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ABSTRACT 

A theoretical model describing the motion of a Newtonian 

fluid around a circular cylinder has been derived. A boundary 

condition of zero-tangential shear stress was assumed at the 

surface of the cylinder. The equation was solved using finite- 

difference technique. 

This model was applied to the motion of a two-dimensional 

gas bubble rising in a fluidised bed and the complete solution for 

the particulate and the gas phase was obtained. 

Experiments were carried out by measuring the displacement 

of particles and the variations of the gas velocity induced by the 

rising bubble. The experiments were performed in a two-dimensional 

apparatus. 

It is found that a Newtonian model for the fluidised bed does not 

describe the behaviour of all the variables and that the behaviour of 

the particulate phase is often better described by theories assuming 

an inviscid motion. 
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CHAPTER I 

INTRODUCTION AND LITERATURE SURVEY 

1. 1 Introduction  

Fluidisation can be regarded as an unit operation in which a 

solid phase of particles is maintained in suspension by a fluid phase, 

i. e. in which the interaction force between the fluid and the particles 

counterbalances the weight of the dense phase. 

The fluidising fluid can either be a gas or a liquid. The 

properties of gas and liquid fluidised beds are somewhat different, 

particularly in what concerns the formation of bubbles (or regions free 

of particles) within the dense phase. In this work we shall only be 

concerned with gas fluidised beds. 

It is a common feature of gas fluidised beds that above a certain 

flow rate of fluid (bubbling point), bubbleS of gas appear within the 

dense phase. Rowe and Partridge ( 1) and also Sutherland (2 ) were 

the first investigators to show that these bubbles were responsible 

for the rapid particle mixing which is observed. Furthermore 

bubbles of gas constitute a by-pass to the solid phase and can lead 

to an inefficient conversion in a fluidised bed operated as a catalytic 

chemical reactor. 

From the two typical features of a fluidised bed which have 

just been mentioned, it is obvious that an understanding of the contact 

between the gas and the particles is essential. It is not surprising 

therefore that gas and solid mixing have received a considerable 

attention as is seen from the high number of references to be found 
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in the literature. 

Our aim here is not to give a complete survey of all these works 

but to mention those which are of major importance and which directly 

relate to the theoretical and experimental work carried out in this 

thesis. A complete survey can be found for example in Fluidisation 

( 3 ) edited by Davidson and Harrison or in Fluidisation Engineering 

( 4 ) by Kunii and Levenspiel. 

Another important feature of a fluidised system is that many 

of its properties are analogous to those of a viscous liquid albeit 

all theories of bubble motion developed so far assume that the 

particulate phase behaves like an inviscid fluid (Appendix 3). Many 

authors have suggested that this approach is too simplified and that 

interparticle forces should be introduced in the theory. 

Furthermore in order to test directly theoretical predictions 

of bubble motion a certain number of experiments can be. performed: 

(1) 	measurements of the velocity of an isolated bubble. 

(ii) measurements of gas penetration and its circulation 

within a cloud around the bubble for a fast moving bubble. 

(iii) measurements of pressure variations in the vicinity 

of a bubble. 

(iv) measurements of the voidage variations around a bubble. 

(v) determination of the particle displacement caused by 

a bubble. 

(vi) determination of the gas flow patterns and velocity in 

the vicinity of a bubble. 

Experimental studies (i) and (ii) have received a lot of attention 

and many data are available in the literature (e.g. Rowe in Fluidisation 
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( 5 )). The pressure distribution (iii) and voidage variations (iv) 

have been studied to some extent in recent years (e. g. Littman and 

Homolka ( 6), Lockett and Harrison ( 7 )). 

Particle displacement, especially the displacement of layers of 

coloured particles has been measured (e. g. Potter in Fluidisation 

( 8 )) but few attempts are reported on determining the paths of 

individual particles as they move around the bubble. 

Gas tracer injection has been used to evaluate the streamline 

motion of the gas phase (e. g. Rowe in Fluidisation (5 )) but no 

experiments are reported on gas velocity measurements. 

The aims of this work follow from what has been written 

previously: 

(i) a new theory has been derived which includes inter-

particle forces in form of a particulate phase viscosity 

h.p  

(ii) experiments to test this new theory and existing ones 

have been performed: 

- by following the displacement of tracer particles as 

they move around a bubble 

- by measuring the gas velocity variations in the vicinity 

of a bubble. 

In the next section previous works to be found in the literature 

on these three points (interparticle forces, solid motion, gas motion) 

are reported. Finally in the last section a summary of the structure 

of this work is given. 



1.2 Literature survey 

1.2.1 Interparticle forces and dense phase viscosity 

measurements 

The first coherent theory of bubble motion in a fluidised bed 

was introduced by Davidson in 1961 ( 9) and further developed by 

Davidson and Harrison (10). In this simple theory, particles are 

assumed to flow around the bubble in potential flow and the percolation 

of gas through the particulate phase is assumed to obey Darcy's law. 

Modifications to Davidson's theory were given later by Jackson 

(11) and Murray (12) who used a more complete set of equations which 

introduced a momentum equation for the dense phase and, in the case 

of Jackson's theory, allowed variations of porosity in the neighbour-

hood of the bubble. However all these theories neglect the stress 

tensor for the particulate phase. 

Theoretical studies have also been made with regard to the 

initiation and growth of small disturbances within the bed near 

incipient fluidisation. The first works of Jackson (13) and Pigford 

and Baron (14) have been criticized because they always predict 

an unstable behaviour of the fluidised bed. According to these 

authors, small disturbances like internal waves will always grow, 

while it has been proved experimentally that homogeneous fluidisation 

can exist under certain conditions (e.g. Geldart (15), de Jong et al 

(16), Agbim et al (17), Rowe (18)). 

Murray (19), Anderson and Jackson (20) have noted the 

importance of the stress tensor in the analysis of stability but, 

although their theories predict a stable behaviour for surface waves, 

they still allow small disturbances to grow into instabilities. 

15. 



16. 
Different approaches to this problem have therefore been made 

by Molerus (21), Ruckenstein and Tzeculescu (22). These authors 

included interparticle forces of the suspension in their analysis. 

Rietema (23) applied mechanical stress theory to fluidisation and 

also showed (24) that in order to satisfy the constancy of the pressure 

inside the bubble there must be a viscous dissipation at its surface 

due to the solid shear stress. 

Evidence of interparticle forces has been shown experimentally 

by several sets of workers (e. g. Buysman and Peersman (25), 

Rietema (26), Verloop et al (27), Agbim et al (17), Rowe (18)) 

by studying the stability of ceilings of particles or by studying the 

delay in bubble appearance for fluid velocities greater than minimum 

of fluidisation conditions. 

From the few indications given previously, the two following 

conclusions arise: 

(i) analysis of the stability of a fluidised bed near incipient 

fluidisation shows the importance of the shear stress 

in the particulate phase. 

(ii) This term is neglected in the present theories describing 

the motion of the particulate and fluid phases around a 

bubble. 

As we have already noted in the previous section, a new theory 

is developed in this work which includes a viscosity p, p  for the 

dense phase. We shall therefore be concerned now with attempts 

to measure such a viscosity. 

There is a very limited amount of data available in the 

literature. However, works on the viscosity of a fluidised bed can 

be classified in two classes: direct and indirect measurements. 
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(i) Direct measurements 

In this case experiments were made using different types 

of viscometers: 

Falling spheres  

This method used by early workers has the great disadvantage 

of presenting a defluidised region on the surface of the sphere. The 

few data (Peters et al (28), Trawinski (29), Daniels (30)) are there-

fore questionable and often expressed in uncommon viscosity units. 

Rotating viscometers  

The most used methods are the Couette and torsional pendulum 

viscometers. A number of workers have been using paddle-type 

viscometers or rotating spheres (e.g. Stormer viscometer) and 

their data are expressed in units particular to the type of apparatus 

used. (Matheson et al (31), Furukawa et al (32), Kramers (33)). 

None of these values are useful quantitatively. Other workers have 

used a Couette viscometer but their rotating cylinder was moving 

too rapidly so that conditions near its surface were very different 

from thoSe in the bulk of the bed (Shuster et al (34), Diekman et al 

(35), Fa. Key. Liu (36)). 

The only reliable data seem to be those of Schherl et al (37) 

and Hagyard and Sacerdote (38). The former workers used a 

Couette viscometer at low velocity and measured the torque exerted 

on the inner cylinder to maintain its rotation speed. They also noted 

the importance of the angular velocity of the cylinder by carrying 

out experiments at higher speeds. Furthermore, in order to prevent 

particles from slipping on the surface of the rotating cylinder, 
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Schherl et al found it necessary to roughen the cylinder surface. 

Hagyard and Sacerdote used a torsion pendulum viscometer to 

which an initial impulse was given. They, then, measured the 

rate of decay of the oscillations. For the same reason as SchUgerl, 

they also roughened the cylinder surface. In addition the rotating 

body was only partially immersed in the bed so that no defluidisation 

could occur on its upper surface. 

The importance of the quality of fluidisation is noted by these 

two sets of workers. Schullgerl distinguishes between a semi-fluidised 

bed (a) and a fully fluidised bed (b) (ref. (39)). 

(a) The transition between a packed bed and a fluidised bed 

is not instantaneous; there exists a region of semi-fluidisation 

which includes the point of minimum fluidisation as defined by a 

pressure drop vs. flow rate curve. In this region it is not possible 

to determine a viscosity which is independent of the shearing rate 

(Newtonian behaviour). On the contrary SchUgerl found there is a 

limiting shear stress Z below which-no movement of the particles 

can be observed (Figure 1. 1). 	The particulate phase thus presents 

the properties of a Bingham-plastic fluid. 

The motion of a single bubble injected into an incipiently 

fluidised bed has been widely studied. SchUgerl (39) emphasizes that 

extrapolation of those results to bubbles in fully fluidised beds 

should be taken with care since the rheological properties are widely 

different. Hagyard and Sacerdote (38) also noted the importance of 

the fluidisation regime. In all their results there is a sharp increase 

in viscosity values near the inception of fluidisation. This increase 

can eventually appear for values of the fluidising gas velocity higher 
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than the minimum velocity of fluidisation. (Hagyardt s Figure 3 (38) )• 

(b) For a fully fluidised bed both sets of workers agree on a 

Newtonian behaviour of the particulate phase in most cases; as can be 

seen on Figure 1.1, the value of t sharply decreases when the 

fluidising gas velocity increases. 

In addition Schilgerl and Hagyard noted the importance of factors 

like the particle size, the size distribution and the nature of the 

particle surface (i. e. smooth or coarse). The proportion of fine 

particles seems to be particularly important and an increase in the 

viscosity is noted by Hagyard and Sacerdote for a certain percentage 

of fines in the mixture. 

Schugerl also noted a departure from Newtonian behaviour for 

small particles but there is some disagreement between SchUgerl and 

Hagyard on the influence of particle size. The former worker found 

that big and heavy particles have a higher viscosity than small and 

lighter ones, while Hagyard measured a constant kinematic viscosity 

of 130 centistokes for different sizes of spheres ranging from 125 p.m 

to 305 urn. However the range of sizes measured by Schilgerl was 

very much wider. Experiments by Furukawa and Ohmae (in Gelperin 

and Einstein (40)) tend to confirm SchttgerPs conclusions on the 

influence of particle size on viscosity. 

As will be seen in Chapter 4, viscosity data used in the exploitation 

of the experimental results (Chapters 5 and 6)  are those of Schherl 

(except for bigger particles for which no data are available). However 

one must bear in mind that many more rheological data are necessary 

and that the value of the bubble Reynolds number (Re-2a1------.2?) 
vp 

calculated in Chapters 5 and 6 are only approximate. 
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(ii) Indirect measurements  

Besides direct measurements of the viscosity of fluidised 

system, attempts have been made to deduce values from certain 

properties of an isolated bubble rising in the particulate phase at 

incipient fluidisation. We shall examine three methods. 

(a) Murray (41) deduces an order of magnitude for the 

viscosity U. from the bubble motion. His analysis is for a 

Newtonian fluid and a value of the order of 10 poises is given, 

which is in fair agreement with direct measurements. However his 

method is subject to some criticism. 

Murray calculates U,  by equating the viscous drag coefficient 

calculated by Levich's dissipation method to the buoyancy force. 

48 	 2aUb (1- 6 0) 
Thus 	C = 	and Re - 	  

Dv Re 
V p 

The buoyancy drag coefficient is given by : 

1  CD 33 U2 
 

Thus, at steady state 

and if we use Murray's expression for the bubble velocity: 
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it follows: 

3 1 1 
1 	2 2 2 

a g c 
P  (1- e 0) 

a and c are measured experimentally and thus 11 is known. 

The ambiguity and limitation of this treatment appear immediately: 

- strictly speaking, this analysis is only valid for a 

small bubble (say a< Zcm) which can he considered as 

spherical. 

- Levich's method applies when Re >>1 which, if one 

assumes Schtigerl's data on viscosity as valid, is true 

for a large gas bubble and therefore in contradiction with 

the previous statement. 

- Furthermore equation (1. 1) shows that the viscosity will 

depend on the bubble radius a, and a Newtonian behaviour 

of the fluidised bed no longer holds. 

(b) Stewart (42) uses Reuter's experiments (43) on pressure 

variations along the center line of the bubble to deduce viscosity values. 

One of Reuter's conclusions is that the pressure difference between 

the top and the bottom stagnation points is equal to the pressure drop 

over the bubble height. Following Stewart, if hb  is the bubble height, 

the pressure change from the point of zero pressure difference to the 

front stagnation point is: 

p p  hb  g 

2 

p 



avr (Appendix 1) 
rr 

1= -2 U
p ar • 

Furthermore Jackson's analysis gives the pressure rise to the 

U2  
bubble nose inside the particulate phase as 	 

2 

If one introduces a viscosity 11 , an additional pressure term arises 

from: 
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For a three-dimensional bed this can be written as: 

6 ij,p Ub  

rr 	a 

A pressure balance at the front stagnation point gives: 

6 4 U 	P U 	P 
b 	pb  

1) 	
p
ghb  

a 	 2 	2 

The value of V. is therefore: 

P 
11 	_ 	P a 	( UbZ  - 

P 	1 2  

The value of the viscosity is therefore known when h
b 

and U
b 

have 

been measured experimentally. Values calculated by Stewart 

using the above method agree fairly well with SchherPs experimental 

values for medium-sized particles (100 1t m<d < 30011.m). The dis- 
P 

agreement is important for small particles whilst for bigger particles 

(d > 500 p.m) there are no experimental data to compare with, but the 

values calculated seem quite high. 

(c) The most satisfactory method with regard to experimental 

data is that developed by Grace (44) by analogy with spherical-cap 

bubbles rising in viscous liquids. It must be noted that Grace's 
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calculations are iimitedto three-dimensional bubbles since too few 

data on two-dimensional bubbles in liquid are available. 

A certain number of workers (references given by Grace) have 

measured the included angle B
i of the spherical-cap bubble as a 

function of its Reynolds number. A general correlation is thus given 

by Grace as: 

0.0040 
Re -7 23e 	i with 200°< ei <260° (1. 2) 

The included angle G. has also been measured for bubbles 

rising in a three dimensional fluidised bed (Rowe and Partridge (45)). 

By analogy with a bubble in a liquid, it is therefore possible to deduce 

a Reynolds number (and hence a viscosity) for a bubble in a fluidised 

bed using equation (1.2). 

The values given by Grace agree quite well for all sizes of 

particles with experimental data although there is no clear tendency 

on the effect of particle size on viscosity values. 

As will be seen in Chapter 4 (Table 4. 1)  , the viscosity value 

for Ballotini grade 7 has been taken from Grace's article. This value 

of 9.5 poises seems in better agreement with experimental evidence 

( —10 poises) than the one calculated by Stewart (26 poises). 

(d) Besides the three methods quoted previously, some attempts 

are reported which use the analogy between a fluidised bed and a liquid 

flowing in an open channel. 

Neuzil and Turcajova (46) note the same dependence of 

superficial velocity on fluidised bed viscosity than of temperature on the 

viscosity of a flowing liquid. From the known dependence of the latter 
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it is possibl e to calculate the dependence of the former. However 

this method does not give absolute values of the viscosity but only 

the ratio Up 	where 11 	has to be known from direct experi- 
po 

Ppo  

mentation. Furthermore these authors neglect the presence of 

bubbles in the particulate phase which may affect the assumed analogy. 

Siemes and Heller (47) used the same kind of analogy, but 

their fluidised bed was constituted of an open inclined channel, the 

bottom of which was made of a porous material through which air 

was flowing. Their viscosity values are in fair agreement with 

other published data. 

Finally we shall mention the work of Rice et al (48) who 

measured the damping of oscillations artificially produced at the 

surface of a fluidised bed. Unfortunately their theoretical model 

does not give any clear conclusion on viscosity values and their 

comparison with data obtained using a Brookfield viscometer seems 

doubtful since they obtain values ranging from 300 poises to about 

10 poises. for a same flow rate depending on the viscometer' rotation 

speed and on the type of spindle used. 

From the works on rheological properties of the dense phase 

quoted in this section it is possible to mention the following general 

conclusions: 

Distinction must be made between a fluidised bed near 

incipient fluidisation and a fully fluidised bed. In the 

latter case a Newtonian behaviour can describe the 

rheological properties of the dense phase. 
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(ii) Direct and indirect methods confirm a value of the 

order of 10 poises for medium-sized particles. 

(200 m<d < 500 am). 

(iii) Indirect measurements based on properties of bubbles 

should be preferred since no foreign body is introduced 

in the bed which modifies the properties of the dense 

phase at the body surface (e.g. regions of defluidisation). 

(iv) Many more data are necessary to conclude on the 

influence of factors such as the particle size, the particle 

size distribution. 

1.2.2 Particle motion  

The mixing of two differently coloured solids was among the 

first observations made on fluidised beds (Bricitz (49)). The rapid 

mixing of particles has led early workers to assume it is analogous 

to a diffusional process. Coefficients analogous to eddy or molecular 

diffusion coefficients have been measured (e.g. May (50), Leva and 

Grummer (51), van Deemter (52)). May and van Deemter also 

derived a theoretical model based on a two-phase representation of a 

fluidised bed. In the dense phase they assume random motion of the 

fluid and particles, the other phase being constituted by gas bubbles. 

However experimental evidence (e. g. the early work of Gilliland 

and Mason (53)) tends to show that particles are carried up with 

bubbles and therefore that there is a downflow of particles in bubble-

free regions. On this basis a countercurrent flow model has been 

developed (e. g. van Deemter (54), Bailie ( 55), Kunii and Levenspiel 
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The two models cited previously attempt to describe the mixing 

process in a vigorously fluidised bed but no description of the motion 

of individual particles is predicted. In order to have a clearer picture 

of the movement of individual particles in the mixing process, 

experiments of high-speed cinematography of tracer particles have 

been carried out. 

Such experiments were first done by Toomey and Johnstone (56) 

and by Massimilla and Westwater (57). The aim of the former workers 

was to predict the heat transfer coefficient at the fluidised bed wall 

and they did not attempt to record the particle movement past a rising 

.bubble. Massimilla and Westwater only studied the velocity of particles 

at the wall of a three-dimensional bed. They showed a predominance 

of vertical motion. 

The direct influence of particle movement caused by a rising 

bubble was studied by Sutherland (2 ). He was the first worker to 

show that particle movement is a consequence of bubble formation. 

When bubbles are suppressed (e. g. near the inception of fluidisation) 

there is no movement and therefore no mixing. 

It is possible to distinguish between two sorts of experiments 

(Figure 1.2) 

(a) The displacement of a layer (or of an interface) of coloured 

particles caused by a rising bubble. The final profile of 

the layer is referred to as the drift profile. 

(b) The displacement of individual tracer particles. Some 

experimental results and theoretical curves obtained from 

potential flow theory are shown on Figure 1.2. 
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(a) Rowe and Partridge ( 1 ) photographed the displacement of 

an interface of coloured particles. The bottom of their two-

dimensional fluidised bed was filled with black particles, the top part 

with white ones. An injected bubble caused the displacement of 

black particles. 

Numerous studies have been made in two and three dimensions 

by Rowe and co-authors (58,59 ). Experiments carried out in a 

two dimensional apparatus are easy to perform since the drift is 

directly visible. In a three-dimensional fluidised bed, X-ray 

photography or sectioning of the bed at different heights were 

performed. 

Similar experiments were also made by Raso et al (60), 

Woollard and Potter (61), Singh et al (62) and Toei et al (63). Singh 

et al interpreted their results in terms of the bubble wake which 

was not considered by former workers. They showed that measuring 

the drift of a layer of coloured particles leads to a precise estimation 

of the wake fraction (i. e. the amount of particles carried upwards 

with the bubble). 

From the experiments quoted previously, various authors 

suggested that the movement of a particle past a bubble is similar to 

that of an element of ideal fluid displaced by a sphere (or cylinder) 

in an infinite medium. This was pointed out by Rowe (58), Reuter 

(64) and Davidson (65). The theoretical drift has been first calculated 

by Darwin (66) and is represented on Figure 1.2. 

However the experimentally measured drift was found to be 

much smaller in many cases (e. g. Toei et al (63)). In addition the 
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theory , only predicts an upwards movement of the particles while it 

has been shown experimentally (e. g. Rowe and co-authors (58,59 )) 

that there is an upwards movement for the particles situated near 

the bubble axis and a downwards movement for particles situated on 

the sides of the bubble (Figure 1.2). 

Toei et al (63), in addition to the perfect fluid assumption, 

assume that there is an imaginary wall moving upwards with the 

bubble, at the same velocity, and situated two radii below the bubble 

center. The final particle drift they obtain theoretically is similar 

(although not coincident) to the experimental profile, i. e. it shows a 

downwards displacement of some particles. 

(b) Besides investigations of the final drift caused by the 

passage of a bubble, movement of individual particles flowing around 

a single bubble has been studied. 

Theoretically, equations describing the motion of particles 

were first established by Maxwell (68) for two-dimensional flow. 

In his article Maxwell obtains a graphical solution which is remarkable. 

These equations were solved analytically by Darwin (66) and Lighthill (67) 

and extended to a three-dimensional flow. Some of the curvesobtained 

are shown on  Figure 1.2 and equations are given in Appendix 3. 

The first experimental work on movement of individual 

particles is due to Gabor (69) who investigated the effect of finite 

boundaries in a two-dimensional bed. His experimental results are 

compared with the drift calculated from an extension of Davidson's 

theory by Collins (70) to account for wall effects. There is some 

disagreement between theory and experiments particularly for 
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particles situated near the axis of the bubble. Gabor attributed this 

discrepancy to the fact that particles near the axis of the bubble tend 

to fall through the bubble roof rather than to loop around it as predicted. 

Subsequently Gabor ( 71) derived a theory which took account of 

wall effects and the height of the bed. The overall resulting movement 

is analogous to a countercurrent model with particles moving upwards 

in the centre and downwards near the wall. However "looping" of 

particles near the axis of rise of the bubble is still predicted. Gabor 

concludes that disagreement is not due primarily to boundaries effect but 

rather to the omission of interparticle forces. 

Therefore in a third article (72), Gabor examined the influence 

Of viscosity of the particulate phase in a large two-dimensional bed. 

Three models were tested: Newtonian fluid, power-law fluid, 

Bingham plastic fluid. His conclusion is that the latter model is the 

most appropriate. SchherPs data (39) confirm this analysis, but only 

for a fluidised bed operated near the minimum of fluidisation, where 

it is possible to define a limiting shear stress t
o
. However in his 

model of Newtonian fluid, Gabor only considers the creeping flow 

limit where it is a well-known result that the theoretical drift is 

infinite. Furthermore, although not many details are given with 

regard to his experimental results, they seem to have concerned 

only relatively small bubbles. 

Studies in three-dimensions are much more difficult. Movements 

of particles at the wall of a three-dimensional column have been 

investigated by Donsi et al (73). In their experimental method the 

initial and final positions of the bubble are well determined but its 

behaviour within the bed is unknown (e. g. splitting and recoalescing 



30. 

as in Rowe's Figure 4.21(a) (5 )). The drift profile obtained for 

bubbles rising in the centre of the column is in good qualitative 

agreement with those obtained by Rowe et al (59) and Woollard and 

Potter (61). However Donsi et al note the importance of wall effects 

which reduce the final drift. 

Various attempts have also been made to measure particle 

velocities. In addition to the works of Toomey and Johnstone (56) 

and of Massimilla and Westwater (57), we may mention the study by 

Meissner (74) who derived a kinetic theory analogous to the kinetic 

theory of gases and by measuring the pressure exerted by the impact 

of the particles, he deduced a value for the average particle velocity. 

Baeyens and Geldart (75) also measured the average particle 

velocity in a series of two-dimensional tests. Their theoretical 

model accounts for the bubble wake and drift. They found that 

particles in the bubble wake rise at the same velocity as the bubble 

its elf. 

Patureaux et al (76) measured the impact on a piezoelectric 

probe of particles displaced by single bubbles. Their results show 

particle velocities much lower than the results predicted from 

Davidson's theory. They attribute this discrepancy to high viscous 

forces on the surface of their probe. In addition, we suggest that the 

presence of a probe of appreciable dimension disturbs the flow of 

particles by inducing, for example, small gas bubbles on its surface. 

From what has been said the following conclusions can be drawn: 

(i) Darwin's theory for potential flow does not describe the 

actual displacement of particles induced by a rising bubble. 
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However there is still some incomplete evidence on 

the effect of a particulate phase viscosity. 

(ii) Experiments show the importance of finite boundaries 

if the ratio bubble diameter 
characteristic dimension of apparatus 

is not small. 

(iii) Experiments also show the importance of the particles 

falling from the bubble roof on the observed patterns of 

particle motion. 

1.2.3 Gas motion  

Numerous studies are reported in the literature in the field of 

gas mixing in a fluidised bed. An extensive survey has recently been 

made by Potter ( 8). The models quoted previously (countercurrent 

and diffusion) apply in the case of gas motion since they have been 

derived for both solid and gas phases (1. e. equations can be inter-

changed). However they assume that the bed is fluidised vigorously. 

Most of the experiments reported by Potter concern gas tracer studies 

made to test the above models and gas motion around a single bubble 

is not predicted. 

Theoretical patterns of gas motion around a single bubble 

were first derived by Davidson ( 9) and by Davidson and Harrison (10) 

who predicted the existence of a gas cloud,• i. e. a closed region 

around the bubble where the gas circulates, when the ratio b 
u
o 

is greater than 1. The existence of a gas cloud has been shown 

experimentally by Rowe et al (77) using injection of NO2  bubbles and 

in the past ten years gas cloud measurements have been widely studied. 



On the contrary there are very few studies reported on 

measurement of local properties of the gas flow. By injection of a 

continuous stream of NO2 tracer gas injected from the bottom of a 

fluidised bed, Wace and Burnett (78) made conspicuous the stream 

line nature of the gas flow. However the trace given by an injection 

of NO2 at a fixed point is not a stream line with respect to the moving 

bubble. It has been referred to by Rowe as a streak line. In order 

to compare with Davidson's predictions for the flow with respect to 

axis moving with the bubble, Rowe and Partridge (79) have calculated 

path lines and streak lines from Davidson's equations. 

If x is the gas stream-function with respect to the bubble 

moving steadily at Ub 
(axis 0 x y), then the velocity components 

are given by: 

u - aX  x ay 

	

uy 	dx 

and with respect to stationary axis (O' X Y) : 

u
X 
 = ux + U

b 

u 

	

Y 	y 

	

Now X = F 	(x, y, 	ab  uo ) 	 (Appendix 3) 

Therefore at a given point (x, y) u u and uX 
can be calculated. 

x/ y 

After a time A t, the bubble has moved by a distance Ub  At. The 

new position (x, y) of an element of fluid after At is therefore 

determined by uX 
dt and u At. A new resultant velocity can, then, 

32. 
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be calculated and the second point on the line is obtained by averaging 

between the two last values of velocity. By this method Rowe and 

Partridge (79) constructed path lines of gas for different starting 

points. 

It is important to note that a path line refers to the same element 

of fluid while a streak line is a continuous stream, i. e. a succession 

of different elements of fluid. Streak lines can be drawn by joining 

points of equal dimensionless time on different path lines issued from 

the same point. 

If one suddenly stops//1  the supply of NO2, the end of the trace 

(i. e. an element of fluid) follows a path line. Ey measuring its 

displacement with time, Rowe and Partridge could determine the 

instantaneous velocity of interstitial gas. However they note that 

this method is very imprecise since the trace is usually thick and 

the end is not sharp. 

Displacement of NO2  tracer was also followed by Anwer and 

Pyle (80). They injected air bubbles into a layer of NO2  tracer gas 

introduced by the bed distributor. The rising bubble caused the drift 

of the upper part of the NO2 
tracer, exactly as it does for a layer 

of coloured particles. 

The velocity of the NO2  - air interface on the axis of rise of the 

bubble is the velocity of interstitial gas. However this method is 

only applicable on the bubble axis which is known to be a gas flow 

stream line and therefore refers to the same element of fluid. 

Furthermore the above remark still applies since the interface is 

not sharp. 

Rowe and Partridge find a good agreement between experimental 
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streak lines and those determined from Davidson's theory (the only 

theory available at that time) while Anwer and Pyle find better 

agreement with Murray's theory. 

As far as we are aware, no other works report measurements 

of the variations in interstitial gas velocity around a rising bubble. 

From what has been written previously, two conclusions arise: 

(i) gas tracer methods are not appropriate for velocity 

measurements since results are very inaccurate, due to 

the diffusion of the gas. 

(ii) many more data are required using different methods. 

A part of this work deals with this problem. 

1.3 Summary 

The aims of this work have already been emphasized in the 

introduction to this chapter. However in view of the literature survey 

presented in the preceding section we can define more precisely the 

work which has been undertaken. 

(i) A viscosity term p, 	has been introduced in the equations 

of motion for an isolated bubble rising in a large two-

dimensional fluidised bed. Particles were supposed to 

be fully fluidised and only a Newtonian behaviour of the 

particulate phase was considered. Formulation of the theory 

and its numerical solution are given in Chapters 2 and 3. 

(ii) Experiments were performed in a two-dimensional fluidised 

bubble diameter  
bed where the ratio dimension of apparatus 

was sufficiently 

large (i. e. _>. 5) so that wall effects could be neglected. 

Description of the experimental set-up is given in Chapter 4. 
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The following experiments were carried out: 

1. Motion of tracer particles was photographed. 

Experimental results and their comparison with 

theories are given in Chapter 5.  

Z. Measurements of the gas interstitial velocity have been 

carried out using a new technique based on hot-Wire 

anemometry (described in Chapter 4). Results and 

discussion are presented in Chapter 6.  

3. The motion of individual particles falling inside a 

bubble from its roof has enabled us to estimate a value 

for the throughflow velocity. This is done in Chapter 7. 

(iii) Finally, in Chapter 8, general conclusions are drawn 

from the work presented in this thesis. 
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CHAPTER 2 

EQUATIONS OF MOTION 

In this chapter the equations of motion for the particles and 

for the gas phase are derived. Some assumptions are discussed 

which allow for the simplification of these equations so that they 

can be solved numerically. 

2.1. General form of the equations. 

The general form of the equations of continuity and motion 

can be written as: 

continuity: 

  

 

ac + V 6 u — v (2. 1) fluid phase 

 

 

at 

 

a(i- 	+ V . (1- 	)v = 
at 0 

(2.2) particulate phase 

momentum: 

PEraa. V-nf (2.3) fluid phase 
f 	 = + (u' V) 	V P  f V. 	

cp 
f 	

f B. 

P (1- 6)[P-X  +(v. V)v]. -VPp- V. 
at    

-F(1-6) ppg of (2. 4) 

particulate phase 
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The treatment which leads to these equations is discussed in 

detail by Anderson and Jackson ( 8 2) and also summarized by 

Jackson ( 81 ). The physical idea is to assume that the gas phase 

and the particulate phase may be treated as two interpenetrating 

continua by "averaging point variables over regions large enough 

to contain many particles, but small compared with the whole 

system" (Jackson ( 81) ). 

It is beyond the scope of this work to discuss the validity of 

such an assumption and for the moment we shall admit equations 

(2. 1) to (2.4) as a good interpretation of the behaviour of the solid 

and fluid phases. 

In a later section, when the experimental results are presented, 

the validity and form of these equations will be discussed in more 

detail. 

In equations (2. 3) and (2. 4) of is the force per unit volume of 

bed due to the fluid particle interaction, i. e. the interpenetration 

of the two continua. The other terms are identical to those of the 

Navier-Stokes equations for a single phase. 

In the preceding set, the four equations (2. 1) to (2. 4) are 

independent and therefore we need four state variables which can be 

taken as 

u, v, P
f 
 and e 

The choice of u and v as variables in equations (2. 3) and (2. 4) 

is obvious and we shall discuss that of P
i 

and e in section Z.4.2. 

All the other terms are dependent and related to one or several of 

the above variables. 
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2.2.  Assumptions 

Equations (2. 1) to (2.4) enable one to find the general solution 

for any perturbation occuring in the fluidised bed. As stated in the 

introduction the object of this work is to study the flow of both phases 

around a single two dimensional gas bubble rising in the fluidised bed. 

The main assumption is to suppose that the problem may be 

treated as one of steady flow with respect to axes moving with the 

bubble. This can be done if one assumes the velocity of rise of 

the -bubble is nearly constant. Experiments show that it is reasonable 

to make such an assumption after the bubble has been travelling 

some distance in the fluidised bed. There is a.fair amount of 

evidence to suggest that one can use the analogy between a bubble 

in a fluidised bed and a large gas bubble rising in a liquid of low 

viscosity, where it has been shown by Davies and Taylor (8 3) that: 

U
b 

= k(g a)-2-  

Furthermore, although experiments show it is not strictly true, 

we shall assume that the bubble remains circular in shape. This 

simplifies greatly the treatment of the equations. Collins ( 70 ) has 

proposed, for the two dimensional case, a transformation from a 

circular shape to a kidney-shaped bubble. Nevertheless it seems, 

at this stage, unrealistic to complicate the solution. The thing 

one has to bear in mind is that the numerical solution we shall obtain 

for the rear of the bubble will be somewhat doubtful because of the 

assumed shape. We shall discuss this assumption in more detail 

when obtaining the solution for the pressure variations around the 
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bubble (see section 2.4. 3). 

In what follows we assume that the significant viscous 

contributions arise from the particulate phase; the form of these 

viscous terms is discussed in the next section. 

We also neglect: 

(i) - the rate of change of the fluid momentum p f  e (u.V)u 

(ii) - the viscous effect for the fluid 	 0. Li  

(iii) - the gravity force for the fluid 	 Pf e.  

In a gas-fluidised bed assumptions (1) and (iii) are justified 

since the density ratio 	Pp is large and of 0(103) in ) n most situations. 
P f 

As mentioned in a later section (section Z. 3.4) the viscosity ratio 

Up is 0(105) and therefore V p is 0(102), which justifies assumption (ii). 
'V I 

With the preceding remarks the set of equations therefore becomes: 

V. e U. :I.- 0 	 (2.5) 

V. (1- E )v = 0 	 (2.6) 

V Pf 
 nf 0 

p (1- e)  (V.V)V = - VPP  - V. T p.F  p 
P
(1- 6 )g.  pi 	(2. 8) 

The difference between this set and Jackson's equations as applied 

to the motion of a bubble in a fluidised bed (81) lies in the two first 



3 13 
Pii 	P 	dx- dxi 	 oxk 

= 	( 	[ vi 	..11X p 	)- 2
P 
 6 ) 5 . a Vic 
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terms on the right hand side of (2. 8) i. e. : - VP - 	T 

	

P 	—P 
which take into account the particulate pressure and the viscous stress 

tensor. 

2.3. 	Equation of motion for the particulate phase. 

2.3.1. Simplification of the stress tensor  

As indicated in the introduction, experiments made on the 

viscosity of a fluidised bed show a strong dependence upon the state 

of fluidisation. For a fully fluidised bed the viscosity is almost 

independent of the shearing rate and Newtonian behaviour is not 

an unrealistic description of the system's rheology (Schagerl (39)). 

Thus, we shall assume that the stress tensor is given by: 

This is given in tensor notation where the summation convention 

is implied and 5 ., is the Kronecker's symbol. 
3.3 

(i) 
	

The probable form of the shear and bulk viscosities is 

discussed in detail by Murray (19 ) where he gives the following 

expressions: 

Itp 	C 	v. f  1  

Es 

and 	c 	1 e 
P = 	f 	

)3 

Eame s  

where c l 
and c2 

are two constants and Es 
is the voidage for the 

corresponding packed bed at saturation. 
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At minimum fluidisation conditions c is close to c and 

therefore  1  E 	> 1, which suggests that in most cases (depending 
- 

upon the values of c1 and c2) we have X > 

At the present time nothing is known about the value of the bulk 

viscosity and therefore despite Murray's suggestion, we shall neglect 

even if we consider the particulate phase as a "dense liquid". 

(ii) According to Murray's theory v. is going to depend on the local 

voidage. Experiments show that, except in the vicinity of a bubble, 

the voidage is nearly constant throughout the bed. However measure-

ments of the voidage variations around a bubble are not very precise 

and therefore we shall assume that iL is constant everywhere. 

(iii) As stated previously E is one of the independent variables 

and cannot be taken as constant as in Davidson's (10 ) or Murray's (19 ) 

treatment. If one does so the set of equations (2. 5) to (2. 8) becomes 

overconstrained and one of the equations cannot be satisfied. 

However, as will be shown later (see section 2. 4. 2), the set 

of equations is difficult to solve. We shall therefore use the iterative 

procedure proposed by Jackson (11 ). 

As a first guess, we take c 0  except where it enters 

the drag coefficient 13 . The independent variable then becomes 

13 . A solution is found for 13 which determines the new values 

of E . Taking these values as starting point the procedure can be 

continued until convergence is satisfied for the values of 6 . 

In this work we shall limit ourselves to the first iteration, and 

with the above assumptions: 

(2.6) reduces to 	. v = 0 
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a 	2-c and (Z. 9) to t 	u I 	+ rj 

Pii 	p ax•
vi 	

axi (2. 10) 

or 	- V. 1' 	reduces to 11 V 2v 
— — 13  

Eliminating of between (2. 7) and (2. 8) it follows that: 

eo)(v.V)v = -VPp -VP1 	P p  (1- e E p.
P 

 V v ——— 	+  

as g 	-V 	let us put-VP 	-VP 	P (1- e g ( 2 . 1 1 ) 

	

f 	P 	
0 

 

Then P will measure the difference in pressure between two points 

.on the same horizontal line. 

Thus the simplified equation to be solved: 

	

p p  (1- g )(v. V) v = - VP +II
P  V

2 v 	 (2.12) o — —  

2. 3. 2. Partial differential equation in terms of the stream 

function 

It is easy to show the following vector identity: 

(v. v)v 	1 v vz  _ vx(Vxv) 
2 

We also have: V x v = 	where (A) is the vorticity vector. 

Using the vector identity above and the continuity equation 

V. v = 0, equation (2.12) becomes: 
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p p (1- e o 
 )[1 Vv2  -vx(0 1= -VP- 13 Vxco 	(2.13) — 	 — 

rearranging (2.13) and taking the curl leads to: 

VX (V X CO =  up 	px (px w_ ) 

P (1- 0) 

for V x (V P) = 0 and V x(Vv2) = 0 

(2. 14) 

Equation (2. 14) will be referred to as the vorticity equation. 

Now let us consider a stream function W which is defined 

(in cylindrical coordinates) by: 

vr = -I 8W. 
r ae 

ye  
ar 

The components of the vorticity are: (see Appendix 1) 

= 0 

= 0 

c 	2_ a (rvo ) - 1 avr  
r Or 	r 

Using the expressions for NT r and v6 
 in terms of the stream 

function, the last component of the vorticity becomes: 
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= 
1 alp 	a

2T 
	1 aztp 

r dr 	672"  	-6-62--  

which may be written as: 

= V 2  W (2. 15) 	with V 
2

_ 1 aaz  a
2 

j_ 
dr (3T/ 

+ 	
75-8-2- 

The vorticity equation (2. 14) then becomes: 

or 

a ( c ry r ) 	a 	( Eve ) 	up 	V 
ar 	r ae 	 P (1-6 0) 

1 dill 	dC _ 	ac 	_ 	  V 
2c 

r {  Or 	ae - ae ar ' 	pp(1- E Q ) 
(2. 16) 

Equations (2.15) and (2. 16) are two partial differential equations 

describing the motion of the particulate phase around the bubble. 

They have to be solved simultaneously with the proper boundary 

conditions. 

2.3.3. Dimensionless form of the equations 

Let us put p = _r_ 	C = 	 = 	 , _V = a0 
a  

	

0 	 0 

where a, 	o, To  are reference quantities which will be specified 

later. 

Equations (2.15) and (2. 16) can be written as: 



*2 4' 0 	V 	IP (2.17) 
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o 1 [ aw *  ac *  	aw 	 2 * * ac* 1 	P 	V 	c 	(2. 18) 
a2  p 	ap 	ae 	ae 	ap 	p (1- 6 0)a2  

We have the two dimensionless groups: 	To  and 	  
Coa2 o  p p  (1 - E 0) 

We can equate the first group to 1 which specifies 11' o 	aU
b 

where 

U
b 

is the velocity of rise of the bubble and a its radius. 

whence: To aUb 

Ub 
a 

and 
up  

tI' o p p(1-
E d  

up  

aUb  Pp(1- c 0) 

Far from the bubble the particulate phase has a downwards velocity 

U
b 

with respect to axes moving with the bubble. 

We shall therefore define a Reynolds number for the bubble 

rising in the particulate phase as: 

Re Za Ub  p p(1 e 0) 

p 

whence the last dimensionless group becomes: 

up  
p ( 1 - e ) 

o p 	o  

2 
Re 
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The final set of equations is 

r, =2  E = v 	tY (2.19) 

1 
r  a IF 	a c 		- a w*  a e  _ z V *2  E *  (2.20) 

6 	a p 	ae 	ae 	ap ' Re 

We shall now specify the boundary conditions for the above equations. 

2.3.4. Boundary Conditions 

Equations (2. 19) and (2. 20) have to be solved by numerical 

integration. The domain of integration is taken as an area (S) limited 

by a curve (C). The boundary conditions for the complete determination 

of 1.1' must specify the value of the function or the value of its normal 

derivative along the curve (C). This condition is sufficient (see 

for example Smith ( 84) ). 

In the present problem it is convenient to choose the following 

domain shown in Figure 2.1. 

The curve (C) is divided into four parts. 

(1) On the axis of the bubble (1. e. 0 = o and 0 = TI , due to the 

symmetry of the problem, 111  = o and 	= o are obvious boundary 

conditions.-  

(ii) On the outer boundary we shall assume the flow is ideal (i.e. 

is a potential flow) and uniform. 

Therefore Davidson's results (10 ) apply and: 

Ub roc, sin 6 =  

= 
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r 	will have to be determined in order to satisfy the above oo 

value of 	Ili . 

The surface of the bubble is a streamline for the particulate 

flow. Therefore W = 0 for r = a. 

No simple boundary condition can be written for the vorticity at 

the surface of the bubble, but it is possible to find an expression for 

the tangential velocity of the particles. 

Clearly a non-slip condition cannot apply here and the most 

plausible hypothesis is that the tangential velocity is proportional to 

the tangential stress. The constant of proportionality is referred 

to by Happel and Brenner (85) as a coefficient of sliding friction 

which depends only on the nature of the particulate phase and of the 

gas inside the bubble. 

Let us consider for example the typical values of the viscosities: 

air bubble 	 O. 02cp 

Ballotini 300 11 m : up — 10p (measured by SchU.gerl (3 7)) 

therefore 11P 	50,000 

of 

In this condition it seems reasonable to assume that the viscous 

stress at the bubble surface is very small and 	 re = 0 provides 

the last boundary condition. 

r a 	1 aN.r r  =0 
r ae 

-0 ar  

or in dimensionless form: 

aP (109*-) T). 	= 
a 	 av 

(see Appendix 1) 
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111 P = 1 a2
* 

 
00Z 

- 0  whence the above equation reduces to: 

a qia IV* at P = 1 a p = a p (2. 21) 

The above conditions are summarised in Table 2.1  

The solution for the equation of motion with the above boundary 

conditions is g iven in Chapter 3 where the equations are put in 

finite difference form and the domain of integration is transformed. 

2.4. Equation of motion for the fluid phase. 

We are now concerned with the solution of equation (2. 7) 

V Pf 
 nf = 0. The first step in the solution will be to find an 
 — 

expression for the interaction force nf. 

2. 4.1. Expression for the interaction force nf 

Anderson and Jackson (8 2) show that the interaction between 

the fluid and the particles can be reduced to the following  equation 

by simplifying  the general Basset form of the equation (see R. Clift 

et al. (86)). 

nf = 13 ( e) ( u-v) + c( )(1 	) Pf d (u-v) + (1- 6)  (V. T f) (2. 22) 

Anderson and Jackson neglect the effect of "history of acceleration 

of the particles" in equation (2. 22) on the assumption that, in a fluidised 

bed, "any historical backg round will be quickly erased by the great 

number of particles." 

(it 
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The signification of each term is as follows: 

(i) the first term represents the drag force acting on the 

particles and is the steady component. 

(ii) the second term is known as "the added mass". It is 

proportional to the mass of fluid accelerated with the particles. 

(iii) the third term represents "the reaction of gradients in 

the local mean fluid stress field on the particulate phase" (Jackson ( 81 )). 

We shall try to simplify equation (2. 22) 

(i) As in the assumptions made to derive the equations of 

motion, we shall neglect the stress tensor for the fluid, i. e. we neglect 

(1- e )(V . T 

(ii) Let us rearrange the second term in equation (2. 22) 

c( €)(1- 	pf d (u-z) can be written as: 
dt 

c( c  ) (1- c)  P f'( du 	(L12.7) 	- (aY 	(y•SDD 
( a t 	 at 

If we consider a steady state problem and if, as before, we neglect 

the change in momentum for the fluid phase, this term becomes: 

c( e)(1- 	pf  (v. 	v 

Let us now consider equations (2. 11) and (2. 7) 

P p(1- e) (v. V)v = - f  p p  (1- c )g 	P V v 
— - -  

(2. 11) 
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P
f 	nf - 0 
	

(2. 7) 

By eliminating V Pf  and replacing of by its expression, we get: 

( p p  + C(6 p f ) (1- E )(V.V1)V = R (6 ) (11-v) p
P 	

)g. 	11 ev 
P — 

(2.23) 

Very little is known about the coefficient of the added mass, c( ). 

For an isolated particle starting from rest in a stagnant fluidtBasset 

showed that c( 6 ) = 0.5. 

The only relation available, applicable to a single particle accelerating 

from some finite velocity, is that of Odar and Hamilton (in R. Clift 

et al. .(8 6)): 

c = 1.05-0. 066 (daRtep)z 
 / (0. 12 (d Re p)2 	Rep   

4
) 

dt  

Re being the Reynolds number for the particle. 

The maximum value of c is obviously c = 1.05 for large values 

of Re or when dRep 	In the case of a fluidised bed where a at   

great number of particles are present, a total lack of information leads 

us to assume that in equation (2.23): 

c( 	p f « P 

Murray (8 7) discusses in detail the various contributions to the inter-

action force in a general two phase flow. Although he suggests that 
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in the case of fluidization c( 	) might be important, his justification 

is still based on a single sphere. Furthermore his analysis is 

theoretical and he does not give any numerical value for c( e ). 

If the maximum value of c( ) is of the order of 1 for a 

fluidised bed as suggested in Odar and Hamilton's relation, the above 

assumption is valid. However for greater values of c( 6 ) this 

simplification may no longer hold and in fact one would expect it 

to be greater since presumably particles are set in motion, i.e. 

pf >> Pair . Thus, finally equation (2. 22) reduces to 

of ' 0 ( e )( 11- .Y..) 
	

(2. 24). 

2.4. 2. Calculation of the gas pressure 

Given the form of of the next step in solving equation (2.7.) 

is to compute the solution for the pressure gradient V P f 

We have already shown in section 2.3.1. that: 

P (1-  Eo  )(v.V )v = -VP + u
p 

v Zv  
— — — — (2.12) 

and = VPp  -VP + pp (1-e0)L 
f 

(2. 11) 

Equations 2.3 and 2.4 which were written in section 2.1 are 

symmetrical, i. e. the equations for the gas flow and the particulate 

flow can be interchanged. 

Consequently in order to preserve the symmetry of the equations 

of motion we have kept the gradient term V P in equation (2. 8). It was 
P 

also noted in section 1 that the state variables were to be taken as 
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u, v, P and 	. 
— 

At this stage we note that since nothing is known about the 

expression for P , we could have taken it as one of the independent 

variables (e. g. the following set u, v, Pf  and P) and therefore 

have E(P ) as a dependent quantity. 

We can show that this leads to an unnecessary complication in 

the problem. 

Consider equations (2. 5) and (2. 7). 

. u_ = o 	 (2.5) 

V Pf 	(u - v) = o 	(2.. 7) 	with now (3 = 13 (P ) 

These can be written as: 

u=v- 1 VPf 
[3 

(2.25) 

V . 	1 V 131  = o 	(2.26) 

13 

As in Jackson's theory let us put: 	i3 
Y =7 

Therefore the last equation (2.26) becomes: 

Vy. V P1 	Y 
+ 	V2  P = o 	(2.27) 



55. 

and by using (2.11): 

V y.( VP_VPp  + p p(l- c).E)+y V.(VP_VPp +pp(1- c)L). 0  

Or 	y . 	y. VP + Vy p 	c).g.  +y 	P 	P 	0 	(2.28) 

Equation (2.28) is a non-linear partial differential equation. V P is 

known from the solution of (2. 12) but y is an unknown function of P . 

It is not possible to simplify equation (2. 28) as in Jackson's treatment 

with 6 as a state variable (i. e. E is constant except where it enters 

13 ( C) etc.), which would allow (2. 28) to be solved by successive 

iterations. Consequently the choice of P as a state variable is not a 

good. one: 

Murray (19 ) suggests that the term P will be in general 

negligible on the assumption that in the particle motion around a bubble 

there is little interference between neighbouring particles and that the 

only way a particulate pressure could be transmitted is by frequent 

collisions. 

In another work (8 7),where he derives the equations of motion 

for a general two phase flow, Murray also suggests that the particulate 

pressure could be incorporated into a new definition of the bulk viscosity 

on the assumption that the effects of such a pressure and a bulk 

viscosity are similar. 

He therefore writes the ij component of : 	V P - V. 	, as 
P 	P 
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Y [P, 	v.. 	(ay. 	a . 
+ 	_ ( 

1 	 x3 	P  ax. 	. 

2 	) 6 	avk  

P --3- P  k 

and using the particulate pressure and the bulk viscosity terms Murray 

writes: 

avk PA av
k 

P  ax
k 	P 	P  axk  

But in his general equations of motion applied to fluidization, he 

neglects the stress tensor for the particulate phase on the assumption 

that the voidage remains nearly constant around the bubble. 

In Jackson's theory (13 ) no such assumption is made concerning the 

voidage and as noted in Section Z. 3.1 nothing is known about A and 

consequently about A  . Thus Murray's expression for X does not 

help at the present time. 

On the other hand, Jackson (8 1) gives a lower limit for the 

value of 
dP

p for a uniformely fluidised bed: 
de 

r)f (
1- 6 0)U2 

0 
C 3  C 

0 	0 

In the absence of any theoretical and experimental evidence concerning 

the value of P and in view of the above contradiction, we shall 

neglect this term in equation (2. 11), bearing in mind that it might 

be one of the weaknesses of the solution we shall find. 

Therefore the solution for the gas pressure gradient can easily be 

found from: 

dP 

d 6 
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PO- e 
o 
)(v. V)V = _ 	' 	\72 

1 	— — — 	— 	— 
(2. 12) 

	

and 	_VP = _VPI 	P p(1- C 0).g. 	 (2.13) 

Let us write equations (2. 12) and (2. 13) in dimensionless form and 

	

put 13'4' 	P where the reference quantity P
o 

is taken as the = 

dynamic pressure of the flow of particles with a velocity 

Ub 	
e. Po  = 1 p (1- s 0) U

2
b  

2 

we get (v
*
. V r  )v = _ I V P' 	Z V Z y* (2.29) 

Re 

and - V e.. P* 	
V 
	J. 	

(2.30) 
Fr 

2 
where Fr 

ir 
 b is the Froude number for the bubble 

ga 

and i is an unit vector in the downwards direction. 

2.4.3. Calculation of the Froude number 

In section 2 it was assumed that the bubble shape remains 

circular. By doing so, however, it is impossible to satisfy the 

constant pressure condition around the bubble. Nevertheless it is 

possible to ensure that the pressure varies only slowly around the 

apex of the bubble. 

Let us consider the tangential component of equation (2. 29). 

P*  vt 
a 

OV e 	 iD V V* 
 0 1 1 aP* z a 

P ao 	p 	Z P ao 	Reap 

P
o 



V avo vo az_a_ 
* 

ao 	P ae 
* 2. * 

ve 
P a9 
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at the apex of the bubble: 	v p  = v = 0 

= 0 

= 0 is a boundary condition on the axis of the bubble for all p . 

Whence at the apex of the bubble we also have a c  
a p 

8=0 

=0 
P=1 

Therefore we have aP* 
ae 

From equation (2.30) it is = 0 . 
p = 1 

0  = 0 

easy to see that aPf = o 

ae P= 1 
9  =0 

If we can ensure a2pt•  = 0 ae2 p =1 
then the change in pressure will be 

 

9 =0 

 

   

small in a region where 9 --, 0. 

From '(2.30) we get azip* _ 	z p cos 0 
756-/— 	- Fr 

If a2 
Pf

* 

430 4  = 0 
P 
9  =0 

then 2 1) cos 	azp*  
Fr 	 a 	p = 1 

0 = 0 

(2.31) 

    

By differentiating the tangential component of equation (2. 29) with 

respect to 0, it becomes: 

	

2 a * 	2 
1 1 a 	2 	82  	av p  avo 	v a vo 	i(avo) 

r7:) 	11.--e a Pao 	- a6 	a p 	ap as 	p ae 



2 	
'1`d0 	= 1 - 	

a 
Re ap ae 

0 

  

Fr 

p= 1 
0 = 0 

For p =1 and 0 = 0 this reduces to: 

[ 	
* 2 

a P _ 4 az  c 4' _ 2 ( aye ) 
2 

5-2  - Re a p (99 	1  ae 

consequently by using (2. 31) 

 

= 1 
6 = 0 

1 
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We can make the following remark: 

In the case of Davidson's treatment (10 ) i.e. Re-›co and 

irrotational flow then Fr -  
have z 
'ao 

; also it is easy to show 

= 
0 =0 

J. 

that ve = 2 sin 0 and therefore Fr = 0.250 which is the Davies 

and Taylor result for a two dimensional bubble. 

Since there is no analytical solution for the Stokes flow regime around 

a cylinder the other limiting case, i.e. Re--4.0, cannot be obtained 

simply. 

Knowing the Froude number from equation (2. 32) it is possible to 
),4  

calculate the entire field of the pressure gradient V P1` 

and (2. 30). 

using (2. 29) 
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2.4.4. Voidage variations around the bubble  

Once the solution for the pressure gradient is found we can 

solve the equation for the voidage around the bubble using equation (2.27): 

2 V y • V Pi 	yV Pf  = 0 (2.27) 

or in dimensionless form: 

e 
V y.V'p 	yV *2: = 

0 (2.33) 

We can easily solve the previous equation by the method of characteristics: 

put a = aPf* 	b= aPf 	t.ay 	q 	l ay 
• a p 	ae 	a p 	P ae 

Equation (2. 33) becomes: 

at + bq 	Y 0*2  P - 
f 0 (2. 34) 

Y 
also: — d-- 	dP t 	+ Pq 

de 	de 

substituting into equation (2. 34) : 

at + b [ 1 (11-
'

y V*2Pf*  = 0 
p de 	P de 
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1 E
° 	 VI? 

(2.37) 

6I. 

Let (c) be a curve such that in the 	P, 0) plane 

t [a 	b ap ] =0 
P ae 

*2 * 
b ay 

 

P 	YD 
Pf 	0 

1 	6 6-  

(2.35) 

(2. 36) 

If t 0 then (2. 35) gives a family of curves in the (r, 0) plane along 

which we integrate equation (2. 36) to give the values of y . 

In equation (2. 36) we assume, as a boundary condition, that 

= 1 far from the bubble (i. e. 6  = C far from the bubble). 

From the Carman-Kozeny equation it is easy to show that: 

Y _
2
(1- 60)

2 

c
2 r i

- 	
)2 

o 

and therefore: 

Equation (2. 37) allows us to calculate the voidage variation around 

the bubble. Although the Carman-Kozeny relation is, strictly 

speaking, only valid at minimum fluidisation conditions, we assume 

it remains correct when E 4 c o. 

Lockett and Harrison ( 7 ) also used the equation given by Richardson and 

Zaki ( 88 ). They found that the difference between this and Carman- 



Kozeny' s relation was small. 

2.4.5. Solution for the gas flow 

From equation (2.25) it is possible to calculate the gas flow field: 

u 	 _ 1 apf  r = r 
13 Or 

ve 	apf e = 	_ 
R r ae 

Let us put the two components u
r and u in dimensionless form. 

At incipient fluidisation: 

62. 

13 0 	Pp(1-  E 0)g  
u
o  

and Y - R 
13 
0 

whence: 

U p VP 	Y Fr aPf 
2pa 

u e  
* 	 * 

. ve  _ .1 Fr 	1 apf. 
2 . a

b 
 P a 

,t... 
_ 	Fr Q Pfe  (2.38) where a b 	1lb 

2 ab 

y , Fr and V P
f  have been derived in sections 2.4.2. to 2.4.4. , 

therefore the solution for u is completely determined. 

or 

11
0  
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2. 5. Conclusion  

Starting with the most general form of the equations of motion 

for the particulate and fluid phases, we have simplified these equations 

by making assumptions mainly on the nature of the stress tensor T 

of the interaction force of and of the particulate pressure P P. 

Although these assumptions are not all perfectly justified they 

give a limit to the validity of the solution we shall get for the flows of 

particles and fluid. 

The following chapter will deal with the numerical solution of these 

equations and the computation of some important variables. 



Boundary 	Conditions Dimensionless form of the Conditions 

(i) 0 = 0 

0 	=Tt 

(ii) r= rco 

(iii) r= a 

aW 	_ 0  W =0 (1) 

(ii)  

(iii)  

e = o 

0 = n 

P = Poo 

P= 1 

1 < P < Pco 

1 <P < P 00 

0 <e < rt 

0< 0 < it 

* 
T 	= Pe 

a gr'' W 	= 0 	= o 

	

a< r <rco 	ar 

c = o 

a<r<r 
co 

	

0--<.0 < IC 	W = Ubroo sin 0 

=0 

	

0< Q< IT 	W= 0 	2-17- - 0 a() 

a 	W 	1 	8 tlf 

ap 

C 	= o 

W 	= p 	sin 0  co 

C *  = 0 

* 
W* 
	atli ' 	=0 	- 0 a e  

2 	* 	* 
. 	wa = a w 0 	• Tr° 	= 0 : 	- art 	a ar 

, 
a p

L. 	a p  

Table 2. 1. Boundary conditions for 	the particulate flow 
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Figure 2-1 	Domain of integration and 

boundary conditions of equations 2-15 &2-16 



CHAPTER 3 

NUMERICAL SOLUTION OF THE EQUATIONS OF MOTION 

The equations of motion which were derived in the preceding 

chapter are now transformed and put into finite difference form. 

Procedures for computing variables of interest such as the 

pressure variations along the axis of rise of the bubble and on its 

surface, the drift of particles caused by the passage of the bubble, 

the gas and particle velocity fields, the voidage fraction, etc. ... 

are developed. 

3.1. The transformed equations for the particulate flow 

The motion of the particulate phase around a bubble rising 

in a two-dimensional fluidised bed is described by the following 

set of equations in terms of stream function and vorticity (section 

2. 3. 3). 

2 a 	a
2 

IF* 1 a w  
ID a P 	 aez  

(2. 19) 

aw  a c 	aw 	ac 	2 la c*  +p  a2 	
+ 1 a2  c  

a p --ae 	as 	ap 	Re la p 	a p 2 	p aez 

(2. 20) 

The domain of integration (S) is also indicated in Figure 3.1  where 

rco is chosen great enough so that at the outer boundary, the flow of 

particles is a potential flow. 

66. 
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To integrate equations (2. 19) and (2. 20), the domain (s) has to 

be divided into a fine grid at the nodes of which the two equations 

will be calculated. 

An obvious choice to construct this grid would be the lines 

p = constant and 0 = constant. Nevertheless it is convenient to 

transform the polar ( p , 0) plane into a rectangular ( E, n ) plane 

and also to have a finer mesh near the surface of the bubble where 

the vorticity and stream-function gradients are the largest. 

For this purpose we make the following transformation: 

p = e 	and 6 = nn 

This transformation was first discussed by C. J.Apelt (89) and 

satisfies the requirements that ( E, n ) is a rectangular plane and 

that the mesh is finer near the surface of the bubble. 

Equations (2.19) and (2. 20) can therefore be written as: 

2 * 	2 * 
E - E2 * a 	a  

an , 	a z 

2  
a 	as 	ow *  a c _ z ia2 

C
* 	a c

* 

aE 	an 	an 	a E - Re tan 2 	aE 

( 3. 1) 

(3. 2) 

where E = n e TtE 
	

(M= E is often referred to as the modulus of 

the transformation) 

The boundary conditions in Table 2.1 become: 
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(i) n = 0 	0 E: 	Eco  

	

11 = 1 	0 

0 	a W' = 0  
a E 

* = o 
(3. 3) 

(ii) E E 	o< n co 
TE  co 

= e 

= 0 

(3. 4) 

(iii) E=o 	 = o 
an 

1' 
En 	

o 	 2 rt a  a E z 	a E 

The same set of equations with different boundary conditions is 

given by J.S. Son and T.H. Hanratty (90) for a time dependent 

solution of the flow past a cylinder with a non-slip condition at its 

surface. 

3.2. Finite difference form of the equations for the particulate flow  

	

3. 2. 1. 	Vorticity equation  

Equation (3. 2) is put in finite differences form using the 

Peaceman.-Rachford alternating direction method (A.D.I.) (91)• 

It is beyond the scope of this work to discuss the various aspects 

of the different methods proposed in the literature. Stability, computer 

storage, rapidity of convergence would have to be studied for all the 

schemes to select the best one for our particulate problem. 

However, it has been noted, from numerical experimentation, 

that the A.D.I. method is quite suitable for simulating flows around 
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an obstacle. It has a better stability characteristic than other 

methods, especially at high Reynolds numbers, and it also keeps 

the computer storage and time to a minimum. 

The transformed grid of integration in the ( E , n ) plane is 

represented in Figure 3. 1. In this figure: 

1 is the increment in the n direction 

k is the increment in the E direction. 

Approximations to the derivatives are made by using central 

differences, thus the values of the derivatives of the stream function 

and vorticity at point (i, j) are computed from the values at the four 

surrounding points. 

In a general form we write : 

( aTh ) ij 	 - 	"(1  ) f i+i j, 

of 
( 	= 

j 1 
- f

i, j-1 
+ 0 (k2) 

(3. 6) 

azf 	_ 1 
r2 	

. 	f
1
. 	0( 12) (an 2). 	fi+1, j 

- 	f j 
	-1, j -I- 

1, 111111 

182f \ 	1 
/ 	 I E 	. . 	f. 	- 2f, 	f + 0 (k2)  a z k2 	J1:1 	, j 	j-1 

j 

as lien 0 ( 1 2) 	= 0 the mesh size 1 (resp. k) will have to be 
1-to 

chosen small enough so that the accuracy of the calculation is not 

much affected by the truncation error. 
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However the number of equations to solve is proportional to the 

number of mesh points; therefore by halving the mesh length one 

multiplies the number of equations by four. Consequently the mesh 

size will have to be taken as a compromise between accuracy and 

computing resources. 

Using the above approximations to the derivatives, equation 

(3. 2) can be written as: 

%IC 

j +1 	111  i3 	 i+1, 	 i+1, 	 i,j -11 	i,j-1  

2k 	 21 	 21 	 2k 

2 	 C"  +1 - 
2 

_- 	
j C  i,j +C i,j-1 	3. 7) 

-  

Rd. 	 12 	 k2  

The preceding elliptic equation can be regarded as the limiting 

solution of the corresponding time-dependent problem with some 

initial value. We can therefore introduce an iteration coefficient 

P which will be referred to in the following as the acceleration 
a 

factor. 

The value of this coefficient can be the same for all the iterations; 

however if it is changed for each iteration the converging process can 

be speeded up. In most cases the optimal value of p has to be 
a 

found by numerical experimentation. 

In our problem several values of 	a were tried and the best 

one found was used throughout the calculation. 

Equation (3. 7) can therefore be written as: 
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* 
- 	i ,  j.4 	r1  i+1, 	C  i-1, j C a 	3.,j + 

i +1 , j - 1lf i--1, j 
2k 	 21 	 21 

* 

i, j+l 	i,j-1 	2 IC i+1,j - 	C i„j + C i-1,j  
2k 	Re 1 	12  

* 

+1 -  2 	• 	+ C.  • • 	} 1, • 3 	,3 	1-1  
k2 	 + Pa 

(3. 8) 

To solve equation (3. 8), one assumes that the nth values in the 

iteration have been calculated at all the mesh points from some 

*(o) 	*(o) initial approximation 	. . and C. . and known boundary conditions 1, 3 	1,3 

(as established in the previous section). 

We can therefore write from (3. 7) 

*(n+1) 	*(n) 	*(n) 
C . . 	F 	, 	) (3 - 9) 

The solution of the set of equations (3. 9) is a very lengthy process 

since it consists of a large number of non-linear equations. The 

principle of the A.D.I. method is to overcome this difficulty by 

dividing the step from iteration (n) to iteration (n + 1) into two 

half- steps. 

The following procedure which is summarized in Figure 3. 2  is 

then carried out: 

(i) 
	

the derivatives in one of the directions are approximated at 

half step (n 2  ) while the derivatives in the other direction are 

approximated at the (n)
th step which, as we already said, is assumed 

to be known. 
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(ii) The procedure is then repeated from the half step (n 1) to 
2 

the final (n + 1)th step, alternating the previous directions. 

The derivatives approximated at the (n)th step are now approximated 

at the (n 	1)th step; the derivatives in the other direction which are 

approximated at the half step (n + 1  -) are known from stage (i). 

The choice of the starting direction in the A.D.I. method depends on 

knowledge of the boundary condition. In the present case we know 

the exact value of the vorticity on the axis of the bubble ( C*  = 0) 

while it is unknown on the bubble surface. It is therefore more 

convenient to start the computation along lines r = cst, which prevents 

assuming an initial value for the first half step(n)-4(n + 1  ). The 

surface vorticity is then only approximated for the second half-step 

(n + 1  )-)(n + 1). 

Using the grid of integration defined at the beginning of this section 

we can summarize the computation of the A.D.I. method as follows: 

(1) At the first half step (n)--3(n 4- 1 ) iterations are 
2 

carried along lines E = cst. 

(ii.) At the second half step (n + 1 )->(n + 1) iterations are carried 
2 

along lines 11 = cst. 

Equation (3. 8) therefore becomes: 

(i) 1st half step (n).->(n + 	) 

*( n) 	W*(n) 	,*(n+4) 	*(n +1) 
r *(n+1) 	W i,j+1 	i,j-1 	i+ 1 , j 	i- 1 , j  

a  "' 	 - 2k 	 21 

*(n) 	*(n) 	*(n) 	*(n) 
. 	- 	. 	. 	- r. . 1+1, 	1-1, 3 	-1, 3 +1 	-1, 3-1 

21 	 2k 
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- 2 	. 	+ • 2 5  1+1,j  
Re 	 12  

(n) 	*(n) 	*(n) 	*(n) 
p C. . 1,3 	1, j--1 	+ a  1, 

which can be written as: 

) 	2  j+1 	j-1 	2 	i+1, j 
4k1 	17eTE  

*(n) 
j+1 	j -1  + 
4k1 2 

4 
+P  a +  

= a. 
ij 

(3.12) 

where a .. includes all the terms 	for iteration (n) : 
13 

*(n) 	*(n) 	*(n) 	 *(n) 

a ij 
	{ 2 	j 	i-1, j  Ei, j-1 + 	4  

Rek2 	4k1 	1 	1. a 	 j  

i.„*(n) 	*(n) 	 *(n) 
j 	i-1,j 	2 
4k1 	

+ Rek2 	j +1 (3.13) 

Equation (3. 12) can be written as: 

*(n+f) A 	. 	. J3 	1-1, 3 	+ 
*(n+1) 	*(n+1) 

	

B E . . 	c 	2  

	

j 	
c 	

+1, 	= a  
(3. 14) 

with: A.. 
= - 

*(n) 	*(n) 
i,j+1 	j-1  

4k1 
2 

+ 

B = P 
a 

L  4 

C. 	 . . 
1,j 	

2 = 
	*(n) 	*(n) 

1,3+1 	j-1  
4k1 	 Re12 



a ij 2k 

( n 	( n 1 ) 
i11. , j 	-  

21 

n+1 	*(n) 	*(n) *()  
P 	 j 

(ii) 2nd half step (n 

The same procedure as before is applied to equation (3. 8) in 

the other direction: 

74. 

*
i+

n
1
)
,  j 	W

*
i(

n
1
) 
  j 	-1" 

,c
,3

n 
 +
+
1
1) 
  - Ci*, jn+

11) 

21 	 2k 

*(n+-1---) 2 	1c *(n1-4) 

2 	
). (n+-1) 

I  Ci+i, 	c 
- 	j  =  

Re 1 	 1 2  

*(n+1) 	7 *(n+1) 	*(n+1) 
Ei,j+1 	6 i,j 	+C i, j-1  

k2  
+ Pa Ci, j 

which is also written as: 

w* (n) 	( n) 	 + 4 tEi,  i+i, j - 	, j 	7
(
.1
1+1) 

1 J -1 	(P  4k1 

	

	 a Rek2 J *(11+1)  Rek2 

() 	 (n) 	 * (n+1) 
= 1+1, 	1-1, 	+ 	2 	j +1 . 	_ 	. 

4k1 	Rek2  
ij 

(3.15) 



*(n) 	*(n) 
. 	j 1+1,3 	3 	2 
4k1 	ITer2‹. 

where 
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[3. j  1 

*(n 	* ( n 	*(n+*) 	 *(n+-D 
1F. 	• • 

+1 	. j-1 + 	1) -1, { P 	3- a  - 	, J 
4k1 	Re 12 	 Re 1` 

Re 12 { 2 

*(n) 
.-H. 

(n) 	*(n+-1-) 
tp. 	. 	}c 1 - 	,3- 1 	. (3. 16) 

- 4k1 	
1+1, j 

which we can write as before: 

E *(n+1) 	*(n+1) 	
*(n+1) 	„ 

	

. 	. 	. 

	

1,3 	1, 3 -1 	+ F 	j 	+ Gij 	1,3+1 	= P  ij 
(3.17) 

with: 

*(n) 	*(n) 

	

E.. _ Wi+1, j - 	j 	2 
13 -  

	

4k1 	- Rek 

F = P a + Rek2 

G.. - 
13 

Let us also note that a. and 13 .. can be written as: 

	

13 	 ij 

• A' 	*(n) 	*(n)Bt  
0.  ij .13 	j-1 	+ 	i,5 	+ 	ij Ci, j +1 

e(n+1) 	;1/4(n+1') 	, 	*(n+-12-.) 
13 	171-,  j 	1, 3 	

G 	E. 
ij 	1+1,3 

4 

13 	• 
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where we have the following relations: 

Et = -A.. 

G' = -C.. 

A' 
ij 

= -E.. 

C' = -G.. 

We shall discuss the solution of the set of linear equations (3. 14) and 

(3. 17) in Section (3. 3). 

Once the values of 
(n+1) 

 
j have been found we can calculate 

the values of the stream function at each point of the grid from 

equation (3. 1). The next section will deal with this calculation. 

3. Z. Z. Equation for the stream function 

Consider equation (3. 1) g 
E2C * 	* 

a riz 

2 * a ty  
a Ea 

In finite differences form this equation becomes using relations (3. 6) 

E2 2 	 2 11-1 	 - 	j 	j  +/ 	(3. 18)  j 	j  
1 2 	 k2  

The above elliptic equation has also to be solved by an iterative 

technique. The method of successive overrelaxations was used. The 

A. D.I. method used to solve the vorticity equation could also have 

been employed but in regard to the simplicity of equation (3. 18) 

the first method was preferred, although there has not been, so far, 

any justification as to which method is preferable, except for specific 

• cases. 



—*(13) 	1 
1 and T . 3  

. 
2 {-I-2  + , 	1 1 

k2  

The rate of convergence to the solution of equation (3.18) is 

accelerated by introducing a relaxation factor 0.) and then a better 

estimate of 	i,.j is calculated. 

Equation (3.18) can be written as: 

* * 	* 
T i_l, j + Ti+1,j 	. Wi, j -1 + Ti, j+1 

12 	+ 	 k2 

* E2  

1, 3 
. 

Using the above remark it follows: 

*(p+1) _ 
j 

-*( 
- CO 	111. (P) 	+6)T. . 

1,3 	1,3 (3. 19) 

*(p -I-1) 	 *(P) where 	is the improved estimate of W . . 
1,3 	 1,3 
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*(P+1) 	*(p) 	*(P+1) 	*(p) 
• j 	+ tu• 	• 1-1,3 	'1+1,3 	j-1 	j+1 

12 	-I 	 k 

-. E2 c (n.  +1) 
1, 3 

(3.20) 

The over-relaxation method (also referred to as the Extrapolated 

* 
Liebmann method) calculates the values of 11! 

.(p+1)  . 1,3 

points. All the values of the stream function on the left and below 

(i, j) are assumed to be known for iteration (p 1). 

The rate of convergence depends very much on the value of the 

relaxation factor co . Smith (84) reports an example in which the 

converg&nc.e using (k)  = 1 . 9 is forty times faster than the non-

extrapolated method (W = 1). 

for successive 
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In the case of (3. 18) which is a Poisson's equation, Frankel (in 

Smith (8 4)) proved that the optimum value for w is given by the 

smaller root of the equation: 

2 
a2 t _ 4 a + 1 = 0 

where a - co 

  

4 

t = cos TC 	cos tt 

q 

p = number of mesh points in i-direction 

q = number of mesh points in j--direction 

on another hand D. B. Russell (92) proposes as an optimum value' 

- 2 

 

1 + 1 1 — 
( +  —" P 	q 

In the present case both values were found to be close and therefore 

an average was taken in the computation. This was found to give 

a good rate of convergence. 

3.3. Solution for the vorticity equation  

Equations (3. 14) and (3. 17) constitute two sets of linear equations. 

Each set can be written as follows (using general notations): 



b1v1  + c1v2 	 d
1  

a2v1 + b2v2  + c2y3 	 d2, 

a3v2  +b3v3  + c3v4 	
=d3 

a.v. 	+ b.v. 	c.v. 	= d. 1 1-1 	1 1 	1 1+1 	1 

a
n
v
n-1 + b 

n  v 
 n = d

o 
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(3.21) 

where a., b., c. represent the coefficients in the two sets of 1 	1 	1 

equations and v. represents the vorticity. 

This system of linear equations coald be solved by a classical 

Gaussian elimination. 

Nevertheless we note that the matrix of the transform is tridiagonal. 

It is one of the great advantages of the A.D.I. method to give a 

matrix of this form. 

It follows that: 

	

bici  0 0   0 

	

a2b2c20   0 

0 a3b3
c

3 
	  0 

0 - 	0 - 	0 	- 	a.b.c. 	 0 
1 1 1 

M = 

0 - - 0 - 0 0 a b 
n n 



and U 

  

0 

0 

  

  

- - 	0 1 1. - - 0 
1 

1 
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This matrix can be partitioned into a product of an upper triangular 

matrix by a lower triangular matrix. It can be shown that this 

decomposition is always possible (D.L, Fox (94), B. Carnahan et al. 

(9 5)) provided that: 

I 1)11 > I cl  l> 0 

I bid > I cnI > 0 (3. 22) 

lad > I bi  I + C. 

If one of these relations is not satisfied the above authors show that 

the matrix M becomes singular and its inverse does not exist. 

Assuming (3. 22) is fulfilled then: 

M 	U 

where: 

X
1 
 0 

a2 
X

2 
_ --- - - 

0 

- - -0 a. X 0 - 
3. 	1 

aA. 
n n 

L = 

with the following relations : 



X
1  = b1 

8 1 . 

X = b- a y 
1 1 1-1 (3.23) 

C. 1 Y 	x-- 
i 

The set of linear equations (3.21) M . V = D is therefore written 

as L U V = D . 

We can, therefore, solve first L . X = D and then U . V = X 

where X is an unknown auxiliary vector. 

v + 	v = x 1 	1 2 	1 

U. V = X => v2  + Y2 v3 = x2 

(3.24) 

v. + Y v. 	= x. 1 	1 1+1 	1 

x' n n 

X x = d 1 1 	1 

L. X = D -==> 	a2x., + X2  x2  = d2  

(3.25) 

a.x. 	+ X .x. = d. 1 1-1 	1 1 	1 

a x1. + X x = do  
n n- 	n n 

Starting from i = 1, we have from system (3.25) : 



x2  + 

2 ( 
d - a x 2 2 1 } 

     

d 	a. - 	x. 
1 	1 1- 

  

1  j d  
xn 	n a

n 
x
n-1} 

Starting from i = n we have from system (3. 24) 

n n 

X . Y v. 1 	1 	1 1+1 

11101111 	0.• 	bi 

v1 = x1 Y1 v2 

1 

This calculation gives therefore the solution for the vector V = 

v. 
1 

vn 

It should be noted that the above calculation is an useful short way for 

calculating V instead of by V = M-1. D. The inverse matrix M-1  

would not be generally a tridiagonal matrix and would therefore occupy 

more space than L and U. Moreover the computation time of 

L . X = D and U . V = X is certainly shorter than the time for the 

inversion of M and its multiplication by the vector D. 
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n 

v 

2 - - 



3.4. Initial conditions for the particulate flow 

3.4.1. Initial values for the stream function 

As noted in section 3.2.1. it is necessary to have some initial 

approximation to the stream function Ilf *.() at the start of the 

computation. In the case of a two dimensional bubble the only 

solution available is the potential flow solution as given by Davidson 

and Harrison (10). 

= U
b 

sin e 	a2  

or in dimensionless form: 

W = psin e 	- 
p2  

Using the transformation given in section 3.1 it follows: 

12* (o) 	, rtE -rcE 
= 	_ e 	) siniu (3.26) 

In the preceding chapter, in section 2.3.4, it was pointed out that 

r 	has to be chosen so that for r = r , W = U r sin 0. 
co 	 co 	b  w  

Applied to equation (3. 26) this condition means that E -oo must be 

_TtE 	TtE 
chosen so that e 	.<.< 	e 

In Appendix4  the numerical values of the grid size, which were 

taken in the computation, are indicated. 
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5 

84. 

3.4. Z. Approximation of surface vorticity  

It was noted in section 3.2. 1. that some approximation to 

the surface vorticity must be calculated, when applying the second 

half step to equation (3. 8) as an initial approximation for the 

calculation of the entire vorticity field at each iteration (n)-->(n 1). 

The surface vorticity has been approximated from the values of the 

stream function near the surface. 

A Taylor expansion of these values is as follows: 

(with 

i, 2 

i, 3 

J. 

IF 1,1 = 0 	
from boundary conditions). 

k2 	a2W  	k3 a3 	k
4 a4

W
* 

- k(8 111 	 0(k) ) 
a E 

 
i, 1 

Zk a Iv*, 

at 	(aE 	2  ) 	3'. 
i, 1 

4_ (2k)2 	
2 
	
* 

111 

+41 

	

) 	(aE 4  " i, 1 

(3.27) 

N (2k)3  k 	f a 

4  

a 	F 	/1,1 

3k,a 111  
..F:  

21. 	‘a 	E4 	i, 

2k)4 	/84 111 * ‘ 

3: 	E3  i,1 

0(k5) 	(3.28) 

(3103  f a3  '171  

41. 	a 	F4 )i,1 

2 	* 
(3k) 	,a 	111  

+ .3 	2' 	‘a 	11,1 

(304 a4 w* 

\5T-3-- 	1 

0(k5) 	 (3.29) 
+ E4 ) 

J., 1 

Depending on the type of problem and on the accuracy required, 

several formulae are possible and the best one has to be found by 

numerical experimentation. 



i, 1 
3  _ 2 tp 2  

k2  
and using (3. 30) : 

85. 

In the present case two, three and four-point formulae have been tried. 

Furthermore let us apply the equation for the stream function (3. 1) 

at the bubble surface: 

*  

E2  C4 1 -(8 n 2`)  
i,1 	1,1 

at the bubble surface: E2 =n 2  

 

 

2 
( a 	W  ) an t  i, 1 

=0 

  

   

therefore 	1. 	1 	a W  ,1 = 
 rc 	EZ ji,1 

(3.30) 

We now derive the different formulae tested: 

(i) two point formula. 

By eliminating 8 W  
a E 

from equatiorE(3. 27) and (3. 28) and with 

a truncation error of 0(k3) we get: 

Z I* 	 W 	2 
( aa 	qfit) 

i, 1 	

1,• 3 ." 	1, 2 
k2  

(3.31) 

(ii)  three point formula  

3  * By eliminating (  8 W E3 	between equations (3. 27) and (3. 28) we 
i, 1 

get: 



{

1 	8W i,2 - W i,3 * 

EL]. = 112 
—
3k 

+ 2k 
 

(3.32) 
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8 	 k  	2  a2  i, 2 	
3 	

6la a E 	+ 
2k (

a  z 	+ 0 (k
4
) 

in addition let us consider the boundary condition for the tangential 

stress as given in section (3. 1): 

at E = 0 Ern  =0 
Z „„. * 	 * 

( 
	=2n (d) 

IF 
'a z i,1 

by combining the above two equations we easily get: 

( a2*) 	- 
	1,3 

1
°1jk + 2k2  t 

and using equation (3.30): 

* 

a 

This approximation is therefore given with a truncation error of 0(k
4). 

(iii) Four point formula 

By eliminating a 3 W
* 
 

( a E 3 )i,1 

4 a IP between the three equations and (
a

4 )
i,1 

(3. 27) to (3. 29) it is easy to show that: 

	

a IF 	2 a
2 1

11*  
108W 	27 T. 	+ 4 qJ i 4 i, 2 - 	1,3 	

= 66k (a 
E 
	+ 18k (d Ez 

and by using the boundary condition for the tangential stress as 

above, it follows that: 



* 
J. 	

1 	108 	- 27 T 3  + 4 Ti, 4  
i, 1 = -72 	  

33k + 18k2  

87. 

TI 

(3.33) 

the truncation of error being of 0(k5). 

When the different formulae were tested in the calculation of 

equation (3. 8) the following results were obtained: 

(i) The two point formula (3. 31) was found to be a very bad 

approximation, the A. D. I. procedure being divergent in this case. 

(ii) Although the approximation to surface vorticity by three and 

four point formulae were nearly identical, it was found that the rate 

of convergence obtained with a four point formula was slightly faster. 

A trial made with .a five point formula (not shown in the above derivation) 

showed no significant improvement on a four point formula. 

It was therefore decided to use equation (3. 33) as the approximation 

of surface vorticity. 

Furthermore, to improve the convergence of the procedure 

it is convenient to under-relax the surface vorticity. This consists 

in estimating the surface vorticity at step (n 1- 1) from the values 

obtained at step (n) and the values which would be obtained in the 

normal way. For this we rewrite the surface vorticity as: 

*(n) (,) c*(n+1) *(n+1) 	(1_ 	) E  
E i, 1_ 	 v 	i,1 	v  

(3.34) 

where 0.)v 
is a relaxation factor with 0 < co 4 1. v 

Thus if we need a very slow variation of the surface vorticity we 

can set w to a low value. The numerical value of coy 
has to be 

v 

found by numerical experimentation (Gosman et al. (95)). 



(p+1) 
• 
(P) 

j 	111-  1,3  
* (1)+1)1 
1, 3 

< 6  
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3. 5 Calculation Procedure  

The procedure of calculation follows directly from the 

derivations in the previous sections: 

(i) At the start of the computation, the stream function field 

is assumed to be that of potential flow as indicated in section 3.4.1. 

The vorticity field is assumed to be . j = 0 everywhere except 
1,  

on the surface of the bubble where initial values are approximated 

by a four-point formula (section 3.4. 2). 

(ii) A new approximation to the stream function is then 

calculated by the over-relaxation method. The criterion for 

convergence was taken as: 

for all i and j 

By trial and error, the most satisfactory value for c was found 

-3 
to be E= 10 . 

(iii) The A.D.I. method is then started for the vorticity 

equation. New estimations of the vorticity are calculated along lines 

r = cst at the first half step, whilst the values of the surface vorticity 

are taken equal to the original ones. 

The procedure is repeated in the second direction again with 

the original values of the surface vorticity. 

Then the new stream function field is calculated by over-

relaxation and a new estimation of surface vorticity is therefore 

obtained by the four-point formula. 



(iv) The A.D.I. method was repeated until the following 

criterion for convergence was satisfied: 

89. 

*(n-1-1) 	c  *(n) 
i, 1 	i, 1 

1(n+1)1  < 6 1 

Recently Griffin and Meisen (96) have presented an analysis of 

some convergence criteria for relaxation solutions of viscous flow 

around a circular cylinder. The above criterion, according to 

these authors, is satisfactory although not the best one. In the 

present case it was sufficient to apply it only to surface vorticity 

values (i. e. at points (i,1)). 	In fact, if one applies this criterion 

to the entire field, difficulties appear at high Reynolds number due to 

the accumulation of roundoff errors at the rear of the bubble. 

In addition it was found that at high Reynolds number (say 

Re > 50) some variables, like the drag coefficient 	were were still 

oscillating even after the convergence criterion was satisfied. 

In these cases the iterations were continued until CD  was 

steady. A value of 	61 = 10
-3 

was used throughout the calculation. 

(v) After a certain fixed number of iterations the results for 

the streamfunction and vorticity were printed out in order to check 

the progress of the calculation. 

(vi) At the end of calculation all the variables needed were 

calculated. 

For example, with v , y , u, the gas stream function x  

the drift of a particle X, etc. .... 
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with 
Thirteen cases/Reynolds numbers ranging from Re = 0.01 to 

Re = 200 were calculated, requiring in all about 3.2 hours of 

computing time on the Imperial College C.D. C. 6400 Computer. 

3. 6. Pres sure Variations 

To compare the above theory with existing ones and with 

experiment it is interesting to calculate important variables such as 

the pressure variations. 

Let us consider equation (2.12) as given in the preceding 

chapter: 

PP  (1-  E)(v . 	
P 

v = _ VP + 	02v (2.12) 

in which, as noted, P measures the difference in pressure between 

two points on the same horizontal line. 

We shall only concentrate on pressure variations along the axis of 

rise of the bubble and around its surface. 

3.6.1. Pressure variations' along the axis of the bubble  

Let us consider the dimensionless form of equation (2. 12): 

* r.7 * * -2 
(v . V ) v 	V P 	V 	v 

2 	Re  
(2.29) 

The p component can be written as: 



91. 
*2 

a y 

	

z* 	* 

* P 
ay y ay p 	ye 

	 - - 1 aP 	2 { 	P  1 ayp  P 
a p 	p ae 	 2 a P 

+ 
Re a p- 	P OP 

a
2
v
* 

1P 2 aye  

p 2 ao z 	2 ae 
(3.35) 

In addition let us rewrite the continuity equation and vorticity 

component: 

ay
*  

ay 6 

	

=
a p 	ao 	0 	continuity 

	

* - aye 
	ye 
	1 
	avp 	vorticity 

a p 	P 	P ao 

Differentiating the continuity equation with respect to p and the 

vorticity component with respect to 0 and corrtbining the two equations 

leads to: 

* 
a 	1 	aye 	1 -  a vP  
ao 	p ae 	p 39 

av 2  P  
ap 

a
2
v
*  
P 

P ap 2 

By combining the above equation and the continuity equation into 

(3. 35) it follows that: 

I P 

,, 	* 	*2 , 
ay v6 ay V 

	

P 	0 k 	 _ 

	

a p 	P ao 	p i 
1 OP 	Z5_ 1 	E  

I 2 Op 	Re p ae  

along the axis of symetry v 0  = 0, thus: 

av 
P  _ 

a p 
1 ap 2 1 a  
2 d p y  Re p 	ae 1 o= 0, -rc 

(3.36) 



AP = 1 - vp 	4 
1 	X Re 

1 a fpx p ao

*  
pco  

dp (3.37) 
8 =0 

Figure 3.3 shows the paths of integration for equation (3. 36). 

(i) Integration above the bubble 0 = 0  

Equation (3. 36) is integrated between A and the current point X. 
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A 

x 

  

2 
1 (P A - PX  ) 1 (v pA  - vp-x ) 

.2- Re 
1 	aC  
P ao 

d P 
0 =0 

    

_ by taking A on the outer boundary of the flow (i. e. : PA 	Poo  ), 

then v 	= 1 and P 	= 0. 
PA 	A 

Let us call AP I 	
P

X 	
P

X - 
PA 	thus: 

In the transformed plane the above equation can be written as; 

Eco  
1 2 

AP: = 1 - 1
, 

a W 	 4 	aC  
EL- 	k =of 	Re an r1= 0 

dE (3.38 

To calculate the two derivatives a tir 	and a E we make use of 
an 

 

an 
finite differences using a four-point formula. By writing 	in 

j 

Taylor expansion around points (I, j) (i. e. around Ti =0) for 

i = 2, 3, 4 it is easy to show that: 

a 12  

a n 

 

18 W2,i  - 9 qf 	4. 2 W 4,5  (3. 39) 

1, j 

 

61 

 

    



a E  
P ao 

d p 
0 

and: 
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* 
a E 
an 

 

18 E 	- 9 E 	2 E 2, j 	3,j 	4,j  (3.40) 

1, j 

 

61 

  

     

In the above derivation we have made use of the boundary conditions: 

The integral 

tic* 	= o 
1, j 

Ecc, 
ac '  
a n fE 	1, j 

* 

j = 0 

d E is then calculated using the 

trapezoidal rule. 

Note that when X is at point P (see Figure 3. 3) we get the stagnation 

pressure (often denoted by ko) thus: 

Eco  

k
o 	

1 + 4 	 ac 
Re 0 an 1, j 

d E 	(3 . 4 1 ) 

 

  

   

(ii) Integration below the bubble 0 =  

Equation (3. 36) is now integrated between Q and the current 

point Y as shown on  Figure  3.3. 

*2 	 , 
1 (P 	P ) 	1 (v 
2.  • Y 	Q + 	PY v*PQ)  - ~Re 

PQ 
 

at point Q which is the rear stagnation point vP Q = 0 and P
Q 

= 1, 

thus: 
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*2 
_ v  

P Y Re 

pY 
1 a ,c  
p ao 

 

AP
3 

= P
Y 
 - P 

Q dp 	(3. 42) 
-=Tt 

    

which can be written as: 

* 
AP 

3 
= 

1 	a W  
E2 

2 E 
.4f a c 

n-1 	- Re - 	an 
o 

dE 
n =1 

   

To calculate the derivatives we use the same type of approximation 

as in the above section (i). The expansion is now made around points 

(n, j) (i. e. around n = 1) and backwards differences are used. 

Therefore: 

a tif 
_18 	9 	- 	W 

n-1, j+ 	n-2, j 	n-3, j 

n, j 
= 

(3.43) 

(3. 44) 

0 and 

an 

a c 

61 n, j 

-18 	. 	9 n-2, j 	n-3, j 
an 

Again we used 

61 n, j 

the boundary conditions 	W 	=0 	and n, j 

the integral in (3.42) is calculated using the trapezoidal rule. 

3. 6.2. Pressure variations on the bubble surface  

As noted in the preceding chapter, by assuming a circular shape 

to the bubble, it is impossible to ensure the constant pressure 

condition at its surface. Thus there is a theoretical pressure change 

around the bubble surface which we shall compute in order to 

compare it with Jackson's and Murray's theory of bubble motion. 
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Let us consider the tangential component of equation (2. 29). 

	

* 	 2 * 
• dv 	v av 	v v a v 
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0 
P  

a P 	 P a9 	 p ao 	Re dP 2  p dip 

* 

	

v 0 	
1 	

a v, 	2 	av 	 (3. 45) 
—2p ao2, 	 ae 

The same type of derivation is used as in the previous section 3.5.1. 

We differentiate the continuity equation with respect to 0 and the 

vorticity component with respect to p . Combining the two 

equations: 

2v 
 * 	

di 	
2, 	* 

a e 	a e 	
ve 	ve 

	av 
	vg 2 	P  1 	 

a P 	a p 	+ P a P - —2" + p ao 	pz aez  

Using the above equation and the continuity equation,(3. 45) becomes: 

J. 

ave
.. 

 ye
* 	

* 
ay

e 	
v 

P

ve,. 	
1 1 ap 	2 a c  

	

a p 	p 	ao 	 P 	2 P ae 	Re a p 

at the surface of the bubble vp  =0 and P = 1, thus, 

";a 
 

y
e 	

Ye 	 aP 	2 a c 

ae 	 2 ae 	Re a P 
(3. 46) 

This equation can be integrated from the front stagnation point P 

to a current point S on the surface as shown on Figure 3.3 .. 

95. 
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J. 

at the stagnation point P, v 

*2 
AP2 	= 	v OS +  

OP 
 =0 

f o 
aC 

therefore: 

de 
(3.47) 

P = 1 Re a p 

In the transformed plane this can be written as: 

2 
AP2 	= 

=0 
4. 	4 	a E do 	(3.48) 

E=o —02 	a E ' 	Re 	0 	a E 

The same type of calculation for the derivatives OW 
J. 	 J.

and OE 
a E 	aE 

is used as in the previous sections. 

By expanding ill 
j 

and 	around points (i, l) (i.e. around 
j 

E = 0) we have: 

   

18111 	 9W 	+211! 
i, 2 _ 
	

3 	i, 4 
(3.49) aE 

 

i, 1 

 

6k 

 

       

-11E i,  + 18E i, z  - 9 E i, 3  +2 i,4 	(3.50) 

 

J. 

a 

 

.a E 

 

i , 1 

    

bk 

The boundary condition 11J i 1 = 0 has been used and the integral 
,  

in (3. 48) is again calculated by the trapezoidal rule. 

The entire pressure drop around the surface gives the value of the 

pressure at the rear stagnation point (often denoted as k1). 

IL 

A P2 = P
Q 

P d ry  
E =o 	• 

  



rt. 
P

Q 
 k 1 = k 

o
+ 4 f 

Re 
0 

aE 
do 

E= 0 
(3.51) 

   

for v
OQ = 0 

as P 	= k
o 

thus:
P  
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3. 7. Drag Coefficient  

In addition to the pressure variations it is equally interesting 

to know the variation of the drag coefficient as a function of the 

Reynolds number. This can be compared with the experimental 

data for gas bubbles rising in a viscous liquid. 

We define the drag coefficient as 

drag force  C
D 

- 
cross section area x 1 p (1-c )1.12' 

For a gas bubble rising in a liquid the total drag coefficient CD 

arises from two effects: CD = CDV + C 
DV ' DP 

C
DV 

: the viscous drag coefficient 

the pressure drag coefficient (1. e. the normal 
CDP 

stress contribution) 

In the present case with a zero tangential-stress boundary condition: 

C 
Tro l r =a 

de 	0 
=/- 

DV 	1 p (1- .c)U 
P  

Thus the only contribution is due to the pressure drag coefficient. 

CD = CDP 



1 
C 	TL f 

DP 

1 	2  
cos (run  )dn 	8 	f a Y  

TtRe• 	aE an 
0 

d (3.52) E =o 

98. 

As indicated in Appendix 1  the normal stress is defined as: 

av = P - 211 
rr 	

ar 

As shown on Figure 3.3  the pressure drag  force will be : 

F 

and therefore the pressure drag  coefficient 

11 

f rrr cos 0 d C
D? = 

 

1 p (1- e)UZ 
- 

or in dimensionless quantities: 

   

n 	 n 
C 	P cos 0 d 9 _ 8 DP = f S 

Ref o 	 o 

v 	 * 
In addition we have a 

p 	_ a2 w  
a p 	p =1 	ap ao 

transformed plane: 

 

ay  pa  
d 

p 

   

p 

 

and therefore in the 

   

=f 	r T cos 0 d rr 0 

The second derivative in equation (3. 52) is calculated by a twelve-point 

P S 

formula as shown on Figure 3.4 
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Thus: 

i, 1 
a E 	ri  

(2 	>: 
We can, in fact write a IF 	a (a qJ) and a 	is 

aE an 	aE an 	a E 

calculated by a four-point formula as done in the calculation of the 

pressure variations,while a W. is simulated by central difference. 

 

an 

 

9 9 . 

- with a 'P 
an 

j 

= lY i+1, j 	j  
21 

The two integ rals in C
DP are then calculated using the trapezoidal 

rule. 

3. 8. 	Particle Drift  

As mentioned in Chapter 1 one important variable, that may be 

used in the comparison between theory and experiments, is the 

particle drift, i. e. the particle displacement caused by the rising  

bubble as seen by a stationary observer. 

A summary of previous works concerning  the calculation of 

particle drift in the two limiting cases of potential flow and Stokes's 

flow is given in the first chapter. Experimental results are g iven in 

a later section. 

We concentrate here on the theoretical drift obtained with the 

solution of the vorticity and stream function equations. 

For this, let us consider a bubble rising with steady velocity 

in the fluidised bed and let us call: 
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(i) 0, x, y, the coordinate systems with axes fixed with 

respect to the bubble. 

(ii) 0', X, Y, the coordinate system with axes fixed with 

respect to the particles. 

Furthermore let us consider the origin of time t = 0 when0 and 0' 

coincide. 

Thus, (0 , x, y) is moving with an upwards velocity Ub  with respect 

to (0', X, Y) and the following relations hold: 

X = x 	U
b

t 

Y 
	

(3. 53) 

t 	X-x 
U

b 

Up to now we have been considering the solution of the particle flow 

past a cylinder with respect to the system (0, x, y) (i. e. a Laplacian 

point of view). 

	

We have dx 	v 	d W 

	

dt 	dy 

and from (3. 53) : 

dX 	dx 4. TT  
dt 	dt 	 b 

whence: 

dX = f 	d11̀ 	U
b 	

dt 
ay 

(3.54) 

We also have v04  = r 	= 
dt 	ar 

Or : 	dt 
	rde 

Or 
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Using the expression for dt into equation (3. 54) leads to : 

rde 
dX 

 ={
- a 	+ U 

ay 	b 	a IF 
r 

(3.55) 

The drift X at a particular instant t is given by the integration 

of equation (3. 54) from t = 0 to t. 

= 
 

{. a 	„ TT  , 	 dt
b 

 

0 

(3.56) 

In the above equation t can be positive or negative. When the 

bubble is well under point 0' then 	, when it is well above 

t 	+ co. 

In terms of polar coordinates the drift is given by (3. 55) 

0 { a I F X = i  
ay 

Tt 
2 

Ub  rd 0 

ar 

(3.57) 

From Fure 3. 5 it is easy to establish the following relations: 

v = vr  sine + v0  cos 

vx = vr cos 0 - v0  sin 0 

Using the stream function IF , the above relations become: 

a 	sin 0 	dilf cos e 
ax r de 	 Or 



X 

 

 

  

cos 0 de 	(3.58) 
Ubr 

r sin 0 - 
d 	 a 

a w  
d9 

Or 	 ar 
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a -  1 ay cos 9 	aW sin 0 
ay 	r ae 	Or 

Replacing a W in equation (3. 57) gives : 
ay 

The particle drift in the x direction with respect to point 0' is given 

by equation (3. 58) for any angle 0. The complete drift being 

obtained by : 

X d0 + 
n 

d0 

IL 
2 

  

	

The derivatives OW 	and all/ are easily computed from the solution 

	

ar 	a 

for the stream function W . 

Furthermore we have : 

Y = y 

	

or 	Y = r sin 0 	(3.59) 

and X..r  cos 0 
U

b 
(3.60) 

The complete position of the particle with respect to axes 0', X, Y, 

is therefore determined by X and Y. The parameter t gives the 

time at which a particular position (X, Y) is reached, the origin 

being when the particle is in 0'. 

Equations (3. 58) to (3. 60) can easily be written in the dimensionless 

form in which they are used in the computer program : 
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p sin 

a qf 
a n 
a KIP  

a p 

cos 0 d8  aw" 
irt 	ap 

Y 	= P sin 

= X - p cos A 

3.9. Gas flow stream function  

Once the solution for IP (and therefore for v) has been 

obtained from the vorticity and stream function equations using the 

A.D.I. and the over-relaxation methods, the calculation of the gas 

velocity is straight forward using equation (2. 38) as derived in 

Chapter 2  

* 	* 
U = Y Fr V P, 

a 
b 

(2. 38) 

1- 	* 	7 * 
with V P 

f 
V P 	2 i 

Fr 
(2. 30) 

Knowing the value of the gas velocity at each point of the grid, it is 

also interesting to calculate the corresponding stream function X 

For this we shall assume that, at the outer boundary of the flow, 

X is known from the potential flow solution as given by Davidson 

and Harrison (10) : 
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r sin e (cc - 1) - 	k CDC b  
Ub 	 a2, 

for r = r : a 

r • 2 

b 

1 and therefore X simplifies to : <.< 

. Ub a b-1 
	

rco sin 0 Xco   
ct

b 

or in dimensionless form: 

cc 	1 
sine 

X co 	a b 	co 
(3.61) 

Between two points (i, j) and (i, j+1) (Figure 3.6) the variation of 

the gas stream function px represents the flow of gas through 

(r j ±1 r  j 
	Along the radial direction there is no flow due to the 

r component of the velocity u . Therefore : 

AX = X - x = 	u dr i, j ÷1 	i, j 	0 
r. 

3 

To calculate this integral we shall assume a linear variation of the 

gas velocity between r. and r. 
J +1  

—  
= et,:f 	

U +1 	0, 3 	(r-r.) 	u ue 	r 	- r. 	3 + e, 
j 

When obtaining the actual numerical values for u0  , this was found 

to be a good approximation. 

X 
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Therefore: 

X 1• • +1 -- , 3  X. 
3 2(u 0, j+1 . ) 	 r'+1 	r.)  J 

Or in dimensionless form: 

(u 	u .) ( 	p ) 	(3. 62) X j +1 - Xi, j = 	0,3+1 	0, 3Pj+1 	j 2 

Thus starting from j +1 = n where the values of X X. 	are known 
1, n 

from equation (3. 61) it is possible to calculate the values of 

for all the field. 

3.10. Conclusion  

The numerical procedure to obtain the solution of the equation 

of motion has been derived in this chapter. This allows the computer 

program to be written to calculate all the variables needed to compare 

with already existing theories and with the experimental data. 

One of the main theoretical results concerns the drift of a 

particle. A great part of the experimental work has been devoted 

to the study of particle movement for bubbles at various Reynolds 

numbers. 

A summary of the equations which have been used for the 

calculation of the different variables is indicated in Table 3.1  

and in the following chapters adescription of the theoretical results 

obtained is given. 

x .1,3  . 
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TABLE 3.1  

SUMMARY OF THE MAIN EQUATIONS 

Stream function equation (S. O.R. method): 

: =c 	Z 
r* 	a2ill 	W' E 6 a ri 2 	

• 

d E 2  

Vorticity equation (A. D. I. method): 

* 	* 	 ....* 
a  1.1, 	a E 	a W * a c 	z _ 	 _ 6 E 	d n 	an 	a E 	Re 

2 * 
d  
a n 2  

az C* 
a F 2 
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Pressure variations: 

 

E co  

4 
RefE 

  

1 - axis above the bubble 6,1p*  = 	{ aT  1 	Ec- a n a n d 
n =o 

    

Y*  = P sin 0 

= X*  - P cos 0 
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Figure 3-1 Grid of integration 

Figure 3-2 Procedure of iteration in the AD! 
method. 
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Figure 3-4 Calculation of second derivative 
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CHAPTER 4 

EXPERIMENTAL 

4.1 Experimental set-up  

The two dimensional fluidised bed used throughout the 

experiments was constructed with two pieces of Armour plate glass, 

1.27 cm thick. The dimensions of the apparatus were: 128 cm 

height x 48 cm large, the two plates being held 1.27 cm apart by 

two cork spacers. The apparatus was maintained on the sides of 

the plates by a set of "G. cramps". 

Compressed air was supplied from a main line. It was first 

passed through a filter and then through a reducing valve. To prevent 

any oil from the main compressor being entrained in the apparatus, 

a second filter was installed on the line after the valve. 

Clean air was then passed through a set of three rotameters 

with flow rate ranges as indicated below: 

rotameter 1 
	

1 - l.0 limn 

rotameter 2 
	

5 - 60 1/mn 

rotameter 3 
	

12 - 120 l/mn 

The air pressure measurement necessary for the calibration of the 

rotameters_was recorded on a pressure gauge. Air was then passed 

through an humidifier necessary to keep electrostatic forces in the 

fluidised bed to a minimum. By controlling the temperature of the 

water it was also possible to maintain the air temperature to a constant 

valve which is important in the measurement of interstitial air velocity 

as will be shown later. Air was finally injected in the bed through 



the distributor made of a piece of porous plastic (Vyon.) fixed to 

a brass vessel. In order to measure the pressure drop across the 

packing of particles, a hole was drilled, 12 cm from the distributor 

and connected to one end of a manometer filled with mercury. 

An additional hole (12 cm from distributor) was drilled and used 

to inject artificial bubbles by a solenoid valve, the necessary air 

was being supplied from a separate compressed air cylinder. 

Three sizes of Ballotini glass spheres were used in the 

experiments. Their characteristics are given in Table 4.1 

Ballotini 
grade 

Size range 
4 m 

• 

Density 
p (g/cm 

p  

Apparent 
viscosity 
4 (poise) 

P 

Kinematic 
Viscosity 
v (cm2/ 

P 	sec) 

Minimum 
of fluid-
isation U 
(cm/sec) o 

7 505-700 2.86 9.5
(1)  

3.32 34.3
,,,.. 

8 440-530 2.86 12
(2)  

4.2 25.6
*  

10 210-325 2.86 9
(2) 3.14 8.9

*  

4' 	values obtained from a curve : pressure drop v. s. superficial 
velocity 

(1) viscosity value calculated by Grace (44) 

(2) viscosity value measured by Schherl (37) 

Table 4.1 	Characteristics of particles 

4.2 Method of measurements 

As indicated in the first chapter, particle displacements and 

gas. velocity variations at the vicinity of a rising bubble were measured. 

The two.kinds of experiments were carried out separately with the 

two methods which will be now described. 
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(i) Particle movements 

Particles in the fluidised bed were followed with the aid of 

black tracer particles (coloured with Nigrosine alcohol soluble dye). 

They were photographed with a Milliken D.B.M.5 high speed camera 

operated at 400 frames per second. Kodak Plus-X Negative films 

were used. 

Depending on the size of the particles, the area filmed on the 

bed varied from 16 x 12 cm. for Ballotini grade 7 to 10 x 8 cm 

for Ballotini grade 10. 

It was necessary to perform two kinds of experiments: 

(a) In the first case, single artificial bubbles were injected 

through the solenOid valve. A typical experiment was carried out 

as follows: the high speed camera was first started and about one 

second later a bubble was injected. It was therefore ensured that, 

when the bubble was in the field of view, the camera was operating 

at a constant speed. A timing unit built in the camera, impressed 

the edge of the film with a frequency of 100 Hz. It was therefore 

possible to check the constancy and the value of the camera speed. 

The indicated value of 400 frames per second was found to be exact 

and reliable. 

In all cases,to obtain stable bubbles,it was necessary to maintain 

the velocity- of gas inside the bed below the minimum of fluidisation 

defined from the pressure drop v. s. flow rate curve. The flow rate 

was then adjusted so that the injected bubbles neither increased nor 

contracted. If this was not done,bubbles became elongated and 

particles falling from the roof caused the splitting of the bubble in 
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several parts. When the gas velocity was maintained below the 

minimum velocity of fluidisation, bubbles did not tend to elongate 

and splitting occurred less frequently. 

In order to achieve a reasonable comparison with theory, it 

is important that the bubble shape does not depart too much from the 

assumed circular shape. In the case of bubble splitting, both sides 

were examined and each side considered as a separate bubble 

(Figure 4. 1). 

Furthermore only relatively small bubbles could be injected. 

It was not found possible to inject large bubbles which would remain 

stable. 
2aU

b
(1- c

o
) 

) This means that the Reynolds number ( Re := 
1.) 

for artificially injected bubbles remained small (<20). In order to 

get bubbles with higher Reynolds number, a second set of experiments 

was performed. 

(b) In this second part, the velocity of fluidising gas was 

maintained above minimum fluidisation velocity. Natural bubbles 

were thus rising from the distributor plate. The high speed camera 

was started and occasionally a single bubble, free from visible inter-

action from any neighbouring bubbles, was filmed. Those bubbles 

were much more stable than artificial ones and some of them had a 

high Reynolds number ( —100). "Fingering" of particles could 

appear on the bubble sides but in most cases they did not produce 

any bubble splitting. Otherwise the bubble picture is the same as 

indicated on Figure 4.1. 

In all cases the particle displacements were followed with the 
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aid of a P. C.D. digital motion analyser. Experimental results 

are presented in Chapter 5. 

(ii) Gas velocity measurements  

1) Choice of method  

As indicated previously, gas velocities in a fluidised bed have 

been measured by two kinds of experiments: 

- in the particulate phase, by following the displacement of 

gas tracer (Anwer (97), Rowe and Partridge (79)). 

- in the bubble phase, throughflow velocities have been measured 

using a hot-wire anemometer placed inside an artificial bubble made 

• 

of a fine wire gauze (Judd (98), Leung (99 )). 

The first method using the displacement of a gas tracer layer 

caused by a rising bubble, can only give results for measurements 

done on the axis of the bubble when there is only one component of 

the velocity; it is therefore a limited method. Furthermore as 

seen in Anwer's experimental results, the tracer gas tends to 

diffuse through the bed and one can hardly expect to measure a "point" 

variation of the velocity. 

In the second method one introduces in the fluidised bed an 

artificial body which will deform the flow of particles; as seen in 

the second chapter the tangential shear stress on the bubble surface 

is zero. By introducing a solid surface one certainly modifies this 

boundary condition. 

In this work by measuring the velocity of tracer particles falling 

froin the bubble roof it has been possible to estimate a value for the 

throughflow velocity (Chapter 7) . 

However most: attention has been devoted to the measurement of 
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gas velocity variations within the patticulate phase. The experimental 

results are presented in Chapter 6 and the following discussion is 

concerned with the method of measurement which was used. 

In order to obtain a reliable and precise measurement of the 

gas velocity it was decided to use a shielded hot-wire anemometer. 

Anemometry is one of the most successful and precise methods for 

the measurements of fluid velocity; once a proper calibration of 

the probe has been made, it gives a direct reading of the velocity - 

this is the main reason for which this method was selected. 

It is obviously impossible to use an unprotected sensor within 

the bed since the movement of the particles would cause impacts on 

the wire and break it immediately. A shielding cage was therefore 

built around the wire and its description is given in the next 

paragraph. Commercial shielded hot wires (described for example 

in Ower and Pankurst (100)) are big (of the order of 1 cm or more 

and would have therefore disturbed the flow. By using a standard 

probe and building a cage around it, the final dimensions were 

3 x 3mm; this was assumed not to disturb the flow. When actually 

making the experiments, no bubbles induced by the presence of this 

foreign body could be seen. 

As has already been mentioned, a precise calibration of the 

probe is required, and the procedure is described in Appendix 2. 

2) Description of the anemometry system  

The basic system used was a DISA 55 M 10 constant temperature 

anemometer with a standard 55 Fll probe, the sensor of which was 

3 mm long. In Appendix 2  a description of the theory and a 

justification of the choice of constant temperature operation are given. 
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The protective cage around the sensor was made of a stainless 

steel wire, 19011 m (gauge 36) diameter, spiral-wound. The pitch 

in the spiral was calculated so that the whole voidage of the cage 

was close to that of the fluidised bed (i. e. 	V. The pitch was 

therefore 110 Pm and was tested using a wire of known dimension 

of 114 pm (gauge 40) which could not pass between two loops of the 

spiral. The wire diameter of 190 p.m was first chosen so that no 

particle in the smallest range of Ballotini (210 pm _325 p, m) could 

enter the cage and thus obstruct it or break the wire. Another 

possibility would have been to use a hot-film probe: in our problem 

the thin sensor film would certainly have been quickly erased by the 

friction of the particles. 

By making the cage, as described above, (i. e. with a voidage 

of 0 (0. 4) ) one ensures that the flow through it,is similar to that in 

the bulk of the particles, i. e. there is no preferential flow either 

inside or outside the cage. 

The cage was cemented on both sides on two insulator plates 

made of epoxy resin laminate ("paxoline") which were fixed on the 

two leads of the probe. Care was taken to ensure that the protective 

cage and the two leads were not in contact. 

The actual probe is pictured on plate 4.1. a and an enlargement 

of the protective cage on plate  4.1. b . 

As noted previously the probe used was a standard DISA 55 Fll 

probe, and the characteristics are listed below in Table 4.2 
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Length of sensor 	 3mm 

wire material 	 tungsten 

wire diameter 	 511 m 

approximate wire resistance 	8 62 

overheating ratio
(1) 	

0.8 

maximum wire temperature 	300°C 

(1) See Ap endix 2  

Table 4.2. Hot wire probe characteristics 

The probe was connected to the measurement bridge by a 

standard support (DISA 55 A 44) and a 5m cable. 

3) Experimental set-up 

In order to perform the measurements a set of holes (65 cm 

from distributor, 6.5 cm apart) were drilled in the rear plate of 

the bed. They provided housing for a plug in which the probe was 

fixed. Measurements could thus be done at various distances from 

the bubble center. A description of the experimental set-up is 

given in Figure 4. Z. Before any experiment was started, the probe 

was calibrated (see Appendix 2), and the controls on the 55 M system 

were adjusted. The adjustment of the bridge balance was done by 

applying a square-ware current to the probe, which was exposed to a 

constant flow, the value of which was the maximum possible in the 

fluidised bed. Then, the controls were adjusted so that the response 

signal to the square-ware current did not show any damped oscillations 

on the screen of an oscilloscope connected to one of the output sockets 
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of the bridge ( [7] on Figure 4. 2). The gain and the H.F. filter of 

the system were then stepwise increased and further adjustments 

of the controls were performed at each step until adequate compen-

sation to the oscillations could not be accomplished any more. The 

maximum values of the gain and H.F. filter were therefore reached. 

In all measurements within the fluidised bed; the interstitial gas 
d u 

Reynolds number (defined as.Ref v 
	

) remained small (< 100 in 

all cases). Therefore there is no turbulent component of the velocity 

and no particular demand on the bandwidth of the system is required. 

Thus by backing off the gain and H.F. filter switches, the system 

was offering a particularly stable operation. 

The fluidised bed used in the experiments has already been 

described previously. The same camera (Milliken D.B.M. 5) as for 

the particle paths recordings was used and was operated at 64 frames 

per second. 

As indicated on Figure 4.2 an injection unit [4 ] was employed 

to give a pulse of a given interval to a solenoid valve [11] . The air 

injected by the valve was supplied from a separate compressed air 

cylinder. The valve was fixed directly on the bed wall, so that when 

a pulse was given, a bubble was immediately injected into the bed. 

The injection unit was also connected to a U.V. recorder [5] and 

when a pulse was produced, a mark was made on the paper output of 

the recorder. Furthermore a flash [9] was connected to the injection 

unit and was illuminated when a pulse was produced; simultaneously 

a mark was recorded on the film in the camera. It was therefore 

ensured that the bubble rise in the bed, the output recording and the 
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camera were synchronized. 

In a typical experiment the camera was first started so that it 

reached a steady speed before any bubble was injected. At the same 

time the U.V. recorder was started by an operator. A few seconds 

later a bubble was injected in the bed and at the same moment a 

flash discharge was produced and a mark made on the recorder output. 

When the bubble reached the top of the bed, the camera and recorder 

were stopped. The whole sequence of the recording was between 

6 and 7 seconds. 

As in the experiments for the particle movements, the flow of 

interstitial gas had to be maintained slightly under the minimum 

fluidisation velocity so that an injected bubble neither dilated nor 

contracted. By doing so,bubbles were much more stable. 

Furthermore before any experiment was started, the fluidising 

air was turned on and allowed to bubble in the humidifier for some 

time. This ensured that temperature and humidity within the bed 

were constant and equal to those values obtained when calibrating 

the probe. 
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PLATE 4.1.a 

H ot-w i re pro be 

PLA TE 4.1.b 

Enlargement of the shielding cage 

-------------------------
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t flow 
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Figure 4.1 Analysis of particle motion. 
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1.. Camera power unit 	7_ Oscilloscope 

2_Camera 

Lights 

4_ Injection unit 

5_ U.V. recorder 

6_Anemometer 

S.... Digital vottin&ter 

9_Flash 

10_Hot-wire probe 

11 _Solenoide valve 

12..FLujdj@d bed 

Figure 41 	Gas velocity measurements: 

experimental set-up 
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CHAPTER 5 

THEORETICAL AND EXPERIMENTAL RESULTS FOR 

THE PARTICULATE FLOW 

In the first part of this chapter, theoretical results obtained 

for the motion of the particulate phase from the equations of motion 

developed and discussed in Chapters 2 and 3 are presented. These 

results are compared with existing theories assuming the inviscid 

behaviour of the dense phase. The main features of these theories 

are recalled in Appendix 3. 

In the second part, experimental results for the particle motion 

are compared with the theoretical predictions. 

5.1 Theoretical results 

5.1.1. Solution for the stream function and vorticity  

Let us recall the set of equations derived in Chapter 2 and 

which governs the behaviour of the particulate phase when a certain 

viscosity is attributed to it. In terms of the dimensionless vorticity 

and stream-function the equations of motion are respectively: 

= *2 	* 	
(2. 19) 

1 I a 111 	a: 	a 	ac 	*2 

J 
2 v c * 

P . a p 	ae 	ae 	a p 	Re 
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with Re 
2a Ub  (1-. c o) 

 

These two equations are solved for the particle flow around a 

cylindrical bubble with the boundary conditions listed in Table 2.1. 

The solutions for the vorticity 	and the stream function 4J  

obtained for the following Reynolds numbers; 0.1, 1, 10, 25 and 100, 

are shown on Figures 5.1 to 5. 5. The value indicated on each contour 

refers to the value of e or 	and for each Reynolds number the 

contours were plotted for the same values of 	and Ill 

For low Reynolds numbers the solution is symmetrical with 

respect to the equatorial plane of the bubble. Figure 5.1 shows that, 

since convective effects are small, vorticity develops only in the radial 

direction. As the Reynolds number increases and due to convective 

effects, vorticity develops towards the rear of the bubble and the stream-

lines come closer to each other and to the bubble. This is a well-known 

result in other problems of streaming flow past an obstacle. 

However as can be seen on Figure 5. 5, there are no vortices formed 

in the rear of the bubble even for Reynolds numbers as high as 100; this 

is due to the perfect-slip boundary condition which was assumed on the 

bubble surface. (Table 2. 1). In comparison vortices are obtained 

in the case of a no-slip condition for Re = 10 (in Son and Hanratty (90)). 

Experimentally, closed streamlines have been observed for a Reynolds 

number as low as 6 in the case of liquid flow past a circular cylinder 

(Taneda in Batchelor (101)). Following Batchelor we can say very 

crudely that in the present case there is sufficient vorticity generated 

at the rear of the bubble to satisfy the requirements of the perfect-slip 

condition, so that no backward flow is induced near the surface. 
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Furthermore as can be seen from Figures 5.3 to 5.5 the flow 

of particles for Reynolds number 10 <Re <100 is only slightly 

non-symmetrical and much less than it would be for a no-slip 

condition (for which some contours are shown in Batchelor (101) 

p. 258). 

Outside the wake region closed streamlines along which particles 

circulate have never been observed experimentally in fluidised beds. 

We think it is important to emphasize that those particles which would 

circulate along closed streamlines must not be physically identified 

with particles circulating within the bubble wake. The theoretical 

model developed in this work assumes that the bubble is perfectly 

circular and does not include a wake. Therefore if vortices appeared 

in the theoretical model, they would not represent physically the 

particles in the bubble wake. What has been said above is thus some 

additional justification for the zero tangential shear stress boundary 

condition assumed in Chapter 2. 

Once the solution for the stream function is obtained it is easy 

to calculate the components of the particle velocity from the relations: 

1 8 v 	_ 
r 	r ae (5.1) 

v = a 
e 	

w 
ar 

(5. 2) 

(i) On the bubble surface NT 
r 

= 0 and the tangential velocity 

can easily be calculated from (5. 2) using a finite-difference formula 

as described in Chapter 3. In dimensionless form: 
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a  
a P 

1  18- 9 1, 	2, 11,  
i,3 	i,4 

at P = 1 6 Thk 

The variations of the dimensionless tangential velocity v 10  along 

the bubble surface are shown on  Figure 5. 6  as a function of the surface 

angle and for different Reynolds numbers. As expected from the *form 

and closeness of the streamlines shown in Figures 5.1 to 5.5, the 

tangential velocity decreases when the Reynolds number decreases 

and as streamlines move apart. The velocity is symmetrical with 

respect to 0 = 90° for potential flow and for low Reynolds number 

(Stokes's flow). For intermediate values of the Reynolds number 

the maximum velocity is situated on the upper surface of the bubble 

(0< 900). 

(ii) It is equally interesting to plot the variations of the particle 

velocity along selected streamlines. This is shown in Figure 5. 7a  

(potential flow and Stokes's flow) and on Figure 5. 7b (Re = 25). 

*2 	*2 
On these figures the values of v = (vp 	v0  )3  are plotted for 

different values of the stream function contours. ( W
,, 

= 0 has been 

plotted for clearness but refers to the previous section). 

Figure 5. 7a shows that the velocity field is symmetrical for 

Stokes's flow but, as expected, the values of particle velocity are 

lower than for potential flow. 

As can be seen from Figure 5. 7b, at intermediate Reynolds 

number, the maximum particle velocity along the streamlines does 

not occur at 0 = 90o but moves from 0 = 72° for W = 0 to 0 —900  

I* 
= 	and then to about 0 = 114°  for W = 3. 
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All the results above refer to a set of axes moving steadily with 

the bubble. If one observes the motion of a particle when referred 

to axes fixed with respect to the fluidised bed, it will describe a curve 

which, in previous chapters, has been referred to as the drift. 

5.1.2 Drift of particles 

The set of equations describing the motion of particles with 

respect to a fixed set of axes has been derived in Chapter 3 (section 3. 8). 

The resulting curves for different Reynolds numbers are 

represented on Figures 5.8 to 5.12. On each of these figures the 

curves refer to the following values of the dimensionless stream 

function: 	= 0.1, 1, 2, 3. 

The parameter on the curves represents the dimensionless 

time z as calculated in Chapter 3. The origin (i. e. t = 0) has 

been taken at the central passage of the bubble and the value oft = 1 

represents the position of the particle when the bubble has moved one 

radius above position 0. In each case the corresponding curve for 

potential flow has also been drawn. 

In the case of potential flow the net predicted movement is 

upwards and curves are symmetrical with respect to the equatorial 

plane of the bubble. These curves are often referred to as "elastica". 

At intermediate Reynolds number, the gross feature of the 

curves obtained is the prediction of a net upward movement for 

particles close to the bubble (say ty < 2) and a net downward movement 

for particles further away ( 1  > 2). The "looping" of particles 

obtained for potential flow disappears gradually when the Reynolds 

number decreases and vanishes for Re < 10. In addition, for Re >10 
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only particles close to the bubble describe a loop, otherwise as has 

already been noted, the movement is downward. 

The case for Stokes's flow is well represented by the curves for 

Re = 0. 01 shown on Figure 5.8. In this last case all curves are 

symmetrical. In addition it can be seen that the total drift for 

particles close to the bubble axis is very large and it can be shown 

(Lamb, Hydrodynamics (105) ) that it is in fact infinite. This result 

has already been mentioned in Chapter 1 in connection with Gabor's 

analysis (72). 

It can also be noted that in all cases of Reynolds numbers the 

final points on the curves (corresponding to A = 0 and 0 = 11 ) could 

not be calculated numerically. For these values the particle is at 

infinity on its streamline and therefom outside the grid of integration 

as defined in Chapter 3. 

The total drift volume can be written as: 

+op 

D 
	I 	p 	 (5. 3) 

-CO 

and what has been noted previously implies that the net drift volume 

could not be calculated. However the drift volumes obtained for 

the two limiting cases of Stokes's flow and potential flow are well-known 

results: 

(1) 	in the case of Stokes's flow i.t has been said previously 

that the drift Xis infinite. Therefore, according to (5. 3), the drift 

volume is infinite. 

(ii) in the case of potential flow, it is easy to show from the 
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. 	. 
" expression of X as defined in Appendix 3 that D = TtP a

2 
which is 

the mass of liquid displaced by the circular cylinder. 

Thus the above results imply that the predicted mixing of 

particles in a fluidised 'bed is more important for Stokes's flow than 

for potential flow. 

Another interesting result is to plot the variations of the particle 

velocity along its path line. This is shown on Figures 5. 13a and 5. 13b  

for potential flow, Stokes's flow and Re = 25, and it is seen that the 

particle velocity presents two maxima. This can easily be understood 

qualitatively if one considers the theoretical path lines as they were 

described above (Figures 5.8 to 5. 12). Consider for example the case 

Re = 25 and 12  = 0.1 shown in Figure 5.11  : the particle starts 

from rest when t  - co and then accelerates when it is pushed upwards 

by the bubble. When the bubble reaches the region of the central 

position (say ti = -l) the particle begins to describe a small loop and 

deccelerates to reach a minimum value: It is then carried upwards 

with the bubble and therefore accelerates again. The velocity reaches 

a maximum and then decreases again until the particle comes at rest 

when r 

A useful way of visualizing the displacement of particles caused 

by the bubble is to calculate the deformation of an initially horizontal layer 

of particles. This can easily be calculated from the drift curves 

described above. 

In the present case the undisturbed horizontal line was assumed 

to be situated three radii above th- center of the bubble, i. e. at points 

corresponding to T = 3 on the drift curves. Thus these curves were 

recalculated taking 1.= 3 as a new origin I f  = 0 and all points T I  = 0 
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were taken on the same horizontal line. Then lines of equal T' were 

calculated and are shown on Figures 5.14 to 5.16  for three cases of 

Reynolds number, Re = 1, 10, 100. Some streamlines for the 

particle motion have also been represented and are indicated by their 

dimensionless value. It is perhaps easier to see from these figures 

that the net displacement of particles (upwards and downwards) increases 

when the Reynolds number decreases. 

5. 1. 3. 	Drag coefficient 

The drag coefficient C
D predicted from the present theory is 

calculated in Chapter 3 (section 3. 7). It has been shown that the only 

contribution to C
D arises from the pressure drag coefficient G

DP 

which was calculated by equation(3.52). The variation of C
D 

as a 

function of Reynolds number is shown on Figure 5.17. The drag 

coefficients for gas bubbles in liquids as well as the theoretical 

models for solid cylinders and spheres are also plotted. Hadarnard's 

model (Re <1) and Moore's model (Re >10) refer to tangentially-free 

spheres. 

It was thought interesting to .plot Parlange's model (102) for 

spherical-cap bubbles (Re ,.100). In his closed wake model Parlange 

assumes that the bubble occupies only a small part of the closed 

region and has no effect on the hydrodynamics of the wake; this is not 

true for a bubble rising in a fluidised bed. Nevertheless this model 
g 

corresponds to a high-M liquid (M = 	a , 
Pla  1 

tension of the liquid against the gas) and to a bubble rising according 

to Davies and Taylor's relation. This seems to be the case in a 

fluidised bed as will 1,,1..• seen later. 

where 1 is the surface 
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However it can be seen from Figure 5. 17 that predicted values 

of CD 
are higher than those obtained in the present theory. On this 

figure, solid curves refer to theoretical models, dotted curves to 

experimental data (references to be found in Harper (103.) ). 

Most of the experimental data in the literature 

refer to three-dimensional bubbles. Two sets of experiments by 

Haberman and Morton (in Harper (103.) ) are shown in Figure 5.17  

for a high and a low value of the dimensionless number M. Data 

by Tritton (in Batchelor (101.) ) for a rigid cylinder are also given. 

For values of Re greater than 0.5 .the drag coefficient obtained 

in the present theory is, as expected, lower than the one obtained 

for a no-slip condition on the bubble surface. However. for low values 

of the Reynolds number the drag coefficient becomes higher than 

Oseen's approximation for a rigid cylinder. It is very difficult 

to suggest a satisfactory explanation for this behaviour. 

Among the liquid-like properties of a fluidised bed some 

authors have attributed to it a certain surface tension (e. g. Gelperin 

and Einstein (40) ). The same type of analogy as for viscosity 

(Chapter 1) has been derived: it is possible to obtain the same 

mathematical expression for the variation of 6 1  with temperature 

in a liquid as for the variations of al 
with the fluidising flui.d 

velocity U., 

However very few numerical values have been calculated for 

cs (Furukawa and Ohmae (32) for three-phase fluidisation) and the 

introduction of such a parameter seems quite arbitrary. But if one 

admits the order of magnitude of Furukawa and Ohmae's data for 

medium sized particles, then: 



132. 

— 3g/ cm3 
(e. g. Ballotini) 

al =)ap 100 dynes/crn 

p, —10 poises 
p 

4 

g p thus M 	' 3  = 3 which corresponds to a liquid with a 
12,  a P P 

rather high M value. This helps to situate on Figure 5. 17 the 

experimental data which could be obtained for a gas bubble in a 

fluidised bed. Nevertheless such data seem very difficult to 

obtain since: 

- the true shape of the bubble has to be taken into 

account 

- viscosity data, particle velocity and pressure 

measurements are still very few and unprecise. 

Finally, from the theoretical results, a good representation of 

CD for low Reynolds numbers is given by the following relation: 

C
D 

	7. 32  
Re 

with an error of 4% for Re = 1. 

Re <1 

This can be compared with other theoretical predictions: 

rigid sphere : 24 (Stokes's law) 
Re 

tangentially-free sphere: —16 (Hadamard Rybczynski' s result) 
Re 

rigid cylinder : 
	8 r- 	 (Oseen's approximation 
Re In(Re ) 	Batchelor (101) ) 
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5.1.4 Variations of the bubble Froude number 

U2 

An expression for the Froude number (Fr = ga ) has been 

derived in Chapter 2 (section 2.4.3). This was done by ensuring 

that pressure variations remained small on the surface of the bubble 

near the apex of the bubble. The variation of the Froude number 

as a function of the Reynolds number is represented in Figure 5.18. 

The Davies and Taylor result for potential flow, Fr = 0.250, is the 

asymptotic value when Re is large and is represented by a dotted line. 

As can be seen,there is a predicted maximum for the Froude 

number of Fr = 0.35 corresponding to Re 5. For lower values of 

the Reynolds number, the value of the Froude number decreases sharply 

while it tends towards the Davies and Taylor result for high Reynolds 

number as explained in section 2.4.3. It is worth remarking that an 

analytical result can be obtained for low Reynolds numbers in the 

1 
three-dimensional case as: Fr = 3 — Re (Appendix 5). 

The occurrence of the maximum can be understood qualitatively 

by considering the expression derived in Chapter 2: 

origin of the curve v 8(0). Therefore it can be seen that the decrease 
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is greater when Re decreases from 100 to 10 (say) than when 

it decreases from 1 to 0.1. One can also see from the vorticity contours 

(Figures 5.1 to 5. 5) that vorticity variations with Re are smaller 

for Re >10 (say) than for Re <10. 

Thus when the Reynolds number decreases from high values 

where the Davies and Taylor result applies, the main contribution 

to the Froude number arises from av
O which decreases rapidly 

ae 

with decreasing Re; consequently Fr increases. For lower Reynolds 

number the second term in the denominator becomes greater while 

the variations in av 0 are smaller. Thus Fr decreases. 
ae 

Some experimental points obtained in this work for bubbles in a 

fluidised bed are also plotted on Figure 5.18. These results were 

obtained from experiments carried out to measure the gas velocity 

variation around a bubble (described in Chapter 6).  In these experi-

ments, the bubble Reynolds number and the Froude number were 

calculated using measured values of the bubble velocity and bubble 

radius as well as viscosity and density data as given in Table 4.1. 

As often happens in this type of measurement there is a large 

scatter. In addition the experimental points represent the Froude 

number for artificially injected bubbles and thus the range of Reynolds 

number obtained is very narrow (10< Re <30). However it can be 

seen, as many authors have already reported, that the Davies and 

Taylor result is a good average value for the bubble velocity. 

In the present case the experimental results are inconclusive as 

far as the variation of Fr with Re is concerned, and experiments would 

ha,• ,.. to be conducted to cover a much wider range of bubble Reynolds 

of av
e 

430 
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numbers to provide a real test of the theory. 

5.1.5 Voidage variations 

The variations of voidage around the bubble have been calculated 

from the calculated particle velocity field using Jackson's method as 

explained in Chapter 2  (section 2.4.4). The voidage is given from 

Carman Kozeny's equation by: 

o 
with Y 13  

Co 

Some integration paths and lines 1/y = const are shown on 

Figures 5.19 to 5.22  for increasing Reynolds number. Figure 5.22  

refers to Jackson's solution (11). 

It can be seen from these figures that the region which cannot 

be reached by integration of the differential equation in y becomes 

very large when Re decreases, the corresponding variations of y 

being much smaller. 

For Re = 1 the minimum value obtained is 1/ Y 	o. 90 (i. e. 

= 0.413), for Re = 10: (1/ Y )min  = 0.70 ( E= 0.444), for 

Re = 100: (1/ y)min  = 0.50 ( E = 0. 571). 

In order to get a solution for the gas flow in this inaccessible 

region, it was assumed that the voidage fraction was constant and 

equal to the value obtained on the border of the region. This was taken 

in each case as a first approximation (e. g. 1/Y= 0.5 for Re = 100, 

1/v =0.8 for Re = 10). 

Nevertheless it should be emphasized that Jackson's method of 

obtaining the solution for the voidage, c in cases of low Reynolds 

E = 
1-e 13 
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numbers is not very satisfactory since no solution is obtainable for 

a large region above the equatorial plane in addition to that below 

the bubble. 

The variation of the voidage fraction on the vertical axis 

above the bubble is represented on Figure 5.23  for Reynolds numbers 

between 0.1 and 100. As before it can be seen that voidage changes 

are small for low Reynolds number and increase with increasing Re. 

Experimental data obtained by Lockett and Harrison (7) are also 

plotted on this figure. As can be seen, the agreement with Jackson's 

theory and with the present theory for a typical intermediate Reynolds 

number (say Re = 10) is very poor and shows the need for many 

more measurements. 

Nevertheless it is interesting to note the very small variations 

in voidage that are predicted at low Reynolds numbers. 

5.2 Experimental results  

Experiments were performed by recording the displacement 

of coloured tracer particles with the aid of a high-speed camera. 

Results as they were obtained directly from analyzing the cine-fi].rns are 

first presented and show the particle movement with respect to 

stationary axes. Then results are given in terms of streamlines 

(with respect to axes moving with the bubble). 

5.2.1 Results with respect to stationary axes 

Paths of particles are shown on Figures 5.24a to 5. 26b. For 

each size of particles two typical results are presented: 

figure (a) concerns artificially injected bubbles 
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- figure (b) concerns natural bubbles. 

The reason for which these two kinds of experiments have been 

performed has already been explained in Chapter 4 : broadly speaking 

they were carried out to test the difference in behaviour of the 

particulate phase between minimum fluidisation conditions and the 

fully fluidised state. 

For each figure theoretical models for potential flow and for 

the nearest calculated Reynolds number have been plotted. It was 

in fact impossible to compute all the theoretical values of Re corres- 

ponding to experimental results. Furthermore the experimental 

value of the Reynolds number is calculated from the measured bubble 

radius and bubble .velocity and from viscosity data which are unprecise. 

Thus the experimental value indicated on the figures is only approximate. 

Examination of these results shows the difference betwe en injected 

and natural bubbles. 

(i) Natural bubbles are more stable and thus generally larger. 

They also rise more rapidly than the injected bubbles so that the Reynolds 

number is greater. 

In addition the displacement of the particles is much greater. In 

one case (Ballotini grade 8) complete looping of particles starting 

their motion near the bubble axis was observed Figure 5. 25b). 

For smaller particles this looping was not observed since bubbles 

tended to be more unstable and particles situated near the bubble axis 

fell through the roof rather than flowing around the sides. Larger sized 

particles (Ballotini grade 7) ended their motion before being carried 

upwards'in the bubble wake. 
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(ii) For injected bubbles the net movement of particles is down-

wards and qualitatively similar to that observed by Gabor (69, 72). Loop-

ing of particles was never observed in this case. In fact all particles 

situated near the bubble axis at the inception of their movement were 

falling through the bubble roof. This caused frequent splitting and 

elongating for injected bubbles. Although some of Gabor's experiments 

concern natural bubbles (72), these bubbles are much smaller than 

the ones for which looping was observed as indicated in the previous 

section. Therefore we suggest that Gabor's experiments were not 

appropriate to provide a real test of the potential flow theory. 

Furthermore for injected bubbles the movement of particles 

extends to about two bubble radii. For natural bubbles it extends much 

farther to about 5 bubble radii. 

Comparison with the theoretical models leads to the following 

conclusions: 

a) Naturally occurring bubbles  

For particles starting their movement very close to the bubble 

axis, potential flow is a reasonably good solution. Experimental 

values of the Reynolds number are quite high 	50) and in this case 

looping of particles is observed. Furthermore it can be seen. from 

Figure 5. 25b  that the experimental looping is symmetrical with respect 

to the equatorial plane of the bubble as predicted from the potential 

flow theory. The theory developed in this work and incorporating the 

effects of viscosity in the particulate phase does not represent 

adequately the movement of such particles. 

For particles starting their movement farther from the axis, 

potential flow is not satisfactory since experimental movement of the 
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particles is not symmetrical and looping is not observed. The present 

theory describes, at least qualitatively, the movement of those particles. 

However it predicts a greater downward movement than obtained 

experimentally. 

b) Injected bubbles  

For these bubbles the present theory gives a better qualitative 

description of the particle movement than potential flow. However in 

this case all movement vanishes very rapidly when moving away from 

the bubble and ceases for — > 2. This suggests that a Newtonian behaviour a 

is not realistic in this case and confirms Schligerlis distinction (39) between 

a semi-fluidised bed and a fully developed bed. 

The analysis of the cine-films also permits the calculation of the 

particle velocity along its path line. Variations of the particle velocity 

as a function of its position on the path line represented by the angle 8 

are shown on Figures 5.27 to 5.29. On these figures each broken line 

refers to a particle. Only results concerning natural bubbles have 

been plotted since they can usefully be compared with theoretical 

predictions. 

The important result shown on these figures is that the maximum 

velocity occurs at 0 >900. These results can usefully be compared 

with theoretical predictions (Figures 5. 13a and 5. 13b) which show that 

there is either one maximum at 0 = 90° for potential flow, or, at 

lower Reynolds numbers, two maxima for 0 <90° and 0 >90°. The first 

maximum is not observed on the experimental curves which suggests 

that potential flow is a better representation of the particle velocity 

at least for particles situated close to the bubble axis. 	Fci,  - these 

particles (the upper broken curves on Figures 5.27 to 5.2V.-  Ale 
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maximum value for the velocity is situated closer to 0 = 90° as in 

potential flow theory. However for all curves the theoretical and 

experimental maxima do not coincide. 

Tuot and Clift (104) suggested that the maximum particle velocity 

occurs on the lower part of the bubble, in interpreting their measure-

ments of heat transfer coefficients around injected bubbles. Their 

results show that the flow of particles is highly asymmetric. They 

also suggest that Gabor's model of Bingham - plastic (72) is consistent 

with their observations. This last result is confirmed by the present 

experiments on injected bubbles where it has been shown that a 

Newtonian behaviour is unrealistic. 

5.2.2 Results with respect to axes moving with the bubble 

By using relations (3. 53) defined in Chapter 3, it is easy to 

calculate the streamlines corresponding to the particle paths shown 

on Figures 5. 24a to 5. 26b  , i. e. : 

x 

y 

= 

= 

X -Ub
t 

y 
(3.53) 

X, Y refer to stationary axes and therefore represent point 

coordinates on the particle path. 

x_, y refer to axes moving with the bubble and represent point 

coordinates on the streamlines. 

The transformed figures in terms of streamlines are shown on 

Figures 5. 30a to 5.3213 . On these figures the calculated theoretical 

streamlines corresponding to the nearest estimated Reynolds number 

are also plotted. Lines it = const as defined at the beginning of this 
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chapter (section 5.1.2) are also shown for the corresponding Reynolds 

number and for potential flow. The line t' = 0 corresponds t o an 

undisturbed horizontal layer of particles situated three radii above 

the bubble center. 

It can be seen that the duration . of the movement of particles 

(i. e. the length of the experimental streamline) is much smaller for 

injected bubbles than for natural bubbles.. In other words the radius 

of influence of the bubble is less important for injected bubbles. This 

result was already obtained by considering the particle path lines 

which showed that particle motion vanished for particles situated more 

than about two radii from the bubble. 

The results for natural bubbles are more useful since an important 

part of the streamline is obtained experimentally. 

(i) As far as the predicted asymmetry of the particle flow is 

concerned, no asymmetry can reasonably be found from those results. 

This is not necessarily in contradiction'with the experimental results 

of Tuot. and Clift (104) who suggested that the flow of particle is 

highly asymmetric. Their results concern injected bubbles and the 

different behaviour of these bubbles and natural ones has already been 

emphasized. 

The difference between potential flow and flow at, say, Re = 25 

or Re = 50, falls within experimental error, i. e. there is often a 

difference in abscissa, positive or negative, between the starting and 

the terminating positions of the particle. This renders quantitative 

comparison difficult since it is not possible to attribute a dimensionless 

stream function value to a particular experimental streamline. 
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Furthermore the asymmetry for those intermediate Reynolds 

numbers is not very pronounced. 

(ii) The total drift of particles obtained experimentally is much 

less than that predicted by all Newtonian theories, as can be seen 

from  Figures 5. 24a to 5.2613, showing particle path lines. Thus 

lines z' = const differ sensibly from theoretical predictions for 

Z' 3, i. e. for positions situated below the equatorial plane of the 

bubble. 

A more conclusive and quantitative result can be obtained from 

the particle velocity as it moves on its streamline. These results are 

shown on Figures 5. 33a to 5. 35b where th.e vertical component of 

the particle velocity v` has been plotted as a function of the particle 

distance from the bubble center at the central passage of the bubble 

(0 = 90). From these figures it is very clear that, 

(i) The movement of particles for injected bubbles does not 

extend more than two bubble radii from the bubble center. 

) There is no influence of the Reynolds number as shown on 

figures concerning natural bubbles (Figures 5. 33b, 5. 34, 5. 35b). 

(iii) For particles close to the bubble axis (say y < 1. 5) 

potential flow is the best representation of the variations in particle 

velocity. For particles further away all theories are close and fall 

within experimental error. In this former case experimental results 

are therefore inconclusive. 

(iv) In the case of artificial bubbles, no theory describes 

adequately the variations of the particle velocity. 
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5. 3 Conclusion 

General conclusions concerning results for both the particulate 

phase and the gas phase are given in Chapter 8. However as far as the 

particulate phase is concerned it is possible to summarize the main 

results as follows: 

(1) no improvement has been obtained by introducing a Newtonian 

viscosity in the equation of motion. 

(ii) the difference between a semi-fluidised bed and fully 

developed bed has been shown experimentally. 

(iii) in the case of natural bubbles, complete looping of 

particles situated near the bubble axis has been observed. 

(iv) the experimental drift obtained is much lower than that 

predicted by Newtonian theories. 

On a theoretical point of view, a general solution has been 

presented for the flow around a circular cylinder with a zero tangential 

shear-stress at the cylinder surface. We believe that these results 

might be of some interest since they are not presented elsewhere 

particularly in what concerns the drift of a particle where only 

potential flow solution is available. 
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CHAPTER 6 

THEORETICAL AND EXPERIMENTAL RESULTS FOR THE 

GAS FLOW 

The structure of this chapter is identical to that of Chapter 5 

in which the results for the particulate flow were discussed. 

In the first part of this chapter, theoretical results for the gas 

flow obtained from the viscous theory derived in Chapters 2 and 3  

are presented and compared with predictions from other theories. 

In the second part, the experimental results obtained with the 

aid of the measurement technique based on hot-wire anemometry, 

and described in Chapter 4, are presented and compared with 

theoretical predictions. 

6.1 Theoretical results 

The gas flow field is easily calculated when the solutions for 

the particle velocity and the gas pressure gradient are known. The 

momentum equation for the gas phase reduces to: (Chapter 2) 

u = v -  1 V Pf 
	

(2.25) 

184. 

or in the dimensionless form: 

y Fr V 	P"; 
	

(2. 38) 
2 	 -a. 
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The solutions for the ratio of particle fluid drag coefficients 

U 2 

Y 13  o and for the Froude number, Fr - b , as a function - 	 ga 
13 

of the bubble Reynolds number, have been discussed in the previous 

chapter (sections 5.1.3. and 5.1.4). 

We shall, therefore, be concerned first with the solution of 

the pressure field and then with the solution for the gas velocity 

obtained from (2. 38). 

6. 1. 1 Solution for the pressure field  

The gas pressure gradient can be calculated from equations 

(2. 29) and (2. 30) which were derived in Chapter Z: 

V ) 	 1 V P"' + 2 	V 	(2.29) 
Re 

with 	- 	FY' 	P f 	 L.  i 	 (2. 30 
Fr 

where i is a downwards unit vector. 

By combining equation (2. 29) with the continuity and the 

vorticity equations, it has been shown in Chapter 3  (section 3. 6) 

that the two components of the pressure field can be calculated by: 

1 aP* 	 v 8  av' 
Zap = 	v'p 'a 

ay. 

P  p  a0 

*2, 
2 1 ac 
Re P ao 

(6.1) 
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* 

*0 2 a 
av 	v • dv'

e 	v v 1 	a13* 	 } 
- {v 	+ 

Z p ae 	P a P 	P ae 	p 	Re a P 

(6.2) 

In the computer programme the velocity and vorticity derivatives 

are simulated by finite difference formulae as described in Chapter 3. 

Thus the two components of the pressure gradient are calculated from 

the two equations (6. 1) and (6.2). 

In order to achieve a useful compai-ison with existing theories and 

with experiments, the above equations were integrated along selected 

paths, i. e. on the axis of rise of the bubble and on the bubble surface. 

a) Pressure variations on the axis of the bubble (section 3. 6. 1)  

Theoretical predictions of the dynamic pressure: 

P' 
f 

p cos 0 
are shown on Figure 6. 1. 

p (1 - so)ga 

 

It must be noted that on this figure the gas pressure P
f 

has been 

normalized with respect to p (1- co) ga and is therefore related 

to the gas pressure obtained from the solution of equation (2. 30) by: 

Pf 	x 	a (1- 6  )UZ  
o b 

p p(1- 
0

g a 	i p(1- co-Fi2b 	p (1- E 0) ga 
f 

or 	13' 
f 

= p • 
f 

Fr 
2 

(6. 3) 

Three cases obtained from the present theory, Re = 0.01, 1, 10 

as well as predictions from Davidson' s (10), Jackson' s (11) and 
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Murray's (12) theories are plotted on Figure 6.1.  In the case of 

Jackson's and Murray's theories the results refer to a bubble rising 

with a velocity given by the Davies and Taylor approximation 

(U b = — (ga) 2-  )• 

Ahead of the bubble, i. e. along 8 = 0, all the predictions fall 

below Davidson's theory. In addition it can be seen that the pressure 

variations obtained from the viscous theory are significantly different 

from Jackson's prediction only for low Reynolds numbers (say Re <10). 

Stokes's flow is again well represented by the curve for Re = 0.01. 

For low Reynolds numbers, the predicted point of zero pressure 

is situated above the centre of the bubble. When Re increases this 

point moves towards the bubble center. Stewart (42) uses this result 

to estimate a value for the particulate phase viscosity . (His argument 

is developed in Chapter 1, section 1.2-1). 

In the rear of the bubble (8 = 180°), the viscous theory predicts 

a larger change in pressure for very low Reynolds numbers than 

Davidson's theory. It must also be noted that the recovery in pressure 

is much slower than Davidson's prediction. This is partly due to 

round off errors which are accumulated in the computation in the 

rear of the bubble and at large distance from the bubble center. 

It is interesting to compare these theoretical predictions with 

some experiMental data by Motamedi (106) and Littman and Homolka 

(6). 	Both sets of results are in good agreement together. They also 

show that the change in pressure is greater at the rear of the bubble 

than it is at the bubble nose. This is predicted by the viscous theory 
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developed in this work. 

However the experimental value of the Reynolds number 

calculated for Motamedi's results is Re = 104 and therefore his 

results do not coincide with theoretical predictions since the curve 

for Re =100 is very close to Jackson's theory. On the other hand the 

value of Re = 104 in Motarnedi's results seems very high. It was 

obtained for Ballotini grade 10, also studied in this work, and for 

artificially injected bubbles. The average bubble velocity and radius 

U2  from his results predicts a Froude number ( b ) of about 1, in 
ga 

contradiction with many other published data '(e. g. Littman and 

Homolka (112)) and with the present experimental results which 

suggest that Fr =- 0. 25 (Davies and Taylor' s result) is a good 

approximation. 

Despite this, intermediate values of the Reynolds number (say 

Re = 10) still predict values which are too low. The agreement is 

better with Stokes's flow (Re = 0.01). This is the only result to 

predict the larger dynamic pressure change at the rear of the 

bubble than Davidson's prediction that has been found experimentally. 

In addition the point of zero pressure on the axis of the bubble is also 

well predicted by Stokes's solution and the recovery in dynamic 

pressure can extend experimentally up to 8 bubble radii below the 

rear stagnation point (Littman and Homolka. (6)). 

Nevertheless, it is not very clear physically why Stokes's 

solution fits experimental data at least as well as Davidson's theory. 

As Jackson's solution, which is based on the interaction between the 

particle momentum and the pressure gradient, fails, it would suggest 



189. 

that interparticle forces are of major importance in determining 

the pressure field around the bubble while particle momentum has a 

negligible effect. However it has been shown in Chapter 5 that Stokes's 

solution is not an adequate representation of the particulate flow. 

Thus, presumably, Davidson's approach which assumes that the 

percolation of gas through the particles is governed by Darcy's law 

should be preferred. This is also Littman and Homolka's conclusion 

from their experimental results (6). They show that the pressure 

field is Laplacian and therefore that voidage variations near the 

bubble are small. 

b) Pressure variations on the bubble surface. 

In this case only theoretical predictions are shown on  Figure 6. 2. 

In this figure the dynamic pressure as defined in the previous section 

(P' 	P cos 0) is plotted as a function of the surface angle. 

The experimental value of the gas.' pressure 	is known to be 

constant on the bubble surface and thus Davidson's theory for the 

gas motion which includes this boundary condition is presumably the 

best representation. 

Furthermore Figure 6.2  shows the failure of Murray's or 

Jackson's solution for which the predicted dynamic pressure at the 

rear stagnation point is equal to that of the front stagnation point. 

It can also be seen that in the case of the viscous theory the 

pressure variations are small near the front stagnation point (say 

e <30°) as expected from the Davies and Taylor-type approximation 

which was enforced. 
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The minimum pressure occurs on the side of the cylinder 

for intermediate Reynolds numbers while it is situated at the rear 

stagnation point for Re l. These results are thus qualitatively 

identical to those obtained for a rigid cylinder (Batchelor (101)). 

6.1.2 Stream lines of gas flow 

Once the solution for the pressure gradient has been obtained 

from equations (6. 1) and (6.2), it is easy to calculate the gas velocity 

field using equation (2. 38) as given at the beginning of this chapter. 

An important result concerns the variation of the radial com-

ponent of the gas velocity. This is shown on Figure 7. 3  in the next 

chapter in connection with the calculation of the bubble throughflow 

velocity. 

However the predicted results for the gas flow field are best 

visualized when presented in terms of a gas stream function x . 

This calculation is discussed in Chapter 3  (section 3. 9) and the results 

are shown on Figures 6.3 to 6.5 for three cases of Reynolds numbers: 

Re = 0.01, 10, 100. On these figures Davidson's solution (10) is 

also plotted for the same values of the dimensionless stream function 

and, as in Jackson's theory (11), only the upper part of the bubble 

is plotted since it has been shown in the previous chapter that the 

solution is very doubtful below the equatorial plane of the bubble. 

For each Reynolds number two values of a b
, °L

b 
= 0.5 and 

a b  = 1 . 5 are plotted. 

For all cases of Reynolds number, the patterns of the gas stream 

lines are qualitatively similar to those obtained by Jackson (11). It 
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can be seen from Figures 6.4 and 6. 5 that the gas flow is certainly 

asymmetric with respect to the horizontal equatorial plane of the 

bubble. In the case of Stokes's flow this asymmetry is less apparent 

and the streamlines resemble those obtained in Davidson's solution. 

A more valuable comparison can be made by plotting on the same 

graph the different cloud sizes obtained for various values of the 

Reynolds number and for an identical value of ab 
(

b 
> 1). Four 

cases are shown on Figures 6. 6a to 6. 6d with crb  = 1.25, 1.50, 2 

and 5. Davidson's solution for the cloud size is also plotted on these 

figures. 

As expected the cloud dimension decreases when a b  increases. 

For large Reynolds number it is close to Jackson's solution. In 

the case of low Reynolds numbers (say Re <5) the predicted cloud 

sizes are larger than in Davidson's theory. For Stokes's solution 

the cloud is well represented by a circle while for higher Reynolds 

numbers it is asymmetrical, as in Jackson's solution. 

The same kind of comparison can be achieved by plotting the 

variations with a
b of the dimensionless cloud radius 

r
c as  

a 

measured on the axis above the bubble for different Reynolds 

numbers. On this figure the two marked experimental points 

correspond to measurements carried out in this work. They are 

discussed in the next section. 

All the experimental results to be found in the literature 

show that Davidson's solution is an upper value for the cloud size, 

which is better represented by Jackson's theory (or by Murray's theory 

which is very close to Jackson's theory in this case). Thus Stokes's 
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flow also predicts a cloud size which is too large and which disagrees 

with the experimental results. On the contrary the cloud dimension 

obtained for intermediate Reynolds numbers (10 < Re< 50) agrees 

fairly well with experimental data (Figure 6. 7). 

6. 2. Experimental results  

Measurements of the interstitial gas velocity around artificially 

injected bubbles were carried out using the method described in 

Chapter 4 and Appendix 2. The position of the hot-wire probe could 

be varied in the fluidised bed so that measurements could be performed 

on the bubble axis and around the bubble sides. Two typical outputs 

from the U.V. recorder (Chapter 4) are shown on Figures 6. 8a and 

6. 8b and are discussed below. 

6. 2.1. Measurements on the bubble axis  

Figure 6. 8a refers to a typical measurement when the probe 

is situated on the bubble axis. The output curve can be divided into 

several portions: 

- point A corresponds to the injection pulse given on the injection 

unit. At the same time the synchronization flash is discharged and 

the solenoid valve is opened. 

- section AB of the curve represents the injection effect on the 

probe. When a bubble is injected into the bed, there is an upward 

movement of the particles and an increase in gas velocity as shown 

on the output. 

- section BC corresponds to the bubble travelling within the bed 

towards the probe. The tot al length AC represents about 40 cm in 
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the fluidised bed from the injection point to the probe. 

- section CD represents the rise in gas velocity when the 

bubble approaches the probe. The maximum velocity is reached at 

point D which corresponds to the apex of the bubble. 

- section DG represents the period when the probe is inside 

the bubble and corresponds to a sharp decrease in the gas velocity 

acting on the probe. This can be easily understood if one considers 

that inside the bubble the voidage is nearly unity and that consequently 

the gas tends to flow around the cage rather than to flow through it. 

Thus, as far as quantiative measurements are concerned, section DG 

is not useful and does not permit the measurement of the through flow 

velocity. The increase in velocity between points E and F corresponds 

to particles falling from the bubble roof on the cage thus creating 

a "knife" of particles where the voidage fraction is less than unity. 

- section GH represents the decrease in velocity from the rear 

stagnation point of the bubble, until the velocity reaches a steady value 

equal to the value preceding the injection of the bubble. 

The zero gas flow level has been drawn on the bottom part of 

the curve and thus the distance d represents the interstitial velocity 

far from the bubble. This is the value which has been taken in the 

calculation of the dimensionless parameter cc 
b = 

U
b 

u 
0 

The central passage of the bubble as noted on the output has been 

determined from the cine films. 

It must be noted that the curve on the U.V recorder represents 

the value of the vertical component of the interstitial gas velocity 
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with respect to stationary axes. It is easy to calculate the gas 

velocity with respect to axes moving with the bubble once the velocity 

of the bubble has been determined from the tine films. 

Some experimental results are shown on Figures 6. 9 to 6.13. 

On each figure the curves predicted by Davidson's (10), Jackson's 

(11) or Murray's (12) theories have been drawn. In the case of the 

viscous theory, Stokes's solution (Re = 0.01) and an intermediate 

value of the Reynolds number are also plotted. 

The conclusions appear to depend on the particle size. 

(1) Considering Figures 6. 9 to 6: 11  which concern bigger 

Ballotini (grade 7 and 8, i.e. 600 p.m and 430 um ) for which 

b
< 1 it can be seen that there is a large scatter in the results 

especially for measurements above the bubble. This is mainly 

due to the injection effect of the bubble. In many cases the recovery 

in velocity was not completed and thus data for a distance greater than, 

say, three bubble radii are somewhat doubtful. 

However for distances smaller than three bubble radii, it can 

be seen that most of the experimental points lie between Davidson's 

and Murray's theoretical curves. The maximum value predicted 

by Davidson's theory on the bubble surface is not obtained experi-

mentally. As far as the viscous theory is concerned, theoretical 

predictions for the intermediate value of Re plotted, underestimate the 

values of gas velocity. 

Below the bubble, although Davidson's theory predicts values 

of the gas velocity which are too high, it is a better representation 

of the experimental results than Murray's theory which fails badly 

in this case. 
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(ii) For smaller Ballotini (grade 10, i. e. 270 pm), the 

parameter % is greater than one and therefore there is a cloud of gas 

around the bubble. Two sets of experimental results are given on 

Figures 6. 12 and 6. 13. 

In this case of small particles for which a b
> 1, Murray's theory 

is a better representation of the gas velocity than Davidson's prediction. 

The agreement is very good with Murray's theory for measure-

ments above the bubble. In addition, with these particles, the recovery 

in velocity after the bubble injection was achieved in almost all cases 

and thus scattering of the results is less important. 

The agreement is not so satisfactory for measurements below 

the bubble. It can be seen that the decrease in the gas velocity is 

sharper than predicted. However the maximum velocity obtained from 

Murray's theory at the rear stagnation point agrees very well with 

experimental results. 

Although the viscous theory for an. intermediate Reynolds number 

agrees fairly well with experimental results it does not really improve 

Murray's theory in this case. 

Results on Figures  6. 12 and 6. 13 also permit the calculation of 

the dimensions of the gas cloud on the bubble axis. The dimension of 

the cloud corresponds to the points where ux 
= 0. It can be seen from 

these figures that the dimension obtained experimentally at the rear 

of the bubble is very small and due to the bubble wake. This is in agree-

ment with published data. At the front of the bubble experimental and 

theoretical predictions are compared in Table 6.1. 
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Experimental. r 
Theoretical cloud radius 	c 

a 

Re a. 
b 

r
c Davidson Murray Murray esent 

theory 
Re=25 

Present 
theory 
Re=0.01 
(Stokes) 

— 
a 

22.8 

26.1 

1.50 

2.00 

1.75 

1.50 

2.24 

1.73 

1.81 

1.53 

1.82 

1.48 

3.39 

2.51 

Table 6.1 Gas cloud size comparison 

Agreement with Murray's theory or with the present theory for 

Re = 25.0 (which corresponds to the experimental values of Re) is 

quite good. Davidson's solution and Stokes's solution overestimate 

the cloud size. 

Finally it is possible to draw the following conclusions from the 

experiments: 

(i) All the experiments prove that the flow of gas on the bubble 

axis is not symmetrical with respect to the center of the bubble as 

predicted by Davidson's theory, especially for smaller particles 

(Ballotini grade 10). 

(ii) Comparison with theoretical predictions shows a difference 

between large particles and small ones. In the present work large 

particles correspond to lab
< 1 and small particles to (=Lb > 1 

- for small Ballotini and csb< 1 Murray's theory is a good 

representation 

- for large.  Ballotini and cil> 1 Murray's theory fails below the 

bubble and Davidson's prediction is the best estimate. 
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This result seems surprising since one expects that Darcy's 

law for the percolation of fluid holds better for small particles where 
U d 

the interstitial Reynolds number R e. 	 is smaller. On (1- 
° 
c P 

 

o
) v 

f 

Table 6.2, the values of Re. have been calculated from the data 

given in Table 4.1 (Chapter 4) at minimum fluidisation conditions. 

Ballotini U
o 

cm/ sec d (mean) cm 
P 

Re.
1  

7 34.3 0.0600 51-.2. 

8 25.6 0.0500 35,5 

10 8. 9 0.0270 63 

in this table 	o
f = 15 10

--2  
crn

2 
 /sec 	(air at 20°C) 

Table 6.2 Values of the interstitial Reynolds number 

The above table shows that Re. is ten times larger for Ballotini 

grade 7 than it is for Ballotini grade 10. Therefore if Davidson's 

theory fits better the experimental data for larger particles this is 

not due presumably to the size of the particles. 

In fact it can be seen from Figures 6. 9 to 6. 13 that the 

difference between particles is only important in the rear of the bubble. 

The cloud dimension obtained for Ballotini grade 10 is much smaller 

in the rear of the bubble than above it. This has also been proved 

using injection of NO2  gas tracer (e. g. Anwer and Pyle (80 )). 

Thcref.ore we suggest that the difference between particles tested in 

this work and the theoretical models is clue to the bubble wake which 
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has been neglected. 

(iii) For small Ballotini with a, 
b> 1 the gas cloud dimension 

above the bubble is well predicted by Murray's theory or by the 

present theory. 

6.2. Z. Velocity measurements around the bubble  

When the hot wire probe is situated away from the bubble 

axis, the output of the U.V. recorder is different from that illustrated 

on Figure 6. 8a since the probe does not penetrate inside the bubble. 

A typical output is shown on Figure 6. 8b. 

- The first part of the curve from A to C has already been 

discussed in the previous section. It is worth remarking again 

that the recovery in velocity after the injection effect is not perfect, 

. as has been emphasized previously. 

- Section CD corresponds to the effect of the bubble when it 

passes near the probe. As the probe does not enter the bubble, this 

curve represents the actual variations of the interstitial gas velocity. 

As in the previous measurements on the bubble axis, the position of 

the central passage of the bubble was determined from the tine films. 

Experiments were carried out only for large particleS (Ballotini 

grade 7 and 8) where it is possible to determine, from the cine films, 

the exact position of the probe with respect to the bubble center. In 

the case of smaller Ballotini, splitting occurred for almost all the 

bubbles and thus the position of the probe could not be determined with 

precision. On the other hand, for these smaller particles, more 

experiments were done on the bubble axis which is important for the 

determination of the cloud size (preceding section). 
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Results for measurements around bubbles are shown in Figures  

6.14 to 6.22. On each figure the vertical component of the interstitial 

gas velocity L.14  relative to the bubble, is plotted versus x that is 

as a function of the distance from the horizontal equatorial plane of 

the bubble. The position of the probe with respect to the bubble axis 

J. 

is represented by the dimensionless horizontal distance y and indicated 

on each graph. In fact, although the probe was in fixed positions with 

respect to the injection point of the bubble, the latter, very often, 

does not rise on the vertical line which explains the various values 

of y' obtained on the graphs and which emphasizes the importance 

of determining the exact position of the probe. 

As expected, when the distance y increases, the variations 

in the gas velocity become smaller. In practice the variations are 

not significant for y
* 
 >4. It is word' remarking that this distance is 

the double of the limit found previously for particle movement around 

injected bubbles (Chapter 5). 	Each graph refers to a single bubble 

and therefore the value of a
b 

is different for each. It is obviously 

difficult to repeat exactly the same experiment since bubbles are not 

generally reproducible. In the present experiments: 0.4 <a b< 0.7, 

and for each graph theoretical curves are plotted for the value of a.b 

which was determined experimentally. 

Predictions from the viscous theory are plotted for the Reynolds 

number nearest to the experimental value. Re is determined experi-

mentally from the measurements of the bubble radius and velocity 

as obtained from the cine films and is therefore only approximate. 

For some results, two theoretical curves for Re = 10 and Re = 25 
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were plotted and it can be seen that the difference between them is 

small (Figures 6.18 and 6.19) so that the results are not in any case 

very sensitive to the inaccuracy in the Reynolds number. 

For both sets of particles most of the experimental results 

lie between Jackson's and Davidson's predictions and very often 

agree better with Davidsonts prediction especially for larger 

Ballotini (grade 7). This confirms the results obtained for measure-

ments along the bubble axis of the gas velocity (previous section) and 

of the gas pressure (e. g. Littman and Homolka (6)). Thus in the 

present case Darcy's law is presumably the best representation of 

the percolation of the fluid. However it must be emphasized that 

no experiments have been performed around bubbles with small 

particles and the present results are not sufficient to conclude on 

the effect of the particle size. 

As far as the viscous theory is concerned it does not describe 

adequately the experimental results in a region close to the bubble. 

In all cases variations of the gas velocity are underestimated by 

the viscous theory, which suggests that the reduction in voidage as 

predicted by Jackson's method (Chapter 5, section 5) does not occur. 

6. 3. Conclusions  

General conclusions are drawn in Chapter 8. However as far 

as the gas flow field is 'concerned it is possible to point out the 

following remarks: 

(1) Theoretical predictions for the gas cloud dimension when 

ab > f show that the cloud is larger than Davidson's prediction when 

the Reynolds number is small and decreases when Re increases. 
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(ii) Pressure variations are well predicted by Stokes's flow 

solution. 

(iii) Experimental measurements along the bubble axis and 

around the bubble show that Davidson's theory is a good representation 

of the gas velocity field for large particles (Ballotini grade 7 and 8). 

(iv) For smaller Ballotini (grade 10) the cloud size is well 

represented by Murray's theory and by the present theory. 
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•CHAPTER 7 

INDIRECT MEASUREMENT OF THE BUBBLE 

THROUGH-FLOW VELOCITY 

Although theories of bubble motion in a fluidised bed assume 

there is no particle flowing through the bubble, experimental evidence 

shows that a number of particles detach from the bubble roof and 

fall into the bubble wake. 

It was therefore thought that the velocity of these particles 

might give an estimation of the velocity of gas percolating through the 

bubble. 

7. 1 Theory 

For this let us consider the movement of an isolated particle M 

with a mass rn. It is falling from rest under gravity but experiences 

a resistance from a steady flow of air, the velocity of which is U. The 

purpose is then to find how the velocity of the particle, V , is related 

to time t. 

The distance axis OZ is taken in the downward direction and is 

fixed with respect to the fluidised bed (V is the absolute velocity 

of the particle). In addition t = 0 when the particle M coincides 

with 0. (Figure 7. 1). 
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IM(m) 

VP 

Figure 7.1 

The following forces act on the particles: 

(i) its weight 

(ii) the Archimedes's force 

4 3 
f l 	1-11g = g  

4 3 
- nr P g 
3 p f 

(iii) the viscous resistance of the fluid 	f
3 

= - 61i r 	{
dZ 
	U 

p f dt 

1 
(iv) the drag force of the fluid on the 	f4  = - 	2 P 

4 	2 p f D.p 

particle 

}

2 dZ 
-c1T. 

In the expressions of the viscous resistance and of the drag force, the 

velocity entering the equations is the relative velocity between 016 particle 

and the fluid, 
	dZ 

= absolute velocity of the particle -1-  absolute 

velocity of , the fluid. Furthermore Basset's history term. has been neglected 

Now, we have: 

111 
d

2
Z 

dt2  

4 

1 



whence: 

nz 
d

2
Z 

dt2  

4 Ttr 3 	g 	/11.3 p g 	6 r 	151__Z 	u }  lJ 
3 	p 1) 	3 	f 	p 	idt 

 

  

2 
Thrp 

 
3 	G 

Dp 
 jdZ  dt et. u } (7. 1) 

	

with the initial conditions: t = 0 	Z = 0 

dZ 

	

t=0 	-v =0 dt 

(7.2) 

Relations (7. 1) and (7. 2) describe the complete motion of the 

falling particle. In addition, in all cases of gas fluidisation, 

p >> p and therefore we shall neglect Archimedes's force in 

comparison with the particle weight. 

Let us put: 

dZ T =
dt 

 + LT 

A=3 1 Pf  _ 

	

- 	p 
P P 

B 

	

9 = 	
f 

 
2 P r

2 
P p 

Relations (7. 1) and (7. 2) become: 

dT 
dt 	

g _BT -AC 	T2 
Dp 

(7.3) 

t = 0 	T = U 

228. 
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Let us also define the Reynolds number for the particle as 

d p
f 
 T 

Re - P  
P 	1L  

Depending upon the value of Re , we can consider three different 

regions for the behaviour of the particle: 

(i) Re < 0.5 
	

laminar region (Stokes's law) 

(ii) 0-5 < Re < l000 
	

intermediate region 

(iii) Re >1000 	 turbulent region (Newton's law) 

In Stokes's law the momentum term will be negligible as com-

pared with the viscous term, while in Newton's law the converse will 

be true. 

Let us consider the three different solutions. 

7.1.1 Laminar region : Re < 0.5 

Equation (7. 3) reduces to : dT = g BT 
dt 

andt= 0 T=U 

Therefore it is easy to find T =-g- (1 	e-Bt) 	ue-Bt 	
( 7. 4) 

and when t OD 

2g p r
2 

_ 	P P which is Stokes's equation 

  

for the free-falling velocity of a particle. 
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7. 1. 2 Turbulent region : Re > 1000 

Equation (7.3) becomes. dT g AC
Dp 

T
z 

dt 

In this case CDp is almost independent of the Reynolds number and 

equal to 0.44, whence: 

dT 0.44AT
2 = g-k' T

2 with k' = 0.44A 
dt g  - 

By separating the variables, this equation can easily be integrated: 

T = U 	g tan. ht./kg t  

NfiC-g-  -h Uk tan hi-Oc-g-  t 
(7.5) 

and when t 00 

2g r p 
P  

0.33 Pf 

7. 1. 3 Intermediate region : O. 5 <Re Z. 1000 
	  p 	 

This case is more difficult since there is no analytical solution 

for equation (7. 3). The numerical method which we have followed is 

due to Heywood (107). One can easily obtain the following relations 

between the drag coefficient CDp 
and the Reynolds number Re 

p 

C 	Reg = 
Dp p 3 

P  -p  f P 
f 
 d3 

f. 

Rep = 3 
C

D 
4g 

p 
 

2 
P 

Pf 

V
3 
t 

ii
f  

where V't 
is the terminal velocity of the particle. 
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Heywood sets C 	Re 	P
3 

d
3 

Dp p 

Re 	V
t3 

	 (7. 6) 

CDp 	Q
3 

From experimental data, he then computes the values of the function 

F (log P d , log Vt ) = 0 which is valid for all circumstances of 
p -5 

motion. 

Let us consider equation (7. 3). We shall assume that the viscous 

term is small with respect to the momentum term, whence: 

dT • _ 2 
a 	

T  
A C 	with CDp 

= f (T) 
dt g Dp 

introducing Re , we get; 

dT 
dt 	g k" C 	Reg Dp p 

(7. 7) 

with k" =-• 

2 
3 	f 

32 r3 P P 
P P f 

Then equation (7.7) allows us to use Heywood's method easily; 

(a) At t = 0 — 
dZ 0 and T = U gives Re initial. 
dt 

Vt  
(b) From relations (7. 6) we have: log (Rep) ) = log (Pd p) log (—Q  ) 

The value of log (Re ) initially is known from stage (a). By interpolating 
V 1: 

between the values of log (Pd ) and log ( Q ) given by Heywood, it is 

possible to find a pair of values with a sum equal to log (Re ). 
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(c) Knowing log (Pd ), we can calculate the value of C
Dp Re

2 
p 

at t = 0 from relations (7. 6). 

(d) From equation (7. 7) and given a time step At, it is possible 

to calculate the corresponding velocity step A T = (g-c" C Reg ) At, Dp p 

and the new value of T : T1 = T
o ÷ A T. The procedure is then 

started again with T1 as a new initial value. 

7. 2 Application to a bubble rising in a fluidised bed 

7. 2.1  Through-flow velocity 

All theories of bubble motion in a fluidised bed suggest that the 

mean velocity of gas percolating through the bubble is given by the 

relation: 

= U
b 	

k 'U
o 
	 (7.8) 

(with respect to a stationary observer) 

or in dimensionless form: 

k 
= 1 -I- --2- 

Cb 

with Ub as reference quantity. 

or, U 	ab 
tJ = k 	c 

0 	 0 

(7.9) 

(7.10) 

with Uo as reference quantity. 

The values of lc which can be found in the literature are listed in 

Table 7.1. This table shows there is some discrepancy between the 

theoretical results. Furthermore only one experimental result is 

reported. 
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In this work a numerical value of k was obtained for the two-

dimensional case using the theoretical analysis outlined in the pre-

ceding sections. For this purpose a computer program was written 

to calculate the velocity of a falling particle starting at time t = 0 and 

V = 0 and placed in a stream of air of velocity U = U
b 

+ k U
o
. 

The calculation was carried out, proceeding step by step in 

time. At each step the particle Reynolds number was calculated and 

depending on its value the appropriate solution selected (laminar, 

intermediate or turbulent region). 

The value of U was varied by varying the value of k and for 

each case the complete motion of the particle V (t) was calculated. 

7. 2. Z Experimental  

Films taken for the determination of the particle movement 

around a bubble described in Chapter 5 were used and the velocity of 

particles falling through the bubble was recorded. In these experi-

ments it is difficult to find the exact moment at which the particle 

detaches from the bubble roof and therefore its position for time t = 0. 

However at the beginning of the movement, the curve V (t) is linear. 

Time t = 0 was thus determined by extrapolating the experimental curve 

for particle velocity to V = 0 as shown in Figure 7. 2. 
P 
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%First experimental point 
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Figure 7_2 

Depending on the position of the particle with respect to the 

bubble axis, the throughflow velocity will be different. A general curve 

V (t) was determined by fitting all experimental data for a given 

bubble and thus the value of the through flow obtained from the general 

curve V (t) is the average value. 

The experimental determination of k was made for small values 

of the dimensionless time 
( pt 

p 	d 
p 

when particles arc near the 

apex of the bubble where the latter is closer to the assumed circular 

shape. For larger time the elongation of the bubble reduces the through-. 

flow velocity and the particle moves faster. In the present experiments 

k was determined as the average for the first five values of T . A 
p 

set of typical results is presented in Table 7. 2. 

In this table the experimental value of the particle velocity 
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0 

(7.11) Q=2 u a d 0 a r 

2 3 5 . 

corresponds to the general curve V (t). For each value of T the 

value of k is determined by interpolating between theoretical values 

given in the upper part of the table. As mentioned previously it can be 

seen that the value of k experimental decreases when "C increases. 
p 

Experiments were carried out only for larger particles (Ballotini 

grades 7 and 8). With smaller particles bubbles were much more 

unstable and it was found impossible to follow individual particles falling 

through the bubble without the bubble splitting. 

Experimental results are shown on Table 7.3. 

7.3 Theoretical values  of the through flow determined from the viscous 

theory for a two-dimensional bubble 

Theoretical values of the throughflow can easily be determined 

from the values of the radial component of the gas velocity at the bubble 

surface. 

where O
r is the angle at which the flow of gas reverses and c a  is the 

voidage at the bubble surface (r = a). 

Thus the mean throughflow velocity is determined by: 

rr 
sin O

r 

On the other hand: 

= k U0(= U - Ulu ) 	with respect to axes moving with the 

bubble 

6 u dO a r 
- U I  = • 0 



A r  
u de r  

sin 0 
0 

C a 
k Thus: (7.12) 
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thus: 

f -e 
r C u+ de a r 

k 	
c sin 0

r 

where u 4 is the dimensionless radial component of the inter 
 -: LI

r + 
stitial gas velocity with respect to u

o 
(i. e. u

r 
= a--,- ) 

b 

We shall follow Hargreaves and Pyle (108) in assuming a constant 

voidage c at the bubble surface. Although a precise solution would 
a. 

require to take into account the voidage variations as defined in 

Chapter 2 (section 2.4.4), a good estimate can probably be obtained 

by assuming E a  constant. Furthermore it has been seen in Chapter 4 

that, by using Jackson's method, there is a large region of the bubble 

surface where no solution for the voidage is obtained, especially for 

low Reynolds numbers. 

Variations of the radial component of the gas velocity u as a 

function of the surface angle up to 0 = 90°  are shown on Figure 7.3. 

On this figure the area comprised between the axes and a particular 

curve is thus proportional to the th.roughflow as shown by equation (7.11). 

Figure  7.4 shows the variations of the angle er 
and of the 

coefficient k (for the particular case ea = co) as function of the 

Reynolds number. When the latter decreases, 0 tends towards 90° 
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and k towards David.sonts solution k = 2. 

Finally values of the . coefficient k calculated for various values 

Ea 
of the ratio c

o 
are shown on Table 7.4. 	These results can be 

   

usefully compared with those given by Hargreaves and Pyle (108). It 

can be seen that for intermediate Reynolds number the predicted 

values are lower than those calculated by Hargre ayes and Pyle when 

C 
a 	> 1. 1. 

e o 

Furthermore comparison of results in Tables 7.1 and 7.4  with 

the experimental value found in this work, k = 2.46, shows that 

Davidson's theory is again the best prediction. 

7.4 Conclusion  

The average value of the throughflow velocity is in fair agree-

ment with Davidson's prediction of k = 2.0. Experimental results 

obtained in the experiments show that the throughflow velocity is up-

wards, its value being: 

= U
b 

+ 2. 46 U
o
. 

Furthermore, in all cases, particles were found to be in the 

transition regime where 0. 5 < Re <1000. 

It must be noted that the theory developed at the beginning of 

this chapter applies only to an isolated particle and can by no means 

be extended to the velocity of a falling "curtain" of particles (as it 

happens for small Bal.lotini grade 10) or to the "knife" formed during 

splitting. In the former cases one expects that the falling velocity of 
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a particle will strongly depend upon the particle concentration. 

Finally it should be emphasized that this method of measurement 

is not very precise since: 

(i) only particles close to the wall of the bed could be examined 

(ii) in many cases, the bubble tends to elongate or split, 

which modifies the value of the through-flow velocity. 

(iii) a particle examined is not perfectly isolated and might 

be influenced by neighbouring falling particles. 
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Authors 
voidage at 
the bubble 

surface 
E 

two- 
dimensions 

k 

three-
dimensions 

k 

1. Theories 

Davidson and Harrison (10) constant =e 2. 0 3.0 

Murray (12) constant =6  1. 0 1 . 0 
0 

Sandford and Leung (109) 0.45 (1) 1.6 - 

0.48 (a) 1. 9 2.0 

Hargreaves and Pyle OM 0.400 0.744 0.705 

0.425 0.933 0.880 

0.450 1.147 1.093 

0.475 1.422 1.340 

0.500 1.743 1.645 

0.525 2.120 2.000 

0.550 2.580 2.437 

Pyle and Rose (110) 
(from equation 7. 10) 

- - 4.0 

Anwer (97) 
(from equation 7. 10) 

- - 0.5 

2. Direct measurements 

Judd (98) - 5.1 
(maximum 

value) 

(1) voida.ge measurements by Lockett and Harrison (, 7 ) 

(2) calculated by Stewart (quoted by Sandford and Leung (149) ) 

Table 7.1 , 	Theoretical and experimental value of k in equation (7. 8) 
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time T 
k 	 P 

0. 01 0.02 0.03 0.04 0.05 

0.5 0.229 0.455 0.678 0.898 1.116 

1.0 0.224 0.445 0.663 0.878 1.031 

1.5 0.219 0.434 0.647 0.856 1.063 

Z.0 0.213 0.423 0.629 0.833 1.033 

2.5 0.207 0.410 0.610 0.808 1.001 

3.0 0.200 0.397 0.591 0.781 0.968 

3.5 0.193 0.383 0.569 0.752 0.932 

4.0 0.186 0.368 0.547 0.723 0.895 

4.5 0.178 0.353 0.524 0.692 0.856 

Experimental 
value of par- 
ticle velocity 

k experimental 

0.208 

2.36 

0.417 

2.23 

0.625 

2.11 

0.834 

1.98 

1.042 

1.85 

Table 7.2 	Values of the dimensionless particle velocity 
v- 
 as as function of the dimensionless time 	1: U?,' = - 

P 	d 
P 

k averaged = 2.10 

Ballotini grade 7 d 	(average) = 600 ltm 
P 

Bubble velocity Ub  = 40.8 cm/sec 
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Ballotini grade 7 
d 	.7-- 	600 1-Lm 

P 

Ballotini grade 8 
d 	= 450 p. m 
P 

Bubble U
b 

k Bubble U
b 

k 

cm/sec averaged cm/sec averaged 

1 36.4 1.81 1 50.8 2.67 

2 40.0 2.89 2 42.4 3.25 

3 34.8 2.22 3 37.9 3.66 

4 42.1 2.15 4 31.3 3.64 

5 50.8 2.10 5 34.6 2.06 

6 55.6 3.74 6 31.9 1.53 

7 34.8 1.35 7 35.0 1.82 

8 38.7 2.18 

k averaged 	k = 2.32 k averaged 	k -= 2.60 

Average k for both sets of particles 	k = 2.46 

Table 7.3 	Experimental values of k 



E
a 

Re 

C 	= 6 	= 0 a 	o 	
. 4 

ea/ 	a:o = 1 

s 	= 0.425 a 

6 a/ co =1.0625 

= 0.450 a 

E a 	o= /6 	 1.125 

e= 0.475 a 

ca/ e o=1.1875 

e 	= 0.500 a 

ca/ 6 o=1 .2. 50 

6 	= 0.525 a 

6 a
/  eo

=1. 3125 

= 0.350 

/ so= 1.375 

0.01 1.93 , 2.05 2.17 2.29 2.41 2.53 2.65 

0.1 1.81 1.92 2.04 2.15 2.26 2.38 2.49 

1.0 1.49 1.58 1.68 1.77 1.86 1.96 2.05 

5.0 1.06 1.13 1.19 1.26 1.33 1.39 1.46 

10.0 0.93 0. 99 1.05 1.10 1.16 1.22 1.23 

25.0 0.82 0.87 0.92 0.97 1.03 1.08 1.13 

50.0 0.78 0.83 0.88 0.93 0.98 1.02 1.07 

100.0 0.76 0.81 0.86 0.90 0.95 1.00 1.05 

Jackson 0.73 0.78 0.82 0.87 0.91 0.96 1.00 

Table 7.4. Theoretical values of k obtained from the viscous theory. 
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Figure 7_4 	Variations ,of k and of the angle 

0 as a .function of the Reynolds number. 
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CHAPTER 8  

CONCLUSIONS 

The theoretical and experimental work carried out in this thesis 

can be summarized as follows: 

8.1 Theoretical results  

1. A theoretical model for the motion of two dimensional 

bubbles in Newtonian liquids has been developed for bubble Reynolds 

numbers from 0.01 to 200. The time-independent Navier-Stokes 

equation for flow around a circular cylinder was solved with the boundary 

condition of zero tangential shear stress at th.e surface of the cylinder. 

The equation was put into finite-difference form and the transport 

equation for the voracity was solved using Peaceman and Rachford 

alternating direction implicit method. This solution was then applied 

to the motion of bubbles in a. two-dimensional fluidised bed, by assuming 

that the particulate phase behaves like a Newtonian liquid with finite 

viscosity. 

2. From the above solution, variables of interest like the 

particle velocity, the particle drift and the drag coefficient were 

calculated. 

In the case of particle drift, the looping predicted by the inviscid 

theory disappears as the Reynolds number decreases, the total drift 

becoming infinite for Stokes's flow. The predicted movement is upwards 

for particles situated near the bubble axis and downwards further away. 
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The drag coefficient for low Reynolds number (R <1) is well 

7. 32 represented by the following relation C
D = - 

Re 

3. Voidage variations were included in the theoretical model 

following Jackson's method. The solution shows that variations in 

voidage fraction become smaller as the Reynolds number decreases. 

However it was also found that in this case there is a large region near 

the bubble where no solution for the voidage fraction can be calculated. 

4. By assuming a Davies and Taylor approximation near the 

apex of the bubble, the bubble Froude number was calculated as a 

function of the Reynolds number. A maximum value of Fr (Fr = 0. 35) 

was found at Re = 5. Below this value there is a sharp decrease in the 

value of Fr. At the other end of the curve, the value of Fr tends 

towards the Davies and Taylor result (Fr = . 0.25). 

5. Pressure variations were calculated along the axis of rise 

of the bubble and on the bubble surface. For the variations along 

the axis, the difference between the present theory and Jackson's 

solution is only significant when Re< 10. It is found that a solution 

obtained assuming Stokes's flow predicts a larger variation at the 

rear of the bubble than is predicted by Davidson's inviscid solution 

and is in good agreement with. published data. 

6. The solution for the gas flow is obtained from the solutions 

for the particulate flow, the pressure gradient and voidage variations. 

Cloud sizes predicted from this theory are larger than Davidson's 

prediction for low Reynolds numbers (Re <5). Patterns for the gas 

streamlines have also been obtained. 
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8.2.. Experimental results and comparison with theories  

Experiments were carried out to test the validity of the above 

theory and of existing theories. Measurement of particle displacement 

and gas velocity variations were performed. 

1. The first set of experiments shows the difference between 

a fully fluidised bed and a bed near incipient fluidisation conditions. 

In the latter case a Newtonian model is found to be unrealistic. 

For a fully fluidised bed, complete looping of particles was 

observed for particles starting their motion near the axis of the bubble 

1 
and within a distance of about 4 — of the bubble radius from it. This 

is similar to predictions obtained from the inviscid theory. For 

particles starting their motion further away there is a better agreement 

with the theory including viscous effect. Thus the behaviour of the 

particulate phase can be divided into two regions: 

1 ..
4  a region very close to the bubble, with a width. of about — of 

the bubble radius, where convective.terrns are more important than 

viscous effects and which is thus well described by potential flow 

solution. We suggest that this could he attributed partly to an increase 

in voidage fraction of the particulate phase in this region. 

- a region further away where viscous effects are important. In 

this region, although the present theory describes qualitatively the 

behaviour of the particles, the quantitative agreement is not very 

satisfactory. Therefore, presumably, the behaviour is not completely 

Newtonian. 

Z. The complete motion of the particles shows that the drift 

obtained experimentally is smaller than that predicted by the inviscid 

theory. This is in agreement with published data. 
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3. In the case of natural bubbles, the velocity field of the 

particulate flow was found to be slightly asymmetrical, the maximum 

value occurring at 0 > 90°, in qualitative agreement with published 

data obtained from measurements of the heat transfer coefficient. 

4. Gas velocity results show that there is a difference between 

the particles which were used in this work. In the case of small 

particles and a 
b
> 1 Murrayrs theory or the present theory are good 

predictions of the gas velocity. In particular, cloud sizes are well 

represented by the above theories. 

In the case of larger particles and with a.b
< 1 Davidson's 

theory is more satisfactory as measurements on the bubble axis and 

on the bubble sides show it. 

5. Finally it has-been possible to measure indirectly the 

value of the gas throughflow velocity by analyzing the motion of 

particles falling from the roof through the bubble. This value was 

found to be : U = Ub 
 Z. 46 U

o 
thus showing a better agreement 

with Davids on' s theory. 

8.3 General conclusion 

The theory attempting to describe the rheology of the particulate 

phase in term of a Newtonian behaviour developed in this work does 

not significantly improve on other theories of bubble motion. It is in 

fact worth asking whether a more complicated model should be intro-

duced since this work tends to show that it is probably very difficult 

to derive a theory which would explain the behaviour of all variables. 

This question should. be asked the more because factors like the true 
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shape of the bubble, the bubble wake, particles falling through the 

bubble, instability of the roof, all factors which presumably influence 

to some extent the behaviour of both phases in the vicinity of the 

bubble, have been completely neglected. 

On the other -  hand, it is hoped that experiments carried out 

in this work will be useful in understanding what happens around a 

bubble rising in a fluidised bed. 

Finally it should be emphasized that the theoretical model 

developed here for the bubble motion in a Newtonian fluid is not 

limited to bubbles in a fluidised bed. 



250. 

REFERENCES 

1. 	P. N. Rowe, B. A.Partridge 

Z. 	K. S. Sutherland 

3. J. F. Davidson, D. Harrison 
(editors) 

4. D. Kunii, 0. Levenspiel 

5. P. N. Rowe 

6. H. Littman, G. A. J. 
Horn olka 

7. M. J. Lockett, D. Harrison 

8. O. E. Potter 

9. J. F. Davidson 

10. J. F. Davidson, D.Harrison 

11. R. Jackson 

12. J. D. Murray 

13. R. Jackson  

Symposium on the Interaction 
between fluids and particles. 
(London. Inst. Chem. Eng. ) 

p.135 (1962) 

Trans. Inst. Chem. Eng. vol. 39 
p.188 (1961) 

Fluidisation. Academic Press 
(1971) 

Fluidisation Engineering 
John Wiley. New York (1969) 

Experimental properties of 
bubbles. Chapter 4 in Fluidisation 
edited by 3. F. Davidson, D. Har-
rison. Academic Press (197/ ). 

Chem . Eng. Sci. vol. 28 p. 2231 
(1973) 

Proceedings of the International 
Symposium on Fluidisation of 
Eindhoven edited by A. A. H. 
Drinkenburg p.257 (1967). 
Netherlands University Press, 

Amsterdam 

Mixing - Chapter 7 in Fluidisation 
edited by J. F. Davidson, D. 
Harrison. Academic Press (1971) 

Trans. Inst. Chem. Eng. vol. 39 
p.230 (1961) 

Fluidised Particles. 
Cambridge University Press (1963) 

Trans. Inst. Chem. Eng. vol. 41 
p. 22 (1963) 

J. Fluid. Mech. vol. 22 p. 57 
(1965) 

Trans. Inst. Chem. Eng. vol. 41. 
p.13 (1963) 

14. R. L. Pigford, T. Baron 	Ind.. Eng. Chem. Fund vol. 4 p. 81 
(1965) 



251. 

15. 

16. 

D. Geldart 

J. A. H. de Jong, J. F. 
Nomden 

Powder Technology vol. 7 p. 285 
(1973) 

Powder Technology vol. 9 p. 91 
(1974) 

17. J. A. Agbim, P. N. Rowe Chem. Eng. Sci. vol. 26 p. 1293 
(1971) 

18. P. N. Rowe Chem. Eng. Sci. vol. 24 p. 415 
(1969) 

19. J. D. Murray J. Fluid. Mech. vol. 21 p. 465 
(1965) 

20. T. B. Anderson, R. Jackson Ind. Eng. Chem. Fund vol. 7 p. 12 
(1968) 

21. 0. Molerus Proceedings of the International 
Symposium on Fluidisation of 
Eindhoven edited by A. A. H. 
Drinkenburg p. 134 	(1967) 
Netherlands University Press, 

Amsterdam 

22. E. Ruckenstein, M. Ibid, 	p. 180 	(1967) 
Tzeculeseu 

23. K. Rieterna Ibid, 	p. 201 	(1967) 

24. K. Rietema Ibid, 	p. 154 	(1967) 

25. P. J. Buysman, G.A. L. Ibid, 	p.38 	(1967) 
Peersman 

26. K. Rietema Chem. Eng. Sci. vol. 28 p. 1493 
(1973) 

27. J. Verloop, P.M. Heertj es Powder. Technology, vol. 7 p. 161 
(1973) 

28. K. Peters, A. Schmidt st. 	Chem. Zeitung vol. 54 p. 253 
(1953) 

29. H. Trawinski Chem. Ing. 	Tech. vol. 25 p. 201, 
p.229 	(1953) 

30. T. C. Daniels Rheologica Acta vol. 4 p. 27 	(1967) 

31. G. L. Matheson, \\r.  A. Herbst, Ind. Eng. Chem. vol. 41 p. 1099 
C. H. Hold 	 (1949) 



252. 

32. J. Furukawa, T. Ohm ae Ind. Eng. Chem. vol. 50 p. 821 
(1958) 

33. H. Krarners Chem. Eng. Sci. vol. 1 p.35 	(1952) 

34. W. W. Shuster, F. C. Haas J. Chem. Eng. Data vol. 5 p. 525 
(1960) 

35. P. Dickman, W. K. Forsythe Ind. Eng. Chem. vol. 45 p. 1174 
(1953) 

36. F. Fa-Key-Liu., C. Orr J. Chem. Eng. Data vol. 5 p. 430 
(1960) 

37. K. Schiigerl, M. M erz, 
F. Fetting 

Chem. 	Eng. 	Sci. vol. 15 p.1 	(1961) 

38. T. Hagyard, A. M. Sacerdote Ind. Eng. Chem. Fund. vol. 5 
p. 500 (1966) 

39. K. Schilgerl Rheological behaviour of fluidised 
systems. 	Chapter 6 in Fluidisation 
edited by J. F. Davidson, D. Harrison 
Academic Press 	(1971) 

40. N.I.Gelperin, V. G. Einstein The analogy between fluidised beds 
and liquids. 	Chapter 11.  in 
Fluidisation edited by J. F. Davidson, 
D. Harrison. 	Academic Press (1971) 

41. J. D. Murray Rheologica Acta. vol. 6 p. 27 	(1967) 

42. P. S. B. Stewart Trans. Inst. Chem. Eng. vol. 46 
p. 60 	(1968) 

43. H. Reuter. Chem. Ing. Tech. vol. 35 	p.98 
(1963) 

44. J.R.Grace Can. J. of Chem 	Eng. vol. 48 p.30 
(1970) 

45. P. N. Rowe, B.A. Partridge Trans. Inst. Chem. Eng. vol. 43 
p. 157 (1965) 

46. L. Neuzil, M. Tur caj ova Coll. Czech. Chem. Comm. vol. 34 
p. 3652 (1969) 

47. lAr.Siemes, 	L. Heller Chem. Eng. Sci. vol. 17 p. 555 (1962) 

48. W. J. Rice et al. Ind. Eng. Chem. Fund. vol. 8 p. 271 
(1969) 



253. 

49.  1AT. Brotz Chem. Ing. Tech. vol. 24 p. 60 
(1952) 

50.  W . G . May Chem. Eng. Prog. vol. 55 p. 49 
(1959) 

51.  M. Leva, M. Grummer Chem. Eng. Prog. vol. 48 p. 307 
(1952) 

52.  J. J.van Deemter Chem. Eng. Sci. vol. 13 p.143 (1961 

53.  E. R. Gilliland, E. A. Mason Ind. Eng. 	Chem. vol. 41 p. 1191 
(1949) 

54.  J. J. van Deemter Proceedings of the International 
Symposium on Fluidisation of 
Eindhoven edited by A. A. H. Drinken 
burg 	p. 334 (1967) 	Netherlands 
University Press. 	Amsterdam. 

55.. R. C. Bailie Ibid, 	p. 322 	(1967) 

56.  R. D. Toomey, H. F. Johnstone Chem. Eng. Prog. Symp. Ser. 
No. 5 p. 51 	(1953) 

57.  L. Ivlas 	W. Am. Inst. 	Chem. J. vol. 6 p. 134 
Westwater (1960) 

58.  P. N. Rowe Chem. Eng. Prog. Symp. Ser. 
No. 58 p.42 	(1962) 

59.  P. N. Rowe, B. A. Partridge, Trans. Inst. Chem. Eng. vol. 43 

60. 

61. 

A. G. Cheney, G. A. Henwood, 
E. Lyall 

G. Raso, G. Volpicelli, 
C. Maltz 

I. N. Woolard, O. E. Potter 

p.271 	(1965) 

Quaderni dell' ingegnere chem. 
ital. 	vol. 	1 p. 157 	(1965) 

Am. Inst. 	Chem. Eng. J. vol. 14 
p.388 	(1968) 

62. R. Singh, C. Fryer, 
O. E. Potter 

Powder Technology vol. 6 p. 239 
(1972) 

63. R. Toei, R. Ivlatsuno, 
Y. Nagai 

Mern. Fac. Eng. Kyoto Univ. vol. 
28 	p. 428 	(1.966) 

64. H. Reuter Chem. Ing. Tech. vol. 35 p. 219 
(1963) 

65. J. F. Davidson Trans. Inst. 	Chem. Eng. vol.39 
p.320 (1964) 



254. 

66.  C. Darwin Proc. Camb. Phil. Soc. vol. 49 
p. 342 (1953) 

67.  M . J. Lig hthill J. Fluid. Mech. vol. 	1 p. 31 (1956) 

68.  J. C. Maxwell Scientific papers edited by W. D. 
Niven Cambridge University Press. 

p. 208 vol. II (1890) 

69.  J. D. Gabor Proceedings of the International 
Symposium on Fluidisation of 
Eindhoven edited by A. A. H. 
Drinkenburg 	p.230 (1967) 

70. 

71. 

R. Collins 

J. D. Gabor 

Netherlands University Press, 
Am sterdam 

Chem. Eng. Sci. vol. 20 p. 747 
(1965) 

Chem. Eng. Sci. vol. 26 p. 1247 
(1971) 

72. J. D. Gabor Chem. Eng. J. vol. 4 p. 118 (1972) 

73. G. Donsi, L. Massirnilla, 
S. Crescitelli, G. Volpicelli 

Powder Technology vol. 6 p. 217 
(1972) 

74. H. P. Meis sner Can. J. of Chem. Eng. vol. 48 p. 349 
(1970) 

75. J. Baeyens, D. Geldart Preprints of the International Sym- 
posium on Fluidisation. 	Toulouse 
(1973) Cepadues 	Toulouse 

76. T. Patureaux, F. Vergnes, 
P. le Goff 

Ibid, 	(1973) 

77. P. N. Rowe, B.A. Partridge, 
E. Lyall 

Chem. Eng. Sci. vol. 19 p. 973 
(1964) 

78. P. F. Wace, S. J. Burnett Trans. Inst. 	Chem. Eng. vol. 39 
p.168 (1961) 

79. P. N. Rowe, B. P... Partridge Chem. Eng. Sci. vol. 18 p. 511 
(1963) 

80. J. Anwer, D. L. Pyle Preprints of the International 
Symposium on Fluidisation. 
Toulouse (1973) 

Cepadues Toulouse 



255. 

81.  R. Jackson Fluid mechanical theory - Chapter 
3 in Fluidisation edited by J. F. 
Davidson, D. Harrison. 
Academic Press (1971) 

82.  T. B. Anderson, R. Jackson Ind. Eng. Chen-. Fund. vol. 6 
p. 527 (1967) 

83.  R. M. Davies, G.I. Taylor Proc. Roy. Soc. vol. A200 p. 375 
(1950) 

84.  G. D. Smith Numerical solution of partial 
differential equations. 
Oxford University Press. London 

(1965) 

85.  J. Happel, H. Brenner Low Reynolds number hydro-
dyrn anic s 
Prentice Hall 	(1965) 

86.  R. Clift et al International Conf. in Particle 
Technology 	IITRI (1973) 

87.  J. D. Murray Technical Report No. 1. Grant 
AP00455-01. 	National Center 
for Air Pollution Control. U.S. 
Public Health Service (1966) 

88.  J. F. Richards on, W. M. Zaki Trans. Inst. Chem. Eng, 	vol. 32 
p.35 (1954) 

89.  C. J. A.pelt Aero Res. Counc. Rep. and Mem. 
No. 	3175 	(1958) 

90.  

91.  

J. S. Son, 	T. H. Han ratty 

D. W. Peacern an, H. H. 

J. Fluid. Mech. vol. 35 p. 369 
(1969) 

J. Soc. Ind. Appl. Math. vol. 3 
Rachford p.28 (1955) 

92.  D. B. Russell Aero Res. Counc. Rep. and 
Mci-n. No. 	3331 (1962) 

93.  B. Carnahan, H. A. Luther, 
J. 0, Wilkes 

Applied numerical methods. 
John Wiley New York (1969) 

94.  D. L. Fox Numerical solutions of ordinary 
and partial differential equations. 
Addison-Wesley 	(1962) 

95.  A. D.Gosman et al. Heat and mass transfer in re-
circulating flows. 
Academic Press (1969) 



256. 

96.  F. 0:,Griffin, A. M eisen Can. J. of Chem.. Eng. vol. 51 
p.102 (1973) 

97.  T.Anwer Ph. D. Thesis University of London 
(1970) 

98.  M. R. Judd Ph. D. Thesis University of Cape 
Town (1965) 

99.  L. S. Leung Contribution to discussion. 	Inter- 
national Symposium on Fluidisation 
Toulouse 	(1973) 

100.  E. Ower, R. C. Pankhurst The measurement of air flow 
Oxford, Pergamon (1966) 

101.  C K. Batchelor An introduction to fluid dynamics 
Cambridge University Press (1970) 

102.  J. F. Harper The motion of bubbles and drops 
through liquids. 
Advances in applied mechanics 
vol. 	12 p. 59 et sq. 
Academic Press (1972) 

104, J. Tuot, R. Clift Am. Inst. Chem. Eng. Symp. Ser. 
vol. 	69 	No. 128 p. 78 	(1973) 

105.  H. Lamb Hydrodynamics - 6th ed. 
Cambridge University Press (1962) 

106.  M.Motamedi-Lanjani Ph. D. Thesis University of 
London (1971) 

107.  H. Heywood Symposium of the Interaction 
between fluids and particles 
(London Inst. Chem. Eng. ) p. 1 

(1962) 

108.  Hargrea.ves , D. L. Pyle Chem. Eng. Sci. vol. 27 p.433 
(1972) 

109.  L. S. Leung, I. C. Sandford Chen-1. Eng. Sci. vol. 24 p. 1391 
(1969) 

110.  D. L. Pyle, P. L. Rose Chem. Eng. Sci. vol. 20 p. 25 
(1965) 

111.  DISA notice Instruction manual 	55 MIO system 

112.  D. Littman, G A 	Hom o1ka Chem. Eng. Frog. Symp. Series 
No. 105 vol. 66 p.37 (1970) 



257 

APPENDICES 



258. 

APPENDIX 1 

IMPORTANT RELATIONS IN TWO-DIMENSIONAL FLOW 

CYLINDRICAL COORDINATES 

1. Components of the stress tensor 

—2 

ay 
X ) V. v rr 211:dr 	 _ 

	

dv6 	v  1 	 2 

	

- 2 
(r de 	

— ) 	( —3 - X ) V V. v 06  

1.1(r a 
re 	ar 

1 a 
with V v — -- — — r dr (rvr)  

1 dye -f- — 
r ao ) 

2. Viscous dissipation 

av 2 	1  av
0  vr  2 

=r 	 + r ae 	) d 
r  a ye + 1 avr 

ar r 	r a0 

V 

r 

dvr  
de ) 

2 
- 

3 
 (0. v)2 

a z 
1 	'02  1 with 2 ar

t r ar
a  — 

2 6,02 

3. Velocity components 

If W is the Stokes stream function: 
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4. Vorticity components 
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APPENDIX 2 

APPLICATION OF HOT-WIRE ANEMOMETRY TO GAS 

VELOCITY MEASUREMENTS IN A FLUIDISED BED 

In this appendix the basic principles of hot-wire anemometry 

are briefly described. It is not intended to give an extensive survey 

of all possible applications of this method of measurement, but 

rather to show how it can be used in this particular problem of 

fluidisation. 

Some attention is also devoted to the calibration of the hot-wire 

probe since it needs to be performed with care. 

A.2.1. 	Basic principle 

The basic principle of hot-wire anemornetry is to measure 

the loss of convective heat from an electrically heated wire. If 

this wire is situated in a flowing fluid, then the heat loss will be a 

measurement of the fluid velocity. 

For small variations of temperature, the wire resistance 

varies according to a linear relation: 

R(T) = R(To ) 	+ a (T- To) 

Furthermore the heat dissipation from the wire is related to the 

fluid velocity by King's law: 

P=RI2  = A 1- BUn 	 (A. Z.1) 

P : power 

I 	current intensity in the wire 
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U : fluid velocity 

A, B ; coefficients depending on physical properties of the fluid 

and wire. 

It can be seen from relation (A. 2. 1) that the anemometer can be operated 

in two ways: • 

(i) I is maintained constant and the resistance R (i. e. the 

wire temperature according to the linear relation R(T)) varies with U. 

This is referred to as the constant-current operation. 

(ii) Alternatively R (and therefore T) are maintained constant 

and the intensity variations will measure the power variations. This 

is referred to as the constant-temperature operation. 

The last method is the most developed one. Operation in the 

constant current mode has great disadvantages since the wire temperature 

varies and modifies the local fluid properties (and thus constants A 

and B), which is not the case if the wire temperature i.s maintained 

constant. Furthermore it is noted (111) that the frequency response of 

the hot-wire in the constant current method cannot be easily compensated 

e. compensation of cable impedance). Thus the only wide application 

of mode (i) is in measurements of temperature variations. In this 

work constant-temperature operation (ii) was employed. 

The constant temperature anemometer is described in Figure A. 2. 

It is basically a Wheatstone bridge in which one of the resistances is 

constituted;  by the hot-wire probe. The electric current heating the 

probe is supplied by a servo-amplifier. 

When the bridge is unbalanced, due to a cooling effect, the servo- 

amplifier provides an increase in the output current which maintains 

R constant. 
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In order to operate the anemometer at its highest sensitivity, 

it is necessary for the cooling effect to be important for small 

variations of the velocity. The wire must therefore be heated well 

above the room temperature T. An overheating ratio is defined as: 

a -
_ R(T) - R(T0) 

This should be taken as high as possible according to the maximum 

temperature that the sensor can stand. This also ensures that the 

instrument sensitivity will be almost independent of small temperature 

changes in the fluidising air. In the present case the recommended 

ratio a= 0.8 was used. This corresponds to a wire temperature 

of about 250°C. 

A.22. Signal processing and sensor calibration  

According to King's law (equation A. 2. 1) the output signal 

from the anemometer is not a linear function of the velocity but 

varies as 

2 	2 
E =E +kiln  o  

eff (A. 2.2) 

where E
o is the signal at zero flow velocity. U

eff is referred to 

as the effective velocity, or cooling velocity, and can be separated 

into three.effects with different weighting factors: 

U
2 

 eff 	n 
= U 

z
1 	n 

hZ  U Z
2 	

kZ  U 

R(To) 

where the following quantities are referred to as: 
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h: pitch factor 

k 	yaw factor 

Unl' U 	: components of the velocity normal to the wire U122 
 

U
t 
	tangential component along the wire. 

The value of k depends mainly on the wire characteristics: 

wire length  wire material, ratio r 

	

	 , and has to be determined 
wire diameter 

experimentally. 

However for a tungsten wire, k 	when the ratio r > 600 (111) 

which is the case in this problem (r 3000 m 
	

= 600 ). 
5 u  

In the system of axes shown on Figure A.2.2. we have: 

U
x 

U cosy 

U
z 

= U sin 0 cos a 

U = U sin 0 sin a 
y 

In all velocity measurements reported in this work, the probe was kept 

horizontal and the velocity U was in the plane of the fluidised bed. Thus: 

CC 
2 

and Unl 	Ux = U cos 0 

U
n2 

= U
z 
 =0 

U = U sin. 0 
y 

In addition k o as noted previously. Therefore the effective velocity 

becomes: 

or 

U = 	cos 0 
e. if 

Ueff  = ux 
(A. Z. 3) 
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where u
x 	r is the vetical component of the interstitial velocity. 

Relation A. 2. 2 becomes: 

E2 -E2  =kun 

or in dimensionless form: 

E E
2 

k' 
u
x 

( 	) 2 
E 

0 

n 
(A. 2. 4) 

where U
o 

is the superficial fluid velocity at minimum fluidisation. 

The calibration of the probe has to be performed in an 

undisturbed flow. It is therefore not possible to carry out this 

calibration in a fluidised bed which is disturbed by the presence of 

bubbles when the air velocity is higher than the minimum fluidisation 

velocity. 

The calibration was therefore done in an auxiliary packed bed 

connected to the same set of rotameters as the fluidised bed. The 

following procedure was then carried out: 

(i) In the auxiliary bed, particles were supported by a porous 

distributor and therefore could be fluidised at a start. This ensured 

that the voida.ge was the same as that in the fluidised bed near 

incipient fluidisation. 

The flow was then reversed and the calibration was 

performed recording the output voltage as function of the gas velocity. 

A typical. calibration curve is shown on Figure A.2. 3. The 

coefficient n has been taken equal to 1 and gives a good representation 
2 

since the experimental relation is linear. When a bigger range of 

velocities is considered (say a range of 10 m/s or more), the 



calibration curve 
E2 -E? 

 

E 
o 

VS. 
Ho 

is no longer linear 
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and n is different from 
1 
2 

In this case a linearizer unit has to be 

included in the anemometry system. In regard to the calibration 

curve obtained it was thought unnecessary to include a linearizer in 

the system. We can also make the following remarks: 

(i) The calibration was performed over a range of gas velocities 

wider than the range actually used in the gas velocity measurements. 

By doing so, more experimental points for the calibration curve 

could be recorded which gives a better accuracy. 

(ii) As shown on Table A. 2. 1 the reproducibility of calibration 

results is good. These experimental values correspond to Figure A. 2. 3.  

(iii) Velocity values obtained in the auxiliary bed were 

checked against these obtained in the actual apparatus operated under 

the minimum of fluidisation. 

Some of these values are shown in Table A.2.2. 

Although the agreement is not perfect it seems to fall within 

experimental error. However this table shows that the method of 

calibration is less precise for small Ballotini where gas velocity 

is very much lower. 

(iv) The influence of increased voidage in the fluidised bed 

was neglected since all velocity measurements were made for 

bubbles injected in a bed maintained slightly under the minimum 

of fluidisation. 
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E 	volts 	E
o =10.47 volts 

( 4 times actual voltage) 

u ',_run 1 run 2 run 3 value 
cm/sec retained 

11.8 11.23 11.26 11.26 11.25 

22.5 11.69 11.74 11.74 11.72 

29.4 11.92 11.92 11.92 11.92 

39.2 12.22 12.22 12.22 12.22 

52.2 12.54 12.54 12.54 12.54 

66.0 12.81 12.81 12.81 12.81 

80.7 13.06 13.06 13.06 13.06 

124.7 13.67 13.66 13.66 13.66 

134.8 13.80 13.79 13.79 13.79 

145.3 13.94 13.92 13.92 13.92 

156.3 14.07 14.05 14.05 14.05 

167.2 14.20 14.18 14.19 14.19 

178.7 14.36 14.32 14.33 14.33 

190.6 14.51 14.48 14.48 14.49 

Table A. 2.1 	Output voltage as function of the superficial 

gas velocity. 
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Particles 
Ballotini 

Velocity from 
calibration curve 

cm/ sec 

Velocity in 
fluidised bed 

cm/sec 

7 39.0 42.5 

8 40.0 42.5 

10 10.0 12.5 	. 

Table A.2.2. 	Comparison of gas velocities 

obtained in the fluidised bed and 

packed bed 

in the auxiliary 
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APPENDIX 3 

The aim of this appendix is to recall the main results for the 

motion of a single isolated bubble in a two-dimensional fluidised 

bed, derived from Davidson' s, Jackson' s and Murray' s theories 

	

(10, 11, 12). 	These results are used in Chapters 4 and 5  in 

comparison with the experimental data and with the present theory. 

We shall limit ourselves to a circular bubble; Collins's modification 

(70) to the bubble shape is not considered. 

	

A. 3.1. 	Particle motion  

All three theories assume an inviscid and incompressible 

behaviour of the particulate phase which is therefore governed by 

the following equation: 

Z  
= U r sin 0 (1 	

a  
r
2 (A.3.1) 

with axes defined in Figure A. 3. 1. 

U b 

Figure A,3_1 



( 1 - l  k2 ) w - E(w) } 

k' + dnw 

a = — 
k U

b 
scw k' + dnw 

X(w) 

Y (w) 

t(w) 

(A. 3. 3) 

a 
k 

a 
k 

X(w) 
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The velocity components of the particles can easily be derived 

from the stream function as: (Appendix 1) 

2 
-y r 	

- U
b 

cos 0 ( 1 -a2 
) 

r 
 

(A. 3. 2) 

ve  = Ut,  sin 0 ( 1 + -a-- ) 

If one observes the particulate phase in a system of axes fixed 

with respect to the fluidised bed, the rise of the bubble causes the 

drift of the particles. This displacement can be calculated numerically 

using the method described in Chapter 3 (section 3. 8). 

Alternatively an analytical solution has been given by Darwin 

(66). When displaced by the bubble, a particle follows a curve 

called "elasticau. Its parametric equations in w are the following: 

2•,_ 4a
2 	 2 	2 

where k = 	 
'2

2 
+ 4a2  

and E(w) is the elliptic integral of the second kind. 

Y are the coordinates of the particle in axes fixed with 

respect to the fluidised bed, t is the time relative to the initial 

and k + k' = 1 • 
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position of the particle. When 0 varies from 0 to Ti , w ranges 

from -K to +K where K is the complete elliptic integral of the 

first kind. The total drift of the particle is therefore given when 

0 = • TI , and can be calculated from equations (A. 3. 3) using tables 

of elliptic functions. Some of the paths are shown in Figure 1.2 

(Chapter 1). 

A. 3. 2 Gas motion 

The three theories mentioned above differ in the calculation 

of the gas flow patterns. Their main features are the following: 

(i) Davidson assumes that the voidage for the particulate phase 

is constant and that the percolation of gas through the particles obeys 

Darcy's law. The pressure field is therefore Laplacian and the 

pressure inside the bubble is constant. As for the particulate flow, 

the gas flow field is equally Laplacian. -  Depending on the value of the 
U

b 
ratio a 	the gas flow patterns will differ and typical patterns 

can be found in Davidson and Harrison (10) or in Jackson (11). 

When a b> 1, gas in a region close to the bubble is held and 

circulates within this region, thus forming a cloud. 

(ii) In Jackson's theory, the voidage around the bubble is 

allowed to vary through the fluid-particle drag coefficient R which 

becomes a function of the voidage G 	The pressure field is 

therefore no longer Laplacian and the constancy of the pressure on the 

bubble surface is not satisfied. There is no analytical value for the 

gas flow stream function and it has to be calculated numerically 

from the values of the gas velocity. 

(iii) As in. Davidson's treatment, Murray assumes a constant 

voidage around the bubble. (Strictly speaking lie assumes that 
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voidage variations are limited to a thin "boundary layer"). By 

linearizing the equation of motion for the particulate phase (section 1, 

Chapter Z), Murray finds a solution which satisfies an Oseen type 

approximation to the equations of continuity and motion for both phases. 

It results that, although the pressure field is Laplacian, the constancy 

of pressure on the bubble surface is not satisfied. The gas flow 

stream function satisfies Laplace's equation but the field is not 

symmetrical with respect to the equatorial plane of the bubble. 

It follows from the features outlined above that the method of 

calculation will be different for each theory. This is shown in 

Table A. 3. 1. In this table only the final results are expressed. A 

detailed formulation of the problem of bubble motion according to 

the three theories mentioned above can be found in Jackson's survey 

(81). 

Finally the equations used to compute various results and 

important variables are expressed in Table A. 3. 2. Those results 

are used in Chapters 5 and 6, to compare with the experimental data 

and with the present theory which is developed in Chapters 2 and 3. 
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APT-YENDT.X. 4 

COMPUTE.a PROGRAMMES 

A. 4,1. 	Introduction 

In this appendix, the computer programme used to calculate 

the particulate and. the gas flows is presented. 

For a reason of storage and computing time, the programme 

had to be divided in two parts: 

(i ) The first programme PRO' calculates the solution for 

the particulate phase and for the following variables: 

- pressure distribution 

- drag coefficient 

-• path lines, 

It also computes the streamfunction and vorticity contours. 

The converged results are written on a magnetic tape. 

(ii) The second. programme PRO2 calculates: 

- the particle velocity field 

- the drift profiles (lines tt = cst) 

- the pressure gradient 

- the values of Y function and its contours 

- the gas velocity field and the gas streamfunction. 

The following values of the parameters were used: 

number of points in r, direction ; 51 

number of points in 0. direction : 31 

radius for the outer boundary p 	= 7.14 ( 	= 0. 625) 
co 	 op 

increment in E 	0.0125 

increment in n 	/ 3 0 (corresponds to A . 0 = 60) 
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under-relaxation factor (,) = O. 5 
V 

acceleration factor p a = 10,000. 
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A.4.2. 	Flow diagrams 
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Flow diagram. Programme PRO1  

PARAM sets values 
of parameters 

BLOCK DATA  
provides necessary 
data 

YES 

NO 
SKIP skips files 

on tape 

NO 

RDTAPE reads 
data from tape 

call RESULT call RESULT 

call BCVORT 
(see B) 



call RESULT 

PRES cal-
culates 
pressure and 
drag coefficient 

Main 
programme 

call PRES 

RESULT writes out 
results for stream 
function and vorticity 

YES 

call CNTOUR 
call DRIFT 

280. 

ADI updates 
vorticity by 
ADI method 

TRIDIA solves 
tridiagonal 
system 

call ADI 

YES 

call RESULT 

call WRTAPE 

CNTOUR cal-
culates stream 
line and vor-
ticity contours 
DRIFT cal-
culates path 
lines 
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ti 

call RD TA PE 

call GRIDPT 

call START 

call RESULT 

call EXTLIE 

call BCVORT 

call RESULT  

GRIDPT sets up grid 
coordinates 

START calculates the 
initial conditions for 
potential flow 

Flow diagram programme PRO1  

Potential flow starting conditions  
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Flow diagram Programme PRO2  

Main programme sets values of 
parameters and calls necessary 
subprogrammes 

BLOCK DATA provides 
necessary data 

RDRES reads data from 
magnetic tape. These 
data were computed in 
programme PROl. 
call SKIP 

call RDRES 

SKIP skips files on 
magnetic tape 

SPEED 1 computes particle 
velocity along streamline 

call SPEED 1 

GRAD computes pressure 
gradient and particle 
velocity at each grid node. 
call FROUDE 

call GRAD 

FROUDE computes the 
bubble Froude number 
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End of main 
programme 

RES1 writes out 
results for the particle 
velocity. call MVEL  

MV EL computes the 
mean velocity of the 
particle velocity 

RES2  writes out results 
for the pressure gradient 

CDRIFT calculates and 
writes out results for 
lines 	=cst 

SPEED2 computes com-
ponents of gas velocity 

call RES1 

call RES2 

call CDRIFT 

call SPEED2 

DRAG. computes the 
values of w function. 
call INT POL 

INTPOL calculates the 
values of the pressure 
gradient at a current 
point by interpolation 

call DRAG 



RES3 writes out result 
for the gas flow field 

call RES3 

call GASSF 
GASSF calculates the 
values of the gas stream 
function and its contours 

ID calculates the value 
of at a current point 
by interpolation 

call ID 

284. 
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A.4.3 list of FORTRAN symbols 

In this list only the main symbols appearing in COMMON 

statements are given. Other symbols are local variables used in 

sub-programs and are defined when necessary. 

Program PRO1  

FORTRAN 
symbol  

Meaning 

   

A _ 1 	1 
- A 	± 

AL 	 1 mesh size in transformed plane: n direction 

AK 	 k mesh size in transformed plane: E direction 

4. 
BO 	 coefficient in tridiagonal system BO = P

a
+

Re 1Z 

4  
B1 	 coefficient in tridiagonal system Bl = p - a Re ka 

CO 	 coefficient in tridiagonal system CO = 4k1 

2  
Cl 	 coefficient in tridiagonal system Cl Re 1Z 

2 
C2 	 coefficient in tridiagonal system C2 = Re 1(2,  

CDP 	 drag coefficient 

CPSEC 	 central processor computing time on C.D. C. 6400 

CR(I, 	 radial coordinates of positive streamfunction 

contours in the transformed plane (t; , n 

CRT(I, 	 radial coordinates of positive stream function 

contours in the ( P , 0) plane. 

CRT1 	K) 	radial coordinates of negative stream f!.. ‘tion 

CRTZ(I, 	 contours in the (P 0) plane 



c 1 
: value of criterion for convergence : vorticity 

: variable in 0 direction, transformed plane 

coefficient in tridiagonal system FO = A + a Re k2  

4 
coefficient in tridiagonal system Fl = P a -  Re 12  

4 

if ICP1 = 1, maximum number of iterations iD 

FORTRAN 
symbol  

Meaning 

286 

    

DP1(I,K) 

radial coordinates ofvorticity contours in 

the (P , 0) plane 

positive values of contours for the stream function 

negative values of contours for the stream function 

values of contours for the vorticity 

d. coefficient in the tridiagunal system as defined 

by equations (3. 21) 

A P4 pressure variations on the axis above 1 

the bubble 

CRTV1(I, K) 

CRTV2(I, K) 

CSF(K) 

CSFN(K) 

CVORT(K) 

D 

DP2(I) 

DP3(J) 

DSFR(I, K) 

DSFT(I, K) 

E(J) 

EPS1 

ETA(I) 

FO 

Fl 

ICP1 

Px pressure variations 

A P
3 

pressure variations 

bubble 

a WX  
a E 

a w" 
a r) 

rtF 
Tt e 

on the bubble surface 

on the axis below the 

EPS 	 : value of criterion for convergence: stream 

function 

method is reached. Otherwise ICP1 
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FORTRAN 
symbol 

Meaning 

ICP2 

ICP3 

ICP4 

 

If ICP2 = 0 all points have converged in the 

ADI method. Otherwise ICP2 = 

if ICP3 = 0 program starts from potential flow 

conditions. Otherwise ICP3 = 1 

if ICP4 = 1 an incorrect value of the acceleration 

factor p
a has been selected. Otherwise 

ICP4 =0 

ICP5 	 if ICP5 = 1 pressure variations are not calculated 

Otherwise ICP5 = 0 

ICP6 	 if ICP6 = 0 stream function and vorticity contours, 

drift profiles are calculated. Otherwise ICP6 = 1 

ICP7 	 if ICP7 = 1 partial results are written on tape 

if ICP7 = 0 converged results are written on tape 

IFILE 	 file number on tape 

ITAP 	 tape parameter from which results are read. 

JTAP 	 tape parameter on which partial results are 

written 

MINT 	 number of intervals in r direction = MPT-1 

MK 	 MK = NINT or MN = MINT depending on the 

direction ( nor E) updated in the A. D I. method. 

MNINT 	 NINT/2 + 1 

MNISF 	 maximum number of iterations permissible in the 

S. O. R. method 

MPT 	 number of points in r direction 
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FORTRAN 
	

Meaning  
symbol 

MUP 	 maximum number of unconverged points permissible. 

Normally MUP = 0 

NC 	 number of positive contours for the streamfunction 

NC1 	 number of negative contours for the streamfunction 

NCVOR 	 number of contours for the vorticity 

NDIP 	 number of iterations after which parameters like 

computing time, number of unconverged points are 

printed 

NDTETA 	 increment in 0 direction (degrees) 

NDW 	 number of iterations after which partial results 

are printed 

NI(K) 	 first value of the index in 0 direction for contours 

calculation 

NINT 	 number of intervals in 0 direction = NPT - 1 

NIP 	 iteration counter. When NIP = NDIP, parameters 

are printed out, after which NIP is set to 1 again 

NISF 	 number of iteration.s for the streamfunction 

the S. O. R. method 

. NITER 	 number of iterations for the A.DoI, method 

NPT 	 number of points in 0 direction 

NS(K) 	 last value of the index in 0 direction for contours 

calculation 

NTAP 	 tape parameter on which converged results are 

written 
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FORTRAN 
	

Meaning  
symbol 

NTETA(I) 	 6 angle in degrees 

NTETAI(K) 	initial tangential coordinate for contours 

NTETAS(K) 	final tangential coordinate for contours 

NUPST 	 number of unconverged points for the stream 

function in the S. O. R. method 

NUPV 	 number of unconverged points for the vorti.city 

in the A.D.I. method 

NW 	 iteration counter. When NW = NDW partial 

results are printed out after which NW is set 

to 1 again. 

OM 	 w : over-relaxation factor 

OMV 	 w : under-relaxation factor 

PI 	 It 

PSI(i, J) 	 stream function for particulate flow 1P -* 

PSI1(I, J) 	 new estimate of e 

R(J) 	 P : radial coordinate 

RE 	 Reynolds number for the bubble 

RHO 	 P 	acceleration factor a 

TD(I, K) 	 t : dimensionless time on drift curve 

TETA(I) 	 A angle in radians 

TIME 	 maximum time allowed for the calculation 

V(J) 	 current vector in tridiagonal system as defined 

by relations (3.21) 

V T(I) 
	

V
0 
 : tangential velocity at the bubble surface 
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FORTRAN 	 Meaning  
symbol  

X(J) 	 a. : coefficient in tridiagonal system (relations 

3'.21) 

XI(J) 	 E : variable in r direction : transformed plane 

XD(I, K) 	 X*: particle drift in x direction 

Y(J) 	 b.: coefficient in tridiagonal system (relations 

3.21) 

YD(I,K) 

z( J) 

ZETA(I, J) 

ZETA1(I, J) 

Y: particle drift in y direction 

c. : coefficient in tridiagonal system (relations 

3.21) 

: vorticity 

new estimate of vorticity 
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Program. PRO2 

Only new symbols used in this program are explained. All other 

symbols which have been used in program PRO]. have been listed 

previously. 

FORTRAN 	 Meaning 
symbol  

ALPIIAB(K) 	cc 

ANG1 	 first increment in 6 for determining the starting 

points of integration paths in calculation of 

y function 

ANG2 	 ibid 	(second increment in e) 

ANG3 	 - ibid 	(third increment in 0) 

CG(M) 	 values of 1/y function contours 

CR TG1(I, K) 	radial coordinates of gas stream function contours 

CRTGZ(I, K) 

roi-2 
DELP 	 V Pf value at any point (VR, VTETA) in the grid 

DK 	 6k 

DL 	 61 

DPFR(I, 

DPFT (I, J) 

DPR(I, J) 

DPT(I, 3) 

DTETA 

80 

aP* 
f at grid nodes 

at grid nodes 

aP" 	at grid nodes 
ap 
aP" 

at grid nodes 

increment in 0 in calculation of Y function on an 

aP 
aPf 
ae 

integration path 
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FORTRAN 
symbol 

Meaning 

 

FR 	 Froude number 

GAMMA 	 1/ 

GCSF(K) 	 values of the gas streamfunction contours 

MJ 	 number of values for 	in calculation of lines 

I' 	const 

NALPHA 	 number of a b numbers computed 

NCG 	 number of contours for y function 

NCGS 	 number of contours for the gas streamfunction 

NDL 	 increment of index in calculation of mean value 

of particle velocity 

NL 	 maximum value of index in calculation of mean 

value of particle velocity 

. NPT1 	 NINT/2 1- 1 

NSP 	 number of paths of integration in the solution for 

function 

PHI(I, J) 	 values of gas streamfunction eat grid nodes 

PVM(I, K) 	 particle velocity with respect to axis moving with 

the bubble 

PVS(I, K) 	 particle velocity with respect to stationary axis 

PVX(I, K) 	 x . component of particle velocity w. r. t. moving 

axis 

PVY (I, K) 	 y. component of particle velocity w. r. t. moving 

axis 

RDC(I, K) 	 radial coordinate on lines T r  = const 

RG(M, K) 	 radial coordinate of Y function controus 

ST(I, K) 	 = dimensionless time on drift curve with respect 

to an undisturbed plane at a distance XLIM above 
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FORTRAN 
symbol 

Meaning 

  

TAU(J) 	 values of lines T = cons t 

TDC(I, K) 	 tangential coordinate on lines T1 7-7 const 

TL1 	 limit angle above which increment size is decreased 

in calculation of y function 

TG(M, K) 	 tangential coordinate of y function contours 

UR(I, J) 	 radial component of gas velocity 

UT(I, J) 	 tangential component of gas velocity 

UX(I, J) 	 x. component of gas velocity 

J) 	 y. component of gas velocity 

V(I, J) 	 particle velocity at grid nodes 

VDPR 	 at any point of coordinates (VR,VTETA) 
3 p 

ap3(.  
VDPT 	 f at any point of coordinates (VR, VTETA.) 

3e 

VR 

VR(I, J) 

V VI, J) 

VTETA 

XDC(I, K) 

XLII\11. 

YDC(I, K) 

radial coordinate of current point in gas velocity 

calculation 

radial component of particle velocity at grid nodes 

tangential component of particle velocity at grid 

nodes 

tangential coordinate of current point in gas 

velocity calculation 

x. coordinate on line T' = const. 

x. coordinate of the undisturbed layer of particles 

in the drift profiles calculation 

y. coordinate on lines 1: f = const. 
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A.4.4. 	Listings  of programmes  
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Listing 	PRO1 , 

PROGRAM PRO1IINPUT*OUTPUT.TAPES=INPUTITAPE6=OUTPUTITAPE1ITAPE2) 
C***** 
C* ***THIS PROGRAM SIMULATES AN INCOMPRESSIBLE FLOW AROUND A CYLINDER 
C** ***WITH VIEW OF AN APPLICATION TO THE FLOW OF PARTICLES AROUND A 
C*****RISING RUBBLE IN A TWO—DIMENSIONAL FLUIDISED BED. 
C*****IT SOLVES THE TIMr INDEPENDENT NAVIER—STOKES EQUATION USING 
C*****PrACFMAN — RACHFORD ALTERNATING—DIRECTION—IMPLICIT METHOD.(AD)) 
C*****THE SOLUTION FOR THE STREAM—FUNCTION EQUATION IS OBTAINED BY 
C*****THE EXTRAPOLATED LIEBMANN METHOD (SOR). 
C*****THE PRESSURE VARIATIONS ON THE AXIS OF RISE OF THE BUBBLE AND ON 
C****ITS SURFACE ARE COMPUTED AS WELL AS THE DRIFT OF PARTICLES CAUSED 
C*****BY THE PASSAGE OF THE BUBBLE. 
c***** 

COMMON/CONST/PItEPStEPS1•RE 
COMMON/MESH/ALtAK,MINTtNINT,MPTtNPTtMNINToNDTETA 
CoMMON/STRFUN/PS/(31.51)tPSII(31451) 
COMMON/VORT/ZETA(31, 1)1ZETA1(31,51) - 
COMMON/GRID/E(91) tX I ( 51 ) 	91) t ETA ( 31 ) t TETA( 31 ) tNTETA( 31) 
COMMON/CNTROL/7CPIJICP2tICP3,NUPV.NUPST,MUPtNISE*MNISFtNITER. 
1T/ME.CPSECtNWtNDW,NDIP 
COMMON/RELFAC/0MtOMVIRHO.A 
COMMON/TAPE/ITAP.jTAP,NTAP 
COMMON/FIEE/ICP7tIFILF 
COMMON/CSTCOE/R04p1ICO*CItC20F0IF1 
COMMON/APR/ICP5t0P1(51)*0P2(31)tDP3(51),VT(31)4CDP 
COMMON/CTOUR/CSF(33)sCR(31t33),DSFR(31433).DSFT(31433)1 
ICRT(31,33),CSEN(10),NTETAI(33)4NTETAS(33) 
COMMON/CTOURI/CPTV1(31.25)tCRTV2(31425)1CPT1(16,10),CRT2(16.10) 
COMMON/NCTOUR/1CP6vNCtNC1oNCVOR 
CoMMON/VCTOUR/CVORT(25) 
COMMON/DRFT/XD(31433).YD(31,33)+TD(31.33) 

c***** 
C*****SFT UP ALL PARAMETERS NEEDED IN THE CALCULATION 

CALL PARAM 
C*****SFT UP DATA REQUIRED FOR THE START OF THE COMPUTATION 

IF(ICP3.EQ.0) GO TO 1 
IF(/CP2.E000) GO TO 2 

C***** 
C****flCP1=1 AND ICP2=1 MEANS WE READ PREVIOUS ITERATION FROM THE TAPE 

CALL PDTAPE 
WMITE(6t100) 

100 FORMAT(1H1o5X.33HNEW ITERATION STARTED--*DATA READ) 
ITER=1 
CALL RESULT 
N1P=0 
GO TO 200 

c***** 
C*****ICP3=1 AND ICP2=0 'MEANS WE START COMPUTATION FOR A NEW RE NUMBER 

2 CALL RDTAPE 
WpITE(6,101) 

101 FORMAT(1H1.5Xt35HNEW COMPUTATION STARTED---DATA READ) 
CALL RESULT 
DO 7000 J=1,MPT 
DO 7000 1=1aNPT 
PS11(1 ,J)=PST(I.J) 

.7.c'TA1(14j)t-_.7ETA(11J) 
7000 CONTINUE 

CALL EXTLIE 
CALL RCVORT 
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NITER=1 
NW=1 •  
ITER=I 
NIP=O 
GO TO 200 

C***. * 
C****Icr2,1=0 AND 1CPP=0 MEANS WE START FROM POTENTIAL FLOW CONDITIONS 

I CALL GRIDPT 
CALL START 
WpiTE(6.220) 

220  FORMAT(/5X.21HROTENT1AL FLOW RESULT) 
ICP5=1 
CALL RESULT 
CALL EXTLIE 
IF(ICPI.E0.1) GO TO 600 
CALL BCVORT 
WmITE(6.103) 

1 03 FORMAT(1H1.5X.4IHEIRST COMPUTATION STARTED---DATA COMPUTED) 
DO 9000 I=1,NPT 
ZETA(191)=ZETA1(1.1) 

9000 CONTINUE 
DO 9001 J=1.MPT 
DC) 9001 I=1.NPT 
PS1(11J)=PSII(I.J) 

9001 CONTINUE 
CALL RESULT 
IcP3=I 
IrP5=0 
NITER=I 
Nw=I 
ITER=1 
NIP=0 

c***** 
200 CONTINUE 

C*If***INITIAL CONDITIONS APE ESTARLISHED7--START ITERATIONS ON THE 
C-Y-****voPTICITY FIELD USING ADI METHOD 

CALL ADI 
Ir(ICPI.E0.0) GO TO 300 

C*****IrP1=1 MEANS MAXIMUM NUMBER OF ITERATIONS IS REACHED FOR THE 
C***STREAM FUNCTION AND DIFFERENT PARAMETERS HAVE TO BE SFT, 
600 WoiTE(6.102)NITEn 
1 02 FopmAT(5X.1GHMAX. ITER. REACHFD.5X.6HNITER=./3) 

IrP9=1 
CALL RESULT 
STOP 

c*** *4. 
300 CONTINUE 

C4'*K'n'*CHECK COMPUTING TIME. 
TsFC=CPSEC 
CALL sEcoND(cPsrc> 
DsEC=CPSEC-TSEC 
TLEFT=TImE-CPSEC 
TITER=cPSFC/FLOAT(ITFR) 
IF((TLEFT-TITER).LT.0.0) GOTO 500 
Do 5000 j=1.mPT 
DO 9000  =1 ,NRT 
rs1( I. J)=PSI I ( I •J) 
7rTA(I$J)=ZFTA1(I,J) 

5000 CONTINUE 
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NIP=NIP+1 
IF(NIP.NE.NDIP) GO TO 750 
CALL PRES 
Wp1TE(6$104) NITFRICPSEC,DSEC•NUPV•NUPSTICDP 

104 FoRmAT(5X*6HNITEo=,I4,2X,6HCPSEC=.E7.3.2X19NDSEC=qF6.3,2x, 
15HNUPV=.13.2X+6HNUPST=,I312X44HCDP=4GI2.5) 
NTP=0 

750 CONTINUE 
NW=NW-4-1 
1E(NW.E0.NOW) GO TO 800 
GO TO 801 

800 NW=O 
C*****WDITE OUT PARTIAL RESULTS 

Wt  
700 FoRMAT(1H1) 

WPITF(64CO2)NITER 
802 FopmAT(/20X121HRESULTS FOR ITERATION.14/) 

CALL RESULT 
801 CONTINUE 

ITER=ITER4-1 
NITER=NITER+1 
GO TO 200 

c*-**** 
C*****TIME LIMIT IS REACHED---WRITE OUT FINAL RESULTS 
500 CONTINUE 

DO 6000 J=IIMPT 
DO 6000 I=14NPT 
Psi(11J)=PSII(ItJ) 
Zt-TACIvJ)=ZETAI(I4J) 

6000 CONTINUE 
NITER=NITER4-1 

c***** 
C*****IcP7=0 MEANS WE WRITE THE CONVERGED RESULT ON A TAPE 

Ir(ICP7.E0.0) 	ICP6=0 
CALL RESULT 
CALL WPTAPE 
WPITE(61901)JTAP 

501 FORmAT(9Xt21HDATA WRITTEN ON TAPE .11) 
STOP 
END 



SUBROUTINE PARAM 
c***** 
C*****THIS SURPOUTINE SETS UP ALL THE CONSTANTS AND PARAMETERS NEEDED 
C**4!-**IN THE COMPUTATION 
c***4;* 

COMmON/CONST/PI,FRS9EPSIIRE 
COMMON/MESH/ALoAK,MINTINTNT*MPTINPTvMNINT,NDTETA 
COmMON/CNTROL/ICPIIICP2IICP3,NUPVINUPSTMUPtNISE•MNISE,NITER• 
ITIME*cPSEC,NWINDw.ND/p 
COMMON/PELFAC/OM40MVtRHOsA 
COMMON/TAPE/ITAP,jTAP0NTAP 
COmMON/EILE/ICP7tIFILF 
COmmON/CSTCOE/RO4F14C0eC1eC2tE04E1 
COMMON/APP/ICP5*DP 1 (51)qDP2(31),DP3(51),VT(31),CDP 
COmMON/NCTOUR/ICPEONC4NC14NCVOR 

C* **** 
C*****SFT UP TAPE PARAMETERS 

ITAP=I 
JTAP=1 
NTAP=2 
Ir1LE=1 

C***** 
_ C****SrT UP CONTROL PARAMETERS 

P==10.0 
ICP2=0 

ICP5=0 
1CP6=1 
ICP7=0 
TIME=1000. 
CPSEC=000 
MuP=0 
MNISF=200 
NnW=p00 
NnIP=5 

c***** 
C- ;:4-* 	UP ACCELERATION FACTOR 

ppo=10000. 
c**-±:** 
C*****S;=T UP CONSTANTS 

PT=3•141592654 
EPS=1.0E-03 
EPSI=100E-03 

c***** 
C*****St7T UP GRID PARAMETERS 

M =10/30. 
t<=0.0125 
MINT=E0 
NtNT=30 
moT91 
NPT=31 
MwINT=NINT/241 
NOTETA=6 
A=10/AL**24.10/AK**2 

C ***** 
C*'4**SET UP CONTOUR PARAMETERS 

NC =33 
NcI=10 
NCVOR=2'.i 

298, 
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- C***** 
C*****COMPUTF RELAXATION FACTOR FROM RUSSEL AND FRANKEL FORMULAE AND 
C*****TAKE AVERAGE 

C'-'****RUSSFL FORMULA ' 
ANPT=FLOAT(NPT) 
AMPT=FLOAT(MPT) 
6A=16/ANPT**2+1./AMP7**2 

B=SORT(BA) 
OMR=20/(1‘.4-PI*R/1.414214) 

C*****FRANKFL FORMULA 

T=COS(PI/ANPT)+COS(PI/AMPT) 

ALPHAr,(2.—SORT(4.—T**2))/T**2 
OmF=4**ALPHA 
Om=(OMF4-0MR)/2e 
OmV=069 

C***** 
C*****CALCULATE CONSTANT COEFFICIENTS FOR THE TRIDIAGONAL SYSTEMS 

BO=RH04-4.0/(RE*AL**2) 
. B1=RHO-4.0/(RE*AK**2) 

CO=4•0*AK*AL 
CI=2.0/(RE*AL**2) 
C2=260/(RE*AK**2? 
FO=PH04.4.0/(RE*AK**P) 
F)=RHO-400/(RE*AL**2) 

C***** 

RrTURN 

END 

SUBROUTINE RDTAPE 
c***** 

C*****THIS SUAROUTINE READS DATA FROM PREVIOUS ITERATION OR FROM 
C*****PpEVIOUS SOLUTION 
c***** 

COMMON/MESH/AL4AKsMINToNINT,MPT.NPT,MNINTsNOTETA 

COMMON/STRFUN/PSI(31491)IPSI1(31v51) 
CnMmON/VORT/7_ETA( -41,911),7_ETA1(3141) 
COMMON/GRID/E(51),XI(91)4R(51),ETA(31),TETA(31)4NTETA(31) 
COMMON/CNTROL/ICP141CP29ICP3,NUPV,NUPST,MUP;NISE,MNISF,NITER, 

1TIME,CPSEC,NWINDW4NDIP 
COMMON/TAPE/ITAPI.JTAPeNTAP 
RrWIND ITAP 
READ(ITAP)(E(J)eXI(J)cR(J)sJ=IIMPT) 
RFAD(ITAP)(ETA(I).TETA(I)qNTETA(I)qI=1,NpT) 
RrAD(ITAP)((PSI(I4J)sI=IINPT),J=1,MPT) 

READ(ITAP)(C2FTA(I4J)•I=ItNPT)tJ=11.MPT) 

READ(ITAP)NITERWW 

PrTURN -- 
END 
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SUBROUTINE EXTLIF 
c***** 
C*****THIS SUBROUTINE CALCULATES THE SOLUTION FOR THE STREAM FUNCTION 
C*****EOUATION USING EXTRAPOLATED LIEBMANN METHOD 
C***** 

DIMENSION APSI(31'51)*APS/1(31451) 
COMMON/CONST/PIqFPS4FPSIIRE 
COMMON/MESH/AL4AK.MINTININTaMPTINPT.MNINTaNDTETA 
COMMON/STRFUN/PSII31.51/tPSI1(31451) 
COMMON/VORT/ZETA(!,0,51)4ZETAI(31951) 
COMMON/GRIO/EI51)0X1(51).R(51),ETA(31)+TETA(31),NTETA(31) 
COMMON/CNTROL/ICP1fICP2,ICP3,NUPVINUPST.MUP4 NISFIMNISFINITER,  
1TIME4CPSEC,NW,NDW9ND/P 
COMMON/RELFAC/OMsOMVeRHOIA 
NISF=0 

C) **** 
C*****cOMPUTATION OF THE STREAM FUNCTION 

DO 2001 J=14MPT 
DO 2001 1=14NPT 
APSI(I,j)=ps/(I,J) 
APSI1(1tJ)=PSI(Isj> 

2001 CONTINUE 
_ 2005 CONTINUE 

DO 2000 J=2.MINT 
DO 2000 I=2,NINT 
APSIIII,J)=(1e-OM)*APSIII4JWOM/(2o*A))*((APS11(I-1.J)-0- 
lARSIII4-14JWAL**2+(APSII(I,J-1)+AR51(1$J4-1))/AK**2 
2-ZETA1(I4J)*(E(J)**2)/ 

2000 CONTINUE 
C***** 
C*****TEST ON TWO CONSECUTIVE VALUES OF THE STREAM FUNCTION USING 
c-:t****RELATIVE ERROR 

NuRST=0 
DO 2002 J=2,MINT 
DO 2002 I=24NINT 
IFIABSIAPSIIII,J31.F0.0.0) GO TO 2002 
EPROR=ABSCAPS11(1,-0-APSI(ItJ))/ADSIAPSI1(I 4J)/ 
IFIERRORoLT.ERSI GO TO 2002 
NUPST=NUPST+1 

2002 CONTINUE 
C***** 
c*****Ir ALL ITERATIONS HAVE CONVERGEOcRETURN,OTHERWISE CONTINUE CALCULATION 

IF(NURST,FO.MUR) GO TO 3000 
DO 2003 J=IoMPT 
DO 2003 1=1.NPT 
ARSI(I*J).APSTI(I,J) 

p003 CONTINUE 
NISF=NISF+1 
IF(NISF0GT0MNISF) ICR1=1 
IF(ICP16E0e1) GO TO 3000 
GO TO 2005 

c***** 
C* -***ALL ITERATIONS HAVE CONVERGED 
3000 CONTINUE 

00 2004 J=I,MRT 
oo 2004 i=1,NRT 
RSII(ItJ)=ARS11(14-) 

2004 CONTINUE 
RETURN 
END 
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SUBROUTINE GRIDPT 
c***** 

C*****THIS SUBROUTINE PROVIDES THE COORDINATE VALUES FOR EACH MESH 
C**** POINT OF THE GRID 
C***** 

COMMON/CONST/PisEpS,Epsi.RE. 
CoMMON/MESH/AL.AK,MINT,NINT,mPT.NPItMNINT,NDTETA 
COMMON/GRID/E(51),XI(51),R(51),ETA(31I,TFTAI3lIoNTETA(31) 

c***** 	• 

C* ***BUBBLE SURFACE 
ETA(1)=0.0 
TPTA(1)=0.0 
NTETA(I)=0 
XI(1)=0.0 
P(11=1.0 
E(1)=PI 

c***** 

C*****OUTER BOUNDARY 
ETA(3I1=1.0 
TFTA(31)=PI 
Xy(51)=0.625 
p(51)=EXP(PT*X1(51)) 
E(51)=PI*R(511 

c***** 

C* ****ANGULAR-  COORDINATES 

DO 1000 I=1,NINT 
ETA(I)=AL*FLOAT(j-1) 
TFTAII1=ETA(I)*PI 
NTETA(I+1)=NTETA(I)+NDTETA 

1000 CONTINUE 
c***** 

c*****RADIAL COORDINATES 
DO 2000 J=24MINT 

XT(J)=AK*FLOAT(J-1) 
R(J)=EXPfPIKXI(J)) 
/77(j),pl*R(J) 

2000 CONTINUE 
RETURN 
END 
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SInROUTINE RCVORT 

C*****THIS SURROUTINE COMPUTES THE VALUES OF THE VORTICITY AT THE 
C -**RUBBLE SURFACE FROM THE VALUES OF THE STREAM FUNCTION NEAR THIS 
c**30**SURFACE 
C***** 

COMMON/CONST/PItEPS,EPS14RE 
COMMON/mESH/AL.AK.MINT.NINT,mPT%NPT,MNINTiNDTETA • 
COmMON/STRFUN/PS1(31t51),PSI1(31451) 
COMMON/VORT/ZETA(31,51).ZETA1(31'51) 
COMmON/CNTROL/ICP1tICP2,1CP34NUPViNUPST,mUP,NISFIMNISF4NiTER4 . 
1TIME4CPSEC,NW4NowtNDIP 
COmMON/RELFAC/OM,0MV,RHO+AA 

c***** 
C*****FoUR POINTS FORMULA IS USED 

D=((3'i.*AK)/PI+IR.*(AKn  
DO 1000 I=14NINT 
ZrTA1(1q1)=(108.*PSI1(142)-27.*PSI1(I•3)+4.*RS11(1,4))/D 

1000 CONTINUE 
ZETAI(NPT41)=0.0 

c***** 
c*****1F POTENTIAL FLOW STARTING CONDITIONIRETURN4 
C*****OTHERWISE UNDER-RFLAXE SURFACE VORTICITY 

IF(ICP30E0.0) RETURN 
Do 1001 I=1,NINT 
ZETA1(1,1)=(1.-OMV)*ZETA(I.1)4-0MV*ZETA1(I41) 

1001 CONTINUE 
RETURN 

F:ND 

SUBROUTINE START 
c***3.:-* 
c****4,,THIS SUBROUTINE COMPUTES THE VALUES OF THE STREAM FUNCTION AND 
C****%'OF THE VORTIC1TY FOR THE BEGINNING OF THE CALCULATION 
C***-**(I.F. POTENTIAL FL OW  CONDITION) 
c***** 

COMMON/cONST/PI.FPS4FPS19RE 
COMMON/MESH/AL‘AK,MINT,NINT4MPTANPT,MNINT,NDTETA 
COMMON/STRFuN/OPSI(31451)10PSI1(3151) 
COMMON/VORT/0ZETA(31051)+OZETA1(31.51) 
COMMON/GRID/E(51) , XI ( 51 ) IR(51 I yETA (31 ) 'TETA( 81 ) eNTETA( 31 ) 

c***** 
C**** STREAM FUNCTION 

Do 1000 J=14YPT 
DO 1000 1=14NINT 
02S1(ytJ)=CEXP(pl3,X1(J))-EXP(-Pi*X1(J)))*SIN(TETA(I)) 
OpS11(I■j):::OpS1(1.J) 

1000 CONTINUE 
DO 3000 J=14MPT 
OPSI(NPT4J)=000 
OpSI1(NPTIJ)=000 

3000 CONTINUE 

C.)***-vVoRTICITY IS 0.0 FVERywHERE 
DO 2000 Jr--:IimPT 
DO 2000  I=14NPT 
O7FTq(I4J)=0.0 
07ETA1(1,j)=0.0 

2000 CoNTINUE 
RETURN 
END 
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SUBROUTINE ADI 
C***** 
C*****THIS SUBROUTINE CALCULATES THE VORTICITY FIELD FOR A NEW ITERATION 
C****1UsING PEACEMAN AND RACHFORD ALTERNATING-DIRECTION IMPLICIT 
C*****mrTHoD 
c***+* 

COMMON/cONST/PI,EPSsEPSI'RE 
COMmoN/MESH/ALiAK,MINT.NINTWPT,NpT4MNINT,NDTETA 
COMMON/STREUN/PS!(31,51)GPSI1(31451) 
coMmON/VORT/ZETA(11.51).ZETA1(31,51) 
CoMMON/GRID/EE(51) ,, x/(51)+R(51)0ETA(31)tTETA(31),NTETA(31) 
COMMON/CNTROL/ICRIIICP2tICP3,NUPVsNUPST,MUPINISFIMNIsEINITER: 
1TIME.CPSEC4NW•NDWeNDIP 
COMMON/RELEAC/OM,0MVtRHOtAA 
COMmoN/cSTc0E/B0,n1scOICItc25E0tF1 
COMMON/COEF/X(51)*Z(511tD(51).Y 
CoMMON/SOL/V(51) 
COMMON/LOOP/MK 
DIMENSION 	A(31451)9C(31■51),E(31451)tG(31*511,41(31 4S1)+ 
1E1(31*51)+G1(31051)+ALPHA(31151),BETA(3I9511 1ZETA2(31 4511t 
2c11(314.91) 
EOUIVALENCE(ALPHAsBETA)9(AvE1),(CqG1)9(AlgE),(C11%G) 
IcP4=0 
MmINT=MINT-1 
NNINT:,NINT-1 
VAL2=ABS(a0) 
VAL4=ADSCE0) 

c***** 
C*****VARIABLE COEFFICIENTS IN THE TRIDIAGONAL SYSTEM 
C*****---FIRST DIRECTION 

Do 1000 J=2,mINT 
DO 1000 I=2;NINT 
AtI,J)=-((PSICI,J4-11-PSI(11J-1))/C04-C1) 
C(I,J).(PSI(I,J+1)-PSI(IqJ-1))/CO-C1 
Al(IqJ)=-1(PS1(1+1*J)-PSI(1-11J)1/C0-C2) 
C11(1qJ)=IpSi(I+1,-1)-PS1(1-14J11/c0+C2 

1000 CONTINUE 
c***** 
Ci(****TEST ON THE VALUES OF THE COEFFICIENTS OF THE TRIDIAGONAL 
C***-1:*SySTEm---FIRST DIRECTION 

DO 1001 1.2,NINT 
DO 1001 J=2IMINT 
Ir(I.F0.2.0R.I0FO.NINT) GO TO 500 
VAL1=AnS(A(I,J))+ABS(c(1,J)) 
GO TO 501 

500 TE(I.E0,NINT) GO TO 502 
VAL1=ABS(C(2,J)) 
GO TO 501 

502 vAul,.:ABS(A(NINTAJ)) 
501 IE(VALI.GE.VAL2) 1CP4=1 
1001 CONTINUE 

IF(ICP4.E0.1) GO TO 32 
GO TO 33 

C1,*=k4i*IE TEST IS WRONG SET ANOTHER ACCELERATION FACTOR 
32 WDITE(6q570) NITER 

570 FOPMAT ( ..:5X 4 'ACCo rACe  wRONG1,5XifNITER= 0 413) 
STOP 
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C*****WP START UPDATING THE VORTICITY FIELD AT THE FIRST HALF STEP 
C*****---ROW BY ROW 
33 MK=NINT 

Y=F10 
DO 2000 J=201INT 
ALPHA(24J)=A1(20J)*ZETAIPqJ-1)1-B1*ZETA(2$J)+C11(24J)*ZETA 

1(2eJ+1)—A(2,J)*ZETA(1 4 J) 
ALPHA.(NINTsJ)=AI(NINTsJ)*ZEETA(NINTsJ-1)+RI*ZETA(NINTsJ)+C11 
1(NINT,J)*ZETA(NINTIJ+1)—C(NINTIJ)*ZETA(NPT,J) 

DO 100 1=3vNNINT 

ALPHA(I.J)=A1(I,J)*ZETA(IoJ-1)+BI*ZETA(I,J)-1- C11(1 1J)*ZETA( 1 4 J4- 1) 

100 CONTINUE 
D0101 1=2ININT 

X(I)=A(IIJ) 

7(1)=C(I4J) 
D(1)=ALPHA(I$J) 

101 CONTINUE 
CALL TRIDIA 
DO 2000 I=2,NINT 

ZETA2(1*—)=V(11 
2000 CONTINUE 

DO 2001 j=leMPT 

ZETA2(19J)=0.0 .  
ZETA2(NPT+J)=000 

2001 CONTINUE 
C***** 

C*****THE VALUES OF THE VORTICITY AT THE WALL AT HALF STEP ARE 

C*****TAKEN EQUAL TO THE PREVIOUS VALUES 

DO 2002 1=2cNINT 

ZrTA2(I41)=ZETA(1,1) 
ZPTA2(14MPT)=000 

2002 CONTINUE 
C***** 

C*****VARIABLE COEFFICIENTS IN THE TRIDIAGONAL SYSTEM 

C**** ---SECOND DIRECTION 
DO 1002 J=2tM/NT 

DO 1002 I=2cNINT 
E(1,J)=—A1(14J) 
G(I.J)=—C11(10J) 
El(I,J)=—A(I,J) 

GI(IIJ)=—C(11J) 
1002 CONTINUE - 

C***** 

C-1;-*Tr.ST ON THE VALUFS OF THE COEFFICIENTS OF THE TOIDIACONAL 

C****-xSySTFm---SECOND DIRECTION 
DO 1003 J=2tMINT 
DO 1003 1=2.NINT 
IF(J0E002.0P.J.E0.MINT) GO TO 600 

VAL2=ABS(E(I4J))+ABS(G(I1J)) 

GO TO 601 
600 IF(J.F0“,11NT) GO TO 602 

VAL.3=ARS(G(1.2)) 

GO TO 601 
60? VAL3=AAS(F(1,MINT)) 

601 Ir(VAL.3.GEoVAL4) ICP4=1 

1003 CONTINUE 
IF(ICP40F001) GO TO 32 

C*- **'N 	START UPDATING THE VORTICITY FIELD AT THE SECOND HALF STEP 
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C*****--- COLUMN BY COLUMN 
MK=MINT 
YrF0 
DO 3000 1=24NINT 
BFTA(I42)=E1(142)*ZETA2(1-142)+F1*ZETA2(I12)+G1(142)*ZETA2(1-1-142) 
1-F(I42)*ZETA2(141) 
BETAII4MINTIrE1(14MINT)*ZETA2(1-14MINT)+F1*ZETA2(14MINT)+ 
1G1(14MINT)*ZETA2(1+1+MINT)-G(I4MINT)*ZETA2(I.MPT) 
DO 200 j=34MMINT 
BETA(14J)=E1(I4J)*ZETA2(1-1+J)+Fl*ZETA2(14J)+G1(14J)*ZETA2 

1(I-1- 1.J) 
200 CONTINUE 

DO 201 J=2eMINT 
X(J)=E(I4J).  
Z(J)=G(I4J) 
D(J)=BETA(14J) 

201 CONTINUE 
CALL TRIDIA 
00 3000 J=24MINT 
ZFTA1(I4J)=V(J) 

3000 CONTINUE 
DO 3001 J=14MPT 
ZETA1(1,J)=0.0 
ZFTAI(NPT4J)=.0.0 

3001 CONTINUE 
C***** 
C*****Ar,AIN VALUES OF THE VORTICITY AT THE WALL APE TAKEN EQUAL TO THF 
C*****PoEVIOUS ONES---THE NEW VALUES WILL BF CALCULATED FURTHER FROM 
C*****VALUES OF THE STPEAM FUNCTION NEAR THE SURFACE 

DO 3002 I=24NINT 
ZETAI(I41)=ZETA11411 
ZETA1(IIMPT)=0.0 

3002 CONTINUE 
c***** 
C*** **THE VALUES OF THE STREAM FUNCTION AT THE NEW STEP ARE NOW COMPUTED 

ICP1=0 
CALL EXTLIE 
IF(ICPI.E001) RETURN 

c***** 
C*****THE VALUES OF THE VORT IC I TY AT THE SURFACE ARE NOW COMPUTED 

CALL BCVORT 
c***** 
C***** TEST ON THE VALUES OF THE SURFACE VORTICITY 

IrR2=0 
NUPV=0 
DO 4000 I=24NINT 
EPROPI=ABS(ZEIA111 4 1)-ZETA(I41))/ABS(ZETA1(1 4 1)1 
IF(ERROP14LT*EPS1)- GO TO 4000 
NuPV=NURV+I 

4000 CONTINUE 
IENNUPVoGT*MUP).0P.(NUPST.GTcMUP)) ICP2=1 

c***** 
C*****IF ICR2=0  ALL THE POINTS OF THE GRID HAVE CONVERGED 

IcP2=1 
PFTURN 
END 



SUBROUTINE TRIDIA 
c***** 
C*****THIS SUBROUTINE CALCULATES THE SOLUTION OF A SET OF LINEAR 

C** **EQUATIONS WHEN THE MATRIX IS TRIDIAGONAL. 
c***** 

DIMENSION DETA(51)+GAmMA(51) 
COmmoN/COFF/A(51).C(51).D(51).B . 

COMMON/SQL/V(51) 
COMMON/LOOP/MK 

C ***** 

C*****+cOEFFICIENTS OF THE TRIDIAGONAL MATRIX. 
BETA(2)=B 
GAMMA(2)=D(2)/BETA(2_) 
DO 100 K=3.MK 
BETA(K)=B-(A(K)*c(K-1)1/BETA(K-1) 
GAMMA(K)=(D(K)-A(K)*GAmMACK-1»/BETA(K) 

100 CONTINUE 
c***** 
C* ***SOLUTION FOR THE VECTORS 

V(MK)=GAMMA(MK1 

DO 200 K=I.NK 
KK=MK-K 
V(KK)=GAMMA(KK)-(c( KK)*V( KK-1-1))/BETA( KK) 

200 CONTINUE 
RETURN 
END 



SUBROUTINE RESULT 
c***** 

C*****THIS SUBROUTINE PRINTS OUT RESULTS FOR THE VORTICITY AND THE STREAM 
C*****FUNCTION 
C*****IT ALSO CALLS THE SUBROUTINE WHICH CALCULATES THE PRESSURE 
C*****DISTRIBUTION AND THE DRAG COEFFICIENT 
c***** 

COMMON/CONST/PI.EPS.EPS1.RE 
COMMON/MESH/AL.AKIMINTeNINT.MPTeNDT.MNINT.NDTETA 
COMMON/STRFUN/PSI(31.91).PSI1(31.51) 
COMMON/VORT/ZETA(91.51)+ZETA1(31451) 
COMMON/GRID/E(51).X1(51).R(51).ETA(31).TETA(31).NTETA(31) 
COMMON/CNTROL/ICP1•ICP2. ICP3.NUPV.NUPST tMUP.NISF. MNISF .NI TER, 
1TTME.CPSEC.Nw.NDW.NDIP 
COMMON/RELFAC)OM,0MV.RHO.AA 

COMMON/APP/ICP5.DP1(51),DR2(3I)0DP3(51).VT(31).CDP 
COMMON/CTOUR/CSF(33).CR(31.33),DSFR(31.33).DSFT(31.33), 
1CRT(31.33)cCSFN(10).NTETAI(33)4NTETAS(33) 
COMMON/CTOUR1/CRTV1(31.25).CRTV2(31.25).CRT1(16.10)+CRT2(16.10) 
COMMON/NCTOUR/ICP6INC■NC1INCVOR 
COMMON/VCTOUR/CVORT(25) 
COMMON/DRFT/XD(31.33).YD(31,33).TD(31133) 

C***** 

C*****wpITE OUT STREAM FUNCTION VALUES 
WRITE(6.1) 
NT =8 
NP=MOD(MPT,N1) 
NN=MPT—NR 
DO 100 N.laNN.NI 
N1=N+NI-1 
WBITF(612)(R(J)•J=NvN1) 
WpITE(6.3)(NTETA(I)1(PSI(I.J)1J=N,N1),I=1.NPT) 
WRITE(6,5) 

100 CONTINUE 
NM=NN+1 
WRITE(6.4)(R(J).j=NM.MPT) 
WPITE(6,6)(NTETA(T).(PSI(I.J),J=NM,MPT)+1=1,NPT) 
WRITE(6.5) 
WRITE(6.10). 

c***** 

C*****WRITE OUT VORTICITY VALUES 
DO 200 (.1:71.NNeN1 
N1=N+NI-1 
WPITE(6.2)(R(J1 ,j=N.N1) 
WRITE(613)(NTETA(1).(ZETA(I.J).J=N,N1),I=1.NPT) 
WRITE(6.5) 

200 CONTINUE 
WRITF(6.4)(R(J).J=NMIMPT) 
WRITF(6.6)(NTETA(1).(ZETA(I.J).J=NM.MPT).1=1.NPT) 
WRITE(6.5) 
WoITr-'(6.11)0M.OMV.PHO 
WRITE(6t12)ICP14ICP2sICR3tNUPV.NUPSTINITER.TIME,CPSEC 

1 	FORMAT(//50X427HF,TREAM FUNCTION COORDINATES/48X*31(1H1( )/) 
2 FoR5AT(8X,8(5x.2HR=tF66242x)) 
3 FORMAT(2X.13.1H*42X.8G15.5) 
A FORMAT(BX.3(5X.2HR=IF60212X)) 
5 FORMAT(//56X42D(1H*)//) 
6 FORMAT(2X.13.1H*IpX.71G15v5) 

10 FORMAT(1H1//BOX,21HVORTICITY COORDINAIES/ABY,.25(1H*)/) 
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11 FORMAT(////13X+3HOM=4E114,445X+4HOMV=IE1104i5X.4HRHO=.E12e5) 
12 FORMAT(//5X45HICP1:---s1143X15HICP2=4I1+3X.5HICP3=.1I.3XISHNUPV=tI3. 

13Y16HNUPSTt=413/3X,6HNITER=41443X45HTIME=.F4.0,3X+6HCPSEC.,F7.3) 
C***** 
C*****IcR5=0 MEANS WE CALCULATE THE PRESSURE DISTRIBUTION 

IF(ICP5.E001) GO TO 500 
CALL PRES 
WPITE(6,55) 
WRITE(6453) 
WRITF(6,50)(R(J),DP1(J),DR3(j)vj=1.MPT) 

WPITE(6;54) 
WRITE(6.51)(NTETA(1)4DP2( I)4 VT(I)'1,7 1 ,NPT) 
WRITE(6,52)PE4CDP 

50 EORMAT(I7X4F6.2,  17X.G12.5,17X4G12c5) 
51 	FORMATC20X413,16X,012.5t15XiG1205) 
52 FORMAT(720X43HPF=.F501,5X44HCDP=0G12,5) 
53 FDRMAT(/20X,IHR,20X48HDP AeOVE$20X,BHDP BELOW) 
54 FoRmAT(/2ox,4HTETA.2ox,2HDpi20x.10HTANG. VEL.) 
55 FORMAT(//30X434HPRESSURE DISTRIBUTION — DRAG COEFe/26Xs39(1H*)) 

C***** 
C*****ICP6=0 MEANS WE NOW COMPUTE THE STREAM FUNC1ION CON1OURS AND 
C4****THE DRIFT PROFILE 
500 IF(ICP6tE0o1) RETURN 

CALL CNTOUR 
CALL DRIFT 
Rt7TURN 
END 
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SuBROUTINE PRES 
c***** 
c*****THIS SUBROUTINE EVALUATES THE PRESSURE CHANGES ALONG THE AXIS OF 
C*****THE MOVEMENT OF THE BUBBLE AND AROUND THE BUBBLE SURFACE. 
C*****IT ALSO EVALUATES THE PRESSURE DRAG COEFFICIENT, 
C***** 

DIMENSION VR(5)),E(51).VAL(51)sG(31)4ANVALt31/sAvR■511sHtB11. 

IAVAL(91)- q)(11.4).D2(31) 
COMMON/CONST/PIcEPSsEPS1tRE 
COMMON/MESH/AL,AK,MINTiNINT,MPT.NPTIMNINTsNDTETA 

COMMON/STRFUN/PSI(31.511sPSI1(31451) 
COMMON/VORT/ZETA(31451)eZETA1(31s51) 

COMMON/GRID/E(511 ,XI(51),R(511 ,E1A(31),TETA(31)*NTETA(31) 
COMMON/APR/ICP5.DP1(51)sDP2(31),DP3(51).VT(31),CDP 

C***** 

C*****ARPROXIMATIONS TO DERIVATIVES 

DO 1000  J=IIMPT 
VP(J}=(1fI,*PSI(24J)-9, *PSI(34J)+2.*PS1(44J)1/(60*AL) 
F(J)=C1B.*ZETA(21J)-9. *ZETA(3,J)+2.*ZETA(44J))/(6.*AL) 

AVR(J)=(-18.*PSI(NPT-1 sJ/4-90 *PSI(NPT-2.J)-2.*PSI(NPT-3sJ))/(6.*AL) 
H(J)=(-18.*ZET4(NPT-1. J/A-90*ZETA(NPT-2.J)-2.*ZETA(NPT-3,J))/ 

Ifflo*AL) 

1000 CONTINUE 
DO 2000I=1INPT 
VT(I)=(180*PS1(1,2)-9.*PSI(I.3)42.*PSI(I+4))/ 16.*AK*PI/ 
G(1)=(-11,*ZETA(141)+180*ZETA(Is2)-9,*ZETA(Is3/4-2,*ZETA(1 ,4))/ 

1(60*AK) 
2000 CONTINUE 
C***** 

C*****PRESSURE ALONG THE AXIS ABOVE THE BUBBLE. 
VAL(1)=((F(MINT)+E(MPT))*AK)/20 

DO 1001 J=2,MINT 

J1=MINT—J 
VAL(J)=VAL(J-11+C(F(J1+))+F(J14.2))*AK//2. 

1 001 CONTINUE 
DO 1002 J=2sMINT 
DRI(J)=1.—(VR(J)/E(J))**2+(4./RE)*VAL(MPT—J) 

1002 CONTINUE 
DPI(MPT).060 
DP1(1)=1.1-(4./RE)*VAL(MINT) 

AKO=DP1(1) 
c***** 

C* *,,*PDESURE AROUND THE BUBBLE SURFACE. 

ANVAL(I)=0,0 

DO 2001 17,21NPT 
ANVAL(I)=ANVAL(I-1)+(tG(I)+G(1-1//*AL//20 
Dr2(11=AKO—VT(I)**2A-(4./RE)*ANVAL(I) 

2001 CONTINUE 
DD2(1)=AKO 

AK1=DP2(NPT) 
c***** 

C*****PRESSURE ALONG THE AXIS BELOW THE BUBBLE. 

AVAL(1)=NH(1)+H(2))*AK /2,0 

DO 3001 J=PIMINT 
AVAL(J)=AVAL(J-1)-0(H{J )+H(J+1))*AK)/2.0 
DP3(J)=AK1—(AVR(J)/E(J) )**?—(4./RE)*AVAL(J-1) 

3001 CONTINUE 
DD3(I)=AK1 
D231MPT1=0.0 
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C ***** 

C*****ppESSURE DRAG COEFFICIENT 
DO 5000 I=24NINT 

DO 5000 J=144 

D(I4J)=CPSI(I4-14J)-R51(1-14J))/(2.*AL) 
5000 CONTINUE 

DO 5001 J=144 

D(14J)=WSI(24J)-PSI(I4J))/(2.*AL) 
D(NPT4J)=(PSI(NRT4J)-PSI4NRT-14J))/(2.*AL) 

5001 CONTINUE 
DO 6000 1=I4NPT 

Dp(1)=(-11.*D(141)-1- 16.*D(142)-9.*D(I43)+2.*D(I44))/(6.*AK) 
6000 CONTINUE 

YVAL=l( D2(1)+D2_(2))*AL)/2. 
XvAL=t(DR2(1)+DR2(2)*c0S(PI*AL))*AL)/24 
DO 7000 I=24NINT 

YVAL=YVAL4-(1D2(1)4-D2(Ii-1))*AL)/2. 
XvAL=XVAL-4 ((DP2(1)*COS(IETA(I))+DP2(I4-1)*COS(TETAil-1-1)))1rAL)/2. 

7000 CONTINUE 

CDP=PIXVAL-(8.*YVAL)/(RI*RE) 
RETURN 

END 
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SUBROUTINE CNTOUR 
C***** 

C*****THIS SUBROUTINE COMPUTES THE VALUES OF THE STREAM FUNCTION 
C*****CoNTOURS AND THE otRIVATtvES OF THE STREAM FUNCTION 
C*****IT ALSO COMPUTES THE VORTIC1TY CONTOURS 
c***** 

COMmON/CONST/PItFpStEPS14RE 

COMMON/MESH/AL.AK.MINTiNINT4mPT,NPT,mNINT+NDTETA 
COMmON/STRFUN/PS1(31451)tPS11(31.11) 
COMMON/VORT/ZETA(31'51)tZETA1(31451) 

COMMON/GRID/E(51),x1(9114R(51) 4ETAk31)4TETA( 31).NTETAi31) 
COMMON/CTOUR/CSF( -33),CP(31,33)4OFRt31433)10SFT(31133)• 
1CRT(31,33),CSFN(10),NTETAI(33),NTETAS(33) 

• COMMON/CTOUR1/CRTV1(31425),CRTV2(31+25),CRT1(16*101vCRT2(16,10) 
COMMON/NCTOUR/ICP69NCINC1tNCVOR 
COMMON/VCTOUR/cVopT(25) 

COMMON/INTERG/NI(33)iNS(33) 
c***** 

C*****STRFAM FUNCTION CONTOURS 

DO 2000 K=1,NC 
ICP=1 
CPT(14K)=0.000 
CPT(NPT,K)=0.000 

NI(K)=2 
NS(K)=N1NT 

NTETAI(K)=6 
NTETAS(K)=174 
DO 1000 I=204INT 
DO 3000 J=1;MINT 

IFUCSE(K).GE.PS1(11J)).AND.(CSF(K).LE.PS/(11J+11)) GO TO 100 

IP'(J.EO.MINT) GO TO 200 

3000 CONTINUE 

200 Ir(/CP6E0.2) GO TO 201 
NTETAI(K)=NTETA(1+1) 

N1(K)=I+1 
CPT(IIK)=0.000 

GO TO 1000 
201 NTETAS(K)=NTETA(1-1) 

Ns(K)=I-1 
CRT(I,K)=0.000 

DO 2011 L=I4NINT 
CpT(LIK)=0.000 

2011 CONTINUE 
GO TO 2000 

1 00  DSFR(14-K)=(PS1(14J+11-PSI(I4J))/AK.  
C2(1,K)=X1(j)4(cSF(K)-PSI(1,J))/DSFR(14K) 
CRT(14K)=EXP(P1*cp(I.K)) 

Di=(PSI(1+1•J+1)-PSI(I4-1*J))/AK 
P1=PSI(14-1.J)+0I*(CR(I4K)-Xl(J)) 

02=CPSI(1-1tJ+1)-P=3I(1-11J))/Ar. 

P2=PS1(1-14J)-1-D2*(CR(ItK)-x1 ( J)1 
DSFT(1o<)=(PI-P2)/(2.4,- AL) 

ICP=2 
1000 CONTINUE 
2000 CONTINUE 

C*** :K. * 
C***-z*wDITF OUT STREAM FUNCTION CONTOURS 

WDITF(6o-i00) 

500 FORMAT(1H1) 
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WPITF(6v501) 
501 FORMAT(50X,24HSTRFAI'1 FUNCTION CONTOURS/46X.26(1)-{*)/) 

KI=9 
KP=MOD(NC.KI) 

KN=NC—KR 

DO 10 K=I.KNeKI 
K1=K+KI-1 

WPITE(611)(CSF(KK)*KK=K4K1) 
WPITF(692)(NTETAMI(CRT(I+KK),KK=K.K1)41=1,NP1) 
WPITE(6,3) 

10 CONTINUE 
KM=KNA-1 

1,JITE(644)(CSE(KK)*KK=KM,NC) 

WRITE(645)(NTETA(1),(CRT(IIKK),K.N=FsmINC)II=lvNPT) 
WRITE(6.31 

1 FORMAT(8X,9(7HCONTOUR.XvF402,X)) 

FORMAT(2X.1341Hit.pX,9G13.4) 
3 FORMAT(//56X120(1H*)//) 
4 FORMAT(8X96(7HCONTOUPIX.E4.20X)) 

5 FORMAT(2X913$1H*.pX,6G13.4) 
WDITE(6.7) 

7 FORMAT(//5):43HcSFT5X45HTPTAI,5X45HTETAS•5X.2HNI45X42HNS/ 
15X,3(1H*)45X,5(1H*)t5X+5(1H*)15X.2()H*).5X42(1H*)) 
WRITE(6‘6)(CSF(K)eNTFTAI(K).NTETAS(K)9NItK)■N(K)4K=I+NC) 

6 FORMAT(5X1E4.2•5X.13.7X.1345X41246X.12/ 
C****.* 

C*****CONTOURS FOR NEGATIVE VALUES OF THE STREAM FUNCTION 
00 9005 K=1.NCI 
CPTI(MNINT,K)=0.000 
CPT2(MNINTiK)=0,,000 
DO 9001 	1=mNINTININT 

II=I—NINT/2 
DO 9002 J=14M1NT 
IFf(CSEN(K).LE.RSI ( IcJ))0AND.CCSEN(K).GE.PSI(1,J41))1 GO TO 9000 
IF(J.F00MINT) 	GO TO 9010 

9002 CONTINUE 

9000  CPP=XI(J)+AK*(CSEN( K)—RSI(11J))/(PSI(I.J4-1)—Pb1(10J)) 
CPT1(114K)=EXP(P1*CRP) 
GO TO 9011 

9010 CPTI(II.K)=0.000 

9011 CONTINUE 
00 9003 J=14MINT 
Ir((CSEN(K).GE.PSI ( 1,J)1.AND.CCSEN(K).LE.RSI(11J+1))) GO TO 9004 
IF(J.FO.MINT) 	GO TO 9020 

9003 CONTINUE 
9004 cp2=XI(J)4AK*(cSEN(K)—PSI(IsJ))/(PSI(I‘J-11)—RS1(14J)) 

CPT2(II,K)=EXR(PI*ORP) 
GO TO 9001 

9020 CPTP(TI*K)=0.000 

9001 CONTINUE 
9005 CONTINUE 

C4,-,-*** 

C*****WD1TF OUT CONTOURS FOR NEGATIVE VALUES OF THE STREA FUNCTION 
WRITE(6c502) 

50? FORMAT(////50Xt2r5HNEG.STREAM FUNC, CONTOURS/48X130(1H*)/) 

KIN=9 
KON=MOD(NC14KIN) 
KNN=Nc1—KRN 

DO 11 K=IeKNN4KIN 
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K1N=K+KIN-1 
WRITE(6120) (CSFW(KK),KK=K,K1N1 
DO 99 1=MNINT,NRT 
11=I—NINT/2 
WRITE(6021) (NTETA(I)1(CRTI(II,KK),KK=K+KIN)) 
WmITE(6.22) (CRT2(IIIKK)IKK=K4K1N) 

90 CONTINUE 
WPITE(6.3) 

11 CONTINUE 
20 FORMAT(20X15(5X.7HCONTOUR4F592)) 
21 FORMAT(IOXI3,1H*46X19G1704) 
22 FORMAT(20Xs9G1744/ 

C**.r**VoRTICITY CONTOURS 
DO 2500 KK=1,NCVOR 
CpTV1(19KK)=0.,000 
CPTV1(NOTvKK)=0.000 
CRTV2(14KK)=0.000 
CPTV2(NPT*KK)=0,000 
DO 1500 1=2,NINT 
DO 3500 J=I,MINT 
IF(ADSCZETA(I,J)1•LT.1.0E-03) GO TO 3501 
IF(CCVORT(KK)*GE.ZETA(IIJ))0AND.CCVORT(KK)eLE9ZETA(I4J+1))) 

100 TO 151 
3501 IF(JeE06MINT) GO TO 1501 
3500 CONTINUE 
151 DVP=CZETA(11J+1)—ZETA(IIJ))/AK 

CPV=XI(J)-1-(CVORTtKr.)-7ETA(I.J1)/DVP 
CPTV1(I,KK)=EXP(PICRV) 
GO TO 1511 

1501 CPTV1(IIKK)=0.000 
1511 CONTINUE 

DO 4500 J=1161INT 
IFCARS(ZETA(1•J))0LTe1.OF-031 GO TO 4501 
IF((CVORT(KK.)0LE.ZE1A(I1U)).AND.(CVORTiKK)*GE.ZETA(1,J4-1))) 

100 TO 150 
4501 IF(J.EO.MINT) GO TO 1510 
4500 CONTINUE 
150 DVR=CZETA(14J+1)—ZETA(I,J))/AK 

CPV=XI(J)-4-(CVORT(KK)—ZETA(11J))/DVR 
CPTV2(14KK)=EXP(P1-;,CRy) 
GO TO 1500 

1510  CDTV2(I,KK)=0,,000 
1900 CONTINUF 
2500 CONTINUE 

C-t****WPITE OUT VORTICITY CONTOURS 
WPITF(64550) 

550 FORMAT(////50X91nHVORT1C1IY CuNTuuRS/48/.422t1H,r)/) 
KKR=MOD(NCVOR,K1) 
KKN=NCV0P—KKR 
DO 16 K=1.KKN*KI 
KKI=K+KI-1 
WpITr(6.1)(CVORT(KK),KK=KIKK1) 
DO 80 1=11NPT 
WmITE(6490) 
WpITE(6121(NTETA(T).(CRTVItIq'test.),KK -‘,KIKK1)1 
WRITE(6,32)(CRTV2(1%KKItKK:7K.KK1) 

. 80 CONTINUE 
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WRITE(6,3) 
15 CONTINUE 

KKM=KKN+ 1 

WpITE(6q5000)(CVORIAKK)IKK=KKM,NLVuR) 

DO 89 1=14NRT 
WPITE(6e50) 
WPITE(6v9500)(NTETA(1)4(CRTVI(IgKK),KK:1-,KKMtNCVOR)) 
WPITE(6,5600)(CRTW(IIKK)4M=KKM,(vCV0R) 

89 CONTINUE 
5000 FoPMAT(8X,7(7HCONTOURtX,F4021X)) 
50 FoRMAT(1X/) 

32 FORMAT(eXt9G13.4) 
5600 FORMAT(8X47013.4) 

5500 FORMAT(2X4I3+1H*t2X47013e4) 

WPITE(6,500) 
RETURN 

END 

DLOCK DATA 
c**4„,*-14% 

C*****THFSE DATA ARE THE VALUES OF THE CONTOuNs 
C-"-3" *"----STREAM FUNCTION 
C****---NFGATIVE STREAM FUNCTION 

COMMON/CTOUR/CSF(33)4CR(31 ,33) ,DSFR(31+33),DSFT(31:33)s 
ICPT(31'33)1CSENC10),NTETAlt33) *N7ErAS(33) 
COMMON/VCTOUR/CVORT(25) 
DATA(CSE(K)eK=1$33)/0.0040.05v0.10,001540.2010.25,0.30'.0.35.0.40. 
10,45+0.,50%006040.7040.80vu.9u.1..00,110g1.20.1.30:1.40.1,50.160. 
21,70i1(.60c1c9042,,00$2,20t2.4C42.6012.80.3f00.3.50,14.00/ 
DATA(CSEN(K),K=1.10)/-1e00,-0a50,-0e40,-0.30251-0.20, 
1-00154-06100-040540c00/ 
DATA(CVORT(KK)iKK=1 ,25)/-0.15,-0e10.-0.054-0o01400004 
10.01e0c02e004.0.0610,08,0.1.002,0 4.3400 4. 

200590.6007.00840.9.1e011.111.2•1631,4.145/ 

END 
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SUBROUTINE DRIFT 
C ***** 

c***4t*THIS SUBROUTINE CALCULATES THE DRIFT OF A PARTICLE WHEN A OUBBLE 
C*****RTSES THROUGH THE FLUIDISED BED. 

C*****Xn=VERTICAL DISPLACEMENT 
O*****YD=HORIZONTAL DISPLACEMENT 
C*****TD=D1MENSIONLESS TIME---PAPAmEiER ON THE CURVE 
C*- *** 

DIMENSION FONC1(3)),SOM1 ( 31)0-(31) 
COMmON/CONST/PI,FplEPs14% 

OOMMON/MESH/ALIAK.MINT.NINT.MPT,NPTfMNINT4NDTETA 

COmMON/GRID/E(511 ,XI(.91),R(51),ETA(31)+TETA(31)INTETA(31) 

COMMON/CTOUR/CSF(33).CR(31133).DsFR(31*33)4D.-_,Fit31.33),  

ICRT(31433)4CSFN(10)INTETAI(33)tNTFTAS(33) 
COMMON/NCTOUR/ICP6INcqNCIINcVOR 

CoMMON/INTEPG/N1(3.3)/Ns(:53) 
COMmON/DRFT/XD(31.33).YD(31433)+TD(31933) 

WRITE(6.7000) 
7000 FOPMAT(1HLSOX,I4HPAPTICLE DRIFT/68X118(1H-  )/) 

DO 1000 K=IiNc 

NNI=NI(K) 
NNS=NS(K) 

LI=NNI-1 
L=NNS+1 

c***** 

C*****SFT VALUES TO 0,0 
DO 5000 1=1.1_1 
XD(I,K)=0.000 

YD(I4K)=0.000  
TO(1,K)=0.000 

5000 CONTINUE 
DO 5001 I=LS,NPT 
XD(I1K)=0.000 

YD(IIK)=0.000 	 i. 
TD(I.K)=0.000 

5001 CONTINUE 
c***** 

C*****COMPUTATION OF THE DRIFT 
DO 2000 I=NNI,NNS 
FoNC1(I)=(PI*CRT(1 1 K))*((PI*CRT(14K))/DSFRII+KI-SIN(TETA(I)) 

1-cOS(TETA(1))*(DSET(I+K)/DSFR(IiK))) 
2000 CONTINUE 

NNsI=NNS-1 
DO 3000 I=NNI,NNS1 

SoM1(NNI)=000 
SOMI(I+1)=S0M1(1)+0.5AL*(FONC1(1)+FONC1%1+1)) 

3000 CONTINUE 
DO 4000 I=NNI.NNS 
T(I)=S0m1(t)-CRT(IIK)*CO5clEIA(1)1 
Yr1(1.K)=CRT(I4K)*sIN(TETA(I)) 

4000 CONTINUE 
DO 90001=NNItNNS 
Xn(IW)=SOM1(1)-SOM1(16) 

Tn(I.K)=T(I)-T(16) 
9000 CONTINUE 
c***** 

C***-3- *wpITE OUT VALUES OF THE_ DRIFT 

WpITE(5*7400)CSE(K) 
7400 FoRmAT(5X.71-1CONTOuR,F4.2/4X,13(IH-)// 
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WRITF(6c7100) 
7100 FORMAT(10X,4HTETAeltX,IHKqe0Xi1HYo20X4iNT) 

WR ITF( 69 7200) (NTFTM 	1XD( I 4K) •YD( I •K)• TD(I IK ) I=NNI .NNS) 
7200 FORMAT(11X.139111*.9XIG1104.10X.G1104•10X,G11.4) 

WPITE(6.7300) 
7300 FORMAT(/56X120(1H*),) 
1000 CONTINUE 

RETURN 
END 

SUBROUTINE WRTAPE 
C-r**** 
C*****THIS SUBROUTINE WRITES PESULIS UN MAGNETIC TAPES 
C -*** 	ICP7=1 PARTIAL RESULTS ONLY ARE WRITTEN 
C***** 	- ICP7=0 CONVERGED RESULTS ARE WRITTEN FOR A GIVEN RE NUMBER 
C** c-** 

COMMON/CONST/PigEPS'EPSI,PE 
commoN/mEsH/AL AK M INT iN 1 NT. MPT NPT 	NT NDTETA 
COMMON/STRFUN/PS1(31451),P5i9(31*51) 
COMMON/VOPT/ZETA(31,51).ZETA1(31451) 
COMMON/GRID/E(51).XI(51)tP(51)4ETA(31)vTETA(31)*NTETA(3)) 
COMMON/CNTROL/ICP1t1CP241CP3,NUPV,NUPST,MUPINISEIMNISF4N1TERI 
1TTMEtCPSEC.NW.NDW,NDIP 
COMMON/TAPE/ITAPeJTAPqNTAP 
COMMON/EILE/ICP74IFILF 
COMMON/CIOUR/CSF(33)sCR(31133)%DSFR(31433)*DSFI(31'33)i 
1CPT(31'33).CSEN(10)+NTETA1(33),NTETAS(33) 
COMMON/CTOUP1/CRTV1‘311215).CRTV2(31125),CRT1(16,10),CRT2(16,10) 
COMMON/NCTOUR/IcP6iNcINCI.NCVOR 
COMMON/VcToUp/cV0pT(25) 
COMMON/URFT/XD(31.33)0(0(31433).10(31.33) 

C***-x*PARTIAL RESUL1 S 
REWIND JTAP 
1JPITE(JTAP)(E(J),X1(j)IR(J),J=1IMPI) 
WOITE(JTAP)(ETAf1)+TETA(I),NTE_TA(I).1=1,NPT) 
WpITE(JTAP)((PSI(19J)v1=1.NPT),J=I%MPT) 
WPITE(JTAP) ((ZETA(I1J),1=1.NPT),J,,IIMPT) 
WRITECJTAPINITER,NW 
END FILE JTAP 
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c***** 

IF(ICP7.E001) RETURN 
C***** 

C* ***CONVERGED RESULTS 
REWIND NTAP 

IF(IFILE.GT.I) CALL SKIP 
WRITF(NTAP) RE 
WPITF(NTAP)((PSI(11,1),I=IeNPT).J=1.MPT) " 
WRITE-(NTAP)((ZETA(1,J)•1=1•NPT)eJ=1,MPT) 
WRITE(NTAP)(R(J),J=ItMPT) 
WRITEINTAP)(TETA(I)•1=1.NPF) 
WPITE(NTAP)((CRT(I ,K),DSFR(1,K)IDSET(I,K).1=1.NPT).K=1,NC) 
WRITE(NTAP) ((CRT)(I.K),CRT2(1.K1sI=1•MNINT)'K=1•NC1) 
WpITr(NTAP)((CRTVI(I.K).CRTV2(I.K),I=1.NPTI.K=I.NCVOR) 
WRITE(NTAP) (CSF(K),K=1•NC),(CSFN(K),K=1 ,NC1)•(CVORT(K)•K=1+NCVOR) 
WRITE(NTAP)((Xo(I,K)+Yo(IIK),TD(I.K),I=leNP()*K=IINC) 

END FILE NTAP 
WPITE(6.1) NTAP 

I 	FORMAT(/5X.ICONVERGED RESULTS WRITTEN ON TAPE 1 v12) 
.RETURN 
END 

SUBROUTINE SKIP 
c***** 

C*****THIS SUBROUTINE SKIPS THE FILES ON MAGNETIC TAPE 
C***** 

COMMON/TAPE/ITAP.JTAP.NTAP 

COMMON/FILE/ICP7.IFILF 

NFILE=I 
3 RFAD(NTAP) RESULT 

IF(E0F(NTAP)) 142 
NFILE=NFILE+1 
IF(NFILE.EO.IFILE) RETURN 

2 GO TO 3 

END 
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. Listing 	PRO2 

PROGRAM PRO2IINPuTIOuTPUT9TAPES=INPUT,TAPE6=OuTPUT,TAPE3I 
c.-*** 
C****THIS PROGRAM COMPUTES THE VELOCITY FIELD FOR THE PARTICULATE PHASE 
C**** AND FOR THE GAS PHASE. 
C***11*IT PROVIDES THE VALUES OF THE DRAG COEFFICIENT AROUND THE BUBBLE. 
C***.4:*IT ALSO COMPUTES THE GAS STREAM FUNCTION. 

COMMON/PARAM/PI,RF•MINT.NINTIMPTsNPT.NPTI.NDTETA,NCAFR 
COMMON/CONST/NALPHAO<LIM.Mj.NL,NDL,NCGS.NCG.NSP 
COMMON/SI7E/AL.AK.DLtDK 
COMMON/FIELD/PSI(31■51)4ZETA(31+51) 
COMMON/GRID/R(51).TETA(31),NTETA(31) 
COMMON/ORE'=T/XD(31,33).YD(31•33)eTD(31.33) 
COMMON/DFR/DSFR(31.33)sDSFT(31•33)sCRT(31•33) 
COMMON/CNTOUR/CSF(33) 
COMMON/VAL/ALPHAR(10)tGCSF(23) 
COMMON/DC/RG(12.90)4TG(12,50)1CG(12) 
COMMON/DGCOEF/TLleANGI.ANG2.ANG3oDTETA 

C***** 

C*****SFT THE VALUES OF THE PARAMETERS 
DATACALPHAB(K)0<=1,10I/0025.0050.0.75.1000.1.25.1050.1.75t2.00. 

1265005c00/ 
DATA(GCSF(K)1K=1.23)/-34,00*-2c00.-1.75% -1.60*-1.25.-10001-0o7St 
1-0.504-0.25.-0.104-0005$0.0010.0540010.04,25.0.50.0675.1o00.1625,  

21.5041075c2.00s3.00/ 

DATA(CG(L)+L=1.12)/1.00.0095.0890.0685.0.80.0.70.0.600.)5040640,  

1063000020,0.10/ 
C**** 

C-K****TAPE PARAMETERS 

NTAP=:3 
IrILF=1 

C4f,- +-3- Gr.,In PARAMETERS 
MTNT=50 
NINT=30 
MPT=91 
NPT=3I 
NPTI=16 
NDTETA=6 
AL=1.1/30. 
AK=000125 

DL=60*AL 
12e.60*AK 
NTETA(I)=0 
no I 1.1.NINT 
NTFTA(1-1-1)=NTETA(1)+NDTETA 

I CoNTINUE 
C**4"- CoNTOuR PARAMETERS 

Nc=33 
NCGS=23 
NcG17-12.  
Nc,P=50 - _ 

XLIM=3e 
C*=;:4,4!- XEXECUTION PARAMETERS 

PI=3c,1415926936 

NL=I9 
Nr)L=2 
Mj=1/1 
NALPHA=I0 

C-h.** 
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C****PARAMFTERS USED IN SUBROUTINE DRAG 
TLI=PI/8. 
ANGI=PI/60o 
ANG2=RI/900. 
ANG3=PI/i800 
DTFTA=PI/9000. 

C****-* 
C***.§RFAD DATA FROM MAGNETIC TAPE 

CALL RDRESCIFILE,NTAP) 
C***.** 
c*****cALCULATIoN OF THE PARTICLE VELOCITY 

CALL SPEEDI 
c***-x* 
C*****cALCULATIDN OF THE PRESSURE GRADIENT 

CALL GRAD 
C***** 
C*****RrSuLTS FOR THE PARTICLE VELOCITY 

CALL RESI 
C **** 
c***** 
C**4:*LINES TAU =CST 

CALL CDRIFT 
C*****RESULTS FOR THE PRESSURE GRADIENT 

CALL RES2 
C***** 
C* ***CALCULATION OF THE GAS FIELD 

CALL SPEED2 
c*ii*** 

STOP 
END 
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SUBROUTINE RDPES(IFILE4NTAP) 
C***** 
c*****THIS SUBROUTINE READS FROM A MAGNETIC TAPE THE CONVERGED SOLUTION 
C*****FoR THE PARTICULATE FLOW 
C***** 

COMMON/PARAM/PI.REtMINT.NINT.MPTINPT.NPTI*NDTETA,NC.FR 
COMMON/FTELD/PSt(31.51).ZETA(31.51) 	• 
COMMON/GRID/R(7,1) .TETA(31),NTETA(31) 
COMMON/DRFT/XD(31.33)+YD(31.33).TD(31.33) 

COMMON/DEP/DSFR(31•33),DSFT(314331.CRT(31.33) 
COMMON/cNTOUR/CSF(33) 
RrW/ND NTAP 
Ir(IFILE.GT.I) CALL SKIP(IFILE4NTAP) 
PrAD(NTAPIRE 
RrAD(NTAP)((PSII1.J)'1=1oNPT).J=1.MPT) 
RFAD(NTAP)((ZETA(I+J).1=1.NPT).J=I+MPT) 

RrAD(NTAP)(R(J).J=11MPT) 
RFAD(NTAP)(TETA(I)•I=1.NPT) 
RrAD(NTAP)((CRT(),K).DSFR(IiK),DSFT(I4K),I=1.NPT),K=14NCI 
READ(NTAP) DUMMY 
PrAD()•NTAP) DUMMY 
RrAD(NTAP) (CSF(K)0<=14NC).(DUMMY0:=14.10).(DUMMY4K=1•25) 
RFAD(NTAP)((XD(I.K)*YD(I•K),TD(I+K)4I=1•NPT)'K=I•NC) 

c***4i* 

WPITE(6.1) 
I FORMAT(1X//EX.iDATA READ FROM MAGNETIC TAPE'//) 
RETURN 

END 

SUBROUTINE SKIP(IFILEeNTAP) 
c***** 
C-7-****THIS SUBROUTINE SKIPS THE FILES ON MAGNETIC TAPE 
c***** 

NFILE=I 
3 PrAD(NTAP) RESULT 

IF(EOF(NTAP)) 1.2 
1 NFILE=NFILF4-1 
- Ir(NFILE.EO.IFILF) RETURN 

2 GO TO 3 
END 
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SUBROUTINE SPEFDI 
C***** 

C*****THIS SUBROUTINE COMPUTES THE VELOCITY OF A PARTICLE BOTH 
C***** 	---WITH RESPECT TO STATIONARY AXIS 

C***** 	---WITH RESPECT TO AXIS MOVING WITH THE BUBBLE AT VELOCITY US 
C***** 

COMMON/PARAM/PI4REIMINT4NINTeMPTtNPT4NPTI 4NDTETA,NC4FR 

COMMON/DPFT/XD(31433),Y0(31433).TD(31433) 

COMMON/DER/DSFR(31933),DSFT(31,33)4CRT(31 433) 
COMMON/LIMIT/NI(:13)4NS(33) 
COMMON/PVFL/PVS(31133)4PVM(31,33),PVX(31. 33),PVY(31433) 

COMMON/GR)O/R(51).TETA(31)tNTETA(3I) 

REAL Ll4L2 
c***** 

C*****SFT VALUES TO O. 

DO 8000 K=101C 

DO 8000 I=1,NPT 

PVXC/4K)=0•0 
PVY(I4K)=090 
RVS(14K)=06 
PVM(I4K)=06 

8000 CONTINUE 
c***** 
c***** 

DO 1000 K=14NC 

NI(K)=2 
NS(K)=NINT 

DO 2000 I=14MPT 
IF(ICP4E0.2) GO TO 100 
IF(ABS(XD(ItK))0GT(.0.0 ) GO TO 100 

NI(K)=14-1 
GO TO 2000 

100 ICP=2 

1E(ARS(XD(1.K)leGT40.0) GO TO 2000 

NS(K)=1-1 
IF(NTETA(1)*E0000) GO TO 2000 

GO TO 1000 
p000 CONTINUE 

1000 CONTINUE 

DO 3000 K=I4NC 
MI=NI(K) 
MS=NS(K) 

MNI=M14-1 
MNS=MS-1 
DO 4000 1,,NINIWNS 

ALI=Axo(1.K)—X0(1-1%K))*i1 24-(YD(I2K)—YD(I—)1K))**2 

AL2=(X0(IIK)—XD(I4.14K))*-*2+(YD(I4K)—YD(11-14K))**2 

LI=SORT(AL1) 
L9=SOPT(AL2) 
AT1=ABS(TD(14K)—TO( 1-1 cK)) 
AT2=ABS(TD(1$K)—TO(1+1 4K)) 
V=L1=L1/ATI 
VrL2=L2/AT2 
PVS(14K)=(VEL14-VEL2)*045 

4000 CONTINUE 
AL2=-(X0(MI.K)—XD(m14-14K))24-(YD(MI4K)—YD(M1 4- 1 4 K))*2 

AT2=AHS(TD(M/;K)—TO.(M14-1 0 K)) 

L2=SOPT(A(_2) 

— STATIONARY AXIS 
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AL1=IXD(MS.K)-X0(MS-1.K))**24-(YD(MS.K)-YD(MS-1.K>)**2 
ATI=ARSITO(MS.K)-TD(MS-141K)) 

. L1=SORT(ALI) 
PVS(MI,K)=L2/AT2 
PVS(MS4K)=LI/AT1 

C***** 
c***** 	MOVING AXIS 	 

DO 6000 1=MI.MS 
PVRM=-DSFT(IsK)/(Pl*CRT(I.K)) 
PVTM=DSFR(1.K)/fPI*CRT(1%K)) 
PV=PVRM**24-PVTM**2 
PVM(I.K)=SORTCPV) 
PVX(I.K)=PVRM*cOS(TETA(I))-PVTM*SINITETA(I)/ 
PVY(I,K)=PVRM*SIN(TETA(I))+PVTM*COS(TETA(I)) 

6000 CONTINUE 

3000 CONTINUE 
RETURN 
END 

SUBROUTINE FROUDE 
C***** 
C*****THIS SUBROUTINE COMPUTES THE FROUDE NUMBER FROM THE VALUES OF 
C*****DFRIVATIVES OF VORTICITY AND VELOCITY NEAR THE APEX OF THE BUBBLE. 

c***** 
COMMON/PARAM/P1oRF.MINT.NINT,MPT.NPTINPT1.NDTETA.NC.FR 

COMMON/SIZE/AL.AK•DL,DK 
COMMON/FIELD/PSI(31.51).ZETA(31151) 
COMMON/VELOC/VT(31+51)1VR(31.53) 4 V(31.51) 

DIMENSION DZT(4) 
cm** 
C****SFCOND DERIVATIVE OF VORTICITY AT P=1.TETA=0. 

DO 1000 J=1.4 
D7T(J)=C18.*ZETA(2.J)-90*7ETA( 3,J)+20*ZETA(4,J) )/DL .  

1000 CONTINUE 
AnZ=(-11.*DZT(114-10.4:07T(2)-9.*DZT( 3)4-2.*DZT(1 ))/DK 

DZ=ADZ/(PI**2) 
C***.r*VELOCTTY DERIVATIVE 

AOVIT=(1A.*VT(2.1)-9.*VT(3.1)A-R0*VT(4.1) ) /DL 

DVTT=ADVTT/PI 
C****FDOUDE 

A=DVTT**2-(p.*DZ)/PE 

Fn=1./A 
VIDITF(6.1) FP 

I FORMAT(//EX.3HFR=.G12.5.////) 
Pr TURN 
END 
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SUBROUTINE GRAD 
C***** 
C*****THIS SUBROUTINE COMPUTES THE VALUES OF THE.  PRESSURE GRADIENT 

C** **AT EACH NODE OF THE GRID 
C***** 

COMMON/PARAM/PIePE,MINTcNINT,MPT.NPT,NRT10NDTETAiNC4FR 

COMMON/FIFLD/PS/(11191),ZETA(31051) 

COMMON/GRID/R(51) ,TETA(31).NTETA(31) 
COMMON/SIZE/AL,AK,DL+DK 

COMMON/VFLOC/VT(11'51)IVR(31451),V(31,51) 

COMMON/GRADP/DPR(31+91)+DRT(31461) 
COMMON/GRADPF/0RFR(31'51),DRFT(31.51) 

c***** 

C****PARTICLE VELOCITY AT EACH NODE OF THE GRID 
DO 1000 1=1,NPT 

DO 2000 J=24MINT 
OP=R(J41-1)—R(J-1) 
VT(14.1)=CPSI(I,J41)—PSI(1,J-1))/DR 

2000 CONTINUE 
VT(I+1)=(Ine*PSI(1 0 2)-9.*PSI(It3)4-29*PS1(114)3/(DK*PI) 
VT(I.MPT)=(11.*PSI(I.MPT)-18,*PSICI.MPT—I)+9.*PS1(1,MPT-2) 

1-2.*PSI(IWPT-3))/(DK*PI*R(PIPT)) 

1000 CONTINUE 
Do 3000 J=1011PT 
DO 4000 1=2,NINT 

DT=TETA(14-11—TETA(I-1) 
Vp(I,J)=—(1 e /P(j))*((PS1(1+1,-.1)—PSICI—I1J))/DT) 

4000 CONTINUE 
Vp(Isj1=—(1./(P/*P(J1 11*((lne'v,PSI(24J)9.PSI(B,J)4-2,,4',PS1(4 0 J)),  

IDL/ 
VP(NRT1.1)=—(1t/(RI(J)))*((-18.*PSI(NPT-1*J)4.9.*PS1(NPT-2,J)—  

12,*PSI(NPT-3,U))/DL/ 
3000 CONTINUE 

DO 9000 I=14NPT 

DO 9000 J=14MRT 
V2=VT(I,J)**2-1-VR(IIJ)**2 

V(14J)=SORT(V2) 

9000 CONTINUE 
C***** 
C*****COMPUTATION OF FPOUDE NUMBER 

CALL FROUDE- 
C**-K-** 
C*****DrRIVATIVFS OF THE VELOCITY AND VoRTIciTY 

DO 5000  I=1,NRT 
DO 6000 J=1IMPT 
IF(WINE.1.ANDejtNE.MPT) GO TO 100 

IF(JeE0oMPT) GO TO 901 
DVRR=C-11e*VR(I.11 -4- 1(1.*VR(142)-9.*VR(113)+2.*VR(I ,41)/ ( PI*DK) 
DVIR=C-11.*VT(I,11 4- 1Bc.*VT(I■2)-90*VT(1*3)*VT(Is4 ))/( P 1 *DK) 

07.R.,7(-110 -KZETA(141)41BQ*77ETA(Ii2)-9.*ZETA(1•3)4-2.*ZETA(114 ) 1 / 

1(PI*DK) 
GO TO 400 

901 DVRR=t11.*VR(I4MRT)-18.R(IIMRT-1)-1-96*VR(ItMPT-2)-2.*VR(1 4 MRT-3)) 

1/(RI*DK*R(MRT)) 
DVTR=(11.*VT(1,MPT)-18.*VT(14MPT-1)+94.*VT(19MPT-2)-20*VT(I.VPT-3))  

1/(('I*DKM(mPT)) 
DZR=(11.*ZETA(1.moT)-18.*ZETA(19MPT-1)+9.*ZETA(1qMPT-21 -20*7ETA 

1(14MPT-3))/(RI -MK*R(mPT)) 

GO TO 400 
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100 OP=R(J4-1)-12(J-1) 
DVPR:-.--(VR(I/J-1-1)—VP(I1J-1))/OR 

DVTR=CVT(1.J4-1)—VT(I,J-1))/OR 
D7R=(ZETACI9J+1)-7FTA(I'J-1))/DR 

400 IF(I.NE.I.AND616NF.NPT) GO TO 200 
IP(I.F.O.NPT) GO TO 902 

OVRT=(-110*VP(ItJ)+18**VR(2,J)-9.*VR(3sJ)+20*VR(41J))/(PI-gOL) 
DVTT=(—I1.*V1(11J)4.18.*VT(2,J)-9.*VT(31J)+2.*VT(49J))/(PI*DL) 
DZT=(-110*ZETA(1+J)-4-18.*ZETA(2,J)-9.*ZETA(3iJ)-1-2.*ZETA(41J))/ 
l(Pl*DL) 
GO TO 300 

902 01./RT=CII**VR(NPT,j)— 18p 4WR(NPT— ).J)49o*VR(NPT-2.J)-204 VR(NPT-31J)) 
1/(PI*OL) 
DVTT=(11e*VT(NPT9J)— 

 113.VT(NPT-1,J).494.VT(NPT-2,J)-26*VT(NP1-31J)) 
1/(PI*OL) 
D7T=(11.*ZETA(NRTIJ) —18e*ZETA(NPT-1.J)+9.7ETA(NDT-2+J)-20*2ETA 

1(NPT-3'J))/(P1*OL) 

GO TO 300 
200 DT=TFTA(I+I)—TETA.(1 — I) 

DVRT=(VR(I+1•J)—•VR( I—I•J))/DT 
DVTT=0/T(I+10J)—VT( 1-14J)1/DT 
DZT=CZETA(1-1-19...0—ZETA(I-1,J))/OT 

C***** 

C*****PPESSUPE GRADIENT 
300 FAGT=VR(I,J)*DVR(2-OVT(I.J)*DVRT)/R(J)—(VT(I,J)**2)/R(J) 

FAC2=—(20*DZT)/(RF*R(J)) 
DPP(I4J)=20(FACp—FACI) 
ODR(I,MPT)=0,.0 
FAC3=VR(IeJ)*DVTR-OVT(I4J)*DVIT)/R(J)-4-(VT(I.J)*VR(I,J))/R(J) 

FAO4=(2.*DZR)/RE 
OPT(IcJ)=- (2o*R(J))*(FAC4—FAC3) 
OPT(I4MPT)=0.0 

DPFP(I4J)DPP(I4J )—(2.-)1-COS(TETA(I)))/FR 
DPFT(Isj)=DPT(1,j )1-(20*SIN(TETA(1))*R(.1))/FR 

ODFTINPT.J)=0. 
6000 CONTINUE 

5000 CONTINUE 

RETURN 

END 
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SUBROUTINE RESI 
c***** 
C* ***THIS SUBROUTINE PRINTS OUT THE RESULTS FOR THE PARTICLE VELOCITY 
C*****RESULTS PRINTED APE THE FOLLOWING 
o***** 	1—VELOCITY WITH RESPECT TO STATIONARY AXIS 

C***** 	2—VELOCITY ALONG PARTICLE STREAMLINES W.P.T. MOVING AXIS AT UB 
c***** 	3—VELOCITY AT EACH NODE OF THE GRID W.R0T; MOVING AXIS AT UB 
C***** 

COMMON/PARAM/P1,PFIMINToNINT,MPTeNPTINPTIeNDTETAINC4FR 
COMmON/GPID/R151) ,TETAI31),NTETA(311 
COMMON/PVEL/PVS(31'33).PVM(31.33).PVX(31433)4PVY(31.33) 
COMMON/VELOC/VT(31 451)tVR(31451),V(31451) 
COMMON/CNTOUR/CSF(33) 

C**** 

WPITE(6.1) RE 
1 FORMAT(50X.19(jH*)/50X.sitPARTICULATE FLOW-**/50x,1* 

	
F-2E= • 

1F6.21 1 	*1 /50X9I9(1H*)////) 
C***** 

C*****VFLOCITY WITH RESPECT TO STATIONARY AXIS 
NI=B 
NR=MOD(NC,NI) 

NN=NC—NR 
Nm=NN4-1 
WpITE(6,2) 

2 FORMATIBOX,ISTATIONARY AXISI/49X117(1H*)/1 
DO 100 N.I,NNINI 

NI=N+NI-1 
WpITE(6.3)(CSF(K),K=NeNt) 

WRITE(6‘4)(NTETA(1)4(PVSti,K),K=NaN11■1=1,NPT) 

WoTTE(6,E) 

100 CONTINUE 

WPITE(646)(CSF(K).K=NMINC) 
WPITE(65.7)(NTETAM'(PVS(ItK)IK=NMvNC),I=1 ,NRT) 
WpITE(6.5) 

c***** 

C*****CALCULATION OF THE MEAN VELOCITY 
CALL MVEL 

c***** 

C*****VELOCITY ALONG STREAMLINES--X VELOCITY----Y VELOCITY 

WmITE(6,8) 
S FORMAT(//50X4tVELOCITY ALONG STREAMLINES./49X428(1H*)/) 

Do 200 N=14NN,N1 

Ni=N+NI-1 

WPITE(6,3)(CSF(K).K=N,N1) 
WPITE(644)INTETA(1)t(PVM(14K)K=N.N0•1=14NP1) 
Wr7ITF(6,12) 
WR1TE(64A)(NTETA(I)'(PVX(I'K).K=N,N1),I=1sNPT) 

WPITE(6+12) 
WPITE(694)(NTETA(I)s(PVYINK),K=N4N1)qI=11oNPT) 

WRITE(64E) 
200 CONTINUE 

Wo1Tr(6s6)(CSE(K).K=Nm•NC) 
WpITE(6,7)(NTETA(T)t(PVM(ItK).K=NMaNC)4I=14NPT) 

WRITE(6t12) 
wraTTF(67)(NTFTAC1I4(RVX(I$K),K=Nm$NC)41=l4NPT) 

WPITF(6t12) 
WpITF(617)1NTETA(I),(PVV(IIK),K=NM HC)41=1 ,NPT) 

WPITE(6t5) 

FORMAT(8Xv8(3X4tCONTOUR= ,,F462)) 
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4 FOPI,IATC2Xq/3.1H1;,2X.(3G15.5) 
S Eo0ATtl6X.20(1H*)/) 
6 1-701AT(nX9:-,,X.IcONTOUR=f4F4..2) 
7 FOL!MRT(2X013.11-1*,pX,Gis.$) 

c-x-m* 

c-r.-x*,.:.*VrLOcITY AT GRID NODES 

Ncl,r/.0D(MPTIN1) 
NN=t-4P-1—NP 
Nm,N!-1.4-1 

■q1-:' I TE ( 60 9) 
9 FOAT(//50X,IVELOCITY AT GRID NODES 0 /49X924(1H*)/) 

DO 300 N=1qNN4N1 

N1=-N4,N1-1 
WPITE(61.10)(R(3)■J=N4N1) 

WpfTE(6;11)(NTETA(1).(V(I+J) ,IJ=NvN1)4.1=1 ,,NPT) 
WP1TE(6,12) 

Virs,I1E(60,1)(NTETA(1),(VP(143),J=N,N1)9I=1 ,NPT) 

WPITE(6v12) 
VIIIF(6t.111(NTETA(I)4(VT(14J)1J=N,N1),/=1 ,NPT) 

WpITE(6+5) 
300 CONTINUE 

WRITE(60131(R(3),,J=NM,MPT) 
WRITE(6c1/4)(NTETA(1),(V(ItJ)g—I=NM,MPT)+1=1•NRTI 

WpITE(6t12) 

WPT1E(6414)(NTETACI)c(VR(I,J)tJ=NM,MPT),I=1•NPT1 
wpITE(6c12) 

WPIlEt6q14)(NTETA(I)1(VT(I43),J=Nm4MPT),I=14NPT1 

WP IYE (6 45) 

10 FORmisT ti;sX tR (5Xt2H,R= 1E6.2 v 	) 
11 FopmATC2XsI3,11-imk.2X48G15.51 

12 FOIRY,AT(/61X510(1114-)/) 

13 FORmAT(eXt3(5X42HP=4F6.212X)) 

)4 FORAT(2Xy13.1H*,pX.3G15.5) 

RETURN 

END 
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SUBROUTINE MVEL 
C***** 

C*****THIS SUBROUTINE COMPUTES THE MEAN VELOCITY FOR THE PARTICLE FLOW 
C*****WiTH RESPECT TO STATIONARY AXIS. 
C***** 

COMMON/PARAM/P/sPEIMINT+NINT*MPTINPTINPTI,NDTETAyNC,FR 
COMMON/CONST/NALPHA4XLIMeMj.NLINDL,NCGS+NCOtNSP 

COMMON/GRID/R(51).1 ETA(31)+NTETA(31) 
COMMON/CNTOUR/CSF(33/ 
COMMON/DRET/XD(31*33)1YD(31+33)4TD(31133) 

COMMON/LIMIT/NI(33/4NS(33) 
MNPTNINT/241 
MNPT1=NINT/2 

WRITE(6q1) 
I FORMAT(//50Xt,MEAN VELOCITYt/49X415(IH*)/) 
DO 8000 J=1,NLyNDL 

NNI=NI(J) 

NNS=NS(J) 
WRITE(64400) YD(MNPT*J) 

400 FORMAT(//10X,,MAX. DISTANCE=esF5o2/10XtILENGTH TIME 	VEL 
IOCITYt) 

 

DO 8000 ....W=NNIIMNPTI 
DIST=00  

ACVEL=0 0  

Njr-NPT—JJ 

DO 7000 I=JJINJ 
AL=SORTC(XD(11- 19J)—XO(I,J))**24-(YO(IA-1,J)—YD(IJ)/**2/ 
DIST=OIST+AL 

ACVEL=ACVEL4AL/(TD(I+10J)—TD(I4J)) 
7000 CONTINUE 

DELT:tTD(NPT+1—JJ,J)—TD(JJ,J) 
N=Nd-4-1—JJ 
VEL=ACVEL/FLOATIN/ 

WRITE(6'500)DISTeOELT,VEL 

500 FOPMAT(10XsF6o3q9X1F5.245X.F603) 
8000 CONTINUE 

WDITE(69600) 
600 EORMATC/56X420(1H*)/// 

RETURN 
END 
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SUBROUTINE REST! 
C***** 

C*****THIS SUBROUTINE PRINTS OUT THE RESULTS FOR THE PRESSURE GRADIENTo 
C***** 	P IS THE TOTAL PRESSURE INCLUDING THE HYDROSTATIC PRESSURE 
C***** 	PF IS THE PRFSSURE OF THE FLUID 
C***** 

COMMON/PARAM/PI•RE4MINToNINT.MPToNPT.NPTI•NDTETA4NCIFR 

COMMON/GRID/R(51)*TETAC31),NTETA(31) 

COMMON/GRADP/DPR(31 ,51)*DPTI31151) 
COMMON/GRADPF/DPFR(31151),DPFT(31.51) 

C***** 

NI=B 

NP=MOD(MPT,NI) 

NN=MPT—NR 

NM=NN-1-1 

WRITE(641) 

DO 100 N=14NNINI 

N1=N+N1-1 

WRITE(602) (R(J).J=NYN1) 

WRITF(6,311NTETA(/)*(DPR(14J).J=NcN1)4I=1,NPT) 
We /TE(6.8) 

WRITF(6,3)(NTETA(I)s(DPT(1.J).J=N,N1)1.I=11NPT) 

WRITF(644) 
100 CONTINUE 

WPITE(615)(R(J).„1=NMYMPT) 

WpITE(6,6)INTETA(i)g(DPR(I0J)4J=NM,MPT)t1=14NPT) 
WRITE(6,8) 

WRITE(6,6)INTETA(I)4(DPT(I,J)1J=NMIMPT)s1=11NPT) 

WRI,TE(644) 

WRITE(647) 

DO 200 N=1*NNiNI 

N1=N+NI-1 

WRITF(6021 (R(J),J=N%N1) 

WRITE(643)(NTETA(I)t(DPFRII,J),J=NYNIIII=LaNPT) 
WP/TE(6,8) 

WRITE(603)INTFTA(I)$(DPFT(ItJ)tJ=NtN1)v1=14NPT) 
WPITE(6*4) 

200 CONTINUE 

WRITE(615)(RI.J)qJ=NM4MRT) 

WRITE(6Y, 6) INTETA(I),(DPFR(I,J)o,J=NMtMPT),I=ltNPT) 

WRITE1648) 
WP1 TE( 6.6) INTETA( I ) 	DPFT ( ....1)%J.,.NM'MPT) 1 I = 1 1,NRT ) 
WPITE(6'4) 

1 FORMAT(//50Xl#TOTAL PRESSURE GRADIENT 1 /49X,25(1H*)/) 
2 FORMAT( /1)1.4 8(5X4 	tF6o2 2X) ) 

3 FORMAT ( 2X 13Y I H*, 2X 4 BGI 5e 5) 

4 FORMAT(/56X4?0(1HK)/) 

5 FORMAT(BX%3(5Xy2HR=cF6.2s2X)) 

6 FORMAT(2X41311H*12X.:G1505) 

7 FORMAT ( //50X1 ,GAS PRESSURE GRADIENT 1 /.49X+ 23( IH* )/ ) 
8 FORMAT(/56X;20{1H+)/) 

RFTURN 

END 
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SUBROUTINE. CDRIFT 
C**** * 

C*****THIS SUBROUTINE COMPUTES THE LINES TAU=CSI Fuum IHE DNIFI CUNIUURS 
c***** 

COMMON/PARAM/PIiRE*MINTqNINT4MPT,NPT.NPTI.NDTETA,NCIFR 
COMMON/CONST/NALPHA'XLIMIMJINL,NOL,NCGSINCGtNSP 
COMMON/GRID/R(51),TETA(31)*NTETA(31) 

COMMON/DRFT/):D(31433)YD(31133)1To(31.33) 
COMMON/DER/DSFR(31•33),DSFT(31'33).CRT(31433) 
COMMON/CNTOUR/CSF(33) 
CoMMON/LIMIT/N1(33),NS(33) 
DIMENSION TAU(14).ST(31.33)qR0C(31.33).TDC(31933)AXDC(31133), 
1YDC(31133) 

DIMENSION PT(3) 
DATA(TAU(J)4J=1.14)/0.511.0.1.512.0t2.513.043.544.014.5.‘5.0,5059 
16.0,700,8.0/ 
KI=2 

ITEST=1 

NPI=0 
WpITE(6.100) 

100 FORMAT(//50XtIDRIFT CONTOURS 	LINES TAU=CSTI/49X132(1H*)/1 
C***** 
C*****VALUES FOR TLIM 

WRITE(64101) 

101 FOPMAT(10Xtil- DRIFT CONTOURS'/9X.19(1H-)/) 
DO 1000 K=2,NC 
NNI=NI(K) 
NNS=NS(K) 

DO 9998 I=NNIcNNS 

XCRT=CRT(I.K)*COS(TETA(1)) 
IF(XCRT.LT.XLIM) GO TO 880 
XcRT1=cRT(1+1,K)*c0S(TETA(I-1-1)) 
IF(XCRT.GEeXLIM.AND.XCRTI.LE.XLIM) GO TO 881 

9998 CONTINUE 
WpITF(64150) 

150  FORMAT(sX.IERROR,NO VALUE FOR XLIM FOUND') 
STOP 

880 KI=K14.1 

GO TO 1000 

881 8LOPE3=(TFTA(I4-1)-TETA(11)/(XCRTI-XcRT) 

TTL=TETA(I)4-SLOPF.3*(XLIM-XCRT) 
RL1M=XLIM/COS(TTL) . 
SLOPF4=(TD(14-I,K) _TD(I.K))/(CRT(I-1--14K)-CRT(I+K)) 
TLIM=TD(11,K)+SLOPE4*(RLIM-CRT(14K)) 
DO 9997 I=NNItNNS 
ST(14K)=TD(ItK)-TLIM 

9997 CONTINUE 
C***** 

C*****ExTRAPOLAT1ON FOP SMALL VALUES OF CSF USING A PARABOLIC FITTING 
IF(KI.F0.2) GO TO 882 
NnI=NP1+1 
IF(NPI0LE.3) GO TO 883 

. GO TO 882 
883 PT(NPI)=TLIM . 

1F(4131,E0.3) GO TO 885 
GO TO 882 

885 DS12=CSF(K14.1)**2-CSF(KI)**2 
DS13=CSF(K14-2)**2-CSE(KI)**2 
DI2=CSF(K14-1)-cSF(K1) 
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DI3CSF(KI+2)CEFCKII 
DT12=FT(2)-PT(1) 
DT13=PT(3I,PT(11 
ks=(OT12-Y,017-DT13fl-Op)/COS12-KD13-D513*D121 
fl=(DT12*OE13-DT134 1?)/(012*DS13-D13*DS12) 
C="'T(1)-A',-cSF(K1)2-R*CSF(KII 
ITEST=0 
Kx1=KI-I 
DC) 9995 ;',12tKKI 
NID=NI(M) 
NsS.N.S(M) 
ATLIm=AA;-05F(M)-x-*241;*cSF(M)+C 
DO 9995 1NI1tNSS 
ST(Iso)::, TDiItM)-ATLIN 

p995 CONTINUE 
882 CONTINUE. 

WPITEC6,210) 
210  FORmAT(///10X17HCONTOUR9F4.2/10X44HTETA•10X,IHX,I5X41HY.15XIIHT. 

¶X  
WpITE(0q310)(NTETA(1),XDCI,K),Y011.K)4, 1-DCI,KAtStil9M+CHIC11K),  

1I.,NAI1NNS) 
uPITF(61:31IITLIm 

310 FoPmAT(10Xt13;9G17c5) 
311 FoRP04‘T(.9X, 2TLIM=f,G13,,5) 
1000 CONTINUE 

IrtITEST,ECZ.11 GO TO 1001 
Do 1002 K=2KKI 
NNI.NI(K) 
NNS=NS(K) 
TLIM=TD(5,:KI-ST(5sK) 
WpITF(61210) CSF(K) 
WPIIF(6Q310)(NTETA(I)eXD(I$KWYD(IIK)*TD(19K) ,ST(IIK) ,CRT(IIK) ,  

11rWIcNNS) 
WPITF(61311)TLIM 

• 3002 CONTINUE 
1001 CONTINUE 

C ***** 

C-Y-*CA.LCULATION OF TH7 LINES TAU=cST 
WpITE(65102) 

102 FOPr4AT(1)(///10X.1;2-LINES TAU=cST#/qX$16(1H-I/1 
Do 2001 K=2INC 
NN1,4,JI(K) 
NNS-.:NS(K) 
DO 2001 J7.1tMJ 
NNSIL.:NNS-1 
Do p002 I=NNIcNNSI 
IF(TAU(J),-GF.ST(IgK).AND.TAU(J)LE.ST(I-4-14K)I GO TO 7700 
• IrCTAU(JItGTST(NNSK)) GO TO 7701 

IF(TAU(J),„LY,ST(NNItK)) GO TO 7701 

2002 CONTINUE 
UPITF()150) 

50 FoPqATC5X4 1 EQOPtN0 VALUE FOP TAut) 
STOP 

7701 PnC(JcK).0o0 
TnC(JeK)000 
XDC(j0()=00 
YDC(JW)=0e0 

'GO TO 2001 
7700 SLOPF1=CCPT(1.41+K)-CPT(IsK))/(sfcI4-1,,N)-:.tklIN)) 
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RDC(JsK)=CRT(I,K)+SLOPE1*(TAU(J)—ST(I*K>) 
SLOPE2=(TETA(I+11—TETA(1))/(CRT(1+1,K)—CRT(I4K)) 
ATDC=TETA(1)+SLOPE2*(RDC(JcK)—CRT(I4K)) 
XDC(J4K)zROC(JoK)*COS(ATDC) 
YDC(34K)=RDC1J,Ky*SIN(ATDC) 
TDC(J•K)=CATDC/P0.x1M 

2001 CONTINUE 
DO 2000 J=1,MJ 
XINE=XLIM—TAU(J) 
WPITE(618) TAU(J),XINF 

WPITE(6,7) 
WpITE(6.6)(CSECK),RDC(J+K)ITOC(J.K)IXDC(J.K).YDC(J.K),K=2.NC) 

6 FORMAT(5X1F402.4G17e5) 
7 FORMATC6XsICSFIPX,IRDC.,14Xt*TDC,114X.IXoC1914Xt'YDC1) 
8 	FORMAT(//10X,'CONTOUR TAU=s174.2o5X,IX LIMIT AT INFo=1,F5.1) 

2000 CONTINUE 

RETURN 
END 
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SUBROUTINE SPEED2 
C***** 

C*****THIS SUBROUTINE COMPUTES THE GAS VELUCIfY Al EACH NUDE OF IHE 

C*****FPOM THE VALUES, OF 
C***** 	—THE PARTICLE VELOCITY 
C***** 	—THE GAS PRESSURE GRADIENT 
C***** . —THE VALUES OF THE DRAG COEFFICIENT AROUD THE BUBBLE 
C*3;-*** 

OOMMON/PARAM/PI+RFiMINTsNINTIMPT,NPT.NPT1.NDTETAiNCIFR 
COMMON/CONST/NALPHA,XLIM.Mj,NL.NOL,NCGS,NCG*NSP 
COMMON/VELOC/VT(31 151),VR(31451)tV(31'51) 
COMMON/GRID/R(51),TETA(31),NTETA(31) 
COMMON/GRADP/DPRI31o51/oDPT(31 ,51) 
COMMON/GRADPE/DPFR(3)e51),DPFT(31+51) • 
COMMON/GSTER/PHI(16.51)*CRTG1(16'23),CRTG2(16923) 
COMMON/VAL/ALPHAB(10)vGCSF(23) 

COMMON/GVEL/UX(16,51)4UY(16%51),UR(16.51),UT(16+51) 
C***** 

VJEITE(6,100) 

100 FORMAT(//////////55Xi10t1H*)/55X,s*GAS FLOW**/55Xi/O(IHw)///) 
c***** 

C*****CALCULATION OF GAMMA FUNCTION AROUND THE BUBBLE 

CALL DRAG 
C***** 

DO 1000 K=1eNALPHA 

VALPHA=ALPHAB(K) 
DO 2000 1=IoNPT1 

DO 2000 J=loMPT 

IF(R(J)0GE.2e0) GO TO 2 
AP=R(J) 
ATETA:4TETA(I) 

CALL ID(ARtATETAeGAMMA) 
GO TO 3 

2 GAMMA=100 

3 COEF=(0.5*GAMMA*FR)/VALPHA 
Up(I4J)=VR(ItJ)—COEF*DPFR(I,J) 

UT(I*J)=VT(I,J)—(COEF*DPFT(14J))/R(J) 
UX(14j)=UR(1 ,J)*COS(TETA(I))—UT(1%J)*SIN(TETA(1)) 
UY(fs,1)=UR(ItJ)*SIN(TETA(11)+UT(IIJ)*COS(TETA(1)) 

2000 CONTINUE 

. 	CALL GASSF(VALPHA) 
CALL RES3(VALPHA) 

1000 CONTINUE 
RFTURN 

END 
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SUBROUTINE DRAG 
C***.  

C*****THIS SUBROUTINE CALCULATES THE VARIATIONS OF GAMMA FUNCTION 
C*****(ACCORDING TO JACKSON'S ANALYSIS) 
C ***** 

COMMON/PARAM/PIIRFoMINT,NINT,MPT,NPT.NPT10NDTETA,NCtFR 
COMMON/CONST/NALRHA,XLIMtMJINL,NDL,NCGS,NCGINSP 
COMMON/GPID/R(511eTETA(31),NTEIA(11) 
COMMON/DC/RG(12,90),TG(12,50),CG(12) • 
COMMON/DGCOEF/TL1,ANGIIANG2oANG34DTETA 

C***** 

REAL INVG1oINVG2,IANGLE 
NSP1=NSP-1 

ICP=1 
ANGLE=Oo 

IANGLE=ANGI 
WPITF(6,600) 

. 600 FORMAT(///50XsIVAPIATIONS OF THE DRAG COEFFICIENTI/49X,36(1H*)// 
110)(liVALUES OF THE STARTING POINTS'/10X,29(1H—)/10X11 	TETA 

Ft 	X 	Y 	GAMMA 	RMIN 	REIN 	'1 
C***** 

C*****SrT VALUES TO ZERO 

DO 2000 M=1oNCG 
DO 2000 K=1,NSR 

RG(M*1()=0o0 
• TG(M,K)=000 

2000 CONTINUE 
C***** 

C*****ITERATIONS FOR DIFFERENT STARTING 
DO 4000 K=2,14SP 

951 ANGLE=ANGLE+IANGLE 

IP=0 
M=1 
IF(ANGLEoGEoTLI) IANGLE=ANG3 

T1=ANGLE 
IF(T16GT.(P1/2,)) GO TO 4000 

INVG1=1, 

R1=20/COS(T1) 
Y=R1*SIN(TI) 
X=RI*COS(TI) 

G1=1o/INVG1 
AT1=T1*1600/P1 
RMIN=P1 

SO1=1.21 
S(;1=G1 
SY=Y 
SY=Y 

C***** 

C***-**ITFRATIONS ALONG AN INTEGRATION PATH 
DO 3000 J=2,10000 
T2?=T1-i-DTETA 
CALL INTPOL(RI,TI,OPP,DPT4DELP) 

R2,-R1*(1.-1-(DPR/DPT)*(T2—T1)) 
INVG2=INVG1*(1.—(OELP/(ART)*R2*(T2—TI) ) 
1E(R2.GEoloOcAND.P2.LE.Q(MPT)) CO TO 100 
GO TO 400? 

1 00 CALL INTPOL(R2oT2cDPR4DRIIDELR) 
INVG2=INVG1*(14—(OELP/DPT)*R2*(T2—T1)1 
IF(R2oLToRMIN) RMIN=R2 
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G2=1./INVG2 
G1=1./INVG1 
X=1:22*COS(T2) 
Y=R2*S1N(T2) 
AT2=T2-N1E10./P1 

53 1F(M,LE.4) DELG=0.025 
IF(M0GT04) DELG=0.050 

IF(A5S(G2—CG(M))oLT0DELG) GO TO 51 
PFIN=P2 
IF(T2.GTOPI/2.)) GO TO 4002 
IF(M.FO.NCG) GO TO 4002 
m=M+1 
GO TO 53 

51 1F(R2.GT.2.00) GO TO 71 
RG(M+11K)=P2 
Tn(M+1.K)=AT2 
GO TO 72 

71 Pr,(M+14K)=0.0 
TG(M+1,K)=0.0 

72 IF(G20GT°G1) GO TO 4003 
R1=R2 
TI =T2 
INVG1=INVG2 

3000 CONTINUE 
WPITE(6,501) 

501 FORMAT(5X°1 END OF ITERATION REACHED SUB. DRAG') 
STOP 

4003 IP=1 
C***** 

4002 REIN=R1 

IF(TCP*F0o2) GO TO 4001 

IF(RFINaLE.RMIN) GO TO 4001 

WPITE(64500 ) ATIeSPI,SX,SYISGI4RMINeRFIN 
WRITE(61700) 

700 FORMAT(10X0'NEW VALUE OF JANGLE PRECE DING POINT') 
ANGLE=ANGLE—IANGLE 

IANGLE=ANG2 

ICP=2 
GO TO 551 

4001 WRITE(64500) ATI,SRloSXtSYtSG1 4PMINIRFIN 

500 FORMAT(12X9F5.1,3X 4 6G1004) 
RG(IIK)=2o00 
Tn(liK)=4T1 

4000 CONTINUE 
C***** 

DO 7000 M=1,NCG 

DO 7000 K=2,NSP1 
IF(TG(M4K-1).GTeiG( M,K),ANDeIG(M*K)tLE.TG(mtr.+1)0AND.TG(MIK). 

1E060°0) GO TO 85 
GO TO 7000 

85 Tn(M.K71)=0.0 
PG(m.K-1)=0.0 

7000 CONTINUE 

DO 8000 1.4=AsNCG 
Tn(Me1)=0*0 
RG(Mc1)=RG(Ms?) 

8000 CONTINUE 

DO 9000 M=p,NcG 
DO 9001 K=14NSP1 
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IF(TG(M9K)oNED0004,ANO.TG(MtK4-1)oE0.0o0) GO TO 90 
GO TO 9001 

90 IF(TG(M,K)eGEA090.0) GO TO 9000 
GO TO 91 

9001 CONTINUE 

256 WRITE(61255) KoMIOENOM 
255 FORMAT(5X,IIPPEGULAR REHAVIOUR,o5X4IK= 1 412$5A4IM= 0 412.5A,,UtN0m=14 

1G1Io4) 
GO TO 9000 

91 OrNOM=TG(M0K-1)—TG(M9K) 

IFIARS(DENOM)0GT.1e0E-03/ GO TO 92 
GO TO 256 

92 IFCIP.E0o1oOR.TG(MoK)oLT.80.0) GO TO 9000 
SLOPF=(RG(MIK-1)—RG(MIK))/DENOM 
PG(MtK4-1)=RG(M,K)4-SLOPE*(90.0—TG(MIK)) 
TG(MtK4-1)=9000 

9000 CONTINUE 
C***** 

C*****VALUFS OF GAMMA FUNCTION CONTOURS 

WRITE(61800) 
800 FoRmAT(////10XstGAMMA FUNCTION CONTOURS./10X+23(1H—)) 

WRITE(6466) 
WRITF(6,62) (CG(M)+M=IiNCG) 
DO 8500 K=14NSR 

WRITE(6.60) (Kv(RGiMtK)IM=14NCU)) 
WPITE(6,61) (TG(M4K)4M=14NCG) 

8500 CONTINUE 

WRITE(6,65) 
60 FORMAT(5x.I2.3X412E7.3) 
61 FoPmAT(IOXi12E7.1/) 
62 FORMAT(1 0x.12F7.2/10X.12(3X,4(111—))) 
65 FOPMAT(//50X.20(1H+)//) 
66 FoRmAT(//10X.tp--CONTOURS 	T--CONTOURS,/) 

PFTUPN 

END 
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SUBROUTINE INTPOL(VR.VTETA,VDPRtVoPT,VDELP) 
C***** 
c* ****THIS SUEROUTINE COMPUTES THE VALUES OF GRADPF AT ANY POINT AS WELL 

C*****AS THE VALUES OF THE SECOND DERIvAIIVEs OF THE PRESSURE FIELD. 

C**** *INTERPOLATION IS MADE FOLLOWING 
C***** 	-LINES TETA=cST 

C-"*-) ** 	-LINES P=CST 
c***** 

COMMON/PARAM/PItPF tmiNT.NINT.mPT.NPT.NPTI,NDTETAtNC,FR 

COMMON/GRID/P( 51) tTETA(31).NTETA(31) 
coMMON/GRADPF/DPFR(31.51)tOPFT(31.51) 
DIMENSION PDR(4).PDT(4)1DH(4)IDIt4) 

c***** 

DO 1000 J=1,MINT 
IF(VP.GE.R(J)0AND.VR.LE.R(J+0) ,Q TO 100 

1000 CONTINUE 

WpITF(6.150) 
150 FORMAT(X.tERROR IN INTPOL1 ) 

STOP • 
100 DO 2000 I=ItNINT 

IF(VTETA.GE.TETA(1).AND.VTETA.LE.TETA(14-1)) GOIO 2UU 

2000 CONTINUE 

WRITE(6t150) 
STOP 

200 PnRt1)=DPFR(ItJ) 

PDR(2)=DRFR(I0J+1) 
PoP(3)=DPER(14-19J) 
PDR(4)=OPER(I+1tJ+1) 

PoT(1)=DPFT(IcJ) 
PDT(2)=DPFT(I4J+I) 

RDT(1)=DPFT(I-1-1tJ) 
poT(4)=OPFT(I+14J+1) 

C*****INTERPOLATION ALONG R=CST 

KK=0 
DO 3000 K=144$2 
KK=KK-1-1 

• SLOPE=WDR(K4.1)-PDP(K))/(R(J+1)-R(J)) 
Dp(KK)=PDR(K)+SLOPE*(VR-R(J)) 

SLOPE=CPDT(K4-1)-PoT(K))/(P(J+1)-R(J)) 

DT(KK)=PDT(K)+SLOPE(VP-R(J)) 
3000 CONTINUE 

SLOPE=(DR(2)-DR(1))/(TFTA(14.1)-TETA(I)) 
Vp1=OR(1)+SLOPE*(VTETA-TETA(I)) 
SLOPE=(DT(2)-DT()))/(TETA(I4-1)-TETA(I)) 
VT1=DT(1)4-SLOPE*(VIETA-YETAt/)) 

c-W** 
C*****INTERPOLATION ALONG TEIA=Cst 

DO 4000 K=1t2 
KK=KK+1 
SLOPE=CPDR(K4-2)-PoR(K))/(TETA(14-1)-TETA())) 
DP(KK)=PDP(K)+SLOPE*(VTFTA-TETA(I)) 

SLOPE=(PDT1K+2)-PoT(K))/(TETA(14-1)-1EIAtI)) 
DT(KK)=PDT(K)+SL0pE4,'(VTETA-TETA(I)) 

4000 CONTINUE 
SLOPE=CDR(4)-DR(7?))/(R(J4-1)-(2(J)) 

VP2=DR(3)+SLOPE*(VP-R(J)) 
SLORE=(DT(4)-DT(3))/.(R{J-4-1)-R(J)) 

. VT2=DT(3)+SLOPE*(VR-R(J)) 
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C***** 

C*****THE VALUES OF GRADPF AT A POINT (VR.VTETA) ARE TAKEN AS THE AVERAGE 
C*****OF THE VALUES OBTAINED BY THE INTERPOLATION ALONG R=CST AND ALONG 
C*****TETA=CST 

VnPR=005*(VR11-VR2) 
VnPT=0,5*(VT14VT2) 

C***** 

C*****CALCULATION OF SECOND DERIVATIVES AND LAPLACIAN 
RLIM=005*(R(J+1)+R(J)/ 
TLIM=Oo5*ITETA(I+1)+TETA(I)) 
IF(VRoLE.RLIM.AND.VTETAcLE.TLIM) IJ=1 
IFIVR0GToRLIM.AND0VTETAoLE.TLIM/ IJ=2 
IF(VRcLE.RLIM•ANDeVTETAcGT•TLIM) IJ=3 
1E(VR,GTeRLIMsAND*VTETA.GToTLIM1 IJ=4 
GO TO (50,60.70.30)•IJ 

SO VD2PR=(VDPR—DR(3))/IVR—R(J)/ 

VO2PT=(VDPT—DT(1))/(VTETA—TETA(I)) 
GO TO 90 

60 VO2PR=(VDPR—DR(4))/(VP—R(J-1-11) 
Vn2_PT=(VDPT—DT(1))/(VTETA—TETA(I)) 
GO TO 90 

70 VD2_PR=(VDPR—DR(3))/(VR—R(J)) 

VD2PT=(VDPT—DT(2))/(VTETA—TETA(I+1)) 
GO TO 90 

80 Vn2PR=(VDPR—DR(4))/(VR—R(J+1)) 
VD2PT=(VDPT—DT(2))/(VTETA—TETAII+13) 

90 VDELP=VD2PP4-VDPR/VR+VD2PT/VR**2 
c***** 

RETURN 
END 



SUBROUTINE ID(VR9VTETAIGAMMA) 
c***** 

C*****TNIS SUBROUTINE CALCULATES THE VALUE OF GAMMA FOR A GIVEN POINT 
C*****(VRtVTETA) BY INTERPOLATING BETWEEN THE VALUES PG(I4J) AND TG(I,J) 
C*****FOUND BY DRAG. 
C***** 

COMMON/PARAM/PI,RE•MINT,NINToMPT!NPT,NPT1.NDTETA,NC,FR 
COMMON/CONST/NALPHA4XLIMtMjsNL.NDL.NCGS+NCG,NSP 
COMMON/DC/RG(12,90)+TG(12.50)1CG(12) 
NNCG=NCG-1 
NNSP=NSP—I 
DO 1000 M=14NNCG 
DO 2000 1<=1.NNSP 

/F(RG(M,K).E0e0.0) GO TO 2000 
IFIVTETA.GE.TG(M4K).AND.VTETA.LE.TG(MvK+1)) GO TO 1001 

2000 CONTINUE 
IF(M.E0o1) GO TO 1000 
WRITE(6.100) 

100 FORMAT(5X.tERROR IN VTETA INTERPOLATION*** SUB. ID') 
STOP 

1001 SLOPF1=(RG(M9K+1)—RG(M,K))/(TG(MoK4.1)—TG(MtX)) 
Ym1=RG(MoK)+SLOPF1*(VTFTA—TG(M,K)) 
IF(M#E002.AND.VR.C;T0YMI) GO TO 3100 
MM=M+1 
DO 2100 K=1,NNSP 
IF(TG(MMcK)g,E000.0) GO TO 2100 
IF(VTETA.GEoTG(MMoK).ANDvVTETA.LE.TG(MM4K+1)) GO TO 1100 

2100 CONTINUE 
GAMMA-CG(M) 
RETURN 

1100 SLOPE2=MG(MMaK+1)—PG(MM,K))/(TG(MM,K+1)—TG(MM4K)) 
YM2=PG(MMtK)+SLOPF2*(VTETA—TG(MMeK)) 
IF(VP‘LF.YMI.AND.VR.GE.YM2) GO TO 3000 
tP(CG(M)OEQ•CG(NCG)) GO TO 3200 
IF(VR,LT.YM2.AND.RG(MM+1,K).F.0.000)- GO TO 200 
GO TO 1000 

200 GAMMA=CG(MM) 

RFTURN 
1000 CONTINUE 
3000 GAMMA=CG(MM) 

RETURN 
3100 GAMMA=CG(M) 

RFTURN 
3200 GAMMA=CG(NCG) 

RETURN 
END 

338 
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SUBROUTINE GASSF(VALPHA) 
c**-1,=** 

O***-N*THIS SUBROUTINE COMPUTES THE STREAM FUNCTION FOR THE GAS FLOW AT 
C*****EACH NODE OF THE GRID FROM THE VALUES OF THE GAS VELOCITY. 

C*****CONTOURS OF THE GAS STREAM FUNCTION ARE FOUND BY LINEAR INTERPOLATION 
C***** 

COMMON/PARAM/PI,BFIMINTeNINT,MPT,NPT4NPT14NDTETA4NCtFR 
COMMON/CONST/NALPHA6XLIM,MJINL.NDL4NCGSyNCG,NSP 
COMMON/GRID/R(91).TETA(31),NTETA(31) 
COMMON/GSTER/PHI(16.51)*CRTG1(16423)+CRTG2(16423) 
COMMON/VAL/ALPHAB(10)4GCSF(23) 
COMMON/GVEL/UX(16s51)1UY(16151)*UR(16451)9UT(16,51) 

C***** 

C****VALUFS OF THE GAS STREAM FUNCTION AT THE OUTER BOUNDARY 

DO 1000 I=1•NPT1 

PHI(IIMPT)=((VALPHA-16)/VALPHA)*R(MPT)*SIN(TETA(I)) 
1000 CONTINUE 

C*1:-*** 

C*****VALUES OF THE GAS STREAM FUNCTION AT THE GRID NODES 
DO 2000 J=IIMINT 
Jj=MPT—J 
DO 2000 /=1.NRTI 

PHI(I.JJ)=PHI(I.JJ+1)-005*(R(JJ-4-1)+R(JJ))*(UT(1,JJ-4-1)—UT(IIJJ)) 
1—UT(IeJJ)*(R(JJA-1)—R(JJ)/4-R(JJ)*(UT(14JJ1-1)—UT(/*JJ)) 

2000 CONTINUE 
C***** 

- DO 7000 1=1.NPT1 

DO 7000 K=I4NCGS 

CPTG1(I4K)=0.0 
CPTG2(I4K)=0.0 

. .7000 CONTINUE 

DO 6000 K=I,NCGS 

00 6000 1=2eNPT1 
DO 4000 J=14MINT 

1F(GCSF(K).GEoPHI(I•J).AND.GCSF(K).LF.PHI(I'J+1)) GO TO 100 
4000 CONTINUE 

GO TO 500 

100 DSFG=(PHI(I.J+1)—PHI(I.J))/(R(J1-1)—R(J)) 
CPTG1(11K)=R(J)-4-(GCSF(K)—PHI(I4J))/DSFG 

500 DO 4100 J=1.MINT 

IF(GCSF(K).LE.PHI(IsMeAND.GCSF(K).GE.PHI(14J-1-1)/ GO TO 200 
4100 CONTINUE 

GO TO 6000 

200 DSFG=(PHI(I4J+1)—PHI(I4J))/(R(J+1)—R(3)) 
CnTG2((eK)=P(J)-1-(GCSF(K)—PHI(I±J))/DSFG 

6000 CoNTINUE 

RETURN 
END 
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SUBROUTINE RES3(VALPHA) 
c****-* 
C*****THIS SUBROUTINE WRITES OUT THE RESULTS FOR THE GAS VELOCITY AS WELL AS-
C*****THE GAS STREAM FUNCTION CONTOURS. 
C***** 

COMMON/PARAM/PI,RP.MINTsNINToMPTeNPT.NPT1.NDTETA,NC.FR.  
COMMON/CONST/NALPHAIXLIM.MJ.NL.NDL.NCGS.NOGINSR 
COMMON/GPID/R(91).TETA(31),NTETA(31) 
COMMON/GSTFR/PHI(16,91)*CRTG1(164 23),CRTG2(161 23) 
COMMON/VAL/ALPHAR(10).GCSF(23) 
COMMON/GVEL/UX(16.51).UY(16,51)+UR(16,51).UT(16*51) 

c***** 
c*****RFSULTS FOR THE GAS VELOCITY 

WRITE(6,1) VALPHA 
I FORMAT(//50X.IRESULT FOR ALPHAB= 4 .F5.2/49X,25(1H—)//) 

WRITF(6.2) 
2 FOPMAT(10X.tGAS VELOCITY,/10X.12(1H—)/) 

NI=8 
NR=MOD(MPT.NI) 
NN=MPT—NR 
Nm=NN+1 
DO 1000 N=IoNNINI 
NI=N+NI-1 
WRITE(6.10) (R(J).J=N.N1) 	• 
WRITE(6.11) (NTETA(I)t(UR(I,U).J=NtN1)41=1.NRTI) 
WRITE(6.12) 
WRITE(6,I1) (NTETA(I)*(UT(I,J).J=NIN1),I=1,NPTI) 

WRITE(6.13) 
1000 CONTINUE 

WRITE(6.14) (R(J).J=NMIMPT) 
WRITF(6,19) (NTETA(I),(UR(/1J).J=NM.MPT)./=1.NPTI) 

WRITF(6q12) 
WpITF(6,15) (NTETA(1).(UT(I.J).J=NM.MPT),I=1.NPT1) 

WDITF(6,13) 
C***** 
C*****STREAM FUNCTION VALUES 

WRITE(6,3) 
3 	FORMAT(//10X.IGAs STREAM FUNCTIONt/10X.19(1H— )/) 

DO 2000 N=1.NN,NI 

N1=N+NI-1 
WR1TE(6,10) (R(J).J=N.NI) 

WPITF(6'11) (NTETA(I),(FH1(1...))*J=N4N1).1=1.NPTI) 

WRITF(6,13) 
2000 CONTINUE 

WRITE(6.14) (R(J).J=NmtMpT) 
WRITE(64151 (NTETA(1).(PHI(I.J).J=Nm.mPT),1=1•NPT1) 

WRITF(6.13) 
C***** 
C*****GAS STREAM FUNCTION CONTOURS 

WPITE(645) 
5 FORMAT(//10X.IGAS STREAM FUNCTION CONTOURS1 /10X+28(1H—)/) 

NR=MOD(NCGS.NI) 
NM=NCGS—NR 
Nm=NN+1 
DO 3000 N=ItNNIN1 
NI=N+NI-1 
WoITF(6.16) (GCS=- (K).K=N.N1) 

DO 900  I=1.NPTI • 

WRITF(6411) (NTETA(I).(CPTGI(I4K)0(=N4N1)) 
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Wp1TE(6117) (CRTG2(1aK)9K=N,N1) 
500 CONTINUE 

WpITE(6,13) 
3000 CONTINUE 

WoITE(6,1£=0 (GCSP(K),K=NM4NCGS) 

DO 501 I=1.NPTI 
WpITE(6419) (NTETA(I).(CRTG1(11K),K=NMtNCGS)) 

WDITE(6,20) (CRTC,p(Iie,),K=NMaNCGS) 
501 CONTINUE 

WDITE(6s13) 
10 FoRMAT(8Xt8(5X,2Hp=4F6.242X)) 
11 FORmAT(2X.13,IH*,pXy6G15.5) 
12 FORMAT(/56X,20(11-44-)/) 

13 FORMAT(/56X,20(1H*)/) 
14 F0RtAAT(SX.3(5X.2Hp=4F6e2,2X)) 
15 F0RMAT(2X*13'1H*.2X1301505) 

16 FoRmAT(8X1O(2X,,cONTOUP=I•F54,2)) 
17 FOPMAT(RXI6G15.5/) 
18 FORMAT(8X'7(2X+ICONTOUP=ItF5.2)) 
19 FORmAT(2X■13•1H*,?X,7G15,5) 
20 FORMAT(8X17G15.5/) 

Pc-TURN 

END 
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APPENDIX 5 

CALCULATION OF THE FROUDE NUMBER IN THE CASE 

OF STOKES'S FLOW FOR THE THREE-DIMENSIONAL CASE 

For potential flow solution, the Davies and Taylor.  approximation 

ensures that the pressure variations at the apex of a bubble are small. 

This condition can be written as: 

azPf  	 .-:-. 0 
a® 2  0 = 0 

r = a 

(Chapter 2) 

   

Let us try to apply the Davies and Taylor approximation in the 

case of a very viscous flow around the bubble. 

We shall only be concerned with the three-dimensional case 

where it is possible to find an analytical"solution for the streamfunction. 

The streamfunction is given by: 

U
b = 

2 
, q  3 a 	1 

r  7 2" 
a 

 

r3 
2 2 

r sin 0 

In the case of a viscous flow the momentum term is negligible 

in comparison with the viscous effect term and the tangential component 

of the equation reduces to: (axisymrnetrical flow) 
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Replacing the values of -y r and v in the 0 -component of the 

momentum equation, we get: 
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The Davies and Taylor approximation then becomes: 

Pf 
dOZ 
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U
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and the bubble velocity: 
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(A. 5. 1) 

which means that, by assuming a Davies and Taylor approximation 

for a viscous flow past a spherical bubble, the velocity of the bubble 

is found to be proportional to the square of the bubble radius. In the 

case of potential. flow the approximation leads to: 
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Ub  = —3 
 g 

z 

Putting equation (A. 5. 1) in dimensionless form, we finally get: 

Fr = 3 Re 


