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Offshore wind turbines take advantage of the vast energy resource in open waters but face structural-
integrity challenges specific to their operating environment that require cost-effective load alleviation so-
lutions. This paper introduces a computational methodology for model-based two and three-dimensional
design of load alleviation systems on offshore wind turbines. The aero-hydro-servoelastic model is for-
mulated in a convenient state-space representation, coupling a multi-body composite beam description
of the main structural elements with unsteady vortex-lattice aerodynamics and Morison’s description of
the hydrodynamics. The aerodynamics does not require empirical corrections and focuses on a control-
oriented approach to the modelling. Numerical results show that through trailing-edge flaps actuated by
a robust controller, more than 60% reduction in dynamic loading due to atmospheric turbulence can be
achieved for the sectional model and close to 13% reduction in blade loads are obtained for the complete
three-dimensional floating turbine.
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1. Introduction

The development of offshore wind turbines has been gaining momentum to take advantage of the
vast wind energy resource in open waters where there are less turbulent winds and more predictable
power generation (Musial & Butterfield, 2006). Situated offshore, there are also less constraints
in terms of turbine size, noise and visual impact. At the point of writing, offshore installations
are dominated by fixed-bottom structures, such as monopile, tripod, gravity and suction bucket
foundations. However, beyond a depth of approximately 50 m, these support structures are no
longer commercially viable and floating concepts may be needed (Lackner & Rotea, 2011; Musial,
Butterfield, & Boone, 2004).

The development of floating turbines is still in its infancy and the ones built so far are for research
purposes. They are attractive in their ability to access deep waters currently out-of-bounds to its
fixed-bottom counterparts, and to avoid protected offshore regions and shipping lanes (Sebastian
& Lackner, 2013). Much of the technology for the floating structures are derived from oil platforms
and can be classified based on their mooring systems, tanks and ballast options (Bir & Jonkman,
2007). With proven track record in oil and gas explorations, the long-term survivability of these
floating structures is not of concern. The main challenge is in their adaptation to the specific
operating conditions surrounding horizontal-axis wind turbines (HAWT) and in developing cost-
effective floating concepts that are attractive to the wind industry (J. M. Jonkman, 2009).
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The dynamical analysis of floating wind turbines is multi-disciplinary, encompassing aerody-
namics, hydrodynamics, controls and structures, which will be referred here as the aero-hydro-
servoelastic (AHSE) analysis. The common approach to AHSE modelling is to include a float-
ing/supported platform into existing aeroservoelastic codes that are proven in analysing land-based
turbines (Bossanyi, 2003; J. M. Jonkman & Buhl Jr., 2005; Larsen & Hansen, 2012; Øye, 1996).
This avoids code verifications for the part of turbine above sea-level. In fact, most of the recent work
has used this approach and has based their floating/supported concepts on the models proposed
in Passon et al. (2007) and J. M. Jonkman and Musial (2010). This led to a collaborative effort to
benchmark offshore turbine codes on common test cases, leading to improvements in code accuracy.
The results are particularly important to the advancement of offshore wind energy deployment.

Offshore turbines operate in relatively different conditions compared to their land-based counter-
parts (Bir & Jonkman, 2007). Most importantly, there is more skewed inflow due to the motion of
the platform, resulting in rapid local velocity changes and greater unsteady effects that could vio-
late the fundamental assumptions underpinning momentum-based approaches (Hansen, Sørensen,
Voutsinas, Sørensen, & Madsen, 2006; Manwell, McGowan, & Rogers, 2009). Hence, more rigorous
modelling techniques, such as the unsteady vortex-lattice method (UVLM), could provide insights
and better predictions of the dynamic loadings (Leishman, 2002; Sebastian & Lackner, 2012). The
UVLM does not rely on empirical corrections commonly found in blade-element methods and is
able to capture three-dimensional effects on blades and control surfaces. The main limitation of
vortex methods in wind turbine applications has been the assumption of attached flow conditions,
preventing its use in operating regimes where blades are at high angles of attack or in the inboard
regions of the blade. Attempts have been made by several researchers to include viscosity and flow
separation (Sørensen, 1983; Voutsinas, 2006), however there are still unresolved issues related to
convergence (Hansen et al., 2006). With advances in computing power, computational fluid dynam-
ics (CFD) solving the Navier-Stokes equations are also increasingly being used (Corson, Griffith,
Ashwill, & Shakib, 2012; Simms, Schreck, Hand, & Fingersh, 2001).

The modelling of floating turbines below the water surface requires a structural description of
the platform (J. M. Jonkman, 2010) and a statistically representative model of the ocean wave.
Together, they deliver wave-induced dynamics on all structural components of the turbine on top of
the already complicated wind-induced loadings. Under such complex operating environment, float-
ing turbines will likely necessitate load alleviation mechanisms to extend their component fatigue
lives. The application of smart rotor concepts could provide solutions for fatigue load alleviation
(Barlas & van Kuik, 2010) on these floating turbines, reducing the cost of energy and potentially
relaxing component design objectives and constraints. Smart rotors originate from well-developed
aeronautic applications (Bernhard & Chopra, 1998; Cook, Palacios, & Goulart, 2013) and incor-
porate actively controlled devices that are distributed along the blade. They possess the agility to
rapidly respond to changes in a dynamic loading environment and include the use of trailing-edge
flaps, microtabs, camber control or active twist. While smart rotors are rather mature in air ve-
hicles, they are not readily transferable to wind turbine applications given the different operating
conditions where loadings could vary in type and in scale. For instance, wind turbines are much
larger in size and their blades are subject to greater stresses. Also, inspection and maintenance
on wind turbines happen less frequently than on air vehicles due to difficulty in ground access.
Individual pitch controls can also be considered for load alleviation and as demonstrated in Ng,
Palacios, Graham, Kerrigan, and Hesse (2015) for the land-based version, the load reduction per-
formance is higher than trailing-edge flaps. However, the power required for actuation is expected
to be higher with increased wear and tear on pitch bearings. Individual pitch also lacks the agility
and localised properties that flaps possess.

To date, most of the investigations into smart wind turbine rotors have been numerical with
only a couple of experiments for proof-of-concept and are based on land-based turbines. These
include wind-tunnel experiments (Barlas, van Wingerden, Hulskamp, van Kuik, & Bersee, 2013)
and also full-scale implementation (J. C. Berg, Barone, & Yoder, 2014; J. C. Berg, Resor, Paquette,
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& White, 2014; Castaignet et al., 2014) to justify the practical aspects of smart rotors. There are
still numerous challenges to overcome, mainly in the modelling, control, implementation and finally
gaining confidence and acceptance from industry. Most crucially, with the increase in size of wind
turbines and the development of floating concepts for larger energy capture, high-fidelity and
control-oriented AHSE modelling approaches are needed to predict turbine blade dynamics and for
load alleviation simulation studies.

In this paper, we present an AHSE modelling of floating wind turbines with actively-controlled
trailing-edge aerodynamic surfaces (flaps), and demonstrate their dynamic load reduction (blade
flapwise root-bending moment) capabilities through robust control methods (H∞ ). We seek to
provide a control-oriented aeroelastic model without empirical data through the use of UVLM in
the aerodynamics module coupled to a monolithic description of the structural dynamics. With the
attached flow condition of the UVLM, the existing formulation will be more relevant in above-rated
operating conditions where blades are at lower angles of attack. This is also the regime where smart
rotor concepts are shown to be more effective in load reductions (Bergami & Gaunaa, 2012). We
will approach the problem from two fronts - a simple two-dimensional sectional model of the blade
for preliminary investigations and the three-dimensional model of the floating turbine for detailed
blade load alleviation analysis.

In Section 2.1, structural representations of the two and three-dimensional models will first be
introduced, followed by the vortex-based unsteady aerodynamics in Section 2.2 and the coupled
aeroelastic description in Section 2.3. The two-dimensional aeroelastic model contains a simple
plunge-pitch aerofoil coupled to the vortex-particle unsteady aerodynamics in a state-space form
(Ng, Palacios, Graham, & Kerrigan, 2012). It provides a basic model to appreciate the fundamen-
tal concept and understand the versatility of the formulation, accompanied with simple closed-
loop investigations. These results can be compared to component (blade) and full turbine models
to assess whether two-dimensional analysis is sufficient for wind turbine active load alleviation
studies. Details for numerically implementing this two-dimensional model is also included in Ap-
pendix A. The complete three-dimensional aeroelastic model is developed using similar steps as its
two-dimensional counterpart but with three-dimensional sub-modules for the structures and aero-
dynamics. The methodology has been explored by Ng et al. (2015) for land-based turbines, coupling
the vortex-lattice unsteady aerodynamics model with a multi-body composite structural descrip-
tion of the turbine. Here, the model will be augmented with floating hydrodynamic capabilities,
accompanied with the wave/wind representations in Section 2.4 and the controller implementation
in Section 2.5. The two-dimensional model will then be validated for flutter speeds before being
analysed in closed-loop for dynamic load alleviation in Section 3. This will be followed by Section 4
on the numerical results of the three-dimensional model for which the conceptual NREL 5MW
floating wind turbine is chosen to demonstrate the AHSE formulation. The paper will conclude
with a summary of the key findings and suggestions for further work in Section 5.

2. State-space Aeroservoelastic Formulation

The state-space two and three-dimensional aeroservoelastic formulations will be presented, starting
with the definitions of their structural modules in Section 2.1 and the vortex-based unsteady
aerodynamics in Section 2.2. This will be followed by the description of the fluid-structure coupling
to arrive at the final state-space formulation in Section 2.3.

2.1 Structural Dynamics

The two-dimensional structural model of a plunge-pitch aerofoil will be presented in Section 2.1.1
followed by the three-dimensional flexible multi-body dynamics in Section 2.1.2.
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Figure 1. 2-dof aeroelastic system.

2.1.1 Two-dimensional Plunge-pitch Aerofoil

The two-dimensional structural model includes a two degrees-of-freedom (2-dof) plunge-pitch aero-
foil restrained by a pair of springs (Bisplinghoff, Ashley, & Halfman, 1955), as shown in Figure 1.
The spring constants, kh and kα, restrain the plunge and pitch motions, respectively. The model
has a half chord length of b, with the distance from mid-chord to elastic axis and flap hinge denoted
by ab and eb, respectively. Freestream velocity is denoted by U∞, pitch angle by α, plunge by h
and flap deflection angle by β. The convention taken for h is positive downwards, α is positive nose
up about the elastic axis and β is positive flap down about the hinge. Lift L is positive upwards
and moment Mα about the elastic axis is positive when the aerofoil pitches nose up. The vertical
gust in the freestream in given by wg.

The dynamic equation-of-motion (EoM) is written in non-dimensional form as

Mq̈ + Kq = Qs, (1)

where M =

[
1 xα
xα r2

α

]
, q =

[
h
b
α

]
, K =

[
ω2
h 0

0 ω2
αr

2
α

]
and Qs =

[
− L
Mb
Mα

Mb2

]
. Details on the computation

of L and Mα can be found in Appendix A. In the equations, xα = Sα
Mb is the distance between

centre of gravity and elastic axis and r2
α = Iα

Mb2 is the aerofoil’s radius of gyration (both normalised

by b). The terms ωh =
√

kh
M and ωα =

√
kα
Iα

represent the uncoupled natural frequencies of the

plunge and pitch modes, respectively. M is the mass per unit span, Sα is the static moment of
aerofoil section about the elastic axis and Iα is the aerofoil moment of inertia per unit span about
the elastic axis. ḧ and α̈ are the second derivatives of plunge and pitch, respectively. The flap is
assumed to have a rigid link and its mass is considered to be small such that any inertial effects
from flap deflection is ignored. Eq. (1) is subsequently discretised using the backward Euler method
(Géradin & Rixen, 1997) such that the applied forces are computed in the tn+1 time-step to match
the unsteady surface pressures defined by the discrete vortex-particle method.

2.1.2 Three-dimensional Multi-body Structural Dynamics

In the three-dimensional structural module, the rotor blades are modelled using composite beams
described in a moving frame of reference (Géradin & Cardona, 2001; Simo & Vu-Quoc, 1988), and
includes geometrically nonlinear deformation of the blades (Hesse & Palacios, 2012). The addition
of the tower defines a flexible multi-body system, in which the composite beam descriptions of the
rotor and tower are connected using Lagrange multipliers including a prescribed constant angular
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(a) Multi-body structural model

(b) UVLM Aerodynamics model

Figure 2. (a) Structural model of the floating wind turbine. (b) Aerodynamic model of rotor. For ease of visualisation, four

panels per chord is used for UVLM.

velocity.
In this study, the floating turbine platform is represented as a beam element spanning from the

base of the tower to the centre of gravity (c.g.) of the platform, as shown in Figure 2. A point
mass including inertia is then added to the c.g. location. As a result, the motion of this floating
platform constitutes rigid-body dynamics at the base of the entire system. The complete linearised
finite element EoM describing the floating turbine has the following structure

MSS
t MSR

t 0 0 −Λ>

MRS
t MRR

t 0 0 0

0 MSR
r T tr(t) MSS
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0 MRR
r T tr(t) MRS
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0 0 0 0


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0
0
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0

0

Qext∫
Qext
0
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 ,

(2)

where M, C and K are the discrete mass, damping and stiffness matrices. The superscripts S and
R have the structural and rigid-body definitions, respectively, and the subscripts t and r represents
the tower and rotor, respectively. The matrices Λ and ACC enforce velocity constraints between
the tower top and rotor hub, with the latter further accounting for the prescribed rotor angular
velocity Ω. The external forces and moments are represented by Qext and are used in the coupling
with aerodynamics. The primary variable η contains all the nodal displacements and rotations, ν
contains the rigid-body motions and λ are the Lagrange multipliers (Ng et al., 2015).

The transformation T tr(t) map base motions and the additional kinematics due to rotation of
tower moment arm onto the rotor hub. These have not been enforced through the Lagrange mul-

5



June 11, 2015 International Journal of Control Final

tipliers and are hence included for the rotor dynamics. The entries Bf and Cml are the additional
damping of platform and stiffness from mooring lines, respectively. The buoyancy, hydrodynamic
and mooring line forces have been lumped into Qw and are included on the right hand side of
Eq. (2). The continuous-time structural EoM of the floating wind turbine in Eq. (2) is subse-
quently discretised using the Newmark-β method to couple with the discrete-time vortex-lattice
unsteady aerodynamics.

2.2 State-space Vortex Unsteady Aerodynamics

The definition of the unsteady aerodynamics in both the two and three-dimensional aeroelastic
models will be based on potential flow theory. The governing equation for low-speed potential flow
is the Laplace’s equation, which can be solved by representing the potential flow field in terms of
singularities (Green’s theorem) (Katz & Plotkin, 2001; Murua, Palacios, & Graham, 2012a). This
approach involves distributing elementary solutions over the body surface and its wake that satisfy
the problem boundary conditions. The solution to Laplace’s equation is then reduced to finding the
unknown singularity distribution subject to the non-penetrating boundary condition (Neumann)
specified at a set of control points (collocation points) on the body surface.

The time-domain vortex method uses vortices as singularity solutions to the Laplace’s equation.
In two dimensions, the aerofoil is assumed to be a flat plate and discretised using equally spaced
panels, each of which contains one vortex-particle and one collocation point, as illustrated in
Figure 3. In three dimensions, the vortices are located in lattices distributed across the blades and
wakes shown in Figure 4. The vortex description allows for cambered shapes and direct modelling
of lifting surfaces such as trailing-edge flaps. Thickness can be included through source elements
but they are of second-order effects on lift and has shown to be negligible when computing loads
(Bergami, Gaunaa, & Heinz, 2013). In order to enable the solution to be written in a linear state-
space representation, the wake is prescribed in a helicoidal shape (Chattot, 2007) as shown in
Figure 2. The chordwise length of the shed wake vortex rings from trailing-edge is U∞×∆t, where
the relative freestream velocity U∞ varies linearly along the span of the blade. The time-step ∆t is
chosen based on the blade mid-span chordwise UVLM discretisation, given by ∆t = cm/(U∞,md),
where d is the number of bound chordwise panels, cm and U∞,m are the local chord length and
relative velocity at blade mid-span, respectively. The shed wake is then assumed to be transported
downstream of the rotor by the inflow velocity and without wake expansion.

Free-wake models are known to give better predictions of aerodynamic loads over prescribed
and rigid-wake models (Leishman, 2002). However, free-wake models are computationally more
demanding as they require to solve the Biot-Savart law at every time step (Katz & Plotkin, 2001).
A parametric study to understand the effects of wake roll-up showed that models with free and
prescribed wake displayed little differences in terms of the computed unsteady aerodynamic forces
(Murua et al., 2012a). Previous studies comparing both wake models reported less than 5% differ-
ence in power coefficients over a range of tip-speed-ratios (TSR) from 3 to 12 (Simoes & Graham,
1992). It should also be emphasised that the assumptions taken in this study are not intrinsic of
the method (UVLM) adopted and we have only used them after direct comparison with free-wake
results so as to provide a trade-off between minimum accuracy losses and maximum computational
gains.

For either the two or three-dimensional problems, the equation defining the non-penetrating
boundary condition and propagation of wake downstream can be written in symbolic form, as

A2Γ
n+1 = A1Γ

n + T q(t)q
n+1 +W n

β,δ, (3)

where Γ contains all the bound and wake circulations, q is the vector of all structural, rigid-body
dof and W β,δ is the concatenated vector of downwash due to flap deflections β and external
perturbations in the flow field (gust) δ. The downwash W β,δ is approximated by its value at time-
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Figure 3. Simplified vortex-particle model (illustrated with 8 aerofoil panels, 2 of which account for the flap).
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of fluid-structure coupling where aerodynamic loads computed at centre of vortex ring’s leading segment are mapped onto
structural nodes (red arrows), and structural dof at nodes are projected onto aerodynamic collocation point as downwash

(green arrows).

step tn such that the final EoM is in explicit form. The coefficients A1 and A2 are the aerodynamic
influence coefficient matrices due to the blade and wake, resolved using the Biot-Savart law (Katz &
Plotkin, 2001). The coupling term T q(t) is used to map structural and rigid-body dof as downwash
on bound collocation points and is time-varying due to the azimuth dependence of the rotor with
respect to the tower. In the two-dimensional model, this coupling term will be time-invariant.

Aerodynamic forces and moments can be computed using the unsteady Bernoulli equation (Katz
& Plotkin, 2001) and is symbolically represented, as

Qn+1
a = F 2Γ

n+1 + F 1Γ
n, (4)

where Qa are the computed aerodynamics forces and moments. To facilitate any future numer-
ical implementation of the two-dimensional vortex-particle solution, the procedure and matrix
definitions are included in detail in Appendix A. Note that the three-dimensional vortex-lattice
essentially relies on the same steps but with three-dimensional representations of the algorithms.
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Figure 5. Block diagram of fluid-structure coupling in the three-dimensional aeroelastic model and closed-loop configuration
with external controllers.

2.3 Fluid-structure Coupling

In the two-dimensional model, aerodynamic loads computed at vortex points are mapped to the
structural elastic axis, and in turn, structural plunge and pitch motions are mapped as downwash
on the panel collocation points. In the three-dimensional model, aerodynamic loads at the centre
of each bound vortex ring’s leading segment are mapped onto the structural nodes. This is under
the assumption that the lifting surface remains undeformed with the spanwise aerodynamic grid
coinciding with the finite-element description of the beam (Murua et al., 2012a). Also, it assumes
that the aerodynamic forces are approximated as isolated loads at the centre of each bound vortex
ring’s leading segment. Next, structural displacements, rotations and velocities of the beam are
mapped onto aerodynamic collocation points as downwash (See Figure 4). Note also that in-plane
motions are not modelled in the two-dimensional plunge-pitch aerofoil but they are included in the
three-dimensional model.

The discretised structural dynamics for both the two and three-dimensional models can symbol-
ically be expressed as

N2(t)qn+1 +N1(t)qn = Qn+1
s + fnw, (5)

where Qs contains the external forces acting on the structural nodes. Consolidating Eqs. (3), (4)
and (5), we obtain in matrix form[

A2 −T q(t)
−F 2 N2(t)

]{
Γ
q

}n+1

=

[
A1 0
F 1 −N1(t)

]{
Γ
q

}n
+

{
W β,δ

0

}n
+

{
0
fw

}n
. (6)

In the above equation, the first row accounts for the non-penetrating boundary condition of Eq. (3).
The second row equates the discretised structural forces Qs in Eq. (5) to the aerodynamic loads Qa

in Eq. (4). A block diagram illustrating the fluid-structure coupling of the existing aeroelastic model
with feedback to external controllers is shown in Figure 5. In the case of the two-dimensional model,
T q, N1 and N2 will be time-invariant and fw will not appear.
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The resulting EoM (6) can be written in a linear time-varying state-space realisation

xn+1 = A(t)xn +Bβn +G

{
δ
fw

}n
,

yn = Cxn +Dβn +H

{
δ
fw

}n
,

(7)

where A is a function of the azimuth angle θ(t). If forces are defined in the output y, they
can be resolved from either the aerodynamics Qa of Eq. (4) or structures Qs of Eq. (5).
The state vector that completely defines the three-dimensional aeroelastic system is x> =[
∆Γ> | ∆η>t ∆η̇>t ∆η>r ∆η̇>r | ∆ν>t ∆ν>r ∆λ>

]
containing the aerodynamic, struc-

ture and rigid-body states. For the two-dimensional model, Eq. (7) will be linear time-invariant
and x> =

[
∆Γ> | ∆h ∆α ∆ḣ ∆α̇

]
containing the aerodynamic and structure states. The

combined hydrodynamic, buoyancy and mooring line forces acting on the platform are lumped
in fw and only appear in the three-dimensional model.

2.4 Wave Kinematics and Inflow Turbulence

The incident-wave kinematics in irregular seas are determined using a wave spectrum combined
with linear Airy wave theory (Lamb, 1997). The fundamental assumption in Airy wave theory is
that the fluid is inviscid, incompressible and irrotational, allowing the use of potential flow solutions
to model the motion of gravity waves on the surface of a fluid.

Airy wave theory describes the elevation ev of the wave as a harmonic motion, given by

ev = a sin(ωwt− kx), (8)

where a is the amplitude (given by half the wave height), k = 2π/λ is the angular wave number,
λ is the wavelength, ωw is the wave frequency and x is the horizontal position of the wave particle
(to describe the time lag) (Moe, 2007).

For irregular waves, either the Pierson-Moskowitz or JONSWAP (JOint North Sea WAve Project)
spectrum are commonly used to combine with Airy wave theory, to define a and ωw in Eq. (8) (IEC
61400-3, 2009). Here, the Pierson-Moskowitz spectrum is adopted as it caters for fully developed
seas and for wind blowing over a large area for a long time. The one-sided spectrum for the
Pierson-Moskowitz spectrum is given by J. M. Jonkman (2007), as

S(ωw)PM =
1

2π

5

16
H2
sTp

(
ωwTp

2π

)−5

exp

[
−5

4

(
ωwTp

2π

)−4
]
, (9)

where Hs is the significant wave height and Tp is the peak spectral period.
A realistic wind field in numerical simulations provides a huge benefit to predicting loads in

an operating environment that is as close as possible to the actual conditions. The IEC 61400-
1 (2006) is the international standard providing sets of design requirements to ensure turbines
are properly engineered to withstand the operating conditions throughout a lifetime of at least
20 years. To simulate the full wind field in accordance to IEC DLC 1.2 for fatigue analysis, the
open-source tool, Turbsim, developed by the US National Renewable Energy Laboratory, is used
(B. J. Jonkman & Kilcher, 2012).
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2.5 Controller Description

In this study, H∞ controls will be considered for its robustness properties. We will discuss the
control model and selection of weights in this section.

In H∞ controls (Green & Limebeer, 1995; Skogestad & Postlethwaite, 2005), the objective is to
minimise the L2 gain of the linear fractional map F (P ,K)

‖ F (P ,K) ‖∞= max
δ 6=0

‖ z ‖L2

‖ δ ‖L2

, (10)

where P andK are the plant and controller, respectively. This signifies that the worst case response
of the system to an input disturbance (maximum singular value) is minimised. Hence, in the
presence of bounded uncertainties, closed-loop performance and stability are guaranteed (Zhou &
Doyle, 1998).

For the two-dimensional model, Eq. (7) will be linear time-invariant and provides the state-
space EoM for controller design. For the three-dimensional model, Eq. (7) is linear time-varying
as the turbine dynamics are dependent on the blade’s azimuth location with respect to the tower,
appearing through the constrained structural EoM and aerodynamic coupling terms. However, in
the unassembled rotor or rotor blade descriptions, they are linear time-invariant without the tower.

Three-dimensional aeroelastic models developed using vortex-based aerodynamics are often large
even after model reduction (around a thousand states to have an accurate description of the dy-
namics) and are not efficient for synthesising the controller. Considering that blade loads are the
focus in this study, adopting the unassembled rotor blade description provides a small, linear and
representative model for controller design (Larsen, Madsen, & Thomsen, 2005; Leithead, Neil-
son, Dominguez, & Dutka, 2009; Plumley, Leithead, Jamieson, Bossanyi, & Graham, 2014). This
unassembled rotor blade uses the same aeroelastic description as the full turbine, coupling a com-
posite beam with the UVLM to arrive at a linear time-invariant state-space representation. It will
be used to design the controller and then simulated in closed-loop with the linear time-varying com-
plete turbine model. Nonetheless, it is worth mentioning that methods exist to design controllers
directly from the complete turbine in the non-linear description, using system identification (Barlas,
van der Veen, & van Kuik, 2012; Bergami & Poulsen, 2014) or different treatments of periodicity
(Bottasso, Cacciola, & Riva, 2014; Geyler & Caselitz, 2008; Lu, Bowyer, & Jones, 2014; Ozdemir,
Seiler, & Balas, 2011).

The linear EoM of the two-dimensional aerofoil and three-dimensional rotor or rotor blade for
the controller design can be expressed as (Ng, Hesse, Palacios, Graham, & Kerrigan, 2014a)

xn+1
c = Acx

n
c +Bcβ

n
c +Gcδ

n
c ,

ync = Ccx
n
c +Dcβ

n
c +Hcδ

n
c ,

(11)

with subscript c denoting the control model.
The objective function to be minimised is given by

z =

[
Q

1

2 0

0 R
1

2

][
yc
βc

]
, (12)

containing the weighted measurement yc and control input βc from Eq. (11). The weights on
measurement Q are increased relative to control input weight R until the actuator limits are
encountered (D. E. Berg, Wilson, Resor, Barone, & Berg, 2009). In this study, trailing-edge flaps
have been selected as the actuating mechanism for active load alleviation. Compared to pitch
actuation which involve the entire blade, flaps are smaller, localised, faster in actuation and does
not involve actuating the entire blade. However, if pitch controls is sought for in the modelling,
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Aeroelastic 

control model
Q

R

Weighted

cost

function

Measurements

Figure 6. Block diagram of control model.

this only requires simple modification to the aerodynamics by imposing additional downwash on
all the aerofoil/blade panels from pitch actuation. For both the two and three-dimensional models,
the limits on flap actuation β and β̇ are ±10◦ and ±100◦/s, respectively. The block diagram for
the control model is shown in Figure 6.

3. Numerical Results for Sectional Model

The two-dimensional model serves as a starting point to investigate the effectiveness of active
controls in reducing sectional blade loads on turbines. The model of a typical section will first
be numerically verified by comparing flutter speeds against published results and subsequently
demonstrated for load alleviation using actively controlled trailing-edge flaps. It also provides a
simple model to investigate controller sensitivity to uncertainties resulting from relaxed spatial
discretisation in the unsteady aerodynamics. In all the simulations that follow, the wind field
generated by Turbsim contains a turbulent component described by the von Kármán spectrum
and a wind shear with power law of exponent 0.2 (IEC 61400-1, 2006). Each simulation contains
6 × 600 seconds of wind field, with a characteristic hub height turbulence intensity of 17.5%.

3.1 Sectional Model Numerical Verification

The two-dimensional aeroelastic system presented in Section 2 is modelled with a converged spatial
discretisation on the aerodynamics using 50 equally distributed vortex-particles on the aerofoil and
a wake of 5 chord lengths. The flutter speeds are then computed and compared against another
aeroelastic model with Wagner’s indicial step response for its unsteady aerodynamics, as shown in
Figure 7. Also included in the plot is the flutter boundary by Murua, Palacios, and Peiró (2010)
where the aerodynamics are computed using a finite-order approximation to Theodorsen’s func-
tion (Theodorsen & Garrick, 1938). All models are using the same plunge-pitch aerofoil structural
description in Figure 1. As observed, there is generally a good agreement between the three aeroe-
lastic models considered. Although not shown here, similar flutter results had also been reported
by Zeiler (2000) and Bergami and Gaunaa (2010).

3.2 Dynamic Load Reduction using Controllers from Converged Models

The sectional model is now tuned to match the first flapwise and first torsional modes (0.68 Hz and
7.83 Hz) of the conceptual NREL 5MW wind turbine blade (J. M. Jonkman, Butterfield, Musial,
& Scott, 2009) for dynamic load alleviation studies. The input disturbance (gust) is generated
from Turbsim containing both turbulence and shear effects. The H∞ controller is synthesised from
the converged vortex aeroelastic model (with 50 panels per chord and 5 wake chords) and the
solution is time-marched at 28.5 Hz. Using a 10% trailing-edge flap and the coefficient of lift
CL as the measurement feedback, an average 60% reduction in root-mean-square (rms) of CL is
achieved without frequency weighting. The PSD for the coefficient of lift is shown in Figure 8
where the reduction is across most frequencies. It is evident that the loads are dominated by the
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Figure 8. PSD of lift coefficient on the 2-dof aerofoil in open and closed-loop with active flap H∞ controls.

low frequencies, especially the 1P (once-per-revolution). Incremental static loads are also reduced
but since we are looking at incremental loads about the operating condition, this implies that
targeted rotor speeds could be better maintained. The controller could also be designed to target
specific frequency bands, such as the 1P. Although not attempted here in the two-dimensional
case, frequency weighting will be used in the next section for the three-dimensional case. The PSD
is computed using Welch’s method with eight segments of 50% overlap to smoothen the power
spectrum (Welch, 1967). Note also that the maximum ∆CL for static flap deflection of ±10◦ is
0.424.

3.3 Controller Synthesis from Spatially Coarse Vortex Aeroelastic Model

Given that H∞ controllers have the same size as the model, control synthesis using high-order
converged vortex-based aeroelastic models is computationally expensive, and will be especially so
in full turbine models. At this stage, one will ask if the control model has to be that fine in order
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Table 1. Performance of low order panel model for controller synthesis, reduced through relaxed spatial discretisation and

balanced truncation.

Case No. of panels in Total no. of states % reduction in rms CL
control model in control model in closed-loop with

converged model

1 50 (Converged) 356 60.7
2 40 286 60.5
3 30 216 60.5
4 20 146 42.0
5 10 76 29.4

6 Balanced truncation 5 60.0
on converged model
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Figure 9. Open and closed-loop Bode plots from gust input to lift coefficient for the 2-dof model. Showing the open-loop

converged model of 50 panels per chord and the closed-loop cases 1, 5 and 6 from Table 1.

to deliver good performances, noting that controllers are known to perform well in the presence
of uncertainties depending on the level of model mismatch (Cook et al., 2013; Jones & Kerrigan,
2010; Lanzon & Papageorgiou, 2009; Vinnicombe, 1996). To investigate, the number of panels per
chord in the vortex aeroelastic model was reduced for control synthesis, but tested in closed-loop
with the converged aeroelastic model. This enables us to understand the limits to which controllers
developed from spatially coarse models, which had not converged for open-loop predictions, were
capable of rejecting disturbances on converged models. Also, it allows us to obtain control models
of reduced number of states to speed up closed-loop numerical simulations.

As shown in Table 1, a controller developed using the vortex model with 30 panels per chord
(case 3) is able to maintain the 60% reduction in rms CL when applied in closed-loop with the
converged model of 50 panels per chord. However, the maximum achievable performance deterio-
rates (by almost half) as we reduce the number of panels per chord on control model to 20 and
then to 10. The closed-loop Bode plots for cases 1 and 5 are shown in Figure 9. In all cases, the
flap deflection angles and rates were kept within ±10◦ and ±100◦/s.

As a comparison, balanced truncation (Skogestad & Postlethwaite, 2005) was also used to reduce
the converged aeroelastic model (50 panels per chord) to just 5 states. When the controller is
developed using this reduced model, it is capable of achieving as good performance as the controller
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designed from the converged model, as shown in case 6 of Table 1 and the closed-loop Bode plot
in Figure 9.

Looking further at the open-loop Bode plots from gust input to lift coefficient in Figure 10 for
the various reduced models used for control design, it is evident that the balanced truncated model
of 5 states provides slightly better representation of the converged model than that of a spatially
coarse model of 76 states. Even though the low frequency gains in open-loop for 10 panels per
chord matches the converged model, the closed-loop performance did not perform well across all
frequencies (shown previously in case 5 in Figure 9). This indicates that for vortex-based aeroelastic
models, the spatial discretisation needs to be quite resolved to capture critical system dynamics.

4. Numerical Results for Floating Turbine Model

The three-dimensional AHSE framework is now used to model the conceptual floating NREL
5MW turbine, together with numerical verification, implementation studies and closed-loop load
alleviation using trailing-edge flaps.

4.1 Conceptual Floating NREL 5MW Turbine

The conceptual floating turbine is based upon the works of J. M. Jonkman (2007). It adopts the
NREL 5MW turbine (J. M. Jonkman et al., 2009) as a baseline model with support foundations
from Statoil’s ‘Hywind’ project (J. M. Jonkman, 2010). The original NREL tower is shortened
in the floating configuration to accommodate part of the floating platform above sea-level. The
tower base is elevated at 10 m above sea-level and the draft is 120 m below sea-level, as shown in
Figure 11. All other components such as rotor, nacelle and hub are kept as in the original NREL
description.

The detailed description for the floating platform and mooring system can be found in
J. M. Jonkman (2010) and J. M. Jonkman and Musial (2010). These are made publicly avail-
able through the Offshore Code Collaboration Comparison (OC3) project (Cordle & Jonkman,
2011; J. M. Jonkman & Musial, 2010). In these documentations, a hydrodynamics model based on
sanitised properties of Statoil’s ‘Hywind’ floating turbine was furnished using Morison’s equation.
Morisons representation is valid for slender, vertical surface-piercing cylinders that extend to the
sea floor, and accounts for relative kinematics between the fluid and substructure. It is a semi-
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Platform mass including ballast

      = 7.47 X 106 kg

Platform roll inertia about CM  

      = 4.23 X 109 kgm2

Platform pitch inertia about CM 

      = 4.23 X 109 kgm2

Platform yaw inertia about platform centerline 

      = 1.64 X 108 kgm2

surge

sway

heave

roll

pitch

yaw

3.87 m

10 m

4 m
8 m

77.6 m

9.4 m

6.5 mmean sea level

120 m

fairleads

70 m

89.9 m

Figure 11. Illustration of floating wind turbine considered in this study, including properties of the tower and platform.

empirical equation for the in-line force acting on a body in oscillatory flow. The hydrodynamic
heave forces are added separately and can be approximated as the change in buoyancy brought
about by direct integration of the hydrostatic pressure. Additional empirical relationships can be
found in J. M. Jonkman (2010) for the linear damping and mooring line forces.

4.2 Numerical Verification and Implementation

After a convergence and numerical verification study in Ng et al. (2015), the finite element dis-
cretisation of the structural model contains a total of 11 tower elements including platform and 12
elements per blade, as illustrated in Figure 2. The characteristics of the turbine blade are defined
using a linear interpolation of the documented properties in J. M. Jonkman et al. (2009). For the
tower above sea-level, the same discretisation of 10 tower elements as those documented is used.
The floating platform is assumed to be a beam element spanning from the base of tower to the c.g.
of the platform. A point mass and an inertia are then added to the c.g. location with properties
from J. M. Jonkman (2010), which are also listed in Figure 11. For the aerodynamics, convergence
relies closely on the vortex-lattice discretisation on both the blades and wakes. Also, the length
of the rotating wake that is kept defines the unsteadiness in the aerodynamics and blade-wake
interactions. Through a convergence study on panel discretisation, it was determined that 10 and
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20 equally distributed spanwise and chordwise panels on each blade, respectively, and keeping a
quarter rotor diameter of wake profile downstream, is sufficient to capture dynamics in both the
blades and flaps.

The complete AHSE model of the turbine contains in excess of 30,000 states and has to be
reduced for computational efficiency. The concept of model reduction is a relatively well-established
subject in control literature. To effectively formulate a large aeroelastic model that is suitable for
model reductions is an area that requires specific treatment. Having the EoM written in a state-
space description from first principles, as demonstrated here, is the first step to facilitate model
reductions.

The structural and aerodynamic models are reduced prior to coupling for increased flexibility
and control over the aeroelastic sub-modules. The structural model is reduced through projection
and truncation on the natural vibration modes. As for the aerodynamics, they are reduced through
balanced truncation, which has shown to be effective in reducing large aeroservoelastic vortex-based
models (Hesse & Palacios, 2014). The detailed process for reducing the current model had been
presented in a recent work by the authors (Ng et al., 2015) and here, we will only summarise its
key aspects. For the structural model, the lowest 10 tower modes and 140 rotor modes are retained.
The reason for the large number of rotor modes is to capture the quasi-static torsional amplitudes.
For the unsteady aerodynamics, it is linear prior to coupling and balanced truncation was applied
to reduce the number of states to 350. This is determined by looking at the Hankel singular values
of the balanced UVLM model. The final AHSE system contains close to 900 states and is simulated
at 28.5 Hz.

Even after the model reductions, this size of the full turbine model is still considerably large for
controller design. As our focus is on alleviating blade root loads and that the NREL tower was
found to be relatively rigid, the control model was chosen to be one of the rotor blades described
in a rotating frame of reference and written in a linear time-invariant state-space representation.
Details of the single blade control model can be found in Ng et al. (2014a) and the resulting
controller contains 50 states. The use of a clamped blade for controller design does neglect important
couplings, particularly rigid-body motion at its root representative of tower motion. In a recent
paper by Ng, Hesse, Palacios, Graham, and Kerrigan (2014b), this control model was augmented
with rigid body motion at its root. The closed-loop results on the full turbine were no better
than the base case controller synthesized without rigid-body motions, indicating gust disturbance
dominating the response of the system and justifies the use of the clamped blade for controller
design. Note that in the simulation of the full turbine, the blades are free to move about their base
through simply rigid links with the hub.

The numerical verification of the proposed aeroelastic model for the land-based NREL turbine
was performed in Ng et al. (2015) and Ng et al. (2014b). To verify implementation of the floating
conditions, a regular Airy wave of height 6 m and period 10 s was simulated on the floating turbine.
To avoid exciting high frequency dynamics, the wave was input into the system gradually using
a ramp function for the first 100 s. The surge and pitch motions of the platform are shown in
Figure 12. The amplitudes reported (J. M. Jonkman & Musial, 2010) (FAST/ADAMS) for heave,
surge and pitch are 0.25 m, 1.50 m and 0.8◦, respectively, and are very close to those attained
through the current model. For the comparison, the turbine is in a stationary configuration with
rigid rotor. The elastic tower fore-aft motion is shown in Figure 13 and also agrees well with
literature (J. M. Jonkman & Musial, 2010), which reported an amplitude of 0.23 m. This provides
the confidence that the dynamics of the free-floating platform and tower are captured through the
structural model and that the wave kinematics are properly implemented.
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Figure 12. Resulting platform motion of the stationary floating turbine with a regular Airy wave of height 6 m and period
10 s. To avoid exciting high frequency dynamics, a ramp function is prescribed for the first 100 s of wave input.
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Figure 13. Resulting tower-top fore-aft elastic deformation of the stationary floating turbine with a regular Airy wave of height

6 m and period 10 s. To avoid exciting high frequency dynamics, a ramp function is prescribed for the first 100 s of wave input.

4.3 Closed-loop Performance with Active Trailing-edge Flaps

The inclusion of irregular wave kinematics introduces low frequency content on the loading of
turbine components. This is evident through Figure 14 comparing blade flapwise root-bending mo-
ments (RBM) on the land-based and floating turbines in the presence of full wind field and irregular
waves. The turbine is assumed to operate in a rated 11 m/s inflow and TSR of 7. For the design of
a load alleviation system on actual blades, it is expected that different angular velocities will have
to be considered to derive a family of linear controllers with gain-scheduling. Each simulation is
performed on 6 × 600 seconds of wind field with characteristic hub height turbulence intensity of
17.5%. For each 600 seconds of simulation, the computation took approximately 30 minutes on a
single processor machine.

As mentioned, the controller is designed on a clamped rotating blade and has a linear state-space
description. The closed-loop configuration is shown in Figure 15 in which three independent and
similar controllers, each formulated from a clamped rotating blade as in Eq. (11), are connected to
the turbine. The measurement feedback is chosen to be the flapwise RBM and the control input is
saturated (±10◦) before being fed into the system. The flaps are chosen to occupy 10% of the local
chord and located from 70% to 90% span (Ng et al., 2014a). This location is found to give a large
moment arm from the blade root and the dimensions are not too large that may become heavy
to actuate (Andersen, Gaunaa, Bak, & Buhl, 2006). The key operating parameters for different
simulation cases and flap dimensions are shown in Table 2.

Table 3 shows the closed-loop performance of trailing-edge flaps on the floating NREL 5MW
turbine, in the presence of full wind field and irregular waves. The results for its land-based coun-
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Table 2. Key operating parameters for simulation and flap dimensions.

Wind Inflow 11m/s
(Land/Float) Tip-speed-ratio 7

Turbulence spectrum von Kármán
Turbulence intensity 17.5%
Shear power law exponent of 0.2

Wave Spectrum Pierson-Moskowitz
(Float) (Hs = 6m, Tp = 10s)

Flaps Maximum angle 10◦

(Land/Float) Maximum rate 100◦/s
Chordwise dimension 10% local chord
Spanwise location 70% to 90% span
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Figure 14. PSD of root-bending moments on one of the rotor blades in open-loop, comparing the land-based and floating
turbine with irregular waves (both in the presence of full wind field).
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Figure 16. PSD of flapwise RBM on one of the floating wind turbine rotor blades in open and closed-loop with active load

alleviation without frequency weighting. In the presence of irregular wave, wind shear and turbulence inflow.

terpart from Ng et al. (2015) are also listed as case 3 for comparison. Considering case 1 for the
floating turbine without frequency weighting, we observe around 13% and 10% reduction in rms and
maximum values of flapwise RBM, respectively. The reduction in damage-equivalent-load (DEL)
of the RBM is similar to that of the reduction in maximum values. For the calculations of DEL for
fatigue analysis (Freebury & Musial, 2000; Hayman, 2012; Hendriks & Bulder, 1995), a S-N slope
of 10, which is typical for composite materials has been chosen. Here, the DEL is computed from
the time-series of flapwise RBM from simulation and are without weighting of the wind speeds. As
such, the average DEL reduction of around 11% here, serves as an estimate for the fatigue loads.

When compared to the land-based turbine (comparing cases 1 and 3), their percentage reduction
in loads are largely similar but the absolute rms RBM value for the floating turbine is significantly
higher due to the presence of low frequency wave excitations. Also, the flap activity β̇ is higher
for the floating case. The PSD for the floating turbine with irregular wave (case 1) is shown in
Figure 16 without frequency weighting. The reduction in loads is across most frequencies, including
those emanating from the wave kinematics and 1P wind shear effects. Incremental static loads are
also reduced that could potentially be used to maintain targeted rotor speeds. Separately, specific
frequency bands could be targeted by filtering the measurements prior to the feedback to controller.
The results for low-pass and band-pass 0.2 Hz and 0.4 Hz are included in Table 3 (case 2). In the
case of low-pass where the low frequency range of platform-induced blade loads are considered with
the per-revolution loads, the resulting rms, maximum and fatigue reductions are almost similar to
the unfiltered case. However, their actuator duties in terms of β̇ are reduced by more than four
times. In the case of band-pass where the focus is on the per-revolution loads (1P or 2P) in Table 3,
the load reductions are smaller despite having a larger actuator duty compared to the low-pass.

For all the load alleviation cases considered here for the floating turbine with active controls,
there is a very slight increase in platform motions (surge, heave and pitch) that is below 1%.
Further to that, the reduction in rms and maximum values of the tower top fore-aft deflection are
relatively small. These tower loads are not acted on by the active mechanisms, which had been
designed to target blade loads. Nonetheless, despite using a clamped rotating blade as the control
model without knowledge of any rigid-body motions from the tower, the controller has performed
well in alleviating blade loads that are induced by both the wind and wave excitations.
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Table 3. Closed-loop alleviation of blade loads on the floating NREL 5MW wind turbine under the action of a full wind field in

combination with irregular waves. Comparing (1) active flaps alone (2) active flaps with filtered measurements (3) land-based
turbine. The abbreviations are: lp (low-pass), bp (band-pass).

Case Config OL rms %rd rms %rd max %rd DEL max β̇
RBM (Nm) RBM RBM RBM (◦/s)

1 Float 1.78 × 106 13.2 10.8 11.3 99.6
2 Float (lp 0.2 Hz) 1.78 × 106 13.1 10.3 10.7 18.9
2 Float (lp 0.4 Hz) 1.78 × 106 13.2 10.6 10.8 24.5
2 Float (bp 0.2 Hz) 1.78 × 106 9.48 7.58 7.99 29.2
2 Float (bp 0.4 Hz) 1.78 × 106 4.86 4.40 4.57 37.4
3 Land 1.26 × 106 13.0 12.6 13.2 37.0

5. Conclusions

Computational modelling for active load alleviation in floating wind turbines require a multi-
disciplinary approach, encompassing the unsteady aerodynamics, hydrodynamics, controls and
structural dynamics in a unified framework. The challenge is to seek an enhancement to existing
modelling techniques for improved capture of turbine dynamics, yet retaining numerical efficiency
and control design capabilities. The solution adopted here is to resolve the aerodynamics using the
unsteady vortex-lattice method to administer better characterisations of three-dimensional flows
across the rotor. With a prescribed helicoidal wake, a linear state-space description of the unsteady
vortex-lattice method can be formulated to allow reduced-order modelling and controller design.
The state-space UVLM is easily coupled to any linearised structural dynamics and here, a multi-
body description composed of composite beams has been used to represent the rotor blades and
tower/platform. This unified aeroelastic framework enables a comprehensive understanding of the
aeroelastic behaviour in large wind turbines and to discover the potential advantages of smart rotor
control concepts.

Two and three-dimensional aeroelastic descriptions have been presented. The two-dimensional
model provides a simplified illustration of the proposed modelling technique in a control-oriented
approach. It couples a vortex-particle description with a plunge-pitch aerofoil, representative of a
section through the turbine blade. Using H∞ controlled trailing-edge flaps, close to 60% reduction
in root-mean-square of lift coefficient was obtained. The limits to which spatially coarse models can
be used for controller design was also studied, with results showing that closed-loop performances
began to deteriorate as model discretisation is relaxed by more than half. In the complete three-
dimensional model of the floating turbine with representative wind and wave input disturbances,
around 13% reduction in blade loads (root-bending moments) can be obtained through trailing-
edge flaps. The control model was based on a clamped rotating blade and was capable of acting
on both the wind and wave-induced loadings.

There is still much more to be done in the understanding of wind-wave interaction and mecha-
nisms for load alleviation in floating wind turbines, and the presented aero-hydro-elastic framework
with control capabilities aims to facilitate the investigations. In particular, it would be suitable for
control to incorporate output disturbance models from wind/wave excitations and making use of
preview information from sensors or the knowledge of periodicity for feedforward control.
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Appendix A. Numerical Implementation of Two-dimensional Vortex-particle
Aeroelastic Model

The time-domain vortex-particle method uses vortices as singularity solutions to the Laplace’s
equation. To solve for the singularities, the non-penetrating boundary condition is imposed on
collocation points to obtain the relationship (Katz & Plotkin, 2001)

AijΓj + wi = 0, (A1)

where Aij is the influence coefficient that gives the induced velocity normal to aerofoil surface at
collocation point i due to a vortex-particle of unit strength at point j. The second term, wi, is the
downwash at collocation point i due to motion of the aerofoil, flap deflection and incident gust.
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The influence coefficient A is given by

Aij = ni ·
[
uij
wij

]
, (A2)

such that [
uij
wij

]
=

1

2πri2

[
0 1
−1 0

] [
xc,i − xv,j
zc,i − zv,j

]
,

where uij and wij are components of velocity in the x and z directions induced at collocation point
i by a unit vortex at point j. The coordinates (xc,i, zc,i) and (xv,j , zv,j) refer to the locations of
the collocation point i and vortex-particle j, respectively (see Figure 3), and ri gives the distance
between them. ni is a unit vector normal to the surface at collocation point i.

To model the wake vortices, we impose Kelvin’s condition dictating the conservation of circulation
Γ in the fluid surrounding both the aerofoil and its wake. By equating the sum of all the circulation
from the aerofoil and most recent wake vortex in the current time-step to the total circulation in
previous time-step, we obtain

Γn+1
w,1 +

N∑
j=1

Γn+1
a,j =

N∑
j=1

Γna,j , (A3)

where Γa,j is the vortex circulation at point j on the aerofoil and Γw,1 is the circulation of the
most recent wake vortex shed at aerofoil trailing-edge. n is the number of time-steps that also
corresponds to the number of wake panels, and N is the number of panels on the aerofoil.

Once the vortex-particle at the trailing-edge is shed into the wake, it is convected downstream
such that

Γn+1
w,k = Γnw,k−1, (A4)

where Γw,k is the circulation of the kth wake vortex-particle. The position of the wake vortex-particle
is determined by both the freestream velocity and also velocities induced by all other vortices. This
free wake model introduces non-linearities as the locations of the wake vortex-particles become a
function of time. To obtain linear models for control methods and for computation efficiency, a
prescribed wake model that neglects roll-up effects due to self-induced velocities can be implemented
with minimal impact on the accuracy of the unsteady responses (Murua, Palacios, & Graham,
2012b). In this study, a planar wake has been assumed.

Putting the above equations together, we obtain a state-space expression in terms of aerofoil
vorticity, Γa ∈ Rna×1, and wake vorticity, Γw ∈ Rnw×1 (Hall, 1994; Zhao & Hu, 2004), written as[

Aa Aw

Awa Aww

]{
Γa
Γw

}n+1

=

[
0 0
Bwa Bww

]{
Γa
Γw

}n
+ T qq

n+1 +W n
β,δ, (A5)

where q =
[
h α ḣ α̇

]>
, and the total number of vortex-particles on the aerofoil and wake are

denoted by na and nw, respectively. Note that Eqs. (A5) and (3) are equivalent. The first row in
the above equation imposes the Neumann boundary condition in Eq. (A1) with Aa ∈ Rna×na and
Aw ∈ Rna×nw . The second row containing Awa ∈ Rnw×na , Aww ∈ Rnw×nw , Bwa ∈ Rnw×na and
Bww ∈ Rnw×nw imposes Kelvin’s condition in Eq. (A3) to dictate the conservation of circulation in
the fluid surrounding the aerofoil, its wake and the convection of wake downstream. They are defined

25



June 11, 2015 International Journal of Control Final

as Awa = Bwa =

[
11×na

0(nw−1)×na

]
, Aww = Inw×nw , and Bww =

 01×(nw−1) 01×1

I(nw−1)×(nw−1)

[
0(nw−2)×1

r

],

where I, 1 and 0 are the identity, ones and zeros matrices, respectively, and their sizes are defined
in the accompanying subscript. The relaxation factor r is included to avoid sudden changes in the
downwash from the finite length of the wake vortices.

The transformation T q ∈ R(na+nw)×4 in Eq. (A5) is used to map the aerofoil structural dof as

downwash (velocity) onto the collocation points. The last term W β,δ ∈ R(na+nw)×1 accounts for
the downwash on aerofoil collocation points due to flap deflection and incident gust, expressed as

W n
β,δ = W ββ

n +W δδ
n, (A6)

where β =
[
β β̇

]>
and δ =

[
δ1 · · · δna

]>
, such that β is the flap deflection angle and δ = wg

U∞
is

the induced gust angle as shown in Figure 1. Note that β and δ are written in the time-steps tn for
the final EoM to be in explicit form. The matrices T q, W β ∈ R(na+nw)×2 and W δ ∈ R(na+nw)×na

have their entries along the ith row and jth column expressed as

T q =



0 if i ≤ na and j = 1

−nz,iU∞ if i ≤ na and j = 2

−nz,i if i ≤ na and j = 3

−nz,ixeac,k if i ≤ na and j = 4

0 otherwise

,

W β =



0 if i < ih and j = 1

−nz,iU∞ if ih ≤ i ≤ na and j = 1

0 if i < ih and j = 2

−nz,ixhc,i if ih ≤ i ≤ na and j = 2

0 otherwise

,

W δ =

{
−nz,iU∞ if i = j

0 otherwise
.

The normal to the aerofoil surface at collocation point i is given by nz,i and the distance between
the ith collocation point and the elastic axis by xeac,i. The collocation points covering the trailing-

edge flaps starts from the hinge ih to trailing edge na, and xhc,i is the distance from collocation
point i in the flap to the hinge axis. Note that the plunge h has no bearing on the aerodynamic
downwash.

In computing the pressures and loads on the aerofoil, we make use of the two-dimensional un-
steady Bernoulli equation (Katz & Plotkin, 2001). In continuous time, the pressure difference ∆pk
across the lower and upper surfaces of the jth vortex-particle at distance x from the leading edge
is

∆pj(t) = ρ

[
U∞(t)Γa(x, t) +

∂

∂t

∫ x

0
Γa(x, t)dx

]
, (A7)

where ρ is density of air. Integrating Eq. (A7) over the entire aerofoil and writing in discrete-time
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state-space non-dimensional form, we obtain for the lift

Ln+1 =


ρUn+1
∞ + ρ(c−xv,1)

∆t

ρUn+1
∞ + ρ(c−xv,2)

∆t
...

ρUn+1
∞ + ρ(c−xv,na )

∆t


>

Γa,1
Γa,2

...
Γa,na


n+1

+


ρ(−c+xv,1)

∆t
ρ(−c+xv,2)

∆t
...

ρ(−c+xv,na )
∆t


>

Γa,1
Γa,2

...
Γa,na


n

. (A8)

A similar expression can be obtained for the moment about the elastic axis

Mn+1
α = −


ρUn+1
∞ (xv,1 − xea) + ρ

∆tΠ1

ρUn+1
∞ (xv,2 − xea) + ρ

∆tΠ2
...

ρUn+1
∞ (xv,na − xea) + ρ

∆tΠna


>

Γa,1
Γa,2

...
Γa,na


n+1

+


ρ

∆tΠ1
ρ

∆tΠ2
...

ρ
∆tΠna


>

Γa,1
Γa,2

...
Γa,na


n

, (A9)

where Πj =
(
c2

2 − c xea
)
−
(
x2
v,j

2 − xv,j xea
)

and j ∈ [1 . . . na]. xv and xea are the locations of the

vortex-particle and elastic axis measured from the leading edge, respectively, and c is the chord.
The lift and moment coefficients about the elastic axis can also be written symbolically, as

Qn+1
a = F 2Γ

n+1 + F 1Γ
n, (4)

where Qn+1
a =

{
Ln+1

Mn+1
α

}
and Γ =

{
Γa
Γw

}
. The coefficients F 1 ∈ R2×(na+nw) and F 2 ∈ R2×(na+nw)

are obtained from Eqs (A8) and (A9) with additional columns of zeros multiplying Γw.
To arrive at the two-dimensional aeroelastic model of the 2-dof aerofoil, the aerodynamics defini-

tion in Eqs. (4) and (A5) are coupled to the structural dynamics in Eq. (1) using the fluid-structure
coupling in Section 2.3.
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