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Abstract

This thesis is concerned with coercive inequalities, such as the Logarithmic Sobolev and Poincaré

inequalities, for generators defined as the sum of squares of degenerate and non-commuting vector

fields of Hörmander type. In the setting of the Carnot group, we prove the Logarithmic Sobolev

inequality for measures as a function of the Carnot-Carathéodory distance, and we show it implies

the Talagrand transportation cost inequality. In the settings of the step-two Carnot group and the

Anisotropic Heisenberg group, we prove the Poincaré and the φ−Logarithmic Sobolev inequalities

for measures as a function of the fundamental solution of the sub-Laplacian. We then extend

our results to infinite dimensional Gibbs measures, with unbounded interaction potentials, on an

infinite product of Carnot groups.
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Chapter 1

Introduction

1.1 A Brief History

Poincaré inequalities first arose in 1890 in the work of Henri Poincaré [113], where he used them

to study partial differential equations of mathematical physics. In particular, he worked on the

Fourier problem for the heat equation. He studied the Laplace problem, on a bounded open convex

set Ω ∈ Rn with Neumann boundary conditions, for a sequence of eigenvalues kj and eigenfunctions

uj :

∆uj + kjuj = 0; j ≥ 1.

For smooth functions with mean zero, he used the following Poincaré inequality :

κ(Ω)

∫
Ω

f2dx ≤
∫

Ω

|∇f |2dx,

to provide a lower bound on the first non-trivial eigenvalue k2 ≥ κ(Ω) > 0, and to show that

kj → ∞. We note that the Poincaré constant, κ(Ω), depends on the diameter of the domain

Ω. This fact is especially important since it shows that the Poincaré inequality depends on the

geometry of the space that we are working on, and this will, in turn, make the study of such

inequalities in the setting of Carnot groups more difficult. Before we make this statement clearer

in the context of the PhD thesis, we recap other useful application of the Poincaré inequality.

In 1904, Adolf Hurwitz showed in [77] the connection between the Poincaré inequality and the

isoperimetric inequality on the plane. In fact, if we consider a simple closed smooth curve in the

plane, then the Poincaré inequality exactly translates to the isoperimetric inequality L2 ≥ 4πA,

where L is the arc length of the curve, and A is the area enclosed by the curve. Another useful

8



CHAPTER 1. INTRODUCTION 9

interpretation of the Poincaré constant is that it is used as a parameter to control the convergence

to equilibrium [50, 51]. Given a semigroup (Pt)t≥0 with infinitesimal generator L solving the heat

equation, under some conditions, we have the ergodic property that the semigroup converges to

an invariant stationary measure as t→∞. The Poincaré inequality in this situation describes the

L2 convergence to equilibrium at an exponential rate. This phenomenon is applied in the study of

Markov chains and Statistical mechanics.

A more powerful inequality, that implies the Poincaré inequality, is the dimension-free Log-

arithmic Sobolev inequality. This inequality has been useful in the infinite dimensional Wiener

analysis, convergence to equilibrium of kinetic equations and Markov chains, measure concentra-

tion, information theory, and optimal transport [2, 90, 110, 127]. Moreover, Grigori Perelman used

it in his study of the Ricci flow to solve the Millennium Prize Poincaré Conjecture [112].

The Poincaré and Logarithmic Sobolev inequalities belong to a wider class of functional in-

equalities called coercive inequalities. These are forcing inequalities which, when satisfied, “coerce”

the generator and associated semigroup to behave in a certain way.

In this thesis, we will be concerned with proving and applying coercive inequalities in the setting

of Carnot groups, whose tangent space at every point is spanned by a family of degenerate and

non-commuting vector fields of Hörmander type.

1.2 The Logarithmic Sobolev inequality

The Logarithmic Sobolev inequality was first considered in [58] and states that∫
Ω

f2 log

(
f2∫

Ω
f2dµ

)
dµ ≤ C

∫
Ω

|∇f |2dµ, (1.2.1)

where (Ω, µ) is a measure space, ∇ is the gradient, and C ≥ 0.
We note that the important Poincaré inequality

∫
Ω

(
f −

∫
Ω

fdµ

)2

dµ ≤ C̃
∫

Ω

|∇f |2dµ, (1.2.2)

can be obtained from the Logarithmic Sobolev inequality by simply replacing f by 1 + εf in

(1.2.1) and letting ε→ 0.

In [69], L. Gross proved that the Logarithmic Sobolev inequality (1.2.1) holds when µ is the

Gaussian measure on Ω = Rn, ∇ is the standard Euclidean gradient, and C = 2 is the optimal

constant.

He also showed in [69] that the Logarithmic Sobolev inequality is equivalent to hypercontractiv-
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ity1 . This is a smoothing property for the semigroup Pt = etL generated by a given non-positive

self-adjoint operator L on L2(µ) such that

(−Lf, f)L2(µ) =

∫
Rn
|∇f |2dµ.

L. Gross observed that the Logarithmic Sobolev inequality is uniform with respect to the di-

mension n. Hence, unlike the Sobolev inequality, it could be extended to infinite dimensions [69].

In fact, the Logarithmic Sobolev inequality enjoys the tensorisation property: if two measures µ1

and µ2 satisfy (1.2.1), then µ1⊗µ2 satisfies (1.2.1) with the same constant C. This property could

be extended to the infinite dimensional space ΩZd , where the product measure µΛ := µ⊗Λ satisfies

the inequality (1.2.1) with the same constant C for all Λ ⊂ Zd. A more interesting situation is

when the infinite dimensional measure is not a product measure. For instance, we are concerned

with Gibbs measures that have useful applications in studying models from quantum field theory

and statistical mechanics (see Section 1.6 of this chapter for more details).

Moreover, R. Holley and D. Stroock showed in [75] that the Logarithmic Sobolev inequality is

stable under bounded perturbations. This means that if a measure µ satisfies (1.2.1), then for a

strictly positive, normalised, and bounded density ρ, the perturbed measure µ̃ by ρ (defined as

dµ̃ = ρdµ) satisfies the Logarithmic Sobolev inequality with constant C̃ = Cesup(log ρ)−inf(log ρ).

A natural question was to extend the Logarithmic Sobolev inequality for a larger class of

probability measures defined on Riemannian manifolds. In [10], D. Bakry and M. Emery prove it

under a Curvature-Dimension condition, which highlights a deep link between coercive inequalities

and the geometry of the underlying space (see Section 1.4.1 and Section 1.4.2 of this chapter). In

this more general situation, the hypercontractivity of the associated semigroup and the inequality’s

uniformness in the dimension of space still holds true. In my thesis, I work in the setting of Carnot

groups, where the Curvature-Dimension condition fails because there is no bound on the curvature

of space (the Laplacian is of Hörmander type and has some degeneracy, see Section 1.4.3 of this

chapter). To bypass this geometric condition, an alternative method was developed in [72]. It

states that in order to obtain coercive inequalities, it is sufficient to prove the so-called “U−Bound”

inequalities, introduced in Section 1.4.5 of this chapter.
1Pt = etL is hypercontractive if for q(t) ≤ 1 + (q − 1)e2t and q > 1, the inequality ||Ptf ||q(t) ≤ ||f ||q holds for

all f ∈ Lq(µ).
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1.2.1 The q−Logarithmic Sobolev inequality

A generalisation of the inequality (1.2.1) is the following q−Logarithmic Sobolev inequality for

q ∈ (1, 2] ∫
Ω

|f |q log

(
|f |q∫

Ω
|f |qdµ

)
dµ ≤ C

∫
Ω

|∇f |qdµ, (1.2.3)

where (Ω, µ) is a measure space, ∇ is the gradient, and C ≥ 0. When q = 2, we get back the

inequality (1.2.1).

The inequality (1.2.3) was first obtained in [23] for probability measures on Ω = Rn with log-

concave densities of the form dµ =
e−|x|

p

Z
dx, where Z =

∫
Rn e

−|x|pdx is the normalisation constant.

In [24], S. Bobkov and B. Zegarliński showed that the q−Logarithmic Sobolev inequality (1.2.3)

with q ∈ (1, 2) sharpens the inequality with q = 2. They showed, under some weak conditions and

for q ∈ (1, 2), the ultracontractivity2 of the associated semigroup Pt. This contractivity property

is stronger than the hypercontractivity of the semigroup obtained for q = 2.

Moreover, S. Bobkov and B. Zegarliński proved in [24] that under a q−Logarithmic Sobolev

inequality (1.2.3) with q ∈ (1, 2), one gets a much stronger decay of tails estimate than the q = 2

case. They showed that if the inequality |∇f | ≤ M holds µ−almost everywhere for M > 0, then

we have

µ

{∣∣∣∣f − ∫
Ω

fdµ

∣∣∣∣ ≥ s} ≤ 2 exp

{
− (q − 1)p

MpCp−1
sp
}
,

for s > 0 and p the finite index conjugate of q i.e.
1

p
+

1

q
= 1. Notice that, for large s, this decay

of tails inequality is tighter for q ∈ (1, 2) than for q = 2.

1.2.2 Applications to the Isoperimetric inequality

The Logarithmic Sobolev inequality plays a key role in the study of isoperimetric problems, which

are concerned with controlling the volume of a given set in terms of its surface area.

Given a metric space (Ω, d) with a probability measure µ, the problem is to estimate the largest

isoperimetric profile Iµ : [0, 1]→ R+ such that

Iµ(µ(A)) ≤ µ+(A), (1.2.4)

for all measurable sets A where µ+(A)3 is the µ−surface area of A.

In [13], D. Bakry and M. Ledoux proved that, in a space with Ricci curvature bounded from
2Pt = etL is ultracontractive if ||Ptf ||∞ ≤ ||f ||p holds for all t ≥ 0 and p ∈ [1,∞).

3µ+(A) := lim
ε→0

µ(Aε)− µ(A)

ε
, where Aε := {x ∈ Ω : there exists y ∈ A such that d(x, y) < ε}.
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below, the Logarithmic Sobolev inequality is equivalent to the following isoperimetric inequality

CU(µ(A)) ≤ µ+(A), (1.2.5)

where U = Φ′ ◦ Φ−1 and Φ is the distribution function of the normal distribution on R. The

inequality (1.2.5) is important since it is connected to the isoperimetric inequality (1.2.4). In fact,

for the case where µ is the Gaussian measure, Iµ(µ(A)) = U(µ(A)) (see [30, 125]).

Another isoperimetric inequality, called Cheeger’s inequality

Cmin {µ(A), 1− µ(A)} ≤ µ+(A), (1.2.6)

implies the Poincaré inequality [45]. This inequality (1.2.6) is of interest since the isoperimetric

profile Iµ(µ(A)) = min {µ(A), 1− µ(A)} if µ is the exponential measure on the real line [126].

Later on, many works [18, 21, 22, 24, 107, 117] investigated the role of functional inequalities

in isoperimetry.

1.3 Φ−Entropy inequality

A generalisation of the Logarithmic Sobolev inequality is the following Φ−Entropy inequality,

which was first introduced in [47],

EntΦ
µ (f) :=

∫
Ω

Φ(f)dµ− Φ

(∫
Ω

fdµ

)
≤ C

∫
Ω

Φ′′(f)f(−Lf)dµ, (1.3.1)

where (Ω, µ) is a measure space, L is a non-positive self-adjoint Markov generator on L2(µ), and

Φ is a convex function.

In particular, if Φ : [0,∞) → R is given by Φ(x) = x log x, then (1.3.1) is the Logarithmic

Sobolev inequality. Moreover, if Φ(x) = x2, then (1.3.1) is the Poincaré inequality.

Under the additional conditions that Φ′′ > 0 and that − 1

Φ′′
is convex, [40, 41] showed that,

just like the Logarithmic Sobolev inequality, the Φ−Entropy inequality (1.3.1) is tensorisable and

is stable under bounded perturbations.

Many works [6, 8, 27, 28, 115, 78] have investigated the Φ−Entropy inequality. In particular,

the works [6, 27] have used the Φ−Entropy inequality to study the convergence to equilibrium of

Fokker-Planck-type equations.

We remark that the Φ−Entropy inequality is not always homogeneous, and it is of interest to
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study a similar homogeneous F−Sobolev inequality

∫
Ω

f2F (f2)dµ ≤ C1

∫
Ω

f(−Lf)dµ+ C2, (1.3.2)

where C1 and C2 are positive constants,
∫

Ω
f2dµ = 1, and F : [0,∞)→ [0,∞) with lim

x→∞
F (x) =∞.

Contractivity properties of F−Sobolev inequality (1.3.2), as well as its relation to the Φ−Entropy

inequality (1.3.1), were studied in [16].

The F−Sobolev inequality appears in many works [64, 131, 133, 134], and in particular in [131],

where F. Y. Wang studied its implications to the spectral properties of the generator −L. It is

known that the Poincaré inequality (1.2.2) is equivalent to the fact that the operator −L has a

gap at the bottom of its spectrum. Having the stronger F−Sobolev inequality (1.3.2), one can

conclude additional information about the nature of the spectrum. In fact, F. Y. Wang showed in

[131] that the F−Sobolev inequality (1.3.2) implies that the essential spectrum of −L is empty.

1.4 From Bakry-Émery Curvature-Dimension Condition to

U−Bounds

1.4.1 Curvature-Dimension Condition

In [10], D. Bakry and M. Emery extended the Logarithmic Sobolev inequality for a larger class of

probability measures defined on Riemannian manifolds under an important Curvature-Dimension

condition. Before stating this sufficient condition (yet not necessary condition- see [130, 132]) to

obtain the Logarithmic Sobolev inequality in this more general setting, we give a brief summary

of the framework (which is described in more detail in [4, 5, 8, 12]):

Consider a measure space (X,M, µ), and let E be a local and symmetric Dirichlet form with

dense domain D(E) ⊂ L2(X,µ). Let (Pt)t≥0 be the associated Markov semigroup on L2(X,µ) with

its generator LE4. Let A be a suitable algebra dense in the domain of LE . The Carré du champ

operator5 is a symmetric and bilinear form defined in the following way

Γ(f, g) :=
1

2
(LE(fg)− fLEg − gLEf) , f, g ∈ A. (1.4.1)

4An operator LE on L2(X,µ) is the generator of a Markov semigroup (Pt)t≥0 if LEf = limt→0
1
t
(Pt− I)f. Such

operators are characterised by the Hille-Yosida Theorem (see Theorem 1.7 of [70]).
5The Carré du champ operator is linked to the Dirichlet form E by E(f, g) =

∫
X

Γ(f, g)dµ, ∀ f, g ∈ A.
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Define the symmetric and bilinear form Γ2 as

Γ2(f, g) :=
1

2
(LEΓ(f, g)− Γ(f,LEg)− Γ(LEf, g)) , f, g ∈ A. (1.4.2)

Notice that Γ2(f, g) is just an iteration of Γ(f, g) in the sense that we apply Γ to every product

of two functions in (1.4.1). The important Curvature-Dimension condition, denoted as CD(ρ,∞),

states

Γ2(f, f) ≥ ρΓ(f, f), (1.4.3)

where ρ ∈ R (see [5, 7, 118] for more information about CD(ρ,∞)). Bakry and Emery proved in

[10] that, for ρ > 0, the Curvature-Dimension condition (1.4.3) implies the symmetric measure µ

satisfies the following generalised Logarithmic Sobolev inequality with constant
2

ρ
:

∫
X

f2 log
f2∫

X
f2dµ

dµ ≤ 2

ρ

∫
X

f(−LEf)dµ, ∀ f ∈ A, (1.4.4)

where it is additionally assumed that LE is a diffusion operator 6.

Moreover, they showed that under the same conditions, we equivalently have pointwise gradient

estimates for the Markov semigroup (see [8, 12] for relevant applications):

Γ(Ptf, Ptf) ≤ e−2ρtPt(Γ(f, f)), ∀ f ∈ A. (1.4.5)

1.4.2 Link between the Logarithmic Sobolev inequality and the geome-

try of the underlying space

So far, this Curvature-Dimension condition seems abstract, but the following example considered

in [91] will highlight a deep link between the Logarithmic Sobolev inequality (1.4.4), and similar

inequalities, and the geometry of the underlying space. This is also of special importance in this

thesis since we will be working in the setting of Carnot groups, where we will show that the

Curvature-Dimension condition (1.4.3) fails because of the geometry of the space. Hence, one of

the main purposes of the thesis is to bypass this condition and prove coercive inequalities despite

having no bound on the curvature of space. The example in [91] goes as follows:

Let (Md, g) be a smooth Riemannian manifold. Let U : Md → R be a smooth potential, and
6LE is a diffusion operator means that LEφ(f) = φ′(f)LEf + φ′′(f)Γ(f, f) for all f ∈ A and φ ∈ C2

b (R).
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consider the measure µ := e−UVolg. Take A =C∞c (Md), and for the standard gradient ∇, choose

E(f, g) =

∫
Md
〈∇f,∇g〉gdµ, ∀ f, g ∈ A.

Hence,

Γ(f, f) = |∇f |2g,

and LE = ∆g − 〈∇U,∇·〉g, where ∆g is the standard Laplace-Beltrami operator on M. Using the

Carré du champ operator Γ, the Riemannian distance dg on Md is recovered7. This indicates that

Γ carries the metric information of Md. Moreover, for f ∈ A,

Γ2(f, f) =
1

2
(LEΓ(f, f)− 2Γ(f,LEf))

= ||Hessgf ||2g + Ricg(∇f,∇f) + 〈HessgU ∇f,∇f〉g, (1.4.6)

where the last equality is due to Bochner’s formula. Provided that the quadratic form associated

to the tensor Ricg +HessgU is bounded below by ρg+
1

N − d
∇U ⊗∇U (where ρ ∈ R, and N > d),

the following N−Curvature-Dimension condition, CD(ρ,N), holds true:

Γ2(f, f) ≥ ρΓ(f, f) +
1

N
(LEf)2, ∀ f ∈ A.

Note that in order to obtain the Logarithmic Sobolev inequality and the gradient estimates for the

Markov semigroup, it is enough to consider the case N = ∞ (i.e. CD(ρ,∞) (1.4.3)). To satisfy

this condition, it is required that the quadratic form associated to the tensor Ricg + HessgU is

bounded below by ρg. The Logarithmic Sobolev inequality (1.4.4) , with constant
2

ρ
, in this case

is ∫
Md
f2 log

f2∫
Md f

2dµ
dµ ≤ 2

ρ

∫
Md
|∇f |2gdµ, ∀ f ∈ A.

The gradient estimates for the Markov semigroup (1.4.5) is now simply a commutation relation

between the semigroup Pt and the gradient ∇ :

|∇Ptf | ≤ e−ρtPt|∇f | ∀ f ∈ A.

Looking at the example described above, observe that in order for the Curvature-Dimension

condition to be satisfied, some control over the curvature of space is needed.
7The Riemannian distance dg on Md is given by the formula dg(x, y) = sup {φ(y)− φ(x) : φ ∈ A, Γ(φ, φ) ≤ 1} ,

for all x, y ∈ Md.
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For instance, if Md = Rd, the curvature of space is zero. Hence, to obtain the Logarithmic

Sobolev inequality, notice from (1.4.6) that the only requirement for the Curvature-Dimension

condition to hold is: the quadratic form associated to the tensor HessgU needs to be bounded

from below by a positive constant. This is achieved when the measure µ is log-concave, and it

encompasses the case of Gross’s Gaussian measure on Rd.

1.4.3 The Curvature-Dimension Condition fails for Carnot groups

In the setting of Carnot groups, there is no lower bound on the curvature of space since the

Laplacian is of Hörmander type and has some degeneracy. To make this point clearer, we recap

the considerations done in [9], where the authors start with the simplest example of the Carnot

group: the Heisenberg group H. It is a group isomorphic to R3, where the group operation is

defined by

(x, y, z) ◦ (x′, y′, z′) =

(
x+ x′, y + y′, z + z′ +

1

2
(xy′ − x′y)

)
,

with (x, y, z), (x′, y′, z′) ∈ H. The left-invariant vector fields on the Heisenberg group are given by

X = ∂x −
y

2
∂z

and

Y = ∂y +
x

2
∂z.

The sub-gradient in this setting is defined as ∇H := (X,Y ), and the self-adjoint operator for the

Haar measure on H (equivalent to the Lebesgue measure on R3) is:

L = X2 + Y 2 = ∂2
x + ∂2

y +
1

4
(x2 + y2)∂2

z + x∂2
y,z − y∂2

x,z.

L is not elliptic since the Hessian associated to it is degenerate. However, L is hypoelliptic in the

Hörmander sense, i.e. it satisfies Hörmander’s condition: X, Y, and the commutator of X and Y,

[X,Y ], span the tangent space of H at every point. In fact,

Z := [X,Y ] = ∂z, and [X,Z] = [Y, Z] = 0.
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According to [121], if there is a uniqueness of solution in the space of square integrable functions

for the following Cauchy problem 
∂tu = Lu

u|t=0 = f,

then the solution of the heat equation will be given by u = Ptf. Hypoellipticity means that this

heat semigroup (Pt)t≥0 = (etL)t≥0 admits a smooth density with respect to the Lebesgue measure

on R3. In other words,

Ptf(x) =

∫
f(xy)pt(y)dy,

where the heat kernel pt is a smooth function. The computation of Γ(f, f) (1.4.1) and Γ2(f, f)

(1.4.2) is as follows:

Γ(f, f) = |∇Hf |2 = X(f)2 + Y (f)2,

and

Γ2(f, f) = X2(f)2 + Y 2(f)2 +
1

2
(XY + Y X)(f)2 +

1

2
(Zf)2 + 2

(
XZ(f)Y (f)− Y Z(f)X(f)

)
.

The Curvature-Dimension condition (1.4.3) fails due the presence of XZ(f) and Y Z(f) in the

above equation. In other words, the Bakry-Emery Ricci tensor is −∞ everywhere. In fact, the

Ricci tensor associated to the elliptic operator X2 + Y 2 + εZ2 is


− 1

2ε 0 0

0 − 1
2ε 0

0 0 1
2ε2

 .

To get a lower bound on Γ2, a lower bound of the Ricci tensor associated to the hypoelliptic

operator L = X2 + Y 2 is needed. Therefore, taking the limit ε→ 0, observe that the lower bound

of the Ricci tensor of L is −∞ everywhere. In other words, there is no constant ρ such that

CD(ρ,∞) holds true.

1.4.4 Important estimates, despite no Curvature-Dimension Condition

on Carnot groups

Despite having the Curvature-Dimension condition fail in the setting of the Heisenberg group,

other methods have been successful in proving gradient estimates and coercive inequalities. Using

the group structure of the Heisenberg group and probabilistic methods from Malliavin calculus,
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B. Driver and T. Melcher prove in [55] a commutation relation between the semigroup Pt and the

sub-gradient ∇H :

|∇HPtf |p(h) ≤ CpPt|∇Hf |p(h), (1.4.7)

for h ∈ H, all smooth functions f, and p > 1 (notice that the important case p = 1 is not covered

by this approach). Here, Cp is the smallest finite positive constant. T. Melcher extended this result

[106] to the setting of the Carnot group G :

|∇GPtf |p(h) ≤ CpPt|∇Gf |p(h),

where now the sub-gradient is ∇G := (X1, ..., Xk), such that {Xi}ki=1 are the generators of the Lie

algebra of G. The above gradient bounds directly imply a Poincaré inequality for Pt :

Pt(f
2)− (Ptf)2 = 2

∫ t

0

Ps(|∇GPt−sf |2)ds ≤ 2tC2Pt|∇Gf |2,

as well as a reverse Poincaré inequality, which is useful for regularisation properties. A more

important estimate is for the case when p = 1 in (1.4.7) since it would imply, in addition to the

Poincaré inequality, Bobkov-type isoperimetric inequalities ([9, 13, 18]), Cheeger type inequalities

([9, 45, 101]), and the following Logarithmic Sobolev inequality for Pt :

Pt

(
f2 log

f2

Ptf2

)
≤ C2

1 tPt|∇Hf |2.

We note that the approach by B. Driver and T. Melcher does not include this important case p = 1.

However, H. Q. Li successfully proves that in [91] using a different approach based on heat kernel

estimates. More precisely, the key ingredients he uses are the following necessary estimates on the

heat kernel pt for t = 1 :

1

L1

e−
d2(x)

4√
1 + |x|d(x)

≤ p1(x) ≤ L1
e−

d2(x)
4√

1 + |x|d(x)
,

and

|∇Hp1(x)| ≤ L2d(x)p1(x),

for some constants L1 > 1, L2 > 1, x ∈ H, and d(x) the Carnot-Carathéodory distance, which is a

natural sub-Riemannian distance function that will be defined in Section 1.7.1 of the Introduction.

Using those estimates, the authors of [9, 80] simplified H. Q. Li’s proof. Moreover, N. Eldredge

extended the result for p = 1 to the setting of the more general Heisenberg-type groups [57]. His
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proof also relied on those precise heat kernel estimates that he provided in this setting [56].
It is worth mentioning that in the setting of nilpotent Lie groups, heat kernel estimates were

studied in [46, 65, 93, 95, 96, 97, 98, 129] to get a variety of coercive inequalities. We also note the
following works [43, 44] that investigated coercive inequalities on Carnot groups.

1.4.5 The U−Bound Method

In [72], W. Hebisch and B. Zegarliński develop a method of studying coercive inequalities on

general metric spaces that does not require a bound on the curvature of space. Working on a

general metric space equipped with non-commuting vector fields {X1, . . . , Xn}, their method is

based on U−bounds, where U stands for the potential. Those are inequalities of the form:

∫
fqU (d) dµ ≤ C

∫
|∇f |qdµ+D

∫
fqdµ (1.4.8)

where dµ =
e−U(d)

Z
dλ is a probability measure, U(d) and U (d) are functions having a suitable

growth at infinity, Z is the normalisation constant, λ is a natural measure like the Lebesgue

measure for instance (which is the Haar measure for nilpotent Lie groups), d is a metric related to

the gradient ∇ = (X1, . . . , Xn) , and q ∈ (1,∞) .

A detailed explanation of the main results of [72] is given in Section 2.1.2 of Chapter 2. The

idea in broad terms is: to prove coercive inequalities like the Poincaré and the Logarithmic-Sobolev

inequalities, it boils down to proving the sufficient U−bound inequality of the form (1.4.8). In this

thesis, we prove the U−Bound inequality for measures as a function of the fundamental solution

of the sub-Laplacian in the setting of step-two Carnot groups (Chapter 3) and the Anisotropic

Heisenberg group (Chapter 4). The method that we develop in this thesis could be also adapted

to other settings as well, such as the Filiform groups (considered in [42] and references therein).

1.5 Relation between the Logarithmic-Sobolev inequality and

the Talagrand’s Transportation Cost Inequality

In the setting of manifolds under D. Bakry and M. Emery’s Curvature-Dimension condition, F.

Otto and C. Villani showed in their celebrated paper [110] that the Logarithmic Sobolev inequality

implies the Talagrand transportation cost inequality. Their proof relied on PDE’s methods and

Otto calculus in Wasserstein space [109]. The Talagrand transportation cost inequality was first

introduced in 1996 by M. Talagrand [127]. His inequality bounds the optimal transport cost
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in the sense of Monge-Kantorovich, Tw(µ, ν), by the relative entropy functional, Entν

(
dµ
dν

)
:=∫

dµ
dν log

(
dµ
dν

)
dν, in the following way:

Tw(µ, ν) ≤ 2Entν

(
dµ

dν

)
, (1.5.1)

where µ a measure on RN absolutely continuous with respect to the Gaussian measure ν, and

w(x, y) =

N∑
i=1

(xi − yi)2 is the cost of moving a unit mass from position x to position y. The

transportation cost, Tw(µ, ν), measures how much effort is required to transport a mass distributed

according to µ to a mass distributed according to ν, relatively to the cost function w :

Tw(µ, ν) = inf
π∈Π(µ,ν)

∫
RN×RN

w(x, y)dπ(x, y), (1.5.2)

where Π(µ, ν) is the set of probability measures on RN × RN with µ the first marginal and ν the

second marginal8. M. Talagrand showed how the Talagrand transportation cost inequality (4.1.6)

implies the concentration of measure phenomenon, and his approach was motivated by the work

of K. Marton [104, 105]. Later on, many works [5, 19, 20, 66, 67, 89, 90, 110] studied links between

the Logarithmic Sobolev inequality, the Talagrand inequality, and the concentration of measure

phenomenon, which is one of the main tools in probability theory, statistical mechanics, quantum

information theory, stochastic dynamics, etc.

We are interested in showing that the Logarithmic Sobolev inequality implies the Talagrand

inequality in the setting of Carnot groups. As mentioned in Section 1.4.3 of this chapter, D. Bakry

and M. Emery’s Curvature-Dimension condition does not hold, so we cannot apply the method by

F. Otto and C. Villani [110].

In Chapter 2, in the setting of Carnot groups, we are first interested in proving the q−Logarithmic

Sobolev inequality (see [23, 24] and Section 1.2.1 of the Introduction) for q ∈ (1,∞),

∫
fq log

fq∫
fqdµ

dµ ≤ c
∫
|∇f |qdµ, (1.5.3)

for measures of the form dµ =
e−U(d)

Z
dλ . U(d) is a function having a suitable growth at infinity,

λ is a natural measure like the Lebesgue measure for instance, Z is the normalisation constant,

and d is a metric related to the sub-gradient ∇ = (X1, . . . , Xn) , where X ′is are the generators of

the group’s Lie algebra.

In [72], W. Hebisch and B. Zegarliński proved the q−Logarithmic Sobolev inequality for the

8For all bounded functions f and g on RN ,
∫
RN×RN

(f(ω) + g(ω′))dπ(ω, ω′) =
∫
RN fdµ+

∫
RN gdν.
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measure dµ =
e−αd

p

Z
dλ, where p is the finite index conjugate of q and α > 0. In Chapter 2, we

enlarge the class of measures that satisfy the q−logarithmic Sobolev inequality to include measures

of the form dµ =
e−U(d)

Z
dλ, under some growth conditions for U(d), and get examples such as

U(d) = (d + 1)p log(d + 1) and U(d) = sinh(d). The metric d can be thought of as a natural

sub-Riemannian distance, like the Carnot-Carathéodory distance, introduced in Section 1.7.1 of

this chapter. We note that those results do not apply for measures as a function of homogeneous

norm “N ”, like the ones discussed in Chapter 3 and Chapter 4. In fact, it was proved in [72] that it

is impossible to have a Logarithmic Sobolev inequality for measures as a function of homogeneous

norms. Even though d and “N ” are equivalent, their behavior around the “z−axis” are completely

different, and so the approach to prove coercive inequalities is completely different. This point will

be explained in more detail in Section 1.7.2 of the Introduction and in Section 2.1.1 of Chapter 2.

The goal is to apply the q−Logarithmic Sobolev inequality to get hypercontractivity9 and to

obtain the p−Talagrand inequality on (X, d, µ) with a constant K :

Wp(µ, ν)p ≤ 1

K
Entν

(
dµ

dν

)
, (1.5.4)

with p finite index conjugate of q, and µ is a probability measure absolutely continuous with respect

to ν. (In Chapter 2, we prove that for X = G, the Carnot group, and d the Carnot-Carathéodory

distance.)

The p−Wasserstein distance (a generalisation of the above Talagrand’s transportation cost

(1.5.2)) between two probability measures on X is defined as

Wp(µ, ν)p = inf
π∈Π(µ,ν)

∫
X×X

d(x, y)pdπ(x, y),

where Π(µ, ν) is the set of probability measures on X × X with µ the first marginal and ν the

second marginal. In contrast with the definition (1.5.2) , the cost of moving a unit mass from

position x to position y is now measured by d(x, y). We note that for p = 2, (4.1.6) is a special

case of (4.1.8).

The p−Talagrand inequality was introduced by Z.M. Balogh et al. in [15] who proved that

it was implied by the q−Logarithmic Sobolev inequality for p the finite index conjugate of q;

their work generalises the result by J. Lott and C. Villani [94] who proved the implication for the

quadratic case p = q = 2. J. Lott and C. Villani [94] used the Hamilton-Jacobi infimum convolution

operator under the assumption where the space (X, d, µ) supports local Poincaré inequality and the

9A semigroup, Qt, is hypercontractive if ||eQtf ||a+ρt ≤||ef ||a, for every bounded measurable function f on Rn,
t ≥ 0, a ∈ R, and ||.||p the Lp−norm with respect to µ.
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measure µ is a doubling measure 10. This idea of using the Hamilton-Jacobi infimum convolution

operator was first used by S. Bobkov et al. in [19] who explored the equivalence between the

Logarithmic Sobolev inequality with a constant ρ in Rn and hypercontractivity of the quadratic

Hamilton-Jacobi semigroup.

In the setting of the Heisenberg group H, Z.M. Balogh et al. in [15] used W. Hebisch and B.

Zegarliński’s [72] q−Logarithmic Sobolev inequality for the measure dµ =
e−αd

p

Z
dλ, where d is the

Carnot-Carathéodory distance, to obtain the p−Talagrand inequality. To prove the above implica-

tion, Z.M. Balogh et al. observed that by Pansu’s differentiability theorem [68], for Lipschitz contin-

uous functions f : H→ R, the norm of the sub-Riemannian gradient |∇f(x)| =

(
N∑
i=1

|Xif |2
) 1

2

used

in [72] coincides with the metric sub-gradient in [15] for µp almost every x for which |∇f(x)| > 0.

In Chapter 2, we adapt Z.M. Balogh et al.’s Theorem 4.1 [15] to get the p−Talagrand inequality,

and we adapt S. Bobkov et al.’s Theorem 2.1 in [19] to get hypercontractivity. However, instead, we

use the Hamilton-Jacobi equation in the setting of Carnot groups by F. Dragoni [54]. This allows us

to use the sub-gradient, and to show that, in the setting of Carnot groups, the Logarithmic Sobolev

inequality for various probability measures implies the Talagrand inequality and hypercontractivity.

We note that, in contrast with Z.M. Balogh et al.’s Theorem 4.1 [15], we do not require the

probability measures to be doubling in the proofs.

1.6 Coercive Inequalities for Infinite-Dimensional Gibbs Mea-

sures

Studying the dynamics of particles on an infinitely large integer lattice has been a subject of interest

since it models real-world situations such as phase transitions, neural networks, and spread of

infection [92]. On those systems, we have dynamics and PDEs that we would like to study. Hence,

it is essential to use some estimates i.e. coercive inequalities (like the Poincaré and Logarithmic

Sobolev inequalities) that the Gibbs measures satisfy.

The studied system is an infinitely large integer lattice, and each point is a particle assigned

with a random variable (see [25, 26, 60, 73, 74, 111, 139, 140, 141, 143, 144] for various setups). The

configuration space considered is given by MZd , where M is a manifold and Zd is a d−dimensional

integer lattice. We restrict the dynamics inside any compact setting Λ ⊂ Zd, with the potential,

UωΛ , depending on the phase, the interaction between neighbors, the boundary conditions ω ∈MΛc ,

and some parameters like the temperature and the magnetic field. The local Gibbs measure, EωΛ ,
10µ is doubling if the measure of any open ball is positive and finite and there exists a constant cd ≥ 1 such that

for all x ∈ X and r > 0, µ(B(x, 2r)) ≤ cdµ(B(x, r)).
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associated to the potential on Λ, has a probability density that shows how likely the restricted sub-

system in Λ will have an energy UωΛ . Typically, it is the conditional expectation E
ω
Λ :=

1

ZωΛ
e−U

ω
Λ dxΛ,

where ZωΛ is the normalisation constant. The local Gibbs measures represent the evolution of an

interacting particle system converging to a global Gibbs state ν on Ω. The existence of the global

Gibbs measure can be shown under some mild hypotheses and satisfies the Dobrushin-Landford-

Ruelle (DLR) condition [52, 87]:

νEωΛ = ν, (1.6.1)

for all compact Λ ⊂ Zd.

M. Aizenmann and R. Holley in [3] studied the question of ergodicity of the system and the

rate of convergence to equilibrium. In fact, they proved exponential rate of convergence in the

uniform norm for stochastic Ising models with attractive interactions and under conditions which

are stronger than Dobrushin’s uniqueness condition for (1.6.1) in [52]. M. Aizenmann and R. Hol-

ley’s conditions, however, were too strong to study other meaningful models, so another approach

was needed. In order to deduce uniform ergodicity, this new approach boils down to proving the

Logarithmic Sobolev inequality for the Gibbs measure. This method was first done by R. Holley

and D. Stroock who used the Logarithmic Sobolev inequality to study the rate of convergence to

equilibrium of Ising models with compact spin states ([75, 76]). In addition, D. Stroock and B.

Zegarliński showed, for finite range lattice gases with a finite spin space, the equivalence of the

Logarithmic Sobolev inequality to the Dobrushin-Shlosman mixing condition: which implies the

uniqueness of the Gibbs state and its analytic dependence on the perturbation parameter [123].

Those works motivated to study the question of what classes of non-product Gibbs measures in

infinite dimensions satisfy the Logarithmic Sobolev inequality and in which settings are they sat-

isfied.

In [39], E. Carlen and D. Stroock were the first to apply Bakry-Emery Curvature-Dimension

condition ([10]) to prove the Logarithmic Sobolev inequality for non-product and non-Gaussian

measures in an infinite dimensional setting. They were able to obtain it on M = Sd, a unit sphere

with dimension d ≥ 2, at high temperatures. Afterwards, B. Zegarliński showed in [143], by using

the structure of the Gibbs measures, a Sobolev inequality for short-range interactions on M = S.

The theory was later extended to spin systems on compact spaces [99, 102, 103, 123, 124, 142] and

non-compact systems with unbounded interactions [25, 26, 60, 73, 74, 111, 139, 140, 141, 144].

The primary interest in Chapter 5 of the thesis, is to prove the existence of coercive inequalities

in infinite dimensions for different measures in the setting of a product space of nilpotent Lie groups,

whose tangent space at every point is spanned by a family of degenerate and non-commuting vector
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fields {Xi, i ∈ R, 1 < |R| <∞}, where |R| is the cardinality of the index set R. The standard

Euclidean gradient and Laplacian are now replaced by the sub-gradient and sub-Laplacian which

depend on X ′is, the generators of the corresponding Lie algebra. Before passing to an infinite

dimensional setting, proving single-site coercive inequalities is needed. However, in the setting

of nilpotent Lie groups, since the sub-Laplacian is of Hörmander type and has some degeneracy,

D. Bakry and M. Emery’s Curvature-Dimension condition in [10] will no longer hold true (see

Section 1.4.3 of the Introduction for a more detailed explanation). In [72], a “U−Bound” method

of studying coercive inequalities on general metric spaces that does not require a bound on the

curvature of space was developed. In Chapter 3 and Chapter 4, we prove the U−Bound inequalities

for measures as a function of various homogeneous norms in the setting of step-two Carnot groups

and the Anisotropic Heisenberg group. Those U−Bound inequalities turn out to play a key role in

the passage to infinite dimensions for the settings we consider.

In [100], P. Ługiewicz and B. Zegarliński show, under some conditions, infinite dimensional

Logarithmic Sobolev inequality in the case where M is a compact manifold without boundary

equipped with the above Xi’s. J. Inglis and I. Papageorgiou ([82]) considered the case where M

is a non-compact spin space (mainly M = H, the Heisenberg group), and for at most quadratic

interaction potentials. For interactions that are stronger than quadratic, see references [111, 81].

In Chapter 5 of the thesis, one aim is to show that certain infinite dimensional Gibbs measures

with unbounded interaction potentials, greater than quadratic, as a function of homogeneous norms

(such as the Kaplan norm for the Heisenberg group and the Anisotropic Heisenberg group) on an

infinite product of Carnot groups satisfy the Poincaré inequality. So far, the passage to infinite

dimensions in the setting of Nilpotent Lie groups required the condition |∇d| ≥ c outside the unit

ball ([81, 82, 86]), which is not true for homogeneous norms. The known methods use the single

site Poincaré inequality to pass to the global Poincaré inequality. To get results for measures

as function of homogeneous norms, the key is to use the U−Bound inequalities (Chapter 3 and

Chapter 4) to get a weak U−bound. Coupled with a weak single-site Poincaré inequality, we

are able to pass to the infinite dimensional setting. Our result strongly generalises known results

[81, 82, 86, 111] and provides a vast scope of applications in the setting of Carnot groups.
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1.7 Setting

1.7.1 The Carnot Group and the Carnot-Carathéodory distance

Carnot groups are geodesic metric spaces that appear in many mathematical contexts like harmonic

analysis in the study of hypoelliptic differential operators ([38, 121]) and in geometric measure

theory (see extensive reference list in the survey paper [88]). The following series of definitions are

from [29]:

Definition 1. We say that a Lie group on RN , G =(RN , ◦) is a (homogeneous) Carnot group if

the following properties hold:

(C.1) RN can be split as RN = RN1 × ...× RNr , and the dilation δλ : RN → RN

δλ(x) = δλ(x(1), ..., x(r)) = (λx(1), λ2x(2), ..., λrx(r)), x(i) ∈ RNi ,

is an automorphism of the group G for every λ > 0. Then (RN , ◦, δλ) is a homogeneous Lie group

on RN . Moreover, the following condition holds:

(C.2) If N1 is as above, let Z1, ..., ZN1 be the left invariant vector fields on G such that Zj(0) =

∂/∂xj |0 for j = 1, ..., N1. Then

rank(Lie{Z1, ..., ZN1
}(x)) = N ∀x ∈ RN .

If (C.1) and (C.2) are satisfied, we shall say that the triple G = (RN , ◦, δλ) is a homogeneous Carnot

group. We also say that G has step r and N1 generators. The homogeneous dimension of G is

denoted by Q :=

r∑
i=1

iNi. The vector fields Z1, ..., ZN1
will be called the (Jacobian) generators of G.

The importance of the differential operators Z1, ..., ZN1
is that they allow us to define a differ-

ential calculus analogous to that on RN , while taking into account the group structure of G. For

instance, we may define a metric on G by considering horizontal curves whose derivative belongs

to the sub-bundle spanned by Z1, ..., ZN1
:

Definition 2. We say that a Lipschitz curve γ : [0, 1]→ G is horizontal if there exist measurable

functions a1, . . . , aN1
: [0, 1]→ R such that

γ′ (t) =

N1∑
i=1

ai (t)Zi (γ (t))
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for almost all t ∈ [0, 1] i.e. γ′ (t) ∈ Span {Z1 (γ (t)) , . . . , ZN1
(γ (t))} almost everywhere. For such

a horizontal curve γ, we define the length of γ to be

|γ| :=
∫ 1

0

(
N1∑
i=1

a2
i (t)

) 1
2

dt.

Carnot groups portray fractal behavior since the only curves of finite length on such metric

spaces are the horizontal curves. It turns out on G we can always connect two points x, y ∈ G by

a horizontal curve using W. Chow’s theorem (see Chapter 19 of [29]) . We may then define the

Carnot-Carathéodory distance d as the minimum length of a curve which connects two points in

unit time, and which can “only travel in the directions” of Z1, ..., ZN1 :

Definition 3. The Carnot-Carathéodory distance (alternatively called the control distance) be-

tween two points x and y is defined by

d (x, y) = inf {|γ| such that γ : [0, 1]→ G is horizontal and γ (0) = x, γ (1) = y} .

The Carnot-Carathéodory distance endowsG with geodesics that are different from the geodesics

of RN . In particular, we consider the simplest example of the Carnot group: the Heisenberg group

H which isomorphic to R3 (see the definition in Section 1.4.3). The geodesics of R3 are straight

lines, yet the geodesics of H with respect to d are helices [71].

Moreover, the vector fields Z1, ..., ZN1 allow us to define an analogue of the Euclidean gradient

∇euc = (∂x1 , ..., ∂xN ) and the Euclidean Laplacian ∆euc =

N∑
i=1

∂2
xi in the following way:

Definition 4. The vector valued operator ∇ := (Z1, Z2, ..., ZN1) is called the sub-gradient on G,

and ∆ =

N1∑
i=1

Z2
i is called the sub-Laplacian on G.

It can be shown (proof found in [79]) that d is associated to the sub-gradient through:

|∇f (x) | = limsup
d(x,y)→0

|f (x)− f (y) |
d (x, y)

.
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Moreover, the metric d also induces a homogeneous norm on G by defining d(x) as the distance

between x ∈ G and the origin

d(x) := d(x, 0).

In fact, d satisfies the triangle inequality defined with the group law i.e.

d(x ◦ y) ≤ d(x) + d(y),

and d is positively homogeneous with respect to the dilations in (C.1) i.e.

d(δλ(x)) = λd(x).

The Carnot Carathéodory distance also shares an important property with the Euclidean norm:

it satisfies the eikonal equation away from the centre {(0, x(2), ..., x(r)) : (x(2), ..., x(r)) ∈ RN2× ...×

RNr} ⊂ G.

The metric d satisfies

|∇d(x(1), ..., x(r))| = 1 (1.7.1)

for all x(1) 6= 0 (see [108] and Proposition 3.2.16 of [79]). Moreover, there exists a constant

K ∈ (0,∞) such that

∆d ≤ K

d
(1.7.2)

(see [24] and Proposition 3.2.17 of [79]).

The Carnot-Carathéodory distance thus seems to be the most natural choice of homogeneous

norm on G that is analogous to the Euclidean norm. However, it differs from the Euclidean norm;

for example, the isoperimetric problem in the Heisenberg group H is not optimised by d−balls

[108].

Another natural homogeneous norm is the Kaplan norm, which is expressed as the fundamen-

tal solution of the sub-Laplacian raised to a certain exponent. This homogeneous norm will be

introduced in the next section, and its difference from the Carnot-Carathéodory distance will be

highlighted.
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1.7.2 The Step-Two Carnot Group, the Heisenberg-type group, and the

Kaplan Norm

The step-two Carnot group G (i.e. when r = 2 in the Definition 1 in Section 1.7.1) is a group

isomorphic to Rn+m with the group law

(x, z) ◦ (x′, z′) =

(
xi + x′i, zj + z′j +

1

2
〈Λ(j)x, x′〉

)
i=1,..,n;j=1,..,m

for x, x′ ∈ Rn, z, z′ ∈ Rm, where the matrices Λ(j) are n × n skew-symmetric and linearly

independent and 〈., .〉 stands for the inner product on Rn. One can verify that (Rn+m, ◦) is a Lie

group whose identity is the origin and where the inverse is given by (x, z)−1 = −(x, z).

The dilation

δλ : Rn+m → Rn+m, δλ(x, z) = (λx, λ2z)

is an automorphism of (Rn+m, ◦) for any λ > 0. Then, G = (Rn+m, ◦, δλ) is a homogeneous Lie

group with homogeneous dimension Q := n+ 2m.

The Jacobian matrix at (0, 0) of the left translation τ(x,z) i.e the map

(x′, z′)→ τ(x,z)(x
′, z′) := (x, z) ◦ (x′, z′)

for fixed (x, z) ∈ G, takes the following form

Jτ(x,z)(0, 0) =



In 0n×m

1

2

n∑
l=1

Λ
(1)
1l xl · · · 1

2

∑n
l=1 Λ

(1)
nl xl

... · · ·
... Im

1
2

∑n
l=1 Λ

(m)
1l xl · · · 1

2

∑n
l=1 Λ

(m)
nl xl


.

Then, the Jacobian basis of g, the Lie algebra of G, is given by

Xi =
∂

∂xi
+

1

2

m∑
k=1

n∑
l=1

Λ
(k)
il xl

∂

∂zk
and Zj =

∂

∂zj
,

for i ∈ {1, . . . , n} and j ∈ {1, . . . ,m} .

Let∇ := (Xi)i=1,..,n and ∆ :=
∑

i=1,..,n

X2
i denote the associated sub-gradient and sub-Laplacian,

respectively.

The Heisenberg-type group H̃ is an example of the step-two Carnot group G. In fact, if we have
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the two additional conditions

• Λ(j) are orthogonal matrices

• Λ(i)Λ(j) = −Λ(j)Λ(i) for every i, j ∈ {1, ..,m} with i 6= j,

then we are in the setting of the Heisenberg-type group H̃ isomorphic to Rn+m. (Notice that if

n = 2 and m = 1, we get back the Heisenberg group H introduced in Section 1.4.3.) The Kaplan

distance was discovered on general Heisenberg-type groups in [84] by A. Kaplan, who extended the

work of G.B. Folland [59] on the Heisenberg group. Namely, Ñ : H̃→ [0,∞) is given by

Ñ(x, z) = (|x|4 + 16|z|2)
1
2 , for (x, z) ∈ Rn × Rm,

where |x| =

(
n∑
i=1

x2
i

) 1
2

and |z| =

(
m∑
i=1

z2
i

) 1
2

.

Ñ appears as a fundamental solution to the sub-Laplacian; in other words,

∆Ñ(x, z)2−Q = 0 in H̃\{0}.

The Kaplan norm Ñ and the Carnot-Carathéodory distance d are topologically equivalent, i.e.

there exists a constant D > 0 such that

D−1d ≤ Ñ ≤ Dd,

yet they exhibit different analytic behaviour. For instance, d is smooth away from the centre

{(0, z) : z ∈ Rm} ⊂ H̃, while Ñ is smooth everywhere except at zero. Moreover, d satisfies the

eikonal equation (1.7.1) |∇d(x, z)| = 1, whereas for N one has

|∇Ñ(x, z)| = |x|
Ñ
, (1.7.3)

and in particular |∇Ñ(x, z)| can be arbitrarily small. Moreover, since Ñ2−Q is the fundamental

solution to the sub-Laplacian, we have the following relation

∆Ñ(x, z) = (Q− 1)
|∇Ñ(x, z)|2

Ñ
= (Q− 1)

|x|2

Ñ3
. (1.7.4)

The proofs of these equations (1.7.3) and (1.7.4) can be found in Proposition 3.2.16. and Proposi-

tion 3.2.17 of [79], respectively.

In the setting of the more general step-two Carnot Group G, we are motivated by the Kaplan
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norm; hence, we consider a generalisation of the Kaplan norm:

N(x, z) :=
(
|x|4 + a|z|2

) 1
4 ,

with a ∈ (0,∞).

We have the following estimates of the sub-gradient and sub-Laplacian:

Lemma. There exist constants A,C ∈ (0,∞)

A
|x|2

N2
≤ |∇N |2 ≤ C |x|

2

N2
(1.7.5)

and there exists a constant B ∈ (0,∞) such that

|∆N | ≤ B |x|
2

N3
(1.7.6)

The proof of this lemma can be found in Section 7.1 of the Appendix 7.

1.7.3 The Anisotropic Heisenberg group

The Carnot group G is said to be polarizable if N, where N2−Q is the fundamental solution to the

sub-Laplacian, is ∞−harmonic in G\{0} [14], i.e.

4∞N :=
1

2
〈∇
(
|∇N |2

)
,∇N〉 = 0 in G\{0}. (1.7.7)

The concept of polarizable Carnot groups was first introduced by Z. Balogh and J. Tyson in [14],

where they used the∞−harmonicity of N to create a procedure to construct polar coordinates. As

a consequence, they showed that the fundamental solution of the p−sub-Laplacian can be expressed

as the fundamental solution of the sub-Laplacian, proved capacity formulas, and produced sharp

constants for the Moser-Trudinger inequality (which was established by L. Saloff-Coste in [120]

in the setting of Carnot groups but without sharp constants). In settings related to polarizable

Carnot groups, many authors showed Hardy-type inequalities as a function of N (see [48, 49, 62,

63, 85, 135]), proved Rellich-type inequalities (see [85, 138]), and studied Fuglede’s p−module of

system of measures [37].

However, we don’t have a classification of polarizable Carnot groups: the only examples till

now are Euclidean spaces and Heisenberg-type groups. This classification has been a longstanding

open problem for two decades.

The concept of a polarizable Carnot group is a delicate one in the sense that under a small

perturbation of the Lie algebra, the group is no longer polarizable. Z. Balogh and J. Tyson
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provided in [14] the non-polarizable Anisotropic Heisenberg group on R5 as a counterexample with

the following generators of the Lie algebra:

X1 = ∂x1 −
θ

2
x3∂t, X2 = ∂x2 − 2x4∂t, X3 = ∂x3 +

θ

2
x1∂t, and X4 = ∂x4 + 2x2∂t, (1.7.8)

where θ = 2. To show (1.7.7) does not hold true for the Anisotropic Heisenberg group with θ = 2 ,

Z. Balogh and J. Tyson computed explicitly in [14] the fundamental solution of the sub-Laplacian

using R. Beals, B. Gaveau, and P. Greiner’s [17] explicit integral representation for the fundamental

solution. Note that if θ = 4, we have the polarizable Heisenberg group. In other words, just altering

the constant θ in (1.7.8) changes the group from polarizable to non-polarizable. Moreover, T. Bieske

[36] revisited this counterexample and proved that under a change of the inner product imposed

on the vectors in the Lie algebra, which now requires the generators to be orthogonal instead of

orthonormal, the Anisotropic Heisenberg group is turned into a group of Heisenberg-type i.e. it is

now polarizable. Moreover, M. Gordina and L. Luo recently studied in [65] the Logarithmic Sobolev

inequality with respect to a heat kernel measure in the setting of the Anisotropic Heisenberg group.

In Chapter 4, we extend the Anisotropic Heisenberg group from R5 ([14]) to R2n+1, compute

explicitly the the fundamental solution of the sub-Laplacian, and prove coercive inequalities in

that setting.

Recently, J. Tyson used our work in Chapter 4 to suggest the right quantitative form for the

longstanding open problem of classification of polarizable step-two Carnot groups. More precisely,

we quote the Conjecture 1.6 of his preprint [128], which relates the new notion of H−type stability

to the classification of polarizable groups:

Conjecture 5 (J. Tyson [128]). Let G be a step-two Carnot group with horizontal metric gh. De-

note by Σ = {g = exp(x+ t) ∈ G : t = 0}. Let u be the fundamental solution for the sub-Laplacian

L and let N = u
1

2−Q . Then,

sup
g∈
∑ |N(g)(L∞N)(g)| ' δ(G)2.

We note that δ(G) is the H−type deviation of G, and if it is equal to zero, then we are in the

setting of the Heisenberg-type group.

This conjecture, if true, would imply that all step-two polarizable Carnot groups are Heisenberg-

type groups. J. Tyson proved that the results we obtained in Chapter 4 turned out to satisfy this

conjecture.

In fact, we are one step closer to proving the longstanding conjecture of polarizable Carnot

groups, and this motivates future work in this direction.



Chapter 2

The Logarithmic Sobolev and

Talagrand Inequalities

This chapter is based on [35]. In the setting of Carnot groups, we prove the q−Logarithmic Sobolev

inequality for probability measures as a function of the Carnot-Carathéodory distance. The main

result in this chapter is the following U−bound theorem:

Theorem (8). Assume that outside the open unit ball B = {d (x) < 1} , the metric d satisfies the

following: |∇d| is bounded, say |∇d| ≤ 1, and there exist finite positive constants K and c0 such

that

∆d ≤ K + U ′ (d)
(
|∇d|2 − c0

)
.

(i) If U ′′ ≤ βU
′
for some positive constant β, outside B, then for any q ∈ (1,∞) , there exist

constants Cq, Dq, independent of f , such that

∫
|f |q|U ′ (d) |qdµU ≤ Cq

∫
|∇f |qdµU +Dq

∫
|f |qdµU .

(ii) If, in addition, U ≤ γU ′q for some positive constant γ and some q > 1, outside B, then

∫
|f |qU (d) dµU ≤ Cq

∫
|∇f |qdµU +Dq

∫
|f |qdµU .

Using W. Hebisch and B. Zegarliński’s Theorem 7 ([72]), we obtain the q−Logarithmic Sobolev

inequality for probability measures of the form

dµ =
e−U(d)

Z
dλ,

32
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where Z is the normalisation constant, d is the Carnot-Carathéodory distance, and U(d) satisfies

(i) and (ii).

As an application, we use the Hamilton-Jacobi equation in the setting of Carnot groups to

prove hypercontractivity and the p−Talagrand inequality:

Theorem (15). Let 1 < q ≤ 2, and p ≥ 2 be its finite index conjugate, so that
1

p
+

1

q
= 1.

If (G, d, µ) satisfies the q−Logarithmic Sobolev 2.1.6 inequality with constant c = (q − 1)
( q
K

)q−1

for some constant K > 0, then it also satisfies the p−Talagrand inequality with the same constant

K.

2.1 q−Logarithmic Sobolev Inequality

2.1.1 Overview

In the setting of the Carnot group G, we would like to prove the q−Logarithmic Sobolev inequality

∫
fq log

fq∫
fqdµ

dµ ≤ c
∫
|∇f |qdµ, (2.1.1)

where q > 1, ∇ is the sub-gradient as defined in Section 1.7.1 of the Introduction, and for a

probability measure

dµ =
e−U(d)

Z
dλ,

where Z is the normalisation constant (i.e. Z =

∫
e−U(d)dλ) and U(d) is an increasing unbounded

function of a certain metric d.

In Section 2.1.3 of this chapter, we will consider an important condition on the metric d that

relates the norm of the sub-gradient |∇d| to its sub-Laplacian ∆d. This condition states: outside

the open unit ball B = {d (x) < 1} , |∇d| is bounded and there exist finite positive constants K

and c0 such that

∆d ≤ K + U ′ (d)
(
|∇d|2 − c0

)
. (2.1.2)

This condition is satisfied by the Carnot-Carathéodory distance, defined in Section 1.7.1 of the

Introduction. In fact, if d is the Carnot-Carathéodory distance, by (1.7.1),

|∇d(x(1), ..., x(r))| = 1,

for all (x(1), ..., x(r)) ∈ G such that x(1) 6= 0. In addition, by (1.7.2), there exists a constant
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K ∈ (0,∞) such that

∆d ≤ K

d
.

Hence, outside the unit ball, condition (2.1.2) is satisfied for the Carnot-Carathéodory distance.

However, this condition (2.1.2) fails for homogeneous norms, like the fundamental solution to

the sub-Laplacian in the setting of the step-two Carnot group and the Anisotropic Heisenberg

group, which are considered in Chapter 3 and Chapter 4. To illustrate, we consider the three-

dimensional Heisenberg group H, with the sub-gradient ∇ := (X,Y ), the sub-Laplacian ∆ =

X2 + Y 2, X := ∂x − y
2∂z, and Y = ∂y + x

2∂z.

The fundamental solution to the sub-Laplacian is given explicitly by N(x, y, z)−2, where

N(x, y, z) =
(
(x2 + y2)2 + 16z2

) 1
4 ,

i.e. ∆N(x, y, z)−2 = 0 in H\{0}.

By a direct computation, we see that, for (x, y, z) ∈ H\{0},

|∇N(x, y, z)| = (x2 + y2)
1
2

N(x, y, z)
,

and

∆N(x, y, z) = 3
(x2 + y2)

N(x, y, z)3
.

Outside the open unit ball B = {N (x, y, z) < 1} , we see that the condition (2.1.2) fails around

the “z−axis”, i.e. when x = y = 0 and z is large.

This condition also fails for the same reason for the fundamental solution of the sub-Laplacian

in the more general settings (step-two Carnot group and Anisotropic Heisenberg group) that we

consider in Chapter 3 and Chapter 4.

We note that in the setting of Carnot groups, if we choose any homogeneous norm Ñ (for

example like the ones considered in Chapter 3 and Chapter 4), it is equivalent to the Carnot-

Carathéodory distance d. In other words, there exists a constant D > 0 such that

D−1d ≤ Ñ ≤ Dd.

However, there is a fundamental difference between the two metrics d and Ñ : these distances

are topologically the same, but they have different differential properties. In this Chapter, we

will prove the Logarithmic Sobolev inequality (2.1.1) for measures as a function of the Carnot-

Carathéodory distance d (and more general metrics that satisfy (2.1.2)). On the other hand,
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W. Hebsich and B. Zegarliński prove in [72] that it is impossible for measures as a function of

homogeneous norms Ñ to satisfy the Logarithmic Sobolev inequality (2.1.1). Instead, in Chapter

3 and Chapter 4, we will be interested in deriving a new method to prove the φ−Logarithmic

Sobolev inequality under some conditions on a concave function φ.

2.1.2 Coercive Inequalities through the U-Bound Method

As discussed in the Section 1.4.3 of the Introduction, D. Bakry and M. Emery’s Curvature-

Dimension condition [10] fails in the setting of Carnot groups. To bypass this geometric condition,

a “U−Bound” method was developed in [72] that does not require a bound on the curvature of

space. The goal of this section is to recap this method, which states that in order to obtain coercive

inequalities (like the q−Poincaré and the q−Logarithmic Sobolev inequalities), it is sufficient to

prove the “U−Bound” inequalities. We note that the results of this section are general in the sense

that there is no condition on the metric. Hence, the Theorems in this section apply to measures as

a function of the Carnot-Carathéodory distance (considered in this chapter) as well as measures

as a function of the fundamental solution of the sub-Laplacian in the step-two Carnot group and

the Anisotropic Heisenberg group (considered in Chapter 3 and Chapter 4).

Given the probability measure

dµ =
e−U

Z
dλ,

where U is an increasing unbounded function and Z is the normalisation constant. In broad terms,

the general idea of this section is that a U−Bound of the form (2.1.3)

∫
fqηdµ ≤ C

∫
|∇f |qdµ+D

∫
fqdµ

for η a suitable function “going to infinity in all directions” implies the q−Poincaré inequality (see

Theorem 6 below).

If the inequality is satisfied for the specific

η = |∇U |q + U,

then the q−Logarithmic Sobolev inequality is obtained (see Theorem 7 below).

Those theorems apply on general metric spaces equipped with non-commuting vector fields

{X1, X2, ..., Xn} satisfying Hörmander’s condition, where the sub-gradient is ∇ = (X1, X2, ..., Xn),

and the sub-Laplacian is ∆ =

n∑
i=1

X2
i . It is additionally assumed that the divergence of these vector

fields with respect to the Lebesgue measure dλ on Rn is zero. We are interested specifically in
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the setting of the Carnot group G whose Lie algebra is generated by {X1, X2, ..., Xn}. The Carnot

group setup is introduced in further detail in Section 1.7.1 of the Introduction. We state both

theorems more precisely:

Let λ be a measure satisfying the q−Poincaré inequality for every ball BR = {x : N (x) < R},

i.e. there exists a constant CR ∈ (0,∞) such that

1

|BR|

∫
BR

∣∣∣∣f − 1

|BR|

∫
BR

fdλ

∣∣∣∣q dλ ≤ CR 1

|BR|

∫
BR

|∇f |qdλ,

where 1 ≤ q <∞.

Note that we have this Poincaré inequality on balls in the setting of Nilpotent lie groups thanks

to J. Jerison’s celebrated paper [83].

Theorem 6 (W. Hebisch, B. Zegarliński [72]). Let µ be a probability measure on Rn which is

absolutely continuous with respect to the measure λ and such that

∫
fqηdµ ≤ C

∫
|∇f |qdµ+D

∫
fqdµ, (2.1.3)

with some non-negative function η and some constants C,D ∈ (0,∞) independent of a function f.

If for any L ∈ (0,∞) there is a constant AL such that
1

AL
≤ dµ

dλ
≤ AL on the set {η < L} and,

for some R ∈ (0,∞) (depending on L), we have {η < L} ⊂ BR, then µ satisfies the q−Poincaré

inequality ∫
|f −

∫
fdµ|qdµ ≤ c

∫
|∇f |qdµ,

with some constant c ∈ (0,∞) independent of f.

To get the q−Poincaré inequality, notice that we have a freedom of choice of a “suitable” η.

This fact will play an important role when proving coercive inequalities in Chapter 3 and Chapter

4.

Theorem 7 (W. Hebisch, B. Zegarliński [72]). Suppose the following Sobolev inequality is satisfied

(∫
|f |q+εdλ

) q
q+ε

≤ a
∫
|∇f |qdλ+ b

∫
|f |qdλ,

and the following bound is true

∫
|f |q (|∇U |q + U) dµ ≤ C ′

∫
|∇f |qdµ+D′

∫
|f |qdµ. (2.1.4)



CHAPTER 2. THE LOGARITHMIC SOBOLEV AND TALAGRAND INEQUALITIES 37

Then, the following “defective” q− Logarithmic Sobolev inequality is true

∫ (
fq log

fq∫
fqdµ

)
dµ ≤ C

∫
|∇f |qdµ+D

∫
|f |qdµ. (2.1.5)

Moreover, if q ∈ (1, 2] and the following q−Poincaré inequality holds
∫
|f−µf |qdµ ≤ 1

M

∫
|∇f |qdµ,

then one has the q−Logarithmic Sobolev inequality

∫ (
fq log

fq∫
fqdµ

)
dµ ≤ c

∫
|∇f |qdµ (2.1.6)

with some constant c ∈ (0,∞) independent of f.

The term “defective” q−Logarithmic Sobolev inequality is due to the presence of the addi-

tional term
∫
|f |qdµ in (2.1.5). The q−Logarithmic Sobolev inequality (2.1.6) is obtained from the

defective one (2.1.5) by a tightening procedure via Rothaus arguments (see [24]).

To get the q−Logarithmic Sobolev inequality, notice that the choice of η in the U−bound

(2.1.4) is forced to be |∇U |q + U.

2.1.3 Generalising the U-Bound Theorem for measures as a function of

the Carnot-Carathéodory distance

We are interested in proving coercive inequalities for probability measures

dµ =
e−U(d)

Z
dλ, (2.1.7)

where Z is the normalisation constant and U(d) is an increasing unbounded function of a certain

metric d.

We recall the condition on the metric (2.1.2) - which is satisfied by the Carnot-Carathéodory dis-

tance but not by the homogeneous norms in Chapter 3 and Chapter 4- mentioned in the Overview

of this Chapter:

∆d ≤ K + U ′ (d)
(
|∇d|2 − c0

)
.

This condition generalises the following metric condition, on the sub-gradient |∇d| and the sub-

Laplacian |∆d|, proposed by W. Hebisch and B. Zegarliński [72]: Outside the unit ball B =

{d (x) < 1} ,

∆d ≤ K + βεdp−1,
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and
1

σ2
≤ |∇d| ≤ 1,

where ε ∈
(

0,
1

σ

)
, β ∈ (0,∞) , and σ ∈ [1,∞) . Their condition arose from proving the measure

dµp =
e−d

p

Z
dλ

satisfies both q−Poincaré and q−Logarithmic Sobolev inequalities for q the finite index conjugate

of p and p > 1 . Notice that in this section, our work focuses on studying coercive inequalities for

the more general measures of the form (2.1.7), and thus we have a more general condition of the

form (2.1.2).

To get the q−Poincaré inequality from Theorem 6 of the previous section, W. Hebisch and B.

Zegarliński proved a U−bound inequality (2.1.3) with a choice of η = dp−1 (Theorem 2.1 of [72]).

However, by Theorem 7 of the previous section, the q−Logarithmic Sobolev inequality requires the

specific choice of η = |∇U |q+U, where U = dp in W. Hebisch and B. Zegarliński’s case. Computing

and using the fact that |∇d| ≤ 1 and
1

p
+

1

q
= 1,

η = |∇U |q + U = |pdp−1∇d|q + dp ≤ (pq + 1)dp.

Therefore, to use Theorem 7 and prove the q−Logarithmic Sobolev inequality, W. Hebisch and

B. Zegarliński proved an additional U−bound inequality with η̃ = (pq + 1)dp (Theorem 2.3 and

Theorem 2.4 of [72]):

∫
(pq + 1)dpfqdµp ≤ Cq

∫
|∇f |qdµp +Dq

∫
|f |qdµp,

for q the finite index conjugate of p and p > 1.

In the following, we present a generalised version of Theorems 2.1, 2.3, and 2.4 of [72]. In place

of the function U(d) = dp, we let U : [0,∞) → [0,∞) be a twice differentiable and increasing

function; and let dµU =
e−U(d)

Z
dλ be a probability measure defined in terms of the function U (d) ,

where Z is the normalisation constant.

Theorem 8. Assume that outside the open unit ball B = {d (x) < 1} , the metric d satisfies the

following: |∇d| is bounded, say |∇d| ≤ 1, and there exist finite positive constants K and c0 such

that

∆d ≤ K + U ′ (d)
(
|∇d|2 − c0

)
. (2.1.8)
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(i) If U ′′ ≤ βU
′
for some positive constant β, outside B, then for any q ∈ (1,∞) , there exist

constants Cq, Dq, independent of f , such that

∫
|f |q|U ′ (d) |qdµU ≤ Cq

∫
|∇f |qdµU +Dq

∫
|f |qdµU .

(ii) If, in addition, U ≤ γU ′q for some positive constant γ and some q > 1, outside B, then

∫
|f |qU (d) dµU ≤ Cq

∫
|∇f |qdµU +Dq

∫
|f |qdµU .

We note that, for d the Carnot-Carathéodory distance, by (1.7.1),

|∇d(x(1), ..., x(r))| = 1,

for all (x(1), ..., x(r)) ∈ G such that x(1) 6= 0. In addition, by (1.7.2), there exists a constant

K ∈ (0,∞) such that

∆d ≤ K

d
.

Hence, outside the unit ball, condition [72] is satisfied for the Carnot-Carathéodory distance.

The proof of (ii) is straightforward. In the following, we prove (i) where we adapt, with

simplification, the general lines of proof in [72].

Proof. Using integration by parts and condition (2.1.8),

∫
(∇d) · ∇

(
fe−U(d)

)
dλ = −

∫
∆d
(
fe−U(d)

)
dλ

≥ −K
∫
fe−U(d)dλ−

∫
U ′ (d) |∇d|2fe−U(d)dλ+ c0

∫
U ′ (d) fe−U(d)dλ. (2.1.9)

Computing

∇
(
fe−U(d)

)
= ∇fe−U(d) − U ′ (d) e−U(d)∇d,

and taking the dot product with ∇d,

(∇d) · ∇
(
fe−U(d)

)
= (∇f) · (∇d) e−U(d) − U ′ (d) f |∇d|2e−U(d),

and replacing in (2.1.9) to get

c0

∫
U ′ (d) fe−U(d)dλ ≤ K

∫
fe−U(d)dλ+

∫
|∇f ||∇d|e−U(d)dλ.
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Using the fact that |∇d| ≤ 1 (|∇d| bounded is enough), we get

∫
U ′ (d) fdµU ≤ C

∫
fdµU +D

∫
|∇f |dµU . (2.1.10)

To prove (i), we replace f in (2.1.10) by fq to get

∫
fq (U ′ (d))

q
dµU =

∫ [
fqU ′ (d)

q−1
]
U ′ (d) dµU

≤ C
∫ [

fqU ′ (d)
q−1
]
dµU +D

∫ ∣∣∣∇ [fqU ′ (d)
q−1
]∣∣∣ dµU

= C

∫
ffq−1U ′ (d)

q−1
dµU +D

∫
qfq−1|∇f |U ′ (d)

q−1
dµU

+D

∫
(q − 1) ffq−1U ′ (d)

q−2
U ′′ (d) |∇d|dµU . (2.1.11)

Using Young’s inequality with α, i.e. ab ≤ αap +
bq

q (αp)
q/p

where p and q are conjugate finite

indices in each of the three terms on the right-hand side of (2.1.11), in addition to using the

conditions |∇d| ≤ 1 and U ′′ < βU
′
in the last term, we get

∫
fqU ′ (d)

q
dµU ≤

C

q (αp)
q
p

∫
fqdµU + Cα

∫
fqU ′ (d)

q
dµU +

D

(αp)
q
p

∫
|∇f |qdµU

+Dqα

∫
fqU ′ (d)

q
dµU +

Dβ (q − 1)

q (αp)
q
p

∫
fqdµU +D (q − 1)α

∫
fqU ′ (d)

q
dµU .

Choosing α small enough so that Cα+Dqα+D (q − 1)α ≤ 1, we get

∫
|f |qU ′ (d)

q
dµU ≤ Cq

∫
|∇f |qdµU +Dq

∫
|f |qdµU .

Corollary 9. If the positive twice differentiable and increasing function U(d) satisfies the two

inequalities U ′′ < βU
′
and U ≤ γU ′q, where β and γ are finite positive constants, then the measure

dµU =
e−U(d)dλ

Z

satisfies a q−Poincaré and a q−Logarithmic Sobolev inequality.

Proof. To get the Logarithmic Sobolev inequality, we verify inequality (2.1.4) from Theorem 7

|∇U (d) |q + U (d) = |U ′ (d)∇d|q + U (d) ≤ (1 + γ)U
′q (d)
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Since U ′′ (d) < βU ′ (d) by assumption, we can use (i) of Theorem 8, and the result follows.

Remark 10. In Corollary 9, it is enough to assume that the inequalities

U
′′
< βU

′
and U ≤ γU ′q

hold almost everywhere for β and γ finite positive constants.

Remark 11. To get Theorem 2.3 of [72], take U (d) = dp, then

U ′ (d) = pdp−1 and U ′′ (d) = p (p− 1) dp−2.

Outside the open unit ball B = {d (x) < 1} ,

U ′′ (d)

U ′ (d)
=
p− 1

d
≤ p− 1.

Therefore, (i) from Theorem 8 holds, and the statement of Theorem 2.3 of [72] is recovered.

Suppose q is the finite conjugate index of p, then,

U (d)

U ′q (d)
=

dp

pqd(p−1)q
=

1

pq
.

Therefore, (ii) of Theorem 8 holds, and the statement of Theorem 2.4 of [72] is recovered.

Example 12. The q−Poincaré and a q−Logarithmic Sobolev inequality are satisfied for the mea-

sure

dµU =
e−(d+1)p log(d+1)dλ

Z

for q ≥ β, where β is the finite index conjugate to p.

Proof. Given U (d) = (d+ 1)
p

log (d+ 1) .Then,

U ′ (d) = (d+ 1)
p−1

(p log (d+ 1) + 1) ,

and

U ′′ (d) = (d+ 1)
p−2

(p (p− 1) log (d+ 1) + 2p− 1) .

So, outside the open unit ball B = {d (x) < 1} ,

U ′′ (d)

U ′ (d)
=

(p (p− 1) log (d+ 1) + 2p− 1)

d+ 1
≤ p (p− 1) +

2p− 1

d+ 1
≤ p2 − 1

2
.
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In addition,

U (d)

U ′q (d)
=

(d+ 1)
p

log (d+ 1)

(d+ 1)
(p−1)q

(p log (d+ 1) + 1)
q
≤ (d+ 1)

p
log (d+ 1)

(d+ 1)
(p−1)β

(p log (d+ 1) + 1)
q
≤ 1.

So, by Corollary 9, the q−Poincaré and a q−Logarithmic Sobolev inequality are satisfied for the

measure dµU =
e−(d+1)p log(d+1)

Z
dλ for q ≥ β, where β is the finite index conjugate to p.

Example 13. For U (d) = sinh (d) , U (d) = U
′′

(d) ≤ cosh (d) = U
′
(d) .

So, by Corollary 9, the q−Poincaré and q−Logarithmic Sobolev inequalities hold true for the

measure dµU =
e− sinh(d)

Z
dλ for all q ≥ 1.

2.2 q−Talagrand Inequality

2.2.1 Motivation

2.2.1.1 Origins

The Talagrand transportation cost inequality was first introduced in 1996 by M. Talagrand [127].

His inequality bounds the optimal transport cost in the sense of Monge-Kantorovich, Tw(µ, ν), by

the relative entropy functional, Entν

(
dµ
dν

)
:=
∫
dµ
dν log

(
dµ
dν

)
dν, in the following way:

Tw(µ, ν) ≤ 2Entν

(
dµ

dν

)
, (2.2.1)

where µ a measure on RN absolutely continuous with respect to the Gaussian measure ν, and

w(x, y) =

N∑
i=1

(xi − yi)2 is the cost of moving a unit mass from position x to position y. The

transportation cost, Tw(µ, ν), measures how much effort is required to transport a mass distributed

according to µ to a mass distributed according to ν, relatively to the cost function w :

Tw(µ, ν) = inf
π∈Π(µ,ν)

∫
RN×RN

w(x, y)dπ(x, y), (2.2.2)

where Π(µ, ν) is the set of probability measures on RN × RN with µ the first marginal and ν the

second marginal1.

To prove (2.2.1), Talagrand first considered the dimension N = 1, and the Gaussian measure

in that case is dν =
e−

x2

2

√
2π

dx. Consider f :=
dµ

dν
to be a step function that does not take the value

zero. To transport ν to µ, he defined the function φ by:

1For all bounded functions f and g on RN ,
∫
RN×RN

(f(ω) + g(ω′))dπ(ω, ω′) =
∫
RN fdµ+

∫
RN gdν.
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ν((−∞, x]) = µ((−∞, φ(x)])

Meaning

∫ x

−∞
e−

u2

2 du =

∫ φ(x)

−∞
f(u)e−

u2

2 du (2.2.3)

Then, µ is the image of ν under the map x → φ(x). So, the image of π of ν on R2 under the

map x→ (x, φ(x)) has marginals ν and µ. Given a cost function w(x, y) = (x− y)2,

Tw(µ, ν) ≤
∫
R

(x− φ(x))2dν(x) ≤ 2

∫
R
f(x) log f(x)dν(x) = 2Entν

(
dµ

dν

)
.

The last inequality is proved by differentiating (2.2.3), using an integration by parts, and

utilising the convexity of
x2

2
. By induction over N, M. Talagrand proves that (2.2.1) holds in

RN [127].

2.2.1.2 Relation to Concentration of Measure

M. Talagrand showed how the Talagrand transportation cost inequality (2.2.1) implies the con-

centration of measure phenomenon, and his approach was motivated by the work of K. Marton

[104, 105].

In [127], Talagrand used for cost function the distance d(x, y) = ||x− y||2 =

(
N∑
i=1

(xi − yi)2

) 1
2

.

Let dγ be the Gaussian measure; it follows from Talagrand’s transportation cost inequality (2.2.1)

and Cauchy-Schwartz that:

Td(µ, ν) ≤

√
2

∫
f log fdγ

Using the triangle inequality,

Td(µ, ν) ≤ Td(µ, γ) + Td(γ, ν).

Let B ⊂ Rn be a measurable set, and define for t > 0, Bt = {x ∈ Rn; d(x,B) ≤ t}. For the

measures dµ =
1B
γ(B)

dγ, and dν =
1Bct
γ(Bct)

dγ,

t = inf{||x− y||2; x ∈ B, y ∈ Bct } ≤

√
2 log

(
1

γ(B)

)
+

√
2 log

(
1

1− γ(Bt)

)
.
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Therefore, for t ≥
√

2 log( 1
γ(B) ),

1− γ(Bt) ≤ e
− 1

2

(
t−
√

2 log( 1
γ(B)

)
)2

.

When γ(B) = 1/2, this is close to the best possible result given by the isoperimetric inequality

1 − γ(Bt) ≤ e−
t2

2 . The measure of Bt converges at at an exponential rate to 1 as t grows: this is

a standard result in the concentration of measure in Gauss space. This concentration of measure

phenomenon is one of the main tools in probability theory, statistical mechanics, quantum infor-

mation theory, stochastic dynamics, etc., and many works [5, 19, 20, 66, 67, 89, 90, 110] studied

its links with the Logarithmic Sobolev inequality and the Talagrand inequality.

2.2.1.3 Extension of the Talagrand inequality and its relation to the Logarithmic

Sobolev inequality

In the setting of manifolds under D. Bakry and M. Emery’s Curvature-Dimension condition, F.

Otto and C. Villani showed in their celebrated paper [110] that the Logarithmic Sobolev inequality

implies the Talagrand transportation cost inequality. Their proof relied on PDE’s methods and

Otto calculus in Wasserstein space [109].

We are interested in showing that the Logarithmic Sobolev inequality implies the Talagrand

inequality in the setting of Carnot groups. As mentioned in Section 1.4.3 of the Introduction,

D. Bakry and M. Emery’s Curvature-Dimension condition does not hold, so we cannot apply the

method by F. Otto and C. Villani [110].

In this chapter, we adapt Z.M. Balogh et al.’s Theorem 4.1 [15] to get the p−Talagrand in-

equality, and we adapt S. Bobkov et al.’s Theorem 2.1 in [19] to get hypercontractivity. However,

instead, we use the Hamilton-Jacobi equation in the setting of Carnot groups by F. Dragoni [54].

This allows us to use the sub-gradient, and to show that, in the setting of Carnot groups, the Log-

arithmic Sobolev inequality for various probability measures implies the Talagrand inequality and

hypercontractivity. We note that, in contrast with Z.M. Balogh et al.’s Theorem 4.1 [15], we do

not require the probability measures to be doubling in the proofs. This allows us to obtain results

for a wider class of probability measures that encompass the examples given in this Chapter, such

as U (d) = (d+ 1)
p

log (d+ 1) in Example 12 and U(d) = sinh(d) in Example 13.
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2.2.2 The q−Logarithmic Sobolev inequality implies the p−Talagrand

inequality in the setting of Carnot groups

Let G be a Carnot group whose Lie algebra is generated by {Xi}N1

i=1. Hence, the sub-gradient

is given by ∇ := (X1, ..., XN1
) and the sub-Laplacian is given by ∆ :=

N1∑
i=1

X2
i . Let d be the

Carnot-Carathéodory distance. (This setup is described in more detail in Section 1.7.1 of the

Introduction.)

The following Hamilton-Jacobi Theorem by F. Dragoni [54] is a key tool in proving that the

Logarithmic Sobolev inequality implies the Talagrand inequality and Hypercontractivity in the

setting of the Carnot group G.

Theorem 14 (F. Dragoni [54]). Let φ : [0,∞) → [0,∞) be a continuous, non-decreasing, and

convex function with φ(0) = 0. Let f : Rn → R a lower semicontinuous function such that there

exists C > 0 :

f(x) ≥ −C(1 + d(x)).

Then a viscosity solution for the Hamilton-Jacobi problem in the Carnot Group G
ut(x, t) + φ(|∇u(x, t)|) = 0 (x, t) ∈ G× (0,∞)

u(x, 0) = f(x) x ∈ G
is given by the Hopf-Lax formula

Qtf(x) := inf
y∈G

{
tφ∗
(
d(x, y)

t

)
+ f(y)

}

almost everywhere, where d(x, y) is the Carnot-Carathéodory distance, ∇ is the sub-gradient, and

φ∗ is the Legendre transform of φ.

In this chapter, we will be considering f(x) to be a continuous and bounded function ,and we

will be choosing the function φ(s) =
sq

q
, where 1 < q ≤ 2.

Thus, the viscosity solution for the Hamilton-Jacobi problem in the Carnot group G


ut(x, t) + |∇u(x,t)|q

q = 0 (x, t) ∈ G× (0,∞)

u(x, 0) = f(x) x ∈ G
(2.2.4)

is given by the Hopf-Lax formula

Qtf(x) = inf
y∈G

{
d(x, y)p

tp−1
+ f(y)

}
,
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where
1

p
+

1

q
= 1.

To prove that the q−Logarithmic Sobolev inequality implies the p−Talagrand inequality, we

are inspired by the proof of Theorem 4.1 in [15]. However, instead of using the Hamilton-Jacobi

equation as in that paper, we use the following Hamilton-Jacobi equation as in Theorem 4 in the

paper by F. Dragoni [54] . In the setting of Carnot groups, the restriction for using a doubling

measure µ is no longer needed.

Let d be the Carnot-Carathéodory distance and dµ =
e−U(d)

Z
dλ be a measure where Z is a

normalisation constant, λ is the Lebesgue measure, and U(d) satisfies the conditions of Theorem

8.

Theorem 15. Let 1 < q ≤ 2, and p ≥ 2 be its finite index conjugate, so that
1

p
+

1

q
= 1.

If (G, d, µ) satisfies the q−Logarithmic Sobolev 2.1.6 inequality with constant c = (q − 1)
( q
K

)q−1

for some constant K > 0, then it also satisfies the p−Talagrand inequality with the same constant

K.

For every continuous bounded function f where Qf = Q1f, we will be proving the dual formu-

lation of the Talagrand inequality

∫
G
eKQfdµ ≤ eK

∫
G fdµ, (2.2.5)

which is shown equivalent to the p−Talagrand inequality (4.1.8) in [15].

Proof. For some n ≥ 1, define

φ(t) =
1

Ktn
log

(∫
G
ekt

nQtfdµ

)
.

Using the fact that f is bounded and the dominated convergence theorem, Balogh et al. prove in

Theorem 4.1 of [15] that:

lim
t→0+

φ(t) =

∫
G
fdµ.

The main goal is to prove that φ(t) is non-increasing in t, which implies that φ(1) ≤ lim
t→0+

φ(t). In

other words, replacing:

φ(1) =
1

K
log

(∫
G
ekQfdµ

)
≤ lim
t→0+

φ(t) =

∫
G
fdµ.

Rearranging the terms and exponentiating the last inequality, we get the dual Talagrand inequality

(2.2.5). We now show that φ(t) is non-increasing. The two main ingredients to prove that are the
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q−Logarithmic Sobolev inequality and the solution to the Hamilton-Jacobi problem (2.2.4). Fix

t ∈ (0, 1]. For s > 0, we have

lim
s→0+

φ(t+ s)− φ(t)

s
= lim
s→0+

1

s

(
1

K(t+ s)n
− 1

Ktn

)
log

∫
G
eK(t+s)nQt+sfdµ

+ lim
s→0+

1

Ktns

(
log

∫
G
eK(t+s)nQt+sfdµ− log

∫
G
eKt

nQtfdµ

)
. (2.2.6)

As s→ 0+, the first term on the right-hand side of (2.2.6) converges to

− n

Ktn+1
log

(∫
G
eKt

nQtfdµ

)
.

The limit of the second term of (2.2.6) is

1

Ktn
1∫

G e
KtnQtfdµ

lim
s→0+

[
1

s

(∫
G
eK(t+s)nQt+sfdµ−

∫
G
eKt

nQtfdµ

)]

rewriting, we get

=
1

Ktn
1∫

G e
KtnQtfdµ

lim
s→0+

[∫
G

eK(t+s)nQt+sf − eKtnQt+sf

s
dµ+

∫
G

eKt
nQt+sf − eKtnQtf

s
dµ

]

so, using the dominated convergence theorem for the first term, we get

=
1

Ktn

∫
GKnt

n−1Qtfe
KtnQtfdµ∫

G e
KtnQtfdµ

+
1

Ktn
1∫

G e
KtnQtfdµ

lim
s→0+

[∫
G

eKt
nQt+sf − eKtnQtf

s
dµ

]
.

(2.2.7)

In order to compute the limit in (2.2.7), we use the Hamilton-Jacobi equation in Theorem 5, which

has the solution Qtf, so
∂Qtf

∂t
= −|∇Qtf |

q

q
,

so,

lim
s→0+

(
eKt

nQt+sf − eKtnQtf

s

)
= KtneKt

nQtf
∂Qtf

∂t
= −KtneKt

nQtf
|∇Qtf |q

q
. (2.2.8)

Since Q(.)f(.) is Lipschitz on G×R+, Qt+sf = Qtf +O(s) holds uniformly on G. Since Qtf(x) is

uniformly bounded in x, we can use the dominated convergence theorem and (2.2.8), to find the

limit in (2.2.7):

lim
s→0+

[∫
G

eKt
nQt+sf − eKtnQtf

s
dµ

]
= −Ktn

∫
G
eKt

nQtf
|∇Qtf |q

q
dµ.
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In other words, equation (2.2.7) becomes:

lim
s→0+

1

Ktns

(
log

∫
G
eK(t+s)nQt+sfdµ− log

∫
G
eKt

nQtfdµ

)

=
1

Ktn+1

1∫
G e

KtnQtfdµ

[∫
G
nKtnQtfe

KtnQtfdµ−
∫
G
Ktn+1 |∇Qtf |

q

q
eKt

nQtfdµ

]
.

Replacing the last equation in (2.2.6), we get:

lim
s→0+

φ(t+ s)− φ(t)

s
=

1

Ktn+1

1∫
G e

KtnQtfdµ

×[−n log

(∫
G
eKt

nQtfdµ

)∫
G
eKt

nQtfdµ+

∫
G
nKtnQtfe

KtnQtfdµ

−
∫
G
Ktn+1 |∇Qtf |

q

q
eKt

nQtfdµ].

Let g = e
1
qKt

nQtf , and n =
1

q − 1
, we obtain:

lim
s→0+

φ(t+ s)− φ(t)

s
=

1

Kt
q
q−1

1∫
G g

qdµ

×[− 1

q − 1
log

(∫
G
gqdµ

)∫
G
gqdµ+

1

q − 1

∫
G
gq log(gq)dµ

−
∫
G
Kt

q
q−1
|∇Qtf |q

q
gqdµ]. (2.2.9)

Using the q−Logarithmic Sobolev inequality,

Entµ(gq) =

∫
G
gq log(gq)dµ− log

(∫
G
gqdµ

)∫
G
gqdµ

≤ (q − 1)
( q
K

)q−1
∫
G
|∇g|qdµ

in (2.2.9):

lim
s→0+

φ(t+ s)− φ(t)

s
=

1

Kt
q
q−1

1∫
G g

qdµ

×
[( q
K

)q−1
∫
G
|∇g|qdµ−

∫
G
Kt

q
q−1
|∇Qtf |q

q
gqdµ

]

=
1

Kt
q
q−1

1∫
G g

qdµ

[( q
K

)q−1
∫
G
|∇(e

1
qKt

nQtf )|qdµ−
∫
G
Kt

q
q−1
|∇Qtf |q

q
gqdµ

]
= 0.

Hence, φ(t) is non-increasing, and we obtain the dual Talagrand inequality .
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2.3 Hypercontractivty of Hamilton-Jacobi solutions

Denote ||.||p, p ∈ R, the Lp−norms with respect to µ, and ||f ||0 = e
∫

log |f |dµ whenever log |f | is

µ−integrable. Also, consider the Hamilton-Jacobi problem on a Carnot group G as in Theorem

14. The following Hypercontractivity theorem is inspired by Theorem 2.1 by Bobkov et al. in [19],

but with the measure dµ =
e−U(d)

Z
dλ and the Euclidian gradient replaced by the sub-gradient ∇.

Theorem 16. Assume we have the following 2-Logarithmic Sobolev inequality with the measure

dµ =
e−U(d)

Z
dλ, and in the setting of the Carnot group:

ρEntµ(f2) = ρ

∫
G
f2 log(f2)dµ− ρ log

(∫
G
f2dµ

)∫
G
f2dµ ≤ 2

∫
G
|∇f |2dµ.

Then, for every bounded measurable function f on G, every t ≥ 0, and every a ∈ R,

||eQtf ||a+ρt ≤ ||ef ||a.

The following proof adapts the proof of Theorem 2.1 done by Bobkov et al. in [19] in the

Euclidean setting, but uses the Hamilton-Jacobi problem in Carnot groups (Theorem 14).

Proof. Let F (t) = ||eQtf ||λ(t), with λ(t) = a+ ρt, t > 0.

For all t > 0 and almost every x, the partial derivatives
∂

∂t
Qtf(x) exist, and by the Hamilton-

Jacobi problem (Theorem 5),
∂

∂t
Qtf(x) = −1

2
|∇Qtf(x)|2. (2.3.1)

So, F is differentiable at every point t > 0 where λ(t) 6= 0. Computing,

(
F (t)λ(t)

)′
= ρF (t)λ(t) log(F (t)) + λ(t)F (t)λ(t)−1F ′(t). (2.3.2)

Also, (
F (t)λ(t)

)′
=

∂

∂t

(∫
G
eλ(t)Qtfdµ

)

=

∫
G

(
ρQtf + λ(t)

∂

∂t
Qtf

)
eλ(t)Qtfdµ

using (4.1.10),

=
ρ

λ(t)
Entµ(eλ(t)Qtf ) +

ρ

λ(t)
log

(∫
G
eλ(t)Qtfdµ

)∫
G
eλ(t)Qtfdµ− λ(t)

2

∫
G
|∇Qtf(x)|2eλ(t)Qtfdµ

=
ρ

λ(t)
Entµ(eλ(t)Qtf ) + ρF (t)λ(t) log (F (t))− λ(t)

2

∫
G
|∇Qtf(x)|2eλ(t)Qtfdµ.
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Combining this with (4.1.11), we get

λ(t)2F (t)λ(t)−1F ′(t) = ρEntµ(e
1
2λ(t)Qtf )2 − λ(t)2

2

∫
G
|∇Qtf(x)|2eλ(t)Qtfdµ

using the 2−Logarithmic Sobolev inequality,

≤
∫
G
|∇e

λ(t)Qtf
2 |2dµ− λ(t)2

2

∫
G
|∇Qtf(x)|2eλ(t)Qtfdµ

=
λ(t)2

4

∫
G
|∇Qtf(x)|2eλ(t)Qtfdµ− λ(t)2

2

∫
G
|∇Qtf(x)|2eλ(t)Qtfdµ

≤ 0,

for all t > 0. Thus, F ′(t) ≤ 0 for all t > 0. Since F is continuous, then it is non-increasing. Hence,

F (t) ≤ F (0), for all t > 0.

||eQtf ||λ(t) ≤ ||eQ0f ||λ(0).

So,

||eQtf ||a+ρt ≤ ||ef ||a.



Chapter 3

Coercive Inequalities on Step-Two

Carnot Groups

This chapter is based on [33]. In the setting of step-two Carnot groups, we prove the following

U−Bound theorem:

Theorem (17). Let N =
(
|x|4 + a|z|2

) 1
4 with a ∈ (0,∞) and g : [0,∞)→ [0,∞) be a differentiable

increasing function such that g′′(N) ≤ g′(N)3N3 on {N ≥ 1}. Let

dµ =
e−g(N)

Z
dλ

be a probability measure, and Z the normalisation constant. Then, for all locally Lipschitz functions

f, the following U−bound

∫
g′(N)

N2
|f |qdµ ≤ C

∫
|∇f |qdµ+D

∫
|f |qdµ (3.0.1)

holds outside the unit ball {N < 1} with C and D positive constants and q ≥ 2.

We apply this U−bound to W. Hebisch and B. Zegarliński’s Theorem 6 (introduced in Section

2.1.2 of Chapter 2) to get the q−Poincaré inequality for q ≥ 2.

In [72], W. Hebisch and B. Zegarliński prove that it is impossible for measures as a function

of homogeneous norms, like those considered in this chapter, to satisfy the Logarithmic Sobolev

inequality (2.1.1). Instead, we prove in this chapter the following φ−Logarithmic Sobolev inequality

under some conditions on a concave function φ:

Theorem (24). Let U be a locally Lipschitz function on RNwhich is bounded below such that Z =

51
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∫
e−Udλ <∞, and dµ =

e−U

Z
dλ. Let φ : [0,∞)→ R+ be a non-negative, non-decreasing, concave

function such that φ(0) > 0, and φ′(0) > 0. Assume the following classical Sobolev inequality is

satisfied: (∫
|f |q+εdλ

) q
q+ε

≤ a
∫
|∇f |qdλ+ b

∫
|f |qdλ

for some a, b ∈ [0,∞), and ε > 0. Moreover, if for some A, B ∈ [0,∞), we have:

µ (|f |q(φ(U) + |∇U |q)) ≤ Aµ|∇f |q +Bµ|f |q,

Then, there exists constants C, D ∈ [0,∞) such that:

µ

(
|f |qφ

(∣∣∣∣log
|f |q

µ|f |q

∣∣∣∣)) ≤ Cµ|∇f |q +Dµ|f |q,

for all locally Lipschitz functions f.

This φ−Logarithmic Sobolev theorem we obtain is general in the sense that is is independent

on the explicit Kaplan norm used. It will applied in Chapter 4 to obtain results for measures

as a function of the fundamental solution to the sub-Laplacian in the setting of the Anisotropic

Heisenberg group.

Moreover, we deduce from Theorem 24 and Theorem 17, a β−Logarithmic Sobolev inequality

(Theorem 28). We also provide an interval where the β−Logarithmic Sobolev inequality cannot

hold (Theorem 27).

3.1 Motivation

In Chapter 2, we were concerned with proving coercive inequalities for measures as a function of

the Carnot-Carathéodory distance d. A suitable question to ask is whether we can replace the

Carnot-Carathéodory distance by another natural homogeneous distance function: the Kaplan

norm N. It is a homogeneous norm related to the fundamental solution of the sub-Laplacian in the

setting of the Heisenberg-type group H̃ isomorphic to Rn+m. (See Section 1.7.2 of the Introduction

for the definition of the Heisenberg-type group.) The Kaplan distance was discovered on general

Heisenberg-type groups in [84] by A. Kaplan, who extended the work of G.B. Folland [59] on the

Heisenberg group. Namely, N : H̃→ [0,∞) is given by

N(x, z) =
(
|x|4 + 16|z|2

) 1
4 ,
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where x ∈ Rn, z ∈ Rm, |x| =

(
n∑
i=1

x2
i

) 1
2

, and |z| =

(
m∑
i=1

z2
i

) 1
2

. This Kaplan norm is related to

the fundamental solution of the sub-Laplacian in the following way:

∆N(x, z)2−n−2m = 0 in H̃\{0}.

As mentioned in Section 2.1.1 of Chapter 2, there is a fundamental difference between the two

metrics: the Carnot-Carathéodory distance d and the Kaplan norm N. Even though these distances

are topologically the same i.e. they are equivalent in the sense that there exists a constant D > 0

such that

D−1d ≤ N ≤ Dd,

they have different differential properties. In fact, in Chapter 2 we proved the Logarithmic Sobolev

inequality for measures as a function of d, yet it is impossible for measures as a function of N [72].

In Chapter 4 of [79], J. Inglis worked in the setting of the H− type group, equipped with a

probability measure

dνp :=
e−αN

p

Z
dλ,

where p ∈ (1,∞), α > 0, and Z is the normalisation constant.

His aim was to gain spectral information about the associated positive self-adjoint operator on

L2(νp) :

Tνp = −∆ + αpNp−1∇N · ∇.

Operators of this type, defined with the sub-gradient and the sub-Laplacian, are considered to

be the sub-Riemannian analogue of the Schrödinger operators of the form L = −∆euclidean + V

on Rn, where V is some potential. They are called Schrödinger operators since the initial value

problem for the Schrödinger equation may be reduced to the investigation of the spectrum of these

operators acting on a Hilbert space (see [114]).

J. Inglis proved in Theorem 4.5.2 of [79] that for p ∈ (1, 2), Tνp does not even have a spectral

gap, let alone an empty essential spectrum. However, he showed in Theorem 4.5.3 of [79] that for

p > 2, Tνp has a spectral gap. He also conjectured that when p > 2, Tνp will also have a discrete

spectrum.

In this chapter, we will work in the more general step-two Carnot group G equipped with the

general probability measure

dµ =
e−g(N)

Z
dλ,

where g(N) satisfies some growth conditions, and where we consider a more general N :=
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(
|x|4 + a|z|2

) 1
4 with a > 0. Note that when a = 16, N takes the form of the Kaplan norm in

the Heisenberg-type group. Our work is motivated by gaining spectral information about the

associated positive self-adjoint operator on L2(µ) :

Tµ = −∆ + g′(N)∇N · ∇.

In other words, in this chapter, we will prove the Poincaré inequality under some conditions on

g(N). Our work generalises the results by J. Inglis in Chapter 4 of [79]. We note that our method

is completely different from his approach: we proceed by proving a U−bound inequality (??). The

importance of the U−bound proof that we developed is that its ideas could be adapted to other

settings like in the setting of the Anisotropic Heisenberg group in Chapter 4. Also, so far, an

extension to infinite dimensions for measures as a function of homogeneous norms has not been

possible (due to restrictions in known methods not satisfied by the norms considered). However,

using this U−bound inequality, we are able to provide a new method (discussed in Chapter 5) that

overcomes those restrictions and allows for an extension to an infinite dimensional setting. Our

result strongly generalises known results [81, 82, 86, 111] and provides a vast scope of applications

in the setting of Carnot groups.

3.2 The U-Bound Inequality

Consider G ' Rn+m a step-two Carnot group, whose Lie algebra is generated by {Xi}ni=1. Let

∇ := (X1, .., Xn) be the sub-gradient and ∆ =

n∑
i=1

X2
i be the sub-Laplacian. (See Section 1.7.2 of

the Introduction for the definition of the step-two Carnot group.)

The U−bound Theorem is the following:

Theorem 17. Let N =
(
|x|4 + a|z|2

) 1
4 with a ∈ (0,∞) as introduced above and g : [0,∞)→ [0,∞)

be a differentiable increasing function such that g′′(N) ≤ g′(N)3N3 on {N ≥ 1}. Let

dµ =
e−g(N)

Z
dλ

be a probability measure, and Z the normalisation constant. Then, for all locally Lipschitz functions

f, the following U−bound

∫
g′(N)

N2
|f |qdµ ≤ C

∫
|∇f |qdµ+D

∫
|f |qdµ (3.2.1)

holds outside the unit ball {N < 1} with C and D positive constants and q ≥ 2.
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The goal is to utilise the U−bound inequality (3.2.1) to obtain the q−Poincaré inequality by

using W. Hebisch and B. Zegarliński’s Theorem 6 (introduced in Section 2.1.2 of Chapter 2).

Recall that Theorem 6 gave us freedom of choosing some η with the requirement that “η goes

to infinity in all directions”. In this case, the choice is

η =
g′(N)

N2
,

and the requirement would be η → ∞ as N → ∞. This point will be made clearer in the next

section of this chapter, where we will provide examples of measures that satisfy the q−Poincaré

inequality.

A natural question is: How did we choose this η =
g′(N)

N2
in our Theorem 17?

Before answering this question, we state the following technical lemma (the proof is in Section

7.1 of the Appendix 7):

Lemma 18. There exist constants A,C ∈ (0,∞)

A
|x|2

N2
≤ |∇N |2 ≤ C |x|

2

N2
(3.2.2)

and there exists a constant B ∈ (0,∞) such that

|∆N | ≤ B |x|
2

N3
(3.2.3)

and
x

|x|
· ∇N =

|x|3

N3
. (3.2.4)

This lemma provides bounds for the three quantities |∇N |, ∆N, and x · ∇N. Bounds of this

form are vital when adapting our proof of the U−bound Theorem 17 to other settings, like the

Anisotropic Heisenberg group setting (Chapter 4). Moreover, notice that we have the useful posi-

tivity of x · ∇N ≥ 0 according to (3.2.4). In Chapter 4, we will see that x · ∇N could be negative,

and this generates a “bad term” that will, in turn, make the proof only work for a higher dimension

n > 5.

The choice of η

We first consider the case q = 2. Integrating by parts,

∫
(∇N) · (∇f) e−g(N)dλ = −

∫
∇
(
∇Ne−g(N)

)
fdλ

= −
∫

∆Nfe−g(N)dλ+

∫
|∇N |2fg′(N)e−g(N)dλ.
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Next, using (4.1.5) and (3.2.3) of the Technical Lemma 18,

A

∫
|x|2

N2
g′(N)fe−g(N)dλ−B

∫
|x|2

N3
fe−g(N)dλ ≤

∫
∇N · ∇fe−g(N)dλ. (3.2.5)

The first candidate for η is
|x|2

N2
g′(N), which appears naturally in the above inequality. Notice

that for |x| = 0, we have η = 0, yet the Kaplan norm N = (a|z|2)
1
4 →∞ as |z| → ∞. This violates

Theorem 6’s requirement stating that “η → ∞ in all directions”, as this requirement fails around

the z− axis.

To obtain a suitable η, we replace f by
f2

|x|2
in (3.2.5) to obtain:

∫
f2

(
A
g′(N)

N2
− B

N3

)
e−g(N)dλ ≤

∫
(∇N) ·

(
∇
(
f2

|x|2

))
e−g(N)dλ.

From the left-hand side of the above inequality, we now have the good candidate η =
g′(N)

N2
.

We are concerned with the right-hand side of the inequality, and we proceed with the following

computations.

∫
f2

(
A
g′(N)

N2
− B

N3

)
e−g(N)dλ ≤

∫
(∇N) ·

(
∇
(
f2

|x|2

))
e−g(N)dλ

=

∫
(∇N) ·

[
2f
∇f
|x|2
− 2f2∇|x|

|x|3

]
e−g(N)dλ

=

∫
2f

|x|2
∇N · ∇fe−g(N)dλ− 2

∫
f2∇N · x
|x|4

e−g(N)dλ

by (3.2.4) of the Technical Lemma 18,

≤ 2

∫
f

|x|2
|∇N ||∇f |e−g(N)dλ.

By (4.1.5) of the Technical Lemma 18,

∫
f2

(
A
g′(N)

N2
− B

N3

)
e−g(N)dλ ≤ 2

√
C

∫
|f |
N |x|

|∇f |e−g(N)dλ.

We apply Cauchy’s inequality with ε : ab ≤ εa2

2
+
b2

2ε
with a =

|f |
N |x|

e−
g(N)

2 and b =
√
C|∇f |e−

g(N)
2 ,

and obtain

∫
f2

(
A
g′(N)

N2
− B

N3

)
e−g(N)dλ≤ ε

∫
|f |2

N2|x|2
e−g(N)dλ+

C

ε

∫
|∇f |2e−g(N)dλ. (3.2.6)
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This inequality (3.2.6) resembles the required U−bound inequality (3.2.1), except for the different

term ε

∫
|f |2

N2|x|2
e−g(N)dλ. Due to the presence of the singularity at |x|, the first thing that comes

to mind is to apply Hardy’s inequality. We proceed by giving a few trials (that don’t work) that

will naturally lead to a proof that works. The reason we provide a description of the failed trials

is to explain why we don’t have a simpler proof and to justify why we use a complicated form of

Hardy’s inequality on an “artificial” set. The goal of the trials is also to provide a good intuition

for the problem and to show how the geometry of the Carnot group comes into play.

Trial 1: Hardy’s Inequality

The following Hardy’s inequality is classical and could be found in [119] and references within:

Theorem 19 (Hardy’s Inequality). Let G ' Rn+m be a step-two Carnot group with sub-gradient

∇ = (X1, ..., Xn). Then, for h ∈ C∞0 (Rn+m),

∫
h2

|x|2
dλ ≤ 4

(n− 2)2

∫
|∇h|2dλ. (3.2.7)

Proof. By a direct computation,

∫
h2

|x|2
dλ =

1

(n− 2)

∫
h2∇ ·

(
x

|x|2

)
dλ

integrating by parts,

= − 2

(n− 2)

∫
h∇h

(
x

|x|2

)
dλ

≤ 2

(n− 2)

∫
|h|
|x|
|∇h|dλ

using Cauchy’s inequality ab ≤ a2

2
+
b2

2
with a =

|h|
|x|

and b =
2

(n− 2)
|∇h|,

≤ 1

2

∫
h2

|x|2
dλ+

2

(n− 2)2

∫
|∇h|2dλ.

Rearranging, we obtain Hardy’s inequality.

Notice that Hardy’s inequality holds for the Haar measure dλ (equivalent to the Lebesgue

measure), while we are dealing with the measure e−g(N)dλ. To account for that, we apply Hardy’s

inequality (3.2.7) with

h =
fe
−g(N)

2

N
.
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Therefore, (3.2.6) becomes

∫
f2

(
A
g′(N)

N2
− B

N3

)
e−g(N)dλ≤ ε

∫ (
fe
−g(N)

2

N

)2

|x|2
dλ+

C

ε

∫
|∇f |2e−g(N)dλ

≤ 4ε

(n− 2)2

∫ ∣∣∣∣∣∇fe
−g(N)

2

N

∣∣∣∣∣
2

dλ+
C

ε

∫
|∇f |2e−g(N)dλ

=
ε

(n− 2)2

∫
f2 g

′(N)2

N2
|∇N |2e−g(N)dλ+ remainder terms +

C

ε

∫
|∇f |2e−g(N)dλ.

The problem here is that the term
ε

(n− 2)2

∫
f2 g

′(N)2

N2
|∇N |2e−g(N)dλ cannot be absorbed into

the left-hand side of the inequality due to the squared power on g′(N). Hence, Trial 1 fails.

Trial 2: Introducing F = {(x, z) ∈ Rn+m : |x|
√
g′(N) < 1}

Set F is artificial: its choice is specifically made for the proof to go through. In fact, splitting the

first integral on the right-hand side of (3.2.6) over F and F c :

∫
f2

(
A
g′(N)

N2
− B

N3

)
e−g(N)dλ

≤ ε
∫
F

|f |2

N2|x|2
e−g(N)dλ+ ε

∫
F c

|f |2

N2|x|2
e−g(N)dλ+

C

ε

∫
|∇f |2e−g(N)dλ

≤ ε
∫
F

|f |2

N2|x|2
e−g(N)dλ+ ε

∫
F c

g′(N)

N2
e−g(N)dλ+

C

ε

∫
|∇f |2e−g(N)dλ

choosing ε small enough, we can absorb the integral over F c into the left-hand side and get:

∫
f2

(
(A− ε)g

′(N)

N2
− B

N3

)
e−g(N)dλ

≤ ε
∫
F

|f |2

N2|x|2
e−g(N)dλ+

C

ε

∫
|∇f |2e−g(N)dλ. (3.2.8)

Hence, the next step is to reprove Hardy’s inequality taking into account the boundary term and

the geometry of the step-two Carnot group. The following is a proof of the U−bound Theorem 17:

Hardy’s inequality on Fr = {(x, z) ∈ Rn+m : |x|
√
g′(N) < r}, where 1 ≤ r ≤ 2

Proving Hardy’s inequality on the set F leads to a “loss of measure” at the boundary term. To

bypass this issue, we prove Hardy’s inequality on sets Fr. Then, integrating this boundary term

with respect to r for 1 ≤ r ≤ 2 leads to recovering the full measure by the Coarea formula (see p.
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468 of [29]).

Theorem 20 (Hardy’s Inequality for Fr). Let G ' Rn+m be a step-two Carnot group, whose Lie

algebra is generated by {Xi}ni=1. Define Fr = {(x, z) ∈ Rn+m : |x|
√
g′(N) < r}. Then,

∫
Fr

h2

|x|2
dλ ≤ 4

(n− 2)2

∫
Fr

|∇h|2 dλ+
2

n− 2

∫
∂Fr

h2

|x|2
n∑
j=1

xj〈XjI,∇euc
(
|x|
√
g′(N)

)
〉∣∣∣∇euc (|x|√g′(N)

)∣∣∣ dHn+m−1,

where I is the identity map on Rn+m and ∇euc is the Euclidean gradient on Rn+m.

The following proof is in the same spirit of the classical Hardy’s inequality (3.2.7) proof.

Proof. By a direct computation,

∫
Fr

h2

|x|2
dλ =

1

n− 2

∫
Fr

h2∇ ·
(

x

|x|2

)
dλ

integrating by parts,

= − 2

n− 2

∫
Fr

h∇h
(

x

|x|2

)
dλ+

1

n− 2

∫
∂Fr

h2

|x|2
n∑
j=1

xj〈XjI,∇euc
(
|x|
√
g′(N)

)
〉∣∣∣∇euc (|x|√g′(N)

)∣∣∣ dHn+m−1

≤ 2

n− 2

∫
Fr

|h|
|x|
|∇h|dλ+

1

n− 2

∫
∂Fr

h2

|x|2
n∑
j=1

xj〈XjI,∇euc
(
|x|
√
g′(N)

)
〉∣∣∣∇euc (|x|√g′(N)

)∣∣∣ dHn+m−1

using Cauchy’s inequality ab ≤ a2

2
+
b2

2
with a =

|h|
|x|

and b =
2

(n− 2)
|∇h|,

≤ 1

2

∫
Fr

h2

|x|2
dλ+

2

(n− 2)2

∫
Fr

|∇h|2dλ+
1

n− 2

∫
∂Fr

h2

|x|2
n∑
j=1

xj〈XjI,∇euc
(
|x|
√
g′(N)

)
〉∣∣∣∇euc (|x|√g′(N)

)∣∣∣ dHn+m−1.

Rearranging, we get Hardy’s inequality for Fr.

Choosing

h =
fe
−g(N)

2

N

in the last Theorem 20, and noting that F := F1 ⊂ Fr ⊂ F2, we have

∫
F

f2e−g(N)

N2|x|2
dλ
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≤ 4

(n− 2)2

∫
F2

∣∣∣∣∣∇
(
fe
−g(N)

2

N

)∣∣∣∣∣
2

dλ+
2

n− 2

∫
∂Fr

f2e−g(N)

N2|x|2
n∑
j=1

xj〈XjI,∇euc
(
|x|
√
g′(N)

)
〉∣∣∣∇euc (|x|√g′(N)

)∣∣∣ dHn+m−1.

(3.2.9)

Recovering the full measure using the Coarea formula

Integrating (3.2.9) with respect to r from 1 to 2 :

∫ 2

1

∫
F

f2e−g(N)

N2|x|2
dλdr

≤ 4

(n− 2)2

∫ 2

1

∫
F2

∣∣∣∣∣∇
(
fe
−g(N)

2

N

)∣∣∣∣∣
2

dλdr

+
2

n− 2

∫ 2

1

∫
∂Fr

f2e−g(N)

N2|x|2
n∑
j=1

xj〈XjI,∇euc
(
|x|
√
g′(N)

)
〉∣∣∣∇euc (|x|√g′(N)

)∣∣∣ dHn+m−1dr.

To recover the full measure in the boundary term, we use the Coarea formula (see p. 468 of

[29]): ∫
F

f2e−g(N)

N2|x|2
dλ

≤ 4

(n− 2)2

∫
F2

∣∣∣∣∣∇
(
fe
−g(N)

2

N

)∣∣∣∣∣
2

dλ

+
2

n− 2

∫
{1<|x|

√
g′(N)<2}

f2e−g(N)

N2|x|2
n∑
j=1

xj〈XjI,∇euc
(
|x|
√
g′(N)

)
〉dλ. (3.2.10)

Going back to Trial 2

Recall in Trial 2, we split the first integral on the right-hand side of (3.2.6) over F and F c, and we

obtained (3.2.8):

∫
f2

(
(A− ε)g

′(N)

N2
− B

N3

)
e−g(N)dλ ≤ ε

∫
F

|f |2

N2|x|2
e−g(N)dλ+

C

ε

∫
|∇f |2e−g(N)dλ

by (3.2.10),

≤ 4ε

(n− 2)2

∫
F2

∣∣∣∣∣∇
(
fe
−g(N)

2

N

)∣∣∣∣∣
2

dλ

+
2ε

n− 2

∫
{1<|x|

√
g′(N)<2}

f2e−g(N)

N2|x|2
n∑
j=1

xj〈XjI,∇euc
(
|x|
√
g′(N)

)
〉dλ

+
C

ε

∫
|∇f |2e−g(N)dλ. (3.2.11)



CHAPTER 3. COERCIVE INEQUALITIES ON STEP-TWO CARNOT GROUPS 61

The remainder of the proof is to use the conditions of Theorem 17, the technical Lemma 18,

the domain of integrations, and the given fields Xj that are the generators of the Lie algebra of the

step-two Carnot group G. From the computation, we find a suitable ε which is required to satisfy

the condition
10ε

n− 2
+ ε < A.

Here, A is the constant that appears in the lower bound of |∇N | of the technical Lemma 18, i.e.

(4.1.5):

A
|x|2

N2
≤ |∇N |2 ≤ C |x|

2

N2
.

For completeness, we give the full details of the computations below.

Computations

We will be computing explicitly the terms on the right-hand side of (3.2.11). To make things

simpler, let

I1 =
4ε

(n− 2)2

∫
F2

∣∣∣∣∣∇
(
fe
−g(N)

2

N

)∣∣∣∣∣
2

dλ

and

I2 =
2ε

n− 2

∫
{1<|x|

√
g′(N)<2}

f2e−g(N)

N2|x|2
n∑
j=1

xj〈XjI,∇euc
(
|x|
√
g′(N)

)
〉dλ.

Computing I1

I1 =
4ε

(n− 2)2

∫
F2

∣∣∣∣∣∇f e−
g(N)

2

N
− f g

′(N)

2

∇Ne−
g(N)

2

N
− f∇Ne−

g(N)
2

N2

∣∣∣∣∣
2

dλ

≤ 16ε

(n− 2)2

∫
F2

|∇f |2

N2
e−g(N)dλ+

4ε

(n− 2)2

∫
F2

f2g′(N)2 |∇N |2

N2
e−g(N)dλ

+
16ε

(n− 2)2

∫
F2

f2 |∇N |2

N4
e−g(N)dλ.

Using (4.1.5) of the technical Lemma 18 and taking into consideration that N > 1 and on F2,

|∇N |2 ≤ C|x|2

N2
≤ 4C

N2g′(N)
,

I1 ≤ C̃
∫
F2

|∇f |2e−g(N)dλ+ D̃

∫
F2

f2e−g(N)dλ+
16εC

(n− 2)2

∫
F2

f2 g
′(N)

N4
e−g(N)dλ.

We do not worry about the third term in this inequality since it is dominated by
∫
f2 g

′(N)
N2 e−g(N)dλ

for N > 1.
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Computing I2

For ei the standard Euclidean basis on Rn+m,

XjI · ei =


0 for i 6= j and i ≤ n

1 for i = j and i ≤ n

1
2

∑n
l=1 Λ

(i)
jl xl for n+ 1 ≤ i ≤ n+m.

∇euc
(
|x|
√
g′(N)

)
· ei =


xi
√
g′(N)

|x| + |x|3g′′(N)xi

2
√
g′(N)N3

for i = j and i ≤ n

a|x|g′′(N)zi

4
√
g′(N)N3

for n+ 1 ≤ i ≤ n+m

Taking the dot product and summing,

n∑
j=1

xj〈XjI,∇euc
(
|x|
√
g′(N)

)
〉

= |x|
√
g′(N) +

|x|5g′′(N)

2
√
g′(N)N3

+

n∑
j=1

xj

n+m∑
i=n+1

(
a|x|g′′(N)

8
√
g′(N)N3

)
zi

n∑
l=1

Λ
(i)
jl xl

= |x|
√
g′(N) +

|x|5g′′(N)

2
√
g′(N)N3

+

(
a|x|g′′(N)

8
√
g′(N)N3

)
n+m∑
i=n+1

zi

n∑
j=1

n∑
l=1

Λ
(i)
jl xlxj

= |x|
√
g′(N) +

|x|5g′′(N)

2
√
g′(N)N3

,

where
n∑
j=1

n∑
l=1

Λ
(i)
jl xlxj = 0 since Λ

(i)
jl is skew symmetric.

Therefore, replacing,

I2 =
2ε

n− 2

∫
{1<|x|

√
g′(N)<2}

f2e−g(N)

N2|x|2
n∑
j=1

xj〈XjI,∇euc
(
|x|
√
g′(N)

)
〉dλ

=
2ε

n− 2

∫
{1<|x|

√
g′(N)<2}

f2
√
g′(N)

N2|x|
e−g(N)dλ+

2ε

n− 2

∫
{1<|x|

√
g′(N)<2}

f2|x|3g′′(N)

2N5
√
g′(N)

e−g(N)dλ.

Using the fact that we are integrating over {1 < |x|
√
g′(N) < 2},

I2 ≤
2ε

n− 2

∫
{1<|x|

√
g′(N)<2}

f2g′(N)

N2
e−g(N)dλ+

8ε

n− 2

∫
{1<|x|

√
g′(N)<2}

f2g′′(N)

N5g′(N)2
e−g(N)dλ.

Using the condition of Theorem 17 that g′′(N) ≤ g′(N)3N3, we get
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I2 ≤
10ε

n− 2

∫
{1<|x|

√
g′(N)<2}

f2g′(N)

N2
e−g(N)dλ.

Combining I1 and I2

Replacing the estimates I1 and I2 in (3.2.11) we get

∫
f2

(
(A− ε)g

′(N)

N2
− B

N3

)
e−g(N)dλ ≤ I1+I2 +

C

ε

∫
|∇f |2e−g(N)dλ

≤ C̃
∫
|∇f |2e−g(N)dλ+ D̃

∫
f2e−g(N)dλ

+
16εC

(n− 2)2

∫
f2 g

′(N)

N4
e−g(N)dλ+

(
10ε

n− 2

)∫
f2g′(N)

N2
e−g(N)dλ.

On {N > 1},
∫
f2

(
B

N3

)
e−g(N)dλ and

16εC

(n− 2)2

∫
f2 g

′(N)

N4
e−g(N)dλ are of lower order. So,

choosing
(

10ε

n− 2
+ ε

)
< A we get

∫
f2

(
g′ (N)

N2

)
e−g(N)dλ ≤ C

∫
|∇f |2e−g(N)dλ+D

∫
f2e−g(N)dλ.

Hence, we have proved the U− bound Theorem 17 for q = 2.

Extension of the U-Bound to q > 2

For q > 2, replacing |f | by |f |
q
2 ,we get:

∫
g′ (N)

N2
|f |qdµ ≤ C

∫ ∣∣∣∇|f | q2 ∣∣∣2 dµ+D

∫
|f |qdµ. (3.2.12)

Calculating, ∫ ∣∣∣∇|f | q2 ∣∣∣2 dµ =

∫ ∣∣∣q
2
|f |

q−2
2 (sgn (f))∇f

∣∣∣2 dµ
≤
∫
q2

4
|f |q−2|∇f |2dµ.

Using Hölder’s inequality,

∫ ∣∣∣∇|f | q2 ∣∣∣2 dµ ≤
∫
q2

4
|f |q−2|∇f |2dµ ≤ q2

4

(∫
|f |qdµ

) q−2
q
(∫
|∇f |qdµ

) 2
q

≤ q (q − 2)

4

∫
|f |qdµ+

q

2

∫
|∇f |qdµ.

(3.2.13)
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Where the last inequality uses ab≤ ap
′

p′
+
bq
′

q′
, with a =

(∫
|f |qdµ

) q−2
q

, b =

(∫
|∇f |qdµ

) 2
q

, and

p′ andq′ conjugates. Choosing p′ =
q

q − 2
, we obtain

1

q′
= 1− q − 2

q
, so q′ =

q

2
. Using the inequal-

ities (7.2.14) and (7.2.15), we get,

∫
g′ (N)

N2
|f |qdµ ≤ C

∫ ∣∣∣∇|f | q2 ∣∣∣2 dµ+D

∫
|f |qdµ

≤ C ′
∫
|∇f |qdµ+D′

∫
|f |qdµ.

3.3 Poincaré Inequality

We now have the U−Bound Theorem 17 at our disposal and are ready to prove the q−Poincaré

inequality using W. Hebisch and B. Zegarliński’s Theorem 6 (introduced in Section 2.1.2 of Chapter

2).

As discussed previously in this chapter,
g′(N)

N2
from the U−Bound Theorem 17 plays the role of

η in W. Hebisch and B. Zegarliński’s Theorem 6. We note that in [1], R.A Adams proved coercive

inequalities on Rn for measures of the form dµ = exp(−ψ(x))dx, where ψ(x) has a polynomial

behaviour ρ(x), an exponential behavior exp(ρ(x)), or the composition of the exponential j times

exp(j)(ρ(x)). This motivates the following corollaries in our setting:

Corollary 21. The Poincaré inequality for q ≥ 2 holds for the measure

dµ =
exp

(
− cosh

(
Nk
))

Z
dλ,

where λ is the Lebesgue measure, and k ≥ 1 in the setting of the step-two Carnot group.

Proof. g (N) = cosh
(
Nk
)
, so g′ (N) = kNk−1 sinh

(
Nk
)
, and

g′′(N) = k(k − 1)Nk−2 sinh(Nk) + k2N2k−2 cosh(Nk).

First, on {N ≥ 1}, g′′(N) ≤ k3N3k sinh3(Nk) = g′(N)3N3, so the condition of Theorem 17 is

satisfied. Second,

∫
g′ (N)

N2
fqdµ =

∫
fq
[
kNk−3 sinh

(
Nk
)]
dµ

=

∫
{N<1}

fq

[
kNk−3 e

Nk − e−Nk

2

]
dµ+

∫
{N≥1}

fq

[
kNk−3 e

Nk − e−Nk

2

]
dµ

≤
∫
{N<1}

fq
[
k
e− e−1

2

]
dµ+ C

′
∫
{N≥1}

|∇f |qdµ+D
′
∫
{N≥1}

|f |qdµ

≤ C
∫
|∇f |qdµ+D

∫
|f |qdµ.
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Thus, the conditions of Theorem 6 are satisfied for η = kNk−3 sinh
(
Nk
)
, and k ≥ 1. So, the

Poincaré inequality holds for q ≥ 2.

The following corollary was proven J. Inglis, Theorem 4.5.5 of [79] for N =
(
|x|4 + 16|z|2

) 1
4 in

the setting of Heisenberg-type group. Here, we obtain a generalised version for N =
(
|x|4 + a|z|2

) 1
4

in the setting of the step-two Carnot group.

Corollary 22. The Poincaré inequality for q ≥ 2 holds for the measure

dµ =
exp

(
−Nk

)
Z

dλ,

where λ is the Lebesgue measure, and k ≥ 4 in the setting of the step-two Carnot group.

Proof. Let g(N) = Nk, so g
′
(N) = kNk−1, and g′′(N) = k(k − 1)Nk−2. First, on {N ≥ 1},

g′′(N) ≤ k3N3k = g′(N)3N3, so the condition of Theorem 17 is satisfied. Second,

∫
g′ (N)

N2
fqdµ =

∫
fq
[
kNk−3

]
dµ

=

∫
{N<1}

fq
[
kNk−3

]
dµ+

∫
{N≥1}

fq
[
kNk−3

]
dµ

≤
∫
{N<1}

kfqdµ+ C
′
∫
{N≥1}

|∇f |qdµ+D
′
∫
{N≥1}

|f |qdµ

≤ C
∫
|∇f |qdµ+D

∫
|f |qdµ.

Thus, the conditions of Theorem 6 are satisfied for η = kNk−3, and k ≥ 4. So, the Poincaré

inequality holds for q ≥ 2.

The following corollary improves Corollary 22 in an interesting way. Namely, at a cost of a

logarithmic factor, we now get the Poincaré inequality for polynomial growth of order k ≥ 3.

Corollary 23. The Poincaré inequality for q ≥ 2 holds for the measure

dµ =
exp

(
−Nk log (N + 1)

)
Z

dλ,

where λ is the Lebesgue measure, and k ≥ 3 in the setting of the step-two Carnot group.

Proof. Let g(N) = Nk log (N + 1) ,so g
′
(N) = kNk−1 log(N + 1) +

Nk

N + 1
, and

g′′(N) = k(k − 1)Nk−2 log(N + 1) +
2kNk−1

N + 1
− Nk

(N + 1)2
.
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First, on {N ≥ 1},

g′′(N) ≤ k3N3k log3(N + 1) +
N3k+3

(N + 1)3
+

3k2N3k+1 log2(N + 1)

N + 1
+

3kN3k+2 log(N + 1)

(N + 1)2

= N3g′(N)3,

so the condition of Theorem 17 is satisfied. Second,

∫
g′ (N)

N2
fqdµ

=

∫
fq
[
kNk−3 log(N + 1) +

Nk−2

N + 1

]
dµ

=

∫
{N<1}

fq
[
kNk−3 log(N + 1) +

Nk−2

N + 1

]
dµ+

∫
{N≥1}

fq
[
kNk−3 log(N + 1) +

Nk−2

N + 1

]
dµ

≤
∫
{N<1}

(k log(2) + 1) fqdµ+ C
′
∫
{N≥1}

|∇f |qdµ+D
′
∫
{N≥1}

|f |qdµ

≤ C
∫
|∇f |qdµ+D

∫
|f |qdµ.

Thus, the conditions of Theorem 6 are satisfied for η = kNk−3 log(N + 1) +
Nk−2

N + 1
, and k ≥ 3. So,

the Poincaré inequality holds for q ≥ 2.

3.4 φ−Logarithmic Sobolev Inequality

After proving the q−Poincaré inequality for measures as a function of the homogeneous norm

N =
(
|x|4 + a|z|2

) 1
4 , a natural question would be if one could obtain other coercive inequalities.

J.Inglis et al.’s Theorem 2.1 in [80] proved that, for the measure dµ =
e−Udλ

Z
, provided we have

the U−Bound

µ(|f |(|U |β + |∇U |)) ≤ Aµ|∇f |+Bµ|f |,

one obtains

µ

(
|f |
∣∣∣∣log

|f |
µ|f |

∣∣∣∣β
)
≤ Cµ|∇f |+Bµ|f |.

We will first extend their theorem, and then we will use the U−bound Theorem 17 to get more

general coercive inequalities.

Theorem 24. Let U be a locally Lipschitz function on RNwhich is bounded below such that Z =∫
e−Udλ <∞, and dµ =

e−U

Z
dλ. Let φ : [0,∞)→ R+ be a non-negative, non-decreasing, concave

function such that φ(0) > 0, and φ′(0) > 0. Assume the following classical Sobolev inequality is
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satisfied: (∫
|f |q+εdλ

) q
q+ε

≤ a
∫
|∇f |qdλ+ b

∫
|f |qdλ

for some a, b ∈ [0,∞), and ε > 0. Moreover, if for some A, B ∈ [0,∞), we have:

µ (|f |q(φ(U) + |∇U |q)) ≤ Aµ|∇f |q +Bµ|f |q,

Then, there exists constants C, D ∈ [0,∞) such that:

µ

(
|f |qφ

(∣∣∣∣log
|f |q

µ|f |q

∣∣∣∣)) ≤ Cµ|∇f |q +Dµ|f |q,

for all locally Lipschitz functions f.

Notice that in W. Hebsich and B. Zegarliński’s Theorem 7 of Section 2.1.2, to obtain the

Logarithmic Sobolev inequality, a forced choice of

η = U + |∇U |q

is required. In this theorem, to get the φ−Logarithmic Sobolev inequality, the specific choice of η

is

η = φ(U) + |∇U |q.

Moreover, this theorem is general in the sense that is is independent on the explicit homoge-

neous norm used. It will applied in Chapter 4 to obtain results for measures as a function of the

fundamental solution to the sub-Laplacian in the setting of the Anisotropic Heisenberg group.

Proof. Using the mean value theorem, there exists 0 < c < x such that φ(x)−φ(0) = xφ′(c). Since

φ is concave, then φ′ is non-increasing, so φ′(c) ≤ φ(0). Therefore, ∀x ≥ 0,

φ(x) ≤ xφ′(0) + φ(0) (3.4.1)

By the fundamental theorem of calculus,

φ(y)− φ(x) =

∫ y

x

φ′(t)dt =

∫ y−x

0

φ′(t+ x)dt ≤
∫ y−x

0

φ′(t)dt = φ(y − x)− φ(0)

Where the last inequality uses the fact that φ′ is non-increasing. Using (3.4.1), we get, ∀y ≥ x:

φ(y)− φ(x) ≤ φ′(0)(y − x). (3.4.2)
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Suppose first that
∫
|f |q = 1, and let E = {x ∈ RN : | log |f |q| > U}.

∫
|f |qφ (|log |f |q|) dµ

=

∫
E

|f |qφ (|log |f |q|) dµ+

∫
Ec
|f |qφ (|log |f |q|) dµ

=

∫
E

|f |q [φ (|log |f |q|)− φ(U)] dµ+

∫
E

|f |qφ(U)dµ+

∫
Ec
|f |qφ (|log |f |q|) dµ

≤ φ′(0)

∫
E

|f |q (|log |f |q| − U) dµ+

∫
E

|f |qφ(U)dµ+

∫
Ec
|f |qφ(U)dµ,

where the last inequality uses (7.2.9) on E, and uses the fact that φ is non-decreasing on Ec, hence,

| log |f |q| < U. Let E1 = {log |f |q > U}, E2 = {log |f |q < −U}, and c =
∫
E1
|f |qe−Udλ.

∫
|f |qφ (|log |f |q|) dµ

≤ cφ′(0)q

εZ

∫
E1

(
|f |e−

U
q

)q
c

log
(
|f |e−

U
q

)ε
dλ+ φ′(0)

∫
E2

e−Udµ+

∫
|f |qφ(U)dµ

Using Jensen’s inequality,

≤ cφ′(0)(q + ε)

Zε
log

∫
E1

(
|f |e−

U
q

)q+ε
c

dλ


q
q+ε

+ φ′(0)

∫
E2

1dµ+

∫
|f |qφ(U)dµ

≤ c
ε
q+εφ′(0)(q + ε)

Zε
log

(∫ (
|f |e−

U
q

)q+ε
dλ

) q
q+ε

+ φ′(0)Z +

∫
|f |qφ(U)dµ

Using classical Sobolev inequality,

≤ a
∫
|f |qdµ+ b

∫ ∣∣∣∇(fe−
U
q )
∣∣∣q dλ+ φ′(0)Z +

∫
|f |qφ(U)dµ

= a+ φ′(0)Z + b

∫ ∣∣∣∣(∇f)e−
U
q − f

q
(∇U)e−

U
q

∣∣∣∣q dλ+

∫
|f |qφ(U)dµ

≤ a+ φ′(0)Z + b2q−1Z

∫
|∇f |qdµ+

Zb2q−1

qq

∫
|f |q|∇U |qdµ+

∫
|f |qφ(U)dµ

≤ a+ φ′(0)Z + b2q−1Z

∫
|∇f |qdµ+ max{Zb2

q−1

qq
, 1}

∫
|f |q| (∇U |q + φ(U)) dµ

Using the U−bound in the Theorem’s condition

≤ A+B

∫
|∇f |qdµ

Finally, replace |f |q by
|f |q

µ|f |q
to get the desired inequality.
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We note that, in the classical Rn setting, the following inequality is used for hypercontractivity

in Orlicz spaces ([16]) and for tight Orlicz-Sobolev inequalities ([136]).

Corollary 25. φ(x) = (1+x)β , for β ∈ (0, 1] is non-negative, non-decreasing, and concave function

satisfying φ(0) = 1 > 0, and φ′(0) = β > 0. Therefore, Theorem 24 applies, and

µ

(
|f |q

∣∣∣∣log

(
|f |q

µ|f |q

)∣∣∣∣β
)
≤ µ

(
|f |q

(
1 +

∣∣∣∣log

(
|f |q

µ|f |q

)∣∣∣∣)β
)
≤ Cµ|∇f |q +Dµ|f |q.

Corollary 26. Let h(1)(x) = log(α+ x), where α > 1. Define recursively

h(n)(x) = log(α+ h(n−1)(x)).

Then, for all n ≥ 1, h(n)(x) = φ(x) of Theorem 24 . Therefore, we obtain

µ

(
|f |q log ∗(n)

(
|f |q

µ|f |q

))
≤ µ

(
|f |qh(n)

(
|f |q

µ|f |q

))
≤ Cµ|∇f |q +Dµ|f |q,

where log∗(n) is the positive part of log(n) .

Proof. The proof proceeds by induction. For n = 1, h(1)(x) = log(α+ x), so h(1)(x)′ =
1

α+ x
,

and h(1)(x)′′ =
−1

(α+ x)2
. h(1)(0) = log(α) > 0, and h(1)(0)′ =

1

α
> 0. In addition, h(1)(x) is

non-negative, non-decreasing, and concave; hence the conditions of Theorem 24 are satisfied.

Assume it is true for n = k, prove it is true for n = k + 1 : h(k+1)(x) = log(α+ h(k)(x)),

so h(k+1)(x)′ =
h(k)(x)′

α+ h(k)(x)
, and h(k+1)(x)′′ =

h(k)(x)′′

α+ h(k)(x)
− h(k)(x)′

(α+ h(k)(x))2
. The result follows

directly.

Returning to the measure as a function of the homogeneous norm N =
(
|x|4 + a|z|2

) 1
4 ,

dµ =
e−N

p

Z
dλ,

we will prove using Theorem 17 and Theorem 24, that the β−Logarithmic Sobolev inequality

(0 < β ≤ 1) (Corollary 25) holds for q ≥ 2, yet fails for 1 < q <
2pβ

p− 1
. To start with, we will show

why the β−Logarithmic Sobolev inequality fails for 1 < q <
2pβ

p− 1
. The proof follows closely to

Hebisch and Zegarliński’s Theorem 6.3 of [72].

Theorem 27. Let G be a stratified group, and N be a smooth homogenous norm on G. For

α > 0, p ≥ 1, let dµ =
e−αN

p

Z
dλ, where Z is the normalisation constant. The measure µ satisfies

no β-Logarithmic Sobolev inequality (0 < β ≤ 1) for 1 < q <
2pβ

p− 1
.
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Proof. The proof is by contradiction. Let x0 be such that (∇N)(x0) = 0. For t > 0 put r = t
−p+1

2 ,

and

f = max

[
min

(
2− d(x, tx0)

r
, 1

)
, 0

]
. On B(tx0, 2r) = {x : d(x, tx0) ≤ 2r}, by homogeneity,

by Lemma 6.3 of [72], and by the fact that (∇N)(x0) = 0, we have |N(x) − N(tx0)| ≤ c1r
2, so

|N(x)p −N(tx0)p| ≤ c2. Consequently, the exponential factor in µ is comparable to a constant on

the support of f. Also, |∇f | ≤ 1
r , and

µ|f |q ≈ rQ
(
e−αN

p(tx0)
)

(3.4.3)

log(µ|f |q) ≈ −tp (3.4.4)

µ|∇f |q ≈ r−qrQe−αN
p(tx0) (3.4.5)

Choose t large enough so that r < 2
3 . On B(tx0, 2r), 2− d(x, tx0) ≥ 2− 2r ≥ r. Thus,

f = max

[
min

(
2− d(x, tx0)

r
, 1

)
, 0

]
= 1,

and log |f |q = 0.

µ

(
|f |q

∣∣∣∣log

(
|f |q

µ|f |q

)∣∣∣∣β
)

= µ
(
|f |q

(
|log |f |q − logµ|f |q|β

))
= µ

(
|f |q

(
|logµ|f |q|β

))

by (7.2.11),

≈ µ(|f |qtpβ)

by (7.2.10)

≈ tpβrQe−αN
p(tx0).

Assuming we have β−Logarithmic Sobolev inequality, and using (7.2.12), we get:

tpβrQe−αN
p(tx0) ≤Mr−qrQe−αN

p(tx0)

since r = t
−p+1

2 ,

tpβ ≤Mt−q(
−p+1

2 ).

For t large enough, we get a contradiction when pβ >
q(p− 1)

2
i.e. for q <

2pβ

p− 1
. So, the measure

µ satisfies no β−Logarithmic Sobolev inequality for 1 < q <
2pβ

p− 1
.

Now we prove that for q ≥ 2, β−Logarithmic Sobolev inequality holds true for dµ =
e−αN

p

Z
dλ,
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where N =
(
|x|4 + a|z|2

) 1
4 and 0 < β ≤ p− 3

p
.

Theorem 28. Let G be an step-two Carnot group. Let the probability measure be dµ =
e−g(N)

Z
dλ,

where Z is the normalisation constant and N =
(
|x|4 + a|z|2

) 1
4 with a ∈ (0,∞). Let g : [0,∞) →

[0,∞) be a differentiable increasing function such that g′(N) is increasing, g(N) ≤
(
c
g′(N)

N2

) 1
β

,

and g′′(N) < dg′(N)2 on {N ≥ 1}, for some constants c and d. Then

µ

(
|f |q

∣∣∣∣log

(
|f |q

µ|f |q

)∣∣∣∣β
)
≤ Cµ|f |q +Dµ|∇f |q,

for C and D positive constants and for q ≥ 2.

Proof. On {N ≥ 1}, g′′(N) < dg′(N)2 ≤ g′(N)3N3, so the condition of Theorem 17 is satisfied.

Thus, on {N ≥ 1}, we have the U-bound (3.2.1):

µ

(
g′(N)

N2
|f |q

)
≤ Cµ|∇f |q +Dµ|f |q.

By the condition g(N) ≤
(
c
g′(N)

N2

) 1
β

, we obtain φ(g(N)) = (1 + g(N))β ≤ g′(N)

N2
on {N ≥ 1}.

Hence, since g(N) is increasing and using the U-bound,

µ (φ(g(N))|f |q) ≤
∫
{N≥1}

(
g′(N)

N2
|f |q

)
dµ+

∫
{N<1}

φ(g(N))|f |qdµ

≤
∫
{N≥1}

(
g′(N)

N2
|f |q

)
dµ+

∫
{N<1}

(1 + g(1))β |f |qdµ

≤ Cµ|∇f |q +Dµ|f |q.

(3.4.6)

In order to use Theorem 24, it remains to prove:

µ (|f |q|∇g(N)|q) ≤ Cµ|f |q +Dµ|∇f |q. (3.4.7)

On {N < 1}, since g′(N) is increasing and using (4.1.5),

∫
{N<1}

(|f |q|∇g(N)|q) dµ =

∫
{N<1}

(|f |q|g′(N)∇N |q) dµ ≤ C
q
2

∫
{N<1}

|f |q|g′(1)|qdµ.

We now need to consider {N ≥ 1} :

∫
|f |q (∇g(N) · V −∇ · V ) dµ =

∫
∇|f |q · V dµ ≤ ε

p

∫
|f |q|V |pdµ+

1

ε
q
p

qq−1

∫
|∇f |qdµ, (3.4.8)

where the last inequality uses ab ≤ εa
p

p
+

bq

ε
q
p q
, where a = |f |q−1|V |, and b = q|∇f |.
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Let V = ∇N |x|
q−2

Nq−2
g′(N)q−1. Since ∇g(N) = g′(N)∇N, then ∇g(N) · V = |∇g(N)|q, which is

the term on the left hand side of (4.2.12). Using the inequality (4.1.5) on the first term on the

right hand side of (3.4.8) we get

ε

p

∫
|f |q|V |pdµ =

ε

p

∫
|∇N |p|f |q |x|

(q−2)pg′(N)q

N (q−2)p
dµ

≤ εC
p
2

p

∫
|f |q |x|

qg′(N)q

Nq
dµ

which can subtracted from the left hand side of (3.4.8) since by choosing ε small enough and

noting that using (4.1.5),

∇g(N) · V = |∇N |2 |x|
q−2

Nq−2
g′(N)q ≥ A |x|

q

Nq
g′(N)q.

It remains to compute ∇ · V. Using |∆N | ≤ B |x|
2

N3
, (2.2.1), and

x

|x|
· ∇N =

|x|3

N3
, (4.1.7),

∇ · V = ∆N
|x|q−2

Nq−2
g′(N)q−1 + (q − 2)

|x|qg′(N)q−1

Nq+1

−(q − 2)
|∇N |2|x|q−2g′(N)q−1

Nq−1
+ (q − 1)g′(N)q−2g′′(N)

|x|q−2|∇N |2

Nq−2
.

|∇·V | ≤ B |x|
q

Nq+1
g′(N)q−1+(q−2)

|x|qg′(N)q−1

Nq+1
+(q−2)

C|x|qg′(N)q−1

Nq+1
+C(q−1)g′(N)q−2g′′(N)

|x|q

Nq
.

All terms can be absorbed by the first term in (3.4.8). Using (4.2.10) and (4.2.12), the condition

of Theorem 24, is satisfied, and we obtain β−Logarithmic Sobolev inequality:

µ

(
|f |q

∣∣∣∣log

(
|f |q

µ|f |q

)∣∣∣∣β
)
≤ Cµ|f |q +Dµ|∇f |q

for C and D positive constants.

Corollary 29. Let G be a step-two Carnot group and N =
(
|x|4 + a|z|2

) 1
4 with a ∈ (0,∞) . Let

the probability measure be dµ =
e−βN

p

Z
dλ, where Z is the normalisation constant. Then, for p ≥ 4

and 0 < β ≤ p− 3

p
,

µ

(
|f |q

∣∣∣∣log

(
|f |q

µ|f |q

)∣∣∣∣β
)
≤ Cµ|f |q +Dµ|∇f |q,

for C and D positive constants and for q ≥ 2.



Chapter 4

Coercive Inequalities on Anisotropic

Heisenberg Group

This chapter is based on [34]. We extend the Anisotropic Heisenberg group to higher dimensions

from H4 (1, 2) on R5 to H2n

(
θ

2
, θ

)
on R2n+1, where θ > 0. Then, we compute the fundamental

solution for the sub-Laplacian N2−Q, where Q is the homogeneous dimension, using R. Beals, B.

Gaveau, and P. Greiner’s [17] explicit integral representation:

Theorem (30). The fundamental solution for the group H2n

(
θ

2
, θ

)
(i.e. ∆N2−Q = ∆N−2n = 0 on H2n

(
θ

2
, θ

)
\{0}) is given by the following homogeneous norm

N(x, t) =

(
B2 + t2

) 1
4n
(
AB + t2 +A

√
B2 + t2

) 1
2−

1
4n(

B +
√
B2 + t2

) 1
2

where A =
θx2

1

2
+
θx2

n+1

2
+
θ

2

2n∑
j=2,j 6=n+1

x2
j and B =

θx2
1

4
+
θx2

n+1

4
+
θ

2

2n∑
j=2,j 6=n+1

x2
j .

For general measures of the form

dµ =
e−g(N)

Z
dλ,

we prove the U−Bound theorem:

Theorem (31). Let N−2n be the fundamental solution in the setting of the Anisotropic Heisenberg

group H2n

(
θ

2
, θ

)
with θ > 0 and n > 5. Let g : [0,∞) → [0,∞) be a differentiable increasing

73
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function such that g′′(N) ≤ g′(N)2 on {N ≥ 1}. Then, for q ≥ 2,

∫
g′ (N)

N2
|f |qdµ ≤ C

∫
|∇f |qdµ+D

∫
|f |qdµ

holds outside the unit ball {N < 1} with C and D positive constants independent of a function f

for which the right hand side is well defined.

We apply this U−bound to W. Hebisch and B. Zegarliński’s Theorem 6 (introduced in Section

2.1.2 of Chapter 2) to get the q−Poincaré inequality for q ≥ 2. We utilise this U−Bound to get a

β−Logarithmic Sobolev inequality for dµ = e−αN
p

Z dλ, for p ≥ 4, q ≥ 2, and 0 < β ≤ p−3
p (Corollary

38) by using Theorem 24 (proved in Section 3.4 of Chapter 3).

4.1 Extension of the Anisotropic Heisenberg group and the

Fundamental Solution of the sub-Laplacian

Extension of the Anisotropic Heisenberg group

As mentioned in Section 1.7.3 of the Introduction, the Carnot group G is said to be polarizable if

N, where N2−Q is the fundamental solution to the sub-Laplacian, is ∞−harmonic in G\{0} [14],

i.e.

4∞N :=
1

2
〈∇
(
|∇N |2

)
,∇N〉 = 0 in G\{0}. (4.1.1)

The concept of polarizable Carnot groups was first introduced by Z. Balogh and J. Tyson in [14],

where they used the∞−harmonicity of N to create a procedure to construct polar coordinates. As

a consequence, they showed that the fundamental solution of the p−sub-Laplacian can be expressed

as the fundamental solution of the sub-Laplacian, proved capacity formulas, and produced sharp

constants for the Moser-Trudinger inequality. In settings related to polarizable Carnot groups,

many authors showed Hardy-type inequalities as a function of N (see [48, 49, 62, 63, 85, 135]),

proved Rellich-type inequalities (see [85, 138]), and studied Fuglede’s p−module of system of mea-

sures [37].

However, we don’t have a classification of polarizable Carnot groups: the only examples till

now are Euclidean spaces and Heisenberg-type groups. This classification has been a longstanding

open problem for two decades.

The concept of a polarizable Carnot group is a delicate one in the sense that under a small

perturbation of the Lie algebra, the group is no longer polarizable. Z. Balogh and J. Tyson provided
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in [14] the non-polarizable Anisotropic Heisenberg group H4 (1, 2) on R5 with the dilation

δλ(x1, x2, x3, x4, t) = (λx1, λx2, λx3, λx4, λ
2t)

and the composition law

(x1, x2, x3, x4, t) ◦ (η1, η2, η3, η4, τ)

= (x1 + η1, x2 + η2, x3 + η3, x4 + η4, t+ τ + x1η3 − x3η1 + 2x2η4 − 2η2x4) ,

where (x1, x2, x3, x4, t) ∈ R5 and (η1, η2, η3, η4, τ) ∈ R5.

H4 (1, 2) is a homogeneous Carnot group of step two with generators

X1 = ∂x1
− x3∂t, X2 = ∂x2

− 2x4∂t, X3 = ∂x3
+ x1∂t, and X4 = ∂x4

+ 2x2∂t.

In this setting, the sub-gradient is ∇ = (X1, X2, X3, X4), the sub-Laplacian is ∆ = X2
1 +X2

2 +

X2
3 +X2

4 , and the homogeneous dimension is Q = 6.

We note that just altering X1 to “X1 = ∂x1
− 2x3∂t” and X3 to “X3 = ∂x3

+ 2x1∂t”, makes the

group a polarizable Heisenberg group. Hence, we observe that polarizability is affected by just a

small perturbation of the Lie algebra.

In this chapter, we extend the Anisotropic Heisenberg group from H4 (1, 2) on R5 to H2n

(
θ

2
, θ

)
on R2n+1, where θ > 0. Let the dilation be

δλ(x1, x2, ..., x2n, t) = (λx1, λx2, ..., λx2n, λ
2t)

and let the composition law be

(x1, x2, ..., x2n, t) ◦ (η1, η2, ..., η2n, τ)

=

x1 + η1, x2 + η2, ..., x2n + η2n, t+ τ +
θx1ηn+1

2
− θxn+1η1

2
+ θ

n∑
j=2

(xjηj+n − ηjxj+n)

 ,

where (x1, x2, ..., x2n, t) ∈ R2n+1 and (η1, η2, ..., η2n, τ) ∈ R2n+1.
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H2n

(
θ

2
, θ

)
is a homogeneous Carnot group of step two with generators

Xj =



∂x1 −
θxn+1

2
∂t j = 1

∂xn+1
+
θx1

2
∂t j = n+ 1

∂xj − θxj+n∂t j = 2, 3, .., n

∂xj + θxj−n∂t j = n+ 2, n+ 3, .., 2n.

(4.1.2)

In this setting, the sub-gradient is ∇ = (X1, X2, ..., X2n) and the sub-Laplacian is ∆ =

2n∑
i=1

X2
i ,

and the homogeneous dimension is Q = 2n+ 2.

We note that for n = 2 and θ = 2, we get back the setting considered by Z. Balogh and J.

Tyson in [14], as introduced above.

The generalisation of the Anisotropic Heisenberg group that we consider, in addition to the

results we obtain in this chapter, were used by J. Tyson [128] to formulate the suitable Conjecture

5 (stated in Section 1.7.3 of the Introduction). His conjecture relates the new notion of H−type

stability to the classification of polarizable groups, and if true, it would imply that all step-two

polarizable Carnot groups are Heisenberg-type groups.

The Fundamental Solution of the sub-Laplacian

Z. Balogh and J. Tyson showed in Example 6.6 of [14] that the fundamental solution of the sub-

Laplacian for the group H4 (1, 2) (i.e. ∆N2−Q = ∆N−4 = 0 on H4 (1, 2) \{0}) is given by the

following homogeneous norm

N(x, t) =

(
B2 + t2

) 1
8
(
A−B +

√
B2 + t2

) 3
8(

B +
√
B2 + t2

) 1
8

, (4.1.3)

for (x, t) = (x1, x2, x3, x4, t) ∈ R5, A = x2
1 + x2

2+x2
3 + x2

4, and B =
x2

1

2
+
x2

3

2
+ x2

2+x2
4.

We note that Z. Balogh and J. Tyson showed in [14] that this homogeneous norm (4.1.3) does

not satisfy the polarizability condition (4.1.1).

In the setting of the higher dimensional Anisotropic Heisenberg group H2n

(
θ

2
, θ

)
introduced

above, we compute explicitly the fundamental solution of the sub-Laplacian:

Theorem 30. The fundamental solution for the group H2n

(
θ

2
, θ

)
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(i.e. ∆N2−Q = ∆N−2n = 0 on H2n

(
θ

2
, θ

)
\{0}) is given by the following homogeneous norm

N(x, t) =

(
B2 + t2

) 1
4n
(
AB + t2 +A

√
B2 + t2

) 1
2−

1
4n(

B +
√
B2 + t2

) 1
2

(4.1.4)

where A =
θx2

1

2
+
θx2

n+1

2
+
θ

2

2n∑
j=2,j 6=n+1

x2
j and B =

θx2
1

4
+
θx2

n+1

4
+
θ

2

2n∑
j=2,j 6=n+1

x2
j .

We note that for n = 2 and θ = 2, and by using the identity

(
AB + t2 +A

√
B2 + t2

)
=
(
B +

√
B2 + t2

)(
A−B +

√
B2 + t2

)
,

we get back the fundamental solution (4.1.3) as calculated in [14] .

Proof of Theorem 30

To compute explicitly the fundamental solution, we use R. Beals, B. Gaveau, and P. Greiner’s

Theorem 2 of [17], which states:

For G a step-two Carnot group, the fundamental solution for the sub-laplacian ∆ =

2n∑
j=1

X2
j on

G with singularity at 0 is:

u(x, t) =
Γ(Q2 − 1)

2(2π)
Q
2

∫
R

V (τ)

f(x, t, τ)
Q
2 −1

dτ, (4.1.5)

for (x, t) ∈ G, x 6= 0. Q = 2n+ 2 is the homogeneous dimension, V : R→ R is such that

V (τ) =

2n∏
j=1

wj(τ)
1
2 csch(wj(τ))

1
2 ,

and f : G× R→ C is such that

f(x, t, τ) =
1

2

2n∑
j=1

wj(τ) coth(wj(τ))|x · ej(τ)|2 −
√
−1tτ.

In the case of the Anisotropic Heisenberg group H2n

(
θ

2
, θ

)
, wj(τ) are the eigenvalues and ej(τ)

are the corresponding normalised eigenvectors of the 2n× 2n matrix Ω(τ) = −
√
−1τM, where
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Mkl =



−θ
2

k = 1, l = n+ 1

θ

2
k = n+ 1, l = 1

−θ k = 2, 3, ..., n, l = k + n

θ k = n+ 2, n+ 3, ..., 2n, l = k − n

0 otherwise

The eigenvalues are: w1(τ) = −θτ
2
, wn+1(τ) =

θτ

2
, wj(τ) = −θτ, for j = 2, 3, .., n, and

wj(τ) = θτ, for j = n+ 2, n+ 3, ..., 2n. The corresponding normalised eigenvectors are:

(ej(τ))i =


−
√
−1√
2

i = j

1√
2

i = j + n

0 otherwise,

for j = 1, 2, ..., n, and

(ej(τ))i =



√
−1√
2

i = j − n

1√
2

i = j

0 otherwise,

for j = n+ 1, n+ 2, ..., 2n. Thus,

V (τ) =

2n∏
j=1

wj(τ)
1
2 csch(wj(τ))

1
2

=

(
(θτ)2

4
csch

(
θτ

2

)2

(θτ)2n−2csch(θτ)2n−2

) 1
2

=
θnτn

2
csch

(
θτ

2

)
csch(θτ)n−1, (4.1.6)
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f(x, t, τ) =
1

2

2n∑
j=1

wj(τ) coth(wj(τ))|x · ej(τ)|2 −
√
−1tτ

=
1

2
w1(τ) coth(w1(τ))|x · e1(τ)|2 +

1

2
wn+1(τ) coth(wn+1(τ))|x · en+1(τ)|2

+ 1
2

∑2n
j=2,j 6=n+1 wj(τ) coth(wj(τ))|x · ej(τ)|2 −

√
−1tτ

= −θτ
4

coth

(
−θτ

2

) ∣∣∣∣−√−1√
2
x1 +

xn+1√
2

∣∣∣∣2 +
θτ

4
coth

(
θτ

2

) ∣∣∣∣√−1√
2
x1 +

xn+1√
2

∣∣∣∣2

+
1

2

n∑
j=2

−θτ coth(−θτ)

∣∣∣∣−√−1√
2
xj +

xj+n√
2

∣∣∣∣2

+ 1
2

∑2n
j=n+2 θτ coth(θτ)

∣∣∣√−1√
2
xj +

xj+n√
2

∣∣∣2 −√−1tτ

=
τ

2
coth

(
θτ

2

)(
θx2

1

2
+
θx2

n+1

2

)
+
τ

2
coth(θτ)

 2n∑
j=2,j 6=n+1

θx2
j

−√−1tτ.

Letting A =
θx2

1

2
+
θx2

n+1

2
+
θ

2

2n∑
j=2,j 6=n+1

x2
j and B =

θx2
1

4
+
θx2

n+1

4
+
θ

2

2n∑
j=2,j 6=n+1

x2
j , we obtain:

f(x, t, τ) = τ coth

(
θτ

2

)
(A−B) + τ coth(θτ)(2B −A)−

√
−1tτ. (4.1.7)

Replacing (4.1.6) and (4.1.7) in (4.1.5), we get:

u(x, t) =
Γ(n)

2(2π)n+1

∫
R

V (τ)

f(x, t, τ)n
dτ

=
Γ(n)

2(2π)n+1

∫
R

θnτn

2 csch( θτ2 )csch(θτ)n−1(
τ coth

(
θτ

2

)
(A−B) + τ coth(θτ)(2B −A)−

√
−1tτ

)n dτ

=
Γ(n)

(2π)n+1

∫ ∞
0

Re


θnτn

2 csch( θτ2 )csch(θτ)n−1(
τ coth

(
θτ

2

)
(A−B) + τ coth(θτ)(2B −A)−

√
−1tτ

)n
 dτ

=
θnΓ(n)

2(2π)n+1

∫ ∞
0

Re


csch( θτ2 )csch(θτ)n−1 coth

(
θτ
2

)n
coth

(
θτ
2

)n(
coth

(
θτ

2

)
(A−B) + coth(θτ)(2B −A)−

√
−1t

)n
 dτ
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using the trigonometric identity coth(θτ) =
1

2 coth
(
θτ
2

) +
coth

(
θτ
2

)
2

,

=
θnΓ(n)

2(2π)n+1

∫ ∞
0

Re


csch( θτ2 )csch(θτ)n−1 coth

(
θτ
2

)n(
A
2 coth

(
θτ

2

)2

+B − A
2 −
√
−1t coth

(
θτ

2

))n
 dτ

using the trigonometric identities csch(θτ) =
(csch

(
θτ
2

)
)2

2 coth
(
θτ
2

) and coth

(
θτ

2

)2

= 1 + csch

(
θτ

2

)2

,

=
θnΓ(n)

(2π)n+1

∫ ∞
0

Re


csch( θτ2 )csch

(
θτ
2

)2n−2
coth

(
θτ
2

)Acsch

(
θτ

2

)2

+ 2B − 2
√
−1t

√
1 + csch

(
θτ

2

)2
n


dτ

letting u = csch

(
θτ

2

)
, we have du = −θ

2
coth

(
θτ

2

)
csch

(
θτ

2

)
dτ

=
θn−1Γ(n)

π(2π)n
Re

{∫ ∞
0

u2n−2(
Au2 + 2B − 2

√
−1t
√

1 + u2
)n du

}

=
θn−1Γ(n)

π(2π)n
Re

{
(−1)n−2

(n− 1)!

∂n−2

∂An−2

∫ ∞
0

u2(
Au2 + 2B − 2

√
−1t
√

1 + u2
)2 du

}

=
(−1)n−2θn−1

π(2π)n
dn−2

dAn−2
Re

{∫ ∞
0

u2(
Au2 + 2B − 2

√
−1t
√

1 + u2
)2 du

}
. (4.1.8)

The next step is to compute

I(A,B, t) = Re

{∫ ∞
0

u2(
Au2 + 2B − 2

√
−1t
√

1 + u2
)2 du

}

=

∫ ∞
0

(Au2 + 2B)2u2 − 4t2(1 + u2)u2

((Au2 + 2B)2 + 4t2(1 + u2))
2 du.

Write I(A,B, t) = I1(A,B, t)− I2(A,B, t), where

I1(A,B, t) =

∫ ∞
0

u2

(Au2 + 2B)2 + 4t2(1 + u2)
du

and

I2(A,B, t) =

∫ ∞
0

8t2(1 + u2)u2

((Au2 + 2B)2 + 4t2(1 + u2))
2 du.
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Remark that

I2(A,B, t) = −t∂tI1(A,B, t),

so

I(A,B, t) = I1(A,B, t) + t∂tI1(A,B, t). (4.1.9)

We now compute I1(A,B, t) =
1

2

∫ ∞
−∞

x2

(Ax2 + 2B)2 + 4t2(1 + x2)
dx using complex theory. Write

denominator in the integrand as a polynomial

p(z) = (Az2 + 2B)2 + 4t2(1 + z2) = A2z4 + (4AB + 4t2)z2 + 4B2 + 4t2. (4.1.10)

p(z) has four complex roots. If z is a root, then −z is a root. Since p(z) has real coefficients, then

z̄ is a root, and −z̄ is the fourth root. Let α be a root in the upper half plane, so −ᾱ is also in the

upper half plane. We thus have

p(z) = A2(z − α)(z + α)(z − ᾱ)(z + ᾱ) = A2(z4 − (α2 + ᾱ2)z2 + |α|4).

By identification with (4.1.10), we get that α2 + ᾱ2 = −4AB + 4t2

A2
and |α|4 =

4B2 + 4t2

A2
. From

this, we can calculate Im(α) =
α− ᾱ

2i
. In fact,

Im(α)2 = −α
2 + ᾱ2 − 2|α|2

4
=
AB + t2 +A

√
B2 + t2

A2
. (4.1.11)

Now, we go back to computing the integral: Let f(z) =
z2

(Az2 + 2B)2 + 4t2(1 + z2)
, by the residue

theorem:

I1(A,B, t) = πi (Res(f, α) + Res(f,−ᾱ)) . (4.1.12)

Res(f, α) = lim
z→α

(z − α)f(z) = lim
z→α

(z − α)
z2

A2(z − α)(z + α)(z − ᾱ)(z + ᾱ)
=

α

2A2(α2 − ᾱ2)

and

Res(f,−ᾱ) = lim
z→−ᾱ

(z + ᾱ)f(z) = lim
z→−ᾱ

(z + ᾱ)
z2

A2(z − α)(z + α)(z − ᾱ)(z + ᾱ)
=

ᾱ

2A2(α2 − ᾱ2)
.

Replacing in (4.1.12), we get:

I1(A,B, t) = πi (Res(f, α) + Res(f,−ᾱ))

= πi

(
α

2A2(α2 − ᾱ2)
+

ᾱ

2A2(α2 − ᾱ2)

)
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=
2πi

4A2(α− ᾱ)
=

π

4A2Im(α)

using (4.1.11)

=
π

4A
(
AB + t2 +A

√
B2 + t2

) 1
2

.

We can now compute I(A,B, t) using (4.1.9):

I(A,B, t) = I1(A,B, t) + t∂tI1(A,B, t)

=
π

4A
(
AB + t2 +A

√
B2 + t2

) 1
2

+ t∂t
π

4A
(
AB + t2 +A

√
B2 + t2

) 1
2

=
π

4A
(
AB + t2 +A

√
B2 + t2

) 1
2

− π(2t2
√
B2 + t2 +At2)

8A
√
B2 + t2

(
AB + t2 +A

√
B2 + t2

) 3
2

= π
2
√
B2 + t2

(
AB + t2 +A

√
B2 + t2

)
− 2t2

√
B2 + t2 −At2

8A
√
B2 + t2

(
AB + t2 +A

√
B2 + t2

) 3
2

= π
2B
√
B2 + t2 + 2B2 + t2

8
√
B2 + t2

(
AB + t2 +A

√
B2 + t2

) 3
2

=
π
(
B +

√
B2 + t2

)2
8
√
B2 + t2

(
AB + t2 +A

√
B2 + t2

) 3
2

.

Using (4.1.8),

u(x, t) =
(−1)n−2θn−1

π(2π)n
dn−2

dAn−2
I(A,B, t)

=
(−1)n−2θn−1

(2π)n
dn−2

dAn−2

 (
B +

√
B2 + t2

)2
8
√
B2 + t2

(
AB + t2 +A

√
B2 + t2

) 3
2



=
(−1)n−2(−1)n−2θn−1

∏n
k=3(2k − 3)

(2π)n2n−2

 (
B +

√
B2 + t2

)2+n−2

8
√
B2 + t2

(
AB + t2 +A

√
B2 + t2

) 3
2 +n−2



=
θn−1

∏n
k=3(2k − 3)

(2π)n2n+1

 (
B +

√
B2 + t2

)n
√
B2 + t2

(
AB + t2 +A

√
B2 + t2

)n− 1
2

 .
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The fundamental solution is given up to a constant multiple:

N(x, t) = u(x, t)
1

2−Q = u(x, t)−
1

2n

using the last equation,

N(x, t) =

(
B2 + t2

) 1
4n
(
AB + t2 +A

√
B2 + t2

) 1
2−

1
4n(

B +
√
B2 + t2

) 1
2

(4.1.13)

where A =
θx2

1

2
+
θx2

n+1

2
+
θ

2

2n∑
j=2,j 6=n+1

x2
j and B =

θx2
1

4
+
θx2

n+1

4
+
θ

2

2n∑
j=2,j 6=n+1

x2
j .

4.2 U-Bound Inequality

In the setting of the Anisotropic Heisenberg group H2n

(
θ

2
, θ

)
, the goal is to utilise the following

U−bound inequality (4.2.1) to obtain the q−Poincaré inequality for measures of the general form

dµ =
e−g(N)

Z
dλ,

where N−2n is the fundamental solution of the sub-Laplacian, as computed in Theorem 30.

Similarly to Chapter 3, the plan is to utilise the U−bound inequality (4.2.1) to obtain the

q−Poincaré inequality via W. Hebisch and B. Zegarliński’s Theorem 6 (introduced in Section 2.1.2

of Chapter 2).

The U−bound Theorem is the following:

Theorem 31. Let N−2n be the fundamental solution in the setting of the Anisotropic Heisenberg

group H2n

(
θ

2
, θ

)
with θ > 0 and n > 5. Let g : [0,∞) → [0,∞) be a differentiable increasing

function such that g′′(N) ≤ g′(N)2 on {N ≥ 1}. Let

dµ =
e−g(N)

Z
dλ

be a probability measure and Z the normalisation constant. Then, for q ≥ 2,

∫
g′ (N)

N2
|f |qdµ ≤ C

∫
|∇f |qdµ+D

∫
|f |qdµ (4.2.1)

holds outside the unit ball {N < 1} with C and D positive constants independent of a function f

for which the right hand side is well defined.
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Recall that W. Hebisch and B. Zegarliński’s Theorem 6 gave us freedom of choosing some η

with the requirement that “η goes to infinity in all directions”. In this case, for similar reasons as

discussed in Chapter 3, we will show that the choice is

η =
g′(N)

N2
,

and the requirement would be η →∞ as N →∞.

The plan is to adapt the U−Bound proof introduced in Section 3.2 of Chapter 3 and to portray

the differences between both settings. In particular, note that one difference is that the dimension

in this theorem is required to be n > 5, for reasons that will be discussed in this section.

As in Section 3.2 of Chapter 3, we require the following technical lemma, which is proved in

Section 7.2 of the Appendix 7:

Lemma 32. The fundamental solution of the sub-Laplacian N−2n on H2n( θ2 , θ) satisfies

x · ∇N ≥ −θ|x|
2

4nN
, (4.2.2)

|∇N |2 ≥ θ2|x|2

25+ 2
nN2

, (4.2.3)

|∇N |2 ≤ θ2(2n+ 1)2|x|2

23n2N2
, (4.2.4)

where |x| =

 2n∑
j=1

x2
j

 1
2

is the Euclidean norm.

This lemma provides bounds for the two quantities |∇N | and x · ∇N. In contrast with the

technical Lemma 18 in Section 3.2 of Chapter 3, the bounds of this lemma are more precise in

terms of the dimension n.

Recall that in the technical Lemma 18 in Section 3.2 of Chapter 3, in addition to bounds on

|∇N | and x · ∇N, a bound on a third quantity ∆N is needed. In the case of the Anisotropic

Heisenberg group setting, since N−2n is the fundamental solution of the sub-Laplacian, then ∆N

is related to |∇N | by:

∆N = (2n+ 1)
|∇N |2

N
, (4.2.5)

In fact, for any fundamental solution Ñ2−Q to the sub-Laplacian, we have the relation

∆Ñ = (Q− 1)
|∇Ñ |2

Ñ
,
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where Q is the homogeneous dimension of the group (see [29] for more details). Hence, we can

deduce, from this technical lemma, bounds on ∆N that are necessary in the proof of the U−bound

Theorem.

Moreover, notice that Technical Lemma 18 had the useful property x ·∇N ≥ 0. Here, according

to (4.2.2), the quantity x · ∇N could be negative: we will show that this will lead to an additional

“bad term” that we did not encounter in the proof of Theorem 17. This additional “bad term” is

the reason behind the requirement that n > 5 in the U−bound Theorem 31.

Proof of Theorem 31

We proceed as in Theorem 17 (Section 3.2 of Chapter 3), while highlighting the differences between

the two settings. As in Theorem 17, we first prove the result for q = 2.

The choice of η

Using integration by parts,

∫
(∇N)·(∇f) e−g(N)dλ = −

∫
∇
(
∇Ne−g(N)

)
fdλ = −

∫
∆Nfe−g(N)dλ+

∫
|∇N |2fg

′
(N) e−g(N)dλ.

Since N−2n is the fundamental solution, we relate ∆N to |∇N | by (4.2.5). Hence,

∫
|∇N |2f

[
g′ (N)− (Q− 1)

N

]
e−g(N)dλ =

∫
(∇N) · (∇f) e−g(N)dλ, (4.2.6)

As discussed in the proof of Theorem 17, we replace f by
f2

|x|2
in order to obtain a suitable η that

“goes to infinity in all directions” (i.e. we avoid the problem around the “z-axis”).

Replacing f by
f2

|x|2
and using (4.2.3) of the Technical Lemma 32, the left-hand side of (4.2.6)

becomes:

∫
|∇N |2 f

2

|x|2

[
g′ (N)− (Q− 1)

N

]
e−g(N)dλ ≥ θ2

25+ 2
n

∫
f2

[
g′ (N)

N2
− (Q− 1)

N3

]
e−g(N)dλ

≥ θ2

25+ 2
n

∫
f2

[
g′ (N)

N2
− (Q− 1)

]
e−g(N)dλ. (4.2.7)

Where the last inequality is true since N > 1. Just like Theorem 17, the good candidate η =
g′(N)

N

is obtained. For the right-hand side of (4.2.6),

∫
(∇N) ·

(
∇
(
f2

|x|2

))
e−g(N)dλ =

∫
(∇N) ·

[
2f
∇f
|x|2
− 2f2∇|x|

|x|3

]
e−g(N)dλ
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=

∫
(∇N) .

[
2f
∇f
|x|2
− 2f2x

|x|4

]
e−g(N)dλ. (4.2.8)

Using the bound on ∇N · x from (4.2.2) of the Technical Lemma 32, we get:

∫
(∇N) ·

(
∇
(
f2

|x|2

))
e−g(N)dλ =

∫
2f

|x|2
∇N · ∇fe−g(N)dλ− 2

∫
f2∇N · x
|x|4

e−g(N)dλ

≤
∫

2f

|x|2
∇N · ∇fe−g(N)dλ+

θ

2n

∫
f2

N |x|2
e−g(N)dλ

≤ 2

∫
f

|x|2
|∇N ||∇f |e−g(N)dλ+

θ

2n

∫
f2

N |x|2
e−g(N)dλ.

Notice that since∇N ·x could be negative, we have the additional “bad term”
θ

2n

∫
f2

N |x|2
e−g(N)dλ

that we did not encounter in the proof of Theorem 17. This additional “bad term” is the reason

behind the requirement that n > 5. In fact, bounding this term by the left-hand side of the

inequality will be our main concern in this proof. Using the bound on |∇N | from (4.2.4) of the

Technical Lemma 32, we get

∫
(∇N) ·

(
∇
(
f2

|x|2

))
e−g(N)dλ

≤ (2n+ 1)θ

2
1
2n

∫
|f |
N |x|

|∇f |e−g(N)dλ+
θ

2n

∫
f2

N |x|2
e−g(N)dλ

applying Cauchy’s inequality with β : ab ≤ βa2 +
b2

4β
with

a =
|f |
N |x|

e−
g(N)

2

and

b =
(2n+ 1)

2
1
2n

|∇f |e−
g(N)

2 ,

≤ β
∫

f2

N2|x|2
e−g(N)dλ+

θ

2n

∫
f2

N |x|2
e−g(N)dλ+

(2n+ 1)2θ2

8n2β

∫
|∇f |2e−g(N)dλ.

Combining the last inequality with (4.2.7), we get

θ2

25+ 2
n

∫
f2

[
g′ (N)

N2
− (Q− 1)

]
e−g(N)dλ ≤ β

∫
f2

N2|x|2
e−g(N)dλ+

θ

2n

∫
f2

N |x|2
e−g(N)dλ (4.2.9)

+
(2n+ 1)2θ2

8n2β

∫
|∇f |2e−g(N)dλ.

This inequality (4.2.9) resembles the required U−bound inequality (4.2.1), except for the dif-
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ferent terms β
∫

f2

N2|x|2
e−g(N)dλ+

θ

2n

∫
f2

N |x|2
e−g(N)dλ. We notice that β could be chosen ar-

bitrarily small, and since N > 1, we will only be concerned with the term
θ

2n

∫
f2

N |x|2
e−g(N)dλ.

For n large enough, to be determined later, the goal is to bound
θ

2n

∫
f2

N |x|2
e−g(N)dλ by the

right hand side of (4.2.9) by
θ2

25+ 2
n

∫
f2 g

′ (N)

N2
e−g(N)dλ.

Due to the presence of the singularity at |x|, the plan is to apply Hardy’s inequality, as in the

proof of Theorem 17. In Section 3.2 of Chapter 3, we provided a few unsuccessful trials that led

naturally to a proof of Theorem 17. By the same reasoning, for α a parameter to be determined

later, we introduce the “artificial” set

F := {(x, z) ∈ R2n+1 : α
|x|2g′(N)

N
< 1},

specifically made for the proof to go through. Notice that in Theorem 17, F = {(x, z) ∈

Rn+m : |x|2g′(N) < 1}. This is because, unlike this theorem, we were dealing with the term

ε

∫
f2

N2|x|2
e−g(N)dλ, with a quadratic N in the denominator and a free choice of ε. We plan

to proceed as in Theorem 17: proving Hardy’s inequality over the set Fr := {(x, z) ∈ R2n+1 :

α
|x|2g′(N)

N
< r}, where 1 ≤ r ≤ 2 taking into account the boundary term, and then using the

Coarea formula (see p. 468 of [29]) to recover the full measure.

Introducing F := {(x, z) ∈ R2n+1 : α
|x|2g′(N)

N
< 1}

Splitting the following integral on F and F c :

θ

2n

∫
f2

N |x|2
e−g(N)dλ =

θ

2n

∫
F

f2

N |x|2
e−g(N)dλ+

θ

2n

∫
F c

f2

N |x|2
e−g(N)dλ

≤ θ

2n

∫
F

f2

N |x|2
e−g(N)dλ+

αθ

2n

∫
F c

f2g′(N)

N2
e−g(N)dλ. (4.2.10)

where (4.2.10) is true since F c = {(x, z) : 1
|x|2 ≤ α

g′(N)
N }. Notice that for a suitable α to be chosen

later, the second term of (4.2.10) can be absorbed by the left-hand side of (4.2.9). The aim now is

to estimate the first term of (4.2.10).

Hardy’s inequality on Fr =
{

(x, z) ∈ R2n+1 : α |x|
2g′(N)
N

< r
}
, where 1 ≤ r ≤ 2

As mentioned in the proof of Theorem 17, proving Hardy’s inequality on the set F leads to a “loss

of measure” at the boundary term. To bypass this issue, we prove Hardy’s inequality on sets Fr.

Then, integrating this boundary term with respect to r for 1 ≤ r ≤ 2 leads to recovering the full
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measure by the Coarea formula (see p. 468 of [29]).

Theorem 33 (Hardy’s Inequality for Fr). Let H2n

(
θ

2
, θ

)
with θ > 0 Anisotropic Heisenberg

group, whose Lie algebra is generated by {Xi}2ni=1 as defined in (4.1.2). Define Fr = {(x, z) ∈

R2n+1 : α |x|
2g′(N)
N < r}. Then,

∫
Fr

h2

|x|2
dλ ≤ 1

(n− 1)2

∫
Fr

|∇h|2 dλ+
1

n− 1

∫
∂Fr

h2

|x|2
2n∑
j=1

xj〈XjI,∇euc
(
α |x|

2g′(N)
N

)
〉∣∣∣∇euc (α |x|2g′(N)

N

)∣∣∣ dH2n,

where I is the identity map on R2n+1 and ∇euc is the Euclidean gradient on R2n+1.

This follows our proof of Theorem 20; the difference between the two settings is the set Fr we

are considering.

Proof. By a direct computation,

∫
Fr

h2

|x|2
dλ =

1

2n− 2

∫
Fr

h2∇ ·
(

x

|x|2

)
dλ

integrating by parts,

= − 1

n− 1

∫
Fr

h∇h
(

x

|x|2

)
dλ+

1

2n− 2

∫
∂Fr

h2

|x|2
2n∑
j=1

xj〈XjI,∇euc
(
α |x|

2g′(N)
N

)
〉∣∣∣∇euc (α |x|2g′(N)

N

)∣∣∣ dH2n

≤ 1

n− 1

∫
Fr

|h|
|x|
|∇h|dλ+

1

2n− 2

∫
∂Fr

h2

|x|2
2n∑
j=1

xj〈XjI,∇euc
(
α |x|

2g′(N)
N

)
〉∣∣∣∇euc (α |x|2g′(N)

N

)∣∣∣ dH2n

using Cauchy’s inequality ab ≤ a2

2
+
b2

2
with a =

|h|
|x|

and b =
1

(n− 1)
|∇h|,

≤ 1

2

∫
Fr

h2

|x|2
dλ+

1

2(n− 1)2

∫
Fr

|∇h|2dλ+
1

2n− 2

∫
∂Fr

h2

|x|2
2n∑
j=1

xj〈XjI,∇euc
(
α |x|

2g′(N)
N

)
〉∣∣∣∇euc (α |x|2g′(N)

N

)∣∣∣ dH2n.

Rearranging, we get Hardy’s inequality for Fr.

Choosing

h =
fe
−g(N)

2

N
1
2

in the last Theorem 33, and noting that F := F1 ⊂ Fr ⊂ F2, we have

(
θ

2n

)∫
F

f2e−g(N)

N |x|2
dλ



CHAPTER 4. COERCIVE INEQUALITIES ON ANISOTROPIC HEISENBERG GROUP 89

≤
(
θ

2n

)
1

(n− 1)2

∫
F2

∣∣∣∣∣∇
(
fe
−g(N)

2

N
1
2

)∣∣∣∣∣
2

dλ

+

(
θ

2n

)
1

n− 1

∫
∂Fr

f2e−g(N)

N |x|2
2n∑
j=1

xj〈XjI,∇euc
(
α |x|

2g′(N)
N

)
〉∣∣∣∇euc (α |x|2g′(N)

N

)∣∣∣ dH2n. (4.2.11)

Recovering the full measure using the Coarea formula

Integrating both sides of the inequality (4.2.11) from r = 1 to r = 2, we get:

(
θ

2n

)∫ 2

1

∫
F1

|fe
−g(N)

2 |2

N |x|2
dλdr

≤
(
θ

2n

)
1

(n− 1)2

∫ 2

1

∫
F2

∣∣∣∣∣∇
(
fe
−g(N)

2

N
1
2

)∣∣∣∣∣
2

dλdr

+

(
θ

2n

)
1

n− 1

∫ 2

1

∫
∂Fr

f2e−g(N)

N |x|2
2n∑
j=1

xj〈XjI,∇euc
(
α |x|

2g′(N)
N

)
〉∣∣∣∇euc (α |x|2g′(N)

N

)∣∣∣ dH2ndr

To recover the full measure in the boundary term, we use the Coarea formula:

(
θ

2n

)∫
F1

|fe
−g(N)

2 |2

N |x|2
dλ ≤ θ

2n(n− 1)2

∫
F2

∣∣∣∣∣∇
(
fe
−g(N)

2

N
1
2

)∣∣∣∣∣
2

dλ

+
θ

2n(n− 1)

∫
{1<α |x|

2g′(N)
N <2}

f2e−g(N)

N |x|2
2n∑
j=1

xj〈XjI,∇euc
(
α
|x|2g′(N)

N

)
〉dλ. (4.2.12)

Computations

It remains to compute the right hand side of (4.2.12): Define the first term to be

A :=

(
θ

2n

)
1

(n− 1)2

∫
F2

∣∣∣∣∣∇
(
fe
−g(N)

2

N
1
2

)∣∣∣∣∣
2

dλ,

and the second term to be

B :=
θ

2n(n− 1)

∫
{1<α |x|

2g′(N)
N <2}

f2e−g(N)

N |x|2
2n∑
j=1

xj〈XjI,∇euc
(
α
|x|2g′(N)

N

)
〉dλ.

Computing A

A =

(
θ

2n

)
1

(n− 1)2

∫
F2

∣∣∣∣∣∇
(
fe
−g(N)

2

N
1
2

)∣∣∣∣∣
2

dλ
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=

(
θ

2n

)
1

(n− 1)2

∫
F2

∣∣∣∣∣∇f e−
g(N)

2

N
1
2

− f g
′(N)

2

∇Ne−
g(N)

2

N
1
2

− 1

2

f∇Ne−
g(N)

2

N
3
2

∣∣∣∣∣
2

dλ

=

(
θ

2n

)
1

(n− 1)2

∫
F2

|∇f |2

N
e−g(N)dλ+

(
θ

8n

)
1

(n− 1)2

∫
F2

f2g′(N)2 |∇N |2

N
e−g(N)dλ

+

(
θ

8n

)
1

(n− 1)2

∫
F2

f2 |∇N |2

N3
e−g(N)dλ− θ

2n(n− 1)2

∫
F2

f∇f · ∇N g′(N)

N
e−g(N)dλ

− θ

2n(n− 1)2

∫
F2

f∇f · ∇N 1

N2
e−g(N)dλ+

θ

4n(n− 1)2

∫
F2

f2g′(N)
|∇N |2

N2
e−g(N)dλ.

Using (4.2.4),

A ≤
(
θ

2n

)
1

(n− 1)2

∫
F2

|∇f |2

N
e−g(N)dλ+

(2n+ 1)2θ3

26n3(n− 1)2

∫
F2

f2g′(N)2 |x|2

N3
e−g(N)dλ

+
(2n+ 1)2θ3

26n3(n− 1)2

∫
F2

f2 |x|2

N5
e−g(N)dλ+

(2n+ 1)θ2

2
5
2n2(n− 1)2

∫
F2

|f ||∇f |g
′(N)|x|
N2

e−g(N)dλ

+
(2n+ 1)θ2

2
5
2n2(n− 1)2

∫
F2

|f ||∇f | |x|
N3

e−g(N)dλ+
(2n+ 1)2θ3

25n3(n− 1)2

∫
F2

f2g′(N)
|x|2

N4
e−g(N)dλ.

Using the fact that F2 =
{
α |x|

2g′(N)
N < 2

}
and that |x| ≤ CnN,

A ≤
(

1

2n

)
θ

(n− 1)2

∫
F2

|∇f |2

N
e−g(N)dλ+

(2n+ 1)2θ3

α25n3(n− 1)2

∫
F2

f2 g
′(N)

N2
e−g(N)dλ

+
(2n+ 1)2θ3C2

n

26n3(n− 1)2

∫
F2

f2 1

N3
e−g(N)dλ+

(2n+ 1)θ2Cn

2
5
2n2(n− 1)2

∫
F2

|f ||∇f |g
′(N)

N
e−g(N)dλ

+
(2n+ 1)θ2Cn

2
5
2n2(n− 1)2

∫
F2

|f ||∇f | 1

N2
e−g(N)dλ+

(2n+ 1)2θ3

α24n3(n− 1)2

∫
F2

f2 1

N3
e−g(N)dλ.

Using Cauchy’s inequality with γ : ab ≤ γa2 +
b2

4γ
on

(2n+ 1)θ2Cn

2
5
2n2(n− 1)2

∫
F2

|f ||∇f |g
′(N)

N
e−g(N)dλ

with

a =
|f |g′(N)

N
and b =

(2n+ 1)θ2Cn

2
5
2n2(n− 1)2

|∇f | and Cauchy’s inequality with γ on

(2n+ 1)θ2Cn

2
5
2n2(n− 1)2

∫
F2

|f ||∇f | 1

N2
e−g(N)dλ
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with a =
|f |
N2

and b =
(2n+ 1)θ2Cn

2
5
2n2(n− 1)2

|∇f | in addition to N > 1,

A ≤
((

θ

2n

)
1

(n− 1)2
+
θ4C2

n(2n+ 1)2

γ26n4(n− 1)4

)∫
F2

|∇f |2e−g(N)dλ

+

(
θ3C2

n(2n+ 1)2

26n3(n− 1)2
+

θ3(2n+ 1)2

α24n3(n− 1)2
+ γ

)∫
F2

f2e−g(N)dλ

+

(
θ3(2n+ 1)2

α25n3(n− 1)2
+ γ

)∫
F2

f2 g
′(N)

N2
e−g(N)dλ.

Hence,

A ≤
(

θ3(2n+ 1)2

α25n3(n− 1)2
+ γ

)∫
F2

f2 g
′(N)

N2
e−g(N)dλ+ C

∫
F2

|∇f |2e−g(N)dλ+D

∫
F2

f2e−g(N)dλ.

(4.2.13)

Computing B

For the second term of (4.2.12),

B =

(
θ

2n

)
1

n− 1

∫
{1<α |x|

2g′(N)
N <2}

f2e−g(N)

N |x|2
2n∑
j=1

xj〈XjI,∇euc
(
α
|x|2g′(N)

N

)
〉dλ.

On the Anisotropic Heisenberg group, for ei the standard Euclidean basis on R2n+1,

XjI · ei =


0 for i 6= j and i ≤ 2n

1 for i = j and i ≤ 2n∑2n
l=1 Λjlxl for i = 2n+ 1,

where

Λjl =



− θ2 j = 1, l = n+ 1

θ
2 j = n+ 1, l = 1

−θ j = 2, 3, ..., n, l = k + n

θ j = n+ 2, n+ 3, ..., 2n, l = k − n

0 otherwise

Also,

∇euc
(
α
|x|2g′(N)

N

)
· ei
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=


2α
xig
′(N)

N
+
α|x|2g′′(N)∂xiN

N
− α|x|2g′(N)∂xiN

N2
for i = j and i ≤ 2n

α|x|2g′′(N)∂tN

N
− α|x|2g′(N)∂tN

N2
for i = 2n+ 1.

Taking the dot product and summing,

2n∑
j=1

xj〈XjI,∇euc
(
α
|x|2g′(N)

N

)
〉

= 2α
|x|2g′(N)

N
+

2n∑
j=1

xj
α|x|2g′′(N)∂xjN

N
−

2n∑
j=1

xj
α|x|2g′(N)∂xjN

N2

+

2n∑
j=1

xj

(
α|x|2g′′(N)∂tN

N
− α|x|2g′(N)∂tN

N2

) 2n∑
l=1

Λjlxl

= 2α
|x|2g′(N)

N
+
α|x|2g′′(N)x · ∇N

N
− α|x|2g′(N)x · ∇N

N2

+

(
α|x|2g′′(N)∂tN

N
− α|x|2g′(N)∂tN

N2

) 2n∑
j=1

2n∑
l=1

Λjlxlxj

= 2α
|x|2g′(N)

N
+
α|x|2g′′(N)x · ∇N

N
− α|x|2g′(N)x · ∇N

N2
,

where
2n∑
j=1

2n∑
l=1

Λjlxlxj = 0 since Λ is skew symmetric. Hence, using (4.2.4),

∣∣∣∣∣∣
2n∑
j=1

xj〈XjI,∇euc
(
α
|x|2g′(N)

N

)
〉

∣∣∣∣∣∣ ≤ 2α
|x|2g′(N)

N
+
α|x|3g′′(N)|∇N |

N
+
α|x|3g′(N)|∇N |

N2

≤ 2α
|x|2g′(N)

N
+
αθ(2n+ 1)|x|4g′′(N)

2
3
2nN2

+
αθ(2n+ 1)|x|4g′(N)

2
3
2nN3

.

Therefore, replacing,

B =

(
θ

2n

)
1

n− 1

∫
{1<α |x|

2g′(N)
N <2}

f2e−g(N)

N |x|2
2n∑
j=1

xj〈XjI,∇euc
(
α
|x|2g′(N)

N

)
〉dλ

≤
(
θ

n

)
α

n− 1

∫
{1<α |x|

2g′(N)
N <2}

f2g′(N)

N2
e−g(N)dλ

+
θ2α(2n+ 1)

2
5
2n2(n− 1)

∫
{1<α |x|

2g′(N)
N <2}

f2|x|2g′′(N)

N3
e−g(N)dλ

+
θ2α(2n+ 1)

2
5
2n2(n− 1)

∫
{1<α |x|

2g′(N)
N <2}

f2|x|2g′(N)

N4
e−g(N)dλ.
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Using the fact that we are integrating over {1 < α |x|
2g′(N)
N < 2},

B ≤
(
θ

n

)
α

n− 1

∫
{1<α |x|

2g′(N)
N <2}

f2g′(N)

N2
e−g(N)dλ

+
(2n+ 1)θ2

2
3
2n2(n− 1)

∫
{1<α |x|

2g′(N)
N <2}

f2g′′(N)

N2g′(N)
e−g(N)dλ

+
θ2(2n+ 1)

2
3
2n2(n− 1)

∫
{1<α |x|

2g′(N)
N <2}

f2

N3
e−g(N)dλ. (4.2.14)

Using the condition of the theorem that g′′(N) ≤ g′(N)2 on {N ≥ 1}, we bound the second term

on the right hand side of (4.2.14).

Combining A and B

Now we go back to (4.2.9):

θ2

25+ 2
n

∫
f2

[
g′ (N)

N2
− (Q− 1)

]
e−g(N)dλ

≤ β
∫

f2

N2|x|2
e−g(N)dλ+

θ

2n

∫
f2

N |x|2
e−g(N)dλ+

θ2(2n+ 1)2

8n2β

∫
|∇f |2e−g(N)dλ.

From (4.2.10) we have that

θ

2n

∫
f2

N |x|2
e−g(N)dλ ≤ θ

2n

∫
F

f2

N |x|2
e−g(N)dλ+

αθ

2n

∫
F c

f2g′(N)

N2
e−g(N)dλ.

From (4.2.13) and (4.2.14) we have that

θ

2n

∫
F

f2

N |x|2
e−g(N)dλ

≤
(

(2n+ 1)2θ3

α25n3(n− 1)2
+ γ +

αθ

n(n− 1)

)∫
F2

f2 g
′(N)

N2
e−g(N)dλ

+C

∫
F2

|∇f |2e−g(N)dλ+D

∫
F2

f2e−g(N)dλ.

We combine the last three inequalities and repeat the same procedure to β
∫

f2

N2|x|2 e
−g(N)dλ to

get:

(
θ2

25+ 2
n

− αθ

2n
− (2n+ 1)2θ3

α25n3(n− 1)2
− αθ

n(n− 1)
− γ − β

)∫
f2 g

′ (N)

N2
e−g(N)dλ (4.2.15)

≤ C
∫
F2

|∇f |2e−g(N)dλ+D

∫
F2

f2e−g(N)dλ.
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Choosing the dimension n

To get the U−Bound, we need the left hand side of (4.2.15) to be positive i.e. we need to find

suitable α, n, γ, and β. Since γ and β can be chosen to be arbitrarily small, we need to find solutions

to the following inequality

θ

25+ 2
n

− α

2n
− (2n+ 1)2θ2

α25n3(n− 1)2
− α

n(n− 1)
> 0. (4.2.16)

First, we determine α : Let f(α) =
θ

25+ 2
n

− α

2n
− (2n+ 1)2θ2

α25n3(n− 1)2
− α

n(n− 1)
.

f ′(α) = − 1

2n
+

(2n+ 1)2θ2

α225n3(n− 1)2
− 1

n(n− 1)
.

Solving for f ′(α) = 0,

α =
θ(2n+ 1)

22n(n2 − 1)
1
2

.

Replacing α in (4.2.16),

θ

25+ 2
n

− θ(2n+ 1)

23n2(n2 − 1)
1
2

− θ(n2 − 1)
1
2 (2n+ 1)

23n2(n− 1)2
− θ(2n+ 1)

22n2(n− 1)(n2 − 1)
1
2

> 0

1 > 23+ 2
n

(
2n+ 1

n2

)(
(n+ 1)

1
2

(n− 1)
3
2

)
.

This holds true if we choose n > 5. Hence, we get:

∫
f2

(
g′ (N)

N2

)
e−g(N)dλ ≤ C

∫
|∇f |2e−g(N)dλ+D

∫
f2e−g(N)dλ,

and the U−bound Theorem 31 is proved for q = 2. For q > 2, the proof follows as Theorem 17.

4.3 q−Poincaré Inequality

We now have the U−Bound Theorem 31 at our disposal and are ready to prove the q−Poincaré

inequality using W. Hebisch and B. Zegarliński’s Theorem 6 (introduced in Section 2.1.2 of Chapter

2).

As discussed previously in this chapter,
g′(N)

N2
from the U−Bound Theorem 31 plays the role of

η in W. Hebisch and B. Zegarliński’s Theorem 6. We note that in [1], R.A Adams proved coercive

inequalities on Rn for measures of the form dµ = exp(−ψ(x))dx, where ψ(x) has a polynomial

behaviour ρ(x), an exponential behavior exp(ρ(x)), or the composition of the exponential j times
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exp(j)(ρ(x)). This motivates the following corollaries in our setting:

Corollary 34. The Poincaré inequality for q ≥ 2 holds for the measure

dµ =
exp

(
−cosh

(
Nk
))

Z
dλ,

where λ is the Lebesgue measure, and k ≥ 1 in the setting of the anisotropic Heisenberg group

R2n+1 with n > 5.

Proof. g (N) = cosh
(
Nk
)
, so g′ (N) = kNk−1sinh

(
Nk
)
, and

g′′(N) = k(k − 1)Nk−2sinh(Nk) + k2N2k−2cosh(Nk).

First

g′′(N) ≤ k2N2k−2sinh2(Nk) = g′(N)2,

on the set {N >
3

2
}, so the condition of Theorem 31 is satisfied. Secondly,

∫
g′ (N)

N2
fqdµ =

∫
fq
[
kNk−3sinh

(
Nk
)]
dµ

=

∫
{N< 3

2}
fq

[
kNk−3 e

Nk − e−Nk

2

]
dµ+

∫
{N≥ 3

2}
fq

[
kNk−3 e

Nk − e−Nk

2

]
dµ

≤
∫
{N< 3

2}
fq

[(
3

2

)k−3

k
e(

3
2 )
k

− e−( 3
2 )
k

2

]
dµ+ C ′

∫
{N≥1}

|∇f |qdµ+D′
∫
{N≥1}

|f |qdµ

≤ C
∫
|∇f |qdµ+D

∫
|f |qdµ.

Thus, the conditions of Theorem 6 are satisfied for η = kNk−3sinh
(
Nk
)
, and k ≥ 1. So, the

Poincaré inequality holds for q ≥ 2.

Corollary 35. The Poincaré inequality for q ≥ 1 holds for the measure

dµ =
exp

(
−Nk

)
Z

dλ,

where λ is the Lebesgue measure, and k ≥ 4 in the setting of the anisotropic Heisenberg group

R2n+1 with n > 5.

Proof. Let g(N) = Nk, so g
′
(N) = kNk−1, and g′′(N) = k(k − 1)Nk−2. First

g′′(N) ≤ k2N2k−2 = g′(N)2,
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so the condition of Theorem 31 is satisfied. Second,

∫
g′ (N)

N2
fqdµ =

∫
fq
[
kNk−3

]
dµ =

∫
{N<1}

fq
[
kNk−3

]
dµ+

∫
{N≥1}

fq
[
kNk−3

]
dµ

≤
∫
{N<1}

kfqdµ+ C ′
∫
{N≥1}

|∇f |qdµ+D′
∫
{N≥1}

|f |qdµ

≤ C
∫
|∇f |qdµ+D

∫
|f |qdµ.

Thus, the conditions of Theorem 6 are satisfied for η = kNk−3, and k ≥ 4. So, the Poincaré

inequality holds for q ≥ 2.

The following corollary improves Corollary 35 in an interesting way. Namely, at a cost of a

logarithmic factor, we now get the Poincaré inequality for polynomial growth of order k ≥ 3.

Corollary 36. The Poincaré inequality for q ≥ 2 holds for the measure

dµ =
exp

(
−Nk log (N + 1)

)
Z

dλ,

where λ is the Lebesgue measure, and k ≥ 3 in the setting of the anisotropic Heisenberg group

R2n+1 with n > 5.

Proof. Let g(N) = Nk log (N + 1) , so g
′
(N) = kNk−1 log(N + 1) +

Nk

N + 1
, and

g′′(N) = k(k − 1)Nk−2 log(N + 1) +
2kNk−1

N + 1
− Nk

(N + 1)2
.

First g′′(N) ≤ k2N2k−2(log(N + 1))2 +
N2k

(N + 1)2
+ 2kNk−1 log(N + 1)

Nk−1

N + 1
= g′(N)2, so the con-

dition of Theorem 31 is satisfied. Secondly,

∫
g′ (N)

N2
fqdµ =

∫
fq
[
kNk−3 log(N + 1) +

Nk−2

N + 1

]
dµ

=

∫
{N<1}

fq
[
kNk−3 log(N + 1) +

Nk−2

N + 1

]
dµ+

∫
{N≥1}

fq
[
kNk−3 log(N + 1) +

Nk−2

N + 1

]
dµ

≤
∫
{N<1}

(k log(2) + 1) fqdµ+ C ′
∫
{N≥1}

|∇f |qdµ+D′
∫
{N≥1}

|f |qdµ

≤ C
∫
|∇f |qdµ+D

∫
|f |qdµ.

Thus, the conditions of Theorem 6 are satisfied for η = kNk−3 log(N + 1) +
Nk−2

N + 1
, and k ≥ 3. So,

the Poincaré inequality holds for q ≥ 2.
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4.4 β−Logarithmic Sobolev Inequality

Theorem 27 in Section 3.4 of Chapter 3 proves that for

dµ =
e−αN

p

Z
dλ,

where α > 0, p ≥ 1, N is a smooth homogeneous norm, and Z is the normalisation constant, the

measure µ satisfies no β-logarithmic Sobolev inequality (0 < β ≤ 1) for 1 < q <
2pβ

p− 1
.

However for p ≥ 4, 0 < β ≤ p− 3

p
, and q ≥ 2, we will show that µ satisfies β−Logarithmic

Sobolev inequality. To get the β−Logarithmic Sobolev inequality, we use the φ−Logarithmic

Sobolev Theorem 24, proved in Section 3.4 of Chapter 3, combined with the U−Bound Theorem

31, proved in this chapter. We note that, in the classical Rn setting, this kind of inequality is used

for hypercontractivity in Orlicz spaces ([16]) and for tight Orlicz-Sobolev inequalities ([136]).

Theorem 37. Let R2n+1 be the Anisotropic Heisenberg group with n > 5. Let the probability

measure be dµ =
e−g(N)

Z
dλ, where Z is the normalisation constant and N−2n the fundamental so-

lution. Let g : [0,∞)→ [0,∞) be a differentiable increasing function such that g′(N) is increasing,

g(N) ≤
(
c
g′(N)

N2

) 1
β

, and g′′(N) < dg′(N)2 on {N ≥ 1}, for some constants c and d. Then

µ

(
|f |q

∣∣∣∣log

(
|f |q

µ|f |q

)∣∣∣∣β
)
≤ Cµ|f |q +Dµ|∇f |q,

for C and D positive constants and for q ≥ 2.

The proof follows closely that of Theorem 28 proved in Section 3.4 of Chapter 3, with some

modification.

Proof. Choose φ(x) = (1 + x)β , which satisfies the conditions of the φ−Logarithmic Sobolev

Theorem 24 in Section 3.4 of Chapter 3. On {N ≥ 1}, g′′(N) < dg′(N)2 ≤ g′(N)3N3, so the

condition of the U−Bound Theorem 31 is satisfied. Thus, on {N ≥ 1}, we have the U−bound

(4.2.1):

µ

(
g′(N)

N2
|f |q

)
≤ Cµ|∇f |q +Dµ|f |q.

By the condition g(N) ≤
(
c
g′(N)

N2

) 1
β

, we obtain φ(g(N)) = (1 + g(N))β ≤ g′(N)

N2
on {N ≥ 1}.



CHAPTER 4. COERCIVE INEQUALITIES ON ANISOTROPIC HEISENBERG GROUP 98

Hence, since g(N) is increasing and using the U−bound,

µ (φ(g(N))|f |q) ≤
∫
{N≥1}

(
g′(N)

N2
|f |q

)
dµ+

∫
{N<1}

φ(g(N))|f |qdµ

≤
∫
{N≥1}

(
g′(N)

N2
|f |q

)
dµ+

∫
{N<1}

(1 + g(1))β |f |qdµ

≤ Cµ|∇f |q +Dµ|f |q.

(4.4.1)

In order to use the φ−Logarithmic Sobolev Theorem 24, it remains to prove:

µ (|f |q|∇g(N)|q) ≤ Cµ|f |q +Dµ|∇f |q. (4.4.2)

On {N < 1}, since g′(N) is increasing and using (4.2.4),

∫
{N<1}

(|f |q|∇g(N)|q) dµ =

∫
{N<1}

(|f |q|g′(N)∇N |q) dµ ≤ θq(2n+ 1)q

2
3q
2 nq

∫
{N<1}

|f |q|g′(1)|qdµ.

We now need to consider {N ≥ 1} :

∫
|f |q (∇g(N) · V −∇ · V ) dµ =

∫
∇|f |q · V dµ ≤ ε

p

∫
|f |q|V |pdµ+

1

ε
q
p

qq−1

∫
|∇f |qdµ, (4.4.3)

where the last inequality uses ab ≤ εa
p

p
+

bq

ε
q
p q
, where a = |f |q−1|V |, and b = q|∇f |. Let

V = ∇N |x|
q−2

Nq−2
g′(N)q−1.

Since ∇g(N) = g′(N)∇N, then ∇g(N) · V = |∇g(N)|q, which is the term on the left hand side of

(4.4.2). Using the inequality (4.2.4) on the first term on the right hand side of (4.4.3) we get

ε

p

∫
|f |q|V |pdµ =

ε

p

∫
|∇N |p|f |q |x|

(q−2)pg′(N)q

N (q−2)p
dµ

≤ ε

p

θp(2n+ 1)p

2
3p
2 np

∫
|f |q |x|

qg′(N)q

Nq
dµ

which can subtracted from the left hand side of (4.4.3) since by choosing ε small enough and noting
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that using (4.2.3),

∇g(N) · V = |∇N |2 |x|
q−2

Nq−2
g′(N)q ≥ θ2

25+ 2
n

|x|q

Nq
g′(N)q.

It remains to compute ∇ · V. Using the fact that N−2n is the fundamental solution,

4N =
(Q− 1)|∇N |2

N
,

Q = 2n+ 2 the homogeneous dimension and |∇N |2 ≤ θ2(2n+ 1)2|x|2

23n2N2
(4.2.4),

∇ · V = ∆N
|x|q−2

Nq−2
g′(N)q−1 + (q − 2)

|x|q−4g′(N)q−1x · ∇N
Nq−2

− (q − 2)
|∇N |2|x|q−2g′(N)q−1

Nq−1

+(q − 1)g′(N)q−2g′′(N)
|x|q−2|∇N |2

Nq−2
.

|∇ · V | ≤ (Q− 1)θ2(2n+ 1)2

23n2

|x|q

Nq+1
g′(N)q−1 + (q − 2)

θ(2n+ 1)|x|q−2g′(N)q−1

2
3
2nNq−1

+(q − 2)
θ2(2n+ 1)2

23n2

|x|qg′(N)q−1

Nq+1
+ (q − 1)

θ2(2n+ 1)2

23n2
g′(N)q−2g′′(N)

|x|q

Nq
.

All terms can be absorbed by the first term in (4.4.3). Using (4.4.1) and (4.4.2), the condition

of the φ−Logarithmic Sobolev Theorem 24 is satisfied, and we obtain β−Logarithmic Sobolev

inequality:

µ

(
|f |q

∣∣∣∣log

(
|f |q

µ|f |q

)∣∣∣∣β
)
≤ Cµ|f |q +Dµ|∇f |q

for C and D positive constants independent of f .

As a corollary, we obtain the following result:

Corollary 38. Let R2n+1 be the Anisotropic Heisenberg group with n > 5 and N the homogeneous

norm corresponding to the fundamental solution of the sub-Laplacian equation. Let the proba-

bility measure be dµ =
e−βN

p

Z
dλ, where Z is the normalisation constant. Then, for p ≥ 4 and

0 < β ≤ p− 3

p
,

µ

(
|f |q

∣∣∣∣log

(
|f |q

µ|f |q

)∣∣∣∣β
)
≤ Cµ|f |q +Dµ|∇f |q,

for C and D positive constants and for q ≥ 2.



Chapter 5

Poincaré inequality in Infinite

Dimensions

This Chapter is based on [31]. We formulate general sufficient conditions for the existence of a

Poincaré inequality for Gibbs measures on the infinite dimensional Carnot Group GZd in terms of

weak U -bounds and weak single-site Poincaré inequalities. We then formulate general sufficient

conditions on the associated local specification in terms of the phase and interaction so that

these conditions hold and give examples of measures constructed using homogeneous norms (like

the fundamental solution to the sub-Laplacian) and generalising previous results for the Carnot-

Carathéodory distance.

For N that is the generalisation of the fundamental solution to the sub-Laplacian in the Heisen-

berg group (in the setting of step-two Carnot groups, Chapter (3)) or the fundamental solution to

the sub-Laplacian in the Anisotropic Heisenberg group (in the setting of the Anisotropic Heisenberg

group, Chapter (4)), we have the following result:

Theorem (45). Let α > 0 and p > 3. Define a local specification on GZD
by the following potential:

UωΛ (xΛ) = α
∑
i∈Λ

φ(xi) +
∑
i,j∈Λ

βijQ(xi, xj) +
∑

i∈Λ, j /∈Λ

βijQ(xi, ωj).

Suppose that:

(1) φ is a semi-bounded generalised polynomial in N of order p with leading term αNp,

(2) |βij | ≤ β for all i, j ∈ ZD, and

(3) Q(xi, xj) =
∑k
`=1 c

`%`(xi)
α`δ`(xj)

β` is a finite sum of k ∈ Z≥1 products of powers of

homogeneous norms (%`, δ`)`=1,··· ,k with bounded sub-gradient and for c` ∈ R, α`, β` ∈ {0}∪ [1,∞)

100
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and 0 ≤ α` + β` ≤ p.

Then for all sufficiently small β > 0, there exists a unique Gibbs measure ν which satisfies the

2-Poincaré inequality

ν|f − νf |2 ≤ CSGν|∇f |2.

We note that the key is to have a U−bound theorem that holds in the corresponding setting,

i.e. Theorem 17 of Chapter (3) and Theorem 31 of Chapter (4).

5.1 Setup

The goal of this chapter is to extend the following Poincaré inequality to an infinite dimensional

setting: ∫
Ω

|f −
∫

Ω

fdν|qdν ≤ C
∫

Ω

|∇f |qdν, (5.1.1)

where Ω is the Carnot group. We are interested in Ω = G, the step-two Carnot group, where ν is a

probability measure as function of the homogeneous norm considered in Chapter 3. Moreover, we

will also consider Ω = H2n

(
θ

2
, θ

)
with θ > 0, the generalised Anisotropic Heisenberg group, where

ν is a probability measure as function of the fundamental solution of the sub-Laplacian considered

in Chapter 4.

So far, the passage to infinite dimensions in the setting of Nilpotent Lie groups required the

condition |ON | ≥ c outside the unit ball ([82, 86]), which is not true for homogeneous norms

considered in Chapter 3 and Chapter 4. In fact, the trouble arises from the “z−axis”, where

|∇N | = 0 outside the unit ball (see Subsection 2.1.1 of Chapter 2 for more details). However, using

the U−bound inequality, we are able to provide a new method that overcomes those restrictions

and allows for an extension to an infinite dimensional setting. The following is a brief setup and

statement of the Poincaré inequality theorem in an infinite dimensional setting:

We are interested in the Poincaré inequality of the form (5.1.1) where the configuration space

Ω = GZd ( or Ω = H2n

(
θ

2
, θ

)Zd

) is the product of infinitely many copies of the the step-two

Carnot group (or the generalised Anisotropic Heisenberg group) indexed by the d−dimensional

integer lattice Zd.

This resembles many particle systems in condensed matter physics that we see in ionic com-

pounds and crystals for example. On those systems, we have dynamics and PDEs that we would

like to study. Hence, it is essential to use some estimates i.e. coercive inequalities (like the Poincaré

inequality) that the Gibbs measures satisfy.

From the point of view of statistical mechanics, each lattice point i ∈ Zd represents a particle
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with unbounded spin taking values in G (or H2n

(
θ

2
, θ

)
), while a point ω ∈ Ω represents a spin

configuration, i.e. a description of the spin of every particle in the system. We write the following

setup for the step-two Carnot group G, but we note that it could be replaced by the generalised

Anisotropic Heisenberg group H2n

(
θ

2
, θ

)
for θ > 0.

The measures ν on Ω that we consider are constructed in the following way. If Λ ⊂ Zd is a

compact subset and ω ∈ Ω, we define the local Gibbs measure on GΛ ⊂ Ω by

EωΛ(dxΛ) =
1

ZωΛ
e−U

ω
Λ dxΛ

where dxΛ is the Lebesgue measure on GΛ and ZωΛ is a normalisation factor, and where the potential

UωΛ is

UωΛ (xΛ) :=
∑
i∈Λ

φ(xi) +
∑
i,j∈Λ

βijV (xi, xj) +
∑

i∈Λ, j /∈Λ

βijV (xi, ωj). (5.1.2)

Here φ ∈ C(G, R), V ∈ C1(G×G,R), and |βij | < β for some β > 0 and for each pair i, j ∈ Zd.

That is, each site i ∈ Λ contributes both a phase part φ(xi) and an interaction part
∑
j∈Zd V (xi, xj)

where xj = ωj whenever j /∈ Λ.

We call the family (EωΛ)ω∈Ω
Λ⊂Zd a local specification, and we denote the integral of a function

f : GΛ → R against the measure by

EωΛf =

∫
GΛ

fdEωΛ. (5.1.3)

The functions f appearing in (5.1.1) belong to W 1,q(ν) := W 1,q(Ω, ν) where the Lq-norm of

the sub-gradient is defined by

|∇Λf |q :=
∑
i∈Λ

|∇if |q

for all subsets Λ ⊂ Zd, and where ∇if(ω) = ∇fωi (ωi) := ∇{i}fω{i}(ωi) and |∇if |
q is the q−th power

of the L2-norm of ∇if .

With respect to the family (EωΛ)ω∈Ω
Λ⊂Zd , a measure ν on Ω is called a global Gibbs measure for

this local specification if it satisfies the Dobrushin-Landford-Ruelle (DLR) equation

νEΛ = ν, (5.1.4)

for all Λ ⊂ Zd. This construction, which follows the work of Dobrushin [52], Lanford, and Ruelle

[87], means that the measure ν is constructed by first providing a description of the behaviour

of ν on finite volume subsystems Λ ⊂ Zd. The existence of such a measure follows Dobrushin’s
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criterion [53, Theorem 1] for spin systems on arbitrary metric spaces. Moreover, the proof of the

main theorem will go on to show that the Gibbs measure ν is unique, which is related to the

physical phenomenon of phase transition [61].

In this chapter, we state our results that are concerned with finding conditions on the phase

φ and interaction V so that the Gibbs measure ν exists, is unique, and satisfies the q-Poincaré

inequality (5.1.1). The complete details and proofs of the results are found in [31].

5.2 Passage to Infinite Dimensions

As mentioned in the previous sections, the works [82, 86] investigated coercive inequalities for the

global Gibbs measure ν as a function of the Carnot-Carathéodory distance (Introduced in Section

1.7.1 of the Introduction and Chapter 2). Our main aim is to consider Gibbs measures ν as function

of the homogeneous norm considered in Chapter 3 and in Chapter 4, where the condition |ON | ≥ c

outside the unit ball is not satisfied.

In this section, we bypass this condition and strongly generalise the results of [81, 82, 86, 111].

We show that it suffices that a so-called weak U -bound (that is achieved for instance using the

U−bound inequalities proved in Chapter 3 and in Chapter 4) and a weak q-Poincaré inequality

hold. The term “weak” signifies that the right-hand side of the U−Bound inequalities (Theorem 17

in Chapter 3 and Theorem 31 in Chapter 4) contains defective terms involving the sub-gradients of

f at other sites. It turns out however that this is sufficient, provided that the defective terms decay

sufficiently fast as one moves further and further away from the given site i ∈ Zd. Similarly, the

right-hand side of the weak q−Poincaré inequality contains defective terms at other sites. Thus,

our result could be interpreted as saying that we expect each particle to interact with one another

provided this interaction decays quickly.

Theorem 39. Let q ∈ (1, 2], and let ν be a Gibbs measure for the local specification (EωΛ)ω∈Ω
Λ⊂Zd given

in (5.1.2). Let f ∈ W 1,q(ν) and suppose the following two conditions hold for β > 0 sufficiently

small:

(A1) for any i ∈ Zd and j ∈ Zd with ||j − i||L1 = 1, one has the weak single-site U−bound

ν (|f |q|∇jV (xi, xj)|q) ≤ Aν|f |q +A
∑
k∈Zd

Mkiν|∇kf |q,

(A2) and, for any i ∈ Zd, one has the weak single-site q−Poincaré inequality

νEωi |f − Eωi f |q ≤ A
∑
k∈Zd

Mkiν|∇kf |q
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for some constant A > 0 and some symmetric matrix (Mij)i,j∈Zd such that

(B1) A = O(β−1/2) as β → 0+, and

(B2) Mij ≥ 0 for all i, j ∈ Zd and satisfies supi∈Zd
∑
j∈ZdMij <∞.

Then for all β > 0 sufficiently small the following global q-Poincaré inequality holds

ν|f − νf |q ≤ CSGν|∇f |q

with some constant CSG > 0 possibly depending on β, for all f ∈W 1,q(ν).

The idea is that the summability condition (B2) implies that if the interaction matrix Mij

decays sufficiently fast at infinity, then the defective terms can be dispensed of.

To prove this theorem, we need some lemmata. The first is sweeping out inequalities - these

were introduced in [70] in order to prove infinite dimensional Logarithmic Sobolev inequalities.

Throughout the remainder of this section we fix q ∈ (1, 2] and assume the conditions of Theorem

39 hold. Moreover, we use the notation j ∼ i to mean j is a neighbour of site i, i.e. j is adjacent

to i in the sense ||j − i|| := ||j − i||L1 = 1, and we use the notation {∼ i} to denote the set of

neighbors of i, i.e. the 2d points j ∈ Zd with ||j − i|| = 1. Lastly, whenever we use Landau

notation, we implicitly understand it with respect to the limit β → 0+; we will need to track the

decay (or growth) of some constants and we will typically reserve uppercase letters such as K for

large constants that are O(1) and lowercase letters such as c for small constants that are o(1).

The first lemma is a single-site sweeping out inequality:

Lemma 40. For all i, j ∈ Zd, the following single-site sweeping out inequality holds

ν|∇j(Eωi f)|q ≤ K1ν|∇jf |q + c1
∑
k∈Zd

Nkiν|∇kf |q (5.2.1)

with some constants K1 = O(1) and c1 = o(1) independent of i and f .

This lemma is proved using the DLR equation (5.1.4), Jensen’s inequality, and the conditions

of Theorem 39. Moreover, we use this lemma inductively to prove a global sweeping out inequality

on a chosen subsystem having infinite volume. The first step is to form a finite partition of Zd

consisting of infinite volume subsystems (Γi)i=0,1,··· ,N with the property that no interaction exists

within each Γi which, in our case, translates to each pair of points i, j ∈ Γi satisfying ||i− j|| > 1

whenever i 6= j. The partition chosen here will be consist of N = 2d translations of the cube

Γ0 = (2Z)d translating 0 to another point in [0, 1]d ⊂ Zd.

We fix in the sequel our choice of partition (Γi)i=0,1,··· ,N−1, and we begin by proving global
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sweeping out inequalities for Γi; the self-similarity of the Γi will mean the proof follows for all if it

follows for one.

Lemma 41. For any Λ ⊂ Zd and i ∈ {0, 1, · · · , N − 1}, the sub-lattice sweeping out inequality

ν|∇Λ(EΓnf)|q ≤ K2ν|∇Λf |q + c2ν|∇Λcf |q (5.2.2)

holds for some constants K2 = O(1) and c2 = o(1) independently of i and Λ.

As mentioned earlier, it is enough to we prove the case i = 0. First, rewrite the gradient into

its single-site form

ν|∇Λ(EΓ0f)|q =
∑
j∈Λ

ν|∇j(EΓ0f)|q. (5.2.3)

Let i ∈ Γ0 and j ∈ Λ. Since Γ0 has no self-interaction, the measure EΓ0
can be realised as the

product of the single-site measures EΓ0 = Ei1Ei2 · · · where (im)m≥1 enumerates Γ0. This reduces

the problem of studying ∇jEΓ0
to the problem of studying ∇jEi for i ∈ Γ0. Hence, to prove this

lemma, we can use an induction argument on Lemma (40).

The next problem is to use the sweeping out inequality on the sub-lattice to transfer the weak

single-site q−Poincaré inequality to a weak sub-lattice q−Poincaré inequality; in particular we

want to show the weak q−Poincaré inequality holds for each of the N sub-lattices Γi.

Lemma 42. Let i = 0, 1, · · · , N − 1. Then the following weak sub-lattice q−Poincaré inequality

νEωΓi |f − EωΓif |
q ≤ C0ν|∇f |q (5.2.4)

holds for some constant C0 > 0 independently of i such that C0 = O(β−1/2).

The proof of this lemma constitutes of using the DLR equation (5.1.4), a telescoping argument,

the sweeping out inequality of Lemma (5.2.2), and the conditions of Theorem 39. Note that this

is still a weak q−Poincaré inequality as the right-hand side contains |∇f |q instead of |∇Γif |q.

However, unlike the weak q−Poincaré inequality of (A2) the interaction matrix Mki is absent.

This reflects the fact the sub-lattices infiltrate the lattice so that the distance between an arbitrary

point and the sub-lattice is bounded above.

Having obtained a weak q−Poincaré inequality for the sub-lattices, we give an argument to

show this implies the (strong) q−Poincaré inequality on the entire lattice.

Lemma 43. Let P := EΓN−1
· · ·EΓ0

EΓ0
. Then P satisfies the following four conditions:

(1) P satisfies the DLR equation

νf = ν(Pf).
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(2) There exists a constant C1 such that

ν|f |q − ν|Pf |q ≤ C1ν|∇f |q,

(3) There exists ξ ∈ (0, 1) such that for any m ∈ Z≥0 one has

ν|∇(Pmf)|q ≤ ξmν|∇f |q.

(4) The following limit

lim
m→∞

Pmf = νf

holds ν-almost surely.

Proof. (1) follows immediately from the DLR equation ((5.1.4)). To prove (2), denote by f−1 = f

and fn = EΓn · · ·EΓ0
f , for n = 0, 1, · · · , N − 1. By applying the sub-quadratic inequality

|a|q − |b|q ≤ sgn(b)q|b|q−1(a− b) + 2|a− b|q,

for a, b ∈ R,and the weak sub-lattice q-Poincaré inequality (5.2.4) we obtain

ν|f |q − ν|Pf |q =

N−1∑
n=0

νEΓn (|fn−1|q − |EΓnfn−1|q)

≤ 2

N−1∑
n=0

νEΓn |fn−1 − EΓnfn−1|q

≤ 2C0

N−1∑
n=0

ν|∇fn−1|q

= 2C0ν|∇f |q + 2C0

N−2∑
n=0

ν|∇(Γn)c(EΓnfn−1)|q

since fn = EΓnfn−1 depends only on coordinates in (Γn)c. The first term requires no further

estimation, while we can apply Lemma 41 inductively on the second term to obtain

ν|∇(Γn)c(EΓnfn−1)|q ≤ Kn+1
2 ν|∇f |q

which gives

ν|f |q − ν|Pf |q ≤ C1ν|∇f |q

which is exactly (2) with C1 = 2C0

∑N−1
n=0 K

n
2 ≤ 2KN

2 C0.

To prove (3), we define Γ(m) = ∪mn=0Γn and apply Lemma 41 again to obtain

ν|∇Γ(m)fm|q = ν|∇Γ(m−1)fm|q ≤ K2ν|∇Γ(m−1)fm−1|q + c2ν|∇fm−1|q.
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Applying Lemma 41 as in the proof for (2), we obtain

ν|∇Γ(m)fm|q ≤ K2ν|∇Γ(m−1)fm−1|q + c2K
m
2 ν|∇f |q. (5.2.5)

This equation can be inductively applied on the first term, i.e. applying (5.2.5) on ν|∇Γ(m−1)fm−1|q

and starting from m = N − 1 we find

ν|∇(Pf)|q ≤ KN
2 ν|∇Γ0

f0|q + c2K
N
2 ν|∇f |q = c2K

N
2 ν|∇f |q

since ∇Γ0
f0 = ∇Γ0

EΓ0
f = 0. Since K2 = O(1) and c2 = o(1), we obtain (3) at m = 1 with

ξ = c2K
N
2 with β small enough; the general case for m ∈ Z≥1 follows by replacing f by Pf and

proceeding by straightforward induction.

To prove the final statement (4), following the arguments of (2) we first bound the q-variance

with respect to P by

ν|f − Pf |q ≤ NN
N−1∑
n=0

νEΓn |fn−1 − EΓnfn−1|q ≤ NNC1ν|∇f |q

using the Hölder inequality (
∑N
i=1 |xi|)q ≤ Nq−1

∑N
i=1 |xi|q for nonnegative (xi) on the telescoping

sum f − Pf =
∑N−1
n=0 fn−1 − fn. For m ∈ Z≥1, replacing f by Pmf in the above estimate we

obtain

ν|Pmf − Pm+1f |q ≤ NNC1ν|∇(Pmf)|q ≤ NNC1ξ
mν|∇f |q.

Since ξ < 1, the Borel-Cantelli lemma implies Pm converges ν-almost surely to some function g,

and similarly |∇(Pmf)| converges ν-almost surely to zero by (3), so that g is constant ν-almost

everywhere. Note the decay of C1 with respect to β does not matter since β is sufficiently small,

but fixed. Assuming that f ∈W 1,p(ν) is bounded, by dominated convergence we have

lim
m→∞

Pmf = g = ν(g) = lim
m→∞

ν(Pmf) = ν(f)

with the last equality obtained by (1). The general case of possibly unbounded f ∈ W 1,p(ν) is

obtained by density.

We can now prove the main theorem of this section.

Proof of Theorem 39. Denote by fm = Pmf for m ∈ Z≥0. By applying (1), (2), and (3) of
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Lemma 43 in succession,

ν|f − νf |q =

N−1∑
n=0

(ν|fn − νf |q − ν|P(fk − νf)|q) + ν|fN − νf |q

≤ C1

N−1∑
n=0

ν|∇fn|q + ν|fN − νf |q

≤ C1

(
N−1∑
n=0

ξn

)
ν|∇f |q + ν|fn − νf |q

≤ JC1

1− ξ
ν|∇f |q + ν|fN − νf |q.

Taking N → ∞, the remainder term satisfies ν|fN − νf |q → 0 by (4) which gives the global

q−Poincaré inequality

ν|f − νf |q ≤ CSGν|∇f |q

with CSG = C1/(1− ξ).

5.3 Sufficient Conditions on the Phase and Interaction

Having now given general conditions - the existence of a weak single-site U−bound and a weak

single-site q−Poincaré inequality - which guarantee the existence of a global q−Poincaré inequality,

we now consider conditions on the phase φ ∈ C(G) and interaction V ∈ C1(G × G) appearing in

(5.1.2) such that the conditions of Theorem 39 hold. The first will be a (strong) single-site U -bound

without interaction in terms of a general function η, and the second will place conditions on the

interaction V in terms of η.

Theorem 44. Let q ∈ (1, 2], and let ν be a Gibbs measure for the local specification (EωΛ)ω∈Ω
ΛbZd

given in (5.1.2). Let f ∈ W 1,q(ν) and suppose the following two conditions hold on φ and V for

sufficiently small β > 0:

(C1) There exists a constant B > 0 and a function η ∈ C(G;R≥0) diverging to infinity all

directions such that

∫
|g|qη(h)e−φ(h)dh ≤ B

∫
(|∇g|q + |g|q) e−φ(h)dh

for all g ∈ C(G) for which the left-hand side is finite, and

(C2) the interaction V ∈ C(G×G) satisfies the gradient bound

|∇h1V (h1, h2)|q + |∇h2V (h1, h2)|q ≤ B(1 + η(h1) + η(h2)).
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Then for all sufficiently small β > 0 the global q-Poincaré

ν|f − νf |q ≤ CSGν|∇f |q

holds for all f ∈W 1,q(ν) satisfying supi∈Zd ν(η(xi)|f |q) <∞ with some constant CSG > 0.

The inequality in condition (C1) is exactly the U−bound inequality we proved in Theorem

(17) of Chapter (3) in the setting of the step-two Carnot group and Theorem (31) of Chapter (4)

in the setting of the Anisotropic Heisenberg group with

η =
g′(N)

N2
,

and the phase

φ = g(N),

where N is the generalisation of the fundamental solution to the sub-Laplacian in the Heisenberg

group (Chapter (3)) or the fundamental solution to the sub-Laplacian in the Anisotropic Heisenberg

group (Chapter (4)).

In addition, if the interaction V ∈ C(G × G) satisfies the condition (C2), then Theorem (44)

implies that using the U−bound inequality, we are able to extend the q−Poincaré inequality to an

infinite dimensional setting.

Note that although this setup allows for more general U−bounds of the form (C1), the generic

case occurs when the phase, the interaction, and the U−bound are all powers of a homogeneous

norm. For instance, in the case of the Carnot-Carathéodory distance d, [82] proves the q-logarithmic

Sobolev inequality with φ = dp, V (x, y) = (d(x)± d(y))2, and η = dp, in the case p ≥ 2.

The generic choice in our settings is

g(N) = αNp.

For this choice,

η = αpNp−3,

and we have proved in Theorem (17) of Chapter (3) and Theorem (31) of Chapter (4) the condition

(C1): ∫
|g|qNp−3e−αN

p

dh ≤ B
∫

(|∇g|q + |g|q) e−αN
p

dh,

for any α > 0, p, q ≥ 2, and g supported away from the unit N -ball {N < 1}. We deduce from
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Theorem (44) a generalised theorem for potentials of this standard form:

Theorem 45. Let α > 0 and p > 3. Define a local specification on GZD
by the following potential:

UωΛ (xΛ) = α
∑
i∈Λ

φ(xi) +
∑
i,j∈Λ

βijQ(xi, xj) +
∑

i∈Λ, j /∈Λ

βijQ(xi, ωj).

Suppose that:

(1) φ is a semi-bounded generalised polynomial in N of order p with leading term αNp,

(2) |βij | ≤ β for all i, j ∈ ZD, and

(3) Q(xi, xj) =
∑k
`=1 c

`%`(xi)
α`δ`(xj)

β` is a finite sum of k ∈ Z≥1 products of powers of

homogeneous norms (%`, δ`)`=1,··· ,k with bounded sub-gradient and for c` ∈ R, α`, β` ∈ {0}∪ [1,∞)

and 0 ≤ α` + β` ≤ p.

Then for all sufficiently small β > 0, there exists a unique Gibbs measure ν which satisfies the

2-Poincaré inequality

ν|f − νf |2 ≤ CSGν|∇f |2.

Note that in this theorem N could be:

1. The generalisation of the fundamental solution to the sub-Laplacian in the Heisenberg group

(in the setting of step-two Carnot groups, Chapter (3))

2. The fundamental solution to the sub-Laplacian in the Anisotropic Heisenberg group (in the

setting of the Anisotropic Heisenberg group, Chapter (4))

3. Replaced by d, the Carnot-Carathéodory distance (in the setting of Carnot groups, Chapter

(2)).

In other words, N should satisfy the U−bound inequality (C1).

Idea of proof for Theorem (44)

The main problem in the proof is to show that (C1) and (C2) imply the existence of a weak

q-Poincaré inequality. Since |∇jV |q is controlled by η, the weak U−bound of (A1) follows imme-

diately, and the difficulty lies with (A2) . In Theorem (6), Hebisch and Zegarlinski showed that

in the finite dimensional case that one can pass from a U−bound to a q-Poincaré inequality [72],

and in [82, Lemma 4.3] it was shown in some class of models that one can pass from a strong

single-site U−bound to the strong q-Poincaré inequality. Here we show the statement remains true

with “weak” replacing “strong”.
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The first step in establishing the weak U−bound for η is to prove a weak U−bound for ηi that is

defective in the sense the right-hand side contains copies of the weak U−bound for neighbouring ηj .

We will then approach in the spirit of the proof in Theorem (39) where we prove that inductively

inserting the U−bound into these defective copies “converges” appropriately. It will also be noted

as a corollary that the proof of this weak U−bound will give the existence of the Gibbs measure

by Dobrushin’s criterion [53, Theorem 1].

The following lemma is needed:

Lemma 46. For all i ∈ Zd, the following weak single-site U−bound

ν(ηi|f |q) ≤ K2

ν|f |q +
∑
k∈Zd

c
||k−i||
2 ν|∇kf |q

 (5.3.1)

holds for some constants K2 = O(1) and c2 = o(1).

This lemma is proved by an induction on the inequality

Eωi (ηi|f |q) ≤ K1 (Eωi |∇if |q + Eωi |f |q) + c1
∑
j 6=i

|βij |q Eωi (ηj |f |q),

which is, in turn, easily proved by applying the conditions of Theorem (44).

To verify the conditions of Theorem 39 hold (and hence prove the q−Poincaré inequality), the

key ingredient is Lemma (46) - it is straightforward to see that the weak U−bound is immediate,

and more difficult to see that the weak U−bound implies the weak q−Poincaré inequality of (A2).

The proof is an adaptation of [82, Lemma 4.3], but in the weak case. The basic idea is that one can

split the left-hand side of (A2) into two parts, one where the boundary conditions are bounded

and the other where they are not. It turns out that the latter is simpler to handle as the U−bound

can be inserted.



Chapter 6

Summary and Open Problems

Although the question of obtaining coercive inequalities- such as the Poincaré or the Logarithmic

Sobolev inequalities- for probability measures on a metric measure space has been a subject of nu-

merous works (i.e. to study PDEs of mathematical physics, isoperimetric inequalities, convergence

to equilibrium of systems in Statistical mechanics, and to solve the Millennium Prize Poincaré

Conjecture), the literature on this topic in the setup of Carnot groups is scarce. My PhD thesis

is centered around proving and applying such coercive inequalities for various probability mea-

sures in the setting of non-compact Carnot groups. The simplest example of the Carnot group

is the Heisenberg group, which plays an important role in several branches of mathematics, such

as representation theory, PDEs, number theory, several complex variables and quantum mechanics.

We are interested in the following Logarithmic Sobolev inequality (which also implies the
Poincaré inequality): ∫

f2 log

(
f2∫
f2dµ

)
dµ ≤ 2

∫
|∇f |2dµ,

where ∇ is the gradient and µ is a probability measure.

In [69], L. Gross proved that the Logarithmic Sobolev inequality is equivalent to hypercon-

tractivity for the semigroup Pt = etL generated by a given operator L. Moreover, he showed that

the Logarithmic Sobolev inequality, unlike the Sobolev inequality, could be extended to infinite

dimensions. This has important applications in studying models from quantum field theory and

statistical mechanics.

L. Gross worked with the Gaussian measure on Rn, and a natural question was to extend the

Logarithmic Sobolev inequality for a larger class of probability measures defined on Riemannian

112
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manifolds. In [10], D. Bakry and M. Emery prove it under a Curvature-Dimension condition, which

highlights a deep link between coercive inequalities and the geometry of the underlying space. In

my thesis, I worked in the setting of Carnot groups, where the Curvature-Dimension condition

fails because there is no bound on the curvature of space (the Laplacian is of Hörmander type and

has some degeneracy). To bypass this geometric condition, a method was developed in [72], which

states that in order to obtain coercive inequalities, it is sufficient to prove the so-called “U−Bound”

inequalities.

In Chapter 2, in the setting of the general Carnot group, we proved the Logarithmic Sobolev

inequality for measures of the form dµ =
e−g(d)

Z
dλ, where d is the Carnot-Carathéodory distance.

Notice that g(d) is a function of d in contrast with the homogeneous norms N that were considered

in Chapter 3 and Chapter 4. Even though d and N are equivalent, their behavior around the

“z−axis” are completely different, and so the approach to prove coercive inequalities is completely

different.

Moreover, F. Otto and C. Villani showed in their celebrated paper [110] that in the setting

of manifolds, under D. Bakry and M. Emery’s Curvature-Dimension condition, the Logarithmic

Sobolev inequality implies the Talagrand transportation cost inequality. However, the Curvature-

Dimension condition fails in the setting of Carnot groups. We used a different approach to prove

that the Logarithmic Sobolev inequality implies the Talagrand inequality and hypercontractivity

in our setting. The key in our proof is to use the Hamilton-Jacobi equation in the setting of Carnot

groups done by F. Dragoni [54].

In [110], F. Otto and C. Villani obtained the HWI inequality, which is an important functional

inequality and unifies the Talagrand inequality and Logarithmic Sobolev inequality. It relates the

entropy (H) with respect to some reference measure, the Wasserstein distance (W) and the Fisher

information (I). One direction of work is to prove the HWI inequality in the setting of the general

Carnot group for measures as a function of the Carnot-Carathéodory distance.

In Chapter 3, we considered the setting of the step-two Carnot group, G, and we let Xi, 1 ≤

i ≤ n be the Jacobian basis of its Lie algebra (here n corresponds to the dimension of the first layer

of stratification). We proved coercive inequalities for general measures of the form dµ =
e−g(N)

Z
dλ,

where λ is the Haar measure, Z is the normalisation constant, g is a differentiable increasing

function, and N is a generalisation of the Heisenberg Kaplan norm. The interest behind choosing

suchN is that it generalises the unique fundamental solution of the sub-Laplacian in the Heisenberg

group. Under some growth conditions on g, we proved the U−Bound inequality outside the unit
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N−ball: ∫
G

g′ (N)

N2
|f |qdµ ≤ C

∫
G
|∇f |qdµ+D

∫
G
|f |qdµ,

for the sub-gradient ∇ := (X1, X2, ..., Xn), C and D positive constants, and q ≥ 2. From there,

we deduced the Poincaré inequality. We also derived a new method to prove the φ−Logarithmic

Sobolev inequality under some conditions on a concave function φ (we note that it is impossible

to have a Logarithmic Sobolev inequality in this specific setting [72]).

The importance of the U−bound proof that we developed is that its ideas could be adapted to

other settings as well like in the setting of the Anisotropic Heisenberg group.

Moreover, so far, an extension to infinite dimensions for measures as a function of homogeneous

norms has not been possible due to restrictions in known methods not satisfied by the norms

considered. However, using this U−bound inequality, we were able to provide a new method that

overcomes those restrictions and allows for an extension to an infinite dimensional setting (Chapter

5).

In [24], Bobkov and Zegarliński showed that for q ∈ (1, 2), the q−Logarithmic Sobolev inequality

is better than the Logarithmic Sobolev inequality. They showed that one gets a stronger decay

of tail estimates and the corresponding semigroup is ultracontractive (see Section 1.2.1 of the

Introduction for more details). Hence, it is of interest to study stronger coercive inequalities with

q ∈ (1, 2). In Chapter 3 and Chapter 4, we proved the U−bound inequality for q ≥ 2; however, the

case where we have the stronger inequality for q ∈ (1, 2) is still an open problem.

Moreover, the goal of a current ongoing project [32] is to prove higher order coercive inequali-

ties, like the Poincaré and Logarithmic Sobolev inequalities, for various probability measures. Our

aim is to extend Adams’ results in [1] and Rosen’s results in [116] for higher order inequalities to

the setting of Carnot groups.

In Chapter 4, we proved coercive inequalities in “non-polarizable” higher-dimensional anisotropic

Heisenberg group. We extended the anisotropic Heisenberg groups to higher dimensions, com-

puted explicitly the fundamental solution Ñ of the sub-Laplacian, and proved Poincaré and

φ−Logarithmic Sobolev inequalities for measures as a function of Ñ . The results we obtained

were used recently in a preprint by J. Tyson [128] to formulate a suitable conjecture relating the

new notion of H−type stability to the classification of polarizable groups.

Those results for the Anisotropic Heisenberg group provided a suitable quantitative form for the

longstanding conjecture about the classification of polarizable groups: this motivates future work

in proving this open problem.
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Moreover, Balogh and Tyson considered in [14] the Anisotropic Heisenberg group for n = 2.

In Chapter 4, we considered the dimension n > 5, where we proved coercive inequalities on the

Higher-dimensional Anisotropic Heisenberg group. In fact, the proof of the U−bound Theorem 31

required the dimension n > 5. Proving coercive inequalities for n < 5 are still not achieved in this

method, and this is a possible direction for future work.

In Chapter 5, we showed that certain infinite dimensional Gibbs measures with unbounded in-

teraction potentials as a function of homogeneous norms (such as homogeneous norms introduced

in Chapter 3 and Chapter 4) on an infinite product of Carnot groups satisfy the Poincaré inequal-

ity. This is used to study spin systems and statistical mechanics, and allows us to gain a better

understanding of phase transition. We note that in our new method, the U−Bound inequality is

an essential tool to pass to the infinite dimensional setting. Our work strongly generalised known

results [81, 82, 86, 111] and provided a vast scope of applications to study different models in the

setting of Carnot groups.

Moreover, in [42], q−Poincaré inequalities were proved for a homogeneous norm N on Filiform

groups, that generalise Engel-type groups. However, the condition |ON | ≥ c outside the unit ball

is not satisfied; therefore, the extension to infinite dimensions is not possible using known methods

[82, 86]. A direction of future work is to apply the strategy of the thesis in the setting of Filiform

groups i.e proving the U−bound inequality as in Theorem 17, and then extending the Poincaré

inequality to infinite dimensions using the results of this Chapter.

In conclusion, this thesis highlights the importance of the U−bound inequality as a key to prove co-

ercive inequalities on Carnot groups. The U−bound inequality was also an essential tool to extend

the Poincaré inequality for measures as a function of homogeneous norms to infinite dimensions.

Our results have laid a foundation stone for research on coercive inequalities on Carnot groups,

and our novel methods have paved the way for promising future research in other non-commutative

settings.



Chapter 7

Appendix

In this appendix, we give proofs to the technical lemmas that provide bounds for the three quantities

|∇N |, ∆N, and x · ∇N, which are necessary in the proofs of the U−bound theorems in Chapter 3

and Chapter 4.

7.1 Proof of Technical Lemma 18

We recap the following Technical Lemma 18, which is used in the U−bound Theorem 17 of Chapter

3:

Lemma (EBD and B. Zegarliński [33]). There exist constants A,C ∈ (0,∞)

A
|x|2

N2
≤ |∇N |2 ≤ C |x|

2

N2
(7.1.1)

and there exists a constant B ∈ (0,∞) such that

|∆N | ≤ B |x|
2

N3
(7.1.2)

and
x

|x|
· ∇N =

|x|3

N3
. (7.1.3)

Proof. We first compute ∇N = (XiN)i=1,...,n.

XiN = N−3

(
|x|2xi +

a

4

m∑
k=1

n∑
l=1

Λ
(k)
il xlzk

)
.
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Therefore,

|∇N |2 = N−6

|x|6 +
a

2

n∑
i=1

m∑
k=1

n∑
l=1

Λ
(k)
il |x|

2xixlzk +

n∑
i=1

a2

16

m∑
k,k′=1

n∑
l,l′=1

Λ
(k)
il Λ

(k′)
il′ xlxl′zkzk′


= N−6

|x|6 +
a2

16

n∑
i=1

m∑
k,k′=1

n∑
l,l′=1

Λ
(k)
il Λ

(k′)
il′ xlxl′zkzk′


=
|x|2

N2
N−4

|x|4 +
a2

16

n∑
i=1

m∑
k,k′=1

n∑
l,l′=1

Λ
(k)
il Λ

(k′)
il′

xl
|x|

xl′

|x|
zkzk′

 ,

(7.1.4)

where we used that for each skew-symmetric matrix Λ(k), all k ∈ {1, ...,m}, we have that

n∑
l=1

n∑
i=1

Λ
(k)
il xlxi = 0.

From (7.1.4), that with some constants A,C ∈ (0,∞), we have

A
|x|2

N2
≤ |∇N |2 ≤ C |x|

2

N2
.

By choosing a ∈ (0,∞) sufficiently small, we can ensure that C ≤ 1. We note that using antisym-

metry of matrices Λ
(k)
il we get

x

|x|
· ∇N =

n∑
i=1

xi
|x|
N−3

(
|x|2xi +

a

4

m∑
k=1

n∑
l=1

Λ
(k)
il xlzk

)

Next we compute

X2
i N =

(
∂

∂xi
+

1

2

m∑
k=1

n∑
l=1

Λ
(k)
il xl

∂

∂zk

)(
N−3

(
|x|2xi +

a

4

m∑
k=1

n∑
l=1

Λ
(k)
il xlzk

))

= −3

N−7

(
|x|2xi +

a

4

m∑
k=1

n∑
l=1

Λ
(k)
il xlzk

)2


+

(
N−3

(
|x|2 + 2x2

i +
a

4

m∑
k=1

n∑
l=1

Λ
(k)
il δilzk

))

+

(
N−3

(
1

2

m∑
k=1

n∑
l=1

Λ
(k)
il xl

a

4

m∑
k′=1

n∑
l′=1

Λ
(k′)
il′ xl′δkk′

))
.
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Hence we obtain

∆N =

n∑
i=1

X2
i N

= −3

(
N−7

(
|x|6 + 2

a

4

m∑
k=1

n∑
i=1

n∑
l=1

Λ
(k)
il |x|

2xixlzk

)

+
a2

16

m∑
k=1

n∑
l=1

m∑
k′=1

n∑
l′=1

n∑
i=1

Λ
(k)
il Λ

(k′)
il′ xl′xlzkzk′

)

+

(
N−3

(
(n+ 2)|x|2 +

a

4

m∑
k=1

n∑
i=1

n∑
l=1

Λ
(k)
il δilzk

))

+

(
N−3

(
1

2

m∑
k=1

n∑
l=1

n∑
i=1

Λ
(k)
il xl

a

4

m∑
k′=1

n∑
l′=1

Λ
(k′)
il′ xl′δkk′

))
.

which after simplifications yields

∆N =

n∑
i=1

X2
i N

= −3

(
N−7

(
|x|6 +

a2

16

m∑
k=1

n∑
l=1

m∑
k′=1

n∑
l′=1

n∑
i=1

Λ
(k)
il Λ

(k′)
il′ xl′xlzkzk′

))
+
(
N−3

(
(n+ 2)|x|2

))
+

(
N−3

(
a

8

m∑
k=1

n∑
l=1

n∑
l′=1

n∑
i=1

Λ
(k)
il Λ

(k)
il′ xl′xl

))
.

Thus we get

∆N =
|x|2

N3

[
−3

(
N−4

(
|x|4 +

a2

16

m∑
k=1

n∑
l=1

m∑
k′=1

n∑
l′=1

n∑
i=1

Λ
(k)
il Λ

(k′)
il′

xl
|x|

xl′

|x|
zkzk′

))
+
(
n+ 2 + a

8

∑m
k=1

∑n
l=1

∑n
l′=1

∑n
i=1 Λ

(k)
il Λ

(k)
il′

xl
|x|

xl′
|x|

)]
.

which can be represented as follows

∆N = (n− 1)
|x|2

N3

+
|x|2

N3

[
−3

(
N−4

(
−a|z|2 +

a2

16

m∑
k=1

n∑
l=1

m∑
k′=1

n∑
l′=1

n∑
i=1

Λ
(k)
il Λ

(k′)
il′

xl
|x|

xl′

|x|
zkzk′

))
a

8

m∑
k=1

n∑
l=1

n∑
l′=1

n∑
i=1

Λ
(k)
il Λ

(k)
il′

xl
|x|

xl′

|x|

]
.

Hence, there exists a constant B ∈ (0,∞) such that

|∆N | ≤ B |x|
2

N3

Remark: If a > 0 is small, ∆N ≥ 0. For large a, in some directions ∆N can be negative.
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7.2 Proof of Technical Lemma 32

Next, we recap the following Technical Lemma 32, which is used in the U−bound Theorem 31 of

Chapter 4:

Lemma (EBD and B. Zegarliński [34]). The fundamental solution of the sub-Laplacian N−2n on

H2n( θ2 , θ) satisfies

x · ∇N ≥ −θ|x|
2

4nN
, (7.2.1)

|∇N |2 ≥ θ2|x|2

25+ 2
nN2

, (7.2.2)

|∇N |2 ≤ θ2(2n+ 1)2|x|2

23n2N2
, (7.2.3)

Lemma 47. where |x| =

 2n∑
j=1

x2
j

 1
2

is the Euclidean norm.

Proof. In the setting of the anisotropic Heisenberg group R2n+1, as shown in Theorem 30, we have

the fundamental solution

N =

(B2 + t2
) 1

2n
(
AB + t2 +A

√
B2 + t2

)1− 1
2n

B +
√
B2 + t2

 1
2

,

where A =
θx2

1

2
+
θx2

n+1

2
+
θ

2

2n∑
j=2,j 6=n+1

x2
j and B =

θx2
1

4
+
θx2

n+1

4
+
θ

2

2n∑
j=2,j 6=n+1

x2
j .

We first calculate ∂xjN and ∂tN.

For j = 1 and j = n+ 1 :

∂xjN =
θxj
4nN

 B
(
B2 + t2

) 1
2n
(
AB + t2 +A

√
B2 + t2

)
(
B +

√
B2 + t2

)
(B2 + t2)

(
AB + t2 +A

√
B2 + t2

) 1
2n



+
θxj(2n− 1)

4nN

(B2 + t2
) 1

2n
(
A
2

√
B2 + t2 +B

√
B2 + t2 +B2 + t2 + AB

2

)
(
B +

√
B2 + t2

) (
AB + t2 +A

√
B2 + t2

) 1
2n (B2 + t2)

1
2



−θxj
4N

 (
B2 + t2

) 1
2n
(
AB + t2 +A

√
B2 + t2

)
(B +

√
B2 + t2)(B2 + t2)

1
2

(
AB + t2 +A

√
B2 + t2

) 1
2n



=
xj
(
B2 + t2

) 1
2n

4nN

 1
2B

2A+ (B − A
2 )t2 + 1

2

√
B2 + t2AB(

B +
√
B2 + t2

)
(B2 + t2)

(
AB + t2 +A

√
B2 + t2

) 1
2n


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+
xj
(
B2 + t2

) 1
2n

4nN

 (n− 1)(B2 + t2)
(
B +

√
B2 + t2

)
(
B +

√
B2 + t2

)
(B2 + t2)

(
AB + t2 +A

√
B2 + t2

) 1
2n



+
xj
(
B2 + t2

) 1
2n

4nN

 nB
√
B2 + t2

(
B +

√
B2 + t2

)
(
B +

√
B2 + t2

)
(B2 + t2)

(
AB + t2 +A

√
B2 + t2

) 1
2n

 (7.2.4)

Notice that

xj∂xjN ≥ 0 for j = 1, n+ 1 (7.2.5)

To get a bound from above for |∂xjN |, since B ≤
√
B2 + t2 , B − A

2
≤ A

2
, and B2 + t2 ≤AB +

t2 +A
√
B2 + t2,

|∂xjN | ≤
θ|xj |
4nN

(
1
2B

2A+ (A2 )t2 + 1
2

√
B2 + t2AB + (2n− 1)(B2 + t2)

(
B +

√
B2 + t2

)(
B +

√
B2 + t2

)
(B2 + t2)

)

since A ≤ 2B, so
1

2
B2A+ (

A

2
)t2 +

1

2

√
B2 + t2AB

≤ B
√
B2 + t2

(
B +

√
B2 + t2

)
≤ (B2 + t2)

(
B +

√
B2 + t2

)
,

|∂xjN | ≤
θ|xj |
2N

for j = 1, n+ 1. (7.2.6)

Now we calculate ∂xjN for j = 2, .., n, n+ 2, .., 2n :

∂xjN =
θxj
4nN

 2B
(
B2 + t2

) 1
2n
(
AB + t2 +A

√
B2 + t2

)
(
B +

√
B2 + t2

)
(B2 + t2)

(
AB + t2 +A

√
B2 + t2

) 1
2n



+
θxj(2n− 1)

4nN

(B2 + t2
) 1

2n
(
A
√
B2 + t2 +B

√
B2 + t2 +B2 + t2 +AB

)
(
B +

√
B2 + t2

) (
AB + t2 +A

√
B2 + t2

) 1
2n (B2 + t2)

1
2



−θxj
4N

 2
(
B2 + t2

) 1
2n
(
AB + t2 +A

√
B2 + t2

)
(B +

√
B2 + t2)(B2 + t2)

1
2

(
AB + t2 +A

√
B2 + t2

) 1
2n



=
θxj

(
B2 + t2

) 1
2n

4nN

 AB
√
B2 + t2 +AB2 + (2B −A)t2(

B +
√
B2 + t2

)
(B2 + t2)

(
AB + t2 +A

√
B2 + t2

) 1
2n



+
θxj

(
B2 + t2

) 1
2n

4nN

 (2n− 1)B
√
B2 + t2

(
B +

√
B2 + t2

)
(
B +

√
B2 + t2

)
(B2 + t2)

(
AB + t2 +A

√
B2 + t2

) 1
2n



−
θxj

(
B2 + t2

) 1
2n

4nN

 t2
√
B2 + t2(

B +
√
B2 + t2

)
(B2 + t2)

(
AB + t2 +A

√
B2 + t2

) 1
2n

 (7.2.7)
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Notice that

xj∂xjN ≥
θx2

j

(
B2 + t2

) 1
2n

4nN

 −t2(
B +

√
B2 + t2

)√
B2 + t2

(
AB + t2 +A

√
B2 + t2

) 1
2n


since t2 ≤

(
B +

√
B2 + t2

)√
B2 + t2 and B2 + t2 ≤AB + t2 +A

√
B2 + t2,

xj∂xjN ≥ −
θx2

j

4nN
. (7.2.8)

We will now be able to get a lower bound for x · ∇N. In fact,

x · ∇N

= x1

(
∂x1

N − θxn+1

2
∂tN

)
+ xn+1

(
∂xn+1

N +
θx1

2
∂tN

)

+

n∑
j=2

xj
(
∂xjN − θxj+n∂tN

)
+

2n∑
j=n+2

xj
(
∂xjN + θxj−n∂tN

)

= x1∂x1
N + xn+1∂xn+1

N +

2n∑
j=2,j 6=n+1

xj∂xjN

using (7.2.5) and (7.2.8),

≥ −
2n∑

j=2,j 6=n+1

θx2
j

4nN

≥ −
2n∑
j=1

θx2
j

4nN
.

Using the above defined Euclidean norm |x| =

 2n∑
j=1

x2
j

 1
2

,

x · ∇N ≥ −θ|x|
2

4nN
.

It remains to bound |∇N |.

|∇N |2 =

(
∂x1

N − θxn+1

2
∂tN

)2

+

(
∂xn+1

N +
θx1

2
∂tN

)2

+

n∑
j=2

(
∂xjN − θxj+n∂tN

)2
+

2n∑
j=n+2

(
∂xjN + θxj−n∂tN

)2
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=

2n∑
j=1

(∂xjN)2 +
θ2x2

1

4
(∂tN)2 +

θ2x2
n+1

4
(∂tN)2 +

2n∑
j=2,j 6=n+1

θ2x2
j (∂tN)2. (7.2.9)

To bound (7.2.9) from below, we use the fact that for each j = 2, 3, ..., n, n+ 2, .., 2n,

|∂xjN |2 + θ2x2
j |∂tN |2 ≥

1

2

(
|∂xjN |+ θ|xj ||∂tN |

)2
,

in addition to that we have for j = 1, n+ 1,

|∂xjN |2 +
θ2x2

j

4
|∂tN |2 ≥

1

2

(
|∂xjN |+

θ|xj |
2
|∂tN |

)2

so,

|∇N |2 ≥ 1

2

(
|∂x1N |+

θ|x1|
2
|∂tN |

)2

+
1

2

(
|∂xn+1

N |+ θ|xn+1|
2
|∂tN |

)2

+
1

2

2n∑
j=2,j 6=n+1

(
|∂xjN |+ θ|xj ||∂tN |

)2
. (7.2.10)

Now we proceed to calculate ∂tN :

∂tN =
1

2N

 t

2n

2
(
B2 + t2

) 1
2n
(
AB + t2 +A

√
B2 + t2

)
(
B +

√
B2 + t2

)
(B2 + t2)

(
AB + t2 +A

√
B2 + t2

) 1
2n



+
1

2N

t(2n− 1

2n

) (
B2 + t2

) 1
2n (2

√
B2 + t2 +A)(

B +
√
B2 + t2

) (√
B2 + t2

) (
AB + t2 +A

√
B2 + t2

) 1
2n



− t

4N

 2
(
B2 + t2

) 1
2n
(
AB + t2 +A

√
B2 + t2

)
(
B +

√
B2 + t2

)2 (√
B2 + t2

) (
AB + t2 +A

√
B2 + t2

) 1
2n



=
t
(
B2 + t2

) 1
2n

4nN

 2
(
AB + t2 +A

√
B2 + t2

)
(
B +

√
B2 + t2

)
(B2 + t2)

(
AB + t2 +A

√
B2 + t2

) 1
2n



+
t
(
B2 + t2

) 1
2n

4nN

 (2n− 1)
√
B2 + t2

(
2
√
B2 + t2 +A

)
(
B +

√
B2 + t2

)
(B2 + t2)

(
AB + t2 +A

√
B2 + t2

) 1
2n



−
t
(
B2 + t2

) 1
2n

4nN

 2n
√
B2+t2(AB+t2+A

√
B2+t2)

(B+
√
B2+t2)(

B +
√
B2 + t2

)
(B2 + t2)

(
AB + t2 +A

√
B2 + t2

) 1
2n



=
t
(
B2 + t2

) 1
2n

4nN

2B(A−B) +A
√
B2 + t2 + 2n 2B3+2t2B+2B2

√
B2+t2+t2

√
B2+t2

(B+
√
B2+t2)(

B +
√
B2 + t2

)
(B2 + t2)

(
AB + t2 +A

√
B2 + t2

) 1
2n

 . (7.2.11)
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For j = 2, .., n, n+ 2, .., 2n, we use the reverse triangle inequality on (7.2.7) in addition to (7.2.11),

|∂xjN |+ θ|xj ||∂tN | ≥
θ|xj |

(
B2 + t2

) 1
2n

4nN

.

AB√B2 + t2 +AB2 + (2B −A)t2 + (2n− 1)B
√
B2 + t2

(
B +

√
B2 + t2

)
− t2
√
B2 + t2(

B +
√
B2 + t2

)
(B2 + t2)

(
AB + t2 +A

√
B2 + t2

) 1
2n



+
θ|xj |

(
B2 + t2

) 1
2n

4nN

2B(A−B)|t|+A|t|
√
B2 + t2 + 2n|t| 2B

3+2t2B+2B2
√
B2+t2+t2

√
B2+t2

(B+
√
B2+t2)(

B +
√
B2 + t2

)
(B2 + t2)

(
AB + t2 +A

√
B2 + t2

) 1
2n



=
θ|xj |

(
B2 + t2

) 1
2n

4nN

 AB
√
B2 + t2 +A|t|

√
B2 + t2 +AB2(

B +
√
B2 + t2

)
(B2 + t2)

(
AB + t2 +A

√
B2 + t2

) 1
2n



+
θ|xj |

(
B2 + t2

) 1
2n

4nN

 2AB|t| −At2 −B2
√
B2 + t2(

B +
√
B2 + t2

)
(B2 + t2)

(
AB + t2 +A

√
B2 + t2

) 1
2n



+
θ|xj |

(
B2 + t2

) 1
2n

4nN

 −t2
√
B2 + t2 − 2B2|t| −B3 +Bt2(

B +
√
B2 + t2

)
(B2 + t2)

(
AB + t2 +A

√
B2 + t2

) 1
2n



+
θ|xj |

(
B2 + t2

) 1
2n

4nN

n (2B2
√
B2 + t2 + 2B|t|

√
B2 + t2 + 2B2|t|+ 2B3 + 2Bt2 + 2|t|3

)
(
B +

√
B2 + t2

)
(B2 + t2)

(
AB + t2 +A

√
B2 + t2

) 1
2n


since A|t|

√
B2 + t2 ≥ At2, AB

√
B2 + t2 ≥ B2

√
B2 + t2, AB2 ≥ B3, and 2AB|t| ≥ 2B2|t|,

≥
θ|xj |

(
B2 + t2

) 1
2n

4nN

 −t2
√
B2 + t2 +Bt2(

B +
√
B2 + t2

)
(B2 + t2)

(
AB + t2 +A

√
B2 + t2

) 1
2n



+
θ|xj |

(
B2 + t2

) 1
2n

4nN

2n
(
B2
√
B2 + t2 +B|t|

√
B2 + t2 +B2t+B3 + t2(B + |t|)

)
(
B +

√
B2 + t2

)
(B2 + t2)

(
AB + t2 +A

√
B2 + t2

) 1
2n


since B + |t| ≥

√
B2 + t2,

≥
θ|xj |(2n− 1)

(
B2 + t2

) 1
2n

4nN

 B
√
B2 + t2(B + |t|) +B2(|t|+B) + t2

√
B2 + t2(

B +
√
B2 + t2

)
(B2 + t2)

(
AB + t2 +A

√
B2 + t2

) 1
2n


since B + |t| ≥

√
B2 + t2,

≥
θ|xj |(2n− 1)

(
B2 + t2

) 1
2n

4nN

(
B2 + t2

AB + t2 +A
√
B2 + t2

) 1
2n

.
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Since B2 + t2 ≥ 1

4

(
AB + t2 +A

√
B2 + t2

)
, then,

|∂xjN |+ θ|xj ||∂tN | ≥ (2n− 1)
θ|xj |

2
1
n+2nN

. (7.2.12)

For j = 1, n+ 1, using the calculations (7.2.4) and (7.2.11),

|∂xjN |+
θ|xj |

2
|∂tN |

=
θ|xj |

(
B2 + t2

) 1
2n

4nN

 1
2B

2A+ (B − A
2 )t2 + 1

2

√
B2 + t2AB(

B +
√
B2 + t2

)
(B2 + t2)

(
AB + t2 +A

√
B2 + t2

) 1
2n



+
θ|xj |

(
B2 + t2

) 1
2n

4nN

 (n− 1)(B2 + t2)
(
B +

√
B2 + t2

)
(
B +

√
B2 + t2

)
(B2 + t2)

(
AB + t2 +A

√
B2 + t2

) 1
2n



+
θ|xj |

(
B2 + t2

) 1
2n

4nN

 nB
√
B2 + t2

(
B +

√
B2 + t2

)
(
B +

√
B2 + t2

)
(B2 + t2)

(
AB + t2 +A

√
B2 + t2

) 1
2n



+
θ|xj |

(
B2 + t2

) 1
2n

4nN

B(A−B)|t|+ 1
2A|t|

√
B2 + t2 + n|t| 2B

3+2t2B+2B2
√
B2+t2+t2

√
B2+t2

(B+
√
B2+t2)(

B +
√
B2 + t2

)
(B2 + t2)

(
AB + t2 +A

√
B2 + t2

) 1
2n



=
θ|xj |

(
B2 + t2

) 1
2n

4nN

 1
2B

2A+ (B − A
2 )t2 + 1

2

√
B2 + t2AB(

B +
√
B2 + t2

)
(B2 + t2)

(
AB + t2 +A

√
B2 + t2

) 1
2n



+
θ|xj |

(
B2 + t2

) 1
2n

4nN

 (n− 1)(B2 + t2)
(
B +

√
B2 + t2

)
(
B +

√
B2 + t2

)
(B2 + t2)

(
AB + t2 +A

√
B2 + t2

) 1
2n



+
θ|xj |

(
B2 + t2

) 1
2n

4nN

 nB
√
B2 + t2

(
B +

√
B2 + t2

)
(
B +

√
B2 + t2

)
(B2 + t2)

(
AB + t2 +A

√
B2 + t2

) 1
2n



+
θ|xj |

(
B2 + t2

) 1
2n

4nN

B(A−B)|t|+ 1
2A|t|

√
B2 + t2 + n|t| 2B

3+2t2B+2B2
√
B2+t2+t2

√
B2+t2

(B+
√
B2+t2)(

B +
√
B2 + t2

)
(B2 + t2)

(
AB + t2 +A

√
B2 + t2

) 1
2n



=
θ|xj |

(
B2 + t2

) 1
2n

4nN

.

 1
2AB

√
B2 + t2 + 1

2A|t|
√
B2 + t2 + AB2

2 +AB|t| − At2

2 −B
2
√
B2 + t2 − t2

√
B2 + t2 −B2|t| −B3(

B +
√
B2 + t2

)
(B2 + t2)

(
AB + t2 +A

√
B2 + t2

) 1
2n



+
θ|xj |

(
B2 + t2

) 1
2n

4nN

n (2B2
√
B2 + t2 +B|t|

√
B2 + t2 + t2

√
B2 + t2 +B2|t|+ 2B3 + 2Bt2 + |t|3

)
(
B +

√
B2 + t2

)
(B2 + t2)

(
AB + t2 +A

√
B2 + t2

) 1
2n


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since 1
2A|t|

√
B2 + t2 ≥ At2

2 , AB|t| ≥ B2|t|, and 1
2AB

√
B2 + t2 + AB2

2 ≥ B3,

≥
θ|xj |

(
B2 + t2

) 1
2n

4nN

 −B2
√
B2 + t2 − t2

√
B2 + t2(

B +
√
B2 + t2

)
(B2 + t2)

(
AB + t2 +A

√
B2 + t2

) 1
2n



+
θ|xj |

(
B2 + t2

) 1
2n

4nN

n (2B2
√
B2 + t2 +B|t|

√
B2 + t2 + t2

√
B2 + t2 +B2|t|+ 2B3 + 2Bt2 + |t|3

)
(
B +

√
B2 + t2

)
(B2 + t2)

(
AB + t2 +A

√
B2 + t2

) 1
2n



=
θ|xj |

(
B2 + t2

) 1
2n

4nN

 (2n− 1)B2
√
B2 + t2 + (n− 1)t2

√
B2 + t2(

B +
√
B2 + t2

)
(B2 + t2)

(
AB + t2 +A

√
B2 + t2

) 1
2n



+
θ|xj |

(
B2 + t2

) 1
2n

4nN

 n
(
B|t|
√
B2 + t2 + (B2 + t2)(B + |t|+B)

)
(
B +

√
B2 + t2

)
(B2 + t2)

(
AB + t2 +A

√
B2 + t2

) 1
2n



≥
θ|xj |

(
B2 + t2

) 1
2n

4N

 (B2 + t2)(B + |t|+B)(
B +

√
B2 + t2

)
(B2 + t2)

(
AB + t2 +A

√
B2 + t2

) 1
2n


since |t|+B ≥

√
B2 + t2,

≥ θ|xj |
4N

(
B2 + t2

AB + t2 +A
√
B2 + t2

) 1
2n

Since B2 + t2 ≥ 1

4

(
AB + t2 +A

√
B2 + t2

)
, then for j = 1, n+ 1,

|∂xjN |+
θ|xj |

2
|∂tN | ≥

θ|xj |
22+ 1

nN
. (7.2.13)

Replacing (7.2.12) and (7.2.13) in (7.2.10) we get a lower bound for |∇N |2 :

|∇N |2 ≥ 1

2

(
|∂x1

N |+ θ|x1|
2
|∂tN |

)2

+
1

2

(
|∂xn+1N |+

θ|xn+1|
2
|∂tN |

)2

+
1

2

2n∑
j=2,j 6=n+1

(
|∂xjN |+ θ|xj ||∂tN |

)2

≥ θ2|x1|2

25+ 2
nN2

+
θ2|xn+1|2

25+ 2
nN2

+
θ2(2n− 1)2

25+ 2
nn2N2

2n∑
j=2,j 6=n+1

|xj |2.

Hence, using the defined Euclidean norm |x| =

 2n∑
j=1

x2
j

 1
2

,

|∇N |2 ≥ θ2|x|2

25+ 2
nN2

.
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The last thing to do in this subsection is to obtain an upper bound for |∇N |2. By (7.2.9),

|∇N |2 =

2n∑
j=1

(∂xjN)2 +
θ2x2

1

4
(∂tN)2 +

θ2x2
n+1

4
(∂tN)2 +

2n∑
j=2,j 6=n+1

θ2x2
j (∂tN)2

≤
2n∑
j=1

(∂xjN)2 + θ2|x|2(∂tN)2. (7.2.14)

For j = 2, .., n, n+ 2, ..., 2n, from (7.2.7) and the triangle inequality,

|∂xjN | =
θ|xj |

(
B2 + t2

) 1
2n

4nN

.

AB√B2 + t2 +AB2 + (2B −A)t2 + (2n− 1)B
√
B2 + t2

(
B +

√
B2 + t2

)
+ t2
√
B2 + t2(

B +
√
B2 + t2

)
(B2 + t2)

(
AB + t2 +A

√
B2 + t2

) 1
2n


since

(
B2 + t2

)
≤
(
AB + t2 +A

√
B2 + t2

)
,

≤ θ|xj |
4nN

(
(2n− 1)B3 + (2n− 1)B2

√
B2 + t2 + (2n+ 1)Bt2

B3 +B2
√
B2 + t2 +Bt2 + t2

√
B2 + t2

)

+
θ|xj |
4nN

(
AB
√
B2 + t2 +AB2 −At2 + t2

√
B2 + t2

B3 +B2
√
B2 + t2 +Bt2 + t2

√
B2 + t2

)

since B ≤ A ≤ 2B,

≤ θ|xj |
4nN

(
(2n+ 1)B3 + (2n+ 1)B2

√
B2 + t2 + (2n)Bt2 + t2

√
B2 + t2

B3 +B2
√
B2 + t2 +Bt2 + t2

√
B2 + t2

)
.

So,

|∂xjN | ≤
(2n+ 1)θ|xj |

4nN
. (7.2.15)

From (7.2.11),

|∂tN | =
|t|
(
B2 + t2

) 1
2n

4nN

2B(A−B) +A
√
B2 + t2 + 2n 2B3+2t2B+2B2

√
B2+t2+t2

√
B2+t2

(B+
√
B2+t2)(

B +
√
B2 + t2

)
(B2 + t2)

(
AB + t2 +A

√
B2 + t2

) 1
2n


since

(
B2 + t2

)
≤
(
AB + t2 +A

√
B2 + t2

)
,

≤ |t|
4nN

2B(A−B) +A
√
B2 + t2 + 2n 2B3+2t2B+2B2

√
B2+t2+t2

√
B2+t2

(B+
√
B2+t2)(

B +
√
B2 + t2

)
(B2 + t2)


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since |t| ≤
√
B2 + t2,

≤ 1

4nN

((
B +

√
B2 + t2

) (
2B(A−B) +A

√
B2 + t2

)(
B +

√
B2 + t2

)2√
B2 + t2

)

+
1

4nN

(
2n(2B3 + 2t2B + 2B2

√
B2 + t2 + t2

√
B2 + t2)(

B +
√
B2 + t2

)2√
B2 + t2

)

=
1

4nN

(
3B2A− 2B3 + 3AB

√
B2 + t2 − 2B2

√
B2 + t2 +At2

2B3 + 2t2B + 2B2
√
B2 + t2 + t2

√
B2 + t2

)

+
1

4nN

(
2n
(
2B3 + 2t2B + 2B2

√
B2 + t2 + t2

√
B2 + t2

)
2B3 + 2t2B + 2B2

√
B2 + t2 + t2

√
B2 + t2

)

since A ≤ B

2

≤ 1

4nN

(
− 1

2B
3 − 1

2B
2
√
B2 + t2 +At2 + 2n

(
2B3 + 2t2B + 2B2

√
B2 + t2 + t2

√
B2 + t2

)
2B3 + 2t2B + 2B2

√
B2 + t2 + t2

√
B2 + t2

)
.

Hence,

|∂tN | ≤
(2n+ 1)

4nN
. (7.2.16)

Inserting (7.2.6), (7.2.15), and (7.2.16) in (7.2.14), we get:

|∇N |2 ≤
2n∑
j=1

(∂xjN)2 + θ2|x|2(∂tN)2

≤ θ2|x1|2

4N2
+
θ2|xn+1|2

4N2
+

2n∑
j=2,j 6=n+1

(2n+ 1)2θ2|xj |2

24n2N2
+

(2n+ 1)2θ2

24n2N2
|x|2.

So,

|∇N |2 ≤ (2n+ 1)2θ2|x|2

23n2N2
.
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