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ABSTRACT

A theoretical model describing the motion of a Newtonian
fluid around a circular cylinder has been derived. A boundary
condition of zero-tangential shear stress was assumed at the
surface of the cylinder. The equation was solved using finite-
difference technique.

This model was applied to the motion of a two-dimensional
gas bubble rising in a fluidised bed and the complete solution for
the particulate and the gas phase was obtained.

Experiments were carried out by measuring the displacement
of particles and the variations of the gas velocity induced by the
rising bubble. The experiments were performed in a two-dimensional
apparatus.'

It is found that a Newtonian model for the fluidised bed does not
describe the behaviour of all the variables and that the behaviour of
the particulate phase is often better de;cribed by theories assuming

an inviscid motion.
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CHAPTER I

INTRODUCTION AND LITERATURE SURVEY

1.1 Introduction

Fluidisation can be regarded as an unit (;peration in which a
solid phase of particles is maintained in suspension by a fluid phase,

i. e. in which the iﬁteraction force between the fluid and the particlés
counterbalances the weight of the dense phase.

The fluidising fluid can either be a gas or a liquid. The
properties of gas and liquid fluidised beds are somewhat different,
particularly in what concerns the formation of bubbles (or regions free
of particles) withiﬁ the dense phase. In this work we shall only be
concerned with gas fluidised beds.

It is a common feature of gas fluidised beds that above a certain
flow rate of fluid (bubbling point), bubbles of gas appear within the
Adense phase. Rowe and Partridge ( 1) :;Lnd also Sutherland (2 ) were
the first investigators to show that these bubbles were responsible
for the rapid particle mixing which is 6bse rvea. Furthermore
bubbles of gas constitute a by-pass to the solid phase and can lead
to an inefficient COHVCI‘S;IOI"; in a fluidised bed operated as a catalytic
chemical reactor.

From the two typical features of a fluidised bed which have
just been mentioned, it is obvious that an understanding of the contact
betwecn the gas and the particles is essential. It is not surprising

thercfore that gas-and solid mixing have received a considerable

attention as is scen from the high number of references to be found



in the literature.

Our aim here is not to give a complete survey of all these works
but to mention those which are of major importance and which directly
relate to the theoretical and experimental work carried out in this
thesis. A complete survey can be found for example in Fluidisation
( 3) edited by Davidson and Harrison or in Fluidisation Engineering
( 4) b}Ir Kunii and Levenspiel.

Another important feature of a fluidised system is that many
of its properties are analogous to thoée of a viscous lliquid albeit
all theories of bubble motion developed so far assume that the
'particulate phase behaves like an inviscid {luid (AEBendix 3). Many
authors have suggested that this approach is too simplified and that
interparticle forces should be introduced in the theory.

Furthermore in order to test directly theoretical predictions
of bubble motion a ccrtain number of experiments can be performed:
(i) measurements of the velocity of an isolated bubble.

(ii) measurements of gas penetration and its circulation

within a cloud around the bubble for a fast moving bubble.

(iii) measurements of prcssure variations in the vicinity

of a bubble.
(iv) mecasurements of the voidage variations around a bubble.
(v) determination of the particle displacement caused by

a bubble.

(vi) determination of the gas flow patterns and velocity in
the vicinity.of a bubble.
Experimental studics (i) and (ii) have received a lot of attention

and many data are available in the literaturc (c.g. Rowe in Fluidisation
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(5)). The pressure distribution (iii) and voidage variations (iv)
have been studied to some extent in recent years (e.g. Littman and
Homolka ( 6), Lockett and Harrison ( 7 )).

Particle displacement, especially the displacement of layers of
coloured particles has been measured (e.g. Potter in Fluidisation
(8)) but few attempts are reported on determining the paths of
individual particles as they move around the bubble.

Gas tracer injection has been used to evaluate the streamline
motion of the gas phase (e.g. Rowe in Fluidisation (5 )) but no
experiments are reported on gas velocity measurements.

The aims of this work follow from what has been written
previously:

(i) a new theory has been derived which includes inter-

particle forces in form of a particulate phase viscosity

Bp

(ii) experiments to test this new theory and existing ones
have been performed:
- by following the displacement of tracer particles as
they move around a bubble
- by measuring the gas velocity variations in the vicinity
of a bubble.
In the next section previous works to be found in the literature
on these three points (interparticle forces, solid motion, gas motion)
are reported. Finally ivn the last section a summary of the structure

of this work is given. ‘



1.2 Literature survey

1.2.1 Interparticle forces and dense phase viscosity

measurements

The first coherent theory of bubble motion in a fluidised bed
was introduced by Davidson in 1961 ( 9) and further developed by
Davidson and Harrison (10). In this simple theory, particles are
assumed to flow around the bubble in potential flow and the percolation
of g‘as through the particulate phase is assumed to obey Darcy's law.

Modifications to Davidson's theory were given later by Jackson
(11) and Murray (12) who used a more complete set of equations which
introduced a momentum equation for the dense phase and, in the case
of Jackson's theory, allowed variations of porosity in the neighbour-
hood of the bubble. However all these theories neglect the stress
tensor for the particulate phase.

Theoretical studies have also been made with regard to the
initiation and growth of small disturbances within the bed near
" incipient fluidisation. The first works of Jackson (13) and Pigford
and Baron (14) have been criticized because they always predict
an unstable behaviour of the fluidised bed. According to these
authors, small disturbances like internal waves will always grow,
while it has becen proved experimentally that homogeneous fluidisation
can exist under certain conditions (e.g. Geldart (15), de Jong et al
(16), Agbim et al (17), Rowe (18)).

Murray (19, Ande%son and Jackson (20) have noted the
importance of the stres; tensor in the analysis of stability but,
although their theories predict a stable behaviour for surface waves,

they still allow small disturbances to grow into instabilities.
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Different approaches to this problem have therefore been made
by Molerus (21), Ruckenstein and Tzeculescu (22). These authors
inéluded interparticle forces of the suspension in their analysis.
Rietema (23) applied mechanical stress theory to fluidisation and
also showed (24) that in order to satisfy the constancy of the pressure
inside the bubble there must be a viscous dissipation at its surface |
due to the solid shear stress.
Evidence of interparticle forces has been shown experimentally
by several sets of workers (e. g. Buy'sman and Peersman (25),
Rietema (26), Verloop et al (27), Agbim et al (17), Rowe (18))
~ by studying the stability of ceilings of particles or by studying the
delay in bubble appearance for fluid velocities greater than. minimum
of'fluidis ation conditions.
From the few indications given previously, the two following
conclusions arise:
(i) analysis of the stability of a fluidised bed near incipient
fluidisation shows the importance of the shear stress
in the particulate phase.

(ii) This term is neglected in the present theories describing
the motion of the particulate and fluid phases around a
bubble.

As we have already noted in the previous section, a new theory
is developed in this work which includes a viscosity W p for the
dense phase. We shall therefore.be concerned now with attempts
to mecasure such a viscosity.

There is a very limited amount of data available in the

literature. However, works on the viscosity of a fluidised bed can

be classified in two classes: direct and indirect measurements.
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(i) Direct measurements

In this case experiments were made using different types
of viscometers:

Falling sphercs

This method used by early workers has the great disadvantage
of presenting a defluidised region on the surface of the 'sphere. The
few data (Peters et al (28), Trawinski (29), Daniels (30)) are there-
fore questionable and often expressed in uncommon viscosity units.

Rotating viscometers

The most used methods are the Couette and torsional pendulum
.Viscométers. A number of workers have been using paddle-type
viscometers or rotating spheres (e.g. Stormer viscometer) and
their data are expressed in units particulzi.r to the type of apparatus
used. (Mﬁthe5011 et al (31), Furukawa et al (32), Kramers (33)).
None of these values are useful quantitatively. Other wérkers have
used a Couette viscometer but their rot;z/lting cylinder was moving
too rapidly so that conditions near its surface were very different
from those in the bulk of the bed (Shuster et al (34), Diekman et al
(35), Fa. Key. Liu (36)).

The only reliable data seem to be those of Schugerl et al (37)
and Hagyard and Sacerdote (38). The former workers used a
Couctte viscometer at low velocity aind measured the torque exerted
on the inner cylinder to maintain its rotation speed. They also noted
the importance of the angular velocity of the cylinder by carrying
out cxpgriments at higher speeds. Furthermore, in order to prevent

particles from siipping on the surface of the rotating cylinder,
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Schugerl et al found it necessary to roughen the cylinder surface.

Hagyard and Sacerdote used a torsion pendulum viscometer to
which an initial impulse was given. They, then, measured the
rate of decay of the oscillations. For the same reason as Schugerl,
they also roughened the cylinder surface. In addition the rotating
body was only partially immersed in the bed so that no defluidisation
could occur on its upper surface.

The importance of the quality of fluidisation is noted by these
two sets of workers. Schugerl distinguishes between a semi-fluidised
bed (a) and a fully fluidised bed (b) (ref. (39)).

(a) The transition between a packed bed and a fluidised bed
is not instantaneous; there exists a region of semi-fluidisation
which includes the point of minimum fluidisation as defined by a
pressure drop vs. flow rate curve. In this region it is not possible
to determine a viscosity which is independent of the shearing rate
(Newtonian behaviour). On the contrary Schiigerl found there is a
limiting shear stress T o below which-no movement of the particles
can be observed (_]il_ggg__l__l) The particulate phase thus presents
the propérties of a Bingham-plastic fluid.

The motion of a single bubble injected into an incipiently
fluidised bed has been widely studied. Schugerl (39) emphasizes that
ext.rapolation of those results to bubbles in fully fluidised beds
should be t‘aken with care since the rheological properties are widely
different. Hagyard and Sacerdote (38) also noted the importance of
the fluidisation regime. In all their results there is a sharp increase
in viscosity values near the inception of fluidisation. This increase

can eventually appear for values of the fluidising gas velocity higher
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than the minimum velocity of {luidisation. (Hagyard's Figure 3 (38)).

(b) For a fully fluidised bed both sets of workers agree on a
Newtonian behaviour of the particulate phase in most cases; as cén be
seen on Figure 1.1, the \'/alue of T o sharply decreases when the
fluidising gas velocity increases.

- In addition Schﬁgerl and Hagyard noted ghe importance of factors
like the particle size, the size distribution and the nature of the
particle surface (i. e. smooth or coarse). The proportion of fine
particles seems to be particularly important and an increase in the
viscosity is noted by Hagyard and Sacerdote for a certain percentage
of fines in the mixture.

Sch'L{gerl also noted a departure from Newtonian behaviour for
small particles but there is some disagreement between Schligerl and
Hagyard on the influence of particle size. The former worker found
that big and heavy particles have a higher viscosity than srﬁall and
lighter ones, while Hagyard measured a éonstant kinematic viscosity
of 130 centistokes for different sizes of spheres ranging from 125 pm
to 305 um. However the range of sizes measured by S;:h'dgerl was
very much wider. Experiments by Furukawa and Ohmae (in Gelperin
and Einstein (40)) tend to confirm Schugerl's conclusions on the
influence of particle size on viscosity.

As will'be seen in Chapter 4, viscosity data used in the exploitation

of the experimental results (Chapters 5 and 6) are those of Schiigerl

(exxcept for bigger particles for which no data are available). However

one must bear in mind that many more rheological data are necessary

_2aUp(1- € o) )

and that the value of the bubble Reynolds number (Re
v
P

calculated in Chapters 5 and 6 are only approximate.
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(ii) Indirect mecasurements

Besides direct measurements of the viscosity of fluidised
system, attempts have been made to deduce values from certain
properties of an isolated bubble rising in the particulate phase at
incipient fluidisation. We shall examine three methods.

(a) Murray (41) deduces an order of magnitude for the
viscosity ﬁp from the bubble motion. His analysis is for a
Newtonian fluid and a value of the ordgf of 10 poises is given,
which is in fair agreement with direct measurements. However his
method is subject to some criticism.

Murray calculates uP by equating the viscous drag coefficient
calculated by Levich's dissipation method to the buoyancy force.

48 2aUy (1- € )

: = 2 Re -
Thus CDV Re and e -

Vop

The buoyancy drag coefficient is given by :

8  ag
C. = =
D 3 Uz
b
Thus, at steady state
48 _ 8 a
Re 3 Ué
. 2 0
whence 1 28 p(l" €o)
P9 Uy

and if we use Murray's expression for the bubble velocity:

- J3E
Ub 3¢



it follows:

~Niw

(1.1)

W= — a’g'c P (1-8 )

a and ¢ are measured experimentally and thus up is known.
The ambiguity and limitation of this treatmenf appear immediately:
~ strictly speaking, this analysis is only valid for a
small bubble (say a< 2c>rn) which can be considered as
sphefical.

- Levich's method applies when Re >>1 which, if one
assumes Schugerl's data on viscosity as valid, is true
for a large gas bubble and therefore in contradiction with
the previous statement.

- Furthermore equation (1.1) shows that the viscosity will
depend on the bubble radius a, and a Newtonian behaviou.r
of the fluidised bed no longer holds.

(b) Stewart (42) uses Reuter's experiments (43) on pressure

21.

variations along the center line of the bubble to deduce viscosity values.

One of Reuter's conclusions is that the pressure difference between

the top and the bottom stagnation points is equal to the pressure drop

over the bubble height. Following Stewart, if hb is the bubble height,

the pressure change from the point of zero pressure difference to the

front stagnation point is:

pphbg
2



Furthermore Jackson's analysis gives the pressure rise to the

2
U
bubble nose inside the particulate phase as Pp b
' 2

If one introduces a viscosity up, an additional pressure term arises

from:
, avi‘
T = -2 W Fy -~ (Appendix 1)

For a three-dimensional bed this can be written as:

2
6 LU P U o
e S S
a 2 2

The value of up is therefore:

p.a 2~
poo= B (Up = ghy)

The value of the viscosity is therefore known when hb and Ub have
been measured experimentally. Values calculated by Stewart
using the above method agree fairly well with Schﬁgerl‘s experimental
values for medium-sized particles (100 1 m<dp< 3001tm). The dis-
agreement.is important for small particles whilst for bigger particles
(dp> 500 um) there are no experimental data to compare with, but the
values calculated seem quite high.

(c) The most satisfactory method with regard to experimental

data is that developed by Grace (44) by analogy with spherical-cap

bubbles rising in viscous liquids. It must be noted that Grace's

22.
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calculations are limitedto three~-dimensional bubbles since too few
data on two-dimensional bubbles in liquid are available.
A certain number of workers (references given by Grace) have
measured the included angle @i of the spherical-cap bubble as a
function of its Reynolds number. A general correlation is thus given

by Grace as:

-0.00406,
e

Re = 23 i with 200°< ©; <260° (1.2)

The included angle @i has also been measured for bubbles
rising in a three dimensional fluidised bed (Rowe and Partridge (45)).
By analogy with a bubble in a liquid, it is therefore possible to deduce
é Reynolds number (and hence a viscosity) for a bubble in a fluidised
bed using equation (1.2).

The values given by Grace agree quite well for all sizes of
particles with experimental data although there is no cledr tendency

on the effect of particle size on viscosit{r values.

As will be seen in Chapter 4 (Table 4.1), the viscosity value

for Ballotini grade 7 has been taken from Grace's arti—cle. This value
of 9.5 poises seems in better agreement with experimental evidence
(~10 poises) than the one calculated by Stewart (26 poises).

(d) Besides the three methods quoted previously, some attempts
are repoi'ted which use the analogy between a fluidised bed and a liquid
flowing in an open channel.

Neuzil and Turcajova (46) note the same dependence of
superficial velocityvon fiuidised bed viscosity than of temperature on the

viscosity of a flowing liquid. From the known dependence of the latter
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it is possible to calculate the dependence of the former. However
this method does not give absolute values of the viscosity but only

the ratio ”'E where U po has to be known from direct experi-

upo

mentation. Furthermore these authors neglect the presence of
bubbles in the particulate phase which may affect the assumed analogy.

Siemes and Heller (47) used the same kind of analogy, but
their fluidised bed was constituted of an open inclined channel, the
bottom of which was made of a porous material through which air
was flowing. Their viscosity values are in fair agreement with
pther puvblished data.

Finally we shall mention the work of Rice et al (48) who
measured the damping of oscillations artificially produced at the
surface of a fluidised bed. Unfortunately their theoretical model
does not give any clear conclusion on viscosity values and their
comparison with data obtained using a B}'ookfield viscometer seems
doubtful since they obtain values ranging from 300 poises to about
10 poises. for a same flow rate depending on the viscometer rotation
speed alld on the type of spindle used.

From the works on rheological properties of the dense phasc
quoted in this section it is possible to mention the following general
conclusions:

(i) ADistinction must be made between a fluidised bed ncar

incipient fluidisation and a fully fluidised bed. In the
latter case a Newtonian behaviour can describe the

rheological properties of the dense phase.
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(ii) Direct and indirect methods confirm a value of the
order of 10 poises for medium-sized particles.
(200 1 m<dp< 500 pm).
(iii) Indirect measurements based on properties of bubbles
should be preferred since no foreign body is introduced
in the bed which modifies the proi)erties of the dense
phase at th.e body surface (e.g. regions of defluidisation).
(iv) Many more data are necessary to conclude on the
iﬁﬂuence of factors such as the particle size, the particle

size distribution.

1.2.2 Particle motion

The mixing of two differently coloured solids was among the
first observations made on fluidised beds (Brotz (49)). The rapid
mixing of particles has led early workers to assume it is .analogoﬁs
to a diffusional process. Coefficients a/nalogous to eddy or molecular
diffusion coefficients have been measured (e.g. May (50), Leva and
Grummer ( 51), van Deemter (52)). May and van Dee?nter also
derived a theoretical model based on a two-phase representation of a
fluidised bed. In the dense phase they assume random meotion of the
fluid and particles, the other phase being constituted by gas bubbles.

Ho“‘/e‘\’rer experimental evidence (e.g. the early work of Gilliland
and Mason (53)) tends to show that particles are carried up with
bubbles and therefore that there is a downflow of particles in bubble-

free regions. On this basis a countercurrent flow model has been

developed (e.g. van Deemter (54), Bailie (55, Kunii and Levenspiel

(4))
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The two models cited previously attempt to describe the mixing
process in a vigorously fluidised bed but no description of the motion
of in.dividual particles is predicted. In order to have a clearer picture
of the movement of individual particles in the mixing process,
experiments of high-speed cinematography of tracer particles have
been carried out.

Such experiments were f-irst done by Toomey and Johnstone (56)
and by Massimilla and Westwater (57). The aim of the former workers
was to predict the heat transfer coefficient at the fluidised bed wall
and they did not attempt to record the particle movement past a rising

.bubble. Massimilla and Westwater only studied the velocity of particles
‘at the wall of a three-dimensional bed. They showed a predominance
of vertical motion.

The direct influence of particle movement caused by a rising
bubble was studied by Sutherland (2 ). He was the first worker to
show that particle movement is a consequence of bubble formation.
When bubbles are suppressed (e.g. near the inception of fluidisation)
there is no movement and therefore no mixing.

It is possible to distinguish between two sorts of experiments
(Figure 1.2

(a) The displacement of a layer (or of an interface) of coloured

| - particles caused by a rising bubble. The final profile of

the layer is referred to as the drift profile.

(b) The displacement of individual tracer particles. Some

experimental results and theoretical curves obtained from

potential flow theory are shown on Figure 1.2.
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(a) Rowe and Partridge (1 ) photographed the displacement of
an interface of coloured particles. The bottom of their two-
dimensional fluidised bed was filled with black particles, the top part
with white ones. An injected bubble caused the displacement of
black particles.

Numerous studies have been made in éwo and three dimensions
by Rowe and co-authors (58,59 ). Experiments carried out in a
two dimensional apparatus are easy tovperform since the dr’ift is
directly visible. In a three-dimensional fluidised bed, X-ray
photography or sectioning of the bed at different heights were
: performed.

Similar experiments were also made by Raso et al (60),
Woollard and Potter ( 61), Singh et al (62) and Toei et al (63). Singh
et al inte:fpreted their results in termns of the bubble wake which
was not considered by former workers. They showed thkat measuring
the drift of a layer of coloured particle/s leads to a precise estimation
of the wake fraction (i.e. the amount of particles carried upwards
" with the bubble).

From the experiments quoted previously, various authors
suggested that the movement of a particle past a bubble is similar to
that of an element of ideal fluid displaced by a sphere (or cylinder)
in an infinite medium. This was pointed out by Rowe (58), Reuter
(64) and Davidson (65). The theoretical drift has been first calculated
by Darwin (66) and is represented on Figure 1.2,

However the experimentally measured drift was found to be

much smaller in many cases (e.g. Toei et al (63)). In addition the
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theory only predicts an upwards movement of the particles while it
hag been shown experimentally (e.g. Rowe and co-authors (58,59))
that there is an upwards movement for the particles situated near
the bubBle axis and a downwards movement for particles situated on
the sides of the bubble (Figure 1.2).

Toeci et al (63), in addition to the perfect fluid assumption,
assume that there is an imaginary wall moving upwards with the
bubble, at the same velocity, and situaAted two radii below the bubble
center. The final particle drift they obtain theoretically is similar
(although not cdncident) to the experimental profile, i.e. it shows a
‘"downwards displacement of some particles.

(b) Besides investigations of the final drift cau‘sed by the
passage of a bubble, movement of individual particles flowing around
a single bubble has been studied.

Theoretically, equations describing the motion of particles
were first established by Maxwell (68) for two~dimensional flow.

In his article Maxwell obtains a graphic-:al solution which is remarkable.
lThesé equations were solved analytically by Darwin (66) and Lighthill (67)
and extended to a three~dimensional flow. Some of the curvesobtained
are shown on Figure 1.2 and equations are given in Appendix 3.

The {irst experimental work on movement of individual
particles is due to Gabor (69) who investigated the effect of finite
boundaries in a two-dimensional bed. His experimental results are
compared with the drift calculated from an extension of Davidson's
théory by Collins (70) to account ﬁor wall effects. Therec is some

disagreement between theory and experiments particularly for
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particles situated near the axis of thie bubble. Gabor attributed this
discrepancy to the fact that particles near the axis of the bub’ble tend
to fall through the bubble roof rather than to loop around it as predicted.

Subsequently Gabor ( 71) derived a theory which took account of
wall effects and the height of the bed. The overall resulting movement
is analogous to a countercurrent model with particles moving upwards
in the centre and downwards near the wall. However '"looping" of
particles near the axis of rise of the bubble is still predicted. Gabor
concludes that disagreement is not due primarily to boundaries effect but
rather to the omission of interparticle forces.

Therefore in a third article (72), Gabor examined the influence
of viscosity of the particulate phase in a large two-dimensional bed.
Three models were tested: Newtonian fluid, power-law fluid,

Bingham plastic fluid. His conclusion is that the latter model is the
most appropriate, Schﬁgerl's data (39) confirm this analysis, but only
for a fluidised bed operated near the minimum of fluidisation, where
it is _possible to define a limiting shear stress TO. However in his
model of Newtonian fluid, Gabor only considers the creeping flow
limit where it is 2 well-known result that the theoretical drift is
infinite. Furthermore, although not many details are given with
regard to his experimental results, they seem to have concerned

only relatiyely small bubbles.

Studies in three-dimensions are much more difficult. Movements
of particles at the wall of a three-dimensional column have been
investigated by Donsi et al (73). In their experimental mecthod the
initial énd final ppsitions of the bubble are well determined but its

behaviour within the bed is unknown (e.g. splitting and recoalescing
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as in Rowe's Figure 4.21(a) (5)). The drift profile obtained for
bubbles rising in the centre of the column is in good qualitative
agreement with those obtained by Rowe et al (59) and Woollard and
Potter (61). However Donsi et al note the importance of wall effects
which reduce the final drift.

Various attempts have also been made to measure particle
velocities. In addition to the works of Tc.)omvey and Johnstone (56)
and of Massimilla and Westwater (57), we may mention the study by
Meissner‘(74) who derived a kinetic theory analogous to the knetic
theory of gases and by measuring the pressure exerted by the impact
Eof the particles, he deduced a value for the avelrage particle velocity.

Baeyens and Geldart (75) also measured the average particle
velocity in a series of two~dimensional tests. Their theoretical
model acc.ounts for the bubble wake and drift. They found that
particles in the bubble wake rise at the same velocity as the bubBle
itself. /

Paturcaux et al (76) measured the impact on a piezoelectric
bprobe of particles displaced by single bubbles. Their results show
particle velocities much lower than the results predicted from
Davidson's theory. They attribute this discrepancy to high viscous
forces on the surface of their probe. In addition, we suggest that the
presence df a probe of appreciable dimension disturbs the flow of
particles by inducing, for example, small gas bubbles on its surface.

From what has been said the following conclusions can be drawn:

(i) Darwin's theory for potential flow does not describe the

actualldisplaccnlcnt of particles induced by a rising bubble.



31.

However there is still some incomplete evidence on
the effect of a particulate phase viscosity.
(ii) Experiments show the importance of finite boundaries

if the ratio bubble diameter
characteristic dimension of apparatus

is not small.
(iii) Experiments also show the importance of the particles

falling from the bubble roof on the observed patterns of

- particle motion.

1.2.3 Gas motion

Numerous gtudies are reported in the literature in the field of
gas mixing in a fluidised bed. An extensive survey has recently been
made by Potter ( 8). The models quoted previously (countercurrent
and diffusion) apply in the case of gas motion since they have begn
derived for both solid and gas phases (1. e. equations can be inter-
changed). However they assume that the bed is fluidised vigorously.

'Most c;f the experiments reported by Potter concern gas tracer studies
made to.test the above models and gas‘ motion around a single bubble
is not predicted.

Theoretical patterns of gas motion around a single bubble
were first derived by Davidson ( 9) and by Davidson and Harrison (10)
who predic;ted the existence of a gas cloud, 1i.e. a closed region

. . U
ar‘ound the bubble where the gas circulates, when the ratio _b
u
o
is greater than 1. The existence of a gas cloud has been shown

experimentally by Rowe et al (77) using injection of NO, bubbles and

in the past ten years gas cloud mcasurements have been widely studied.
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On the contrary there are very few studies reported on
measurement of local properties of the gas flow. By injection of a
continuous stream of NO2 tracer gas injected from the bottom of a
fluidised bed, Wace and Burnett (78) made conspicuous the stream
line nature of the gas flow. However the trace given by an injection
of NO2 at a fixed point is not a stream line with respect to the moving
bubble. It has been referred to by %’\owe as a streak line. In order
to compare with Davidson's prediction‘s for the flow with respect to
axis moving with the bubble, Rowe and Partridge (79) have calculated
path lines and streak lines from Davidson's equations.

If ¥ is the gas stream-function with respect to the bubble

rhoving steadily at'Ub (axis O x y), then the velocity components

are given by:

u -~ e _a.._.x._.
X aY

u = .gx-— g
Yy Ox

X X b
u_ = u
Y y
Now X = F (%, v, a uo) (Appendix 3)

Therefore at a given point (x, y) u_, uY and Uy can be calculated.

After a time A t, the bubble has moved by a distance Ub At. The

new position (x, y) of an element of fluid after At is therecfore

determined by U‘X At and Uy At. A new resultant velocity can, then,
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be calculated and the second point on the line is obtained by averaging
between the two last values of velocity. By this method Rowe and
Partridge (79) constructed path lines of gas for different starting
points. |

It is important to note that a path line refers to the same element
of fluid while a streak line is a continuous stream, i.e. a succession
of different elements of fluid. Streak lines can be drawn by joining
points of equal dimensionless time on different path lines issued from
the same point.

If one suddenly stops/} the supply of NOZ’ the end of the trace
(i.e. an element of fluid) follows a path line. By measuring its
displacement with'éime, Rowe and Partridge could determine the
instantaneous velocity of interstitial gas. However they note that
this method is very imprecise since the trace is usually thick and
the end is not sharp.

Displacement of NO, tracer was also f-ollowed by Anwer and

Pyle (80). They injected air bubbles into a layer of NO, tracer gas

2
introduced by the bed distributor. The rising bubble caused the drift

of the upper part of the NO, tracer, exactly as it does for a layer

2
of coloured particles.

The velocity of the NO‘2 - air interface on the axis of rise of the
bubble isk the velocily of interstitial gas. However this method is
only applicable on the bubble axis which is known to be a gas flow
stream Jne and therefore refers to the same element of fluid.
Furthermore the:above remark still applies since the interface is

not sharp.

Rowe and Partridge find a good agreement between experimental



34.
streak lines and those determined from Davidson's theory (the only
theory available at that time) while Anwer and Pyle find better
agreement with Murray's theory.

As far as we are aware, no other works report measurements
of the variations in intersfitia.l gas velocity around a rising bubble.
From what has been written previously, two conclusions arise:

(i) gas tracer methods are not appropriate for velocity
measurements since results are very inaccurate, due to
the diffusion of the gas.

(ii) many more data are required using different methods.

A part of this work deals with this problem.

1.3 Summary

The aims of this work have alrecady been emphasized in the
introduction to this chapter. However in view of the literature survey
presented in the preceding section we can define more precisely the
work which has been undertaken.

(i) A viscosity term p b has been introduced in the equations

of motion for an isolated bubble rising in a large two-
dimensional fluidised bed. Particles were supposed to
be fully fluidised and only a Newtonian behaviour of the

' particulate phase was considered. Formulation of the theory

and its numerical solution are given in Chapters 2 and 3.

(ii) Experiments were performed in a two-dimensional fluidised

bubble diameter
dimension of apparatus

bed where the ratio was sufficiently

large (i.e. = 5) so that wall effects could be neglected.

Description of the experimental set-up is given in (_2_1_1__3_}_7&9_1____4
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The following experiments were carried out:

1. Motion of tracer particles was photographed.
Experimental results and their comparison with

theories are given in Chapter 5.

Z. Measurements of the gas interstitial velocity have been
carried out using a new technique’based on hot-wire
anemometry (described in Chapter 4). Results and

discussion are presented in Chapter 6.

3. The motion of individual particles falling inside a

bubble from its roof has enabled us to estimate a value
for the throughflow velocity. This is done in Chapter 7.
Finally, in Chapter 8, general conclusions are drawn

from the work presented in this thesis.
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CHAPTER 2

EQUATIONS OF MOTION

In this chapter the equations of motion for the particles and
for the gas phase are derived. Some assumptions are discussed
which allow for the simplification of these equations so that they

can be solved numerically.

2.1. General form of the equations.

The general form of the equations of continuity and motion

can be written as:

continuity:
2L 4 V-eusy ) (2.1) fluid phase
o1- &) , V.(1-e)y 0 (2.2) particulate phase
3t
momentums:
. ou ' .
PEISE 4+ (@V)al=-VP -V T + epg-nf (2.3) fluid phase

op(l—e)[ﬁl_’-. +(¥f Viv]= -ypp_\z. ,t(l-e) p gt nf (2. 4)

particulate phase



The treatment which leads to these equations is discussed in
detail by Anderson and Jackson ( 8 2) and also summarized by
Ja.ckson (81). The physical idea is to assume that the gas phase
and the particulate phase may be treated as twé interpenetrating
continua by "averaging point variables over regions large enough
to contain many particles, but small compared with the whole
system' (Jackson ( 81)).

It is beyond the scope of this work to discuss the validity of
such an assumption and for the moment we shall admit equations
(2.1) to (2.4) as a good interpretation of the behaviour of the solid

and fluid phases.

39.

In a later section, when the experimental results are presented,

the validity and form of these equations will be discussed in more
‘detail.

In equations (2.3) and (2.4) nf is the force per unit volume of
bed due to the fluid particle interaction, i.e. the interpenetration’
of the two continua. The other terms are identical to those of the
Naviér-Stokes equations for a single phase.

In the preceding set, the four equations (2.1) to (2.4) are
independent and therefore we need four state variables which can be
taken as:

u, v, P:E and €

The choice of u and v as variables in equations (2.3) and (2.4)

is obvious and we shall discuss that of P-:E and € in section 2.4.,2.

All the other terms are dcpendent and related to one or several of

the above variables.
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2.2, Assumptions

Equations (2.1) to (2.4) enable one to find the general solution
f01; any perturbation occuring in the fluidised bed. As stated in the
introduction the object of this work is to study the flow of both phases
around a single two dimensional gas bubble rising in the fluidised bed.

The main. assumption is to suppose that the problem may be
treated as one of steady flow with respect to axes moving with the
bubble. This can be done if one assumes thé velocity of rise -of
the bubble is nearly constant. Experiments show that it is reasonable
to make such an assumption after the bubble has been travelling
some distance in the fluidised bed. There is a.fair amount of
‘evidence to suggest that one can use the analogy between a bubble
in a fluidised bed and a large gas bubble rising in a liquid of low

viscosity, where it has been shown by Davies and Taylor (8 3) that:

1
Ub = k(g a)z

Furthermore, although experiments show it is not strictly true,
we shall assume that the bubble remains circular in shape. This
simplifies greatly the treatment of the equations. Collins (70 ) has
proposed, for the two dimensional case, a transformation from a
circular sﬁape to a kidney-shaped bubble. Nevertheless it seems,
at this stage, unrealistic to complicate the solution. The thing
one has to bear in mind is that the numerical solution we shall obtain
for the rcar of the bubble will be somewhat doubtful because of the
assumed shape. We shall discuss this assumption in more detail

when obtaining the solution for the pressure variations around the
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bubble (see section 2. 4. 3).

In what follows we assume that the significant viscous
contributions arise from the particulate phase; the form of these
viscous terms is discussc::d m the next section.

We also neglect:

(i) - the rate of change of the fluid momentum : p € (u.V)u

,(ii)> - the viscous effect for the fluid | : Y_ T4
(iii) - the gravity force for the fluid : preg
In a gas~fluidised bed assumptions (i) and (iii) are justified

since the density ratio Pp is large and of 0(103) in most situations.
P

As mentioned in a later section (section 2. 3.4) the viscosity ratio
le—E is 0(105) and therefore VP is 0(107), which justifies assumption (ii).
{ Vi

With the preceding remarks the set of equations therefore becomes:

(2. 5)

1<
m

I
IH
o

V. (1-¢€ Jv. =0 (2.6)

VP, +nf=0 (2.7)

P(1- €) (v.V)v = - Ve, - y'zp + pp(l- elg+nf (2.8)

The difference between this set and Jackson's equations as applied

to the motion of a bubble in a fluidised bed (81) lies in the two first
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terms on the right hand side of (2.8) i.e. : ~VP - V. ‘rp )
~p T~ -

which take into account the particulate pressure and the viscous stress

tensor.

2.3. Equation of motion for the particulate phase.

2.3.1. Simplification of the stress tensor

As indicated in the introduction, experiments made on the
viscosity of a fluidised bed show a strong dependence upon the state
of fluidisation. For a fully fluidised bed the viscosity is almost
independent of the shearing rate and Newtonian behaviour is not
an unrealistic description of the system's rheology (Schugerl (39)).

Thus, we shall assume that the stress tensor is given by:

: av; av: ( )— 2 (e )16 ..0v1
v ow ey 8y ypf(e)- 2w (e)]6  dvk
pij p( )[axj axi] Pp 3 P N &%

This is given in tensor notation where the summation convention

is implied and 61j is the Kronecker's symbol.

(i) The probable form of the shear and bulk viscosities is
discussed in detail by Murray (19 ) where he gives the following

expressions:

1- €
€. E

up=C1 Wy 1- € and A’p=c2uf(
€- €

)

s

where cl and c2 are two constants and ES is the voidage for the

corresponding packed bed at saturation.
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At minimum fluidisation conditions € 1is close to € and
s

therefore 1 — € > 1» which suggests that in most cases (depending
€ -€
: s

upon the values of ¢, and CZ) we have )\P > U

1 P
At the present time nothing is known about the value of the bulk

viscosity and therefore despite Murray's suggestion, we shall neglect

A P even if we consider the particulate ph;se as a ''"dense liquid".
(ii) According to Murray's theory up is going to depend on the local
voidage. Experiments show that, except in the vicinity of a bubble,
the voidage is nearly constant throughout the bed. However measure~
ments of the voidage variations around a bubble are not very precise
and therefore we shall assume that W ‘is constant everywhere.
(iii) As stated previously € is one of the independent variables
and cannot be taken as constant as in Davidson's (10 ) or Murray's (19 )

treatment., If one does so the set of equations (2.5) to (2.. 8) becomes

overconstrained and one of the equations cannot be satisfied,

-

However, as will be shown later (see section 2. 4. 2), the set
of equations is difficult to solve. We shall therefore use the iterative
procedure proposed by Jackson (11 ).

As a first guess, we take €& = €, except where it enters
the drag coefficient B . The independent variable then becomes
B . A solution is found for £ which determines the new values
of €., T;king these values as starting point the procedure can be
continued until convergence is satisfied for the values of € .

In this work we shall limit ourselves to the first iteration, and

with the above assumptions:

(2.6) reduces to  V . v =0
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and (2.9)to T .. =W 9v; +a—"i] (2.10)
pij P axj 0x;

or - V. T_ reducesto W VZV

Eliminating nf between (2.7) and (2. 8) it follows that:

op(l- e ¥y = -VP-VE 4 P (1—80)g+up\72z

as g:—zq; letusput-_V_Pz-y_Pp—_V_Pf.,_D(1—80)3 (2.11)

P

Then P will measure the difference in pressure between two points

.on the same horizontal line.

Thus the simplified equation to be solved:

2
p (1-¢ ). V)v =-VP ;u V v - (2.12)
p o= == - p -
2.3.2. Partial differcntial equa'tion in terms of the stream
function

It is easy to show the following vector identity:

We also have: YX v = @ where w is the vorticity vector.

Using the vector identity above and the continuity equation

V. v =0, ecquation (2. 12) becomes:



e e ) [L T -yxa]=-TP-u Vw0

rearranging (2.13) and taking the curl leads to:

Vx(vxw)_  _¥p  VUx({V=xo0)
P(1-E )

for VX(_V_ P) =0 and YX(VVZ) =0

Equation (2.14) will be referred to as the vorticity equation.

(2.13)

(2.14)

Now let us consider a stream function ¥ which is defined

(in cylindrical coordinates) by:

vy = ~1 3¥
r g6

ve - 8%
dr

-

The components of the vorticity are: (see Appendix 1)

o= 0

©® =0

¢ L 9 (rvg) -1 ov
r Jr r 06

Using the""expressions for v, and v, in terms of the stream

)

function, the last component of the vorticity becomes:

45.
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2 2
r Or arl T2 36%

which may be written as:

T= V%w(2.15) with 7° _1 a8 +az ! 3°
| r 3r = oré ' 12 362
The vorticity equation (2. 14) then becomes:
2
a(Cx ) ;1 3 (Cv) _ Mp Vet
dr r 46 P (1‘8 o)
P
or
L% oL L 9¥ L. _ Hp ¥ (2. 16)
r  8r a6 88 Jr pp(l—eo)

Equations (2.15) and (2.16) are two partial differential equations
describing the motion of the particulate phase around the bubble.
They have to be solved simultaneously with the proper boundary

conditions.

2.3.3. Dimensionless form of the equations
Letus put o _ T, g* N ' = -2, Y =aV
a < o v o

where a, go’ ‘yo are reference quantities which will be specified

later.

Equations (2.15) and (2.16) can be written as:
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* *2 B
t . Yo V Cuw (2.17)
T al
o
¥ £ * % &
o L pavtoert _oawk ar*y Hp oy *er *(2.18)
Wt S—————— e i —
a4 p ~ adp a6 38  ap Dp(l—eo)az
We have the two dimensionless groups: © and Yp
2
.2 1JJOQP(I--(-:O)
We can equate the first group to 1 which specifies ¥ o = an where

Ub is the velocity of rise of the bubble and a its radius.

whence: ¥ _ aU
o = b
U
¢, -9
: a
u u
and P - :f
I- _
‘1’. o P p( € o) an C’p( s—oj

Far from the bubble the particulate phase has a downwards velocity
Ub with respect to axes moving with the bubble.
We shall therefore define a Reynolds number for the bubble

Arising in the particulate phase as:

) 2aU, Dp(l- eo)

Re

v
P

whence the last dimensionless group becomes:
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The final set of equations is:

G VAL (2.19)

[ sv* ar* sy 69—*]: 2 V*2 U7 (2.20)
3 p a6 a6 ap

1
o)

We shall now specify the boundary conditions for the above equations.'

2.3.4. Boundary Conditions

Equations (2.19) and (2. 20) have to be séived by numerical
integration. The domain of integration is taken as an area (S) limited
by a curve (C). The boundary conditions for the complete determination
of V¥ mus.t specify the value of the function or the value of its normal
derivative along the curve (C). This condition is sufficient (see
for example Smith (84) ). ’

In the present problem it is convenient to choose the following
domain shown in Figure 2.1,

The curve (C) is divided into four parts.

(i) On the axis of the bubble (i.e. 8 = 0o and ® = m ), due to the
symmetry of the problem, ¥ = o and € = o are obvious boundary
conditioﬁs.‘

(ii) On the outer boundary we shall assume the flow is ideal (i. e.
is a potential flow) and uniform.

Therefore Davidéon’s results (10 ) apply and:

v o= Ub rm sin 0

™
!
c
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LI will have to be determined in order to satisfy the above
valp.e of W
(iii) The surface of the bubble is a streamline for the particulate
flow. Therefore ¥ =0 for r = a.

No simple boundary condition can be written for the vorticity at
the surface of the bubble, but it is possible to find an expression for
the tangential velocity of the particles.

Clearly a non-slip condition cannot apply here and the most
plausible hypothesis is that the tangential velocity is ‘proportional to
the tangential étress. The constant of proportionality is referred
to by Happel and Brenner (85) as a coefficient of sliding friction
which depends only on the nature of the particu.lafe phase and of the
gas inside the bubble.

Let us consider for example the typical values of the viscosities:

air bubble DM~ 0.02cp

Ballotini 300 W m Hy o~ 10p (measured by Schugerl (37))

therefore _"P _ 50,000

e’

In this condition it seems reasonable to assume that the viscous
stress at the bubble surface is very small and T.g = 0 provides

the last boundary condition.

T _ rad ,va 1 dvr _ 0 (see Appendix 1)
T8 =0 = ar ( r) * r 046
or in dimcnsionléss form:
3 v 1 av
0 —— (YO

v ) T g0
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2 %
at Jd v 1 3 . ..
p =1 = whence the above equation reduces to:
802 0
2 o* %
3 ¥ _3v" at _
352 ° 39 p=1 (2.21)

The above conditions are summarised in Table 2.1
The solution for the equation of motion with the above boundary
conditions is given in Chapter 3 where the equations are put in

finite difference form and the domain of integration is transformed.

2.4. Equation of motion for the fluid phase.

We are now concerned with the solution of equation (2. 7)
V P, + nf = 0. The first step in the solution will be to find an

expression for the interaction force nf.

2.4.1. Expression for the interattion force nf

-

Anderson and Jackson (8 2) show that the interaction between
the fluid and the particles can be reduced to the following equation
by simpl.ifying the general Basset form of the equation (see R. Clift

et al. (86)).

(u-v) + (1-e) (T ) (2.22)
t

nf=b (e)(u-v)+cle)l-e)p d

Anderson and Jackson neglect the effect of "history of acceleration
of the particles' in equation (2.22) on the assumption that, in a fluidised
bed, "any historical background will be quickly erased by the great

number of particles."
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The signification of each term is as follows:
(i) the first term represents the drag force acting on the
particles and is the steady component.
(ii) the second term is known as ''the added mass'., It is
proportional to the mass of fluid accelerated with the particles.
(iii) the third term represents ''the reaction of gradients in
the local mean fluid stress field on the particulate phase' (Jackson (81 )).
We shall try to simplify equation (2.22)
(i) As in the aésumptions made to derive the equations of
motion, we shall neglect the stress tensor for the fluid, i.e. we neglect
(1- e)(V. x )

(ii) Let us rearrange the second term.in equation (2.22)

c{ e)(i-¢g) o4 (u-v) can be written as:
dt

c(€e)(1-¢) Df{(dg (@ V) (av +(x-Y)z)}
at ot

If we consider a steady state problem and if, as before, we neglect

the change in momentum for the fluid phase, this term becomes:

L c( €)(l~e) o (v.V)v

f

Let us now consider equations (2.11) and (2.7)

pp(l- e) (v. V)v = —YPfﬂLop(l-a )g + upvzy_ (2.11)
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V P.o4nf =0 (2.7)

By eliminating _V_ Pf and replacing nf by its expression, we get:

(o, *ele ) o) 1-e)(wDy = (c)a-v)+ o (1-e)g+ u Viy

(2.23)

Very little is known about the coefficient of the added mass, c( € ).
For an isolated particle starting from rest in a stagnant fluid Basset
showed that ¢( € ) = 0. 5.

The only relation available, applicable to a single particle accelerating
from some finite velocity, is that of Odar and Hamilton (in R. Clift

et al. {86)):

2 2 4

c = 1.05-0.066 (dRep)™ / (0.12(dRe Re

R _aTP) s Re )
Rep being the Reynolds number for the particle.
The maximum value of ¢ is obviously ¢ = 1,05 for large values
R Y . qe

of Rep or‘ when d .E‘P 50+ Inthe case of a fluidised bed where a
great number of particles are present, a total lack of information leads

us to assume that in equation (2.23):

c(e) pf<< pp

Murray (87) discusses in detail the various contributions to the inter-

action force in a general two phase flow. Although he suggests that
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in the case of fluidization ¢( € ) might be important, his justification
is still based on a single sphere. Furthermore his analysis is
theoretical and he does not give any numerical value for c( € ).

If the maximum value of c( € ) is of the order of 1 for a
fluidised bed as suggested in Odar and Hamilton's relation, the above
assumption is valid. Hox&ever for greater values of c( ¢ ) this
simplification may no longer hold and in fact one would expect it

to be greater since presumably particles are set in motion, i.e.

Pf > Paiy . Thus, finally equation (2.22) reduces to

llf:B(E)(E—X) | (2.24).

2,4,2. Calculation of the gas pressure

Given the form of nf the next step in solving equation (2.7)

is to compute the solution for the pressure gradient y_ P

f
We have already shown in section 2.3.1. that:
2 -
l- ¢ )(v.V)v=-VP+ Vv 2.12
o (1= e)wV)y=-IP+ u V' (2.12)
d Vep=-Vp VP + 1~ € 2.11
an V E y‘“p yFE pp( o)g ( )

Equatioﬁsz. 3 and 2.4 which were written in section 2.1 are
symmetrical, i.e. the equations for the gas flow and the particulate
flow can be interchanged.

Consequently in 6rder to prescrve the symmetry of‘ the equations
of motion we have kept the gradient term y_ Pp in equation (2.8). It was

also noted in section 1 that the state variables were to be taken as



u, v, P-f and ¢ .

At this stage we note that since nothing is known about the
exi:)ression for P_p, we could have taken if as one of the independent
variables (e.g. the following set u, v, P and Pp) and therefore
have S(PP) as a dependent quantity.

We can show that this lcads to an unnecessary complication in

the problem.

Consider equations (2. 5) and (2. 7).

1<a

.u=o (2.5)

VP, +B(u-y) =0 (2.7) withnow B =B (P)

These can be written as:

e

Ve, - (2.25)

V P.)=o (2.26)

As in Jackson's theory let us put: Bo
£ Y=g

Thereforc the last equation (2.26) becomes:
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and by usihg (2.11):

or yv.yp_v\,.va+yY.pp<1-e>g+Yz P.Y"R -0 (2.28)

Equation (2.28) is a non-linear partial differential equation. YP is
‘known from the solution of (2. 12) but y is an unknown function of P .
It is not possible to simplify equation (2.28) as in Jackson's treatment
with € as a state variable (i.e. & is constant except where it enters

B ( €) etc.), which would allow (2.28) to be solvéd by successive
iterations. Consequently the choice of P_as a state variable is not a
good one:

Murray (19 ) suggests that the term PP will be in general
negligible on the assumption that in the p?,rticle motion around a bubble
there is little interference between neighbouring particles and that the
only way a particulate pressure could be transmitted is by frequent
collisions.

In another work (87),where he derives the equations of motion
for a general two phase flow, Murray also suggests that the particulate
pressure cquld be incorporated into a new definition of the bulk viscosity
on the assur;lption that the effects of such a pressure and a bulk
viscosity are similar.

‘He therefore writes the ij component of ¢ - YPP - y_ T p’ as
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VIP 8 cuw(d o+ _dy-0 a2 u)s..
Py p(axj 5. ) R ™)
1 \4

and using the particulate pressure and the bulk viscosity terms Murray

writes:

)“p itli - Pp: ;‘p ——GV
axk axk

But in his general equations of motion applied to fluidization, he
neglects the stréss tensor for the particulate phase on the assumption
that the voidage remains nearly constant around the bubble.

In Jackson's theory (13 ) no such assumptiqn is made concerning the
voidage and as noted in Section 2. 3.1 nothing is known about Ap and
consequen"cly about A o Thus Murray's expression for i b docs not
help at the present time.

On the other hand, Jackson (81 ) gives a lower limit for the

value of dPP for a uniformely fluidised bed:
de

dPr 1- 2
p _ Ps(CTE o) U
d € 3
€= € E
o o)

In the abs;nce of any theoretical and experimental evidence concerning
the value of Pp and in view of the above contradiction, we shall
neglect this term in equation (2.11), bearing in mind that it might

be one of the weaknesses of the solution we shall find.

Therefore the solution for the gas pressure gradient can easily be

found from:
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pp(l— € ) (v Viv=_VP, W Vv (2.12)
and _YP=_\_7P£+ pp(l_ e g | (2.13)

Let us write equations (2.12) and (2.13) in dimensionless form and

put P* _P where the reference quantity PO is taken as the

P
(o]

dynamic pressure of the flow of particles with a velocity

: 2
i. e. = 1 -
Uble Po___p(l E)Ub
2
LS X L w 2k
weget(v . V )v _ .1V P L2V v (2.29)
2 Re
% P 3 .
and -y P ._y Pf +g__ i (2.30)
Fr

2
where Fr _ Ub is the Froude number for the bubble

e

and 1 is an unit vector in the downwards direction.

2.4.3. Calculation of the Froude number

In section 2 it was assumed that the bubble shape remains
circular. By doing so, however, it is impossible to satisfy the
constant pressure condition around the bubble. Nevertheless it is
possible to ensure that the pressure varies only slowly around the
apex of the bubble.

Let us consider the tangential component of equation (2.29).

she
b

ES

W'k L vh ovh  vb v 11 0P 2 ol
3p o 380 o 2 P 4 Re d8p



v
(o)
5%

&

at the apex of the bubble:

£ . o
= 0 1is a boundary condition

C

Whence at the apex of the bubble

Therefore we have aP*

a® o =1
e =0
easy to see that _an'p 0
66 p: ]_
. -0
If we can ensure asz* =0
—t =
8o o =
8 =0

small in a region where 6 ~ 0.

1]
o *

on the axis of the bubble for all p .

we also have 8 Q*
dp

then the change in pressure will be

2

From (2.30) we get 82P* _ 90 P 2p cos @
302 302 Fr
i °P | ) then [20 cose _ 2P (2.31)
ae P =1 Fr 362 |p =1
0 =0 6=0

By differentiating the tangential component of equation (2.29) with

respect to 0, it becomes:

e % B3 b w2 b x .2
11 8P 2 & ¢ {avo avg , v, dve , Lave )
2 0 802 Re 8P a0 a6 3p 3p 06 p 88
VB* azv 9 V * 8y 8* + _VG* av Q*}
+ o) aez * 1.3[ af ONNGY

o8.
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For p-1 and 8 = 0 this reduces to:

2 ES b o5
18°2° 4 &% ¢ 2 3va 2
302 Re dpade 3o P =1
6=0
consequently by using (2. 31)
F 1
Tr pad
2 ES
(Ze ) _2_ 3t
=1 e Op 46 p=1
6 =0 6 =0

We can make the following remark:
In the case of Davidson's treatment (10 ) i.e. Re-» 00 and

irrotational flow then Fr =

(6\'9 ) ; also it is easy to show

%

that vé = 2 sin & and therefore Fr = 0.250 which is the Davies
and Taylor result for a two dimensional bubble.
Since there is no analytical solution for the Stokes flow regime around
a cylinder the other limiting case, i.e. Re—»0, cannot be obtained
simply.

Knowing the Froude number from equation (2.32) it is possible to
calculate the entire field of the pressure gradient Y*P: using (2.29)

and (2. 30).
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2.4.4. Voidage variations around the bubble

Once the solution for the pressure gradient is found we can

solve the equation for the voidage around the bubble using equation (2.27):

Vy.Vp, | YV2P£=0 (2.27)

or in dimensionless form:

Viy. V' L4V P*f =0 (2.33)

e *x

puta-:apf b - 0P t - 9Y qg = 1 oY
‘ gp 36 dp e 38
Equation (2.33) becomes:
at + bq + Y V":ZP; -0 (2. 34)
day do
< LA L
also 30 t 30 Pq
substituting into equation (2.34) :
14 { d *2p*
at 4+ b] = =X _ t 4o VAVARS - 0
Pl @ 5 aelt .
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Let (c) be a curve such that in the ( P, 8) plane

tfa_b 3p 1 =0 (2.35)
P 4
>{<2 b3
_gg_g s YV B o / (2.36)

Ift # 0 then (2.35) gives a family of curves in the (r, 0) plane along
which we integrate equation (2. 36) to give the values of y .

In equation (2. 36) we assume, as a boundary condition, that

Y =1 far {rom the bubble (i.e. €= € , far from the bubble).

From the Carman-Kozeny equation it is easy to show that:

2 2
Y = [} (1"' eO)
2 - V2
eg(l-€ )
and therefore:
- VY _A(2.37)
- £
! —2 + VY
o)

Equation (2.37) allows us to calculate the voidage variation around

the bubble. Although the Carman-Kozeny relation is, strictly

speaking, only valid at minimum fluidisation conditions, we assume

' . it remains correct when € ¥ €

Lockett and Harrison ( 7 ) also used the equation given by Richardson and

Zaki (88). They found that the difference between this and Carman-
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Kozeny's relation was small.

2.4.5. Solution for the pas flow

From equation (2.25) it is possible to calculate the gas flow field:

u v 1 oFg
* T B ar

ua,. _ v 1 1 aF¢
© ® -5 3 a6

Let us put the two components u and u, in dimensionless form.

6

At incipient fluidisation:

B, - Ppll-€o)g and , _ B
(o] ‘—p—_uo“‘g—g— Y —Bﬁ-

whence: )
* % b
b P
;.': >:: *
Ug =V . X EFr 1 0OP
2. P 39
b
* - 2 sk sk
or & =y _y Fr V' P (2.38) where a_ _ Uy
2 C’-b ' a
o}
Y , Frand V=6 P have been derived in sections 2.4.2, to 2.4. 4.,

- ° f

therefore the solution for u is completely determined.
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2.5. Conclusion

Starting with the most general form of the equations of motion
for the particulate and fluid phases, we have simplified these équations
by making assumptions mainly on the nature of the stress tensor Lp’
of the interaction force nf and of the particulate pressure P_.

Alfhough these assumptions are not all perfectly justified they
give a limit to the validity of the solution we shall get for the flows of
particles and fluid.

The following chapter will deal with the numerical solution of these

equations and the computation of some important variables.



Boundary Conditions Dimensionless form of the Cecnditions
(1) 6=0 a<r<r (¥ =0 %f =0 (i) =0 l<p<p (¥ =0 aag =
g =0 g* - 0
D =1 agr<rT g =mn <P <D
co o
(i) r =r O0<B<m Y =U,r sin® (ii) P =P O<p< T ¥ = p  sin®
o b oo 0 o
g =0 C* =0
*
3y * a ¥
(iii) r=a O0<@< Tm ¥=0 —-5-—:0 (iii) P =1 0o<o < T ¥ =0 35 =0
2 2 3
T =0 ¥ _1av¥ T g =0 3 v - av
: Y o15) 2
0 6r2 a Jr 3P 3P
~Table 2. 1. Boundary conditions for the particulate flow

*v9



Direction of |
particulate flow 19 =0
Ub \_&r;_—_
v §:0
l
bubble
(S)
: surface
(C)
outer
boundary
T
I =lon
o =
=0
\i}zUbr,,sinQ \P:
|§ =0
Figure 2-1 Domain of integration and

boundary conditions of equations 2-15 & 2-16
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CHAPTER 3

NUMERICAL SOLUTION OF THE EQUATIONS OF MOTION

The equationsv of motion which were derived in the preceding
chapter are now transformed and put into finite difference form.

fi;’rocedures for computing variables of interest such as the
pressure variations along the axis of rise of the bubble and on its
surface, the drift of particles caused by the passage of the bubble,
the gas and particle velocity fields, the voidageA fraction, etc. ...

are developed.

3.1. The transformed equations for the particulate flow

The motion of the particulate phase around a bubble rising
in a two-dimensional fluidised bed is described by the following

set of equations in terms of stream function and vorticity (section

2.3.3).
B sk 2k sk
g =1 8% o ¥ 1 3 v (2.19)
p 3p apé p_Z 302

av* 3¢ ov ¥ a3t 2 fag afr* 1 ¢t

—— P L eeraete —_— D e +D + ~ }

3p 30 30 3p Re {ap 3p 2 o 002
(2.20)

The domain of integration (S) is also indicated inFigure 3.1 where

T, is chosen great enough so that at the outer boundary, the flow of

particles is a potential flow.
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To integrate equations (2.19) and (2. 20), the domain (S) has to
Be divided into a fine grid at the nodes of which the two equations
will be calculated.

An obvious choice to construct this grid would be the lines
o= cons.tant and © = constant. Nevertheless it is convenient to
transform the polar ( © , 0) plane into a rectangular ( €, n ) plane
and also to have a finer mesh near the surface of the bubble where
the vorticity and stream~function gradients are the largest.

For this purpose we make the following transformation:

p:eTl:E and 8 = mn

This transformation was first discussed by C.J.Apelt (89) and
satisfies the requirements that ( &, N ) is a rectangular plane and
that the mesh is finer near the surface of the bubble.

Equations (2.19) and (2. 20) can therefore be written as:

-

av* ar* ew’ ag _ 2 {a c 3 c} (3.2)
3E 38n  9n 3 E Re lon 2 3 2

ngE 1
where E = Tle (M = '}T: is often referred to as the modulus of

the transformation)

The boundary conditions in Table 2.1 become:
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(e0)
¥¥= 90— g ¢"
e ¢ (3.3)
C* =0 |
n=1 0< E < E
[e 0}
sk ngm, .
(ii) E:EOO 0o<N < 1 9" =¢ sin TN (3.4)
gr=0 3

i}

(iii) E=0 oO0O<n<l 9 =0 — 3y _o0

an
T ES a2 11;* 3 Ly*
=0 —> = 2T
En 3 E2 3 E

- The same set of equations with different boundary conditions is
given by J.S. Son and T.H, Hanratty (90) for a time dependent
solution of the flow past a cylinder with a non-slip condition at its

surface.

-

3.2. Finite difference form of the equétions for the particulate flow

3.2.1. Vorticity equation

Equation (3.2) is put in finite differences form using the
Peaceman-Rachford alternating dii‘ection method (A.D.I.) (91).

It is beyond the scope of this work to discuss the various aspects
<;f the different methods proposed in the literature. Stability, computer
‘storage, rapidity of convergence would have to be studied for all the
schemes to select the best one for our particulate problem.

However, it has been noted, from numerical experimentation,

that the A.D.I. method is quite suitable for simulating flows around
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an obstacle. It has a better stability characteristic than other
methods, especially at high Reynolds numbers, and it also keeps
the éomputer storage and time to a minimum.

The transformed grid of integration in the ( £, n ) plane is

represented inFigure 3.1. In this figure:

1 is the increment in the n direction

k is the increment in the & direction.

Approximations to the derivatives are made by using central
differences, thus the values of the derivatives of the stream function
and vorticity at point (i, j) are computed from the values at the four
surrounding points.

Ina general form we write

af | 1 2
— - +
Gn . 21 2 £‘1+1,j i-l,jE 0(17)

ij
af 1 2
—_— = e +
(ag )1 i 2k ; i,j+1 i,j-lf 0 (k")

(3. 6)

3% 1 2
— = - 2 + +0(1
G .2)i ; 12 %fi-fl,j 5 fi-l,jz 0(1)
8% 1 2
e = =54 f . - 2f + f +
(ag &'~)~1 i k2 g i,j1 Zfi,j i,j—l} 0 (k)

as lim go (1 Z) % = o the mesh size 1 (resp. k) will have to be
1-0

chosen small enough so that the accuracy of the calculation is not

much affected by the truncation error.
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However the number of equations to solve is proportional to the
number of mesh points; therefore by halving the mesh length one
muitiplies the number of equations by four. Consequently the mesh
size will have to be taken as a compromise between accuracy and
computing resources.

Using the above approximations to.v the derivatives, equation

(3.2) can be written as:

¥l - Yy St Caony 0 Vit - Yie1,j 38 i g-d
2k 21 21 2K
* * * * * *
) z.___{gi+1,j‘2gi,j+gi-1,i +Ci,j+1-2C i,j ¥€1,3-11(3.7)
Re 14 k2

The preceding elliptic equation can be regarded as the limiting
solution of the corresponding time-dependent problem with some
initial value. We can therefore introduce an iteration coefficient

P a which will be referred to in the fdiIOWing as the acceleration
factor.

The value of this coefficient can be the same fo;' all the iterations;
however if it is changed for each iteration the converging process can
be speeded up. In most cases the optimal value of P, has to be
found by numerical experimentation.

In ouT problem several values of © , were tried and the best
one found was used throughout the calculation.

Equation (3.7) can therefore be written as:



2k Re 12
x 5 c* C;,’:
g i i 4 - PR S S . X
,jTl i,] i,j~1 .. 3.8
+ ) } + e, i, (3.8)

To solve equation (3.8), one assumes that the nth values in the
iteration have been calculated at all the mesh points from some

Lo

% A
initial approximation ¥ , (O) and Qi((,)) and known boundary conditions

s ) P)
(as established in the previous section).

We can therefore write from (3.7)

*(n'}'l) _F (‘P*(n), C(n) ) (3_ 9)

i,j =

C

The solut‘ion of the set of equations (3. 9,) is a very lengthy process
since it consists of a large number of non-linear equations. The
principle of the A,D,I. method is to overcome this di‘f.'ﬁculty by
dividing the step from iteration (n) to iteration (n+1) into two
half-steps.

The following procedure which is summarized in Figure 3.2 is

then car:l‘iéd out:

(1) the derivatives in one of the directions are approximated at
half step (n + -i—) while the derivatives in the other dircction are
approximated at the (n)th step which, as we already said, is assumed

to be known.
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(ii) The procedure is then repeated from the half step (n + 1) to
2
th

the final (n + 1) step, alternating the previous directions.

h .
The derivatives approximated at the (n)t step are now approximated

th

at the (n + 1) step; the derivatives in the other direction which are
approximated at the half step {n + %) are known from stage (i).
The choice of the starting direction in the A_;D.I; method depends on

knowledge of the boundary condition. In the present case we know

the exact value of the vorticity on the aJ;cis of the bubble ( T* = 0)
while it is unknown on the bubble surface. It is therefore more
convenient to start the computation along lines r = cst, which prevents
assuming an initial value for the first half step (n)-s(n + % ).‘ The
surface vorticity is then only approximated for the second half-step
(n + ?1‘_ )= (n + 1).
Using the gl*id of integration defined at the beginning of this section
we can summarize the computation of the A.D.I. method as follows:
(i) At the first half step (n)—(n + _;_) iterations are
carried along lines £ = cst.
(ii) At the second half step (n + %)—»(n + 1) iterations are carried
along lines M = cst.

Equation (3. 8) therefore becomes.:

(i) 1lst half step (n)—(n + é_)

%(nt1) yra) o) i) #(nt})
i, jt}) i, j-1 itl,j i-1,j
2k 21

Pali,j 4+

e (n) % ( n) % (n) * (n)

_'[;l

Yirn, i~ Yieng Gigmr T Gy
21 2K




*(nt3) 5 g*(n*l'%) c*(n‘*%)
_ _z_"{ i+1, j i, ] TR,
Re 14

*(n) #(n) *(n) *(n)
i g'1,j+1 "R L +§i,j~1} P “i

which can be written as:

y *(n) _y *(n) ¢ Flotz) *(n+3)
e T g 2 N . T
4kl Rels| 7 a  Rel2| Y
qf*(n) _ \y*(n) g*(n""%) (3.12)
+3 i,j41 7 hj-l 2 |TitL) g ‘
. 4kl Rel4 | ij

where @ Y includes all the terms & for iteration (n) :
i

*(n) *(n) _*(n) *(n)
T a = { 2 _ ‘yi'i‘l,j -¥ i-—l,j}ci,j—l +{D 4 }Cl,J
o ARe® i 2" Re
X:(n) >::(n) *(n)
s {\yiﬂ,j REEY 42 }Ci . (3.13)
4Kk1 Rer2f *J

e

Equation (3.12) can be written as:

“(n+)

*(n+3) *(n+3)
3.14
ij Sy 4 i + Cij‘c itl,j = ij ( )
1. *(n) “(n)
with: A Wy i, 41 -y i, -1 5
¥oooT 4Kk] Rel®
4
=P —
B a ¢ Rel?
*(n) _*(n)
C i g4 " ¥y, 54 2




(ii) 274 half step (n + _i_ )—s(n)
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The same procedure as before is applied to equation (3. 8) in

the other direction:

“(n *(n #(p+ “(nt+
rnr) W) T CHatd) e
P, Ci. + 1, 1,)- 17l 1-1,]
J 2k 21
*(n) *(n) *(ntl) _ *(ntl)
Yitl,j - ¥i-1,j “,jH1 =54, §-1
- 21 2k
i), M) etd)
_ g_{ itl, ] - i,j > i1,
Re h 2
*{n+ S{n-t *(n+
C-(?ﬂl)- 2 g + 1(1'1-11) “nt
1,] 1, ] r ) } + o] a i,j
K2 |
which is also written as: ‘
w*(n) q,*(n) C *( +1) o 4 c*(n-ﬂ)
{ itl,j - i-1l,j 2 i,j-1 +{ a+§EE2} i,j
4k1 Rek2
R CYRI (Y (n+1)
_{ itl,j = "i-l,j 2 } Lt o= Py
4k1 Rek?2

(3.15)



where
*(n) *(n) *(n+3)
B, { ¥ 541 - ¥, -1 2 Ci-1,; +{
) 4k1 Re 12
#(n)
+{ 2 N ES!
Rel2 . 4kl
which we can write as before:
5k + b 3k
g, 04D g et g et
i,j 7i,j-1  + i, + 71 T, it

with:
“(n)  #(n)
E.. . Yity,j- ¥il,j 2
4 4k 1 Relk?
4
= b o—
F * T Rekl .
wfb(n). q,_*(n)
G =- i+l,j - Ti-l,j 2
ij 4kl Rek%

ij

Let us also note that aij and B'j can be written as:
i .

Al *(n) , ¥(n)
o =My T+ Ly
¥(n+3) *(nt
. 1 !
B ij = B ij gifl,j ¢ i,]

75.

(3.17)
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where we have the following relalions:

E'.. = -A_
1) 1
G'.. = -C
1) 1]
Al., = -E_.
1 1
c! = -QG,.
1) 1)

We shall discuss the solution of the set of linear equations (3. 14) and

(3.17) in Section (3. 3).

: +1
Once the values of [ (inj ) have been found we can calculate

the values of the stream function at each point of the grid from

equation (3.1). The next section will deal with this calculation.

3.2.2. Equation for the stream function

&
-«

2 % 2 % 2
Consider equation (3.1) s E"g. _ 8 V¥ + d

= )4
3 n 3 g

In finite differences form this equation becomes using relations (3. 6)

% ES ES ‘ ES % b
2 % c o 2y, . . .. 2
E Q.,z q11-”-'1,»] - wl,_] + wl‘}‘l,_] + 11’1,‘]—1 = \Pi,j +1Pi,j+1 (3.18)
1) 12 k2

The above elliptic equation has also to be solved by an iterative
technique. The method of successive overrelaxations was used. The
A.D.I. method used to solve the vorticity equation could also have
been employed but in fegard to the simplicity of equation (3.18)

the first method was preferred, although there has not been, so far,

any justification as to which method is preferable, except for specific

T Cases.
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The rate of convergence to the solution of equation (3.18) is

accelerated by introducing a relaxation factor @ and then a better
estimate of ¥,
i,j

is calculated.

Equation (3.18) can be written as:

g Fptl) (1- ®) wik(?) +m-‘i'.=:(-p) (3.19)

i,j : 1] s )

% {1l ES
where V¥ (fJ ) is the improved estimate of ¥ 1(p)
) s J

JK(ptl) - *(p) *(ptl)  *(p)
*(p) 1 ity T ¥ieny o ¥igel tOW 54

i, 1,1 12 k&
Z{TZ v kZ}

*(n+1) (3. 20)

i,

2
-E C

The over-relaxation method (also referred to as the Extrapolated

o (p+1)
i,j

Liebmann method) calculates the values of {or successive

points. Al_l\ the values of the stream function on the left and below
(i,j) are assumed to be known for iteration (p + 1).

The rate of convergence depends very much on the value of the
relaxation factor ®. Smith (84) reports an example in which the

convergénce using ® = 1.9 is forty times faster than the non-

extrapolated method ( @ = 1),
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In the case of (3.18) which is a Poisson's equation, Frankel (in

Smith (84)) proved that the optimum value for w is given by the

smaller root of the equation:

where 0 - _W
‘ 4
t =cos It +cos W
P q
p = number of mesh points in i~direction
q = number of mesh goints in j~direction

on another hand D.B. Russell (32) proposes as an optimum value:

In the present case both values were found to be close and therefore
an average was taken in the computation. This was found to give

a good rate of convergence.

3.3. Solution for the vorticity equation

Equations (3.14) and (3. 17) constitute two sets of linear equations.

Each set can be written as follows (using general notations):



where 2. bi, c represent the coefficients in the two sets of

byvi 4o, = d;
a,vy + bzvz +¢,Vs = dZ
a3vZ +b3v3 +c3v4 =d3

a Vi—l + biv.1 4 c Viﬂ = dl

a v +b v =d

n n-1 n n n

equations and \ represents the vorticity.

This system of linear equations caild be solved by a classical

Gaussian elimination.
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(3.21)

Nevertheless we note that the matrix of the transform is tridiagonal.

It is one of the great advantages of the A.D.I.. method to give a

matrix of this form.,

1t followls that:

ks

blc1 00 -~ = it e e e e e m e o - =0
aZbZCZO ________________ 0
0 a3b3c3 ---------------- 0
0 -~0~=~0~-=~2ab.c, 0
111
0 - w0 =0--w=o-w-~-- 0 a b
n n
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This matrix can be partitioned into a product of an upper triangular
matrix by a lower triangular matrix. It can be shown that this
decémposition is always possible (D.L. Fox (94), B. Carnahan et al.

(95)) provided that:

| oy > ey > ©

1o > |y > © | (3.22)

a. b.| +1|c.
|25] > | Pa] T
If one of these relations is not satisfied the above authors show that

the matrix M becomes singular and its inverse does not exist.

Assuming (3.22) is fulfilled then:

M=L.U
where:

7\.10 ———————— 0 lYl---~ ————— 0
A - e e N e - — an = e e M e -
a.2 2 0 ()}.Y2 _ 0
}:__= --------- - - - andg_=-—~'~ ----------
- Da A0 -~ == --~-01Yi__--o
--------- a A Ll |

n'n

with the following reclations :



A =
1 7P
A, = b ,
TS S A (3.23)
C,
Yl :.x-.];
i

The set of linear equations (3.21) M. V = D is therefore written

as _I_J__ . _[]_ . _\L = _1_)__ .
We can, therefore, solve first L. z(_ = D and then u.v =X

where X is an unknown auxiliary vector.

vit Yy, 5o
u.v =X => v, + Y2v3 = X,
- e e o — (3.24)
V+Y'vi+1=X1
v =x
n n
Ayxy = dy
L.X=D = ax +* x. =4
R 297 2% T %
--------- (3.25)
a.x + A x =
ii-1 il i

s me B me e e me e

ax +A x =d
n nel nn n

]

Starting from i = 1, we have from system (3.25) :

81.
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X 1
12-1—-
1
X, = 1 d. -
2 X 2" %%

L I .

P Y Sy

Starting from i = n we have from system (3. 24)

Lo T

L I

This calculation. gives therefore the solution for the vector V = v,

It should be noted that the above calculation is an useful short way for

calculating V instead of by V = _I}_/I__l . D. The inverse matrix __I\LI_"l

would not be generally a tridiagonal matrix and would therefore occupy
more space than L. and U. Moreover the computation time of

L.X=Dand U . V =X is certainly shorter than the time for the

inversion of M and its multiplication by the vector D.



3.4. Initial conditions for the particulate flow

3.4.1. Initial values for the stream function

As noted in section 3.2.1, it is necessary to have some initial

. . *(o
approximation to the stream function V¥ ( ) _at the start of the

1,

computation. In the case of a two dimensional bubble the only

83.

solution available is the potential flow solution as given by Davidson

and Harrison (10).

¥ = Ubsine(r—_a_z_>
I

or in dimensionless form:

v* = psine [1.1
p2

Using the transformation given in section 3.1 it follows:

W*(O) = (e ng e-—ng

) sinmn (3.26)

In the preceding chapter, in section 2. 3.4, it was pointed out that

T has to be chosen so thatforr =r , ¥=U,  r sin®8.
oo fe s} b oo

Applied to equation (3. 26) this condition means that goo must be
E nE
chosen so that e < e

In Appendix 4 the numerical values of the grid size, which were

taken in the computation, are indicated.
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3.4.2. Approximation of surface vorticity

It was noted in section 3. 2.1, that some approximation to
the surface vorticity must be calculated, when applying the second
half step to equation (3. 8) as an initial approximation for the
calculation of the entire vorticity field at each iteration (n)=(n+ 1).
The surface vorticity has been approximated from the values of the
stream function near the surface.

A Taylor expansion of these values is as follows:

(with ‘Pl 1" 0 from boundary conditions).
3
3 2 2, % 3 3. % 4 4 % 5
* 1,0 ¥ k 3’ v k™ 8" ¥ k™ a3 ¥ 0(k)
v K(—— + = + =) = +
i, 2 (aE. ) 21 (aE 2) 31 653 ) 41 (aE4 )
i, 1 , 1 o, i,1
. (3.27)
* : b & %
g - k@ V¥, (2x)* &° w +(2k)3 3w
i3 G+ 7 GE) 3 GEs)
’ ® 1 : i,1 77 i,1
Cor)* oy’ 0(k°) (3.28)
(G—=7) +
41 a g% 1,1
b %k b S
w _ koY, (3)° (az AR (3x)° (63 W
i,4 = 3 E 2t ‘@ EZ 3T ‘g E3
. i,1 i, 1 , 1
>}:‘> 5
. (3x)* (64 vy, 0) (3.29)
] 4 3 gl =

Depending on the type of problem and on the accuracy required,
several formulae are possible and the best one has to be found by

numerical experimentation.
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In the present case two, three and four-point formulae have been tried.
Furthermore let us apply the equation for the stream function (3.1)

at the bubble surface:

2 0 v 8y
= + (e
i, 1 > 4,1
’ 2 2
at the bubble surface: ES =T
(62 \P":) _ O
5 =
an” i
% 2 %
therefore (. 1= 1 <6 v ] (3.30)
” L E i, 1

We now derive the different formulae tested:

(i) two point formula.

By eliminating (9 w"‘) from equations(3.27) and (3.28) and with
3 E !
i,1

3
a truncation error of 0(k”) we get:

2 % sk '>:.:
I S Yi3-2%
2 - 2
O B0 k
B o, - 2 '\p‘,
and using (3.30) : T, =L { i3 i,2 } (3.31)
(ii) three point formula
s 3w * .
B‘y eliminating (.5_._5_3_) between equations (3.27) and‘(?). 28) we

i1

gCt:
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% % * 2 2 4%
8 v - ¥ = 6k OW 2k 0 ¥ 4
1,2 i, 3 ( 3 E 1’1 + ('5'*?’—) + O(k )
i, 1

in addition let us consider the boundary condition for the tangential

stress as given in section (3.1):

2 g -7 sk
- o _\ (8 ¥ = el
at £€=0 rE;Tl =0 = ('5"5‘2—“) 2n (g—g‘“)

and using equation (3. 30):

1% 2 ) 2

%
o1 {Bwi,z - ‘yi,3} (3.32)
—T—T,—+2k

4).

This approximation is therefore given with a truncation error of 0(k

(iii) Four point formula

3 ¥ 4 gx
By eliminating (%——Ely—g ) and (%——5;_1;—) between the three equations
i,1 i, 1
(3.27) to (3.29) it is easy to show that:
3¢ 2% 0
E sk ES \l; ‘ a
v ' =6 ) + 18k -
1085, - 2T % 5 +4W, , = 6k(aE)il 8 (E_ET)H

and by using the boundary condition for the tangential stress as

above, it follows that:
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108 ¥ 279" 4y
gilziy i,2 i,3 7% %4 (3.33)
n ET%E + 18K2 .

the truncation of error being of 0(k5).

When the different formulae were tested in the calculation of
equation (3. 8) the following results were obtained:

(i) The two point formula (3. 31) was fou;ld to be a very bad
approximation, the A,D.I. procedure bei.ng divergent in this case.

(ii) Although the approximation to surface vorticity by- three and
four point formulae were nearly identical, it was found that the rate
of convergence obtained with a four point formula was slightly faster.
A trial made with a five point formula (not shown in the above derivatinn)
showed no significant improvement on a four point formula.

It was therefore decided to use equation (3.33) as the approximation
of surface vorticity.

Furthermore, to improve the convergence of the procedure
Jitis convenient to under-relax the surf/ace vorticity. This consists

in estimating the surface vorticity at step (n + 1) from the values

obtained at step (n) and the values which would be obtained in the

normal way. Yor this we rewrite the surface vorticity as:
- % + ES sk +
_(n ' (i€ (n) 40 T (n#1) (3. 34)
: v . Voo,
i, 1 i,1 i, 1

where cov is a relaxation factor with 0 < ®_ £ 1.

Thus if we need a very slow variation of the surface vorticity we

can set ® to alow value. The numerical value of @, has to be
: v

found by numerical experimentation (Gosman et al. (95)).
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3.5 Calculation Procedure

The procedure of calculation follows directly from the

derivations in the previous sections:

(i) At the start of the computation, the stream function field
is assumed to be that of potential flow as indicated in section 3.4.1.

The vorticity field is assumed to be { = 0 everywhere except

i}
on the surface of the bubble where initial values are approximated

by a four-point formula (section 3. 4. 2).

(ii) A new approximation to the stream function is then
calculated by the over-relaxation method. The criterion for

convergence was taken as:

* (pt) _ * (p),
i’j yi’j <€
* (pt1)
i

for all i and j

y

By trial and error, the most satisfactory value for € was found

-3
tobe E=10 .

(iii) The A.D.I. method is then started for the vorticity
equation. New estimations of the vorticity are calculated along lines
r = cst at the first half step, whilst the values of the surface vorticity
arc taken equal to the original ones.

The procedure is repeated in the second direction again with
the original values of the surface vorticity.

Then the new stream function field is calculated by over-

relaxation and a new estimation of surface vorticity is therefore

obtained by the four-point formula.
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(iv) The A.D.I. method was repeated until the following

criterion for convergence was satisfied:

Jc*(n-fl) _g ¥=)

i, 1 i, 1
% (n-}-l)
e

Recently Griffin and Meisen (96) have presented an analysis of
some convergence criteria for relaxation solutions of viscous flow
around a circular cylinder. The above criterion, according to
these authors,. is satisfactory although not the best one. In the
present case it was sufficient to apply it only to surface vorticity
values (i.e. at points (i,1)). 1In fact, if one applies this criterion
to the entire field, difficulties appear at high Reynolds number due to
the accumulation of roundoff errors at the rear of the bubble.

In addition it was found that at high Reynolds number (say
Re >50) some variables, like the drag coefficient CD, were still

oscillating even after the convergence criterion was satisiied.

In these cases the iterations were continued until C._.

was
D

-

steady. A value of & = 10 = was used throughout the calculation.

(v) After a certain fixed number of iterations the results for
the streamfunction and vorticity were printed out in order to check
the progrAéss of the calculation.

(vi) At the end of calculation all the variables neceded were

calculated.

For example, withv , y , u, the gas stream function y

the drift of a pa'rticle X, etc.
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with
Thirteen cases/Reynolds numbers ranging from Re = 0. 01 to

Re = 200 were calculated, requiring in all about 3.2 hours of

computing time on the Imperial College C.D. C. 6400 Computer.

3.6. Pressure Variations

To compare the above theory with existing ones and with
experiment it is interesting to calculate important variables such as
the pressure variations.

Let us consider equation (2.12) as given in the preceding

chapter:

o (l-e)w- Ny = - UP 4 7'y (2.12)

in which, as noted, P measures the difference in pressure between
two points on the same horizontal line.

We shall only concentrate on pressure variations along the axis of

-

rise of the bubble and arcund its surface.

3.6.1. Pressure variations along the axis of the bubble

Let us consider the dimensionless form of equation (2.12):

ES ES =2
1 Y P g 2y v (2.29)
2 Re

The p component can be written as:



% Jv v ov v % a8 v*
oo , 8 .. ,zffe L1 g
3ap p 06 P 2 4 Retladp 0 ap o)
2 x e
p2 862 < 36

In addition let us rewrite the continuity equation and vorticity

component:
! & %
ov o ave
P -a—-g— + + 56 = 0 continuity
. a s sk a sk
C‘ - Vo +V6 1 Vp vorticity
8 p e O g8

Differentiating the continuity equation with respect to p and the
vorticity component with respect to 8 and contbining the two equations

leads to:

% Z S sk Z b3

6(:‘: :,_1__ ave _L avp ) Zavp ‘-pavp
a6 0 388 o) 36 2 dp apz

By combining the above equation and the continuity equation into

(3.35) it follows that:

0 &
{v v A p Ve}_ _1_6P+_Z_{__1_ ac}
P 3o o 8 b 2 3p  Rel p a6
*
along the axis of symetry Vg =0 thus
(¢ Yp._ Ll o8 2z L 27} (3. 36)
P ap "2 3p T Re p 06 8 =0,m
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Figure 3.3 shows the paths of integration for equation (3. 36).

(i) Integration above the bubble 8 = 0

Equation (3. 36) is integrated between A and the current point X.

o]
RPN *2 %2 A
1 (P, - )+l (vp, - vpy) = 22 1 aC dp
- = A - = Y= __
2 A X 2 X Re J, P 30 6 =0
X
_ by'taking A on the outer boundary of the flow (i.e. : QA = p oo)’
% %k
thenv . =1 and P = 0.
PA A
Liet us call APl = PX = PX - PA , thuéz
Pwo
. - *
AP =1 -vp + 4 [ 1 3 C dp (3.37)
X Re Jo, o 06 6 =0

* 2 Foo *
% 1 3y } 4 2z a&
- = 1 o« — — + —_—
APy EZ{an ll'I:o Re [g- an n=0
To calculate the two derivatives 8 ¥  and 8 T  we make use of
an dn
finite differences using a four-point formula. By writing ‘I”_: j in-
Taylor expansion around points (1,j) (i.e. around N =0) for
i=2, 3, 4 itis easy to show that:
B 1 r* - ik 2w *
sy | UMY, 7 st sy (3.39)
3 n 61

1,

(3.38
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and:

4, j (3.40)

In the above derivation we have made use of the boundary conditions:

At
S

q;. ~ O g*

1, 5,5 00

J
E

co b3
The integral / aC
an
E

trapezoidal rule.

dE is then calculated using the

1,j

Note that when X is at point P (see Figure 3.3) we get the stagnation

pressure (often denoted by ko) thus:

(ii) Integration below the bubble 6 = T

Equation (3. 36) is now integrated between Q and the current

point Y as shown on Fipure 3. 3.

b
at point Q which is the rear stagnation point v Q- 0 and DQ =1,

thus:
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o)
£ X >r2 Y v
AP, =P, -P = _vVv _4 1 87 d
3 Y - — = P (3.42)
Q PY e / o 38 |e=
1
which can be written as:
= 2 € %
ap. =L L oY [ 4 8% ag
3 T EZ2 ) 3n n=1{ =" Re |  an n=1

0
To calculate the derivatives we use the same type of approximation
as in the above section (i). The expansion is now made around points

(n,j) (i.e. around M =1) and backwards differences are used.

Therefore:
e 1 w* lll* \y"{‘
3Y _ 8 n-1,j * 7 n-2,j 2 n-3,j (3.43)
anmn n, 61
S S b
% -1 -2 .44
3T _ 8 Cn«l,j +9 Cn—Z,i Cn-3,j (3. 44)
an 61
n, j
Again we used the boundary conditions Q: i =0 and gn j = 0 and

the integral in (3.42) is calculated using the trapezoidal rule.

3.6.2. Pressure variations on the bubble surface

As noted in the preceding chapter, by assuming a circular shape
to the bubble, it is impossible to ensure the constant pressure
condition at its surface. Thus there is a theoretical pressure change
around the bubble surface which we shall compute in order to

compare it with Jackson's and Murray's theory of bubble motion.
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Let us consider the tangential component of equation (2.29).

. 3 sk % 3 * ok sk . 62 b .
vote e o oe 11 0P 2 (7Ve 1 Ve
3p o 86 <} T2 P a8 Re | ap2 'p 3P
% 2 3
Ve ;! 3 vy 4 2 v, (3. 45)
T T T p% aed T o2 ae

The same type of derivation is used as in the previous section 3.5.1.
We differentiate the continuity equation with respect to  znd the
vorticity component with respect to p . Combining the two

equations:

N 2 B3 5k % B3 2 3
5 C i a Vo s 1 ave £ , 2 v , 1 3 Vo
3P dp 2 P ap 2 T p% 38 ol 802

¢ gy s 3 .
2 v v av v v %
oFr

—_—

6

ag:,:
dp

N~
'O‘*—'
'FUIN
o

ap P ae (oI

at the surface of the bubble v.. =0 and P =1, thus.

o)
3 ¥ FS &

vg 6 __ l3p ,2 3T (3. 46)
30 T2 86 Re 3dp

This equation can be integrated from the front stagnation point P

to a current point S on the surface as shown on Figure 3.3,

= -V + 4
S P oP 0S o

Re

)
ES sk Sk k2, sk g
AP. -P_ _P_=-v 2 / 3T
0 e=1




e

at the stagnation point P, V'GP =0 therefore:
sp) Y2y . de
= -V
2 + == 'y
05 Re 8 p P =1

In the transformed plane this can be written as:

AP; .1 (v
"E2 |3 E

- The same type of calculation for the derivatives

is used &s in the previous sections.

2 ;
4 8 C
§=0€+§2_[ 3

3¥%" and 3T
dE

S

(3.

dn (3.
=0

3€

90.

47)

48)

By expanding ‘1’: j and ( 1 ; around points (i, 1) (i.e. around

H

€= 0) we have:

o
S

%k " Z ;*
3y - 1Y 2 - 5 #2Y, (3. 49)
& |, 6k ]
a3ty | Tk 1180 598 5 20,
3t |. 6k
i,1

The boundary condition ¥ 1 1

in (3.48) is again calculated by the trapezoidal rule.

= 0 has been used and the integral

(3. 50)

The entire pressure drop around the surface gives the value of the

pressure at the rear stagnation point (often denoted as kl)'

SRS

AP 4 - Pa: _ P::: 4 f a '

dn
E=0 -



97.

for VBQ =0

as PP = ko thus:

” T

P .=k =k 44 3 dn (3.51)
Q 1 o Rej;r 3E| E=0

3.7. Drag Coefficient

In addition to the pressure variations it is equally interesting
to know the variation of the drag coefficient as a function of the
Reynolds number. This can be compared with the experimental

data for gas bubbles rising in a viscous liquid.

We define the drag coefficient as:

_ drag force
C = - A
D cross sectionarecaxlp (l-g)U
2 P b

For a gas bubble rising in a liquid the total drag coefficient CD

arises from two effects: CD = CDV + CDP
CDV :  the viscous. drag coefficient

Chp ¢ the pressure drag coefficient (i. e. the normal

stress contribution)

In the present case with a zero tangential-stress boundary condition:

,r=a

(1~ c)U%

dé = ¢

0
o}

n
Cpv :j[
0

Thus the only contribution is due to the pressure drag coecfficient.

NSTRN S

p

Chp = Cphp
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As indicated in Appendix 1 the normal stress is defined as:

Trr =P .2u c.jvr
p or

As shown on Figure 3,3 the pressure drag force will be :

T
F =f r T _cos 6d6
rr
0 .
and therefore the pressure drag coefficient

T

C './O‘lr-crrcosede

bDP = 1 p (1-€)Uus
> P b

or in dimensionless quantities;

T 111 b3
* dv :
C = P, cos8 de _ 8 D d 6
DP S Re. 3 -1
0 ey o) (8]
. v 2 % .
In addition we have o) - o v and therefore in the

ap p=1 ap 88 | p =1

transformed plane:

| 2

]. W
C =T P_ cos(mn )dn . 8 3~ v dn )
DP_ f S nRe 3E 3n | E =0 (3.52)

0 0

The second derivative in equation (3. 52) is calculated by a twelve-point

formula as shown on Figure 3.4
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sk 5

We can, in fact write «32 v . 8 (oy and d is
9t dn 8k \ dn dkE

calculated by a four-point formula as done in the calculation of the

%

pressure variations,while 8 ¥  is simulated by central difference.
' an
. R . ES s sk
Thas: . -llavy ,180Y , 9 oY l ,28%
3 3w an |1 N i 2 on 11,3  9Mli4
3 \an 6k
i & * *
with %ﬂ ¥itl,j " Yo, j
n i,j 21

The two integrals in CD are then calculated using the trapezoidal

P

rule.

3.8. Particle Drift

As mentioned in Chapter 1 one important variable, that may be
used in the comparison between theory and experiments, is the
particle drift, i.e. the particle displac/ernent caused by the rising
bubble as seen by a stationary observer.

A summary of previous works concerning the calculation of

particle drift in the two limiting cases of potential flow and Stokes's

flow is given in the first chapter. Experimental results are given in

a later section.

We -;oncentrate here on the theoreti.cal‘ drift obtained with the
gsolution of the vorticity and stream function eqﬁations.

For this, lct us consider a bubble rising with steady velocity

in the f_luidised bed and let us call:
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(i) O, x, y, the coordinate systems with axes {ixed with
respect to the bubble.
(ii) O', X, Y, the coordinate system with axes fixed with
respect to the particles.
Furthermore let us consider the origin of time t = 0 whenO and O

coincide.

Thus, (O, x, y) is moving with an upwards velocity U, with respect

b
to (O', X, Y) and the following relations hold:

X = x + U ¢t

b -
Y = y ) (3.53)
t _ Xe-x
Ub

Up to now we have been considering the solution of the particle flow

past a cylinder with respect to the system (O, x, y) (i.e. a Laplacian

point of view).

We have 9x v _ 0w
dt = x &y

and from (3.53) :

dX dx
—— = e +
dt dt Ub
whence:
g v
ax -J- . +U0  dt 3.54
- { 3y b } (3. 54)

We also have Ve = ;_d@ - ¥

or dt =
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Using the cxpression {or dt into equation (3. 54) leads to :

rde
'LIJ
dax ={_gy—- ¥ Ub} = (3. 55)
or

The drift X at a particular instant t is given by the integration '

of equation (3.54) from t = 0 to t.

- R
X = L4, U dt 3.56) .
/0‘ { 55 + b} ( )

In the above cquation t can be positive or negative. When the
bubble is well under point O' then t—-oc0, when it is well above
t =+ co.

In terms of polar coordinates the drift is given by (3.55)

av rd 6 :
= —_——=_ 4+ U —= 3.57
X f { - . } - (3.57)
AL or
2

From Figurc 3.5 it is easy to establish the following relations:
v =v_ sin® +v_  cos ©
y T 0

v v cos ® -v_ sin @
X T 0

Using the stream function ¥ , the above relations become:

o 1 O ¢ sin © + v cos 8
ox T oe or
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v 1 38 cos© 8w sin 0

— —— +

y T 86 ar

Réplacing d¥ in equation (3.57) givesA:

dy
av
8 U r ae .
% = —_— _ Tsin® . ™ cos @ de (3.58)
dw 8V :
T
7 Oor or

The particle drift in the x direction with respect to point O' is given
by equation (3. 58) for any angle 8. The complete drift being

obtained by :

™
n
N]F‘\o

)

e s e de "" / - s de
It
2

The derivatives 0¥ and 8y are easily computed from the solution
or a6
for the stream function ¥ . .

Furthermore we have :

Y =y

or Y r sin 6 (3.59)

and ¢ = 2nE€os 85 4h
Ub

The c01hplgte position of the particle with respect to axes O', X, Y,
is therefore determined by X and Y. The parameter t giveé the
time at which a particular position (X, Y) is reached, the origin
being when the particle is in O'.

Equations (3.58) to (3. 60) can easily be written in the dimensionless

{form in which they are used in the computer program :



. 8 3y

X = e _9n
[ 3y " P sin 6 P cos © de
14 ap 3p
2

%
Y = P sin ©
T = X - P cos ©

3.9. Gas flow stream function

Once the solution for ¥ (and therefore for v) has been

obtained from the vorticity and stream function equations using the

A.D.I. and the over-relaxation methods, the calculation of the gas

velocity is straight forward using equation (2.38) as derived in

Chapter 2
uw =v _y Fr V P, (2.38)
= X -1 2 L Ty
2 a,
b
with V¥p V' B 2 i (2. 30)
£ + 2 2
Fr

Knowing the value of the gas velocity at each point of the grid, itis
also ihteresting to calculate the corresponding stream function X
For this we shall assume that, at the outer boundary of the flow,

X is known from the potential flow solution as given by Davidson

and Harrison (10) :

103.
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u
. - ‘E‘E rsin @ {(a 1) - 3; (o, +1)
g T
b
2 . o
for r = TR o« 1 and therefore X simplifies to :
rZ
o, ~1
Xeo = Ub 1(31 r, sin 0
b
or in dimensionless form:
r. . a - 1 . .
* - X __b sin @ (3.61)
xi,n Xoo ay Peo

Between two points (i, j) and (i, j+1) (Figure 3.6) the variation of
the gas stream function AX represents the flow of gas through

(r.,, -T.). Along the radial direction there is no flow due to the
Tl &

r component of the velocity u . Therefore :

-

rj+1
AX = X - X = f
i, 341 i,i ug dr

i

To calculate this integral we shall assume a linear variation of the

gas velocity between rj and rj+1

a . - u .
. .~ G:JH 8, ] (I‘-—-I‘,) a
3] T. - T, o
JFL T

8,j

When obtaining the actual numerical values for u this was found

6 b

to be a good approximation.
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Therefore:

Xi, 541 © *i,j =
Or in dimensionless form:

V3 o
3 P sk sk

o

Thus starting from j 1 = n where the values of X, , are known

1,

from equation (3.61) it is possible to calculate the values of X j

for all the field.

3.10. Conclusion

The numerical procedure to obtain the solution of the equation
of motion has been derived in this chapter. This allows the computer
program to be written to calculate all the variables needed to compare
with already existing theories and with the experimental data.

One of the main theoretical results concerns the drift of a
particle. A great part of the experimental work has been devoted
to the study of particle movemént for bubbles at various Reynolds
numbers.

A 'sm.'nmary of the equations which have been used for the
calculation of the different variables is indicated in Table 3.1
and in the following chapters adescription of the theoretical results

obtained is given.
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TABLE 3.1

SUMMARY OF THE MAIN EQUATIONS

Stream function equation (S.O.R, method):

Ez g* _ 621y>:< s 62 ‘yﬂ:
| oK 2 3§ 2

Vorticity equation (A.D,.I, method):

i sk b % ste 2 ES %
o aT” _o¥' ot 2z [’ | &k
3 E 3n an d E Re an2 dE 2
Pressure variations: E
o)
APt 1 fev” }2 4 3z
- 1 h b P‘ = -~ — ———— + e —ilaa
axis above the bubble 1 1 R2 {6 il Re 3 ) dg
=0 g n =g
ES 2 E s
. 1 v } 4 3T
- A =, — —— ——
axis below the bubble AP, = {671 i . o] dg
n=1 n=1
o
. 2 )
1 fovw 4 3 T
- on the bubble surface AP, = - 9y } + 2 [ 2L
on the bubble surface > Ez{at £ =0 Re/ 5t E_Odn
A =
.. 1 1
Drag coefficient: 8 aZ w
, =n|] p* - — .
, CDP 5 €os (mn )dn T Re SEon dn
Particle drift:
0 """aa:
% (8] . s on
xX© = [ 3TE P sin 8 - T cos 6 (db
n ap 3P
2
Y* = P sin 0
T *

I
>

{
D
0
ol
n
@
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CHAPTER 4

EXPERIMENTAL

4.1 Experimental set-up

The two dimensional fluidised bed used throughout the
experiments was constructed with two pieces of Armour plate glass,
1.27 em thick. The dimensions of the apparatus were: 128 cm
height x 48 cm large, the two plates béing held 1. 27 cfn apart by
two cork spaceArs. The apparatus was maintained on the sides of
the plates by a set of "G. cramps'.

Compressed.air was supplied from a main line. It was first
passed through a filter and then through a reducingvalve. To prevent
any oil from the main compressor being entrained in the apparatus,
a second filter was installed on the line after the valve.

Clean air was then passed through a set of three rotameters

with flow rate ranges as indicated below:

rotameter 1 1 -101/mn
rotameter 2 5 - 601/mn
rotameter 3 12 - 120 1/mn

The air pressure measurement necessary for the calibration of the
rotametebrs~was recorded on a pressure gauge. Air was then passed
through an humidifier necessary to keep electrostatic forces in the
fluidised bed to a minimum. By controlling the temperature of the
water it was also possible to maintain the air temperature to a constant

valie which is important in the mecasurement of interstitial air velocity

as will be shown later. Air was finally injected in the bed through
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the distributor made of a piece of porous plastic (Vyon) fixed to
a brass vessel. In order to measure the pressure drop across the
packing of particles, a hole was drilled, 12 cm from the distributor
and connected to onc end of a manometer filled with mercury.
~An additional hole (12 ¢cm from disﬂtributor) was drilled and used

to inject artificial bubbles by a solenoid valve, the necessary air
was being supplied from a separate compressed air cylinder.

Three sizes of Ballotini glass spheres were used in the

experiments. Their characteristics are given in Table 4.1

Ballotini| Size range| Density Apparent | Kinematic | Minimum
grade Hom o} (g/cm3) viscosity | viscosity | of fluid-
P U (poise) | v (cmz/ isation U

P sec) |(cm/sec)

7 505-700 | 2.86 9. 5(1) 3.32 34,3
' (2)

8 440-530 | 2.86 12 4.2 25.6
(2)

10 210-325 | 2.86 9 3,14 8.9

* wvalues obtained from a curve : pressure drop v.s. super{icial
velocity

(1) visc-osity value calculated by Grace (44)

(2) viscosity value measured by Schugerl (37)

Table 4.1  Characteristics of particles

4.2 Method of measurements

As indicated in the first chapter, particle displacements and
gas velocity variations at the vicinity of a rising bubble were measured.
The two.kinds of experiments were carried out separately with the

two methods which will be now described.
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(i) Particle movements

Particles in the fluidised bed were followed with the aid of
black tracer particles (coloured with Nigrosine alcohol soluble dye).
They were photographed with a Milliken D.B.M. 5 high speed camera
operated at 400 frames per second. Kodak Plus-X Negative films
were used.

Depending on the size of the particles, the area filmed on the
bed varied from 16 x 12 ¢cm. for Ballotini grade 7 to 10 x 8 cm
for Ballotini grade 10.

It was ne‘cessary to perform two kinds of experiments:

(a) In the first case, single artificial bubbles were injected
through the solenoid valve. A typical experiment was carried out
as follows: the high speed camera was first started and abéut one
second later a bubble was injected. It was therefore ensured that,
when the bubble was in the field of view, the camera was operating
at a constant speed. A timing unit built in the camera, impressed
the edge of the film with a frequency of 100 Hz. It was therefore
possible to check the constancy and the value of the cémera speed.
The indicated value of 400 frames per second was found to be exact
and reliable.

In all cases,to obtain stable bubbles,it was necessary to maintain
the velocity of gas inside the bed below the minimum of fluidisation
defined from the pressure drop v.s. flow rate curve. The flow rate
was then adjusted so that the injected bubbles neither increased nor
cor;tx'actecl. If this waé not done,bubbles became elongated and

particles falling from the roof causecd the splitting of the bubble in
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several parts. When the gas velocity was maintained below the
minimum velocity of fluidisation, bubbles did not tend to elongate
and splitting occurred less frequently.

In order to achieve a rcasonable comparison with theory, it
is important that the bubble shape does not depart too much from the
assumed circular shape. In the case of bubble splitting, both sides
were examined and each side considered as a separate bubble
(Fi urg__é_._}_).

Furthermore only relatively small bubbles could be injected.
It was not founci possible to inject large bubbles which would remain
stable. .

Zan (1- EO)

This means -that the Reynolds number ( Re = )
Vv
P

for artificially injected bubbles remained small (<20). In order to
get bubbles with higher Reynolds number, a second set of experiments
was performed.

(b) 1In this second part, the velo(;ity of fluidising gas was
maintained above minimum fluidisation velocity. Natural bubbles
were thus rising from the distributor plate. The high speed camera
was started and occasionally a single bubble, free from visible inter-
action from any necighbouring bubbles, was filmed. Those bubbles
were much more stable than artificial ones and some of them had a
high Reynoi&s number ( ~100). "Fingering' of particles could
appear on the bubble sides but in most cases they did not produce
any bubble splitting. Otherwisec the bubble picture is the same as
indica.tec_l on Figurc 4.1.

In all cases the particle displacements were followed with the
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aid of a P.C.D. digital motion analyser. Experimental results
are presented in Chapter 5.

(ii) Gas veclocity measurements

1) Choice of method

As indicated previously, gas velocities in a fluidised bed have
been measured by two kinds of experiments: -

- in the particulate phase, by following the displacement of
gas tracer (Anwer (97), Rowe and Partridge (79)).

- in the bubble phase, thrbughflow velocities have been measured
using a hot-wire anemometer placed inside an artificial bubble made
of a fine wire gauze (Judd (98), Leung (99)).

The first method using the displacement of a gas tracer layer
caused by a riéing bubble, can only give results for measurements
done on the axis of the bubble when there is only one component of
the velocity; it is therefore a limited method. Furthermore as
seenin Anwer's experimental results, the tracer gas tends to
diffuse through the bed and orne can hardly expect to measure a "point"
variation of the velocity.

In the second method one introduces in the fluidised bed an
artificial body which will deform the flow of particles; as seen in
the second chapter the tangential shear stress on the bubble surface
is zero. By introducing a solid surface éne certainly modifies this
boundary condition.

Inthis work by measuring the velocity of tracer particles falling
froim the bubble roof it has been possible to estimate a value f'or the
throughflow velocity (Chapter 7).

However most attention has been devoted to the measurement of
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gas velocity variations within the patticulate phase. The experimental
results are presented in Chapter 6 and the following discussion is
concerned with the method of measurement which was used.

In order to obtain a reliable and precise measurement of the
gas velocity it was decided to use a shielded hot-wire anemometer.
Anemometry is one of the most success'ful and precisc methods for
the measurements of fluid velocity; once a proper célibration of
the probe has been made, it gives a direct reading of the velocity -
this is the main reason for which this method was selected.

It is obviously impossible to use an unprotected sensor within
the bed since the movement of the particles would cause impacts on
the w.ire and breqk it immediately. A shielding cage was therefore
built around the wire and its description is given in the next
paragraph. Commercial shielded hot wires (described for example
in Ower and Pankurst (100)) are big (of the order of 1 cm or more)
and would have therefore disturbed the flow. By using a standard
probe and building a cage around it, the final dimensions were
3 x 3m;rn;, this was assumed not to disturb the flow. When actually
making the experiments, no bubbles induced by the presence of this
foreign body could be scen.

As has already been mentioned, a precise calibration of the
probe is Ifequired, and the procedure is described in Appendix 2.

2) Description of the anemometry system

The basic system used was a DISA 55 M 10 constant temperature
anemometer with a standard 55 F11 probe, the scnsor of which was
3 mm long. In Appendix 2 a de séription of the theory and a

justification of the choicec of constant temperature operation are given.
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The protective cage around the sensor was made of a stainless
steel wire, 1901 m (gauge 36) diamecter, spiral-wound. The pitch
in the spiral was calculated so that the whole voidage of the cage
was close to that of the fluidised bed (i.e. ~ 0}\4). The pitch was
therefore 110 Um and was tested using a wire of known dimension
of 114 um (gauge 40) which could not paés between two loops of the
spiral. The wire diameter of 190 um was first chosen so that no
particle in the smallest range of Ballotini (210 um .325 3y, m) could
enter the cage and thus obstruct it or break the wire. Another
possibility would have been to use a hot-film probe: in our problem
the thin sensor film would certainly have been quickly erased by the
friction of the particles.

By making the cage, as described above, (i.e. with a voidage
of 0(0.4)) one ensures that the flow through it,is similar to that in
the bulk of the particles, i.e. thereis no preferential flow either
inside or outside the cage. )

The cage was cemented on both sides on two insulator plates
made o-f epoxy resin laminate (''paxoline') which were fixed on the
two leads of the probe. Care was taken to ensure that the protective
cage and the two leads were not in contact.

The actual probe is pictured on plate 4.1.a and an enlargement
of the protective cage on plate 4.1.b.

As n;ted previously the probe used was a standard DISA 55 Fl1l

probe, and the characteristics are listed below in Table 4.2
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Length of sensor 3mm
wire material tung sten
wire diameter 55U m
approximate wire resistance 8 R

. . (1)
overheating ratio - 0.8
maximum wire temperature 300°C

(1) See Appendix 2

Table 4.2. Hot wire probe characteristics

The probe was connected to the measurement bridge by a
standard support (DISA 55 A 44) and a 5m cable.

3} Experimental set-up

In order to perform the measurements a set of holes (65 cm
from distributor, 6.5 cm apart) were d}'illed in the rear plate of
the bed. They provided housing for a plug in which the probe was
fixed. -M_easurements could thus be done at various distances from
the bubble center. A description of the experimental set-up is
given in Figure 4.2. Before any experiment was started, the probe
was calibrated (see Appendix 2), and the controls on the 55 M system
were adjusted. The adjustment of the bridge balance was done by
applying a square-ware current to the probe, which was exposed to a
constant flow, the value of which was the maximum possible in the
fluidised bed. Then, the controls were adjusted so that the response
signal to the square-ware current did not show any damped oscillations

on the screen of an oscilloscope connected to one of the output sockets



118.
of the bridge ([7] on Figure 4.2). The gain and the H.F. filter of
the system were then stepwise increasced and further adjustments
of £he controls were performed at each step until adequate compen-
sation to the oscillations could not be accomplished any more. The
maximum values of the gain and H.F. filter were therefore reached.
In all measurements within the fluidised bed, the interstitial gas

du

=2 ) remained small (< 100 in

Reynolds number (defined as4Ref
Y
f

all cases). T herefore there is no turbulent component of the velocity
and no particular demand on the bandwidth of the system is required.
Thus by backing off the gain and H.F. filter switches, the system
was offering a particularly stable operation.

The fluidised bed used in the experiments has already been
described previously. The same camera (Milliken D.B.M.5) as for
the particle paths recordings was used and was operated at 64 frames
per s%acond.

As indicated on Figure 4.2 an in/jection unit [4 ] was employed
to give a pulse of a given interval to a solenoid valve [1 1] . The air
injected b.y the valve was supplied from a separate compressed air
cylinder. The valve was fixed directly on the bed wall, so that when
a pulse was given, a bubble was immediately injected into the bed.
The injection unit was also connected to a U.V. recorder [5] and
when a pu.l‘.‘se was produced, a mark was made on the paper output of
the recorder. TFurthermore a flash [ 9] was connected to the injection
unit and was illuminate_d when a pulse was produced; simultaneously
a mark was recordéd on the film m the camera. It was therefore

ensured that thevbubble rise in the bed, the output recording and the



camera were synchronized.

In a typical experiment the camera was first started so that it
reéched a steady s‘peed befére any bubble was injected. At the same
time the U.V. recorder was started by an operator. A few seconds
later a bubble was injected in the bed and at the same moment a
flash discharge was produced and a mark made on the recorder output.
When the bubble reached ﬂu?to;)ofthe‘bed,the camera and recorder
were stopped. The whole sequence of the recording was between
6 and 7 seconds.

As in the experiments for the particle movements, the flow of
interstitial gas had to be maintained slightly under the minimum
fluidisation velocity so that an injected bubble necither dilated nor
contracted. By doing so,bubbles were much more stable.

Furthermore before any experiment was started, the fluidising
air was turned on and allowed to bubble in the humidifier for some
time. This ensured that temperature and humidity within the bed
were constant and equal to those values obtained when calibrating

the probe.
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PLATE 4.la

Hot-wire probe

PLATE 4.1b

Enlargement of the shielding cage
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Figure 42 Gas velocity measurements:

experimental set-up
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CHAPTER 5

THEORETICAL AND EXPERIMENTAL RESULTS FOR

THE PARTICULATE FLOW

In the first part of this chapter, theoretical results obtained
for the motion of the particulate phase from the equations of motion

developed and discussed in Chapters 2 and 3 are presented. These

results are compared with existing theories assuming the inviscid
behaviour of the dense phase. The main features of these theories
are recalled in Appendix 3.

In the second part, experimental results for the particle motion

are compared with the theoretical predictions.

5.1 Theoretical results

5.1.1. Solution for the stream function and vorticity

Let us recall the set of equations derived in Chapter 2 and
which governs the behaviour of the particulate phase when a certain
viscosity is attributed to it. In terms of the dimensionless vorticity

and stream-~function the equations of motion are respectively:

¢t =Vl (2.19)

V T (2.20)
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2a U, (1~ 80)

AY)

with Re =
p

These two equations are solved for the particle flow around a
cylindrical bubble with the boundary conditions listed in Table 2.1.

The solutions for the vorticity Q* and the stream function ‘1’*
obtained for the following Reynolds numbers: 0.1, 1, 10, 25 and 100,

are shown on Figures 5.1 to 5.5. The value indicated on each contour

refers to the value of Q* or ¥ and for each Reynolds number the
contours were plotted for the same values of g* and 111*.

For low Reynolds numbers the solution is symmetrical with
respect to the equatorial plane of the bubble. Figure 5.1 shows that,
since convective effects are small, vorticity deveiops only in the radial
direction. As the Reynolds number increases and due to convective
effects, vorticity develops towards the rear of the bubble and the stream-
lines come closer to each other and to the bubble. This is a well-known
result in other problems of streaming flow past an obstacle.

However as can be seen on Figure 5.5, there are no vortices formed
in the rear of the bubble even for Reynolds numbers as high as 100; this
is due to the perfect-slip boundary condition which was assumed on the
bubble surface. (:F_a_b'l_e_ﬁ____l) In comparison vortices are obtained
in the case of a no-slip condition for Re = 10 (in Son and Hanratty (90) ).
Experim¢ntally, closed streamlines have been observed for a Reynolds
number as low as 6 in the case of liquid flow past a circular cylinder
(Taneda in Batchelor (101)). Following Batchelor we can say very
crudely that in the present case there is sufficient vorticity generated
at the rear of the bubble to satisfy the requirements of the perfect-slip

condition, so that no backward flow is induced near the surface.
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Furthermore as can be seen from Figures 5.3 to 5.5 the flow

of particles for Reynolds number 10 <Re <100 is only slightly
non-symmetrical and much less than it would be for a no-slip
condition (for which some contours are shown in Batchelor (101)
p. 258).

Outside the wake region closed streamlines along which particles
circulate have never been observed experimentally in fluidised beds.
We think it is important to emphasize that those particles which would
circulate along closed streamlines must not be physically identified
with particles circulating within the bubble wake. The theoretical
model developed in this work assumes that the bubble is perfectly
circular and does not include a wake. Therefore if vortices appeared
in the theoretical model, they would not represent physically the
particles in the bubble wake. What has been said above is thus some
additional justification for the zero tangential shear stress boundary
condition assumed in Chapter 2.

Once the solution for the stream function is obtained it is easy

to calculate the components of the particle velocity from the relations:

1 3w

vr— T r 36 (5.1)
. oV

v = 2l

6 £ (5.2)

(i) On the bubble surface v = 0 and the tangential velocity
can easily be calculated from (5.2) using a finite-difference formula

as described in Chapter 3. In dimensionless form:
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The variations of the dimensionless tangential velocity v 6

along
the bubble surface are shown on Figure 5.6 as a function of the surface

angle and for different Reynolds numbers. As expected from the form

and closeness of the streamlines shown in Figures 5.1 to 5.5, the

tangential velocity decreases when the Reynolds number decreases
and as streamlines move apart. The velocity is symmetrical with
respect to © = 90° for potential flow and for low Reynolds number
(Stokes's flow). For intermediate values of the Reynolds number
the maximum velocity is situated on the upper surface of the bubble

(6< 900).

(ii) It is equally interesting to plot the variations of the particle

velocity along selected streamlines. This is shown in Figure 5.7a

-

(potential flow and Stokes's flow) and on Figure 5.7b (Re = 25).

2
)

different values of the stream function contours. ( ¥ = 0 has been

[N

% EXd b3 .
On these {igures the values of v = (sz + v’e are plotted for

plotted for clearness but refers to the previous section).

Figure 5. 7a shows that the velocity field is symmetrical for

Stokes's flow but, as expected, the values of particle velocity are
lower than for potential flow.

As can be seen from Figure 5. 7b, at intermediate Reynolds

number, the maximum particle velocity along the streamlines does
not occur at @ = 90° but moves from 6 = 72° for ¥ =0 to 6 ~90°

fo- Y =1 and thento about 6 = 114° for ¥ = 3.
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All the results above refer to a set of axes moving steadily with
the bubble. If one observes the motion of a particle when referred
to ;axes fixed with respectvto the fluidised bed, it will describe a curve

which, in previous chapters, has been referred to as the drift.

5.1.2 Drift of particles

The set of equations describing the motion of particles with
respect to a fixed set of axes has been derived in Chapter 3 (section 3. 8).

The resulting curves for different Reynolds numbers are

represented on Figures 5.8 to 5.12. On each of these figures the
curves refer to the following values of the diménsionless stream
function: \1’* =0.1, 1, 2, 3.

The parameter on the curves represents the dimensionless
time Tas calculated in Chapter 3. The origin (i.e. T = 0) has
been taken at the central passage of the bubble and the value of T = 1
represents the position of the particle when the bubble has moved one
radius above position 0. In each case the corresponding curve for
potential flow has also been drawn.

In tl%e case of potential flow the net predicted movement is
upwards and curves are symmetrical with respect to the equatorial
plane of the bubble. These curves are often referred to as ''elastica'’.

At _i.ntcrmediate Reynolds number, the gross feature of the
curves obt.z\fincd is the prediction of 2 net upward movement for
particles close to the bubble (say ¥ *< 2) and a net downward movement
for particles further away (‘P*> 2). The "looping'" of particles
obtained for potential flow disappears grédually when the Reynolds

nurnber decreases and vanishes for Re < 10. In addition, for Re =10



128.

only particles close to the bubble describe a loop, otherwise as has
already been noted, the movement is downward.

The case for Stokes's flow is well represented by the curves for
Re = 0.01 shown on E_i__g_'u.re 5.8. In this last case all curves are
symmetrical. In addition it can be seen that the total drift for
particles close to the bubble axis is very large and it cén be shown
(Lamb, Hydrodynamics (105) ) that it is in fact infinite. This result
has already been mentioned in Chapter 1 in connection with Gabozr's
analysis (72).

It can also be noted that in all cases of Reynolds numbers the
final points on the curves (corresponding to 8 = 0 and & =1 ) could
not be calculated numerically. For these values the particle is at
infinity on its streamline and therefore outside the grid of integration
as defined ;1n Chapter 3.

The total drift volume can be written as:

D = / o Xdu (5.3)

and what has been noted previously implies that the net drift volume
could not be calculated. However the drift volumes obtained for
the two limiting cases of Stokes's flow and potential {low are well-known

results:

(1)  in the case of Stokes's flow it has been said previously
that the drift X is infinite. Therefore, according to (5.3), the drift
volume is infinitef

(ii) in the case of potential flow, it is easy to show from the
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expression of X as defined in AEE‘ endix 3 that D = TP az which is
thg mass of liquid displaced by the circular cylinder.

Thus the above results imply that the predicted mixing of
pai‘ticles in a fluidised bed is more important for Stokes's flow than
for potential flow.

Another interesting result is to plot the variations of the particle

velocity along its path line. This is shown on Figures 5.13a and 5.13b
for potential flow, Stokes's flow and Re = 25, and it is seen that the
particle velocity presents two maxima. This can easily be understood
qualitatively ifvone considers the theoretical path lines as they were

described above (Figures 5.8 to 5.12). Consider for example the case

Re = 25 and ¥ = 0.1 shown in Figure 5.11 : the particle starts

from rest when T ~ - o0 and then accelerates when it is pushed upwards
by the bubble. When the bubble reaches the region of the central
position (say T = -1) the particle begins to describe a small loop and
deccelerates to reach a minimum value. It is then carried upwards
with the bubble and therefore accelerates again. The velocity reaches

a maximum and then decreases again until the particlf; comes at rest
when T ~ *+ co.

A usciul way of visualizing the displacement of particles caused
by the bubble is to calculate the deformation of an initially horizontal layer
of particles. This can easily be calculated from the drift curves
described above.

In the present case the undisturbed horizontal line was assumed
to be situated threc radii above tli- center of the bubble, i.c. at points
corresponding to” T=3 on the drift curves. Thus these curves were

recalculated taking T= 3 as a new origin T' = 0 and all points T' = 0
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were taken on the same horizontal line. Then lines of equal T' were

calculated and are shown on Figures 5.14 to 5.16 for three cases of
Reynolds number, Re = 1, 10, 100. Some streamlines for the

particle motion have also been represented and are indicated by their
dimensionless value. It is perhaps easier to see from these figures

that the net displacement of particles (upwards and downwards) inc.reases

when the Reynolds number decreases.

5.1.3. Drag coefficient

The drag coefficient CD predicted from the present theory is
calculated in Chapter 3 (section 3.7). It has been shown that the only

contribution to C_ arises from the pressure drag coefficient C

D DF

which was calculated by equation(3.52) The variation of CD as a

function of Reynolds number is shown on Figure 5.17. The drag

coefficients for gas bubbles in liquids as well as the theoretical
models for solid cylinders and spheres are also plotted. Hadamard's
model (Re <1) and Moore's model (Re > 10) refer to tangentially-free
spheres. _

It was thought interesting to plot Parlange's model (102) for
spherical-cap bubbles (Re >100). In his closed wake model Parlange
assumes that the bubble occupies only a small part of the closed
region and has no effect on the hydrodynamics of the wake; this is not
true for a.\{:)ubble rising in a fluidised beg. Nevertheless this model

gu

corresponds to a high-M liquid (M = 0}3 , where o4 is the surface
P19

tension of the liquid against the gas) and to a bubble rising according
to Davies and Taylor's relation. This seemis to be the case in a

fluidised bed as will ¢ seen later.



However it can be seen from Figure 5. 17 that predicted values
of CD are higher than those obtained in the present theory. On this
figure, solid curves refer to theoretical models, dotted curves to
experimental data (references to be found in Harper (103) ).

lost of the experifn_ental data in the literature
refer to three~dimensional bubbles. Two sets of experiments by

Haberman and Morton (in Harper (103) ) are shown in Figure 5.17

for a high and a low value of the dimens-ionless number M. Data
by Tritton (in Batchelor (101) ) for a rigid cylinder are also given.

For values of Re greater than 0.5 :the drag coefficient obtained
in the present theory is, as expected, lower than the one obtained
for a no-slip condition on the bubble surface. However. for low va1|;1es
of the Reynolds number the drag coefficient becomes higher than
Oseen's approximation for a rigid cylinder. It is very difficult
to suggest a satisfactory explanation for this behaviour.

Among the liquid-like properties of a fluidised bed some
authors have attribﬁted to it a certain surface tension (e.g. Gelperin
and Einstein (40) ). The same type of analogy as for viscosity
(Chapter 1) has been derived: it i.s possible to obtain the same
mathematical expression for the variation of © 1 with temperature

in a liquid as for the variations of ©_ with the fluidising fluid

1
velocity U..

However very few numerical values have been calculated for
o (Furukawa and Ohmae (32) for three-phase fluidisation) and the

- introduction of such a paramecter seems quite arbitrary. But if one

admits the order of magnitude of Furukawa and Ohmae's data for

medium sized particles, then:
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pp ~ 3g/cm3 (e. g. Ballotini)
g =)Y0 ~
( 1 ) b 100 dynes/cm

U~ 10 poises
p p

4
g u .
thus M = ___P___E_ = 3 which corresponds to a liquid with a

g
®p %

rather high M value. This helps to situate on Figure 5.17 the

experimental data which could be obtained for a gas bubble in a
fluidised bed. Nevertheless such data seem very difficult to
obtain since: |
~ the true shape of the bubble has to be taken into
account
- viscosity data, particle velocity and pressure
measurements are still very few and unprecise.
Finally, from the theoretical results, a good representation of
C_. for low Reynolds numbers is given by the following relation:

D

_7.32

CD~ Re

Re <1

with an error of 4% for Re = 1.
This can be compared with other theoretical predictions:

24

R (Stokes's law)

rigid sphere :

tangentially-free sphere: %é (Hadamard Rybczynski's result)
e

rigid cylinder : —*———g—%-z- (Oseen's approximation
Re 1n ( Re ) Batchelor (101) )



5.1.4 Variations of the bubble Froude number

Ul
b
An expression for the Froude number {Fr = oa ) has been
derived in Chapter 2 (section 2.4.3). This was done by ensuring
that pressure variations remained small on the surface of the bubble

near the apex of the bubble. The variation of the Froude number

as a function of the Reynolds number is represented in Figure 5.18.

The Davies and Taylor result for potential flow, Fr = 0.250, is the

asymptotic value when Re is large and is represented by a dotted line.
As. can be seen,there is a predicted maximum for the Froude

number of Fr = 0.35 corresponding to Re~5. For lower values of

the Reynolds number, the value of the Froude number decreases sharply

while it tends towards the Davies and Taylor result for high Reynolds

number as.explained in section 2.4.3. Itis worth remarking that an

analytical result can be obtained for low Reynolds numbers in the

Re (Appendix 5).

W

three~dimensional case as: Fr =
The occurrence of the maximum can be understood qualitatively

by considéring the expression derived in Chapter 2:

Fr = - 21
(6 v > 2 62 C
80 Re dp o6 o =1
6 =0
avé
On Figure 5.6 , 30 represents the slope at the
=1
6 =0

origin of the curve va;(Q) . Therefore it can be scen that the decrease
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e
-

ov

of 35

is greater when Re decreases from 100 to 10 (say) than when

it decreases from 1 to 0.1. One can also see from the vorticity contours

(Figures 5.1 to 5.5) that vorticity variations with Re are smaller

for Re >10 (say) than for Re <10,
Thus when the Reynolds number decreases from high values

where the Davies and Taylor result applies, the main contribution

At
b

to the Froude number arises from a"e which decreases rapidly
a0

with decreasing Re; consequently Fr increases. For lower Reynolds
number the second term in the denominator becomes greater while
- . By, '
the variations in 0 are smaller. Thus Fr decreases.
ae
Some experimental points obtained in this work for bubbles in a

fluidised bed are also plotted on Figure 5.18. These results were

obtained from experiments carried out to measure the gas velocity
variation around a bubble (described in Chapter 6_). In these experi-
ments, the bubble Reynolds number and the Froude number were
calculated using measured values of the bubble velocity and bubble
radius as well as viscosily and density data as given in Table 4. 1.

As often happens in this type of measurement there is a large
scatter. In addition the experimental points represent the Froude
number for artificially injected bubbles and thus the range of Reynolds
number obtained is very narrow (10< Re <30). However it can be
seen, as many authors have already reported, that the Davies and
Taylor result is a good average value for the bubble velocity.

In the present case the experimental results are inconclusive as
far as the variation of Fr with Re is concerned, and experiments would

ha+ . to be conducted to cover a much wider range of bubble Reynolds
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numbers to provide a real test of the theory.

5.1.5 Voidage variations

The variations of voidage around the bubble have becn calculated
from the calculated par.ticle velocity field using Jackson's method as
explained in Chapter 2 (section 2.4.4). ~The voidage is given from
Carman Kozeny's equation by: |

B
€ = VAl with Y= —EO'

1—80
VY

€o
Some integration pa’chs and lines 1/Y = const are shown on

Figures 5.19 to 5.22 for increasing Reynolds number. Figure 5.22

refers to Jackson's solution (11).

It can be seen from these figures thatthe region which cannot
be reached by integration of the differential equation in y becomes
very large when Re decreases, the corresponding variations of ¥
being much smaller,

For Re = 1 the minimum value obtained is 1/ ¥ = 0. 90 (i. c.

€ = 0.413), for Re = 10: (1/Y) . = 0.70 ( €= 0.444), for
min
Re = 100: (1/Yy) . =0.50(€=0.571).
min

In order to get a solution for the gas flow in this inaccessible
region, it was assumed that the voidage fraction was constant and
equal to the value obtained on the border of the region. This was taken
in each case as a first approximation (e.g.1/Y= 0.5 for Re = 100,
1/v =0.8 for Re = 10).

Nevertheless it should be emphasized that Jackson's method of

obtaining the solution for the voidage € in cases of low Reynolds
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numbers is not very satisfactory since no solution is obtainable for
a large region above the equatorial plane in addition to that below
the bubble.

The variation of the voidage fraction on the vertical axis

above the bubble is represented on Figure 5.23 for Reynolds numbers

between 0.1 and 100. Aé before it can be seen that voidage changes
are small for low Reynolds number and increase with increasing Re.
Experimental data obtained by Lockett and Harrison (7) are also
plotted on this figure. As can be seen, the agreement with Jackson's
| theory and with the present theory for a typical intermediate Reynolds
number (say Re = 10) is very poor and shows the need for many
more measurements,
Nevertheless if is interesting to note the very small variations

in voidage that are predicted at low Reynolds numbers.

5.2 Experimental results

Experiments were performed by recording the displacement
of coloured tracer particles with the aid of a high-speed camera.
Results as they were obtained directly from analyzing the cine-films are
first presented and show the particle movement with respect to
stationary axes. Then results are given in terms of streamlines

(with respect to axes moving with the bubble).

5.2.1 Results with respect to stationary axes

Paths of particles are shown on Figures5.24a to 5.26b. For

each size of particles two typical results are presented: -

- figure (a) concerns artificially injected bubbles
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- figure (b) concerns natural bubbles.

The reason for which thes¢ two kinds of experiments have been
pei'formed has already been explained in Chapter 4 : broadly speaking
they were carried out to test the difference in behaviour of the
particulate phase between minimum fluidisation conditions and the
fully fluidised state.

For each figure theoretical models for potential flow and for
the nearest calculated Reynolds numberhave been plotted. It was
in fact impossible to compute all the theoretical values of Re corres-
ponding to experimental results. Furthermore the experimental
value of the Reynolds number is calculated from the measured bubble
radius and bubble velocity and from viscosity data which are unprecise.
Thus the experimental value indicated on the figures is only approximate.

- Examination of these results shows the difference betwe en injected
and natural bubbles.

(i) Natural bubbles are more stable and thus generally larger.
They also rise more rapidly than the injected bubbles so that the Reynolds
number is greater.

In addition the displacement of the particles is much greater. In
one case (Ballotini grade 8) complete looping of particles starting

their motion near the bubble axis was observed (Figure 5.25b).

For smalle.;j particles this looping was not observed since bubbles
tended to be more unstable and particles situated near the bubble axis
fell through the roof rather than flowing around the sides, Larger sized
particles (Ballotini grade 7) ended théir motion before being carried

upwards’in the bubble wake.
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(ii) For injected bubbles the net movement of particles is down-
wards and qualitatively similar to that observed by Gabor (69, 72). Loop-
ing‘ of particles was never observed in this case. In fact all particles
situated near the bubble axis at the inception of their movement were
falling through the bubble roof. This cagsed frequent splitting and
elongating for injected bubbles. Although some of Gabor's experiments
concern natural bubbles (72), these bubbles are much smaller than
the ones for which looping was observed‘ as indicated in the previous
section. Therefore we suggest that Gabor's experiments were not
appropriate to provide a real test of the potential flow theory.

Furthermore for injected bubbles the movement of particles
extends to about two bubble radii. For natural bubbles it extends much
farther to about 5 bubble radii.

Comparison with the theoretical models leads to the following
conclusions:

a) Naturally occurring bubbles -

For particles starting their movement very close to the bubble
axis, potential flow is a reasonably good solution. Experimental
values of the Reynolds number are ‘quite high (~ 50) and in this case
looping of particles is observed. Furthermore it can be seen from

Figure 5.25b that the experimental looping is symmetrical with respect

to the eqtiatprial plane of the bubble as predicted from the potential
flow theory. The theory developed in this work and incorporating the
cffects of viscosity in the particulate phase does not represent
~adequately the movement of such particles.

For particles starting their movement farther from the axis,

potential flow is not satisfactory since cxperimental movement of the
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particles is not symmetrical and looping is not observed. The present
theory describes, at least qualitatively, the movement of those particles.
However it predicts a greater downward movement than obtained
experimentally.

b) Injected bubbles

For these bubbles the present theory gives a better qualitative
description of the particle movement than potential flow. However in
this case all movement vanishes very rafidly when moving away from
the bubble and ceases for -3 > 2. This suggests that a Newtonian behaviour
is not realistic in this case and confirms Schigerl's distinction (39) between-
a semi~-fluidised bed and a fully developed bed.

The analysis of the cine~films also permits the calculation of the
particle velocity along its path line. -Variations of the particle velocity
as a function of its position on the path line represented by the angle ©

are shown on Figures 5.27 to 5.29. On these figures each broken line

refers to a particle. Only results concerning natural bubbles have
been plotted since they can usefully be comparal with theoretical
predictions.

The important result shown on these figures is that the maximum
velocity occurs at © >900. These results can usefully be compared

with theoretical predictions (Figures 5.13a and 5.13b) which show that

there is either one maximum at 8 = 90° for potential flow, or, at

lower Reynolds numbers, two maxima for € <90° and 6 >90°, The first
maximum is not observed on the experimental curves which suggests
that potential flow is a better representation of the particle velocity

at least {or particles situated close to the bubble axis, Fo¢ o these

particles (the upper broken curves on Figures 5.27 to 5, 2‘_.4"" ‘he
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maximum value for the velocity is situated closer to 6 = 909 as in
potential {low theory. However for all curves the thepretical and
experimental maxima do not coincide.

Tuot and Clift (104) suggested that the maximum particle velocity
occurs on the lower part of the bubble, in interpreting their measure-
ments of heat transfer coefficients around injected bubbles. Their
results show that the flow of particles is highly asymmetric. They
also suggest that Gabor's model of Bingﬁam -— plastic (72) is consistent
with their observations. This last result is confirmed by the present
experiments on‘injected bubbles where it has been shown that a

Newtonian behaviour is unrealistic.

5.2,2 Results with respect to axes moving with the bubble

By using relations (3.53) defined in Chapter 3, it is easy to
calculate the streamlines corresponding to the particle paths shown

on Figures 5.24a to 5.26b , i.e. :

(3.53)
y = Y

X, Y refer to stationary axes and therefore represent point
coordinates on the particle path.

X, ¥ refer to axes moving with the bubble and represent point
coordinates on the streamlines.

The transformed figures in terms of streamlines are shown on

Figures 5.30a to 5.32b . On these figures the calculated theorectical

streamlines corresponding to the nearest estimated Reynolds number

are also plotted. Lines T' = const as defined at the beginning of this
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chapter (section 5.1, 2) are also shown for the corresponding Reynolds
number and for potential flow. The line T' = 0 corresponds to an
undisturbed horizontal layer of particles situated three radii above
the bubble center.

It can be seen that the duration . of the movement of particles
(i. e. the length of the experimental streamline) is much smaller for
injected bubbles than for natural bubbles. In other words the radius
of influence of the bubble is less important for injected bubbles. This
result was already obtained by considering the particle path lines
which showed that particle motion vanished for particles situated more
than about two radii from the bubble.

The results'for natural bubbles are more useful since an important
part of the streamline is obtained experimentally.

(i) As far as the predicted asymmetry of the particle flow is
concerned, no asymmetry can reasonably be found from those results.
This is not necessarily in contradiction with the experimental results
of Tuot and Clift (104) who suggested that the flow of particle isr
highly asfmmetric. Their results concern injected bﬁbbles and the
different behaviour of theée bubbles and natural oncs has already been
emphasized.

The difference between potential flow and flow at, say, Re = 25
or Re = b0, falls within experimental error, i.e. there is often a
difference in abscissa, positive or negative, between the starting and
the terminating positions of the particle. This renders quantitative
comparison difficult siﬁce it is not possible to attribute a dimensionless

stream function valuc to a particular experimental streamline.
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Furthermore the asymmetry for those intermediate Reynolds
numbers is not very pronounced.

(ii) The total drift of particles obtained experimentally is much
less than that predicted by all Newtonian theories, as can be seen

from Figures 5.24a to 5.26b, showing particle path lines. Thus

lines T' = const differ sensibly from theore,tical predictions for
T' >3, i.e. for positions situated below the equatorial plane of ﬂle
bubble.

A more conclusive and quantitative result can be obtained from
the particle velocity as it moves on its streamline. These results are

shown on Figures 5.33a to 5.35b where the vertical component of

the particle velocity Vx has been plotted as a function of the particle
distance from the bubble center at the central passage of the bubble
(6 = 90°). | From these figures it is very clear that,

(i) The movement of particles for injected bubbles does not
extend more than two bubble radii from the bubble center.

(ii) There is no influence of the Reynolds number as shown on

figures co'ncerning natural bubbles (Figures 5.33b, 5."34, 5.35b).
(iii) For particles close to the bubble axis (say y*< 1.5)
potential flow is the best representation of the variations in particle
velocity. TFor particles further away all theories are close and fall
within expé'rimental error. In this former case experimental results
are therefore inconclusive.
(iv) In the case of artificial bubbles, no theory describes

adcquately the variations of the particle velocity.
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5.3 Conclusion

Genecral conclusions concerning results for both the particulate
phase and the gas phase are given in Chapter 8. However as far as the
particulate phase is concerned it is possible to summarize the main
results as follows:

(i) no improvement has been obtained by introducing a Newtonian
viscosity in the equation of motion.

(ii) the difference between a semi-fluidised bed and fully
devecloped bed has been shown experimentally.

(iii) in the case of natural bubbles, complete looping of
particles situated near the bubble axis has been observed.

(iv) the experimental drift obtained is much lower than that
predicted by Newtonian theories,

On aA theoretical point of view, a general solution has been
presented for the flow around a circular cylinder with a zero tangential
shear-stress at the cylinder surface. V/Ve believe that these results
might be of.some interest since they are not presented elsewhere
particularAly in what concerns the drift of a particle w};ere only

potential flow solution is available.
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Figure5.8
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- Figure 5.9
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CHAPTER 6

THEORETICAL AND EXPERIMENTAL RESULTS FOR THE

GAS FLOW

The structure of this chapter is identical to that of Chapter 5
in which the results for the particulate flow were discussed.

In the first part of this chapter, theoretical results for the gas

flow obtained from the viscous theory derived in Chapters 2 and 3
are presented and compared with predictions from other theor;les.

In the second part, the experimental results obtained with the
aid of the measurement technique based on hot-wire anemometry,
and described in Chapter 4, are presented and compared with

theoretical predictions.

6.1 Theoretical results -

The gas flow field is easily calculated when the solutions for
the particle velocity and the gas pressure gradient are known. The

momentum equation for the gas phase reduces to: (Chapter 2)

u .

v Vp ~ (2.25)

L
B

or in the dimensionless form:

Ql*zi
"

v e (2.38)

lon
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The solutions for the ratio of particle fluid drag coefficients
2

U
Y = B o) and for the Froude number, FIFr = _b_ , as a function

of the bubble Reynolds number, have been discussed in the previous
chapter (sections 5.1.3. and 5.1.4).

We shall, therefore, be concerned first with the solution of
the pfessure field and then with the solution for the gas velocity

obtained from (2. 38).

6.1.1 Solution for the pressure field

The gas pressure gradient can be calculated from equations

(2.29) and (2.30) which were derived in Chapter 2:
CARS'AD AN U AN N T A (2.29)

with -V P _ ¢ P, 2 i (2. 30)
where i is a downwards unit vector.
By combining equation (2.29) with the continuity and the
vorticity equations, it has been shown in Chapter 3 (section 3.6)

that the two components of the pressure field can be calculated by:
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2 p 08 Yo ap o 36 P Re 0p
(6.2)

In the computer I;rograrnme the velocity and vorticity derivatives
are simulated by finite difference formulae as described in Chapter 3.
Thus the two components of the pressure grédient are calculated from
the two equations (6.1) and (6.2).

In order to achieve a useful comparison with existing theories and
with experiments, the above equations were integrated along selected

paths, i.e. on the axis of rise of the bubble and on the bubble surface.

a) Pressure variations on the axis of the bubble (section 3.6.1)

Theoretical predictions of the dynamic pressure:

. P‘f are shown on Figure 6. 1.
= + p cos 8

o 1D(l-~ e Jga

It must be noted that on this figure the gas pressure P‘? has been
normalized with respect to p (1~ so)ga and is therefore related
p

to the gas pressure obtained from the solution of equation (2. 30) by:

' 1 e 2
P, P L 3 Dp(l Jul
g =T - 2 . ;
o p(.l e )ega 3 op(l e )U p (1-€ )ega
B sl Fr
- P = . .
or ¢ Pf > (6 3)

Three cases obtained from the present theory, Re = 0.01, 1, 10

as well as predictions from Davidson's (10), Jackson's (11) and
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Murray's (12) theories are plotted on Figure 6.1. In the casc of
Jackson's and Murray's theories the results refer to a bubble rising

with a velocity given by the Davies and Taylor approximation

1

(u, = 5 (g2) *).

Ahead of the bubble, i.e. along 6 = 0, all the predictions fall
below Davidson's theory. In addition it can be seen that the pressure
variations obtained from the viscous theory are significantly different
from Jackson's prediction only for low Reynolds numbers (say Ré <10).
Stokes's flow is again well represented by the curve for Re = 0.01.

For low Reynolds numbers, the prédicted point of zero pressure
is situated above the centre of the bubble. When Re increases this
point moves towards the bubble center. Stewart (42) uses this result
to estimate a value for the particulate phase viscosity . (His argument
is developed in Chapter 1, secti.on 1.2.1).

In the rear of the bubble (6 = 180°), the viscous theory predicts
a larger change in pressure for very 1o;r Reynolds'numbers than
Davidson's theory. It must also be noted that the recovery in pressure
is much slower than Davidson's prediction. This is partly due to
round off errors which are accumulated in the computation in the
rear of the bubble and at large distance from the bubble center.

It is interesting to compare these theoretical predictions with
some expe;imental data by Motamedi (106) and Littman and Homolka
(6). Both sets of resul‘ts arein good agreement together. They also

show that the change in pressure is greater at the rear of the bubble

than it is at the bubble nose. This is predicted by the viscous theory



developed in this work.

However the experimental value of the Reynolds number '
calculated for Motamedi's results is Re = 104 and therefore his
results do not coincide with theoretical predictions since the curve
for Re =100 is very close to Jackson's theory. On the other hand the
value of Re = 104 in Motamedi's results seems very high. It was
obtained for Ballotini grade 10, also studied in this work, and for
artificially injected bubbles. The average bubble velocity and radius

from his results predicts a Froude number(Ub ) of about 1, in
ga

contradiction with many other published data (e.g. Littman and
Homolka (112)) and with the present experimental results which
suggest that Fr =O 25 (Davies and Taylor's result) is a good
approximation.

Desﬁite this, intermediate values of the Reynolds number (say
Re = 10) still predict values which are too low. The agrecement is
better with Stokes's flow (Re = 0. 01) “This is the only result to
predict the larger dynamic pressure change at the rear of the
bubble than Davidson's prediction that has been found éxperimentally.
In addition the point of zero pressure on the axis of the bubble is also
well predicted by Stokes's solution and the recovery in dynamic
pressurc can extend experimentally up to 8 bubble radii below the
rear staénation point (Littman and Homolka (6)).

Nevertheless, it i:s not very clear physically why Stokes's
solution fits experimental data at least as well as Davidson's theory.
As Jackson's solution, .which is based on the interaction between the

particle momentum and the pressure gradient, fails, it would suggest

188.
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that interparticle forces are of major importance in determining

the pressure f'}eld around the bubble while particle momentum has a
negligible effect. However it has been shown in Chapter 5 that Stokes's
solution is not an adequate representation of the particulate flow.

Thus, presumably, Davidson's approach which assumes that the
percolation of gas through the particles is géverned by Darcy's law
should be preferred. This is also Littman and Homolka's conclusion
from their experimental results (6). They show that the pressure

field is Laplacian and therefore that voidage variations near the

bubble are small,

b) Pressuie variations on the bubble surface.

In this case only theoretical predictions are shown on Figure 6.2,
In this figure the dynamic pressure as defined in the previous scction

{P'*f + P cos 9) is plotted as a function of the surface angle.

f

The experimental value of the gas pressure P' is known to be
constant on the bubble surface and thus Davidson's theory for the

gas motion which includes this boundary condition is presumably the
best representation.

Furthermore Figure 6.2 shows the failure of Murray's or
Jackson's solution for which the predicted dynamic pressure at the
rear stagnation point is equal to that of the front stagnation point,

It can also be see;1 that in the case of the viscous theory the
pressure variations are small near the front stagnation point (say

8 <30°9) as expected from the Davies and Taylor-type approximation

which was enforced.
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The minimum pressure occurs on the side of the cylinder
for intermediate Reynolds numbers while it is situated at the rear
stagnation point for Re<<l, These results are thus qualitatively

identical to those obtained for a rigid cylinder (Batchelor (101)).

6.1.2 Stream lines of gas flow

Once the solution for the pressure gradient has been obtained
from equations (6.1) and (6.2), it is easy to calculate the gas velocity
field using equation (2.38) as given at the beginning of this chapter.

An important result concerns the variation of the radial com-
ponent of the gas velocity. This is shown on Figure 7.3 in the next
chapter in connection with the calculation of the bubble throughflow
velocity.

However the predicted results for the gas flow field are best
visualized when presented in terms of a gas stream function y .

This calculation is discussed in Chapter 3 (section 3.9) and the results

are shown on Figures 6.3 to 6.5 for three cases of Reynolds numbers:

Re = 0. O‘i, 10, 100. On these figures Davidson's solution (10) is
also plotted for the same values of the dimensionless stream function
and, as in Jackson's theory (11), only the upper part of the bubble

is plotted since it has been shown in the previous chapter that the
solution i_s‘ very doubtful below the equatorial plane of the bubble.

For each Reynolds number two valucs of @ b? Olb = 0.5 and

oy = 1.5 are plotted.

For all cases of Reynolds number, the patterns of the gas strcam

lines are qualitatively similar to those obtained by Jackson (11). 1t



191.

can be seen from Figures 6.4 and 6.5 that the gas flow is certainly

asymmetric with respect to the horizontal equatorial plane of the
buBblc. In the case of Stokes's flow this asymmetry is less apparent
and the streamlines resemble those obtained in Davidson's solution.

A more valuable comparison can be made by plotting on the same
graph the different cloud sizes obtained for various values of the

a, >1). Four

Reynolds number and for an identical value of o ( b

cases are shown on Figures 6.6a to 6.6d with q = 1.25, 1.50, 2

and 5. Davidson's solution for the cloud size is also plotted on these
figures.

As expected the cloud dimension decreases when Q b increases.
For large Reynolds number it is close to Jackson's solution. In
the case of low Reynolds numbers (say Re <5) the predicted cloud
sizes are larger than in Davidson's theory. For Stokes's solution
the cloud is well represented by a circle while for higher Reynolds
numbers it is asymmetrical, as in Jac_kson's solution.

The same kind of comparison can be achieved by plotting the

e . . . . . r
variations with of the dimensionless cloud radius c as

a

b
measured on the axis above the bubble for different Reynolds
numbers. On this figure the two marked experimental points
correspond to measurements carried out in this work. They are
discussed in the next section.

All the experimeﬁtal results to be found in the literature
show that Davidson's solution is an upper value for the cloud sizec,
which is better represénted by Jackson's theory (or by Murray's theory

which is very close to Jackson's theory in this case). Thus Stokes's
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flow also predicts a cloud size which is too large and which disagrees
with the experimental results. On the contrary the cloud dimension
obtained for intermediate Reynolds numbers (10 < Re< 50) agrees

fairly well with experimental data (Figure 6. 7).

6.2. Experimental results

Measurements of the interstitial gas velocity around artificially
injected bubbles were carried out using the method described in

Chapter 4 and Appendix 2. The position of the hot-wire probe could

be varied in the fluidised bed so that measurements could be performed
on the bubble axis and around the bubble sides. Two typical outputs

from the U.V, recorder (Chapter 4) are shown on Figures 6. 8a and

6.8b and are discussed below.

6.2.1. Measurements on the bubble axis

Figure 6. 8a refers to a typical measurement when the probe

is situated on the bubble axis. The output curve can be divided into
several portions:

- point A corresponds to the injection pulse given on the injection
unit, At the same time the synchronization flash is discharged and
the solenoid valve is opened.

- section AB of the curve represents the injection effect on the
probe. hen a bubble is injected into the bed, there is an upward
movement of the particles and an increasc in gas velocity as shown
on the output.

- scction BC corresponds to the bubble travelling within the bed

towards the probe. The total length AC represents about 40 cm in



the fluidised bed from the injection point to the probe.

- section CD represents the rise iﬁ gas velocity when the
bubble approaches the probe. The maximum velocity is reached at
point D which corresponds to the apex of the bubble.

- section DG represents the period when the probe is inside
the bubble and corresponds to a sharp decrease in the gas velocity

acting on the probe. This can be easily understood if one considers

that inside the bubble the voidage is nearly unity and that consequently

the gas tends to flow around the cage rather than to flow through it.
Thus, as far as quantiative measurements are concerned, section DG

is not useful and does not permit the measurement of the through flow

193,

velocity. The increase in velocity between points E and F corresponds

to particles falling from the bubble roof on the cage thus creating
a "knife' of particles where the voidage fraction is less than unity.

- section GH represents the decrease in velocity from the rear

-

stagnation point of the bubble, until the velocity reaches a steady value

equal to the valﬁe preceding the injection of the bubbleT
The zero gas flow level has been drawn on the bottom part of
the curve and thus the distance d represents the interstitial velocity
far from the bubble. This is the value which has been taken in the
U

calculation of the dimensionless parameter Olb . _b
u
o

The central passage of the bubble as noted on the output has been
determined {rom the cine films.
It must be noted that the curve on the U.V recorder represents

the value of the vertical component of the intcrstitial gas velocity
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with respect to stationary axes. It is easy to calculate the gas
velocity with respect to axes moving with the bubble once the velocity
of the bubble has been determined from the cine films.

Some experimental results are shown on Figures 6.9 to 6.13.

On each figure the curves predicted by Davidson's (10), Jackson's
(11) or Murray's (12) theories have been drawn. In the case of the
viscous theory, Stokes's solution (Re = 0.01) and an intermediate
value of the Reynolds number are also plofted.

The conclusions appear to depend on the particle size.

(i) Considering Figures 6.9 to 6:11 which concern bigger

Ballotini (grade 7 and 8, i.e. 600 um and 430 um.) for which

o, < 1 it can be seen that there is a large scatter in the results
especially for measurements above the bubble. This is mainly

due to theA injection effect of the bubble. In many cases the recovery
in velocity was not completed and thus data for a distance greater than,
say, threc bubble radii are somewhat doubtful.

However for distances smaller than three'bubble radii, it can
be seen that most of the experimental points lie between Davidson's
and Murray's theoretical curves. The maximum value predicted
by Davidson's theory on the bubble surface is not obtained experi-
mentally. As far as the viscous theory is concerned, theoretical
predict;lons for the intermediate value of Re plotted, underestimate the
values of gas velocity. .:

Below the bubble, although Davidson's theory predicts values

of the gas velocity which are too high, it is a better representation

of the experimental results than Murray's theory which fails badly

in this case.



(ii) For smaller Ballotini (grade 10, i.e. 270 um), the
parameter o is greater than one and therefore there is a cloud of gas
around the bubble. Two sets of experimental results are given on

Figures 6.12 and 6.13.

In this case of small particles {or which a . > 1, Murray's theory

b
is a better representation of the gas velocity than Davidson's prediction.

The agreement is very good with Murray's theory for measure-
ments above the bubble. In addition, with these particles, the recovery
in velocity after the bubble injection was achieved in almost all cases
and thus scattering of the results is less _importaﬁt.

The agreement is not so satisfactory for measur.ements below
the bubble. It can be seen that the decrease in the gas velocity is
sharper than predicted. Howéver the maximum velocity obtained from
Murray's theory at the rear stagnation point agrees very well with
experimental results.

Although the viscous theory for an intermediate Reynolds number
agrees fairly well with experimental results it does not really improve
Murray's theory in this case.

Results on Figures 6.12 and 6.13 also permit the calculation of

the dimensions of the gas cloud on the bubble axis. The dimension of

the cloud corresponds to the points where u, = 0. It can be seen from
these figlilﬁqs that the dimension obtained experimentally at the rear

of the bubble is very small and duc to the bubble wake. This is in agree-
ment with published data. At the front of the bubble experimental and

theoretical predictions are compared in Table 6. 1.
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Experimental Theoretical cloud radius _1__9
a
Re a e Davidson |Murray Present| Present
b -y theory theory
Re=25 Re=0.01
(Stokes)
22.8 1.50 1.75 2.24 1.81 1.82 3.39
26.1 2.00 1.50 1.73 1.53 1.48 2.51
Table 6.1 . Gas cloud size comparison

Agreement with Murray's theory or with the present theory for
Re = 25.0 (which corresponds to the experimental valués of Re) is
quite good. Davidson's solution and Stokes's solution overestimate
the cloud s-izc.

Finally it is possible to draw the following conclusions {rom the
experiments:

(i) .All the experiments prove that the flow of gas on the bubble
axis is not symmetrical with respect to the center of -the bubble as
predicted by Davidson's theory, especially for smaller particles
(Ballotini grade 10).

(ii) Comparison with théoreti.cal predictions shows a difference
between large particles and small ones. In the present work large
particles correspond toE Otb< 1 and small particles to Gb> 1.

- for small Ballotini and o, < 1 Murray's theory is a good

representation

—.for large Ballotini and o > 1 Murray's thecory fails below the

bubble and Davidson's prediction is the best estimate.
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This result seems surprising since one expects that Darcy's

law for the percolation of fluid holds better for small particles where
' U d

the interstitial Reynolds number Re = °—P s smaller. On
. i (1- E;o) Y fﬁo

Table 6.2, the values of Rei have been calculated from the data

given in Table 4.1 (Chapter 4) at minimum fluidisation conditions.

Ballotini Uo cm/sec dp(mean) cm Rei
7 34,3 0.0600 62
8 25.6 0.0500 ; 35,5
10 8.9 0.0270 £.3

-2
in this table v = 1510 cmz/sec (air at 20°C)

- Table 6.2 Values of the interstitial Reynolds number

e

The above table shows that Rei is ten times larger for Ballotini
grade 7 than it is for Ballotini grade 10. Therefore if Davidson's
theory fits better the experimental data for larger particles this is
not due presumably to the size of the particles.

In {fact it can be seen from Figures 6.9 to 6.13 that the

difference between particles is only important in the rear of the bubble.
The cloud\.dimension ob:tailled for Ballotini grade 10 i much smaller

in the rear of the bubble than above it. This has also been proved
using injection of NO, gas tracer (c.g. Anwer and Pyle (80 )).
Therefore we suggest that the difference between particles tested in

this work and the theorctical models is due to the bubble wake which
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has been neglected.
(iii) For small Ballotini with @ b-> 1 the gas cloud dimension
above the bubble is well predicted by Murray's theory or by the

present theory.

6.2.2. Velocity measurements around the bubble

When the hot wire probe is situated away from the bubble
axis, the output of the U.V. recorder is different from that illustrated .

on Figure 6.8a since the probe does not penetrate inside the bubble.

A typical output is shown on Figure 6. 8b.

- The first part of the curve from A to C has already been
discussed in the -ﬁrevious section. It is worth remarking again
that the recovery in velocity after the injection effect is not perfect,
as has beén emphasized previously.

~ Section CD corresponds to the effect of the bubble when it
passes near the probe. As the probe does not enter the bubble, this
curve represents the actual variations of the interstitial gas velocity.
As in the previous measurements on the bubble axis, the position of
the central passage of the bubble was determined from the cine films.

Experiments were carried out only for large particles (Ballotini
grade 7 and 8) where it is possille to determiﬁe, from the cine films,
the exact position of the probe with respect to the bubble center. In
the case of smaller Baﬁotini, splitting occurred for almost all the
bubbles and thus the position of the probe could not be determined with
precision. On the other hand, for thesec simaller particles, more
experi;nents were done on the bubble axis which is important for the

determination of the cloud size (preceding section).
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Results for measurements around bubbles are shown in Figures

6. 14 to 6'. 22. On cach figure the vertical component of the interstitial
gas velocity u';i relative to the bubble, is plotted versus X'J': that is
as a function of the distance from the horizontal equatorial plane of
the bubble. The position of the probe with respect to the bubble axis
is represented by the dimensionless horizontal distance y*and indicated
on each graph. In fact, although the probe was in fixed positions with
respect to the injection point of the bubble, the latter, very often,
does not rise on the vertical line which explains the variqus values
of y*obtained on the graphs and which emphasizes the importance
of determining the exact position of the probe.

As expectedh, when the distance y*increases, the variations
in the gas velocity become smaller. In practice the variations are
not sig_nifiﬁant for y*> 4. It is worth remarking that this distance is
the double of the limit found previously for particle movement around
injected bubbles (Chapter 5).  Each graph refers to a single bubble
and therefore the value of ab is different for each. It is obviously
difficult to repeat exactly the same experiment since bubbles are not
generally reproducible. In the present experiments: 0.4 <a b= 0.7,
and for each graph theorectical curves are plotted for the value of oy
which was determined experimentally,

Pi‘edictions from the viscous theory are plotted for the Reynolds
number nearest to the éxperirnental value. Re is determined experi-
mentally from the measurements of the bubble radius and velocity

as obtained {rom the cine films and is therefore only approximate.

For some results, two theoretical curves for Re = 10 and Re¢ = 25
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were plotted and it can be seen that the difference between them is

small (Figures 6.18 and 6.19) so that the results are not in any case

very sensitive to the inaccuracy in the Reynolds number.

For both sets of particles most of the experimental results
lie between Jackson's and Davidson's predictions and very often
agree better with Davidsor'x‘s prediction especially for larger
Ballotini.(grade 7). This confirms the results obtained for measure-
ments along the bubble axis of the gas vellocity (previous section) and
of the gas pressure (e g. Littmnan and Homolka (6)). Thus in the
present case Darcy's law is presumably the best representation of
the percolation of the fluid. However it must be emphasized that
no experiments have been performed around bubbles with small
particles and the present results are not sufficient to conclude on
the effect of the particle size.

As far as the viscous theory is concerned it does not describe
adequately the experimental results in.a region close to the bubble.
In all cases variati.ons of the gas velocity are underestimated by
the viscous theory, which suggests that the reduction in voidage as

predicted by Jackson's method (Chapter 5, section 5) does not occur.

6.3. Conclusions

G'en\c;:ral conclusions are drawn in Chapter 8. However as far
as the gas ﬂow ﬁeld is ‘concerned it is possible to point out the
following remarks:

(i) Theorectical predictions for the gas cloud dimension when

o >1 ghow that the cloud is larger than Davidson's 151'edicti.011 when

the Reynolds number is small and decreases when Re increases.
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(ii) Pressure variations are well predicted by Stokes's flow
solution.

(iii) Experimental measurements along the bubble axis and
around the bubble show that Davidson's theory is a good representation
of the gas velocity ficld for large particles (Ballotini grade 7 and 8).

(iv) For smaller Ballotini (grade 10) the cloud size is well

represented by Murray's theory and by the present theory.
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.CHAPTER 7

INDIRECT MEASUREMENT OF THE BUBBLE

THROUGH-FLOW VELOCITY

Although theories of bubble motion in a fluidised bed assume
there is no particle flowing through the bubble, experimental evidence
shows that a number of particles detach from the bubble roof and
fall into the bubblc wake.

It was thereforc thought that the velocity of these particles
might give an estimation of tlw;e velocity of gas percolating through the

bubble.

7.1 Theory

For this let us consider the movement of an isolated particle M
with a mass m. It is falling from res? under gravily but expecriences
a resistance from a steady flow of air, the velocity of which is U. The
pu.rpose is then to find how the velocity of the particlé, VP, is related
to time t.

The distance axis 07 is taken in the downward direction and is
fixed with respect to the fluidised bed (VP is the absolute velocity
of the particle). In additiont = 0 when the particle M coincides

with 0. (Figure 7.1).
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Vad Figure 7.1

The following forces act on the particles:

(i) its weight fl =mg == Tr Dp g
' 4 3
(ii) the Archimedes's force f2 = - 3 Ttrp Df g
' dz
“aw 3 . - : . 3 = - Tt U— —— +
(iii) the viscous resistance of the fluid f3 6 rp f{dt U}
1 2
i ag foxce of the flui = - P
(iv) the drag force of the fluid on the f4 5 rp £ CD.p
particle >
dz
—= 4+
{5 +of

In the expressions of the viscous resistance and of the drag force, the
velocity entering the equations is the relative velocity between the particle

daz

' id, i.e. —-— +
and the fluid, i.e at U

= absolute velocity of the particle 1 absolute
velocity of the fluid. Furthermorc Bassct's history term has been neglectec

Now, we have:

2, 2.

o
o
o
]
—



whence:
dZZ 4 3 4 3 dzZ
-2 =zZInmn P go—T - bmr U {-__+ }
e A R T AL o) Fra
dt
2
1 3 dz }
- =T - +
2 e s Dp{dt u (7.1)
o
with the initial conditions: t = 0 Z =90
(7.2)
Z
e=0 Loy =9
dt P

Relations (7.1) and (7.2) describe the complete motion of the
falling particle. In addition, in all cases of gas fluidisation,
p > pf and therefore we shall neglect Archimedes's force in

comparison with the particle weight.

Let us puts:
dz
= — + U
T dt
o}
A=21 £
8 r o)
P p
U
B:-(Z.).. ~—£7
P r

(7.3)
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Let us also define the Reynolds number for the particle as:

o d_p ¢ T
Re = ~E—
p e

Depending upon the value of Rep, we can consider three different

regions for the behaviour of the particle:

(i) Rep< 0.5 laminar region (Stokes's law)
(ii) 0.5<Re <1000 intermediate region

p
(iii) Rep> 1000 turbulent region (Newton's law)

In Stokes's law the momentum term will be negligible as com-
pared with the viscous term, while in Newton's law the converse will
be truc.

I.et us consider the three different solutions.

7.1.1 Laminar region : Rep< 0.5

ar

Equation (7. 3) reduces to : n

= g~ BT
andt =0 T =9y

Bt

-B -
Therefore it is easy to find T = % (1 -e t) + Ue (7.4)
2
Zgp 1
and when ¢ ~—o00 T@% = -:—BTP-—-—P—— which is Stokes's equation
4
t f

for the frec-falling velocity of a particle.
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7.1.2 Turbulent region . Re )> 1000

]
dT 2
T 1 o N O § ee— T - A
Equation (7 3.) becomes raliall CDp T
In this case C is almost independent of the Reynolds number and

Dp

equal to 0.44, whence:

aT

2
F] =g - 0.44AT2 = g-k' T  with k' = 0.44A
t

By separating the variables, this equation can easily be integrated:

o - OVEE * g tan hivie th

(7.5)
Vig + Uk tanhivkg t}

‘ 2gr _p ,
and when t—oo T %) —22L
¥ 0,33 Df

7.1.3 Intermediate region: 0.5 LReP( 1000

This case is more difficult since there is no analytical solution
for equation (7.3). The numerical method which we have followed is
due to Heywood (107). One can casily obtain the following relations

between the drag coefficient ch and the Reynolds number Re

C. Re == g —B—=x p g4
Dp P 3 uZ f p
f
, 2 3
R DY S
4o - L
CDp & pp Py 1f

where V‘t is the terminal velocity of the particle.
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2 2
Heywood sets C Re” = P~ d3
Dp P P
X (7. 6)
Re v
p - _t
C 3
Dp Q

From experimental data, he then computes the values of the function

F(logPd, log- t ) =0 which is valid for all circumstances of
P ’-—Q
motion.

Let us consider equation (7.3). We shall assume that the viscous

term is ¢mall with respect to the momentum term, whence:

aT - _ 2 S
rri g —ACDP T, with CDp £ (T)

introducing Re , we get:
P

4aT y 2
— - k R , .
at g =l CDP e P (7.7)
y 2
with k' o= 5% 3 £
r P P
P

p £
Then equation (7. 7) allows us to use Heywood's method casily:

Z -
(a) Att=0 %“t =0 and T = U gives Rep initial,

- A
(b) From relations (7.6) we have: log (Rep) = log (Pd ) + log (.-_C.)t_) .
p
The valuc of log (RCP) initially is known from stage (a). By interpolating
2
{ . S, s
between the values of log (PdI) and log ( —Q—) given by Heywood, it is
D

possible to find a pair of values with a sum equal to log (Rep).



232.

2

(¢) Knowing log (Pd )), we can calculate the value of Cy Re
I P P

at t =0 from relations (7. 6).
(d) From cquation (7.7) and given a time step At, it is possible

: 2
to calculate the corresponding velocity step AT = (g-k" C PRe p) At,

D
and the new value of T : T, = T0 + 4 T. The procedure is then

started again with T1 as a new initial value.

7.2 Application to a bubble rising in a fluidised bed

7.2.1 Through-flow velocity

All theories of bubble motion in a fluidised bed suggest that the
mean velocity of gas percolating through the bubble is given by the

relation:

{J’=Ub kU (7.8)

(with respect to a stationary observer)

or in dimensionless forms: P

k €

Loa -
Y% %

with Ub as reference quantity.

Q.
or, b .
- E__ (7.10)

o e}

C‘C"x

with UO as reference quantity.
The values of k which can be found in the literature are listed in
Table 7.1. This table shows there is some discrepancy betwecen the

st e s s oy

theoretical results. Furthermore ouly one experimental rcsult is

reported.
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7

In this work a numerical value of k was obtained for the two-
dimensional case using the theoretical analysis outlined in the pre-
ceding sections. For this purpose a computer program was written
to calculate the velocity of a falling particle starting at time t = 0 and

+1cU .
o

Vp = 0 and placed in a stream of air of velocity U = Ub

The calculation was carried out, proceeding step by step in
time. At cach step the particle Reynolds number was calculated and
depending on its value the appropriate solution sclected (laminar,
intermediate or turbulent region).,

The value of U was varied by varying the value of k and for

each case the complete motion of the particle Vp(t) was calculated.

7.2.2 Experimental

Films taken for the determination of the particle movement
around a bubble described in Chapter 5 were used and the velocity of
particles falling through the bubble was recorded. In these experi-
ments it is difficult to find the exact moment at which the particle
detaches from the bubble roof and therefore it-s.position for time t = 0.
However at the beginning of the movement, the curve V_(t) is lincar,
Time t = 0 was thus determined by extrapolating the experimental curve

for particle velocity to V_ = 0 as shown in Figure 7. 2.
p
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SINFirst experimental point

.

1,’ .'-t
New orig_i_n_/v =0
t =0
Figure 7.2

Depending on the position of the parﬁcle with respect to the
bubble axis, the throughflow velocity will be different. A general curve
Vp(t) was determined by fitting all experimental data for a given
bubble and thus the value of the through flow obtained from the general
curve Vp(t) is the average value,

The experimental determination of k was made for small values

Yt

of the dimensionless time T = g when particles arc near the

P

apex of the bubble where the latter is closcr to the assumed circular
shape. F‘01 larger time the elongation of the bubble reduces the through-
flow vcl(;city and the particle moves faster. In the present experiments
k was determined as the average for the first five values of TP. A

set of typical results is prescnted in Table 7, 2.

In this table the experimental value of the particle velocity



corresponds to the general curve Vp(t). For ecach value of T p the
value of k is determined by interpolating between thcoretical values
givben in the upper part of the table. As mentioned previously it can be
seen that the value of k experimental decreases when T _increases.

Experiments were carried out only for larger particles (Ballotini
grades 7 and 8). - With srnaller particles Bubbles were much more
unstable and it was found impossible to follow individual particles falling
through the bubble without the bubble splitting.

Experimental results are shown on Table 7.3.

7.3 Theoretical values of the through flow determined from the viscous

theory for a two-dimensional bubble

Theoretical values of the throughflow can easily be determined
from the values of the radial component of the gas velocity at the bubble

surface.
r e
Q=2 € u ad?® (7.11)
a r

where Gr is the angle at which the flow of gas reverses and € o is the
voidage at the bubble surface (r = a).
Thus the mean throughflow velocity is determined bye

Gr
[ € u d6
‘ . a r
=1 '.O

U =

sin O
T

)

On the other hand:

U' =k UO( =0 - U] ) with respect to axes moving with the
D

b ubb].e
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thus:

where ui is the dimensionless radial component of the inter-
Py
stitial gas velocity with respect to u (ice. u_ = a )

b

We shall follow Hargreaves and Pyle (108) in assuming a constant
voidage € a.at the bubble surface. Although a precise solution would
require to take into account the voidage variatons as defined in
Chapter 2 (section' 2.4.4), a good estimate can probably be obtained
by assuming €, constant. Furthermore it has be.en scen in Chapter 4
that, by using Jackson's method, there is a large region of the bubble
surface where no solution for the voidage is obtained, especially for

low Reynolds numbers.

Thus: _Ea 0 (7.12)

Variations of the radial component of the gas velocity u-i as a
function of the surface angle up to 6 = 90° are shown on Figure 7. 3.
On this {igurc the arca comprised between the axes and a particular
curve is thus proportional to the throughflow as shown by equation (7.11).
Figure 7.4 shows the variations of the angle Qr and of the
cocificient k (for the particular case € = 60) as function of the

Reynolds number. When the latter decrcases, 91‘ tends towards 90°
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and k towards Davidson's solution k = 2.
Finally valuee of the coefficient k calculated for various values

€a
of the ratio -—E—- are shown on Table 7. 4. Thesc results can be

o
usefully compared with those given by Hargreaves and Pyle (108). It
can be seen that for intermediate Reynolas number the predicted

values are lower than those calculated by Hargre aves and Pyle when

Furthermore comparison of results in Tables 7.1 and 7.4 with

the experimental value found in this work, k = 2, 46, shows that

Davidson's theory is again the best prediction.

7.4 Conclusion

The average value of the throughflow velocity is in fair agree-
ment with Davidson’s_ prediction of k = 2.0. Experimental results
obtained in the experiments show that the throughflow velocity is up-~
wards, its value being:

U=U +2.46U .
b o

Furthermore, in all cases, particles were found to be in the

transition regime where 0.5< Rep< 1000.

It I;n-kust be noted that the theory developed at the beginning of
this cha’.pte 1 applies only to an isolated particle and can by no mecans ._
be extended to the velocity of a falling "curtain' of particles (as it
happens for small Ballotini grade 10) or to the "knife" formed during

eplitting., In the former cases onc cxpects that the falling velocity of



a particle will strongly depend upon the particle concentration.
Finally it should be emphasized that this method of measurement
is not very precise sinces
(i) only particles close to the wall of the bed could be examined
(ii)  in many cases, the bubble tends to clongate or split,
which modifies the value of the through~flow velocity.
(iii) a particle examined is not perfectly isolated and might

be influenced by neighbouring falling particles.



voidage at
Authors the bubble two- three-
surface dirnensions dimensions
€ k k
1. Theories
Davidson and Harrison (10) | constant =€ 2.0 3.0
Murray (12) constant 2‘30 1.0 1.0
Sandford and Leung (109) 0.45 (1) 1.6 -
' 0.48 (2) 1.9 2.0
Hargreaves and Pyle (103) 0.400 0. 744 0.705
0.425 0.933 0.880
0.450 1.147 1.093
0.475 1,422 1.340
0.500 1.743 1.645
0. 525 2,120 2.000
0. 550 2.580 2,437
Pyle and Rose (110) - - 4.0
(from equation 7.10)
Anwer (97) - - 0.5
(from equation 7.10)
Z. Direct measurements
Judd (98) - 5,1
’ fmaximum
value)
(1) voidage mecasurements by Lockett and Harrison ( 7)
(2) calculated by Stewart (quoted by Sandford and Leung (109 )
Table 7.1, Theoretical and experimental value of k in equation (7.8)




0.01 0.02 0.03 0.04 0.05
0.5 0.229 |0.455 (0.678 }0.898 |1.116
1.0 0.224 |0.445 (0.663 }0.878 |1.031
1.5 0.219 0.434 |0.647 [0.856 {1.063
2.0 0.213 10.423 10.629 |0.833 |1.033
2.5 0.207 |[0.410 {0.610 |0.808 |1l.001
3.0 0.200 ]0.397 [0.591 {0.781 0.968
3.5 0.193 10.383 |0.569 |0.752 0.932
4.0 0.186 0.368 |0.547 |[0.723 0.895
4.5 0.178 0.353 |0.524 ]0.692 0.856
Experimental 0.208 0.417 |0.625 |0.834 1,042
value of par-
ticle velocity
k experimental 2.36 2.23 {2.11 1.98 1.85

Table 7.2 Values of the dimensionless particle velocity
st '\7’ ) U .
P , : . : = Ot
V = =% as function of the dimensionless time V¥V =7
p Ub d

- kaveraged = 2.10

Dallotini grade 7 dp (average) = 600 um

Bubble velocity Ub

= 40.8 cm/sec

P
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Ballotini grade 7

Ballotini grade 8

dp = 600 ¥m dp = 450y m
Bubble Ub k Bubble Ub k
cm/sec | averaged cm/sec |averaged
1 36.4 1,81 1 50.8 2,67
2 40.0 2.89 2 42.4 3.25
3 34.8 2,22 3 37..9 3.66
4 42.1 2.15 4 31.3 3. 64
5 50.8 2.10 5 34.6 2.06
6 55.6 3. 74 6 31.9 1.53
7 34.8 1.35 7 35.0 1.82
8 38.7 2.18
k averaged k = 2.32 k averaged k = 2.60

Average k for both sets of particles k = 2.46

Table 7.3 Experimental values of k




€a=50=0.4 €a=0.425 €a=0.450 8a$0.475 ea=0.500 ea=0.525 ea=05?0
Re aa/ e = 1 £ a/ ao=1.0&5 > a/g O=1.125 ea/eo:1‘1875 ea/€o=1'250 e a/ €o=1. 3125 Ea/€o= 1.375
0.01 1.93 2.05 2.17 2.29 2.41 2.53 2.65
0.1 1.81 1.92 2.04 2,15 2.26 2.38 2.49
1.0 1.49 1. 58 1.68 1.77 1.86 1.96 2.05
5.0 1.06 1.13 1.19 1.26 1.33 1.39 1.46
1.0 ¢.93 0.99 1.05 1.10 1.16 1.22 1.28
25.0 0.82 0.87 0.92 0.97 1.03 1.08 1.13
50.0 0.78 0.83 0.88 0.93 0.98 1.02 1.07
100.0 0.76 0.8l 0\.86 0.90 0.95 1.00 1.05
Jackson 0.73 0.78 0.82 0.87 0.91 0.96 1.00
Table 7. 4. Theoretical values of k obtained from the viscous theory.

AN
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Figure 7.3

Radial velocity of gas at the bubble
surface as a function of the surface

angle.
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CHAPTER 8

CONCLUSIONS

The theorctical and experimental work carried out in this thesis

can be summarized as follows:

8.1 Theoretical results

1. A theoretical model for the motion of two dimensional
bubbles in Newtonian liquids has been developed for bubble Reynolds
numbers from 0.01 to 200, The time-independent Navier-Stokes
equation for flow aroﬁ.nd a circular cylinder was solved with the boundary
condition of zero tangential shear stress at the sqrface of the cylinder.
The equation was put into finite-difference form and the transport
equation for the vorticity was solved using Pecaccman and Rachford
alternating direction implicit method. This solution was then applied
to the motion of bubbles in a two-dimensional fluidised bed, by assuming
that the particulate phase behaves like a Newtonian liquid with finite
viscosity.

2. TFrom the above solution, variables of interest like the
particle velocity, the particle drift and the drag coecfficient were
calculated.

In the casc of particle drift, the looping predicted by the inviscid
thecory disappears as the Reynolds number decreases, the total drift
becoming infinite for Stokes's flow. The predicted movement is upwards

for particles situated near the bubble axis and downwards further away.
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The drag coefficient for Iow Reynolds number (Re<1) is well

represented by the following relation C_ = 1.3z
b Re

3. Voidage variations were included in the theoretical model
following Jackson's method. The solution shows that variations in
voidage fraction become smaller as the Reynolds numbelj decreases.
Howeve'r it was also found that in this case there. is a large region near
the bubble where no solution for the voidage fraction can be calculated.

4. By assuming a Davies and Taylor approximation near the
apex of the bubble, the bubble Froude number was calculated as a
function of the Reynolds number. A maximum value of Fr (Fr = 0.35)
was found at Re = 5. Below this value there is a sharp decrease in the
value of Fr. At the other end of the curve, the valuc of Fr tends
towards the Davies and Taylor result (Fr =0.25).

5. Pressure variations were calculated along the axis of rise
of the bubble and on the bubble surface. /For the variations along
the axis, the difference betwecen the present theory and Jackson's
solLJ;ti011 is only significant when Re< 10. It is found that a solution
obtained assumning Stokes's flow predicts a larger variation at the
rear of the bubble than is predicted by Davidson's inviscid solution
and is in good agreement with published data.

6. 'I"he solution for the gas flow is obtained from the solutions
for the particulate flow, the pressure gradient and voidage variations.
Cloud sizes predicted {rom this thecory are larger than Davidson's
prediction for low Reynolds numbers (Re <5). Patterns for the gas

streamlines have also been obtained.
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8.2. Experimental results and comparison with theories

Experiments were carried out to test the validity of the above
theory and of existing theories. Measurement of particle displacement
and gas velocity variations .were performed.

1. The {first sct of experiments shows the difference between
a fully‘_ﬂui_diSed bed and a bed near incipient fluidisation conditions.

In the latter case a Newtonian model is found to be unrealistic.

For a fqlly fluidised bed, complete looping of paréiclés was
observed for particles starting their motion near the axis of the bubble
and within a distance of about % of the bubble radius from it. This
is similar to predictions obtained from the inviscid theory. For
particles starting their motion further away there is a better agreement
with the theory including viscous effect. Thus the behavicur of the
particulate phase can be divided into two regions:

-~ a region very close to the bubble, with a width of about 211- of
the bubble radius, where convective.terms arc more importdant than
viscous effects and which is thus well described by potential flow
solution. We suggest that this could be attributed partly to an increase
in voidage fraction of the particulate phasc in this region.

- a region further away where viscous effects are important. In
this region, although the present theory describes qualitatively the
behaviouf of the particles, the quantitative agreement is not very
satisfactory. Therefore, presumably, the behaviour is not completely
Newtonian.

2. The COInp].etdiﬂOtiOll of the particles éhows that the drift
obtained experimentally is smaller than that predicted by the inviscid

theory. This is in agreement with published data.
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3. In the casc of natural bubbles, the velocity field of the
particulate flow was found to be slightly asymmetrical, the maximum
value occurring at 0> 909, in qualitative agreement with published
data obtained from measurements of the heat transfer coefficient.

4, Gas velocity results show that there is a difference between
the particles which were used in this work. in the case of small

particles and & > 1 Murray's theory or the present theory are good

b
predictions of the gas velocity. In particular, cloud sizes are well
represented by the above theories.

In the case of larger particles and with o, < 1 Davidson's
theory is more satisfactory as measurements oﬂ the bubble axis and
on the bubble sides show it.

5. Finally it has been possible to measure indirectly the
value of the gas throughflow velocitir by analyzing the motion of
particles falling from the roof through the bubble. This value was
found to be : U = U, _ 1 2.46 UO thus sl{owing a better agreement

b

with Davidson's theory.

8.3 General conclusion

The theory attempting to describe the rheology of the particulate
phase in term of a Newtonian behaviour developed in this work does
not significantly improve on other theories of bubble motion. Itis in
fact worth asking whether a more complicated model should be intro-
duced since this work tends to show that it is probably very difficult
to derive a theory which would explain the behaviour of all variables.

This question should he asked the more because factors like the true
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shape of the bubble, the bubble wake, particles falling through the
bubble, instability of the roof, all factors which presumably influence
to some extent the behaviour of both phases in the vicinity of the
bubble, have been completely neglected.

On the other hand, it is hoped that experiments carried out
in this work will be useful in understanding \;vhat happens around a
bubble riéing in a fluidised bed.

Finally it should be emphasized that the theoretical model
developed here for the bubble motion in a Newtonian fluid is not

limited to bubbles in a fluidised bed.
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APPENDIX 1

IMPORTANT RELATIONS IN TWO~DIMENSIONAL FLOW

CYLINDRICAL COORDINATES

1. Components of the stress tensor
av >
= .2 o3 Zqy-
T:rr o d ( 3“ A ) v A4
) dv V. 2
T = - 2U(— ~~— + — — L-A
60 L TS A R
v av
a ) 1 r
T = - WUy — [Shet . —
rd (1 dr ( r) T ob )
ov
. _1 a _ 0
with _v_ Y 7T 3 (r\r) 4 30 )
2. Viscous dissipation
av_ 2 av v 2 v av 2
o —ad=r) sl 0, Tl e e 1 Ty
v ar r a6 [~ dr «x r a8
2 2
-3 (V. y)
2 2
. 2 _ 4o 1 a __1_ g
with vy = 5 ! > ar + 5 ~———“ >
ar T 00

3. Velocity components

If ¥ is the Stokes stream function:

oY
e ar

i

At
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4. Vorticity components

z o
g = . = e e - = 0 in fwo-d4di si
Y X Vv l . - 30 3% in two-dimensions
avr 6v7
& = y_ x -Y~‘|6 = 3. 6::‘ =0 in two~-dimensions
ov
1 d 1 T
¢ = v r T e —— e
= A Xlz r & ( o ) r a0
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APPENDIX 2

APPLICATION OF HOT-WIRE ANEMOMETRY TO GAS

VELOCITY MEASUREMENTS IN A FLUIDISED BED

In this appendix the basic principles of hot-wire anemometry
are briefly described. It is not intended to give an extensive survey
of all possible applications of this method of measurement, but
rather to show how it can be usedin this particular problem of
fluidisation.

Some attention is also devoted to the calibration of the hot-wire
probe since it needs to be performed with care.

A.21. Basic principle

The basic principle of hot~-wire anemometry is to measure
the loss of convective heat from an electrically heated wire. If
this wire is situated in a flowing fluid, then the heat loss will be a
measurement of the fluid velocity.

For small variations of temperature, the wire resistance

varies according to a linear relation:

R(T) = R(TO) {1 +a (T-TO)}

Furthermore the heat dissipation from the wire is rclated to the
fluid velocity by King's law:

P =RI® = A + BU" (A.2.1)

P : power

I : currcnl intensity in the wire
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U ¢ fluid velocity
A, B : coefficients depending on physical properties of the fluid
and wire.
It can be seen from relation (A.2.1) that the anemometer can be operated
in two ways: -

(i} I is maintained constant and the resistance R (i.e. the
wire temperature according to the linear relation R(T)) varies with U.

This is referred to as the constant-current opefation.

(ii) Alternatively R (and therefore T) are maintained constant
and the intensity var'iations will measure the power variations. This
is referred to as the constant-temperature operation.

The last method is the most developed one. Operation in the
constant current mode has great disadvantages sincc the wire temperaturc
varies and modifies the local fluid properties (and thus constants A
and B), which is not the case if the wire .temperature is maintained
constant. Furthermore it is noted (111) that the frequency response of
the hot-wire in the constant current method cannot be easily compensated
(i.e. compensation of cable impedance). Thus the only wide application
of mode (i) is in measurements of temperature variations. In this
work constant-temperature operation (ii) was employed.

The constant temperature anemometer is described in Figure A.2. 1.

It is basicé.lly a Wheatstone bridge in which one of the resistances is
constituted by the hot-wire probe. The electric current heating the
.probe is supplied by a servo-amplifier.

When the bridge is unbalanced, duc to a cooling effect, the servo-
a.nqpliﬁel" provides an increase in the outlput current which maintains

R constant.
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In order to operate the anemomecter at its highest sensitivity,
it is necessary for the cooling effect to be important for small
variations of the velocity. The wire must therefore be heated well

above the room temperature T . An overheating ratio is defined as:
' o

This should be taken as high as possible according to the maximum
temperature that the sensor can stand. This alsvo ensures that the
instrument sensitivity will be almost independent of small temperature
changes in the fluidising air. In the present case the recommended
ratio a= 0.8 was used. This corresponds to a wire temperature

of about 250°C.

A.22. Signal processing and sensor calibration

According to King's law (equation A, 2.1) the output signal
from the anemometer is not a linear function of the velocity but

varies as.

2

E® = E° 4 ku® (A. 2.2)
(o] c

ff

where EO is the signal at zero {low velocity. Ueff is referred to

as the effective velocity, or cooling velocity, and can be separated

into thrée.gffects with different weighting factors:

2 2 2.2 2.2
= - +
Ueff Unl + h UnZ k Ut

where the following quantities are referred to as:
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h ¢ pitch factor
k : vyaw factor

U _ ! components of the velocity normal to the wire
U, : tangential component along the wire.

The value of k depends mainly on the wire characteristics:

_wire length
wire diameter

wire material, ratio , and has to be determined

experimentally.

However for a tungsten wire, k ~o when the ratio r » 600 (111)

3000 um

S © 000 ).

which is the case in this problem (r =

In the system of axes chown on Figure A.2.2. we have:

u = U cos 6
b
UZ = U sin 6 cos «
u = Usin 8 sin O
y

In all velocity measurements reported in this work, the probe was kept

horizontal and the velocity U was in the plane of the fluidised bed. Thus:

o = JL_
2
and U = U = Ucos 0O
nl X
Unz—“-UZ:O
U =U =1Usin8
t y

In addition k ~ 0 as noted previously. Therefore the effective velocity

becomes:

a

U cos 6

or
y (A.2.3)
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where u_ is the vertical component of the interstitial velocity.

Relation A. 2.2 becomes:

IS S | (A.2.4)

where U0 is the superficial fluid velocity at minimum fluidisation.

The calibration of the probe has to be performed in an
undisturbed flow. It is therefore not possible to carry out this
calibration in a fluidised bed which is disturbed by the presence of
bubbles when the air velocity is higher than the minimum fluidisation
velocity.

The calibration was therefore done in an auxiliary packed bed
connected to the same sect of rotameters as the fluidised bed. The
following procedure was then carried out:

(i) In the auxiliary bed, particles were supported by a porcus
distributor and thercefore could be fluidised at a start. This ensured
that the voidage was the same as that in the fluidised bed near
incipient fluidisation.

(i.i) - The flow was then reversed and the calibration was
performed recording the output voltage as function of the gas velocity.

A typical calibration curve is shown on Figure A.2.3. The

cocfficient n has been taken equal to 1 and gives a good representation
2

since the experimental relation is linear. When a bigger range of

velocitics is considered (say a range of 10 m/s or more), the
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E -~ E. I
calibration curve  —mee-2 vs. /»;./V-’——-- is no longer linear
2 Ny U
B o
o
and n is different from -2- . In this case a linearizer unit has to be

included in the anecmometry system. In regard to the calibration
curve obtained it was thought unnecessary to include a linearizer in
the system. We can also make the following remarks:

(i) The calibration was performed over a range of gas velocities
wider than the range actually used in the gas velocity measurements.
By doing so, more experimental points for the calibration curve
could be recorded which gives a better accuracy.

(ii) As shown on Table A.2.1 the reproducibility of calibration

results is good. These experimental values correspond to Figure A. 2.3,

(iii) Velocity values obtained in the auxiliary bed were
checked against these obtained in the actual apparatus operated under
the minimum of {luidisation.

Some of these values are shown in Table A, 2.2.

Although the agreement is not perfect it secems to fall within
experimental error. However this table shows that the method of
calibration is less precise for small Ballotini where gas velocity
is very much lower.

(iv) The influence of increased voidage in the fluidised hed
was negicc_ted since all velocily measurements were made for
bubbles injected in a bed maintained slightly under the minimum

of fluidisation.



E wvolts l-DO = 10.47 volts

( 4 times actual voltage)

u s.run 1 run 2 run 3 value
cm/sec ' retained
11.8 -11.23 11.26 11.26 11.25
22.5 11.69 11. 74 11.74 11.72
29.4 11.92 | 11.92 11.92 11. 92
39,2 12.22 | 12.22 12.22 12.22
52.2 12.54 12.54 12.54 12.54
66.0 12.81 12. 81 12,81 12.81
80.7 13.06 13.06 13.06 13.06
124.7 13.67 13. 66 13.66 13.66
134.8 13.80 13.79 113.79 13,79
145.3 13.94 13.92 13.92 13.92
156.3 14.07 14. 05 14.05 14.05
167.2 14.20 14.18 14.19 14,19

178. 7 14. 36 14.32 | 14.33 14.33
190. 6 14,51 14. 48 14,48 14,49
Table A.2.1 Output voltage as function of the superficial

gas velocity.
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Particles | Velocity from Velocity in
Ballotini calibration cutve fludised bed
cm/ sec cm/sec
7 39.0 42.5
8 40.0 42.5
10 10.0 12.5

Table A. 2. 2. Comparison of gas velocities

obtained in the fluidised bed and in the auxiliary

packed bed

267,



1

Servo-amplifier

mmnn
Probe O
it
Figure A.21 Basic circuit of hot-wire anemometry
X
SGHSOF\/Q/ . y
Z o.: Yaw angle
@ . Pitch angte
Figure A.22 General system of axes




+03

702

05

10

1.5

best fit

Figure A.2.3

Calibration curve
Ballotini grade 7

X:experimental

.y
e

20 2.5

*69¢



270.

| APPENDIX 3

The aim of this appendix is to recall the main results for the
motion of a single isolated bubble in a two-dimensional fluidised
bed, derived from Davidson's, Jackson's and Murray's theories

(10, 11, 12). These results are used in Chapters 4 and 5 in

comparison with the experimental data and with the present theory.
We shall limit ourselves to a circular bubble; Collins's modification

(70) to the bubble shape is not considered.

A 3.1, Particle motion

All three theories assume an inviscid and incompressible
behaviour of the particulate phase which is therefore governed by

the following equation:

2
a
W = 1 - — « D
U, rsin® (1 2) (A.3.1)
r
with axes defined in Figure A.3.1.
A\X
R, r .
M Up
G
:\‘./'l'
v

A

Figure A3.1
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The velocity components of the particles can easily be derived

2 -
= a_
v, »—chose(l— 2)
r
(A.3.2)
aZ
= 1 + —
£ Ub81n9(1 2) .

T

If one observes the particulate phase in a systemn of axcs fixed
with respect to the fluidised bed, the rise of the bubble causes the
drift of the particles. This displacement can be calculated numerically

using the method described in Chapter 3 (section 3. 8).

Alternatively an analytical solution has been given by Darwin
(66). When displaced by the bubble, a particle follows a curve

called ""eclastica'. Its parametric equations in w are the following:

1 2
X(w) = i- {( 1 --Zk )W-E(\V)}
— a § 2
Y(w) = X {k + dnw} (A. 3.3)
t{w) = % T scw {k‘ + dnw} +X(w)
b i
2
- 2 2
where }:2 ‘:.é;_;._____. and k + k' =1~
v" + 4a?

and E(w) is the elliptic integral of the second kind.
! Y are the coordinates of theparticle in axcs fixed with

5_. )

respect to the {luidised bed, t is the time relative to the initial



position of the particle. When 0 varies from 0 to T , w ranges
from ~Kto tK where K is the complete elliptic integral of the
fir.st kind. The total drift of the particle is therefore given when
6 =T, and can be calculated from equations (A. 3.3) using tables
of elliptic functions. Some of the paths are shown in Figure 1.2

(Chapter 1).

A.3.2 Gas motion

The three thcories mentioned above differ in the calculation
of the gas flow patterns. Their main features are the following:

(i) Davidson assumes that the voidage for the particulate phase
is constant and that the percolation of gas through the particles obeys
Darcy's law. The pressure field is therefore Laplacian and the
pressure inside the bubble is constant. As for the particulate flow,
the gas flow field is equally Laplacian. Depending on the value of the

U

ratio @ b Ta the gas flow patterns will differ and typical patterns
o] -

can be found in Davidson and Harrison (10) or in Jackson (11).
When G-b> 1, gas in a region close to the bubble is hgld and
circulates within this region, thus forming a cloud.

(ii) In Jackson's theory, the voidage around the bubble is
allowed to vary through the fluid-particle drag coefficient B which
becomes a function of the voidage € . The pressure field is |
therefore ﬁb longer Laplacian and the constancy of the pressure on the
bubble surface is not satisfied. There is no analytical value for the
gas flow stream function and it has to be calculated numerically
from the values of the gas velocity.

(iii) As in Davidson's treatment, Murray assumes a constant

voidage around the bubble. (Strictly speaking he assumes that
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voidage variations are limited to a thin "boundary layer'). By
linearizing the equation of motion for the particulate phase (section 1,
Chapter 2), Murray finds a solution which satisfies an Oseen type
approximation to the equations of continuity and motion for both phases.
It results that, although the pressure field is Laplacian, the constancy
of pressure on the bubble surface is not satisfied. The gas flow
stream function satisfies Laplace's equation but the field is not
symmetrical with respect to the cquatorial plane of the bubble.

It follows from the features outlined above that the method of
calculation will be different for each theory. This is shown in

Table A.3.1. In this table only the final results are expressed. A

detailed formulation of the problem of bubble motion according to
the three theories mentioned above can be found in Jackson's survey
(81).

Finally the equations used to compute various results and
important variables are expressed in Table A.3.2. Those results

are used in Chapters 5 and 6, to compare with the experimental data

and with the present theory which is developed in Chapters 2 and 3.
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COMPUTER PROGRAMMIIS

A4, 1. Introduction

In this appendix, the computer programme uscd to calculate
the particulate and the gas flows is presented.
For a rcason of storage and computing time, the programme
had to be dividced in two paris:
(i) The first programme PRQCI calculates the solution for
the particulate phase and for the following variables:
~ pressure distribution
~ drag coelficient
- path lines.,
It also compuotes the streamifunction and vorticity contours.
The converged results are written on a magnetic tape.

(ii) The second programme PRO2 calculates:

the particle vclocity field

the drift profiles (lines T! = cst)

i

!

the pressure gradient

the values of Y function and its contours

H

the gas velocity field and the gas streamfunction.
The following values of the parameters were used:

number of points in r, direction : 51

number of points in O, dirvection : 31

radius for the outer boundary © = 7.14 (§E = 0.625)
e} o0

incremoent in & = 0.0125

1

increment in N 1/30 (corresponds to &6 = 69)



under-relaxation factor ¢ = 0.5

\Y

acceleration factor pa = 10, 000.
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2.

Flow diagrams
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Flow diagram. Programme PROI

call PARAM

PARAM sets values

of parameters

call RDTAPE

call RESULT

I

call EXTLIE
(sce B)

call BCVORT
(see B)

BLOCK DATA
provides necessary
data '

SKIP skips files
on tape

|canl RDTAPE

—

RDTAPE reads
data from tape

call RESULT
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T
ADI updates call ADI
vorticity by
ADI method

call RESULT

TRIDIA solves
tridiagonal
system YES
call RESULT
call WRTAPE
A RESULT writes out
results for stream
function and vorticity
T
o
@ N9 \kin 1\0
programme
YES YES
call PRES PRES cal- call CNTOUR CNTOUR cal-
culates ' call DRIFT [~ culates stream
pressure and line and vor-
§ drag coefficient ticity contours
DRIFT cal-

culates path
lines




call RDTAPE
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call GRIDPT

GRIDPT ‘sets up grid
coordinates

call START

call RESULT

START cé.lculates the

initial conditions for
potential flow

call EXTLIE

call BCVORT

call RESULT

"~ Flow diagram programme PROI

Potential flow starting conditions




Flow diagram Programme PRO2

Main programme sets values of
parameters and calls necessary
subprogrammes

call RDRES

BLOCK DATA provides
necessary data

call S PEE_I_)_{

RDRES reads data from

magnetic tape. These
data were computed in
programme PROI1.
call SKIP

SKIP skips files on
magnetic tape

call GRAD

SPEED 1 computes particle
velocity along streamline

GRAD computes pressure
gradient and particle ‘
velocity at each grid node.
call FROUDE

FROUDE computes the
bubble Froude number
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call RES] RES] writes out
‘ results for the particle

velocity. call MVEL

MV EL computes the
mean velocity of the
particle velocity

call RES2 RES2 writes out results
for the pressure gradient

call CDRIFT CDRIFT calculates and
writes out results for

lines 7' =cst

call SPEED2 SPEEDZ2 computes com-
ponents of gas velocity

End of main

programme
call DRAG DRAG computes the
values of ¥ function.

call INTPOL -

INT POL calculates the
values of the pressure
gradient at a current
point by interpolation




~

284.

call _I_p_

1D calculates the value
of § at a current point
by interpolation

call GASSF

GASSFEF calculates the
values of the gas stream
function and its contours

call RES3

RES3 writes out result

for the gas flow field




A.4.3 list of FORTRAN symbols
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In this list only the main symbols appearing in COMMON

statements are given. Other symbols are local variables used in

sub-programs and are defined when necessary.

Program PROI

FORTRAN Meaning
symbol
1 1
A A = + =
12 k2
AL 1 mesh size in transformed plane: n direction
AK k mesh size in transformed planc: & direction
BO fficient in tridi 1 syst BO = P _+- 2.
coefficient in tridiagonal system = Ro 12
Bl oefficient in tridi al tem Bl = p 2
coefficient in tridiagonal syste 2 Rokz
CO coefficient in tridiagonal system CO = 4kl
cl fficient in tridi 1 system Cl = 2
coefficien in tri iagonal system ® RelZ
Cc2 fficient in tridi 1 t Cz = 2.
coefficient in tridiagonal system Rol?
CDP drag cocfficient
CPSEC central processor computing time on C.D.C. 6400
CR(I, K)

CRT(I,K)

CRT1 (I,K)

CRT2(I, K)

radial coordinates of positive streamfunction
contours in the transformed planc (£, N).
radial coordinates of positive strcam function
contours in the (P, 6) plane.

radial coordinates of negative stream fio ~tion

contours in the (D , ©) plane



IFORTRAN
szrnbol

CRTVI(I, K)
CRTV2(L,K)
CSF(K)
CSFN(K)
CVORT(K)

D

DPI1(1, K)

DP2(1)

DSFR(I, K)
DSF T(I, K)

E(7)

EPS1
ETA(I)

FO
F1

ICP1

286

Meaning

radial coordinates ofvorticity contours in

the (P , 6) plane

positive values of conto’urs for the stream function
negative values of contours for the stream function
values of contours for the vorticity

di coefficient in the tridiagnnal system as defined

by equations (3.21)

#*

A Pl pressure variations on the axis above

the bubble

A P; pressure variations on the bubble surface

%

A P3 pressure variations on the axis below the

bubble
3 w¥

a k

3 wX

ng
e

€ : value of criterion for convergence: stream
function

€ y value of criterion for convergence : vorticity

N+ variable in 0 direction, transformed planc

4
© a +Re 12

n

coefficient n tridiagonal system IO

o 4

coefficient in tridiagonal system Il A" RoiZ

if ICPL = 1, maximum number of iterations in the

A, D.I. method is reached. Otherwise ICPl +



FORTRAN
symbol
ICP2

1ICP3

ICP4

1CP5
ICP6
1CP7
IFILE
ITAP

JTAP

MINT

MK

MNINT

MNISF

MPT
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Meaning

If ICP2 = 0 all points have converged in the

ADI method. Otherwise ICP2 = 1

if ICP3 = 0 program starts from potential flow
conditions. Otherwise ICP3 = 1

if ICP4 = 1 an incorrect value of the acceleration
factor Da has been selected. Otherwise

ICP4 = 0

if ICP5 = 1 pressure variations are not calculated
Ctherwise ICP5 =0

if ICP6 = 0 stream function and vorticity contours,
drift profiles are calculated. Otherwise ICP6 =1

if ICP7

It

1 partial results are written on tape

if ICP7

i

0 converged results are written on tape
file number on tape

tape parameter from which results are read.
tape parameter on which partial results are
written

number of intervals in 1 direction = MPT-1

MK = NINT or MK = MINT dependng on the
direction ( nor E) updated in the A.D.I. method.
NINT/2 + 1

maximum number of iteraﬁons permissible in the
S.0.R, method

number of points in r direction



FORTRAN

symbol

MUP
NC
NCl1

NCVOR

NDIP

NDTETA

NDW

NI(XK)

NINT

NIP
NISE
NITER
NPT

NS(K)

NTAP

288.

Meaning

maximum number of unconverged points permissible.
Normally MUP = 0

number of positive contours fo:' the streamfunction
number of ncgative contours for the streamfunction
number of contours for the vorticity

number of iterations after which pafamdcrs like
computing time, number of unconverged points are
printed

increment in 8 direction (degreces)

number of iterations after which partial results
are printed

first value of the index in 6 direction for contours
calculation

number of intervals in € direction = NPT - 1
iteration counter. When NIP = NDIP, parameters
are printed out, after which NIP is set to 1 again
number of iterations for the streamfunction in

the 5. 0O.R. method

number of iterations for the A.D.I. method
number of pointsin 6 direction

last value of the index in 6 direction for contours
calculation

tape parameter on which converged results are

written



FORTRAN
symbol
NTETA(I)
NTETAI(K)
NTE TAS(K)

NUPST
NUPV

NW

OM
OMV

PI
PSI(I, J)
PSIL(I, J)
R(J)

RE

RHO
TD(I, K)
TETA(I)

TIME

289.

‘Mcaning

6 angle in degrees

initial tangential coordinate for contours

final tangential coordinate for contours
number of unconverged points for the stream
function in the 5. 0. R, method

number of unconverged points for the vorticity
in the A,D.I. method

iteration counter. When NW = NDW partial
results are printed out after which NW is set

to 1 again.

w : over-relaxation factor

W + under-relaxation factor
v

T

stream function for particulate flow g™

new ecstimate of ¥~

2 : radial coordnate

Reynolds number for the bubble

e 2t acceleration factor

T : dimensionless time on drift curve

8 angle in radians

maximum time allowed for the calculation
current vector in tridiagonal system as defined

by relations (3.21)

e
5

Vo

tangential velocity at the bubble surface



FORTRAN
symb ol

X(7J)

XYJT)
XD(I, K)

Y(J)

Y D(I, K)

Z(J)

ZETA(L J)

ZETAL(I, J)

290.
Meaning

a, coefficient in tridiagonal system (relations
3.21)
E : wvariable in r direction : transformed plane
X": particle drift in x direction -

b.: coefficient in tridiagonal system (relations
3.21)

Y: particle drift in y direction

c, ! coefficient in tridiagonal system (relations
3.21)

> -
C: vorticity

new estimate of vorticity
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Program PRO2

Only new symbols used in this program arc explained. All other

symbols which have been used in program PROI have been listed

previously.

FORTRAN
sxmb ol

ALPHAB(K)

ANGI

ANG2
ANG3
CG(M)
CRTGI(I, K)
CRTG2(I,K)
DELP

DK

DL

DPFR(I, J)

DPFT (L, 7).

DPR(I, J)

DPT(I, J)

DTETA

Meaning

a
b

first increment in 8 for determining the starting
points of integration paths in calculation of
Y function
- ibid  (second increment in 6)
~ ibid (third increment in 0)
values of 1/y function contours

radial coordinates of gas stream function contours

2
v P? value at any point (VR, VTETA) in the grid

6k

61
*
f at grid nodes
ap
p*
0 f

Frl at grid nodes

3P™ at grid nodes
dp ‘

ap*

35 at grid nodes

increment in 6 in calculation of ¥ {function on an

integration path



FORTRAN
symbol

FR
GAMMA
GCSF(K)

MJ

NALPHA
NCG
NCGS

NDL

NL

NPTI1

NSP

PHI(I, J)

PVM(I, K)

PVS(I, K)

PVX(1, K)

PVY (I, K)

RDC(I, K)

RG(M, K)

ST(1, K)
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Meaning

Froude number

/Y

values of the gas streamfunction contours
number of values foi' T in calculation of lines
T' = const

number of oy numbers computed

number of contours for y function

number of contours for the gas streamfunction
increment of index in calculation of mean value
of particle velocity

maximum value of index in calculation of mean
value of particle velocity

NINT/2 + 1

number of paths of integration in the solution for
Y function

values of gas st‘reamfuncﬁon ¥ at grid nodes
particle velocity with respect to axis moving with
the bubble

particle velocity with respect to stationary axis
x . component of particle velocity w. r.t. moving
axis

y. component of particle velocity w. r.t. moving
axis

radial coordinate on lines 1' = const

radial coordinate of Y function controus

€' = dimensionless time on drift curve with respect

to an undisturbed plance at a dstance XLIM above



FORTRéy
szmb ol

TAU(J)
TDG(I, K)

TL1

TG(M, K)
UR(L, )
UT(I, J)
UX(L, J)
Uy (L, J)
V(L J)

VDPR
VDPT

VR

VRa,b

vV T(I, J)
VTETA

XDC(I, K)

XILIM

Y DC(I, K)

293.

Meaning

T : wvalues of lines T =const

tangential coordinate on lines <t' = const

limit angle above which increment size is decreased

in calculation of Y fun.ction

tangential coordinate of y function contours
radial component of gas velocity

tangential component of gas velocity

X. component of gas velocity

y. component of gas velocity

particle velocity at grid nodes

R
f at any point of coordinates (VR, VTETA)

dp

apP¥
f at any point of coordinates (VR, VTETA)
de :

radial coordinate of current point in gas velocity
calculation

radial component of particle velocity at grid nodes
tangential component of particle velocity at grid
nodes

tangential coordinate of current point in gas
velocity calculation

x. coordinate on line T' = const.

x. coordinate of the undisturbed layer of particles

~in the drift profiles calculation

!

y. coordinate on lines T ' = const,
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4.4, Listings of programmes
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Listing PRO1

PROGRAM PROI{ INPUT+OUTPUT s TAPES=INPUT « TAPEG6=0CUTPUTyTAPE 1+ TAPE2)
CHENEL ' '
CH¥%¥#THIS PROGRAM SIMULATES AN INCOMPRESSIBLE FLOW AROUND A CYLINDER
CESXEXWITIH VIFW OF AN APPLICATION TO THFE FLOW OF PARTICLES AROUND A
Cr¥X2ARISING RURBLE IN A TWO-DIMENSIONAL FLUIDISED B8BEDe
CEX¥%%TT SOLVFS THE TIME [TNDEPENDENT NAVIER-STOKES EQUATION USING
CHEXRXPEACFMAN — RACHFORD ALTERNATING-DIRECTION~IMPLICIT METHOD. (AD?!)
Cr¥#xxTHE SOLUTION FOR THE STREAM—FUNCTION EQUATION 1S COBTAINED BY
C## %2 ¥THE FEXTRAPOLATED ( IERMANN METHOD (SOR)Y. .
Cx¥xxxTHE PRESSURE VARIATIONS ON THE AXIS OF RISE OF THE BUBBLE AND ON
Cx¥¥3x%#1TS SURFACE ARE COMPUTED AS WELL AS THE DRIFT OF PARTICLES CAUSYED
Cx¥%#%BY THE PASSAGE OF THE UBBLE.
CEHEH IR
COMMONZCONST/ZP 1 «EPRSsFPS1 «RE
COMMON/MESH/AL ¢« AK s MINT o NINT «MPT e NPT «MNINT s NDTETA
COMMON/ZSTRFUN/ZPSTI(31:51)sPS511(31451)
COMMON/VORT/ZZETA(RI «S1)IsZETAI(31+51)
CAMMON/ZGRIDZE(S1Y + X1 (G1) s RIS «ETAI3I) « TETA(31) «NTETAC3])
COMMON/CNTROLZICH [« 1CPP+ ICP3 e NUPY s NUPST s MUP « NISF « MNT SF « NI TER
I TIMESCPSECINY sNDW «ND 1P
COMMON/RELFAC/0M s OMV ¢RHO« A
COMMON/TLPEAITAP« JTAPINTAP
COMMON/FILEZICP7. IFILE
COMMON/ZCSTCOE/ZBO I sCOC1 «C2FOsF 1
COMMON/ZAPRZICPS«NPI(S1)+DP2(311«DP3(S51)Y+VT(31)+CDP
COMMON/CTOURZCSF(33)«CRIZ1«¢33)eDSFRI21e23)+DSFT(31¢33) 9
1CHRTI31 331 ¢CSFN(IO) sNTETAT(33) «NTETAS(33)
T COMMON/CTOURIZCRTVI (3] ¢25) +CRTVZ2IZ1425)+sCRTI(16¢10)+CRT2(16+10)
COMMON/NCTOURZ 1CPG s NG« NC 1 sNCVOR
COMMONZVCTOUR/ZCVORT (25) 7
COMMONZDRFT/ZXDI31423)¢YD(21 +33)+¢THI31s33)
CHexty )
CEHEXXSET UP ALIL PARAMETERS NEEDED IN THE CALCULATION
CALL PARAM ”
Cx¥#x¥SET UP DATA REQUIRED FOR THE START OF THE COMPUTATION
IF(ICP3.,EQ.0) GO 70O 1
IF(ICP2.EQ.0) GO TO 2
[ef 23272 3 -
CH¥¥%¥1CP3=1 AND 1CP2=1 MEANS WE READ PREVIQUS ITERATION FROM THE TAPE
Calll ROTAPE
VWO ITE(6H 100) -
100 FOQVPT(lHlo X4 33HNEW I TERATION STARTED-—--DATA READ)
ITER=]
CAlLlL RESULT
NiP=0
GO TO 200
CHEXLE .
Cx¥¥u¥1CcP3=1 AND ICP2=0 MEANS WE START COMPUTATION FOR A NEW RE NUMAER
2 CalLl. RDTARPE '
WRITE(64101)
10] FORMAT(1HI +S5X e 35HNEW COMPUTATION STARTED-—-DATA READ)
calll RESULT
DO 7000 U=t MPT
DO TNO0 1=1 NPT
Pe11(le 3=PSTI(T )
CZETAY (L e N =ZETALT o)
7000 CONTINUFE
CaLl. EXTLIE
Call. RCVORT
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N1TER=1
N =1
ITER=1
NiP=0 .
GO TO 200
C33 343
CH#%¥%1rP3=0 AND 1CP2=0 MFEANS WE START FROM POTENTIAL FLOW CONPpITIONS
{ CALL GRIDPT .
CALL START
WRITE(6+220)
220 FORMAT(/SXs2{HPOTENT 1AL FLOW RESULT)H
o 1ePs=1
CALL RESULT
Catl EXTLIE
IF(ICP1+EGQGel) GO TO 500
CaLL BCVORT
WOITE(E6+¢103)
103 FORMAT(IH] ¢SX+4IHFIRST COMPUTATION STARTED=--—~DATA COMPUTED)
DO 9C00 I=1.NPT ’
ZeTACT e 1Y=2ETAT (s 1)
Q000 CONTINUE
DA 9001 J=1 «MPT
DO 9001 1=1+NPT
PSICIsJI=PSIT(T )
9CO1 CONTINUE
CALL RESULLT
1cP3=1
1cP8=0
NITER=1
Nut =1
1TER=1
NifP=0
Caae sy
200 CONTINUE 4
CHEXRFXINITIAL CONDITIONS ARFE ESTASLISHED—-~START ITERATIONS ON THE
C¥¥E¥2VORTICITY FIELD USING ADI METHOD
cALL ADI
IF(ICP1.EQ:.Q0)Y GO TO 700 --
CHREXEICPI=] MEANS MAXIMUM NUMBER OF I1TERATIONS 1S REACHED FOR THE
CxRUXASTREAM FUNCTION AND DIFFERENT PARAMETERS HAVE TO B3 SET.
6C0C  WITF(6.102)INITER ) -
102 FORMATIGX18HMAX, ITER. REACHED (5X« GHNITER= 13)

PS5 =
Call. RESULLTY
ST 0oP
Cr#Ext
3

00 CONTINUE : .
E#¥CHECK COMPUTING TiME,
TGEC=CPSEC

Ccall. SECONDIICRSEC)
DSEC=CPSEC~-TSEC
TLEFT=TIME-CPSEC
TITER=CPSEC/TLOAT(ITFR)
IF(TLEFT=-TITERY LT 00} GOTO 500
DA 5000 J=1 «MPT

DO 5000 [ =1 NPT

PaT(le )=PSTL(T )
ZeETAC e UY=ZETAI (1)
5000 CONTINUE

Cr%
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NIP=NI{P+1
IF(NIPNELNDIP)Y GO TO 750
CALL PRES
WRITE(64104) NITERICPSECYDSEC «NUPY «NUPST«CDP
104 FOPMAT(SX+6HNITER =+ 140X 6HCPSEC= «F 74 342X s SHDSEC= «F G e3¢ 2X s
1SHNUPVYz e [ 3¢ 2Xs6HNUPSTZ« 1 3¢2X s 4HCDP 246G 1265)
N{P=0 . '
750 CONTINUE
Ny =W+ 1
IE(NW.EQ,NDW) GO TO 800
Gn TO 801
800 Nw=0 _ -~
CE¥EXBXUWDITE OUT PARTIAL RESULTS
W I TF(6¢700) ’
700 FORMAT(IH1)
WRITE(G+BO02INITER :
802 FORMAT (/20X «21HRFSULTS FOR ITERATIONI4/)
CaLL RESULT :
801 CONTINUE
1TER=1TERY]
NITER=NITER+1
GO TO 200
CHbHRY
CH##E¥TIME LIMIT IS REACHED-=-WRITE OUT FINAL RESULTS
SO0 CONTINUE
DO 6000 Jz=1MPT
DO 6000 I1=1«NPT
PSI(14J1=PS11{1¢J)
ZeTA(T v =ZETAI (T o))
6000 CONTINUE
NITER=NITER4]
CHEXHN®
CH¥%¥%¥1CPT7=0 MEANS WE WRITE THE CONVERGED RESULT ON A TAPE
IF(ICP7FQ.0) 1cP6=0 -
Call. RESULT -
CcALlL WRTAPE ’
WORITE(6+501)JTAP
501 FORMAT(SX«21HDATA WRITTEN CN TAPE +11)
STOR
END



SUBROUT INE PARAM
CHAERE

CH¥XR%ATIHIS SURROUTINE %l—"T"x UP ALl THE CONSTANTS AND PARAMETERS NLEDED

Cr¥EXRAIN THE COMPUTATION
CEXXHE
COMMON/CONST /P +ERSEPST «RE

ChMmOM/VFSH/ALoA(oMINTeNINToHPTcNDToMNTNToNDTCTA
COMMON/CNTROL/ZICP I ICP2e ICP3 «NUPV W NUPST s MUPRTNISEF s MNISF NI TER s

1T ME «CPRSEC oMW e NDW s ND TP
COMMONARELLFAC/OMsOMV ¢ RHO s A
COMMON/TAPE/Z1TAP, JTAP«NTAP
COMMONM/F [ILE/ZICPT7IFILE

COMMON/CSTCOE/BO4R1 «COC1 oC2+F 0
COMMON/APR/ZICPS«DPT {51 )¢ DP2(31)4DP3(51) s VT (31)sCDP
CONhON/NCTOUD/ICPé‘NC-NC]4NCVOR

*\“‘

%FT UPR TAPE PARAMETERS
1TAP=1
JTAP=1
NTAP=2
IFILE=1
CHden¥
CH¥%£¥SeT UP CONTROL PARAMETERS
R 10,0
1cPP=0
10P3=0
1¢PR=0
1cP6=1
1rp7=0
TIME=1000,.
CHOSEC=040
MU= 0
MIISF =200
NOW= 200
Ne 1P =5
CH¥yu
CHRE1XSeT UL ACCELERATION FACTOR
R10D=10000,
CHEYHE
CHEx¥SeT UP CONSTANTS
P1=23:141592654
EPS=105-03
FPSiz1,.05-~03
CH ¥ 1%
CEEXRXESET UP GRID PARAMFTERS
AL =1e/30,
he=0,012%
MINT=50
NTNT=30
MDT=61
NP T=731
MNINT=NIMT/ 241
NOTETA=G
Amt e ZBLHED 4T o FAKHE2
CH% %3
CH*¥¥ 2457 T UP CONTOUR PARAMETERS
NC =33
MNrYi=10
MAVOR= P25

298,



CHILEY
CEEREXCOMPUTE RELAXATION FACTOR FROM RUSSEL AND FRANKEL FORMULAE AND
CHEXAXTAKE AVERAGF ’ :
C#¥##EXRUSSFL. FORMULA
ANPT=FLOAT(NPT)
AMPT=FLOAT (MPT)
BA=1e JANPTER2+1 « /AMPT X %2
B=5SQRT (BA)
OMR=2: /(1 ¢+P1I*¥B/1.414214)
CHEXERITDANKFL. FORMUL A
T=COSIRPI/ANPT))+COSIPI/ANPT)
AL PHA=(2,~SORT (4, ~T%%2) ) /T¥%2
OMF =4 6 ¥ALPHA
OM={ OMFF+OMR Y /2 ¢
OMV=0:5
CHAFERR
CHEXHNCALCULATE CONSTANT COEFFICIENTS FOR THE TRIDIAGONAL SYSTEMS
BOSRHO+4 0/ (REXALLK#2)
B =RHO~4 0/ (REXAKE*2)
Cn=4 ¢ DX AK¥AL
Cl =20/ (REXAL#ED
Cro=2 .0/ (REXAKFEX2Y
FO=NHO+4 0/ (REXAKR*D)
F1=RHD=4 60/ (RE¥AL #%2)
CRH3 3¢
' RETURN
END

SUBROUT INE RDTAPE
CH3b3 42 .
CH¥®¥ETHIS SUBSROUTINE READS DATA FROM PREVIOUS ITERATION OR FROM
CH¥EAEPREVIOUS SOLUTION
C3IHXF®

COMMON/HMESH/AL s A e MINT o NINT o MPT o NOT o MNINT e NDTET A

COMMON/STRFUN/PSTI(31451) ¢+PSTI(31951)

COMMONZVORTZZETA(21 451 ) ZETAL (31451

COMMONMZGRIDZEIGTI I XTSI «RIGIISETAI31) s TETA(31) «NTETA(S31)

COMMON/ZCNTROLLZICT 1 ¢ ICP2 e ICPI3NURV s NURST «MURP s NTSFE« MNTSF e NTTERY

1T IME 1CPSEC s NY o NDUW A NO TP o

COMMON/TARPE/ITARP ¢ UTAP « NTAR

REWIND 1TAP

READCITAPYI(ECIY e XT LI s R(JY e J=1 e MPT)

READUITAPY(ETACI) 2 TETACTI ) sNTETACT Y s Iz 1 NPT

READICITAPHY(U(PS T (T ed)eIx=1 e NPTy e =] o MPT)

READ (I TAPY((ZETAC I v Y e 1=} eNPTY e J=1 o MPT)

READCITAPIMITER « W

R TURN

END

-



CH¥¥®#
Crexs
CERAH
C A9 3

CH¥¥¥
CHE¥¥

2001
2005

2000
Cx%ry
T CREHR
CHHE

2002
CH¥* %%
CHE¥®

2003

CH¥¥x%

CH¥¥¥

SUBROUTINE EXTLIF
“,
*¥THIS SUBROUTINE CALCULATES THE SOLUTION FOR THE STREAM FUNCTION
¥EQOUATION USING EXTRAPOLATED LIEBMANN METHOD
DIMENSION APSI(31.:51)+APS511(31¢51)
COMMON/CONST /P +EPS«EPS 1 W RE
COMMON/ZMESHZAL s AR e MINT o NINT o MPT « NPT+ MNINTsNDTETA
COMMON/STRFUNZPST (314511 +PST11(31¢51)
COMMON/VORT/ZZETAL3) +S1 )¢ ZETA L1 (310551 »
COMMON/GRIDZE(S1) e XTSI« RISIIETAIZ1 Y« TETA(31) +NTETA(31)
coMMcu/cmTQOL/xcp1c1Cp2-rcpaonupv~NUDSTvMUP~N15F-hNIQFleTLR~
{1 TIMECCPSECNWNDWND TP
COMMON/RELFAC/0M¢ OMV s RHO A
N{1SF=0
*
#COMPUTATION OF THE STREAM FUNCTION
DO 2001 J=1«MPT
DO 2001 1=1sNPT
APSTI(]1e)=PSI (1)
APST1I(Te)=RPSTI (1)
CONT INUE
CONTINUE
DO 2000 J=2«MINT
DO 2000 1=2«NINT
ARSI T o )I=(1e—~OMYXAPSI(T e )+ (OM/(2exANIXI{APSTI(I=-10 )%
1APST U 41 v N I/ALXN P+ (ARSI (Lo U=1)1+APST (1 J4+1 )Y/ ARKRX2 -
2~7ETAI (T« Y H(ELISy£22))
CONTINUE
+*
*TFEST ON TWO CONSECUTIVE VALUES OF THE STREAM FUNCTION USING
FRELATIVE ERROR
NUPST=0
DO 2002 J=2sMINT
DO 2002 1=2«NINT
IF(ARSIAPSTITI(1+J))eFQ.0.0y GO TO 2002
ERROR=ARSI(APSI1 (1 ¢ J)=APSI (1« NI1/A85(APS11 (1))
1IF(ERRORLT.ERPS) GO TO 2002 -
NUPST=NUPST+1
CORTINUE
x .
%1 ALL 1TERATIONS HAVE CONVERGED«RETURN«OTHERWISE COMNTINUE CALCULATION
IF(NURSTFOMUP)Y O TO 3000 :
DA 2003 U=1eMPT
DO 2003 1=14NPT
APST(L+Jy=APSTI( «J)
CONT I NUE
NISF=NISF+1
IF(NISF.GT.MNISF) ICcPi=)
IFUICP1EQel) GO TO 3000
GO TO 2005
k4
*ALL 1TERATIONS HAVE CONVERGED

2G00 COMNT INUE

2004

00 2004 J=1MPT

na 2004 =1 NPT

DQT!(]«J)—AP§|1(1¢J)

CONT I MUR

RETURN '
END



SUBROUT INE GRIDPT
CH ¥ L4
CH*urTIHIS SUBROUT INE PROVIDES THE COORDINATE VALUES FOR EACH MESH
CHERXHPOINT OF THE GRID
CH¥HH¥
COMMON/CONST /P sEPSEPST W RE
OMHOM/Mﬁcﬂ/Al'AKcMINTvNINTvMPToNPIeMNINTvNDTLTA
COMMOM/GRID/E(S1 1« XI{51)+ RIS sETA(31) « TETA(Z1) «NTETA(31)
C A3 E-R¥x
CHEXHABUBBLE SURFACE
ETA(1)=0,0
TEFTA(1)Y=040
NTETAL1)=0
X1€1)=0a0
R(1)=1e0
E¢1)=PI
CHRERBH )
CHEXEXOUTER BOUNDARY
ETAI(313=1.0
TETA(31)=P]
X1(51)=0.625
R(S1)=EXP(PI#XT(51))
E(51)=RI¥R(S1)
CHH¥aand
CHEXH#EANCULAR COORD INATES
’ DO 1000 I=1-NINT
ETACI)=ALEFLOAT(1~1)
TETAUIY=ETA(L)Y%P]
NTETALIL 1) =NTETACI)Y+NDTETA
1000 CONTINUE
CHEFRE
CH¥EXXERADIAL COORDINATES
DN 2000 J=2«MINT
X1 ()= AR¥FLOATEU~1) -
RESy=EXP(PIEXT(U)) :
E(JYy=PIER(Y)
2000 CONTINUE
RETURN . o
END



N

SURROUTINE RBCVORT
C 333 3 3
CH#XUXTHIS SURPOUTINE COMPUTES THE VALUES OF THE VORTICITY AT THE
CHH¥2xBURRLE SURFACE FROM THE VALUES OF THE STREAM FUNCTION NEAR THIS
CH¥# %% SURFACE
Catdest 3%
COMMON/CONST/PT +FPSEPSTE « RE
CQMMON/MLqH/AL-AthIhT-NlNT~MPTsNPT~MNINT<NDTETA
COMMON/STRFUN/PSI(31¢51)+¢PSI1(31¢5
COMMON/VORT/ZZETAI31 e51 ) ZETALT (315 1)
COMMON/CNTROL/ZICP1 ¢ ICP2e ICP3«NUBV {NUPST«MUPsNISF e MNISF s NITER .
1 TIME «CPSEC+NW«NDW s ND TP
COMMON/RIL.FAC/0M4OMV s RHO » AA
CH¥W % Bt
CE¥¥EFEFAUR POINTS FORMULA 1S USED
D= ((33,¥AK ) /PIH 1R, F AKX ED )y X (P %X D)
DO 1000 I=1«NINT
ZPTAI(!!1)"(108.%P511(1‘2)~27.¥DSII(!03)+4.+PSII‘104))/0
{000 CONTINUE
ZeTAT(NPT«1)=20,00
[ X
CH¥n¥¥%IF POTENTIAL FLOW STARTING CONDITION«RETURNS
CHX¥RAXOTHERWISE UNDER-RFLAXE SURFACE VORTICITY
IFCICP3.EQ.0) RETURN
DO 1001 I=1NINT
ZETAL (e 1) =(1e=OMV)IXZETAC T+ 1)4+0MVEZETAL (16 1)
1001 CONTINUE
RETURN
FND

SUBROUTINE START
CH#3e 33 .
CHXsu2THIS SUBROUTINE COMPUTES THE VALUES OF THE STREAM FUNCTION AND
Cx#%3x%0F THE VORTICITY FOR THE BEGINNING OF THE CALCULATION
CH¥3:ux (1 4Ee POTENTIAL FLOW CONDITION)
CH3t 4%
COMMON/CONST /P 1+FPSsEPSE oRE
COMMON/MESH/ZAL « AK e MINT e NINT s MPT NPT« MNINT«NDTETA
COMMON/STRFUNZOPST(314¢51)0PS11(31¢51)
COMMON/VORT/0ZETA(31¢51)+0ZETAL (3151
CCMMON/GRID/V{%I)vXI‘Jx)*R(rl)vFTA(3l)'TCTA<31)~N1ETA(31)
CHERSY
CHFHXESTREAM FUNCT { ON
DO 1000 J=) «MPT
DN 1000 [=1«NINT
ORPSI(Te )= (EXC(PI2XI(JY)—EXP{~PIHXT () IILSINITETACTY)
OPSII(1¢U)=0PST (1)
1000 CONTINUE )
DO 3000 J=1«MPT
ORST NPT+ J)=0.0
OPSTII (NPT J)=0.0
3000 CONTINUE
CERREy _
CHERFUVORTICITY 1S 0.0 FVERYWHERE
DO 2000 U=t «MPT
Ne 2000 1=1 NPT
O7ETACT+ Y =00
O7ETAL(FsJ)=0,0
2000 CONTINUE
RETURMN
D



303.

SUBROUTINE ADI
CHHu¥xE
CH¥L¥¥THIS SUBROUTINE CALCULATES THE VORTICITY FIELD FOR A NEW 1TERATION
CH¥¥$AUS ING PEACEMAN AND RACHFORD ALTERNATING-DIRECTION IMPLICIT
CREXBEMETHOD ' '
Cx¥RER
COMMON/CONST/PLerpSeEPS] v RE
COMMON/HESH/ALnAksMINT.NINT‘MPTvNPTvMNlNTvNDTETA
COMMON/STRFUN/PSI(21451)ePSH1(31¢5
COMMOM/VOPT/ZLTA(%I'.1)'ZETA1(31¢JX)
COMMON/GRIN/EE(ST )y e X1(51) 1RISIIETAI31) ¢ TETA(31)Y+NTETA(31)
COMMON/CNTROL/ICP 1+ ICP2+ ICP3 NUPY s NUPST s MUP « NISF ¢ MNISF s NI TER +
1TIME s CPSEC e NWsRNDW s ND TP
COMMON/RELFAC/OM«OMV ¢ RHO« AA
COMMON/CSTCOE/ROr31 ¢COCL «C2sFOef
COMMONACOER/X({51)¢4(51)D(51)eY
COMMON/SOL /V(51
COMMONA_O0P /MK
DIMENS TON A€(31¢51)¢C(31eS1IsE(31+451)G{3151)vAT(31¢51)
1IE1 (31451) G131+ )9 ALPHA(31 5111 BETA(31+¢51) +ZETA2Z( 31951 )+
2C11(31451)
EOUIVALFNCF(ALPHAsBCTA)’(A°El)'(CnGl)'(AIOE)'(CII*G)
1¢P4=0
MMINT=MINT~—~1
NNINT=NTNT-1
VAL2=ABS(BO)
VAL4=ABS{FO)
Cayass :
CxEXFEEVARTABLE COFFFICIFNT% IN THE TRIDIAGONAL SYSTEM
c%r%x%—_~Ftan DIRECTION
DN 1000 =2 «MINT
DO 1000 I1=2«NINT
A(Ls NN =—((PST(JeJ+1)-PSI{14J~11)7C0+CY)
CtleN=(PSI(1s+1)~PSI(]eUd~1))/CO~-CH -
At LT« )=~ ((PSI{I4+12J)=PSTI{1-1+¢J))/C0~C2)
Ci1lled)=(PSI{I4+14)~PSI(I~1+J)}/CO+C2
1000 CONTIMUE
CH %33 ) .-
CHE¥X+TEST ON THE VALUFS OF THE COEFFICIENTS OF THE TRIDIAGONAL
CHXRHRESYSTEM~~~FIRST DIRECTION
DO 1001 1=2«NINT
DO 1001 J=2«eMINT
IF(1oF0e2e0R1FONINTY GO TO 5060
VALTI=ARSIALT « ) 14+ ABSICtvU))
GO TO 501
500 I (1.5QNINTY GO TO 502
VALI=ABS(C(2¢J) )
GO TO 5014
502 VALI"ARJIA(NIKTQJ))
501  IF(VALI.GEVALZ2) 1CP4=1
1001 CONTINUT
IF{ICP4.,EQe1) GO TO 332
GO TO 33
CrREFE¥ :
Cruxa®ir TEST 1S WRONG SET ANOTHER ACCELERATION FACTOR
32 WOITE(60570) NITFR
570 FORMATI/SX e *ACCe FACe WRONGH e5X e tNITER=«[3)
STOP
CHHR¥



CH¥EX¥XRUE START UPDATING THE VORTICITY FIELD AT THE FIRST HALF STEP

Cu¥EEE -~ ~ROW BY ROY
33 MK=NINT
Y=A0
DO 2000 UJ=2MINT

ALPHA<2~J)“ AL(2s NVEZETALR vJ—1)+81*ZETA(2'J)+CIl(E;J)%ZETA

1(p e J41)=AlP e JIFZETALL s )

ALPHAMNINT « N =ATININTe DAZETAMNINT « U~ 1) 4BIRZETAININT e ) 4C1 1

1 CNINT » J)AZETA(NINT‘J41)"C(NINT0J)“2.TA(NPI’J)
DO 100 1=3:«NNINT

ALPHA(ItJ)—Al(XvJ)*ZETA(X0J—I)+814£FTA(I'J)4C11(1»J)¥7&7A(1vJ+1)

100 CONTINUE
DO10Y 1=2¢NINT
Xel)y=AaCl+J)
Zety=Clled)
DY =ALPHAL L ¢ J)
101 CONTINUF
calLl TRIDIA
DO 2000 =2 NINT
ZeTA2( v ¥V L)
2000 CONTINUE
DO 2001 U=t MPT
ZrTA2(1eJ)y=0,0
ZETAP (NPT« )20, 0
2001 CONTINUE
Casts s

CEEXEXTHE VALUES OF THE VORTICITY AT THE WALL AT HALF STEP ARE

Cx#xE*TAKEN FQUAL TO THFE PREVIOUS VALUILS
DO 2002 1=2«NINT
ZETA2( T« 1) =2ETA(L41)
ZETA2(1sMPT)=0,0

2002 CONTINUE

[of 3222 3
C%%*r%VARIABLC COEFFICIFNTS IN THE TRIDIAGONAL SYSTEM
CREEXF~_~SECOND DIRECTION )

060 1002 J=2:MINT
DO 1002 1=2«NINT
Etledyz==AL{lad)
G(leJ)=~Cr1(LsD)
Ef (e )=~Al()s)
Gi(lad)==Cl1s )
1002 CONTINUE
CREREXR

Cr4x%xTeST ON THE VALUFS OF THE COSFFICIENTS OF THE TRIDIAGONAL

CHEFRESYSTEM——-SECOND DIRECTION
DO 1003 J=2«eMINT
DO 1003 1=2NINT
IF(JeEQe2 e ORGJeEQJMINT) GO TO 6060
VAL3=ABSIEL T« N I14+ABSIGIT sy )y
GO TO 601
600 1F(JFOJMINTY GO TO 602
VALZ3=ARS(G(1+2))
GO TO 601 ,
GODP VALZ=ARSIFE(T«MINTY)
601 1F(VAL3.CEVALA) 1CPa=1
10073 CONTYINUF
IF(ICPA.FQe1) GO TO 32
CHREES ’

CE¥¥ERVE START UPDATING THE VORTICITY FIELD AT THE SECOND HALF

sSTER
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CH¥EXRF~—— COLUMN BY COLUMN
Me=MINT
Y=FO
DO 3000 1=2NINT
BFTA(T«2) = Fl(It?)*ZCTAH(!~1-?)+F1*£ETA2(Ie?)4Gl(102)¥ZETA2(I+11?)
1=F (142X ZETA2 (T 01) :
HrTA(reMxNT)-F1(;.MINT)*VFTAPtI»x.MINT)+r1%7€TA2(y.M1NT)+
161(I-MINF)*zET«?tx+1-N1NT)-G(I-MINT)*ZCTA?(I.NPT)
DO 200 J=3«MMINT
BFTA([eJ):{1(1¢J)%ZETA2(1—1¢J)+F1*ZETA2(IvJ)+GL(IcJ)%ZETAe
1014+ )
200 CONTINUE
DO 201 JU=2«MINT
X(N=E(l«J}
Z(H =G«
DN =BETA(]«)
201 CONTINUE
CalLl. TRIDIA
DO 3000 J=2MINT
ZeTAT (e )=V )
3000 CONTINUE
DO 3001 J=1«MPT
ZeTA1 (16 0)=0,0
ZeETALTINPTJ)=0,0
3001 CONTINUE
C %3624 343
CEEXEEAGAIN VALUES OF THE VORTICITY AT THE WALL ARE TAKEN FQUAL TO THE
c**xy«pogvxou ONES—~—THE NFW VALUES VWILL BE CALCULATED FURTHER FROM
CE¥FEFVALUES OF THE STREAM FUNCTION NEAR THE SURFACE
DO 3002 1=2NINT
ZETAIL{1+1)=ZETA(T 1)
ZeTAI (] P T=0,0
3002 CONTINUE
CHERRE '
CHEELETHE VALUES OF THE STREAM FUNCTION AT THE NEW STEP ARE NOW COMPUTFD
[cP1=0
call. EXTLIE
IFCICP1«EQs1) RETURN
CHH#E%
CHELXRTHE VALUES OF THE VORTICITY AT THE SURFACE ARE NCOW COMPUTED
Cal.L. BCVORT ) .
[of T 2223
CHEX¥EX TEST ON THE VALUFS OF THFE SURFACE VORTICITY
1cP2=0
NPV =0
DO 4000 [=2+NINT
ERRORI =ABSIZETAL(TI Y 1)=ZETALT s 1)) /7ARSIZETAL (14 1))
IF(ERRORL LT EPS1) "GO 7O 4000
NUPV=RNUPV4 ] '
4000 CONTINUE
IR LINUPVY GT MUP) (OR e (INUPSTGTMUPY ) ICP2=
CH¥ksxy
CHEREslyr 1CP2:=0 all THE POINTS OF THE GRID HAVE CONVERGED
fcPe=t )
RFTURN
END

-



SUBROUTINE TRIDIA
CHER®H
CH¥#3x¥THIS SUBROUTINE CcALCULATES THE SOLUTION OF A SET OF LINEAR
CHREXRERFEQUATIONS WHEN THE MATRIX IS5 TRIDIAGONAL .
C 343 3% .
DIMENSION BETA(S]1)+GAMMA(S])
COMMON/COEF/A(S13+C(S1)eD(51 )48
COMMON/SOL/VIS1)
COMMON/LOOP /MK
CerryEsx
CH¥#E¥¥COFFFICIENTS OF THE TRIDIAGONAL MATRIX.
BETA(2)=B
GAMMA(2)Y=D(2)/BETA(2)
DO 100 K=3«MK
BETA(KI=B=~(A(K)YFC(K=1)1)/BETAIK-1)
GANMMA (KR = (D) ~A(K ) ¥GAMMA(K—-1)) /BETA(K)
100 CONTINUE
C ¥t
CE¥%XE#SOLUTION FOR THE VECTORS
V(MK = GAMMA (MK )
Nt =t =2 _
DO 200 K=1NK
KK =MIK~K
. VKK )= GAMMA (KK ) = IKKI ¥V IKK+1))/BETAIKK)
200 CONTINUE :
RETURN
END



SUSROUTINE RESULT
C R 3%

Cr#x¥xTHIS SUBROUTINE PQINT% OUT RESULTS FOR THE VORTICITY AND THE

CEEFEAXXFNCT I ON
C¥*3%%# 1T ALSO CALLS THE SURROUT INE WHICH CI\LCULATES THE PRESSURE
CHEXRYDISTRIBUTION AND THE DRAG COFFFICILENT
C 333 4%
CCOMMONZ/CONST/P 1 +EPSEPSYI s RE
COMMON/MESH/AL s AK e MINT o NINT o MPT o NOT s MNINToNDTETA
COMMON/STRFUN/PSTI (31451 )ePS11{(31+51)
COMMON/ZVORTZZETA(3L1 2SI 3+ ZETAL (31451
COMMON/GRID/E(S] )Y OXT( S1)ARIS1IETAISBIIWTETA(SZ1 I NTETAI3])

COMMON/CNTROL/ICP1 + ICP2+ ICP3sNUPV « NURPST s MUP +NISF e MNISF s NI TER

ITIMESCPSECyNW I NDWNDIP

COMMON/RELFAC/0M, OMV ¢ RHO + AA

COMMON/ARPR/ZICPS«NPL (51)LP2{31)1+DP3(S51) 1 VT (31)2¢CDP
COMMON/CTOUR/CSF A3+ CRIZ1¢32)+DSFRI31433)14DSFT(3133) 4
1CRTI31+33)¢CSFN{10)} vNTETAL(33) «NTETAS(33)

STREAM

COMMON/CTOURI/CRTVI{31125)+CRTV2(31425)+CRT1(16410)+sCRT2(16410)

COMMON/NCTOUR/ICPS YNC v NC 1 s NCVOR
COMMONAVCTOURACVORT (25)
COMMON/DRFT/ZXD{31433)«YD(31+33)sTD(31433)

CEBERE

CH¥REXVWPITE OUT STREAM FUNCTION VALUES
W IJTE(O641)
Nt =8
Np= mOD(MpT.NI)
NN=MPT-NR
DO 100 Nzl sNNeN]
Ny a=N4NT~1
WRITE(6+2) (R{JY s J=NsNT)
WRITE(Gs3)INTETA(I I (PSI{Ted)edaNeNI) o I ¢ NPT)
WRITE(645) .

100 CONTINUE ; -
NM=NKN+1 '
WRITE(6:4) (R(J) e J=NMMPT)
VWRITE(Gs6) INTETACI I 1 (PSI{Isd)+Jd=sNMaMPT )Y+ 11 4NPT)

W lTE(6H«H) oo
WoITE(6410) . ’
CREXEE
Cr¥xr¥%WRITE OUT VORTICITY VALUES
DO 200 N=1+NNeNI
N1 =N+NI1-1
VRITE(E«2)Y (RIUY s J=NsN1)
WRITE(G6+3) (NTETALT ) (ZETAC(T s Y e d=NsN1 )+ 121 ¢NRPT)
WRITE(645)

200 CONTINUE
VRITE(Gs4)Y IRIIY s Ju=NMyMPRT)
WRITFIE46) INTETACT )« {ZETACI 2 J) « JSNMMPT 3¢ I=14NPT)

VR ITE(S+S)
WOITF (611 )0OMOAV (RHO :
Ve lTE(G 12 ICP 14 1CP2y ICP3«NURPVINUPST NI TER « T IME « CPSEC
i FORMATU//50X«27THETREAM FUNCTION CCORDINATESZ48X+31 (1HX) /)
FORMAT(BXsBIOX e 2HRZ e FGe 2+ 2X) )
FORMATIZX e 134114 2X1861565)
FORMAT(E8X s A{OXs DHR= G e P 2X))
FORMAT (/A /756X 2001 H¥* )/ /)
6 FORMATIZ2X I3 1H* e 2X93G1565)
10 FORMAT (1H1//50X+21HVORTICITY COORDINAIELA4DX125C1H%) /)

PWMN

-
!



11 FORMAT(/// /13X 3HOM=4E11¢415X s 4HOMV=4E1 14 15X 4HRHO=(E12.5)

308.

12 FORMAT(//SXaSHICP1=¢11¢3XeSHICP2=e 1 193X «SHICP2=01 143X SHMUPV =130

13X sOEHNUPST = [3/3X 4 OHNITER =+ [ 443X GHTIME= s F 44 043X 6HCPSEC=1F 7 3)
CHE¥WHk . _
CHeExrIeP5=0 MEANS VE CALCULATE THE PRESSURE DISTRIBUTION
IF{ICPS«EQ.1) GO TO 500 ’
catl PRES
WRITE(6:55)
VR ITE(6453)
WRITEF(6+50) (RIJ) PP 1 LUIDP3CU) s U211+ MPT)
WRITE(6454)
WRITE(G6+S1 1(NTETACT ) «DP20 I s VT II) s [=11NPT)
WP ITE(6452) RE «CDP
50 FORMAT(17XeF0a2¢17XG12e5¢17XsG12:5)
51 FORMAT (20X 413116X0G12:5¢15X5G1265)
52 FORMAT (/20X 43HRE=+F 541 15X 4HCDP=4G12+5)
53 FORMAT (/20X 1HR 20X 8HDE ABOVE 20X +8HDP BELOW)
54  FORMAT (/20X+4HTETA 20X« 2HDP» 20Xs 10HTANGe VEL )
55 FORMAT (//30X+34HPRESSURE DISTRIBUTION ~ DRAG COEF«/28Xs38(1H%))
CHAEE¥
Cx¥%%#¥ ICP6=0 MEANS WE NOW COMPUTE THE STREAM FUNCIION CONTOQURS AND
CxEXRXTHE DRIFT PROFILE
500 IF(ICP6.FEQ.l) RETURN
CALL CNTOUR
call DRIFT
Re=TURN
END



309.

SUBROUTINE PRES
CHIRRE ) . .
Cxura¥THIS SUBROUTINE EVALUATES THE PRESSURE CHANGES ALONG THE AXIS OF
Cx#x#2THE MOVEMENT OF' THE BUBBLE AND ARQUND THE BUBBLE SURFACE.
CrExx%1T ALSO EVALUATES THE PRESSURE DRAG COEFFICIENT,
CH¥N ik : )
DIMENSTION VRISI)aF{S1Y e VALIST) ¢ GI31IsANVALIZI) AVRIS 1) e HIG51) .
TAVAL (551 )eD031+4)+n2(31) . ) :
COMMON/CONST/PIsEPS«FPSE +RE
COMMON/MESHAAL s AR sMINT aNINTsMPT « NPT s MNINT e NDTETA
COMMONZSTREUN/PST(31151)sPST1(31451) '
COMMON/VORT/ZZETA(31 ¢G1 )+ ZETAL(31+51)
COMMON/GRID/E(ST1 ) «XT{S1) sRIS1)ETAI31)+ TETA(31) ¢+NTETA(3])
COMMON/ARPR/ICPS DRI (511 +DP2(31 ) +DP3IS1) s VT (31)s COP
CHBHHY
CHE¥XEXAPPROXIMATIONS To DERIVATIVES
DO 1000 J=1+MPT
VERII)= (18 %¥PSI(24 ) =0 ¥PST(30U) 42 5PST {44 J)) /(G ¥ALY
FUI) (1B 2ZETA{Z s ) ~Q 4 R ZETA(Z v I 42 o XZETAL4 s )Y/ (B ¥ ALY
AVRI ) = (~T18c#PSTINPT~1 ¢ JI+0c ¥PSTINPT~2¢ ) ~2e ¥PSTINPT-3 ¢t )} /(Ho ¥ AL
M) = (=18 ¥ZETAINLT~1 ¢ JI 49 ¥ ZETAINPT=2+ J) =2 ¥ ZETA(NPT-34J) )/
16 %ALY ' '
1000 CONTINUE .
DO 20001=1«NPT
VT )= 1B %¥PSI(140) =04 ¥PST{ 13142, #PSI L 14¢4)) /{6 ¥AKHP])
G(1Y=l=11e¥2ETA(T s 1)+ 1Bc*¥ZETAC]I 21 ~Qe#ZETA(T ¢33} 42 ¥ZETALI94))/
1(60%AK)
2000 CONTINUE
CH¥xrs
C¥EXXFPPESSURE ALONG THE AXIS ABOVE THE BUBBLE.
VAL = ((F(MINTY+F (MPT)Y ) %$AK ) /20
DO 1001 J=2+MINT
JI=MINT—J
VALTUY=VAL (O~ + CIF (U141 )14F (U1 +2) )1 ¥AK)Y /2o 7
1001 CONTINUE ”
DO 1002 J=2«MINT
DPI(N=1e~{VRINI/E(I) ) ¥¥24+ (4 o /RE) EVALIMPT-U) .
1002 CONTINUE -~
DB (MPTYI=0,0
DRP1{1)=le+ (b4 /REYHVALI(MINT)
AKO=DP1(1)
CrEXEW
CAREFFPRESURE AROUND THF BURRBLE SURFACE.
ANVAL(13=0,0
DO 2001 1=2NPT
ANVAL (T I=ANVAL (1=1 )2+ ({G(1I14+G(1-1)) %AL) /2,
DO TY=ARKO~VT {12424+ (4  /REYXANVALID)
2001 CONTINUE »
D2¢ 1 )y=AKO
AT =DP2INPT)Y
Cx¥ER .
CHRER#PPESSURE ALONG THE AXIS BELOW THE BUBBLE.
AVAL (1) =C(R1YIHI2IINARI/Z2.0
DO 3001 J=2 «MINT :
AVAL (Y =AVAL (I~ 1340 (DY +HIU+1 ) I RAK ) A 2.0
DP3CJ)=AK 1~ (AVRIUY/E(U)) ¥¥p- 04 Z/RECIFAVAL L J-1)
3001 CONTINUE ‘
DE3 1) =AK
DP3(MPTYI=0.0



CH¥ 34

CH¥4% 53

5000

5001

6000

7000

PRESSURE DRAG COEFFICIENT

DO S000 I=2eNINT

DO 5000 JU=1+4

DEIs J)=(PSI(I+1sUY-PSI(I-140))7(2,%AL)

CONTINUE

DO S001 J=1+4

Di1eJY=(PST{2:U)~PSI(1¢J) )1/ (2c%AL)
DINPT«U)=(PSTINPT«J)=PSTINPT~1+J))/ (2 %AL)

CONTINUE

DO 6000 1:=1 NPT
DRlIN=(=11e*D(T1 o) +1Re*¥D(1¢2)=9,¥D(143)42%Dt134))/ (66 ¥AK)
CONT INUE ) .
YVAL=((D2( 1 Y4D2(2)Y ) ¥ALLY /2
XKVAL=((DP2(1)4+DP2 (23 %COSIPIXALII* ALY/ 2,

DO 7000 [=2«NINT

YVAL=YVAL4C( (D201 )4D2( 1411 ) %ALY /P
XVAL=XVALAHIDP2( 1) ¥COSUIETACI) ) 4+D2{ T4+1 )% COSUTETACI41) ) yxALY /20
CONT INUTF .
COP=PI¥XVAL~ (B ¥YVAL)Y Z/(PI¥RE)

R TURN

END



311.

SUBROUT INE CNTOUR

CHs % .
Cr¥®¥XTHIS SUBROUTINE COMPUTES THE VALUES OF THE STREAM FUNCTION
C¥%*#%XCONTOURS AND THE DERIVATIVES OF THE STREAM FUNCTION
CEHEXXX]IT ALSO COMPUTES THE VORTICITY CONTOURS

Ca3#3%%

COMMON/CONST/P ] ¢£EPS+EPS1RE

COMMON/MESH /AL + AK «MINT sNINT e MPT NPT sMNINT « NDTET A
COMMON/STRFUN/PSI(31¢51)«PS11{31:¢51)
COMMON/VORT/ZZETA(RLI 51 )«ZETA1(31¢51)
COMMON/GRIDZ/E(S 1)+ X1 {S1)sRISIIIETALII) s TETA(SI Y «NTETAI3Y)
COMMON/CTOUR/CSF(33)+CRIB1433)1DFXL31+33)11DSFT(31433)
1CRTI31433)4CSFNI10) sNTETATI33) WNTETAS(33)
COMMON/CTOURLZCRTVI (31 425) e CRTV2IA1+25) +CRTI (16010 vCRT2(16+10)
COMMON /NCTOUR/ 1CPH s NC e NC1 «NCVOR

COMMON/VCTOUR/CVORT ( 25)

COMMON/INTERG/NT (33) «NS({33)

CHE®RR
CHEXEXSTREAM FUNCTION CONTOURS

3000
200

201

2011

100

1000
2000

1cP=1 :

CRT(14K)=0.000

CPTINPT«KI=0,000

Nt (Ky=2

NS {(K)=NINT

NTETAI (K)=6

NTETAS(K)=174

DO 1000 [=2«NINT

DO 3000 JU=1«MINT _ :
IFCICSFIK) eGEPSI (I U1 16ANDe (CSFIK)ILEPSI(I2J+13)) GO TO 100
1R (JEQMINT)Y GO TO 200

CONTINUE

IF(ICPREQ«2) GO TO 201
NTETAL(K)=NTETA(1+1) -
NTI{KI=T+1 “
CRT(1sK)=0,000

GO TO 1000

NTETAS () =NTETA(1~1)

NG (K)y=1-1

CRTI1)=0,000

DO 2011 L=l «NINT

CRTILIKI=D,000

CANT INUE

GnH TO 2000
DSFRIT«KI=IPST (T4 g+1)~PST{TIsJY) /0K
CRITsKI=XTINH(CSFKI~PST (1« /DSFRIT¢K)
CRTUI«KI=EXP(PIxCRIT+K))

D1 ={PSI(I+1¢J+1)-PST{TI+1 v ) )/AK
PLePSTII+IeJ)4DI# (CRITSKI~XT 1))
De=(PSTI{I~1eJ+1)=PDI{I~1vU))/AR
Po=PSI{]-1e N+D2%(CRIT eK)~X10J))
DSFTII«K)=(PY1~P2) /{2 %AL)

1cp=2

CONT INUE

CONT INUF

CEREHR
CH#%xXWPITE QUT STREAM FUNCTION CONTOURS

500

VR ITF{6.500)
FORMAT (1H1)
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WRITF(6:501)
501 FORMAT(S50X24HSTREAM FUNCTION CONTOURS/48X+28(1H¥)/)

Ki=9
KR=MOD(NC«KT)
KN=NC-KR
DO 10 K=1+KNKT
KfzK+K -1
WDITE‘GGI)(PSF(KK)'KK KeK])
WRITE(G6e2) INTETACTI)I s ICRT I T e KK KK=KeK1 )Y s I =1 +NPT)H
WolTE(6«3)
10 CONTINUE
KMz=rCN+
VWRITE(H+4) (CSFIKKR)Y s Ki=KM s NC )
WRITE(G+S) INTETAI 1) s {CRT 4K sRnz=kmeNC I =1 +NPTY
WRITE(643)
I FORMATIBX «QITHCONTOUR«XcF4,24%))

2 FORMATI2X s 13+ 1HA2Xe0G1364)
3 FORMAT(//56X«20(1H*)Y /7))
4 FORMATIBXsG6ITHCONTOURI X Fger e X))
S FORMATI2XeI3¢1H*42Xe6G1344)
WOITE(6:7)
7 FORMAT(//GX s 3HCSF « BXaSHTETAT +SX4aSHTETAS 18X 2i4NT ¢ SX 4 2HNS /

1IGX 42 CIHE) s SX+SUIHF) +SXa S UIHN ) 1SXe 2L H¥) +5Xe 20 [H%))
WRITE(6+6)ICSFIR) «NTETATIK) s NTETASIK) e NI LK) sNo{K ) sK=1+NC)
6 FORMATISXsF4¢2+¢5Xe 130 7X0 135X 12:6Xs12)
CHE¥x*
CHIEXRKCONTOURS FOR NEGATIVE VALUES OF THE STREAM FUNCTION
DO 9005 K=1NCH
CRTII(MNINTK)=0,000
CRTZ2IMNINT«K)=0,000
DO 9001 J=MRNINTININT
11=1-NINT/2
DN 9002 U=1MINT
TE (CCSFNIK) «LEPS I(XeJ))oAND.(CSFN( )ocr.Psr(ch41))) GO TO 9000
IF{JEQMINT)Y GO TO 6010 ' '
9002 CONTINUE
G000 CoP=XT(U)+AKX (CSFNIKI=PSTI (I + NI ZIPSI{ I+ J+]1)-PSILTI1J))
CRTIIT+K)=EXP(P] #CRP)
GO TO 9011t
G010 CoTI(11+sK)=0000
9011 CONTINUE
DO 9003 J=1«MINT
IF((CSIFNIK) o GEPST I U) ) e AND (CSFNIK) cLELPSI(IsJ+1))) GO TO 9004
IF(JFOMINTY GO 7O 9020
9003 CONTINUE
Q004 CRP=XI(JH1AKF (CSFNIKI=PSI(I+«NI/ZIPSI(]+J+1)1-PSIC(1+U))
CRT2(I1 ) =EXP{PI#CRP)Y
GO TO 9001
9020 CRT2(11¢K1=20,000
6001 CONT INUE
0005 CONTINUE
C ¥ x
c#*%rrMDITP OUT CONTOURS FOR NEGATIVE VALUES OF THE STREA FUNCTION
RITE{&6:502)
502 FOPMAT(////SOX.EGHNEGsSTREAM FUNCes CONTOURS/48X<«30( 11{%) /)
KiN=G
KEN=MOD INCT K [N}
KRN=NE 1 —-KRN
DO 1] Kl KN eKIN
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K N=K4+K TN~
WRtTE(6:20) {CSFNIKK) +KK=K e IKIN)
NO 99 [=MNINT«NPT
I1=1-NINT/2 ' ' )
WRITE(6+21) (NTETA(TI4(CRTI (I +KK)Y +KK=KsKIN))
WRITEF(G6¢22) (CRT2(I14KK) +1KK=KeKINY
G9  CONTINUE
WRITE(G3)
11 CONT INUE
20 FORMAT(20XsS{5X s THCONTOURFS.2) )
21 FORMAT(IOX ¢ I3 e jHE4OXsRG1764)
22 FORMATI20X«SG1744)
CNnBe
CH¥E¥EXVORTICITY CONTOURS
DO 2500 KK=1+NCVOR
CRTV1(1¢KK)=0,000
CRTVIINPTsKKY=0,000
CRTV2(1«KK)Y=0,000
CRTVL (NPT «KK)=0000
DO 1500 1=2«NINT
DO 3500 J=1+MINT
IF(ABSIZETA(I 9 U)) oL To 1 0E-03) GO TO 3501
IF((CVORT (KK ) « GE ¢ ZETA(I!J))eAND.(CVORT(KK).LEoZETA(I¢J+l)))
160 TO 151
23501 IF(JeEQMINTY GO TO 1501
3500 CONTINUE
151 DVR=(ZETA(1¢J+1)~ZETA(T s U))ZAK
CRV=XT (JY+(CVORT(KR)I-ZETA(1+J))/DVR
CRTVIITKKY=EXP(P]%CRV)
GO TO 1511
1501 CixTVE(]4KK)Y=0,000
1511 CONTINUE
DO 4500 g=1  MINT
IFCARSUZETACI v U))oLLT o1 40E~03) GO TO 4501 7
IFC(CVORT KK ) e LE«ZETAL T4 U3 1 o AND o (CVORTLKK ) ¢ GEZETAC L s J+11) ) )
160 TO 150
4501 IF{JEGaMINT)Y GO TO 1510
4500 CONTINUE
150 DVR=(ZETA( [+ J+1)=ZETA( T+ ) ) ZAK
CRV=XT I+ ICVORTIKRKY=ZETA(T +J1 ) /DVR
CRTV2IT KK =EXP(PI*CIY)
GO 7O 1500 ’
1510 CRTV2(14kK)=0,000
1500 CONT INUE
2900 CONTINUE
C %% %43
CHEXHFWLITE OUT VORTICITY CONTOURS
URITF(6+550)
50 FORMAT (/77 /750X 1AHVORTICT 1Y CUNTUURS/48A12201Hx Y, )
KR R=MOD (NCVOR K1) '
KicN=NCVOR-KKR
DO 15 Kzl «KKNWK]
KiK1oK4K I~ 1
WQIW[(G!I)(CVOQT(KK)OKK~ WK1
DO B8 1=1NP
WolTE(G.50)
WRlTE (o2 INTETACT) s LCRTVICT o)) s KK =K oK1 ) )
WRITE(As 321 (CRTVA T s kK)o KK=K e KK 1)
88 CONTINUE

o



WRITE(643)
1S  CONTINUE
KM= KKN$ 1
WRITE(G«S000) (CVORT KK ) 1 KK=KKMsNLVUR)
DO B9 T=1+NPT
VRITE(6«50)
VRITE(R«S500 ) INTETA(TIY ¢ (CRTV] ([ +KK) 1 KK=KKMtNCVOR)Y )
WRITF{6:+5600) (CRTVZ (¢ iKK) s kK =KKMs nCVOR)
B89 CONTINUE
5000 FORMATIBX s 7(THCONTOUR «XeFa2¢X 1))
50 FORMAT(1X/)
32 FORMAT(BX(9G13:4)
5600 FORMATIBXsTG13e4)
5500 FORMAT (2 I3+ 1HX«2Xe7G13e4)
W iTE(6:500)
RETURN
END

BL.OCK DATA

CHEd%y
CCEEHERTHESE DATA ARE THE VALUES OF THE CONTOUR>
CHERAX—~~STREAM FUNCTION
CHIWFF—a=NEGATIVE STREAM FUNCTION
CHE¥Hs = VORTICITY g

COMMON/CTOUR/CSF{33) «CRIZ1+33) +DSFRIZ21433)sDSFT(31:33)
ICRTI31+33)sCSFNITO) sNTETA L V332 'NTETAS(33)

COMMON/VCTOUR/CVORT (25)
DATAICSFIK)«K=1433)/0:00¢0605506109001550¢2010¢25¢0302v0e35:06400
10,45406¢50s0660400:7040eB0+0eYUs1 00010 10¢1+20+1¢30:1.40.1:50.1 « 60«
2170618051 c9042.0042:20¢204C82:0012¢80+3¢0033:50+4,400/
DATA{CSFNIK)«K=1410)/~ 100"‘1"‘\;660"'0&40!"0'109"00( 54=0s204
1-0e15¢~0,108-0,05,0:00/
DAWACCVORT(RK)‘KK-]~PJ)/~O.15‘“O¢10\*0.05~—0001'00001

logol '000210004'0906' 0c08306140:240e23+0c40
20,540,068007406850,9v1¢0s1a1¢1e2¢1:e3c1edr]a5/

END
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SUBROUTINE DRIFT
C ¥R %
CH3ex4xTHHIS SURROUTINE CaLCULATES THE DRIFT OF A PARTICLE WHEN A BUBBLE
CEaExu¥RISES THROQUGH THF FLUIDISED BEDe
CH¥E¥¥AN=VERTICAL DISPLACEMENT
CR¥EXRAEYD=HORIZONTAL DISPLACEMENT
C#%%%#TD=D IMENSJONLESS TIME-~~PARAMETER On THE CURVE
CHEXRIX ’
DIMENSION FONC1(31)vSOMI(31)sT(31)
COMMON/CONST /P T aEPDSyEFRPST « R
COMMON/MESHAAL s AK v MINT «NINT «MPTINPT ¢ MNINTsNDTET A
COMMON/GRINDZE(S1 )+ XI(S1)eRISIIETAIZIY «TETA(31) «NTETA(31)
COMMON/CTOUR/ZCSF(A3)+CRI31¢33)«DSFR(31+33)4D3Fi(31933)
1CHTI31433)sCSFN{ IO sNTETAT(33) NTETASI23)
COMMON/NCTOUR/ ICDAE ¢ NC t NC 1 «NCVOR
COMMON/INTERG/NT (33) e NS(33)
COMMON/DRET/ZXD(31¢33)sYD(31433)sTD(31+33)
WRITE(6¢7000)
7000 FORPMAT(1H] «S0Xs 14HPART ICLE DRIFT/Z48Xs 180 1H%) /)
Do 1000 K=1sNC
NNI=NTIK)
NNS=NS (K)
LE=NNI~1
LS=NNS+]
C ¥3e3e 348
CHXE#ESET VALUES TO 040
DO 5000 1=1+t1
XP(1+K)=0,000
YplleK)=0,000
TH(1+K)=0,000
5000 CONTINUE
DO 5001 I=LSeNPT
XpDL{[1K)I=0.000
Yl +K)=0000 : ) -,
TPR(1:K)=0.000 7
5001 CONTINUE
Caseu _
CEFEXXCOMPUTATION OF THFE DRIFT -
DO 2000 J=NNIsNNS
FONCI U= (PRIXCRTUITKIIF(IPI#CRTITI «KIIZDSFRIT+KI~SINITETALTY)
1-COSITETALI NI *(DSFTLIsRY/DSFRIT X))
2000 CONT INUE
NNG T = hNS-—-1
DO 3000 [=NNTsNNS]
SOMI INNIYI=00 .
SOMI(I+13=8S0M1(1)14+0aGXALX(FONCI(I}4FONCIvI41))
3000 CONTINUE
DO 4C00 1=NNTsNNS
T =SOMIL IV —CRT{T+KIXCOSLIETACTL))
YH{leKI=CRT(I+KI*SINITETAL]))
4000 CAONTINUE
DO 9000 I=NNT eNNS
XN{isR)=SOMI{ [)~SOM1(16)
TH(I Ky =2T1)=T (18
9000 COHNTINUE
Cadeny
Cx¥xx¥WRITE QUT VALUES OF THE DRIFT
W ITE(6 ¢ 7400 CSF(K)
7400 FORMAT{SX e THCONTOUR s F4 274X 130 1H~) /)



WRITE(G6:«7100)
7100 FORMAT{ 10X e 4HTETA« 19Xe 1 HX e 20X {HY < 20X« jHT)
WDITF(607?00)(NTFTA(l);XD(Iq()QYD(Iv KY)«TDUTaK )Y e I=NNT «NNS)Y
7200 FORMATU 11X e130IHEOXaBG11c46410X0G11ed4r10X0G116a)
WRITE (67300}
7300 FORMAT(/56X+20011%)/)
1000 CONTINUE
RETURN
END

SUBROUTINE WRTAPg

e 2 -3 2 )
C¥HE¥X#%xTRHIS SUBROUTINE WQ!TEJ RESULTS ON MAGNETIC TAPES
CHERHR 1CP7=1 PARTIAL RESULTS ONLY ARE WRITTEN
Ca¥ras 1CP7=0 CONVERGED RESULTS ARE URITTEN FOR A GIVEN RE NUMBER
CHEX¥k

COMMON/CONST/PI+EPSyEPSTRE
COMMON/MESH/AL s AK e MINTsNINT «MPT«NPT+MNINT«NDTETA
COMMON/STRFUN/PST (31 «51)ePS11(311v51 3
COMMON/VORT/ZZETA(RIvS1 )« ZETAL(31¢51)
COMMON/GQID/F(SI)eX!(Sl)¢Q(51)vFTA(3I)vTETA(31)thTFTA(3))
COMMON/CNTROL/ICPI+1CPR2+ ICP3 «NURPV ¢« NURPST s MUP NISF‘MNISFchTFP-
1TIME «CRSECTNWeNDWNDIP
COMMON/TAPE/ITAP s UT AR NTAP
COMMON/F H.E/ICPT7IFILLE
COMMON/CTOUR/CSF(R3YsCRI31433)+DSFRI31+33)¢DSFFT(31¢33) s
1CRTIZI+33)«CSFNI1O0)yNTETATI{33) NTETAS(33)
COMMON/CTOURIZCRTVIN3E1+25)+CRTV2(31325)9CRT1(164510)2CRT2(16110)
COMMON/NCTOUR/ICRG+NC o« NC1 sNCVOR
CONMMON/VCTOURZCcVoRT (25)
COMMON/DRET/XD(31433)YD(31¢33)TDI31 ¢33}

CE¥-%8E

Cx3e i ¥PaRT1AL RESULTS
REWIND JTAP )
WRITEC(JITAPHYIE(JY XTI UJY e RUUY s J=) ML)
WOITIELOTAPYI{ETACIY»TETACT Y «eNTETAC(T Y s I =1 aNPT}
VR ITE(JITAPY (PRSI (1 sJUysI=] oNETY ezt «MPTY
WRITF(JSTAPY(ZETACL v ) s 121 e T )y e d= g s MPT)
WRITECJITAPINITER«NW |
EnD FILE JTAP

316,
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CHERER
IF(ICP74EQe1)y RETURNMN

(el -3 2723

CHAIXXXCONVERGED RESULTS
RFWIND NTAP
IF(IFILE«GT«1) CaLL sKIP
WRITFI(NTAPR) RE
WRITE(NTAP) UIPST(IsJ)s 1=t ¢NPT)Y s J=1MPT)
VIRITEANTAP) ({ZETACTI s )y s I =1 4NPTY s J=1 ¢ MPT)
VRITE(NTARPY(R(J) s U=1 ¢ MPT)
WRITEINTARPY(TETA( ) el=14NPT)
Wiz ITEINTAP) ((CRT(T*KIvDSFREPAK)IDSFTUI WK v 121 «NPTY 1 K=1 1NC}
WRITE(NTAP) ((CRT1(IK)ICRT2IIsK)I¢1=1 ¢MNINT) sK=1sNC1)
WRITE(NTAP) ((CRTVI({TWK)IsCRTV2ITI K} aI=1 NPT +K=1+NCVOR)
WRITE(NTARP) (CSFIK}eR=11NC) s (CSFN(K) K= 1oNC1)v(CVOQT(k)vK-loNLVOR)
WRITEINTAP)UUIXDIT+K) e ¥YDIT o) e TDIIKY v T2 e NP} eK=1sNC)
END FILE NTAP
WOITF(6s1) NTAP

1 FORMAT (/85X ¢« sCONVERGED RESULTS uRITTEN ON TAPEY+12)

RETURN
END

SUBROUTINE SKIP
(o .= 2-2 2 ’ .
Cx¥Eux¥TIHIS SURROCUTINE SkIPS THE FILES ON MAGNETIC TARPE
CHde% 2
COMMON/ZTARE/ITAP « UTAR e NTAP
COMMON/F ILEZICPT7 Y FILE
NFEI{E=1
RFEFAD INTAPRP)Y RESULT
IF(EOF (NTAR)Y) Y2
1 NFILE=NF ILE+]
IF(NFILEEQe. IFILE) RETURN
GO TO 3
END

W

hu
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_Listing PRO?Z

PROGRAM PROZ(INPUT s QUTPUT s TARPES=INPUT « TARPEG6=0UTPUT + TAPE3)
CREXEE
Cxuxx#THIS PROGRAM COMPUTES THE VELOCITY FIELD FOR THE PARTICULATE PHASE
CHEXXXAND FOR THE GAS PHASE. _
Cxu%u% 1T PROVIDES THFE VALUES COF THE DRAG COEFFICIENT AROUND THE BUBBLE.
Cx¥xu¥ 1T ALSO COMPUTES THE GAS STREAM FUNCTION. -
CHYEREE

COMMON/PARAM/PT +0E s MINT ¢ NINTaMPT e NPToNPTL sNDTETAYNCSFR

COMMON/CONST /NALPHA s XL IM e MU s NL I NDL + NCGS « NCG 1 NSP

COMMON/STIZE/AL s AK« DL« DK

COMMON/FIELD/RPST(31 + 51 ) ¢ ZETA(31 51 )

COMMON/GRID/RIG1)« TETAI31) +NTETA(31)

COMMON/DRFT/XD(31+33)sYD{(31+¢33)¢TD(31¢33)

COMMON/DER/DSFRI31 ¢33 2DSFT{31e33)y«CRT(31+33)

COMMON/CNTOUR/CSF(33)

COMMON/VAL/ZALPHAR(10)Ye GCSF(23)

COMMON/DC/RGII2+S01sTG(12:¢50)CG( 12

COMMON/DGCOEF/TL] ¢ ANGT ¢ ANG2« ANG3 «DTETA

CH¥% %%
CrerxxeSET THEE VALUES OF THE PARAMETERS

DATACALPHABIK)sK=19101/0:25+065010675¢1c00¢162501¢5061:75¢26005
12,50¢5:.00/

DATA(GCSF K1 eK=1:231/-3¢00¢~2¢009~167514=1050v-1e25+=100¢~0e75¢
120650400254 =0¢10:+~0,0540400¢0s05¢0610¢0:25+10:50¢067F+100+1250
P1.504175«2,00¢3,00/

DATA(CGILY«L=1¢12)171.0040695:059010e85¢0:8010670¢060¢06505C6401
10,30¢0,2040,10/

€333 335
CHEREATAPE PARAMETERS
NTAP=3
IemileE=1
CHEFXACNID PARAMETERS

MINT=50

NiNT=30 <

MET=51 -

NPT=31

HN>T1=16

NNTETA=6

AlL=1¢/30¢

Ak=0,0125

Di.=6e ¥AL

DY =6Ge #HAK

NYETA(1)Y=0

no i =1 «NINT

NTETA(T+1)=NTETACTY4NDTETA

1 CONT INUE
CHEELLXCONTOUR PARAMETERS

NC=33 -

NOGES=23

NCG=12

NgP=50 " .

Xy IM=3e

CREPBXENECUTION PARAMETERS

P{=3.1415926336

N_=1%

NPRL=2

Mi=ta

NaLPHA=10

CHIF



Cr¥XXFPARAMETERS USED TN SUSROUTINE DRAG
TLI=P1/8,
ANG1=P1/60,
ANG2=P1/000,
ANG2=P1/180,
DYFTA=P1/9000,

C 436202

CHEXEHRFAD DATA FROM MAGNETIC TAPE
Cal.l RDRESUIFILE«NTAP)

CHHE ¥

CHUXXXCALCULATION OF THE PARTICLE VELOCITY
cal.L SPEEDI

Cdk

CEXXTACALCULATION OF THE PRESSURE GRADIENT
Call GRAD

CoA %

CH#FHRESULTS FOR THE PARTICLE VELOCITY
Ccalt RESH

CH43 %

CHEER®

CHRERHFLINES TAU =CST
Chll CDRIFT

CHEFHURESULTS FOR THE PRESSURE GRADIENT
CALL RES?2

Fet 2.2 220

CHEXFFCALCULATION OF THE GAS FIELD
CALL SPEEDZ2

C xR
SY0P
END
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SUBROUTINE RDRES(IFILE«NTAPY
C s
Ca¥#¥%THIS SUBROUTINE READS FROM A MAGNETIC TAPE THE CONVERGED SOLUTION
CH¥UEXFFOR THE PARTICULATE FLOW ‘
CHERER
COMMON/PARAM/PTsREMINT e NINT e MPT NPT+ NPT1 « NDTETAINC ¢ FFR
COMMON/F IELD/7PS1(31 +51 )Y ZETA (31 ¢51)
COMMON/GRID/ZRISY « TETAL31) «NTETA(31)
COMMON/DRFTZXDI31 43310 ¥YDI31 333 TN ¢33)
COMMON/DER/DSFRI31 +33)4DSFT(21¢33)1CRT(3133)
COMMON/CNTOUR/ZCSE (33)
REVIND NTAP
IF(IFILEGTo1) CALL SKIPUIFILE«NTAP)
RFEAD {INTAPIRE
READINTAPY((PST{1eJ)slzl eNPTYsI=1 «MPT)
READINTAPY(LZETA( I «J) e 1= sNPTYeJ=1 NPT
READ (INTAPY(R(J) s J=1 +MPT)
READ(NTAPI(TETA(TY s I=1 «NPT)
READ (NTAP) ((CRT(1«K) eDSFRITsRIDSETIIsK)e I =1 +NPT) eiz=1+NC)
READ (NTARPY DUMMY
READ (NTAP)Y DUMMY
READINTAP) (CSFIKysK=1 sNCY e (DUAMY ¢Kz=1010) ¢ (DUMMY «K=1 « 25)
READ INTAP) ({XDITakI«YD(T oKy e TDIT R e I=1 cNPT) sK=1¢NC)
CH*FERE : .
WRITE(G:1)
1 FORMAT(1X//SXe ¢DATA READ FROM MAGNETIC TaREY//)
RETURN
END

SUARDUTINE SKIPLIFILE«NTAP)

Cr¥smsn
CEEA¥ATHIS SUBROUTINE SKIPS THE FILES ON MAGNETIC TAPE
C3 ¥

NEILE=]

3 READINTAP) RESULT
IF(EOF INTAP))Y 12
1 NFEILE=NFILE+L
TP INFILEEQ IFTLITY RETURN
GO TO 3
EnND

hY]



CHAY-EN

CH¥x#%TIH1S SUBROUT INE COMPUTES THE VELOCITY OF A PARTICLE BOTH

Caese %k
Cxtxxs
CHFExR®

CHeX 53
C ¥

8000
CHE%HR
CHEXAN

100

£2000
1 000

4000

SURROUTINE SPEED{

——eWITH RESPFCT TO STATIONARY AXIS

321.

w—=WITH RESPECT TO AXIS MOVING WITH THE BUBBLE AT VELOCITY UB

COMMON/PARAM/P T «REIMINTeNINT e MPTaNPTs NPT« NDTETAYNCFR
COMMON/DRET/XD(31+33)+¥YD(31+33)+TD(31+433)
COMMON/DER/DSFRI31v33)+DSFTI31¢33)«CRT(31+433)
COMMON/LLIMIT/NI(33)Y +NS(33)

COMMON/PVEL /PVE(31¢33) «PVM(31+33)14PVX(31433)¢PVYI3]1¢33)

COMMON/GRID/R(S1 )« TETAI31 1« NTETA(ZT)
RIFAL L1.L2

SFT vaLUES T0O O,
DO 8000 K=14NC
Do 8000 t=1+NPT
PYX(11K)=0.0
PVYY(14K)=0,0
PYS(1eK)Y=0,

PYM( 14K I=0,
CONTINUE

e == STATIONARY AX]Sm—~— e
DO 1000 K=1.«NC
N1{K)=2
NS (K Y=NINT
P
DO 2000 1=1«NPT
IF(1CP«EQ.2) GO TO 100
IFIABSIXDIT ¢K))eGT+0.0) GO TO 100
NI(RY=T+1 :
GO TO 2000
1cP=2~ -
IF(ARSIMDI 1K) I eGTe0,0) GO TO 2000 -
NS (Ky=1~1
tFINTETA(11eEQe00) GO TO 2000
GO To 1000
CONT I NUE
CONT INUE
DO 3000 K=1«NC
MI=N1(K)
M5 =NS (1K)
M I=MI+]
MNS= M5 -1
DO 4000 I=MNI «MNS
ALI= (XDITsRI=XD{1=1eRIIEX2LIYDIT e KI~YDUI -1 sK)) X2
ALZ2= (XD I=XD0T41eRIIFX2L(YDIT e KI=YDUI 4+ oKy ) ER2
L1=SORT(ALL)
Lo=SORTLALZ)
ATI=ABSITDII K1 =TNH{1=1¢K))
ATZ2=ARSITRNIIA Y =TOHI 141 aKY)
Vel =1 /AT
Vel 2= 2/AT2
PVYS{1eK)=(VELI+VEL2)1X0:5
CONT I NUE
ALZ2= (XDIMI4K ) =XDIMI 410K 15X 24 (YDIMT oKy =YD IMI+] o) Y E52
AT2=ARSETDIMI ) -TOIMI+1eK) )
Lo=5S0ORTLALR)



A
A ARSITDIMS «K)-TDIMG~1 ¢K) )

L1 =5QRT (AL

PVYSI{MI ey =l 2/7AT2
PVS(MSeK)=L1/AT1

C s
CRHFIR e MOV ING AX]§= = e

6000
3000

CHaen ¥

CxEx2¥TIHIS SUPRROUTINE COMPUTES THE FROUDE NUMBER FROM THE VALUES OF

DO 6000 =M1+MS
PUYRM=~DSFT (1 +K)Z(PIXCRT(I «KY)
PYTHM=DSFRIT«KIAIPIFCRT (1KY

PV =PVRMEX24PVTMER D

PUYML 1Y =S0RT (PV)
PYX(1+R)=PVRM¥COSI(TETA(TI Y )-PVTMESINITETA(T))
PYY L TR =PVRMESIN(TETA(T ) )+PVTMXCOSITETA(L )
CONT INUE

CONT INUE

R TURN

END

SURROUT INE FROUDE

L1=IXDIMS oK) =XDIMS~ K IFE2HIYDIMS KY) =YD (MS~1 oK) I HAD
Ti=

o™
BN
.

CxExesDERIVATIVES OF VORTICITY AND VELCCITY NEAR THE APEX OF THE BUBEBLE.

CH¥FHE

CRIERRE
%

C 33832 33t

COMMON/PARAM/PT e REYMINT ¢ NINT sMPT NPTy NPTL o NDTETASNCFR
COMMON/SIZEZAL s A «DLLs DK
COMMONAFIELD/PSI(21 451 ) ZETA(311451)
COMMON/VELLOC/VT (31451« VR(31+51)1sV (3151}
DIMENSION DZ2T(4)

SFEFCOND DERIVATIVE OF VORTICITY AT R=1«TETA=O.
DO 1000 JU=ts4
DZT(U) = (1803 2ETAI2 1 J) =0 RZETA(Rs U142 ¥ZETA L4+ J) )/ DL -

1000 CONT INUE

CH3 s

CR¥3ss

1

APZ=(=11e¥DZT 1)+ 1B #DZT (210, 4DZT(3)4+2¥DZTLA) ) /DK

DZ=ADZ/(P1Xx2)

VeELOCTITY DERIVATIVE
ARVTT=(18e2VT(2¢1 )96 ¥VTI3c¢1142e%VT 441 ) /DL
DVTT=ADVIT /2]

FROUDE NUMAER
A=DVTTEXD~ (D ¥DZ) /RE

Fi=t e/ A

WRITF(6d1)Y FR .
EORMAT(//5EX e aHFR=1G 1P S0 A/ /7))
ReTURN

END
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SUBROUT INE GRAD
CH3 %53 : .
CHEREHXTHIS SURROUTINE COMPUTES THE VALUES OF THE PRESSURE GRADIENT
CH¥¥2%AT EACH NODE OF THE GRID
(o 2 225
COMMON/ZPARAIM/P 1 eRESMINTeNINT s MPTaNPTeNPT1 s NDTETASNC«FR
COMMON/FIFLD/PS (31981 Y4 ZETA(31¢51)
COMMON/GRID/RISIY s TETA(31) «NTETACRT)
COMMON/STZE/ZAL s AK ¢ DL s DK
COMMON/VELOC/VT(31+51)sVR(31¢51)eVI(31+51)
COMMON/GRADP /DPR(I31 51 ) DPTI31+51)
COMMON/GRADPRFZDPFRI31451) eDPFTI31451)
C 3533t
CHXXFX¥PARTICLE VELOCITY AT FACH NODE OF THE GRID
DO 1000 (=1 NPT
DO 2000 J=2«MINT
DR=R{J+11=-R(J=1)
VTI(TaJ)1=(PSI{TeJs1)=PSI(TsU~-1)1/DR
2000 CONTINUE _
VTI(T1e1)1={18:%PSI{1¢2)~Ga#¥PSI(1¢3132:%¥PSI(1¢431)/(DKEPT)Y
VT sMPTIZ (11 e¥PSTI (I eMPT )~ 1B8.#PSI(eMPT-1)+Qe¥PSI ([ cMPT~2)
1= o ¥#PSI (1 +MPT~3)) / {DR¥PIFRMPTY )
1000 CONTINUE
DO 3000 J=1eMPT
DO 4000 1=2+NINT
DT=TETALI4+1)-TETA(I-1)
VR(TeJ) =~ (1 /R0y ELIPSTI(I4+1 e N =PST(I~1¢J3)/DT)
4000 CONTINUE
VRl ed)o~01 o7 (PIRR (I 12 (018 HPST(2e ) ~0 53PS 130042 ¥PS1(4eU) )/
1oL
VRIMNPTs I =~ (1 Z(PI¥FRIUIIIF ({18 XHPSIINPT~1 v JY 49 ¥PS T (NPT-2¢ )~
12, #PSTINPT=3¢J) ) /DL Co
3000 CONTINUE
DO 9000 1=1«NPT -
DO 9000 U=1.M4PT -
VozVT e Y RE2HVRIT ¢ J)EH2
VI1e HI=SORTIV2)
Q000 CONTINUE
CHERE
CEF¥XAACOMPUTATION OF FPoUDE NUMBER
CALL FROUDE
CH¥EXER
CH¥EXEDEFRIVATIVES OF THFE VELOCITY AND VORTICITY
DO S000 1={«NPT
Do 6000 J=1MPT .
IF(JeNEol e AND e JeMEMPTY GO TO 100
IF(JeEQMPTY GO TO 9C1t
DVRR=(~11 e #VRET+ 1)+ 1B ¥VRIT12)-0.XkVRIT¢ 3142 ¥VR(144) )/ (PI¥DK)
OVIR=(=11¢®¥VT Tt ) F18EVT(142)=03VT{I e 42 FVT(T4))/(P1HDK)
DZR={=T1{c#7ETACL ¢ 1) H 1B HZETAL T 2) =0 ¥ ZETAL 1«31 +2 ¥ ZETA T4 )Y/
1 (o1&DK)Y
GO TO 400
Q01 DVRR={11¥VRIT «MPTI~ 1B ¥ VRIT ¢MPT=] )49 ¥VR( [ MPT=2 ) =2 ¥ VRI T «MPT=3))
17 (P IEDK¥R(MPT ) ) .
DVUTR=( 11 #VTUTaMPTY =186 BVTLTeMPT-1 149 #VT (I eMPT=2)1 -2, ¥ VT (1.MPT-3))
1P LEDKHRIMPT Y Y .
O7R=( 11 e ¥ ZETAI T oMOT Y- 1B RZETALL o 14APT =1 )+ O ¥ ZETA( T MPT—2) —2 XZETA
1O eMPT~3) ) /7 (PIXDKRERIMPT Y Y
GO TO 400



100

400

OR=R{J+1)-R{JI~1)

DVRR= (VR e J+1)~VRITaJ~1)) /DR

DVTR=(VT(1«J+1)~=VT (T eJ~1)) /DR
NZR=A(ZETA( 1 o J+1)=ZETA( 1+ J=-1))/DR

IF(TaNFEs 1o AND o T oaNFFeNPRPT)Y GO TO 200

IF(TIFQNPTY GO TO 902 .
DVQT=(~1lo*VQ(10J)+189*VQ(?1J)—90¥VQ(3¢J)+2a*VQ(4~J))/‘PI*DL)
DVTT= (11 e#¥VT (19 1+ 18e¥VT(Z2s ) =0 ¥ VT39I 42eFVT(G )y / (PIHDL)
DZTa (=11 ¢ ¥ZETA(1 e J) 418 ¥ZETA(2s J)=Qe* ZETA( s V2 #ZETAL A JY ) /

1(PIxDL)

GO TO 300

324.

902 DVRT=(11e¥VRINPTsUI -8 #VRINPT=1 ¢ J)+Q ¥ VRINPT=24J)1 =2 ¥*VRINPT-3+J))

200

Cas3us

17 (P10

DVTT=C11 e ¥VT (NPT U) =18 e RVTINPT= 14 J) 4G e ¥VT (NP T=2 ¢ J) =2 EVT (NPT =35 ) )

1 7(PL2DL)

DZT=( 1 1 e ¥ ZETAINPT s J )~ 1 B ¥ Z2ZETAINPT = s IV 4O ¥ ZETAINDT~24 J) =2 ¥ZETA

1 (NPT-3+ ) Z7(PIXDL)

GO TO 300

DT=TFTA(I+1)~TETAL{I~1)
DVRT=(VR(I+}1sJ)=VR{I=~{ e} I/DT
DVIT=(VT I+ s U} =VTUI~1 ) /DT
DZT={ZETA(141«J)=ZETA{1~-1+U) /DT

CHEXRAPPESSURE GRAD JENT .

300

6000
=000

FACI=VRIIs NEDVRR+ (VT s IEDVRTIZRIIDI (VT Jy %521 /R1J)
FACZ2=~(2 . %DZTYy/(REXR(JY)

DPRITse =P {FAC2~-FACT)

DER( T +MPTY=0,0

FACA=VRI I« NADVTRF (VT I« HADVTTI/RIIIF{VT( I JIYRVRTI T+ J)) /RIJY
FACA= (2 #DZR) /RE

DRPTII ey =2 xRV X IFACA~FACTE)

DPT(I «MPTYI=0,0

DRFRIT« Jy=DPRIT v Y= (2, #COS{TETA(] 1Y /FR

DPFTII « N=DPT I )+ (2 ¥SINITETALT }YXERIUI)/FR
DEOFTINRT«J)=0. -

CONT INUE

COMTINUE

RETURN

END



325.

SUBROUTINE RES]
CEHEER
Cx¥%%#THIS SUBROUTINE PRINTS OUT THE RESULTS FOR THE PARTICLE VELOCITY
CH%%¥X¥RFSULTS PRINTED ARE THE FOLLOWING :

[ol. 22 -2 24 1t=VELOCITY WIiTH RESPECT TO STATIONARY AXIS

C a3 3 2-VELOCITY ALONG PARTICLE STREAMLINES W.R!T. MOV ING AXIS AT uB
C330 34 3-VELOCITY AT EACH NODE OF THE GRID W.R:Te MOVING AXIS AT UB
CEERRE :

COMMON/PARAM/PISRFsMINToNINTsMPTeNPTaNPTY e NDTETAINCFR
COMMON/GRIDZ/RIS1) s TETA(31 )Y+ NTETA(31)
COMMON/PVEL Z/PVS(31933) +PVYM{31+33)+PUX(31433)«PVY(31433)
COMMON/VELOC/VT(31+S1)+tVR(31¢51)1+VI(31451)
COMMON/CNTOUR/CSF(33)
CH¥RHR
WRITE(6+1) RE
1 FOQMAT(SOXGIQK]H*)/SOqu%PARTlCULATE FLOW*'/SOX-!% RE="1»
1F6a 200 #V/SOX 1D HEY /227
CRIK %%
CHEXRFVELOCITY WITH RESPECT TO STATIONARY AX1IS
Nt =8 '
NR=MOD (NCeN1)
NN=NC~NR
Nta=NN+ 1
VRITE(642) ‘ .
2 FORMAT(SOX s tSTATIONARY AXISv/49Xe 1 7(1H®)Y/)
DO 100 N=1 JNNeNY
Ni{=N+NI~1
WRITEF(6«3) (CSFIK) K=NeN1)
WRITE(6«4) (NTETAC(T) e (PVS{ ek ) eK=NeN1)s 1=t «NPT)
WRITE(64+5)
100 CONTINUE
WRITE(6+6) (CSF(KK) « K=NMsNC)H
W ITE(G « 7)Y INTETACT) +{PVS{IsK)sK=NMeNC) e I=1¢NPT)
WRITE(65) -
(ol 22 223 _ -
CEEHLFCALCULATION OF THE MEAM VELOCITY
cal.l. MVEL
Cr¥¥3¥
CHHEEXEVELOCTITY ALONG STREAMLINES—-=X VELOCITY—-——=Y VELOCITY
VIDITE(6+8)
8 FORMAT(//50X'VELOCITY ALONG STREAMUINESt /49X« 280 1H%) /)
DO 200 N=1 «NNWN1I
NY =N4+NT-—1
WRITE(6¢3) (CSFIK) «K=NsN1 )
WRITELG614)Y INTETAC 1) « (PUME TR ¢RK=NaNY Yo 121 s NPT
WRITE(6.12)
VRt TEC(S 4 ) INTETACI) s (PVX L T e K=MNeNI e [=1eMNPT)
URITE(6:12) .
WRITE(G«A4YINTETA(I) s (PYY (L TaKI«K=N¢N1I«I=1 NPT
VRITE(6:S)
200 CONTINUE
WO ITE(6:6) (COSFIK) sKa=NMeNC )
WERITE(GA 7Y INTETACT ) ¢ (PVM Ol « K aNMeNC s [=1 sNPT)
WRITF(6:¢12)
WERITR(Gs 7Y INTETACT)Y « (RPVXOTaR)sK=MNMeNCY s 11 «NPT)
CMPITE(O6 1 2)
WRITE(Sy 7Y INTETACTY ¢ IPVY (1o ) sb=NMsMHNCY e I=1 «NPT)
WRITE(6:5) )
3 FORMAT(BX 83X 1 CONTOUR= 1 +F4,.2))

N\



CHNERHE
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FORMATIEX X 134 1% 2X e 0G15:.5)
FORMATIZSHX 20 01H%) /)

FORMAT N« 23X e tCONTOUR= t4F4,62)
FOmaT A e 13 THY - 2XeG15:5)

C¥sxxVELOTITY AT GRID NODES

9

3600

10

it

12
13
14

N =200 (RPN T ) ’ '
NN T =5 -

Wi [ TE(SeT)

FONIATI//G0%« tVELOCITY AT GRID NODESY /69X 24 (1HX)Y /)
DO 300 Nl ehhNeNg

Nt aN+tNT=1

WRTTELGetO)Y (ROJY v I5NeNT )

W ITE(OH 11 Y NTETACI ) o IV ) s J=NeNT Y e I= 1 ¢« NPT)
Wt TE(Ha12)

VR ITEL G LI Y (NTETACTI Y e {VR(Ted) s J=NeN1Is I=1¢NPT)

W iTE(AHe12) :
WOITFLGeI 1Y (INTETACT Y« (VT (T ey sJd=NaNTI)Y o I=1 +NPT)

W lTF(645)

CONTIMNUE

W I TELGe 13 IR « JENMeMPT)

WRITE(Ge 14 Y (NTETACT ) e (VT J) «J=NMeMPT Yo [=1 o NPT)
W iTE(S¢12)

URITELO 16y INTETACTI Y (VR T« e J=NMsMPT) v I =1 « NPT
WRITFE(A6:12)

WO TTE{Ge 14 (NTETACI ) « (VT (T aJ) e JeNMsMPTY v I=1«NPT)
WIn I TE (65

FORMATIABKeBISXe2HR=¢FG o 2¢2X))
FORMATIAY s 13+ 1H2 2 X BG1565)
FORMAT(/61 X100 114 7)
FORMAT{BX e 3(SX¢PHR= 1 FG6292X) )
FORMATI2XK e 3¢ 1% e2Xe3G1565)

RETURN

[N -



CrssL

SUBROUTINE MVEL

*

CH#¥3#%TIHIS SUBROUT INE COMPUTES THE MEAN VELOCITY FOR THE PARTICLE FLOW
CHELERWITH RESPECT TO STATIONARY aX1S,
C 330355

400

7000

s00
8000

600

COMMON/PARAM/P T «REAMINT«NINT s MPTyNPTAaNRPTI + NDTETANCFR
COMMON/CONST/HNALPHA XL IMcMJs NL A NDLaNCGS + NCG ¢ NSP
COMMON/GRID/R(S1)Y « TETA(B1YsNTETA( 3]
COMMON/CNTOUR/ZCSF(33)
COMMON/DRFT/XD(3133)s¥YD(31s33)20TR(3133)
CONMMONZLIMIT/NI(33) « NS(33)

MNP T=NINT/241

MMPTI=NINT . 2

VRITE(6:])

FORMAT(//50Xe e MEAN VELOCITY 't //49XKe 15{1H¥*)/)

DO 8000 J=1 «NL eNDL

NNT=NT (J)

NNS=NS ()

VRITF(6«400) YRDIMNPT ¢ J)

FORMAT(//10Xs tMAX s DISTANCE=tsFS52/10X e tLENGTH TIME
10C1TYs)

DO B000 JJ=NNT ¢MNPTY

DIST=04

ACVEL=0,

NaNPT—~JJ

DO 7000 T=JJ«NJ
AL=SORTUIXDIIA 1o Y =XDITa )3 HE2HIYDII4] «JI=YDI o J) Y %2
DIST=DISTAL

ACVEL=ACVELSALZ(TRIT41 e J)=TD(I¢J})

CONT INUE

DFLT=TDINPTH1=UUy JI=TR (JJe )

N=NJ+1-JJ

VEL=ACVEL/FI.OAT (N)

WRITE(G«SOOIDIST+nELT« VEL -
FORMAT (10X sFB8e3 28X 1FS3.215XFHe3) -

CONTINUE

WRITE(G6:600)

FFORMAT (/56X 200 14%) /)

RE TURN

END

VEL
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SUBROUTINE RES?

CrHas

Cr#x¥*¥THIS SUBROUTINE PRINTS OUT THE RESULTS FOR THE PRESSURE GRADIENT.
S P IS THE TOTAl. PRESSURE INCLUDING THE HYDROSTATIC PRESSURE
Cwwses PF 1S THE PRESSURE OF THE FLUID

CHERTR

COMMON/PAQAM/PIsRLleNToNINT»MPT«NPT.NPTlehDTLTA.NCcFR :
COMMON/GRID/R(S1) s TETA(3T ) e NTETA(S])
COMMON/GRADP/DPR(3I +51 )1+ DPT(31451 )
COMMON/GRADPF/DPFR (31451 14DPFTI31451)

Ni1=8
NO=MOD{I{MPRT«NT )
NNz=MPT -NR
NM=NN+ 1
WRITE(G«1)
DO 100 N=1 NNeNT
N =N+NT-1
WRITE(6:2) (R{J)eJ=NeNT)
WRITEC(Ge3) INTETACTY « (DPR{TsJ) «J=NsN1 e 121 eNPT)
WolTE(6¢8)
WRITE(G6s 33 INTETACT) ¢ (DPT(IeJ)ed=NsNI e [=1 ¢ NPT)
WRITE(6:4 )
100 CONTINUE
VRITE(6¢S)I{RIJY v U= NM MPT )
WRITE(66) (NTETALT I s (DPRITeJI s =NV MPT ) e I=1sHNPT)
VRITE(64+8)
WQITE(6-6)(NTETA(I)'(DPT(IoJ)QJ NM«MPT) e 121 NPT
WRITE(644)
WRITE(H7)
bo 200 N“'thNqNI
N{=N+NT~1
WRITF(6¢2) (REJ)eI=NNT)
WDXTE(6°3)(NTETA(I)v(DPFR(IcJ)vJ:Nle)clzlﬁNPT)
WRITE(648)
WRITE(S«3IYINTETAC(I) s (DPFT (1 eJ) e J= N«Nl)vl 1«NPTH
WURITE (64
200 CONTINUE
WRITE(6 ¢G5 (R(JY s J=NMMPT)
VRITE(6:6) (NTETACI)Y« (DPFRIT«J) ¢ J=NMeMPT)Y s 121 e NPT )
VRITE(G«B)
RITELG+6) (NTETACT I (DPFTITI o J) v J=NMaEPT) ¢« [=1 «NPT)
WRITE(G6«4)
FORMAT(//50Xs Y TCTAL PRESSURE GRADIENTY /40X 250 1HE ) /)
FORMAT(AX« BISXsP2HPT ¢ FH 24 2XY)
FORMATIZXR s 134 1 H#*« PXeAG155)
FORMAT(/SHX 200 1H% ) /)
FORMAT(B8X « 3(SX 2HR=«FH 242X ) )
FORMAT(2X 134 1H¥ «2X e RG15,65)
FORMAT{/ /50X $GAS PRESSURE GRADIENT /49X« 230 1H*)/)
FORMAT /56X« 2001H4) /)
RETURN ©
END

DIDARD N -
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SUBROUTINE CORIFT
CHERRK
CH¥x2%THIS SUBROUTINE COMPUTES THE LINES TAU=CS! FROM THE DRIF! CONIUOURS
CHHH AR
COMMONV/PARAM /P T eREYMINT e NINT e MPT e NPTINPT) « NDTETAYNC+FR
COMMON/CONST/ZNALPHA « XU IMsMJyNLYNDL yNCGS « NCG 1 NSP
COMMON/GRIND/R(S1I+TETA(31) «NTETA(3L)
COMMON/DRFT/XD(31¢33)¢YD(31+33)+TD(31+433)
COMMON/DER/DSFRI31v33)4DSFT(31433)+CRT(31433)
COMMON/CNTCURZCSF (33)
COMMON/ZL IMIT/NI(33) «NS(33)
DIMENSION TAU(la).aT<31~33)«RDC(31~33>.TDC(31-33>-XDC(31‘33)'
1YPC(31433)
DIMENSION PPT(3)
DATALTAUCI)I cU=19148) 705116041651 200:12:¢513¢0¢3c¢544¢03465:50015650
16,0¢7,0¢8.0/
Ki=2
ITEST=1
NP =0
WRITE(64100)
100 FORMAT(//50Xs ¢DRIFT CONTOURS LINES TAU=CST /49X s32(1H¥) /)
CH3 &
CHIXFEVALUES FOR TLIM
WRITE(6¢101)
101 FORMATOI0X et 1~ DRIFT CONTOURS?t /99X 19( H—) /)
DO 1000 1K=2+NC
NMI=NT(K)
NRS=NSI(K)
DO 9998 I=NN] «NNS
XeRT=CRTIT ) HCOSITETACLY)
IFIXCRTLLTXLIMY GO TO 880
XeRT1=CRTUI4+1 +K)*COSITETALI+ 1))
IFIXCRTeGE XL IMe AND e XCRTE sLEXLIM) GO TO 881
o908 CONT INUE -
WRITE(64150)
150 FORMATI(SXs (ERRORYNO VALUE FOR XLIM FOUNDY)
SyYoP
880 Kiz=Kl41
GO TO 1000
881 SLOPcJ~(7F1A(!il)—TETA(!))/(XCRTI~VCQT)
TYL=TETAL PY4SLOPER* (XL IM-XCRT)
R 1M=XLIM/COSITTLY
SLOPE4={TDII+1eK)=-TDIT+KI)/(CRTITI+1 «KY=CRT (] sK))
TLIM=TD(I e R)+SLOPEA¥ (R IM-CRT(I+K) )
DO 2997 T=NNI «NNS
STUIsK)I=TD(T e} -TLIM
9997 CONTINUE
CH¥x¥%
CHEXEXFEXTRAPCLATION FOR SMALL VALLUES OF CSF USING A PARABCLIC FITTING
IFIKTIFQ.2) GO TO 882
NOT=NPT+]
I (NPT oLE.3) GO TO 883
. GO TO 882
883 PTINPI)=TI_IM
IF(NP]£06e3) GO TO 885
GO TO 8az
88 DS12=CSFIKI+] 1 ¥%p-CSE(KI %D
DSIB=CSFIKIH2) ¥ #2-CSF (KT ) %2
D{e=CSFIKI+1 )Y ~CSFIKY)Y



©9Ts
88z

210

310
311
1000

1002
1001

D12=CSFIRT+2)~CSF KT Y

OTI2=RT(p1=PT (1)

DTIA=PT(3-PTL1) ,

A= {DV12¥012-DT 138N 23/ IDS12%D13~DS13%D12)
B=(DTI2¥0S813~-DT 13403123/ (D12#DS13-D13%¥DS12)
C=BT(])-22COF {1 E2~R*CSFIKT)

ITEFST=0

e [= iK1

DO 999 M=K ]

RTI=NT (M)

WNES=NS ()

ATL IM=AXCSE IMYEED2ALFCSFIMY4C

DO 99085 I=NI1eN3S

ST eMy=ThiTsMy—aTLIM

CONTINUE

CONTINUE |

VRITE{G:»10) CSFiK)

330.

FOEMAT (/77 10X e THCONTOURS F 462/ 10X s 4HTETA s 10X THX 4 15X ¢ 1HY » 1.5)(0 THT »

115X 2HET « 15X 3HCRT

WHITE(GI 310 (NTETACT JeXDET KA YD oK) o IDUT oK) oS Tt IskIsCHILIKY

1 Pl s NS
VURITE(Gs 311 TLIM
FORMATCION «13:¢5G1 75}
FORMATIOR s s TLIM=1G12,5)
CONT INUE

1IE(ITEST. EQ1Y GO TO 1001
DO 1002 =20 ]
M= ()

MNNS NS ()

TLIM=TD(S K3 -5T(5:1K)
VRITE(G:210) CHF (KD

Wl TE(Ge 31 OXNTETALI ) o XD IR oYDIT oKI e TDITsK) 4 STUIeKIACRTUT KD »

1 P=RsT o NNG)
WRITE(G: 3T 1YTLLIM
CONT I NUE
CONT INUE

Co¥ 3

CEERY

102

2002

50

7701

7700 SLOpﬁlz(CRT(i+1vK)”CRT(lﬁK))/(bI(i%lq&)—bt\l!m))

FCALLCULATION OF THE LINES TaAU=CST

WRITr(s«102)

FORMAT (IRZZ71 0 e e o~ INES TaAU=CSTt /70X e 180 1H=~)/)

DO 2001 K=2«NC

NN RSN

NS =NS (1)

DD 2001 J=14J
NS T s NNS~1

00 7002 [=2NNT«MNNST

IEATAUCY) cGEeST I c AND S TAUCU) o LESTI41sK)) GO TO 7700

IF(TAUCYY GTSTINNSsK)Y)Y GO TO 77014
TELTAUCS)Y LT e STMNIKY Y GO TO 7701
CONT I NUFE

WRITF (GeB0)

FORMAT (5 tERMORNO VALUE FOR TAU)
STOR

RMHCE LK) =0,0

THC(CJeK)I=040

X[)Cf J(K):Ooo

YRC{Jsi)=0,.0
GO TO 2001



2001

2000

ROC{UsKY=CRTIT o KY4+SLOPELIX (TAUCUY-ST (] +K))
SLOPEZ=(TETALI+1)~TETA(I M) /(CRT(I+1 +KI=CRTI{1+K))
ATDC=TETA(1)4+SLOPF2¥(RDCIJIKI-CRT(T¢K))

XPCl IRy =RDC (I Ky *¥COSLATDC)Y

YPCEJKY=RDC (I Y XS INIATDC)

TDC{UsKY= (ATDC/ PI} %180,

CONTINUE '

DO 2000 J=1MJ

XINF=XLIM=-TAUL )

WRITE(6:8) TAU(U)Y s XINF

WRITE(GT) -

WRITE(6+6) (CSF(K)qQDC(JOK)!TDC(J!K)QXDC(JtK)tYDC(JoK)!K:Z-NC)
FORMAT (SX«F4s244G17e5) '

FORMAT(EX« tCSF 10X tROCE v 14X tTDCY 4« 14X 1 XDC 914Xt YDC )
FORMAT(//10Xs 'CONTOUR TAUZt3vF4¢2:5Xe X LIMIT AT INFez=t 1FSec1)
CONT INUE

RFETURN

END



SUBROUT INE SPEED2
C %% 3%
CH¥¥#2THIS SUBROUTINE COMPUTES THE GAS VELUCITY Al EACH NUDE UF IHE
CHEXIXFROM THE VALUES, OF

Crirst ¥ ~THE PARTICLE VELOCITY

CEREE ~THF GAS PRESSURE GRADIENT

CEIBHE ~THE VALUES OF THE DRAG COEFFICIENT ARCUD THE BUBBLE
CREXXSE .

COMMON/PARAMZPTI«RESMINTaNINTIMPT NPT NP TT « NDTETA S NCIER
COMMON/CONST /NALPHA s XLLIMeMJ s NILs NDLL s NCGS +NCG +NSP
COMMONZ/VELOC/VT (311511 sVRI31+51)1V{31+51)
COMMON/GRID/Q(SI)cTETA(Bl)‘NTETA(31)
COMMON/GRADP/DPRI31 51 1¢DPT(31 51
COMMON/GRADRPF /DPF R‘Bltq!)!DPFr(?l*Sl)
COMMON/GSTFQ/PHI(]6v51)-CFTGI(160?3)¢CQTG?(160?3)
COMMONAVAL ZALPHAB( 10 GCSF (23)
COMMON/GVEL/UX 1164511 ¢UY{16:+51) «URI16+51) s UT(16451)

[of:2 L ETE3 ’
WRITE(64100)

100 FORMAT A2/ /7777 7/55X0 1O H#1 /55Xy 1 (GAS FLOWX /55X i10{ 1 HM=xy/2/7)

CHeE 5%

CEEFREXCALCULATION OF GAMMA FUNCTION AROUND THE BUBBLE
cal.l. DRAG

Co 8%
DO 1000 K=1sNALPHA
VALPHA=ALPHAB (K)
DO 2000 1=1+NPT}
DO 2000 J=1 MPT
IFIR{UJYIsGE2:.0) GO TC 2
AR=R{)
ATETA=TETAL()
CalLlL ID{ARGATETA<GAMMA Y
GO TO 3

2 GAlMMA=1 0 -
3 COEF= (0 5%¥GAMMAXFR Y /VALPHA ' -

URITI«J)=VR{T ¢ J)~COEFXDPFR 1T +J)
UTCTe ) =VTHT e D —(COEFFDRFT (T« ) ) /RN
UX{T o D =URIT s NHCOSITETAC I ) ~UT(I e NDIESINITETAC(T Y)Y
UY(Te N =URITy DHSINITETACIIIFUT LIV FCOSITETALL )Y

2000 CONTINUE ’
Calll GASSF{VALPHA)
CALL RES3(VALPHA)

1000 CONTINUE
RETURN
EnD

GHID_



SUBQOUTINE DRAG
CHE3s &
CrExRx*THIS SUBROUTINE CALCULATES THE VARIATIONS OF GAMMA FUNCTION
CH¥XEAX (ACCORDING TO JACKDON'S ANALYS1S)
CHIH# 33
COMMON/PARAM/P T e REYMINT e NINT s MPT o NPT o NPTlcNDTFTAcNCoFR
COMMON/CONST ANALPHA XL IM eMJ e NI s NDL ¢ NCGS s NCG NG
COMMON/GRINDZ/R(SINATETA(ILYSNTETA(3])
COMMON/DC/RGEIZ«F0) 2 TGLI2450)sCGL12)
COMMON/DGCOERF/TLY » ANGE s ANG2 + ANG3«DTETA
CHE¥EEE ] ' Co.
REAL INVG] « INVG2s 1ANGLE
NSP 1 =NSP-1
1cP=1 .
ANGLE=O @
TANGLE=ANG
WRITF(6:600)
600 FORMATL///750X« sVARTATIONS OF THE DRAG COEFFICIENT® /49X «36( (HE) //
110X« tVALUES OF THFE STARTING POINTSY /10Xe29(1H~) /10Xt TETA

1 R x Y GAMMA RMIN REIN V)
CHUF X% :

C¥¥%¥4%5r7T VALUES TO ZERO
DO 2000 M=1NCG
DO 2000 K=1+NSP
RG (M1 =0,0
TGIMIK)I=060
2000 CONTINUE
C ¥ 504t 4t
CH¥XAEXITERATIONS FOR DIFFERENT STARIING POINIS
DO 4000 K=2.NSP
551 ANGLF=ANGLEA1ANGLE
1P=0
fA= -
IF(ANGLE«GE o TL 1) TANGLE=ANG3
Tt =ANGLE P
IF(T14GT(PI/2¢)) GO TO 4000
INVGI=1,
R1=2,/C05(T1)
Y=RI¥SIN(T])
X=R1#CO0S5(TY)
Gl=1e”/INVGH
AT1=T1#180, 7P
RMIN=R1
S1=R1
5G61=61
Sx =X
Sy =Y
C.; .){.Y)f
CHEEL¥ITERAT IONS ALONG AN INTEGRATION PATH
DO 3000 JU=2.:10000
To=T14+DTETA
CALL ITNTPOLIRI VT +DPRWDDT «DELR)
Ro=R1* {1 o F(DPR/ADPTIN(T2-T1 )
TRVGA=INVG LN (] e = (NELP/DPTHY¥R2 ¥ {T2-T 1))
IFIR2cOFE e 1 e Oc AND o R2LE RIMPTYY GO TO 100
GO TO 4002
100 CALL INTPOLIRZ«T2+DPR DI «DELP)
INVGR=INVGI* L] o ~ (NELPZDPT) ¥R2%(T2~T1) )
I (R2 L TeRMIN) RMIN=RD
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G2=1+/INVG?
Gi=1a/1NVG]
X=R2%#COS(T2)
Y=R2#SIN(T2)
AT2=T2#180./P1
53 IF(MeLEoed) DELG=0,.025
IF(MeGTed) DELG=0,050
IF(ARS(G2-CG (M) LTDELG)Y GO TO S5}
REIN=RZ
IF(T2eGTIPI/26)) GO TO 4002
IF{M.FQ.NCG) GO TO 4002
M=M+ i
GO TO 53
S1 IF(R2:GT.2.00) Go TO 71
RGE(M+1+Ky=R2
TG(M+1 ¢ KYy=AT2
GO TOo 72
71 RG(M414K)I=0,0
TG(M4+1¢K)I=0,40 .
F2 IF(G2¢GTeGl) GO TO 4003
R1=R2
Ty=T2
. INVGE=INVG2
3000 CONTINUE
WRITE(6+501)
501 FORMAT(SXsiEND OF ITERATION REACHED SUB. DRAG!)
STOP
4003 p=ti
CHE®%¥E
4002 RFIN=RI :
1IF(ICPeFQe2) GO TO 400}
IFI(RFINGLERMIN) GO TO 400;
W ITE(64500) AT1+SR1+SX+SYsSGL+RMINRFIN
O WRITE(6+700) :
700 FORMAT(10X« tNEW VALUFE OF JANGLE PRECE DING POINTS)
ANGLE=ANGLE=1 ANGLE
TANGLE = ANG2
1cP=2 ) -
Go TO 551
4001 WRITE(G6:500) AT1+SR1sSX+8YsSG1 1 RMINIKFIN
500 FORMAT(12X«FSe143X¢6G10c4)
RG(1«+K)y=2,00
TGk I=AT])
4000 CONTINUE
CHwa
DO 7000 M=1 «NCG
DO 7000 K=2:NSP1
IF(TGIMIK=1)eGTeTGIMIK) ¢ ANDo IGIMEK) eLEe TG (MeR+1 1o AND« TGIMIK ) o
1E00+0) GO TO 85
GO TO 7000
85 TG(MeK=1)=0,0
RGI(MiK~1)=0,0
7000 CONTINUF
DO 8000 M=1 NCG
TG{Me1)=0.0
RGIM: 1I=RGIM P
8000 CONTINUE
DO G0N0 M= +NCG
DO 9001 K=1NSPY -

-



IF(TGIMIK) cNE 2O O ANDWTGIMeK41) FQRe0c0) GO TO 90
GO TO 9001

90 IF(TG(MIK) «GE090,0) GO TO 9000
GO TO 91
9001 CONTINUE
256 VWRITE(6+4255) KeMinENOM
255 FORMAT (85X ¢ IRREGULAR BEHAVIOUR 45X s 1K=t ¢ [2 eGR4 ITMZt g [ 24550 sPENOM= ¢ 4
1G11e4) - ' ' '
GO TO 9000
91 DENOM=TG(MiK=~{)}=TG{MsK)
IF{ABS(DENOM) e GTo1e05~03) GO TO 92
GO TO 286
oz IF(IPeEQe 1 cORWTG(MIK) L. Te80.0) GO TO 9000
SLOPE=(RG(MK~1)1-RGI{M+K) )/DENOM
RGIMeK+1)=RGIM«KI+SLOPE®R (G0, 0-TG(M«K) )
TGMiK+1)=90.0
9000 CONTINUE
CHh¥ent
CHEEXRERVALUFES OF GAMMA FUNCTION CONTOURS
VRITE(64800) ’
800  FORMAT(////710XstGAMMA FUNCTION CONTOURS!/10Xe23(1H~1))
WRlTE(64166)
VRITE(6+62) (CGIM)+Mi=1 ¢NCG)
DO 8500 K=1NSP
WRITE(6+60) (Ks(RGIMiK)aM=1sNCL))
WRITE(6+61) (TGIM«K)eM=1eNCG)
8500 CONTINUE
WRITE(H6:65)
60 FORMATI(SX«12¢3%X¢12F763)
61 FORMATIIOX«12F 71 /)
62 FORMAT(I10X e 12F 7.2/10Xs12(3%e4(1H~)))
65 FORMAT(//50Xe20(1H+)1/7)
66 FORMAT(//10X4 tR—-~cONTOURS T-~CONTOURS? /)
RETURN -
END -

1



SUBROUTINE INTPOL(VR«VTETAIVDPR:VDPTVDELR)
CHurEe
CH¥#xETHIS SUBROUTINE COMPUTES THE VALUES OF GRADPF AT ANY POINT AS WELL
CH¥¥4#AS THE VALUES OF THE SECOND DERIVALIVES UF THE PRESSURE FIEWLD.
CH¥¥ut INTERPOLATION 1S MADE FOLLOWING
C #3339 ~LINES TETA=CST
5 ~LINES R=CST

COMMON/PARAM/PIsRESMINT s NINT +miPT NPT NET1 s NDTETASNC-FR
COMMON/GRID/RISI I+ TETA(31) «NTETA(31)
COMMON/GRADRF/DPFRI31+S1)+DPFTI31451)

DIMENSION PDRU4)«PDT(4)«DRE4Y«DI1L4)

DO 1000 JU=1«MINT
IFIVReCERIJ) c ANDVE(LEeRIU+1)) 0O TO 100
1000 CONTINUE
VRITF(64150)
150 FORMAT(SX: tERROR TN INTPOL )
STOP )
100 DA 2000 1=1+NINT
IF(VTETAGGETETA( 1) c ANDVTETALE.TETALI41)) GOIO 20U
2000 CONTINUE - :
WRITE(6:150)
STOR
200 PARITII=DPFR{T«J)
PHR(2)Y=DPFR{T ¢ J+1)
PHRI{3Z)=DPFRITI+14J)
PPHRE4 ) =DPFR{T+1 eJ4+1)
POTCLY=DPET (1 ¢ J)
PRT(2)=DPFT(L ¢ J4+1)
PRTI3)=DPFT(1+1¢J)
PRT4Yy=DPFT(I+1¢U+1)
CH¥ans
CHUFAX INTERPOLATION ALONG R=CST <
Kic =0 ' ' -
DO 3000 KE=114e2
K =K+
SLOPE=(PDRIK+1)~PPDRIK) )/ IR(J+1)1~R ()}
DR (KK ) =PDR(K ) +SLOPE¥ (VR-R{J))
SLOPE={PDTIK41)I=PNT(KII/IR(J+1)I~-RIN)
DTKK) =PDTKI+SLOPE* (VR~-R(J) )
3000 CONTINUE .
SLOFE=(DRI2Y~DRIIYV) A(TETAC(I+1)=TETAL 1))
VR1=DR (1Y +SLOPEX(VTETA-TETA (1)) .
SLOPE=(DT(2)-DT(1))AUTETA(I+1)~TETA(]))
VT1=DT 1) +SLOPE#(VIETA=TETAVI))
CHEX % .
CR¥%%¥ INTERPOLATION ALCNG TEVA=CS!
Do 4000 K=142
K =K+ :
SLOPE = (PDRIK+2)1=PPRIKYI/ITETA(I+1)Y-TETAL] 1)
DRI =PDRIKI+SLORPE# (VTETA-TEIACT ))
SLOPE=(PDTIK+2)-PNTIKII/(TETACTI+1)Y~IETALLY))
DT (KK =PDT K +SLOPES(VTETA-TETA( L))
4000 CONTINUE
SLOPE=(DRI4Y-DRI23 I/ IRIJ+1)~RUI))Y
VR2=DRI3)+SLOPE* (VR-R(JY )
SLOPE=(DTLAY=DTL3y) AIR{J+1Y-RCIIY
VTI2=DT{3)4+3L0PER(VR-RJY )



CHIHEIE
CHEH X
CHAE R
CHFXKE

CHERHH

THE VALUES OF GRADPF AT A POINT (VR«VTETA)

337.

ARE TAKEN AS THE AVERAGE

OF THE VALUES OBTAINED BY THE INTERPOLATION ALONG R=z=CST AND ALONG

TFTA=CST
VAPR=03*(VR1+VR>)
VNPT=0,8%(VT14VT2)

CH¥¥R*CALCULATION OF SECOND DERIVATIVES AND LAPLACIAN

50

60

70

80

o0
Catemds

RL IM=0:5% (R{J+1I14+R(J))
TLIM=O0sS*¥(TETA(1+1)+TETA(T) )

IF VR LE«RLIMe AND W VTETALE s TLLIM)
IFIVR«GTeRLIMe ANDJVTETALE «TLIMY
IF(VRLE«RLIMs ANNDVTETAGT o TLLIM)
IF(VReGT e RLIMe AND VTETAGTe TLIMY
GO TO (50460+¢70480)e1y

VPZ2PR= (VDPR-DR(3) )/ (VR-R( J})
VnzﬁT—(VDPT-DT(I))/(VTETA—TEFA(I))
GO TO 90
VH2PR=(VDPR~DR(4) )/ (VR-R{J+1 )
V2P T= (VORPT-DT(1 )/ (VTETA~TETA(]))
GO TO 90

VP2PR= (VDPR-DR{3) )7 (VR-R(J})
VD2RT=(VDRPT~-DT(2) )y (VTETA~TETA( I+
GO TO 90 -

Vn2PR= (VDPR~DR{4 ) 1/ (VR-R{J+1))
V2P T=(VDOPT-DT(21 )/ (VTETA-TETA( 1 +1
VPELP=VD2PR+VDPR/VRIVD2PTAVR¥ ¥

RETURN
END

1J=1
1J=2
1J=3
1J=4

»

))
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SUBROUTINE IDI(VRsVTETA ¢« GAMMA )
CEERLR . .
Cx#%x¥THIS SUBROUTINE CALCULATES THE VALUE OF GAMMA FOR A GIVEN POINT
CHu#%¥(VRWWTETA) 8Y INTERPOLATING BETWEEN THE VALUES RG(IsJd) AND TG(i+J)
CREREZXFOUND BY DRAG
C 34304
COMMON/PARAM/ZP I ¢+ RESMINT e NINT e MPTeNPT«NPT1 ¢ NDTETA*NCoFR
COMMON/CONST /NALPHA « XL IMe MJ s NLL s NDL s NCGS +NCG 1 NSP
COMMON/DC/RGL 124501 +TGL12+50)1CG112)
NNCG=NCG~1
NNSP=NSP-1
DO 1000 M=1«NNCG
DO 2000 K=1sNNSP
IF(RGIMIK)IED0.0) GO TO 2000
IFIVTETL eGE« TGIMaK) e AND VIETALETG(MsK+11) GO TO 1001
2000 CONTINUE :
IF(M.EQ.1) GO TO 1000
WRITE(Gs 100)
100 FORMATI(SX+tERROR IN VTETA INTERPOLATIONZX¥% SUB. ID')
: sSTOP ,
1001 SLOPFi=(RGIMeIC+1 1 ~RGI(MK)II/(TGIMyK+1)~TGIMsK )}
YMI=RGIMeKI+SLOPE 1 ¥ (VTETA-TG (MK ) )
IF(MeEQeZ e AND VR, Te¥YM1) GO TO 3100
. MM=M 41 .
DO 2100 K=1+NNSP
IF{TGINMK)Y ED. 0,0} GO TO 2100
IF(VTETAGGE o TGIMM oK) e ANDeVTETALE, TGIMMIK+1)) GO TO 1100
2100 CONTINUE '
GAMMA=CG (M)
RETURN
1100 SLOPE2=(RGIMMiKH1 I ~"RGIMMcKI I/ (TGIMMK+1)I=TGIHMsK) )
YM2=RG (MM K ) +SLOPE2X{VTETA-TG (MM K )
IF(VRUEYM] s AND VR GE o YHZY GO TO 3000
IFICGIM)EQeCGINCGYY GO TO 3200
IE (VR LT YMRP e ANDJRGIMML 14K} +EQ:0s0) GO TO 200
GO TO 1000
200 GAMMA=CG(MM)
" RETURN
1000 CONTINUE
3000 GAMMAZCG(MM)
RETURN
3100 GAMMA=CG(M)
REETURN
3200 GAMMA=CG(NCG)
R TURN
END

e
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SURROUT INE GASSF(VALPHA) N
(o 22 22

CHEEXXXTHIS SUBROUTINE COMPUTES THE STREAM FUNCTION FOR THE GAS FLOW AT
CH*#%X¥EEACH NODE OF THE GRID FROM THE VALUES OF THE GAS VELOCITY.
CH*E%#XCONTOURS OF THE GAS STREAM FUNCTION ARE FOUND BY LINEAR INTERPOLATION
CHXEx®
COMMON/PARAM/P T AaREsMINT e NINTaMPTaNPTeNPT] s NDTET A« NC QF'R
ComMON/CONST/NALPHAeXLIMoNJqNLoNWL.NCGSvNuGoNSP
CNMMON/GRID/R{STI I« TETA(3]I ) «NTETA(31)
COMMON/GS TFR/PHI(Ié')I)OCFTGI(IGo?J)'CQTGZ(160L3)
COMMON/VAL ZALPHAR(T10)Y+GCSF(23)
COMMON/GVEL/UXI16s51)1sUY 164511 4UR(16+51)1UT(16451)
CHIXRE
CH¥XAXVALUES OF THE GAS STREAM FUNCTION AT THE OUTER BOUNDARY
DO 1000 I=1:NPT1
PHI(IqMPT)—((VALDHA-lo)/VALPHA)%R(HDT)%SIN(TETA(I))
1000 CONTINUE
Co %39
CREFXEVALUES OF THE GAS STREAM FUNCTION AT THE GRID NODES
DO 2000 JU=1 MINT
JI=MPT~J
DO 2000 I=1«NPT]
PHICT o JJ)=PHICT oI+ 11 ~0e SHIRIII+L IHRIIIIIFIUTOT e JI+1 3 -UTIT s I Y
1—UTET s D HFIRIJSIHTI=RIIIIIFRIINIFIUT T e JI+ 11 =-UTITe JJ ) )
2000 CcONTINUE
CEF®HE
DO 7000 [=1NPTH
Do 7000 K=1i+NCGS
CPTGI{1+sK)=0a0
CRTGE2(111X)y=0,0
7000 CONTINUE
DO 6000 K=1NCGS
DO 6000 1=2«NPTH
DO 4000 U=1MINT -
IF(GCSF K)o GEoPHI( T ¢ J) e ANDGCSEF (K)o LFPHITTeU+1)) GO TO 100
4000 CONTINUE
GO TO %00
100 DSFG=(PRPHIfT+J+1)=-PHI(1:J) )/ (R{JL1)-RIU) i -
CRTGI(T1+sK)=RIJI+{GCSF(K)~PHI(1+J))/DSFG
500 DO 4100 J=1 MINT
IF(GCSFIK) oLEPHI (1 ¢J) c ANDeGCSF(K) ¢ GE 5 PH!(!.J;I)) GO TO 200
4100 CONTINUE
Gn TO 6000 _
200 DSFG=(PHI(T s+ 1) =PHI(T eI/ IRIJ+1I=R(JI)
CPTG2{ T K =RIVI+(GCSFIKY~PHI(1+03 ) /DSFG
6CO00 CONT INUE
RETURN
END
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SUBROUTINE RES3(VALPHA)

CHERB¥

Cr¥¥#¥THIS SUBROUTINE WRITES OUT THE RESULTS FOR THE GAS VELOCITY AS WELL. AS

Cxi#x#¥THE GAS STREAM FUNCTION CONTOURS.

CH¥UX¥ ' .
COMMON/PARAM/PT aREYMINT « NINT s MPToNPTaNPTT « NDTETA«NCWFR
COMMON/CONST/NALPHA XL IMsMJyNL «NDL s NCGS 4 NCG « NSP
COMMON/GRIDZRIST)I« TETA(31) «NTETAC3) ’
COMMON/GSTFR/ZPHI (169511« CRTGI{16+23)39vCRTGZ2( 1623
COMMONZVALZALPHAR(10) ¢ GCSF 2
COMMON/GVEL/UX(16¢511+UY{16+51) +UR(16+51)2UT(16¢51)

CHEXX%

Cr*#2¥RESULTS FOR THE GAS VELOCITY
WRITE(G6«1) VALPHA

1 FORMAT(//50X+ 1RESULT FOR ALPHAB='«1FS5e2/49X 250 1H~)//)
WRITE{G2)
2 FORMAT(10X«*GAS VELOCITY''/10Xe12{1H=)Y/)
NY =8
NR=MOD (MPT«NT)
NN=MPT~NR
NM=NN+ 1
DO 1000 N=1+NN«N1
Ny =N+NI -1 ’
WRITE(6¢10) (RUJ)eJ=NaN1)
WRITE(G+11) (NTETACI)I v (URIT sJ) v J=NaNT Y2 I=1 ¢NPT1)
WRITE(6+12}
WRITE(S+11) (NTETAC(I) s (UT (I sI)sJ=NaNI) e 1=1 NPT
: WRITE(S«13) ’
1000 CONTINUE
WRITE(&s14) (R(J)«J=NMMPT)
WRITE(64158) (NTETAC(T Y« (URIT«J) s J=NMaMPT )« 1=1sNPTY)
WplITE(6«12)
WRITE(S415) (NTETAII Y« (UT(TaU) ¢ J=NMeMPT) oI =] «NPT1)
WDITE(G6413) ’
CHER AW i
Cr¥ux¥STREAM FUNCTION valUes '
WolTE(6432)
3 FORMAT(//10X« 1GAS STREAM FUNCTIONS /10X ¢1901H~)/)
DO 2000 N=1sNNsNI
Ni=N+NI-1
WOITEL(6410) (RUJ)+J=N«N1)
WURITE(6v11) (NTFTA‘I)*(PHltl*J)tJ N*Nl)*l“quPTl)
UR1TELSs 13)
2000 CONT INUE
WolTE(6e14) (ROJ) e J=NMeMPT)
VRITE(As16) (NTETACTI)«(PHI(T +Jd) s J=NMeMP T s i=] NPT 1)
WolTri{6«13)

CH¥rdy B

CEX¥FXXGAS STREAM FUNCTION CONTOURS
WRITE(6+S)

5 FORMAT!//10Xe tGAS STREAM FUNCTION CONTOQURSH/10XaZ28(1H~) /)
NP =MGD INCGSNT)
Nu=NCGS=NR
N =N+ §
DO 3000 N=1eNNNT
Ny =N+NT-1
WORITE(6+16) (GCSFIKYskK=N«N1)
DO 500 1=1«NPTY _
VRITE(6e11) (NTETACI) s (CRTGIIT K «K=NN1))
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WRITE(6:17) (CRTG2(T4K)sK=NsN1)
S00 CONTINUE

VRITE(6.13)
3000 CONTINUE
WOITE(G6s18) (GCSE(K) oK=NMINCGS)
DO S01 I=1+NPT}
WRITE(6«19) (NTETA(I)« (CRTGLI{Te«K) +K=NM+NCGS))
WRITE(Ge20) (CRTG2I1¢K ) s K=NM«NCGS)
501  CONTINUE
WOITE(6:13)
10 FORMAT(8X+BISYXa2HR=F6212X))
11 FORMAT(2X e [3+1HEs pXeBG15.5)
12 FORMAT(/S6Xs2001H+) /)
13 FORMAT(/S6X120(01H%) /)
14 FoRMATIBXsI{SHKA2HR=sF6:,292X1} )
1S FORMAT(2X+13¢1H%42X13G155)
16 FORMAT(BX+8(2X e tCONTOUR=t +F542))
17 FORMAT(AOX8G155/)
18 FORMATI8Xe7(2X+ 1CONTOUR=! ¢F542))
16 FORMATIZ2Xe I13v1H¥ pX1761565) '
20 FORMATIBXATG15.5/)
Rem TURN
END



APPENDIX 5

CALCULATION OF THE FROUDE NUMBER IN THE CASE

OF STOKES'S FLOW FOR THiX THREE-DIMENSIONAL CASE

For potential flow solution, the Davies and Taylor approximation
ensures that the pressure variations at the apex of a bubble are small.

This condition can be written as:

—5 =0 (Chapter 2)
ae 0 =0
r=a

Let us try to apply the Davies and Taylor approximation in the
case of a very viscous flow around the bubble.

We shall only be concerned with the three~-dimensional case

where it is possible to find an analytical solution for the streamifunction.

The streamifunction is given by:

U 3
b 3 a
V= — {1az> =+
2 2
In the case of a viscous flow the momentum term is negligible

in comparison with the viscous effect term and the tangential component

of the equation reduces to: (axisymmetrical flow)
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momentum equation, we get:
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(A.5.1)

in the ® ~-component of the

which means that, by assuming a Davies and Taylor approximation

for a viscous flow past a spherical bubble, the velocity of the bubble

is found to be proportidna.l to the squarc of the bubble radius. In the

case of potential flow the approximation leads to:
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RH
o

Uy, ~

Putting equation (A.5.1) in dimensionless form, we finally get:

W] -



