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A Coxian Model for Channel Holding Time
Distribution for Teletraffic Mobility Modeling

B. H. Soong and J. A. Barria

Abstract—In this letter, we derive an algebraic set of equations
that examines the relationships between the cell residence times
and the handoff call’s channel holding time. When the cell res-
idence times have an Erlang or Hyper–Erlang distribution, the
channel holding times can be represented by a Coxian model. An
algorithm is presented to compute the parameters of the equivalent
Coxian model. The analytical models proposed in this letter pro-
vide a flexible framework for further studies into the optimization
and performance evaluation aspects of teletraffic mobile systems.

Index Terms—Cell residence time, channel holding time, coxian
distribution, mobility modeling.

I. INTRODUCTION

FUTURE Personal Communication Services (PCS) presents
many challenging problems where it is necessary to con-

sider the mobility of users in addition to traffic scenarios for the
purpose of teletraffic performance analysis. One key character-
istic of these systems is the channel holding time that allows
one to determine important network design parameters such as
the new call blocking probability and the hand-off call blocking
probability.

Recently, Kobayashiet al.[5] found that the dwell times were
log normally distributed from measurements of the GPS signals
located on-board the vehicles (taxis). The vehicles’ velocity fol-
lowed a truncated Gaussian distribution, and the handoff rate per
call was inversely proportional to the length of the cells. With
field data, Jedrzyckiet al.[4] showed that a log normal distribu-
tion fitted the channel holding time for cellular systems better
than the exponential distribution. The evidence motivates us to
review the assumptions that are widely used in the literature.

The cell residence time or dwell time is defined as the dura-
tion of time the mobile user is communicating with the base-sta-
tion (BS). Zonooziet al. [6] used the Gamma distribution to
model the cell residence time. Other researchers, Orliket al.
[3], suggested using the Sum of Hyperexponential distribution
for the cell residence time. The characterization of the cell resi-
dence time as a nonexponential distribution proved to be timely.
In contrast to wireline networks, the channel holding time de-
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pends on the mobility of the users. When a call is allocated a
channel, it will occupy the channel until it is released either
due to call completion or when the mobile user moves to an-
other cell. Recently, Fanget al. [2] proposed a new mobility
model called the Hyper–Erlang distribution model for cell res-
idence time to approximate the log normal distribution of the
channel holding time. In this letter, we have derived an alge-
braic set of equations that examines the relationships between
the cell residence times and the handoff call’s channel holding
time. It was found that when the cell residence times have an
Erlang or Hyper–Erlang distribution, the channel holding times
can be represented by a Coxian model. This work represents our
ongoing research on a simplified analytic model for the appli-
cation of performance evaluation and resource management of
future mobile cellular systems.

II. SYSTEM MODEL

Let be the cell residence time, the call holding time and
is the residual life time of the call holding time when the

call completes theth handoff successfully. The timing diagram
model is given in Fanget al. [2]. The random variable denoting
the handoff call’s channel holding time is .
Let and be the Laplace transform of the density
functions of the random variablesand , respectively. Their
main result is embodied in the following theorem which is re-
produced here.

Theorem 1: Given a PCS network with exponential call
holding time and Possion new call arrival rate. For this
PCS network, the Laplace transform of the density function of
the handoff call channel holding time distribution is given by

(1)

The determination of the handoff call channel holding time is re-
lated with the cell residence time through eqn. (1). Similarly, the
new call channel holding time distribution can be related to the
cell residence time distribution with the Residual Life Theorem.
Without loss of generality, we will concentrate on the handoff
call channel holding time distribution since the methodology is
similar. Suppose the cell residence time is Erlang-distributed1

with parameters where and is a positive in-
teger. The Laplace transform of density function of the handoff
call channel holding time is given by,

(2)

1Laplace transform of the Erlang density function isf (s) = (m�=s +
m�) .
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III. M AIN RESULTS

The rational polynomial in eqn. (2), expressed as
is the focus here. The following lemma provides

insight to the link between the Coxian model for the handoff
call channel holding time and the Erlang distribution for the cell
residence time.

Lemma: For any positive integer , with
and , the Laplace transform of the handoff call channel
holding time can be expressed as,

(3)

where is a th order polynomial.

(4)

Proof: For this lemma, we expand eqn. (2),

In order to prove (3), firstly we need to show that there is
a pole-zero cancellation of . For ease of visualization,
we concentrate on the numerator and substitute the following
variables , and .

Here, we introduce the notation for the binomial coefficients
Using the fact that and rearranging the

terms, we have

Therefore contains a common factor ,
which will cancel the pole. Next, we need to show that is
not divisible by . Similarly, we let .

Since and , we have that does not con-
tain the root . Therefore, will be the numerator
polynomial of order . contains multiple roots
at location .

In the following, we seek to obtain an expression for the co-
efficients in eqn. (4). From the mathematical equation above,

(5)

with . Also note that,

(6)

A minor computational effort is required to calculate the co-
efficients . However, it is obvious that these coefficients can
be further simplified and their values will depend onand

. By relating eqn. (6) with the coefficients of the nu-
merator polynomial in (4) we have,

(7)

(8)

for .
The results indicate multiple poles for the rational polyno-

mial of the handoff call channel holding time distribution. This
is extremely convenient, as we can use the partial fraction result
[7],

(9)

where

(10)

for
Next, we relate with the coefficients

of the numerator polynomial . By re-
cursively differentiating (10), it is not too difficult to show that
the relationship is governed by the equation as shown at the
bottom of the page, or rewritten in the matrix-vector form with
the substitution

(11)

Notice that the matrix is invertable with a determinant of 1.
The upper triangular form of the matrix allows us to relate the
and vectors uniquely without the need for matrix inversion.

Theorem 2: When the cell residence time is Erlang dis-
tributed with parameter , the handoff call channel
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holding time distribution can be represented as a Coxian server
with the following Laplace transform:

(12)

where , for .
Proof: By relating the same powers of the rational polyno-

mials (9) and the related coefficients (12), we have by defining
,

(13)

for
Note that , and since . Therefore

the unknowns, can be solved recursively given the
coefficients . A Coxian server2 which consists of exponen-
tial stages with service rate of can be used to represent
eqn. (12). The parameters can be precomputed without any
difficulty. Furthermore, the advantage with this form is that one
can obtain directly the inverse Laplace transform of the handoff
call holding time distribution given the coefficients in (9).

IV. DISCUSSION

The proposed Coxian model allows us to calculate the coef-
ficients through the computational equations without resorting
to partial fraction expansion. The inversion of the resulting
Laplace transform to the density function is straightforward.
With this approach, we maintain that no compromise was made
on making the modeling more difficult to fit a distribution
from field data. The parameters the user requires to fit the
distribution are still the size of the Erlang distribution, the
parameter and . With the specification of these parameters
for the Erlang distribution of the cell residence times, the
other coefficients can be calculated. Our results directly carry
forward to the Hyper–Erlang cell residence distribution. In
this case, the handoff call’s channel holding time distribution
is separable in the-domain. Therefore, our Coxian model
consists of parallel branches.

(14)

with the constraint, .It is conceivable to reduce the
complexity of this parallel model. In fact, Cox [1] has shown

2With this server, only one of the stages can be occupied at a given time. Be-
fore entering theith stage, an independent choice is made with probability�

the customer will proceed to theith exponential service stage and with proba-
bility 1� � the customer will depart immediately.

that with his general model that no further generality can be in-
troduced with feedback and feedforward concept. It is envisaged
that we can further decompose the Coxian model which is useful
for teletraffic performance studies.

V. CONCLUSIONS

In this letter, we derive an algebraic set of equations that ex-
amines the relationships between the cell residence times and
the handoff call’s channel holding time. When the cell residence
times has an Erlang or Hyper–Erlang distribution, the channel
holding times can be represented by a Coxian model. An algo-
rithm is presented to compute the parameters of the equivalent
Coxian model. The set of equations allows the determination
of the Coxian parameters to be computed easily without ma-
trix inversion. We argue that the Coxian model provides a more
flexible framework to study the nonexponential distribution of
channel holding time. It is intuitively appealing since it is scal-
able and becomes a viable framework for further studies into the
teletraffic aspects of mobile networks. Our future work would
be to study the Coxian model for real-time control of the channel
resources or to calculate the appropriate parameters for the di-
mensioning of mobile networks.
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