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Abstract

This thesis is concerned with coercive inequalities, such as the Logarithmic Sobolev and Poincaré
inequalities, for generators defined as the sum of squares of degenerate and non-commuting vector
fields of Hérmander type. In the setting of the Carnot group, we prove the Logarithmic Sobolev
inequality for measures as a function of the Carnot-Carathéodory distance, and we show it implies
the Talagrand transportation cost inequality. In the settings of the step-two Carnot group and the
Anisotropic Heisenberg group, we prove the Poincaré and the ¢—Logarithmic Sobolev inequalities
for measures as a function of the fundamental solution of the sub-Laplacian. We then extend
our results to infinite dimensional Gibbs measures, with unbounded interaction potentials, on an

infinite product of Carnot groups.
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Chapter 1

Introduction

1.1 A Brief History

Poincaré inequalities first arose in 1890 in the work of Henri Poincaré [I13], where he used them
to study partial differential equations of mathematical physics. In particular, he worked on the
Fourier problem for the heat equation. He studied the Laplace problem, on a bounded open convex
set (2 € R™ with Neumann boundary conditions, for a sequence of eigenvalues k; and eigenfunctions
Uj

Au]' +]€j’UJj =0; j>1.

For smooth functions with mean zero, he used the following Poincaré inequality :

#(9) /Q frdr < /Q IV /2,

to provide a lower bound on the first non-trivial eigenvalue ks > x(Q2) > 0, and to show that
k;j — oo. We note that the Poincaré constant, x(f2), depends on the diameter of the domain
Q. This fact is especially important since it shows that the Poincaré inequality depends on the
geometry of the space that we are working on, and this will, in turn, make the study of such
inequalities in the setting of Carnot groups more difficult. Before we make this statement clearer
in the context of the PhD thesis, we recap other useful application of the Poincaré inequality.
In 1904, Adolf Hurwitz showed in [77] the connection between the Poincaré inequality and the
isoperimetric inequality on the plane. In fact, if we consider a simple closed smooth curve in the
plane, then the Poincaré inequality exactly translates to the isoperimetric inequality L? > 4w A,

where L is the arc length of the curve, and A is the area enclosed by the curve. Another useful
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interpretation of the Poincaré constant is that it is used as a parameter to control the convergence
to equilibrium [50, 51]. Given a semigroup (P;):>o with infinitesimal generator £ solving the heat
equation, under some conditions, we have the ergodic property that the semigroup converges to
an invariant stationary measure as t — co. The Poincaré inequality in this situation describes the
L5 convergence to equilibrium at an exponential rate. This phenomenon is applied in the study of
Markov chains and Statistical mechanics.

A more powerful inequality, that implies the Poincaré inequality, is the dimension-free Log-
arithmic Sobolev inequality. This inequality has been useful in the infinite dimensional Wiener
analysis, convergence to equilibrium of kinetic equations and Markov chains, measure concentra-
tion, information theory, and optimal transport |2} [90, 110, 127]. Moreover, Grigori Perelman used
it in his study of the Ricci flow to solve the Millennium Prize Poincaré Conjecture [112].

The Poincaré and Logarithmic Sobolev inequalities belong to a wider class of functional in-
equalities called coercive inequalities. These are forcing inequalities which, when satisfied, “coerce”
the generator and associated semigroup to behave in a certain way.

In this thesis, we will be concerned with proving and applying coercive inequalities in the setting
of Carnot groups, whose tangent space at every point is spanned by a family of degenerate and

non-commuting vector fields of Hérmander type.

1.2 The Logarithmic Sobolev inequality

The Logarithmic Sobolev inequality was first considered in [568] and states that

/ f?log (fQ) dp < c/ |V f2du (1.2.1)
Q Jo fPdp - Ja ’

where (€, 1) is a measure space, V is the gradient, and C > 0.

We note that the important Poincaré inequality

/Q(f—/gfdu>2dugé/Q|Vf|2du, (1.2.2)

can be obtained from the Logarithmic Sobolev inequality by simply replacing f by 1 + €¢f in
and letting € — 0.

In [69], L. Gross proved that the Logarithmic Sobolev inequality holds when g is the
Gaussian measure on {2 = R"™, V is the standard Euclidean gradient, and C' = 2 is the optimal
constant.

He also showed in [69] that the Logarithmic Sobolev inequality is equivalent to hypercontractiv-
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it . This is a smoothing property for the semigroup P, = e'* generated by a given non-positive

self-adjoint operator £ on L?(p) such that

(_Lfa f)LQ(;,L) = /Rn |Vf|2d/J,

L. Gross observed that the Logarithmic Sobolev inequality is uniform with respect to the di-
mension n. Hence, unlike the Sobolev inequality, it could be extended to infinite dimensions [69].
In fact, the Logarithmic Sobolev inequality enjoys the tensorisation property: if two measures p
and po satisfy , then p1 ® po satisfies with the same constant C. This property could
be extended to the infinite dimensional space QZd, where the product measure pp = u®* satisfies
the inequality with the same constant C for all A C Z%. A more interesting situation is
when the infinite dimensional measure is not a product measure. For instance, we are concerned
with Gibbs measures that have useful applications in studying models from quantum field theory

and statistical mechanics (see Section of this chapter for more details).

Moreover, R. Holley and D. Stroock showed in [75] that the Logarithmic Sobolev inequality is
stable under bounded perturbations. This means that if a measure p satisfies (1.2.1]), then for a
strictly positive, normalised, and bounded density p, the perturbed measure fi by p (defined as

dii = pdp) satisfies the Logarithmic Sobolev inequality with constant C = Cesvwllogp)—inf(logp)

A natural question was to extend the Logarithmic Sobolev inequality for a larger class of
probability measures defined on Riemannian manifolds. In [I0], D. Bakry and M. Emery prove it
under a Curvature-Dimension condition, which highlights a deep link between coercive inequalities
and the geometry of the underlying space (see Section and Section of this chapter). In
this more general situation, the hypercontractivity of the associated semigroup and the inequality’s
uniformness in the dimension of space still holds true. In my thesis, I work in the setting of Carnot
groups, where the Curvature-Dimension condition fails because there is no bound on the curvature
of space (the Laplacian is of Hormander type and has some degeneracy, see Section of this
chapter). To bypass this geometric condition, an alternative method was developed in [72]. It
states that in order to obtain coercive inequalities, it is sufficient to prove the so-called “U—Bound”

inequalities, introduced in Section of this chapter.

1P, = et£ is hypercontractive if for q(t) < 1 + (¢ — 1)e?* and ¢ > 1, the inequality 1Pefllgeey < 11 f1lq holds for
all f e Li(u).



CHAPTER 1. INTRODUCTION 11

1.2.1 The g—Logarithmic Sobolev inequality

A generalisation of the inequality (1.2.1) is the following ¢—Logarithmic Sobolev inequality for

q € (1,2]

\ s )
i log(fﬂwdu du<C [ 194, (1.23)

where (2, 1) is a measure space, V is the gradient, and C > 0. When ¢ = 2, we get back the

inequality (1.2.1)).
The inequality (1.2.3)) was first obtained in [23] for probability measures on 2 = R™ with log-

—|=|?
concave densities of the form du =

dx, where Z = fRn e~ 11" dz is the normalisation constant.
In |24], S. Bobkov and B. Zegarlinski showed that the ¢—Logarithmic Sobolev inequality
with ¢ € (1,2) sharpens the inequality with ¢ = 2. They showed, under some weak conditions and
for g € (1,2), the ultracontractivityﬂ of the associated semigroup P;. This contractivity property
is stronger than the hypercontractivity of the semigroup obtained for ¢ = 2.

Moreover, S. Bobkov and B. Zegarlinski proved in [24] that under a g—Logarithmic Sobolev
inequality with ¢ € (1,2), one gets a much stronger decay of tails estimate than the ¢ = 2

case. They showed that if the inequality |V f| < M holds p—almost everywhere for M > 0, then

u{‘f/ﬂfdu‘ > s} < 2exp{§jp_c,f)_isp},

1 1
for s > 0 and p the finite index conjugate of ¢ i.e. — 4+ — = 1. Notice that, for large s, this decay
p q

we have

of tails inequality is tighter for ¢ € (1,2) than for ¢ = 2.

1.2.2 Applications to the Isoperimetric inequality

The Logarithmic Sobolev inequality plays a key role in the study of isoperimetric problems, which
are concerned with controlling the volume of a given set in terms of its surface area.
Given a metric space (€2, d) with a probability measure y, the problem is to estimate the largest

isoperimetric profile Z,, : [0,1] — R such that
T.(u(A)) < u*(A), (1.2.4)

for all measurable sets A where p* (A)E| is the p—surface area of A.

In [I3], D. Bakry and M. Ledoux proved that, in a space with Ricci curvature bounded from

2P, = et~ is ultracontractive if || P:f||oo < ||f]|p holds for all t > 0 and p € [1, c0).

A€) — p(A

e ) oty M) = )
e—0 €

, where A€ := {z € Q: there exists y € A such that d(z,y) < €}.
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below, the Logarithmic Sobolev inequality is equivalent to the following isoperimetric inequality

CU(p(A)) < p'(A), (1.2.5)

where U = ® o ®! and ® is the distribution function of the normal distribution on R. The
inequality (|1.2.5)) is important since it is connected to the isoperimetric inequality (1.2.4)). In fact,
for the case where p is the Gaussian measure, Z,,(1(A)) = U(u(A)) (see [30, 125]).

Another isoperimetric inequality, called Cheeger’s inequality
Cmin {(A), 1 - p(A)} < u(A), (1.2.6)

implies the Poincaré inequality [45]. This inequality (1.2.6) is of interest since the isoperimetric
profile Z,,(11(A)) = min {g(A),1 — u(A)} if p is the exponential measure on the real line [126].
Later on, many works [I8, 2], 22| 24] [107) [T17] investigated the role of functional inequalities

in isoperimetry.

1.3 ®—Entropy inequality

A generalisation of the Logarithmic Sobolev inequality is the following ®—Entropy inequality,

which was first introduced in [47],

pu (9= [ ann-o ([ sau) <c [ @"(r-Lan (1.3.1)

where (Q, 1) is a measure space, £ is a non-positive self-adjoint Markov generator on L?(u), and
® is a convex function.

In particular, if ® : [0,00) — R is given by ®(z) = zlogx, then is the Logarithmic
Sobolev inequality. Moreover, if ®(x) = 22, then is the Poincaré inequality.

Under the additional conditions that ®” > 0 and that 75 is convex, [40, 4I] showed that,
just like the Logarithmic Sobolev inequality, the ®—Entropy inequality is tensorisable and
is stable under bounded perturbations.

Many works [6] [8, 27, 28], [IT5] [78] have investigated the ®—Entropy inequality. In particular,
the works [0, 27] have used the ®—Entropy inequality to study the convergence to equilibrium of
Fokker-Planck-type equations.

We remark that the ®—Entropy inequality is not always homogeneous, and it is of interest to



CHAPTER 1. INTRODUCTION 13

study a similar homogeneous F'—Sobolev inequality

/ PPR(f?)dy < Cy / F(—Lf)dp+ Co, (13.2)
Q Q

where C; and C; are positive constants, [, f2du =1, and F : [0, 00) — [0, 00) with a:lggo F(z) = .

Contractivity properties of F'—Sobolev inequality , as well as its relation to the ®—Entropy
inequality (1.3.1)), were studied in [16].

The F—Sobolev inequality appears in many works [64], T3T], [133] 134], and in particular in [I31],
where F. Y. Wang studied its implications to the spectral properties of the generator —L. It is
known that the Poincaré inequality is equivalent to the fact that the operator —L has a
gap at the bottom of its spectrum. Having the stronger F'—Sobolev inequality , one can
conclude additional information about the nature of the spectrum. In fact, F. Y. Wang showed in

[131] that the F—Sobolev inequality (1.3.2) implies that the essential spectrum of —L is empty.

1.4 From Bakry-Emery Curvature-Dimension Condition to

U—Bounds

1.4.1 Curvature-Dimension Condition

In [I0], D. Bakry and M. Emery extended the Logarithmic Sobolev inequality for a larger class of
probability measures defined on Riemannian manifolds under an important Curvature-Dimension
condition. Before stating this sufficient condition (yet not necessary condition- see [130} 132]) to
obtain the Logarithmic Sobolev inequality in this more general setting, we give a brief summary
of the framework (which is described in more detail in [4, 5 8 12]):

Consider a measure space (X, M, ), and let £ be a local and symmetric Dirichlet form with
dense domain D(E) C L?(X, u). Let (P;);>0 be the associated Markov semigroup on L?(X, i) with
its generator Egﬁ Let A be a suitable algebra dense in the domain of L¢. The Carré du champ

operatorﬂ is a symmetric and bilinear form defined in the following way

D(f.0) = 5 (Le(fa) — fLeg—gLef). g€ A (1.41)

4An operator L¢ on L2(X, ) is the generator of a Markov semigroup (P)¢>0 if Lgf = lim¢—0 %(Pt —I)f. Such
operators are characterised by the Hille-Yosida Theorem (see Theorem 1.7 of [70]).

5The Carré du champ operator is linked to the Dirichlet form £ by £(f,g) = / L(f,g)du, Y f,g€ A
X
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Define the symmetric and bilinear form I's as

Da(f,9) = 5 (LeT(f,9) ~ T(f, Leg) ~T(Lef.q), fog € A (142)

Notice that T'so(f, g) is just an iteration of I'(f,g) in the sense that we apply I' to every product
of two functions in (1.4.1]). The important Curvature-Dimension condition, denoted as C'D(p, 00),

states

Lo (f, f) = pl'(f, f), (1.4.3)

where p € R (see |5} [7, [118] for more information about C'D(p,0)). Bakry and Emery proved in
[10] that, for p > 0, the Curvature-Dimension condition ([1.4.3)) implies the symmetric measure

2
satisfies the following generalised Logarithmic Sobolev inequality with constant — :

/ Flog—- _qu<? / F(—Lef)du, ¥ feA, (1.4.4)
X Jx FPdp ~ p)x

where it is additionally assumed that Lg is a diffusion operator [f]
Moreover, they showed that under the same conditions, we equivalently have pointwise gradient

estimates for the Markov semigroup (see [8] [I2] for relevant applications):
U(P.f, Pif) <e *"B(T(f, f), VY [feA (1.4.5)

1.4.2 Link between the Logarithmic Sobolev inequality and the geome-

try of the underlying space

So far, this Curvature-Dimension condition seems abstract, but the following example considered
in [91] will highlight a deep link between the Logarithmic Sobolev inequality (1.4.4), and similar
inequalities, and the geometry of the underlying space. This is also of special importance in this
thesis since we will be working in the setting of Carnot groups, where we will show that the
Curvature-Dimension condition fails because of the geometry of the space. Hence, one of
the main purposes of the thesis is to bypass this condition and prove coercive inequalities despite
having no bound on the curvature of space. The example in [91] goes as follows:

Let (M9, g) be a smooth Riemannian manifold. Let U : M? — R be a smooth potential, and

8L¢ is a diffusion operator means that Le¢(f) = ¢'(f)Le f + ¢” (F)T(f, f) for all f € A and ¢ € CZ(R).
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consider the measure p := e~YVol,. Take A =C2° (M%), and for the standard gradient V, choose

£(f.0) = | (VA.Valdn VIgeA

Hence,

L(f. ) =1V 1l

and L& = Ay — (VU, V-),, where A, is the standard Laplace-Beltrami operator on M. Using the
Carré du champ operator I', the Riemannian distance dg on M? is recoverecﬂ This indicates that

I" carries the metric information of M?. Moreover, for f € A,

Calf, ) = 5 (£eT(f, 1) = 20(f, Lo )

= |[Hess f||2 + Ricg(V £,V f) + (HessgU Vf,V f)g, (1.4.6)

where the last equality is due to Bochner’s formula. Provided that the quadratic form associated
1

to the tensor Ricg + Hess U is bounded below by pg+ mVU ® VU (where p € R, and N > d),

the following N —Curvature-Dimension condition, CD(p, N), holds true:

To(f, f) = o0(f, ) + %(ng)Q, VfeA

Note that in order to obtain the Logarithmic Sobolev inequality and the gradient estimates for the
Markov semigroup, it is enough to consider the case N = oo (i.e. CD(p,00) (1.4.3)). To satisfy

this condition, it is required that the quadratic form associated to the tensor Ric, + Hess U is

2
bounded below by pg. The Logarithmic Sobolev inequality (1.4.4)) , with constant —, in this case
p

is

f? 2 2
f?log ———d g—/ Vflzdu, YV fe A
Md fMdf2d:u a p Md| |g a

The gradient estimates for the Markov semigroup (|1.4.5)) is now simply a commutation relation

between the semigroup P; and the gradient V :
VP, f| <e P'P|Vf| VfeA

Looking at the example described above, observe that in order for the Curvature-Dimension

condition to be satisfied, some control over the curvature of space is needed.

"The Riemannian distance dg on M¢ is given by the formula dg(z,y) = sup {#(y) — ¢(z) : ¢ € A, (¢, ) < 1},
for all 2,y € M?.
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For instance, if M? = R¢, the curvature of space is zero. Hence, to obtain the Logarithmic
Sobolev inequality, notice from that the only requirement for the Curvature-Dimension
condition to hold is: the quadratic form associated to the tensor HesssU needs to be bounded
from below by a positive constant. This is achieved when the measure p is log-concave, and it

encompasses the case of Gross’s Gaussian measure on R%.

1.4.3 The Curvature-Dimension Condition fails for Carnot groups

In the setting of Carnot groups, there is no lower bound on the curvature of space since the
Laplacian is of Hérmander type and has some degeneracy. To make this point clearer, we recap
the considerations done in [9], where the authors start with the simplest example of the Carnot
group: the Heisenberg group H. It is a group isomorphic to R3, where the group operation is

defined by

1
(7,y,2) 0 (2, y/,2") = (1’ +aly+y 2+ + 5(173// - 1’/3/)) )

with (z,vy, 2), (2/,y', 2’) € H. The left-invariant vector fields on the Heisenberg group are given by
X =0, 20.

and

Y =0, + 30..

The sub-gradient in this setting is defined as Vi := (X,Y), and the self-adjoint operator for the

Haar measure on H (equivalent to the Lebesgue measure on R?) is:
1
L=X24Y2 =00+ 05+ (2" + )02 + 205, —y0i. ..

L is not elliptic since the Hessian associated to it is degenerate. However, £ is hypoelliptic in the
Hormander sense, i.e. it satisfies Hormander’s condition: X, Y, and the commutator of X and Y,

[X,Y], span the tangent space of H at every point. In fact,

Z:=[X,Y]=0., and [X,Z]=[Y,Z]=0.
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According to [I21], if there is a uniqueness of solution in the space of square integrable functions
for the following Cauchy problem

Ou = Lu

Ujt=0 = f7
then the solution of the heat equation will be given by u = P, f. Hypoellipticity means that this

heat semigroup (P;);>0 = (€*£);>0 admits a smooth density with respect to the Lebesgue measure

on R3. In other words,

Pf(z) = / F(ay)pe(y)dy,

where the heat kernel p; is a smooth function. The computation of I'(f, f) (1.4.1) and Ta(f, f)
(1.4.2)) is as follows:

D(f, ) = IVefP? = X(f)* + Y ()%

and
a(f,) = X2+ V2P + 5OV Y X P + 320 +2( X200V (1) - Y2(0)X() ).

The Curvature-Dimension condition (1.4.3) fails due the presence of XZ(f) and YZ(f) in the
above equation. In other words, the Bakry-Emery Ricci tensor is —oo everywhere. In fact, the

Ricci tensor associated to the elliptic operator X2 + Y2 4 €72 is
0

0 -2+ 0
1
22

To get a lower bound on I's, a lower bound of the Ricci tensor associated to the hypoelliptic
operator £ = X2 4+ Y? is needed. Therefore, taking the limit ¢ — 0, observe that the lower bound
of the Ricci tensor of £ is —oo everywhere. In other words, there is no constant p such that

CD(p,o0) holds true.

1.4.4 Important estimates, despite no Curvature-Dimension Condition
on Carnot groups
Despite having the Curvature-Dimension condition fail in the setting of the Heisenberg group,

other methods have been successful in proving gradient estimates and coercive inequalities. Using

the group structure of the Heisenberg group and probabilistic methods from Malliavin calculus,
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B. Driver and T. Melcher prove in [55] a commutation relation between the semigroup P; and the
sub-gradient Vy :

for h € H, all smooth functions f, and p > 1 (notice that the important case p = 1 is not covered
by this approach). Here, C), is the smallest finite positive constant. T. Melcher extended this result

[106] to the setting of the Carnot group G :
IV P fIP(h) < CoP |V fIP(h),

where now the sub-gradient is Vg := (X1, ..., X;.), such that {X;}¥_| are the generators of the Lie

algebra of G. The above gradient bounds directly imply a Poincaré inequality for P; :
t
P(f?) — (Pf)* = 2/ Py(|VGPi—_sf|*)ds < 2tCo PV f|?,
0

as well as a reverse Poincaré inequality, which is useful for regularisation properties. A more
important estimate is for the case when p = 1 in since it would imply, in addition to the
Poincaré inequality, Bobkov-type isoperimetric inequalities (|9, 13} [18]), Cheeger type inequalities
([9, 45, [101]), and the following Logarithmic Sobolev inequality for P; :

f2
P f?

Py (f2 log > < CYtR|Vuf|*.

We note that the approach by B. Driver and T. Melcher does not include this important case p = 1.
However, H. Q. Li successfully proves that in [91] using a different approach based on heat kernel
estimates. More precisely, the key ingredients he uses are the following necessary estimates on the

heat kernel p; for t =1

1 _d%() _d%(@)

(& 4 e 4
[EEE—— r) < L —,
L e P b e

and

(Vup1(z)| < Lad(z)p1(2),

for some constants Ly > 1, Ly > 1, x € H, and d(z) the Carnot-Carathéodory distance, which is a
natural sub-Riemannian distance function that will be defined in Section [[.7.1] of the Introduction.
Using those estimates, the authors of [9, B0] simplified H. Q. Li’s proof. Moreover, N. Eldredge

extended the result for p = 1 to the setting of the more general Heisenberg-type groups [57]. His
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proof also relied on those precise heat kernel estimates that he provided in this setting [56].
It is worth mentioning that in the setting of nilpotent Lie groups, heat kernel estimates were
studied in [46], [65] O3, ©5] 96l 07, O8] [129] to get a variety of coercive inequalities. We also note the

following works [43, [44] that investigated coercive inequalities on Carnot groups.

1.4.5 The U—Bound Method

In [72], W. Hebisch and B. Zegarliniski develop a method of studying coercive inequalities on
general metric spaces that does not require a bound on the curvature of space. Working on a
general metric space equipped with non-commuting vector fields {X7,..., X, }, their method is

based on U—bounds, where U stands for the potential. Those are inequalities of the form:

/f%{(d) dp < C/|Vf\qdu+D/fqdu (1.4.8)

e_U(d)

where du = d\ is a probability measure, U(d) and U (d) are functions having a suitable
growth at infinity, Z is the normalisation constant, A is a natural measure like the Lebesgue
measure for instance (which is the Haar measure for nilpotent Lie groups), d is a metric related to
the gradient V = (X1,...,X,,), and ¢ € (1,00).

A detailed explanation of the main results of [72] is given in Section of Chapter 2| The
idea in broad terms is: to prove coercive inequalities like the Poincaré and the Logarithmic-Sobolev
inequalities, it boils down to proving the sufficient U —bound inequality of the form . In this
thesis, we prove the U—Bound inequality for measures as a function of the fundamental solution
of the sub-Laplacian in the setting of step-two Carnot groups (Chapter [3) and the Anisotropic
Heisenberg group (Chapter [4). The method that we develop in this thesis could be also adapted

to other settings as well, such as the Filiform groups (considered in [42] and references therein).

1.5 Relation between the Logarithmic-Sobolev inequality and
the Talagrand’s Transportation Cost Inequality

In the setting of manifolds under D. Bakry and M. Emery’s Curvature-Dimension condition, F.
Otto and C. Villani showed in their celebrated paper [110] that the Logarithmic Sobolev inequality
implies the Talagrand transportation cost inequality. Their proof relied on PDE’s methods and
Otto calculus in Wasserstein space [109]. The Talagrand transportation cost inequality was first

introduced in 1996 by M. Talagrand [127]. His inequality bounds the optimal transport cost
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in the sense of Monge-Kantorovich, T, (i, v), by the relative entropy functional, Ent, (‘é—’y‘) =

dp
< — 9.
Tw(p,v) < 2Ent, (du) , (1.5.1)

where 1 a measure on RY absolutely continuous with respect to the Gaussian measure v, and
N

w(z,y) = Z(IZ — ;)% is the cost of moving a unit mass from position = to position y. The
i=1
transportation cost, T, (p, ), measures how much effort is required to transport a mass distributed

according to u to a mass distributed according to v, relatively to the cost function w :

Ty(p,v) = inf /RN RNw(x,y)dw(%y), (1.5.2)

mell(p,v)

where TI(y, ) is the set of probability measures on RY x RY with x4 the first marginal and v the
second marginaﬂ M. Talagrand showed how the Talagrand transportation cost inequality
implies the concentration of measure phenomenon, and his approach was motivated by the work
of K. Marton [I04, T05]. Later on, many works [5, [19] 20, 66] 67, [89] 90, [1T0] studied links between
the Logarithmic Sobolev inequality, the Talagrand inequality, and the concentration of measure
phenomenon, which is one of the main tools in probability theory, statistical mechanics, quantum
information theory, stochastic dynamics, etc.

We are interested in showing that the Logarithmic Sobolev inequality implies the Talagrand
inequality in the setting of Carnot groups. As mentioned in Section [[:4.3] of this chapter, D. Bakry
and M. Emery’s Curvature-Dimension condition does not hold, so we cannot apply the method by
F. Otto and C. Villani [I10].

In Chapter[2] in the setting of Carnot groups, we are first interested in proving the g—Logarithmic

Sobolev inequality (see [23], 24] and Section of the Introduction) for ¢ € (1, 00),

fa
f?log du <c [ |V flidp, 1.5.3
[ s e oo
—-U(d)
for measures of the form du = 7 d\ . U(d) is a function having a suitable growth at infinity,

A is a natural measure like the Lebesgue measure for instance, Z is the normalisation constant,
and d is a metric related to the sub-gradient V = (X3,...,X,,), where X/s are the generators of
the group’s Lie algebra.

In [72], W. Hebisch and B. Zegarlinski proved the ¢—Logarithmic Sobolev inequality for the

8For all bounded functions f and g on RY, / (f(w) + g(W))dr(w,w') = [pn fdu+ [zn gdv.

RN xRN
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7de
measure dy = 7 dA, where p is the finite index conjugate of ¢ and a > 0. In Chapter we
enlarge the class of measures that satisfy the g—logarithmic Sobolev inequality to include measures
—U(d)
e

of the form dy = d)\, under some growth conditions for U(d), and get examples such as
U(d) = (d + 1)Plog(d + 1) and U(d) = sinh(d). The metric d can be thought of as a natural
sub-Riemannian distance, like the Carnot-Carathéodory distance, introduced in Section of
this chapter. We note that those results do not apply for measures as a function of homogeneous
norm “N7, like the ones discussed in Chapter [3|and Chapter 4} In fact, it was proved in [2] that it
is impossible to have a Logarithmic Sobolev inequality for measures as a function of homogeneous
norms. Even though d and “/N” are equivalent, their behavior around the “z—axis” are completely
different, and so the approach to prove coercive inequalities is completely different. This point will
be explained in more detail in Section of the Introduction and in Section of Chapter

The goal is to apply the ¢g—Logarithmic Sobolev inequality to get hypercontractivityﬂ and to

obtain the p—Talagrand inequality on (X, d, u) with a constant K :

W, (1, v)P < LS (Z“) , (1.5.4)
vV

with p finite index conjugate of ¢, and u is a probability measure absolutely continuous with respect
to v. (In Chapter [2| we prove that for X = G, the Carnot group, and d the Carnot-Carathéodory
distance.)

The p—Wasserstein distance (a generalisation of the above Talagrand’s transportation cost

(1.5.2)) between two probability measures on X is defined as

Wo(u,v)? = inf / d(z,y)Pdr(z,y),
(1, v) et Xxx( y)Pdn(z,y)

where II(p, v) is the set of probability measures on X x X with p the first marginal and v the
second marginal. In contrast with the definition , the cost of moving a unit mass from
position z to position y is now measured by d(z,y). We note that for p = 2, is a special
case of .

The p—Talagrand inequality was introduced by Z.M. Balogh et al. in [I5] who proved that
it was implied by the g—Logarithmic Sobolev inequality for p the finite index conjugate of ¢;
their work generalises the result by J. Lott and C. Villani [94] who proved the implication for the
quadratic case p = ¢ = 2. J. Lott and C. Villani [94] used the Hamilton-Jacobi infimum convolution

operator under the assumption where the space (X, d, u) supports local Poincaré inequality and the

9A semigroup, Q¢, is hypercontractive if HthfHa-«-pt <|lef||a, for every bounded measurable function f on R™,
t>0,a€R, and ||.||p the LP —norm with respect to p.
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measure u is a doubling measure E This idea of using the Hamilton-Jacobi infimum convolution
operator was first used by S. Bobkov et al. in [I9] who explored the equivalence between the
Logarithmic Sobolev inequality with a constant p in R™ and hypercontractivity of the quadratic
Hamilton-Jacobi semigroup.

In the setting of the Heisenberg group H, Z.M. Balogh et al. in [I5] used W. Hebisch and B.

7Oédp

Zegarlinski’s [72] g—Logarithmic Sobolev inequality for the measure dy = <

d\, where d is the
Carnot-Carathéodory distance, to obtain the p—Talagrand inequality. To prove the above implica-

tion, Z.M. Balogh et al. observed that by Pansu’s differentiability theorem [68], for Lipschitz contin-
1

N 3
uous functions f : H — R, the norm of the sub-Riemannian gradient |V f(z)| = Z |X;fI> ] used
in [72] coincides with the metric sub-gradient in [I5] for u, almost every x for Wih:iéh IVf(z)| > 0.

In Chapter we adapt Z.M. Balogh et al.’s Theorem 4.1 [I5] to get the p—Talagrand inequality,
and we adapt S. Bobkov et al.’s Theorem 2.1 in [I9] to get hypercontractivity. However, instead, we
use the Hamilton-Jacobi equation in the setting of Carnot groups by F. Dragoni [64]. This allows us
to use the sub-gradient, and to show that, in the setting of Carnot groups, the Logarithmic Sobolev
inequality for various probability measures implies the Talagrand inequality and hypercontractivity.
We note that, in contrast with Z.M. Balogh et al.’s Theorem 4.1 [I5], we do not require the

probability measures to be doubling in the proofs.

1.6 Coercive Inequalities for Infinite-Dimensional Gibbs Mea-
sures

Studying the dynamics of particles on an infinitely large integer lattice has been a subject of interest
since it models real-world situations such as phase transitions, neural networks, and spread of
infection [92]. On those systems, we have dynamics and PDEs that we would like to study. Hence,
it is essential to use some estimates i.e. coercive inequalities (like the Poincaré and Logarithmic
Sobolev inequalities) that the Gibbs measures satisfy.

The studied system is an infinitely large integer lattice, and each point is a particle assigned
with a random variable (see [25 [26], 60}, (73] [74] [TTT), 139, 140, 14T, 143}, [144] for various setups). The
configuration space considered is given by MZd7 where M is a manifold and Z¢ is a d—dimensional
integer lattice. We restrict the dynamics inside any compact setting A C Z¢, with the potential,
Uy, depending on the phase, the interaction between neighbors, the boundary conditions w € M2,

and some parameters like the temperature and the magnetic field. The local Gibbs measure, EY,

10/, is doubling if the measure of any open ball is positive and finite and there exists a constant c¢g > 1 such that
for all z € X and r > 0, u(B(z,2r)) < cqu(B(z,1)).
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associated to the potential on A, has a probability density that shows how likely the restricted sub-
system in A will have an energy UY. Typically, it is the conditional expectation E} := leeUX dxp,
where Z¢ is the normalisation constant. The local Gibbs measures represent the evolution of an
interacting particle system converging to a global Gibbs state v on 2. The existence of the global
Gibbs measure can be shown under some mild hypotheses and satisfies the Dobrushin-Landford-

Ruelle (DLR) condition [52] [87]:
vER =v, (1.6.1)

for all compact A C Z9.

M. Aizenmann and R. Holley in [3] studied the question of ergodicity of the system and the
rate of convergence to equilibrium. In fact, they proved exponential rate of convergence in the
uniform norm for stochastic Ising models with attractive interactions and under conditions which
are stronger than Dobrushin’s uniqueness condition for in [52]. M. Aizenmann and R. Hol-
ley’s conditions, however, were too strong to study other meaningful models, so another approach
was needed. In order to deduce uniform ergodicity, this new approach boils down to proving the
Logarithmic Sobolev inequality for the Gibbs measure. This method was first done by R. Holley
and D. Stroock who used the Logarithmic Sobolev inequality to study the rate of convergence to
equilibrium of Ising models with compact spin states (|75} [76]). In addition, D. Stroock and B.
Zegarlinski showed, for finite range lattice gases with a finite spin space, the equivalence of the
Logarithmic Sobolev inequality to the Dobrushin-Shlosman mixing condition: which implies the
uniqueness of the Gibbs state and its analytic dependence on the perturbation parameter [123].
Those works motivated to study the question of what classes of non-product Gibbs measures in
infinite dimensions satisfy the Logarithmic Sobolev inequality and in which settings are they sat-
isfied.

In [39], E. Carlen and D. Stroock were the first to apply Bakry-Emery Curvature-Dimension
condition ([10]) to prove the Logarithmic Sobolev inequality for non-product and non-Gaussian
measures in an infinite dimensional setting. They were able to obtain it on M = $%, a unit sphere
with dimension d > 2, at high temperatures. Afterwards, B. Zegarlinski showed in [143], by using
the structure of the Gibbs measures, a Sobolev inequality for short-range interactions on M = S.
The theory was later extended to spin systems on compact spaces [99] 102}, [103| 123}, [124] 142] and
non-compact systems with unbounded interactions [25] 26, [60, [73] [74], [TTT, 139} 140l 14T, [144].

The primary interest in Chapter [5]of the thesis, is to prove the existence of coercive inequalities
in infinite dimensions for different measures in the setting of a product space of nilpotent Lie groups,

whose tangent space at every point is spanned by a family of degenerate and non-commuting vector
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fields {X;,i € R,1 < |R| < oo}, where |R]| is the cardinality of the index set R. The standard
Euclidean gradient and Laplacian are now replaced by the sub-gradient and sub-Laplacian which
depend on X!s, the generators of the corresponding Lie algebra. Before passing to an infinite
dimensional setting, proving single-site coercive inequalities is needed. However, in the setting
of nilpotent Lie groups, since the sub-Laplacian is of Hormander type and has some degeneracy,
D. Bakry and M. Emery’s Curvature-Dimension condition in [I0] will no longer hold true (see
Section of the Introduction for a more detailed explanation). In [72], a “U—Bound” method
of studying coercive inequalities on general metric spaces that does not require a bound on the
curvature of space was developed. In Chapter [3]and Chapter[d] we prove the U—Bound inequalities
for measures as a function of various homogeneous norms in the setting of step-two Carnot groups
and the Anisotropic Heisenberg group. Those U—Bound inequalities turn out to play a key role in
the passage to infinite dimensions for the settings we consider.

In [I00], P. Lugiewicz and B. Zegarlinski show, under some conditions, infinite dimensional
Logarithmic Sobolev inequality in the case where M is a compact manifold without boundary
equipped with the above X;’s. J. Inglis and I. Papageorgiou (|82]) considered the case where M
is a non-compact spin space (mainly M = H, the Heisenberg group), and for at most quadratic
interaction potentials. For interactions that are stronger than quadratic, see references [1111 [81].

In Chapter [5] of the thesis, one aim is to show that certain infinite dimensional Gibbs measures
with unbounded interaction potentials, greater than quadratic, as a function of homogeneous norms
(such as the Kaplan norm for the Heisenberg group and the Anisotropic Heisenberg group) on an
infinite product of Carnot groups satisfy the Poincaré inequality. So far, the passage to infinite
dimensions in the setting of Nilpotent Lie groups required the condition |Vd| > ¢ outside the unit
ball (|81}, 82] [86]), which is not true for homogeneous norms. The known methods use the single
site Poincaré inequality to pass to the global Poincaré inequality. To get results for measures
as function of homogeneous norms, the key is to use the U—Bound inequalities (Chapter [3| and
Chapter to get a weak U—bound. Coupled with a weak single-site Poincaré inequality, we
are able to pass to the infinite dimensional setting. Our result strongly generalises known results

[T, [82], 86l [IT1] and provides a vast scope of applications in the setting of Carnot groups.
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1.7 Setting

1.7.1 The Carnot Group and the Carnot-Carathéodory distance

Carnot groups are geodesic metric spaces that appear in many mathematical contexts like harmonic
analysis in the study of hypoelliptic differential operators (38| [12I]) and in geometric measure
theory (see extensive reference list in the survey paper [88]). The following series of definitions are

from [29):

Definition 1. We say that a Lie group on RV | G =(R",0) is a (homogeneous) Carnot group if
the following properties hold:

(C.1) RY can be split as RY = RM x ... x RN, and the dilation dy : RN — RV
Sx(z) = oa(zM, ., 2™y = AW N2z @) | Are), @ e RN,

is an automorphism of the group G for every A > 0. Then (R¥ o,d,) is a homogeneous Lie group
on RN . Moreover, the following condition holds:
(C.2) If Ny is as above, let Z1, ..., Zn, be the left invariant vector fields on G such that Z;(0) =

0/0x;|o for j =1,...,N1. Then
rank(Lie{Z, ..., Zn, }(z)) = N Vz e RV,

If (C.1) and (C.2) are satisfied, we shall say that the triple G = (R, 0, d,) is a homogeneous Carnot
group. We also say that G has step r and N; generators. The homogeneous dimension of G is

denoted by @ := Z iN;. The vector fields Z1, ..., Zn, will be called the (Jacobian) generators of G.

=1

The importance of the differential operators Z1, ..., Zy, is that they allow us to define a differ-
ential calculus analogous to that on R, while taking into account the group structure of G. For
instance, we may define a metric on G by considering horizontal curves whose derivative belongs

to the sub-bundle spanned by 71, ..., Zn;, :

Definition 2. We say that a Lipschitz curve « : [0,1] — G is horizontal if there exist measurable

functions aq,...,an, : [0,1] — R such that
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for almost all t € [0,1] i.e. 7' (t) € Span{Z; (y(t)),...,Zn, (7 (t))} almost everywhere. For such

a horizontal curve 7, we define the length of v to be

1 /N1 3
o= [ (Zam)) dt.

Carnot groups portray fractal behavior since the only curves of finite length on such metric
spaces are the horizontal curves. It turns out on G we can always connect two points z,y € G by
a horizontal curve using W. Chow’s theorem (see Chapter 19 of [29]) . We may then define the
Carnot-Carathéodory distance d as the minimum length of a curve which connects two points in

unit time, and which can “only travel in the directions” of Z1, ..., Zn;, :

Definition 3. The Carnot-Carathéodory distance (alternatively called the control distance) be-

tween two points x and y is defined by
d (z,y) = inf {|7y] such that v : [0,1] — G is horizontal and v (0) = z, v (1) = y}.

The Carnot-Carathéodory distance endows G with geodesics that are different from the geodesics
of RN, In particular, we consider the simplest example of the Carnot group: the Heisenberg group
H which isomorphic to R3 (see the definition in Section [1.4.3). The geodesics of R? are straight

lines, yet the geodesics of H with respect to d are helices [71].

Moreover, the vector fields Z1, ..., Zn, allow us to define an analogue of the Euclidean gradient
N

Veue = (O, -, Oz ) and the Euclidean Laplacian Ag,. = Z 621: in the following way:
i=1

Definition 4. The vector valued operator V := (Z1, Za, ..., Zy, ) is called the sub-gradient on G,
N1

and A = Z Z? is called the sub-Laplacian on G.

i=1
It can be shown (proof found in [79]) that d is associated to the sub-gradient through:

g @)~ )
V= e
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Moreover, the metric d also induces a homogeneous norm on G by defining d(x) as the distance
between x € G and the origin

d(z) == d(z,0).

In fact, d satisfies the triangle inequality defined with the group law i.e.
d(z oy) < d(x) +d(y),
and d is positively homogeneous with respect to the dilations in (C.1) i.e.
A8 (x)) = Md(a).

The Carnot Carathéodory distance also shares an important property with the Euclidean norm:
it satisfies the eikonal equation away from the centre {(0, 2, ..., 2() : () .. 2(M) e RNz x ... x
RN} C G.

The metric d satisfies

|Vd(zD, ..., z)| =1 (1.7.1)

for all 20 # 0 (see [I08] and Proposition 3.2.16 of [79]). Moreover, there exists a constant
K € (0,00) such that

Ad <

K
~ (1.7.2)

(see [24] and Proposition 3.2.17 of [79]).

The Carnot-Carathéodory distance thus seems to be the most natural choice of homogeneous
norm on G that is analogous to the Euclidean norm. However, it differs from the Euclidean norm;
for example, the isoperimetric problem in the Heisenberg group H is not optimised by d—balls
[108].

Another natural homogeneous norm is the Kaplan norm, which is expressed as the fundamen-
tal solution of the sub-Laplacian raised to a certain exponent. This homogeneous norm will be

introduced in the next section, and its difference from the Carnot-Carathéodory distance will be

highlighted.
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1.7.2 The Step-Two Carnot Group, the Heisenberg-type group, and the
Kaplan Norm

The step-two Carnot group G (i.e. when r = 2 in the Definition [1| in Section [1.7.1)) is a group

isomorphic to R"™™ with the group law

(x,2)0(2',2) = <x1+xl, zj+zj+ 3 (A(J)x T ))

i=1,..,n;5=1,..,m

for z,2' € R", 2,2/ € R™, where the matrices AY) are n x n skew-symmetric and linearly
independent and (.,.) stands for the inner product on R™. One can verify that (R"*™ o) is a Lie
group whose identity is the origin and where the inverse is given by (z,2)~! = —(z, 2).
The dilation
5y : Rvtm 5 RA™ Sa(m, 2) = (\x, \%2)

is an automorphism of (R™*™ o) for any A > 0. Then, G = (R"*™ o, §,) is a homogeneous Lie
group with homogeneous dimension @ :=n + 2m.

The Jacobian matrix at (0,0) of the left translation 7(, . i.e the map
(2", 2") = Tp (2!, 7)) = (x,2) 0 (2, 2)

for fixed (z, z) € G, takes the following form

]ITL OTle
I~ , 1 n 1
5 Z Agl)xl T % die1 Aiz)xl
jT(m,z)(07O) = =1
I
QleAgl Ty - 2211 lxl

Then, the Jacobian basis of g, the Lie algebra of G, is given by

B
ZZA;’% and  Z;= 9z

2oI
forie{l,...,n}and j € {1,...,m}.

Let V := (X;)i=1,.nand A := Z Xi2 denote the associated sub-gradient and sub-Laplacian,
1=1,..,n
respectively.

The Heisenberg-type group H is an example of the step-two Carnot group G. In fact, if we have
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the two additional conditions

e AU are orthogonal matrices

o AOAU) = —ADAD for every i,j € {1,..,m} with i # j,

then we are in the setting of the Heisenberg-type group H isomorphic to R™"*™. (Notice that if
n = 2 and m = 1, we get back the Heisenberg group H introduced in Section M) The Kaplan
distance was discovered on general Heisenberg-type groups in [84] by A. Kaplan, who extended the

work of G.B. Folland [59] on the Heisenberg group. Namely, N:H— [0,00) is given by

N(z,z) = (|z|* + 16]2%)2, for (z,2) € R® x R™,

n 3 m 3
where |z| = (Z x?) and |z| = <Z zf) .
i=1 i=1

N appears as a fundamental solution to the sub-Laplacian; in other words,
AN(m, 2)22 =0 in IFH\{O}

The Kaplan norm N and the Carnot-Carathéodory distance d are topologically equivalent, i.e.

there exists a constant D > 0 such that
D 'd < N < Dd,

yet they exhibit different analytic behaviour. For instance, d is smooth away from the centre
{(0,2) : z € R™} C H, while N is smooth everywhere except at zero. Moreover, d satisfies the
eikonal equation (1.7.1) |Vd(z, z)| = 1, whereas for N one has
IVN(z,2)| = @, (1.7.3)
N
and in particular [VN(z, z)| can be arbitrarily small. Moreover, since N2~ is the fundamental

solution to the sub-Laplacian, we have the following relation

5 V(z, 2)|? z|?
AN(z,2) = (Q — 1)% — Q- 1)'1\7‘3. (1.7.4)

The proofs of these equations ((1.7.3]) and (1.7.4)) can be found in Proposition 3.2.16. and Proposi-
tion 3.2.17 of [79], respectively.

In the setting of the more general step-two Carnot Group G, we are motivated by the Kaplan
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norm; hence, we consider a generalisation of the Kaplan norm:
4 1
N(z,z):= (|z]* +alz?) ",
with a € (0,00).

We have the following estimates of the sub-gradient and sub-Laplacian:

Lemma. There exist constants A,C € (0, 00)

jz? jz/?

ASs < [VN|? < Cs (1.7.5)
and there exists a constant B € (0,00) such that
2
|AN| < B% (1.7.6)

The proof of this lemma can be found in Section of the Appendix [7]

1.7.3 The Anisotropic Heisenberg group

The Carnot group G is said to be polarizable if N, where N2~ is the fundamental solution to the

sub-Laplacian, is co—harmonic in G\{0} [I4], i.e.
1
AN = 5<V (I[VN]?),VN)=0 in G\{0}. (1.7.7)

The concept of polarizable Carnot groups was first introduced by Z. Balogh and J. Tyson in [14],
where they used the co—harmonicity of IV to create a procedure to construct polar coordinates. As
a consequence, they showed that the fundamental solution of the p—sub-Laplacian can be expressed
as the fundamental solution of the sub-Laplacian, proved capacity formulas, and produced sharp
constants for the Moser-Trudinger inequality (which was established by L. Saloff-Coste in [120]
in the setting of Carnot groups but without sharp constants). In settings related to polarizable
Carnot groups, many authors showed Hardy-type inequalities as a function of N (see [48], 49, [62]
63, 85, [135]), proved Rellich-type inequalities (see [85] [138]), and studied Fuglede’s p—module of
system of measures [37].

However, we don’t have a classification of polarizable Carnot groups: the only examples till
now are Euclidean spaces and Heisenberg-type groups. This classification has been a longstanding
open problem for two decades.

The concept of a polarizable Carnot group is a delicate one in the sense that under a small

perturbation of the Lie algebra, the group is no longer polarizable. Z. Balogh and J. Tyson
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provided in [I4] the non-polarizable Anisotropic Heisenberg group on R5 as a counterexample with

the following generators of the Lie algebra:
0 0
X, = 81-1 — 5%‘38,5, Xo = 83;2 — 2240, X3 = 81-3 + 5%‘18,5, and X, = 81-4 + 2250, (178)

where 6§ = 2. To show does not hold true for the Anisotropic Heisenberg group with = 2 |
Z. Balogh and J. Tyson computed explicitly in [I4] the fundamental solution of the sub-Laplacian
using R. Beals, B. Gaveau, and P. Greiner’s [I7] explicit integral representation for the fundamental
solution. Note that if @ = 4, we have the polarizable Heisenberg group. In other words, just altering
the constant 0 in changes the group from polarizable to non-polarizable. Moreover, T. Bieske
[36] revisited this counterexample and proved that under a change of the inner product imposed
on the vectors in the Lie algebra, which now requires the generators to be orthogonal instead of
orthonormal, the Anisotropic Heisenberg group is turned into a group of Heisenberg-type i.e. it is
now polarizable. Moreover, M. Gordina and L. Luo recently studied in [65] the Logarithmic Sobolev
inequality with respect to a heat kernel measure in the setting of the Anisotropic Heisenberg group.

In Chapter 4] we extend the Anisotropic Heisenberg group from R® ([14]) to R?"*!, compute
explicitly the the fundamental solution of the sub-Laplacian, and prove coercive inequalities in
that setting.

Recently, J. Tyson used our work in Chapter [4] to suggest the right quantitative form for the
longstanding open problem of classification of polarizable step-two Carnot groups. More precisely,
we quote the Conjecture 1.6 of his preprint [I128], which relates the new notion of H—type stability

to the classification of polarizable groups:

Conjecture 5 (J. Tyson [128]). Let G be a step-two Carnot group with horizontal metric gp,. De-
note by ¥ = {g =exp(x +t) € G:t=0}. Let u be the fundamental solution for the sub-Laplacian
£ and let N = u=a. Then,

sup [N(g)(LooN)(9)| = 8(G)*.
g€

We note that §(G) is the H—type deviation of G, and if it is equal to zero, then we are in the
setting of the Heisenberg-type group.

This conjecture, if true, would imply that all step-two polarizable Carnot groups are Heisenberg-
type groups. J. Tyson proved that the results we obtained in Chapter [] turned out to satisfy this
conjecture.

In fact, we are one step closer to proving the longstanding conjecture of polarizable Carnot

groups, and this motivates future work in this direction.



Chapter 2

The Logarithmic Sobolev and

Talagrand Inequalities

This chapter is based on [35]. In the setting of Carnot groups, we prove the ¢g—Logarithmic Sobolev
inequality for probability measures as a function of the Carnot-Carathéodory distance. The main

result in this chapter is the following U —bound theorem:

Theorem (§). Assume that outside the open unit ball B = {d (x) < 1}, the metric d satisfies the
following: |Vd| is bounded, say |Vd| < 1, and there exist finite positive constants K and co such
that

Ad< K+ U'(d) (|Vd]* - co) -

(i) If U" < BU" for some positive constant 3, outside B, then for any q € (1,00), there exist

constants Cy, Dy, independent of f, such that
[ 110 @ s < €, [ 1981dpe + 0, [ \11d
(i1) If, in addition, U < vU'? for some positive constant v and some q > 1, outside B, then
/If\qU(d) duy < C’q/IVf|qduU+Dq/|f|qduU.

Using W. Hebisch and B. Zegarliriski’s Theorem [7] ([72]), we obtain the ¢—Logarithmic Sobolev

inequality for probability measures of the form
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where Z is the normalisation constant, d is the Carnot-Carathéodory distance, and U (d) satisfies
(7) and (7).
As an application, we use the Hamilton-Jacobi equation in the setting of Carnot groups to

prove hypercontractivity and the p—Talagrand inequality:

1 1
Theorem lb Let 1 < ¢ <2, and p > 2 be its finite index conjugate, so that — + — = 1.
rp q

qg—1
If (G, d, p) satisfies the g— Logarithmic Sobolev|2. 1.6 inequality with constant ¢ = (¢ — 1) (%)

for some constant K > 0, then it also satisfies the p— Talagrand inequality with the same constant

K.

2.1 ¢g—Logarithmic Sobolev Inequality

2.1.1 Overview

In the setting of the Carnot group G, we would like to prove the g—Logarithmic Sobolev inequality

/fqungJ:‘jd,udMS c/|Vf|qu7 (2.1.1)

where ¢ > 1, V is the sub-gradient as defined in Section of the Introduction, and for a

probability measure
—U(d)

Z

e

dp = ),

where Z is the normalisation constant (i.e. Z = / e U Dd)) and U(d) is an increasing unbounded
function of a certain metric d.

In Section of this chapter, we will consider an important condition on the metric d that
relates the norm of the sub-gradient |Vd| to its sub-Laplacian Ad. This condition states: outside
the open unit ball B = {d(z) < 1}, |Vd| is bounded and there exist finite positive constants K
and cg such that

Ad<K+U'(d) (|Vd]* — o) - (2.1.2)

This condition is satisfied by the Carnot-Carathéodory distance, defined in Section of the
Introduction. In fact, if d is the Carnot-Carathéodory distance, by (1.7.1)),

Vd(zY, ..., z)| =1,

for all (z(V),...,2(M) € G such that () # 0. In addition, by (1.7.2), there exists a constant
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K € (0,00) such that

K
Ad < —.
- d

Hence, outside the unit ball, condition is satisfied for the Carnot-Carathéodory distance.

However, this condition fails for homogeneous norms, like the fundamental solution to
the sub-Laplacian in the setting of the step-two Carnot group and the Anisotropic Heisenberg
group, which are considered in Chapter [3] and Chapter [4f To illustrate, we consider the three-
dimensional Heisenberg group H, with the sub-gradient V := (X,Y), the sub-Laplacian A =
X?24+Y?% X :=0, — 40.,and Y = 0, + 50..

The fundamental solution to the sub-Laplacian is given explicitly by N(x,y,2)~2, where
1
N(z,y,2) = ((z* +)* +162%)

ie. AN(x,y,2)"2 =0 in H\{0}.

By a direct computation, we see that, for (z,y,z) € H\{0},

(22 +y?)?
N = "
VN, y,2)] N(z,y,z)’
and
(> + ¢*)
AN =3—-—=
(xV y? Z) 3N($, y7 Z)S

Outside the open unit ball B = {N (z,y,z) < 1}, we see that the condition fails around
the “z—axis”, i.e. when z =y = 0 and z is large.

This condition also fails for the same reason for the fundamental solution of the sub-Laplacian
in the more general settings (step-two Carnot group and Anisotropic Heisenberg group) that we
consider in Chapter [3] and Chapter [4

We note that in the setting of Carnot groups, if we choose any homogeneous norm N (for
example like the ones considered in Chapter [3[ and Chapter {)), it is equivalent to the Carnot-

Carathéodory distance d. In other words, there exists a constant D > 0 such that

D 'd < N < Dd.

However, there is a fundamental difference between the two metrics d and N : these distances
are topologically the same, but they have different differential properties. In this Chapter, we
will prove the Logarithmic Sobolev inequality for measures as a function of the Carnot-
Carathéodory distance d (and more general metrics that satisfy (2.1.2)). On the other hand,
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W. Hebsich and B. Zegarliniski prove in [72] that it is impossible for measures as a function of
homogeneous norms N to satisfy the Logarithmic Sobolev inequality 1' Instead, in Chapter
B] and Chapter [l we will be interested in deriving a new method to prove the ¢—Logarithmic

Sobolev inequality under some conditions on a concave function ¢.

2.1.2 Coercive Inequalities through the U-Bound Method

As discussed in the Section [[.4.3] of the Introduction, D. Bakry and M. Emery’s Curvature-
Dimension condition [I0] fails in the setting of Carnot groups. To bypass this geometric condition,
a “U—Bound” method was developed in [72] that does not require a bound on the curvature of
space. The goal of this section is to recap this method, which states that in order to obtain coercive
inequalities (like the g—Poincaré and the ¢—Logarithmic Sobolev inequalities), it is sufficient to
prove the “U—Bound” inequalities. We note that the results of this section are general in the sense
that there is no condition on the metric. Hence, the Theorems in this section apply to measures as
a function of the Carnot-Carathéodory distance (considered in this chapter) as well as measures
as a function of the fundamental solution of the sub-Laplacian in the step-two Carnot group and
the Anisotropic Heisenberg group (considered in Chapter [3| and Chapter [4).

Given the probability measure

where U is an increasing unbounded function and Z is the normalisation constant. In broad terms,

the general idea of this section is that a U—Bound of the form (2.1.3)

/fqﬁdﬂSC/IVflqdu+D/fqdu

for n a suitable function “going to infinity in all directions” implies the ¢—Poincaré inequality (see
Theorem [6] below).

If the inequality is satisfied for the specific
n=|VU|?!+UT,

then the g—Logarithmic Sobolev inequality is obtained (see Theorem |z| below).
Those theorems apply on general metric spaces equipped with non-commuting vector fields
{X1, Xo, ..., X, } satisfying Hormander’s condition, where the sub-gradient is V = (X1, Xo, ..., X,,),
n
and the sub-Laplacian is A = Z Xf. It is additionally assumed that the divergence of these vector

i=1
fields with respect to the Lebesgue measure d\ on R™ is zero. We are interested specifically in
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the setting of the Carnot group G whose Lie algebra is generated by {X7, Xa, ..., X;, }. The Carnot
group setup is introduced in further detail in Section [I.7.1] of the Introduction. We state both
theorems more precisely:

Let A be a measure satisfying the g—Poincaré inequality for every ball Bg = {x : N (z) < R},

i.e. there exists a constant Cg € (0,00) such that

1
|Br| JB,

1

q
1
N A\ < Cr—— | |Vf]7dA,
|Br| JB,

|Br| JB,

f fdA

where 1 < g < 0.
Note that we have this Poincaré inequality on balls in the setting of Nilpotent lie groups thanks

to J. Jerison’s celebrated paper [83].

Theorem 6 (W. Hebisch, B. Zegarliniski [72]). Let pu be a probability measure on R™ which is

absolutely continuous with respect to the measure \ and such that

[ rmin<c [1vsidns D [ soan (2.1.3)

with some non-negative function n and some constants C, D € (0,00) independent of a function f.

1 d
If for any L € (0,00) there is a constant Ay such that e < ﬁ < A on the set {n < L} and,
L

for some R € (0,00) (depending on L), we have {n < L} C Bg, then p satisfies the g—Poincaré

/If—/fdu\qdugc/wmdu,

with some constant ¢ € (0,00) independent of f.

imequality

To get the g—Poincaré inequality, notice that we have a freedom of choice of a “suitable” 7.

This fact will play an important role when proving coercive inequalities in Chapter 3] and Chapter

2]

Theorem 7 (W. Hebisch, B. Zegarliriski [72]). Suppose the following Sobolev inequality is satisfied

</|f|q+5d>\)qii < a/\Vf\qd)\+b/|f|qd>\,

and the following bound is true

/Iflq(IVU|q+U) duSC’/|Vf|qdu+D’/|f|‘1du. (2.1.4)
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Then, the following “defective” g— Logarithmic Sobolev inequality is true

/(ﬁmfﬁw>W§C/me+D/m%M (2.1.5)

Moreover, if q € (1,2] and the following q— Poincaré inequality holds [ |f —pf|9du < 55 [ |V f|%dp,

then one has the q— Logarithmic Sobolev inequality

/(fqlogfj;qdu) du§0/|Vf|qdu (2.1.6)

with some constant ¢ € (0,00) independent of f.

The term “defective” g—Logarithmic Sobolev inequality is due to the presence of the addi-

tional term [ |f|?dp in . The g—Logarithmic Sobolev inequality is obtained from the
defective one by a tightening procedure via Rothaus arguments (see [24]).

To get the g—Logarithmic Sobolev inequality, notice that the choice of 1 in the U—bound
(2.1.4)) is forced to be |VU|? + U.

2.1.3 Generalising the U-Bound Theorem for measures as a function of

the Carnot-Carathéodory distance
We are interested in proving coercive inequalities for probability measures

—U(d)

= 2.1.
dp = ——d, (2.1.7)

where Z is the normalisation constant and U(d) is an increasing unbounded function of a certain
metric d.

We recall the condition on the metric (2.1.2) - which is satisfied by the Carnot-Carathéodory dis-
tance but not by the homogeneous norms in Chapter [3]and Chapter [} mentioned in the Overview
of this Chapter:

Ad < K+ U’ (d) (\Vd|2 — co) .

This condition generalises the following metric condition, on the sub-gradient |Vd| and the sub-
Laplacian |Ad|, proposed by W. Hebisch and B. Zegarlinski [72]: Outside the unit ball B =
{d(z) <1},

Ad < K + BedP™ 1,
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and

1
o
1 . . .
where ¢ € (0, ) , € (0,00), and o € [1,00) . Their condition arose from proving the measure
o

_dP
ed

dA
VA

dpp =

satisfies both ¢g—Poincaré and ¢—Logarithmic Sobolev inequalities for ¢ the finite index conjugate
of pand p > 1. Notice that in this section, our work focuses on studying coercive inequalities for
the more general measures of the form , and thus we have a more general condition of the
form .

To get the g—Poincaré inequality from Theorem [f] of the previous section, W. Hebisch and B.
Zegarlinski proved a U—bound inequality with a choice of n = d?~! (Theorem 2.1 of [72]).
However, by Theorem [7] of the previous section, the g—Logarithmic Sobolev inequality requires the
specific choice of n = |VU|?+U, where U = d? in W. Hebisch and B. Zegarliriski’s case. Computing

1 1
and using the fact that |[Vd| <1 and ’ + iy 1,
n=|VU|"+U = |pd’~'Vd|? + d* < (p? + 1)dP.

Therefore, to use Theorem [7] and prove the g—Logarithmic Sobolev inequality, W. Hebisch and
B. Zegarliniski proved an additional U—bound inequality with 7 = (p? + 1)d” (Theorem 2.3 and
Theorem 2.4 of [72]):

/ (b + D) fdu, < C, / IV |9dpy + D, / | Flody,

for ¢ the finite index conjugate of p and p > 1.
In the following, we present a generalised version of Theorems 2.1, 2.3, and 2.4 of [72]. In place

of the function U(d) = dP, we let U : [0,00) — [0,00) be a twice differentiable and increasing
—U(d)
function; and let duy = ¢ 7 d\ be a probability measure defined in terms of the function U (d),

where Z is the normalisation constant.

Theorem 8. Assume that outside the open unit ball B = {d(z) < 1}, the metric d satisfies the
following: |Vd| is bounded, say |Vd| < 1, and there exist finite positive constants K and ¢y such
that

Ad<K+U'(d) (|Vd]* — o) - (2.1.8)
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(i) If U" < BU" for some positive constant 3, outside B, then for any q € (1,00), there exist

constants Cy, Dy, independent of f, such that

/ FIOU (d) [P < C, / IV f s + D, / Floduy.

(i) If, in addition, U < ~yU'? for some positive constant v and some q > 1, outside B, then
/If\qU(d) duy < C’q/IVf|qduU+Dq/|f|qduU.
We note that, for d the Carnot-Carathéodory distance, by 7
Vd(z®M, ..., z2)| =1,

for all (x(l),...,x(’“)) € G such that () # 0. In addition, by (1.7.2), there exists a constant
K € (0, 00) such that

K
Ad < —.
)

Hence, outside the unit ball, condition [72] is satisfied for the Carnot-Carathéodory distance.
The proof of (i7) is straightforward. In the following, we prove (i) where we adapt, with

simplification, the general lines of proof in [72].

Proof. Using integration by parts and condition (2.1.8]),
/(Vd) v (fe—U<d>) d\ = —/Ad (fe—U<d>) )

> K / fe Udgx — / U (d) |Vd|]? fe VD + ¢ / U’ (d) fe VD g. (2.1.9)

Computing
\% ( fe’U(d)) = Ve V@ _ ' (d)e VDV,

and taking the dot product with Vd,
(Vd) -V (fe™V@) = (V) (Vd) e VD — U (d) f|Vd[2e" V@,
and replacing in ([2.1.9) to get

CO/U/ (d)feiU(d)d/\SK/feiU(d)dAwL/|Vf||Vd\e*U(d)d)\,
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Using the fact that |Vd| <1 (]Vd| bounded is enough), we get
v faws < [ fdps +0 [ 19l (2.10)
To prove (i), we replace f in by f? to get
[ @) s = [ [s0 @ U ) d

<c / [£20" (@] duor + D / v [0 (@] [ duo
e / £ () dpy + D / af VU (@) dp

+ D/(q — 1) £ ()P U (d) | Vdldpo. (2.1.11)

be
g (ap)?/?
indices in each of the three terms on the right-hand side of (2.1.11)), in addition to using the

Using Young’s inequality with «, i.e. ab < aa®? + where p and ¢ are conjugate finite

conditions |Vd| < 1 and U” < BU" in the last term, we get

qarr! q C q qarr! ) D q
[ 1 @ du < o [ 1o +-a [ o0t @yt + e [ 19ty
+Dga [ JU" (@) dyy + Lm [ 1w+ D= va [ 0 @) do.

Choosing « small enough so that Ca + Dga+ D (g — 1) a < 1, we get

/ U (@) duy < C, / IV P + D, / Floduo.

O

Corollary 9. If the positive twice differentiable and increasing function U(d) satisfies the two

inequalities U" < 6U/ and U < ~U'?, where B and v are finite positive constants, then the measure

e~ Udgy

d =
1220 7

satisfies a q—Poincaré and a q— Logarithmic Sobolev inequality.

Proof. To get the Logarithmic Sobolev inequality, we verify inequality (2.1.4]) from Theorem

VU (d) 4+ U (d) = [0 (d) V|’ + U (d) < (1+7) U (d)
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Since U” (d) < pU’ (d) by assumption, we can use (i) of Theorem [8 and the result follows. O

Remark 10. In Corollary [0} it is enough to assume that the inequalities
U" < BU and U < yU"

hold almost everywhere for 8 and ~y finite positive constants.

Remark 11. To get Theorem 2.3 of [72], take U (d) = dP, then
U'(d) = pd*~' and U" (d) = p(p — 1) dP2.

Outside the open unit ball B = {d (z) < 1},

U'(d) p-1
=5 —<p-1.
0@ - a4 P71

Therefore, (i) from Theorem [§| holds, and the statement of Theorem 2.3 of [2] is recovered.

Suppose ¢ is the finite conjugate index of p, then,

U (d) v 1

U'a(d) - pid®—Da — pa’

Therefore, (ii) of Theorem [8 holds, and the statement of Theorem 2.4 of [72] is recovered.

Example 12. The g—Poincaré and a ¢g—Logarithmic Sobolev inequality are satisfied for the mea-

sure
67(d+1)p log(d+1)d>\

Z

dpy =
for ¢ > 8, where  is the finite index conjugate to p.

Proof. Given U (d) = (d + 1) log (d + 1) .Then,
U'(d) = (d+ 1)’ (plog (d+ 1) + 1),

and

U"(d)=(d+1)P*(p(p—1)log(d+1)+2p—1).
So, outside the open unit ball B = {d (z) < 1},

U)o -Dlog@+ D)+ =1) _

2p—1 2
<
U (d) d+1 P

d+1 —

1
5"
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In addition,

Ud) _ (d+1)Plog(d+1) < (d+1)Plog(d+1) -1

U'a(d)  (d+1)" V" (plog (d+1)+1)? ~ (d+1)P V7 (plog(d+1) +1)*

So, by Corollary [0} the ¢g—Poincaré and a g—Logarithmic Sobolev inequality are satisfied for the
e—(d+1)p log(d+1)

7 dX for ¢ > 3, where 3 is the finite index conjugate to p. O

measure duy =

" ’

Example 13. For U (d) =sinh (d), U (d) =U (d) <cosh(d) =U (d).

So, by Corollary [0} the g—Poincaré and g—Logarithmic Sobolev inequalities hold true for the
— sinh(d)
measure duy = er)\ for all ¢ > 1.

2.2 g—Talagrand Inequality

2.2.1 Motivation
2.2.1.1 Origins

The Talagrand transportation cost inequality was first introduced in 1996 by M. Talagrand [127].

His inequality bounds the optimal transport cost in the sense of Monge-Kantorovich, T, (u, V), by

the relative entropy functional, Ent, (‘;—’;) = fl—’; log (%) dv, in the following way:
dp
Ty (p,v) < 2Ent, ) (2.2.1)
v

where 1 a measure on RY absolutely continuous with respect to the Gaussian measure v, and
N

w(x,y) = Z(JcZ — ;)% is the cost of moving a unit mass from position = to position y. The
i=1
transportation cost, T, (u, ¥), measures how much effort is required to transport a mass distributed

according to p to a mass distributed according to v, relatively to the cost function w :

Tuur) = ot [ wegdn(e). (22.2)
mell(p,v) JRN xRN

where TI(j, v) is the set of probability measures on RY x RY with u the first marginal and v the
second marginaﬂ
To prove (2.2.1]), Talagrand first considered the dimension N = 1, and the Gaussian measure
m2

T d
€~ d. Consider f := P o be a step function that does not take the value
V2 dv

zero. To transport v to u, he defined the function ¢ by:

in that case is dv =

IFor all bounded functions f and g on RY, / (f(w) + g(W))dr(w,w') = [en fdu+ [zn gdv.

RN xRN
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v((=00,2]) = p((=00, ¢(z)])

Meaning

x w2 ¢(7f') w2
/ e Tdu= / fuw)e = du (2.2.3)

—00 —00

Then, p is the image of v under the map z — ¢(z). So, the image of © of ¥ on R? under the

map  — (z,¢(z)) has marginals v and pu. Given a cost function w(z,y) = (v — y)?,

Tw(p,v) < /

d
(z — ¢(x))*dv(z) < 2/ f(x)log f(x)dv(x) = 2Ent, (LL) .
R R dv
The last inequality is proved by differentiating (2.2.3)), using an integration by parts, and
2
utilising the convexity of % By induction over N, M. Talagrand proves that (2.2.1) holds in

RN [127].

2.2.1.2 Relation to Concentration of Measure

M. Talagrand showed how the Talagrand transportation cost inequality (2.2.1]) implies the con-
centration of measure phenomenon, and his approach was motivated by the work of K. Marton

[104, [T05].
N 3
In [127], Talagrand used for cost function the distance d(z,y) = ||z —y||2 = (Z(wl —)?

1=

1
Let dy be the Gaussian measure; it follows from Talagrand’s transportation cost inequality (2.2.1)

Ta(p,v) < q/2/f10gfdv

Td(ua V) < Td(u,’y) + Td(’Y: V)'

and Cauchy-Schwartz that:

Using the triangle inequality,

Let B C R™ be a measurable set, and define for ¢ > 0, B, = {z € R™;d(z,B) < t}. For the

]-B 1BC
dv, and dv = -
v(BY)

t = inf{||z — y|ls; = € B,y € B} < \/2log <7(IB)) + \/2log (1—w1(19t)>

v(B)

measures dy = d,
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Therefore, for t > 210g(ﬁ),

1— ’Y(Bt) < efé(tf,/Qlog(’ygB)*))z.

When v(B) = 1/2, this is close to the best possible result given by the isoperimetric inequality
1—~(B;) < e‘g. The measure of B; converges at at an exponential rate to 1 as ¢ grows: this is
a standard result in the concentration of measure in Gauss space. This concentration of measure
phenomenon is one of the main tools in probability theory, statistical mechanics, quantum infor-

mation theory, stochastic dynamics, etc., and many works [5], [19] 20, 66, 67, [89], Q0L 110] studied

its links with the Logarithmic Sobolev inequality and the Talagrand inequality.

2.2.1.3 Extension of the Talagrand inequality and its relation to the Logarithmic

Sobolev inequality

In the setting of manifolds under D. Bakry and M. Emery’s Curvature-Dimension condition, F.
Otto and C. Villani showed in their celebrated paper [I10] that the Logarithmic Sobolev inequality
implies the Talagrand transportation cost inequality. Their proof relied on PDE’s methods and
Otto calculus in Wasserstein space [109].

We are interested in showing that the Logarithmic Sobolev inequality implies the Talagrand
inequality in the setting of Carnot groups. As mentioned in Section [I.4.3] of the Introduction,
D. Bakry and M. Emery’s Curvature-Dimension condition does not hold, so we cannot apply the
method by F. Otto and C. Villani [110].

In this chapter, we adapt Z.M. Balogh et al.’s Theorem 4.1 [I5] to get the p—Talagrand in-
equality, and we adapt S. Bobkov et al.’s Theorem 2.1 in [I9] to get hypercontractivity. However,
instead, we use the Hamilton-Jacobi equation in the setting of Carnot groups by F. Dragoni [54].
This allows us to use the sub-gradient, and to show that, in the setting of Carnot groups, the Log-
arithmic Sobolev inequality for various probability measures implies the Talagrand inequality and
hypercontractivity. We note that, in contrast with Z.M. Balogh et al.’s Theorem 4.1 [15], we do
not require the probability measures to be doubling in the proofs. This allows us to obtain results
for a wider class of probability measures that encompass the examples given in this Chapter, such

as U (d) = (d+1)"log (d + 1) in Example |12/ and U(d) = sinh(d) in Example
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2.2.2 The ¢—Logarithmic Sobolev inequality implies the p—Talagrand

inequality in the setting of Carnot groups

Let G be a Carnot group whose Lie algebra is generated by {Xl}f\[:l1 Hence, the sub-gradient

Ny
is given by V := (X3,..., Xy,) and the sub-Laplacian is given by A := ZXZQ Let d be the
Carnot-Carathéodory distance. (This setup is described in more detail ini:Slection of the
Introduction.)
The following Hamilton-Jacobi Theorem by F. Dragoni [54] is a key tool in proving that the
Logarithmic Sobolev inequality implies the Talagrand inequality and Hypercontractivity in the

setting of the Carnot group G.

Theorem 14 (F. Dragoni [64]). Let ¢ : [0,00) — [0,00) be a continuous, non-decreasing, and
convex function with ¢$(0) = 0. Let f : R™ — R a lower semicontinuous function such that there
exists C > 0 :

f(z) 2 =C(1 +d(x)).
Then a viscosity solution for the Hamilton-Jacobi problem in the Carnot Group G
u(z,t) + o(|Vu(z, b)) =0 (2,t) € G x (0,00)

u(z,0) = f(z) zeG
1s given by the Hopf-Lax formula

Qi) =t fior (U224 )}

yeG t

almost everywhere, where d(x,y) is the Carnot-Carathéodory distance, V is the sub-gradient, and

¢* is the Legendre transform of ¢.

In this chapter, we will be considering f(z) to be a continuous and bounded function ,and we

q
will be choosing the function ¢(s) = S—, where 1 < ¢ < 2.
q

Thus, the viscosity solution for the Hamilton-Jacobi problem in the Carnot group G

up(z,t) + 24200 — 0 (2,1) € G x (0,00)
(2.2.4)

u(z,0) = f(x) xeG

is given by the Hopf-Lax formula

@uta) =t {422 )},

yeG tp—1
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1 1
where — + — = 1.
P q

46

To prove that the g—Logarithmic Sobolev inequality implies the p—Talagrand inequality, we

are inspired by the proof of Theorem 4.1 in [I5]. However, instead of using the Hamilton-Jacobi

equation as in that paper, we use the following Hamilton-Jacobi equation as in Theorem 4 in the

paper by F. Dragoni [54] . In the setting of Carnot groups, the restriction for using a doubling

measure £ is no longer needed.

Let d be the Carnot-Carathéodory distance and du = ¢

-U(d)

d\ be a measure where Z is a

normalisation constant, A is the Lebesgue measure, and U(d) satisfies the conditions of Theorem

|

1 1
Theorem 15. Let 1 < ¢ <2, and p > 2 be its finite index conjugate, so that — + — = 1.

If (G, d, p) satisfies the q— Logarithmic Sobolev

2.1.6

P q
inequality with constantc = (g — 1) (

q

K

o

for some constant K > 0, then it also satisfies the p— Talagrand inequality with the same constant

K.

For every continuous bounded function f where Qf = @1 f, we will be proving the dual formu-

lation of the Talagrand inequality

/ eKQ gy < o Ji Fiu
G

which is shown equivalent to the p—Talagrand inequality (4.1.8) in [15].

Proof. For some n > 1, define

_ 1 k" Qq f
o(t) = 7 log ([Ge du ) .

Using the fact that f is bounded and the dominated convergence theorem, Balogh et al. prove in

Theorem 4.1 of [I5] that:

t—0+

lim ¢(t) = /Gfdu.

(2.2.5)

The main goal is to prove that ¢(¢) is non-increasing in ¢, which implies that ¢(1) < lim+¢(t). In
t—0

other words, replacing;:

o(1) = = log ( /G 6'“Qfdu> < lim o(1) = /G fd.

Rearranging the terms and exponentiating the last inequality, we get the dual Talagrand inequality

(2.2.5). We now show that ¢(t) is non-increasing. The two main ingredients to prove that are the
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g—Logarithmic Sobolev inequality and the solution to the Hamilton-Jacobi problem (2.2.4)). Fix

t € (0,1]. For s > 0, we have

ot =) 1 1 1 /z< g
1 olt+s)—ot) _ 1 _ 1 (t+8)"Qutsf g
Plarv,et s oot s \K(t+s)m Kt o G !
1 n "
I 1 K(t+9)"Quesf gy, — | / Kt"Qef , 2.2.
+s—1>%l+Kt"s (og/@e dyt —log Ge du 220

As s — 0T, the first term on the right-hand side of (2.2.6) converges to

n n
————log (/ eKt Qtfdu) .
Ktn—i—l G

The limit of the second term of (2.2.6) is

1 1 1 .
lim |2 ([ ekt @ty _/ Ki"Quf g
Ktr [ K" Qi dps o [s ( /Ge N K

rewriting, we get

1 1 eK(t+S)th+sf _ eKtht+sf eKtht+sf _ eKthtf
= lim d d
Kin f(G, eKthtfdM s—0+ |:/G S H + \/G S ILL:|

s0, using the dominated convergence theorem for the first term, we get

Kin Jg eEt QL dp Ktr [ eKtQifdps—o+

1 Jo Knt"1Qufef" @ldy 1 1 [ / K" Quisf _ eKt"Qf,fdM}
G

(2.2.7)

S

In order to compute the limit in (2.2.7), we use the Hamilton-Jacobi equation in Theorem 5, which

has the solution @, f, so

0Q:f _ IVQ.fI"

O q

S0,

lim
s—0t

Kt" Qs Kt !
(e e Qtf) = Kt"eKt"Qtf% = —Kt”eKthth~ (2.2.8)

S O q

Since Q) f(.) is Lipschitz on G x Ry, Q¢ysf = Q¢ f + O(s) holds uniformly on G. Since Q; f(x) is

uniformly bounded in x, we can use the dominated convergence theorem and (2.2.8]), to find the

limit in (2.2.7):

Kt"Quysf _ JKt"Qif " 1
- {/ e e du} _ 7Ktn\/ Kt Qtfwdu.
G G q

s—0+ S
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In other words, equation (2.2.7]) becomes:

lim

1 n n
1 K(t+8)" Qursf gy, — / Kt"Qif g
s—0t Kt"s (og/@e e Ge 8

1 1
~ Kt [ eKTQiddy

a
{/ nKt"QtfeKth‘fdu—/Kt"""lwqtf'eKt"Q‘fdp:|.
G G

Replacing the last equation in (2.2.6)), we get:

lim p(t+s)—op(t) 1 1
50T s - Kintl JoeKtr@fdp

«[~nlog (/ eKt"Qt,fdM)/eKthtfdM_i_/nKthtfeKt"Qtfdu
G G

G

q
_ /G Ktm%emmtfdm,

n 1
Kt Qtf and n = ——, we obtain:

Let g =
et g=e 1

B+ ) —o(t) 1 1
lim = 7
s—0+ s Ktit [ 99dp

1 1
x[— log (/ g"du)/quu+/gq log(g?)du
qg—1 G G q—1Jg

a
_ / Ktia ngdm_
G q

Using the g—Logarithmic Sobolev inequality,

Ent,(g9) :/gqlog(gq)duflog </ quu)/quu
G G G

<=1 (5)" [ vatan

in (2.2.9):
i G900 1
50+ s Kt [;9%du

g\t aq, %1|VQtf‘q q
X[(K) /G\Vgl du /GKt Yy

1 1 q qfl/ LKt Q. f / o [VQuf| ]
= (= V(ea X"y agy, — | Kt L gady| = o.
Kt [g9%dp [(K) oV =, g 7

Hence, ¢(t) is non-increasing, and we obtain the dual Talagrand inequality .

48

(2.2.9)
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2.3 Hypercontractivty of Hamilton-Jacobi solutions

Denote ||.||p, p € R, the LP—norms with respect to u, and ||f||o = el 1ol /1A whenever log |f] is
u—integrable. Also, consider the Hamilton-Jacobi problem on a Carnot group G as in Theorem

The following Hypercontractivity theorem is inspired by Theorem 2.1 by Bobkov et al. in [19],

eiU(d)

but with the measure dy = d) and the Euclidian gradient replaced by the sub-gradient V.

Theorem 16. Assume we have the following 2-Logarithmic Sobolev inequality with the measure
—U(d)
dp = € 7 dA, and in the setting of the Carnot group:

pEnt,(f?) =p/ f?log(f*)dp — plog (/ f2du> / frdp < 2/ IV fPdp.
G G G G
Then, for every bounded measurable function f on G, everyt > 0, and every a € R,
1€9 ot pr < [l la-
The following proof adapts the proof of Theorem 2.1 done by Bobkov et al. in [I9] in the

Euclidean setting, but uses the Hamilton-Jacobi problem in Carnot groups (Theorem .

Proof. Let F(t) = HeQ*fH/\(t), with A(t) = a + pt, t > 0.
0
For all t > 0 and almost every x, the partial derivatives 5Qt f(z) exist, and by the Hamilton-
¢

Jacobi problem (Theorem 5),
13} 1
5Qtf($) = —i\VQtf(l‘)P- (2.3.1)
t

So, F' is differentiable at every point ¢ > 0 where A(¢) # 0. Computing,

(F(t)’\(t))/ = pF(t)*® log(F(t)) + Mt)F () NO~LF' (1), (2.3.2)
Also,
(F(t)w))’ _ a% (/«; eA(t)Qtfdu>
= [ (s 42015 Qur) X021
G Oy
using ,

= P g (M09 4 P 1o (/ e’\(t)Q‘fd,u> / AT, &/ VO ()2X 02 gy
A(t) A(t) G G 2 Je

= ﬁEntp(ek(t)Qtf) + PF(t)A(t) log (F(t)) — %t) /G |thf($C)|26>‘(t)Q*fdu.
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Combining this with (4.1.11)), we get

2 A®)?

)\(t)QF(t)/\(t)le/(t) — pEnt,u(e%)\(t)Qtf) T/ |thf(m)|2e)\(t)Qtfd'u
G

using the 2—Logarithmic Sobolev inequality,
A(D)Qy A(t)?
< [1ve e pau - 20 [ [wQusapeoaa

_A)? AOQ:f gy, _ MO Q.
=25 [19Qus @) P00 = 205 [ 19Q @) PO g

<0

)

50

for all ¢ > 0. Thus, F’(t) <0 for all ¢ > 0. Since F is continuous, then it is non-increasing. Hence,

F(t) < F(0), for all t > 0.

€% [xy < 11€2°7 [|x(0)-

So,

1% Natpr < [le*la-



Chapter 3

Coercive Inequalities on Step-Two

Carnot Groups

This chapter is based on [33]. In the setting of step-two Carnot groups, we prove the following

U —Bound theorem:

1

Theorem . Let N = (|z|* + a|z]?)* with a € (0,00) and g : [0,00) — [0, 00) be a differentiable
increasing function such that g’ (N) < g’(N)3N3 on {N > 1}. Let
e—9(N)

dp = ——d\

be a probability measure, and Z the normalisation constant. Then, for all locally Lipschitz functions

f, the following U—bound

/g]g)lf\qdué C/IVflqdu+D/|f|qdu (3.0.1)

holds outside the unit ball {N < 1} with C' and D positive constants and q > 2.

We apply this U—bound to W. Hebisch and B. Zegarliniski’s Theorem @] (introduced in Section
of Chapter [2)) to get the g—Poincaré inequality for ¢ > 2.

In [72], W. Hebisch and B. Zegarlinski prove that it is impossible for measures as a function
of homogeneous norms, like those considered in this chapter, to satisfy the Logarithmic Sobolev
inequality . Instead, we prove in this chapter the following ¢—Logarithmic Sobolev inequality

under some conditions on a concave function ¢:
Theorem . Let U be a locally Lipschitz function on RN which is bounded below such that Z =

51
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e~ U

fe_Ud)\ < oo, and dy = 7d)\. Let ¢ : [0,00) — RT be a non-negative, non-decreasing, concave

function such that ¢(0) > 0, and ¢'(0) > 0. Assume the following classical Sobolev inequality is

(/Ifl"*edA)qL Sa/|Vf|qd)\+b/|f\qd)\

for some a, b € [0,00), and € > 0. Moreover, if for some A, B € [0,00), we have:

satisfied:

p(f17(eU) + IVU|T) < Ap|V£|* + Bpulf|7,

Then, there exists constants C, D € [0,00) such that:

p (1176 (

for all locally Lipschitz functions f.

/1

log
plf1e

)) < CulVf|" + Dulf1,

This ¢—Logarithmic Sobolev theorem we obtain is general in the sense that is is independent
on the explicit Kaplan norm used. It will applied in Chapter [4] to obtain results for measures
as a function of the fundamental solution to the sub-Laplacian in the setting of the Anisotropic
Heisenberg group.

Moreover, we deduce from Theorem [24] and Theorem a f—Logarithmic Sobolev inequality
(Theorem . We also provide an interval where the §—Logarithmic Sobolev inequality cannot
hold (Theorem .

3.1 Motivation

In Chapter [2] we were concerned with proving coercive inequalities for measures as a function of
the Carnot-Carathéodory distance d. A suitable question to ask is whether we can replace the
Carnot-Carathéodory distance by another natural homogeneous distance function: the Kaplan
norm N. It is a homogeneous norm related to the fundamental solution of the sub-Laplacian in the
setting of the Heisenberg-type group H isomorphic to R"*™. (See Section of the Introduction
for the definition of the Heisenberg-type group.) The Kaplan distance was discovered on general
Heisenberg-type groups in [84] by A. Kaplan, who extended the work of G.B. Folland [59] on the

Heisenberg group. Namely, N : H — [0,00) is given by

N(z,2) = (Jz|* + 16]2[2)* ,
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1 1
n 2 m 2
where z € R", z € R™, |z| = Zx? ,and |z| = <Z zf) . This Kaplan norm is related to
i=1

i=1
the fundamental solution of the ;ub—Laplacian in the following way:

AN(z,2)>™"72™ =0 in H\{O}

As mentioned in Section [2.1.1] of Chapter [2] there is a fundamental difference between the two
metrics: the Carnot-Carathéodory distance d and the Kaplan norm N. Even though these distances
are topologically the same i.e. they are equivalent in the sense that there exists a constant D > 0
such that

D 'd < N < Dd,

they have different differential properties. In fact, in Chapter[2] we proved the Logarithmic Sobolev
inequality for measures as a function of d, yet it is impossible for measures as a function of N [72].
In Chapter 4 of [79], J. Inglis worked in the setting of the H— type group, equipped with a

probability measure
7aNP

e
Z

d, = ),

where p € (1,00), a > 0, and Z is the normalisation constant.
His aim was to gain spectral information about the associated positive self-adjoint operator on
L2(Vp) :

T, = —A+apNP~I'VN . V.

==
Operators of this type, defined with the sub-gradient and the sub-Laplacian, are considered to
be the sub-Riemannian analogue of the Schrédinger operators of the form £ = —Agyclidean + V
on R™, where V is some potential. They are called Schrodinger operators since the initial value
problem for the Schrodinger equation may be reduced to the investigation of the spectrum of these
operators acting on a Hilbert space (see [114]).

J. Inglis proved in Theorem 4.5.2 of [79] that for p € (1,2), 7,, does not even have a spectral
gap, let alone an empty essential spectrum. However, he showed in Theorem 4.5.3 of [T9] that for
p > 2, 7,, has a spectral gap. He also conjectured that when p > 2, 7, will also have a discrete
spectrum.

In this chapter, we will work in the more general step-two Carnot group G equipped with the

general probability measure
e—9(N)

Z

dp = d,

where g(N) satisfies some growth conditions, and where we consider a more general N :=
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1
(|z|* + alz]*)* with a > 0. Note that when a = 16, N takes the form of the Kaplan norm in
the Heisenberg-type group. Our work is motivated by gaining spectral information about the

associated positive self-adjoint operator on L?(p) :
T,=-A+g¢(N)VN-V.

In other words, in this chapter, we will prove the Poincaré inequality under some conditions on
g(N). Our work generalises the results by J. Inglis in Chapter 4 of [79]. We note that our method
is completely different from his approach: we proceed by proving a U—bound inequality (??7). The
importance of the U—bound proof that we developed is that its ideas could be adapted to other
settings like in the setting of the Anisotropic Heisenberg group in Chapter Also, so far, an
extension to infinite dimensions for measures as a function of homogeneous norms has not been
possible (due to restrictions in known methods not satisfied by the norms considered). However,
using this U—bound inequality, we are able to provide a new method (discussed in Chapter [5]) that
overcomes those restrictions and allows for an extension to an infinite dimensional setting. Our
result strongly generalises known results [81], [82], [86] [IT1] and provides a vast scope of applications

in the setting of Carnot groups.

3.2 The U-Bound Inequality

Consider G ~ R"™™ a step-two Carnot group, whose Lie algebra is generated by {X;}" ;. Let
n

V = (X1, .., X,) be the sub-gradient and A = Z X? be the sub-Laplacian. (See Section [1.7.2] of
i=1
the Introduction for the definition of the step-two Carnot group.)

The U—bound Theorem is the following:

Theorem 17. Let N = (|z|* + a|z|2)% with a € (0,00) as introduced above and g : [0, 00) — [0, 0)

be a differentiable increasing function such that g (N) < g'(N)3N?3 on {N > 1}. Let

efg(N)

= A
o Z

be a probability measure, and Z the normalisation constant. Then, for all locally Lipschitz functions

f, the following U—bound

[ pan< e [1vssap s [ ispan (321)

holds outside the unit ball {N < 1} with C' and D positive constants and q > 2.



CHAPTER 3. COERCIVE INEQUALITIES ON STEP-TWO CARNOT GROUPS 55

The goal is to utilise the U—bound inequality to obtain the g—Poincaré inequality by
using W. Hebisch and B. Zegarliniski’s Theorem |§| (introduced in Section of Chapter .

Recall that Theorem [0] gave us freedom of choosing some 7 with the requirement that “n goes
to infinity in all directions”. In this case, the choice is

_g'(N)
NZ

and the requirement would be n — oo as N — oo. This point will be made clearer in the next
section of this chapter, where we will provide examples of measures that satisfy the g—Poincaré

inequality.

"(N
A natural question is: How did we choose this n = 9 ]iﬂ ) in our Theorem

Before answering this question, we state the following technical lemma (the proof is in Section

of the Appendix @:

Lemma 18. There exist constants A,C € (0, 00)

A'%'j < |VN|* < c'%f (3.2.2)
and there exists a constant B € (0,00) such that
jz?
|AN| < B3 (3.2.3)
and af?
% VN = ;—L (3.2.4)

This lemma provides bounds for the three quantities [VN|, AN, and z - VN. Bounds of this
form are vital when adapting our proof of the U—bound Theorem [I7] to other settings, like the
Anisotropic Heisenberg group setting (Chapter . Moreover, notice that we have the useful posi-
tivity of - VN > 0 according to (3.2.4). In Chapter [4] we will see that z - VN could be negative,
and this generates a “bad term” that will, in turn, make the proof only work for a higher dimension

n > 5.

The choice of 7,

We first consider the case ¢ = 2. Integrating by parts,
/ (VN) - (Vf) e 9Mdxn = — / v (VNe_g(N)> FdA

= f/ANfe*g(N)dA+/|VN|2fg’(N)e*g(N)d>\.
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Next, using (4.1.5) and (3.2.3)) of the Technical Lemma [18]

jz?

B (N fe™Max - B m ferIMNgx < [ VN - Ve 9N gy, 3.2.5
N2

2

The first candidate for 7 is |N—2g’(N ), which appears naturally in the above inequality. Notice
that for || = 0, we have 17 = 0, yet the Kaplan norm N = (a|z|2)i — oo as |z| — oo. This violates
Theorem []s requirement stating that “n — oo in all directions”, as this requirement fails around

the z— axis.

2
To obtain a suitable n, we replace f by f|2 in (3.2.5)) to obtain:

J (0 B fom (7))

From the left-hand side of the above inequality, we now have the good candidate n =

g'(N)
N2
We are concerned with the right-hand side of the inequality, and we proceed with the following

computations.

/f2 (Ag/ N) _ z@) e IMNdx < /(VN) : <v <|£|22>> e 9N )

:/(VN)- [2fo - 2f2v|xq 9(N) g

|z[? |[?
2 N -
‘ {2 VN -V fe 9 Mgx - 2/f2 V| B e
by (3.2.4) of the Technical Lemma [18]
< 2/5|Q|VN|Vf|e—9<N>dA.
By (4.1.5)) of the Technical Lemma
B
/f2< e N3> dA<2\F/ i |Vf| 9N g,
2 b2 9 g
We apply Cauchy’s inequality with € : ab < % + % with a = ]\|]]|C| |e_ & and b = \FC|Vf|e_ & ,
€ x

and obtain

g (N B _ f|? C _
/f2 (A ](W) —Ng>e ININ< € N2|| 2° )d)\+ |V f|2e 9™ d. (3.2.6)




CHAPTER 3. COERCIVE INEQUALITIES ON STEP-TWO CARNOT GROUPS 57

This inequality (3.2.6) resembles the required U—bound inequality (3.2.1)), except for the different
fI?
N2[g|2
to mind is to apply Hardy’s inequality. We proceed by giving a few trials (that don’t work) that

term € e~ 9N g\, Due to the presence of the singularity at |z, the first thing that comes

will naturally lead to a proof that works. The reason we provide a description of the failed trials
is to explain why we don’t have a simpler proof and to justify why we use a complicated form of
Hardy’s inequality on an “artificial” set. The goal of the trials is also to provide a good intuition

for the problem and to show how the geometry of the Carnot group comes into play.

Trial 1: Hardy’s Inequality

The following Hardy’s inequality is classical and could be found in [I19] and references within:

Theorem 19 (Hardy’s Inequality). Let G ~ R™™™ be a step-two Carnot group with sub-gradient
V = (X1,..., Xpn). Then, for h € Cg°(R"T™),
h? 4
< — h[2dA. 3.2.7
gy [ 190 (327)

2" =

Proof. By a direct computation,

h? 1 T
——d\ = RAV - [ —5 ) dX
EE m—m/ V(mﬂ

it ()

_yy
< — — |V h|d\
-2 ) V"

integrating by parts,

. . . a? b2 |h| 2
using Cauchy’s inequality ab < — + — with a = (— and b = VA,
2 2 || (n—2)
1 h? 2
= | —5d\+ ——= [ |[Vh|?d\.
<3/t o))
Rearranging, we obtain Hardy’s inequality. O

Notice that Hardy’s inequality holds for the Haar measure d\ (equivalent to the Lebesgue

measure), while we are dealing with the measure e™9 (M) d\. To account for that, we apply Hardy’s

inequality (3.2.7) with
N

N
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Therefore, (3.2.6) becomes

(fegé’” )2
! N
/f2 (Agzg) - @) e 9N A< e/ledA+f/|Vf269(N)d/\

J(N)

it g / |V f|2e 9™ dx
€

o 7

= ()/f29( )’ VN |%e 9N g\ + remainder terms + — /|vf|2e—g(1\/)d}\
n

"N 2
The problem here is that the term n _6 e /f29 5\72) VN2~ 9 dX cannot be absorbed into

the left-hand side of the inequality due to the squared power on ¢’(N). Hence, Trial 1 fails.

Trial 2: Introducing F = {(z,2) € R"™™ : |z|\/¢'(N) < 1}

Set [ is artificial: its choice is specifically made for the proof to go through. In fact, splitting the
first integral on the right-hand side of (3.2.6) over F’ and F° :

A s |fI?
d
» N2 At pe N?|z|?

iR gN) _gn c 2,—g(N
_e/FWe Wdrte | FmmemtMdr+ = [ V2T

Mgy 4 € / |V f|2e 9™ dx
€

choosing € small enough, we can absorb the integral over F'° into the left-hand side and get:

/f2 ( 122) —~ NBg) eI )

P g C/ 2,-9(N)
e a7 [ Iy (3.2.8)

Hence, the next step is to reprove Hardy’s inequality taking into account the boundary term and

the geometry of the step-two Carnot group. The following is a proof of the U—bound Theorem [I7}

Hardy’s inequality on F, = {(x,z) € R™™™ : |z|\/¢'(N) < r}, where 1 <r <2

Proving Hardy’s inequality on the set F' leads to a “loss of measure” at the boundary term. To
bypass this issue, we prove Hardy’s inequality on sets F,.. Then, integrating this boundary term

with respect to r for 1 < r < 2 leads to recovering the full measure by the Coarea formula (see p.
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468 of [29]).

Theorem 20 (Hardy’s Inequality for F,.). Let G =~ R"™™ be a step-two Carnot group, whose Lie
algebra is generated by {X;}" ;. Define F, = {(z,z) € R"*™ : |z|\/g'(N) < r}. Then,

n 2 (X1, Veue (2] 9
/ h2 Z_dr< / |Vh| dX + _2/8F |Z|222 ‘Veuc (x(\/L) ) gntm—1

>

where I is the identity map on R"*™ and V. is the Euclidean gradient on R™*™,
The following proof is in the same spirit of the classical Hardy’s inequality (3.2.7)) proof.

Proof. By a direct computation,

h? 1 9 x
/ww‘“—nz/FT”'(w)dA

integrating by parts,

L/ th( )dA+ 1/ RN G ) L
n=2 2 =2 Jor, o [Veue (J21V/7V)|

21 (X1, Veue (|a:|«/ )
-1 ‘veuc (Iw\v )’

2
< - |h‘|Vh|dA+—/ —
F, 7| S

n+m—1

2 2 | |

h 2
using Cauchy’s inequality ab < % + - with a = 2l and b = =2 |Vh],

] et [ L [ 2SSO T (T
2 ) WP M2 ), = N (") '

Rearranging, we get Hardy’s inequality for F.. O

Choosing
fe *géN)
h =

N

in the last Theorem 20 and noting that F := F} C F, C F», we have

f2e—9(N)
/F N2 P
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4 feigéN) ’
S(n—zw/ﬂ( N )

Recovering the full measure using the Coarea formula

) f2€—g (N) 1 33]<XI Veuc <|1‘|\/ )
n—2 Jor. N2|x\2 - ‘Vwc (\x|1/ )‘

n+m—1

A+

(3.2.9)

Integrating (3.2.9)) with respect to r from 1 to 2 :

2 ¢ p2e—g(N)
/ L s A
1 Jrp N2z

4 2 feigéN) ?
<, /FZV( N )

// fe—9(N) 17]<XIV(>U('(|$|\/7)
n— oF, szz -1 ‘Veuc(\xlm)‘

To recover the full measure in the boundary term, we use the Coarea formula (see p. 468 of
2,—9(N)
/ fe 7 C A
r N?[z|
—g(N)
< 4 / v fe 2
= =27 Jp, N

2 frem9(N) & S
/{1<|z\/g<7><2} N2|z|? Zmﬂ Xil, Veue (W ) (3.2.10)

dXdr

dH™ Ty

[29]):

2
d\

Going back to Trial 2

Recall in Trial 2, we split the first integral on the right-hand side of (3.2.6)) over F' and F*°, and we

obtained ({3.2.8):

/ 2
/f2 ((A_E)gjg/‘];[) o ]53) e-!](N)d)\S € ]V|;f||x|2 d)\-i- /|vf|2 _q(N)dA
F
by (.2.10),

2

X

4e feigéN)
S<n—2>2/pgv< N >

2¢ / fre—9(N Zx] X,V (|x| )

n—2 Jocu/am<y N3z2

+€/|Vf|26‘9(N)d)\. (3.2.11)
€
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The remainder of the proof is to use the conditions of Theorem [I7} the technical Lemma [I8]
the domain of integrations, and the given fields X; that are the generators of the Lie algebra of the
step-two Carnot group G. From the computation, we find a suitable € which is required to satisfy

the condition
10¢

n —

2—|-6<A.

Here, A is the constant that appears in the lower bound of |V N| of the technical Lemma ie.

@ 1H):

jz/? \xl

AN2

<|VNP < e

For completeness, we give the full details of the computations below.

Computations

We will be computing explicitly the terms on the right-hand side of (3.2.11)). To make things

B 4e fe =t
net L ()

% f2em9(N) &
X1, Veyc Vg YdA.
/{1<|m|\/g <2y N2zl2 Zm] v <|x‘ )

simpler, let
2

dA

and

fou
I

Computing I3

2

;e / vfe—“é“ 4 ( )VNe ™" jUNe * [
YT =22 Jp, N N N2
16¢ ‘Vf‘Q 4e / 2 2|VN|2 -
< g(N)
< g f, e N g [ PO e
R / Pl dA.

Using (4.1.5) of the technical Lemma [18| and taking into consideration that N > 1 and on Fj,
Cla|? < 4C
N = N2g(N)'

[VN|? <

5 ~ 1
L <C |Vf|2679(N)d)\ + D fre=9Mg) + GeC / f29 e~ 9N .
Fy Fy Fy

We do not worry about the third term in this inequality since it is dominated by [ f 2%6_9 (N

for N > 1.
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Computing I,

For e; the standard Euclidean basis on R"*T™,

0 for i#£j and i<n
Xjl-ei=4q1 for i=35 and i<n
221 1A(l for n+1<i<n+m.

zi/g'(N) | JePg” (N)z
Veue (J21Vg(N) ) -e: = N T
44/g'(N)N3

for i=45 and i<n

for n+1<i<n+m

Taking the dot product and summing,

zﬂjxijL Veue (J2l Vo))

gl S P () & ( _alzlg
VT L 1 S <8ﬁN3> DX

Jj=1 1=n-+1 l
|z[5g" (N) alz]g”(N) | = =
= lz|\/¢' 2 %Nl‘ + 2 %Ns lz ZZ ll’liEJ

n+l  j=11=1
|z°g" (V)
= alVg (N) + 5
Vg () 2,/¢'(N)N3

n n
where Z Z Ag;)xlxj = 0 since Ayl) is skew symmetric.
j=11=1

Therefore, replacing,

2, —g(N) 1
L :n2f2/ fe? Zx] (X1, Ve (J21V/g (V) ) )dA

{1<|2]y/g (N)<2} N2z
2¢ / we—g(N)dA+26/ we—gwm,
=2 Jp<pn/yn<ay Nzl n =2 Jucpl /o (n<2y 2N5/g'(N)

Using the fact that we are integrating over {1 < |z|\/¢'(N) < 2},

2 7 2. 1
I < 2e / g(N)e—g(N)d)\+ 8¢ / f2g"(N) o) gy

-2 /{1<m|\/g/(N)<2} N2 n =2 Jocla/a <2y N°g'(N)?

Using the condition of Theorem [17] that ¢ (N) < ¢'(N)3N3, we get
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2
10e f g/(N) efg(N)dA'

n—2 /{1<z|\/g'<N><2} N?

I; <

Combining I; and I,

Replacing the estimates I; and I in (3.2.11]) we get

2 g'(N) B —g(N c 2 —g(N
/f ((A—e) NT T )€ 9( )d/\§11+12+: IV f2e 9N
< C‘/|Vf|2e_9(N)d)\+D/er_g(N)d/\

2
L 16C [ o g (N) gy gy (206 [T WN) g gy
(n—2)2 N 2 N?
n— n-—

B 1 "(N
On {N > 1}, /f2 (N?’) e 9NN and o 6_65)2 /fzgjiﬂ)e*y(]\’)d)\ are of lower order. So,

10
choosing (62 + e) < A we get
n—

"(N
/f2 (9]5[2)> e Iy < c/ IV FRe=9Mgx + D/f%*g(N)dA.
Hence, we have proved the U— bound Theorem [I7] for ¢ = 2.

Extension of the U-Bound to ¢ > 2

For ¢ > 2, replacing | f| by |f|%,we get:

[ 5 iran<c [|vine

[|wine

Using Hélder’s inequality,

E

2
dp+D / |f|9dp. (3.2.12)

Calculating,

Qdu :/‘glflq%(sgn(f))vfrdu
2
< [T AP

2
q

2 2 2 S
an < [Tirvstae <5 ([iean) T ([1950a) oo
<1022 [ ppodur & [ (9510
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’ ’ a=2 2
p b4 q a
Where the last inequality uses ab< C;—/ + 7 with a = (/ |f|qdu) , b= (/ |Vf|qdu) , and
p’and ¢’ conjugates. Choosing p’ = %, we obtain — =1 — -z ,s0q = % Using the inequal-
q— q q

ities (|7.2.14]) and (7.2.15)), we get,

[ E i <o [|91512[ du+ D [ 1s1ra
< [1951du+ D [ 17

3.3 Poincaré Inequality

We now have the U—Bound Theorem [17] at our disposal and are ready to prove the g—Poincaré
inequality using W. Hebisch and B. Zegarliniski’s Theorem [f] (introduced in Section of Chapter
2).

/
N
As discussed previously in this chapter, g ]SIQ )
1 in W. Hebisch and B. Zegarliniski’s Theorem @ We note that in [I], R.A Adams proved coercive

from the U—Bound Theorem plays the role of

inequalities on R™ for measures of the form du = exp(—(z))dz, where ¥ (z) has a polynomial
behaviour p(z), an exponential behavior exp(p(z)), or the composition of the exponential j times

expY)(p(x)). This motivates the following corollaries in our setting:

Corollary 21. The Poincaré inequality for ¢ > 2 holds for the measure

exp (— cosh (N*
e (V)

),

where X\ is the Lebesgue measure, and k > 1 in the setting of the step-two Carnot group.

Proof. g(N) = cosh (N*), so ¢’ (N) = kN*~!sinh (N*), and

g (N) = k(k — 1)N*"2sinh(N*) + k2 N?*=2 cosh(N*).

First, on {N > 1}, ¢”(N) < k> N3 sinh®(N*) = ¢/(N)3N?, so the condition of Theorem [17]is

satisfied. Second,

/ glj\(g ) jaay = / £ [kN*3sinh (N*)] dpa

Nk

NP Nk _NF
:/ fe ENk-3C ¢ dﬂ'i‘/ fe ENk-3C ¢ du
(N<1) 2 (N>1} 2

-1
</ ﬁ@ ]mwc/ Voltau+D [ i
{N<1} {N>1} {N>1}

e — e
<c [1vitdn+D [ |flrdn
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Thus, the conditions of Theorem |§| are satisfied for n = kN*~3sinh (N’“) ,and k > 1. So, the

Poincaré inequality holds for ¢ > 2. O

1
The following corollary was proven J. Inglis, Theorem 4.5.5 of [79] for N = (|z|* 4 16]z[?)* in
1
the setting of Heisenberg-type group. Here, we obtain a generalised version for N = (|z|* + a|z[?)*

in the setting of the step-two Carnot group.
Corollary 22. The Poincaré inequality for ¢ > 2 holds for the measure

exp (ka)

dX
Z )

dp =

where X\ is the Lebesque measure, and k > 4 in the setting of the step-two Carnot group.

Proof. Let g(N) = N*, so g (N) = kEN*!, and ¢"(N) = k(k — 1)N*=2. First, on {N > 1},

g'(N) < E3N3 = ¢/(N)3N3, so the condition of Theorem [17]is satisfied. Second,

/9/ (N)fqd,u :/fq [ka73] du

N2
= / £9[ENF3] dp + / f9[kN*=3] dp
(N<1} (V=13

< Kfidp+C' Vol D [
{N<1} {N2>1} {N2>1}

<c [ \Veirdu+ D [ 111
Thus, the conditions of Theorem |§| are satisfied for = kN*=3 and k > 4. So, the Poincaré

inequality holds for ¢ > 2. O

The following corollary improves Corollary 22] in an interesting way. Namely, at a cost of a

logarithmic factor, we now get the Poincaré inequality for polynomial growth of order k£ > 3.
Corollary 23. The Poincaré inequality for ¢ > 2 holds for the measure

exp (—N*log (N + 1))

= dX
H 7 )

where X\ is the Lebesque measure, and k > 3 in the setting of the step-two Carnot group.

’ Nk
Proof. Let g(N) = NFlog (N +1),50 g (N)=EkN*"1log(N +1) + T and
2kNk-1 NF

" _ _ k—2 _
¢"(N) = k(k—1)N*"2log(N + 1) + NTT (N
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First, on {N > 1},

N3k+3 N 3k2N3+110g?(N +1)  3kN3¥+21og(N + 1)
(N+1)3 N+1 (N +1)2

g"(N) < k3N3F1log®(N + 1) +

— ]\[39/(]\])37

so the condition of Theorem [I7]is satisfied. Second,

8,

k—2

N
— q k—3
/f [kN log(N+1)+N+J du
k—2 k—2

N N
- 7|\ EN*31og(N + 1) + ]d +/ ’I{kzN’“_?’lo N+1)+ d
/{N<1}f [ g( ) N1l {NZl}f g( ) N1

<[ w4 saps [ 9D [y
{N<1} {N>1} {N>1}

<c [1vitdn+D [ |fdn

Nk—2
Thus, the conditions of TheoremHare satisfied for n = kN*=3 log(N +1) + Nl and k > 3. So,

the Poincaré inequality holds for ¢ > 2. O

3.4 ¢—Logarithmic Sobolev Inequality

After proving the ¢g—Poincaré inequality for measures as a function of the homogeneous norm
1
N = (|z|* + alz]?)*, a natural question would be if one could obtain other coercive inequalities.
U
e
J.Inglis et al.’s Theorem 2.1 in [80] proved that, for the measure dy =

, provided we have

the U—Bound
u(IfFI(U1P + |VU) < AulV f| + Bplf],

(i

We will first extend their theorem, and then we will use the U—bound Theorem [I7] to get more

one obtains

il
log < CulVf|+ Bulfl.
pl f|

general coercive inequalities.

Theorem 24. Let U be a locally Lipschitz function on RN which is bounded below such that Z =
-U
fe_Ud)\ < 00, and du = 7d)\. Let ¢ : [0,00) — RT be a non-negative, non-decreasing, concave

function such that ¢(0) > 0, and ¢'(0) > 0. Assume the following classical Sobolev inequality is
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(/Ifl‘”edkyﬂ Sa/IVf|qd)\+b/|f\qd)\

for some a, b € [0,00), and € > 0. Moreover, if for some A, B € [0,00), we have:

satisfied:

p(f17(eU) + |VU|T)) < Ap|V f|* + Bplf]7,

Then, there exists constants C, D € [0,00) such that:

q £
(o

)) < CplV |2 + Dulf1.

for all locally Lipschitz functions f.

Notice that in W. Hebsich and B. Zegarliriski’s Theorem [7] of Section to obtain the

Logarithmic Sobolev inequality, a forced choice of
n=U+|VU|?
is required. In this theorem, to get the ¢—Logarithmic Sobolev inequality, the specific choice of n

is

n=9¢U)+[VUI".

Moreover, this theorem is general in the sense that is is independent on the explicit homoge-
neous norm used. It will applied in Chapter [4] to obtain results for measures as a function of the

fundamental solution to the sub-Laplacian in the setting of the Anisotropic Heisenberg group.

Proof. Using the mean value theorem, there exists 0 < ¢ < z such that ¢(z) — ¢(0) = z¢’(¢). Since

¢ is concave, then ¢’ is non-increasing, so ¢'(¢) < ¢(0). Therefore, Va > 0,
o(z) < 2¢'(0) + ¢(0) (34.1)
By the fundamental theorem of calculus,
v o U v=o
o) - ot) = [ owit= [ dernis [ $d=oty- ) - 60
T 0 0
Where the last inequality uses the fact that ¢’ is non-increasing. Using (3.4.1)), we get, Vy > x:

o(y) — o(x) < ¢'(0)(y — ). (3.4.2)
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Suppose first that [ |f|? =1, and let E = {z € RN : |log|f]?| > U}.
[ 1170 (hog 711 d

- / |F196 (log | £]21) dys + / 1196 (log | £17]) du
E Ec
/ 1916 (log | £19]) — 6(U)] du + / P ) du + / 1196 (log | £17]) du

(O [ 11 ol =0y duc+ [ 110+ [ 110w,

where the last inequality uses ([7.2.9) on F, and uses the fact that ¢ is non-decreasing on E°, hence,
|log |f|?| < U. Let Ex = {log|f|? > U}, Es = {log|f|? < =U}, and ¢ = fEl |fl2e=YaA.

[ 1170 (log 711 d

_u\4
< C¢;(ZO)Q[E (Iflec ) log <|f|6_%)6d)\+¢/(0)/ e*Udu+/|f|q¢(U)du

E>

Using Jensen’s inequality,

|
Q
S
=
+
=2
5
—
>
e
|
N——
=}
+
IS8
>
a
sl
_|_
<
=
—
oW
=
+
=
=
<

Using classical Sobolev inequality,

<a/\f|qdﬂ+b/‘vfe*%)quHb( /\flq (U)dp

=a+¢(0 Z+b/’er—‘é—f(VU)—%” d)\+/|f|q¢ )y
Zb2*1

<at¢/(0)Z+ b2 1Z/ IV fl7du + /\fIqIVUI"du+ / Fl70(

1) [ 151719017 + o) di

<a+¢'(0)Z+b27 1Z/\Vf|qdu+max{

Using the U—bound in the Theorem’s condition

SA+B/\Vf\qdu

|14
wlfle

Finally, replace |f|? by to get the desired inequality. O
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We note that, in the classical R™ setting, the following inequality is used for hypercontractivity

in Orlicz spaces ([16]) and for tight Orlicz-Sobolev inequalities ([I36]).

Corollary 25. ¢(x) = (1+x)?, for 3 € (0,1] is non-negative, non-decreasing, and concave function

satisfying ¢(0) =1 >0, and ¢'(0) = B > 0. Therefore, Theorem [2{] applies, and

. 1£19|° . NS . ’
w| [ f]* |log TG <pl[f"(1+ |log < CulVf|*+ Dulf|*.

plfle
Corollary 26. Let hV)(z) = log(a + ), where a > 1. Define recursively

A (z) = log(a + h" Y (2)).

Then, for all n > 1, h™ (z) = ¢(x) of Theorem . Therefore, we obtain

p (10 (LY ) < (11w (H2) < curosie -y,

where log*™ s the positive part of log™ .

1
Proof. The proof proceeds by induction. For n =1, h(l)(x) = log(a + x), so h(l)(m)’ = a1
a+x
—1 1
and AV (z)" = CEYLA A1 (0) = log(a) > 0, and AV (0) = 5> 0. In addition, A" (z) is

non-negative, non-decreasing, and concave; hence the conditions of Theorem [24] are satisfied.

Assume it is true for n = k, prove it is true for n = k + 1 : K%+ (2) = log(a + h¥ (),
h(k) (:E)’ h(k) ((E)/’ h(k) (x)/
v\ (k+1) " _ i
o A ()’ and ()" =~ @ @i @R The result follows

directly. O

so hFHD (z) =

1
Returning to the measure as a function of the homogeneous norm N = (|z[* + alz|*)*,

_NP
€N

Z

dp = ),

we will prove using Theorem [I7] and Theorem that the S—Logarithmic Sobolev inequality

2
(0 < 8 <1) (Corollary i holds for ¢ > 2, yet fails for 1 < ¢ < Lﬁl To start with, we will show
2
why the S—Logarithmic Sobolev inequality fails for 1 < ¢ < p%ﬁl The proof follows closely to

Hebisch and Zegarliniski’s Theorem 6.3 of [72].

Theorem 27. Let G be a stratified group, and N be a smooth homogenous norm on G. For
—CKNP

a>0,p>1, letdu= d\, where Z is the normalisation constant. The measure u satisfies

2
no B-Logarithmic Sobolev inequality (0 < 8 <1) for1 < q< Lﬂl
p—
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—p+1
)

Proof. The proof is by contradiction. Let zg be such that (VN)(zg) =0. Fort > 0 put r =1¢"2
and

f = max [min (Q_d(:’tmo),l) ,0] . On B(tzg,2r) = {z : d(x,txg) < 2r}, by homogeneity,
by Lemma 6.3 of [72], and by the fact that (VN)(z¢) = 0, we have |N(z) — N (tzo)| < c172, so
|N(x)P — N(tzo)?| < co. Consequently, the exponential factor in u is comparable to a constant on

the support of f. Also, |V f] < %, and

plf|? ~r? (e_aNp(tz°)> (3.4.3)
log(ul f|7) =~ —t (3.4.4)
p|V |9~ rmrQemaN (tzo) (3.4.5)

Choose t large enough so that r < 2. On B(tzo,2r), 2 — d(, tzo) > 2 — 2r > r. Thus,

f = max [min (2_d(x7m0),1> ,0] =1,

r

and log|f|? = 0.

’ ( 1o (25 D = 11 (171 (o 17 ~ tog 191" ) = 1 (1£1% (oz sl 117 )

by 21,

~ (] f|9e77)

by (7-2.10)

o (PBpQe—aN" (tz0)
Assuming we have f—Logarithmic Sobolev inequality, and using ([7.2.12)), we get:
1PByQ—alN (txo) « prp—4yQe—aN"(tzo)

. —p+1
sincer =t 2

B < Mt_q(ﬂ;H).
-1 2
For t large enough, we get a contradiction when pg > alp—1) i.e. for ¢ < Lﬁl So, the measure
2
1 satisfies no f—Logarithmic Sobolev inequality for 1 < ¢ < Lﬁl O
p—
e—falvp

Now we prove that for ¢ > 2, f—Logarithmic Sobolev inequality holds true for du = dA,

Z
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1 ~3
where N = (|z|* 4+ a|z]?)* and 0 < B < pT

e—9(N)
) A
where Z is the normalisation constant and N = (|z|* + a|z|?)* with a € (0,00). Let g : [0,00) —

Theorem 28. Let G be an step-two Carnot group. Let the probability measure be dyu = dA,

/ N B
[0,00) be a differentiable increasing function such that ¢'(N) is increasing, g(N) < (cgjif2 )> ,
and g"(N) < dg'(N)? on {N > 1}, for some constants ¢ and d. Then

1 <f|q

for C and D positive constants and for q > 2.

log ( L71° )\B < Cplf|? + Dulv £
pl fla - ’

Proof. On {N > 1}, ¢"(N) < d¢g’(N)? < ¢/(N)3>N3, so the condition of Theorem [17] is satisfied.
Thus, on {N > 1}, we have the U-bound (3.2.1)):

w (L32510) < Culv s+ Dyl

g'(N)
N2

g'(N)
N2
Hence, since g(N) is increasing and using the U-bound,

By the condition g(N) < (c >B , we obtain ¢(g(N)) = (1+g(N))? < on {N > 1}.

wloto DI < [ (Gt [ ool

ot q) Syl 3.4.6
S/{N>1}( N2 If] du+/{N<l}(1+g(1)) |f|%dp ( )
< CulV £+ Dul f]7.

In order to use Theorem it remains to prove:
1 ([ f1Vg(N)[?) < Cplf|* + DulV f|1. (3.4.7)
On {N < 1}, since ¢’(N) is increasing and using (4.1.5]),
[ v du= [ (g TN e CE [ il (1)
{v<1y {iv<1y {N<1}
We now need to consider {N > 1} :

/ I (Vg(N) -V =V - V) d = / VIV < £ / 19V Pdy+ iq / IV fldu, (3.4.8)

P pa
where the last inequality uses ab < e 4 ——, where a = |f|97|V|, and b = ¢|V f]|.
p erq
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jz|"~?
Na—2

the term on the left hand side of (4.2.12). Using the inequality (4.1.5) on the first term on the
right hand side of (3.4.8)) we get

Let V =VN g (N)?~ 1. Since Vg(N) = ¢'(N)VN, then Vg(N) -V = |Vg(N)|9, which is

(@=2)p g/ (N2
€ [ ipavpa, - € p| a2 PG (N)
o A
cC'% x|’ (N)4
< [ipte

which can subtracted from the left hand side of (3.4.8]) since by choosing € small enough and
noting that using (4.1.5)),

Vo)V = 9N vy > A g vy
It remains to compute V - V. Using |[AN| < B|;|§, 2.2.1), and % VN = %57 4.1.7),
Vv = an B ety g )T
e e A A O e AL
9V < Bl (v gy PR o SELEED vy vz o0

All terms can be absorbed by the first term in (3.4.8]). Using (4.2.10) and (4.2.12)), the condition
of Theorem is satisfied, and we obtain S—Logarithmic Sobolev inequality:

. 117\ |7 ; q
w| [f]|log < Culf|"+ Du|Vf]|

plfle
for C' and D positive constants. O

1
Corollary 29. Let G be a step-two Carnot group and N = (|z|* + a|z|*)* with a € (0,00) . Let
_BNP

the probability measure be dy = ¢ 7

% <f|q

for C and D positive constants and for q¢ > 2.

d\, where Z is the normalisation constant. Then, forp > 4

-3
(md0<ﬁ§pi7
p

log ( 7" ))ﬁ < Cplfl" + Dyl
pl fle - ’



Chapter 4

Coercive Inequalities on Anisotropic

Heisenberg Group

This chapter is based on [34]. We extend the Anisotropic Heisenberg group to higher dimensions
=4 0

from Hy (1,2) on R° to Hy, (2,9> on R?"*1 where § > 0. Then, we compute the fundamental

solution for the sub-Laplacian N2~%, where ( is the homogeneous dimension, using R. Beals, B.

Gaveau, and P. Greiner’s [I7] explicit integral representation:

0
Theorem . The fundamental solution for the group Ha, (2, 0)

0
(i.e. AN?=@ = AN72" =0 on Hy, (2, 0> \{0} ) is given by the following homogeneous norm

(B2 + ) (AB+ £ + AVBTE )

N({E7 t) = 1
(B+ VBT &)
022 022, 6 & 9 022 022, 0 < 5
J=2,j#n+1 J=2,j#n+1
For general measures of the form
d efg(N) )\
lu - Z )

we prove the U—Bound theorem:

Theorem . Let N=2" be the fundamental solution in the setting of the Anisotropic Heisenberg

0
group Ha, (2,9> with 6 > 0 and n > 5. Let g : [0,00) — [0,00) be a differentiable increasing

73
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function such that g"(N) < g'(N)? on {N > 1}. Then, for q > 2,

[ S ian<c [19san+ 0 [l

holds outside the unit ball {N < 1} with C and D positive constants independent of a function f
for which the right hand side is well defined.

We apply this U—bound to W. Hebisch and B. Zegarliniski’s Theorem |§| (introduced in Section
of Chapter [2)) to get the g—Poincaré inequality for ¢ > 2. We utilise this U—Bound to get a

B—Logarithmic Sobolev inequality for du = ¢ ZNP d\,forp>4,g>2 and0< g8 < pp%g (Corollary

by using Theorem [24] (proved in Section of Chapter .

4.1 Extension of the Anisotropic Heisenberg group and the

Fundamental Solution of the sub-Laplacian

Extension of the Anisotropic Heisenberg group

As mentioned in Section of the Introduction, the Carnot group G is said to be polarizable if
N, where N2~ is the fundamental solution to the sub-Laplacian, is co—harmonic in G\{0} [14],
ie.

AN = %(V (J[VN]?),VN)=0 in G\{0}. (4.1.1)

The concept of polarizable Carnot groups was first introduced by Z. Balogh and J. Tyson in [14],
where they used the co—harmonicity of NV to create a procedure to construct polar coordinates. As
a consequence, they showed that the fundamental solution of the p—sub-Laplacian can be expressed
as the fundamental solution of the sub-Laplacian, proved capacity formulas, and produced sharp
constants for the Moser-Trudinger inequality. In settings related to polarizable Carnot groups,
many authors showed Hardy-type inequalities as a function of N (see [48, 49| [62] [63] [85] 135]),
proved Rellich-type inequalities (see [85] [138]), and studied Fuglede’s p—module of system of mea-
sures [37].

However, we don’t have a classification of polarizable Carnot groups: the only examples till
now are Euclidean spaces and Heisenberg-type groups. This classification has been a longstanding
open problem for two decades.

The concept of a polarizable Carnot group is a delicate one in the sense that under a small

perturbation of the Lie algebra, the group is no longer polarizable. Z. Balogh and J. Tyson provided
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in |[T4] the non-polarizable Anisotropic Heisenberg group Hy (1,2) on R® with the dilation
Ox(21, 2, w3, 24, 1) = (AT1, A2, AXg, Mg, A?t)

and the composition law

(@1, 2, 3, T4, t) 0 (M1,7M2, M3, M4, T)
= (1 +n1, 22 + 12, T3 + 13, T4+ Na, t+ T+ 2103 — 2301 + 22214 — 21)224) ,

where (11, 22,23, 74,t) € R% and (11,712,173, M4, 7) € R5.

Hy (1,2) is a homogeneous Carnot group of step two with generators
X1 =0y, — 230, Xo = 0y, — 2240, X3 = Oy, + 210, and Xy = Oy, + 2220;.

In this setting, the sub-gradient is V = (X1, X», X3, X4), the sub-Laplacian is A = X7 + X3 +
X2 + X3, and the homogeneous dimension is Q = 6.

We note that just altering X to “X; = 0, — 2230;” and X3 to “X3 = 0y, + 2210,”, makes the
group a polarizable Heisenberg group. Hence, we observe that polarizability is affected by just a
small perturbation of the Lie algebra.

In this chapter, we extend the Anisotropic Heisenberg group from Hy (1,2) on R® to Hy, (Z, 9)

on R?"*1 where 6 > 0. Let the dilation be
(5)\(3?1, L2y eeey T2ns t) = ()\,’Bl, )\,’EQ, ceey )\xgn, )\Zt)
and let the composition law be

(I1,$27 -'-7I2nat) © (Thv 12, "'77727la7)

n+1 9$n+1771

5 5 10 > @imjen = miTim) |

Jj=2

91’1
= | x1+m,22+ 102, Ton + N2, t+ T+

where (11, T2, ..., Tan, t) € RZ" L and (91,12, ..., Non, 7) € R2MFTL
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0
Ho, (2, 9) is a homogeneous Carnot group of step two with generators

0
B, — %@ j=1
Oz, .
8mn+1+78t ]:TL+1
Xj = (4.1.2)

Op, — 02100y j=2,3,.,n

Op; + 02,0y j=n+2,n+3,.,2n.

2n

In this setting, the sub-gradient is V = (X1, X, ..., X2, ) and the sub-Laplacian is A = Z X2,
and the homogeneous dimension is Q = 2n + 2. =

We note that for n = 2 and 6 = 2, we get back the setting considered by Z. Balogh and J.
Tyson in [I4], as introduced above.

The generalisation of the Anisotropic Heisenberg group that we consider, in addition to the
results we obtain in this chapter, were used by J. Tyson [128] to formulate the suitable Conjecture
(stated in Section of the Introduction). His conjecture relates the new notion of H—type
stability to the classification of polarizable groups, and if true, it would imply that all step-two

polarizable Carnot groups are Heisenberg-type groups.

The Fundamental Solution of the sub-Laplacian

Z. Balogh and J. Tyson showed in Example 6.6 of [I4] that the fundamental solution of the sub-
Laplacian for the group Hy (1,2) (i.e. AN27@ = AN~* = 0 on Hy (1,2)\{0}) is given by the

following homogeneous norm

(B2 +12)% (A~ B+ VBE 1 2)°

N$,t = 1
(1) (B+ VB2 +12)*®

7 (4.1.3)

2 2
ri @
for (x,t) = (x1,x9, 13, 14,t) € R®, A =2? + 23+22 + 22 and B = ?1 + ?3 + z3+ai.

We note that Z. Balogh and J. Tyson showed in [14] that this homogeneous norm (4.1.3)) does
not satisfy the polarizability condition (4.1.1]).
0
In the setting of the higher dimensional Anisotropic Heisenberg group Hsy, (2, 9> introduced

above, we compute explicitly the fundamental solution of the sub-Laplacian:

0
Theorem 30. The fundamental solution for the group Hay, (2, 9)
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6
(i.e. AN?>~@ = AN~2" =0 on Ha, (, 9) \{0}) is given by the following homogeneous norm

2
1 1_ 1
B? +2)* (AB +t>+ AVB2 +2)? *
N(z,t) = ( )™ ( T ) (4.1.4)
(B+ VB?+12)*
Oz  Oxp, 0 & 2 Oz  Oxpy, 6 - 2
whereAzT—i— 5 —1—5‘ Z xjandB—T—i— ) +7. Z zj.
J=2,7#n+1 7j=2,j#n+1

We note that for n = 2 and # = 2, and by using the identity

(AB+¢2+¢M/B2+tﬂ::(B+W/B2+ﬁ)(A-<B+w/B2+tﬂ,
we get back the fundamental solution as calculated in [14] .

Proof of Theorem

To compute explicitly the fundamental solution, we use R. Beals, B. Gaveau, and P. Greiner’s

Theorem 2 of [I7], which states:
2n

For G a step-two Carnot group, the fundamental solution for the sub-laplacian A = Z X JQ on

j=1
G with singularity at 0 is:

e -1
u(z,t) = G Q) / Vi g (4.1.5)
R f(
for (z,t) € G, x#0. Q =2n+ 2 is the homogeneous dimension, V' : R — R is such that
Hw] %CSCh (w; (T ))%,
and f: G x R — C is such that

fz,t,7) ij ) coth(w; (7))|a - e;(7)|> — V=1t

0
In the case of the Anisotropic Heisenberg group Ha, (2, 9) , w;j(7) are the eigenvalues and e;(7)

are the corresponding normalised eigenvectors of the 2n x 2n matrix Q(7) = —v/—17M, where
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0

N D

k=n+1, =1
Mu=49-0 k=23,..n, l=k+n
0 k=n+2n+3,...2n, l=k—n

0 otherwise

ot ot
DR wn+1(7) = )

w;(1) =01, for j =n+2,n+3,...,2n. The corresponding normalised eigenvectors are:

The eigenvalues are: wi(7) = — , wi(t) = —0r, for j = 2,3,..,n, and

(ej(7))i = o i=j+n

0 otherwise,

for j=1,2,...,n, and

for j=n+1,n+2,...,2n. Thus,

N

csch(w; (7)) 3

V) = [Juw)

Nl=

2 2 nn
= <(91) csch (927-) (97)2"_2csch(97—)2”_2> = 927 csch (027-) csch(07)" 1, (4.1.6)
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2n
flz,t,7) :waj ) coth(w; (7))|z - e;(7)|* — V/—1tr
1 2, 1 2
= Jw1 (1) coth(wy (7)) |x - e1(7)]* + §wn+1(7-) coth(wy,+1(7))|z - eny1(7)]
3 s wi(7) coth(wy (7))]z - e5(7) |2 — =Ttr
2 2
0 v—1 0 -1 .
- th< T) ‘—xl + I 7T coth (97> ’Fxl + It
4 2 V2 V2 4 V2
n 2
1 vV -1 Tj4+n
+=Y —Orcoth(—07) |—~—=m; +
2; T ( T) \/i Lj \/i
+1 ZJ = yo 07 coth(67) ‘FI] + 7+" — /=1t
T ot 0x2 02, T 2 9
J=2,j#n+1
, 923 022, 0 S, 02 022, 0 <,
Letting A = 5 + 5 +§. Z :z:jandB77+ 1 +§_ Z xj, we obtain:
Jj=2,j#n+1 J=2,j#n+1
o
f(z,t,7) = T coth ( 5 ) (A — B) + 7coth(67)(2B — A) — V—1tr. (4.1.7)

Replacing (4.1.6) and (4.1.7)) in (4.1.5)), we get:

u(z, t) = 2(2m)ntl /]R f(x,t,r)”dT
_ T(n) 1/ 7% esch( % )esch(Or)" ! _dr
2Cm e (ot (20 (A= B) + 7 coth(0r)(2B — 4) — Vtr
2
) [, " s (5 s 7 ,
- G /0 R < - d

7 coth ( ’ > (A= B) +7coth(97)(2B — A) — \/th)n

_ 6"T(n) /OO Re esch( % )esch (A7)~ coth (Q—T)n o
0

- 2(2m)nHt coth (4)" (coth (02 S(A B) + coth(07)(2B — 4) — ﬁt>n
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1 coth (77)

using the trigonometric identity coth(67 + ,
g g y coth(fr) = —— @) 5

6" (n) csch( & )esch(07)" ! coth (&)

= — Re 2 n
2(2m)nHt /o o7\ 2 o7
g coth <2> + B — % — +/—1t coth (2)

dr

L (o 07\ 2 07\ 2
using the trigonometric identities csch(f7) = (csch ( 20) and coth <T> =1+ csch <T> ,
2coth (%) 2 2

2
_ 0"T'(n) csch(% )esch ({)2 coth (%)

= 7 Re n
(2m) ! /0 ot or\?>
Acsch <2> + 2B — 2v/—1t /1 + csch <2>

dr

letting u = csch (t) we have du = —g coth (92 ) sch (9 ) dr

B on IF( ) . 0 u2n72 5
o ow(2m)n " {/0 (Au? + 2B — 2y/—1t \/1+u2)nd }

o )Re{( 1)n=2 g2 /°° u? du}
w(2m)" (n=110A"2 o (Au2 +2B — 2y/—Tt VIt u2)”

( )n 20n 1 dn 2 oo u2
= s e ke / sdu . (4.1.8)
m(27) 0 (Au2+2B —2y/~1t V1+u?)

The next step is to compute

[e%s) 2
I(A, B,t) = Re / Y Sdu
0 (Au2+2B—2\/—1t \/1+u2)

- /°° (Au? + 2B)?u? — 42(1 + u?)u?
o ((Au2 +2B)? + 412(1 + u?))?

Write I(A, B,t) = I (A, B,t) — I(A, B, t), where

U2

I(A,B,t) =
1(4,B,1) /0 (Au? 1 2B) + 42 (1 + u?) ™

and

[e%s) 2 1 2\,,2
I2(AaBat):/ St( +U)u 2
o ((Au? +2B)? + 42(1 + u2))
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Remark that
I, (A, B,t) = —td.I, (A, B, t),

S0
I(A, B,t) = (A, B,t) + td: 11 (A, B, t). (4.1.9)

A 1 [ x? ) .
We now compute I (A, B, t) = 3 A 2B+ A+ m2)das using complex theory. Write

denominator in the integrand as a polynomial

p(2) = (A2% +2B)? + 4t3(1 + 2%) = A%2* + (4AB + 4t%)2* 4 4B? 4 4¢°. (4.1.10)

p(z) has four complex roots. If z is a root, then —z is a root. Since p(z) has real coefficients, then
Z is a root, and —Z is the fourth root. Let « be a root in the upper half plane, so —a is also in the

upper half plane. We thus have

p(z) = A%(z — a)(z + a)(z — a)(z + @) = A%(2* — (o + &2)2% + |a|P).

4AB + 4t? 4B2? 4 4¢?
By identification with (4.1.10)), we get that o + a? = _T_; and |a|* = TE From
this, we can calculate Im(a) = R ) fact,
2+a? -2/l AB+t*+AVB2+12
Im(a)? = &+ & = 2al®  AB+#+ T (4.1.11)

4 A?
52

Now, we go back to computing the integral: Let f(z) = (A2 2B+ 121+ 29
z z

, by the residue

theorem:
I (A, B,t) = mi (Res(f, @) + Res(f, —a)) . (4.1.12)
Res(f, ) = lim (= = ) f(2) = I (= o) o — s e = T )
and
Res(f, —a) = lim (= +a)f(2) = Hm (=4 0) r—5n Z)(z “a)ta) 2A2(a§ —a?)’

Replacing in (4.1.12)), we get:

I,(A, B,t) = i (Res(f, @) + Res(f, —a))

i « " «
~ T\ 242(a2 —a2) " 242(a2 — a2)
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- 2mi - s
C 4A2(a—a)  4A%2Im(a)

using (4.1.11))
B ™
= .
4A (AB+12 + AVB2 4+ 12)*
We can now compute I(A4, B, t) using (4.1.9)):

I(A,B,t) = I;(A, B,t) + to 11 (A, B, t)

™

™
= T + 10 T
4A (AB +t* + AVB? 1+ #2)° 4A (AB+ 2+ AVB? 1+ 12)°
B T 7(2t2V/ B2 + t2 + At?)

- 3
4A(AB + 12+ AVB? +12)?  8AVB?+12 (AB+ 12+ AVB? +?)*

2VB? + 12 (AB +t* + AVB? + 12) — 2t>/B% + {2 — At?
™ 3
S8AVB? +12 (AB +12 + AVB2 4 12)*

- 2BVB? 4+ 12 + 2B? 4 12

3
2

v
8V B2 + 12 (AB + t2 + AVB? + 12)

B 7 (B+ VB i)’
8VB2 + 12 (AB + t2 + AVB? + 12)?
Using ,
_ (_1)71—2971—1 dn—2
u(z,t) = T @y dAn I(A, B,t)
B (_1)71,—29n—1 qn—2 (B + B2 +t2)2
- n n— 3
(@m) dAY \ g BT F 1% (AB + 12 + AVEZ + 12)°
()" [T (2 3) (B+VB )"
- non— S4n—
(2m)n2n= 8VBT T2 (AB+ 12+ AVBZ+ £2)* "7

0 T (2k - 3)
(27T)n2n+1

(B+ VB2 + )"
VBT (AB+ 12+ AVBT T 2)"*

82
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The fundamental solution is given up to a constant multiple:
N(z,t) = u(e,)=7 = u(z,t)" =

using the last equation,

(B? + )7 (AB + £ + AVBZ+2)* ™

N(z,t) = ; (4.1.13)
(B+VB?+12)*?
022 022, 0 &, 022 022, 0 <~
Jj=2,j#n+1 j=2,j#n+1

4.2 U-Bound Inequality

0
In the setting of the Anisotropic Heisenberg group Ha, <2, 9) , the goal is to utilise the following
U—bound inequality (4.2.1)) to obtain the g—Poincaré inequality for measures of the general form
e—9(N)

dp = dX
H 7 )

where N 72" is the fundamental solution of the sub-Laplacian, as computed in Theorem

Similarly to Chapter |3, the plan is to utilise the U—bound inequality to obtain the
q—Poincaré inequality via W. Hebisch and B. Zegarliniski’s Theorem |§| (introduced in Section m
of Chapter .

The U—bound Theorem is the following:

Theorem 31. Let N~2" be the fundamental solution in the setting of the Anisotropic Heisenberg
0
group Ha, (2,9> with 6 > 0 and n > 5. Let g : [0,00) — [0,00) be a differentiable increasing
function such that g"(N) < ¢g'(N)? on {N > 1}. Let
e—9(N)

A = A
H Z

be a probability measure and Z the normalisation constant. Then, for ¢ > 2,

"(N
[ S ran<c [ 19+ [ 15, (4.2.1)

holds outside the unit ball {N < 1} with C and D positive constants independent of a function f
for which the right hand side is well defined.
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Recall that W. Hebisch and B. Zegarlinski’s Theorem [6] gave us freedom of choosing some 7
with the requirement that “n goes to infinity in all directions”. In this case, for similar reasons as
discussed in Chapter [3] we will show that the choice is

_g'(N)
NZ

and the requirement would be n — oo as N — oo.

The plan is to adapt the U—Bound proof introduced in Section of Chapter [3|and to portray
the differences between both settings. In particular, note that one difference is that the dimension
in this theorem is required to be n > 5, for reasons that will be discussed in this section.

As in Section of Chapter [3] we require the following technical lemma, which is proved in
Section of the Appendix [7}

Lemma 32. The fundamental solution of the sub-Laplacian N~2" on Hgn(g, 0) satisfies

0 2
z VN > —4:7]'\], (4.2.2)
02|z
VNP2 > 725+|§z|v2’ (4.2.3)
0%(2n + 1)%|z|?
2
IVNF < —5 535 (4.2.4)
2n 2
where |x| = Zx? is the Fuclidean norm.
j=1

This lemma provides bounds for the two quantities |[VN| and = - VN. In contrast with the
technical Lemma [I8] in Section [3:2] of Chapter [3] the bounds of this lemma are more precise in
terms of the dimension n.

Recall that in the technical Lemma [I§ in Section [3.2] of Chapter [3] in addition to bounds on
|[VN| and z - VN, a bound on a third quantity AN is needed. In the case of the Anisotropic
Heisenberg group setting, since N 2" is the fundamental solution of the sub-Laplacian, then AN
is related to |[VN| by:

2
AN = (2n+ 1)%, (4.2.5)

In fact, for any fundamental solution N2-9 to the sub-Laplacian, we have the relation

[VN|?

AN = Q-1

i
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where @ is the homogeneous dimension of the group (see [29] for more details). Hence, we can
deduce, from this technical lemma, bounds on AN that are necessary in the proof of the U—bound
Theorem.

Moreover, notice that Technical Lemma[I8 had the useful property z- VN > 0. Here, according
to , the quantity = - VN could be negative: we will show that this will lead to an additional
“bad term” that we did not encounter in the proof of Theorem [I7] This additional “bad term” is

the reason behind the requirement that n > 5 in the U—bound Theorem

Proof of Theorem [31]

We proceed as in Theorem (Section of Chapter|3)), while highlighting the differences between

the two settings. As in Theorem [I7] we first prove the result for ¢ = 2.

The choice of 7,

Using integration by parts,
/ (VN)-(Vf)e 9Na) = — / v (VN@’Q(N)> fdx = — / AN fem 9N g+ / IVN[2fg (N)e 9N an,

Since N 2" is the fundamental solution, we relate AN to |[VN| by (4.2.5). Hence,

/ IVN|2f |:g/ (N) — (Q];l)} e 9N\ = / (VN) - (Vf)e Mgy, (4.2.6)

2
|z]?
“goes to infinity in all directions” (i.e. we avoid the problem around the “z-axis”).

2
Replacing f by i and using (4.2.3)) of the Technical Lemma the left-hand side of (4.2.6

As discussed in the proof of TheoremE we replace f by in order to obtain a suitable 7 that

|2
becomes:
2 2 /
2 f (Q@-17 _gw 4 2[9(N)  (@-D] _yn
/|VN| P [g’(N)— ¥ e I g) > e f N NT | ¢ 9(N) gy
6 g (N) _
2 3+ 2 /f2 { vz~ (@- 1)} e 9 Mdx, (4.2.7)
/
N
Where the last inequality is true since N > 1. Just like Theorem |17, the good candidate n = g 5\7 )

is obtained. For the right-hand side of (4.2.6)),

/(VN) : (v (é;)) e I\ = /(VN) : [2fvf - W] e I dx

2 faf?
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- /(VN). {vaf - Qfﬂ eI . (4.2.8)

2 falt

Using the bound on VN -z from ([£.2.2)) of the Technical Lemma [32} we get:

/(VN)~ <v <f2>>eg(N)d)\— 2] N Ve Mg — /fZVN Te=9(N) g

|2 jz?

2f

z ‘2 e~ 9 1\

—g(N) -
——=VN -Vfe d\ + /N| E

Q/L\VN\|Vf|e’9(N)d/\+i/ I e gy,
- || 2n J Nlz|?

e~ 9 g

Notice that since VN -x could be negative, we have the additional “bad term” % / N[l
that we did not encounter in the proof of Theorem This additional “bad term” is the reason
behind the requirement that n > 5. In fact, bounding this term by the left-hand side of the
inequality will be our main concern in this proof. Using the bound on |VN| from of the

Technical Lemma, [32], we get

/(VN) : (v (éi)) e 9N )

@n+1)6 [ 1f] ~s gy 4 ! / ~g(N)
/le| [Vfle dX + o N|x\2€ d\
. P . . 2 b2 .
applying Cauchy’s inequality with 8 : ab < [fa“ + @ with
_ L —an
" Nl
and
2n + 1
p= B D g
2o / _ (2n + 1 )262 -
< e~ 9(N) i e~ 9(N) RStV 2,—9(N)
< 6/ N2|x|2 dX + Nz |2 dx + 52 [V f|%e d.

Combining the last inequality with (4.2.7), we get

0? 2 [9' (V) —g(N) f? o—9(N) o= 9(N)
25+%/f { N2 —(Q—l)}eg dAgﬁ/N2|x|2 g dA+—/N| B INIgx (4.2.9)

(2n + 1)262
8n?p

This inequality (4.2.9) resembles the required U—bound inequality (4.2.1)), except for the dif-

/ |V f|2e= 9™ d.
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I e I\ + LA / ie_g(md/\. We notice that 8 could be chosen ar-
N2|z|? 2n J Nlz|?
f2
N|z[?
e 9N dX by the

ferent terms (3 /

e I g,

0
bitrarily small, and since N > 1, we will only be concerned with the term on /
n

f2
N|z[?

0
For n large enough, to be determined later, the goal is to bound on /
n

: . 0? g (N) _
right hand side of (4.2.9)) by e /f2 1572 )e 9(N) .

Due to the presence of the singularity at |z|, the plan is to apply Hardy’s inequality, as in the
proof of Theorem [I7} In Section [3:2] of Chapter [3| we provided a few unsuccessful trials that led
naturally to a proof of Theorem [I7} By the same reasoning, for o a parameter to be determined
later, we introduce the “artificial” set

22" ()

F .= R0+,
{(z,2) € a—y

< 1},

specifically made for the proof to go through. Notice that in Theorem F = {(z,2) €

R™™ . |z|?¢g/(N) < 1}. This is because, unlike this theorem, we were dealing with the term

2
e/ Néf| |26_9(N)d)\, with a quadratic IV in the denominator and a free choice of e. We plan
x

to proceed as in Theorem proving Hardy’s inequality over the set F,. := {(z,2) € R*"*+1 :
2 1

LICACAD
N

Coarea formula (see p. 468 of [29]) to recover the full measure.

< r}, where 1 < r < 2 taking into account the boundary term, and then using the

229" (N)

Introducing F := {(z,z) € R . o N

<1}

B 0 f2 B 0 f2
IN) I\ = — IIN) I\ 4+ —
¢ Yo Jo N2

. —9(N) g\
on Jp Nz|2© ¢

Splitting the following integral on F' and F° :
4 f? —g(N) af f*9'(N)

/ :
2n J N|z|?
d\+ — LI 9N, (4.2.10)

— —5€
- 2n F Z\/v|$|2 2n Fe j\f2

where (4.2.10) is true since F°¢ = {(z, 2) : ﬁ < a#}. Notice that for a suitable « to be chosen

later, the second term of (4.2.10) can be absorbed by the left-hand side of (4.2.9)). The aim now is
to estimate the first term of (4.2.10]).

Hardy’s inequality on F, = {(m, z) € R?nFL . am# < 7’} , where 1 <r <2

As mentioned in the proof of Theorem proving Hardy’s inequality on the set F' leads to a “loss
of measure” at the boundary term. To bypass this issue, we prove Hardy’s inequality on sets Fi..

Then, integrating this boundary term with respect to r for 1 < r < 2 leads to recovering the full
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measure by the Coarea formula (see p. 468 of [29]).

0
Theorem 33 (Hardy’s Inequality for F.). Let Hy, (2,9> with 6 > 0 Anisotropic Heisenberg
group, whose Lie algebra is generated by {X;}?, as defined in . Define F, = {(z,2) €

R2n+1 . z%g"(IN) g "(N) < r}. Then,

g2 2 (XL Ve (22420

h2 1 / ) 1
Ldn< ——— [ vl d)\+—/ - dH?",
/F 22 n—12 Jp n—1 Jom |x|2jz::1 ]veuc (a%)‘

where I is the identity map on R2"+! and V.. is the Buclidean gradient on R?"+1,

This follows our proof of Theorem the difference between the two settings is the set F}. we

are considering.

Proof. By a direct computation,

/hzd)\l/ h2V - L Vi
F, |z 2n =2 Jp, |22

T

integrating by parts,

1 1 2 2n x'<X'Iaveuc «
:_7/ th( )dA—s— / LQZ AN ( N
n—1 ||2 2n—2 Jop, |2 ot ‘Veuc (a\zl g9'(N)

|z]|%g’ (V)
1 L ) B2 20 2 (X1, Ve (a )>
< / u|vh|d/\+ / e Y — N
n—1Jp || 2n =2 Jor, - ’veuc (all’\ ?V(N)N

2 2 | |

h
using Cauchy’s inequality ab < S ” witha= ' and b= |Vh|,
2 2 |z (n—1)

X.I.V %9’ (N)

1 h2 1 h2 n .’IJ< 'Ia euc | >
sf/ 7261)\4-7/ VAPdA + 53— / —z > S < al ) dH?".
2 Jp, || 2( -2 Jor, || = 'veuc (a\w\ JgV(N)>‘

Rearranging, we get Hardy’s inequality for F. O

Choosing
fe —géN)

h:
Nz

in the last Theorem and noting that F':= Fy; C F, C F5,, we have

2,—9(N)
O [ e
o) | N2
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0 1 Fe BN [
<[—)— V|——F—— dA
< () v . ( I )
_ m (X IV |29 (N)
9 1 f26 g(N) ‘rj< jdy Veuc | & > 9
+(2) 1/ N|z|? lz[29"(N) i (42.11)
it e S e

Recovering the full measure using the Coarea formula

Integrating both sides of the inequality (4.2.11) from r =1 to r = 2, we get:

0N (2 [fe 5P

<2n>/ /F N A

9 —g(N) 2
(Bt L
“\2n) (n-12 ) Jp N2

lz|?g" (V)

< 9 ) 1 /2 f2e—g(N) 2n xJ<XJI7 veuc (O[ N
+ [ =
) n=1)y Jor, NEP & ]Vm (am?%(w))‘

dXdr

) > dH*"dr

To recover the full measure in the boundary term, we use the Coarea formula:

—g(N)
fe™
o
f2e—9(N) 22

ij<Xan Veue (04|£|29/(M>>d)\ (4.2.12)

2

X

g(N) |2

0 |fe== 0
Z <
(2n) /F1 N|z|? dA < 2n(n — 1)2 /F2

0

+ 2n(n —1) /{1<alwl2§\[’<N><2} N|z|?

, N
j=1

Computations

It remains to compute the right hand side of (4.2.12)): Define the first term to be

(0 1 fe=5
1= (50) <n—1>2/F2V< N )

and the second term to be
! frer § 2y (N)
B:i=——= LA— (AX. T I UV Ny o
2n(n—1) /{} N 2 B Ve (@25 ))

2
d,

j=1

Computing A

()
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(51) n—1)2 \V]@ #Mdx+ (89n) (n_ll)z/F 1?9 (N )QWJZ\W 9(N) g\
(86;> levNI —9N) g _ 21%(7;0—1)2/F fo~VNwe*9<N>dA
1 0 / fVf- VN —g(N)d)\+ 4(7f_1)2/Fz fQQ’(N)‘V]ViQ‘Qe—g(N)d/\.

Using ([:24),

0 1 VFf? _ (2n +1)%63 lz|2
a< (L g(V) 7/ 2,02 12 g ()
- (2n) (n—1)2 /F2 N ¢ A+ 26n3(n —1)2 Fg(N) N3 © dX

(2n+1)2 T 2n—|—1 | _
T i — 172 /f2|| N+ = /IfIIVfI Ml =0,
(2n + 1)6? / |£C| —g(N) (2n+1 )263 / 9 |£E| _
e rav v IN) g\ 4 V) 7 ( eI .
ot o, IV + g g

Using the fact that F» = {am# < 2} and that |z| < C,, N,

1 6 IVf? _ (2n +1)%63 g (N) _
A< — g(N) / 2 g(N)
- <2n) (n—1)2 /F2 N € dr+ a2n3(n—1)% Jp, f N2 © dX

(2n + 1 9302 9 N) 277/ + 02 _ N)
*W f Nae i o T1IV P

(2n+1 )0%C,, / (2n+1)203 / P R

LT N+ -T2 7 — e 9MNgx,
+2% |f||vf|N2 + a24n3(n —1)2 FQf N3©

b2
Using Cauchy’s inequality with v : ab < va? + =
Y

2n+1 0%C, _
e MU S

with

(N 2n + 1)6?
= % and b= W|Vf| and Cauchy’s inequality with + on
2n2(n —

2
M/ |f\|Vf| —g(N)d)\

90
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2
with a = m and b = (2n+1)6°Cy,

N2 25n2(n — 1)2

9 1 9402(2”—‘1— 1)2 ,
A=\ - —g(N)
B (<2n) (n—1)2 * ¥26n4(n — 1)4) . IV f|7e dA

|V f| in addition to N > 1,

63C2(2n + 1)? 63(2n + 1)2 2 g
n —g(N)
+ ( 26n3(n — 1)2 * a2*n3(n —1)2 + 7) /F2 Ire dx

Fy

a25n3(n —1)2 N2 °©

Hence,

65(2n + 1)’ 29/ (N)
< (2T TN =9V g\ + C VF12e 9MNgx + D 26,=9(N) g\,
< <a25n3(n_1)2+v>/F2f ) o [ oree p [ g

(4.2.13)

Computing B

For the second term of (4.2.12]),

o\ 1 frem9t ZM X1V |z[%g'(N)
B = _— ; I euc D —— d)\
<2n) n—1 /{1<a"”'2§’\;<m<2} Nz|? j=1$3< 7 TN )

On the Anisotropic Heisenberg group, for e; the standard Euclidean basis on R2*+1,

0 for i#j and i<2n
Xil-ei=4q1 for i=j and ¢ <2n

Z?glAjm for i =2n+1,
where

-% j=1 l=n+1

8 j=n+1, 1=1

Ap=<S-0 j=23..n l=k+n

0 j=n+2n+3,...2n, l=k—n

0 otherwise
Also,

2.7 N
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2ig (V) | alaPg"(N)0uN  alaPy (N)9,,N

i N e for i =4 and ¢ < 2n

2«

alzg"(N)ON _ alz*g'(N)ON

N e for 1 =2n+1.
Taking the dot product and summing,
S 29’ (V)
Z (X1, V e <aN>>
j=1
2n 2 /
alzl*g )axjN

2n
o |$‘2 / +Z Ja|x‘2 // Z

2 // oN 2 / aN
+Zx] <a|x ]\(f )0 a|x\ ¢ )ZAﬂxl

j=1
_ 9o lBPI ) | alzlPg"(N)z- VN _ afe’g'(N)z- VN
N N N2
alz|?g” (N)O N aa:Z’ N)O\N 2 2
+(||9]\(])t _ |z| t >ZZAJ”3WJ
j=11=1
_ 9o lBPI W) | alzl’g"(N)z- VN _ afefg'(N)z- VN
N N N2 ’
2n 2n
where Z ZAﬂl’ll‘j = 0 since A is skew symmetric. Hence, using (4.2.4]),
j=11=1
2n
|z[2g'(V) 29" (N) | alz[Pg"(N)[VN|  ofz*g'(N)|VN]
D@ (X1, Veue (aN | S20——F—+ N + N2

Jj=1

z|?¢'(N)  af(2n+1)|z|'g”"(N) = ab(2n+1)lz|'¢'(N)
< 20 + 3 + 3 .
N 25nN2 22nN3

Therefore, replacing,

0\ 1 fremo) & j2[2g' ()
= (= T — X, Vewe | @222 )yan
(2n> n—1 /{1<a'“2-;7v'<N><2} N|z|? ;x]< 35 Vewe \ O )

< g (e / f2g/(N) efg(N)dA
T \n/) n—1Jncalel?dm gy N?

Fain 1) | PO o
22n2(n — 1) J{1<alz29/ M) oy N3

Pognil) | Plal?g' (N) ) gy
22n2(n — 1) J1<alzPg@) oy N4
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|29’ (N)

Using the fact that we are integrating over {1 < « < 2},
2
B < <9> a / me—g(md}\
n/n—1 {1<a‘:):‘2g#<2} N2
W/ we—g(md}\
2571/2(77, — 1) {1<am29#<2} NQQI(N)
62(2n + 1 2
2577,2(71 — 1) {1<a\$\29#<2} N

Using the condition of the theorem that ¢g”(N) < ¢’(N)? on {N > 1}, we bound the second term
on the right hand side of (4.2.14)).

Combining A and B

Now we go back to (4.2.9):

259j2 /f2 |:glz\([]2\7) o (Q 7 1):| efg(N)d)\

2 N _ 0? 2n + 1)2 _
< IN) N\ + — e~ 9 g 25=9(N) .
<5 [ i e g, [ e v
From (4.2.10)) we have that
0 f? —9(N) g\ o9 of f2g'(N) _
— | = dX L2 e 9Mg),
n/N|:v|2‘3 - 2n/ N|x|2 o 2n Jp. N? ¢

From (4.2.13)) and (4.2.14]) we have that

2
i/ f e~ 9 g
nJp Nlzf?

(2n+1)263 af / 5g (N) _
< L L em9(N)g\
- <a25n3(n—1)2+7+n(n—1) sz N2 ©

IVf2e 9N dx+D [ fre 94,
F2 F2

We combine the last three inequalities and repeat the same procedure to 3 [ ﬁilge’gw Jd\ to

get:

( 92 _&9_ (2TL+1)293 B ab _’y_B)/ng/JS[ZzV)e—g(N)d)\ (4.2.15)

25+%  2n  a2°n3(n—1)2 n(n-—1)

<C | |VfPe 9 WNa +D [ fPe 9N

Fs Fs
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Choosing the dimension n

To get the U—Bound, we need the left hand side of (4.2.15) to be positive i.e. we need to find
suitable a, n, 7y, and 3. Since y and S can be chosen to be arbitrarily small, we need to find solutions

to the following inequality

0 ! (2n + 1)%62 !
—_— = — = - 0. 4.2.16
25+%  2n a2n3(n—1)2 n(n-1) ” ( )

0 e (2n + 1)%62 e

25+2  2n  a2n3(n—12 nn-—1)

First, we determine « : Let f(a) =

1 2 1)262 1
flo) = g+ VO .

2n  a?2n3(n—1)2 n(n-—1)

Solving for f'(a) =0,
_ 0@+ 1)
2n(n2 — 1)z
Replacing « in (4.2.16|),
0 0@2n+1)  0mA-1)F2n+1) 0(2n +1) -
25H% 2Bp2(n2 —1)2 23n%(n — 1)2 22n2(n —1)(n? —1)2

wle | l=

3p2 (2n+1 (n+1
1>2 n< 3 )
n (n—1

This holds true if we choose n > 5. Hence, we get:

0)

!
/f2 (9]@[)) eI ) < c/ |Vf|26*9<N>dA+D/f2e*g<N>dA,

and the U—bound Theorem [31] is proved for ¢ = 2. For ¢ > 2, the proof follows as Theorem

4.3 g—Poincaré Inequality

We now have the U—Bound Theorem [31] at our disposal and are ready to prove the g—Poincaré
inequality using W. Hebisch and B. Zegarliniski’s Theorem [f] (introduced in Section of Chapter
).
: . o g'(N)
As discussed previously in this chapter, N2 from the U—Bound Theorem |31| plays the role of
n in W. Hebisch and B. Zegarlitiski’s Theorem [ We note that in [I], R.A Adams proved coercive

inequalities on R™ for measures of the form du = exp(—(z))dz, where ¥ (z) has a polynomial

behaviour p(z), an exponential behavior exp(p(z)), or the composition of the exponential j times
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expY)(p(x)). This motivates the following corollaries in our setting:

Corollary 34. The Poincaré inequality for ¢ > 2 holds for the measure

—cosh (N*
a = &2 i G

where X\ is the Lebesque measure, and k > 1 in the setting of the anisotropic Heisenberg group

R2™+L with n > 5.

Proof. g (N) = cosh (N*), so ¢’ (N) = kN*¥~!sinh (N*) , and
g"(N) = k(k — 1)N*"2sinh(N*) + k2N ~2cosh(N*).

First

g”(N) S k2N2k72Sinh2(Nk:) — g'(N)Q,

3
on the set {N > 5}, so the condition of Theorem [31|is satisfied. Secondly,

[0 s

N* Nk

- q k_Nk_ge —e d . - 61\/’C - e_Nk
= f —|du+ JOIRNF 33— | dp
{v<i} 2 {vz1} 2

Sl

<c [Ivitan+D [ |frdn

durc' [ s [ fira
{N>1} {N>1}

Thus, the conditions of Theorem |§| are satisfied for n = kN*~3sinh (Nk), and k > 1. So, the

Poincaré inequality holds for ¢ > 2. O

Corollary 35. The Poincaré inequality for ¢ > 1 holds for the measure

_NF
dp=P ") (Z Jax,

where X\ is the Lebesque measure, and k > 4 in the setting of the anisotropic Heisenberg group

R2+L with n > 5.

Proof. Let g(N) = N¥ so g (N)=kN*' and ¢’ (N) = k(k — 1)N*~2. First

g//(N) S kQNQk:—Q :gl(]\]')Q7
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so the condition of Theorem [31]is satisfied. Second,

g (N) _ k—3 _ k—3 k—3
/ - f‘?du_/fq[k:N ]dp_/{N<1}fq[kN }du+/{N>1}fq[kN ] dy

< / Kyt C" / IV f{dy+ D’ / |Flidu
{N<1} {N>1} {N>1}
<c [1viirdu+ D [ 151

Thus, the conditions of Theorem |§| are satisfied for n = kN*=3 and k > 4. So, the Poincaré

inequality holds for ¢ > 2. O

The following corollary improves Corollary [35] in an interesting way. Namely, at a cost of a

logarithmic factor, we now get the Poincaré inequality for polynomial growth of order k& > 3.

Corollary 36. The Poincaré inequality for ¢ > 2 holds for the measure

exp (—N¥log (N + 1
o PP 02

),

where X\ is the Lebesque measure, and k > 3 in the setting of the anisotropic Heisenberg group

R+ with n > 5.

/ NF
Proof. Let g(N) = N¥log (N +1),s0 g (N)=kN*1log(N +1) + Ni1 and
2kNH1 N*

" _ _ k—2 _
g'(N)=k(k—-1)N""“log(N +1)+ N+l N+

2k k—1
First ¢ (N) < k>N*~2(log(N + 1)) + OESIE + 2kN*1log(N + 1) T g (N)?, so the con-
dition of Theorem [31] is satisfied. Secondly,
g (N) ., / q k-3 Nk-2
— = N log(N +1
[ St = [ g N 1op(V + 1)+ G | d
k3 Nk—2 k3 k—2
= fq{k;N_logN—i—l—&- ]du—!—/ fq[kN_logN—Fl—i- du

<[ w4 ap e [ Vi [ firdn
{N<1} {N>1} {N>1}

<c [ \Viirdu+ D [ 111

Nk—2
Thus, the conditions of TheoremHare satisfied for n = kN*=3 log(N +1) + Nl and k > 3. So,

the Poincaré inequality holds for ¢ > 2. O
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4.4 [f—Logarithmic Sobolev Inequality

Theorem [27) in Section [3.4] of Chapter [3| proves that for

—_aNP
eaN

A

dp = ),

where a« > 0, p > 1, N is a smooth homogeneous norm, and Z is the normalisation constant, the

2pQ3
—1

3
, and ¢ > 2, we will show that p satisfies B—Logarithmic

measure p satisfies no S-logarithmic Sobolev inequality (0 < 8 < 1) for 1 < ¢ <

However for p > 4, O<B§p7

Sobolev inequality. To get the f—Logarithmic Sobolev inequality, we use the ¢—Logarithmic
Sobolev Theorem [24] proved in Section [3.4] of Chapter [3] combined with the U—Bound Theorem
proved in this chapter. We note that, in the classical R™ setting, this kind of inequality is used

for hypercontractivity in Orlicz spaces ([16]) and for tight Orlicz-Sobolev inequalities ([136]).

Theorem 37. Let R?>"T! be the Anisotropic Heisenberg group with n > 5. Let the probability
—g(N)

measure be dy = d\, where Z is the normalisation constant and N 2" the fundamental so-

lution. Let g 00) = [0,00) be a differentiable increasing function such that g'(N) is increasing,

g(N ( ’

) , and g"(N) < dg'(N)? on {N > 1}, for some constants ¢ and d. Then

<f|‘1

for C and D positive constants and for q¢ > 2.

g (1) > < CulfI" + DulV 1,

The proof follows closely that of Theorem [2§] proved in Section [3.4] of Chapter [3] with some

modification.

Proof. Choose ¢(x) = (1 + x)?, which satisfies the conditions of the ¢—Logarithmic Sobolev
Theorem |24] in Section of Chapter 3| On {N > 1}, ¢"(N) < dg'(N)? < ¢'(N)3N3, so the
condition of the U—Bound Theorem [31] is satisfied. Thus, on {N > 1}, we have the U—bound
@E21):

w (Z5201) < Culv g1+ Dl

g'(N)
N2

By the condition g(N) < (c >B , we obtain ¢(g(N)) = (1+g(N))? <
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Hence, since g(N) is increasing and using the U—bound,

q g'(N) q q
wloto NI < [ (Gt [ ool

2 g1 Blf|e 4.4.1
S/{N>1}( vz ] >du+/{N<l}(1+g(1)) |fl9dp (4.4.1)

< CulV "+ Dyl f|*.

In order to use the ¢p—Logarithmic Sobolev Theorem it remains to prove:
p(IF1%Vg(N)|7) < CplfI7 + DulV 1. (4.4.2)

On {N < 1}, since ¢’(N) is increasing and using (4.2.4)),

0
[ Umam dn= [ (a1l 0TNI d < gian + 17 [ gy
{N<1} {N<1} 272 nd {N<1}

We now need to consider {N > 1} :

/ 1 (Vg(N) -V =V - V) dp = / VIV < £ / 19V Pdy+ Ei%qq-l / V7|, (4.4.3)

P a
where the last inequality uses ab < e 4 —, where a = | f|971|V], and b = ¢|V f|. Let
p €erq

e

V=VNTs

g'(N) 1.

Since Vg(N) = ¢'(N)VN, then Vg(N) -V = |[Vg(N)|?, which is the term on the left hand side of
(4.4.2)). Using the inequality (4.2.4) on the first term on the right hand side of (4.4.3]) we get

(a=2)p o/ (N2
T N a0
N

or(2n + 1)P x| (N)?
< SHCAIP [t N,
272 nP

€
p 2% N4

which can subtracted from the left hand side of (4.4.3)) since by choosing € small enough and noting
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that using (4.2.3)),

jz|472 02 |x|?

Va(N) -V = [N (V) = o g (V)"

It remains to compute V - V. Using the fact that N 2" is the fundamental solution,

(Q—1DI|VNP
N )

AN =

0%(2n + 1)2|z|?

Q = 2n + 2 the homogeneous dimension and |[VN|* < 4.2.4

23n2N?2 ’
Vv = AN vyt g - T T TN () [ONTR S (N
g - g/ (V2 E VN
v v g QIECHEE I g vyemt 4 -y PCnH D (N2
- 2)92(2n + U ety )T (¢ — 1)wg'(N)q‘29”(N)m

23n2 Na+l 23n2 Na'

All terms can be absorbed by the first term in (4.4.3). Using (4.4.1) and (4.4.2)), the condition
of the ¢—Logarithmic Sobolev Theorem [24] is satisfied, and we obtain S—Logarithmic Sobolev

inequality:
oo (LFI NN a ‘
| 1f]* flog . < Culfl* + DulV |
plf]
for C' and D positive constants independent of f. O

As a corollary, we obtain the following result:

Corollary 38. Let R2"! be the Anisotropic Heisenberg group withn > 5 and N the homogeneous

norm corresponding to the fundamental solution of the sub-Laplacian equation. Let the proba-
—ANP
bility measure be dy =

0<6§p;3’
p

dA\, where Z is the normalisation constant. Then, for p > 4 and
al] /1 ’ q q
| 1% flog T < Culfl" + DplV f1%,

for C and D positive constants and for q > 2.




Chapter 5

Poincaré inequality in Infinite

Dimensions

This Chapter is based on [31]. We formulate general sufficient conditions for the existence of a
Poincaré inequality for Gibbs measures on the infinite dimensional Carnot Group G2 in terms of
weak U-bounds and weak single-site Poincaré inequalities. We then formulate general sufficient
conditions on the associated local specification in terms of the phase and interaction so that
these conditions hold and give examples of measures constructed using homogeneous norms (like
the fundamental solution to the sub-Laplacian) and generalising previous results for the Carnot-
Carathéodory distance.

For N that is the generalisation of the fundamental solution to the sub-Laplacian in the Heisen-
berg group (in the setting of step-two Carnot groups, Chapter ) or the fundamental solution to
the sub-Laplacian in the Anisotropic Heisenberg group (in the setting of the Anisotropic Heisenberg

group, Chapter )7 we have the following result:

Theorem . Let a > 0 and p > 3. Define a local specification on G% by the following potential:

UR(ea) =@y @)+ Y ByQriay) + Y BiQaswy).
i€A i,jEA i€A, JEA
Suppose that:
(1) ¢ is a semi-bounded generalised polynomial in N of order p with leading term NP,
(2) |Bij| < B for alli,j € ZP, and
(3) Qas,z;) = 25:1 ctof(z:)*¢0%(x;)P is a finite sum of k € Zsy products of powers of

homogeneous norms (0%, 6%)¢=1.... x with bounded sub-gradient and for ¢ € R, of, 8° € {0} U[1, 00)

100
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and 0 < o 4+ B¢ < p.
Then for all sufficiently small B > 0, there exists a unique Gibbs measure v which satisfies the
2-Poincaré inequality

v|f —vf* < Csav|V I

We note that the key is to have a U—bound theorem that holds in the corresponding setting,
i.e. Theorem (17| of Chapter and Theorem |31| of Chapter .

5.1 Setup

The goal of this chapter is to extend the following Poincaré inequality to an infinite dimensional

setting:

/Q|ff/ﬂfdz/\qdy§C’/Q|Vf|qdy, (5.1.1)

where € is the Carnot group. We are interested in 2 = G, the step-two Carnot group, where v is a
probability measure as function of the homogeneous norm considered in Chapter [3] Moreover, we
will also consider 2 = Hy,, (g, 9) with 6 > 0, the generalised Anisotropic Heisenberg group, where
v is a probability measure as function of the fundamental solution of the sub-Laplacian considered
in Chapter

So far, the passage to infinite dimensions in the setting of Nilpotent Lie groups required the
condition |VN| > ¢ outside the unit ball (|82} [86]), which is not true for homogeneous norms
considered in Chapter [3] and Chapter [l In fact, the trouble arises from the “z—axis”, where
|[VN| = 0 outside the unit ball (see Subsection [2.1.1] of Chapter [2] for more details). However, using
the U—bound inequality, we are able to provide a new method that overcomes those restrictions
and allows for an extension to an infinite dimensional setting. The following is a brief setup and
statement of the Poincaré inequality theorem in an infinite dimensional setting:

We are interested in the Poincaré inequality of the form where the configuration space

z
0 =G (or Q = Hy, (Z,H) ) is the product of infinitely many copies of the the step-two
Carnot group (or the generalised Anisotropic Heisenberg group) indexed by the d—dimensional
integer lattice Z9.

This resembles many particle systems in condensed matter physics that we see in ionic com-
pounds and crystals for example. On those systems, we have dynamics and PDEs that we would
like to study. Hence, it is essential to use some estimates i.e. coercive inequalities (like the Poincaré
inequality) that the Gibbs measures satisty.

From the point of view of statistical mechanics, each lattice point i € Z? represents a particle
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with unbounded spin taking values in G (or Hy, (z, 9) ), while a point w € ) represents a spin
configuration, i.e. a description of the spin of every particle in the system. We write the following
setup for the step-two Carnot group G, but we note that it could be replaced by the generalised
Anisotropic Heisenberg group Hs, <§, 9> for 6 > 0.

The measures v on € that we consider are constructed in the following way. If A C Z% is a

compact subset and w € 2, we define the local Gibbs measure on G* C Q by

E% (dzy) e Yidzy

=

A

where dz is the Lebesgue measure on G* and Z4% is a normalisation factor, and where the potential
Uy is

UR (za) = Z¢($z) + Z BiiV(zi,x5) + Z BiiV(xi, w;). (5.1.2)

icA i,jeA i€A, jEA
Here ¢ € C(G, R), V € CY(G x G,R), and |B;;] < j3 for some 8 > 0 and for each pair i, j € Z<.
That is, each site i € A contributes both a phase part ¢(z;) and an interaction part 3,7 V (i, ;)
where z; = w; whenever j ¢ A.
We call the family (E‘;{)Xg%d a local specification, and we denote the integral of a function

f: G* = R against the measure by
Af = [ fdERX. (5.1.3)
GA

The functions f appearing in (5.1.1) belong to W14(v) :== Wh4(Q,v) where the Li-norm of
the sub-gradient is defined by

IVaf|? = IVif*

i€EA
for all subsets A C Z?, and where V, f(w) = Vf*(w;) == V{i}fj(‘;}(wi) and |V, f|? is the ¢g—th power
of the L?-norm of V,f.
With respect to the family (EX)X?ZZ, a measure v on ) is called a global Gibbs measure for

this local specification if it satisfies the Dobrushin-Landford-Ruelle (DLR) equation
VEx = v, (5.1.4)

for all A C Z¢. This construction, which follows the work of Dobrushin [52], Lanford, and Ruelle
[87], means that the measure v is constructed by first providing a description of the behaviour

of v on finite volume subsystems A C Z?. The existence of such a measure follows Dobrushin’s



CHAPTER 5. POINCARE INEQUALITY IN INFINITE DIMENSIONS 103

criterion [53, Theorem 1] for spin systems on arbitrary metric spaces. Moreover, the proof of the
main theorem will go on to show that the Gibbs measure v is unique, which is related to the
physical phenomenon of phase transition [61].

In this chapter, we state our results that are concerned with finding conditions on the phase
¢ and interaction V' so that the Gibbs measure v exists, is unique, and satisfies the g-Poincaré

inequality (5.1.1). The complete details and proofs of the results are found in [31].

5.2 Passage to Infinite Dimensions

As mentioned in the previous sections, the works [82] [86] investigated coercive inequalities for the
global Gibbs measure v as a function of the Carnot-Carathéodory distance (Introduced in Section
of the Introduction and Chapter[2). Our main aim is to consider Gibbs measures v as function
of the homogeneous norm considered in Chapter [3|and in Chapter [4] where the condition |[VN| > ¢
outside the unit ball is not satisfied.

In this section, we bypass this condition and strongly generalise the results of [81], 82, [86] 1TT].
We show that it suffices that a so-called weak U-bound (that is achieved for instance using the
U —bound inequalities proved in Chapter |3| and in Chapter and a weak g-Poincaré inequality
hold. The term “weak” signifies that the right-hand side of the U—Bound inequalities (Theorem
in Chapter [3|and Theorem [31]in Chapter [4)) contains defective terms involving the sub-gradients of
f at other sites. It turns out however that this is sufficient, provided that the defective terms decay
sufficiently fast as one moves further and further away from the given site i € Z?. Similarly, the
right-hand side of the weak ¢—Poincaré inequality contains defective terms at other sites. Thus,
our result could be interpreted as saying that we expect each particle to interact with one another

provided this interaction decays quickly.

Theorem 39. Let g € (1,2], and let v be a Gibbs measure for the local specification (E“I{)ngzzd given,
mn . Let f € Wh4(v) and suppose the following two conditions hold for B > 0 sufficiently
small:

(A1) for any i € Z% and j € Z* with ||j —i||r1 = 1, one has the weak single-site U—bound

v (IF1IV5V (@i a)|7) < Av|f|7+ A Y Myav| Vi fI°,
kezd

(A2) and, for any i € Z%, one has the weak single-site q— Poincaré inequality

VEY|f =B f19< A Myiv| Vi f|?
kezd
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for some constant A > 0 and some symmetric matriz (M;;); jeze such that
(B1) A= O(B7'/?) as § — 0F, and
(B2) M;; >0 for alli,j € Z% and satisfies sup;cza > jeza Mij < 0o,

Then for all B > 0 sufficiently small the following global q-Poincaré inequality holds
v|f —vf|* < Csav|Vf|

with some constant Csg > 0 possibly depending on B3, for all f € Whi(v).

The idea is that the summability condition (B2) implies that if the interaction matrix M;;
decays sufficiently fast at infinity, then the defective terms can be dispensed of.

To prove this theorem, we need some lemmata. The first is sweeping out inequalities - these
were introduced in [70] in order to prove infinite dimensional Logarithmic Sobolev inequalities.
Throughout the remainder of this section we fix ¢ € (1,2] and assume the conditions of Theorem
[B9 hold. Moreover, we use the notation j ~ i to mean j is a neighbour of site 4, i.e. j is adjacent
to ¢ in the sense ||j — || := ||j — i||r1 = 1, and we use the notation {~ ¢} to denote the set of
neighbors of i, i.e. the 2d points j € Z¢ with ||j — i|]| = 1. Lastly, whenever we use Landau
notation, we implicitly understand it with respect to the limit 8 — 07; we will need to track the
decay (or growth) of some constants and we will typically reserve uppercase letters such as K for

large constants that are O(1) and lowercase letters such as ¢ for small constants that are o(1).

The first lemma is a single-site sweeping out inequality:

Lemma 40. For all i,j € Z¢, the following single-site sweeping out inequality holds

VIV(ES )| < Kw|V,f17+ e Y Neav|Vif|? (5.2.1)
kezd

with some constants K1 = O(1) and ¢; = o(1) independent of i and f.

This lemma is proved using the DLR equation , Jensen’s inequality, and the conditions
of Theorem [39] Moreover, we use this lemma inductively to prove a global sweeping out inequality
on a chosen subsystem having infinite volume. The first step is to form a finite partition of Z¢
consisting of infinite volume subsystems (I';)i=o,1,..., v With the property that no interaction exists
within each T'; which, in our case, translates to each pair of points 7, j € T'; satisfying ||i — j|| > 1
whenever i # j. The partition chosen here will be consist of N = 27 translations of the cube
[y = (2Z)% translating 0 to another point in [0, 1]¢ C Z.

We fix in the sequel our choice of partition (I';);=01,....n—1, and we begin by proving global
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sweeping out inequalities for I';; the self-similarity of the I'; will mean the proof follows for all if it

follows for one.

Lemma 41. For any A C Z¢ and i € {0,1,--- , N — 1}, the sub-lattice sweeping out inequality
VIV AEr, £)[7 < K| Vaf|? + cav| Va1 (5.22)

holds for some constants Ko = O(1) and ca = o(1) independently of i and A.

As mentioned earlier, it is enough to we prove the case i = 0. First, rewrite the gradient into
its single-site form

VIVA(Er, £)|? =Y v|V;(Er, f)|" (5.2.3)

JEA
Let i € I'p and j € A. Since I'g has no self-interaction, the measure Er, can be realised as the
product of the single-site measures Er, = E; E;, - -- where (i,)m>1 enumerates I'g. This reduces
the problem of studying V,;Er, to the problem of studying V;E; for ¢ € I'y. Hence, to prove this
lemma, we can use an induction argument on Lemma .
The next problem is to use the sweeping out inequality on the sub-lattice to transfer the weak
single-site ¢g—Poincaré inequality to a weak sub-lattice g—Poincaré inequality; in particular we

want to show the weak g—Poincaré inequality holds for each of the NV sub-lattices I';.

Lemma 42. Leti=0,1,--- ,N — 1. Then the following weak sub-lattice q— Poincaré inequality
VER, |f — Er, f|* < Cov|V f[? (5.2.4)

holds for some constant Coy > 0 independently of i such that Co = O(8~/?).

The proof of this lemma constitutes of using the DLR equation , a telescoping argument,
the sweeping out inequality of Lemma , and the conditions of Theorem Note that this
is still a weak g—Poincaré inequality as the right-hand side contains |V f|? instead of |V, f|?.
However, unlike the weak g—Poincaré inequality of (A2) the interaction matrix My, is absent.
This reflects the fact the sub-lattices infiltrate the lattice so that the distance between an arbitrary
point and the sub-lattice is bounded above.

Having obtained a weak g—Poincaré inequality for the sub-lattices, we give an argument to

show this implies the (strong) g—Poincaré inequality on the entire lattice.
Lemma 43. Let P :==Er, _,---Epr,Er,. Then P satisfies the following four conditions:
(1) P satisfies the DLR equation
vf=v(Pf).
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(2) There exists a constant Cy such that
vIfI* = vIPflY < Cv|VfI9,
(3) There exists § € (0,1) such that for any m € Z>q one has
vIV(P™ " < vV fI%

(4) The following limit
lim P™f=vf

m— o0

holds v-almost surely.

Proof. (1) follows immediately from the DLR equation ((5.1.4)). To prove (2), denote by f_1 = f
and f, =Ep, - -Er,f, forn=0,1,--- ,N — 1. By applying the sub-quadratic inequality

lal# — [b]7 < sgn(b)qlb|7~"(a — b) + 2la — b]1,

for a,b € R,and the weak sub-lattice g-Poincaré inequality we obtain

N-1

vIf17—v[Pf|? =" vEr, (|fa-1]? = |Er, fa-1]%)

n=0

N-1
<2 Z VEI‘”‘fn—l - IEl"nfn—1|q

n=0
N-1
<200 Y V[V ual
n=0
N-2
= 200V‘Vf|q + 2C) Z V|V(Fn)c (]Ernfn_1)|q
n=0

since f, = Er, fn—1 depends only on coordinates in (I';,)¢. The first term requires no further

estimation, while we can apply Lemma [41] inductively on the second term to obtain
VIV (r,)e (Er, fa1)|? < K3 0|V

which gives

vIfIT = vIPfT < Cv|V T

which is exactly (2) with €y = 20, N K3 < 2KN C.

To prove (3), we define I'™) = U™_ T, and apply Lemma [41| again to obtain

V|V1"(7n) fml? = V|V1—\(m71)fm‘q < K21/|Vp(mfl)fm71‘q + 021/|me,1|‘1.
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Applying Lemma [41] as in the proof for (2), we obtain
Z/|VF(m)fm|q S K2V|vr‘(m—l)fm_1|q + CgKgnI/|Vf|q. (525)

This equation can be inductively applied on the first term, i.e. applying (5.2.5) on v|Vum-1) fm—1]2

and starting from m = N — 1 we find
VIV(PHI? < K3 vV fol? + 2 K3 v|V f|? = e2 K3 v |V f|

since Vr, fo = Vr,Er,f = 0. Since K3 = O(1) and ¢z = o(1), we obtain (3) at m = 1 with
¢ = ca K3} with 8 small enough; the general case for m € Z>; follows by replacing f by Pf and
proceeding by straightforward induction.

To prove the final statement (4), following the arguments of (2) we first bound the g-variance

with respect to P by

N-1
v[f =P < NN Y VEp,|fo1 —Er, fa1]? < NVC|V |
n=0
using the Holder inequality (Zf\il |z;)9 < Na—1 Zf\; |z;|? for nonnegative (z;) on the telescoping
sum f—Pf = ZnNz_ol fn-1 — fn. For m € Zx,, replacing f by P f in the above estimate we
obtain

v[Pmf — P9 < NNCw|V(P™f)|9 < NN CLemv|V |9

Since £ < 1, the Borel-Cantelli lemma implies P™ converges v-almost surely to some function g,
and similarly |V(P™ f)| converges v-almost surely to zero by (3), so that g is constant v-almost
everywhere. Note the decay of C7 with respect to 5 does not matter since g is sufficiently small,

but fixed. Assuming that f € WP(v) is bounded, by dominated convergence we have

lim P"f=g=uv(g)= lim v(P™f)=wv(f)

m—r o0

with the last equality obtained by (1). The general case of possibly unbounded f € W1P(v) is

obtained by density. O
We can now prove the main theorem of this section.

Proof of Theorem [39 Denote by f™ = P™f for m € Z>. By applying (1), (2), and (3) of
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Lemma [43]in succession,

N—-1
vIf =vflT =Y Wfa = v = VIP(fr = vHID) + vifn — v
n=0
N—-1
<CLY VIVl vl N = vf
< <Z f”) VIV + v fo — v f|
n=0
< LUV ol - vl

Taking N — oo, the remainder term satisfies v|fy — vf|? — 0 by (4) which gives the global
q—Poincaré inequality

v|f —vfl? < Csav|Vf|?

with Csg = Cl/(l - f) O]

5.3 Sufficient Conditions on the Phase and Interaction

Having now given general conditions - the existence of a weak single-site U—bound and a weak
single-site ¢—Poincaré inequality - which guarantee the existence of a global ¢g—Poincaré inequality,
we now consider conditions on the phase ¢ € C(G) and interaction V € C'(G x G) appearing in
such that the conditions of Theoremhold. The first will be a (strong) single-site U-bound
without interaction in terms of a general function 7, and the second will place conditions on the

interaction V' in terms of 7.

Theorem 44. Let ¢ € (1,2], and let v be a Gibbs measure for the local specification (]E‘j{)xgzzd
given in . Let f € WYH49(v) and suppose the following two conditions hold on ¢ and V for
sufficiently small 5 > 0:

(C1) There exists a constant B > 0 and a function n € C(G;R>q) diverging to infinity all

directions such that

[l @an < B [ (Tt + lolr) e

for all g € C(G) for which the left-hand side is finite, and

(C2) the interaction V € C(G x G) satisfies the gradient bound

ViV (B, ho)|* + [V, V (e, he) |7 < B(1+n(h1) + n(h2)).
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Then for all sufficiently small B > 0 the global q-Poincaré
vIf —vf|* < Csar|V [

holds for all f € Wh4(v) satisfying sup;cza v(n(z;)|f|?) < oo with some constant Csi > 0.

The inequality in condition (C1) is exactly the U—bound inequality we proved in Theorem
of Chapter in the setting of the step-two Carnot group and Theorem of Chapter

in the setting of the Anisotropic Heisenberg group with

and the phase

where N is the generalisation of the fundamental solution to the sub-Laplacian in the Heisenberg
group (Chapter ) or the fundamental solution to the sub-Laplacian in the Anisotropic Heisenberg
group (Chapter )

In addition, if the interaction V' € C(G x G) satisfies the condition (C2), then Theorem
implies that using the U—bound inequality, we are able to extend the ¢g—Poincaré inequality to an
infinite dimensional setting.

Note that although this setup allows for more general U—bounds of the form (C1), the generic
case occurs when the phase, the interaction, and the U—bound are all powers of a homogeneous
norm. For instance, in the case of the Carnot-Carathéodory distance d, [82] proves the ¢g-logarithmic
Sobolev inequality with ¢ = dP, V(z,y) = (d(z) £ d(y))?, and 1 = dP, in the case p > 2.

The generic choice in our settings is
g(N) = aNP.
For this choice,
n=apNr—?,

and we have proved in Theorem of Chapter and Theorem of Chapter the condition
(C1):
J gl an < B [ (gl gy,

for any a > 0, p,q > 2, and g supported away from the unit N-ball {N < 1}. We deduce from
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Theorem a generalised theorem for potentials of this standard form:

Theorem 45. Let o > 0 and p > 3. Define a local specification on GZ by the following potential:

Uy (za) = az¢($i) + Z BijQ(zi, x5) + Z BijQ(zi, wj).
icA i,jEA i€A, FEA

Suppose that:

(1) ¢ is a semi-bounded generalised polynomial in N of order p with leading term NP,

(2) |Bij| < B for alli,j € ZP, and

(3) Qas,z;) = Zif:l cfof(z;)¢ 6% ()P is a finite sum of k € Zs1 products of powers of
homogeneous norms (0, 5)¢=1.... ; with bounded sub-gradient and for ¢ € R, of, 8* € {0} U[1, o0)
and 0 < o' 4+ B¢ < p.

Then for all sufficiently small B > 0, there exists a unique Gibbs measure v which satisfies the
2-Poincaré inequality

v|f —vf* < Csav|V 2
Note that in this theorem N could be:

1. The generalisation of the fundamental solution to the sub-Laplacian in the Heisenberg group

(in the setting of step-two Carnot groups, Chapter )

2. The fundamental solution to the sub-Laplacian in the Anisotropic Heisenberg group (in the

setting of the Anisotropic Heisenberg group, Chapter )

3. Replaced by d, the Carnot-Carathéodory distance (in the setting of Carnot groups, Chapter
@))-

In other words, N should satisfy the U—bound inequality (C1).

Idea of proof for Theorem ({44)

The main problem in the proof is to show that (C1) and (C2) imply the existence of a weak
g-Poincaré inequality. Since |V;V|¢ is controlled by 7, the weak U—bound of (A1) follows imme-
diately, and the difficulty lies with (A2) . In Theorem (), Hebisch and Zegarlinski showed that
in the finite dimensional case that one can pass from a U—bound to a ¢g-Poincaré inequality [72],
and in [82] Lemma 4.3] it was shown in some class of models that one can pass from a strong
single-site U —bound to the strong g-Poincaré inequality. Here we show the statement remains true

with “weak” replacing “strong”.
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The first step in establishing the weak U —bound for 7 is to prove a weak U —bound for 7); that is
defective in the sense the right-hand side contains copies of the weak U —bound for neighbouring 7;.
We will then approach in the spirit of the proof in Theorem where we prove that inductively
inserting the U—bound into these defective copies “converges” appropriately. It will also be noted
as a corollary that the proof of this weak U—bound will give the existence of the Gibbs measure
by Dobrushin’s criterion [53, Theorem 1].

The following lemma is needed:

Lemma 46. For all i € 7%, the following weak single-site U—bound

vl f19) < Ko | v]f17+ > v fle (5.3.1)
kezd

holds for some constants Ko = O(1) and c2 = o(1).

This lemma is proved by an induction on the inequality

EY(milf19) < K1 (EF|Vif|T + E?[f]7) + a1 Z 1Biz| B (] £19),
j#i

which is, in turn, easily proved by applying the conditions of Theorem .

To verify the conditions of Theorem 39| hold (and hence prove the ¢g—Poincaré inequality), the
key ingredient is Lemma - it is straightforward to see that the weak U—bound is immediate,
and more difficult to see that the weak U—bound implies the weak ¢g—Poincaré inequality of (A2).
The proof is an adaptation of [82, Lemma 4.3], but in the weak case. The basic idea is that one can
split the left-hand side of (A2) into two parts, one where the boundary conditions are bounded
and the other where they are not. It turns out that the latter is simpler to handle as the U —bound

can be inserted.



Chapter 6

Summary and Open Problems

Although the question of obtaining coercive inequalities- such as the Poincaré or the Logarithmic
Sobolev inequalities- for probability measures on a metric measure space has been a subject of nu-
merous works (i.e. to study PDEs of mathematical physics, isoperimetric inequalities, convergence
to equilibrium of systems in Statistical mechanics, and to solve the Millennium Prize Poincaré
Conjecture), the literature on this topic in the setup of Carnot groups is scarce. My PhD thesis
is centered around proving and applying such coercive inequalities for various probability mea-
sures in the setting of non-compact Carnot groups. The simplest example of the Carnot group
is the Heisenberg group, which plays an important role in several branches of mathematics, such

as representation theory, PDEs, number theory, several complex variables and quantum mechanics.

We are interested in the following Logarithmic Sobolev inequality (which also implies the

2
/f2 log (f;;du) dp < 2/|Vf|2du,

where V is the gradient and p is a probability measure.

Poincaré inequality):

In [69], L. Gross proved that the Logarithmic Sobolev inequality is equivalent to hypercon-
tractivity for the semigroup P, = e** generated by a given operator £. Moreover, he showed that
the Logarithmic Sobolev inequality, unlike the Sobolev inequality, could be extended to infinite
dimensions. This has important applications in studying models from quantum field theory and

statistical mechanics.

L. Gross worked with the Gaussian measure on R™, and a natural question was to extend the

Logarithmic Sobolev inequality for a larger class of probability measures defined on Riemannian

112
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manifolds. In [I0], D. Bakry and M. Emery prove it under a Curvature-Dimension condition, which
highlights a deep link between coercive inequalities and the geometry of the underlying space. In
my thesis, I worked in the setting of Carnot groups, where the Curvature-Dimension condition
fails because there is no bound on the curvature of space (the Laplacian is of Hormander type and
has some degeneracy). To bypass this geometric condition, a method was developed in [72], which
states that in order to obtain coercive inequalities, it is sufficient to prove the so-called “U—Bound”

inequalities.

In Chapter [2] in the setting of the general Carnot group, we proved the Logarithmic Sobolev
e—9(d)

inequality for measures of the form dy = d\, where d is the Carnot-Carathéodory distance.
Notice that g(d) is a function of d in contrast with the homogeneous norms N that were considered
in Chapter [3] and Chapter [ Even though d and N are equivalent, their behavior around the
“z—axis” are completely different, and so the approach to prove coercive inequalities is completely
different.

Moreover, F. Otto and C. Villani showed in their celebrated paper [I10] that in the setting
of manifolds, under D. Bakry and M. Emery’s Curvature-Dimension condition, the Logarithmic
Sobolev inequality implies the Talagrand transportation cost inequality. However, the Curvature-
Dimension condition fails in the setting of Carnot groups. We used a different approach to prove
that the Logarithmic Sobolev inequality implies the Talagrand inequality and hypercontractivity
in our setting. The key in our proof is to use the Hamilton-Jacobi equation in the setting of Carnot
groups done by F. Dragoni [54].

In [110], F. Otto and C. Villani obtained the HWTI inequality, which is an important functional
inequality and unifies the Talagrand inequality and Logarithmic Sobolev inequality. It relates the
entropy (H) with respect to some reference measure, the Wasserstein distance (W) and the Fisher
information (I). One direction of work is to prove the HWI inequality in the setting of the general

Carnot group for measures as a function of the Carnot-Carathéodory distance.

In Chapter [3| we considered the setting of the step-two Carnot group, G, and we let X;, 1<
i < n be the Jacobian basis of its Lie algebra (here n corresponds to the dimension of the first layer
e—9(N)

Z
where A is the Haar measure, Z is the normalisation constant, g is a differentiable increasing

of stratification). We proved coercive inequalities for general measures of the form dy = dA,
function, and N is a generalisation of the Heisenberg Kaplan norm. The interest behind choosing
such N is that it generalises the unique fundamental solution of the sub-Laplacian in the Heisenberg

group. Under some growth conditions on g, we proved the U—Bound inequality outside the unit
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N —ball:

gI(N) q q q
| S hdn<c [ 9rman [ g,

for the sub-gradient V := (X3, X, ..., X,,), C and D positive constants, and ¢ > 2. From there,
we deduced the Poincaré inequality. We also derived a new method to prove the ¢p—Logarithmic
Sobolev inequality under some conditions on a concave function ¢ (we note that it is impossible
to have a Logarithmic Sobolev inequality in this specific setting [72]).

The importance of the U—bound proof that we developed is that its ideas could be adapted to
other settings as well like in the setting of the Anisotropic Heisenberg group.

Moreover, so far, an extension to infinite dimensions for measures as a function of homogeneous

norms has not been possible due to restrictions in known methods not satisfied by the norms
considered. However, using this U—bound inequality, we were able to provide a new method that
overcomes those restrictions and allows for an extension to an infinite dimensional setting (Chapter
5).
In |24], Bobkov and Zegarliniski showed that for ¢ € (1,2), the g—Logarithmic Sobolev inequality
is better than the Logarithmic Sobolev inequality. They showed that one gets a stronger decay
of tail estimates and the corresponding semigroup is ultracontractive (see Section of the
Introduction for more details). Hence, it is of interest to study stronger coercive inequalities with
q € (1,2). In Chapter [3{and Chapter [4] we proved the U—bound inequality for ¢ > 2; however, the
case where we have the stronger inequality for ¢ € (1,2) is still an open problem.

Moreover, the goal of a current ongoing project [32] is to prove higher order coercive inequali-
ties, like the Poincaré and Logarithmic Sobolev inequalities, for various probability measures. Our
aim is to extend Adams’ results in [I] and Rosen’s results in [116] for higher order inequalities to

the setting of Carnot groups.

In Chapter[d] we proved coercive inequalities in “non-polarizable” higher-dimensional anisotropic
Heisenberg group. We extended the anisotropic Heisenberg groups to higher dimensions, com-
puted explicitly the fundamental solution N of the sub-Laplacian, and proved Poincaré and
#—Logarithmic Sobolev inequalities for measures as a function of N. The results we obtained
were used recently in a preprint by J. Tyson [128] to formulate a suitable conjecture relating the
new notion of H—type stability to the classification of polarizable groups.

Those results for the Anisotropic Heisenberg group provided a suitable quantitative form for the
longstanding conjecture about the classification of polarizable groups: this motivates future work

in proving this open problem.
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Moreover, Balogh and Tyson considered in [I4] the Anisotropic Heisenberg group for n = 2.
In Chapter [4 we considered the dimension n > 5, where we proved coercive inequalities on the
Higher-dimensional Anisotropic Heisenberg group. In fact, the proof of the U—bound Theorem [3]
required the dimension n > 5. Proving coercive inequalities for n < 5 are still not achieved in this

method, and this is a possible direction for future work.

In Chapter [5] we showed that certain infinite dimensional Gibbs measures with unbounded in-
teraction potentials as a function of homogeneous norms (such as homogeneous norms introduced
in Chapter [3|and Chapter {4]) on an infinite product of Carnot groups satisfy the Poincaré inequal-
ity. This is used to study spin systems and statistical mechanics, and allows us to gain a better
understanding of phase transition. We note that in our new method, the U—Bound inequality is
an essential tool to pass to the infinite dimensional setting. Our work strongly generalised known
results [81], 82] 86] [I11] and provided a vast scope of applications to study different models in the
setting of Carnot groups.

Moreover, in [42], g—Poincaré inequalities were proved for a homogeneous norm N on Filiform
groups, that generalise Engel-type groups. However, the condition |[VN| > ¢ outside the unit ball
is not satisfied; therefore, the extension to infinite dimensions is not possible using known methods
[82, [86]. A direction of future work is to apply the strategy of the thesis in the setting of Filiform
groups i.e proving the U—bound inequality as in Theorem and then extending the Poincaré

inequality to infinite dimensions using the results of this Chapter.

In conclusion, this thesis highlights the importance of the U—bound inequality as a key to prove co-
ercive inequalities on Carnot groups. The U—bound inequality was also an essential tool to extend
the Poincaré inequality for measures as a function of homogeneous norms to infinite dimensions.
Our results have laid a foundation stone for research on coercive inequalities on Carnot groups,
and our novel methods have paved the way for promising future research in other non-commutative

settings.
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Appendix

In this appendix, we give proofs to the technical lemmas that provide bounds for the three quantities
[VN|, AN, and = - VN, which are necessary in the proofs of the U—bound theorems in Chapter
and Chapter

7.1 Proof of Technical Lemma [18|

We recap the following Technical Lemmal[I8] which is used in the U —bound Theorem [I7]of Chapter
3t

Lemma (EBD and B. Zegarliniski [33]). There exist constants A, C' € (0, 00)

A'jff—'s < |VN)* < c'%f (7.1.1)
and there exists a constant B € (0,00) such that
j/?
|AN| < BF (7.1.2)
and . af?
izl -VN = N (7.1.3)

116
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Therefore,

Sapal ).
o k'=11,1'=1 || 2]
(7.1.4)

where we used that for each skew-symmetric matrix A®), all k € {1, ...,m}, we have that

n n
ZZA” zix; = 0.

1 =1

~

From (|7.1.4)), that with some constants A, C' € (0,00), we have

jz/?

ANT

< |VNJ? <C‘l’|

By choosing a € (0, 00) sufficiently small, we can ensure that C' < 1. We note that using antisym-

metry of matrices AZ(-lk) we get

z B n £ a m n *
HVN_ZHN 3 <|x|2xi+4ZZAil xlzk>

k=11=1

Next we compute

1 m n a m n
2 _ (k) -3 2., . @ (k)
XN _<8ml+2ZZA ) <N <|17| 1:1+4ZZA11 xlzk>>
k=11=1 k=1 1=1
_ -7 2., Q
=-3|N <|J:| T; + 1 ZZAH a:lzk>
k=11=1
a m n
+ <N_3 <|$2 + 21‘? + - ZZAE;C)éile))
k=1 1=1

(v (1At S S )).

k=11=1 k'=11'=1
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Hence we obtain

= zn:XfN
( <| |6+2 ZZZAEPMP:UMZIC)

=1 [=1
m n m n n

v ZZ DI I VRINA xl/xlzkzk/>

k 1l=1k'=10'=11i=1

+ <N3 ((n +2)|z]* + % i 2": ZH:AZ(-;C)(MZIC))

k=11i=1 I=1
1 m n n a m
-3 (k)
(v (R 33 vt )
k=11=1 i=1 K=11=1
which after simplifications yields
AN =Y XN
i=1
= _3 N—7 6 a’2 e ahele A(k)A(kl)
o (o REEEE L o

+ (N2 ((n+2)|z]?))

=1

k=11=11U=1

Thus we get

AN :%[-3(1\7—4 (w 8 )3 I B BV j“'zkzk»

k=11=1k'=1l'=11i=1

+ (24 & L S S S APAY )]

which can be represented as follows

(k) L1 Ty
al’

AN = o2t
|x|2 ( ( 2 2T " " ( ) o
+~3 alz|* + — Z AN 22k
Ne 16, S isimis 2! ||
A

[ae] ||

Remark: If a > 0 is small, AN > 0. For large a, in some directions AN can be negative. O
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7.2 Proof of Technical Lemma 32

Next, we recap the following Technical Lemma which is used in the U—bound Theorem [31] of
Chapter [4}

Lemma (EBD and B. Zegarliiski [34]). The fundamental solution of the sub-Laplacian N 2" on

Hgn(g, 0) satisfies

0lx|®
VN > —
o = 4nN’

92|£L‘|2
2 S —
|[VN|? > I N

(7.2.1)

(7.2.2)

62(2n + 1)2| |2

2
[VNI" < 2302N2

(7.2.3)

[SIE

2n
Lemma 47. where |x| = Zx? is the Euclidean norm.
j=1

Proof. In the setting of the anisotropic Heisenberg group R?**!, as shown in Theorem we have

the fundamental solution

[N

(B? + )% (AB+ 2+ AVBT+ 7)™

N = ,
B+ vB? 4 t2

22  Ox2 [ 022 02 I
whereAzﬂ—FM—i—f Z x?andB:ﬁ—i—M—l—f Z z2.

2 2 2 £ 4 4 = !
J=2,j#n+1 J=2,j#n+1
We first calculate 0, N and 0;N.
Forj=1land j=n+1:
1
Ox; B(B?+1t%)* (AB+1* + AVB? + 2)

Op. N =

J

AN \ (B4 VBT ) (B2 +12) (AB + 2 + AVBT T )7

w20 —1) (B2 +12)> (4VB2+ 2+ BVB? + 2+ B>+ 1? + 48)
1
nN (B+VBZ+12) (AB + 12+ AVB? + 12)*" (B2 +t2)3
O (B? + t2)ﬁ (AB+1* 4+ AVB? +12)
AN\ (B+VBTT2)(B2+12)} (AB+ 2 + AVBT+ 12)™

1
oz (B2+t2)7 i1B?A+ (B - 9)t*+ 1V/B? + 12AB
4niN (B+VBZ+ ) (B> +12) (AB+ > + AVB? + £2)™
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L (B? +t2)ﬁ (n—1)(B*+t*) (B+ VB?+1?)
nN (B+ VB2 +12) (B2 +2) (AB + 2 + AVB? + 12) &

L (B2 +12)?" nBvVB? + 12 (B + VB2 + 12) (7.2.4)
AnN (B+VB2+12) (B2 +12) (AB+ 2+ AVB? +2) ™"
Notice that
7;0,;N >0 forj=1n+1 (7.2.5)
A A
To get a bound from above for |0, N|, since B < vVB% +12 , B — 3 < 3 and B? 4+t <AB +
t2 + AVB? + 12,
0, N| < 0lz;| [ 1B2A+ (4)t* + 3VBZ+12AB + (2n — 1)(B? +?) (B + VB? + 12)
T AN (B+ VB2 +2) (B2 + 12)

since A < 2B, so

1 A 1
GB A+ () + 5\/327“2;13

<BVB 12 (B+ VB +2) < (B2 +82) (B+ VB +2),

0|z,

0z, N| <

forj=1,n+ 1. (7.2.6)

Now we calculate 0, N for j =2,..,n,n+2,..,2n:

o N 0% 2B (32+t2)ﬁ(AB+t2+A\/BQ+t2)
T AN\ (B4 VBTTE) (B2 + 1) (AB + 2 + AVBE )

Ldasen—1) (B2 +1%) 7 (AVBZ+ 2 + BVBT+ £ + B? + 2 + AB)
1
AnN (B+ VB 1 8) (AB + 12 + AVBE+ £2)™ (B2 + 12)3

bz 2(B?+ tQ)ﬁ (AB +t* + AVB? + 12)
AN\ (B+ VBT 2)(B> +12)% (AB+ 2 + AVB? + )™

Oz (B2 +t2)7 ABVB? +12 + AB? + (2B — A)t?
nN (B+VB?+1%) (B2 +t2) (AB+ 2+ AVB2 +12) ™"

by (B2 4 ) = (2n - 1)BVB?+ & (B + VB 1 £2)
nN (B+VB?+ %) (B2 +1t?) (AB+t2+A\/B27+t’2)i

by (B2 2) T VB2 + ¢ (7.2.7)
nN (B+VEZT &) (B2 +2) (AB + 12 + AVBT T )™
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Notice that

o o P2 (B +2)% 2
'“ 4nN (B+ VBT &) VBT T 2 (AB + 2 + AVBZ 1 7)™

since t* < (B + VB2 +12) VB2 + 2 and B® +* <AB + >+ AVB? + 12,

2
ij

—— 2.
4AnN (7.2.8)

JijaxjN >
We will now be able to get a lower bound for z - VIN. In fact,
z-VN

Oz, 0
=1 <8I1N 0z 5tN> + Tpt1 (a%+1N+ ?@N)

2
n 2n
+> 2 (00, N = 0254100 N) + > 2 (00, N + 02,_,0,N)
j=2 j=n+2
2n
:I13x1N+In+1afn+lN+ Z SCjaij
j=2,j#n+1
using ([7.2.5) and (|7.2.§]),
2n 2
Ox
> J
L Z 4nN
J=2,j#n+1
2n 2
-3 o
- &~ 4nN
Jj=1
1
2n 2
Using the above defined Euclidean norm |z| = Z x? ,
j=1
0]x|?
VN > ————.
~  4nN

It remains to bound |VN].

Oy, 2 0 2
[VN|? = (ale _ w2+1atN) + <amn+1N + ;Ul&]\f)

n 2n
+3 (05, N = 02,100 N)* + " (80, N + 02,0 N)”

Jj=2 Jj=n+2
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2n ozx% 02:1;2 L 2n
= (0:,N)* + T(ﬁtN)Q +—E @GN+ DY 023 (0N) (7.2.9)
j=1 j=2,j#n+1

To bound (7.2.9) from below, we use the fact that for each j =2,3,...,n,n+2,..,2n,

(102, N| + 8;1|0.N1)*,

DN | =

|0z, N|* + 60°23|0,N|* >

in addition to that we have for j =1,n + 1,

0222 1 0)x 2
|02, N> + TJI(‘%NIQ > (|aij| + |2]|8tN|>

SO,
1 0|x 2
o 2 5 (10, + A2a)
1 0|T i SR R 2
+ 5 (10ena NI+ =5—10NI | +5 Z (182, N| + 0]z;]|0:N|)~ . (7.2.10)
J=2,j#n+1
Now we proceed to calculate O; N :
an— L[ 2(B2+t2)ﬁ (AB+1* 4+ AVB? +12)
t =5~ | 57 1
2N A\20 (B4 VBTH2) (B2 +12) (AB+ 12 + AVBZ + £2) ™"
1
L1 t(2n1) (B> + %)% (2VB2 + 2 + A)
9N .
2N ) (B+ VBT R) (VB B) (AB+ 12+ AVBE 4 2) 7"
¢ 2 (B2 +12)% (AB+12 + AVEZ 1 7)

W\ (B+vBTT2) (VBZT8) (AB+12 + A\/327+t2)i

(B ) 2(AB+1* + AVBZ+ 2)
AnN (B+ VBT +0) (B2 +12) (AB + 22 + AVB + )™

1

t(B?+t%)2" (2n — 1)VB2 + 2 (2VB? + 2 + A)
nN (B+VEBET®) (B2 +2) (AB + 2 + AVBT 1 )™

N 9 VB4t (AB+t*+ AVB2+1?)
t(B2+%)™ " (B+VBETE)

AnN (B+VBZ+ ) (B2 +2) (AB + 12 + AVB + )™

1 . 2 2 2B3+2t2B+2B%V/B2t24t>/B2 {12
(B2 42y (2BA-B)+ AVET+ 12+ 20 (BB 17)

- AN (B+ VBT 8) (B2 +12) (AB + 2 + AVBE 1 )%

(7.2.11)




CHAPTER 7. APPENDIX 123
For j =2,..,n,n+2,..,2n, we use the reverse triangle inequality on (7.2.7) in addition to (7.2.11)),

0lz;| (B2 +12) 7
AnN

|02, N| + 0]x4|[0;N| >

ABVB? 4+ 12+ AB* 4+ (2B — A)t* + (2n — 1)BVB? + {2 (B + VB? + t?) — t*VB? + {2
1
(B+VB? +12) (B2 +1?) (AB+ 1>+ AVB> + ) ™"

(B2 +2)% (2BA-B)ltl+ Alt|VB? + 2 + 2n|t| 28222 B2 B VB 412 VB2 41

+9|Z‘]‘ (B+‘/BZ+t2)
1
nN (B+VB2+2) (B2 +1t2) (AB + t2 + AVB? + 2) ™"
1
_ Olay| (B? +12)7" ABVB? + 2 + Alt|VB? + {2 + AB?
- L
nN (B+VB2+12) (B2 +1t2) (AB + 2 + AVB? +12) ™"
+9|xj| (B%+ )" 2AB|t| — At?> — B?>\/B2 + 12
1
anN (B+VBZF ) (B2 +12) (AB+12 + AVBT 1 7)™
+9|xj| (B%+t2)>" —t2v/B2 + 12 — 2B2|t| — B® + Bt?
1
anN (B+VBZF ) (B2 +12) (AB+ 12+ AVBT 1 2) ™

Ol (B2 1) % (0 (2B2VBZ T £ + 2BJt|VET + 2 + 22|t + 2% + 2Bt? + 2|t?)
1
anN (B+VB2+12) (B2 +12) (AB+ 2+ AVB? +12) ™"

since A|t|v/B2 +t2 > At?, ABVB2 + 12 > B2/B2 + {2, AB? > B?, and 2AB|t| > 2B?|t|,

1

_ Ol (B2 +t%)%" —t2V/B? + {2 + Bt?
= 1
nN (B+VB2+12) (B2 +12) (AB + t2 + AVB? + 12) ™"

1
+9|:cj| (B2 +t%)? [ 2n(B*VB? +12 + B|t|VB2 + 2 + Bt + B> + t*(B + |t|))

1
AnN (B+VB2+2) (B2 +1t2) (AB + t2 + AVB? + 2) ™

since B + |t| > v B? + t2,

1
- Olz;](2n — 1) (B2 + %) " BVBZ +t2(B + |t|) + B2(|t| + B) + t>V/B? + t2
= L
AnN (B+ VB2 +1t2) (B2 +t%) (AB+ 12+ AVB? + t2) ™"

since B + |t| > vV B2 + t2,

S Olz;|(2n — 1) (B2—i—1€2)ﬁ ( B2 4 ¢2 )217
a AnN AB +t2 + AVB? + 12
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1
Since B? +t2 > 1 (AB +t2 4+ AVB? + t2) , then,
Ba N| + 0l ||8N] > (2 — 1) 1%l 7.2.12
|0z, N| + 0];] |0, N| = (2n )2i+2nN' (7.2.12)
For j =1,n+ 1, using the calculations (7.2.4]) and (7.2.11),
Ol
0,3 + 243k,
Ol (B2 427 1B2A+ (B - 4)2 + 1VB T 2AB
nN (B+ VB2 T 8) (B2 +12) (AB+ 1> + AVBT + £2) ™
+0|xj| (B* + 162)i (n—1)(B*+t%) (B+ VB2 +?)
1
anN (B+VB2+2) (B2 +1t2) (AB + t2 + AVB? +12) ™
1
+9|xj| (B*+t2)* nBvVB? + 2 (B + VB2 + t?)
1
anN (B+ VB2 +12) (B2 +12) (AB + 2 + AVBZ + 2) ™"
1 _ 1 2 2 2B34+2t2 B+2B2 /B2 112 +t>V/B2 412
Ol (B2 4 ) B(A - B)t] + LAltVB+ & + nlt] v
1
anN (B+VB2+12) (B2 +12) (AB+ 2+ AVB? +12) "
1
O] (B2 +12) " 1B?A+ (B— 9>+ 1VB? +12AB
- L
nN (B+VB2+12) (B2 +12) (AB + t2 + AVB? + 2) ™"
+9|xj| (B + 1t2)ﬁ (n—1)(B*+t*) (B + VB%+ 1?)
1
anN (B+VBZT ) (B2 +12) (AB+12 + AVBT 1+ 2) ™
+GMH(B2+tﬂ%{ nBVBZ+ (B + VBT + )
1
anN (B+VBZT2) (B2 +12) (AB+12 + AVBT 1 2) ™
1 _ 1 2 2 2B 4+2t2 B4+2B%/B2F12+t% /B2 +12
+GMA(BQ+ﬁ)ﬁ B(A = B)|t]| + LAlt|VBZ + 2 + nlt] S
nN (B+ VB2 1) (B> +12) (AB+ 1> + AVBZ + £2) ™

Ol (B2 427
N AnN

LABVBZ + 2 + LAlt|VB? + 2 + 45° 4 AB|t| — AL — B>\/B? 1 {2 — 1>\/BZ 1 {2 — B*|t| - B®

(B+VEET &) (B2 +12) (AB + 12 + AVBT T 2) ™

1
Jr9|9cj| (B> +t%)?" [ n(2B*VB?+ 12 + B|t|VB? + > + t*VB? + t> + B2|t| + 2B® + 2Bt? + |t]?)
1
nN (B+VBZ+ ) (B? +2) (AB+ 12 + AVBZ + 2) ™"
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since LA|t|v/B? + 2 > AL AB|t| > B|t|, and 1ABVBZ + % + 4% > B3,

o O] (B%+ )" —B>VB? +12 — t>\/B? + 2

Andy (B+VBET &) (B2 +2) (AB + 12 + AVBT 1 )™

1
Jr9|9cj| (B> +t%)?" [ n(2B*VB?+ 12 + B|t|VB? + > + t*VB? + t> + B2|t| + 2B® + 2Bt? + |t[?)

nN (B+VEBZT ) (B2 +12) (AB + 12 + AVBT T )™

 Olay| (B +12)7" (2n — 1)B>V/B2 + 2 + (n — 1)t>V/B2 + 12
- T
anN (B+VB2+12) (B2 +1t2) (AB + 12 + AVB? + 12) ™

+9|xj| (B2 + 1) n (Blt|VB? + 2 + (B? + t*)(B + |t| + B))
1
nN (B+VB2+12) (B2 +12) (AB + 2 + AVB? +12) ™"
1
- Olz;| (B? + )" (B2 +t?)(B + |t| + B)
= L
AN (B4+VB2+12) (B2 +t%) (AB+ 12+ AVB2 + %) ™"
since [t| + B > v/ B2 + t2,
>9|xj< B2 + 12 )
~ AN \AB+t2+ AVBZ + 2
1
Since B? +t% > 1 (AB+1? + AVB? 4+ t?) , then for j =1,n+1,
0|z 0],
00, NI+ =5H10N| 2 25 (7.2.13)

Replacing (7.2.12) and (7.2.13)) in (7.2.10)) we get a lower bound for [VN|? :

1 0 ?
o 2 5 (0., v+ Do)

1 91_ 2 1 2n )
+5 (10n,a81+ 55N ) 5 S (100N + Oyl
j=2,j#n+1
2n
0|z, 0*lznia > | 67(2n — 1) Z |a:\2
— 95+2 N2 5+2 Ar2 5+2 2 V2 e
2°Ta N 2°Ta N PTEnAN?
1
2n 2
Hence, using the defined Euclidean norm |z| = Z :c? ,
j=1
92|$|2

VN > il —
25+gN2
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The last thing to do in this subsection is to obtain an upper bound for |[VN|2. By (7.2.9),

2 = 2 9237% 2 92953#1 2 2n 2 2 2
VN[ = (0x,N) + O+ 0N S 6222(0,N)
i=1 J=2,j#n+1
2n
< (02, N)? + 07|z (9:N)?. (7.2.14)
j=1

For j =2,.,n,n+2,...,2n, from (7.2.7) and the triangle inequality,

bla;| (B2 + 12)
AnN

10, N| =

ABVB? + 12+ AB* 4+ (2B — A)t* + (2n — 1)BVB? + {2 (B + VB? + ?) + t*VB? + {2
1
(B4+VB2+1t2) (B2 +t%) (AB+ 12+ AVB? + 2) ™"

since (B2 + t2) < (AB +12 4+ AVB? + t2) ,

< 0lz;| [ (2n—1)B*+ (2n — 1)B*VB? + {2 + (2n + 1) Bt?
~ 4nN B3 + B2V/B? 4+ 2 + Bt? + VB2 + 2

+0\xj| ABVB? +12 + AB? — At? +t2\/B2? + 12
4nN \ B3+ B2V B? + 2 + Bt? + t2\/B? + t2

since B < A < 2B,

_ Ola] ((Qn +1)B® + (2n+ 1)B2VB2 + £2 + (2n) Bt* + 12/ B2 + t2>

~ AnN B3+ B>VB? + 12 + Bt> + 12/B? + 2
So,
(2n + 1)0|z;]|
N < — 2.1
102, N| < == (7.2.15)
From (7.2.11)),

1 . 3 3 2B34+2t>B4+2B%/B2¥t2+t>/B2+t2
|t‘ (B2+t2) 5 QB(A B)-i—AvB +t2+2n (B+x/W)

4nN (B+VBZ+ ) (B2 +2) (AB + 12 + AVBT + )™

|O:N| =

since (B? +1?) < (AB +t*> + AVB? + 12),

_ 2 2 2B3+2t2B4+2B%V/B21t24t>/B2 {12
] 2B(A—-B)+ AVB?+1t2+42n (BAVBT+17)

<
~ 4nN (B+«/B2+t2)(B2+t2)
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since |t| < VB2 4+ t2,

! ((B +VBZ+(2) (2B(A - B) + AVB? 1 t2)>
— 4dnN (B+\/BZ+t2)2\/BQ+t2

L1 2n(2B3 + 2t°B + 2B%/B2 + 12 + 1>/ B2 + 12)
inN (B+\/BQ+t2)2\/BQ+t2

1 (3B?A—2B*+3ABVB?+ {2 —2B%\/B? + {2 + A?
~ 4nN 2B + 2t2B + 2B2V/B2 + 12 + t2V/B2 + {2

L (2 (2B + 22 B + 2B*V/B? + {2 + t*\/B? + t?)
anN 2B3 4+ 2t2B + 2B2\/B2 + 2 + t2/B2 + 2
B
ince A < —
since A < 5
1 —3B% — $B*VB? + 12 + At* 4 2n (2B* + 2t*B + 2B*VB? + ¢* + t*VB? + 1?)
~ 4nN 2B3 + 212B + 2B2V/B2 + 12 + 12/B2 + 12 '
Hence,
2n + 1
N < 2D (7.2.16)

AnN

Inserting (7.2.6]), (7.2.15)), and (7.2.16]) in (7.2.14), we get:

2n
VNP2 < (02,N)? + 0% |2*(9,N)?
j=1

02%|z1)2  02%|z,aq? 2n on + 1)262|x.|? 2n + 1)262
SO Pl SN @ G )
4N2 4N2 R 24n2 N2 24n2 N2

Jj=2,j#n+1

So,
(2n + 1)%260%|z|?

2
[VNI" < 2302 N2
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