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Abstract

Using thermodynamic and variational principles we examine a basic phase field model for a the mix-
ture of two incompressible fluids in strongly perforated domains. With the help of the multiple scale
method with drift and our recently introduced splitting strategy for Ginzburg-Landau/Cahn-Hilliard-
type equations, we rigorously derive an effective macroscopic phase field formulation under the assump-
tion of periodic flow and a sufficiently large Péclet number. As for the classical convection-diffusion
problem, we obtain systematically diffusion-dispersion relations (including Taylor-Aris-dispersion). To
ensure the applicability of the equations we derive in practical settings, we also provide a convenient
computational framework to macroscopically track interfaces in porous media. In view of the well-
known versatility of phase field models, our study proposes a promising model for many engineering
and scientific applications such as multiphase flows in porous media, microfluidics, and fuel cells.

1 Introduction
Consider the total energy density

1
e(x(X,t),t) foraninter facebetweentwophases,:= 5 % (X,1)]? — % IVxo(x(X,1),1))]> — gF((b(X(X,t),t)) ,

where ¢ is a conserved order-parameter that evolves between different liquid phases represented as the
minima of a homogeneous free energy F'. The parameter A represents the surface tension effect, i.e.
A (surface tension) X (capillary width(. Assume that F' represents polynomials of the form

¢
F(Qﬁ):z/o f(s)ds, and f(s):=azs®+azs®+ays. (1.2)
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The variable X stands for the Lagrangian (initial) material coordinate and x(X,t¢) represents the Eu-
lerian (reference) coordinate. The last two terms in (1.1)) form the well-known density of the Cahn-
Hilliard /Ginzburg-Landau phase field formulation adapted to the flow map x(X,¢) defined by

x:=u(x(X,t),t),
t (x(X,1),t) (1.3)
x(X,0)=X.

The first term in |D is the kinetic energy, which accounts for fluid flow of incompressible materials
showing the same viscosity constantyu, i.e.,

w+(u-V)u—pAu+Vp=g,

. (1.4)

diva=0,

where g is a driving force acting on the fluid. We are interested in the mixture of two incompressible
and immiscible fluids of the same viscosity . Hence, we can employ generic free energies showing
a double-well form as is the case often in applications (e.g. [41]).

Suppose that D C R? with d >0 the dimension of space denotes the domain which is initially occupied
by the fluid. Then, we can define for an arbitrary length of time 7' >0 the total energy by

T
E(x)::/o /De(x(X,t),t)dth. (1.5)

The energy combines an action functional for the flow map x(X,¢) and a free energy for the order
parameter ¢. This combination of mechanical and thermodynamic energies seems to go back to [13] 14}
17, 18, 20]. Subsequently, we will focus on quasi-stationary, i.e., u;=0 and g#0, and low-Reynolds
number flows, i.e., (u-V)u=0. Then, classical ideas from the calculus of variations [38] and the theory of
gradient flows together with the imposed wetting boundary condition [, w(x)do(x) for w(x) € H3/2(6Q)
lead to the following set of equations

(—uAu—i—Vp:g in Qp,
divu=0 in Qp,
u=0 on 0Qr,
(Homogeneous case) § ¢+ Pe(u-V)p=Adiv(V(f(¢) —A¢)) in Qr, (1.6)
Vpd:=n-Vo=w(x) on 0Qr,
VaAp=0 on 0Qr,
»(x,0) =h(x) on Q,

where Qr :=Qx]0,T[, 90 := 00! x]0,T, \ represents the elastic relaxation time of the system, and the
driving force g accounts for the elastic energy [I§]

g=—7div(VoaVe), (1.7)

where v corresponds to the surface tension [19] and hence = for simplicity in [I]. The dimensionless
parameter Pe:= % is the Péclet number for a reference fluid velocity U:=|u|, L is the characteris-
tic length of the porous medium, and the diffusion constant D=kT M obtained from the mobility via
Einstein’s relation. We note that the immiscible flow equations can immediately be written for the full
incompressible Navier-Stokes equations as in [I§]. Our restriction to the Stokes equation is motivated
here by the fact that such flows turn into Darcy’s law in porous media [10].

The main objective of our study is the derivation of effective macroscopic equations describing (|1.6))
in the case of perforated domains Q¢ C R? instead of a homogeneous 2 CR?. A useful and reasonable
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Figure 1: Left: Porous medium Q¢:=0\ B¢ as a periodic covering of reference cells Y :=10,¢]%. Top:

Definition of the reference cell Y =Y'UY? with £=1. Right: The “homogenization limit” e:= % —0
scales the perforated domain such that perforations become invisible in the macroscale.
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approach is to represent a porous medium =Q°U B¢ periodically with pore space 2¢ and solid phase
Be¢. The arising interface 9Q°NOBC is denoted by I€. As usual, the dimensionless variable € >0 defines
the heterogeneity ez% where ¢ represents the characteristic pore size and L is the characteristic length
of the porous medium, see Figure [I} The porous medium is defined by a periodic coverage of a reference
cell Y:=[0,¢1] x[0,€2] x ---x[0,£4] which represents a single, characteristic pore. For simplicity, we set
b1 =0y=---=L;=1. The periodicity assumption allows, by passing to the limit ¢ —0 — see Figure [1}, for
the derivation effective macroscopic porous media equations, rather attractive for applications. The pore
and the solid phase of the medium are defined as usual by,

0= Je(V'+2)nQ,  B= ] e(Y?+2)n0=0\9", (1.8)

z€Z4 z€Z4

where the subsets Y1, Y2 CY are defined such that Q¢ is a connected set. More precisely, Y'! denotes the
pore phase (e.g. liquid or gas phase in wetting problems), see Figure
These definitions allow us to rewrite ((1.6)) by the following microscopic formulation

—2pAue+ Vpe = —ydiv (Vo @ Vo, ) in QF,
divu,=0 in QF,
u.=0 on Iy,
(Periodic porous medium) 2 e+ Pe(uc- V) =Adiv(V (f(¢e) — Ade)) in Qf, (1.9)
Vinde:=n-Vo.=w(x) on I,
ViApe=0 on I%,
0(-0)=h(") on €,

where I5.:=1°x]0,T[. The microscopic system leads to a high-dimensional problem even under
the assumption of periodicity since the space discretization parameter needs to be chosen to be much
smaller than the characteristic size € of the heterogeneities of the porous structure, e.g. left-hand side
of Figure This is a well-known issue and the homogenization method provides a systematic tool to
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reduce the intrinsic dimensional complexity by reliably averaging over the microscale represented by a
single periodic reference pore Y. We note that the nonlinear problem is characterized by a complex
coupling between the micro- and the macroscale. This scale interaction leads to non-standard reference
cell problems which also depend on the macroscale. As a consequence, the reference cell problems need to
be computed for each macroscopic point now. Serafim — Markus: the above sentence is confusing
and needs re-writing This high-dimensionality is an intrinsic feature of coupled non-linear partial
differential equations studied in porous or highly heterogeneous structures, see [35, 36|, 37]

Obviously, the systematic and reliable derivation of practical, convenient, and low-dimensional ap-
proximations is the key to feasible numerics of problems posed in porous media and provides a basis for
computationally efficient schemes. To this end, we relax the full microscopic formulation further by
restricting to periodic fluid flow. By taking the stationary version of equation 4 on to a single
periodic reference pore Y, we can formulate the following periodic flow problem

(—,LLAyu—kVyp:—vdivy(Vy¢®vy1/1) in Y,
divyu=0 in Y1,
u=0 on 9Y?,
u is Y!l-periodic,

Pe(u-Vy )y =Adivy (Vy (f(¥) — Ay)) in Y1,
Vop:=(n-Vy)p=w on 9Y2,
VnAyp =0 on 9Y?,
1 is Y'l-periodic.

(Periodic flow) (1.10)

We remark that it might be possible to further reduce problem in case that the reference cell is
only filled by one fluid phase, i.e., Vy1=0. This scenario requires to only solve for the periodic Stokes
problem 174 under zero driving force, i.e., g=0. We further note that physically, the periodic
fluid velocity defined by can be considered as the spatially periodic velocity of a moving frame.
Motivated by [23, [33], we study the case of large Péclet number and consider the following distinguished
limit.

Assumption (DP): The Péclet number scales with respect to the characteristic pore size € >0 as
follows: Pe~ %

Let us first discuss Assumption (DP). If one introduces the microscopic Péclet number Pey,ic: —=
%, then it follows immediately that Pe= %. Since we introduced a periodic flow problem on the
characteristic length scale £>0 of the pores by problem , it is obvious that we have to apply the
microscopic Péclet number in a corresponding microscopic formulation, see below. Hence, the
periodic fluid velocity u(x/e):=u(y) enters the microscopic phase field problem as follows

Frbe+Femiz(u(x/€) - V)pe = Adiv (V (f(9) — Ad))  in QF,

nPe :=1" e = I%,

(Microscopic problem) Vnde:=n-Vo=w(x/e) onir (1.11)
VaAp:.=0 on I,
oc(,0)=1() on QF.

The main result of our study is the systematic derivation of upscaled immiscible flow equations which
effectively account for pore geometry starting from the microscopic system (1.10)—(1.11)), i.e.,

PO =div([pf/(60) N — (2242 — f(0) ) N1, — 6 (x.1)
(Effective macro equation) —C(x,t) Vqﬁ()) — f'(¢o)div ((MU+K)V¢O) (1.12)
+2div (N, (div (DVo) —v ) )
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where © and C take the fluid convection into account. These two tensors account for the so-called
diffusion-dispersion relations (e.g. Taylor-Aris-dispersion [4, 9], [39]). The result makes use of the
recently proposed splitting strategy for homogenization of fourth order problems in [37] and an asymptotic
multiscale expansion with drift introduced in [3} 22].

The manuscript is organized as follows. We begin with physical motivation in Section[L.1} In Section[2]
we present our main results and the corresponding proofs follow in the subsequent Section (3] Concluding
remarks and open questions are offered in Section

1.1 Physical motivation: Immiscible flows, diffusion-dispersion, and fuel cells

Fluid mixtures are ubiquitous in many scientific and engineering applications. The dynamics of phase
interfaces between fluids plays a central role in rheology and hydrodynamics [8, 1T], 15, [I8], B0]. A recent
attempt of a systematic extension towards non-equilibrium two-phase systems is [34], where the authors
discuss the concept of local thermodynamic equilibrium of a Gibbs interface in order to relax the global
thermodynamic equilibrium assumption. In [20], it is shown that the Cahn-Hilliard or diffuse interface
formulation of a quasi-compressible binary fluid mixture allows for topological changes of the interface.

The study of flows in porous media is a delicate multiscale problem. This is evident, for instance,
by the fact, that the full problem without any approximations is not computationally tractable with the
present computational power. Also, from an empirical perspective the consideration of the full multiscale
problem is very challenging due to the difficulty of obtaining detailed information about pore geometry.
These empirical and computational restrictions strongly call for systematic and reliable approximations
which capture the essential physics and elementary dynamic characteristics of the full problem in an
averaged sense. A very common and intuitive strategy is volume averaging [32, 40]. The method of
moments [4, 9] and multiple scale expansions [7, 29, 2] have been used in this context. The latter
method is more systematic and reliable since it allows for a rigorous mathematical verification. The
volume averaging strategy still lacks a consistent and generally accepted treatment of nonlinear terms.
Therefore, the multiscale expansion strategy is used as a basis for the theoretical developments in the
present study.

The celebrated works in [4, [0} 39] initiated an increasing interest in the understanding of hydrodynamic
dispersion on the spreading of tracer particles transported by flow, with numerous applications, from
transport of contaminants in rivers to chromatogaphy. In [33], it is shown that the multiscale expansion
strategy allows to recover the dispersion relation found in [9]. The study of multiphase flows in porous
media is considerably more complex; see e.g. the comprehensive review in [2] which still serves as a basis
for several studies in the field. The central idea for many approaches to multiphase flows is to extend
Darcy’s law to multiple phases. With the help of Marle’s averaging method [21] and a diffuse interface
model, effective two-phase flow equations are presented in [27, 28]. In [5], Atkin and Craine even present
constitutive theories for a binary mixture of fluids and a porous elastic solid.

An application of increasing importance for a renewable energy infrastructure are fuel cells [31]. This
article combines the complex multiphase interactions with the help of the Cahn-Hilliard phase field method
and a total free energy characterizing the fuel cell. An upscaling of the full thermodynamic model proposed
in [31] is obviously very involved due to complex interactions over different scales. In this context, an
upscaled macroscopic description of a simplified (i.e., no fluid flow and periodic catalyst layer) is derived
in [36].

2 Results: Effective immiscible flow equations in porous media

For the presentation of our main result, we firt need to introduce the following:
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Assumption (LTE): (Local thermodynamic equilibrium) We assume that the reference cells satisfy
the following local thermodynamic equilibrium condition, i.e.,

IE(¢)
o9

where p stands for the chemical potential which is only allowed to vary over the different reference cells.

= 1(p) = f(¢) — A2 A¢p=const., for each %zy part of the same cell Y, (2.13)

The assumption (LTE) emerges as a key requirement for the homogenization of nonlinearly coupled
partial differential equations. This equilibrium requirement is well-known and generally accepted in phys-
ical sciences if there exists a separation of macroscopic (size of the porous medium) and microscopic
(characteristic pore size) length scales. This kind of equilibrium assumptions are widely applied to a
variety of physical situations such as diffusion [24], macroscale thermodynamics in porous media [6], ionic
transport in porous media based on dilute solution theory [35], and fuel cells [36], and density-functional
theory [42, [16]. Local equilibrium assumptions emerge as key requirements for the mathematical
well-posedness of the corresponding cell problems which define effective transport coefficients in homoge-
nized, nonlinear (and coupled) problems.

As in [37], the homogeneous free energy characterizing the equilibrium limiting values of two different
phases needs to fulfill the following

Assumption (F): Assume that the homogeneous free energy F satisfies for real parameters ag > o >
0, which define F as a double-well potential by F(s)=(s—a1)?(s—a2)?, such that

25(a1 4 g)* —20(a3 4+ a3 +3araz) > (a1 +a9)? /4. (2.14)

Define also the variable wy and the effective fluid velocity v below!

Theorem 2.1 (Effective convective Cahn-Hilliard equation) We assume that the Assumptions (DP),
(LTE), and (F) hold and let 1)(x) € H%(€2).
Then, the microscopic equations - for immiscible flows in porous media admit the following

effective macroscopic form after averaging over the microscale, i.e.,

P =div( |pf(6o)N— (21520 — f'(60) ) NI, — O(x.¢)
—C(x,1)| V0 ) — f'(G0)div ( (N1, + K) Vo)
+2div (M, V (div (DVgy ) i) ) in Qr, (2.15)
Voo :=n-Voo=w(x/e) on {0Q\1},,
ViAo =0 on {0Q\ I},
L do(-,0)=2() in €2,

where the tensors K5:{“kl}1§k,lgd; é::{ek,}lgkﬁlgd, C::{Cikhgz’,kgd; ﬁ5:{dik}1§i,k§d7 M, =
{mfk}1§i7k§d, and Mw:{m%(x’t)}lgi,kgd are defined by

= i 0y g (252 ) dy
Ok := T fya (- Vy)CH (v) dy

it = TR [y (0 = v)0gl(y) dy

dik = ﬁ Z?:l le (5zk — 5ij %) dy,
W= Y1y (mzk — Mg ‘2%) dy,

d oLk (x,y,t
mjj (X,t) = |71|Zj:1 fyl (m%k _mij%jy)) dy.

"

(2.16)
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The effective fluid velocity v is defined by v := Irf){"c le w/ (y)dy where u solves the periodic reference cell

problem . The corrector functions CF, ¢~ €H.,.(Y') and ek e L*(H,,, (Y1) for 1<k,1<d solve
in the distributional sense the following reference cell problems

d .
=2 i jki=1 8%1- (5ij (%Ckl(y) —25kj§f)(y)>> =0 nY?
¢4 Vada=g. on YN0V, (2.17)
¢ is 'Y -periodic,
d P oek
- Zi,j,kzl s <5z‘k; - 5ij @)
_y2x\~d 9 fl¢o) - OEk oyl
=\ Zk,i,j:l Tyl (mzk - WO(;@SOH]U ayj ) inY s
k. k
St 20 e (%%’; - 5ik> (2.18)
d ) ) e\
—A* i1 o (mzk - f/{é(%o m;; ai)) =0 ondY!,
&8 (y) is Y-periodic and My1(EF) =0,

k .
_Z?,j:1 aiyi (5ik —5ij%’;> =0 in Y1,
& ch'l,j:1 n; (&j%% —5ik> =0 on oY1, (2.19)

¥ (y) is Y-periodic and My1(€F)=0.

3 Proof of Theorem 2.1]
As in [37], we introduce the multiscale operators
Ao=—2f,j:13% (%a%)v BOZ—ZZFM% <miﬂ'8%>’
A= —szzl [aaxi (51']'3%) By =~ Z?,j:l [i??ci (mij 8%)
+8%¢ (517%) , +8%¢ (mija?cj)} )
Ay == 5 51‘;‘3%].)7 By=—3%%o1 5% (mija%>’

which make use of the micro-scale Z=:y €Y such that Ac=e2Ag+e A1+ Ay, and B.:=e 2By+
€ 1By +By. Herewith, the Laplace operators A and div (MV) become Auf(x)=Acu(x,y) and

(3.20)

div (MV) u (x) = Beu(x,y), respectively, where uf(x,t) :=u(x— ¥t,y,t). Due to the drift, we additionally

have
0 0 v
aue— <8t_6> Ue (321)

where we find below by the Fredholm alternative (or a solvability constraint) that v:= Pl)f/l‘fr Jy1ud (y)dy.
As in [37] we apply the method of formal asymptotic multiscale expansions together with the splitting
strategy introduced therein. As a consequence, we obtain the following sequence of problems by comparing

terms of the same order in €, with the first three problems being,

B()’Ll)o = Bof(¢0) — Pemic (u . V)y) Vo n Yl s

no flux b.c.,
. Yl_ . d.
O(e2): wy 18 periodic, o (3.22)
.A()U() =0 inY s
Vavg=0 on 9Y,}NOY2,

¢o is Y'-periodic,
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Bow1 = —Bwo — By [f(%)%] —B1f(¢0)

—Pepic (0 Vy)v1 — Pepic(u—v)-V)vg  in Y1,
no flux b.c.,
O(e): wy is Y-periodic, (3.23)
./401)1 = —Awo in Yl s
Vypvr=0 on Y, NaY2,
¢1 is Y'-periodic,
( Bows = —)\2 (ngo —1—81101)
—Bo [5.1"(60) 67 + [ (¢0) 2]
B, [f(%)ﬂ} ~B2f(60)
—Pepmic (0 Vy) o —Pepic (u—v)-V)vy —0(=A) lwy  in Y1,
O(<): no flux b.c., (3.24)
wy is Y -periodic,
Agva = —Azvg — Arv1 +wo in Y1,
Vnvg =ge on 9Y,1NoY2,
¢o is Y'-periodic,

As usual, the first problem (3.22)) induces that the leading order terms ¢g =vg -+ ¢o and wy are independent
of the micro-scale y. The second problem (3.23|) reads in explicit form for v; as follows,

d 9 98\ _
- Zi,j:l I (5ik —0ij 373‘) -
=—div (e, — V&) = in Y1, (3.25)
on 9Y,LNAY2, .

%
n- (VEh+ep) =0
¢¥(y) is Y-periodic and My1(&F) =0,
which represents the reference cell problem for vy after identifying v; = — Zizlgf(y)g—x.

The cell problem for w; is substantially more involved since it depends on the fluid velocity u and the

the corrector £¥ from (3.25)). Specifically,

5 e ask>aw_§6(m.aw>
) o . v .
kyij=1 Oyi i,j=1 0yi Oz;

e dy; ) Oxy
f(#) - 0 ( 8&’?) 900 | 0 ( , a¢o>
- Mgy ) By mij - — 3.26
%0 k,;’—l 0y; J dy;j ) dxy, h;-_l s [ (o) I 0, ( )
d d
; a(b() . . 8¢0
. k i
+Pemzck;:1 < an >§ 8.’L’k mzc; (u A% ) 8[1;Z ,

where the last line can be simplified under the Assumption (LTE), ie., f/(¢)2% T =f'(¢)2 Dar =

d
Pemw 865 4 3 awo

N2Fe for 1<k<d, to
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If we also rewrite the remaining terms under Assumption (LTE) as in [37], then we end up with the
following cell problem,

d d 9
— i k=1 3y, \Oik =03 8§/ )
e f(do) | Ok
=A Zk 4,J=10y; (mlk B f’(¢0(;¢0 i Oy; )
+55 Thams (35 - 1) ) s
(T o
2 flbo) . O
—A Zk Ji,j=1 8y (m’k f’(¢>0(;¢>0 i 8@/]’)
lee(%czkz 1(%—1>u _|_V):O on JY,}NOY2,
(&8 (y) is YV-periodic and My (¢k) =

We are then left to study the last problem (3.24]) arising by the asymptotic multiscale expansions.
Problem (3.24))s for v is classical and leads immediately to the upscaled equation

—Apvgi=—div (f)VU()) — 01wo + o, (3.29)

see also [37], where the porous media correction tensor D := {dit}1<; k<q is defined by

d 3§k
Y| dik ; i O, ) dy (3.30)

Next, we apply the Fredholm alternative on equation (3.24))1, i.e.,

[ {2 B Bvan) - B0 (57 0n)o2 + 70100

=By [f(%) zl

—Pepic(u-Vy) g2 —Pepic ((u—v) -V)vl}dy:().

] B2f(¢0)—8t(—A)_1w0 (3.31)

The term multiplied by A2 in (3.31)) can immediately be rewritten by
2 / — (Bywo + Bywy) dy = —div (MwVwo) : (3.32)
Yl

where the effective tensor M, = {mi}}, ., <, is defined by

my = v Z/Y1< —my; ;“f> dy . (3.33)

The first two terms on the second line in (3.31)) transform as in [37] to

i L (-8 s 2| - mason) ) ay

—div < [Hlf’(%)M —2 fﬁO) } V%)

(3.34)
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where the tensor M, = {mfj} is defined by
1<i,k<d
d
1 oLk
Y = 2”711 d . .
M ] Z/ (miy: ) (8.55)

The last term on the first line in (3.31]) reveals the (non-trivial) coupling between the micro- and the
macro-scale. After integrating over Y it can be written in the following compact form,

‘y‘/ [ F"(¢0)¢1+ ' (¢0)¢2] dy =div <f’(¢0)1\7[vv¢0>

(3.36)
—'(¢0)div (N0, V0 ) + F (o) (x,1),
where
d
1 / 0 < a¢2(xay7t)>
K(x,t):=— m;—————= | dy. 3.37
D=7 2 oy ™y, 337
The terms in the last line of (3.31]) become
1
_m/ Pemic(u'vy)¢2+Pemic((u_v)'v)vl dy
3.38)
1 Peic 0 (
= T~ P mi d 1kSoy a. d
V] fya omie V) 2y = Z/w g (G0 )
These considerations finally lead to the following upscaled phase field equation
Opo _ .. . f(o T
p2% —aie([of (@)t — (222 priog) ) 1, —6(.)
ot oo
—C(x,)| Vo ) — £ (do)div ( (¥, + K) Vo) (3.39)
A s -
+o-div (va (dw (DW)O) . wo)) :
where the tensors K::{”kl}lgk,lgda 6 ::{ekl}lgk,lgdv and C:= {Cik}lgz‘,kgd are defined by
d ack!
Fri(X, 1) 1= ﬁzmzl Y1 a%i (mij Caygy)> dy,
b1 (x,1) = S fya (- V ><’“< )dy, (3.40)

Czk(x t PT{}TC fyl - zkgv( )dY7

and ¢* is a second order corrector, which is defined by ¢o(x,y,t) = Z k=16 My )%xioax) The second order
term ¢? solves

d 1o} x
Aopa(x.y, 1) =3} - 1{321 < 8ii&u(y )affiax:)>
0 Ao (x,t) .

o (ut=e)) mr .

V2 = ge on 9Y,}NOY2,

$o is Y'-periodic,

which can be further simplified to
d .
=i k=1 a%i (5@‘ (%CM(Y) - 25161‘55;(}’))) =0 inY',
(: V2= ge on dY,1Noay2, (3.42)
¢o is Y'-periodic.
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4 Conclusion

The main new result here is the extension of the results in the study by Schmuck et al. in the absence
of flow [37] to include a periodic fluid flow in the case of sufficiently large Péclet number. The resulting
new effective porous media approximation of the microscopic Stokes-Cahn-Hilliard problem (|1.10)—
reveals interesting physical characteristics such as diffusion-dispersion relations by 273
for instance. The homogenization methodology serves as a well-established tool for the systematic and
rigorous derivation of effective macroscopic porous media equations starting with the fundamental works
on Darcy’s law [10]. As a byproduct of the methodology developed here, one recovers rigorously and
systematically the dispersion relations proposed in [9].

We note that the Cahn-Hilliard and related equations generally model more complex material transport
[25, [31] than classical Fickian diffusion. In this context, our result of an upscaled convective Cahn-Hilliard
equation hence provides diffusion-dispersion relations for generalized non-Fickian material transport, that
is, not just the product of a gradient of particle concentration and a constant diffusion matrix.

Of course, it would be of interest to remove the periodicity assumption on the fluid flow imposed
by . This assumption implies a quasi-steady state on the fluid velocity and seems currently to be
inevitable for the homogenization machinery to work such as the assumption of local thermodynamic
equilibrium on the level of the reference cells.

So far, we are restricted to mixtures of two fluid by our model. Serafim — Markus: I changed
“liquids” to “fluids” throughout. I believe that the methodology is applied to an interface
between two fluids An extension towards mixtures of N >0 components is studied in [26] where the
authors compare a local and non-local model for incompressible fluids. In specific applications, it might
be of interest to extend the here developed framework towards such multi-component mixtures.

Finally, the rigorous and systematic derivation of effective macroscopic immiscible flow equations
provides a promising and convenient alternative in view of the broad applicability of the Cahn-Hilliard
equations. The strength of our approach is based on its foundation on a thermodynamically motivated
homogeneous free energy which is generally derived on systematic physical grounds. Moreover, even if
a systematic derivation is impossible, one can often mathematically design such a free energy based on
physical principles and phenomenological observations. We expect promising insights of the systematically
averaged interplay of micro- and macroscale in a wide variety of applications, e.g. for the optimization
of microfluidic devices where the scale effects discovered here are crucial. A dedicated numerical study
might also allow to rationally analyze current applications in science and engineering and hopefully reveal
potential new ones.
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