identifying modes of gene regulation. Specifically, we demonstrated that different
regulatory models can be distinguished from non-linear combinations of temporal correlation
coefficients between unlabelled and labelled mRNA. These combinations are exploited by the
classifiers to detect differences in the joint distributions of mean and correlation statistics pro-
duced by the different models. Notably, co-regulation could be distinguished by its significantly
wider correlation distributions compared to other models. Nonetheless, temporal statistics also

proved crucial in instances where the models produced highly overlapping distributions.

Our findings reveal that most observed gene-gene correlations are best explained by regulation
models. This suggests that the overall transcriptional covariation revealed by the data cannot

be explained by the independent gene models. However, we also demonstrated that independent
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models can reasonably predict correlations at specific labelling timepoints, suggesting that a
fraction of the data correlations stems from cell cycle covariation and technical variability.
Additionally, we found that the vast majority of gene pairs are explained by the co-regulation
model. This may suggest that observed correlations involve significant contributions from
extrinsic noise, thereby favouring the selection of co-regulation over direct interaction models.
A potential extension of our framework would be to explicitly model global extrinsic noise
influencing all genes. This could help distinguish between global upstream noise effects and

local co-regulatory interaction.

Our method also identified a group of gene pairs associated with negative regulation. One
explanation of this classification is the presence of negative correlations in the data, that could
only be explained by our negative regulation model. We validated that several of these gene
pairs correspond to known regulatory links, and found that the predicted regulators are enriched
in functions such as repression and nucleotide binding. These findings indicate that our method

can successfully recover genetic interactions.

Although neural networks proved to be a powerful tool for our classification problem, they re-
main black-box models, making it challenging to explain their predictions [267, 268]. Nonethe-
less, we were able to interpret our classifiers’ predictions by analysing how key differences in
the summary statistics between models influence classification outcomes. This was possible
due to the one-to-one correspondence between the outputs of the different regulatory mod-
els, ensured by our synthetic data generation process (paragraph 3.3.2). Further analysis on
how classification decisions relate to the underlying gene expression parameters could provide
deeper mechanistic insights. Additionally, our framework could benefit from explainable Al
techniques [268, 269], such as feature attribution [270, 271], to quantify the importance of

different summary statistics in the neural network predictions.

An important challenge for gene regulatory inference methods is the control of false discovery
rates (FDR), a common issue in multiple hypothesis testing and multi-class classification [263,
272]. In our study, we controlled for false positives by evaluating the classifiers’ performance
on synthetic test data across various decision thresholds and empirically selecting a threshold
that balances uncertainty and precision. We showed that our model is robust to sample size
uncertainty, despite the strict decision thresholds imposed for real data classification. However,

employing a more rigorous statistical approach to control FDR, would allow us to better assess
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the correlations’ significance and improve the overall precision [245, 273].

It is now a well established belief that time-shifted gene-gene correlations can reveal regulatory
activity, by capturing stochastic expression fluctuations propagated from a regulator to a target
gene [27, 91, 232, 233, 236]. However, detecting temporal covariation caused by gene interaction
from simultaneous transcript correlations is particularly hard, especially in the presence of
global extrinsic noise. In this study we have demonstrated that dynamical correlations over
labelling time offer richer signatures for identifying regulation, compared to conventional single-
cell snapshot data. Additionally, we showed that accounting for biological and technical sources
of stochasticity can help distinguish extrinsic noise from true regulation. A potential extension
of our framework would be to model cross-correlations between pre-mature (unspliced) and

mature (spliced) mRNA, which can serve as an alternative to time-shifted correlations [91, 251,

274].

In summary, we have presented a comprehensive framework for modelling pairwise gene corre-
lations in time-resolved single-cell transcriptomics. Our method provides a mechanistic foun-
dation for interpreting transcriptional covariation and synergises generative modelling with
machine learning to identify complex mechanisms of gene regulation from single-cell data. We
anticipate that further extensions of this framework will provide a valuable tool for the system-

atic discovery of gene regulatory interactions.
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Chapter 4

Approximation of stochastic reaction

networks under timescale separation

4.1 Introduction

Inside living cells, molecules are synthesised and interact as part of intricate biochemical re-
action networks, such as gene regulatory networks, protein-protein interaction networks and
metabolic networks [275, 276]. These networks evolve in time under the effect of random
fluctuations, inherent to the stochastic nature of biochemical interactions [4, 21]. Theoretical
analyses of these systems typically rely on stochastic models to describe the noisy dynamics of
the involved biochemical species. The standard tools of choice for stochastic modelling are the
chemical master equation (CME) [63] and the Gillespie stochastic simulation algorithm (SSA)
[65], which are used to analyse the probability distributions of molecular species’ abundances,

across cells and over time.

For most biochemical reaction networks, the CME is analytically intractable and stochastic sim-
ulations can be computationally intensive, posing challenges in developing accurate stochastic
descriptions. To overcome these challenges, a variety of approximation methods have been
developed [86], including methods for estimating probability distributions or moments of the
CME [67, 69, 70, 277-281], approximate stochastic simulation algorithms [66, 282-284], and
stochastic model reduction approaches [285-292]. These methods enable efficient computation

of statistics to characterise the stochasticity of biochemical systems. As an example, in Chap-
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ters 2 and 3 we used moment equations as an approximation of the CME, to model stochastic

gene (co-)expression dynamics.

A commonly used method for approximating the exact discrete description of the CME is the
system size expansion, which is a perturbative expansion with respect to the inverse system
size, originally developed by van Kampen [161]. The expansion enables deriving equations
for the mean macroscopic dynamics as well as the variance of the fluctuations of the CME
about the mean dynamics. Specifically, truncating the system size expansion leads to the linear
noise approximation (LNA) of the CME. The LNA is a linear Fokker-Planck equation (FPE)
governing the time-dependent probability density of the molecular states’ fluctuations about
the deterministic macroscopic concentrations. Since the solution of this FPE is a multivariate
Gaussian [293], the LNA serves as a practical tool for estimating the mean and noise statistics
of the exact system [86]. For instance, in Chapter 3, we ustilised the LNA to obtain a closed

system of moment equations for the different models of gene regulation.

Another popular tool for approximating the CME is the chemical Langevin equation (CLE)
[277], a stochastic differential equation (SDE) that governs the time-evolution of the biochem-
ical network states as a continuous stochastic process. Its associated Fokker-Planck equation
(the chemical FPE or CFPE) was originally derived by Kramers and Moyal through a Taylor
expansion of the CME, truncated at second-order derivatives [294, 295]. The CFPE approx-
imates the probability mass function described by the CME with a continuous probability
density function, while the CLE governs the associated approximating diffusion process [293].
Notably, the CLE becomes an exact approximation of the CME in the thermodynamic limit of
large molecule numbers [296]. It has also been demonstrated that the CLE is accurate even in
low molecule number regimes, generally providing a better approximation of the CME statis-
tics compared to the LNA [297]. Although the CFPE is non-linear and typically hard to solve
analytically for most biochemical networks, numerical simulations of the CLE, e.g. through
the Euler-Maruyama scheme [298], can be computationally more efficient compared to discrete
Gillepsie stochastic simulations [86]. Overall, the CLE provides a versatile tool, balancing the
precision of exact, yet complex, discrete stochastic descriptions with the computation efficiency

of approximate, deterministic descriptions.

Although the LNA and the CLE are useful tools for modelling biochemical reaction systems,

their simulation can still be computationally expensive, particularly when the systems involve
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a large number of biochemical species. Addressing this limitation necessitates methods that
provide low-dimensional representations of biochemical systems. These methods enable the
simulation of only a subset of the full system, reducing computational costs while capturing
essential system dynamics. Many biochemical networks evolve under highly heterogeneous
timescales [299]. As an example, during gene expression, mRNA molecules are typically pro-
duced and degraded within a short timescale, often up to a few hours [300], whereas pro-
tein turnover typically occurs over a longer timescale including several mRNA lifetimes [131].
Timescale separation is also prevalent in metabolic pathways, where short-lived enzymes me-
diate the conversion of intermediate metabolites into end products, which evolve over long
timescales [301]. A classic example of this mechanism is Michaelis-Menten enzyme catalysis
[302, 303]. Enzyme-catalysed reactions with multiple timescales are also found in the process

of phosphorylation-dephosphorylation, a fundamental mechanism in signalling pathways [304].

The property of biochemical systems to evolve under well-separated timescales has motivated
the development of approximation methods that leverage this property to reduce model com-
plexity [54, 162, 163, 282-284, 286, 287, 289, 305-314]. In timescale separation conditions,
reaction networks are commonly partitioned into fast and slow sub-systems. This partition-
ing is based on the frequency of occurrence of the networks’ reactions or on the characteristic
timescales of change of the biochemical species, distinguishing those that evolve fast from those
that evolve more slowly. The key assumption of approximation methods is that the fast sub-
system rapidly reaches a quasi-steady state, when the system is observed with respect to the
slow timescale. This assumption leads to a reduced system description where the dynamics of
the fast sub-system is effectively averaged-out and only the dynamics of the slow sub-system is
described explicitly. Originally, timescale separation methods were developed for deterministic
models of reaction networks, to reduce the dimensionality of the ordinary differential equa-
tions (ODEs) governing the time-dependent macroscopic concentrations of biochemical species
[315]. Popular deterministic reduction methods include the quasi-steady state approximation
(QSSA) [316], which assumes a separation of the network into fast and slow species, and the
quasi-equilibrium approzimation (QEA) [301], which assumes a separation into fast and slow
reactions. Applying these methods results in a coarse-grained network with non-elementary

reaction rates that contain information about the eliminated fast sub-system dynamics.

Building on deterministic approximation methods, numerous approaches have been developed
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that extend timescale separation techniques to stochastic systems [163, 317]. A common ap-
proach is applying the deterministic QSSA to the full system and utilising the obtained non-
elementary reaction rates to derive a heuristic CME for the reduced system [162, 282]. However,
the validity of this heuristic stochastic QSSA (sQSSA) has been questioned, as it can often fail
to match the predictions of the deterministic QSSA in certain parameter regimes [318, 319].
Variants of the QEA method have also been developed for stochastic systems that can be par-
titioned into fast and slow reactions [283, 284, 307, 314]. Nonetheless, the separation into fast
and slow reactions is a stronger assumption, and in many cases can be seen as a special case of

the timescale separation of biochemical species [288].

Other studies have developed alternative methods combining timescale separation assumptions
with approximations of the CME. For instance, a stochastic reduction method based on the
linear noise approximation has been proposed as a rigorous alternative to the heuristic stochastic
QSSA [288, 289]. Additionally, model reduction methods have been developed particularly for
the CLE, that leverage adiabatic elimination techniques [285] or tools from the multiscale theory
of SDEs [163, 311, 312, 320]. Yet, these methods rely on timescale separation of reactions, while
no alternative to the QSSA is available for approximating the CLE description of stochastic

reaction networks.

Here, we develop a novel approximation method for reducing the exact chemical Langevin
equation of a biochemical reaction network under timescale separation. We derive the slow-scale
CLE (ssCLE), an equation of reduced dimensionality governing the slow sub-system dynamics,
that is uncoupled from the fast sub-system dynamics. Our method solely depends on the
minimal assumption of separating the characteristic timescales of biochemical species, making
it a rigorous alternative to the existing stochastic quasi-steady state approximations. Notably,
the drift and diffusion terms of our slow-scale CLE capture contributions from both the intrinsic
dynamics of the slow sub-system and the extrinsic dynamics of the fast sub-system, providing
a faithful representation of the exact stochastic dynamics of the full biochemical system. We
demonstrate the accuracy of our method in the classic example of Michaelis-Menten enzyme
kinetics. We show that the reduced description accurately predicts the steady-state probability
distributions and statistics of the exact CME, providing corrections to the estimates of the
heuristic sQSSA. Our approximation method can be applied to a broad range of timescale-

separated biochemical networks, including gene regulatory networks.
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4.2 A reduced diffusion approximation of stochastic re-

action networks

In this section, we develop the full theory for approximating the CLE description of stochastic
reaction networks under timescale separation. We first formulate the exact discrete stochastic
description of a reaction network using the CME, and its diffusion approximation, using the
CFPE and the CLE. We then rescale the CFPE with respect to the slow timescale and utilise
a projection operator method to map the exact CFPE to a reduced equation for the slow sub-
system. As the resulting equation is computationally intractable, we utilise a conditional linear
noise approximation approach to evaluate the contributions of the fast sub-system. This allows
us to decouple the fast variables from the description and derive a tractable CFPE (and its

associated CLE) for the slow sub-system.

4.2.1 Exact and approximate descriptions of stochastic reaction net-

works

A stochastic reaction network with d distinct biochemical species Z; interacting via R reactions

is encoded in the scheme:

d d
Zy;Zi%ZV;CZi , r=1,...,R (4.1)
i=1 i=1

where k, is the macroscopic rate coefficient of the r-th reaction and v are the stoichiometric
coefficients of the i-th species in the r-th reaction. These coefficients comprise the stoichiometric
matrix S € Z¥*F of the system, with elements S;, = v;. — v;, describing the change in the
i-th species” abundance when the r-th reaction occurs. Under timescale separation conditions,
the network can be partitioned into a set of df fast species Z;, f = 1,...,d; and a set of
ds = d — dy slow species Zs, s = dy +1,...,dy + ds, where the symbols f,s will be used
throughout to denote fast and slow species’ indices, respectively. We characterise species as
fast or slow based on their characteristic decay (or characteristic lifetime) and we define 74 and
Ts to be the characteristic fast and slow timescales of change respectively, so that v = % > 1.
Accordingly, the stoichiometric matrix can be partitioned into two sub-matrices S/ € Zd4r*F

and S* € Z%*E where each sub-matrix includes rows corresponding to fast and slow species,
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respectively.

Chemical Master Equation description

To provide an exact discrete description of the reaction network (4.1), we encode the possible
states or abundances of the fast and slow species with the vectors x = (x1,...,2q4 f) e X =N%
and y = (y1,...,%4,) € Y = N%. Then, the stochastic evolution of the fast and slow states
in time is modelled by a continuous-time Markov chain (X;, Y¢):>0 with state space X x ) =
N% x N%. The time evolution of the probability P(x,y,t) = P(X; = x,Y; = y) to find the
system in state (x,y) at time ¢, is given by the chemical master equation (CME):

OPOVT) 5™ (uy (x— SL.y — 1) Pl — SLy — Sp.0) (e y)Pleyt)) (42

r=1

where w,(x,y) denotes the propensity of the r-th reaction, such that the probability that
the r-th reaction occurs in an infinitesimal time-interval dt is w,(x,y)dt. Additionally, S/ =
(Str), S; = (Ss) denote the r-th column of the fast and slow stoichiometric sub-matrices,

respectively. For notational convenience, we rewrite the CME using the step operator notation:

ap(?;ty’t) =2 (H E & - 1) wi (%, y)P(x,y,t) (4.3)
f s

T

where the action of the step operators on a function of fast and slow variables g(x,y) is:

S;SfTE;SSTg(va) = g(xb et ,.flff - SfT7 s 7xdf7y17 ey Ys — SST7 s 7yds> (44>

We now bring equation (4.3) to an equivalent form to isolate reactions changing only fast

species:
PCY-D) Wy 4 W) Py, 1) (4.52)
W= (H £55 - 1) w3, ) (4.5b)
m \f

isolated reactions changing fast species
Wine = Z HS;SJ‘T (H S;Ssr _ 1) wr<X7 y) (45C>
rof s

intermediate reactions changing fast and slow species
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In this form of the CME, the transition matrix W, only involves reactions changing the fast
states, while the transition matrix W, involves all intermediate reactions changing both fast

and slow states.

Deterministic description

The reaction system (4.1) also admits a deterministic macroscopic description, given by the

coupled system of ODEs:

=S8 ) (1.60)

r

W] _ s~ 1 (. ) (4.6b)

where [x], [y] denote macroscopic concentrations of fast and slow species. Also f,.([x], [y]) is
the macroscopic rate functions associated to the r-th reaction, which is linked to the r-th

microscopic propensity of the network through the large system size limit:

£, [y]) = 1im 2rOXL QD

Diffusion approximation of the CME

Here, we are particularly interested in a continuous approximation of the CME (4.2), namely
the diffusion approximation, in which the CME is approximated by a (chemical) Fokker Planck
equation (CFPE) and its associated chemical Langevin equation (CLE) [277]. It is thus assumed
that the molecular state (x,y) of the system is a continuous variable and so (X¢, Yy)i>0 is a
continuous-time Markov process with continuous state-space X x )V := R% x R%. The CFPE
governs the time-evolution of the probability density p(x,y,t) of (X;, Y;) and is obtained via
the Kramers-Moyal expansion of the CME [161, 293], which is a Taylor expansion of the step

operators, truncated to the 2™ order:

82
Spr 1 _ fy———— )
L6 =15 g5 3 S (480
g 8 0?
Hg sr— 1 — E SST@ + = E SSTSST8 0 (4.8b)
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Applying these expansions to (4.5), we obtain the CFPE:

0
a p(X>Ya t) = (Wf + Wint) p<X7y7 t) (49&)
Wyxy) == A ey) Y Byp(xy) (1.9)

’ I &'zrf ff’ ébcf@a:f/ ’
Winboy) == 3 L Axy) + 2 L Bly) + ¥ o Byxy)  (49¢)
int v Y) = . 8 i s Y 2 - aysayS, EE] Y oy 3ysaxf sf Y .
where we define:

Ag( ZSfrwr x,y), A ZSSTwT X,y) (4.10a)

Bsp(x,y) ZSfTSf’rwr(X y), Bss(X,y) = ZSers/rwr(X,y), B,s(x,y) ZSerfrwr(X y)

r=1 r=1 r=1

(4.10D)

The diffusion process (X;, Y;) satisfies the associated d-dimensional system of chemical Langevin

equations (It6 SDEs):

dX; = Zsfwr (Xe, Yy) dt + zs V(X Ye) av” (4.11a)
AY, = 3 Sow. (X, Yy) dt + 37 88w, (X, Yy) dV,” (4.11D)

where V; = (Vt(l), .. .,Vt(R)) is an R-dimensional Wiener process. This is the exact CLE

representation of the reaction network (4.1) (Figure 4.1 (A)).

The objective of the subsequent sections is to derive an approximation of the CLE description

(4.11) of the reaction network (4.1), by a CLE of the form

that provides a reduced description of the stochastic dynamics of the slow sub-system, decoupled

from the fast sub-system dynamics (Figure 4.1 (B)).

115
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X: fast network
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Figure 4.1: Approximation of stochastic reaction networks with the ssCLE. (A) Car-
toon illustration of a biochemical reaction network under timescale separation. The fast and
slow sub-system dynamics are governed by a coupled system of CLEs. (B) Reduced representa-
tion of the reaction network. The slow sub-system dynamics is governed by the ssCLE, which
captures stochastic effects from the fast sub-system.

4.2.2 A heuristic stochastic approximation

We start by presenting a simple approach to approximating the exact CLE (4.11) of the full
system, which is a heuristic stochastic alternative to the deterministic quasi-steady state ap-
proximation (QSSA) [319]. The deterministic QSSA is obtained by solving the fast sub-system
ODEs (4.6a) in steady state and substituting the exact dependence on the fast species’ concen-

trations by their steady state in the slow sub-system ODEs (4.6b):

> ST fr([xss]s [¥]) = 0 = [x4] = g([y]) (4.13a)

W) _ g £, (). ) (4.13b)

Thus, the QSSA yields a reduced ODE (4.13b) for the slow sub-system concentrations that
does not depend on fast concentrations. The macroscopic rate functions f,(), as given by the

QSSA, can be used to obtain heuristic propensities for the slow molecule states by substituting
] = y/%:
W (y) = Q2 fo(9(y/),y/) (4.14)

Using these non-elementary propensities, one can derive a heuristic reduced CLE (hCLE) that

is a stochastic version of the QSSA:

dY, = Y S; (Yo dt + > S5/ (Y,) dV,” (4.15)
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Therefore, this simple approximation method gives us an equation of the form (4.12) describing
the slow sub-system dynamics that is uncoupled from the fast sub-system. However, this
reduced representation does not faithfully capture the stochasticity of the full reaction network
(4.1). We observe that the drift and diffusion terms of the heuristic CLE are proportional to
the slow stoichiometry S®, meaning that they only capture the reactions that change the slow
species. Thus, this equation completely neglects stochasticity induced by changes in the fast

species.

In the following sections, we derive an alternative stochastic approximation that effectively
captures the dynamics of both slow and fast species dynamics. The resulting equation, that we
will refer to as slow-scale CLE (ssCLE), proposes corrections to terms of the hCLE (4.15). We
will show that the drift of the ssCLE is of the form:

ply) = S*Ww(y)+ é(yl (4.16)

——
hCLE drift  ssCLE correction

where the correction term &€(y) involves additional effects induced by fast species dynamics.

4.2.3 Projection of the system to the slow timescale

The first step of our approximation method is to project the CFPE (4.9) to an approximate

equation of the form

EP(}“T) = Ws p(YvT) (417)

by rescaling time with respect to the slow timescale and averaging out the exact dependence

on the fast dynamics.

Integrating out the fast dynamics

The averaging process relies on the assumption that, under the slow timescale, the fast dynamics
relaxes to a quasi-steady state, which is formally defined as follows. Given a slow variable state

y € Y, the fast dynamics operator Wy defines a conditional stationary density 7y (x) = 7(x | y)
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over the fast state space X', via the detailed balance equation:
Win(x|y)=0 (4.18)

This implies that the fast dynamics can be averaged with respect to my(x). The conditional

stationary expectation of any function g(x) of fast variables given a slow state y is:

(96) [ ¥)x = [ gx)n(x | y) dx (4.19)

Our goal is to eliminate the exact dependence of intermediate reactions W, on the fast vari-
ables. To do that, we will assume that the transition matrix W,,; admits a representation of

the form:

Wint = <Wint>7r +W (420)

where (Wiye)r is the conditional stationary average over the transition rates of intermediate
reactions and W describes fluctuations about this stationary average. This representation will

allow us to decouple the fast from the slow dynamics.

Time rescaling

Assuming that 7¢, 7, are the characteristic fast and slow timescales, we rescale time with respect
t T

to the slow timescale, that is 7 = —, and we consider the timescale separation constant v = Al
Ts Ts

Given the new time coordinate 7, we assume the following rescaling of the transition matrices:

Wi =y Wy (4.21a)
Wit = Wint)r +72 W (4.21b)

where Wy is scaled by ~ as it involves changes in fast states exclusively, Wiy )~ is not scaled
as it only involves changes in slow states, and the fluctuations matrix W is assumed to scale

with /2. The time-rescaled CFPE reads:

0 ~
E p(X7 Yy, 7-) = (’wa + ’Yl/QW + <Wint>7l') p(X7 Yy, 7-) (422)
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We will now approximate this equation using an adiabatic elimination approach [285] that will

yield a reduced equation describing the slow sub-system.

Projecting to the slow timescale

To carry out the adiabatic elimination, we use a projection operator P, that acts on functions

g(x,y) of fast and slow variables by marginalising over the fast states and rescaling by the

stationary density my,(x):

Pylx.y) = mlx | y) [ glx.y)dx

(4.23)

We will use this projector to map the FPE (4.22) to a reduced slow-scale FPE, following the

approach of [288]. We first show that P satisfies the following properties:

PWP =0
WP =0
PW; =0

To prove (4.24a), we have that for a function g(x,y):

PWP g(x,y) = PW (x| Y)/XQ(XJ)dX
= (x| y) [ Wrlx|y) [ g6 y)ax dx

=l | ¥) (W)s [ g y)dx’ = 0

since (W)r = Wit — Wint)n)x = 0. Similarly, to prove (4.24b) we write:

WP g(x,y) =W n(x|y) /Xg(xjy)dx =0

where we apply the definition of 7(x | y) (4.18). To prove (4.24c), we write:

PWy g(x.y) = (x| y) [ Wy glx,y)dx

X\Y/Zax ( As(x,y)+ = Zaw/Bff’(X Y))g(x,y)dXZO
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where we use that the integral involves divergence in the fast variables and hence it vanishes

due to zero boundary conditions at infinity:

/X Ve () dx =0 (4.28)

We now define the following projections of the probability density p(7) = p(x,y,7):

f(r) =Pp(r), g(r) = Qp(7) (4.29)

with @ =1 — P, as well as their Laplace transformations:

fls) = /0 e Hmdr,  gls) = /0 Y eTg(r)dr (4.30)

Using integration by parts, we get:

sf(s) = [ se (o) 0+ [ seitr (431)

Using this property as well as the properties of P (4.24a),(4.24b),(4.24c), we get:

sF(8) = F0) = [ e (vPWs 452 PW + PO, ) olr)ar
= [T (3PP + Q)+ PWs(P + Q) Jo(r)dr  (432)

= (71/277W+77<Wint>w>§~](3) + P Wit} f(5)

Similarly:

- (vQWf 44 2QW + Q(Wini)n >p(T)dT

_ (wva A 2QW(P + Q) + QW )n(P + Q)) o(F)dr  (4.33)

<7Wf +72OW + Q(Wint>7r)§(8) + <71/QQW + Q<Wint>7r> f(s)

We solve for g(s) in (4.33) and substitute in (4.32) to get:

sf(s) — f(0) :<P<Wint>7r + (VPPW + PWint) ) H (1) (2 QW + Q(Wini) )) f(s) (4.34)
+ (P -+ POV JH()g(0) |
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-1
where we have defined H(vy) = (s — YW — Y200 — Q(Wint>7r> . Rearranging terms, we
get:

sf(s)— f(0) = (P(Wint>7r + (PVNVVH(V) QW + PWAYPH(Y) QWint)w + P Wint )y 2 H(7) QW

+ P<Wint>wH(7)Q<Wint>w>)f(s) + <’YU2PW + P<Wint>7r)7'[(7)g(0)

(4.35)
We now make use of the timescale separation assumption, that is vy — oo, to get
TH(Y) = =Wr' PR =0, H(y) =0 (4.36)
and reduce (4.35) to
sf(s) = f(0) = P<<Wmt>7r — WW;@W) f(s) (4.37)
Inverting the Laplace transformation, we obtain
0 S
5.4 (1) = P(<Wmt>7r - WW; QW> f(7) (4.38)
Equivalently:
0 A —194 A A —1DIA
P plx,y.7) = P((Wint>7r AW W PW)P o(%,y,7)
T ) i (4.39)
— 73<(Wint>7r — WWf_lVV)Pp(X, V,T)
We note that, for a function ¢(x,y) of fast and slow variables:
7D<Vvint>7r7) ¢(X7Y) = 7T<X | Y)/ <Wint>7r7r<x | Y)/ qb(X/, y)dX/dX (4403’)
X X
=7(x | y) Wit )r . o(x',y)dx’ (4.40D)
and
P(WWf_lW)P d(x'\y)=n(x|y) /X WWJTIW (x|y) /X o(x',y)dx'dx (4.41a)
= YW A ' y)dx/ 4.41b
n(x | y) (DWW [ o' y)ax (441b)
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Finally, using that Pp(x,y,7) = 7(x | y)p(y, 7) and substituting in equation (4.39), we obtain

7 | ¥) 5 oy m) = 0 | 3)(Wiahe = W) ol ) (4.42)

Integrating over X yields the equation

0

5. P 7) = ((Wint>7r — (WW'W) ) p(y, 7) (4.43)

that is a reduced CFPE on the slow state space ).

The reduced CFPE

We have derived a projection of the initial CFPE (4.9) to the reduced slow-timescale equation:

;T p(y,7) =Wsp(y,T) (4.44)
with
Ws = <Wint>7r + <Wext>7r (445&)
averaged dynamics  external fluctuations
Wext = —WW;' W (4.45b)

Interestingly, the slow-scale operator W consists of two parts: The averaged dynamics compo-
nent (Wit )» describes the effect of all intermediate reactions, from which the fast dynamics has
been averaged out. The external fluctuations component (Wey ), describes fluctuations about
the averaged dynamics, and hence summarises the stochastic effects of the fast sub-system that

is now decoupled from the slow sub-system.

The averaged dynamics reads:

Za

0 1 0 a< K2
f&ch

<Wint>7r = = ; ays <A5(X, Y)>7r + 5 Z a9, <BSS’ (X’ y)>7r + g ays

B,(x,
8,8’ 8ysays/ f(X y)>

™

=0

(4.46)
where the third term vanishes, as it is an integral of the divergence in the fast variables, due

to zero boundary values of the probability density my(x) at infinity. Also, the intermediate
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fluctuations matrix W reads:

W =Wt — Wint)r (4.47a)

-y a?, - (A (0,y) = (Al ¥))e) + 53 55— (Buw (k) — (Bus(xy)),)

+ Z ays aa: £(x,y)

A key challenge here is that it is not possible to obtain an exact expression for W in the general
case, as calculating the stationary density (4.18) for reaction networks with second or higher
order reactions is intractable. To overcome that, we approximate the non-linear propensities
of the network by applying the Linear Noise Approximation (LNA) on the fast sub-system,

assuming a sufficiently large system size (or large molecule copy numbers).

4.2.4 Conditional linear noise approximation of the fast sub-system

The starting point of the approximation is Van Kampen’s ansatz [161] that relates molecule
numbers with macroscopic concentrations given a system size €2. Under this ansatz, given a

fixed slow state y € ), the fast molecular state x € X satisfy:

X
§|2Y = [x | y] + Q72 (4.48)
where [x | y] is the macroscopic concentration of x | y and €* quantifies fluctuations about the
concentration. The (conditional) steady state mean of the fluctuations with respect to my(x)
is zero, i.e. (€*), = 0. This implies that the steady-state mean of the fast molecule numbers

can be obtained directly from the fast ODEs (4.6a) solved at steady state:

(x|y)=Q[x]y] (4.49)

This steady-state mean corresponds to the steady-state concentration obtained in a determinis-
tic quasi-state approximation [316]. Note that the states x | y are realisations of the conditional
stochastic process X; | y, implying that the fast process is observed given a fixed slow state.
Due to timescale separation, we assume, that at each time point ¢ > 0, the fast stochastic

process relaxes rapidly to a steady state (x | y),. This allows us to replace the exact fast
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dynamics with its steady state in the CLE description, while also quantifying the effects of fast

fluctuations €* in the reduced system.

System size expansion of the propensities

We assume that the propensities have an expansion with respect to the system size €2 of the

form

wxy) = 0 (5. 2) + 0@ (4.50)

where the first term of this expansion is the deterministic macroscopic rate f, at the large

system size limit (4.7). This implies the approximation

) o g () (451

We now rewrite the expansion (4.50) using the ansatz (4.49):

w,(y) = w(@fx |y + 0 y) = Qf, (I [y + e D) rO@)  (452)
= fllx 31 ) + 073 afmﬂ([" ¥ Iy]) € + 0Y) (452b)

Equivalently, we rewrite the expansion with respect to propensities using (4.51):
wr(X,y) = w(Q[x |yl y) +Q° 1/22 x| y],y)ef +0@Q™) (4.53)

Note that the first term in the expansion (4.53) is an averaged propensity a,(y) = w,((xX | ¥)x,¥)
where the fast variables x are replaced by their steady-state mean (x | y)., while the second

term describes fluctuations that scale with Q=1/2.
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As a consequence, we get the following expansions:

= Y S x| ¥]y) + 0 Y5 S afmwrm x| y],y) € +0@Q7") (4.54)
Bss’ (X7 Y) = Z SSTSSITwT( [X ‘ y —|— Y 1/2 Z Sers r Z X | Y] ) E); + O<Qil)

(4.55)
0
Bsf X y Z Serfrwr( [X | Y}vy) + Q_l/Q Z Serfr ; mwr(g [X | Y], Y) E}( + O(Q_1>

(4.56)

which implies that:

A (x,y) = (As(x,y))r = WZSSTZ i x| yl,y)ef +0@Q7) (4.57)

By (x,y) — (Bow (x,¥))r = Q2> 5,50, 3 5 8 w(Qx |yl y) e +0Q7")  (4.58)

7 Oly)

Additionally, from the ansatz (4.49) we have that:

g 12 0
8:Ef =0 86’; (4.59)
and thus:
0
Z%Bsf(x y I/QZSSTZSfra x 7’ [X | Y]7Y)+O(Q_1) (460)
f f

We will now use these expansions to obtain a system size expansion of the reduced FPE (4.44).

System size expansion of the slow-scale FPE

Gathering the above expansions we can obtain truncated expansions of all terms contributing
to the slow-scale operator (4.45). The averaged dynamics operator becomes:

1nt Z Z SST’wr X | Y] + 1 Z 82 Z SSTSS/TU}T(Q [X | Y]’ y> (461)
9ys 2 5 O0ys0ys

/
s s
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Also, we get an expansion for equation (4.47):

V=Y Y S, (ﬂlﬂzgéﬂwr( 139G~ 5 e T<mx\y1,y>)

T f
— —1/2 x —1
Zf}ysays ZSSTSMZ Qx|yly) e +0(07)
(4.62)
Finally, we obtain a truncated expansion of the external fluctuations operator (4.45b):
Waahe = = 5 S5 2505 20Ok | Y19 5 —So (W) '65) = (@1x | )y)
rr! 5,8 Ys £ a[xf] ’ ays/ TGS B Wa[xf,] ’
F I s Y S @k YL y) e (W o) Syl ¥ )
rr! s,s Ys fif! a[$f] ’ (91/ P 86}(/ -
0

! s,s! Ys !
o /0 P
RS D) PAH S AT YRS i >Sf/r/wr<mx|y],y>
0y 8 8ef,

TT,SS/ S ff/

DI 00 L SR R L S R IR

(4.63)

Note that the third term in the expansion of W (4.62), when multiplied with other terms,

gives rise to higher order derivatives (non-Fokker-Planck terms) and hence it is omitted from

the above expansion. Also, the terms < 88 Wf € f/>7r = <8i’;wfl 85}‘, >7r = 0 as explained in
(4.28). Thus:
0
ext Z Z Ssr [ wT(Q [X ‘ Y]7 y)aiss’r’
rr s, s’ Ys fif! f] Ys
1/ oiq O
. < W, ef,>7ra Qx| 1.¥) — 5 (€W oes, Spr (x| y],¥)
(4.64)
or equivalently:
ext __Z ZZSST [X|Y] ) 0 ’
8y5 T aysl

Z<é< R ZSM " (Q[X|y}7y)—é< W S >ZSf”S v Wy ( [X|Y]7Y)>

-
(4.65)
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We now note that the product rule of differentiation gives:

0 0 0
Ssr X = Ssriw X 588 Ss r X )
> O |¥¥) s = o 3 Sy run @ | ¥]¥) =00 S G 51y
(4.66)
which implies that:
92
ex 635 SS 7' s','-
L/ oxp-1.x 1
; <Q <efo 1ef,>ﬂ;sswa[$ﬂ]wr/(§2 x|yl,y) — q < Wf 5 > ZSf’ 1 Serpr W (L [x y],y))
(4.67)
We use known results from [288] to evaluate:
1 XyA)—1 _x 1 f e nYi f —T
o lewrten) =) DI ) Ty (4.68)
1/ oiq O _
where the matrices J/(y), D/ (y) are defined as:
Iy () Zsfr (x| y],) (4.70)
Dy (y) = ZSfTSf’rwr(Q[X | y],y) (4.71)
The external fluctuations operator finally becomes:
sf 82 sf
<cht> Z 535’ Z H Z Jsf (y) ’
a aysays’
d ! (4.72)
> (—Q[me1Df<y>Jf<y>T]fffJ;£,< )T+ 3,3 D))
f/
where we have introduced the matrices J*/(y), H*/(y), D/*(y) with elements:
ZSsr Qx [yly) (4.73)
fy 92
H%( sr Q : 4.74
sf Zsaa[ ] ([X|y]y) (7>
D (y =2 SprSuwr(Qx | ¥,) (4.75)
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Combining (4.61) and (4.72) we obtain the expansion of the slow-scale FPE operator W, =
<Wint>7r + <Wext>7r .

W= Yo (Zsrwr x|y y) + 3 HH )3 >1(;[Df<y>Jf<y>-T]ff/J;uy)T—D}”fs(y)))

z I
o3 o (Dtaty) + S0 0) (S 0 ) ) Dl
8 a ) ff/ 2 y y If fls y f's' y
S,S/ yS ys ff/
(4.76)
where we have also introduced the matrix D*(y), with elements:
Dy ZSSTSS v (Qx | yl,y) (4.77)
We also note that ZJ J}cf,( ) 1Dfs ZSSTSS Qx| y],y) = Di(y), so we
!
simplify the diffusion term in (4.76):
0 s (1 - s s
Wi=-3 4 (Z Sertr (¢ | ¥1.¥) + S H)3(3) 7 (510700 () "Ly 370" - Dji/s(y)))
s r f.f
+Z A D +Z I3 ()" DI () () I ()"
aysays 2 ff/
(4.78)

We have therefore obtained a final, tractable form of the slow-scale Fokker-Planck operator W;.

We now use this operator to derive the slow-scale chemical Langevin equation.

4.2.5 The slow-scale chemical Langevin equation

In the previous section, we derived the slow-scale FPE (4.44)

;T p(y,7) =Wsp(y,7) (4.79)
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and applied a conditional linear noise approximation on the fast sub-system (4.2.4), to obtain

an expression for the operator W,. This is given, in matrix notation, by:

0 1 0?

W, =-S —pu, - e 4.80
Zs: o)+ 3 Z .00 77 e Y) (4.80a)
: s 1 (1 T s s
uly)= S'aly) + diag (H Ty) 3 ()™ (2Df (v)I (y)"" 3 (y)" - D/ (y))>
H/—/ )
averaged dynamics external fluctuations
(4.80b)
(o) (y)= -D(y) +I7(y)I (y)"'D(y)I (y)" I (y)" (4.80¢)
—_———
averaged dynamics external fluctuations

where a(y) denotes the vector of averaged propensities a,(y) = w,(Q[x | y|,y). Interestingly,
we observe that both the drift and the diffusion involve external fluctuations contributions.
This shows that the derived reduced description effectively captures external noise induced by

the fast process in the slow sub-system.

To derive the CLE associated to the above FPE, we note that the diffusion can be factorised

(0a™)(y) = (8* — 3 (y)3 (y)'8!) ding (a(y)) (S* — T4 (y)F (y)'S7) " (4.81)

and hence

oly) = (8 = 3/(y)3/(y)'87) ding (V/a()) (452)

The slow-scale CLE describing the evolution of the slow stochastic process is

where V, is an R-dimensional Wiener process.

We now observe that the averaged dynamics term S*a(y) of the ssCLE drift matches the drift
of the hCLE, as the averaged propensities a,(y) = w,.(2[x | y],y¥) = w,(y) were obtained from
the conditional LNA of the fast sub-system, using the fast steady-state concentration [x | y]
given by the QSSA. We have therefore shown that the drift of the ssCLE, given by (4.80b),
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proposes a correction to the drift of the heuristic CLE:

ply) = S'aly) + £(y) = S'w(y)+ &) (4.84)
—— ~—— —— ~——
intrinsic drift external fluctuations hCLE drift ssCLE correction

In the following section, we demonstrate through an example that this correction to the drift

is crucial for the accuracy of the two stochastic reduction methods.
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4.3 Application: Michaelis-Menten enzyme kinetics

In this section, we demonstrate the effectiveness of our approximation method through an
example, the Michaelis-Menten enzyme catalysis mechanism, a system that has been widely
studied in evaluating multiscale deterministic and stochastic approximations [289, 303, 319].

The mechanism is encoded in the following reaction network:

olys | stEXcrEt+p (4.85)
k—1

and describes the production of a substrate S that binds reversibly to an enzyme F to form
a complex C', from which a product P (e.g. protein) is produced and the original enzyme is
regenerated. In this example, it is commonly assumed that E, C have short characteristic
lifetimes compared to S, P that have longer lifetimes, and hence we will consider F,C to be

fast and 9, P to be slow species. The fast and slow stoichiometry of the network is

0 -1 1 1
S/ 0 1 -1 =1
S = = (4.86)
Ss 1 -1 1 0
0 0 0 1

where the rows ¢ = 1,2,3,4 of S correspond to the stoichiometry of the species E,C, S, P,
respectively. Denoting with ¢g, ¢¢, ¢g, p the macroscopic concentrations of the species, the

macroscopic description of the system is given by the rate ODEs:

d(b(]ft(t) = —k10p(t)ds(t) + (k-1 + ko) (Eo — dp(1)) (4.87a)
dec(t)  dop(t)

e~ dt (4.87b)
d¢§t(t) = ko = k16p(t)¢s(t) + k-1 (Eo — éx(t)) (4.87¢)
d¢§t<t> = ka(Eo — ¢r(1)) (4.87d)

We note that the system involves the conservation laws Ey = ¢g(t) + ¢c(t) and Cy = ¢s(t) +
oo (t) + ¢p(t). Therefore, it is sufficient to use the enzyme molecule states x = xg to describe

the fast sub-system, and the substrate molecule states y = yg to describe the slow sub-system.
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The propensities of the network are:

k
wﬂ(may) = Qkﬂ? wl(x7y) = 51 Ty, w—l(x7y) = k—l(eﬂ - 37), w2($7y> = ]{32(60 - 93') (488)

where 2 denotes the volume of the system and eq = Q2F is the total enzyme molecule number.
In what follows, to simplify notation, we set ) = 1, and we will use the total enzyme number
Ey = ey as a proxy to vary the system size. Accordingly, in the numerical examples shown
in the following section, we rescale the reaction rate constants that depend on system size:

ko — EO k’o and kl — kl/EQ.

We now consider the diffusion approximation of the CME describing the Michaelis-Menten
system. The coupled system of CLEs describing the enzyme (fast) process (X;);>o and the

substrate (slow) process (Y)i>o is:

dX, = — (kXpYs — (k1 + ko) (Eo — X)) dt — \/ln XY, AV \ k1 (B — X,) AV,
+ ko (Eo — X)dV,

dY; = — (XY — ko — ko1 (Bo — X)) dt + ko AV — Il X Y2V + k1 (B — X,) dV®
(4.89b)

(4.89a)

where V;(T),r = 1,...,4 are independent standard Wiener processes corresponding to the 4

respective reactions.

Reduced Michaelis-Menten system

Under the timescale separation assumption, for any state y € ) of the slow process, the fast
process rapidly reaches a quasi-stationary distribution, conditional on the slow state. Using
the conditional LNA of the fast sub-system, that we describe in 4.2.4, we approximate the
stationary mean of the fast process by the steady-state solution of the corresponding fast ODE
(4.87a). We find that the steady-state concentration of the enzyme ¢g, given the substrate

molecular state y, is given by:
Ky Ey

Ky+y

o |y = (4.90)
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ki+k
where we denote with K, = 21 7™ the Michaelis-Menten constant. Therefore, we approxi-
1

mate the (conditional) stationary mean of the fast process by:

Ky Ey
Ky+vy

(| y)r = Qop |y = (4.91)
We can now evaluate the averaged propensities a,.(y) = w,({(x | y)r,y), where the fast molecular
state = in the original propensities w,(x,y) is approximated by its stationary mean (x | y).:

_ Eoki Ky

Eok_
ao(y) = ko, a1(y) = Kty _ Lok_1y

E,k
D al(y) = 2 ) = 2

_ , _ 4.92
Ky +y Ky +y (4.92)

We now derive the reduced CLE (ssCLE) for the substrate process, by evaluating its drift and
diffusion using the formulas (4.80b) and (4.82). The ssCLE reads

aY; = u(Y;) dt + o(Y;) dV, (4.93)

with

CkoiA(y) kK A(y)
Ky+y  (Ky+y)?

external fluctuations

o(y) = diag (@ -1 kK \/@ ’fzKM\/m (k1 + ko)y + Kk 1)/ ko A(y) )

Ky +y)VEo k' (K +y)(koy + k) (K +y) (k-1 + k)
(4.94D)

11(y) = ko — k2 A(y) (4.94a)

intrinsic drift

E
~ 209 We observe that the drift 1(y) has two components:
Ky +y

the intrinsic drift, capturing the averaged dynamics of the slow process, and the external fluc-

where we have defined A(y) =

tuations contribution, capturing fluctuations in the dynamics induced by the fast sub-system.
Accordingly, the diffusion o (y) also captures contributions from both intrinsic and external

dynamics.

Evaluation of the approximation

To evaluate the effectiveness of our stochastic reduction method, we compare the accuracy of
the ssCLE in predicting the exact stationary distribution of substrate levels to the prediction

of the heuristic stochastic approximation (see 4.2.2). As the Gillespie stochastic simulation
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algorithm (SSA) gives access to the exact marginal stationary solutions of the CME, we use it
as ground truth to benchmark the two approximation methods against simulations. To obtain
the heuristic CLE for the Michaelis-Menten system, we apply the QSSA to the full system
of ODEs (4.87), and we substitute the steady-state of the enzyme concentration (4.90) in the
substrate ODE (4.87¢) to get:

des(t) ~ ko kaEogs(t)

dt K+ ¢s(t) (4.95)

We now use the QSSA to construct a CLE with heuristic propensities, that we will refer to as

hCLE (heuristic CLE), governing the stochastic substrate process:

ks EoY, koY,
&g:<% 1540%>dﬁ+¢%d% ,U&Wi%dv” (4.96)

We observe that the hCLE (4.96) represents a coarse-grained reaction network of the form
oty gk p (4.97)

that approximates the full reaction network (4.85). The reduced network describes the pro-
duction of the substrate S with rate ky and its conversion to a downstream product P with

rate
ks Eoy

= =20 4.98
KM+y ( )

The rate k summarises the effect of the (fast) enzyme process on the slow sub-system, during its
binding with the substrate. However, this representation is limited and does not fully capture
the stochasticity induced by the fast sub-system. The ssCLE (4.93) proposes a correction to
the drift of the hCLE (4.96), that captures additional external contributions from the fast

sub-system:
hCLE drift ssCLE correction
E k_1 E koK B
T A L (4.99)
—~— Kuy+y (Ku+y)? (Ky+y)

~——
ssCLE drift substrate input
binding unbinding catalysis

Equation (4.99) shows that the hCLE only captures contributions from the first two reactions,
whereas the ssCLE captures effects of the full reaction network. As an example, even though

the catalysis reaction C' %2 B + P does not directly affect the (slow) substrate dynamics, it
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affects the (fast) enzyme dynamics, which in turn influences the slow sub-system. This indirect
effect is expressed by the 4th component of the ssCLE’s drift. Similarly, the diffusion terms
of the ssCLE represent the noise effects induced by all four reactions of the network. These
observations suggest that the ssCLE approximation is more reliable in capturing the overall

stochasticity of the full reaction network.

We next demonstrate that the ssCLE is more accurate than the hCLE in a numerical example.
We choose the model parameter values to be ky = 8FEy, k_1 = 0.5, ke = 10, Ky = 10,k =
(k_1+ka)/KpEp = 1.05/Ey and we use the total enzyme number Ej as a proxy for system size,
ranging in {1,5,10,20}. The parameter values are chosen such that the timescale separation
assumption is satisfied. We validate this by showing that the deterministic QSSA (4.95) exactly
matches the solution of the exact substrate concentration ODE (4.87¢) (Figure 4.2).

N
o
T

w
o
T

substrate concentration
N
o
T

10 |
esmecxact ODE
ol QSSA
0 50 100 150 200

time

Figure 4.2: Timescale separation in the system. The exact substrate ODE (4.87¢) and
the reduced ODE obtained by the QSSA (4.95) are numerically solved to validate the timescale
separation assumption for the chosen parameter regime.

To compare the predictive accuracy of the ssCLE and the hCLE, we evaluate probability den-
sities of substrate numbers in steady state, given by the stationary solutions of their respective

Fokker-Planck equations [293]:

Des(y) = (MfT(y) exp (2 /0 ! (U’;(;;)(u)du> (4.100)

Ymax

where C is a normalisation constant such that / pss(y)dy = 1 and u(y), 00 (y) are the
0

drift and diffusion terms of the Fokker-Planck equations. We compare the evaluated stationary

densities with the marginal probability distributions obtained from Gillespie simulation of the
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full Michaelis-Menten network (4.85). We find that the ssCLE perfectly matches the simulated
distributions across all system sizes, while the hCLE fails to capture these distributions (Fig-
ure 4.3 (A-D)). In particular, we observe that the hCLE overestimates the dispersion of the
substrate distribution, while the ssCLE accurately estimates the full probability distribution.
Notably, the ssCLE is accurate even at the small system size limit, in the presence of only

Ey =1 enzyme molecule (Figure 4.3 (A)).

We show that both the ssCLE and hCLE predict the steady-state mean substrate concentration
accurately, with an absolute relative error smaller than 2% compared to the SSA, that becomes
zero as the system size increases (Figure 4.4 (A)). However, the hCLE overestimates the noise
in substrate abundance. We observe a consistent deviation (approximately 8.5%) in the hCLE’s
prediction of the coefficient of variation across system sizes (Figure 4.4 (B)) and an increasing
deviation (higher than 18%) in its prediction of the Fano Factor (Figure 4.4 (C)), compared to
stochastic simulations. On the other hand, the ssCLE correctly predicts both noise statistics in
substrate concentration (Figures 4.4 (B-C)). Overall, these results validate our expectation, that
our approximation method accurately captures the stochasticity of the full reaction network,
making it a more reliable approximation of the chemical master equation compared to the

heuristic method.
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Figure 4.3: Steady-state probability distributions of the slow species molecule num-
bers. Stationary probability density of substrate numbers, as predicted by Gillespie stochastic
simulations (SSA), the heuristic CLE (hCLE) and the slow-scale CLE (ssCLE), across different
system sizes. The system size is represented by the total enzyme number, with values (A)
Ey =1, (B) Ey =5, (C) Ey = 10 and (D) Ey = 20. The SSA distribution corresponds to
relative frequencies of substrate states, obtained from a long stochastic trajectory of the full
Michaelis-Menten network (4.85).
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Figure 4.4: Comparison of steady-state mean and noise statistics of the slow species

abundance.

(A) Absolute relative error between the hCLE / ssCLE predictions and the

Gillespie simulation (SSA) predictions of the mean substrate concentration across system sizes.
(B-C) Predictions of the noise in substrate concentration across system sizes made by the SSA,
the hCLE and the ssCLE, measured by the coefficient of variation (CV) and the Fano Factor
(FF), respectively. In (C), the Fano factor is multiplied by the system size Ej to get a non-
dimensional measure of the concentration noise.
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4.4 Discussion

In this chapter, we developed a novel approximation method for stochastic reaction networks,
evolving under distinct fast and slow timescales. The method provides an effective and accurate
diffusion approximation of the chemical master equation, the slow-scale CLE, that governs
the dynamics of the slowly evolving sub-network. Our theory can be applied to obtain an
approximate stochastic description of any reaction network satisfying two minimal conditions:
(i) The slow sub-network involves species present in not very low abundances (in the order of
at least tens of molecules) and (ii) a clear partitioning can be imposed on the characteristic
timescales of the involved biochemical species. The timescale separation condition is satisfied
if the transients of the fast species decay over a short timescale, while the transients of the slow
species decay over a relatively longer timescale. In some cases, these decay rates are known from
experimental measurements of relevant biochemical processes, such as e.g. the characteristic

half-lives of mRNA and protein during gene expression [300, 321].

We demonstrated that our approximation method provides a faithful reduced representation of
stochastic reaction networks. The reduced CLE description is decoupled from explicit depen-
dence on fast variables, yet it captures contributions from all reactions of the original network.
The drift of the ssCLE captures contributions from fluctuations in the fast variables, includ-
ing effects from reactions that only change the fast sub-system. These drift terms are crucial
for accurately estimating the long-term average dynamics of the full stochastic system. Sim-
ilarly, the ssCLE diffusion captures stochastic effects induced by the entire set of reactions,
thereby reliably approximating the noise in the original system. In contrast, we showed that
the heuristic approximation, that utilises non-elementary propensities of the QSSA to form a
CLE for the slow sub-network, does not provide a reliable representation of stochastic reaction
networks. The heuristic CLE (hCLE) only explains noise induced by reactions changing the
slow species, neglecting stochastic effects induced by the eliminated fast sub-system. Therefore,
our approximation method provides a more reliable extension of the deterministic QSSA to the

CLE description of stochastic systems.

Several methods have proposed alternative stochastic versions of the QSSA, such as the stochas-
tic total QSSA (stQSSA) [322, 323 and the stochastic low-state QSSA (sIQSSA) [324], by

constructing alternative non-elementary reaction propensities. These approaches eliminate re-
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actions of the full network, leading to low-dimensional descriptions and enabling stochastic
simulations with reduced computational cost. However, the validity of these methods depends
on the architecture of the reaction network [322, 324]. Importantly, we have shown that, in
general, all reactions contribute to the noise of the slow sub-system. Therefore, eliminating
reactions can lead to inaccuracies in capturing the overall stochasticity of the original reaction
network. Furthermore, a few reduction methods have been developed specifically for the CLE
description of biochemical networks, that rely on separating the timescales of both reactions
and species [311, 312, 325]. Our approach generalises this condition by only assuming partition-
ing of the species’ timescales, making it more broadly applicable. Overall, our method provides

a versatile and improved alternative to existing multiscale stochastic reduction methods.

We demonstrated the efficiency of our method in approximating the Michaelis-Menten enzyme
kinetics network. We showed that the ssCLE accurately predicts the exact stationary probabil-
ity distribution and noise statistics of the slow species abundance across different system sizes,
as given by Gillespie simulations. We explored small system sizes of only a few tens of slow
species’ molecules, to larger sizes of up to a thousand molecules. Notably, the ssCLE remains
highly accurate in the small system size regime. On the other hand, the hCLE overestimates
the noise levels and fails to match the probability distributions in all cases, including the large
system size limit. This provides evidence that the corrections to the drift and diffusion of the
hCLE, as proposed by the ssCLE, are critical for approximating probability distributions of

stochastic reaction networks.

Our approach can be broadly applied to a variety of biochemical systems with heterogeneous
timescales, including gene regulatory networks. An application of particular interest is genetic
feedback loops, including positive and negative autoregulation [326, 327|, in which the tran-
scription of a gene is either activated or repressed by its own protein products. Autoregulatory
feedback loops are widespread mechanisms that suppress gene expression noise, ensuring stabil-
ity and contributing to the regulation of essential biological processes [328, 329]. As an example,
positive feedback mechanisms, involving cooperative protein binding at the gene promoter [327],
are known to create genetic switches where proteins are present in two stable steady states [330].
This bistability in protein levels is crucial for cellular decision making, as it can determine the
cell’s response to external signals or its commitment to a specific fate during differentiation

[331]. Another key example is negative autoregulation mechanisms, known to produce sus-
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tained transcriptional oscillations [332-334]. Oscillations underlie biological rhythms, such as
circadian clocks [335, 336], which are essential for cellular physiology [337]. Therefore, it would
be interesting to test our theory in bistable or oscillatory networks, as the CLE is better tool for

handling these systems compared to deterministic methods and the linear noise approximation

289, 334].

One limitation of our method is that it relies on a continuous approximation of the chemical
master equation. This poses a constraint in studying reaction networks in which the slow species
of interest are typically present in very low copy numbers [68]. Yet, the slow-scale CLE is more
well-suited than the slow-scale LNA [289] for approximating distributions in low copy-number
regimes [297]. A potential extension of our theory would be to derive a rigorous approximation
of the chemical master equation under timescale separation, which remains an open problem.
An additional limitation of our method is that it utilises the LNA to obtain tractable expressions
for the fast variable contributions. However, the LNA may provide poor estimations of the noise
in systems involving high-order reactions [297, 338]. This could compromise the accuracy of
the ssCLE in biochemical networks with highly non-linear reactions, where the slow species
interact with multiple fast species. Therefore, a potential extension of our framework would
be to introduce higher order terms of the system size expansion for approximating the fast

variables [278].

In summary, we demonstrated that the slow-scale chemical Langevin equation enables efficient
and accurate estimation of the statistics of stochastic reaction networks. Our method addresses
some of the constraints in modelling complex biochemical systems, by providing a tractable
alternative to the chemical master equation and reducing the computational cost associated
with stochastic simulations. Therefore, we anticipate the ssCLE to become a valuable tool for

stochastic analyses of biological systems.
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Chapter 5

Discussion

5.1 Summary of contributions

In this thesis, we have developed methodologies for data-driven mathematical modelling of
gene regulation. The contribution of this thesis is two-fold. First, it develops frameworks
that integrate stochastic modelling with Bayesian inference and machine learning to enable
the discovery of gene regulatory mechanisms from single-cell gene expression data. Second, it
introduces a novel model reduction method that enables efficient stochastic analysis of complex

biochemical systems, including gene regulatory networks.

The main contribution of Chapter 2 is a modelling framework that reveals global properties
of transcriptional regulation and its coupling to the cell cycle from time-resolved single-cell
data. The complexity and technical limitations characterising single-cell RNA sequencing pose
significant challenges for inferring mechanistic models of gene expression from data. Three key
aspects of our method allowed to tackle these challenges. First, we constructed a stochastic
model that exploits temporal information of cell cycle dynamics and RNA labelling to identify
various mechanisms underlying gene expression control. To infer these mechanisms from data,
we introduced a scalable Bayesian computation framework, that enabled efficient sampling of
the full posterior distribution over models and their parameters. Modelling technical noise
sources of sequencing data, enabled reliable parameter inference and model selection. This
methodology resulted in accurate genome-wide quantification of absolute burst frequency, burst

size and degradation rate throughout the cell cycle. Our inference revealed that most genes scale
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transcription rates with cell size and identified a wave-like pattern of transcriptional regulation
across the cell cycle. Finally, our stochastic model allowed us to disentangle technical and
biological variation in the data and quantify true sources of transcriptional noise. Our method
thus provides novel insights into the coordination of transcription with cell size and cell cycle

on a genome-wide scale.

The main contribution of Chapter 3 is a modelling framework for the mechanistic investigation
of gene-gene correlations in single-cell transcriptomics. Transcriptional covariation revealed by
single-cell data serves as a valuable tool for exploring genome-wide regulatory relationships.
While multiple noise sources are known to contribute to gene-gene covariation, limited em-
phasis is given in dissecting these sources to identify true gene regulation. To address this,
we built stochastic models of gene co-expression driven by different modes of regulatory in-
teraction, capturing distinct biological and technical noise contributions, and integrating cell
cycle progression and metabolic labelling timepoints. We employed a deep learning approach
that harnesses synthetic data generated from these models to uncover links between gene co-
expression patterns and underlying modes of regulation. Our framework predicts whether
observed gene co-expression statistics can be purely explained by cell cycle covariation and
technical noise, or whether they stem from direct gene interaction, or co-regulation, including
additional upstream noise. We demonstrated that dynamical gene-gene correlations provide
rich signatures for distinguishing these modes of regulation. Our analysis revealed that, while
cell cycle covariation and technical variability contribute significantly to observed gene-gene cor-
relations, most correlations are associated with co-regulation, indicative of additional extrinsic
noise present in the data. Additionally, we demonstrated that our model successfully recovers
known regulatory relationships. Our method thus provides a systematic approach for inter-
preting gene-gene covariation in single-cell data and highlights the potential of time-resolved

correlations for inferring gene regulatory interactions.

The main contribution of Chapter 4 is a method for approximating stochastic reaction net-
works that evolve under multiple timescales. Modelling complex biochemical networks through
the chemical master equation (CME) and the Gillespie stochastic simulation algorithm (SSA)
often presents analytical and computational challenges, hindering efficient stochastic analy-
sis. A common approach to mitigate these challenges is to exploit the timescale separation

property of biochemical systems to obtain low-dimensional models, that solely describe dynam-
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ics ocurring over long timescales and average-out the explicit dependence on short-timescale
dynamics. We introduced a novel stochastic model reduction tool, the slow-scale chemical
Langevin equation (ssCLE), that overcomes limitations of existing approximation methods and
is more broadly applicable. Many existing stochastic model reduction approaches utilise non-
elementary propensities, or heuristic propensities given by deterministic approximations, to
eliminate reactions and obtain coarse-grained networks [318, 324]. However, we showed that all
reactions of the original reaction network can contribute to the noise of the reduced system, and
hence these coarse-grained descriptions can fail to explain the stochasticity of the full network.
The ssCLE describes the exact dynamics of the sub-system of interest and the stochastic effects
from all reactions changing the eliminated sub-system, providing a faithful representation of
the original reaction network. Finally, we demonstrated that the ssCLE approximates accu-
rately the Michaelis-Menten enzyme catalysis network, a system of central interest for timescale
separation methods. Therefore, our approximation method provides a novel valuable tool for

stochastic modelling of biochemical reaction networks.

5.2 Conclusions and future directions

Gene expression is a highly complex, stochastic process, involving multiple regulatory steps
[2]. Elucidating this process necessitates comprehensive and efficient computational methods
that can extract rich information from biological data. Chapters 2 and 3 demonstrate that
methods synergising mechanistic models of stochastic gene expression with Bayesian inference
and machine learning, can effectively harness single-cell data and reveal mechanistic principles
of gene regulation. Mechanistic models can simulate regulatory processes that generate diverse
gene expression patterns, enabling analysis of their quantitative properties. Complex models
can be approximated and simplified, as we show in Chapter 4, to gain quantitative insights
more efficiently. Bayesian inference provides the means to explore the model space that best
represents the true underlying regulatory processes, given the data. Machine learning allows to
uncover links between generative processes and observed data, even when statistical inference
is impractical. Therefore, the methods developed in this thesis provide a powerful toolset for

extracting mechanisms of gene expression regulation from single-cell data.
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5.2.1 Inferring complex modes of gene regulation from time-resolved

transcriptomics

The findings and methodologies presented in this thesis open up new opportunities for in-
vestigating gene regulation through mechanistic modelling and single-cell data. We showed
that time-resolved single-cell transcriptomics offers rich signatures for identifying regulatory
mechanisms, bypassing limitations of conventional single-cell RNA sequencing. The framework
introduced in Chapter 2 can be broadly applied to study transcription dynamics using any
time-resolved transcriptomics protocol [129]. Of particular interest is the TEMPOmap protocol
reported in [191], that enriches single-cell transcriptomes with pulse-chase labelling timepoints,
cell cycle phases and spatial transcriptomic measurements, including nuclear and cytoplasmic
mRNA. Our framework can be used to infer complex models of transcription regulation that
also account for nuclear mRNA export. Additionally, applying our method to data reported in
[193], that integrates pulse labelling conditions with developmental timepoints, could provide

valuable insights into the role of transcriptional regulation in development.

The framework developed in Chapter 3, extended independent gene models to models of 2-
gene networks for exploring gene-pair regulatory relationships. An additional extension of this
framework that can help distinguish direct regulatory interaction from co-regulation, would be
to consider 3-gene network models. These models allow to investigate conditional correlations,
so that the covariation between two genes is conditioned on the expression of the third gene.
This enables testing all possible (co-)regulatory relationships within a 3-gene network. This
concept is related to Bayesian networks, that provide a framework for identifying causal inter-
actions from conditional dependencies [226, 339]. Time-resolved transcriptomics would allow to
quantify dynamic conditional correlations across labelling timepoints, which can provide rich
information. Additionally, incorporating RNA splicing information to explore (conditional)
correlations between unspliced mRNA of regulators and spliced mRNA of potential targets,

can offer additional temporal resolution [274, 340].

Motivated by the findings of Chapter 3, another important extension of our framework would
be to systematically model extrinsic noise that influences gene regulatory relationships globally.
Apart from variation in cellular states, global extrinsic noise could represent interactions of the

2-gene or 3-gene network with a larger regulatory network in which it is embedded. Stochastic
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model reduction methods, such as the method developed in Chapter 4, can prove very useful

for modelling extrinsic noise effects in these gene networks [341].

It can be argued that 2-gene and 3-gene networks remain simplistic models, considering that
genes operate within large regulatory networks [156]. Yet, the complexity and sparsity of single-
cell RNA sequencing data limit the statistical power required to identify complex networks
[245, 342]. The modelling frameworks presented here, provide a principled approach to test

this statistical power and the potential to infer complex regulatory interactions.

Furthermore, Chapters 2 and 3 demonstrated that modelling technical noise is critical for
reliable inference of regulatory mechanisms from single-cell data. Our modelling frameworks
account for technical variability caused by cell-specific transcript capture efficiency and gene-
specific metabolic labelling efficiency. However, additional technical noise factors associated
with sequencing protocols need to be considered [144, 148]. An important factor is gene length,
that is known to cause transcript detection biases and generate spurious gene-gene correlations
(248, 249]. In Chapter 2, we showed that gene labelling efficiency correlates with gene length,
indicating that gene-gene correlations between unlabelled and labelled mRNA may be impacted
by length biases. Therefore, future work involves developing a more detailed technical noise
model that controls for transcript detection biases through a gene- and cell-specific capture

efficiency.

5.2.2 Mechanistic modelling, Bayesian inference and machine learn-

ing for single-cell multi-omics

Advances in single-cell genomics technologies have enabled high-throughput profiling of cellular
modalities beyond single-cell RNA sequencing, including epigenomics and proteomics [343-345],
as well as spatial epigenomics and transcriptomics [346, 347]. Recently, simultaneous profiling
of multiple modalities in the same cell has been made possible with single-cell multi-omics
technologies [217, 348-351]. These technologies open new avenues for investigating complex
gene regulation in single cells with computational methods. The methodologies presented
in this thesis can provide valuable tools for interpretable analyses of single-cell multi-omics
data. As shown in Chapter 2, mechanistic stochastic models can naturally integrate multiple

modalities and experimental conditions, without requiring statistical integration [215, 352,
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to quantitatively explain multiple sources of heterogeneity [353]. A mechanistic modelling
approach for multi-omics has recently been proposed, integrating chromatin accessibility with
transcription dynamics [354]. Additionally, mathematical models provide a natural means
for studying single-cell dynamics across temporal and spatial dimensions revealed by these

technologies [216, 355].

To fully exploit the power and scale of single-cell multi-omics, mechanistic modelling must be
combined with efficient statistical inference and machine learning methods. As demonstrated in
Chapter 2, amortised Bayesian computation offers a highly scalable approach for approximating
the posterior over competing modelling hypotheses [103, 107]. Machine learning techniques offer
additional versatility, by approximating intractable models [97, 280], enhancing the performance
of simulation-based methods [108] and enabling efficient approximate Bayesian inference [103,
356-358]. In summary, the methodologies presented in this thesis promise to drive further

advances in computational methods for modelling gene regulation with single-cell genomics.
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