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Abstract

We consider the problem of testing whether a quaternion-valued Gaussian random vector is proper.
The quaternion covariance matrix fully describes the second order properties of a quaternion random
vector only if the distribution is proper. The exact distribution of the likelihood ratio test under the
hypothesis of propriety is derived for general sample size, N, and vector dimensionality, p. As this is in
terms of Meijer’s G-function, various approximations are considered, including Box-type and saddlepoint
approximations. We find in particular that a new approach matching the first three cumulants is easy to

implement and extremely accurate.

Keywords
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function

I. INTRODUCTION

Recently there has been much interest in quaternion-valued signal processing [5], [10], [15],
[16], [17], [20], [22], [23], [24], [28]. Many multivariate problems based on vector sensors may
be readily modeled in the quaternion domain which accounts naturally for the correlated nature
of the signal components. Applications of quaternion signal processing include multicomponent
seismic velocity analysis [5], singular value decomposition for vector sensing [10], sequential
best rotation [15] for polarized source separation in convolutive mixture models, multiple signal
classification (MUSIC) spectrum estimation [17], block coding [20], [32], and adaptive filtering
[22].

As is the case with complex-valued random vectors, the quaternion covariance only fully cap-
tures the second order properties of proper quaternion random vectors. In the more general
improper case, further information is contained in three complementary covariance matrices. It
is shown in [28], [29] that using quaternion linear processing for partial least squares, principal
component analysis, multivariate linear regression or canonical correlation analysis is subopti-
mal for improper quaternion random vectors. For the same reason the quaternion widely linear
adaptive filter is introduced in [23] and incorporated into their quaternion least mean square
algorithm, allowing for a unified approach to adaptive filtering of both proper and improper
quaternion signals.

It is hence timely to consider the problem of testing whether a quaternion-valued Gaussian

random vector is proper. [27] studies the likelihood ratio test (LRT) from a geometric and
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information-theoretic perspective. We will instead consider structured real covariance matrices
and concentrate on the exact distribution of the test statistic and its accurate approximation.
In the remainder of this Introduction we define mathematically the problem we wish to solve.
In Section IT we firstly provide some basic definitions and introduce notation, along with the
augmented covariance matrix. Following [28] we define propriety for quaternions. In Section III
the testing problem is developed in terms of two nested hypotheses. The LRT statistic and its
moments follow. The Box-type parameters are identified. The asymptotic and exact distributions
of the statistic are derived in Section III, the latter involving Meijer’s G-functions. As this is
inconvenient in practice, Section V examines various approximations, including Box-type and
saddlepoint approximations. Section V-C introduces a new approach matching the first three
cumulants which is easy to implement and extremely accurate. Section VI considers asymptotic

robustness to nonGaussianity. Section VII provides our concluding comments.

A. The problem

Let a, b, ¢, d be real-valued p-dimensional jointly Gaussian random variables (column vectors).
Then ¢ = a + bi + ¢j + dk follows a (possibly improper) p-dimensional quaternion Gaussian
distribution. Here 1,1, ], k are the 4 basis elements of the quaternions (see Section II-A). Studying
the distribution of q is equivalent to studying the distribution of the 4p-dimensional real Gaussian
random variable r = [a”,b”, c?,d"]" with covariance matrix X, = E{rr’}. We are assuming
throughout that E{r} = 0, but this can be relaxed by subtracting the sample mean and replacing
N by N — 1 in all results.

In this paper we consider the hypothesis test Hy : the 4p X 4p covariance matrix X, from a
real-valued multivariate Gaussian distribution has quaternion structure, defined in (8), against
the default alternative Hy : X, does not have quaternion structure.

Just as in the complex-valued case, where testing that an appropriate 2p X 2p covariance matrix
has complex structure, defined in (10), is equivalent to testing for propriety for p-dimensional
complex-valued Gaussian vectors [30], so testing that the 4p x 4p covariance matrix ¥, has
quaternion structure is equivalent to testing for propriety for p-dimensional quaternion-valued

Gaussian vectors gq.
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II. BACKGROUND
A. Basics

The quaternions H are a 4-dimensional real division algebra. We denote the 4 basis elements
by 1,1,j,k. In this basis, a quaternion can be written as ¢ = a + bi + ¢j + dk with a,b,¢c,d € R.
i,j,k satisfy i2 = j2 = k? = ijk = —1, ij = —ji = k, jk = —kj = i, ki = —ik = j and quaternion
multiplication is associative, distributive but not commutative.

The conjugate of ¢ is ¢* = a — bi — ¢j — dk. The quaternion norm is defined as |q| = /q¢* =
[a® 4 b% + 2 4+ d?]V/2. i is a pure unit quaternion iff |ig| = 1 and its real part is zero. The inverse

L' = ¢*/|q|*. For a quaternion matrix @ we denote the conjugate

of a quaternion ¢ # 0 is ¢~
transpose by QY = (Q*)”. The product of two matrices Q € H™*" and § € H"? is P = QS

. - \th n
with (4, 7)™ element p; j = Y7, gi ¢St
B. Cowvariance matrices

Analogously to improper complex random variables, the second-order properties of g, given

by the 4p x 4p real covariance matrix

2a Ea,b 2a,c 2a d
3 3 3 3
Er _ E{TTT} _ b,a b b,C b,d ’ (1)
2c,«:r. Zc,b Zc 2c,d

Yda Xdp Zde Xd

(Zap = E{abl} and £, = E{aa’}), are not fully specified by its (quaternion) covariance
matrix X4 = E{qq"}.

Given a quaternion ¢op and a pure unit quaternion iy define the involution q(()io) = 19qoly 1=

—10qoto-

Note that i,j and k are all pure unit quaternions. We define an augmented quaternion vector

as _ _ ~ _ ~ _
q q a+bi+cj+dk

@) —iqi a+bi—cj—dk

B qV —igj a — bi+cj — dk

q¥| |-kgk| [a—bi—cj+dk
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where (e.g., [24])

o

i, I, kI,

i, —jI, —kI,
—iI, jI, —kI,
—il, —jI, kI,

o

(3)

o

o

It is worth noting that if ¢ = d = 0, so that the quaternion vector is just a complex vector,
then [a”,b?]T can be taken to the augmented complex vector [(a + bi)T, (a — bi)T]7 using the

well-known submatrix of A [21, p. 31]:
I, iI,
I, —iI,
The second-order properties of g are fully specified by its augmented covariance matrix

X, =E{q q"} = Ax,. A" (5)

Indeed, since A~! = iAH we can easily recover the real covariance matrix:

_ 1

3, =
16

A3 A. (6)

Expanding (5) in p x p blocks gives [28, p. 3505]

Tg  gqh Hgqh) Hgqm
® @) ® ®
> = q,9® Xq Eqa(k) 2tLqU) (7)
4 @ 50 w50
q,q) a,q1 q a,q®
(k) (k) (%) (k)
Eq,q(” Eq,qm Eq,q“) g |
where terms of the form Es)q(k) denote involutions, e.g., ES)q(k) = —i%, 1. Since all the blocks

in 34 can be derived from the first row of blocks, the second-order properties of g can be

described by specifying the covariance X4 along with three complementary covariance matrices

aq0 = —Efdiq"i}
Toq0 = —F{diq"j}
2 g.q® —FE{qkq"k}.
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C. Propriety

We now give the definitions of propriety following [28].

Definition 1: g is H-proper, (or just proper), iff ¥, o) =0, X 0.

=0and ¥ ;) =0.

,=0and ¥

q,q0 q,q® =

Definition 2: q is Cl-proper iff 2q7q(i)

Proposition 1: q is H-proper (proper) iff

2a _Eb,a _zc,a _Eda

2b,a, 2a, _Ed,a 2c,a,
2:c,a, 2]d,a 2a. _Eb a

)

zda, _an 2ba. 2a

) )

q is Cl-proper iff

where z = [aT,bT]T + [CT,dT]Tj.
Proof:  These follow from (6) and (7). More easily, the form of (8) is immediate from [28,
lemma 8] while (9) is readily derived from [28, Table 1]. [ ]

Quaternion propriety can be interpreted geometrically as invariance of the second-order prop-
erties under the transformations (rotations) of the form q — qu where u is a unit quaternion
[28, lemma 9]. Invariance under g — ugq gives a different ‘handedness’ of quaternion propriety
[26]. Studying either type of handedness is however equivalent, since taking conjugates switches
the handedness of q.

Algebraically, propriety is preserved by quaternion linear transformations q — Lq, L € H™*P
[28, Lemma 1]. Thus, the hypothesis test Hy v.s. Hj is invariant under ¢ — Lqu where
L € HP*P ig invertible and u is a unit quaternion. In particular, propriety is preserved by all
rotations q — uqu, |u| = |v| = 1.

Cl-propriety of q is equivalent to the complex propriety of z or the joint complex propriety of

a + cj and b+ dj [28, p. 3507].
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Note that if q is H-proper then 34 = 43, + 434 o1 + 43 o) + 4¥g 0k and if z is complex
proper then ¥, = 23R (z) + 215 (2) Re(2))-

Finally, in the scalar case (p = 1) propriety of q is equivalent to sphericity of r, i.e., g is proper
iff a, b, ¢, d are independent and identically distributed (IID). A LRT for propriety then reduces
to Mauchly’s test [14].

III. TESTING FOR QUATERNION STRUCTURE
A. Covariance structures

Here we will link the real-valued covariance matrices in (8) and (9) to the work of [1].

Definition 3: Let Pr denote the set of 4p x 4p symmetric positive definite matrices. Let
Pec C Pr and Pg C Pg denote the set of symmetric positive definite matrices of the form
(9) (or (10)), and (8), respectively. In the terminology of [1, pp. 394, 403-404], P¢ is the set
of covariance matrices with complex structure and Py is the set of covariance matrices with
quaternion structure. Clearly Py C Pe.

Consider our hypothesis test stated in Section I-A. Because the quaternion structure is a
special case of complex structure, we can exploit the nested nature of the implied models to
build a direct test from two of the tests discussed in [1]. Consider two hypothesis tests with
default alternatives and null hypotheses as follows:

1. Test 1. HE)C: the 4p x 4p covariance matrix 3, from a real-valued multivariate Gaussian
distribution has complex structure. [H(()C: Y, € Pc versus H ic: 3, € Pr\ Pc.
2. Test 2. H[])HI: the 4p x 4p covariance matrix ¥, with complex structure (X, = E,n) has

quaternion structure. [Hg{: 3., € Py versus H{HI: 3, € Pc\ Pul]

Since Py C Pr, we know H%ﬂ is nested within Héc.

Now let q1,...,qyn be an IID sample of quaternion Gaussian random variables from the distri-
bution of g and let 71, ..., 7y be the corresponding 4p-dimensional real-valued random variables,
with N > 4p, from a Gaussian distribution with mean vector zero and positive-definite and sym-
metric covariance matrix 3,. We shall denote the maximum likelihood estimator of 32, by ﬁ]R,

where

N
- 1
Sp= N;mrg. (11)

March 25, 2011 DRAFT



IEEE TRANSACTIONS ON SIGNAL PROCESSING, [March 25, 2011] 8

Lemma 1: Consider X, € Pg, defined as in (1). This can be expressed as

Define

Let ¢ : Pr — Pc be a projection such that ¢ (23,.) =

ERe(z) + 2Ilrn(z) 2Re(z),Im(z) - 2Im(z),Re(z)
Y1m(z),Re(z) — 2Re(z),Im(z) 3 Re(z) T Xim(2)

=3, + L, 2,.J.

(12)

(13)

Then 3¢ = ¢(3g) is the maximum likelihood estimator of 3, under HS.

Proof: We wish to maximise the likelihood function

(2m)"2N det {Zc} M2 exp (—u« {2@12R} /2) (14)

over X¢ € Pc. In consideration we introduce Lemma 2.

Lemma 2: For X¢ € Pg, tr {E(Elﬁ}@} =tr {E(ElﬁlR} .

Proof: This is given in Appendix—A.

By Lemma 2, (14) is equal to

(27)72N det {Sc)} M2 exp <ftr {z(glf:c} /2) .

From the classical case, this is maximised over 3¢ € Pg D P¢ by setting I¢ = Sc. (See also [1,

eqn. 12, Th. 1].) This completes the proof of Lemma 1.

Lemma 3: Consider ¥, € Pc, defined as in (10) and define

Jo
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Let h : Pc — Py be a projection such that & (23,) =

YatXp Yap—2pa Xdp—dca —Zeb Xda
Yba—Xapb ZatXp —Bepb—Zda Xea—Xdb
Yea—2db YeptEda Zatp Yab—2Zba
YebvtEda Ydp—Zca Xba—Xab Ya+3

Then g = h(Zc) = h(&(Eg)) is the maximum likelihood estimator of %, under HE.

Proof: We wish to maximise the likelihood function
(2m)"2N det {Su} /2 exp (—tr {Eﬁlﬁ)R} /2) (17)
over X € Py. In consideration we introduce Lemma 4.
Lemma 4: For Sy € Py, tr {zgﬂlﬁ:H} — tr {Eﬁlﬁ]R} .

Proof: This is given in Appendix—A. |
By Lemma 4, (17) is equal to

(2m)"2N det {Su)} V2 exp <—tr {2@12&} /2) .

This is maximised over Xy € Pr D Py by setting Xy = Sh. (See also [1, eqn. 56, Th. 3].) This

completes the proof of Lemma 3. |

B. Nature of the Test

Let T¢ be the LRT statistic for Test 1, and Ty be the LRT statistic for Test 2. From [1, Th. 1]
Tc and ¢ are independent under Héc. Applying Test 2 to 3¢ we obtain another LRT statistic
Ty which is a function of 3¢ and hence is independent of T¢ . The LRT statistic for testing H(I)HI
versus HY takes the simple form T' = Tt - Th.

Proposition 2: The likelihood ratio (LR) for testing Hi' versus Hi' is given by

Ty = [det{3c}/ det{Zw}] V2.
Proof: By Lemmas 1 & 3 the LR is
N2 exp (—tr {ﬁlﬁlﬁ]R} /2)

exp (—tr {f](glﬁ]R} /2) '

det{3¢}
det{Zx}
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By Lemmas 4 & 2, tr{ﬁﬁlﬁR} = tr{ﬁﬁlﬁH} =tr{ls} = tr{ﬂélﬁc} = tr{ﬁélgR}, SO

the exponentials cancel.

|
Proposition 3: The LR for testing H((JC versus H (1C is
Te = [det{3r}/ det{=c}]V/2.
Proof: Proceeds as Proposition 2; see also [30, p. 828|. [ |

Consider Hy, Hi, defined in Section I-A. Since P(ﬁR € Pr) = 0, the maximum likelihood
under H ic and under H; are almost surely equal. Also, Hy = Hgﬂ. The LRT statistic for testing

Hy versus H; is therefore
T = Tc - Ty = [det{Zg}/ det{Zg}] V2. (18)
T satisfies 0 < T < 1, since it is an LR and Py C Pr. We reject the null hypothesis for small

values of T'.

Now let us consider the moments of 7. By independence we can obtain the moments E{T"} =

E{T{YE{TE).
Proposition 4: Under Hy the LRT statistic T for Hg versus H; has moments
h P)?ﬂF[N(h+1)—4p+2j—1]
B{T"} =K ] : (19)

1T [N(th 1) 4 2l

where |z] is the integer part of x, [x] is the smallest integer greater or equal to z, and K does
not depend on h.
Proof: This is given in Appendix—B. |
We now identify a general class of distributions containing the LRT statistic 7T

Definition 4: A random variable 0 < W < 1 is said to be of Box-type [2] if, for all h € N,

(20)

I, y;“r [T, Dl (1+ ) + &
IT% 2 | TI-iTlyy (L +h) + 5]

where K =[5 T (y; +m5) /TI% T (2 + &), so B{W} = 1, and 37 @ = 30y, @i >
0, y; > 0.

E{W" = K [

Comparing (19) and (20) we see that T' is a random variable of Box-type with
zi =y; = N;ym =k = [3p/2]; (21)
§=—dp+2i—Ln=[2-j-[(-1/3]]/2 (22)
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and K in (19) is
(%]

'[N + ]
K= . 23
I e (2]
Next, we will consider the non-negative random variable M = —2logT.

IV. TEST STATISTIC AND ITS DISTRIBUTION
A. Asymptotic Distribution

From Wilks’ theorem [33, p. 132] under Hy, as N — oo,
M= —2logT % X3 (24)

i.e., M tends in distribution to X%. Here f denotes the degrees of freedom for the test and is

given by [2, eqn. 73]

m k
F==2> &=> n—3m—k)
i—1 j=1

[3p/2]
= > [Bp+4—5i—[(i—1)/3]]

i=1
= 3p(2p+1). (25)
This is equal to the difference between the number of free parameters in the covariance matrix
under Hy, namely 2p(4p+ 1), and under Hy, namely p(2p —1). The asymptotic distribution (24)

is given in [27] (along with asymptotic distributions of other related likelihood ratio statistics).

B. Ezxact Distribution

We firstly show that T' can be written as a product of powers of independent Beta-distributed
random variables.

Proposition 5: Assume W has moments given by (20) where m = k, x; = y; for all ¢ and
n; > & > —ua; for all i (parameters can be reordered if necessary). Then W ~ [[:", V."*, where
V; are independently distributed as Beta(&; + x;,n; — §;) random variables.

Proof: Similarly to [13, p. 122], for all h € C such that Re(h) > =& — z;,

[(z; +n)T (& + 2i(1 + h))
U(2i + &)1 (i +2i(1+ h))

Hence the moments match and so does the distribution which is bounded and hence uniquely

E{V;""} =

(26)

determined by the moments.
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Exact probability density functions (PDFs) of products of powers of independent Beta ran-
dom variables are given as H-functions in [13, eq. (4.15)]. Furthermore, T*/" is a product of
independent Beta random variables; the PDFs of such products are given as G-functions in [3,
eq. (4.8)].

Definition 5: Fox’s H-function is defined by the following Mellin-Barnes integral [3]:

wv |, (a1,0q),...,(ap, oq)

" (bl,m <o (b, By)
/ = Bis) I T(L — aj + ays)

27” H] u+1 b +BJ )H] ’U+1F( ajS)

Z%ds.

(27)

The path of integration L is chosen such that the poles (b; +n)/8;, 7 = 1,...,u, n € N are
separated from the poles (a; — 1 —n)/a;, j=1,...,v, n € N. The parameters are 0 < v < g,

0<u<r, a4 B €[0,00], aj, b; € C.

In all our uses, we will have v = 0 and the path of integration L will be a vertical line from
v —ico to 7y + ico.

Definition 6: Meijer’s G-function is a special case of the H-function

aty...,a ai,l),...,(aq,1
e 1 R I & S (@ (28)
bi,..., by (b1,1),...,(by, 1)
The moment generating function for M is given by ¢s(s) = E{e*™} = E{T~2*} so by Proposi-
tion 5
e ffﬂ PIN(L—25) + ) )
M=) = LL TN (= 25) + )]
for Re(—2s) > max;(—&; — ;) =4p — 1 — N, with &;, n;, K given in (22) and (23).
Theorem 1: With parameter values as in (21) and (22), the PDF of M is given by
Ke‘”’ﬂ m.0 —x/(2N) M- -5 Mm
517 AR 7€m
where the constant K is defined in (23). The cumulative distribution function (CDF) is
ey s L — N
Fa(z) = Ke /2Gmi10 | gmo/@N) [Thor o . (31)

&, &m, —N
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Proof: This is given in Appendix—D. |

To be useful, the G-function expressions for the PDF and CDF in (30) and (31), respectively,

need to be computable quantities. We examined a number of symbolic computation engines

which in theory have arbitrary-precision implementations of Meijer’s G-function, and encountered

problems with each implementation. We were however able to compute exact quantiles of the

distribution of M, using version 13 of Maple®, by adding an ad-hoc correction whenever (31)

erroneously evaluated to Fys(z) — 1. These exact quantiles are used to compare approximations
in section V-H.

The cumulants of M can be easily obtained from the cumulant generating function log ¢ (s).

L @ logon(s)

’ (ds)/

EX |
=[=2N) Y [ + &) - I + )| (32)
=1

s=0

where () = [dlog'(z)]/dz is the digamma function and its derivatives are polygamma func-
tions (trigamma, tetragamma, ...). 1 is the mean, k3 is the variance, k3/ Hg/ ? is the skewness

and k4/k3 is the excess kurtosis.

V. APPROXIMATING DISTRIBUTIONS

Using a X?c distribution to approximate the distribution of M as in (24) will generally give poor
results for finite V. Routine computation of the exact distribution for hypothesis testing is not
straightforward. We now consider approximation methods and their performance. We briefly
outline various possible approaches which we will compare later by making use of the exact
distribution. We firstly note that since the distribution of T is of Box type, we may approximate

the distribution of M = —2logT using methods in [2].

A. Bartlett adjustment

One such method introduces a Bartlett adjustment C, approximating M by the distribution
of Cx?c, where f = 3p(2p + 1) here, as in (25). C is chosen so that the cumulants of the
approximation match those of M up to an error of order O (N _2). Box’s method [2, p. 33§]
implies the Bartlett adjustment Cpox = (12N)/(12N + 1 — 20p).

This approximation is convenient since it does not require the use of a computer. A more ac-

curate approximation is obtained if one instead chooses the Bartlett adjustment Ceyact = f k1,
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which matches the mean of M ezactly, but we will not examine this option further since it is
superseded by the gamma approximation of the next section. An analysis is given in [18] where

various choices of Bartlett adjustment for tests 1 and 2 are compared.

B. Gamma approximation

As suggested in [7], we can also approximate M by a Gamma random variable with PDF
f(x) = (\"/T(r))a"Lexp(—Ax), for x,7, A > 0, with » = k?/ko, A = Kk1/Kk2. Such a random
variable has the same mean and variance as M. Scaled x? distributions are special cases of
the Gamma distribution where the first (shape) parameter is a half integer, so this approach

corresponds to fitting both the scale and the degrees of freedom of a scaled x? approximation.

C. A new F-approximation

Based on the Pearson system of curves [9], Box uses distributions of scaled F- and Beta-
distributed random variables, bF'(f1, f2) or bBeta (f1, f2), respectively, where the distribution
and parameters are chosen so that the first four cumulants match those of M up to an error of
order Q(N~3).

We suggest instead to match the first 3 cumulants exactly, leading to greatly increased accuracy.
It does not appear this exact approach has been used before. We ran a numerical study of all
combinations p < 10000, N < 4p 4+ 2000 and concluded that cases requiring a Beta distribution
do not arise and that it will be possible to match the first 3 cumulants using an F' distribution
whenever N > 4.13p + 0.5, i.e., nearly always considering that N > 4p is a requirement. The

parameters are then given by

1 = 4k (Ii%lig — K% + lilﬂg) /(4/<;1/<;§ — Ii%lig + KaK3);
fo = (4k%ky — 8K3 + 6K1k3)/(K1K3 — 2K3); (33)
b = 2k (/@%/{2 — K2+ K1K3) /(263 kg — 4K3 + 3kK1K3).
D. Boz’s x? series

Following [2] we can expand the distribution function of M as

237

n—1
Fu(z)=Kp)_ ajFyz , (pr)+0 (N7, (34)
j=0
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where K = K(pN)~//2. Using the iterative scheme of [6], which is essentially a new utilization

of the algorithm which computes moments from cumulants, the coefficients are given by

1 J
ag = 1; aj:}Ziwiaj_i’ j=1....n—1;
=1
(-1t
T i+ ()
71

X Biy1 (1 =p)N +&) —Bir1 (1 = p)N + )],
—1

|
vl

~

where B;(z) denotes the Bernoulli polynomial of degree i. The free scaling parameter p is chosen
so that a; = 0. Using [4, equn. 1.7], p=1—[1/(fN)] Ze:%ﬂ [B2(&) — Ba(me)] = Cgl..

It is proven in [6] that for x < 47N, the series (34) converges to Fis(x) as n — oo, meaning
that an arbitrary precision (exact) value can be computed. For x > 47N, the series diverges
if too many terms are taken, as is generally the case with asymptotic expansions, but this is
unlikely to be a problem in practice.

This approximation is often applied with the parameter choice n = 3, and possibly a renormali-

sation. Due to its poor performance, we have chosen instead n = 5 in our numerical comparisons.

E. Lugannani & Rice saddlepoint approximation

Consider an exponentially tilted version of M, M; say, i.e., fa,(x) = e far(x)/édar(s). Then
since ¢ar, (t) = (s +t)/dnm(s) the cumulants of M, are

(s = Yloson ()
: @y i
e/
= (—2NY Y [pUI(V (A - 29) + )
i=1

—pU (N (1 - 25) + 1) -
Let Far(+) and far(-) denote, respectively, the standard Gaussian CDF and PDF. The Lugannani

& Rice saddlepoint approximation [12], truncated to two terms is

Far(a) ~ Ex(2) + f(®) (i - ﬁ) (35)
50

_1/2
T SR,

where & = sign(s){2 [sox — log(ér(s0))]}'/? and sg is the unique solution of & (s) = x. Since

the derivative of 71 (s) is Ra(s) > 0, sg can easily be found numerically, e.g., by Newton’s method.
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The distribution of M is asymptotically Xfc, not asymptotically normal and hence (35) does
not converge to Fjs(z) as N — oo. To solve this problem, we considered using the approximation
of [31] which generalises the Lugannani & Rice saddlepoint approximation to non-normal basis
distributions. However, using a Gamma basis distribution provided no significant improvement,

except obviously for large V.

F. Jensen’s large deviation approrimation

In [7], [8] Jensen applies the Gamma approximation to the exponentially tilted M, which

yields the following approximation for M:

= —a? [R2(s0)
Fu(z) ~ éulso) (1+%(50>)

X

y I.Q N l.?
—, IS
v RQ(SQ) 20 RQ(SQ)

where as previously sg solves ki(s) = z, and 7(a,b) denotes the incomplete gamma function

v(a,b) = Ug’ ot exp(—:v)d:c} /T (a).

Whilst for all of the previously described approximations the relative error (36) tends to

infinity if one takes x — oo, the relative error of this approximation instead goes to 0, making it

particularly suitable for approximating the extreme tail.

G. Direct simulation

The moments (19), which fully determine the null distribution of 7", and hence of M, do not
depend on the true covariance matrix X,. Hence we can assume 3, = I, when simulating M.

For each sample of size N the maximum likelihood estimator g in (11) is computed. Sy is

then given by (13), (15) and (16), and T" by (18).

H. Computational results

For a chosen combination of p and N we define the relative error of the approximation

Fapprox(w) to FM((L') as
Fapprox(x) - FM(x)
min [Fyy(z),1 — Fay(z)] |’

(36)

where Fiyy(x) is given in (31) and F,pprox(z) is any of the approximate CDF's discussed in this
Section. The effect of the divisor is to make the error relate to the corresponding tail probability,

depending on whether = corresponds to a value in the left or right tail. Since we will reject the
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hypothesis of propriety when M is larger than some critical value, we will be most interested in
the region around Fj/(z) = 0.95 and 0.99. In Fig. 1 the relative error is plotted against x for
our considered approximation methods for the case p = 4, N = 32. The various methods used
have been given both plot symbols and labelled A-F in the legend of the figure according to the
subsection where they are discussed, and we will use this labelling in what follows. The top axis
shows the value of Fj/(z) (as a percentage) corresponding to = on the bottom axis. We conclude
that the new scaled F-approximation (method C), the saddlepoint approximation (method E)
and the large deviation method (method F), perform best. Of these the scaled F-approximation
is the easiest to implement in practice.

To see whether our conclusions are generally true for impropriety testing for a variety of p
and N we firstly look at the relative error of approximation at the 95th percentile of Fys(z).
Fig. 2 shows this relative error for fixed p = 6 and increasing values of N. We see that the errors
for approximations A, B, C, D, E, and F, behave roughly like O (N~") with r = 2,2,3,5,0,2
respectively. Fig. 3 shows this relative error for p =1,...,14 and N = 5p. Finally, Fig. 4 gives
the relative error for varying p and N = 16p. In all cases our earlier conclusions are borne
out, particularly that the scaled F-approximation performs extremely well. Let zg be the 99th
percentile of Fj/(z) and let Fypprox(2) be one of the approximate CDF's of subsections A-G. The
values given in Table I are then 100(1 — Fapprox(20))%, a quantity which is ideally 1%. For each
p the entries start at the minimum N value of 4p and the other entries are for 5p, 8p and 16p.
The scaled F'—approximation (method C) requires N > 4.13p+ 0.5 so that it cannot be used for
N = 4p and thus the corresponding entry is marked by ‘N/A.” Again we see that methods C, E
and F all perform very well. Table I also includes direct simulation results (method/subsection
G) with the empirical CDF calculated from 100 000 independent simulations of M = —2logT.
Even with so many independent simulations the simulated results can be relatively inaccurate

compared with the simple scaled F'—approximation.

VI. AsyMPTOTIC ROBUSTNESS TO NONGAUSSIANITY

As with the LRT for complex propriety [19], our LRT for quaternion propriety will be sensitive
to departures from Gaussianity which could be an issue when applying the test to physical data.

We can write the hypothesis that X, has quaternion structure in the form [S,—h(¢(,))]/ var{r } =
04,. Taking f non-redundant equations from this, the LRT for quaternion structure satisfies

the scaling condition for [25, Corollary 1] to hold. Consequently, if instead of being multivariate
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method
p| N A B C D E F G
1| 4 |0.0398 0.7973 0.9806 5.2512 0.9961 1.0334 0.997
5 || 0.3126 0.9021 0.9972 1.5443 0.9790 1.0078 0.950
8 1/ 0.7688 0.9756 1.0000 1.0164 0.9893 0.9980 0.976
16 || 0.9535 0.9956 1.0000 1.0002 0.9991 0.9997 0.977
2| 8 ]/0.0002 0.6318 0.9812 40.612 0.9914 1.0646 1.048
10 || 0.1429 0.8876 0.9988 7.9486 0.9788 1.0086 1.009
16 || 0.6790 0.9791 0.9999 1.2280 0.9979 1.0021 1.004
32 |1 0.9339 0.9965 1.0000 1.0029 0.9999 1.0004 0.995
4 | 16 || 0.0000 0.5115 N/A  96.174 0.9873 1.0930 0.978
20 || 0.0496 0.9219 0.9982 49.217 0.9952 1.0084 1.046
32 || 0.5607 0.9875 0.9999 4.1031 0.9998 1.0013 1.016
64 || 0.9034 0.9980 1.0000 1.0412 1.0000 1.0002 1.004
6 | 24 || 0.0000 0.4671 N/A  99.982 0.9849 1.1058 0.985
30 || 0.0167 0.9442 0.9987 89.100 0.9988 1.0059 0.966
48 |1 0.4616 0.9914 0.9999 15.430 0.9999 1.0008 1.023
96 || 0.8737 0.9986 1.0000 1.2439 1.0000 1.0001 1.021
12| 48 |/ 0.0000 0.4287 N/A  100.00 0.9808 1.1194 1.021
60 | 0.0004 0.9711 0.9995 100.00 0.9999 1.0026 0.977
96 || 0.2494 0.9956 1.0000 83.748 1.0000 1.0004 1.068
192 || 0.7888 0.9993 1.0000 6.8623 1.0000 1.0001 1.023
TABLE I

18

APPROXIMATE REJECTION PROBABILITIES AT THE 1% LEVEL. ENTRIES ARE 100(1 — Fapprox(fco))%

WHERE Zg IS THE 99TH PERCENTILE OF Fj/(x). METHODS A-F ARE AS IN THE LEGEND TO Fi1G. 1.
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Fig. 1. Relative error defined in (36) for p =4, N = 32. A, Bartlett adjustment: white boxes. B, Gamma
approximation: solid line. C, New scaled F-approximation: crosses. D, Box’s x? series: black boxes. E,
Lugannani & Rice saddlepoint approximation: white circles. F, Jensen’s large deviation method: dashed

line. The sharp dips correspond to points where the relative error changes sign.

relative error (log scale)

1 2 3
10 10 10
N (log scale)

Fig. 2. Relative error of approximated CDFs at the 95th percentile, for p = 6. Legend: Same as Fig. 1.

Gaussian we assume that the distribution of r belongs to the wide class of elliptical distributions,
with it’s excess kurtosis x being finite, the asymptotic distribution of M becomes (1 4 x/3) X?c.
Based on this theory, if we take a consistent estimator # of k, then the test statistic (1+#/3) 1M
will be asymptotically robust to nonGaussianity. Note however that the adjustment changes the

distribution of the statistic.

VII. CoNcLUDING COMMENTS

We described the LRT to test for quaternion propriety and gave its distribution under the null
hypothesis. Our numerical comparison of various approximations to this distribution leads us

to recommend using the scaled F-approximation for practical applications. We merely need to
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relative error (log scale)

Fig. 3. Relative error of approximated CDF's at the 95th percentile, for varying p and N = 5p. Legend:
Same as Fig. 1.

relative error (log scale)

Fig. 4. Relative error of approximated CDF's at the 95th percentile, for varying p and N = 16p. Legend:

Same as Fig. 1.

calculate the three parameters in (33), which require k1, k2 and k3 which follow easily from (32);
the required polygamma functions of order 0, 1 and 2 are implemented in many mathematical
and statistical packages and in the GNU scientific library. The approximation is conceptually
straightforward and yields approximate PDF, CDF and quantiles directly.

APPENDIX

A. Proof of Lemmas 2 &

Consider J; and Jy in (12), (15). The matrix —J; = J{ = J; ' commutes with all matrices in

Pc [1, p. 395] and —Jy = JJ = J, ! commutes with all matrices in Py [1, p. 404]. Let J3 = JoJ;
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and Jo = I,. Hence, for ¥y € Py and i =0,1,2,3,
{5 I Sed] = o { (T Sud) " S}
= {(JTIZa) " B} = tr {Z3'Sa}.
Now 43y = 4h(3¢) = h(2¢(25R)) and

h(2¢6(28R)) = Bg + JiZRJL + JoXpJd + JoJ1 SpJLJL.

So,
3

1 {Z5'8 | = S o { S5 ISR} = a0 {255}

i=0
Similarly, for 3¢ € P¢

2tr{ 12C} Ztr{ 1Ji2RJiT} — 2tr {zéliR} .
B. Proof of Proposition 4

Test 1 corresponds to test (a) in [1]. Changing p to 2p in [1, eqn. 101] gives

(h+1)—2p j+1]/2)

EA{T, K 37
{7} = “H Nh+1D—7+2/2) 7
where Ky does not depend on h. Applying the duplication formula for gamma functions we can
write
r [N(h+1)—2p—2k+1] r [N(h+1) —2p— 2k + 2]
2 2
= /a2 P2 NOEDD IN(h + 1) — 2p — 2k + 1]
and
r [N(h+1) — 2k + 2] r [N(h+1) — 2k + 3]
2 2
=/ 2% I=NHDD (N(h + 1) — 2k + 2]
Hence
h+1)—2p—2j+1]
E{T, K ,
{72} = 1H N(h+1)—2j+2]
while, from [1, eqn. 103]
N(h+1 —-j+1

[N(h+1)+%— ]
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where K7 and K3 do not depend on h. So E{T"} = E{T}}E{T}} takes the form

ﬁ h+1—2p 2j+1LIN(h+1)—p—j+1]

b N(h+1)—2j+2]T [N(h+1) — j + 3]
This expression can be simplified by cancelling terms and reordering. Even and odd p can be con-
sidered separately. |p/2] of the I'[N(h + 1) — 25 + 2| terms cancel with I'[N(h + 1) —p — j + 1]
terms. The remaining numerator terms of the product can be juxtaposed and the remaining
denominator terms interspersed to form a monotone pattern. Finally by inverting the order of

the product in the numerator we obtain (19).

C. H-function equivalences

The following 3 expressions are equal for arbitrary ¢ € C, A > 0, [3, egs. (2.3), (2.4)]

e | (a1,a1),...,(aq, aq) (38)
(b1,81)5 -+ (br, Br)

N (a1, A1), ..., (ag, Aag) (30)
q7r
(b1, AB1), - -+, (br, ABy)

a) +coay,aq), ..., (aq + cag,
e | (a1 1), ..., (ag + cag, og) (40)
(bl+C/Bl7ﬁl)7"‘7(b7’+c/87’7/8’r‘)

D. Proof of Theorem 1

Firstly consider the PDF. The integral for inverting the moment generating function of M is

Farla) = —— / T s (s)ds, (41)

21 )i

If we substitute (29) into (41) and compare with the integral (27) we see that

fur(2) ZKH,T,?;B,Z o (N +m1,2N), o (N + 1, 2N)
(N +&1,2N), ..., (N +&y,2N)
with 7; and &; as in (22). Then apply (39) with A = 1/(2N), followed by (40) with ¢ = N. Then
the use of (28) gives (30). It may be shown using Stirling’s approximation that the tail of the
characteristic function goes as
ou(s) =0 (IsI7%). (42)
We require f > 2 but since f > 9 (p > 1), the moment generating function will be absolutely

integrable and the density will be uniformly continuous on R.
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For the CDF, choose some arbitrary v < 0, then integrating the PDF from 0 to x or using

Lévy’s inversion formula [11, p. 199] gives

) = om [ [E- S outas
+i —sz
oo B
_ % ’Y’Y::o%s(pM(s)ds.

The path can be shifted by - since no poles are crossed. Consider the first integral. It is of the
form of (27) and is given by 2N K multiplied by

[N+ n01,2N), (N + 1, 2N), (1,2N)

Hm+1,0
(N +&,2N), ..., (N +&n,2N),(0,2N)

m—+1,m-+1 S
We now apply (39) with A = 1/(2N), and then (40) with ¢ = N. The first integral is then
K exp(—x/2) multiplied by

H;nn_tllfn_i_l e_x/(QN) (7717 1)7 R (nma 1)7 (1 - N7 1) .
’ (glal)a"w(gmvl)a(_N?l)
Application of (28) then means that the first integral can be written as (31).
Taking v — —oo and using (42), for which we know that f > 2, the second integral converges

to 0; the CDF will be uniformly continuous.
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