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ARTICLE INFO ABSTRACT
Keywords: A novel framework for flexibility assessment in the context of system design is proposed. We deal with the case
Flexibility when the design space is bounded by a set of affine bounds defining a convex-hull. For this class of problems

Process design

several flexibility metrics can be calculated, which are related to the minimum/maximum distances between
Multi-parametric programming

any point in the design space and the less/most distant points at its bounds, respectively. In the first case,
the distance functions are obtained via projection to individual bounds, and in the second case, the distance
functions are defined via the Euclidean distance to the corners of convex hulls. These two sets of functions
can then be used separately to calculate the minimum/maximum of the complete set of minimum/maximum
distance functions over the full design space. This approach effectively enables the definition of four multi-
parametric programming problems, and deliver four flexibility maps from their solutions. Flexibility maps
based on the average of the two sets of distance functions are also delivered. This offers a plethora of
complementary metrics for flexibility assessment, which extend beyond the classic approach based on the
definition of feasible boxes. From the full set of solutions enabled by this framework, the minimum-minimum
and maximum-maximum distance-based flexibility maps stand out as the extreme and most useful cases
for flexibility assessment; the initial experimentation with these maps suggest that the average-minimum
and particularly the average-maximum distance cases also provide useful information as an overall score on
flexibility for any points within the design space.

1. Introduction
g(d,z,5,0)<0 (2)

Process design is a challenging task that often requires conflicting
objectives to be met. Both at a unit- and at a whole-process- operation
level, engineers need to consider physical constraints and/or system
specifications that will broadly define the feasible space within which
design decisions can be made (Grossmann et al., 2014). In this context,

Swaney and Grossmann (1985) define h as a vector of equations
that describes the constraints of any given process at steady state. In
this context, d corresponds to a vector of design variables, while z and
s are the vectors of the control and state variables respectively; 6 is

process feasibility can be defined as the operation within a set of
pre-defined constraints. Swaney and Grossmann (1985) recognised the
need to further quantify the ability of a process to operate within the
feasible region under uncertainty. This is known as the flexibility index
problem and is an extension to the flexibility test problem presented
by Halemane and Grossmann (1983). The mathematical formulation
considers a set of equality (h) and inequality (g) constraints (Egs. (1)
and (2)), dependent of the process specifications:

h(d,z,560)=0 (€H)
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the vector of uncertain parameters. This problem has been revisited
and demonstrated in several works in the open literature. Grossmann
and Floudas (1987) proposed an active set strategy that solves the
flexibility index problem without assuming critical points to be at the
vertices, employing mixed-integer optimisation. In 1990, Pistikopou-
los and Mazzuchi presented a stochastic flexibility index problem to
identify how the impact of multivariate uncertainty distribution can
affect process flexibility. In a different approach, Kabatek and Swaney
(1992) investigated how localised uncertainties can affect the overall
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process performance. Through an improved branch-and-bound algo-
rithm they demonstrated how the worst-case scenarios can be identified
and compensated for via suitable control actions. For the first time, in
1995, Dimitriadis and Pistikopoulos presented a flexibility analysis of
dynamic systems. They achieved this by solving a dynamic optimisation
problem for time-invariant uncertainty and/or by assuming a given
uncertainty profile over time.

Different to the aforementioned approaches, there have been works
that propose the identification of the full feasible space directly —
known as design space identification (DSI). DSI methodologies can be
broadly categorised into (1) nominal design centred, (2) geometrical
envelope-based, (3) feasibility function-based, and (4) probabilistic.
Table 1 shows an indicative list of various contributions from the
literature. Nominal design centred DSI methods are based on solv-
ing the flexibility index problem to find the design with the largest
flexibility index. Samsatli et al. (2001) proposed a reduced-vertex
optimisation algorithm in which a hyper-rectangle is used to define
the design space. On the other hand, Rooney and Biegler (2001)
utilised likelihood ellipsoidal confidence regions to define the design
space which is often less conservative when applied to non-convex
problems. Applicable to non-convex problems, Banerjee and lerapetri-
tou (2005) proposed a geometrical envelope-based methodology via
shape reconstruction, using a-shapes and the feasibility function as the
objective. Diez et al. (2015) presented a geometrical approach com-
bined with a dimensionality reduction to tackle high-dimensionality
challenges in shape optimisation. Similarly, Sachio et al. (2023) de-
veloped three methodologies to construct the a-shape, which integrate
prior process knowledge and data-driven interpolation to minimise the
computational effort. Geometrical envelope-based methods provide an
explicit mathematical definition of the design space boundary which
allows for the calculation of a volumetric flexibility metric useful for
process design. However, such methods can result computationally
demanding especially at higher input dimensions.

Feasibility function-based DSI methods define the design space
based on a binary classifier function which indicate the feasibility
of a combination of input variables. To reduce the computational
complexity that may be arising from the process model formulation,
several contributions of feasibility function-based methods have been
focused on data-driven approaches. Those include kriging-based surro-
gate modelling (Boukouvala and Ierapetritou, 2012; Boukouvala et al.,
2010; Rogers and lerapetritou, 2015; Ding and Ierapetritou, 2021),
adaptive sampling techniques (Geremia et al., 2023) and Artificial
Neural Networks (ANNs) (Metta et al., 2020). Others have also in-
vestigated probabilistic definitions of design spaces in an effort to
propagate parameter uncertainty. Instead of a binary classifier function,
probabilistic DSI methods outputs the probability of feasibility of a
given input combination. Such approaches are often computationally
expensive due to the need of carrying out exhaustive robust optimi-
sation procedures (Close et al., 2014). Kusumo et al. (2020) proposed
to lower this computational cost by implementing a Bayesian nested
adaptive sampling approach, while Kucherenko et al. (2024) utilised
surrogate meta modelling with rejection filtering.

It is evident that all the aforementioned works have created a
strong foundation in the way design space identification and feasibility
analysis problems can be approached. Nevertheless, increased process
understanding and the ability to obtain tailored online measurements
present novel challenges and needs. First, is the understanding that the
boundaries defining the flexibility of a process are process-specific and
a box-like approach may not be fully representative. Second, as we gain
knowledge by operating the process repeatedly, we may wish to employ
a more (or less) risk-taking control strategy. For this, one would need
quantitative information of the flexibility metric not only with respect
to how far is any given point from the boundary, but with respect to
how process flexibility is changing as a function of the distance from
the boundaries. To address these two questions, here we present a novel
methodology that leverages multi-parametric programming (mp-P) to
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express the feasibility problem, in a mixed-integer quadratic form (mp-
MIQP). To the best of our knowledge, this is the first time that design
space identification problem is combined with flexibility analysis and
expressed in an mp-MIQP formulation. Further to this, we introduce six
different flexibility metrics to provide information on the sensitivity of
the problem to each of the constraints as well as the dependency of the
average process flexibility to the distance from the boundaries.

1.1. Brief overview of multi-parametric programming

Multi-parametric programming addresses optimisation problems in-
volving uncertainties, by treating the uncertain parameters as inde-
pendent from the optimisation variables (Narciso et al., 2022). This
approach enables the explicit characterisation of solutions as piece-wise
affine functions of the uncertain parameters, by dividing the parameter
space into critical regions. Their solutions include a list of optimal
active sets (of active constraints), and the matching critical regions and
optimiser functions over the full space of uncertain parameters. Critical
region maps can then be queried to obtain optimal solutions for any
given vector of parameters without the need of solving any optimisation
problem. Consider the typical multi-parametric quadratic programming
(mp-QP) problem in Eq. (3).

mxin 1/2x'Ox +¢'x

st. Ax<b+ F0
PO <P, 3
xeXCR"
0O CR?

where x is the vector of n optimisation variables, while  represents
the vector of p uncertain parameters. Q is a positive definite matrix,
ensuring convexity of the objective function, ¢ is a constant vector
and ’ denotes a transpose vector or matrix. A, b and F are constant
matrices and vectors defining the m bounds enclosing the feasible space
X. P, and P, are a constant matrix and vector defining the bounds of
the parameter space O, which effectively demands the solution of this
optimisation problem for all 6 € ©.

The solution of Eq. (3) is based on the definition of the Karush-
Kuhn-Tucker (KKT) conditions for all active sets yielding optimal
solutions in ©. For any such active set, their optimiser functions are
obtained directly from solving the corresponding KKT conditions as
affine functions of the parameters. By enforcing a set of optimality and
feasibility conditions on the optimiser functions, the matching critical
region where the given active set yields the optimal solutions in © is
obtained as a set of linear inequalities of the parameters. If required,
the optimiser functions can be replaced directly on the mp-QP’s objec-
tive function to obtain the corresponding optimal objective functions
per active set. One of the most significant challenges in mp-P lies
in efficiently identifying these regions and their associated optimiser
functions without exhaustively enumerating all active sets (Narciso
et al., 2022; Narciso and Pistikopoulos, 2025).

Multi-parametric programming has been applied to solve a diverse
range of problems (Pistikopoulos and Tian, 2024; Pistikopoulos et al.,
2015; Pappas et al., 2021). In explicit model predictive control (MPC),
mp-QP has been used to derive control laws offline, enabling real-time
decision-making without requiring online optimisation (Diangelakis
et al., 2017; Papathanasiou et al., 2016; Pistikopoulos et al., 2015). Bur-
nak and Pistikopoulos (2020) also developed an integrated process de-
sign, scheduling, and control framework by exploiting multi-parametric
programming to obtain design dependent offline control and scheduling
strategies. Notably, Bansal et al. (2002) presented a unified approach
whereby flexibility analysis and design optimisation are approached
simultaneously via multi-parametric programming. However, it uses
hyper-rectangles to quantify the flexibility index which may not be
representative for all types of problems. The methodology proposed in
this work leverages multi-parametric mixed-integer quadratic program-
ming (mp-MIQP) to integrate design space identification with six novel
flexibility metrics.
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Table 1
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Indicative list of design space identification methodologies and contributions from literature.

Type of design space Contributions

Identification (DSI) Technique

Nominal Design Centred

Samsatli et al. (2001), Rooney and Biegler (2001), Georgakis et al. (2003),

Harwood and Barton (2017), Pulsipher et al. (2019), Ochoa et al. (2021),

Zhao et al. (2022b),

Geometrical Envelope-based

Terapetritou (2001), Goyal and Ierapetritou (2003),

Banerjee and lerapetritou (2005), Bates et al. (2007),
Diez et al. (2015), Adi et al. (2016), Zhao and Chen (2018),
Kotidis et al. (2019), Zhao et al. (2022a),

Sachio et al. (2023, 2024a,b)

Feasibility Function-based

Boukouvala et al. (2010), Boukouvala and Ierapetritou (2012),

Garcia-Muiioz et al. (2010), Chatzizacharia and Hatziavramidis (2014),

Facco et al. (2015), Rogers and lerapetritou (2015),

Wang and Lakerveld (2017), Wang and lerapetritou (2017), Bano et al. (2018),
Ding and Ierapetritou (2021), Metta et al. (2020), Owoyele and Pal (2020),
Geremia et al. (2023), Zhang et al. (2024),

Probabilistic

Close et al. (2013), Laky et al. (2022), Kusumo et al. (2020),

Kucherenko et al. (2020), Hirono et al. (2022), Kucherenko et al. (2024)

2. Metrics for flexibility analysis

Consider the n-dimensional space defined via a set of m affine
bounds in Eq. (4).

Ax<b @

where, consistently with Eq. (3), x € R”" is a vector of variables,
A € R™" and b € R™ are a constant matrix and vector, respectively. In
the context of system design, x is in fact the vector of design variables,
and Eq. (4) defines the complete set of feasible design specifications:
the feasible space, abbreviated for convenience as X. It is assumed
that X defines a (i) non-empty, (ii) closed convex hull in R”; the first
assumption is assessed via a check in Section 3.1 and the second is
revisited at the end of Sections 4 and 5.

In this work we refer to a given design in X as 6, which takes the
role of the uncertain parameter vector in the framework developed,
since flexibility metrics must be computed for all # € X. Index i is
used to refer to each of the n coordinates of x or §, and index j to refer
to each of the m bounds of X via Ax < b; A; and b; denote the jth
row vector of A and the jth coordinate of b, respectively, whereas 4;;
corresponds to the element of A at its jth row and ith column.

2.1. Minimum and maximum design flexibilities

In the context of system design, flexibility is closely associated with
the computation of distances between a given design 6 and the bounds
of the feasible space. Firstly, we examine two extreme cases concerning
flexibility, as follows:

» Minimum design flexibility: the minimum distance between design
6 € X and the bounds of X at a feasible point x™"-//ex,

* Maximum design flexibility: the maximum distance between design
6 € X and the bounds of X at a feasible point x"ex~/lex,

The first metric above represents the worst-case scenario concerning
flexibility: disturbances on design @ along the direction of x™"~/!eX are
those nearest to the bounds of the feasible space; in principle, this
direction represents the highest risk of selecting an infeasible design,
and thus the distance between 6 and x™"~/!*X is a clear indication
of the minimum design flexibility for 0. Similarly, disturbances along
the direction of x™#~f!eX represent the lowest risk of delivering an
infeasible design, and the distance between 6 and x™%*~//¢* represents
the maximum design flexibility for . A schematic 2D motivation for
both metrics is depicted in Fig. 1 (A) and (B).

From geometrical intuition, the minimum distance between 6 € X
and the bounds of X is obtained for the smallest n-dimensional sphere
with centre in 6 such that its surface includes at least one point of the
bounds of the feasible space. This definition is self evident: by drawing
a set of circumferences with centre in 0 with increasingly larger radius
as illustrated in Fig. 1 (A), the minimum distance to the bounds is
found when the selected radius effectively delivers the first interception
between the corresponding circumference and the bounds of X: smaller
radiuses do not deliver any interception (not relevant to compute the
minimum distance), while larger radiuses deliver interception points
which are necessarily more distant than the reference case. Note that,
the first instance when a radius delivers an interception with the
bounds of X does not necessarily have to include a single point, but
may actually include multiple points equally distant to 6 as illustrated
in Fig. 1 (C).

Following a similar approach, the maximum distance between 6 €
X and the bounds of the feasible space is obtained for the largest n-
dimensional sphere with centre in 6 such that its surface includes at
least one point of the bounds of the feasible space. In this case, by
drawing a set of circumferences with centre in 6 with increasingly
smaller radius as illustrated in Fig. 1 (B), the maximum distance to
the bounds is found when the selected radius effectively delivers the
first interception between the corresponding circumference and the
bounds of the feasible space. Multiple equally distant points can also be
found in the maximum distance case as illustrated earlier for minimum
distance calculation.

2.2. Flexibility assessment goals and supporting metrics

A full flexibility assessment for a given design 6 would consist of
a detailed map of all the distances between § € X and all points at
the bounds of X. Clearly, for all continuous (infinite) set of directions
around 6, the distance to the bounds of X are bounded between the
minimum and maximum distances as defined above. Obtaining such
a detailed map presents several challenges, but perhaps more impor-
tantly, this level of information is likely not required for flexibility
analysis: as discussed in Section 1, authors have focused on providing a
single representative flexibility metric, which tend to align more closely
with the minimum design flexibility case — generally the most critical
information from a design perspective.

In this work, we provide a set of flexibility metrics, extending
beyond the minimum and maximum design flexibilities. We show that
the minimum distances to the m single bounds, and the distances to
the full set of corners of X are particular cases of the full set of
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Fig. 1. A 2D geometrical motivation for design flexibilities in convex hulls. (A) minimum design flexibility; (B) maximum design flexibility. (C) multiple points for minimum

design flexibility.

2Mm — 1 active sets of Eq. (4) including at least one active bound of
the feasible space. The first case enforces a single bound active at the
nearest point to 6 located at the bounds of the feasible space, and
is closely associated with the minimum design flexibility (Section 4).
The second case enforces n simultaneously active bounds defining a
unique corner of X and is directly related to the maximum design
flexibility (Section 5). A set of flexibility metrics is defined for these
two extreme cases, from the solutions of the active sets enumerated
above. We refer to the full set of solutions in X of a given flexibility
metric as the corresponding flexibility map. Collectively, these maps
deliver a comprehensive framework for flexibility analysis on design
spaces formulated via Ax < b.

On a conceptual level, we remark that minimum design flexibility is
closely related to the utilisation of back-off methods in optimal design
under uncertainty (Rafiei-Shishavan et al., 2017; Koller et al., 2018).
Both approaches capture the risk of process operation at the bounds of
the design space, where any perturbation can lead to the violation of
one or more process constraints. On one hand, back-off methods aim to
deliver robust design by moving the selected point towards the interior
of the design space; on the other hand, the maps proposed in this work
provide quantitative flexibility information for all points in the design
space to assess the need of a similar design adjustment.

3. Feasible space: pre-processing
Three initial pre-processing steps deliver key information on the

feasible space, which is then used in the calculation of flexibility maps
in Sections 4 and 5.

3.1. Empty feasible space check

To check if X defines a non-empty space in R”, the following Linear
Programming (LP) problem is solved:

min [1 l]x

X

st Ax<b )
x e R"

where a unitary cost vector of size n is used in the definition of the
objective function. Since the purpose of this LP is to exclusively test
feasibility, any vector of size n can be selected in its place. The proposed
check is summarised below:

Algorithm 1: Empty feasible space check.

Step 1: Define boolean ¢ to denote the empty status of X and solve
Equation (5).

Step 2: If no feasible solution is returned, set ¢p = True; else set ¢ =
False. Terminate.

3.2. Redundant bounds of the feasible space

To check if the jth bound of the feasible space (j = 1,...,m) is
redundant with respect to the remaining bounds of X, the following
LP problem is solved:

min [1 I]x

X

s.t. Ax<b 6)
Ajx =b;
x € R

Note that additionally to the m bounds defining the feasible space,
an equality constraint adapted from its jth bound is also added to Eq.
(6). The results obtained from this LP are then used to draw a conclu-
sion on the redundancy of the m bounds of X as follows:

Algorithm 2: Redundancy check on the m bounds of the feasible space.
Step 1: Initialise a boolean vector y of size m with all entries set to
False to denote the redundancy status of the m bounds of the feasible
space. Set o = 1.

Step 2: Solve Equation (6) with j = o.

Step 3: If a feasible solution is returned, go to Step 4 (non redundant
bound); else, set y; = True (redundant bound).

Step 4: If o < m, set o =0+ 1 and go to Step 2; else, terminate.

A feasible/infeasible solution for Eq. (6) indicates the jth bound is
active/not active on at least a single point of X, thus providing a clear
indication on its redundancy on the definition of X. The total number
of non redundant bounds is denoted as m’ and the significance of y is
covered in greater detail in Sections 3.3 and 4.4.

3.3. Corners of the feasible space

A corner is defined as a unique point in the feasible space where
n linearly independent bounds of Ax < b are simultaneously active.
Corners play an important role in delivering the maximum design
flexibility, thus, making the calculation of their coordinates in X a
critical initial step. Algorithm 3 delivers the full list of corners in the
feasible space and their norms:

Algorithm 3: Calculation of the coordinates of all corners of the
feasible space.
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Step 1: Compute all combinations of n bounds, from the m’ non
redundant bounds of the feasible space, as an integer index matrix
S (including C;l”/ rows and n columns).

Step 2: Initialise output matrix C with 0 rows and » columns to store
all corners’ coordinates.

Step 3: Set o= 1.

Step 4: Set the current candidate combination of bounds to be tested
from the indices of S at its row in position o - denoted as S,; perform
the following steps in sequence:

Step 4.1: Define a matrix comprising only the n rows of A iden-
tified in S,,.
Step 4.2: Calculate the rank (r) of the matrix in Step 4.1, and: if
r=n, g0 to step 4.3; else, set o =0+ 1 and go to Step 5.
Step 4.3: Solve the system of equations Ax = b, including only
the set of rows identified in S,, to obtain a point ¢ € R".
Step 4.4: If Ac < b, ¢ € X: add row vector ¢ to matrix C; else, go
to step 4.5.
Step 4.5: Set o =0+ 1 and go to Step 5.
Step 5: If 0 < C,',"/, go to Step 4; else, go to Step 6.
Step 6: Remove any duplicate corners’ coordinates from C, calculate
the norms of all corners - ||C|| - and terminate.

All candidate combinations of n bounds are computed implicitly in
Step 1 via a set of indices, and two checks are then performed for all
candidates such that: (i) all combinations where r < n (infeasible or
high-dimensional subspace, Step 4.2), and (ii) all solutions not included
in X (Step 4.4) are excluded from the set of corners of X. Algorithm 3
returns the full list of unique corners’ coordinates as a constant matrix
C € R™ and the corresponding vector of (row-wise) norms of C
defined as ||C||; t denotes the total number of corners. Index k is used
in this work to refer to the kth vector of corners’ coordinates Cy, or
the kth norm ||Cy||; C; denotes the ith coordinate of the kth corner in
matrix C.

Algorithm 3 was developed to reduce as much as possible unnec-
essary computational burden. However, for large m’ and n the total
number of corners may increase very significantly. Results on solution
complexity, namely the calculation of corners, is covered in greater
detail in Section 6.3.3 via a set of 10 examples ranging from 1D to
10D.

4. Flexibility analysis via the minimum distances to the individual
bounds of the feasible space

4.1. Partial minimum design flexibilities

Partial minimum flexibilities, as defined in this work, capture the
minimum distances between a design # and each of the m bounds of the
feasible space individually. As discussed in Section 2, these are closely
associated, but not limited, to the calculation of the minimum design
flexibility. Explicit functions for these distances are derived in a general
form in this section using geometric arguments. To this end, firstly we
define x”"°/-/ as the unique point where the minimum distance between
0 and the jth bound of X is found (for any j = 1,...,m). This solution
must be active at A;x = b; and is obtained from the projection of 6 in
the normal direction of the jth bound using vector A;. Mathematically:

xProj-j — Ajlj =0
—A,xProjJ = —p.
Ajx b;

7

where I/ is a multiplicative factor enabling the projection of § along the
normal vector A;. Note that formally, 6 + A;// = xP™/ represents the
projection of 6 to the jth bound of the feasible space; x”"*// — A;1j = 6
is an equivalent statement, such that vector —A; points towards the
interior of the feasible space, and ensuring positive values for I/ are
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obtained in this case. The theoretical consistency of Eq. (7) is covered
in greater detail in Appendix A. Eq. (7) may be written equivalently
in a detailed or compact matrix notation as shown in Egs. (8) and (9),
respectively.

1 0 0 o0 | =4y | 0,
0 1 0 . 0 -Aj, x5 6,
0 0 1 0| -4y, R I A
0 0 0o .. 1 —A;, xbrold 6,
—A;; —A, —Aj ... —A,| O U —b;

I ‘—A- XProj.j 0
[_A;.o’][,,- | -[=] ©

where I is the identity matrix of size n and the full matrix in the left
hand side of Eq. (9) denoted as M?"%+/, The explicit solution for x?/+/
and // in Egs. (7)-(9) is given below:

-1
xrobl 1| T | -4 0
) = b a0

Consider a non-null vector A;, which is represented in simplified
form in Eqgs. (11) and (12) as [a;,4a,,...,a,] to facilitate their read-
ing; the inverse matrix in Eq. (10) - (M?°/)~! . may be obtained
numerically, or computed explicitly, as a function of these simplified
coefficients as shown in Eq. (11) (for any n). (See Box I).

This result was first derived analytically for problems up to n = 4,
and then generalised to any n. To confirm the matrices in Egs. (8) and
(11) are inverse, it suffices to compute their matrix product: (see Box
IT) which yields the identity matrix of size n+ 1, and thus confirms this
important result.

Note that matrix (M?"%)~! does not need to be calculated; instead,
the distance between 0 and x?"°/-/, is obtained from //: this variable is
defined as a multiplicative factor for the projection vector —A4; in Eq.
(7), from where it follows that the distance between the two points is

obtained as a product between I/ and the norm of vector A 5

IA;]l. Combining this information with Egs. (10) and (11), an explicit
minimum distance function - dl',’”'” - between a design 0 and the jth
bound of the feasible space is derived:

min __ 1 _ i -
d] _—”Aj”[ A; | b, ][ i ],,_1,...,m (13)

The full set of m partial minimum flexibilities - ™" - are listed in
matrix form in Eq. (14).

—Ai —Aip —Ain by 9
i — - : —L 1
ar 1AL 1AL 1AL 1ALl 0
) dmin ~A21 ~422 “An by 2
dmn = 2 = 1421l 14211 14211 14211 : 14
: : : . : : 0,
dan “Ami —Am2 —Amm by 1
1A 1Al 1A 1Al

Note that following the convention highlighted above, any points in
the halfspace defined by the jth bound return a non-negative distance
via Egs. (13) or (14), while any points in the opposite halfspace return
a non-positive distance. The derivation of a minimum distance function
in Eq. (13) is the most important piece of information in this section,
since this relates directly to flexibility analysis. If required, explicit
optimiser functions for the projected point at the bounds - x?"%/ -
may also be recorded directly from the first » rows of Eqgs. (10) and
(11). The m distance functions in Eq. (14) enable the definition of a
set of additional minimum-distance flexibility related metrics which are
covered in Sections 4.2 and 4.3.
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4.2. Minimum minimum-distance based design flexibility

We define flexibility metric d”""" as the minimum distance be-
tween a given 6 and the set of m minimum distance functions in Eq.
(14). Mathematically:

dmin-min(@y = min{d:"i"(ﬂ), d;""’(@), o, dMn(6)) (15)

In this section we consider the calculation of the flexibility map for
dmin-min - which must deliver explicit functions for this metric for all
0eX.

4.2.1. Problem formulation and solution
Formally, the flexibility map for d™"-™" is obtained from the solu-
tion of the following optimisation problem:

n

min Z (6,- - x,~)2

xy
i=

st. Ax—-b<0
Ax—b>ay

Y y=mp ae)
i=1

A0 -b<0
xeXCR"
6O CR"
y € {0, 1}

where « is a large negative number, y is a binary vector of size m and
p is a positive integer lower or equal to n - set to 1 in this particular
case. The objective function is the square of the (minimum) distance
between 6 and an optimal x at the bounds of the feasible space. The
first constraint enforces the feasible space for x as in Eq. (4). The second
constraint in Eq. (16) either enforces a given bound of the feasible space
to include x when the corresponding entry for y is set to 0 (e.g. A;x < b;
and A;x > b; is equivalent to A;x = b;, or becomes redundant when y
is set to 1 (right hand side multiplied by a very large negative number
a). Since only the single nearest bound to # must be allowed to be

active, the third constraint in Eq. (16) achieves this (only a single
entry of y is set to 0, using f§ = 1). At last, this problem is to be
solved parametrically, that is not only for a given 6, but for all 6 in the
parameters space (0), which in this case matches the feasible space (X)
and is enforced by the last constraint.

Since the objective function in Eq. (16) is quadratic, and all con-
straints are linear with respect to the continuous and binary vari-
ables, this problem fits in the class of multi-parametric mixed integer
quadratic programming (mp-MIQP) problems. To the best of the au-
thors’ knowledge there are no algorithms available in the literature to
compute the solution of Eq. (16). The proposed rationale to deliver the
flexibility map for d™"™" results, instead, directly from its definition
in Eq. (15). Since this problem fits in the class of mp-P problems,
four elements may be optionally considered in the calculation of their
solutions as covered in Section 1.1:

» Optimal active sets

+ Optimiser functions

+ Critical regions

+ Optimal objective functions

In this case, only m active sets are relevant: one for each of the m
bounds of the feasible space, representing the candidate nearest bounds
to a given . Furthermore, the calculation of the optimiser functions
and optimal objective functions (partial minimum distances) per each
of the m bounds was already covered in Section 4.1; critical regions’
calculation is the remaining element of the full solution of Eq. (16) for
which a solution strategy must still be developed.

The rationale in multi-parametric programming concerning criti-
cal regions’ calculation is based on two key types of constraints: (i)
optimality constraints, which bound the set of points in ©® where a
given active set outperforms all other active sets (delivers the optimal
values for the objective function), and (ii) feasibility constraints, which
ensure the optimiser functions return feasible solutions for all points in
critical regions. The same general principles are also applicable to this
class of problems: in this case, and for the ji" single bound active set
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Fig. 2. Illustration of critical region construction for d™"™". (A) the feasible space is the grey convex hull, where a critical region for the active set including the first bound —
highlighted - is to be calculated. (B) the optimality constraints for this active set from distance comparison are shown, which are more stringent than the corresponding feasibility
constraints. (C) the critical region is bounded by the two optimality constraints and the corresponding bound of X as the single feasibility constraint.

(j; = 1,...,m), a total of m — 1 optimality constraints are required for
critical region definition, via the direct comparison of the associated
distance function with the remaining m — 1 distance functions:
djr_r]zlnsdjrztn’ j2:1,...,m
J2 #F i

Combining the individual distance functions in Eq. (14) with Eq. (17),
a set of m—1 affine halfspaces for critical region construction per active
set are obtained using simple matrix operations. Since only the set of
parameters included in © are relevant for critical region construction,
their bounds must also be considered; not all m bounds of X are strictly
necessary, and in fact only its jih bound must be added as a feasibility
constraint, since the m — 1 optimality constraints are necessarily more
stringent than the corresponding feasibility constraints (the latter be-
come redundant). These principles are illustrated in Fig. 2, where the
construction of a critical region in 2D is depicted.

As a final remark to this section, we note that a methodology to
obtain the solution to this problem from the KKT conditions is also
possible. The KKT conditions for the active set including only the jth
bound of the feasible space is defined as follows:

a7

2 0 . 0 | -ay [ PV 0,
0 2 .0 | -4y X 0,
: oo 5 S E1 (18)
0 0 v 2 -4, X2 0,
A, A, .. A, | O 4 —b;

where x°”"/ denotes the optimiser and 4; the Lagrange multiplier. It is
trivial to show that Eq. (18) is fully equivalent to Eq. (8), with 4 ;=2
from where the optimiser functions for x°”/ and x”"°// from both routes
are also the same. While the utilisation of the KKT conditions is the
more conventional route in the context of mp-P, we have opted to use
Eq. (8) from which the distance functions for flexibility calculations can
be more straightforwardly calculated.

4.2.2. Minimum design flexibility

We consider again Fig. 1 (A). Observe that the circumference de-
picted is tangent to a single point on (at least) a single bound, from
where the minimum design flexibility can then be calculated. Since the
bounds of the feasible space consist of a set of affine inequalities of
x, the minimum distance between any design 6 and the bounds of the
feasible space always conforms to the scenario where a single bound
is active at its nearest point(s); any active set including two or more
bounds defines a more constrained subspace, and necessarily delivers
a more distant nearest point to ¢ than to their bounds considered
individually. Note that this does not mean that the same bound always
delivers the minimum distance for all points in the feasible space, but
for all designs, the minimum distance is always obtained by one (or
more) of the m partial minimum flexibilities presented in Section 4.1; an
illustration of this result is presented in Fig. 3, and a formal discussion
on this subject can be found in Murty (2009).

This is a key result for minimum design flexibility, since it proves
that it suffices to assess the m bounds of the feasible space to calculate
it for any design 0. This avoids working with the 2" — 1 active sets
where at least one of the m bounds is active, which significantly
reduces the methodology’s complexity. Finally, we conclude that the
minimum minimum-distance based design flexibility - d™"~"" - covered
in Section 4.2.1 conforms to the minimum design flexibility condition
as presented in Section 2.1. Its flexibility maps comprise the full set
of critical regions in X and the associated partial minimum design
flexibilities as discussed above.

4.3. Average and maximum minimum-distance based design flexibilities
We now consider the calculation of flexibility maps delivering the

average distance of the set of m minimum distance functions - 4%,
This map is obtained directly from Eq. (14), as follows:

ALl Azl R
A A A
TR
- 1 1Al 114zl 1Al 02
Jave-min — . 19)
m A Ay A 0,
AL Aol 1ALl 1
Al 1Azl 1Al

where the row vector including the column-wise average of the coeffi-
cients in Eq. (14) is transposed for presentation convenience in Eq. (19).
Note that not all projections on the m bounds for a design 6 necessarily
yield a feasible point; rather, this distance must be interpreted as
the average of partial flexibilities, and thus providing a more global
indicator of flexibility with respect to the edges of the feasible space
taken individually.

The maximum of the m minimum distances — d"*~™" — concerns
the calculation of the projections most distant to the bounds of the
feasible space for a given ¢ in X. Obtaining flexibility maps for this
metric results also from solving a mp-P problem, which can be defined
via a simple adaptation of the guidelines presented in Section 4.2.1,
namely by solving for the maximum in Egs. (15) or (16), and reversing
the inequality sign in Eq. (17) (finding the most distant projection). The
usefulness of this metric and the corresponding flexibility maps, how-
ever, is questionable since d"¢*™" may correspond in some cases to
projections far beyond the bounds of the feasible space. Its calculation
may be enabled via the Python code developed for this project to con-
firm this assessment; given its limited scope for flexibility assessment,
it will not be considered further in this work.

4.4. Algorithm

Starting from the results delivered in Algorithms 1 and 2 (¢ and
y), all steps leading to the calculation of the partial minimum design



D.A.C. Narciso et al.

Computers and Chemical Engineering 200 (2025) 109189

7 7
(B) (C)
6 6
51 51
4 4
34 34
2 2
11 11
0 — 0 — 0 —
1 2 3 45 6 7 8 1 2 3 456 7 8 1 2 3 45 6 7 8
x X1 x1

Fig. 3. Examples of the minimum distance to the bounds of the feasible space. Minimum distance at the: (A) 1st bound. (B) 4th bound. (C) 6th and 7th bounds.

flexibilities - ™" - and the flexibility maps for d™"~™" and d%vs-™" are
summarised below:

Algorithm 4: Calculation of minimum distance-based flexibility maps.

Step 1: If ¢ = True, terminate.®
Step 2: Compute d™" using Equation (14).%) Set j = 1.

Step 3: For the j single-constraint active set in the map for d™"—"i",

perform the following steps in sequence:
Step 3.1: If y; = True, go to Step 3.2(9; else, calculate the critical
region for the j* single-constraint active set defined as CR]’.‘x <
CRj? @ using: (i) the m — 1 bounds listed in Equation (17)
(optimality), and (ii) A jx < b; (single feasibility constraint).
Step 3.2: If j < m, set j = j+ 1 and go to Step 3; else, go to Step
4.

Step 4: Calculate d“¥8~™" from Equation (19) and terminate.

@ X is empty, and flexibility calculations are not applicable.

®) The corresponding optimiser functions may also be calculated via
Equations (10) and (11) (optional).

) The j"* bound is redundant in X, and d" is never optimal (empty
critical region).

@ Where CR{ and CR;? are a constant matrix and vector of match-
ing sizes, respectively, denoting the critical region for the j single-
constraint active set.

For a more compact representation and efficient online identifica-
tion of critical regions, it is convenient to identify which bounds in the
m critical regions of the flexibility map for d™"™" are redundant. This
can be achieved via the adaptation of the methodology presented in
Section 3.2, which for brevity is not discussed in this paper, but fully
implemented on the code developed.

We remark that relaxing the (closed) convex-hull assumption made
in Section 2 such that X becomes a partially unbounded subspace of
R" has no impact on the calculation of the minimum-distance based
flexibility maps: all these maps are based on the calculation of the
minimum distance to a set of m bounds, which are not affected in any
way by this relaxation.

5. Flexibility analysis via the maximum distances to the corners
of the feasible space

5.1. Partial maximum design flexibilities

In the same way as the m individual bounds of the feasible space
are closely related with the minimum design flexibility, so are its
t corners related with the maximum design flexibility. To deliver a
set of maximum distance-based metrics, the partial maximum design
flexibilities are defined in this work as the distance functions between

a design 0 and all corners of the feasible space; for the kth corner of
the feasible space (k = 1,...,r) these distance functions - dl'("”" - are
computed trivially, as follows:

dre = (20)

where C is the matrix of corners’ coordinates calculated via Algorithm
3. Eq. (20) may be written equivalently as:

@™ =0'0 - 2(C) 0 + ||ICII? (1)

where both sides of Eq. (21) are squared for convenience. The complete
set of distance functions between design 6 and the ¢ corners of X are
presented in Eq. (22):

@y’ 1 Cii Ci Cin
(d"e)? = (dgmx)z =00 L 2 G G G
(dme)? 1 Ci1 C, .. C
6, IICy IIz
« 9; + IIC?II (22)
0, c.1?

5.2. Maximum maximum distance-based design flexibility

We define flexibility metric d"%~™%% as the maximum distance be-
tween a given 6 and the set of r maximum distance functions in Eq. (22):

dmax-max gy = max{d;"“"(e),d’"“"(e), o dtmm((e)} (23)

In this section we consider the calculation of the flexibility map for
dmax-max - which must deliver explicit functions for this metric for all
0eX.

5.2.1. Problem formulation and solution

Taking the mp-P problem in Eq. (16) as reference, it suffices to:
(i) update the goal of the optimisation problem from minimisation
to maximisation, and (ii) set § = n (enforces n bounds active at
the optimal solution) to obtain a formal mathematical statement. The
solution of this problem includes: (i) the optimiser functions — equal to
corners’ coordinates (Section 3.3), (ii) the optimal objective functions
— the distance functions presented in Eq. (22), and (iii) critical regions,
which must now be computed following the guidelines presented in
Section 4.2.1. In this case, taking corner Cy, as the reference active
set (k; = 1,...,1), the necessary optimality conditions for delivering its
critical region are defined in Eq. (24):

ky,=1,....,1
ky # ky

max max
U= 24
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These constraints deliver a critical region where the distance to the
k’lh corner is the maximum of all partial maximum distances. Combining
Egs. (21) and (24) the following inequality is obtained (comparison of
corners at positions k; and k,):

0'60 —2(Cy, )0 + |ICy, I = 0'6 — 2(C, ) 0 + || Cy, I (25)

where the quadratic terms (6’9) on both sides of the inequality cancel
each other, yielding optimality conditions in a simplified form, and
where the linear dependence with 0 is restored:

!
2(Cy =€y ) 0= (16, 1P = G, IP) 26)

To complete the definition of critical regions, and for all corners (ac-
tive sets), all bounds of the feasible space are also added as feasibility
constraints.

5.2.2. Maximum design flexibility

Following the same reasoning as presented in Section 4.2.2, we
first build on the geometrical analysis presented in Fig. 1 (B): observe
that the smallest circumference intercepts a single point at n bounds of
the feasible space, defining a corner. Since the bounds of the feasible
space are defined via a set of affine inequalities of x, the maximum
distance between any design 6 and the bounds of the feasible space
always conforms to the scenario where n bounds are active at its
furthest point(s); any active set including a subset of n — 1 or less
bounds of the original » selected (non redundant) bounds, defines a
less constrained subspace and includes at least a less distant point to 0
than the corresponding corner.

This is a key result for maximum design flexibility, since it proves
that it suffices to assess the ¢ corners of the feasible space to calculate
it for any design 0. This avoids working with the 2" — 1 active sets
where at least one of the m bounds is active, which significantly reduces
the methodology’s complexity. Finally, we conclude that the maximum
maximum-distance based design flexibility — 4™ — covered in
Section 5.2.1 conforms to the maximum design flexibility condition as
presented in Section 2.1. Accordingly, its flexibility maps comprise the
full set of critical regions in X and the associated partial maximum
design flexibilities as discussed above.

5.3. Average and minimum maximum-distance based design flexibilities

The flexibility map for the average distance of the set of + maximum
distance functions - d9%¢"%* - s calculated directly from Eq. (22) to
form Eq. (27) as follows:

U

Ci+GCy++Cpy 0,
(@wEmaxy? — g/g _ 2| Cra+Cppt+ 4Gy 0,
t : :
Cl,n + C2.n +oet+ Cr,n 0,,
1
+ ;(||C1||2+||C2I|2+---+IIC,IIZ) 27

where the vector obtained from the column-wise averages of the matrix
in Eq. (22) is shown in transpose format for convenience. This average
distance takes a total of ¢ individual distances to the bounds of X
(at their corners), thus representing a very useful global flexibility
indicator.

The minimum of the r maximum distances - d™"™% . captures
the minimum distance between a given ¢ and the nearest of the ¢
corners of the feasible space for a given 6 in X. Flexibility maps for
this metric result from the definition of a mp-P problem, and these
solutions may be obtained via a simple adaptation of the guidelines
presented in Section 5.2.1, namely by solving for the minimum in Eq.
(23), and reversing the inequality sign in Eq. (24) (finding the nearest
corner). The usefulness of such metric, however, is also questionable
since d™n-max refers to the local distances to the nearest corner: this
is neither a minimum or a maximum flexibility. Its meaning is not
particularly insightful, but mostly academic and not considered further
in this work. The calculation of flexibility maps for d™"%* may be
optionally enabled in the code developed to confirm this assessment.
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5.4. Algorithm
Starting from the results delivered in Algorithms 1 and 3 (¢, C and
[IC1), all steps leading to the calculation of the partial maximum design

flexibilities - d™%* - and the flexibility maps for 4" and d9'$"%* are
summarised below:

Algorithm 5: Calculation of maximum distance-based flexibility maps.

Step 1: If ¢ = True, terminate.@
Step 2: Compute d™** using Equation (21). Set k = 1.

Step 3: For the k' active set (corner) in the map for d"ex—max,
perform the following steps in sequence:
Step 3.1: Calculate the critical region for the k" active set as
CR?x < CRZ, using the: (i) the + — 1 bounds listed in Equation
(24) (optimality), and (ii) Ax < b (feasibility constraints).
Step 3.2: If k <t, set k = k+ 1 and go to Step 3; else, go to Step
4.
Step 4: Calculate d9"¢"* from Equation (27) and terminate.

@ X is empty, and flexibility calculations are not applicable.

Relaxing the convex hull assumption made in Section 2 has a
more significant impact on the set of maximum-distance based metrics
presented in this section. When X extends to infinity, the partial
maximum design flexibilities no longer remain viable candidates in the
calculation of maximum distances: in this case, the maximum distance
is unbounded and the metrics and flexibility maps presented in this
section are not applicable.

6. Results

6.1. Dodecagon

We consider firstly the 2D design space bounded by 12 constraints
as defined in Eq. (28). This low-dimension problem enables a detailed
illustration of the application of Algorithms 1-5, including the display
of the critical regions for d™"™" and d™**~™* and the flexibility maps
for dmin—min’ davg-min’ qmax-max qnd qavg-max

-1 0 0
32 1 2
-5/4 1 5/2
—3/4 1 9/2
-1/2 1 6
0 1 X 10
o) [ o ] <| 10 28)
32 -1 7
5/4 -1 5
3/4 -1 2
12 -1 1
O | 0 |

6.1.1. Feasible space processing

Firstly, we solve Eq. (5) (Algorithm 1), from where ¢ = True: Eq.
(28) defines a non-empty space. Then, Eq. (6) is solved for all bounds
(Algorithm 2), where v = False for j = 1,...,12: all bounds are non
redundant. All corners of the feasible space are calculated (Algorithm
3) via the 62'2 = 66 combinations of two bounds; after processing all
candidates, a total of 12 corners of the feasible space and their norms
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Fig. 4. Minimum-based distance results for dodecagon example. (A) critical regions for d""-"" (B) flexibility map for d""™", (C) flexibility map for d*¢". In (B) and (C) a
colorbar is presented to capture the contours of d™"™" and d“s™r, respectively, in the feasible space.

are delivered as the outputs (Eq. (29)).

4000  1.000 4123
2.000  0.000 2.000
0.000  0.000 0.000
0.000  2.000 2.000
2.000  5.000 5.385
4000 7.500 8.500

€=l 6000 9.000 =1 10516 29
8.000  10.000 12.806
10.000  10.000 14.142
10.000  8.000 12.806
8.000  5.000 9.433
6000  2.500 6.5

6.1.2. Minimum-based distances

Next, we illustrate the calculation of distance functions d™” and
d®&min and the critical region map for """ via Algorithm 4. Since
¢ = False (Step 1), the calculation of these metrics is applicable; in Step
2, d™" is calculated from Eq. (14):

dp 1.000  0.000 | 0.000

s 0832 —0.554 | 1.109

dy 0780 —0.624 | 1.561

dn 0.600  —0.800 | 3.600

drn 0.447  —-0.894 | 5.366

dn 0.000  —1.000 | 10.000 [ 6,

am®|=| =1.000 0000 | 10.000 || 6, (30

ar -0.832  0.554 | 3.882 1

dmin -0.780  0.624 | 3.123

dnin —0.600  0.800 | 1.600

dmin —0.447  0.894 | 0.894

dmin 0.000  1.000 | 0.000
Javg-min 0.000 0000 | 3.428

Step 2, optionally enables the calculation of the optimiser functions
(projections) for each of the m bounds, which in this case is omitted
for brevity. In Step 3, the critical regions for d™"~™i" are obtained: the
distance functions for each of the 12 active sets (single bounds) are
compared against the remaining 11 distance functions using Eq. (17),
from which a total of 12 matrices (CR%) and 12 vectors (CR®) are
obtained as the critical regions for the corresponding 12 active sets.
This information is depicted graphically in Fig. 4 (A). In Step 4, the
flexibility map for d?s™" is calculated via Eq. (14) as shown in the
last row of Eq. (30).

Formally, the flexibility map for d™"™" consists of the 12 critical
regions and the matching distance functions in Eq. (30). In the 2D case,
it is possible to deliver this result as a heatmap for d”""" as shown
in Fig. 4 (B). This map was created via a grid of points in the 2D space
for which the corresponding distances were calculated. This requires
firstly the identification of the relevant critical regions for each point in
the grid, based on which the corresponding distance functions are used
to calculate @™ A similar approach is employed for the flexibility

10

map of 8" (Fig. 4 (C)), which in this case is obtained directly from
the last row of Eq. (30).

Observe that all critical regions in Fig. 4 (A) extend from the
corresponding bounds of the feasible space, where d™"™" = 0, and
are limited by two or more optimality constraints. These constraints
define the internal bounds within the feasible space where the distance
functions for the pairs of neighbouring critical regions match. For
this reason, and even though the full set of distances is captured
individually by these 12 critical regions, the flexibility map in Fig. 4 (B)
exhibits a continuous gradient-like shape, confirming that ™" is 0
at the bounds, and increasing progressively towards the centre where a
maximum value for """ js found. These results clearly confirm the
relevance and usefulness of this map for flexibility assessment.

The flexibility map for d?’™" is insensitive to @, which can be
confirmed both via the last row of Eq. (30) or Fig. 4 (C). As pointed
in Section 4.3, this metric relies on the average of all projections to
individual bounds, some of which may be beyond the bounds of the
feasible space as in this case, and thus not fully aligned with classic
flexibility definition. Our initial experimentation suggests that this
metric/flexibility map is more sensitive to the number and proximity of
bounds, and thus could serve as an indication of the overall flexibility
towards all bounds. Additional results are required to confirm and
expand on this assessment.

6.1.3. Maximum-based distances

Finally, the calculation of distance functions d”** and 4*$"*, and
the critical regions map for d"%*™x yia Algorithm 5 is presented. Since
¢ = False (Step 1), the calculation of these metrics is applicable. In Step
2, d™* is calculated from Eq. (22): the first vector in this equation is
pre-calculated (all ones in the 12 coordinates), the second matrix is C
and the last row vector is ||C||?> (Eq. (29) from Algorithm 3). In Step 3,
the critical regions for d™*"%* are obtained: the distance functions for
each of the 12 active sets (corners) are compared against the remaining
11 partial maximum design flexibilities using Eq. (24), to obtain all
critical regions’ bounds via a set of matrices C R* and vectors CR”. This
result is depicted graphically in Fig. 5 (A). In Step 4, the flexibility map
for devs™max is calculated via Eq. (22) and presented in Eq. (31). The
flexibility maps for d”¢*% and d9"¢"%* are depicted as heatmaps in
Fig. 5 (B) and (C) respectively, following the guidelines presented in
Section 6.1.2.

0,
0,

1

@y =90+ [ —10.00 —10.00 | 75.21 | (31

Observe that the critical regions’ map in Fig. 5 (A) includes only
two non-empty regions. CR;, for instance, is associated with the third
corner listed in C, at = [0,0]. To facilitate the interpretation of this
map, note that corners are highlighted with the same colour as the
corresponding critical region. A graphical analysis confirms that for
all @ in CR;, the corner at [0,0] is the most distant point (highest
flexibility), thus confirming that the intended functionality is delivered
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Fig. 5. Maximum-based distance results for dodecagon example. (A) critical regions for d"** (B) flexibility map for d™*"e, (C) flexibility map for 4**¢™*. In (B) and (C) a
colorbar is presented to capture the contours of 4™ and d“’¢™®, respectively, in the feasible space.

as expected. An equivalent analysis can be made for the corner at
6 =[10,10] and CRy.

The flexibility map for d™*a* is formally defined as the collection
of critical regions and their matching distance functions; in this particu-
lar case, the corresponding heatmap shown in Fig. 5 (B) provides useful
insights into this map: consistently with the analysis of critical regions
presented above, note for instance that d"**™9~ in CR; defines a set
of contour circles with centre in 8 = [0, 0], where the same distance to
this corner is found. Note also that the flexibility map exhibits a clear
gradient-like shape centred in both corners. The flexibility map is fully
continuous across the areas delimited by CR; and CRy, and also at
the boundary line between these two critical regions (at x, = 10 — x,),
where the two distance functions match.

Fig. 5 (C) also provides valuable insights for flexibility analysis. The
flexibility map for d¥¢™%* is dependent on the quadratic term 6’6, thus
defining a set of circles of constant distance around a centre point.
This centre point is implicitly defined via the average of all corners’
coordinates as shown in Egs. (22) or (31). Since d““$™%* represents the
average distance to the full set of corners effectively included at the
bounds of the feasible space, it bears the quality of a global flexibility
metric, where corners act as representatives of the full set of points at
their bounds.

Two important remarks on the flexibility map for d9¥8™* are in
order: firstly, the occurrence of corners depends solely on Ax < b,
and thus it is not possible to ensure a priori that the set of corners
define a representative network of points: some regions of the feasible
space’s bounds may include a higher density of corners than others,
which will naturally impact these flexibility maps; secondly, this set of
representative points are directly associated with the partial maximum
design flexibilities, and thus, and to some extent, this global flexibility
metric is biased towards the maximum distance, while d%v¢™ax g still
an average-based calculation.

6.2. CSTR design

In this Section, a practical illustration of the developed framework
for flexibility assessment in the design of a Continuous Stirred Tank
Reactor (CSTR) is considered as shown in Fig. 6.

In this process, product A is fed to the CSTR and is converted
irreversably to product B (A — B). F'* and F°“ are the inlet and outlet
volumetric flowrates (m?/h) and CK' and Cf;“’ are the inlet and outlet
molar concentrations of A (mol/m’). ¥ denotes the reactor volume
(m?). The reaction rate is given by r, = —kCZ‘”, where k is a first-
order kinetic factor (h~!). The mass balance for A and the global mass
balance for the CSTR at steady-state are presented in Egs. (32), and
(33), respectively:

i in _ t t t
F"Ct = FMCY" + VkCY! (32)

Fin — Fout (33)

For illustration purposes it is assumed that CZ’ = Imol/m? and
k = 1 h~!. The design variables for this problem are F" and V and
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Fin
cir

(A— B)

Fout
out
CA

Fig. 6. CSTR process.

the design space defined as: 2 < F" <20, 10 < V < 100. Additionally,
three process design constraints are defined for this problem as follows:

First constraint: reactant conversion > 80%
Reactant conversion for this system is given by:
inin _ prout (vout in _ cout
F"CY — FoC a cy -4

Conversion = = -
Cln
A

F”‘C"X’ (34)

from where a minimum of 80% on conversion translates to C4" <
0.2 mol/m?. By combining Eqs. (32) and (33), €9 is calculated explic-
itly as a function of the two design variables:

Fincin

cout — A
A FinyVk
After replacing process parameters and simplifying Eq. (35), the

minimum conversion requirement is expressed equivalently as a func-
tion of the design variables:

(35)

0.8F™ - 02V <0 (36)
Second constraint: annualised cost < 40 M€

Assuming a feed cost of 10€/m® and an annualised cost of reactor
capacity per unit volume of 0.4M€/m?, the total cost for 1 year of
operation (8000 h) is expressed as:

Cost(€) = F"(m® /h) * 10(€/m>) * 8000(h)+V (m>)+400, 000(€/m>) (37)
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Fig. 7. Design space for CSTR example, highlighting the three design constraints and
feasible and infeasible combinations of design variables (blue and white, respectively).

The cost constraint is then obtained and simplified from Eq. (37) as:

2F"™ +V < 100 (38)
Third constraint: pump flowrate > 3 m3/h

This design constraint is posed simply as:
F">3 (39

The impact of these three process constraints on the design of this
system is shown in Fig. 7, where multiple design specifications are
considered in the window of interest and then labelled as feasible or
infeasible.

The corners of this design space and all distance functions are
calculated as illustrated in Section 6.1. For brevity, only the criti-
cal regions and corresponding flexibility maps for the minimum and
maximum-based distance cases are presented in Fig. 8.

The flexibility map for d”"" in Fig. 8 (B) shows that the min-
imum distance to the bounds of the design space is O at the process
constraints, and increases towards its centre, exhibiting a pyramid-like
shape. From a design perspective, the region around the pyramid’s
apex exhibits the most flexibility, meaning that if F™" or V shift from
the selected design, a feasible design is still achieved. For instance, if
F" is selected close to the minimum pump flowrate of 3 m3/h, any
minor decrease in flowrate results in an operation violating the defined
bounds.

The flexibility map for 4”#*-"4* in Fig. 8 (E) shows that the higher
values are obtained around both corners at F” = 3m3/h. This infor-
mation is not necessarily critical from a design perspective. Rather,
it shows that a significant flexibility exists along the most favourable
directions for these points, while still being at the bounds of the design
space. The flexibility map for d?¥¢™% (F) is based on d"%*, and hence
conveying a similar meaning as the flexibility map for d"¢*™4* where
the maximum values for this map are typically found at one or more
of the corners. Since it is based on all corners of X, d9"$™9* represents
in fact a global maximum flexibility metric. In the future, this metric
can be updated to consider a more representative set of points (and not
only the most distant points at the corners) to provide more insights on
global minimum flexibility.

6.3. n-dimensional boxes

In this Section we consider design spaces in the n-dimensional space,
where n = 1,...,10, and where all coordinates of x are bounded
between 0 and 1. This arrangement delivers a line segment in 1D,
a square in 2D, a cube in 3D, and more generally, n-dimensional
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boxes in n-dimensional spaces. This set of examples illustrates how the
methodology developed can be applied to spaces of any size, and not
restricted to 2D or 3D spaces only. Matrices and vectors defining the
feasible spaces for these examples are available in the Supplementary
Materials. For brevity, the results for the 1D and 2D boxes are presented
in Sections 6.3.1 and 6.3.2, respectively; results for the 3D box are
presented in Appendix B.

6.3.1. 1D box

Minimum-based distances

The minimum distances to the 2 bounds of the feasible space
defining the 1D box (6, > 0 and 6, < 1), and the average minimum
distance is presented in Eq. (40). The critical regions for d™""" are
presented in Table 2.

dmn 1.000 | 0.000 0
dzin =| =1.000 | 1.000 [Tl] (40)
qave-min 0.000 | 0.500

Maximum-based distances

The maximum distances to the 2 bounds/corners of the feasible
space (0 = [0] and § = [1]), and the average maximum distance is
presented in Eq. (41). The critical regions for d™#*aX are presented
in Table 3.

(amex)? 1 0.000 | 0.000 ]
(drexy?  [=0'0| 1 |+| —2.000 | 1.000 [ 1‘ ] (41)
(gavgmax)? 1 —1.000 | 0.500

6.3.2. 2D box

Minimum-based distances

The minimum distances to the 4 bounds of the feasible space
defining the 2D box (8, > 0, 6, < 1, 6, > 0 and 6, < 1), and the
average minimum distance is presented in Eq. (42). The critical regions
for d™inmin are presented in Table 4. The map of critical regions for
dmin-min and the flexibility maps for d™"-™" and d“ws-™" are graphically
depicted in Fig. 9.

d:””’ 1.000 0.000 | 0.000
d;""” —1.000  0.000 | 1.000 0,
d;""’ =| 0.000 1.000 | 0.000 0, (42)
di””’ 0.000  —1.000 | 1.000 1
qavs-min 0.000 0.000 ‘ 0.500

Maximum-based distances

The maximum distances to the 4 corners of the feasible space (6 =
[0,0], & = [0,1], & = [1,1] and 6 = [1,0]), and the average maximum
distance is presented in Eq. (43). The critical regions for d™#*"4X are
presented in Table 5. The map of critical regions for d"**™% and the
flexibility maps for d™@*™"* and d49"¢"?* are graphically depicted in
Fig. 9.

(d;mm)2 1 0.000 0.000 | 0.000

(dgmx)2 1 0.000  —-2.000 | 1.000 6,

(d;"ax)2 =00l 1 [+| -2.000 =2.000 | 2.000 6,

(d™mex )2 1 —2.000  0.000 1.000 1
(dave-maxy2 1 —1.000 —1.000 | 1.000

43

6.3.3. Solution complexity

The solutions for the 3D box are listed in Appendix B, and the
solutions for the remaining n-dimensional boxes can be calculated from
the Python code and the example files in the Supplementary Materials.
Results on solution complexity for these examples are presented in
Table 6.
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Fig. 8. Minimum and maximum-based distance results for CSTR example. (A) critical regions for ¢""-"" (B) flexibility map for d™"™" (C) flexibility map for d“>¢™" (D) critical
regions for d™®™e  (E) flexibility map for d™*-me, (F) flexibility map for d’sme. In (B), (C), (E) and (F) a colorbar is presented to capture the contours of d™n-min, gavemin

dmax-max and devsmax | respectively, in the feasible space.

Table 2
Critical regions for """ in the 1D box (CR"6 < CR").
Active Active
RA| — CR? RA| — CRP
CR bound [CR?| - CR?) CR bound [CRY| - CR7)
—1.000 0.000 —2.000 1.000
1 6,=0 2 0, =1
! [ 2.000 ‘ ~1.000 ] ! [ 1.000 ‘ —1.000 ]
Table 3
Critical regions for d”**~"%* in the 1D box (CR"6 < CR").
CR Active [CRA| - CR] CR Active [CRA| - CR]
corner corner
[ —2.000 1.000 2.000 —1.000 |
1 6 =1[0] —1.000 0.000 2 6=1[1] —1.000 0.000
1.000 —-1.000 | 1.000 —1.000 |
Table 4
Critical regions for d"""" in the 2D box (CR*# < CR").
Active A b Active A b
CR bound [CR*| - CR"] CR bound [CR*| — CR"]
—1.000  0.000 | 0.000 —2.000  0.000 1.000
1 0 =0 2.000 0.000 —1.000 9 0 =1 1.000 0.000 —1.000
' 1000 —1.000 | 0.000 e —-1.000  —1.000 | 1.000
1.000 1.000 —1.000 —1.000 1.000 0.000
—1.000  1.000 | 0.000 —1.000 —1.000 | 1.000
3 0. =0 1.000 1.000 —1.000 4 0. =1 1.000 —1.000 0.000
2T 0.000  —1.000 | 0.000 2 0.000  -2.000 | 1.000
0.000 2.000 —1.000 0.000 1.000 —1.000

The geometry of these n-dimensional boxes allows the explicit cal-
culation of the total number of critical regions and bounds necessary
for their definition. Note that solution complexity for minimum design
flexibility scale more favourably than maximum design flexibility: the
number of critical regions in the first case is equal to the number of
non redundant bounds of the design space, while the total number of
corners and matching critical regions scales exponentially with » in the
second case. Since the calculation of critical regions’ bounds requires
the comparison of distance functions, their calculation scales much
more favourably in minimum design flexibility (m?) than in maximum
design flexibility (2"(2" — 1 + m)). This is not necessarily the case in
all problems as shown in Section 6.1.3, where out of the maximum 66
pairs of bounds combinations, only 12 yield feasible corners, and only
2 corners are relevant solutions of the mp-P problem.
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A refined analysis of Table 6 shows that the computational burden
of the proposed methodology for flexibility assessment, particularly
in large problems, is associated mainly with Algorithms 3 and 5,
confirming the assessment above. Algorithm 3 requires the calculation
of up to C;”' combinations of the following elements: (i) design bounds’
indices, (ii) auxiliary matrices and their ranks, (iii) inverse matrices
and their products, and (iv) function evaluations to deliver all corners.
By contrast, Algorithms 1 and 2 require the solution of a single and
m LPs, respectively. Algorithms 4 and 5 consist essentially of vector
subtractions for critical regions construction; while in Algorithm 4 this
amounts to roughly (m’)?> vector subtractions, in Algorithm 5 it may
amount to a very large (C,’,”/ )2, which grows much more rapidly for large
n and m.
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Fig. 9. Minimum and maximum-based distances for the 2D box. (A) critical regions for d™"-"" (B) flexibility map for ¢™"-"" (C) flexibility map for d*’s" (D) critical regions
for dmex-max (E) flexibility map for d™*-"e, (F) flexibility map for ¢, In (B), (C), (E) and (F) a colorbar is presented to capture the contours of d™"-min  gavemin  gmax-max gpd

devsmex | respectively, in the feasible space.

Table 5
Critical regions for d"*~™"e* in the 2D box (CR"6 < CR").
cr | Active [CRA| - CR?] cr | Active [CRA| - CRY]
corner corner
0.000  —2.000 | 1.000 ] 0.000  2.000 | -1.000 ]
-2.000 —2.000 | 2.000 -2.000 0000 | 1.000
—2.000  0.000 | 1.000 —2.000 2000 | 0.000
1 | 6=1[0,0] —-1.000  0.000 | 0.000 2 | 6=[01] —-1.000  0.000 | 0.000
1000 0.000 | —1.000 1000 0.000 | —1.000
0.000  —1.000 | 0.000 0.000  —1.000 | 0.000
| 0000  1.000 | —1.000 | | 0000  1.000 | —1.000 |
[ 2000 2000 | —2.000 | [ 2000 0000 [ —1.000 |
2000 0000 | —1.000 2000  —2.000 | 0.000
0.000  2.000 | —1.000 0.000  —2.000 | 1.000
3 | o=01,1] —1.000  0.000 | 0.000 4 | 0=[L0] -1.000  0.000 | 0.000
1000 0.000 | —1.000 1000 0.000 | —1.000
0.000  —1.000 | 0.000 0.000  —1.000 | 0.000
0.000  1.000 | —1.000 | 0.000  1.000 | —1.000 |
Table 6 formal definition of critical regions, from an online assessment perspec-
Solution complexity for n-dimensional boxes (1 =1,...,10). tive, this requirement may be removed pending an initial feasibility
n Minimum design flexibility Maximum design flexibility assessment, which also contributes to reducing complexity.
Design bounds CR bounds Corners CR bounds
1 2 4 2 6 7. Concluding remarks
2 4 16 4 28
3 6 36 8 104 - .
) s 64 16 368 A novel framework for flexibility assessment has been proposed in
5 10 100 32 1312 this work. It deals specifically with the case when the design space is
6 12 144 64 4800 bounded by a set of m affine constraints defining closed convex hulls in
7 14 196 128 18048 any n-dimensional space. In this case, we have shown that the m single-
8 16 256 256 69376 constraint active sets, and up to C" active sets directly associated with
9 18 324 512 270848 , n : .
10 20 400 1024 1068032 the convex hulls’ corners (n active bounds) play an important role in
X the calculation of the nearest and farthest points at the bounds of the
. - - design space with respect to any of its points: this geometry ensures
(n) (m =2n) (m*) (r=2" t(t =1+ m) &1 sp P Y P & Y

Future work may focus on identifying and excluding irrelevant
comparisons of pairs of partial maximum distance functions, which
contribute significantly to the complexity of maximum design flexibil-
ity. The requirement of including all m bounds of the design space in
all critical regions may also be relaxed: while this is important for a
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that for any 8 € X, the nearest/farthest points are always found at a
bound/corner of X, respectively.

This insight, suggests that the minimum and maximum distances,
which translate directly as the minimum and maximum design flexi-
bilities - d™"m" and d™**"* . can be computed by calculating and
processing a restricted set of optimal (distance) functions. These metrics
complement each other and present a significant novelty with respect
to previous work on this subject, which focuses mainly on the definition
of square flexibility boxes around a given design. Additionally, this
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work focuses not only on the definition of these metrics but also their
calculation in the full design space, which fits in the class of mp-P
problems. These solutions have been coined as flexibility maps, and a
strategy for critical region construction was defined for both cases via
a set of optimality and feasibility constraints as is the common practice
in the field.

This framework also enables the calculation of: (i) the average
and maximum of the minimum partial design flexibilities, and (ii)
the average and minimum of the maximum partial design flexibili-
ties. Average-based calculations - d“8"" and d*’¢%* - are obtained
as the average of the corresponding distance functions, whereas the
remaining set of flexibility maps are obtained from the solution of
multi-parametric problems. Average-based distances have also proved
useful as global flexibility metrics, particularly d“*¢9  which builds
on a set of feasible corners at the bounds of X. An initial screening of
results for the remaining metrics - d"®~"" and d™"™* - suggests these
are not particularly valuable for flexibility assessments.

Multiple examples were solved and their results analysed, including
problems up to n = 10. We focused particularly on the illustration of the
solution of a 2D illustrative problem and a CSTR design problem, for
which rich graphical insights can be obtained via the corresponding
map of critical regions and the corresponding flexibility maps deliv-
ered as heatmaps. The results obtained fully confirm the intended
functionality is delivered via the set of 5 algorithms developed, and
offering complementary insights on flexibility. Based on the number of
relevant distance functions for the minimum and maximum distance
cases, it has been shown and confirmed by preliminary results that
solution complexity is expected to grow more significantly with »n for
the maximum design flexibility case, while minimum design flexibility
depends mainly on the number of non redundant bounds.

This work delivers an initial framework for the calculation of mul-
tiple flexibility maps when design spaces are defined via a set of affine
bounds. For this specific case, all flexibility metrics are calculated
explicitly and exactly and delivered as a set of critical regions and
matching optimal distance functions. In most practical applications in
Chemical Engineering, however, process variables may exhibit nonlin-
ear dependencies between them, which generally result in nonlinear
design spaces.

In future work, this more general case will be considered. Finding
the nearest/furthest points at the bounds of the design space presents
several challenges in the nonlinear case, including also delivering
explicit distance functions and bounds of the critical regions. Approxi-
mation of the design space via a set of affine bounds is likely the most
promising path, from where the methods developed in this work can
be used to obtain accurate estimates of flexibility maps.

Computers and Chemical Engineering 200 (2025) 109189
CRediT authorship contribution statement

Diogo A.C. Narciso: Writing — review & editing, Writing — origi-
nal draft, Visualization, Validation, Supervision, Software, Project ad-
ministration, Methodology, Investigation, Funding acquisition, Formal
analysis, Conceptualization. Steven Sachio: Writing — review & edit-
ing, Writing — original draft, Validation, Investigation. Maria M. Pa-
pathanasiou: Writing — review & editing, Writing — original draft,
Validation, Investigation.

Code availability

A set of Python code files deliver the functionality of the 5 algo-
rithms presented in this article. These files are available in https://
github.com/diogonarciso/DSflex. All design space examples presented
in this manuscript can be found in the Supplementary Materials.

Funding

Diogo Narciso gratefully acknowledges the support of the CERENA
(FCT-UIDB/04028/2025 and FCT-UIDP/04028/2025).

Declaration of competing interest
I have nothing to declare.
Appendix A. Projection to a single bound

In this Appendix, we explain step-by-step how the projection to a
single bound as presented in Eq. (8) is consistent with the goals of
this work, and namely that it ensures that for any 6 included in the
halfspace defined via the jth bound of X - A jx < b; (=1,...,m) - the
multiplicative factor // in Eq. (8) is non-negative.

Eq. (8) is formulated such that for a given 6, we seek to calculate
its projection to the jth bound of X, denoted as x”"%+. The definition
of the corresponding halfspace is achieved as follows:

_ projj
xp =X
proj.j
Xy — X
[ -4 -4, —A;, | 2 >0 44
X, — XD

Note that Eq. (44) is defined as an internal product of two vectors:
(i) the normal vector for the jth bound of X, —A s and (ii) the vector
defined as the difference between x”"%/+ and x, thus pointing in the

Table 7
Critical regions for d""™" in the 3D box (CR"6 < CR").
Active Active
CR bound [CR*| - CR"] CR bound [CRA| — CR"]
[ —1.000 0.000 0.000 0.000 1 [ —2.000 0.000 0.000 1.000 17
2.000 0.000 0.000 —-1.000 1.000 0.000 0.000 —1.000
1 0,=0 1.000 —1.000 0.000 0.000 9 0, =1 —1.000  —1.000 0.000 1.000
1.000 1.000 0.000 —1.000 —1.000 1.000 0.000 0.000
1.000 0.000 —1.000 0.000 —1.000 0.000 —1.000 1.000
L 1.000 0.000 1.000 —1.000 | L —1.000 0.000 1.000 0.000 |
[ —1.000 1.000 0.000 0.000 1 [ —1.000 —1.000 0.000 1.000 17
1.000 1.000 0.000 —1.000 1.000 —1.000 0.000 0.000
3 0,=0 0.000 —1.000 0.000 0.000 4 0, =1 0.000 —2.000 0.000 1.000
0.000 2.000 0.000 —1.000 0.000 1.000 0.000 —1.000
0.000 1.000 —1.000 0.000 0.000 —-1.000  —1.000 1.000
L 0.000 1.000 1.000 —1.000 | L 0.000 —1.000 1.000 0.000 |
[ —1.000 0.000 1.000 0.000 1 [ —1.000 0.000 —1.000 1.000 17
1.000 0.000 1.000 —1.000 1.000 0.000 —1.000 0.000
5 0,20 0.000 —1.000 1.000 0.000 6 0, =1 0.000 —1.000  —1.000 1.000
’ 0.000 1.000 1.000 —-1.000 ’ 0.000 1.000 —1.000 0.000
0.000 0.000 —1.000 0.000 0.000 0.000 —2.000 1.000
L 0.000 0.000 2.000 —1.000 | L 0.000 0.000 1.000 —1.000 |

15


https://github.com/diogonarciso/DSflex
https://github.com/diogonarciso/DSflex
https://github.com/diogonarciso/DSflex

D.A.C. Narciso et al.

Computers and Chemical Engineering 200 (2025) 109189

Table 8
Critical regions for d"**~"%* in the 3D box (CR0 < CR").
Cr | Active [CR?| - CR"] Cr | Active [CR?| - CR"]
corner corner
0.000 0.000 —2.000 1.000 0.000 0.000 2.000 —1.000
0.000 —2.000 0.000 1.000 0.000 —2.000 2.000 0.000
0.000 —-2.000  -2.000 2.000 0.000 —2.000 0.000 1.000
—2.000 0.000 0.000 1.000 —2.000 0.000 2.000 0.000
—2.000 0.000 —2.000 2.000 —2.000 0.000 0.000 1.000
—2.000  —-2.000 0.000 2.000 —2.000  —-2.000 2.000 1.000
1 6 =10,0,0] —-2.000 -2.000 -2.000 3.000 2 6 =1[0,0,1] —-2.000 —2.000 0.000 2.000
—1.000 0.000 0.000 0.000 —1.000 0.000 0.000 0.000
1.000 0.000 0.000 —1.000 1.000 0.000 0.000 —1.000
0.000 —1.000 0.000 0.000 0.000 —1.000 0.000 0.000
0.000 1.000 0.000 —1.000 0.000 1.000 0.000 —1.000
0.000 0.000 —1.000 0.000 0.000 0.000 —1.000 0.000
0.000 0.000 1.000 —1.000 0.000 0.000 1.000 —1.000
0.000 2.000 0.000 —1.000 0.000 2.000 2.000 —2.000
0.000 2.000 —2.000 0.000 0.000 2.000 0.000 —1.000
0.000 0.000 —2.000 1.000 0.000 0.000 2.000 —1.000
—2.000 2.000 0.000 0.000 —2.000 2.000 2.000 —1.000
—2.000 2.000 —2.000 1.000 —2.000 2.000 0.000 0.000
—2.000 0.000 0.000 1.000 —2.000 0.000 2.000 0.000
3 6=1[0,1,0] —2.000 0.000 —2.000 2.000 4 6=1[0,1,1] —2.000 0.000 0.000 1.000
—1.000 0.000 0.000 0.000 —1.000 0.000 0.000 0.000
1.000 0.000 0.000 —1.000 1.000 0.000 0.000 —1.000
0.000 —1.000 0.000 0.000 0.000 —1.000 0.000 0.000
0.000 1.000 0.000 —1.000 0.000 1.000 0.000 —1.000
0.000 0.000 —1.000 0.000 0.000 0.000 —1.000 0.000
0.000 0.000 1.000 —1.000 0.000 0.000 1.000 —1.000
2.000 0.000 0.000 —1.000 2.000 0.000 2.000 —2.000
2.000 0.000 —2.000 0.000 2.000 0.000 0.000 —1.000
2.000 —2.000 0.000 0.000 2.000 —2.000 2.000 —1.000
2.000 —2.000 —2.000 1.000 2.000 —2.000 0.000 0.000
0.000 0.000 —2.000 1.000 0.000 0.000 2.000 —1.000
0.000 —2.000 0.000 1.000 0.000 —2.000 2.000 0.000
5 6 =1[1,0,0] 0.000 —2.000 —2.000 2.000 6 6=1[1,0,1] 0.000 —2.000 0.000 1.000
—1.000 0.000 0.000 0.000 —1.000 0.000 0.000 0.000
1.000 0.000 0.000 —1.000 1.000 0.000 0.000 —1.000
0.000 —1.000 0.000 0.000 0.000 —1.000 0.000 0.000
0.000 1.000 0.000 —1.000 0.000 1.000 0.000 —1.000
0.000 0.000 —1.000 0.000 0.000 0.000 —1.000 0.000
0.000 0.000 1.000 —1.000 0.000 0.000 1.000 —1.000
2.000 2.000 0.000 —2.000 2.000 2.000 2.000 —3.000
2.000 2.000 —2.000 —1.000 2.000 2.000 0.000 —2.000
2.000 0.000 0.000 —1.000 2.000 0.000 2.000 —2.000
2.000 0.000 —2.000 0.000 2.000 0.000 0.000 —1.000
0.000 2.000 0.000 —1.000 0.000 2.000 2.000 —2.000
0.000 2.000 —2.000 0.000 0.000 2.000 0.000 —1.000
7 6=1[1,1,0] 0.000 0.000 —2.000 1.000 8 6=1[1,1,1] 0.000 0.000 2.000 —1.000
—1.000 0.000 0.000 0.000 —1.000 0.000 0.000 0.000
1.000 0.000 0.000 —1.000 1.000 0.000 0.000 —1.000
0.000 —1.000 0.000 0.000 0.000 —1.000 0.000 0.000
0.000 1.000 0.000 —1.000 0.000 1.000 0.000 —1.000
0.000 0.000 —1.000 0.000 0.000 0.000 —1.000 0.000
0.000 0.000 1.000 —1.000 0.000 0.000 1.000 —1.000

direction from x?"%+ to x: all points x such that the internal product
with —A; is non-negative define the halfspace of interest. This may be
formulated equivalently as:

X
X
[ -4 -4, —Ap ]|
xn
x;;roj
Proi
2[ -4 -4 —Ap | 2 (45)
xﬁroj

where the internal product —A;x”"*// necessarily equals the indepen-
dent term of the jth bound, and so:

[ -4 -4, A, [ x e ox, |2k (46)
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which can be written in the more standard notation using a less or equal
to sign used in this work to list all bounds of the feasible space:

[ 4 A 1] % x, |" <b, (47)

The projection of 6 to the jth bound of X is actually defined in the
opposite direction: from x?"%+ to 6, such that in this way the normal
vector used in this calculation points towards the interior of X, and
thus ensuring // is non-negative for all ¢ satisfying A;0 < b;. This is
defined as:

Aj,z Xy

1 0 .. 0 |-4;, i 0,
roj,
0 1. 0 | -4, xbrerd 0,
: oo : : =| (48)
0 0 ... 1 |-4, xProld 0,
Ay A A, 0 [ b,

From the discussion above and the first n rows of Eq. (48), all # in
the halfspace A;x < b; must be obtained by a non-negative /. To finalise
this note, it suffices to multiply the last equality constraint in Eq. (48)
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by —1 to obtain Eq. (8). Both problem statements are fully equivalent;
Eq. (8) is preferable since the matrix defined - M - is such that M = M’.

Appendix B. Results for 3D box

Minimum-based distances

The minimum distances to the 6 bounds of the feasible space
defining the 3D box (6; >0, 0, < 1,0, >0, 0, <1, 6, > 0 and 65 < 1),
and the average minimum distance is presented in Eq. (49). The critical
regions for d™"~™i" are presented in Table 7.

df"i" 1.000 0.000 0.000 | 0.000 ]
d;":” —1.000  0.000 0.000 | 1.000 0
dg'“.” 0.000 1.000 0.000 | 0.000 91
d"{”." =| 0.000 -1.000 0.000 | 1.000 92 (49)
d;”‘.” 0.000 0.000 1.000 | 0.000 13
dg" 0.000 0.000  —1.000 | 1.000
deve:min | 0.000 0.000 0.000 | 0.500 |

Maximum-based distances

The maximum distances to the 8 corners of the feasible space (6 =
[0,0,0], ¢ = [0,0,1], & = [0,1,0], & = [0,1,1], & = [1,0,0], & = [1,0,1],
0 = [1,1,0] and 6 = [1,1,1]), and the average maximum distance is
presented in Eq. (50). The critical regions for d"**%* are presented in
Table 8.

[ @ | [ 1] [ o000 0000 0000 | 0000 |
(dyesy 1 0000 0000 —2.000 | 1.000
(@ney? 1 0000 2000 0000 | 1000 |-
resy 1 0000 -2000 -2000 | 2000 || !
@=y |=e6| 1|+ 2000 0000 0000 | 1000 || >
@reyp 1 2000 0000 -2000 | 2000 ||
(amey? 1 —2000 2000 0000 | 2.000
ey 1 —2000 2000 —2.000 | 3.000
gy 1 21000 —1.000 —1.000 | 1.500

(50)

Appendix C. Supplementary data

Supplementary material related to this article can be found online
at https://doi.org/10.1016/j.compchemeng.2025.109189.

Data availability

No data was used for the research described in the article.
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