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Keywords: The elastic-plastic buckling response of panels with grid stiffeners during creep age forming (CAF) has been
Stiffened panel studied using a semi-analytical method in this research. A simplified model for panels with multiple grid
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stiffeners under bending has been established and the effective width has been applied to consider the flexible
skin effect and multiple stiffener effect. In the semi-analytical method, the equilibrium equation for the
simplified model has been solved via differential quadrature method to acquire the buckling stress of grid-
stiffened panels, using deformation theory (DT) and incremental theory (IT) of plasticity. The results with
IT show good agreements with both the published experimental and non-linear FE results, demonstrating
its effectiveness. Based on the method, the effects of geometric dimensions of grid-stiffened panels, multiple
stiffeners and temperature on buckling response in the elastic and plastic regions have been studied. It is found
that the transverse stiffener provides a 13.9% higher buckling stress of grid-stiffened panels than blade-stiffened
panels, and buckling may occur in the heating stage during CAF. The proposed semi-analytical method based
on IT provides accurate predictions of buckling stress during either CAF or cold forming, which can guide the
parameter optimisation of grid-stiffened panels in design.

1. Introduction

Integrally stiffened panels are the main loading structure in
aerospace industries to achieve lightweight for transportation [1,2].
Creep age forming (CAF), an advanced metal forming technology for
manufacturing large aluminium alloy workpieces, combines forming
and ageing heat treatment in a single process to manufacture the
components [3]. CAF has been considered as a highly potential forming
technology to manufacture integrally grid-stiffened panels with low
residual stress, high strength and high process repeatability [4,5]. The
principal procedure of CAF process includes three main operations:
loading, creep-ageing and unloading. In the loading stage of CAF,
the stiffened panel is placed in the forming dies and loaded at room
temperature. The stiffened panel with the dies is then moved in the
oven to heat and kept at the ageing temperature for the required
time, during which creep strain generates and the stiffened panel is
deformed [6]. Bending is the general loading condition in the CAF
process.

The challenge arises for the forming of the integrally stiffened panel
since the skin and the stiffener will be formed together under bending
in the forming process, in which the stiffener is subjected to relatively
large stress which may cause damage or buckling to the stiffener [7,8].
The buckling issue in the forming process is a constraint that need be
considered in the geometry optimisation of stiffened panels in design.
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Non-linear Finite Element (FE) and experimental investigations have
been implemented to acquire buckling responses of stiffened panels
during CAF process, and the prediction error of the non-linear FE
method is within 6.3% compared with experimental results of stiffened
panels with the corresponding geometry [9,10]. Recently, novel ma-
chine learning-driven method has been applied in the buckling analysis,
greatly accelerating the efficiency [11,12]. However, non-linear FE
simulations lead to an extremely long total calculation time for the
design of stiffened panels due to the iteration process required in the
parameter optimisation [13]. Therefore, it is significant to develop
an analytical or semi-analytical method for buckling analysis of grid-
stiffened panels during the CAF with bending loads, which can obtain
reliable results in a low time-consuming manner to predict the forming
limit in CAF and cold forming [14].

Buckling response of stiffened panels with blade stiffener has been
analysed under uniform compression [13,15] and bending [16,17]
using equilibrium method with the prediction error of 5.8%. In these
cases, simplified models for stiffened panels with single blade stiffener
have been proposed, which is a plate (skin for uniform compression
condition and stiffener for bending condition) adding an elastically
built-in (EBI) boundary condition for the rotation constraint on the
bottom edge between the blade stiffener and the skin to account for
their interaction effect [13,16]. An effective width has been proposed
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Nomenclature

[A], [B] Matrices of deflection and buckling stress
in generalised eigenvalue equations respec-
tively (-)

a Length of stiffened panel (mm)

b, besys Width and effective width of stiffened
panel (mm)

E, E, E; Young’s modulus, tangent modulus and
secant modulus (GPa)

Fy Applied normal force of stiffened panel per
unit length in the x-direction (N/m)

G Shear modulus (GPa)

h Stiffener height (mm)

k,, m, Yield offset and reciprocal of strain harden-
ing exponent (-)

ke, Critical buckling coefficient (-)

M, M,, Moment per unit length respectively from
oy and 0y (N m)/m)

M,, M, Moments per unit length applied on bot-
tom edge and loading edge of longitudinal
stiffener respectively by skin and transverse
stiffener, which act as bending moments
((N m)/m~")

M;, M| Moments per unit length applied on skin
and transverse stiffener respectively by bot-
tom edge and loading edge of longitudinal
stiffener, which act as torsional moments
((N m)/m™")

M, Moment per unit length at middle of
bottom edge in x-direction (N m)/m~')

M, Applied moment in z-direction on stiffened
panel (N m)

m Number of sinusoidal half-waves in x-
direction (-)

N Number of grid points (-)

0, Resultant shearing force per unit length in
the yz-planes (N/m)

oer Tsr Skin thickness and stiffener thickness (mm)

U,, U, U, Translations in x-, y- and z-directions (mm)

UR,, UR,, UR, Rotation about x-, y- and z-axes (-)

u, v, w Deflections of transverse stiffener in x-
direction, skin in y-direction and longitu-
dinal stiffener in z-direction (mm)

Yo Distance between bottom of longitudinal
stiffener and neutral plane of stiffened
panel (mm)

a P,y Material constants for incremental and
deformation theories of plasticity (-)

€ & Strain and strain components (-)

K2 Shear correction factor (-)

% Poisson’s ratio (-)

o, 0} Stress and stress components (MPa)

o} Buckling stress (MPa)

o9 Offset yield stress (MPa)

to consider the influence of the flexible skin with free boundary con-
dition on the buckling of single-stiffener blade-stiffened panel loaded
by bending [16]. In the equilibrium method, the equilibrium equations
based on Kirchhoff-Love plate theory (thin plate bending theory) [18]
or the Mindlin-Reissner plate theory (thick plate bending theory) [19]

by by Rotation angles of longitudinal stiffener
about the y- and x-axis (rad)

¢§/, d);/ Rotation angles of flexible skin/rigid skin
about x-axis (rad)

AX, X Increment and time derivative of variable X
respectively ([X], [X]1/s)

considering the first-order shear effect through the thickness of the
plate are solved to predict the buckling stress.

In the plastic buckling analysis, two main plasticity theories have
been applied to predict the buckling stress of different structures con-
sidering the non-linear material property, such as plates [20,21] and
stiffened panels [22]. These two theories are incremental theory (IT)
based on Prandtl-Reuss constitutive equations and deformation theory
(DT) based on the Hencky equations. The strain in IT is dependent on
the whole path of stress, while the total strain in DT is only related to
the certain stress [23,24]. Several investigations have revealed that DT
generally predicts a lower buckling stress compared with IT [21,25].
The stress distribution in components under plastic bending covers the
elastic and plastic regions. The equilibrium equations with varying
material constants in the buckling analysis can be solved using the
differential quadrature (DQ) method [17].

Global and local buckling response of grid-stiffened panels has
been investigated subjected to axial compression [26-28] and shear
loading [29], in which both skin buckling and stiffener crippling were
the buckling mode. The results showed that the presence of stiffeners
increased the elastic buckling stress of the local skin between stiffen-
ers. The buckling analysis of grid-stiffened cylinder loading by axial
compression has been conducted with different grid patterns, including
orthogrid [30], isogrid [31,32], and triangle grid [33]. In addition,
material properties will change when the temperature is increased from
the room temperature to the ageing temperature, leading to the differ-
ence of buckling behaviour under different temperatures. However, no
report has been found on studies of elastic—plastic buckling response of
grid-stiffened panels loaded by bending analytically for forming process
and in heating conditions.

A semi-analytical method, based on Mindlin-Reissner plate theory,
is developed in this study for grid-stiffened panels in CAF process.
The EBI boundary condition and the effective width are introduced in
the simplified model of grid-stiffened panel to consider the influence
of flexible skin and transverse stiffeners. The semi-analytical method
is used to predict the buckling results of grid-stiffened panels loaded
by bending, and the predictions are compared with the corresponding
experimental results and non-linear FE results. In addition, the effects
of the geometric parameters, multiple stiffeners and temperature on the
buckling response have been studied based on the semi-analytical and
non-linear FE methods.

2. Simplified model of grid-stiffened panel
2.1. Problem definition

The object of buckling analysis in this research is grid-stiffened
panels under bending moment M, as presented in Fig. 1(a). A unit
cell of the continuous grid-stiffened panel can be captured from the
dashed rectangle in Fig. 1(a), which has two transverse blade stiff-
eners and one longitudinal blade stiffener. The geometric parameters
of the unit cell include stiffened panel length (longitudinal stiffener
length between adjacent transverse stiffeners) a, stiffened panel width
(transverse stiffener length between adjacent longitudinal stiffeners)
b, stiffener thickness ¢y, skin thickness ¢, and stiffener height h, as
shown in Fig. 1(b). Two longitudinal edges of the unit cell are treated as
free for single-stiffener condition, but have symmetric or antisymmetric
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Transverse stiffener

(b) Unit cell

Fig. 1. Schematic showing grid-stiffened panel subjected to bending.

boundary condition for multi-stiffener condition [34,35]. The Mindlin—
Reissner theory is applied in the buckling investigation to account for
the first-order shear effect. The buckling behaviour for grid-stiffened
panels with the single-stiffener and the multi-stiffener conditions will
be investigated using the unit cell.

2.2. Buckling mode and buckling model

During CAF of stiffened panels, the skin is generally in tension and
the stiffener in compression during loading; thus, only stiffener buck-
ling mode takes place on grid-stiffened panels under bending, where
large deflection occurs on the top of longitudinal stiffener due to large
compression during forming [10]. Fig. 2(a) schematically shows the
stiffener buckling mode of grid-stiffened panels, where w, u and v are
the deflections of the longitudinal stiffener in z-direction, the transverse
stiffeners in x-direction and the skin in y-direction, respectively, and ¢,
and ¢, represent rotation angles of longitudinal stiffener about y-axis
and x-axis respectively.

To investigate the influence of the transverse stiffener and skin
on the buckling occurring on longitudinal stiffener, the internal force
of longitudinal stiffener, transverse stiffener and skin regions of grid-
stiffened panels are presented in Fig. 2(b)-(d). For the longitudinal
stiffener in Fig. 2(b), the constraints from the transverse stiffener and
skin which can be instead of M, at two loading edges and bending mo-
ments M, at the bottom edge, respectively. In addition, the transverse
stiffener and skin are subjected to an equivalent reaction torsional mo-
ment M, along the loading edge (Fig. 2(c)) and an equivalent reaction
torsional moment M ; along the bottom edge (Fig. 2(d)), respectively.

A simplified model for the grid-stiffened panels loaded by bending
is developed from the previous simplified model for blade-stiffened
panels in [16,17]. In the model of grid-stiffened panels, EBI boundary
conditions are set on the two loading edges and the bottom edge of
longitudinal stiffener to consider the rotational constraints from the
transverse stiffeners and the skin (M l’ in Fig. 2(c) and M 1; in Fig. 2(d)),
as shown in Fig. 3. The upper edge of the simplified model is free.

In the EBI boundary condition of the bottom edge and loading
edge, the displacements in z-direction are both fixed, the rotation in
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Fig. 2. Buckling mode of grid-stiffened panel loaded in bending and breakdown free body diagrams (FBD) of longitudinal and transverse stiffeners and skin. Note that (c) is

viewed from positive y-direction to show xz-plane.
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Fig. 3. Simplified model of grid-stiffened panels loaded by plastic bending moment for buckling analysis.

x-direction of the bottom edge is restricted by M; and the rotation
in y-direction of the loading edge is restricted by M. The rotational
constraints of the EBI boundary conditions are defined by M, + M; =0
along the bottom edge and M; + M, = 0 along the loading edge.

2.3. Stress distribution

The stress distribution in the unit grid-stiffened panel under bending

which is simplified to that of blade-stiffened panel ignoring the effect
of the transverse stiffener is briefly introduced [17]. Fig. 3 shows the
non-linearly varying stress distribution in x-direction ¢, on the loading
edges of stiffened panel loaded by a plastic bending. The strain distri-
bution in x-direction ¢, is assumed linear from the Mindlin-Reissner
theory [36], expressed as:
Exx (y) = Z__;}(:)gxxly=h (1)
where y, represents the distance between the stiffener bottom edge and
the neutral plane of stiffened panel which is dependent on o, in the
plastic region, and &,,|,_, represents the strain in x-direction where
y = h at the top surface of stiffener.

The Ramberg-Osgood equation is applied for the plastic behaviour

of the material, given as [37]:
o o (o \™
=242 (2 2

TETVE (”0) @
where E represents Young’s modulus, m,, o, and k, represents the
reciprocal of strain hardening exponent, offset yield stress and yield
offset respectively.

The location of the neutral axis y, can be calculated by the equilib-
rium equation in x-direction, given as:

h 0 h
tst / Uxxdy + b/ O-xxdy = / FXdy (3)
0 —tsk sk

where Fy is the normal force in x-direction per unit length. To solve
the equilibrium equation in Eq. (3), the differential of y is supplanted
by the differential of ¢,, and after integration by parts, Eq. (3) be-
comes [17]:

h— b Oxxly=h
tst |:(h - yO) o-xxly:h + yOO-xxly=0 - ( 0) / Exxdo-xx:|

Exlin Jovo

+b [_yoo-xxly=0 + (yO + tsk) Gxxly:—tsk (€]

(h=yp) [owh=o h
——/ £ o =/ Fydy
exxlyzh o —tsk

eyt
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Fig. 4. FE model of skin applied to torsion along bottom edge.

When pure bending is the loading condition, the right side of Eq. (4)
is zero due to the balanced resultant force Fy. For given stress at the
top surface of stiffener o,,|,,, the corresponding y, is numerically
obtained from Eq. (4) based on Newton’s method.

2.4. Effective width

The previous studies [16,17] have found that the flexible skin effect
on blade-stiffened panels in buckling analysis can be compensated by
introducing the effective width b, ,, in the boundary condition, which
is determined as the width of a rigid panel with the same torsional
stiffness as a flexible panel with width b. The effective widths b,/
for grid-stiffened panels with single stiffener and multiple stiffeners are
calculated with FE simulations.

In the grid-stiffened panel, the deflection of the buckled longitu-
dinal stiffener which has two constrained edges can be modelled as
trigonometric functions based on Levy-type method, and the equivalent
torsional moment on the bottom edge M Z can be expressed as [38]:

Ml

M;:Tbo(l—cos(zn;ﬁx)) ®)

where M, is the maximum torsion moment on the whole bottom edge,
m represents the number of sinusoidal half-wave.

FE simulations with a commercial software Abaqus/Standard are
conducted to study the flexible rotation response of the skin of grid-
stiffened panels with single-stiffener and multi-stiffener cases subjected
to the torsional moment along the bottom edge and the corresponding
effective width b,,,. The FE model, which is a quarter of unit panel
with one half-wave buckling mode using shell elements (S4R), as well
as its boundary conditions are shown in Fig. 4. For single-stiffener
cases, the boundary condition of the bottom edge is free and that with
multi-stiffener cases is symmetric (U, = 0 and UR, = UR, = 0) or
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Table 1

Skin dimensions for FE models (unit: mm).
Group 1 Group 2 Group 3 Group 4
a b a b a b a b
50 12.5 100 50 800 100 532 200
50 37.5 100 100 160 100 229 200
50 62.5 100 150 90.0 100 146 200
50 87.5 100 200 60.0 100 107 200
50 112.5 100 250 47.0 100 84.2 200
50 137.5 100 300 38.0 100 69.6 200

anti-symmetric (U, = u,=0 and UR, = 0). The torsional moment
M b’ /2 is applied to the model with a value of 10 (N m)/m [16]. The
element size was set to a/20 [16]. Four groups of FE simulations with
different geometric dimensions were conducted and the geometries
with different length to width ratios a/b are listed in Table 1. The
employed dimensions cover a wide range of a/b values from 0.125 to 3,
in which a is constant in Groups 1 and 2, while b is constant in Groups
3 and 4.

Fig. 5(a)-(c) present the FE results of deformations in y-direction for
flexible skins at the symmetric line for grid-stiffened panels respectively
with free, symmetric and anti-symmetric boundary conditions on the
longitudinal edge, where q&f " and qS;’ are the angles of flexible skin and
rigid skin. For the free boundary condition, when the width is small,
the deformed flexible skin almost remains straight, and the rotation
response of the flexible skin has a good agreement with the rigid skin.
While the flexible skin becomes distorted and the rotation angle of
flexible skin d)f/ becomes larger than that of rigid skin ¢/ ' with the
increasing width. The results of the grid-stiffened panels with free
boundary condition show a similar trend to those for the blade-stiffened
panels in [16]. For the symmetric boundary conditions, the deformed
flexible skin distorts with both ends parallel to the z axis, while the ends
of the flexible skin are in contact with the z axis after torsion for the
anti-symmetric boundary condition. For both two boundary conditions,
the torsion stiffness of flexible skin is larger than that of rigid skin,
especially for small width. The rotation behaviours of flexible skin with
large width show similar results for the three boundary conditions.

The effective width b,/ is captured from the FE simulations, and
the expression is given as [16]:

! 2
MbOAx 3

b ~ -
) 2(ef) (o), G
Y ) x=0 V) x=ax Y x=04x ’

where G is shear modulus and 4x is the spatial increment of neighbour-
ing nodes, which is the element size. Fig. 6 presents the FE simulated
effective width for the grid-stiffened panels with single-stiffener and
multi-stiffener cases. As shown in Fig. 6, all four groups of FE simula-
tions with different skin aspect ratios b/a ranging from 0.125 to 3 (see
Table 1 for dimensions) show the same trend. Therefore, the relations
between mb, ,,/a and mb/a with free, symmetric and anti-symmetric
boundary conditions are independent of the geometric dimensions
of grid-stiffened panels. For free boundary condition (single-stiffener
cases), mb,  ;/a increases linearly with the increasing mb/a initially and
reaches a saturated state with further increasing mb/a values. For sym-
metric and anti-symmetric boundary conditions (multi-stiffener cases),
mb, /a is relatively large at small mb/a due to the constraints on the
longitudinal edges and high torsion stiffness for the flexible skin. When
mb/a increases, mb, ;;/a decreases when mb/a < 0.5, and then slightly
increases to a stable state with a similar trend of the results with the
free boundary condition. mb,  ;/a with symmetric boundary condition
is smaller than that with anti-symmetric boundary condition with small
mb/a < 1.37, which indicates that the grid-stiffened panel will buckle in
a U-shape for the skin region between two longitudinal stiffeners with
small mb/a. The results of mb, ;;/a with the three boundary conditions
are the same for large widths (mb/a > 1.37), which reveals that the
effect of multiple stiffeners can be neglected and either symmetric or

(6)
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Fig. 5. Deflection in y-direction of skin (v) for grid-stiffened panel with various widths
b under the same torsion (a = 100 mm and 7, =1 mm). Solid lines are for flexible skin
results and dotted lines are for rigid ones.
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Fig. 6. Relationship between simulated effective width to length ratio mb,,,/a and
actual ratio mb/a of grid-stiffened panels with single stiffener (Free) or multiple
stiffeners (Symmetric or Antisymmetric boundary conditions).

antisymmetric boundary condition may be active (S- or M-shape for
skin region will occur) when the width between longitudinal stiffeners
is large (mb/a > 1.37).

The fitted curve for the multiple stiffeners case is obtained from
the minimum values between the results with symmetric and antisym-
metric boundary conditions. The fitted equations for the grid-stiffened
panels with single stiffener and multiple stiffeners are given as:

1.432mb
a

by = 0.7710% tanh ( > (Single stiffener) 7)

1.595mb
a

a _ 6002mb
begy =2556—¢

+0.7656 2 tanh ( ) (Multiple stiffeners)
m
(€)]

The accuracy of the effective width for grid-stiffened panels with
single-stiffener or multi-stiffener cases is demonstrated later.

2.5. Boundary conditions

Assumed from the Mindlin-Reissner plate theory, the boundary
conditions of grid-stiffened panel model are provided as [16,39]:
(a) EBI on the bottom edge (y = 0):

wl,—o =0
oM =0 = 0
AP 3 3 3 )
Ma by + EtS, ([ pog, + 7oy -0
3 0x2 12 ox ay -
y=0
(b) Free on the top edge (y = h):
Myl =0
M)y =0 (10)
Qyz |y=h =0
(c) EBI on the two loading edges (x = 0, a):
wlx:O,a =0
Dyly=0a=0
ylx: 0,3a , \ (11)
thst 9 de + Etst aa¢x + ﬂa¢y =0
3 0y? 12 ox oy
x=0,a
where
Ef / pa Yo
- st ﬁ ¢x + y (12)
» 12 0x oy

Gt [(op, O
M, = =+= 1
R V) < dy > ) 13)
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0
0,. =Gt <¢y + a—;”) (14)

M,, and M, are the moment per unit length from ¢, and o,,, and
0, is the resultant shearing force in yz-planes, «, § and y are material
constants depending on the plasticity theories.

3. Semi-analytical method

The semi-analytical method according to Mindlin-Reissner plate
theory for acquiring buckling stress of stiffened panels loaded in bend-
ing was proposed in detail in [17]. In this study, the semi-analytical
method is briefly introduced for completeness purposes. In the semi-
analytical method, the equilibrium equation of the simplified model is
solved to calculate the buckling stress by differential quadrature (DQ)
method.

The rate form of the constitutive equation based on IT or DT of
plasticity can be expressed as [40]:

(6.x] [¢E BE O 0 0 léxe]
6| |PE vE 0 0 0 ||,
G =[0 0 26 o0 0 ||éxy as)
Gy 0 0 0 23G 0 ||¢,
l6,,] Lo 0 o0 0 2c%G]| £,

where 2 is the Mindlin shear correction factor taken as 5/6 [41]. The
expressions of a, § and y based on different plasticity theories are given
as:

(a) Based on IT of plasticity:

E E
a=1[1+3—’], ﬁ=1[2—2(1—2\/)—'], 7=i7
P E P E p (16)
-k —(5—4v)—(1—2v)25
T2y 7 E
(b) Based on DT of plasticity:
1 E, 1 E, 4
a=-[1+3—], ﬁ=—[2—2(1—2\/)—, r=-,
P E; P E P
E a7n
G=+, p=3E—E+(1—2V)[2—(1—2\/)ft]
2+2v+3(E-1) s

where v is Poisson’s ratio, E, is the tangent modulus of the material
and E; is the secant modulus, which can be calculated from Eq. (2):

-1

E s \™

— =1 k| — 18

E, +mtl<‘70> 18
-1

E o \™

— =1+k | = 19

Es " t<0_0> 19

The rate form of the equilibrium equations in the elastic—plastic region
can be expressed by o, [17]:

2 2
l(zGi I(ZGi 2G il + il
0x dy ox2  0y?
3 3 3 3
“Efuﬁ Gt”i,,(ZG, 92 BET, . Gy, e
12 9x2 12 gy st oxdy \ 12 12 Sox
92 ﬂEt?r G’ir yEr:f, 92 G’ir 2* 2 2
+ — — —k“Gty —k“Gtgy —
dxdy 12 12 12 gy2 12 9x2 dy
d’x i 0 o (IJX
. 0x? ;
19y |=0xx| 0 0o ofl®y (20)
0 [V

w

where i stands for the velocity in z-direction, ¢, and q.'}y are the
rate form of rotations of longitudinal stiffener about y-axis and x-axis,
respectively.

DQ method is applied to solve the equilibrium equations in Eq. (20)
to acquire buckling stresses of grid-stiffened panels loaded in bending.
In DQ method, the simplified model is discretised into NxN grid
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points and equilibrium equations are generated on each grid point. The
derivatives at each point can be approximately calculated by the value
in the same row or column.

The equilibrium equations at inner points in Eq. (20) and bound-
ary condition at four-edge points in Egs. (9)—(11) are merged into a
generalised eigenvalue equation to calculate the buckling stress o, as:
] )" @D

(Al [10, . b)]" =0, [BI [16, 6y, b,

where [A] is the matrix of the left-hand side of the generalised eigen-
value equation for all grid points, and [B] is the matrix of ¢,. In the
generalised eigenvalue equation (Eq. (21)), [w b, zl}y]T and o), are the
generalised eigenvector and eigenvalue of [A] and [B], which can be
obtained by solving Eq. (21).

The non-dimensional critical buckling coefficient k_, is calculated
to study the effects of geometric dimensions, multiple stiffeners and
temperature on buckling responses of grid-stiffened panels, and the
expression is given as [42]:

12(1 = v¥)o,h?

ke = thi (22)
The iterative method has been used in the semi-analytical method
due to changing material constants in the plastic region, and the
flow chart of the semi-analytical method is presented in Fig. 7. The
iterative method has two loops which combine the outer loop for the
calculation of critical buckling stress and the inner loop for ensuring
the consistency between the buckling mode and the effective width
considering the effect of flexible skin on buckling of stiffened panels.
To ensure the convergence of k.. with four significant figures, N is set
as 29 for 7, < 1 mm and 21 for ¢, <1 mm [17].

4. Finite element method

The buckling FE model for grid-stiffened panel with single stiff-
ener [10] and a new model with multiple stiffeners were applied with
the commercial software Abaqus/Standard to verify the effectiveness
of the simplified model of grid-stiffened panel in the semi-analytical
method. It has been reported that buckling mainly occurs in the loading
or heating stages [10], thus the buckling analysis of grid-stiffened
panel loaded by four point bending was conducted at room and ageing
temperatures by non-linear FE simulations. The new FE model of
grid-stiffened panels with multiple stiffeners and the corresponding
boundary conditions in four-point bending are shown in Fig. 8. The
single-stiffener model was modelled by the grid-stiffened panel with
two transverse stiffeners and single longitudinal stiffener, and the
multi-stiffener model was modelled by the grid-stiffened panel with
six longitudinal stiffeners to study the influence of multiple stiffeners.
Both grid-stiffened panels were modelled using shell elements (S4R).
In the models, upper and bottom rollers were used to apply bending
moment on the grid-stiffened panel, with radii of 10 and 25 mm. The
elements used for the upper and bottom rollers were discrete rigid
shell elements (R3D4). A mesh size of 2 mm was selected for both
the grid-stiffened panels and the rollers according to convergence tests
to achieve a difference within 0.5%. The distances between two upper
rollers and two bottom rollers were 60 mm and 260 mm, respectively.
The boundary conditions of both models are presented in Fig. 8, in
which the middle line (x = 0) of the skin along z-direction is fixed in x-
direction (U, = 0) and two middle lines (z = 0) at two ends of the model
along y-direction are fixed in z-direction (U, = 0). The bottom rollers
were fully constrained, and the upper rollers could only translate in y-
direction. The employed friction coefficient between the grid-stiffened
panel and the rollers was 0.1 [43].

There are three stages in the FE simulation for buckling analysis,
including gravity (create initial contacts between bottom rollers and
stiffened panel), pre-loading (translate upper rollers in y-direction by
—0.1 mm to create initial contacts between upper rollers and stiffened
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Fig. 7. Flow chart for elastic—plastic buckling analysis using semi-analytical method.

panel), and loading (apply load on upper rollers to bend stiffened
panel).

Two FE methods, the eigenvalue FE method and non-linear FE
method according to Riks method, were applied successively to analyse
the buckling response of grid-stiffened panels at room and ageing tem-
peratures using different material properties at two temperatures. Ini-
tial imperfections, first-order buckling mode with an amplitude of 0.2%
stiffener thickness, were obtained from eigenvalue FE method [10].
Then, non-linear FE simulations with the initial geometric imperfec-
tions were carried out to calculate the buckling stress of grid-stiffened
panels.

Fig. 9 presents the buckling mode of grid-stiffened panels with
multiple stiffeners loaded by bending with normalised deflection (Nor-
malised deflection = Deflection/Maximum deflection). Buckling oc-
curs on the longitudinal stiffeners for grid-stiffened panels with multi-
stiffener, which shows similar buckling behaviour to the experimental

results in [10]. For the multi-stiffener cases, the deflection of each ad-
jacent longitudinal stiffener was symmetrical with symmetric boundary
condition between each unit cell. The CPU times spent for the buckling
analysis of stiffened panels were about 11 and 135 min respectively
for eigenvalue FE method and non-linear FE method with Intel Core i7-
6700 at 3.4 GHz with 16.0 GB of RAM, and thus, the total CPU time was
around 146 min; while the semi-analytical method took only 2 min to
solve the buckling problem of the same stiffened panel using the same
computer, indicating a time saving of 98.6% by the semi-analytical
method.

5. Results and discussions
5.1. Effectiveness of semi-analytical method

The semi-analytical method was applied to predict the buckling
strain ¢, of grid-stiffened panel with single stiffener subjected to
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method.

bending and compared with the experimental results in [10] to ver-
ify its effectiveness. The Ramberg-Osgood form of the basic material
properties of AA7050-T7451 at room temperature was used for the
semi-analytical method, as E = 68 GPa, o, = 489 MPa, v = 0.33,
k, = 0439 and m, = 41.5 which is fitted from the stress-strain
curve in [10], for demonstration in this study. Fig. 10(a) presents the
relation between stiffener thickness r,, and the buckling strains ¢, of
grid-stiffened panels from experimental results and the corresponding
FE results and the semi-analytical results based on IT and DT, while
Fig. 10(b) shows the results with different stiffener heights h. The
FE results agree well with the experimental results. For the semi-
analytical results of buckling strain, the magnitude of the results based
on DT are generally smaller than those based on IT. The magnitude of
critical buckling strain results based on DT increase almost linearly with
increasing ¢, and decreasing h, while those based on IT increase at an
increasing rate with increasing r;, and decreasing h. For both IT and DT
results, buckling mode change occurs when entering the plastic region
with increasing 7, and decreasing h. Compared with the experimental
results, the semi-analytical results based on IT present good agreement,
which reveals that IT is the appropriate plasticity theory to resolve
buckling issues of grid-stiffened panels loaded by plastic bending.

From the comparison between experimental results and semi-analy-
tical results above, the semi-analytical method based on IT and non-
linear FE method can predict buckling stress with high accuracy while
the proposed semi-analytical method based on DT provides lower pre-
dictions. Based on the developed semi-analytical method and the non-
linear FE method, the effects of geometric dimensions, multiple stiff-
eners and temperature on buckling behaviours of grid-stiffened panels
will be investigated in the following sections.

5.2. Effects of geometric dimensions

This section will focus on the effects of geometric dimensions on the
buckling response of grid-stiffened panels with single stiffener, using
the semi-analytical method and non-linear FE method. The buckling
response of blade-stiffened panels with the corresponding geomet-
ric parameters was also investigated using the method in [17] for
comparison.

(a) Thickness to height ratio and plasticity theory

Fig. 11(a) presents the relation between critical buckling coefficient
k., of the grid-stiffened panels and thickness to height ratios t,/h
from FE method and the semi-analytical method with IT and DT in
comparison with that of the blade-stiffened panels, which covers elastic
and plastic buckling responses. The effective width b,,, was used in
the semi-analytical method to consider the flexible skin effect. For
both types of stiffened panels, k. based on DT is close to that on
IT. When ¢,/h is smaller than 0.07, buckling occurs in the elastic
region and elastic buckling coefficient k.. slightly declines linearly
with increasing 7,,/h because of shear effects through the thickness of
stiffener. The elastic results of the grid-stiffened panels are 14% larger
than that of blade-stiffened panels. When ,,/h further increases, plastic
buckling occurs and k. decreases faster for both types of stiffened
panels. For grid-stiffened panels, the transition points of elastic—plastic
buckling results happen earlier than those for blade-stiffened panels.
The decreasing rate of k. for grid-stiffened panels in plastic region
is slightly larger than that for blade-stiffened panels, which leads to
the continuously decreasing difference of k. between the two types of
stiffened panels when 7, /h increases. When ¢,/h > 0.08, results from
all methods (DT, IT, blade, grid, or FE) are almost the same.

Fig. 11(b) shows the results of the normalised buckling strain
Ee,, /o, of stiffened panels with different 12, /h? from the FE method and
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the semi-analytical method. The magnitude of E¢,,. /o, of grid-stiffened
panels is larger than that of blade-stiffened panels for both elastic
and plastic results. This indicates that transverse stiffeners enhance
buckling resistance of grid-stiffened panels. For both stiffened panels,
the normalised buckling compressive strain Ee,../o, increases linearly
with increasing % /h? in the elastic region and the results according to
IT and DT are the same. The results according to IT and DT start to
separate when E¢../o, = 1 and the system enters the plastic buckling
region. In plastic region, the compressive strain results based on DT
increase less quickly with increasing tf, /h?* compared with the elastic
results, while those based on IT increase more quickly, showing that the
differences between the results from IT and DT increase with increasing
tf[ /h?. This is due to smaller material constants a, #, y and G based on
DT in the plasticity than those based on IT [17]. For the results based on
IT, there is a small change for the rate of k. for both types of stiffened
panels at 12 /h? of 0.0073 because of the change of buckling mode.
This phenomenon is consistent with the experimental results [10]. It
can be seen from Fig. 11 that the results from the semi-analytical
methods based on IT agree well with non-linear FE results for grid
and blade-stiffened panels in elastic and plastic regions. The difference
between the results with the two methods is within 4.4%. Therefore, IT
predicts buckling results with good accuracy and DT provides a lower
prediction.

To study the influences of other geometric parameters on buckling
response in elastic and plastic regions, f,,/h was selected as 0.04 and
0.09 for the following cases. Only IT was applied in the following
calculations since IT provides more accurate predictions.

(b) Width to height ratio and effective width

The semi-analytical results and FE results of k., with stiffened panel
width b and effective width b,,, considering the flexible skin effect
versus width to height ratio b/h are presented in Fig. 12. Fig. 12(b)
shows the plastic results with t,/h = 0.09 in detail. For elastic and
plastic results of the grid and blade-stiffened panels, difference between
the semi-analytical results with b and non-linear FE results becomes
larger with growth of b/h, while the results with b, ;, achieve a higher
accuracy. When t,/h = 0.04, elastic results of k., rises with a small
b/h and then keeps static as b/h increases. When ¢,,/h = 0.09, plastic
results of k,, increases at first and then declines lightly with growth of
b/h, in which the buckling mode changes as shown in Fig. 13(b). This
is because that the torsional stiffness of skin enhances with growth of
b/h, leading to the increase of k,, at the initial stage. When b continues
to increase, k. becomes static since the torsional stiffness of flexible
skins tends to remain stable with increasing b, as shown in Fig. 5(a).
The slight drop of neutral plate causes very small reduction of k., with
further rise of b/h. k., of grid-stiffened panel is larger than that of blade-
stiffened panel. As shown in Fig. 13(b), the effect of b on k. in the
plastic region is generally very small. The higher accuracy of the semi-
analytical method with b,,, is validated by the non-linear FE results
and thus, b,/ is applied to the semi-analytical method in the following
calculations.

(c) Length to height ratio

The influence of the length to height ratio a/h on k. of grid-
stiffened panels is presented in Fig. 13. When ¢, /h = 0.04, a relatively
high elastic result of k. is observed when a/h < 2, and k., declines
dramatically with increasing a/h until reaching a static region. As
shown in Fig. 13, k., repeated decreasing—increasing cycles in the stable
region at a much smaller scale, where the buckling modes vary from
one to higher-order half-wave for each cycle. At a small a/h, k., of grid-
stiffened panels is almost 2 times that of blade-stiffened panels, while
the difference of k. between two types of stiffened panels reduces with
growth of a/h because the effect of EBI boundary condition decreases.
The difference of k. decreases to less than 2% when a/h increases
above 5. When ¢, /h = 0.09, k., decreases slowly and then remains
stable with increasing a/h. k., of grid-stiffened panels is slightly larger
than that of blade-stiffened panels at small a/h value and those two
become the same after a/h increases. The results from semi-analytical
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method based on IT presents a good agreement with non-linear FE
simulations for both types of stiffened panels.
(d) Thickness ratio

The relationship between thickness ratio ¢, /¢, and k., of grid and
blade-stiffened panels is shown in Fig. 14. When ¢, /7, increases, the
skin rotational constraint will increase and the distance between the
bottom edge and the neutral plane of stiffened panels y, will decrease.
Therefore, k., first increases as 1, /t,, increases, when ¢, /h = 0.04. It
then remains stable with slight increase since buckling modes turn from
one to two half-waves (indicated in Fig. 14). The difference between k,
for both types of stiffened panels keeps stable as 7, /7, increases. When
t,/h = 0.09, there is a small increase of k. of blade-stiffened panels
at small 7, /t;, while k., of grid-stiffened panels remains stable at all
t/ty- Again, k. based on IT using b,, presents a good agreement
with non-linear FE results for both types of stiffened panels.

5.3. Effect of multiple stiffeners

The effect of multiple stiffeners on k,, of grid-stiffened panel was
investigated using the semi-analytical method with the effective width
b, s, of multi-stiffener cases and non-linear FE simulations. The results
of grid-stiffened panel with single stiffener and multiple stiffeners are
shown in Fig. 15. k., with multiple stiffeners cases remains static with
the selected width to height ratio b/h for both elastic and plastic
results. Compared with single stiffener cases, grid-stiffened panels with
multiple stiffeners have higher k. at small b/h. The difference between
k., with multiple stiffeners and single stiffener cases diminishes with
increasing b/h, which reveals that the effect of multiple stiffeners can
be neglected with a relatively large b/h. The semi-analytical results of
grid-stiffened panels with multiples stiffeners and the FE results have
achieved a good agreement.

5.4. Effect of temperature

The buckling response of grid-stiffened panel loaded in bending at
the ageing temperature is investigated by the semi-analytical method
and non-linear FE simulations using AA7050-T7451. The basic material
properties of AA7050-T7451 at the ageing temperature of 160 °C were
determined from the tensile test results in [10], with the following
values for parameters in Eq. (2) as E = 68 GPa, o, = 386 MPa, k, = 0.335
and m, = 118. Fig. 16(a) shows k. of grid-stiffened panels versus
the thicknesses to height ratio 7,,/h at room and ageing temperatures.
In the elastic region, k. at the two temperatures are the same and
decreases slightly with increase of r,,/h. Rapid decrease of k. in the
plastic region can be observed at both temperatures. The decrease of
k., at the ageing temperature occurs at lower ¢,/h value compared
with room temperature condition due to lower yield stress of the
material at the ageing temperature. In plastic region, lower k. at the
ageing temperature compared with room temperature, indicates that
the buckling stress decreases in the heating stage of CAF when loading
enters plastic region. The results from the semi-analytical method based
on IT present good agreement with the results of FE simulations at the
two temperatures.

To compare the buckling results at the two temperatures, Fig. 16(b)
presents the effect of temperature on the critical buckling strain e,
with different 12, /h* from the semi-analytical method and non-linear
FE simulations. The results at the ageing temperature from the semi-
analytical method have achieved a good agreement with non-linear
FE results. When 1% /h? < 4 x 1073, the elastic buckling at the two
temperatures occurs and the results are the same. When 4 x 1073
< 12,/h* < 6 x 1073, the magnitude of ¢, at the ageing temperature
is lower compared with room temperature and the stiffened panel at
the ageing temperature enters plastic region earlier than that at room
temperature. When 12, /h? continues to increase, the magnitude of ¢, at
the ageing temperature becomes larger than that at room temperature,
due to lower strain hardening behaviour at the ageing temperature.
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Fig. 10. Comparison of buckling strain ¢, of stiffened panel experiments among the experimental (square symbols) [10], non-linear FE (circular symbols) and semi-analytical

results (DT with dish line and IT with solid line) (a = 100 mm, b =65 mm and 1, /t, =

The buckling strain prediction from the semi-analytical method reveals
that, for the stiffened panel with /42 in the region between 4 x 1073
and 6 x 1073, buckling may take place during the heating stage even
though no buckling is found in the loading stage. If 1>, /h? > 6 x 1073,
the formability of stiffened panel will increase in the heating stage,
and buckling will not take place in the heating process. When 12 /h? >
8 x 1073, a sharp increase in the buckling strain can be observed at the
ageing temperature, which leads to violation of the small deformation
assumption in the Mindlin—Reissner plate theory. This is caused by
the very low strain hardening (i.e. large m,) of the material used in
this study at the ageing temperature. Similar phenomena have been
reported in other publications for plates under compression [39,44].

In this section, the effectiveness of the semi-analytical method
has been demonstrated by comparing with the published experimen-
tal results in [10]. Based on the semi-analytical method, the effects
of geometric dimensions, multiple stiffeners and temperature have
been investigated. The buckling coefficients of grid-stiffened panels

1.

11

are larger than those of blade-stiffened panels, which indicates that
the transverse stiffener can enhance the buckling resistance of grid-
stiffened panels. The difference of buckling strains between grid- and
blade-stiffened panels increases with the increase of stiffener thickness
to stiffener height ratio 7,,/h or the decrease of length to height ratio
a/h. However, the effect of transverse stiffener leading to the rise of
buckling coefficient k., is insensitive to thickness ratio 7 /7, and width
to height ratio b/h. The stiffened panels with multiple stiffeners have
a slightly higher buckling coefficient k.. with small b/h, the effect of
multiple stiffeners diminishes with increasing b/h. The buckling strain
at the ageing temperature is the same as that at room temperature when
ty/h < 4 x 1073, in which the loading is in the elastic region, while
the results at the ageing temperature will first become smaller than the
room temperature results and then become larger with further increase
of 1,/h. In addition, the type of stiffener for the proposed method in this
study is blade stiffener, which can be extended to complex stiffeners,
such as T-, J-, I-, Z- stiffener, by modifying the free boundary conditions
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from non-linear FE simulations and semi-analytical method with IT and DT with b,,,
(a/h =29, b/h = 1.9 and 1 /tst = 1.0).

on the top edges of the simplified model to elastically built-in condition
relating to the type and geometry of stiffener. Currently, the proposed
method is not suitable for the buckling analysis of the stiffened panels
with complex grids (such as triangle grid and isogrid) under bending.
Further work is required to solve the buckling problem of complex grid
panels analytically.

6. Conclusions

Simplified models of grid-stiffened panels with single stiffener or
multiple stiffeners under CAF in the semi-analytical method have been
proposed. Incremental and deformation theories of plasticity have
been applied to the semi-analytical method. The effectiveness of semi-
analytical method with IT has been validated through the buckling
experiments and non-linear FE method. Based on the developed meth-
ods, the effects of geometric dimensions, transverse stiffener, multiple
stiffeners and temperature on buckling response of grid-stiffened panels
have been studied. The following conclusions can be drawn:
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+ The buckling strain results from the semi-analytical method with
IT achieve good agreement with experimental and FE results
within the stiffener thickness to height ratio range studied (¢,,/h
< 0.1), while the results with DT consistently provide a lower
buckling strain prediction in the plastic region.

Effective width b,/ , introduced for the semi-analytical method
for grid-stiffened panels to consider the effects of flexible skin
and multiple stiffeners, is independent of the stiffened panel geo-
metric dimensions and an efficient simplification of the complex
geometry. It promotes the accuracy of the predictions for buckling
stress and decreases the maximum difference between FE results
and semi-analytical results from 19.5% to 6.2%.

In elastic region, the critical buckling coefficient k. for grid-
stiffened panels decreases from around 4 to 1.3 with the increase
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Fig. 16. Buckling results from semi-analytical method based on IT with b,,, and FE
method at room temperature (RT) and ageing temperature (AT) (a/h = 2.9, b/h = 1.9
and /1, = 1.0).

of length to height ratio from 1 to 6. With increasing width to
height ratio from 1 to 6, k. initially increases by about 20%
then remains constant. Increasing thickness ratio from 0.5 to 2
results in the increase of k., by around 70%. In plastic region, &,
decreases by 49% with increasing 7,,/h from 0.02 to 0.1, while
almost stays constant with increasing a/h, b/h and ¢ /t,,.

The transverse stiffener enhances the buckling coefficient by
around 14%, and the effect decreases with the increase of the
length to height ratio. Multiple stiffeners increase the buckling
coefficient by around 11% only when the width to height ratio
is very small, while the effect of multiple stiffeners is negligible
when b/h is larger than 2.5.

In elastic—plastic region, the buckling strain at the ageing temper-
ature is lower than room temperature condition due to lower yield
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strength at the ageing temperature. However, in plastic region,
opposite phenomenon occurs due to lower strain hardening at the
ageing temperature. This indicates that during CAF, buckling may
occur in the heating stage on the panel with no buckling in the
loading stage when 4 x 1073 < 12, /h? < 6 x 1073, while buckling
will not occur in the heating stage when 2 /h? > 6 x 1073,
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